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Preface

What Is This Book About?

This book is about stochastic-process limits, i.e., limits in which a sequence of
stochastic processes converges to another stochastic process. Since the converging
stochastic processes are constructed from initial stochastic processes by appropri-
ately scaling time and space, the stochastic-process limits provide a macroscopic
view of uncertainty. The stochastic-process limits are interesting and important be-
cause they generate simple approximations for complicated stochastic processes and
because they help explain the statistical regularity associated with a macroscopic
view of uncertainty.

This book emphasizes the continuous-mapping approach to obtain new stochastic-
process limits from previously established stochastic-process limits. The continuous-
mapping approach is applied to obtain stochastic-process limits for queues, i.e.,
probability models of waiting lines or service systems. These limits for queues are
called heavy-traffic limits, because they involve a sequence of models in which the
offered loads are allowed to increase towards the critical value for stability. These
heavy-traffic limits generate simple approximations for complicated queueing pro-
cesses under normal loading and reveal the impact of variability upon queueing
performance. By focusing on the application of stochastic-process limits to queues,
this book also provides an introduction to heavy-traffic stochastic-process limits for
queues.
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In More Detail

More generally, this is a book about probability theory – a subject which has ap-
plications to every branch of science and engineering. Probability theory can help
manage a portfolio and it can help engineer a communication network. As it should,
probability theory tells us how to compute probabilities, but probability theory also
has a more majestic goal: Probability theory aims to explain the statistical regularity
associated with a macroscopic view of uncertainty.

In probability theory, there are many important ideas. But one idea might fairly
lay claim to being the central idea: That idea is conveyed by the central limit
theorem, which explains the ubiquitous bell-shaped curve: Following the giants –
De Moivre, Laplace and Gauss – we have come to realize that, under regularity
conditions, a sum of random variables will be approximately normally distributed
if the number of terms is sufficiently large.

In the last half century, through the work of Erdös and Kac (1946, 1947), Doob
(1949), Donsker (1951, 1952), Prohorov (1956), Skorohod (1956) and others, a
broader view of the central limit theorem has emerged. We have discovered that
there is not only statistical regularity in the nth sum as n gets large, but there also is
statistical regularity in the first n sums. That statistical regularity is expressed via
a stochastic-process limit, i.e., a limit in which a sequence of stochastic processes
converges to another stochastic process: A sequence of continuous-time stochastic
processes generated from the first n sums converges in distribution to Brownian
motion as n increases. That generalization of the basic central limit theorem (CLT)
is known as Donsker’s theorem. It is also called a functional central limit theo-
rem (FCLT), because it implies convergence in distribution for many functionals
of interest, such as the maximum of the first n sums. The ordinary CLT becomes
a simple consequence of Donsker’s FCLT, obtained by applying a projection onto
one coordinate, making the ordinary CLT look like a view from Abbott’s (1952)
Flatland.

As an extension of the CLT, Donsker’s FCLT is important because it has many
significant applications, beyond what we would imagine knowing the CLT alone.
For example, there are many applications in Statistics: Donsker’s FCLT enables us
to determine asymptotically-exact approximate distributions for many test statis-
tics. The classic example is the Kolmogorov-Smirnov statistic, which is used to test
whether data from an unknown source can be regarded as an independent sample
from a candidate distribution. The stochastic-process limit identifies a relatively
simple approximate distribution for the test statistic, for any continuous candi-
date cumulative distribution function, that can be used when the sample size is
large. Indeed, early work on the Kolmogorov-Smirnov statistic by Doob (1949) and
Donsker (1952) provided a major impetus for the development of the general theory
of stochastic-process limits. The evolution of that story can be seen in the books by
Billingsley (1968, 1999), Csörgő and Horváth (1993), Pollard (1984), Shorack and
Wellner (1986) and van der Waart and Wellner (1996).

Donsker’s FCLT also has applications in other very different directions. The ap-
plication that motivated this book is the application to queues: Donsker’s FCLT
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can be applied to establish heavy-traffic stochastic-process limits for queues. A heavy-
traffic limit for an open queueing model (with input from outside that eventually
departs) is obtained by considering a sequence of queueing models, where the input
load is allowed to increase toward the critical level for stability (where the input
rate equals the maximum potential output rate). In such a heavy-traffic limit, the
steady-state performance descriptions, such as the steady-state queue length, typi-
cally grow without bound. Nevertheless, with appropriate scaling of both time and
space, there may be a nondegenerate stochastic-process limit for the entire queue-
length process, which can yield useful approximations and can provide insight into
system performance. The approximations can be useful even if the actual queueing
system does not experience heavy traffic. The stochastic-process limits strip away
unessential details and reveal key features determining performance.

Of special interest is the scaling of time and space that occurs in these heavy-
traffic stochastic-process limits. It is natural to focus attention on the limit process,
which serves as the approximation, but the scaling of time and space also provides
important insights. For example, the scaling may reveal a separation of time scales,
with different phenomena occurring at different time scales. In heavy-traffic limits
for queues, the separation of time scales leads to unifying ideas, such as the heavy-
traffic averaging principle (Section 2.4.2) and the heavy-traffic snapshot principle
(Remark 5.9.1).

These many consequences of Donsker’s FCLT can be obtained by applying the
continuous-mapping approach: Continuous-mapping theorems imply that conver-
gence in distribution is preserved under appropriate functions, with the simple
case being a single function that is continuous. The continuous-mapping approach
is much more effective with the FCLT than the CLT because many more random
quantities of interest can be represented as functions of the first n partial sums than
can be represented as functions of only the nth partial sum. Since the heavy-traffic
stochastic-process limits for queues follow from Donsker’s FCLT and the continuous-
mapping approach, the statistical regularity revealed by the heavy-traffic limits for
queues can be regarded as a consequence of the central limit theorem, when viewed
appropriately.

In this book we tell the story about the expanded view of the central limit the-
orem in more detail. We focus on stochastic-process limits, Donsker’s theorem and
the continuous-mapping approach. We also put life into the general theory by pro-
viding a detailed discussion of one application — queues. We give an introductory
account that should be widely accessible. To help visualize the statistical regu-
larity associated with stochastic-process limits, we perform simulations and plot
stochastic-process sample paths.

However, we hasten to point out that there already is a substantial literature on
stochastic-process limits, Donsker’s FCLT and the continuous-mapping approach,
including two editions of the masterful book by Billingsley (1968, 1999). What
distinguishes the present book from previous books on this topic is our focus on
stochastic-process limits with nonstandard scaling and nonstandard limit processes.

An important source of motivation for establishing such stochastic-process limits
for queueing stochastic processes comes from evolving communication networks:
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Beginning with the seminal work of Leland, Taqqu, Willinger and Wilson (1994),
extensive traffic measurements have shown that the network traffic is remarkably
bursty, exhibiting complex features such as heavy-tailed probability distributions,
strong (or long-range) dependence and self-similarity. These features present dif-
ficult engineering challenges for network design and control; e.g., see Park and
Willinger (2000). Accordingly, a goal in our work is to gain a better understand-
ing of these complex features and the way they affect the performance of queueing
models.

To a large extent, the complex features – the heavy-tailed probability distribu-
tions, strong dependence and self-similarity – can be defined through their impact
on stochastic-process limits. Thus, a study of stochastic-process limits, in a suf-
ficiently broad context, is directly a study of the complex features observed in
network traffic. From that perspective, it should be clear that this book is intended
as a response (but not nearly a solution) to the engineering challenge posed by the
traffic measurements.

We are interested in the way complex traffic affects network performance. Since
a major component of network performance is congestion (queueing effects), we
abstract network performance and focus on the way the complex traffic affects the
performance of queues. The heavy-traffic limits show that the complex traffic can
have a dramatic impact on queueing performance! There are again heavy-traffic
limits with these complex features, but both the scaling and the limit process may
change. As in the standard case, the stochastic-process limits reveal key features
determining performance.

Even though traffic measurements from evolving communication networks serve
as an important source of motivation for our focus on stochastic-process limits with
nonstandard scaling and nonstandard limit processes, they are not the only source
of motivation. Once you are sensitized to heavy-tailed probability distributions and
strong dependence, like Mandelbrot (1977, 1982), you start seeing these phenomena
everywhere. There are natural applications of stochastic-process limits with non-
standard scaling and nonstandard limit processes to insurance, because insurance
claim distributions often have heavy tails. There also are natural applications to
finance, especially in the area of risk management; e.g., related to electricity deriva-
tives. See Embrechts, Klüppelberg and Mikosch (1997), Adler, Feldman and Taqqu
(1998) and Asmussen (2000).

The heavy-tailed distributions and strong dependence can lead to stochastic-
process limits with jumps in the limit process, i.e., stochastic-process limits in which
the limit process has discontinuous sample paths. The jumps have engineering sig-
nificance, because they reveal sudden big changes, when viewed in a long time
scale.

Much of the more technical material in the book is devoted to establishing
stochastic-process limits with jumps in the limit process, but there already are
books discussing stochastic-process limits with jumps in the limit process. Indeed,
Jacod and Shiryaev (1987) establish many such stochastic-process limits. To be
more precise, from the technical standpoint, what distinguishes this book from pre-
vious books on this topic is our focus on stochastic-process limits with unmatched
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jumps in the limit process; i.e., stochastic process limits in which the limit process
has jumps unmatched in the converging processes.

For example, we may have a sequence of stochastic processes with continuous
sample paths converging to a stochastic process with discontinuous sample paths.
Alternatively, before scaling, we may have stochastic processes, such as queue-length
stochastic processes, that move up and down by unit steps. Then, after introducing
space scaling, the discontinuities are asymptotically negligible. Nevertheless, the
sequence of scaled stochastic processes can converge in distribution to a limiting
stochastic process with discontinuous sample paths.

Jumps are not part of Donsker’s FCLT, because Brownian motion has continuous
sample paths. But the classical CLT and Donsker’s FCLT do not capture all possible
forms of statistical regularity that can prevail! Other forms of statistical regularity
emerge when the assumptions of the classical CLT no longer hold. For example,
if the random variables being summed have heavy-tailed probability distributions
(which here means having infinite variance), then the classical CLT for partial sums
breaks down. Nevertheless, there still may be statistical regularity, but it assumes
a new form. Then there is a different FCLT in which the limit process has jumps!

But the jumps in this new FCLT are matched jumps; each jump corresponds to an
exceptionally large summand in the sums. At first glance, it is not so obvious that
unmatched jumps can arise. Thus, we might regard stochastic-process limits with
unmatched jumps in the limit process as pathological, and thus not worth serious
attention. Part of the interest here lies in the fact that such limits, not only can
occur, but routinely do occur in interesting applications. In particular, unmatched
jumps in the limit process frequently occur in heavy-traffic limits for queues in the
presence of heavy-tailed probability distributions. For example, in a single-server
queue, the queue-length process usually moves up and down by unit steps. Hence,
when space scaling is introduced, the jumps in the scaled queue-length process are
asymptotically negligible. Nevertheless, occasional exceptionally long service times
can cause a rapid buildup of customers, causing the sequence of scaled queue-length
processes to converge to a limit process with discontinuous sample paths. We give
several examples of stochastic-process limits with unmatched jumps in the limit
process in Chapter 6.

Stochastic-process limits with unmatched jumps in the limit process present tech-
nical challenges: Stochastic-process limits are customarily established by exploiting
the function space D of all right-continuous R

k-valued functions with left limits,
endowed with the Skorohod (1956) J1 topology (notion of convergence), which
is often called “the Skorohod topology.” However, that topology does not permit
stochastic-process limits with unmatched jumps in the limit process.

As a consequence, to establish stochastic-process limits with unmatched jumps
in the limit process, we need to use a nonstandard topology on the underlying space
D of stochastic-process sample paths. Instead of the standard J1 topology on D,
we use the M1 topology on D, which also was introduced by Skorohod (1956). Even
though the M1 topology was introduced a long time ago, it has not received much
attention. Thus, a major goal here is to provide a systematic development of the
function space D with the M1 topology and associated stochastic-process limits.
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It turns out the standard J1 topology is stronger (or finer) than the M1 topology,
so that previous stochastic-process limits established using the J1 topology also hold
with the M1 topology. Thus, while the J1 topology sometimes cannot be used, the
M1 topology can almost always be used. Moreover, the extra strength of the J1
topology is rarely exploited. Thus, we would be so bold as to suggest that, if only
one topology on the function space D is to be considered, then it should be the M1
topology.

In some cases, the fluctuations in a stochastic process are so strong that no
stochastic-process limit is possible with a limiting stochastic process having sam-
ple paths in the function space D. In order to establish stochastic-process limits
involving such dramatic fluctuations, we introduce larger function spaces than D,
which we call E and F . The names are chosen to suggest a natural progression
starting from the space C of continuous functions and going beyond D. We define
topologies on the spaces E and F analogous to the M2 and M1 topologies on D.
Thus we exploit our study of the M topologies on D in this later work.

Even though the special focus here is on heavy-traffic stochastic-process lim-
its for queues allowing unmatched jumps in the limit process, many heavy-traffic
stochastic-process limits for queues have no jumps in the limit process. That is
the case whenever we can directly apply the continuous-mapping approach with
Donsker’s FCLT. Then we deduce that reflected Brownian motion can serve as an
asymptotically-exact approximation for several queueing processes in a heavy-traffic
limit. In the queueing chapters we show how those classic heavy-traffic limits can
be established and applied. Indeed, the book is also intended to serve as a general
introduction to heavy-traffic stochastic-process limits for queues.

Organization of the Book

The book has fifteen chapters, which can be grouped roughly into four parts, ordered
according to increasing difficulty. The level of difficulty is far from uniform: The
first part is intended to be accessible with less background. It would be helpful
(necessary?) to know something about probability and queues.

The first part, containing the first five chapters, provides an informal introduction
to stochastic-process limits and their application to queues. The first part provides
a broad overview, mostly without proofs, intending to complement and supplement
other books, such as Billingsley (1968, 1999).

Chapter 1 uses simulation to help the reader directly experience the sta-
tistical regularity associated with stochastic-process limits. Chapter 2 discusses
applications of the random walks simulated in Chapter 1. Chapter 3 introduces
the mathematical framework for stochastic-process limits. Chapter 4 provides
an overview of stochastic-process limits, presenting Donsker’s theorem and
some of its generalizations. Chapter 5 provides an introduction to heavy-traffic
stochastic-process limits for queues.
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The second part, containing Chapters 6 – 10, shows how the unmatched jumps can
arise and expands the treatment of queueing models. The first chapter, Chapter 6
uses simulation to demonstrate that there should indeed be unmatched jumps in the
limit process in several examples. Chapter 7 continues the overview of stochastic-
process limits begun in Chapter 4. The remaining chapters in the second part apply
the stochastic-process limits, with the continuous-mapping approach, to obtain
more heavy-traffic limits for queues.

The third part, containing Chapters 11 – 14, is devoted to the technical foun-
dations needed to establish stochastic-process limits with unmatched jumps in the
limit process. The earlier queueing chapters draw on the third part to a large extent.
The queueing chapters are presented first to provide motivation for the technical
foundations.

The third part begins with Chapter 11, which provides more details on the
mathematical framework for stochastic-process limits, expanding upon the brief
introduction in Chapter 3. Chapter 12 focuses on the function space D of
right-continuous R

k-valued functions with left limits, endowed with one of the
nonstandard Skorohod (1956) M topologies (M1 or M2). As a basis for apply-
ing the continuous-mapping approach to establish new stochastic-process limits in
this context, Chapter 13 shows that commonly used functions from D or D × D to
D preserve convergence with the M (and J1) topologies. The third part concludes
with Chapter 14, which establishes heavy-traffic limits for networks of queues.

The fourth part, containing Chapter 15, is more exploratory. It initiates new
directions for research. Chapter 15 introduces the new spaces larger than D that can
be used to express stochastic-process limits for scaled stochastic processes with even
greater fluctuations. The fourth part is most difficult, not because what appears is
so abstruse, but because so little appears of what originally was intended: Most of
the theory is yet to be developed.

The organization of the book is described in more detail at the end of Chapter
3, in Section 3.6.

Even though the book never touches some of the topics originally intended, the
book is quite long. To avoid excessive length, material was deleted from the book
and placed in an Internet Supplement, which can be found via the Springer web
site (http://www.springer-ny.com/whitt) or directly via:

http://www.research.att.com/˜wow/supplement.html.

The first choice for cutting was the more technical material. Thus, the Inter-
net Supplement contains many proofs for theorems in the book. The Internet
Supplement also contains related supplementary material. Finally, the Internet Sup-
plement provides a place to correct errors found after the book has been published.
The initial contents of the Internet Supplement appear at the end of the book in
Appendix B.
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What is Missing?

Even though this book is long, it only provides introductions to stochastic-process
limits and heavy-traffic stochastic-process limits for queues.

There are several different kinds of limits that can be considered for probability
distributions and stochastic processes. Here we only consider central limit theorems
and natural generalizations to the functions space D. We omit other kinds of limits
such as large deviation principles. For large deviation principles, the continuous-
mapping approach can be applied using contraction principles. Large deviations
principles can be very useful for queues; see Shwartz and Weiss (1995). For a sample
of other interesting probability limits (related to the Poisson clumping heuristic),
see Aldous (1989).

Even though much of the book is devoted to queues, we only discuss heavy-
traffic stochastic-process limits for queues. There is a large literature on queues.
Nice general introductions to queues, at varying mathematical levels, are contained
in the books by Asmussen (1987), Cooper (1982), Hall (1991), Kleinrock (1975,
1976) and Wolff (1989).

Queueing theory is intended to aid in the performance analysis of complex sys-
tems, such as computer, communication and manufacturing systems. We discuss
performance implications of the heavy-traffic limits, but we do not discuss perfor-
mance analysis in detail. Jain (1991) and Gunther (1998) discuss the performance
analysis of computer systems; Bertsekas and Gallager (1987) discuss the perfor-
mance analysis of communication networks; and Buzacott and Shanthikumar (1993)
and Hopp and Spearman (1996) discuss the performance analysis of manufacturing
systems.

Since we are motivated by evolving communication networks, we discuss queue-
ing models that arise in that context, but we do not discuss the context itself. For
background on evolving communication networks, see Keshav (1997), Kurose and
Ross (2000) and Krishnamurthy and Rexford (2001). For research on communica-
tion network performance, see Park and Willinger (2000) and recent proceedings of
IEEE INFOCOM and ACM SIGCOMM:

http://www.ieee-infocom.org/2000/
http://www.acm.org/pubs/contents/proceedings/series/comm/

Even within the relatively narrow domain of heavy-traffic stochastic-process lim-
its for queues, we only provide an introduction. Harrison (1985) provided a previous
introduction, focusing on Brownian motion and Brownian queues, the heavy-traffic
limit processes rather than the heavy-traffic limits themselves. Harrison (1985)
shows how martingales and the Ito stochastic calculus can be applied to calcu-
late quantities of interest and solve control problems. Newell (1982) provides useful
perspective as well with his focus on deterministic and diffusion approximations.
Harrison and Newell show that the limit processes can be used directly as approx-
imations without considering stochastic-process limits. In contrast, we emphasize
insights that can be gained from the stochastic-process limits, e.g., from the scaling.
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The subject of heavy-traffic stochastic-process limits remains a very active re-
search topic. Most of the recent interest focuses on networks of queues with multiple
classes of customers. A principal goal is to determine good polices for scheduling and
routing. That focus places heavy-traffic stochastic-process limits in the mainstream
of operations research.

Multiclass queueing networks are challenging because the obvious stability cri-
terion – having the traffic intensity be less than one at each queue – can in fact
fail to be sufficient for stability; see Bramson (1994a,b). Thus, for general multi-
class queueing networks, the very definition of heavy traffic is in question. For some
of the recent heavy-traffic stochastic-process limits in that setting, new methods
beyond the continuous-mapping approach have been required; see Bramson (1998)
and Williams (1998a,b).

Discussion of the heavy-traffic approach to multiclass queueing networks, in-
cluding optimization issues, can be found in the recent books by Chen and Yao
(2001) and Kushner (2001), in the collections of papers edited by Yao (1994), Kelly
and Williams (1995), Kelly, Zachary and Ziedins (1996), Dai (1998), McDonald and
Turner (2000) and Park and Willinger (2000), and in recent papers such as Bell and
Williams (2001), Harrison (2000, 2001a,b), Kumar (2000) and Markowitz and Wein
(2001). Hopefully, this book will help prepare readers to appreciate that important
work and extend it in new directions.
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1
Experiencing Statistical Regularity

1.1. A Simple Game of Chance

A good way to experience statistical regularity is to repeatedly play a game of
chance. So let us consider a simple game of chance using a spinner. To attract
attention, it helps to have interesting outcomes, such as falling into an alligator pit
or winning a dash for cash (e.g., you receive the opportunity to run into a bank
vault and drag out as many money bags as you can within thirty seconds). However,
to focus on statistical regularity, rather than fear or greed, we consider repeated
plays with a simple outcome.

In our game, the payoff in each of several repeated plays is determined by spinning
the spinner. We pay a fee for each play of the game and then receive the payoff
indicated by the spinner. Let the payoff on the spinner be uniformly distributed
around the circle; i.e., if the angle after the spin is θ, then we receive θ/2π dollars.
Thus our payoff on one play is U dollars, where U is a uniform random number
taking values in the interval [0, 1].

We have yet to specify the fee to play the game, but first let us simulate the game
to see what cumulative payoffs we might receive, not counting the fees, if we play
the game repeatedly. We perform the simulation using our favorite random number
generator, by generating n uniform random numbers U1, . . . , Un, each taking values
in the interval [0, 1], and then forming associated partial sums by setting

Sk ≡ U1 + · · · + Uk, 1 ≤ k ≤ n ,

and S0 ≡ 0, where ≡ denotes equality by definition. The nth partial sum Sn is
the total payoff after n plays of the game (not counting the fees to play the game).
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The successive partial sums form a random walk, with Un being the nth step and
Sn being the position after n steps.

1.1.1. Plotting Random Walks
Now, using our favorite plotting routine, let us plot the random walk, i.e., the n+1
partial sums Sk, 0 ≤ k ≤ n, for a range of n values, e.g., for n = 10j for several
values of j. This simulation experiment is very easy to perform. For example, it
can be performed almost instantaneously with the statistical package S (or S-Plus),
see Becker, Chambers and Wilks (1988) or Venables and Ripley (1994), using the
function

walk <- function(j) {
uniforms <- runif(10j) # generate random numbers
firstsums <- cumsum(uniforms) # form the partial sums
sums <- c(0, firstsums) # include a 0th sum
index <- order(sums) -1 # adjust the index
plot(index, sums) } # do the plotting

Plots of the random walk with n = 10j for j = 1, . . . , 4 are shown in Figure 1.1.
For small n, e.g., for n = 10, we see irregularly spaced (vertically) points increasing
to the right, but as n increases, the spacing between the points becomes blurred
and regularity emerges: The plots approach a straight line with slope equal to 1/2,
the mean of a single step Uk. If we look at the pictures in successive plots, ignoring
the units on the axes, we see that the plots become independent of n as n increases.
Looking at the plot for large n produces a macroscopic view of uncertainty.

The plotter automatically plots the random walk {Sk : 0 ≤ k ≤ n} in the
available space. Ignoring the units on the axes is equivalent to regarding the plot as
a display in the unit square. By “unit square” we do not mean that the rectangle
containing the plot is necessarily a square, but that new units can range from 0 to
1 on both axes, independent of the original units. The plotter automatically plots
the random walk in the available space by scaling time and space (the horizontal
and vertical dimensions). Time is scaled by placing the n + 1 points 1/n apart
horizontally. Space is scaled by subtracting the minimum and dividing by the range
(assuming that the range is not zero); i.e., we interpret the plot as

plot({Sk : 0 ≤ k ≤ n}) ≡ plot({(Sk − min)/range : 0 ≤ k ≤ n}) ,

where

min ≡ min
0≤k≤n

Sk

and

range ≡ max
0≤k≤n

Sk − min
0≤k≤n

Sk .

Combining these two forms of scaling, the plotter displays the ordered pairs
(k/n, (Sk − min)/range) for 0 ≤ k ≤ n. With that scaling, the ordered pairs
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Figure 1.1. Possible realizations of the first 10j steps of the random walk {Sk : k ≥ 0}
with steps uniformly distributed in the interval [0, 1] for j = 1, . . . , 4.

do indeed fall in the unit square. Also note that (Sk − min)/range must assume
(approximately) the values 0 and 1 for at least one argument. That occurs because,
without the rescaling, the plotting makes the units on the ordinate (y axis) range
from the minimum value to the maximum value (approximately).

To confirm the regularity we see in Figure 1.1, we should repeat the experiment.
When we repeat the experiment with different random number seeds (new uniform
random numbers), the outcome for small n changes somewhat from experiment to
experiment, but we always see essentially the same picture for large n. Thus the
plots show regularity associated with both large n and repeated experiments.

1.1.2. When the Game is Fair
Now let us see what happens when the game is fair. Since the expected payoff is
1/2 dollar each play of the game, the game is fair if the fee to play is 1/2 dollar. To
examine the consequences of making the game fair, we consider a minor modification
of the simulation experiment above: We repeat the experiment after subtracting the
mean 1/2 from each step of the random walk; i.e., we plot the centered random walk
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(i.e., the centered partial sums Sk − k/2 for 0 ≤ k ≤ n ) for the same values of n
as before.

If we consider the case n = 104, it is natural to expect to see a horizontal line
instead of the line with slope 1/2 in Figure 1.1. However, what we see is very
different! Instead of a horizontal line, for n = 104 we see an irregular path, as
shown in Figure 1.2.

We do not see the horizontal line because the data have been automatically
rescaled by the plotter. The centering has let the plotter blow up the picture to
show extra detail not apparent from Figure 1.1.

After centering, the range of values (the maximum minus the minimum) for the
partial sums decreases dramatically. The first 104 uncentered partial sums assume
values approximately in the interval [0, 5000], whereas the first 104 centered partial
sums all fall in the interval [−60, 5]. Thus, the range has decreased from 5, 000 to
less than 100.

At first glance, it may not be evident that there is any regularity for large n
in Figure 1.2. We would hope to be able to predict what we will see if we repeat
the experiment with new uniform random numbers. However, when we repeat the
simulation experiment with different random number seeds, we obtain different
irregular paths. To illustrate, six independent plots for n = 104 are shown in Figure
1.3. The six path samples look somewhat similar, but each is different from the
others.

In Figure 1.3, just as in Figures 1.1 and 1.2, we let the plotter automatically do
the scaling. Thus, the units on vertical axis change from plot to plot. We plot in this
manner throughout this chapter, by design. We will show that these “automatic
plots” reveal statistical regularity if we ignore the units and think of the plot as
being on the unit square. (Having the units on the axes barely legible reinforces
this perspective.) But essentially the same conclusion can be drawn if we fix the
units on the vertical axis. From Figure 1.3, after the fact, we can conclude that we
could have fixed the units on the vertical axis, letting the values fall in the interval
[−100, 100]. In either case, we are faced with the problem of understanding what
we see.

We have arrived at a critical point, which may require us to adjust our thinking.
To understand what we are seeing, we need to recognize that the irregular paths
we see should be regarded as random paths. We then can understand that there
actually is regularity underlying the six displayed paths in Figure 1.3, but it is
statistical regularity.

We want to be able to predict what we will see when we increase n or perform
additional experiments. For the uncentered random walks in Figure 1.1, we predict
that the plot of {Sk : 0 ≤ k ≤ n} will look like the diagonal line in the unit
square for all n sufficiently large. However, for the centered random walks, the
plots do not approach such a simple limit. What we should hope to predict when
we repeat the experiment for the centered random walk (again ignoring the units
on the axes) is the probability distribution of the random path. We should anticipate
that the successive paths in repeated experiments will change from experiment to
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Figure 1.2. Possible realizations of the first 10j steps of the centered random walk
{Sk − k/2 : k ≥ 0} with steps uniformly distributed in the interval [0, 1] for j = 1, . . . , 4.

experiment, but we should look for a common probability distribution on the space
of possible paths.

The simulation experiments suggest that, for all n sufficiently large, there tends
to be a common probability distribution for the plotted random walk paths, where
as before we ignore the units on the two axes or, equivalently, we regard the plot
as being in the unit square. We can see part of the story when we generate new
random walk paths for different values of n. For example, when we generate six
centered random walk paths for n = 105 or n = 106, the plots look just like the
plots in Figure 1.3. To make that clear, we plot six independent plots for the case
n = 106 in Figure 1.4. As before, the units on the vertical axes change from plot to
plot, but if we ignore the units on both axes, the plots in Figure 1.4 look just like
the plots in Figure 1.3.

Looking at Figures 1.3 and 1.4, we should be confident about what we will see
when n = 108 or n = 1010. From Figure 1.4 and other similar plots, we see that, for
n sufficiently large, the plots tend to be independent of n, provided that we ignore
the units on the axes, and regard the plot as being in the unit square. Of course, as
n increases, the units change on the two axes. And each new plot is a random path



6 1. Experiencing Statistical Regularity
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Figure 1.3. Six independent realizations of the first 104 steps of the centered random walk
{Sk − k/2 : k ≥ 0} associated with steps uniformly distributed in the interval [0, 1].

selected from the common probability distribution on the space of possible sample
paths in the unit square.

As a consequence, we also see that the fluctuations in a smaller time scale are
asymptotically negligible compared to the fluctuations in a larger time scale. Thus,
for j ≥ 5, the plots for 10j are visually unchanged if we only keep the values at
about 104 equally spaced indices. Indeed, such pruning of the data (reducing a data
set of 10j partial sums for j ≥ 5 to 104 values) is useful to efficiently print the plots
for large n.

The fact that the plots are independent of n for all n sufficiently large means that
the plots tend to exhibit self-similarity. By self-similarity we mean that rescaled
versions of the plot associated with increasing n tend to look like the original plot.
More specifically, the probability distribution on the space of sample paths in the
unit square tends to be unaffected by the scaling. Self-similarity will be a persistent
theme; e.g., see Section 4.2.

When we consider rescaling, we can also decrease n. For instance, suppose that
we consider the plot for n = 107 and select 10% of it from a subinterval of the plot.
If we make a full plot of that 10% portion, then we obtain a plot for n = 106, which



1.1. A Simple Game of Chance 7
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Figure 1.4. Six independent realizations of the first 106 steps of the centered random walk
{Sk − k/2 : k ≥ 0} associated with steps uniformly distributed in the interval [0, 1].

looks just like a random version of the original plot for n = 107. (By a “random
version of the original plot” we mean that the probability distributions on the space
of possible sample paths in the unit square tend to be the same.) Similarly, if we
continue and select 10% of the new plot for n = 106 from any subinterval and plot
it, then we obtain a plot for n = 105, which again looks like a random version of
the original plot for 107. Of course, Figure 1.2 shows that the self-similarity for the
random walks associated with decreasing n breaks down when n is too small. It
is interesting to contemplate a limiting continuous-time random path that permits
self-similarity without end!

1.1.3. The Final Position
It is difficult to actually see the probability distribution of the entire random path,
because the path is multidimensional, but we can easily look at any one position of
the random walk. For instance, suppose that we focus on the final position of the
centered random walk, i.e., the single centered partial sum Sn − n/2 for one fixed
(large) value of n.
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It is evident that the final position of the centered random walk, Sn−n/2, changes
from experiment to experiment. We find statistical regularity when we perform
many independent replications of the experiment and look at the distribution of
the final positions. So, let us do that.

Remark 1.1.1. The final position and the relative final position. For simplicity,
we now want to look at the final position of the centered random walk, Sn −
n/2, independent of the rest of the random walk. If instead we looked at the final
position in the unit square, ignoring the original units, we would be looking at
the relative final position, which must assume a value between 0 and 1. Letting
Mn ≡ max1≤k≤n{Sk − k/2} and mn ≡ min1≤k≤n{Sk − k/2}, the relative final
position is

Rn ≡ Sn − n/2 − mn

Mn − mn
, n ≥ 1 . (1.1)

It turns out that there is statistical regularity associated with the relative final
position, just as there is statistical regularity associated with the entire plot, but
the relative final position is more complicated than the final position. Hence, now
we focus on the final position. We discuss the relative final position in Remark 1.2.2
at the end of Section 1.2.4.

Suppose that we consider the final position of the centered random walk with
uniform random steps for n = 1000, and suppose that we perform 1000 replications
of the experiment. We thus obtain 1000 independent samples of the centered sum
S1000 − 500. We can estimate the probability density of this distribution using
the nonparametric probability density estimator density from S (with the default
parameter settings). The estimated probability density of the final position S1000 −
500 is plotted in Figure 1.5.

Figure 1.5 shows that nonparametric density estimation does not achieve high
resolution with only a modest amount of data, but it suggests that the final position
of the random walk after 1000 steps is approximately normally distributed with
zero mean. That conclusion is more strongly supported by the QQ plot in Figure
1.6. The QQ plot compares the empirical distribution of the data to the normal
distribution; e.g., see p. 122 of Venables and Ripley (1994). Specifically, the QQ
plot compares the sorted data to the quantiles of the normal distribution. If there
are n data points, then we consider the n − 1 normal quantiles zk, where

P (N(0, 1) ≤ zk) = k/n, 1 ≤ k ≤ n − 1 ,

with N(m, σ2) denoting a random variable with a normal (or Gaussian) distribution
having mean m and variance σ2. When n = 1, 000, the normal quantiles range from
−3.1 to +3.1, with there being more quantiles near 0 than at the extremes. (Since
we focus on the shape of the QQ plot, the QQ plot compares the distributions
independent of location and scale; e.g., the shape of the QQ plot is independent of
the mean and variance of the reference normal distribution.)

The near-linear plot in Figure 1.6 is approximately the same as the QQ plot for
1000 independent samples from a normal distribution. To make that clear, a QQ
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Figure 1.5. An estimate of the probability density of the final position of the random walk,
obtained from 1000 independent samples of the centered partial sum S1000 − 500, where
the steps Uk are uniformly distributed in the interval [0, 1].

plot of a sample of 1000 observations from a normal distribution (with the same
mean and variance) is also shown in Figure 1.6. Again the units are different in the
two plots, because the range of values differs from sample to sample. The linearity
that holds except for the tails strongly indicates that the final positions are indeed
normally distributed.

But, in order to fairly draw that conclusion, we need more experience with QQ
plots. We become more confident of the conclusion when we repeat these exper-
iments a number of times; then we can observe the statistical variability in the
QQ plots. We also gain confidence when we make QQ plots of various nonnormal
distributions; then we can see how departures from normality are reflected in the
plots. When you think hard about the figures, they become invitations to perform
additional experiments. Our main point here is that analysis with the QQ plots in-
dicates that the final position of the centered random walk is indeed approximately
normally distributed.

That conclusion is also supported by density estimates based on more data. To
illustrate how the density estimates perform as a function of sample size, we display
the estimates of the probability density of the same final position S1000 −500 based
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Figure 1.6. Two QQ plots of 1000 samples: the first for the sums, i.e., the final positions
S1000 − 500 of the centered random walk, and the second for a normal distribution.

on 10j samples for j = 2, . . . , 5 in Figure 1.7 (again using the nonparametric density
estimator density from S with the default parameter settings). Essentially the same
plots are obtained for independent samples from normal distributions. From Figure
1.7, it is evident that the density estimates converge to a normal pdf as n → ∞.
For more on density estimation, see Devroye (1987).

It is not our purpose to delve deeply into statistical issues, but it is worth remark-
ing that we obtain new interesting plots, like the random walk plots, when we do.
Our brief examination of the distribution of the final position of the random walk
suggests looking for a more precise statistical test to determine whether or not the
final position of the random walk is indeed approximately normally distributed. To
evaluate whether some data can be regarded as an independent sample any speci-
fied probability distribution, it is natural to carefully investigate how the empirical
distribution of a sample from that probability distribution tends to differ from the
underlying probability distribution itself.

Recall that the cumulative distribution function (cdf) F of a random variable X
is the function

F (t) ≡ P (X ≤ t) for t ∈ R .
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Figure 1.7. Estimates of the probability density of the final position of the random
walk, obtained from 10j independent samples of the centered partial sum S1000 − 500 for
j = 2, . . . , 5, for the case in which the steps Uk are uniformly distributed in the interval
[0, 1], based on the nonparametric density estimator density from S.

Similarly, the empirical cdf of a data set of size n is the proportion Fn(t) of the n
data points that are less than or equal to t, as a function of t.

The idea, then, is to look at the difference between a cdf and the empirical
cdf obtained from an independent sample from that cdf. Moreover, it is natural
to consider how that difference behaves as the sample size increases. Once we have
made such a study, we can use the established behavior of samples from the specified
probability distribution to test whether or not data from an unknown source can
reasonably be regarded as a sample from the candidate probability distribution.

Example 1.1.1. The empirical cdf of uniform random numbers. To illustrate, we
now consider the difference between the empirical cdf associated with n uniform
random numbers on the interval [0, 1] and the uniform cdf itself. Since the uniform
cdf is F (t) = t, 0 ≤ t ≤ 1, we now want to plot Fn(t) − t versus t for 0 ≤ t ≤ 1.
Since the function Fn(t) − t, 0 ≤ t ≤ 1, is a function of a continuous variable, the
plotting is less routine than for the random walk. However, the empirical cdf Fn has
special structure, making it possible to do the plotting quite easily. In particular,
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to do the plotting, let U
(n)
k , 1 ≤ k ≤ n, be the order statistics associated with the

uniform random numbers U1, . . . , Un, i.e., U
(n)
k is the kth smallest of the uniform

random numbers. Note that

Fn(U (n)
k ) = k/n and Fn(U (n)

k −) = (k − 1)/n ,

Fn(0) = 0 and Fn(1) = 1, where Fn(t−) is the left limit of the function Fn at t.
Thus we can plot Fn(t) − t versus t by plotting the points (0, 0), (1, 0), (U (n)

k , (k −
1)/n − U

(n)
k ) and (U (n)

k , k/n − U
(n)
k ), 1 ≤ k ≤ n, and connecting the points by lines

(i.e., performing linear interpolation).
Plots for n = 10j for j = 1, . . . , 4 are shown in Figure 1.8. The plots in Figure

1.8 look much like the plots of the uncentered random walks, but there is a subtle
difference that can be confirmed by further replications of the experiment. Unlike
before, here the final position is 0 just like the initial position. That makes sense as
well, because both the empirical cdf and the actual cdf must assume the common
value 1 at the right endpoint.

It turns out that there is statistical regularity in the empirical cdf’s just like there
is in the random walks. As before, the plots look the same for all sufficiently large
n. Moreover, except for having the final position be 0, the plots look just like the
random-walk plots. More generally, this example illustrates that statistical analysis
is an important source of motivation for stochastic-process limits. We discuss this
example further in Section 2.2. There we show how to develop a statistical test
applicable to any continuous cdf, including the normal cdf that is of interest for the
final position of the random walk.

1.1.4. Making an Interesting Game
We have digressed from our original game of chance to consider the statistical
regularity observed in the plots, which of course really is our main interest. But
now let us return for a moment to the game of chance.

A gambling house cannot afford to make the game fair. The gambling house needs
to charge a fee greater than the expected payoff in order to make a profit. What
would be a good fee for the gambling house to charge?

From the perspective of the gambling house, one might think the larger the fee
the better, but the players presumably have the choice of whether or not to play. If
the gambling house charges too much, few players will want to play. The fee should
be large enough for the gambling house to make money, but small enough so that
potential players will want to play. We take that to mean that the individual players
should have a good chance of winning.

One might think that those objectives are inconsistent, but they are not. The
key to achieving those objectives is the realization that the player and the gambling
house experience the game in different time scales. An individual player might con-
template playing the game 100 times on a single day, while the gambling house might
offer the game to hundreds or thousands of players on each of many consecutive
days.
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Figure 1.8. The difference between the empirical cdf and the actual cdf for samples of size
10j from the uniform distribution over the interval [0, 1] for j = 1, . . . , 4.

Thus, the player might evaluate his experience by the possible outcomes from
about 100 plays of the game, while the gambling house might evaluate its experience
by the possible outcomes from something like 104 − 106 plays of the game. What
we need, then, is a fee close enough to $0.50 that the player has a good chance of
winning in 100 plays, while the gambling house receives a good reliable return over
104 − 106 games.

A reasonable fee might be $0.51, giving the gambling house a 1 cent or 2%
advantage on each play. (Gambling houses actually tend to take more, which shows
the appeal of gambling despite the odds.) To see how the $0.51 fee works, let us
consider the possible experiences of the player and the gambling house. In Figure
1.9 we plot six independent realizations of a player’s position during 100 plays of the
game when there is a fee of $0.51 for each play. The game looks pretty interesting for
the player from Figure 1.9. The player has a reasonable chance of winning. Indeed,
the player wins in plots 3 and 5, and finishes about even in plot 2. How do things
look for the gambling house?

To see how the gambling house fares, we should look at the net payoffs over a much
larger number of games. Hence, in Figures 1.10 and 1.11 we plot six independent
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Figure 1.9. Six possible realizations of the first 100 net payoffs, positions of the random
walk {Sk − 0.51k : k ≥ 0}, with steps Uk uniformly distributed in the interval [0, 1] and a
fee of $0.51.

realizations of a player’s position during 104 and 106 plays of the game. As before,
we let the plotter automatically do the scaling, so that the units on the vertical
axes change from plot to plot. But that does not alter the conclusions. In these
larger time scales, we see that the player consistently loses money, so that a profit
for the gambling house becomes essentially a sure thing. When we increase the
number of plays to 106, there is little randomness left. That is shown in Figure
1.11. Further repetitions of the experiment confirm these observations. We again
see the regularity associated with a macroscopic view of uncertainty.

Above we picked a candidate fee out of the air. We could instead be more system-
atic. For example, we might seek the largest fee such that the player satisfies some
criteria indicating a good experience. Letting the fee for each game be f , we might
want to constrain the probability p that a player wins at least a certain amount w,
i.e., by requiring that

P (S100 − f(100) ≥ w) ≥ p .
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Figure 1.10. Possible realizations of the first 104 net payoffs (steps of the random walk
{Sk − 0.51k : k ≥ 0} with steps Uk uniformly distributed in the interval [0, 1].

Given such a formulation, we can determine the optimal fee f , i.e., the maximum
fee f such that the constraint is satisfied, which is attained when the probability
just equals p.

As noted at the outset, when we consider making the game interesting, we might
well conclude that a uniform payoff distribution for each play is boring. We might
want to have the possibility of much larger positive and/or negative payoffs on one
play. It is easy to devise more interesting games with different payoff distributions,
but the statistical regularity associated with large numbers observed above tends
to be the same. Readers are invited to make their own games and look at the net
payoffs for 10j plays for various values of j.

An extreme case that is often attractive is to have, like a lottery, some small
chance of a very large payoff. However, with independent trials, as determined by
successive spins of the spinner, the gambling house faces the danger of having to
make too many large payoffs. Such large losses are avoided in lotteries by not letting
the game be based on independent trials. In a lottery only a few prizes are awarded
(and possibly shared) so that the people running the lottery are guaranteed a posi-
tive return. However, an insurance company cannot control the outcomes so tightly,
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Figure 1.11. Possible realizations of the first 106 net payoffs (steps of the random walk
{Sk − 0.51k : k ≥ 0} with steps Uk uniformly distributed in the interval [0, 1].

so that careful analysis of the possible outcomes is necessary; e.g., see Embrechts,
Klüppelberg and Mikosch (1997). We too will be interested in the possibility of
exceptionally large values in random events.

1.2. Stochastic-Process Limits

The plots we have looked at indicate that there is statistical regularity associated
with large n, i.e., with large sample sizes. We now want to understand why we see
what we see, and what we will see in other related situations. For that purpose, we
turn to probability theory; see Ross (1993) and Feller (1968) for introductions.

1.2.1. A Probability Model
We can use probability theory to explain what we have seen in the random walk
plots. The first step is to introduce an appropriate mathematical model: As-
suming that our random number generator is working properly (an important



1.2. Stochastic-Process Limits 17

issue, which we will not address, e.g., see p. 123 of Venables and Ripley (1994),
L’Ecuyer(1998a,b) and references cited there), the observed values Uk, 1 ≤ k ≤ n,
should be distributed approximately as the first n values from a sequence of inde-
pendent and identically distributed (IID) random variables uniformly distributed on
[0, 1] (defined on an underlying probability space). Indeed, the model fit is usually
so good that there is a tendency to identify the mathematical model with the phys-
ical experiment (a mistake), but since the model fit is so good, we need not doubt
that the mathematical conclusions are applicable.

Remark 1.2.1. Mathematics and the physical world. It is important to realize
that a physical phenomenon, a mathematical model of that physical phenomenon
and a simulation of that mathematical model are three different things. But, if the
mathematical model is well chosen, the three may be closely related. In particular, a
mathematical model, whether simulated or analyzed, may provide useful desciptions
of the physical phenomenon.

We are interested in mathematical queueing models because of their ability to
explain queueing phenomena, but we should not expect a perfect match. For exam-
ple, mathematical models often succeed by exploiting the infinite, even though the
physical phenomenon is finite. Random numbers generated on a computer are in-
herently finite, and yet simulations based on random numbers can be well described
by mathematical models exploiting the infinite.

Here, we perform stochastic simulations to reveal statistical regularity, and we
introduce and analyze mathematical models to explain that statistical regularity.
We expect to capture key features, but we do not expect a perfect fit. We want the
the mathematics to explain key features observed in the simulations, and we want
the simulations to confirm key features predicted by the mathematics.

With that attitude, let us consider the probability model consisting of a sequence
of IID uniform random numbers. Within the context of that probability model, we
want to formulate stochastic-process limits suggested by the plots. First, we see that
as n increases the plotted random walk ceases to look discrete. For all sufficiently
large n, the plotted random walk looks like a function of a continuous variable.
Thus it is natural to seek a continuous-time representation of the original discrete-
time random walk. We can do that by considering the associated continuous-time
process {S�t� : t ≥ 0}, where � · � is the floor function, i.e., �t� denotes the greatest
integer less than or equal to t. If we also want to introduce centering, then we do
the centering first, and instead consider the centered process {S�t� − m�t� : t ≥ 0}
for appropriate centering constant m, which here is 1/2. Thus the continuous-time
representation of the random walk is a step function, which coincides with the
random walk at integer arguments.

However, the step function is not the only possible continuous-time representation
of the random walk. We could instead form a process with continuous sample paths
by connecting the points by lines, i.e., by performing a linear interpolation. Then,
instead of S�t�, we consider

S̃(t) ≡ (t − �t�)S�t�+1 + (1 + �t� − t)S�t� for all t ≥ 0 , (2.1)
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Figure 1.12. Possible initial segments of the two continuous-time stochastic processes con-
structed from one realization of an uncentered random walk with uniform steps for the case
n = 10. The step-function representation appears on the left, while the linear-interpolation
representation appears on the right.

and similarly if we do centering. (With centering, we do the centering before do-
ing the linear interpolation.) Possible initial segments of the two continuous-time
processes associated with the discrete-time (uncentered) random walk for the case
n = 10 are shown in Figure 1.12. (The vertical lines in the plot are not really part
of the step function.) Even though the 10 random walk steps are the same for both
continuous-time representations, the two initial segments of the continuous-time
stochastic processes look very different in Figure 1.12. However, for large n, plots
of the two continuous-time representations of the discrete-time random walk look
virtually identical. To make that important point clear, we plot the two continuous-
time representations of the same discrete-time centered random walk (same sample
paths) for n = 10j for j = 1, . . . , 4 in Figure 1.13. Figure 1.13 shows that the two
alternative representations indeed look the same for all n sufficiently large. Thus,
when we focus on the random-walk plots for large n, we regard the two alternatives
as equivalent. For our remaining discussion here, though, we will only discuss the
step functions.
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Figure 1.13. The two alternative continuous-time representations of a discrete-time process
constructed from common realizations of a centered random walk with uniform steps for
n = 10j with j = 1, . . . , 4. The step-function representation appears on the left, while the
linear-interpolation representation appears on the right.

We now want to scale time and space (the horizontal and vertical dimensions
in the plots). Note that the plotter scales time by putting the n + 1 random walk
values in a region of fixed width. Thus, if we let 1 be the available width of the
plot, then the n + 1 random walk values are spaced 1/n apart. Equivalently, time
is scaled automatically by the plotting routine by multiplying time t by n, i.e., by
replacing t with nt. Then, for each n, we only look at the process for t in the closed
interval [0, 1]. The final position of the random walk for any n corresponds to t = 1.

We can also consider the space scaling in the same way. We can let 1 be the avail-
able height of the plot. Then the plotter automatically scales space by subtracting
the minimum value and dividing by the range of the plotted values. Unfortunately,
however, the range is random. Moreover, there is a complicated dependence between
the path and its range. In formulating a stochastic-process limit, it is natural to try
to perform the space scaling, like the time scaling, with a deterministic function of
n. With such deterministic space scaling, we hope to achieve a nondegenerate limit
as n → ∞, but one for which the range is allowed to remain random. In the limit



20 1. Experiencing Statistical Regularity

as n → ∞, we will achieve essentially the same thing as the plots if the normalized
range converges to a nondegenerate random limit.

What we do, then, is scale space by dividing by cn, where {cn : n ≥ 1} is a
sequence of (deterministic) real numbers with cn → ∞ as n → ∞. That is, for each
n, we form the stochastic process

Sn(t) ≡ c−1
n (S�nt� − m(�nt�), 0 ≤ t ≤ 1 . (2.2)

We then want to find an appropriate sequence {cn : n ≥ 1} so that

{Sn(t) : 0 ≤ t ≤ 1} → {S(t) : 0 ≤ t ≤ 1} as n → ∞ , (2.3)

where S ≡ {S(t) : 0 ≤ t ≤ 1} is an appropriate limit process with t ranging over
the interval [0, 1] and → in (2.3) is an appropriate mode of convergence. When we
have a limit as in (2.3), we have a stochastic-process limit.

1.2.2. Classical Probability Limits
Classical probability limits help explain the statistical regularity we have seen. First,
referring to the asymptotically linear plots in Figures 1.1 and 1.11, the strong law
of large numbers (SLLN) implies that the scaled partial sums n−1Sn approach the
mean m as n → ∞ with probability 1 (w.p.1); e.g., see Chapter X of Feller (1968),
Chapter VII of Feller (1971) and Chapter 5 of Chung (1974). (In Figure 1.1 the
mean is 1/2; in Figure 1.11 the mean is −0.01.)

As an easy consequence of the SLLN, we can also conclude that

n−1S�nt� → mt w.p.1 as n → ∞

for each t > 0. Moreover, the pointwise convergence can actually be extended to
uniform convergence over bounded intervals:

{n−1S�nt� : 0 ≤ t ≤ 1} → {mt : 0 ≤ t ≤ 1} w.p.1 as n → ∞ ,

uniformly in t for t in the interval [0, 1]. In other words,

sup {|n−1S�nt� − mt| : 0 ≤ t ≤ 1} → 0 w.p.1 as n → ∞ .

Thus, in the setting of Figure 1.1, the limit (2.3) holds without centering (with
m = 0) for cn = n with the limit process S being the line with slope 1/2 (the one-
step mean) defined over the interval [0, 1]. In this case, the mode of convergence in
(2.3) is convergence w.p.1 on a space of functions with the uniform distance

||x1 − x2|| ≡ sup {|x1(t) − x2(t)| : 0 ≤ t ≤ 1} .

In this case, the stochastic-process limit is called a functional strong law of large
numbers (FSLLN). Interestingly, the SLLN and the FSLLN are actually equivalent;
see Theorem 3.2.1 in the Internet Supplement.

Next, turning to the plots of the centered random walks, with centering by the
mean, in Figures 1.2, 1.3 and 1.4, we can appeal to the central limit theorem (CLT).
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The CLT implies that

(σ2n)−1/2(Sn − nm) ⇒ N(0, 1) as n → ∞ , (2.4)

where m ≡ EUk = 1/2 is the mean and σ2 ≡ V ar Uk = 1/12 is the variance of
the uniform summand Uk, ⇒ denotes convergence in distribution and the standard
normal random variable N(0, 1) has cdf

Φ(t) ≡ P (N(0, 1) ≤ x) ≡
∫ x

−∞
(2π)−1/2e−u2/2 du ; (2.5)

e.g., see Section VIII.4 of Feller (1971) and Chapter 7 of Chung (1974).
It is useful to review what the limit (2.4) means: The convergence in distribution

means that the cdf’s converge, i.e.,

P (n−1/2(Sn − mn) ≤ x) → P (N(0, σ2) ≤ x) as n → ∞ (2.6)

for all x. More generally, given real-valued random variables Zn, n ≥ 1, and Z, there
is convergence in distribution, by the standard definition, denoted by Zn ⇒ Z, if
the associated cdf’s converge, i.e., if

Fn(x) ≡ P (Zn ≤ x) → P (Z ≤ x) ≡ F (x) as n → ∞ (2.7)

for all x that are continuity points of the limiting cdf F , i.e., for which P (Z = x) = 0.
Since the normal distribution has a continuous cdf, the restriction to continuity

points of the limiting cdf in (2.7) does not arise in (2.6). We need to allow non-
convergence at discontinuity points in (2.7), because we want to say that we have
convergence Zn ⇒ Z in situations such as the special case in which P (Z = z) = 1
and P (Zn = zn) = 1 for all n and zn → z as n → ∞. If zn → z with zn > z for
all n, then Fn(z) ≡ P (Zn ≤ z) = 0 for all n, while F (z) ≡ P (Z ≤ z) = 1. Since
Fn(x) → F (x) for all x except x = z, we obtain the desired convergence Zn ⇒ Z
if we require pointwise convergence of the cdf’s everywhere except at discontinuity
points of the limiting cdf F .

There also are other convenient equivalent characterizations of convergence in
distribution. In particular, (2.7) holds if and only if

E[h(Zn)] → E[h(Z)] as n → ∞ (2.8)

for every continuous bounded real-valued function h on R, where E is the
expectation operator. Moreover, (2.7) and (2.8) hold if and only if

g(Zn) ⇒ g(Z) as n → ∞ (2.9)

for every continuous function g on R. The alternative characterizations (2.8) and
(2.9) are useful because they generalize to random elements of more general spaces.

The CLT in (2.4) explains the statistical regularity associated with the final
positions of the centered random walks: In agreement with Figures 1.5 – 1.7, the
CLT tells us that the centered partial sums Sn − mn should be approximately
normally distributed with mean 0 for all n sufficiently large.

We can also apply the CLT to obtain a corresponding limit for the scaled random
walk Sn in (2.2) at an arbitrary time t in the interval [0, 1]. More generally, we can
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consider an arbitrary t ≥ 0. To do so, we set cn =
√

n and m = 1/2. In particular,
it is an easy consequence of (2.4) that we must have

n−1/2(S�nt� − m�nt�) ⇒ σN(0, t) in R as n → ∞ (2.10)

for each t ≥ 0, where m = 1/2 and σ2 = 1/12.
From (2.10) we clearly see that the space-scaling constants cn in (2.2) must be

asymptotically equivalent to c
√

n for some constant c as n → ∞. Moreover, the
space scaling by

√
n is consistent with the units on the axes in Figures 1.2–1.4.

Indeed, if we instead scale by cn = np for p > 1/2, then the values converge to 0
as n → ∞. Similarly, if we scale by cn = np for p < 1/2, then the values diverge as
n → ∞. (The absolute values diverge to infinity.) This property can be confirmed
by further analysis of simulations, but we do not pursue it.

We now want to convert (2.10) into a stochastic-process limit of the form (2.3).
Note that the left side of (2.10) coincides with Sn(t), but the right side of (2.10)
is not a stochastic process evaluated at time t. What we need to do is identify the
appropriate limit process S in (2.3).

1.2.3. Identifying the Limit Process
We should recognize that we have arrived at another critical point. Another impor-
tant intellectual step is needed here. We not only must identify the limit process;
we need to realize that there indeed should be a limit process.

The appropriate limit process turns out to be a Brownian motion (BM). Brow-
nian motion stochastic processes can be characterized as the real-valued stochastic
processes with stationary and independent increments having continuous sample
paths. Brownian motion evaluated at time t turns out to be normally distributed
with mean mt and variance σ2t for some constants m and σ2.

The special Brownian motion with parameters m = 0 and σ2 = 1 is called
standard Brownian motion; we shall refer to it by B ≡ {B(t) : t ≥ 0}. It has
marginal distributions

B(t) d= N(0, t), t ≥ 0, (2.11)

where d= denotes equality in distribution.
An increment of Brownian motion is B(u) − B(t) for u > t. By stationary and

independent increments, we mean that the k-dimensional random vector

(B(u1 + h) − B(t1 + h), . . . ,B(uk + h) − B(tk + h))

has a distribution independent of h for all k, and that the k component random
variables are independent, providing that 0 ≤ t1 ≤ u1 ≤ t2 ≤ · · · ≤ uk.

Combining (2.10) and (2.11), we see that we can also express the limit (2.10) in
terms of Brownian motion. In particular, after letting cn =

√
n in (2.2), we see that

(2.10) is equivalent to

Sn(t) ⇒ σB(t) in R as n → ∞ for all t ≥ 0, (2.12)
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where B is a standard Brownian motion,

Sn(t) ≡ n−1/2(S�nt� − m(�nt�), t ≥ 0 , (2.13)

and σ2 = 1/12 because the steps in the random walk are uniformly distributed over
[0, 1]. In equations (2.11), (2.12) and (2.13) we have let t range over the semi-infinite
interval [0,∞), but we could also have restricted t to the closed interval [0, 1] to be
consistent with the plots.

We can apply the limit in (2.12) to generate approximations for the terms of the
original random walk. To generate approximations, we replace the convergence in
distribution by approximate equality in distribution. From (2.12), we obtain the
approximation

S�nt� ≈ m�nt� + n1/2σB(t) (2.14)

or

Sk ≈ mk + n1/2σB(k/n) , (2.15)

where k is understood to be of order n and ≈ means approximately equal to in
distribution. Note that the quality of the approximation for large n tends to depend
more on the time scaling by n and the space scaling by

√
n than the limit process

σB.
The limit in (2.12) (with t ranging over the unit interval [0, 1]) can be regarded as

the explanation for what we have seen in the random-walk plots. The limit in (2.12)
is a stochastic-process limit, because it establishes convergence of the sequence of
stochastic processes {{Sn(t) : 0 ≤ t ≤ 1} : n ≥ 1} in (2.13) to the limiting stochastic
process {σB(t) : 0 ≤ t ≤ 1}. However, we want to go beyond the limit as expressed
via (2.12). We want to strengthen the form of convergence in order to be able to
deduce convergence of related quantities of interest; in particular, we want to show
that plots of the centered random walk converge to plots of standard Brownian
motion as n → ∞.

The probability law or distribution of a stochastic process is usually specified by
the family of its finite-dimensional distributions (f.d.d.’s). Hence, a natural first step
is to go beyond convergence of the one-dimensional marginal distributions, which is
provided by (2.12), to convergence of the f.d.d.’s, i.e., the k-dimensional marginal
distributions for all k. From the assumed independence among the random walk
steps, it is not difficult to see that (2.12) can be extended to obtain

(Sn(t1), . . . ,Sn(tk)) ⇒ (σB(t1), . . . , σB(tk)) in R
k (2.16)

as n → ∞ for all positive integers k and all k time points t1, . . . , tk with 0 ≤ t1 <
· · · < tk ≤ 1, where convergence in distribution of random elements of R

k is defined
by the natural generalization of (2.7), (2.8) or (2.9). Because of the independence
among the random walk steps in this example, there is little difference between
(2.12) and (2.16), but in general (2.16) is a much stronger conclusion.

However, we want to go even further. We want to go beyond convergence of
the f.d.d.’s in (2.16) to convergence of the plots. We want to establish limits for
more general functions of the stochastic processes. To do so, we regard Sn and B
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as random elements of a function space containing all possible sample paths. (A
function space is a space of functions.)

For B, we could consider the space C ≡ C([0, 1], R) of all continuous real-valued
functions on the unit interval [0, 1], but to include Sn, we need discontinuous func-
tions. (We could work with the space C if we used linearly interpolated random
walks, as in (2.1), but we are considering the step functions.) We could consider a
space containing all continuous functions and the special step functions that capture
the structure of Sn, but with other applications in mind, we consider a larger set
of functions. We let the function space be the set D ≡ D([0, 1], R) of all real-valued
functions on [0, 1] that are right-continuous at all t in [0, 1) and have left limits
everywhere in (0, 1], endowed with an appropriate topology (notion of convergence,
see Chapter 3).

The desired generalization of (2.12) and (2.16) follows from Donsker’s theorem.
Donsker’s theorem is a functional central limit theorem (FCLT), which implies here
that

Sn ⇒ σB in D, (2.17)

where again Sn is the scaled random walk in (2.13), B is standard Brownian motion
and the function space D is endowed with an appropriate topology. We discuss the
topology on D and the precise meaning of (2.17) in Section 3.3.

Even though Brownian motion has a relatively simple characterization, it is
a special stochastic process. For example, it has the self-similarity property ob-
served in the plots (without limit). In particular, for all c > 0, the stochastic
process {c−1/2B(ct) : 0 ≤ t ≤ 1} has the same probability law on D; equiv-
alently, it has the same finite-dimensional distributions, i.e., the random vector
(c−1/2B(ct1), . . . , c−1/2B(ctk)) has a distribution in R

k that is independent of c for
any positive integer k and any k time points ti, 1 ≤ i ≤ k, with 0 < t1 < · · · < tk ≤
1.

Indeed, the self-similarity is a direct consequence of the stochastic-process limit
in (2.17): First observe from (2.13) that, for any c > 0,

Scn(t) = c−1/2Sn(ct), t ≥ 0 . (2.18)

By taking limits on both sides of (2.18), we obtain

{B(t) : 0 ≤ t ≤ 1} d= {c−1/2B(ct) : 0 ≤ t ≤ 1} . (2.19)

For further discussion, see Section 4.2.
Even though we are postponing a detailed discussion of the meaning of the con-

vergence in (2.17), we can state a convenient characterization, which explains the
applied value of (2.17) compared to (2.12) and (2.16). Just as in (2.8), the limit
(2.17) means that

E[h(Sn)] → E[h(σB)] as n → ∞ (2.20)

for every continuous bounded real-valued function h on D. The topology on D enters
in by determining which functions h are continuous. Just as with (2.9), (2.20) holds



1.2. Stochastic-Process Limits 25

if and only if

g(Sn) ⇒ g(σB) in R (2.21)

for every continuous real-valued function g on D. (It is easy to see that (2.20)
implies (2.21) because the composition function h ◦ g is a bounded continuous
real-valued function whenever g is continuous and h is a bounded continuous real-
valued function.) Interestingly, (2.21) is the way that Donsker (1951) originally
expressed his FCLT. The convergence of the functionals (real-valued functions) in
(2.21) explains why the limit in (2.17) is called a FCLT.

It turns out that we also obtain (2.21) for every continuous function g, regardless
of the range. For example, the function g could map D into D. Then we can
obtain new stochastic-process limits from any given one. That is an example of the
continuous-mapping approach for obtaining stochastic-process limits; see Section
3.4. The representation (2.21) is appealing because it exposes the applied value of
(2.17) as an extension of (2.12) and (2.16). We obtain many associated limits from
(2.21).

1.2.4. Limits for the Plots
We illustrate the continuous-mapping approach by establishing a limit for the plot-
ted random walks, where as before we regard the plot as being in the unit square
[0, 1] × [0, 1].

To establish limits for the plotted random walks, we use the functions sup : D →
R, inf : D → R, range : D → R and plot : D → D, defined for any x ∈ D by

sup(x) ≡ sup
0≤t≤1

x(t),

inf(x) ≡ inf
0≤t≤1

x(t),

range(x) ≡ sup(x) − inf(x)

and

plot(x) ≡ (x − inf(x))/range(x) .

Note that plot(x) is an element of D for each x ∈ D such that range(x) = 0.
Moreover, the function plot is scale invariant, i.e., for each positive scalar c and
x ∈ D with range(x) = 0,

plot(cx) = plot(x) .

Fortunately, these functions turn out to preserve convergence in the topologies
we consider. (The first three functions are continuous, while the final plot function
is continuous at all x for which range(x) = 0, which turns out to be sufficient.)
Hence we obtain the initial limits

n−1/2 max
1≤k≤n

{Sk − mk} = sup(Sn) ⇒ sup(σB) ≡ sup
0≤t≤1

{σB(t)} ,
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n−1/2 min
1≤k≤n

{Sk − mk} = inf(Sn) ⇒ inf(σB) ≡ inf
0≤t≤1

{σB(t)} ,

n−1/2range({Sk − mk : 0 ≤ k ≤ n}) ≡ range(Sn) ⇒ range(σB)

in R and the final desired limit

plot(Sn) ⇒ plot(σB) = plot(B) in D ,

where

plot({Sk − mk : 0 ≤ k ≤ n}) = plot({c−1
n (Sk − mk) : 0 ≤ k ≤ n}) ≡ plot(Sn) ,

from Donsker’s theorem ((2.17) and (2.21)).
The limit plot(Sn) ⇒ plot(B) states that the plot of the scaled random walk

converges to the plot of standard Brownian motion. Note that we use plot, not only
as a function mapping D into D, but as a function mapping R

n+1 into D taking
the random walk segment into its plot.) Hence Donsker’s theorem implies that
the random walk plots can indeed be regarded as approximate plots of Brownian
motion for all sufficiently large n. By using the FCLT refinement, we see that the
stochastic-process limits do indeed explain the statistical regularity observed in the
plots.

To highlight this important result, we state it formally as a theorem. Later chap-
ters will provide a proof; specifically, we can apply Sections 3.4, 12.7 and 13.4.

Theorem 1.2.1. (convergence of plots to the plot of standard Brownian motion)
Consider an arbitrary stochastic sequence {Sk : k ≥ 0}. Suppose that the limit in
(2.3) holds in the space D with one of the Skorohod nonuniform topologies, where
cn =

√
n and S = σB for some positive constant σ, with B being standard Brownian

motion, as occurs in Donsker’s theorem. Then

plot({Sk − mk : 0 ≤ k ≤ n}) ⇒ plot(B) .

But an even more general result holds: We have convergence of the plots for any
space-scaling constants and almost any limit process. We have the following more
general theorem (proved in the same way as Theorem 1.2.1).

Theorem 1.2.2. (convergence of plots associated with any stochastic-process
limit) Consider an arbitrary stochastic sequence {Sk : k ≥ 0}. Suppose that the
limit in (2.3) holds in the space D with one of the Skorohod nonuniform topologies,
where cn and S are arbitrary. If

P (range(S) = 0) = 0 ,

then

plot({Sk − mk : 0 ≤ k ≤ n}) ⇒ plot(S) .

Note that the functions sup, inf, range and plot depend on more than one value
x(t) of the function x; they depend on the function over an initial segment. Thus, we
exploit the strength of the limit in D in (2.17) as opposed to the limit in R in (2.12)
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or even the limit in R
k in (2.16). For the random walk we have considered (with IID

uniform random steps), the three forms of convergence in (2.12), (2.16) and (2.17)
all hold, but in general (2.16) is strictly stronger than (2.12) and (2.17) is strictly
stronger than (2.16). Formulating the stochastic-process limits in D means that we
can obtain many more limits for related quantities of interest, because many more
quantitities of interest can be represented as images of continuous functions on the
space of stochastic-process sample paths.

Remark 1.2.2. Limits for the relative final position. As noted in Remark 1.1.1, if
we look at the final position of the centered random walk in the plots, ignoring the
units on the axes, then we actually see the relative final position of the centered
random walk, as defined in (1.1). Statistical regularity for the relative final position
also follows directly from Theorems 1.2.1 and 1.2.2, because the relative final posi-
tion is just the plot evaluated at time 1, i.e., plot(x)(1). Provided that 1 is almost
surely a continuity point of the limit process S, under the conditions of Theorem
1.2.2 we have

Rn ⇒ plot(S)(1) in R as n → ∞,

as a consequence of the continuous-mapping approach, using the projection map
that maps x ∈ D into x(1).

To summarize, the random-walk plots reveal remarkable statistical regularity as-
sociated with large n because the plotter automatically does the required scaling. In
turn, the stochastic-process limits explain the statistical regularity observed in the
plots. In particular, Donsker’s FCLT implies that the random-walk plots converge
in distribution to the plots of standard Brownian motion as n → ∞.

1.3. Invariance Principles

The random walks we have considered so far are very special: the steps are IID
with a uniform distribution in the interval [0, 1]. However, the great power of the
SLLN, FSLLN, CLT and FCLT is that they hold much more generally. Essentially
the same limits hold in many situations in which the step distribution is changed
or the IID condition is relaxed, or both. Moreover, the limits each depend on only
a single parameter of the random walk. The limits in the SLLN and the FSLLN
only involve the single parameter m, which is the mean step size in the IID case.
Similarly, after centering is done, the limits in the CLT and FCLT only involve the
single parameter σ2, which is the variance of the step size in the IID case. Thus
these limit theorems are invariance principles.

Moreover, the plots have an even stronger invariance property, because the lim-
iting plots have no parameters at all! (We are thinking of the plot being in the unit
square [0, 1] × [0, 1] in every case, ignoring the units on the axes.) Assuming only
that the mean is positive, the plots of the uncentered random walk (with arbitrary
step-size distribution) approach the identity function e ≡ e(t) ≡ t, 0 ≤ t ≤ 1. If
instead the mean is negative, then the limiting plot is −e over the interval [0, 1].
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Similarly, the plots of the centered random walks approach the plot of standard
Brownian motion over [0, 1]; i.e., the limiting plot does not depend on the variance
σ2. Thus, the random-walk plots reveal remarkable statistical regularity!

The power of the invariance principles is phenomenal. We will give some indi-
cation by giving a few examples and by indicating how they can be applied. We
recommend further experimentation to become a true believer. For example, the
plots of the partial sums – centered and uncentered – should be contrasted with
corresponding plots for the random-walk steps. Even for large n, plots of uniform
random numbers and exponential (exponentially distributed) random numbers look
very different, whereas the plots of the corresponding partial sums look the same
(for all n sufficiently large).

1.3.1. The Range of Brownian Motion
We can apply the invariance property to help determine limiting probability distri-
butions. For example, we can apply the invariance property to help determine the
distribution of the limiting random variables sup(B) and range(B).

We first consider the supremum sup(B). We can use combinatorial methods to
calculate the distribution of max1≤k≤n{Sk − km} for any given n for the special
case of the simple random walk, with P (X1 = +1) = P (X1 = −1) = 1/2, as shown
in Chapter III of Feller (1968) or Section 11 of Billingsley (1968). In that way, we
obtain

P (sup(B) > x) = 2P (N(0, 1) > x) ≡ 2Φc(x) , (3.1)

where Φc(t) ≡ 1 − Φ(t) for Φ in (2.5). Since sup(B) d= | N(0, 1) |,

E[sup(B)] =
√

2/π ≈ 0.8 (3.2)

and

E[sup(B)2] = E[N(0, 1)2] = 1 .

These calculations are not entirely elementary; for details see 26.2.3, 26.2.41 and
26.2.46 in Abramowitz and Stegun (1972).

The limit range(σB) is more complicated, but it too can be characterized; see
Section 11 of Billingsley (1968) and Borodin and Salminen (1996). There the com-
binatorial methods for the simple random walk are used again to determine the
joint distribution of inf(B) and sup(B), yielding

P (a < inf(B) < sup(B) < b) =
k=+∞∑
k=−∞

(−1)k[Φ(b + k(b − a)) − Φ(a + k(b − a))] ,

where Φ is again the standard normal cdf. From (3.2), we see that the mean of the
range is

E[range(B)] = E[sup(B)] − E[inf(B)] = 2E[sup(B)] = 2
√

2/π ≈ 1.6.
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We can perform multiple replications of random-walk simulations to estimate
the distribution of range(B) and associated summary characteristics such as the
variance. We show the estimate of the probability density function of range(B)
based on 10, 000 samples of the random walk with 10, 000 steps, each uniformly
distributed on [0, 1], in Figure 1.14 (again obtained using the nonparametric den-
sity estimator density from S). The range of the centered random walk should be
approximately σ

√
n times the range range(B), so we divide the observed ranges in

this experiment by
√

n/12 = 28.8675. The estimated mean and standard deviation
of range(B) were 1.58 and 0.474, respectively. The estimated 0.1, 0.25, 0.5, 0.75 and
0.9 quantiles were 1.05, 1.24, 1.50, 1.85 and 2.23, respectively. This characterization
of the distribution of range(B) helps us interpret what we see in the random-walk
plots.

From the analysis above, we know approximately what the mean and standard
deviation of the range should be in the random-walk plots. Since E[range(B)] ≈ 1.6,
the mean of the random walk range should be about 1.6σ

√
n ≈ 0.46

√
n. Similarly,

since the standard deviation of range(B) is approximately 0.47, the standard de-
viation of the range in the random-walk plot should be approximately 0.47σ

√
n ≈

0.14
√

n. Hence the (mean, standard deviation) pairs in Figures 1.3 and 1.4 with
n = 104 and n = 106 are, respectively, (46, 14) and (460, 140). Note that the six
observed values in each case are consistent with these pairs.

Historically, the development of the limiting behavior of sup(Sn) played a key
role in the development of the general theory; e.g. see the papers by Erdös and Kac
(1946), Donsker (1951), Prohorov (1956) and Skorohod (1956).

Remark 1.3.1. Fixed space scaling. In our plots, we have let the plotter automat-
ically determine the units on the vertical axis. Theorems 1.2.1 and 1.2.2 show that
there is striking statistical regularity associated with automatic plotting. However,
for comparison, it is often desirable to have common units. Interestingly, Donsker’s
FCLT and the analysis of the range above shows how to determine appropriate
units for the vertical axis for the centered random walk, before the simulations are
run.

First, the CLT and FCLT tell us the range of values for the centered random walk
should be of order

√
n as the sample size n grows. The invariance principle tells

us that, for suitably large n the scaling should depend on the random-walk-step
distribution only through its variance σ2.

The limit for the supremum sup(Sn) ≡ n−1/2 max1≤k≤n{Sk − mk} tells us
more precisely what fixed space scaling should be appropriate for the plots. Since
2 P (N(0, 1) ≥ 4) may be judged suitably small, from (3.1) we conclude that it
should usually be appropriate to let the values on the vertical axis for a centered
random walk fall in the interval [−4σ

√
n, 4σ

√
n] as a function of n and σ2. For

example, we could use this space scaling to replot the six random-walk plots in
Figure 1.4. Since n = 106 and σ2 = 1/12 there, we would let the values on the
vertical axies in Figure 1.4 fall in the interval [−1155, 1155]. Notice that the values
for the six plots all fall in the interval [−700, 450], so that this fixed space scaling
would work in Figure 1.4.
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Figure 1.14. An estimate of the probability density of the range of Brownian motion over
[0, 1], obtained from 10, 000 independent samples of random walks with 10, 000 steps, each
step being uniformly distributed in the interval [0, 1].

To gain a better appreciation of the invariance property, we perform some more
simulations. First, we want to see that the IID conditions are not necessary.

1.3.2. Relaxing the IID Conditions
To illustrate how the IID conditions can be relaxed, we consider exponential
smoothing.

Example 1.3.1. Exponential smoothing. We now consider a simple example of a
random walk in which the steps are neither independent nor identically distributed.
We let the steps be constructed by exponential smoothing. Equivalently, the steps
are an autoregressive moving-average (ARMA) process of order (1,0); see Section
4.6.

In particular, suppose that we generate uniform random numbers Uk on the
interval [0, 1], k ≥ 1, as before, but we now let the kth step of the random walk be
defined recursively by

Xk ≡ (1 − γ)Xk−1 + γUk, k ≥ 1 , (3.3)
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where X0 = U0, where U0 is another uniform random number on [0, 1] and
0 < γ < 1. Clearly, the new random variables Xk are neither independent nor
identically distributed. Moreover, the distribution of Xk is no longer uniform. It is
not difficult to see, though, that as k increases the distribution of Xk approaches a
nondegenerate limit. More generally, the sequence {Xn+k : k ≥ 0} is asymptotically
stationary as n → ∞, but successive random variables remain dependent.

We now regard the random variables Xk as steps of a random walk; i.e., we let
the successive positions of the random walk be

Sk ≡ X1 + · · · + Xk, k ≥ 1 , (3.4)

where S0 ≡ 0. Next we repeat the experiments done before. We display plots of the
uncentered and centered random walks with γ = 0.2 for n = 10j with j = 1, . . . , 4
in Figures 1.15 and 1.16. To determine the appropriate centering constant (the
steady-state mean of Xk), we solve the equation

E[X] = (1 − γ)E[X] + γE[U ]

to obtain m ≡ E[X] = E[U ] = 1/2. Even though the distribution of Xk changes
with k, the mean remains unchanged because of our choice of the initial condition.

Figures 1.15 and 1.16 look much like Figures 1.1 and 1.2 for the IID case. However,
there is some significant difference for small n because the successive steps are
positively correlated, causing the initial steps to be alike. However, the plots look
like the previous plots for larger n. For the centered random walks in Figure 1.16
with n = 104, what we see is again approximately a plot of Brownian motion.

We can easily construct many other examples of random walks with dependent
steps. For instance, we could consider a random walk in a random environment. A
simple example has a two-state Markov-chain environment process with transition
probabilities P1,2 = 1 − P1,1 = p and P2,1 = 1 − P2,2 = q for 0 < p < 1 and
0 < q < 1. We then let the kth step Xk have one distribution if the Markov chain is
in state 1 at the kth step, and another distribution if the Markov chain is in state
2 then. We first run the Markov chain. Then, conditional on the realized states
of the Markov chain, the random variables Xk are mutually independent with the
appropriate distributions (depending upon the state of the Markov chain). If we
consider a stationary version of the Markov chain, then the sequence {Xk : k ≥ 1}
is stationary. Regardless of the initial conditions, we again see the same statistical
regularity in the associated partial sums when n is sufficiently large. We invite the
reader to consider such examples.

1.3.3. Different Step Distributions
Now let us return to random walks with IID steps and consider different possible
step distributions. We now repeat the experiments above with various functions
of the uniform random numbers, i.e., for Xk ≡ f(Uk), 1 ≤ k ≤ n, for different
real-valued functions f . In particular, consider the following three cases:

(i) Xk ≡ −m log(1 − Uk) for m = 1, 10
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Figure 1.15. Possible realizations of the first 10j steps of the uncentered random walk
{Sk : k ≥ 0} with steps constructed by exponential smoothing, as in (3.3), for j = 1, . . . , 4.

(ii) Xk ≡ Up
k for p = 1/2, 3/2

(iii) Xk ≡ U
−1/p
k for p = 1/2, 3/2 . (3.5)

As before, we form partial sums associated with the new summands Xk, just as in
(3.4).

Before actually considering the plots, we observe that what we are doing covers
the general IID case. Given the sequence of IID random variables {Uk : k ≥ 1}, by
the method above we can create an associated sequence of IID random variables
{Xk : k ≥ 1} where Xk has an arbitrary cdf F . Letting the left-continuous inverse
of F be

F←(t) ≡ inf{s : F (s) ≥ t}, 0 < t < 1 ,

we can obtain the desired random variables Xk with cdf F by letting

Xk ≡ F←(Uk), k ≥ 1 . (3.6)

Since

F←(s) ≤ t if and only if F (t) ≥ s , (3.7)
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Figure 1.16. Possible realizations of the first 10j steps of the centered random walk
{Sk − k/2 : k ≥ 0} with steps constructed by exponential smoothing, as in (3.3), for
j = 1, . . . , 4.

we obtain

P (F←(U) ≤ t) = P (U ≤ F (t)) = F (t) ,

where U is a random variable uniformly distributed on [0, 1], which implies that
F←(U) has cdf F for any cdf F when U is uniformly distributed on [0, 1]. For
example, we see that Xk has an exponential distribution with mean m in case (i)
of (3.5): If F (t) = e−t/m, then F←(t) = −m log(1 − t) and

P (Xk > t) = P (−m log(1 − Uk) > t) = P (1 − Uk < e−t/m) = e−t/m .

Incidentally, we could also work with the right-continuous inverse of F , defined by

F−1(t) ≡ inf{s : F (s) > t} = F←(t+), 0 < t < 1 ,

where F←(t+) is the right limit at t, because

P (F−1(U) = F←(U)) = 1 ,

since F← and F−1 differ at, at most, countably many points.
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Figure 1.17. Possible realizations of the first 104 steps of the random walk {Sk−mk : k ≥ 0}
with steps distributed as Xk in cases (i) and (ii) of (3.5).

Moreover, F←(Uk), k ≥ 1, are IID when Uk, k ≥ 1, are IID. Of course, there also
are other ways to generate IID random variables with specified distributions, but
what we are doing is often a natural way.

So let us plot the uncentered and centered random walks with the step sizes in
(3.5). When we do so for cases (i) and (ii), we see essentially the same pictures as
before. For example, plots of the first 104 steps of the centered random walks in the
four cases in (i) and (ii) of (3.5) are shown in Figure 1.17.

Again the plots look like plots of Brownian motion, indistinguishable from the
plots for the uniform steps in Figure 1.3. Note that the units on the y axis change
from plot to plot, but the plots themselves tend to have a common distribution.

1.4. The Exception Makes the Rule

Just when boredom has begun to set in, after seeing the same thing in cases (i)
and (ii) in (3.5), we should be ready to appreciate the startlingly different large-n
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Figure 1.18. Possible realizations of the first 10j steps of the uncentered random walk
{Sk : k ≥ 0} with steps distributed as U

−1/p
k in case (iii) of (3.5) for p = 3/2 and

j = 1, . . . , 4.

pictures in case (iii). Plots of the uncentered random walks are plotted in Figures
1.18 and 1.19.

In the case p = 3/2 in Figure 1.18, the plot of the uncentered random walk is
again approaching a line as n → ∞, but not as rapidly as before. (Again we ignore
the units on the axes when we look at the plots.) However, in the case p = 1/2 in
Figure 1.19 we something radically different: For large n, the plots have jumps!

1.4.1. Explaining the Irregularity
Fortunately, probability theory again provides an explanation for the irregularity
that we now see: The SLLN states, under the prevailing IID assumptions, that scaled
partial sums n−1Sn will approach the mean EX1 w.p.1 as n → ∞, regardless of
other properties of the probability distribution of X1, provided that a finite mean
exists. Knowing the SLLN, we should expect to see lines when n = 104 in all
experiments except possibly in case (iii).
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Figure 1.19. Possible realizations of the first 10j steps of the uncentered random walk
{Sk : k ≥ 0} with steps distributed as U

−1/p
k in case (iii) of (3.5) for p = 1/2 and

j = 1, . . . , 4.

We might initially be fooled in case (iii), but we should anticipate occasional
large steps because U−1/p involves dividing by very small values when U is small.
Upon more careful examination, we see that U−1/p has a Pareto distribution with
parameter p, which we refer to as Pareto(p), when U is uniformly distributed on
[0, 1], i.e.,

P (U−1/p > t) = P (U < t−p) = t−p, t ≥ 1 , (4.1)

with mean

E(U−1/p) =
∫ ∞

0
P (U−1/p > t)dt = 1 +

∫ ∞

1
t−pdt , (4.2)

which is finite, and equal to 1 + (p − 1)−1, if and only if p > 1; see Chapter 19 of
Johnson and Kotz (1970) for background on the Pareto distribution and Lemma 1
on p. 150 of Feller (1971) for the integral representation of the mean.

Thus the SLLN tells us not to expect the same behavior observed in the previ-
ous experiments in case (iii) when p ≤ 1. Thus, unlike all previous random walks
considered, the conditions of the SLLN are not satisfied in case (iii) with p = 1/2.



1.4. The Exception Makes the Rule 37
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Figure 1.20. Possible realizations of the first 10j steps of the centered random walk
{Sk − 3k : k ≥ 0} associated with the Pareto steps U

−1/p
k for p = 3/2, having mean

3 and infinite variance, for the cases j = 1, . . . , 4.

Now let us consider the random walk with Pareto(p) steps for p = 3/2 in (3.5)
(iii). Consistent with the SLLN, Figure 1.18 shows that the plots are approaching
a straight line as n → ∞ in this case. But what happens when we center?

1.4.2. The Centered Random Walk with p = 3/2
So now let us consider the centered random walk in case (iii) with p = 3/2. (Since
the mean is infinite when p = 1/2, we cannot center when p = 1/2. We will return
to the case p = 1/2 later.) We center by subtracting the mean, which in the case
p = 3/2 is 1 + (p − 1)−1 = 3. Plots of the centered random walk with p = 3/2
for n = 10j with j = 1, 2, 3, 4 are shown in Figure 1.20. As before, the centering
causes the plotter to automatically blow up the picture. However, now the slight
departures from linearity for large n in Figure 1.18 are magnified. Now, just as in
Figure 1.19, we see jumps in the plot!

Once again, probability theory offers an explanation. Just as the SLLN ceases
to apply when the IID summands have infinite mean, so does the (classical) CLT



38 1. Experiencing Statistical Regularity

cease to apply when the IID summands have finite mean but infinite variance. Such
a case occurs with the Pareto(p) summands in case (iii) in (3.5) when 1 < p ≤ 2.
Thus, consistent with what we see in Figure 1.18, the SLLN holds, but the CLT
does not, for the Pareto(p) random variable U−1/p in case (iii) when p = 3/2.

We have arrived at another critical point, where an important intellectual step
is needed. We need to recognize that, even though the sample paths are very differ-
ent from the previous random-walk plots, which are approaching plots of Brownian
motion, there may still be important statistical regularity in the new plots with
jumps.

To see the statistical regularity, we need to repeat the experiment and consider
larger values of n. Even though the plots look quite different from the previous
random-walk plots, we can see statistical regularity in the plots (again ignoring the
units on the axes). To confirm that observation, six possible realizations for p = 3/2
in the cases n = 104 and n = 106 are shown in Figures 1.21 and 1.22. Figures 1.21
and 1.22 show more irregular paths, but with their own distinct character, much like
handwriting. (We might contemplate the probability of the path writing a word.
With a suitable font for the script, we might see “Null” but not “Set”.) Again,
Figures 1.21 and 1.22 show that there is statistical regularity associated with the
irregularity we see. The plots are independent of n for all n sufficiently large. Again
we see self-similarity in the plots.

Even though the irregular paths in Figures 1.19 – 1.22 have jumps, as before we
can look for statistical regularity through the distribution of these random paths.
Again, to be able to see something, we can focus on the final positions. Focusing
first on the case with p = 3/2, we plot the estimated density of the centered sums
Sn − 3n for n = 1, 000. Once again, we obtain the density estimate by performing
independent replications of the experiment. To have more data this time, we use
10,000 independent replications. We display the resulting density estimate in Figure
1.23.

When we look at the estimated density of the final position, we see that it is
radically different from the previous density plots in Figures 1.5 and 1.7. Clearly,
the final position is no longer normally distributed!

Nevertheless, there is statistical regularity. As before, when we repeat the experi-
ment with different random number seeds, we obtain essentially the same result for
all sufficiently large n. Examination shows that there is statistical regularity, just
as before, but the approximating distribution of the final position is now different.
In Figure 1.23, the peak of the density looks like a spike because the range of values
is now much greater. In turn, the range of values is greater because the distribution
of Sn − 3n has a heavy tail.

The heavier tails are more clearly revealed when we plot the tail of the empirical
cdf of the observed values. (By the tail of a cdf F , we mean the complementary cdf
or ccdf, defined by F c(t) ≡ 1 − F (t).)

To focus on the tail of the cdf F , we plot the tail of the empirical cdf in log − log
scale in Figure 1.18; i.e., we plot log F c(t) versus log t. To use log − log scale, we
consider only those values greater than 1, of which there were 3,121 when n = 104.
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Figure 1.21. Six independent realizations of the first 104 steps of the centered random
walk {Sk − 3k : k ≥ 0} associated with the Pareto steps U

−1/p
k for p = 3/2, having mean

3 and infinite variance.

From Figure 1.24, we see that for larger values of the argument t, the empirical
ccdf has a linear slope in log − log scale. That indicates a power tail. Indeed, if the
ccdf is of the form

F c(t) = αt−β for t ≥ t0 > 1 , (4.3)

then

log F c(t) = −β log t + log α (4.4)

for t > t0. Then the paremeters α and β in (4.3) can be seen as the intercept and
slope in the log − log plot.

Again there is supporting theory: A generalization of the CLT implies, under
the IID assumptions and other regularity conditions (satisfied here), that properly
scaled versions of the centered partial sums of Pareto(p) random steps converge in
distribution, as in (2.7). In particular, when 1 < p < 2,

n−1/p(Sn − mn) ⇒ L in R , (4.5)
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Figure 1.22. Six independent realizations of the first 106 steps of the centered random
walk {Sk − 3k : k ≥ 0} associated with the Pareto steps U

−1/p
k for p = 3/2, having mean

3 and infinite variance.

where m = 1 + (p − 1)−1 is the mean and the limiting random variable L has a
nonGaussian stable law (depending upon p); e.g., see Chapter XVII of Feller (1971).
In our specific case of p = 3/2, we have space scaling by n2/3.

Unlike the Pareto distribution, the limiting stable law is not a pure power, but
it has a power tail; i.e., it is asymptotically equivalent to a power: for 1 < p < 2,

P (L > t) ∼ ct−p as t → ∞ (4.6)

for some positive constant c, where f(t) ∼ g(t) as t → ∞ means that f is
asymptotically equivalent to g, i.e., f(t)/g(t) → 1 as t → ∞. Thus the tail of the
limiting stable law has the same asymptotic decay rate as the Pareto distribution
of a single step.

Unlike the standard CLT in (2.4), the space scaling in (4.5) involves cn = n1/p for
1 < p < 2 instead of cn = n1/2. Nevertheless, the generalized CLT shows that there
is again remarkable statistical regularity in the centered partial sums when the mean
is finite and the variance is infinite. We again obtain essentially the same probability
distribution for all n. We also obtain essentially the same probability distribution for
other nonnegative step distributions, provided that they are centered by subtracting
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Figure 1.23. The density estimate obtained from 10, 000 independent samples of the final
position of the centered random walk (i.e., the centered partial sum S1000−3000) associated
with the Pareto steps U

−1/p
k for p = 3/2.

the finite mean, and that the step-size ccdf F c(t) has the same asymptotic tail; i.e.,
we require that

F c(t) ∼ ct−p as t → ∞ (4.7)

for some positive constant c.
As before, there is also an associated stochastic-process limit. A generalization of

Donsker’s theorem (the FCLT) implies that the sequence of scaled random walks
with Pareto(p) steps having 1 < p < 2 converges in distribution to a stable Lévy
motion as n → ∞ in D. Now

Sn ⇒ S in D , (4.8)

where

Sn(t) ≡ n−1/p(S�nt� − m�nt�), 0 ≤ t ≤ 1 , (4.9)

for n ≥ 1, m is the mean and S is a stable Lévy motion. That is, the stochastic-
process limit (2.3) holds for Sn in (2.2), but now with cn = n1/p and the limit
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Figure 1.24. The tail of the empirical distribution function in log− log scale obtained from
10, 000 independent samples of the final position of the centered random walk (i.e., the
partial sum S1000−3000) associated with the Pareto steps U

−1/p
k for p = 3/2 corresponding

to the density in Figure 1.23. The results are based on the 3, 121 values greater than 1.

process S being stable Lévy motion instead of Brownian motion. Moreover, a vari-
ant of the previous invariance property holds here as well. For nonnegative random
variables (the step sizes) satisfying (4.7), the limit process depends on its distribu-
tion only through the decay rate p and the single parameter c appearing in (4.7).
We discuss this FCLT further in Chapter 4.

Since the random walk steps are IID, it is evident that the limiting stable Lévy
motion must have stationary and independent increments, just like Brownian mo-
tion. However, the marginal distributions in R or R

k are nonnormal stable laws
instead of the normal laws. Moreover, the stable Lévy motion has the self-similarity
property, just like Brownian motion, but now with a different scaling. Now, for any
c > 0, the stochastic process {c−1/pS(ct) : 0 ≤ t ≤ 1} has a probability law on
D, and thus finite-dimensional distributions, that are independent of c. Indeed, the
proof is just like the proof for Brownian motion in (2.18).

It is significant that the space scaling to achieve statistical regularity is different
now. In (4.9) above, we divide by n1/p for 1 < p < 2 instead of by n1/2. Similarly,
in the self-similarity of the stable Lévy motion, we multiply by c−1/p instead of
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c−1/2. The new scaling can be confirmed by looking at the values on the y axis in
the plots of Figures 1.20–1.22.

Figures 1.20–1.22 show that, unlike Brownian motion, stable Lévy motion must
have discontinuous sample paths. Hence, we have a stochastic-process limit in which
the limit process has jumps. The desire to consider such stochastic-process limits is
a primary reason for this book.

1.4.3. Back to the Uncentered Random Walk with p = 1/2
Now let us return to the first Pareto(p) example with p = 1/2. The plots in Figure
1.19 are so irregular that we might not suspect that there is any statistical regularity
there. However, after seeing the statistical regularity in the case p = 3/2, we might
well think about reconsidering the case p = 1/2.

As before, we investigate by making some more plots. We have noted that we
cannot center because the mean is infinite. So let us make more plots of the un-
centered random walk with p = 1/2. Thus, in Figure 1.25 we plot six independent
realizations of the uncentered random walk with 104 Pareto(0.5) steps. Now, even
though these plots are highly irregular, with a single jump sometimes dominating
the entire plot, we see remarkable statistical regularity.

Paralleling Figures 1.4 and 1.22, we confirm what we see in Figure 1.25 by plotting
six independent samples of the uncentered random walk in case (iii) with p = 1/2 for
n = 106 in Figure 1.26. Even though the plots of the uncentered random walks with
Pareto(0.5) steps in Figures 1.19 – 1.26 are radically different from the previous plots
of centered and uncentered random walks, we see remarkable statistical regularity in
the new plots. As before, the plots tend to be independent of n for all n sufficiently
large, provided we ignore the units on the axes. Thus we see self-similarity, just as
in the plots of the centered random walks before. From the random-walk plots, we
see that statistical regularity can occur in many different forms.

Given what we have just done, it is natural to again look for statistical regularity
in the final positions. Thus we consider the final positions Sn (without centering)
for n = 1000 and perform 10,000 independent replications. Paralleling Figures 1.23
and 1.24 above, an estimate of the probability density and the tail of the empirical
cdf are plotted in Figures 1.27 and 1.28 below.

Figures 1.27 and 1.28 are quite similar to Figures 1.23 and 1.24, but now the
distribution has an even heavier tail. Again there is supporting theory: A general-
ization of the CLT states, under the IID assumptions and other regularity conditions
(satisfied here), that for 0 < p < 1 there is convergence in distribution of the un-
centered partial sums to a nonGaussian stable law if the partial sums are scaled
appropriately, which requires that cn = n1/p. In particular, now with p = 1/2,

n−1/pSn ⇒ L in R , (4.10)

where the limiting random variable again has a a nonGaussian stable law, which
has an asymptotic power tail, i.e.,

P (L > t) ∼ ct−p as t → ∞ (4.11)
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Figure 1.25. Six independent possible realizations of the first 104 steps of the uncentered
random walk {Sk : k ≥ 0} with steps distributed as U

−1/p
k in case (iii) of (3.5) for p = 1/2.

for p = 1/2 and some positive constant c; again see Chapter XVII of Feller (1971).
As before, the tail of the stable law has the same asymptotic decay rate as a single
step of the random walk.

Moreover, there again is an associated stochastic-process limit. Another general-
ization of Donsker’s FCLT implies that there is the stochastic-process limit (4.8),
where

Sn(t) ≡ n−1/pS�nt�, 0 ≤ t ≤ 1 , (4.12)

for n ≥ 1, with the limit process S being another stable Lévy motion depending
upon p.

Again there is an invariance property: Paralleling (4.7), we require that the
random-walk step ccdf F c satisfy

F c(t) ∼ ct−p as t → ∞ , (4.13)

where p = 1/2 and c is some positive constant. Any random walk with nonnegative
(IID) steps having a ccdf satisfying (4.13) will satisfy the same FCLT, with the
limit process depending on the step-size distribution only through the decay rate
p = 1/2 and the constant c in (4.13).



1.5. Summary 45

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•

index

su
m

s

0 2*10^5 4*10^5 6*10^5 8*10^5 10^6

0
5*

10
^1

1
10

^1
2

2*
10

^1
2

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•

•

index

su
m

s

0 2*10^5 4*10^5 6*10^5 8*10^5 10^6

0
10

^1
2

3*
10

^1
2

5*
10

^1
2

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
•••••

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•

index

su
m

s

0 2*10^5 4*10^5 6*10^5 8*10^5 10^6

0
10

^1
2

3*
10

^1
2

5*
10

^1
2

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•

index

su
m

s

0 2*10^5 4*10^5 6*10^5 8*10^5 10^6

0
5*

10
^1

3
10

^1
4

1.
5*

10
^1

4

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

•

index

su
m

s

0 2*10^5 4*10^5 6*10^5 8*10^5 10^6

0
2*

10
^1

2
6*

10
^1

2
10

^1
3

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

••••••••••••••••••••••••••••••

•••••••••••••••••••

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••
•••••••••••••••••••••••••••••••••••

•

index

su
m

s

0 2*10^5 4*10^5 6*10^5 8*10^5 10^6

0
10

^1
2

2*
10

^1
2

4*
10

^1
2

Figure 1.26. Six independent possible realizations of the first 106 steps of the uncentered
random walk {Sk : k ≥ 0} with steps distributed as U

−1/p
k in case (iii) of (3.5) for p = 1/2.

As before, the plotter automatically does the proper scaling. However, the space
scaling is different from both the previous two cases, now requiring division by n1/p

for p = 1/2. Again, we can verify that the space scaling by n1/p is appropriate by
looking at the values in the plots in Figures 1.19–1.26. Just as before, the stochastic-
process limit in D implies that the limit process must be self-similar. Now, for any
c > 0, the stochastic processes {c−1/pS(ct) : 0 ≤ t ≤ 1} have probability laws in D
that are independent of c.

Figures 1.19 and 1.25 show that the limiting stable Lévy motion for the case p =
1/2 must also have discontinuous sample paths. So we have yet another stochastic-
process limit in which the limit process has jumps.

1.5. Summary

To summarize, in this chapter we have seen that there is remarkable statistical
regularity associated with random walks as the number n of steps increases. That
statistical regularity is directly revealed when we plot the random walks. In great
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Figure 1.27. A density estimate obtained from 10, 000 independent samples of the final
position of the uncentered random walk (i.e., the partial sum S1000) associated with the
Pareto steps U

−1/p
k in the case p = 1/2.

generality, as a consequence of Donsker’s theorem, properly scaled versions of the
centered random walks converge in distribution to Brownian motion as n increases.
As a consequence, the random-walk plots converge to plots of standard Brownian
motion.

The great generality of that result may make us forget that there are conditions
for convergence to Brownian motion to hold. Through the exponential-smoothing
example, we have seen that the conclusions of the classical limit theorems often
still hold when the IID conditions are relaxed, but again there are limitations on
the amount of dependence that can be allowed. That is easy to see by considering
the extreme case in which all the steps are identical! Clearly, then the SLLN and
the CLT break down. The classical limit theorems tend to remain valid when in-
dependence is replaced by weak dependence, but it is difficult to characterize the
boundary exactly. We discuss FCLTs for weakly dependent sequences further in
Chapter 4.

We also have seen for the case of IID steps that there are important situations in
which the conditions of the FSLLN and Donsker’s FCLT do not hold. We have seen
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Figure 1.28. The tail of the empirical cumulative distribution function in log − log scale
obtained from 10, 000 independent samples of the final position of the uncentered random
walk (i.e., the partial sum S1000) associated with the Pareto steps U
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k for p = 1/2

corresponding to the density in Figure 1.27.

that these fundamental theorems are not valid in the IID case when the step-size
distribution has infinite mean (the FSLLN) or variance (the FCLT). Nevertheless,
there often is remarkable statistical regularity associated with these heavy-tailed
cases, but the limit process in the stochastic-process limit becomes a stable Lévy
motion, which has jumps, i.e., it has discontinuous sample paths. We have thus
seen examples of stochastic-process limits in which the limit process has jumps. We
discuss such FCLTs further in Chapter 4.

If we allow greater dependence, which may well be appropriate in applica-
tions, then many more limit processes are possible, some of which will again have
discontinuous sample paths. Again, see Chapter 4.



2
Random Walks in Applications

The random walks we have considered in Chapter 1 are easy to think about, because
they have a relatively simple structure. However, the random walks are abstract,
so that they may seem disconnected from reality. But that is not so!

Even though the random walks are abstract, they play a fundamental role
in many applications. Many stochastic processes in applied probability models
are very closely related to random walks. Indeed, we are able to obtain many
stochastic-process limits for stochastic processes of interest in applied probabil-
ity models directly from established probability limits for random walks, using the
continuous-mapping approach.

To elaborate on this important point, we now give three examples of stochastic
processes closely related to random walks. The examples involve stock prices, the
Kolmogorov-Smirnov test statistic and a queueing model for a buffer in a switch.
In the final section we discuss the engineering significance of the queueing model
and the (heavy-traffic) stochastic-process limits.

2.1. Stock Prices

In some applications, random walks apply very directly. A good example is finance,
which often can be regarded as yet another game of chance; see A Random Walk
Down Wall Street by Malkiel (1996).

Indeed, we might model the price of a stock over time as a random walk; i.e., the
position Sn can be the price in time period n. However, it is common to consider a
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refinement of the direct random-walk model, because the magnitude of any change
is usually considered to be approximately proportional to the price.

A popular alternative model that captures that property is obtained by letting
the price in period n be the product of the price in period n − 1 and a random
multiplier Yn; i.e., if Zn is the price in period n, then we have

Zn = Zn−1Yn, n ≥ 1 . (1.1)

That in turn implies that

Zn = Z0(Y1 × · · · × Yn), n ≥ 1 . (1.2)

Just as for random walks, for tractability we often assume that the successive
random multipliers Yn : n ≥ 1, are IID. Hence, if we take logarithms, then we
obtain

log Zn = log Z0 + Sn, n ≥ 0 ,

where {Sn : n ≥ 0} is a random walk, defined as in (3.4), with steps Xn ≡
log Yn, n ≥ 1 that are IID. With this multiplicative framework, the logarithms
of successive prices constitute an initial position plus a random walk. Approxima-
tions for random walks thus produce direct approximations for the logarithms of
the prices.

It is natural to consider limits for the stock prices, in which the duration of the
discrete time periods decreases in the limit, so that we can obtain convergence of the
sequence of discrete-time price processes to a continuous-time limit, representing
the evolution of the stock price in continuous time. To do so, we need to change
the random multipliers as we change n. We thus define a sequence of price models
indexed by n. We let Zn

k and Y n
k denote the price and multiplier, respectively,

in period k in model n. For each n, we assume that the sequence of multipliers
{Y n

k : k ≥ 1} is IID. Since the periods are shrinking as n → ∞, we want Y n
k →

1 as n → ∞. The general idea is to have

E[log Y n
k ] ≈ m/n and V ar[log Y n

k ] ≈ σ2/n .

We let the initial price be independent of n; i.e., we let Zn
0 ≡ Z0 for all n.

Thus, we incorporate the scaling within the partial sums for each n. We make
further assumptions so that

Sn(t) ≡ Sn
�nt� ⇒ σB(t) + mt as n → ∞ (1.3)

for each t > 0, where B is standard Brownian motion. Given (1.3), we obtain

log Zn(t) ≡ log Zn
�nt� = log Z0 + Sn

�nt� ⇒ log Z0 + σB(t) + mt ,

so that

Zn(t) ≡ Zn
�nt� ⇒ Z(t) ≡ Z0 exp (σB(t) + mt) ; (1.4)

i.e., the price process converges in distribution as n → ∞ to the stochastic process
{Z(t) : t ≥ 0}, which is called geometric Brownian motion.



2.2. The Kolmogorov-Smirnov Statistic 51

Geometric Brownian motion tends to inherit the tractability of Brownian motion.
Since the moment generating function of a standard normal random variable is

ψ(θ) ≡ E[exp (θN(0, 1))] = exp (θ2/2) ,

the kth moment of geometric Brownian motion for any k can be expressed explicitly
as

E[Z(t)k] = E[(Z0)k] exp (kmt + k2t2σ2/2) . (1.5)

See Section 10.4 of Ross (1993) for an introduction to the application of geometric
Brownian motion to finance, including a derivation of the Black-Scholes option
pricing formula. See Karatzas and Shreve (1988, 1998) for an extensive treatment.

The analysis so far is based on the assumption that the random-walk steps Xn
k ≡

log Y n
k are IID with finite mean and variance. However, even though the steps must

be finite, the volatility of the stock market has led people to consider alternative
models. If we drop the finite-mean or finite-variance assumption, then we can still
obtain a suitable continuous-time approximation, but it is likely to be a geometric
stable Lévy motion (obtained by replacing the Brownian motion by a stable Lévy
motion in the exponential representation in (1.4)). Even other limits are possible
when the steps come from a double sequence {{Xn

k : k ≥ 1} : n ≥ 1}. When we
consider models for volatile prices, we should be ready to see stochastic-process
limits with jumps. For further discussion, see Embrechts, Klüppelberg and Mikosch
(1997), especially Section 7.6, and Rachev and Mittnik (2000).

In addition to illustrating how random walks can be applied, this example illus-
trates that we sometimes need to consider double sequences of random variables,
such as {{Xn

k : k ≥ 1} : n ≥ 1}, in order to obtain the stochastic-process limit we
want.

2.2. The Kolmogorov-Smirnov Statistic

For our second random-walk application, let us return to the empirical cdf’s
considered in Example 1.1.1 in Section 1.1.3. What we want to see now is a
stochastic-process limit for the difference between the empirical cdf and the under-
lying cdf, explaining the statistical regularity we saw in Figure 1.8. The appropriate
limit process is the Brownian bridge B0, which is just Brownian motion B over the
interval [0, 1] conditioned to be 0 at the right endpoint t = 1.

Recall that the applied goal is to develop a statistical test to determine whether
or not data from an unknown source can be regarded as an independent sample
from a candidate cdf F . The idea is to base the test on the “difference” between
the candidate cdf and the empirical cdf. We determine whether or not the observed
difference is significantly greater than the difference for an independent sample
from the candidate cdf F is likely to be. The problem, then, is to characterize the
probability distribution of the difference between a cdf and the associated empirical
cdf obtained from an independent sample. Interestingly, even here, random walks
can play an important role.
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Hence, let F be an arbitrary continuous candidate cdf and let Fn be the associated
empirical cdf based on an independent sample of size n from F . A convenient test
statistic, called the Kolmogorov-Smirnov statistic, can be based on the limit

Dn ≡
√

n sup
t∈R

{|Fn(t) − F (t)|} ⇒ sup(| B0 |) as n → ∞ , (2.1)

where B0 is the Brownian bridge, which can be represented as

B0(t) = B(t) − tB(1), 0 ≤ t ≤ 1, (2.2)

sup(| B0 |) ≡ sup
0≤t≤1

{| B0(t) |}

and

P (sup(| B0 |) > x) = 2
∞∑

k=1

(−1)k+1e−2k2x2
, x > 0 . (2.3)

Notice that the limit in (2.1) is independent of the cdf F (assuming only that
the cdf F is continuous). The candidate cdf F could be the uniform cdf in Example
1.1.1, a normal cdf, a Pareto cdf or a stable cdf. In particular, the limit process
here is unaffected by the cdf F having a heavy tail.

In practice, we would compute the Kolmogorov-Smirnov statistic Dn in (2.1)
for the empirical cdf associated with the data from the unknown source and the
candidate cdf F . We then compute, using (2.3), the approximate probability of
observing a value as large or larger than the observed value of the Kolmogorov-
Smirnov statistic, under the assumption that the empirical cdf does in fact come
from an independent sample from F . If that probability is very small, then we
would reject the hypothesis that the data come from an independent sample from
F .

As usual, good judgement is needed in the interpretation of the statistical analy-
sis. When the sample size n is not large, we might be unable to reject the hypothesis
that the data is an independent sample from a cdf F for more than one candidate
cdf F . On the other hand, with genuine data (not a simulation directly from the cdf
F ), for any candidate cdf F , we are likely to be able to reject the hypothesis that
the data is an independent sample from F for all n sufficiently large. Our concern
here, though, is to justify the limit (2.1).

So, how do random walks enter in? Random walks appear in two ways. First, the
empirical cdf Fn(t) as a function of n itself is a minor modification of a random
walk. In particular,

nFn(t) =
n∑

k=1

I(−∞,t](Xk) ,

where IA(x) is the indicator function of the set A, with IA(x) = 1 if x ∈ A and
IA(x) = 0 otherwise. Thus, for each t, nFn(t) is the sum of the n IID Bernoulli
random variables I(−∞,t](Xk), 1 ≤ k ≤ n, and is thus a random walk.



2.2. The Kolmogorov-Smirnov Statistic 53

Note that the Bernoulli random variable I(−∞,t](Xk) has mean F (t) and variance
F (t)F c(t). Hence we can apply the SLLN and the CLT to deduce that

Fn(t) → F (t) w.p.1 as n → ∞

and
√

n(Fn(t) − F (t)) ⇒ N(0, F (t)F c(t)) in R as n → ∞ (2.4)

for each t ∈ R. Note that we have to multiply the difference by
√

n in (2.4) in order
to get a nondegenerate limit. That explains the multiplicative factor

√
n in (2.1).

Paralleling the way we obtained stochastic-process limits for random walks in
Section 1.2, we can go from the limit in (2.4) to the limit in (2.1) by extending the
limit in (2.4) to a stochastic-process limit in the function space D. We can establish
the desired stochastic-process limit in D in two steps: first, by reducing the case
of a general continuous cdf F to the case of the uniform cdf (i.e., the cdf of the
uniform distribution on [0, 1]) and, second, by treating the case of the uniform cdf.
Random walks can play a key role in the second step.

To carry out the first step, we show that the distribution of Dn in (2.1) is inde-
pendent of the continuous cdf F . For that purpose, let Uk, 1 ≤ k ≤ n, be uniform
random variables (on [0, 1]) and let Gn be the associated empirical cdf. Recall from
equation (3.7) in Section 1.3.3 that

F←(Uk) ≤ t if and only if Uk ≤ F (t) ,

so that F←(Uk) d= Xk, 1 ≤ k ≤ n, and

{Gn(F (t)) : t ∈ R} d= {Fn(t) : t ∈ R} .

Hence,

Dn ≡
√

n sup
t∈R

{|Fn(t) − F (t)|} d=
√

n sup
t∈R

{|Gn(F (t)) − F (t)|} .

Moreover, since F is a continuous cdf, F maps R into the interval (0, 1) plus possibly
{0} and {1}. Since P (U = 0) = P (U = 1) = 0 for a uniform random variable U ,
we have

Dn
d=

√
n sup

0≤t≤1
{|Gn(t) − t|} , (2.5)

which of course is the special case for a uniform cdf.
Now we turn to the second step, carrying out the analysis for the special case

of a uniform cdf, i.e., starting from (2.5). To make a connection to random walks,
we exploit a well known property of Poisson processes. We start by focusing on
the uniform order statistics: Let U

(n)
k be the kth order statistic associated with n

IID uniform random variables; i.e., U
(n)
k is the kth smallest of the uniform random

numbers. It is not difficult to see that the supremum in the expression for Dn in
(2.5) must occur at one of the jumps in Gn (either the left or right limit) and
these jumps occur at the random times U

(n)
k . Since each jump of Dn in (2.5) has
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magnitude 1/
√

n,

| Dn −
√

n( max
1≤k≤n

{| U
(n)
k − k/n |}) | ≤ 1/

√
n . (2.6)

Now we can make the desired connection to random walks: It turns out that

(U (n)
1 , . . . , U (n)

n ) d= (S1/Sn+1, . . . , Sn/Sn+1) , (2.7)

where

Sk ≡ X1 + · · · + Xk, 1 ≤ k ≤ n + 1 ,

with Xk, 1 ≤ k ≤ n + 1, being IID exponential random variables with mean 1. To
justify relation (2.7), consider a Poisson process and let the kth point be located at
Sk (Which makes the intervals between points IID exponential random variables).
It is well known, and easy to verify, that the first n points of the Poisson process
are distributed in the interval (0, Sn+1) as the n uniform order statistics over the
interval (0, Sn+1); e.g., see p. 223 of Ross (1993). When we divide by Sn+1 we obtain
the uniform order statistics over the interval (0, 1), just as in the left side of (2.7).

With the connection to random walks established, we can apply Donsker’s FCLT
for the random walk {Sk : k ≥ 0} to establish the limit (2.1). In rough outline, here
is the argument:

Dn ≈
√

n max
1≤k≤n

{| (Sk/Sn+1) − (k/n) |}

≈ (n/Sn+1) max
1≤k≤n

{| (Sk − k)/
√

n − (k/n)(Sn+1 − n)/
√

n |} . (2.8)

Since n/Sn+1 → 1 as n → ∞ and (Sn+1 − Sn)/
√

n → 0 as n → ∞, we have

Dn ≈ sup
0≤t≤1

{| (S�nt� − �nt�)/
√

n − (�nt�/n)(Sn − n)/
√

n |} . (2.9)

To make the rough argument rigorous, and obtain (2.9), we repeatedly apply an
important tool – the convergence-together theorem – which states that Xn ⇒ X
whenever Yn ⇒ X and d(Xn, Yn) ⇒ 0, where d is an appropriate distance on the
function space D; see Theorem 11.4.7.

Since the functions ψ1 : D → D and ψ2 : D → R, defined by

ψ1(x)(t) ≡ x(t) − tx(1), 0 ≤ t ≤ 1 , (2.10)

and

ψ2(x) ≡ sup
0≤t≤1

{|x(t)|} (2.11)

are continuous, from (2.9) we obtain the desired limit

Dn ⇒ sup
0≤t≤1

{|B(t) − tB(1)|} . (2.12)

Finally, it is possible to show that relations (2.2) and (2.3) hold.
The argument here follows Breiman (1968, pp. 283–290). Details can be found

there, in Karlin and Taylor (1980, p. 343) or in Billingsley (1968, pp. 64, 83, 103,
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141). See Pollard (1984) and Shorack and Wellner (1986) for further development.
See Borodin and Salminen (1996) for more properties of Brownian motion.

Historically, the derivation of the limit in (2.1) is important because it provided
a major impetus for the development of the general theory of stochastic-process
limits; see the papers by Doob (1949) and Donsker (1951, 1952), and subsequent
books such as Billingsley (1968).

2.3. A Queueing Model for a Buffer in a Switch

Another important application of random walks is to queueing models. We will be
exploiting the connection between random walks and queueing models throughout
the queueing chapters. We only try to convey the main idea now.

To illustrate the connection between random walks and queues, we consider a
discrete-time queueing model of data in a buffer of a switch or router in a packet
communication network.

Let Wk represent the workload (or buffer content, which may be measured in
bits) at the end of period k. During period k there is a random input Vk and a de-
terministic constant output µ (corresponding to the available bandwidth) provided
that there is content to process or transmit. We assume that the successive inputs
Vk are IID, although that is not strictly necessary to obtain the stochastic-process
limits.

More formally, we assume that the successive workloads can be defined recursively
by

Wk ≡ min {K, max {0, Wk−1 + Vk − µ}}, k ≥ 1 , (3.1)

where the initial workload is W0 and the buffer capacity is K. The maximum
appears in (3.1) because the workload is never allowed to become negative; the
output (up to µ) occurs only when there is content to emit. The minimum appears
in (3.1) because the workload is not allowed to exceed the capacity K at the end of
any period; we assume that input that would make the workload exceed K at the
end of the period is lost.

The workload process {Wk : k ≥ 1} specified by the recursion (3.1) is quite
elementary. Since the inputs Vk are assumed to be IID, the stochastic process {Wk}
is a discrete-time Markov process. If, in addition, we assume that the inputs Vk take
values in a discrete set {ck : k ≥ 0} for some constant c (which is not a practical
restriction), we can regard the stochastic process {Wk} as a discrete-time Markov
chain (DTMC). Since the state space of the DTMC {Wk} is one-dimensional, the
finite state space will usually not be prohibitively large. Thus, it is straightforward
to exploit numerical methods for DTMC’s, as in Kemeny and Snell (1960) and
Stewart (1994), to describe the behavior of the workload process.

Nevertheless, we are interested in establishing stochastic-process limits for the
workload process. In the present context, we are interested in seeing how the dis-
tribution of the inputs Vk affects the workload process. We can use heavy-traffic
stochastic-process limit to produce simple formulas describing the performance. (We
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start giving the details in Chapter 5.) Those simple formulas provide insight that
can be gained only with difficulty from a numerical algorithm for Markov chains.

We also are interested in the heavy-traffic stochastic-process limits to illustrate
what can be done more generally. The heavy-traffic stochastic-process limits can
be established for more complicated models, for which exact performance analysis
is difficult, if not impossible. Since the heavy-traffic stochastic-process limits strip
away unessential details, they reveal the key features determining the performance
of the queueing system.

Now we want to see the statistical regularity associated with the workload process
for large n. We could just plot the workload process for various candidate input
processes {Vk : k ≥ 1} and parameters K and µ. However, the situation here is
more complicated than for the the random walks we considered previously. We can
simply plot the workload process and let the plotter automatically do the scaling
for us, but it is not possible to automatically see the desired statistical regularity.
For the queueing model, we need to do some analysis to determine how to do the
proper scaling in order to achieve the desired statistical regularity. (That is worth
verifying.)

2.3.1. Deriving the Proper Scaling
It turns out that stochastic-process limits for the workload process are intimately
related to stochastic-process limits for the random walk {Sk : k ≥ 0} with steps

Xk ≡ Vk − µ ,

but notice that in general this random walk is not centered. The random walk is
only centered in the special case in which the input rate E[Vk] exactly matches
the potential output rate µ. However, to have a well-behaved system, we want the
long-run potential output rate to exceed the long-run input rate.

In queueing applications we often characterize the system load by the traffic
intensity, which is the rate in divided by the potential rate out. Here the traffic
intensity is

ρ ≡ EV1/µ .

With an infinite-capacity buffer, we need ρ < 1 in order for the system to be stable
(not blow up in the limit as t → ∞).

We are able to obtain stochastic-process limits for the workload process by ap-
plying the continuous-mapping approach, starting from stochastic-process limits
for the centered version of the random walk {Sk : k ≥ 0}. However, to do so when
EXk = 0, we need to consider a sequence of models indexed by n to achieve the
appropriate scaling. In the nth model, we let Xn,k be the random-walk step Xk,
and we let EXn,k → 0 as n → ∞.

There is considerable freedom in the construction of a sequence of models, but
from an applied perspective, it suffices to do something simple: We can keep a fixed
input process {Vk : k ≥ 1}, but we need to make the output rate µ and the buffer
capacity K depend upon n. Let Wn

k denote the workload at the end of period k in
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model n. Following this plan, for model n the recursion (3.1) becomes

Wn
k ≡ min {Kn, max {0, Wn

k−1 + Vk − µn}}, k ≥ 1 , (3.2)

where Kn and µn are the buffer capacity and constant potential one-period output
in model n, respectively.

The problem now is to choose the sequences {Kn : n ≥ 1} and {µn : n ≥ 1} so
that we obtain a nondegenerate limit for an appropriately scaled version of the work-
load processes {Wn

k : k ≥ 0}. If we choose these sequence of constants appropriately,
then the plotter can do the scaling of the workload processes automatically.

Let Sv
k ≡ V1 + · · · + Vk for k ≥ 1 with Sv

0 ≡ 0. The starting point is a FCLT for
the random walk {Sv

k : k ≥ 0}. Suppose that the mean E[Vk] is finite, and let it
equal mv. Then the natural FCLT takes the form

Sv
n ⇒ Sv in D as n → ∞ , (3.3)

where

Sv
n(t) ≡ n−H(Sv

�nt� − mv�nt�), 0 ≤ t ≤ 1 , (3.4)

the exponent H in the space scaling is a constant satisfying 0 < H < 1 and Sv is the
limit process. The common case has H = 1/2 and Sv = σB, where B is standard
Brownian motion. However, as seen for the random walks, if Vk has infinite variance,
then we have 1/2 < H < 1 and the limit process Sv is a stable Lévy motion (which
has discontinuous sample paths). We elaborate on the case with 1/2 < H < 1 in
Section 4.5.

It turns out that a scaled version of the workload process {Wn
k : k ≥ 0} can

be represented directly as the image of a two-sided reflection map applied to a
scaled version of the uncentered random walk {Sn

k : k ≥ 1} with steps Vk − µn. In
particular,

Wn = φK(Sn) for all n ≥ 1 , (3.5)

where

Wn(t) ≡ n−HWn
�nt�, 0 ≤ t ≤ 1 , (3.6)

Sn(t) ≡ n−HSn
�nt�, 0 ≤ t ≤ 1 , (3.7)

and φK : D → D is the two-sided reflection map.
In fact, it is a challenge to even define the two-sided reflection map, which we

may think of as serving as the continuous-time analog of (3.1) or (3.2); that is done
in Sections 5.2 and 14.8; alternatively, see p. 22 of Harrison (1985). Consistent with
intuition, it turns out that the two-sided reflection map φK is continuous on the
function space D with appropriate definitions, so that we can apply the continuous-
mapping approach with a limit for Sn in (3.7) to establish the desired limit for Wn.
But now we just want to determine how to do the plotting.

The next step is to relate the assumed limit for Sv
n to the required limit for Sn.

For that purpose, note from (3.4) and (3.7) that

Sn(t) = Sv
n(t) − n−H(µn − mv)�nt� .
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Hence we have the stochastic-process limit

Sn ⇒ S as n → ∞ , (3.8)

where

S(t) ≡ Sv(t) − mt, 0 ≤ t ≤ 1 , (3.9)

if and only if

n−H(µn − mv)�nt� → mt as n → ∞

for each t > 0 or, equivalently,

(µn − mv)n1−H → m as n → ∞ . (3.10)

In addition, because of the space scaling by nH in Sn, we need to let

Kn ≡ nHK . (3.11)

Given the scaling in both (3.10) and (3.11), we are able to obtain the FCLT

Wn ⇒ W ≡ φK(S) , (3.12)

where Wn is given in (3.6), S is given in (3.9) and φK is the two-sided reflection
map.

The upshot is that we obtain the desired stochastic-process limit for the workload
process, and the plotter can automatically do the appropriate scaling, if we let

µn ≡ mv + m/n1−H and Kn ≡ nHK (3.13)

for any fixed m with 0 ≤ m < ∞ and K with 0 < K ≤ ∞, where H with 0 < H < 1
is the scaling exponent appearing in (3.4).

At this point, it is appropriate to pause and reflect upon the significance of the
scaling in (3.13). First note that time scaling by n (replacing t by nt) and space
scaling by nH (dividing by nH) is determined by the FCLT in (3.3). Then the output
rate and buffer size should satisfy (3.13). Note that the actual buffer capacity Kn

in system n must increase, indeed go to infinity, as n increases. Also note that
the output rate µn approaches mv as n increases, so that the traffic intensity ρn

approaches 1 as n increases. Specifically,

ρn ≡ E[V1]
µn

=
mv

mv + mn−(1−H) = 1 − (m/mv)n−(1−H) + o(n−(1−H))

as n → ∞.
The obvious application of the stochastic-process limit in (3.12) is to generate

approximations. The direct application of (3.12) is

{n−HWn
�nt� : t ≥ 0} ≈ {W(t) : t ≥ 0} , (3.14)

where here ≈ means approximately equal to in distribution. Equivalently, by
unscaling, we obtain the associated approximation (in distribution)

{Wn
k : k ≥ 0} ≈ {n1/αW(k/n) : k ≥ 0} . (3.15)
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Approximations such as (3.15), which are obtained directly from stochastic-
process limits, may afterwards be refined by making modifications to meet other
criteria, e.g., to match exact expressions known in special cases. Indeed, it is often
possible to make refinements that remain asymptotically correct in the heavy-traffic
limit, e.g., by including the traffic intensity ρ, which converges to 1 in the limit.

Often the initial goal in support of engineering applications is to develop a
suitable approximation. Then heuristic approaches are perfectly acceptable, with
convenience and accuracy being the criteria to judge the worth of alternative can-
didates. Even with such a pragmatic engineering approach, the stochastic-process
limits are useful, because they generate initial candidate approximations, often
capturing essential features, because the limit often is able to strip away unessen-
tial details. Moreover, the limits establish important theoretical reference points,
demonstrating asymptotic correctness in certain limiting regimes.

2.3.2. Simulation Examples
Let us now look at two examples.

Example 2.3.1. Workloads with exponential inputs.
First let {Vk : k ≥ 1} be a sequence of IID exponential random variables with

mean 1. Then the FCLT in (3.3) holds with H = 1/2 and S being standard Brownian
motion B. Thus, from (3.13), the appropriate scaling here is

µn ≡ 1 + m/
√

n and Kn ≡
√

nK . (3.16)

To illustrate, we again perform simulations. Due to the recursive definition in
(3.2), we can construct and plot the successive workloads just as easily as we con-
structed and plotted the random walks before. Paralleling our previous plots of
random walks, we now plot the first n workloads, using the scaling in (3.16). In
Figure 2.1 we plot the first n workloads for the case H = 1/2, m = 1 and K = 0.5
for n = 10j for j = 1, . . . , 4. To supplement Figure 2.1, we show six independent
replications for the case n = 104 in Figure 2.2.

What we see, as n becomes sufficiently large, is standard Brownian motion with
drift −m = −1 modified by reflecting barriers at 0 and 0.5. Of course, just as for
the random-walk plots before, the units on the axes are for the original queueing
model. For example, for n = 104, the buffer capacity is Kn = 0.5

√
n = 50, so that

the actual buffer content ranges from 0 to 50, even though the reflected Brownian
motion ranges from 0 to 0.5. Similarly, for n = 104, the traffic intensity is ρn =
(1+n−1/2)−1 = (1.01)−1 ≈ 0.9901 even though the Brownian motion has drift −1.

Unlike in the previous random-walk plots, the units on the vertical axes in Figure
2.2 are the same for all six plots. That happens because, in all six cases, the workload
process takes values ranging from 0 to 50. The upper limit is 50 because for n = 104

the upper barrier in the queue is 0.5
√

n = 50. The clipping at the upper barrier
occurs because of overflows.
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Figure 2.1. Possible realizations of the first n steps of the workload process {W n
k : k ≥ 0}

with IID exponential inputs having mean 1 for n = 10j with j = 1, . . . , 4. The scaling is
as in (3.16) with m = 1 and K = 0.5.

The traffic intensity 0.99 in Figure 2.2 is admittedly quite high. If we focus instead
upon n = 100 or n = 25, then the traffic intensity is not so extreme, in particular,
then ρn = (1 + n−1/2)−1 = (1.1)−1 ≈ 0.91 or (1.2)−1 ≈ 0.83.

In Figures 2.1 and 2.2 we see statistical regularity, just as in the early random-
walk plots. Just as in the pairs of figures, (Figures 1.3 and 1.4) and (Figures 1.21
and 1.22), the plots for n = 106 look just like the plots for n = 104 when we ignore
the units on the axes. The plots show that there should be a stochastic-process limit
as n → ∞. The plots demonstrate that a reflected Brownian motion approximation
is appropriate with these parameters.

Moreover, our analysis of the stochastic processes to determine the appropriate
scaling shows how we can obtain the stochastic-process limits. Indeed, we obtain
the supporting stochastic-process limits for the workload process directly from the
established stochastic-process limits for the random walks. In order to make the
connection between the random walk and the workload process, we are constrained
to use the scaling in (3.16). With that scaling, the plotter directly reveals the
statistical regularity.



2.3. A Queueing Model for a Buffer in a Switch 61

Index

B
uf

fe
rC

on
te

nt

0 2000 4000 6000 8000 10000

0
10

20
30

40
50

Index

B
uf

fe
rC

on
te

nt

0 2000 4000 6000 8000 10000

0
10

20
30

40
50

Index

B
uf

fe
rC

on
te

nt

0 2000 4000 6000 8000 10000

0
10

20
30

40
50

Index

B
uf

fe
rC

on
te

nt

0 2000 4000 6000 8000 10000

0
10

20
30

40
50

Index

B
uf

fe
rC

on
te

nt

0 2000 4000 6000 8000 10000

0
10

20
30

40
50

Index

B
uf

fe
rC

on
te

nt

0 2000 4000 6000 8000 10000

0
10

20
30

40
50

Figure 2.2. Six possible realizations of the first n steps of the workload process
{W n

k : k ≥ 0} with IID exponential inputs for n = 104. The scaling is as in (3.16)
with m = 1 and K = 0.5.

Example 2.3.2. Workloads with Pareto(3/2) inputs.
For our second example, we assume that the inputs Vk have a Pareto(p)

distribution with finite mean but infinite variance. In particular, we let

Vk ≡ U
−1/p
k for p = 3/2 , (3.17)

just as in case (iii) of (3.5) in Section 1.3.3, which makes the distribution Pareto(p)
for p = 3/2. Since H = p−1 for p = 3/2, we need to use different scaling than we
did in Example 2.3.1. In particular, instead of (3.16), we now use

µn ≡ 1 + m/n1/3 and Kn ≡ n2/3K , (3.18)

with m = 1 and K = 0.5 just as before.
Since the scaling in (3.18) is different from the scaling in (3.16), for any given

triple (m, K, n), the buffer size Kn is now larger, while the output rate differs more
from the input rate. Assuming that m > 0, the traffic intensity in model n is
now lower. That suggests that as H increases the heavy-traffic approximations may
perform better at lower traffic intensities.
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Figure 2.3. Possible realizations of the first n steps of the workload process {W n
k : k ≥ 0}

with IID Pareto(p) inputs having p = 3/2 , mean 3 and infinite variance for n = 10j with
j = 1, . . . , 4. The scaling is as in (3.18) with m = 1 and K = 0.5.

We plot the first n workloads, using the scaling in (3.18), for n = 10j for
j = 1, . . . , 4 in Figure 2.3 for the case m = 1 and K = 0.5. What we see, as n
becomes sufficiently large, is a stable Lévy motion with drift −m = −1 modified by
reflecting barriers at 0 and 0.5. To supplement Figure 2.3, we show six independent
replications for the case n = 104 in Figure 2.4. As before, the plots for n = 106 look
just like the plots for n = 104 if we ignore the units on the axes. Just as in Figures
1.20–1.22 for the corresponding random walk, the plots here have jumps.

In summary, the workload process {Wk} in the queueing model is intimately
related to the random walk {Sk} with steps being the net inputs Vk −µ each period.
With appropriate scaling, as in (3.13), which includes the queue being in heavy
traffic, stochastic-process limits for a sequence of appropriately scaled workload
processes can be obtained directly from associated stochastic-process limits for the
underlying random walk.

Moreover, the limit process for the workload process is just the limit process for
the random walk modified by having two reflecting barriers. Thus, the workload
process in the queue exhibits the same statistical regularity for large sample sizes
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Figure 2.4. Six possible realizations of the first n steps of the workload process
{W n

k : k ≥ 0} with IID Pareto(p) inputs having p = 3/2, mean 3 and infinite variance for
n = 104. The scaling is as in (3.18) with m = 1 and K = 0.5.

that we saw for the random walk. Indeed, the random walk is the source of that
statistical regularity.

Just as for the random walks, the form of the statistical regularity may lead to
the limit process for the workload process having discontinuous sample paths.

2.4. Engineering Significance

In the previous section, we saw that queueing models are closely related to random
walks. With the proper (heavy-traffic) scaling, the same forms of statistical regular-
ity that hold for random walks also hold for the workload process in the queueing
model. But does it matter? Are there important engineering consequences?

To support an affirmative answer, in this final section we discuss the engineering
significance of heavy-traffic stochastic-process limits for queues. First, in Section
2.4.1, we discuss buffer sizing in a switch or router in a communication network.
Then, in Section 2.4.2, we discuss scheduling service with multiple sources, as oc-
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curs in manufacturing when scheduling production of multiple products on a single
machine with setup costs or setup times for switching.

2.4.1. Buffer Sizing
The buffer (waiting space) in a network switch or router tends to be expensive to
provide, so that economy dictates it be as small as possible. On the other hand, we
want very few lost packets due to buffer overflow.

Queueing models are ideally suited to determine an appropriate buffer size. Let
L(K) be the long-run proportion of packets lost as a function of the buffer size K.
We might specify a maximum allowable proportion of lost packets, ε. Given the
function L, we then choose the buffer size K to satisfy the buffer-sizing equation

L(K) = ε . (4.1)

Classical queueing analysis, using standard models such as in Example 2.3.1,
shows that L(K) decays exponentially in K; specifically, L tends to have an
exponential tail, satisfying

L(K) ∼ αe−ηK as K → ∞ (4.2)

for asymptotic constants α and η depending upon the model details. (As in (4.6)
of Section 1.4.2, ∼ means asymptotic equivalence. See Remark 5.4.1 for further
discussion about asymptotics.)

It is natural to exploit the exponential tail asymptotics for L in (4.2) to generate
the approximation

L(K) ≈ αe−ηK (4.3)

for all K not too small. We then choose K to satisfy the exponential buffer-sizing
equation

αe−ηK = ε , (4.4)

from which we deduce that the target buffer size K∗ should be

K∗ = η−1 log (α/ε) . (4.5)

This analysis shows that the target buffer size should be directly proportional to η−1

and log α, and inversely proportional to log ε. It remains to determine appropriate
values for the three constants η, α and ε, but the general relationships are clear.
For example, if ε = 10−j , then K∗ is proportional to the exponent j, which means
that the cost of improving performance (as measured by the increase in buffer size
K∗ required to make ε significantly smaller) tends to be small.

So far, we have yet to exploit heavy-traffic limits. Heavy-traffic limits can play
an important role because it actually is difficult to establish the exponential tail
asymptotics in (4.2) directly for realistic models. As a first step toward analytic
tractability, we may approximate the loss function L(K) by the tail probability
P (W (∞) > K), where W (∞) is the steady-state workload in the corresponding
queue with unlimited waiting space. Experience indicates that the asymptotic form
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for L(K) tends to be the same as the asymptotic form for the tail probability
P (W (∞) > K) (sometimes with different asymptotic constants). From an applied
point of view, we are not too concerned about great accuracy in this step, be-
cause the queueing model is crude (e.g., it ignores congestion controls) and the loss
proportion L(K) itself is only a rough performance indicator.

As a second step, we approximate W (∞) in the tail probability P (W (∞) > K)
by the steady-state limit of the approximating process obtained from the heavy-
traffic stochastic-process limit. For standard models, the approximating process
is reflected Brownian motion, as in Example 2.3.1. Since the steady-state distri-
bution of reflected Brownian motion with one-sided reflection is exponential (see
Section 5.7), the heavy-traffic limit provides strong support for the approximations
in (4.3)–(4.5) and helps identify approximate values for the asymptotic constants η
and α. (The heavy-traffic limits also can generate approximations directly for the
loss proportion L(K); e.g., see Section 5.7.) The robustness of heavy-traffic limits
(discussed in Chapters 4 and 5) suggests that the analysis should be insensitive to
fine system details.

However, the story is not over! Traffic measurements from communication net-
works present a very different view of the world: These traffic measurements have
shown that the traffic carried on these networks is remarkably bursty and complex,
exhibiting features such as heavy-tailed probability distributions, strong positive
dependence and self-similarity; e.g., see Leland et al. (1994), Garrett and Will-
inger (1994), Paxson and Floyd (1995), Willinger et al. (1995, 1997), Crovella
and Bestavros (1996), Resnick (1997), Adler, Feldman and Taqqu (1998), Barford
and Crovella (1998), Crovella, Bestavros and Taqqu (1998), Willinger and Paxson
(1998), Park and Willinger (2000), Krishnamurthy and Rexford (2001) and refer-
ences therein. These traffic studies suggest that different queueing models may be
needed.

In particular, the presence of such traffic burstiness can significantly alter the
behavior of the queue: Alternative queueing analysis suggests alternative asymptotic
forms for the function L. Heavy-tailed probability distributions as in Example 2.3.2
lead to a different asymptotic form: When the inputs have power tails, like the
Pareto inputs in Example 2.3.2, the function L tends to have a power tail as well:
Instead of (4.2), we may have

L(K) ∼ αK−η as K → ∞ , (4.6)

where again α and η are positive asymptotic constants; see Remark 5.4.1.
The change from the exponential tail in (4.2) to the power tail in (4.6) are

contrary to the conclusions made above about the robustness of heavy-traffic ap-
proximations. Even though the standard heavy-traffic limits are remarkably robust,
there is a limit to the robustness! The traffic burstiness can cause the robustness of
the standard heavy-traffic limits to break down. Just as we saw in Example 2.3.2,
the burstiness can have a major impact on the workload process.

However, we can still apply heavy-traffic limits: Just as before, we can approx-
imate L(K) by P (W (∞) > K), where W (∞) is the steady-state workload in the
corresponding queue with unlimited waiting space. Then we can approximate W (∞)
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by the steady-state limit of the approximating process obtained from a heavy-traffic
limit. However, when we properly take account of the traffic burstiness, the heavy-
traffic limit process is no longer reflected Brownian motion. Instead, as in Example
2.3.2, it may be a reflected stable Lévy motion, for which P (W (∞) > K) ∼ αK−η.
(For further discussion about the power tails, see Sections 4.5, 6.4 and 8.5.) Thus,
different heavy-traffic limits support the power-tail asymptotics in (4.6) and yield
approximations for the asymptotic constants.

Paralleling (4.3), we can use the approximation

L(K) ≈ αK−η (4.7)

for K not too small. Paralleling (4.4), we use the target equation (4.1) and (4.7) to
obtain the power buffer-sizing equation

αK−η = ε (4.8)

from which we deduce that the logarithm of the target buffer size K∗ should be

log K∗ = η−1 log (α/ε) . (4.9)

In this power-tail setting, we see that the required buffer size K∗ is much more
responsive to the parameters η, α and ε: Now the logarithm log K∗ is related to
the parameters η, α and ε the way K∗ was before. For example, if ε = 10−j , then
the logarithm of the target buffer size K∗ is proportional to j, which means that
the cost of improving performance (as measured by the increase in buffer size K∗

required to make ε significantly smaller) tends to be large.
And that is not the end! The story is still not over. There are other possibili-

ties: There are different forms of traffic burstiness. In Example 2.3.2 we focused on
heavy-tailed distributions for IID inputs, but the traffic measurements also reveal
strong dependence. The strong dependence observed in traffic measurements leads
to considering fractional-Brownian-motion models of the input, which produce an-
other asymptotic form for the function L; see Sections 4.6, 7.2 and 8.7. Unlike both
the exponential tail in (4.2) and the power tail in (4.5), we may have a Weibull tail

L(K) ∼ αe−ηKγ

as K → ∞ (4.10)

for positive constants α, η and γ, where 0 < γ < 1; see (8.10) in Section 8.8. The
available asymptotic results actually show that

P (W (∞) > K) ∼ αK−βe−ηKγ

as K → ∞

for asymptotic constants η, α and β, where W (∞) is the steady-state of reflected
fractional Brownian motion. Thus, the asymptotic results do not directly establish
the asymptotic relation in (4.10), but they suggest the rough approximation

L(K) ≈ αe−ηKγ

(4.11)

for all K not too small and the associated Weibull buffer-sizing equation

αe−ηKγ

= ε , (4.12)



2.4. Engineering Significance 67

from which we deduce that the γth power of the target buffer size K∗ should be

K∗γ = η−1 log (α/ε) . (4.13)

In (4.13) the γth power of K∗ is related to the parameters α, η and ε the way K∗ was
in (4.5) and log K∗ was in (4.9). Thus, consistent with the intermediate asymptotics
in (4.10), since 0 < γ < 1, we have the intermediate buffer requirements in (4.13).

Unfortunately, it is not yet clear which models are most appropriate. Evidence
indicates that it depends on the context; e.g., see Heyman and Lakshman (1996,
2000), Ryu and Elwalid (1996), Grossglauser and Bolot (1999), Park and Willinger
(2000), Guerin et al. (2000) and Mikosch et al. (2001). Consistent with observations
by Sriram and Whitt (1986), long-term variability has relatively little impact on
queueing performance when the buffers are small, but can be dramatic when the
buffers are large.

Direct traffic measurements are difficult to interpret because they describe the
carried traffic, not the offered traffic, and may be strongly influenced by conges-
tion controls such as the Transmission Control Protocol (TCP); see Section 5.2 of
Krishnamurthy and Rexford (2001) and Arvidsson and Karlsson (1999). Moreover,
the networks and the dominant applications keep changing. For models of TCP, see
Padhye et al. (2000), Bu and Towsley (2001), and references therein.

From an engineering perspective, it may be appropriate to ignore congestion
controls when developing models for capacity planning. We may wish to provide
sufficient capacity so that we usually meet the offered load (the original customer
demand); e.g., see Duffield, Massey and Whitt (2001). When the system is heav-
ily loaded, the controls slow down the stream of packets. From a careful analysis
of traffic measurements, we may be able to reconstruct the intended flow. (For
further discussion about offered-load models, see Remark 10.3.1.) However, heavy-
traffic limits can also describe the performance with congestion-controlled sources,
as shown by Das and Srikant (2000).

Our goal in this discussion, and more generally in the book, is not to draw
engineering conclusions, but to describe an approach to engineering problems:
Heavy-traffic limits yield simple approximations that can be used in engineer-
ing applications involving queues. Moreover, nonstandard heavy-traffic limits can
capture the nonstandard features observed in network traffic. The simple analysis
above shows that the consequences of the model choice can be dramatic, making
order-of-magnitude differences in the predicted buffer requirements.

When the analysis indicates that very large buffers are required, instead of ac-
tually providing very large buffers, we may conclude that buffers are relatively
ineffective for improving performance. Instead of providing very large buffers, we
may choose to increase the available bandwidth (processing rate), introduce schedul-
ing to reduce the impact of heavy users upon others, or regulate the source inputs
(see Example 9.8.1). Indeed, all of these approaches are commonly used in practice.
It is common to share the bandwidth among sources using a “fair queueing” dis-
cipline. Fair queueing disciplines are variants of the head-of-line processor-sharing
discipline, which gives each of several active sources a guaranteed share of the avail-
able bandwidth. See Demers, Keshav and Shenker (1989), Greenberg and Madras
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(1992), Parekh and Gallager (1993, 1994), Anantharam (1999) and Borst, Boxma
and Jelenković (2000).

Many other issues remain to be considered: First, given any particular asymp-
totic form, it remains to estimate the asymptotic constants. Second, it remains
to determine how the queueing system scales with increasing load. Third, it may
be more appropriate to consider the transient or time-dependent performance
measures instead of the customary steady-state performance measures. Fourth, it
may be necessary to consider more than a single queue in order to capture net-
work effects. Finally, it may be necessary to create appropriate controls, e.g., for
scheduling and routing. Fortunately, for all these problems, and others, heavy-traffic
stochastic-process limits can come to our aid.

2.4.2. Scheduling Service for Multiple Sources
In this final subsection we discuss the engineering significance of the time-and-space
scaling that occurs in heavy-traffic limits for queues. The heavy-traffic scaling was
already discussed in Section 2.3; now we want to point out its importance for system
control.

We start by extending the queueing model in Section 2.3: Now we assume that
there are inputs each time period from m separate sources. We let each source have
its own infinite-capacity buffer, and assume that the work in each buffer is served
in order of arrival, but otherwise we leave open the order of service provided to
the different sources. As before, we can think of there being a single server, but
now the server has to switch from queue to queue in order to perform the service,
with there being a setup cost or a setup time to do the switching. (For background
on the server scheduling problem, see Chapters 8 and 9 of Walrand (1988). For
applications of heavy-traffic limits to study scheduling without setup costs or setup
times, see van Mieghem (1995) and Ayhan and Olsen (2000).)

We initially assume that the server can switch from queue to queue instanta-
neously (within each discrete time period), but we assume that there are switchover
costs for switching. To provide motivation for switching, we also assume that there
are source-dependent holding costs for the workloads. To specify a concrete opti-
mization problem, let W i

k denote the source-i workload in its buffer at the end of
period k and let Si,j

k be the number of switches from queue i to queue j in the first
k periods. Let the total cost incurred in the first k periods be the sum of the total
holding cost and the total switching cost, i.e.,

Ck ≡ Hk + Sk ,

where

Hk ≡
m∑

i=1

k∑
j=1

hiW
i
j
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and

Sk ≡
m∑

i=1

m∑
j=1

ci,jS
i,j
k ,

where hi is the source-i holding cost per period and ci,j is the switching cost per
switch from source i to source j. Our goal then may be to choose a switching policy
that minimizes the long-run average expected cost

C̄ ≡ lim
k→∞

k−1E[Ck] .

This is a difficult control problem, even under the regularity condition that the
inputs come from m independent sequences of IID random variables with finite
means mi

v. Under that regularity condition, the problem can be formulated as a
Markov sequential decision process; e.g., see Puterman (1994): The state at the
beginning of period k + 1 is the workload vector (W 1

k , . . . , Wm
k ) and the location

of the server at the end of period k. An action is a specification of the sequence of
queues visited and the allocation of the available processing per period, µ, during
those visits. Both the state and action spaces are uncountably infinite, but we could
make reasonable simplifying assumptions to make them finite.

To learn how we might approach the optimization problem, it is helpful to con-
sider a simple scheduling policy: A polling policy serves the queues to exhaustion
in a fixed cyclic order, with the server starting each period where it stopped the
period before. We assume that the server keeps working until either its per-period
capacity µ is exhausted or all the queues are empty.

There is a large literature on polling models; see Takagi (1986) and Boxma and
Takagi (1992). For classical polling models, there are analytic solutions, which can
be solved numerically. For those models, numerical transform inversion is remark-
ably effective; see Choudhury and Whitt (1996). However, analytical tractability is
soon lost as model complexity increases, so there is a need for approximations.

The polling policy is said to be a work-conserving service policy, because the
server continues serving as long as there is work in the system yet to be done
(and service capacity yet to provide). An elementary, but important, observation is
that the total workload process for any work-conserving policy is identical to the
workload process with a single shared infinite-capacity buffer. Consequently, the
heavy-traffic limit described in Section 2.3 in the special case of an infinite buffer
(K = ∞) also holds for the total-workload process with polling; i.e., with the FCLT
for the cumulative inputs in (3.3) and the heavy-traffic scaling in (3.10), we have
the heavy-traffic limit for the scaled total-workload processes in (3.12), with the
two-sided reflection map φK replaced by the one-sided reflection map. Given the
space scaling by nH and the time scaling by n, where 0 < H < 1, the unscaled total
workload at any time in the nth system is of order nH and changes significantly
over time intervals having length of order n.

The key observation is that the time scales are very different for the individual
workloads at the source buffers. First, the individual workloads are bounded above
by the total workload. Hence the unscaled individual workloads are also of order
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nH . Clearly, the mean inputs must satisfy the relation

mv = mv,1 + · · · + mv,m .

Assuming that 0 < mv,i < mv for all i, we see that each source by itself is not
in heavy traffic when the server is dedicated to it: With the heavy-traffic scaling in
(3.10), the total traffic intensity approaches 1, i.e.,

ρn ≡ mv/µn ↑ 1 as n → ∞ ,

but the instantaneous traffic intensity for source i when the server is devoted to it
converges to a limit less than 1, i.e.,

ρn,i ≡ mv,i/µn ↑ mv,i/mv ≡ ρ∗
i < 1 .

Since each source alone is not in heavy-traffic when the server is working on that
source, the net output is at a constant positive rate when service is being provided,
even in the heavy-traffic limit. Thus the server processes the order nH unscaled
work there in order nH time, by the law of large numbers (see Section 5.3).

The upshot is that the unscaled individual workloads change significantly in order
nH time whenever the server is devoted to them, and the server cycles through the m
queues in order nH time, whereas the unscaled total workload changes significantly
in order n time. Since H < 1, in the heavy-traffic limit the individual workloads
change on a faster time scale. Thus, in the heavy-traffic limit we obtain a separation
of time scales: When we consider the evolution of the individual workload processes
in a short time scale, we can act as if the total workload is fixed.

Remark 2.4.1. The classic setting: NCD Markov chains. The separation of time
scales in the polling model is somewhat surprising, because it occurs in the heavy-
traffic limit. In other settings, a separation of time scales is more evident. With
computers and communication networks, the relevant time scale for users is typ-
ically seconds, while the relevant time scale for system transactions is typically
milliseconds. For those systems, engineers know that time scales are important.

There is a long tradition of treating different time scales in stochastic models using
nearly-completely-decomposable (NCD) Markov chains; e.g., see Courtois (1977).
With a NCD Markov chain, the state space can be decomposed into subsets such
that most of the transitions occur between states in the same subset, and only
rarely does the chain move from one subset to another. In a long time scale, the
chain tends to move from one local steady-state regime to another, so that the
long-run steady-state distribution is an appropriate average of the local steady-
state distributions. In an intermediate time scale, the distribution of the chain is
well approximated by the local steady-state distribution in the subset where the
chain starts.

However, different behavior can occur if the chain does not approach steady-state
locally within a subset. For example, that occurs in an infinite-capacity queue in
a slowly changing environment when the queue is unstable in some environment
states. Heavy-traffic limits for such queues were established by Choudhury, Mandel-
baum, Reiman and Whitt (1997). Even though the queue content may ultimately
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approach a unique steady-state distribution, the local instability may cause sig-
nificant fluctuations in an intermediate time scale. The transient behavior of the
heavy-traffic limit process captures this behavior over the intermediate time scale.

For the polling model, the separation of time scales suggests that in the heavy-
traffic limit, given the fixed scaled total workload Wn(t) = w, in the neighborhood
of time t the vector of scaled individual workloads (W1

n(t), . . . ,Wm
n (t)) rapidly tra-

verses a deterministic piecewise-linear trajectory through points (w1, . . . , wm) in the
hyperplane in R

m with w1+· · ·+wm = w. For example, with three identical sources
served in numerical cyclic order, the path is piecewise-linear, passing through the
vertices (2w/3, w/3, 0), (0, 2w/3, w/3) and (w/3, 0, 2w/3), corresponding to the in-
stants the server is about to start service on sources 1, 2 and 3, respectively. In
general, identifying the vertices is somewhat complicated, but the experience of
each source is clear: it builds up to its peak workload at constant rate and then
returns to emptiness at constant rate. And it does this many times before the total
workload changes significantly. Hence at any given time its level can be regarded
as uniformly distributed over its range.

As a consequence, we anticipate a heavy-traffic averaging principle: We should
have a limit for the average of functions of the scaled individual workloads; i.e., for
any s, h > 0 and any continuous real-valued function f ,

h−1
∫ s+h

s

f(Wi
n(t))dt ⇒ h−1

∫ s+h

s

(∫ 1

0
f(aiuW(t))du

)
dt , (4.14)

where ai is a constant satisfying 0 < ai ≤ 1 for 1 ≤ i ≤ m. In words, the time-
average of the scaled individual-source workload process over the time interval
[s, s+h] approaches the corresponding time-average of a proportional space-average
of the limit W for the scaled total workload process. (For other instances of the
averaging principle, see Anisimov (1993), Freidlin and Wentzell (1993) and Sethi
and Zhang (1994).)

This heavy-traffic averaging principle was rigorously established for the case of
two queues by Coffman, Puhalskii and Reiman (1995) for a slightly different model
in the Brownian case, with H = 1/2 and W reflected Brownian motion. They also
determined the space-scaling constants ai appearing in (4.14) for m sources: They
showed that

ai =
ρ∗

i (1 − ρ∗
i )∑

1≤j<k≤m ρ∗
jρ

∗
k

, (4.15)

where ρ∗
i is the limiting source-i traffic intensity, i.e., ρ∗

i ≡ mv,i/mv for our model.
The upper limits ai depend only on the means mv,j , 1 ≤ j ≤ m. For m = 2, ai = 1;
for m identical sources, ai = 2/m. The variability affects the limit in (4.14) only
through the scaling and the one-dimensional limit process W.

Coffman, Puhalskii and Reiman (1998) also considered the two-queue polling
model with unscaled switchover times. Even though the switchover times are
asymptotically negligible in the heavy-traffic scaling, they have a significant impact
because the relative amount of switching increases as the total workload decreases.
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Coffman, Puhalskii and Reiman (1998) show that the heavy-traffic averaging prin-
ciple is still valid with switchover times, with the scaled total workload processes
converging to a Bessel diffusion process, which has state-dependent drift of the
form −a + b/x for positive constants a and b. (For additional heavy-traffic limits
for polling models, see Olsen (2001), van der Mei and Levy (1997) and van der Mei
(2000, 2001).)

Even though the polling models have yet to be analyzed for nonstandard scaling,
with H = 1/2 and W not a diffusion process, it is evident that the heavy-traffic
averaging principle still applies. We can anticipate that the other forms of variability
(associated with heavy tails and strong dependence) affect the heavy-traffic limit
only through the limit process W.

The separation of time scales provides a way to attack complicated service control
problems such as the one formulated at the beginning of this subsection. Even if all
the desired supporting mathematics cannot be established, the heavy-traffic limits
provide a useful perspective for approximately solving these problems. The heavy-
traffic averaging principle reduces the dimension of the state-space in the control
problem. It provides a form of state-space collapse; see Reiman (1984b), Harrison
and van Mieghem (1997), Bramson (1998) and Williams (1998b). It lets us focus
on the single process that is the heavy-traffic limit for the scaled total-workload
process. For natural classes of service policies, we can express the local cost rate
associated with a fixed total workload and then determine an expression for the
long-run average total cost as a function of the controls that produces a tractable
optimization problem. In the more challenging cases it may be necessary to apply
numerical methods to solve the optimization problem, as in Kushner and Dupuis
(2000).

By now, there has been substantial work on this heavy-traffic approach to schedul-
ing, yielding excellent results. We do not try to tell the story here; instead we refer
to Reiman and Wein (1998), Markowitz, Reiman and Wein (2000), Markowitz and
Wein (2001) and Section 1.3 and Chapter 11 of Kushner (2001).

For these more complicated control problems, there are many open technical
problems: It remains to establish the heavy-traffic averaging principle in more
complicated settings and it remains to show that the derived policies are indeed
asymptotically optimal in the heavy-traffic limit. Markowitz et al. (2000, 2001) re-
strict attention to dynamic cyclic policies in which each source is served once per
cycle in the same fixed order. It is easy to construct examples in which larger classes
of policies are needed: With three sources, it may be necessary to serve one source
more frequently; e.g., the cycle (1, 2, 1, 3) may be much better than either (1, 2, 3)
or (1, 3, 2).

Nevertheless, the practical value of the heavy-traffic approach is well established:
Numerical comparisons have shown that the policies generated from the heuristic
heavy-traffic analysis perform well for systems under normal loading. Moreover,
the heavy-traffic analysis produces important insight about the control problem, as
illustrated by concluding remarks on p. 268 of Markowitz and Wein (2001) about
the way model features – setups, due dates and product mix – affect the structure
of policies. And there is opportunity for further work along these lines.



2.4. Engineering Significance 73

Heavy-traffic analysis has also been applied to other queueing control problems.
We have discussed the scheduling of service for multiple sources by a single server.
We may instead have to schedule and route input from multiple sources to several
possible servers; see Bell and Williams (2001), Harrison and Lopez (1999) and
references therein. More generally, we may have multiclass processing networks; see
Harrison (1988, 2000, 2001a,b), Kumar (2000), Chapter 12 of Kushner (2001) and
references therein.

In conclusion, the successful application of heavy-traffic analysis to these classic
operations-research stochastic scheduling problems provides ample evidence that
heavy-traffic stochastic-process limits for queues have engineering significance.



3
The Framework
for Stochastic-Process Limits

3.1. Introduction

In Chapters 1 and 2 we saw that plots of stochastic-process sample paths can
suggest stochastic-process limits. Now we want to define precisely what we mean
by those stochastic-process limits.

The main idea is to think of a stochastic process as a random function. With
that mindset, convergence of a sequence of stochastic processes naturally becomes
convergence of a sequence of probability measures on a function space (space of
functions). There then remain three problems: First, what should we mean by
the convergence of a sequence of probability measures on an abstract space? Sec-
ond, what should be the underlying function space containing the sample paths
of the stochastic processes? And, third, what should be the topology (notion of
convergence) in the underlying function space?

We start in Section 3.2 by defining the standard notion of convergence for a
sequence of probability measures on a metric space. We also define the Prohorov
metric on the space of all probability measures on the metric space, which induces
that convergence.

In Section 3.3 we discuss the function space D that we will use to represent the
space of possible sample paths of the stochastic processes. We define two different
metrics on the functions space D: One is the standard J1 metric, which induces
the Skorohod (1956) J1 topology. The other is the M1 metric, which induces the
Skorohod (1956) M1 topology. The commonly used J1 topology is often referred
to as “the Skorohod topology.” We use the M1 topology in order to be able to
establish stochastic-process limits with unmatched jumps in the limit process.
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In Section 3.4 we state three versions of the continuous-mapping theorem that
support the continuous-mapping approach for obtaining new stochastic-process lim-
its from established stochastic-process limits. In Section 3.5 we introduce useful
functions mapping D or the product space D×D into D that preserve convergence
and thus facilitate the continuous-mapping approach. We conclude in Section 3.6
by describing the organization of the book.

This chapter is intended to be brief, providing background for the introductory
chapters. We elaborate in Chapter 11 and refer to Billingsley (1968, 1999) for more
details.

3.2. The Space P
Our goal is to precisely define what we mean by a stochastic-process limit, i.e., the
convergence of a sequence of stochastic processes. We use metrics for that purpose.
We define a metric on a space of stochastic processes in two steps: First, we define a
metric on the space of probability measures on a general metric space and, second,
we define a metric on the underlying function space containing the sample paths of
the stochastic processes.

A metric is a distance function satisfying certain axioms. In particular, a metric
m on a set S is a nonnegative real-valued function on the product space S × S ≡
{(s1, s2) : s1 ∈ S, s2 ∈ S} such that m(x, y) = 0 if and only if x = y, satisfying the
symmetry property

m(x, y) = m(y, x) for all x, y ∈ S

and the triangle inequality

m(x, z) ≤ m(x, y) + m(y, z) for all x, y, z ∈ S .

A sequence in a set S is a function mapping the positive integers into S. A
sequence {xn : n ≥ 1} in a metric space (S, m) converges to a limit x in S if, for
all ε > 0, there exists an integer n0 such that m(xn, x) < ε for all n ≥ n0. If we
use the metric only to specify which sequences converge, then we characterize the
topology induced by the metric: In a metric space, the topology is a specification of
which sequences converge. Topology is the more general concept, because different
metrics can induce the same topology. For further discussion about topologies, see
Section 11.2.

As a regularity condition, we assume that the metric space (S, m) is separable,
which means that there is a countable dense subset; i.e., there is a countably infinite
(or finite) subset S0 of S such that, for all x ∈ S and all ε > 0, there exists y ∈ S0
such that m(x, y) < ε.

We first consider probability measures on a general separable metric space (S, m).
In our applications, the underlying metric space S will be the function space D,
but now S can be any nonempty set. To consider probability measures on (S, m),
we make S a measurable space by endowing it with a σ-field of measurable sets
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(discussed further in Section 11.3). For the separable metric space (S, m), we always
use the Borel σ-field B(S), which is the smallest σ-field containing the open balls

Bm(x, r) ≡ {y ∈ S : m(x, y) < r}.

The elements of B(S) are called measurable sets. We mention measurability and σ-
fields because, in general, it is not possible to define a probability measure (satisfying
the axioms of a probability measure) on all subsets; see p. 233 of Billingsley (1968).

We say that a sequence of probability measures {Pn : n ≥ 1} on (S, m) converges
weakly or just converges to a probability measure P on (S, m), and we write Pn ⇒ P ,
if

lim
n→∞

∫
S

fdPn =
∫

S

fdP (2.1)

for all functions f in C(S), the space of all continuous bounded real-valued functions
on S. The metric m enters in by determining which functions f on S are continuous.
It remains to show that this is a good definition; we discuss that point further in
Section 11.3.

We now define the Prohorov metric on the space P ≡ P(S) of all probability
measures on the metric space (S, m); the metric was orginally defined by Prohorov
(1956); see Dudley (1968) and Billingsley (1999). Let Aε be the open ε-neighborhood
of A, i.e.,

Aε ≡ {y ∈ S : m(x, y) < ε for some x ∈ A} .

For P1, P2 ∈ P(S), the Prohorov metric is defined by

π(P1, P2) ≡ inf{ε > 0 : P1(A) ≤ P2(Aε) + ε for all A ∈ B(S)} . (2.2)

At first glance, it may appear that π in (2.2) lacks the symmetry property, but it
holds. We prove the following theorem in Section 1.2 of the Internet Supplement.

Theorem 3.2.1. (the Prohorov metric on P) For any separable metric space
(S, m), the function π on P(S) in (2.2) is a separable metric. There is convergence
π(Pn, P ) → 0 in P(S) if and only if Pn ⇒ P , as defined in (2.1).

We primarily want to specify when weak convergence Pn ⇒ P holds, thus we are
primarily interested in the topology induced by the Prohorov metric. Indeed, there
are other metrics inducing this topology; e.g., see Dudley (1968).

Instead of directly referring to probability measures, we often use random ele-
ments. A random element X of (S,B(S)) is a (measurable; see Section 11.3) mapping
from some underlying probability space (Ω,F , P ) to (S, B(S)). (In the underlying
probability space, Ω is a set, F is a σ-field and P is a probability measure.) The
probability law of X or the probability distribution of X is the image probability
measure PX−1 induced by X on (S,B(S)); i.e.,

PX−1(A) ≡ P (X−1(A)) ≡ P ({ω ∈ Ω : X(ω) ∈ A})
≡ P (X ∈ A) for A ∈ B(S) ,
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where P is the probability measure in the underlying probability space (Ω,F , P ).
We often use random elements, but when we do, we usually are primarily interested
in their probability laws. Hence the underlying probability space (Ω,F , P ) is often
left unspecified.

We say that a sequence of random elements {Xn : n ≥ 1} of a metric space (S, m)
converges in distribution or converges weakly to a random element X of (S, m), and
we write Xn ⇒ X, if the image probability measures converge weakly, i.e., if

PnX−1
n ⇒ PX−1 on (S, m) ,

using the definition in (2.1), where Pn and P are the underlying probability mea-
sures associated with Xn and X, respectively. It follows from (2.1) that Xn ⇒ X
if and only if

lim
n→∞ Ef(Xn) = Ef(X) for all f ∈ C(S) . (2.3)

Thus convergence in distribution of random elements is just another way to talk
about weak convergence of probability measures. When S is a function space, such
as D, a random element of S becomes a random function, which we also call a
stochastic process.

We can use the Skorohod representation theorem, also from Skorohod (1956), to
help understand the topology of weak convergence in P(S). As before, d= means
equal in distribution.

Theorem 3.2.2. (Skorohod representation theorem) If Xn ⇒ X in a separable
metric space (S, m), then there exist other random elements of (S, m), X̃n, n ≥ 1,
and X̃, defined on a common underlying probability space, such that

X̃n
d= Xn, n ≥ 1, X̃

d= X

and

P ( lim
n→∞ X̃n = X̃) = 1 .

The Skorohod representation theorem is useful because it lets us relate the struc-
ture of the space of probability measures (P, π) to the structure of the underlying
metric space (S, m). It also serves as a basis for the continuous-mapping approach;
see Section 3.4 below. We prove the Skorohod representation theorem in Section
1.3 of the Internet Supplement.

3.3. The Space D

We now consider the underlying function space of possible sample paths for the
stochastic processes. Since we want to consider stochastic processes with discon-
tinuous, but not too irregular, sample paths, we consider the space D of all
right-continuous R

k-valued functions with left limits defined on a subinterval I
of the real line, usually either [0, 1] or R+ ≡ [0,∞); see Section 12.2 for additional
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details. We refer to the space as D(I, Rk), D([0, 1], Rk) or D([0,∞), Rk), depend-
ing upon the function domain, or just D when the function domain and range are
clear from the context. The space D is also known as the space of cadlag or càdlàg
functions – an acronym for the French continu à droite, limites à gauche.

The space D includes all continuous functions and the discontinuous functions
of interest, but has useful regularity properties facilitating the development of a
satisfactory theory. Let C(I, Rk), C([0, 1], Rk) and C([0,∞), Rk), or just C, denote
the corresponding subsets of continuous functions.

We start by considering D([0, 1], R), i.e., by assuming that the domain is the unit
interval [0, 1] and the range is R. Recall that the space D([0, 1], R) was appropriate
for the stochastic-process limits suggested by the plots in Chapter 1. The reference
metric is the uniform metric ‖x1 − x2‖, defined in terms of the uniform norm

‖x‖ ≡ sup
0≤t≤1

{|x(t)|} . (3.1)

On the subspace C the uniform metric works well, but it does not on D: When
functions have discontinuities, we do not want to insist that corresponding jumps
occur exactly at the same times in order for the functions to be close. Appropriate
topologies were introduced by Skorohod (1956). For a celebration of Skorohod’s
impressive contributions to probability theory, see Korolyuk, Portenko and Syta
(2000).

To define the first metric on D, let Λ be the set of strictly increasing functions
λ mapping the domain [0, 1] onto itself, such that both λ and its inverse λ−1 are
continuous. Let e be the identity map on [0, 1], i.e., e(t) = t, 0 ≤ t ≤ 1. Then the
standard J1 metric on D ≡ D([0, 1], R) is

dJ1(x1, x2) ≡ inf
λ∈Λ

{‖x1 ◦ λ − x2‖ ∨ ‖λ − e‖} , (3.2)

where a ∨ b ≡ max{a, b}.
The general idea in going from the uniform metric ‖ · ‖ to the J1 metric dJ1

is to say functions are close if they are uniformly close over [0, 1] after allowing
small perturbations of time (the function argument). For example, dJ1(xn, x) → 0
as n → ∞, while ‖xn − x‖ ≥ 1 for all n, in D([0, 1], R) when x = I[2−1,1] and
xn = (1 + n−1)I[2−1+n−1,1], n ≥ 3.

In the example above, the limit function has a single jump of magnitude 1 at
time 2−1. The converging functions have jumps of size 1 + n−1 at time 2−1 + n−1;
both the magnitudes and locations of the single jump in xn converge to those of
the limit function x. That is a characteristic property of the J1 topology. Indeed,
from definition (3.2) it follows that, if dJ1(xn, x) → 0 in D([0, 1], R), then for any t
with 0 < t ≤ 1 there necessarily exists a sequence {tn : n ≥ 1} such that tn → t,
xn(tn) → x(t), xn(tn−) → x(t−) and

xn(tn) − xn(tn−) → x(t) − x(t−) as n → ∞ ;

i.e., the jumps converge. (It suffices to let tn = λn(t), where ‖ λn − e ‖→ 0 and
‖ xn ◦λn −x ‖→ 0.) Thus, if x has a jump at t, i.e., if x(t) = x(t−), and if xn → x,
then for all n sufficiently large xn must have a “matching jump” at some time tn.
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That is, for any ε > 0, we can find n0 such that, for all n ≥ n0, there is tn with
|tn − t| < ε and

|(xn(tn) − xn(tn−)) − (x(t) − x(t−))| < ε .

We need a different topology on D if we want the jump in a limit function to be
unmatched in the converging functions. For example, we want to allow continuous
functions to be arbitrarily close to a discontinuous function; e.g., we want to have
d(xn, x) → 0 when x = I[2−1,1] and

xn = n(t − 2−1 + n−1)I[2−1−n−1,2−1) + I[2−1,1] ,

as shown in Figure 3.1. (We include dips in the axes because the points 2−1−n−1 and
2−1 are not in scale. And similarly in later figures.) Notice that both ‖xn − x‖ = 1

0 2−1 12−1 − n−1

xn(t)

t

Figure 3.1. The continuous functions xn that we want converging to the indicator function
x = I[2−1,1] in D.

and dJ1(xn, x) = 1 for all n, so that both the uniform metric and the J1 metric on
D are too strong.

Another example has discontinuous converging functions, but converging func-
tions in which a limiting jump is approached in more than one jump. With the
same limit x above, let

xn = 2−1I[2−1−n−1,2−1) + I[2−1,1] ,

as depicted in Figure 3.2. Again, ‖xn −x‖ → 0 and dJ1(xn, x) → 0 in D as n → ∞.

In order to establish limits with unmatched jumps in the limit function, we use the
M1 metric. We define the M1 metric using the completed graphs of the functions.
For x ∈ D([0, 1], R), the completed graph of x is the set

Γx ≡ {(z, t) ∈ R × [0, 1] :
z = αx(t−) + (1 − α)x(t) for some α, 0 ≤ α ≤ 1} , (3.3)
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2−1 10

xn(t)

t2−1 − n−1

Figure 3.2. The two-jump discontinuous functions xn that we want converging to the
indicator function x = I[2−1,1].

where x(t−) is the left limit of x at t with x(0−) ≡ x(0). The completed graph is a
connected subset of the plane R

2 containing the line segment joining (x(t), t) and
(x(t−), t) for all discontinuity points t. To illustrate, a function and its completed
graph are displayed in Figure 3.3.

110 0

Figure 3.3. A function in D([0, 1], R) and its completed graph.

We define the M1 metric using the uniform metric defined on parametric rep-
resentations of the completed graphs of the functions. To define the parametric
representations, we need an order on the completed graphs. We define an order on
the graph Γx by saying that (z1, t1) ≤ (z2, t2) if either (i) t1 < t2 or (ii) t1 = t2
and |x(t1−)− z1| ≤ |x(t2−)− z2|. Thus the order is a total order, starting from the
“left end” of the completed graph and concluding on the “right end”.

A parametric representation of the completed graph Γx (or of the function x) is
a continuous nondecreasing function (u, r) mapping [0, 1] onto Γx, with u being the
spatial component and r being the time component. The parametric representation
(u, r) is nondecreasing using the order just defined on the completed graph Γx.
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Let Π(x) be the set of parametric representations of x in D ≡ D([0, 1], R). For
any x1, x2 ∈ D, the M1 metric is

dM1(x1, x2) ≡ inf
(uj,rj)∈Π(xj)

j=1,2

{‖u1 − u2‖ ∨ ‖r1 − r2‖} , (3.4)

where again a ∨ b ≡ max{a, b}. It turns out that dM1 in (3.4) is a bonafide metric
on D. (The triangle inequality is not entirely obvious; see Theorem 12.3.1.)

It is easy to see that, if x is continuous, then dM1(xn, x) → 0 if and only if
‖xn − x‖ → 0. It is also easy to see that dM1(xn, x) → 0 as n → ∞ for the
examples in Figures 3.1 and 3.2. To illustrate, we display in Figure 3.4 specific
parametric representations (u, r) and (un, rn) of the completed graphs of x and xn

for the functions in Figure 3.1 that yield the distance dM1(xn, x) = n−1. The spatial

b 1

1

0
a0

0

r

rn

2−1

2−1 − n−1

r, rn

u, un

a b 1

1

0

Figure 3.4. Plots of parametric representations (u, r) of Γx and (un, rn) of Γxn yielding
dM1(xn, x) = n−1 for the functions in Figure 3.1. The points a and b are arbitrary,
satisfying 0 < a < b < 1.
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components u and un are identical. The time components satisfy ‖ rn − r ‖= n−1.
For applications, it is significant that previous limits for stochastic processes with

the familiar J1 topology on D will also hold when we use the M1 topology instead,
because the J1 topology is stronger (or finer) than the M1 topology; see Theorem
12.3.2.

We now want to modify the space D([0, 1], R) in two ways: We want to extend
the range of the functions from R to R

k and we want to allow the domain of the
functions be the semi-infinite interval [0,∞) instead of the unit interval [0, 1]. First,
the J1 and M1 metrics extend directly to Dk ≡ D([0, 1], Rk) when the norm | · | on
R in (3.1) is replaced by a corresponding norm on R

k such as the maximum norm

‖a‖ ≡ max
1≤i≤k

|ai| ,

for a ≡ (a1, . . . , ak) ∈ R
k. With the maximum norm on R

k, we obtain the standard
or strong J1 and M1 metrics on Dk. We call the topology induced by these metrics
the standard or strong topology, and denote it by SJ1 and SM1, respectively.

We also use the product topology on Dk, regarding Dk as the product space
D×· · ·×D, which has xn → x as n → ∞ for xn ≡ (x1

n, . . . , xk
n) and x ≡ (x1, . . . , xk)

in Dk if xi
n → xi as n → ∞ in D for each i. The product topology on Dk is induced

by the metric

dp(x, y) ≡
k∑

i=1

d(xi, yi) , (3.5)

where d is the metric on D1. Since convergence in the strong topology implies
convergence in the product topology, we also call the product topology the weak
topology, and we denote it by WJ1 and WM1.

The definitions for D([0, 1], Rk) extend directly to D([0, t], Rk) for any t > 0. It
is natural to characterize convergence of a sequence {xn : n ≥ 1} in D([0,∞), Rk)
in terms of associated convergence of the restrictions of xn to the subintervals [0, t]
in the space D([0, t], Rk) for all t > 0. However, note that we encounter difficulties
in D([0, t], Rk) if the right endpoint t is a discontinuity point of a prospective limit
function x. For example, if tn → t as n → ∞, but tn > t for all n, then the
restrictions of I[tn,∞) to the subinterval [0, t] are the zero function, while I[t,∞) is
not, so we cannot get the desired convergence I[tn,∞) → I[t,∞) we want. Thus we
say that the sequence {xn : n ≥ 1} converges to x as n → ∞ in D([0,∞), Rk) if the
restrictions of xn to [0, t] converge to the restriction of x to [0, t] in D([0, t], Rk) for
all t > 0 that are continuity points of x.

The mode of convergence just defined can be achieved with metrics. Given a
metric dt on D([0, t], R) applied to the restrictions of the functions to [0, t], we
define a metric d∞ on D([0,∞), R) by letting

d∞(x1, x2) ≡
∫ ∞

0
e−t[dt(x1, x2) ∧ 1]dt , (3.6)

where a∧b ≡ min{a, b} and dt(x1, x2) is understood to mean the distance dt (either
J1 or M1) applied to the restrictions of x1 and x2 to [0, t]. There are some technical
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complications in verifying that the integral in (3.6) is well defined (i.e., in showing
that the integrand is integrable), but it is.

The function space D with the J1 or M1 topology is somewhat outside the main-
stream of traditional functional analysis, because addition is not a continuous map
from the product space D × D with the product topology to D.

Example 3.3.1. Addition is not continuous.
A simple example has x = −y = I[2−1,1] with

xn = I[2−1−n−1,1] and yn = −I[2−1+n−1,1] .

Then (x + y)(t) = 0 for all t, while

xn + yn = I[2−1−n−1,2−1+n−1] .

With the nonuniform Skorohod topologies, xn → x and yn → y as n → ∞, but
xn + yn → x + y as n → ∞.

Thus, even though D is a vector space (we can talk about the linear combinations
ax+by for functions x and y in D and numbers a and b in R), D is not a topological
vector space (and thus not a Banach space) with the J1 and M1 topologies (because
those structures require addition to be continuous).

Nevertheless, in applications of the continuous-mapping approach to establish
stochastic-process limits, we will often want to add or subtract two functions. Thus
it is very important that addition can be made to preserve convergence. It turns out
that addition on D×D is measurable and it is continuous at limits in a large subset
of D×D. For any of the nonuniform Skorohod topologies, it suffices to assume that
the two limit functions x and y have no common discontinuity points; see Sections
12.6 and 12.7. With the M1 topology (but not the J1 topology), it suffices to
assume that the two limit functions x and y have no common discontinuity points
with jumps of opposite sign; see Theorem 12.7.3. (For instance, in Example 3.3.1,
xn − yn → x − y in (D, M1).) In many applications, we are able to show that
the two-dimensional limiting stochastic process has sample paths in one of those
subsets of pairs (x, y) w.p.1. Then we can apply the continuous-mapping theorem
with addition.

3.4. The Continuous-Mapping Approach

The continuous-mapping approach to stochastic-process limits exploits previously
established stochastic-process limits and the continuous-mapping theorem to obtain
new stochastic-process limits of interest. Alternative approaches are the compact-
ness approach described in Section 11.6 and various stochastic approaches (which
usually exploit the compactness approach), which exploit special stochastic struc-
ture, such as Markov and martingale structure; e.g., see Billingsley (1968, 1999),
Ethier and Kurtz (1986), Jacod and Shiryaev (1987) and Kushner (2001).

Here is a simple form of the continuous-mapping theorem:
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Theorem 3.4.1. (simple continuous-mapping theorem). If Xn ⇒ X in (S, m) and
g : (S, m) → (S′, m′) is continuous, then

g(Xn) ⇒ g(X) in (S′, m′) .

Proof. Since g is continuous, f ◦ g is a continuous bounded real-valued function
on (S, m) for each continuous bounded real-valued function f on (S′, m′). Hence,
under the conditions,

E[f ◦ g(Xn)] → E[f ◦ g(X)]

for each continuous bounded real-valued function f on (S′, m′), which implies the
desired conclusion by (2.3).

Paralleling the simple continuous-mapping theorem above, we can use a Lipschitz-
mapping theorem to show that distances, and thus rates of convergence with the
Prohorov metric, are preserved under Lipschitz mappings: A function g mapping
a metric space (S, m) into another metric space (S′, m′) is said to be Lipschitz
continuous, or just Lipschitz, if there exists a constant K such that

m′(g(x), g(y)) ≤ Km(x, y) for all x, y ∈ S . (4.1)

The infimum of all constants K for which (4.1) holds is called the Lipschitz constant.
As before, let a ∨ b ≡ max{a, b}. The following Lipschitz mapping theorem, taken
from Whitt (1974a), is proved in Section 1.5 of the Internet Supplement. Applica-
tions to establish rates of convergence in stochastic-process limits are discussed in
Section 2.2 of the Internet Supplement. We write π(X, Y ) for the distance between
the probability laws of the random elements X and Y .

Theorem 3.4.2. (Lipschitz mapping theorem) Suppose that g : (S, m) → (S′, m′)
is Lipschitz as in (4.1) on a subset B of S. Then

π(g(X), g(Y )) ≤ (K ∨ 1)π(X, Y )

for any random elements X and Y of (S, m) for which P (Y ∈ B) = 1.

We often need to go beyond the simple continuous-mapping theorem in Theorem
3.4.1. We often need to consider measurable functions that are only continuous
almost everywhere or a sequence of such functions. Fortunately, the continuous-
mapping theorem extends to such settings. We can work with a sequence of Borel
measurable functions {gn : n ≥ 1} all mapping one separable metric space (S, m)
into another separable metric space (S

′
, m

′
). It suffices to have gn(xn) → g(x) as

n → ∞ whenever xn → x as n → ∞ for a subset E of limits x in S such that
P (X ∈ E) = 1. This generalization follows easily from the Skorohod representation
theorem, Theorem 3.2.2: Starting with the convergence in distribution Xn ⇒ X, we
apply the Skorohod representation theorem to obtain the special random elements
X̃n and X̃ with the same distributions as Xn and X such that X̃n → X̃ w.p.1.
Since X̃

d= X and P (X ∈ E) = 0, we also have P (X̃ ∈ E) = 0. We then apply
the deterministic convergence preservation assumed for the functions gn to get the
limit

g(X̃n) → g(X̃) as n → ∞ in (S′, m′) w.p.1.
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Since convergence w.p.1 implies convergence in distribution, as a consequence we
obtain

g(X̃n) ⇒ g(X̃) in (S′, m′) .

Finally, since Xn and X are respectively equal in distribution to X̃n and X̃, also
gn(Xn) and g(X) are respectively equal in distribution to gn(X̃n) and g(X̃). Thus,
we obtain the desired generalization of the continuous-mapping theorem:

gn(Xn) ⇒ g(X) in (S′, m′) .

It is also possible to establish such extensions of the simple continuous-mapping
theorem in Theorem 3.4.1 directly, without resorting to the Skorohod represen-
tation theorem. We can use the continuous-mapping theorem or the generalized
continuous-mapping theorem, proved in Section 1.5 of the Internet Supplement.

For g : (S, m) → (S′, m′), let Disc(g) be the set of discontinuity points of g; i.e.,
Disc(g) is the subset of x in S such that there exists a sequence {xn : n ≥ 1} in S
with m(xn, x) → 0 and m′(g(xn), g(x)) → 0.

Theorem 3.4.3. (continuous-mapping theorem) If Xn ⇒ X in (S, m) and g :
(S, m) → (S′, m′) is measurable with P (X ∈ Disc(g)) = 0, then g(Xn) ⇒ g(X).

Theorem 3.4.4. (generalized continuous-mapping theorem) Let g and gn, n ≥ 1,
be measurable functions mapping (S, m) into (S′, m′). Let the range (S′, m′) be
separable. Let E be the set of x in S such that gn(xn) → g(x) fails for some
sequence {xn : n ≥ 1} with xn → x in S. If Xn ⇒ X in (S, m) and P (X ∈ E) = 0,
then gn(Xn) ⇒ g(X) in (S′, m′).

Note that E = Disc(g) if gn = g for all n, so that Theorem 3.4.4 contains both
Theorems 3.4.1 and 3.4.3 as special cases.

3.5. Useful Functions

In order to apply the continuous-mapping approach to establish stochastic-process
limits, we need initial stochastic-process limits in D, the product space Dk ≡ D ×
· · · × D or some other space, and we need functions mapping D, Dk or the other
space into D that preserve convergence. The initial limit is often Donsker’s theorem
or a generalization of it; see Chapters 4 and 7.

Since we are interested in obtaining stochastic-process limits, the functions pre-
serving convergence must be D-valued rather than R-valued or R

k-valued. In this
section we identify five basic functions from D or D × D to D that can be used
to establish new stochastic-process limits from given ones: addition, composition,
supremum, reflection and inverse. These functions will be carefully examined in
Chapters 12 and 13. For the discussion here, let the function domain be R+ ≡ [0,∞).

The addition map takes (x, y) ∈ D × D into x + y, where

(x + y)(t) ≡ x(t) + y(t), t ≥ 0 . (5.1)
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The composition map takes (x, y) ∈ D × D into x ◦ y, where

(x ◦ y)(t) ≡ x(y(t)), t ≥ 0 . (5.2)

The supremum map takes x ∈ D into x↑, where

x↑(t) ≡ sup
0≤s≤t

x(s), t ≥ 0 . (5.3)

The (one-sided, one-dimensional) reflection map takes x ∈ D into φ(x), where

φ(x) ≡ x + (−x ∨ 0)↑, t ≥ 0 , (5.4)

with (x ∨ 0)(t) ≡ x(t) ∨ 0. The inverse map takes x into x−1, where

x−1(t) ≡ inf{s ≥ 0 : x(s) > t}, t ≥ 0 . (5.5)

Regularity conditions are required in order for the composition x◦y in (5.2) and the
inverse x−1 in (5.5) to belong to D; those conditions will be specified in Chapter
13.

The general idea is that, by some means, we have already established convergence
in distribution

Xn ⇒ X in D ,

and we wish to deduce that

ψ(Xn) ⇒ ψ(X) in D

for one of the functions ψ above. By virtue of the continuous-mapping theorem
or the Skorohod representation theorem, it suffices to show that ψ : D → D is
measurable and continuous at all x ∈ A, where P (X ∈ A) = 1. Equivalently, in
addition to the measurability, it suffices to show that ψ preserves convergence in
D; i.e., that ψ(xn) → ψ(x) whenever xn → x for x ∈ A, where P (X ∈ A) = 1.

There tends to be relatively little difficulty if A is a subset of continuous functions,
but we are primarily interested in the case in which the limit has discontinuities.
As illustrated by Example 3.3.1 for addition, when x ∈ C, the basic functions often
are not continuous in general. We must then identify an appropriate subset A in
D, and work harder to demonstrate that convergence is indeed preserved.

Many applications of interest actually do not involve convergence preservation
in such a simple direct form as above. Instead, the limits involve centering. In
the deterministic framework (obtained after invoking the Skorohod representation
theorem), we often start with

cn(xn − x) → y in D , (5.6)

where cn → ∞, from which we can deduce that

xn → x in D . (5.7)

From (5.7) we can directly deduce that

ψ(xn) → ψ(x) in D
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provided that ψ preserves convergence. However, we want more. We want to deduce
that

cn(ψ(xn) − ψ(x)) → z in D (5.8)

and identify the limit z. We will want to show that (5.6) implies (5.8).
The common case is for x in (5.6)–(5.8) to be linear, i.e., for

x ≡ be, where b ∈ R and e ∈ D with e(t) ≡ t for all t .

We call that the case of linear centering. We will consider both linear and nonlinear
centering.

The stochastic applications with centering are less straightforward. We might
start with

Xn ⇒ U in D , (5.9)

where

Xn ≡ b−1
n (Xn(nt) − λnt), t ≥ 0 ,

for some stochastic processes {Xn(t) : t ≥ 0}. Given (5.9), we wish to deduce that

Yn ⇒ V in D (5.10)

and identify the limit process V for

Yn ≡ b−1
n (ψ(Xn)(nt) − µnt), t ≥ 0 . (5.11)

To apply the convergence-preservation results with centering, we can let

xn(t) ≡ (nλ)−1Xn(nt), x(t) ≡ e(t) ≡ t, cn ≡ nλ/bn

and assume that |cn| → ∞. The w.p.1 representation of the weak convergence in
(5.9) yields

cn(xn − x) → u w.p.1 in D ,

where u is distributed as U. The convergence-preservation result ((5.6) implies
(5.8)) then yields

cn[ψ(xn) − ψ(x)] → v w.p.1 in D . (5.12)

We thus need to relate the established w.p.1 convergence in (5.12) to the desired
convergence in distribution in (5.10). This last step depends upon the function ψ.
To illustrate, suppose, as is the case for the supremum and reflection maps in (5.3)
and (5.4), that ψ(e) = e and ψ is homogeneous, i.e., that

ψ(ax) = aψ(x) for x ∈ D and a > 0 .

Then

cn[ψ(xn) − ψ(e)] = b−1
n [ψ(Xn)(nt) − λnt] .

Thus, under those conditions on ψ, we can deduce that (5.10) holds for Yn in (5.11)
with µ = λ and V distributed as v in (5.12).
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In applications, our primary goal often is to obtain convergence in distribution
for a sequence of real-valued random variables, for which we only need to consider
the continuous mapping theorem with real-valued functions. However, it is often
convenient to carry out the program in two steps: We start with a FCLT in D for
a sequence of basic stochastic processes such as random walks. We then apply the
continuous-mapping theorem with the kind of functions considered here to obtain
new FCLT’s for the basic stochastic processes in applied probability models, such
as queue-length stochastic processes in a queueing model. Afterwards, we obtain
desired limits for associated random variables of interest by applying the continuous-
mapping theorem again with real-valued functions of interest. The final map may
be the simple one-dimensional projection map πt mapping x ∈ D into x(t) ∈ R

k

when R
k is the range of the functions in D, the average t−1

∫ t

0 x(s)ds or something
more complicated.

3.6. Organization of the Book

We now expand upon the description of the organization of the book given at the
end of the preface. As indicated there, the book has fifteen chapters, which can
be roughly grouped into four parts, ordered according to increasing difficulty. The
first part, containing the first five chapters, provides an informal introduction to
stochastic-process limits and their application to queues.

Chapter 1 exposes the statistical regularity associated with a macroscopic view
of uncertainty, with appropriate scaling, via plots of random walks, obtained from
elementary stochastic simulations. Remarkably, the plotter automatically does the
proper scaling when we plot the first n steps of the random walk for various values
of n. The plots tend to look the same for all n sufficiently large, showing that there
must be a stochastic-process limit. For random walks with IID steps having infinite
variance, the plots show that the limit process must have jumps, i.e., discontinuous
sample paths.

Chapter 2 shows that the abstract random walks considered in Chapter 1
have useful applications. Chapter 2 discusses applications to stock prices, the
Kolmogorov-Smirnov statistic and queueing models. Chapter 2 also discusses the
engineering significance of the queueing models and the heavy-traffic limits. The
engineering significance is illustrated by applications to buffer sizing in network
switches and service scheduling for multiple sources.

The present chapter, Chapter 3, introduces the mathematical framework for
stochastic-process limits, involving the concept of weak convergence of a sequence
of probability measures on a separable metric space and the function space D con-
taining stochastic-process sample paths. Metrics inducing the Skorohod J1 and M1
topologies on D are defined. An overview of the continuous-mapping approach to
establish stochastic-process limits is also given.

Chapter 4 provides an overview of established stochastic-process limits. These
stochastic-process limits are of interest in their own right, but they also serve as
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starting points in the continuous-mapping approach to establish new stochastic-
process limits. The fundamental stochastic-process limit is provided by Donsker’s
theorem, which was already discussed in Chapter 1. The other stochastic-process
limits are generalizations of Donsker’s theorem. Of particular interest for the limits
with jumps, is the generalization of Donsker’s theorem in which the random-walk
steps are IID with infinite variance. When the random-walk steps have such heavy-
tailed distributions, the limit process is a stable Lévy motion in the case of a single
sequence or a general Lévy process in the case of a triangular array or double
sequence. When these limit processes are not Brownian motion, they have discon-
tinuous sample paths. The stochastic-process limits with jumps in the limit process
explain some of the jumps observed in the simulation plots in Chapter 1.

Lévy processes are very special because they have independent increments.
Chapter 4 also discusses stochastic-process limits in which the limit process has
dependent increments. The principal stochastic-process limits of this kind involve
convergence to fractional Brownian motion and linear fractional stable motion.
These limit processes with dependent increments arise when there is strong depen-
dence in the converging stochastic processes. These particular limit processes have
continuous sample paths, so the topology on D is not critical. Nevertheless, like
heavy tails, strong dependence has a dramatic impact on the stochastic-process
limit, changing both the scaling and the limit process.

Chapter 5 provides an introduction to heavy-traffic limits for queues. This first
queueing chapter focuses on a general fluid queue model that captures the essence
of many more-detailed queueing models. This fluid queue model is especially easy
to analyze because the continuous-mapping approach with the reflection map can
be applied directly. Section 5.5 derives scaling functions, expressed as functions of
the traffic intensity in the queue, which provide insight into queueing performance.
Proofs are provided in Chapter 5, but the emphasis is on the statement and ap-
plied value of the heavy-traffic limits rather than the technical details. This first
queueing chapter emphasizes the classical Brownian approximation (involving a re-
flected Brownian motion limit process). The value of the Brownian approximation
is illustrated in the Section 5.8, which discusses its application to plan queueing
simulations: The heavy-traffic scaling produces a simple approximation for the sim-
ulation run length required to achieve desired statistical precision, as a function of
model parameters.

The second part, containing Chapters 6 – 10, show how unmatched jumps can
arise and expands the treatment of queueing models. Chapter 6 gives several ex-
amples of stochastic-process limits with unmatched jumps in the limit process. In
all the examples it is obvious that either there are no jumps in the sample paths
of the converging processes or the jumps in the converging processes are asymp-
totically negligible. What is not so obvious is that the limit process actually can
have discontinuous sample paths. As in Chapter 1, simulations are used to provide
convincing evidence.

Chapter 7 continues the overview of stochastic-process limits begun in Chapter
4. It first discusses process CLT’s, which are central limit theorems for appro-
priately scaled sums of random elements of D. Process CLT’s play an important
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role in heavy-traffic stochastic-process limits for queues with superposition ar-
rival processes, when the number of component arrival processes increases in the
heavy-traffic limit.

Then Chapter 7 discusses CLT’s and FCLT’s for counting processes. They are
shown to be equivalent to corresponding limits for partial sums. Chapter 7 concludes
by applying the continuous-mapping approach with the composition and inverse
maps, together with established stochastic-process limits in Chapter 4, to establish
stochastic-process limits for renewal-reward stochastic processes. The M1 topology
plays an important role in Chapter 7.

The remaining chapters in the second part apply the stochastic-process lim-
its, with the continuous-mapping approach, to obtain more heavy-traffic limits
for queues. As in Chapter 5, Chapters 8 – 10 emphasize the applied value of the
stochastic-process limits, but now more attention is given to technical details. Chap-
ter 8 considers a more-detailed multisource on-off fluid-queue model that has been
proposed to evaluate the performance of communication networks. That model illus-
trates how heavy-traffic limits can expose the essential features of complex models.
This second queueing chapter also discusses nonclassical approximations involving
reflected stable Lévy motion and reflected fractional Brownian motion, stemming
from heavy-tailed probability distributions and strong dependence.

Chapter 9 focuses on standard single-server queues, while Chapter 10 focuses on
standard multiserver queues. In addition to the standard heavy-traffic limits, we
consider heavy-traffic limits in which the number of component arrival processes
in a superposition arrival process or the number of servers in a multiserver queue
increases in the heavy-traffic limit. Those limits tend to capture the behavior of
systems with large numbers of sources or servers. Even with light-tailed probabil-
ity distributions and weak dependence, these important limiting regimes produce
nonBrownian (even nonMarkovian) limit processes.

The third part, containing Chapters 11 – 14, is devoted to the technical foun-
dations needed to establish stochastic-process limits with unmatched jumps in the
limit process. The third part begins with Chapter 11, which provides more details
about the mathematical framework for stochastic-process limits, expanding upon
the brief introduction in Chapter 3.

Chapter 12 presents the basic theory for the function space D. Four topologies
are considered on D: strong and weak versions of the M1 topology and strong and
weak versions of the M2 topology. The strong and weak topologies differ when the
functions have range R

k for k > 1. The strong topologies agree with the stan-
dard topologies defined by Skorohod (1956), while the weak topologies agree with
the product topology, regarding D([0, T ], Rk) as the k-fold product of the space
D([0, T ], R) with itself. The M topologies are defined and characterized in Chap-
ter 12. The main ideas go back to Skorohod (1956), but more details are provided
here. For example, several useful alternative characterizations of these topologies
are given; e.g., see Theorem 12.5.1.

Chapter 13 focuses on the useful functions from D or D × D to D introduced in
Section 3.5, which preserve convergence with the Skorohod topologies, and thus fa-
cilitate the continuous-mapping approach to establish new stochastic-process limits.
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As illustrated in the queueing chapters, the functions in Chapter 13 can be combined
with the FCLT’s in Chapter 4 to obtain many new stochastic-process limits.

The third part concludes with a final chapter on queues: Chapter 14 establishes
heavy-traffic limits for single-class networks of queues. The extension to networks
of queues in Chapter 14 is more complicated than the single queues considered in
Chapters 5, 8 and 9 because, unlike the one-dimensional reflection map used for the
single queues, the multidimensional reflection map is not simply continuous in the
M1 topology. However, it is continuous, using the product M1 topology, at all limit
functions without simultaneous jumps of opposite sign in its coordinate functions.

The fourth part, containing only the final chapter, Chapter 15, introduces new
function spaces larger than D. These spaces, called E and F , are intended to express
limits for sequences of stochastic processes with oscillations in their sample paths
so great that there is no limit in D. The names are chosen because of the ordering

C ⊂ D ⊂ E ⊂ F .

Example 3.6.1. Motivation for the spaces E and F . Suppose that the nth function
in a sequence of continuous functions takes the value 4 in the interval [0, 2−1−n−1],
the value 5 in the interval [2−1 + n−1, 1] and has oscillations in the subinterval
[2−1 − n−1, 2−1 + n−1] for all n ≥ 3. Specifically, within the subinterval [2−1 −
n−1, 2−1 + n−1], let this nth function first increase from the value 4 at the left
endpoint 2−1 − n−1 to 7, then decrease to 1, and then increase again to 5 at the
right endpoint 2−1 + n−1, as shown in Figure 3.5.

That sequence of continuous functions converges pointwise to the limit function
x = 4I[0,2−1) + 5I[2−1,1] everywhere except possibly at t = 1/2, but it does not
converge in D with any of the Skorohod topologies. Nevertheless, we might want
to say that convergence does in fact occur, with the limit somehow revealing the
oscillations of the functions in the neighborhood of t = 1/2. The spaces E and F
allow for such limits

4
5
6

1

2

7

2−1 2−1 + n−12−1 − n−1

1

3

Figure 3.5. The nth function in C[0, 1] in a sequence of functions that converges to a proper
limit in the space E but not in the space D.
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In E, the limit corresponds to the set-valued function that is the one-point set
{4} for t ∈ [0, 2−1), the one-point set {5} for t ∈ (2−1, 1]) and is the interval [1, 7]
at t = 1/2.

In E, the limit fails to capture the order in which the points are visited in the
neighborhood of t = 1/2. The space F exploits parametric representations to also
capture the order in which the points are visited. The larger spaces E and F are
given topologies similar to the M2 and M1 topologies on D. Thus Chapter 15 draws
heavily upon the development of the M topologies in Chapter 12. However, Chapter
15 only begins to develop the theory of E and F . Further development is a topic
for future research.

At the end of the book there are two appendices. Appendix A gives basic facts
about regularly varying functions, while Appendix B gives the intial contents of
the Internet Supplement. Also there are three indices: for notation, authors and
subjects.



4
A Panorama of Stochastic-Process Limits

4.1. Introduction

In this chapter and Chapter 7 we give an overview of established stochastic-process
limits for basic stochastic processes. These stochastic-process limits are of interest
in their own right, but they also can serve as initial stochastic-process limits in the
continuous-mapping approach to establish new stochastic-process limits. Indeed,
the stochastic-process limits in this chapter all can be used to establish stochastic-
process limits for queueing models. In fact, a queueing example was already given
in Section 2.3. The FCLTs here, when applied to appropriate “cumulative-input”
processes, translate into corresponding FCLTs for the workload process in that
queueing model when we apply the continuous-mapping approach with the two-
sided reflection map.

The fundamental stochastic-process limit is the convergence of a sequence of
scaled random walks to Brownian motion in the function space D, provided by
Donsker’s (1951) theorem, which we already have discussed in Chapter 1. The
other established stochastic-process limits mostly come from extensions of Donsker’s
theorem. In many cases, the limit process has continuous sample paths, in which
case the topology on D can be the standard Skorohod J1 topology. (The topologies
on D were introduced in Section 3.3.) Even when the limit process has discontinuous
sample paths, we often are able to use the standard J1 topology, but there are cases
in which the M1 topology is needed. Even when the M1 topology is not needed,
it can be used. Thus, the M1 topology can be used for all the stochastic-process
limits here.
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In this overview chapter we state results formally as theorems and give references,
but we omit most proofs. We occasionally indicate how a secondary result follows
from a primary result.

4.2. Self-Similar Processes

We start by looking at the lay of the land: In this section we consider the gen-
eral form that functional central limit theorems can take, without imposing any
stochastic assumptions such as independence, stationarity or the Markov property.

4.2.1. General CLT’s and FCLT’s
Consider a sequence {Xn : n ≥ 1} of R

k-valued random vectors and form the
associated partial sums

Sn ≡ X1 + · · · + Xn, n ≥ 1 ,

with S0 ≡ (0, . . . , 0). We say that {Xn} or {Sn} obeys a central limit theorem (CLT)
if there exist a sequence of constants {cn : n ≥ 1}, a vector m and a proper random
vector S such that there is convergence in distribution (as n → ∞)

c−1
n (Sn − mn) ⇒ S in R

k .

We call m the translation scaling vector (or constant if R
k = R) and {cn} the

space-scaling sequence. (We might instead allow a sequence of translation vectors
{mn : n ≥ 1}, but that is not the usual case and we do not consider that case here.)

Now form an associated sequence of normalized partial-sum processes in D ≡
D([0,∞), Rk) by letting

Sn(t) ≡ c−1
n (S�nt� − mnt), t ≥ 0 , (2.1)

where �t� is the greatest integer less than or equal to t. We say that {Xn}, {Sn}
or {Sn} obeys a functional central limit theorem (FCLT) if there exists a proper
stochastic process S ≡ {S(t) : t ≥ 0} with sample paths in D such that

Sn ⇒ S in D , (2.2)

for Sn in (2.1) and some (unspecified here) topology on D.
The classical setting for the CLT and the FCLT occurs when the basic sequence

{Xn : n ≥ 1} is a sequence of independent and identically distributed (IID) random
vectors with finite second moments. However, we have not yet made those assump-
tions. Note that any sequence of R

k-valued random vectors {Sn : n ≥ 1} can be
viewed as a sequence of partial sums; just let

Xn ≡ Sn − Sn−1, n ≥ 1 ,

with S0 ≡ 0. The partial sums of these new variables Xn obviously coincide with
the given partial sums.



4.2. Self-Similar Processes 97

We also say a FCLT holds for a continuous-time R
k-valued process Y ≡ {Y (t) :

t ≥ 0} if (2.2) holds for Sn redefined as

Sn(t) ≡ c−1
n (Y (nt) − mnt), t ≥ 0 . (2.3)

Here {Y (t) : t ≥ 0} is the continuous-time analog of the partial-sum sequence
{Sn : n ≥ 1} used in (2.1). Note that the discrete-time process {Sn} is a special
case, obtained by letting Y (t) = S�t�, t ≥ 0.

More generally, we can consider limits for continuous-time R
k-valued stochastic

processes indexed by a real variable s where s → ∞. We then have

Ss(t) ≡ c(s)−1(Y (st) − mst), t ≥ 0 , (2.4)

for s ≥ s0. We say that a FCLT holds for Ss as s → ∞ if Ss ⇒ S in D as s → ∞
for some (unspecified here) topology on D.

4.2.2. Self-Similarity
Before imposing any stochastic assumptions, it is natural to consider what can be
said about the possible translation vectors and space-scaling functions c(s) in (2.4)
and the possible limit processes S. Lamperti (1962) showed that convergence of
all finite-dimensional distributions has strong structural implications. The possible
limit processes are the self-similar processes, which were called semi-stable pro-
cesses by Lamperti (1962) and then self-similar processes by Mandelbrot (1977);
see Chapter 7 of Samorodnitsky and Taqqu (1994).

We say that an R
k-valued stochastic process {Z(t) : t ≥ 0} is self-similar with

index H > 0 if, for all a > 0,

{Z(at) : t ≥ 0} d= {aHZ(t) : t ≥ 0} , (2.5)

where d= denotes equality in distribution; i.e., if the stochastic process {Z(at) : t ≥
0} has the same finite-dimensional distributions as the stochastic process {aHZ(t) :
t ≥ 0} for all a > 0. Necessarily Z(0) = 0 w.p.1. The classic example is Brownian
motion, which is H-self-similar with H = 1/2. The scaling exponent H is often
called the Hurst parameter in recognition of the early work by Hurst (1951, 1955).

Indeed, we already encountered self-similarity in Chapter 1. We saw self-similarity
when we saw the plots looking the same for all sufficently large n. As we can
anticipate from the plots, the limit process should be self-similar: The limit process
has identical plots for all time scalings. In the plots the appropriate space scaling
is produced automatically by the plotter.

The class of self-similar processes is very large; e.g., if {Y (t) : −∞ < t < ∞} is
any stationary process, then

Z(t) ≡ tHY (log t), t > 0 ,

is H-self-similar. Conversely, if {Z(t) : t ≥ 0} is H-self-similar, then

Y (t) ≡ e−tHZ(et), −∞ < t < ∞ ,
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is stationary; see p. 64 of Lamperti (1962) and p. 312 of Samorodnitsky and Taqqu
(1994). In general, the sample paths of self-similar stochastic-processes can be very
complicated, see Vervaat (1985), but Lamperti showed that self-similar processes
must be continuous in probability, i.e.,

‖Z(t + h) − Z(t)‖ ⇒ 0 in R
k as h → 0

for all t ≥ 0. That does not imply that the stochastic process Z necessarily has a
version with sample paths in D, however.

Convergence of the finite-dimensional distributions also implies that the space-
scaling function has a special form. The space-scaling function c(s) in (2.4) must
be regularly varying with index H; see Appendix A. A regularly varying function
is a generalization of a simple power; the canonical case is the simple power, i.e.,
c(s) = csH for some constant c.

Theorem 4.2.1. (Lamperti’s theorem) If, for some k ≥ 1,

(Ss(t1), . . . ,Ss(tl)) ⇒ (S(t1), . . . ,S(tl)) in Rkl as s → ∞

for all positive integers l and all l-tuples (t1, . . . , tl) with 0 ≤ t1 < · · · < ll, where
Ss is the scaled process in (2.4), then the limit process S is self-similar with index
H for some H > 0 and continuous in probability. Then the space scaling function
c(s) must be regularly varying with the same index H.

Remark 4.2.1. Self-similarity in network traffic. Ever since the seminal work on
network traffic measurements by Leland et al. (1994), there has been interest and
controversy about the reported self-similarity observed in network traffic. From
Lamperti’s theorem, we see that, under minor regularity conditions, some form
of self-similarity tends to be an inevitable consequence of any macroscopic view
of uncertainty. Since network traffic data sets are very large, they naturally lead
to a macroscopic view. The engineering significance of the reported self-similarity
lies in the self-similarity index H. With centering about a finite mean (or without
centering with an infinite mean), the observed index H with H > 1/2 indicates
that there is extra variability beyond what is captured by the standard central
limit theorem. As we saw in Section 2.3, and as we will show in later chapters, that
extra traffic burstiness affects the performance in a queue to which it is offered.
From the performance-analysis perspective, these are important new ideas, but the
various forms of variability have been studied for a long time, as can be seen from
Mandelbrot (1977, 1982), Taqqu (1986), Beran (1994), Samorodnitsky and Taqqu
(1994) and Willinger, Taqqu and Erramilli (1996).

From the point of view of generating simple parsimonious approximations, we
are primarily interested in the special case in which the scaling function takes
the relatively simple form c(s) = csH for some constant c. (We will usually be
considering the discrete case in which cn = cnH .) Then the approximation provided
by the stochastic-process limit is characterized by the parameter triple (m, H, c) in
addition to any parameters of the limit process. The parameter m is the centering
constant, which usually is the mean; the parameter H is the self-similarity index
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and the space-scaling exponent; and the parameter c is the scale parameter, which
appears as a constant multiplier in the space-scaling function. For example, there
are no extra parameters beyond the triple (m, H, c) in the case of convergence to
standard Brownian motion.

In most applications the underlying sequence {Xn} of summands in the partial
sums is stationary or asymptotically stationary, so that the limit process S in (2.2)
must also have stationary increments, i.e.,

{S(t + u) − S(u) : t ≥ 0} d= {S(t) − S(0) : t ≥ 0}

for all u > 0. Thus, the prospective limit processes of primary interest are the
H-self-similar processes with stationary increments, which we denote by H-sssi.

By far, the most frequently occurring H-sssi process is Brownian motion. Brown-
ian motion also has independent increments, continuous sample paths and H = 1/2.
Indeed, we saw plenty of Brownian motion sample paths in Chapter 1. The classical
FCLT is covered by Donsker’s theorem, which we review in Section 4.3. Then the
basic sequence {Xn} is IID with finite second moments. In Section 4.4 here and
Section 2.3 of the Internet Supplement we show that essentially the same limit also
occurs when the independence is replaced with weak dependence. The set of pro-
cesses for which scaled versions converge to Brownian motion is very large. Thus
these FCLTs describe remarkably persistent statistical regularity.

After Brownian motion, the most prominent H-sssi processes are the stable Lévy
motion processes. The stable Lévy motion processes are the H-sssi processes with
independent increments. The marginal probability distributions of stable Lévy mo-
tions are the stable laws. The Gaussian distribution is a special case of a stable
law and Brownian motion is a special stable Lévy motion. The nonGaussian stable
Lévy motion processes are the possible limit processes in (2.2) when {Xn} is a se-
quence of IID random variables with infinite variance, as we will see in Section 4.5.
For stable Lévy motions, the self-similarity index H can assume any value greater
than or equal to 1/2. Brownian motion is the special case of a stable Lévy motion
with H = 1/2. For H > 1/2, the stable marginal distributions have power tails
and infinite variance. NonGaussian stable Lévy motions have discontinuous sample
paths, so jumps enter the picture, as we saw in Chapter 1.

4.2.3. The Noah and Joseph Effects
It is possible to have stochastic-process limits with self-similarity index H assuming
any positive value. Values of H greater than 1/2 tend to occur because of either
exceptionally large values – the Noah effect – or exceptionally strong positive de-
pendence – the Joseph effect. The Noah effect refers to the biblical figure Noah who
experienced an extreme flood; the Joseph effect refers to the biblical figure Joseph
who experienced long periods of plenty followed by long periods of famine; Genesis
41, 29-30: Seven years of great abundance are coming throughout the land of Egypt,
but seven years of famine will follow them; see Mandelbrot and Wallis (1968) and
Mandelbrot (1977, 1982).
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The Joseph effect occurs when there is strong positive dependence. With the
Joseph effect, but without heavy heavy tails, the canonical limit process is frac-
tional Brownian motion (FBM). Like Brownian motion, FBM has normal marginal
distributions and continuous sample paths. However, unlike Brownian motion, FBM
has dependent increments. FBM is a natural H-sssi process exhibiting the Joseph
effect, but unlike the stable Lévy motions arising with the Noah effect, FBM is
by no means the only H-sssi limit process that can arise with strong dependence
and finite second moments; see Vervaat (1985), O’Brien and Vervaat (1985) and
Chapter 7 of Samorodnitsky and Taqqu (1994).

We will present FCLTs capturing the Noah effect in Sections 4.5 and 4.7, and the
Joseph effect in Section 4.6. It is also possible to have FCLTs exhibiting both the
Noah and Joseph effects, but unfortunately the theory is not yet so well developed in
that area. However, many H-sssi stochastic processes exhibiting both the Noah and
Joseph effects have been identified. A prominent example is the linear fractional
stable motion (LFSM). Like FBM, but unlike stable Lévy motion, LFSM’s with
positive dependence have continuous sample paths.

The Noah and Joseph effects can be roughly quantified for the H-sssi processes
that are also stable processes. A stochastic process {Z(t) : t ≥ 0} is said to be a
stable process if all its finite-dimensional distributions are stable laws, all of which
have a stable index α, 0 < α ≤ 2; see Section 4.5 below and Chapters 1–3 of
Samorodnitsky and Taqqu (1994). The normal or Gaussian distribution is the stable
law with stable index α = 2. A real-valued random variables X with a stable law
with index α, 0 < α < 2, has a distribution with a power tail with exponent −α,
satisfying

P (|X| > t) ∼ Ct−α as t → ∞ ,

so that X necessarily has infinite variance. Thus, all the one-dimensional marginal
distributions of a nonGaussian stable process necessarily have infinite variance. The
class of H-sssi stable processes includes all the specific H-sssi processes mentioned
so far: Brownian motion, stable Lévy motion, fractional Brownian motion and linear
fractional stable motion.

For H-sssi stable processes with independent increments, H = α−1. We are thus
led to say that we have only the Noah effect when H = α−1 > 2−1, and we quantify
it by the difference α−1 −2−1. Similarly, we say that we have only the Joseph effect
when H > 1/α = 1/2, and we quantify it by the difference H − α−1. We say that
we have both the Noah and Joseph effects when H > α−1 > 2−1, and quantify the
Noah and Joseph effects, respectively, by the differences α−1 − 2−1 and H − α−1,
as before. Of course, we have neither the Noah effect nor the Joseph effect when
H = α−1 = 2−1.

It is natural to ask which effect is more powerful. From the perspective of the
indices, we see that the Noah effect can be more dramatic: The Noah effect α−1−2−1

can assume any positive value, whereas the Joseph effect H − α−1 can be at most
1/2.

Obviously there should be no Joseph effect when the H-sssi stable process has in-
dependent increments. However, it is possible to have 0 Joseph effect without having
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independent increments; that occurs with the log-fractional stable motion in Sec-
tion 7.6 of Samorodnitsky and Taqqu (1994). It is also possible to have convergence
to nonstable H-sssi limit processes.

It is important to recognize that, even for H-sssi stable processes, we are not
constrained to have H ≥ α−1 ≥ 2−1; the full range of possibilities is much greater.
In this chapter we emphasize positive dependence, which makes the self-similarity
index H larger than it would be with independent increments, but in general the
possible forms of dependence are more complicated. For example, fractional Brow-
nian motion can have any self-similarity index H with 0 < H ≤ 1; we need not have
H ≥ 1/2. The FBMs with H < 1/2 represent negative dependence instead of pos-
itive dependence. Such negative independence often arises when there is conscious
human effort to smooth a stochastic process. For example, an arrival process to a
queue may be smoothed by scheduling arrivals, as at a doctor’s office. Then the ac-
tual arrival process may correspond to some random perturbation of the scheduled
arrivals. Then the long-run variability tends to be substantially less than might
be guessed from considering only the distribution of the interarrival times between
successive customers.

In fact, for H-sssi stable processes with α < 1 it is only possible to have negative
dependence, because it is possible to have any H with 0 < H ≤ α−1, but not
any H with H > α−1; see p. 316 of Samorodnitsky and Taqqu (1994). However,
it is possible to have 1 < α ≤ 2 and α−1 < H < 1. Properties of H-sssi α-stable
processes are described in Samorodnitsky and Taqqu (1994).

4.3. Donsker’s Theorem

In this section we consider the classical case in which {Xn} is a sequence of IID
random variables with finite second moments. The FCLT is Donsker’s theorem,
which we now describe, expanding upon the discussion in Chapter 1.

4.3.1. The Basic Theorems
Since Donsker’s theorem is a generalization of the classical CLT, we start by re-
viewing the classical CLT. For that purpose, let N(m, σ2) denote a random variable
with a normal or Gaussian distribution with mean m and variance σ2. We call the
special case of the normal distribution with m = 0 and σ2 = 1 the standard nor-
mal distribution. Let Φ be the cumulative distribution function (cdf) and n the
probability density function (pdf) of the standard normal distribution, i.e.,

Φ(x) ≡ P (N(0, 1) ≤ x) ≡
∫ x

−∞
n(y)dy ,

where

n(x) ≡ e−x2

√
2π

, −∞ < x < ∞ .
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Recall that

N(m, σ2) d= m + σN(0, 1)

for each m ∈ R and σ2 ∈ R+.

Theorem 4.3.1. (classical central limit theorem) Suppose that {Xn : n ≥ 1} is a
sequence of IID random variables with mean m ≡ EX1 and finite variance σ2 ≡
V ar X1. Let Sn ≡ X1 + · · · + Xn, n ≥ 1. Then (as n → ∞)

n−1/2(Sn − mn) ⇒ σN(0, 1) in R .

Donsker’s theorem is a FCLT generalizing the CLT above. It is a limit for the
entire sequence of partial sums, instead of just the nth partial sum. We express it
via the normalized partial-sum process

Sn(t) ≡ n−1/2(S�nt� − mnt), t ≥ 0 , (3.1)

in D ≡ D([0,∞), R), i.e., as in (2.1) with cn =
√

n.

Theorem 4.3.2. (Donsker’s FCLT) Under the conditions of the CLT in Theorem
4.3.1,

Sn ⇒ σB in (D, J1) ,

where Sn is the normalized partial-sum process in (3.1) and B ≡ {B(t) : t ≥ 0} is
standard Brownian motion.

The limiting Brownian motion in Donsker’s FCLT is a Lévy process with con-
tinuous sample paths; a Lévy process is a stochastic process with stationary and
independent increments; see Theorem 19.1 of Billingsley (1968). Those properties
imply that an increment B(s + t) − B(s) of Brownian motion {B(t) : t ≥ 0} is
normally distributed with mean mt and variance σ2t for some constants m and σ2.
Standard Brownian motion is Brownian motion with parameters m = 0 and σ2 = 1.

The most important property of standard Brownian motion is that it exists.
Existence is a consequence of Donsker’s theorem; i.e., Brownian motion can be
defined as the limit process once the limit for the normalized partial sums has been
shown to exist.

In applications we often make use of the self-similarity scaling property

{B(ct) : t ≥ 0} d= {
√

cB(t) : t ≥ 0} for any c > 0 .

We can obtain Brownian motion with drift m, diffusion (or variance) coefficient σ2

and initial position x for any m, x ∈ R and σ2 ∈ R+, denoted by {B(t;m, σ2, x) :
t ≥ 0}, by simply scaling standard Brownian motion:

B(t; m, σ2, x) ≡ x + mt + σB(t), t ≥ 0 .

We have seen Donsker’s theorem in action in Chapter 1. Plots of random walks
with IID steps converging to Brownian motion are shown in Figures 1.2, 1.3, 1.4
and 1.17.
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Donsker’s FCLT is an invariance principle because the limit depends upon the
distribution of X1 only through its first two moments. By applying the continuous
mapping theorem with various measurable real-valued functions on D that are
continuous almost surely with respect to Brownian motion, we obtain many useful
corollaries. For example, two useful functions are

f1(x) ≡ sup
0≤t≤1

x(t) (3.2)

and

f2(x) ≡ λ({t ∈ [0, 1] : x(t) > 0}) (3.3)

where λ is Lebesgue measure on [0, 1]; see Section 11 of Billingsley (1968). The
supremum function f1 in (3.2) was discussed in Section 1.2 while establishing limits
for the random-walk plots. The function f2 in (3.3) is not continuous at all x, as can
be seen by considering the constant functions xn(t) = n−1, 0 ≤ t ≤ 1, n ≥ 1, but f2
is measurable and continuous almost surely with respect to Brownian motion. By
applying the function f2 in (3.3), we obtain the arc sine law. For general probability
distributions, this result was first obtained directly by Erdös and Kac (1947). The
distribution of f2(B) was found by Lévy (1939).

Corollary 4.3.1. (arc sine law) Under the assumptions of the CLT in Theorem
4.3.1,

n−1Zn ⇒ f2(B) in R ,

where Zn is the number of the first n partial sums S1, . . . , Sn that are positive, B
is standard Brownian motion and

P (f2(B) ≤ x) =
1
π

∫ x

0

dy√
y(1 − y)

=
2
π

arc sin(
√

x), 0 < x < 1 .

As indicated in Chapter 1, Donsker’s FCLT can be used to derive the limiting
distributions in Corollary 4.3.1. Since the limit depends on the distribution of X1
only through its first two moments, we can work with the special case of a simple
random walk in which

P (X1 = 1) = P (X1 = −1) = 1/2 .

Combinatorial arguments can be used to calculate the limits for simple random
walks; e.g., see Chapter 3 of Feller (1968).

It is interesting that the probability density function f(y) = π−1(y(1 − y))−1/2

of f2(B) is U -shaped, having a minimum at 1/2. For large n, having 99% of the
partial sums positive is about 5 times more likely than having 50% of the partial
sums positive.
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4.3.2. Multidimensional Versions
It is significant that Theorems 4.3.1 and 4.3.2 extend easily to k dimensions. A key
for establishing this extension is the Cramér-Wold device; see p. 49 of Billingsley
(1968).

Theorem 4.3.3. (Cramér-Wold device) For arbitrary random vectors
(Xn,1, . . . , Xn,k) in R

k, there is convergence in distribution

(Xn,1, . . . , Xn,k) ⇒ (X1, . . . , Xk) in R
k

if and only if

k∑
i=1

aiXn,i ⇒
k∑

i=1

aiXi in R

for all (a1, . . . , ak) ∈ R
k.

The multivariate (k-dimensional) CLT involves convergence of normalized partial
sums of random vectors to the multivariate normal distribution. We first describe
the multivariate normal distribution. A pdf in R

k of the form

f(x1, . . . , xk) = γ−1 exp

⎛
⎝−(1/2)

k∑
i=1

k∑
j=1

xiQi,jxj

⎞
⎠ , (3.4)

where Q ≡ (Qi,j) is a symmetric k × k matrix (necessarily with positive diagonal
elements) and γ is a positive constant, is a nondegenerate k-dimensional normal
or Gaussian pdf centered at the origin; see Section III.6 of Feller (1971). The pdf
f(x1 − m1, . . . , xk − mk) for f in (3.4) is a nondegenerate k-dimensional normal
pdf centered at (m1, . . . , mk). A random vector (X1, . . . , Xk) with a nondegenerate
k-dimensional normal pdf centered at (m1, . . . , mk) has means EXi = mi, 1 ≤ i ≤
k. Let the covariance matrix of a random vector (X1, . . . , Xk) in R

k with means
(m1, . . . , mk) be Σ ≡ (σ2

i,j), where

σ2
i,j ≡ E(Xi − mi)(Xj − mj) .

For a nondegenerate normal pdf, the matrices Q and Σ are nonsingular and related
by

Q = Σ−1 ,

and the constant γ in (3.4) satisfies

γ2 = (2π)k |Σ| ,

where |Σ| is the determinant of Σ. Let N(m,Σ) denote a random (row) vector with
a nondegenerate normal pdf in R

k centered at m ≡ (m1, . . . , mk) and covariance
matrix Σ. Note that

N(m,Σ) d= m + N(0,Σ) .
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If Σ is the k × k covariance matrix of a nondegenerate k-dimensional normal pdf,
then there exists a nonsingular k × k matrix C, which is not unique, such that

N(0,Σ) d= N(0, I)C ,

where I is the identity matrix.
We can also allow degenerate k-dimensional normal distributions. We say that

a 1 × k row vector Y has a k-dimensional normal distribution with mean vector
m ≡ (m1, . . . , mk) and k × k covariance matrix Σ if

Y
d= m + XC ,

where X is a 1×j random vector for some j ≤ k with a nondegenerate j-dimensional
normal pdf centered at the origin with covariance matrix I and C is a j × k matrix
with

CtC = Σ (3.5)

where Ct is the transpose of C.
The following generalization of the CLT in Theorem 4.3.1 is obtained by applying

the Cramér-Wold device in Theorem 4.3.3.

Theorem 4.3.4. (k-dimensional CLT) Suppose that {Xn : n ≥ 1} ≡ {(Xn,1, . . . , Xn,k) :
n ≥ 1} is a sequence of IID random vectors in R

k with EX2
1,i < ∞ for 1 ≤ i ≤ k.

Let m ≡ (m1, . . . , mk) be the mean vector with mi ≡ EX1,i and Σ ≡ (σ2
i,j) the

covariance matrix with

σ2
i,j = E(X1,i − mi)(X1,j − mj) (3.6)

for all i, j with 1 ≤ i ≤ k and 1 ≤ j ≤ k. Then

n−1/2(Sn − mn) ⇒ N(0,Σ) in R
k

where Sn ≡ X1 + · · · + Xn, n ≥ 1.

A standard k-dimensional Brownian motion is a vector-valued stochastic process

B ≡ (B1, . . . ,Bk) ≡ {B(t) : t ≥ 0} ≡ {(B1(t), . . . ,Bk(t)) : t ≥ 0} ,

where B1, . . . ,Bk are k IID standard one-dimensional BMs. A general k-
dimensional Brownian motion with drift vector m ≡ (m1, . . . , mk), k×k covariance
vector Σ and initial vector x ≡ (x1, . . . , xk), denoted by {B(t;m,Σ, x) : t ≥ 0} can
be constructed by letting

B(t; m,Σ, x) = x + mt + B(t)C , (3.7)

where B is a standard j-dimensional Brownian motion and C is a j × k matrix
satisfying (3.5). In (3.7) we understand that

{B(t) : t ≥ 0} d= {B(t; 0, I, 0) : t ≥ 0} ,

where I is the j × j identity matrix and 0 is the j-dimensional zero vector.
We now state the k-dimensional version of Donsker’s theorem. The limit holds

in the space Dk ≡ D([0,∞), Rk) with the SJ1 topology.
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Theorem 4.3.5. (k-dimensional Donsker FCLT) Under the conditions of the k-
dimensional CLT in Theorem 4.3.4,

Sn ⇒ BC in (D2, SJ1) ,

where Sn is the normalized partial-sum process in (3.1), B is a standard j-
dimensional Brownian motion and C is a j × k matrix such that (3.5) holds,
i.e.,

BC
d= {B(t; 0,Σ) : t ≥ 0} in Dk ,

where Σ ≡ (σ2
i,j) is the covariance matrix of (X1,1, . . . , X1,k) in (3.6).

Proof. The one-dimensional marginals converge by Donsker’s theorem, Theorem
4.3.2. That convergence implies that the marginal processes are tight by Prohorov’s
theorem, Theorem 11.6.1. Tightness of the marginal processes implies tightness of
the overall processes by Theorem 11.6.7. Convergence of all the finite-dimensional
distributions follows from the CLT in Theorem 4.3.4 and the Cramér-Wold de-
vice in Theorem 4.3.3. Finally, tightness plus convergence of the finite-dimensional
distributions implies weak convergence in D by Corollary 11.6.1.

It follows from either the k-dimensional Donsker FCLT or the one-dimensional
Donsker FCLT that linear functions of the coordinate of the partial-sum process
converge to a one-dimensional Brownian motion.

Corollary 4.3.2. Under the conditions of Theorem 4.3.5,
k∑

i=1

aiSn,i ⇒ σB in D

where Sn ≡ (Sn,1, . . . ,Sn,k) is the normalized partial-sum process in (3.1), B is a
standard one-dimensional Brownian motion and

σ2 =
k∑

i=1

k∑
j=1

aiajσ
2
i,j .

Donsker’s FCLT was stated (as it was originally established) in the framework
of a single sequence {Xn : n ≥ 1}. There are extensions of Donsker’s FCLT in the
framework of a double sequence {Xn,k : n ≥ 1, k ≥ 1}, paralleling the extensions of
the CLT. Indeed, a natural one is a special case of a martingale FCLT, Theorem
2.3.9 in the Internet Supplement.

It can be useful to go beyond the CLT and FCLT to establish bounds on the rate
of convergence; see Section 2.2 of the Internet Supplement. For the FCLT, strong
approximations can be exploited to produce bounds on the Prohorov distance.

4.4. Brownian Limits with Weak Dependence

For applications, it is significant that there are many generalizations of Donsker’s
theorem in which the IID assumption is relaxed. Many FCLTs establishing conver-
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gence to Brownian motion have been proved with independence replaced by weak
dependence. In these theorems, only the space-scaling constant σ2 in Donsker’s the-
orem needs to be changed. Consequences of Donsker’s theorem such as Corollary
4.3.1 thus still hold in these more general settings.

Suppose that we have a sequence of real-valued random variables {Xn : n ≥ 1}.
Let Sn ≡ X1 + · · · + Xn be the nth partial sum and let Sn be the normalized
partial-sum process

Sn(t) = n−1/2(S�nt� − mnt), t ≥ 0 . (4.1)

in D, just as in (3.1). We want to conclude that there is convergence in distribution

Sn ⇒ σB in (D, J1) , (4.2)

where B is standard Brownian motion and identify the scaling parameters m and
σ, without assuming that {Xn} is necessarily a sequence of IID random variables.

In this section and in Section 2.3 of the Internet Supplement we review some of
the sufficient conditions for (4.2) to hold with the IID condition relaxed. We give
only a brief account, referring to Billingsley (1968, 1999), Jacod and Shiryaev (1987)
and Philipp and Stout (1975) for more. First, assume that {Xn : −∞ < n < ∞} is a
two-sided stationary sequence, i.e., that {Xk+n : −∞ < n < ∞} has a distribution
(on R

∞) that is independent of k. (It is always possible to construct a two-sided
stationary sequence starting from a one-sided stationary sequence {Xn : n ≥ 1},
where the two sequences with positive indices have the same distribution; e.g., see p.
105 of Breiman (1968).) Moreover, assume that EX2

n < ∞. The obvious parameter
values now are

m ≡ EXn and σ2 ≡ lim
n→∞

V ar(Sn)
n

; (4.3)

i.e., m should be the mean and σ2 should be the asymptotic variance, where

σ2 = V ar Xn + 2
∞∑

k=1

Cov(X1, X1+k) . (4.4)

Roughly speaking, we should anticipate that (4.2) holds with m and σ2 in (4.3)
whenever σ2 in (4.4) is finite. However, additional conditions are actually required
in the theorems. From a practical perspective, however, in applications it is usually
reasonable to act as if the FCLT is valid if σ2 in (4.4) is finite, and the main challenge
is to find effective ways to calculate or estimate the asymptotic variance σ2. There
is a large literature on estimating the asymptotic variance σ2 in (4.3), because the
asymptotic variance is used to determine confidence intervals around the sample
mean for estimates of the steady-state mean; for the sample mean X̄n ≡ n−1Sn,

V ar X̄n = n−2V ar Sn, n ≥ 1 .

Even for a mathematical model, statistical estimation is a viable way to compute
the asymptotic variance. We can either estimate σ2 from data collected from a
system being modelled or from output of a computer simulation of the model. For
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more information, see Section 3.3 of Bratley, Fox and Schrage (1987), Damerdji
(1994, 1995) and references therein.

In order for the FCLT in (4.2) to hold, the degree of dependence in the sequence
{Xn} needs to be controlled. One way to do this is via uniform mixing conditions.
Here we follow Chapter 4 of Billingsley (1999); also see the papers in Section 2 of
Eberlein and Taqqu (1986). To define uniform mixing conditions, let Fn ≡ σ[Xk :
k ≤ n] be the σ-field generated by {Xk : k ≤ n} and let Gn ≡ σ[Xk : k ≥ n] be
the σ-field generated by {Xk : k ≥ n}. We write X ∈ Fk to indicate that X is
Fk-measurable. Let

αn ≡ sup{|P (A ∩ B) − P (A)P (B)| : A ∈ Fk, B ∈ Gk+n} (4.5)

ρn ≡ sup{|E[XY ]| : X ∈ Fk, EX = 0,

EX2 ≤ 1, Y ∈ Gk+n, EY = 0, EY 2 ≤ 1} (4.6)

φn ≡ sup{|P (B|A) − P (B)| : A ∈ Fk, P (A) > 0, B ∈ Gk+n} . (4.7)

It turns out that these three measures of dependence are ordered by

αn ≤ ρn ≤ 2
√

φn .

Theorem 4.4.1. (FCLT for stationary sequence with uniform mixing) Assume
that {Xn : −∞ < n < ∞} is a two-sided stationary sequence with V ar Xn < ∞
and

∞∑
n=1

ρn < ∞ . (4.8)

for ρn in (4.6). Then the series in (4.4) converges absolutely and the FCLT (4.2)
holds with m = EX1 and σ2 being the asymptotic variance in (4.4).

In many applications condition (4.8) will be hard to verify, but it does apply
directly to finite-state discrete-time Markov chains (DTMC’s), as shown on p. 201
of Billingsley (1999).

Theorem 4.4.2. (FCLT for stationary DTMCs) Suppose that {Yn : −∞ < n <
∞} is the stationary version of an irreducible finite-state Markov chain and let
Xn = f(Yn) for a real-valued function f on the state space. Then the conditions on
{Xn} in Theorem 4.4.1 and the conclusions there hold.

It is also possible to replace the quantitative measure of dependence in (4.6) with a
qualitative characterization of dependence. We say that the sequence {Xn : −∞ <
n < ∞} is associated if, for any k and any two (coordinatewise) nondecreasing
real-valued functions f1 and f2 on R

k for which E[fi(X1, . . . , Xk)2] < ∞ for i = 1, 2,

Cov(f1(X1, . . . , Xk), f2(X1, . . . , Xk)) ≥ 0 .

(For further discussion of associated processes in queues and other discrete-event
systems, see Glynn and Whitt (1989) and Chapter 8 of Glasserman and Yao (1994).)
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The following FCLT is due to Newman and Wright (1981). See Cox and Grimmett
(1984) and Dabrowski and Jakubowski (1994) for extensions.

Theorem 4.4.3. (FCLT for associated process) If {Xn : −∞ < n < ∞} is an
associated stationary sequence with EX2

n < ∞ and σ2 < ∞ for σ2 in (4.4), then
the FCLT (4.2) holds.

Instead of uniform mixing conditions, we can use ergodicity and martingale prop-
erties; see p. 196 of Billingsley (1999). For a stationary process {Xn}, ergodicity
essentially means that the SLLN holds: n−1Sn → EX1 w.p.1 as n → ∞, where
E|X1| < ∞; e.g., see Chapter 6 of Breiman (1968). The sequence of centered par-
tial sums {Sn −mn : n ≥ 1} is a martingale if E|X1| < ∞ and E[Xn −m|Fn−1] = 0
for all n ≥ 1, where as before Fn is the σ-field generated by X1, . . . , Xn.

Theorem 4.4.4. (stationary martingale FCLT) Suppose that {Xn : −∞ < n <
∞} is a two-sided stationary ergodic sequence with V ar Xn = σ2, 0 < σ2 < ∞, and
E[Xn − m|Fn−1] = 0 for all n for some constant m. Then the FCLT (4.2) holds
with (m, σ2) specified in the conditions here.

There are two difficulties with the FCLT’s stated so far. First, they require sta-
tionarity and, second, they do not contain tractable expressions for the asymptotic
variance. In many applications, the stochastic process of interest does not start
in steady state, but it is asymptotically stationary, and that should be enough.
For those situations, it is convenient to exploit regenerative structure. Regenerative
structure tends to encompass Markovian structure as a special case. The additional
Markovian structure enables us to obtain formulas and algorithms for computing
the asymptotic variance. We discuss FCLT’s in Markov and regenerative settings
in Section 2.3 of the Internet Supplement.

4.5. The Noah Effect: Heavy Tails

In the previous section we saw that the conclusion of Donsker’s theorem still holds
when the IID assumption is relaxed, with the finite-second-moment condition main-
tained; only the asymptotic-variance parameter σ2 in (4.3) and (4.4) needs to be
revised, with the key condition being that σ2 be finite. We now see what happens
when we keep the IID assumption but drop the finite-second-moment condition.

As we saw in Chapter 1, when the second moment is infinite, there is a dramatic
change! When the second moments are infinite, there still may be limits, but the
limits are very different. First, unlike in the finite-second-moment case, there may
be no limit at all; the existence of a limit depends critically on regular behavior of
the tails of the underlying probability distribution (of X1). But that regular tail
behavior is very natural to assume. When that regular tail behavior holds with
infinite second moments, we obtain limits, but limits with different scaling and
different limit processes.

Of particular importance to us, the new limit processes have discontinuous sample
paths, so that the space D becomes truly important. In this setting we do not need
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the M1 topology to establish the FCLT for partial sums of IID random variables,
but we do often need the M1 topology to successfully apply the continuous-mapping
approach starting from the initial FCLTs to be described in this section. We illus-
trate the importance of the M1 topology in Sections 6.3 and 7.3 below when we
discuss FCLTs for counting processes.

The framework here will be a single sequence {Xn : n ≥ 1} of IID random
variables, where EX2

n = ∞. As before, we will focus on the associated partial sums
Sn = X1 + · · · + Xn, n ≥ 1, with S0 = 0. We form the normalized processes

Sn(t) ≡ c−1
n (S�nt� − mnnt), t ≥ 0 , (5.1)

in D where {mn : n ≥ 1} and {cn : n ≥ 1} are general deterministic sequences
with cn → ∞ as n → ∞. Usually we will have mn = m as in (2.1), but we need
translation constants depending on n in one case (when the stable index is α = 1).
In Sections 4.3 and 4.4 we always had cn =

√
n. Here will have cn/

√
n → ∞; a

common case is cn = n1/α for 0 < α < 2, where α depends on the asymptotic
behavior of the tail probability P (|X1| > t) as t → ∞. Under regularity conditions,
the normalized partial-sum process Sn in (5.1) will converge in (D, J1) to a process
called stable Lévy motion.

We consider the more general double-sequence (or triangular array) framework
using {Xn,k : n ≥ 1, k ≥ 1} in Section 2.4 of the Internet Supplement. Unlike in
Sections 4.3 and 4.4 above, with heavy-tailed distributions, there is a big difference
between a single sequence and a double sequence, because the class of possible limits
is much larger in the double-sequence framework: With IID conditions, the possible
limits in the framework of double sequences are all Lévy processes. Like the stable
Lévy motion considered in this section, general Lévy processes have stationary and
independent increments, but the marginal distributions need not be stable laws;
the marginal distributions of Lévy processes are infinitely divisible distributions (a
surprisingly large class). The smaller class of limits we obtain in the single-sequence
framework has the advantage of producing more robust approximations; the larger
class we obtain in the double-sequence framework has the advantage of producing
more flexible approximations.

A stable stochastic process is a stochastic process all of whose finite-dimensional
distributions are stable laws. The Gaussian distribution is a special case of a stable
law, and a Gaussian process is a special case of a stable process, but the limits
with infinite second moments will be nonGaussian stable processes, whose finite-
dimensional distributions are nonGaussian stable laws. The nonGaussian stable
distributions have heavy tails, so that exceptionally large increments are much more
likely with a nonGaussian stable process than with a Gaussian process. We refer to
Samorodnitsky and Taqqu (1994) for a thorough treatment of nonGaussian stable
laws and nonGaussian stable processes. For additional background, see Bertoin
(1996), Embrechts, Klüppelberg and Mikosch (1997), Feller (1971), Janicki and
Weron (1993) and Zolotarev (1986).
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4.5.1. Stable Laws
A random variable X is said to have a stable law if, for any positive numbers a1
and a2, there is a real number b ≡ b(a1, a2) and a positive number c ≡ c(a1, a2)
such that

a1X1 + a2X2
d= b + cX , (5.2)

where X1 and X2 are independent copies of X and d= denotes equality in dis-
tribution. A stable law is strictly stable if (5.2) holds with b = 0. Except in the
pathological case α = 1, a stable law always can be made strictly stable by appro-
priate centering. Note that a random variable concentrated at one point is always
stable; that is a degenerate special case.

It turns out that the constant c in (5.2) must be related to the constants a1 and
a2 there by

aα
1 + aα

2 = cα (5.3)

for some constant α, 0 < α ≤ 2. Moreover, (5.2) implies that, for any n ≥ 2, we
must have

X1 + · · · + Xn
d= n1/αX + bn (5.4)

where X1, . . . , Xn are independent copies of X and α is the same constant appearing
in (5.3), which is called the index of the stable law.

The stable laws on R can be represented as a four-parameter family. Following
Samorodnitsky and Taqqu (1994), let Sα(σ, β, µ) denote a stable law (also called α-
stable law) on the real line. Also let Sα(σ, β, µ) denote a real-valued random variable
with the associated stable law. The four parameters of the stable law are: the index
α, 0 < α ≤ 2; the scale parameter σ > 0; the skewness parameter β, −1 ≤ β ≤ 1;
and the location or shift parameter µ, −∞ < µ < ∞. When 1 < α < 2, the shift
parameter is the mean. When α ≤ 1, the mean is infinite. The logarithm of the
characteristic function of Sα(σ, β, µ) is

log EeiθSα(σ,β,µ)

=

{
−σα|θ|α(1 − iβ(sign θ) tan(πα/2)) + iµθ , α = 1

−σ|θ|(1 + iβ(2/π)(sign θ) log (|θ|)) + iµθ , α = 1 ,
(5.5)

where sign(θ) = 1, 0 or −1 for θ > 0, θ = 0 and θ < 0.
The cases α = 1 and α = 2 are singular cases, with special properties and special

formulas. They are boundary cases, at which abrupt change of behavior occurs. The
normal law is the special case with α = 2; then µ is the mean, 2σ2 is the variance
and β plays no role because tan(π) = 0; i.e., S2(σ, 0, µ) = N(µ, 2σ2). When β = 1
(β = −1), the stable distribution is said to be totally skewed to the right (left).
For limits involving nonnegative summands, we will be interested in the centered
totally-skewed stable laws Sα(σ, 1, 0).
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With the notation Sα(σ, β, µ) for stable laws, we can refine the stability property
(5.4). If X1, . . . , Xn are IID random variables distributed as Sα(σ, β, µ), then

X1 + · · · + Xn
d=

{
n1/αX1 + µ(n − n1/α) , α = 1

nX1 + 2
π σβn log (n) , α = 1 .

(5.6)

From (5.6), we see that Sα(σ, β, 0) is strictly stable for all α = 1 and that S1(σ, 0, µ)
is strictly stable.

All stable laws have continuous pdf’s, but there are only three classes of these
pdf’s with convenient closed-form expressions: The first is the Gaussian distribution;
as indicated above, S2(σ, 0, µ) = N(µ, 2σ2). The second is the Cauchy distribution
S1(σ, 0, µ), whose pdf is

f(x) ≡ σ

π((x − µ)2 + σ2)
.

In the case µ = 0,

P (S1(σ, 0, 0) ≤ x) ≡ 1
2

+
1
π

Arctan
(x

σ

)
.

The third is the Lévy distribution S1/2(σ, 1, µ), whose pdf is

f(x) =
( σ

2π

)1/2 1
(x − µ)3/2 exp

(
−σ

2(x − µ)

)
, x > µ .

For the case µ = 0, the cdf is

P (S1/2(σ, 1, 0) ≤ x) = 2(1 − Φ(
√

σ/x), x > 0 ,

where Φ is the standard normal cdf.
There are simple scaling relations among the nonGaussian stable laws: For any

nonzero constant c,

Sα(σ, β, µ) + c
d= Sα(σ, β, µ + c) , (5.7)

cSα(σ, β, µ) d=

{
Sα(|c|σ, sign(c)β, cµ) if α = 1

S1(|c|σ, sign(c)β, cµ − 2c
π (log (|c|)σβ) if α = 1 ,

(5.8)

−Sα(σ, β, 0) d= Sα(σ, −β, 0) . (5.9)

If Sα(σi, βi, µi) are two independent α-stable random variables, then

Sα(σ1, β1, µ1) + Sα(σ2, β2, µ2)
d= Sα(σ, β, µ) (5.10)

for

σα = σα
1 + σα

2 , β =
β1σ

α
1 + β2σ

α
2

σα
1 + σα

2
, µ = µ1 + µ2 . (5.11)

In general, the stable pdf’s are continuous, positive and unimodal on their
support. (Unimodality means that there is an argument t0 such that the pdf is
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nondecreasing for t < t0 and nonincreasing for t > t0.) The stable laws Sα(σ, 1, µ)
with 0 < α < 1 have support (µ,∞), while the stable laws Sα(σ, −1, µ) with
0 < α < 1 have support (−∞, µ). All other stable laws (if α ≥ 1 or if α < 1 and
β = 1) have support on the entire real line. See Samorodnitsky and Taqqu (1994)
for plots of the pdf’s.

It is significant that the nonGaussian stable laws have power tails. As in (4.6)
in Section 1.4, we write f(x) ∼ g(x) as x → ∞ if f(x)/g(x) → 1 as x → ∞. For
0 < α < 2,

P (Sα(σ, β, µ) > x) ∼ x−αCα
(1 + β)

2
σα (5.12)

and

P (Sα(σ, β, µ) < −x) ∼ x−αCα
(1 − β)

2
σα , (5.13)

where

Cα ≡
(∫ ∞

0
x−α sinxdx

)−1

=

⎧⎨
⎩

1−α
Γ(2−α) cos(πα/2) if α = 1

2/π if α = 1
(5.14)

with Γ(x) being the gamma function.
Note that there is an abrupt change in tail behavior at the boundary α = 2. For

all α < 2, the stable pdf has a power tail, but for α = 2, the pdf is of order e−x2/2.
There also is a discontinuity in the constant Cα in (5.14) at α = 1; as α → 1,
Cα → 1, but C1 = 2/π.

When β = 1 (β = −1), the left (right) tail is asymptotically negligible. When
also α < 1, there is no other tail. When 1 < α < 2 and β = 1, the left tail decays
faster than exponentially. Indeed, when 1 < α < 2,

P (Sα(σ, 1, 0) < −x)

∼ A

(
x

ασ̂α

)−α/(2(α−1))

exp

(
−(α − 1)

(
x

ασ̂α

)α/(α−1)
)

(5.15)

where

A ≡ (2πα(α − 1))−1/2 and σ̂α ≡ σ(cos((π/2)(2 − α))−1/α .

When α = 1 and β = 1,

P (S1(σ, 1, 0) < −x) ∼ 1√
2π

exp
(

− (π/2σ)x − 1
2

− e(π/2σ)x−1
)

. (5.16)

Consequently, the Laplace transform of Sα(σ, 1, 0) is well defined, even though the
pdf has the entire real line for its support. In particular, the logarithm of the Laplace
transform of Sα(σ, 1, 0) is

ψα(s) ≡ log Ee−sSα(σ,1,0) =

{
−σαsα/ cos(πα/2), α = 1

2σs log (s)/π, α = 1 ,
(5.17)
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for Re(s) ≥ 0.
From the asymptotic form above, we can deduce properties of the moments. In

particular, for 0 < α < 2,

E|Sα(σ, β, µ)|p < ∞ for 0 < p < α and
E|Sα(σ, β, µ)|p = ∞ for p ≥ α . (5.18)

4.5.2. Convergence to Stable Laws
We now discuss convergence to stable laws. A cdf F on R is said to be in the domain
of attraction of the stable law Sα(σ, β, µ) if there exist constants mn and cn such
that

c−1
n (Sn − mn) ⇒ Sα(σ, β, µ) , (5.19)

where Sn = X1+· · ·+Xn, n ≥ 1, {Xn : n ≥ 1} is a sequence of IID random variables
and X1 has cdf F . By (5.4), Sα(σ, β, µ) is contained in the domain of attraction of
Sα(σ, β, µ) for all (α, σ, β, µ). Clearly, by scaling, it suffices to let σ = 1 and µ = 0.
Hence, only the parameters α and β are unaltered by scaling. A cdf F is said to be
in the normal domain of attraction of the stable law Sα(σ, β, µ) if, in addition to
being in the domain of attraction, the constants cn in (5.19) can be chosen so that
µ = 0, σ = 1 and cn = cn1/α for some constant c.

This limit theory is classical; see Gnedenko and Kolmogorov (1968), Feller (1971)
and p. 50 of Samorodnitsky and Taqqu (1994). Naturally, a key role is played by
the cdf F of X1. A big role is also played by the cdf of |X1|; let G be its cdf and
Gc ≡ 1 − G its complementary cdf (ccdf), i.e.,

Gc(x) ≡ P (|X1| > x) = 1 − F (x) + F (−x) . (5.20)

The conditions make use of regularly varying functions; see Appendix A. We write
Gc ∈ R(−α) if the ccdf is regularly varying with index −α. That holds if and only
if Gc(x) = x−αL(x) for some slowly varying function L.

Theorem 4.5.1. (stable-law CLT) Let {Xn : n ≥ 1} be an IID sequence of real-
valued random variables with cdf F . The cdf F belongs to the domain of attraction
of Sα(1, β, 0) for 0 < α < 2, i.e., (5.19) holds for σ = 1 and µ = 0, if and only if
both Gc ∈ R(−α), i.e.,

xαGc(x) = L(x) (5.21)

for Gc in (5.20), where L is slowly varying, and

F c(x)/Gc(x) → 1 + β

2
as x → ∞ . (5.22)

The space-scaling constants cn in (5.19) then must satisfy

lim
n→∞

nL(cn)
cα
n

= Cα , (5.23)
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for Cα in (5.14) and L in (5.21). The translation constants mn in (5.19) may be
chosen to satisfy

mn =

⎧⎪⎪⎨
⎪⎪⎩

0 if 0 < α < 1

ncn

∫∞
−∞ sin(x/cn)dF (x) if α = 1

n
∫∞

−∞ xdF (x) if 1 < α < 2 .

(5.24)

If cn satisfies (5.23), then cn = n1/αL0(n), where L0 is slowly varying (in general
different from L in (5.21)).

At the expense of changing the scaling constants σ and µ in the limit, the normal-
ization constants cn in Theorem 4.5.1 can be chosen to be the (1−n−1)th percentile
of the cdf G instead of (5.23); i.e., we can let

cn ≡ (1/Gc)←(n) ≡ inf{y : G(y) ≥ n} ; (5.25)

see p. 3 of Resnick (1987) and p. 78 of Embrechts et. al. (1997).
Theorem 4.5.1 contains the result about normal domains of attraction as a special

case. Note that the condition has the summand having a power law.

Theorem 4.5.2. (normal domain of attraction of a stable law) Let {Xn : n ≥ 1}
be an IID sequence with cdf F . The cdf belongs to the normal domain of attraction
of Sα(1, β, 0) for 0 < α < 2, i.e., (5.19) holds with cn = cn1/α, σ = 1 and µ = 0, if
and only if both

Gc(x) ∼ Ax−α as x → ∞ (5.26)

for Gc in (5.20) and positive constants A and α, and

F c(x)
Gc(x)

→ 1 + β

2
as x → ∞ . (5.27)

The space-scaling constants can then be

cn = (A/Cα)1/αn1/α , (5.28)

where the pair (A, α) is from (5.26) and Cα is the stable-law asymptote in (5.14).
The translation constant mn can then be as in (5.24).

Proof. Given Theorem 4.5.1, for 0 < α < 2, cn can be chosen to be of the form
cn1/α for some constant c, while satisfying (5.23), if and only if the slowly varying
function L(t) approaches a constant as t → ∞. Thus, a cdf belongs to the normal
domain of attraction of a stable law of index α if and only if (5.21) and (5.22)
hold with L(t) → A as t → ∞ for some constant A. In other words, for the normal
domain of attraction, (5.21) should be restated as (5.26). Then the left side of (5.23)
becomes nA/cα

n. If nA/cα
n → Cα as n → ∞, then n1/αA1/α/cn → C

1/α
α as n → ∞,

so that it suffices to use (5.28).
It is useful to have a sanity check to verify the form of the space-scaling constants

in (5.28). That is provided by considering the special case in which

Xn
d= (A/Cα)1/αSα(1, β, 0) .



116 4. A Panorama

Note that this Xn satisfies (5.26) and (5.27); e.g., by (5.12) and (5.13),

P (A/Cα)1/α|Sα(1, β, 0)| > x) = P (|Sα(1, β, 0)| > (Cα/A)1/αx) ∼ Ax−α .

However, by (5.6),

(Cα/nA)1/α(X1 + · · · + Xn) d= Sα(1, β, 0) for all n ≥ 1 .

Hence we must have (5.28).
From a mathematical perspective, Theorem 4.5.1 is appealing because it fully

characterizes when the limit exists and gives its value. However, from a practical
perspective, the special case in Theorem 4.5.2 may be more useful because it yields
a more parsimonious approximation as a function of n. For the case 0 < α < 2,
Theorem 4.5.1 yields the approximation

Sn
d≈ ESn + cnSα(1, β, 0) ,

with the approximation as a function of n being a function of α, β and the entire
(in general complicated) sequence {cn : n ≥ 1}. On the other hand, for the same
case, Theorem 4.5.2 yields the approximation

Sn
d≈ ESn + cn1/αSα(1, β, 0) (5.29)

with the approximation as a function of n being a function only of the three
parameters α, β and c.

In applications it is usually very difficult to distinguish between a power tail and
a regularly-varying nonpower tail of the same index. Even estimating the stable
index α itself can be a challenge; see Embrechts et al. (1997), Resnick (1997) and
Adler, Feldman and Taqqu (1998).

4.5.3. Convergence to Stable Lévy Motion
We now want to obtain the FCLT generalization of the stable-law CLT in Theorem
4.5.1. The limit process is a stable Lévy motion, which is a special case of Lévy
process. A Lévy process is a stochastic process L ≡ {L(t) : t ≥ 0} with sample
paths in D such that L(0) = 0 and L has stationary and independent increments;
we discuss Lévy processes further in Section 2.4 of the Internet Supplement. A
standard stable (or α-stable) Lévy motion is a Lévy process S ≡ {S(t) : t ≥ 0} such
that the increments have stable laws, in particular,

S(t + s) − S(s) d= Sα(t1/α, β, 0) d= t1/αSα(1, β, 0) (5.30)

for any s ≥ 0 and t > 0, for some α and β with 0 < α ≤ 2 and −1 ≤ β ≤ 1. The
adjective “standard” is used because the shift and scale parameters of the stable
law in (5.30) are µ = 0 and σ = t1/α (without an extra multiplicative constant).
When we want to focus on the parameters, we call the process a standard (α, β)-
stable Lévy motion. Formula (5.30) implies that a stable Lévy motion has stationary
increments. When α = 2, stable Lévy motion is Brownian motion. Except in the
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cases when α = 1 and β = 1, a stable (or α-stable) Lévy motion is self-similar with
self-similarity index H = 1/α, i.e.,

{S(ct) : t ≥ 0} d= {c1/αS(t) : t ≥ 0} .

In many ways, nonBrownian (α < 2) stable Lévy motion is like Brownian motion
(α = 2), but it is also strikingly different. For example, Brownian motion has
continuous sample paths, whereas stable Lévy motion, except for its deterministic
drift, is a pure-jump process. It has infinitely many discontinuities in any finite
interval w.p.1. On the positive side, there is a version with sample paths in D, and
we shall only consider that version. For 0 < α < 1 and β = 1, stable Lévy motion
has nondecreasing sample paths, and is called a stable subordinator.

For α ≥ 1 and β = 1, stable Lévy motion has no negative jumps; it has positive
jumps plus a negative drift. For α > 1, stable Lévy motion (like Brownian motion)
has sample paths of unbounded variation in each bounded interval. Like Brownian
motion, stable Lévy motion has complicated structure from some points of view,
but also admits many simple formulas.

In the case of IID summands (for both double and single sequences), Skorohod
(1957) showed that all ordinary CLT’s have FCLT counterparts in (D, J1); see
Jacod and Shiryaev (1987) for further discussion, in particular, see Theorems 2.52
and 3.4 on pages 368 and 373. Hence the FCLT generalization of Theorem 4.5.1
requires no new conditions.

Theorem 4.5.3. (stable FCLT) Under the conditions of Theorem 4.5.1, in
addition to the CLT

c−1
n (Sn − mn) ⇒ Sα(1, β, 0) in R ,

there is convergence in distribution

Sn ⇒ S in (D, J1) (5.31)

for the associated normalized process

Sn(t) ≡ c−1
n (S�nt� − mnt), t ≥ 0 , (5.32)

where the limit S is a standard (α, β)-stable Lévy motion, with

S(t) d= t1/αSα(1, β, 0) d= Sα(t1/α, β, 0) .

We have seen the stable FCLT in action in Chapter 1. Plots of random walks
with IID steps having Pareto(p) distributions converging to stable Lévy motion with
α = p are shown in Figures 1.20, 1.21 and 1.22 for p = 3/2 and in Figures 1.19,
1.25 and 1.26 for p = 1/2. We have also seen how the stable FCLT can be applied
with the continuous-mapping approach to establish stochastic-process limits for
queueing models. Plots of workload processes converging to reflected stable Lévy
motion appear in Figures 2.3 and 2.4.

Of course, there is a corresponding FCLT generalization of Theorem 4.5.2. There
also is a k-dimensional generalization of Theorem 4.5.3 paralleling Theorem 4.3.5
in Section 4.3. The proof is just like that for Theorem 4.3.5, again exploiting the
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Cramér-Wold device in Theorem 4.3.3. To apply the Cramér-Wold device, we use
the fact that a stochastic process is strictly stable (stable with index α ≥ 1) if and
only if all linear combinations (over time points and coordinates) of the process are
again strictly stable (stable with index α ≥ 1); combine Theorems 2.1.5 and 3.1.2
of Samorodnitsky and Taqqu (1994). (For α = 1, we always work with the centered
stable laws having µ = 0, so that they are strictly stable.)

4.5.4. Extreme-Value Limits
We have observed that the sample paths of stable Lévy motion are discontinuous.
For that to hold, the maximum jump Xn must be asymptotically of the same
order as the centered partial sum Sn − mn for α > 1 and the uncentered sum Sn

for α < 1. That was illustrated by the random-walk sample paths in Section 1.4.
Further insight into the sample-path structure, and to the limit more generally, can
be obtained from extreme-value theory, for which we draw upon Resnick (1987)
and Embrechts et al. (1997). We will focus on the successive maxima of the random
variables |Xn|. Let

Mn ≡ {|X1|, |X2|, . . . , |Xn|}, n ≥ 1 . (5.33)

As in (5.20), |X1| has ccdf Gc. Extreme-value theory characterizes the possible
limit behavior of the successive maxima Mn, with scaling. Of special concern to us
is the case in which the limiting cdf is the Fréchet cdf

Φα(x) =

{
0, x ≤ 0

exp(−x−α), x > 0,
(5.34)

which is defined for all α > 0. Let Φα also denote a random variable with cdf
Φα. Here is the relevant extreme-value theorem (which uses the concept of regular
variation; see Appendix A and Section 1.2 of Resnick (1987):

Theorem 4.5.4. (extreme-value limit) Suppose that {|Xn| : n ≥ 0} is a sequence
of IID random variables having cdf G with EX2

n = ∞. There exist constants cn and
bn such that cn(Mn − bn) converges in distribution to a nondegenerate limit for Mn

in (5.33) if and only if Gc ∈ R(−α), in which case

c−1
n Mn ⇒ Φα in R , (5.35)

where Φα has the Fréchet cdf in (5.34) and the scaling constants may be

cn ≡ (1/Gc)←(n)

as in (5.25).

As noted after Theorem 4.5.1, we can also use the scaling constant cn in (5.25)
in the CLT and FCLT for partial sums; i.e., under the conditions of Theorem 4.5.1,
we have

c−1
n Mn ⇒ Φα ,
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c−1
n (Sn − nmn) ⇒ Sα(σ, β, 0)

and

Sn ⇒ S ,

where

Sn(t) = c−1
n (S�nt� − mnnt), t ≥ 0 ,

mn =

{
0 if 0 < α < 1

EX1 if 1 < α < 2 ,
(5.36)

and S is a nondegenerate stable Lévy motion with

S(1) d= Sα(σ, β, 0)

for some σ, β and the scaling constants cn throughout being as in (5.25).
It turns out that we can also obtain a limit for Mn by applying the continu-

ous mapping theorem with the FCLT in (5.31). For that purpose, we exploit the
maximum-jump functional J : D → R defined by

J(x) = sup
0≤t≤1

{|x(t) − x(t−)|} . (5.37)

In general, the maximum-jump function is not continuous on D, but it is almost
surely with respect to stable Lévy motion; see p. 303 of Jacod and Shiryaev (1987).
As before, let Disc(x) be the set of discontinuities of x.

Theorem 4.5.5. (maximum jump function) The maximum-jump function J in
(5.37) is measurable and continuous on (D, J1) at all x ∈ D for which 1 ∈ Disc(x)c.
Hence, J is continuous almost surely with respect to stable Lévy motion.

Hence we can apply the continuous mapping theorem in Section 2.7 with The-
orems 4.5.3–4.5.5 to obtain the following result. See Resnick (1986) for related
results.

Theorem 4.5.6. (joint limit for normalized maximum and sum) Under the con-
ditions of Theorem 4.5.1, we have the FCLT (5.31) with (5.32) for cn in (5.25)
and

c−1
n (Mn, Sn − nmn) ⇒ (J(S),S(1)) in R

2 ,

where

J(S) d= Φα

for J in (5.37), Φα in (5.34) and mn in (5.36). Consequently, on any positive inter-
val the stable process S has a jump w.p.1. and (Sn −nmn)/Mn has a nondegenerate
limit as n → ∞.

More generally, it is interesting to identify cases in which the largest single term
Mn among {X1, . . . , Xn}, when Xi ≥ 0, is (i) asymptotically negligible, (ii) asymp-
totically of the same order, or (iii) asymptotically dominant compared to the partial
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sum Sn or its centered version. Work on this problem is reviewed in Section 8.15
of Bingham et al. (1989); we summarize the main results below.

Theorem 4.5.7. (asymptotics for the ratio of the maximum to the sum) Let {Xn :
n ≥ 1} be a sequence of IID random variables with cdf F having support on (0,∞).
Let Sn be the nth partial sum and Mn the nth maximum. Then

(a) Mn/Sn ⇒ 0 if and only if
∫ x

0 ydF (y) is slowly varying;
(b) Mn/Sn ⇒ 1 if and only if F c is slowly varying;
(c) Mn/Sn converges in distribution to a nondegenerate limit if and only if F c

is regularly varying of index −α for some α, 0 < α < 1.
(d) If, in addition F has finite mean µ, then (Sn − nµ)/Mn converges in distri-

bution to a nondegenerate limit if and only if F c is regularly varying of index −α
for some α, 1 < α < 2.

4.6. The Joseph Effect: Strong Dependence

In Section 4.4 we saw that the conclusion of Donsker’s theorem still holds when
the independence condition is replaced with weak dependence, provided that the
finite-second-moment condition is maintained. The situation is very different when
there is strong dependence, also called long-range dependence.

In fact, all hell breaks loose. The statistical regularity we have seen, both with
light and heavy tails, depends critically on the independence. As we saw in Section
4.4, we can relax the independence considerably, but the results depend on the
dependence being suitably controlled. By definition, strong dependence occurs when
that control is lost.

When we allow too much dependence, many bizarre things can happen. A simple
way to see the possible difficulties is to consider the extreme case in which the
random variables Xn are all copies of a single random variable X, where X can have
any distribution. Then the scaled partial sum n−1Sn has the law of X, so n−1Sn ⇒
X. Obviously there is no unifying stochastic-process limit in this degenerate case.

Nevertheless, it is important to study strong dependence, because it can be
present. With strong dependence, we need to find some appropriate way to intro-
duce strong structure to replace the independence we are giving up. Fortunately,
ways to do this have been discovered, but no doubt many more remain to be dis-
covered. We refer to Beran (1994), Eberlein and Taqqu (1986) and Samorodnitsky
and Taqqu (1994) for more discussion and references.

We will discuss two approaches to strong dependence in this section. One is to
exploit Gaussian processes. Gaussian processes are highly structured because they
are fully characterized by their first and second moments, i.e., the mean function
and the covariance function. The other approach is to again exploit independence,
but in a modified form.

When we introduce this additional structure, it often becomes possible to estab-
lish stochastic-process limits with strong dependence. Just as with the heavy tails
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considered in Section 4.5, the strong dependence has a dramatic impact on the form
of the stochastic-process limits, changing both the scaling and the limit process.

4.6.1. Strong Positive Dependence
Consider a stationary sequence {Xn : n ≥ 1} with EXn = 0 and V ar Xn < ∞.
Since the variance V ar Xn is assumed to be finite, we call this the light-tailed case;
in the next section we consider the heavy-tailed case in which V ar Xn = ∞. Strong
dependence can be defined by saying that the natural mixing conditions character-
izing weak dependence, as in Theorem 4.4.1, no longer hold. However, motivated
by applications, we are interested in a particular form of strong dependence called
strong positive dependence. Roughly speaking, with positive dependence, we have

V ar(Sn) > nV ar(X1) for n > 1 ,

i.e., the variance of the nth partial sum is greater than it would be in the IID case.
We are interested in the case in which this is true for all sufficiently large n (ignoring
departures from the assumption in a short time scale).

Even though V ar Xn is finite, there may be so much dependence among the
successive variables Xn that the variance of the partial sum Sn ≡ X1 + · · · + Xn is
not of order n. Unlike (4.3), we are now primarily interested in the case in which

lim
n→∞

V ar(Sn)
n

= ∞ . (6.1)

In particular, we assume that V ar(Sn) is a regularly varying function with index
2H for some H with

1/2 < H < 1 , (6.2)

i.e.,

V ar(Sn) = n2HL(n) as n → ∞ , (6.3)

where L(t) is a slowly varying function; see Appendix A. The principal case of
interest for applications is L(t) → c as t → ∞ for some constant c. When (6.2)
and (6.3) hold, we say that {Xn} and {Sn} exhibit strong positive dependence.
Since V ar(Sn) ≤ n2 V ar X1, (6.2) covers the natural range of possibilities when
(6.1) holds. In fact, we allow 0 < H < 1, which also includes negative dependence.

We primarily characterize and quantify the strong dependence through the
asymptotic form of the variance of the partial sums, as in (6.3). However, it is
important to realize that we still need to impose additional structure in order to
allow us to focus only on these variances. We will impose appropriate structure
below.

It is natural to deduce the asymptotic form of the variance Var(Sn) in (6.3)
directly, but we could instead start with a detailed characterization of the co-
variances between variables in the sequence {Xn}. We want to complement the
weak-dependent case in (4.3) and (4.4), so we focus on the cases with H = 1/2. We
state the result as a lemma; see p. 338 of Samorodnitsky and Taqqu (1994). We
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state the result for pure power asymptotics, but there is an extension to regularly
varying functions.

Lemma 4.6.1. (from covariance asymptotics to variance asymptotics) Suppose
that the covariances have the asymptotic form

rn ≡ Cov(X1, X1+n) ≡ E[(X1 − EX1)(X1+n − EX1+n)] ∼ cn2H−2

as n → ∞. If c > 0 and 1/2 < H < 1, then

V ar(Sn) ∼ c
n2H

H(2H − 1)
as n → ∞ .

If c < 0 and 0 < H < 1/2, then

V ar(Sn) ∼ |c| n2H

H(1 − 2H)
as n → ∞ .

In this setting with Var(Xn) < ∞ and centering to zero mean, the natural scaled
process is

Sn(t) ≡ c−1
n S�nt�, t ≥ 0 , (6.4)

where

cn ≡ (V ar(Sn))1/2 . (6.5)

With the scaling in (6.4), we have

ESn(t) = 0 and V ar(Sn(t)) = t, t ≥ 0 .

Space scaling asymptotically equivalent to (6.5) is required to get convergence of
the second moments to a proper limit. We will find conditions under which Sn ⇒ S
in D and identify the limit process S. Note that the strong positive dependence
causes cn/

√
n → ∞ as n → ∞.

4.6.2. Additional Structure
We now impose the additional structure needed in order to obtain a FCLT. As
indicated above, there are two cases that have been quite well studied. In the
first case, {Xn} is a zero-mean Gaussian sequence. Then the finite-dimensional
distributions are determined by the covariance function. A generalization of this
first case in which Xn = g(Yn), where {Yn} is Gaussian and g : R → R is a
smooth nonlinear function, has also been studied, e.g., see Taqqu (1975, 1979) and
Dobrushin and Major (1979), but we will not consider that case. It gives some idea
of the complex forms possible for limit processes with strong dependence.

In the second case, the basic stationary sequence {Xn} has the linear-process
representation

Xn ≡
∞∑

j=0

ajYn−j , n ≥ 1 , (6.6)
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where {Yn : −∞ < n < ∞} is a two-sided sequence of IID random variables with
EYn = 0 and EY 2

n = 1, and {aj : j ≥ 0} is a sequence of (deterministic, finite)
constants with

∞∑
j=0

a2
j < ∞ . (6.7)

With (6.6), the stochastic process {Xn} is said to obtained from the underlying
process {Yn} by applying a linear filter; e.g., see p. 8 of Box, Jenkins and Reinsel
(1994).

In fact, the linear-process representation tends to include the Gaussian sequence
as a special case, because if {Xn} is a stationary Gaussian process, then under minor
regularity conditions, {Xn} can be represented as in (6.6), where {Yn} is a sequence
of IID random variables distributed as N(0, 1); e.g., see Hida and Hitsuda (1976).
Of course, in general the random variables in the linear-process representation need
not be normally distributed. Thus, the linear-process representation includes the
Gaussian sequence as a special case.

The second case can also be generalized by considering variables g(Xn) for Xn

in (6.6) and g : R → R a smooth nonlinear function, see Avram and Taqqu (1987)
and references there, but we will not consider that generalization either. It provides
a large class of stochastic-process limits in a setting where the strong dependence
is still quite tightly controlled by the underlying linear-process representation.

It is elementary that {Xn} in (6.6) is a stationary process and

V ar(Xn) =
∞∑

j=0

a2
j ,

so that condition (6.7) ensures that V ar(Xn) < ∞, as assumed before. It is also
easy to determine the covariance function for Xn:

rn =
∞∑

j=0

ajaj+n.

The nth partial sum can itself be represented as a weighted sum of the variables
from the underlying sequence {Yn}, namely,

Sn =
n∑

k=−∞
Ykan,k ,

where

an,k =

{ ∑n−k
j=0 aj , 1 ≤ k ≤ n,∑n+k
j=k aj , k ≤ 0 .

Example 4.6.1. Power weights.
Suppose that the weights aj in (6.6) have the relatively simple form

aj = cj−γ . (6.8)
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To get strong positive dependence with (6.7), we need to require that 1/2 < γ < 1.
The associated covariances are

rn = c2
∞∑

j=0

j−γ(j + n)−γ .

By applying the Euler-Maclaurin formula, Chapter 8 of Olver (1974), and the
change of variables x = nu, we obtain the asymptotic form of rn:

rn ∼ c2
∫ ∞

0
x−γ(x + n)−γ dx ∼ n1−2γc2

∫ ∞

0
u−γ(1 + u)−γ du

as n → ∞, where∫ ∞

0
u−γ(1 + u)−γ du = B(1 − γ, 2γ − 1) = Γ(1 − γ)Γ(2γ − 1)/Γ(γ)

with B(z, w) and Γ(z) the beta and gamma functions; see 6.1.1, 6.2.1 and 6.2.2 of
Abramowitz and Stegun (1972). Hence

rn ∼ C1n
1−2γ as n → ∞ , (6.9)

where

C1 = c2Γ(1 − γ)Γ(2γ − 1)/Γ(γ) . (6.10)

By Lemma 4.6.1, H = (3 − 2γ)/2 and

V ar(Sn) ∼ C2n
3−2γ as n → ∞ , (6.11)

where

C2 = 2c2Γ(1 − γ)Γ(2γ − 1)/Γ(γ)(3 − 2γ)2 . (6.12)

For instance, if γ = 3/4, then H = 3/4 and C2 = 41.95c2 for c in (6.8).

4.6.3. Convergence to Fractional Brownian Motion
We can deduce that the limit process S for Sn in (6.4), with (6.6) holding, must be
a Gaussian process. First, if the basic sequence {Xn : n ≥ 1} is a Gaussian process,
then the scaled partial-sum process {Sn(t) : t ≥ 0} must also be a Gaussian process
for each n, which implies that S must be Gaussian if Sn ⇒ S. Hence, if a limit
holds more generally without the Gaussian condition, then the limit process must
be as determined for the special case.

Alternatively, starting from the linear-process representation (6.6) with a general
sequence {Yn} of IID random variables with EYn = 0 and EY 2

n = 1, we can apply
the central limit theorem for nonidentically distributed summands, e.g., as on p. 262
of Feller (1971), and the Cramer-Wold device in Theorem 4.3.3 to deduce that

(Sn(t1), . . . ,Sn(tk)) ⇒ (S(t1), . . . ,S(tk)) in R
k
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for all positive integers k and all k-tuples (t1, . . . , tk) with 0 ≤ t1 < · · · < tk, where
(S(t1), . . . ,S(tk)) must have a Gaussian distribution. Thus, weak convergence in D
only requires in addition showing tightness.

The limit process in the FCLT is fractional Brownian motion (FBM). Standard
FBM is the zero-mean Gaussian process ZH ≡ {ZH(t) : t ≥ 0} with covariance
function

rH(s, t) ≡ Cov(ZH(s),ZH(t)) ≡ 1
2
(t2H + s2H − (t − s)2H) , (6.13)

where any H with 0 < H < 1 is allowed. For H = 1/2, standard FBM reduces to
standard Brownian motion.

Standard FBM can also be expressed as a stochastic integral with respect to
standard Brownian motion; in particular,

ZH(t) =
∫ t

−∞
wH(t, u)dB(u) , (6.14)

where

wH(t, u) =

⎧⎪⎪⎨
⎪⎪⎩

0, u ≥ t,

(t − u)H−1/2, 0 ≤ u < t ,

(t − u)H−1/2 − (−u)H−1/2 u < 0 .

(6.15)

Of course, some care is needed in defining the stochastic integral with respect to
Brownian motion, because the paths are of unbounded variation, but this problem
has been addressed; e.g., see Karatzas and Shreve (1988), Protter (1992), Section
2.4 of Beran (1994) and Chapter 7 of Samorodnitsky and Taqqu (1994).

Note that (6.14) should be consistent with our expectations, given the initial
weighted sum in (6.6). From (6.14) we can see how the dependence appears in FBM.
We also see that FBM is a smoothed version of BM. For example, from (6.14) it is
evident that FBM has continuous sample paths. The process FBM is also H-self-
similar, which can be regarded as a consequence of being a weak-convergence limit,
as discussed in Section 4.2.

We are now ready to state the FCLT, which is due to Davydov (1970); also see p.
288–289 of Taqqu (1975). Note that the theorem always holds for 1/2 ≤ H < 1, but
also holds for 0 < H < 1/2 under extra moment conditions (in (6.17) below). These
extra moment conditions are always satisfied in the Gaussian case. For refinements,
see Avram and Taqqu (1987) and references therein.

Theorem 4.6.1. (FCLT for strong dependence and light tails) Suppose that the
basic stationary sequence {Xn : n ≥ 1} is either a zero-mean Gaussian process or
a zero-mean linear process as in (6.6) and (6.7) with E[X2

n] < ∞. If

V ar(Sn) = c2
n ≡ n2HL(n), n ≥ 1 , (6.16)

for 0 < H < 1, where L is slowly varying, and, in the nonGaussian case,

E|Sn|2a ≤ K(E[S2
n]a) for some a > 1/H (6.17)
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for some constant K, then

Sn ⇒ ZH in (D, J1) (6.18)

for Sn in (6.4) with cn in (6.16) and ZH standard FBM with self-similarity index
H.

Remark 4.6.1. Applying the continuous-mapping approach. Considering the linear-
process representations in (6.6) and (6.14), it is natural to view the limit in (6.18)
as convergence of stochastic integrals∫

wndBn →
∫

wdB , (6.19)

where the integrands are deterministic, the limiting stochastic integral corresponds
to (6.14) and

Bn(t) = n−1/2
�nt�∑
i=1

Yi, t ≥ 0 .

Donsker’s theorem states that Bn ⇒ B in D. It remains to show that wn → w in a
manner so that (6.19) holds. An approach to weak convergence of linear processes
along this line is given by Kasahara and Maejima (1986). An earlier paper in this
spirit for the special case of discounted processes is Whitt (1972). For more on
convergence of stochastic integrals, see Kurtz and Protter (1991) and Jakubowski
(1996). The point of this remark is that Theorem 4.6.1 should properly be viewed
as a consequence of Donsker’s FCLT and the continuous-mapping approach.

The linear-process representation in (6.6) is convenient mathematically to im-
pose structure, because we have constructed the stationary sequence {Xn} from
an underlying sequence of IID random variables with finite second moments, which
we know how to analyze. What may not be evident, however, is that the linear-
process representation can arise naturally from modelling. We show that it can arise
naturally from time-series modeling in Section 2.5 of the Internet Supplement.

In Chapter 1, the random-walk simulations suggested stochastic-process limits.
Having already proved convergence to FBM, we now can use the stochastic-process
limits to provide a way to simulate FBM.

Example 4.6.2. Simulating FBM. We can simulate FBM, or more properly an
approximation of FBM, by simulating a random walk {Sn} with steps Xn satisfy-
ing the linear-process representation in (6.6), where {Yn} is IID with mean 0 and
variance 1. We will let Yi

d= N(0, 1). As part of the approximation, we truncate the
series in (6.6). That can be done by assuming that aj = 0 for j ≥ N , where N is
suitably large.

As in Chapter 1, the plotter does the appropriate space scaling automatically.
In order to verify that what we see is consistent with the theory, we calculate the
appropriate space-scaling constants. To be able to do so conveniently, we use the
power weights in Example 4.6.1 with c = 1 and γ = 3/4. As indicated there, then
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Figure 4.1. Four independent realizations of the first 102 steps of the unscaled random
walk {Sk : 0 ≤ k ≤ n} associated with the strongly dependent steps in Example 4.6.1.

the self-similarity index is H = 3/4, Var(Sn) ∼ 41.95n2H and the space-scaling
constants are

cn =
√

V ar(Sn) = 6.477n3/4 .

We plot Sk for 0 ≤ k ≤ n for n = 102 and n = 103 in Figures 4.1 and 4.2. We
plot four independent replications in each case. In these examples, we let N = 104.
We use smaller n than in the IID case, because the computation is more complex,
tending to require work of order nN . Comparing Figure 4.1 to Figures 1.3 and 1.4,
we see that the sample paths of FBM are smoother than the paths of BM, as we
should anticipate from (6.14).

As in Chapter 1, we can see emerging statistical regularity by considering succes-
sively larger values of n. The plots tend to look the same as n increases. However,
as with the heavy-tailed distributions (the Noah effect), there is more variability
from sample path to sample path than in the IID light-tailed case, as depicted in
Figures 1.3 and 1.4. Even though the steps have mean 0, the strong dependence
often make the plots look like the steps have nonzero mean. These sample paths
show that it would be impossible to distinguish between strong dependence and
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Figure 4.2. Four independent realizations of the first 103 steps of the unscaled random
walk {Sk : 0 ≤ k ≤ n} associated with the strongly dependent steps in Example 4.6.1.

nonstationarity from only a modest amount of data, e.g., from only a few sample
paths like those in Figures 4.1 and 4.2.

The standard deviations of Sn for n = 100 and n = 1, 000 are 205 and 1152,
respectively. That is consistent with the final positions seen in Figures 4.1 and 4.2.

Since it is difficult to simulate the random walk Sn with dependent steps Xn,
it is natural to seek more efficient methods to simulate FBM. For discussion of
alternative methods, see pp. 370, 588 of Samorodnitsky and Taqqu (1994).

The strong dependence poses a difficulty because of increased variability. The
increased variability is indicated by the growth rate of V ar(Sn) as n → ∞. However,
the strong dependence also has a positive aspect, providing an opportunity for
better prediction.

Remark 4.6.2. Exploiting dependence for prediction. The strong dependence
helps to exploit observations of the past to predict process values in the not-too-
distant future. To illustrate, suppose that we have a linear process as in (6.6), and
that as time evolves we learn the values of the underlying sequence Yn, so that
after observing Xn and Sn we know the variables Yj for j ≤ n. From (6.6), the
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conditional means and variances are

E[Xn+k|Yj , j ≤ n] =
∞∑

j=0

ak+jYn−j , (6.20)

V ar(Xn+k|Yj , j ≤ n) ≡ E[(Xn+k − E[Xn+k|Yj , j ≤ n])2] =
k−1∑
j=0

a2
j , (6.21)

E[Sn+k|Yj , j ≤ n] =
∞∑

j=0

(
j+k∑

i=j+1

ai)Yn−j (6.22)

and

V ar(Sn+k|Yj , j ≤ n) ≡ E[(Sn+k − E[Sn+k|Yj , j ≤ n])2] =
k−1∑
j=0

(
j∑

i=0

ai)2 .

If we use a criterion of mean-squared error, then the conditional mean is the best
possible predictor of the true mean and the conditional variance is the resulting
mean-squared error. A similar analysis applies to FBM, assuming that we learn
the history of the underlying Brownian motion in the linear-process representation
in (6.14). However, in many applications we can only directly observe the past of
the sequence {Xn}, or the FBM ZH(t) in case of the limit process. Fortunately,
prediction can still be done by expoliting time-series methods. We discuss prediction
in queues in Remark 8.7.2.

In some applications (e.g., at the end of Section 7.2 below) we will want
continuous-time analogs of Theorem 4.6.1. With continuous-time processes, we need
to work harder to establish tightness. We show how this can be done for Gaussian
processes with continuous sample paths.

Theorem 4.6.2. (FCLT for Gaussian processes in C) If {Y (t) : t ≥ 0} is a zero-
mean Gaussian process with stationary increments, sample paths in C, Y (0) =
0,

V arY (t) ∼ ct2H as t → ∞ (6.23)

and

V arY (t) ≤ Kt2H for all t ≥ 0 (6.24)

for some constants c, K and H with 1/2 < H < 1, then

Zn ⇒ cZH in (C, U) ,

where ZH is standard FBM and

Zn(t) ≡ n−HY (nt), t ≥ 0 .
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Proof. For each n, Zn is a Gaussian process. Given (6.23), it is elementary that
cov(Zn(s),Zn(t)) → cov(Z(s),Z(t)) as n → ∞ for all s and t. That establishes
convergence of the finite-dimensional distributions. By (6.24),

E[(Zn(t) − Zn(s))2] = n−2HV arY (n(t − s)) ≤ K(t − s)2H ,

which implies tightness by Theorem 11.6.5.

4.7. Heavy Tails Plus Dependence

The previous three sections described FCLTs with only heavy tails (Section 4.5) and
with only dependence (Sections 4.4 and 4.6). The most complicated case involves
both heavy tails and dependence. Unfortunately, there is not yet a well developed
theory for stochastic-process limits in this case. Evidently, a significant part of
the difficulty stems from the need to use nonstandard topologies on the function
space D; e.g., see Avram and Taqqu (1992) and Jakubowski (1996). Hence, this
interesting case provides additional motivation for the present book, but it remains
to establish important new results.

We start by considering the natural analog of Section 4.4 to the case of heavy
tails: stable limits with weak dependence. Since the random variables do not have
finite variances, even describing dependence is complicated, because the covariance
function is not well defined. However, alternatives to the covariance have been
developed; see Samorodnitsky and Taqqu (1994). We understand weak dependence
to hold when there is dependence but the stochastic-process limit is essentially the
same as in the IID case.

We state one result for stable limits with weak dependence. It is a FCLT for linear
processes with heavy tails. However, there is a significant complication caused by
having dependence together with jumps in the limit process. To obtain a stochastic-
process limit in D, it is necessary to use the M1 topology on D. Moreover, even
with the M1 topology, it is necessary to impose additional conditions in order to
establish the FCLT.

4.7.1. Additional Structure
Just as in the last section, in this section we assume that the basic sequence {Xn :
n ≥ 1} is a stationary sequence with a linear-process representation

Xn ≡
∞∑

j=0

ajYn−j , (7.1)

where the innovation process {Yn : −∞ < n < ∞} is a sequence of IID random
variables, but now we assume that Yn has a heavy-tailed distribution. In particular,
we assume that the distribution of Yn is in the domain of attraction of a stable law
Sα(1, β, 0) with 0 < α < 2; i.e., we assume that (5.21) and (5.22) hold. That in
turn implies that V ar(Yn) = ∞.
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Given the stable index α, we assume that
∞∑

j=0

|aj |α−ε < ∞ for some ε > 0 . (7.2)

Condition (7.2) ensures that the sum (7.1) converges in the Lp space for p =
α − ε and w.p.1; see Avram and Taqqu (1992). However, the variance V ar(Xn) is
necessarily infinite.

We first remark that condition (7.2) permits quite strong dependence, because
we can have

aj ∼ cj−γ as j → ∞ for any γ > α−1 , (7.3)

where c is a positive constant, so we might have
∑∞

j=1 |aj | = ∞.
For simplicity, we assume that EYn = 0 if 1 < α < 2 and that the distribution

of Yn is symmetric if α = 1. Then, under the assumptions above, Theorems 4.5.1
and 4.5.3 imply that

Sn ⇒ S in (D, J1) , (7.4)

where

Sn(t) ≡ c−1
n

�nt�∑
i=1

Yi, t ≥ 0 , (7.5)

S is a stable process with S(1) d= Sα(1, β, 0) and cn = n1/αL(n) for some slowly
varying function L. We are interested in associated FCLTs for

Zn(t) ≡ c−1
n

�nt�∑
i=1

Xi, t ≥ 0 , (7.6)

for {Xn} in (7.1) and {cn : n ≥ 1} in (7.5).

4.7.2. Convergence to Stable Lévy Motion
In considerable generality, Zn in (7.6) satisfies essentially the same FCLT as Sn in
(7.5), with the limit being a constant multiple of the previous limit S. The following
result is from Astrauskas (1983), Davis and Resnick (1985) and Avram and Taqqu
(1992). Note that the M1 topology is used. Let Zn ⇒ Z in (D, f.d.d.) mean that
there is convergence of all finite-dimensional distributions.

Theorem 4.7.1. (FCLT for a linear process with heavy tails) Suppose that the
sequence {Xn} is the linear process in (7.1) satisfying the assumptions above, which
imply (7.4). If, in addition,

∞∑
j=0

|aj | < ∞ , (7.7)
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then

Zn ⇒ (
∞∑

j=0

aj)S in (D, f.d.d.)

for S in (7.4) and Zn in (7.6). Suppose, in addition, that ai ≥ 0 for all i. If any
one of the following conditions hold:

(i) 0 < α ≤ 1,

(ii) ai = 0 for only finitely many i,

(iii) α > 1,
∑∞

i=1 |ai|ν < ∞ for some ν < 1 and {ai} is a monotone sequence,

then

Zn ⇒ (
∞∑

j=0

aj)S in (D, M1) .

Avram and Taqqu (1992) actually established the M1-convergence part of Theo-
rem 4.7.1 under a somewhat weaker condition than stated above. Avram and Taqqu
(1992) show that the M1 topology is critical in Theorem 4.7.1; the result does not
hold in (D, J1) if there are at least two nonzero coefficients in (7.1). Indeed, that is
evident because an exceptionally large value of Yn will correspond to more than one
exceptionally large value in the Xn; i.e., the jump in the limit process for Zn will
correspond to more than one jump in the converging processes. The linear-process
structure is yet another setting leading to unmatched jumps in the limit process,
requiring the M1 topology instead of the familiar J1 topology.

Note that the limit process in Theorem 4.7.1 has independent increments. Thus,
just as in Section 4.4, the dependence in the original process is asymptotically
negligible in the time scaling of the stochastic-process limit. Thus, the predicted
value of S�cn� for c > 1 given Sj , j ≤ n, is about Sn. At that time scale, there is not
much opportunity to exploit past observations, beyond the present value, in order
to predict future values.

Example 4.7.1. Simulation to experience Theorem 4.7.1. To illustrate Theorem
4.7.1, suppose that Y1 has the Pareto(p) distribution with p = 3/2, just as in Section
1.4. Let the weights be aj = j−8 for j ≥ 0. We simulate the random walk just as
in Example 4.6.2. Since the weights decay faster here, it suffices to use a smaller
truncation point N ; we use N = 100. We plot four independent replications of the
random walk {Sk : 0 ≤ k ≤ n} for n = 1, 000 in Figure 4.3. The plots look just like
the plots of the random walk in the IID case in Figures 1.20, 1.21 and 1.22. Thus
the simulation is consistent with Theorem 4.7.1.

4.7.3. Linear Fractional Stable Motion
Note that the conditions of Theorem 4.7.1 do not cover the case in which

aj ∼ cj−γ as j → ∞ (7.8)
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Figure 4.3. Four independent realizations of the first 103 steps of the unscaled random
walk {Sk : 0 ≤ k ≤ n} associated with the dependent heavy-tailed steps in Example 4.7.1.

for c > 0 and α−1 < γ ≤ 1, where 1 < α < 2. We include γ > α−1 in (7.8) so that
condition (7.2) is still satisfied, but condition (7.7) is violated. We refer to this case
as strong positive dependence with heavy tails.

The limit process when (7.8) holds is linear fractional stable motion (LFSM),
which is an H-sssi α-stable process with self-similarity index

H = α−1 + 1 − γ > α−1 , (7.9)

where 1 < α < 2, so that 2−1 < α−1 < 1, and H < 1; see Sections 7.3 and 7.4 of
Samorodnitsky and Taqqu (1994).

Paralleling the representation of FBM as a stochastic integral with respect to
standard Brownian motion in (6.14), we can represent LFSM as a stochastic integral
with respect to stable Lévy motion; in particular, for 1 < α < 2 and α−1 < H < 1,

ZH,α(t) =
∫ t

−∞
wH(t, u)dSα(u) , (7.10)
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where Sα is an α-stable Lévy motion with Sα(1) d= Sα(1, β, 0) and

wH(t, u) =

⎧⎪⎪⎨
⎪⎪⎩

0, u ≥ t,

(t − u)H−1/α, 0 ≤ u < t ,

(t − u)H−1/α − (−u)H−1/α u < 0 ;

(7.11)

The LFSM in (7.10) is natural because ZH,α(t) depends upon Sα only over the
interval (−∞, t] for any t, so that we can regard Sα as an innovation process. For
more general LFSMs, see Samorodnitsky and Taqqu (1994). It is significant that the
LFSM above has continuous sample paths; see Theorem 12.4.1 of Samorodnitsky
and Taqqu (1994).

Theorem 4.7.2. (FCLT with both the Noah and Joseph effects) Suppose that the
basic sequence {Xn} has the linear-process representation (7.1), where {Yn} is a
sequence of IID random variables with Y1 in the normal domain of attraction of
the stable law Sα(1, β, 0) i.e., such that (5.26) and (5.27) hold. If, in addition, (7.8)
holds, then

Zn ⇒ ZH,α in (D, J1) ,

where ZH,α is LFSM in (7.10) and Zn is the scaled partial-sum process in (7.6)
with space-scaling constants

cn = nH(A/Cα)1/α(c/(1 − γ)), n ≥ 1 (7.12)

for A in (5.26), Cα in (5.14), (c, γ) in (7.8) and the self-similarity index H in (7.9).

By Theorem 4.5.2, under the assumptions in Theorem 4.7.2, the space-scaling
constants for the partial sums of Yn are cn = (nA/Cα)1/α. From (7.12), we
see that the linear-process representation produces the extra multiplicative factor
nH−α−1

c(1 − γ)−1.
We remark that Astrauskas (1983) actually proved a more general result, allowing

both the tail probability P (|Y1| > x) and the weights aj to be regularly varying at
infinity instead of pure power tails. For extensions of Theorems 4.7.1 and 4.7.2, see
Hsing (1999) and references therein.

Example 4.7.2. Simulating LFSM.
To illustrate Theorem 4.7.2, suppose that Y1 has the Pareto(p) distribution with

p = 3/2, just as in Example 4.7.1, but now let the weights be aj = j−γ for γ =
3/4, just as in Example 4.6.2. Hence we have combined the heavy-tailed feature of
Example 4.7.1 with the strong-dependence feature in Example 4.6.2. Since α = p,

γ > α−1 = 2/3

and (7.8) is satisfied. From (7.9), the self-similarity index in this example is

H = α−1 + 1 − γ = 11/12 ,

so that H is much greater than 1/2.
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Figure 4.4. Four independent realizations of the first 103 steps of the unscaled random
walk {Sk : 0 ≤ k ≤ n} associated with the strongly dependent steps in Example 4.7.2.

We simulate the random walk just as in Example 4.7.1, except that we let the
truncation point N be higher because of the more slowly decaying weights; in
particular, now we let N = 1, 000. We plot four independent replications of the
random walk {Sk : 0 ≤ k ≤ n} for n = 1, 000 in Figure 4.4.

Unlike the plots in Figure 4.3, it is evident from Figure 4.4 that the sample paths
are now continuous. However, the heavy tails plus strong dependence can induce
strong surges up and down. The steady downward trend in the first plot occurs
because there are relatively few larger values. The sudden steep upward surge at
about j = 420 in the fourth plot in Figure 4.4 occurs because of a few exceptionally
large values at that point. In particular, Y416 = 17.0, Y426 = 88.1 and Y430 = 24.3.
In contrast, in the corresponding plot of FBM in Figure 4.2 with the same weights
aj = j−3/4, all 2, 000 of the normally distributed Yj satisfy |Yj | ≤ 3.2. Finally, note
that the large value of H is consistent with the large observed values of the range
in the plots.

From the dependent increments in the LFSM limit process, it is evident that there
is again (as in Section 4.6) an opportunity to exploit the history of past observations
in order to predict future values of the process. With strong dependence plus heavy-
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tailed distributions, the statistical techniques are more complicated, but there is
a growing literature; see Samorodnitsky and Taqqu (1994), Kokoszka and Taqqu
(1995, 1996a,b), Montanari, Rosso and Taqqu (1997), Embrechts, Klüppelberg and
Mikosch (1997) and Adler, Feldman and Taqqu (1998).

4.8. Summary

We have now presented FCLTs for partial sums in each of the four cases – light or
heavy tails with weak or strong dependence. We summarize the results in the table
below.

Dependence
Weak Strong

Joseph effect

light Sections 4.3 and 4.4 Section 4.6
Tails

heavy
Section 4.5 Theorem 4.7.2

Noah Theorem 4.7.1
effect

Table 4.1. The four kinds of FCLTs discussed in Sections 4.3–4.7

In conlusion, we observe that the theory seems far from final form for the strong
dependence discussed in Sections 4.6 and 4.7 and for heavy tails with any form of de-
pendence. The results should be regarded as illustrative of what is possible. Careful
study of specific applications is likely to unearth important new limit processes.

We next show how the continuous-mapping approach can be applied with estab-
lished stochastic-process limits to establish heavy-traffic stochastic-process limits
for queues. In Chapter 7 we present additional established stochastic-process limits.



5
Heavy-Traffic Limits for Fluid Queues

5.1. Introduction

In this chapter we see how the continuous-mapping approach can be applied
to establish heavy-traffic stochastic-process limits for queueing models, and how
those heavy-traffic stochastic-process limits, in turn, can be applied to obtain
approximations for queueing processes and gain insight into queueing performance.

To establish the heavy-traffic stochastic-process limits, the general idea is to rep-
resent the queueing “content” process of interest as a reflection of a corresponding
net-input process. For single queues with unlimited storage capacity, a one-sided
one-dimensional reflection map is used; for single queues with finite storage capacity,
a two-sided one-dimensional reflection map is used. These one-dimensional reflection
maps are continuous as maps from D to D with all the principal topologies consid-
ered (but not M2) by virtue of results in Sections 13.5 and 14.8. Hence, FCLT’s for
scaled net-input processes translate into corresponding FCLT’s for scaled queueing
processes.

Thus we see that the relatively tractable heavy-traffic approximations can be re-
garded as further instances of the statistical regularity stemming from the FCLT’s in
Chapter 4. The FCLT for the scaled net-input processes may be based on Donsker’s
theorem in Section 4.3 and involve convergence to Brownian motion; then the limit
process for the scaled queueing processes is reflected Brownian motion (RBM). Al-
ternatively, the FCLT for the scaled net-input processes may be based on one of
the other FCLT’s in Sections 4.5 – 4.7 and involve convergence to a different limit
process; then the limit process for the scaled queueing processes is the reflected
version of that other limit process.
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For example, when the net-input process can be constructed from partial sums of
IID random variables with heavy-tailed distributions, Section 4.5 implies that the
scaled net-input processes converge to a stable Lévy motion; then the limit process
for the queueing processes is a reflected stable Lévy motion. The reflected stable
Lévy motion heavy-traffic limit describes the effect of the extra burstiness due to
the heavy-tailed distributions.

As indicated in Section 4.6, it is also possible to have more burstiness due to
strong positive dependence or less burstiness due to strong negative dependence.
When the net-input process has such strong dependence with light-tailed distribu-
tions, the scaled net-input processes may converge to fractional Brownian motion;
then the limit process for the scaled queueing processes is reflected fractional
Brownian motion.

In this chapter, attention will be focused on the “classical” Brownian approxima-
tion involving RBM and its application. For example, in Section 5.8 we show how
the heavy-traffic stochastic-process limit with convergence to RBM can be used to
help plan queueing simulations, i.e., to estimate the required run length to achieve
desired statistical precision, as a function of model parameters. Reflected stable
Lévy motion will be discussed in Sections 8.5 and 9.7, while reflected fractional
Brownian motion will be discussed in Sections 8.7 and 8.8.

In simple cases, the continuous-mapping approach applies directly. In other cases,
the required argument is somewhat more complicated. A specific simple case is the
discrete-time queueing model in Section 2.3. In that case, the continuous-mapping
argument applies directly: FCLT’s for the partial sums of inputs Vk translate imme-
diately into associated FCLT’s for the workload (or buffer-content) process {Wk},
exploiting the continuity of the two-sided reflection map. The continuous-mapping
approach applies directly because, as indicated in (3.5) in Chapter 1, the scaled
workload process is exactly the reflection of the scaled net-input process, which itself
is a scaled partial-sum process. Thus all the stochastic-process limits in Chapter 4
translate into corresponding heavy-traffic stochastic-process limits for the workload
process in Section 2.3.

In this chapter we see how the continuous-mapping approach works with related
continuous-time fluid-queue models. We start considering fluid queues, instead of
standard queues (which we consider in Chapter 9), because fluid queues are easier
to analyze and because fluid queues tend to serve as initial “rough-cut” models for
a large class of queueing systems. The fluid-queue models have recently become
popular because of applications to communication networks, but they have a long
history. In the earlier literature they are usually called dams or stochastic storage
models; see Moran (1959) and Prabhu (1998). In addition to queues, they have
application to inventory and risk phenomena.

In this chapter we give proofs for the theorems, but the emphasis is on the
statement and applied significance of the theorems. The proofs illustrate the
continuous-mapping approach for establishing stochastic-process limits, exploiting
the useful functions introduced in Section 3.5. Since the proofs draw on material
from later chapters, upon first reading it should suffice to focus, first, on the the-
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orem statements and their applied significance and, second, on the general flow of
the argument in the proofs.

5.2. A General Fluid-Queue Model

In a fluid-queue model, a divisible commodity (fluid) arrives at a storage facility
where it is stored in a buffer and gradually released. We consider an open model in
which fluid arrives exogenously (from outside). For such open fluid-queue models,
we describe the buffer content over time. In contrast, in a standard queueing model,
which we consider in Chapter 9, individual customers (or jobs) arrive at a service
facility, possibly wait, then receive service and depart. For such models, we count
the number of customers in the system and describe the experience of individual
customers. The fluid queue model can be used to represent the unfinished work
in a standard queueing model. Then the input consists of the customer service
requirements at their arrival epochs. And the unfinished work declines at unit rate
as service is provided.

In considering fluid-queue models, we are motivated to a large extent by the need
to analyze the performance of evolving communication networks. Since data carried
by these networks are packaged in many small packets, it is natural to model the
flow as fluid, i.e., to think of the flow coming continuously over time at a random
rate. A congestion point in the network such as a switch or router can be regarded
as a queue (dam or stochastic storage model), where input is processed at constant
or variable rate (the available bandwidth). Thus, we are motivated to consider
fluid queues. However, we should point out that other approaches besides queueing
analysis are often required to engineer communication networks; to gain perspective,
see Feldmann et al. (2000, 2001) and Krishnamurthy and Rexford (2001).

5.2.1. Input and Available-Processing Processes
In this section we consider a very general model: We consider a single fluid queue
with general input and available-processing (or service) processes. For any t > 0,
let C(t) be the cumulative input of fluid over the interval [0, t] and let S(t) be
the cumulative available processing over the interval [0, t]. If there is always fluid to
process during the interval [0, t], then the quantity processed during [0, t] is S(t). We
assume that {C(t) : t ≥ 0} and {S(t) : t ≥ 0} are real-valued stochastic processes
with nondecreasing nonnegative right-continuous sample paths. But at this point
we make no further structural or stochastic assumptions.

A common case is processing at a constant rate µ whenever there is fluid to
process; then

S(t) = µt, t ≥ 0 . (2.1)
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More generally, we could have input and output at random rates. Then

C(t) =
∫ t

0
Ri(s)ds and S(t) =

∫ t

0
Ro(s)ds, t ≥ 0 , (2.2)

where {Ri(t) : t ≥ 0} and {Ro(t) : t ≥ 0} are nonnegative real-valued stochastic
processes with sample paths in D. For example, it is natural to have maximum
possible input and processing rates νi and νo. Then, in addition to (2.2), we would
assume that

0 ≤ Ri(t) ≤ νi and 0 ≤ Ro(t) ≤ νo for all t w.p.1 . (2.3)

With (2.2), the stochastic processes C and S have continuous sample paths. We
regard that as the standard case, but we allow C and S to be more general.

With the general framework, the discrete-time fluid-queue model in Section 2.3
is actually a special case of the continuous-time fluid-queue model considered here.
The previous discrete-time fluid queue is put in the present framework by letting

C(t) ≡
�t�∑
k=1

Vk and S(t) ≡ µ�t�, t ≥ 0 ,

where �t� is the greatest integer less than or equal to t.

5.2.2. Infinite Capacity
We will consider both the case of unlimited storage space and the case of finite stor-
age space. First suppose that there is unlimited storage space. Let W (t) represent
the workload (or buffer content, i.e., the quantity of fluid waiting to be processed)
at time t. Note that we can have significant fluid flow without ever having any
workload. For example, if W (0) = 0, C(t) = λt and S(t) = µt for all t ≥ 0, where
λ < µ, then fluid is processed continuously at rate λ, but W (t) = 0 for all t. How-
ever, if C is a pure-jump process, then the processing occurs only when W (t) > 0.
(The workload or virtual-waiting-time process in a standard queue is a pure-jump
process.)

The workload W (t) can be defined in terms of an initial workload W (0) and a
net-input process C(t) − S(t), t ≥ 0, via a potential-workload process

X(t) ≡ W (0) + C(t) − S(t), t ≥ 0 , (2.4)

by applying the one-dimensional reflection map to X, i.e., by letting

W (t) ≡ φ(X)(t) ≡ X(t) − inf
0≤s≤t

{X(s) ∧ 0}, t ≥ 0 , (2.5)

where a ∧ b = min{a, b}.
We could incorporate the initial workload W (0) into the cumulative-input process

{C(t) : t ≥ 0} by letting C(0) = W (0). Then X would simply be the net-input
process. However, we elect not to do this, because it is convenient to treat the
initial conditions separately in the limit theorems.
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The potential workload represents what the workload would be if we ignored
the emptiness condition, and assumed that there is always output according to the
available-processing process S. Then the workload at time t would be X(t): the sum
of the initial workload W (0) plus the cumulative input C(t) minus the cumulative
output S(t). Since emptiness may sometimes prevent output, we have definition
(2.5).

Formula (2.5) is easy to understand by looking at a plot of the potential workload
process {X(t) : t ≥ 0}, as shown in Figure 5.1. Figure 5.1 shows a possible sample
path of X when S(t) = µt for t ≥ 0 w.p.1 and there is only one on-off source that
alternates between busy periods and idle periods, having input rate r > µ during
busy periods and rate 0 during idle periods. Hence the queue alternates between
net-input rates r − µ > 0 and −µ < 0. The plot of the potential workload process
{X(t) : t ≥ 0} also can be interpreted as a plot of the actual workload process if we
redefine what is meant by the origin. For the workload process, the origin is either
0, if X has not become negative, or the lowest point reached by X. The position of
the origin for W is shown by the shaded dashed line in Figure 5.1.

An important observation is that the single value W (t), for any t > 0, depends
on the initial segment {X(s) : 0 ≤ s ≤ t}. To know W (t), it is not enough to
know the single value X(t). However, by (2.5) it is evident that, for any t > 0,
both W (t) and the initial segment {W (s) : 0 ≤ s ≤ t} are functions of the initial
segment {X(s) : 0 ≤ s ≤ t}. With appropriate definitions, the reflection map
in (2.5) taking the modified net-input process {X(t) : t ≥ 0} into the workload
processes {W (t) : t ≥ 0} is a continuous function on the space of sample paths; see
Section 13.5. Thus, by exploiting the continuous mapping theorem in a function
space setting, a limit for a sequence of potential workload processes will translate
into a corresponding limit for the associated sequence of workload processes.

Remark 5.2.1. Model generality. It may be hard to judge whether the fluid queue
model we have introduced is exceptionally general or restrictive. It depends on the
perspective: On the one hand, the model is very general because the basic stochastic
processes C and S can be almost anything. We illustrate in Chapter 8 by allowing
the input C to come from several on-off sources. We are able to treat that more
complex model as a special case of the model studied here. On the other hand, the
model is also quite restrictive because we assume that the workload stochastic pro-
cess is directly a reflection of the potential-workload stochastic process. That makes
the continuous-mapping approach especially easy to apply. In contrast, as we will
see in Chapter 9, it is more difficult to treat the queue-length process in the stan-
dard single-server queue without special Markov assumptions. However, additional
mathematical analysis shows that the model discrepancy is asymptotically negligi-
ble: In the heavy-traffic limit, the queue-length process in the standard single-server
queue behaves as if it could be represented directly as a reflection of the associated
net-input process. And similar stories hold for other models. The fluid model here
is attractive, not only because it is easy to analyze, but also because it captures
the essential nature of more complicated models.
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Y (t)

W (t)

time t

Figure 5.1. A possible realization of the potential workload process {X(t) : t ≥ 0} and
the actual workload process {W (t) : t ≥ 0} with unlimited storage capacity: The actual
workload process appears if the origin is the heavy shaded dashed line; i.e., solid line -
dashed line = actual workload.

The general goal in studying this fluid-queue model is to understand how assumed
behavior of the basic stochastic processes C and S affects the workload stochastic
process W . For example, assuming that the net-input process C −S has stationary
increments and negative drift, under minor regularity conditions (see Chapter 1 of
Borovkov (1976)), the workload W (t) will have a limiting steady-state distribution.
We want to understand how that steady-state distribution depends on the stochastic
processes C and S. We also want to describe the transient (time-dependent) behav-
ior of the workload process. Heavy-traffic limits can produce robust approximations
that may be useful even when the queue is not in heavy traffic.

We now want to consider the case of a finite storage capacity, but before defining
the finite-capacity workload process, we note that the one-sided reflection map
in (2.5) can be expressed in an alternative way, which is convenient for treating
generalizations such as the finite-capacity model and fluid networks; see Chapter
14 and Harrison (1985) for more discussion. Instead of (2.5), we can write

W (t) ≡ φ(X)(t) ≡ X(t) + L(t) , (2.6)
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where X is the potential workload process in (2.4) and {L(t) : t ≥ 0} is a
nondecreasing “regulator” process that increases only when W (t) = 0, i.e., such
that ∫ t

0
W (s)dL(s) = 0, t ≥ 0 . (2.7)

From (2.5), we know that

L(t) = − inf
0≤s≤t

{X(s) ∧ 0}, t ≥ 0 . (2.8)

It can be shown that the characterization of the reflection map via (2.6) and (2.7)
is equivalent to (2.5). For a detailed proof and further discussion, see Chapter 14,
which focuses on the more complicated multidimensional generalization.

5.2.3. Finite Capacity
We now modify the definition in (2.6) and (2.7) to construct the finite-capacity
workload process. Let the buffer capacity be K. Now we assume that any input
that would make the workload process exceed K is lost. Let

W (t) ≡ φK(X)(t) ≡ X(t) + L(t) − U(t), t ≥ 0 , (2.9)

where again X(t) is the potential workload process in (2.4), the initial condition is
now assumed to satisfy 0 ≤ W (0) ≤ K, and L(t) and U(t) are both nondecreasing
processes. The lower-boundary regulator process L ≡ ψL(X) increases only when
W (t) = 0, while the upper-boundary regulator process U ≡ ψU (X) increases only
when W (t) = K; i.e., we require that∫ t

0
W (s)dL(s) =

∫ t

0
[K − W (s)]dU(s) = 0, t ≥ 0 . (2.10)

The random variable U(t) represents the quantity of fluid lost (the overflow) during
the interval [0, t]. We are often interested in the overflow process {U(t) : t ≥ 0} as
well as the workload process {W (t) : t ≥ 0}.

Note that we can regard the infinite-capacity model as a special case of the
finite-capacity model. When K = ∞, we can regard the second integral in (2.10)
as implying that U(t) = 0 for all t ≥ 0.

Closely paralleling Figure 5.1, for the finite-capacity model we can also depict
possible realizations of the processes X and W together, as shown in Figure 5.2.
As before, the potential workload process is plotted directly, but we also see the
workload (buffer content) process W if we let the origin and upper barrier move
according to the two heavily shaded dashed lines, which remain a distance K apart.
Decreases in the dashed lines correspond to increases in the lower-barrier regulator
process L, while increases in the shaded lines correspond to increases in the upper-
barrier regulator process U . From the Figure 5.2, the validity of (2.9) and (2.10)
is evident. Furthermore, it is evident that the two-sided reflection in (2.9) can be
defined by successive applications of the one-sided reflection map in (2.5) and (2.6)
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corresponding to the lower and upper barriers separately. For further discussion,
see Section 14.8.

Y (t)

time t

K

0

W (t)

Figure 5.2. A possible realization of the potential workload process {X(t) : t ≥ 0} and
the actual workload process {W (t) : t ≥ 0} with finite storage capacity K: The actual
workload process appears if the origin and upper limit are the heavily shaded dashed
lines always a distance K apart. As in Figure 5.1, solid line - lower dashed line = actual
workload.

As in the infinite-capacity case, given K, the initial segment {W (s), L(s), U(s) :
0 ≤ s ≤ t} depends on the potential-workload process X via the corresponding ini-
tial segment {X(s) : 0 ≤ s ≤ t}. Again, under regularity conditions, the reflection
map in (2.9) taking {X(t) : t ≥ 0} into {(W (t), L(t), U(t) : t ≥ 0} is a continu-
ous function on the space of sample paths (mapping initial segments into initial
segments). Thus, stochastic-process limits for X translate into stochastic-process
limits for (W, L, U), by exploiting the continuous-mapping approach with the full
reflection map (φK , ψL, ψU ) in a function space setting.

Let D(t) represent the amount of fluid processed (not counting any overflow)
during the time interval [0, t]. We call {D(t) : t ≥ 0} the departure process.

From (2.4) and (2.9),

D(t) = W (0) + C(t) − W (t) − U(t)
= S(t) − L(t), t ≥ 0 . (2.11)

Note that the departure process D in (2.11) is somewhat more complicated than
the workload process W because, unlike the workload process, the departure pro-
cess cannot be represented directly as a function of the potential workload process
X or the net-input process C − S. Note that these processes do not capture the



5.3. Unstable Queues 145

values of jumps in C and S that occur at the same time. Simultaneous jumps in
C and S correspond to instants at which fluid arrives and some of it is instanta-
neously processed. The fluid that is instantaneously processed immediately upon
arrival never affects the workload process. To obtain stochastic-process limits for
the departure process, we will impose a condition to rule out such cancelling jumps
in the limit processes associated with C and S. In particular, the departure process
is considerably less complicated in the case of constant processing, as in (2.1).

We may also be interested in the processing time T (t), i.e., the time required
to process the work in the system at any time t, not counting any future input.
For the processing time to correctly represent the actual processing time for the
last particle of fluid in the queue, the fluid must be processed in the order of
arrival. The processing time T (t) is the first passage time to the level W (t) by the
future-available-processing process {S(t + u) − S(t) : u ≥ 0}, i.e.,

T (t) ≡ inf{u ≥ 0 : S(t + u) − S(t) ≥ W (t)}, t ≥ 0 . (2.12)

We can obtain an equivalent representation, involving a first passage time of the
process S alone on the left in the infimum, if we use formula (2.9) for W (t):

T (t) + t = t + inf{u ≥ 0 : S(t + u) − S(t) ≥ X(t) + L(t) − U(t)},

= inf{u ≥ 0 : S(u) ≥ W (0) + C(t) + L(t) − U(t)}, t ≥ 0 . (2.13)

In general, the processing time is relatively complicated, but in the common case
of constant processing in (2.1), T (t) is a simple modification of W (t), namely,

T (t) = W (t)/µ, t ≥ 0 . (2.14)

More generally, heavy-traffic limits also lead to such simplifications; see Section
5.9.2.

5.3. Unstable Queues

There are two main reasons queues experience congestion (which here means
buildup of workload): First, the queue may be unstable (or overloaded); i.e., the
input rate may exceed the output rate for an extended period of time, when there
is ample storage capacity. Second, the queue may be stable, i.e., the long-run in-
put rate may be less than the long-run output rate, but nevertheless short-run
fluctuations produce temporary periods during which the input exceeds the output.

The unstable case tends to produce more severe congestion, but the stable case is
more common, because systems are usually designed to be stable. Unstable queues
typically arise in the presence of system failures. Since there is interest in system
performance in the presence of failures, there is interest in the performance of
unstable queues. For our discussion of unstable queues, we assume that there is
unlimited storage capacity. We are interested in the buildup of congestion, which is
described by the transient (or time-dependent) behavior of the queueing processes.
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5.3.1. Fluid Limits for Fluid Queues
For unstable queues, useful insight can be gained from fluid limits associated
with functional laws of large numbers (FLLN’s). These stochastic-process limits
are called fluid limits because the limit processes are deterministic functions of the
form ct for some constant c. (More generally, with time-varying input and output
rates, the limits could be deterministic functions of the form

∫ t

0 r(s)ds, t ≥ 0, for
some deterministic integrable function r.)

To express the FLLN’s, we scale space and time both by n. As before, we use
bold capitals to represent the scaled stochastic processes and associated limiting
stochastic processes in the function space D. We use a hat to denote scaled stochas-
tic processes with the fluid scaling (scaling space as well as time by n). Given the
stochastic processes defined for the fluid-queue model in the previous section, form
the associated scaled stochastic processes

Ĉn(t) ≡ n−1C(nt),

Ŝn(t) ≡ n−1S(nt),

X̂n(t) ≡ n−1X(nt),

Ŵn(t) ≡ n−1W (nt),

L̂n(t) ≡ n−1L(nt),

D̂n(t) ≡ n−1D(nt),

T̂n(t) ≡ n−1T (nt), t ≥ 0 . (3.1)

The continuous-mapping approach shows that FLLN’s for C and S imply a joint
FLLN for all the processes. As before, let e be the identity map, i.e., e(t) = t, t ≥ 0.
Let µ ∧ λ ≡ min{µ, λ} and λ+ ≡ max{λ, 0} for constants λ and µ.

We understand D to be the space D([0,∞), R), endowed with either the J1 or the
M1 topology, as defined in Section 3.3. Since the limits are continuous deterministic
functions, the J1 and M1 topologies here are equivalent to uniform convergence on
compact subintervals. As in Section 3.3, we use Dk to denote the k-dimensional
product space with the product topology; then xn → x, where xn ≡ (x1

n, . . . xk
n)

and x ≡ (x1, . . . , xk), if and only if xi
n → xi for each i.

We first establish a functional weak law of large numbers (FWLLN), involving
convergence in probability or, equivalently (because of the deterministic limit),
convergence in distribution (see p. 27 of Billingsley (1999)). As indicated above, we
restrict attention to the infinite-capacity model. It is easy to extend the results to
the finite-capacity model, provided that the capacity is allowed to increase with n,
as in Section 2.3.

Theorem 5.3.1. (FWLLN for the fluid queue) In the infinite-capacity fluid-queue
model, if Ĉn ⇒ λe and Ŝn ⇒ µe in (D, M1), where 0 < µ < ∞ and Ĉn and Ŝn

are given in (3.1), then
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(Ĉn, Ŝn, X̂n,Ŵn, L̂n, D̂n, T̂n) ⇒
(λe, µe, (λ − µ)e, (λ − µ)+e, (µ − λ)+e, (λ ∧ µ)e, (ρ − 1)+e) (3.2)

in (D, M1)7 for ρ ≡ λ/µ.

Proof. The single limits can be combined into joint limits because the limits are
deterministic, by virtue of Theorem 11.4.5. So start with the joint convergence

(Ĉn, Ŝn, n−1W (0)) ⇒ (λe, µe, 0) in (D, M1)2 × R .

Since

X̂n = Ĉn − Ŝn + n−1W (0)

by (2.4), we can apply the continuous-mapping approach with addition, using the
fact that addition on D2 is measurable and continuous almost surely with respect
to the limit process, to get the limit

X̂n ⇒ X̂ ≡ (λ − µ)e .

Specifically, we invoke Theorems 3.4.3 and 12.7.3 and Remark 12.7.1.
Then, because of (2.5) – (2.8), we can apply the simple continuous-mapping

theorem, Theorem 3.4.1, with the reflection map to get

Ŵn ⇒ Ŵ ≡ φ(X̂) = (λ − µ)+e

and

L̂n ⇒ L̂ ≡ ψL(X̂) = (µ − λ)+e ,

drawing on Theorems 13.5.1, 13.4.1 and 14.8.5. Then, by (2.11), we can apply the
continuous-mapping approach with addition again to obtain D̂n ⇒ D̂ = (λ ∧ µ)e.
Finally, by (2.13),

n−1T (nt) + t = inf{u ≥ 0 : n−1S(nu) ≥ n−1(C(nt) + L(nt) + W (0))} (3.3)

or, in more compact notation,

T̂n + e = Ŝ−1
n ◦ (Ĉn + L̂n + n−1W (0)) . (3.4)

Hence, we can again apply the continuous-mapping approach, this time with the
inverse and composition functions. As with addition used above, these functions as
maps from D and D × D to D are measurable and continuous almost surely with
respect to the deterministic, continuous, strictly increasing limits. Specifically, by
Corollary 13.6.4 and Theorem 13.2.1, we obtain

T̂n + e ⇒ µ−1e ◦ (λe + (µ − λ)+e) = (ρ ∨ 1)e ,

so that

T̂n ⇒ (ρ − 1)+e ,

as claimed. By Theorem 11.4.5, all limits can be joint.
From Theorem 5.3.1, we can characterize stable queues and unstable queues by

the conditions λ ≤ µ and λ > µ, respectively, where λ and µ are the translation
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constants in the limits for the input process C and the available-processing process
S. Equivalently, we can use the traffic intensity ρ, defined as

ρ ≡ λ/µ . (3.5)

From the relatively crude fluid-limit perspective, there is no congestion if ρ ≤
1; i.e., Theorem 5.3.1 implies that Ŵn ⇒ 0e if ρ ≤ 1. On the other hand, if
ρ > 1, then the workload tends to grow linearly at rate λ − µ. Consistent with
intuition, the fluid limits suggest using a simple deterministic analysis to describe
congestion in unstable queues. When a queue is unstable for a significant time, the
relatively simple deterministic analysis may capture the dominant congestion effect.
The same reasoning applies to queues with time-dependent input and output rates
that are unstable for substantial periods of time. See Oliver and Samuel (1962),
Newell (1982) and Hall (1991) for discussions of direct deterministic analysis of the
congestion in queues.

Ordinary weak laws of large numbers (WLLN’s), such as

t−1W (t) ⇒ (λ − µ)+ in R as t → ∞ ,

follow immediately from the FWLLN’s in Theorem 5.3.1 by applying the
continuous-mapping approach with the projection map, which maps a function x
into x(1). We could not obtain these WLLN’s or the stronger FWLLN’s in Theorem
5.3.1 if we assumed only ordinary WLLN’s for C and S, i.e., if we had started with
limits such as

t−1C(t) ⇒ λ in R as t → ∞ ,

because we needed to exploit the continuous-mapping approach in the function
space D. We cannot go directly from a WLLN to a FWLLN, because a FWLLN is
strictly stronger than a WLLN.

However, we can obtain functional strong laws of large numbers (FSLLN’s) start-
ing from ordinary strong laws of large numbers (SLLN’s), because a SLLN implies
a corresponding FSLLN; see Theorem 3.2.1 and Corollary 3.2.1 in the Internet
Supplement. To emphasize that point, we now state the SLLN version of Theorem
5.3.1. Once we go from the SLLN’s for C and S to the FSLLN’s, the proof is the
same as for Theorem 5.3.1.

Theorem 5.3.2. (FSLLN for the fluid queue) In the infinite-capacity fluid-queue
model, if

t−1C(t) → λ and t−1S(t) → µ in R w.p.1 as t → ∞ ,

for 0 < µ < ∞, then

(Ĉn, Ŝn, X̂n,Ŵn, L̂n, D̂n, T̂n) →
(λe, µe, (λ − µ)e, (λ − µ)+e, (µ − λ)+e, (λ ∧ µ)e, (ρ − 1)+e) (3.6)

w.p.1 in (D, M1)7 for ρ in (3.5).
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5.3.2. Stochastic Refinements
We can also employ stochastic-process limits to obtain a more detailed description
of congestion in unstable queues. These stochastic-process limits yield stochastic
refinements to the fluid limits in Theorems 5.3.1 and 5.3.2 above. For the stochastic
refinements, we introduce new scaled stochastic processes:

Cn(t) ≡ c−1
n (C(nt) − λnt),

Sn(t) ≡ c−1
n (S(nt) − µnt),

Xn(t) ≡ c−1
n (X(nt) − (λ − µ)nt),

Wn(t) ≡ c−1
n (W (nt) − (λ − µ)+nt),

Ln(t) ≡ c−1
n (L(nt) − (µ − λ)+nt),

Dn(t) ≡ c−1
n (D(nt) − (λ ∧ µ)nt),

Tn(t) ≡ c−1
n (T (nt) − (ρ − 1)+nt), t ≥ 0 . (3.7)

As in the last chapter, the space scaling constants will be assumed to satisfy
cn → ∞ and n/cn → ∞ as n → ∞. The space-scaling constants will usually be a
power, i.e., cn = nH for 0 < H < 1, but we allow other possibilities. In the following
theorem we only discuss the cases ρ < 1 and ρ > 1. The more complex boundary
case ρ = 1 is covered as a special case of results in the next section. Recall that Dk

is the product space with the product topology; here we let the component space
D ≡ D1 have either the J1 or the M1 topology.

Since the limit processes C and S below may now have discontinuous sample
paths, we need an extra condition to apply the continuous-mapping approach with
addition. The extra condition depends on random sets of discontinuity points; e.g.,

Disc(S) ≡ {t : S(t) = S(t−)} ,

where x(t−) is the left limit of the function x in D (see Section 12.2). The random
set of common discontinuity points of C and S is Disc(C) ∩ Disc(S). The jump in
S associated with a discontinuity at t is S(t)−S(t−). The required extra condition
is somewhat weaker for the M1 topology than for the J1 topology.

Theorem 5.3.3. (FCLT’s for the stable and unstable fluid queues) In the infinite-
capacity fluid queue, suppose that cn → ∞ and cn/n → 0 as n → ∞. Suppose
that

(Cn,Sn) ⇒ (C,S) in D2 , (3.8)

where D2 has the product topology with the topology on D1 being either J1 or M1,
Cn and Sn are defined in (3.7) and

P (C(0) = S(0) = 0) = 1 . (3.9)

If the topology is J1, assume that C and S almost surely have no common disconti-
nuities. If the topology is M1, assume that C and S almost surely have no common
discontinuities with jumps of common sign.
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(a) If ρ < 1 and C − S has no positive jumps, then

(Cn,Sn,Xn,Wn,Ln,Dn) ⇒
(C,S,C − S, 0e,S − C,C) (3.10)

in D6 with the same topology.
(b) If ρ > 1, then

(Cn,Sn,Xn,Wn,Ln,Dn) ⇒
(C,S,C − S,C − S, 0e,S) (3.11)

in D6 with the same topology.

Proof. Paralleling the proof of Theorem 5.3.1 above, we start by applying condition
(3.8) and Theorem 11.4.5 to obtain the joint convergence

(Cn,Sn, c−1
n W (0)) ⇒ (C,S, 0) in D2 × R .

Then, as before, we apply the continuous mapping approach with addition, now
invoking the conditions on the discontinuities of C and S, to get

(Cn,Sn,Xn, c−1
n W (0)) ⇒ (C,S,C − S, 0) in D3 × R . (3.12)

For the M1 topology, we apply Theorems 3.4.3 and 12.7.3 and Remark 12.7.1. For
J1, we apply the J1 analog of Corollary 12.7.1; see Remark 12.6.2.

The critical step is treating Wn. For that purpose, we apply Theorem 13.5.2, for
which we need to impose the extra condition that C − S have no positive jumps
in part (a). We also use condition (3.9), but it can be weakened. We can use the
Skorohod representation theorem, Theorem 3.2.2, to carry out the argument for
individual sample paths.

The limit for Ln in part (a) then follows from (2.6), again exploiting the
continuous-mapping approach with addition. The limits for Ln in part (b) follows
from Theorem 13.4.4, using (2.8) and condition (3.9). We can apply the convergence-
together theorem, Theorem 11.4.7, to get limits for the scaled departure process
Dn. If λ < µ, then

dt(Dn,Cn) ≤ ‖Dn − Cn‖t ≤ ‖c−1
n W (0) − Wn‖t ⇒ 0

by (2.11), where dt and ‖ · ‖ are the J1 (or M1) and uniform metrics for the time
interval [0, t], as in equations (3.2) and (3.1) of Section 3.3. If λ > µ, then

dt(Dn,Sn) ≤ ‖Dn − Sn‖t ≤ ‖Ln‖t ⇒ 0

by (2.11).
The obvious sufficient condition for the limit processes C and S to almost surely

have no discontinuities with jumps of common sign is to have no common disconti-
nuities at all. For that, it suffices for C and S to be independent processes without
any fixed discontinuities; i.e., C has no fixed discontinuities if P (t ∈ Disc(C)) = 0
for all t.
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With the J1 topology, the conclusion can be strengthened to the strong SJ1
topology instead of the product J1 topology, but that is not true for M1; see Remark
9.3.1 and Example 14.5.1.

When ρ < 1, we not only obtain the zero fluid limit Ŵn ⇒ 0e in Theorem 5.3.1,
but we also obtain the zero limit Wn ⇒ 0e in Theorem 5.3.3 (a) with the refined
scaling in (3.7), provided that C − S has no positive jumps. However, if C − S
has positive jumps, then the scaled workload process Wn fails to be uniformly
negligible. That shows the impact of jumps in the limit process.

Under extra conditions, we get a limit for Tn jointly with the limit in Theorem
5.3.3.

Theorem 5.3.4. (FCLT for the processing time) Let the conditions of Theorem
5.3.3 hold. If the topology is J1, assume that S has no positive jumps.

(a) If ρ < 1, then jointly with the limit in (3.10)

Tn ⇒ 0e

in D with the same topology.
(b) Suppose that ρ > 1. If the topology is J1, assume that C and S ◦ ρe almost

surely have no common discontinuities. If the topology is M1, assume that C and
S ◦ ρe almost surely have no common discontinuities with jumps of common sign.
Then jointly with the limit in (3.11)

Tn ⇒ µ−1(C − S ◦ ρe)

in D with the same topology.

Proof. We can apply Theorem 13.7.4 to treat Tn, starting from (3.3) and (3.4). If
λ > µ, then

(n/cn)(Ŝn − µe, Ĉn + L̂n + n−1W (0) − λe) ⇒ (S,C) , (3.13)

because Ln ⇒ 0e and n−1W (0) ⇒ 0. If λ < µ, then

(n/cn)(Ŝn − µe, Ĉn + L̂n + n−1W (0) − µe) ⇒ (S,S) , (3.14)

because, by (2.6),

dt(Cn + Ln + c−1
n W (0),Sn) ≤ ‖Ln + Xn‖t = ‖Wn‖t ⇒ 0 .

We can apply Theorem 13.7.4 to obtain limits for Tn jointly with the other limits
because

Tn = (n/cn)(T̂n − (ρ − 1)+e)

= (n/cn)(Ŝ−1
n ◦ Ẑn − (ρ ∨ 1)e)

= (n/cn)(Ŝ−1
n ◦ Ẑn − µ−1e ◦ (λ ∨ µ)e)

for appropriate Zn (specified in (3.13) and (3.14) above), where n/cn → ∞ as
n → ∞. Theorem 13.7.4 requires condition (3.9) for S.

We regard the unstable case ρ > 1 as the case of primary interest for a single
model. When ρ > 1, Theorem 5.3.3 (b) concludes that W (t) obeys the same FCLT
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as X(t). In a long time scale, the amount of reflection is negligible. Thus we obtain
the approximation

W (t) ≈ (λ − µ)t + cnX(t/n) (3.15)

for the workload, where X = C − S. In the common setting of Donsker’s theorem,
cn = n1/2 and X = σXB, where B is standard Brownian motion. In that special
case, (3.15) becomes

W (t) ≈ (λ − µ)t + n1/2σXB(t/n)
≈ N((λ − µ)t, σ2

Xt) . (3.16)

In this common special case, the stochastic refinement of the LLN shows that the
workload obeys a CLT and, thus, the workload W (t) should be approximately
normally distributed with mean equal to the fluid limit (λ − µ)t and standard
deviation proportional to

√
t, with the variability parameter given explicitly. With

heavy tails or strong dependence (or both), but still with finite mean, the stochastic
fluctuations about the mean will be greater, as is made precise by the stochastic-
process limits.

Remark 5.3.1. Implications for queues in series. Part (a) of Theorem 5.3.3 has
important implications for queues in series: If the first of two queues is stable with
ρ < 1, then the departure process D at the first queue obeys the same FCLT as
the input process C at that first queue. Thus, if we consider a heavy-traffic limit
for the second queue (either because the second queue is unstable or because we
consider a sequence of models for the second queue with the associated sequence
of traffic intensities at the second queue approaching the critical level for stability,
as in the next section), then the heavy-traffic limit at the second queue depends
on the first queue only through the input stochastic process at that first queue.
In other words, the heavy-traffic behavior of the second queue is the same as if
the first queue were not even there. We obtain more general and more complicated
heavy-traffic stochastic-process limits for the second queue only if we consider a
sequence of models for both queues, and simultaneously let the sequences of traffic
intensities at both queues approach the critical levels for stability, which puts us
in the setting of Chapter 14. For further discussion, see Example 9.9.1, Chapter 14
and Karpelovich and Kreinin (1994).

In this section we have seen how heavy-traffic stochastic-process limits can de-
scribe the congestion in an unstable queue. We have considered the relatively
elementary case of constant input and output rates. Variations of the same ap-
proach apply to queues with time-varying input and output rates; see Massey and
Whitt (1994a), Mandelbaum and Massey (1995), Mandelbaum, Massey and Reiman
(1998) and Chapter 9 of the Internet Supplement.
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5.4. Heavy-Traffic Limits for Stable Queues

We now want to establish nondegenerate heavy-traffic stochastic-process limits for
stochastic processes in stable fluid queues (where the long-run input rate is less than
the maximum potential output rate). (With a finite storage capacity, the workload
will of course remain bounded even if the long-run input rate exceeds the output
rate.)

The first heavy-traffic limits for queues were established by Kingman (1961, 1962,
1965). The treatment here is in the spirit of Iglehart and Whitt (1970a, b) and Whitt
(1971a), although those papers focused on standard queueing models, as considered
here in Chapters 9 and 10. An early heavy-traffic limit for finite-capacity queues
was established by Kennedy (1973). See Whitt (1974b) and Borovkov (1976, 1984)
for background on early heavy-traffic limits.

In order to establish the heavy-traffic stochastic-process limits for stable queues,
we consider a sequence of models indexed by a subscript n, where the associated
sequence of traffic intensities {ρn : n ≥ 1} converges to 1, the critical level for
stability, as n → ∞. We have in mind the case in which the traffic intensities
approach 1 from below, denoted by ρn ↑ 1, but that is not strictly required. For
each n, there is a cumulative-input process Cn, an available-processing process
Sn, a storage capacity Kn with 0 < Kn ≤ ∞ and an initial workload Wn(0)
satisfying 0 ≤ Wn(0) ≤ Kn. As before, we make no specific structural or stochastic
assumptions about the stochastic processes Cn and Sn, so we have very general
models. A more detailed model for the input is considered in Chapter 8.

To have the traffic intensity well defined in our setting, we assume that the limits

λn ≡ lim
t→∞ t−1Cn(t) (4.1)

and

µn ≡ lim
t→∞ t−1Sn(t) (4.2)

exist w.p.1 for each n. We call λn the input rate and µn the maximum potential
output rate for model n. (The actual output rate is the input rate minus the overflow
rate.) Then the traffic intensity in model n is

ρn ≡ λn/µn . (4.3)

We will be letting ρn → 1 as n → ∞.
Given the basic model elements above, we can construct the potential-workload

processes {Xn(t) : t ≥ 0}, the workload processes {Wn(t) : t ≥ 0}, the upper-barrier
regulator (overflow) processes {Un(t) : t ≥ 0}, the lower-barrier regulator processes
{Ln(t) : t ≥ 0} and the departure processes {Dn(t) : t ≥ 0} as described in Section
5.2.

We now form associated scaled processes. We could obtain fluid limits in this
setting, paralleling Theorems 5.3.1 and 5.3.2, but they add little beyond the previous
results. Hence we go directly to the generalizations of Theorem 5.3.3. We scale the
processes as in (3.7), but now we have processes and translation constants for each
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n. Let

Cn(t) ≡ c−1
n (Cn(nt) − λnnt) ,

Sn(t) ≡ c−1
n (Sn(nt) − µnnt) ,

Xn(t) ≡ c−1
n Xn(nt) ,

Wn(t) ≡ c−1
n Wn(nt) ,

Un(t) ≡ c−1
n Un(nt) ,

Ln(t) ≡ c−1
n Ln(nt) , t ≥ 0 . (4.4)

For the scaling constants, we have in mind λn → λ and µn → µ as n → ∞,
where 0 < λ < ∞ and 0 < µ < ∞, with cn → ∞ and n/cn → ∞ as n → ∞. As
in Section 2.3, the upper barrier must grow as n → ∞; specifically, we require that
Kn = cnK.

Our key assumption is a joint limit for Cn and Sn in (4.4). When there are
limits for Cn and Sn with the translation terms involving λn and µn, the w.p.1
limits in (4.1) and (4.2) usually hold too, but (4.1) and (4.2) are actually not
required. However, convergence in probability in (4.1) and (4.2) follows directly as
a consequence of the convergence in distribution assumed below. Hence it is natural
for the limits in (4.1) and (4.2) to hold as well.

Let (φK , ψU , ψL) be the reflection map mapping a potential-workload process
X into the triple (W,U,L), as defined in Section 5.2. Here is the general heavy-
traffic stochastic-process limit for stable fluid queues. It follows directly from the
continuous-mapping approach using addition and reflection.

Theorem 5.4.1. (general heavy-traffic limit for stable fluid queues) Consider a
sequence of fluid queues indexed by n with capacities Kn, 0 < Kn ≤ ∞, general
cumulative-input processes {Cn(t) : t ≥ 0} and general cumulative-available-
processing processes {Sn(t) : t ≥ 0}. Suppose that Kn = cnK, 0 < K ≤ ∞,
0 ≤ Wn(0) ≤ Kn,

(c−1
n Wn(0),Cn,Sn) ⇒ (W ′(0),C,S) in R × D2 (4.5)

for Cn and Sn in (4.4), where the topology on D2 is the product topology with the
topology on D1 being either J1 or M1, cn → ∞, cn/n → 0 and λn − µn → 0, so
that

ηn ≡ n(λn − µn)/cn → η , (4.6)

where −∞ < η < ∞. If the topology is J1, suppose that almost surely C and S have
no common discontinuities. If the topology is M1, suppose that almost surely C and
S have no common discontinuities with jumps of common sign. Then, jointly with
the limit in (4.5),

(Xn,Wn,Un,Ln) ⇒ (X,W,U,L) (4.7)

in D4 with the same topology, where

X(t) = W ′(0) + C(t) − S(t) + ηt, t ≥ 0 . (4.8)
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and

(W,U,L) ≡ (φK(X), ψU (X), ψL(X)) (4.9)

with (φK , ψU , ψL) being the reflection map associated with capacity K.

Proof. Note that

Xn = c−1
n Wn(0) + Cn − Sn + ηne , (4.10)

where e(t) ≡ t for t ≥ 0. Thus, just as in Theorems 5.3.1 and 5.3.3 above, we can
apply the continuous-mapping approach starting from the joint convergence

(c−1
n Wn(0),Cn,Sn, ηne) ⇒ (W ′(0),C,S, ηe) (4.11)

in R×D3, which follows from (4.5), (4.6) and Theorem 11.4.5. We apply the continu-
ous mapping theorem, Theorem 3.4.3, with addition to get Xn ⇒ X. (Alternatively,
we could use the Skorohod representation theorem, Theorem 3.2.2.) We use the fact
that addition is measurable and continuous almost surely with respect to the limit
process, by virtue of the assumption about the discontinuities of C and S. Specif-
ically, for M1 we apply Remark 12.7.1 and Theorem 12.7.3. For J1 we apply the
analog of Corollary 12.7.1; see Remark 12.6.2. Finally, we obtain the desired limit
in (4.7) because

(Wn,Un,Ln) = (φK(Xn), ψU (Xn), ψL(Xn))

for all n. We apply the simple continuous-mapping theorem, Theorem 3.4.1, with
the reflection maps, using the continuity established in Theorems 13.5.1 and 14.8.5.

Just as in Theorem 5.3.3, with the J1 topology the conclusion holds in the strong
SJ1 topology as well as the product J1 topology. As before, the conditions on the
common discontinuities of C and S hold if C and S are independent processes
without fixed discontinuities.

In the standard heavy-traffic applications, in addition to (4.6), we have λn < µn,
µn → µ for 0 < µ < ∞, λn − µn → 0 and ρn ≡ λn/µn ↑ 1. However, we can have
non-heavy-traffic limits by having λnn/cn → a > 0 and µnn/cn → b > 0, so that
c = a−b and ρn ≡ λn/µn → a/b, where a/b can be any positive value. Nevertheless,
the heavy-traffic limit with ρn ↑ 1 is the principal case.

We discuss heavy-traffic stochastic-process limits for the departure process and
the processing time in Section 5.9. Before discussing the implications of Theorem
5.4.1, we digress to put the heavy-traffic limits in perspective with other asymptotic
methods.

Remark 5.4.1. The long tradition of asymptotics. Given interest in the distribu-
tion of the workload W (t), we perform the heavy-traffic limit, allowing ρn ↑ 1 as
n → ∞ in a sequence of models index by n, to obtain simplified expressions for the
ccdf P (W (t) > x) and the distribution of the entire process {W (t) : t ≥ 0}. We
describe the resulting approximation in the Brownian case in Section 5.7 below. To
put the heavy-traffic limit in perspective, we should view it in the broader context
of asymptotic methods: For general mathematical models, there is a long tradition
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of applying asymptotic methods to obtain tractable approximations; e.g., see Ben-
der and Orszag (1978), Bleistein and Handelsman (1986) and Olver (1974). In this
tradition are the heavy-traffic approximations and asymptotic expansions obtained
by Knessl and Tier (1995, 1998) using singular perturbation methods.

For stochastic processes, it is customary to perform asymptotics. We usually
simplify by letting t → ∞: Under regularity conditions, we obtain W (t) ⇒ W (∞)
as t → ∞ and then we focus on the limiting steady-state ccdf P (W (∞) > x). (Or,
similarly, we look for a stationary distribution of the process {W (t) : t ≥ 0}.) This
asymptotic step is so common that it is often done without thinking. See Asmussen
(1987), Baccelli and Brémaud (1994) and Borovkov (1976) for supporting theory
for basic queueing processes. See Bramson (1994a,b), Baccelli and Foss (1994), Dai
(1994), Meyn and Down (1994) and Borovkov (1998) for related stability results
for queueing networks and more general processes.

Given a steady-state ccdf P (W (∞) > x), we may go further and let x → ∞
to find the steady-state tail-probability asymptotics. As noted in Section 2.4.1, a
common case for a queue with unlimited waiting space is the exponential tail:

P (W (∞) > x) ∼ αe−ηx as x → ∞ ,

which yields the simple exponential approximation

P (W (∞) > x) ≈ αe−ηx

for all x not too small; e.g., see Abate, Choudhury and Whitt (1994b, 1995).
With exponential tail-probability asymptotics, the key quantity is the asymptotic

decay rate η. Since α is much less important than η, we may ignore α (i.e., let α = 1),
which corresponds to exploiting weaker large-deviation asymptotics of the form

log P (W (∞) > x) ∼ −ηx as x → ∞ ;

e.g., see Glynn and Whitt (1994) and Shwartz and Weiss (1995).
The large deviations limit is associated with the concept of effective bandwidths

used for admission control in communication networks; see Berger and Whitt
(1998a,b), Chang and Thomas (1995), Choudhury, Lucantoni and Whitt (1996),
de Veciana, Kesidis and Walrand (1995), Kelly (1996) and Whitt (1993b). The idea
is to assign a deterministic quantity, called the effective bandwidth, to represent
how much capacity a source will require. New sources are then admitted if the sum
of the effective bandwidths does not exceed the available bandwidth.

We will also consider tail-probability asymptotics applied to the steady-state
distribution of the heavy-traffic limit process. We could instead consider heavy-
traffic limits after establishing tail-probability asymptotics. It is significant that
the two iterated limits often agree: Often the heavy-traffic asymptotics for η as
ρ ↑ 1 matches the asymptotics as first t → ∞ and then x → ∞ in the heavy-traffic
limit process; see Abate and Whitt (1994b) and Choudhury and Whitt (1994).
More generally, Majewski (2000) has shown that large-deviation and heavy traffic
limits for queues can be interchanged. The large-deviation and heavy-traffic views
are directly linked by moderate-deviations limits, which involve a different scaling,
including heavy traffic (ρn ↑ 1); see Puhalskii (1999) and Wischik (2001b).
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However, as noted in Section 2.4.1, other asymptotic forms are possible for
queueing processes. We often have

P (W (∞) > x) ∼ αx−βe−ηx as x → ∞ , (4.12)

for nonzero β; e.g., see Abate and Whitt (1997b), Choudhury and Whitt (1996)
and Duffield (1997). Moreover, even other asymptotic forms are possible; e.g., see
Flatto (1997).

With heavy-tailed distributions, we usually have a power tail, i.e., (4.12) holds
with η = 0:

P (W (∞) > x) ∼ αx−β as x → ∞ .

When the steady-state distribution of the workload in a queue has a power tail,
the heavy-traffic theory usually is consistent; i.e., the heavy-traffic limits usually
capture the relevant tail asymptotics; see Section 8.5. For more on power-tail asymp-
totics, see Abate, Choudhury and Whitt (1994a), Duffield and O’Connell (1995),
Boxma and Dumas (1998), Sigman (1999), Jelenković (1999, 2000), Likhanov and
Mazumdar (2000), Whitt (2000c) and Zwart (2000, 2001).

With the asymptotic form in (4.12), numerical transform inversion can be used
to calculate the asymptotic constants η, β and α from the Laplace transform, as
shown in Abate, Choudhury, Lucantoni and Whitt (1995) and Choudhury and
Whitt (1996). When η = 0, we can transform the distribution into one with η > 0
to perform the computation; see Section 5 of Abate, Choudhury and Whitt (1994a)
and Section 3 of Abate and Whitt (1997b). See Abate and Whitt (1996, 1999a,b,c)
for ways to construct heavy-tailed distributions with tractable Laplace transforms.

And there are many other kinds of asymptotics that can be considered. For
example, with queueing networks, we can let the size of the network grow; e.g.,
see Whitt (1984e, 1985c), Kelly (1991), Vvedenskaya et al. (1996), Mitzenmacher
(1996), and Turner (1998)

5.5. Heavy-Traffic Scaling

A primary reason for establishing the heavy-traffic stochastic-process limit for sta-
ble queues in the previous section is to generate approximations for the workload
stochastic process in a stable fluid-queue model. However, it is not exactly clear
how to do this, because in applications we have one given queueing system, not
a sequence of queueing systems. The general idea is to regard our given queueing
system as the nth queueing system in the sequence of queueing systems, but what
should the value of n be?

The standard way to proceed is to choose n so that the traffic intensity ρn in the
sequence of systems matches the actual traffic intensity in the given system. That
procedure makes sense because the traffic intensity ρ is a robust first-order char-
acterization of the system, not depending upon the stochastic fluctuations about
long-term rates. As can be seen from (4.1) – (4.3) and Theorems 5.3.1 and 5.3.2, the
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traffic intensity appears in the fluid scaling. Thus, it is natural to think of the heavy-
traffic stochastic-process limit as a way to capture the second-order variability effect
beyond the traffic intensity ρ.

In controlled queueing systems, it may be necessary to solve an optimization prob-
lem to determine the relevant traffic intensity. Then the traffic intensity can not be
regarded as given, but instead must be derived; see Harrison (2000, 2001a,b). After
deriving the traffic intensity, we may proceed with further heavy-traffic analysis.
Here we assume that the traffic intensity has been determined.

If we decide to choose n so that the traffic intensity ρn matches the given traffic
intensity, then it is natural to index the models by the traffic intensity ρ from the
outset, and then consider the limit as ρ ↑ 1 (with ↑ indicating convergence upward
from below). In this section we show how we can index the queueing models by
the traffic intensity ρ instead of an arbitrary index n. We also discuss the applied
significance of the scaling of space and time in heavy-traffic stochastic-process limits.
We focus on the general fluid model considered in the last two sections, but the
discussion applies to even more general models.

5.5.1. The Impact of Scaling Upon Performance
Let Wρ(t) denote the workload at time t in the infinite-capacity fluid-queue model
with traffic intensity ρ. Let c(ρ) and b(ρ) denote the functions that scale space and
time, to be identified in the next subsection. Then the scaled workload process is

Wρ(t) ≡ c(ρ)−1Wρ(b(ρ)t) t ≥ 0 . (5.1)

The heavy-traffic stochastic-process limit can then be expressed as

Wρ ⇒ W in (D, M1) as ρ ↑ 1 , (5.2)

where D ≡ D([0,∞), R) and {W(t) : t ≥ 0} is the limiting stochastic process. In
the limits we consider, c(ρ) ↑ ∞ and b(ρ) ↑ ∞ as ρ ↑ 1. Thus, the heavy-traffic
stochastic-process limit provides a macroscopic view of uncertainty.

Given the heavy-traffic stochastic-process limit for the workload process in (5.2),
the natural approximation is obtained by replacing the limit by approximate
equality in distribution; i.e.,

c(ρ)−1Wρ(b(ρ)t) ≈ W(t), t ≥ 0 ,

or, equivalently, upon moving the scaling terms to the right side,

Wρ(t) ≈ c(ρ)W(b(ρ)−1t), t ≥ 0 , (5.3)

where ≈ means approximately equal to in distribution (as stochastic processes).
We first discuss the applied significance of the two scaling functions c(ρ) and

b(ρ) appearing in (5.1) and (5.3). Then, afterwards, we show how to identify these
scaling functions for the fluid-queue model.

The scaling functions c(ρ) and b(ρ) provide important insight into queueing per-
formance. The space-scaling factor c(ρ) is relatively easy to interpret: The workload
process (for times not too small) tends to be of order c(ρ) as ρ ↑ 1. The time-scaling
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factor b(ρ) is somewhat more subtle: The workload process tends to make signifi-
cant changes over time scales of order b(ρ) as ρ ↑ 1. Specifically, the change in the
workload process, when adjusted for space scaling, from time t1b(ρ) to time t2b(ρ) is
approximately characterized (for suitably high ρ) by the change in the limit process
W from time t1 to time t2.

Consequently, over time intervals of length less than b(ρ) the workload process
tends to remain unchanged. Specifically, if we consider the change in the workload
process Wρ from time t1b(ρ) to time t2(ρ), where t2(ρ) > t1b(ρ) but t2(ρ)/b(ρ) → 0
as ρ ↑ 1, and if the limit process W is almost surely continuous at time t1, then
we conclude from the heavy-traffic limit in (5.2) that the relative change in the
workload process over the time interval [t1b(ρ), t2(ρ)] is asymptotically negligible
as ρ increases.

On the other hand, over time intervals of length greater than b(ρ), the workload
process Wρ tends to approach its equilibrium steady-state distribution (assuming
that both W(t) and Wρ(t) approach steady-state limits as t → ∞). Specifically,
when t2(ρ) > t1b(ρ) and t2(ρ)/b(ρ) → ∞ as ρ ↑ 1, the workload process at time
t2(ρ) tends to be in steady state, independent of its value at time t1b(ρ). Thus, if we
are considering the workload process over the time interval [t1b(ρ), t2(ρ)], we could
use steady-state distributions to describe the distribution of Wρ(t2(ρ)), ignoring
initial conditions at time t1b(ρ). (In that step, we assume that W(t) approaches a
steady-state distribution as t → ∞, independent of initial conditions.) Thus, under
regularity conditions, the time scaling in the heavy-traffic limit reveals the rate of
convergence to steady state, as a function of the traffic intensity.

The use of steady-state distributions tends to be appropriate only over time inter-
vals of length greater than b(ρ). Since b(ρ) ↑ ∞ as ρ ↑ 1, transient (time-dependent)
analysis becomes more important as ρ increases. Fortunately, the heavy-traffic
stochastic-process limits provide a basis for analyzing the approximate transient be-
havior of the workload process as well as the approximate steady-state behavior. As
indicated above, the change in the workload process (when adjusted for space scal-
ing) between times t1b(ρ) and t2b(ρ) is approximately characterized by the change
in the limit process W from time t1 to time t2. Fortunately, the limit processes
often are sufficiently tractable that we can calculate such transient probabilities.

Remark 5.5.1. Relaxation times. The approximate time for a stochastic process to
approach its steady-state distribution is called the relaxation time; e.g., see Section
III.7.3 of Cohen (1982). The relaxation time can be defined in a variety of ways,
but it invariably is based on the limiting behavior as t → ∞ for fixed ρ. In the
relatively nice light-tailed and weak-dependent case, it often can be shown, under
regularity conditions, that

E[f(Wρ(t))] − E[f(Wρ(∞))] ∼ g(t, ρ)e−t/r(ρ) as t → ∞ , (5.4)

for various real-valued functions f , with the functions g and r in general depending
upon f . The standard asymptotic form for the second-order term g is g(t, ρ) ∼ c(ρ)
or g(t, ρ) ∼ c(ρ)tβ(ρ) as t → ∞. When (5.4) holds with such a g, r(ρ) is called the
relaxation time. Of course, a stochastic process that starts away from steady state



160 5. Heavy-Traffic Limits

usually does not reach steady state in finite time. Instead, it gradually approaches
steady state in a manner such as described in (5.4). More properly, we should
interpret 1/r(ρ) as the rate of approach to steady state.

With light tails and weak dependence, we usually have

r(ρ)/b(ρ) → c as ρ ↑ 1 ,

where c is a positive constant; i.e., the heavy-traffic time-scaling usually reveals the
asymptotic form (as ρ ↑ 1) of the relaxation time.

However, with heavy tails and strong dependence, the approach to steady state
is usually much slower than in (5.4); see Asmussen and Teugels (1996) and Mikosch
and Nagaev (2000). In these other settings, as well as in the light-tailed weak-
dependent case, the time scaling in the heavy-traffic limit usually reveals the
asymptotic form (as ρ ↑ 1) of the approach to steady state. Thus, the heavy-traffic
time scaling can provide important insight into the rate of approach to steady state.
With heavy tails and strong dependence, the heavy-traffic limits show that transient
analysis becomes more important.

5.5.2. Identifying Appropriate Scaling Functions
We now consider how to identify appropriate scaling functions b(ρ) and c(ρ) in
(5.1). We can apply the general stochastic-process limit in Theorem 5.4.1 to deter-
mine appropriate scaling functions. Specifically, the scaling functions b(ρ) and c(ρ)
depend on the input rates λn, the output rates µn and the space-scaling factors cn

appearing in Theorem 5.4.1. The key limit is (4.6), which determines the drift η of
the unreflected limit process X.

To cover most cases of practical interest, we make three additional assumptions
about the scaling as a function of n in (4.4): First, we assume that the space scaling
is by a simple power. Specifically, we assume that

cn ≡ nH for 0 < H < 1 . (5.5)

(See Section 4.2 for discussion about the possible scaling functions.) We need the
condition on the exponent H in (5.5) in order to have cn → ∞ and cn/n → 0 as
n → ∞, as assumed in Theorem 5.4.1.

Second, we assume that the translation terms λn and µn in (4.4) converge to
finite positive limits as n → ∞. In view of condition (4.6) in Theorem 5.4.1, it
suffices to assume only that

µn → µ as n → ∞ , (5.6)

where 0 < µ < ∞.
Third, we assume that the basic limit in (4.6) holds with η < 0. That implies

that the traffic intensities ρn are less than 1 for all n sufficiently large. Now, if we
combine (4.6), (5.5) and (5.6) (and divide by µn in (4.6)), we obtain the condition

n1−H(1 − ρn) → ζ ≡ −η/µ > 0 (5.7)
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for 0 < ζ < ∞. From (5.7), we obtain the associated limit

n(1 − ρn)1/(1−H) → ζ1/(1−H) as n → ∞ (5.8)

or, equivalently,

n ∼
(

ζ

1 − ρn

) 1
1−H

as n → ∞ . (5.9)

Thus the canonical forms of the scaling functions are

b(ρ) ≡ n ≡
(

ζ

1 − ρ

) 1
1−H

(5.10)

and

c(ρ) ≡ nH ≡
(

ζ

1 − ρ

) H
1−H

(5.11)

for ζ = −η/µ as in (5.7).
To summarize, when the net-input process and potential-workload process satis-

fies a FCLT with time scaling by n and space scaling by nH , the associated scaled
workload processes, as functions of the traffic intensity ρ, have a heavy-traffic limit
with the time-scaling function in (5.10) and space-scaling function in (5.11); i.e., as
functions of ρ, the time-scaling exponent is 1/(1−H) and the space-scaling exponent
is H/(1 − H).

The initial space-scaling exponent H (the Hurst parameter) depends on the
burstiness; see Chapter 4. As the burstiness increases, H increases. Of course, the
standard case, considered in most heavy-traffic limits for queues, is H = 1/2. The
standard case with H = 1/2 occurs with Donsker’s theorem and its variants with
weak dependence and light tails, as discussed in Sections 4.3 and 4.4. Since H = 1/2
is the standard case, it is also the reference case. Values of H with 1/2 < H < 1
indicate greater burstiness associated with heavy tails or strong positive depen-
dence (or both). Values of H with 0 < H < 1/2 are associated with strong negative
dependence, as might occur with strong traffic shaping, e.g., scheduling.

From (5.10) and (5.11), we see that the scaling functions b(ρ) and c(ρ) increase
rapidly as H ↑ 1 for ρ near 1. Indeed, the scaling exponents increase as H increases
from 0 toward 1. To make that important point clear, we display the two scaling
exponents for a range of H values in Table 5.1.

Since H increases as the burstiness increases, we see that increased burstiness
leads to greater scaling functions c(ρ) and b(ρ) for any given traffic intensity ρ. The
larger value of c(ρ) shows that the buffer content is likely to be larger (or that one
needs larger buffers to avoid overflow). The larger values of b(ρ) show that the time
scales for statistical regularity are longer. When there is larger burstiness, transient
analysis becomes more important in contrast to steady-state analysis.

From a practical engineering perspective, the analysis of the heavy-traffic scaling
functions b(ρ) and c(ρ) indicates that, when exceptional variability is a possibility
in a queueing setting, attention should be focused on the space-scaling exponent H
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time-scaling space-scaling
exponent exponent

H 1/(1 − H) H/(1 − H)
1/101 101/100 1/100
1/11 11/10 1/10
1/5 5/4 1/4
1/3 3/2 1/2
1/2 2 1
2/3 3 2
4/5 5 4

10/11 11 10
100/101 101 100

Table 5.1. The time-scaling and space-scaling exponents as a function of the Hurst
parameter H.

for the net-input process as well as the traffic intensity ρ. Second-order refinements
are provided by the constant ζ appearing in (5.7), (5.10) and (5.11) and the limit
process W appearing in (5.2) and (5.3).

5.6. Limits as the System Size Increases

In this section we see how heavy-traffic stochastic-process limits for stable fluid
queues change as the system size increases. The heavy-traffic limits thus show how
performance scales as the system size increases. We will see that the performance
impact depends on the way that the system size increases. We start with a base
infinite-capacity fluid queue for which there is a heavy-traffic stochastic-process
limit. We assume that there is a limit for the potential-workload processes of the
form Xn ⇒ X, where

Xn(t) ≡ n−HXn(nt), t ≥ 0 , (6.1)

for 0 < H < 1 and

X(t) ≡ ηt + Y(t), t ≥ 0 , (6.2)

with {Y(t) : t ≥ 0} being H-self-similar, i.e.,

{Y(ct) : t ≥ 0} d= {cHY(t) : t ≥ 0} (6.3)

as in (2.5) in Section 4.2. Of course, there is a corresponding heavy-traffic stochastic-
process limit for the workload process,

Wn ⇒ W ≡ φ(X) ,

where

Wn ≡ φ(Xn) .



5.6. Limits as the System Size Increases 163

It will be convenient to focus on the potential-workload processes Xn instead
of the workload processes Wn. We will focus on the scale factor σ when the limit
process has the representation X ≡ ηe + σY. For fixed η and Y, the associated
reflection {W(t) : t ≥ 0} tends to be increasing in σ (in a stochastic sense). For ex-
ample, if Y is standard Brownian motion and η < 0, then the steady-state quantity
W(∞) has mean σ2/2|η|; see (7.13) below. More generally, σ serves as a quanti-
tative measure of the variability (for fixed Y). The general principle is: Increased
variability in the potential workload process leads to larger workloads, where “larger”
is measured appropriately, e.g., by the mean or by a form of stochastic order.

We consider three ways to make the system larger: scaling space, scaling time
and creating independent replicas. Let the size-increase factor be a positive integer
m. We scale space (make it larger) by considering mXn; we scale time (make it
faster) by considering Xn ◦ me; and we create independent replicas by considering
Xn,1 + · · ·+Xn,m, where Xn,1, . . . ,Xn,m are m IID copies of the original stochastic
processes Xn.

For communication network applications, it is useful to think of constant de-
terministic processing, whose rate is being increased by a factor m. Scaling space
then amounts to making the files or packets m times bigger to match the increased
capacity. Scaling time amounts to sending the same input m times faster. Creat-
ing independent replicas means superposing (adding) m independent sources, each
distributed as the original one. (We will be considering heavy-traffic limits for su-
perposition input processes further in later chapters; see Sections 8.7.1, 9.4 and
9.8.)

In manufacturing, scaling space can also occur. Scaling space occurs in batching
and unbatching; e.g., see Sections 8.5 and 9.3 of Hopp and Spearman (1996).

When we scale space, the limit process is

mX = mηe + mY . (6.4)

When we scale time, the limit process is

X ◦ me = mηe + Y ◦ me
d= mηe + mHY . (6.5)

When we create independent replicas, the limit process is
m∑

i=1

Xi = mηe +
m∑

i=1

Yi . (6.6)

The rate of the limit process increases by the same factor m in all three cases, but
the impact on the stochastic component, characterized by the stochastic process Y,
is different for the three methods. Scaling time by m produces smaller stochastic
fluctuations than scaling space by m, in the sense that the scale factors before Y
in (6.4) and (6.5) are ordered: mH < m. The advantage of time scaling over space
scaling increases as H decreases (when the variability is smaller).

The impact of creating independent replicas depends on the properties of the
stochastic process Y. If Y is a Lévy process (has stationary and independent in-
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crements), then a concatenation of independent versions is equivalent to a longer
version, i.e.,

m∑
i=1

Yi
d= Y ◦ me . (6.7)

Thus, if Y is a Lévy process, creating independent replicas is equivalent to scaling
time, which we have seen produces better performance than scaling space.

On the other hand, suppose that Y is fractional Brownian motion (FBM), the
principal example of a nonLévy limit process in Chapter 4. Since FBM is not a Lévy
process, (6.7) does not hold. When Y is FBM, both Y and

∑m
i=1 Yi are zero-mean

Gaussian processes. For zero-mean Gaussian processes, it is natural to focus on the
variances. With independent replicas, the variance is

V ar

m∑
i=1

Yi(t) = m(V arY(t)), t ≥ 0 . (6.8)

In contrast, with time scaling, because of the H-self-similarity, the variance is

V arY(mt) = V ar(mHY(t)) = m2H(V arY(t)) . (6.9)

Hence, the variance with independent replicas is less than, equal to or greater than
the variance with time scaling, respectively, when H > 1/2, H = 1/2 or H < 1/2.

More generally, we can compare all three methods using the variance when Y(t)
has finite variance. Using the H-self-similarity of Y, we obtain

V ar(mY(t)) = m2(V arY(t)),
V arY(mt) = m2H(V arY(t)),

V ar

m∑
i=1

Yi(t) = m(V arY(t)) . (6.10)

For H < 1/2, time scaling produces least variability; for H > 1/2, independent
replicas produces least variability.

It is interesting to compare one large system (increased by factor m) to m separate
independent systems, distributed as the original one. We say that there is economy
of scale when the workload in the single large system tends to be smaller than the
sum of the workloads in the separate systems. With finite variances, there is econ-
omy of scale when the ratio of the standard deviation to the mean is decreasing in m.
From (6.10), we see that there is economy of scale with time scaling and independent
replicas, but not with space scaling. For communication networks, the economy of
scale associated with independent replicas is often called the multiplexing gain, i.e.,
the gain in efficiency from statistical multiplexing (combining independent sources).
See Smith and Whitt (1981) for stochastic comparisons demonstrating the economy
of scale in queueing systems. See Chapters 8 and 9 for more discussion.

Example 5.6.1. Brownian motion. Suppose that X = ηe + σB, where η < 0,
σ > 0 and B is standard Brownian motion. As noted above, the associated
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RBM has steady-state mean σ2/2|η|. With space scaling, time scaling and creating
independent replicas, the steady-state mean of the RBM’s become

mσ2/2|η|, σ2/2|η| and σ2/2|η| ,

respectively. Thus, with space scaling, the steady-state mean is the same as the
total steady-state mean in m separate systems. Otherwise, the steady-state mean
is less by the factor m.

In this section we have considered three different ways that the fluid queue can
get larger. We have shown that the three different ways have different performance
implications. It is important to realize, however, that in applications the situation
may be more complicated. For example, a computer can be made larger by adding
processors, but there invariably are limitations that prevent the maximum potential
output rate from being proportional to the number of processors as the number of
processors increases.

If the jobs are processed one at a time, then we must exploit parallel process-
ing, i.e., the processors must share the processing of each job. However, usually a
proportion of each job cannot be parallelized. Thus, with parallel processing, the
capacity tends to increase nonlinearly with the number of processors; the marginal
gain in capacity tends to be decreasing in m; e.g., see Amdahl (1967) and Chapters
5-7 and 14 of Gunther (1998). With deterministic processing, our analysis would
still apply, provided that we interpret m as the actual increase in processing rate.

Even if we can accurately estimate the effective processing rate, there remain
difficulties in applying the analysis in this section, because with parallel processing,
it may not be appropriate to regard the processing as deterministic. It then becomes
difficult to determine how the available-processing process S and its FCLT should
change with m.

5.7. Brownian Approximations

In this section we apply the general heavy-traffic stochastic-process limits in Section
5.4 to establish Brownian heavy-traffic limits for fluid queues. In particular, under
extra assumptions (corresponding to light tails and weak dependence), the limit
for the normalized cumulative-input process will be a zero-drift Brownian motion
(BM) and the limit for the normalized workload process will be a reflected Brownian
motion (RBM), usually with negative drift.

The general heavy-traffic stochastic-process limits in Section 5.4 also generate
nonBrownian approximations corresponding to the nonBrownian FCLT’s in Chap-
ter 4, but we do not discuss them here. We discuss approximations associated with
stable Lévy motion and fractional Brownian approximations in Chapter 8.

Since Brownian motion has continuous sample paths and the reflection map maps
continuous functions into continuous functions, RBM also has continuous sample
paths. However, unlike Brownian motion, RBM does not have independent incre-
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ments. But RBM is a Markov process. As a (well-behaved) Markov process with
continuous sample paths, RBM is a diffusion process.

Harrison (1985) provides an excellent introduction to Brownian motion and
“Brownian queues,” showing how they can be analyzed using martingales and the
Ito stochastic calculus. Other good introductions to Brownian motion and diffusion
processes are Glynn (1990), Karatzas and Shreve (1988) and Chapter 15 of Karlin
and Taylor (1981). Borodin and Salminen (1996) provide many Brownian formu-
las. Additional properties of RBM are contained in Abate and Whitt (1987a-b,
1988a-d).

5.7.1. The Brownian Limit
If B is a standard Brownian motion, then {y + ηt + σB(t) : t ≥ 0} is a Brownian
motion with drift η, diffusion coefficient (or variance coefficient) σ2 and initial
position y. We have the following elementary application of Section 5.4.

Theorem 5.7.1. (general RBM limit) Suppose that the conditions of Theorem
5.4.1 are satisfied with W ′(0) = y, cn =

√
n and (C,S) two-dimensional zero-drift

Brownian motion with covariance matrix

Σ =
(

σ2
C σ2

C,S

σ2
C,S σ2

S

)
. (7.1)

Then the conclusions of Theorems 5.4.1, 5.9.1 and 5.9.3 (b) hold with

(W,U,L) ≡ (φK(X), ψU (X), ψL(X))

being reflected Brownian motion, i.e.,

X(t) d= y + ηt + σXB(t) (7.2)

for standard Brownian motion B, drift coefficient η in (4.6) and diffusion coefficient

σ2
X = σ2

C + σ2
S − 2σ2

C,S . (7.3)

Proof. Under the assumption on (C,S), C − S is a zero-drift Brownian motion
with diffusion coefficient σ2

X in (7.3).
As indicated in Section 5.5, we can also index the queueing systems by the traffic

intensity ρ and let ρ ↑ 1. With n = ζ2/(1 − ρ)2 as in (5.10), the heavy-traffic limit
becomes

{ζ−1(1 − ρ)Wρ(tζ2/(1 − ρ)2) : t ≥ 0} ⇒ φK(X̃) as ρ ↑ 1 , (7.4)

where Wρ is the workload process in model ρ, which has output rate µ and traffic
intensity ρ, and

X̃(t) d= y − ζµt + B(σ2
Xt), t ≥ 0 , (7.5)

with B being a standard Brownian motion. The capacity in model ρ is Kρ =
ζK/(1 − ρ).
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We have freedom in the choice of the parameter ζ. If we let

ζ = σ2
X/µ , (7.6)

and rescale time by replacing t by t/σ2
X , then the limit in (7.4) can be expressed as

{σ−2
X µ(1 − ρ)Wρ(tσ2

X/µ2(1 − ρ)2) : t ≥ 0} ⇒ φK(X) (7.7)

where X is canonical Brownian motion with drift coefficient −1 and variance
coeficient 1, plus initial position y, i.e.,

{X(t) : t ≥ 0} d= {y − t + B(t) : t ≥ 0} .

That leads to the Brownian approximation

{Wρ(t) : t ≥ 0} ≈ {σ2
Xµ−1(1 − ρ)−1φK(X)(µ2(1 − ρ)2t/σ2

X) : t ≥ 0} , (7.8)

where X is again canonical Brownian motion.

Remark 5.7.1. The impact of variability The Brownian limit and the Brownian
approximation provide insight into the way variability in the basic stochastic pro-
cesses C and S affect queueing performance. In the heavy-traffic limit, the stochastic
behavior of the processes C and S, beyond their rates λ and µ, affect the Brownian
approximation solely via the single variance parameter σ2

X in (7.3), which can be
identified from the CLT for C − S. For further discussion, see Section 9.6.1.

We now show how the Brownian approximation applies to the steady-state
workload.

5.7.2. The Steady-State Distribution.
The heavy-traffic limit in Theorem 5.7.1 does not directly imply that the steady-
state distributions converge. Nevertheless, from (7.8), we obtain an approximation
for the steady-state workload, namely,

Wρ(∞) ≈ σ2
X

µ(1 − ρ)
φK(X)(∞) . (7.9)

Conditions for the convergence of steady-state distributions in heavy traffic have
been established by Szczotka (1986, 1990, 1999).

We now give the steady-state distribution of RBM with two-sided reflection; see
p. 90 of Harrison (1985). We are usually interested in the case of negative drift, but
we allow positive drift as well when K < ∞.

Theorem 5.7.2. (steady-state distribution of RBM) Let {W(t) : t ≥ 0} be one-
dimensional RBM with drift coefficient η, diffusion coefficient σ2, initial value y
and two-sided reflection at 0 and K. Then

W(t) ⇒ W(∞) in R as t → ∞ ,
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where W(∞) has pdf

f(x) ≡

⎧⎪⎨
⎪⎩

1/K if η = 0

θeθx

eθK−1 if η = 0 ,

(7.10)

with mean

EW(∞) =

⎧⎨
⎩

K/2, if η = 0

K
1−e−θK − 1

θ if η = 0
(7.11)

for

θ ≡ 2η/σ2 (7.12)

Note that the steady-state distribution of RBM in (7.10) depends only on the two
parameters θ in (7.12) and K. The steady-state distribution is uniform in the zero-
drift case; the steady-state distribution is an exponential distribution with mean
−θ−1 = σ2/2|η|, conditional on being in the interval [0, K], when η < 0 and θ < 0;
K − W(∞) has an exponential distribution with mean θ−1 = σ2/2η, conditional
on being in the interval [0, K], when η > 0 and θ > 0. Without the upper barrier
at K, a steady-state distribution exists if and only if η < 0, in which case it is the
exponential distribution with mean −θ−1 obtained by letting K → ∞ in (7.10). As
K gets large, the tails of the exponential distributions rapidly become negligible so
that

EW(∞) ≈

⎧⎨
⎩

|θ|−1 if η < 0

K − |θ|−1 if η > 0 .

(7.13)

Let us now consider the approximation indicated by the limit. Since n−1/2Wn(nt) ⇒
W(t), we use the approximations

Wn(t) ≈
√

nW(t/n) (7.14)

and

Wn(∞) ≈
√

nW(∞) . (7.15)

Thus, when K = ∞, the Brownian approximation for Wρ(∞) is an exponential
random variable with mean

E[Wρ(∞)] ≈ σ2
X

2µ(1 − ρ)
. (7.16)

The RBM’s φK(X̃) in (7.4) and φK(X) in (7.7) and (7.8) are the Brownian
queues, which serve as the approximating models. From the approximations in
(7.8) – (7.16), we see the impact upon queueing performance of the processes C
and S in the heavy-traffic limit. In the heavy-traffic limit, the processes C and S
affect performance through their rates λ = ρµ and µ and through the variance
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parameter σ2
X , which depends on the elements of the covariance matrix Σ in (7.1)

as indicated in (7.3).
Note in particular that the mean of RBM in (7.16) is directly proportional to

the variability of X = C − S through the variability parameter σ2
X in (7.3). The

variability parameter σ2
X in turn is precisely the variance constant in the CLT for

the net-input process C − S.
In (7.9)–(7.16) we have described the approximations for the steady-state work-

load distribution that follow directly from the heavy-traffic limit theorem in
Theorem 5.7.1. It is also possible to modify or “refine” the approximations to satisfy
other criteria. For example, extra terms that appear in known exact formulas for
special cases, but which are negligible in the heavy-traffic limit, may be inserted.
If the goal is to develop accurate numerical approximations, then it is natural to
regard heavy-traffic limits as only one of the possible theoretical reference points.
For the standard multiserver GI/G/s queue, for which the heavy-traffic limit is also
RBM, heuristic refinements are discussed in Whitt (1982b, 1993a) and references
therein.

For the fluid queue, an important reference case for which exact formulas are
available is a single-source model with independent sequences of IID on times and
off times (a special case of the model studied in Chapter 8). Kella and Whitt
(1992b) show that the workload process and its steady-state distribution can be
related to the virtual waiting time process in the standard GI/G/1 queue (studied
here in Chapter 9). Relatively simple moment formulas are thus available in the
M/G/1 special case. The steady-state workload distribution can be computed in the
general GI/G/1 case using numerical transform inversion, following Abate, Choud-
hury and Whitt (1993, 1994a, 1999). Such computations were used to illustrate the
performance of bounds for general fluid queues by Choudhury and Whitt (1997).

A specific way to generate refined approximations is to interpolate between light-
traffic and heavy-traffic limits; see Burman and Smith (1983, 1986), Fendick and
Whitt (1989), Reiman and Simon (1988, 1989), Reiman and Weiss (1989) and Whitt
(1989b). Even though numerical accuracy can be improved by refinements, the
direct heavy-traffic Brownian approximations remain appealing for their simplicity.

Example 5.7.1. The M/G/1 steady state workload. It is instructive to compare
the approximations with exact values when we can determine them. For the stan-
dard M/G/1 queue with K = ∞, the mean steady-state workload has the simple
exact formula

E[Wρ(∞)] =
ρσ2

X

2(1 − ρ)
, (7.17)

which differs from (7.16) only by the factor ρ in the numerator of (7.17) and the
factor µ in the denominator of (7.16). First, in the M/G/1 model the workload
process has constant output rate 1, so µ = 1. Hence, the only real difference between
(7.16) and (7.17) is the factor ρ in the numerator of (7.17), which approaches 1 in
the heavy-traffic limit.
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To elaborate, in the M/G/1 queue, the cumulative input C(t) equals the sum of
the service times of all arrivals in the interval [0, t], i.e., the cumulative input is

C(t) ≡
A(t)∑
k=1

Vk, t ≥ 0 ,

where {A(t) : t ≥ 0} is a rate-ν Poisson arrival process independent of the sequence
{Vk : k ≥ 1} of IID service times, with V1 having a general distribution with mean
EV1. Thus, the traffic intensity is ρ ≡ νEV1. The workload process is defined in
terms of the net-input process X(t) ≡ C(t) − t as described in Section 5.2.

The cumulative-input process is a special case of a renewal-reward process,
considered in Section 7.4. Thus, by Theorem 7.4.1, if

σ2
V ≡ V arV1 < ∞ ,

then the cumulative-input process obeys a FCLT Cn ⇒ C for Cn in (3.7) with
translation constant λ ≡ ρ and space-scaling function cn = n1/2. Then the limit
process is σCB, where B is standard Brownian motion and

σ2
C = νσ2

V + ρEV1

= ρEV1(c2
V + 1) , (7.18)

where c2
V is the squared coefficient of variation, defined by

c2
V ≡ σ2

V /(EV1)2 . (7.19)

Therefore,

σ2
X = σ2

C = ρEV1(c2
V + 1) . (7.20)

With this notation, the exact formula for the mean steady-state workload in the
M/G/1 queue is given in (7.17) above; e.g., see Chapter 5 of Kleinrock (1975).
As indicated above, the approximation in (7.16) differs from the exact formula in
(7.17) only by the factor ρ in the numerator of the exact formula, which of course
disappears (becomes 1) in the heavy-traffic limit.

For the M/G/1 queue, it is known that

P (Wρ(∞) = 0) = 1 − ρ . (7.21)

Thus, if we understand the approximation to be for the conditional mean
E[Wρ(∞)|Wρ(∞) > 0], then the approximation beomes exact. In general, however,
the distribution of Wρ(∞) is not exponential, so that the exponential distribution
remains an approximation for the M/G/1 model, but the conditional distribution
of W (∞) given that W (∞) > 0) is exponential in the M/M/1 special case, in which
the service-time distribution is exponential.

5.7.3. The Overflow Process
In practice it is also of interest to describe the overflow process. In a communication
network, the overflow process describes lost packets. An important design criterion
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is to keep the packet loss rate below a specified threshold. The loss rate in model
n is

βn ≡ lim
t→∞ t−1Un(t) . (7.22)

The limits in Theorems 5.4.1 and 5.7.1 show that, with the heavy-traffic scaling,
the loss rate should be asymptotically negligible as n → ∞. Specifically, since
n−1/2Un(nt) ⇒ U(t) as n → ∞, where U is the upper-barrier regulator process of
RBM, the cumulative loss in the interval [0, n] is of order

√
n, so that the loss rate

should be of order 1/
√

n as n → ∞. (Of course, this asymptotic form depends on
having the upper barriers grow as Kn =

√
nK and ρn → 1.) More precisely, we

approximate the loss rate βn by

βn ≈ β/
√

n , (7.23)

where

β ≡ lim
t→∞ t−1U(t) . (7.24)

Note that approximation (7.23) involves an unjustified interchange of limits,
involving n → ∞ and t → ∞.

Berger and Whitt (1992b) make numerical comparisons (based on exact numer-
ical algorithms) showing how the Brownian approximation in (7.23) performs for
finite-capacity queues. For very small loss rates, such as 10−9, it is not possible
to achieve high accuracy. (Systems with the same heavy-traffic limit may have
loss rates varying from 10−4 to 10−15.) Such very small probabilities tend to be
captured better by large-deviations limits. For a simple numerical comparison, see
Srikant and Whitt (2001). Overall, the Brownian approximation provides impor-
tant insight. That is illustrated by the sensitivity analysis in Section 9 of Berger
and Whitt (1992b).

More generally, the heavy-traffic stochastic-process limits support the approxi-
mation

Un(t) ≈
√

nU(t/n), t ≥ 0 , (7.25)

where U is the upper-barrier regulator process of RBM. In order for the Brownian
approximation for the overflow process in (7.25) to be useful, we need to obtain
useful characterizations of the upper-barrier regulator process U associated with
RBM. It suffices to describe one of the boundary regulation processes U and L,
because L has the same structure as U with a drift of the opposite sign. The rates
of the process L and U are determined on p. 90 of Harrison (1985).

Theorem 5.7.3. (rates of boundary regulator processes) The rates of the boundary
regulator processes exist, satisfying

α ≡ lim
t→∞

L(t)
t

= lim
t→∞

EL(t)
t

=

⎧⎨
⎩

σ2/2K if η = 0

η
eθK−1 if η = 0

(7.26)
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and

β ≡ lim
t→∞

U(t)
t

= lim
t→∞

EU(t)
t

=

⎧⎨
⎩

σ2/2K if η = 0

η
1−e−θK if η = 0 .

(7.27)

It is important to note that the loss rate β depends upon the variance σ2, either
directly (when η = 0) or via θ in (7.12). We can use regenerative analysis and
martingales to further describe the Brownian boundary regulation processes L and
U; see Berger and Whitt (1992b) and Williams (1992). Let Ta,b be the first passage
time from level a to level b within [0, K]. Epochs at which RBM first hits 0 after
first hitting K are regeneration points for the processes L and U. Assuming that
the RBM starts at 0, one regeneration cycle is completed at time T0,K + TK,0. Of
course, L increases only during [0, T0,K ], while U increases only during [T0,K , T0,K +
TK,0]. We can apply regenerative analysis and the central limit theorem for renewal
processes to show that the following limits exist

α ≡ lim
t→∞

L(t)
t

= lim
t→∞

EL(t)
t

=
EL(T0,K + TK,0)
E(T0,K + TK,0)

(7.28)

β ≡ lim
t→∞

U(t)
t

= lim
t→∞

EU(t)
t

=
EU(T0,K + TK,0)
E(T0,K + TK,0)

(7.29)

σ2
L ≡ lim

t→∞
V ar L(t)

t
and σ2

U ≡ lim
V ar U(t)

t
. (7.30)

The parameters σ2
L and σ2

U in (7.30) are the asymptotic variance parameters of the
processes L and U. It is also natural to focus on the normalized asymptotic variance
parameters

c2
L ≡ σ2

L/α and c2
U ≡ σ2

U/β . (7.31)

Theorem 5.7.4. (normalized asymptotic variance of boundary regulator pro-
cesses) The normalized asymptotic variance parameters in (7.31) satisfy

c2
U = c2

L = E

[(
L(T0,K) − (T0,K + TK,0)EL(T0,K)

E(T0,K + TK,0)

)2/
EL(T0,K)

]

=

⎧⎪⎨
⎪⎩

2K/3 if η = 0

2(1−e2θK+4θKeθK)
−θ(1−eθK)2 if η = 0

(7.32)

for θ ≡ 2η/σ2 as in (7.12).

In order to obtain the last line of (7.32) in Theorem 5.7.4, and for its own sake,
we use an expression for the joint transform of L(T0,K) and T0,K from Williams
(1992). Note that it suffices to let σ2 = 1, because if σ2 > 0 and W is a (η/σ, 1)
RBM on [0, K/σ], then σW is an (η, σ2)-RBM on [0, K].
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Theorem 5.7.5. (joint distribution of key variables in the regenerative represen-
tation) For σ2 = 1 and all s1, s2 ≥ 0,

E[exp(−s1L(T0,K) − s2T0,K)]

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1
1+s1K if η = 0, s2 = 0

1
cosh(γK)+s1γ−1 sinh(γK) if η = 0, s2 = 0

emK

cos(γK)+(s1+m)γ−1 sinh(γK) if η = 0 ,

(7.33)

where γ =
√

η2 + 2s2.

Since an explicit expression for the Laplace transform is available, we can exploit
numerical transform inversion to calculate the joint probability distribution and
the marginal probability distributions of T0,K and L(T0,K); see Abate and Whitt
(1992a, 1995a), Choudhury, Lucantoni and Whitt (1994) and Abate, Choudhury
and Whitt (1999).

Explicit expressions for the moments of L(T0,K) and T0,K can be obtained directly
from Theorem 5.7.5.

Theorem 5.7.6. (associated moments of regenerative variables) If η = 0 and σ2 =
1, then

ET0,K = K2, ET 2
0,K = 5K4/3 ,

E[L(T0,K)] = K, E[L(T0,K)2] = 2K2

E[T0,KL(T0,K)] = 5K3/3 . (7.34)

If η = 0 and σ2 = 1, then

ET0,K = (e−2ηK − 1 + 2ηK)/2η2 ,

E[T 2
0,K ] = (e−4ηK + e−2ηK + 6ηKe−2ηK + 2η2K2 − 2)/2η4 ,

E[L(T0,K)] = (1 − e−2ηK)/2η ,

E[L(T0,K)2] = (1 − e−2ηK)2/2η2 ,

E[T0,KL(T0,K)] = (e−2ηK − 3ηKe−2ηK − e−4ηK + ηK)/2η3 . (7.35)

Fendick and Whitt (1998) show how a Brownian approximation can be used to
help interpret loss measurements in a communication network.

5.7.4. One-Sided Reflection
Even nicer descriptions of RBM are possible when there is only one reflecting barrier
at the origin (corresponding to an infinite buffer). Let R ≡ {R(t; η, σ2, x) : t ≥ 0}
denote RBM with one reflecting barrier at the origin, i.e., R = φ(B) for B ≡
{B(t; η, σ2, x) : t ≥ 0}, where φ is the one-dimensional reflection map in (2.5)
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and B is Brownian motion. There is a relatively simple expression for the transient
distribution of RBM when there is only a single barrier; see p. 49 of Harrison (1985).

Theorem 5.7.7. (transition probability of RBM with one reflecting barrier) If
R ≡ {R(t; η, σ2, x) : t ≥ 0} is an (η, σ2)-RBM then

P (R(t) ≤ y|R(0) = x) = 1 − Φ
(

−y + x + ηt

σ
√

t

)

− exp(2ηy/σ2)Φ
(

−y − x − ηt

σ
√

t

)
,

where Φ is the standard normal cdf.

We now observe that we can express RBM with negative drift (and one reflecting
barrier at the origin) in terms of canonical RBM with drift coefficient −1 and
diffusion coefficient 1. We first state the result for Brownian motion and then for
reflected Brownian motion.

Theorem 5.7.8. (scaling to canonical Brownian motion) If m < 0 and σ2 > 0,
then

{aB(bt;m, σ2, x) : t ≥ 0} d= {B(t; −1, 1, ax) : t ≥ 0} (7.36)

and

{B(t; m, σ2, x) : t ≥ 0} d= {a−1B(b−1t;−1, 1, ax) : t ≥ 0} (7.37)

for

a =
|m|
σ2 > 0 , b =

σ2

m2 > 0 ,

m = − 1
ab

< 0 , σ2 =
1

a2b
> 0 . (7.38)

Theorem 5.7.9. (scaling to canonical RBM). If η < 0 and σ2 > 0, then

{aR(bt; η, σ2, Y ) : t ≥ 0} d= {R(t;−1, 1, aY ) : t ≥ 0} (7.39)

and

{R(t; η, σ2, Y ) : t ≥ 0} d= {a−1R(b−1t;−1, 1, aY ) : t ≥ 0} (7.40)

for

a ≡ |η|
σ2 > 0, b ≡ σ2

η2 ,

η =
−1
ab

, σ2 =
1

a2b
, (7.41)

as in (7.38) of Chapter 4.

Theorem 5.7.9 is significant because it implies that we only need to do calculations
for a single RBM — canonical RBM. Expressions for the moments of canonical
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RBM are given Abate and Whitt (1987a,b) along with various approximations.
There it is shown that the time-dependent moments can be characterized via cdf’s.
In particular, the time-dependent moments starting at 0, normalized by dividing
by the steady-state moments are cdf’s. Moreover the differences E(R(t)|R(0) =
x) − E[R(t)|R(0) = 0] divided by x are complementary cdf’s (ccdf’s), and all
these cdf’s have revealing structure. Here are explicit expressions for the first two
moments.

Theorem 5.7.10. (moments of canonical RBM) If R is canonical RBM, then

E[R(t)|R(0) = x] = 2−1 +
√

tφ

(
t − x√

t

)

− (t − x + 2−1)
[
1 − Φ

(
t − x√

t

)]

− 2−1e2x

[
1 − Φ

(
t + x√

t

)]

and

E[R(t)2|R(0) = x] = 2−1 + ((x − 1)
√

t −
√

t3)φ
(

t − x√
t

)

+ ((t − x)2 + t − 2−1)
[
1 − Φ

(
t − x√

t

)]

+ e2x(t + x − 2−1)
[
1 − Φ

(
t + x√

t

)]
,

where Φ and φ are the standard normal cdf and pdf.

When thinking about RBM approximations for queues, it is sometimes useful to
regard RBM as a special M/M/1 queue with ρ = 1. After doing appropriate scaling,
the M/M/1 queue-length process approaches a nondegenerate limit as ρ → 1. Thus
structure of RBM can be deduced from structure for the M/M/1 queue; see Abate
and Whitt (1988a-d). This is one way to characterize the covariance function of
stationary RBM; see Abate and Whitt (1988c). Recall that a nonnegative-real-
valued function f is completely monotone if it has derivatives of all orders that
alternate in sign. Equivalently, f can be expressed as a mixture of exponential
distributions; see p. 439 of Feller (1971).

Theorem 5.7.11. (covariance function of RBM) Let R∗ be canonical RBM ini-
tialized by giving R∗(0) an exponential distribution with mean 1/2. The process R∗

is a stationary process with completely monotone covariance function

Cov(R∗(0),R∗(t)) ≡ E[R∗(t) − 2−1)(R∗(0) − 2−1)]
= 2(1 − 2t − t2)[1 − Φ(

√
t)] + 2

√
t(1 + t)φ(

√
t)

= Hc
1e(t) = Hc

2(t), t ≥ 0 ,
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where Hk is the kth-moment cdf and Hc
1e is the stationary-excess ccdf associated

with the first-moment cdf, i.e.,

Hk(t) ≡ E[R(t)k|R(0) = 0]
ER(∞)k

, t ≥ 0 ,

and

Hc
1e(t) ≡ 1 − 2

∫ t

0
Hc

1(s)ds, t ≥ 0 .

Canonical RBM has asymptotic variance

σ2
R ≡ lim

t→∞ t−1 V ar

(∫ t

0
R(s)ds|R(0) = x

)
= 1/2 .

5.7.5. First-Passage Times
We can also establish limits for first passage times. For a stochastic process {Z(t) :
t ≥ 0}, let Ta,b(Z) denote the first passage time for Z to go from a to b. (We
assume that Z(0) = a, and consider the first passage time to b.) In general, the
first passage time functional is not continuous on D or even on the subset C, but
the first passage time functional is continuous almost surely with respect to BM or
RBM, because BM and RBM cross any level w.p.1 in a neighborhood of any time
that they first hit a level. Hence we can invoke a version of the continuous mapping
theorem to conclude that limits holds for the first passage times.

Theorem 5.7.12. (limits for first passage times) Under the assumptions of
Theorem 5.7.1,

Ta
√

n,b
√

n(Wn)
n

⇒ Ta,b(W)

for any positive a, b with a = b and 0 ≤ a, b ≤ K, where W is RBM and Wn is the
unnormalized workload process in model n.

Now let Ta,b(R) be the first-passage time from a to b for one-sided canonical
RBM. The first-passage time upward is the same as when there is a (higher) upper
barrier (characterized in Theorems 5.7.5 and 5.7.6), but the first-passage time down
is new. Let f(t; a, b) be the pdf of Ta,b(R) and let f̂(s; a, b) be its Laplace transform,
i.e.,

f̂(s; a, b) ≡
∫ ∞

0
e−stf(t; a, b)dt ,

where s is a complex variable with positive real part. The Laplace transforms to
and from the origin have a relatively simple form; see Abate and Whitt (1988a).
Again, numerical transform inversion can be applied to compute the probability
distributions themselves.
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Theorem 5.7.13. (RBM first-passage-time transforms and moments) For canon-
ical RBM (with no upper barrier), the first-passage-time Laplace transforms to and
from the origin are, respectively,

f̂(s;x, 0) = e−xr2

and

f̂(s; 0, x) =
r1 + r2

r1e−xr2 + r2exr1

for

r1(s) = 1 +
√

1 + 2s and r2(s) =
√

1 + 2s − 1 ,

so that

ETx,0 = x, V ar Tx,0 = x ,

ET0,x = 2−1[e2x − 1 − 2x] and
V ar T0,x = 4−1[e4x − 1 − 4x + 4e2x(1 − 2x) − 4] .

The first passage time down is closely related to the busy period of a queue, i.e.,
the time from when a buffer first becomes nonempty until it becomes empty again.
This concept is somewhat more complicated for fluid queues than standard queues.
In either case, the distribution of the busy period for small values tends to depend
on the fine structure of the model, but the tail of the busy period often can be
approximated robustly, and Brownian approximations can play a useful role; see
Abate and Whitt (1988d, 1995b).

First-passage-time cdf’s are closely related to extreme-value ccdf’s because
T0,a(W ) ≤ t if and only if W ↑(t) ≡ sup0≤s≤t W (s) ≥ a. Extreme-value theory shows
that there is statistical regularity associated with both first-passage times and ex-
treme values as t → ∞ and a → ∞; see Resnick (1987). Heavy-traffic extreme-value
approximations for queues are discussed by Berger and Whitt (1995a), Glynn and
Whitt (1995) and Chang (1997). A key limit is

2R↑(t) − log(2t) ⇒ Z as t → ∞ ,

where R is canonical RBM and Z has the Gumbel cdf, i.e.,

P (Z ≤ x) ≡ exp(−e−x), −∞ < x < ∞ .

This limit can serve as a basis for extreme-value engineering.
To summarize, in this section we have displayed Brownian limits for a fluid queue,

obtained by combining the general fluid-queue limits in Theorem 5.4.1 with the
multidimensional version of Donsker’s theorem in Theorem 4.3.5. We have also
displayed various formulas for RBM that are helpful in applications of the Brownian
limit. We discuss RBM limits and approximations further in the next section and
in Sections 8.4 and 9.6.
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5.8. Planning Queueing Simulations

In this section, following Whitt (1989a), we see how the Brownian approximation
stemming from the Brownian heavy-traffic limit in Section 5.7 can be applied to
plan simulations of queueing models. In particular, we show how the Brownian ap-
proximation can be used to estimate the required simulation run lengths needed to
obtain desired statistical precision, before any data have been collected. These esti-
mates can be used to help design the simulation experiment and even to determine
whether or not a contemplated experiment should be conducted.

The queueing simulations considered are single replications (one long run) of a
single queue conducted to estimate steady-state characteristics, such as long-run-
average steady-state workload. For such simulations to be of genuine interest, the
queueing model should be relatively complicated, so that exact numerical solution
is difficult. On the other hand, the queueing model should be sufficiently tractable
that we can determine an appropriate Brownian approximation.

We assume that both these criteria are met. Indeed, we specify the models that
we consider by stipulating that scaled versions of the stochastic process of interest,
with the standard normalization, converge to RBM as ρ ↑ 1. For simplicity, we focus
on the workload process in a fluid queue with infinite capacity, but the approach
applies to other models as well.

Of course, such a Brownian approximation directly yields an approximation
for the steady-state performance, but nevertheless we may be interested in the
additional simulation in order to develop a more precise understanding of the
steady-state behavior. Indeed, one use of such simulations is to evaluate how var-
ious candidate approximations perform. Then we often need to perform a large
number of simulations in order to see how the approximations perform over a range
of possible model parameters.

In order to exploit the Brownian approximation for a single queue, we focus
on simulations of a single queue. However, the simulation actually might be for a
network of queues. Then the analysis of a single queue is intended to apply to any
one queue in that network. If we want to estimate the steady-state performance at
all queues in the network, then the required simulation run length for the network
would be the maximum required for any one queue in the network. Our analysis
shows that it often suffices to focus on the bottleneck (most heavily loaded) queue
in the network.

At first glance, the experimental design problem may not seem very difficult. To
get a rough idea about how long the runs should be, one might do one “pilot” run
to estimate the required simulation run lengths. However, such a preliminary ex-
periment requires that you set up the entire simulation before you decide whether
or not to conduct the experiment. Nevertheless, if such a sampling procedure could
be employed, then the experimental design problem would indeed not be espe-
cially difficult. Interest stems from the fact that one sample run can be extremely
misleading.

This queueing experimental design problem is interesting and important pri-
marily because a uniform allocation of data over all cases (parameter values) is
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not nearly appropriate. Experience indicates that, for given statistical precision,
the required amount of data increases as the traffic intensity increases and as the
arrival-and-service variability (appropriately quantified) increases. Our goal is to
quantify these phenomena.

To quantify these phenomena, we apply the space and time scaling functions. Our
analysis indicates that to achieve a uniform relative error over all values of the traffic
intensity ρ that the run length should be approximately proportional to the time-
scaling factor (1−ρ)−2 (for sufficiently high ρ). Relative error appears to be a good
practical measure of statistical precision, except possibly when very small numbers
are involved. Then absolute error might be preferred. It is interesting that the
required run length depends strongly on the criterion used. With the absolute error
criterion, the run length should be approximately proportional to (1 − ρ)−4. With
either the relative or absolute error criteria, there obviously are great differences
between the required run lengths for different values of ρ, e.g., for ρ = 0.8, 0.9 and
0.99.

We divide the simulation run-length problem into two components. First, there is
the question: What should be the required run length given that the system starts
in equilibrium (steady state)? Second, there is the question: What should we do
in the customary situation in which it is not possible to start in equilibrium? We
propose to delete an initial portion of each simulation run before collecting data in
order to allow the system to (approximately) reach steady state. By that method,
we reduce the bias (the systematic error that occurs when the expected value of the
estimator differs from the quantity being estimated). The second question, then,
can be restated as: How long should be the initial segment of the simulation run
that is deleted?

Focusing on the first question first, we work with the workload stochastic process,
assuming that we have a stationary version, denoted by W ∗

ρ . First, however, note
that specifying the run length has no meaning until we specify the time units. To
fix the time units, we assume that the output rate in the queueing system is µ. (It
usually suffices to let µ = 1, but we keep general µ to show how it enters in.)

For the general fluid-queue model we have the RBM approximation in (7.8). How-
ever, since we are assuming that we start in equilibrium, instead of the Brownian
approximation in (7.8), we assume that we have the associated stationary Brownian
approximation

{W ∗
ρ (t) : t ≥ 0} ≈ {σ2

Xµ−1(1 − ρ)−1R∗(σ−2
X µ2(1 − ρ)2t;−1, 1) : t ≥ 0} , (8.1)

where σ2
X is the variability parameter, just as in (7.8), and R∗ is a stationary version

of canonical RBM, with initial exponential distribution, i.e.,

{R∗(t;−1, 1) : t ≥ 0} d= {R(t;−1, 1, Y ) : t ≥ 0} , (8.2)

where the initial position Y is an exponential random variable with mean 1/2
independent of the standard Brownian motion being reflected; i.e., R∗ = φ(B+ Y )
where φ is the reflection map and B is a standard Brownian motion independent
of the exponential random variable Y .
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The obvious application is with {W ∗
ρ (t) : t ≥ 0} being a stationary version of a

workload process, as defined in Section 5.2. However, our analysis applies to any
stationary process having the Brownian approximation in (8.1).

5.8.1. The Standard Statistical Procedure
To describe the standard statistical procedure, let {W (t) : t ≥ 0} be a stochastic
process of interest and assume that is stationary with EW (t)2 < ∞. (We use
that notation because we are thinking of the workload process, but the statistical
procedure is more general, not even depending upon the Brownian approximation.)
Our object is to estimate the mean E[W (0)] by the sample mean, i.e., by the time
average

W̄t ≡ t−1
∫ t

0
W (s)ds, t ≥ 0 . (8.3)

The standard statistical procedure, assuming ample data, is based on a CLT for
W̄t. We assume that

t1/2(W̄t − E[W (0)]) ⇒ N(0, σ2) as t → ∞ , (8.4)

where σ2 is the asymptotic variance, defined by

σ2 ≡ lim
t→∞ tV ar(W̄t) = 2

∫ ∞

0
C(t)dt , (8.5)

and C(t) is the (auto) covariance function

C(t) ≡ E[W (t)W (0)] − (E[W (0)])2, t ≥ 0 . (8.6)

Of course, a key part of assumption (8.4) is the requirement that the asymptotic
variance σ2 be finite. The CLT in (8.4) is naturally associated with a Brownian
approximation for the process {W (t) : t ≥ 0}. Such CLTs for stationary processes
with weak dependence were discussed in Section 4.4. Based on (8.4), we use the
normal approximation

W̄t ≈ N(E[W (0)], σ2/t) (8.7)

for the (large) t of interest, where σ2 is the asymptotic variance in (8.5).
Based on (8.7), a [(1 − β) · 100]% confidence interval for the mean E[W (0)] is

[W̄t − zβ/2(σ2/t)1/2, W̄t + zβ/2(σ2/t)1/2] , (8.8)

where

P (−zβ/2 ≤ N(0, 1) ≤ zβ/2) = 1 − β . (8.9)

The width of the confidence interval in (8.8) provides a natural measure of the
statistical precision. There are two natural criteria to consider: absolute width and
relative width. Relative width looks at the ratio of the width to the quantity to be
estimated, E[W (0)].
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For any given β, the absolute width and relative width of the [(1 − β) · 100]%
confidence intervals for the mean E[W (0)] are, respectively,

wa(β) =
2σzβ/2

t1/2 and wr(β) =
2σzβ/2

t1/2E[W (0)]
. (8.10)

For specified absolute width ε and specified confidence level 1 − β, the required
simulation run length, given (8.7), is

ta(ε, β) =
4σ2z2

β/2

ε2
. (8.11)

For specified relative width ε and specified confidence level 1−β, the required length
of the estimation interval, given (8.7), is

tr(ε, β) =
4σ2z2

β/2

ε2(E[W (0)])2
. (8.12)

From (8.11) and (8.12) we draw the important and well-known conclusion that both
ta(ε, β) and tr(ε, β) are inversely proportional to ε2 and directly proportional to σ2

and z2
β/2.

Standard statistical theory describes how observations can be used to estimate
the unknown quantities E[W (0)] and σ2. Instead, we apply additional information
about the model to obtain rough preliminary estimates for E[W (0)] and σ2 without
data.

5.8.2. Invoking the Brownian Approximation
At this point we invoke the Brownian approximation in (8.1). We assume that
the process of interest is W ∗

ρ and that it can be approximated by scaled station-
ary canonical RBM as in (8.1). The steady-state mean of canonical RBM and its
asymptotic variance are both 1/2; see Theorems 5.7.10 and 5.7.11. It thus remains
to consider the scaling.

To consider the effect of scaling space and time in general, let W again be a
general stationary process with covariance function C and let

Wy,z(t) ≡ yW (zt), t ≥ 0

for y, z > 0. Then the mean E[Wy,z(t)], covariance function Cy,z(t) and asymptotic
variance of Wy,z are, respectively,

E[Wy,z(t)] = yEW (zt) = yE[W (t)] ,

Cy,z(t) = y2C(zt) and σ2
y,z = y2σ2/z . (8.13)

Thus, from (8.1) and (8.13), we obtain the important approximations

E[W ∗
ρ (0)] ≈ σ2

X

2µ(1 − ρ)
and σ2

W ∗
ρ

≈ σ6
X

2µ4(1 − ρ)4
. (8.14)
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We have compared the approximation for the mean in (8.14) to the exact formula
for the M/G/1 workload process in Example 5.7.1. Similarly, the exact formula for
the asymptotic variance for the M/M/1 workload process, where µ = 1, is

σ2
Wρ

=
2ρ(3 − ρ)
(1 − ρ)4

; (8.15)

see (23) of Whitt (1989a). Formula (8.15) reveals limitations of the approximation
in (8.14) in light traffic (as ρ ↓ 0), but formula (8.15) agrees with the approximation
in (8.14) in the limit as ρ → 1, because σ2

X = 2ρ for the M/M/1 queue; let EV1 = 1
and c2

V = 1 in (7.20). Numerical comparisons of the predictions with simulation
estimates in more general models appear in Whitt (1989a). These formulas show
that the approximations give good rough approximations for ρ not too small (e.g.,
for ρ ≥ 1/2).

Combining (8.12) and (8.14), we see that the approximate required simulation
run length for W ∗

ρ given a specified relative width ε and confidence level 1 − β for
the confidence interval for E[W ∗

ρ (0)] is

tr(ε, β) ≈
8σ2

Xz2
β/2

ε2µ2(1 − ρ)2
. (8.16)

Combining (8.11) and (8.14), we see that the approximate required simulation run
length for W ∗

ρ given a specified absolute width ε and confidence level 1 − β for the
confidence interval for E[Wρ(0)] is

ta(ε, β) ≈
2σ6

Xz2
β/2

ε2µ4(1 − ρ)4
. (8.17)

In summary, the Brownian approximation in (8.1) dictates that, with a criterion
based on the relative width of the confidence interval, the required run length
should be directly proportional to both the the time-scaling term as a function of ρ
alone, (1 − ρ)−2, and the heavy-traffic variability parameter σ2

X . In contrast, with
the absolute standard error criterion, the required run length should be directly
proportional to (1 − ρ)−4, the square of the time-scaling term as a function of ρ
alone, and σ6

X , the cube of the heavy-traffic variability parameter σ2
X .

The second question mentioned at the outset is: How to determine an initial
transient portion of the simulation run to delete? To develop an approximate an-
swer, we can again apply the Brownian approximation in (8.1). If the system starts
empty, we can consider canonical RBM starting empty. By Theorem 5.7.10, the
time-dependent mean of canonical RBM E[R(t)|R(0) = 0] is within about 1% of
its steady-state mean 1/2 at t = 4. Hence, if we were simulating canonical RBM,
then we might delete an initial portion of length 4. Thus, by (8.1), a rough rule
of thumb for the queueing process Wρ (with unit processing rate) is to delete an
initial segment of length 4σ2

X/µ2(1− ρ)2. When we compare this to formula (8.16),
we see that the proportion of the total run that should be deleted should be about
ε2/2z2

β/2, which is small when ε is small.
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We can also employ the Brownian approximation to estimate the bias due to
starting away from steady-state. For example, the bias due to starting empty with
canonical RBM is

ER̄t − 1/2 = t−1
∫ t

0
(E[R(t;−1, 1, 0] − 1/2)ds

≈ t−1
∫ ∞

0
(E[R(s);−1, 1, 0] − 1/2)ds = 1/4t , (8.18)

by Corollary 1.3.4 of Abate and Whitt (1987a). The approximate relative bias
is thus 1/2t. That same relative bias should apply approximately to the workload
process in the queue. We can also estimate the reduced bias due to deleting an initial
portion of the run, using Theorem 5.7.10 and the hyperexponential approximation

1/2 − E[R(t;−1, 1, 0] ≈ 0.36e−5.23t + 0.138e−0.764t, t ≥ 0 . (8.19)

Our entire analysis depends on the normal approximation in (8.7), which in turn
depends on the simulation run length t. Not only must t be sufficiently large so
that the estimated statistical precision based on (8.7) is adequate, but t must be
sufficiently large so that the normal approximation in (8.7) is itself reasonable.
Consistent with intuition, experience indicates that the run length required for
(8.7) to be a reasonable approximation also depends on the parameters ρ and σ2

X ,
with t needing to increase as ρ and σ2

X increase. We can again apply the Brownian
approximation to estimate the run length required. We can ask what run length
is appropriate for a normal approximation to the distribution of the sample mean
of canonical RBM. First, however, the time scaling alone tells us that the run
length must be at least of order σ2

X/µ2(1 − ρ)2. This rough analysis indicates that
the requirement for (8.7) to be a reasonable approximation is approximately the
same as the requirement to control the relative standard error. For further analysis
supporting this conclusion, see Asmussen (1992).

5.9. Heavy-Traffic Limits for Other Processes

We now obtain heavy-traffic stochastic-process limits for other processes besides
the workload process in the setting of Section 5.4. Specifically, we obtain limits for
the departure process and the processing time.

5.9.1. The Departure Process
We first obtain limits for the departure process defined in (2.11), but in general
we can have difficulties applying the continuous-mapping approach with addition
starting from (2.11) because the limit processes S and −L can have common dis-
continuities of opposite sign. We can obtain positive results when we rule that out,
again invoking Theorem 12.7.3.
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Let the scaled departures processes be defined by

Dn ≡ c−1
n (Dn(nt) − µnnt), t ≥ 0 . (9.1)

Theorem 5.9.1. (limit for the departure process) Let the conditions of Theorem
5.4.1 hold. If the topology on D is J1, assume that S and L almost surely have no
common discontinuities. If the topology on D is M1, assume that S and L almost
surely have no common discontinuities with jumps of common sign. Then, jointly
with the limits in (4.5) and (4.7),

Dn ⇒ D ≡ S − L in D (9.2)

with the same topology, for Dn in (9.1), S in (4.5) and L in (4.9).

Proof. By (2.11),

Dn = Sn − Ln .

By Theorem 5.4.1, (Sn,Ln) ⇒ (S,L) in D2 jointly with the other limits. Just
as in the proof of Theorem 5.4.1, we can apply the continuous mapping theorem,
Theorem 3.4.3, with addition. Under the conditions on the discontinuities of S
and L, addition is measurable and almost surely continuous. Hence we obtain the
desired limit in (9.2).

The extra assumption in Theorem 5.9.1 is satisfied when P (Sn(t) = µnt, t ≥
0) = 1 or when X has no negative jumps (which implies that L ≡ ψL(X) has
continuous paths).

As an alternative to (9.1), we can use the input rate λn in the translation term
of the normalized departure process; i.e., let

D′
n ≡ c−1

n (Dn(nt) − λnnt), t ≥ 0 . (9.3)

When the input rate appears in the translation term, we can directly compare the
departure processes Dn to the cumulative-input processes Cn.

Corollary 5.9.1. (limit for the departure process with input centering) Under the
assumptions of Theorem 5.9.1,

D′
n ⇒ D′ ≡ −ηe + S − L in (D, M1) (9.4)

for D′
n in (9.3), η in (4.6), e(t) ≡ t for t ≥ 0, S in (4.5) and L in (4.9).

Proof. Note that D′
n = Dn − ηne. Hence, as before, we can apply the continuous-

mapping theorem, Theorem 3.4.3, with addition to the joint limit (Dn, ηne) ⇒
(D, ηe), which holds by virtue of Theorems 5.9.1 and 11.4.5.

5.9.2. The Processing Time
We now establish heavy-traffic limits for the processing time T (t) in (2.12). We first
exploit (2.13) when K = ∞. Let the scaled processing-time processes be

Tn(t) ≡ c−1
n Tn(nt), t ≥ 0 . (9.5)
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Theorem 5.9.2. (limit for the processing time when K = ∞) Suppose that, in
addition to the conditions of Theorem 5.4.1, K = ∞, µn → µ as n → ∞, where
0 < µ < ∞,

ηC,n ≡ n(λn − µ)/cn → ηC (9.6)

and

ηS,n ≡ n(µn − µ)/cn → ηS , (9.7)

where −∞ < ηC < ∞ and −∞ < ηS < ∞, so that η = ηC − ηS. If the topology on
D is J1, suppose that almost surely no two of the limit processes C, S and L have
common discontinuities. If the topology on D is M1, assume that L and C almost
surely have no common discontinuities with jumps of opposite sign, and S and L
almost surely have no common discontinuities with jumps of common sign. Suppose
that

P (S(0) = 0) = 1 . (9.8)

Then

Tn ⇒ µ−1W in D (9.9)

with the same topology on D, jointly with the limits in (4.5) and (4.7), for Tn in
(9.5) and W in (4.9) with K = ∞.

Proof. We can apply the continuous-mapping approach with first passage times,
using the inverse map with centering in Section 13.7. Specifically, we can apply
Theorem 13.7.4 with the Skorohod representation theorem, Theorem 3.2.2. From
(2.13),

n−1Tn(nt) + nt = inf{u ≥ 0 : n−1Sn(nu) ≥ n−1(Cn(nt) + W ′
n(0) + Ln(nt))} .

By (4.5), (9.6) and (9.7),

(n/cn)(Ŝn − µe, Ẑn − µe) ⇒ (S + ηSe,Z + ηCe) , (9.10)

where

Ŝn ≡ n−1Sn(nt) and Ẑn ≡ n−1(Cn(nt) + W ′
n(0) + Ln(nt)), t ≥ 0 .

We use the conditions on the discontinuities of C and L to obtain the limit

(n/cn)(Ẑn − µe) ⇒ Z + ηCe ,

where

Z ≡ C + W ′(0) + L ,

by virtue of Theorem 12.7.3. Since

T̂n(t) ≡ n−1Tn(nt) = (Ŝ−1
n ◦ Ẑn)(t) − t, t ≥ 0 , (9.11)



186 5. Heavy-Traffic Limits

the desired limit for Tn follows from Theorem 13.7.4. In particular, (9.10), (9.11)
and (9.8) imply the limit

(n/cn)(Ŝ−1
n ◦ Ẑn − µ−1e ◦ µe)

⇒ (Z + ηCe) − (S + ηSe) ◦ µ−1e ◦ µe
µ

=
W
µ

.

The continuity conditions in Theorem 5.9.2 are satisfied when S is almost surely
continuous and X almost surely has no negative jumps (which makes L almost
surely have continuous paths). That important case appears in the convergence to
reflected stable Lévy motion in Theorem 8.5.1.

We can also obtain a FCLT for Tn when K < ∞ under stronger continuity
conditions and pointwise convergence under weaker conditions. (It may be possible
to establish analogs to part (b) below without such strong continuity conditions.)

Theorem 5.9.3. (limits for the processing time when K ≤ ∞) Suppose that the
conditions of Theorem 5.4.1 hold with 0 < K ≤ ∞ and µn → µ, where 0 < µ < ∞.

(a) If

P (t ∈ Disc(S)) = P (t ∈ Disc(W)) = 0 , (9.12)

then

Tn(t) ⇒ µ−1W(t) in R . (9.13)

(b) If

P (C ∈ C) = P (S ∈ C) = 1 , (9.14)

then

Tn ⇒ µ−1W in (D, M1) , (9.15)

where P (W ∈ C) = 1.

Proof. (a) By (2.12),

n−1Tn(nt) = inf{u ≥ 0 : Sn(n(t + u)) − Sn(nt) ≥ Wn(nt)} ,

so that

Tn(t) = inf{u ≥ 0 : µnu + Sn(t + u(cn/n)) − Sn(t) ≥ Wn(t)} .

By the continuous-mapping approach, with condition (9.12),

Tn(t) ⇒ inf{u ≥ 0 : µu ≥ W(t)} ,

which implies the conclusion in (9.13).
(b) Under condition (9.14),

sup
0≤t≤T

{|Sn(t + u(cn/n)) − Sn(t)|} → 0 as n → ∞ w.p.1

for any T with 0 < T < ∞; see Section 12.4. Hence the conclusion in part (a)
holds uniformly over all bounded intervals. An alternative proof follows the proof
of Theorem 5.9.2, including the process {U(t) : t ≥ 0} when K < ∞.
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Remark 5.9.1. The heavy-traffic snapshot principle. With the previous heavy-
traffic theorems in this section, Theorems 5.9.2 and 5.9.3 establish a version of the
heavy-traffic snapshot principle, a term coined by Reiman (1982): In the heavy-
traffic limit, the processing time is asymptotically negligible compared to the time
required for the workloads to change significantly. Since time is scaled by n, the
workloads can change significantly only over time intervals of length of order n. On
the other hand, since the space scaling is by cn, where cn → ∞ but cn/n → 0 as
n → ∞, the workload itself tends to be only of order cn, which is asymptotically
negligible compared to n. Correspondingly, Theorems 5.9.2 and 5.9.3 show that that
processing times also are of order cn. Thus, in the heavy-traffic limit, the workload
when a particle of work departs is approximately the same as the workload when
that particle of work arrived.

The heavy-traffic snapshot principle also holds in queueing networks. Thus the
workload seen upon each visit to a queue in the network and upon departure from
the network by a particle flowing through the network is the same, in the heavy-
traffic limit, as seen by that particle upon initial arrival. The heavy-traffic snapshot
principle implies that network status can be communicated effectively in a heavily
loaded communication network: A special packet sent from source to destination
may record the buffer content at each queue on its path. Then this information may
be passed back to the source by a return packet. The snapshot principle implies
that the buffer contents at the queues will tend to remain near their original levels
(relative to heavy-loading levels), so that the information does not become stale.
(A caveat: With the fluid-limit scaling in Section 5.3, the heavy-traffic snapshot
principle is not valid. In practice, we need to check if the snapshot principle applies.)
For more on the impact of old information on scheduling service in queues, see
Mitzenmacher (1997).

5.10. Priorities

In this book we primarily consider the standard first-come first-served (FCFS)
service discipline in which input is served in order of arrival, but it can be important
to consider other service disciplines to meet performance goals. We now illustrate
how we can apply heavy-traffic stochastic-process limits to analyze a queue with
a non-FCFS service discipline. Specifically, we now consider the fluid-queue model
with priority classes. We consider the relatively tractable preemptive-resume priority
discipline; i.e., higher-priority work immediately preempts lower-priority work and
lower-priority work resumes service where it stopped when it regains access to the
server. Heavy-traffic limits for the standard single-server queue with the preemptive-
resume priority discipline were established by Whitt (1971a).

In general, there may be any number m of priority classes, but it suffices to
consider only two because, from the perspective of any given priority class, all lower
priority work can be ignored, and all higher-priority work can be lumped together.
Thus, the model we consider now is the same as in Section 5.2 except that there
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are two priority classes. Let class 1 have priority over class 2. For i = 1, 2, there is
a class-i cumulative-input stochastic process {Ci(t) : t ≥ 0}. As before, there is a
single server, a buffer with capacity K and a single service process {S(t) : t ≥ 0}.
(There is only a single shared buffer, not a separate buffer for each class.)

Like the polling service discipline considered in Section 2.4.2, the preemptive-
resume priority service discipline is a work-conserving service policy. Thus the total
workload process is the same as for the FCFS discipline considered above. We
analyze the priority model to determine the performance enhancement experienced
by the high-priority class and the performance degradation experienced by the
low-priority class.

We first define class-i available-processing processes by letting

S1(t) ≡ S(t),
S2(t) ≡ S1(t) − D1(t) , (10.1)

where D1 ≡ {D1(t) : t ≥ 0} is the class-1 departure process, defined as in (2.11).
We then can define the class-i potential-workload processes by

Xi(t) ≡ Wi(0) + Ci(t) − Si(t) , (10.2)

just as in (2.4). Then the class-i workload, overflow and departure processes are
Wi ≡ φK(Xi), Ui ≡ ψU (Xi) and Di ≡ Si − ψL(Xi), just as in Section 5.2.

We now want to consider heavy-traffic limits for the two-priority fluid-queue
model. As in Section 5.4, we consider a sequence of queues indexed by n. Suppose
that the per-class input rates λ1,n and λ2,n and a maximum-potential output rate
µn are well defined for each n, with limits as in (4.1) and (4.2). Then the class-i
traffic intensity in model n is

ρi,n ≡ λi,n/µn (10.3)

and the overall traffic intensity in model n is

ρn ≡ ρ1,n + ρ2,n . (10.4)

As a regularity condition, we suppose that µn → µ as n → ∞, where 0 < µ < ∞.
In this context, there is some difficulty in establishing a single stochastic-process

limit that generates useful approximations for both classes. It is natural to let

ρi,n → ρi , (10.5)

where 0 < ρi < ∞. If we let ρ ≡ ρ1 + ρ2 = 1, then the full system is in heavy
traffic, but the high-priority class is in light traffic: ρ1,n → ρ1 < 1 as n → ∞. That
implies that the high-priority workload will be asymptotically negligible compared
to the total workload in the heavy-traffic scaling. That observation is an important
insight, but it does not produce useful approximations for the high-priority class.

On the other hand, if we let ρ1 = 1, then the high-priority class is in heavy traffic,
but ρ ≡ ρ1 + ρ2 > 1, so that the full system is unstable. Clearly, neither of these
approaches is fully satisfactory. Yet another approach is to have both ρn → 1 and
ρ1,n → 1 as n → ∞, but that forces ρ2,n → 0. Such a limit can be useful, but if
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the low-priority class does not contribute a small proportion of the load, then that
approach will usually be unsatisfactory as well.

5.10.1. A Heirarchical Approach
What we suggest instead is a heirarchical approach based on considering the relevant
scaling. From the scaling analysis in Section 5.5, including the time and space scaling
in (5.10) and (5.11), we can see that the full system with higher traffic intensity
has greater scaling than the high-priority class alone. Thus, we suggest first doing
a heavy-traffic stochastic-process limit for the high-priority class alone, based on
letting ρ1,n ↑ 1 and, second, afterwards doing a second heavy-traffic limit for both
priority classes, based on fixing ρ1 and letting ρ2,n ↑ 1 − ρ1.

As a basis for these heavy-traffic limits, we assume that

(C1,n,C2,n,Sn) ⇒ (C1,C2,S) (10.6)

where

C1,n(t) ≡ n−HC,1(C1,n(nt) − λ1,nnt),
C2,n(t) ≡ n−HC,2(C2,n(nt) − λ2,nnt),

Sn(t) ≡ n−HS (Sn(nt) − µnt) (10.7)

for 0 < HC,1 < 1, 0 < HC,2 < 1 and 0 < HS < 1. For simplicity, we let the
processing rate µ be independent of n.

Note that a common case of considerable interest is the light-tailed weak-
dependent case with space-scaling exponents

HC,1 = HC,2 = HS = 1/2 , (10.8)

but we allow other possibilities. We remark that in the light-tailed case with scal-
ing exponents in (10.8) the heirarchical approach can be achieved directly using
strong approximations; see Chen and Shen (2000). (See Section 2.2 of the Internet
Supplement for a discussion of strong approximations.)

When (10.8) does not hold, then it is common for one of the three space-scaling
exponents to dominate. That leads simplifications in the analysis that should be
exploited. In the heavy-traffic limit, variability appears only for the processes with
the largest scaling exponent.

Given a heavy-traffic stochastic-process limit as in Theorem 5.4.1 for the high-
priority class alone with the space scaling factors in (10.7), we obtain the high-
priority approximation

W1,ρ1(t) ≈
(

ζ1

1 − ρ1

) H1
1−H1

W1

((
1 − ρ1

ζ1

) 1
1−H1

t

)
, t ≥ 0 , (10.9)

as in (5.3) with the scaling functions in (5.10) and (5.11) based on the traffic
intensity ρ1 and the space-scaling exponent

H1 = max{HC,1, HS} . (10.10)
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The limit process W1 in (10.9) is φK(X1) as in (4.9), where

X1(t) = W ′
1(0) + C1(t) − S(t) + η1t, t ≥ 0 ,

as in (4.8). If HC,1 > HS , then S(t) = 0 in the limit; if HS > HC,1, then C1(t) = 0
in the limit. Instead of (4.6), here we have

η1,n ≡ n(λ1,n − µn)/cn → η1 .

Next we can treat the aggregate workload of both classes using traffic intensity
ρ = ρ1 + ρ2. We can think of the high-priority traffic intensity ρ1 as fixed with
ρ1 < 1 and let ρ2,n ↑ 1 − ρ1. By the same argument leading to (10.9), we obtain a
heavy-traffic stochastic-process limit supporting the approximation

Wρ(t) ≈
(

ζ

1 − ρ

) H
1−H

W

((
1 − ρ

ζ

) 1
1−H

t

)
, t ≥ 0 , (10.11)

where the space-scaling exponent now is

H = max{HC,1, HC,2, HS} . (10.12)

The limit process W in (10.11) is φK(X) as in (4.9), where

X(t) = W ′(0) + C1(t) + C2(t) − S(t) + ηt, t ≥ 0 ,

as in (4.8). If HC,i < H, then Ci(t) = 0 in the limit; if HS < H, then S(t) = 0 in
the limit. Instead of (4.6), here we have

ηn ≡ n(λ1,n + λ2,n − µn)/cn → η .

Not only may the space-scaling exponent H in (10.11) differ from its counterpart
H1 in (10.9), but the parameters ρ and ζ in (10.11) routinely differ from their
counterparts ρ1 and ζ1 in (10.9).

Of course, the low-priority workload is just the difference between the aggre-
gate workload and the high-priority workload. If that difference is too complicated
to work with, we can approximate the low-priority workload by the aggregate
workload, since the high-priority workload should be relatively small, i.e.,

W2,ρ2(t) = Wρ(t) − W1,ρ1(t) ≈ Wρ(t), t ≥ 0 . (10.13)

5.10.2. Processing Times
We now consider the per-class processing times, i.e., the times required to complete
processing of all work of that class in the system. For the high-priority class, we
can apply Theorems 5.9.2 and 5.9.3 to justify (only partially when K < ∞) the
approximation

T1,ρ1(t) ≈ W1,ρ1(t)/µ . (10.14)

However, the low-priority processing time is more complicated because the last
particle of low-priority work must wait, not only for the total aggregate workload
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to be processed, but also for the processing of all new high-priority work to arrive
while that processing of the initial workload is going on. Nevertheless, the low-
priority processing time is relatively tractable because it is the time required for
the class-1 net input, starting from time t, to decrease far enough to remove the
initial aggregate workload, i.e.,

T2(t) ≡ inf{u > 0 : X1(t + u) − X1(t) < −W (t)} . (10.15)

Note that (10.15) is essentially of the same form as (2.12). Thus, we can apply
(10.15) with the reasoning in Theorem 5.9.3 to establish an analog of Theorem
5.9.3, which partly justifies the heavy-traffic approximation

T2,ρ1,ρ2(t) ≈ Wρ(t)
µ(1 − ρ1)

. (10.16)

In (10.16), T2,ρ1,ρ2(t) is the low-priority processing time as a function of the two
traffic intensities and Wρ(t) is the aggregate workload at time t as a function of the
total traffic intensity ρ = ρ1 + ρ2.

The heavy-traffic approximation in (10.16) should not be surprising because, as
ρ ↑ 1 with ρ1 fixed, the stochastic fluctuations in X1 should be negligible in the
relatively short time required for the drift in X1 to hit the target level; i.e., we have
a separation of time scales just as in Section 2.4.2.

However, in applications, it may be important to account for the stochastic fluc-
tuations in X1. That is likely to be the case when ρ1 is relatively high compared
to ρ. Fortunately, the heavy-traffic limits also suggest a refined approximation.
Appropriate heavy-traffic limits for X1 alone suggest that the stochastic process
{X1(t) : t ≥ 0} can often be approximated by a Lévy process (a process with sta-
tionary and independent increments) without negative jumps. Moreover, the future
net input {X1(t + u) − X1(t) : t ≥ 0} often can be regarded as approximately
independent of W (t). Under those approximating assumptions, the class-2 process-
ing time in (10.15) becomes tractable. The Laplace transform of the conditional
processing-time distribution given W (t) is given on p.120 of Prabhu (1998). The
conditional mean is the conditional mean in the heavy-traffic approximation in
(10.16).

Remark 5.10.1. Other service disciplines. We conclude this section by referring
to work establishing heavy-traffic limits for non-FCFS service disciplines. First, in
addition to Chen and Shen (2000), Boxma, Cohen and Deng (1999) establish heavy-
traffic limits for priority queues. As mentioned in Section 2.4.2, Coffman, Puhalskii
and Reiman (1995, 1998), Olsen (2001), van der Mei and Levy (1997) and van der
Mei (2000, 2001) establish heavy-traffic limits for polling service disciplines. King-
man (1982) showed how heavy-traffic limits can expose the behavior of a whole
class of service disciplines related to random order of service. Yashkov (1993), Sen-
gupta (1992), Grishechkin (1994), Zwart and Boxma (2000) and Boxma and Cohen
(2000) establish heavy-traffic limits for the processor-sharing discipline. Fendick
and Rodrigues (1991) develop a heavy-traffic approximation for the head-of-the-
line generalized processor-sharing discipline. Abate and Whitt (1997a) and Limic
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(1999) consider the last-in first-out service discipline. Doytchinov et al. (2001) and
Kruk et al. (2000) consider “real-time” queues with due dates. These alternative
service disciplines are important because they significantly affect queueing perfor-
mance. As we saw for the high-priority class with two priority classes, the alternative
service disciplines can effectively control congestion for some customers when the
input of other customers is excessive. The derivations of the heavy-traffic limits
with these alternative service disciplines are fascinating because they involve quite
different arguments.



6
Unmatched Jumps in the Limit Process

6.1. Introduction

As illustrated by the random walks with Pareto steps in Section 1.4 and the work-
load process with Pareto inputs in Section 2.3, it can be important to consider
stochastic-process limits in which the limit process has jumps, i.e., has discontinu-
ous sample paths. The jumps observed in the plots in Chapters 1 and 2 correspond
to exceptionally large increments in the plotted sequences, i.e., large steps in the
simulated random walk and large inputs of required work in the simulated workload
process of the queue. Thus, in the associated stochastic-process limit, the jumps in
the limit process are matched by corresponding jumps in the converging processes.
However, there are related situations in which the jumps in the limit process are
not matched by jumps in the converging processes.

Indeed, a special focus of this book is on stochastic-process limits with unmatched
jumps in the limit process. In the extreme case, the converging stochastic processes
have continuous sample paths. Then the sample paths of the converging processes
have portions with steep slope corresponding to the limiting jumps. In other cases,
a single jump in the sample path of the limiting stochastic process corresponds to
many small jumps in the sample path of one of the converging stochastic processes.
In this chapter we give several examples showing how a stochastic-process limit
with unmatched jumps in the limit process can arise. Most of these examples will
be treated in detail later.

We give special attention to stochastic-process limits with unmatched jumps in
the limit process because they represent an interesting phenomenon and because
they require special treatment beyond the conventional theory. In particular, as



194 6. Unmatched Jumps

discussed in Section 3.3, whenever there are unmatched jumps in the limit process,
we cannot have a stochastic-process limit in the function space D with the conven-
tional Skorohod (1956) J1 topology. To establish the stochastic-process limit, we
instead use the M1 topology.

Just as in Chapter 1, we primarily draw our conclusions in this chapter by looking
at pictures. By plotting initial segments of the stochastic processes for various
sample sizes, we can see the stochastic-process limits emerging before our eyes.
As before, the plots often do the proper scaling automatically, and thus reveal
statistical regularity associated with a macroscopic view of uncertainty. The plots
also show the relevance of stochastic-process limits with unmatched jumps in the
limit process.

First, though, we should recognize that it is common for the limit process in a
stochastic-process limit to have continuous sample paths. For example, that is true
for Brownian motion, which is the canonical limiting stochastic process, occurring
as the limit in Donsker’s theorem, discussed in Chapters 1 and 4. In many books on
stochastic-process limits, all the stochastic-process limits that are considered have
limit processes with continuous sample paths, and there is much to consider.

Moreover, when a limit process in a stochastic-process limit does have discon-
tinuous sample paths, the jumps in the limit process are often matched in the
converging processes. We have already pointed out that only matched jumps ap-
pear in the examples in Chapters 1 and 2. Indeed, there is a substantial literature on
stochastic-process limits where the limit process may have jumps and those jumps
are matched in the converging processes. The extreme-value limits in Resnick (1987)
and the many stochastic-process limits in Jacod and Shiryaev (1987) are all of this
form.

However, even for the examples in Chapter 1 with limit processes having dis-
continuous sample paths, we would have stochastic-process limits with unmatched
jumps in the limit process if we formed the continuous-time representation of the
discrete-time process using linear interpolation, as in (2.1) in Chapter 1. We contend
that the linearly interpolated processes should usually be regarded as asymptoti-
cally equivalent to the step-function versions used in Chapter 1; i.e., one sequence of
scaled processes should converge if and only if the other does, and they should have
the same limit process. That asymptotic eqivalence is suggested by Figure 1.13,
which plots the two continuous-time representations of a random walk with uni-
form random steps. As the sample size n increases, both versions approach Brownian
motion. Indeed, as n increases, the two alternative continuous-time representations
become indistinguishable.

In Section 6.2 we look at more examples of random walks, comparing the linearly
interpolated continuous-time representations (which always have continuous sam-
ple paths) to the standard step-function representation for the same random-walk
sample paths. Now we make this comparison for random walks approaching a limit
process with discontinuous sample paths. Just as in Chapter 1, we obtain jumps in
the limit process by considering random walks with steps having a heavy-tailed dis-
tribution, in particular, a Pareto distribution. As before, the plots reveal statistical



6.2. Linearly Interpolated Random Walks 195

regularity. The plots also show that it is natural to regard the two continuous-time
representations of scaled discrete-time processes as asymptotically equivalent.

However, the unmatched jumps in the limit process for the random walks in
Section 6.2 can be avoided if we use the step-function representation instead of the
linearly interpolated version. Since the step-function version seems more natural
anyway, the case for considering unmatched jumps in the limit process is not yet
very strong. In the rest of this chapter we give examples in which stochastic-process
limits with unmatched jumps in the limit process cannot be avoided.

6.2. Linearly Interpolated Random Walks

All the stochastic-process limits with jumps in the limit process considered in
Chapter 1 produce unmatched jumps when we form the continuous-time repre-
sentation of the original discrete-time process by using linear interpolation. We
now want to show, by example, that it is natural to regard the linearly interpo-
lated continuous-time representation as asymptotically equivalent to the standard
step-function representation in settings where the limit process has jumps.

Given a random walk or any discrete-time process {Sk : k ≥ 0}, the scaled-and-
centered step-function representations are defined for each n ≥ 1 by

Sn(t) ≡ c−1
n (S�nt� − m�nt�), 0 ≤ t ≤ 1 , (2.1)

where �x� is the greatest integer less than x and cn → ∞ as n → ∞. The associated
linearly interpolated versions are

S̃n(t) ≡ (nt − �nt�)Sn((�nt� + 1)/n) + (1 + �nt� − nt)Sn(�nt�/n) , (2.2)

for 0 ≤ t ≤ 1. Clearly the sample paths of Sn in (2.1) are discontinuous for all n
(except in the special case in which Sk = S0, 1 ≤ k ≤ n), while the sample paths of
S̃n in (2.2) are continuous for all n.

6.2.1. Asymptotic Equivalence with M1

We contend that the two sequences of processes {Sn : n ≥ 0} and {S̃n : n ≥ 0} in
the function space D ≡ D([0, 1], R) should be asymptotically equivalent, i.e., if either
converges in distribution as n → ∞, then so should the other, and they should have
the same limit. It is easy to see that the desired asymptotic equivalence holds with
the M1 metric. In particular, we can show that dM1(Sn, S̃n) ⇒ 0 as n → ∞.

Theorem 6.2.1. (the M1 distance between the continuous-time representations)
For any discrete-time process {Sk : k ≥ 0},

dM1(Sn, S̃n) ≤ n−1 for all n ≥ 1 ,

for Sn in (2.1) and S̃n in (2.2).



196 6. Unmatched Jumps

Proof. For the M1 metric, we can use an arbitrary parametric representation of
the step-function representation Sn. Then, for any ε > 0, we can construct the
associated parametric representation of S̃n so that it agrees with the other para-
metric reprentation at the finitely many points in the domain [0, 1] mapping into
the points (k/n,Sn(k/n)) on the completed graph of Sn for 0 ≤ k ≤ n, with the
additional property that the spatial components of the two parametric represen-
tations differ by at most n−1 + ε anywhere. Since ε was arbitrary, we obtain the
desired conclusion.

We can apply Theorem 6.2.1 and the convergence-together theorem, Theorem
11.4.7, to establish the desired asymptotic equivalence with respect to convergence
in distribution.

Corollary 6.2.1. (asymptotic equivalence of continuous-time representations) If
either Sn ⇒ S in (D, M1) or S̃n ⇒ S in (D, M1), then both limits hold.

Note that the conclusion of Theorem 6.2.1 is much stronger than the conclusion of
Corollary 6.2.1. Corollary 6.2.1 concludes that Sn, S̃n and S all have approximately
the same probability laws for all suitably large n, whereas Theorem 6.2.1 concludes
that the individual sample paths of Sn and S̃n are likely to be close for all suitably
large n.

We used plots to illustrate the asymptotic equivalence of S̃n and Sn for random
walks with uniform steps, for which the limit process is Brownian motion, in Figure
1.13. That asymptotic equivalence is proved by Corollary 6.2.1. (Since the limit
process has continuous sample paths, the various nonuniform Skorohod topologies
are equivalent in this example.)

Now we use plots again to illustrate the asymptotic equivalence of S̃n and Sn

in random walks with jumps in the limit process. Since the asymptotic equivalence
necessarily holds in the M1 topology by virtue of Corollary 6.2.1, but not in the J1
topology, we are presenting a case for using the M1 topology.

6.2.2. Simulation Examples
We give three examples, all involving variants of the Pareto distribution.

Example 6.2.1. Centered random walk with Pareto(p) steps.
As in (3.5) (iii) in Section 1.3, we consider the random walk {Sk : k ≥ 0} with

IID steps

Xk ≡ U
−1/p
k (2.3)

for Uk uniformly distributed on the interval [0, 1]. The steps then have a Pareto(p)
distribution with parameter p, having ccdf F c(t) = t−p for t ≥ 1. We first consider
the case 1 < p ≤ 2. In that case, the steps have a finite mean m = 1 + (p − 1)−1

but infinite variance. In Figures 1.20 – 1.22, we saw that the plots of the centered
random walks give evidence of jumps. The supporting FCLT (in Section 4.5) states
that the step-function representations converge in distribution to a stable Lévy
motion, which indeed has discontinuous sample paths.
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Figure 6.1. Plots of the two continuous-time representations of the centered random walk
with Pareto(1.5) steps for n = 10j with j = 1, 2, 3. The step-function representation Sn

in (2.1) appears on the left, while the linearly interpolated version S̃n in (2.2) appears on
the right.

Just as in Chapter 1, we use the statistical package S to simulate and plot
the initial segments of the stochastic processes. Plots of the two continuous-time
representations Sn and S̃n for the same sample paths of the random walk are given
for the case p = 1.5 and n = 10j with j = 1, 2, 3 in Figure 6.1. For n = 10, the two
continuous-time representations look quite different. Indeed, at first it may seem
that they cannot be corresponding continuous-time representations of the same
realized segment of the random walk, but closer examination shows that the two
continuous-time representations are correct. However, for n = 100 and beyond, the
two continuous-time representations look very similar. For larger values of n such
as n = 104 and beyond, the two continuous-time representations look virtually
identical.

So far we have considered only p = 1.5. We now illustrate how the plots depend
on p for 1 < p ≤ 2. In Figure 6.2 we plot the two continuous-time representations
of the random walk with Pareto(p) steps for three values of p, in particular for
p = 1.1, 1.5 and 1.9. We do the plot for the case n = 100 using the same uniform
random numbers (exploiting (2.3)). In each plot the largest steps stem from the
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Figure 6.2. Plots of the two continuous-time representations of the centered random walk
with Pareto(p) steps with p = 1.1, 1.5 and 1.9 for n = 102 based on the same uniform
random numbers (using (2.3)). The step-function representation Sn in (2.1) appears on
the left, while the linearly interpolated version S̃n in (2.2) appears on the right.

smallest uniform random numbers. The three smallest uniform random numbers
in this sample were U3 = 0.00542, U65 = 0.00836 and U16 = 0.0201. The corre-
sponding large steps can be seen in each case of Figure 6.2. Again, we see that the
limiting stochastic process should have jumps (up). That conclusion is confirmed
by considering larger and larger values of n. As in Figures 6.1 and 6.2, the two
continuous-time representations look very similar. And the little difference we see
for n = 100 deceases as n increases.

Example 6.2.2. Uncentered random walk with Pareto(0.5) steps. In Figures 1.19,
1.25 and 1.26 we saw that the uncentered random walk with Pareto(0.5) steps should
have stochastic-process limits with jumps in the limit process. The supporting FCLT
implies convergence to another stable Lévy motion as n → ∞ (again see Section
4.5). Moreover, such a limit holds for IID Pareto(p) steps whenever p ≤ 1, because
then the steps have infinite mean.

Now we look at the two continuous-time representations in this setting. We now
plot the two continuous-time representations S̃n and Sn associated with the un-
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Plots of the uncentered random walk with Pareto(0.5) steps for n = 10j with
j = 1, 2, 3. The step-function representation Sn in (2.1) appears on the left, while
the linearly interpolated version S̃n in (2.2) appears on the right.

centered random walk with Pareto(0.5) steps for n = 10j with j = 1, 2, 3 in Figure
6.2.2. Again, the two continuous-time representations initially (for small n) look
quite different, but become indistinguishable as n increases. Just as in Chapter 1,
even though there are jumps, we see statistical regularity associated with large n.
Experiments with different n show the self-similarity discussed before.

Example 6.2.3. Centered random walk with limiting jumps up and down.
The Pareto distributions considered above have support on the interval [1,∞),

so that, even with centering, the positive tail of the step-size distribution is heavy,
but the negative tail of the step-size distribution is light. Consequently the limiting
stochastic process in the stochastic-process limit for the random walks with Pareto
steps can only have jumps up. (See Section 4.5)

We can obtain a limit process with both jumps up and jumps down if we again
use (2.3) to define the steps, but we let Uk be uniformly distributed on the interval
[−1, 1] instead of in [0, 1]. Then we can have both arbitrarily large negative jumps
and arbitrarily large positive jumps. We call the resulting distribution a symmetric
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Figure 6.3. Plots of the two continuous-time representations of the random walk with
symmetric Pareto(1.5) steps for n = 10j with j = 2, 3, 4. The step-function representation
Sn in (2.1) appears on the left, while the linearly interpolated version S̃n in (2.2) appears
on the right.

Pareto distribution (with parameter p). Since the distribution is symmetric, no
centering need be done for the plots or the stochastic-process limits.

To illustrate, we make additional comparisons between the linearly interpolated
continuous-time representation and the step-function continuous-time representa-
tion of the random walk, now using the symmetric Pareto(p) steps for p = 1.5. The
plots are shown in Figure 6.3. We plot the two continuous-time representations
for n = 10j with j = 2, 3, 4. From the plots, it is evident that the limit process
now should have jumps down as well as jumps up. Again, the two continuous-time
representations look almost identical for large n.

6.3. Heavy-Tailed Renewal Processes

One common setting for stochastic-process limits with unmatched jumps in the limit
process, which underlies many applications, is a heavy-tailed renewal process. Given
partial sums Sk ≡ X1 + · · · + Xk, k ≥ 1, from a sequence of nonnegative random
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variables {Xk : k ≥ 1} (without an IID assumption), the associated stochastic
process N ≡ {N(t) : t ≥ 0} defined by

N(t) ≡ max{k ≥ 0 : Sk ≤ t}, t ≥ 0, (3.1)

where S0 ≡ 0, is called a stochastic counting process. When the random variables
Xk are IID, the counting process is called a renewal counting process or just a
renewal process.

6.3.1. Inverse Processes
Roughly speaking (we will be more precise in Chapter 13), the stochastic processes
{Sk : k ≥ 1} and N ≡ {N(t) : t ≥ 0} can be regarded as inverses of each other,
without imposing the IID condition, because

Sk ≤ t if and only if N(t) ≥ k. (3.2)

The M1 topology is convenient for relating limits for partial sums to associated
limits for the counting processes, because the M1-topology definition makes it easy
to exploit the inverse relation in the continuous-mapping approach.

Moreover, it is not possible to use the standard J1 topology to establish limits
of scaled versions of the counting processes, because the J1 topolgy requires all
jumps in the limit process to be matched in the converging stochastic processes.
The difficulty with the J1 topology on D can easily be seen when the random
variables Xk are strictly positive. Then the counting process N increases in unit
jumps, and scaled versions of the counting process, such as

Nn(t) ≡ c−1
n (N(nt) − m−1nt), t ≥ 0, (3.3)

where cn → ∞, have jumps of magnitude 1/cn, which are asymptotically negligible
as n → ∞ . Hence, if Nn in (3.3) is ever to converge as n → ∞ to a limiting
stochastic process with discontinuous sample paths, then we must have unmatched
jumps in the limit process. Then we need the M1 topology on D.

What is not so obvious, however, is that Nn will ever converge to a limiting
stochastic process with discontinuous sample paths. However, such limits can indeed
occur. Here is how: A long interrenewal time creates a long interval between jumps
up in the renewal process. The long interrenewal time appears horizontally rather
than vertically, not directly causing a jump. However, during such an interval, the
scaled process in (3.3) will decrease linearly at rate n/mcn, due to the translation
term not being compensated for by any jumps up. When n/cn → ∞ (the usual
case), the slope approaches −∞. When the interrenewal times are long enough,
these portions of the sample path with steep slope down can lead to jumps down
in the limit process.

A good way to see how jumps can appear in the limit process for Nn is to see
how limits for Nn in (3.3) are related to associated limits for Sn in (2.1) when both
scaled processes are constructed from the same underlying process {Sk : k ≥ 0}. A
striking result from the continuous-mapping approach to stochastic-process limits
(to be developed in Chapter 13) is an equivalence between stochastic-process limits
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for partial sums and associated counting processes, exploiting the M1 topology (but
not requiring any direct independence or common-distribution assumption). As a
consequence of Corollary 13.8.1, we have the following result:

Theorem 6.3.1. (FCLT equivalence for counting processes and associated partial
sums) Suppose that 0 < m < ∞, cn → ∞, n/cn → ∞ and S(0) = 0. Then

Sn ⇒ S in (D, M1) (3.4)

for Sn in (2.1) if and only if

Nn ⇒ N in (D, M1) (3.5)

for Nn in (3.3), in which case

(Sn,Nn) ⇒ (S,N) in (D2, WM1) , (3.6)

where the limit processes are related by

N(t) ≡ (m−1S ◦ m−1e)(t) ≡ m−1S(m−1t), t ≥ 0 , (3.7)

or, equivalently,

S(t) = (mN ◦ me)(t) ≡ mN(mt), t ≥ 0 , (3.8)

where e(t) = t, t ≥ 0.

Thus, whenever the limit process S in (3.4) has discontinuous sample paths, the
limit process N in (3.5) necessarily has discontinuous sample paths as well. More-
over, S has only jumps up (down) if and only if N has only jumps down (up).
Whenever S and N have discontinuous sample paths, the M1 topology is needed
to express the limit for Nn in (3.5). In contrast, the limit for Sn in (3.4) can hold
in (D, J1).

6.3.2. The Special Case with m = 1
The close relation between the limit processes S and N in (3.4) – (3.8) is easy
to understand and visualize when we consider plots for the special case of strictly
positive steps Xk with translation scaling constant m = 1. Note that the limit
process N in (3.7) becomes simply −S when m = 1.

Also note that we can always scale so that m = 1 without loss of generality: For
any given sequence {Xk : k ≥ 0}, when we multiply Xk by m for all k, we replace
Sn by mSn and Nn by Nn ◦ m−1e. Hence, the limits S and N are replaced by mS
and N ◦ m−1e, respectively.

Hence, suppose that m = 1. A useful observation, then, is that N(Sk) =
k for all k. (We use the assumption that the variables Xk are strictly positive.)
With that in mind, note that we can plot N(t)−t versus t, again using the statistical
package S, by plotting the points (0, 0), (Sk, N(Sk)− 1−Sk) and (Sk, N(Sk)−Sk)
in the plane R

2 and then performing linear interpolation between successive points.
Roughly speaking, then, we can plot N(t) − t versus t by plotting N(Sk) − Sk

versus Sk. On the other hand, when we plot the centered random walk {Sk − k :



6.3. Heavy-Tailed Renewal Processes 203

k ≥ 0}, we plot (Sk − k) versus k. Since N(Sk) = k, we have

N(Sk) − Sk = k − Sk = −(Sk − k) .

Thus, the second component of the pair (Sk, N(Sk) − Sk) is just minus 1 times
the second component of the pair (k, Sk − k). Thus, the plot of N(t) − t versus t
should be very close to the plot of −(Sk −k) versus k. The major difference is in the
first component: For the renewal process, the first component is Sk; for the random
walk, the first component is k. However, since n−1Sn → 1 as n → ∞ by the SLLN,
that difference between these two first components disappears as n → ∞.

Example 6.3.1. Centered renewal processes with Pareto(p) steps for 1 < p < 2.
By now, we are well acquainted with a situation in which the limit for Sn in (3.4)
holds and the limit process S has discontinuous sample paths: That occurs when
the underlying process {Sk : k ≥ 0} is a random walk with IID Pareto(p) steps
for 1 < p < 2. Then the limit (3.4) holds with m = 1 + (p − 1)−1 and S being
a stable Lévy motion, which has discontinuous sample paths. The discontinuous
sample paths are clearly revealed for the case p = 1.5 in Figures 1.20 – 1.22 and
6.1.

To make the relationship clear, we consider the case m = 1. We obtain m = 1
in our example with IID Pareto(1.5) steps by dividing the steps by 3; i.e., we let
Xk ≡ U

−2/3
k /3. For this example with Pareto(1.5) steps having ccdf decay rate

p = 3/2 and mean 1, we plot both the centered renewal process (N(t) − t versus
t) and minus 1 times the centered random walk (−(Sk − k) versus k). We plot
both sample paths, putting the centered renewal process on the left, for the cases
n = 10j with j = 1, 2, 3 in Figure 6.4. We plot three possible representations of
each for n = 104 in Figure 6.5. (We plot the centered random walk directly; i.e., we
do not use either of the continuous-time represenations.)

For small n, the sample paths of the two centered processes look quite different,
but as n increases, the sample paths begin to look alike. The jumps in the centered
random walk plot are matched with portions of the centered-renewal-process plot
with very steep slope. As n increases, the slopes in the portions of the centered-
renewal-process plots corresponding to the random-walk jumps tend to get steeper
and steeper, approaching the jump itself.

It is natural to wonder how the plots look as the decay rate p changes within
the interval (1,2), which is the set of values yielding a finite mean but an infinite
variance. We know that for smaller p the jumps are likely to be larger. To see what
happens, we plot three realizations each of the centered renewal process and minus
1 times the centered random walk for Pareto steps having decay rates p = 7/4 and
p = 5/4 (normalized as before to have mean 1) for n = 104 in Figures 6.6 and 6.7.
From Figures 6.5 – 6.7, we see that the required space scaling decreases, the two
irregular paths become closer, and the slopes in the renewal-process plot become
steeper, as p increases from 5/4 to 3/2 to 7/4. For p = 5/4, we need larger n to
see steeper slopes. However, in all cases we can see that there should be unmatched
jumps in the limit process.
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Figure 6.4. Plots of the centered renewal process (on the left) and minus 1 times the
centered random walk (on the right) for Pareto(1.5) steps with mean m = 1 and n = 10j

for j = 1, 2, 3.

For the Pareto-step random walk plots in Figures 6.4 – 6.7, we not only have
−Sn ⇒ −S and Nn ⇒ −S, but also the realizations of Nn and −Sn are becoming
close to each other as n → ∞. Such asymptotic equivalence follows from Theorem
6.3.1 by virtue of Theorem 11.4.8. Recall that we can start with any translation
scaling constant m and rescale to m = 1.

Corollary 6.3.1. (asymptotic equivalence) If, in addition to the assumptions of
Theorem 6.3.1, the limit Sn ⇒ S in (3.4) holds and m = 1, then

dM1(Nn,−Sn) ⇒ 0 .

To summarize, properly scaled versions (with centering) of a renewal process
(or, more generally, any counting process) are intimately connected with associ-
ated scaled versions (with centering) of random walks, so that FCLTs for random
walks imply associated FCLTs for the scaled renewal process (and vice versa), pro-
vided that we use the M1 topology. When the limit process for the random walk
has discontinuous sample paths, so does the limit process for the renewal process,
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Figure 6.5. Plots of three independent realizations of the centered renewal process (on the
left) and minus 1 times the centered random walk (on the right) for Pareto(1.5) steps with
mean m = 1 and n = 104.

which necessarily produces unmatched jumps. We state specific FCLTs for renewal
processes in Section 7.3.

6.4. A Queue with Heavy-Tailed Distributions

Closely paralleling the heavy-tailed renewal process just considered, heavy-traffic
limits for the queue-length process in standard queueing models routinely produce
stochastic-process limits with unmatched jumps in the limit process when the ser-
vice times or interarrival times have heavy-tailed distributions (again meaning with
infinite variance). In fact, renewal processes enter in directly, because the customer
arrival process in the queueing model is a stochastic counting process, which is a
renewal process when the interarrival times are IID.

We start by observing that jumps in the limit process associated with stochastic-
process limits for the queue-length process almost always are unmatched jumps.
That is easy to see when all the interarrival times and service times are strictly
positive. (That is the case w.p.1 when the interarrival times and service times come
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Figure 6.6. Plots of three independent realizations of the centered renewal process (on the
left) and minus 1 times the centered random walk (on the right) associated with Pareto(p)
steps in (2.3) with p = 7/4, m = 1 and n = 104.

from sequences of random variables with distributions assigning 0 probability to 0.)
Then the queue length (i.e., the number of customers in the system) makes changes
in unit steps. Thus, any jumps in the limit process associated with a stochastic-
process limit for a sequence of queue-length processes with space scaling, where we
divide by cn with cn → ∞ as n → ∞, must be unmatched jumps.

The real issue, then, is to show that jumps can appear in stochastic-process limits
for the queue-length process. The stochastic-process limits we have in mind occur
in a heavy-traffic setting, as in Section 2.3.

6.4.1. The Standard Single-Server Queue
To be specific, we consider a single-server queue with unlimited waiting room and
the first-come first-served service discipline. (We will discuss this model further in
Chapter 9. The model can be specified by a sequence of ordered pairs of nonnegative
random variables {(Uk, Vk) : k ≥ 1}. The variable Uk represents the interarrival
time between customers k and k − 1, with U1 being the arrival time of the first
customer, while the variable Vk represents the service time of the customer k. The
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Figure 6.7. Plots of three independent realizations of the centered renewal process (on the
left) and minus 1 times the centered random walk (on the right) associated with Pareto(p)
steps in (2.3) with p = 5/4, m = 1 and n = 104.

arrival time of the customer k is thus

Tk ≡ U1 + · · · + Uk, k ≥ 1 , (4.1)

and the departure time of the customer k is

Dk ≡ Tk + Wk + Vk, k ≥ 1 , (4.2)

where Wk is the waiting time (before beginning service) of customer k. The waiting
times can be defined recursively by

Wk ≡ [Wk−1 + Vk−1 − Uk]+, k ≥ 2 , (4.3)

where [x]+ ≡ max{x, 0} and W1 ≡ 0. (We have assumed that the system starts
empty; that of course is not critical.)

We can now define associated continuous-time processes. The counting processes
are defined just as in (3.1). The arrival (counting) process {A(t) : t ≥ 0} is defined
by

A(t) ≡ max{k ≥ 0 : Tk ≤ t}, t ≥ 0 , (4.4)
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the departure (counting) process {D(t) : t ≥ 0} is defined by

D(t) ≡ max{k ≥ 0 : Dk ≤ t}, t ≥ 0 , (4.5)

and the queue-length process {Q(t) : t ≥ 0} is defined by

Q(t) ≡ A(t) − D(t), t ≥ 0 . (4.6)

Here the queue length is the number in system, including the customer in service,
if any.

The standard single-server queue that we consider now is closely related to the
infinite-capacity version of the discrete-time fluid queue model considered in Section
2.3. Indeed, the recursive definition for the waiting times in (4.3) is essentially the
same as the recursive definition for the workloads in (3.1) of Section 2.3 in the
special case in which the waiting space is unlimited, i.e., when K = ∞. For the
fluid queue model, we saw that the behavior of the workload process is intimately
connected to the behavior of an associated random walk, and that heavy-tailed
inputs lead directly to jumps in the limit process for appropriately scaled workload
processes. The same is true for the waiting times here, as we will show in Section
9.2.

6.4.2. Heavy-Traffic Limits
Thus, just as in Section 2.3, we consider a sequence of models indexed by n in
order to obtain interesting stochastic-process limits for stable queueing systems.
We can achieve such a framework conveniently by scaling a single model. We use a
superscript n to index the new quantities constructed in the nth model.

We start with a single sequence {(Uk, Vk) : k ≥ 1}. Note that we have made no
stochastic assumptions so far. The key assumption is a FCLT for the random walks,
in particular,

(Su
n,Sv

n) ⇒ (Su,Sv) in (D2, WM1) , (4.7)

where

Su
n ≡ c−1

n (
�nt�∑
i=1

Ui − �nt�)

and

Sv
n ≡ c−1

n (
�nt�∑
i=1

Vi − �nt�) .

The standard stochastic assumption to obtain (4.7) is for {Uk} and {Vk} to be
independent sequences of IID random variables with

EVk = EUk = 1 for all k ≥ 1 . (4.8)

and other regularity conditions (finite variances to get convergence to Brownian
motion or asymptotic power tails to get convergence to stable Lévy motions).
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Paralleling the scaling in (3.13) in Section 2.3, we form the nth model by letting

Un
k ≡ bnUk and V n

k ≡ Vk, k ≥ 1 , (4.9)

where

bn ≡ 1 + mcn/n for n ≥ 1 . (4.10)

We assume that cn/n ↓ 0 as n → ∞, so that bn ↓ 1 as n → ∞. The scaling in
(4.9) is a simple deterministic scaling of time in the arrival process; i.e., the arrival
process in model n is

An(t) ≡ A(b−1
n t), t ≥ 0 ,

for bn in (4.10).
We now form scaled stochastic processes associated with the sequence of models

by letting

Wn(t) ≡ c−1
n Wn

�nt�, (4.11)

and

Qn(t) ≡ c−1
n Qn(nt), t ≥ 0 . (4.12)

We now state the heavy-traffic stochastic-process limit, which follows from The-
orems 9.3.3, 9.3.4 and 11.4.8. As before, for x ∈ D, let Disc(x) be the set of
discontinuities of x.

Theorem 6.4.1. (heavy-traffic limit for the waiting times and queue lengths) Sup-
pose that the stochastic-process limit in (4.7) holds and the scaling in (4.9) holds
with cn → ∞ and cn/n → 0. Suppose that almost surely the sets Disc(Su) and
Disc(Sv) have empty intersection and

P (Su(0) = 0) = P (Sv(0) = 0) = 1 .

Then

Wn ⇒ W ≡ φ(Sv − Su − me) in (D, M1) , (4.13)

where φ is the one-sided reflection map in (5.4) in Section 3.5,

(Wn,Qn) ⇒ (W,W) in (D2, WM1) (4.14)

and

dM1(Wn,Qn) ⇒ 0 . (4.15)

We now explain why the limit process Q for the scaled queue-length processes
can have jumps. Starting from (4.6), we have

Qn = An − Dn , (4.16)

where

An(t) ≡ c−1
n (An(nt) − nt), t ≥ 0 (4.17)
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and

Dn(t) ≡ c−1
n (Dn(nt) − nt), t ≥ 0 . (4.18)

Just as for the renewal processes in the previous section, an especially long service
time (interarrival time) can cause a period of steep linear slope down in Dn (An),
which can correspond to jumps down in the associated limit process. The jump
down from Dn (An) corresponds to a jump up (down) in the limit process for Qn.

6.4.3. Simulation Examples
What we intend to do now is simulate and plot the waiting-time and queue-length
processes under various assumptions on the interarrival-time and service-time dis-
tributions. Just as with the empirical cdf in Example 1.1.1 and the renewal process
in Section 6.3, when we plot the queue-length process we need to plot a portion
of a continuous-time process. Just as in the two previous cases, we can plot the
queue-length process with the statistical package S, exploiting underlying random
sequences. Here the relevant underlying random sequences are the arrival times
{Tk} and the departure times {Dk}, defined recursively above in (4.1) and (4.2).

Since the plotting procedure is less obvious now, we specify it in detail. We
first form two dimensional vectors by appending a +1 to each arrival time and a
−1 to each departure time. (Instead of the arrival time Tn, we have the vector
(Tn, 1); instead of the departure time Dn, we have the vector (Dn,−1).) We then
combine all the vectors (creating a matrix) and sort on the first component. The
new first components are thus the successive times of any change in the queue
length (arrival or departure). We then form the successive cumulative sums of the
second components, which converts the second components into the queue lengths
at the times of change. We could just plot the queue lengths at the successive times
of change, but we go further to plot the full continuous-time queue-length process.
We can plot by linear interpolation, if we include each queue length value twice,
at the jump when the value is first attained and just before the next jump. (This
method inserts a vertical line at each jump.)

We now give an S program to read in the first n interarrival times, service times
and waiting times and plot the queue-length process over the time interval that
these n customers are in the system (ignoring all subsequent arrivals). At the end
of the time interval the system is necessarily empty. Our construction thus gives an
odd end effect, but it can be truncated. Indeed, in our plots below we do truncate
(at the expected time of the nth arrival).

Here is the S function:

QueueLength <- function(U, V, W) {
QueueLength <- vector(“numeric”, 2∗length(U) + 1)
T <- cumsum(U) #construct arrival times
D <- T + W + V # departure times
TT <- cbind(T, +1) #append +1 to arrivals
DD <- cbind(D, −1) #append −1 to deps.
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m <- rbind(TT, DD) #merge into one matrix
msort <- m[sort.list(m[, 1]),] #sort on first comp.
time1 <- msort[, c(1)] #extract change times
QLchg <- msort[, c(2)] #queue length changes
QL1 <- cumsum(QLchg) #successive q. lths.
time2 <- c(0, time1, time1) #times for lin.interp.
time <- sort(time2)
n <- length(time1) #q. lths. for lin. int.
QL <- c(0, QL1)
for (k in seq(n)) {
QueueLength[[2 ∗ k − 1]] <- QL[[k]]
QueueLength[[2 ∗ k]] <- QL[[k]] }
QueueLength[2 ∗ n + 1] <- QL[n + 1]
plot(time, QueueLength, type = “l”) #do the plotting
}

We now consider a few examples. We use the Kendall notation to describe the
model: X/Y/c specifies a model with c servers, arrival process of type X and ser-
vice process of type Y . For either X or Y , GI denotes an IID sequence with a
general distribution, while M (for Markov) denotes (in addition) the exponential
distribution. We use Pp for the Pareto distribution with parameter p.

Example 6.4.1. The M/M/1 Queue.
We first consider the standard M/M/1 queue. Thus, here we assume that the

interarrival times and service times come from mutually independent sequences of
IID exponentially distributed random variables. It suffices to specify the means of
the interarrival time and the service time. Using the scaling in equations (4.9) and
(4.10), we need to specify the constant m and the space-scaling sequence {cn}.

At this point, we know what to do: There are no heavy-tailed distributions, so
we should let cn =

√
n. We also let m = 1. Thus, we fully specify the sequence of

M/M/1 models indexed by n by letting

EUn
k = 1 + 1/

√
n and EV n

k = 1 for all k and n . (4.19)

With that choice, the plotter can do the appropriate scaling automatically.
We are primarily interested in the queue-length process, but we also plot the

waiting times, because it is instructive to compare the plotted queue-length process
to the plotted waiting times. Hence, we plot both the waiting times of the first
n customers (linearly interpolated) and the queue-length process over the time
interval [0, nEUn

1 ] for the cases n = 10j with j = 1, 2, 3 in Figure 6.8.
For small n, the queue-length process looks very different from the waiting time

sequence, but as n increases, the sample path of the queue length process becomes
very similar to the sample path of the waiting times, except possibly for the final
portion, where the queue length experiences some of the end effect. To confirm
what we see in Figure 6.8, we plot three possible realizations of the waiting times
and the queue lengths for n = 104 in Figure 6.9.
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Figure 6.8. Plots of the waiting times of the first n arrivals (on the left) and the
queue-length process over the interval [0, nEUn

1 ] (on the right) in the M/M/1 queue with
scaling in (4.19) for n = 10j with j = 1, 2, 3.

From our experience so far, we should know what to expect: The plots are ap-
proaching plots of reflected Brownian motion with drift −1 (which does not have any
jumps). Now the conditions and conclusions of Theorem 6.4.1 hold with cn =

√
n

and W = φ(σB − me), where B is standard Brownian motion, e is the identity
map, φ : D → D is the one-sided reflection map and σ2 = V ar(U1) + V ar(V1) = 2.
We apply Donsker’s theorem – Theorem 4.3.2.

Moreover, the plots show that the distance between the two scaled processes
is indeed asymptotically negligible. Since the limit process here has continuous
sample paths, we can express this asymptotic equivalence using the uniform norm
over [0, 1]:

‖ Wn − Qn ‖⇒ 0 as n → ∞ . (4.20)

Example 6.4.2. The M/P1.5/1 Queue.
We now modify the previous example by letting the service-time distribution be

Pareto(p) with p = 1.5 and mean 1. (In the framework of Section 1.3.3, we can use
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Figure 6.9. Three possible realizations of the waiting times of the first n arrivals (on the
left) and the queue-length process over the interval [0, nEUn

1 ] (on the right) in the M/M/1
queue with scaling in (4.19) for n = 104.

3−1U−2/3, where U is uniform on the interval [0, 1], which has ccdf F c(t) = (3t)−3/2

for t ≥ 1.) With this heavy-tailed service-time distribtuion, we must scale space
differently, because the space scaling in the FCLT for the random walk involves
cn = n2/3 instead of cn = n1/2. Hence, instead of the scaling in (4.19), we now use

EUn
k = 1 + n−1/3 and EV n

k = 1 for all k and n . (4.21)

The new scaling makes the traffic intensity ρn smaller than in Example 6.4.1 for
any given n. For example, for n = 10, 000, before we had ρn = 1/1.01 ≈ 0.990,
while now we have ρn ≈ 1/1.046 ≈ 0.956.

We plot three possible realizations of the waiting times of the first n customers
(on the bottom or left) and queue-length process over the interval [0, nEUn

k ] (on
the top or right) for n = 104, in Figure 6.10. The first two plots look much like the
M/M/1 plots in Figure 6.9 except now we can see upward jumps. But the third
plot is very different!

There is now much more variability in the sample paths because of the possibility
of the occasional very large jumps. The range of values is exceptionally small in
case 2 and exceptionally large in case 3. The possibility of exceptionally large jumps
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produces large variations from plot to plot, as we saw for the random walks in Figure
1.21.

When we look at the third plots closely, it is not evident that the waiting-time and
queue-length plots are for the same sample path. For instance, the second big jump
in the waiting times occurs at about index 3100, whereas the corresponding second
steep incline in the queue-length path begins at about time 4100. However, upon
reflection, we see that these actually are consistent, because the waiting time of the
customer having the second large service time is about 1000. Since the arrival rate
is 1, that customer arrives at about time 3100. Hence that customer enters service,
and begins occupying the server, at about time 4100. Thus the queue length should
start building up at about time 4100, as it does.

The upward jumps are less sharp for the queue-length process, which we know
actually increases by unit jumps, but the asymptotic behavior is evident from the
plots. In this case, we are seeing a reflected stable Lévy motion with drift −1, which
has discontinuous sample paths, instead of a reflected Brownian motion. Again we
can explain the statistical regularity we see by Theorem 6.4.1. However, now the
scaling involves cn = n2/3.

By Theorems 4.5.2 and 4.5.3, the limit process is W ≡ φ(σSv − e) ≡ σφ(Sv −
σ−1e, where σ = 1/3C

2/3
α for Cα in (5.14) of Section 4.5.1, Sv is a centered α-stable

Lévy motion with Sv(1) d= Sα(1, 1, 0) and α = 3/2. (Its steady-state distribution is
given in Section 8.5.2.) Again, it is evident that the two scaled processes Wn and
Qn should now be asymptotically equivalent.

Example 6.4.3. The P1.5/M/1 Queue.
It is evident that a heavy-tailed service-time distribution should cause greater

congestion, but it may not be evident that a heavy-tailed interarrival-time distri-
bution can as well, because extra long interarrival times only serve to empty out the
queue. However, heavy-tailed interarrival-time distributions can cause congestion
as well. The reason is that, for given fixed mean, the occasionally exceptionally long
interarrival times must be compensated for in the distribution by shorter interar-
rival times, and these shorter interarrival times lead to bursts of arrivals and thus
increased queue lengths.

We illustrate by considering the P1.5/M/1 queue, which has IID Pareto(1.5)
interarrival times and IID exponential service times. This model is the dual of the
model in Example 6.4.2, with the role of the interarrival times and service times
switched (adjusted by scaling, so that the expected interarrival times are bigger
than the expected service times in both cases).

In Figure 6.11 we plot three possible realizations of the waiting times of the first
n arrivals (on the left) and the queue-length process over the interval [0, nEUn

1 ] (on
the right) in the P1.5/M/1 queue with the scaling in (4.21) for n = 104.

As in Figures 6.8 – 6.10, the queue-length plots are similar to the waiting-time
plot, except possibly for the final portion of the queue-length plot, where the queue
experiences its end effect. However, unlike in the previous figures, in Figure 6.11
we see evidence of jumps down.
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Figure 6.10. Three possible realizations of the waiting times of the first n arrivals (on
the left) and the queue-length process over the interval [0, nEUn

1 ] (on the right) in the
M/P1.5/1 queue with the scaling in (4.21) for n = 104.

Just as for the M/P1.5/1 model, the heavy-traffic FCLT in Theorem 6.4.1 applies
to the P1.5/M/1 and P1.5/P1.5/1 models. Indeed, we again have the same scaling,
but now the limiting reflected stable Lévy motions are different, having jumps
down only for the P1.5/M/1 model and haviing jumps both up and down for the
P1.5/P1.5/1 model, instead of having jumps up only for the M/P1.5/1 model.

For the P1.5/M/1 model, the heavy-traffic stochastic-process limit for the
workload process is Wn ⇒ W, where again cn = n2/3, but now

W = φ(−σSu − e) d= σφ(−Su − σ−1e) ,

where σ = 1/3C
2/3
α for α = 3/2, just as in Example 6.4.2. Here −Su(1) d=

Sα(1,−1, 0).
For the P1.5/P1.5/1 model, the limit process is

W = φ(σSv − σSu − e) d= σφ(Sv − Su − σ−1e) ,

where Sv − Su d= S with S being a stable Lévy motion satisfying S(1) d=
22/3Sα(1, 0, 0); see (5.8) – (5.11) in Section 4.5.1.
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Figure 6.11. Three possible realizations of the waiting times of the first n = 104 arrivals
(on the left) and the queue-length process over the interval [0, nEUn

1 ] (on the right) in the
P1.5/M/1 queue with the scaling in (4.21) for n = 104.

We should not be fooled by the jumps down for the P1.5/M/1 model. Of course,
the jumps down do constitute reductions in congestion, but elsewhere in the plot
the sample path is rising, so that the range of values experienced can be substantial.
Indeed, that is demonstrated by the heavy-traffic FCLT, which has space scaling
by n2/3, just as for the M/P1.5/1 model in Example 6.4.2.

6.5. Rare Long Service Interruptions

The queueing example just considered illustrates a common cause of congestion in
queues: stochastic vartiability in the interarrival times and service times. However,
congestion in queues can occur for other reasons: For example, the servers may be
subject to breakdown and failure, causing service interruptions. In manufacturing
systems, service interruptions due to machine failures or the unavailability of parts
are often the dominant sources of congestion. With evolving communication net-
works, there is debate about whether the most important source of congestion is the
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uncertain burstiness of customer input or the uncertain failure of system elements.
The biggest problems tend to occur when both happen together.

We can better understand the impact of service interruptions upon performance
if we develop a probability model and establish appropriate stochastic-process lim-
its. One such model, considered by Kella and Whitt (1990), is a queue with rare
long service interruptions. The queue can be a standard single-server queue with
unlimited waiting space, the first-come first-served service discipline and random
arrivals and service times, as considered in the previous section. We can supple-
ment that model by allowing random service interruptions. The interruptions can
be triggered by queueing events; e.g., they could occur only when the queue be-
comes empty. Or they can occur exogenously. We will consider the case in which
they occur exogenously.

Specifically, we will assume that the availability of the server is characterized by
an alternating renewal process; i.e., there are alternating periods in which the server
is available (up) or unavailable (down). For tractability, we assume that the up and
down times come from mutually independent sequences of IID positive random
variables with finite means and variances.

A revealing stochastic-process limit can be obtained by considering the queue in
a heavy-traffic limit, in which the load is allowed to approach the critical value for
stability. If the interruptions remain unchanged, then the service interruptions alter
the conventional heavy-traffic limit with a reflected Brownian motion limit process
only by increasing the traffic intensity and increasing the variance parameter of the
Brownian motion, both of which cause increased congestion. However, we obtain a
different nondegenerate limit, which is consistent with many applications, if we let
the intervals between interruptions and the durations of the interruptions increase
in the limit. If we let these quantities increase appropriately, with the duration
of an interruption being asymptotically negligible compared to the time between
interruptions, then we can obtain a revealing nondegenerate limit.

In particular, an interesting limiting regime has the random up times be of order
n and the random down times be of order

√
n as a function of the number n

of customers being considered. Then, with the customary scaling of time by n
and space by

√
n, the scaled up times become of order 1 and the scaled down

times become of order 1/
√

n. That makes the scaled down times asymptotically
negligible. Thus, after scaling, the service interruptions occur in the limit according
to a stochastic point process, with a finite positive expected number of interruptions
in a finite time interval.

Since the scaled durations of the service interruptions are aymptotically negligi-
ble, the service interruptions occur instantaneously in the limit. Nevertheless, the
service interruptions can have a significant spatial impact, because the number of
arrivals during the order

√
n down time is also of order

√
n. Thus, after scaling

space by
√

n, the input during the down time causes a random jump of order 1 in
the scaled queueing process at each interruption time.

The proposed scaling, with up times of order n and down times of order
√

n,
thus produces random jumps of order-1 size, spaced at random order-1 intervals.
In the limit, the proportion of time that the server is unavailable because of in-
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terruption is asymptotically negligible. Nevertheless, the asymptotic impact of the
interruptions can be dramatic. With this limit, it is possible to compare the effects
of the service interruptions (which appear in the limit process as jumps) to the
customary stochastic fluctuations. Depending on the specific parameter settings,
one or the other may dominate. In Section 14.7, following Kella and Whitt (1990)
and Chen and Whitt (1993), we consider networks of queues with rare long service
interruptions.

When we consider limits for sequences of queue-length stochastic processes af-
fected by rare long interruptions of the kind just described, the jumps in the limit
process are typically not matched in the converging scaled queue-length processes.
In the queueing system, arrivals usually are coming one at a time. During a service
interruption, service stops, but the arrivals keep coming. Thus the queue length
process increases by many unit steps during such periods. After scaling time and
space, the nth scaled queue-length process increases more rapidly (due to the time
scaling) but by smaller asymptotically negligible amounts (due to the space scal-
ing). Thus the resulting limit is a stochastic-process limit with unmatched jumps
in the limit process.

In the rest of this subsection we illustrate the kind of limiting behavior provided
by rare long service interruptions. To do so, we simplify the model: Even though
service interruptions represent a different source of congestion than variability in
customer demand, we often can represent service interruptions within the frame-
work of a standard queueing model. We can simply include the interruption in the
service time of one of the customers. Specifically, we can redefine the service-time
distribution: The new service-time distribution becomes a mixture: With probabil-
ity p, the new service time is the sum of an original service time and the interruption
duration; with probability 1−p, the new service time reduces to an original service
time. We then choose the probability p to match the probability that a customer
is the first customer to experience a service interruption. If the timing of service
interruptions needs to be modeled very precisely, then we can think of interrup-
tions as special high-priority customers that preempt regular customers (in line or
in service), but the simple model above often suffices

We have in mind rare long service interruptions occuring randomly, but to illus-
trate the interruption phenomenon, we let the interruptions occur in a fixed manner
in our example below.

Example 6.5.1. The M/M/1 queue with two fixed service interruptions.
We construct a simple example to illustrate the kind of limit behavior associated

with rare long service interruptions. Specifically, we consider the M/M/1 queue with
the heavy-traffic scaling in (4.19), just as in Example 6.4.1, except that now we let
customers number n/4 and 3n/4 have service times of 2

√
n and

√
n, respectively, as

a function of n. These special service times are introduced to represent interruptions
that occur approximately at times t/4 and 3t/4 in the scaled processes plotted over
the interval [0, 1]. (By the SLLN, the scaled arrival time of customer number n/4
approaches t/4 as n → ∞.) Note that the spacings between the interruptions is
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Figure 6.12. Plots of the waiting times of the first n arrivals (on the left) and the
queue-length process over the interval [0, nEUn

1 ] (on the right) for in the M/M/1 queue
with scaling in (4.19) and service interruptions of length 2

√
n and

√
n associated with

customers n/4 and 3n/4 for n = 10j with j = 2, 3, 4.

indeed order n, while the durations of the interruptions (as captured by the special
service times) are of order

√
n, as specified above.

We plot the waiting times of the first n customers and the queue-length process
for the time interval [0, nEUn

1 ], the expected time for the n customers to arrive, for
n = 10j with j = 2, 3, 4 in Figure 6.12. In Figure 6.12 the impact of the interruptions
is clearer for the waiting times than for the queue lengths, especially for smaller
n. For the queue-length process, the portion of the plot corresponding to the jump
gets steeper as n increases. As before, we see that the queue-length and waiting-
time plots coalesce as n increases. Now both scaled processes approach reflected
Brownian motion with drift −1, modified by jumps of size 2 at time t = 1/4 and of
size 1 at time t = 3/4. For the scaled queue-length process, the limit process must
have unmatched jumps.

Example 6.5.2. The P1.5/M/1 queue with two fixed service interruptions.
Now, as in Example 6.4.3 we consider the P1.5/M/1 queue with heavy-traffic

scaling in (4.21), modified by having customers number n/4 and 3n/4 experience in-



220 6. Unmatched Jumps

terruptions. We choose the P1.5/M/1 model instead of the M/P1.5/1 model, because
it naturally (without the interruptions) produces jumps down instead of up. Thus,
it will be easier to recognize the new jumps up caused by the service interruptions.

In addition, the durations of the interruptions need to be scaled differently from
the scaling in Example 6.5.1. In order to be consistent with the heavy-traffic limiting
behavior in Example 6.4.3, we now need to scale the durations of the interruptions
by n2/3 instead of n1/2. In particular, now we let the service times of customers
number n/4 and 3n/4 be 2n2/3 and n2/3, respectively. We plot three possible real-
izations of the waiting times of the first n customers and the queue-length process
over the time interval [0, nEUn

1 ], ignoring all arrivals after the first n, for the case
n = 104 in Figure 6.13.

Just as we would expect from Figures 6.11 and 6.12, we see randomly occurring
jumps down because of the P1.5 arrival process and jumps up of magnitude 2 at time
t = 1/4 and 1 at time t = 3/4. However, both kinds of jumps are much sharper for
the waiting times than for the queue-length process. Hence, we evidently need larger
n in this case to have the queue-length plots be visually similar to the waiting-time
plots. The supporting FCLTs state that both scaled processes converge to a stable
Lévy motion (with jumps down only) modified by the addition of two jumps up, a
jump of size 2 at t = 1/4 and a jump of size 1 at t = 3/4; again, see Sections 4.5
and 14.7. Again, for the scaled queue-length process, that limit process must have
unmatched jumps.

The simple models of service interruptions considered in Examples 6.5.1 and 6.5.2
are of course quite artificial. However, from these examples, we can anticipate what
we will see when we use the more realistic alternating renewal process model for up
and down times.

6.6. Time-Dependent Arrival Rates

In many service systems, congestion occurs primarily because of systematic, deter-
ministic variations in the input rate over time. Many service systems have arrival
rates that vary systematically with time, so that there are known busy periods
with higher loads than average. However, everything is not known. There remains
uncertainty about the actual input; there are unanticipated fluctuations about the
known time-varying deterministic rates.

To better understand the behavior of queues with time-varying arrival rates, we
need to focus directly on queueing models with time-varying arrival rates. Just as
for stationary queueing models, it can be helpful to consider heavy-traffic limits
for queues with time-varying arrival rates. With time-varying arrival rates, we still
scale time, but we think of expanding time immediately prior to the time of interest.
We increase the overall arrival and service rate, which is tantamount to decreasing
the rate of change in the arrival-rate and service-rate functions, so that temporary
periods of overload or underload before the time of interest tend to persist longer
and longer.



6.6. Time-Dependent Arrival Rates 221

Index

W
ai

tin
gT

im
e

0 2000 4000 6000 8000 10000

0
20

0
40

0
60

0
80

0
10

00
14

00

time

Q
ue

ue
Le

ng
th

0 2000 4000 6000 8000 10000

0
20

0
40

0
60

0
80

0
10

00
14

00

Index

W
ai

tin
gT

im
e

0 2000 4000 6000 8000 10000

0
50

0
10

00
15

00
20

00

time

Q
ue

ue
Le

ng
th

0 2000 4000 6000 8000 10000

0
50

0
10

00
15

00
20

00

Index

W
ai

tin
gT

im
e

0 2000 4000 6000 8000 10000

0
50

0
10

00
15

00

time

Q
ue

ue
Le

ng
th

0 2000 4000 6000 8000 10000

0
50

0
10

00
15

00

Figure 6.13. Three possible realizations of the waiting times of the first n arrivals (on
the left) and the queue-length process over the interval [0, nEUn

1 ] (on the right) in the
P1.5/M/1 queue with scaling in (4.21) and service interruptions of length 2n2/3 and n2/3

associated with customers n/4 and 3n/4 for n = 104.

With such scaling, a law of large numbers can be established, in which the scaled
queue-length process converges to a reflection of a deterministic net-input process,
where the limiting deterministic net-input process satisfies an ordinary differential
equation (ODE) driven by the original time-dependent arrival and service rates.
That limit is identical to the direct deterministic ODE approximation we obtain if
we ignore the stochastic aspects of the model. In the direct deterministic approxi-
mation, the net input becomes the solution an ODE driven by the time-dependent
arrival and service rates; i.e., if λ is the arrival-rate function and µ is the service-rate
function, then the deterministic approximation for the queue length is the function
q satisfying

q(t) = φ(x)(t) ≡ x(t) − inf
0≤s≤t

x(s), t ≥ 0 , (6.1)

where φ is again the one-sided reflection map, q(0) is the initial queue length (as-
sumed to satisfy q(0) = 0) and x is the deterministic net-input function, satifying
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the ODE

ẋ(t) = λ(t) − µ(t), t ≥ 0 . (6.2)

When the deterministic fluctuations dominate the stochastic fluctuations, such a
deterministic analysis can be very useful to describe system performance; e.g., see
Oliver and Samuel (1962), Newell (1982) and Hall (1991).

However, in stochastic-process limits, we are primarily interested in going be-
yond the deterministic ODE limit described above. For example, Mandelbaum
and Massey (1995) show that it is possible to establish a stochastic (FCLT) re-
finement to the deterministic ODE limit. It again can be obtained by applying
the continuous-mapping approach to stochastic-process limits. In this setting, the
continuous-mapping approach involves convergence preservation with nonlinear
centering, and can be approached by identifying the directional derivative of the
reflection map; see Chapter 6 of the Internet Supplement.

The behavior of the limit process in the stochastic-process limit depends on the
deterministic function q. At any time, the deterministic function q must be in one
of three states (based on the history of the build up prior to the time of interest):
overloaded, critically loaded (when the cumulative input rate is in balance with the
output rate) or underloaded. (Roughly speaking, these regimes correspond to the
three cases ρ > 1, ρ = 1 and ρ < 1 in a stationary queueing model.)

With the usual stochastic assumptions (without any heavy-tailed distributions),
the stochastic-process refinement is a diffusion process centered about the determin-
istic function q. The diffusion process corresponds to: ordinary Brownian motion
when q is overloaded, reflected Brownian motion when q is critically loaded, and
the zero function when q is underloaded.

Within each region, i.e., within any interval in which the determinisitic func-
tion q remains in one of its three basic states (overloaded, critically loaded or
underloaded), the limiting stochastic process has continuous sample paths, but at
the boundaries between different regions the limiting stochastic process can have
jumps that are unmatched in the converging processes. Thus, the boundary points
between different regions for the deterministic function q act as phase transitions
for the queueing system. Relatively abrupt changes in the queueing process can
occur at these transition times. And, once again, we have a stochastic-process limit
with unmatched jumps.

Example 6.6.1. A shift from critically loaded to underloaded.
We now give a simple example. In the standard situation we have in mind, the

arrival-rate function is changing continuously, so that we can obtain the determin-
istic net-input function by solving the ODE in (6.2). However, now we consider
the more elementary situation in which there is a sudden shift down in the arrival
rate at one time. As in the standard situation, we let the service rate be constant
(although that is not required).

We let the queue initially be critically loaded, i.e., with ρ = 1, and then in the
middle of the time period, we reduce the arrival rate, making the model under-
loaded. For simplicity, we again use the M/M/1 queue. We let the mean service
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Figure 6.14. Plots of the waiting times of the first n arrivals (on the left) and the
queue-length process over the interval [0, n] (on the right) in the M/M/1 queue with
ρ = 1 for the first n/2 arrivals and ρ = 1/2 for the last n/2 arrivals for n = 10j with
j = 2, 3, 4.

time always be 1. We actually deviate slightly from the prescription for the arrival
rate: We let the mean interarrival time for the first n/2 customers be 1 and the
mean interarrival time of the next n/2 customers be 2. Hence, after n/2 arrivals,
the instantaneous traffic intensity suddenly shifts from ρ = 1 to ρ = 0.5. Of course,
with this definition, the shift in arrival rate occurs at a random time instead of
a deterministic time, but after scaling time by n, that scaled random shift time
converges to t/2 w.p.1. Thus, what we do is essentially the same as if we let the
arrival-rate shift occur exactly at time n/2 when we consider n arrivals.

For the specified model, we plot the waiting times of the first n customers and
the queue-length process over the time interval [0, n] for n = 10j for j = 2, 3, 4 in
Figure 6.14. As in previous plots, the situation is somewhat ambiguous for smaller
n, but as n increases, we see statistical regularity. As before, the scaled waiting-time
and queue-length plots coalesce as n increases. As n increases, a sharp jump down
is visible when the traffic intensity shifts from ρ = 1 to ρ = 1/2. As we indicated
before, asymptotically, this shift for the scaled processes occurs at time t = 1/2.
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Again, we are able to establish supporting FCLTs. Both the scaled waiting-time
process and the scaled queue-length process are approaching reflecting Brownian
motion over the subinterval [0, t/2) and the 0 function over the subinterval [t/2, 1].
As in the previous examples, the scaled queue-length and waiting-time processes
are asymptotically equivalent.

Thus, the limit process for the scaled queue-length process has an unmatched
jump at t = 1/2. In this example, the limit for the waiting-time process also has an
unmatched jump at the same time.



7
More Stochastic-Process Limits

7.1. Introduction

This chapter is a sequel to Chapter 4: We continue providing an overview of
established stochastic-process limits for basic stochastic processes. These stochastic-
process limits are of interest in their own right, but they also can serve as initial
stochastic-process limits in the continuous-mapping approach to establish new
stochastic-process limits.

We start in Section 7.2 by considering a different kind of stochastic-process limit:
We consider CLT’s for sums of stochastic processes with sample paths in D. In
Sections 8.7 and 9.8 we apply these CLT’s for processes to treat queues with multiple
sources, where the number of sources increases in the heavy-traffic limit.

In Section 7.3 we extend the discussion begun in Section 6.3 about stochastic-
process limits for counting processes. As indicated before, stochastic-process limits
for counting processes follow directly from stochastic-process limits for random
walks, provided that the M1 topology is used. In Chapters 9 and 10 we apply the
stochastic-process limits for counting processes to obtain heavy-traffic limits for the
standard queueing models.

In Section 7.4 we apply convergence-preservation results for the composition and
inverse maps to establish stochastic-process limits for renewal-reward stochastic
processes. Renewal-reward stochastic processes are random sums of IID random
variables, where the random index is a renewal counting process. When the times be-
tween the renewals in the renewal counting process have a heavy-tailed distribution,
we need the M1 topology.
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The Internet Supplement contains additional material supplementing Chapter
4: In Section 2.2 of the Internet Supplement we discuss strong approximations,
which can be used to establish bounds on the rate of convergence in Donsker’s
FCLT expressed in terms of the Prohorov metric. In Section 2.3 of the Internet
Supplement we extend Section 4.4 by presenting additional Brownian stochastic-
process limits with weak dependence. In Section 2.4 of the Internet Supplement we
discuss the convergence to general Lévy processes that can be obtained when we
consider a sequence of random walks. These limits are applied to queues in Section
5.2 of the Internet Supplement.

7.2. Central Limit Theorem for Processes

In this section we consider a different kind of stochastic-process limit. Instead of
considering scaled partial sums of random vectors, we consider CLTs for partial
sums of random elements of D, i.e., we consider the limiting behavior of the scaled
partial sum

Zn(t) ≡ n−1/2
n∑

i=1

[Xi(t) − EXi(t)], t ≥ 0 , (2.1)

where {Xn : n ≥ 1} ≡ {{Xn(t) : t ≥ 0} : n ≥ 1} is a sequence of IID random
elements of D ≡ D([0,∞), R).

In fact, we already discussed a special case of IID random elements of D when
we considered the Kolmogorov-Smirnov statistic in Section 1.5. Recall that the
emprical process associated with a sample of size n from a cdf F can be expressed
as

Fn(t) ≡
n∑

i=1

I(−∞,t](Yi), t ∈ R , (2.2)

where {Yi} is a sequence of IID real-valued random variables with cdf F .
For the normalized partial sums in (2.1), convergence of finite-dimensional dis-

tributions is elementary by the multidimensional CLT in Section 4.3, provided that
E[X1(t)2] < ∞. As indicated in Section 11.6, to establish convergence in distri-
bution in D with an appropriate topology, it only remains to establish tightness.
Specifically, we can apply Theorem 11.6.6.

7.2.1. Hahn’s Theorem
The following result is due to Hahn (1978). We have converted the original result
from D([0, 1], R) to D([0,∞), R).

Theorem 7.2.1. (CLT for processes in D) Let {Xn : n ≥ 1} be a sequence of IID
random elements of D ≡ D([0,∞), R) with EXi(t) = 0 and E[Xi(t)2] < ∞ for
all t. If, for all T , 0 < T < ∞, there exist continuous nondeceasing real-valued
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functions g and f on [0, T ] and numbers α > 1/2 and β > 1 such that

E[(X(u) − X(s))2] ≤ (g(u) − g(s))α (2.3)

and

E[(X(u) − X(t))2(X(t) − X(s))2] ≤ (f(u) − f(t))β (2.4)

for all 0 ≤ s ≤ t ≤ u ≤ T with u − s < 1, then

Zn ⇒ Z in (D, J1) , (2.5)

where Zn is the normalized partial sum in (2.1), Z is a mean-zero Gaussian process
with the covariance function of X1 and P (Z ∈ C) = 1.

Remark 7.2.1. More elementary conditions. The canonical sufficient conditions
for (2.3) and (2.4) in applications of Theorem 7.2.1 have

f(t) = g(t) = Kt, t ≥ 0, α = 1 and β = 2 ,

for some constant K (depending upon T ), yielding

E[(X(u) − X(s))2] ≤ K(u − s)) (2.6)

and

E[(X(u) − X(t))2(X(t) − X(s))2] ≤ K(u − t)2 (2.7)

for 0 ≤ s ≤ t ≤ u ≤ T with u − s < 1.
Note that conditions (2.6) and (2.7) apply to treat the empirical process in (2.2).

There

E[(X(u) − X(s))2] = P (s < Y1 ≤ u)

and

E[(X(u) − X(t))2(X(t) − X(s))2] = P (t < Y1 ≤ u and s < Y1 ≤ t) = 0 .

We see that condition (2.6) holds whenever the cdf F has a bounded density. How-
ever, the different approach in Section 1.5 shows that convergence in (D, J1) actually
holds whenever the cdf F is continuous. Plots of the scaled empirical process for the
uniform cdf in Figure 1.8 illustrate Theorem 7.2.1. The limiting Gaussian process
in that case is the Brownian bridge.

Remark 7.2.2. Extensions. An analog of Theorem 7.2.1 for stable process limits
in (D, J1) when E[X(t)2] = ∞ has been established by Bloznelis (1996). That opens
the way for limits with jumps. It remains to develop conditions for the M topologies.
Other extensions of Theorem 7.2.1 are contained in Bloznelis (1996), Bloznelis and
Paulauskas (2000) and references therein; e.g., see Bass and Pyke (1987). See Araujo
and Giné (1980) for CLTs for random elements of general Banach spaces.

We now state some consequences of Theorem 7.2.1. We first apply Theorem 7.2.1
to establish a CLT for stochastic processes with smooth sample paths, such as
cumulative-input stochastic processes to fluid queues. In that context, a standard
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model for the input from one source is an on-off model, in which there are alternating
random on and off periods. During on periods, input arrives at a constant rate;
during off periods there is no input. It is customary to assume that the successive on
and off periods come from independent sequences of IID random variables, but we do
not need to require that here. A generalization is to allow the source environment be
governed by a k-state process instead of a two-state process. When the environment
state is j, the input is transmitted at constant rate rj . For example, the environment
process might be a finite-state semi-Markov process; see Duffield and Whitt (1998,
2000). Again we do not require such specific assumptions.

Let X(t) be the total input over the interval [0, t]. Since the input occurs at a
random rate, with only finitely many possible rates, the sample paths are Lipschitz
with probability one, i.e.,

|X(t) − X(s)| ≤ K(t − s) w.p.1 (2.8)

for all 0 ≤ s ≤ t, where K is the maximum possible rate. We are interested in the
CLT (2.5) to describe the aggregate input from a large number of sources.

Corollary 7.2.1. (CLT for Lipschitz processes) If {Xn} is a sequence of IID
random elements of C satisfying (2.8), then the CLT (2.5) holds.

Proof. It is easy to see that conditions (2.6) and (2.7) hold. Indeed, (2.8) implies
that

E[(X(u) − X(s))2] ≤ K(u − s)2 ≤ K(u − s)

and

E[(X(u) − X(t))2(X(t) − X(s))2] ≤ K(u − t)2(t − s)2 ≤ K(u − s)4 ≤ K(u − s)2 .

Hahn (1978) applied Theorem 7.2.1 to establish the following CLTs for Markov
processes. For any real-valued random variable Y , let the essential supremum be

ess sup (Y ) ≡ inf{c : P (Y > c) = 0} .

Theorem 7.2.2. (CLT for Markov processes) Let {Xn : n ≥ 1} be a sequence of
IID Markov processes with sample paths in D. If, for each T, 0 < T < ∞, there
exists a continuous nondecreasing real-valued function g on [0, T ] and a number
α > 1/2 such that either

ess sup E[(X(t) − X(s))2|X(s)] ≤ (g(t) − g(s))α (2.9)

or

ess sup E[(X(t) − X(s))2|X(t)] ≤ (g(t) − g(s))α , (2.10)

for 0 ≤ s ≤ t ≤ T , with t − s < 1, then conditions (2.3) and (2.4) hold for
X(t) − EX(t), so that the conclusion of Theorem 7.2.1 holds.

Hahn also observed that Theorem 7.2.2 applies directly to finite-state CTMCs.
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Corollary 7.2.2. (CLT for finite-state CTMCs) If {Xn : n ≥ 1} be a sequence
of IID finite-state continuous-time Markov chains determined by an infinitesi-
mal generator matrix Q, Then the conditions of Theorem 7.2.2 hold, with g(t) =
t and α = 1 in (2.9) and (2.10), so that the conclusion of Theorem 7.2.1 holds.

Theorem 7.2.1 was also applied by Whitt (1985a) to obtain the following CLT
for stationary renewal processes.

Theorem 7.2.3. (CLT for stationary renewal processes) Let {Xn : n ≥ 1} ≡
{{Xn(t) : t ≥ 0} : n ≥ 1} be a sequence of IID stationary renewal counting processes
with interrenewal-time cdf F . If

lim
t→0

t−1(F (t) − F (0)) < ∞ , (2.11)

then conditions (2.6) and (2.7) hold, so that the conclusion of Theorem 7.2.1 holds.

Remark 7.2.3. Whitt (1985a) showed that condition (2.11) is necessary for condi-
tion (2.7) to hold. Note that condition (2.11) allows an atom at 0 and is satisfied if
the cdf F is otherwise absolutely continuous in a neighborhood of 0. Hence condition
(2.11) is not very restrictive.

From Theorems 7.2.1–7.2.3, we know that the limit process Z is a zero-mean
Gaussian process with sample paths in C and the covariance function of one of the
summands. Hence, to fully characterize the limit process it suffices to determine
the covariance function of the original component process.

For example, let us consider the case of Theorem 7.2.3. There it suffices to de-
termine the covariance function of a component stationary renewal process. For a
stationary renewal process, now denoted by {A(t) : t ≥ 0}, the covariance function
can be computed from the interrenewal-time cdf F , exploiting numerical transform
inversion to compute the renewal function; see Chapter 4 of Cox (1962) and Section
13 of Abate and Whitt (1992a). Recall that the renewal function M(t) is the mean
number of renewals in [0, t] for the ordinary renewal process. We characterize the
covariance function further in the following theorem.

Theorem 7.2.4. (covariance function for a stationary renewal process) Suppose
that A is a stationary renewal counting process (having stationary increments with
A(0) = 0) with interrenewal-time cdf F having pdf f and mean λ−1. Then, for
t < u,

Cov(A(t), A(u)) = V ar A(t) + Cov(A(t), A(u) − A(t)) ,

where

V (t) ≡ V ar A(t) = 2λ

∫ t

0
[M(s) − λs + 0.5]ds , (2.12)

E[A(t), A(u) − A(t)] = λ3
∫ t

0
da

∫ u

0
dbf(a + b)M(u − b)M(t − a) (2.13)
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and M(t) is the renewal function of the associated ordinary renewal process, having
Laplace transform

M̂(s) =
f̂(s)

s[1 − f̂(s)]
,

where

f̂(s) ≡
∫ ∞

0
e−stf(t)dt and M̂(s) ≡

∫ ∞

0
e−stM(t)dt .

Directly, the Laplace transform of V (t) is

V̂ (s) ≡
∫ ∞

0
e−stV (t)dt = 2λ

(
M̂(s)

s
− λ

s3 +
1

2s2

)
.

Proof. For (2.12), see p. 57 of Cox (1962). For (2.13), consider the first point to
the right of t. It falls at t + b with the stationary-excess (or equilibrium lifetime)
pdf fe(b) ≡ λF c(b). Conditional on that point being at t + b, the first point to the
left of t falls at t − a with pdf f(a + b)/F c(b). Conditional on the loction of these
two points at t − a and t + b, we can invoke the independence to conclude that the
expected value of A(t)[A(t + u) − A(t)] is λ2M(t − a)M(u − b), where M(t) is the
ordinary renewal function (expected number of renewals in [0, t]). Integrating over
all possible pairs (a, b) gives (2.13).

7.2.2. A Second Limit
In many of the CLTs for processes, the component random elements of D have
stationary increments. Then the limiting Gaussian process will also have stationary
increments in addition to continuous sample paths, so that it is natural to consider
an additional stochastic-process limit for the Gaussian process with time scaling;
i.e., given Zn ⇒ Z as in (2.5), we can consider

Yn ⇒ Y in (C, U) , (2.14)

where

Yn(t) ≡ c−1
n Z(nt), t ≥ 0 . (2.15)

Alternatively, if the component processes are stationary processes, then the limit
process Z will be stationary, so that we have (2.14) with Yn defined by

Yn(t) ≡ c−1
n

∫ nt

0
Z(s), t ≥ 0 . (2.16)

To obtain the second stochastic-process limit, we can often apply Theorem 4.6.2.
The second limit allows us to replaces a Gaussian process with a general covariance
function by a special Gaussian process – fractional Brownian motion – with the
highly structured covariance function in (6.13). As with the first limit, we gain
simplicity but lose structural detail by taking the limit. In considerable generality,



7.2. Central Limit Theorem for Processes 231

we see that the large-time-scale behavior of the aggregate process should be like
FBM. The second limit provides important new insight when that FBM is not
Brownian motion.

We now illustrate by applying Corollary 7.2.1 and Theorem 4.6.2 to estab-
lish a double stochastic-process limit in (D, J1) for the input from many on-off
sources with heavy-tailed on-period or off-period distributions. Convergence of the
finite-dimensional distributions was established by Taqqu, Willinger and Sherman
(1997). As indicated there and in Willinger, Taqqu, Sherman and Wilson (1997),
the stochastic-process limit is very helpful to understand the strong dependence
and self-similarity observed in network traffic measurements, such as in Leland et
al. (1994). The stochastic-process limit shows how high variability (the Noah effect)
in the on and off periods can lead to strong positive dependence (the Joseph effect)
in the cumulative input process. As indicated in Section 4.2, the very existence of
the limit implies that the limit process must be self-similar.

The extension here to weak convergence from only convergence of the finite-
dimensional distributions is important for establishing further stochastic-process
limits, in particular, heavy traffic limits for queues with input from many on-off
sources.

Now we assume that the on periods and off periods come from independent
sequences of IID random variables. We let the input rate be 1 during each on period
and 0 during each off period. Let the on periods have cdf F1, ccdf F c

1 ≡ 1 − F1 and
finite mean m1; let the off periods have cdf F2, ccdf F c

2 ≡ 1 − F2 and finite mean
m2. We assume that the cdf’s have probability density functions, although that can
be generalized; e.g., see Section VI.1 of Asmussen (1987).

The critical assumtion is that the ccdf’s F1 and F2 can have heavy tails.
Specifically, we assume that the cdf Fi either has finite variance σ2

i or that

F c
i (t) ∼ cit

−αi as t → ∞
for 1 < α < 2. (That can be generalized to regularly varying tails; see Taqqu,
Willinger and Sherman (1997).)

We now specify the limiting scaling constant. When σ2 < ∞, let αi = 2 and
ai = ciΓ(2 − αi)/(αi − 1), where Γ is the gamma function. When α1 = α2, let
αmin = α1 and

σ2
lim ≡ 2(m2

1 + m2
2)

(m1 + m2)3Γ(4 − αmin)
. (2.17)

When α1 = α2, let αmin ≡ α1 ∧ α2 ≡ minα1, α2 and

σ2
lim ≡ 2m2

maxamin

(m1 + m2)3Γ(4 − αmin)
, (2.18)

where (min, max) is the pair of indices (1, 2) if α1 < α2 and (2, 1) if α2 < α1.
Let X(t) be the cumulative input from one on-off source over the interval [0, t]. We

assume that the process X has been initialized so that X has stationary increments.
Then

EX(t) = m1/(m1 + m2) for all t ≥ 0 .
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(That can be generalized as well.) We are interested in the limiting behavior of
scaled sum of IID versions of this cumulative-input stochastic process, in particular,

Zn,τ ≡ τ−Hn−1/2
n∑

i=1

[Xi(τt) − m1τt/(m1 + m2)] . (2.19)

Theorem 7.2.5. (iterated limit for time-scaled sum of on-off cumulative-input
processes) If {Xi : i ≥ 1} is a sequence of IID cumulative-input stochastic processes
satisfying the assumptions above, then

Zn,τ ⇒ σlimZH in (D, J1)

as first n → ∞ and then τ → ∞ for

H = (3 − αmin)/2 , (2.20)

Zn,τ in (2.19), σ2 in (2.17) or (2.18) and ZH standard FBM.

Proof. First the CLT in D as n → ∞ follows from Corollary 7.2.1. As a conse-
quence, the limit process, say Y , has paths in C. We establish weak convergence as
τ → ∞ in (C, U) by applying Theorem 4.6.2. Convergence of the finite-dimensional
distributions was established by Taqqu, Willinger and Sherman (1997). As an im-
portant part of that step, they established (6.23) for H in (2.20). They claim to
establish weak convergence in the second limit as τ → ∞ by applying Theorem
11.6.5 using only (6.23), but their argument at the end of Section 3 has a gap, be-
cause it does not control the small-time behavior. However, that gap can be filled
quite easily by establishing (6.24). First, by (6.23), there exists t0 such that

V arY (t) ≤ 2ct2H for all t > t0 .

However, given t0 (where, without loss of generality we may assume that t0 is a
positive integer),

V arY (t) ≤ t20V arY (t/t0) for all t, 0 ≤ t ≤ t0 ,

by writing Y (t) as the sum of t0 random variables Y (kt/t0) − Y ((k − 1)t/t0), 1 ≤
k ≤ t0. Hence, it suffices to consider t ≤ 1. However, by the Lipschitz sample-path
structure of X1,

|X1(t)| ≤ t w.p.1 ,

so that

V arY (t) = V arX1(t) ≤ t2 ,

which is less than t2H for t ≤ 1.
Theorem 7.2.5 involves an iterated limit, in which first n → ∞ and then afterward

τ → ∞. Mikosch et al. (2001) consider the double limit with τn → ∞ as n → ∞.
They show that convergence to FBM still holds when τn → ∞ slowly enough. See
Remark 8.7.1 for further discussion.
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Theorem 7.2.5 extends to more general source traffic models, such as when the
rate process is a finite-state semi-Markov process (SMP), as in Duffield and Whitt
(1998, 2000). In that setting we call the SMP environment states levels. The self-
similarity index H is again determined by the level-holding-time cdf’s Fi,j , giving
the distribution of the time spent at level i given that the next level will be j.
Assuming that the DTMC governing the state transitions is irreducible, If any of
these cdf’s has a heavy tail, then we get convergence to FBM with 1/2 < H < 1.
In particular, H again is given by (2.20), where αmin is the minimum among the
stable indices of the cdf’s Fi,j , assumed to satisfy 1 < αmin < 2.

A related stochastic-process limit for the aggregate input from many sources is
in Kurtz (1996); it also leads to FBM under appropriate conditions.

We remark that we encounter difficulties when we try to establish the second
limit for the stationary renewal processes treated in Theorem 7.2.3 when H > 1/2,
because Var (X(t)) =O(t) as t → 0, so that we cannot establish (6.24) for H > 1/2.
We do get the second limit when H = 1/2 though. Convergence of the finite-
dimensional distributions for a more general model was established by Taqqu and
Levy (1986).

In this section we have only discussed CLTs for processes that converge to Gaus-
sian processes with continuous sample paths. It is also of interest to establish
convergence to stable processes. Such stochastic-process limits (only convergence of
finite-dimensional distributions) have been established by Levy and Taqqu (1987,
2000). As indicated before, criteria for weak convergence in D to a stable process
have been determined by Bloznelis (1996). More work needs to be done in that
area.

7.3. Counting Processes

With queueing models and many other applications, the basic random variables
Xn are often nonnegative. For example, in a queueing model Xn may represent a
service time, interarrival time, busy period or idle period. With nonnegative random
variables, in addition to the partial sums Sn = X1+· · ·+Xn, n ≥ 1, with S0 = 0, we
are often interested in the associated counting process N ≡ {N(t) : t ≥ 0}, defined
in (3.1) of Section 6.3. For example, the arrival and service counting processes are
used to establish heavy-traffic limits for the standard single-server queue.

When the random variables Xn are nonnegative, we can think of the partial sums
Sn as points on the positive halfline R+. Then N(t) counts the number of points
in the interval [0, t]. The two processes {Sn : n ≥ 0} and {N(t) : t ≥ 0} thus serve
as equivalent representations of a stochastic point process. When {Xn : n ≥ 1} is a
sequence of IID random variables, the counting process N is also called a renewal
process.

As indicated in Section 6.3, the partial sums {Sn : n ≥ 0} and the counting
process {N(t) : t ≥ 0} are inverse processes. Fortunately, we are able to exploit
to inverse relation to great advantage for establishing limit theorems. Under min-
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imal regularity conditions, we are able to show that CLTs and FCLTs hold for
{N(t)} if and only if they hold for {Sn}, without making any direct probability
assumptions about the sequence {Xn}. These equivalence results are applications
of the continuous-mapping approach, which we carefully develop in Chapter 13.
Since these limits are also frequently applied in the continuous-mapping approach,
we state the key results here.

Before proceeding, however, we point out that, even though the nonnegativity
condition on the summands Xj is often natural, it is actually not required to obtain
limits for the counting processes from associated limits for the partial sums. Without
the nonnegativity, we can go from a CLT or FCLT for partial sums to an associated
CLT or FCLT for the associated sequence of successive maxima Mn, where

Mn ≡ max{S1, . . . , Sn}, n ≥ 1 .

It turns out that limits for Sn imply corresponding limits for Mn. Then Mn itself
can be regarded as a partial-sum process with nonnegative steps, so that we can
apply the results in this section to Mn. We then obtain limits for the associated
counting process, defined as

N(t) ≡ max{k : Mk ≤ t}, t ≥ 0 .

The details are in Chapter 13.

7.3.1. CLT Equivalence
We now return to the case of nonnegative random variables. We first state an
equivalence result for CLTs; it is Theorem 3.5.1 in the Internet Supplement, which
extends Theorem 6 of Glynn and Whitt (1988) and Theorem 4.2 of Massey and
Whitt (1994a). Note that there are no direct probability assumptions on the basic
sequence {Xk} and the limit is arbitrary. Also note that space scaling is done by
a regularly varying function with index p, 0 < p < 1, which covers the standard
scaling by

√
n and is consistent with the CLT for IID random variables in the

domain of attraction of a stable law with index α, 1 < α ≤ 2, in Section 4.5. (See
Appendix A for more on regularly varying functions.)

Theorem 7.3.1. (CLT equivalence for partial sums and counting processes) Sup-
pose that {Xn : n ≥ 1} is a sequence of nonnegative random variables, m > 0 and
ψ is a regularly varying real-valued function on (0,∞) with index p, 0 < p < 1.
Then

ψ(n)−1(Sn − mn) ⇒ L in R as n → ∞ ,

where Sn ≡ X1 + · · · + Xn, n ≥ 1, if and only if

ψ(t)−1(N(t) − m−1t) ⇒ −m−(1+p)L in R as t → ∞ ,

where N(t) ≡ max{k ≥ 0 : Sk ≤ t}, t ≥ 0.
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7.3.2. FCLT Equivalence
Next we present an equivalence result for FCLTs allowing double sequences {Xn,k}.
Thus, there is a sequence of partial sums {Sn,k : k ≥ 1} and an associated counting
process {Nn(t) : t ≥ 0} for each n, so that the result here also apply to the
convergence of sequences of random walks to general Lévy processes in Section
2.4 of the Internet Supplement. (Theorem 7.3.1 above does not extend to double
sequences.)

Again no direct probability assumptions are made on the basic sequences {Xn,k :
k ≥ 1} and the limit process can be anything. Finally, note that we use the M1
topology. As we have seen in previous sections of this chapter, it is usually possible
to establish the FCLT for partial sums in (3.1) below in the stronger J1 topology,
but nevertheless as discussed in Section 6.3, the FCLT for the counting process only
holds in the M1 topology when the limit process S for the normalized partial sums
has sample paths containing positive jumps, as occurs with the stable Lévy motion
limit in Section 4.5.

To state the result we use the composition function, mapping x, y into x ◦ y ≡
x(y(t)), t ≥ 0.

Theorem 7.3.2. (FCLT equivalence for partial sums and counting processes) Sup-
pose that {Xn,k : k ≥ 1} is a sequence of nonnegative random variables for each
n ≥ 1, cn → ∞, n/cn → ∞, mn → m, 0 < m < ∞ and S(0) = 0. Then

Sn ⇒ S in D([0,∞), R, M1) , (3.1)

where Sn,k ≡ Xn,1 + · · · + Xn,k, k ≥ 1, Sn,0 ≡ 0 and

Sn(t) ≡ c−1
n (Sn,�nt� − mnnt�), t ≥ 0 , (3.2)

if and only if

Nn → −m−1S ◦ m−1e in D([0,∞), R, M1) , (3.3)

where Nn(t) ≡ max{k ≥ 0 : Sn,k ≤ t}, t ≥ 0, and

Nn(t) ≡ c−1
n (Nn(nt) − m−1

n nt), t ≥ 0 . (3.4)

If the limits in (3.1) and (3.3) hold, then

(Sn,Nn) ⇒ (S,N) in (D, M1)2 . (3.5)

Theorem 7.3.2 comes from Section 7 of Whitt (1980), which extends related
results by Iglehart and Whitt (1971) and Vervaat (1972). Theorem 7.3.2 is proved
by applying the continuous-mapping approach with the the inverse map x−1 defined
in (5.5) in Section 3.5, using linear centering; see Section 13.8. Specifically, the result
is implied by Corollary 13.8.1.

We now show how the FCLT equivalence in Theorem 7.3.2 can be applied with
previous FCLTs for partial sums to obtain FCLTs for counting processes. We start
with Brownian motion limits.
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Corollary 7.3.1. (Brownian FCLT for counting processes) Suppose that the con-
ditions of Theorem 7.3.2 hold with cn =

√
n. If the FCLT for partial sums in (3.1)

holds with S = σB, where B is standard Brownian motion, then

Nn ⇒ m−3/2σB in (D, J1)

for Nn in (3.4) with cn =
√

n.

Proof. Apply Theorem 7.3.2, noting that the J1 and M1 topologies are equivalent
when the limit has continuous sample paths and

−m−1σB ◦ m−1e
d= m−3/2σB .

Now we consider FCLTs with stable Lévy motion limits. Recall that Sα(σ, β, µ)
denotes a stable law with index α, scale parameter σ, skewness parameter β and
shift parameter µ; see Section 4.5. We first consider the case 1 < α < 2. When the
summands are IID nonnegative random variables, the skewness parameter will be
β = 1.

Corollary 7.3.2. (stable Lévy FCLT for counting processes when α > 1) Suppose
that the conditions of Theorem 7.3.2 hold with cn = n1/α, 1 < α < 2. If the
FCLT for the partial sums in (3.1) holds with S a stable Lévy motion with S(1) d=
σSα(1, β, 0), then

Nn ⇒ −m−(1+α−1)S in (D, M1)

for Nn in (3.4) with cn = n1/α and

−m−(1+α−1)S(1) d= m−(1+α−1)σSα(1,−β, 0) .

Proof. Apply Theorem 7.3.2, noting that

−m−1S ◦ m−1e d= −m−(1+α−1)S

and

−Sα(σ, β, 0) d= Sα(σ, −β, 0) .

We now present FCLTs for counting processes that capture the Joseph effect.

Corollary 7.3.3. (FBM FCLT for counting processes) Suppose that {Xn} is a
stationary sequence of nonnegative random variables with mean m = EXn and
V ar(Xn) < ∞. If {Xn−m} satisfies the conditions of Theorem 4.6.1, which requires
that Yn ≥ 0 and aj ≥ 0 in (6.6), then

Nn ⇒ −m−1S ◦ m−1e in (D, M1) , (3.6)

where

Nn(t) ≡ c−1
n (N(nt) − m−1nt), t ≥ 0 , (3.7)

for cn in (6.16) and S is standard FBM.
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Proof. Apply Theorems 7.3.2 and 4.6.1, noting that −S d= S.

Corollary 7.3.4. (LFSM FCLT for counting processes) Suppose that {Xn} is a
stationary sequence of nonnegative random variables with finite mean m = EXn.
If {Xn − m} also satisfies the conditions of Theorem 4.7.2, which with the nonneg-
ativity requires that Yj ≥ 0 and aj ≥ 0 in (6.6), then the stochastic-process limit
in (3.6) holds with S being LSFM in (7.10) with β = 1 and Nn in (3.7) with cn in
(7.12).

We have yet to state general equivalence theorems that cover FCLTs with stable
Lévy motion limits having index α ≤ 1. When α = 1, we have space scaling by n,
but a translation term that grows faster than n. The following covers the special
case of α = 1.

Theorem 7.3.3. (FCLT equivalence to cover stable limits with index α = 1) Sup-
pose that {Xn,k : k ≥ 1} is a sequence of nonnegative random variables for each n,
cn → ∞, mn → ∞, nmn/cn → ∞ and S(0) = 0. Then

Sn ⇒ S in D([0,∞), R, M1)

where Sn,k ≡ Xn,1 + · · · + Xn,k, k ≥ 1, Sn,0 ≡ 0 and

Sn(t) ≡ c−1
n [Sn,�nt� − mnnt], t ≥ 0 , (3.8)

if and only if

Nn ⇒ −S in D([0,∞), R, M1) , (3.9)

where

Nn(t) ≡ c−1
n [mnNn(nmnt) − nmnt], t ≥ 0 .

Proof. We can apply Theorem 7.3.2 after we express (3.8) in the appropriate form:
Letting xn(t) ≡ Sn,�nt�/nmn and scaling space by nmn/cn, we obtain

Sn(t) =
nmn

cn

[
Sn,�nt�
nmn

− t

]
, t ≥ 0 .

Then x−1
n (t) ≈ Nn(nmnt)/n and (3.9) essentially follows from Theorem 7.3.2.

We now state a FCLT equivalence theorem to cover the case of stable Lévy
motion limits with α < 1. In the standard framework with IID random variables,
the random variables have infinite mean. In this case, there is no translation term.
We now use the inverse map without centering to characterize the limit process.
Specifically, we apply Theorem 13.6.1.

Theorem 7.3.4. (FCLT equivalence to cover stable limits with α < 1) Suppose
that {Xn,k : k ≥ 1} is a sequence of nonnegative random variables such that Sn,k ≡
Xn,1 + · · · + Xn,k → ∞ w.p.1 as k → ∞ and Nn(t) ≡ max{k ≥ 0 : Sn,k ≤ t} → ∞
w.p.1 as t → ∞ for each n. Also suppose that cn → ∞ as n → ∞. Then

Sn ⇒ S in (D, M1)
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with S−1(0) = 0 for

Sn(t) ≡ c−1
n Sn,�nt�, t ≥ 0 ,

if and only if

Nn ⇒ S−1 in (D, M1)

with S(0) = 0 for

Nn(t) ≡ n−1Nn(cnt), t ≥ 0 .

Since the process sample paths are nondecreasing, the M1 convergence in The-
orem 7.3.4 is equivalent to convergence of the finite-dimensional distributions.
Theorem 7.3.4 is easy to apply because

{S−1(s) ≥ t} = {S(t) ≤ s} ,

so that

P (S−1(s) ≥ t} = P (S(t) ≤ s)

for all positive s and t; see Lemma 13.6.3 in Section 13.6. When S(t) has a stable
law with index α, 0 < α < 1, the marginal distributions are easy to compute by
numerical transform inversion.

7.4. Renewal-Reward Processes

We now apply the convergence-preservation results for the composition and inverse
maps established in Chapter 13 to obtain FCLTs for renewal-reward processes.
Renewal-reward processes are random sums of IID random variables, where the ran-
dom index is an independent renewal counting process. The results for the renewal
process alone follow from the previous section.

Let {Xn : n ≥ 1} and {Yn : n ≥ 1} be independent sequences of IID random
variables, where Yn is nonnegative. Let Sx

n ≡ X1 + · · ·+Xn and Sy
n ≡ Y1 + · · ·+Yn

be the associated partial sums, with Sx
0 ≡ Sy

0 ≡ 0. Let N be the renewal counting
process associated with {Yn}, i.e.

N(t) ≡ max{k ≥ 0 : Sy
k ≤ t}, t ≥ 0 .

The renewal-reward process is the random sum

Z(t) ≡
N(t)∑
i=1

Xi, t ≥ 0 . (4.1)

The random variable Z(t) represents the cumulative input of required work in
a service system during the interval [0, t] when customers with random service
requirements Xn arrive at random times Sy

n.
We assume that X1 and Y1 have finite means m ≡ EX1 and λ−1 ≡ EY1 > 0. Thus

we have the SLLNs: n−1Sx
n → m, n−1Sy

n → λ−1 w.p.1 as n → ∞ and t−1N(t) → λ,
t−1Z(t) → λm w.p.1 as t → ∞.
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We are interested in the FCLT refinements. We assume that X1 and Y1 either
have finite variances σ2

x and σ2
y or are in the normal domain of attraction of stable

laws. In the case of infinite variances, let

P (|X1| > t) ∼ γxt−αx (4.2)

P (X1 > t) ∼ (1 + βx)
2

P (|X1| > t) (4.3)

P (Y1 > t) ∼ γyt−αy (4.4)

as t → ∞, where 1 < αx < 2 and 1 < αy < 2. (Recall that Yn ≥ 0 w.p.1.)
We form the normalized process

Zn(t) ≡ n−1/α(Z(nt) − λmnt), t ≥ 0 , (4.5)

where α = min{αx, αy} with αx ≡ 2 if σ2
x < ∞ and αy ≡ 2 if σ2

y < ∞.
The starting point for obtaining FCLTs for Z(t) are FCLTs for Sx

n and Sy
n, which

involve the scaled stochastic processes

Sx
n(t) ≡ n−1/αx(Sx

�nt� − mnt), t > 0 , (4.6)

and

Sy
n(t) ≡ n−1/αy (Sy

�nt� − λ−1nt), t > 0 . (4.7)

The associated scaled process for the renewal counting process N(t) is

Yn(t) ≡ n−1/αy (N(nt) − λnt), t ≥ 0 . (4.8)

Connections between limits for Sy
n and Yn follow from Section Section 13.8; an

overview was given in Section 7.3.

Theorem 7.4.1. (renewal-reward FCLT with finite variances) If the random
variables X1 and Y1 have finite variances σ2

x and σ2
y, then

Zn ⇒ σB in (D, J1) ,

where Zn is in (4.5) with α = 2, B is standard Brownian motion and

σ2 ≡ λσ2
x + m2λ3σ2

y . (4.9)

Proof. We apply Corollary 13.3.2. For that purpose, let (Xn,Yn) in (3.8) be
defined by Xn = Sx

n in (4.6) and Yn in (4.8). The convergence Xn ⇒ U,
where U d= σxB follows from Donsker’s theorem, Theorem 4.3.2. The convergence
Yn ⇒ V, where V d= λ3/2σyB follows from Donsker’s Theorem and Corollary
13.8.1, as indicated in Corollary 7.3.1. By independence and Theorem 11.4.4, we
obtain the joint convergence (Xn,Yn) ⇒ (U,V) in (3.8) from the two marginal lim-
its. Since the sample paths of (U,V) are continuous, condition (3.9) automatically
holds. Finally, the limit in (3.10) simplifies, because

σxB1 ◦ λe + mλ3/2σyB2
d= (λσ2

x + m2λ3σ2
y)1/2B

where B1 and B2 are independent standard Brownian motions.
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It is often insightful to replace variances by dimensionless parameters describ-
ing the variability independent of the scale. Thus, let c2

x and c2
y be the squared

coefficients of variation or SCVs, defined by c2
x ≡ σ2

x/m2 and c2
y ≡ λ2σ2

y. We can
alternatively express σ2 in (4.9) as

σ2 = ρm(c2
x + c2

y) , (4.10)

where ρ ≡ λm.
The limit process σB in Theorem 7.4.1 has continuous sample paths. In con-

trast, when either X1 or Y1 has a heavy-tailed distribution, the limit process has
discontinuous sample paths.

Theorem 7.4.2. (renewal-reward FCLT for heavy-tailed summands) Suppose that
(4.2) and (4.3) hold with 1 < αx < 2, and that either σ2

y < ∞ or σ2
y = ∞ and (4.4)

holds with αx < αy < 2. Then

Zn ⇒ σSα in (D, J1) ,

where Zn is in (4.5), α = αx, Sα is a stable Lévy motion with Sα(1) d= Sα(1, βx, 0)
for βx in (4.3) and

σα ≡ (γxλ/Cα) (4.11)

for γx in (4.2) above and Cα in (5.14) of Section 4.5.

Proof. We again apply Corollary 13.3.2 and Theorem 11.4.4, with Xn = Sx
n in

(4.6) and Yn in (4.8). From Theorems 4.5.2 and 4.5.3, we get Xn ⇒ U, as needed
in the condition of Corollary 13.3.2, with U ≡ δSα, where Sα(1) d= Sα(1, βx, 0) for
βx in (4.3) and

δ = (γx/Cα)1/α

for γx in (4.2) and Cα in (5.14). With the space scaling by n−α, we get Yn ⇒ V for
V = 0e. Since V = 0e, condition (3.9) holds trivially. Hence we get Zn ⇒ U◦λe d=
λ1/αU from Corollary 13.3.2. Hence σ is as in (4.11).

Even though the limit process σSα in Theorem 7.4.2 has discontinuous sample
paths, we can use the J1 topology on D. That is no longer true for the next two
theorems.

Theorem 7.4.3. (renewal-reward FCLT for a heavy-tailed renewal process) Sup-
pose that (4.4) holds for 1 < αy < 2 and that either σ2

x < ∞ or σ2
x = ∞ and (4.2)

holds with αy < αx < 2. Then

Zn ⇒ σSα in (D, M1)

where Zn is in (4.5), α = αy, Sα is stable Lévy motion with Sα(1) d= Sα(1,−1, 0)
and

σα ≡ mαλαγyλ/Cα

for γy in (4.4) above and Cα in (5.14) of Section 4.5.
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Proof. We again apply Corollary 13.3.2 and Theorem 11.4.4 with Xn = Sx
n in (4.6)

and Yn in (4.8). Using the scaling function n−1/α, we obtain U = 0e. We obtain
the FCLT for the renewal counting process from Theorems 4.5.2, 4.5.3, 7.3.2 and
Corollary 7.3.2, making use of the M1 topology. The limit process V then is

V d= −δλS′
α ◦ λe

where S′
α(1) d= Sα(1, 1, 0) and δ = (γy/Cα)1/α. Thus

mV d= mλ1+α−1
(γy/Cα)1/αSα

where Sα(1) d= Sα(1,−1, 0), by virtue of (5.9) in Section 4.5.
We now treat the case in which the two processes have heavy tails with the same

index.

Theorem 7.4.4. (renewal-reward FCLT for heavy-tailed summands and renewal
process) Suppose that (4.2)–(4.4) hold with 1 < αx < 2 and αy = αx. Then

Zn ⇒ σSα in (D, M1) ,

where Zn is in (4.5), α = αx = αy, Sα is a stable Lévy motion with Sα(1) d=
Sα(1, β′, 0) for

β′ ≡ γxβx − mαλαγy

γx + mαλαγy
,

σα ≡ λ

Cα
(γx + mαλαγy),

γx in (4.2), γy in (4.4) and Cα in (5.14) of Section 4.5.

Proof. We again apply Corollary 13.3.2 and Theorem 11.4.4 with (Xn,Yn) defined
as in the previous theorems. As in Theorem 7.4.2, we get Xn ⇒ U for U d= δSα

with δ = (γx/Cα)1/α. As in Theorem 7.4.3, we get Yn ⇒ V for V d= ηSα with
Sα(1) d= Sα(1,−1, 0) and η = λ1+α−1

(γy/Cα)1/α. Since U and V are independent
processes without any fixed discontinuities, condition (3.9) holds. Hence we get
Zn ⇒ Z, where

Z d= δS1
α ◦ λe + mηS2

α

where S1
α and S2

α are two independent α-stable Lévy motions with S1
α(1) d=

Sα(1, βx, 0) and S2
α(1) d= Sα(1,−1, 0). Thus we obtain

σα = δαλ + mαηα

=
γx

Cα
λ + mα γy

Cα
λαλ

= (λ/Cα)(γx + mαλαγy)

β′ =
δλ1/αβx + mη(−1)

δλ1/α + mη
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using scaling relations (5.9) and (5.10) in Section 4.5.
We used the strong (mostly independence) assumptions to get

(Xn,Yn) ⇒ (U,V) in D2 (4.12)

for Xn = Sx
n in (4.6) and Yn in (4.8). Given (4.12) without the other specific

assumptions we would still get limits for Zn in (4.5) by applying the convergence-
preservation results for composition and inverse. Chapter 4 contains alternative
FCLTs that can be employed.



8
Fluid Queues with On-Off Sources

8.1. Introduction

In this chapter we consider a queueing model introduced to help understand the per-
formance of evolving communication networks. As indicated in Section 2.4.1, traffic
measurements have shown that the traffic carried on these networks is remarkably
bursty and complex, exhibiting features such as heavy-tailed probability distri-
butions, strong positive dependence and self-similarity. These traffic studies have
generated strong interest in the impact of heavy-tailed probability distributions and
other forms of traffic burstiness upon queueing performance.

A useful model for studying such phenomena is a fluid queue having input from
multiple on-off sources; e.g., see Anick et al. (1982), Roberts (1992), Willinger et
al. (1997), Taqqu et al. (1997), Choudhury and Whitt (1997), Boxma and Dumas
(1998) and Zwart (2001). The queue represents a switch or router in the communi-
cation network, where data must be temporarily stored and then forwarded to its
destination. The queue may have constant or random release rate, representing the
available bandwidth. The actual flow of data in many small packets is modelled as
fluid. Each of the many sources alternates between periods when it is busy (active
or on) and periods when it is idle (inactive or off). During busy periods, the source
transmits data at a constant or random rate; during idle periods, the source is idle,
not transmitting anything. The total input to the queue is the superposition (sum)
of the inputs from the separate sources, which usually are assumed to be stochasti-
cally independent. Given such a model, with stochastic elements specified in more
detail, the object is to describe the distributions of quantities such as the buffer
content, data loss and end-to-end delay experienced by users.
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In this chapter we establish heavy-traffic stochastic-process limits for fluid-queue
models with multiple on-off sources. Much of the literature on the fluid queue
with multiple on-off sources focuses on the relatively tractable special case of ho-
mogeneous (IID) sources in which the busy periods and idle periods come from
independent sequences of IID exponentially distributed random variables; e.g.,
see Anick et al. (1982). We consider more general models, aiming to capture the
performance impact of features such as heavy-tailed distributions and strong depen-
dence. We show how the heavy-traffic limits can identify key features determining
performance in more complicated queueing models.

The on-off source traffic model represents stochastic fluctuations at two differ-
ent time scales. The pattern of busy periods and idle periods produces stochastic
fluctuations in a longer time scale. The stochastic process depicting the fluid flow
during busy periods represents stochastic fluctuations in a shorter time scale. If we
let the flow during a busy period be at a deterministic constant rate, then we are
deciding in advance that the stochastic fluctuations in the shorter time scale are
neglibible compared to the stochastic fluctuations in the longer time scale. More
generally, the model gives us the opportunity to compare the impact of stochastic
fluctuations in the two different time scales.

We could consider fluctuations in an even longer time scale by letting the number
of sources itself evolve as a stochastic process, but here we consider a fixed number
of sources. The heavy-traffic stochastic-process limits can be extended to the more
general setting by treating the number of sources as a random environment, as in
Example 9.6.2.

It will be obvious that in the principal cases the stochastic processes of inter-
est have continuous sample paths. Thus, if there is convergence of a sequence of
fluid-queue stochastic processes to a limiting stochastic process with discontinuous
sample paths, as we establish in Section 8.5, then the Skorohod M1 topology must be
used. Such limits with discontinuous sample paths will arise under heavy-traffic con-
ditions and heavy-traffic scaling when the busy-period or idle-period distributions
of some sources have heavy tails (infinite variance).

Here is how this chapter is organized: In Section 8.2 we introduce the more-
detailed multisource on-off model for the input to a fluid queue, Then in Section
8.3 we apply the continuous-mapping approach again to establish heavy-traffic
stochastic-process limits for the more-detailed fluid-queue model.

We consider the special cases of Brownian-motion and stable-Lévy-motion heavy-
traffic stochastic-process limits for fluid-queue models in Sections 8.4 and 8.5. In
these sections we discuss properties of the reflected limit processes to demonstrate
that the stochastic-process limits lead to tractable approximations. In some cases,
probability distributions of random quantities associated with the limit process can
be given explicitly in closed form. In other cases, the probability distributions can
be conveniently characterized via transforms. Then numerical transform inversion
can be exploited to calculate the probability distributions. There is a great potential
for combining asymptotic and numerical methods.

In some cases, such as with convergence to reflected stable Lévy motion, the limit
process is relatively complicated. Then, for applications, there may be interest in
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developing approximations for the limit process. In Section 8.6 we show how a
second stochastic-process limit can be used for that purpose.

We consider strongly-dependent net-input processes in Section 8.7. When the in-
put comes from many independent sources, the central limit theorem for processes
in Section 7.2 implies that the net-input process can be approximated by a Gaus-
sian process. With strong dependence, the scaled net-input processes converge to
fractional Brownian motion (FBM). Then the associated sequence of scaled work-
load processes converges to a reflected FBM (RFBM). We develop approximations
for the steady-state distribution of RFBM and more general reflected stationary
Gaussian processes in Section 8.8.

As in Chapter 5, we give proofs for the theorems in this chapter, but we are
primarily interested in the result statements and their applied significance. The
proofs draw on material in later chapters.

Remark 8.1.1. Literature on nonBrownian heavy-traffic limits. Our discussion of
heavy-traffic stochastic-process limits for fluid queues, emphasizing nonBrownian
limit processes, follows Whitt (2000a, b). NonBrownian heavy-traffic limits for
queues and related models have been established by Brichet et al. (1996, 2000),
Boxma and Cohen (1998, 1999, 2000), Cohen (1998), Furrer, Michna and Weron
(1997), Konstantopoulos and Lin (1996, 1998), Kurtz (1996), Resnick and Rootzén
(2000), Resnick and Samorodnitsky (2000), Resnick and van den Berg (2000) and
Tsoukatos and Makowski (1997, 2000).

8.2. A Fluid Queue Fed by On-Off Sources

In this section we add extra detail to the fluid-queue model introduced in Section
5.2. In particular, we consider multiple on-off sources.

In the fluid queue model, there can be infinite (unlimited) or finite storage space,
as discussed in Section 5.2. We assume that there is a single shared buffer receiving
the input from all the sources. (We discussed the case of separate source queues in
Section 2.4.2.) Fluid can be processed according to the general stochastic process
S, as described in Section 5.2. As indicated there, an important special case is
S(t) = µt for all t ≥ 0 w.p.1; i.e., the fluid can be processed continuously at constant
rate µ whenever there is work to process. However, we consider the general case. For
example, it allows us to model service interruptions; for further discussion about
service interruptions, see Remark 8.3.2.

8.2.1. The On-Off Source Model
Input arrives from each of m sources. Each source is alternatively busy (active or
on) and idle (inactive or off) for random busy periods Bi and idle periods Ii, i ≥ 1.
Without loss of generality, let the first busy period begin at time 0. (That is without
loss of generality, because we can redefine B1 and I1 to represent alternative initial
conditions; e.g., to start idle, let B1 = 0. To have the busy and idle periods well
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defined, we assume that Ii > 0 for all i and Bi > 0 for all i ≥ 2.) For mathematical
tractability, it is natural to assume that the successive pairs (Bi, Ii) after the first
are IID, but we do not make that assumption. Our key assumption will be a FCLT
for the associated partial sums, which from Chapter 4 we know can hold without
that IID assumption.

A busy cycle is a busy period plus the following idle period. Thus the termination
time of the jth busy cycle is

Tj ≡
j∑

i=1

(Bi + Ii) . (2.1)

(As before, we use ≡ instead of = to designate equality by a definition.) As a
regularity condition, we assume that Tj → ∞ with probability one (w.p.1) as
j → ∞. Let N ≡ {N(t) : t ≥ 0} be the busy-cycle counting process, defined by

N(t) = min{j ≥ 0 : Tj ≤ t}, t ≥ 0 , (2.2)

where T0 ≡ 0. Let Aj be the set of times when the jth busy period occurs, i.e.,

Aj ≡ {t : Tj−1 ≤ t < Tj−1 + Bj) , (2.3)

where T0 ≡ 0. Let A be the source activity period — the set of times when the
source is busy; i.e.,

A ≡
∞⋃

n=1

An . (2.4)

For any set S, let IS be the indicator function of the set S; i.e., IS(x) = 1 if x ∈ S
and IS(x) = 0 otherwise. Thus, for A in (2.4), {IA(t) : t ≥ 0} is the activity process;
IA(t) = 1 if the source is active at time t and IA(t) = 0 otherwise. Let B(t) represent
the cumulative busy time in [0, t]; i.e., let

B(t) ≡
∫ t

0
1A(s)ds, t ≥ 0 . (2.5)

Possible realizations for {IA(t) : t ≥ 0} and {B(t) : t ≥ 0} are shown in Figure 8.1.
Let input come from the source when it is active according to the stochastic

process {Λ(t) : t ≥ 0}; i.e., let the cumulative input during the interval [0, t] be

C(t) ≡ (Λ ◦ B)(t) ≡ Λ(B(t)), t ≥ 0 (2.6)

where ◦ is the composition map. (This definition ignores complicated end effects at
the beginning and end of busy periods and idle periods.)

We assume that the sample paths of Λ are nondecreasing. A principal case is

P (Λ(t) = λ̂t, t ≥ 0) = 1

for a positive deterministic scalar λ̂, in which case C(t) = λ̂B(t), but we allow
other possibilities. (We use the notation λ̂ here because we have already used λ as
the overall input rate, i.e., the rate of C(t).) To be consistent with the busy-period
concept, one might require that the sample paths of Λ be strictly increasing, but



8.2. A Fluid Queue Fed by On-Off Sources 247

we do not require it. To be consistent with the fluid concept, the sample paths of
Λ should be continuous, in which case the sample paths of C will be continuous.
That is the intended case, but we do not require it either.

B1

1

IA(t)

0

B(t)

time t

tI1 B2 I2 B3 I4

Figure 8.1. Possible realizations for the initial segments of a source-activity process
{IA(t) : t ≥ 0} and cumulative-busy-time process {B(t) : t ≥ 0}.

Notice that the random quantities {Tj : j ≥ 1} in (2.1), {Aj : j ≥ 1} in (2.3), A
in (2.4), {IA(t) : t ≥ 0} and {B(t) : t ≥ 0} in (2.5) and {C(t) : t ≥ 0} in (2.6) are all
defined in terms of the basic model elements — the stochastic processes {(Bj , Ij) :
j ≥ 1} and {Λ(t) : t ≥ 0}. Many measures of system performance will depend
only on these source characteristics only via the cumulative-input process {C(t) :
t ≥ 0}. Also notice that we have imposed no stochastic assumptions yet. By using
the continuous-mapping approach, we are able to show that desired heavy-traffic
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stochastic-process limits hold whenever corresponding stochastic-process limits hold
for stochastic processes associated with the basic model data.

Now suppose that we have m sources of the kind defined above. We add an extra
subscript l, 1 ≤ l ≤ m, to index the source. Thus the basic model elements are
{{(Bl,j , Il,j) : j ≥ 1}, 1 ≤ l ≤ m} and {{Λl(t) : t ≥ 0}, 1 ≤ l ≤ m}. The cumulative
input from source l over [0, t] is Cl(t). The cumulative input from all m sources over
[0, t] is

C(t) ≡
m∑

l=1

Cl(t), t ≥ 0 . (2.7)

As indicated above, we suppose that the input from these m sources is fed to a
single queue where work is processed according to the available-processing stochas-
tic process S. At this point we can apply Section 5.2 to map the cumulative-input
process C and the available-processing stochastic process S into a net-input pro-
cess, a potential-workload process and the workload process, exploiting a reflection
map. We use the one-sided reflection map if there is unlimited storage capacity and
the two-sided reflection map if there is limited storage capacity.

Motivated by the fluid notion, it is natural to assume that the sample paths of the
single-source cumulative-input processes are continuous. Then the aggregate (for
all sources) cumulative-input stochastic process and the buffer-content stochastic
process in the fluid queue model also have continuous sample paths. However, as
a consequence of the heavy-tailed busy-period and idle-period distributions, the
limiting stochastic processes for appropriately scaled versions of these stochastic
processes have discontinuous sample paths. Thus, stochastic-process limits with
unmatched jumps in the limit process arise naturally in this setting.

Just as for the renewal processes in Section 6.3, it is obvious here that any jumps
in the limit process must be unmatched. What is not so obvious, again, is that there
can indeed be jumps in the limit process. Moreover, the setting here is substantially
more complicated, so that it is more difficult to explain where the jumps come from.
To show that there can indeed be jumps in the limit process, we once again resort
to simulations and plots. Specifically, we plot the buffer-content process for several
specific cases.

8.2.2. Simulation Examples
To have a concrete example to focus on, suppose that we consider a fluid queue
with two IID sources. Let the mean busy period and mean idle period both be 1, so
that each source is busy half of the time. Let the sources transmit at constant rate
during their busy periods. Let the input rate for each source during its busy period
be 1. Thus the long-run input rate for each source is 1/2 and the overall input rate
is 1. The instantaneous input rate then must be one of 0, 1 or 2.

In the queueing example in Section 2.3 we saw that it was necessary to do some
careful analysis to obtain the appropriate scaling. In particular, in that discrete-
time model, we had to let the finite capacity K and the output rate µ depend on the
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sample size n in an appropriate way. We avoid that complication here by assuming
that the capacity is infinite (by letting K = ∞) and by letting the output rate
exactly equal the input rate (by letting µ = 1, where µ here is the output rate).

With those parameter choices, the instantaneous net-input rate (input rate minus
output rate) at any time must be one of −1, 0 or +1. To understand the plots, it is
good to think about the consequence of having exceptionally long busy periods and
idle periods. If both sources are simultaneouly in long busy periods, then there will
be a long interval over which the net-input rate is +1. Similarly, if both sources are
simultaneously in long idle periods, then there will be a long interval over which
the net-input rate is −1. If only one source is in a long busy period, then the other
source will oscillate between busy and idle periods, so that the net-input rate will
oscillate between 0 and +1, yielding an average rate of about +1/2. Similarly, if
only one source is in a long idle period, then again the other source will oscillate
between busy and idle periods, so that the net-input rate will oscillate between 0
and −1, yielding an average rate of about −1/2.

The likelihood of exceptionally long busy periods (idle periods) depends on
the busy-period (idle-period) probability distribution, and these probability dis-
tributions have yet to be specified. To illustrate light-tailed and heavy-tailed
alternatives, we consider the exponential and Pareto(1.5) distributions. We con-
sider four cases: We consider every combination of the two possible distributions
assigned to the busy-period distribution and the idle-period distribution. We call
the model Pareto/exponential if the busy-period distribution is Pareto and the
idle-period distribution is exponential, and so on.

We plot four possible realizations of the workload sample path for each of the
four combinations of busy-period and idle-period distributions in Figures 8.2 – 8.5.
We generate 1, 000 busy cycles (idle period plus following busy period) for each
source, starting at the beginning of an idle period. We plot the workload process in
the interval [0, T ], where T = min(T1, T2) with Ti being the time that the 1, 000th

busy cycle ends for source i. Note that E[Ti] = 2000.
The differences among the plots are less obvious than before. Places in the plots

corresponding to jumps in the limit process have steep slopes. Jumps up only are
clearly discernable in the plot of the Pareto/exponential workload in Figure 8.3,
while jumps down only are clearly discernable in the plot of the exponential/Pareto
workload in Figure 8.4. In contrast, both jumps up and down are discernable in
the plots of the Pareto/Pareto workload in Figure 8.5. However, these jumps are
not always apparent in every realization. The plots of the exponential/exponential
workloads in Figure 8.2 are approaching plots of reflected Brownian motion. Just as
for plots of random walks, sometimes plots that are approaching a relected stable
Lévy motion appear quite similar to other plots that are approaching a reflected
Brownian motion. However, additional replications and statistical tests can confirm
the differences.
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Figure 8.2. Plots of four possible realizations of the workload process in the two-source
infinite-capacity exponential/exponential fluid queue having exponential busy-period and
idle-period distributions with mean 1, where the input rate equals the output rate. Each
source has up to 103 busy cycles.

8.3. Heavy-Traffic Limits for the On-Off Sources

In this section, following Whitt (2000b), we establish stochastic-process limits for
the more-detailed multisource on-off fluid-queue model in Section 8.2. From Theo-
rems 5.4.1 and 5.9.1, we see that it suffices to establish a stochastic-process limit
for the cumulative-input processes, so that is our goal.

Let model n have mn on-off sources. Thus the basic model random elements
become {{{(Bn,l,i, In,l,i) : i ≥ 1}, 1 ≤ l ≤ mn}, n ≥ 1} and {{{Λn,l(t) : t ≥ 0},
1 ≤ l ≤ mn}, n ≥ 1}. Let the source cumulative-input processes Cn,l be defined as
in Section 8.2. Let the aggregate cumulative-input process be the sum as before,
i.e.,

Cn(t) ≡ Cn,1(t) + · · · + Cn,mn(t), t ≥ 0 . (3.1)

We establish general limit theorems for the stochastic processes {Nn,l(t) : t ≥ 0},
{Bn,l(t) : t ≥ 0} and {Cn,l(t) : t ≥ 0}. Recall that Nn,l(t) represents the number of
completed busy cycles in the interval [0, t], while Bn,l(t) represents the cumulative
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Figure 8.3. Plots of four possible realizations of the workload process in the two-source
infinite-capacity Pareto/exponential fluid queue having Pareto(1.5) busy-period distribu-
tions and exponential idle-period distributions with mean 1, where the input rate equals
the output rate. Each source has up to 103 busy cycles.

busy time in the interval [0, t], both for source l in model n. We first consider the
stochastic processes {Nn,l(t) : t ≥ 0} and {Bn,l(t) : t ≥ 0}.

8.3.1. A Single Source
We first focus on a single source, so we omit the subscript l here. We now define the
scaled stochastic processes in (D, M1). As before, we use bold capitals to represent
the scaled stochastic processes and associated limiting stochastic processes in D.
We use the same scaling as in Section 5.4; i.e., we scale time by n and space by cn,
where cn/n → 0 as n → ∞. Let

Bn(t) ≡ c−1
n

�nt�∑
i=1

(Bn,i − mB,n)

In(t) ≡ c−1
n

�nt�∑
i=1

(In,i − mI,n)
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Figure 8.4. Plots of four possible realizations of the workload process in the two-source
infinite-capacity exponential/Pareto fluid queue having exponential busy-period distribu-
tions and Pareto(1.5) idle-period distributions with mean 1, where the input rate equals
the output rate. Each source has up to 103 busy cycles.

Nn(t) ≡ c−1
n [Nn(nt) − γnnt]

B′
n(t) ≡ c−1

n [Bn(nt) − ξnnt], t ≥ 0 , (3.2)

where again �nt� is the integer part of nt,

ξn ≡ mB,n

mB,n + mI,n
and γn ≡ 1

mB,n + mI,n
. (3.3)

We think of mB,n in (3.2) as the mean busy period, EBn,i, and mI,n as the mean
idle period, EIn,i, in the case {(Bn,i, In,i) : i ≥ 1} is a stationary sequence for each
n, but in general that is not required. Similarly, we think of ξn in (3.3) as the source
on rate and γ−1

n in (3.3) as the mean source cycle time.
When we consider a sequence of models, as we have done, scaling constants can

be incorporated in the random variables. However, in (3.2) and later, we include
space and time scaling consistent with what occurs with a single model in heavy
traffic.
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Figure 8.5. Plots of four possible realizations of the workload process in the two-source
infinite-capacity Pareto/Pareto fluid queue having Pareto(1.5) busy-period and idle-period
distributions with mean 1, where the input rate equals the output rate. Each source has
up to 103 busy cycles.

We first show that a limit for (Bn, In) implies a limit for (Nn,B′
n) jointly with

(Bn, In). That follows by applying the continuous-mapping approach with the ad-
dition, inverse and composition functions. Here is a quick sketch of the argument:
Since Nn is the counting process associated with the partial sums of Bn,i + In,i, we
first apply the addition function to treat Bn + In and then the inverse function to
treat Nn. The reasoning for the counting process is just as in Section 7.3. Then the
cumulative busy-time Bn(t) is approximately a random sum, i.e.,

Bn(t) ≈
Nn(t)∑
i=1

Bn,i ,

so that we can apply composition plus addition; see Chapter 13. For the case of
limit processes with discontinuous sample paths, the last step of the argument is
somewhat complicated. Thus, the proof has been put in the Internet Supplement;
see Section 5.3 there.
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As before, let Disc(X) be the random set of discontinuities in [0,∞) of X. Let φ
be the empty set. (We will refer to the reflection map by φK to avoid any possible
confusion.)

Theorem 8.3.1. (FCLT for the cumulative busy time) If

(Bn, In) ⇒ (B, I) in (D, M1)2 (3.4)

for Bn and In in (3.2), cn → ∞, cn/n → 0, mB,n → mB, mI,n → mI , with
0 < mB + mI < ∞, so that ξn → ξ with 0 ≤ ξ ≤ 1 and γn → γ > 0 for ξn and γn

in (3.3), and

P (Disc(B) ∩ Disc(I) = φ) = 1 , (3.5)

then

(Bn, In,Nn,B′
n) ⇒ (B, I,N,B′) in (D, M1)4 , (3.6)

for Nn, B′
n in (3.2) and

N(t) ≡ −γ[B(γt) + I(γt)]
B′(t) ≡ (1 − ξ)B(γt) − ξI(γt) . (3.7)

Next, given that the single-source cumulative-input process is defined as a
composition in (2.6), the continuous-mapping approach can be applied with the
convergence preservation of the composition map established in Chapter 13 to show
that a joint limit for Bn(t) and Λn(t) implies a limit for Cn(t), all for one source.
Note that this limit does not depend on the way that the cumulative-busy-time
processes Bn(t) are defined. Also note that the process {Λn(t) : t ≥ 0} representing
the input when the source is active can have general sample paths in D. The fluid
idea suggests continuous sample paths, but that is not required.

We again omit the source subscript l. Let e be the identity map on R+, i.e.,
e(t) = t, t ≥ 0. Let

Λn(t) ≡ c−1
n [Λn(nt) − λ̂nnt]

Cn(t) ≡ c−1
n [Cn(nt) − λnnt], t ≥ 0 . (3.8)

Theorem 8.3.2. (FCLT for the cumulative input) If

(Λn,B′
n) ⇒ (Λ,B′) in (D, M1)2 (3.9)

for Λn in (3.8) and B′
n in (3.2), where cn → ∞, cn/n → 0, ξn → ξ, λ̂n → λ̂ for

0 < λ̂ < ∞ and Λ ◦ ξe and B′ have no common discontinuities of opposite sign,
then

(Λn,B′
n,Cn) ⇒ (Λ,B′,C) in (D, M1)3 . (3.10)

for Cn in (3.8) with λn = ξnλ̂n and

C(t) ≡ Λ(ξt) + λ̂B′(t) . (3.11)
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Proof. Given that B′
n ⇒ B′, we have B′′

n ⇒ ξe for B′′
n(t) = n−1B(nt). Then we

can apply the continuous-mapping approach with composition and addition to treat
Cn, i.e., by Corollary 13.3.2,

Cn = Λn ◦ B′′
n + λ̂nB′

n ⇒ Λ ◦ ξe + λ̂B′ .

From (3.11), we see that the limit processes Λ and B′ appear in C as a sim-
ple sum with deterministic scalar modification. The stochastic fluctuations in the
cumulative-input process over a longer (shorter) time scale are captured by the
component λ̂B′(t) (Λ(ξt) ). Thus, the contribution of each component to the limit
process C can easily be identified and quantified.

As shown in Section 5.4, we can apply the continuous mapping theorem with the
reflection map φK in (2.9) to convert a limit for the cumulative-input processes Cn

into a limit for the workload processes Wn and the associated processes Ln, Un and
Dn.

8.3.2. Multiple Sources
Now we are ready to combine Theorems 5.4.1, 8.3.1 and 8.3.2 to obtain simultaneous
joint limits for all processes with m sources. To treat the fluid queues, we introduce
the sequence of available-processing processes {{Sn(t) : t ≥ 0} : n ≥ 1} and the
sequence of storage capacities {Kn : n ≥ 1}.

We define the following random elements of (D, M1) associated with source l,
1 ≤ l ≤ m:

Bn,l(t) ≡ c−1
n

�nt�∑
i=1

(Bn,l,i − mB,n,l)

In,l(t) ≡ c−1
n

�nt�∑
i=1

(In,l,i − mI,n,l)

Λn,l(t) ≡ c−1
n [Λn,l(nt) − λ̂n,lnt]

Nn,l(t) ≡ c−1
n [Nn,l(nt) − γn,lnt]

B′
n,l(t) ≡ c−1

n [Bn,l(nt) − ξn,lnt]

Cn,l(t) ≡ c−1
n [Cn,l(nt) − λ̂n,lξn,lnt] (3.12)

Theorem 8.3.3. (heavy-traffic limit for the fluid-queue model with m sources)
Consider a sequence of fluid queues indexed by n with mn = m sources, capacities
Kn, 0 < Kn ≤ ∞, and cumulative-available-processing processes {Sn(t) : t ≥ 0}.
Suppose that Kn = cnK, 0 < K ≤ ∞, Wn,l(0) ≥ 0 and

∑m
l=1 Wn,l(0) ≤ Kn,

(Bn,l, In,l,Λn,l, c
−1
n Wn,l(0), 1 ≤ l ≤ m,Sn)

⇒ (Bl, Il,Λl, W
′
l (0), 1 ≤ l ≤ m,S) (3.13)

in (D, M1)3m+1 × R
m for Bn,l, In,l, Λn,l in (3.12) and Sn in (4.4) of Chapter

5, where cn → ∞, cn/n → 0, λ̂n,l → λ̂l for 0 < λ̂l < ∞, mB,n,l → mB,l and
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mI,n,l → mI,l with 0 < mB,l + mI,l < ∞, so that

ξn,l ≡ mB,n,l

mB,n,l + mI,n,l
→ ξl (3.14)

and

γn,l ≡ 1
mB,n,l + mI,n,l

→ γl > 0 . (3.15)

If, in addition, Disc(Bl ◦ γle), Disc(Il ◦ γle) and Disc(Λl ◦ ξle), 1 ≤ l ≤ m, are
pairwise disjoint w.p.1, and λn − µn → 0 so that

ηn ≡ n (λn − µn)
/

cn → η as n → ∞ (3.16)

for −∞ < η < ∞, where

λn ≡
m∑

l=1

λn,l and λn,l ≡ ξn,lλ̂n,l (3.17)

for each l, 1 ≤ l ≤ m, then

(Bn,l, In,l,Λn,l,Nn,l,B′
n,l,Cn,l, 1 ≤ l ≤ m,Cn,Sn,Xn,Wn,Un,Ln)

⇒ (Bl, Il,Λl,Nl,B′
l,Cl, 1 ≤ l ≤ m,C,S,X,W,U,L)

in (D, M1)6m+6 for Nn,l, B′
n,l, Cn,l in (3.12), Cn in (3.8) with (Xn,Wn,Un,Ln)

in (4.4) of Chapter 5 and

Nl(t) ≡ −γl[Bl(γlt) + Il(γlt)]
B′

l(t) ≡ (1 − ξl)Bl(γlt) − ξlIl(γlt)

Cl(t) ≡ Λl(ξlt) + λ̂l[(1 − ξl)Bl(γlt) − ξlIl(γlt)]
C(t) ≡ C1(t) + · · · + Cm(t)

X(t) ≡
m∑

l=1

W ′
l (0) + C(t) − S(t) + ηt

W(t) ≡ φK(X)(t)
(U(t),L(t)) ≡ (ψU (X)(t), ψL(X)(t)), t ≥ 0 , (3.18)

for φK and (ψU , ψL) in (2.9) or (2.10) and η in (3.16).

In many heavy-tailed applications, the fluctuations of the idle periods In,l,i and
the process Λn,l(t) will be asymptotically negligible compared to the fluctuations of
the busy periods Bn,l,i. In that case, condition (3.13) will hold with Il(t) = Λl(t) =
0, 1 ≤ l ≤ m. Then Cl in (3.18) simplifies to a simple scaling of the limit process
Bl, i.e., then

Cl(t) = λ̂l(1 − ξl)Bl(γlt), t ≥ 0 . (3.19)

Moreover, if some sources have more bursty busy periods than others, then only
the ones with highest burstiness will impact the limit. In the extreme case, Bl(t)
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will be the zero function for all but one l, say l∗, and

C(t) = Cl∗(t) = λ̂l∗(1 − ξl∗)Bl∗(γl∗t), t ≥ 0 , (3.20)

and the stochastic nature of the limit for the workload process will be determined,
asymptotically, by the single limit process {Bl∗(t) : t ≥ 0} in (3.13).

In summary, we have shown that a heavy-traffic stochastic-process limit holds
for the scaled workload process, with appropriate scaling (including (3.16)), when-
ever associated stochastic-process limits hold for the basic model elements. In the
common case in which we have no initial workloads, deterministic processing ac-
cording to the rates µn and the source input during busy periods is deterministic
(i.e., when Λn,l(t) = λ̂n,lt for deterministic constants λ̂n,l), there is a heavy-traffic
stochastic-process limit for the workload process whenever the partial sums of the
busy periods and idle periods satisfy a joint FCLT. Donsker’s theorem and its
extensions in Chapter 4 thus yield the required initial FCLTs.

Applying Chapter 4 and Section 2.4 of the Internet Supplement, we obtain con-
vergence of the appropriate scaled cumulative-input processes to Brownian motion,
stable Lévy motion and more general Lévy processes, all of which have stationary
and independent increments. We describe consequences of those stochastic-process
limits in Sections 8.4 and 8.5 below and in Section 5.2 in the Internet Supplement.

Remark 8.3.1. The effect of dependence. At first glance, the independent-
increments property of the limit process may seem inconsistent with the dependence
observed in network traffic measurements in the communications network context,
but recall that the limits are obtained under time scaling. Even if successive busy
and idle periods for each source are nearly independent, the cumulative inputs

C(t1 + h) − C(t1) and C(t2 + h) − C(t2)

in disjoint intervals (t1, t1 + h] and (t2, t + h] with t1 + h < t2 are likely to be
dependent because a single busy cycle for one source can fall within both intervals.

However, when we introduce time scaling by n, as in (4.4), the associated two
scaled intervals (nt1, n(t1 + h)] and (nt2, n(t2 + h)] become far apart, so that it is
natural that the dependence should disappear in the limit. It is also intuitively clear
that the dependence in the original cumulative-input process (before scaling space
and time) should have an impact upon performance, causing greater congestion.
And that is confirmed by measurements. It is thus important that the limit can
capture that performance impact.

Even though the dependence present in the cumulative-input process disappears
in the limit, that dependence has a significant impact upon the limit process: After
scaling time, the large busy periods which cause strong dependence over time tend
to cause large fluctuations in space. This effect of time scaling is shown pictorially
in Figure 8.6. Thus, even though the limit processes have independent increments,
the burstiness in the original cumulative-input process (e.g., caused by a heavy-
tailed busy-period distribution) leads to approximating workload distributions that
reflect the burstiness. For example, with heavy-tailed busy-period distributions, the
limiting workload process will have marginal and steady-state distributions with
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heavy tails (with related decay rates), which is consistent with what is seen when
a single-server queue is simulated with the trace of measured cumulative-input
processes. (However, as noted in Section 2.4.1, the presence of flow controls such
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T=n

n

a) a rate λ extending for a time T

T

Figure 8.6. The effect of time scaling: transforming dependence over time into jumps in
space.

as that used by the Transmission Control Protocol (TCP) significantly complicates
interpretations of simulations based on actual network traces.)

Remark 8.3.2. Structure for the available-processing processes. Theorem 8.3.3
goes beyond Theorem 5.4.1 by giving the cumulative-input process additional struc-
ture. However, in both cases, the available-processing processes {Sn(t) : t ≥ 0} are
kept abstract; we simply assumed that the available-processing processes satisfy a
FCLT. However, structure also can be given to the available-processing processes,
just as we gave structure to the cumulative-input processes. Indeed, the same struc-
ture is meaningful. In particular, we can have multiple output channels or servers,
each of which is subject to service interruption. We can stipulate that the total
available processing in the interval [0, t] is the superposition of the component
available-processing processes, i.e., with q output channels,

S(t) = S1(t) + · · · + Sq(t), t ≥ 0 .

If server i is subject to service interruptions, then it is natural to model the available-
processing process Si by an on-off model. The busy periods then represent intervals
when processing can be done, and the idle periods represent intervals when pro-
cessing cannot be done. Thus, Theorems 8.3.1 and 8.3.2 can be applied directly to
obtain stochastic-process limits for structured available-processing processes. And
we immediately obtain generalizations of Theorem 8.3.3 and the Brownian limit in
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Theorem 8.4.1. For further discussion about queues with service interruptions, see
Section 14.7.

8.3.3. M/G/∞ Sources
So far we have assumed that the number of sources is fixed, i.e., that mn = m as
n → ∞. An alternative limiting regime is to have mn → ∞ as n → ∞. We can
let mn → ∞ and still keep the total input rate unchanged by letting the rate from
each source decrease. One way to do this is by letting the off periods in each source
grow appropriately; e.g., we can let In,l,i = mnIl,i and Bn,l,i = Bl,i. Let Nn(t) be
the number of new busy cycles started in [0, t] by all sources.

Under regularity conditions, with this scaling of the off periods, Nn ⇒ N as
n → ∞, where N is a Poisson process. Indeed that stochastic-process limit is the
classical stochastic-process limit in which a superposition of independent renewal
processes with fixed total intensity (in which each component process is asymptot-
ically negligible) converges to a Poisson process; see Theorem 9.8.1. Moreover, by
a simple continuity argument, the associated cumulative busy-time for all sources,
say {Bn(t) : t ≥ 0} converges to the integral of the number of busy servers in
an M/G/∞ queue (a system with infinitely many servers, IID service times and a
Poisson arrival process). We state the result as another theorem. Note that there
is no additional scaling of space and time here.

Theorem 8.3.4. (an increasing number of sources) Consider a sequence of fluid
models indexed by n with mn IID fluid sources in model n, where mn → ∞. Let
In,l,i = mnIl,i and Bn,l,i = Bl,i where {(Bl,i, Il,i) : i ≥ 1} is an IID sequence. Then

(Nn, Bn) ⇒ (N, B) in (D, M1)2 , (3.21)

where N is a Poisson process with arrival rate 1/EI1,1,

B(t) =
∫ t

0
Q(s)ds, t ≥ 0 , (3.22)

and Q(t) is the number of busy servers at time t in an M/G/∞ queueing model
with arrival process N and IID service times distributed as B1,1.

Heavy-traffic stochastic-process limits can be obtained by considering a sequence
of models with changing M/G/∞ inputs, as has been done by Tsoukatos and
Makowski (1997, 2000) and Resnick and van der Berg (2000).

Let {Qn(t) : t ≥ 0} be a sequence processes counting the number of busy servers
in M/G/∞ systems. Let Bn(t) be defined in terms of Qn by (3.22). Let

Qn(t) ≡ c−1
n [Qn(t) − ηn], t ≥ 0 , (3.23)

and

B′
n(t) ≡ c−1

n [Bn(t) − ηnt], t ≥ 0 . (3.24)

(We use the prime to be consistent with (3.2).) We think of {Qn(t) : t ≥ 0} as being
a stationary process, or at least an asymptotically stationary process, for each n.
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Hence its translation term in (3.23) is ηn independent of t. In contrast, Bn(t) grows
with t, so the translation term of B′

n(t) in (3.24) is ηnt.
We can apply the continuous mapping theorem with the integral function

in (3.22), using Theorems 3.4.1 and 11.5.1, to show that limits for Qn imply
corresponding limits for B′

n.

Theorem 8.3.5. (changing M/G/∞ inputs) Consider a sequence of fluid queue
models indexed by n with M/G/∞ inputs characterized by the processes {Qn(t) :
t ≥ 0}. If Qn ⇒ Q in (D, M1) for Qn in (3.23), then

B′
n ⇒ B′ in (D, M1) ,

for B′
n in (3.24) and

B′(t) =
∫ t

0
Q(s)ds, t ≥ 0 . (3.25)

From heavy-traffic limit theorems for the M/G/∞ queue due to Borovkov (1967)
[also see Section 10.3], we know that the condition of Theorem 8.3.5 holds for proper
initial conditions when the Poisson arrival rate is allowed to approach infinity.
Then Q is a Gaussian process, which can be fully characterized. In the case of
exponential service times, the limit process Q is the relative tractable Ornstein-
Uhlenbeck diffusion process.

We discuss infinite-server models further in Section 10.3. As noted in Remark
10.3.1, the M/G/∞ queue is remarkably tractable, even with a Poisson arrival
process having a time-dependent rate. We discuss limits with an increasing number
of sources further in Section 8.7.

8.4. Brownian Approximations

We now supplement the discussion of Brownian approximations in Section 5.7 by
establishing a Brownian limit for the more detailed multisource on-off fluid-queue
model discussed in Sections 8.2 and 8.3. We discuss Brownian approximations
further in Section 9.6.

8.4.1. The Brownian Limit
For simplicity, we let heavy traffic be achieved by only suitably changing the process-
ing rate µn, so that the output rate µn approaches a fixed input rate λ. Moreover,
we can construct the available-processing processes indexed by n by scaling time
in a fixed available-processing process S. Let the cumulative available processing
in the interval [0, t] in model n be Sn(t). We assume that the available-processing
processes Sn satisfy a FCLT, in particular,

Sn ⇒ S in (D, M1) , (4.1)
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where S is a zero-drift Brownian motion with variance parameter σ2
S and

Sn(t) ≡ n−1/2(Sn(nt − µnnt), t ≥ 0 . (4.2)

We use the M1 topology in (4.1) and later, but it does not play a crucial role in
this section because the limit processes here have continuous sample paths.

Since we only change the processing rate µn, we can have a single model for the
cumulative input process. In the setting of Theorem 8.3.3, we thus assume that the
random variables Bn,l,i and In,l,i are independent of n. Moreover, we assume that
the processes {Λn,l(t) : t ≥ 0} are independent of n. Hence we drop the subscript
n from these random quantities. We call this a single fluid model.

In order to be able to invoke Donsker’s FCLT (specifically, the multidimensional
version in Theorem 4.3.5), we make several independence assumptions. First, we
assume that the m sources are mutually independent. By that we mean that the
stochastic processes {(Bl,i, Il,i) : i ≥ 1} and {Λl(t) : t ≥ 0} for different l, 1 ≤ l ≤ m
are mutually independent. Second, for each source l, we assume that the rate process
{Λl(t) : t ≥ 0} is independent of the sequence {(Bl,i, Il,i) : i ≥ 1}. We also assume
that the sources are independent of the available-processing process.

To invoke Donsker’s FCLT for {(Bl,i, Il,i) : i ≥ 1}, we assume that {(Bl,i, Il,i) :
i ≥ 1} is a sequence of IID random vectors in R

2 with finite second moments. In
particular, let

mB,l ≡ EBl,1, mI,l ≡ EIl,1,

σ2
B,l ≡ V ar Bl,1, σ2

I,l ≡ V ar Il,1,

σ2
B,I,l ≡ Cov(Bl,1, Il,1) . (4.3)

The second-moment assumption implies that all the quantities in (4.3) are finite.
The positivity assumption on Bl,i and Il,i implies that mB,l > 0 and mI,l > 0.

Instead of describing the rate processes {Λl(t) : t ≥ 0} in detail, we simply assume
that they satisfy FCLT’s. In particular, we assume that

Λn,l ⇒ Λl in (D, M1) (4.4)

for each l, where Λl is a zero-drift Brownian motion with variance coefficient σ2
Λ,l

(possibly zero) and

Λn,l(t) ≡ n−1/2[Λl(nt) − λ̂lnt], t ≥ 0 . (4.5)

Given λ̂l in (4.5), we can define the overall “input rate” λ by

λ ≡
m∑

l=1

λl , (4.6)

where

λl ≡ ξlλ̂l and ξl ≡ mB,l

mB,l + mI,l
. (4.7)

The Brownian heavy-traffic stochastic-process limit follows directly from Theo-
rems 8.3.3, 4.3.5 and 11.4.4. We obtain convergence to the same Brownian limit
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(with different variance parameter) if we replace the assumed independence by
associated weak dependence, as discussed in Section 4.4.

Theorem 8.4.1. (Brownian limit for the fluid queue with m on-off sources) Con-
sider a single fluid-queue model with m on-off sources satisfying the independence
assumptions above, the moment assumptions in (4.3), the scaling assumption in
(4.6) and the convergence assumptions in (4.4) and (4.5). Let a sequence of systems
indexed by n be formed by letting the capacity in system n be Kn =

√
nK for some

K, 0 < K ≤ ∞, and introducing available-processing processes satisfying the limits
in (4.1) and (4.2). Let the initial random workloads from the m sources in system
n satisfy

Wn,l(0) ≥ 0, 1 ≤ l ≤ m,

m∑
l=1

Wn,l(0) ≤ Kn (4.8)

and

n−1/2Wn,l(0) ⇒ yl in R , (4.9)

where yl is a deterministic scalar. Assume that

ηn ≡
√

n (λ − µn) → η as n → ∞ (4.10)

for −∞ < η < ∞, λ in (4.6) and µn in (4.2). Then the conditions and conclusions
of Theorems 5.4.1, 5.9.1, 8.3.1, 8.3.2 and 8.3.3 hold with cn ≡

√
n, W ′

l (0) ≡ yl,
γl ≡ (mB,l+mI,l)−1, ξl in (4.7) and (Bl, Il,Λl), 1 ≤ l ≤ m, being mutually indepen-
dent three-dimensional zero-drift Brownian motions, independent of the standard
Bownian motion S in (4.1). For each l, the limit processes (Bl, Il) and Λl, are
mutually independent zero-drift Brownian motions, with (Bl, Il) having covariance
matrix

Σl =
(

σ2
B,l σ2

B,I,l

σ2
B,I,l σ2

I,l

)
. (4.11)

The limit processes Nl, B′
l, Cl and C are all one-dimensional zero-drift Brownian

motions. In particular,

Nl
d= σN,lB, B′

l
d= σB,lB

Cl
d= σC,lB, C d= σCB ,

(4.12)

where B is a standard Brownian motion and

σ2
N,l ≡ γ3

l (σ2
B,l + 2σ2

B,I,l + σ2
I,l) ,

σ2
B′,l ≡ γl((1 − ξl)2σ2

B,l − 2(1 − ξl)ξlσ
2
B,I,l + ξ2

l σ2
I,l) ,

σ2
C,l ≡ ξlσ

2
Λ,l + λ̂2

l γl((1 − ξl)2σ2
B,l − 2(1 − ξl)ξlσ

2
B,I,l + ξ2

l σ2
I,l) ,

σ2
C ≡

m∑
l=1

σ2
C,l ,

σ2
X ≡ σ2

C + σ2
S . (4.13)
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The limit process X is distributed as

X d= {B(t; η, σ2
X , y) : t ≥ 0} d= {y + ηt + σXB(t) : t ≥ 0} , (4.14)

for η in (4.10), σ2
X in (4.13) and y = y1 + · · · + ym for yl in (4.9).

8.4.2. Model Simplification
We now observe that the heavy-traffic stochastic-process limit produces a signifi-
cant model simplification. As a consequence of Theorem 8.4.1, the scaled workload
processes converge to a one-dimension reflected Brownian motion (RBM). In par-
ticular, the limit W is φK(X), where X is the one-dimensional Brownian motion in
(4.14) and φK is the two-sided reflection map in (2.9) and Section 14.8. The process
W depends on only four parameters: the initial position y specified in (4.9), the
drift η specified in (4.10), the diffusion coefficient σ2

X specified in (4.13) and the
upper barrier K for the two-sided reflection. If we are only interested in the steady-
state distribution, then we can ignore the initial position y, which leaves only three
parameters. From the expression for σ2

X in (4.13), we can determine the impact of
various component sources of variability.

In contrast, the original fluid model has much more structure. The structure was
reduced substantially by our independence assumptions, but still there are many
model data. First, we need to know the m probability distributions in R

2 of the busy
periods Bl,1 and idle periods Il,1, 1 ≤ l ≤ m. These m distributions only affect the
limit in Theorem 8.4.1 through their first two moments and covariances. Second,
we have the m rate processes {Λl(t) : t ≥ 0} and the available-processing process
{S(t) : t ≥ 0}. The m rate processes affect the limit only through the scaling param-
eters λ̂l and σ2

Λ,l in the assumed FCLT in (4.4) and (4.5). The available-processing
process affects the limit only through the scaling parameter σ2

S in (4.1). We also have
the m initial random workloads Wn,l(0). The random vector (Wn,1(0), . . . , Wn,m(0))
can have a very general m-dimensional distribution. That distribution affects the
limit only via the deterministic limits yl in (4.8). Since we have convergence in dis-
tribution to a deterministic limit, we automatically get convergence in the product
space; i.e.,

n−1(Wn,1(0), . . . , Wn,m(0)) ⇒ (y1, . . . , ym) in R
m

as n → ∞ by Theorem 11.4.5. Finally, we have the capacity Kn and the processing
rate µn. Thus, for the purpose of determining the limit, there are 8m + 3 relevant
parameters.

It is significant that the stochastic-process limit clearly shows how the 8m + 3
parameters in the original fluid model should be combined to produce the final four
parameters characterizing the limiting RBM. First, the final drift η depends only
upon the parameters µn, ξl and λl for 1 ≤ l ≤ m and n as indicated in (4.10).
Second, the final variance parameter σ2

X depends on the basic model parameters as
indicated in (4.13). We can thus quickly evaluate the consequence of altering the
rate or variability of the stochastic processes characterizing the model.
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We now consider the Brownian approximation for the distribution of the steady-
state workload in the multisource on-off model. The steady-state distribution of
RBM is given in Theorem 5.7.2. By Theorem 8.4.1, the key parameter is

θ ≡ 2η

σ2 ≈ 2
√

n ((
∑m

l=1 λl) − µn)
σ2

X

(4.15)

where λl ≡ ξlλ̂l and W(∞) has pdf in (7.10). As K → ∞, the mean of W(∞)
approaches −θ−1 when η < 0. Then Wn(∞) has approximately an exponential
distribution with mean

EWn(∞) ≈
√

nEW(∞)

≈
√

nσ2
X

2
√

n (µn −
∑m

l=1 λl)
=

σ2
X

2 (µn −
∑m

l=1 λl)
. (4.16)

Notice that the
√

n factors in (7.14) and (4.15) cancel out in (4.16).
It is instructive to consider the contribution of each source to the overall mean

steady-state workload. Expanding upon formula (4.16) in the case K = ∞, we
obtain the approximation

EW (∞) ≈
(σ2

S +
∑m

l=1 σ2
C,l)

2(µ −
∑m

l=1 λl)
. (4.17)

Source l contributes to the approximate mean steady-state workload via both its
rate λl and its variance parameter σ2

C,l.

8.5. Stable-Lévy Approximations

Paralleling Theorem 8.4.1, we now combine the FCLT obtaining convergence of
normalized partial-sum processes to stable Lévy motion (SLM) in Section 4.5 and
the general limits for multisource on-off fluid queues in Section 8.3 in order to obtain
a reflected-stable-Lévy-motion (RSLM) stochastic-process limit for the multisource
on-off fluid queue. In particular, we assume that the busy-period distribution has
a heavy tail, which makes the limit for the normalized cumulative-input process be
a centered totally-skewed stable Lévy motion (having µ = 0 and β = 1). The limit
for the normalized workload process will be the reflection of a constant drift plus
this centered totally-skewed Lévy stable motion. See Section 6.4.3 for RSLM limits
for a more conventional queueing model.

It is possible to obtain more general reflected Lévy process limits for general se-
quences of models, which also have remarkably tractable steady-state distributions
when the underlying Lévy process has no negative jumps. We discuss these more
general limits in Sections 2.4 and 5.2 of the Internet Supplement.
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8.5.1. The RSLM Heavy-Traffic Limit
As in Section 5.7, the limit will be achieved under heavy-traffic conditions. As
before, we can let heavy-traffic be achieved by suitably changing the deterministic
processing rate µn by scaling a fixed available-processing stochastic process S, so
that the output rate approaches the constant input rate. As in Section 5.7, we thus
have a single model for the cumulative-input process in the fluid queue, so that
we are in the setting of the single-sequence limit in Section 4.5. In the setting of
Theorem 8.3.3, the variables Bn,l,i and In,l,i are independent of n. As in Section 5.7,
we assume that the processes {Λn,l(t) : t ≥ 0} also are independent of n. Hence we
drop the subscript n from these quantities. We again call this a single fluid model.

When the random variables have infinite second moments and appropriately
scaled versions of the random walk converge to a stable process, the scaling de-
pends critically on the tail probability decay rate or, equivalently, the stable index
α. Hence it is natural for one component in the model to dominate in the sense that
it has a heavier tail than the other components. We will assume that the busy-period
distributions have the heaviest tail, so that the stochastic fluctuations in the idle
periods Il, the rate processes {Λt(t) : t ≥ 0} and the available-processing process
{S(t) : t ≥ 0} become asymptotically negligible. (That is conveyed by assumption
(5.5) in Theorem 8.5.1 below.) It is straightforward to obtain the corresponding
limits in the other cases, but we regard this case as the common case. It has the
advantage of not requiring conditions involving joint convergence.

We need fewer independence assumptions than we needed in Section 5.7. In
particular, now we assume that the m busy-period sequences {Bl,i : i ≥ 1} are
mutually independent sequences of IID random variables. We also assume that the
idle-periods come from sequences {Il,i : i ≥ 1} of IID random variables for each l,
but that could easily be weakened. As in Section 5.7, we make a stochastic-process-
limit assumption on the rate processes {Λl(t) : t ≥ 0} and the available-processing
process {S(t) : t ≥ 0} instead of specifying the structure in detail.

Theorem 8.5.1. (RSLM limit for the multisource fluid queue) Consider a single
fluid model with m sources satisfying the independence assumptions above and the
scaling assumption in (4.6). Let a sequence of systems indexed by n be formed by
having the capacity in system n be Kn = n1/αK for some K, 0 < K ≤ ∞. . Suppose
that 1 < α < 2. Let the initial random workloads from the m sources in system n
satisfy

Wn,l(0) ≥ 0, 1 ≤ l ≤ m,

m∑
l=1

Wn(0) ≤ Kn , (5.1)

and

n−1/αWn,l(0) ⇒ yl in R, 1 ≤ l ≤ m . (5.2)

Assume that

xαP (Bl,1 > x) → Al as x → ∞ ; (5.3)
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where 0 ≤ Al < ∞, and

xαP (Il,1 > x) → 0 as x → ∞ (5.4)

for 1 ≤ l ≤ m. Assume that

Λn,l ⇒ 0 and Sn ⇒ 0 in (D, M1) , (5.5)

where

Λn,l(t) ≡ n−1/α(Λl(nt) − λ̂lnt), t ≥ 0 (5.6)

for each l, 1 ≤ l ≤ m and

Sn,l(t) ≡ n−1/α(S(nt) − µnnt), t ≥ 0 . (5.7)

Assume that

ηn ≡ n(1−α−1) (λ − µn) → η as n → ∞ (5.8)

for λ in (4.6) and µn in (5.7). Then the conditions and conclusions of Theorems
8.3.3, 5.9.1 and 5.9.2 (when K = ∞ in the last case) hold with cn = n1/α, mB,n,l =
mB,l = EBl,1, mI,n,l = mI,l = EIl,1, ξn,l = ξl, γn,l = γl > 0, Il = Λl = S = 0,
W ′

l (0) = yl, 1 ≤ l ≤ m, and B1, . . . ,Bm being m mutually independent stable Lévy
motions with

Bl(t)
d= Sα(σlt

1/α, 1, 0), t ≥ 0 , (5.9)

where

σl ≡ (Al/Cα)1/α (5.10)

for Al in (5.3) and Cα in (5.14) in Section 4.5. Moreover,

(Nl,B′
l,Cl,C)(t)

= (−γlBl(γlt), (1 − ξl)Bl(γlt),

λ̂l(1 − ξl)Bl(γlt),
m∑

l=1

λ̂l(1 − ξl)Bl(γlt))

d=
(
−γ1+α−1

l Bl(t), (1 − ξl)γα−1

p Bl(t),

λ̂l(1 − ξl)γα−1

l Bl(t),
m∑

l=1

λ̂l(1 − ξl)γα−1

l Bl(t)
)
, (5.11)

so that C is a centered stable Lévy motion with

C(t) d=

(
m∑

l=1

λ̂α
l (1 − ξl)αγlAl/Cl

)1/α

Sα(tα
−1

, 1, 0) (5.12)

and

X(t) = y + ηt + C(t), t ≥ 0 , (5.13)
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for y = y1+· · ·+ym. Hence the limit W = φK(X) is the reflection of the linear drift
ηe plus standard stable Lévy motion C having parameter four-tuple (α, σ, β, µ) =
(α, σC , 1, 0) with

σC =

(
m∑

l=1

λ̂α
l (1 − ξl)αγlσ

α
l

)1/α

, (5.14)

starting at initial position y, 0 ≤ y ≤ K, with reflection having upper barrier at K,
0 < K ≤ ∞.

Proof. We apply Theorem 8.3.3. First note that (5.3) and (5.4) imply that

0 < EBl,1 < ∞ and 0 < EIl,1 < ∞ . (5.15)

To apply Theorem 8.3.3, we need to verify condition (3.13). The limits for Bn,l in-
dividually follow from Theorem 4.5.3, using the normal-domain of attraction result
in Theorem 4.5.2. The joint FCLT for (Bn,1, . . . ,Bn,m) then follows from Theo-
rem 11.4.4. Since the limits for In,l, Λn,l and Sn are deterministic, we obtain an
overall joint FCLT from the individual FCLTs, using Theorem 11.4.5. That yields
the required stochastic-process limit in (3.13). See (5.7) – (5.11) in Section 4.5 for
the scaling yielding (5.12). For Theorem 5.9.2 with K = ∞, we use the fact that
S = 0e and C has nonnegative jumps to conclude that P (L ∈ C) = 1 and that
all the conditions on the discontinuities of the limit processes in Theorem 5.9.2 are
satisfied in this setting.

Theorem 8.5.1 tells us what are the key parameters governing system perfor-
mance. First, the nonstandard space scaling by cn = nα shows that the scaling
exponent α in (5.3) is critical. But clearly the values of the means, which necessar-
ily are finite with 1 < α < 2, are also critical. The values of the means appear via
the asymptotic drift η in (5.8).

Since the stable laws with 1 < α < 2 have infinite variance, there are no vari-
ance parameters describing the impact of variability, as there were in Section 5.7.
However, essentially the same variability parameters appear; they just cannot be
interpreted as variances. In both cases, the variability parameters appear as scale
factors multiplying canonical limit processes. In Theorem 8.4.1, the variability
parameter is the parameter σX appearing as a multiplicative factor before the
standard Brownian motion B in (4.14). Correspondingly, in Theorem 8.5.1, the
variability parameter is the stable scale parameter σC in (5.14) and (5.12). That
scale parameter depends critically on the parameters Al, which are the second-
order parameters appearing in the tail-probability asymptotics for the busy-period
distributions in (5.3).

The stable Lévy motions and reflected stable Lévy motions appearing in Theorem
8.5.1 are less familiar than the corresponding Brownian motions and reflected Brow-
nian motions appearing in Section 5.7, but they have been studied quite extensively
too; e.g., see Samorodnitsky and Taqqu (1994) and Bertoin (1996).
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8.5.2. The Steady-State Distribution
It is significant that the limiting stable Lévy motion for the cumulative-input pro-
cess is totally skewed, i.e., has skewness parameter β = 1, so that the stable Lévy
motion has sample paths without negative jumps. That important property implies
that the reflected stable Lévy motion with negative drift has a relatively simple
steady-state distribution, both with and without an upper barrier. That is also true
for more general reflected Lévy processes; see Section 5.2 in the Internet Supple-
ment, Theorem 4.2 of Kella and Whitt (1991) and Section 4 (a) of Kella and Whitt
(1992c). With a finite upper barrier, the steady-state distribution is the steady-state
distribution with infinite capacity, truncated and renormalized. Equivalently, the
finite-capacity distribution is the conditional distribution of the infinite-capacity
content, given that the infinite-capacity content is less than the upper barrier.

Theorem 8.5.2. (steady-state distribution of RSLM) Let R ≡ φK(ηe + S) be the
reflected stable Lévy motion with negative drift (η < 0) and SLM S having stable
index α, 1 < α < 2, and scaling parameter σ in (5.12) (with β = 1 and µ = 0 )
arising as the limit in Theorem 8.5.1 (where S(1) d= Sα(σ, 1, 0) d= σSα(1, 1, 0) ).

(a) If K = ∞, then

lim
t→∞ P (R(t) ≤ x) = H(x) for all x , (5.16)

where H is a proper cdf with pdf h on (0,∞) with Laplace transform

ĥ(s) ≡
∫ ∞

0
e−sxh(x)dx =

sφ̂′(0)

φ̂(s)
=

1
1 + (νs)α−1 , (5.17)

with

φ̂(s) ≡ log Ee−s[η+Sα(σ,1,0)] = −ηs(σαsα/ cos(πα/2)) (5.18)

and the scale factor ν (Hν(x) = H1(x/ν)) being

να−1 ≡ σα

η cos(πα/2)
> 0 . (5.19)

The associated ccdf Hc ≡ 1 − H has Laplace transform

Ĥc(s) ≡
∫ ∞

0
e−sxHc(x)dx =

1 − ĥ(s)
s

=
ν

(νs)2−α(1 + (νs)α−1)
. (5.20)

(b) If c < 0 and K < ∞, then

lim
t→∞ P (R(t) ≤ x) =

H(x)
H(K)

, 0 ≤ x ≤ K , (5.21)

where H is the cdf in (5.16).
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We have observed that the heavy-traffic limit for the workload processes depends
on the parameter five-tuple (α, η, σ, K, y). When we consider the steady-state dis-
tribution, the initial value y obviously plays no role, but we can reduce the number
of relevant parameters even further: From Theorem 8.5.2, we see that the steady-
state distribution depends on the parameter four-tuple (α, η, σ, K) only via the
parameter triple (α, ν, K) for ν in (5.19).

As should be anticipated, the steady-state distribution in Theorem 8.5.2 has a
heavy tail. Indeed it has infinite mean. We can apply Heaviside’s theorem, p. 254
of Doetsch (1974) to deduce the asymptotic form of the ccdf Hc and pdf h in
Theorem 8.5.2. We display the first two terms of the asymptotic expansions below.
(The second term for α = 3/2 seems inconsistent with the second term for α = 3/2;
that occurs because the second term for α = 3/2 actually corresponds to the third
term for α = 3/2, while the second term is zero.)

Theorem 8.5.3. (tail asymptotics for steady-state distribution) For ν = 1, the
steady-state ccdf and pdf in Theorem 8.5.2 satisfy

Hc(x) ∼

⎧⎪⎨
⎪⎩

1
Γ(2−α)xα−1 − 1

Γ(3−2α)x2(α−1) , α = 3/2

1√
πx1/2 − 1

2
√

πx3/2 , α = 3/2
(5.22)

and

h(x) ∼

⎧⎪⎨
⎪⎩

−1
Γ(1−α)xα + 1

Γ(2−2α)x2α−1 , α = 3/2

1
2
√

πx3/2 − 3
4
√

πx5/2 , α = 3/2
(5.23)

as x → ∞, where Γ(x) is the gamma function.

For the special case α = 3/2, the limiting pdf h and cdf H can be expressed
in convenient closed form. We can apply 29.3.37 and 29.3.43 of Abramowitz and
Stegun (1972) to invert the Laplace transforms analytically in terms of the error
function, which is closely related to the standard normal cdf. A similar explicit
expression is possible for a class of M/G/1 steady-state workload distributions; see
Abate and Whitt (1998). That can be used to make numerical comparisons.

Theorem 8.5.4. (explicit expressions for α = 3/2) For α = 3/2 and ν = 1, the
limiting pdf and ccdf in Theorem 8.5.2 are

h(x) =
1√
πx

− 2exΦc(
√

2x), x ≥ 0 , (5.24)

and

Hc(x) = 2exΦc(
√

2x), x ≥ 0 , (5.25)

where Φc is again the standard normal ccdf.

Theorems 8.5.2 – 8.5.4 provide important practical engineering insight. Note the
the ccdf Hc(x) of the steady-state distribution of RSLM with no upper barrier
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decays slowly. Specifically, from (5.22), we see that it decays as the power x−(α−1).
In fact, the exponent −(α − 1), implies a slower decay than the decay rate −α of
the heavy-tailed busy-period ccdf Bc

l,1(x) in (5.3). Indeed, the density h(x) of the
steady-state RSLM decays at exactly the same rate as the busy-period ccdf.

In contrast, for the RBM limit (with negative drift) in Section 5.7, the steady-
state distribution decays exponentially. In both cases, the steady-state distribution
with a finite buffer is the steady-state distribution with an infinite buffer truncated
and renormalized. Equivalently, the steady state distribution with a finite buffer
is the steady-state distribution with an infinite buffer condioned to be less than
the buffer capacity K. That property supports corresponding approximations for
finite-capacity queueing systems; see Whitt (1984a). The fact the ccdf Hc(x) of the
steady-state distribution of RSLM decays as a power implies that a buffer will be
less effective in reducing losses than it would be for a workload process that can be
approximated by RBM.

Also note that the asymptote in (5.22) provides a useful “back-of-the envelope”
approximation for the ccdf of the steady-state distribution:

P (Wρ(∞) > x) ≈ P ((ζ/(1 − ρ))1/(α−1)Z > x) , (5.26)

where

P (Z > x) ≈ Cx−(α−1) (5.27)

for constants ζ and C determined by (5.11) and (5.22).
The asymptotic tail in (5.26) and (5.27) is consistent with known asymptotics

for the exact steady-state workload ccdf in special cases; e.g., see the power-tail
references cited in Remark 5.4.1.

By comparing the second term to the first term of the asymptotic expansion of
the ccdf Hc(x) in Theorem 8.5.3, we can see that the one-term asymptote should
tend to be an upper bound for α < 1.5 and a lower bound for α > 1.5. We also
should anticipate that the one-term asymptote should be more accurate for α near
3/2 than for other values for α. We draw this conclusion for two reasons: first, at
α = 3/2 a potential second term in the expansion does not appear; so that the
relative error (ratio of appearing second term to first term) is of order x−2(α−1)

instead of x−(α−1) for α = 3/2. Second, for α = 3/2 but α near 3/2, the constant
Γ(3 − 2α) in the denominator of the second term tends to be large, i.e., Γ(x) → ∞
as x → 0.

8.5.3. Numerical Comparisons
We now show that the anticipated structure deduced from examining Theorem 8.5.3
actually holds by making numerical comparisons with exact values computed by
numerically inverting the Laplace transform in (5.20). To do the inversion, we use
the Fourier series method in Abate and Whitt (1995a); see Abate, Choudhury and
Whitt (1999) for an overview.

We display results for α = 1.5, α = 1.9 and α = 1.1 in Tables 8.1–8.3. For
α = 1.5, Table 8.1 shows that the one-term asymptote is a remarkably accurate
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approximation for x such that Hc(x) ≤ 0.20. In Table 8.1 we also demonstrate a
strong sensitivity to the value of α by showing the exact values for α = 1.49 and
α = 1.40. For x = 104 when Hc(x) = 0.056 for α = 1.50, the corresponding values
of Hc(x) for α = 1.49 and α = 1.40 differ by about 12% and 200%, respectively.

Hc(x) for α = 1.5 (ν = 1)
one-term

x exact α = 1.5 asymptote exact α = 1.49 exact α = 1.40
10−1 0.7236 1.78 0.7190 0.6778
100 0.4276 0.5642 0.4290 0.4421
101 0.1706 0.1784 0.1760 0.2278
102 0.5614 e−1 0.5642 e−1 0.5970 e−1 0.1004
103 0.1783 e−1 0.1784 e−1 0.1946 e−1 0.4146 e−1
104 0.5641 e−2 0.5642 e−2 0.6304 e−2 0.1673 e−1
105 0.1784 e−2 0.1784 e−2 0.2041 e−2 0.6693 e−2
106 0.5642 e−3 0.5642 e−3 0.6604 e−3 0.2670 e−2
107 0.1784 e−3 0.1784 e−3 0.2137 e−3 0.1064 e−2
108 0.5642 e−4 0.5642 e−4 0.6916 e−4 0.4236 e−3
1016 0.5642 e−8 0.5642 e−8 0.8315 e−8 0.2673 e−6

Table 8.1. A comparison of the limiting ccdf Hc(x) in Theorem 8.5.2 for α = 1.5 and ν = 1
with the one-term asymptote and the alternative exact values for α = 1.49 and α = 1.40.

Tables 8.2 and 8.3 show that the one-term asymptote is a much less accurate
approximation for α away from 1.5. In the case α = 1.9 (α = 1.1), the one-term
asymptote is a lower (upper) bound for the exact value, as anticipated. For α = 1.9,
we also compare the ccdf values Hc(x) to the corresponding ccdf values for a mean-1
exponential variable (the case α = 2). The ccdf values differ drastically in the tail,
but are quite close for small x. A reasonable rough approximation for Hc(x) for all
x when α is near (but less than) 2 is the maximum of the one-term asymptote and
the exponential ccdf e−x. It is certainly far superior to either approximation alone.

The exponent α = 2 is a critical boundary point for the ccdf tail behavior:
Suppose that the random variable A1(1) has a power tail decaying as x−α. If α > 2,
then the limiting ccdf Hc(x) is exponential, i.e., Hc(x) = e−x, but for α < 2 the
ccdf decays as x−(α−1). This drastic change can be seen at the large x values in
Table 8.2.

Table 8.3 also illustrates how we can use the asymptotics to numerically determine
its accuracy. We can conclude that the one-term asymptote is accurate at those x
for which the one-term and two-term asymptotes are very close. Similarly, we can
conclude that the two-term asymptote is accurate at those x for which the two-term
and three-term asymptotes are close, and so on.

Remark 8.5.1. First passage times. We have applied numerical transform in-
version to calculate steady-state tail probabilities of RSLM. To describe the
transient behavior, we might want to compute first-passage-time probabilities.
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Hc(x) for α = 1.9 (ν = 1)
one-term exponential

x exact asymptote α = 2
0.1 × 20 = 0.1 0.878 0.835 0.905
0.1 × 21 = 0.2 0.786 0.447 0.819
0.1 × 22 = 0.4 0.641 0.240 0.670
0.1 × 24 = 1.6 0.238 0.069 0.202
0.1 × 26 = 6.4 0.312 e−1 0.198 e−1 0.166 e−2
0.1 × 28 = 25.6 0.626 e−2 0.568 e−2 0.76 e−11

0.1 × 212 = 409.6 0.472 e−3 0.468 e−3 ≈ 0
0.1 × 216 = 6553.6 0.386 e−4 0.386 e−4 ≈ 0

Table 8.2. A comparison of the reflected stable ccdf Hc(x) in Theorem 8.5.2 for α = 1.9
and ν = 1 with the one-term asymptote and the mean-1 exponential ccdf corresponding
to α = 2.

Hc(x) for α = 1.1 (ν = 1)
one-term two-term

x exact asymptote asymptote
10−1 0.543 1.18 −0.19
100 0.486 0.94 0.08
101 0.428 0.74 0.20
102 0.373 0.59 0.25
104 0.272 0.373 0.237
106 0.191 0.235 0.181
108 0.129 0.148 0.126
1012 0.558 e−1 0.590 e−1 0.555 e−1
1016 0.230 e−1 0.235 e−1 0.230 e−1
1024 0.371 e−2 0.373 e−2 0.371 e−2
1032 0.590 e−3 0.590 e−3 0.590 e−3

Table 8.3. A comparison of the reflected stable ccdf Hc(x) in Theorem 8.5.2 for α = 1.1
and ν = 1 with the one-term and two-term asymptotes from Theorem 8.5.3.

Rogers (2000) has developed a numerical transform inversion algorithm for cal-
culating first-passage-time probabilities in Lévy processes with jumps in at most
one direction.

8.6. Second Stochastic-Process Limits

The usual approximation for a stochastic process Xn based on a stochastic-process
limit Xn ⇒ X is Xn ≈ X. However, if the limit process X is not convenient, then
we may want to consider developing approximations for the limit process X. We can
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obtain such additional approximations by considering yet another stochastic-process
limit. We describe two approaches in this section.

The first approach is based on having another stochastic-process limit with the
same limit process X: We may be able to establish both Xn ⇒ X and Yn ⇒ X,
where the process Xn is the scaled version of the relatively complicated process of
interest and Yn is the scaled version of another more tractable process. Then we
can use the double approximation

Xn ≈ X ≈ Ym ,

where n and m are suitably large. We discuss two possible approximations for pro-
cesses associated with a reflected-stable-Lévy-motion (RSLM) in the first subsection
below.

The second approach is to approximate the limit process X by establishing a
further stochastic-process limit for scaled versions of the limit process X itself.
That produces an approximation that should be relevant in an even longer time
scale, since time is now scaled twice. We discuss this second approach in the second
subsection below.

8.6.1. M/G/1/K Approximations
We now show how the two-limit approach can be used to generate M/G/1/K
approximations for complicated queueing models such as the multisource on-off
fluid-queue model with heavy tailed busy-period distributions. We first apply The-
orem 8.5.1 to obtain a reflected-stable-Lévy-motion (RSLM) approximation for the
workload process in the fluid queue. We then construct a sequence of M/G/1/K
models with scaled workload processes converging to the RSLM.

Consider a stable Lévy motion σS+ ηe, where S(1) d= Sα(1, 1, 0) with 1 < α < 2
and σ > 0, modified by two-sided reflection at 0 and K. We now show that, for
any choice of the four paramerters α, σ, η and K, we can construct a sequence
of M/G/1/K fluid queues such that the scaled M/G/1/K net-input processes,
workload processes, overflow processes and departure processes converge to those
associated with the given RSLM. Since we can apply the continuous-mapping
approach with the two-sided reflection map, it suffices to show that the scaled
net-input processes converge to σS + ηe. We can apply Theorems 5.4.1 and 5.9.1.

The specific M/G/1/K fluid-queue model corresponds to the standard M/G/1/K
queue with bounded virtual waiting time, which is often called the finite dam; see
Section III.5 of Cohen (1982). For the workload process, there is a constant output
rate of 1. As in Example 5.7.1, The cumulative input over the interval [0, t] is the
sum of the service times of all arrivals in the interval [0, t], i.e., the cumulative input
is

C(t) ≡
A(t)∑
k=1

Vk, t ≥ 0 ,
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where {A(t) : t ≥ 0} is a rate-λ Poisson arrival process independent of a sequence
{Vk : k ≥ 1} of IID service times. The workload process is defined in terms of the
net-input process X(t) ≡ C(t)−t as described in Section 5.2. Any input that would
take the workload above the storage capacity K overflows and is lost.

The M/G/1/K model is appealing because C ≡ {C(t) : t ≥ 0} is a compound
Poisson process, which is a special case of a renewal-reward process; see Section
7.4. Like the SLM, the processes C and X are Lévy processes, but unlike the SLM,
the processes C and X almost surely have only finitely many jumps in a bounded
interval.

The key to achieving the asymptotic parameters α and β = 1 is to use a heavy-
tailed service-time distribution with power tail, where the ccdf decays as x−α as
x → ∞. Thus, we let the service times be mVk, where {Vk : k ≥ 1} is a sequence of
IID nonnegative random variables with mean EV1 = 1 and an appropriate power
tail:

P (V1 > x) ∼ γ1x
−α as x → ∞ .

Let A ≡ {A(t) : t ≥ 0} be a rate-1 Poisson process. Let the net-input process in
the nth M/G/1/K model be

Xn(t) ≡
A(λnt)∑

k=1

mVk − t, t ≥ 0 ;

i.e., we let the service times be distributed as mV1 and we let the arrival process
be a Poisson process with rate λn. The associated scaled net-input processes are

Xn(t) ≡ n−1/αXn(nt), t ≥ 0 .

We will choose the parameters m and λn in order to obtain the desired convergence

Xn ⇒ σS + ηe .

We must also make appropriate definitions for the queue. Since we scale space
by dividing by n1/α in the stochastic-process limit, we let the upper barrier in the
nth M/G/1/K queue be Kn = n1/αK. We also must match the initial conditions
appropriately. If the RSLM starts at the origin, then the M/G/1/K queue starts
empty.

To determine the parameters m and λn, observe that

Xn = Sn + ηne ,

where

Sn(t) ≡ n−1/α(
A(λnnt)∑

k=1

mVk − λnmnt), t ≥ 0 ,

and

ηn ≡ n1−α−1
(λnm − 1), n ≥ 1 .
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Hence, we can obtain ηn = η by letting

λn = m−1(1 + ηn−(1−α−1)), n ≥ 1 . (6.1)

Since λn → m−1 as n → ∞, Sn has the same limit as

S̃n(t) ≡ n−1/α(
A(m−1nt)∑

k=1

mVk − nt), t ≥ 0 .

Note that

P (mVk > x) ∼ γ1m
αx−α as x → ∞ .

Hence, we can apply Theorem 7.4.2 for renewal-reward processes to deduce that

S̃n ⇒ σ̃S in (D, J1) ,

where

σ̃α = γ1m
αm−1/Cα

for Cα in (5.14) of Section 4.5.1. To achieve our goal of σ̃ = σ, we must have

m = (σCα/γ1)1/(α−1) . (6.2)

With that choice of m, we have S̃n ⇒ σS. For λn in (6.1) and m in (6.2), we obtain
Sn ⇒ σS and Xn ⇒ σS + ηe as desired.

For example, as the service-time distribution in the M/G/1/K fluid queue, we can
use the Pareto distribution used previously in Chapter 1. Recall that a Pareto(p)
random variable Zp with p > 1 has ccdf

F c
p (x) ≡ P (Zp > x) ≡ x−p, x ≥ 1 , (6.3)

and mean

mp = 1 + (p − 1)−1 . (6.4)

To achieve the specified power tail, we must let p = α for 1 < α < 2.
To put the Pareto distribution in the framework above, we need to rescale to

obtain mean 1. Clearly, m−1
α Zα has mean 1 and

P (m−1
α Zα > x) = P (Zα > mαx) = (mαx)−α, x ≥ 1 ,

so that we let V1
d= m−1

α Zα and have

γ1 = m−α
α = (1 + (α − 1)−1)−α .

Given those model specifications, we approximate the limiting RSLM, say W,
by the nth scaled M/G/1/K workload process, i.e.,

{W(t) : t ≥ 0} ≈ {n−1/α(Wn(nt) : t ≥ 0} (6.5)

for suitably large n, where {Wn(t) : t ≥ 0} is the workload (or virtual waiting time)
process in the nth M/G/1/K queueing system with upper barrier at Kn = n1/αK
specified above.
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This approximation can be very useful because the M/G/1/K fluid-queue model
or finite dam has been quite thoroughly studied and is known to be tractable; e.g.,
see Takács (1967), Cohen (1982) and Chapter 1 of Neuts (1989).

For the remaining discussion, consider an M/G/1/K model with sevice times
Vk and arrival rate λ. For K = ∞ and ρ = λEV1 < 1, the M/G/1 workload
process is especially tractable; e.g., see Abate and Whitt (1994a). Then the steady-
state distribution is characterized by the Pollaczek-Khintchine transform. For K <
∞, the steady-state distribution is the infinite-capacity steady-state truncated and
renormalized, just as in Theorems 8.5.2 here and Theorem 5.2.1 in the Internet
Supplement.

Given the steady-state workload W (∞) with K < ∞, the overflow rate is

β = λE[W (∞) + V1 − K]+ ,

where V1 is a service time independent of W (∞). The rate of overflows of at least
size x is

βx = λP (W (∞) + V1 − K > x) .

(For asymptotics, see Zwart (2000).) The ccdf P (W (∞) + V1 > x + K) is easily
computed by numerical transform inversion. For that purpose, we first remove the
known atom (positive probability mass) at zero in the distribution of W (∞), as
discussed in Abate and Whitt (1992a). Since P (W (∞) = 0) = 1 − ρ, we can write

P (W (∞) + V1 > x + K) = (1 − ρ)P (V1 > x + K)
+ρP (W (∞) + V1 > x + K|W (∞) > 0) .

We then calculate the conditional ccdf P (W (∞) + V1 > x + K|W (∞) > 0) by
numerically inverting its Laplace transform (1 − Ee−s(W∞)|W (∞)>0)Ee−sV1)/s.

For any K with 0 < K ≤ ∞, the M/G/1/K fluid-queue departure process is an
on-off cumulative-input process with mutually independent sequences of IID busy
periods and IID idle periods, with the idle periods being exponentially distributed
with mean λ−1. The departure rate during busy periods is 1. For K = ∞, the busy-
period distribution is characterized by its Laplace transform, which satisfies the
Kendall functional equation; e.g., as in equation (28) of Abate and Whitt (1994a).
The numerical values of the Laplace transform for complex arguments needed for
numerical transform inversion can be computed by iterating the Kendall functional
equation; see Abate and Whitt (1992b).

In the heavy-tailed case under consideration, P (V1 > x) ∼ Ax−α, where
A = Cασα. By de Meyer and Teugels (1980), the busy-period distribution in this
M/G/1/∞ model inherits the power tail; i.e.,

P (B1 > x) ∼ A(1 − ρ)−(α+1)x−α as x → ∞ .

Hence, we can apply Theorems 8.3.1 and 8.3.2 to establish a stochastic-process limit
for the M/G/1 departure process with ρ assumed fixed. However, as noted at the
end of Section 5.3.2, for fixed ρ with ρ < 1, the departure process obeys the same
FCLT as the input process, given in Theorem 7.4.2. The two approaches to this
FCLT can be seen to be consistent.
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We have indicated that many M/G/1/K fluid-queue random quantities can be
conveniently expressed in terms of the Laplace transform of the service-time distri-
bution. Unfortunately, the Laplace transform of the Pareto distribution does not
have a convenient simple explicit form, but because of its connection to the gamma
integral, the transform values can easily be computed by exploiting efficient al-
gorithms based on continued fractions, as shown by Abate and Whitt (1999a).
That algorithm to compute Pareto distributions by numerical transform inversion
is applied in Ward and Whitt (2000).

For some applications it might be desirable to have even more tractable “Marko-
vian” service-time distributions. One approach is to approximate the Pareto
distribution by a mixture of exponentials. A specific procedure is described in Feld-
mann and Whitt (1998). Since the Pareto distribution is completely monotone, it
is directly a continuous mixture of exponentials. Thus, finite mixtures can provide
excellent approximations for the Pareto distribution, but since it is impossible to
match the entire tail, it is often necessary to use ten or more component exponen-
tials to obtain a good fit for applications. Having only two component exponentials
usually produces a poor match.

Alternatively, the M/G/1/K approximations can be produced with different
heavy-tailed service-time distributions. Other heavy-tailed distributions that can
be used instead of the scaled Pareto distribution or the approximating hyperex-
ponential distribution are described in Abate, Choudhury and Whitt (1994) and
Abate and Whitt (1996, 1999b, c).

We can also consider other approximating processes converging to the RSLM.
Attractive alternatives to the M/G/1/K models just considered are discrete-time
random walks on a discrete lattice. Such random-walk approximations are appealing
because we can then employ well-known numerical methods for finite-state Markov
chains, as in Kemeny and Snell (1960) and Stewart (1994). For the RSLM based on
the totally skewed (β = 1) α-stable Lévy motion that arises as the stochastic-process
limit in Theorem 8.5.1, it is natural to construct the random walk by appropriately
modifying an initial random walk with IID steps distributed as the random variable
Z with the zeta distribution, which has probability mass function

p(k) ≡ P (Z = k) ≡ 1/ζ(α + 1)kα+1. k ≥ 1 , (6.6)

where ζ(s) is the Riemann zeta function; see p. 240 of Johnson and Kotz (1969)
and Chapter 23 of Abramowitz and Stegun (1972). The zeta distribution has mean
ζ(α)/ζ(α + 1) and the appropriate tail asymptotics, i.e.,

F c(x) ≡ P (Z > x) ∼ 1/αζ(α + 1)xα as x → ∞ . (6.7)

We can apply Section 4.5 to construct scaled random walks converging to the
totally-skewed α-stable Lévy motion.

8.6.2. Limits for Limit Processes
We now consider the second approach for approximating the limit process X as-
sociated with a stochastic process-limit Xn ⇒ X. Now we assume that Xn is the
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scaled process

Xn(t) ≡ n−H(Xn(nt) − νnnt), t ≥ 0 , (6.8)

where 0 < H < 1. If X is not sufficiently tractable, we may try to establish to
establish a further stochastic-process limit for scaled versions of the limit process
X.

Suppose that we can construct the new scaled process

X̃n(t) ≡ n−H̃(X(nt) − ηnt), t ≥ 0 (6.9)

and show that X̃n ⇒ X̃ as n → ∞. Then we can approximate the first limit process
X by

{X(t) : t ≥ 0} ≈ {ηt + nH̃X̃(t/n) : t ≥ 0} . (6.10)

Given the two stochastic-process limits, we can combine the two approximations
with the scaling in (6.8) and (6.9) to obtain the overall approximation

{Xn(t) : t ≥ 0} ≈ {νnt + nHX(t/n) : t ≥ 0}
≈ {νnt + nHηt/n + nHmH̃X̃(t/nm) : t ≥ 0} (6.11)

for appropriate n and m. In the queueing context, we can fix n by letting n be such
that the traffic intensity ρn coincides with the traffic intensity of the queue being
approximated.

Since the limit processes for scaled overflow and departure processes in the fluid-
queue model are somewhat complicated, even in the light-tailed weakly-dependent
case considered in Section 5.7, it is natural to apply this two-limit approach to
overflow and departure processes. We can apply Theorem 5.7.4 to obtain FCLT’s
for the boundary regulator processes U and L in the Brownian case. For that
purpose, introduce the normalized processes

Ũn(t) ≡ n−1/2(U(nt) − βnt),
L̃n(t) ≡ n−1/2(L(nt) − αnt), t ≥ 0 , (6.12)

where α and β are the rates determined in Theorem 5.7.3.
By using the regenerative structure associated with Theorem 5.7.4 (see Theorem

2.3.8 in the Internet Supplement), we obtain the following stochastic-process limit.

Theorem 8.6.1. (FCLT for RBM boundary regulator processes) The normalized
boundary regulation processes for RBM in (6.12) satisfy

Ũn ⇒ σUB,

L̃n ⇒ σLB in D , (6.13)

where B is standard BM and σ2
U and σ2

L are given in (7.26), (7.27) and (7.30)–
(7.32).

In general, a corresponding limit for the departure process is more complicated,
but one follows directly from Theorems 8.6.1 and 5.9.1 when the processing is
deterministic, so that the limit process S in (9.2) is the zero function.
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Corollary 8.6.1. (second limit for the departure process) Let D = S − L be the
heavy-traffic limit for the departure process in Theorem 5.9.1 under the conditions
of the general Brownian limit in Theorem 5.7.1. If S = 0e, then

D̃n = −L̃n ⇒ σLB in (D, M1)

for L̃n in (6.12), B standard Brownian motion and σL as in (7.26), (7.30) and
(7.32).

The condition S = 0e in Corollary 8.6.1 is satisfied under the common as-
sumption of deterministic processing. We can apply Corollary 8.6.1 to obtain the
approximation

{Dn(t) : t ≥ 0} ≈ µnt − n1/2L(t/n)
≈ µnt − n1/2αt/n − n1/2m1/2σLB(t/nm) . (6.14)

where

{m1/2B(t/m) : t ≥ 0} d= {B(t) : t ≥ 0} .

As above, we may fix n by choing ρn to match the traffic intensity in the given
queueing system.

8.7. Reflected Fractional Brownian Motion

In this section we discuss heavy-traffic stochastic-process limits in which the limit
process for the scaled net-input process does not have independent increments.
Specifically, we consider heavy-traffic limits in which the scaled workload processes
converge to reflected fractional Brownian motion (RFBM). With time scaling, such
limits arise because of strong dependence. As in the previous section, the RFBM
limit occurs in a second stochastic-process limit.

8.7.1. An Increasing Number of Sources
We consider the same on-off model introduced in Section 8.2, but now we let the
number of sources become large before we do the heavy-traffic scaling. (We also
discuss limits in which the number of sources grows in Sections 8.3.3 and 9.8.)
When we let the number of sources become large, we can apply the central limit
theorem for processes in Section 7.2 to obtain convergence to a Gaussian process.
Then, again following Taqqu, Willinger and Sherman (1997), we can let the busy-
period and idle-period distributions have heavy tails, and scale time, to obtain a
stochastic-process limit for the Gaussian process in which the limit process is FBM.
The continuous-mapping approach with the reflection map then yields convergence
of the scaled workload processes to RFBM. This heavy-traffic limit supplements
and supports direct modeling using FBM, as in Norros (1994, 2000).

With the on-off model, heavy-tailed busy-period and idle-period distributions
cause the scaling exponent H to exceed 1/2. Specifically, as indicated in (2.20) in
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Section 7.2,

H = (3 − αmin)/2 , (7.1)

where αmin is the minimum of the idle-period and busy-period ccdf decay rates if
both have power tails with decay rates αi < 2. Otherwise, it is the decay rate of
the one ccdf with a power tail if only one has a power tail. If both the busy-period
and the idle-period have finite variance, then αmin = 2 and H = 1/2. The following
result is an immediate consequence of Theorem 7.2.5 and the continuous-mapping
approach.

Theorem 8.7.1. (RFBM limit for the on-off model with many sources) Consider a
family of fluid-queue models indexed by the parameter pair (n, τ). Let all the models
be based on a single on-off source model as specified before Theorem 7.2.5. In model
(n, τ) there are n IID on-off sources and time scaling by τ . Let the processing in
model (n, τ) be at a constant deterministic rate

µn,τ ≡ λnτ + cn1/2τH , (7.2)

where λ ≡ m1/(m1 + m2) is the single-source input rate. Let the capacity in model
(n, τ) be Kn,τ ≡ n1/2τHK. Let Wn,τ (0) = 0. Then

(Xn,τ ,Wn,τ ) ⇒ (σlimZH − ce, φK(σlimZH − ce)) (7.3)

in (C, U)2 as first n → ∞ and then τ → ∞, where H is in (7.1), σ2
lim is in (2.17)

or (2.18) in Chapter 4, ZH is standard FBM, Xn,τ is the scaled net-input process

Xn,τ ≡ τ−Hn−1/2(
n∑

i=1

Ci(τt) − µn,τ t), t ≥ 0 , (7.4)

and Wn,τ is the scaled workload process, i.e.,

Wn,τ (t) ≡ φK(Xn,τ ) . (7.5)

Remark 8.7.1. Double limits. Theorems 8.5.1 and 8.7.1 establish heavy-traffic
limits with different limit processes for the same fluid queue model with multiple
on-off sources having heavy-tailed busy and idle periods. Theorem 8.5.1 establishes
convergence to RSLM with a fixed number of sources, whereas Theorem 8.7.1 estab-
lishes convergence to RFBM when the number of sources is sent to infinity before
the time (and space) scaling is performed. As indicated in Section 7.2.2, Mikosch
et al. (2001) establish more general double limits that provide additional insight.
Then RFBM (RSLM) is obtained if the number of sources increases sufficiently
quickly (slowly) in the double limit.

8.7.2. Gaussian Input
When looking at traffic data from communication networks, we do not directly see
the source busy and idle periods of the on-off model. Instead, we see an irregular
stream of packets. Given such a packet stream, we must estimate source busy and
idle periods if we are to use the on-off source traffic model. When we do fit busy
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and idle periods to traffic data, we may find that the busy and idle periods do not
nearly have the independence assumed in Sections 5.7 and 8.5. Thus we might elect
not to use the on-off model.

Instead, we might directly analyze the aggregate cumulative-input process. Mea-
surements of the aggregate cumulative-input process {C(t) : t ≥ 0} may reveal
strong positive dependence. From the data, we may fairly conclude that the vari-
ance of C(t) is finite, but that it grows rapidly with t. In particular, we may see
asymptotic growth of the variance as a function of t according to a power as

V ar(C(t)) ∼ t2H as t → ∞ (7.6)

for

1/2 < H < 1 , (7.7)

which indicates strong positive dependence, as we saw in Section 4.6.
Given the asymptotic growth rate of the variance in (7.6), it is natural to look

for a FCLT capturing strong positive dependence with light tails. From Section 4.6,
it is natural to anticipate that properly scaled cumulative-input processes should
converge to fractional Brownian motion (FBM). In particular, letting the input rate
be 1 as before, it is natural to anticipate that

Cn ⇒ σZH in (C, U) as n → ∞ , (7.8)

where

Cn(t) ≡ n−H(C(nt) − nt), t ≥ 0 , (7.9)

the process ZH is standard FBM, as characterized by (6.13) or (6.14) in Section
4.6, and σ is a positive scaling constant. Since both Cn and ZH have continuous
sample paths, we can work in the function space C.

However, the principal theorems in Section 4.6, Theorems 4.6.1 and 4.6.2, do
not directly imply the stochastic-process limit in (7.8), because there are extra
structural conditions beyond the variance asymptotics in (7.6). In order to apply
the theorems in Section 4.6, we need additional structure – either linear structure
or Gaussian structure.

Fortunately, it is often reasonable to assume additional Gaussian structure in
order to obtain convergence to FBM. With communication networks, it is often
natural to regard the aggregate cumulative-input stochastic process as a Gaussian
process, because the aggregate cumulative-input process is usually the superposition
of a large number of component cumulative-input processes associated with differ-
ent sources, which may be regarded as approximately independent. The intended
activities of different users can usually be regarded as approximately independent.
However, network controls in response to lost packets such as contained in TCP
can induce dependence among sources. Hence approximate independence needs to
be checked.

Not only are sources approximately independent, but the individual source input
over bounded intervals is usually bounded because of a limited access rate. Thus we
may apply Theorem 7.2.1 to justify approximating the aggregate cumulative-input
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process as a Gaussian process, just as we did for Theorem 8.7.1. Then there is a
strong theoretical basis for approximating the workload process by reflected FBM
without assuming that we have on-off sources.

We summarize by stating the theorem. Define additional random elements of C
by

Xn(t) ≡ n−H(C(nt) − µnnt) = Cn(t) + n1−H(1 − µn)t ,

Wn(t) ≡ φK(Xn)(t), t ≥ 0 . (7.10)

We apply Theorems 5.4.1 and 4.6.2 to obtain the following result. We apply
Theorem 7.2.1 to justify the Gaussian assumption.

Theorem 8.7.2. (RFBM limit with strongly-dependent Gaussian input) Consider
a sequence of fluid queues indexed by n with capacities Kn, 0 < Kn ≤ ∞, and output
rates µn, n ≥ 1. Suppose that {C(t) − t : t ≥ 0} is a zero-mean Gaussian process
with

V ar(C(t)) ∼ σt2H as t → ∞ (7.11)

and

V ar(C(t)) ≤ Mt2H for all t > 0 (7.12)

for some positive constants H, σ and M with 1/2 ≤ H < 1. If, in addition, Kn =
nHK, 0 < K ≤ ∞, 0 ≤ Wn(0) ≤ Kn for all n,

n−HWn(0) ⇒ y in R as n → ∞ (7.13)

and

n1−H(1 − µn) → η as n → ∞ (7.14)

for −∞ < η < ∞, then

(Cn,Xn,Wn) ⇒ (σZH , y + σZH + ηe, φK(y + σZH + ηe)) (7.15)

in (C, U)3, where ZH is standard FBM with parameter H and (Cn,Xn,Wn) is in
(7.9) and (7.10).

Unfortunately, the limit process RFBM is relatively intractable; see Norros (2000)
for a discussion. The asymptotic behavior of first passage times to high levels has
been characterized by Zeevi and Glynn (2000). We discuss approximations for the
steady-state distribution in the next section.

Of course, it may happen that traffic measurements indicate, not only that the
aggregate cumulative-input process fails to have independent increments, but also
that the aggregate cumulative-input process is not nearly Gaussian. Nevertheless,
the FBM approximation might be reasonable after scaling. The FBM approximation
would be supported by the theory in Section 4.6 if the cumulative-input process had
the linear structure described in Section 4.6. With different structure, there might
be a relevant stochastic-process limit to a different limit process. An invariance
principle like that associated with Donsker’s theorem evidently does not hold in
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the strongly-dependent case. Thus, careful analysis in specific settings may lead to
different approximating processes.

Remark 8.7.2. Bad news and good news. From an applied perspective, the FBM
heavy-traffic stochastic-process limit provides both bad news and good news. The
main bad news is the greater congestion associated with greater space scaling as H
increases. Part of the bad news also is the fact that the limit process is relatively
difficult to analyze. Moreover, as discussed in Section 5.5, the greater time scaling
as H increases means that significant relative changes in the process take longer to
occur. That is part of the bad news if we are concerned about recovery from a large
congestion event; see Duffield and Whitt (1997).

The good news is the greater possibility of real-time prediction of future behavior
based on observations of the system up to the present time. As discussed in Section
4.6, the dependence of the increments in FBM provides a basis for exploiting the
history, beyond the present state, to predict the future. For further discussion about
predicting congestion in queues, see Duffield and Whitt (1997, 1998, 2000), Srikant
and Whitt (2001), Ward and Whitt (2000) and Whitt (1999a,b).

8.8. Reflected Gaussian Processes

In the last section we established convergence to reflected fractional Brownian
motion (RFBM) for workload processes in fluid-queue models. In this section we
consider approximations that can be obtained for the steady-state distributions of
RFBM and more general stationary Gaussian processes when we have one-sided
reflection. To do so, we exploit a lower bound due to Norros (1994), which has been
found to be often an excellent approximation; e.g. see Addie and Zuckerman (1994)
and Choe and Shroff (1998, 1999).

First let X be a general stochastic process with stationary increments defined on
the entire real line (−∞,∞) with X(0) = 0. Then the (one-sided) reflection of X is

φ(X)(t) ≡ X(t) − inf
0≤s≤t

X(s)

= sup
0≤s≤t

{X(t) − X(s)} d= sup
0≤s≤t

{−X(−s)} . (8.1)

Assuming that

sup
0≤s≤t

{−X(s)} → sup
s≥0

{−X(−s)} < ∞ w.p.1 as t → ∞ , (8.2)

φ(X)(t) ⇒ φ(X)(∞) d= sup
s≥0

{−X(−s)} as t → ∞ . (8.3)

A finite limit in (8.2) will hold when the process X has negative drift, i.e., when
EX(t) = −mt for some m > 0 and X is ergodic.
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We propose approximating the steady-state tail probability P (φ(X)(∞) > x) by
a lower bound obtained by interchanging the probability and the supremum, i.e.,

P (φ(X)(∞) > x) = P

(
sup
t≥0

{−X(−t)} > x

)
≥ sup

t≥0
P (−X(−t) > x) . (8.4)

Assuming that X(t) → −∞ as t → ∞, we have −X(−t) → −∞ as t → ∞. Hence
P (−X(−t) > x) will be small for both small t and large t, so it is natural to antic-
ipate that there is an intermediate value yielding the maximum in (8.4). Moreover,
large deviation arguments can be developed to show that the lower bound is asymp-
totically correct, in a logarithmic sense, as x → ∞ under regularity conditions; see
Duffield and O’Connell (1995), Botvich and Duffield (1995) Choe and Shroff (1998,
1999), Norros (2000) and Wischik (2001b). The moderate-deviations limit by Wis-
chik (2001b) is especially insightful because it applies, not just to the Gaussian
process, but also to superposition processes converging to Gaussing processes (in a
CLT for processes).

In general, the lower bound may not get us very far, because it tends to be
intractable. However, if we assume that X is also a Gaussian process, then we
can conveniently evaluate the lower bound. For a Gaussian process X, we can
calculate the lower bound in (8.4) Once we find the optimum t, t∗, the probability
P (−X(−t∗) > x) is Gaussian.

We can find t∗ by transforming the variables to variables with zero means. In
particular, let

Z(t) =
−X(t) − E[−X(−t)]

x − E[−X(−t)]
, t ≥ 0 , (8.5)

and note that Z(t) has mean 0 (assuming that E[−X(−t)] ≤ 0) and

Z(t) ≥ 1 if and only if − X(t) > x . (8.6)

Hence, the optimum t∗ for the lower bound in (8.4) is the t∗ maximizing the variance
of Z(t), where

V ar Z(t) =
V ar X(−t)

(x − E[−X(−t)])2
. (8.7)

Given the mean and covariance function of the Gaussian process X, the variance
V ar Z(t) in (8.7) is computable. The final approximation is thus

P (φ(X)(∞) > x) ≈ P (−X(−t∗) > x)

= Φc([x − E[−X(−t∗)])/
√

V ar X(−t∗))

= Φc(1/
√

V ar Z(t∗)) (8.8)

where Φc(x) ≡ 1 − Φ(x) is the standard normal ccdf.
The approximation can be applied to any stationary Gaussian process with neg-

ative drift. From the last section, we are especially interested in the case in which
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X is FBM. So suppose that

X(t) ≡ σZH(t) + ηt, t ≥ 0 ,

where η < 0 and ZH is standard FBM. Since V ar(X(t)) = σ2t2H , the variance of
Z(t) in (8.5) is mazimized for

t∗ = xH/|η|(1 − H).

Consequently, the desired lower bound is

P (φ(X)(∞) > x) ≥ Φc(σ−1(|η|/H)H(x/(1 − H))1−H) , (8.9)

where Φc is the standard normal ccdf. Using the approximation

Φc(x) ≈ e−x2/2 ,

we obtain the approximation

P (φ(X)(∞) > x) ≈ e−γx2(1−H)
, (8.10)

where

γ ≡ 1
2σ2

( |η|
H

)2H( 1
1 − H

)2(1−H)
. (8.11)

For H > 1/2, approximation (8.10) is a Weibull distribution with relatively heavy
tail. Thus the lower-bound distribution has a Weibull tail. Note that for H =
1/2 approximation (8.10) agrees with the exact value for RBM in Theorem 5.7.2.
Additional theoretical support for approximation (8.10) and asymptotic refinements
are contained in Narayan (1998), Hüsler and Piterbarg (1999) and Massoulie and
Simonian (1999); see Section 4.5 of Norros (2000). They show that there is an
additional prefactor Kx−γ in (8.10) as x → ∞ for γ = (1 − H)(2H − 1)/H. The
exponent in approximation (8.10) was shown to be asymptotically correct as x → ∞
by Duffield and O’Connell in their large-deviations limit.



9
Single-Server Queues

9.1. Introduction

In this chapter we continue applying the continuous-mapping approach to establish
heavy-traffic stochastic-process limits for stochastic processes of interest in queueing
models, but now we consider the standard single-server queue, which has unlimited
waiting space and the first-come first-served service discipline. That model is closely
related to the infinite-capacity fluid queue considered in Chapter 5, but instead of
continuous divisible fluid, customers with random service requirements arrive at
random arrival times. Thus, attention here is naturally focused on integer-valued
stochastic processes counting the number of arrivals, the number of departures and
the number of customers in the queue.

Here is how this chapter is organized: We start in Section 9.2 by defining the basic
stochastic processes in the single-server queue. Then in Section 9.3 we establish
general heavy-traffic stochastic-process limits for a sequence of single-server queue
models. Included among the general heavy-traffic limits for queues in Section 9.3
are limits for departure processes, so the displayed heavy-traffic limits for one queue
immediately imply associated heavy-traffic limits for single-server queues in series.
However, in general the limit processes for departure processes are complicated, so
that the heavy-traffic limits are more useful for single queues.

In Section 9.4 and 9.5 we obtain FCLTs for arrival processes that are superpo-
sitions or splittings of other arrival processes. Along with the limits for departure
processes, these results make the heavy-traffic FCLTs in Section 9.3 applicable to
general acyclic open networks of single-server queues. Corresponding (more com-
plicated) heavy-traffic limits for general single-class open networks of single-server
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queues (allowing feedback) are obtained in Chapter 14 by applying the multidi-
mensional reflection map, again with variants of the M1 topology to treat limit
processes with discontinuous sample paths.

In Section 9.6, we amplify the discussion in Section 5.7 by discussing the
reflected-Brownian-motion (RBM) limit that commonly occurs in the light-tailed
weak-dependent case and the associated RBM approximation that stems from it.
We show how the useful functions in Chapter 13 can be applied again to yield the
initial FCLTs for the arrival and service processes (required for the heavy-traffic
limits) in more detailed models, e.g., where the input is from a multiclass batch-
renewal process with class-dependent service times or a Markov-modulated point
process.

We discuss the special case of very heavy tails in Section 9.7. When the service-
time ccdf decays like x−α as x → ∞ for 0 < α < 1, the service-time mean is
infinite. The queueing processes then fail to have proper steady-state distributions.
The heavy-traffic stochastic-process limits are useful to describe how the queueing
processes grow. Very large values then tend to be reached by jumps. The heavy-
traffic limits yield useful approximations for the distributions of the time a high
level is first crossed and the positions before and after that high level are crossed.

In Section 9.8 we extend the discussion in Section 8.7 by establishing heavy-
traffic stochastic-process limits for single-server queues with superposition arrival
processes, when the number of component arrival processes in the superposition
increases in the limit. When the number of component arrival processes increases
in the limit with the total rate held fixed, burstiness greater than that of a Pois-
son process in the component arrival processes tends to be dissipated because the
superposition process approaches a Poisson process. For example, even with heavy-
tailed interarrival times, the superposition process may satisfy a FCLT with a limit
process having continuous sample paths. On the other hand, the limit process tends
to be more complicated because it fails to have independent increments.

Finally, in Section 9.9 we discuss heuristic parametric-decomposition approxi-
mations for open queueing networks. In these approximations, arrival and service
processes are each partially characterized by two parameters, one describing the
rate and the other describing the variability. We show how the heavy-traffic
stochastic-process limits can be used to help determine appropriate variability
parameters.

9.2. The Standard Single-Server Queue

In this section we define the basic stochastic processes in the standard single-server
queue, going beyond the introduction in Section 6.4.1. In this model, there is a
single server and unlimited waiting space. Successive customers with random service
requirements arrive at random arrival times. Upon arrival, customers wait in queue
until it is their turn to receive service. Service is provided to the customers on a
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first-come first-served basis. After the customers enter service, they receive service
without interruption and then depart.

The model can be specified by a sequence {(Uk, Vk) : k ≥ 1} of ordered pairs
of nonnegative random variables. The variable Uk represents the interarrival time
between customers k and k − 1, while the variable Vk represents the service time of
customer k. To fully specify the system, we also need to specify the initial conditions.
For simplicity, we will assume that the first customer arrives at time U1 ≥ 0 to find
an empty system. It is easy to extend the heavy-traffic limits to cover other initial
conditions, as was done in Chapter 5.

The model here is similar to the fluid-queue model in Chapter 5, but the differ-
ences lead us to consider different processes, for which we use different notation.
The main descriptive quantities of interest here are: Wk, the waiting time until be-
ginning service for customer k; L(t), the workload (in unfinished service time facing
the server) at time t; Q(t), the queue length (number in system, including the one
in service, if any) at time t; QA

k , the queue length just before the kth arrival; and
QD

k , the queue length just after the kth departure. The workload L(t) is also the
waiting time of a potential or “virtual” arrival at time t; thus the workload L(t) is
also called the virtual waiting time.

The waiting time of the kth customer, Wk, can be expressed in terms of the
waiting time of the previous customer, Wk−1, the service time of the previous
customer, Vk−1, and the interarrival time between customers k − 1 and k, Uk, by
the classical Lindley recursion; i.e., we can make the definition

Wk ≡ [Wk−1 + Vk−1 − Uk]+, k ≥ 2 , (2.1)

where [x]+ = max{x, 0} and W1 = 0. We can apply mathematical induction to show
that Wk can be expressed in terms of appropriate partial sums by a discrete-analog
of the reflection map in (5.4) in Chapter 13 and in (2.5) below.

Theorem 9.2.1. The waiting times satisfy

Wk = Sk − min{Sj : 0 ≤ j ≤ k}, k ≥ 0 , (2.2)

where

Sk ≡ Sv
k−1 − Su

k , Sv
k ≡ V1 + · · · + Vk and Su

k ≡ U1 + · · · + Uk, k ≥ 1 ,

with S0 ≡ Sv
0 ≡ V0 ≡ Su

0 ≡ U0 ≡ 0.

Note that the indices in Sv
k in the definition of Sk are offset by 1. Nevertheless,

Sk is the kth partial sum

Sk = X1 + · · · + Xk, k ≥ 1 ,

where

Xi ≡ Vi−1 − Ui, i ≥ 1 ,

with V0 ≡ 0. Note that W1 = W0 = 0 with our definition, because S0 ≡ 0 and
S1 ≤ 0 since V0 ≡ 0.
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We define the arrival counting process by letting

A(t) ≡ max{k ≥ 0 : Su
k ≤ t}, t ≥ 0 . (2.3)

Since Su
k is the arrival time of customer k, A(t) counts the number of arrivals in the

interval [0, t]. We use the arrival process A to define the cumulative-input process.
The cumulative input of work in the interval in [0, t] is the sum of the service times
of all arrivals in [0, t], i.e., so the cumulative input can be defined as the random
sum

C(t) ≡ Sv
A(t) ≡

A(t)∑
i=1

Vi, t ≥ 0 . (2.4)

The associated net-input process is

X(t) ≡ C(t) − t, t ≥ 0 .

As in the fluid queue, the workload is the one-sided reflection of X, i.e.,

L(t) ≡ φ(X)(t) ≡ X(t) − inf
0≤s≤t

{X(s) ∧ 0}, t ≥ 0 ; (2.5)

i.e., φ is the reflection map in (2.5) and (2.6) in Chapter 8 and in (5.4) of Chapter 13.
The workload process in the single-server queue coincides with the workload process
in the fluid queue with cumulative-input process C and deterministic processing rate
1.

Since the cumulative-input process here is a pure-jump process, the server is
working if and only if the workload is positive. Thus, the cumulative busy time of
the server is easy to express in terms of C and L, in particular,

B(t) ≡ C(t) − L(t), t ≥ 0 . (2.6)

Equivalently, the cumulative idle time in [0, t] is the lower-boundary regulator
function associated with the reflection map, i.e.,

I(t) ≡ ψL(X)(t) ≡ − inf
0≤s≤t

{X(s) ∧ 0}, t ≥ 0 , (2.7)

and the cumulative busy time is

B(t) = t − I(t), t ≥ 0 . (2.8)

Paralleling the definition of the arrival counting process A in (2.3), define a
counting process associated with the service times by letting

N(t) ≡ max{k ≥ 0 : Sv
k ≤ t}, t ≥ 0 . (2.9)

Following our treatment of the waiting times and workload, we would like to think
of the queue-length process {Q(t) : t ≥ 0} as the reflection of an appropriate
“net-input” process. However, that is not possible in general. When the service
times come from a sequence of IID exponential random variables, independent of
the arrival process, we can exploit the lack of memory property of the exponential
distribution to conclude that the queue-length process is distributed the same as
the reflection of the process {A(t) − N ′(t) : t ≥ 0}, where {N ′(t) : t ≥ 0} is a
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Poisson process counting “potential” service times. However, more generally, we do
not have such a direct reflection representation, so we will have to work harder.

Let D(t) count the number of departures in [0, t]. The departure process can be
defined by

D(t) ≡ N(B(t)), t ≥ 0 . (2.10)

We then can define the queue-length process by

Q(t) ≡ A(t) − D(t), t ≥ 0 , (2.11)

because we have stipulated that the first arrival finds an empty system.
Let DA

k be the time of the kth departure (the departure time of the kth arrival).
We can use the inverse relation for counting processes and associated partial sums
to define the departure-time sequence {DA

k : k ≥ 1} in terms of the departure
process {D(t) : t ≥ 0}, i.e.,

DA
k ≡ inf{t ≥ 0 : D(t) ≥ k}, k ≥ 1 . (2.12)

However, it is convenient to start with another expression for DA
k . First, let TA

k be
the service-start time of customer k, with TA

0 ≡ 0. Since a customer must arrive
and wait before starting service,

TA
k ≡ Su

k + Wk, k ≥ 1 . (2.13)

Since service is not interrupted,

DA
k = TA

k + Vk, k ≥ 1 . (2.14)

From Theorem 9.2.1 and (2.14), we obtain the following.

Corollary 9.2.1. (departure time representation) The departure times satisfy

DA
k = Sv

k − min
0≤j≤k

{Sv
j−1 − Su

j }, k ≥ 1 . (2.15)

We next define the continuous-time service-start-time process {T (t) : t ≥ 0} by
letting

T (t) ≡ max{k ≥ 0 : TA
k ≤ t}, t ≥ 0 . (2.16)

Given the continuous-time process {Q(t) : t ≥ 0}, we can define the sequences
{QA

k : k ≥ 1} and {QD
k : k ≥ 1} as embedded sequences, i.e.,

QA
k ≡ Q(Su

k −)
QD

k ≡ Q(DA
k ) . (2.17)

Note that the definitions in (2.17) make QA
k the queue length before all arrivals

at arrival epoch Su
k , and QD

k is the queue length after all departures at departure
epoch DA

k . (Other definitions are possible, for QA
k if there are 0 interarrival times,

and for QD
k if there are 0 service times).

So far, we have not introduced any probabilistic assumptions. The standard as-
sumption is that {Uk : k ≥ 1} and {Vk : k ≥ 1} are independent sequences of IID
random variables with general distributions, in which case the counting processes A
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and N are called renewal processes. Then, with the Kendall notation, the queueing
model is called GI/GI/1, with GI denoting independence (I) with general distribu-
tions (G). The first GI refers to the interarrival times, while the second refers to
the service times. The final “1” indicates a single server. Unlimited waiting space
and the FCFS service discipline are understood.

If in addition one of the distributions is exponential, deterministic, Erlang of or-
der k (convolution of k IID exponentials) or hyperexponential of order k (mixture
of k exponentials), then GI is replaced by M, D, Ek and Hk, respectively. Thus the
M/Ek/1 model has a Poisson arrival process (associated with exponential inter-
arrival times) with Erlang service times, while the Hk/M/1 model has a renewal
arrival process with hyperexponential interarrival times and exponential service
times. An attractive feature of the heavy-traffic limits is that they do not depend
critically on the distributional assumptions or even the IID assumptions associated
with the GI/GI/1 model.

9.3. Heavy-Traffic Limits

We now establish heavy-traffic stochastic-process limits for the stochastic processes
in the stable single-server queue. We can obtain fluid limits (FLLN’s) just as in
Section 5.3, but we omit them. We go directly to the heavy-traffic limits for stable
queues, as in Section 5.4.

9.3.1. The Scaled Processes
As in Section 5.4, we introduce a sequence of queueing models indexed by n. In
model n, Un,k is the interarrival time between customers k and k − 1, and Vn,k is
the service time of customer k. The partial sums for model n are Sn,k, Sv

n,k and
Su

n,k, defined just as in Theorem 9.2.1 with Sn,0 ≡ Su
n,0 ≡ Sv

n,0 ≡ 0 for all n. The
other stochastic processes are defined just as in Section 9.2, with an extra subscript
n to indicate the model number.

We convert the initial model data as represented via the partial sums Su
n,k and

Sv
n,k into two sequences of random elements of D ≡ D([0,∞), R) by introducing

translation and scaling, i.e., by letting

Su
n(t) ≡ c−1

n [Su
n,�nt� − λ−1

n nt] ,

Sv
n(t) ≡ c−1

n [Sv
n,�nt� − µ−1

n nt], t ≥ 0 , (3.1)

where λn, µn and cn are positive constants and �x� is the greatest integer less than
or equal to x. We think of λn and µn in (3.1) as the arrival rate and service rate.

Since the indices of Sv
k are shifted by one, we also form the associated modification

of Sv
n above by setting

S̄v
n(t) ≡ c−1

n [Sv
n,�nt�−1 − µ−1

n nt], t ≥ 0 , (3.2)

where Sv
n,−1 ≡ 0. (Recall that Sv

n,0 ≡ 0 too.)
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We then define associated random elements of D induced by the partial sums
Sn,k, waiting times Wn,k, service-start times TA

n,k and departure times DA
n,k by

letting

Sn(t) ≡ c−1
n Sn,�nt� = (S̄v

n − Su
n)(t) ,

Wn(t) ≡ c−1
n Wn,�nt� ,

TA
n (t) ≡ c−1

n [TA
n,�nt� − λ−1

n nt] ,

DA
n (t) ≡ c−1

n [DA
n,�nt� − λ−1

n nt], t ≥ 0 , (3.3)

where

Sv
n,−1 ≡ Sv

n,0 ≡ Su
n,0 ≡ Wn,0 ≡ TA

n,0 ≡ DA
n,0 ≡ 0 .

We next define normalized random elements of D induced by the associated
continuous-time processes by letting

An(t) ≡ c−1
n [An(nt) − λnnt] ,

Nn(t) ≡ c−1
n [Nn(nt) − µnnt] ,

Cn(t) ≡ c−1
n [Cn(nt) − λnµ−1

n nt] ,

Xn(t) ≡ c−1
n Xn(nt) ,

Ln(t) ≡ c−1
n Ln(nt) ,

Bn(t) ≡ c−1
n [Bn(nt) − nt] ,

Tn(t) ≡ c−1
n [Tn(nt) − λnnt] ,

Dn(t) ≡ c−1
n [Dn(nt) − λnnt] ,

Qn(t) ≡ c−1
n Qn(nt), t ≥ 0 . (3.4)

Finally, we define two sequences of random functions induced by the queue lengths
at arrival epochs and departure epochs by letting

QA
n (t) ≡ c−1

n QA
n,�nt�

QD
n (t) ≡ c−1

n QD
n,�nt�, t ≥ 0 , (3.5)

where QA
n,0 ≡ QD

n,0 ≡ 0.
Notice that there are no translation terms in Sn and Wn in (3.3) or in Xn and

Ln in (3.4). Thus we can apply the continuous-mapping theorem with the reflection
map in (2.5) to directly obtain some initial results.

Theorem 9.3.1. (single-server-queue heavy-traffic limits directly from the reflec-
tion map) Consider the sequence of single-server queues with the random elements
in (3.3) and (3.4).

(a) if

Sn ⇒ S in D

with the topology J1 or M1, then

Wn ⇒ φ(S) in D
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with the same topology, where φ is the reflection map in (2.5).
(b) If

Xn ⇒ X in D

with the topology J1 or M1, then

Ln ⇒ φ(X) in D

with the same topology.

Proof. It follows from Theorem 9.2.1 that

Wn = φ(Sn), n ≥ 1 ,

for the reflection map φ : D → D in (2.5) and Sn and Wn in (3.3). Similarly, it
follow from (2.5) that

Ln = φ(Xn), n ≥ 1

for Xn and Ln in (3.4). Hence the stated results follow directly from the simple con-
tinuous mapping theorem, Theorem 3.4.1, because the reflection map is continuous
by Theorem 13.5.1.

Remark 9.3.1. Strong and weak topologies on D2. Let SJ1 and SM1 denote the
strong or standard J1 and M1 topologies on the product space Dk, and let WJ1
and WM1 denote the associated weak or product topologies on Dk. Given the limit
Sn ⇒ S in (D, J1) assumed in Theorem 9.3.1 (a), we obtain the joint convergence

(Sn,Wn) ⇒ (S, φ(S)) in D([0,∞), R2, SJ1) . (3.6)

However, given the same limit in (D, M1), we do not obtain the analog of (3.6)
in (D2, SM1). Example (14.5.1) shows that the map taking x into (x, φ(x)) is not
continuous when the range has the SM1 topology. Hence, we use the WM1 topology
on the product space Dk.

We now want to obtain limits for the random elements in (3.3), starting from
convergence of the pair (Su

n,Sv
n) in (3.1). We start by establishing limits for the

discrete-time processes.

9.3.2. Discrete-Time Processes
Before stating limits for the discrete-time processes, we establish conditions under
which the two scaled service processes Sv

n and S̄v
n are asymptotically equivalent.

Theorem 9.3.2. (asymptotic equivalence of the scaled service processes) If either
Sv

n ⇒ Sv or S̄v
n ⇒ S in D([0,∞), R, T ), where T is the topology J1, M1 or M2,

then

dJ1(S
v
n, S̄v

n) ⇒ 0 in D([0,∞), R) (3.7)

for dJ1 in (3.2) in Section 3.3 and

(Sv
n, S̄v

n) ⇒ (Sv,Sv) in D2 (3.8)
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with the product-T topology.

Proof. Assume that Sv
n ⇒ Sv. (The argument is essentially the same starting

with S̄v
n ⇒ Sv.) Use the Skorohod representation theorem to replace convergence

in distribution by convergence w.p.1. By Section 12.4, the assumed convergence
implies local uniform convergence at continuity points. Let t be such that P (t ∈
Disc(Sv)) = 0, which holds for all but at most countably many t. By the right
continuity at 0 for functions in D, the local uniform convergence holds at 0 and t.
We now define homeomorphisms of [0, t] needed for J1 convergence in D([0, t], R):
Let νn : [0, t] → [0, t] be defined by νn(0) = 0, νn(t) = t, νn(n−1) = 2n−1 and
νn(t − 2n−1) = t − n−1 with νn defined by linear interpolation elsewhere. Let ‖ · ‖t

be the uniform norm on D([0, t], R). Since ‖νn − e‖t = n−1 and

‖S̄v
n ◦ νn − Sv

n‖t ≤ 2 sup{|Sv
n(s)| : 0 ≤ s ≤ 2n−1}

+2 sup{|Sv
n(s)| : t − n−1 ≤ s ≤ t + n−1}

→ 0 as n → ∞ ,

the limit in (3.7) holds in D([0, t], R). Since such limits hold for a sequence {tn}
with tn → ∞, we have (3.7), which implies (3.8) by Theorem 11.4.7.

We apply Theorem 9.3.2 to establish heavy-traffic limits for the discrete-time
processes.

Theorem 9.3.3. (heavy-traffic limits starting from arrival times and service times)
Suppose that

(Su
n,Sv

n) ⇒ (Su,Sv) in D2 , (3.9)

where the topology is either WJ1 or WM1, Su
n and Sv

n are defined in (3.1),

P (Disc(Su) ∩ Disc(Sv) = φ) = 1 , (3.10)

cn → ∞, n/cn → ∞, λ−1
n → λ−1, 0 < λ−1 < ∞, and

ηn ≡ n(µ−1
n − λ−1

n )/cn → η as n → ∞ . (3.11)

(a) If the topology in (3.9) is WJ1, then

(Su
n, S̄v

n,Sn,Wn,TA
n ) ⇒ (Su,Sv,S,W,TA) (3.12)

in D([0,∞), R5, SJ1), where

S ≡ Sv − Su + ηe, W = φ(S) and TA = δ(Su,Sv + ηe) , (3.13)

with φ being the reflection map and δ : D × D → D defined by

δ(x1, x2) ≡ x2 + (x1 − x2)↑ , (3.14)

where x↑ is the supremum of x defined by

x↑(t) ≡ sup
0≤s≤t

x(s), t ≥ 0 . (3.15)

Then the limit processes Su, Sv and TA have no negative jumps.
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(b) If the topology in (3.9) above is WM1, then the limit in (3.12) holds in
(D5, WM1), with the limit processes being as in (3.13).

Proof. We start by invoking the Skorohod representation theorem, Theorem 3.2.2,
to replace the convergence in distribution in (3.9) by convergence w.p.1 for special
versions. For simplicity, we do not introduce extra notation to refer to the special
versions. By Theorem 9.3.2, we obtain convergence

(Su
n, S̄v

n) ⇒ (Su,Sv) (3.16)

from the initial limit in (3.9), with the same topology on D2. We then apply condi-
tion (3.10) to strengthen the convergence to be in D([0,∞), R2, ST1), drawing upon
Section 12.6. Let t be any time point in (0,∞) for which

P (t ∈ Disc(Su) ∪ Disc(Sv)) = 0 .

There necessarily exists infinitely many such t in any bounded interval. We thus
have convergence of the restrictions of (Su

n, S̄v
n) in D([0, t, ], R2, ST1), for which we

again use the same notation.
(a) First, suppose that ST1 = SJ1. By the definition of SJ1 convergence, we can

find increasing homeomorphisms νn of [0, t] such that

‖(Su
n, S̄v

n) − (Su,Sv) ◦ νn‖t → 0 w.p.1 ,

where ‖ · ‖t is the uniform norm on [0, t]. Since

Sn = S̄v
n − Su

n + ηne ,

Wn = φ(Sn) ,

TA
n = δ(Su

n, S̄v
n + ηne)

where φ is the reflection map and δ is the map in (3.14), both regarded as maps
from D([0, t], R) or D([0, t], R)2 to D([0, t], R), which are easily seen to be Lipschitz
continuous, first with respect to the uniform metric and then for dJ1 , it follows that

‖(Su
n, S̄v

n,Sn,Wn,TA
n ) − (Su,Sv,S,W,T) ◦ νn‖t → 0 w.p.1 ,

for S, W and TA in (3.13), so that

(Su
n, S̄v

n,Sn,Wn,TA
n ) → (Su,Sv,S,W,TA) in D([0,∞), R5, SJ1)

w.p.1 as claimed. Next, let J+
t and J−

t be the maximum-positive-jump and
maximum-negative-jump functions over [0, t], i.e.,

J+
t (x) ≡ sup

0≤s≤t
{x(s) − x(s−)} (3.17)

and

J−
t (x) ≡ − inf

0≤s≤t
{x(s) − x(s−)} . (3.18)

If the topology is J1, then the functions J+
t and J−

t are continuous at all x ∈ D for
which t ∈ Disc(x). Since Su

n and S̄v
n have no negative jumps, then neither do Su
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and Sv if the topology limit is J1. For any x ∈ D, x↑ ≡ sup0≤s≤t{x(s)}, t ≥ 0, has
no negative jumps. Thus, since

TA = Sv + ηe + (Su − Sv − ηe)↑ ,

TA also has no negative jumps when the topology is J1.
(b) Suppose that the topology on D2 for the convergence in (3.16) is ST1 = SM1,

after applying condition (3.10) to strengthen the mode of convergence from WM1.
Then we can apply the continuous maps to get the limit (3.12) with the WM1
topology. We need the SM1 topology on the domain in order for δ in (3.14) to be
continuous. As indicated in Remark 9.3.1, unlike with the J1 topology, we need the
weaker WM1 topology on the range product space Dk.

Remark 9.3.2. Alternative conditions. In Theorem 9.3.3 we only use condition
(3.10) to strengthen the mode of convergence in (3.9) and (3.16) to the strong
topology from the weak product topology. Thus, instead of condition (3.10), we
could assume that (3.9) holds with the strong topology. That could hold without
(3.10) holding.

Moreover, to obtain limits for Sn and Wn with the M1 topology, instead of
(3.10), we could assume that the two limit processes Su and Sv have no common
discontinuities of common sign. Then addition is continuous by virtue of Theorem
12.7.3. However, then extra conditions would be needed to establish limits for Tn

in (3.12) and Dn in Theorem 9.3.4 below.

9.3.3. Continuous-Time Processes
We now establish limits for the normalized continuous-time processes in (3.4) and
the embedded queue-length processes in (3.5). Now we need the M1 topology to
treat stochastic-process limits with discontinuous sample paths, because we must go
from partial sums to counting processes. The limits for departure processes imply
limits for queues in series and contribute to establishing limits for acyclic networks
of queues.

Theorem 9.3.4. (heavy-traffic limits for continuous-time processes) Suppose that,
in addition to the conditions of Theorem 9.3.3 (with the topology in (3.9) being
either WJ1 or WM1 ),

P (Su(0) = 0) = P (Sv(0) = 0) = 1 . (3.19)

Then

(An,Nn,Cn,Xn,Ln,Bn,Qn,QA
n ,QD

n ,Tn,Dn,DA
n )

⇒ (A,N,C,X,L,B,Q,QA,QA,T,D,DA) in (D12, WM1)

jointly with the limits in (3.12), where

A ≡ −λSu ◦ λe, N ≡ − λSv ◦ λe ,

C ≡ (Sv − Su) ◦ λe, X ≡ S ◦ λe ,

L ≡ φ(X) = W ◦ λe, B ≡ X↓ = S↓ ◦ λe ,
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Q ≡ λL, QA ≡ Q ◦ λ−1e = λW, T ≡ − λTA ◦ λe

D ≡ δ̂(A,N − λ2ce), DA = −λ−1D ◦ λ−1e (3.20)

where δ̂ : D × D → D is defined by

δ̂(x1, x2) ≡ x2 + (x1 − x2)↓ . (3.21)

Proof. Again we start with the Skorohod representation theorem, Theorem 3.2.2,
to replace convergence in distribution with convergence w.p.1 for the associ-
ated special versions, without introducing new notation for the special versions.
By exploiting the convergence preservation of the inverse map with centering
in Theorem 13.7.1 as applied to counting functions in Section 13.8, we obtain
(An,Nn) → (A,N) in (D2, WM1) for (An,Nn) in (3.1) and (A,N) in (3.20).
(We use condition (3.19) at this point.) Since Cn involves a random sum, we apply
composition with translation as in Corollary 13.3.2 to get its limit. In particular,
note that

Cn(t) = Sv
n ◦ Ân(t) + µ−1

n An(t)

for Cn and An in (3.4), where

Ân(t) ≡ n−1An(nt), t ≥ 0 .

Since An → A, Ân → λe. Condition (3.10) and the form of A in (3.20) implies
that

P (Disc(A) ∩ Disc(Sv ◦ λe) = φ) = 1 . (3.22)

Thus we can apply Corollary 13.3.2 to get

Cn → Sv ◦ λe + µ−1(−λSu ◦ λe) = (Sv − Su) ◦ λe .

Since

Xn(t) = Cn(t) + nt(λnµ−1
n − 1)/cn

and condition (3.11) holds,

Xn → C + ληe = S ◦ λe in (D, M1) .

Since Ln = φ(Xn), we can apply the reflection map again to treat Ln. By (2.7) and
(2.8), Bn = X↓

n, where x↓ ≡ −(−x)↑ and x↑ is the supremum map. Hence we can
apply the supremum map to establish the convergence of Bn.

The argument for the queue-length process is somewhat more complicated. The
idea is to represent the random function Qn as the image of the reflection map
applied to an appropriate function. It turns out that we can write

Qn = φ(An − Nn ◦ B̂n + λnµnηne) , (3.23)

where

B̂n(t) ≡ n−1B(nt), t ≥ 0 , (3.24)
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and

B̂n → e in D w.p.1 (3.25)

since Bn ⇒ B. We can write (3.23) because

Qn(t) = An(t) − Nn(Bn(t))
= An(t) − Nn(Bn(t)) − µn[t − Bn(t)] + µn[t − Bn(t)]
= φ(An − Nn ◦ Bn − µn[e − Bn])(t) . (3.26)

The second line of (3.26) is obtained by adding and subtracting µn[t − Bn(t)].
The third line holds because the resulting expression is equivalent to the reflection
representation since µn[t−Bn(t)], being µn times the cumulative idle time in [0, t], is
necessarily nondecreasing and increases only when Qn(t) = 0. (See Theorem 14.2.3
for more on this point.) When we introduce the scaling in the random functions,
the third line of (3.26) becomes (3.23), because

(An − Nn ◦ B̂n + λnµnηne)(t)
= c−1

n (An(nt) − λnnt − Nn(Bn(nt)) + µnBn(nt) + (λn − µn)nt)
= c−1

n (An − Nn ◦ Bn − µn[e − Bn])(nt), t ≥ 0 , (3.27)

and φ(cx ◦ be) = cφ(x) ◦ be for all b > 0 and c > 0. We have already noted that
(An,Nn) → (A,N) in (D2, WM1). By (3.25) and Theorem 11.4.5, we have

(An,Nn, B̂n) → (A,N, e) in (D3, WM1) . (3.28)

Given (3.28), we can apply composition with Theorem 13.2.3 to get

(An,Nn ◦ B̂n) → (A,N) in (D2, WM1) . (3.29)

By condition (3.10) and the form of A and N in (3.20),

P (Disc(A) ∩ Disc(N) = φ) = 1 . (3.30)

Hence the mode of convergence in (3.28) and (3.29) can be strengthened to SM1.
Thus, we can apply the subtraction map to get

An − Nn ◦ B̂n → A − N in (D, M1) . (3.31)

Combining (3.23) and (3.31), we obtain

Qn → φ(A − N + λ2ηe) = Q in (D, M1) . (3.32)

Next, to treat the departure processes, note that Dn = An − Qn. By (3.23),

Dn = Nn ◦ B̂n − λnµnηne + (An − Nn ◦ B̂n + λnµnηne)↓

= δ̂(An,Nn ◦ B̂n − λnµnηne) (3.33)

for δ̂ in (3.21). Since δ̂ is continuous as a map from (D2, SM1) to (D, M1),

Dn → δ̂(A,N − λ2ηe) in (D, M1) .

We then apply the convergence-preservation property of the inverse map with cen-
tering in the context of counting functions to obtain the limit for DA

n from (3.33).
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We can apply the composition map to treat QA
n and QD

n . First, as a consequence
of (3.9) and (3.11), since n/cn → ∞, we have

ŜA
n → λ−1e and D̂A

n → λ−1e (3.34)

for

ŜA
n (t) ≡ n−1Su

n,�nt� and D̂A
n (t) ≡ n−1DA

n,�nt� . (3.35)

Applying Theorem 11.4.5 with (3.32) and (3.34), we obtain

(Qn, ŜA
n , D̂D

n ) → (Q, λ−1e, λ−1e) in (D3, WM1)

and, then applying Theorem 13.2.3, we obtain

QA
n = Qn ◦ ŜA

n → Q ◦ λ−1e and QD
n = Qn ◦ D̂A

n → Q ◦ λ−1e

in (D, M1). Finally, limits for the normalized continuous-time service-start-time
processes Tn follow by applying the inverse map with centering as applied to count-
ing functions to the previous limits for TA

n , just as we obtained limits for An and
Nn starting from Su

n and Sv
n.

Remark 9.3.3. Impossibility of improving from M1 to J1. When the limit pro-
cesses have discontinuous sample paths, the M1 mode of convergence in Theorem
9.3.4 cannot be improved to J1. First, it is known that Su

n ⇒ Su and An ⇒
−λSu ◦ λe both hold in (D, J1) if and only if P (Su ∈ C) = 1; see Lemma 13.7.1. In
the special case of identical deterministic service times, the processes Cn, Xn, Ln

and Qn are simple functions of An, so their convergence also cannot be strength-
ened to J1. Similarly, the limits TA

n ⇒ TA and Tn → −λT ◦ λe cannot both hold
in J1.

Similarly, we cannot have convergence

(TA
n ,DA

n ) → (TA,TA)

in D([0,∞), R2, SJ1) if Sv has discontinuities, because that would imply that

DA
n − TA

n → 0 in (D, J1) . (3.36)

The limit (3.36) is a contradiction because Sv
n → Sv in (D, J1) implies that

Jt(Sv
n) ≡ sup

0≤s≤t
{|Sv

n(s) − Sv
n(s−)|} = Jt(DA

n − TA
n )

= sup
0≤s≤t

{c−1
n Vn,�ns�} → Jt(Sv)

for any t such that P (t ∈ Disc(Sv)) = 0, and P (Jt(Sv) = 0) < 1 for all sufficiently
large t if Sv fails to have continuous sample paths.

It is natural to choose the measuring units so that the mean service time is 1.
Then λ = µ = µn = 1 for all n. When λ = 1, the limit processes W, L, Q and QA

all coincide; they all become φ(S), the reflection of S. We observed the coincidence
of W and Q when λ = 1 in Chapter 6.
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The discussion about heavy-traffic scaling in Section 5.5 applies here as well.
There are slight differences because (3.11) differs from (4.6) in Section 5.4. If cn =
nH for 0 < H < 1 and η < 0, then just as in (5.10) in Section 5.5, we obtain

n = (ζ/(1 − ρ))1/(1−H) , (3.37)

but now

ζ = −ηλ > 0 . (3.38)

(Now λ−1 plays the role of µ before.)

Remark 9.3.4. From queue lengths to waiting times. We conclude this section by
mentioning some supplementary material in the Internet Supplement. In Section 5.4
of the Internet Supplement, drawing upon Puhalskii (1994), we show how heavy-
traffic limits for workload and waiting-time processes can be obtained directly from
associated heavy-traffic limits for arrival, departure and queue-length processes.
These results apply the FCLT for inverse processes with nonlinear centering in
Section 13.7. Following Puhalskii (1994), we apply the result to establish a limit
for a single-server queue in a central-server model (i.e., a special closed queueing
network) as the number of customers in the network increases. In that setting it
is not easy to verify the conditions in the earlier limit theorems for waiting times
and the workload because the arrival and service processes are state-dependent.
That result has also been applied by Mandelbaum, Massey, Reiman and Stolyar
(1999).

9.4. Superposition Arrival Processes

In Section 8.3 we established heavy-traffic stochastic-process limits for a fluid
queue with input from multiple sources. We now establish analogous heavy-traffic
stochastic-process limits for the standard single-server queue with arrivals from
multiple sources. We use the inverse map with centering (Sections 13.7 and 13.8)
to relate the arrival-time sequences to the arrival counting processes.

With multiple sources, the arrival process in the single-server queue is the
superposition of m component arrival processes, i.e.,

A(t) ≡ A1(t) + · · · + Am(t), t ≥ 0 , (4.1)

where {Ai(t) : t ≥ 0} is the ith component arrival counting process with associated
arrival times (partial sums)

Su
i,k ≡ inf{t ≥ 0 : Ai(t) ≥ k}, k ≥ 0 , (4.2)

and interarrival times

Ui,k ≡ Su
i,k − Su

i,k−1, k ≥ 1 . (4.3)

We extend the previous limit theorems in Section 9.3 to this setting by showing
how limits for the m partial-sum sequences {Su

i,k : k ≥ 1}, 1 ≤ i ≤ m, imply limits
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for the overall partial-sum sequence {Su
k : k ≥ 1}, where

Su
k ≡ inf{t ≥ 0 : A(t) ≥ k}, k ≥ 0 . (4.4)

As in Section 9.3, we consider a sequence of models indexed by n; e.g., let Su
n,i,k

be the kth partial sum (arrival time of customer k) in the ith component arrival
process of model n. Let the random elements of D be defined by

Su
n,i(t) ≡ c−1

n [Su
n,i,�nt� − λ−1

n,int]

An,i(t) ≡ c−1
n [An,i(nt) − λn,int]

Su
n(t) ≡ c−1

n [Su
n,�nt� − λ−1

n nt]

An(t) ≡ c−1
n [An(nt) − λnnt], t ≥ 0 , (4.5)

for n ≥ 1. The M1 topology plays an important role when the limit processes can
have discontinuous sample paths.

Theorem 9.4.1. (FCLT for superposition arrival processes) Suppose that

(Su
n,1, . . . ,S

u
n,m) ⇒ (Su

1 , . . . ,Su
m) in (Dm, WM1) , (4.6)

where Su
n,i is defined in (4.5),

P (Disc(Su
i ◦ λie) ∩ Disc(Su

j ◦ λje) = φ) = 1 (4.7)

for all i, j with 1 ≤ i, j ≤ m and i = j, and

P (Su
i (0) = 0) = 1, 1 ≤ i ≤ m . (4.8)

If, in addition cn → ∞, n/cn → ∞ and λn,i → λi, 0 < λi < ∞, for 1 ≤ i ≤ m,
then

(Su
n,1, . . . ,S

u
n,m,An,1, . . . ,An,m,An,Su

n)
⇒ (Su

1 , . . . ,Su
m,A1, . . . ,Am,A,Su) (4.9)

in (D2m+2, WM1), where

λn ≡ λn,1 + · · · + λn,m ,

Ai ≡ −λiSu
i ◦ λie, A ≡ A1 + · · · + Am

Su ≡ −λ−1A ◦ λ−1e =
m∑

i=1

γiSu
i ◦ γie (4.10)

for

λ ≡ λ1 + · · · + λm and γi ≡ λi/λ, 1 ≤ i ≤ m . (4.11)

Proof. We apply the Skorohod representation theorem, Theorem 3.2.2, to replace
the convergence in distribution in (4.6) by convergence w.p.1 for special versions. We
then apply the convergence-preservation results for the inverse map with centering,
as applied to counting functions, in Corollary 13.8.1 to obtain, first, the limits for
An,i from the limits for Su

n,i and, second, the limit for Su
n from the limit for An.
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We use addition with condition (4.7) to obtain the convergence of An from the
convergence of (An,1, . . . ,An,m).

Remark 9.4.1. The case of IID Lévy processes. Suppose that the limit processes
Su

1 , . . . ,Su
m in Theorem 9.4.1 are IID Lévy processes. Then γi = m−1,

A d= A1 ◦ me and
m∑

i=1

Su
i

d= Su
1 ◦ me ,

so that

Su d= m−1Su
1 .

In this case, A and S differ from A1 and Su
1 only by the deterministic scale factor

m.
We can remove the deterministic scale factor by rescaling to make the over-

all arrival rate independent of m. We can do that for any given m by replacing
Ai(t) by Ai(t/m) for t ≥ 0 or, equivalently, by replacing Su

i,k by m Su
i,k for k ≥ 0.

If we make that scale change at the outset, then the limit processes A and Su

become independent of m. However, we cannot draw that conclusion if the limit
processes Su

1 , . . . ,Su
m are not Lévy processes. For further discussion, see Section 5.6

and Remarks 10.2.2 and 10.2.4.

We can combine Theorems 9.3.3, 9.3.4 and 9.4.1 to obtain a heavy-traffic limit
for queues with superposition arrival processes.

Theorem 9.4.2. (heavy-traffic limit for a queue with a superposition arrival
process) Suppose that

(Su
n,1, . . . ,S

u
n,m,Sv

n) ⇒ (Su
1 , . . . ,Su

m,Sv) in (Dm+1, WM1) (4.12)

for Su
n,i in (4.5) and Sv

n in (3.1), where

P (Disc(Su
i ◦ γie) ∩ Disc(Su

j ◦ γje) = φ) = 1 (4.13)

and

P (Disc(Su
i ◦ γie) ∩ Disc(Sv) = φ) = 1 (4.14)

for all i, j with 1 ≤ i, j ≤ m, i = j and γi in (4.11). Suppose that, for 1 ≤ i ≤ m,

P (Su
i (0) = 0) = P (Sv(0) = 0) = 1 , (4.15)

cn → ∞, n/cn → ∞, λ−1
n,i → λ−1

i , 0 < λ−1
i < ∞, and

ηn ≡ n(µ−1
n − λ−1

n )cn → η as n → ∞ (4.16)

for λn in (4.10). Then the conditions and conclusions of Theorems 9.3.3 and 9.3.4
hold with Su and A in (4.10) and λ in (4.11).

Proof. As usual, start by applying the Skorohod representation theorem to replace
convergence in distribution by convergence w.p.1, without introducing special no-
tation for the special versions. Then conditions (4.12)–(4.15) plus Theorem 9.4.1
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imply that conditions (3.9) and (3.10) in Theorem 9.3.3 and condition (3.19) in
Theorem 9.3.4 hold. Thus the conditions of Theorems 9.3.3 and 9.3.4 hold with Su

and A in (4.10) and λ in (4.11).
We now show what Theorem 9.4.2 yields in the standard light-tailed weak-

dependent case. The following results closely parallels Theorem 8.4.1.

Corollary 9.4.1. (the Brownian case) Suppose that the conditions of Theorem
9.4.2 hold with cn =

√
n, Su

i = σu,iBu
i , 1 ≤ i ≤ m, and Sv = σvBv, where

Bu
1 , . . . ,Bu

m,Bv are m + 1 IID standard Brownian motions. Then the conclusions
of Theorem 9.4.2 hold with

Su d= σuB (4.17)

for

σ2
u =

m∑
i=1

γ3
i σ2

u,i (4.18)

and

S d= σSB + ηe (4.19)

for η in (4.16),

σ2
S = σ2

u + σ2
v , (4.20)

and B being a standard Brownian motion.

A corresponding corollary is easy to establish in the heavy-tailed case, when
the limits are scaled versions of independent stable Lévy motions. For the IID case,
using essentially a single model, we apply Theorem 4.5.3. Since the random variables
Un,i,k and Vn,k are nonnegative, we get totally skewed stable Lévy motion limits
(with β = 1) for Su

i and Sv.

Corollary 9.4.2. (the stable-Lévy-motion case) Suppose that the conditions of
Theorem 9.4.2 hold with the limit processes Su

i , 1 ≤ i ≤ m, and Sv being mutually
independent stable Lévy motions with index α, 1 < α < 2, where

Su
i (1) d= σu,iSα(1, 1, 0), 1 ≤ i ≤ m , (4.21)

and

Sv(1) d= σvSα(1, 1, 0) . (4.22)

Then the conclusions of Theorem 9.4.2 hold with Su and S being stable Lévy motions
with index α, where

Su(1) d= σuSα(1, 1, 0) (4.23)

for

σu =

(
m∑

i=1

γα+1
i

)1/α
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and

S(1) d= Sα(σ, β, 0) , (4.24)

where

σ = (σα
v + σα

u )1/α

and

β =
σα

v − σα
u

σα
v + αα

u

.

Proof. Again we apply Theorem 9.4.2. We obtain (4.23) and (4.24) by applying
the basic scaling relations in (5.7)–(5.11) of Section 4.5.

9.5. Split Processes

In this section we obtain a FCLT for counting processes that are split from other
counting processes. For example, the original counting process might be a departure
process, and each of these departures may be routed to one of several other queues.
We then want to consider the arrival counting processes at these other queues.
We also allow new points to be created in these split arrival processes. (Events in
the original process may trigger or cause one or more events of different kinds. In
manufacturing there may be batching and unbatching. In communication networks
there may be multicasting; the same packet received may be simultaneously sent
out on several outgoing links.)

Let Ã(t) count the number of points in the original process in the time interval
[0, t]. Let Xi,j be the number of points assigned to split process i at the epoch of
the jth point in the original arrival process Ã. With the standard splitting, for each
j, Xi,j = 1 for some i and Xi,j = 0 for all other i, but we allow other possibilities.

Under the assumptions above, the number of points in the ith split counting
process in the time interval [0, t] is

Ai(t) ≡
Ã(t)∑
j=1

Xi,j , t ≥ 0 . (5.1)

Now we assume that we have processes as above for each n, i.e., {Ãn(t) : t ≥ 0},
{Xn,i,j : i ≥ 1} and {An,i(t) : t ≥ 0}. We form associated random elements of
D ≡ D([0,∞), R) by setting

Ãn(t) ≡ c−1
n [Ãn(nt) − λnnt]

Sn,i(t) ≡ c−1
n

⎡
⎣�nt�∑

j=1

Xn,i,j − pn,int

⎤
⎦

An,i(t) ≡ c−1
n [An,i(nt) − λnpn,int], t ≥ 0 , (5.2)
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where λn is a positive scalar and pn ≡ (pn,1, . . . , pn,m) is an element of R
m with

nonnegative components.
We can apply Corollary 13.3.2 to establish a FCLT for the vector-valued split

processes An ≡ (An,1, . . . ,An,m) in Dm. Let Sn ≡ (Sn,1, . . . ,Sn,m).

Theorem 9.5.1. (FCLT for split processes) Suppose that

(Ãn,Sn) ⇒ (Ã,S) in D1+m (5.3)

with the topology WJ1 or WM1. Also suppose that cn → ∞, n/cn → ∞, λn → λ,
pn → p, where pi > 0 for each i, and almost surely Ã and Si ◦ λe have no common
discontinuities of opposite sign for 1 ≤ i ≤ m. Then

An ⇒ A in Dm (5.4)

with the same topology, where

Ai ≡ piÃ + Si ◦ λe . (5.5)

Proof. Since Ai(t) in (5.1) is a random sum, we can apply the continuous mapping
theorem, 3.4.3, with composition and addition. Specifically, we apply Corollary
13.3.2 after noting that

An,i = Sn,i ◦ Ân,i + pn,iÃn,i ,

where Ân,i ≡ n−1An,i(nt),, t ≥ 0.
If cn/

√
n → ∞, it will often happen that one of the limit processes Ã or Si will

be the zero function. If the burstiness in Ã dominates, so that Si = 0e, then the
limit in (5.4) becomes piÃ, a deterministic-scalar multiple of the limit process Ã.
On the other hand, if the burstiness in Si dominates, so that Ã = 0e, then the
limit in (5.4) becomes Si ◦ λe, a deterministic time change of the limit process Si.

It is instructive to contrast various routing methods. Variants of the round robin
discipline approximate deterministic routing, in which every (1/pi)th arrival from
Ã is assigned to Ai. With any reasonable approximation to round robin, we obtain
Si = 0e.

In contrast, with IID splittings,
∑k

j=1 Xn,i,j has a binomial distribution for each

n, i and k, so that Sn,i ⇒ Si, where cn =
√

n, Si
d= σiB with B standard Brownian

motion and σ2
i = pi(1−pi). Then S is a zero-drift Brownian motion with covariance

matrix Σ ≡ (σ2
S,i,j), where σ2

S,i,i = pi(1 − pi) and σ2
S,i,j = −pipj for i = j. We thus

see that IID splitting produces greater variability in the split arrival processes than
round robin, and thus produces greater congestion in subsequent queues. Moreover,
with the heavy-traffic stochastic-process limits, we can quantify the difference.

9.6. Brownian Approximations

In this section we continue the discussion begun in Section 5.7 of Brownian limits
that occur in the light-tailed weak-dependent case and the associated Brownian (or
RBM) approximations that stem from them.
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In the standard light-tailed weak-dependent case, the conditions of Theorems
9.3.1–9.3.4 hold with space scaling by cn =

√
n and limits

S d= σSB + ηe , (6.1)

where B is standard Brownian motion and η is obtained from the limit (3.11). Just
as in Section 5.7, we can obtain such limits by considering essentially a single model.
Here the single model is based on a single sequence of interarrival times and service
times {(Uk, Vk) : k ≥ 1}. Let the associated partial sums be Su

k ≡ U1 + · · ·Uk and
Sv

k ≡ V1 + · · · + Vk, k ≥ 1. We then construct the sequences {(Un,k, Vn,k) : k ≥ 1}
for a sequence of models indexed by n by scaling the service times, i.e., by letting

Un,k = Uk and Vn,k ≡ ρnVk . (6.2)

Then, in the setting of Section 9.3, λn = λ and µ−1
n = λ−1ρn for all n. Then

condition (3.11) becomes
√

n(1 − ρn) → ζ ≡ −ηλ > 0 as n → ∞ . (6.3)

The required FCLT for (Su
n , Sv

n) in condition (3.9) then follows from Donsker’s
theorem in Section 4.3 or one of its generalizations for dependent sequences in
Section 4.4, applied to the partial sums of the single sequences {(Uk, Vk)}, under
the assumptions there.

As in Section 5.5, it is natural to index the family of queueing systems by the
traffic intensity ρ, where ρ ↑ 1. Then, focusing on the waiting-time and queue-
length processes and replacing n by ζ2(1 − ρ)−2 for ζ in (3.38) and (6.3), we have
the Brownian approximations

Wρ,k ≈ λσ2
S(1 − ρ)−1R(λ−2σ−2

S (1 − ρ)2;−1, 1, 0) (6.4)

and

Qρ(t) ≈ λ2σ2
S(1 − ρ)−1R(λ−1σ−2

S (1 − ρ)2;−1, 1, 0) , (6.5)

where {R(t;−1, 1, 0) : t ≥ 0} is canonical RBM. The Brownian approximation in
(6.4) is the same as the Brownian approximation in (7.8) in Section 5.7 with λ−1

replacing µ. Approximation (6.5) follows from (6.4) because Q = λW ◦ λe; see
(3.20).

9.6.1. Variability Parameters
For the GI/GI/1 queue, where the basic sequences {Uk} and {Vk} are independent
sequences of IID random variables, the heavy-traffic variance constant is

σ2
S = σ2

u + σ2
v , (6.6)

where

σ2
u ≡ V ar U1 and σ2

v ≡ V ar V1 .

For better understanding, it is helpful to replace the variances by dimensionless
variability parameters: It is convenient to use the squared coefficients of variation
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(SCV’s), defined by

c2
u ≡ V ar U1

(EU1)2
and c2

v ≡ V ar V1

(EV1)2
. (6.7)

Combining (6.5)–(6.7), we have

σ2
S =

c2
u + c2

v

λ2 ≡ c2
HT

λ2 , (6.8)

where c2
HT is the dimensionless overall variability parameter.

For the more general G/G/1 queue, in which {(Uk, Vk) : k ≥ 1} is a stationary
sequence, we must include covariances. In particular,

σ2
S = c2

HT /λ2, (6.9)

where

c2
HT = c2

U + c2
V − 2c2

U,V , (6.10)

with

c2
U ≡ lim

k→∞
k−1 V ar Su

k

(EU1)2
≡ lim

k→∞
k−1

k∑
j=1

(k − j)
Cov(U1, Uj)

(EU1)2
,

c2
V ≡ lim

k→∞
k−1 V ar kSv

k

(EV1)2
≡ lim

k→∞
k−1

k∑
j=1

(k − j)
Cov(V1, V0)

(EV1)2
,

c2
U,V ≡ lim

k→∞
k−1 Cov(Su

k , Sv
k)

(EU1)(EV1)
≡ lim

k→∞
k−1

k∑
j=1

(k − j)
Cov(U1, Vj)
(EU1)(EV1)

. (6.11)

We call c2
U , c2

V and c2
U,V in (6.11) the asymptotic variability parameters for the

arrival and service processes.
We can combine (6.4), (6.5) and (6.9) to obtain general Brownian approximations

in terms of the dimensionless variability parameter c2
HT :

Wρ,k ≈ λ−1c2
HT (1 − ρ)−1R(c−2

HT (1 − ρ)2k;−1, 1, 0)
Qρ(t) ≈ c2

HT (1 − ρ)−1R(c−2
HT λ(1 − ρ)2t;−1, 1, 0) . (6.12)

For example, as a consequence, the approximation for the mean steady-state waiting
time is

EWρ,∞ ≈ λ−1c2
HT /2(1 − ρ) . (6.13)

(Recall that the mean service time in model ρ is λ−1ρ here.)
The dimensionless variability parameter c2

HT helps to understand the heavy-
traffic limits for queues with superposition arrival processes. If the arrival process
is the superposition of m IID component arrival processes, then c2

HT is independent
of the number m of processes. (See Remark 9.4.1.)

For the GI/GI/1 model, c2
U = c2

u, c2
V = c2

v and c2
U,V = 0. However, in many

more general G/G/1 applications, these relations do not nearly hold. For example,
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that usually is the case with superposition arrival processes arising in models of
statistical multiplexing in communication networks.

Example 9.6.1. A packet network example. In a detailed simulation of a packet
network link (specifically, an X.25 link) with 25 independent sources, Fendick,
Saksena and Whitt (1989) found that

c2
u ≈ 1.89, c2

v ≈ 1.06 and c2
u,v ≈ 0.03 , (6.14)

where c2
u and c2

v are in (6.7) and

c2
u,v ≡ Cov(U1, V1)

(EU1)(EV1)
. (6.15)

In contrast, they found that

c2
U ≈ 17.6, c2

V ≈ 35.1 and c2
U,V ≈ −6.7 . (6.16)

The differences between (6.16) and (6.14) show that there are significant corre-
lations: (i) among successive interarrival times, (ii) among successive service times
and (iii) between interarrival times and service times. The dependence among ser-
vice times and between service times and interarrival times occur because of bursty
arrivals from multiple sources with different mean service times (due to different
packet lengths).

Note that the variability parameter c2
HT based on (6.10) and (6.16) is very differ-

ent from the one based on (6.7), (6.8), (6.14) and (6.16). The variability parameter
based on (6.10) and (6.16) is

c2
HT ≈ 17.6 + 35.1 − 2(6.7) = 66.1 . (6.17)

If, instead, we acted as if we had a GI/GI/1 queue and used (6.7), (6.8) and (6.14),
we would obtain c2

HT = 2.79.
Moreover, under moderate to heavy loads, the average steady-state queue lengths

in the simulation experiments were consistent with formulas (6.10) and (6.16) using
the variability parameter c2

HT in (6.17). However, under lighter loads there were
significant differences between the observed average queue lengths and the heavy-
traffic approximations, which motivate alternative parametric approximations that
we discuss in Section 9.9 below.

This simulation experiment illustrates that correlations can be, not only an
important part of the relevant variability, but the dominant part; in this example,

c2
U + c2

V − 2c2
U,V >> c2

u + c2
v . (6.18)

Moreover, in this example the lag-k correlations, defined by

c2
u,k =

Cov(U1, U1+k)
(EU1)2

, c2
v,k ≡ Cov(V1, V1+k)

(EV1)2

c2
u,v,k =

Cov(U1, V1+k)
(EU1, EV1)

, (6.19)
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were individually small for all k. The values in (6.16) were substantially larger than
those in (6.14) because of the cumulative effect of many small correlations (over all
k). See Albin (1982) for similar experiments.

9.6.2. Models with More Structure
The heavy-traffic Brownian approximation is appealing because it is often not dif-
ficult to compute the variability parameter c2

HT in (6.10) for models. Indeed, in
Section 4.4 we indicated that it is often possible to compute the normalization
constant in a CLT involving dependent summands. There the specific formulas
and algorithms depended on Markov structure. Now we illustrate by considering a
model from Fendick, Saksena and Whitt (1989, 1991) that has more structure.

We consider a multiclass batch-renewal-process model that might serve as a model
for a packet arrival process in a communication network. In that context, a customer
class can be thought of as a particular kind of traffic such as data, video or fax. As an
approximation, we assume that all packets (customers) in the same batch (message,
burst or flow) arrive at the same instant. We discuss generalizations afterwards in
Remark 9.6.1. For this model, we show how to determine the variability parameters
c2
U , c2

V and c2
U,V .

We assume that the arrival process of k customer classes come as mutually inde-
pendent batch-renewal processes. For class i, batches arrive according to a renewal
process with rate λpi where the interrenewal-time cdf has SCV c2

u,i; the successive
batch sizes are IID with mean mi and SCV c2

b,i; the packet service times are IID
with mean τi and SCV c2

v,i. (We assume that p1 + · · · pk = 1, so that the total
arrival rate of batches is λ. The total arrival rate of customers (packets) is thus
λ̄ ≡ λmB where

mB =
k∑

i=1

pimi . (6.20)

Let qi be the probability that an arbitrary packet belongs to class i, i.e.,

qi ≡ pimi/

k∑
j=1

pjmj . (6.21)

Let

τ ≡
∑k

i=1 pimiτi∑k
i=1 pimi

and ri ≡ τi

τ
. (6.22)

We do not describe the full distributions of intervals between batches, batch sizes
and service times, because the heavy-traffic limit does not depend on that extra
detail. The model can be denoted by

∑
(GIBi/GIi)/1, since the service times are

associated with the arrivals.
Let c2

U,i be the heavy-traffic variability parameter for the class-i arrival process
alone.
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Theorem 9.6.1. (Heavy-traffic limit for the
∑

(GIBi/GI)/1 model) For the
single-server queue with multiclass batch-renewal input above, the conditions of
Theorems 9.3.1 and 9.3.3 hold with cn = n1/2 and (Su,Sv) being two-dimensional
zero-drift Brownian motion, supporting the approximations in (6.12) with

c2
U =

k∑
i=1

qic
2
U,i ,

c2
V =

k∑
i=1

qi[r2
i c2

v,i + (ri − 1)2c2
U,i] ,

c2
U,V =

k∑
i=1

qi(1 − ri)c2
U,i ,

c2
U,i = mi(c2

b,i + c2
u,i) . (6.23)

Proof. We only give a quick sketch. The independence assumptions allow us to
obtain FCLTs for the partial sums of the batch interarrival times, the batch sizes
and the service times. Given that initial FCLT, we can apply the Skorohod repre-
sentation theorem to replace the convergence in distributions by convergence w.p.1
for special versions. Then note that the packet arrival process can be represented as
a random sum: the number of packet arrivals in [0, t] is the sum of the IID batches
up to the number of batches to arrive in [0, t]. Hence we can apply Corollary 13.3.2
for random sums. The overall packet counting process is the sum of the k indepen-
dent class packet counting processes. The partial sums of the interarrival times can
be treated as the inverses of the counting processes. We thus obtain the limits for
all arrival processes and Su

n, and the variability parameters c2
U,i and c2

U in (6.23).
We treat the total input of work by adding over the classes, with the total input of
work for each class being a random sum of the IID service times up to the number
of packet arrivals. Hence we can apply Corollary 13.3.2 for random sums again.
From the total input of work, we can directly obtain the limit for the workload by
applying the reflection map. From the limit for the total input of work, we can also
obtain a limit for the service times presented in order of their arrival to the queue.
(This is perhaps the only tricky step.) In general, we have

Cn(Su
n,k−) ≤ Sv

n,k ≤ Cn(Su
n,k) for all n, k , (6.24)

where Sv
n,k is the kth partial sum of the service times associated with successive

arrivals in model n. We first obtain the limit for Cn(Su
n,k) by applying the random-

sum result in Corollary 13.3.2 once more. Since the limit process has continuous
sample paths, from (6.24) we can conclude that Sv

n has the same limit; see Corollary
12.11.6. Given the limit for (Su

n,Sv
n), we can apply Theorems 9.3.3 and 9.3.4.

It is helpful to further interpret the asymptotic variability parameters in (6.23).
Note that c2

U is a convex combination of c2
U,i weighted by qi in (6.21), where q1 +

· · ·+qk = 1. Note that c2
U,i is directly proportional to the mean batch size mi. Note
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that c2
V and c2

U,V also can be represented as weighted sums of c2
V,i and c2

U,V,i, where

c2
V,i ≡ r2

i c2
v,i + (ri − 1)2c2

U,i

c2
U,V,i ≡ (1 − ri)c2

U,i (6.25)

The class-i asymptotic service variability parameter c2
U,i and the class-i covariance

asymptotic parameter c2
U,V,i depend upon the non-class-i processes only via the

parameter ri ≡ τi/τ ≡ τi in (6.22). Note that ri is large (small) when class-i service
times are larger (smaller) than usual. Note that c2

V,i has the component r2
i c2

v,i that
is directly proportional to r2

i and c2
v,i.

Remark 9.6.1. Extra dependence. In Theorem 9.6.1 we assumed that the basic
model sequences are independent sequences of IID random variables. Using Section
4.4 that can be greatly relaxed. In the spirit of Section 9.3, we could have started
with a joint FCLT.

For the model in Theorem 9.6.1, we let all arrivals in a batch arrive at the
same instant. We could instead allow the arrivals from each batch to arrive in
some arbitrary manner in the interval between that batch arrival and the next. It
is significant that Theorem 9.6.1 is unchanged under that modification. However,
both the original model and the generalization above implicitly assume that each
batch size is independent of the interval between batch arrivals. That clearly is not
realistic in many scenarios, e.g., for packet queues, where larger batch sizes usually
entail longer intervals between batch arrivals. It is not difficult to create models
that represent this feature. In particular, let {(Bi

n, Li
n) : n ≥ 1} be the sequence

of successive pairs of successive batch sizes and interval length between successive
batch arrivals for class i. Assume that successive pairs are IID, but allow Bi

n and Li
n

to be dependent for each n. As above, let mi and c2
b,i be the two parameters for Bi

n

and let (λpi)−1 and c2
r,i be the two parameters for Li

n. Let γb,r,i be the correlation
between Bi

n and Li
n. Then Theorem 9.6.1 remains valid with c2

U,i in (6.23) replaced
by

c2
U,i = mi(c2

b,i + c2
r,i − 2γr,b,icb,icr,i) . (6.26)

The multiclass batch-renewal-process model above illustrates that the asymptotic
variability parameters c2

U , c2
V and c2

U,V appearing in the expression for c2
HT in (6.10)

can often be computed for quite rich and complex models. We conclude this section
by illustrating this feature again for point processes in a random environment, such
as the Markov-modulated Poisson process (MMPP).

Example 9.6.2. Point processes in random environments. In this example we sup-
pose that the arrival process can be represented as a counting process in a random
environment, such as

A(t) = X(Y (t)), t ≥ 0 , (6.27)

where

(Xn,Yn) ⇒ (B1,B2) in D2 (6.28)
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with (B1,B2) being two-dimensional Brownian motion and

(Xn,Yn)(t) ≡ n−1/2(X(nt) − xnt, Y (nt) − ynt), t ≥ 0 . (6.29)

For example, an MMPP satisfies (6.27)–(6.29) where X is a homogeneous Poisson
process and Y is a function of an irreducible finite-state continuous-time Markov
chain (CTMC). Indeed, the representation (6.27) was already exploited for the
cumulative-input processes of the fluid queue in (2.6) in Chapter 8.

Given (6.27), we can obtain the required FCLT for A from an established FCLT
for (X, Y ) in (6.28) by applying Corollary 13.3.2. Without loss of generality (by
deterministically scaling X and Y in (6.27)), we can obtain (6.27) with X, Y and
A all being rate-1 processes, i.e., for x = y = 1 in (6.29). Then the FCLT for An

yields the dimensionless asymptotic variability parameter

c2
A = c2

X + c2
Y .

For example, if A is a rate-1 MMPP and X is a rate-1 Poisson process, then

c2
A = 1 + c2

X ,

where c2
X is the asymptotic variability parameter of a function of a stationary

CTMC having mean 1, which is given in Theorem 2.3.4 in the Internet Supplement.

9.7. Very Heavy Tails

When the interarrival times and service times come from independent sequences
of IID random variables with heavy-tailed distributions, we obtain heavy-traffic
stochastic-process limits with reflected-stable-Lévy-motion (RSLM) limit processes
from Sections 4.5 and 9.3, the same way we obtained heavy-traffic stochastic-process
limits with RSLM limit processes for fluid queues in Section 8.5 from Sections 4.5,
5.4 and 8.3. For the most part, the story has already been told in Section 8.5.
Hence, now we will only discuss the case of very heavy tails, arising when the
random variables have infinite mean. See Resnick and Rootzén (2000) for related
results.

Specifically, as in (5.26) in Section 4.5, we assume that the service-time
distribution has a power tail, satisfying

P (V1 > x) ∼ Ax−α as x → ∞ (7.1)

for positive constants α and A with 0 < α < 1.
We note that α = 1 is a critical boundary point, because if (7.1) holds for

α > 1, then the service-time distribution has a finite mean, which implies that
the waiting-time process has a proper steady-state distribution. However, if (7.1)
holds for α < 1, then the service-time distribution has infinite mean, which implies
that the waiting-time process fails to have a proper steady-state distribution, in
particular,

Wk → ∞ as k → ∞ w.p.1.
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9.7.1. Heavy-Traffic Limits
We can use the heavy-traffic stochastic-process limits to show how the waiting times
should grow over finite time intervals. Similar limits will hold for the queue-length
processes. For these limits, it suffices to consider a single queueing system. Since
the mean service time is infinite, the traffic intensity is infinite here, and thus plays
no role. Let the random elements of D be defined by

Sn(t) ≡ n−1/αS�nt�,

Wn(t) ≡ n−1/αW�nt�, t ≥ 0 . (7.2)

Theorem 9.7.1. (service times with very heavy tails) Consider the standard
single-server queue with interarrival times and service times coming from a se-
quence of IID random vectors {(Uk, Vk)}. Suppose that EU1 < ∞ and (7.1) holds
with 0 < α < 1. Then

(Sn,Wn) ⇒ (S,S)) in D([0,∞), R2, SJ1) ,

for Sn and Wn in (7.2), where S is the α-stable Lévy motion with β = 1 charac-
terized by Theorems 4.5.2 and 4.5.3 that arises as the stochastic-process limit for
partial sums of the service times alone.

Proof. Since EU1 < ∞, {Uk : k ≥ 1} obeys the strong law of large numbers,
which in turn implies a functional strong law; see Corollary 3.2.1 in the Internet
Supplement. Hence the FCLT for Sn follows for the FCLT for the partial sums of
the service times alone (without translation term), by virtue of Theorem 11.4.5. The
FCLT for the service times alone follows from Theorems 4.5.2 and 4.5.3. We obtain
the limit theorem for the scaled waiting times by applying the continuous-mapping
approach with the reflection map; in particular, we can apply Theorem 9.3.1 (a).
Finally, the limit process W has the indicated form because S has nondecreasing
sample paths since β = 1.

As a consequence, of Theorem 9.7.1, we can approximate the transient waiting
times by

Wk ≈ n1/αS(k/n) , k ≥ 0 ,

for any k.
We now show that we can calculate the pdf and cdf of the Sα(σ, 1, 0) stable

distribution for 0 < α < 1. Paralleling the case α = 3/2 described in Theorem
8.5.4, the case α = 1/2 is especially tractable. As noted in Section 4.5, for α = 1/2,
we obtain the Lévy distribution; i.e., the Sα(1, 1, 0) distribution has cdf

G1/2(x) = 2Φc(1/
√

x), x ≥ 0

where Φc(x) ≡ P (N(0, 1) > x) and pdf

g1/2(x) =
1√

2πx3
e−1/2x, x ≥ 0 ;

see p. 52 of Feller (1971).
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More generally, we can apply numerical inversion of Laplace transforms again
to calculate the pdf and ccdf of the stable subordinator S(t). We exploit the fact
that the distribution Sα(σ, 1, 0) of Sα(1) has support on the positive halfline. That
makes the bilateral Laplace transform in (5.17) in Section 4.5 a bonafide Laplace
transform. We exploit self-similarity to relate the distribution at any time t to the
distribution at time 1, i.e.,

S(t) d= t1/αS(1) . (7.3)

Hence it suffices to consider the single-parameter family of distributions Sα(1, 1, 0).
By (5.12) in Section 4.5, we know that the ccdf of Sα(1, 1, 0) decays as x−α.

Hence, for 0 < α < 1, the random variable S(t) has infinite mean. By (7.3), we
expect S(t) to grow like t1/α as t increases. However, we should expect much of the
growth to be in large jumps. To illustrate the form of the ccdf’s, we give the ccdf
values of Sα(1, 1, 0) for three values of α in Table 9.1, again computed by numerical
transform inversion, exploiting the Euler algorithm in Abate and Whitt (1995a).

Gc
α ccdf of Sα(1, 1, 0)

x α = 0.2 α = 0.5 α = 0.8
(0.01)20 = 0.01 0.9037 1.0000 1.0000
(0.01)21 = 0.02 0.8672 1.0000 1.0000
(0.01)22 = 0.04 0.8251 0.9996 1.0000
(0.01)24 = 0.16 0.7282 0.9229 1.0000
(0.01)26 = 0.64 0.6233 0.6232 0.7371
(0.01)28 = 2.56 0.5197 0.3415 0.1402

(0.01)210 = 10.24 0.4242 0.1749 0.3739 e−1
(0.01)212 = 40.96 0.3404 0.8798 e−1 0.1154 e−1
(0.01)216 = 655.36 0.2112 0.2204 e−1 0.1220 e−2
(0.01)220 = 10486 0.1269 0.5510 e−2 0.1324 e−3
(0.01)224 = 167, 772 0.7477 e−1 0.1377 e−2 0.1440 e−4
(0.01)228 = 2, 684, 000 0.4359 e−1 0.3444 e−3 0.1567 e−5
(0.01)232 = 42, 949, 000 0.2525 e−1 0.8609 e−4 0.1705 e−6

Table 9.1. Tail probabilities of the stable law Sα(1, 1, 0) for α = 0.2, 0.5 and 0.8 computed
by numerical transform inversion.

The cdf of the stable law Sα(1, 1, 0) reveals the consequences of the heavy tail,
but it does not directly show the jumps in the stable Lévy motion. We see the
jumps more directly when we consider the first passage times to high levels. We
can exploit the convergence to a stable Lévy motion to show, asymptotically, how
the waiting-time process reaches new levels when the service-time distribution has
such a heavy tail (with 0 < α < 1).



316 9. Single-Server Queues

9.7.2. First Passage to High Levels
As observed in Section 4.5, a stable Lévy motion with 0 < α < 2 is a pure-
jump stochastic process. Thus, the stable Lévy motion passes any specified level by
making a jump. (See Bertoin (1996).) Hence the process is below the level just before
the jump and above the level immediately after the jump. It is significant that we
can obtain useful characterizations of the distributions of the values immediately
before and after first passing any level for the limiting stable Lévy motion. We
describe the asymptotic distribution of the last value before the jump as the level
increases.

Stochastic-process limits for these quantities follow from the continuous-mapping
approach with Theorem 13.6.5. Explicit expressions for the distributions associated
with the limiting stable Lévy notion follow from the generalized arc sine laws; see
Sections III and VIII of Bertoin (1996).

For z > 0, let τz be the first passage time to a level beyond z; i.e., for x ∈ D,

τz(x) ≡ x−1(z) ≡ inf{t ≥ 0 : x(t) > z} (7.4)

with τz(x) = ∞ if x(t) ≤ z for all t. Let γz be the associated overshoot; i.e.,

γz(x) = x(τz(x)) − z . (7.5)

Let λz be the last value before the jump; i.e.,

λz(x) ≡ x(τz(x)−) . (7.6)

Let these functions also be defined for the discrete-time process W ≡ {Wk}
(without scaling) in the same way.

Note that the scale parameter σ enters in simply to the first passage time, i.e.,
for y > 0

τz(S(y·)) = y−1τz(S) ,

and does not appear at all in the overshoot or the last value before passage (because
σ corresponds to a simple time scaling).

Also note that we can determine the distribution of the overshoot and the jump
size for the waiting times in a GI/GI/1 model if we know the distribution of the
last value λz(W ): Because of the IID assumption for {(Uk, Vk)},

P (γz(W ) > x|λz(W ) = y) = P (V1 − U1 > x + z − y|V1 − U1 > z − y) . (7.7)

When x and z − y are both large, we can exploit the service-time tail asymptotics
in (7.1) to obtain the useful approximation

P (V1 − U1 > x + z − y|V1 − U1 > z − y)
≈ P (V1 > x + z − y|V1 > z − y)
≈ ((z − y)/(x + z − y))α . (7.8)
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hence, much interest centers on determining the distribution of the last value before
the jump for the waiting times. That exact distribution is hard to come by directly,
so that the heavy-traffic limit is helpful.

Theorem 9.7.2. (limits for the first-passage time, overshoot and last value) Under
the conditions of Theorem 9.7.1, for z > 0,

n−1τzn1/α(W ) ⇒ τz(S) in R as n → ∞ ,

so that

lim
n→∞ P (τzn1/α(W ) > nx) = P (S(x) ≤ z) ;

n−1/αγzn1/α(W ) ⇒ γz(S) in R as n → ∞ ,

so that, for b > z,

lim
n→∞ P (γzn1/α(W ) > (b − z)n1/α)

=
1

Γ(α)Γ(1 − α)

∫ z

0
xα−1(b − x)−αdx ; (7.9)

n−1/αW (�τzn1/α(W ) − �) ⇒ S(τz(S)−)

and, for 0 < b < 1,

lim
z→∞ P (S(τz(S)−) > zb) =

∫ 1

b

sin(απ)dt

πt1−α(1 − t)α
. (7.10)

Proof. By Theorem 13.6.5, the first-passage time, overshoot and last-value func-
tions are almost surely continuous functions on D with respect to the limiting stable
Lévy motion. Hence we can apply the continuous mapping theorem, Theorem 3.4.3.
Note that

n−1τzn1/α(W ) = τz(n−1/αW�n·�) ,

n−1/αγzn1/α(W ) = n−1/αW�τ
zn1/α (W )� − z = γz(n−1/αW�n·�)

and

n−1/αW (�τzn1/α(W ) − �) = n−1/αW�nτz(n−1/αW (n·)−)� .

For (7.9), see Exercise 3, p. 238, and p. 241 of Bertoin (1996). For (7.10), see
Theorem 6, p. 81, of Bertoin (1996).

The limiting distribution in (7.10) is called the generalized arc sine law. Its den-
sity is in general an asymmetric U -shaped function. The case α = 1/2 produces
the standard arc sine density in Corollary 4.3.1. Consistent with intuition, as α
decreases, the chance of the scaled last value being relatively small (making the
final jump large for a large level z) increases.
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9.8. An Increasing Number of Arrival Processes

In this section we establish heavy-traffic limits for queues with superposition arrival
processes, where the number of arrival processes being superposed increases in the
limit. Related results for fluid queues were established in Section 8.7.

9.8.1. Iterated and Double Limits
From Theorem 9.4.1, we see that the FCLT for a superposition of m IID counting
processes is the same as the FCLT for a single counting process, except for the obvi-
ous deterministic scaling. Indeed, in Section 9.6 we observed that the dimensionless
variability parameter c2

HT defined in (6.9) and (6.10) is independent of m.
However, we obtain a different picture from the fundamental limit for super-

positions of point processes, where the number of superposed processes gets large
with the total rate held fixed. (That limit is sometimes called the law of small
numbers.) Then the superposition process converges to a Poisson process; e.g., see
Çinlar (1972) or Daley and Vere Jones (1988). For this limit, convergence in (D, J1)
is equivalent to convergence of the finite-dimensional distributions.

Theorem 9.8.1. (Poisson limit for superposition processes) Suppose that Ai are
IID counting processes with stationary increments and without multiple points (all
jumps in Ai are of size 1). Then

Am ⇒ A in (D, J1) as m → ∞ , (8.1)

where

Am(t) ≡
m∑

i=1

Ai(t/m), t ≥ 0, m ≥ 1 , (8.2)

and A is a homogeneous Poisson process with intensity

λ ≡ E[A(t + 1) − A(t)] = E[A1(t + 1) − A1(t)] . (8.3)

In view of Theorem 9.8.1, we might well expect the superposition arrival process
for large m to behave like a Poisson process in the heavy-traffic limit. However,
if A1 is a Poisson process, then Su

n,1 ⇒ Su
1 with cn =

√
n and Su

1 a standard
Brownian motion; i.e., the dimensionless variability parameter is c2

U = 1. Clearly,
Theorem 9.4.1 does not capture this Poisson tendency associated with large m.
The two iterated limits limρ→1 limm→∞ and limm→∞ limρ→1 are not equal. The
reason that these iterated limits do not coincide is that the superposition process
looks different in different time scales. The iterated limits do not agree because the
Poisson superposition limit focuses on the short-time behavior, while the heavy-
traffic limit focuses on long-time behavior.

Remark 9.8.1. Different variability at different time scales. A Poisson process is
relatively simple in that it tends to have the same level of variability at all time
scales. For example, if A is a Poisson counting process with rate λ, then both the
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mean and the variance of A(t) are λt for all t > 0. In contrast, a superposition
of a large number m of IID stationary point processes (without multiple points),
where each component process is not nearly Poisson, tends to have different levels
of variability at different time scales. Consistent with Theorem 9.8.1, for large m,
the superposition process tends to look like a Poisson process in a short time scale,
but it looks like a single component point process in a long time scale.

For example, for a superposition of IID point processes with large m and small
t, the variance of A(t) tends to be approximately λmt, where λ is the rate of one
component process, just as if A were a Poisson process. However, consistent with
Theorem 9.4.1, under regularity conditions, for any given m, the variance of A(t)
approaches λc2

amt, where

c2
a = lim

t→∞ V ar(A1(t)/λt ,

with A1 being the counting process of one source. If A1 is a Poisson process, then
c2
a = 1, but more generally c2

a can be very different from 1.
The heavy-traffic limits in Section 9.4 for queues with a superposition of a fixed

number of component processes capture only the large-time-scale variability of the
superposition process. That is appropriate for the queue for any number m of
component processes provided that the traffic intensity ρ is large enough. However,
in practice ρ may not be large enough.

The problem, then, is to understand how variability in the input, with levels
varying over different time scales, affects queueing performance. Consistent with
intuition, it can be shown that the large-time-scale variability tends to determine
queue performance at very high traffic intensities, while the short-time-scale vari-
ability tends to determine queue performance at very low traffic intensities. More
generally, we conclude that variability at longer times scales become more impor-
tant for queue performance as the traffic intensity increases. See Section 9.9, Sriram
and Whitt (1986), Fendick, Saksena and Whitt (1989, 1991) and Fendick and Whitt
(1989) for more discussion. As shown by Whitt (1985a), for superposition processes,
we gain insight into the effect of different variability at different time scales upon
queueing performance by considering the double limit as ρ ↑ 1 and m → ∞.

In order to have a limit that captures some of the structure of the superposition
process not seen in either a single component process or the Poisson process, we
consider a double limit, letting the number of component processes be n, and then
letting ρn ↑ 1 as n → ∞. As in Theorem 9.8.1, we rescale time in the superposition
process so that the total arrival rate is fixed, say at 1. Thus the superposition arrival
process alone approaches a rate-1 Poisson process as the number n of components
increases. In the nth queueing model with n component arrival processes, we let
the service times have mean ρ−1

n , so that the traffic intensity in model n is ρn. We
achieve heavy traffic by letting ρn ↑ 1 as n → ∞.

The double limit considered in this section has advantages and disadvantages. Its
first advantage is that it may more faithfully describe queues with superpositions of
a large number of component arrival processes. Its second advantage is that, even
if the interarrival times have heavy-tailed distributions, the limit process is likely
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to have continuous sample paths. However, a disadvantage is that the limit process
is more complicated, because it does not have independent increments.

We start by considering the superposition arrival process alone. Treating the
arrival process alone, we first scale time by n−1 to keep the rate fixed. Then we
scale time again by n to establish the FCLT. These two time scalings cancel out,
so that there is no time scaling inside the arrival process. In particular, the scaled
arrival process is

An(t) ≡ c−1
n (An(nt/n) − λnt)

= c−1
n (An(t) − λnt)

= c−1
n

(
n∑

i=1

Ai(t) − λnt

)

= c−1
n

n∑
i=1

(Ai(t) − λt), t ≥ 0 . (8.4)

From the final line of (8.4), we see that the final scaled process An can be repre-
sented as the scaled sum of the IID processes {Ai(t) − λt : t ≥ 0}. Thus limits for
An follow from the CLT for processes in Section 7.2.

Now, following and extending Whitt (1985a), we establish a general heavy-traffic
stochastic-process limit for a queue with a superposition arrival process, where the
number of component arrival processes increases in the limit. (See Knessl and Mor-
rison (1991), Kushner and Martins (1993, 1994), Kushner, Yang and Jarvis (1995),
Brichet et al. (1996, 2000) and Kushner (2001) for related limits.) We consider the
general space scaling by cn, where cn → ∞ and n/cn → ∞.

Theorem 9.8.2. (general heavy-traffic limit for a queue with a superposition ar-
rival process having an increasing number of components) Consider a sequence of
single-server queueing models indexed by n, where the service times are indepen-
dent of the arrival times and the arrivals come from the superposition of n IID
component arrival processes Ai. Suppose that

Sv
n ⇒ Sv in (D, M1) (8.5)

for Sv
n in (3.1), P (Sv(0) = 0) = 1, and

P (t ∈ Disc(Sv)) = 0 for all t . (8.6)

Suppose that

An ⇒ A in (D, M1) (8.7)

for An in (8.4), P (A(0) = 0) = 1 and

P (t ∈ Disc(A)) = 0 for all t . (8.8)

If cn → ∞, n/cn → ∞ and

ηn ≡ n(µ−1
n − λ−1)/cn → η as n → ∞ , (8.9)
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then the conditions and conclusions of Theorems 9.3.3 and 9.3.4 hold with λn = λ,
Su = λ−1A ◦ λ−1e and the WM1 topology on the product space Dk.

Proof. It is easy to verify that the conditions here imply the conditions in
Theorems 9.3.3 and 9.3.4: First, we can apply Theorem 7.3.2 to get

Su
n ⇒ Su = −λ−1A ◦ λ−1e .

Then we can apply Theorem 11.4.4 to get

(Su
n,Sv

n) ⇒ (Su,Sv) in (D2, WM1) .

Conditions (8.6) and (8.8) imply condition (3.10). The conditions also imply (3.19).

Remark 9.8.2. The case of a Lévy counting process. If A is a Lévy process, then
the scaled superposition process in (8.4) satisfies

An(t) d= c−1
n [A1(nt) − λnt], t ≥ 0 ,

as in (3.4) with constant λ, using the reasoning in Remark 9.4.1. In that case,
Theorem 9.8.2 adds nothing new. The counting process A is a Lévy process if it is a
Poisson process or, more generally, a batch Poisson process, with the batches coming
from a sequence of IID integer-valued random variables. The scaled batch-Poisson
process can converge to a nonBrownian stable Lévy motion.

We now focus on the way the number of sources, n, and the traffic intensity, ρ,
should change as n → ∞ and ρ ↑ 1. For that purpose, suppose that cn = nH for
0 < H ≤ 1, then (8.9) implies that

n1−H(1 − ρn) → |λη| as n → ∞ . (8.10)

As the component arrival processes get more bursty, H increases. As H increases,
n1−H increases more slowly as a function of n. Thus, with greater burstiness, ρ can
approach 1 more slowly to have the heavy-traffic limit in Theorem 9.8.2.

We now have criteria to determine when the two iterated limits tell the correct
story: If

n >> (|λη|/(1 − ρ))1/(1−H) ,

then the arrival process should behave like a Poisson process in the heavy-traffic
limit; if

n << (|λη|/(1 − ρ))1/(1−H) ,

then the arrival process should behave like a single component arrival process in the
heavy-traffic limit. The intermediate case covered by (8.10) is more complicated.

In Section 7.2 we have given sufficient conditions for the condition An ⇒ A
in (8.7). We illustrate by giving a result from Whitt (1985a) for superpositions of
renewal processes, drawing on Theorem 7.2.3.

Theorem 9.8.3. (reflected Gaussian heavy-traffic limit for a queue with a su-
perposition arrival process having an increasing number of renewal components)
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Consider a sequence of single-server queueing models indexed by n, where the service
times are independent of the arrival times and the arrivals come from the superpo-
sition of n IID component stationary renewal processes Ai with interrenewal cdf F
having mean λ−1. Suppose that

Sv
n ⇒ Sv in (D, J1) (8.11)

for Sv
n in (3.1) with cn =

√
n and Sv a zero-mean Brownian motion. Suppose that

lim
t→0

t−1(F (t) − F (0)) < ∞ . (8.12)

Suppose that

ηn =
√

n(µ−1
n − λ−1) → η as n → ∞ . (8.13)

Then

An ⇒ A in (D, J1) (8.14)

where A is a zero-mean Gaussian process with stationary increments and continu-
ous sample paths. The limit process A has the covariance function of A1, which is
characterized in Theorem 7.2.4. Then the conditions and conclusions of Theorems
9.3.3 and 9.3.4 hold with cn =

√
n, λn = λ and

Su = −λ−1A ◦ λ−1e . (8.15)

Consequently, the limit processes S and X are Gaussian processes with stationary
increments and continuous sample paths.

Proof. Apply Theorems 9.3.3, 9.3.4 and 7.2.3.
Unfortunately the limit processes for the waiting time, queue-length and workload

processes stemming from Theorem 9.8.3 are relatively intractable, because the limit
processes S and X here do not have independent increments. However, since S
and X are Gaussian processes, we can obtain approximations for the steady-state
distributions of the queueing-content limit processes W, L, Q and QA by applying
Section 8.8. We can also establish a second limit to RFBM as in Section 8.7.

9.8.2. Separation of Time Scales
When we let the number of sources become large in a single-server queue, we change
the relevant time scales of the sources relative to the server. With n IID sources,
the interarrival times for each source become of order O(n), while the service times
remain of order O(1). When we scale time by n for the heavy-traffic limit, the
interarrival times for each source become of order O(1), while the service times
become of order O(n−1). From either perspective, the interarrival times for each
source are of order O(n) times longer than the service times. Thus, as n increases,
the relevant time scales for the sources and the server separate. Consequently, for
large n, the small-time-scale behavior of the source arrival processes (from their own
perspective) can significantly affect the large-time-scale or heavy-traffic behavior of
the queue.
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Consistent with that observation, the limit process A in Theorem 9.8.3 providing
the contribution of the arrival process to the heavy-traffic limit depends on the
component process A1 through its correlation function. Thus, unlike the case of a
single source, locally smoothing the input for each source with many sources can
dramatically reduce the congestion in heavy traffic. In contrast, for a single source,
the heavy-traffic behavior of the queue depends on the source arrival process only
through its CLT behavior, which of course depends on the large-time-scale behavior
of that source.

As noted by Whitt (1988), there is a separation of time scales for flows in mul-
ticlass queueing networks: When one source at a queue has an arrival rate much
smaller than the service rate (usually because the server is shared by many sources),
the departure process for that class tends to be very similar to the arrival process
for that class, because the service and delay experienced at that queue tend to be
in a shorter time scale. Thus, in a flow through a network from source to destina-
tion, where the arrival rate of that flow is much smaller than the service rate at all
queues on its path, the arrival process at the destination will be very similar to the
original flow emitted from the source. This property has been further exposed by
Wischik (1999) using moderate-deviation limits.

As indicated before, time scales are important for understanding the performance
of communication networks. In packet networks it is useful to identify three separate
time scales: the packet (or cell) scale, the burst (or flow) scale and the call (or con-
nection) scale; see Hui (1988) and Roberts (1992). For further discussion about time
scales in queues associated with communication networks, see Sriram and Whitt
(1986), Fendick and Whitt (1989), Tse, Gallager and Tsitsiklis (1995), Jelenković,
Lazar and Semret (1997), Grossglauser and Tse (1999), Greenberg, Srikant and
Whitt (1999) and Kunniyur and Srikant (2001).

Example 9.8.1. Token-bank rate-control throttles. The separation of time scales
has implication for the effectiveness of devices to regulate traffic. One such device
is a token-bank rate-control throttle; see Berger (1991), Berger and Whitt (1992a,
b, 1994, 1995b) and references cited there. The operation of such a throttle is
depicted in Figure 9.8.1. The throttle contains two finite buffers, one for jobs and
one for tokens. The jobs may be packets in a high-speed packet network or call-setup
requests in a telecommunications switching system. The buffer for tokens, called
a token bank, is typically a fictitious buffer, because the token bank is usually
implemented by a counter with a cap, but it is convenient to think of physical
tokens. These tokens arrive deterministically and evenly spaced from an infinite
source.

Tokens that arrive to a full token bank are blocked and lost. If the bank contains
a token when a job arrives to the throttle, then the job is allowed to pass through,
and one token is removed from the token bank. If the token bank does not contain
any tokens when a job arrives, then the job queues in the job buffer if the job buffer
is not full. If a job arrives to find a full job buffer, then the job is not admitted
and is said to have “overflowed”. In packet networks, the overflowed packet may be
discarded or may be marked and later treated as a lower priority class.
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Figure 9.1. Diagram of a token-bank rate-control throttle with a job-buffer regulating
traffic to a downstream queue.

The token-bank rate-control throttle is closely related to the leaky-bucket regula-
tor. With the conventional definition, the leaky bucket has a constant drain rate r
and a capacity C. At a job arrival, if the bucket content is below C −1, then the job
is admitted and the bucket content is increased by 1. Otherwise, the job overflows.
The bucket drains out at a deterministic rate r. When the bucket is empty, the
draining stops. The draining process starts again upon the next job arrival. The
arrival brings the bucket content to 1, and a new busy period of the bucket begins.
Thus, the time epochs at which a unit of content drains out of the bucket do not
remain synchronous in time, but instead experience a phase shift each time the
bucket empties.

In contrast, with a token-bank rate-control throttle, the token arrival process
continues to run independent of the state of the bank, so that the token arrival
epochs do remain synchronous for all time. The leaky bucket is equivalent to a
modified rate-control throttle, without job buffer, in which the deterministic token
arrival process stops whenever the token bank becomes full, and starts again at the
next job arrival epoch. Just like the rate-control throttle, the leaky bucket can be
supplemented by adding a job buffer. Hence, our remarks here about token-bank
rate-control throttles also apply to leaky-bucket regulators.

An important initial observation for understanding the performance of the throt-
tle is the overflow invariance property established by Berger (1991) and Berger and
Whitt (1992a): Except for a finite initial period to count for initial conditions, the
job overflow process depends on the (finite) capacity of the token bank, CT , and
the (finite) capacity of the job buffer, CJ , only via their sum C = CT + CJ . The
overflow invariance property implies that we can decompose the question about the
performance of the throttle into two separate parts: First, there is the traffic shap-
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ing caused by job rejections, which depends only on the total capacity C. Second,
there is the additional traffic shaping provided by a job buffer given a fixed total
capacity C.

The traffic shaping caused by job rejections can be studied by establishing heavy-
traffic limits for the throttle; that was done by Berger and Whitt (1992b). Following
Berger and Whitt (1992a, 1994), here we will focus on the second question: What
is the traffic-shaping benefit provided by the job buffer, given fixed total capacity
C?

For given total capacity C, we should prefer no job buffer (CJ = 0) if there
were no performance differences, because a job buffer is an actual buffer requiring
resources to implement. The reason for having a job buffer is that it can provide
additional traffic shaping. The potential advantages of a job buffer are easy to see
when we contrast an all-token-bank throttle (with CJ = 0) to an all-job-buffer
throttle (with CT = 0). With an all-token-bank throttle, the throttle can admit
batches of jobs of size C. In contrast, with an all-job-buffer throttle, the successive
admission epochs of jobs are always separated by at least the deterministic interval
between successive token arrivals.

Early proponents of rate-control throttles with job buffers noted the smoothing
properties of the throttle. For example, they showed that the throttle reduced the
variability (e.g., as measured by the squared coefficient of variation) of the station-
ary interval between successive job admission epochs. However, through stochastic
analysis and simulation, Berger and Whitt (1992a, 1994) showed that, while the
traffic smoothing benefit of the throttle was dramatic in a short time scale, it was
much less so in a long time scale. Indeed, they showed that the heavy-traffic limiting
behavior at a downstream queue fed by a source with a rate-control throttle is in-
dependent of the job buffer, given fixed total capacity. More generally, simulations
showed that the job buffer tends to provide only a relatively minor reduction of
congestion in a downstream queue.

However, most systems actually have traffic from many sources entering the
downstream system. As noted above, when the number of sources increases, the
short-time behavior of the individual sources begins to have impact upon the large-
time-scale behavior of the queue. In the limit, there is a separation of time scales.
Consistent with that observation, simulations show that, in marked contrast to the
case of a queue fed by a single source, the job buffer provides a dramatic smoothing
benefit when 100 identical sources regulated by throttles feed a downstream queue.
The separation of time scales provided by many sources makes the short-time-scale
behavior of the individual sources relevant to the large-time-scale behavior of the
queue.

Consistent with that observation, the simulations also show that the synchroniza-
tion of many token arrival streams can be a major source of congestion: If there
are many sources, and the token arrival epochs of these sources are synchronous,
then there can be bursts of arrivals at each token arrival epoch. This effect tends
not to appear, however, if all the throttles are not synchronized, i.e., if the phase
is random for each throttle.
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For recent work focusing on the impact of rate control throttles on long-range
dependent input, see Vamvakos and Anantharam (1998) and Gonzáles-Arévalo and
Samorodnitsky (2001).

9.9. Approximations for Queueing Networks

Most systems experiencing congestion are not single queues, but networks of queues.
However, a cardinal principle of performance analysis is: Look for the bottleneck!
Often there is a critical resource that primarily determines system performance.
When viewed correctly, the complex queueing network often reduces to a smaller
system that is easier to analyze. Indeed, it often suffices to consider a single queue.

Hence, from a practical perspective, there is much justification for emphasizing
single queues. However, it is also helpful to be able to analyze queueing networks.

9.9.1. Parametric-Decomposition Approximations
In this section we discuss heuristic approximations for queueing networks. These
approximation are called parametric-decomposition approximations because the
queues are analyzed separately after approximately characterizing the arrival pro-
cess at each queue by two parameters; see Whitt (1983a,b, 1995) and Buzacott
and Shanthikumar (1993). (The first work in this direction was done by Reiser and
Kobayashi (1974), Sevcik et al. (1977) and Kuehn (1979).)

We discuss parametric-decomposition approximations here because heavy-traffic
limits can play an important role in choosing appropriate variability parameters.
Indeed, important insight is provided by the heavy-traffic limit for a queue with
a superposition arrival process, where the number of component arrival processes
increases in the heavy traffic limit, just considered in the previous section.

With parametric-decomposition approximations, the goal is to obtain improved
performance predictions compared to more elementary one-parameter models such
as the M/M/1 queue and the single-class open Jackson queueing network (a network
of M/M/1 queues with Markovian routing); see Jackson (1957, 1963). Variability
has an impact on the performance of these one-parameter models, but they provide
no parameters to quantify the degree of variability.

In this section we are primarily interested in exploiting heavy-traffic limits to im-
prove the quality of parametric-decomposition approximations. Along the way, we
point out significant difficulties, where initial simple approaches break down. When
considering approximation errors, it is good to keep in mind that in engineering
applications the error in model fit is usually larger than the error in approximating
the solution of the model.

We start by considering how to approximately characterize the distribution of a
nonnegative real-valued random variable. It is natural to partially characterize the
distribution by its mean and squared coefficient of variation (SCV, variance divided
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by the square of the mean). Thus it is natural to partially characterize a renewal
process by the mean and SCV of the interrenewal time.

However, it is difficult to adequately characterize a general stationary arrival
process by only two parameters, because in addition to the general interarrival-
time distribution, there may be complicated dependence among the interarrival
times. For models, the arrival rate can be determined exactly. The difficulty is in
finding an appropriate second parameter to characterize the variability.

The variability of a general stationary arrival process often looks different in
different time scales. Consequently, the variability impact on the congestion in a
following queue often depends on the traffic intensity of that queue. Hence, following
Whitt (1995), in order to partially characterize a general stationary arrival process,
we propose using the arrival rate and a variability function that gives a variability
parameter as a function of the traffic intensity in a following queue. When that
arrival process appears in a queue, we obtain a variability parameter by evaluating
the variability function at the traffic intensity of the queue. (Fendick and Whitt
(1989) investigate how variability as a function of time in an arrival process can be
converted into variability as a function of the traffic intensity in a following queue.)

In a typical queueing-network application, there are multiple classes of customers,
each with their own arrival, service and routing pattern. It is often realistic to as-
sume that the routing is primarily deterministic for each class, so we will consider
the case of deterministic routing. With deterministic routing, there is an exogenous
arrival process to some queue for each class, which we will regard as a renewal pro-
cess partially characterized by the mean and the SCV of an interrenewal time. (We
will later discuss extensions to nonrenewal arrival processes partially characterized
by variability functions.) Each customer visits a sequence of queues in the network,
possibly returning to the same queue more than once, and then leaves the network.
At each queue on the customer’s route, there is a service-time distribution, which is
partially characterized by its mean and SCV. It is assumed that the arrival process
and the service times are mutually independent. The service-time distributions may
differ at different queues. The service-time distributions also may differ at the same
queue for different customers or even for the same customer upon different visits
to that queue.

The model data for one customer class might be the vector

(1, 2, 4; 2, 1, 0; 3, 1, 1; 2, 5, 1) . (9.1)

The first triple describes the exogenous arrival process: Customers from that class
enter the network at queue 1 with an exogenous renewal arrival process having
arrival rate 2 and interarrival-time SCV 4. Afterwards, these customers visit queues
2, 3 and 2, in that order, and then leave the network. On the first visit to queue 2,
the service time has mean 1 and SCV 0, while on the second visit to queue 2 the
service time has mean 5 and SCV 1.

We must also specify the queues. For simplicity, we will consider only single-server
queues with unlimited waiting room and the FCFS service discipline, but clearly
the general approach can accomodate a wide variety of queues.
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Given the specified model data partially characterizing the arrival and service
processes of each customer class in an open queueing network of single-server FCFS
queues, the goal is to describe the performance. We want to determine approximate
queue-length distributions at each queue and approximate sojourn-time (time-in-
system) distributions for each customer class.

Here we will only discuss the mean (steady-state) sojourn time for one class. The
mean sojourn time is the sum of the mean waiting times (before beginning service)
and the mean service times at all the queues on the customer’s route. The mean
service times are directly specified for each class as part of the model data, so we
use them. (To do otherwise could introduce large errors unnecessarily.) In general,
the waiting-time distribution and its mean can depend on the customer class, but
we will use an approximation for the mean waiting time for an arbitrary customer
at that queue. Hence, here our goal reduces to developing an approximation for the
mean waiting time for an arbitrary customer at each queue in the network.

To determine the approximate mean waiting time at any single queue, we act as
if we have a GI/GI/1 queue partially characterized by the mean λ−1 and SCV c2

a

of an interarrival time and the mean µ−1 and SCV c2
s of a service time. We will use

the heavy-traffic approximation, refined by the exact M/GI/1 formula, namely,

EW ≡ EW (λ, c2
a, µ, c2

s) ≈ µ−1ρ(c2
a + c2

s)
2(1 − ρ)

, (9.2)

where ρ ≡ λ/µ is the traffic intensity. (We obtain (9.2) by multiplying (6.13) by ρ2,
which provides an asymptotically exact formula as ρ ↑ 1 for any GI/GI/1 queue.

Part of the overall approximation error is due to using formula (9.2) for a
GI/GI/1 queue. It is natural to ask about the range of possible mean-waiting-
time values consistent with the four specified parameters; that is investigated for
the GI/M/1 special case in Whitt (1984b,c) and Klincewicz and Whitt (1984).
The range of possible values given the partial specification is quite large, e.g., the
relative error could well be 100%, but for “typical” distributions, the range is not
great, so that the relative error might be only 10%. However, touting much better
accuracy, such as 1% relative error, for specific interarrival-time and service-time
distributions is pointless because we can find different distributions that yield larger
errors.

It is possible to improve (9.2), but we cannot escape the inevitable error caused
by the partial characterization. A good refinement to approsimation (9.2), which
makes EW smaller in some cases, was developed by Kraemer and Langenbach-
Belz (1976). Possible refinements are discussed in Whitt (1983a, 1989b, 1993a) and
references cited there.

Given approximation (9.2), the problem is to approximate the arrival and service
processes at each queue in the network by the arrival and service processes in a
GI/GI/1 queue partially characterized by the parameter four-tuple (λ, c2

a, µ, c2
s).

We start by treating the aggregate exogenous arrival process at each queue as
the superposition of the single-class exogenous arrival processes at that queue. The
exogenous arrival rate clearly should be the sum of the component single-class
exogenous arrival rates at that queue. The variability function for the aggregate ex-
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ogenous arrival process is more complicated and will be discussed later. The routing
of customers within the network is treated as Markovian: The probability Pi,j of a
customer going next to queue j after completing service at queue i is made equal
to the long-run proportion of departing customers from queue i that are routed
next to queue j. At each queue, the first two moments of the aggregate service-time
distribution is just the weighted (by the arrival rates) average of the moments of
the individual service-time distributions. The service-time SCV is defined in terms
of the first two moments in the usual way: c2

s + 1 ≡ E[V 2]/(E[V ])2.
We act as if the service times do not need great care, and that often is the case.

However, Example 9.6.1 illustrates how there can be significant dependence among
successive service times and significant dependence between interarrival times and
service times. In any specific application setting, it is good to have verification by
simulation and measurement. We can verify both the final performance predictions
and the variability characterizations of arrival and service processes.

It is straightforward accounting to produce aggregate exogenous arrival rates,
Markovian routing probabilities at each queue and service-time distributions par-
tially characterized by their first two moments. Indeed, the first-order deterministic
rate parameters are exact in the specified procedure.

In engineering applications of queueing network analyzers, e.g., in the design of a
manufacturing facility, usually most of the benefit is gained from the initial phase
of the analysis. In the initial planning stages, the model formulation and accounting
identify queues with unacceptably high traffic intensities (e.g., ρi > 1).

A second benefit that occurs before solving the model comes from having a model
with an explicit quantification of variability. The form of the required model data
focuses attention on variability. It indicates what should be measured. To build
the queueing-network model, the engineers must look at process variability. When
engineers attempt to measure and quantify the variability of arrival and service
processes, they often discover opportunities to reduce that variability and make
dramatic improvements in system performance.

Returning to the parametric-decomposition approximation, it remains to deter-
mine the SCV of the renewal arrival process approximating the arrival process at
each queue. We can decompose the final approximation of c2

a for one such queue
into two steps: (i) approximating the exogenous arrival process at each queue by
a renewal process partially characterized by its rate and SCV, and (ii) approx-
imating the net arrival process at the queues in the network by renewal arrival
processes partially characterized by their rates and SCV’s. (The exact rates of both
the exogenous and aggregate arrival processes have already been determined.)

The second step involves developing an approximation for a generalized Jackson
network, which is a single-class queueing network with Markovian routing, mu-
tually independent renewal exogenous arrival processes and IID service times at
the queues. For the generalized Jackson network considered here, the interarrival-
time and service-time distributions are only partially characterized by their first
two moments or, equivalently, by their means and SCV’s. Dividing the overall
approximation into two steps allows us to focus on the accuracy of each step
separately.
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9.9.2. Approximately Characterizing Arrival Processes
We now discuss ways to approximate a general arrival process with stationary
interarrival time sequence {Uk : k ≥ 1} by a renewal process partially characterized
by the mean λ−1 and SCV c2

a of an interarrival time. Following Whitt (1982a),
we observe that there are two natural ways: In both ways, we let the arrival rate
be specified exactly by letting λ−1 = EU1. The stationary-interval method lets the
SCV c2

a be the SCV of one interval U1, i.e., we let

c2
a ≈ c2

SI ≡ c2
u ≡ V ar(U1)/(EU1)2 , (9.3)

as in (6.7). The asymptotic method lets c2
a be the scaled asymptotic variance

c2
a ≈ c2

AM ≡ c2
U ≡ lim

n→∞
V ar Su

n

n(EU1)2
, (9.4)

where Su
n ≡ U1 + · · · + Un, n ≥ 1, as in (6.11).

Under the regularity condition of uniform integrability, the asymptotic method
in (9.4) is equivalent to c2

U being the dimensionless space-scaling constant in the
CLT for Su

n or the associated arrival counting process A(t), i.e.,

(c2
Uλ−2n)−1/2(Su

n − λ−1n) ⇒ N(0, 1) (9.5)

or, equivalently,

(λc2
U t)−1/2(A(t) − λt) ⇒ N(0, 1) ; (9.6)

see Sections 7.3 and 13.8.
The stationary-interval method in (9.3) ignores any correlations among succes-

sive interarrival times. At first glance, it might appear that the stationary-interval
method is implied by a renewal-process approximation, because there are no cor-
relations in a renewal process, but that is not so. Even though the approximating
process is to be viewed as a renewal process, it is important not to ignore the cor-
relations in the arrival process being approximated if significant correlations are
there.

In contrast, the asymptotic method includes all the correlations in the arrival
process being approximated. From the Brownian heavy-traffic limits for general
G/G/1 queues discussed in Section 9.6, we know that the asymptotic method is
asymptotically correct in heavy traffic, using the mean waiting-time formula in
(9.2). Thus, the heavy-traffic limit provides a very important reference point for
these heuristic approximations.

However, in light traffic the long-run correlations among interarrival times ob-
viously are not relevant, so that the stationary-interval method seems intuitively
better in light traffic. Indeed, the stationary-interval method usually performs well
in light traffic. To appreciate this discussion, it is important to realize that the two
approximation procedures can both perform well in their preferred regimes, and
yet c2

AM can be very very different from c2
SI . (We will give examples below.) Thus

neither procedure alone can always work well.
Thus, an effective approximation procedure needs to involve a compromise be-

tween the two basic approaches. As mentioned in Section 5.7, one possible approach



9.9. Approximations for Queueing Networks 331

is to interpolate between light-traffic and heavy-traffic limits, but we do not discuss
that approach.

9.9.3. A Network Calculus
A parametric-decomposition algorithm for open queueing networks provides an al-
gorithm for calculating the approximate arrival-process variability parameter c2

a at
each queue in the network. That variability parameter will subsequently be used,
together with the exact arrival rate, to approximately characterize an approximat-
ing renewal arrival process at that queue. The overall algorithm for calculating the
arrival-process variability parameters can be based on a network calculus that trans-
forms arrival-process variability parameters for each of the basic network operations:
superposition, splitting and departure (flow through a queue).

When the network is acyclic, the basic transformations can be applied sequen-
tially, one at a time, but in general it is necessary to solve a system of equations
in order to calculate the final variability parameters. Solving the equations be-
comes elementary if all the transformations are linear. Then the final algorithm
involves solving a system of linear equations, with one equation for each queue.
Hence there is motivation for developing linear approximations to characterize each
transformation. The synthesis into a final system of linear equations is relatively
straightforward; see Whitt (1983a, 1995); we will not discuss it here.

Here we will only discuss the basic transformations and the initial choice of
variability parameters. As mentioned earlier, we will focus on variability functions
instead of variability parameters. Given a variability function {c2

a(ρ) : 0 ≤ ρ ≤ 1},
we obtain a specific variability parameter when we specify the traffic intensity at
the queue.

Superposition. Superposition applies first to the exogenous arrival process at
each queue and then to the aggregate or net arrival process at each queue, including
departures routed from other queues. Suppose that we have the superposition of
m independent renewal counting processes Ai(t) with rates λi and SCV’s c2

a,i. As
indicated above, these parameters can be determined from the first two moments of
an interarrival time. Alternatively, the parameters can be determined from a CLT
for Ai of the form

[Ai(t) − λit]/
√

λic2
a,i ⇒ N(0, 1) . (9.7)

Clearly the rate of the superposition process A ≡ A1+· · ·Am is λ ≡ λ1+· · ·+λm.
It follows from Theorem 9.4.1 and Corollary 9.4.1 that the appropriate asymptotic-
method approximation for c2

a is the weighted average of the component SCV’s,
i.e.,

c2
AM ≡

m∑
i=1

(λi/λ)c2
a,i . (9.8)

The stationary-interval method for superposition processes is more complicated,
as can be seen from exact formulas in Section 4.1 of Whitt (1982a). However, by
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Theorem 9.8.1, for large m the superposition process behaves locally like a Poisson
process, so that a large-m stationary-interval approximation is

c2
SI ≈ 1 . (9.9)

Notice that we have a demonstration of the inconsistency of the two basic ap-
proximation methods: For a superposition of m IID renewal processes, no matter
how large is the interarrival-time SCV in a component arrival process, the superpo-
sition process approaches a Poisson process as m → ∞. If the traffic intensity in a
following queue is not too large, then the congestion at the queue is essentially the
same as if the superposition arrival process were a Poisson process. On the other
hand, for any fixed m, if the traffic intensity is high enough, the heavy-traffic limit
is approximately correct. Since c2

AM can be arbitrarily large, the error from making
the wrong choice can be arbitrarily large. (For further discussion, see Section 9.8.1
above.)

On the other hand, if c2
AM ≈ 1, then the two basic methods are consistent and

a Poisson-process approximation for the arrival process, which has c2
a = 1, is likely

to perform well in many applications. However, if c2
AM is not near c2

SI , then we
can consider that a demonstration that the actual arrival process is not nearly a
renewal process. Nevertheless, it may be possible to choose a variability parameter
c2
a so that (9.2) is a reasonably good approximation for the mean waiting time.
The problem then is to find a compromise between the asymptotic method and

the stationary-interval method that is appropriate for the queue. In general, that
should depend upon the traffic intensity in the following queue. From the heavy-
traffic limits in Section 9.3, it follows that the asymptotic method is asymptotically
correct for the queue as ρ ↑ 1, so that we should have c2

a(ρ) → c2
AM as ρ ↑ 1. On

the other hand, for very small ρ it is apparent that the stationary-interval method
should be much better, so that we should have c2

a(ρ) → c2
SI as ρ ↓ 0.

We can use Theorem 9.8.3 as a theoretical basis for a refined approximation. From
Theorem 9.8.3, we know that, for superposition arrival processes with m component
arrival processes, where m → ∞, the asymptotic method is asymptotically correct
for the queue as ρ → 1 only if m(1 − ρ)2 → 0. Thus, with superposition arrival
processes, the weight on the asymptotic method should be approximately inversely
proportional to m(1 − ρ)2.

In general, we want to treat superposition arrival processes where the component
arrival processes have different rates. The number m has precise meaning in the
expression m(1− ρ)2 above only for identically distributed component processes. If
one component process has a rate much larger than the sum of the rates of all other
component processes, then the effective number should only be slightly larger than
1, regardless of m. However, it is not difficult to identify appropriate “equivalent
numbers” of component processes that allow for unequal rates.

The considerations above lead to generalizations of the approximation used in
the queueing network analyzer (QNA) software tool; see Whitt (1983a, 1995), Albin
(1984) and Segal and Whitt (1989).
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Specifically, an approximating variability function c2
a(ρ) for the superposition

arrival process is

c2
a(ρ) ≈ wc2

AM + (1 − w)c2
SI

≈ w

(
m∑

i=1

(λi/λ)c2
a,i(ρ)

)
+ (1 − w) , (9.10)

where

w ≡ w(ρ, ν) ≡ [1 + 4(1 − ρ)2(ν − 1)]−1 (9.11)

with

ν ≡
[

m∑
i=1

(λi/λ)2
]−1

. (9.12)

The parameter ν in (9.12) is the “equivalent number” of component arrival streams,
taking account of unequal rates. When m = 1, ν = 1 and c2

a(ρ) = c2
a,1(ρ). In (9.10)

we use the approximation c2
SI ≡ c2

a,i(0) ≈ 1 motivated by Theorem 9.8.1. Notice
that w as a function of ρ and ν is roughly consistent with the scaling in (8.9) in
Theorem 9.8.3: The complex limit occurs as ν(1−ρ)2 converges to a nondegenerate
limit.

Splitting. When the routing is Markovian and we start with a renewal process,
the split processes are also renewal processes, so that c2

AM = c2
SI . If a renewal

arrival process with interarrival times having mean λ−1 and SCV c2
a is split into m

streams, with the probability being pi of each point being assigned to the ith split
stream, then the mean and SCV of the interarrival time in the ith split stream are

λ−1
i = (λpi)−1 and c2

a,i = pic
2
a + 1 − pi , (9.13)

as can be deduced from Theorem 9.5.1.
We now want to extend the splitting formula to independent splitting from more

general nonrenewal processes. Now the original arrival process is partially charac-
terized by its arrival state λ and its variability function {c2

a(ρ) : 0 ≤ ρ ≤ 1}, where
ρ is the traffic intensity at the following queue. A natural generalization of (9.13) is

λi = λpi and c2
a,i(ρ) = pic

2
a(ρ) + 1 − pi (9.14)

for 0 ≤ ρ ≤ 1.
However, formulas (9.13) and (9.14) can perform poorly when the routing is

not actually Markovian. Discussions of alternative approximations associated with
nonMarkovian routing appear in Bitran and Tirupati (1988) and Whitt (1988, 1994,
1995). In particular, as noted in Section 9.8.2 above, when there are multiple classes
with each class having its own deterministic routing, we can use the separation of
time scales to deduce that the single-class departure process is closely related to
the single-class arrival process: With many classes, the queue operates in a shorter
time scale than the flow for one customer class. Then the customer sojourn times,
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being relatively short compared to the single-class interarrival times, tend to make
the single-class departure process differ little from the single-class arrival process.

Suppose that there are m single-class arrival processes with variability functions
{c2

a,i(ρ) : 0 ≤ ρ ≤ 1} for 1 ≤ i ≤ m. Let {c2
d,i(ρ) : 0 ≤ ρ ≤ 1} be the associated

variability functions for the single-class departure processes from that queue. The
separation of time scales suggests that, when λi << λ (which usually occurs because
of large m), we should have

c2
d,i(ρ) ≈ c2

a,i(ρ), 0 ≤ ρ ≤ 1 , (9.15)

The approximation (9.15) treats departure and splitting together in one step.

Departures. The stationary interval between departures in a GI/GI/1 queue par-
tially characterized by the parameter four-tuple (λ, c2

a, µ, c2
s) has mean λ−1 and

SCV

c2
d = c2

a + 2ρ2c2
s − 2ρ(1 − ρ)µEW . (9.16)

Hence we can use (9.2) to produce an approximation for the stationary-interval
SCV of a departure process,

c2
SI ≈ ρ2c2

s + (1 − ρ2)c2
a ; (9.17)

see Whitt (1984d). However, except for the M/M/1 queue, the departure process is
not a renewal process. Hence there are correlations among successive interdeparture
times that are not captured by approximation (9.17). Nevertheless, simulation ex-
periments indicate that approximation (9.17) often performs remarkably well. For
example, simulations indicate that approximations (9.17) and (9.2) together work
well to determine the best order for queues in series (to minimize the mean steady-
state sojourn time, given a fixed arrival process); see Whitt (1985b) and Suresh and
Whitt (1990b).

As noted in Remark 5.3.1, for 0 < ρ < 1, the departure process obeys the same
CLT as the arrival process. Thus the asymptotic-method approximation for the
departure process is

c2
AM = c2

a . (9.18)

To highlight the difference between (9.17) and (9.18), consider two queues in
series – the GI/GI/1 → /GI/1 model. Let ρi be the traffic intensity, c2

a,i the
interarrival-time SCV and c2

s,i the service-time SCV at queue i for i = 1, 2. First, it
is evident that the departure process from queue 1 approaches the service process
there as ρ1 ↑ 1. Consistent with that property, c2

SI → c2
s,1 as ρ1 ↑ 1 by (9.17). On the

other hand, the asymptotic-method approximation is asymptotically correct for the
arrival process at the second queue as ρ2 ↑ 1. Hence c2

AM = c2
a,1 is asymptotically

correct for c2
a,2 as ρ2 ↑ 1 for fixed ρ1.

Now, turning to the variability functions, a candidate approximation consistent
with the reference point above is

c2
a,2(ρ2) = c2

d,1(ρ1, ρ2) = α(ρ1, ρ2)c2
s,1 + (1 − α(ρ1, ρ2))c2

a,1(ρ2) , (9.19)
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where α(ρ1, ρ2) ↑ 1 as ρ1 ↑ 1 and α(ρ1, ρ2) ↓ 0 as ρ2 ↑ 1. A specific candidate that
agrees with (9.17) unless ρ2 > ρ1 is

α(ρ1, ρ2) = ρ2
1min{1, (1 − ρ2)2/(1 − ρ1)2} , (9.20)

but further study is needed.

Example 9.9.1. The heavy-traffic bottleneck phenomenon. The purpose of this ex-
ample is to demonstrate the need for variability functions instead of variability
parameters to partially characterize arrival processes in parametric-decomposition
approximations. We consider a large number n of queue in series, all with relatively
low traffic intensity ρ1, followed by a (n + 1)st queue with high traffic intensity
ρn+1.

To be concrete, we consider a GI/M/1 → /M/1 → · · · → /M/1 model with a
rate-1 renewal arrival process partially characterized by its SCV c2

a,1. The service-
time distributions are all exponential, so that c2

s,i = 1 for all i. The mean service
time and traffic intensity at each of the first n queues is ρ1, while the traffic intensity
at the final (n + 1)st queue is ρn+1.

It is known that as n increases, the stationary departure process from the nth

queue approaches a Poisson process; see Mountford and Prabhakar (1995), Mairesse
and Prabhakar (2000) and references cited there. Consistent with that limit, the
stationary-interval approximation in (9.17) for the SCV c2

a,n+1 satisfies

c2
SI,n+1 = (1 − ρ2

1)
nc2

a + (1 − (1 − ρ2
1)

n) → 1 (9.21)

as n → ∞. On the other hand, for any fixed ρ1, the final (n + 1)st queue has a
heavy-traffic limit that depends on the first n queues only through the exogenous
arrival rate 1 and the SCV c2

a,1.
We now describe a simulation experiment conducted by Suresh and Whitt (1990a)

to show that this heavy-traffic bottleneck phenomenon is of practical significance.
To consider “typical” values, they let n = 8, ρ1 = 0.6 and ρ9 = 0.9. (The initial
traffic intensity is not too low, while the final traffic intensity is not too high.) Two
renewal arrival processes are considered: hyperexponential interarrival times (mix-
tures of two exponential distributions) with c2

a,1 = 8.0 and deterministic interarrival
times with c2

a,1 = 0.0, representing high and low variability.
We compare simulation estimates of the mean steady-state waiting times with

three approximations. In all three approximations, the approximation formula is

EW ≈ ρ2(c2
a + 1)

2(1 − ρ)
, (9.22)

which is obtained from (9.2) by letting µ−1 = ρ and c2
s = 1. The three approxi-

mations differ in their choice of the arrival-process variability parameter c2
a: The

asymptotic-method (or heavy-traffic) approximation lets c2
a = c2

a,1; the stationary-
interval approximation lets c2

a = c2
SI,n+1; the M/M/1 approximation lets c2

a = 1.
The SI approximation yields c2

a,9 = 1.20 and c2
a,9 = 0.97 in the two cases.

Table 9.2 shows the results of the simulation experiment. From Table 9.2, we see
that the asymptotic-method approximation is far more accurate than the other two
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High Low
variability variability
c2

a,1 = 8.0 c2
a,1 = 0.0

Queue 9 Simulation 30.1 ± 5.1 5.03 ± 0.22
ρ9 = 0.9 estimate

asymptotic-method 36.5 4.05
approximation

stationary-interval 8.9 8.0
approximation

M/M/1 8.1 8.1
approximation

Queue 8 Simulation 1.42 ± 0.07 0.775 ± 0.013
ρ8 = 0.6 estimate

asymptotic-method 4.05 0.45
approximation

stationary-interval 1.04 0.88
approximation

M/M/1 0.90 0.90
approximation

Table 9.2. A comparison of approximations with simulation estimates of the mean
steady-state waiting times at queue 9 and 8 in the network of nine queues in series.

approximations at the final queue 9, while the other two approximations are far
more accurate at the previous queue 8 with lower traffic intensity. The appropriate
variability parameter for the arrival process clearly depends on the traffic intensity
at the final queue.

Consistent with the different approximations at the queues, the measured vari-
ability parameters differ. The stationary interarrival time at queue 9 has an SCV
close to 1, while the estimated asymptotic variability parameter c2

U,9 is close to
c2
a,1. Just as with superposition arrival processes (see Albin (1982)), the individial

lag-k correlations are small; c2
U,9 differs from c2

u,9 because of the cumulative effect
of many small correlations.

Just as in examples with superposition arrival processes, the heavy-traffic bot-
tleneck phenomenon illustrates the need for variability functions. The heavy-traffic
bottleneck phenomenon also illustrates that there can be long-range variability ef-
fects in networks. High or low variability in an exogenous arrival process can be
unseen (can have little congestion impact) in some queues and then suddenly appear
at a later queue with a much higher traffic intensity. The reason is that different
levels of variability can exist at different time scales. The arrival process to the final
queue in this example looks like a Poisson process in a small time scale, but looks
like the exogenous arrival process in a long time scale.



9.9. Approximations for Queueing Networks 337

9.9.4. Exogenous Arrival Processes
In applications of any method for analyzing the performance of queueing networks,
it is necessary to specify the exogenous arrival processes. With the parametric-
decomposition approximation, it is necessary to obtain initial variability functions
chacterizing the exogenous arrival processes. If the exogenous arrival processes are
actually renewal processes, then there is no difficulty: then we can simply let the
variability function c2

a(ρ) be the SCV of an interarrival time for all traffic intensities
ρ.

However, experience indicates that, in practice (as opposed to in models), an
arrival process that fails to be nearly a Poisson process also fails to be nearly a
renewal process. Indeed, exogenous arrival processes often fail to be renewal pro-
cesses, so that it is necessary to take care in characterizing the variability of these
exogenous arrival processes. Hence, instead of the route vector in (9.1), the model
data for that customer class should be of the form

(1, 2, {c2
a,0(ρ) : 0 ≤ ρ ≤ 1}; 2, 1, 0; 3, 1, 1; 2, 5, 1) . (9.23)

With variability functions, then, we should be prepared to specify the variability
functions of the exogenous arrival processes. Following Whitt (1981, 1983c) and
Section 3 of Whitt (1995), we suggest fitting variability parameters indirectly by
observing the congestion produced by this arrival process in a test queue. This can
be done either through analytical formulas (if the arrival process is specified as
a tractable mathematical model) or through simulation (if the arrival process is
specified either as a mathematical model or via direct system measurements).

For example, we can use approximation formula (9.2). We might consider an ex-
ponential service-time distribution, which makes c2

s = 1. We then think of the queue
as a GI/M/1 queue, but since the arrival process may not actually be a renewal
process, we allow the variability parameter to depend on the traffic intensity. We
estimate the mean waiting time as a function of ρ using the arrival process to be
characterized. For each value of ρ, we let the variability function c2

a(ρ) assume the
value c2

a that makes formula (9.2) match the observed mean waiting time.
This indirect procedure is illustrated by applying it to irregular periodic de-

terministic arrival processes in Section 4 of Whitt (1995). A simple example has
successive interarrival times 3/2, 1/2, 3/2, 1/2, . . .. Consistent with intuition, for
irregular periodic deterministic arrival processes, c2

a(ρ) = 0 for all sufficiently small
ρ and c2

a(ρ) → 0 as ρ ↑ 1, but c2
a(ρ) can be arbitrarily large for intermediate values

of ρ.
This indirect estimation procedure can also be used to refine parametric-

decomposition approximations for the variability functions partially characterizing
the internal flows in the network. Through simulations and measurements, we can
appropriate variability functions that lead to accurate performance predictions for
the internal flows, just as for the exogenous arrival processes. See Fendick and Whitt
(1989) and Whitt (1995) for further discussion.
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9.9.5. Concluding Remarks
We conclude this section with two remarks.

Remark 9.9.1. Heavy-traffic limits for queueing networks. An alternative to the
parametric-decomposition approximation is an approximation based directly on a
heavy-traffic limit for the queueing network. The heavy-traffic limit ideally would
be for the original multiclass queueing network, but it could be for the single-class
Jackson network constructed in the first phase of the procedure described above.
Heavy-traffic limits for the single-class generalized Jackson network are developed
in Chapter 14. A specific algorithm based on the heavy-traffic limit is the QNET
algorithm of Dai (1990), Dai and Harrison (1991, 1992), Harrison and Nguyen
(1990) and Dai, Yeh and Zhou (1997). A direct heavy-traffic algorithm is an attrac-
tive alternative, but the limit process is usually complicated. The computational
complexity of the QNET algorithm grows rapidly as the number of nodes increases.

When considering heavy-traffic limits for queueing networks, it is important to
recognize that there is more than one way to take the heavy-traffic limit. With a
queueing network, there is more than one traffic intensity: There is a traffic intensity
at each queue. The standard limiting procedure involves balanced loading, in which
all the traffic intensities approach 1 together; i.e., if ρi is the traffic intensity at
queue i, then ρi ↑ 1 for all i with (1 − ρi)/(1 − ρ1) → ci, 0 < ci < ∞.

However, the bottleneck view, stemming from consideration of a fixed network
with one traffic intensity larger than the others, has one traffic intensity approach
1 faster than the others. If the traffic intensity at one queue approaches 1 faster
than the traffic intensities at the other queues, then we see a nondegenerate limit
for the scaled queue-length process only at the bottleneck queue. With this form
of heavy-traffic limit, one queue dominates. Just as in the heavy-traffic bottleneck
phenomenon, the heavy-traffic approximation is equivalent to the heavy-traffic limit
in which all the service times at the other queues are reduced to zero, and the other
queues act as instantaneous switches.

A more general heavy-traffic approximation for a network of queues isthe
sequential-bottleneck decomposition method proposed by Reiman (1990a) and Dai,
Nguyen and Reiman (1994). It is a heirarchical procedure similar to the one pro-
posed for the priority queue in Section 5.10. The sequential-bottleneck procedure
decomposes the network into groups of one or more queues with similar traffic
intensities. Then heavy-traffic approximations are developed for the groups sepa-
rately, starting with the group with highest traffic intensities. When analyzing a
subnetwork associated with a group of queues, the remaining queues are divided
into two sets, those with larger traffic intensities and those with smaller traffic in-
tensities. Queues with smaller traffic intensities are treated as if their service times
are zero, so they act as instantaneous switches. Queues with larger traffic intensi-
ties are treated as if they are overloaded, which turns them into sinks for flows into
them and exogenous sources for flows out of them. Then the QNET approximation
is applied to each subgroup. If the subgroups only contain a single queue, then we
can apply the simple single-queue heavy-traffic approximation. The single-queue
case was proposed by Reiman (1990a).
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The sequential-bottleneck approximation is appealing, but note that it offers
no way to achieve the needed non-heavy-traffic approximation at a queue with a
superposition arrival process having many components. At first glance, the single-
queue sequential-bottleneck approximation seems to perform well on Example 9.9.1:
It produces the heavy-traffic approximation at the final queue with high traffic
intensity, which is pretty good. However, the heavy-traffic approximation at the
final queue would not be good if we lowered the traffic intensity of the final queue
from 0.9 to 0.61, where it still is greater than all other traffic intensities. It still
remains to develop an approximation for the special GI/M/1 → · · · → /M/1
model with nine queues in series that can be effective for all possible traffic-intensity
vectors.

Remark 9.9.2. Closed queueing networks. For many applications it is natural to
use closed queueing network models, which have fixed customer populations, instead
of open queueing network models. There are convenient algorithms for a large class
of Markovian closed queueing network models, but nonMarkovian closed queueing
network models tend to be intractable.

Approximations for nonMarkovian open queueing networks can be applied via
the fixed-population-mean (FPM) method: The steady-state performance of the
closed queueing network is approximated by the steady-state performance of an
associated open network in which the mean population in the open network is
set equal to the specified population in the closed network; see Whitt (1984c). A
search algorithm identifies the exogenous arrival rate in the open model producing
the target mean. (A more complicated search algorithm is required if there are
multiple customer classes with specified populations.) The FPM method provides
good approximations when the population is not too small. A stochastic-process
limit provides insight: The FPM method is asymptotically correct as the network
grows (in a controlled way).

The FPM method can explain seemingly anomalous behavior in nonMarkovian
closed queueing networks: If the variability of the service-time distribution increases
at one queue, then it is possible for the mean queue length at that queue to de-
crease. Indeed that phenomenon routinely occurs at a bottleneck queue; see Bondi
and Whitt (1986). That occurs because the bottleneck queue tends to act as an
exogenous source for the rest of the network. Thus increased variability at the bot-
tleneck queue is likely to cause greater congestion in the rest of the network. Since
the total population is fixed, the mean queue length at the bottleneck queue is
likely to go down.

To summarize, parametric-decomposition approximations for queueing networks
can be great aids in performance analysis. And heavy-traffic limits can help improve
the performance of these algorithms. However, at the present time there is no
one algorithm that works well on all examples. Nevertheless, there is sufficient
understanding and there are sufficient tools to make effective algorithms for many
specific classes of applications.



10
Multiserver Queues

10.1. Introduction

In this chapter we establish heavy-traffic stochastic-process limits for standard
multiserver queueing models (with unlimited waiting space and the first-come
first-served service discipline). There are two principal cases: first, when there is
a moderate number of servers and, second, when there is a large number of servers.
The first case commonly occurs in manufacturing systems, which may have worksta-
tions containing several machines. The second case commonly occurs in call centers,
which may have agent groups containing hundreds of agents; e.g., see Borst, Man-
delbaum and Reiman (2001), Garnett, Mandelbaum and Reiman (2000) and Whitt
(1999). These two cases are sufficiently different to warrant different methods.

We start in Section 10.2 by considering the first case of a fixed finite number of
servers. We show that the heavy-traffic behavior for a fixed finite number of servers
is essentially the same as a single-server system (with an obvious scale adjustment
to account for the multiple servers).

We consider the second case of a large number of servers in the remaining sections.
The natural approximation for a large number of servers is an infinite number, pro-
vided that we find appropriate measures of congestion. In Section 10.3 we consider
the case of infinitely many servers.

In Section 10.4 we consider the case in which the number of servers increases along
with the traffic intensity in the heavy-traffic limit, so that the probability of delay
converges to a nondegenerate limit. In Section 10.4 we also consider multiserver
loss systems, without any extra waiting room. Paralleling Section 5.8, we show how
heavy-traffic limits can be used to determine the simulation run lengths required to
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estimate, with prescribed precision, blocking probabilities in loss models with a large
number of servers. Interestingly, the story is quite different from the single-server
case in Section 5.8.

10.2. Queues with Multiple Servers

In this section we consider a queue with a fixed finite number, m, of servers. We
should anticipate that the heavy-traffic behavior of a multiserver queue is essentially
the same as the heavy-traffic behavior of a single-server queue with a superposition
arrival process, treated in Section 9.4: Now we have a multichannel output process
instead of a multichannel input process. Indeed, that is the case, but providing a
proper demonstration is somewhat more difficult.

10.2.1. A Queue with Autonomous Service
One approach to this problem, used by Borovkov (1965) and Iglehart and Whitt
(1970a, b), is to relate the standard multiserver queue to another model that is eas-
ier to analyze. Another model that is easier to analyze is a queue with autonomous
service, in which servers are not shut off when they become idle. Associated with
each of the m servers is a sequence of potential service times. If a server faces con-
tinued demand, then the actual service times coincide with these potential service
times, but if there is no demand for service, then these potential service times are
ignored and there is no actual service and no departure. New arrivals are assigned
to the server that can complete their service first. After a server has been working
in the absence of demand, the next demand will in general fall in the middle of a
service time. The service time of that customer arriving after the server has been
idle is the remaining portion of the potential service time in process at that time.

The queue with autonomous service is of some interest in its own right, but it
was introduced primarily as a device to treat the standard multiserver queueing
model. In the standard model, customers are assigned in order of arrival to the first
available server, with some unspecified procedure to break ties. The queue with
autonomous service is easy to analyze because the reflection map can be applied
directly.

The service process in the queue with autonomous service is just like a superpo-
sition arrival process. Let {Vi,k : k ≥ 1} be the sequence of potential service times
for server i for 1 ≤ i ≤ m. Let the associated partial sums be

Sv
i,k ≡ Vi,1 + · · · + Vi,m, k ≥ 1, (2.1)

and let Sv
i,0 ≡ 0. Let Ni be the associated counting process, defined as in (2.9) by

Ni(t) ≡ max{k ≥ 0 : Sv
i,k ≤ t}, t ≥ 0. (2.2)

Let N be the superposition process defined by

N(t) ≡ N1(t) + · · · + Nm(t), t ≥ 0 (2.3)
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and let Sv be the inverse partial-sum process associated with N , defined by

Sv
k ≡ inf{t ≥ 0 : N(t) ≥ k}, k ≥ 0, (2.4)

with Sv
0 ≡ 0. Let

Vk ≡ Sv
k − Sv

k−1, k ≥ 1 . (2.5)

Note that the potential-service processes Sv
i , Ni, N , Sv and V are related the same

way that superposition-arrival-process processes Su
i , Ai, A, Su and U are related

in (4.1)–(4.4).
For simplicity, let the queue start out empty. Let {A(t) : t ≥ 0} be the arrival

counting process and let Qa(t) be the queue length, with the superscript “a” de-
noting autonomous service. The queue with autonomous service is defined so that
the queue-length process is directly the reflection of the net-input process A − N ,
i.e.,

Qa(t) = φ(A − N)(t), t ≥ 0 , (2.6)

where φ is the one-sided reflection map in (2.5) of Section 9.2. By focusing on
the m-server queue with autonomous service, the queue-length process becomes
a special case of the fluid-queue model in Chapter 8 in which the cumulative-
input and available-processing processes are integer-valued. The arrival process A
is the cumulative-input process, while the service-time counting process N is the
available-processing process.

Remark 10.2.1. The case of IID exponential service times. To better understand
the queue with autonomous service, consider the special case in which the poten-
tial service times come from m independent sequences of IID exponential random
variables with mean 1, independent of the arrival process. Then the queue with au-
tonomous service is not equivalent to the G/M/m queue, but is instead equivalent
to the G/M/1 queue with the service rate m. In general, the G/M/1 queue with
service rate m is quite different from the associated G/M/m queue, having identi-
cal arrival process and m servers each with rate 1. However, for fixed m, in heavy
traffic they behave essentially the same. Indeed, that is established as a special case
of Theorem 10.2.2 below.

Now let us consider a sequence of these queueing models with autonomous
service indexed by n. Paralleling (4.5), define associated random elements of
D ≡ D([0,∞), R) by letting

Sv
n,i(t) ≡ c−1

n [Sv
n,i,�nt� − µ−1

n,int],

Nn,i(t) ≡ c−1
n [Nn,i(nt) − µn,int],

Nn(t) ≡ c−1
n [Nn(nt) − µnnt],

Sv
n(t) ≡ c−1

n [Sv
n,�nt� − µ−1

n nt] , (2.7)

where µn ≡ µn,1 + · · · + µn,m. A limit for (Sv
n,1, . . . ,S

v
n,m) implies an associated

limit for (Sv
n,1, . . . ,S

v
n,m,Nn,1, . . .Nn,m,Nn,Sv

n) by Theorem 9.4.1.
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Now define additional random elements of D associated with the arrival and
queue-length processes A and Qa by

An(t) ≡ c−1
n [An(nt) − λnnt],

Qa
n(t) ≡ c−1

n Qa
n(nt), t ≥ 0 . (2.8)

The following heavy-traffic limit parallels Theorem 9.4.2, and is proved in the
same way.

Theorem 10.2.1. (heavy-traffic limit for the m-server queue with autonomous
service) Suppose that

(An,Sv
n,1, . . .S

v
n,m) ⇒ (A,Sv

1, . . . ,S
v
m) in (D1+m, WM1) (2.9)

for An in (2.8) and Sv
n,i in (2.7). Suppose that, for 1 ≤ i ≤ m,

P (A(0) = 0) = P (Sv
i = 0) = 1 , (2.10)

cn → ∞, n/cn → ∞, λn,i → λi, 0 < λi < ∞, and

ηn ≡ n(λn − µn)/cn → η as n → ∞ (2.11)

for λn in (2.8) and µn ≡ µn,1 + · · · + µn,m. Suppose that

P (Disc(Sv
i ◦ µie) ∩ Disc(Sv

j ◦ µje) = φ) = 1 (2.12)

and

P (Disc(Sv
i ◦ µie) ∩ Disc(A) = φ) = 1 (2.13)

for all i, j with 1 ≤ i, j ≤ m, i = j. Then

(An,Nn,Qa
n) ⇒ (A,N,Q) in (D3, WM1) ,

where

N = N1 + · · · + Nm = −
m∑

i=1

µiSv
i ◦ µie (2.14)

and

Q = φ(A − N + ηe) . (2.15)

Remark 10.2.2. Resource Pooling with IID Lévy processes. Just as in Remark
9.4.1, if the m limit processes Sv

1, . . . ,S
v
m are IID Lévy processes, then the limit

processes associated with the superposition process are deterministic time-scalings
of the limit process associated with a single server, i.e.,

N d= N1 ◦ me and Sv d= m−1Sv
1 .

Then the m servers act as a “single super server” and we say that there is resource
pooling. We discuss resource pooling with other queue disciplines in Remark 10.2.4
below.
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10.2.2. The Standard m-Server Model
We now want to consider the standard m-server queue, in which customers wait
in a single queue and are assigned in order of arrival to the first available server,
with some unspecified procedure to break ties. We now want to show that the
queue-length process in the standard m-server queue has the same heavy-traffic
limit.

Iglehart and Whitt (1970a, b) showed that the scaled queue-length processes
in the two systems are asymptotically equivalent under regularity conditions. As
before, let Qa

n denote the scaled queue-length process in the m-server queue with
autononous service, just considered, and let Qn denote the scaled queue-length
process in the standard system, with the same scaling as in (2.8). The next result
follows from Theorem 10.2.1 and the reasoning on pages 159–162 in Iglehart and
Whitt (1970a).

Theorem 10.2.2. (asymptotic equivalence with the standard m-server queue) In
addition to the assumptions of Theorem 10.2.1, suppose that {V v

i,k : k ≥ 1}, 1 ≤
i ≤ m, are m independent sequences of IID random variables, independent of the
arrival process. If, in addition,

P (Sv
i ∈ C) = 1 (2.16)

for each i, 1 ≤ i ≤ m, then there exist versions Qn of the scaled standard queue-
length process so that

‖Qn − Qa
n‖t → 0 w.p.1 as n → ∞ , (2.17)

for all t > 0, so that

Qn ⇒ Q in (D, M1) ,

where Q is as in (2.15).

Theorem 10.2.2 treats only one process in the standard multiserver queue. Under
the assumptions of Theorem 10.2.2, heavy-traffic limits can also be obtained for
other processes besides the queue-length process, as shown by Iglehart and Whitt
(1970a, b).

Condition (2.16) requires the service-time limit processes Sv
i to have continuous

paths. The asymptotic-equivalence argument in Iglehart and Whitt (1970a) does
not apply if these processes can have jumps, because the difference is bounded above
by the largest individual service time encountered, appropriately scaled. When the
limit process has continuous sample paths, we can apply the maximum-jump func-
tion to conclude that this scaled maximum serice time is asymptotically negligible,
but when the limit process has discontinuous sample paths, we cannot draw that
conclusion.

Under the conditions of Theorem 10.2.2, the arrival-process limit process A can
have discontinuous sample paths, so that in general we still need the M1 topology
to express the limit. The arrival process can force nonstandard scaling, but that
may make the limit processes Sv

i be degenerate (zero processes), because the possi-
bilities for the limit processes Sv

i are limited. Since the potential service times must
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come from sequences of IID random variables, to have the limit processes Sv
i be

nondegenerate with continuous sample paths in Theorem 10.2.2, we are effectively
restricted to the case in which cn = n1/2 and Sv

i is Brownian motion.
We can actually eliminate all the extra regularity conditions in Theorem 10.2.2

by using a different argument. Specifically, we can exploit bounds established by
Chen and Shanthikumar (1994) to obtain convergence of the scaled standard queue-
length processes under the assumptions of Theorem 10.2.1. Their argument actually
applies to networks of multiserver queues.

Theorem 10.2.3. (heavy-traffic limit for the standard m-server queue) Under the
assumptions of Theorem 10.2.1,

Qn ⇒ Q in (D, M1) ,

where Qn is the standard queue-length process scaled as in (2.8) and Q is in (2.15).

Proof. We use extremal properties of the regulator map ψL defined in equations
(2.6)–(2.10) of Section 5.2: Suppose that x, y and z are three functions in D sat-
isfying z = x + y ≥ 0. If y is nondecreasing, y(0) = 0 and y increases only when
z(t) ≤ b for some positive constant b, then

ψL(x)(t) ≤ y(t) ≤ ψL(x − b)(t) for all t ≥ 0 . (2.18)

The lower bound is proved in Section 14.2 – see Theorem 14.2.1 – and the upper
bound is proved in the same way (also see Theorem 14.2.3), as shown by Chen and
Shanthikumar (1994).

We now proceed to treat the queue-length process just as we did for the single-
server queue in Theorem 9.3.4, allowing for the fact that we now have m servers:
Paralleling (3.23), we obtain

Qn = Xn + Yn , (2.19)

where

Xn = An − (
m∑

i=1

Ni
n ◦ B̂i

n) + ηne , (2.20)

B̂i
n(t) ≡ n−1Bi

n(nt), t ≥ 0, (2.21)

Yn ≡
m∑

i=1

µi
nYi

n , (2.22)

Yi
n(t) ≡ c−1

n (nt − Bi
n(nt)), t ≥ 0 , (2.23)

and Bi
n(t) is the cumulative busy time of server i in the interval [0, t] in model n.

Note that Yn increases only when Qn(t) is less than or equal to m/cn. Thus, by
(2.18),

ψL(Xn) ≤ Yn ≤ ψL(Xn − m/cn) . (2.24)
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Since ψL is a Lipschitz map in the uniform norm, by Lemma 13.4.1,

‖Yn − ψL(Xn)‖t ≤ m/cn → 0 as n → ∞
for each t ≥ 0. Hence,

‖Qn − φ(Xn)‖t ≤ 2m/cn → 0 as n → ∞
for each t ≥ 0. Since φ is continuous as a map from (D, M1) to itself, it suffices
to show that Xn ⇒ X in (D, M1). (We use the convergence-together theorem,
Theorem 11.4.7.)

The key to establishing the limit Xn ⇒ X is to show that

(B̂1
n, . . . , B̂m

n ) ⇒ (e, . . . , e) (2.25)

for B̂i
n in (2.21). To establish the limit in (2.25), we exploit the compactness ap-

proach in Section 11.6: Specifically, we can apply Theorems 11.6.2, 11.6.3 and 11.6.7
after observing that B̂i

n is uniformly Lipschitz: For 0 < t1 < t2,

|B̂i
n(t2) − B̂i

n(t1)| = |n−1Bi
n(nt2) − n−1Bi

n(nt2)| ≤ |t2 − t1| .

Hence, the sequence {(B̂1
n, . . . , B̂m

n )} has a convergent subsequence {(B̂1
nk

, . . . , B̂m
nk

)}
in C([0, T ], Rk, U)m for every T . Suppose that

(B̂1
nk

, . . . , B̂m
nk

) → (B̂1, . . . , B̂m) (2.26)

as nk → ∞ in (Dm, U).
We now use the assumed FCLT in (2.9) and this convergence to establish a

FWLLN along the subsequence {nk}. In particular, it follows that

X̂nk
⇒ 0e ,

where X̂n ≡ (cn/n)Xn for Xn in (2.20). By the continuous-mapping approach,

Ŷnk
⇒ ψL(0e) = 0e ,

where Ŷn ≡ (cn/n)Yn for Yn in (2.22). Consequently, we must have B̂i = e for
all i for B̂i in (2.26). Since the same limit holds for all subsequences, we actually
have the desired convergence in (2.25). We can then apply the continuous-mapping
approach to establish that Xn ⇒ X for Xn in (2.20), X = A − N + ηe and N in
(2.14).

In the general setting of Theorem 10.2.3, allowing limit processes with jumps, it
remains to establish related stochastic-process limits for other queueing processes
such as the workload and the waiting time.

Remark 10.2.3. Bounds using other disciplines. As shown by Wolff (1977), for the
case in which all service times come from a single sequence of IID random variables,
we can bound the queue length in the m-server FCFS model above stochastically
by considering alternative service disciplines. For example, if the servers are allowed
to have their own queues and arrivals are routed randomly or cyclically (in a round
robin manner) to the servers, then the sum of the queue lengths stochastically
dominates the queue length with the FCFS discipline. With the random or cyclic
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routing, we obtain heavy-traffic FCLT’s for the single servers under the assumptions
of Theorem 10.2.1, with the same scaling as in Theorem 10.2.1. We apply Theorem
9.5.1 to treat the arrival processes to the separate servers. We note that, even though
the scaling is the same, the limit processes are different. Thus the differences in the
service disciplines can be seen in the heavy-traffic limit.

Following Loulou (1973), we can also bound the workload process in the m-
server FCFS model below by the workload process in a single-server queue with the
same total input and constant output rate m. Thus we can obtain a nondegenerate
limiting lower bound for the scaled workload process using the scaling in Theorem
10.2.1.

Remark 10.2.4. Resource pooling with other disciplines. From Theorem 10.2.3
and Remark 10.2.2, we see that, under minor regularity conditions, there is re-
source pooling in heavy traffic for the standard multiserver model with homogeneous
servers and the FCFS discipline. As noted in Remark 10.2.3 above, there is not re-
source pooling in heavy traffic when each server has its own queue and random or
cyclic routing is used. However, there is resource pooling in heavy traffic with the
join-the-shortest-queue rule and many related service disciplines that pay only a
little attention to the system state; see Foschini and Salz (1978), Reiman (1984b),
Laws (1992), Kelly and Laws (1993), Turner (1996, 2000) Harrison and Lopez (1999)
and Bell and Williams (2001). The heavy-traffic behavior of random routing with
periodic load balancing is analyzed by Hjálmtýsson and Whitt (1998). Once again,
the time scaling in the heavy-traffic limit provides useful insight: The time scal-
ing shows how the reconfiguration or balancing times should grow with the traffic
intensity ρ in order to achieve consistent performance. For more on the impact
of heavy-tailed distributions on load balancing, see Harchol-Balter and Downey
(1997). For more on the great gains from only a little choice, see Azar et al. (1994),
Vvedenskaya et al. (1996), Mitzenmacher (1996), Turner (1998) and Mitzenmacher
and Vöcking (1999).

10.3. Infinitely Many Servers

It may happen that there is a very large number of servers. An extreme case of a
large number of servers is the case of infinitely many servers. With infinitely many
servers, heavy-traffic is achieved by letting the arrival rate approach infinity. With
infinitely many servers, we assume that the system starts out empty and that the
service times are IID and independent of the arrival process.

Remark 10.3.1. The power of infinite-server approximations. More generally,
when the load in a multiserver queue is light or there are a very large number
of servers, it may be helpful to consider infinite-server models as approximations.
The infinite-server assumption is attractive because the infinite-server model is re-
markably tractable. For infinite-server models, it is even possible to obtain useful
expressions for performance measures with time-varying arrival rates; e.g., see Eick,
Massey and Whitt (1993), Massey and Whitt (1993) and Nelson and Taaffe (2000).
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Infinite-server models are also called offered-load models, because they describe
the load (number of busy servers) that would results if there were no capacity
constraints, so that no customers are delayed or lost. At first glance, offered-load
models may seem unrealistic as direct system models, but they offer great potential
for engineering because they are tractable and because they actually do not differ
greatly from associated, more complicated, delay and loss models when the capacity
and offered load are large. The idea is to engineer so that the probability that
the offered load exceeds capacity is sufficiently small; see Jennings, Mandelbaum,
Massey and Whitt (1996), Leung, Massey and Whitt (1994), Massey and Whitt
(1993, 1994a, b), Duffield and Whitt (1997, 1998, 2000) and Duffield, Massey and
Whitt (2001).

10.3.1. Heavy-Traffic Limits
Following Glynn and Whitt (1991), we show how to apply the continuous-mapping
approach to establish heavy-traffic stochastic process limits for infinite-server
queues when the service-time distribution takes values in a finite set. As shown by
Borovkov (1967), heavy-traffic limits can be established for general G/GI/∞ queues
with general service-time distributions, but the argument is more elementary when
the service-time distributions take values in a finite set. For other heavy-traffic lim-
its and approximations for infinite-server queues, see Fleming and Simon (1999)
and Krichagina and Puhalskii (1997).

The key observation from Glynn and Whitt (1991) is that, when the system is
initially empty, the queue length (again number in system) is simply related to
the arrival process when the service time is deterministic. Let {A(t) : t ≥ 0} and
{Q(t) : t ≥ 0} be the arrival and queue-length processes, respectively. When the
service time is x for all customers, the queue length at time t is simply

Q(t) = A(t) − A(t − x) , (3.1)

where we adopt the convention throughout this section that stochastic processes
evaluated at negative arguments are identically 0; i.e., here A(u) = 0 for u < 0.

To exploit this simple representation more generally, we assume that all customers
have service times in the finite set {x1, . . . , xm}. We say that a customer with service
time xi is of type i and we let Ai(t) count the number of type-i arrivals in the time
interval [0, t]. We then let Di(t) count the number of type-i departures in [0, t] and
Qi(t) be the type-i queue length at time t. As in (3.1), we have the simple relations

Di(t) = Ai(t − xi)
Qi(t) = Ai(t) − Ai(t − xi), t ≥ 0 .

We can also treat the workload process, representing the sum of the remaining
service times of all customers in the system. To do so, we let Ri(t, y) be the number
of type-i customers with remaining service time greater than y in the system at
time t and let Li(t) be the type-i workload at time t. Then we clearly have

Ri(t, y) = Ai(t) − Ai(t − [xi − y]+), t ≥ 0 ,
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and

Li(t) =
∫ xi

0
Ri(t, y) dy .

We introduce the remaining-service-time processes as a means to treat the work-
load process, but the remaining-service-time process is of interest to describe the
relevant state of the queue. To characterize the state of the customers in service,
we need to consider the remaining-service-time Ri(t, y) as a function of y for y ≥ 0.
In the GI/GI/∞ model, when we append the elapsed interarrival time to the
remaining-service-time process {Ri(t, y) : y ≥ 0}, we obtain a Markov process as
a function of t. In the heavy-traffic limit with a renewal arrival process, the inter-
arrival time in process becomes negligible, so that the heavy-traffic limit for the
remaining-service-time process is a Markov process as a function of t.

To apply the continuous mapping approach to treat the workload processes Li,
we need to regard Ri(t, y) as a function mapping t into functions of y. We let the
range be the subset of nonincreasing nonnegative functions in D with finite L1 norm

‖x‖1 ≡
∫ ∞

0
|x(t)| dt . (3.2)

Let Ri : [0,∞) → (D, ‖·‖1) be defined by Ri(t) = {Ri(t, y) : y ≥ 0}. Since (D, ‖·‖1)
is a Banach space, we can use the M1 topology on the space D([0,∞), (D, ‖ · ‖1)),
as noted in Section 11.5.

Let A(t), D(t), Q(t), R(t, y), R(t) and L(t) denote the associated m-dimensional
vectors, e.g., A(t) ≡ (A1(t), . . . , Am(t)), and let Ã(t), etc. denote the associated
partial sums, e.g., Ã(t) ≡ A1(t) + · · · + Am(t).

We form a sequence of infinite-server systems by scaling time in the original
arrival process. Specifically, let

An,i(t) ≡ Ai(nt),
Dn,i(t) ≡ An,i(t − xi),
Qn,i(t) ≡ An,i(t) − An,i(t − xi),

Rn,i(t, y) ≡ An,i(t) − An,i(t − [xi − y]+),

Ln,i(t) ≡
∫ xi

0
Rn,i(t, y) dy , t ≥ 0 . (3.3)

Now we define associated random elements of D by letting

Ai
n(t) ≡ c−1

n [An,i(t) − λint],
Di

n(t) ≡ c−1
n [Dn,i − ndi(t)],

Qi
n(t) ≡ c−1

n [Qn,i(t) − nqi(t))],
Li

n(t) ≡ c−1
n [Ln,i(t) − nli(t)], t ≥ 0 ,

Ri
n(t) ≡ {c−1

n [Qn,i(t, y) − nri(t, y)] : y ≥ 0} , (3.4)

where the translation functions are

di(t) ≡ λi([t − xi]+),
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qi(t) ≡ λi(t − [t − xi]+),

li(t) ≡
∫ xi

0
qi(t, y) dy,

ri(t, y) ≡ λi(t − [t − [xi − y]+]+) . (3.5)

Let the associated vector-valued random elements of Dm and partial sums in D
be

An ≡ (A1
n, . . . ,Am

n ),
Dn ≡ (D1

n, . . . ,Dm
n ),

Qn ≡ (Q1
n, . . . ,Qm

n ),
Ln ≡ (L1

n, . . . ,Lm
n ),

Rn ≡ (R1
n, . . . ,Rm

n ) (3.6)

and

Ãn ≡ A1
n + · · · + Am

n ,

D̃n ≡ D1
n + · · · + Dm

n ,

Q̃n ≡ Q1
n + · · · + Qm

n ,

L̃n ≡ L1
n + · · · + Lm

n ,

R̃n ≡ R1
n + · · · + Rm

n . (3.7)

We now can establish the basic heavy-traffic stochastic-process limit. For that
purpose, let θs : Dm → Dm denote the shift operator, defined by

θs(x)(t) ≡ x(t + s), t + s ≥ 0 ,

with θs(x)(t) = 0 for t + s < 0, all for t ≥ 0. We exploit the fact that the shift
operator θs is continuous for s ≤ 0. However, note that the shift operator θs is not
continuous for s > 0. To see this, let s = 1, x = I[1,∞) and xn = I[1+n−1,∞).

Let the components of the vector-valued limit processes also be indexed by
superscripts.

Theorem 10.3.1. (heavy-traffic limit for infinite-server queues) If

An ⇒ A in (Dm, WM1) ,

where

P (Disc(Ai) ∩ Disc(θs(Aj) = φ) = 1 (3.8)

for all i, j and s ≤ 0 for which i = j or i = j and s = 0, then

(An, Ãn,Dn, D̃n,Qn, Q̃n,Ln, L̃n,Rn, R̃n)
⇒ (A, Ã,D, D̃,Q, Q̃,L, L̃,R, R̃)

in D([0,∞), R)4(m+1) × D([0,∞), R, ‖ · ‖1))m+1 with the WM1 topology, where

Di(t) ≡ Ai(t − xi),
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Qi(t) ≡ Ai(t) − Ai(t − xi),

Li(t) ≡
∫ xi

0
Ri(t)(y) dy,

Ri(t)(y) ≡ Ai(t) − Ai(t − [xi − y]+)
Ã(t) ≡ A1(t) + · · · + Am(t),
D̃(t) ≡ D1(t) + · · · + Dm(t),
Q̃(t) ≡ Q1(t) + · · · + Qm(t),
L̃(t) ≡ L1(t) + · · · + Lm(t),
R̃(t) ≡ R1(t) + · · · + Rm(t) . (3.9)

Proof. We apply the continuous mapping theorem, Theorem 3.4.3, with a succes-
sion of maps that are measurable and almost surely continuous with respect to the
limit process, by virtue of condition (3.8). The linearity of the model means that
the scaled processes are related by the same maps the are used to construct the
original processes. The maps are shown applied to the limit process A in (3.9). Note
in particular that the map taking Ai into Ri, and thus Ai

n into Ri
n, is continuous.

Remark 10.3.2. Stationarity after finite time. If the limit process A has sta-
tionary increments, then the process θs(X) ≡ {X(t + s) : t ≥ 0} is a stationary
process when s ≥ max{x1, . . . , xm} and X is any of the following limit processes:
A(t + u) − A(u), Q(t), D(t + u) − D(u), R(t)(y) and L(t) for u ≥ 0 and y > 0.
Hence these limit processes have the property that they reach steady state in finite
time (as the original processes do with a Poisson arrival process). If, in addition, A
is a Gaussian process, such as a fractional Brownian motion, then these processes
are stationary Gaussian processes.

10.3.2. Gaussian Approximations
We will now focus on the common case in which the conditions of Theorem 10.3.1
hold with cn =

√
n and A an m-dimensional Brownian motion. As noted in Remark

10.3.2 above, when A is an m-dimensional Brownian motion, the limit processes
D, Q, L and R(·)(y) are all Gaussian processes. Assuming appropriate uniform
integrability in addition to the condition of Theorem 10.3.1, so that the variances
converge (see p. 32 of Billingsley (1968)), we can relate the covariance matrix ΣA

of the Brownian motion A to the original arrival processes. In particular, under
that regularity condition,

ΣA,i,j = lim
t→∞ t−1cov(Ai(t), Aj(t)) . (3.10)

We now describe the relatively simple stationary Gaussian approximations that
hold for the aggregate departure, queue-length and workload processes when the
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limit process A is an m-dimensional Brownian motion and t ≥ max{x1, . . . , xm}:

D̃(t + s) − D̃(t) ≈ N(
m∑

i=1

λis,

m∑
i=1

m∑
j=1

ΣD,i,j),

Q̃(t) ≈ N(
m∑

i=1

λixi,

m∑
i=1

m∑
j=1

ΣQ,i,j),

L̃(t) ≈ N(
m∑

i=1

λix
2
i /2,

m∑
i=1

m∑
j=1

ΣL,i,j) , (3.11)

where

ΣD,i,j ≡ ΣA,i,j([s − |xi − xj |]+),
ΣQ,i,j ≡ ΣA,i,j(xi ∧ xj)),
ΣL,i,j ≡ ΣA,i,j [(xi ∨ xj)(xi ∧ xj)/2 − (xi ∧ xj)3/6] . (3.12)

To obtain the covariance terms ΣL,i,j for the workload, we use the representation

ΣL,i,j =
∫ xi

0

∫ xj

0
cov[Ai(t) − Ai(t − xi + y),Aj(t) − Aj(t − xj + z)] dz dy .

The assumption of Theorem 10.3.1 starting out with a limit for An ≡
(A1

n, . . . ,Am
n ) is natural when there are m classes of jobs each with their character-

istic deterministic service time. However, we are often interested in a single arrival
process, with each successive arrival being randomly assigned a service time, which
we here take to be from the finite set {x1, . . . , xm}. Sufficient conditions for the con-
dition in Theorem 10.3.1 in that setting follow from Theorem 9.5.1 on split streams.
Suppose that the limit process (Ã,S) there is a centered (m+1)-dimensional Brow-
nian motion with covariance matrix Σ. Then the limit process A here is a centered
m-dimensional Brownian motion with covariance matrix

ΣA,i,j = λΣi,j + piλ
1/2Σi,m+1 + pjλ

1/2Σj,m+1 + pipjΣm+1,m+1 . (3.13)

An important application of the setting above occurs when the service times are
IID with distribution P (V = xi) = pi, and independent of the arrival process. If
we further assume that the limit process Ã in Theorem 9.5.1 is λ3/2σB, where B is
standard Brownian motion, as occurs for a renewal process when the interrenewal
times have mean λ−1 and variance σ2, then the covariance terms become Σi,i =
pi(1 − pi) for i ≤ m, Σm+1,m+1 = λ3σ2, Σi,j = −pipj for i, j ≤ m and i = j
and Σi,m+1 = 0 for i ≤ m. Then the covariance function of the limiting Gaussian
process Q in Theorem 10.3.1 can be represented as

cov(Q(s),Q(s + t) = λ

∫ s

0
H(u)Hc(t + u) du

+σ2λ3
∫ s

0
Hc(t + u)Hc(u) du , (3.14)
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where H(t) ≡ P (V ≤ t) is the service-time cdf and Hc(t) ≡ 1 − H(t) is the
associated ccdf.

Borovkov (1967) established a heavy-traffic limit justifying (3.14) for general
service-time distributions. Borovkov assumes that the scaled arrival process con-
verges to λ3/2σB, where B is standard Brownian motion. For general service-time
cdf H and Brownian arrival-process limit, the heavy-traffic limit shows that the sta-
tionary queue length in the G/GI/∞ model is approximately distributed according
to

Q(∞) ≈ N(γ, γzQ) , (3.15)

where γ ≡ λ/µ is the total offered load and

zQ = µ

∫ ∞

0
H(u)Hc(u) du + λ2µσ2

∫ ∞

0
Hc(u)2 du

= 1 + (c2
U − 1)µ

∫ ∞

0
Hc(u)2 du , (3.16)

with c2
U ≡ λ2σ2.

To put the normal approximation in (3.15) in perspective, the steady-state mean
is exactly EQ(∞) = γ by Little’s law, L = λW . With a Poisson arrival process,
Q(∞) has a Poisson distribution with mean γ, which is asymptotically normal
as λ goes to infinity with fixed service rate µ. With a Poisson arrival process,
c2
U = c2

u = 1; when c2
U = 1, zQ = 1 and σ2

Q = γ.
More generally, we see that the asymptotic variance is γzQ, so that Q(∞) tends to

differ from the mean γ by amounts of order O(√γzQ) as γ gets large. The variance
scale factor zQ is called the asymptotic peakedness. More generally, the peakedness
is the ratio

V ar(Q(∞)/EQ(∞) = V ar(Q(∞))/γ .

The peakedness and the asymptotic peakedness are often used in approximations of
loss and delay systems with finitely many servers; see Eckberg (1983, 1985), Whitt
(1984a, 1992b) and Srikant and Whitt (1996).

A key quantity in the asymptotic peakedness is the integral µ
∫∞
0 Hc(u)2 du.

It varies from 1 when H is the cdf of the unit point mass on µ−1 to 0. That
integral tends to decrease as the service-time distribution gets more variable with
the mean held fixed. Note that the effect of sevice-time variability on the asymptotic
peakedness zQ depends on the sign of (c2

U − 1).

Remark 10.3.3. Exponential service times. When the space scaling is by cn =
√

n,
the limit process for the arrival process is Brownian motion and the service times
are exponential with ccdf Hc(t) = e−µt, the limiting Gaussian process Q becomes
an Ornstein-Uhlenbeck diffusion process with infinitesimal mean −µx and diffusion
coefficient γµ(c2

u+1) for γ =
∑m

i=1 λixi. Direct heavy-traffic limits for the M/M/∞
and GI/M/∞ models were established by Iglehart (1965) and Whitt (1982c). When
H is exponential, µ

∫∞
0 Hc(u) du = 1/2, so that zQ = (c2

U + 1)/2.
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Remark 10.3.4. Prediction with nonexponential service times. The fact that the
limit process is a Markov process when the limit process for the arrival process is
Brownian motion and the service times are exponential implies that, for exponential
service times, in the heavy-traffic limit the future evolution of the process depends
on the past only through the present state. In the heavy-traffic limit there is no
benefit from incorporating additional information about the past.

However, that is not the case for nonLévy limit processes for the arrival process
and nonexponential service-time distributions. Then the elapsed service times of
customers in service give information about the remaining service times of these
customers.

As can be seen from the covariance formula in (3.14), the transient behavior
depends on the full service-time cdf.

Example 10.3.1. Transient behavior in the M/GI/∞ queue. Suppose that at
some instant in steady state there happen to be n busy servers in an M/GI/∞
model. In the case of a Poisson arrival process, we can decribe the future transient
behavior, because, conditional on Q(0) = n, the n elapsed service times and the
n residual service times are each distributed as n IID random variables with the
stationary-excess cdf associated with the service-time cdf H, i.e.,

He(t) = µ

∫ t

0
Hc(u) du, t ≥ 0 . (3.17)

Moreover, the number of new arrivals after time 0 that are still in service at a
later time t is independent of the customers initially in service and has a Poisson
distribution with mean λµ−1He(t); see Duffield and Whitt (1997).

As a consequence, it is elementary to compute the mean and variance of the
conditional number of customers in the system at any future time, given the initial
number n. If the arrival rate and offered load are large, then the number of customers
in the system is likely to be large. From the properties above, we obtain a normal
approximation refining the conditional mean. We can exploit this structure to study
various control schemes to recover from rare congestion events.

10.4. An Increasing Number of Servers

We now want to consider a third heavy-traffic limiting regime for multiserver
queues. Just as we treated queues with superpositions of an increasing number
of arrival processes in Section 9.8, we now want to treat queues with an increasing
number of servers. Now we let the number m of servers go to infinity as the traffic
intensity ρ approaches 1, the critical value for stability.

The m-server model we consider now is the standard m-server queue with un-
limited waiting room and the FCFS service discipline. Customers are assigned in
order of arrival to the first available server, with some unspecified procedure to
break ties. the service times are independent of the arrival process and come from
a sequence of IID random variables with mean µ−1. The arrival rate is λ and the
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traffic intensity is ρ ≡ λ/µm. Heavy traffic will be obtained by increasing the arrival
rate, using simple time scaling, just as done for the infinite-server model. But now
we increase m as well as λ.

Just as in Remark 9.8.2, when the number of servers becomes large, the relevant
time scale for an individual customer becomes different from the time scale of the
system. The times between successive departures from the queue become much
shorter than the individual service times. If there are many input streams as well
as many servers, the time scale for individual customers is consistently much longer
than the time scale for the queue. Thus, as in Section 9.8, the short-time behavior
of individual customers will affect the large-time behavior of the queue.

We can use the infinite-server model to determine what the appropriate limiting
regime for the m-server model should be. We will apply the infinite-server model
to show that, when there is space scaling by cn = nH for 0 < H < 1, we should
have m → ∞ and ρ → 1 with

m1−H(1 − ρ) → β (4.1)

for 0 < β < ∞. (As before, the common case is H = 1/2.) Note that the growth
rate here is the same as for superposition arrival processes in (8.10).

10.4.1. Infinite-Server Approximations
More generally, we can use an infinite-server model to estimate how many servers
are needed in a finite-server system in order to achieve desired quality of service. To
do so, we let the infinite-server model have the same arrival and service processes
as the m-server model. We can use the probability that m or more servers are busy
in the infinite-server model as a rough approximation for the same quantity in an
m-server model.

For that purpose, we let m = mp, where

P (Q(∞) ≥ mp) = p (4.2)

for a target tail probability p. We can use Theorem 10.3.1 to generate an approxima-
tion for the distribution of Q(∞) and determine how the threshold mp should grow
as the arrival rate increases. We assume that Theorem 10.3.1 holds with cn = nH

for 0 ≤ H ≤ 1. Then

Qn(t) ≈ nq(t) + nHQ̃(t) . (4.3)

If we focus on the steady-state behavior, which occurs for t ≥ max{x1, . . . , xm}
when the limit process A has stationary increments, then

Qn(∞) ≈ n

m∑
i=1

λixi + nHQ̃(∞) . (4.4)

Let γ denote the total offered load, which here is

γ = EQn(∞) = n

m∑
i=1

λixi . (4.5)
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Since the total offered load can be expressed in terms of the traffic intensity ρ and
the number of servers m by γ = mρ, we can replace (4.4) by

Q(∞) ≈ ρm + (cρm)HQ̃(∞) . (4.6)

for a constant c. (For γ = n
∑m

i=1 λixi, c = n.)
Combining equations (4.2) and (4.6), we obtain the approximation

P (Q(∞) ≥ m) ≈ P (Q̃(∞) ≥ m(1 − ρ)/(cρm)H) . (4.7)

Let xp be the (1 − p)th quantile of the distribution of Q̃(∞), i.e.,

P (Q̃(∞) ≥ xp) = p . (4.8)

Combining (4.7) and (4.8), we obtain mp(1 − ρ) = (cρmp)Hxp or

mp ≈ (xp(cρ)H/(1 − ρ))1/(1−H) . (4.9)

Approximation (4.9) specifies the required number of servers, using the infinite-
server constraint (4.2) and the heavy-traffic limit established in Theorem 10.3.1.

In the common case in which cn = n1/2 and Q(∞) has the normal approximation
in (3.15), we have the approximation

P (Q(∞) ≥ m) ≈ P (N(γ, γzQ) ≥ m) = Φc((m − γ)/
√

γzQ) , (4.10)

where γ ≡ ρm is again the offered load, zQ is the asymptotic peakedness and Φc is
the standard normal ccdf. Then we obtain the special case of (4.9)

mp ≈ ((xp
√

ρzQ)/(1 − ρ))2 . (4.11)

Thus, we have developed an approximation for the required number of servers
in an m-server system based on an infinite-server-model approximation. This same
approach applies to multiserver queues with time-varying arrival rates; see Jennings,
Mandelbaum, Massey and Whitt (1996).

Note that equations (4.9) and (4.11) show that there is increased service efficiency
as the number m of servers increases. The traffic intensity at which the system can
satisfy the performance constraint (4.2) increases as m increases; see Smith and
Whitt (1981) and Whitt (1992) for further discussion.

From (4.9) and (4.11), we also can determine the rate at which m should grow as
ρ → 1 in m-server systems so that the probability of delay approaches a nondegen-
erate limit (a limit p with 0 < p < 1). In the infinite server model, we meet the tail
probability constraint (4.2) as the arrival rate increases (by simple time scaling as
in the previous subsection) if m → ∞ and ρ ≡ γ/m → 1 with m and ρ related by
(4.9). In other words, we obtain (4.1) as an estimate of the way in which m should
be related to ρ as m → ∞ and ρ → 1 in the m-server model.

10.4.2. Heavy-Traffic Limits for Delay Models
Of course, the infinite-server model is just an approximation. It remains to estab-
lish heavy-traffic limits as ρ → 1 and m → ∞ with (4.1) holding in an m-server
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model. However, this third limiting regime is more complicated, evidently requir-
ing methods beyond the continuous-mapping approach. We will briefly summarize
heavy-traffic limits established in this regime by Halfin and Whitt (1981) for
the GI/M/m model, having exponential service times and H = 1/2. Puhalskii
and Reiman (2000) established heavy-traffic limits, with more complicated limit
processes, for the more general GI/PH/m model with phase-type service-time
distributions.

Let Qm(t) be the queue length at time t and let Qm(∞) be the steady-state
queue length in a standard GI/M/m model with m servers. Let the interarrival
times be constructed from a sequence {Uk : k ≥ 1} of IID random variables with
mean 1 and SCV c2

u. When the number of servers is m, let the interarrival times be

Um,k ≡ Uk/λm , (4.12)

so that the arrival rate in model m is λm. Let the individual service rate be µ for
all m, so that the traffic intensity as a function of m is ρm = λm/µm.

We now state the two main results from Halfin and Whitt (1981) without proof.
The first concerns the steady-state distribution. The second is a FCLT.

Theorem 10.4.1. (necessary and sufficient conditions for asymptotically nonde-
generate delay probability) For the family of GI/M/m models specified above,

lim
m→∞ P (Qm(∞) ≥ m) = p, 0 < p < 1 , (4.13)

if and only if the arrival rate λm increases with m so that

lim
m→∞(1 − ρm)m1/2 = β, 0 < β < ∞ , (4.14)

in which case

p = [1 + ξ
√

2πΦ(ξ)exp(ξ2/2)]−1 , (4.15)

where

ξ = 2β/(1 + c2
u) . (4.16)

Moreover, if (4.14) holds, then

m1/2(Qm(∞) − m) ⇒ Z in R , (4.17)

where

P (Z ≥ 0) = p, P (Z > x|Z ≥ 0) = e−xξ (4.18)

and

P (Z ≤ x|Z ≤ 0) = Φ(x + ξ)/Φ(ξ) (4.19)

for ξ in (4.16).

To state the FCLT, we construct random elements of D ≡ D([0,∞), R) by letting

Qm(t) ≡ m−1/2(Qm(t) − m), t ≥ 0 . (4.20)
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There is no time scaling in (4.20) because the arrival rate λm is allowed to grow
directly.

Theorem 10.4.2. (Heavy-traffic FCLT with an increasing number of servers) If
(4.14) holds and Qm(0) ⇒ Q(0) in R, then

Qm ⇒ Q in (D, J1) as m → ∞ , (4.21)

where Q is a diffusion process starting at Q(0) with infinitesimal mean

m(x) =
{

−µβ, x ≥ 0
−µ(x + β), x < 0 ,

diffusion coefficient

σ2(x) = µ(1 + c2
u) .

and the steady-state distribution of Z in Theorem 10.4.1.

As indicated earlier, generalizations of Theorem 10.4.2 to GI/PH/m queues have
been established by Puhalskii and Reiman (2000). Generalizations to Markovian
service networks with time-varying arrivals have been established by Mandelbaum,
Massey and Reiman (1998). Approximations for the steady-state queue-length dis-
tribution and other steady-state distributions in GI/GI/m models based partly on
Theorem 10.4.1 are discussed in Whitt (1992, 1993a).

A large number of servers also affects the departure process from a queue. As
shown by Whitt (1984f), under regularity conditions, even with general service-time
distributions the departure process can be approximated by a Poisson process. As
with the superposition arrival process, the Poisson property applies in a relatively
short time scale.

Remark 10.4.1. State dependence. Even when restricting attention to simple
Markovian M/M/m queues, the limit process in Theorem 10.4.2 differs signifi-
cantly from the limit processes when m = 1 and m = ∞. As shown in Section
10.2, the heavy-traffic limit for any fixed m is the same as for m = 1, but if we
let m → ∞ so that (4.1) holds, then we obtain a limiting diffusion process with a
nonlinear drift function, which shows that there is significant state-dependence.

In contrast, the limit processes for single-server and infinite-server queues have
essentially linear drift. For the single-server queues, there is constant drift, mod-
ified only by the reflection at the barriers. As a consequence of the scaling, the
barrier disappears in the heavy-traffic limit for infinite-server models. Then the
limit process has linear drift.

State dependent behavior may be important to capture in queueing models. In
addition to the state-dependent consequence of multiple servers, state-dependence
occurs when there is balking (customers refusing to join a queue when it is con-
gested) or reneging (customers abandoning the queue after waiting a long time).
See Garnett, Mandelbaum and Reiman (2000) and Ward and Glynn (2001) for
heavy-traffic limits for queues with reneging.

It is natural to model state-dependent behavior directly by birth-and-death pro-
cesses. We can then establish heavy-traffic limits in which the birth-and-death
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processes converge to diffusion processes. However, diffusion processes are contin-
uous analogs of birth-and-death processes, so we may not gain much from such a
limit, if we cannot show that the same limit holds for more general processes. How-
ever, state-dependence is sufficiently complicated that we may have to be content
doing all the analysis in a Markovian framework. For discussions of heavy-traffic
limits for Markovian queues with state-dependence, see Browne and Whitt (1995),
Pats (1994) and Mandelbaum and Pats (1995, 1998).

State dependence also arises when the service times and arrival times depend on
the level of congestion; see Whitt (1990) for heavy-traffic limits in that setting.

10.4.3. Heavy-Traffic Limits for Loss Models
There is a heavy-traffic story for m-server loss models that closely parallels the
heavy-traffic limits for m-server delay models just considered. We will consider
G/M/m loss models, in which all arrivals finding the m servers busy are blocked
and lost, without affecting future arrivals. We will assume that the scaled arrival
process satisfies a FCLT. Let A be a rate-1 counting process and let

Aλ(t) ≡ λ−1/2(A(λt) − λt), t ≥ 0 . (4.22)

The first heavy-traffic limit is for the blocking probability. Let Bm be the blocking
probability (the long-run proportion of arrivals that are blocked) as a function of
the number of servers, m. The first heavy-traffic theorem is a local limit theorem
due to Borovkov (1976). Related work is discussed in Whitt (1984a). A simple proof
for the classical M/M/m Erlang loss model is given in the appendix there. More
detailed asymptotics for the Erlang model is contained in Jagerman (1974).

Theorem 10.4.3. (heavy-traffic limit for the blocking probability) Consider a se-
quence of GI/M/m loss models indexed by m with fixed individual service rate µ
and arrival process {A(λt) : t ≥ 0}. Suppose that Aλ ⇒ σAB as λ → ∞ for Aλ

in (4.22) and B standard Brownian motion, which for the renewal arrival process
here is equivalent to the interarrival time having finite variance σ2

A. If λ → ∞ and
m → ∞ so that (4.14) holds or, equivalently, so that

(m − γ)/γ → β (4.23)

for γ ≡ λ/µ, then

lim
m→∞

√
γBm =

√
z φ(β/

√
z)/Φ(−β/

√
z) ,

where z = (σ2
A + 1)/2 is the asymptotic peakedness in (3.16).

There are significant differences between Theorems 10.4.3 and 10.4.1. Under the
same conditions, the probability of delay in the GI/M/m delay model approaches
a nondegenerate limit, while the blocking probability in the GI/M/m loss model
is order 1/

√
m as m → ∞. However, in both cases, the heavy-traffic limits show

that the normal or critical operating regime when the offered load γ is large is
m = γ + c

√
γ for some constant c. The critical-loading regime is important for
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establishing asymptotic results for more general loss systems; e.g., see Hunt and
Kelly (1989) and Reiman (1989, 1990b).

We now turn to the FCLT, in which we allow a general stationary arrival process.
As above, we start with a rate-1 process. The FCLT is from Srikant and Whitt
(1996), but it is closely related to Theorem 2 on p. 177 of Borovkov (1984).

Theorem 10.4.4. (FCLT for G/M/m loss models) Consider a sequence of
G/M/m loss models indexed by the number of servers, m, where the individual
service rate is fixed at µ. Suppose that the arrival process is {A(λt) : t ≥ 0}, where
A is a general stationary rate-1 process satisfying Aλ ⇒ σAB as λ → ∞ for Aλ in
(4.22) and B standard Brownian motion. Suppose that m → ∞ and γ ≡ λ/µ → ∞
with (4.23) holding and γ−1/2(Qm(0) − m) ⇒ y, where {Qm(t) : t ≥ 0} is the
queue-length process in model m. Then

Qm ⇒ Q in (D, J1) ,

where

Qm(t) ≡ γ−1/2(Qm(t) − m), t ≥ 0 ,

and Q is a reflected Ornstein-Uhlenbeck process with infinitesimal mean m(x) =
−µ(x + β) for x ≤ 0, infinitesimal variance σ2(x) = µ(1 + σ2

A), initial position
Q(0) = y and instantaneous reflecting barrier above at 0.

Remark 10.4.2. Exponential service times. In the case of exponential service
times, the heavy-traffic limits for the infinite-server, delay and loss models involve
essentially the same Ornstein-Uhlenbeck (OU) diffusion process. Of course, for the
delay model, the diffusion acts like the OU diffusion only on part of its state space,
i.e., when the servers are not all busy. The diffusion coefficient in the case of the
infinite-server model in Remark 10.3.3 appears different only because the space
scaling there is by

√
n instead of by the square root of the offered load; the offered

load there is n
∑m

i=1 λixi.

10.4.4. Planning Simulations of Loss Models
Just as in Section 5.8, the heavy-traffic stochastic-process limits here can be used to
help plan simulations. Assuming that our goal is to estimate the long-run blocking
probability, we can use the heavy-traffic limits to produce approximations for the
blocking probability and the asymptotic variance of the estimator appearing in
the formulas for the required simulation run length to achieve desired statistical
precision. Estimators of the blocking probability were investigated by Srikant and
Whitt (1996, 1999).

The natural estimator for the steady-state blocking probability B based on
observations of the system over the time interval [0, t] is

B̂N (t) ≡ L(t)/A(t) , (4.24)

where L(t) is the number of lost arrivals and A(t) is the number of arrivals in [0, t].
Since we may know the arrival rate in a stationary arrival process with rate λ, an
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alternative simple estimator is

B̂S(t) ≡ L(t)/λt . (4.25)

Another alternative estimator can be based on Little’s law, L = λW . From Little’s
law, we have the relation

EQ(∞) = λ(1 − B)/µ ; (4.26)

here the effective arrival rate for admitted customers is λ(1 − B). Hence an
alternative indirect estimator is

B̂I(t) ≡ 1 − m̂(t)/γ , (4.27)

where γ ≡ λ/µ is the offered load and m̂(t) is an estimator of the steady-state
mean EQ(∞). (Since we are considering a simulation, we assume that λ and µ are
known.) It is natural for m̂(t) to be the sample mean

m̂(t) ≡ t−1
∫ t

0
Q(u) du , (4.28)

As in Section 5.8, the required simulation run length t is proportional to the
asymptotic variance of the estimator, denoted again by σ2. (Let us use the crite-
rion of absolute error.) However, the computational effort to simulate for time t is
approximately proportional to λt, because that is the expected number of arrivals
in the interval [0, t]. Hence it is natural to focus on the workload factor λσ2.

Srikant and Whitt (1996) apply heavy-traffic limits to develop approximations
for the workload factors associated with the different estimators of the block-
ing probability. As a function of the basic parameters, they obtain the following
approximation for the workload factor of the indirect estimator:

wI ≡ wI(m, β, c2
a, c2

s, z) ≈ (c2
a + c2

s)
2

ψI(β/
√

z) , (4.29)

where

ψI(x) ≡ wI(∞, x, 1, 1, 1) (4.30)

is the canonical workload factor associated with the M/M/m loss model asymptot-
ically as m → ∞, β ≡ (γ−m)/

√
γ is the scaled offered load and z is the peakedness.

The approximations for the workload factors of the natural and simple estimators
have the same form in (4.29) except the canonical workload factors are different.
Since ψS ≈ ψN , we henceforth restrict attention to the simple estimator and the
indirect estimator.

To partially demonstrate that there is indeed such statistical regularity, in Fig-
ures 10.1 and 10.2 we plot the exact workload factors for the simple and indirect
estimators as functions of β for several different values of m, ranging from m = 25
to m = 800.

The fact that the curves tend to fall on top of each other in the figures (except
in one tail) shows that there is indeed remarkable statistical regularity. The differ-
ent shape shows that the simple estimator is much more efficient in light loading,
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Figure 10.1. Workload factors wI ≡ λσ2
S for the simple estimator B̂S(t) in the M/M/m

loss model with µ = 1 as a function of the scaled arrival rate β for several numbers of
servers, here denoted by s.

while the indirect estimator is much more efficient in heavy loading. Srikant and
Whitt (1999) show that an empirically determined convex combination of these two
estimators has the desirable qualities of both estimators, and is even more efficient.
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Figure 10.2. Workload factors wI ≡ λσ2
I for the as a function of the scaled arrival rate β

for several numbers of servers, here denoted by s.

Srikant and Whitt (1996) present theoretical arguments supporting the approx-
imations, some of which involve heavy-traffic stochastic-process limits. They also
present numerical comparisons based on simulation experiments that support the
approximations for GI/GI/m models.
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Paralleling the heavy-traffic analysis for the single-server queue in Section 5.8,
it is natural to ask how the required simulation run length changes as the number
of servers, m, increases with the blocking probability held fixed. Interestingly, the
story here is very different from the single-server queue. If we fix the blocking
probability, then the required computational effort starting in steady state actually
decreases to 0 as m → ∞. On the other hand, the required run length to eliminate
the initialization bias, starting empty, is approximately independent of system size.
Hence, when the system size grows, a greater proportion of the computational effort
must be devoted to eliminating the initialization bias. Alternatively, different initial
conditions must be used in order to reduce initialization bias.



11
More on the Mathematical Framework

11.1. Introduction

In this chapter we discuss the mathematical framework for stochastic-process limits,
expanding upon the introduction in Chapter 3. For more details and discussion, see
Billingsley (1968, 1999) and Parthasarathy (1967).

Throughout, we formalize the notion of convergence using topologies. Hence we
start in Section 11.2 by reviewing basic topological concepts. In Section 11.3 we
discuss the topology on the space P of all probability measures on a general metric
space, expanding upon the introduction in Section 3.2.

In Section 11.4 we review basic properties of product spaces. We describe simple
criteria for the joint convergence of random elements and we state the important
(even if elementary) convergence-together theorem, which is used in many proofs.

In Section 11.5 we discuss the function space D containing the stochastic-process
sample paths, expanding upon the introduction in Section 3.3. We introduce the
other two Skorohod (1956) topologies – J2 and M2 – and provide additional details.

In Section 11.6 we briefly describe the standard approach to establish stochastic-
process limits based on compactness and the convergence of the finite-dimensional
distributions. The compactness approach complements the continuous-mapping
approach described in Section 3.4.
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11.2. Topologies

In this book we focus on stochastic-process limits, i.e., the convergence of a sequence
of stochastic processes to a limiting stochastic process. We use topology to formalize
that notion. Indeed, to a large extent, this is a book about topology. Of course,
we use “topology” in the mathematical sense rather than the networking sense:
Here we characterize the convergence of sequences of abstract objects (stochastic
processes), rather than evaluate alternative configurations of nodes and links in a
communication network.

11.2.1. Definitions
In particular, we define a topology on a set of stochastic processes. To explain, we
briefly review basic topological concepts. Most of the concepts can be found in any
introductory book on topology; e.g., see Simmons (1963) and Dugundji (1967).

A common way to define a topology on a set is via a metric, as defined in Section
3.2. In a metric space, we can regard the topology as a specification of which
sequences converge. A direct definition of a topology involves subsets of the set S.
We assume familiarity with elementary set theory. It is important to distinguish
between elements and subsets of a set: When x is an element of a set S, we write
x ∈ S; then {x} is a subset of S and we write {x} ⊆ S. We write Ac, A ∩ B,
A ∪ B and A − B ≡ A ∩ Bc for complement, intersection, union and difference,
respectively.

So here is the direct definition: A topological space is a nonempty set S together
with a topology T , with the topology T being a collection (set) of subsets of S called
open sets satisfying certain axioms. In particular, a topology is any collection of
subsets, including the whole set S and the empty set φ, that is closed under arbitrary
unions and finite intersections. (Thus S ∈ T .) By closed under arbitrary unions, we
mean that arbitrary unions of sets in the topology are also in the topology.

Every metric determines a topology generated by (the smallest topology
containing) the open balls

Bm(x, r) ≡ {y ∈ S : m(x, y) < r} ,

for x ∈ S and r > 0, but not every topology can be induced by a metric. A topology
that can be induced by a metric is called metrizable. We will primarily be concerned
with metrizable topologies.

Given a topology T on a set S, we identify other sets (subsets of S) of interest.
A set is closed if its complement is open. Thus the special subsets S and φ in every
topology are both open and closed. We often use G to designate an open set and
F to designate a closed set. For any subset A, its closure A− is the intersection of
all closed sets containing A, which is closed; its interior A◦ is the union of all open
sets contained in A, which is open; and its boundary ∂A ≡ A− −A◦ is the difference
between the closure and the interior, which is closed.

The canonical example is the real line R with the usual distance m(a, b) = |a−b|.
Let (a, b] ≡ {t ∈ R : a < t ≤ b} and let other intervals be defined similarly. The
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intervals (a, b), (−∞, b) and (a,∞) are all open sets (called open intervals), while
the intervals [a, b], (−∞, b] and [a,∞) are all closed sets (called closed intervals).
The intervals (a, b), (a, b] and [a, b] all have boundary the two-point set {a, b}. The
open intervals (a, b) for −∞ < a < b < ∞ are the open balls inducing the topology.

A second example is the k-dimensional product space R
k. For any p, 0 < p < ∞,

‖a‖p ≡ (
k∑

i=1

|ai|p)1/p

for a ≡ (a1, . . . , ak) ∈ R
k is the Lp norm. The associated metric

mp(a, b) ≡ ‖a − b‖p

induces the Euclidean topology on R
k. As p → ∞, the Lp norm approaches the L∞

norm

‖a‖∞ ≡ max
1≤i≤k

|ai| ,

which also induces the Euclidean topology on R
k.

Finite unions and finite intersections of open (closed) sets are again open (closed).
We obtain new kinds of sets when we consider infinite unions or intersections. Be-
cause of our interest in probability measures on topological spaces, we are especially
interested in countably infinite unions and intersections. A set is a Gδ if it is a count-
able intersection of open sets, an Fσ if it is a countable union of closed sets, a Gδσ

if it is a countable union of Gδ sets, and so forth.
A specific topology on a set is determined by specifying which subsets are open.

That can be done by identifying a subbasis or a basis. A subbasis for the topology is
any family of sets such that the given topology is the smallest topology containing
that family. The topology generated by a subbasis contains the whole set S, the
empty set φ, all finite intersections from the subbasis and all unions from these
finite intersections. A basis is a family of open sets such that each open set is a
union of basis sets. Thus, the family of all finite intersections from a subbasis forms
a basis. For example, the collection of all open intervals with rational endpoints is
a basis for the real line with the usual topology.

A topology on a set is also determined by specifying which functions from the
given set to other topological spaces are continuous. A function f from one metric
space (S, m) to another metric space (S′, m′) is continuous if m′(f(xn), f(x)) → 0
as n → ∞ whenever m(xn, x) → 0 for a sequence {xn : n ≥ 1} in S. A function
f from one topological space S to another topological space S′ is continuous if the
inverse image of the open set G, f−1(G) ≡ {s ∈ S : f(s) ∈ G}, is an open set in S
for each open set G in S′.

One way to define a topology in terms of functions is to specify a class of func-
tions from the given set to another topological space, and then stipulate that the
topology is the smallest topology such that all functions in the designated class are
continuous. (The inverse images of open sets for the functions form a subbasis.)

A one-to-one function f : S → S′ mapping one topological space S onto another
topological space S′ such that both f and its inverse, mapping S′ onto S (which we
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also denote by f−1) are continuous is called a homeomorphism. (In the paragraph
above, f−1 maps subsets of S′ into subsets of S; here f−1 maps elements of S′ into
elements of S.) Two homeomorphic spaces are topologically equivalent. If we are
only concerned about topological concepts, then two homeomorphic spaces can be
regarded as two representations of the same space.

An important property held by some topological spaces is compactness. An open
cover is a collection of open sets whose union is the entire space. A topological space
is compact if each open cover has a finite subcover. In a metric space, a subset A is
compact if every sequence in A has a convergent subsequence with limit in A.

Every subset B of a topological space S becomes a topological space in its own
right with the relative topology, which contains all intersections of open subsets with
B, i.e., all sets of the form B ∩ G where G is open in S. A subset of a compact
topological space is itself compact if and only if the subset is closed. We often use
K to denote a compact subset.

For example, in the real line R with the usual metric m(a, b) = |a − b|, the
closed bounded interval [a, b] is compact, but the intervals (a, b), (a, b], (−∞, b) and
(−∞, b] are not compact.

Every (Cartesian) product of topological spaces
∏

i∈I Si becomes a topological
space with the product topology, which is defined by letting the subbasis contain
all sets of elements {xi : i ∈ I} such that xi0 ∈ Gi0 , where Gi0 is an open set in
Si0 for any single index i0. By Tychonoff’s theorem, arbitrary products of compact
topological spaces are compact.

Under regularity conditions, implied by the topology being metrizable, the topol-
ogy is determined by specifying which sequences of elements from the set converge
to limits in the set. A sequence {xn : n ≥ 1} in a topological space S converges to
a limit x in S if, for each open subset G containing x, there is an integer n0 such
that xn ∈ G for all n ≥ n0. In a metric space (S, m), the sequence converges if, for
all ε, there exists an integer n0 such that xn ∈ Bm(x, ε) for all n ≥ n0.

When sequences are not adequate, we can use nets. A sequence in S can be
regarded as a map from the positive integers into S; a net in S is a map from a
directed set into S. A directed set, say ∆, is a set with an order relation ≺ defined
on it, so that for any a, b ∈ ∆ there exists c ∈ ∆ such that a ≺ c and b ≺ c.
Of course the positive integers is a directed set; another directed set that is not
totally ordered is the set of all subsets of a given set ordered by set inclusion. A net
{xδ : δ ∈ ∆} in S in a topological space S converges to a limit x in S if, for each
open set G containing x, there is δ0 ∈ ∆ such that xδ ∈ G for all δ with δ0 ≺ δ.
However, as indicated above, in metric spaces it suffices to consider only sequences.
We only mention nets when it has not yet been established that the topological
space is metrizable.

Thus, in a metrizable topological space the topology can be specified in any of
the following ways:

(i) specifying the open subsets, e.g., by specifying a subbasis or a basis,

(ii) specifying a class of functions that must be continuous,
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(iii) defining a metric,

(iv) specifying which sequences converge.

11.2.2. Separability and Completeness
In addition to having the topological space be metrizable, we often want to impose
two additional regularity properties: separability and completeness. A topological
space is separable if it has a countable dense subset; a subset A is dense in a
topological space S if A− = S, i.e., if the closure of A is the whole space S. In
metric spaces, separability is equivalent to second countability, i.e., the topology
having a countable basis, which in turn is equivalent to every open cover having
a countable subcover. In a separable metric space, the balls Bm(x, r) of rational
radius r centered at points x in a countable dense set form a countable basis.
Separable metric spaces are quite general, but by the Urysohn embedding theorem,
any separable metric space is homeomorphic to a subset (with the relative topology)
of the space

[0, 1]∞ ≡ [0, 1] × [0, 1] × . . .

(with the product topology), which is metrizable as a compact metric space. The
separable metric space itself is in general not compact, however.

A sequence {xn : n ≥ 1} in a metric space (S, m) is fundamental (or satisfies the
Cauchy property) if, for all ε > 0, there exists n0 ≡ n0(ε) such that

m(xn, xm) < ε for all n ≥ n0 and m ≥ n0 .

A metric space (S, m) is complete if each fundamental sequence converges to a limit
in S. Completeness is useful for characterizing compactness, because a closed subset
of a complete metric space is compact if and only if it is totally bounded, i.e., any
cover by open balls has a finite subcover. (That is, in verifying that any open cover
has a finite subcover, we may restrict attention to covers containing open balls.)

We are primarily concerned about the topology induced by a metric rather than
the metric itself. We will often work with metrics that are not complete, but it will
usually be possible to construct a topologically equivalent metric that is complete.
When a topological space is metrizable as a complete metric space, we call the
topological space topologically complete. When we are interested in the topology
rather than the metric, the important property is topological completeness, not
completeness.

A topological space that is metrizable as a complete separable metric space is said
to be Polish. Closely related to Polish spaces are Lusin spaces. One topology T1 is
a stronger topology (or finer topology) than another T2 if it contains the other as a
proper subset, i.e., if T2 ⊆ T1. A set with a metrizable topology (or, more generally,
a Hausdorff topology) on which there is a stronger topology that is Polish is called
a Lusin space. A subset of a complete metric space is itself a complete metric space
(with the same metric) if and only if it is closed; a subset of a Polish space is Polish
if and only if it is a Gδ; a subset of a Lusin space is Lusin if and only if it is Borel
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measurable (see the next section). Countable products of Polish (Lusin) spaces are
again Polish (Lusin). A nice account of Polish and Lusin spaces, and probability
measures on them, is contained in Schwartz (1973). These spaces provide a natural
setting for stochastic-process limits; only rarely is greater generality needed.

11.3. The Space P
In this section we supplement the discussion in Section 3.2, in which we described
the set P(S) of probability measures on a separable metric space (S, m), endowed
with the topology of weak convergence.

11.3.1. Probability Spaces
In order to define probability measures on S, We make S a measurable space by
endowing S with a σ-field of measurable sets (subsets of S). We let S denote a
σ-field on S. Like a topology, a σ-field (on a set) is a collection of subsets of the
designated set satisfying certain axioms. In particular, a σ-field contains the whole
set and is closed under complements and countable unions. As usual, the sets in
the σ-field are the sets to which we can assign probability. A σ-field generated by
a collection of sets is the smallest σ-field containing those sets.

When we define a probability measure on a measurable space, we obtain a proba-
bility space. A probability measure on (S, S) is a real-valued function on S satisfying
0 ≤ P (A) ≤ 1 for all A ∈ S, P (S) = 1 and P (∪∞

n=1An) =
∑∞

n=1 P (An) whenever
{An : n ≥ 1} is a sequence of mutually disjoint subsets in S (No two of the subsets
have any points in common.).

We will want to consider functions mapping one measurable space (S, S) into
another (S′,S ′). A function h : (S, S) → (S′,S ′) is said to be measurable if
h−1(A′) ∈ S for each A′ ∈ S ′. A measurable map h : (S, S) → (S,S ′) induces
an image (probability) measure Ph−1 on (S′,S ′) associated with each probability
measure P on (S,S), defined by

Ph−1(A′) ≡ P (h−1(A′)) ≡ P ({s ∈ S : h(s) ∈ A′}).

forall A′ ∈ S ′.
So far, we have not exploited the topology on the space S. For a topological

space (S, T ), we always use the Borel σ-field B(S) generated by the open subsets
of S. In a metric space (S, m), the topology is generated by the metric m, i.e., by
the open sets determined by m. Assuming that the σ-fields are Borel σ-fields, all
continuous functions are measurable. Indeed, the Borel σ-field can be characterized
as the smallest σ-field such that all bounded continuous real-valued functions are
measurable.

Since a topology is closed under arbitrary unions, while a σ-field is closed under
countable unions, Borel σ-fields tend to be well behaved when the topological space
is second countable, i.e., has a countable basis. Thus, as an important regularity
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condition, we require that the metric space (S, m) be separable. Separability plays
an important role in product spaces; see Section 11.4 below.

11.3.2. Characterizing Weak Convergence
We are primarily interested in criteria for the convergence of a sequence of prob-
ability measures. As defined in Section 3.2, a sequence of probability measures
{Pn : n ≥ 1} on (S, m) converges weakly or just converges to a probability measure
P on (S, m), and we write Pn ⇒ P , if

lim
n→∞

∫
S

fdPn =
∫

S

fdP (3.1)

for all functions f in C(S), the space of all continuous bounded real-valued func-
tions on S. (In Section 1.4 of the Internet Supplement we give a “Banach-space”
explanation for the adjective “weak” in “weak convergence.”)

Note that we could require more. We could require that (3.1) hold for all bounded
measurable real-valued functions or for all indicator functions. That would be
equivalent to requiring that

Pn(A) → P (A) for all A ∈ B(S) ,

but we do not. Indeed, that mode of convergence is often too strong. To see why,
let

Pn({xn}) = 1 for n ≥ 1 and P ({x}) = 1 , (3.2)

where

xn → x as n → ∞ . (3.3)

If xn = x for infinitely many n, then Pn(A) → P (A) for A = {x}.
We can give a related equivalent characterization of weak convergence Pn ⇒

P . A measurable subset A for which P (∂A) = 0, where ∂A is the boundary of
A, is said to be a P -continuity set. Weak convergence Pn ⇒ P is equivalent to
“pointwise convergence” Pn(A) → P (A) for all P -continuity sets A in B(S). The
following “Portmanteau theorem” gives several alternative characterizations of weak
convergence.

Theorem 11.3.1. (alternative characterizations of weak convergence) The follow-
ing are equivalent characterizations of weak convergence Pn ⇒ P on a metric
space:

(i) limn→∞
∫

S
fdPn =

∫
S

fdP for all f ∈ C(S);

(ii) limn→∞
∫

S
fdPn =

∫
S

fdP for all uniformly continuous f in C(S);

(iii) lim supn→∞ Pn(F ) ≤ P (F ) for all closed F ;

(iv) lim infn→∞ Pn(G) ≥ P (G) for all open G;

(v) limn→∞ Pn(A) = P (A) for all P -continuity sets A;
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(vi) Pnf−1 ⇒ Pf−1 on R for all f ∈ C(S);

(vii) Pnf−1 ⇒ Pf−1 on R for all uniformly continuous f in C(S).

The different equivalent criteria in Theorem 11.3.1 can be understood by looking
further at the deterministic example in (3.2)–(3.3). A key property used in the proof
of Theorem 11.3.1 is the ability to approximate probabilities of measurable sets by
the probabilities of open and closed sets.

Theorem 11.3.2. (approximation by closed and open sets) Let P be an arbitary
probability measure on a metric space (S, m) with the Borel σ-field B(S). For all
A ∈ B(S) and all ε > 0, there exists a closed set F and an open set G with

F ⊆ A ⊆ G

such that

P (G − F ) < ε .

It is also useful to be able to approximate probabilities by the probability of
compact subsets. A probability measure on a topological space S is said to be tight
if, for all ε > 0, there exists a compact supset K such that

P (K) > 1 − ε .

The following is an important property of Lusin spaces; again see Schwartz (1973).

Theorem 11.3.3. (approximation by compact sets) In a Lusin space S all prob-
ability measures are tight. Let P be an arbitrary probability measure on a Lusin
space S with its Borel σ-field B(S). For all A ∈ B(S) and all ε > 0, there exists a
compact set K with K ⊆ A such that

P (A − K) < ε .

We put the notion of weak convergence just given in a standard topological
framework by observing that it can be characterized by a metric. That can be done
in several ways; one is with the Prohorov metric defined in (2.2) in Section 3.2. We
remark that in the definition of the Prohorov metric it suffices to restrict attention
to A being a closed subset of S. The space P(S) tends to inherit properties from
the underlying space S. Given that (S, m) is a separable metric space, the space
(P(S), π) is topologically complete or compact if and only if (S, m) is. Moreover,
the subset of probability measures in P(S) assigning unit mass to individual points
in S with the relative topology is homeomorphic to S itself. See Chapter II of
Parthasarathy (1967).

On the real line R, we often use metrics applied to cumulative distribution func-
tions (cdf’s). The Lévy metric, say λ, is defined by (2.2) in Section 3.2 but only
considering sets of the form A = (−∞, x]. Clearly, λ ≤ π, but both λ and π induce
the topology of weak convergence in P(R).
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11.3.3. Random Elements
As indicated in Section 3.2, instead of directly referring to probability measures,
we often use random elements. We now restate Theorem 11.3.1 in terms of random
elements. We say that a subset A in B(S) is an X-continuity set if P (X ∈ ∂A) = 0.

Theorem 11.3.4. (alternative characterizations of convergence in distribution)
The following are equivalent characterizations of convergence in distribution Xn ⇒
X for random elements of a metric space:

(i) limn→∞ Ef(Xn) = Ef(X) for all f ∈ C(S);

(ii) limn→∞ Ef(Xn) = Ef(X) for all uniformly continuous f in C(S);

(iii) lim supn→∞ P (Xn ∈ F ) ≤ P (X ∈ F ) for all closed F ;

(iv) lim infn→∞ P (Xn ∈ G) ≥ P (X ∈ G) for all open G;

(v) limn→∞ P (Xn ∈ A) for all X-continuity sets A;

(vi) f(Xn) ⇒ f(X) in R for all f ∈ C(S);

(vii) f(Xn) ⇒ f(X) in R for all uniformly continuous f in C(S).

The adjective “weak” in “weak convergence” distinguishes convergence in dis-
tribution Xn ⇒ X from the stronger convergence Xn → X with probability one
(w.p.1), which is called a strong limit. (The strong limit can hold only when Xn

and X are defined on a common probability space.) We will give an alternative
explanation for using the adjective “weak” below.

We now elaborate further on the meaning of weak convergence Pn ⇒ P . First,
notice that the definition of the Prohorov metric allows the probability measure P2
to assign a mass π(P1, P2) arbitrarily far from where P1 assigns its mass, allowing
for a small chance of a big error. We can better understand the Prohorov metric π
by considering a special representation, originally due to Strassen (1965); also see
Billingsley (1999) and Pollard (1984).

The Strassen representation theorem relates the Prohorov distance between two
probability measures to the distance in probability between two specially con-
structed random elements with those probability laws. For two random elements
X1 and X2 of a separable metric space (S, m) defined on the same underlying prob-
ability space (Ω, F , P ), the in-probability distance between X1 and X2 is defined
by

p(X1, X2) ≡ inf{ε > 0 : P (m(X1, X2) > ε) < ε} . (3.4)

(We need separability for m(X1, X2) to be a legitimate random variable; see the
next section. The distance p is only a pseudometric because p(X1, X2) = 0 does
not imply that X1 = X2.)

It is easy to see that

π(PX−1
1 , PX−1

2 ) ≤ p(X1, X2)
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for any random elements mapping an underlying probability space (Ω,F , P ) into
a separable metric space (S, m). The Strassen representation theorem allows us to
go the other way for specially constructed random elements.

Theorem 11.3.5. (Strassen representation theorem) For any ε > 0 and any two
probability measures P1 and P2 on a separable metric space (S, m), there exist special
S-valued random elements X1 and X2 on some common underlying probability space
such that

PX−1
i = Pi for i = 1, 2

and

p(X1, X2) < π(P1, P2) + ε , (3.5)

where p is the in-probability distance in (3.4). If the two probability measures P1 and
P2 are tight, which always holds if (S, m) is also a Lusin space, then the random
elements X1 and X2 can be constructed so that

p(X1, X2) = π(P1, P2) . (3.6)

The Strassen representation theorem says that the Prohorov distance between
probability measures can be realized (possibly only via an infimum) as the distance
in probability between two specially constructed random elements on a common
probability space that have the given probability measures as their probability
laws. It suffices to let the underlying probability space be the product space (S, m)×
(S, m) and the random elements be the coordinate projections. The problem then is
to construct the probability measure on (S, m)× (S, m) with the specified marginal
probability laws satisfying (3.5) or (3.6).

Example 11.3.1. A simple example. To fix ideas it is useful to consider an ex-
ample. In Table 11.1 we specify three different random variables defined on a
simple probability space (Ω, F , P ). The sample space Ω contains only four ele-
ments; the σ-field F contains all subsets; and the probability measure P assigns
equal probabilities to each set containing a single point.

Ω P ({ω}) X1(ω) X2(ω) X3(ω)
ω1 1/4 1/4 3/4 1/4
ω2 1/4 2/4 4/4 2/4
ω3 1/4 3/4 1/4 3/4
ω4 1/4 4/4 2/4 100

Table 11.1. Three possible random variables

In Table 11.2 we display the distances π(PX−1
1 , PX−1

2 ) and p(X1, X2), along
with the uniform distance between the random variables ‖ X1 − X2 ‖, where

‖ X ‖ ≡ sup
ω∈Ω

|X(ω)| .
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distance i = 1, j = 2 i = 1, j = 3 i = 2, j = 3
π(PX−1

i , PX−1
j ) 0 1/4 1/4

p(Xi, Xj) 1/2 1/4 1/2
‖Xi − Xj‖ 1/2 99 99 1/4

Table 11.2. Distances between the random variables

Note that the random variables X1 and X2 are different, but they have the same
distribution. The distances always increase as we go down in Table 11.2, but
generalizations going sideways are hard to make.

The Skorohod representation theorem, Theorem 3.2.2, also helps to understand
the topology of weak convergence.

11.4. Product Spaces

We are often interested in joint convergence of random elements: We want to go
beyond Xn ⇒ X and Yn ⇒ Y to obtain (Xn, Yn) ⇒ (X, Y ). We consider such
joint limits because we want to understand the joint distribution of Xn and Yn. We
also often require the joint convergence in order to apply the continuous-mapping
approach.

First, to have a vector random element (X, Y ) well defined, we need X and Y to
be defined on a common underlying probability space. Then, given random elements
X of a separable metric space (S′, m′) and Y of a separable metric space (S′′, m′′),
we can regard (X, Y ) as a random element of the product space associated with two
metric spaces (S′, m′) and (S′′, m′′), i.e.,

S ≡ S′ × S′′ ≡ {(x, y) : x ∈ S′, y ∈ S′′} .

The open rectangles G′ ×G′′ with G′ open in S′ and G′′ open in S′′ are a basis for
the product topology on S′ × S′′. The product topology is characterized by having
convergence (x′

n, x′′
n) → (x′, x′′) if and only if x′

n → x′ and x′′
n → x′′. The product

topology can be induced by several different metrics, one being the maximum metric

m((x1, y1), (x2, y2)) ≡ max{m′(x1, x2), m′′(y1, y2)} .

Similarly, the measurable rectangles A′ × A′′ with A′ measurable in S′ and A′′

measurable in S′′ generate the product σ-field on the product space S′ × S′′; i.e.,
the product σ-field is the smallest σ-field on S′ × S′′ containing the measurable
rectangles.

The following basic theorems explain why we need our metric spaces to be
separable, i.e., to have countable dense subsets.

Theorem 11.4.1. (separability of product spaces) The product space S′ ×S′′ with
the product topology is separable if and only if the component spaces S′ and S′′ are
separable.
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Theorem 11.4.2. (the Borel σ-field in product spaces) The Borel σ-field B(S)
associated with the product space S = S′ × S′′ with product topology is the product
σ-field B(S′) × B(S′′) if and only if the metric spaces (S′, m′) and (S′′, m′′) are
separable.

For a probability measure P on S ≡ S′ × S′′, marginal probability measures P ′

and P ′′ are defined on (S′,S ′) and (S′′,S ′′) by setting

P ′(A′) ≡ P (A′ × S′′) and P ′′(A′′) ≡ P (S′ × A′′)

for every A′ ∈ S ′ and A′′ ∈ S ′′. Thus, if (X, Y ) is a random element of S = S′ ×S′′

with probability law P , then P ′ and P ′′ are the probability laws of X and Y ,
respectively.

Theorem 11.4.3. (criteria for joint convergence) Suppose that the product space
S ≡ S′ ×S′′ with the product topology is separable. Then the following are each nec-
essary and sufficient conditions for convergence in distribution (Xn, Yn) ⇒ (X, Y )
in S:

(i) P (Xn ∈ A′, Yn ∈ A′′) → P (X ∈ A′, Y ∈ A′′)

for every X-continuity set A′ and every Y -continuity set A′′.

(ii) lim
n→∞

P (Xn ∈ F ′, Yn ∈ F ′′) ≤ P (X ∈ F ′, Y ∈ F ′′)

for every closed set F ′ in S′ and every closed set F ′′ in S′′.

(iii) lim
n→∞

P (Xn ∈ G′, Yn ∈ G′′) ≥ P (X ∈ G′, Y ∈ G′′)

for every open set G′ in S′ and every open set G′′ in S′′.

In general, we must verify one of the limits in Theorem 11.4.3 (i) – (iii) in order to
establish convergence in distribution for vector random elements, but there are two
special cases in which we easily get convergence in distribution for vector random
elements. One case involves independence and the other involves a deterministic
limit.

For given probability measures P ′ on (S′,S ′) and P ′′ on (S′′,S ′′), the product
probability measure P ′ × P ′′ on the product space S′ × S′′ with the product σ-field
S ′ × S ′′ is defined by

(P ′ × P ′′)(A′ × A′′) = P ′(A′)P ′′(A′′)

for every A′ ∈ S ′ and A′′ ∈ S ′′. By Theorem 11.4.2, the product measure is defined
on the Borel field of S′×S′′ when (S′, m′) and (S′′, m′′) are separable. When X and
Y are independent random elements of S′ and S′′, the probability law of (X, Y ) is
the product probability law P1X

−1×P2Y
−1, where Pi are the probability measures

in the underlying probability spaces.

Theorem 11.4.4. (joint convergence for independent random elements) Let Xn

and Yn be independent random elements of separable metric spaces (S′, m′) and
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(S′′, m′′) for each n ≥ 1. Then there is joint convergence in distribution

(Xn, Yn) ⇒ (X, Y ) in S′ × S′′

if and only if Xn ⇒ X in S′ and Yn ⇒ Y in S′′.

Theorem 11.4.5. (joint convergence when one limit is deterministic) Suppose that
Xn ⇒ X in a separable metric space (S′, m′) and Yn ⇒ y in a separable metric
space (S′′, m′′), where y is deterministic. Then

(Xn, Yn) ⇒ (X, y) in S′ × S′′ .

Proof. By Theorem 11.4.3, it suffices to show that

P (Xn ∈ A, Yn ∈ B) → P (X ∈ A, y ∈ B) (4.1)

for each X-continuity set A and y-continuity set B (i.e., where y ∈ ∂B). First
suppose that y ∈ B, which implies that P (Yn ∈ B) → 0. Then (4.1) holds because

P (Xn ∈ A) − P (Yn ∈ B) ≤ P (Xn ∈ A, Yn ∈ B) ≤ P (Xn ∈ A) .

Now suppose that y ∈ B. Then (4.1) again holds because

P (Xn ∈ A, Yn ∈ B) ≤ P (Yn ∈ B) → 0.

Given two random elements X and Y of a common metric space (S, m), we can
speak of the random distance m(X, Y ). Such a random distance is a legitimate real-
valued random variable when (S, m) is a separable metric space, but not otherwise;
see p. 225 of Billingsley (1968).

Theorem 11.4.6. (measurability of the distance between random elements) If
(S, m) is a separable metric space and X and Y are random elements of S de-
fined on a common domain, then m(X, Y ) is a legitimate measurable real-valued
random variable.

Note that convergence in distribution Yn ⇒ y to a deterministic limit in Theorem
11.4.5 (where (S′′, m′′) is a separable metric space) is equivalent to convergence in
probability; i.e., Yn ⇒ y above if and only if

P (m′′(Yn, y) > ε) → 0 as n → ∞

for all ε > 0.
We now give a useful way to establish new weak convergence limits from given

ones. We already used this result in our treatment of the Kolmogorov-Smirnov
statistic in Section 2.2.

Theorem 11.4.7. (convergence-together theorem) Suppose that Xn and Yn are
random elements of a separable metric space (S, m) defined on a common domain.
If Xn ⇒ X in S and m(Xn, Yn) ⇒ 0 in R, then

(Xn, Yn) ⇒ (X, X) in (S, m) × (S, m) .
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Proof. For any closed subset F of S, let F ε̄ be its closed ε-neighborhood, defined
by

F ε̄ ≡ {y ∈ S : m(x, y) ≤ ε for some x ∈ F} .

For any two closed subsets F1 and F2 of S,

P (Xn ∈ F1, Yn ∈ F2) ≤ P (Xn ∈ (F1 ∩ F2)ε̄) + P (m(Xn, Yn) ≥ ε) ,

so that

lim
n→∞

P (Xn ∈ F1, Yn ∈ F2) ≤ lim
n→∞

P (Xn ∈ (F1 ∩ F2)ε̄) ≤ P (X ∈ (F1 ∩ F2)ε̄)

by Theorem 11.3.4 (iii), since Xn ⇒ X. Letting ε ↓ 0, we have P (X ∈ (F1 ∩F2)ε̄) ↓
P (X ∈ (F1 ∩ F2)). Hence,

lim
n→∞

P (Xn ∈ F1, Yn ∈ F2) ≤ P (X ∈ F1, X ∈ F2) ,

which implies the conclusion by Theorem 11.4.3.
We usually use Theorem 11.4.7 in proofs to obtain a desired limit Yn ⇒ X in S

(one coordinate only) by treating a closely related sequence {Xn} that is easier to
analyze. There is a converse to Theorem 11.4.7 that adds insight into the significance
of joint convergence to a common limit. We not only get the two marginal limits
Xn ⇒ X and Yn ⇒ X, but we also get asymptotic equivalence of Xn and Yn.

Theorem 11.4.8. (asymptotic equivalence from joint convergence) Suppose that
Xn and Yn are random elements of a separable metric space (S, m) with a common
domain. If (Xn, Yn) ⇒ (X, X) in S × S, then

m(Xn, Yn) ⇒ 0 in R .

Proof. Apply the Skorohod representation theorem to replace the convergence in
distribution (Xn, Yn) ⇒ (X, X) in S × S by convergence w.p.1 for the special
versions X̃n and Ỹn. Then apply the triangle inequality in (S, m) to deduce that
m(X̃n, Ỹn) → 0 w.p.1. Finally, note that m(Xn, Yn) has the same distribution as
m(X̃n, Ỹn), so that we obtain the desired conclusion.

11.5. The Space D

In this section we supplement the discussion of the functions space D in Section
3.3, primarily by introducing the Skorohod (1956) J2 and M2 topologies. For the
discussion here, we assume that the functions are real-valued and that the function
domain is [0, 1].

We start by making some observations about the J1 metric defined in (3.2) of Sec-
tion 3.3. The metric dJ1 is incomplete, but the topology is topologically complete;
there exists a topologically equivalent metric that is complete; see Billingsley (1968).



11.5. The Space D 381

The space (D, J1) is separable; a countable dense set is made up of the rational-
valued piecewise-constant functions with only finitely many discontinuities, all at
rational time points in the domain [0, 1]. Thus the space (D, J1) is Polish. The J1
topology can also be defined on D spaces with more general ranges. We can let the
range be R

k or any Polish space.

11.5.1. J2 and M2 Metrics
A metric inducing the J2 topology on D([0, 1], R) is defined by replacing the set of
functions Λ by the larger set Λ′ of all one-to-one maps of [0, 1] onto [0, 1], without
requiring any continuity, i.e.,

dJ2(x1, x2) ≡ inf
λ∈Λ′

{‖x1 ◦ λ − x2‖ ∨ ‖λ − e‖} . (5.1)

Since Λ ⊆ Λ′, we obviously have

dJ2(x1, x2) ≤ dJ1(x1, x2) ≤ ‖x1 − x2‖ .

We will have little to say about the J2 topology; see Bass and Pyke (1987) for an
application.

As noted in Section 3.3, we need a different topology on D if we want the jump in
a limit function to be unmatched in the converging functions. In order to establish
limits with unmatched jumps in the limit function (or process), we use the Skorohod
(1956) M topologies. We define the M topologies using the completed graphs of
the functions, defined in (3.3) in Section 3.3.

The completed graph It is thus natural to consider established metrics defined
on the set of all compact subsets of R

k. Perhaps the best known such metric is the
Hausdorff metric. Given compact subsets K1 and K2 of R

k, the Hausdorff metric
mH is defined by

mH(K1, K2) ≡ sup
x1∈K1

m(x1, K2) ∨ sup
x2∈K2

m(x2, K1) , (5.2)

where m(x, A) is the distance between the point x and the set A, defined by

m(x, A) ≡ m(A, x) ≡ inf
y∈A

m(x, y) (5.3)

and m is the metric used on R
k; e.g., see Section 1.4 of Matheron (1975).

To illustrate, the Hausdorff distance between two compact subsets in R
k is de-

picted in Figure 11.1. The compact sets are the set of points inside the oval and
the set of points inside the rectangle, including the boundaries. Note that the two
sets overlap. The dashed lines identify the point in the oval furthest away from the
rectangle and the point in the rectangle furthest away from the oval. The Hausdorff
distance is the greater of these two distances. Thus, even if one compact subset is
a proper subset of another, they are a positive distance apart.

Thus, for any x1, x2 ∈ D, the M2 metric on D is defined by

dM2(x1, x2) ≡ mH(Γx1 ,Γx2) , (5.4)
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Figure 11.1. The Hausdorff distance between two compact subsets of the plane. The
Hausdorff distance is the length of the longer dashed line.

where mH is the Hausdorff metric in (5.2) and Γx is the completed graph of x,
defined in (3.3) of Section 3.3. The topology on the space of completed graphs
induced by the Hausdorff metric is the Skorohod M2 topology (although that is
not the way it was originally defined). The M1 topology is stronger than the M2
topology. It pays closer attention to order.

From the definitions above, it is not obvious how the M1 and M2 topologies are
related. For understanding the relation beween the two topologies, it is significant
that the M2 topology can also be expressed via parametric representations. Indeed,
an alternative M2 metric (inducing the M2 topology) can be defined by (3.4) in
Section 3.3, after changing the definition of a parametric representation: Instead of
requiring that (u, r) be nondecreasing, using the order on the completed graphs,
we only require that the time component function r be nondecreasing. With that
definition, it is evident that the M1 topology is stronger than the M2 topology, i.e.,
M1 convergence implies M2 convergence.

Unlike the J topologies, it is not possible to extend the M topologies by allowing
the range to be an arbitrary Polish space, because the completed graphs require
linear structure. However, the range can be a separable Banach space with the M
topologies. That generalization is used to obtain heavy-traffic stochastic-process
limits for the workload process in an infinite-server queue in Section 10.3.

11.5.2. The Four Skorohod Topologies
A unified approach to the four Skorohod topologies via graphs was provided in the
thesis by Pomarede (1976). In that approach, the M2 and J2 topologies are gen-
erated by the Hausdorff metric applied to the completed and uncompleted graphs,



11.5. The Space D 383

respectively. Similarly, the M1 and J1 topologies are defined in terms of parametric
representations of the completed and uncompleted graphs. That approach to the
J1 topology draws upon Kolmogorov (1956).

For applications, it is significant that previous limits for stochastic processes with
the familiar J1 topology on D will also hold when we use one of the other Skorohod
(1956) nonuniform topologies instead, because the J1 topology is stronger (or finer)
than the other topologies. The four nonuniform Skorohod topologies are ordered by

J1 > J2 > M2 and J1 > M1 > M2 , (5.5)

where > means stronger than, with M1 and J2 not being comparable. Examples of
functions xn converging to the indicator function x ≡ I[2−1,1] in D([0, 1], R) in the
different topologies are given in Figure 11.2. We contend that the M1 topology is
often the most appropriate one; we discuss this point further in Chapter 6.

We have indicated that all four nonuniform Skorohod topologies reduce to uni-
form convergence over [0, 1] when the limit function is continuous. More generally,
convergence in all four of these topologies implies local uniform convergence at
any continuity function of a limit function. Thus all four Skorohod topologies are
stronger than the Lp topologies on D induced by the norms

‖ x ‖p ≡ (
∫ 1

0
|x(t)|pdt)1/p . (5.6)

More generally, we have the following continuity result.

Theorem 11.5.1. (continuity of integrals) Suppose that g : R
k → R is a

continuous function and let f : Dk → (C, U) be defined by

f(x)(t) ≡
∫ t

0
g(x)(s)ds, t ≥ 0 .

If Dk is endowed with any of the Skorohod nonuniform topologies, then f is
continuous.

Proof. First note that ∫ t

0
|x(s)|ds ≤

∫ T

0
|x(s)|ds

for all real-valued x and t with 0 ≤ t ≤ T . Then use the bounded convergence
theorem: Convergence xn → x imples that supn ‖xn‖ < ∞ and that xn(t) → x(t)
at almost all t.

Since the J1 topology on D is Polish, the J2, M1, M2 and Lp topologies on D are
automatically Lusin. In Chapter 12 we will show that the M1 topology is Polish.

As with the J1 and M1 topologies on D, the domain of the functions can be
changed to [0,∞). for the J2 and M2 topologies. In all cases xn → x is understood
to mean that there is convergence of the restrictions of xn to the restriction of x in
D([0, t], Rk) for all t that are continuity points of the limit function x. However, it
sometimes is desirable to obtain stronger control of the convergence at the end of
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2−1bn

M2, not J2 or M1

bn bn

M1, not J2

2−1

J1

bn

2−1an

J2, not M1

2−1an

Figure 11.2. Four candidate sequences of functions {xn : n ≥ 1} that might converge to
x ≡ I[1/2,1] in D([0, 1], R), where an = 2−1 − 2n−1 and bn = 2−1 − n−1.

the domain. By exploiting the SLLN, we can often assume that the sample paths
x satisfy ‖x‖w < ∞ w.p.1, where ‖x‖w is the weighted-supremum norm, i.e.,

‖x‖w ≡ sup
0≤t<∞

{|x(t)|/(1 + t)} ,

so that we can use the metric ‖x1 −x2‖w on the subset of functions in D([0,∞), R)
with finite weighted-supremum norm. Weak convergence with the weighted-
supremum norm was established by Müller (1968) and applied by Whitt (1972).
Related weighted distances have been used extensively in the study of empirical pro-
cesses, as can be seen from Shorack and Wellner (1986) and Csörgő and Horváth
(1993).
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In Section 3.3 we noted that addition is not continuous everywhere on D ×
D, but that it is continuous at all pairs (x, y) in D × D that have no common
discontinuity points (and, for the M1 topology, at all pairs (x, y) that have no
common discontinuity points with jumps of opposite sign). In many applications,
we are able to show that the two-dimensional limiting stochastic process has sample
paths in one of those subsets w.p.1., so that we can apply the continuous-mapping
approach with addition.

11.5.3. Measurability Issues
Since addition is not continuous everywhere, we most not only show that it is
continuous almost everywhere, but we must show that it is measurable. It is thus
important to know more about the Borel σ-fields associated with the nonuniform
Skorohod topologies. Fortunately, in each case, the Borel σ-field coincides with the
usual σ-field, namely, the Kolmorogov σ-field, which is generated by the projection
maps πt1,...,tk

: D → R
k, defined by

πt1,...,tk
(x) = [x(t1), . . . , x(tk)] ,

so that measurability in (D,B(D)) with any of the nonuniform topologies is consis-
tent with the standard notion. The Kolmogorov σ-field generated by the coordinate
projections (or “cylinder sets”) is usually associated with the product space R

∞

and the Kolmogorov (1950) extension theorem; see Neveu (1965).

Theorem 11.5.2. (the Borel σ-fields on D) The Borel σ-fields on D with any of
the nonuniform Skorohod topologies coincides with the Kolmogorov σ-field generated
by the coordinate projections.

Theorem 11.5.2 can be proved by direct verification in each case, as done for the
J1 topology in Billingsley (1968). For the non-J1 topologies, we can also exploit the
established J1 result and properties of Lusin spaces; see p. 101 of Schwartz (1973).

Theorem 11.5.3. (Borel σ-fields for comparable Lusin spaces) Any two compara-
ble Lusin topologies on a set have identical Borel σ-fields.

It often happens that we have a limit for a sequence of stochastic processes with
sample paths in D, where the limit process has continuous sample paths. Then
there is considerable flexibility on the choice of the topology. In that case, the
four nonuniform topologies on D reduce to uniform convergence over all bounded
intervals, and all four topologies have the same Borel σ-field. Clearly, then it does
not matter which of these topologies is used.

We might naturally try to simplify matters even further in such a situation.
We might choose to work directly with the space (D, U), where U denotes the
topology of uniform convergence (over closed bounded subintervals) on D, induced
by the uniform metric in Section 3.3 when the function domain is [0, 1]. There is
a complication, however. Even though convergence xn → x in D with the vari-
ous nonuniform Skorohod topologies is equivalent to uniform convergence over all
bounded intervals when the limit function x is continuous, in general we cannot
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simply work with the space (D, U), because there are measurability problems. The
Borel σ-fields on D (generated by the open subsets) of all the nonuniform Skorohod
topologies on D coincide with the usual Kolmogorov σ-field on D generated by the
coordinate projections, but that is not true for (D, U). The Borel σ-field on (D, U)
is much larger than the Kolmogorov σ-field. As a consequence, familiar stochastic
processes such as the Poisson process cannot be regarded as random elements of
(D, U) with the Borel σ-field; see Section 18 of Billingsley (1968).

The measurability problems arise because the space (D, U) is nonseparable. How-
ever, everything works well if we use D with a nonuniform Skorohod topology.
The Borel σ-field then is the familiar one and, if a limit function is continuous,
convergence is equivalent to uniform convergence.

If we want to consider only convergence of stochastic processes where the lim-
iting stochastic process has continuous sample paths, then there is an alternative
approach. We can then use the space (D, U) with the uniform topology, but use
a smaller σ-field than the Borel σ-field, in particular, the σ-field generated by the
open balls, called the em ball σ-field Bm(x, r). Such a theory was developed by
Dudley (1966, 1967) and is explained and used by Pollard (1984).

In contrast, in this book we are interested in the convergence of stochastic pro-
cesses where the limiting stochastic process has discontinuous sample paths. Thus,
for both measurability and convergence, we want to use a nonuniform topology on
D. The particular nonuniform topology on D becomes important when the limit
functions become discontinuous. The J1 topology is useful because it allows some
flexibility in the location of jumps, but it requires that the converging functions
have jumps corresponding to each jump in the limit function. Thus, here we focus
on the M1 topology.

11.6. The Compactness Approach

In this book we focus on the continuous-mapping approach to establish stochastic-
process limits. To put the continuous-mapping approach in perspective, we now
describe the standard approach to establish stochastic-process limits based on
compactness. Our accounts of both the compactness approach and the continuous-
mapping approach are abridged versions of the excellent accounts in Billingsley
(1968).

The compactness-approach applies to probability measures on a general metric
space (S, m). In Section 3.2 we indicated that the space (P(S), π) of probability
measures on (S, m) with the Prohorov metric π is a metric space. As in any metric
space, we have convergence π(Pn, P ) → 0 as n → ∞ for a sequence {Pn : n ≥ 1}
in (P(S), π) if and only if every subsequence {Pn′ : n′ ≥ 1} contains a further
subsequence {Pn′′ : n′′ ≥ 1} with Pn′′ ⇒ P . We exploit a version of sequential
compactness to provide conditions under which that characterization of convergence
is satisfied. The compactness approach has been used to establish most of the initial
stochastic-process limits we will use in the continuous-mapping approach.
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As in any metric space, a subset A of (P(S), π) has compact closure A− if and
only if the set A is relatively compact, i.e., if every sequence {Pn : n ≥ 1} in A has
a subsequence {Pn′ : n′ ≥ 1} with Pn′ ⇒ P ′, where the limit P ′ is necessarily in
the closure A−. Thus, given a sequence {Pn : n ≥ 1}, we can establish convergence
Pn ⇒ P in P(S) by showing, first, that the sequence {Pn : n ≥ 1} is relatively com-
pact and, second, by showing that the limit of any convergent subsequence must be
P . The second step can be established by establishing a weaker form of convergence,
which is not strong enough to imply weak convergence (i.e., π(Pn, P ) → 0), but
which is strong enough to uniquely determine the limit P . The two steps together
imply that Pn ⇒ P .

A key step in the compactness-approach to limits for sequences of probability
measures on a metric space is to relate compact subsets in the space (P(S), π)
to compact subsets of the underlying space (S, m). That can be done by applying
Prohorov’s theorem, from Prohorov (1956). The key concept is tightness, which we
now extend from a single probability measure to a set of probability measures. A
subset A of probability measures in P(S) is said to be tight if, for all ε, there exists
a compact subset K of (S, m) such that

P (K) > 1 − ε for all P ∈ A .

The compact set K depends upon ε, but it must do the job for all P in A. Theorem
11.3.3 implies that every single probability measure on a Lusin space is tight.

Theorem 11.6.1. (Prohorov’s theorem) Let (S, m) be a metric space. If a subset
A in P(S) is tight, then it is relatively compact. On the other hand, if the subset A
is relatively compact and the topological space S is Polish, then A is tight.

Thus, in Polish spaces tightness is necessary and sufficient for relative compact-
ness. That implies that nothing is lost by focusing on tightness when we want to
establish relative compactness. (That is the primary basis for interest in know-
ing whether a topological space is Polish when we are concerned about weak
convergence of probability measures.)

From Prohorov’s theorem, we obtain a useful way to establish convergence Pn ⇒
P .

Corollary 11.6.1. (tightness criterion for weak convergence) Let {Pn : n ≥ 1} be
a sequence of probability measures on a metric space (S, m). If the sequence {Pn}
is tight and the limit of any convergent subsequence from {Pn} must be P , then
Pn ⇒ P .

These two conditions apply very naturally to establish criteria for convergence
Xn ⇒ X for stochastic processes {Xn(t) : 0 ≤ t ≤ 1} in the function space
C ≡ C([0, 1], R) of continuous real-valued functions on the interval [0, 1] (or any
other closed bounded interval) with the uniform metric. First, it is natural to require
convergence of all the finite-dimensional distributions, i.e., to show that

(Xn(t1), . . . , Xn(tk)) ⇒ (X(t1), . . . , X(tk)) in R
k (6.1)
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for all positive integers k and all k time points t1, . . . , tk with 0 ≤ t1 < · · · < tk ≤
1. By the Kolmogorov extension theorem, it is known that the finite-dimensional
distributions uniquely determine a probability distribution on the larger product
space R

[0,1], endowed with the Kolmogorov σ-field generated by the coordinate
projections. Since the Borel σ-field on C with the uniform norm coincides with the
Kolmogorov σ-field generated by the coordinate projections, the finite-dimensional
distributions also determine the distribution of a stochastic process X with sample
paths in C.

However, convergence of the finite-dimensional distributions is not strong enough
to imply convergence in distribution Xn ⇒ X of the random elements of C.

Example 11.6.1. Convergence of finite-dimensional distributions is not enough.
To see that convergence of the finite-dimensional distributions does not imply con-
vergence in distribution Xn ⇒ X for random elements of C, it suffices to consider
a deterministic example. Let P (X = x) = 1 and P (Xn = xn) = 1 for all n ≥ 1,
where x(t) = 0, 0 ≤ t ≤ 1, and

xn(0) = 0, xn(n−1) = 1 and xn(2n−1) = xn(1) = 0 ,

with xn defined by linear interpolation elsewhere. Clearly, xn(t) → x(t) pointwise as
n → ∞, but ‖ xn −x ‖= 1 for all n. Hence, (6.1) holds for all positive integers k and
all k-tuples (t1, . . . , tk) with 0 ≤ t1 < · · · < tk ≤ 1, but P (‖ Xn − X ‖) = 1) = 1.

The observations above yield a simple criterion for convergence in distribution
in C. We say that a set of random elements is tight if the associated set of image
measures is tight,

Corollary 11.6.2. (criteria for convergence in distribution in C) There is conver-
gence Xn ⇒ X in C if and only if the sequence {Xn : n ≥ 1} is tight and there is
convergence of all the finite-dimensional distributions of Xn to those of X.

Hence, in addition to the convergence of the finite-dimensional distributions in
(6.1), we need to establish tightness of the sequence {{Xn(t) : t ≥ 0} : n ≥ 1}.

Fortunately compact subsets of the space C can be conveniently characterized
by the Arzelà-Ascoli theorem. To state it, let v(x; δ) be a modulus of continuity,
defined for any function x in C by

v(x, δ) ≡ sup{|x(t1) − x(t2)| : 0 ≤ t1 < t2 ≤ 1, |t1 − t2| < δ} . (6.2)

Theorem 11.6.2. (Arzelà-Ascoli theorem) A subset A of C has compact closure
if and only if

sup
x∈A

x(0) < ∞

and

lim
δ→0

sup
x∈A

v(x, δ) = 0 .
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From the Arzelà-Ascoli theorem we easily obtain criteria for a sequence of
probability measures on C to be tight.

Theorem 11.6.3. (tightness criterion for random elements of C) A sequence {Xn :
n ≥ 1} of random elements of C is tight if and only if, for every ε > 0, there exists
a constant c such that

P (|Xn(0)| > c) < ε for all n ≥ 1, (6.3)

and, for every ε > 0 and η > 0, there exists δ > 0 and n0 such that

P (v(Xn, δ) ≥ ε) ≤ η for all n ≥ n0. (6.4)

The tightness criterion in Theorem 11.6.3 in turn give us convenient necessary
and sufficient conditions for convergence in distribution for random elements of C.

Theorem 11.6.4. (criteria for convergence in distribution in C) There is con-
vergence in distribution Xn ⇒ X in C if and only if (6.1), (6.3) and (6.4) all
hold.

The modulus inequality in (6.4) can in turn be translated into various proba-
bility and moment inequalities. The following is a consequence of Theorem 12.3 of
Billingsley (1968).

Theorem 11.6.5. (moment criterion for tightness in C) A sequence {Xn : n ≥ 1}
of random elements of C ≡ C([0, 1], R) is tight if {Xn(0)} is tight in R and there
exist constants γ ≥ 0 and α > 1 and a nondecreasing continuous function g on
[0, 1] such that

E[|Xn(t) − Xn(s)|γ ] ≤ |g(t) − g(s)|α (6.5)

for 0 ≤ s ≤ t ≤ 1.

The compactness approach to establish stochastic-process limits in (C, U) and
(D, J1) is developed in detail in Billingsley (1968). As illustrated by the treatment
of the J1 topology in Billingsley (1968), there are related criteria for convergence
Xn ⇒ X in D ≡ D([0, 1], R) with the nonuniform Skorohod topologies. Because
of the discontinuities, we want to require convergence of the finite-dimensional
distributions only for time points t that are almost surely continuity points of
the limit process X, i.e., for which P (t ∈ Disc(X)) = 0, where Disc(x) is the set
of discontinuity points of x, and that suffices. Let

TX ≡ {t > 0 : P (t ∈ Disc(X)) = 0} ∪ {1} .

Theorem 11.6.6. (criteria for convergence in distribution in D) There is conver-
gence in distribution Xn ⇒ X in D with one of the Skorohod nonuniform topologies
if (6.1) holds for all ti ∈ TX and {Xn : n ≥ 1} is tight with respect to the topology.
The conditions are necessary for the J1 and M1 topologies.

From Theorem 11.6.1, we know that necessity in Theorem 11.6.6 depends on the
space being Polish. Since we have separability, it remains to establish topological
completeness. Topological completeness for J1 was demonstrated by Kolmogorov
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(1956) and Prohorov (1956); see Billingsley (1968) for a different approach. For
the M1 topology, we establish topological completeness in Section 12.8 by using
Prohorov’s argument.

We exploit analogs of the Arzelà-Ascoli theorem characterizing compact subsets
of D with the relevant nonuniform Skorohod topology. For that purpose, we exploit
generalizations of the modulus of continuity v(x, δ) in (6.2). The compactness-
approach to stochastic-process limits via Prohorov’s theorem explains our interest
in characterizing compact subsets of D in Section 12.12.

We conclude this section by establishing an elementary result about tightness on
product spaces. The result applies to finite or countably infinite products.

Theorem 11.6.7. (tightness on product spaces) Let S ≡
∏∞

i=1 Si be a product of
separable metric spaces with the product topology. A set A of probability measures
on S is tight if and only if the sets Ai ≡ {Pπ−1

i : P ∈ A} of marginal probability
measures on Si, where πi is the ith coordinate projection map, are tight for all i.

Proof. First suppose that A ∈ P(S) is tight. Let ε be given. Thus there is a
compact subst K in S with P (K) > 1 − ε for all P ∈ A. Then, for each i, πi(K) is
compact in Si and K ⊆ π−1

i (πi(K)), so that

Pπ−1
i (πi(K)) ≥ P (K) > 1 − ε .

Second, suppose that Pπ−1
i is tight for each i. For ε > 0 given, choose compact Ki in

Si such that Pπ−1
i (Ki) > 1 − ε2−i for all i. By Tychonoff’s theorem, K ≡

∏∞
i=1 Ki

is compact in S. Moreover,

P (Kc) ≤
∞∑

i=1

Pπ−1
i (Kc

i ) ≤ ε

∞∑
i=1

2−i = ε .



12
The Space D

12.1. Introduction

This chapter is devoted to the function space D ≡ D([0, T ], Rk) with the Skorohod
M1 and M2 topologies, expanding upon the introduction in Sections 3.3 and 11.5
and the classic paper by Skorohod (1956). We omit most proofs here. Many are
provided in Chapter 6 of the Internet Supplement.

Here is how the present chapter is organized: We start in Section 12.2 by dis-
cussing regularity properties of the function space D. A key property, which we
frequently use, is the fact that any function in D can be approximated uniformly
closely by piecewise-constant functions with only finitely many discontinuities.

In Section 12.3 we introduce the strong and weak versions of the M1 topology
on D([0, T ], Rk), referred to as SM1 and WM1, and establish basic properties.
We also discuss the relation among the nonuniform Skorohod topologies on D. In
Section 12.4 we discuss local uniform convergence at continuity points and relate it
to oscillation functions used to characterize different forms of convergence.

In Section 12.5 we provide several different alternative characterizations of SM1
and WM1 convergence. Some involve parametric representations of the completed
graphs and others involve oscillation functions. It is significant that there are forms
of the oscillation-function characterizations that involve considering one function
argument t at a time. Consequently, the examples in Figure 11.2 tend to be more
than illustrative: The topologies are characterized by the local behavior in the
neighborhood of single discontinuities.

In Section 12.6 we discuss conditions that allow us to strengthen the mode
of convergence from WM1 to SM1. The key condition is to have the coordinate
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limit functions have no common discontinuities. In Section 12.7 we study how SM1
convergence in D([0, T ], Rk) can be characterized by associated limits of mappings.

In Section 12.8 we exhibit a complete metric topologically equivalent to the in-
complete metric inducing the SM1 topology introduced earlier. As with the J1
metric dJ1 in (3.2) of Section 3.3, the natural M1 metric is incomplete, but there
exists a topologically equivalent complete metric, so that D with the SM1 topology
is Polish (metrizable as a complete separable metric space).

In Section 12.9 we discuss extensions of the SM1 and WM1 topologies on
D([0, T ], RK) to corresponding spaces of functions with noncompact domains. The
principal example of such a noncompact domain is the interval [0,∞), but (0,∞)
and (−∞,∞) also arise.

In Section 12.10 we introduce the strong and weak versions of the M2 topology, de-
noted by SM2 and WM2. In Section 12.11 we provide alternative characterizations
of these topologies and discuss additional properties.

Finally, in Section 12.12 we discuss characterizations of compact subsets of D
using oscillation functions. These characterizations are useful because they lead to
characterizations of tightness for sequences of probability measures on D, which
is a principal way to establish weak convergence of the probability measures; see
Section 11.6.

12.2. Regularity Properties of D

Let D ≡ Dk ≡ D([0, T ], Rk) be the set of all R
k-valued functions x ≡ (x1, . . . , xk) on

[0, T ] that are right continuous at all t ∈ [0, T ) and have left limits at all t ∈ (0, T ]:
If x ∈ D, then

for 0 ≤ t < T, x(t+) ≡ lim
s↓t

x(s) exists with x(t+) = x(t)

and

for 0 < t ≤ T, x(t−) ≡ lim
s↑t

x(s) exists .

However, with the M1 topology, we will be working with the completed graphs
of the functions, which are obtained by adding segments joining the left and right
limits to the graph at each discontinuity point. Thus the actual value of the func-
tion at discontinuity points does not matter, provided that the function value falls
appropriately between the left and right limits. Such functions are said to have
discontinuities of the first kind. In Chapter 15 we consider more general functions.

We use superscripts to designate coordinate functions, so that subscripts can
index different functions in D. For example, x2

3 denotes the second coordinate func-
tion in D([0, T ], R1) of x3 ≡ (x1

3, . . . , x
k
3) in D([0, T ], Rk), where x3 is the third

element of the sequence {xn : n ≥ 1}. Let C be the subset of continuous functions
in D.
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Let ‖ · ‖ be the maximum (or l∞) norm on R
k and the uniform norm on D; i.e.,

for each b ≡ (b1, . . . , bk) ∈ R
k, let

‖b‖ ≡ max
1≤i≤k

|bi| (2.1)

and, for each x ≡ (x1, . . . , xk) ∈ D([0, T ], Rk), let

‖x‖ ≡ sup
0≤t≤T

‖x(t)‖ = sup
0≤t≤T

max
1≤i≤k

|xi(t)| . (2.2)

The maximum norm on R
k in (2.1) is topologically equivalent to the lp norm

‖b‖p ≡
(

k∑
i=1

(bi)p

)1/p

.

For p = 2, the lp norm is the Euclidean (or l2) norm. For p = 1, the lp norm is the
sum ( or l1) norm. The uniform norm on D induces the uniform metric on D.

We first discuss regularity properties of D due to the existence of limits. Let
Disc(x) be the set of discontinuities of x, i.e.,

Disc(x) ≡ {t ∈ (0, T ] : x(t−) = x(t)} (2.3)

and let Disc(x, ε) be the set of discontinuities of magnitude at least ε, i.e.,

Disc(x, ε) ≡ {t ∈ (0, T ] : ‖x(t−) − x(t)‖ ≥ ε} . (2.4)

The following is a key regularity property of D.

Theorem 12.2.1. (the number of discontinuities of a given size) For each x ∈ D
and ε > 0, Disc(x, ε) is a finite subset of [0, T ].

Corollary 12.2.1. (the number of discontinuities) For each x ∈ D, Disc(x) is
either finite or countably infinite.

We say that a function x in D is piecewise-constant if there are finitely many
time points ti such that 0 ≡ t0 < t1 < · · · < tm−1 ≤ tm ≡ T and x is constant
on the intervals [ti−1, ti), 1 ≤ i ≤ m − 1, and [tm−1, T ]. Let Dc be the subset of
piecewise-constant functions in D. Let v(x;A) be the modulus of continuity of the
function x over the set A, defined by

v(x;A) ≡ sup
t1,t2∈A

{‖x(t1) − x(t2)‖} (2.5)

for A ⊆ [0, T ]. The following is a second important regularity property of D.

Theorem 12.2.2. (approximation by piecewise-constant functions) For each x ∈
D and ε > 0, there exists xc ∈ Dc such that ‖x − xc‖ < ε.

We can deduce other useful consequences from Theorem 12.2.2.

Corollary 12.2.2. (oscillation function property) For each x ∈ D and ε > 0, there
exist finitely many points ti with 0 ≡ t0 < t1 < · · · < tm−1 ≤ tm ≡ T such that
v(x, [ti−1, ti)) < ε, 1 ≤ i ≤ m − 1, and v(x, [tm−1, T ]) < ε.
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Corollary 12.2.3. (boundedness) Each x in D is bounded, i.e., ‖x‖ < ∞.

Corollary 12.2.4. (measurability) Each x in D is a Borel measurable real-valued
function on [0, T ].

12.3. Strong and Weak M1 Topologies

In this section we define strong and weak versions of the M1 topology on the func-
tion space D([0, T ], Rk), denoted by SM1 and WM1. The strong topology agrees
with the standard topology introduced by Skorohod (1956). The strong and weak
topologies coincide when k = 1 but differ for k > 1. We will show that the weak
topology coincides with the product topology.

We consider functions with domain [0, T ], but our results can be applied to non-
compact domains such as [0,∞), if as is customary we understand xn → x as
n → ∞ in D([0,∞), Rk) to mean that the restrictions of xn to [0, T ] converge to
the restriction of x to [0, T ] for all T that are continuity points of x. We discuss
D([0,∞), Rk) further in Section 12.9.

12.3.1. Definitions
The strong and weak topologies will be based on different notions of a segment in
R

k. For a ≡ (a1, . . . , ak), b ≡ (b1, . . . , bk) ∈ R
k, let [a, b] be the standard segment,

i.e.,

[a, b] ≡ {αa + (1 − α)b : 0 ≤ α ≤ 1} (3.1)

and let [[a, b]] be the product segment, i.e.,

[[a, b]] ≡
k

X
i=1

[ai, bi] ≡ [a1, b1] × · · · × [ak, bk] , (3.2)

where the one-dimensional segment [ai, bi] coincides with the closed interval [ai ∧
bi, ai ∨ bi], with c ∧ d = min{c, d} and c ∨ d = max{c, d} for c, d ∈ R. Note that
[a, b] and [[a, b]] are both subsets of R

k. If a = b, then [a, b] = [[a, b]] = {a} = {b};
if ai = bi for one and only one i, then [a, b] = [[a, b]]. If a = b, then [a, b] is always
a one-dimensional line in R

k, while [[a, b]] is a j-dimensional subset, where j is the
number of coordinates i for which ai = bi. Always, [a, b] ⊆ [[a, b]].

Remark 12.3.1. More general range spaces. We may want to consider the space
D with a more general range space than R

k. Generalizations of the M topologies
are restricted by the linear structure in the definition of segments in (3.1) and (3.2).
However, we can extend the M topologies to Banach-space valued functions. We use
that extension to treat the workload process in the infinite-server queue in Section
10.3.
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We now define completed graphs of the functions: For x ∈ D, let the (standard)
thin graph of x be

Γx ≡ {(z, t) ∈ R
k × [0, T ] : z ∈ [x(t−), x(t)]} , (3.3)

where x(0−) ≡ x(0) and let the thick graph of x be

Gx ≡ {(z, t) ∈ R
k × [0, T ] : z ∈ [[x(t−), x(t)]]}

= {(z, t) ∈ R
k × [0, T ] : zi ∈ [xi(t−), xi(t)] for each i} (3.4)

for 1 ≤ i ≤ k. Since [a, b] ⊆ [[a, b]] for all a, b ∈ R
k, Γx ⊆ Gx for each x.

We now define order relations on the graphs Γx and Gx. We say that (z1, t1) ≤
(z2, t2) if either (i) t1 < t2 or (ii) t1 = t2 and |xi(t1−) − zi

1| ≤ |xi(t1−) − zi
2| for all

i. The relation ≤ induces a total order on Γx and a partial order on Gx.
It is also convenient to look at the ranges of the functions. Let the thin range of

x be the projection of Γx onto R
k, i.e.,

ρ(Γx) ≡ {z ∈ R
k : (z, t) ∈ Γx for some t ∈ [0, T ]} (3.5)

and let the thick range of x be the projection of Gx onto R
k, i.e.,

ρ(Gx) ≡ {z ∈ R
k : (z, t) ∈ Gx for some t ∈ [0, T ]} . (3.6)

Note that (z, t) ∈ Γx (Gx) for some t if and only if z ∈ ρ(Γx) (ρ(Gx)). Thus a pair
(z, t) cannot be in a graph of x if z is not in the corresponding range.

We now define strong (standard) and weak parametric representations based
on these two kinds of graphs. A strong parametric representation of x is a con-
tinuous nondecreasing function (u, r) mapping [0, 1] onto Γx. A weak parametric
representation of x is a continuous nondecreasing function (u, r) mapping [0, 1] into
Gx such that r(0) = 0, r(1) = T and u(1) = x(T ). (For the parametric rep-
resentation, “nondecreasing” is with respect to the usual order on the domain
[0, 1] and the order on the graphs defined above.) Here it is understood that
u ≡ (u1, . . . , uk) ∈ C([0, 1], Rk) is the spatial part of the parametric representa-
tion, while r ∈ C([0, 1], [0, T ]) is the time (domain) part. Let Πs(x) and Πw(x)
be the sets of strong and weak parametric representations of x, respectively. For
real-valued functions x, let Π(x) ≡ Πs(x) = Πw(x). Note that (u, r) ∈ Πw(x) if and
only if (ui, r) ∈ Π(xi) for 1 ≤ i ≤ k.

We use the parametric representations to characterize the strong and weak M1
topologies. As in (2.1) and (2.2), let ‖ · ‖ denote the supremum norms in R

k and
D. We use the definition ‖ · ‖ in (2.2) also for the R

k-valued functions u and r on
[0, 1].

Now, for any x1, x2 ∈ D, let

ds(x1, x2) ≡ inf
(uj,rj)∈Πs(xj)

j=1,2

{‖u1 − u2‖ ∨ ‖r1 − r2‖} (3.7)

and

dw(x1, x2) ≡ inf
(uj,rj)∈Πw(xj)

j=1,2

{‖u1 − u2‖ ∨ ‖r1 − r2‖} . (3.8)
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Note that ‖u1 − u2‖ ∨ ‖r1 − r2‖ can also be written as ‖(u1, r1) − (u2, r2)‖, due to
definitions (2.1) and (2.2). Of course, when the range is R, ds = dw = dM1 for dM1

defined in (3.4) in Section 3.3.
We say that xn → x in D for a sequence or net {xn} in the SM1 (WM1) topology

if ds(xn, x) → 0 (dw(xn, x) → 0) as n → ∞. We start with the following basic result.

12.3.2. Metric Properties
Theorem 12.3.1. (metric inducing SM1) ds is a metric on D.

Proof. Only the triangle inequality is difficult. By Lemma 12.3.2 below, for any
ε > 0, a common parametric representation (u3, r3) ∈ Πs(x3) can be used to obtain

‖u1 − u3‖ ∨ ‖r1 − r3‖ < ds(x1, x3) + ε

and

‖u2 − u3‖ ∨ ‖r2 − r3‖ < ds(x1, x3) + ε

for some (u1, r1) ∈ Πs(x1) and (u2, r2) ∈ Πs(x2). Hence

ds(x1, x2) ≤ ‖u1 − u2‖ ∨ ‖r1 − r2‖ ≤ ds(x1, x3) + ds(x3, x2) + 2ε .

Since ε was arbitrary, the proof is complete.
To prove Theorem 12.3.1, we use finite approximations to the graphs Γx. We first

define an order-consistent distance between a graph and a finite subset. We use the
notion of a finite ordered subset.

Definition 12.3.1. (order-consistent distance) For x ∈ D, let A be a finite ordered
subset of the ordered graph (Γx,≤), i.e., for some m ≥ 1, A contains m + 1 points
(zi, ti) from Γx such that

(x(0), 0) ≡ (z0, t0) ≤ (z1, t1) ≤ · · · ≤ (zm, tm) ≡ (x(T ), T ) . (3.9)

The order-consistent distance between A and Γx is

d̂(A, Γx) ≡ sup{‖(z, t) − (zi, ti)‖ ∨ ‖(z, t) − (zi+1, ti+1)‖} , (3.10)

where the supremum is over all (zi, ti) ∈ A, 0 ≤ i ≤ m − 1, and all (z, t) ∈ Γx such
that

(zi, ti) ≤ (z, t) < (zi+1, ti+1) ,

using the order on the graph.

We now observe that finite ordered subsets A can be chosen to make d̂(A, Γx)
arbitrarily small. The missing proofs are in the Internet Supplement.

Lemma 12.3.1. (finite approximations to graphs) For any x ∈ D and ε > 0, there
exists a finite ordered subset A of Γx such that d̂(A, Γx) < ε for d̂ in (3.10).
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To complete the proof of Theorem 12.3.1, we need the following result, which we
prove by applying Lemma 12.3.1.

Lemma 12.3.2. (flexibility in choice of parametric representations) For any
x1, x2 ∈ D, (u1, r1) ∈ Πs(x1) and ε > 0, it is possible to find (u2, r2) ∈ Πs(x2)
such that

‖u1 − u2‖ ∨ ‖r1 − r2‖ ≤ ds(x1, x2) + ε .

We will show that the metric ds induces the standard M1 topology defined by
Skorohod (1956); see Theorem 12.5.1. Since Πs(x) ⊆ Πw(x) for all x, we have
dw(x1, x2) ≤ ds(x1, x2) for all x1, x2, so that the WM1 topology is indeed weaker
than the SM1 topology. However, we show below in Example 12.3.2 that dw in (3.8)
is not a metric when k > 1.

For x1, x2 ∈ D([0, T ], Rk), let dp be a metric inducing the product topology,
defined by

dp(x1, x2) ≡ max
1≤i≤k

d(xi
1, x

i
2) (3.11)

for xj ≡ (x1
j , . . . , x

k
j ) and j = 1, 2. (Note that ds = dw = dp when the functions are

real valued, in which case we use the notation d.) It is an easy consequence of (3.8),
(3.11) and the second representation in (3.4) that the WM1 topology is stronger
than the product topology, i.e., dp(x1, x2) ≤ dw(x1, x2) for all x1, x2 ∈ D. In Section
12.5 we will show that actually the WM1 and product topologies coincide.

We now show that SM1 is strictly stronger than WM1. Let IA denote the
indicator function of a set A; i.e., IA(t) = 1 if t ∈ A and IA(t) = 0 otherwise.

Example 12.3.1. WM1 convergence without SM1 convergence. To show that we
can have dw(xn, x) → 0 as n → ∞ without ds(xn, x) → 0 as n → ∞, let x ≡
(x1, x2) ∈ D([0, 2], R2) be defined by x1 = x2 = 2I[1,2] and let x1

n = 2I[1−n−1,2] and
x2

n = I[1−n−1,1) + 2I[1,2]. The thin range of x is the set {(0, 0), (2, 2)} plus the line
segment [(0, 0), (2, 2)] connecting those two points, while the thin range of xn is the
set {(0, 0), (2, 1), (2, 2)} plus the line segments [(0, 0), (2, 1)] and [(2, 1), (2, 2)]. Since
(2, 1) ∈ Γxn for all n but (2, 1) ∈ Γx, we must have ds(xn, x) → 0 as n → ∞. On the
other hand, the thick ranges of x and xn, n ≥ 1 all are [0, 2]× [0, 2]. To demonstrate
that dw(xn, x) → 0 as n → ∞, we construct suitable parametric representations.
Let

r(0) = 0, r(1/3) = 1 = r(2/3), r(1) = 2

rn(0) = 0, rn(1/3) = 1 − n−1 = rn((1 − n−1)/2),

rn((1 + n−1)/2) = 1 = rn(2/3), rn(1) = 2

u1(0) = 0 = u1(1/3), u1(1/2) = 2 = u1(1)

u1
n(0) = 0 = u1

n(1/3), u1
n((1 − n−1)/2) = 2 = u1

n(1)
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u2(0) = 0 = u2(1/3), u2(1/2) = 1, u2(2/3) = 2 = u2(1)

u2
n(0) = 0 = u2

n(1/3), u2
n((1 − n−1)/2) = 1 = u2

n((1 + n−1)/2),

u2
n(2/3) = 2 = u2

n(1)

with r, rn, u1, u1
n, u2, u2

n defined by linear interpolation in the gaps. With this
construction, (un, rn) ∈ Πw(xn) and (u, r) ∈ Πw(x), ‖rn − r‖ = n−1, ‖u1

n − u1‖ =
6n−1 and ‖u2

n − u2‖ = 3n−1. Hence,

dw(xn, x) ≤ ‖un − u‖ ∨ ‖rn − r‖ = 6n−1 → 0 as n → ∞ .

Example 12.3.2. dw is not a metric. We now show that dw in (3.8) is not a metric.
For this purpose, we use a minor modification of Example 12.3.1. Let x1 = x2 =
2I[1,2] as before. For even n, let x1

n = 2I[1−n−1,2] and x2
n = I[1−n−1,1) + 2I[1,2] as

before. Then let x1
2n+1 = x2

2n and x2
2n+1 = x1

2n. We show that dw(x2n, x2n+1) → 0 as
n → ∞ even though dw(xn, x) → 0 as n → ∞, contradicting the triangle inequality
property of a metric. The thick range of xn is ([0, 2] × [0, 1]) ∪ ({2} × [1, 2]) for n
even and ([0, 1]× [0, 2])∪ ([1, 2]×{2}) for n odd. The points (2, 1) and (1, 2) appear
for n even and odd, respectively, but are distance 1 from the other thick range. Any
parametric representation must pass through (2, 1, 1−n−1) in R

2 × [0, 2] for n even
and (1, 2, 1 − n−1) for n odd. However, for n odd (n even) all points on Gxn are at
least a distance 1 from (2, 1, 1 − n−1) ((1, 2, 1 − n−1)). This example shows that we
cannot find a constant K such that dw(x1, x2) ≤ Kdp(x1, x2) for all x1, x2 ∈ D.

We now relate the metrics dM1 ≡ ds and dJ1 for dJ1 in (3.2) of Section 3.3.

Theorem 12.3.2. (comparison of J1 and M1 metrics) For each x1, x2 ∈ D,

ds(x1, x2) ≤ dJ1(x1, x2) .

Remark 12.3.2. Uses of the M1 topology. The M1 topology has not been used
extensively. It was used by Whitt (1971b, 1980, 2000b), Wichura (1974), Avram and
Taqqu (1989, 1992), Kella and Whitt (1990), Chen and Whitt (1993), Mandelbaum
and Massey (1995), Harrison and Williams (1996), Puhalskii and Whitt (1997,
1998), Resnick and van der Berg (2000), O’Brien (2000) and no doubt a few others.

12.3.3. Properties of Parametric Representations
We conclude this section by further discussing strong parametric representations.
We first indicate how to construct a parametric representation (u, r) of Γx for any
x ∈ D.

Remark 12.3.3. How to construct a parametric representation. Let tj , j ≥ 1,
be a list of the discontinuity points of x (of which there are finitely or countably
infinite many). For each j, select a subinterval [aj , bj ] ⊆ [0, 1] and let r(s) = tj for
aj ≤ s ≤ bj , u(aj) = x(tj−), u(bj) = x(tj) and u(αaj + (1 − α)bj) = αu(aj) + (1 −
α)u(bj), 0 < α < 1. For successive discontinuities, do this in an order-preserving
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way; i.e., if ti < tj < tk, then we require that bi < aj < bj < ak. Let this be
done for all j. Next, suppose that t is not a discontinuity point but is the limit of
discontinuity points. If tj ↓ t as j → ∞ where tj ∈ Disc(x), then let r(a) = t and
u(a) = limj→∞ x(tj−), where a = limj→∞ aj with r(aj) = tj . Similarly, if tj ↑ t
as j → ∞ where tj ∈ Disc(x), then let r(b) = t and u(b) = limj→∞ x(tj), where
b = limj→∞ bj with r(bj) = tj . Finally, there may remain open intervals (a, b) over
which (u, r) is undefined. Since (u, r) is already defined at the endpoints a and b, let
r(αa+(1−α)b) = αr(a)+(1−α)r(b) and u(αa+(1−α)b) = x(r(αa+(1−α)b) for
0 < α < 1. This construction makes (u, r) a one-to-one function. This construction
also makes r a generalization of piecewise linear; i.e., there are finite or countably
many subintervals [aj , bj ] over which r is constant and there are finite or countably
many intervals (bk, ak) over which r is linear. The union of all those points (where
r is constant or linear) is dense in [0, 1]. The function r is extended to all other
points by continuity.

Remark 12.3.4. Parametric representations need not be one-to-one. We do not
require that a parametric representation be a one-to-one function. For example, even
if x is continuous at t, we could have r(s) = t for a ≤ s ≤ b. Then, necessarily, u(s) =
x(t), a ≤ s ≤ b. However, we get the same metric if the parametric representations
(u, r) are required to be one-to-one with r nondecreasing, e.g., as done by Wichura
(1974); see Remark 12.5.2 in Section 5. Skorohod (1956) only originally required
that r be nondecreasing instead of (u, r), without the one-to-one property, in his
Definitions 2.2.4 and 2.2.5. However, from his remarks after 2.2.5, it is evident that
he meant to require that (u, r) be nondecreasing as we have defined it. As stated,
Skorohod’s version of the M1 topology with only r nondecreasing is actually the
M2 topology.

Example 12.3.3. Need for monotonicity. To see the importance of requiring that
the parametric representation be nondecreasing, using the order on the graphs,
let x = I[1,2], xn(1) = xn(1 − 2n−1) = xn(2) = 1 and xn(0) = xn(1 − 3n−1) =
xn(1 − n−1) = 0, with xn defined by linear interpolation elsewhere. For these
functions, xn → x as n → ∞ in the M2 topology but not in the M1 topology. If we
did not require that parametric representations of x be nondecreasing in our M1
definitions, then we would have xn → x as n → ∞ in the M1 topology. To see this,
we exhibit parametric representations. Let un = u, n ≥ 4, and let

r(0) = 0, r(1/5) = r(4/5) = 1, r(1) = 2
u(0) = u(1/5) = u(3/5) = 0, u(2/5) = u(4/5) = u(2) = 1
rn(0) = 0, rn(1/5) = 1 − 3n−1, rn(2/5) = 1 − 2n−1,

rn(3/5) = 1 − n−1, rn(4/5) = 1, rn(1) = 2

with r, u, rn and un defined by linear interpolation elsewhere. It is easy to see that
(un, rn) ∈ Πs(xn), and ‖(un, rn) − (u, r)‖ = ‖rn − r‖ = 3n−1, but (u, r) ∈ Πs(x)
because (u, r) fails to be nondecreasing, since it backtracks on the graph at t = 1.
If r were only required to be nondecreasing, then we would have (u, r) ∈ Πs(x).
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We now continue characterizing parametric representations. For x ∈ D, t ∈
Disc(x) and (u, r) ∈ Πs(x), there exists a unique pair of points s− ≡ s−(t) ≡
s−(t, x) and s+ ≡ s+(t) ≡ s+(t, x) such that s− < s+ and r−1(t) ≡ r−1({t}) =
[s−, s+], i.e.,

(i) r(s) < t for s < s− (3.12)
(ii) r(s) = t for s− ≤ s ≤ s+

(iii) r(s) > t for s > s+ .

We will exploit the fact that a parametric representation (u, r) in Πs(x) is jump
consistent: for each t ∈ Disc(x) and pair s− ≡ s−(t, x) < s+ ≡ s+(t, x) such that
(3.12) holds, there is a continuous nondecreasing function βt mapping [0, 1] onto
[0, 1] such that

u(s) = βt

(
s − s−
s+ − s−

)
u(s+) +

[
1 − βt

(
s − s−
s+ − s−

)]
u(s−) for s− ≤ s ≤ s+ .

(3.13)
Condition (3.13) means that u is defined within jumps by interpolation from the
definition at the endpoints s− and s+, consistently over all coordinates. In partic-
ular, suppose that t ∈ Disc(xi). (Since t ∈ Disc(x), we must have t ∈ Disc(xi) for
some coordinate i.) Suppose that xi(t−) < xi(t). Then we can let

βt(s) =
ui(s) − ui(s−)
ui(s+) − ui(s−)

. (3.14)

We see that (3.13) and (3.14) are consistent in that

ui(s) = βt

(
s − s−
s+ − s−

)
ui(s+) +

[
1 − βt

(
s − s−
s+ − s−

)]
ui(s−) (3.15)

for βt in (3.14). For another coordinate j, (3.13) and (3.14) imply that

uj(s) =
(

ui(s) − ui(s−)
ui(s+) − ui(s−)

)
uj(s+) +

(
ui(s+) − ui(s)

ui(s+) − ui(s−)

)
uj(s−) . (3.16)

It is possible that t ∈ Disc(xj), in which case uj(s) = uj(s−) = uj(s+) for all s,
s− ≤ s ≤ s+.

We can further characterize the behavior of a strong parametric representation
at a discontinuity point. For x ∈ D, t ∈ Disc(x) and (u, r) ∈ Πs(x), there exists a
unique set of four points s− ≡ s−(t, x) ≤ s′

− ≡ s′
−(t, x) < s′

+ ≡ s′
+(t, x) ≤ s+ ≡

s+(t, x) such that (3.12) holds and

(i) u(s) = u(s−) for s− ≤ s ≤ s′
−,

(ii) for each i, either ui(s−) < ui(s) < ui(s+),
or ui(s−) > ui(s) > ui(s+) for s′

− < s < s′
+,

(iii) u(s) = u(s+) for s′
+ ≤ s ≤ s+ . (3.17)
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Let D1 be the subset of D containing functions all of whose jumps occur in only
one coordinate, i.e., the set of x such that, for each t ∈ Disc(x) there exists one
and only one i ≡ i(t) such that t ∈ Disc(xi). (The coordinate i may depend on t.)

Lemma 12.3.3. (strong and weak parametric representations coincide on D1) For
each x ∈ D1, Πs(x) = Πw(x).

We now show that parametric representations are preserved under linear
functions of the coordinates when x ∈ Πs(x). That is not true in Πw(x).

Lemma 12.3.4. (linear functions of parametric representations) If (u, r) ∈ Πs(x),
then (ηu, r) ∈ Πs(ηx) for any η ∈ R

k.

12.4. Local Uniform Convergence at Continuity Points

In this section we provide alternative characterizations of local uniform convergence
at continuity points of a limit function. The nonuniform Skorohod topologies on D
all imply local uniform convergence at continuity points of a limit function. They
differ by their behavior at discontinuity points.

We first observe that pointwise convergence is weaker than local uniform
convergence.

Example 12.4.1. Pointwise convergence is weaker than local uniform convergence.
To see that pointwise convergence in D at all continuity points of the limit is strictly
weaker than local uniform convergence at continuity points of the limit, let x(t) = 0,
0 ≤ t ≤ 2, and xn = I[1+n−1,1+2n−1), n ≥ 1. Then xn(t) → x(t) = 0 as n → ∞
for all t, but xn(1 + n−1) = 1 → 0 as n → ∞, so we do not have local uniform
convergence at t = 1. We also do not have xn → x as n → ∞ in D in any of the
Skorohod topologies.

We start by defining two basic uniform-distance functions.
For x1, x2 ∈ D, t ∈ [0, T ] and δ > 0, let

u(x1, x2, t, δ) ≡ sup
0∨(t−δ)≤t1≤(t+δ)∧T

{‖x1(t1) − x2(t1)‖} , (4.1)

v(x1, x2, t, δ) ≡ sup
0∨(t−δ)≤t1,t2≤(t+δ)∧T

{‖x1(t1) − x2(t2)‖} , (4.2)

We also define an oscillation function. For x ∈ D, t ∈ [0, T ] and δ > 0, let

v̄(x, t, δ) ≡ sup
0∨(t−δ)≤t1≤t2≤(t+δ)∧T

{‖x(t1) − x(t2)‖} . (4.3)

We next define oscillation functions that we will use with the M1 topologies.
They use the distance ‖z − A‖ between a point z and a subset A in R

k defined in
(5.3) in Section 11.5. The SM1 and WM1 topologies use the standard and product
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segments in (3.1) and (3.2). For each x ∈ D, t ∈ [0, T ] and δ > 0, let

ws(x, t, δ) ≡ sup
0∨(t−δ)≤t1<t2<t3≤(t+δ)∧T

{‖x(t2) − [x(t1), x(t3)]‖ (4.4)

and

ww(x, t, δ) ≡ sup
0∨(t−δ)≤t1<t2<t3≤(t+δ)∧T

{‖x(t2) − [[x(t1), x(t3)]]‖ (4.5)

We now turn to the M2 topology, which we will be studying in Sections 12.10
and 12.11. We define two uniform-distance functions. We use w̄ as opposed to w to
denote an M2 uniform-distance function. Just as with the M1 topologies, the SM2
and WM2 topologies use the standard and product segments in (3.1) and (3.2). For
x1, x2 ∈ D, let

w̄s(x1, x2, t, δ) ≡ sup
0∨(t−δ)≤t1≤(t+δ)∧T

{‖x1(t1) − [x2(t−), x2(t)]‖} (4.6)

w̄w(x1, x2, t, δ) ≡ sup
0∨(t−δ)≤t1≤(t+δ)∧T

{‖x1(t1) − [[x2(t−), x2(t)]]‖} (4.7)

It is easy to establish the following relations among the uniform-distance and
oscillation functions.

Lemma 12.4.1. (inequalities for uniform-distance and oscillation functions) For
all x, xn ∈ D, t ∈ [0, T ] and δ > 0,

u(xn, x, t, δ) ≤ v(xn, x, t, δ) ≤ u(xn, x, t, δ) + v̄(x, t, δ) ,

ww(xn, t, δ) ≤ ws(xn, t, δ) ≤ v̄(xn, t, δ) ≤ 2v(xn, x, t, δ) + v̄(x, t, δ) ,

w̄w(xn, x, t, δ) ≤ w̄s(xn, x, t, δ) ≤ v(xn, x, t, δ) ≤ 2w̄w(xn, x, t, δ) + v̄(x, t, δ) .

Since the M1-oscillation functions ws(xn, t, δ) and ww(xn, t, δ) do not contain the
limit x, their convergence to 0 as n → ∞ and then δ ↓ 0 does not directly imply
local uniform convergence at a continuity point of a prospective limit function x.

Example 12.4.2. Characterizations of local uniform convergence at continuity
points. We show that it is possible to have t ∈ Disc(x), xn(t) → x(t) as n → ∞
and

lim
δ↓0

lim
n→∞

ws(xn, t, δ) = 0

without having

lim
δ↓0

lim
n→∞

v(xn, x, t, δ) = 0 .

That occurs for t = 1 when x(t) = 0, 0 ≤ t ≤ 2, and xn = I[1+n−1,2], n ≥ 1. In
this example, we have v̄(x, t, δ) = 0 and ws(xn, t, δ) = 0 for all n, t and δ > 0, but
v(xn, x, 1, δ) = 1 for n > 1/δ.
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We relate convergence of ws(x)n, t, δ) and ww(xn, t, δ) to 0 as n → ∞ and δ ↓ 0
to local uniform convergence by requiring pointwise convergence in a neighborhood
of t; see (vi) in Theorem 12.4.1 below.

Theorem 12.4.1. (characterizations of local uniform convergence at continuity
points) If t ∈ Disc(x), then the following are equivalent:

(i) lim
δ↓0

lim
n→∞

u(xn, x, t, δ) = 0 , (4.8)

(ii) lim
δ↓0

lim
n→∞

v(xn, x, t, δ) = 0 , (4.9)

(iii) lim
δ↓0

lim
n→∞

w̄s(xn, x, t, δ) = 0 , (4.10)

(iv) lim
δ↓0

lim
n→∞

w̄w(xn, x, t, δ) = 0 , (4.11)

(v) xn(t1) → x(t1) for all t1 in a dense subset of a neighborhood of t (including
0 if t = 0 or T if t = T ) and

lim
δ↓0

lim
n→∞

ws(xn, t, δ) = 0 ,

(vi) xn(t1) → x(t1) for all t1 in a dense subset of a neighborhood of t (including
0 if t = 0 or T if t = T ) and

lim
δ↓0

lim
n→∞

ww(xn, t, δ) = 0 . (4.12)

We now show that local uniform convergence at all points in a compact interval
implies uniform convergence over the compact interval.

Lemma 12.4.2. (local uniform convergence everywhere in a compact interval) If
(4.8) holds for all t ∈ [a, b], then

lim
δ↓0

lim
n→∞

sup
0∨(a−δ)≤t≤(b+δ)∧T

{‖xn(t) − x(t)‖} = 0 .

12.5. Alternative Characterizations of M1 Convergence

We now give alternative characterizations of SM1 and WM1 convergence.

12.5.1. SM1 Convergence
We first give several alternative characterizations of SM1-convergence (or, equiva-
lently, ds-convergence) in D, one being a minor variant of the original one involving
an oscillation function established by Skorohod (1956). Another one – (v) below
– involves only the local behavior of the functions. It helps us establish sufficient
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conditions to have ds((xn, yn), (x, y)) → 0 in D([0, T ], Rk+l) when ds(xn, x) → 0
in D([0, T ], Rk) and ds(yn, y) → 0 in D([0, T ], Rl); see Section 12.6. For the SM1
topology, we define another oscillation function. For any x1, x2 ∈ D and δ > 0, let

ws(x, δ) ≡ sup
0≤t≤T

ws(x, t, δ) , (5.1)

for ws(x, t, δ) in (4.4). We include the proof here, except for the supporting lemmas,
which are proved in the Internet Supplement.

Theorem 12.5.1. (characterizations of SM1 convergence) The following are
equivalent characterizations of convergence xn → x as n → ∞ in (D, SM1):

(i) For any (u, r) ∈ Πs(x), there exists (un, rn) ∈ Πs(xn), n ≥ 1, such that

‖un − u‖ ∨ ‖rn − r‖ → 0 as n → ∞ . (5.2)

(ii) There exist (u, r) ∈ Πs(x) and (un, rn) ∈ Πs(xn) for n ≥ 1 such that (5.2)
holds.

(iii) ds(xn, x) → 0 as n → ∞; i.e., for all ε > 0 and all sufficiently large n, there
exist (u, r) ∈ Πs(x) and (un, rn) ∈ Πs(xn) such that

‖un − u‖ ∨ ‖rn − r‖ < ε .

(iv) xn(t) → x(t) as n → ∞ for each t in a dense subset of [0, T ] including 0 and
T , and

lim
δ↓0

lim
n→∞

ws(xn, δ) = 0 (5.3)

for ws(x, δ) in (5.1) and ws(x, t, δ) in (4.4).

(v) xn(T ) → x(T ) as n → ∞; for each t ∈ Disc(x),

lim
δ↓0

lim
n→∞

v(xn, x, t, δ) = 0 (5.4)

for v(x1, x2, t, δ) in (4.2); and, for each t ∈ Disc(x),

lim
δ↓0

lim
n→∞

ws(xn, t, δ) = 0 (5.5)

for ws(x, t, δ) in (4.4).

(vi) For all ε > 0, , there exist integers m and n1, a finite ordered subset A of Γx

of cardinality m as in (3.9) and, for all n ≥ n1, finite ordered subsets An of
Γxn

of cardinality m such that, for all n ≥ n1, d̂(A, Γx) < ε, d̂(An,Γxn
) < ε

for d̂ in (3.10) and d∗(A, An) < ε, where

d∗(A, An) ≡ max
1≤i≤m

{‖(zi, ti) − (zn,i, tn,i)‖ : (zi, ti) ∈ A, (zn,i, tn,i) ∈ An} .

(5.6)
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In preparation for the proof of Theorem 12.5.1, we establish some preliminary
results. We first show that SM1 convergence implies local uniform convergence at
all continuity points.

Lemma 12.5.1. (local uniform convergence) If ds(xn, x) → 0 as n → ∞, then
(4.9) holds for each t ∈ Disc(x).

We next relate the modulus ws applied to x and the modulus applied to corre-
sponding points on the graph Γx. The following lemma is established in the proof
of Skorohod’s (1956) 2.4.1.

Lemma 12.5.2. (extending the modulus from a function to its graph) If (z1, t1),
(z2, t2), (z3, t3) ∈ Γx with 0∨(t−δ) ≤ t1 < t2 < t3 ≤ (t+δ)∧T , then ‖z2−[z1, z3]‖ ≤
ws(x, δ).

Lemma 12.5.3. (asymptotic negligibility of the modulus) For any x ∈ D,
ws(x, δ) ↓ 0 as δ ↓ 0.

Proof of Theorem 12.5.1. The implications (i)→(ii)→(iii) are trivial. We
establish the others exploiting transitivity.
(iii)→(iv). First, the convergence xn(T ) → x(T ) is assumed directly. Next, by
Lemma 12.5.1, if ds(xn, x) → 0 as n → ∞, then xn(t) → x(t) for all t ∈ Disc(x)c,
which is a dense subset of [0, T ]. We now want to show that, for any ε > 0, there
exists n0 and δ such that ws(xn, δ) < ε for all n ≥ n0. For x ∈ D and ε > 0 given,
start by choosing η so that ws(x, η) < ε/2, which we can do by Lemma 12.5.3. Then
apply (iii) to choose n0 so that (un, rn) ∈ Πs(xn), (u, r) ∈ Πs(x) and

‖un − u‖ ∨ ‖rn − r‖ < (ε ∧ η)/4 for n ≥ n0 .

Suppose that (t − δ) ∨ 0 ≤ t1 < t2 ≤ t3 < (t + δ) ∧ T . Let sn,i be such that
rn(sn,i) = ti and un(sn,i) = xn(ti) for i = 1, 2, 3 and all n. Then, apply Lemma
12.5.2 to obtain, for n ≥ n0,

‖xn(t2) − [xn(t1), xn(t3)]‖ = ‖un(sn,2) − [un(sn1), un(sn,3)]‖
≤ ‖u(sn,2) − [u(sn,1), u(sn,3)]‖ + 2‖un − u‖
≤ ws(x, δ + 2(η ∧ ε)/4)) + 2((η ∧ ε)/4)
≤ ws(x, δ + (η/2)) + ε/2 ,

so that, for δ < η/2 and n ≥ n0, ws(xn, δ) < ε.
(iv)→(vi). First, for ε > 0 given, apply (iv) to find η < ε/16 and n0 such that
ws(xn, η) < ε/32 for n ≥ n0. Next find a finite set A of points (zi, ti) in Γx with

(x(0), 0) = (z1, t1) < (z2, t2) < · · · < (zm, tm) = (x(T ), T ) ,

using the order defined on Γx below (3.3), where for each i, either ti ∈ Disc(x, ε/2)
or ti ∈ S, with Disc(x, ε/2) being as in (2.4) and S being a subset of [0, T ] including
0, T and the points in Disc(x, ε/2)c at which xn converges pointwise to x. Use the
left and right limits of x to include in A for each t ∈ Disc(x, ε/2) points t′ ≡ t′(t) and
t′′ = t′′(t) in S such that t′ < t < t′′, t′ is greater than all elements of Disc(x, ε/2)
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less than t, t′′ is less than all elements of Disc(x, ε/2) greater than t, |t′ − t| < η,
|t′′ − t| < η, ‖x(t′) − x(t−)‖ < ε/32 and ‖x(t′′) − x(t)‖ < ε/32. In addition, assume
that |ti+1 − ti| < η for all i and d̂(A, Γx) < ε/2, for which we apply Lemma 12.3.1.
Moreover, if t ∈ Disc(x, ε/2) and

tr < tr+1 = t = tr+2 = · · · = tr+j < tr+j+1 , (5.7)

then we require that ‖zr+1−x(t−)‖ > ε/4, ‖zr+j−x(t)‖ > ε/4 and ‖zr+i+1−zr+i‖ >

ε/4 for all i, 1 ≤ i ≤ j − 1. Since d̂(A, Γx) < ε/2, we also have the upper bound
‖zr+i+1 − zr+i‖ < ε/2. For ti ∈ S ∩ A, let zi = x(ti). Now, for all ti ∈ S ∩ A,
let n1 ≥ n0 be s uch that ‖xn(ti) − x(ti)‖ < ε/32 for all i and n ≥ n1, using
(iv). We now want to construct the subset An of Γxn . First for all ti ∈ S ∩ A,
let (zn,i, tn,i) = (xn(ti), ti). Now we consider time points in Disc(x, ε/2). By the
construction above, given (5.7),

‖[x(tr), x(tr+j+1)] − [xn(tr), xn(tr+j+1)]‖ < ε/32

and

‖[x(tr), x(trj+1)] − [x(t−), x(t)]‖ < ε/32 . (5.8)

Since ws(xn, η) < ε/32, for each (r, i) there is a point (zn,r+i, tn,r+i) ∈ Γxn
such

that

‖zn,r+i − zr+i‖ < 3ε/32 and |tn,r+i − t| < η < ε/16 . (5.9)

Moreover, we must have (zn,r+i+1, tn,r+i+1) > (zn,r+i, tn,r+i) for 0 ≤ i ≤ j. For i =
0 and i = j, we can conclude that tr < t < tr+j+1. For other i, a reversal of order can
occur only if ws(xn, t, η) > ε/16 because the construction implies that ‖zn,r+i+1 −
zn,r+i‖ > ε/16, but that is prohibited by the condition that ws(xn, t, η) < ε/32.
Hence, the set of points An is ordered properly. Moreover, the construction yields
d∗(A, An) < ε/16. Finally, it remains to bound d̂(An,Γxn

) for n ≥ n1. Consider
(zn, tn) such that (zn,i, tn,i) < (zn, tn) < (zn,i+1, tn,i+1). Since ‖zn,i − zi‖ < 3ε/32
for all i and ‖zi+1 − zi‖ < d̂(A, Γx) < ε/2, ‖zn,i+1 − zn,i‖ < 5ε/8 by the triangle
inequality. Since ws(xn, η) < ε/32, invoking Lemma 12.5.2, we have

‖(zn, tn) − [(zn,i, tn,i), (zn,i+1, tn,i+1)]‖ < ε/32 ,

so that

‖zn − zn,i‖ ∨ ‖zn − zn,i+1‖ < 21ε/32 < ε

and |tn,i − tn,i+1| < 2η < ε/8. Hence d̂(An,Γxn) < ε for n ≥ n1, so that the proof
is complete.
(vi)→(i). Suppose that the conditions in (vi) hold and ε > 0 is given. Let (u, r) ∈
Πs(x) and (un, rn) ∈ Πs(xn), n ≥ 1, be arbitrary parametric representations. Let
s1 = 0 < s2 < · · · < sm = 1 and sn,1 = 0 < sn,2 < · · · < sn,m = 1 be points
such that (u(si), r(si)) = (zi, ti) ∈ A and (un(sn,i), rn(sn,i)) = (zn,i, tn,i) ∈ An for
1 ≤ i ≤ m. Let λn : [0, 1] → [0, 1] be a continuous nondecreasing function such that
λn(si) = sn,i for each i and n. We will show that (un ◦ λn, rn ◦ λn) is a parametric
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representation of Γxn for each n such that

‖un ◦ λn − u‖ ∨ ‖rn ◦ λn − r‖ < 3ε for n ≥ n1 . (5.10)

Property (5.10) holds because, for si ≤ s ≤ si+1, λn(si) = sn,i ≤ λn(s) ≤ sn,i+1 =
λn(si+1) and

‖un ◦ λn(s) − u(s)‖ ∨ ‖rn ◦ λn(s) − r(s)‖
≤ ‖(un ◦ λn(s), rn ◦ λn(s)) − (un(sn,i), rn(sn,i))‖ ∨ ‖(un ◦ λn(s), rn ◦ λn(s))
− (un(sn,i+1), rn(sn,i+1))‖
+ ||(u(s), r(s)) − (u(si), r(si))‖ ∨ ‖(u(s), r(s)) − (u(si+1), r(si+1))‖
+ ‖(un(sn,i), rn(sn,i)) − (u(si), r(si))‖
≤ d̂(An,Γxn) + d̂(A, Γx) + d∗(A, An) ≤ 3ε .

(v)→(iv). First, the convergence xn(T ) → x(T ) is assumed directly. Next, (5.4)
implies that xn(t) → x(t) as n → ∞ for each t ∈ Disc(x). Since [0, T ] − Disc(x)
is a dense subset of [0, T ], the first part of (iv) is established. Condition (5.4) also
implies that (5.5) holds for each t ∈ Disc(x) by Theorem 12.4.1. Finally, we show
that (5.5) for each t ∈ [0, T ] implies (5.3). Condition (5.5) for each t implies that
for each ε > 0 and t, there is δ ≡ δ(t) and n(t, ε, δ) such that ws(xn, t, δ) < ε for all
n ≥ n(t, ε, δ). Now suppose that (5.3) does not hold. Then there must exist ε > 0
such that for all δ > 0 there is a sequence {tk} of points in [0, T ] and a sequence
of integers nk such that nk → ∞ and ws(xnk

, tk, δ/2) > ε for all k. However, the
sequence {tk} has a subsequence {tkj } with tkj → t ∈ [0, T ] as kj → ∞. Thus, for
all kj suitably large,

ws(xnkj
, t, δ) > ws(xnkj

, tnkj
, δ/2) > ε ,

which is a contradiction, so that (5.3) must in fact hold.
(iii)+(iv)→(v). By Lemma 12.5.1, (iii) implies (5.4) for each t ∈ Disc(x)c. Trivially,
(iv) implies (5.3), which in turn implies (5.5).

Remark 12.5.1. Connection to Skorohod (1956). Part (iv) of Theorem 12.5.1 is
essentially Skorohod’s (1956) original characterization, established in his 2.4.1. In-
stead of (5.1) with (4.4), Skorohod (1956) actually considered (5.1) with ws(x, t, δ)
replaced by

w′
s(x, t, δ) ≡ sup

0∨(t−δ)≤t1≤t≤t3≤(t+δ)∧T

{‖x(t) − [x(t1), x(t3)]‖} , (5.11)

but when the supremum over t ∈ [0, T ] is applied, ws and w′
s are equivalent. In par-

ticular, clearly w′
s(x, t, δ) ≤ ws(x, t, δ) for each t. On the other hand, if ws(x, t, δ) > ε

for all t, then w′
s(x, t, 2δ) > ε for all t. Hence (iv) is equivalent to Skorohod’s original

characterization. We have introduced ws(x, t, δ) in (4.4) in order to get characteri-
zation (v) in Theorem 12.5.1. We cannot use Skorohod’s (5.11) instead of (4.4) in
characterization (v) in Theorem 12.5.1, because it does not rule out multiple large
oscillations on the same side of t.
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Remark 12.5.2. Possibility of using one-to-one parametric representations. The
proof of the implication (vi)→(i) shows that the SM1 topology is unaltered if
all the parametric representations are required to be one-to-one functions from
[0, 1] onto the graph. In the proof we would then let the transformations λn be
homeomorphisms of [0, 1], so that (un ◦λn, rn ◦λn) become one-to-one functions.

We can apply Theorem 12.5.1 to develop a simple criterion for M1 convergence
for monotone functions.

Corollary 12.5.1. (the case of monotone functions) If xn is monotone for each n,
then ds(xn, x) → 0 for x ∈ D if and only if xn(t) → x(t) for all t in a dense subset
of [0, T ] including 0 and T .

Proof. Apply Theorem 12.5.1 (iv). Note that condition (5.3) always holds for
monotone functions.

12.5.2. WM1 Convergence
We now establish an analog of Theorem 12.5.1 for the WM1 topology. Several al-
ternative characterizations of WM1 convergence will follow directly from Theorem
12.5.1 because we will show that convergence xn → x as n → ∞ in WM1 is equiv-
alent to dp(xn, x) → 0. To treat the WM1 topology, we define another oscillation
function. Let

ww(x, δ) ≡ sup
0≤t≤T

ww(x, t, δ) (5.12)

for ww(x, t, δ) in (4.5). Recall that ww(x, t, δ) in (4.5) is the same as ws(x, t, δ)
in (4.4) except it has the product segment [[x(t1), x(t3)]] in (3.2) instead of the
standard segment [x(t1), x(t3)] in (3.1).

Paralleling Definition 12.3.1, let an ordered subset A of Gx of cardinality m be
such that (3.9) holds, but now with the order being the order on Gx. Paralleling
(3.10), let the order-consistent distance between A and Gx be

d̂(A, Gx) ≡ sup{‖(z, t) − (zi, ti)‖ ∨ ‖(z, t) − (zi+1, ti+1)‖ : (z, t) ∈ Gx} (5.13)

with the supremum being over all (z, t) ∈ Gx such that (zi, ti) ≤ (z, t) ≤ (zi+1, ti+1)
for all i, 1 ≤ i ≤ m − 1.

Theorem 12.5.2. (characterizations of WM1 convergence) The following are
equivalent characterizations of xn → x as n → ∞ in (D, WM1):

(i) dw(xn, x) → 0 as n → ∞.

(ii) dp(xn, x) → 0 as n → ∞.

(iii) xn(t) → x(t) as n → ∞ for each t in a dense subset of [0, T ] including 0 and
T , and

lim
δ↓0

lim
n→∞

ww(xn, δ) = 0 . (5.14)
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(iv) xn(T ) → x(T ) as n → ∞; for each t ∈ Disc(x),

lim
δ↓0

lim
n→∞

v(xn, x, t, δ) = 0 (5.15)

for v(xn, x, t, δ) in (4.2); and, for each t ∈ Disc(x),

lim
δ↓0

lim
n→∞

ww(xn, t, δ) = 0 (5.16)

for ww(xn, t, δ) in (4.5).

(v) for all ε > 0 and all n sufficiently large, there exist finite ordered subsets A of
Gx (in general depending on n) and An of Gxn of common cardinality such
that d̂(A, Gx) < ε, d̂(An, Gxn) < ε and d∗(A, An) < ε for d̂ in (5.13) and d∗

in (5.6).

Example 12.5.1. Need for changing parametric representations. In general, there
is no analog of characterizations (i) and (ii) in Theorem 12.5.1 for the parametric
representations in Πw(x) and Πw(xn); i.e., if dw(xn, x) → 0 as n → ∞, there need
not exist (u, r) ∈ Πw(x) and (un, rn) ∈ Πw(xn) such that (5.2) holds. To see this, let
x1 = x2 = I[1,2], x1

2n+1 = x2
2n = I[1−n−1,2] and x2

2n+1 = x1
2n = I[1+n−1,2] for n ≥ 2.

Property (i) of Theorem 12.5.2 holds, but different parametric representations of x
are needed for even and odd n.

12.6. Strengthening the Mode of Convergence

In this section we apply the characterizations of M1 convergence in Sections 12.3 and
12.5 to establish conditions under which the mode of convergence can be strength-
ened: We seek conditions under which WM1 convergence can be replaced by SM1
convergence. We use the following Lemma.

Lemma 12.6.1. (modulus bound for (xn, yn)) For xn ∈ D([0, T ], Rk), yn, y ∈
D([0, T ], Rl), t ∈ [0, T ] and δ > 0,

ws((xn, yn), t, δ) ≤ ws(xn, t, δ) + 2v(yn, y, t, δ) .

Theorem 12.6.1. (extending SM1 convergence to product spaces) Suppose that
ds(xn, x) → 0 in D([0, T ], Rk) and ds(yn, y) → 0 in D([0, T ], Rl) as n → ∞. If

Disc(x) ∩ Disc(y) = φ .

then

ds((xn, yn), (x, y)) → 0 in D([0, T ], Rk+l) as n → ∞ .

Proof. We use characterization (v) in Theorem 12.5.1. First, for each t ∈
Disc((x, y)), t ∈ Disc(x) ∪ Disc(y), (5.4) holds and

lim
δ↓0

lim
n→∞

v(yn, y, δ, t) = 0 , (6.1)
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which implies that

lim
δ↓0

lim
n→∞

v((xn, yn), (x, y), δ, t) = 0 .

Now, for each t ∈ Disc(x), (5.5) and (6.1) hold (because Disc(x) ∩ Disc(y) = φ).
Thus, for those t, by Lemma 12.6.1,

lim
δ↓0

lim
n→∞

ws((xn, yn), t, δ) = 0 . (6.2)

By the same reasoning (6.2) also holds for each t ∈ Disc(y), so that (6.2) holds for
all t ∈ Disc((x, y)) = Disc(x) ∪ Disc(y).

Remark 12.6.1. The discontinuity condition is not necessary. The discontinuity
condition Disc(x) ∩ Disc(y) = φ in Theorem 12.6.1 is not necessary. To see that,
note that if xn → x as n → ∞ in D([0, T ], Rk), then (xn, xn) → (x, x) as n → ∞
in D([0, T ], R2k). However, some condition is needed, as can be seen from the fact
that the WM1 topology is strictly weaker than the SM1 topology on D([0, T ], Rk)
for k > 1, as shown by Example 12.3.1.

Remark 12.6.2. The J1 and M2 analogs. Analogs of Theorem 12.6.1 hold in the
J1 and M2 topologies. For J1, see Propositions 2.1 (a) and 2.2 (b) on p. 301 of
Jacod and Shiryaev (1987). For M2, see Theorem 12.11.3 below.

As in Lemma 12.3.3, let D1 ≡ D1([0, T ], Rk) be the subset of x in D with dis-
continuities in only one coordinate at a time; i.e., x ∈ D1 if xi(t−) = xi(t) for at
most one coordinate i for each t. (The coordinate i ≡ i(t) may depend upon t.)

Corollary 12.6.1. (from WM1 convergence to SM1 convergence when the limit
is in D1) If dp(xn, x) → 0 as n → ∞ and x ∈ D1, then ds(xn, x) → 0.

Example 12.3.3 shows that it is not enough to have x ∈ Ds in Corollary 12.6.1.

12.7. Characterizing Convergence with Mappings

The strong topology SM1 differs from the weak topology WM1 by the behavior of
linear functions of the coordinates. Example 12.3.1 shows that linear functions of the
coordinates are not continuous in the product topology (there (x1

n−x2
n) → (x1−x2)

as n → ∞), but they are in the strong topology, as we now show. Note that there
is no subscript on d on the left in (7.1) below because ηx is real valued.

Theorem 12.7.1. (Lipschitz property of linear functions of the coordinate
functions) For any x1, x2 ∈ D([0, T ], Rk) and η ∈ R

k,

d(ηx1, ηx2) ≤ (‖η‖ ∨ 1)ds(x1, x2) . (7.1)

Example 12.7.1. Difficulties with the weak topology. To see that (ηz, t) need not
be an element of Γηx when (z, t) ∈ Gx and that (ηu, r) need not be an element of
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Π(ηx) when (u, r) ∈ Πw(x), let x1 = x2 = I[1,2] and consider ηx = x1 − x2. The
flexibility allowed by Gx allows (z, t) ∈ Gx with ηz = 0 and (u, r) ∈ Πw(x) with
u(s) = 0.

We now obtain a sufficient condition for addition to be continuous on (D, ds) ×
(D, ds), which is analogous to the J1 result in Theorem 4.1 of Whitt (1980).

Corollary 12.7.1. (SM1-continuity of addition) If ds(xn, x) → 0 and ds(yn, y) →
0 in D([0, T ], Rk) and

Disc(x) ∩ Disc(y) = φ ,

then

ds(xn + yn, x + y) → 0 in D([0, T ], Rk) .

Proof. First apply Theorem 12.6.1 to get ds((xn, yn), (x, y)) → 0 in
D([0, T ], R2k). Then apply Theorem 12.7.1.

Remark 12.7.1. Measurability of addition. The measurability of addition on
(D, ds) × (D, ds) holds because the Borel σ-field coincides with the Kolmogorov
σ-field. It also follows from part of the proof of Theorem 4.1 of Whitt (1980).

In Theorem 12.7.1 we showed that linear functions of the coordinates are Lipschitz
in the SM1 metric. We now apply Theorem 12.5.1 to show that convergence in the
SM1 topology is characterized by convergence of all such linear functions of the
coordinates.

Theorem 12.7.2. (characterization of SM1 convergence by convergence of all lin-
ear functions) There is convergence xn → x in D([0, T ], Rk) as n → ∞ in the SM1
topology if and only if ηxn → ηx in D([0, T ], R1) as n → ∞ in the M1 topology for
all η ∈ R

k.

We can get convergence of sums under more general conditions than in Corollary
12.7.1. It suffices to have the jumps of xi and yi have common sign for all i. We
can express this property by the condition

(xi(t) − xi(t−))(yi(t) − yi(t−)) ≥ 0 (7.2)

for all t, 0 ≤ t ≤ T , and all i, 1 ≤ i ≤ k.

Theorem 12.7.3. (continuity of addition at limits with jumps of common sign) If
xn → x and yn → y in D([0, T ], Rk, SM1) and if condition (7.2) above holds, then

xn + yn → x + y in D([0, T ], Rk, SM1) .

Proof. Apply the characterization of SM1 convergence in Theorem 12.5.1 (v). At
points t in Disc(x)c ∩Disc(y)c, use the local uniform convergence in Lemma 12.5.1
and Corollary 12.11.1. For other t not in Disc(x) ∩ Disc(y), use Theorem 12.6.1.
For t ∈ Disc(x) ∩ Disc(y), exploit condition (7.2) to deduce that, for all ε > 0,
there exists δ and n0 such that

ws(xn + yn, t, δ) ≤ ws(xn, t, δ) + ws(yn, t, δ) + ε
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for all n ≥ n0.
In Sections (2.2.7)–(2.2.13) of Skorohod (1956), convenient characterizations of

convergence in each topology are given for real-valued functions. We can apply
Theorem 12.7.2 to develop associated characterizations for R

k-valued functions.
For each x ∈ D([0, T ], R1), 0 ≤ t1 < t2 ≤ T and, for each a < b in R, let va,b

t1,t2(x)
be the number of visits to the strip [a, b] on the interval [t1, t2]; i.e., va,b

t1,t2(x) = k if
it is possible to find k (but not k + 1) points t′i such that t1 < t′1 < · · · < t′k ≤ t2
such that either

x(t1) ∈ [a, b], x(t′1) ∈ [a, b], x(t′2) ∈ [a, b], . . . ,

or

x(t1) ∈ [a, b], x(t′1) ∈ [a, b], x(t′2) ∈ [a, b], . . .

We say that x ∈ D([0, T ], R) has a local maximum (minimum) value at t relative
to (t1, t2) in (0, T ) if t1 < t < t2 and either

(i) sup{x(s) : t1 ≤ s ≤ t2} ≤ x(t) (inf{x(s) : t1 ≤ s ≤ t2} ≥ x(t))

or

(ii) sup{x(s) : t1 ≤ s ≤ t2} ≤ x(t−) (inf{x(s) : t1 ≤ s ≤ t2)} ≥ x(t−)) .

We say that x has a local maximum (minimum) value at t if it has a local maximum
(minimum) value at t relative to some interval (t1, t2) with t1 < t < t2. We call
local maximum and minimum values local extreme values.

Lemma 12.7.1. (local extreme values) Any x ∈ D([0, T ], R) has at most countably
many local extreme values.

If b is not a local extreme value of x, then x crosses level b whenever x hits b;
i.e., if b is not a local extreme value and if x(t) = b or x(t−) = b, then for every t1,
t2 with t1 < t < t2 there exist t′1, t′2 with t1 < t′1, t′2 < t2 such that x(t′1) < b and
x(t′2) > b. This property implies the following lemma.

Lemma 12.7.2. Consider an interval [t1, t2] with 0 < t1 < t2 < T . If x(ti) ∈ {a, b}
for i = 1, 2 and a, b are not local extreme values of x, then x crosses one of the
levels a and b at each of the va,b

t1,t2(x) visits to the strip [a, b] in [t1, t2].

Theorem 12.7.4. (characterization of SM1 convergence in terms of convergence
of number of visits to strips) There is convergence ds(xn, x) → 0 as n → ∞ in
D([0, T ], Rk) if and only if

va,b
t1,t2(ηxn) → va,b

t1,t2(ηx) as n → ∞

for all η ∈ R
k, all points t1, t2 ∈ {T} ∪ Disc(x)c with t1 < t2 and almost all a, b

with respect to Lebesgue measure.
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12.8. Topological Completeness

In this section we exhibit a complete metric topologically equivalent to the incom-
plete metric ds in (3.7) inducing the SM1 topology. Since a product metric defined
as in (3.11) inherits the completeness of the component metrics, we also succeed in
constructing complete metrics inducing the associated product topology. We make
no use of the complete metrics beyond showing that the topology is topologically
complete. Another approach to topological completeness would be to show that D
is homeomorphic to a Gδ subset of a complete metric space, as noted in Section
11.2.

In our construction of complete metrics, we follow the argument used by Prohorov
(1956, Appendix 1) to show that the J1 topology is topologically complete; we
incorporate an oscillation function into the metric. For M1, we use ws(x, δ) in (5.1).
Since ws(x, δ) → 0 as δ → 0 for each x ∈ D, we need to appropriately “inflate”
differences for small δ. For this purpose, let

ŵs(x, z) ≡

⎧⎨
⎩

ws(x, ez), z < 0

ws(x, 1), z ≥ 1 .

(8.1)

Since ws(x, δ) is nondecreasing in δ, ŵs(x, z) is nondecreasing in z. Note that
ŵs(x, z) as a function of z has the form of a cumulative distribution function (cdf)
of a finite measure. On such cdf’s, the Lévy metric λ is known to be a complete
metric inducing the topology of pointwise convergence at all continuity points of
the limit; i.e.,

λ(F1, F2) ≡ inf{ε > 0 : F2(x − ε) − ε ≤ F1(x) ≤ F2(x + ε) + ε} . (8.2)

The Helly selection theorem, p. 267 of Feller (1971), can be used to show that the
metric λ is complete.

Thus, our new metric is

d̂s(x1, x2) ≡ ds(x1, x2) + λ(ŵs(x1, ·), ŵs(x2, ·)) . (8.3)

Theorem 12.8.1. (a complete SM1 metric) The metric d̂s on D in (8.3) is
complete and topologically equivalent to ds.

Example 12.8.1. The counterexample for ds is not fundamental under d̂s. Recall
that Example 12.10.1 was used to show that the metric ds is not complete. That
example has xn = I[1,1+n−1), so that ds(xm, xn) → 0 as m, n → ∞, i.e., the se-
quence {xn} is fundamental for ds even though it does not converge. Note that
ws(xn, δ) = 1 for δ > 1/2n and ws(xn, δ) = 0 otherwise. Hence, ŵs(xn, z) = 1 for
z > log(1/2n) = − log(2n) and ŵs(xn, z) = 0 otherwise. Note that ŵs(xn, ·) corre-
sponds to the cdf of a unit point mass at − log(2n). Consequently, d̂s(xm, xn) → 0
as m, n → ∞.
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Remark 12.8.1. An alternative complete metric. An alternative complete metric
topologically equivalent to ds is

d†
s(x1, x2) = ms(x1, x2) + λ(ŵs(x1, ·), ŵs(x2, ·)) , (8.4)

where ms ≡ dM2 is the M2 metric in (5.4) of Section 11.5. That is actually what
Prohorov did for J1 (with ŵs in (8.4) replaced by the J1 oscillation function).

12.9. Noncompact Domains

It is often convenient to consider the function space D([0,∞), Rk) with domain
[0,∞) instead of [0, T ]. More generally, we may consider the function space
D(I, Rk), where I is a subinterval of the real line. Common cases besides [0,∞) are
(0,∞) and (−∞,∞) ≡ R.

Given the function space D(I, Rk) for any subinterval I, we define convergence
xn → x with some topology to be convergence in D([a, b], Rk) with that same
topology for the restrictions of xn and x to the compact interval [a, b] for all points
a and b that are elements of I and either boundary points of I or are continuity
points of the limit function x. For example, for I = [c, d) with −∞ < c < d < ∞,
we include a = c but exclude b = d; for I = [c, d], we include both c and d.

For simplicity, we henceforth consider only the special case in which I = [0,∞).
In that setting, we can equivalently define convergence xn → x as n → ∞ in
D([0,∞), Rk) with some topology to be convergence xn → x as n → ∞ in
D([0, t], Rk) with that topology for the restrictions of xn and x to [0, t] for t = tk
for each tk in some sequence {tk} with tk → ∞ as k → ∞, where {tk} can depend
on x. It suffices to let tk be continuity points of the limit function x; for the J1
topology, see Stone (1963), Lindvall (1973), Whitt (1980) and Jacod and Shiryaev
(1987). We will discuss only the SM1 topology here, but the discussion applies to
the other nonuniform topologies as well. We also will omit most proofs.

As a first step, we consider the case of closed bounded intervals [t1, t2]. The space
D([t1, t2], Rk) is essentially the same as (homeomorphic to) the space D([0, T ], Rk)
already studied, but we want to look at the behavior as we change the interval
[t1, t2]. For [t3, t4] ⊆ [t1, t2], we consider the restriction of x in D([t1, t2], Rk) to
[t3, t4], defined by

rt3,t4 : D([t1, t2], Rk) → D([t3, t4], Rk)

with rt3,t4(x)(t) = x(t) for t3 ≤ t ≤ t4. Let dt1,t2 be the metric ds on D([t1, t2], Rk).
We want to relate the distance dt1,t2(x1, x2) and convergence dt1,t2(xn, x) → 0 as
n → ∞ for different domains. We first state a result enabling us to go from the
domains [t1, t2] and [t2, t3] to [t1, t3] when t1 < t2 < t3.

Lemma 12.9.1. (metric bounds) For 0 ≤ t1 < t2 < t3 and x1, x2 ∈ D([t1, t3], Rk),

dt1,t3(x1, x2) ≤ dt1,t2(x1, x2) ∨ dt2,t3(x1, x2) .
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We now observe that there is an equivalence of convergence provided that the
internal boundary point is a continuity point of the limit function.

Lemma 12.9.2. For 0 ≤ t1 < t2 < t3 and x, xn ∈ D([t1, t3], Rk), with
t2 ∈ Disc(x)c, dt1,t3(xn, x) → 0 as n → ∞ if and only if dt1,t2(xn, x) → 0 and
dt2,t3(xn, x) → 0 as n → ∞.

For x ∈ D([0, T ], Rk) and 0 ≤ t1 < t2 ≤ T , let rt1,t2 : D([0, T ], Rk) →
D([t1, t2], Rk) be the restriction map, defined by rt1,t2(x)(s) = x(s), t1 ≤ s ≤ t2.

Corollary 12.9.1. (continuity of restriction maps) If xn → x as n → ∞ in
D([0, T ], Rk, SM1) and if t1, t2 ∈ Disc(x)c, then

rt1,t2(xn) → rt1,t2(x) as n → ∞ in D([t1, t2], Rk, SM1) .

Let rt : D([0,∞), Rk) → D([0, t], Rk) be the restriction map with rt(x)(s) = x(s),
0 ≤ s ≤ t. Suppose that f : D([0,∞), Rk) → D([0,∞), Rk) and ft : D([0, t], Rk) →
D([0, t], Rk) for t > 0 are functions with

ft(rt(x)) = rt(f(x))

for all x ∈ D([0,∞), Rk) and all t > 0. We then call the functions ft restrictions of
the function f .

Theorem 12.9.1. (continuity from continuous restrictions) Suppose that f :
D([0,∞), Rk) → D([0,∞), Rl) has continuous restrictions ft with some topology
for all t > 0. Then f itself is continuous in that topology.

We now consider the extension of Lipschitz properties to subsets of D([0,∞), Rk).
For this purpose, suppose that µt is one of the M1 metrics on D([0, t], Rk) for
t > 0. As in Section 2 of Whitt(1980), an associated metric µ can be defined on
D([0,∞), Rk) by

µ(x1, x2) =
∫ ∞

0
e−t[µt(rt(x1), rt(x2)) ∧ 1]dt. (9.1)

The following result implies that the integral in (9.1) is well defined.

Theorem 12.9.2. (regularity of the metric µt(x1, x2) as a function of t) Let µt be
one of the M1 metrics on D([0, t], Rk). For all x1, x2 ∈ D([0,∞), Rk), µt(x1, x2) as
a function of t is right-continuous with left limits in (0,∞) and has a right limit
at 0. Moreover, µt(x1, x2) is continuous at t > 0 whenever x1 and x2 are both
continuous at t.

We also have the following result, paralleling Lemma 2.2 and Theorem 2.5 of
Whitt (1980). For (iii), we exploit Theorem 12.5.1 (i).

Theorem 12.9.3. (characterizations of SM1 convergence with domain [0,∞))
Suppose that µ and µt, t > 0 are the SM1 (or WM1) metrics on D([0,∞), Rk)
and D([0, t], Rk). Then the following are equivalent for x and xn, n ≥ 1, in
D([0,∞), Rk).

(i) µ(xn, x) → 0 as n → ∞;
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(ii) µt(rt(xn), rt(x)) → 0 as n → ∞ for all t ∈ Disc(x);

(iii) there exist parametric representations (u, r) and (un, rn) of x and xn mapping
[0,∞) into the graphs such that

‖un − u‖t ∨ ‖rn − r‖t → 0 as n → ∞

for each t > 0.

We now show that the Lipschitz property extends from D([0, t], Rk) to
D([0,∞), Rk).

Theorem 12.9.4. (functions with Lipschitz restrictions are Lipschitz) If a func-
tion

f : D([0,∞), Rk) → D([0,∞), Rk)

has restrictions

ft : D([0, T ], Rk) → D([0, T ], Rk)

satisfying

µ2
t (ft(rt(x1)), ft(rt(x2))) ≤ Kµ1

t (rt(x1), rt(x2)) for all t > 0 ,

where K is independent of t, then

µ2(f(x1), f(x2)) ≤ (K ∨ 1)µ1(x1, x2).

Proof. By (9.1) and the conditions,

µ2(f(x1), f(x2)) =
∫ ∞

0
e−t[µ2

t (rt(f(x1)), rt(f(x2))) ∧ 1]dt

=
∫ ∞

0
e−t[µ2

t (ft(rt(x1)), ft(rt(x2))) ∧ 1]dt

≤
∫ ∞

0
e−t[Kµ1

t (rt(x1), rt(x2)) ∧ 1]dt

≤ (K ∨ 1)
∫ ∞

0
e−t[µ1

t (rt(x1), rt(x2)) ∧ 1]dt

≤ (K ∨ 1)µ1(x1, x2) .

12.10. Strong and Weak M2 Topologies

We now define strong and weak versions of Skorohod’s M2 topology. In Section
12.11 we will show that it is possible to define the M2 topologies by a minor modi-
fication of the definitions in Section 12.3, in particular, by simply using parametric
representations in which only r is nondecreasing instead of (u, r), but now we will
use Skorohod’s (1956) original approach, and relate it to the Hausdorff metric on
the space of graphs.
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The weak topology will be defined just like the strong, except it will use the thick
graphs Gx instead of the thin graphs Γx. In particular, let

µs(x1, x2) ≡ sup
(z1,t1)∈Γx1

inf
(z2,t2)∈Γx2

{‖(z1, t1) − (z2, t2)‖} (10.1)

and

µw(x1, x2) ≡ sup
(z1,t1)∈Gx1

inf
(z2,t2)∈Gx2

{‖(z1, t1) − (z2, t2)‖} . (10.2)

Following Skorohod (1956), we say that xn → x as n → ∞ for a sequence or net
{xn} in the strong M2 topology, denoted by SM2 if µs(xn, x) → 0 as n → ∞.
Paralleling that, we say that xn → x as n → ∞ in the weak M2 topology, denoted
by WM2, if µw(xn, x) → 0 as n → ∞. We say that xn → x as n → ∞ in the
product topology if µs(xi

n, xi) → 0 (or equivalently µw(xi
n, xi) → 0) as n → ∞ for

each i, 1 ≤ i ≤ k.
We can also generate the SM2 and WM2 topologies using the Hausdorff metric

in (5.2) of Section 11.5. As in (5.4) in Section 11.5, for x1, x2 ∈ D,

ms(x1, x2) ≡ mH(Γx1 ,Γx2) = µs(x1, x2) ∨ µs(x2, x1) , (10.3)

mw(x1, x2) ≡ mH(Gx1 , Gx2) = µw(x1, x2) ∨ µw(x2, x1) (10.4)

and

mp(x1, x2) ≡ max
1≤i≤k

ms(xi
1, x

i
2) . (10.5)

We will show that the metric ms induces the SM2 topology.
That will imply that the metric mp induces the associated product topology.

However, it turns out that the metric mw does not induce the WM2 topology. We
will show that the WM2 topology coincides with the product topology, so that the
Hausdorff metric can be used to define the WM2 topology via mp in (10.5).

Closely paralleling the d or M1 metrics, we have mp ≤ ms on D([0, T ], Rk) and
mp = mw = ms on D([0, T ], R1). Just as with d, we use m without subscript when
the functions are real valued. Example 12.3.1, which showed that WM1 is strictly
weaker than SM1 also shows that WM2 is strictly weaker than SM2. Example
12.3.3 shows that the SM2 topology is strictly weaker than the SM1 topology.

Note that µs in (10.1) is not symmetric in its two arguments. We first show that
if µs(x, xn) → 0 as n → ∞, we need not have µs(xn, x) → 0 as n → ∞.

Example 12.10.1. Lack of symmetry of µs in its arguments. To see that we can
have µs(x, xn) → 0 as n → ∞ without µw(xn, x) → 0 or µs(xn, x) → 0 as n →
∞, let x(t) = 0, 0 ≤ t ≤ 2, and let xn = I[1,1+n−1) in D([0, 2], R1). Clearly
mw(xn, x) → 0, but for any (0, t) ∈ Γx = Gx, we can find (0, tn) ∈ Γxn = Gxn such
that |tn − t| → 0.

We now observe that ms induces the SM2 topology.
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Theorem 12.10.1. (the Hausdorff metric ms induces the SM2 topology) If
µs(xn, x) → 0 as n → ∞, then µs(x, xn) → 0 as n → ∞. Hence, µs(xn, x) → 0 as
n → ∞ if and only if ms(xn, x) → 0 as n → ∞.

It may seem natural to consider a weak M2 topology defined by the metric
mw(x1, x2) in (10.4), but this does not yield a desirable topology.

Example 12.10.2. Deficiency of the mw metric. To see a deficiency of the mw

metric in (10.4), we show that convergence ds(xn, x) → 0 as n → ∞, which implies
ms(xn, x) → 0, does not imply µw(x, xn) → 0 or mw(xn, x) → 0 as n → ∞. For this
purpose, consider x and xn, n ≥ 1, in D([0, 2], R2) defined by x1 = x2 = I[1,2] and
x1

n(t) = x2
n(t) = n(t−1)I[1,1+n−1)(t)+I[1+n−1,2](t) for n ≥ 1. Then ds(xn, x) → 0 as

n → ∞ and thus ms(xn, x) → 0 as n → ∞, but the thick ranges of the graphs of x
and xn are ρ(Gx) = [0, 2]× [0, 2] and ρ(Gxn

) = {α(0, 0)+(1−α)(2, 2) : 0 ≤ α ≤ 1},
so that µw(x, xn) → 0 and mw(xn, x) → 0 as n → ∞. in this case, µw(xn, x) → 0
as n → ∞.

We now observe that mp induces the WM2 topology.

Theorem 12.10.2. (WM2 is the product topology) µw(xn, x) → 0 as n → ∞ for
µw in (10.2) if and only if mp(xn, x) → 0 as n → ∞ for mp in (10.5), so that the
WM2 topology on D([0, T ], Rk) coincides with the product topology.

We conclude this section by summarizing the relations among the primary
distances under consideration in the following theorem.

Theorem 12.10.3. (comparison of distances) For each x1, x2 ∈ D,

dp ≤ dw ≤ ds ≤ dJ1 ≤ ‖ · ‖ ,

mp ≤ dp and mp ≤ ms ≤ ds .

Remark 12.10.1. Relating the J and M topologies. The Ji topologies were related
to the Mi topologies in a revealing way in Pomarede (1976). The J2 topology is
induced by the Hausdorff metric on the space of incomplete graphs; that shows
that J2 is stronger than M2. Similarly, the J1 topology can be defined in terms of a
metric applied to parametric representations of the incomplete graphs; that shows
that J1 is stronger than M1.

12.11. Alternative Characterizations of M2 Convergence

We now give alternative characterizations of the SM2 and WM2 topologies.

12.11.1. M2 Parametric Representations
We first observe that the SM2 and WM2 topologies can be defined just like the
SM1 and WM1 topologies in Section 12.3. For this purpose, we say that a strong M2
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(SM2) parametric representation of x is a continuous function (u, r) mapping [0, 1]
onto Γx such that r is nondecreasing. A weak M2 (WM2) parametric representation
of x is a continuous function mapping [0, 1] into Gx such that r is nondecreasing
with r(0) = 0, r(1) = T and u(1) = x(T ). The corresponding M1 parametric
representations are nondecreasing using the order defined on the graphs Γx and Gx

in Section 2. In contrast, only the component function r is nondecreasing in the
M2 parametric representations. Let Πs,2(x) and Πw,2(x) be the sets of all SM2 and
WM2 parametric representations of x.

Paralleling (3.7) and (3.8), define the distance functions

ds,2(x1, x2) ≡ inf
(uj,rj)∈Πs,2(xj)

j=1,2

{‖u1 − u2‖ ∨ ‖r1 − r2‖} (11.1)

and

dw,2(x1, x2) ≡ inf
(uj,rj)∈Πw,2(xj)

j=1,2

{‖u1 − u2‖ ∨ ‖r1 − r2‖} . (11.2)

We then can say that xn → x as n → ∞ for a sequence or net {xn} if ds,2(xn, x) →
0 or dw,2(xn, x) → 0 as n → ∞. A difficulty with this approach, just as for the WM1
topology, is that neither ds,2 nor dw,2 is a metric.

Example 12.11.1. Neither ds,2 nor dw,2 is a metric. To see that neither ds,2 nor
dw,2 is a metric, consider real-valued functions, so that ds,2 = dw,2 = d2. Let x =
2I[1,2], x2n+1 = 2I[1−2n−1,1−n−1)+2I[1,2] and x2n = I[1−n−1,1)+2I[1,2] in D([0, 2], R)
for n ≥ 3. For each n, it is possible to choose parametric representations of xn and x
such that d2(x2n+1, x) ≤ 2n−1 and d2(x2n, x) ≤ n−1. However, d2(x2n, x2n+1) ≥ 1
for all n. We cannot simultaneously match the points in {2}× [1−2n−1, 1−n−1] ⊆
Γ2xn+1 to {2} × [1, 2] ⊆ Γx2n and the points in {0} × [(1 − n−1), 1) ⊆ Γx2n+1 to
{0} × [0, 1 − n−1) ⊆ Γx2n

because the times are inconsistently ordered.

12.11.2. SM2 Convergence
We now establish the equivalence of several alternative characterizations of conver-
gence in the SM2 topology. To have a characterization involving the local behavior
of the functions, we use the uniform-distance function w̄s(x, x2, t, δ) in (4.6). We
also use the related uniform-distance functions

w̄s(x1, x2, δ) ≡ sup
0≤t≤T

w̄(x1, x2, t, δ) . (11.3)

w̄∗
s(x1, x2, t, δ) ≡ ‖x1(t) − [x2((t − δ) ∨ 0), x2((t + δ) ∧ T )]‖ (11.4)

w̄∗
s(x1, x2, δ) ≡ sup

0≤t≤T
w̄∗

s(x1, x2, t, δ) . (11.5)

We now define new oscillation functions. The first is

w̄∗
s(x, t, δ) ≡ sup{‖x(t) − [x(t1), x(t2)]‖} , (11.6)
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where the supremum is over

0 ∨ (t − δ) ≤ t1 ≤ [0 ∨ (t − δ)] + δ/2 and [T ∧ (t + δ)] − δ/2 ≤ t2 ≤ (t + δ) ∧ T.

The second is

w̄∗
s(x, δ) ≡ sup

0≤t≤T
w̄∗

s(x, t, δ) . (11.7)

The uniform-distance function w̄∗
s(x1, x2, δ) in (11.5) and the oscillation function

w̄∗
s(x, δ) in (11.7) were originally used by Skorohod (1956).
As before, T need not be a continuity point of x in D([0, T ], Rk). Unlike for the

M1 topology, we can have xn → x in (D, M2) without having xn(T ) → x(T ).

Example 12.11.2. M2 convergence does not imply pointwise convergence at the
right endpoint. To see that M2 convergence does not imply that xn(T ) → x(T ), let
x(0 = x(T−) = 0, x(T ) = 1,

xn(0) = xn(T − 2n−1) = xn(T ) = 0

and xn(T − n−1) = 1 for n ≥ 1 with x and xn defined by linear interpolation
elsewhere. It is easy to see that xn → x (M2), but xn(T ) → x(T ).

Let v(x, A) represent the oscillation of x over the set A as in (2.5).

Theorem 12.11.1. (characterizations of SM2 convergence) The following are
equivalent characterizations of xn → x as n → ∞ in (D, SM2):

(i) ds,2(xn, x) → 0 as n → ∞ for ds,2 in (11.1); i.e., for any ε > 0 and n
sufficiently large, there exist (u, r) ∈ Πs,2(x) and (un, rn) ∈ Πs,2(xn) such
that ‖un − u‖ ∨ ‖rn − r‖ < ε.

(ii) ms(xn, x) → 0 as n → ∞ for the metric ms in (10.3).

(iii) µs(xn, x) → 0 as n → ∞ for µs in (10.1).

(iv) Given w̄s(x1, x2, δ) defined in (11.3),

lim
δ↓0

lim
n→∞

w̄s(xn, x, δ) = 0 .

(v) For each t, 0 ≤ t ≤ T ,

lim
δ↓0

lim
n→∞

w̄s(xn, x, t, δ) = 0

for w̄s(x1, x2, t, δ) in (4.6).

(vi) For all ε > 0 and all n sufficiently large, there exist finite ordered subsets A of
Γx and An of Γxn , as in (3.9) where (z1, t1) ≤ (z2, t2) if t1 ≤ t2, of the same
cardinality such that d̂(A, Γx) < ε, d̂(An,Γxn) < ε and d∗(A, An) < ε for d̂ in
(3.10) and d∗ in (5.6).
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(vii) Given w̄∗
s(x1, x2, δ) defined in (11.5),

lim
δ↓0

lim
n→∞

w̄∗
s(xn, x, δ) = 0 .

(viii) xn(t) → x(t) as n → ∞ for each t in a dense subset of [0, T ] including 0 and

lim
δ↓0

lim
n→∞

w̄∗
s(xn, δ) = 0

for w̄∗
s(x, δ) in (11.7).

Remark 12.11.1. The equivalence (iii)↔(vii)↔(viii) was established by Skorohod
(1956).

Remark 12.11.2. There is no analog to characterization (v) involving w̄∗
s(xn, x, t, δ)

in (11.4) instead of w̄s(xn, x, t, δ). For t ∈ Disc(x)c,

lim
δ↓0

lim
n→∞

w̄∗
s(xn, x, t, δ) = 0

implies pointwise convergence xn(t) → x(t), but not the local uniform convergence
in Theorem 12.4.1.

12.11.3. WM2 Convergence
Corresponding characterizations of WM2 convergence follow from Theorem 12.11.1
because the WM2 topology is the same as the product topology, by Theorem
12.10.2. Let

w̄w(x1, x2, δ) ≡ sup
0≤t≤T

w̄w(x1, x2, t, δ) (11.8)

for w̄w(x1, x2, t, δ) in (4.7).

Theorem 12.11.2. (characterizations of WM2 convergence) The following are
equivalent characterizations of xn → x as n → ∞ in (D, WM2):

(i) dw,2(xn, x) → 0 as n → ∞ for dw,2 in (11.2); i.e., for any ε > 0 and all
n sufficiently large, there exist (u, r) ∈ Πw,2(x) and (un, rn) ∈ Πw,2(xn) such that
‖un − u‖ ∨ ‖rn − r‖ < ε.

(ii) mp(xn, x) → 0 as n → ∞ for the metric mp in (10.5).
(iii) Given w̄w(x1, x2, δ) defined in (11.8),

lim
δ↓0

lim
n→∞

w̄w(xn, x, δ) = 0 .

(iv) For each t, 0 ≤ t ≤ T ,

lim
δ↓0

lim
n→∞

w̄w(xn, x, t, δ) = 0 .

(v) For all ε > 0 and all sufficiently large n, there exist finite ordered subsets A
of Gx and An of Γxn , of common cardinality m as in (3.9) with (z1, t1) ≤ (z2, t2) if
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t1 ≤ t2, such that d̂(A, Gx) < ε, d̂(An,Γxn) < ε and d∗(A, An) < ε for all n ≥ n0,
for d̂ in (5.13) and d∗ in (5.6).

Theorem 12.11.2 and Section 12.4 show that all forms of M convergence imply
uniform convergence to continuous limit functions.

Corollary 12.11.1. (from WM2 convergence to uniform convergence) Suppose
that mp(xn, x) → 0 as n → ∞.

(i) If t ∈ Disc(x)c, then

lim
δ↓0

lim
n→∞

v(xn, x, t, δ) = 0 .

(ii) If x ∈ C, then limn→∞ ‖xn − x‖ = 0.

Proof. For (i) combine Theorems 12.4.1 and 12.11.2. For (ii) add Lemma 12.4.2.
Convergence in WM2 has the advantage that jumps in the converging functions

must be inherited by the limit function.

Corollary 12.11.2. (inheritance of jumps) If xn → x in (D, WM2), tn → t in
[0, T ] and xi

n(tn) − xi
n(tn−) ≥ c > 0 for all n, then xi(t) − xi(t−) ≥ c.

Proof. Apply Theorem 12.11.2 (iv).
Let J(x) be the maximum magnitude (absolute value) of the jumps of the function

x in D. We apply Corollary 12.11.2 to show that J is upper semicontinuous.

Corollary 12.11.3. (upper semicontinuity of J) If xn → x in (D, M2), then

lim
n→∞

J(xn) ≤ J(x) .

Proof. Suppose that xn → x in (D, WM2) and there exists a subsequence {xnk
}

such that J(xnk
) → c. Then there exist further subsubsequences {xnkj

} and {tnkj
},

and a coordinate i, such that tnkj
→ t for some t ∈ [0, T ] and |xi

nkj
(tnkj

) −
xi

nkj
(tnkj

−)| → c. Then Corollary 12.11.2 implies that |xi(t) − xi(t−)| ≥ c.

12.11.4. Additional Properties of M2 Convergence
We conclude this section by discussing additional properties of the M2 topologies.
First we note that there are direct M2 analogs of the M1 results in Theorems 12.6.1,
12.7.1, 12.7.2 and 12.7.3.

Theorem 12.11.3. (extending SM2 convergence to product spaces) Suppose that
ms(xn, x) → 0 in D([0, T ], Rk) and ms(yn, y) → 0 in D([0, T ], Rl) as n → ∞. If

Disc(x) ∩ Disc(y) = φ ,

then

ms((xn, yn), (x, y)) → 0 in D([0, T ], Rk+l) as n → ∞ .
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Corollary 12.11.4. (from WM2 convergence to SM2 convergence when the limit
is in D1) If mp(xn, x) → 0 as n → ∞ and x ∈ D1, then ms(xn, x) → 0 as n → ∞.

Theorem 12.11.4. (Lipschitz property of linear functions of the coordinate
functions) For any x1, x2 ∈ D([0, T ], Rk) and η ∈ R

k,

m(ηx1, ηx2) ≤ (‖η‖ ∨ 1)ms(x1, x2) .

We have an analog of Corollary 12.7.1 for the M2 topology.

Corollary 12.11.5. (SM2-continuity of addition) If ms(xn, x) → 0 and ms(yn, y) →
0 in D([0, T ], Rk) and

Disc(x) ∩ Disc(y) = φ ,

then

ms(xn + yn, x + y) → 0 in D([0, T ], Rk) .

Theorem 12.11.5. (characterization of SM2 convergence by convergence of all
linear functions of the coordinates) There is convergence xn → x in D([0, T ], Rk)
as n → ∞ in the SM2 topology if and only if ηxn → ηx in D([0, T ], R1) as n → ∞
in the M2 topology for all η ∈ R

k.

Just as with the M1 topology, we can get convergence of sums under more general
conditions than in Corollary 12.11.5. It suffices to have the jumps of xi and yi have
common sign for all i. We can express this property by the condition (7.2).

Theorem 12.11.6. (continuity of addition at limits with jumps of common sign)
If xn → x and yn → y in D([0, T ], Rk, SM2) and if condition (7.2) holds, then

xn + yn → x + y in D([0, T ], Rk, SM2) .

We now apply Theorem 12.11.5 to extend a characterization of convergence due
to Skorohod (1956) to R

k-valued functions. For each x ∈ D([0, T ], R1) and 0 ≤ t1 <
t2 ≤ T , let

Mt1,t2(x) ≡ sup
t1≤t≤t2

x(t) . (11.9)

The proof exploits the SM2 analog of Corollary 12.9.1.

Theorem 12.11.7. (characterization of SM2 convergence in terms of convergence
of local extrema) There is convergence ms(xn, x) → 0 as n → ∞ in D([0, T ], Rk)
if and only if

Mt1,t2(ηxn) → Mt1,t2(ηx) as n → ∞

for all η ∈ R
k and all points t1, t2 ∈ {T} ∪ Disc(x)c with t1 < t2.

We can apply the characterization of M2 convergence in Theorem 12.11.7 to show
the preservation of convergence under bounding functions in the M2 topology.
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Corollary 12.11.6. (preservation of WM2 convergence within bounding func-
tions) Suppose that

yi
n(t) ≤ xi

n(t) ≤ zi
n(t)

for all t ∈ [0, T ], 1 ≤ i ≤ k, and all n. If mp(yn, x) → 0 and mp(zn, x) → 0 as
n → ∞, then mp(xn, x) → 0 as n → ∞.

Example 12.11.3. Failure with other topologies. To see that there is no analog
of Corollary 12.11.6 for the M1 and J1 topologies, for n ≥ 1, let x = I[1,2], yn =
I[1+n−1,2], zn = I[1−n−1,2],

xn(0) = xn(1 − n−1) = xn(1 − (3n)−1) = xn(1 − (5n)−1) = 0

and

xn(1 − (2n)−1) = xn(1 − (4n)−1) = xn(1) = xn(2) = 1 ,

with xn defined by linear interpolation elsewhere. Then yn(t) ≤ xn(t) ≤ zn(t) for
all t and n, yn → x and zn → x as n → ∞ in D([0, 2], R) with the J1 topology,
while xn → x with the M2 topology, but not with the M1, J2 and J1 topologies.

12.12. Compactness

We now characterize compact subsets in D ≡ D([0, T ], Rk) in the M topologies,
closely following Section 2.7 of Skorohod (1956). To do so, we define new oscillation
functions that include more control of the behavior of the functions at the interval
endpoints 0 and T . First let

w̄∗
w(x, δ) ≡ max

1≤i≤k
w̄∗

s(xi, δ) (12.1)

for w̄∗
s in (11.7). Given ws(x, δ) in (5.1), ww(x, δ) in (5.12), w̄∗

s(x, δ) in (11.7),
w̄∗

w(x, δ) in (12.1) and v̄(x, t, δ) in (4.3), let

w′
s(x, δ) ≡ ws(x, δ) ∨ v̄(x, 0, δ) ∨ v̄(x, T, δ) , (12.2)

w′
w(x, δ) ≡ ww(x, δ) ∨ v̄(x, 0, δ) ∨ v̄(x, T, δ) , (12.3)

w̄′
s(x, δ) ≡ w̄∗

s(x, δ) ∨ v̄(x, 0, δ) ∨ v̄(x, T, δ) , (12.4)
w̄′

w(x, δ) ≡ w̄∗
w(x, δ) ∨ v̄(x, 0, δ) ∨ v̄(x, T, δ) . (12.5)

Since

w̄∗
w(x, δ) ≤ w̄∗

s(x, δ) and w̄∗
w(x, δ) ≤ ww(x, δ) ≤ ws(x, δ)

for all x ∈ D and δ > 0,

w̄′
w(x, δ) ≤ w̄′

s(x, δ) and w̄′
w(x, δ) ≤ w′

w(x, δ) ≤ w′
s(x, δ)

for all x ∈ D and δ > 0.
We start by stating a characterization of WM2 convergence. The proof draws on

Theorem 12.11.1.
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Theorem 12.12.1. (another characterization of WM2 convergence) If {xn} is a
sequence in D such that xn(t) converges as n → ∞ for all t in a dense subset of
[0, T ] including 0 and T and

lim
δ↓0

lim
n→∞

w̄′
w(xn, δ) = 0 (12.6)

for w̄′ in (12.5), then there exists x ∈ D such that mp(xn, x) → 0.

Example 12.12.1. Need for the v̄ terms. To see the need for the terms v̄(x, 0, δ)
and v̄(x, T, δ) in w̄′

w(x, δ), let xn(0) = 1, xn(n−1) = xn(1) = 0 with xn defined
by linear interpolation elsewhere on [0, 1]. Then w̄∗

s(xn, δ) = 0 for all n and δ,
but {xn : n ≥ 1} does not converge and is not compact in D([0, 1], R, M2). Since
supn v̄(xn, 0, δ) = 1 for all δ > 0, (12.6) fails.

Corollary 12.12.1. (new characterizations of convergence in other topologies) If
the conditions of Theorem 12.12.1 hold with w̄′

w in (12.5) replaced by w̄′
s in (12.4),

w′
w in (12.3) or w′

s in (12.2), then the convergence can be strengthened to SM2,
WM1 or SM1, respectively.

Theorem 12.12.2. (characterizations of compactness) A subset A of D has
compact closure in the SM1, WM1, SM2 or WM2 topology if

sup
x∈A

{‖x‖} < ∞ (12.7)

and

lim
δ↓0

sup
x∈A

{w′(x, δ)} < ∞ , (12.8)

where w′ is w′
s in (12.2) for SM1, w′

w in (12.3) for WM1, w̄′
s in (12.4) for SM2

and w̄′
w in (12.5) for SM2. The conditions are necessary for SM1 and WM1.

Example 12.12.2. The conditions are not necessary for M2. To see that the condi-
tions in Theorem 12.12.2 are not necessary for the M2 topologies, for s ∈ [1/4, 1/2],
let

xs = I[s,1/4+s/2) + I[1/2,1]

in D([0, 1], R). The set {xs : 1/4 ≤ s ≤ 1/2} is clearly M2 compact, but

sup
1/4≤s≤1/2

w̄w(xs, δ) = 1

for all δ, 0 < δ < 1/4.

Compactness characterizations on D translate into tightness characterizations
for sets of probability measures on D. Recall from Chapter 11 that a set A of
probability measures on a metric space (S, m) is said to be tight if for all ε > 0
there exists a compact subset K of (S, m) such that

P (K) > 1 − ε for all P ∈ A .
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Theorem 12.12.3. (characterizations of tightness) A sequence {Pn : n ≥ 1} of
probability measures on D with the SM1, WM1, SM2 or WM2 topology is tight if
the following two conditions hold:

(i) For each ε > 0, there exists c such that

Pn({x ∈ D : ‖x‖ > c}) < ε, n ≥ 1 .

(ii) For each ε > 0 and η > 0, there exists δ > 0 such that

Pn({x ∈ D : w′(x, δ) ≥ η) < ε, n ≥ 1 ,

for w′ being the appropriate oscillation function in (12.2)–(12.5). The conditions
are also necessary for the SM1 and WM1 topologies.

Proof. Suppose that conditions (i) and (ii) hold, where w′ is w′
s in (12.2) for SM1

w′
w in (12.3) for WM1, w̄′

s in (12.4) for SM2 and w̄′
w in (12.5) for WM2. For ε > 0

given, choose c and δk such that Pn(Ac
k) < ε2−(k+1), k ≥ 0, where

A0 = {x ∈ D : ‖x‖ ≤ c} (12.9)

and

Ak = {x ∈ D : w′(x, δk) < k−1}, k ≥ 1 . (12.10)

Then let A = ∩k≥0Ak. By the construction,

Pn(Ac) = Pn (∪k≥0A
c
k) ≤

∞∑
k=0

Pn(Ac
k) ≤ ε . (12.11)

Since A ⊆ A0 and

lim
δ↓0

sup
x∈A

w′(x, δ) = 0 , (12.12)

the set A has compact closure by Theorem 12.12.1. Going the other way, assume
that the topology is SM1 or WM1 and suppose that {Pn : n ≥ 1} is tight, so that
for any ε > 0 there exists a compact subset K of D such that Pn(K) > 1 − ε.
By Theorem 12.12.2, for any η > 0 given, K ⊆ {x : ‖x‖ ≤ c} for some c and
K ⊆ {x : w′(x, δ) ≤ η} for small enough δ; by the monotonicity of w′(x, δ) in δ for
the SM1 and WM1 topologies. Hence conditions (i) and (ii) hold for all n.

For an alternative characterization of M1 tightness in D([0, T ], R), see Avram
and Taqqu (1989).



13
Useful Functions

13.1. Introduction

In this chapter we consider several useful functions from D or D×D to D that can be
exploited to establish new stochastic-process limits from given ones. We concentrate
on four basic functions introduced in Section 3.5: composition, supremum, reflection
and inverse. Another basic function is addition, but it has already been treated
in Sections 12.6, 12.7 and 12.11. Our treatment of useful functions follows Whitt
(1980), but the emphasis there was on the J1 topology, even though the M1 topology
was used in places. In contrast, here the emphasis is on the M1 and M2 topologies,
although we also give results for the J1 topology. As in the last chapter, many
proofs are omitted. Most of the missing proofs appear in Chapter 7 of the Internet
Supplement.

Here is how this chapter is organized: We start in Section 13.2 by considering the
composition map, which plays an important role in establishing FCLTs involving a
random time change. We consider composition without centering in Section 13.2;
then we consider composition with centering in Section 13.3.

In Section 13.4 we study the supremum function, both with and without cen-
tering. In Section 13.5 we apply the supremum results to treat the (one-sided
one-dimensional) reflection map, which arises in queueing applications. We study
the two-sided reflection map in Section 14.8.

We start studying the inverse function in Section 13.6. We study the inverse map
without centering in Section 13.6 and with centering in Section 13.7. In Section
13.8 we apply the results for inverse functions to obtain corresponding results for
closely related counting functions.
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Application of these convergence-preservation results to stochastic-process limits
are described in Sections 7.3 and 7.4. Section 7.3 contains FCLT’s for counting
processes, while Section 7.4 contains FCLT’s for renewal-reward processes. When
there are heavy-tailed distributions, the M1 topology plays an important role.

In Chapter 3 of the Internet Supplement we discuss pointwise convergence and
its preservation under mappings. The perservation of pointwise convergence focuses
on relations for individual sample paths, as in the queueing book by El-Taha and
Stidham (1999). From Chapter 3 of the Internet Supplement, we see that a function-
space setting is not required for all convergence preservation.

13.2. Composition

This section is devoted to the composition function, mapping (x, y) into x◦y, where

(x ◦ y)(t) ≡ x(y(t)) for all t .

We have in mind a map from Dk × D into Dk, where Dk ≡ D([0,∞), Rk).
The situation is much easier when we consider single times and the map is from
Dk ×R+ to R

k. We can still take advantage of the Skorohod topology on D, though.
The following is an elementary, but important, consequence of the local uniform
convergence established in Section 12.4.

Proposition 13.2.1. (local uniform convergence) If

(xn, tn) → (x, t) in (Dk, WM2) × R+ ,

where t ∈ Disc(x)c, then

xn(tn) → x(t) in R
k .

We now consider the composition map as a map from Dk × D to D, where we
allow the domains of x and y to be R+ ≡ [0,∞) and we restrict the range of y to
be R+. However, that is not enough; we need additional regularity conditions to
have x ◦ y ∈ D.

Example 13.2.1. The need for a condition on y. To see that x ◦ y need not
be in D without additional conditions on y, let x = I[2−1,∞) and y = 2−1 +∑∞

n=1(−2)−nI[2−1−2−n,2−1−2−(n+1)). Then x, y ∈ D, but x ◦ y has no limit from
the left at t = 1/2.

Henceforth in this chapter, unless stipulated otherwise, when D ≡ Dk, so that
the range of functions is R

k, we let D be endowed with the strong version of the J1,
M1 or M2 topology, and simply write J1, M1 or M2. It will be evident that most
results also hold with the corresponding weaker product topology.

To ensure that x ◦ y ∈ D, we will assume that y is also nondecreasing. We begin
by defining subsets of D ≡ Dk ≡ D([0,∞), Rk) that we will consider. Let D0 be
the subset of all x ∈ D with xi(0) ≥ 0 for all i. Let D↑ and D↑↑ be the subsets of
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functions in D0 that are nondecreasing and strictly increasing in each coordinate.
Let Dm be the subset of functions x in D0 for which the coordinate functions xi

are monotone (either increasing or decreasing) for each i. Let C0, C↑, C↑↑ and Cm

be the corresponding subsets of C; i.e., C0 ≡ C ∩D0, C↑ ≡ C ∩D↑, C↑↑ = C ∩D↑↑,
and Cm = C ∩ Dm.

It is important that all of these subsets are measurable subsets of D with the Borel
σ-fields associated with the non-uniform Skorohod topologies, which all coincide
with the Kolmogorov σ-field generated by the projection maps; see Theorems 11.5.2
and 11.5.3.

Lemma 13.2.1. (Measurability of C in D) C is a closed subset of (D, J1) and so
a measurable (but not closed) subset of D with the M1 and M2 topologies.

Recall that a subset of a topological space is a Gδ subset if it is a countably
intersection of open subsets. Clearly, a Gδ subset belongs to the Borel σ-field.

Lemma 13.2.2. (measurability of subsets of C) Cm is a closed subset of C, C↑ is
a closed subset of Cm and C↑↑ is a Gδ subset of C↑.

Proof. For the third relation, note that

C↑↑ = ∩p∈Q ∩ q∈Q
q>p

∩k
i=1{x ∈ C : xi(q) − xi(p) > 0}

where Q is the set of rationals in R+.

Lemma 13.2.3. (measurability of subsets of D) With any of the non-uniform Sko-
rohod topologies, D0 is a closed subset of D, Dm is a closed subset of D0, D↑ is a
closed subset of Dm and D↑↑ is a Gδ subset of D↑.

Proof. For the last relation, let {tj} be a countable dense subset of R+. For each
(j, l), let

Di,j,l = {x ∈ D↑ : xi is constant over [tj ∧ tl, tj ∨ tl]} .

Then Di,j,l is a closed subset of D↑ and

D↑↑ = ∩∞
j=1 ∩∞

l=1 ∩k
i=1(D↑ − Di,j,l) ,

so that D↑↑ is indeed a Gδ subset of D↑.
We now return to the composition map in (12.2), stating the condition for x◦y ∈

D as a lemma.

Lemma 13.2.4. (criterion for x ◦ y to be in D) For each x ∈ D([0,∞), Rk) and
y ∈ D↑([0,∞), R+), x ◦ y ∈ D([0,∞), Rk).

A basic result, from pp. 145, 232 of Billingsley (1968), is the following. The
continuity part involves the topology of uniform convergence on compact intervals.

Theorem 13.2.1. (continuity of composition at continuous limits) The composi-
tion map from Dk × D1

↑ to Dk is measurable and continuous at (x, y) ∈ Ck ×
C1

↑ .
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Example 13.2.2. Composition is not continuous everywhere. To see that the com-
position on D1 × D1

↑ is not continuous in any of the Skorohod topologies, let
xn = x = I[1/2,1], n ≥ 1, y(t) = 2−1 and yn(t) = 2−1 − n−1, 0 ≤ t ≤ 1. Then
xn = x and ‖yn − y‖ = n−1 → 0, but (xn ◦ yn)(t) = 0 and (x ◦ y)(t) = 1,
0 ≤ t ≤ 1.

Our goal now is to obtain additional positive continuity results under extra
conditions. We use the following elementary lemma.

Lemma 13.2.5. If y(t) ∈ Disc(x) and y is strictly increasing and continuous at
t, then t ∈ Disc(x ◦ y).

Example 13.2.3. The need for y to be strictly increasing. To see the need for the
condition that y be strictly increasing at t in Lemma 13.2.5, let x = I[1,∞) and
y(t) = 1, t ≥ 0. Then (x ◦ y)(t) = 1 for all t, so that x ◦ y is continuous. Moreover,
if xn = x and yn(t) = 1 − n−1, t ≥ 0, n ≥ 1, then (xn ◦ yn)(t) = 0 for all n and t,
so that xn ◦ yn fails to converge to x ◦ y for any t.

The following is the J1 result, taken from Whitt (1980). As indicated before, the
proof appears in the Internet Supplement. The first J1 composition results were
established by Silvestrov; see Silvestrov (2000) for an account. See Serfozo (1973,
1975) and Gut (1988) for stochastic-process limits involving composition.

Theorem 13.2.2. (J1-continuity of composition) The composition map from Dk×
D1

↑ to Dk taking (x, y) into (x◦y) is continuous at (x, y) ∈ (Ck ×D1
↑)∪ (Dk ×C1

↑↑)
using the J1 topology throughout.

We have a different result for the M topologies:

Theorem 13.2.3. (M -continuity of composition) If (xn, yn) → (x, y) in Dk × D1
↑

and (x, y) ∈ (Dk ×C1
↑↑)∪(Ck

m ×D1
↑), then xn ◦yn → x◦y in Dk, where the topology

throughout is M1 or M2.

In most applications we have (x, y) ∈ Dk × C1
↑↑, as is illustrated by the next sec-

tion. That part of the M conditions is the same as for J1. The mode of convergence
in Theorem 13.2.3 for yn → y does not matter, because on D1

↑, convergence in the
M1 and M2 topologies coincides with pointwise convergence on a dense subset of
[0,∞), including 0; see Corollary 12.5.1.

It is easy to see that composition cannot in general yield convergence in a stronger
topology, because x ◦ y = x and xn ◦ yn = xn, n ≥ 1, when yn = y = e, where
e(t) = t, t ≥ 0. Unlike for the J1 topology, the composition map is in general not
continuous at (x, y) ∈ C × D1

↑ in the M topologies.

Example 13.2.4. Why the J1 and M conditions differ. To see that composition
is not continuous at (x, y) ∈ C × D1

↑ in the M topologies, let y, yn, x = xn be
elements of D([0,∞), R) defined by

y(0) = y(.5−) = 0, y(.5) = .25, y(1) = 1, y(t) = t, t > 1,

yn(0) = yn(.5 − n−1) = 0, yn(.5) = .25, yn(1) = 1, yn(t) = t, t > 1,
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x(0) = x(.25) = x(t) = 0 for t > 0.25, x(.125) = 1 ,

with the functions defined by linear interpolation elsewhere. Note that y jumps
from 0 to 0.25 at 0.5, while yn increases from 0 to 0.25 linearly over the interval
[2−1 − n−1, 2−1] for each n. Hence yn → y in the M topologies but not in the J
topologies. Note that x(y(t)) = 0, t ≥ 0, while xn(yn(2−1−(2n)−1)) = xn(.125) = 1.
Hence xn ◦ yn → x ◦ y as n → ∞ in any of the Skorohod topologies.

We actually prove a more general continuity result, which covers Theorem 13.2.3
as a special case.

Theorem 13.2.4. (more general M -continuity of composition) Suppose that
(xn, yn) → (x, y) in Dk × D1

↑. If (i) y is continuous and strictly increasing at t
whenever y(t) ∈ Disc(x) and (ii) x is monotone on [y(t−), y(t)] and y(t−), y(t) ∈
Disc(x) whenever t ∈ Disc(y), then xn ◦ yn → x ◦ y in Dk, where the topology
throughout is M1 or M2.

Theorem 13.2.3 follows easily from Theorem 13.2.4: First, on Dk×C1
↑ , y is contin-

uous, so only condition (i) need be considered; it is satisfied because y is continuous
and strictly increasing everywhere. Second on Ck

m × D1
↑, x is continuous so only

condition (ii) need be considered; it is satisfied because x is monotone everywhere.
Hence it suffices to prove Theorem 13.2.4, which is done in the Internet Supplement.
The general idea in our proof of Theorem 13.2.4 is to work with the characterization
of convergence using oscillation functions evaluated at single arguments, exploiting
Theorems 12.5.1 (v), 12.5.2 (iv), 12.11.1 (v) and 12.11.2 (iv).

13.3. Composition with Centering

We now consider the composition map with centering. To obtain results, we apply
both composition and addition. The results yield sufficient conditions for random
sums and other processes transformed by a random time change to satisfy FCLTs,
as we show in Section 7.4.

We start by establishing convergence properties of composition plus addition. We
state results for the J1 topology as well as the M1 and M2 topologies. As before,
let e be the identity map on [0,∞).

Theorem 13.3.1. (convergence preservation for composition plus addition) Let
x, z and xn, n ≥ 1 be elements of Dk; let y, yn and vn, n ≥ 1 be elements of D1

↑;
and let cn ∈ R

k for n ≥ 1. If

(xn − cne, yn, cn(yn − vn)) → (x, y, z) in Dk × D1
↑ × Dk , (3.1)

y ∈ C1
↑↑ and

Disc(x ◦ y) ∩ Disc(z) = φ , (3.2)

then

xn ◦ yn − cnvn → x ◦ y + z in Dk , (3.3)
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where the topology throughout is J1, M1 or M2. If the topology is M1 or M2, then
instead of (3.2) it suffices for xi ◦ y and zi to have no common discontinuities with
jumps of the opposite sign for 1 ≤ i ≤ k.

Proof. Note that

xn ◦ yn − cnvn = (xn − cne) ◦ yn + cn(yn − vn) .

For the M topologies, apply Theorem 13.2.3 for composition, using the condition
y ∈ C1

↑↑, and Corollaries 12.7.1 and 12.11.5 for addition with the M1 and M2
topologies, respectively. The J1 result is proved similarly, using Theorem 13.2.2
instead of Theorem 13.2.3. For addition with J1, use Remark 12.6.2. Use Theorems
12.7.3 and 12.11.6 for the weaker condition for addition to be continuous with the
M topologies.

The standard application of Theorem 13.3.1 has ci
n → ∞ as n → ∞ for each i

and vn = bne, where bn → b. We describe that case below.

Corollary 13.3.1. (convergence preservation for composition with linear center-
ing) Let x, z and xn, n ≥ 1, be elements of Dk; let yn, n ≥ 1, be elements of D1

↑;
let cn ∈ Rk and bn ∈ R

1 satisfy |ci
n| → ∞ for each i and bn → b as n → ∞. If

(xn − cne, cn(yn − bne)) → (x, z) in Dk × Dk (3.4)

and

Disc(x ◦ be) ∩ Disc(z) = φ , (3.5)

then

(xn ◦ yn − cnbne) → x ◦ y + z in Dk , (3.6)

where the topology throughout is J1, M1 or M2. If the topology is M1 or M2,
then instead of condition (3.5) it suffices for xi ◦ be and zi to have no common
discontinuities with jumps of opposite sign, 1 ≤ i ≤ k.

Proof. Since |ci
n| → ∞ as n → ∞ for each i, the limit in (3.4) implies that

‖yn − bne‖ → 0 as n → ∞. Hence ‖yn − be‖ → 0 as n → ∞ and

(xn − cne, yn, cn(yn − be)) → (x, y, z) in Dk × D1
↑ × Dk ,

where y = be. Hence we can apply Theorem 13.3.1 to obtain the desired
conclusion.

We now consider an application of the convergence-preservation results above
to obtain a FCLT involving a random time change. Specifically, we consider an
application of Corollary 13.3.1. Let (Xn(t), Yn(t)) : t ≥ 0} be random elements of
Dk × D1

↑ for each n ≥ 1, with one of the topologies under consideration. Let Xn,
Yn and Zn be normalized processes constructed by

Xn(t) ≡ δ−1
n [Xn(nt) − µnnt], t ≥ 0

Yn(t) ≡ δ−1
n [Yn(nt) − λnnt], t ≥ 0

Zn(t) ≡ δ−1
n [(Xn(Yn(nt)) − λnµnnt], t ≥ 0 . (3.7)
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Corollary 13.3.2. (stochastic consequence with linear centering) Suppose that
(Xn, Yn) is a random element of Dk × D1

↑ for each n. If

(Xn,Yn) ⇒ (U,V) in Dk × D1 (3.8)

with topology J1, M1 or M2, for the scaled processes Xn, Yn in (3.7) with δn → ∞,
nδ−1

n → ∞, µn → µ with µi = 0 for all i and λn → λ, and if

P (Disc(U ◦ λe) ∩ Disc(V) = φ) = 1 , (3.9)

then

Zn ⇒ U ◦ λe + µV in Dk (3.10)

for Zn in (3.7) and the same topology. If the topology is M1 or M2, then instead
of condition (3.9) it suffices for Ui ◦ λe and Vi to almost surely have no common
discontinuities with jumps of opposite sign, 1 ≤ i ≤ k.

Proof. First, since µn → µ as n → ∞ in R
k, from condition (3.8) we obtain

(Xn, µnYn) ⇒ (U, µV) in Dk × Dk (3.11)

from the continuous mapping theorem. Now apply Corollary 13.3.1 with cn =
nδ−1

n µn, bn = λn,

xn(t) = δ−1
n Xn(nt) and yn(t) = n−1Yn(nt) .

By the Skorohod (1956) representation theorem, there exist versions of the processes
such that almost surely

(xn − cne, cn(yn − bne)) → (x, z) as n → ∞

where x = U and z = µV. Corollary 13.3.1 then yields

(xn ◦ yn − cnbne) → x ◦ y + z as n → ∞ (3.12)

almost surely in Dk, where y = λe, but the limit process in (3.12) is distributed the
same as the limit process in (3.10). The almost sure convergence in (3.12) implies
the convergence in distribution in (3.10).

A standard application of Corollary 13.3.2 is to random sums. Then, for each
n ≥ 1, {Xn(nt) : t ≥ 0} corresponds to a sequence of partial sums; i.e.,

Xn(nt) =
�nt�∑
j=1

Zn,j , t ≥ 0 ,

where �x� is the greatest integer less than or equal to x and {Zn,j : j ≥ 1} is a
sequence of random vectors in R

k for each n. The composition then yields a random
sum, i.e.,

(xn ◦ yn)(t) = δ−1
n Xn(Yn(nt)) = δ−1

n

Yn(nt)∑
j=1

Zn,j ,
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so that the limit (3.10) becomes for a random sum. We consider the special case in
which the summands Zn,j come from a single IID sequence and the random index
Yn(t) is a renewal process in Section 7.4.

Another application of Corollary 13.3.2 is to establish stochastic-process limits
that imply asymptotic validity of sequential stopping rules in stochastic simulations.
The asymptotic validity occurs in the limit as the desired volume of the target
confidence set decreases. See Chapter 4 of the Internet Supplement.

We now establish a variant of Theorem 13.3.1 with nonlinear centering terms.
In the proof we apply continuity of multiplication, which we now establish. By
multiplication of x and y in D, we mean (xy)(t) ≡ x(t)y(t) for all t.

For the composition results in Theorem 13.3.3 below, one of the functions is
continuous, so we do not require the multiplication result in full generality. The
general results is of independent interest. For the M topologies, the condition on
the behavior at common discontinuities is more stringent for multiplication than
for addition because of the way signs multiply.

Example 13.3.1. The need for stronger conditions. To see the need for stronger
conditions with multiplication, let xn ≡ −1 + 2I[2−1−n−1,∞) and let yn ≡ y ≡
−1 + 2I[2−1,∞) for n ≥ 2. Then xn → y in (D, J1) as n → ∞, but xnyn =
1 − 2I[2−1−n−1,2−1], which does not converge to y2 = 1 in any of the Skorohod
topologies.

Theorem 13.3.2. (continuity of multiplication) Suppose that xn → x and yn → y
in D([0,∞), R) with one of the Skorohod topologies J1, M1 or M2. If the topology
is J1, then assume that Disc(x) ∩ Disc(y) = φ . If the topology is M1 or M2, then
assume for each t ∈ Disc(x) ∩ Disc(y) that x(t), x(t−), y(t) and y(t−) all have
common sign and [x(t)−x(t−)][y(t)−y(t−)] ≥ 0. Then xnyn → xy in D([0,∞), R)
with the same topology, where (xy)(t) ≡ x(t)y(t) for t ≥ 0.

Proof. For J1, we can conclude that (xn, yn) → (x, y) in D2 with the SJ1 topology
by the J1 analog of Theorem 12.6.1; see Remark 12.6.2. It is then easy to show that
xnyn → xy. Use the fact that xn → x implies that supn{‖xn‖} < ∞. For M1, apply
the characterization in Theorem 12.5.1 (v). For M2, apply the characterization in
Theorem 12.11.7.

Theorem 13.3.3. (convergence preservation for composition with nonlinear cen-
tering) Let x, xn ∈ Dk, y, yn ∈ D1

↑, y ∈ C↑↑, x have a continuous derivative ẋ and
cn → ∞. If

cn(xn − x, yn − y) → (u, v) in Dk × D1 (3.13)

with one of the topologies J1, M1 or M2, where

Disc(u ◦ y) ∩ Disc(v) = φ , (3.14)

then

cn(xn ◦ yn − x ◦ y) → u ◦ y + (ẋ ◦ y)v in Dk (3.15)
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with the same topology, where

[(ẋ ◦ y)v](t) ≡ [ẋ1(y(t))v(t), . . . , ẋk(y(t))v(t)] . (3.16)

If the topology is M1 or M2, then instead of condition (3.14) it suffices to have
ẋ(t) ≥ (≤)0 for all t and the functions u◦y and v to have no common discontinuities
with jumps of opposite (common) sign.

Proof. Note that

cn(xn ◦ yn − x ◦ y) = cn(xn − x) ◦ yn + cn(x ◦ yn − x ◦ y) ,

Given condition (3.13), we obtain

[cn(xn − x), cn(yn − y), yn] → [u, v, y] in Dk × D1 × D1

and then, applying composition, multiplication and addition,

[cn(xn ◦ yn − x ◦ yn) + (ẋ ◦ y)cn(yn − y)] → u ◦ y + (ẋ ◦ y)v

by virtue of Theorems 13.2.2, 13.2.3 and 13.3.2 and condition (3.14) (or the
alternative M -topology condition). Note that

‖cn(xn ◦ yn − x ◦ y) − cn(xn ◦ yn − x ◦ yn) − cn(ẋ ◦ y)(yn − y)‖
≤ ‖cn(x ◦ yn − x ◦ y) − cn(ẋ ◦ y)(yn − y)‖ . (3.17)

However, the term on the right in (3.17) is asymptotically negligible because

cn(x ◦ yn − x ◦ y)(t) = cn

∫ yn(t)

y(t)
ẋ(s)ds

and

sup
0≤s≤t

∣∣∣∣∣cn

∫ yn(s)

y(s)
ẋ(u)du − ẋ(y(s))cn(yn(s) − y(s))

∣∣∣∣∣ → 0 as n → ∞ ,

because ẋ is uniformly continuous over bounded intervals and ‖yn − y‖t → 0 as a
consequence of d(cn(yn − y), v) → 0.

13.4. Supremum

In this section we consider the supremum function, mapping D ≡ D([0, T ], R) into
itself according to

x↑(t) = sup
0≤s≤t

x(s), 0 ≤ t ≤ T . (4.1)

We are primarily interested in the supremum function because it is closely related
to the reflection map, discussed in the next section. Another motivation is extreme-
value theory; see Resnick (1987) and Embrechts et al. (1997).

We have already observed that the map from D to R taking x into x↑(t) is
continuous in the M2 topology at all t ∈ Disc(x)c; that is a consequence of Theorem
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12.11.7. Now we consider the map from D to D taking x into the function x↑ in
(4.1).

The supremum function can be thought of as the nondecreasing majorant: It is
easy to see that

x↑ = inf{y ∈ D : y ≥ x, y nondecreasing} ,

where y ≥ x if y(t) ≥ x(t) for all t. If x ∈ D0, then x↑ ∈ D↑.
It is easy to see that the supremum function is Lipschitz in the uniform norm:

Lemma 13.4.1. (Lipschitz property of the supremum function with the uniform
norm) For any x1, x2 ∈ D([0, T ], R),

‖x↑
1 − x↑

2‖ ≤ ‖x1 − x2‖ .

As consequences of Lemma 13.4.1, we obtain corresponding Lipschitz properties
with the J1, M1 and M2 metrics dJ1 , ds and ms, here denoted by dJ1 , dM1 and
dM2 . For the M1 topology, we use the following result.

Lemma 13.4.2. (inheritance of parametric representations) For any x ∈ D, if
(u, r) ∈ Π(x) (Πs,2(x)), then (u↑, r) ∈ Π(x↑) (Πs,2(x)).

Theorem 13.4.1. (Lipschitz property of the supremum function) For any x1, x2 ∈
D([0, T ], R),

dJ1(x
↑
1, x

↑
2) ≤ dJ1(x1, x2) ,

dM1(x
↑
1, x

↑
2) ≤ dM1(x1, x2) ,

dM2(x
↑
1, x

↑
2) ≤ dM2(x1, x2) .

Example 13.4.1. Convergence preservation fails with pointwise convergence. It
is significant that analogs of Lemma 13.4.1 and Theorem 13.4.1 do not hold for
pointwise convergence: Let xn = I[n−1,2n−1]. Then xn(t) → 0 as n → ∞ for all t,
while x↑

n(t) → 1 as n → ∞ for all t > 0.

On the other hand, there is a pointwise-convergence analog of Theorem 13.4.1
for a single function; see Section 3.3 of the Internet Supplement.

Moreover, the conclusion in Theorem 13.4.1 can be recast in terms of pointwise
convergence: Since x↑ is nondecreasing, convergence x↑

n → x↑ in the M topologies
is equivalent to pointwise convergence at continuity points of x↑, because on D↑
the M1 and M2 topologies coincide with pointwise convergence on a dense subset
of R+ including 0 and T ; see Corollary 12.5.1. Thus the M topologies have not
contributed much so far. We obtain more useful convergence-preservation results
for the supremum map with the M topologies when we combine supremum with
centering. As before, let e be the identity map, i.e., e(t) = t, 0 ≤ t ≤ T . The proof
is in the Internet Supplement.

Theorem 13.4.2. (convergence preservation with the supremum function and cen-
tering) Suppose that cn(xn − e) → y as n → ∞ in D([0, T ], R) with one of the
topologies J1, M1 or M2, where cn → ∞.
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(a) If the topology is M1 or M2, then cn(x↑
n − e) → y in the same topology.

(b) If the topology is J1, then cn(x↑
n − e) → y if and only if y has no negative

jumps.

Example 13.4.2. Pointwise convergence is not enough. To see that a pointwise
convergent analog of Theorem 13.4.2 does not hold, let xn = c−1

n I[n−1,2n−1] + e
where cn → ∞. Then cn(xn − e)(t) = I[n−1,2n−1](t) → 0 as n → ∞ for all t > 0,
while x↑

n(t) = c−1
n + t and cn(x↑

n − e)(t) = 1 for all n sufficiently large, for t > 0.

A common case covered by Theorem 13.4.2 is y ∈ C. If y ∈ C, then all modes of
convergence in Theorem 13.4.2 reduce to uniform convergence and we have cn(x↑

n −
e) → y whenever cn(xn − e) → y. Since cn → ∞, under the conditions of Theorem
13.4.2, ‖xn − e‖ → 0 as n → ∞. By Theorem 13.4.1, ‖x↑

n − e‖ → 0 as well.
We use the following lemma in the proof of both Theorem 13.4.2 above and

Theorem 13.4.3 below.

Lemma 13.4.3. If x ∈ D([0, T ], R) and x has no negative jumps, then for any
ε > 0 there is a δ > 0 such that

v−(x, δ) ≡ sup
0∨(t−δ)≤t′≤t

0≤t≤T

{x(t′) − x(t)} < ε . (4.2)

We can easily extend Theorem 13.4.2 to cover a case of nonlinear centering.
Recall that Λ ≡ Λ([0, T ]) is the set of increasing homeomorphisms of [0, T ]. We use
elements of Λ as the centering term.

Corollary 13.4.1. (convergence preservation with the supremum and nonlinear
centering) Suppose that cn(xn−λn) → y as in D([0, T ], R) with one of the topologies
J1, M1 or M2, where λn → λ with λ, λn ∈ Λ([0, T ]) and cn → ∞.

(a) If the topology is M1 or M2, then cn(x↑
n − λn) → y in the same topology.

(b) If the topology is J1, then cn(x↑
n − λn) → y if and only if y has no negative

jumps.

Proof. Given cn(xn − λn) → y, we have cn(xn ◦ λ−1
n − e) → y ◦ λ−1 by applying

Theorems 13.2.2 and 13.2.3. Then Theorem 13.4.2 implies that cn(x↑
n ◦ λ−1

n − e) →
y◦λ−1 with the limit holding J1 if and only if y◦λ−1 has no negative jumps. Clearly,
y ◦ λ−1 has no negative jumps if and only if y does. Finally, apply Theorems 13.2.2
and 13.2.3 again to get cn(x↑

n ◦ λ−1
n ◦ λn − λn) → y ◦ λ−1 ◦ λ, which implies the

conclusion because λ−1
n ◦ λn = λ−1 ◦ λ = e.

We now obtain joint convergence in the stronger topologies on D([0, T ], R2) under
the condition that the limit function have no negative jumps.

Theorem 13.4.3. (criterion for joint convergence) Suppose that cn(xn − e) → y
as n → ∞ in D([0, T ], R) with one of the J1, M1 or M2 topologies, where cn → ∞.
If, in addition, y has no negative jumps, then

cn(xn − e, x↑
n − e) → (y, y) as n → ∞ (4.3)

in D([0, T ], R2) with the strong version of the same topology, i.e., with SJ1, SM1
or SM2.
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Since addition is continuous on D2 with the strong topologies, we obtain the
following corollary.

Corollary 13.4.2. Under the conditions of Theorem 13.4.3,

‖cn(x↑
n − xn)‖ → 0 as n → ∞ .

Example 13.4.3. The problem with negative jumps. To see that Corollary 13.4.2
does not hold and the simple direct argument with parametric representations in
the proof of Theorem 13.4.3 does not work for Theorem 13.4.2 when there are
negative jumps, let y = −I[1/2,1], cn = n and cn(xn − e) = y, i.e., xn = e + n−1y.
First,

cn(x↑
n − xn)(1/2) = 1 for all n ≥ 1 .

We now show what goes wrong with the parametric representations. let un = u
and rn = r with

u(0) = u(1/3) = 0, u(2/3) = u(1) = −1 (4.4)

and

r(0) = 0, r(1/3) = 1/2 = r(2/3), r(1) = 1 ,

with u and r defined by linear interpolation elsewhere. Then (u′
n, r) ∈ Π(cn(x↑

n−e))
for u′

n = (u + nr)↑ − nr, so that

u′
n(0) = u′

n(1/3) = u′
n((2/3) = 0, u′

n((2/3) + n−1) = u′
n(1) = −1 (4.5)

with u′
n defined by linear interpolation elsewhere. From (4.4) and (4.5), we see that

|u′
n(2/3)−u(2/3)| = 1 for all n. Thus, to get the positive result, different parametric

representations are needed for cn(x↑
n − e).

We next give an elementary result about the supremum function when the cen-
tering is in the other direction, so that xn must be rapidly decreasing. Convergence
x↑

n(t) → x(0) as n → ∞ is to be expected, but that conclusion can not be drawn if
the M2 convergence in the condition is replaced by pointwise convergence.

Theorem 13.4.4. (convergence preservation with the supremum function when
the centering is in the other direction) Suppose that cn → ∞ and xn + cne → y in
D([0, T ], R, M2). Then

‖x↑
n − z(y)‖ → 0 as n → ∞ ,

where z(y)(t) ≡ y(0), 0 ≤ t ≤ T .

Example 13.4.4. M2 convergence cannot be replaced by pointwise convergence. To
see that the M2 convergence cannot be replaced by pointwise convergence in the
condition in Theorem 13.4.4, even to get pointwise convergence in the conclusion,
let x(t) = 0, 0 ≤ t ≤ 1, and xn(t) = I[n−1,2n−1](t) − t, 0 ≤ t ≤ 1, n ≥ 1. Then
xn + e → x pointwise (and not M2), but x↑

n(t) → 1 as n → ∞ for all t > 0.
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13.5. One-Dimensional Reflection

Closely related to the supremum function is the one-dimensional (one-sided) re-
flection mapping, which we have used to construct queueing processes. Indeed, the
reflection mapping can be defined in terms of the supremum mapping as

φ(x) ≡ x + (−x ∨ 0)↑ ;

i.e.,

φ(x)(t) = x(t) − (inf{x(s) : 0 ≤ s ≤ t} ∧ 0) , 0 ≤ t ≤ T , (5.1)

as in (2.5) in Section 5.2.
The Lipschitz property for the supremum function with the uniform topology in

Lemma 13.4.1 immediately implies a corresponding result for the reflection map φ
in (5.1).

Lemma 13.5.1. (Lipschitz property with the uniform metric) For any x1, x2 ∈
D([0, T ], R),

‖φ(x1) − φ(x2)‖ ≤ 2‖x1 − x2‖ .

Proof. By (5.1),

‖φ(x1) − φ(x2)‖ ≤ ‖x1 − x2‖ + ‖(−x1 ∨ 0)↑ − (−x2 ∨ 0)↑‖
≤ ‖x1 − x2‖ + ‖(−x1 ∨ 0) − (−x2 ∨ 0)‖ ≤ 2‖x1 − x2‖ .

Example 13.5.1. The bound is tight. To see that the bound in Lemma 13.5.1 is
tight, let x1(t) = 0, 0 ≤ t ≤ 1, and x2 = −I[1/3,1/2) + I[1/2,1] in D([0, 1], R). Then
φ(x1) = x1, while φ(x2) = 2I[1/2,1], so that ‖x1 −x2‖ = 1 and ‖φ(x1)−φ(x2)‖ = 2.

Unfortunately, however, the Lipschitz property for the reflection map φ with the
uniform topology does not even imply continuity in all the Skorohod topologies. In
particular, φ is not continuous in the M2 topology.

Example 13.5.2. Continuity fails in M2. To see that the reflection map φ in (5.1)
is not continuous in the M2 topology, let x = −I[1,2] and

xn(0) = xn(1 − 3n−1) = x(1 − n−1) = 0

and

xn(1 − 2n−1) = xn(1) = xn(2) = −1

with xn defined by linear interpolation elsewhere. Then xn → x in D([0, 2], R), but
φ(x)(t) = 0, 0 ≤ t ≤ 2, and φ(xn)(1 − n−1) = 1, so that φ(xn) → φ(x). This
example fails to be a counterexample for the M1 topology because then xn → x as
n → ∞.

We do obtain positive results with the J1 and M1 topologies. As before, let dJ1

and dM1 be the metrics in equations (3.2) and (3.4) in Section 3.3.. For the J1
result, we use the following elementary lemma.
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Lemma 13.5.2. For any x ∈ D and λ ∈ Λ,

φ(x) ◦ λ = φ(x ◦ λ) .

For the M1 result, we use the following lemma. A fundamental difficulty for
treating the more general multidimensional reflection map is that Lemma 13.5.3
below does not extend to the multidimensional reflection map; see Chapter 14.

Lemma 13.5.3. (preservation of parametric representations under reflections) For
any x ∈ D, if (u, r) ∈ Π(x), then (φ(u), r) ∈ Π(φ(x)).

Proof. First, (φ(u), r) is continuous since (u, r) is, by Lemma 13.5.1. It suffices
to show that (φ(u)(s), r(s)) ∈ Γφ(x) for all s and that (φ(u), r) is nondecreasing
in the order on Γφ(x). If t ∈ Disc(xc), then by (5.1) φ(u)(s) = φ(x)(t) for each s
such that r(s) = t. It remains to consider t ∈ Disc(x). There exists an interval
[a, b] ⊆ [0, 1] such that r(s) = t for s ∈ [a, b], u(a) = x(t−) and u(b) = x(t).
Moreover, by (5.1), φ(u)(a) = φ(x)(t−) and φ(u)(b) = φ(x)(t), with φ(u)(s) moving
continuously and monotonically from φ(u)(a) to φ(u)(b) as s increases over [a, b].
Hence (φ(u)(s), r(s)) ∈ Γφ(x) for all s ∈ [0, 1] and (φ(u), r) is nondecreasing in the
order on Γφ(x).

Theorem 13.5.1. (Lipschitz property with the J1 and M1 metrics) For any
x1, x2 ∈ D([0, T ], R),

dJ1(φ(x1), φ(x2)) ≤ 2dJ1(x1, x2)

and

dM1(φ(x1), φ(x2)) ≤ 2dM1(x1, x2)) ,

where φ is the reflection map in (5.1).

Proof. First, for the J1 metric, by Lemmas 13.5.2 and 13.5.1,

dJ1(φ(x1), φ(x2)) = inf
λ∈Λ

{‖φ(x1) ◦ λ − φ(x2)‖ ∨ ‖λ − e‖}

= inf
λ∈Λ

{‖φ(x1 ◦ λ) − φ(x2)‖ ∨ ‖λ − e‖}

≤ inf
λ∈Λ

{2‖x1 ◦ λ − x2‖ ∨ ‖λ − e‖} ≤ 2dJ1(x1, x2) .

Turning to M1, we use Lemma 13.5.3 to conclude that (φ(u), r) ∈ Π(φ(x)) whenever
(u, r) ∈ Π(x). Then, by Lemma 13.5.1,

dM1(φ(x1), φ(x2)) = inf
(ui,ri)∈Π(φ(xi))

i=1,2

{‖u1 − u2‖ ∨ ‖r1 − r2‖}

≤ inf
(ui,ri)∈Π(xi)

i=1,2

{‖φ(u1) − φ(u2)‖ ∨ ‖r1 − r2‖}

≤ inf
(ui,ri)∈Π(xi)

i=1,2

{2‖u1 − u2‖ ∨ ‖r1 − r2‖} ≤ 2dM1(x1, x2) .

Remark 13.5.1. The Lipschitz constant. Example 13.5.1 shows that the bounds
in Theorem 13.5.1 are tight; i.e., the Lipschitz constant is 2.
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Theorem 13.5.1 covers the standard heavy-traffic regime for one single-server
queue when ρ = 1, where ρ is the traffic intensity. The next result covers the other
cases: ρ < 1 and ρ > 1. We use the following elementary lemma in the easy case of
the uniform metric.

Lemma 13.5.4. Let d be the metric for the U , J1, M1 or M2 topology. Let x ∨ a :
D → D be defined by

(x ∨ a)(t) ≡ x(t) ∨ a, 0 ≤ t ≤ T . (5.2)

Then, for any x1, x2 ∈ D,

d(x1 ∨ a(x1), x2 ∨ a(x2)) ≤ d(x1, x2) .

Theorem 13.5.2. (convergence preservation with centering) Suppose that xn −
cne → y in D([0, T ], R) with the U , J1, M1 or M2 topology.

(a) If cn → +∞, then

φ(xn) − cne → y + γ(y) as n → ∞ in D

with the same topology, where

γ(y)(t) ≡ (−y(0)) ∨ 0 = −(y(0) ∧ 0), 0 ≤ t ≤ T .

(b) If cn → −∞, y(0) ≤ 0 and y has no positive jumps, then

‖φ(xn) − 0e‖ → 0 as n → ∞ in D ,

where e(t) = t, 0 ≤ t ≤ T .

Example 13.5.3. The necessity of the condition on y(0). To see the need for the
condition y(0) ≤ 0 in Theorem 13.5.2 (b), let y(t) = 1, 0 ≤ t ≤ T , cn = −n and
xn(t) = (cne+y)(t) = 1−nt for all t. Then xn −cne = y for all n, but φ(xn)(0) = 1
and φ(xn)(t) → 0 for all t > 0.

13.6. Inverse

We now consider the inverse map, which arises in the study of renewal processes,
first passage times and extremal processes; see Billingsley (1968), Gut (1988) and
Resnick (1987).

It is convenient to consider the inverse map on the subset Du of x in D ≡
D([0,∞), R) that are unbounded above and satisfy x(0) ≥ 0. For x ∈ Du, let the
inverse of x be

x−1(t) = inf{s ≥ 0 : x(s) > t}, t ≥ 0 . (6.1)

As before, let D0 be the subset of x in D with x(0) ≥ 0, and let D↑ and D↑↑ be the
subsets of nondecreasing and strictly increasing functions in D0. Let Du,↑ ≡ Du∩D↑
and Du,↑↑ ≡ Du ∩ D↑↑. Clearly,

Du,↑↑ ⊆ Du,↑ ⊆ Du ⊆ D0 .
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13.6.1. The Standard Topologies
Recall that on D↑ the M1 and M2 topologies reduce to pointwise convergence on a
dense subset including 0. The following result supplements Lemmas 13.2.1–13.2.3.

Lemma 13.6.1. (measurability of Du) Let D have one of the topologies J1, M1
or M2. The subset Du is a Gδ subset of D0.

Proof. Note that

Du = ∩∞
n=1(D0 − D̄n) ,

where D̄n is the subset of functions in D0 bounded above by n. In the non-uniform
Skorohod topologies, D̄n is a closed subset of D0, so that Du is a Gδ subset of
D0.

We begin our study of the inverse function by stating some basic results. Our
first result shows that the inverse map is closely related to the supremum.

Lemma 13.6.2. (duality) For any x ∈ Du, x−1 ∈ Du,↑ and (x−1)−1 = x↑.

Corollary 13.6.1. For any x ∈ Du,↑, (x−1)−1 = x.

Remark 13.6.1. The left-continuous inverse. As part of Lemma 13.6.2, x−1 is
right-continuous. In some circumstances it is convenient to work instead with the
left-continuous inverse

x←(t) ≡ inf{s ≥ 0 : x(s) ≥ t}, t ≥ 0 . (6.2)

For x ∈ Du, x←(t) = x−1(t−), t ≥ 0, with x−1(0−) ≡ 0. Note that x← need not
be right-continuous at 0. Indeed, x←(0) > 0 = x←(0) if and only if x−1(0) > 0. If
x−1(0) = 0, then the completed graphs of x−1 in (6.1) and x← in (6.2) are identical,
which implies that many M1 and M2 results for x−1 apply directly to x← as well
under that condition.

The left-continuous inverse has an appealing inverse property not shared by the
right-continuous inverse:

Lemma 13.6.3. (inverse relation) For any x ∈ Du,↑ and t1, t2 ≥ 0,

x←(t1) ≤ t2 if and only if x(t2) ≥ t1 . (6.3)

Lemma 13.6.4. For any x ∈ Du,↑,

0 ≤ (x ◦ x−1)(t) − t ≤ x(x−1(t)) − x(x−1(t)−) , (6.4)
0 ≤ (x−1 ◦ x)(t) − t ≤ x−1(x(t)) − x−1(x(t)−)) , (6.5)
0 ≤ (x ◦ x←)(t) − t ≤ x(x←(t)) − x(x←(t)−) , (6.6)
0 ≤ t − (x← ◦ x)(t) ≤ x−1(x(t)) − x←(x(t)) , (6.7)

where x(0−) is interpreted as 0.

Let Jt(x) be the maximum jump of x over [0, t], i.e.

Jt(x) ≡ sup
0≤s≤t

{x(t) − x(t−)} . (6.8)
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where again x(0−) ≡ 0.

Corollary 13.6.2. For any x ∈ Du,↑ and t > 0,

‖x ◦ x−1 − e||t ≤ Jx−1(t)(x) (6.9)

and

‖x−1 ◦ x − e‖t ≤ Jx(t)(x−1) , (6.10)

for Jt(x) in (6.8).

Lemma 13.6.5. Suppose that x ∈ Du,↑. Then x ∈ Du,↑↑ if and only if x−1 ∈ Cu,↑.

We now consider the inverse together with composition applied to elements of
Λ ≡ Λ([0,∞)), i.e., to homeomorphisms of R+ ≡ [0,∞). For each λ ∈ Λ, λ(0) = 0
and there is an inverse λ−1 with λ, λ−1 ∈ C↑↑ and λ ◦ λ−1 = λ−1 ◦ λ = e.

Lemma 13.6.6. If x ∈ Du,↑ and λ1, λ2 ∈ Λ([0, ∞)), then

(λ1 ◦ x ◦ λ2)−1 = λ−1
2 ◦ x−1 ◦ λ−1

1 .

Proof. Note that

(λ1 ◦ x ◦ λ2)−1(t) = inf{s ≥ 0 : (λ1 ◦ x ◦ λ2)(s) > t}
= inf{s ≥ 0 : (x ◦ λ2)(s) > λ−1(t)}
= inf{λ−1

2 (s) ≥ 0 : x(s) > λ−1(t)}
= (λ−1

2 ◦ x−1 ◦ λ−1)(t) .

We now turn to continuity properties of the inverse map. First we note that the
inverse map from (Du, J1) to (Du, J1) or even from (Du, U) to (Du, J1) is in general
not continuous.

Example 13.6.1. The inverse is not continuous when the range has the J1 topol-
ogy. To see that the inverse map from (Du,↑, U) to (Du,↑, J1) is not continuous, let
x = 2I[0,2] + eI[2,∞) and

xn = (2 − n−1)I[0,1) + (2 + n−1)I[1,2+n−1) + eI[2+n−1,∞) .

Then ‖xn − x‖ = n−1 → 0 and x−1
n → x−1 (M1), but x−1

n → x−1 (J1).

Even for the M1 topology, there are complications at the left endpoint of the
domain [0,∞).

Example 13.6.2. Complications at the left endpoint of the domain. To see that the
inverse map from (Du,↑, U) to (Du,↑, M1) is in general not continuous, let x(t) = 0,
0 ≤ t < 1, and x(t) = t, t ≥ 1; Let xn = t/n, 0 ≤ t < 1 and xn(t) = t, t ≥ 1. Then
‖xn − x‖∞ = n−1 → 0, but x−1

n (0) = 0 → 1 = x−1(0), so that x−1
n → x−1 (M1).

To avoid the problem in Example 13.6.2, we can require that x−1(0) = 0. To
develop an equivalent condition, let D↑

u,ε be the subset of functions x in Du such
that x(t) = 0 for 0 ≤ t ≤ ε.
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Then let

D∗
u ≡ ∩∞

n=1(Du,n−1)c . (6.11)

Lemma 13.6.7. (measurability of D∗
u) With the J1, M1 or M2 topology, D∗

u in
(6.11) is a Gδ subset of Du and

D∗
u = {x ∈ Du : x−1(0) = 0} . (6.12)

Let D∗
u,↑ ≡ D↑ ∩ D∗

u. A key property of D∗
u,↑, not shared by Du,↑ because of

the complication at the origin, is that parametric representation (u, r) for x di-
rectly serve as parametric representations for x−1 when we switch the roles of the
components u and r.

Lemma 13.6.8. (switching the roles of u and r) For x ∈ D∗
u,↑, the graph Γx

serves as the graph of Γx−1 with the axes switched. Thus, (u, r) ∈ Π(x) if and only
if (r, u) ∈ Π(x−1), where Π(x) is the set of M1 parametric representations.

Corollary 13.6.3. (continuity on (D∗
u, M1)) The inverse map from (D∗

u, M1) to
(Du,↑, M1) is continuous.

Proof. First apply Theorem 13.4.1 for the supremum. Then apply Lemma 13.6.8.

We now generalize Corollary 13.6.3 by only requiring that the limit be in D∗
u. As

before, the missing proof is in the Internet Supplement.

Theorem 13.6.1. (measurability and continuity at limits in D∗
u) The inverse map

in (6.1) from (Du, M2) to (Du,↑, M1) is measurable and continuous at x ∈ D∗
u, i.e.,

for which x−1(0) = 0.

Corollary 13.6.4. . (continuity at strictly increasing functions) The inverse map
from (Du, M2) to (Du,↑, U) is continuous at x ∈ Du,↑↑.

Proof. First, Du,↑↑ ⊆ D∗
u,↑, so that we can apply Theorem 13.6.1 to get x−1

n → x−1

in (Du,↑, M1). However, by Lemma 13.6.4, x−1 ∈ C when x ∈ Du,↑↑. Hence the
M1 convergence x−1

n → x−1 actually holds in the stronger topology of uniform
convergence over compact subsets.

13.6.2. The M ′
1 Topology

For cases in which the condition x−1(0) = 0 in Theorem 13.6.1 is not satisfied, we
can modify the M1 and M2 topologies to obtain convergence, following Puhalskii
and Whitt (1997). With these new weaker topologies, which we call M ′

1 and M ′
2, we

do not require that xn(0) → x(0) when xn → x. We construct the new topologies
by extending the graph of each function x by appending the segment [0, x(0)] ≡
{α0 + (1 − α)x(0) : 0 ≤ α ≤ 1}. Let the new graph of x ∈ D be

Γ′
x = {(z, t) ∈ R

k × [0,∞) : z = αx(t) + (1 − α)x(t−)
for 0 ≤ α ≤ 1 and t ≥ 0} , (6.13)
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where x(0−) ≡ 0. Let Π′(x) and Π′
2(x) be the sets of all M1 and M2 parametric

representations of Γ′
x, defined just as before. We say that xn → x in (D, M ′

1) if
there exist parametric representations (un, rn) ∈ Π′(xn) and (u, r) ∈ Π′(x), where
Π′(x) is the set of M ′

1 parametric representations of x, such that

‖un − u‖t ∨ ‖rn − r‖t → 0 as n → ∞ for each t > 0 . (6.14)

We have a corresponding definition of convergence in (D, M ′
2) using the paramet-

ric representations in Π′
2(x) instead of Π′(x). With the M ′

i topologies, we obtain a
cleaner statement than Lemma 13.6.8.

Lemma 13.6.9. (graphs of the inverse with the M
′
i topology) For x ∈ Du,↑, the

graph Γ′
x serves as the graph Γ′

x−1 with the axes switched, so that (u, r) ∈ Π′(x)
(Π′

2(x)) if and only if (r, u) ∈ Π′(x−1) (Π′
2(x

−1)).

Thus we get an alternative to Theorem 13.6.1.

Theorem 13.6.2. (continuity in the M
′
1 topology) The inverse map in (6.1) from

(Du, M ′
2) to (Du,↑, M ′

1) is continuous.

Proof. By the M ′
2 analog of Theorem 13.4.1, if xn → x in (Du, M ′

2), then x↑
n → x↑

in (Du,↑, M ′
2). Since the M ′

2 topology coincides with the M ′
1 topology on D↑, we get

x↑
n → x↑ in (Du,↑, M ′

1). By Lemma 13.6.9, we get (x↑
n)−1 → (x↑)−1 in (Du,↑, M ′

1).
That gives the desired result because (x↑)−1 = x−1 for all x ∈ Du.

An alternative approach to the difficulty at the origin besides M ′
i topology on

Du([0,∞), R) is the ordinary Mi topology on Du((0,∞), R). The difficulty at the
origin goes away if we ignore it entirely, which we can do by making the function
domain (0,∞) for the image of the inverse functions.

In particular, Theorem 13.6.2 implies the following corollary.

Corollary 13.6.5. (continuity when the origin is removed from the domain) The
inverse map in (6.1) from Du([0,∞), M2) to Du,↑((0,∞), M1) is continuous.

Proof. Since the M ′
2 topology is weaker than M2, if xn → x in Du([0,∞), M2),

then xn → x in Du([0,∞), M ′
2). Apply Theorem 13.6.2 to get x−1

n → x−1 in
Du,↑([0,∞), M ′

1). That implies x−1
n → x−1 for the restrictions in D↑([t1, t2], M1)

for all t1, t2 ∈ Disc(x−1)c, which in turn implies that x−1
n → x−1 in

Du,↑((0,∞), M1).
However, in general we cannot work with the inverse on Du((0,∞), R).

Example 13.6.3. Difficulty with the domain (0,∞). To see the problem with
having the function domain be (0,∞), let x = e and xn(0) = xn(2n−1) = 0,
xn(n−1) = 1, xn(t) = t − 2n−1, t ≥ 2n−1, with xn defined by linear interpola-
tion elsewhere. Then xn → x in D((0,∞), R, U), but x−1

n → x−1 ≡ e, because
x−1

n (t) → 1 as n → ∞ for each t with 0 < t < 1.

We can obtain positive results if all the functions are required to be monotone.
The following result is elementary.



446 13. Useful Functions

Theorem 13.6.3. (equivalent characterizations of convergence for monotone
functions) For xn, n ≥ 1, x ∈ Du,↑([0,∞), R), the following are equivalent:

xn → x in Du,↑((0,∞), R, M1) ; (6.15)

xn → x in Du,↑([0,∞), R, M ′
1) ; (6.16)

xn(t) → x(t) for all t in a dense subset of (0,∞) ; (6.17)

x−1
n → x−1 in D((0,∞), R, M1) ; (6.18)

x−1
n → x−1 in D([0,∞), R, M ′

1) ; (6.19)

x−1
n (t) → x−1(t) for all t in a dense subset of (0,∞). (6.20)

Example 13.6.4. The need for monotonicity. To see the advantage of M ′
1 on [0,∞)

over M1 on (0,∞), let x(t) = 1, t ≥ 0,

x1
n(0) = 0, x1

n(n−1) = 1 = x1
n(t), t ≥ n−1 , (6.21)

and

x2
n(0) = 0 = x2

n(2n−1), x2
n(n−1) = x2

n(3n−1) = 1 = x2
n(t), t ≥ 3n−1 , (6.22)

with x1
n and x2

n defined by linear interpolation elsewhere. Then x1
n → x in both

D((0,∞), R, M1) and in D([0,∞), R, M ′
1), but x2

n → x only in D((0,∞), R, M1).
The monotonicity condition provides the equivalence in Theorem 13.6.3.

13.6.3. First Passage Times
In this final subsection we consider some real-valued functions closely related to the
inverse function. Sometimes we are interested in the first passage time to or beyond
some specified level. Given any specified level z ∈ R, the first passage time beyond
z is the function τz : Du → R defined in terms of the inverse function by

τz(x) ≡ x−1(z) . (6.23)

It is elementary that τz has the following two scaling invariance properties: For
any c > 0,

τcz(cx) = τz(x) (6.24)

and

cτz(x ◦ ce) = τz(x) , (6.25)

where e is the identity map, i.e., e(t) = t for t ≥ 0.
Three functions closely related to the first-passage-time function τz are the

overshoot function γz : Du → R defined by

γz(x) ≡ x(τz(x)) − z , (6.26)
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the last-value function λz : Du → R defined by

λz(x) ≡ x(τz(x)−) (6.27)

and the final-jump functions δz : Du → R defined by

δz(x) ≡ x(τz(x)) − x(τz(x)−) . (6.28)

The following continuity properties are elementary, but of course important. It
clearly does not suffice to have pointwise convergence.

Theorem 13.6.4. (continuity of first-passage-time functions) Let x be an element
of Du that is not equal to z throughout the interval (τz(x) − ε, τz(x)) for any ε > 0.
If xn → x in (D, M2), then

(τz(xn), γz(xn), λz(xn), δz(xn)) → (τz(x), γz(x), λz(x), δz(x))

as n → ∞ in R
4.

The regularity condition holds almost surely for Lévy processes. Hence we have
the following consequence of Theorem 13.6.4, which we apply to queues in Section
9.7.

Theorem 13.6.5. (convergence of first-passage-time functions for Lévy limit
processes) Let X be a Lévy process such that

P ( lim
t→∞

X(t) = ∞) = 1 . (6.29)

If Xn ⇒ X in (Du, M2), then

(τz(Xn), γz(Xn), λz(Xn), δz(Xn)) → (τz(X), γz(X), λz(X), δz(X))

in R
4 for any z > 0.

13.7. Inverse with Centering

We continue considering the inverse map, but now with centering. We start by
considering linear centering. In particular, we consider when a limit for cn(xn − e)
implies a limit for cn(x−1

n − e) when xn ∈ Du ≡ Du([0,∞), R) and cn → ∞. By
considering the behavior at one t, it is natural to anticipate that we should have
cn(x−1

n −e) → −y when cn(xn−e) → y. A first step for the M topologies is to apply
Theorem 13.4.2, which yields limits for cn(x↑

n − e). Thus for the M topologies, it
suffices to assume that xn ∈ Du,↑.

For the J1 topology, however, a different argument is needed to get limits when
y ∈ C, as the following result shows.

Lemma 13.7.1. Suppose that xn ∈ Du, n ≥ 1, and cn → ∞. if cn(x↑
n − e) → y

and cn(x−1
n − e) → −y (J1), then y ∈ C.
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Proof. Since x↑
n ∈ Du,↑, cn(x↑

n −e) has no negative jumps. Since the topology is J1
and cn(xn −e) → y, y has no negative jumps; e.g., see p. 301 of Jacod and Shiryaev
(1987). Similarly, cn(x−1

n − e) has no negative jumps. Since cn(x−1
n − e) → −y (J1),

−y has no negative jumps.
The following lemma establishes a necessary condition in any of the topologies.

Lemma 13.7.2. If xn ∈ Du,↑, cn(xn − e)(0) → y(0) and cn(x−1
n − e)(0) → −y(0),

where cn → ∞, then y(0) = 0.

Proof. Since xn ∈ Du,↑, xn(0) ≥ 0 and x−1
n (0) ≥ 0. Since e(0) = 0, the convergence

cn(xn − e)(0) → y(0) implies that y(0) ≥ 0. Similarly, the convergence cn(x−1
n −

e)(0) → −y(0) implies that y(0) ≤ 0.
Now we state the main limit theorem for inverse functions with centering.

Theorem 13.7.1. (inverse with linear centering) Suppose that cn(xn − e) → y as
n → ∞ in D([0,∞), R) with one of the topologies M2, M1 or J1, where xn ∈ Du,
cn → ∞ and y(0) = 0.

(a) If the topology is M2 or M1, then cn(x−1
n −e) → −y as n → ∞ with the same

topology.
(b) If the topology is J1 and if y has no positive jumps, then cn(x−1

n − e) → −y
as n → ∞.

We can combine Lemma 13.6.6 and Theorem 13.7.1 to obtain the following
corollary. Let Λ be the space of homeomorphisms of R+.

Corollary 13.7.1. Suppose that xn ∈ Du,↑ and λ1,n, λ2,n ∈ Λ, n ≥ 1. Let cn → ∞
and y(0) = 0. Then

cn(λ2,n ◦ xn ◦ λ1,n − e) → y in D([0,∞), R, Mi) (7.1)

if and only if

cn(λ−1
1,n ◦ x−1

n ◦ λ−1
2,n − e) → −y in D([0,∞), R, Mi) , (7.2)

where the topology in both cases is either M1 or M2.

We can apply Corollary 13.7.1 to obtain generalizations of Theorem 13.7.1 with
nonlinear centering terms. (We obtain a more general result at the end of the
section.)

Corollary 13.7.2. (centering functions from Λ) Suppose that, in addition to the
conditions of Corollary 13.7.1, λi,n → λi as n → ∞ for each i, where λi ∈ Λ. Then

cn(λ2,n ◦ xn − λ−1
1,n) → y ◦ λ−1

1 in (D, Mi) (7.3)

if and only if

cn(λ−1
1,n ◦ x−1

n − λ−1
2,n) → −y ◦ λ−1

2 in (D, Mi) . (7.4)

Proof. Apply Theorem 13.2.3 with the composition map to show that (7.3) is
equivalent to (7.1) and (7.4) is equivalent to (7.2).

We can use Corollary 13.7.1 to obtain the following consequence.
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Corollary 13.7.3. Suppose that xn ∈ Du, y(0) = 0, cn → ∞ and an → a > 0. If

cn(xn − ane) → y in D

with the M1 or M2 topology, then

cn(x−1
n − a−1

n e) → −a−1y ◦ a−1e in D

with the same topology.

Proof. Under the condition, (ancn)(a−1
n xn − e) → x, so that by Corollary 13.7.1,

(ancn)(x−1
n ◦ ane − e) → −y. Now applying the composition map with a−1

n e,
ancn(x−1

n − a−1
n e) → x ◦ a−1e. Dividing by an yields the conclusion.

Stochastic limit theorems are not often expressed directly in the form of Corol-
laries 13.7.1 or 13.7.3. We now state consequences of Corollary 13.7.1 that have
more direct applications.

Corollary 13.7.4. Let yn ∈ Du,↑ and φ1,n, φ2,n ∈ Λ, n ≥ 1; let u(0) = 0 and
n/ψ(n) → ∞ as n → ∞. Let

wn(t) ≡ ψ(n)−1[(φ2,n ◦ yn ◦ φ1,n)(nt) − nt], t ≥ 0 , (7.5)

and

xn(t) ≡ ψ(n)−1[(φ−1
1,n ◦ y−1

n ◦ φ−1
2,n)(nt) − nt], t ≥ 0 , (7.6)

for all n ≥ 1. Then

wn → u in D([0,∞), R) (7.7)

if and only if

xn → −u in D([0,∞, R) , (7.8)

where the topology throughout is either M1 or M2.

Proof. Apply Corollary 13.7.1 with xn(t) = n−1yn(t), λi,n(t) = n−1φi,n(nt) and
cn = n/ψ(n). Then wn = cn(λ2,n◦xn◦λ1,n−e) and xn = cn(λ−1

1,n◦x−1
n ◦λ−1

2,n−e).
We now consider the special case of Corollary (13.7.4) in which the homeomor-

phisms φi,n are linear, i.e., φi,n = ai,ne, n ≥ 1.

Corollary 13.7.5. Suppose that yn ∈ Du,↑, w(0) = 0, an → a > 0 and n/ψ(n) →
∞ as n → ∞. Let

w̃n = ψ(n)−1[yn(nt) − annt], t ≥ 0 , (7.9)

and

x̃n = ψ(n)−1[y−1
n (nt) − a−1

n nt], t ≥ 0 . (7.10)

Then

w̃n → w in D([0,∞), R) (7.11)

if and only if

x̃n → a−1w ◦ a−1e in D([0,∞), R) , (7.12)
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where the topology throughout is M1 or M2.

Proof. Apply Corollary 13.7.1 with xn(t) = n−1yn(nt), λ2,n = a−1
n e, λ1,n = e and

cn = nan/ψ(n). Then w̃n = cn(λ2,n ◦ xn ◦ λ1,n − e), so that w̃n → w if and only if
cn(λ−1

1,n ◦ x−1
n ◦ λ−1

2,n − e) → −w. However,

cn(λ−1
1,n ◦ x−1

n ◦ λ−1
2,n − e) = anx̃n ◦ ane (7.13)

and

−anx̃n ◦ ane → −w if and only if x̃n → −a−1w ◦ a−1e . (7.14)

Following Puhalskii (1994), we can generalize Theorem 13.7.1 by allowing
nonlinear centering terms. We present several results of this kind.

Theorem 13.7.2. Suppose that

cn(xn − λ) → u as n → ∞ in D

with one of the topologies M2, M1 or J1, where xn ∈ Du, u(0) = 0, u has no
positive jumps if the topology is J1, λ ∈ Λ and cn → ∞. Then

cn(λ ◦ x−1
n − e) → −u ◦ λ−1 as n → ∞ (7.15)

with the same topology. If, in addition, λ is absolutely continuous with continuous
positive derivative λ̇, then

cn(x−1
n − λ−1) → −u ◦ λ−1

λ̇ ◦ λ−1
as n → ∞ , (7.16)

where (u/v)(t) ≡ u(t)/v(t), t ≥ 0.

Proof. Apply Theorems 13.2.2 and 13.2.3 with the composition map to get cn(xn◦
λ−1 − λ ◦ λ−1) → u ◦ λ−1 as in the same topology. Since λ ◦ λ−1 = e, we can
apply Theorem 13.7.1 or Corollary 13.7.1 to get (7.15) with the same topology.
Now suppose that λ is absolutely continuous with continuous positive derivative λ̇.
Then

cn(λ ◦ x−1
n − e)(t) = cn(λ ◦ x−1

n − λ ◦ λ−1)(t)

= cn

∫ x−1
n (t)

λ−1(t)
λ̇(s)ds . (7.17)

Since cn(xn − λ) → u, ‖xn − λ‖t → 0 and ‖x−1
n − λ−1‖t → 0 as n → ∞ for all t.

Since λ̇ is continuous, it is uniformly continuous over bounded intervals. Hence

sup
0≤s≤t

∣∣∣∣∣cn

∫ x−1
n (s)

λ−1(s)
λ̇(u)du − λ̇(λ−1(s))cn(x−1

n (s) − λ−1(s)

∣∣∣∣∣ → 0 . (7.18)

Then (7.15), (7.17) and (7.18) imply that

(λ̇ ◦ λ−1)cn(x−1
n − λ−1) → −u ◦ λ−1 as n → ∞ (7.19)

in the same topology, where (uv)(t) ≡ u(t)v(t) for u, v ∈ D. Finally (7.19) implies
(7.16).
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Corollary 13.7.6. Suppose that xn ∈ Du,↑, u(0) = 0, λ ∈ Λ, λ is absolutely
continuous with continuous positive derivative λ̇ and cn → ∞. Then

cn(xn − λ) → u in D (7.20)

with one of the topologies M1 or M2 if and only if

cn(x−1
n − λ−1) → −u ◦ λ−1

λ̇ ◦ λ−1
in D (7.21)

with the same topology.

Proof. The implication (7.20)→(7.21) is directly covered by Theorem 13.7.2. to go
the other way, note that λ−1 ∈ Λ and λ−1 is absolutely continuous with continuous
positive derivative 1/λ̇(λ−1(t)). Moreover, if v = −(u ◦λ−1)/λ̇ ◦λ−1 in (7.21), then
v(0) = 0 and −(v ◦ λ)/(λ̇−1) ◦ λ = u.

We can often apply the basic convergence-preservation results in combination.
We can combine Theorems 13.3.1 and 13.7.2 to obtain limits for functions xn ◦ y−1

n

and x−1
n ◦ yn with nonlinear centering.

Theorem 13.7.3. (composition plus inverse with centering) Suppose that xn ∈ D,
yn ∈ Du, cn → ∞,

cn(xn − x, yn − y) → (u, v) in D × D (7.22)

with one of the J1, M1 or M2 topologies, where v(0) = 0 and v has no positive
jumps if the topology is J1, y ∈ Λ, x and y are absolutely continuous with continuous
derivative ẋ and ẏ with ẏ > 0 and

Disc(u) ∩ Disc(v) = φ . (7.23)

Then

cn(xn ◦ y−1
n − x ◦ y−1) → u ◦ y−1 −

(
ẋ ◦ y−1

ẏ ◦ y−1

)
(v ◦ y−1) in D . (7.24)

If the topology is M1 or M2, then instead of (7.23) it suffices for u and v to have
no common discontinuities with jumps of common (opposite) sign with ẋ(t) ≥ (≤)0
for all t.

Proof. The conditions imply that the conditions of Theorem 13.7.2 hold for yn, so
that

cn(y−1
n − y−1) → −v ◦ y−1

ẏ ◦ y−1 in D . (7.25)

The conditions then imply that the conditions of Theorem 13.3.3 hold with y−1
n

here playing the role of yn there. We need

Disc(u ◦ y−1) ∩ Disc(v ◦ y−1) = φ (7.26)

but that is equivalent to (7.23). With the M topologies, we can apply Theorems
12.7.3 and 12.11.6 to treat addition and Theorem 13.3.2 to treat multiplication.
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We now turn to the general first passage times

(x−1
n ◦ yn)(t) = inf{s ≥ 0 : xn(s) > yn(t)}, t ≥ 0 , (7.27)

which are elements of D when xn ∈ Du and yn ∈ D↑. The following is Puhalskii’s
(1994) result extended to allow discontinuous limits. For an application to obtain
heavy-traffic stochastic-process limits for waiting times directly from correspond-
ing heavy-traffic stochastic-process limits for queue lengths, see Section 5.4 of the
Internet Supplement.

Theorem 13.7.4. (Puhalskii’s theorem) Suppose that xn ∈ Du, yn ∈ D↑, cn →
∞,

cn(xn − x, yn − y) → (u, v) in D × D (7.28)

with one of the J1, M1 or M2 topologies, where u(0) = 0, u has no positive jumps
if the topology is J1,

Disc(u ◦ x−1 ◦ y) ∩ Disc(v) = φ , (7.29)

y ∈ C↑↑ and x is absolutely continuous with a continuous positive derivative ẋ, then

cn(x−1
n ◦ yn − x−1 ◦ y) → v − u ◦ x−1 ◦ y

ẋ ◦ x−1 ◦ y
in D (7.30)

with the same topology. If the topology is M1 or M2, then instead of condition (7.29)
it suffices for u ◦ x−1 ◦ y and v to have no common discontinuities with jumps of
common sign.

Proof. Since x is absolutely continuous with continuous positive derivative ẋ, x ∈
C↑↑. Hence the conditions of Theorem 13.7.2 hold, so that

cn(x−1
n − x−1) → −u ◦ x−1

ẋ ◦ x−1 in D (7.31)

with the same topology. We now apply Theorem 13.3.3, noting that x−1 has a
continuous derivative 1/ẋ(x−1(t)). Condition (7.29) implies condition (3.14) for u
in (3.14) equal to −(u ◦ x−1)/ẋ ◦ x−1. Then (3.15) becomes (7.30). With the M
topologies, we can apply Theorems 12.7.3 and 12.11.6.

Remark 13.7.1. Relating the theorems under extra conditions. Under extra regu-
larity conditions, we can apply Theorem 13.7.2 to obtain limits for yn ◦ x−1

n from
limits for xn ◦ y−1

n provided by Theorem 13.7.3. We need u(0) = v(0) = 0, x, y ∈ Λ,
xn, yn ∈ Du and both ẋ and ẏ to be continuous and positive. Since xn, yn ∈ Du,
x−1

n , y−1
n ∈ Du,↑. Then λ ≡ x ◦ y−1 ∈ Λ and (xn ◦ y−1

n )−1 = yn ◦ x−1
n . From (7.16)

and (7.24), we obtain

cn(yn ◦ x−1
n − y ◦ x−1) → z (7.32)

where

z =
−1

λ̇ ◦ λ−1

(
u ◦ y−1 −

(
ẋ ◦ y−1

ẏ ◦ y−1

)
(v ◦ y−1)

)
◦ λ−1 (7.33)
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for λ = x ◦ y−1. Since λ−1 = y ◦ x−1,

λ̇ =
ẋ ◦ y−1

ẏ ◦ y−1 , λ̇ ◦ λ−1 =
ẋ ◦ x−1

ẏ ◦ x−1 (7.34)

and

z = − (ẏ ◦ x−1)
ẋ ◦ x−1 (u ◦ x−1) + v ◦ x−1 , (7.35)

which coincides with (7.24) with the labels changed, i.e., with (x, y, u, v) replaced
by (y, x, v, u).

Similarly, under extra regularity conditions, we can apply Theorem 13.7.2 to
obtain limits for y−1

n ◦ xn from limits for x−1
n ◦ yn provided by Theorem 13.7.4. We

now need xn, yn ∈ Du,↑. We obtain

cn(y−1
n ◦ xn − y−1 ◦ x) → z , (7.36)

where

z =
−1

λ̇ ◦ λ−1

(
v − u ◦ x−1 ◦ y

ẋ ◦ x−1 ◦ y

)
◦ λ−1 (7.37)

for λ = x−1 ◦ y. Since λ−1 = y−1 ◦ x,

λ̇ =
ẏ

ẋ ◦ x−1 ◦ y
, λ̇ ◦ λ−1 =

ẏ ◦ y−1 ◦ x

ẋ
, (7.38)

and

z =
u − v ◦ y−1 ◦ x

ẏ ◦ y−1 ◦ x
, (7.39)

which agrees with (7.30) with the labels changed, i.e., with (x, y, u, v) replaced by
(y, x, v, u).

13.8. Counting Functions

Inverse functions or first-passage-time functions are closely related to counting
functions. A counting function is defined in terms of a sequence {sn : n ≥ 0}
of nondecreasing nonnegative real numbers with s0 = 0. We can think of sn as the
partial sum

sn ≡ x1 + · · · + xn, n ≥ 1 , (8.1)

by simply writing xi ≡ si − si−1, i ≥ 1. The associated counting function {c(t) :
t ≥ 0} is defined by

c(t) ≡ max{k ≥ 0 : sk ≤ t}, t ≥ 0 . (8.2)

To have c(t) finite for all t > 0, we assume that sn → ∞ as n → ∞. We can
reconstruct the sequence {sn} from {c(t) : t ≥ 0} by

sn = inf{t ≥ 0 : c(t) ≥ n}, n ≥ 0 . (8.3)
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The sequence {sn} and the associated function {c(t) : t ≥ 0} can serve as sample
paths for a stochastic point process on the nonnegative real line. Then there are
(countably) infinitely many points with the nth point being located at sn. The
summands xn are then the intervals between successive points. The most familiar
case is when the sequence {xn : n ≥ 1} constitutes the possible values from a
sequence {Xn : n ≥ 1} of IID random variables with values in R+. Then the
counting function {c(t) : t ≥ 0} constitutes a possible sample path of an associated
renewal counting process {C(t) : t ≥ 0}; see Section 7.3.

Paralleling Lemma 13.6.3, we have the following basic inverse relation for counting
functions.

Lemma 13.8.1. (inverse relation) For any nonnegative integer n and nonnegative
real number t,

sn ≤ t if and only if c(t) ≥ n . (8.4)

We can put counting functions in the setting of inverse functions on D↑ by letting

y(t) ≡ s�t�, t ≥ 0 . (8.5)

To have y ∈ D↑, we use the assumption that sn → ∞ as n → ∞. if all the summands
are strictly positive, then

y−1(t) = c(t) + 1, t ≥ 0 , (8.6)

where y−1 is the image of the inverse map in (6.1) applied to y in (8.5). With (8.6),
limits for counting functions can be obtained by applying results in the previous
two sections.

The connection to the inverse map can also be made when the summands xi

are only nonnegative. To do so, we observe that the counting function c is a time-
transformation of y−1. both are right-continuous, but c(t) < y−1(t). In particular,
c and y can be expressed in terms of each other.

Lemma 13.8.2. (relation between counting functions and inverse functions) For
y in (8.5) and c in (8.2),

c(t) = y−1(y(y−1(t)−)−), t ≥ 0 , (8.7)
c(t) = y−1(t−) for all t ∈ Disc(c) = Disc(y−1) , (8.8)

y−1(t) = c(c−1(c(t)), t ≥ 0 . (8.9)

The three functions y, y−1 and c are depicted for a typical initial segment of a
sequence {sn : n ≥ 0} in Figure 13.1.

We can apply (8.7)–(8.9) in Lemma 13.8.1 to show that limits for scaled counting
functions with centering, are equivalent to limits for scaled inverse functions. We use
the fact that the M topologies are not altered by changing to the left limits, because
the graph is unchanged. We first consider the case of no centering; afterwards we
consider the case of centering. When there is no centering, the M1 and M2 topologies
coincide and reduce to pointwise convergence on a dense subset of R+ including 0.
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y(y−1(t))

c(t) = y−1(y(y−1(t)−)−)

y

y−1(t)

y(y−1(t)−)

t

Figure 13.1. The relation between the counting function c and the inverse function y−1

for a typical function y.

Consider a sequence of counting functions {{cn(t) : t ≥ 0} : n ≥ 1} with
associated processes

y−1
n (t) ≡ cn(c−1

n (cn(t))), t ≥ 0 , (8.10)

yn = (y−1
n )−1. Form scaled functions by setting

ĉn(t) = n−1cn(ant) and ŷn(t) = a−1
n yn(nt), t ≥ 0 , (8.11)

where an are positive real numbers with an → ∞. Note that

ĉ−1
n (t) = a−1

n c−1
n (nt) and ŷ−1

n (t) = n−1yn(ant), t ≥ 0 . (8.12)

Theorem 13.8.1. (asymptotic equivalence of limits for scaled processes) Suppose
that ŷn ∈ Du,↑, n ≥ 1, for ŷn in (8.11). Then any one of the limits ŷn → ŷ,
ŷ−1

n → ŷ−1, ĉn → ŷ−1 or ĉ−1
n → ŷ in D↑([0,∞), R) with the M2 (= M1) topology,

for ŷ−1
n , ĉn and ĉ−1

n in (8.11) and (8.12), implies the others.

We now apply the results for inverse maps with centering in Section 13.7 to
obtain limits for counting functions with centering. Consider a sequence of counting
functions {{cn(t) : t ≥ 0} : n ≥ 1} associated with a sequence of nondecreasing
sequences of nonnegative numbers {{sn,k : k ≥ 0} : n ≥ 1} defined as in (8.2). Let
the scaled functions ĉn, ŷn, ĉ−1

n and ŷ−1
n be defined as in (8.10)–(8.12).

Theorem 13.8.2. (asymptotic equivalence of counting and inverse functions with
centering) Consider ŷn, ĉn, and ŷ−1

n and ĉ−1
n as defined in (8.11) and (8.12). Sup-

pose that ŷn ∈ Du,↑, n ≥ 1, bn → ∞ and z(0) = 0. Then any one of the limits
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bn(ŷn − e) → z, bn(ĉn − e) → −z, bn(ŷ−1
n − e) → −z or bn(ĉ−1

n − e) → z in
D([0,∞), R) with the M1 or M2 topology implies the others with the same topology.

Corollary 13.8.1. Consider a sequence of nondecreasing nonnegative sequences
{{sn,k : k ≥ 0} : n ≥ 1} with sn,0 = 0 and sn,k → ∞ as k → ∞ for all n. Let

xn(t) = δ−1
n [sn,�nt� − mnnt], t ≥ 0 ,

and

yn(t) = δ−1
n [cn(nt) − m−1

n nt], t ≥ 0 ,

for cn(t) defined as in (8.2). Suppose that u(0) = 0, δn → ∞, n/δn → ∞ and
mn → m > 0 as n → ∞. Then xn → u in D([0,∞, R) with the M1 or M2 topology
if and only if yn → −m−1u ◦ m−1e in D([0,∞), R) with the same topology.

Proof. Apply Theorem 13.8.2, letting ĉn(t) = (ann)−1cn(nt) for an = m−1
n and,

necessarily, ŷn(t) = n−1sn,�annt�. Then bn(ŷn−e) → z if and only if bn(ĉn−e) → −z
for bn → ∞ and z(0) = 0. However, bn(ŷn − e) → u ◦ m−1e if and only if xn → u,
while bn(ĉn − e) → m−1z if and only if yn → z, for bn = n/δn → ∞.



14
Queueing Networks

14.1. Introduction

In this chapter we continue applying the continuous-mapping approach to estab-
lish heavy-traffic stochastic-process limits for queues, giving special attention to
the possibility of having unmatched jumps in the limit process. Paralleling our ap-
plication of the one-dimensional reflection map to obtain heavy-traffic limits for
single queues in Chapters 5, 8 and 9, we now apply the multidimensional reflection
map to obtain heavy-traffic limits for queueing networks. As before, we omit some
proofs. These proofs plus additional supporting material appear in Chapter 8 of
the Internet Supplement.

For background on queueing (or stochastic) networks, see Kelly (1979), Whittle
(1986), Walrand (1988) and Serfozo (1999). For related discussions of heavy-
traffic limits for queueing networks, see Chen and Mandelbaum (1994a,b), Harrison
(1988, 2000, 2001a,b), Chen and Yao (2001) and Kushner (2001). The literature is
discussed further at the end of this chapter.

The (standard) multidimensional reflection map was used with the continu-
ous mapping theorem by Harrison and Reiman (1981a,b) and Reiman (1984a)
to establish heavy-traffic limits with reflected Brownian motion limit processes
for vector-valued queue-length, waiting-time and workload stochastic processes in
single-class open queueing networks. Since Brownian motion and reflected Brow-
nian motion have continuous sample paths, the topology of uniform convergence
over bounded intervals could be used for those results. Variants of the M1 topolo-
gies are needed to obtain alternative stochastic-process limits with discontinuous
sample paths, such as reflected Lévy processes, when the discontinuities in the sam-
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ple paths of the limit process are approached gradually in the sample paths of the
converging processes.

However, unlike the one-dimensional reflection map, studied in Section 13.5 and
applied in Chapters 5, 8 and 9, the multidimensional reflection map is not sim-
ply continuous, using either the SM1 or WM1 topology on D. Nevertheless, there
is continuity with appropriate qualifications. In particular, the multidimensional
reflection map is continuous at limits in the subset Ds of functions without simul-
taneous jumps of opposite sign in the coordinate functions, provided that the WM1
topology is used on the range. As a consequence, the reflection map is continuous
in the WM1 topology at limits in the subset D1 of functions that have discontinu-
ities in only one coordinate at a time. That continuity property also holds for more
general reflection maps and is sufficient to support limit theorems for stochastic
processes in most applications.

We apply the continuity of the reflection map to obtain heavy-traffic limits
for vector-valued buffer-content stochastic processes in single-class open stochastic
fluid networks and for vector-valued queue-length stochastic processes in single-
class open queueing networks. The M1 topologies play a crucial role in these
stochastic-process limits. With the stochastic fluid networks, just as with the sin-
gle fluid queues in Chapters 5 and 8, the limit processes for the properly-scaled
exogenous cumulative-input processes may have jumps even though the exogenous
cumulative-input processes themselves have continuous sample paths. For exam-
ple, this phenomenon occurs when the exogenous cumulative-input processes at the
nodes are associated with the superpositions of independent on-off sources, where
the busy (on or activity) periods and/or idle (off or inactivity) periods have heavy-
tailed probability distributions (with infinite variances). Thus, in order to obtain
heavy-traffic limits for properly scaled vector-valued buffer-content stochastic pro-
cesses in the stochastic fluid networks, we need to invoke the continuous mapping
theorem, using the continuity of the multidimensional reflection map on D with
appropriate M1 topologies.

Similarly, the M1 topologies are needed to obtain heavy-traffic limits for open
single-class queueing networks with single-server queues, where the servers are sub-
ject to rare long service interruptions. If the times between interruptions and the
durations of the interruptions are allowed to increase appropriately as the traffic
intensity increases in the heavy-traffic limit (with the durations of the interruptions
being asymptotically negligible compared to the times between interruptions), then
in the limit the interruptions occur instantaneously according to a stochastic point
process, but nevertheless the interruptions have a spatial impact, causing jumps in
the sample paths of the limiting queue-length process. Since these jumps in the limit
process are approached gradually in the converging processes, again the M1 topolo-
gies are needed to obtain heavy-traffic limits for the properly-scaled vector-valued
queue-length stochastic processes.

Here is how this chapter is organized: We start in Section 14.2 by carefully defin-
ing the multidimensional reflection map and establishing its basic properties. Since
the definition (Definition 14.2.1) is somewhat abstract, a key property is having
the reflection map be well defined; i.e., we show that there exists a unique function
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satisfying the definition (Theorem 14.2.1). We also provide multiple characteriza-
tions of the reflection map, one alternative being as the unique fixed point of an
appropriate operator (Theorem 14.2.2), while another is a basic complementarity
property (Theorem 14.2.3).

A second key property of the multidimensional reflection map is Lipschitz con-
tinuity in the uniform norm on D([0, T ], Rk) (Theorem 14.2.5). We also establish
continuity of the multidimensional reflection map as a function of the reflection ma-
trix, again in the uniform topology (Theorems 14.2.8 and 14.2.9). It is easy to see
that the Lipschitz property is inherited when the metric on the domain and range
is changed to dJ1 (Theorem 14.2.7). However, a corresonding direct extension for
the SM1 metric ds does not hold. Much of the rest of the chapter is devoted to
obtaining positive results for the M1 topologies.

Section 14.3 provides yet another characterization of the multidimensional re-
flection map via an associated instantaneous reflection map on R

k. The alternative
characterization is as the limit of the multidimensional reflection map defined on
the subset Dc of piecewise-constant functions in D (Theorem 14.3.4). On Dc, the
reflection map can be defined in terms of the recursive application of the instan-
taneous reflection map on R

k (Theorem 14.3.1). The instantaneous reflection on
R

k can be calculated by solving a linear program. Thus the instantaneous reflec-
tion map provides a useful way to simulate piecewise-constant approximations to
reflected stochastic processes. We develop properties of the instantaneous reflection
map that help us obtain the desired M1 results (Theorem 14.3.2). In particular,
we apply a monotonicity result (Corollary 14.3.2) to establish key properties of
reflections of parametric representations (Lemma 14.3.4).

Sections 14.4 and 14.5 are devoted to obtaining the M1 continuity results. In
Section 14.4 we establish properties of reflection of parametric representations. We
are able to extend Lipschitz and continuity results from the uniform norm to the
M1 metrics when we can show that the reflection of a parametric representation
can serve as the parametric representation of the reflected function. The results are
somewhat complicated, because this property holds only under certain conditions.

The basic M1 Lipschitz and continuity results are established in Section 14.5. In
addition to the positive results, we give counterexamples showing the necessity of
the conditions in the theorems. Particularly interesting is Example 14.5.4, which
shows that, without the regularity conditions, the fluctuations of the sequence of
reflected processes can exceed the fluctuations in the reflection of the limit, thus
exhibiting a kind of Gibbs phenomenon (see Remark 14.5.1). A proper limit in that
example can be obtained, however, if we work in one of the more general spaces E
or F introduced in Chapter 15.

In Sections 14.6 and 14.7, respectively, we apply the previous results to obtain
heavy-traffic stochastic-process limits for stochastic fluid networks and conven-
tional queueing networks. In the queueing networks we allow service interruptions.
When there are heavy-tailed distributions or rare long service interruptions, the M1
topologies play a critical role.

In Section 14.8 we consider the two-sided regulator and other reflection maps. The
two-sided regulator is used to obtain heavy-traffic limits for single queues with finite
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waiting space, as considered in Section 2.3 and Chapter 8. With the scaling, the size
of the waiting room is allowed to grow in the limit as the traffic intensity increases,
but at a rate such that the limit process involves a two-sided regulator (reflection
map) instead of the customary one-sided one. Like the one-sided reflection map,
the two-sided regulator is continuous on (D1, M1). Moreover, the content portion of
the two-sided regulator is Lipschitz, but the two regulator portions (corresponding
to the two barriers) are only continuous; they are not Lipschitz.

We also give general conditions for other reflection maps to have M1 continuity
and Lipschitz properties. For these, we require that the limit function to be reflected
belong to D1, the subset of functions with discontinuities in only one coordinate at
a time. We conclude the chapter with notes on the literature.

In Section 8.9 of the Internet Supplement we show that reflected stochastic pro-
cesses have proper limiting stationary distributions and proper limiting stationary
versions (stochastic-process limits for the entire time-shifted processes) under very
general conditions. Our main result, Theorem 8.9.1 in the Internet Supplement,
establishes such limits for stationary ergodic net-input stochastic processes satis-
fying a natural drift condition. It is noteworthy that a proper limit can exist even
if there is positive drift in some (but not all) coordinates. Theorem 8.9.1 there is
limited by having a special initial condition: starting out empty. Much of the rest
of Section 8.9.1 in the Internet Supplement is devoted to obtaining corresponding
results for other initial conditions. We establish convergence for all proper initial
contents when the net input process is also a Lévy process with mutually inde-
pendent coordinate processes (Theorem 8.9.6 there). Theorem 8.9.6 covers limit
processes obtained in the heavy-traffic limits for the stochastic fluid networks in
Section 14.6.

14.2. The Multidimensional Reflection Map

The definition of the multidimensional reflection map is somewhat indirect. So we
begin by motivating the definition. Since the multidimensional reflection map arises
naturally in the definition of the vector-valued buffer-content stochastic process in
a stochastic fluid network, we first define the multidimensional reflection map in
that special context.

14.2.1. A Special Case
We consider a single-class open stochastic fluid network with k nodes, each with
a buffer of unlimited capacity. We let exogenous fluid input come to each of the
k nodes. At each node the fluid is processed and released at a deterministic rate.
The processed fluid from each node is then routed in a Markovian manner to other
nodes or out of the network. The principal stochastic process of interest is the k-
dimensional buffer-content process. The stochastic fluid network is a generalization
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of the fluid queue models in Chapters 5 and 8 in the case of unlimited waiting space
(buffer capacity).

A single-class open stochastic fluid network with Markovian routing can be spec-
ified by a four-tuple {C, r, P, X(0)}, where C ≡ (C1, . . . , Ck) is the vector of
exogenous input stochastic processes at the k nodes, r ≡ (r1, . . . , rk) is the vector of
deterministic output rates at the k nodes, P ≡ (Pi,j) is the k×k routing matrix and
X(0) ≡ (X1(0), . . . , Xk(0)) is the nonnegative random vector of initial buffer con-
tents at the k nodes. The stochastic process C is an element of Dk

↑ ≡ D1
↑ ×· · ·×D1

↑,
the subset of functions in D ≡ Dk ≡ D([0, T ], Rk) that are nondecreasing and non-
negative in each coordinate. The random variable Ci(t) represents the cumulative
exogenous input to node i during the time interval [0, t]. It is natural to let the
sample paths of Ci be continuous, but we do not require it.

When the buffer at node i is nonempty, there is fluid output from node i at
constant rate ri. When buffer i is empty, the output rate equals the minimum
of the combined external (exogenous) plus internal input rate and the potential
output rate ri (formalized below). A proportion Pi,j of all output from node i is
immediately routed to node j, while a proportion pi ≡ 1−

∑k
j=1 Pij is routed out of

the network. We assume that the routing matrix P is substochastic, so that Pi,j ≥ 0
and pi ≥ 0 for all i, j. We also assume that Pn → 0 as n → ∞, where Pn is the nth

power of P , so that all input eventually leaves the network. (We can think of P as
the transition matrix of a transient k-state Markov chain.)

We now proceed to mathematically define the vector-valued buffer content pro-
cess. We will work with column vectors. Hence it is convenient to use the transpose
of the routing matrix P . Let Q be this transpose, i.e., Q ≡ P t, so that Q is a
column-substochastic matrix. We start by defining a potential buffer-content (or
net-input) process, which represents the potential content at each node, ignoring
the emptiness condition. The potential buffer-content process is

X(t) ≡ X(0) + C(t) − (I − Q)rt, t ≥ 0 , (2.1)

where the vectors are regarded as column vectors and the transpose Qt is the routing
matrix P . The component Xi(t) in (2.1) represents what the content of buffer i
would be at time t if the output occurred continuously at rate rj from node j for
all j, regardless whether or not station j had fluid to emit. That is, the content
vector X(t) at time t, would be the initial value X(0) plus the exogenous input
C(t) minus the output rt plus the internal input Qrt.

We obtain the actual buffer content by disallowing the potential output (and
associated internal input) that cannot occur because of emptiness. We use the
componentwise partial order on D and R

k; i.e., c1 ≡ (c1
1, . . . , c

k
1) ≤ c2 ≡ (c1

2, . . . , c
k
2)

in R
k if ci

2 ≤ ci
2 in R for all i, 1 ≤ i ≤ k, and x1 ≤ x2 in D if x1(t) ≤ x2(t) in R

k

for all t, 0 ≤ t ≤ T . We then let the buffer content be

Z(t) ≡ X(t) + (I − Q)Y (t) , (2.2)
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where X is defined in (2.1) and Y is the least possible element of Dk
↑ (the subset of

functions in Dk that are nonnegative and nondecreasing in each coordinate) such
that Z ≥ 0. We call the map from X to (Y, Z) the reflection map.

14.2.2. Definition and Characterization
We will prove that the vector-valued buffer-content process Z is properly defined
by (2.1) and (2.2) by showing that such a process Y is well defined (exists and is
unique). It turns out that the reflection map from X to Y and Z is well defined,
even if X does not have the special structure in (2.1).

More generally, we call the transposed routing matrix Q the reflection matrix. Let
Q be the set of all reflection matrices, i.e., the set of all column-stochastic matrices
Q (with Qt

i,j ≥ 0 and
∑k

j=1 Qt
i,j ≤ 1) such that Qn → 0 as n → ∞, where Qn is

the nth power of Q.

Definition 14.2.1. (reflection map) For any x ∈ Dk ≡ D([0, T ], Rk) and any
reflection matrix Q ∈ Q, let the feasible regulator set be

Ψ(x) ≡ {w ∈ Dk
↑ : x + (I − Q)w ≥ 0} (2.3)

and let the reflection map be R ≡ (ψ, φ) : Dk → D2k with regulator component

y ≡ ψ(x) ≡ inf Ψ(x) ≡ inf{w : w ∈ Ψ(x)} , (2.4)

i.e.,

yi(t) ≡ inf{wi(t) ∈ R : w ∈ Ψ(x)} for all i and t , (2.5)

and content component

z ≡ φ(x) ≡ x + (I − Q)y . (2.6)

It remains to show that the reflection map is well defined by Definition 14.2.1;
i.e., we need to know that the feasible regulator set Ψ(x) is nonempty and that
its infimum y (which necessarily is well defined and unique for nonempty Ψ(x)) is
itself an element of Ψ(x), so that z ∈ Dk and z ≥ 0.

To show that Ψ(x) in (2.3) is nonempty, we exploit the well known fact that the
matrix I − Q has nonnegative inverse.

Lemma 14.2.1. (nonnegative inverse of reflection matrix) For all Q ∈ Q, I − Q
is nonsingular with nonnegative inverse

(I − Q)−1 =
∞∑

n=0

Qn ,

where Q0 = I.

The key to showing that the infimum belongs to the feasibility set is a basic result
about semicontinuous functions. Recall that a real-valued function x on [0, T ] is
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upper semicontinuous at a point t in its domain if

lim sup
tn→t

x(tn) ≤ x(t)

for any sequence {tn} with tn ∈ [0, T ] and tn → t as n → ∞. The function x is
upper semicontinuous if it is upper semicontinuous at all arguments t in its domain.

Lemma 14.2.2. (preservation of upper semicontinuity) Suppose that {xs : s ∈ S}
is a set of upper semicontinuous real-valued function on a subinterval of R. Then
the infimum x ≡ inf{xs : s ∈ S} is also upper semicontinuous.

Recall that x↑ ≡ sup0≤s≤t x(s), t ≥ 0, for x ∈ D1. For x ≡ (x1, . . . , xk) ∈ Dk, let
x↑ ≡ ((x1)↑, . . . , (xk)↑).

Theorem 14.2.1. (existence of the reflection map) For any x ∈ Dk and Q ∈ Q,

(I − Q)−1[(−x)↑ ∨ 0] ∈ Ψ(x) , (2.7)

so that Ψ(x) = φ,

y ≡ ψ(x) ∈ Ψ(x) ⊆ Dk
↑ (2.8)

for y in (2.4) and

z ≡ φ(x) = x + (I − Q)y ≥ 0 . (2.9)

Proof. Using Lemma 14.2.1, it is easy to see that (2.7) holds, because

x + (I − Q)(I − Q)−1[(−x)↑ ∨ 0] ≥ x + [(−x)↑ ∨ 0] ≥ x + (−x)↑ ≥ x − x ≥ 0

and (−x)↑ ∨ 0 ∈ Dk
↑ . Let y be the infimum in (2.4). Since Ψ(x) ⊆ Dk

↑ , necessarily
y is nondecreasing and nonnegative. Since the elements of Dk

↑ are nondecreasing,
right-continuity coincides with upper semicontinuity, so we can apply Lemma 14.2.2
to conclude that y ∈ Dk

↑ . It now remains to show that x+(I −Q)y ≥ 0. Fix ε, i and
t. By the definition of the infimum, there exists w ∈ Ψ(x) such that wi(t) ≤ yi(t)+ε
and wj(t) ≥ yj(t) for all j. Thus

xi(t) + yi(t) −
k∑

j=1

Qj,iy
j(t) ≥ xi(t) + wi(t) −

k∑
j=1

Qj,iw
j(t) − ε .

Since ε, i and t were arbitrary,

x + (I − Q)y ≥ x + (I − Q)w ≥ 0

so (2.8) holds and the proof is complete.
We now characterize the regulator function y ≡ ψ(x) as the unique fixed point

of a mapping π ≡ πx,Q : Dk
↑ → Dk

↑ , defined by

π(w) = (Qw − x)↑ ∨ 0 (2.10)

for w ∈ Dk
↑ . For this purpose, we use two elementary lemmas.
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Lemma 14.2.3. (feasible regulator set characterization) The feasible regulator set
Ψ(x) in (2.3) can be characterized by

Ψ(x) = {w ∈ Dk
↑ : w ≥ π(w)}

for π in (2.10).

Proof. For each w ∈ Ψ(x), x + (I − Q)w ≥ 0 or, equivalently, w ≥ Qw − x. Since
Ψ(x) ⊆ Dk

↑ , we must also have w ≥ π(y). On the other hand, if w ∈ Dk
↑ and

w ≥ π(y), then we must have w ≥ Qw − x, so that w ∈ Ψ(x).

Remark 14.2.1. Semilattice structure. It is also easy to see that if y1, y2 ∈ Ψ(x),
then y1 ∧ y2 ∈ Ψ(x); that makes Ψ(x) a meet semilattice.

Lemma 14.2.4. (closed subset of D) With the uniform topology on D, The feasible
regulator set Ψ(x) is a closed subset of Dk

↑ , while Dk
↑ is a closed subset of D.

Theorem 14.2.2. (fixed-point characterization) For each Q ∈ Q, the regulator
map y ≡ ψ(x) ≡ ψQ(x) : Dk → Dk

↑ can be characterized as the unique fixed point
of the map π ≡ πx,Q : Dk

↑ → Dk
↑ defined in (2.10).

Proof. We use a standard argument to establish fixed points of monotone maps
on ordered sets; e.g., see Section 3.8 of Edwards (1965). As before, we use the
componentwise partial order on R

k and Dk. It is immediate that the map π in
(2.10) is monotone. Note that

0 ≤ π(0) = (−x)↑ ∨ 0 ,

where 0 is used as the vector and vector-valued function with zero values. Note
that the functions 0 and π(0) are both elements of Dk

↑ . Hence, the iterates πn(0) ≡
π(πn−1(0)) are elements of Dk

↑ that are nondecreasing in n. On the other hand,
w ≥ π(w) for any w ∈ Ψ(x) by Lemma 14.2.3. Consequently, πn(w) is decreasing
in n for any w ∈ Ψ(x). Since Ψ(x) is nonempty by Theorem 14.2.1, there exists
w ∈ Ψ(x). Since 0 ≤ w, πn(0) ≤ πn(w) ≤ w for all n, so that πn(0) is bounded
above. It is easy to see, using the addition and supremum maps, that π : (D, U) →
(D, U) is also continuous. Hence πn(0) ↑ w∗ in Dk

↑ as n → ∞, where π(w∗) = w∗.
Since Dk

↑ is a closed subset of D by Lemma 14.2.4, w∗ ∈ Dk
↑ . Since w∗ ≥ π(w∗),

w∗ ∈ Ψ(x) too. Since the regulator y ≡ ψ(x) is the infimum by Definition 14.2.1,
necessarily y ≤ w∗. Since 0 ≤ y ≤ w∗,

πn(0) ≤ πn(y) ≤ y for all n .

Letting n → ∞, we see that w∗ ≤ y. Hence we must have y = w∗.

Theorem 14.2.3. (complementarity characterization) A function y in the feasible
regulator set Ψ(x) in (2.3) is the infimum ψ(x) in (2.4) if and only if the pair (y, z)
for z ≡ x + (I − Q)y satisfies the complementarity property∫ ∞

0
zidyi = 0, 1 ≤ i ≤ k . (2.11)
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Proof. We first prove that the infimum satisfies the complementarity property. We
will show that failing to satisfy the complementarity implies failing the infimum
property. Hence, suppose that (y, z) fails to satisfy the complementarity property
(2.11). Thus there is t and j such that zj(t) > 0 and yj increases at t. We consider
two cases:

Case 1. Suppose that yj(t) > yj(t−). There must exist ε, δ > 0 such that yj(t) −
yj(t−) > ε and zj(s) ≥ ε, t ≤ s ≤ t + δ. Let ỹ be defined by

ỹj(s) =

⎧⎨
⎩

yj(s), 0 ≤ s < t ,
yj(s) − ε, t ≤ s < t + δ ,
yj(s), t + δ ≤ s ,

with ỹi = yi for i = j. Then ỹ ∈ Dk
↑ and x + (I − Q)ỹ ≥ 0, so that ỹ ∈ Ψ(x), ỹ ≤ y

and ỹ = y, which implies that y is not the infimum.

Case 2. Suppose that yj(t) = yj(t−). Now there must exist ε, δ > 0 such that
zj(s) ≥ ε and 0 ≤ yj(s)− yj(t) ≤ ε for t ≤ s < t+ δ and yj(s)− yj(t) > 0 for s > t.
Now let ỹ be defined by

ỹj(s) =

⎧⎨
⎩

yj(s), 0 ≤ s < t ,
yj(t), t ≤ s < t + δ ,
yj(s), t + δ ≤ s ,

with ỹi = yi for i = j. Again ỹ ∈ Dk
↑ and x + (I − Q)ỹ ≥ 0. Since ỹ ≤ y and ỹ = y,

y must not be the infimum. We now prove that the complementarity property
implies the infimum property. Invoking Theorem 14.2.2, it suffices to show that
if (y, z) satisfies the complementarity property, then necessarily y is the unique
solution to the fixed point equation y = π(y). Thus let v = π(y). Since y ∈ Ψ(x),
y ≥ π(y) by Lemma 14.2.3, so that it suffices to show that v = π(y) ≥ y. Suppose
that y(t) > v(t) for some t. Then necessarily y(t0) > v(t0) for some t0 that is a
point of increase of y, but y(t0) > π(y)(t0) implies that

z(t0) = y(t0) − (Qy − x)(t0) ≥ y(t0) − π(y)(t0) > 0 ,

which contradicts the complementarity condition.

14.2.3. Continuity and Lipschitz Properties
We now establish continuity and Lipschitz properties of the reflection map as a
function of the function x and the reflection matrix Q. We use the matrix norm,
defined for any k × k real matrix A by

‖A‖ ≡ max
j

k∑
i=1

|Ai,j | . (2.12)

We use the maximum column sum in (2.12) because we intend to work with the
column-substochastic matrices in Q. Note that

‖A1A2‖ ≤ ‖A1‖ · ‖A2‖
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for any two k × k real matrices A1 and A2. Also, using the sum (or l1) norm

‖u‖ ≡
k∑

i=1

|ui| (2.13)

on R
k, we have

‖Au‖ ≤ ‖A‖ · ‖u‖ (2.14)

for each k × k real matrix A and u ∈ R
k. Indeed, we can also define the matrix

norm by

‖A‖ ≡ max{‖Au‖ : u ∈ R
n, ‖u‖ = 1} , (2.15)

using the sum norm in (2.13) in both places on the right. (Note that the sum norm
in (2.13) is a change from the maximum norm in (2.1) of Section 12.2, but they
are topologically equivalent.) Then (2.12) becomes a consequence. Consistent with
(2.13), we let

‖x‖ ≡ sup
0≤t≤T

‖x(t)‖ ≡ sup
0≤t≤T

k∑
i=1

‖xi(t)‖ (2.16)

for x ∈ D([0, T ], Rk). Combining (2.14) and (2.16), we have

‖Ax‖ ≤ ‖A‖ · ‖x‖ (2.17)

for each k × k real matrix A and x ∈ D([0, T ], Rk).
We use the following basic lemma.

Lemma 14.2.5. (reflection matrix norms) For any k × k matrix Q ∈ Q,

‖Q‖ ≤ 1, ‖Qk‖ = γ < 1 (2.18)

and

‖(I − Q)−1‖ ≤ k

1 − γ
. (2.19)

Example 14.2.1. Need for k-stage contraction. The standard example in which
‖Qj‖ = 1 for all j, 1 ≤ j ≤ k − 1, has Qt

i,i+1 = 1 for 1 ≤ i ≤ k − 1, Qt
k,1 = γ,

0 < γ < 1, and Qt
k,i = 0, 2 ≤ i ≤ k. Then Qk = γI and ‖Qk‖ = γ.

We now show that π ≡ πx,Q in (2.10) is a k-stage contraction map on Dk
↑ .

Recall that for x ∈ D, |x| denotes the function {|x(t)| : t ≥ 0} in D, where
|x(t)| = (|x1(t)|, . . . , |xk(t)|) ∈ R

k. Thus, for x ∈ D, |x|↑ = (|x1|↑, . . . , |xk|↑), where
|xi|↑(t) = sup0≤s≤t |xi(s)|, 0 ≤ t ≤ T .

Lemma 14.2.6. (π is a k-stage contraction) For any Q ∈ Q and w1, w2 ∈ Dk
↑ ,

|πn(w1) − πn(w2)|↑ ≤ |Qn(|w1 − w2|↑)| for n ≥ 1 , (2.20)

so that

‖πn(w1) − πn(w2)‖ ≤ ‖Qn‖ · ‖w1 − w2‖ ≤ ‖w1 − w2‖ (2.21)
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for n ≥ 1 and

‖πn(w1) − πn(w2)‖ ≤ γ‖w1 − w2‖ for n ≥ k ,

where

‖Qk‖ ≡ γ < 1 .

Hence

‖πn(w) − ψ(x)‖ → 0 as n → ∞ .

Proof. First,

|π(w1) − π(w2)|↑ = |(Qw1 − x)↑ ∨ 0 − (Qw2 − x)↑ ∨ 0|↑

≤ |(Qw1 − x)↑ − (Qw2 − x)↑|↑

≤ |Qw1 − x − Qw2 + x|↑

≤ Q|w1 − w2|↑ ,

which implies (2.20) for n = 1. We prove (2.20) for arbitrary n by induction.
Suppose that it has been established up to n. Then

|πn+1(w1) − πn+1(w2)|↑ = |(Qπn(w1) − x)↑ ∨ 0 − (Qπ(w2) − x)↑ ∨ 0|↑

≤ Q|πn(w1) − πn(w2)|↑ ≤ Qn+1|w1 − w2|↑ ,

using the induction hypothesis. Finally,

‖x‖ =
k∑

i=1

|xi|↑(T ) ,

so that (2.21) follows directly from (2.20). By the Banach-Picard contraction fixed-
point theorem, for any w ∈ Dk

↑ ,

‖πn(w) − w∗‖ → 0 as n → ∞

geometrically fast, where w∗ is the unique fixed point of π, but by Theorem 14.2.2
that fixed point is ψ(x).

We now establish inequalities that imply that the reflection map is a Lipschitz
continuous map on (D, ‖ · ‖). We use the stronger inequalities themselves to estab-
lish the existence of stationary versions of reflected processes in Section 8.9 of the
Internet Supplement.

Theorem 14.2.4. (one-sided bounds) For any Q ∈ Q and x1, x2 ∈ D,

−(I − Q)−1η1(x1 − x2) ≤ ψ(x1) − ψ(x2) ≤ (I − Q)−1η1(x2 − x1) (2.22)

where η1(x) ≡ (η̂1(x1), . . . , η̂1(xk) with η̂1 : D1 → D1 defined by

η̂1(xi) ≡ (xi)↑ ∨ 0 .
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Proof. Use the map πx in (2.10). Assuming that

ψ(x1) ≤ πn
x2

(ψ(x1)) +
n−1∑
i=0

Qiη1(x2 − x1) ,

with π0
x2

being the identity (which is true for n = 0), we have

ψ(x1) = πx1(ψ(x1)) = η1(Qψ(x1) − x1)

≤ η1(Qπn
x2

(ψ(x1)) − x2 + Q

n−1∑
i=0

Qiη1(x2 − x1) + (x2 − x1))

≤ η1(Qπn
x2

(ψ(x1)) − x2 +
n∑

i=0

Qiη1(x2 − x1))

≤ η1(Qπn
x2

(ψ(x1) − x2) +
n∑

i=0

Qiη1(x2 − x1)

≤ πn+1
x2

(ψ(x1)) +
n∑

i=0

Qiη1(x2 − x1) .

Letting n → ∞, we obtain the second inequality in (2.22). The first inequality in
(2.22) follows by symmetry.

We also have the following consequence.

Corollary 14.2.1. (more bounds) For any Q ∈ Q, x ∈ Dk and w ∈ R
k
+,

0 ≤ ψ(x + w) ≤ ψ(x) ≤ ψ(x + w) + (I − Q)−1w .

Proof. Apply Theorem 14.2.4, letting x1 ≡ x and x2 = x + w.
As a direct consequence of Theorem 14.2.4, we obtain the desired Lipschitz

property.

Theorem 14.2.5. (Lipschitz property with uniform norm) For any Q ∈ Q and
x1, x2 ∈ D,

‖ψ(x1) − ψ(x2)‖ ≤ ‖(I − Q)−1‖ · ‖x1 − x2‖

≤
∞∑

n=0

‖Qn‖ · ‖x1 − x2‖

≤ k

1 − γ
‖x1 − x2‖ , (2.23)

where γ ≡ ‖Qk‖ < 1, and

‖φ(x1) − φ(x2)‖ ≤ (1 + ‖I − Q‖ · ‖(I − Q)−1‖)‖x1 − x2‖

≤
(

1 +
2k

1 − γ

)
‖x1 − x2‖ . (2.24)
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Proof. Since ∥∥∥∥∥
∞∑

n=0

Qn

∥∥∥∥∥ ≤
∞∑

n=0

‖Qn‖ ≤
k−1∑
n=0

‖Qn‖ + γ

∞∑
n=0

‖Qn‖ ,

we have
∞∑

n=0

‖Qn‖ ≤
∑k−1

n=0 ‖Qn‖
1 − γ

≤ k

1 − γ
.

By (2.6) and (2.23),

‖φ(x1) − φ(x2)‖ ≤ ‖x1 − x2‖ + ‖I − Q‖ · ‖ψ(x1) − ψ(x2)‖
≤ (1 + ‖I − Q‖ · ‖(I − Q)−1‖)‖x1 − x2‖ .

Remark 14.2.2. Alternate proof. Instead of applying Theorem 14.2.4, we could
prove Theorem 14.2.5 by reasoning as in Lemma 14.2.6 to get

|πn
x1

(0) − πn
x2

(0)|↑ ≤ (I + Q + · · · + Qn−1)|x1 − x2|↑ ,

which implies that

|ψ(x1) − ψ(x2)|↑ ≤ (I − Q)−1|x1 − x2|↑

and then (2.23).

Remark 14.2.3. Lipschitz constant. The upper bounds in Theorem 14.2.5 are
minimized by making Qi,j = 0 for all i, j. Let K∗ be the infimum of K such
that

‖R(x1) − R(x2)‖ ≤ K‖x1 − x2‖ for all x1, x2 ∈ D . (2.25)

We call K∗ the Lipschitz constant. The bounds yield K∗ ≤ 2 when Qi,j = 0 for all
i, j, but the following example in shows that K∗ = 2 in that case. Hence K∗ ≥ 2
in general.

Example 14.2.2. Lower bound on the Lipschitz constant. Let k = 1, Q = 0,
x1(t) = 0, 0 ≤ t ≤ 1, and x2 = −I[1/3,1/2) + I[1/2,1] in D([0, 1], R). Then y1 = z1 =
x1, but y2 = I[1/3,1] and z2 = 2I[1/2,1], so that ‖z1 − z2‖ = 2. Hence K∗ ≥ 2 for all
Q.

Example 14.2.3. No upper bound on the Lipschitz constant. To see that there is
no upper bound on the Lipschitz constant K∗ independent of Q, let x1(t) = 0,
0 ≤ t ≤ 2, and x2 = −I[1,2] in D([0, 2], R), so that ‖x1 − x2‖ = 1. Let Q = 1 − ε, so
that (2.6) becomes z = x + εy. Then z2 = z1 = y1 = x1, but y2 = ε−1I[1,2], so that
‖y1 − y2‖ = ε−1.

Example 14.2.4. No upper bound on the Lipschitz constant for φ. To see that the
Lipschitz constant for the component map φ can be arbitrarily large as well, consider
the two-dimensional example with Q1,1 = 1 − ε, Q2,1 = 1 and Q2,2 = Q1,2 = 1/2,
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so that

(I − Qt) =
(

ε −1
−1/2 1/2

)
.

Let x1
1 = −I[1,2], x1

2(t) = 0, 0 ≤ t ≤ 2, and x2
1 = x2

2 = ε−1I[0,2] in D([0, 2], R2). Then
‖x1 − x2‖ = 1, but z1

1(t) = z1
2(t) = 0, 0 ≤ t ≤ 2, z2

1 = ε−1I[0,1) and z2
2 = ε−1I[0,2],

so that ‖z1 − z2‖ = ε−1.

We now summarize some elementary but important properties of the reflection
map.

Theorem 14.2.6. (reflection map properties) The reflection map satisfies the
following properties:

(i) adaptedness: For any x ∈ D and t ∈ [0, T ], R(x)(t) depends upon x only via
{x(s) : 0 ≤ s ≤ t}.

(ii) monotonicity: If x1 ≤ x2 in D, then ψ(x1) ≥ ψ(x2).
(iii) rescaling: For each x ∈ D([0, T ], Rk), η ∈ R

k, β > 0 and γ nondecreasing
right-continuous function mapping [0, T1] into [0, T ], η + β(x ◦ γ) ∈ D([0, T1], Rk)
and

R(η + β(x ◦ γ)) = βR(β−1η + x) ◦ γ .

(iv) shift: For all x ∈ D and 0 < t1 < t2 < T ,

ψ(x)(t2) = ψ(x)(t1) + ψ(φ(x)(t1) + x(t1 + ·) − x(t1))(t2 − t1)

and

φ(x)(t2) = φ(φ(x)(t1) + x(t1 + ·) − x(t1))(t2 − t1)

(v) continuity preservation: If x ∈ C, then R(x) ∈ C.

We can apply Theorems 14.2.5 and 14.2.6 (iii) to deduce that the reflection map
inherits the Lipschitz property on (D, J1) from (D, U). Unfortunately, we will have
to work harder to obtain related results for the M1 topologies.

Theorem 14.2.7. (Lipschitz property with dJ1) For any Q ∈ Q, there exist
constants K1 and K2 (the same as in Theorem 14.2.5) such that

dJ1(ψ(x1), ψ(x2)) ≤ K1dJ1(x1, x2) (2.26)

and

dJ1(φ(x1), φ(x2)) ≤ K2dJ1(x1, x2) (2.27)

for all x1, x2 ∈ D.

Proof. The argument is the same for (2.26) and (2.27), so we prove only (2.26).
By the definition of dJ1 and Theorems 14.2.6(iii) and 14.2.5,

dJ1(ψ(x1), ψ(x2)) ≡ inf
λ∈Λ

{‖ψ(x1) ◦ λ − ψ(x2)‖ ∨ ‖λ − e‖}

= inf
λ∈Λ

{‖ψ(x1 ◦ λ) − ψ(x2)‖ ∨ ‖λ − e‖}
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≤ inf
λ∈Λ

{K1‖x1 ◦ λ − x2‖ ∨ ‖λ − e‖}

≤ (K1 ∨ 1)dJ1(x1, x2) ,

which implies (2.26) because K1 ≥ 1.
Even when we establish convergence to stochastic-process limits with continuous

sample paths, we need maps on D to be measurable as well as continuous at x ∈ C
in order to apply the continuous mapping theorem on D. From Theorem 14.2.5,
it follows that the reflection map is measurable with respect to the Borel σ-field
associated with the uniform topology (on both the domain and range), but that does
not imply measurability with respect to the usual Kolmogorov σ-field generated by
the coordinate projections, because the Borel σ-field on (D, U) is much larger than
the Kolmogorov σ-field; see Section 11.5.3. Fortunately, Theorem 14.2.7 directly
implies the desired measurability.

Corollary 14.2.2. (measurability) The reflection map R mapping Dk to D2k is
measurable, using the Kolmogorov σ-field on the domain and range.

Proof. The continuity established in Theorem 14.2.7 implies measurability with
respect to the Borel σ-fields, but the Borel σ-field on (D, J1) coincides with the
Kolmogorov σ-field generated by the projection map; see Theorem 11.5.2.

We now want to consider the reflection map R as a function of the reflection
matrix Q as well as the net input function x. We first consider the maps π ≡ πn

x,Q(0)
in (2.10) and ψ ≡ ψQ in (2.4) as functions of Q when Q is a strict contraction in
the matrix norm (2.12), i.e., when ‖Q‖ < 1.

Theorem 14.2.8. (stability bounds for different reflection matrices) Let Q1, Q2 ∈
Q with ‖Q1‖ = γ1 < 1 and ‖Q2‖ = γ2 < 1. For all n ≥ 1,

‖πn
x,Qj

(0)‖ ≤ (1 + γj + · · · + γn−1
j )‖x‖ (2.28)

and

‖πn
x,Q1

(0) − πn
x,Q2

(0)‖ ≤ (1 + γ2 + · · · + γn−1
2 )

‖x‖ · ‖Q1 − Q2‖
1 − γ1

, (2.29)

so that

‖ψQj (x)‖ ≤ ‖x‖
1 − γj

(2.30)

and

‖ψQ1(x) − ψQ2(x)‖ ≤ ‖x‖ · ‖Q1 − Q2‖
(1 − γ1)(1 − γ2)

. (2.31)

Corollary 14.2.3. (continuity as a function of Q) If Qn → Q in Q,

‖RQn(x) − RQ(x)‖ → 0 as n → ∞

for each x ∈ D.
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Proof. Apply Theorem 14.2.8, noting that ‖Qn‖ → ‖Q‖ if Qn → Q.
We now exploit the fact that any Q ∈ Q can be transformed into another matrix

Q∗ in Q with ‖Q∗‖ < 1 by letting

Q∗ ≡ Λ−1QΛ (2.32)

for a suitable strictly positive diagonal matrix Λ. We note that a nonnegative ma-
trix Q is in Q if and only if |sp(Q)| < 1, where sp(Q) is its spectrum (set of
eigenvalues) and |sp(Q)| is its spectral radius (supremum of the eigenvalue norms):
There is one real eigenvalue equal to |sp(Q)| and all other eigenvalues λ (in general
complex valued) satisfy |λ| ≤ |sp(Q)|; e.g., see Seneta (1981). Next note that the
transformation from Q to Q∗ in (2.32) leaves the eigenvalues unchanged: If λ is an
eigenvalue of Q with an associated left eigenvector u, i.e., if uQ = λu, then

(uΛ)Q∗ = uΛ(Λ−1QΛ) = (uQΛ) = λ(uΛ) ,

so that λ is also an eigenvalue of Q∗ with left eigenvector uΛ.

Lemma 14.2.7. (equivalence to a contractive reflection matrix) For any Q ∈ Q,
there exists a positive diagonal matrix Λ such that ‖Q∗‖ < 1 for Q∗ in (2.32).

Proof. By Corollary 14.3.3 in Section 14.3 below, for any u ∈ R
k, the map π0(v) ≡

(Qv − u)+ has a unique fixed point in R
k. Let v be a vector in R

k such that
1 + Qv = v. Necessarily v ≥ 1. Let Λ ≡ diag(1/vj). Then

Λv − Λ1 = Λ(1 + Qv) − Λ1 ,

so that

1 − Λ1 = ΛQv = ΛQΛ−1 ≡ Q∗ .

Since 0 ≤ 1 − Λ1 < 1, ‖Q∗‖ < 1.
By Theorem 14.2.6(iii), we can relate the reflection maps RQ and RQ∗ .

Lemma 14.2.8. (reflections associated with equivalent reflection matrices) Let
Q and Q∗ be reflection matrices in Q related by (2.32) for some strictly positive
diagonal matrix Λ. Then

ΨQ∗(Λ−1x) = Λ−1ΨQ(x) ≡ {Λ−1x : x ∈ ΨQ(x)}

and

RQ∗(Λ−1x) = Λ−1RQ(x)

for all x ∈ D.

Proof. For any w ∈ ΨQ(x),

0 ≤ x + (I − Q)w = x + (I − ΛQ∗Λ−1)w
= ΛΛ−1x + (ΛΛ−1 − ΛQ∗Λ−1)w
= Λ(Λ−1x + (I − Q∗)(Λ−1w)) ,
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so that Λ−1w ∈ ΨQ∗(Λ−1x), with w1 ≤ w2 if and only if Λ−1w1 ≤ Λ−1w2, so that
ΨQ∗(Λ−1x) = Λ−1ψQ(x) and

Λ−1z = Λ−1x + (I − Q∗)(Λ−1y) ,

so that φQ∗(Λ−1x) = Λ−1ψQ(x).

Theorem 14.2.9. (continuity as a function of x and Q) If ‖xn − x‖ → 0 in Dk

and Qn → Q in Q, then

‖RQn(xn) − RQ(x)‖ → 0 in D2k .

Proof. By Lemma 14.2.7, we can find a positive diagonal matrix Λ so that Q∗ =
Λ−1QΛ and ‖Q∗‖ = γ < 1. Since Qn → Q as n → ∞, ‖Qn∗‖ ≡ γn → γ, where
Qn∗ ≡ Λ−1QnΛ with the same diagonal matrix used above. Consider n sufficiently
large that γn < 1. Since ψQ∗(Λ−1x) = Λ−1ψQ(x), for such n we have

‖ψQn(xn) − ψQ(x)‖ = ‖ΛΛ−1ψQn
(xn) − ΛΛ−1ψQ(x)‖

≤ ‖Λ‖ · ‖ψQn∗(Λ−1xn) − ψQ∗(Λ−1x)‖
≤ ‖Λ‖(‖ψQn∗(Λ−1xn) − ψQn∗(Λ−1x)‖

+ ‖ψQn∗(Λ−1x) − ψQ∗(Λ−1x)‖) .

Thus, by (2.30) and (2.31),

‖ψQn(xn) − ψQ(x)‖ ≤ ‖Λ−1‖
(

‖Λxn − Λx‖
1 − γn

+
‖Λx‖ · ‖Qn∗ − Q∗‖

(1 − γn)(1 − γ)

)

≤ Mn

(
‖xn − x‖ +

‖x‖ · Mn · (1 − γn) · ‖Qn − Q‖
1 − γ

)

for

Mn ≡ ‖Λ−1‖ · ‖Λ‖
1 − γn

.

Hence,

‖ψQn
(xn) − ψQ(x)‖ → 0 as n → ∞ .

14.3. The Instantaneous Reflection Map

In this section we introduce yet another characterization of the reflection map. We
represent the reflection map on D as the limit of reflections of functions in Dc,
the subset of piecewise-constant functions in D. (Recall from Section 12.2 that any
function in D can be approximated uniformly by functions in Dc.) On the subset Dc,
the reflection map reduces to an iterative application of an instantaneous reflection
map on R

k, which is of interest itself.
The instantaneous reflection map describes how

(y(0), z(0)) ≡ (ψ(x)(0), φ(x)(0))
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depends upon x(0) and characterizes the behavior of the full reflection map at each
discontinuity point. We will apply the instantaneous reflection map to establish
monotonicity results (in particular, Corollary 14.3.2 below), which we will in turn
apply to establish the M1 continuity results. We use the final Lemma 14.3.4 in the
next section to study reflections of parametric representations.

14.3.1. Definition and Characterization
Let the instantaneous reflection map be R0 ≡ (φ0, ψ0) : R

k → R
2k, where ψ0 :

R
k → R

k is defined by

ψ0(u) ≡ inf{v ∈ R
k
+ : u + (I − Q)v ≥ 0} , (3.1)

where u1 ≤ u2 in R
k if ui

1 ≤ ui
2 in R, 1 ≤ i ≤ k. It turns out that the infimum in

(3.1) is attained (so that we can refer to it as the minimum) and there are useful
expressions for it. Given the solution to (3.1), we can define the other component
of the instantaneous reflection map φ0 : R

k → R
k by

φ0(u) = u + (I − Q)ψ0(u) . (3.2)

The instantaneous reflection map is a version of the linear complementarity prob-
lem (LCP), which has a long history; see Cottle, Pang and Stone (1992). Given a
vector u ∈ Rk and a k × k matrix M , the LCP is to find a vector v ∈ R

k
+ such that

u + Mv ≥ 0 (3.3)

and

vi(u + Mv)i = 0, 1 ≤ i ≤ k . (3.4)

It turns out that the vector v satisfying (3.1) also satisfies (3.4) for M = I −Q with
Q ∈ Q; see Corollary 14.3.1 below. Moreover, it turns out that the LCP based on
(u, M) has solutions for all vectors u for more general matrices M than I − Q for
Q ∈ Q. Such generalizations provide a basis for defining reflection maps in terms
of other matrices, but we do not pursue that generalization.

Since the instantaneous reflection map is defined on R
k instead of Dk, it is much

easier to calculate. For example, we can calculate v satisfying (3.1) by solving the
linear program

min ctv

subject to: u + (I − Q)v ≥ 0

v ≥ 0

(3.5)

for any strictly positive vector c in R
k. We can thus simulate piecewise-constant

approximations to reflected stochastic processes by generating finitely many linear
programs. (We briefly discuss simulation some more at the end of the section.)

Paralleling the stochastic network example used to motivate the definition of the
reflection map in the beginning of Section 14.2, we can introduce a discrete-time
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fluid-network model to motivate the instantaneous reflection map. At each transi-
tion epoch there is an input and a potential output. We might have an instantaneous
nonnegative input vector u1 and potential instantaneous nonnegative output vector
u2 which is routed to other queues by the stochastic matrix Q, so that the overall
potential instantaneous net input is

u = u1 − u2 + u2Q . (3.6)

However, if the potential output u2 in (3.6) exceeds the available supply, then we
may have to disallow some of the output u2. That can be accomplished by adding
a minimal (I − Qt)v to u in (3.6), which gives (3.1). In fact, as we will show, the
instantaneous reflection map in (3.1) and (3.2) is well defined for any u ∈ R

k, not
just for u of the form (3.6).

Given the instantaneous reflection map R0 in (3.1) and (3.2) (which we have yet
to show is well defined), it is straightforward to define the associated reflection map
R on Dc. For any x ∈ Dc, the set of discontinuities is Disc(x) = {t1, . . . , tm} for
some integer m and some time points ti satisfying and t0 ≡ 0 < t1 < · · · < tm < T .
Clearly we should have

ψ(x)(ti) ≡ y(ti) = ψ0(z(ti−1) + x(ti) − x(ti−1)) + y(ti−1) (3.7)

and

φ(x)(ti) ≡ z(ti) = φ0(z(ti−1) + x(ti) − x(ti−1)) (3.8)

for 0 ≤ i ≤ m, where z(t−1) ≡ y(t−1) ≡ x(t−1) ≡ 0, and we let (y, z) be piecewise
constant with Disc(y, z) = Disc(x).

Theorem 14.3.1. (reflection map for piecewise-constant functions) For all x ∈
Dc, the reflection map defined by (3.1), (3.7) and (3.8) is equivalent to the reflection
map in Definition 14.2.1.

Proof. By induction, we can reexpress (3.7) as

y(ti) = ψ0(z(ti−1) + x(ti) − x(ti−1)) + y(ti−1)
= min{v ∈ R

k
+ : z(ti−1) + x(ti) − x(ti−1) + (I − Q)v ≥ 0} + y(ti−1)

= min{v ∈ R
k
+ : x(ti) + (I − Q)y(ti−1) + (I − Q)v ≥ 0} + y(ti−1)

= min{v ≥ y(ti−1) : x(ti) + (I − Q)v ≥ 0} ,

which corresponds to Definition 14.2.1.
Since Dc is a subset of D, all the theorems in Section 14.2 apply to the reflection

map on Dc in (3.7) and (3.8) by virtue of Theorem 14.3.1. The instantaneous
reflection map itself corresponds to the reflection map in (3.7) and (3.8) applied to
constant functions. Thus, from Section 14.2, we already know that the instantaneous
reflection map is well defined. However, we can deduce additional structure of the
reflection map by focusing directly on the instantaneous reflection map.

We first establish upper and lower bounds on ψ0(u). For u ∈ R
k, let

u+ ≡ u ∨ 0 ≡ (u1 ∨ 0, . . . , uk ∨ 0) and u− ≡ u ∧ 0 ≡ (u1 ∧ 0, . . . , uk ∧ 0) .
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Lemma 14.3.1. (bounds on ψ0(u)) For any u ∈ R
k,

0 ≤ −(u−) ≤ ψ0(u) ≤ −(I − Q)−1u− .

Proof. Let v = −(I − Qt)−1u− and note that

u + (I − Qt)v = u − (I − Qt)(I − Qt)−1u− = u − u− = u+ ≥ 0 .

Then, by the definition of ψ0 in (3.1), ψ0(u) ≤ v, which establishes the upper bound.
By (3.2),

φ0(u) = u + (I − Qt)ψ0(u) ≥ 0.

Since ψ0(u) ≥ 0 and Q ≥ 0,

ψ0(u) ≥ −u + Qtψ0(u) ≥ −u ,

which implies the lower bound.
We now establish an additivity property of ψ0.

Lemma 14.3.2. (additivity of ψ0) If 0 ≤ v0 ≤ ψ0(u) in R
k, then

ψ0(u) = ψ0(u + (I − Q)v0) + v0 .

Proof. By (3.1),

ψ0(u) = min{v ∈ R
k
+ : u + (I − Q)v ≥ 0}

= min{v ∈ R
k
+ : u + (I − Q)v0 + (I − Q)(v − v0) ≥ 0}

= v0 + min{v′ ∈ R
k
+ : u + (I − Q)v0 + (I − Q)v ≥ 0}

= v0 + ψ0(u + (I − Q)v0) ,

using the condition in the penultimate step.
We now characterize the instantaneous reflection map in terms of a linear map

applied to the vector (u+, u−) in R
2k involving the positive and negative parts of

the vector u. In particular, for any u ∈ R
k, let

T (u) ≡ u+ + Qu− (3.9)

and let T k be the k-fold iterate of the map T , i.e., T k(u) = T (T k−1(u)) for k ≥ 1
with T 0(u) ≡ u. Note that T is a nonlinear function from R

k to R
k.

Theorem 14.3.2. (characterization of the instantaneous reflection map) Let un ≡
T (un−1) for T in (3.9) and u0 ≡ u. Then, for any u ∈ R

k,

u+
n−1 ≥ u+

n ≥ 0 (3.10)

and

0 ≥ u−
n ≥ Qnu−

0 for all n , (3.11)

so that

u−
n → 0, un → u∞ ≥ 0 and ψ0(un) → 0 as n → ∞ . (3.12)



14.3. The Instantaneous Reflection Map 477

For each n ≥ 1,

ψ0(u) = −
n−1∑
k=0

u−
k + ψ0(un) (3.13)

and

un = u − (I − Q)
n−1∑
k=0

u−
k , (3.14)

so that ψ0 in (3.1) is well defined with

ψ0(u) = −
∞∑

k=0

u−
k ≡ −

∞∑
k=0

T k(u)− (3.15)

and

φ0(u) = u∞ ≡ lim
n→∞ Tn(u) . (3.16)

Proof. Since un = u+
n−1 + Qu−

n−1 by (3.9), Qu−
n−1 ≤ un ≤ u+

n−1, which implies
(3.10) and Qu−

n−1 ≤ u−
n ≤ 0. By induction, these inequalities imply (3.11). Since

Qn → 0 as n → ∞, (3.10) and (3.11) imply the first two limits in (3.12). By Lemma
14.3.1,

ψ0(un) ≤ −(I − Q)−1u−
n . (3.17)

Since u−
n → 0, (3.16) implies the last limit in (3.12). Formula (3.13) follows from

Lemmas 14.3.1 and 14.3.2 by induction. From (3.9), un − un−1 = −(I − Q)u−
n−1,

from which (3.14) follows by induction. Since ψ0(un) → 0, (3.13) implies (3.15),
where the sum is finite. Moreover, (3.12)–(3.15) imply that u∞ = u+(I −Q)ψ0(u),
which in turn implies (3.16).

We can apply Theorem 14.3.2 to deduce the complementarity property in (3.4).
This corollary provides an alternative proof to half of Theorem 14.2.3.

Corollary 14.3.1. (complementarity) For any u ∈ R
k,

φi
0(u)ψi

0(u) = 0 for all i .

Proof. If φi
0(u) > 0, then ui

n > 0 for all n by (3.10), which implies that (u−
n )i = 0

for all n and ψi
0(u) = 0 by (3.15). On the other hand, if ψi

0(u) > 0, then ui
k < 0

for some k by (3.15), which implies that (u+
k )i = 0 for some k, so that ui

∞ = 0 by
(3.10).

Theorem 14.3.2 implies the following important monotonicity property.

Corollary 14.3.2. (monotonicity) If u1 ≤ u2 in R
k, then

φ0(u1) ≤ φ0(u2) and ψ0(u1) ≥ ψ0(u2) .

We now apply Corollary 14.3.2 and Lemma 14.3.2 to show that there is regularity
in the reflection map when increments have a common sign in all coordinates. First,
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it is elementary that, if u ≥ 0 and ∆ ≥ 0 in R
k, then

φ0(u + ∆) = u + ∆ and ψ(u + ∆) = 0 .

The situation is more delicate when u ≥ 0 but ∆ ≥ 0, but we obtain regularity
when ∆ ≤ 0.

In particular, we now consider the instantaneous reflection map R0 applied to
u −

∑m
i=1 ∆i, where u ≥ 0 and ∆i ≥ 0 for all i. We show that the instantaneous

reflection of u −
∑m

i=1 ∆i is the same as the mth iteration of the iterative reflection
introducing the increments ∆i one at a time (in any order). Specifically, let

uj ≡ φ0(uj−1 − ∆j), 1 ≤ j ≤ m , (3.18)

with u0 ≡ u.

Theorem 14.3.3. (iterations of the instantaneous reflection mapping) If u ≥ 0
and ∆i ≥ 0 for i ≥ 1, then

φ0(u −
m∑

i=1

∆i) = um (3.19)

for um in (3.18) and

ψ0(u −
m∑

i=1

∆i) = vm ≡
m∑

i=1

ψ0(ui−1 − ∆i) (3.20)

for all m ≥ 1.

Proof. We use induction on m. For m = 1, relations (3.19) and (3.20) hold by
definition. Suppose that (3.19) and (3.20) hold for all positive integers up to m; we
will show that they must also hold for m + 1. By Corollary 14.3.2,

0 ≤ ψ0(u −
m∑

i=1

∆i) ≤ ψ0(u −
m+1∑
i=1

∆i) .

By Lemma 14.3.2,

ψ0(u −
m+1∑
i=1

∆i) = ψ0(u −
m+1∑
i=1

∆i + (I − Qt)vm) + vm

for vj ≡ ψ0(u −
∑j

i=1 ∆i) for j ≥ 1. By the induction hypothesis,

ψ0(u −
m+1∑
i=1

∆i) = ψ0(φ0(u −
m∑

i=1

∆i) − ∆m+1) + vm

= ψ0(um − ∆m+1) + vm = vm+1 .

Moreover, by (3.2),

φ0(u −
m+1∑
i=1

∆i) = u −
m+1∑
i=1

∆i + (I − Qt)ψ0(u −
m+1∑
i=1

∆i)
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= u −
m+1∑
i=1

∆i + (I − Qt)(ψ0(um − ∆m+1) + vm)

= um − ∆m+1 + (I − Qt)(ψ0(um − ∆m+1))
= um+1 .

It is easy to see that the conclusion of Theorem 14.3.3 does not hold even for
m = 2 and k = 1 when ∆1 > 0 and ∆2 < 0.

Example 14.3.1. Need for common signs. To see the need for having ∆i ≥ 0 in R
k

for all i in Theorem 14.3.3, suppose that k = 2, Q is as in Example 14.5.4, u = (1, 0),
∆1 = (3,−1) and ∆2 = (3,−10). Then φ0(u − ∆1 − ∆2) = φ0(−5, 11) = (0, 6), but
φ0(φ0(u − ∆1) − ∆2)) = (0, 7).

We can also deduce the following alternative characterization of the instantaneous
reflection map.

Corollary 14.3.3. (fixed-point characterization) For any u ∈ R
k, ψ0(u) can be

characterized as the unique solution v in R
k
+ to the equation

v = π0(v) ≡ (Qv − u)+ . (3.21)

Proof. We use the fact that

−Qu−
k = u+

k − uk+1 ,

drawing on (3.9). Then

(Qψ(u) − u)+ = lim
n→∞

(
Q

n−1∑
k=0

(−u−
k ) − u0

)+

= lim
n→∞

(
n−1∑
k=0

u+
k −

n∑
k=1

uk − u0

)+

= lim
n→∞

(
−u+

n −
n∑

k=0

u−
k

)+

= (−φ(u) + ψ(u))+ .

By Corollary 14.3.1, the last expression equals ψ(u): If ψi(u) > 0, then φi(u) = 0
and (−φi(u)+ψi(u)) = ψi(u) > 0; if φi(u) > 0, then ψi(u) = 0 and −φi(u)+ψi(u) <
0, so that (−φi(u) + ψi(u))+ = 0 = ψi(u). It remains to establish uniqueness.
Suppose that v1 and v2 are two solutions to equation (3.21). Then

‖v1 − v2‖ = ‖(Qv1 − u)+ − (Qv2 − u)+‖
≤ ‖(Qv1 − u) − (Qv2 − u)‖ = ‖Q(v1 − v2)‖
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Suppose that ‖z‖ = ‖Qz‖. Then, by induction, ‖z‖ = ‖Qnz‖ for all n ≥ 1, but
Qn → 0 as n → ∞, so that we must have z = 0. Hence v1 = v2 and the solution to
(3.21) is unique.

14.3.2. Implications for the Reflection Map
We can now extend the reflection map defined on Dc to D. We can define R(x) for
x ∈ D by

R(x) ≡ lim
n→∞ R(xn) (3.22)

for xn ∈ Dc with ‖xn − x‖ → 0.

Theorem 14.3.4. (extension of the reflection map from Dc to D) For all x ∈ D,
the limit in (3.22) exists and is unique. Moreover, R is Lipschitz as a map from
(D, ‖ · ‖) to (D, ‖ · ‖) and satisfies properties (2.4)–(2.6).

Proof. For x ∈ D given, choose xn ∈ Dc with ‖xn−x‖ → 0. Since ‖xn−x‖ → 0 for
xn ∈ Dc, ‖xn−xm‖ → 0 as m, n → ∞. As noted above, we can deduce the Lipschitz
property of R on Dc by applying Theorem 14.2.5. By that Lipschitz property on Dc,
‖R(xn) − R(xm)‖ ≤ K‖xn − xm‖ → 0. Since (D, ‖ · ‖) is a complete metric space,
there exists (y, z) ∈ D such that ‖R(xn)−(y, z)‖ → 0. To show uniqueness, suppose
that ‖xjn − x‖ → 0 for j = 1, 2. Then ‖x1n − x2n‖ → 0 and ‖R(x1n) − R(x2n)‖ ≤
K‖x1n − x2n‖ → 0, so that the limits necessarily coincide. Given that xn ∈ Dc, so
that (xn, yn, zn) satisfy (2.4), (2.6) and (2.11) with ‖(xn, yn, zn) − (x, y, z)‖ → 0, it
follows that (x, y, z) satisfies (2.4), (2.6) and (2.11) too. (If (2.11) were to be violated
for (zi, yi) for some i, then it follows that (2.11) would necessarily be violated by
(zi

n, yi
n) for some n, because there would exist an interval [a, b] in [0, T ] such that

zi(t) ≥ ε > 0 for a ≤ t ≤ b and yi(b) > yi(a).) Alternatively, since there exists
a unique solution to (2.4) and (2.6), it must coincide with the one obtained via
the limit (3.22). To directly verify the Lipschitz property on D given the Lipschitz
property on Dc, for any x1, x2 ∈ D, let x1n, x2n ∈ Dc with ‖x1n − x1‖ → 0 and
‖x2n − x2‖ → 0. Then, for any ε > 0, there is an n0 such that

‖R(x1) − R(x2)‖ ≤ ‖R(x1) − R(x1n)‖ + ‖R(x1n) − R(x2n)‖
+ ‖R(x2n) − R(x2)‖

≤ K(‖x1 − x1n‖ + ‖x1n − x2n‖ + ‖x2n − x2‖)
≤ K‖x1 − x2‖ + 2K(‖x1 − x1n‖ + ‖x2n − x2‖)
≤ K‖x1 − x2‖ + ε

for all n ≥ n0. Since ε was arbitrary, the Lipschitz property is established.
From Theorems 14.2.6(iv), 14.3.1 and 14.3.2, we have the following result.

Lemma 14.3.3. (the reflection map at discontinuity points) For any x ∈ D and
t, 0 < t < T ,

ψ(x)(t) ≡ y(t) = ψ0(z(t−) + x(t) − x(t−)) + y(t−)
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and

φ(x)(t) ≡ z(t) = φ0(z(t−) + x(t) − x(t−)) .

We can apply Lemma 14.3.3 to relate the set of discontinuity points of R(x) to
the set of discontinuity points of x, which we denote by Disc(x).

Corollary 14.3.4. (the set of discontinuity points) For any x ∈ D,

Disc(R(x)) = Disc(x) .

Proof. By Lemma 14.3.3, we can write

z(t) − z(t−) = x(t) − x(t−) + (I − Q)(y(t) − y(t−)) ,

where yi(t) − yi(t−) is minimal, 1 ≤ i ≤ k. If x(t) − x(t−) = 0 (where here 0 is the
zero vector), then necessarily y(t) − y(t−) = 0, which then forces z(t) − z(t−) = 0.
On the other hand, if x(t) − x(t−) = 0, then we cannot have both z(t) − z(t−) = 0
and y(t) − y(t−) = 0, so we must have t ∈ Disc(R(x)).

We obtain our strongest results for the case in which no coordinate of x has a
negative jump. Let D+ be the subset of functions x for which x(t) − x(t−) ≥ 0 for
all t.

Corollary 14.3.5. (stronger result in D+) For any x ∈ D+, we have ψ(x) ∈ C,
φ(x) ∈ D+ and

φ(x)(t) − φ(x)(t−) = x(t) − x(t−) .

Finally, we can apply Lemma 14.3.3 and Corollary 14.3.2 to show how reflections
of parametric representations perform. We consider the reflection map applied to α
times the increment as a function of α for 0 ≤ α ≤ 1. We will apply the following
lemma in the next section.

Lemma 14.3.4. (instantaneous reflection at discontinuity points) Suppose that
x ∈ D, t ∈ Disc(x) and 0 ≤ α ≤ 1.

(a) If x(t) ≥ x(t−), then

ψ̂(x, t, α) ≡ ψ0(z(t−) + α[x(t) − x(t−)]) + y(t−) = ψ̂(x, t, 0) = y(t−) (3.23)

and

φ̂(x, t, α) ≡ φ0(z(t−) + α[x(t) − x(t−)]) = φ̂(x, t, 0) + α[x(t) − x(t−)] (3.24)

for 0 ≤ α ≤ 1.
(b) If x(t) ≤ x(t−) and 0 ≤ α1 < α2 ≤ 1, then

ψ̂(x, t, α1) ≤ ψ̂(x, t, α2)

and

φ̂(x, t, α1) ≥ φ̂(x, t, α2)

for ψ̂ in (3.23) and φ̂ in (3.24).
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We conclude this section by further discussing the possibility of using the in-
stantaneous reflection map to simulate reflected stochastic processes in Dk. Given
a stochastic process X, we can approximate it by the associated discrete-time
stochastic process

Xn(t) ≡ X(�nt�/n), t ≥ 0 ,

for some suitably large n. For each n, Xn has sample paths in Dc. Given that
X has sample paths in D, it is easy to see that Xn → X in (D, J1) w.p.1 as
n → ∞. We simulate Xn for suitably large n by generating the random vectors
X(k/n)−X((k−1)/n) for k ≥ 1. When X is a Lévy process, X(k/n)−X((k−1)/n)
for k ≥ 1 will be IID random vectors with an infinitely divisible distribution. When
X is a stable Lévy motion, the random vectors will have a stable law. For discussion
about simulation of stable random vectors and processes, see Janicki and Weron
(1993).

Given a sample path of {X(k/n) : k ≥ 1}, we can calculate the sample path
of the associated reflected process φ(Xn) by solving the linear complementarity
problem (LCP) at each transition epoch k/n. Thus the substantial literature on
LCP can be applied; see Cottle, Pang and Stone (1992). For example, as noted
before, we can use linear programming to solve the LCP, recognizing that only the
trivial calculation associated with v = 0 in (3.1) occurs whenever u ≥ 0. (See (3.5)
above.)

Instead of linear programming, we can also use Theorem 14.3.2 to do the calcu-
lation. We can approximate φ(u) by Tn(u) for the map in (3.9). Even though the
operator T on R

k in (3.9) must be applied many times to calculate each instan-
taneous reflection, the algorithm can be effective, because T itself is remarkably
simple. By (3.10) and (3.16), u+

n is an upper bound for φ(u), where un = Tn(u).
Moreover, we can apply (3.17) to bound the error ‖u+

n − φ(u)‖. Since

φ(u) = φ(un) = un + (I − Q)ψ(un) ,

‖u+
n − φ(u)‖ ≤ ‖un − φ(un)‖ ≤ ‖I − Q‖ · ‖ψ(un)‖

≤ ‖I − Q‖ · ||(I − Q)−1u−
n ‖ .

So Tn(u) ≡ un provides an upper bound on φ(u) via u+
n and an upper bound on

the error ‖u+
n − φ(u)‖ via u−

n .

14.4. Reflections of Parametric Representations

In order to establish continuity and stronger Lipschitz properties of the reflection
map R on D with the M1 topologies, we would like to have (R(u), r) be a paramet-
ric representation of R(x) when (u, r) is a parametric representation of x. However,
that property does not always hold, as we show in Example 14.4.1 below. Nev-
ertheless, we can get quite close under reasonable regularity conditions. We now
obtain positive results in that direction. The (rather involved) proofs appear in the
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Internet Supplement. For the following result, we exploit picewise-constant approx-
imations and the instantaneous reflection map. We also use properties of the SM1
topology.

Theorem 14.4.1. (reflections of parametric representations) Suppose that x ∈ D,
(u, r) ∈ Πs(x) and r−1(t) = [s−(t), s+(t)].

(a) If t ∈ Disc(x)c, then

R(u)(s) = R(x)(t) for s−(t) ≤ s ≤ s+(t) .

(b) If t ∈ Disc(x), then

R(u)(s−(t)) = R(x)(t−) and R(u)(s+(t)) = R(x)(t) .

(c) If t ∈ Disc(x) and x(t) ≥ x(t−), then

φ(u)(s) = φ(x)(t−) +
(

uj(s) − uj(s−(t))
uj(s+(t)) − uj(s−(t))

)
[x(t) − x(t−)]

for any j, 1 ≤ j ≤ k, and

ψ(u)(s) = ψ(x)(t−) = ψ(x)(t) for s−(t) ≤ s ≤ s+(t) ,

so that

R(u)(s) ∈ [R(x)(t−), R(x)(t)] for s−(t) ≤ s ≤ s+(t) .

(d) If t ∈ Disc(x) and x(t) ≤ x(t−), then φi(u) and ψi(u) are monotone in
[s−(t), s+(t)] for each i, so that

R(u)(s) ∈ [[R(x)(t−), R(x)(t)]] for s−(t) ≤ s ≤ s+(t) .

We can draw the desired conclusion that (R(u), r) is a parametric representation
of R(x) if we can apply parts (c) and (d) of Theorem 14.4.1 to all jumps. Recall
that D+ (Ds) is the subset of D for which condition (c) (condition (c) or (d)) holds
at all discontinuity points of x. For x ∈ Ds, the direction of the inequality is allowed
to depend upon t.

Theorem 14.4.2. (preservation of parametric representations under reflection)
Suppose that x ∈ D and (u, r) ∈ Πs(x).

(a) If x ∈ D+, then (R(u), r) ∈ Πs(R(x)).
(b) If x ∈ Ds, then (R(u), r) ∈ Πw(R(x)).

We can weaken the condition in Theorem 14.4.2 (b): If x ∈ Ds, then it suffices
to have (u, r) ∈ Πw(x).

Theorem 14.4.3. (preservation of weak parametric representations) If x ∈ Ds

and (u, r) ∈ Πw(x), then (R(u), r) ∈ Πw(R(x)).

As a basis for proving Theorem 14.4.1, we exploit piecewise-constant approx-
imations. We use the following lemma, established in the Internet Supplement.
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Lemma 14.4.1. (left and right limits) For any x ∈ Dc, (u, r) ∈ Πs(x) and
r−1(t) = [s−(t), s+(t)],

R(u)(s−(t)) = R(x)(t−) and R(u)(s+(t)) = R(x)(t) . (4.1)

We now show that it is essential in Lemma 14.4.1 to have (u, r) ∈ Πs(x) instead
of just (u, r) ∈ Πw(x). We also show that we cannot improve upon Lemma 14.4.1
to conclude that (R(u), r) ∈ Πw(R(x)) when (u, r) ∈ Πs(x).

Example 14.4.1. Impossibility of improvements. To demonstrate the points
above, let x ∈ Dc and R be defined by

x1 = I[0,1) − 3I[1,2], x2 = I[0,1) + 2I[1,2] ,

Qt =
(

0 1
0 .9

)
, so that I − Q =

(
1 0

−1 .1

)
.

Then z1 = z2 = I[0,1), y1 = 3I[1,2] and y2 = 10I[1,2]. To see that the conclu-
sion of Lemma 14.4.1 fails when we only have (u, r) ∈ Πw(x), let a parametric
representation (u, r) in Πw(x) be defined by

r(0) = 0, r(1/3) = r(2/3) = 1, r(1) = 2

u1(0) = u1(1/3) = 1, u1(1/2) = u1(1) = −3

u2(0) = u2(1/2) = 1, u2(2/3) = u2(1) = 2

(4.2)

with r, u1 and u2 defined by linear interpolation elsewhere. Notice that
[s−(1), s+(1)] = [1/3, 2/3], φ2(u)(1/2) = 0 and φ2(u)(2/3) = 1 > 0 = z2(1).
Moreover, φ2(u)(s) = 1 on [2/3, 1].

Next, to see that we need not have (R(u), r) ∈ Πw(R(x)) when (u, r) ∈ Πs(x),
let r be defined in (4.2) and let the parametric representation (u, r) in Πs(x) be
defined by

u1(0) = u1(1/3) = 1, u1(2/3) = u1(1) = −3
u2(0) = u2(1/3) = 1, u2(2/3) = u2(1) = 2

with r, u1, u2 defined at other points by linear interpolation. Clearly (u, r) ∈ Πs(x).
Note that ui(s) ≥ 0 for all s ≤ 5/12. Then r(5/12) = 1, u1(5/12) = 0
and u2(5/12) = 5/4. Clearly φ(u)(5/12) = u(5/12) = (0, 5/4), which is not
in [[(0, 0), (1, 1)]], the weak range of z = φ(x). Further analysis shows that
φ1(u)(s) = 0 for s ≥ 5/12, while φ2(u) = u2 on [0, 1/3], φ2(u)(5/12) = 5/4,
φ2(u)(5/9) = φ2(u)(1) = 0, with φ2(u) defined elsewhere by linear interpolation.
Similarly, ψ has slope (12, 0) over (5/12, 5/9) and slope (12, 90) over (5/9, 2/3), so
that ψ(u)(5/12) = (0, 0), ψ(u)(5/9) = (5/3, 0), ψ(u)(2/3) = ψ(u)(1) = (3, 10) and
ψ is defined by linear interpolation elsewhere.
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14.5. M1 Continuity Results and Counterexamples

In this section we establish positive results and give counterexamples showing that
candidate stronger results do not hold.

14.5.1. M1 Continuity Results
We first state continuity and Lipschitz properties of the reflection map on D ≡ Dk ≡
D([0, T ], Rk) with the M1 topologies. Our first result establishes continuity of the
reflection map R (for an arbitrary reflection matrix Q) as a map from (D, SM1) to
(D, L1), where L1 is the topology on D induced by the L1 norm

‖x||L1 ≡
∫ T

0
‖x(t)‖dt . (5.1)

Under a further restriction, the map from (D, WM1) to (D, WM1) will be
continuous.

Recall that Ds is the subset of functions in D without simultaneous jumps of
opposite sign in the coordinate functions; i.e., x ∈ Ds if, for all t ∈ (0, T ), either
x(t) − x(t−) ≤ 0 or x(t) − x(t−) ≥ 0, with the sign allowed to depend upon t. The
subset Ds is a closed subset of D in the J1 topology and thus a measurable subset
of D with the SM1 and WM1 topologies (since the Borel σ-fields coincide). The
(again somewhat involved) proofs of the main theorems here appear in Section 8.5
of the Internet Supplement.

Theorem 14.5.1. (continuity with the SM1 topology on the domain) Suppose that
xn → x in (D, SM1).

(a) Then

R(xn)(tn) → R(x)(t) in R
2k (5.2)

for each t ∈ Disc(x)c and sequence {tn : n ≥ 1} with tn → t,

sup
n≥1

‖R(xn)‖ < ∞ , (5.3)

R(xn) → R(x) in (D, L1) (5.4)

and

ψ(xn) → ψ(x) in (D, WM1) . (5.5)

(b) If in addition x ∈ Ds, then

φ(xn) → φ(x) in (D, WM1) , (5.6)

so that

R(xn) → R(x) in (D, WM1) . (5.7)
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Under the extra condition in part (b), the mode of convergence on the domain
actually can be weakened. However, little positive can be said if only xn → x in
(D, WM1) without x ∈ Ds; see Example 14.5.3 below.

Theorem 14.5.2. (continuity with the WM1 topology on the domain) If xn → x
in (D, WM1) and x ∈ Ds, then (5.7) holds.

Remark 14.5.1. Gibbs phenomenon. Interestingly, the limit of φ(xn)(tn) for tn →
t ∈ Disc(x) can fall outside the product segment [[φ(x)(t−), φ(x)(t)]]; see Example
14.5.4 below. Thus the asymptotic fluctuations in φ(xn) can be greater than the
fluctuations in φ(x). The behavior here is analogous to the Gibbs phenomenon
associated with Fourier series; see Chapter 9 of Carslaw (1930) and Remark 5.1 of
Abate and Whitt (1992a).

Example 12.3.1 shows that convergence xn → x can hold in (D, WM1) but not
in (D, SM1) even when x ∈ Ds. Thus Theorems 14.5.1 (a) and 14.5.2 cover distinct
cases. An important special case of both occurs when x ∈ D1, where D1 is the
subset of x in D with discontinuities in only one coordinate at a time; i.e., x ∈ D1
if t ∈ Disc(xi) for at most one i when t ∈ Disc(x), with the coordinate i allowed
to depend upon t. In Section 12.7 it is shown that WM1 convergence xn → x is
equivalent to SM1 convergence when x ∈ D1.

Just as with Ds above, D1 is a closed subset of (D, J1) and thus a Borel measur-
able subset of (D, SM1). Since D1 ⊆ Ds, the following corollary to Theorem 14.5.2
is immediate.

Corollary 14.5.1. (common case for applications) If xn → x in (D, WM1) and
x ∈ D1, then R(xn) → R(x) in (D, WM1).

We can obtain stronger Lipschitz properties on special subsets. Let D+ be the
subset of x in D with only nonnegative jumps, i.e., for which xi(t)−xi(t−) ≥ 0 for
all i and t. As with Ds and D1 above, D+ is a closed subset of (D, J1) and thus a
measurable subset of (D, SM1).

Theorem 14.5.3. (Lipschitz properties) There is a constant K (the same as
associated with the uniform norm in (2.25)) such that

ds(R(x1), R(x2)) ≤ Kds(x1, x2) (5.8)

for all x1, x2 ∈ D+, and

dp(R(x1), R(x2)) ≤ dw(R(x1), R(x2)) ≤ Kdw(x1, x2) ≤ Kds(x1, x2) (5.9)

for all x1, x2 ∈ Ds.

We can actually do somewhat better than in Theorem 14.5.1 when the limit is
in D+.

Theorem 14.5.4. (strong continuity when the limits is in D+) If

xn → x in (D, SM1) , (5.10)
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where x ∈ D+, then

R(xn) → R(x) in (D, SM1) . (5.11)

Our final result shows how the reflection map behaves as a function of the
reflection matrix Q, as well as x, with the M1 topologies.

Theorem 14.5.5. (continuity as a function of (x, Q)) Suppose that Qn → Q in Q.
(a) If xn → x in (Dk, WM1) and x ∈ Ds, then

RQn
(xn) → RQ(x) in (D2k, WM1) . (5.12)

(b) If xn → x in (Dk, SM1) and x ∈ D+, then

RQn(xn) → RQ(x) in (D2k, SM1) . (5.13)

We can apply Section 12.9 to extend the continuity and Lipschitz results to the
space D([0,∞), Rk).

Theorem 14.5.6. (extension of continuity results to D with domain [0,∞))
The convergence-preservation results in Theorems 14.5.1, 14.5.2 and 14.5.4 and
Corollary 14.5.1 extend to D([0,∞), Rk).

Proof. Suppose that xn → x in D([0,∞), Rk) with the appropriate topology and
that {tj : j ≥ 1} is a sequence of positive numbers with tj ∈ Disc(x)c and tj → ∞
as j → ∞. Then, rtj (xn) → rtj (x) in D([0,∞), Rk) with the same topology as
n → ∞ for each j, where rt is the restriction map to D([0, t], Rk). Under the
specified assumptions,

rtj (R(xn)) = Rtj (rtj (xn)) → Rtj (rtj (x)) = rtj (R(x)) (5.14)

in D([0, tj ], R2k) with the specified topology as n → ∞ for each j, which implies
that

R(xn) → R(x) in D([0,∞), R2k) (5.15)

with the same topology as in (5.14).

Theorem 14.5.7. (extension of Lipschitz properties to D([0,∞), Rk)) Let R :
D([0,∞), Rk) → D([0,∞), R2k) be the reflection map with function domain [0,∞)
defined by Definition 14.2.1. Let metrics associated with domain [0,∞) be defined
in terms of restrictions by (9.1) in Section 12.9. Then the conclusions of Theorems
14.2.5, 14.2.7 and 14.5.3 also hold for domain [0,∞).

Proof. Apply Theorem 12.9.4.

14.5.2. Counterexamples
We now return to the space D([0, T ], Rk) and present several counterexamples. We
first show that the reflection map is actually not continuous on D([0, T ], R1) with
the SM1 topology. (This would not be a counterexample if we restricted attention
to the component φ mapping x into z in (2.6) or, more generally, the WM1 topology
were used on the range.)
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Example 14.5.1. Not continuous on (D, SM1). To show that

R ≡ (ψ, φ) : (D([0, 2], R1), SM1) → (D([0, 2], R2), SM1)

is not continuous, let

xn(t) = 1 − 2n(t − 1)I[1,1+n−1)(t) − 2I[1+n−1,2](t)

and

x(t) = 1 − 2I[1,2](t), 0 ≤ t ≤ 2 .

It is easy to see that d(xn, x) → 0 as n → ∞,

zn(t) = 1 − 2n(t − 1)I[1,1+(2n)−1)(t) ,

yn(t) = 2n(t − (1 + (2n)−1))I[1+(2n)−1,1+n−1)(t) + I[1+n−1,2](t) ,

z(t) = I[0,1)(t) and y(t) = I[1,2](t) .

We use the fact that any linear function of the coordinate functions, such as addition
or subtraction, is continuous in the SM1 topology; see Section 12.7. Note that
z(t) + y(t) = 1, 0 ≤ t ≤ 2, while

zn(t)+ yn(t) = 1− 2n(t− 1)I[1,1+(2n)−1](t)+ 2n(t− (1+ (2n)−1)I[1+(2n)−1,1+n−1](t)

so that d(zn + yn, z + y) → 0 as n → ∞, which implies that (xn, yn) → (z, y) as
n → ∞ in D([0, T ], R2) with the SM1 metric. However, we do have d(zn, z) → 0 and
d(yn, y) → 0 as n → ∞, so the maps from x to y and z separately are continuous.

Example 14.5.1 suggests that the difficulty might only be in simultaneously
considering both maps ψ and φ. We show that this is not the case by giving a
counterexample with φ alone (but again in two dimensions).

Example 14.5.2. φ is not continuous on (D2, SM1). We now show that

φ : (D([0, 2], R2), SM1) → (D([0, 2], R2), SM1)

is not continuous. We use the trivial reflection map corresponding to two separate
queues, for which Q is the 2 × 2 matrix of 0’s. Let x1

n be as in Example 14.5.1, i.e.,

x1
n(t) = 1 − 2n(t − 1)I[1,1+n−1)(t) − 2I[1+n−1,2](t)

and let

x2
n(t) = 2 − 3n(t − 1)I[1,1+n−1)(t) − 3I[1+n−1,2](t) .

It is easy to see that ds((x1
n, x2

n), (x1, x2)) → 0 as n → ∞, where

x1(t) = 1 − 2I[1,2](t) and x2(t) = 2 − 3I[1,2](t) .

(The same functions rn and r can be used in the parametric representations of the
two coordinates.) Clearly φ((x1, x2)) = (z1, z2), where

z1(t) = I[0,1)(t) and z2(t) = 2I[0,1)(t) ,
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while

z1
n(t) = 1 − 2n(t − 1)I[1,1+(1/2n))(t)

z2
n(t) = 2 − 3n(t − 1)I[1,1+(2/3n))(t) .

Note that 2z1(t) − z2(t) = 0, 0 ≤ t ≤ 2, while

2z1
n(1 + (2n)−1) − z2

n(1 + (2n)−1) = −z2
n(1 + (2n)−1) = −1/2 for all n .

Hence ds(2z1
n − z2

n, 2z1 − z2) → 0 so that ds((z1
n, z2

n), (z1, z2)) → 0 as n → ∞.
However, in this example, φ is continuous if we use the WM1 topology on the
range.

We now show that the reflection map is not continuous if the WM1 topology is
used on the domain without imposing extra conditions.

Example 14.5.3. The difficulty with the WM1 topology on the domain. We show
that neither ψ nor φ need be continuous when the WM1 topology is used on the
domain, without extra conditions. Consider D([0, 2], R2) and let x1 = I[1,2], x2 =
−2I[1,2] and

Q =
(

0 1/2
1/2 0

)
.

Then the reflection map yields y1(t) = ψ1(x)(t) = zi(t) = φi(x)(t) = 0, 0 ≤ t ≤ 2,
for i = 1, 2 and y2 = ψ2(x) = 2I[1,2]. Let the converging functions be x1

n = I[1+n−1,2]
and x2

n = −2I[1−n−1,2] for n ≥ 1. It is easy to see that xn → x as n → ∞ in
WM1 but that xn → x as n → ∞ in SM1, because (2x1

n + x2
n)(1) = −2, while

(2x1 + x2)(t) = 0, 0 ≤ t ≤ 2. The reflection map applied to xn works on the
jumps at times 1 − n−1 and 1 + n−1 separately, yielding y1

n = (4/3)I[1−n−1,2],
y2

n = (8/3)I[1−n−1,2], z1
n = I[1+n−1,2] and z2

n(t) = 0, 0 ≤ t ≤ 2. Clearly z1
n → z1

and yi
n → yi as n → ∞ for i = 1, 2 for any reasonable topology on the range. In

particular, conclusions (5.2) and (5.4) – (5.7) all fail in this example.
Moreover, when we choose suitable parametric representations (un, rn) ∈ Πw(xn)

and (u, r) ∈ Πw(x) to achieve xn → x in WM1, (R(u), r) is not a parametric rep-
resentation for R(x). To be clear about this, we give an example: We let all the
functions un, rn, u and r be piecewise-linear. We define the functions at the dis-
continuity points of the derivative. We understand that the functions are extended
to [0, 1] by linear interpolation. Let

r(0) = 0, r(0.2) = r(0.8) = 1, r(1) = 2 ,

u1(0) = u1(0.4) = 0, u1(0.8) = u1(1) = 1 ,

u2(0) = u2(0.2) = 0, u2(0.4) = u2(1) = −2 ,

rn(0) = 0, rn(0.2(1 − n−1)) = rn(0.2(2 − n−1)) = 1 − n−1 ,

rn(0.2(2 + n−1)) = rn(0.2(4 + n−1)) = 1 + n−1, rn(1) = 2 ,

u1
n(0) = u1

n(0.2(2 + n−1)) = 0, u1
n(0.2(4 + n−1) = u1

n(1) = 1 ,

u2
n(0) = u2

n(0.2(1 − n−1) = 0, u2
n(0.2(2 − n−1) = u2

n(1) = −2 .
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This construction yields (un, rn) ∈ Πw(xn), n ≥ 1, (u, r) ∈ Πw(x), but (φ1(u), r) ∈
Π(φ1(x)), because φ1(x)(t) = 0, 0 ≤ t ≤ 2, while φ1(u)(1) = 1. Note that (u, r) ∈
Πw(x), but (u, r) ∈ Πs(x).

We now show that we need not have R(xn) → R(x) in (D, WM1) when xn → x
in (D, SM1) without the extra regularity condition x ∈ Ds. A difficulty can occur
when xi(t)−xi(t−) > 0 for some coordinate i, while xj(t)−xj(t−) < 0 for another
coordinate j.

Example 14.5.4. Need for the condition x ∈ Ds. We now show that the condition
x ∈ Ds in Theorem 14.5.1 is necessary even when xn → x in (D, SM1). In our limit
x ≡ (x1, x2), x1 has a jump down and x2 has a jump up at t = 1. Our example
is the simple network corresponding to two queues in series. Let x ≡ (x1, x2) and
xn ≡ (x1

n, x2
n), n ≥ 1, be elements of D([0, 2], R2) defined by

x1(0) = x1(1−) = 1, x1(1) = x1(2) = −3

x2(0) = x2(1−) = 1, x2(1) = x2(2) = 2

x1
n(0) = x1

n(1) = 1, x1
n(1 + n−1) = x1

n(2) = −3

x2
n(0) = x2

n(1) = 1, x2
n(1 + n−1) = x2

n(2) = 2 ,

with the remaining values determined by linear interpolation. Let the substochastic
matrix generating the reflection be

Qt =
(

0 1
0 0

)
, so that I − Q =

(
1 0

−1 1

)
.

Then z1 = z2 = I[0,1), y1 = 3I[1,2], y
2 = I[1,2] and

z1
n(0) = z1

n(1) = 1, z1
n(1 + (4n)−1) = z1

n(2) = 0

z2
n(0) = z2

n(1) = 1, z2
n(1 + (4n)−1) = 5/4, z2

n(1 + 2(3n)−1) = z2
n(2) = 0

with the remaining values determined by linear interpolation. Since z2
n(1+(4n)−1) =

5/4 for all n and z2(t) ≤ 1 for all t, z2
n fails to converge to z2 in any of the Skorohod

topologies. We remark that the graphs Gφ(xn) of φ(xn) do converge in the Hausdorff
metric to the graph Gφ(x) of φ(x) augmented by the set {1}× [1, 5/4]. This example
motivates considering larger spaces of functions than D, which we discuss in Chapter
15.

14.6. Limits for Stochastic Fluid Networks

In this section we provide concrete stochastic applications of the convergence-
preservation results for the multidimensional reflection map.
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We consider the single-class open stochastic fluid network with Markovian routing
introduced in Section 14.2.

Recall that the stochastic fluid network is characterized by a four-tuple
{C, r, Q, X(0)}, where C ≡ (C1, . . . , Ck) is the vector of exogenous cumulative
input stochastic processes at the k stations, r = (r1, . . . , rk) is the vector of
potential output rates at the stations, P ≡ (Pi,j) is the routing matrix and
X(0) ≡ (X1(0), . . . , Xk(0)) is the nonnegative random vector of initial buffer
contents. The stochastic processes Cj ≡ {Cj(t) : t ≥ 0} have nondecreasing non-
negative sample paths; Cj(t) represents the cumulative input at station j during
the time interval [0, t]. A proportion Pi,j of all output from station i is routed to
station j, while a proportion pi ≡ 1 −

∑k
j=1 Pi,j is routed out of the network. We

assume that P is substochastic so that Pi,j ≥ 0, 1 ≤ j ≤ k, and pi ≥ 0, 1 ≤ i ≤ k.
Moreover, we assume that Pn → 0 as n → ∞, where Pn is the nth power of P . The
associated reflection matrix is the transpose Q ≡ P t.

As a more concrete example, suppose that the exogenous input to station j is
the sum of the inputs from mj separate on-off sources. Let (j, i) index the ith on-off
source at station j. When the (j, i) source is on, it sends fluid input at rate λj,i;
when it is off, it sends no input. Let Bj,i(t) be the cumulative busy (on) time for
source (j, i) during the time interval [0, t]. Then the exogenous input process at
station j is

Cj(t) =
mj∑
i=1

λj,iBj,i(t), t ≥ 0 .

Since Bj,i necessarily has continuous sample paths, the associated exogenous cumu-
lative input processes Cj and C also have continuous sample paths in this special
case.

In general, given the defining four-tuple (C, r, Q, X(0)), the associated R
k-valued

potential buffer-content process (or net-input process) is

X(t) ≡ X(0) + C(t) − (I − Q)rt, t ≥ 0 . (6.1)

where Q is the transpose P t. Since Cj has nondecreasing sample paths for each j,
the sample paths of X are of bounded variation. In many special cases, the sample
paths of X will be continuous as well.

The buffer-content stochastic process Z ≡ (Z1, . . . , Zk) is simply obtained by
applying the reflection map to the potential buffer-content process X in (6.1), in
particular,

Z ≡ φ(X) , (6.2)

where R = (ψ, φ) in (2.4)–(2.6). Again, we regard (6.2) as the definition. This
stochastic fluid network model is more elementary than the queue-length processes
in the queueing network in the following Section 14.7, because here the content
process of interest Z is defined directly in terms of the reflection map, requiring
only (6.1) and (6.2).
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We now want to establish some limits for the stochastic processes. First, we
obtain a model continuity or stability result.

14.6.1. Model Continuity
For this purpose, we consider a sequence of fluid network models indexed by
n characterized by four-tuples (Cn, rn, Qn, Xn(0)). Let ⇒ denote convergence in
distribution.

Theorem 14.6.1. (stability for stochastic fluid networks) If

(Cn, Xn(0)) ⇒ (C, X(0))

in D([0,∞), Rk) × R
k, where the topology is either SM1 or WM1, rn → r and

Qn → Q in Q as n → ∞, then

(Xn, Yn, Zn) ⇒ (X, Y, Z) as n → ∞ in D([0,∞), R3k) ,

with the same topology, where Xn and X are the associated potential buffer-content
processes defined by (6.1), Yn and Y are the associated regulator processes, and Zn

and Z as the associated buffer-content processes, with

R(Xn) ≡ (ψ(Xn), φ(Xn)) ≡ (Yn, Zn), n ≥ 1 .

Proof. Apply the continuous mapping theorem with the continuous functions in
(6.1) and (2.4)–(2.6), invoking Theorem 14.5.5 and Corollary 14.2.2. Note that Cn,
C, Xn and X have sample paths in D+. First apply the linear function in (6.1)
mapping (Cn, rn, Qn, Xn(0)) into Xn; then apply R mapping Xn into (Yn, Zn). For
the special case of common Q, we can invoke Theorem 14.5.3 instead of Theorem
14.5.5.

Remark 14.6.1. Sufficient conditions for SM1 convergence. If P (C ∈ D1) = 1,
i.e., if

P (Disc(Ci) ∩ Disc(Cj) = φ) = 1 (6.3)

for all i, j with 1 ≤ i, j ≤ k and i = j, then the assumed SM1 convergence Cn ⇒ C
is implied by WM1 convergence. Since Cn and C have nondecreasing sample paths,
the condition Ci

n ⇒ Ci D([0,∞), R, M1) is equivalent to convergence of the finite-
dimensional distributions at all time points t for which P (t ∈ Disc(Ci)) = 0, where
Disc(Ci) is the set of discontinuity points of Ci; see Corollary 12.5.1.

Remark 14.6.2. The case of continuous sample paths. As we have indicated, it
is natural for the cumulative input processes Cn to have continuous sample paths,
but that does not imply that the limit C necessarily must have continuous sample
paths. If C does in fact have continuous sample paths, then so do X, Y and Z.
Then, the SM1 topology reduces to the topology of uniform convergence on compact
subsets.

We can also obtain a bound on the distance between (Xn, Yn, Zn) and (X, Y, X)
using the Prohorov metric π on the probability measures on (D+, SM1). For random
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elements X1 and X2, let π(X1, X2) denote the Prohorov metric in (2.2) applied to
the probability laws of X1 and X2. The conclusion for the case of common Q then
is:

Corollary 14.6.1. (bounds on the Prohorov distance) For common Q, there exists
a constant K such that

π((Xn, Yn, Zn), (X, Y, Z)) ≤ Kπ((Cn, Xn(0)), (C, X(0))) .

Proof. Apply Theorems 3.4.2 and 14.5.3.

14.6.2. Heavy-Traffic Limits
We also can obtain heavy-traffic FCLTs for stochastic fluid networks by considering
a sequence of models with appropriate scaling. The scaling allows for on-off sources
with heavy-tailed busy-period and idle-period distributions, as in Section 8.5. The
scaling also allows for strong dependence in the input processes.

Theorem 14.6.2. (heavy-traffic limit) Consider a sequence of stochastic fluid net-
works {(Cn, rn, Qn, Xn(0)) : n ≥ 1}. If there exist a constant H with 0 < H < 1,
an R

k-valued random vector X(0), vectors αn ∈ R
k, n ≥ 1, and a stochastic process

C such that

(Cn,Xn(0)) ⇒ (C,X(0)) in D([0,∞), Rk, WM1) × R
k , (6.4)

where

Cn(t) ≡ n−H(Cn(nt) − αnnt), t ≥ 0 ,

P (C ∈ Ds) = 1 , (6.5)

and

n1−H [αn − (I − Qn)rn] → c in R
k ,

then

(Xn,Yn,Zn) ⇒ (X,Y,Z)

in D([0,∞), Rk, SM1) × D([0,∞), R2k, WM1), where

(Xn,Yn,Zn)(t) ≡ n−H(Xn(nt), Yn(nt), Zn(nt)), t ≥ 0

X(t) = X(0) + C(t) + ct, t ≥ 0 ,

and (Y,Z) = R(X) for R in (2.4)–(2.6).

Proof. Since

n−HXn(nt) = n−H [Xn(0) + [Cn(nt) − cnnt] + [αnnt − (I − Qt
n)rnnt], t ≥ 0 ,

Xn ⇒ X in (Dk, SM1) .
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The proof is completed by applying the continuous mapping theorem, using
Theorem 14.5.5. For common Q, we could use Theorem 14.5.2.

Remark 14.6.3. Convenient sufficient conditions. In order for conditions (6.4)
and (6.5) to hold, it suffices to have Xn(0) be independent of {Cn(t) : t ≥ 0} for
each n,

Xn(0) ⇒ X(0) in R
k ,

and {Ci
n(t) : t ≥ 0}, 1 ≤ i ≤ k, be k mutually independent processes for each n,

with

Ci
n ⇒ Ci in D([0,∞), R1, M1) for 1 ≤ i ≤ k ,

where P (t ∈ Disc(Ci)) = 0 for all i and t (so that Ci has no fixed discontinuities).
Then, almost surely, the limit process C has discontinuities in only one coordi-
nate at a time. Then convergence in the WM1 topology is actually equivalent to
convergence in the SM1 topology.

Remark 14.6.4. Convergence in the L1 topology under weaker conditions. If con-
dition (6.5) does not hold, but the limit in condition (6.4) holds in the SM1 topology,
then we obtain the limit (Yn, Zn) ⇒ (Y, Z) in D([0,∞), R2k) with the L1 topology
instead of the WM1 topology, by Theorem 14.5.1(a).

Remark 14.6.5. The special case of Lévy processes. In many applications the lim-
iting form of the initial conditions can be considered deterministic; i.e. P (X(0) =
x) = 1 for some x ∈ R

k. Then (Y,Z) is simply a reflection of C, modified by
the deterministic initial condition x and the deterministic drift ct. In Chapter 8
conditions are determined to have the convergence Ci

n ⇒ Ci. Then Ci is often a
Lévy process. When C is a Lévy process, Z and (Y,Z) are reflected Lévy processes.
In some cases explicit expressions for non-product-form steady-state distributions
have been derived; see Kella and Whitt (1992a) and Kella (1993, 1996).

Remark 14.6.6. Extensions. Clearly, we can obtain similar results for more gen-
eral models by similar methods. For example, the prevailing rates might be
stochastic processes. The potential output rate from station j at time t can be
the random variable Rj(t). Then the net-input process in (6.1) should be changed
to

X(t) = X(0) + C(t) − (I − Qt)S(t), t ≥ 0 ,

where S ≡ (S1, . . . , Sk) is the R
k-valued potential output process, having

Sj(t) =
∫ t

0
Rj(u)du, t ≥ 0 .

Similarly, with the on-off sources, the input rates during the on periods might
be stochastic processes instead of the constant rates λj,i in (4.1). Extensions of
Theorems 14.6.1 and 14.6.2 are straightforward with such generalizations, but we
must be careful that the assumptions of Theorems 14.5.1–14.5.4 are satisfied.
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As in Corollary 14.6.1, we can extend the heavy-traffic limit theorem to obtain
bounds on the Prohorov distance π beween the probability laws of the random
elements of the function space Ds.

Corollary 14.6.2. (bounds on the Prohorov distance in the heavy-traffic limit)
Suppose that Qn = Q, Xn(0) = 0 and

αn = (I − Q)rn + n−(1−q)α

for all n. If eqnF4a holds, then there exists a constant K such that

π((Xn,Yn,Zn), (X,Y,Z)) ≤ Kπ(Cn,C) ,

where the SM1 metric ds on D is used on the domain and the WM1 product metric
dp on D is used on the range.

Proof. Apply Theorems 3.4.2 and 14.5.3.

14.7. Queueing Networks with Service Interruptions

In this section we apply the continuous mapping theorem with the multidimensional
reflection map to obtain heavy-traffic limits for single-class open queueing networks,
where the queues are subject to service interruptions. With light-tailed distributions
(having finite variance) and with ordinary (fixed) service interruptions, we obtain
convergence to multidimensional reflected Brownian motion (RBM). However, with
either heavy-tailed distributions or rare long service interruptions (or both), we
obtain convergence to a limit process with jumps in the space (D, WM1) under
appropriate regularity conditions.

14.7.1. Model Definition
The model we consider has k single-server queues, each with unlimited waiting space
and the first-come first-served service discipline. Customers arrive at each queue,
receive service and then are routed to other queues or out of the network. The servers
at the queues are subject to service interruptions, which occur exogenously. When
an interruption occurs, service stops. When the interruption ends, service resumes
on the customer that was in service when the interruption began. The customer’s
remaining service time is the same as it was when the interruption began.

We now specify the basic random elements of the model. Let Aj(t) be the cu-
mulative number of customers that arrive at queue j from outside the network in
the interval [0, t] and let Sj(t) be the cumulative number of customers that are
served at queue j during the first t units of busy time at that queue. (For the
stochastic fluid network in Section 14.6, the exogenous input process Aj assumed
arbitrary real-values and often had continuous sample paths. In contrast, here Aj

and Sj are counting processes with values in the nonnegative integers.) Successive
service times are thus associated with the queue instead of the customer. We call
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A ≡ {Aj : 1 ≤ j ≤ k}, where Aj ≡ {Aj(t) : t ≥ 0}, and S ≡ {Sj : 1 ≤ j ≤ k},
where Sj ≡ {Sj(t) : t ≥ 0}, the arrival process and service process, respectively.

The routing of customers is determined by sequences of indicator variables
{χi,j(n) : n ≥ 1}, 1 ≤ i ≤ k and 1 ≤ j ≤ k. We have χi,j(n) = 1 if the nth

departure from queue i goes next to queue j. It is understood that χi,j(n) = 1 for
at most one j, and if χi,j(n) = 1, then χi,l(n) = 0 for all l with l = j. There is one
other alternative: We can have χi,j(n) = 0 for all j, 1 ≤ j ≤ k, which indicates that
the nth departure from queue i leaves the network. For each pair (i, j), let

Ri,j(n) ≡
n∑

l=1

χi,j(l), n ≥ 1 .

Clearly, Ri,j(n) is the total number of customers immediately routed from i to j
among the first n departures from queue i. We call R ≡ {Ri,j : 1 ≤ i ≤ k, 1 ≤ j ≤ k}
with Ri,j ≡ {Ri,j(n) : n ≥ 1} the routing process.

Let the service interruptions be specified by sequences {(uj
n, dj

n) : n ≥ 1} of
ordered pairs of positive random variables, 1 ≤ j ≤ k. The variable uj

n specifies
the duration of the nth up time (activity period) at queue j, while the variable dj

n

specifies the duration of the nth down time (inactivity period or interruption) at
queue j. To be concrete, we assume that the queues all start at the beginning of
the first up time. Then the epoch beginning the (n + 1)st up period at queue j is

T j
n =

n∑
l=1

(uj
l + dj

l ), n ≥ 1, T j
0 = 0 .

We assume that T j
n → ∞ w.p.1 as n → ∞ for each j, so that there are only finitely

many interruptions (up-down cycles) in any finite time interval.
Now define server-availability indicator processes Ij ≡ {Ij : 1 ≤ j ≤ k}, where

Ij ≡ {Ij(t) : t ≥ 0} with Ij(t) = 1 if server j is up at time t and Ij(t) = 0 if server
j is down. Then we have

Ij(t) =

⎧⎪⎨
⎪⎩

1 if T j
n ≤ t < T j

n + uj
n+1

0 if T j
n + uj

n+1 ≤ t < T j
n+1

for some n.
We focus on the queue-length process Z ≡ {Zj : 1 ≤ j < k} with Zj ≡ {Zj(t) :

t ≥ 0}, where Zj(t) is the number of customers at queue j at time t (including the
one in service if any). We define Z in terms of the model data, but the initial queue
length must be included in the model data. Let Zj(0) be the initial queue length
at queue j, 1 ≤ j ≤ k, and let Z(0) ≡ (Z1(0), . . . , Zk(0)).

Thus the model data are the arrival process A, service process S, routing process
R, server-availability indicator process I and the initial queue-length vector Z(0).
We assume that the sample paths of A and S are right continuous (as well as
nonnegative and nondecreasing), so that (A, S, R, I, Z(0)) is a random element of

Dk × Dk × Dk2 × Dk × R
k ≡ Dk2+3k × R

k ,
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where D1 ≡ D([0,∞), R).
We now construct associated stochastic processes that describe the model be-

havior. First let U j(t) and Dj(t) represent the cumulative up time and down time,
respectively, at station j during the interval [0, t]. These are defined by

U j(t) ≡
∫ t

0
1{Ij(s)=1}ds, t ≥ 0 ,

and

Dj(t) ≡ t − U j(t), t ≥ 0 ,

where 1A is the indicator function of the event A, i.e., 1A(x) = 1 if x ∈ A and
1A(x) = 0 otherwise. Let Bj(t) be the cumulative busy time of the server at queue
j during the interval [0, t], i.e., the total amount of time during [0, t] that the server
at queue j is serving customers. The busy-time process will be expressed in terms
of the model data below. Then

Y j(t) ≡ U j(t) − Bj(t), t ≥ 0 , (7.1)

is the cumulative idle time of the server at queue j. Thus,

Bj(t) + Y j(t) + Dj(t) = t, t ≥ 0 , (7.2)

We can now define the queue-length process as

Zj(t) ≡ Zj(0) + Aj(t) +
k∑

i=1

Ri,j(Si(Bi(t))) − Sj(Bj(t)), t ≥ 0 , (7.3)

for 1 ≤ j ≤ k. Note that Sj(Bj(t)) gives the actual number of departures from
queue j during [0, t], so that (7.3) expresses the basic conservation of customers at
each queue: The number of customers present at time t equals the initial number
there plus the arrivals (external plus internal) minus the departures.

To complete the process definition, we still need to specify the busy-time process
B. Since the FCFS discipline is used (any work-conserving discipline would suffice
here), we must have

Bj(t) =
∫ t

0
1{Zj(s)>0,Ij(s)=1}ds . (7.4)

In (7.3) and (7.4) we have defined Z in terms of B and B in terms of Z.

Theorem 14.7.1. (existence and uniqueness) There exists a unique solution
(Z, B) to equations (7.3) and (7.4). Equations (7.3) and (7.4) determine a mea-
surable mapping from Dk2+3k × R

k to D2k taking (A, S, R, I, Z(0)) into (Z, B),
using the Kolmogorov σ-field on all D spaces.

Proof. Existence and uniqueness follow by doing an induction on the transition
epochs of (A, S, I). (There necessarily are only finitely many such transitions in any
bounded interval.) From (7.4), it follows that the sample paths of B are Lipschitz
and thus continuous. Hence the sample paths of (B,Z) do indeed belong to D2k.
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Finally, since (Z, B) over any interval [0, t] depends only upon Z(0) and finitely
many transitions of (A, S, I) over [0, t], the map is measurable using the Kolmogorov
σ-field on all D spaces.

We now want to show that the process pair (Y, Z) can be represented as the
image of the reflection map applied to an appropriate potential net-input process
X. For that purpose, let λ ≡ (λ1, . . . , λk) and µ ≡ (µ1, . . . , µk) be nonnegative
vectors in R

k and let P ≡ (Pi,j) be a k × k nonnegative matrix. We think of λj as
the long-run arrival rate to queue j, 1/µj as the long-run average service time at
queue j, and Pi,j as the long-run proportion of departures from queue i that are
routed immediately to queue j, but these definitions are not yet required. For each
t > 0, let

ξj(t) ≡ Aj(t) − λjt +
k∑

i=1

[Ri,j(Si(Bi(t))) − Pi,jS
i(Bi(t))]

+
k∑

i=1

Pi,j [Si(Bi(t)) − µiBi(t)] − [Sj(Bj(t)) − µjBj(t)] , (7.5)

ηj(t) ≡
(

λj − µj +
k∑

i=1

µiPi,j

)
t + µjDj(t) −

k∑
i=1

µiPi,jD
i(t) (7.6)

and

Xj(t) ≡ Zj(0) + ξj(t) + ηj(t), 1 ≤ j ≤ k . (7.7)

Let diag(µ) be the k × k diagonal matrix with µi the (i, i) element.

Theorem 14.7.2. (reflection map representation) For all nonnegative vectors
λ, µ ∈ R

k and all nonnegative k × k matrices P with P t ≡ Q ∈ Q,

Z = φ(X) and ψ(X) = diag(µ)Y (7.8)

for Z in (7.3), X in (7.7), Y in (7.1) and (ψ, φ) the reflection map in Definition
14.2.1 associated with the column-substochastic matrix Q ≡ P t; i.e.,

Zj(t) = Xj(t) + µjY j(t) −
k∑

i=1

Pi,jµ
iY i(t), t ≥ 0 , (7.9)

or, equivalently,

Z = X + (I − Q)diag(µ)Y (7.10)

and ∫ ∞

0
Zj(t)dY j(t) = 0, 1 ≤ j ≤ k , w.p.1 . (7.11)

Proof. First, (7.9) follows directly from the definitions (7.1)–(7.3) and (7.5)–(7.7)
by adding and subtracting. Since Z(t) ≥ 0 and∫ ∞

0
Zj(t)dY j(t) =

∫ ∞

0
Zj(t)1{Zj(t)=0,Ij(t)=1}dt ,
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we have (7.11) as well. Theorem 14.2.3 implies that (7.9) and (7.11) are equivalent
to (7.8).

14.7.2. Heavy-Traffic Limits
To establish heavy-traffic limits, we consider a sequence of models indexed by n.
As n → ∞, we will let the traffic intensity at queue j in model n, ρj

n, approach the
critical value 1 from below for each j. Since the interruptions are exogenous, we can
start by establishing a limit for the cumulative-down-time process. Anticipating a
limit for the scaled queue-length processes

Zn ≡ Zn(t) ≡ n−HZn(nt), t ≥ 0 , (7.12)

with 1/2 ≤ H < 1, we assume that the sequences of up and down times
{(uj

n,m, dj
n,m) : m ≥ 1} in model n satisfy

{(n−1uj
n,m, n−Hdj

n,m) : m ≥ 0, 1 ≤ j ≤ k} ⇒ {(uj
m, dj

m) : m ≥ 0, 1 ≤ j ≤ k}
(7.13)

in (R2k)∞, where 0 ≤ H < 1, µj
1 > 0 and

∑∞
m=1 uj

m = ∞ w.p.1 for each j. We re-
quire that uj

1 > 0 so that in the limit there is no interruption at time 0. We require
that

∑∞
m=1 uj

m = ∞ so that in the limit there are only finitely many interruptions
in any bounded interval. The idea behind the scaling in (7.13) is that the up times
have proper limits in the scaling (7.12), while the down times are asymptotically
negligible. Thus, in the limit, there is a proper point process describing the oc-
currence of interruptions, but these interruptions occur instantaneously. However,
because of the down-time scaling in (7.13), they have a spatial impact, causing
jumps in the process Zn with the scaling in (7.12). The standard Brownian mo-
tion case has H = 1/2 in (7.12) and (7.13). For any value of H, 0 ≤ H < 1, the
interruptions introduce extra jumps.

To treat the cumulative down-time process, let N j ≡ {N j(t) : t ≥ 0} be the
counting process associated with the limiting up times, i.e.,

N j(t) ≡ max

{
m ≥ 0 :

m∑
l=1

uj
l ≤ t

}
, t ≥ 0 ,

and let Dj be the random sum

Dj(t) ≡
Nj(t)∑
l=1

dj
l , t ≥ 0 . (7.14)

Let Dn ≡ (D1
n, . . . ,Dk

n) be the normalized cumulative-down-time processes
associated with model n, defined by

Dj
n(t) ≡ n−HDj

n(nt), t ≥ 0, 1 ≤ j ≤ k , (7.15)

where Dj
n(t) is the cumulative down time in [0, t] associated with the sequence

{(uj
n,m, dj

n,m) : m ≥ 0}. As before, let Disc(x) be the set of discontinuities of x.
Here is the basic down-time result.
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Theorem 14.7.3. (cumulative down-time limit) If (7.13) holds with

P (uj
1 > 0) = 1 ,

P (
∞∑

m=1

uj
m = ∞) = 1, 1 ≤ j ≤ k

and

P

⎛
⎜⎝ k⋃

i=1

k⋃
j=1
j �=i

(Disc(Di) ∩ Disc(Dj)) = φ

⎞
⎟⎠ = 1 , (7.16)

then

Dn ⇒ D in D([0,∞), Rk, SM1) . (7.17)

for D in (7.14).

Proof. First apply the Skorohod representation theorem to replace the convergence
in distribution by convergence w.p.1 (without introducing new notation for the
special versions). Then it is elementary that Dj

n(t) → Dj(t) for each t ∈ Disc(Dj).
Since Dj

n and Dj are nondecreasing, this implies convergence in D([0,∞), R, M1)
by Corollary 12.5.1. By Corollary 12.6.1, condition (7.16) allows us to strengthen
the resulting WM1 convergence in Dk to SM1 convergence.

Henceforth we make the conclusion (7.17) in Theorem 14.7.3 part of the condi-
tions; e.g., see (7.20) below. Thinking of the interruptions as exogenous, we can
assume that the up-and-down-time processes and, thus, the cumulative-down-time
processes Dn are independent of the rest of the model data. Thus the limit (7.17)
will hold jointly with the assumed limit for the rest of the model data using the prod-
uct topology by virtue of Theorem 11.4.4. Then strengthening the convergence to
overall SM1 convergence can be done by imposing conditions on the discontinuities,
paralleling condition (7.16).

We now introduce scaled random elements of D associated with the sequence of
models for the main limit theorem. Let

An(t) ≡ n−H(An(nt) − λnnt), t ≥ 0 ,

Sn(t) ≡ n−H(Sn(nt) − µnnt), t ≥ 0 ,

Rn(t) ≡ n−H(Rn(nt) − Pnnt), t ≥ 0 , (7.18)

where λn and µn are nonnegative vectors in R
k and Pn ≡ (Pn(i, j)) is a nonnegative

k × k matrix with transpose P t
n ≡ Qn in Q. Let the associated scaled processes for

which we want to establish convergence be Zn in (7.12) and

Yn(t) ≡ n−HYn(nt)
Bn(t) ≡ n−H(Bn(nt) − nt), t ≥ 0 . (7.19)
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Theorem 14.7.4. (heavy-traffic limit with rare long interruptions) Suppose that

(An,Sn,Rn,Dn,Zn(0)) ⇒ (A,S,R,D,Z(0)) as n → ∞ (7.20)

in D([0,∞), Rk2+3k, WM1) × R
k for (An,Sn,Rn) in (7.18), Dn in (7.15) and Zn

in (7.12) with 0 ≤ H < 1, where

P ((A,S,R,D) ∈ D1) = 1 .

If, in addition, there exist vectors λ and µ in R
k and a matrix P with P t ∈ Q such

that

λn → λ, µn → µ > 0 and P t
n → P t in Q (7.21)

and

cj
n ≡ n1−H

(
λj

n − µj
n +

k∑
i=1

µi
nPn(i, j)

)
→ cj as n → ∞ (7.22)

with −∞ < cj < ∞, 1 ≤ j ≤ k, then

(Zn,Yn,Bn) ⇒ (Z,Y,B) in D([0,∞), R3k, WM1) (7.23)

for

Z ≡ φ(X), Y ≡ diag(µ−1)ψ(X) ,

X ≡ Z(0) + ξ + η ,

ξj ≡ Aj +
k∑

i=1

[Ri,j ◦ µie + Pi,jSi] − Sj

η ≡ ce + (I − P t)diag(µ)D
B ≡ −D − Y . (7.24)

Proof. As usual, we start by applying the Skorohod representation theorem to
replace the assumed convergence in distribution in (7.20) by convergence w.p.1
for alternative versions, without introducing special notation for the alternative
versions. We first want to show that, asymptotically, the servers are busy all the
time. For that purpose, we establish a FWLLN for the cumulative-busy-time process
with spatial scaling by n−1. To do so, we establish a FWLLN for all the processes
with spatial scaling by n−1. For that purpose, let

(Ân(t), Ŝn(t), R̂n(t), D̂n(t), Ẑn(0), B̂n(t), Ŷn(t), Ẑn(t))
≡ n−1(An(nt), Sn(nt), Rn(nt), Dn(nt), Zn(0), Bn(nt), Yn(nt), Zn(nt)) .

Conditions (7.20) and (7.21) imply that

(Ân, Ŝn, R̂n, D̂n, Ẑn(0)) → (λe, µe, Pe, 0e, 0e) as n → ∞

in (Dk2+3k, U) × R
k, i.e., with the topology of uniform convergence over bounded

intervals. Then note that {B̂n : n ≥ 1} is relatively compact by the Arzela-Ascoli
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theorem (Theorem 11.6.2) because Bn is uniformly Lipschitz: For 0 < t1 < t2,

|B̂n(t2) − B̂n(t1)| = |n−1Bn(nt2) − n−1Bn(nt2)| ≤ |t2 − t1| .

Hence, {B̂n} has a convergent subsequence {B̂nk
} in C([0, T ], Rk, U) for every T .

Suppose that

B̂nk
→ B̂ as nk → ∞ in (Dk, U) .

Then, from Theorems 14.2.5 and 14.7.2,

(Ẑnk
, Ŷnk

) → (0,0) in (D2k, U) as nk → ∞ .

As a consequence of (7.2), we must have B̂j = e, i.e., B̂j(t) = t, t ≥ 0, 1 ≤ j ≤ k.
Since the limit is the same for all subsequences, we have

(Ẑn, Ŷn, B̂n) → (0,0, e) as n → ∞ in (D3k, U) ,

where e is the vector-valued function, equal to e in each coordinate. Now we return
to the processes with spatial scaling by n−H . Let

ξj
n(t) ≡ n−Hξj

n(nt)

= n−H [Aj
n(nt) − λj

nnt] +
k∑

i=1

n−H [Ri,j
n (n[n−1Si

n(n[n−1Bi
n(nt)])])

−Pn(i, j)n(n−1Si
n(n[n−1Bi

n(nt)]))]

+
k∑

i=1

Pn(i, j)n−H [Si
n(n[n−1Bi

n(nt)]) − µi
nn[n−1Bi

n(nt)]]

−n−H [Sj
n(n[n−1Bj

n(nt)]) − µj
nn(n−1Bj

n(nt))] ,

ηj
n(t) ≡ n−Hηj

n(nt)

= n1−H

(
λj

n − µj
n +

k∑
i=1

µi
nPn(i, j)

)
t

+µj
nn−HDj(nt) −

k∑
i=1

µi
nPn(i, j)n−qDi

n(nt)

and

Xj
n(t) ≡ n−HXj

n(nt) = n−H(Zj
n(0) + ξj

n(nt) + ηj
n(nt)), t ≥ 0 ,

so that we have

ξj
n = Aj

n +
k∑

i=1

Ri,j
n ◦ Ŝi

n ◦ B̂i
n

+
k∑

i=1

Pn(i, j)Si
n ◦ B̂i

n − Sj
n ◦ B̂j

n ,
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ηj
n = cj

ne + µj
nDj

n −
k∑

i=1

µi
nPn(i, j)Di

n ,

for cn in (7.22),

Xn = Zn(0) + ξn + ηn , (7.25)

Zn = φQn
(Xn), Yn = diag(µn)ψQn

(Xn) (7.26)

and

Bn = −Yn − Dn . (7.27)

Since µje, e ∈ C↑↑, the subset of functions in C that are nonnegative and strictly
increasing, we can apply the composition map plus addition to get Xn → X in
D([0,∞), Rk, SM1); see Theorem 13.2.3. Then we can apply Theorem 14.5.5 with
(7.25) and (7.26) to get the desired limit (7.23) with the limit processes in (7.24).

Remark 14.7.1. The natural sufficient condition. The natural sufficient condition
for the limit in condition (7.20) in Theorem 14.7.4 is to have the k2 + 3k processes
Aj

n, Sj
n, Ri,j

n and Dj
n, 1 ≤ i ≤ k, 1 ≤ j ≤ k, be mutually independent and for the

limit processes to have no fixed discontinuities, i.e., for P (t ∈ Disc(V )) = 0 for all
V and t ≥ 0, where V is one of the coordinate limit processes above.

Remark 14.7.2. The heavy-traffic condition. Note that (7.22) can be rewritten as

n1−H(λn − (I − Qn)µn) → c ,

so that (7.21) and (7.22) together imply that

λ = (I − Q)µ , (7.28)

which is a version of the traffic rate equation associated with a Markovian network
having external arrival rate vector λ and routing matrix P . Then µ is the net (ex-
ternal plus internal) arrival rate at each queue, and the asymptotic traffic intensity
at each queue is 1. Thus, we see that indeed Theorem 14.7.4 provides a heavy-traffic
limit.

Remark 14.7.3. A simple sequence of models. We have allowed the vectors λn,
µn and the routing matrix Pn all to vary with n. For applications it should usually
suffice to let only λn vary with n. More generally, it should suffice to let the service
processes Sn and the routing processes Rn be independent of n. Then it is natural
to have µ and P be independent of n. Moreover, the arrival processes could be made
to depend on n only through a single sequence of scaling vectors {αn : n ≥ 1} in R

k

with αn → 1 ≡ (1, . . . , 1) as n → ∞. We could start with a single arrival process
A′, where

A′
n(t) ≡ n−H [A′(nt) − λnt], t ≥ 0 ,

and

A′
n ⇒ A in Dk . (7.29)
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We can then let

Aj
n(t) ≡ Aj(αj

nt) and λj
n ≡ αj

nλj , (7.30)

so that by (7.29) and (7.30),

An ⇒ A

for An in (7.18) and (7.30). With the single-vector parameterization, since

cj
n = n1−H

(
αj

nλj − µj +
k∑

i=1

µiP (i, j)

)

= n1−H

(
αj

nλj − λj + λj − µj +
k∑

i=1

µiP (i, j)

)
, (7.31)

condition (7.21) holds if and only if (7.28) holds and

n1−H(αj
n − 1) → αj ,

in which case

cj
n = n1−H(αj

n − 1)λj → αjλj ≡ cj as n → ∞ .

We now establish the corresponding limit with fixed up and down times. We
now assume that the up and down time sequence {(uj

m, dj
m) : m ≥ 1, 1 ≤ 0 ≤ k} is

independent of n when we consider the family of models indexed by n. Then instead
of the limit in Theorem 14.7.3, we assume that Dn ⇒ D in D([0,∞), Rk, SM1),
where

Dj
n(t) ≡ n−H(Dj(nt) − (1 − ν)nt), t ≥ 0 , (7.32)

where 0 < νj ≤ 1, 1 ≤ j ≤ k. Then νj is the proportion of up time at queue j.

Theorem 14.7.5. (heavy-traffic limit with fixed up and down times) Suppose that
the assumptions of Theorem 14.7.4 hold with Dn in (7.15) replaced by (7.32) and
(7.22) replaced by

cj
n ≡ n1−H

(
λj

n − µj
nνj +

k∑
i=1

µi
nνi

nPn(i, j)

)
→ cj (7.33)

with −∞ < cj < ∞, 1 ≤ j ≤ k. Then the conclusions of Theorem 14.7.4 hold with
Bn in (7.19) replaced by

Bj
n(t) ≡ n−H(Bj

n(nt) − νjnt), t ≥ 0, 1 ≤ j ≤ k, , (7.34)

and ξj in (7.24) replaced by

ξj = Aj +
k∑

i=1

Ri,j ◦ µiνie + Pi,jSi ◦ νie − Sj ◦ νje . (7.35)
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Proof. The proof is essentially the same as for Theorem 14.7.4, except now
(D̂n, B̂n) → (D̂, B̂), where D̂j(t) = (1 − νj)t and B̂j(t) = νjt, t ≥ 0.

Remark 14.7.4. The common case. The common case has scaling exponent
H = 1/2 and (A,S,R,D) Brownian motion, in which case (Z,Y) is reflected
Brownian motion. The special case without down times is the heavy-traffic limit
for a single-class open queueing network in Reiman (1984a). Theorem 14.7.5 also
includes convergence to reflected stable processes when the interarrival times and
service times are IID in the normal domain of attraction of a stable law with index
α, 1 < α < 2; then H = 1/α.

14.8. The Two-Sided Regulator

In this section we establish continuity and Lipschitz properties for the two-sided
regulator (or reflection) map, which arises in heavy-traffic limits for single queues
with finite waiting room (or buffer space); see Section 2.3 and Chapter 5. We also
show that the continuity and Lipschitz properties of the multidimensional reflection
map with the M1 topologies extend to other more general reflection maps, such as
those considered by Dupuis and Ishii (1991), Williams (1987, 1995) and Dupuis and
Ramanan (1999a,b).

14.8.1. Definition and Basic Properties
Anticipating the more general reflection maps to be introduced later in the section,
we allow the two-sided regulator to depend on the initial position as well as the net-
input function. The initial position will be a point s in the set S ≡ [0, c]. Specifically,
we let the two-sided regulator R : S × D([0, T ], R) → D([0, T ], R3k) be defined by

R(s, x) ≡ (φ(s, x), ψ1(s, x), ψ2(s, x)) ≡ (z, y1, y2) ,

where S ≡ [0, c],

z = s + x + y1 − y2 ,

0 ≤ z(t) ≤ c, 0 ≤ t ≤ T ,

y1(0) = −((s + x(0)) ∧ 0)− and y2(0) = [c − s − x(0)]+ ,

y1 and y2 are nondecreasing ,∫ T

0
z(t)dy1(t) = 0 and

∫ T

0
[c − z(t)]dy2(t) = 0 . (8.1)

The two-sided regulator can also be defined using with the elementary instantaneous
reflection map

R0 ≡ (φ0, ψ0,1, ψ0,2) : [0, c] × R → R
3
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defined by

φ0(s, u) ≡ (s + u) ∨ 0 ∧ c ,

ψ0,1(s, u) ≡ −(s + u)− ,

ψ0,2(s, u) ≡ [s + u − c]+ , (8.2)

where again s is the initial position in S ≡ [0, c] and u is the increment. We now
can define the reflection map R ≡ (φ, ψ1, ψ2) : S × Dc → D3

c recursively by letting

z(ti) ≡ φ(z(0−), x)(ti) ≡ φ0(z(ti−1), x(ti) − x(ti−1))
y1(ti) ≡ ψ1(z(0−), x)(ti) ≡ ψ0,1(z(ti−1), x(ti) − x(ti−1)) + y1(ti−1)
y2(ti) ≡ ψ2(z(0−), x)(ti) ≡ ψ0,2(z(ti−1), x(ti) − x(ti−1)) + y2(ti−1) , (8.3)

where t1, . . . , tm are the discontinuity points of x with t0 ≡ 0 < t1 < · · · < tm < T ,
xi(t−1) ≡ 0 for all i and z(t−1) ≡ z(0−) ∈ S is the initial position. We let (z, y1, y2)
be constant in between discontinuities. Finally, we define R : S×D → D3 by letting

R(s, x) ≡ lim
n→∞ R(s, xn) (8.4)

for xn ∈ Dc with ‖xn − x‖ → 0.

Theorem 14.8.1. (two-sided regulator) There exists a unique reflection map R :
S × D → D3 defined by (8.2) , (8.3) and (8.4), which coincides with the reflection
map defined by (8.1). For any (s1, x1), (s2, x2) ∈ S × D,

‖φ(s1, x1) − φ(s2, x2)‖ ≤ 2(‖s1 − s2‖ + ‖x1 − x2‖) . (8.5)

If ‖sn − s‖ → 0 in S and ‖xn − x‖ → 0 in D, then

‖ψj(sn, xn) − ψj(s, x)‖ → 0 for j = 1, 2, . (8.6)

Proof. First existence and uniqueness of the reflection map on Dc defined by (8.2)
and (8.3) is immediate from the recursive definition. It is then easy to see that
(8.1) is equivalent to (8.2) and (8.3) on S × Dc; apply induction on the successive
discontinuity points. We will show that there exists a unique extension of (8.2) and
(8.3) to S × D specified by the limit in (8.4). For that purpose, we establish the
Lipschitz property (8.5) when x1, x2 ∈ Dc. We use induction over the points at
which at least one of these functions has a discontinuity. Suppose that ‖s1 − s2‖ +
‖x1 − x2‖ = ε.

∆n ≡ s1 + x1(tn) − s2 − x2(tn)

and

Γn ≡ z1(tn) − z2(tn) .

We are given that |∆n| ≤ ε for all n. By induction we show that

∆n − ε ≤ Γn ≤ ∆n + ε for all n , (8.7)

from which the desired conclusion follows. Since

zi(0) ≡ (s + xi(0)) ∨ 0 ∧ c ,
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(8.7) holds for n = 0. Suppose that (8.7) holds for all nonnegative integers up to n.
Then, by considering the possible jumps at tn+1, we see that

Γn+1 ≤
{

0 ≤ ∆n+1 + ε if z2(tn+1) = c or z1(tn+1) = 0

Γn + ∆n+1 − ∆n ≤ ∆n+1 + ε otherwise ,

and

Γn+1 ≥
{

0 ≥ ∆n+1 − ε if z2(tn+1) = 0 or z1(tn+1) = c

Γn + ∆n+1 − ∆n ≥ ∆n+1 − ε otherwise .

Clearly these two inequalities imply (8.7). For general x ∈ D, we have defined R(x)
by the limit in (8.4). To show that the limit actually exists, given x ∈ D choose xn ∈
Dc such that ‖xn −x‖ → 0. Hence ‖xn −xm‖ → 0 as n, m → 0, where xn, xm ∈ Dc.
By the Lipschitz property on Dc above, ‖R(s, xn) − R(s, xm)‖ ≤ 2‖xn − xm‖ → 0.
Since (D, ‖ · ‖) is complete, there exists z ∈ D such that ‖R(s, xn) − z‖ → 0. Let
R(s, x) ≡ z. To establish uniqueness of the limit in (8.4), suppose that ‖xj,n−x‖ → 0
where xj,n ∈ Dc for j = 1, 2. By the triangle inequality, ‖x1,n − x2,n‖ → 0. Then
by the Lipschitz property ‖R(s, x1,n) − R(s, x2n)‖ ≤ 2‖x1,n − x2,n‖ → 0, so that
the two limits must agree. To establish the Lipschitz property of φ on S × D let
s1, s2, x1 and x2 be given and choose x1,n, x2,n ∈ Dc such that ‖x1,n − x1‖ → 0
and ‖x2,n − x2‖ → 0. By the Lipschitz property on S × Dc,

‖φ(s1, x1,n) − φ(s2, x2,n)‖ ≤ 2(|s1 − s2| + ‖x1,n − x2,n‖) .

Letting n → ∞ yields (8.5). To establish the remaining results, we reduce the
remaining results to previous established results for the one-sided reflection map
over subintervals. Suppose that s and x are given. By above, z ≡ φ(s, x) is well
defined. Let

t1 ≡ inf{t ≥ 0 : either z(t) ≤ ε or z(t) ≥ c − ε)

for some ε with 0 < ε < c − ε < c, with t1 ≡ T + 1 if the infimum is not attained.
Clearly z(t) = s+x(t) and y1(t) = y2(t) = 0 for 0 ≤ t < t1 if t1 > 0. For simplicity,
suppose that z(t1) ≤ ε. Then let

t2m ≡ inf{t : t2m−1 < t ≤ T, z(t) ≥ c − ε}

with t2m ≡ T + 1 if the infimum is not attained, and

t2m+1 ≡ inf{t : t2m < t ≤ T, z(t) ≤ ε}

with t2m+1 ≡ T + 1 if the infimum is not attained. Since z ∈ D, there are
finitely many points 0 ≤ t1 < · · · < tm ≤ T such that the infima above are
attained. It suffices to apply the one-sided reflection map over each of the subin-
tervals [0, t1), [t1, t2), . . . , [tm−1, tm) and [tmT ]. Suppose that |sn − s| → 0 and
‖xn − x‖ → 0 as n → ∞. By (8.5), ‖zn − z‖ → 0. Thus, for all n sufficiently
large, only the one-sided reflection map need be applied over each of the subinter-
vals [0, t1), [t1, t2), . . . , [tm, T ]. Hence, from (2.23) in Theorem 14.2.5, we can deduce
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that (8.6) holds. Moreover, from Theorem 14.2.3, we can deduce the complementar-
ity in (8.1). Indeed, with the other conditions there, the complementarity property
characterizes the reflection map.

We have already seen that the Lipschitz bound in (8.5) is tight for the one-sided
reflection map in Example 14.2.2, so it is tight here as well. Unlike for the one-sided
reflection map in Chapter 13 and the multidimensional reflection map in Section
14.2, the regulator maps ψ1 and ψ2 here need not be Lipschitz.

Example 14.8.1. Counterexample to the Lipschitz property for ψ1 and ψ2. To see
that ψ1 and ψ2 need not be Lipschitz, suppose that c > ε and, for i = 1, 2, let
xi ≡ x↑

i + x↓
i , where

x↑
1(t) ≡

n−1∑
i=0

[c1[2iT/2n,T ](t) + (c + ε)1[(2i+1)T/2n,T ](t)]

x↑
2(t) ≡

n−1∑
i=0

[(c + ε)1[2iT/2n,T ](t) + c1[(2i+1)T/2n,T ](t)]

and

x↓
1(t) ≡ x↓

2 ≡ −
n−1∑
i=0

(2c + ε)c1[(2i+1)T/2n,T ](t), 0 ≤ t ≤ T .

Then

‖x↑
1 − x↑

2‖ = ‖x1 − x2‖ = ε, ‖z1 − z2‖ = 0 ,

y1(t) = 0, 0 ≤ t ≤ T , but

y2(t) =
n−1∑
i=0

εI[(2i+1)T/2n,T ](t) ,

so that

‖y1 − y2‖ = ‖y2‖ = nε = n‖x1 − x2‖ → ∞ as n → ∞ .

Reasoning just as for Theorem 14.2.7 and Corollary 14.2.2, we have the following
consequences of Theorem 14.8.1.

Theorem 14.8.2. (Lipschitz and continuity with dJ1) For the two-sided regulator
map R ≡ (φ, ψ1, ψ2) in (8.1),

dJ1(φ(s1, x1), φ(s2, x2)) ≤ 2(dJ1(x1, x2) + |s1 − s2|)

for all s1, s2 ∈ [0, c] and x1, x2 ∈ D. If sn → s and dJ1(xn, x) → 0, then

dJ1(R(sn, xn), R(s, x)) → 0 as n → ∞ .

Corollary 14.8.1. (measurability) The two-sided regulator map R : S × D → D3

is measurable, using the Kolmogorov σ-fields on both the domain and range.
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14.8.2. With the M1 Topologies
We now establish results for the two-sided reflection map with the M1 topologies.
At the same time, we show how M1 results can be obtained for other reflection
maps, but we proceed abstractly without going into the details.

We assume that the general reflected process has values in a closed subset S of
R

k. We assume that we are given an instantaneous reflection map φ0 : S ×R
k → S.

The idea is that an initial position s0 in S and an instantaneous net input u are
mapped by φ0 into the new position s1 ≡ φ0(s0, u0) in S. In many cases φ0(s0, u0)
will depend upon (s0, u0) only through their sum s0+u0, but we allow more general
possibilities. It is also standard to have S be convex and φ0(s, u) = s+u if s+u ∈ S,
while φ0(s, u) ∈ ∂S if s + u ∈ S, where ∂S is the boundary of S, but again we do
not directly require it. Under extra regularity conditions, φ0 corresponds to the
projection in Dupius and Ramanan (1999a).

As in Section 14.3, we use φ0 to define a reflection map on Dc ≡ Dc([0, T ], Rk).
However, we also allow dependence upon the initial position in S. Thus, we define
φ : S × Dc → Dc by letting

φ(z(0−), x)(ti) ≡ z(ti) ≡ φ0(z(ti−1), x(ti) − x(ti−1)), 0 ≤ i ≤ m , (8.8)

where t1, . . . , tm are the discontinuity points of x, with t0 = 0 < t1 < · · · < tm < T ,
xi(t−1) = 0 for all i and z(t−1) ≡ z(0−) ∈ S is the initial position. A standard
case is xi(0) = 0 for all i and z(0) = z(0−). We let z be constant in between these
discontinuity points.

We then make two general assumptions about the instantaneous reflection map
φ0 and the associated reflection map φ on S × Dc in (8.8). One is a Lipschitz
assumption and the other is a monotonicity assumption.

Lipschitz Assumption. There is a constant K such that

‖φ(s1, x1) − φ(s2, x2)‖ ≤ K(‖x1 − x2‖ ∨ ‖s1 − s2‖)

for all s1, s2 ∈ S and x1, x2 ∈ Dc, where φ is the reflection map in (8.8).
We now turn to the monotonicity. Let ei be the vector in R

k with a 1 in the ith

coordinate and 0’s elsewhere. Let φj
0(s, u) be the jth coordinate of the reflection. We

require monotonicity af all these coordinate maps, but we allow the monotonicity
to be in different directions in different coordinates.

Monotonicity Assumption. For all s0 ∈ R
k, i, 1 ≤ i ≤ k and j, 1 ≤ j ≤ k,

φj
0(s0, αei) is monotone in the real variable α for α > 0 and for α < 0.
Just as in Theorems 14.3.4 and 14.8.1, we can use the Lipschitz assumption to

extend the reflection map from Dc to D. The proof is essentially the same as before.

Theorem 14.8.3. (extension of general reflection maps) If the reflection map φ :
S ×Dc → Dc in (8.8) satisfies the Lipschitz assumption, then there exists a unique
extension φ : S × D → D of the reflection map in (8.8) satisfying ‖φ(s, xn) −
φ(s, x)‖ → 0 if s ∈ S, xn ∈ Dc and ‖xn − x‖ → 0. Moreover, φ : S × D → D
inherits the Lipschitz property.
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We now want to establish sufficient conditions for the reflection map to inherit
the Lipschitz property when we use appropriate M1 topologies on D. From our
previous analysis, we know that we need to impose regularity conditions. With the
monotonicity assumption above, it is no longer sufficient to work in Ds. We assume
that the sample paths have discontinuities in only one coordinate at a time, i.e., we
work in the space D1. We exploit another approximation lemma.

Let Dc,1 be the subset of Dc in which all discontinuities occur in only one
coordinate at a time, i.e.,

Dc,1 ≡ Dc ∩ D1 .

The following is another variant of Theorem 12.2.2, which can be established using
it.

Lemma 14.8.1. (approximation in D1) For all x ∈ D1, there exist xn ∈ Dc,1,
n ≥ 1, such that ‖xn − x‖ → 0.

We are now ready to state our M1 result.

Theorem 14.8.4. (Lipschitz and continuity properties of other reflection maps)
Suppose that the Lipschitz and monotonicity assumptions above are satisfied. Let φ :
S × D → D be the reflection mapping obtained by extending (8.8) by applying The-
orem 14.8.3. For any s ∈ S, x ∈ D1 and (u, r) ∈ Πw(x), (φ(s, u), r) ∈ Πw(φ(s, x)).
Thus there exists a constant K such that

dp(φ(s1, x1), φ(s2, x2)) ≤ dw(φ(s1, x1), φ(s2, x2))
≤ K(dw(x1, x2) ∨ ‖s1 − s2‖)
≤ K(ds(x1, x2) ∨ ‖s1 − s2‖) (8.9)

for all s1, s2 ∈ S and x1, x2 ∈ D1. Moreover, if sn → s in R
k and xn → x in

(D, WM1) where x ∈ D1, then

φ(sn, xn) → φ(s, x) in (D, WM1) . (8.10)

Proof. By Theorem 14.8.3, the extended reflection map φ : S × D → D is well
defined and Lipschitz in the uniform norm. For any x ∈ D1, apply Lemma 14.8.1 to
obtain xn ∈ Dc,1 with ‖xn −x‖ → 0. Since x ∈ D1, the strong and weak parametric
representations coincide. Choose (u, r) ∈ Πs(x) = Πw(x). Since ‖xn − x‖ → 0 and
xn ∈ Dc,1, we can find (un, rn) ∈ Πs(xn) = Πw(xn) such that ‖un −u‖∨‖rn −r‖ →
0. Now, paralleling Theorem 14.4.2, we can apply the monotonicity condition on
Dc,1 to deduce that (φ(s, un), rn) ∈ Πw(φ(s, xn)) for all n. (Note that we need
not have either φ(s, x) ∈ D1 or φ(s, xn) ∈ Dc,1, but we do have φ(s, xn) ∈ Dc.
Note that the componentwise monotonicity implies that (φ(s, un), rn) belongs to
Πw(φ(s, xn)), but not necessarily to Πs(φ(s, xn)).) By the Lipschitz property of φ,

‖φ(s, un) − φ(s, u)‖ ∨ ‖rn − r‖ → 0 . (8.11)

Hence, we can apply Lemma 8.4.5 of the Internet Supplement to deduce that
(φ(s, u), r) ∈ Πw(φ(s, x)). We thus obtain the Lipschitz property (8.9), just as
in Theorem 14.5.3. Finally, to obtain (8.10), suppose that sn → s in S and xn → x
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in (D, SM1) with x ∈ D1. Under that condition, by Lemma 14.8.1, we can find
x′

n ∈ D1,l ⊆ D1 such that ‖xn − x′
n‖ → 0. Since φ is Lipschitz on S × (D, U), there

exists a constant K such that

‖φ(sn, xn) − φ(sn, x′
n)‖ ≤ K‖xn − x′

n‖ → 0 . (8.12)

By part (a), there exists a constant K such that

dw(φ(sn, x′
n), φ(s, x)) ≤ K(ds(x′

n, x) ∨ ‖sn − s‖) → 0 . (8.13)

By (8.12), (8.13) and the triangle inequality for dp, we obtain (8.10).
We now combine Theorems 14.8.1 and 14.8.4 to obtain continuity and Lips-

chitz properties for the two-sided regulator with the M1 topology. From (8.2) it is
immediate that the monotonicity condition is satisfied.

Theorem 14.8.5. (Lipschitz and continuity of the two-sided regularity with the
M1 topology) Let φ : [0, c] × D1 → D1 be the content portion of the two-sided
regulator map defined by (8.1). Then

d(φ(s1, x1), φ(s2, x2)) ≤ 2(d(x1, x2) ∨ |s1 − s2|)

for all x1, x2 ∈ D1, where d is the M1 metric. Moreover, if sn → s in [0, c] and
d(xn, x) → 0, then

R(sn, xn) → R(s, x) in (D3, WM1) .

We can apply Theorem 14.8.5 to obtain heavy-traffic limits for the queueing
examples in Section 2.3 and Chapter 8.

For other reflection maps, we need to verify the Lipschitz and monotonicity as-
sumptions above. Evidently the Lipschitz assumption is the more difficult condition
to verify. However,

Dupuis and Ishii (1991) and Dupuis and Ramanan (1999a,b) have established
general conditions under which the Lipschitz assumption is satisfied.

14.9. Related Literature

There is now a substantial literature on heavy-traffic limits for queueing networks,
as can be seen from the books by Chen and Yao (2001) and Kushner (2001). Much
of their attention and much of the recent interest is focused on multiple customer
classes and control (e.g., routing and sequencing in the networks). We do not discuss
either of these important issues. Multiple customer classes and control in settings
requiring the M1 topologies remain important directions for research.

This chapter is primarily based on the papers by Harrison and Reiman (1981a),
Reiman (1984a), Chen and Whitt (1993) and Whitt (2001). Heavy-traffic stochastic-
process limits for acyclic networks of queues were obtained by application of the
one-dimensional reflection map by Iglehart and Whitt (1970a,b). For tandem net-
works in the Brownian case, the multidimensional reflection map was defined and
the limit process was characterized as a diffusion process by Harrison (1978). The
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multidimensional reflection map and multidimensional reflected Brownian motion
were defined in the general case by Harrison and Reiman (1981a,b). Related early
work on multidimensional reflection was done by Tanaka (1979) and Lions and
Sznitman (1984). Reiman (1984a) applied the multidimensional reflection map
to establish heavy-traffic limits with multidimensional reflected Brownian motion
limit processes for single-class open queueing networks. Corresponding limits using
the M1 topologies for single-class open queueing networks with rare long service-
interruptions, as in Section 14.7, were stated by Chen and Whitt (1993), but that
paper contains errors. In particular, it failed to identity the conditions needed in
the theorems establishing continuity and Lipschitz properties with the M1 topolo-
gies here in Section 14.5. The corrected continuity and Lipschitz results in Section
14.5 as well as their application to obtain heavy-traffic limits for stochastic fluid
networks in Section 14.6 come from Whitt (2001). Heavy-traffic stochastic-process
limits for a single queue with service interruptions were obtained previously by Kella
and Whitt (1990); those limits produce very tractable approximations, exploiting
stochastic decomposition properties; also see Kella and Whitt (1991, 1992c).

In addition to the seminal papers by Harrison and Reiman (1981a) and Reiman
(1984a), our discussion of the multidimensional reflection map in Section 14.2 draws
upon Chen and Mandelbaum (1991a,b,c). The indirect definition of a reflected
process is originally due to Skorohod (1961, 1962). Hence the reflection map is
sometimes called the solution of a Skorohod problem. (See also Beneš (1963) for
early focus on one-dimensional reflection.) The Lipschitz bounds for the reflection
map with the uniform norm in Theorem 14.2.5 come from Chen and Whitt (1993),
but there are relatively obvious errors in the proof there that are corrected by
Lemma 14.2.6 and Theorem 14.2.4 here. (Remark 14.2.2 indicates the intended
argument.) Theorem 14.2.4 itself is Lemma 2 from Kella and Whitt (1996). The
stability results in Theorems 14.2.8 and 14.2.9 are from Whitt (2001).

The instantaneous reflection map and its connection to the linear complementar-
ity problem are discussed by Chen and Mandelbaum (1991c). The book by Cottle,
Pang and Stone (1992) gives a thorough overview of the linear complementarity
problem. Theorem 14.3.2 is essentially Lemma 1 in Kella and Whitt (1996). Most
of Sections 14.3–14.6 come from Whitt (2001).

The results on the two-sided regulator and other reflection maps in Section 14.8
are from Berger and Whitt (1992b) and Whitt (2001). The two sided regulator and
its application to Brownian motion are discussed in Chapter 2 of Harrison (1985).
More general reflection maps have been studied by Williams (1987, 1995), Dupuis
and Ishii (1991) and Dupuis and Ramanan (1999a,b).

As indicated at the outset, much of the recent research on heavy-traffic limits for
queues is aimed at multiclass queueing networks. To see some of the complications
which arise in this more general context, see Whitt (1993c), Bramson (1994a, b)
and Harrison and Williams (1996). Some heavy-traffic stochastic-process limits for
multiclass queueing networks have exploited methods different from the continuous-
mapping approach; see Bramson (1998) and Williams (1998a,b).
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For recent developments, see Bell and Williams (2001), Chen and Yao (2001),
Harrison (2000, 2001a,b), Kumar (2000), Kushner (2001) and Markowitz and Wein
(2001).



15
The Spaces E and F

15.1. Introduction

In this final chapter we introduce new spaces of functions larger than D. These new
spaces of functions are intended to serve as spaces of sample paths for new stochastic
processes that are limits for sequences of appropriately scaled stochastic processes
that have significant fluctuations in two different time scales. We have in mind
applications to queueing models of communication networks and manufacturing
systems, but there are many other possible applications, e.g., to stochastic models
of earthquake dynamics, cancer growth or stock prices.

Here is how this chapter is organized: To provide motivation for the new func-
tion spaces, we start in Section 15.2 by discussing three important time scales for
the performance of queues: the performance time scale, the service time scale and
the failure time scale. When the failure time scale falls between a shorter service
time scale and a longer performance time scale, stochastic-process limits with scal-
ing of space and time may provide insight into the impact of the failures upon
performance. However, the failures in an intermediate time scale can lead to more
complicated oscillations in buffer content, which require a new framework for the
stochastic-process limits. We discuss these oscillations and their impact in Section
15.3.

In order to have stochastic-process limits with greater oscillations, we need func-
tions spaces larger than D. In Section 15.4 we define the space E and specify
conditions under which the Hausdorff metric inducing the analog of the M2 topol-
ogy on E is well defined. In Section 15.5 we develop alternative characterizations
of convergence in (E, M2). In Section 15.6 we give an example of convergence of
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stochastic processes in (E, M2), where there is no convergence in D. The example is
closely related to extreme-value limits to extremal processes. We show how previous
limits in that context can be viewed in a new way.

In Section 15.7 we define the space F and introduce the analog of the M1 metric.
We conclude in Section 15.8 by discussing queueing applications. We obtain a heavy-
traffic stochastic-process limit describing a queue that experiences long rare failures,
where the failures are more complicated than the service interruptions considered
in Sections 6.5 and 14.7.

The present chapter is a brief introduction, identifying a direction for future
research. The goal is to establish analogs for the spaces E and F , to the extent
possible, of all the results for the space D in earlier chapters. There could even be
another book!

15.2. Three Time Scales

In this section we discuss three important time scales for the performance of queues.
A source of motivation for the queueing models is the desire to understand and con-
trol the performance of evolving communication networks. In some communication
networks, such as Internet Protocol (IP) networks, there is evidence that perfor-
mance degradation occurs, not only because of periods of exceptionally high user
demand, but also because of various kinds of system failures (or by the combina-
tion of the two phenomena). One possible model of this phenomenon is a complex
queueing system (network of queues) subject to occasional failures. This system
alternates between periods of being “in control,” and “out of control,” where only
some portion of the network may be experiencing difficulties when the system is out
of control. The net-input process of packets into the network nodes (with buffers or
queues) changes when the system changes state from in control to out of control,
and so on. In this context, our goal is to obtain a suitable framework for estab-
lishing heavy-traffic stochastic-process limits for buffer-content stochastic processes
that reveal the performance degradation caused by the system failures.

Similar problems arise in manufacturing systems. As above, a key factor in system
performance is often system failures. We anticipate a customary randomness in the
production process, e.g., associated with setups when changing a machine from one
function to another, but occasional larger disruptions may be caused by system
failures. A factory also alternates between periods of being “in control” and “out of
control.” The factory may be out of control when a critical machine breaks down
or when a shipment of essential parts fails to arrive when scheduled. The system
failures may cause work-in-process inventories to temporarily build up to high levels
at various work centers.

Both the communication network and the manufacturing system can be modeled
as a network of queues, with the queues containing the bits or packets to be trans-
mitted or the work-in-process that needs further processing. In that context, our
goal is to capture the impact of system failures upon performance through appro-
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priate stochastic-process limits. As an initial abstraction, consider a single queue.
The system failures may cause significant modification in the input or the service
capacity. For example, failure at that queue might cause an interruption of service.
A substantial backlog can build up if input keeps arriving during the service in-
terruption. Similarly, failures elsewhere might cause sudden decrease or increase of
input. These failure modes can have a dramatic impact on system performance, if
the failures cannot be corrected quickly. Obviously it is desirable to eliminate the
failures whenever possible, but to effectively manage the system it is also important
to understand and control the system when occasional failures do occur.

To understand the impact of system failures upon the performance of queues, it
is useful to examine the relevant time scales. We draw attention to three different
times scales for the performance of queues:

(i) the performance time scale
(ii) the service time scale
(iii) the failure time scale. (2.1)

The performance time scale is the time scale of concern when judging system per-
formance; the service time scale is the time scale of individual service times; the
failure time scale is the time scale of failure durations.

We are primarily concerned with the case in which the performance time scale
is much longer than the service time scale. For example, in communication net-
works, the performance time scale is often rooted in human perception. We often
want to ensure satisfactory performance in the “human” time scale of seconds. In
contrast, the service time scale corresponds to packet transmission times, which
may be in milliseconds or less, depending upon the transmission rate. Similarly, in
a make-to-order production facility, the performance time scale may be associated
with product delivery times, i.e., the interval between a customer order and the
product delivery, which might be measured in days or weeks. In contrast, the ser-
vice time scale, determined by the production times on individual machines, might
be measured in minutes.

Earthquake dynamics would seem to be a very different phenomenon, because the
performance time scale is usually shorter than the “service” time scale: As before,
our concern might be rooted in human perception, and thus may be measured in the
time scale of seconds, minutes or days, whereas key factors in the system dynamics
(which serve as analogs of the service times in a queue) may occur in the much
longer time scale of months or years, or even longer.

When the time scale of interest in performance evaluation of a queueing sys-
tem is much longer than the time scale of individual service times, it is likely that
asymptotic analysis can provide useful insight. We may be able to usefully de-
scribe the macroscopic behavior of the system in the longer time scale of interest
for performance by establishing heavy-traffic limits for stochastic processes after
appropriately scaling space and time. Hopefully, the macroscopic description will
capture the essential features of the microscopic model, while discarding inessential
detail.
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We want to include system failures in this framework. Assuming that the per-
formance time scale is much greater than the service time scale, there are five
possibilities for the failure time scale:

(i) failure time scale > performance time scale
(ii) failure time scale ≈ performance time scale
(iii) performance time scale > failure time scale > service time scale
(iv) failure time scale ≈ service time scale
(v) failure time scale < service time scale (2.2)

Here we are primarily concerned with the common case (iii), but we are also
interested in cases (ii) and (iv). From a performance-analysis perspective, cases (i)
and (v) are relatively trivial. In case (i), the failures totally dominate, in which case
attention should be concentrated there. In case (v), failures tend to be have little
consequence, so that they probably can be ignored.

In cases (ii), (iii) and (iv), it is worth carefully studying the impact of failures
upon performance. In case (iv), the failures can be treated as random perturbations
of the service times, so that the failures can usually be analyzed by making minor
modifications of models that do not account for the failures.

We are particularly interested in case (iii) in (2.2). We then say that the failures
occur in an intermediate time scale. When the failure time scale falls between a
shorter service time scale and a longer performance time scale, it is useful to consider
heavy-traffic stochastic-process limits with time scaling. In such a limit, the failure
durations may be asymptotically negligible in the performance time scale, while
the overall performance impact of the failures may still be significant, being much
greater than can be captured by inflating the mean and variance of service times
in case (iv).

In fact, we have already considered examples illustrating failures occuring in an
intermediate time scale: The examples were the queues with rare long service inter-
ruptions, discussed in Sections 6.5 and 14.7. In those models we assumed that the
times between successive failures are in the long performance time scale, while the
failure durations occur in an intermediate time scale, shorter than the performance
time scale but longer than the service time scale. With appropriate definitions and
scaling, heavy-traffic limits can be established in which failures occasionally occur
in the (performance) time scale of the limit process. Since the failure durations are
in the intermediate time scale, the failure durations are asymptotically negligible in
the limit, so that failures occur instantaneously at single time points in the limit.
However, the failures cannot be disregarded altogether. When the failure occurs,
service stops while the input keeps arriving, so that a large backlog can quickly
build up. With appropriate scaling, the failure leads to a sudden jump up in the
limit process representing the asymptotic queue length or workload. The jump up
represents the stronger consequence of the failure when the failure time scale is
longer than the service time scale.

To be more explicit, we review the scaling that was used for the heavy-traffic
stochastic-process limits for queues with rare long service interruptions. (See Section
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5.5 for a general discussion of heavy-traffic scaling.) For the standard heavy-traffic
limit for the single-server queue with unlimited waiting room, time is scaled by
multiplying by n while space is scaled by dividing by

√
n, where n typically corre-

sponds to (1 − ρ)−2, with ρ being the traffic intensity. When the traffic intensity is
allowed to increase with n in this way, the queue length or waiting time unscaled
tends to grow without bound. Since the steady-state means are of order (1 − ρ)−1

as ρ → 1, the appropriate space scaling to obtain a nondegenerate limit is to divide
by

√
n = (1 − ρ)−1. It turns out that the associated time scaling is to multiply by

n = (1 − ρ)−2.
To capture the impact of failures in the way described, we let the time between

failures be of order n and the failure durations be of order
√

n. In particular,
assuming that a system failure corresponds to a service interruption, the queue
buildup will be by the number of arrivals during the service interruption. Assuming
that the service times are of order 1, the arrival rate is also order 1. Thus the queue
buildup in a service interruption whose duration is of order

√
n will also be of order√

n. Hence the failures are represented in a content limit process by occasional jumps
up. In performance analysis, these jumps quantitatively describe the performance
impact of the failures. The jumps reveal sudden performance degradation from the
perspective of the long performance time scale.

To establish such limits with jumps for queues with service interruptions, we need
to exploit the M1 topology on D, because the limiting jump is approached gradually
as a consequence of many arrivals during the service interruption. Thus the system
failures serve as a major source of motivation for considering the function space D
with the M1 topology.

15.3. More Complicated Oscillations

Our purpose now is to go beyond the space (D, M1). We want to be able to treat
failures that cause more complicated oscillations in the stochastic process of interest.
On D, the M2 topology is useful because it allows the converging functions to have
quite general fluctuations in the neighborhood of a limiting discontinuity.

Example 15.3.1. The use of the M2 topology on D. Let the limit function be
x = I[1,2] in D([0, 2], R). Then xn → x in (D, M2) as n → ∞, but not for any of
the other Skorohod topologies if

xn(0) = xn(1 − 3n−1) = 0,

xn(1 − 2n−1) = 3/4, xn(1 − n−1) = 1/5,

xn(1) = 7/8, xn(1 + n−1) = 1/16,

xn(1 + 2n−1) = xn(2) = 1, (3.1)

with xn defined by linear interpolation elsewhere.

Example 15.3.1 shows the advantage of the space (D, M2) over the space (D, M1),
but Example 15.3.1 also shows two shortcomings of the space (D, M2): First, the
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nature of the fluctuations in xn in the neighborhood of t = 1 are not evident from
the limit function x; we only know that the process xn is in the neighborhood of
the interval [0, 1] for t ∈ (1 − ε, 1 + ε) for all sufficiently small ε. We might want
functions to be defined so that the limit shows that xn goes up from 0 to 3/4,
then down to 1/5, then up to 7/8, then down to 1/16, and finally up to 1 in the
neighborhood of time 1.

A second shortcoming of the space (D, M2) is the requirement that all functions
assume values at discontinuity points between the left and right limits there. Of
course, we actually have required more; we have required that the functions actually
be right-continuous. However, the space D with the M1 or M2 topology is unchanged
if we only require that the functions have left and right limits everywhere, provided
that the function value at each discontinuity point falls between the left and right
limit, because the completed graph is then the same as for the right-continuous
version.

Now we want to allow for more general fluctuations. If functions xn do have
significant fluctuations in the neighborhood of some point t, then the functions xn

might well visit regions outside the interval [x(t−) ∧ x(t+), x(t−) ∨ x(t+)] in the
neighborhood of t. And we might well want to say that xn converges as n → ∞ in
that situation.

To illustrate, consider the following example.

Example 15.3.2. The need for spaces larger than D. With the same limit function
x = I[1,2] in Example 15.3.1, the functions xn might be defined, instead of by (3.1),
by

xn(0) = xn(1 − 3n−1) = 0,

xn(1 − 2n−1) = 2, xn(1 − n−1) = −1,

xn(1) = 3, xn(1 + n−1) = 1/16,

xn(1 + 2n−1) = xn(2) = 1, (3.2)

with xn again defined by linear interpolation elsewhere. In this case, xn → x in
(D, M2) as n → ∞. However, we might want to say that xn does actually converge
to a limit as n → ∞. It is natural that the graph of the limit be the graph Γx of
x augmented by the vertical line segment [−1, 3] × {1}. Then the graph shows the
range of points visited by xn. In addition, we might want the limit to reflect the
fact that xn goes up from 0 to 2, then down to −1, then up to 3, then down to
1/16, and finally up to 1 in the neighborhood of time 1.

Example 15.3.3. Another example requiring a larger space. Another simple ex-
ample is the case in which xn = I[1+n−1,1+2n−1) in D([0, 2], R). This is the classic
example in which xn converges pointwise for all t to x with x(t) = 0, 0 ≤ t ≤ 2, but
xn fails to converge in any of the Skorohod topologies. However, we might well want
to say that xn does in fact converge, and that it converges to a limit that captures
the fluctuation experienced by xn. Clearly, the graph of the limit should be the
graph of x, i.e., {0} × [0, T ], augmented by the vertical line segment [0, 1] × {1}.
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The first new space we introduce, the space E, allows for extra excursions at
individual time points. We construct an element of E([0, T ], R) by augmenting a
function x in D([0, T ], R) by adding vertical line segments to the graph of x at
these specially designated excursion times. We do this in such a way that the
graphs remain compact subsets of R

k+1. Then, paralleling (D, M2), we induce a
topology (which we call the M2 topology) on E by using the Hausdorff metric on
the resulting set of graphs.

We also construct another space of functions, F , in order to capture more informa-
tion about the fluctuations of the converging functions in the limit. One important
source of motivation for the space F is our desire to apply reflection maps to estab-
lish heavy-traffic stochastic-process limits for queueing processes with limits in one
of these larger spaces. Thus it is helpful to reconsider Example 13.5.2, which shows
that the standard one-dimensional reflection map is not continuous on D with the
M2 topology.

Example 15.3.4. The reflection map is not continuous on (D, M2). Recall that
Example 13.5.2 shows that the one-sided one-dimensional reflection map φ : D → D
defined in Section 13.5 is not continuous with the M2 topology. That example has
x = −I[1,2] in D([0, 2], R),

xn(0) = xn(1 − 3n−1) = x(1 − n−1) = 0

and

xn(1 − 2n−1) = xn(1) = xn(2) = −1

with xn defined by linear interpolation elsewhere. Then xn → x in (D, M2), but
φ(xn) → φ(x) in (D, M2), where φ(x)(t) = 0 for all t. This example fails to provide
a counterexample in (D, M1) because then xn → x.

However, we might well want to have a topology allowing us to say that xn → x̂
and φ(xn) → ŷ, where x̂ and ŷ are different from x and φ(x) above, being elements
of F instead of elements of D. Indeed, for this example, it is natural to say that
φ(xn) converges to a limit in (E, M2), which coincides with the zero-function φ(x)
augmented by the vertical line [0, 1] × {1}. Our new space allows us to reach that
conclusion.

For that purpose, we want the initial limit x̂ to reflect the parametric represen-
tations that can be used to justify M2 convergence xn → x. In particular, when
r(s) = 1, u(s) goes from 1 to 0, to 1 and back to 0, in order to match the fluctuation
in xn. Assuming that we keep track of the fluctuation detail in x̂, the associated
limit φ(x̂) should have a graph equal to the zero-function φ(x) augmented by the
vertical line [0, 1] × {1}. When we introduce another space with an appropriate
topology, we will be able to say that xn → x̂. Then the reflection map will be con-
tinuous, so that we will have φ(xn) → φ(x̂). Moreover, since this new topology will
be stronger than the M2 topology, we will be able to deduce that φ(xn) converges
to the graph of φ(x̂) in E, as desired.
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The need for a new space can also be explained by the fact that the reflection
map is not even well defined on E. In order to define the reflection of an element of
E, we need to know the order in which the points in a vertical segment are visited.

Example 15.3.5. Maximal and minimal reflection maps on E. To see that the
reflection map is not well defined on E, consider the function x̃ in E obtained from
x = I[0,1) in D([0, 2], R) with graph

Γx = ({1} × [0, 1)) ∪ ({0} × [1, 2]) (3.3)

augmented by the vertical line [−2, 3] × {1}, i.e., with graph

Γx̃ = ({1} × [0, 1)) ∪ ([−2, 3] × {1}) ∪ ({0} × [1, 2]) . (3.4)

A maximal reflection map φ+ can be defined by assuming that, at time 1, x̃ first
goes from 1 down to −2, then goes up to 3 and finally goes down to the right limit
0. The graph of φ+(x̃) is

Γψ+(x̃) = ({1} × [0, 1)) ∪ ([0, 5] × {1}) ∪ ({2} × (1, 2]) . (3.5)

On the other hand, a minimal reflection map φ− can be defined by assuming that
x̃ first goes up to 3, then down to −2 and then up to 1. The graph of φ−(x̃) is

Γψ−(x̃) = ({1} × [0, 1)) ∪ ([0, 3] × {1}) ∪ ({2} × (1, 2]) . (3.6)

Note that the maximum value of φ+(x̃) is 5, while the maximum value of φ−(x̃)
is 3. Thus, to be well defined, the reflection map needs to know the order of the
points visited during the excursions.

To faithfully represent the fluctuations at excursions we introduce a new space F
based on parametric representations. In particular, we consider parametric rep-
resentations of the graphs of the elements of E. We say that two parametric
representations of Γx̃ for x̃ ∈ E are equivalent if they visit the same points in
the same order. We let F be the space of equivalence classes with respect to that
equivalence relation. The space F is larger than E because there are many different
elements of F with the same graph. We give F an analog of the M1 metric. The
space (D, M1) itself is homeomorphic to a subset of F , in which the graphs corre-
spond to functions in D and the parametric representations are monotone in the
order put on the graphs in Sections 3.3 and 12.3.

The spaces (E, M2) and (F, M1) allow us to obtain a satisfactory treatment of
reflection. First, working with F instead of E, we avoid the ambiguity about the
order points are visited in Example 15.3.5. In particular, the reflection map φ is
well defined and continuous on (F, M1). Thus, starting from convergence x̂n →
x̂ in (F, M1), we obtain φ(x̂n) → φ(x̂)in (F, M1). Since convergence in (F, M1)
implies convergence in (E, M2) for the graphs of the elements of F , we obtain as a
consequence associated convergence in (E, M2) for the graphs of φ(x̂n) and φ(x̂).
In particular, we obtain the proposed limit in (E, M2) in Example 15.3.4.

The example above is for the one-dimensional reflection map. We can also treat
the multidimensional reflection map. Paralleling Chapter 14, we need to make as-
sumptions about the domain and the range: First for the domain, it suffices to
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assume that the limit x̂ belongs to the space F1, the subset of F in which the
excursions and discontinuities occur only in one coordinate at a time. Next for the
range, we need the product topology: First, we can use the space (F, WM1); then
we can go to (E, WM2). In other words, convergence of functions in the domain
(F, WM1), where the limit belongs to F1 will imply convergence of the graphs of
the reflections in the range (E, WM2).

In summary, we introduce new function spaces E and F to supplement the fa-
miliar ones C and D considered before. Hence, we have four spaces of functions,
each larger than the one before:

C – Continuous functions
D – Discontinuous functions
E – functions with extra Excursions
F – functions with extra excursions that faithfully model Fluctuations

We omit most proofs in this chapter, which are similar to proofs for (D, M2) and
(D, M1). A more extensive discussion of the spaces E and F is planned for the
Internet Supplement.

15.4. The Space E

Our general approach to defining the new function spaces E and F is to base the
definitions on the M2 and M1 topologies used on D. Now we use the graphs and
parametric representations, not only to define the topologies, but also to define the
functions themselves.

The space E is larger than D because the functions are allowed to have extra ex-
cursions, which occur at single time points. We initially represent E ≡ E([0, T ], Rk)
as the space of excursion triples

(x, S, {I(t) : t ∈ S}) , (4.1)

where x ∈ D ≡ D([0, T ], Rk), the space of all right-continuous R
k-valued functions

on [0, T ] with left limits everywhere, S is a countable set with

Disc(x) ⊆ S ⊆ [0, T ] , (4.2)

and, for each t ∈ S, I(t) is a compact subset of R
k with at least two points such

that

x(t), x(t−) ∈ I(t) for all t ∈ S . (4.3)

We call the function x in D the base function. We call S the set of excursion times
or the set of discontinuity points of the new function. We want to allow the new
function to make excursions where the base function x is continuous, so Disc(x)
may be a proper subset of S. We call the set I(t) the set of excursion values; I(t) is
the set of values assumed by the new function at time t for t ∈ S. By requiring that

I(t) contain at least two points, we ensure that {x(t)}
⊂
= I(t) when t ∈ Disc(x)c.

Hence, each t ∈ S corresponds to some genuine form of discontinuity.
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Associated with the excursion triple (x, S, {I(t), t ∈ S}) is the set-valued function

x̃(t) ≡
{

I(t), t ∈ S
{x(t)}, t ∈ S .

(4.4)

Associated with the set-valued function x̃ is its graph

Γx̃ ≡ {(z, t) ∈ R
k × [0, T ] : z ∈ x̃(t)} . (4.5)

Clearly, it is possible to construct the excursion triple (x, S, {I(t), t ∈ S}), the set-
valued function x̃ and the graph Γx̃, starting from any one of the three. Hence these
are three equivalent representations for the elements of the space E. For brevity,
we will let elements of E be denoted by x̃.

Unlike the graphs Γx and Gx for x ∈ D defined in Section 12.3, the set I(t)
appearing in the graph Γx̃ in (4.5) need not be a segment. Indeed it need not even
be connected. We will impose further restrictions below.

Paralleling our treatment of (D, M2), we propose making E a separable metric
space by using the Hausdorff metric on the space of graphs Γx̃ for x̃ ∈ E. For that
purpose, we want to be sure that each graph is a compact subset of R

k+1. Without
additional assumptions, we need not have that property.

Example 15.4.1. The graphs need not be compact. To see the need for additional
assumptions in order to guarantee that Γx̃ in (4.5) is compact, consider the triple
{x, S, {I(t) : t ∈ S}} with x(t) = 0, 0 ≤ t ≤ 1, S the set of rational numbers
strictly less than 1/2, and I(t) = [0, 1] for all t ∈ S. Then Γx̃ is a dense subset of
[0, 1] × [0, 1/2), which is bounded but not closed, and thus not compact.

A simple way to ensure that Γx̃ is compact is to require that the set S of excursion
times be a finite subset of [0, T ], and we think of that being an important case for
applications. However, that assumption is unappealing because then D would no
longer be a proper subset of E. Thus we want to allow countable sets of excursion
times. We can allow countable subsets if we impose a restriction. We give equivalent
characterizations of the condition below.

When we talk about convergence of sets, the sets will always be compact subsets
of R

k, and we use the Hausdorff metric, as defined in (5.2) in Section 11.5; i.e., for
compact sets A1, A2,

m(A1, A2) ≡ µ(A1, A2) ∨ µ(A2, A1) (4.6)

where

µ(A1, A2) ≡ sup
x∈A1

{‖x − A2‖} (4.7)

and

‖x − A‖ = ‖A − x‖ ≡ inf
y∈A

{‖x − y‖} . (4.8)

For A ⊆ R
k, let δ(A) be the diameter of A, i.e.,

δ(A) ≡ sup
x,y∈A

{‖x − y‖} . (4.9)
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Theorem 15.4.1. (equivalent conditions) The following conditions for elements
of E are equivalent:

(a) For each ε > 0, there are only finitely many t for which δ(I(t)) > ε.
(b) For each t ∈ [0, T ), x̃ has a single-point right limit

x̃(t+) ≡ lim
s↓t

x̃(s) = {x(t)} (4.10)

and, for each (0, T ], x̃ has a single-point left limit

x̃(t−) ≡ lim
s↑t

x̃(s) = {x(t−)} . (4.11)

Theorem 15.4.2. (conditions to make the graphs compact) Under the conditions
in Theorem 15.4.1, the graph Γx̃ in (4.5) is a compact subset of R

k+1.

Henceforth let E be the set of graphs Γx̃ for which the conditions of Theorem
15.4.1 hold. Then, paralleling (D, M2), we endow E with the Hausdorff metric, i.e.,

m(x̃1, x̃2) ≡ m(Γx̃1 ,Γx̃2) , (4.12)

where m is the Hausdorff metric on the space of compact subsets of R
k+1, as in

(4.6). We call the topology induced by m on E the M2 topology. Since the graphs
are compact subsets of R

k+1, we have the following result.

Theorem 15.4.3. (metric property) The space (E, m) is a separable metric space.

So far, we have defined the metric m on the space E([0, T ], Rk) with the compact
domain [0, T ]. We extend to non-compact domains just as was done for D. We say
that x̃n → x̃ in E(I, Rk) for an interval I in R if x̃n → x̃ for the restrictions in
E([t1, t2], Rk) for all t1, t2 ∈ I with t1 < t2 and t1, t2 ∈ S.

We also define a stronger metric than the Hausdorff metric m in (4.12) on E ≡
E([0, T ], Rk), which we call the uniform metric, namely,

m∗(x̃1, x̃2) = sup
0≤t≤T

m(x̃1(t), x̃2(t)) , (4.13)

where m is again the Hausdorff metric, here applied to compact subsets of R
k. The

following comparison is not difficult.

Theorem 15.4.4. (comparison with the uniform metric) For any x̃1, x̃2 ∈ E,

m(x̃1, x̃2) ≤ m∗(x̃1, x̃2)

for m in (4.12) and m∗ in (4.13).

As with the metrics inducing the U and M2 topologies on D, m∗ is complete but
not separable, while m is separable but not complete.

Example 15.4.2. The metric m on E is not complete. To see that the Hausdorff
metric m on E is not complete, let

xn =
n−1∑
k=1

I[2k/2n,(2k+1)/2n), n ≥ 2 . (4.14)
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Then xn ∈ D([0, 1], R),

m(Γxn
,Γxm

) → 0 as n, m → ∞ (4.15)

m(Γxn
, [0, 1] × [0, 1]) → 0 as n → ∞ , (4.16)

but the limit is not in E. Hence xn does not converge to a limit in E.

We now consider approximations of functions in E by piecewise-constant func-
tions. Let Ec be the subset of piecewise-constant functions in E, i.e., the set of
functions for which S is finite, x is constant between successive points in S and
I(t) is finite valued for all t ∈ S. Rational-valued piecewise-constant functions with
S = {jT/k, 1 ≤ j ≤ k}, which are elements of Ec, form a countable dense subset of
(E, m). The following result parallels Theorem 12.2.2.

Theorem 15.4.5. (approximation by piecewise-constant functions) If x̃ ∈ (E, m),
then for all ε > 0 there exists x̃c ∈ Ec such that m∗(x̃, x̃c) < ε for m∗ in (4.13).

Even though the excursion sets I(t) associated with the functions x̃ in E must be
compact because of the conditions imposed in Theorem 15.4.1, so far they can be
very general. In particular, the excursion sets I(t) need not be connected. It may
well be of interest to consider the space E with disconnected excursions, which
the framework above allows, but for the applications we have in mind, we want
to consider graphs that are connected sets. We will make the stronger assumption
that the graphs are path-connected, i.e., each pair of points can be joined by a path
– a continuous map from [0, 1] into the graph; e.g., see Section V.5 of Dugundji
(1966). In fact, we will assume that the graph can be represented as the image of
parametric representations.

We say that (u, r) : [0, 1] → R
k+1 is a strong parametric representation of Γx̃ or x̃

in E if (u, r) is a continuous function from [0, 1] onto Γx̃ such that r is nondecreasing.
We say that x̃ and Γx̃ are strongly connected if there exists a strong parametric
representation of Γx̃.

Similarly, we say that (u, r) is a weak parametric representation of Γx̃ or x̃ in
E, (u, r) is a continuous function from [0, 1] into Γx̃ such that r is nondecreasing,
r(0) ∈ x̃(0) and r(1) ∈ x̃(T ). We say that x̃ and Γx are weakly connected if there
exists a weak parametric representation of Γx and if the union of (u(s), r(s)) over
all s, 0 ≤ s ≤ 1, and all weak parametric representations of Γx̃ is Γx̃ itself.

Let Est and Ewk represent the subsets of strongly connected and weakly con-
nected functions x̃ in E. When the range of the functions is R, Est = Ewk and Est

is a subset of E in which I(t) is a closed bounded interval for each t ∈ S.
As in (3.1) and (3.2) in Section 12.3, for a, b ∈ R

k, let [a, b] and [[a, b]] be the
standard and product segments in R

k. It is easy to identify (D, SM2) and (D, WM2)
as subsets of (Est, m) and (Ewk, m), respectively.

Theorem 15.4.6. (when x̃ reduces to x) Consider an element x̃ in E. Suppose
that S = Disc(x).

(a) If x̃ ∈ Est and

I(t) = [x(t−), x(t)] for all t ∈ S , (4.17)
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then

Γx̃ = Γx (4.18)

for the thin graph Γx in (3.3) of Section 12.3.
(b) If x̃ ∈ Ewk and

I(t) = [[x(t−), x(t)]] for all t ∈ S , (4.19)

then

Γx̃ = Gx (4.20)

for the thick graph Gx in (3.4) Section 12.3.

Let Dst and Dwk be the subsets of all x̃ in Est and Ewk, respectively, satisfying
the conditions of Theorem 15.4.6 (a) and (b). Since the SM2 and WM2 topologies
on D can be defined by the Hausdorff metric on the graphs Γx and Gx, the following
corollary is immediate.

Corollary 15.4.1. (identifying the spaces (D, SM2) and (D, WM2)) The space
(D, SM2) is homeomorphic to the subset Dst in (Est, m), while the space (D, WM2)
is homeomorphic to the subset Dwk in (Ewk, m).

15.5. Characterizations of M2 Convergence in E

Paralleling Section 12.11, we now want to develop alternative characterizations of
M2 convergence on E. For simplicity, we consider only real-valued functions. Thus
there is no need to distinguish between the SM2 and WM2 topologies.

We consider M2 convergence on E ≡ Est ≡ Est([0, T ], R), assuming that the
conditions of Theorem 15.4.1 hold. By considering Est, we are assuming that the
functions are strongly connected (i.e., there exist parametric representations onto
the graphs.) Thus the excursion sets I(t) for t in the set S of excursion times are
all closed bounded intervals.

Given that the functions x̃ in E are all strongly connected, it is natural to consider
characterizing M2 convergence in terms of parametric representations. For x̃1, x̃2 ∈
E, let

ds,2(x̃1, x̃2) = inf
(ui,ri)∈Πs,2(x̃i)

i=1,2

{‖u1 − u2‖ ∨ ‖r1 − r2‖} , (5.1)

where Πs,2(x̃i) is the set of all strong parametric representations (ui, ri) of x̃i ∈ E.
As in Section 12.11, it turns out that ds,2(x̃n, x̃) → 0 if and only if m(x̃n, x̃) → 0.
(We will state a general equivalence theorem below.) However, as before, ds,2 in
(5.1) is not a metric on E. That is shown by Example 12.11.1.

We next introduce a characterization corresponding to local uniform convergence
of the set functions. For this purpose, let the δ-neighborhood of x̃ at t be

Nδ(x̃)(t) = ∪0∨(t−δ)≤s≤(t+δ)∧T x̃(s) . (5.2)
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(Since Nδ includes only perturbations horizontally, it is not actually the δ
neighborhood in the metric m.)

Lemma 15.5.1. (compactness) For each x̃ ∈ E, t ∈ [0, T ] and δ > 0, Nδ(x̃)(t) in
(5.2) is a compact subset of R

k.

Let

v(x̃1, x̃2, t, δ) ≡ m(Nδ(x̃1)(t), x̃2(t)) (5.3)

where m is the Hausdorff metric in (4.6), and

v(x̃1, x̃2, δ) ≡ sup
0≤t≤T

v(x̃1, x̃2, t, δ) . (5.4)

An attractive feature of the function space D ≡ D([0, T ], Rk) not shared by
the larger space E is that all function values x(t) for x ∈ D are determined by the
function values x(tk) for any countable dense subset {tk} in [0, T ]. For t ∈ [0, T ), by
the right continuity of x, x(t) = limx(tk) for tk ↓ t. In contrast, in E since we do not
necessarily have Disc(x) = S, we cannot even identify the set S of excursion times
from function values x̃(t) for t outside S. In some settings it may be reasonable to
assume that S = Disc(x), in which case S can be identified from the left and right
limits. For instance, in stochastic settings we might have P (X(t−) = X(t)) = 0
when t ∈ S, so that it may be reasonable to assume that S = Disc(x).

However, even when S = Disc(x), we are unable to discover the set x̃(t) for
t ∈ S by observing the set-valued function x̃ at other time points t. Hence, in
general stochastic processes with sample paths in E are not separabile; e.g., see p.
65 of Billingsley (1968). Thus it is natural to look for alternative representations
for the functions x̃ that are determined by function values on any countable dense
subset.

Thus, for x̃ ∈ E, let the local-maximum function be defined by

Mt1,t2(x̃) = sup{z : z ∈ x̃(t) : t1 ≤ t ≤ t2} (5.5)

for 0 ≤ t1 < t2 ≤ T . It is significant that we can also go the other way. For x̃ ∈ E,
if we are given Mt1,t2(x̃) and Mt1,t2(−x̃) for all t1, t2 in a countable dense subset A
of [0, T ], we can reconstruct x̃. In particular, for 0 < t < T ,

x̃(t) = [a(t), b(t)] , (5.6)

with [a, a] ≡ {a}, where

b(t) = lim
t1,k↑t

t2,k↓t

Mt1,k,t2,k
(x̃) (5.7)

and

−a(t) = lim
t1,k↑t

t2,k↓t

Mt1,k,t2,k
(−x̃) (5.8)

with t1,k and t2,k taken from the countable dense subset A. For t = 0,

b(t) = lim
t2,k↓t

M0,t2,k
(x̃) (5.9)
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and

−a(t) = lim
t2,k↓t

M0,t2,k
(−x̃) , (5.10)

where t2,k is again taken from A. A similar construction holds for t = T . It is
significant that M2 convergence in E is also determined by the maximum function.

We are now ready to state our convergence-characterization theorem. It is an
analog of Theorem 12.11.1 for (D, SM2).

Theorem 15.5.1. (alternative characterizations of M2 convergence in E) The
following are equivalent characterizations of convergence x̃n → x̃ in E([0, T ], R):

(i) m(x̃n, x̃) → 0 for the metric m in (4.12) and (4.6).
(ii) µ(Γx̃n

,Γx̃) → 0 for µ in (4.7).
(iii) ds,2(x̃n, x̃) → 0 for ds,2 in (5.1); i.e. for any ε > 0 and n sufficiently large,

there exist (u, r) ∈ Πs,2(x̃) and (un, rn) ∈ Πs,2(x̃n) such that ‖un−u‖∨‖rn−r‖ < ε.
(iv) Given v(x̃1, x̃2, δ) in (5.4),

lim
δ↓0

v(x̃n, x̃, δ) = 0 . (5.11)

(v) For each t, 0 ≤ t ≤ T ,

lim
δ↓0

lim
n→∞

v(x̃n, x̃, t, δ) = 0 (5.12)

for v(x̃1, x̃2, t, δ) in (5.3).
(vi) For all t1, t2 in a countable dense subset of [0, T ] with t1 < t2, including 0

and T ,

Mt1,t2(x̃n) → Mt1,t2(x̃) in R (5.13)

and

Mt1,t2(−x̃n) → Mt1,t2(−x̃) in R (5.14)

for the local maximum function Mt1,t2 in (5.5).

For x̃ ∈ E, let S′(x̃) be the subset of non-jump discontinuities in S(x̃), i.e.,

S′(x̃) ≡ {t ∈ S(x̃) : I(t) = [x(t−), x(t+)]} . (5.15)

We envision that in many applications S′(x̃) will be a finite subset and xn will
belong to D for all n. A more elementary characterization of convergence holds in
that special case.

Theorem 15.5.2. (when there are only finitely many non-jump discontinuities)
Suppose that x̃ ∈ E, S′(x̃) in (5.15) is a finite subset {t1, . . . , tk} and xn ∈ D for
all n. Then xn → x̃ in (E, M2) holds if and only if

(i) xn → x in (D, M2) for the restrictions over each of the subintervals [0, t1),
(t1, t2), . . . , (tk−1, tk) and (tk, T ], where x is the base function of x̃, and

(ii) (5.12) holds for t = ti for each ti ∈ S′(x̃).
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15.6. Convergence to Extremal Processes

In this section we give a relatively simple example of a stochastic-process limit in
which random elements of D converge in E to a limiting stochastic-process whose
sample paths are in E but not in D.

Let {Xn : n ≥ 1} be a sequence of real-valued random variables and let {Sn :
n ≥ 0} be the associated sequence of partial sums, i.e.,

Sn = X1 + · · · + Xn, n ≥ 1 , (6.1)

with S0 = 0. Let Sn and Xn be associated scaled random elements of D ≡
D([0, T ], R) defined by

Sn(t) = c−1
n (S�nt� − µnt)

Xn(t) = c−1
n X�nt�, 0 ≤ t ≤ T , (6.2)

where cn → ∞ as n → ∞. Since the maximum jump functional is continuous at
continuous functions, p. 301 of Jacod and Shiryaev (1987), we have Xn ⇒ 0e in D,
where e is the identity function, or equivalently ‖Xn‖ ⇒ 0, whenever Sn ⇒ S in D
and P (S ∈ C) = 1.

However, we cannot conclude that ‖Xn‖ ⇒ 0 when the limit S fails to have
continuous sample paths, as noted in Sections 4.5.4 and 5.3.2. In this section we
show that we can have Xn ⇒ X in E ≡ E([0, T ], R) in that situation, where X is
a random element of E and not a random element of D.

We establish our result for the case in which {Xn : n ≥ 1} is a sequence of IID
nonnegative random variables with cdf F , where the complementary cdf F c ≡ 1−F
is regularly varying with index −α, i.e., F c ∈ R(−α), with α < 2. That is known
to be a necessary and sufficient condition for F to belong to both the domain of
attraction of a non-normal stable law of index α and the maximum domain of
attraction of the Frechet extreme value distribution with index α; see Theorem
4.5.4.

We will use extremal processes to characterize the limit of Xn in E. Hence we
now briefly describe extremal processes; see Resnick (1987) for more details. We
can construct an extremal process associated with any cdf F on R. Given the cdf
F , we define the finite-dimensional distributions of the extremal process by

Ft1,...,tk
(x1, . . . , xk) ≡ F t1

(
k∧

i=1

xi

)
F t2−t1

(
k∧

i=2

xi

)
· · ·F tk−tk−1(xk) , (6.3)

where
k∧

i=j

xi ≡ min{xi : j ≤ i ≤ k} . (6.4)

We are motivated to consider definition (6.3) because the first n successive maxima

{Mk : 1 ≤ k ≤ n}
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have cdf F1,2,...,n; e.g.,

P (Mk ≤ xk, Mn ≤ xn) = F k(xk ∧ xn)Fn−k(xn) . (6.5)

It is easy to see that the finite-dimensional distributions in (6.3) are consistent, so
that there is a stochastic process Y ≡ {Y (t) : t > 0}, with those finite-dimensional
distributions. Moreover, there is a version in D. We summarize the basic properties
in the following theorem; see Resnick (1987) for a proof.

Theorem 15.6.1. (characterization of the extremal process asociated with the cdf
F ) For any cdf F on R+, there is a stochastic process Y ≡ {Y (t) : t ≥ 0}, called
the extremal process associated with F , with sample paths in D((0,∞), R, J1) such
that

(i) P (t ∈ Disc(Y )) = 0 for all t > 0,

(ii) Y has nondecreasing sample paths,

(iii) Y is a jump Markov process with

P (Y (t + s) ≤ x | Y (s) = y) =
{

F t(α), x ≥ y
0, x < y,

(iv) the parameter of the exponential holding time in state x is Q(x) ≡ − log F (x);
given that a jump occurs in state x, the process jumps from x to (−∞, y] with
probability 1 − Q(y)/Q(x) if y > x and 0 otherwise.

Having defined and characterized extremal processes, we can now state our limit
in E.

Theorem 15.6.2. (stochastic-process limit with limit process in E) If {Xn : n ≥
1} is a sequence of IID nonnegative real-valued random variables with cdf F ∈
R(−α), then

Xn ⇒ X in E((0,∞), R)

for Xn in (6.2) and

cn ≡ (1/F c)←(n) ≡ inf{s : (1/F c)(s) ≥ n} = inf{s : F c(s) ≤ n−1} , (6.6)

where X is characterized by the maxima Mt1,t2(X) for 0 < t1 < t2. These maxima
satisfy the properties:

(i) for each k ≥ 2 and k disjoint intervals (t1, t2), (t3, t4), . . . , (t2k−1, t2k), the ran-
dom variables Mt1,t2(X), Mt3,t4(X), . . . , Mt2k−1,t2k

(X) are mutually independent,
and

(ii) for each t1, t2 with 0 < t1 < t2,

Mt1,t2(X) d= Y (t2 − t1) , (6.7)

where Y is the extremal process associated with the Frechet extreme-value cdf in
(5.34) in Section 4.5.
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Proof. To carry out the proof we exploit convergence of random point measures
to a Poisson random measure, as in Chapter 4 of Resnick (1987). We will briefly
outline the construction. We use random point measures on R

2. For a ∈ R
2, let εa

be the measure on R
2 with

εa(A) =
{

1, a ∈ A
0, a ∈ A .

(6.8)

A point measure on R
2 is a measure µ of the form

µ ≡
∞∑

i=1

εai
, (6.9)

where {ai : i ≥ 1} is a sequence of points in R
2 and

µ(K) < ∞ (6.10)

for each compact subset K of R
2. Let Mp(R2) be the space of point measures on

R
2. We say that µn converges vaguely to µ in Mp(R2) and write µn → µ if∫

fdµn →
∫

fdµ as n → ∞ (6.11)

for all nonnegative continuous real-valued functions with compact support. It turns
out that Mp(R2) with vague convergence is metrizable as a complete separable
metric space; see p. 147 of Resnick (1987).

We will consider random point measures, i.e., probability measures on the space
Mp(R2). A Poisson random measure N with mean measure ν is a random point
measure with the properties

(i) N(A1), N(A2), . . . , N(Ak) are independent random variables for all k and all
disjoint measurable subsets A1, A2, . . . , Ak of R

2

(ii) for each measurable subset A of R
k,

P (N(A) = k) = e−ν(A) ν(A)k

k!
(6.12)

where ν is a measure on R
2. In our context, the random point measure limit

associated with the sequence {Xk : k ≥ 1} is
∞∑

k=1

ε{k/n,Xk/cn} ⇒ N (6.13)

where cn is again as in (6.6) and N is a Poisson random measure with mean measure
ν determined by

ν(A × [x,∞)) = λ(A)x−α, x > 0 , (6.14)

where λ is Lebesgue measure; the proof of convergence is shown in Resnick (1987).
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We now use the Skorohod representation theorem to replace the convergence
in distribution in (6.13) by convergence w.p.1 for special versions. It then follows
(p. 211 of Resnick) that

Mt1,t2(Xn) → Y (t2 − t1) in R (6.15)

for almost all t1, t2 with 0 < t1 < t2, again for the special versions. We then can
apply Theorem 15.5.1 to deduce that

Xn → X in E((0,∞, R) , (6.16)

again for the special versions. However, the w.p.1 convergence implies the desired
convergence in distribution. Clearly the distributions of Xn and X are charac-
terized by the independence and the distributions of the maxima Mt1,t2(Xn) and
Mt1,t2(X).

Thus we have established a limit for the scaled process Xn in E and connected
it to the convergence of successive maxima to extremal processes.

15.7. The Space F

We now use parametric representations to define the space F of functions larger
than E. Our purpose is to more faithfully model the fluctuations associated with
the excursions. In particular, we now want to describe the order in which the points
are visited in the excursions.

Suppose that the graphs Γx̃ of elements x̃ of E ≡ E([0, T ], Rk) are defined as in
Section 15.4 and that the conditions of Theorem 15.4.1 hold. We will focus on the
subset Est of strongly connected functions in E, and call the space E.

We say that two (strong) parametric representations of a graph Γx̃ are equivalent
if there exist nondecreasing continuous function λ1 and λ2 mapping [0, 1] onto [0, 1]
such that

(u1, r1) ◦ λ1 = (u2, r2) ◦ λ2 . (7.1)

A consequence of (7.1) is that, for each t ∈ S, the functions u1 and u2 in the two
equivalent parametric representations visit all the points in I(t), the same number
of times and in the same order. (Staying at a value is regarded as a single visit.)

We let F be the set of equivalence classes of these parametric representations. We
thus regard any two parametric representations that are equivalent in the sense of
(7.1) as two representations of the same function in F . Let x̂ denote an element of
F and let Πs(x̂) be the set of all parametric representations of x̂, i.e., all members
of the equivalence class.

Paralleling the metric ds inducing the M1 topology on D in equation (3.7) in
Section 12.3, let ds be defined on F ≡ F ([0, T ], Rk) by

ds(x̂1, x̂2) = inf
(ui,ri)∈Πs(x̂i)

i=1,2

{‖u1 − u2‖ ∨ ‖r1 − r2‖} . (7.2)

We call the topology on F induced by the metric ds in (7.2) the M1 topology.
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Paralleling Theorem 12.3.1, we can conclude that ds in (7.2) is a bonafide metric.

Theorem 15.7.1. The space (F, ds) for ds in (7.2) is a separable metric space.

To prove Theorem 15.7.1, we use the following lemma, which closely parallels
Lemma 12.3.2.

Lemma 15.7.1. For any x̂1, x̂2 ∈ F , (u1, r1) ∈ Πs(x̂1) and ε > 0, it is possible to
find (u2, r2) ∈ Πs(x̂2) such that

‖u1 − u2‖ ∨ ‖r1 − r2‖ ≤ ds(x̂1, x̂2) + ε . (7.3)

In turn, to prove Lemma 15.7.1, we use a modification of Lemma 12.3.1. For
x̂ ∈ F , we say that A is an F -ordered finite subset of the graph Γx̂ if for some
parametric representation (u, r) of x̂ we have

A ≡ {(zi, ti) : 0 ≤ i ≤ m}

with

(zi, ti) = (u(si), r(si)) for 0 = s0 < s1 < · · · < sm = 1 .

Paralleling the order-consistent distance in Definition 12.3.1, we say that the F -
order-consistent distance between the F -ordered subset A and the graph Γx̂ is

d̂(A, Γx̂) ≡ sup{‖(u(s), r(s)) − (u(si), r(si))‖ (7.4)
∨‖(u(s), r(s)) − (u(si+1), r(si+1))‖},

where the supremum is over all s in [0, 1] such that si < s < si+1 with 0 ≤ i ≤ m.
We use the following analog of Lemma 12.3.1.

Lemma 15.7.2. (finite approximations to F graphs) For any x̂ ∈ F and ε > 0,
there exists an F -ordered finite subset A of the graph Γx̂ such that d̂(A, Γx̂) < ε for
d̂ in (7.4).

Given an element x̂ in F , let γ(x̂) denote the associated element of E. (Note that
γ : F → E is a many-to-one map.) Let Γx̂ ≡ Γγ(x̂) be the graph of γ(x̂) or just x̂.
It is easy to relate convergence x̂n → x̂ in (F, M1) to convergence γ(x̂n) → γ(x̂) in
(E, M2) because both modes of convergence have been characterized by parametric
representations. Clearly, M1 convergence in F implies M2 convergence in E, but
not conversely.

Theorem 15.7.2. (relating the metrics ds,2 and ds) For x̃1, x̃2 ∈ F ,

ds,2(γ(x̂1), γ(x̂2)) ≤ ds(x̂1, x̂2) ,

where ds,2 and ds are defined in (5.1) and (7.2). Hence, if x̂n → x̂ in (F, M1), then
γ(x̂n) → γ(x̂) in (Est, SM2).

To put (F, ds) into perspective, recall that for D with the metric ds in (3.7)
of Section 12.3 inducing the SM1 topology, all parametric representations were
required to be nondecreasing, using an order introduced on the graphs. Thus, all
parametric representations of x in D are equivalent parametric representations. In
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contrast, here with the more general functions in F , there is in general no one
natural order to consider on the graphs.

Paralleling Theorem 15.4.6 and Corollary 15.4.1, we can identify (D, SM1) as a
subset of (F, M1).

Theorem 15.7.3. Let D′ be the subset of functions x̂ in F for which Γx̂ is the
graph of a function in D, i.e., for which

I(t) = [x(t−), x(t+)] in R
k (7.5)

for all t ∈ S, and for which the parametric representation is monotone in the order
on the graphs defined in Section 12.3. Then (D′, ds) for ds in (7.2) is homeomorphic
to (D, SM1). Indeed,

ds(x̂1, x̂2) = ds(γ(x̂1), γ(x̂2)) (7.6)

where ds(γ(x̂1), γ(x̂2)) is interpreted as the metric on D in (3.7) of Section 12.3.

We now give an example to show how F allows us to establish new limits. We
will show that we can have xn → x in (D, M2), xn → x in (D, M1) and xn → x̂ in
(F, M1). An important point is that the new M1 limit x̂ in F is not equivalent to
the M2 limit x in D.

Example 15.7.1. Convergence in (F, M1) where convergence in (D, M1) fails.
Consider the functions x = I[1,2] and

xn(0) = xn(1) = xn(1 + 2n−1) = 0
xn(1 + n−1) = xn(1 + 3n−1) = xn(2) = 1 ,

with xn defined by linear interpolation elsewhere. Note that xn → x in (D, M2),
but xn → x in (D, M1). However, x̂n → x̂ in (F, M1), where x̂ is different from x.
The convergence x̂n → x̂ in F implies that γ(x̂n) → γ(x̂) in (E, M2), which in this
case is equivalent to xn → x in (D, M2).

15.8. Queueing Applications

In this final section we discuss queueing applications of the spaces E and F . First,
for queueing networks, the key result is the following analog of results in Chapter
14. Let (F, WM1) denote the space F with the product topology, using the M1
topology on each component.

Theorem 15.8.1. (the multidimensional reflection map on F ) The multidimen-
sional reflection map R defined in Section 14.2 is well defined and measurable as a
map from (F, M1) to (F, M1). Moreover, R is continuous at all x̂ in F1, the subset of
functions in F with discontinuities or excursions in only one coordinate at a time,
provided that the range is endowed with the product topology. Hence, if x̂n → x̂ in
(F, M1), where x̂ ∈ F1, then R(x̂n) → R(x̂) in (F, WM1) and γ(R(x̂n)) → γ(R(x̂))
in (Ewk, WM2).
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A natural way to establish stochastic-process limits in F and E is to start from
stronger stochastic-process limits in D and then abandon some of the detail. In
particular, we can start with a stochastic-process limit in (D, SM1) that simultane-
ously describes the asymptotic behavior in two different time scales. We can then
obtain a limit in (F, M1) when we focus on only the longer time scale. From the
perspective of the longer time scale, what happens in the shorter time scale happens
instantaneously. We keep some of the original detail when we go from a limit in
(D, SM1) to a limit in (F, M1), because the order in which the points are visited
in the shorter time scale at each one-time excursion is preserved.

To illustrate, we consider a single infinite-capacity fluid queue that alternates
between periods of being “in control” and periods of being “out of control.” When
the system is in control, the net-input process is “normal;” when the system is out
of control, the net-input process is “exceptional.” The model is a generalization of
the infinite-capacity version of the fluid queue in Chapter 5. The alternating periods
in which the system is in and out of control generalize the up and down times for
the queueing network with service interruptions in Section 14.7, because here we
allow more complicated behavior during the down times.

As in Section 14.7, let {(Uk, Dk) : k ≥ 1} be the sequence of successive up
and down times. We assume that these random variables are strictly positive and
that

∑∞
i=1 Uk = ∞ w.p.1. The system is up or in control during the intervals

[Tk, Tk +Uk) and down or out of control during the intervals [Tk +Uk, Tk+1), where
Tk ≡

∑k
i=1(Ui + Di), k ≥ 1, with T0 ≡ 0.

Let Xu
k and Xu

k be potential net-input processes in effect during the kth up
period and down period, respectively. We regard Xu

k and Xd
k as random elements

of D ≡ D([0,∞), R) for each k. However, Xu
k is only realized over the interval

[0, Uk), and Xu
k is only realized over the interval [0, Dk). Specifically, the overall

net-input process is the process X in D defined by

X(t) =
{

Xu
k+1(t − Tk) + X(Tk), Tk ≤ t < Tk + Uk ,

Xd
k+1(t − Tk − Uk) + X(Tk + Uk), Tk + Uk ≤ t < Tk+1 ,

(8.1)

for t ≥ 0.
Just as in equations (2.5) – (2.7) in Section 5.2, the associated workload or

buffer-content process, starting out empty, is defined by

W (t) ≡ φ(X)(t) ≡ X(t) − inf
0≤s≤t

X(s), t ≥ 0 . (8.2)

We want to establish a heavy-traffic stochastic-process limit for a sequence of
these fluid-queue models. In preparation for that heavy-traffic limit, we need to
show how to identify the limit process in F : We need to show how the net-input
random element of D approaches a random element of F when the down times
decrease to 0, while keeping the toital net inputs over the down intervals unchanged.
What happens during the down time is unchanged; it just happens more quickly
as the down time decreases.

To formalize that limit, suppose that we are given a fluid queue model as specified
above. We now create a sequence of models by altering the variables Dk and the
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processes Xd
k for all k. Specifically, we let

Dn,k ≡ c−1
n Dk (8.3)

for all k, where cn → ∞ as n → ∞. To keep the associated net-input processes
during these down times unchanged except for time scaling, we let

Xd
n,k(t) ≡ Xd

k (cnt), t ≥ 0 , (8.4)

which implies that

Xd
n,k(pDn,k) = Xd

k (pDk) for 0 ≤ p ≤ 1 .

With this special construction, it is easy to see that the original element of D
approaches an associated element of F as n → ∞.

Lemma 15.8.1. (decreasing down times) Consider a fluid-queue model as specified
above. Suppose that we construct a sequence of fluid-queue models indexed by n,
where the models change only by (8.3) and (8.4) with cn → ∞ as n → ∞. Then
Xn → X̂ in (F, M1).

We are now ready to state the heavy-traffic stochastic-process limit for the fluid-
queue model. We start with a more-detailed limit in D, and obtain the limit in F
by applying Lemma 15.8.1 to the limit process in D.

For the heavy-traffic limit, we start with a sequence of fluid-queue models indexed
by n. In this initial sequence of models, we let the initial up and down times be
independent of n. We then introduce the following scaled random elements:

Un,k ≡ nUk, k ≥ 1,

Dn,k ≡ nβDk, k ≥ 1,

Xu
n,k(t) ≡ n−HXu

n,k(nt), t ≥ 0,

Xd
n,k(t) ≡ n−HXu

n,k(nβt), t ≥ 0,

Xn(t) ≡ n−HXn(nt), t ≥ 0,

Wn(t) ≡ n−HWn(nt), t ≥ 0 , (8.5)

where

0 < β < 1 and H > 0 . (8.6)

Note that in (8.5) the time scaling of Uk, Xu
n,k, Xn(t) and Wn(t) in (8.5) is all

by n, while the time scaling of Dk and Xd
n,k is by only nβ , where 0 < β < 1. Thus

the durations of the down periods are asymptotically negligible compared to the
durations of the uptimes in the limit as n → ∞.

Here is the result:

Theorem 15.8.2. (heavy-traffic limit in F ) Consider a sequence of fluid-queue
models with the scaling in (8.5). Suppose that

{(Un,k, Dn,k,Xu
n,k,Xd

n,k) : k ≥ 1}
⇒ {(U ′

k, D′
k,Xu

k ,Xd
k) : k ≥ 1} (8.7)
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in (R × R × D × D)∞ as n → ∞, where U ′
k > 0 for all k and

∑∞
i=1 U ′

i = ∞ w.p.1.
Then

(Xn,Wn) ⇒ (X̂,Ŵ) in (F, M1) × (F, M1)

with the product topology on the product space (F, M1) × (F, M1), where X̂ is the
limit in F obtained in Lemma 15.8.1 applied to the limiting fluid queue model with
up and down times (U ′

k, D′
k) and potential net-input processes Xu

k and Xd
k in (8.7)

and Ŵ = φ(X̂). Consequently,

Wn ⇒ γ(Ŵ) in (E, M2) .

A standard sufficient condition for condition (8.7) in Theorem 15.8.2 is to have
the random elements (Un,k, Dn,k,Xu

n,k,Xd
n,k) of R × R × D × D be IID for k ≥ 1

and to have

(Un,1, Dn,1,Xu
n,1,X

d
n,1) ⇒ (U ′

1, D
′
1,X

u
1 ,Xd

1) (8.8)

in R × R × D × D. In the standard case, we have H = 1/2 and Xu
1 Brownian

motion with drift down, but we have seen that there are other possibilities. In this
framework, the complexity of the limit process is largely determined by the limit
process Xd

1 describing the asymptotic behavior of the net-input process during down
times. We conclude by giving an example in which the limiting stochastic process,
regarded as an element of F or E, is tractable.

Example 15.8.1. The Poisson-excursion limit process. A special case of interest
in the IID cycle framework above occurs when the limit Xu

k in (8.7) is deterministic,
e.g., Xu

k(t) = ct, t ≥ 0. A further special case is to have c = 0. Then the process
is identically zero except for the excursions, so all the structure is contained in the
excursions.

Suppose that we have this special structure; i.e., suppose that Xu
k(t) = 0, t ≥ 0.

If, in addition, U ′
k is exponentially distributed, then in the limit the excursions

occur according to a Poisson process. We call such a process a Poisson-excursion
process.

To consider a simple special case of a Poisson-excursion process, suppose that,
for each k, the process Xd

n,k corresponds to a partial sum of three random variables
Zn,k,1, Zn,k,2, Zn,k,3 evenly spaced in the interval [0, nβDk], i.e., occurring at times
nβDk/4, 2nβDk/4 and 3nβDk/4. For example, we could have deterministic down
times of the form Dk = 4 for all k, which implies that Dn,k = 4nβ for all k.

Consistent with (8.7), we assume that

n−H(Zn,k,1, Zn,k,2, Zn,k,3) ⇒ (Zk,1, Zk,2, Zk,3) as n → ∞ . (8.9)

Then the base process X associated with the graph of the limit X̂ is

X(t) =
N(t)∑
i=1

Yi, t ≥ 0 , (8.10)
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where {N(t) : t ≥ 0} is a Poisson process with rate 1/EU ′
1 and {Yi} is an IID

sequence with Yi
d=
∑3

j=1 Zi,j .
The excursions in more detail are described by the successive partial sums

{
∑n

j=1 Zi,j : 1 ≤ n ≤ 3}; i.e., the first excursion occuring at time U ′
1 goes from

0 to Z1, then to Z1 + Z2, and finally to Z1 + Z2 + Z3. Note that we have not yet
made any restrictive assumptions on the joint distribution of (Zn,k,1, Zn,k,2, Zn,k,3),
so that the limit (Zk,1, Zk,2, Zk,3) can have an arbitrary distribution. However, if
in addition, Zk,1, Zk,2 and Zk,3 are IID, then we can characterize the limiting dis-
tribution of γ(Ŵ), the random element of E representing the buffer content. The
base process W can be represented as

W (t) = Q3N(t), t ≥ 0 , (8.11)

where {N(t) : t ≥ 0} is the Poisson process counting limiting excursions and
Qk is the queue-content in period k of a discrete-time queue with IID net inputs
distributed as Z1, i.e., where {Qk : k ≥ 0} satisfies the Lindley equation

Qk = max{Qk−1 + Zk, 0}, k ≥ 1 , (8.12)

with Q0 = 0. Consequently, W (t) ⇒ W as t → ∞, where the limiting workload W
is distributed as Q with Qk ⇒ Q as k → ∞.

The additional excursions in Ŵ occur according to the Poisson process N . Given
that the kth excursion occurs at time t, we can easily describe it in terms of the
four random variables W(t−), Zk,1, Zk,2 and Zk,3: The process moves from A0 ≡
W(t−) to A1 ≡ max{0, A0 + Zk,1}, then to A2 ≡ max{0, A1 + Zk,2} and finally to
W(t) = A3 ≡ max{0, A2 + Zk,3}. For the process in F , these three steps all occur
at the time t. The parametric representation moves continuously from A0 to A1,
then to A2 and A3. The limiting workload then remains constant until the next
excursion.
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[37] Araujo, A. and Giné, E. (1980) The Central Limit Theorem for Real and Banach
valued Random Variables, Wiley, New York.

[38] Arvidsson, A. and Karlsson, P. (1999) On traffic models for TCP/IP. Traffic Engi-
neering in a Competitive World, Proceedings 16th Int. Teletraffic Congress, P. Key
and D. Smith (eds.), North-Holland, Amsterdam, 457–466.

[39] Asmussen, S. (1987) Applied Probability and Queues, Wiley, New York.

[40] Asmussen, S. (1992) Queueing simulation in heavy traffic. Math. Oper. Res. 17,
84–111.

[41] Asmussen, S. (2000) Ruin Probabilities, World Scientific, Singapore.

[42] Asmussen, S. and Teugels, J. (1996) Convergence rates for M/G/1 queues and ruin
problems with heavy tails. J. Appl. Prob. 33, 1181–1190.

[43] Astrauskas, A. (1983) Limit theorems for sums of linearly generated random
variables. Lithuanian Math. J. 23, 127–134.

[44] Avram, F. and Taqqu, M. S. (1987) Noncentral limit theorems and Appell
polynomials. Ann. Probab. 15, 767–775.

[45] Avram, F. and Taqqu, M. S. (1989) Probability bounds for M -Skorohod oscillations.
Stoch. Proc. Appl. 33, 63–72.

[46] Avram, F. and Taqqu, M. S. (1992) Weak convergence of sums of moving averages
in the α-stable domain of attraction. Ann. Probab. 20, 483–503.

[47] Ayhan, W. and Olsen, T. L. (2000) Scheduling multi-class single-server queues under
nontraditional performance measures. Operations Res. 48, 482–489.

[48] Azar, Y., Broder, A., Karlin, A. and Upfal, E. (1994) Balanced allocations.
Proceedings 26th ACM Symposium on the Theory of Computing, 593–602.
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[182] Erdős, P. and Kac, M. (1947) On the number of positive sums of independent random
variables. Bull. Amer. Math. Soc. 53, 1011–1020.

[183] Ethier, S. N. and Kurtz, T. G. (1986) Markov Processes, Characterization and
Convergence, Wiley, New York.

[184] Feldmann, A., Greenberg, A. G., Lund, C. Reingold, N. and Rexford, J. (2000)
Netscope: traffic engineering for IP networks. IEEE Network Magazine, special issue
on Internet traffic engineering, March-April, 11–19.

[185] Feldmann, A., Greenberg, A. G., Lund, C. Reingold, N., Rexford, J. and True,
F. (2001) Deriving traffic demands for operational IP networks: methodology and
experience. IEEE/ACM Trans. Networking 9, to appear.

[186] Feldmann, A. and Whitt, W. (1998) Fitting mixtures of exponentials to long-tail
distributions to analyze network performance models. Performance Evaluation 31,
245–279.

[187] Feller, W. (1968) An Introduction to Probability Theory and its Applications, vol.
I, third edition, Wiley, New York.

[188] Feller, W. (1971) An Introduction to Probability Theory and its Applications, vol. II,
second edition, Wiley, New York.

[189] Fendick, K. W. and Rodrigues, M. A. (1991) A heavy traffic comparison of shared
and segregated buffer schemes for queues with head-of-the-line processor sharing
discipline. Queueing Systems 9, 163–190.

[190] Fendick, K. W., Saksena, V. R. and Whitt, W. (1989) Dependence in packet queues.
IEEE Trans. Commun. 37, 1173–1183.

[191] Fendick, K. W., Saksena, V. R. and Whitt, W. (1991) Investigating dependence in
packet queues with the index of dispersion for work. IEEE Trans. Commun. 39,
1231–1243.



References 551

[192] Fendick, K. W. and Whitt, W. (1989) Measurements and approximations to de-
scribe the offered traffic and predict the average workload in a single-server queue.
Proceedings IEEE 77, 171–194.

[193] Fendick, K. W. and Whitt, W. (1998) Verifying cell loss requirements in high-speed
communication netyworks. J. Appl. Math. Stoch. Anal. 11, 319–338.

[194] Flatto, L. (1997) The waiting time distribution for the random order of service
M/M/1 queue. Ann. Appl. Prob. 7, 382–409.

[195] Fleming, P. J. and Simon, B. (1999) Heavy traffic approximations for a system of
infinite servers with load balancing. Prob. Eng. Inf. Sci. 13, 251–273.

[196] Foschini, G. J. and Salz, J. (1978) A basic dynamic routing problem and diffusion.
IEEE Trans. Commun. 26, 320–327.

[197] Freidlin, M. I. and Wentzell, A. D. (1993) Diffusion processes on graphs and the
averaging principle. Ann. Probab. 21, 2215–2245.

[198] Furrer, H., Michna, Z. and Weron, A. (1997) Stable Lévy motion approximation in
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[326] Lévy, P. (1939) Sur certaines processus stochastiques homogènes. Compos. Math. 7,
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Appendix A
Regular Variation

Since we use regular variation at several places in this book, we give a brief account
here without proofs, collecting together the properties we need. Bingham, Goldie
and Teugels (1989) is the definitive treatment; it contains everything here. Nice
accounts also appear in Feller (1971) and Resnick (1987).

We say that a real-valued function f defined on the interval (c,∞) for some c > 0
is asymptotically equivalent to another such function g (at infinity) and write

f(x) ∼ g(x) as x → ∞ (A.1)

if

f(x)/g(x) → 1 as x → ∞ . (A.2)

We say that the real-valued function f has a power tail of index α (at infinity) if

f(x) ∼ Axα as x → ∞ (A.3)

for a non-zero constant A. Regular variation is a generalization of the power-tail
property that captures just what is needed in many mathematical settings.

A positive, Lebesgue measurable real-valued function (on some interval (c,∞))
L is said to be slowly varying (at infinity) if

L(λx) ∼ L(x) as x → ∞ for each λ > 0 . (A.4)

Examples of slowly varying functions are positive constants, functions that converge
to positive constants, logarithms and iterated logarithms. (Note that log x is positive
on (1,∞), while L2x ≡ log log x is positive on (e,∞).) The positive functions 2 +
sinx and e−x are not slowly varying. It can happen that a slowly varying function
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experiences infinite oscillation in the sense that

lim inf
x→∞ L(x) = 0 and lim sup

x→∞
L(x) = ∞ ;

an example is

L(x) ≡ exp{(ln(1 + x))1/2 cos((ln(1 + x))1/2)} . (A.5)

It is significant that there is local uniform convergence in (A.4).

Theorem A.1. (local uniform convergence) If L is slowly varying, then L(λx)/L(x) →
1 as x → ∞ uniformly over compact λ sets.

Theorem A.2. (representation theorem) The function L is locally varying if and
only if

L(x) = c(x) exp
(∫ x

a

(b(u)/u)du

)
, x ≥ a , (A.6)

for some a > 0, where c and b are measurable functions, c(x) → c(∞) ∈ (0,∞) and
b(x) → 0 as x → ∞.

In general a slowly varying function need not be smooth, but it is always asymp-
totically equivalent to a smooth slowly varying function; see p. 15 of Bingham et al.
(1989).

Theorem A.3. If L is slowly varying function, then there exists a slowly varying
function L0 with continuous derivatives of all orders (in C∞) such that

L(x) ∼ L0(x) as x → ∞ .

If L is eventually monotone, then so is L0.

We now turn to regular variation. A positive, Lebesgue measurable function (on
some interval (c, ∞)) is said to be regularly varying of index α, and we write h ∈
R(α), if

h(λx) ∼ λαh(x) as x → ∞ for all λ > 0 . (A.7)

Of course, (A.7) holds whenever h has a power tail with index α, but it also holds
more generally.

The connection to slowly varying function is provided by the characterization
theorem.

Theorem A.4. (characterization theorem) If

h(λx) ∼ g(λ)h(x) as x → ∞ (A.8)

for all λ in a set of positive measure, then

(i) (A.8) holds for all λ > 0,

(ii) there exists a number α such that g(λ) = λα for all λ, and

(iii) h(x) = xαL(x) for some slowly varying function L.
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From Theorem A.4 (iii) we see that we could have defined a regularly varying
function in terms of a slowly varying function L. On the other hand, (A.8) is
an appealing alternative starting point, implying (A.7) and the representation in
terms of slowly varying functions. As a consequence of Theorem A.4 (iii), we write
h ∈ R(0) when h is slowly varying.

We now indicate how the local-uniform-convergence property of R(0) in Theorem
A.1 extends to R.

Theorem A.5. (local uniform convergence) If h ∈ R(α) and h is bounded on each
interval (0, c], then

h(λx)/h(x) → λα as x → ∞
uniformly in λ:

on each [a, b], 0 < a < b < ∞, if α = 0

on each (0, b], 0 < b < ∞, if α > 0

on each [a,∞), 0 < a < ∞, if α < 0.

The representation theorem for slowly varying functions in Theorem A.2 also
extends to regularly varying functions.

Theorem A.6. (representation theorem) We have h ∈ R(α) if and only if

h(x) = c(x) exp
{∫ x

a

(b(u)/u)du

}
, x ≥ a ,

for some a > 0, where c and b are measurable functions, c(x) → c(∞) ∈ (0,∞) and
b(x) → α as x → ∞.

We now present some closure properties.

Theorem A.7. (closure properties) Suppose that h1 ∈ R(α1) and h2 ∈ R(α2).
Then:

(i) hα
1 ∈ R(αα1).

(ii) h1 + h2 ∈ R(α) for α = max{α1, α2}.
(iii) h1h2 ∈ R(α1 + α2).

(iv) If, in addition, h2(x) → ∞, then (h1 ◦ h2)(x) ≡ h1(h2(x)) ∈ R(α1α2).

Regular variation turns out to imply local regularity conditions; see p. 18 of
Bingham et al. (1989).

Theorem A.8. (local integrability theorem) If h ∈ R(α) for some α, then h and
1/h are both bounded and integrable over compact subintervals of (c,∞) for suitably
large c.

It is significant that integrals of regularly varying functions are again regularly
varying with the same slowly varying function (i.e., the slowly varying function
passes through the integral).
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Theorem A.9. (Karamata’s integral theorem) Suppose that L ∈ R(0) and that L
is bounded on every compact subset of [c,∞) for some c ≥ 0. Then

(a) for α > −1, ∫ x

c

tαL(t)dt ∼ xα+1

α + 1
L(x) as x → ∞ ;

(b) for α < −1, ∫ ∞

x

tαL(t)dt ∼ − xα+1

α + 1
L(x) as x → ∞ .

It is also possible to deduce regular variation of functions from the regular-
variation properties of the integrals, i.e., the converse half of the Karamata integral
theorem; see p. 30 of Bingham et al. (1989).
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5.2 General Lévy Approximations . . . . . . . . . . . . . . . . . . . . 97
5.3 A Fluid Queue Fed by On-Off Sources . . . . . . . . . . . . . . . 100

5.3.1 Two False Starts . . . . . . . . . . . . . . . . . . . . . . . 101
5.3.2 The Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.4 From Queue Lengths to Waiting Times . . . . . . . . . . . . . . . 105
5.4.1 The Setting . . . . . . . . . . . . . . . . . . . . . . . . . . 105
5.4.2 The Inverse Map with Nonlinear Centering . . . . . . . . . 106
5.4.3 An Application to Central-Server Models . . . . . . . . . . 110

6 The Space D 113
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
6.2 Regularity Properties of D . . . . . . . . . . . . . . . . . . . . . . 114
6.3 Strong and Weak M1 Topologies . . . . . . . . . . . . . . . . . . . 117

6.3.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
6.3.2 Metric Properties . . . . . . . . . . . . . . . . . . . . . . . 118
6.3.3 Properties of Parametric Representations . . . . . . . . . . 122

6.4 Local Uniform Convergence at Continuity Points . . . . . . . . . 124
6.5 Alternative Characterizations of M1 Convergence . . . . . . . . . 128

6.5.1 SM1 Convergence . . . . . . . . . . . . . . . . . . . . . . . 128
6.5.2 WM1 Convergence . . . . . . . . . . . . . . . . . . . . . . 130

6.6 Strengthening the Mode of Convergence . . . . . . . . . . . . . . 134



Appendix B. Contents of the Internet Supplement 575

6.7 Characterizing Convergence with Mappings . . . . . . . . . . . . 134
6.7.1 Linear Functions of the Coordinates . . . . . . . . . . . . . 135
6.7.2 Visits to Strips . . . . . . . . . . . . . . . . . . . . . . . . 137

6.8 Topological Completeness . . . . . . . . . . . . . . . . . . . . . . 139
6.9 Non-Compact Domains . . . . . . . . . . . . . . . . . . . . . . . . 142
6.10 Strong and Weak M2 Topologies . . . . . . . . . . . . . . . . . . . 144

6.10.1 The Hausdorff Metric Induces the SM2 Topology . . . . . 145
6.10.2 WM2 is the Product Topology . . . . . . . . . . . . . . . . 147

6.11 Alternative Characterizations of M2 Convergence . . . . . . . . . 148
6.11.1 M2 Parametric Representations . . . . . . . . . . . . . . . 148
6.11.2 SM2 Convergence . . . . . . . . . . . . . . . . . . . . . . . 148
6.11.3 WM2 Convergence . . . . . . . . . . . . . . . . . . . . . . 155
6.11.4 Additional Properties of M2 . . . . . . . . . . . . . . . . . 158

6.12 Compactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

7 Useful Functions 163
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
7.2 Composition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

7.2.1 Preliminary Results . . . . . . . . . . . . . . . . . . . . . . 164
7.2.2 M -Topology Results . . . . . . . . . . . . . . . . . . . . . 166

7.3 Composition with Centering . . . . . . . . . . . . . . . . . . . . . 173
7.4 Supremum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

7.4.1 The Supremum without Centering . . . . . . . . . . . . . 173
7.4.2 The Supremum with Centering . . . . . . . . . . . . . . . 174

7.5 One-Dimensional Reflection . . . . . . . . . . . . . . . . . . . . . 181
7.6 Inverse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183

7.6.1 The M1 Topology . . . . . . . . . . . . . . . . . . . . . . . 183
7.6.2 The M ′

1 Topology . . . . . . . . . . . . . . . . . . . . . . . 186
7.7 Inverse with Centering . . . . . . . . . . . . . . . . . . . . . . . . 188
7.8 Counting Functions . . . . . . . . . . . . . . . . . . . . . . . . . . 190
7.9 Renewal-Reward Processes . . . . . . . . . . . . . . . . . . . . . . 194

8 Queueing Networks 195
8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195
8.2 The Multidimensional Reflection Map . . . . . . . . . . . . . . . . 197

8.2.1 Definition and Characterization . . . . . . . . . . . . . . . 197
8.2.2 Continuity and Lipschitz Properties . . . . . . . . . . . . . 200

8.3 The Instantaneous Reflection Map . . . . . . . . . . . . . . . . . . 204
8.4 Reflections of Parametric Representations . . . . . . . . . . . . . 204
8.5 M1 Continuity Results . . . . . . . . . . . . . . . . . . . . . . . . 210
8.6 Limits for Stochastic Fluid Networks . . . . . . . . . . . . . . . . 217
8.7 Queueing Networks with Service Interruptions . . . . . . . . . . . 217
8.8 The Two-Sided Regulator . . . . . . . . . . . . . . . . . . . . . . 217
8.9 Existence of a Limiting Stationary Version . . . . . . . . . . . . . 218

8.9.1 The Main Results . . . . . . . . . . . . . . . . . . . . . . . 218



576 Appendix B. Contents of the Internet Supplement

8.9.2 Proofs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

9 Nonlinear Centering and Derivatives 235
9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235
9.2 Nonlinear Centering and Derivatives . . . . . . . . . . . . . . . . 237
9.3 Derivative of the Supremum Function . . . . . . . . . . . . . . . . 243
9.4 Extending Pointwise Convergence to M1 Convergence . . . . . . . 254
9.5 Derivative of the Reflection Map . . . . . . . . . . . . . . . . . . . 258
9.6 Heavy-Traffic Limits for Nonstationary Queues . . . . . . . . . . 262
9.7 Derivative of the Inverse Map . . . . . . . . . . . . . . . . . . . . 267
9.8 Chapter Notes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 276

10 Errors Discovered in the Book 281

11 Bibliography 283



Notation Index

Presented in Order of First Use.

Chapter 1, 1
≡, equality by definition, 1
�t�, floor function, 17, 96
⇒, convergence in dist., 21, 78
Φ(t) ≡ P (N(0, 1) ≤ x), standard normal

cdf, 21, 101
d=, equality in distribution, 22, 78
F ←, left-cont. inverse of cdf, 32
F −1, right-cont. inverse of cdf, 33
F c(t) ≡ 1 − F (t), ccdf, 38
∼, asym. equiv., 40, 113, 569

Chapter 2, 49
ρ, traffic intensity, 56, 148
φK , two-sided ref. map, 57, 143

Chapter 3, 75
P ≡ P(S), 77
Aε, open ε-nbhd., 77
π(P1, P2), Prohorov metric, 77
a ∨ b ≡ max{a, b}, 79
a ∧ b ≡ min{a, b}, 83
x ◦ y, composition, 87, 428
x↑, supremum map, 87, 435
φ(x) ≡ x + (−x ∨ 0)↑, one-dim. reflection

map, 87, 140, 439
(x ∨ 0)(t) ≡ x(t) ∨ 0, 87

x−1, inverse map, 87, 441

Chapter 4, 95
α, stable index, 100, 111
Σ ≡ (σ2

i,j), cov. matrix, 104, 352
Fn ≡ σ[Xk : k ≤ n], 108
Gn ≡ σ[Xk : k ≥ n], 108
σ, stable scale param., 111
β, stable skewness param., 111
µ, stable shift param., 111
R(α), reg. var., index α, 114, 570
(1/Gc)←(n), space scaling, 115
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Çinlar, 318
Coffman, 71, 72, 191
Cohen, 159, 191, 245, 273, 276
Cooper, xiv
Cottle, 474, 482, 512
Courtois, 70
Cox, D. R., 229, 230
Cox, J. T., 109
Crovella, 65
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Giné, 227
Glasserman, 108
Glynn, 108, 156, 166, 177, 234, 282, 349,

359
Gnedenko, 114
Goldie, 120, 569–572
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Massoulié, 245, 285, 320
Matheron, 381
Mazumdar, 157
McDonald, xv
Meyn, 156
Michna, 245
Mikosch, x, 16, 51, 67, 110, 115, 116, 118,

136, 160, 232, 280, 435
Mitra, 243, 244
Mittnik, 51
Mitzenmacher, 157, 187, 348
Montanari, 136
Moran, 138
Morrison, 320
Mountford, 335
Müller, 384

Nagaev, 160
Narayan, 285
Nelson, 348
Neuts, 276
Neveu, 385
Newell, xiv, 148, 222
Newman, 109
Nguyen, 338
Norros, 279, 282–285
Nyberg, 67

O’Brien, 100, 398
O’Connell, 157, 284, 285
Oliver, 148, 222
Olsen, 68, 72, 191
Olver, 124, 156
Orszag, 156

Padhye, 67
Pang, 474, 482, 512

Parekh, 68
Park, x, xiv, xv, 65, 67
Parthasarathy, 367, 374
Pats, 360
Paulauskas, 227
Paxson, 65
Perrin, 67
Philipp, 107
Piterbarg, 285
Pollard, viii, 55, 375, 386
Pomarede, 382, 418
Portenko, 79
Prabhakar, 335
Prabhu, 138, 191
Prohorov, viii, 29, 77, 387, 390, 413
Protter, 125, 126
Puhalskii, 71, 72, 156, 191, 301, 349, 358,

359, 398, 444, 450, 452
Puterman, 69
Pyke, 227, 381

Rachev, 51
Ramanan, 505, 509, 511, 512
Reiman, 70–72, 152, 169, 187, 191, 301,

338, 341, 348, 358, 359, 361, 457,
505, 511, 512

Reingold, 139
Reinsel, 123
Reiser, 326
Resnick, 65, 67, 115, 116, 118, 119, 131,

177, 194, 232, 245, 259, 280, 313,
398, 435, 441, 530–532, 569

Rexford, xiv, 65, 67, 139
Ripley, 2, 8, 17
Roberts, 243, 245, 320, 323
Rodrigues, 191
Rogers, 272
Rootzén, 67, 232, 245, 280, 313
Ross, xiv, 16, 51, 54
Rosso, 136
Ryu, 67

Saksena, 309, 310, 319
Salminen, 28, 55, 166
Salz, 348
Samorodnitsky, 97–136, 245, 267, 326
Samuel, 148, 222
Schrage, 108
Schwartz, 372, 374, 385



Author Index 583

Segal, 332
Semret, 323
Seneta, 472
Sengupta, 191
Serfozo, 430, 457
Sethi, 71
Sevcik, 326
Shanthikumar, xiv, 326, 346
Shen, 189, 191
Shenker, 67
Sherman, 65, 231, 232, 243, 279
Shiryaev, x, 84, 107, 117, 119, 194, 410,

414, 448, 530
Shorack, viii, 55, 384
Shreve, 51, 125, 166, 192
Shroff, 283, 284
Shwartz, xiv, 156
Sigman, 157
Silvestrov, 430
Simmons, 368
Simon, 169, 349
Simonian, 245, 285, 320
Skorohod, viii, xi, xiii, 29, 75–93, 117, 194,

367–426, 433, 456, 512
Smith, 164, 169, 357
Snell, 55, 277
Sondhi, 243, 244
Spearman, xiv, 163
Srikant, 67, 171, 283, 323, 354, 361–363
Sriram, 67, 319, 323
Starica, 67
Stegeman, 67, 232, 280
Stegun, 28, 124, 269, 277
Stewart, 55, 277
Stidham, 428
Stolyar, 301
Stone, C., 414
Stone, R. E., 474, 482, 512
Stout, 107
Strassen, 375
Suresh, 334, 335
Syta, 79
Szczotka, 167
Sznitman, 512

Taaffe, 348
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of a cdf, 21
of a limit function, 383

right, 392
continuous-mapping

approach, s-p limits, ix, 25, 84
theorem, 84, 86, 87

continuous-time rep. of a discrete-time
process

M1 dist. between versions, 195
lin. interp. version, 17, 195
scaling in a, 19
simulations to compare, 196
step-fct. version, 17, 195

convergence
characterization of

SM1, 404, 412
SM2, 420, 423
WM1, 408
WM2, 421

extending to product spaces
for SM1, 409
for SM2, 422

in distribution, 21, 78, 86, 375
criterion for, 388

in probability, 379
joint on product spaces, 378
local uniform, 401
of a net, 370
of a sequence

in a metric space, 76
in a topological space, 370

of all finite-dim. dists., 387
of cdf’s, 21
of first-passage vars., 447
of plots, 26
of probability measures, 77, 373
of random point measures, 532
of restrictions, 83, 383, 414
rates of, 85
strengthening the mode

for WM1, 409
for WM2, 422

-together theorem, 54, 379
with probability one, w.p.1, 86

convergence preservation
WM2 within bnding fcts., 423
with centering, 88

composition map, 432, 434
inverse map, 448, 451

reflection map, 441
supremum map, 436, 438

counting fcts., 453–456
asym. equiv., inv. fcts., 455

counting process, 233, 454
Brownian FCLT for, 235
CLT for, 234
definition, 201
FBM FCLT, 236
FCLT equiv., 202, 235
LFSM FCLT for, 237
stable Lévy FCLT for, 236, 237

covariance
fct. of stat. RBM, 175, 181
fct. of stat. renewal pr., 229
matrix, 104

cover, 370, 371
Cramér-Wold device, 104
cumulative distribution function, see

distribution function

D, the space, 78, 380, 391–426
SM1 and WM1 tops., 394
SM2 and WM2 tops., 416
characterization of

M1 convergence, 404
M2 convergence, 419
compact subsets, 424
tightness, 425

regularity properties, 392
D([0, ∞), Rk), 83, 394, 414, 487
Dc, piecewise-const. fcts., 393, 473
D0, subset with x(0) ≥ 0, 428
D↑, nondecreasing x in D0, 428
D↑↑, increasing x in D↑, 428
Dm, xi monotone, all i, 428
Du, x in D0 unbded. above, 441
Du,↑ ≡ Du ∩ D↑, 441
Du,↑↑ ≡ Du ∩ D↑↑, 441
Du,ε, subset of Du, 443
D∗

u, subset of Du, 443
D∗

u↑, subset of Du↑, 444
Ds, jumps same sign, 458, 483, 486
D1, jumps in one coord., 458, 486
D+, jumps up, 481, 486
Dc,1 ≡ Dc ∩ D1, 510
Disc(x), set of disc. pts., 86, 393
(D, M1) in (F, M1), 535
(D, SM2) in (Est, m), 526
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(D, WM2) in (Ewk, m), 526
dJ1(x1, x2), J1 metric, 79
dM1(x1, x2), M1 metric, 82, 396
d∞(x1, x2), on D([0, ∞), R), 83
ds(x1, x2), SM1 metric on D, 395
dw(x1, x2), WM1 dist. on D, 396
d̂(A, Γx), order-consist. dist., 396
dp(x1, x2), product metric, 397
d∗(A, An), graph subsets, 405
d̂(A, Gx), order-const. dist., 408
ds,2(x1, x2), SM2 dist., 419
dw,2(x1, x2), WM2 dist., 419
ds,2(x̃1, x̃2), par. rep. dist., 527
ds(x̂1, x̂2), metric on F , 533
dense subset, 76, 371
density

est. of final pos., 8, 38, 43
of range of Br. motion, 29

departure pr., 144, 152, 184, 291
approximations for, 334

determining the buffer size, 64
deterministic analysis of queues, 148
diameter of a set, 524
discontinuities of the first kind, 392
discontinuity points, 86, 393

jumps common sign, 411, 423
of an element of E, 523

distance, 375
between a point and a set, 381
in-probability, 375
order-consistent, 396, 408

distribution
empirical, 8, 11
function, 10, 374

domain
of a function, 83
of attract. of stable law, 114

normal, 114
Donsker’s theorem, viii, 24, 102

k-dim., 105
weak-dep. generalizations, 107

double limits, 280
double sequence of r. vars., 110
double stochastic-process limit, 231
DTMC, see Markov chain

E, the space, 92, 515–539
compactness of graphs in, 525
Hausdorff metric on, 525

Ec, piecewise-constant fcts., 526
Est, strongly connected, 526
Ewk, weakly connected, 526
e, identity map, 79, 146
ess sup (Y ), essential sup., 228
economy of scale, 164, 357
effective bandwidths, 156
effective processing rate, 165
eigenvalues, 472
empirical

process, 226
empirical distribution

and statistical tests, 51
compared to the cdf, 10
definition, 11
in a QQ plot, 8
of final position

of random walk, 8
with heavy tails, 38, 43

empty set, φ, 368
equality

by definition, ≡, 1
in distribution, d=, 22, 78

equivalence
classes of parametric reps., 533
CLT for cting. and sum pr., 234
FCLT for cting. pr., 237
of par. reps. in F , 533
to contractive ref. matrix, 472

ergodicity, 109
essential supremum, 228
estimation

BM range dist., 29
final pos. r. walk, 8, 38
planning q. sim. for, 178, 361

estimator of blocking prob.
indirect, 362
natural, 361
simple, 362

excursion
times, set of, S, 523
triples for E, 523
values, set of, I(t), 523

exogenous input, 139, 337, 491
exponential smoothing, 30
exponential tail, 64
extending

conv. to product spaces
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for SM1, 409
for SM2 , 422

graphs for M ′ tops., 444
ref. map from Dc to D, 480

extremal processes, 530
extreme-value engineering, 177
extreme-value limit, 118, 177

F , the space, 92, 515, 533–539
(D, M1) as a subspace, 535
M1 metric on, 533

failures
hvy-traf. limit in F for, 536
in queueing systems, 516
service interruptions, 217

fair queueing discipline, 67
FBM, see fractional
FCLT

Donsker’s, viii, 24, 102
equiv. for cting. pr., 202, 235
for associated process, 109
for heavy tails plus dep., 130
for Markov processes, 109
for MMPP, 312
for renewal-reward pr., 238–456
for stationary martingale, 109
for strong dependence

and heavy tails, 130, 134
and light tails, 125
Gaussian processes, 129

general, definition, 96
pt. pr. in ran. envt., 312
to stable Lévy motion, 117
with regenerative structure, 109
with weak dependence, 108

feasible regulator
definition, 462
semilattice structure in, 464

final pos. of ran. walk, 7, 8, 38, 43
final-jump function, 447
finance, x, 49
finite dam, 273
finite-dim. distributions, 23, 387
first-passage times

continuity results, 447
limits for, 176
of Brownian motion, 172
of RBM, 176
with very hvy. tails, 316

fixed-point char. of ref. map, 464
fixed-pop.-mean approx., 339
Flatland, viii
fluid limit

for fluid queue, 146
stochastic refinements, 149

fluid queue
discrete-time, 55, 140
general model

Brownian approximation, 165
fluid limit, LLN, 146
model definition, 139
stable, hvy-tr. lmts, 153
unstable, 145
with priorities, 187, 189

with M/G/∞ input, 259
with on-off sources

simulation example, 249
FCLT, cum. busy time, 254
heavy-traffic limit, 255
many sources, 259, 280
model definition, 245
stable-Lévy approx., 264

FPM, see fixed-pop.
Fréchet cdf, Φα(x), 118
fractional Brownian motion

convergence to, 125
definition, 125
from iterated lim., 232, 322
Joseph effect, 100
limit for traffic processes, 231
reflected, 279, 322
simulating, 126

function
addition, see addition
cadlag or càdlàg, 79
completely monotone, 175
composition, see composition
continuous, 369
distribution, see distribution
domain of a, 83
final-jump, 447
indicator, IA(x), 52
inverse, see inverse
last-value, 447
Lipschitz, see Lipschitz
max.-jump, 119
measurable, 372
oscillation, 401
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overshoot, 446
piecewise-constant, 393
projection, 385
random, 23, 75
range of a, 83
reflection, see reflection
regularly varying, see regular
renewal, 230
scale-invariant, 25
set-valued, 524
supremum, see supremum
useful, 86

functional
central limit theorem, see FCLT
strong law of large numbers, see FSLLN

fundamental sequence, 371
FWLLN, funct. weak LLN, 146

Gδ set, 369, 429
Gx, thick graph, 395
game of chance, 1
Gaussian distribution, see normal

distribution
Gaussian process, 110, 120

FCLT for with str. dep., 129
limit in process CLT, 226, 281
limits for inf-svr. queue, 352
reflected, 283

geometric Brownian motion, 50
Gibbs phenom. for reflection, 486
graph

completed, 80, 381
param.rep. of, 81

extended for M ′ topologies, 444
of a set-valued fct. in E, 524
path-connected in E, 526
thick, 395
thin, 395

greed, 1
Gumbel cdf, 177

H, Hurst scaling expon., 97, 121
H-sssi, H-self sim., stat. incs., 99
Hausdorff metric

general definition, 381, 524
on graphs for D, 382, 417
on graphs in E, 525

heavy-tailed dist.
in ran.-walk steps, 35

stat. regularity with, 38
cause of jumps, 35, 38, 90
cause strong dep., 280
FCLT for ct. pr., 236, 237
FCLT with, 42, 44, 99, 109–120,

130–136
in GI/GI/1 queue, 213
in busy and idle pds., 231, 248, 264, 493
in commun. netwks., x, 65, 231
in ran.-walk steps, 196
in ren-rwd. pr., 240
in renewal pr., 201
new statistical regularity, xi
Noah effect, 99
Pareto inputs to queue, 61
sgl-svr. queue, 313
SLM FCLT, 304
stable law, 111
unmatched jumps, xi

heavy-traffic
averaging principle, 71
bottleneck phenom., 335
snapshot principle, 187
state space collapse, 72

heavy-traffic limit
engineering significance, 63
gen. fluid queue

discrete-time, 55
for stable queue, 153
RBM limit, 165
scaling as fct. of ρ, 158
scaling with size, 162
to plan simulations, 178
with failures in F , 536
with priorities, 187, 189
LLN for unstable, 146

multiserver queue
autonom. svc., 344
increasing no. servers, 357
inf. many servers, 260, 351
loss models, 360
standard model, 346

on-off fluid sources
m gen. sources, 255
Brownian limit, 262
from dep. to jumps, 257
RFBM, many sources, 280
RSLM limit, 265
struc. avail-proc. pr., 258
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queueing network
fluid model, 493
rare long interruptions, 500
std. interruptions, 504
to get approximations, 338

single-server queue
approx. q. netwks., 326
continuous-time pr., 297
directly from ref. map, 293
discrete-time processes, 295
first passage, hvy tails, 317
from q lgth. to wait, 301
heavy-tailed dists., 313
mlti-cls btch-ren. input, 310
MMPP arrival process, 312
need for M1 top., 300
split process, 305
superpos. arr. pr., 303, 320
to ref. Gaussian pr., 321

state dependence, 359
heavy-traffic scaling as fct. of ρ

identify scaling fcts., 58, 160
performance impact, 158, 162
plan simulations, 90, 178, 361
scaling exponents, 161
sing-svr. queue, 301

Helly selection theorem, 413
homeomorphism, 370, 374
H-self-sim. with stat. incs., see H
human perception in perform., 517
Hurst param., H, see scaling exp.

IA(x), indicator function, 52
I(t), excursion values, 523
identity map, e, 79
IID, indep. and ident. distrib., 17
image probability measure, 77, 372
in-probability distance, 375
independent

and identically distrib., see IID
random elements, 378
sample, 8, 10

index
of a stable law, 100, 111
of reg. var., see regular
of self-similarity, 97

indicator function, IA(x), 52
infinite variance, see heavy-tailed
infinite-server queue

heavy-traffic limit, 348
as approximation, 356
input to fl. queue, 259
peakedness, 354
transient behavior, 355

inheritance of jumps from WM2

convergence, 422
innovation process, 130, 134
instantaneous reflection, 473–482

and linear complementarity, 474
and linear programming, 474
characterization of, 476
fixed-point characterization, 479
iterations of, 478
monotonicity of, 477
two-sided, 505

insurance, x
integral, contin. of, 383
interior of a set, 368
Internet Supplement, xiii, 20, 77, 78, 85,

86, 93, 99, 106, 107, 109, 110, 116,
126, 148, 152, 189, 222, 226, 234,
235, 253, 257, 264, 268, 276, 278,
301, 313, 314, 373, 391, 427, 428,
430, 431, 434, 436, 452, 457, 460,
467, 483, 485, 510, 523, 573

invariance principle, 27, 42, 103
inverse

processes, 201
relation

for counting functions, 454
for left-continuous inverse, 442

inverse map, 87, 441–453
continuity of, 444
conv. pres. with centering, 301, 448, 451

J1 metric, 79
J2 metric, 381
J , max-jump fct., 119, 422
J+

t , max. pos. jump fct., 296
J−

t , max. neg. jump fct., 296
Jackson queueing network, 326

generalized, 329
joint conv. of ran. elts.

criteria for, 378
for sup with centering, 437

Joseph effect, see strong dep.
biblical basis, 99
FBM FCLT for cting. pr., 236
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FCLT for, 120–136
in cum. input process, 231
quantification of, 100

jumps in the limit process, x
from strong dep., 257
in plots

of ctred ran. walks, 38
of disc.-time fl. queues, 62
of unctred ran. walks, 35

unmatched, see unmatched jumps

Kendall notation, 211, 292
Kolmogorov

σ-field, 385
-Smirnov statistic, viii, 52, 226
extension theorem, 385, 388

Lp, 383
L1 topology on D, 485
lag-k correlations, 309
Laplace transform, 230

num. inv., see numerical trans.
of RSLM steady-state dist., 268
RBM bdry-reg. vars., 173
RBM first-pass. times, 176
stable law ccdf, 314

large deviations, 156
last-value function, 316, 447
law of large numbers

explaining jumps, 35
explaining linear plots, 20
for unstable queue, 146

leaky bucket regulator, 323
left limits, 392
left-continuous inverse

of a cdf, 32
of a function, 442

Lévy
distribution, a stable law, 112
metric, 374, 413
process, 102, 116

first-passage for, 447
superposition of IID, 303

LFSM, see linear fractional
Lindley recursion, 289, 539
linear

-process rep., 122, 126, 130
centering, 88
complementarity problem, 474

fcts. of coord. fcts., 411, 423
filter, 123
frac. stable motion, 100, 133
interpolation, 12
program, 474

Lipschitz
assumption for ref. maps, 509
constant, 85, 469
function, 85, 416, 439
mapping theorem, 85
property of

multidim. ref. map, 468, 470, 486, 487
general ref. maps, 510
lin. fct. of coord. fcts., 410, 423
supremum map, 436
two-sided reg., 506, 508, 511

local uniform convergence, 401
local-maximum function

for M2 top. on D, 423
in E, 528

log-fractional stable motion, 101
log-log scale, 38
loss measurements, 173
loss rate in fl. queue, 171
Lusin space, 371, 374, 383, 385

M1 metric
on D, xi, 82, 395

uses of, 398
on F , 533

M ′
1 top. on D([0, ∞), R), 444

M2 metric
on D, 382, 417
on E, 525

M ′
2 top. on D([0, ∞), R), 444

M/G/1 queue, 169
M/G/1/K queue, 273
M/Pp/1, Kendall notation, 211
Mn, successive maxima, 118
M(t), renewal function, 230
Mt1,t2 , local max fct., 423, 528
ms(x1, x2), SM2 metric on D, 417
mp(x1, x2), WM2 product metric on D,

417
m(x̃1, x̃2), Hausd. metric on E, 525
m∗(x̃1, x̃2), unif. metric on E, 525
macroscopic view of uncert., vii, 2
manufacturing systems

failures in, 516
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scaling with size, 163
marginal probability measure, 378
Markov chain

as an environment process, 31
FCLT for, 108
nearly-completely-decomposable, 70
process CLT for, 228
routing in fluid network, 460
workload in fl. queue as, 55

Markov seq. decision pr., 69
Markov-mod. Pois. pr., 312
martingale, 109, 172
math. models, simulation and the physical

world, 17
matrix

covariance, 104
norm, 465
reflection, 462
routing, 461
spectral radius of a, 472
spectrum of a, 472
substochastic, 461

maximum
-jump fct., see J
norm on R

k, 393
of n r. vars., 118

measurability
of C in (D, M1), 429
of addition on D × D, 411
of dist. betw. ran. elts., 379
of functions in D, 394
of multidim. ref. map, 471
of subsets of D, 429, 442, 444
of the inverse map, 444
of two-sided regulator, 508
problems on (D, U), 386

measurable
function, 77, 372
rectangle, 377
set, 77, 372
space, 76, 372

metric
J1, 79
J2, 381
M1, 82, 396

on F , 533
M2, 382

on E, 525
SJ1, 83

SM1, 83, 396
SM2, 417
WM2, 417
general definition, 76
Hausdorff, 381, 382, 417
Lévy, 374, 413
maximum, 377
on space of stoch. pr., 76
product, 83, 417
Prohorov, 77, 374, 375
space, see space, metric
uniform, 79, 393

mixing conditions for CLT’s, 108
MMPP, see Markov-mod.
modulus of continuity, 388, 390

over a set, 393
monotonicity

assump. genl. ref. map, 509
of fcts, M tops., 408

multidimensional reflection, 457–513
application to

fluid networks, 490–495
queueing networks, 495–505

as function of
x and Q, 473
the ref. matrix Q, 471

at discontinuity points, 480
behavior at disc. points, 481
characterization of

by complementarity, 464
by fixed-point property, 464

continuity of
as fct of x and Q, 487
in M1, 485

counterexamples for M1, 487–490
definition of, 462
discontinuity points of, 481
existence of, 463
extension from Dc to D, 480
instantaneous, see instantaneous
Lipschitz property

for D([0, ∞), Rk), 487
for uniform norm, 468
for M1, 486
for SJ1, 470

measurability of, 471
on F , 535
one-sided bounds, 467
properties of, 470
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multiplexing, 164, 245
multiplication, contin., 434
multiserver queue, 341

autonomous service, 342
asymp. equiv. std., 345
heavy-traffic limit, 344

growing number servers, 355
hvy-trfic limits, 357

inf-srver. approx., 356
infinitely many servers, 348
non-FCFS disciplines, 347

multivariate normal distribution, 104

N(m, σ2), normal variable, 8, 102
N(m, Σ), normal r. vector, 105
N ≡ {N(t) : t ≥ 0}, cting pr., 233
n(x), normal density, 102
negative dependence, 101
net, 370
net-input process, 140
network calculus, 331
Noah effect, see heavy-tailed dist.

biblical basis, 99
FCLT for, 109–120, 130–136
in on and off periods, 231
in ran. walks, 196
quantification of, 100

noncompact domains, 414
nonlinear centering, 88
nonparam. density estimator, 8
norm

Lp, 369
matrix, 465
maximum on R

k, 83, 393
weighted-supremum, 384

normal distribution, viii, 8, 101
departures from, 9
in the CLT, 21, 102
indep. samples from, 8
multivariate, 104
quantile of, 8

normal domain of attraction, 114
normalized partial sums, 96, 102
number of visits to a strip, 412
numerical transform inversion, 173, 270,

314

offered load model, 67
open

ε-neighborhood, 77
ball, 77, 368
cover, 370
queueing model, 139
rectangle, 377
set, 368

optimal fee to play a game, 15
option pricing, 51
order

-consistent distance, 396, 408
on completed graph, 81, 395
statistic, 12, 53
total, 81, 395

ordinary differential eq., ODE, 221
organization of book, xii, 89
Ornstein-Uhl. diff. pr., 260, 354
oscillation function, 401
overflow process in fl. queue, 170
overshoot function, 316, 446

P -continuity set, 373
P ≡ (Pi,j), routing matrix, 461
parallel processing, 165
parametric representation

M1

definitions, 81, 395
how to construct, 398
need not be one-to-one, 399
one-to-one, 408

M2

definition, 419
equivalence in F , 533
reflection of, 483
relating M1 and M2 tops., 382
strong in E, 526
weak in E, 526

Pareto distribution, 36
of busy and idle periods, 249

parsimonious approximations, 98
partial sum, 1, 96

centered, 4
path-connected graphs in E, 526
peakedness, 354
performance analysis, xiv
performance of queues, 516
piecewise

-constant fct., 393, 473, 526
planning qing. sim., 90, 178, 361
plot
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as a map from D to D, 25
automatic, 2, 4
efficient, 6
function, 2
of a queue-length process, 210
of centered renewal process, 202
QQ, 8
random version of a, 7
random walk, 2

plotting routine, 2
point proc. in rand. envt., 312
Poisson

excursion process in F , 538
process, 53, 259

limit for superpos. proc., 318
random measure, 532

Polish space, 371, 381, 383, 389
polling, 69
potential

-workload process, X(t), 140
buffer-content process, 461

power tail
def. for fct., 569
for packet loss, 65
in queues, 157
of stable law, 100, 113
ran-wk. fin-pos. dist., 39, 43
RSLM stdy-st. dist., 269
see heavy-tailed, 73

prediction, 283, 355
exploiting dependence for, 128

preserv. par. rep. by ref., 483
priority discipline in a queue, 187
probability

density, see density
distribution

hvy-tld., see heavy-tailed
of a random element, 23, 77
of a random path, 4
power tail, see power

measure, 372
image, 77, 372
marginal, 378
product, 378
tight, 374, 376
uniquely determined by, 388

space, 372
processing time

definition, 145

heavy-traffic limit for, 184
with priorities, 190

product
metric, 417
probability measure, 378
space, 377
topology, 83

Prohorov
metric, 77, 85, 374, 375, 493, 495
thm., rel. compactness, 387

projection map, 385
pruning data, 6

Q ≡ P t, reflection matrix, 462
Qa(t), q. lth., auton. svc., 343
Q∗ ≡ Λ−1QΛ, 472
QNA, qing. netwk. analyzer, 332
QNET algorithm, 338
QQ plot, 8
quantile, 8
queue

first example, 55
fluid, see fluid
in slowly chg. envt., 70
multiserver, see multiserver
single-server, see single-server
svc. interruptions, 217, 518
time-varying arr. rate, 220

shift in arr. rate, 222
queueing network, 457–513

closed, 339
heavy-traffic limit, 338, 535
svc. interruptions, 495

queues in series, 152

R ≡ (ψ, φ), mult. ref. map, 462
R ≡ (φ, ψ1, ψ2), two-sided reg., 505
R0 ≡ (φ0, ψ0), inst ref. map, 473
rH(s, t) ≡ Cov(ZH(s),ZH(t)), FBM

covar. fct., 125
rt1,t2 , restriction map, 414
random

element, 77, 375
function, 23, 75
measure, 532
multiplier, 50
path, 4
sum

in renewal-reward process, 238
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use of composition, 433
version of original plot, 7

random number
generator, 1, 16
seed, 3
uniform, 1

random walk, 2
applications, 49

Kolmogorov-Smirnov stat., 51
queueing model, 55, 289
stock prices, 49

centered, 3
final position of, 7
in a ran. envmnt, 31
plot, 2, 25
relative final pos. of, 8, 27
simple, 28, 103
uncentered, 4
with diff. step dist., 31

range
more general spaces, 394
of a function, 25, 83
of Brownian motion, 28
of data, 2
thick, 395
thin, 395

rate of convergence, 85
in Donsker’s FCLT, 106
in limits for fluid networks

heavy-traffic, 495
stability, 493

rate-control throttle, 323
ratio of maximum to sum, 120
rectangle

measurable, 377
open, 377

reflected
BM, 59, 165, 262, 304

covariance function, 175, 181
transition prob. dist., 174

fractional Brownian motion, 279, 322
Gaussian process

heavy-traffic limit, 321
Ornstein-Uhlenbeck pr., 361
stable Lévy motion, 62, 264, 304, 313

M/G/1/K approx. for, 273
reflection

matrix, 462
equivalence to contractive, 472

norm, 466
of a parametric rep., 483

reflection map
instantaneous, see instantaneous
multidimensional, see multidim.
one-sided, one-dim., 87, 290, 439–441

M2-cont. fails, 439, 521
conv. pres. with ctring., 441
maximal in E, 522
Lipschitz property, 439

two-sided, 57, see two-sided
regenerative structure

CLT with weak dep., 109
for boundary reg. pr., 172

regular variation
appendix on, 569
in CLT for counting pr., 234
in extreme vals., 118
in Lamperti thm., 98
in stable CLT, 114
in strong dep., 121

regularity, 3
statistical, 1, 4

rel. final pos. of r. walk, 8, 27
relatively compact, 387
relaxation time, 159
renewal

function, 230
process, 201

covariance fct. of, 229
process CLT for, 229

renewal-reward process
definition of, 238
FCLT for

finite variances, 239
heavy-tailed ren. pr., 240
heavy-tailed summands, 240
both heavy-tailed, 241

rescaling of mult. ref. map, 470
restriction of fct., 83, 383, 414
risk management, x
routing process, 496

S, S-Plus, 2, 8
S, excursion times, 523
Sn, partial sum, 2
Sα(σ, β, µ), stable law, 111
SJ1 metric, 83
SM1
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converg. charact. of
main theorem, 404
by linear maps, 411
visits to strips, 412
with domain [0, ∞), 415

metric, 83, 396
SM2

converg. charact. of
main theorem, 420
by extrema, 423
by linear maps, 423

metric, 417
param. rep., 419
topology, 416

sample
independent, 8, 10
mean, 180
paths, no negative jumps, 268

scale-invariance property, 446
scale-invariant function, 25
scaling

exponent, 97, 121, 232, 280
heirarch., priorities, 189
in queue, see heavy-traffic
relations for stable law, 112
with system size, 162

scaling of time and space
canonical RBM, 174
as fct. of ρ in queue, see heavy-traffic,

scaling
automatic by plotter, 2, 6
for fluid limits, 146
in a cont.-time rep., 19
in a covariance function, 181

scheduling service, 69
SCV, see squared coef.
second countable space, 371, 372
seed, random number, 3
segment

product, 394
standard, 394

self-similarity, x
in ntwk. traffic, 65, 98
in ran.-walk plots, 6, 38
of a stochastic process, 97
of Brownian motion, 24, 102
of stable Lévy motion, 117

semilattice, of ref. map, 464
separable

space, 76, 371–381
stochastic process, 528

separation of time scales, 70, 322
sequence

convergence of
in a metric space, 76
in a top. space, 370

definition, 76
double of r. vars., 110
fundamental, 371

server-avail. indicator pr., 496
service discipline

fair queueing, 67
gen. processor sharing, 67

service interruptions, 217, 495
set

Gδ, 369, 429
P -continuity, 373
X-continuity, 375
boundary of a, 368
closed, 368
closure of, 368
compact, 370
diameter of, 524
empty, 368
feasible regulator, 462
interior of a, 368
measurable, 77, 372
of discontinuity points, 86, 393
of excursion values in E, 523
of param. reps., see param.
open, 368
relatively compact, 387

set-valued function in E, x̃, 524
σ-field

ball, 386
Borel, see Borel
general definition, 372
Kolmogorov, 385
product, 377

simple random walk, 28, 103
simulation

and the physical world, 17
of disc.-time fl. queue

with expon. inputs, 59
with Pareto inputs, 61

of empirical cdf’s, 11
of FBM, 126
of game of chance, 1, 13
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of hvy-tailed ren. pr., 203
of LFSM, 134
planning a queueing, 178, 361

bias of an estimate, 182
initial portion to delete, 182
required run length, 181

with heavy tails and dependence, 132
simulation of queues

hvy-tld. arr., svc. times, 205
shift in arrival rate, 222
svc. interruptions, 218
fl. queue, on-off sources, 248
hvy-tr. bottleneck phen., 335

simulation of random walks
BM range dist., 29
centered, 34
compare ct.-time reps., 18, 196
uncentered, 2, 3, 34

single-server queue, 206, 287
Brownian approximation, 306
heavy-traffic limits, 292
model definition, 289
split process, 305
superposition arr. proc., 301
with hvy-tld. distribs., 313

size-increase factor, 163
Skorohod rep. thm., 78, 85
SLLN, strong law large nos., 20
slowly varying fct., see regular
snapshot principle, ix, 187
space

Lp, 369
Banach, 84, 373
function, 78
measurable, 76, 372
metric, 76

complete, 371, 380
of all probability measures, 77
probability, 77, 372

underlying, 77
range, 394
separable, see separable
topological, 368

compact, 370
Lusin, see Lusin
metrizable, 368, 371
Polish, see Polish
product, 370, 377
second countable, 371, 372

separable, see separable
topologically complete, 413

vector, 84
topological, 84

spectral radius of a matrix, 472
spectrum of a matrix, 472
split process, 305

approximations for, 333
squared coeff. of var., 307, 326
stable

FCLT, 117
index, 100, 111
Lévy motion, 41, 116

limit for ren-rew. pr., 240
process, 100, 110
subordinator, 117

stable law, 40, 111
central limit theorem, 114
characteristic fct. of, 111
domain of attraction, 114
in stable process, 100
index α, 100, 111
normal dom. of attract., 114
scale param. σ, 111
scaling relations for, 112
shift param. µ, 111
skewness param. β, 111
totally skewed, 111, 268

standard
Brownian motion, 22, 102
normal r. var., 21, 101
single-server queue, 206

state-dependence in queues, 360
state-space collapse, 72
stationary

-int. approx. pt. pr., 330
increments, 99
process

FCLT with weak dep., 108
stationary versions, 467
statistical

package, 2
regularity

for queues, 63
goal to see, vii
seen by playing a game, 1
seen through plots, 4
using prob. to explain, 16
with jumps, 38, 43
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test, 11, 51
steady-state distribution

of RSLM, 268
of RBM, 167
of refl. Gaussian pr., 283
of RFBM, 283
of the workload, 142, 264

refined hvy-traf. approx., 169
Brownian approx., 167
for M/G/1, 169

stochastic fluid network
applic. of ref. map, 490, 495
heavy-traffic limit for, 493
queue-length process

definition of, 497
ref. map rep., 498

stability of, 492
to motivate ref. map, 460

stochastic integral
convergence of seq. of, 126
rep. of FBM, 125
rep. of LSFM, 133

stochastic-process limit
compactness approach , 386
cont-map. approach, 84
definition, 20, 24, 75
for limit process, 277
for plotted random walks, 25
in E, 531
in F , 537
overview, 95–136, 225–242
second, 272
topic of book, vii
with jumps, 43

stock prices, 49, 515
Strassen

representation theorem, 375
strengthening mode conv., 409
strictly stable, 111
strong

limit, w.p.1, 375
parametric rep. in E, 526

strong dependence
FBM FCLT for ct. pr., 236
FCLT for, 90, 120–136
frac. Br. motion, 100
hvy-tld. on-off pds., 231, 280
in comm. ntwks., x, 231, 243
in commun. ntwks., 279

in fl. queue input, 493
Joseph effect, 100
negative, 101
positive, 100, 101, 120
quantification of, 100
RFBM limit

in fl. queue, 279
in sg-svr. queue, 322

stronger topology, 371
strongly connected elt. of E, 526
subbasis for a topology, 370
subordinator, 117
substochastic matrix, 461
superposition arrival process

approximations for, 331
CLT for processes, 226
fixed number, 255, 301
growing number, 259, 318
in fluid queue, 245
Poisson limit for, 259, 318

supremum map, 87, 435–438
conv. pres., centering, 436
criterion for joint conv., 437
ctring in other direction, 438
Lipschitz properties, 436
used in limits of plots, 25

switching u and r in par. rep. of inverse
fct., 444

Ta,b, first-passage time, 172, 176
T (u) ≡ u+ + Qu− : R

k → R
k, 476

tail-prob. asymptotics, 156
TCP, see Transmission Control Protocol
theorem

Arzelà-Ascoli, 388, 390
Banach-Picard fixed-point, 467
bounded convergence, 383
central limit, 20, 102

k-dim., 105
continuous-mapping, 84, 86, 87
convergence-together, 54, 379
Donsker, 24, 102

k-dim., 105
functional central limit, see FCLT
Helly selection, 413
joint-convergence

for indep. ran. elts., 378
one limit is determ., 379

Kolmogorov extension, 385, 388



Subject Index 601

Lamperti self-similarity, 98
Lipschitz-mapping, 85
Portmanteau, 373
Prohorov, rel. comp., 387
Skorohod representation, 78, 85
Strassen representation, 375
Tychonoff, 370
Urysohn embedding, 371

thick
graph, 395
range, 395

thin
graph, 395
range, 395

tightness
characterizations for D, 425
moment criterion for, 389
of a set of prob. measures, 387
of one prob. meas., 374, 376
on product spaces, 390

time scales
for a gambling house, 12
for polling models, 70
for queueing performance, 516
in communication networks, 323, 325
in on-off source models, 244
in priority queues, 191
intermediate, 70, 518
need for time-dep. analysis, 159
of fluctuations, 6, 244
of traffic shaping, 325
separation of, ix, 70, 191, 322, 325
slowly chging. envt., 70
snapshot principle, 187
three important, 516
variability at different, 319

time-varying arrival rates, 220
topological

equivalence, 370
space, see space, topological
vector space, 84

topologically complete, 371, 374, 380, 389,
413

topology, 76, 368
Lp space, 383
M , J , S, W , see M, . . .
basis for a, 369, 377
Euclidean, 369
nonuniform, 385

of a commun. net., 368
of weak convergence, 372, 374
product, 83, 370, 377
relative, 370, 374
strong, standard, 83
stronger, finer, 83, 371, 383
subbasis for a, 369, 370
uniform, 385
weak, 83

totally bounded, 371
traffic intensity, 56, 153
traffic shaping, 325
translation scaling vector, 96
Transmission Control Protocol, 67
triangle inequality, 76
two-sided ref. map, 57, 143, 505

U , uniform ran. var., 1, 31
u(x1, x2, t, δ), unif. dist. fct., 401
uncentered random walk, 4
uniform

distance functions, 401
distribution, 1
metric, 79, 393

on E, 525
mixing conditions, 108
order statistic, 12, 53
random number, 1
random variable, 1

unit square, 2
units on the axes, 2, 4, 5
unmatched jumps, xi

for queue-length process, 205
examples, 193–224
hvy-tld. renewal pr., 203
need for diff. top., xi, 80, 381

upper semicontinuity
of max. abs. jump fct., 422
preservation by infimum, 463

useful functions, 86, 427–456

Var, variance, 21
v(x; A), modulus of cont., 393
v(x1, x2, t, δ), unif. dist. fct., 401
va,b

t1,t2
(x), visits to strip [a, b], 412

variability function, 327
volatility of stocks, 51

WJ1 topology, 83
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WM1

conv. characteriz. of, 408
topology, 83, 396

WM2

convergence
characterizations of, 421
inherit jumps from, 422
pres. within bnding fcts., 423

param. rep., 419
topology, 416

ws(x, t, δ), SM1 oscil. fct., 402
wI ≡ wI(m, β, c2

a, c2
s, z), 362

ww(x, t, δ), WM1 oscil. fct., 402
w̄s(x1, x2, t, δ), SM2 osc. fct., 402
w̄w(x1, x2, t, δ), WM2 osc. fct., 402
w̄s(x, δ), SM2 osc. fct., 404
ww(x, δ), osc. fct., 408
w′(x, δ), oscil. fcts. for compactness, 424
waiting time, with priorities, 190

weak
convergence, 77, 373
dependence, 107
parametric rep. in E, 526

weakly connected elt. of E, 526
Weibull tail, 66, 285
weighted-supremum norm, 384
work-conserving service policy, 69, 188
workload

factor, 362
process in a queue, 55, 140

X-continuity set, 375
x̃, set-val. fct. in E, 524
x̂, elt. of F , 533

ZH ≡ {ZH(t) : t ≥ 0}, FBM, 125
ZH,α, LFSM, 133
zQ, asymp. peakedness, 354




