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Preface

Twenty years ago, the first Statistical Challenges in Modern Astronomy (SCMA)
conference was held at Penn State University. Serving as a gathering of two
scholarly communities with common interests, SCMA meetings have been held
every 5 years for cross-disciplinary discussions of methodological issues arising
in astronomical research. These are the proceedings of the fifth SCMA conference
held in June 2011. While some of the topics are the similar as those in the 1991
meeting, the level of sophistication and accomplishment has enormously increased.
Astronomers and statisticians worldwide have developed collaborations to address
some of the most challenging and important problems facing astronomy today.
These involve data mining enormous datasets from widefield surveys obtained
with major new telescope systems, fitting of cosmological and other astrophysical
models to complex datasets, and studying the temporal behaviors of innumerable
variable objects in the sky. Bayesian inference has gained considerable momentum
in astrophysical model fitting. These advanced methods are gaining attention outside
of the world of expert astrostatisticians, as the broad astronomical community
realize that twenty-first century science goals can not be achieved with nineteenth
and twentieth century statistical methods. At SCMA V, both young and experienced
astrostatisticians presented work and engaged in discussions on how these problems
can be best addressed.

The proceedings are divided into six sections; most invited talks are followed
by invited commentaries by scholars in the other field. The volume begins with
five talks on Statistics in Cosmology demonstrating significant recent accom-
plishments in this most-important field of astronomy and astrophysics. Modern
accomplishments of modern quantitative cosmology rely heavily on sophisticated
statistical analysis of large datasets. Topics reviewed include likelihood-free es-
timation of quasar luminosity functions (Schaefer and Freeman), estimation of
galaxy photometric redshifts and quantification of voids in galaxy Large-Scale
Structure (Wandelt), inference based on comparing data to cosmological simulations
(Higdon), likelihood estimation of gravitational lensing of the cosmic microwave
background (CMB) radiation (Anderes), and application of needlets to cosmic
microwave background studies (Marinucci).
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The second section provides a sampling of the growing applications of Bayesian
Analysis Across Astronomy. Here we have both invited reviews by senior re-
searchers, and a sampling of the many works by younger researchers. The reviews
discuss Bayesian models constructed to model galaxy star formation histories
(Weinberg), model selection within the consensus ACDM cosmological model
family (Trotta), and measurement errors in astronomical regression and density
estimation problems (Kelly). The shorter talks treat asteroseismology (Benomar),
event detection in time series (Blocker and Protopapas), reverberation mapping in
active galactic nuclei (Brewer), modeling of Poisson images (Guglielmetti et al.),
treatment of instrument calibration errors (Kashyap et al.), modeling of Type Ia
supernova data (Mandel), and faint source flux estimation (Switzer et al.). Advanced
methods for hierarchical modeling and Monte Carlo Markov Chain computational
techniques are discussed in many of these talks and associated commentaries.

The third section of the proceedings address the use of modern techniques
techniques of Data Mining and Astroinformatics for the analysis of massive datasets
emerging from many new observatories. Compressive sensing, an extension of
wavelet analysis, is very promising for many problems (Starck). Diffusion maps
can treat non-linear structures in high-dimensional datasets (Lee and Freeman).
Nearest neighbor techniques are used for outlier detection in megadatasets (Borne
and Vedachalam). Bayesian approaches can help cross-identification of sources
between astronomical catalogs (Budavari). Likelihood-based data compression can
assist parameter estimation in large datasets (Jimenez).

The fourth section considers challenges arising in astronomical Image and Time
Series Analysis. Techniques of mathematical morphology are applied to classifying
sunspots (Stenning et al.). Realistic images are simulated using knowledge of
celestial populations and telescope characteristics (Connolly et al.). Structure
recognition algorithms are discussed for three-dimensional astronomical datacubes
(Rosolowsky). The problem of locating faint transient sources in multiepoch image
datasets is addressed by controlling the False Discovery Rate (Clements et al.).
Wavelets are a valuable tool for modeling irregularly spaced time series (Mondal
and Percival).

The fifth section provides perspectives on The Future of Astrostatistics. The field
is gaining a presence in international organizations (Hilbe). The public domain R
statistical computing environment is a very promising new software environment to
implement existing and develop new statistical analyses for astronomical research
(Tierney). A Panel Discussion discusses various aspects of astrostatistical practice
and research for the coming decade (van Dyk, Feigelson, Loredo, Scargle). The final
section of the proceedings gives brief presentations of the contributed posters. Many
fascinating problems and sophisticated statistical methods are described.

The work of many individuals and organizations contributed to the success of the
SCMA V conference. The invited speakers and cross-disciplinary commentators
were the central pillar of the conference, and we are grateful for their presenta-
tions and manuscripts. Staff in the Departments of Statistics and Astronomy and
Astrophysics provided administrative support. Funding support for the conference
was provided by the two departments, Penn State’s Eberly College of Science,
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and the National Science Foundation through grant AST-1113001. Finally, we are
appreciative of our families’ support during the many phases of this conference
organization.

Pennsylvania State University, PA, USA Eric D. Feigelson
Pennsylvania State University, PA, USA G. Jogesh Babu
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Part I
Statistics in Cosmology



Chapter 1

Likelihood-Free Inference in Cosmology:
Potential for the Estimation of Luminosity
Functions

Chad M. Schafer and Peter E. Freeman

Abstract Statistical inference of cosmological quantities of interest is complicated
by significant observational limitations, including heteroscedastic measurement
error and irregular selection effects. These observational difficulties exacerbate
challenges posed by the often-complex relationship between estimands and the
distribution of observables; indeed, in some situations it is only possible to simulate
realizations of observations under various assumed cosmological theories. When
faced with these challenges, one is naturally led to consider utilizing repeated
simulations of the full data generation process, and then comparing observed
and simulated data sets to constrain the parameters. In such a scenario, one
would not have a likelihood function relating the parameters to the observable
data. This paper will present an overview of methods that allow a likelihood-free
approach to inference, with emphasis on approximate Bayesian computation, a
class of procedures originally motivated by similar inference problems in population
genetics.

1.1 Introduction

The ever-increasing efforts to build catalogs of astronomical objects, and to measure
key properties of these objects, is, in large part, motivated by the goal of inferring
unknown constants that characterize the Universe. This paper seeks to present an
example of such a problem, and to describe some of the features of the data and
their collection that complicates what is otherwise a standard statistical inference
problem. To an outsider of this field, it can be surprising the extent to which
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Table 1.1 Examples of key cosmological parameters

Parameter ~ Description In Fig. 1.1%
Q, Ratio of total matter density to that needed for a flat Universe 0.266

Q\ Similar to £2,,, but for dark energy density 0.734

Hy Hubble constant: the current expansion rate of the Universe 71.0 km/s/Mpc

4 Estimates based on WMAP7 [2]
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Fig. 1.1 Power spectrum, a function of cosmological parameters, of fluctuations in the tempera-
ture of photons that comprise the cosmic microwave background (CMB). The parameter values are
fixed to those shown in Table 1.1

many questions regarding the nature of Universe have been boiled down to the
estimation of a relatively small number of cosmological parameters. Table 1.1 gives
some examples of these physical constants. Carefully-derived cosmological theory
posits relationships between these parameters and the distribution of observables. In
(relatively) simple situations, the distribution of the data is of a “standard” form, and
the likelihood function can be derived. This allows for utilization of well-established
methods of inference, including finding maximum likelihood estimates or exploring
the posterior distribution of these parameters given the observed data.

One of the most important inference problems that fits into this framework is the
estimation of cosmological parameters using fluctuations in the temperature of pho-
tons that comprise the cosmic microwave background (CMB). These photons are
remnants of the time, only 300,000 years after the Big Bang, when the temperature
of the Universe had cooled sufficiently for light to travel freely. The slight variation
in the temperature of these photons encodes important information regarding the
nature of the early Universe; the amount of correlation on different angular scales
has been characterized as a function of cosmological parameters. Figure 1.1 shows
the power spectrum that describes the Gaussian process on the sphere used to model
the process; this power spectrum corresponds to the parameter values shown in
Table 1.1. A succession of experiments has observed this background radiation to
greater precision, and hence has achieved stronger constraints on the unknowns. The
estimates in Table 1.1 are based on the recent WMAP 7 data release [2].
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The relationship between the cosmological parameters and the power spectrum
of the CMB fluctuations is complex: It is highly nonlinear, and there are strong
degeneracies between some the parameters. The complexity of this relationship
presents its own challenges. Bayesian methods dominate in cosmology, and MCMC
is feasible in this situation; one only needs to make small steps in the cosmological
parameter space, and the parameter vectors are mapped into the corresponding
power spectrum, which in turn defines the likelihood function for the data. Schafer
and Stark [3] presents a Monte Carlo method for constructing confidence regions
of optimal expected size that is specifically motivated by this type of situation.
Yet, both of these methods rely upon knowledge of the likelihood function of the
data. Increasingly, we are faced with situations in which this is not a reasonable
assumption. This may be because the distribution of the data is inherently complex,
or it may be because of data corrupted by irregular truncation effects and/or
heteroscedastic measurement error with complex dependence structure.

This paper describes likelihood-free approaches to inference, in particular,
approximate Bayesian computation (ABC). The term “likelihood-free” is not
intended to imply that a likelihood function does not exist in these applications;
instead, it is the case that the likelihood function is too complex to admit a form that
can be evaluated reliably for different values of the parameters of interest. These
procedures will instead be built upon repeated simulation of the data-generating
process (allowing for the incorporation of any complex computer models, data
contamination, or selection effects) and then comparing simulated with observed
data. Implementation of these approaches presents their own set of challenges.
The difficulty of deriving an appropriate likelihood function is replaced with that
of finding an approximate sufficient statistic for the parameter of interest. There
are also computational challenges to implementing these procedures, but these can
be mitigated via the design of efficient algorithms. This paper will present a brief
introduction to some techniques and directions for addressing these challenges.

Another objective of this paper is to allow a reader familiar with statistical
inference, but not with astronomy, the chance to learn some background on
a relatively simple cosmological inference problem that possesses some of the
aforementioned challenges. In the next section we will present two examples, with
background information. The first is a stylized example of estimating cosmological
parameters using observations of Type Ia supernovae. This example serves largely to
introduce important concepts and methods. The second is the problem of estimating
a bivariate luminosity function, the distribution of astronomical objects of interest
as a function of their distance and the amount of light they emit. We will utilize the
quasar catalog of [4] to motivate a promising approach to estimating the bivariate
luminosity function which relies upon forward simulation of the full data generation
process.
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1.2 Examples and Astronomical Background

In this section we will present two examples of statistical inference using
astronomical data. The first is relatively simple and will serve only to demonstrate
basic likelihood-free techniques. The second application possesses the type of
complications that motivate the consideration of these approaches. Both of these
build upon the same astronomical background, including the following key
quantities described below.

Key Quantities in the Examples

1. Redshift (often denoted z)—Because the Universe is expanding, light
emitted by an astronomical object is shifted to longer wavelengths prior
to reaching the observer: the ratio of the wavelength at which the light is
observed to the wavelength when emitted equals 1+ z. Since the magnitude
of this shift increases as a function of the time since the light was emitted,
redshift is often taken as a (nonlinear) proxy for time (or distance). For the
current epoch, z = 0; for quasars, z < 7; and for the CMB, the most distant
structure yet observed in the Universe, z ~ 1089.

2. Apparent magnitude (m)—The brightness of the object as measured by
the observer. Magnitudes are measured on a logarithmic scale such that
decreasing the magnitude by five corresponds to changing the brightness
by a factor of 100. The root of the magnitude system was the classification
of stars by the Greek astronomer Hipparchus, who used one for the
brightest stars and six for the faintest.

3. Absolute magnitude (M)—The apparent magnitude of that an object
would have if it were located 10 pc (or about 32 light-years) from Earth.
The relationship between m and M in a flat Universe can be written as

(14+z) [? —0.5

where c¢ is the speed of light, and Hy, €,, and Q, are among the
cosmological parameters shown in Table 1.1.

Equation 1.1 establishes a relationship between a measurable property of astro-
nomical objects (the apparent magnitude), and a scientifically useful quantity (the
absolute magnitude). Note how this transformation depends not only on the redshift
of the object, but on the values of unknown physical constants. In the examples that
follow, this expression will be utilized in different ways. In the first case, Type Ia
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Fig. 1.2 Plot of distance modulus vs. redshift for a sample of 182 SNe Ia [5]. The curve is the
predicted relationship when Hyp = 72.76 km/s/Mpc and €2, = 0.341, the MLE under a simple
model

supernovae, for which both M and m are known, are used in order to constrain the
cosmological parameters. In the second example, values for these parameters are
assumed in order transform m into M for a sample of quasars.

1.2.1 Demonstration Example: Estimation with Type
Ia Supernovae

A white dwarf star that accumulates matter from a companion star will not remain
stable once its mass exceeds the Chandrasekhar limit of approximately 1.38 times
the mass of the sun. The resulting thermonuclear explosion is called a Type la
supernova (SN Ia). The uniformity in mass of these stars at the time of their
demise implies uniformity in their absolute magnitudes (M) and hence SNe Ia
are approximate standard candles, in that variation in their apparent magnitude
(m) (measured from Earth) is attributable primarily to variation in the differences
in their distance from us. Thus, the distance modulus (denoted ), defined to be
the difference between the apparent and absolute magnitudes, is a proxy for the
space-time distance to the SN Ia. Redshift (z) can also be considered a proxy for
space-time distance and estimates of the redshifts are also available for each of the
SNe Ia. Equation 1.1 establishes a direct relationship between distance modulus and
redshift as a function of cosmological parameters Hy, €2, and €24, and hence these
observations can be used to constrain these parameters.

Figure 1.2 shows measurements of these quantities for each of 182 SNe Ia [5].
The error bars depicted for each distance modulus reflect the uncertainty in the mag-
nitude measurements. These uncertainties are typically taken to be “known,” derived
from properties of the observing conditions and the scientific instrument in use.
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For the purposes of this example, we will assume that the errors are normally
distributed with mean zero, and are independent. We will also assume that €2, +
Q4 = 1. The result is a simple, two-parameter model, one for which it is not difficult
to write out the full likelihood function.

The Statistical Model

Assume observe realizations of pairs (z;,Y;) fori = 1,2,... n such that

I+z) (4 -0.5
YF(C—HO’)/O (@n(1+u)’ + (1= Q)" du+oie;

where the & are independent, identically distributed standard normal random
variables, and the o; are known.

In what follows we will use these data and this model to make comparisons
between the between standard and likelihood-free methods for estimating Hy and
€,,. The solid line in Fig. 1.2 is the case where Hy = 72.76 km/s/Mpc and €2, =
0.341, the maximum likelihood estimate under this model. There are various ways
in which these assumptions could be relaxed, and hence make the results of more
scientific interest. As this is done, however, it will be increasingly difficult to derive
the likelihood function, and one would start to see the appeal of taking a likelihood-
free approach.

1.2.2 Motivating Example: Luminosity Function Estimation

Broadly stated, the luminosity function of a particular class of astronomical objects
is the distribution of the absolute magnitudes of those objects. For example, one can
seek to estimate the luminosity function of all galaxies, the luminosity function of
galaxies that are of a particular type, the luminosity function of galaxies at redshift
7 =2.0, and so forth. To a statistician, this is a familiar density estimation problem.
From a cosmological perspective, it is of interest to study how the luminosity
function evolves with redshift, setting up a bivariate density estimation problem
in the (z,M) plane. The underlying goal is to compare predicted evolution under
proposed theories with the observed evolution. Hence, we can view the luminosity
function as an important cosmological unknown, and an accurate estimate of the
luminosity function are of fundamental scientific interest. There are complications
in this estimation, namely the presence of heteroscedastic measurement error in the
key observables, and physical limitations on the objects we are able to view.
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Fig. 1.3 Redshift and absolute magnitude measurements for a subset of the quasars in [4]

Here we will consider the specific problem of estimating the luminosity function
of quasars. Quasars are ultra-luminous galactic nuclei powered by the infall of
matter into supermassive black holes. Because of their compactness, they appear
like stars, or “quasi-stellar,” hence the name. The rate of matter infall into supermas-
sive black holes, which dictates when a quasar is “on” or “off,” is directly tied to
the physics of galaxy formation and evolution. Thus the quasar luminosity function
provides a means by which to constrain theoretical models of these processes. We
will utilize a subset of 5,000 quasars taken from the catalog of [4]. The full catalog
consists of over 130,000 quasars; for the purpose of demonstrating our methods,
we will focus on the reduced sample. For the problem at hand, there are two key
measured quantities for each quasar: the redshift and the apparent magnitude. One
then calculates the absolute magnitude via (1.1).

Figure 1.3 shows the (z, M) pairs for each of the quasars in our sample. Outside
of the dashed region, quasars in the sample are truncated because of the difficulty
of observing quasars that are too dim. The curve in the truncation region arises
because the limit is in terms of apparent magnitude; the depicted bound corresponds
to truncating quasars with m > 18.4. As mentioned above, it is of interest to estimate
the bivariate luminosity function (the bivariate density in (z,M) space).
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1.2.2.1 Estimators for the Bivariate Luminosity Function

The irregular truncation boundary shown as the dashed line in Fig. 1.3 presents
challenges to the fitting of a bivariate density to this sample, even without the
presence of measurement error in the observations. If a well-motivated parametric
form for the density exists, then maximum likelihood estimation would be a natural
choice. But, lacking such a form, the focus has been on nonparametric estimators.
Lynden-Bell [6] introduced in the astronomy literature the nonparametric maximum
likelihood (NPMLE) estimator for the case of one-sided truncation of absolute
magnitude and [7] derived some of the asymptotic properties of this estimator. Efron
and Petrosian [8] extended the NPMLE to the case of double truncation of absolute
magnitude. Each of these papers assumes that absolute magnitude and redshift are
statistically independent (and, hence, that the luminosity function does not evolve
with redshift.) The density estimate (or distribution function estimate) which results
from a NPMLE procedure places all of the probability on observed data values, but
even smoothing this estimate may not be sufficient to remove artifacts: An estimate
can suffer from what [9] referred to as “large jumps,” where lone data points can
greatly influence the estimator. Efron and Petrosian [8] also developed a permutation
test for independence of the two variables. Independence of absolute magnitude and
redshift is a strong assumption, and not justified in most applications. In practice,
one of these methods is applied to a narrow bin of observations in redshift.

In [10], a method is presented for fitting bivariate luminosity functions of the
semiparametric form

log(¢(z,M)) =£(z) +g(M)+ tzM. (1.2)

Thus, the log density is additive in functions, estimated nonparametrically, of only
z and M, plus a term that accounts for the evolution of the luminosity function
with redshift. This first-order approximation to the true form for the evolution does
appear to fit to observed data well; Schafer [10] makes comparisons between the
results from the fitting procedure and those built on “binning,” and there is good
agreement; see Fig. 1.4. This form for the bivariate luminosity function will be a
key ingredient to our likelihood-free approach.

1.2.2.2 A Further Complication: Redshift Estimation

Our reduced sample from [4] consists of 5,000 quasars which each have two
estimates of the redshift. The first is the high-quality spectroscopic estimate of
the redshift, constructed from the full emission spectrum of the quasar. Figure 1.5
shows such a spectrum; by matching this spectrum with a template spectrum of a
quasar, one is able estimate to good accuracy the redshift of the observed quasar.
Unfortunately, such spectroscopic data is difficult to obtain, and many experiments
only provide photometric magnitudes accumulated over wide ranges of wavelength.
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Fig. 1.4 A comparison of the evolution of the quasar luminosity function as estimated by Schafer
[10] and that obtained by unbiased estimators built on binning

The left plot of Fig. 1.5 depicts the situation. Instead of observing the full spectrum,
one can only observe the spectrum integrated against each of the five bands (Z, Y,
J, H, and K). Then, estimation of redshift becomes a regression problem. There is a
training set, consisting of quasars for which there are both spectra and photometric
observations; these are used to fit a model relating the two. This model is applied to
the quasars for which there are only photometric observations in order to predict
their redshift. The relationship is highly nonlinear, and extensive work on this
problem only has served to demonstrate the difficulty of the challenge. See the right
plot of Fig. 1.5 for the results of performing such an analysis on the data of [4].

1.2.2.3 From True Bivariate Luminosity Function to Observable Data

Consider the aggregate effects of the use of photometric data:

. Redshift (z) has measurement error

. The distribution of this error depends on true redshift

. Conversion from apparent to absolute magnitude (M) has error
. There will be strong dependence between errors in z and M

. The truncation will be performed on error-filled data

O N O B S R

It would be difficult to construct an adequate likelihood function that takes into
account the above features of the model for the observable data. When faced with
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Fig. 1.5 Left: The spectrum of a quasar, with the filters of photometric bands superimposed. Right:
Plot of spectroscopic redshift versus photometric redshift for 5,000 quasars in [4]

such a challenging situation, one is naturally led to consider the forward process
that generated these data. If one is able to adequately simulate the individual steps,
it would be possible to generate data sets under conditions similar to those that led
to the observed data, varying only the parameters to be estimated. These simulations
could then be compared to the observed data. This is the fundamental idea behind
likelihood-free inference.
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1.3 Likelihood-Free Inference

Standard techniques for statistical inference are built upon knowledge of (a good
approximation to) the likelihood function for the data as a function of the parameters
of interest. This relationship between parameters and distribution for the data,
denoted fy(x), can be complex, but as long as one can evaluate this expression for
different values of 0 and x, proper implementations of well-established algorithms,
such as MCMC, will lead to accurate constraints on the unknowns. A likelihood-
Jree approach to inference is necessary when fy(x) is not available; as stated above,
in this paper we concern ourselves with the case where the effect of contamination
of the observations by measurement error makes (even approximate) derivation of
the likelihood function impossible.

Frequentist likelihood-free approaches to inference are built upon the following,
simple approximation: To estimate fg(x), the likelihood evaluated at data x when
0 is the truth, sample B data values x,x3,...,xp under the model implied by 6.
Then use

B
fox) =K Y a(cn)<e (1.3)
i=1

for some € > 0, constant K and choice of distance metric A. In other words, the
proportion of simulated data values that are “close” to x (as measured by the metric
A) is proportional to the likelihood function evaluated at the pair (x,0). Diggle
and Gratton (1984), for example, approximate the likelihood surface by applying
nonparametric density estimators to likelihoods approximated in this way, and then
proceed to find the maximum likelihood estimator. The primary challenge in such
an approach is the difficulty encountered when 6 is of high dimension.

Bayesian approaches are appealing because, just as with MCMC, one can
generate a sample from the high-dimensional posterior and still estimate most
integrals over the posterior, including marginal distributions for parameters, via
Monte Carlo approximations. Approximate Bayesian computation (ABC) refers to
a class of methods used to approximate the posterior distribution in cases where
a functional form for the likelihood is not available. The development of these
methods was motivated by estimation problems in population genetics, but recent
work is expanding the areas of application. In this section we describe a simple
algorithm utilized in this growing field of research.

The basic ABC algorithm is the ABC Rejection Algorithm outlined below.

The ABC Rejection Algorithm

First, define a distance metric A and a tolerance €. Then, repeat the following
until sample of size N is generated:

1. Choose 6* from prior 7(6).
2. Generate xg,, ~ fo*.
(continued)
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Fig. 1.6 Left: An application of the ABC Rejection method to the SNe example. Gray points
correspond to rejected proposals, while black points are accepted. Right: Same situation, except
using the ABC SMC method

(continued)
3. If A (X, %) > €, then return to step 1; otherwise, accept this 6* into the
posterior sample.

This algorithm works because the pair (6%, x,,,) that results from steps one and two
are a draw from the distribution with density fy(x)7(6) and, if this 6* is accepted
in step three, the probability of 6* being in set A is

/A/M)f o (x)7(0)dxd6 ~ K '/A'fe (x)7(6) d6 = /A 7(8 | x,) d6

where N (x,,, €) is the collection of all x values that are within € of x,,, and K is a
constant that does not depend on 6 or x,,,. Hence, the accepted 0* is approximately
distributed as a draw from the posterior 7(6 | x,,). The left plot of Fig. 1.6 depicts
the result of application of this method to the two parameter estimation problem
using Type Ia SNe described above. One notes that in this case 5,633 proposed 6*
were rejected in order to generate a collection of 100 accepted parameter values,
and yet the tolerance € is still not sufficiently small for the posterior estimated from
the draws (gray contours) to be a good approximation to the true posterior (black
contours).

Thus, although conceptually and (typically) computationally simple, the ABC
rejection algorithm can be incredibly inefficient, rejecting a high proportion of the
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proposed 0%, especially if the parameter space is of high dimension. Sequential
Monte Carlo (SMC) [11] methods were developed to address such challenges. These
approaches migrate a family of N particles through a sequence of steps; at each step
the target distribution for the particles is a little closer to the primary objective:
the posterior. This allows one to start with a generous amount of tolerance, and
hence not reject such a large proportion of the proposals, and then subsequently
tighten the standards to the point where the distribution of the particles is similar to
a sample from the posterior. In [12], a version of SMC was developed that operated
in the absence of a likelihood function, again motivated by complex genetics models
that did not yield a tractable form for the likelihood. This is described below.

The ABC SMC Algorithm [12]

First, define a distance metric A and a sequence & > € > --- > €r.
At main iteration t = 0, for each of i=1,2,...,N:

1. Choose 6;" from prior 7(0).
2. Generate xg,, ~ fgi*.

3. If A(Xm, %) > €0, then return to step 1; otherwise, accept this Gl-(t).
4. Setw; = 1/N.

At main iterationt = 1,2,....T, for eachofi=1,2,... ,N:

. Choose 6; from among the GJQ_]) with probabilities wy_l)

. Generate 9,-(’) by perturbing 6; using kernel K(6;",-)
. Generate x., ~ f, )

. If A(Xgm, Xons) > &, then return to step 1; otherwise, accept this 9,-(’)

. Calculate the new weight as

0 _ ”(ei(t)>

wy’ =

i z]]y:lwy—l)K(ej’ei(t))

[ W N =

Q)

Note that, when using the algorithm, the 6,"’ are a sample from the distribution

2(0)= Y W' VK(67,6) foz (xa)-

()

The weights w; "’ can be viewed as importance sampling weights
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™ (Gim) So g, ()

—1 " :
-1 WY 5% (6]- , ei(’)) fef’),& (Xons)

) _

w; =

This collection of parameter values can then be used as a sample from the
(approximated) posterior, and then be used much in the same way as would
the output of an MCMC implementation (with the small added complication of
incorporating the weights). When applied in the SNe example, the improvement in
the estimation of the posterior distribution can be seen in the right plot of Fig. 1.6.

1.3.1 Quantifying the Distance Between Data Sets

Both of the aforementioned algorithms are built upon the same crucial ingredient
unique to the ABC approach: a distance metric A capable of assessing the degree
of similarity between the observed data and a simulated data set. In practice, this
comparison is not made between the raw data objects, but instead between summary
statistics, either a smoothed version or a low-dimensional representation of the
original data. The resulting compression is an important step; if done appropriately,
the summary statistic will preserve the information useful for constraining the input
parameters and throw out the useless ancillary information. Indeed, the better this
summary statistic approximates a minimal sufficient statistic, the better the ABC
procedure will mimic the results that would have been obtained with full knowledge
of the likelihood function.

As a result, current research is focused on procedures for constructing such
a statistic. A method for assessing the value of proposed summary statistics is
proposed in [13]. In [14, 15], an approach of indirect inference is utilized. An
auxiliary model is fit to the data that incorporates not only the parameters of interest
0, but also ancillary parameters that make the model flexible enough to fit to the
real data. This model is chosen to take a sufficiently simple form that estimation
of all of the parameters is feasible. The vector consisting of the MLE of these
parameters serves as a summary statistic. In cosmology applications, however, it
may not generally be feasible to construct such an auxiliary model. The general
concept, however, is relevant: The amount of compression performed on the data
to create the summary statistic should be equivalent to the compression performed
when the MLE of 6 is found.

For instance, in the SNe example, the summary statistic is chosen to be the fit
of a smoother through the simulated redshift and absolute magnitude data. Ideally,
the amount of smoothing would be equivalent to the smoothness of the set of curves
found when varying Hy and €2,,. Of course, without knowledge of the likelihood
function, one would need to utilize a more extensive set of simulations to explore
the nature of how the distribution of the data changes as 0 is varied. Returning again
to the SNe example, repeated simulations of data sets for fixed 6 would reveal the
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smooth relationship between redshift and the distance modulus; repeating this for
many different values of 8 would reveal that the shape of this curve does not change
much over the parameter space. In this way, with enough simulations, one could
uncover the true low-dimensional structure present in the relationship between 0
and the distribution of the observable data. Such a procedure is described in [16].
This seems to be a very promising direction for the practical implementation of
ABC approaches in cosmology.

1.3.2 Luminosity Function Estimation

Finally, we will briefly outline how we are implementing a likelihood-free approach
to estimating luminosity functions, specifically to analyze the quasar sample of [4].
First, we assume that the true form of the bivariate luminosity function (i.e., the
bivariate density) takes the form given in (1.2). As already mentioned, previous
studies have justified this choice. It is further assumed that the functions f(-) and
g(+) are quadratic; the result is that there are seven parameters in the model once T
is included. A normal prior is assumed for each of these parameters. Once values are
chosen for each of these parameters, once can then run the “forward process” shown
below to generate data that has been subjected to the same effects as the observed
data.

e Draw true z and M values

e Convert to true apparent magnitude m

e Simulate photometric redshift by drawing from joint distribution
e Calculate estimated absolute magnitude M

e Apply truncation to error-filled observations

Once generated, a data set is converted into a “summary statistic’ by fitting a
bivariate density to the observations; this is again using the form given in (1.2). The
distance is then calculated using simple L, distance between the two (observed and
simulated) bivariate densities. Although this is a challenging implementation, some
of the preliminary results are promising. Figure 1.7 show an estimated luminosity
function when the ABC SMC method was applied to a case where the data were
subjected to errors and truncation identical to those present in the sample of [4], but
the truth was fixed and shown as the dashed line.

1.4 Conclusion

This article presents an overview of approaches to approximate Bayesian computa-
tion, which are likelihood-free statistical inference procedures. These could prove
to be useful in a range of cosmological inference problems. Here, the framework for
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Fig. 1.7 Quasar luminosity function estimate based on simulations. The dashed line is the known
truth. The inner band is the 68% credible region, while the larger, outer region is the 95% credible
region

the application of these methods to luminosity function estimation is motivated. Of
particular relevance is how these procedures could allow for adequate incorporation
of the significant observation limitations that are present, including the reality of
the limitations of photometric estimates of redshifts. If successful, these approaches
will make full use of the flood of data to be gathered by photometric surveys.
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Chapter 2

Commentary: Likelihood-Free Inference
in Cosmology: Potential for the Estimation
of Luminosity Functions

Martin A. Hendry

Abstract The identification, diagnosis and removal of systematic biases, due to e.g.
measurement errors and observational selection effects, has become a key challenge
for the so-called ‘era of precision cosmology’. In this commentary I will describe
some specific examples of where and how this challenge may arise in the analysis of
astronomical surveys, thus illustrating ways in which the construction of an explicit
likelihood function is rendered complicated in this field. These various examples
therefore provide further motivation for the potential usefulness of the likelihood-
free inference approach which Schafer has proposed.

2.1 Introduction

The 20 years since the first SCMA conference have seen rapid growth in the reach
and impact of astrostatistics—particularly in the field of cosmology. The application
of physically well-motivated cosmological probes such as Type Ia supernovae
(SNIe) and the cosmic microwave background radiation has placed strong con-
straints on the parameters which define our cosmological model, leading to the
emergence of the so-called “Concordance Cosmology”, supported by observations
across a range of astrophysical phenomena. While there remain serious unresolved
issues with the Concordance model, the quantity and quality of the data that emerged
in the late 1990s prompted the label “the era of precision cosmology” to enter
common use [1].

The appropriateness of this label is undermined, however, by the potential
impact of systematic errors. These may arise for a variety of reasons, including
instrumental or atmospheric effects, measurement errors and observational selection
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due to e.g. truncation or censoring, and may be strongly correlated, non-Gaussian,
non-stationary or otherwise problematic. Their identification and diagnosis can
present significant challenges for the analysis of astronomical surveys via traditional
likelihood-bases methods. In this brief commentary I will describe some specific
examples of where and how these challenges may arise—thus providing further
motivation for the potential usefulness of the likelihood-free inference approach
which Schafer has proposed.

2.2 Systematic Effects in Astronomical Surveys

The surveying of astronomical populations is commonplace across a wide range of
scales, from the statistics of nanoflares on the Sun to the demographics of distant
quasars. As Schafer has noted in the preceding article, the approach adopted to
date in studying astronomical populations has generally been likelihood based. For
instance in estimating the galaxy luminosity function (LF) a range of maximum
likelihood methods—both parametric and robust—has been developed, many of
which explicitly account for the impact of observational selection (see [2] for a
recent and comprehensive review) and the semi-parametric method of [3] is a
powerful recent addition to these techniques.

In this context however, and as the preceding article also discusses, a significant
complication in this field is the growing prevalence in very large survey datasets of
photometric redshifts. These have hugely increased the volume and size of redshift
surveys and the efficiency with which they may be carried out but at the cost of
introducing a significant measurement error on the redshift of each source. The
trend towards extremely large photometric redshift surveys is firmly set to continue
as we approach the era of ‘petascale’ datasets promised by the Large Synoptic
survey Telescope [4]. Consequently the impact of photometric redshift errors on
likelihood-based approaches to survey analysis, and the exploration of alternative
methodologies, appears to be an important future research direction—a conclusion
which was also reached at SCMA4 in the context of the report presented there on
the work of the astronomical surveys group within the 2006 Astrostatistics program
at SAMSI [5]. This conclusion would appear to be equally relevant, if not more
so, today.

A common feature shared by likelihood-based methods to probe survey luminos-
ity functions is the adoption of a simple, approximate form for the sample selection
function—for example a step function to describe the flux limit(s) of the survey [6].
While these approximations may be necessary to make the problem analytically
tractable, the reality may be considerably more complicated, particularly when
objects (such as distant SNIe or high redshift galaxies) are being detected in
crowded fields, where issues of blended sources and source misclassification can be
important [7]. These effects can render the flux limit of selected sources strongly
dependent on environment, sky direction and ‘seeing’ conditions at the time of
observation—all of which may not easily be reducible to a simple step function
of flux alone.
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Another common problem with flux limited surveys is where the sources are
originally selected in the optical—based on a historical catalogue of e.g. B-band
galaxy apparent magnitudes—but the survey involves observations made in another
waveband, for example /-band photometry for the purpose of estimating galaxy
distances and peculiar velocities via the Tully-Fisher relation [8]. In this situation
the intrinsic correlation between galaxy luminosity and colour means that the B-
band selection to which the original catalogue was subject will translate into an
I-band selection function in the Tully-Fisher survey. However, since the correlation
between B-band luminosity and B — I colour is not perfect but has an appreciable
scatter, the /-band selection function will be blurred even if the original B-band
selection is well described by a sharp apparent magnitude limit [9].

A further complication when observing the very distant Universe is that surveys
of e.g. quasars or high redshift galaxies may be subject to complex and poorly
understood evolutionary effects (indeed probing this source evolution is often the
main object of the survey in the first place!). In addition the application of so-called
‘k-corrections’ is required because the spectral energy distribution emitted by a
high redshift source in its rest frame will be observed redshifted towards longer
wavelengths by the expansion of the Universe [10, 11].

Other surveyed sources such as radio pulsars, gamma ray bursts or active
galactic nuclei may be affected by geometrical selection effects, where the emitted
radiation is strongly anisotropic [12]. These effects can impact significantly on the
detectability of sources and influence their apparent brightness due to e.g. relativistic
beaming, as well as introducing strong degeneracies between source parameters
such as inferred distance and inclination to the line of sight. Similar issues are now
being confronted in the nascent field of gravitational-wave astronomy [13], where
the selection function of e.g. observed inspiralling binary neutron star sources will
be the result of a complex interplay between the underlying cosmological model,
the intrinsic star formation rate and a sky sensitivity pattern which is strongly
dependent on direction, source orientation and frequency of the emitted gravitational
waves [14].

Another very common and important source of systematic error in survey data is
the effect of extinction: the wavelength dependent absorption of light by dust either
in the environs of the source itself or within our own Milky Way galaxy. Extinction
effects are often dealt with by carrying out multi-wavelength observations and
correcting for their impact by fitting a (usually parametric) extinction law as a
function of wavelength. This technique has been used extensively for example to
infer extinction-free estimates of the distance to Cepheid variable stars in external
galaxies observed by the Hubble Space Telescope [15].

Multiwavelength observations are also a key feature of the methodology used to
harness SNIe as cosmological distance indicators. The multiwavelength approach is
employed both to diagnose and correct for extinction and to improve the precision of
the distance indicator itself by exploiting empirical correlations between the shape
of the SNIe light curves and their intrinsic luminosity at different wavelengths. For
more than 15 years advanced Bayesian methods have been applied for calibrating
these relations to derive SNIe distance estimates [16]. Recently Mandel [17] has
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presented a sophisticated multilevel Bayesian model that addresses simultaneously
extinction, intrinsic light curve shape, possible source evolution and cosmological
parameter extraction. While this treatment is certainly ‘state of the art’ it shares with
many of the other survey examples listed here the requirement of a complicated
likelihood function, perhaps featuring a significant number of nuisance parameters,
to fully capture the intrinsic characteristics of the source population and the
observational selection effects to which they are subject.

2.3 The Case for a Likelihood-Free Approach

All of the complicating factors listed in the previous section—crowded fields, colour
correlations, evolutionary effects, k-corrections, source orientation and beaming,
extinction—are relatively straightforward to simulate, i.e. to model numerically via
Monte Carlo simulation, but are not so easy to explicitly include in a likelihood
model without potentially rendering that model unwieldy. In contrast, therefore,
to the traditional methodology whereby adopts a likelihood function model that
is as simple as possible and estimates the parameters of that model (see e.g. the
VELMOD approach of [18] as a good archetype, in the area of peculiar velocity
reconstruction), one can envisage instead a “forward modelling” approach in which
one constructs sophisticated “mock” datasets that can simulate faithfully some or all
of the above factors that would influence the journey of a real photon (or graviton!)
from source to detectors. As described in the preceding article, one would draw
inferences about the source population by comparing these mock datasets with the
real survey data—analogous to the approach that has been adopted for many years
in generating mock galaxy catalogues from high resolution n-body simulations of
large scale structure [19].

As the preceding article has recognised, the key challenge in this approach is
identifying a suitable metric for comparing the mock and real datasets, or some
appropriate summary statistic constructed therefrom. The ABC algorithms which
Schafer presents appear to offer a useful and practical solution to this challenge—
particularly the sequential Monte Carlo algorithm which largely overcomes the
problem of inefficient sampling of the Rejection algorithm. This is a crucial
improvement since, as we have seen in Sect. 67.2, the complexity of simulations
required to capture adequately the details of many future cosmological data sets
may be considerable.

In a similar vein the preceding article underlines the importance of identifying
and constructing useful summary statistics that efficiently measure the degree of
similarity between the observed and simulated datasets. He proposes, for example,
fitting a low-dimensional smoother through the real and simulated supernovae
redshift and magnitude data to represent the luminosity distance-redshift relation.
This is an approach that has already been explored—using a variety of different
basis functions [20-22]—as an efficient method for representing non-parametrically
the luminosity distance-redshift relation and its integral relationship to the cosmic
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equation of state. An approach of this form, applied to a variety of other cosmo-
logical datasets, would appear to hold promise for the efficient implementation of
likelihood-free inference methods in the future.

References

S N I N

[=)}

12.
13.
14.
15.
16.

17
18

22.

. M.S. Turner, arXiv: astro-ph/9811366

. ROW.L. Johnston, Astron. & Astrophys. Reviews, 19, 41 (2011)

. C. Schafer, Astrophys. J. 661, 703 (2007)

. http://www.Isst.org. See also Z. Ivezic et al. arXiv: 0805.2366

. T.J. Loredo, in ‘Statistical Challenges in Modern Astronomy IV’, ASP Conf. Ser. 371, 121

(2007)

. T.J. Loredo and M.A. Hendry, in ‘Bayesian Methods in Cosmology’, eds. A.R. Liddle et al.

(Cambridge University Press), p245 (2010)

. DJ. Mortlock, in ‘Bayesian Methods in Cosmology’, eds. A.R. Liddle et al. (Cambridge

University Press), p193 (2010)

. C. Springob, K.L. Masters, M.P. Haynes, R. Giovanelli and C. Marinoni, Astrophys. J. Supp.

172, 599 (2007)

. J.A. Willick, Astrophys. J. Supp. 92, 1 (1994)
10.
11.

E. Cameron and S.P. Driver, Astron. & Astrophys. 493, 489 (2009)

A.L. O’Mill, F. Duplancic, G. Lambas and L. Sodr/’e Jr., Mon. Not. Royal Astron. Soc. 413,
1395 (2011)

E. Berger et al., Astrophys. J. 664, 1000 (2007)

S. Nissanke, D.E. Holz, S.A. Hughes, N. Dalal, and J.L. Sievers, Astrophys. J. 725, 396 (2010)
S.R. Taylor, J.R. Gair and 1. Mandel, arXiv: gr-qc/1108.5161

W.L. Freedman and B.F. Madore, Annual Revs. Astron. & Astrophys. 48, 673 (2010)

A.G. Riess, W.H. Press and R.P. Kirshner, Astrophys. J. 473, 88 (1996)

. K.S. Mandel, G. Narayan and R.P. Kirshner, Astrophys. J. 731, 120 (2011)
. JLA. Willick and M. A. Strauss, Astrophys. J. 507, 64 (1998)

19.
20.
21.

S. Cole, S. Hatton, D.H. Weinberg and C.S. Frenk, Astrophys. J. 300, 945 (1998)

T.D. Saini, S. Raychaudhury, V. Sahni and A.A. Starobinsky, Phys. Rev. Lett. 85, 1162 (2000)
A. Shafieloo, U. Alam, V. Sahni and A.A. Starobinsky, Mon. Not. Royal Astron. Soc. 366,
1081 (2006)

C.A. Clarkson and C. Zunckel, Phys. Rev. Lett. 104, 21 (2010)


http://www.lsst.org.

Chapter 3
Robust, Data-Driven Inference in Non-linear
Cosmostatistics

Benjamin D. Wandelt, Jens Jasche, and Guilhem Lavaux

Abstract We discuss two projects in non-linear cosmostatistics applicable to
very large surveys of galaxies. The first is a Bayesian reconstruction of galaxy
redshifts and their number density distribution from approximate, photometric
redshift data. The second focuses on cosmic voids and uses them to construct
cosmic spheres which allow reconstructing the expansion history of the Universe
using the Alcock-Paczynski test. In both cases we find that non-linearities enable
the methods or enhance the results: non-linear gravitational evolution creates voids
and our photo-z reconstruction works best in the highest density (and hence most
non-linear) portions of our simulations.

3.1 What is Cosmostatistics?

Cosmostatistics is the discipline of using the departures from homogeneity observed
in astronomical surveys to distinguish between cosmological models. It therefore
plays a central role in the cosmological agenda for the coming decade, which is to
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Primordial perturbations as seen

in the Cosmic Microwave Background
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Fig. 3.1 Cosmostatistics uses the stochastic departures from homogeneity on all observable scales
to distinguish between cosmological models

e Learn about the cosmic beginning;

* Understand the cosmic constituents, in particular Dark Matter and Dark Energy;
and

* Understand cosmological evolution from initial seed perturbations to current
observations

One of the challenges for cosmostatistics is that any given observable (maps of the
cosmic microwave background, galaxy survey, etc.) is informative about all these
goals in some way (Fig.3.1).

We are fortunate to live in a time when the cosmic microwave background
(CMB)is being mapped with high precision from space (by the WMAP [7] and
Planck [9] missions), and ground-based and space-based missions are mapping
out sizable fractions of the observable Universe in exquisite detail and in three
dimensions, across large swaths of the electromagnetic spectrum. Between these
two approaches we expect the CMB to have much more signal on very large scales,
whereas in principle, probes of density should win overall, simply since there are
vastly more modes in a three-dimensional data set which greatly reduces sample
variance.

How do we realize the immense promise of large scale structure surveys for
constraining cosmological models? A number of known and unknown systematics
stand between where we are now and the dream of accessing the vast number of
perturbation modes sampled by tracers of the underlying density field. Many of
these systematics complicate the relationship between the distribution of tracers and
the mass distribution we would actually like to probe.
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These complications arise either due to the intricate physics of galaxy formation
or through incomplete information in the data (e.g. having access only to
approximate photometric redshift information instead of the much more expensive
spectroscopic redshifts). In addition, the mass density has undergone non-linear
dynamical evolution on length scales less than ~20Mpc/h, which has coupled
the perturbation modes in ways that are non-trivial to model. Non-linear mode
coupling erases information that the mode amplitudes carried about the state of the
early Universe from whence they arose. On the largest scales the limits are set by
causality and hence the finite volume of the observable Universe.

Most people would agree on the impracticality of incorporating fully non-linear
gravitational evolution into cosmological inference, let alone a fully physical model
of galaxy formation. So the challenge is to find ways of looking at the data that are
robust to these systematics.

When it comes to dealing with incomplete information, the challenge is to
produce a joint analysis with uncontroversial prior information that allows recon-
stituting some of the information that has not been captured in the data.

In this talk we will highlight two recent papers which give examples of these
two approaches. In one case [3], we develop a Bayesian approach to improving
photometric redshift estimates (and simultaneously estimate the density of the
tracers). The prior information we assume to achieve this information recovery is
local isotropy of the tracer distribution.

In the second paper [5] we define a new observable to prove the physical
properties of dark energy: stacked voids. In this case we choose a very specific pre-
processing step to extract features of the data which should be robust to galaxy bias
and to non-linearity. The approach explicitly projects out the details of the tracer
distribution in the non-linear density field to obtain nearly spherical objects that
nearly co-move with the expansion which serve as the basis of a powerful and purely
geometrical test of the expansion history of the Universe. Again, local isotropy
underlies this approach which posits that underdense regions are not preferentially
oriented with respect to an observer’s line of sight.

3.2 Bayesian Inference from Photometric Redshift Surveys

The vast majority of ongoing and future surveys (CFHTLS, DES, Pan-STARRS,
LSST) are or will be photometric. This is a simple consequence of the cost of taking
a galaxy spectrum with current technology. Photometric redshift errors of Az 0.03,
the current state-of-the-art, translate into smearing along the line of sight on scales
of ~200Mpc. Such errors are not detrimental to certain kinds of science but will
cause any structure smaller than 100 Mpc to be wiped out, as illustrated in Fig. 3.2.

Looking at the trivial density estimate calculated binning photometric tracers
shown in Fig.3.2 it is immediately clear that the line-like finger-of-god artifacts
introduced by photo-z smearing are very recognizable, since they break local
isotropy, a core element of our cosmology. Since they stand out so visibly, we
wondered if they could be removed.
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Fig. 3.2 From an n-body simulation to the simulated photo-z survey: the particle density in
the simulation (left), after application of the mask (center), and after simulation of photo-z
uncertainties (right)

In the following we will often refer to the tracers as galaxies, but the nature of
the tracer is of no importance to the functioning or implementation of the algorithm.

3.2.1 A Simple Model of a Photo-z Catalogue

First we build a hierarchical model for the distribution of tracers. A simple approach
is to consider the points an inhomogeneous Poisson process. The intensity function
of the Poisson process is the underlying number density field, which in turn is a
correlated, statistically isotropic, log-normal random field. For the purposes of this
exercise we will assume that the correlation function (or equivalently the power
spectrum P(k)) is known. Relaxing this assumption will be subject of a future study.

The third level in the model hierarchy: photo-z distortions modify the galaxy
positions along the radial lines of sight. It is assumed that the redshift uncertainties
are specified in terms of a pdf for each tracer. These photo-z pdfs are assumed to
be the output of an earlier analysis step which uses any information available, except
the spatial distribution of the tracers in the catalog. All photometric information for
the galaxy including any morphological features that can be discerned in the images
are fair game.

3.2.1.1 Implementation

This hierarchical model can be straightforwardly implemented. The challenge is
to explore the posterior density in an efficient manner since the parameter space
is enormous: approximately 16 million parameters for the number density and 20
million galaxy redshifts. We choose a block Gibbs sampling approach with the
following steps:
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Fig. 3.3 Constrained realizations of the reconstructed density field. The data was simulated using
an n-body simulation and the reconstruction assumes the Poisson-lognormal prior with isotropic
correlations

Sample the number density given the current galaxy redshifts. We draw from the
conditional posterior of the number density assuming that the current “guess” of
the galaxy redshift is correct. This is a solved problem [4]; it uses a Hamiltonian
sampling approach to update the number density field using the galaxy positions
and incorporating the correlated log-normal prior.

Sample the galaxy redshifts given the number density. The redshift posteriors for
the galaxies are conditionally independent given the number density field. This
feature allows parallelizing this step over the number of galaxies. Each galaxy
performs one step of a Metropolis-Hastings Markov Chain Monte Carlo along
the line of sight. The conditional posterior for each galaxy is the product of the
input photo-z pdf for this galaxy and the number density.

Conditional independence is the key feature that allows this algorithm to scale to
tens of millions of galaxies. From the perspective of the message passing paradigm
of Bayesian inference, the number density field communicates the information about
all the other galaxies to each individual one.

3.2.2 Results

Figures 3.3 and 3.4 illustrate our approach. Even within a few steps the samples
of the number density isotropize. As the sampler progresses, individual galaxies
explore along their line of sight in a number density field which in turn fluctuates in
response to the changing galaxy positions.

Figures 3.3 and 3.4 illustrate our approach. The first figure shows that even
within a few steps the samples of the number density become isotropized. In the
second figure we track the redshift of an example galaxy as the sampler explores
the range of possible reconstructions. The galaxies explore along their line of sight
in a number density field that, in turn, fluctuates in response to the changing galaxy
positions.
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Fig. 3.4 Constrained realizations of the reconstructed density field. The data was simulated using
an n-body simulation and the reconstruction assumes the Poisson-lognormal prior with isotropic
correlations

The results are encouraging. In high density regions galaxy redshift uncertainties
reduce by a factor of several. When a galaxy could reside in one of several
concentrations lying along the line of sight the output pdf is multi-modal. Even
so, the reconstructed redshift posteriors of the galaxies are generally far more
informative than the inputs coming from photometric redshift estimators.

In order to summarize the result of the reconstruction we form the posterior mean
estimator, the average of the number density field realizations that are explored by
the sampler. We can compare this reconstruction to assess its capability to reproduce
features of the input map. Figure 3.5 shows the k-space cross-correlations between
the reconstructed and the input field. It is clear that the method is very successful in
the high density parts of the sky.

3.2.3 Discussion and Conclusions

The first main point of this talk is that we demonstrated the technical achievement
of running a fully Bayesian analysis of a simulated data set with tens of millions of
galaxies, and density fields represented on tens of millions of grid zones. The scale
of this application corresponds to that of the current generation of available surveys,
so it should be feasible to apply this approach to existing data.

The second key issue is to test whether our analysis is sensitive to model
misspecification, since the real data will not follow the correlated log-normal
Poisson model. Our initial tests (of code correctness) used simulations that were
consistent with the prior assumptions. These tests were passed. We do not show
these tests here because the prior produces density fields that clearly not realistic,
missing much of the filamentary structure which is characteristic of the cosmic web.

The work we present in this talk (and described in detail in Jasche and
Wandelt) uses simulated from an n-body simulation. Our results demonstrate that
the reconstruction is successful in spite of using an approximate model.
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Fig. 3.5 The reconstructed density recovers the small scale features of the input density very
well in high density regions. The figure shows the cross-correlation between the input field and
the reconstructed density as a function of wave number. Different lines correspond to different
thresholds of overdensity

The key feature underlying the reconstruction is clearly the ability to build in the
prior assumption of isotropic correlations in the underlying cosmological number
density field of the tracers. A secondary feature is the assumption of the shape of
the correlations. What we show is that modeling those two aspects of the data results
in acceptable reconstructions, that improve the redshift information for each galaxy
significantly. It is also true that a better model including the morphological features
of realistic gravitationally evolved number density would likely improve upon our
results, since the differences between a correlated Poisson log-normal sample and a
physical sample drawn from an n-body simulation are easily visible by eye. But it
is clear that the reconstructions are not highly sensitive to the details of the assumed
prior as long as two salient features of correlation and isotropy are included for
the density field and we posit a simple statistical relationship of the tracers to the
underlying density, in this case the inhomogeneous Poisson model.

Our approach is completely independent of and complementary to the means by
which the photometric redshift is derived. The method is ready for tests on realistic
data where the photoz pdfs will be specified in terms of a different pdf for each
galaxy.

As a consequence the method will be able to benefit from those tracers
whose redshifts are better determined that others. In particular we can merge the
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advantages of a large number of galaxies in photometric samples and the accuracy
of spectroscopic samples! We will explore this idea further in follow-up studies.

This inference problem is of particular interest because it is an example where
combining millions of noisy measurements with a physical prior, namely the
assumption of isotropic correlations produces a decisive gain in information.

In the second part of the talk we will see another application of the notion of
statistical isotropy—this time to the construction of an estimator for the expansion
history of the Universe.

3.3 Precision Cosmography with Cosmic Voids

Understanding the physical properties of dark energy is a major goal of modern
cosmology. There are essentially two distinct approaches to reaching this goal:
cosmography and tracing structure formation.

Cosmography. The cosmography approach, which constrains dark energy prop-
erties using precision measurements of the expansion geometry of the Universe.
Einstein’s equation relates the geometrical properties of our Universe to its content.
Since “dark energy” is just a placeholder for the terms in Einstein’s equation that
drive the observed accelerated expansion of the Universe, precision comographical
measurements can tell us about the time dependence of these terms and hence about
the value, and rate of change of the equation of state parameter.

Tracing structure formation. The expansion of the universe has an impact
on the rate at which primordial perturbations amplify. These perturbations then
form structures through non-linear gravitational evolution, galaxy formation etc.
Observing the statistical properties (number, size etc) of these structures as a
function of redshift constrains the growth of structure, and hence the expansion
history, which is informative about the properties of dark energy.

It is clear from this description that geometrical approaches are more direct.
In addition, approaches relying on the statistical measures of the amount of
structure in the universe inevitably require a detailed understanding of the processes
that relate the formed structures to the underlying perturbation amplitude. These
processes (e.g. galaxy formation) can be highly complex and deeply non-linear and
are research areas in themselves.

Geometrical approaches function by constructing standards out of observables
(or combinations of observables) that can be modeled reliably such as standard
candles (as in the case of type Ia supernovae), standard rulers (as in the case of
Baryon Acoustic Oscillations (BAO)) or time standards (such as the (differences of)
ages of galaxies).
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3.3.1 The Stacked Voids Alcock-Paczynski Test

The Alcock-Paczynski (AP) test [2] requires a different standard: ‘“‘standard,
co-expanding spheres.” One way to construct such standard spheres is through
appealing to the statistical isotropy of the cosmological perturbations. In that case,
correlations should depend only on the length, but not the direction of the vector
connecting the two points being correlated. If the tracers that are being correlated
did not move, any anisotropy in the correlation function could be interpreted as
being due to the cosmological expansion at the redshift of the correlated objects.

The key difficulty in constructing standard spheres are peculiar velocity effects.
Any tracers that happen to lie in gravitationally bound structure will have velocities
of the order of the depth of the gravitational potential well of the structure. For
clusters or groups of galaxies the resulting finger of god effect in redshift space
dominates the cosmic expansion signal by an order of magnitude. To construct an
Alcock Paczyski test would therefore require a separate high precision measurement
of the depth and shape of the potential well of any structures whose parts were used
in the construction of the test.

So far the main work-around has been to only use very long range correlations of
order 100h~'"Mpc where peculiar velocity effects become sub-dominant compared
to cosmic expansion effect and where the baryon sound speed at radiation drag
leads to a peak in the correlation function. The downside of this limiting oneself
to such large scales is that the statistical constraints will depend on the number
of independent correlation volumes in survey volume, which limits the number of
perturbation modes that can be used to arrive at the dark energy constraints and
therefore leads one to consider extremely large surveys.

In this talk we propose a new way of constructing standard spheres: stacking
cosmic voids. While the AP test had been discussed for especially spherical
individual voids [10] stacking many voids guarantees spherical symmetry since
isotropy prevents cosmic voids from pointing at us (or away from us) preferentially.
Finding voids in redshift shells, extracting them from the survey, co-centering them
and stacking them, therefore gives rise to spherically symmetric underdensities.

There are several advantages to using cosmic voids:

* Voids are simple: peculiar velocities in and around voids are small compared to
the cosmic expansion. We find that they give a 16% systematic effect on our
reconstructed Hubble diagram, with a very mild dependence on void size and
redshift.

* Voids are small: A typical void size is 10h~! Mpc—for a dense enough survey
the number of voids per unit volume that can be detected is therefore of order
1,000 times larger than the number of BAO correlation volumes.

* Voids remember: we find that voids have a well-ordered phase space—all they
do is empty themselves out.

We use the term cosmic voids not to describe regions that are entirely empty, but
regions that are underdense basins of repulsion in the cosmic density field.
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X (R7' Mpc)

Fig. 3.6 The results of our void finder in a slice of an n-body simulation. The void finder constructs
a hierarchical structure of voids. Each patch is a void, colored according to the level in the void
hierarchy. When collecting voids in a size bin during the stacking procedure the algorithm traverses
the tree in a depth first algorithm and marks and returns the first void it finds which satisfies the
size criterion

In order to demonstrate the promise of stacked voids for constructing a powerful
AP test we solved the following problems:

1. Create a suitable void definition: a modified ZOBOV algorithm [8] (see Fig. 3.6);

2. Define a method to add voids into stacks labeled by size and redshift, which both
enhances signal to noise and sphericalizes them (see Fig. 3.7);

3. Determine the number of voids that would be available to this method in an
observed cosmological volume (see Fig. 3.8); and

4. Measure their stretch along the line of sight in order to obtain the expansion
history of the universe (see Figs. 3.9 and 3.10).

Details can be found in our main paper [5].

We tested these methods in a series of three pure dark matter N-body simulations
with different realizations of the initial conditions but the same cosmology. The
volume of each simulation is given by a cube of side L = 500 h~! M. Each
simulation had N = 5123 particles. We adopted a ACDM-WMAP?7 cosmology with
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4 (h™" Mpc) d (v Mpc)

Fig. 3.7 A void stack for 8h~! Mpc voids. Left: the stack after fitting removing the cosmic
expansion effect, but without including peculiar velocities in the simulation. We find our profile
agrees well with that found in [13]. Right: The stack when peculiar velocities are included. The
same cosmic expansion has been removed as in the left panel. Careful inspection shows that
peculiar velocities lead to a small net compression of the void stack along the line of sight

107 . . . .
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Fig. 3.8 Our simulation results for numbers densities of cosmic voids as a function of redshift for
voids of different sizes. These simulation results agree with the model described in [11]
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Fig. 3.9 The measured void stretch as a function of redshift for voids of 6, 8, and 14 hflMpc
(from left to right and top to bottom) for three simulations. The long-dashed line shows the result
for the simulated cosmology. No peculiar velocities were included in the mock catalogs used for
these plots. The lower right panel shows the result for 8h~! Mpc voids for mocks with peculiar
velocities and without any correction for peculiar velocity effect. The lack of redshift dependence
of the resulting bias is clear. The same plot after debiasing is shown in Fig. 3.10

the following parameters: Quh?> = 0.02258, Q.h> =0.1108, H = 71km s~ Mpc !,
w=—1,ng=1,Ag =2.34 % 10~°. This corresponds to €2, = 0.045, Q2 = 0.264,
oy = 0.84. Each particle had a mass m, = 2.0510'' h~! Mg, The transfer function
for density fluctuations for this cosmology was computed using CAMB [6]. The
initial conditions were generated using ICGEN,! a code which uses the transfer
function to generate a density field from the primordial power spectrum.

! Available from http://www.iap.fr/users/lavaux/
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Fig. 3.10 Stretch inferred for 8h~' Mpc voids after the correction of a peculiar velocity bias.
There is no evidence for residual bias at the level of our simulations

3.3.2 Discussion and Conclusion

Based on these results we performed a Fisher matrix forecast of the statistical
constraints on dark energy equation of state parameter w, and its rate of change
w,, that we would expect from Euclid. We quantify the answer in terms of the figure
of merit defined by the Dark Energy Task Force [1], i.e. the relative reduction in
the area of the uncertainty ellipse for these two quantities. The result is exciting—
we find that the stacked void Alcock-Paczynski test has the potential significantly
to enhance the power of the proposed (and now selected) Euclid space craft to
constrain dark energy phenomenology.

On the fact of it cosmic voids have the potential to provide a far more powerful
constraint on dark energy than measurements of the Baryonic Acoustic Oscillation
scale, by up to an order of magnitude. This large increase of information is easily
understood in comparing the number of modes probed by voids compared to BAOs,
which scales roughly as the third power of the ratio of the BAO scale to the scale
of the smallest usable voids ~1,000. The area of parameter constraints scales as
the square root of the number of modes ~30. When projected into the w,,w),
plane using the Fisher matrix formalism for the EUCLID wide survey, we find the
improvement over BAO on those parameters by a factor of ~10.
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We expect our stacked void shape measurements to be robust to galaxy bias as
it is purely geometrical and relies on the topology of the density field [12]. In fact,
it is possible that biased tracers of the density enhance the contrast of voids and
therefore enhance the void detection rate. These expectations remains to verified on
more realistic mock catalogs and real data.

Based on our Fisher matrix forecasts, the stacked voids technique promises a
remarkable increase to the figure of merit from EUCLID when compared to the
combined results from all other probes using EUCLID data (BAO, weak lensing,
type Ia supernovae, cluster counts). The Alcock-Paczinsky test using stacked voids
is therefore potentially a significant addition to the portfolio of major dark energy
probes which merits further detailed studies focused on additional real-world
systematics and optimal survey design.
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Chapter 4
Simulation-Aided Inference in Cosmology

David Higdon, Earl Lawrence, Katrin Heitmann, and Salman Habib

Abstract In this paper we describe two Bayesian statistical approaches for
combining large-scale computational models with physical observations to make in-
ferences about cosmological parameters. The first method is a Bayesian calibration
approach adapted from Kennedy and O’Hagan (J R Stat Soc B 68:425-464, 2001)
and Higdon et al. (J Am Stat Assoc 103:570-583, 2008). It makes use of a response
surface model that approximates the simulation output at untried input settings. The
second approach uses the ensemble Kalman filter (Evensen, IEEE Control Syst Mag
29:83-104, 2009), which makes use of an ensemble of simulations and physical
observations to update the prior parameter distribution using standard equations
from Kalman filtering. We apply these methods to large-scale structure simulations
and observations from the Sloan Digital Sky Survey.

4.1 Introduction

In this paper we combine computationally intensive simulation results with mea-
surements from the Sloan Digital Sky Survey (SDSS) to infer a subset of the
parameters that control the ACDM model, cosmology’s standard model. We
describe two Bayesian approaches for carrying out this analysis. First, we describe
a statistical framework adapted from Kennedy and O’Hagan [7] and Higdon et al.
[4] to determine a posterior distribution for these cosmological parameters given
the simulation output and the physical observations. Second, we show how to use
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the ensemble Kalman filter [1] to estimate these cosmological parameters. We
briefly contrast these two basic approaches for model calibration (i.e. parameter
estimation).

4.2 Simulations and Physical Observations

The SDSS, shown in the left panel of Fig.4.1 maps out the spatial location of
galaxies around the Milky Way Galaxy. A key feature of the spatial distribution
of galaxies is the combination of voids and high density filaments of matter. This

5

large scale structure data & simulations

o
e
o
= < +H +-|-++ 5
o ++
g &
- i
I I T T | T
-3.0 -25 -2.0 -1.5 -1.0 0.5

wavenumber (log10 k)

Fig. 4.1 Top left: Physical observations from the Sloan Digital Sky Survey (Credit: Sloan Digital
Sky Survey). Top right: Simulation results from an N-body simulation. Bottom: Power spectra for
the Matter density fields. The gray lines are from 128 simulations; the black lines give spectrum
estimates derived from the physical observations
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Table 4.1 ACDM

. . Param Explanation Lower Upper
parameters with their lower -
and upper bounds n Spectral index 0.8 1.4
h Hubble constant 0.5 1.1
O3 Galaxy fluctuation amplitude 0.6 1.6
Qcpm Dark matter density 0.0 0.6
Qp Baryonic matter density 0.02 0.12

peculiarity is a result of the cumulative effect of gravity (and other forces) acting on
slight matter density fluctuations present shortly after the big bang, as evidenced by
the cosmic microwave background (CMB).

Predicting the current spatial distribution of matter in the universe, given the
parameters of the ACDM model, requires substantial computing effort. For a
given parameter setting, a very large-scale N-body simulation is carried out. The
simulation initializes dark matter tracer particles according to the CMB and then
propagates them according to gravity and other forces up to the present time. The
result of one such simulation is shown in the middle frame of Fig.4.1. Different
cosmologies (i.e. cosmological parameter settings) yield simulations with different
spatial structure. We would like to determine which cosmologies are consistent with
physical observations of our universe, such as the power spectra in the right frame
of Fig.4.1.

It is difficult to directly compare the simulation output and the SDSS data. The
simulations move dark matter particles over a periodic cube of space, while the
SDSS data give a censored, local snapshot of the large scale structure of the universe.
We can simplify the comparison by summarizing the simulation output and physical
observations with their power spectra, describing the spatial distribution of matter
density at a wide range of length scales, shown in the right frame of Fig.4.1.
Note that the wave number k on the x-axis of these spectra is given in A//Mpc. A
megaparsec (Mpc) is a length scale; two galaxies are separated by about 1 Mpc
on average. The gray lines in right hand plot of Fig.4.1 show a number of matter
power spectra produced by carrying out simulations using different cosmological
parameter settings.

Computing the matter power spectrum is trivial for the simulation output since
the output resides on a periodic, cubic lattice. Determining the matter power
spectrum from the SDSS data has many difficulties: nonstandard survey geometry,
redshift space distortions, luminosity bias and noise, just to name a few. Because
of these challenges, we use the data and likelihood of Tegmark et al. [16], which is
summarized in right hand plot of Fig. 4.1. This is chosen for demonstration purposes
only as the spectra from the dark matter simulations are not directly comparable
with the spectrum computed from luminous red galaxies. These data correspond to
22 independent pairs (y;, k;) with the two standard deviation bars shown in Fig. 4.1.

For the N-body simulations, we consider five ACDM parameters show in
Table 4.1. Since we assume a flat universe and a constant dark energy equation of
state, we expect that any variation in the unused ACDM parameters will not affect
the resulting matter power spectra.
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Fig. 4.2 128 input parameter settings over the 5-dimensional parameter space

The dark matter simulations are computationally demanding, requiring the com-
putation of force interactions for over two million particles. Simulation accuracy
is particularly important for the smaller length scales (k > 0.2h Mpc~!), where
the gravitational effects become strongly nonlinear. For this demonstration, we
use m = 128 simulations. For the Bayesian computer model calibration (BCMC)
approach, a response surface is built to estimate power spectra at untried input
settings. Experience indicates a preference for spreading the 128 inputs to fill in
the 5-dimensional parameter space (see Fig.4.2). For a survey of statistical designs
for computer experiments, see Santner et al. [14], Chaps. 5 and 6. For the ensemble
Kalman filter (EnKF) approach, this simulation output is treated as a sample from
the prior distribution for the cosmological parameter settings.
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4.3 Statistical Formulation

In this section we describe the statistical methodology for combining physical
observations and simulation output to infer unknown model parameters. We use
observations y from the matter power spectrum (Fig. 4.1) and matter power spectra
derived from physical simulations.

Generally, the simulation models requires p-vector ¢ of input parameters to
produce a matter power spectrum 1) (). The simplest model to consider is that the
vector of physical observations y is a noisy version of a simulation 17(6) at the true
setting 6

y=1n(0)+e, (4.1)

where the observation error vector is normal, with mean 0 and variance X,. Given
a prior distribution 7(0) for the true parameter vector 6, the resulting posterior
distribution 7(0|y) for 0 is given by

(81y) = L(y[n(6))-7(6), 4.2)

where L(y|1(6)) comes from the normal sampling model for the data

Loin(0) = exp {36~ n(@)%; - (o)} @3)

and 7(0) is uniform over the 5-dimensional rectangle C given by the lower and
upper bounds in Table 4.1. Note that we use the notation ¢ to represent a generic
input vector and the notation 6 to represent the value or distribution of values for
the input at which the simulator best matches physical observations.

This basic Bayesian formulation is the starting point for both the BCMC and
EnKF approaches. If the computational model could be evaluated quickly, it could
be directly incorporated in the likelihood and the posterior distribution could
be explored via MCMC. However, each simulation requires hours or days of
computation, thus a direct MCMC-based approach is infeasible.

Note that here we consider X, to be known, accounting for the error in the
physical observations. More generally, X, could also incorporate error due to the
mismatch between computational model and reality. This paper does not discuss
the important topic of modeling this discrepancy, but more information can be
found in Kennedy and O’Hagan [7], Kaipio and Somersalom [5] and Goldstein and
Rougier [2], along with their accompanying discussions.

4.3.1 Bayesian Computer Model Calibration

The BCMC approach deals with the computational bottleneck by treating 1(-)
as an unknown function to be estimated from a fixed collection of simulations
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n(t),...,n(ty) carried out at input settings #1,...,%,. This approach requires a
prior distribution for the unknown function 1(-), and treats the simulation output
n*=M(n),...,n(tm)) as data for the analysis. Because we are trying to estimate
the function, as well as the input settings, there is an additional component of the
likelihood obtained from the sampling model for n* by L(n*|n(-)).

For this case, the resulting posterior distribution has the general form

(8, n()ly,n") =< Lyn(6))-L(n*|n () -=(n(-)) - 7(6), (4.4)

which has traded direct evaluations of the simulator model for a more complicated
form which depends strongly on the prior model for the function 1(-). Under this
model, the marginal distribution for the cosmological parameters 6 will be affected
by uncertainty regarding 1(-).

In the following subsections, we describe a particular formulation of (4.4) in the
context of this large scale structure application. This formulation has been useful in
a variety of physics and engineering applications which combine field observations
with detailed simulation models for inference. We start with a description of the
how to build an emulator, the model for 11(-) at untried parameter settings. We then
describe how the observed data is combined with the simulations and the emulator
to give the posterior distribution.

4.3.1.1 Emulating the Simulator Output

In this section, we describe the probability model, which we call an emulator, for
the simulator output at untried settings. For a given input ¢ in the standardized input
space [0, 1]7, the simulator produces a matter power spectrum of length ny;, as shown
in Fig.4.1. The emulator models the simulation output using a g-dimensional basis
representation:

q
Tl(t) = Z¢[W,‘(l)+8, re [071]177 (4’5)

i=1
where {¢1,...,¢,} is a collection of orthogonal, ny-dimensional basis vectors, the

wj(t) are weights depending on the input, and € is an ny-dimensional error term.
This formulation reduces the problem of building an emulator that maps [0,1]7 to
R™ to building g independent, univariate models for each w;(¢). Separate Gaussian
processes (GP) are used to model each of the weight functions. The details of this
model specification are given below.

Output from each of the m simulation runs prescribed by the input parameter
design results in ny-dimensional vectors which we denote by 1y, ..., 7. Since the
simulation outputs have no missing data, they can be efficiently represented via
principal components [12]. We first center the simulations by subtracting the mean
(% 2;-”:1 7n;) from each output vector. Depending on the application, some alternative
standardization may be preferred. Whatever the choice of the standardization, the
same standardization is also applied to the experimental data.
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Fig. 4.3 Simulations (top left), mean (top right), and the first five principal component bases
(bottom) derived from the simulation output

We define = to be the ny x m matrix (ny >> m) obtained by column-binding
the (standardized) output vectors from the simulations We apply the singular value
decomposition (SVD) to the simulation output matrix = giving

E=[m;iNm) =UDV/, (4.6)
where U is a ny x m orthogonal matrix, D is a diagonal m x m matrix holding the
singular values, and V is a m x m orthonormal matrix. To construct a g-dimensional
representation of the simulation output, we define the principal component (PC)
basis matrix @y, to be the first ¢ columns of [UD+/m]. For the matter power spectrum

application we take g = 5; the basis functions ¢y,. .., ¢5 are shown in Fig. 4.3.
Note that the ¢; are functions of log wave number.
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We use the basis representation of (4.5) to model the ny-dimensional simulator
output over the input space. Each vector of basis weights w;(¢), i = 1,...,q, is
modeled as a zero mean GP

wi(t) ~ N(0,,,'R(t: 1)), “.7)

where A,,; is the marginal precision of the process and R(t; p;) is a correlation matrix

with entries dependent on the inputs and a set of parameters given by the correlation
function

My T 4’
Corr(wi(1),wi(t")) = [T pye* 4.8)
k=1

This is the Gaussian covariance function, which gives very smooth realizations,

and has been used previously by Kennedy and O’Hagan [7] and Sacks et al. [13]

to model computer simulation output. An advantage of the product form is that

only a single additional parameter is required per additional input dimension, but

the fitted GP response still allows for rather general interactions between inputs.

We use the Gaussian form for the covariance function because the simulators we

handle tend to respond very smoothly to changes in the inputs. The parameter pj

controls the spatial range for the kth input dimension of the process w;. Under this

parameterization, p; gives the correlation between w;(¢) and w;(¢') when the input

conditions 7 and ¢’ are identical, except for a difference of 0.5 in the kth component.

Note that this interpretation makes use of the standardization of the input space
to [0, 1]7.

Restricting to the m input design settings , we define the m-vector w; to be w; =
(wi(t1),...,wi(ty)) fori=1,...,q. In addition we define R(;p;) to be the m x m
correlation matrix resulting from applying (4.8) to each pair of input settings in
the design. The p-vector p; gives the correlation distances for each of the input
dimensions. At the m simulation input settings, the mg-vector w = (wy,...,w,)’
then has prior distribution

wi 0 A R(t;p1) O 0
SN 0 0 , (4.9)
Wy 0 0 0 Ay R(t:pg)

which is controlled by ¢ precision parameters held in A,, and g - p spatial correlation
parameters held in p. The prior above can be written more compactly as w ~
N(0,Z%,), where X, controlled by parameter vectors A,, and p, is given by the block
diagonal covariance matrix in (4.9).

We specify independent Gamma priors for each A,,; and independent Beta priors
for the pj,

T(Awi) o= Ay~ e PR =1, g,

-1 — .
n(pik)“pi(zp (I_Pik)bp 17 lzla"'qukzla"'ap' (4.10)
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We expect the marginal variance for each w;(-) process to be close to one due to
the scaling of the basis functions. For this reason we specify that a,, = b,, =5,
encouraging each A,; to be close to 1. In addition, this informative prior helps
stabilize the resulting posterior distribution for the correlation parameters which
can trade off with the marginal precision parameter. Because we expect only a
subset of the inputs to influence the simulator response, our prior for the correlation
parameters reflects this expectation of effect sparcity. Under the parameterization
in (4.8), input k is inactive for PC i if p; = 1. Choosing ap =1 and 0 < by < 1
will give a density with substantial prior mass near one. We take b, = 0.1, which
makes Pr(p;, < 0.98) =~ % a priori. In general, the selection of these hyperparameters
should depend on how many of the p inputs are expected to be active. Alternatively,
the prior could be specified to have some point mass at one as in Linkletter et al. [8].

Define 11 = vec(Z), where vec(Z) produces a vector by stacking the columns of
matrix =. Taking the error vector in (4.5) to be independent Gaussian with common
precision A, we get the sampling model for n:

n|w, A ~N(d>w, ! ) @.11)
lTl

where @ = [I,, @ ¢1;--- ;1, ® ¢y], and the ¢; are the g basis vectors previously
computed via SVD. A Gamma prior with parameters (ay,by) is specified for the
error precision Ay.

Multiplying (4.9)-(4.11) and the Gamma prior for A;; yields the posterior. After
integrating out w, the posterior distribution for the unknown parameters becomes

”(lnakvaM)“
|(Ag@'@) '+ 3, ? exp 19 (A @' @]+ 5,) 1} x
o B q »p
2 b T AG et [TTT(1 = pip) ", (4.12)
i=1 i=1j=1
where
a; = ay +—m(n,72— q),

by =by+in'(I—@(®'®) '@')n, and
W= (d'®) 'd'n. (4.13)

This posterior distribution is a milepost on the way to the complete formulation
incorporating experimental data. However, it is worth considering this intermediate
posterior distribution for the simulator response. It can be explored via MCMC using
standard Metropolis updates and we can view a number of posterior quantities to
illuminate features of the simulator. Oakley and O’Hagan [10] use posterior of the
simulator response to investigate formal sensitivity measures of a univariate sim-
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Fig. 4.5 Posterior mean surfaces for w;(0), i = 1,2,3. Here the other three parameters were held
at their midpoints as og and Q2cpm vary over the design range

ulator; Sacks et al. [13] consider sensitivity from a non-Bayesian perspective. For
example, Fig. 4.4 shows boxplots of the posterior distributions for the components
of p. From this figure it is apparent that PCs 1 and 2 are most influenced by og and
Qcpm. Figure 4.5 shows the resulting posterior mean surfaces for wy (), wa(+) and
wi3(+) as a function of og and Qcpy.

Given the posterior realizations from (4.12), one can generate realizations from
the process 1(+) at any input setting *. Since

q
n() =Y oiwi(t), (4.14)
i=1

realizations from the w;(¢*) processes need to be drawn given the MCMC output.
For a given draw (Ay, Ay, p) a draw of w* = (wy(t*),...,w,(r*))" can be produced
by using the fact

(vzv*) NN<<8) : K(lnqj(;(p)l 3) +2W7W*(M7P)])a 4.15)
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Fig. 4.6 Changes to the posterior mean simulator predictions obtained by varying one input,
while holding others at their central values, i.e. at the midpoint of their range. The light to dark
lines correspond to the smallest parameter setting to the biggest, for each parameter

where X,,,~ is obtained by applying the prior covariance rule from (4.8) to the
augmented input settings that include the original design and the new input setting
t*. Recall that W = (@' @) ! @'n. Application of the conditional normal rules then
gives

W ~ N (Va1 Vi ', Vas = Var Vi 'Vin), (4.16)

where

(Vi Vi [ @' D) 0) ) ]
' <V21 V22> B [( 0 0 + Zwr (A, P) (4.17)

is a function of the parameters produced by the MCMC output. Hence, for each
posterior realization of (A, A,,p), a realization of w* can be produced. The above
recipe easily generalizes to give predictions over many input settings at once.
Figure 4.6 shows posterior means for the simulator response 17 where each of
the inputs is varied over its prior (standardized) range of [0, 1] while the other four
inputs are held at their midpoints. The posterior mean response conveys an idea
of how the different parameters affect the highly multivariate simulation output.
Other marginal functionals of the simulation response can also be calculated such
as sensitivity indicies or estimates of the Sobol decomposition [10, 13]. Note that a
simplified emulator can be constructed by taking plug in estimates for (A, Ay, p).

4.3.1.2 Incorporating Physical Data

Given the model specifications for the simulator 1(-), we can now consider the
sampling model for the experimentally observed data. The data are contained in
an ny-vector y. For the matter power spectrum application n, = 22, corresponding
to different wave numbers as shown in Fig.4.1. As previously stated, the data are
modeled as a noisy version of the simulated spectrum 7(6) run at the true, but
unknown, parameter setting 6. Thus

y=n(0)+e¢, (4.18)
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where the errors are assumed to be N(0,X,). For notational convenience we
represent the precision X Ias AyW,, leaving open the option to estimate a scaling
of the error covariance with /'Ly’l. Using the basis representation for the simulator
this equation becomes

y=dw(6)+& (4.19)

where w(0) is the g-vector (w;(8),...,w,(6))". Because the wave number support
of y is not necessarily contained in the support of the simulation output, the basis
vectors in @, may have to be interpolated over wave number from the columns of
®. Since the simulation output over wave number is quite dense, this interpolation
is straightforward.

We specify a Gamma prior with parameters (ay, by) for the precision parameter
Ay resulting in a normal-gamma form for the data model

y|w(8), 4y ~ N(@yw(8), AW,) 1), A, ~ Ga(ay,by). (4.20)

The observation precision W, is fairly well-known for the SDSS data, so we
encourage A, to be near one with informative prior parameters a, = by, = 5.

We can now write out the entire posterior distribution for all of the parameters
and the best fitting inputs 6. First, let

Wy = (¢;Wy¢)f)7l¢;m7yv

a; =ay+;(n—q),

by =by+3(y— Dyiy) Wy (v — @yvy),
Ay = ly(p;Wy(Dw

Ap = @' @, (4.21)
I, = q x g identity matrix,
A,'R(6,06%p1) O 0
Zwyw = 0 0 )
0 0 A, R(6,6%:p,)
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The posterior distribution has the form
7 (s Ao Aoy, O]2) o=

| 2|~

q
1 - )~ —_ .
zexp{ /2 Z} X A an e hAn XHAZ? 1y—buui

P *_ "
[T1Tpy (1 —pa) ' x A" e B 1[0 € ), 4.22)
1 k=1

:a

where C denotes the p-dimensional rectangle defined in Table 4.1.

Realizations from the posterior distribution are produced using standard, single
site MCMC. Metropolis updates [9] are used for the components of p and 6 with
a uniform proposal distribution centered at the current value of the parameter.
The precision parameters A, A, and A, are sampled using Hastings updates [3].
Here the proposals are uniform draws, centered at the current parameter values, with
a width that is proportional to the current parameter value. In a given application the
candidate proposal width can be tuned for optimal performance.

The resulting posterior distribution estimate for 6 is shown in Fig.4.7 on the
original scale. The posterior values can also be propagated through the emulator to
produce realizations of the posterior spectrum. The right hand plot of Fig. 4.7 shows
the posterior mean and pointwise 90% ranges for the power spectrum.

4.3.2 Ensemble Kalman Filter for Parameter Estimation

The ensemble Kalman filter (EnKF), a Monte Carlo extension of the Kalman filter,
uses an ensemble of model runs that are updated as additional data are made
available [1]. Unlike the Kalman filter [6], the EnKF does not require a linear model
and doesn’t assume Gaussian distributions. The EnKF can be easily extended to
estimate model parameters by appending the parameter vector as an unobserved part
of the state vector. To date, this approach has primarily been used in applications in
oil recovery [11, 15], even though it seems applicable to a wide variety of inverse
problems.

Below we briefly describe two basic variants of the EnKF for parameter
estimation, differing in how they use the ensemble of model runs to approximate
the resulting posterior distribution. One estimates the joint prior distribution for
the states and parameters by computing a multivariate normal approximation to the
ensemble of model runs and then uses the traditional Kalman updates to the mean
and covariance to compute the posterior. The other uses the ensemble directly with
EnKF updates to each ensemble member. In both cases, an ensemble of draws
from the prior distribution of the model parameters 6 are paired with the resulting
simulation output to produce an ensemble of (1(6), 0) pairs, from which the sample
covariance is used to produce an approximation to the posterior distribution. Hence
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Fig. 4.7 Comparison of posteriors between the Bayesian computer model calibration (BCMC)
approach (blue) and the ensemble Kalman filter (EnKF, green). Top: Estimated posterior distri-
bution of the parameters 6 = (n,h, 03, Q2cpm, £25). The diagonal shows the estimated marginal
posterior pdf for each parameter; the off-diagonal images give estimates of bivariate marginals;
the contour lines show estimated 95% hpd regions. The lower triangle and green lines give the
posterior under the EnKF approach; The upper triangle and blue lines give the posterior under the
BCMC approach. Bottom: Posterior median and 95% uncertainty bounds for the posterior power
spectrum. Green lines correspond to EnKF; blue lines correspond to BCMC
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we treat the input parameter settings ¢, . .. ,#,, as m draws from the prior distribution
7(6). Note that even though the distribution of the simulator response 71(8) is
completely determined by the distribution for 6, the covariance estimate used by
the EnKF ignores this.

4.3.2.1 Gaussian Prior Approximation

The first approach fits a multivariate normal distribution to the prior ensemble
for (n(6),6). Implicitly, it uses a linear approximation for 11(8) to produce the
posterior distribution for 6. The recipe:

1. For each of the m = 128 simulations form the py + p-vector

<”(t’<)) k=1,....m. (4.23)

Tk

Here ny = 88 and p = 5. With these m vectors, compute the sample mean vector
Upr and the (ny + p) X (ny + p) sample covariance matrix Xp,. Treat (1(6),0)’
as though it has N(Upr, Xpr) prior distribution.

2. In our large-scale structure example, the physical observations y correspond to
an interpolation of the ny elements of 1(6). Let H be the matrix for the that
interpolates 11(0) and ignores 6 in the combined state-parameter vector. In this
case the likelihood can be rewritten as

L(y|n(6)) < exp{—% (y—H (n(69)>)/2y1 (y—H(n(ee)>> } (4.24)

3. Combining the normal approximation to the prior with the normal likelihood
results in an updated, or posterior, distribution for (11(0)), 0) for which

0
(n(e )> |y ~ N(.upostazpost)a (4.25)
where
Soos = Zy +H'E'H (4.26)
and
Hpost = Zpost (Zpr tpr + H'Zy). 4.27)

Note that the posterior mean can be rewritten in form more commonly used in
Kalman filtering

Hpost = Hpr + ZpcH'(HZpcH' + HEH') ™! (y — Hityr) (4.28)

where X, H'(HZyH' + HZ,H') ! is the Kalman gain matrix.
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The joint normal computations used here effectively assume a linear plus Gaussian
noise relationship between 1(60) and 6, inducing a normal posterior for 6.

4.3.2.2 Ensemble Representation

The second approach is basically the usual EnKF for one time step. The goal is
to perturb member each of the ensemble (1) (#), %), in order to produce an updated
member (1, 6;) which is an approximate draw from the posterior distribution. This
updated member is not produced with the simulator so that 17, will not be equal to
the simulator evaluated at updated parameter value 11(6;’). The general recipe:

1. Construct the (ny + p) x (ny + p) sample covariance matrix X, as in Step 1 of
the previous algorithm.
2. Fork=1,...,mdo:

(a) Draw a perturbed data value y;, ~ N(y,Zy).
(b) Produce the perturbed ensemble member

; _ 1 _
<z§ ) = Shost (zprl (”( ")> +H'S, lyk) . (4.29)
k Ik

where X, and X, are defined in the previous algorithm. Note this
perturbation of the ensemble member can be equivalently written using the
more standard Kalman gain update:

(”if) — (”(tk)> + I H (HEZpH' + HIH) (e —1(1)  (4.30)

9]: 1y

3. Treat this m = 128 member ensemble

("’;) k=1,...,m. 4.31)
6k

as draws from the updated, posterior distribution for (1(6), ).

Note that this approach uses an update of two normal forms, just like the previous
version, but updated separately for each ensemble member. Only, here the normal
prior is centered at the ensemble member, and the normal likelihood is centered at
the perturbed data value, rather than at the ensemble mean and the actual data value.

This produces a posterior ensemble for the distribution of 6, along with a
posterior ensemble for the power spectrum. The green lines in the left panel of
Fig. 4.7 show the posterior densities for the parameters—a kernel density estimator
was used to produce the density plots. The green lines in the right panel show
the posterior median and 95% uncertainty bounds for the power spectrum. For
comparison, the blue lines show the same quantities estimated using the BCMC
approach.
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4.4 Discussion

The two methods yield somewhat similar results for the posterior distributions
of the parameters and the spectrum, but there are differences. The EnKF uses a
Gaussian simplifying assumption in order to include data, which basically uses a
linear plus noise (i.e. regression) relationship between 6 and 1. As such, the BCMC
approach is likely to produce more accurate results for both the parameters and
the predicted spectrum since it gives a more accurate representation of the simulator
response. Another advantage of the BCMC approach is that the emulator can be used
for secondary purposes such as assessing parameter sensitivity. These advantages
come at a cost. The BCMC approach requires considerably more computation
than the EnKF’s simple linear updating equation. Further, for high-dimensional
parameter spaces the BCMC approach may experience difficulty with estimating
the response surface without huge numbers of runs. In this case, the assumptions
and the efficiency of the EnKF may produce a superior result.
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Chapter 5
Commentary: Simulation-Aided Inference
in Cosmology

Carlo Graziani

Abstract Higdon’s use of Gaussian Process (GP) emulation to analyze SDSS
data using simulated power spectra from N-body simulations supplies a textbook
case study of a set of techniques that are likely to become a standard part of the
astrostatistics toolbox. The problems addressed by these techniques models based
on expensive computer simulations that run on high-performance computing (HPC)
platforms, which can only sparsely sample a large-dimensional input parameter
space are likely to be of interest to a growing community of computational astro-
physicists wishing to compare models to data, as this style of computing becomes
“democratized” by the increasing availability of HPC platforms in University
research settings. We comment here on the computational challenges of Gaussian
Process modeling, the fidelity of model hierarchies, and strategies for the adaptive
design of numerical experiments.

5.1 Gaussian Process Emulation

The relation of a computer model’s output to its input has a term of art: the Response
Surface, essentially the function that maps the input parameter manifold to the
output space (usually a vector space). The input parameter space is often high-
dimensional.

The fact that the dense probing of input parameter space is unaffordable creates
a new situation with respect to statistical inference. In effect, the response surface
must be interpolated to general parameter values based on a limited sampling of
the parameter space corresponding to a limited number of simulations. This means
that a new source of uncertainty, separate from instrumental noise (AKA “statistical
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error”’) and model inadequacy (AKA “systematic error”’) must be factored into the
error budget: the uncertainty introduced by the interpolation. This uncertainty is
represented by building an emulator—a stochastic representation of the simulator
“trained” using the available model evaluations [2-5].

The stochastic nature of the response surface representation is frequently im-
plemented using a Gaussian Process (GP) model [1]. Briefly, this is a methodology
whereby a prior Gaussian distribution is specified on a space of functions describing
the response surface, and then updated using data to produce a posterior summary
of what is known about the surface. The result is an interpolation of the response
surface to arbitrary points not sampled by simulations, with the interpolation
uncertainty encoded as a Gaussian covariance. One benefit of this style of emulation
is that if the simulations are to be compared with measurement data with Gaussian
measurement uncertainties, those uncertainties may be naturally convolved with the
GP interpolation uncertainty in a simple analytic manner [3, 6,7].

In effect, the interpolation performed by the emulator allows us to transition to
a new view of the problem: we regard the model output as data from a family
of models (the code, at all possible parameter settings). The comparison of the
computer model to measurement data is carried out by joint model fitting to
the computer data and the measurement data to simultaneously estimate the full
response surface and the “true” model parameters.

5.2 Computational Challenges

A difficulty that must be overcome in GP emulation (as in most GP modeling
of large systems) is that the evaluation of likelihoods requires the inversion of
large, symmetric, positive-definite covariance matrices (or rather, the solution of
their associated linear problem), and the computation of the determinants of those
matrices. In GP emulation, the dimension N of the space in which the covariance
matrix operates is N = Ny X Noyspur, Where Ny, is the number of simulations
and Ny i 1s the dimensionality of the output space. Since the computational cost
of inversion scales as ¢'(N?), direct approaches (such as Cholesky factorization)
rapidly lose their usefulness.

Higdon partly abates this problem through a data-reduction strategy, using a
Principal Components Analysis (PCA) on the model output to create a manageable
representation of the simulation output. By keeping only Neomponents Of the singular
values (the largest ones, representing the “most active” components), and placing
a GP model on each parameter weight function in the resulting decomposition,
Higdon reduces the problem to one with a computational cost that scales as
o (Ncomponems X N ?,m)

This is a substantial savings, but it leaves in place an important & (N:lm) scaling,
which has the extremely galling consequence that the very act of performing more
simulations to improve our knowledge of the response surface can quickly result
in an infeasible computational cost. For problems with high input parameter space
dimensionality, and with complex response surface structure, there is simply no
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alternative to growing Nj;,, to the point where the structure can be resolved, at least
in parameter space regions corresponding to high posterior density. It is therefore
necessary to consider approximation schemes that control the cost of GP emulation.

Gibbs and MacKay [8], adapt methods due to Skilling [9] to exhibit approxima-
tions to linear problem solutions that involve only matrix-vector multiplications,
and which scale as N>. These methods are related to approaches that note the
equivalence of the required inversion problem to a quadratic form minimization, and
adopt conjugate gradient minimization as the minimization strategy. By terminating
the minimization at an adequate level of accuracy, but well before formal exact
convergence, such methods achieve N> complexity cost [10].

In addition, it is possible to adopt covariance models based on kernels of
compact support—that is to say, covariances that vanish when the distance between
points exceeds a certain limit. Such kernels give rise naturally to sparse covariance
matrices, which can then be handled at costs approaching N for operations
such as matrix-vector multiplication in the case of expanding domain asymptotic
regime. For a discussion of a family of such kernels, see p. 88 of Rasmussen and
Williams [1]. Compact-support kernels may also be combined in Schur products
with more general kernels, a technique called “tapering” [11], which can provide
the benefits of sparse matrices with the more complex covariance structure of
non-compact kernels.

5.3 Model Fidelity Hierarchies

Even if one has abated the curse of dimensionality problem by some approximation
scheme, one often still confronts a computational cost issue associated with
running the simulations themselves. Complex, high-fidelity, multi-physics, multi-
scale simulations may require so much computational time on an HPC platform
that they may simply not be available in the required abundance for an adequate
resolution of the response surface.

This circumstance may be addressable by supplementing the highest-fidelity
simulations with cheaper—and more abundant—Ilower-fidelity simulations, at the
cost of some inaccuracy which we may hope to cross-calibrate against the high-
fidelity simulations. Examples include simulations of lower spatial resolution, or
including approximate physics, or excluding computationally-expensive physics,
or using spatial symmetry assumptions (such as cylindrical, planar, or spherical
symmetry) to reduce the dimensionality of the problem.

It is noteworthy that it is not necessarily the case that the quantitative accuracies
of the available types of simulations fall into a natural hierarchical rank-ordering. It
may be the case that some simulations are more accurate than others in some input
parameter regimes, but less so in others. In addition, it may occur that some types of
approximations leading to faster simulations in some parameter regimes may simply
fail in some parameter regimes—the code may crash, or numerical instabilities may
develop, or the approximation may simply break down, leading to results bearing no
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relation to the true physical situation. In such a circumstance, levels of the fidelity
hierarchy may simply go missing in certain parameter regimes. Therefore, while it is
usually clear that there exists a maximum-fidelity level of simulation corresponding
to the highest computational cost, in general the remaining levels of the hierarchy
may not be strictly ordered by accuracy.

The research efforts that I am aware of to fit such multi-fidelity level simulations
into a GP emulator scheme [12—14] make some relatively strong assumptions about
the nature of the relationship between the levels of the hierarchy. These are spelled
out in [12], and include a strictly-ordered hierarchy of fidelity levels, a Markov-like
assumption on the relative informativeness of neighboring levels, and stationarity
(i.e. translational invariance) of the underlying GP over the parameter space. In view
of the considerations above, and of the desirability of generalizing GP emulation
away from stationary models, it seems worth exploring somewhat more agnostic
schemes for connecting the simulation fidelity levels.

5.4 Adaptive Numerical Experiment Design

At what parameter values are we to run the simulations? This is the issue of numer-
ical experimental design. When potentially expensive computations are invoked to
probe a response surface over a potentially high-dimensional input parameter space,
it is urgent that simulations not be wasted on parameter space regions that neither
illuminate interesting structure of the response surface nor reside in neighborhoods
where the surface closely resembles the measurement data. It seems hopeless to
accomplish this sort of optimization efficiently with ab initio designs such as Latin
Hypercubes. Existing information from analysis of the data and the response surface
using the current design must be used to guess parameter choices for future runs that
are, in some sense, optimal.

The two objectives of globally characterizing response surface structure
and of using what is already known about the response function for specific
inference goals (e.g., modeling measurement data) are in a tension that is known
from the global optimization and adaptive learning literatures by a term of art:
the “Exploration-Exploitation Tradeoff”, wherein (in the current instance) the
“exploration” imperative to understand the response surface everywhere competes
with the “exploitation” necessity of focusing on regions appearing to resemble the
experimental situation under study. Both activities are essential, and their reconcil-
iation is necessarily an important objective of adaptive experimental design theory.

The efforts that have been dedicated to adaptive numerical experiment design
have been largely focused on the exploration aspect of the tension [13,15,16]. There
is more to be learned about the full tension from the literature of physical experiment
design. In particular, Loredo [17] exhibited a Bayesian experimental design scheme
wherein observations currently “in the can” can be used to calculate the expected
information gain—negative Shannon entropy—from a future observation with
selected experimental parameters, and to choose those parameters so as to maximize
that information.
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This scheme is generalizable to numerical experimental design. Suppose we
have measurement data y corresponding to an unknown true parameter setting Or.
Suppose also that the existing design of Nj;, simulations at parameter settings
0 =(6y,...,6y,,) withoutputs Y = (y1,...,yn,, ) is to be augmented by a proposed
simulation with parameters 8. . Let the GP posterior predictive of the augmented
design be m(y4|604,0,Y) and have Shannon entropy H(6;,0). Also, let the GP
posterior predictive of the augmented design conditioned on the data and on the true
parameter values be 7’'(y|0+,0,Y,0r,y), with Shannon entropy H'(6.,0,0r).
Then it can be shown [18] that the expected information gain from the proposed
new simulation is

EN6:) =H(0:,0) ~ [d0r P(Ory.Y.0)H'(6,.0.6r).  (5.D)

The first term in (5.1) embodies exploration (by itself, it yields Maxent sam-
pling). The second term embodies exploitation, rewarding smaller predictive un-
certainty near best-fit parameter point. The expected information gain may thus be
used to drive a “Simulation-Inference-Design” cycle analogous to the “Observation-
Inference-Design” cycle described in [17].
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Chapter 6
The Matter Spectral Density from Lensed
Cosmic Microwave Background Observations

Ethan Anderes and Alexander van Engelen

Abstract We use local likelihood estimates of gravitational shear and convergence
from lensed cosmic microwave background observations to estimate the projected
mass spectral density. Typically there is an additive bias when using a plug-
in estimate of the spectral density from a noisy estimate of the random field.
We explore the possibility of adjusting this bias by subtracting an approximate
power spectrum of the noise in the reconstruction using unlensed simulations. We
demonstrate some empirical results that suggest the remaining biases complement
those seen in the quadratic estimate developed by Hu and Okamoto (ApJ 557:L79—
L83, 2001; ApJ 574:566-574, 2002; Phys Rev D 67:083002, 2003). We finish
the paper with a discussion regarding the potential scientific applications and the
challenges associated with estimating the noise spectrum from simulations.

6.1 Introduction

Over the past decade the cosmic microwave background (CMB) has emerged as
a fundamental probe of cosmology and astrophysics. In addition to the primary
fluctuations of the early Universe, the CMB contains signatures of the gravitational
bending of CMB photon trajectories due to matter, called gravitational lensing.
Mapping this gravitational lensing is important for a number of reasons including,
but not limited to, understanding cosmic structure, constraining cosmological
parameters [10, 16] and detecting gravitational waves [11, 12, 15]. In this paper
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we investigate the possibility of using simulations to correct a bias when using a
plug-in estimate of the matter spectral density from local likelihood estimates of
gravitational lensing.

Two estimates have emerged for reconstructing the gravitational potential: the
quadratic estimator (developed in [8, 9, 14]) and a global maximum likelihood
estimate (developed in [6, 7]). The quadratic estimator, which is arguably the most
popular, uses a first order Taylor approximation to establish mode coupling in
the Fourier domain which can be estimated to recover the gravitational potential
(real space analogs to these estimators can be found in [2, 3]). The maximum
likelihood estimate, on the other hand, uses likelihood approximations to find an
MLE for estimating the lensing potential. A new estimate developed in [1] uses a
local Bayesian approach that avoids the computational difficulties associated with
a full scale likelihood approach. This approach estimates the local curvature of
the gravitational potential on sliding local neighborhoods of the observed CMB
temperature and polarization fields. A low pass filter of the true gravitational
potential is then constructed by stitching together local curvature estimates. The
local analysis allows one to avoid using the typical first order Taylor expansion
for the quadratic estimator and avoids the likelihood approximations used in global
estimates. Moreover, the likelihood is computed in position space and therefore
can easily deal with point source foregrounds, masking, nonstationary noise and
nonstationary beams.

In [1] the local Bayesian method is shown to accurately reconstruct the gravi-
tational potential under nearly ideal experimental conditions when observing both
the temperature and the polarization field. In this paper, we consider the temperature
fluctuations only. For more realistic experimental conditions the estimated projected
mass can be noisy, especially at high frequency. However, using the isotropic
assumption one can radially average the squared modulus of the Fourier transform
of the estimate to approximate the spectral density. In doing so, one potentially gets
accurate estimates of the mass spectral density even with small signal-to-noise ratios
at each individual frequency of the mapping estimate.

There are two difficulties that arise when using locally estimated maps to
estimate the spectral density. First, the observational noise weakens the amount of
local information for gravitational shear and convergence. This has the impact of
shrinking the local Bayes estimates toward the prior mean (at zero). The alternative,
alocal MLE estimate, is not as regularized and can have large estimation noise in the
presence of weak local information. Using either of these estimates for estimating
the spectral density yields significant biases: high bias for local MLE and low bias
for local Bayes. In Fig. 6.1 we show the plug-in estimates of spectral density using
the local MLE and Bayes estimates from one simulation of a lensed temperature
field on a 10° x 10° patch of the flat sky observed on 1 arcmin pixels with 2-uK
noise and beam FWHM of 4 arcmin. The dashed line with stars shows the plug-in
estimate from the local Bayes technique, which is clearly shrunk toward zero. The
dashed line with triangles shows the local MLE technique, which has a high bias
from the estimation error.
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Fig. 6.1 Solid line shows the input theoretical spectrum; triangles show a local MLE estimate of
the spectrum; stars show the local Bayes estimate of the spectrum; circles show the bias corrected
local MLE estimate of spectral density. The simulation is on a 10° x 10° patch of the flat sky
observed on 1 arcmin pixels with 2-uK noise and beam FWHM of 4 arcmin

In an attempt to mitigate these biases we work with the overly noisy MLE
estimate but correct the resulting bias in the plug-in spectral density estimate using
simulations. The dashed line with circles in Fig. 6.1 shows this new estimate. It is
clear that this technique has significantly less bias than either the local MLE or
the Bayes estimate. However, to make this new technique scientifically useful one
needs a theoretical understanding of the behavior of the local MLE estimate in both
the lensed and unlensed case (since unlensed simulations are used to correct the
bias). There are two main difficulties in deriving such an understanding. First, the
estimates are implicitly defined as a maximizer of the local likelihood and, as such,
there is no closed form. Secondly, the typical asymptotic arguments used for MLE
estimates hold as the signal-to-noise ratio approaches infinity. Since the signal-to-
noise ratio is very low on each local neighborhood one might expect the estimates
to behave differently than their asymptotic cousins.

The remainder of the paper is organized as follows. In Sect. 6.2 we give a detailed
account of the local MLE and Bayesian estimates. Then in Sect. 6.3 we discuss how
estimation error propagates to biases in plug-in estimates of spectral density and
how to estimate the bias with simulations. We present numerical evidence that one
can subtract this estimated bias to produce estimates of spectral density that are
comparable to the quadratic estimator found in the current literature. Finally, in
Sect. 6.5, we discuss the challenges associated with local estimates of lensing and
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the resulting estimates of spectral density. We emphasize that the goal of this paper
is to partly give some hints at the success of a new method but primarily to illuminate
the challenges associated with local likelihood estimates in general.

6.2 Local Estimates of Shear and Convergence

The CMB radiation measures temperature fluctuations of the early Universe some
400,000 years after the big bang. Let T'(x) denote these fluctuations (measured in
units LK) on the observable sky. In this paper we work with the small angle limit
and use a flat sky approximation so that x € R?. Instead of directly observing T
we observe a remapping of the CMB due to the gravitational effect of intervening
matter. This lensed CMB can be written 7'(x + V¢(x)) where ¢ denotes the
gravitational potential (see [4], for example).

To describe the local estimate of ¢ from the lensed CMB, developed in [1], first
consider a small circular observation patch with diameter 6 in the flat sky centered
at some point xg, denoted .#5(xy) C R2. Over this small region we decompose ¢
into an overall local quadratic ¢ and error term £ so that

p=q’+e.

The global estimate of ¢ is based on stitching together local estimates of ¢?, denoted
G?, from the lensed CMB observed on .#5(xo). Notice that as § — 0 the expected
magnitude of the error € approaches zero. This has the effect of improving the
following Taylor approximation

T(x+Vé(x)) =T (%) + Ve(x) VT (&) + - - 6.1)

for x € #5(xo), where we use the notation ¥ = x + V¢?(x). Notice that ¥ depends
not only on x but also the unknown coefficients of the quadratic term ¢?. Now when
0 is sufficiently small we can truncate the expansion in (6.1) to get

T(x+V¢(x)) ~T(x+Vq®(x)) (6.2)

on the local neighborhood .#5(xy). By regarding ¢ as unknown we can use the
right hand side of (6.2) to develop a likelihood for estimating the coefficients of
¢?. Nominally ¢ has six unknown coefficients for which to estimate. However, we
can ignore the linear terms in g since the CMB temperature and the polarization are
statistically invariant under the resulting translation in V¢?. Therefore, one can write
g% as ¢1(x —x0)%/2 + ca(x — x0) (y — yo) + ¢3(y — y0)? /2 for unknown coefficients

Cl1 = {4xx,C2 = {4xy,C3 = {yy-
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6.2.1 The Local Likelihood

Using the Gaussian approximation of the CMB along with the quadratic potential
approximation given by (6.2) one can construct the likelihood as a function of
the unknown quadratic coefficients in ¢®. Let x,...,x, denote the observation
locations of the CMB within the local neighborhood #5(x) centered at x¢. Using
approximation (6.2), the CMB observables in this local neighborhood are well
modeled by white noise corruption of a convolved (by the beam) lensed intensity
field T. Let t denote the n-vector of observed CMB values at the corresponding
pixel locations in .45 (xg) for the intensity 7. Let @ denote the instrumental beam
so that the k™ entry of ¢ is modeled as

f /dezx(p(x)T(ick—i)—i-GTnk 6.3)

where the n;’s are independent standard Gaussian random variables, X; = x; +
Vg% (x;) and ¥ = x + Vg% (x). Note that this is an approximate model for 7 based
on (6.2). In actuality, the k™ temperature measurement is [pod?x @ (x)T (x; —x +
Vo (x; —x)) + ormn, but the linearity of Vg? allows us to write x; —x + Vo (x; —
X) & constant + X, — X on the small neighborhood .#5(xp). Since one can write
x+Vq®(x) = Mx where the M is a 2 x 2 real matrix, the sheared temperature T (¥)
is a stationary random field with spectral density given by CAT/IZ 1pdetM —L After
adjusting for the beam (which is applied after lensing) the covariance between the
observations in ¢ can be written

25 - d (%) | (0 2Citig 6.4
N~ .. - J - .
(utj), ~ of ”+./Rz @2m)2° 2O Gem ©4)

Remark. We use the notation (-), to denote expectation, or ensemble average, with
respect to both the CMB temperature field T(x) and the observational noise 7.
Conversely, we use the notation (-), to denote expectation with respect to the large
scale structure ¢ and for brevity we write (-) = ((-);), where the expectations are
done under the assumption that 7 and ¢ are independent.

Now, using Gaussianity of the full vector of CMB observables the log likelihood
(up to a constant), as a function of the quadratic fit g%, can be written

1 S
Z(g*) = ~5t' (3o +0t1) - S Indet (2,0 +0t1) 6.5)

where Xy + 0# is the covariance matrix of the observation vector ¢ containing the
covariances <tktj>T given in (6.4) and G%I is the noise covariance structure where /
is the n x n identity matrix. Notice that the noise structure does not depend on the
unknown quadratic ¢®. In addition, one can utilize a single FFT to quickly compute
the integral (6.4) for sufficient resolution in the argument x; — X; to recover <tktj>T
for all pairs k, j.
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6.2.2 The Local Posterior

In [1] it is argued that the local estimates of ¢? are modeled by a lowpass filter of the
true gravitational potential. In particular, the quadratic function ¢® can be modeled
by
d*e
o) [ L5
q° (x) P

over x € A5(xo), where ¢'P(£) = @5(£)¢(£), with low-pass filter defined by

ix-l¢lp (f)

(pg(l)xmin{l, [2—g|e|r}. (6.6)

Therefore a natural candidate for the prior on the coefficients of ¢? is the distribution

924 (0)
axka)(j

obtained by the corresponding spectral moments of ¢'P. Letting this prior be denoted
by 7(¢?) the posterior distribution on ¢?, which we maximize to estimate ¢ in the
local Bayesian case, is

of the random variables . These are mean zero and Gaussian with variances

p(q°|2) = eZ "B n(g?). 6.7)

6.2.3 Stitching Together the Local Curvatures

The local MLE estimates of ¢? are found by maximizing (6.5) whereas the local
Bayesian estimates are found by maximizing (6.7). These estimates give local
quadratic fits to the true potential @, i.e. local curvature estimates: .7, .2, ;2. The
global estimate of ¢'P is found by stitching together these local the estimates. This is
done in [1] by performing a gradient fit to ( 3}5, }g) which gives (ﬁip and a gradient
fit to ( iyp, q)yl‘y) ) which gives an estimate qSy‘P. A final gradient fit is then fit to the
vector field ( A)l(p, (ﬁylp ) to obtain an estimate ¢'P. The result of this iterated gradient
fit is shown in Fig. 6.2 for a simulated lensed temperature field.

6.3 Spectral Density Estimates of Projected Mass

In this section we discuss the plug-in estimate of spectral density and show how
estimation error propagates to biases in the spectral density estimate. We discuss
this in the context of estimating the projected mass spectral mass density C/* where
K denotes the convergence field (which is a tracer for mass fluctuations) and is
defined by

K=—(0u+0y)/2
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Fig. 6.2 Estimated gravitational potential from simulated lensed CMB: input gravitational po-
tential (fop); local Bayes estimate (bortom left); local MLE estimate (bottom right). The lensed
temperature simulation was observed on a 10° x 10° patch of the flat sky with 1 arcmin pixels,
2-uK noise and a beam FWHM of 4 arcmin

using the shear notation given in [17]. The spectral density C/* is defined as the
Fourier transform of the autocovariance function:

Cr — / Pxe O (i(x)K(0)),.

Notice that (k(x)k(0)), gives the autocovariance since (x(x)), = 0.
To develop the estimate of C;* we need the following identity when x:

(K(O)Kk()*)y = 8 _pCr™

This follows directly from the definition of spectral density, the assumption that

K (x) is isotropic and the definition &; = [ %e"’“l . Notice that k(£) is technically

a generalized process which behaves like /CF*W (£) where W (£) is white noise.
Therefore when working with finite sky observations of k(x) one can produce



72 E. Anderes and A. van Engelen

a discrete version of x(£) (using discrete Fourier transform) which satisfies

KK
(Ix(OF), = %- where AL = Al1Al, is the grid area in Fourier space. For the
remainder of this paper we work with this discrete version of k.
If one knew the convergence field k then one can estimate C/* by

EEC— Al

. Y k(o)) (6.8)

#Au, teay,

where A£ denotes the area of the observation grid in £; Ay denotes a gridded
annulus with radius £o; #4,, denotes the number of grid points in A;,. Notice that

this estimate is unbiased: (Cf*), = C[*.
In the case of the local MLE or Bayes estimates one has—aﬁ}&, Al‘y) and (ﬁiyp—

the estimates of the mixed partial derivative as a function of local neighborhood
midpoint. This leads to an estimate of K as

k(€)= —(6R(0) +,3(0))/ (295())

where @g is the band pass filter, defined in (6.6), which approximates the local
neighborhood effect discussed in [1]. One can then use K to construct a plug-in
estimate of C;* defined as

C}f) = “plug-in estimate” = o

Y [k 6.9)

lo eeay,

The main problem with the plug-in estimate (6.9) is that estimation error from K

propagates to biases in Cf’%. In the local Bayesian case, the estimation error results
in a multiplicative shrinking bias as is seen in Fig.6.1. Conversely there is a large
additive bias for the local MLE plug-in estimate shown in Fig. 6.1. This bias has a
simple explanation. If one lets N denote the x estimation error (so that K = K + N)
then by assuming isotropy A£(|&(£)[*) ~ Cf* + CN + C)* + C)'V so that

(Ci) mers + (e +c + ) (6.10)

additive bias

where C?’N is the spectrum for N (assuming isotropy) and Cll‘N is the cross spectrum
between k and N so that (k(£)N(£')*) = CFN,_,. For the local Bayes estimate the
dominant source of bias is from the first two terms Cll‘N + C?’ X which is from the
multiplicative shrinkage bias. Conversely, it seems the dominant source of bias for
the local MLE estimate is from the last term, C/IZVN , which causes the upward bias
seen in the dashed line with triangles in Fig. 6.1.
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6.3.1 Bias Correcting Local MLE Spectral Estimates
with Simulations

. . Alp 21 21 .
In the previous section we used @7, qbyg and q)x?, to approximate the convergence

K and construct the plug-in estimate Ctl"( We argued that estimation error results
in spectral density estimation bias which is quantified by CZKN + Cév K+ C?]N . The
two terms CEN + Cév ¥ dominate the bias when using a local Bayesian estimate.
Conversely, we will see that the dominant source of bias when using a local MLE
estimate is from Cév N The advantage of this scenario is that Cév N has potential to be
estimated using unlensed simulations (i.e. where Kk = 0) whereas one must simulate
Kk under some fiducial model to approximate CZKN + Cév K. It is for this reason that
we choose to use the noisy local MLE estimates, but correct the resulting bias in the
plug-in spectral density estimate by approximating the noise spectrum CéVN from
unlensed simulations. In particular, we use the following bias-adjusted local MLE
estimate of C}*

CFx = CFF — YV 6.11)

where K is the local MLE estimate of k and CéVN is approximated using simulations.

To construct CQ’N we use the local MLE estimation procedure for K and run it on
multiple realizations of unlensed CMB (with noise and beam) on the same pixel
configuration of the observations. Since these simulations are done with x = 0, the
result is pure noise N. A spectral density estimate, based on N, is computed for each
realization, which are then averaged over multiple realizations to construct Cév N

Remark. In this paper we assume the noise spectrum is radially symmetric so that
Cév N is estimated by the same radial averaging as done in (6.9). If the beam or noise
is asymmetric this assumption is unlikely to be true. However, one can still estimate

the noise spectrum from simulations and subtract the resulting bias in Cf k

6.4 Simulation

We use four types of simulations in this section, each summarized in Table 6.1. The
lensed simulations (with additional noise and beam) are used to generate estimates
of Kk, using both the local MLE and quadratic estimates, which are then used to

construct the plug-in estimates CZ"% given in Sect.6.3. The unlensed simulations
(also with additional noise and beam) are used to estimate the error spectrum,

CéVN , derived in Sect.6.3.1 for both the quadratic estimates and the local MLE
estimates. We use periodic boundary conditions for the quadratic estimates to
avoid complicated appodization issues inherent in the quadratic estimate based on
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Table 6.1 The four types of simulations used to compare the bias adjusted local MLE and
quadratic estimates of C/*

Simulation Boundary type ~ Useage Number of simulations
T(x+V¢$(x)) Periodic C/‘,’a (using the quadratic estimate) 100
T(x) Periodic Cj\’m (using the quadratic estimate) 100
T(x+V¢$(x)) Non-periodic CF¥ (using local MLEs) 35
T(x) Non-periodic E[Aﬁv (using local MLEs) 35

non-periodic sky cuts. Due to computational time constraints only 35 simulations
were made for the local MLE estimates (verses 100 simulations for the quadratic
estimate).

The non-periodic lensed CMB fields are simulated' by generating a high
resolution simulation of T'(x) and the gravitational potential ¢(x) on a periodic
17° x 17° patch of the flat sky with 0.25 arcmin pixels . The lensing operation is
performed by taking the numerical gradient of ¢, then using linear interpolation to
obtain the lensed field T'(x + V¢ (x)). We down-sample the lensed field, every 4th
pixel, and restrict to a 10° x 10° patch to obtain the desired arcmin pixel resolution
for the simulation output. A Gaussian beam with a FWHM of 4 arcmin is applied in
Fourier space using FFT of the lensed fields. Finally white noise is added in pixel
space with a standard deviation of 2 uK-arcmin. A similar procedure is performed
for the periodic lensed CMB fields, except the initial high resolution simulation of
T (x) and ¢ (x) are done on a periodic 10° x 10° patch of the flat sky with 0.25 arcmin
pixels.

The top plot of Fig. 6.3 summarizes the results using the local MLE estimates
with a non-periodic cut sky. The bottom plot of Fig. 6.3 summarizes the corre-
sponding results using the quadratic estimate on a periodic cut sky. Both show
the ensemble average of the bias adjusted spectral density estimates C;* (blue)
compared to the true spectral density C/* (black) and the ensemble averaged

spectrum EF\K one would obtain if one had access to the true x field for each
simulati(gl_\(red). The bars denote standard deviation error bars. The reason we
include Cf* is to show the pixelization and appodization bias which is present
irrespective of estimation procedure for x.

Both estimates of C;* based on the quadratic estimate and the local MLE
estimate do a good job of tracking the true spectral density. It appears there is more
variability in the local MLE estimate, especially at low ¢. However, at low ¢ the
local MLE estimate looks nearly unbiased. The observed power suppression bias

I The fiducial cosmology used in our simulations is based on a flat, power law ACDM cosmological
model, with baryon density €2, = 0.044; cold dark matter density Q.4 = 0.21; cosmological
constant density £, = 0.74; Hubble parameter 4 = 0.71 in units of 100kms~! Mpc~!; primordial
scalar fluctuation amplitude A, (k = 0.002Mpc~!) = 2.45 x 10~7; scalar spectral index ny(k =
0.002Mpc~!) = 0.96; primordial helium abundance Yp = 0.24; and reionization optical depth 7, =
0.088. The CAMB code is used to generate the theoretical power spectra [13].
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Fig. 6.3 Top: The simulation results for the bias adjusted local MLE estimate of C{*. The blue
dots show the ensemble mean of the estimates (1o error bars). The red dots shows the mean of

the estimates C"" if one had access to the true k. Bottom: The corresponding results for the bias
adjusted (with 51mulat10ns) quadratic estimate of C/’* (See Sect. 6.4 for the simulation details)

at low ¢ and power amplification bias at high ¢, for the quadratic estimator, is well
documented in [5, 11]. It is interesting that the power amplification bias at high ell
is opposite to the bias in the local MLE estimate. This may be due to a different
Taylor truncation error used to derive the two different estimates. Irrespective of
where the bias comes from, it is potentially scientifically useful that the biases are
complementary.

Note: The ensemble averaged spectrum C{F\K based on the true x (red) is different
at low ¢ in the top plot versus the bottom plot in Fig. 6.3. This is presumably do to
the appodization effect which is present in the local MLE simulations, since we are
using non-Periodic sky cuts, but not present for the period sky simulations used for
the quadratic estimator.
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6.5 Challenges

The main challenge for the local MLE procedure is the difficulty in deriving
global properties of the noise structure. Since the local MLE estimate is based
on a different Taylor truncation it may provide an important complement to the
quadratic estimator. Indeed, the spectral density bias in the frequency range 300—
600 seems entirely complimentary to the bias in the quadratic estimator. Moreover,
the estimation variability also seems comparable in this range. However, the bias and
variance most likely depends on the true, but unknown, spectrum C;*. It remains
to be seen if the bias remains complementary under alternative models for C;~.
Therefore, before it can be used in conjunction with the quadratic estimator, one
must get some theoretical quantification of the nature of bias and variance.

It is clear from the results given in Sect. 6.4 that simulations can provide a partial
answer to the quantification of bias and variance of the spectral density estimation.
Unfortunately, the local MLE estimate is somewhat computationally expense. Each
local estimate on a small neighborhood can be done quickly. However, these local
estimates are required at a sufficient resolutions to get adequate coverage in Fourier
space. Therefore a complete understanding of bias and variance seems unattainable
through simulation.

One potential advantage of the local MLE estimate is the apparent unbiasedness
at low £. This contrasts with the situation for the quadratic estimate, where the bias at
low ¢ has been quantified by Hanson et. al. [5]. They present a method for correcting
the low ¢ bias in the quadratic estimator. However, this method depends on a fiducial
model for C;*. Indeed, this problem persists when the quadratic estimator is applied
to non-periodic sky cuts where quantification of the appodization effect is usually
done with simulations under a fiducial model for C;*. The advantage of the local
MLE estimates, in this case, is that it does not require a fiducial model for first
order bias correction or appodization. The cost of this unbiasedness, it seems, is the
apparent increase in variability at low £.

Acknowledgements We thank Lloyd Knox for numerous helpful discussions.
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Chapter 7

Commentary: ‘The Matter Spectral Density
from Lensed Cosmic Microwave Background
Observations’

Alan Heavens

Abstract Weak gravitational lensing of the Cosmic Microwave Background
(CMB) by the intervening clumpy Universe is an important effect which affects
parameter estimation in cosmology if not correctly accounted for, and which limits
our ability to measure primordial gravitational waves from inflation. Quantifying
its effects is an important task, and one which is challenging in practice. In this
commentary, I give some physical context and describe the statistical properties
of the CMB and lensing fields, and argue that in principle it is an ideal topic for
statisticians to get involved with. In practice, there are several challenges which
make detailed study quite challenging, and the accompanying paper addresses one
of these with a novel approach. This is the effect of non-uniform sky coverage, due
to regions of the sky being masked by, for example, point sources. The paper by
Drs. Anderes and van Engelen addresses this with a new idea—a local maximum
likelihood estimator of the lensing potential, stitching together the estimates to give
a global lensing map. It discusses the challenges inherent in the approach, and offers
some possibilities to meet the challenges.

7.1 The Cosmological and Statistical Appeal of the CMB

Ethan Anderes and Alexander van Engelen address one of the most important topics
in cosmology today. They analyse the effects of gravitational lensing—the bending
of light by gravity—on the CMB radiation. The CMB photons give a snapshot of
the Universe at recombination, about 300,000 years after the Big Bang; the photons
have travelled largely unimpeded since then, being subject to relatively few physical
processes, one of which is the deflection due to the gravitational influence of the
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increasingly clumpy intervening Universe. There are a number of observational
probes of cosmology, but it is fair to say that the CMB is the prime source of
information about the Universe, for two main reasons. The first is that the detailed
statistical properties of the fluctuating radiation field depend quite sensitively on
the key parameters of the Universe, such as its expansion rate, matter content and
so on, as well as giving us a window into the early Universe, where a period of
rapid accelerating expansion, known as inflation, is thought to have provided the
seeds for subsequent structure formation. These early fluctuations can be detected
in the temperature field of the Universe, and also yield a small polarisation due
to Thomson scattering of the radiation from free electrons at the recombination
era. The second reason is that the physics of the CMB is rather well understood,
as at the time of emission (in the standard cosmological model, which is a very
successful description of the Universe), the Cosmos was an almost uniform mixture
of photons, ordinary matter and dark matter, with a small component of dark energy.
This is a simple system to analyse, so the confrontation of observation with theory
is very robust, and firm conclusions can be drawn with high confidence. From a
statistical point-of-view, the CMB is also a very appealing hunting ground, as its
statistical properties are simple, principally as a result of the central limit theorem,
so we know pretty much what we are dealing with. In practice, there are important
complications, and subtle effects which may indicate new physics. Lensing is one
known physical effect, and as it changes the power spectrum of the observed
CMB, including its effects is important to get accurate estimation of cosmological
parameters. Apart from using the statistical properties of the temperature field to
determine cosmological parameters, a very exciting future opportunity is to look
for rather direct evidence for inflation, the process in the early Universe which
is thought to be responsible for the present expansion of the Universe. This manifests
itself through polarisation signals in the CMB as a result of gravitational waves
generated during inflation. These give rise to so-called B-mode perturbations, at
a level which depends on the energy scale of inflation, manifested in the tensor-
to-scalar ratio r. Measurement of primordial B-modes is enormously challenging as
the expected level is very low, and furthermore, gravitational lensing of the polarised
emission caused by Thomson scattering (which produces E modes) causes a B-mode
polarisation signal which dominates the power spectrum on scales less than about a
degree. For these reasons, understanding the effect of lensing on the CMB is of vital
importance.

7.2 Gravitational Lensing of the CMB

Gravitational lensing of the CMB causes deflection of the photon direction, whilst
preserving surface brightness (through Liouville’s theorem). The deflection can be
described in terms of a lensing potential ¢, which is an integral along the line-of-
side of the gravitational potential, weighted with a lensing kernel. The CMB map
is therefore distorted in a way which depends on the distribution of matter along
the line-of-sight. The deflections are typically rather small, of the order of a few
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arcminutes, but the distortions of the map are correlated over scales of around 10°.
An excellent review of the subject appears in [1]. From a statistical point-of-view,
this is an (almost) ideal situation, since the CMB is (almost) a random gaussian field,
and the lensing potential is (almost) another gaussian random field, the exception
being on the smallest scales, where nonlinear collapse makes the field slightly
nongaussian. Thus in principle it is open to a full Bayesian treatment, a necessary
ingredient of which is that one can predict the probability of the data vector given
the parameters of the model. Unfortunately in practice this is computationally too
demanding. This provides additional motivation for the accompanying paper.

The effect of lensing is as follows: the deflection means that at angular position
x the temperature is given by the unlensed temperature at x + V¢ (x), which is
normally expanded as:

T(x+V(x)) = T(x) + VHOV, T (x) + %V“(DV"(DVHVVT(X) FNCAY

It is known that truncation of this series as shown is a good approximation, but is
inaccurate at the level of about 10% on arcminute scales. Analysis of this expansion
allows a quadratic estimator for the lensing potential to be written down, via its
Fourier transform:

by o /_T,,T, ve(L) (1.2)

where g is a known function. The details can be found in [1] or in the original
references contained there, but the point is here that this is evaluated in Fourier
space, so this is effective if we have all-sky coverage (actually flat-sky is assumed
here), but this becomes problematic when the CMB has holes due to bright point
sources, or if the noise in the map is non stationary. Both of these are normal, so in
practice this is rather difficult to do.

7.3 Anderes and Van Engelen’s Method

The method proposed by Anderes and van Engelen reconstructs the lensing potential
locally, not using the Fourier analysis which represents a global method. For a
sufficiently small patch, they approximate the lensing potential as a quadratic
function of the coordinates, q‘i’ (x), and estimate the quadratic coefficients using a
local maximum-likelihood method. This has the obvious and attractive advantage
that it is immune to the effects of holes elsewhere in the map, and one can
approximate the noise as stationary across each patch. The estimation of the lensing
potential can be done with Bayesian methods (which may drive the solution to zero
because of noise), or MLE estimators, for which the noise bias has a different form.
In the accompanying work, correction of the MLE bias is effected using simulations.

There is no doubt that this is a rather challenging problem, and this work
is to a certain extent exploratory, highlighting the issues which will need to be
addressed very well, but not yet providing a full solution. The main innovation is
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to approximate the lensing potential as a quadratic function of the coordinates; this
must be a good approximation on sufficiently small scales; the important question of
course is whether it is adequate on the minimum scales on which it can be applied.
The lensed temperature field is then approximated by

T(x+Vo(x)) ~ T(x+Vg®(x)). (7.3)

By simplifying the lensing potential, it is possible to use standard MLE techniques
to estimate the three independent coefficients of the quadratic form, exploiting the
gaussianity in the problem. Notice that the lensing potential is slightly nongaussian
on the very smallest scales, due to nonlinear evolution of the matter density field
along the line-of-sight, but the effects are at the percent level on arcminute scales;
they are probably unimportant, but this would need checking. Two approaches are
taken at this point, either using a MLE or computing the mode of the posterior in
a Bayesian analysis. The prior in the Bayesian treatment tends to bias the potential
towards zero, so the authors concentrate on the MLE, which seems to have the
advantage of an additive, noise-dominated bias which is correctable, compared with
a lensing-dependent multiplicative bias which is harder to deal with. There is an
immediate issue to contend with, and that is how to patch together the different
MLE of the potential in different areas of sky. A variety of gradient fits is employed,
to give a potential reconstruction which is visually good, but naturally one would
want to know to what extent this patching introduces artefacts in the reconstruction.
Perhaps in order to assess how good the constructions are, the authors analyse the
power spectrum of the recovered convergence field and compare in simulations
with the input. This seems natural, although if this was the main goal, then the
reconstruction step may be unnecessary and there may be more direct ways to work
only with statistical quantities. The bias corrections are rather large, but the authors
show that after correction both the MLE and Bayesian methods yield reasonable
estimates of the convergence power spectrum. Given that at some level the bias
correction may depend on the true convergence power spectrum, and the authors
have yet to test the sensitivity of the correction to this.

With some analyses of lensing of the CMB, computational expense is an issue,
and this is no exception, but on the positive side the problem of large-scale biases in
the power spectrum which besets other methods appears to be absent. In summary
the novel approach which is presented here is an interesting addition to the list of
techniques which can be applied to the challenging problem of accurate analysis of
the lensed CMB. It is a work in progress, and it will be interesting to see whether
the challenges which are identified in this work can be met in practice. If so, the
scientific gains are very worthwhile, so one hopes so.

Reference
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Chapter 8
Needlets Estimation in Cosmology
and Astrophysics

Domenico Marinucci

Abstract Needlets are a form of spherical wavelets which has recently drawn a
lot of interest in the cosmological and astrophysical literature. We shall briefly
recall the most important features of the needlets construction, and explain why
their properties make possible a succesful application to several issues of interest
in the analysis of Cosmic Microwave Background data. Many of these possibilities
have been exploited already, and we review some results. We shall then explore the
role of needlets in adaptive estimation, with a focus on cosmic rays experiments
and future weak gravitational lensing and polarization observations on spin random
fields.

Dedicated to the memory of Daryl Geller. Much of what is
presented here is based upon the contributions of Daryl Geller
(1951-2011). In particular, besides developing Mexican
needlets (with A.Mayeli), he is to be credited for most of the
work on spin needlets/mixed needlets: very little of the
mathematical theory behind these developments would exist
without him.

8.1 Introduction

Over the last decade, wavelet techniques have become a well-established tool for
the analysis of cosmological and astrophysical data, see for instance [51] and the
references therein. In particular, a growing interest has been devoted in the last
5 years to the application in a cosmological environment of a new form of spherical
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wavelets, called needlets. Needlets were introduced in the mathematical literature
by Narcowich et al. [41,42], see also [20-22] for extensions and generalizations.
The investigation of the stochastic properties of needlets when implemented on
spherical random fields is due to [2, 3, 35, 36, 40], where applications to several
statistical procedures are also considered. Several applications to experimental data
have already been implemented: for instance [44] have focussed on estimation of
cross-power spectrum from CMB and large scale structure data provided by the
NVSS catalogue; [38] have given an overview of the method and various possible
applications to CMB; [45] considered search for asymmetries and local estimators
of the angular power spectrum; [6, 35,46, 48,49] have focussed on the analysis of
the needlets bispectrum, non-Gaussianities, estimation of the nonlinearity parameter
fu and its directional variations; [8, 12,23, 24] discussed the numerical properties
of the needlets and exploited them for map-making and angular power spectrum
estimation; [14, 15] considered the search for bubble as a test of eternal inflation.

More recently, a few papers have focussed on the use of needlets to develop
estimators within the thresholding paradigm, in the framework of directional data.
Thresholding estimates were introduced in the statistical literature by Donoho et al.
in [10], where it was proved that nonlinear wavelet estimators based on thresholding
techniques achieve nearly optimal minimax rates (up to logarithmic terms) for
a wide class of nonparametric estimation of unknown density and regression
functions. The theory has been enormously developed ever since—we refer to [25]
for a textbook reference. In an astrophysical context, needlet-based thresholding
algorithms are discussed by Baldi et al. [4] and Kerkyacharian et al. [29, 30];
applications to cosmic rays data analysis are provided for instance by Fay et al. [13]
and Iuppa et al. [27,28]. Earlier results on minimax estimators for spherical data,
outside the needlets approach, are due to Kim and coauthors (see [31, 32, 34]).
Another very active area involves the use of needlets for the analysis of spin data,
i.e. those arising when considering the polarization of CMB data and/or future
weak gravitational lensing experiment such as the projected mission Euclid [5,33]).
Some results in this area have been provided by Geller and Marinucci [18] and
Gelleret al. [16], with further developments discussed by Geller et al. [17], Geller
and Marinucci [19], and Durastanti et al. [11].

In this presentation, we shall first review briefly the main features of the needlet
construction, and explain how its properties make it a suitable tool for data analysis
in many area of cosmological interest. After reviewing briefly applications to CMB,
we shall discuss adaptive properties and their importance in the framework of
gamma rays, weak gravitational lensing and polarization of the CMB.

8.2 Needlets Construction and Main Properties

Consider any function f defined on the sphere S, and such that f € L*(§?), that is
to say [q f2(x)dx < . It is well known that the following spectral representation
holds:
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Fx) = aimYim(x), (8.1)
Im
Ay = o F)Y u(x)dx, (8.2)

where the set {Y},,} represents the array of so-called spherical harmonics on the
sphere, defined to be the eigenfunctions of the spherical Laplacian

1 4 d 1 97
AoYy, = =114+ 1)Y,Ap = ——=— [ sind =— —_— .
525 im (L4 1)¥im » Age sin® 99 <sm >+ sin? ¥ d @2
When the function f(x) is random, as in the case of the CMB temperature data
(which is assumed to be the realized of an isotropic, finite variance random field)

we have also that
Eaj, = 0, Ealmal’m’ = C1511/6r’nn/ >

where the bar denotes complex conjugation and C; the so-called angular power
spectrum of the random field.

In the presence of a partially observed sky (as happens for CMB, where some
regions are masked by the presence of the Milky Way and other foreground
contaminants), the evaluation of the inverse Fourier transform (8.2) becomes
unfeasible. Moreover, localization in both the real and the harmonic space is indeed
necessary when searching for localized features, such as for instance the highly
debated Cold Spot [7]. In view of these considerations, the double localization
properties of spherical wavelets become most valuable. Among spherical wavelets,
we shall be concerned with needlets, whose construction we review as follows.

Let b(.) be a weight function satisfying three conditions, namely

 Compact support: b(t) is strictly larger than zero only for # € [B~!,B], some
B>1

o Smoothness: b(t) is C™

e Partition of unity: foralll = 1,2,... we have

o2 LY
be <BJ')_1'

Recipes to construct a function b(.) that satisfy these conditions are easy to
find and are provided for instance by Marinucci et al. [38] and Marinucci and
Peccati [39].

Next step in the construction is the introduction of a set of cubature points and
weights, namely a grid of points {5 jk} on the sphere and a grid of weights 4 j; such
that

> AikYim (&)Y tymy (Eji) = /52 Yy, my ()Y 1y, (x)dx , for B <1y, < B/
Jk



86 D. Marinucci

In other words, cubature points provide a grid of pixels such that the integrals of
spherical harmonics are equal to the corresponding Riemann sums on this grid.
In practice, cubature points can be identified with the pixel centres of a standard
package such as HealPix, and cubature weights can be taken to be equal to the pixel
areas, with a very minor numerical approximation.

We have now all the background material to introduce the needlet system, which
is defined by

B/t

Wir(x) =/ Aj z z b(BJ)Ylm ()Y 1 (Ejk) »
|=B/—1m=—1
with the corresponding needlet coefficients provided by
B]+l
ﬁjk_/ f ll/jk dx_ \/ 1 % 1m§1b (Bj)alelm(‘gjk) (8.3)

The coefficients {Aj } are such that cB~%/ < A, < CB~%/, with ¢,C € R, and N; =
card {§ jk} ~ B%/ see for instance [3] for more details.

It is now well-known that needlets enjoy quite a few important properties that
make them very suitable for spherical data analysis (see for instance [38]). Indeed,

1. Numerical implementation: Needlets have important numerical advantages: they
do not rely on any tangent plane approximation, but they are naturally embedded
in the manifold structure of the sphere and perfectly adapted to standard
packages, such as HealPix.

2. Localization: Needlets are compactly supported in the harmonic space, i.e. at
each scale j needlets are supported on a finite number of multipoles which are
perfectly controlled by the data analyst. As far as real space is concerned, for
every M = 1,2,3..., there exist some constant cys such that

‘ < CMsz

< ‘ -, forall x € §%,
{1 —|—B/d(x,§jk)}

‘ vir(x)

where d(.,.) denotes the standard geodesic distance on the sphere. In other
words, for any fixed angular distance the tail of the needlets decay faster than
any polynomial, i.e. quasi-exponentially as the frequency increases.

3. Reconstruction property: As established by Narcowich, Petrushev and Ward,
needlets make up a tight frame system, meaning that for any (random or
deterministic) function f € L?(S?) we have

21+l
Jo =3 ~3ph
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a sort of conservation of energy condition. This property yields many important
consequences: the first and most important is the following reconstruction
property, again in the L? sense:

F) =Y Biwi(x) . (8.4)
I

so that the pair (8.3)—(8.4) makes a sort of analogue of standard results in Fourier
analysis such as (8.1)—(8.2).

4. Asymptotic uncorrelation: In the random case, the needlet coefficients f3;; are
random variables, with correlation such that for all M = 1,2,..., there exist ¢y
ensuring that

Corr(Bi,Biv) < v , forall x € 2.
(ﬁ,/k B}k ) = {1 —i—Bjd(x, éjk)}M

5. Flexible implementation: as discussed by Scodeller et al. [50], needlets can be
adapted to specific problems by suitable tuning in the choice of the weight
function b(.) and the bandwidth parameter B.

More recently, the needlet idea has been extended by Geller and Mayeli with
the construction of so called Mexican needlets, see [20-22] for the definition and
discussion of their properties and [50] for numerical analysis and implementation in
a cosmological framework. Loosely speaking, the idea is to replace the compactly
supported kernel b(%) by a smooth function of the form

! I\ 12
()= () (o)

for some integer parameter p. Because the function b(.) is not compactly supported,
an exact reconstruction function cannot hold; Geller and Mayeli show, however,
that the corresponding error can be made arbitrary small by a suitable choice of
(approximate) cubature points and weights. Apart from that, Mexican needlets un-
deniably enjoy some very interesting properties: in particular, they have extremely
good localization properties in real space, they allow for flexible and numerical
convenient implementation, and for p = 1 they provide at high frequencies a good
approximation to the so-called Spherical Mexican Hat Wavelet construction. Their
statistical properties are also encouraging: although the uncorrelation property does
not hold for arbitrary angular power spectra, it does hold for the parameter range
of interest in the analysis of CMB data, and indeed in these circumstances the
numerical evidence in [50] suggest that they may even outperform standard needlets.
Most of the analysis we report below in a CMB-related environment have been
duplicated with Mexican needlets, with very positive results.

In the following Section, we review briefly some applications of needlets to CMB
data analysis where these properties have been fully exploited.
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8.3 Applications to CMB Data Analysis

Uncorrelation was first established by Baldi et al. [2], and then used to derive
statistical properties of several estimators of interest for CMB data analysis. For
instance, consider the statistic
ro._ 2.
Ij:= ZBjk ;
k

it is immediate to see that f, provides an unbiased estimator for (a binned form of)
the angular power spectrum,

~ [\ 21+1
Erj=rj=2bz(—-) oF
; BJ 4r

moreover f, is also consistent, that is ﬁ /T; converges in probability to one as
the frequency diverges, and asymptotically Gaussian, i.e. it is possible to construct
standard confidence intervals. These properties were established by Baldi et al. [2],
and then used by Pietrobon et al. [44] to supply an estimator for cross-spectra
between background radiation and large scale structure data, when investigating
the Integrated Sachs-Wolfe effect. By the same approach it is possible to search
for asymmetries in the power spectra of CMB data, for instance between the
Northern and Southern hemisphere, an idea introduced by Baldi et al. [3] and then
implemented by Pietrobon et al. [45], or to supply estimators of the angular power
spectra in CMB temperature data, see [12].

Several other applications focussed for instance on using analogous arguments
to construct needlet-based estimators of the bispectrum and/or the nonlinearity
parameter f;,;, see for instance [46—49]. Here the idea can be summarized as follows.
It is well-known that, under isotropy and Gaussianity, the angular power spectrum
provides full information on the dependence structure of a random field. To search
for non-Gaussianity, it is necessary to consider higher order statistics, for instance
the so-called bispectrum, defined by

Eaj m, Qlymy iymy = Blymybymylymy = <nl111 nlfz nl;) b b1, - (8.5)
The second equality in (8.5) is a crucial consequence of isotropy, entailing that
the physical information is concentrated in the reduced bispectrum by, ,;,, while
isotropy is enforced by the appearance of the Wigner-s 3j symbols on the left,
see [26,37,39] for more discussion and details. A natural question to ask is then how
to estimate by, ;,;,, especially in the presence of missing data. The following needlet
bispectrum estimator was introduced by Lan and Marinucci [35] and applied on real
data by Pietrobon et al. [46,47] and Rudjord et al. [48, 49]:

Ljjojs = 2 ﬁhhﬁjzkzﬁhhh/l/zjz
kikoks
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I I Iz
Eljjyjs = ”2; b (ﬁ) b (ﬁ) b (ﬁ) by »
113

where A}, j,;, is a normalizing factor; we refer to the previous references for more
details. In short, needlet coefficients provide a computationally very convenient
estimator for a binned form of the bispectrum, with the added bonus of localization
in real space. The latter property makes it possible to investigate not only possible
non-Gaussianities, but also their variation over the CMB sky, a task carried over
by Pietrobon et al. [47] and Rudjord et al. [49]. We refer to these and the previous
references for results on applications of these procedures to WMAP data, in
particular estimated values of the fundamental nonlinearity parameter f;;.

In a CMB related framework, needlets have become popular for other applica-
tions as well. For brevity’s sake, we avoid to report each of them here—we simply
recall, for instance, various approaches to map-making (the so-called Needlet
Internal Linear Combination method is now the standard procedure in the Planck
pipeline, see [1,8,23,54]), and very recently the use of needlets to search for bubbles
as a test of eternal inflation [14, 15]. Rather than going further into these issues, we
prefer to consider more recent developments, such as those concerning polarization
and/or weak gravitational lensing data, and those related to directional data and
cosmic rays.

8.4 Directional Data

We shall now consider the analysis of directional data, i.e. those emerging from
large area surveys for cosmic rays detections. Examples of this setting include the
search for ultra high energy cosmic rays considered by experiments such as AUGER,
gamma rays as investigated by satellites AGILE and Fermi-LAT, and ground-based
observatories such as ARGO-YBJ. Many other examples could also be considered.

In each of these cases, the statistical problem can be formulated as observing
independent directions {Xi,...X,}, each X; € S? representing an incoming direction
on the sky, possibly observed with error. We shall consider the case where we are
interested to reconstruct the density of observed data.

The idea which we shall discuss here follows from classical approaches to
wavelet-based density estimation, as discusses on the real line by Donoho et al. [10]
and Hardle et al. [25] and many following references. Let f(x) denote the population
density of incoming cosmic rays; we have the expansion

F&x) =Y Biwik(x) . Bjx = /52 F)wjk(x)dx .
ik
Consider the needlet coefficient estimator

~ 1
Bjx = - > wik(Xi) 5 (8.6)
-
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we have easily
~ 1 n 1 n "
EBj = - ziEllfjk(Xi) = ;.sz(x)‘”jk(x)dx =B -

An immediate idea to estimate cosmic rays density is then to implement the so-
called linear wavelet estimator [25]

Fo@) =Y Brwie(x) . (8.7)

A more refined approach is to rely instead on needlet based thresholding
estimates, as discussed for instance by Baldi et al. [4], and then extended and
generalized by Kerkyacharian et al. [29, 30] and Fay et al. [13]. The idea of
thresholding is now classical in statistics (see [10, 25]) and can be intuitively
explained as follows. Start from the linear estimate (8.7); the smallest coefficients
are expected to be dominated by noise, and hence can be dropped, keeping just those
coefficients which are above a given threshold.

More precisely, we can consider the nonlinear estimate

THOE 237ijk(x) , Bfk = Bjk1(|§jk| > cty)

where 7, is a threshold level and I(A) denotes the indicator function of the event A,
taking value 1 if A is verified, O otherwise. Such estimates can be shown to be nearly
optimal (in the minimax sense) over a wide class of density functions (described by
Besov spaces) and different loss functions, i.e. norms by which to measure when the
estimate is “close” to the density to be estimated. We refer to the above mentioned
papers for discussion and technical details; results on data collected by the ARGO-
YBJ collaboration will be released soon.

8.5 Spin Nonparametric Regression

8.5.1 Background

Another generalization of the needlet approach has been recently advocated
by Geller and Marinucci [18]; applications to statistics can be found in [17].
In particular, we recall that the CMB satellite missions WMAP and Planck are
currently collecting data also on the so-called polarization of CMB. The latter can
be loosely described as observations on random ellipses living on the tangent planes
for each location on the celestial sphere. Mathematically, this can be expressed
by defining random sections of so-called spin fiber bundles, a generalization of
the notion of scalar random fields (see [17—19] and below for much more details
and discussion). Quite interestingly, exactly the same mathematical framework
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describes the so-called weak gravitational lensing induced on the observed shape
of distant galaxies by clusters of matter (see for instance [5,33] and the references
therein). Huge amount of observational data are expected in the next decade, by
means of satellite missions in preparations such as Euclid.

The applications of spin needlets to CMB polarization data is discussed in [16];
in [11] spin nonparametric regression was introduced, with a view to applications to
polarization and weak lensing data. We refer also to [52] and the references therein
for alternative approaches to wavelets analysis in this framework.

We shall then be concerned with the regression model:

Vi = Fy (X;) + €5 (8.8)
where F; (+) is an spin function, to be discussed below; for instance, for s = 2 F; can
be taken to represent the geometric effect of the gravitational shear. On the other
hand, we assume the &;; are i.i.d. spin random variables, which can be viewed as
an observational error (to be interpreted, for instance, as the intrinsic shape of the
galaxy).

The concept of a spin function was introduced in the 1960s by Newman and
Penrose in [43], while working on gravitational radiation. Loosely speaking, a
function F represents a spin s quantity if, whenever a tangent vector at point x € §2
is rotated by an angle y under a coordinate change, F transforms as F' = ¢*¥F
(see [18] for mathematical formalization). Note that for s = 0 we are back to the
usual scalar functions.

It is also possible to introduce the system of spin spherical harmonics Yj,,.; as
the eigenfunctions of a second-order differential operator which generalizes the
spherical Laplacian (refer again to [18, 53] for more details).

The spin spherical harmonics are themselves an orthonormal system, i.e. they
satisfy

_ 2n @ _ . ’ ’
/52 Ylm;sYlm;sdx = /0 /0 Ylm;s(ﬁv (p)Ylm;S(ﬁv (P) Sin 19d19d(p = 6ll 6r’nn .
As for the scalar case, the following representation holds

Fi(x) = zzalm;sYlm;s (x) .
I m

Here, the spherical harmonics coefficients aj,,.s := [, 52 F,Y ,ndx are such that
Qs = A + ialm;M s

where {ajm:g } , {amm:m } are the coefficients of two standard (scalar-valued) spherical
functions, which in the physical literature are labelled the electric and magnetic
components of the spin function Fj, see again [18, 19] for more discussion.
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8.5.2 Spin and Mixed Needlets

The construction of spin needlets (as provided by Geller and Marinucci [18]) is
formally similar to the scalar case, although as we discuss below it entails deep
differences in terms of the spaces involved. Indeed, spin needlets are defined as
follows:

ll/jks \/72]9( BJ ) 2 Ylms(éjk) Ylms() (8.9)

where {A ks £ jk} are, as before, cubature weights and cubature points, b () € C* is
nonnegative, it is compactly supported in [1/B, B] and satisfies the partition of unity
property. Note, however, that the mathematical meaning of (8.9) is rather different
from the scalar case; indeed Wi (x) is to be viewed as a spin s function with respect
to rotations of the tangent plane T, and a spin —s function with respect to rotations
of the tangent plane Té,-k' The spin needlet operators acts on spin s functions to
produce spin s coefficients

/F OV i (¢ dx—\/72b<

We report some important properties for spin needlets, very similar to those in scalar
case (see [41,42]). The following reconstruction formula holds:

x)=3 %ﬁjk;s‘l/jk:s (x)-
J

) Alm, sYlms (éjk) =: ﬁjk;s . (8.10)

Also, from the previous discussion it follows easily that }l//jk;s}z is a well-defined

scalar quantity (It is simple to check that also the squared coefficients ‘[3 jk;s|2 are
scalar). The following localization property is hence well-defined (see [18]): for any
M € N, there exists a constant ¢y > 0 such that for every x € S2:

. cuB’ .
’ ~ (1+BJarccos (<§jk7x>))M

As an alternative construction, [19] have considered so-called mixed needlets,
defined as

Wik (%)

Wik 0=\ e T b (25 ) s (97 ()

I>]s|

The construction is similar to the one discussed earlier, the main difference being
the fact that the resulting needlet coefficients Bji.;. » are scalar, rather than spin,
quantities. We refrain from a full comparison here for brevity’s sake; it suffices to
say that the procedures we shall discuss below can be implemented with both kind
of needlets.
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Spin and mixed needlets can actually be used for polarization data analysis much
the same way as we have seen for the scalar case. In particular, they can be used
to derive angular power spectrum estimators for the so-called £ and B modes of
polarization, they can be implemented to test non-Gaussianity, they can be exploited
to search for asymmetries and local features. In the section below, however, we shall
discuss a different application, i.e. their exploitation to obtain adaptive estimation
for fields observed with errors.

8.5.3 Nonparametric Regression on Spin Runctions

We start by recalling the regression formula (8.8):
Yis =F (Xi) + &5 .

As discussed earlier, we envisage a situation where it is possible to collect data
which can be viewed as measurements on a spin field, i.e. for instance the polar-
ization of the Cosmic Microwave Background (see [9]), or the Weak Gravitational
Lensing effect on the images of distant Galaxies (see [5]).

The procedure we are going to investigate can be viewed again as a form
of needlet thresholding in the spin fiber bundles case. Our approach could be
implemented for both mixed and spin needlets. We start by defining, as usual, an
unbiased estimator for needlet coefficients. More precisely, we define

~ 1 n o .
ﬁjk;s = ;zYlek’q (Xt) , 1= 1327"'7’/1

i=1

We have immediately:

E (B ) /w,ks Fy(X:) = Bjes - 8.11)

The thresholding estimator is then defined, as usually, (see for instance [10, 25])

Bis Wis (%) (8.12)

S L

[ M\_

L.
logn?

whereas Nj; is the cardinality of the cubature point set at frequency j; it is known
(see for instance [3]) that there exist positive constants c1,¢; such that ¢ \B% < N; <
caB2/ (written N7 ~ B2/ ). It is then possible to show (see [11]) that thresholdlng
estimates achieve ‘nearly optimal’ (up to logarithmic factors) rates with respect to
general loss functions.

In (8.12), J, represents a cut-off frequency, which we shall fix at B/» =
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Theorem 8.1. Let Fy € %"

q:s(G), the “Besov ball” such that ”FS”%}L]-Y <G < oo,

r— E > 0, and consider F; defined by (8.12). For 1 < p < oo, there exist kK > 0 such
that we have

)

—o(rm,p)
sup B~ Flfy <y flogn)? | o

Fvegﬁq;x logn

2for T > 55 +2 (regular zone)

OC(r,n,p) = pr (%,l})) < 2
—L( 211 form < 575 +2 (sparse Zone)
Also, for p=oo
—ot(r,7,00) 2
sup E||F; — Byl < C. L" ] 7a(r,n7w):%_
FYE%;[L];S ogn 2(r— 2(; — j))

Remark 8.1. The definitions of “regular” and “sparse” zones are classical, and so
are the rates obtained, which indeed correspond (for instance) to those presented
by Baldi et al. [4] for density estimation. The results are basically saying that
over a broad class of functions thresholding estimates converge (up to logarithmic
factors) as fast as any other possible estimator, even without prior knowledge on the
regularity of the (spin) function to be estimated. This is exactly the sort of robustness
property we were looking for. Of course o(r, 7, p) < % imy e a(r,m, p) = % This
is to say that for “very regular” functions, thresholding estimates converge as fast as
the pure parametric case.

Remark 8.2. For s = 0, the previous results cover adaptive nonparametric regres-
sion for complex-valued, scalar functions. Again, the rates correspond to the usual
nearly minimax bounds.
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Bayesian Analysis Across Astronomy



Chapter 9
Parameter Estimation and Model Selection
in Extragalactic Astronomy

Martin D. Weinberg

Abstract Astronomy is rife with multi-instrument, multiple wave band data sets
and complex physical theories. An astronomer, therefore, needs to (1) infer the
parameters of models from multiple hypotheses; (2) inter-compare hypotheses; and
(3) test that the data is sufficiently well explained by the models. Most often,
all three needs are inseparably linked. The Bayesian approach allows these to be
addressed simultaneously and consistently. Although Bayesian inference is well-
suited to problems of inference in astronomical science, the most commonly used
tools best treat idealized or specialized models. Here, I describe our experience
based on two such problems in extragalactic science—testing models based on
galaxy images and exploring recipes galaxy evolution using semi-analytic models—
using the UMass Bayesian Inference Engine (BIE), a parallel-optimized software
package for parameter inference and model selection. The BIE is designed as a
collaborative platform for Bayesian methodology for astronomical problems.

9.1 Introduction

Inference is fundamental to the scientific process. We may broadly identify two
categories of inference problems: (1) estimation—finding the parameter of a theory
or model from data; and (2) hypothesis testing—determining which theory, indeed
if any, is supported by the data. These are computationally difficult problems in
practice. The different data characteristics for each survey and engenders varied
selection effects and inhomogeneous error models. Moreover, the information
content of large survey databases can in principle determine models with many
parameters but exhaustive exploration of parameter space is infeasible. In brief,
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astronomers increasingly rely on numerical data analysis, but most cannot take
full advantage of the power afforded by present-day computational statistics for
attacking the inference problem owing to a lack of tools.

These classes of estimation problems are readily posed by Bayesian inference
(BI), which determines model parameters while allowing for straightforward
incorporation of heterogeneous selection biases. Combined with the modern
theory of probability and Monte Carlo computation, Bayes theorem provides a
rich framework for the quantitative investigation of a wide variety of inference
problems, such as classification and cluster analysis, that broadly extends and unifies
the two categories described above. Unfortunately, the computational complexity
of BI grows quickly with the number of model parameters and becomes intractable
before the volume of currently available large data sets is reached. Beginning in
2000, a multi-disciplinary investigator team from the Departments of Astronomy
and Computer Science at UMass designed and implemented the Bayesian Inference
Engine,! a Markov chain Monte Carlo (MCMC) parallel software platform for
performing statistical inference over very large data sets. This presentation is a
research ‘travel log’, describing our experience in applying BI to complex problems
with current algorithms using the BIE. Please see our companion posters for
additional details on two of our projects.

9.2 What do Astronomers Want and Need?

9.2.1 Parameter Estimation

Many astronomical data analysis problems are posed as parameter estimates.
For example: one observes the flux profile of a disk galaxy and would like to
estimate its scale length. In this problem, we are asserting that the underlying
model is true and testing the hypothesis that the parameter, a scale length, has a
particular value. BI approaches these problems with the following steps, reflecting
standard practice of scientific method: (1) numerically quantify a prior belief in the
hypothesis; (2) collect data that will either be consistent or inconsistent with the
hypothesis; (3) compute the new confidence in the hypothesis given the new data.
These steps may be repeated to achieve the desired degree of confidence. A clever
observer will design campaigns that refine confidence efficiently (i.e., that makes
the confidence high or low).

A prime motivation for the BIE project is our thesis that the power of expensive
and large survey data sets is underutilized by targeting parameter estimation
through maximum likelihood (ML) as the goal. For example, let us consider our

Previously funded by NASA’s Applied Information and System Research (AISR) Program. For
further information see http://www.astro.umass.edu/bie.
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example above. We determine the posterior probability distribution for scale lengths
for some subset of survey images. Alongside scale length, we determine other
parameters such as luminosity, axis ratios or inclination, and possibly higher-
moments such as asymmetry of the disk. We use the scale length with maximum
probability as the best estimate. We then attempt to correlate the scale lengths
with some other parameter of interest, luminosity or asymmetry, say. Then, if a
correlation exists, we attempt to interpret the correlation in the context of theories
of galaxy formation and evolution. Observe, that in the first step, we are throwing
out much of the information implicit in the posterior distribution. In particular,
the luminosity estimate is most likely correlated with the scale-length estimate.
If we were to plot the posterior distribution in these two parameters, we might find
that the distribution is elongated in the scale-length—asymmetry plane, possible in
the same sense as the putative correlation! In other words, the confidence in the
hypothesis of a correlation should include the full posterior distribution of parameter
estimates, not just the maximum probability estimate. See Sect. 9.4.2 and Fig. 9.2 for
an example.

9.2.2 Which Model Is Right?

This leads naturally to the following question: which model is right one? This
question is a critical piece of the scientific method. Astronomers typically do not
address it quantitatively but need to do so. I will separate the general question
“which model is right?” into two: (1) “does the model explain the data?”, the
goodness-of-fit problem; and (2) “which of two (or more) models better explains
the data?”, the model selection problem. Let us begin with (1) and describe (2) in
the next section.

Suppose we have performed a parameter estimation and determined the
parameter region(s) containing a large fraction of the probability. We may compute
the predicted models for each parameter vector in the region and assess the fit to the
data. This is often done by eye. But, model checking, or assessing the fit of a model,
is a crucial part of any statistical analysis. Before making any conclusions from the
application of a statistical model to a data set, an investigator should assess the fit of
the model to make sure that the model can explain adequately the important aspects
of the data set. Serious misfit (failure of the model to explain important aspects of
the data that are of practical interest) should result in the replacement or extension
of the model. Even if a model has been assumed to be final, it is important to assess
its fit to be aware of its limitations before making any inferences.

The posterior predictive check (PPC) is a commonly-used Bayesian model
evaluation method. It is simple and has a clear theoretical basis. To apply the
method, one first defines a set discrepancy measures, 7(D,0). A discrepancy
measure, like a classical test statistic, measures the difference between an aspect of
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the observed data set and the theoretically predicted or replicated data set. That is,
the predicted distribution of some future data D"? after having observed the data
Dis

p(Drep|D):/p(Drep,e|D)do:/p(nrepw,]))p(em)de ©.1)

(e.g. [1]). Practically, a number of replicated data sets are generated from
P(D|0,.#) with 0 selected from posterior distribution. Any systematic differences
between the observed data set and the replicated data sets indicate potential failure
of the model to explain the data. For example, one may use the distribution of a
discrepancy measure conditional of the replicated data set to generate estimate a
Bayesian p-value for the true data:

ps = PIT(D",8) > T(D,0)|D]
~ [ [ 1rer 012100 (D7 8)p(8]D)dD" 9.2)

where I, is the indication function for the condition g. This incorporates both the
variance of the observations D and the distribution of parameter values 0. If pp is
in the tails of the distribution for the DM, one rejects the fit. The critical region has
the usual meaning here. If probability is too small, the analysis model is regarded
as invalid for the given statistic.

Another approach attempts to fits a non-parametric model to the data. If the
non-parametric model better explains the data than the fiducial model, we reject
the fiducial model as a good fit. A naive implementation of this idea is difficult,
requiring a second high-dimensional MCMC simulation to infer the posterior
distribution for the non-parametric model and a careful specification of the prior
distribution. A clever scheme for doing this, described in [19], is based on the
following observation: if a cumulative distribution function is strictly increasing
and continuous, the inverse ! (u) for u € [0,1] is the unique real number 6 such
that F(0) = u. In the multivariate case, the inverse will not be unique generally, but,
instead, we may define

F~Y(u)= inf {F(0) >u} (9.3)

R4
for a parameter vector 6 of rank d. Then, rather than defining a general class of
densities in R to propose the alternative, Verdinelli and Wasserman consider a
functional perturbation to ', G(F(6)) say, such that G maps the unit interval onto
itself. The identity, G(u) = u, is the unperturbed probability distribution. Then, the
test evaluates the uniformity of the distribution of probabilities under the hypothesis.

Intuitively, this development is closely related to the probabilistic interpretation
of the marginal likelihood. To see this, consider the one-dimensional case for
simplicity: let £(D|6) = P(6)L(D|6) and Fy(8) = [°_d6 f(D|6) and therefore
P(D) = Fy(eo). If the distribution of Fy(6;) for {6;} is not uniform in [0, 1], we
can perturb f(D|6) by moving some density from a region of under sampling to a
region of over sampling and, thereby, increase P(D).
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9.2.3 Model Selection and Bayes Factors

We often have doubts about our parametric models, even those that appear to fit
the data. This is especially true when the models are phenomenological rather
than the results of first principle theories. Therefore, we need to estimate which
competing model better represents the data. Astronomers are becoming better
versed in the more traditional statistical rejection tests but astronomers often
really want acceptance tests. Bayes factors provide this: one can straightforwardly
evaluate the evidence in favor of the null hypothesis rather than only test evidence
for rejecting it. Rather than using the posterior extremum as in ML, one marginalizes
over the parameter space to get the marginal probability of the data under each
model or hypothesis, and their ratio that provides evidence in favor of one model
specification over another [15]. Bayes factors are very flexible, allowing multiple
hypotheses to be compared simultaneously or sequentially. The posterior probability
for competing models can be evaluated over an ensemble of data and used to decide
whether or not a particular family of models should be preferred. Similarly, common
parameters can be evaluated over a field of competing models with appropriate
posterior model probabilities assigned to each. A tutorial illustrating this may be
found in the BIE documentation.

Given all of these advantages, why are Bayes factors not more commonly used?
There are two main difficulties. First, multidimensional integrals are difficult to
compute. To compute the factor, we need the marginal likelihood integral: P(D) =
Jm(8)P(D|6)d6. For a real world model, the dimensionality of 0 is likely to be
>10. Such a quadrature is infeasible using standard techniques. On the other hand,
a typical MCMC calculation has generated a large number of evaluations of the
integrand at considerable expense. Can we use the posterior sample to evaluate the
integral?

Raftery [14] suggests a “Laplace-Metropolis” estimator which uses the MCMC
posterior simulation to approximate the marginal density of the data using Laplace’s
approximation (see Raftery op. cit. for details). As part of the BIE development, [20]
describes two new approaches evaluating the marginal likelihood from the MCMC-
generated posterior sample and both of these are implemented in the BIE as
secondary analysis routines (see Sect.9.3.3). In short, we believe that BIE together
with recent advances for computing marginal likelihood makes the wholesale
computation of Bayes factors feasible, at least in some cases of interest.

A second well-known difficulty is the sensitivity of Bayes factors to the choice
of prior. This may be tested through direct sensitivity analyses, such as resimulation
with chains at different resolutions and approximate priors. We believe that the BIE
project currently provides a useful platform for investigating the use of Bayesian
model comparison and hypothesis testing and we hope it helps pave the way for
new applications. In some cases, computing the Bayes factor will be infeasible.
For these, the BIE includes an MCMC algorithm that selects between models as
part of the posterior simulation. This is described in Sect.9.3.4.
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9.2.4 Observational Requirements

The likelihood function—the probability of the data given the parameter vector
and model P(D|6,M)—is fundamental to any inference, Bayesian or otherwise.
The more direct the construction of the likelihood given a parameter vector from the
physical theory, that is, the smaller the information loss, the easier the calculation
and the higher the quality of the result. In other words, the more the data is ‘reduced’
through summary statistics and ‘cleaned’ by applying complex matched filters, the
less information remains, the more cumbersome the error model, and the greater
the affect of difficult-to-model correlations. This is somewhat contrary to standard
practice in astronomy.

Moreover, astronomers often quote their error models in the form of uncorrelated
pseudo-standard errors. The cultural interpretation is that the data, typically a data
bin or pixel, should be within the range specified by the error bar most of the time.
Quoted error bars are often inflated to make this condition obtain. This leads to a
number of fundamental flaws that makes the error model (and therefore the data)
unsuitable for BI:

1. Binned and pixelated data are nearly always correlated. For example, a flat-field
correction correlates the pixels of an image over its entire scale. Sky brightness
removal has similar effects. There are many additional sources of indirect
correlations. Parameter estimations are often sensitive to these correlated ex-
cursion in the data values and ignoring strongly correlations will lead to
erroneous inferences. Data archivers can enable accurate inference by providing
correlation matrices for all error models.

2. Selection effects must be modeled in the likelihood function, and therefore these
effects must be well specified by the archivist and chosen to be straightforwardly
computable whenever possible. For example, consider a multiband flux-limited
source catalog. A color-magnitude or Hess diagram in two flux bands will have
a non-rectangular boundary owing to the flux limit. Although this is a simple
example, selection effects may be terribly difficult to model; consider spatial
variation in source completeness to the diffraction spikes from bright stars.

3. Astronomers tend to use traditional summary data representations that
inadvertently complicate computation of P(D|6,M). For a simple example,
the magnitude-magnitude diagram contains the same information as the color-
magnitude diagram but the selection effects lie along data coordinate boundaries.
For a more complicated example, consider the Tully-Fisher diagram. The input
data set may contain flux limits, morphology selection, image inclination cuts,
redshift range limits, to name a few.

By way of example, [9] describes the parameter inference for a semi-analytic
model of galaxy formation conditioned on a galaxy mass function with both
correlated and uncorrelated data bins. The differences in the posterior distributions
for these two cases is dramatic (see Sect. 9.4.1). When the error model is in doubt,
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the sensitivity of the inference to the error model may be investigated in the
Bayesian paradigm using hierarchical models. Although this is expensive and rarely
done, we should consider performing such sensitivity analyses regularly.

9.3 Solutions Provided by the Bayesian Inference Engine

Our experience suggest that there is no single best MCMC algorithm for all
applications. Rather, each choice represents a set of trade offs: more elaborate
algorithms with multiple chains, augmented spaces, etc., are more expensive to
run but may be the only solution for a complex posterior distribution. Moreover,
combinations of MCMC algorithms in multiple-chain schemes are often useful.
For example, we have found DE (Sect.9.3.2) to be very helpful because of its
adaptive tuning of the proposal function, but DE does not efficiently explore the
parameter space. The exploration happens early on in the simulation and depends
on the number of chains and the prior distribution of the state particles. However,
a DE chain ensemble may be combined with parallel tempering (see Sect.9.3.1) to
circumvent this limitation. This application has been explored in [9].

The BIE provides extensible support for convergence testing. For multiple
chains, the work horse is the commonly used Gelman and Rubin [2] statistic.
For single-chain algorithms, we have had good success with a diagnostic method
that assesses the convergence of both marginal and joint posterior densities
following [4].

9.3.1 Simulated and Parallel Tempering

Metropolis-Hastings is one of the fundamental MCMC algorithms [6, 10] and is
stated as follows. Let P(@) be the desired distribution to be sampled and ¢(8,0’)
be a known easy-to-compute transition probability between two states. Let a(8,0")
be the probability of accepting state @’ given the current state 8. One can show
that if the detailed balance condition holds then the chain will sample P(@) and it
is straightforward to show that a(6,0’) = min{1,[P(8")q(8',0)/P(6)q(6,0")]}
solves this equation (see [8] for additional discussion).

However, for complex and high-dimensional posteriors, the state easily gets
trapped in isolated modes, between which the Markov chain moves only rarely.
There are a number of techniques for mitigating the mixing problem. For the BIE,
we adopted a synthesis of Metropolis-coupled Markov chains [3] and a simulated
tempering method proposed by [11] called tempered transitions. To sample from a
distribution Py(@) with isolated modes, one defines a series of n auxiliary distribu-
tions, P;(0),...,P,(0), with P, being easier to sample than P;_. For example, one

may choose P (0) o< Pg"(e) with 1 = By > By > -+ > B,—1 > B, > 0. Then, the
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method defines a pair of base transitions for each £, Ty and Ty, which both have P,
as an invariant distribution and satisfy the following mutual reversibility condition
for all @ and 0": P(0)7;(6,0") = T;(0',0)P,(0'). A tempered transition first
finds a candidate state by applying the base transitions in the sequence 7 ---7},.
After each upward transition, new states are sampled from a broader distribution.
In most cases, this liberates the candidate state from confinement by the mode of
the initial state. This is then followed by a series of downward transitions 7, - -- 7.
This candidate state is then accepted or rejected based on ratios of probabilities
involving intermediate states.

The parallel tempering algorithm inverts the order of the previous solution: it
simultaneous simulates n chains, each with target distribution P; and proposes to
swap states between adjacent members of the sequence at predefined intervals.
After each interval, a pair of adjacent simulations in the series is chosen at random
and a proposal made to swap their parameter states. The swap is accepted with a
Metropolis-Hastings criterion. Final results are based on samples from the o = 1
chain. As in the previous algorithm, the high-temperature states will mix between
modes more efficiently and subsequent swapping with lower-temperature chains
will promote their mixing. We have found that some tempering is an essential
ingredient for many of our problems.

9.3.2 Differential Evolution

Real-world high-dimensional likelihood functions often have complex topologies
with strong anisotropies about their maxima (see Sect.9.4.1, Fig.9.1). Difficulty
in tuning the Metropolis-Hastings proposal function to achieve a good acceptance
rate and good mixing plagues high-dimensional MCMC simulations of the posterior
probability. This affects all of algorithms discussed up to this point. Recently [18]
introduced an approach based on a genetic algorithm called Differential Evolution
(DE) [13, 16, 17]. The DE uses an ensemble of chains, run in parallel, to adaptively
compute the Metropolis-Hastings proposal function. In addition, Ter Braak suggests
a combination of proposals that facility exploring within and jumping between
modes.

Assume that our ensemble has n chains to start, for example, initialized from the
prior probability. The DE algorithm [13] proposes to update member i as follows:
7T, = mro + Y(Mr1 — Tr2) Where Tigo, g and gy are randomly selected without
replacement from the population without ;. The proposal vector replaces the chosen
one if the fitness of 7, is higher than the fitness of 7;. Ter Braak [18] shows that with
minor modifications the proposal function and acceptance condition for DE obeys
detailed balance. The new algorithm takes the form 7, = 7; + Y(g; — Tr2) + €
where € is drawn from a symmetric distribution with a small variance compared to
that of the target, but with unbounded support, e.g. € ~ N¢(0,5?) for very small
variance 6. The random variate € is demanded by the recurrence condition: the
domain for non-zero values of the posterior P must be reached infinitely often for
an infinite length chain.
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9.3.3 Computation of Bayes Factors and Marginal Likelihoods

Weinberg [20] presents two computationally-modest families of quadrature
algorithms that use the full generality sample posterior but without the instability
of the harmonic mean approximation [12] or the specificity of the Laplace
approximation [7]. The Laplace approximation works well when the posterior
distribution appears as a multivariate normal distribution, but this is a rare
occurrence in my experience.

The first algorithm begins with the normalized Bayes theorem: Z x P(0|D) =
7(0)L(D|6). Dividing by L(D|0) and integrating over 8 we have

Z></Qd9 igg:g; :/Qden(O) 9.4)

where € is the domain of @, often  C R¥. Since the Markov-chain samples the
posterior, P(0|D), the computation of the integral on the left from the chain appears
as an inverse weighting with respect to the likelihood. This is poorly conditioned due
to the inevitable small values of L(D|8). The second approach is a direct numerical
integration of

Zz/ngP(6|D):/Qden(O)L(DW). ©.5)

For weakly informative prior distributions, the entire domain of support is not
sampled by the Markov chain. However, if the integrals in (9.4) are dominated by
the domain sampled by the chain, the integrals may be approximated by quadrature
over a truncated domain, €y, that eliminates a small number of values L(D|0) in
the sample.

To evaluate the r.h.s. of (9.4), we may use the sampled posterior distribution itself
to tessellate the sampled volume in € C €2. This may be done straightforwardly
using a space-partitioning structure. A computationally efficient structure is a binary
space partition (BSP) tree, which divides a region of parameter space into two
exclusive sub regions at each node. The most easily implemented tree of this type
for arbitrary dimension is the kd-tree (short for k-dimensional tree). The kd-tree
algorithms split R¥ on planes perpendicular to one of the coordinate system axes.
The implementation provided for the BIE uses the median value along one of
axes (a balanced kd-tree). We have also implemented a hyper-octree. The hyper-
octree generalizes the octree by splitting each n-dimensional parent node into 2"
hypercubic children. Unlike the kd-tree, the hyper-octree does not split on point
location and the size of the cells is not strictly coupled to the number of points
in the sample. This helps provide a better representation of the volume containing
sample points. In addition, the cells in the kd-tree maybe have extreme axis ratios.
See [20] for additional details, tests, and discussion.

In summary, the choice between the various algorithms depends on the problem
at hand. The Laplace approximation will be a good choice for posterior distribu-
tions that are unimodal with light tails. I continue to investigate performance of
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algorithms in [20] for high-dimensional distributions. For dimension n < 10, the
direct volume tessellation gives higher-accuracy smaller-variance results. However,
as n increases, the sample-size requirement also increases exponentially with n.
A paper describing additional strategies is in preparation.

9.3.4 Reversible Jump Simulation

When large sample sizes are impractical, one may aggregate a number of models
with an additional indicator variable to designate the active model. This results in a
general state space consisting of the discrete range of the indicator and continuous
ranges for each parameters for each model. Green [5] showed that the detailed
balance equation can be formulated in such a general state space. This allows one to
propose models of different dimensionality and thereby incorporate model selection
into the probabilistic simulation itself. This requires a transition probability to and
from each subspace. For model comparison, we are interested in the posterior
probabilities of different models & to draw some conditional or marginal conclusions
about different models. Such estimates follow directly from the simulated posterior.
For example, an estimate of the marginal probability for each model follows directly
from the occupation frequency in each subspace. We have found that this approach
is very hard to tune.

9.4 Case Studies

9.4.1 Semi-analytic Galaxy Formation Models: BIE-SAM

Many of the physical processes parametrized in semi-analytical models of galaxy
formation remain poorly understood and under specified. This has two criti-
cally important consequences for inferring constraints on the physical parameters:
(1) prior assumptions about the size of the domain and the shape of the parameter
distribution will strongly affect resulting inference; and (2) a very large parameter
space must be fully explored to obtain an accurate inference. Moreover, both
must be done together. Both of these issues are naturally tackled with a Bayesian
approach that allows one to constrain theory by data in a probabilistically rigorous
way. We have presented [9] a semi-analytic model (SAM) of galaxy formation
in the framework of BI and illustrated its performance on a test problem using
BIE; we call the combined approach BIE-SAM. Our 16-parameter semi-analytic
model incorporates the most commonly used parametrizations of important physical
processes from existing SAMs including star formation, SN feedback, galaxy
mergers, and AGN feedback.
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Fig. 9.1 Marginal posterior distribution for 3 out of 13 parameters in the BIE-SAM: the star-
formation threshold surface density fsr, the star-formation efficiency power-law index osr, and
the supernova feedback energy fraction oy. The blue (red) surfaces enclose approximately 10%
(67%) of the density (See [9] for additional detail)

To demonstrate the power of this approach, we used the observationally derived
stellar mass function of galaxies to constrain a number of important model
parameters. We find that the posterior distribution has very complex structure
and topology, indicating that finding the best fit by tweaking model parameters
is improbable. As an example, Fig. 9.1 describes isosurfaces of the marginalized
posterior distribution. The surfaces have complex geometry and are strongly
inhomogeneous in parameter direction. Moreover, the posterior clearly shows that
many model parameters are strongly covariant, and therefore the inferred value of
a particular parameter can be significantly affected by the priors used for other
parameters. As a consequence, one may not tune a small subset of model parameters
while keeping other parameters fixed and expect a valid result. With the use of
synthetic data to mimic systematic uncertainties in the reduced data, we have shown
that resulting model parameter inferences can be significantly affected by the use
of an incorrect error model. This fact will be obvious to the statisticians but is not
well-appreciated by the astronomers.

The method developed here can be straightforwardly applied to other data
sets and to multiple data sets simultaneously. In addition, the Bayesian approach
explicitly builds on previous results by incorporating the constraints from previous
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inferences into new data sets; the BIE is designed to do this automatically.
For many processes in galaxy formation, competing models have been proposed
but not quantitatively compared. Bayes factor analyses (see Sect.9.3.3) or ex-
plicit model comparison techniques such as the reversible jump algorithm ([5],
see also Sect.9.3.4) provide a quantitative comparison of different models for
given data.

9.4.2 Galphat

A recent paper [21] describes Galphat (GALaxy PHotometric ATtributes), a
Bayesian galaxy image analysis package built for the BIE, designed to efficiently
and reliably generate the posterior probability distribution of model parameters
from an image. Using the various tempering algorithms available in the BIE, our
tests have demonstrated that we can achieve a steady-state distribution and the
simulated posterior will include nearly all possible multiple modes consistent with
the prior distribution. Given the posterior distribution, we may then consistently
estimate the confidence levels. We show that the surface-brightness model will
often have correlated parameters. Any hypothesis testing that uses the ensemble
of posterior information will be affected by these correlations. The full posterior
distributions from Galphat identify these correlations and incorporate them in
subsequent inferences.

As an example, Fig.9.2 shows the size-Sérsic index relation inferred from a
synthetically-generated sample of elliptical galaxy images. The left-hand panel
shows the traditional scatter diagram of maximum posterior parameter values while
the right-hand panel shows the inferred distribution based on the full posterior
distribution of the ensemble. The left-hand panel incorrectly suggests that smaller
galaxies are less concentrated while the right-hand panel correctly reveals that the
size and concentration are uncorrelated.

9.5 BIE: Technical Overview

At the core is a software library of inter-operable components necessary for
performing Bayesian computation. The BIE classes are available as both C++
libraries and as a stand-alone system with integrated command-line interface.
The command-line interface is well tested and is favored by most users so far.
A user does not need to be an expert or even an MPI programmer to use the
system; the simple user interface is similar to MatLab or gnuplot. In addition to
the engine itself, the BIE package includes a number of stand-alone programs
for viewing and analyzing output from the BIE and for testing the components.
Although source code is available, we recommend using one of the pre-compiled



9 Parameter Estimation and Model Selection in Extragalactic Astronomy 113

12:‘ .""I.’ LR EAD fE Cha8 o b et Bt T | ]
10 ° i
sf .- 5 :

:- " '.- -
c ef.% "7 . i
: i oo o e
PEE 5 S A IO »
¥ Ee = %
2?:- . . . 2|
O-JI anaal i aaais | T aala aanaialaaas aaal o saaaaa lasania J-
O 10 20 30 40 50 60 70
rﬂ
12: T T T T T T ]
10F 5
=

Fig. 9.2 Top: Scatter plot using the best-fit parameters. Botfom: marginal posterior density for the
same parameters

Debian or Ubuntu packages,” if possible, to avoid library version dependencies.
We use SVN version management (autoconf, automake), GNU coding standards,
and DejaGNU regression testing.

The researcher needs to be able to stop, restart, and possibly refocus inferential
computations for both technical and scientific reasons. The BIE was designed
with these scenarios in mind. The BIE’s persistence system is built on top of the
BOOST? serialization library. The BIE classes inherit from a base serialization
class that provides the key serialization members and a simple mnemonic scheme
to mark persistent data. The most common use of BIE persistence to date is

Zhttp://www.astro.umass.edu/bie.
3http://www.boost.org.
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checkpointing and recovery, Checkpointing guards against loss of computation
by saving intermediate data to support recovery in the middle of long-running
computational steps; and it allows one to “freeze” or “shelve” a computation and
pick it up later. It also provides the basic support needed to interrupt a computation,
do some reconfiguring, and resume, as when machines need to be added to or
removed from a cluster, etc.

9.6 Discussion and Summary

This presentation reports our experience in applying MCMC methods to
observational and theoretical Bayesian inference problems in astronomy using
the UMass Bayesian Inference Engine (BIE).

We began by outlining our motivation. Most researchers are well-versed in the
identifying the “best” parameters for a particular model for some data using the
maximum likelihood method (ML). For example, consider the fit of a surface bright-
ness model to galaxy images. Parameters from the ML solutions are typically plotted
in a scatter diagram and trends are interpreted physically. Section 9.2.1 describes the
pitfalls of this approach. Rather, this is a complex hypothesis test: the astronomer
wants to test the hypothesis that the data is correlated with a coefficient larger
than some predetermined value o.. However, without incorporating the correlations
imposed by both the theoretical model, the error model and selection process, the
significance of the apparent correlation is uncertain. Moving on, combining plotting
scatter diagrams from multiple data sources inadvertently mixes error models and
selection effects which further complicates a quantitative interpretation. Similarly,
the astronomer needs methods of assessing whether a posited model is correct.
I have divided these needs into two: goodness-of-fit tests (Sect.9.2.2) and model
Sect.9.2.3. As an example of the former, the astronomer may have found the best
parameters using ML, but does the model fully explain all of the features of the
data? If it does not, one must either modify or reject the model before moving
on the next step. As an example of the latter, suppose an inference results in two
parameter regions or multiple models that explain the data. Which model best
explains the data?

All of these wants and needs—combining data from multiple sources, estimating
the probability of model parameters, assessing goodness of fit, and selecting
between competing models—are naturally addressed in a single probabilistic
framework known as Bayesian inference (BI). In particular, BI provides a data-
first discipline that demands the error model and selection effects are specified
by the probability distribution for the data given the model .#, P(D|0,.#),
colloquially known as the likelihood function L(D|0,.#). Prior results including
quantified expert opinion are specified in the prior probability function P(0|.#).
The inferential computation may be incremental: the data may be added in steps and
new or additional observations may be motivated at each step, true to the scientific
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method. In the end, this approach may be generalized to locating the most likely
models in the generalized space of models; this leads to goodness-of-fit and model
comparison tests.

With these advantages comes a major disadvantage: BI is expensive!
Nonetheless, the elegance and promise of BI motivated us to attempt a
computational solution and this became the BIE project. The algorithms and
techniques described here are available in the BIE have proved useful in address the
complications found in research problems. In short, the BIE fills a gap between tools
developed for small-scale problems or those designed to test new algorithms and a
computational platform designed for production-scale inference problems typical
of present-day astronomical survey science. Its primary product is a sample from
a posterior distribution to be used form parameter estimation and model selection.
Other Bayesian applications, such as non-parametric inference and clustering,
should be possible with little modification, but have not been investigated so far.
The BIE is designed to run on HPC-class clusters, although it will also run on
workstations and laptops. The open object-oriented architecture allows for cross-
fertilization between researchers and groups with both mathematical and scientific
interests, for example, those both developing new algorithms and astronomical
models for different applications.
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Chapter 10
Commentary: Bayesian Model Selection
and Parameter Estimation

Philip C. Gregory

Abstract Bayesian model selection and parameter estimation is attracting a lot of
interest in the astronomical community because of its power and logical consis-
tency. Markov chain Monte Carlo provides the computational power for Bayesian
parameter estimation problems in large parameter spaces but needs to be supported
with other numerical techniques for efficient exploration of multi-modal probability
distributions. Bayesian model selection is easy in concept but remains a difficult
challenge for large parameter spaces. My comments here on the paper by Roberto
Trotta are based on lessons learned from developing a controlled statistical fusion
approach to some of these issues.

10.1 Introduction

Martin Weinberg reports on using the UMass Bayesian Inference Engine (BIE)
package for model selection and parameter estimation in extragalactic astronomy.
I have independently developed a Bayesian approach to accomplish similar goals
with particular emphasis in the arena of exoplanets. This conference provides an
opportunity to exchange lessons learned. Not surprisingly, because of the large
number of model parameters involved, both groups employ a Markov chain Monte
Carlo (MCMCO) integration engine. The BIE philosophy is that there is no single
best MCMC algorithm and develop a variety of MCMC algorithms augmented by
different tools like parallel tempering, simulated annealing and differential evolution
depending on the complexity of the problem. My approach has been to attempt

P.C. Gregory (P<)

Physics and Astronomy, University of British Columbia, 6224 Agricultural Rd,
Vancouver, B.C. V6T 1Z1, Canada

e-mail: gregory @phas.ubc.ca

E.D. Feigelson and G.J. Babu (eds.), Statistical Challenges in Modern Astronomy V, 117
Lecture Notes in Statistics 209, DOI 10.1007/978-1-4614-3520-4_10,
© Springer Science+Business Media New York 2013



118 P.C. Gregory

to fuse together the advantages of all of the above tools together with a genetic
crossover operation in a single MCMC algorithm to facilitate the detection of a
global minimum in y2.

My latest algorithm is called fusion MCMC [10]. This fusion has only been
possible through the development of a unique adaptive control system to automate
the choice of an efficient set of MCMC proposal distributions even if the parameters
are highly correlated. The control system also supervises the operation of the
different components. Figure 10.1 shows two schematics on the operation of an
eight parallel chain fusion MCMC and the control system. In applications to real
precision radial velocity data the algorithm has proved highly effective [5-8, 10].
The Mathematica based parallel code is run on a 8 core PC and requires 10h for a
6 planet model with 37 parameters and one million iterations. The execution time
scales with the number of planets.

10.2 Some Useful Lessons

10.2.1 Highly Correlated Parameters

For some models the data is such that the resulting estimates of the model
parameters are highly correlated and the MCMC exploration of the parameter
space can be very inefficient. One solution to this problem is Differential Evolution
Markov Chain (DE-MC) [2]. DE-MC is a population MCMC algorithm, in which
multiple chains are run in parallel, typically from 15 to 40, although Weiner’s
experience suggests that 64 chain would be the bare minimum. DE-MC solves an
important problem in MCMC, namely that of choosing an appropriate scale and
orientation for the jumping distribution.

For the fusion MCMC algorithm, I developed and tested a new method [9],
in the spirit of DE, that automatically achieves efficient MCMC sampling in
highly correlated parameter spaces without the need for additional chains. The
block in the lower left panel of Fig.10.1 automates the selection of efficient
proposal distributions when working with model parameters that are independent
or transformed to new independent parameters. New parameter values are jointly
proposed based on independent Gaussian proposal distributions (‘I scheme), one
for each parameter. Initially, only this ‘I’ proposal system is used and it is clear that if
there are strong correlations between any parameters the ¢ values of the independent
Gaussian proposals will need to be very small for any proposal to be accepted and
consequently convergence will be very slow. However, the accepted ‘I proposals
will generally cluster along the correlation path. In the optional third stage of the
control system (see right panel of Fig. 10.1) every second accepted ‘I’ proposal is
appended to a correlated sample buffer. There is a separate buffer for each parallel
tempering level. Only the 300 most recent additions to the buffer are retained.
A ‘C’ proposal is generated from the difference between a pair of randomly selected
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Fig. 10.1 Two schematics on the operation of the adaptive fusion MCMC algorithm. The right
panel illustrates the automatic proposal scheme for handling correlated parameters
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samples drawn from the correlated sample buffer for that tempering level, after
multiplication by a constant. The value of this constant (for each tempering level)
is computed automatically [9] by another control system module which ensures that
the ‘C’ proposal acceptance rate is close to 25%. With very little computational
overhead, the ‘C’ proposals provide the scale and direction for efficient jumps in a
correlated parameter space.

The final proposal distribution is a random selection of ‘I’ and ‘C’ proposals
such that each is employed 50% of the time. The combination ensures that the
whole parameter space can be reached and that the FMCMC chain is aperiodic.
The parallel tempering feature operates as before to avoid becoming trapped in a
local probability maximum.

Because the ‘C’ proposals reflect the parameter correlations, large jumps are
possible allowing for much more efficient movement in parameter space than can be
achieved by the ‘I’ proposals alone. Once the first two stages of the control system
have been turned off, the third stage continues until a minimum of an additional 300
accepted ‘I’ proposals have been added to the buffer and the ‘C’ proposal acceptance
rate is within the range >0.22 and <0.28. At this point further additions to the buffer
are terminated and this sets a lower bound on the burn-in period.

Figure 10.2 shows the autocorrelation functions of post burn-in MCMC samples
for two highly correlated parameters y and w. The solid black trace corresponds to
a search in ¥ and o using only ‘I” proposals. The light gray trace corresponds to a
search in y and @ with ‘C’ proposals turned on. The dashed trace corresponds to a
search in the transformed orthogonal coordinates Y =27y + @ and ¢ =2ny — @
using only ‘I’ proposals. It is clear that a search in y and w with ‘C’ proposals turned
on achieves the same excellent results as a search in the transformed orthogonal
coordinates ¥ and ¢ using only ‘I" proposals.

10.2.2 Noise Model

Based on their results, Weinberg concludes that a data-model comparison without
an accurate error model is likely to be erroneous. I have found it very useful to
incorporate an extra noise parameter, s, that can allow for any additional noise
beyond the known measurement uncertainties.! We assume the noise variance is
finite and adopt a Gaussian distribution with a variance s*>. Thus, the combination
of the known errors and extra noise has a Gaussian distribution with variance
= Giz + 52, where o; is the standard deviation of the known noise for ith data point.

'In the absence of detailed knowledge of the sampling distribution for the extra noise, we pick an
independent Gaussian model because for any given finite noise variance it is the distribution with
the largest uncertainty as measured by the entropy, i.e., the maximum entropy distribution [1, 11].
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Fig. 10.2 The two panels
show the MCMC
autocorrelation functions for
two highly correlated
parameters y and w. The
solid black trace corresponds
to a search in y and @ using
only ‘I’ proposals. The light
gray trace corresponds to a
search in y and @ with

‘C’ proposals turned on. The
dashed trace corresponds to a A a : - .

search in the transformed 0 200 400 600 800 1000
orthogonal coordinates
Y =2ry + w and

¢ =271y — o using only
‘I proposals

9 ACF

wy ACF

Dl e Lot

0 200 400 600 B0OO 1000
Lag

In general, nature is more complicated than our model and known noise terms.
Marginalizing s has the desirable effect of treating anything in the data that can’t
be explained by the model and known measurement errors as noise, leading to
more conservative estimates of the parameters. See Sects.9.2.3 and 9.2.4 of [1] for
a tutorial demonstration of this point. If there is no extra noise then the posterior
probability distribution for s will peak at s = 0.

Incorporating an extra noise parameter also results in an automatic annealing
operation whenever the Markov chain is started from a location in parameter space
that is far from the best fit values. When the y? of the fit is very large, the Bayesian
Markov chain automatically inflates s to include anything in the data that cannot
be accounted for by the model with the current set of parameters and the known
measurement errors. This results in a smoothing out of the detailed structure in the
%% surface and, as pointed out by [3], allows the Markov chain to explore the large
scale structure in parameter space more quickly. The chain begins to decrease the
value of the extra noise as it settles in near the best-fit parameters. An example of
this is shown in Fig. 10.3. This is similar to simulated annealing, but does not require
choosing a cooling scheme.
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10.2.3 Model Selection

One of the great strengths of Bayesian analysis is the built-in Occam’s razor. More
complicated models contain larger numbers of parameters and thus incur a larger
Occam penalty, which is automatically incorporated in a Bayesian model selection
analysis in a quantitative fashion (see [1] for example, p. 45). Bayesian model
selection relies on the ratio of marginal likelihoods where the marginal likelihood is
the weighted average of the conditional likelihood, weighted by the prior probability
distribution of the model parameters and any unknown additional noise parameter.
At the last SCMA conference Clyde et al. [2] reviewed the state of techniques for
model selection from a statistics perspective and Ford and Gregory [4] evaluated the
performance of a variety of marginal likelihood estimators in the exoplanet context.
The bottom line is that Bayesian model selection is easy in concept but becomes
progressively more difficult to compute as the number of model parameters increase.
Here we compare recent results obtained from two different methods: (1) nested
restrictive Monte Carlo (NRMC), and (2) the ratio estimator (RE).

Nested restrictive Monte Carlo (NRMC) is a recent improvement [8, 10] on the
RMC method. In RMC [4], the volume of parameter space sampled is restricted
to a region delineated by the outer borders (e.g., 99% credible region) of the
MCMC marginal parameter distributions for the dominant mode. In principle, the
contribution from a secondary mode can be computed in a like fashion.
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In NRMC integration, multiple boundaries are constructed based on credible
regions ranging from 30% to >99%, as needed. The contribution to the total integral
from each nested interval is computed. For example, for the interval between the
30% and 60% credible regions, we generate random parameter samples within
the 60% region and reject any sample that falls within the 30% region. Using the
remaining samples we can compute the contribution to the NRMC integral from that
interval.

The left panel of Fig. 10.4 shows the contributions from the individual intervals
for five repeats of the NRMC evaluation for a three planet model fit to the Gliese
581 [10] exoplanet system. The right panel shows the summation of the individual
contributions versus the volume of the credible region. The credible region listed
as 9995% is defined as follows. Let X9 and Xjg99 correspond to the upper and
lower boundaries of the 99% credible region, respectively, for any of the parameters,
with Xy9s5 and Xjos similarly defined. Then Xyo995s = Xy99 + (Xp99 — Xpos) and
X19995 = X199 + (X199 — X195). Similarly, Xy9984 = X799 + (Xv99 — Xursa)-

Table 10.1 shows a comparison of the NRMC method to a second marginal
likelihood estimator called the Ratio Estimator [4] (RE), for three planet (17 pa-
rameters) and four planet (22 parameters) exoplanet models for three different
stars HD 11964, 47 UMa, and Gliese 581. The RE method employed a mixture
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Table 10.1 The ratio of the

. NRMC estimator
NRMC and RE marginal - - -
likelihoods estimates for three Star # planets RE estimator (improved version)
planet (17 parameters) and HD 11964 3 0.9
four planet (22 parameters) 47 UMa 3 0.75
exoplanet models Gliese 581 3 1.01
Gliese 581 4 0.016

of 150 multivariate Normals [7] to approximate the MCMC samples. The latest
version improves the handling of wrap around angular parameters in the calculation
of the covariance matrix of each multivariate Normal. For the three planet models
the NRMC and RE methods agree within 25%. In the case of HD11964, one of the
three signals is a suspected artifact but this is of no consequence for the present
comparison of marginal likelihood estimators. At sufficiently high dimensions, the
NRMC method is expected to underestimate the marginal likelihood and the factor
by which it underestimates is expected to grow with increasing dimension. Thus
NMRC estimated Bayes factor should not falsely support a more complicated model
and in this sense the NRMC method is expected to fail in a conservative fashion. On
the other hand, the RE method has the potential to pay too much attention to the
mode as each integrand in the ratio involves the square of the posterior density and
is expected to overestimate the marginal likelihood at sufficiently high dimensions.
As the table indicates, by the time we reach a four planet model (22 parameters) one
or both of these methods is failing.
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Chapter 11
Cosmological Bayesian Model Selection: Recent
Advances and Open Challenges

Roberto Trotta

Abstract The cosmology community has been increasingly focusing on Bayesian
model selection as a tool to discriminate between competing theories to explain a
large amount of data about our Universe. In this paper, I summarize the conceptual
underpinnings and the algorithmic implementations of Bayesian model comparison.
I then discuss two representative applications of Bayesian model comparison to
cosmological problems: determining whether the Universe is infinite and selecting
the “best” model of inflation. I conclude by offering some reflections about open
challenges and interpretational issues. Help and suggestions from the statistics
community would be appreciated in further developing the field.

11.1 Introduction

In the last decade, cosmology has been revolutionized by a large amount of highly
accurate data, which have allowed physicists to test in unprecedented ways our
current concordance cosmological model. As we enter the second decade of the
twenty-first century, our vanilla cosmological model is remarcably simple, and in
excellent agreement with most data sets. This model is called “the ACDM model”,
as it contains both a cosmological constant (usually represented by the symbol A)
and cold dark matter (CDM) particles, both of which have yet to be discovered in
laboratory experiments. The ACDM model rests on two fundamental assumptions:
(a) that the expansion of the Universe is described by Einstein’s theory of General
Relativity and (b) that the Universe obeys the cosmological principle, i.e., that on
sufficiently large scales it is statistically homogeneous and isotropic. The simplest
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version of the model contains six free parameters, which will be denoted collectively
by ©. The values of those quantities are not predicted by the theory but have to be
constrained from observation:

e Parameters describing the matter-energy content of the Universe (density of
baryonic—i.e., “normal”—matter, density of cold dark matter, cosmological
constant).

e Parameters describing the spatial distribution of primordial density fluctuations
emerging from the Big Bang.

* One parameter describing the effect of ionizing radiation being injected into the
Universe at a later time (e.g., by a first generation of stars).

The data d being used to infer the value of © span a wide range of scales,
both spatially and temporally, in the Universe. Broadly speaking, they can be
classified as observations of the primordial fluctuations in the cosmic microwave
background (CMB), the relic radiation from the Big Bang; observations of the
growth of structures in the Universe (galaxies and clusters); observations of standard
candles (e.g., supernovae type Ia) and/or standard rulers (e.g., baryonic acoustic
oscillations); observations of the gravitational bending of light (strong and weak
gravitational lensing). All of those phenomena can be predicted (often to very high
accuracy, as is the case for the CMB) from the ACDM model, as a function of ©.

Bayes Theorem is ubiquitously used in cosmology (see e.g. [11]) to obtain the
posterior pdf p(©|D,.# ) for ©:

p(DIO. . M)p(O1.4)

PO = )

(11.1)

Here, p(©|.#) is the prior, p(D|®,.#) the likelihood and p(D|.#) the Bayesian
evidence (or model likelihood). We have made explicit the conditioning on a specific
cosmological model, ., for example the ACDM model sketched above. Posterior
constraints on © are nowadays typically at the percent or sub-percent level, and
the prior influence is often minimal for parameter inference. A recent example
of cosmological data from CMB observations is shown in Fig. 11.1. The ensuing
constraints on some of the cosmological parameters @ from a combination of data
sets are displayed in Fig. 11.2.

Having largely solved the parameter inference problem, in recent years the
focus of the cosmological community has been increasingly shifting towards model
selection questions [17, 19, 35]. A typical problem is to decide whether there is
evidence in the data for extra parameters in the ACDM model, beyond the vanilla
ones. There are however also alternative models (e.g., Bianchi models or modified
gravity models) which are not extension of ACDM, and whose parameter space
is largely or completely disjoint. This question is being addressed by the use of
Bayesian model selection techniques, to which we now turn our attention.
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Fig. 11.1 Example of cosmological data sets. Top: WMAP 5-year all sky map of the cosmic
microwave background temperature fluctuations (from [10]). Bottom: temperature power spectrum
measurements (i.e., the harmonic transform of the 2-point correlation function) extracted from the
map (from [18]) (notice that data points are correlated); along the x-axis, the multipole moment
is inversely proportional to the angular separation on the sky. Black errorbars give statistical
errors, while the shaded gray band gives the sampling error (cosmic variance). The red line is
the (remarkably good) best-fit from the ACDM model after the cosmological parameters @ have
been fitted to the data

11.2 Cosmological Model Selection

11.2.1 Shaving Theories with Occam’s Razor

When there are several competing theoretical models, Bayesian model comparison
provides a formal way of evaluating their relative probabilities in light of the data
and any prior information available. The “best” model is then the one which strikes
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Fig. 11.2 Example of constraints on cosmological parameters £2,, (describing the fractional
energy density of matter) and €2, (the fractional energy density in a cosmological constant). The
red contours are 68%, 95% marginalized posterior constraints from cosmic microwave background
data (such as the ones displayed in Fig.11.1), the green contours from Baryonic Acoustic
Oscillations data, the blue contours from supernovae type Ia data. The combined constraints from
all three data sets are given by the filled contours. The star denotes the best-fit parameters value
(From [25])

an optimum balance between quality of fit and predictivity. In fact, it is obvious that
a model with more free parameters will always fit the data better (or at least as good
as) a model with less parameters. However, more free parameters also mean a more
“complex” model (a precise definition of “model complexity” can be found in [16]).
Such an added complexity ought to be avoided whenever a simpler model provides
an adequate description of the observations. This guiding principle of simplicity
and economy of an explanation is known as Occam’s razor—the simplest theory
compatible with the available evidence ought to be preferred.

An important feature is that an alternative model must be specified against
which the comparison is made. In contrast with frequentist goodness-of-fit tests,
Bayesian model comparison maintains that it is pointless to reject a theory unless an
alternative explanation is available that fits the observed facts better (for more details
about the difference in approach with frequentist hypothesis testing, see e.g. [22]).
In other words, unless the observations are totally impossible within a model,
finding that the data are improbable given a theory does not say anything about
the probability of the theory itself unless we can compare it with an alternative.
A consequence of this is that the probability of a theory that makes a correct
prediction can increase if the prediction is confirmed by observations, provided
competitor theories do not make the same prediction.

In the context of model comparison it is appropriate to think of a model as a
specification of a set of parameters © and of their prior distribution, p(©|.#). Tt
is the number of free parameters and their prior range that control the strength of
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the Occam’s razor effect in Bayesian model comparison: models that have many
parameters that can take on a wide range of values but that are not needed in the
light of the data are penalized for their unwarranted complexity. Therefore, the
prior choice ought to reflect the available parameter space under the model M,
independently of experimental constraints we might already be aware of. This is
because we are trying to assess the economy (or simplicity) of the model itself, and
hence the prior should be based on theoretical or physical constraints on the model
under consideration. Often these will take the form of a range of values that are
deemed “intuitively” plausible, or “natural”. Thus the prior specification is inherent
in the model comparison approach.

11.2.2 The Bayesian Evidence

The evaluation of a model’s performance in the light of the data is based on
the Bayesian evidence (as it is usually called in the cosmology and astrophysics
community), which in the statistical literature is often called marginal likelihood or
model likelihood. The evidence is the normalization integral on the right-hand-side
of Bayes’ theorem, (11.1):

p(D|///)E/p(D|@,///)p(@|///)d@. (11.2)

Thus the Bayesian evidence is the average of the likelihood under the prior for a
specific model choice. From the evidence, the model posterior probability given the
data is obtained by using Bayes’ Theorem to invert the order of conditioning:

p(A|D) o< p(A)p(D|.4), (11.3)

where p(.#) is the prior probability assigned to the model itself. Usually this is
taken to be non-committal and equal to 1/N,, if one considers N, different models.
When comparing two models, .#( versus .Z1, one is interested in the ratio of the
posterior probabilities, or posterior odds, given by

D
pl#D) _ p () (11.4)
p(#1|D) p()
and the Bayes factor By is the ratio of the models’ evidences:
p(D[40)
Boi = ———= (Bayes factor). (11.5)
o) )

A value By; > (<) 1 represents an increase (decrease) of the support in favour of
model 0 versus model 1 given the observed data. From (11.4) it follows that the
Bayes factor gives the factor by which the relative odds between the two models
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Table 11.1 Empirical scale for evaluating the strength of evidence when comparing two models,
M versus A (so-called “Jeffreys’ scale”). Threshold values are empirically set, and they occur
for values of the logarithm of the Bayes factor of |InBy;| = 1.0, 2.5 and 5.0. The right-most
column gives our convention for denoting the different levels of evidence above these thresholds.
The probability column refers to the posterior probability of the favoured model, assuming non-
committal priors on the two competing models, i.e. p(.#) = p(.#)) = 1/2 and that the two models
exhaust the model space, p(.#,|D) + p(.#,|D) =1

|InBy; | Odds Probability Strength of evidence
<1.0 <3:1 < 0.750 Inconclusive

1.0 ~3:1 0.750 Weak evidence

2.5 ~12:1 0.923 Moderate evidence
5.0 ~150:1 0.993 Strong evidence

have changed after the arrival of the data, regardless of what we thought of the
relative plausibility of the models before the data, given by the ratio of the prior
models’ probabilities.

Bayes factors are usually interpreted against the Jeffreys’ scale [13] for the
strength of evidence, given in Table 11.1. This is an empirically calibrated scale,
with thresholds at values of the odds of about 3 : 1, 12: 1 and 150 : 1, representing
weak, moderate and strong evidence, respectively.

Bayesian model comparison does not replace the parameter inference step (which
is performed within each of the models separately). Instead, model comparison
extends the assessment of hypotheses in the light of the available data to the space
of theoretical models, as evident from (11.4).

11.3 Numerical Evaluation of the Evidence

The computation of the Bayesian evidence, (11.2), is in general a numerically
challenging task, as it involves a multi-dimensional integration over the whole
of parameter space. Fortunately, several methods are now available, each with its
own strengths and domains of applicability. Some of them have been developed by
astronomers/cosmologists and are rapidly finding applications in other domains.

1. The numerical method of choice until recently has been thermodynamic in-
tegration, whose computational cost can however be fairly large. In typical
cosmological applications [2,3,33], thermodynamic integration can require up to
~107 likelihood evaluations, two orders of magnitude more than MCMC-based
parameter estimation. Recently, population Monte Carlo algorithms have been
used successfully to compute the evidence [14].

2. Skilling [30,32] has put forward an elegant algorithm called “nested sampling”,
which has been implemented in the cosmological context by Bassett et al. [1],
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Mukherjee [27], Shaw [31], and Feroz and Hobson [7] (for a theoretical
discussion of the algorithmic properties, see [4]). The gist of nested sampling
is that the multi-dimensional evidence integral is recast into a one-dimensional
integral that is easy to evaluate numerically. This technique allows to reduce
the computational burden to about ~103 likelihood evaluations. Recently, the
development of what is called “multi-modal nested sampling” has allowed to
increase significantly the efficiency of the method [7, 37], reducing the number
of likelihood evaluations by another order of magnitude.

. Useful approximations to the Bayes factor, (11.5), are available for situations

in which the models being compared are nested into each other, i.e. the more
complex model (.#) reduces to the original model (.#) for specific values of
the new parameters. This is a fairly common scenario in cosmology, where one
wishes to evaluate whether the inclusion of the new parameters is supported by
the data. For example, we might want to assess whether we need isocurvature
contributions to the initial conditions for cosmological perturbations, or whether
a curvature term in Einstein’s equation is needed, or whether a non-scale invariant
distribution of the primordial fluctuation is preferred. Writing for the extended
model parameters © = (o, f3), where the simpler model .# is obtained by
setting B = 0, and assuming further that the prior is separable (which is usually
the case in cosmology), i.e. that

plo, Bl#) = p(Bl-#1)p(o| ), (11.6)
the Bayes factor can be written in all generality as

By = PBIDA) | (1.7
p(Bl-) B=0

This expression is known as the Savage—Dickey density ratio (SDDR, see [35,
40]). The numerator is simply the marginal posterior under the more complex
model evaluated at the simpler model’s parameter value, while the denominator
is the prior density of the more complex model evaluated at the same point. This
technique is particularly useful when testing for one extra parameter at the time,
because then the marginal posterior p(f|D,.#)) is a 1-dimensional function and
normalizing it to unity probability content only requires a 1-dimensional integral,
which is simple to do using for example the trapezoidal rule.

. An instructive approximation to the Bayesian evidence can be obtained when

the likelihood function is unimodal and approximately Gaussian in the param-
eters [9]. Expanding the likelihood around its peak to second order one obtains
the Laplace approximation

1
p(D|O, ) ~ Linax exp —E(@—@ML)’L(@—@ML) , (11.8)
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where Oy is the maximum-likelihood point, £« the maximum likelihood
value and L the likelihood Fisher matrix (which is the inverse of the covari-
ance matrix for the parameters). Assuming as a prior a multinormal Gaussian
distribution with zero mean and Fisher information matrix P one obtains for the
evidence, (11.2)

F71/2 1 PR
p(D|tﬂ):$max||P||—l/zeXp —E(@MLIL@ML—@IF@) s (119)

where the posterior Fisher matrix is /' = L+ P and the posterior mean is given
by © = F~'LOy.

From (11.9) we can deduce a few qualitatively relevant properties of the
evidence. First, the quality of fit of the model is expressed by Znax, the best-fit
likelihood. Thus a model which fits the data better will be favoured by this term.
The term involving the determinants of P and F is a volume factor, encoding
the Occam’s razor effect. As |P| < |F|, it penalizes models with a large volume
of wasted parameter space, i.e. those for which the parameter space volume
|F |’1/ 2 which survives after arrival of the data is much smaller than the initially
available parameter space under the model prior, |P|’1/ 2. Finally, the exponential
term suppresses the likelihood of models for which the parameters values which
maximise the likelihood, Oy, differ appreciably from the expectation value under
the posterior, @. Therefore when we consider a model with an increased number of
parameters we see that its evidence will be larger only if the quality-of-fit increases
enough to offset the penalizing effect of the Occam’s factor.

On the other hand, it is important to notice that the Bayesian evidence does not
penalize models with parameters that are unconstrained by the data. It is easy to see
that unmeasured parameters (i.e., parameters whose posterior is equal to the prior)
do not contribute to the evidence integral, and hence model comparison does not act
against them, awaiting better data.

11.3.1 Cosmological Applications

There is a rapidly growing literature in cosmology applying the above ideas to
cosmological model selection, some of which is surveyed in [36]. Here we present
but two recent examples, as this will serve to highlight some of the open questions
in the next section.

11.3.1.1 Is the Universe Infinite?

One of the key cosmological parameters © is a quantity, usually denoted by €2y,
characterizing the spatial curvature of the Universe. A Universe with 2, = 0 is
spatially flat (i.e., its geometry is Euclidean, and parallel lines meet at infinity) and
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infinite in extent; for €, > 0 the Universe is finite and closed (its geometry is the 3D
analogous of a sphere and parallel lines converge), while for £2,c < 0 the geometry is
hyperbolic (so-called “open” Universe, where parallel lines diverge from each other)
and the Universe is infinite. Models predicting the curvature of the Universe are
rooted in fairly well understood physics, a feature which helps in setting physically
motivated priors on 2. For example, the possibility of a flat, 2, ~ 0 Universe
has long been favoured by theoretical prejudice, as a flat or close-to-flat Universe is
a generic prediction of the inflationary scenario, which is in good agreement with
observations of the CMB. Parameter inference on the value of Q, delivers posterior
constraints of the order 2, = —0.0057f8:882§ (68 % region) [15].

As there are only three possibilities (i.e., models) for the curvature in a Universe
obeying the cosmological principle, the question of whether the Universe is finite
(closed) or infinite (open or flat) is well suited to be tackled with Bayesian model
selection techniques. A detailed analysis can be found in [38]. Here we just
summarize the main results. Starting from a non-committal prior on the three models
under consideration, p(.#;) = 1/3 (i = 1,2,3), the posterior probability for the
Universe being infinite is evaluated using (11.3), for two different choices for the
prior on €2, (as the flat model is nested within the non-flat ones, the only relevant
prior for the model comparison is the one on the extra parameter of the more
complex models, namely 2, as can be seen from (11.7)). The prior selection is
motivated by different physical considerations: the “Astronomer’s prior” (a uniform
prior in the range —1 < 2, < 1) is motivated by basic consistency with observable
properties of the Universe, such as the age of the oldest objects, while the “Curvature
scale prior” (a uniform prior in the range —5 < log |Q2,| < 0) is based on theoretical
considerations of the inflationary scenario.

The resulting posterior probability for an infinite Universe is (for the most
constraining data combination and the simplest parameterization of the dark energy
sector) is 98% from the Astronomer’s prior, but only 69% for the Curvature scale
prior. This reflects the stronger Occam’s razor effect implied by the Astronomer’s
prior. Although in both cases the posterior probability for an infinite Universe has
increased from the a prior proabability of ~67%, it is clear that the amount by which
this scenario is preferred by the data is strongly dependent on the theoretical prior
assumptions one makes.

11.3.1.2 Inflationary Model Comparison

The second example I would like to discuss is the inflationary model comparison
carried out in Ref.[26]. Although the technical details are fairly involved, the
underlying idea can be sketched as follows.

The term “inflation” describes a period of exponential expansion of the Universe
in the very first instants of its life, some 107325 after the Big Bang, during
which the size of the Universe increased by at least 25 orders of magnitude. This
huge and extremely fast expansion is required to explain the observed isotropy
of the cosmic microwave background on large scales. It is believed that inflation
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was powered by one or more “scalar fields”. The behaviour of the scalar field
during inflation is determined by the shape of its potential, which is a real-valued
function V(¢) (where ¢ denotes the value of the scalar field). The detailed shape
of V(¢) controls the duration of inflation, but also the spatial distribution of
inhomogeneities (perturbations) in the distribution of matter and radiation which
emerge from inflation. It is from those perturbations that galaxies and cluster form
out of gravitational collapse. Hence the shape of the scalar field can be constrained
by observations of the large scale structures of the Universe and of the CMB
anistropies.

Theories of physics beyond the Standard Model motivate certain functional
forms of V(¢), which however typically have a number of free parameters, ‘.
The fundamental model selection question is to use cosmological observations to
discriminate between alternative models for V(¢) (and hence alternative fundamen-
tal theories). The major obstacle to this programme is that very little if anything
at all is known a priori about the free parameters ¥ describing the inflationary
potential. What is worse, such parameters can assume values across several orders
of magnitude, according to the theory. Hence the Occam’s razor effect of Bayesian
model comparison can vary in a very significant way depending on the prior choices
for . Furthermore, a non-linear reparameterization of the problem (which leaves
the physics invariant) does in general change the Occam’s razor factor, and hence
the model comparison result.

In Ref. [26] a first attempt was made to tackle inflationary model selection from a
principled point of view. The main result of the analysis is shown in Fig. 11.3, which
presents the Bayes factors between models (suitably normalized w.r.t. a reference
model, here the so-called LFI, model). Two classes of models for V(¢) have been
considered, namely so-called Small Field Inflation (SFI) models and Large Field
Inflation (LFI) models. The two classes of model differ in the parameterized form
of V(¢), and have different sets of parameters, differing in dimensionality, as well.
Within each class of models, sub-classes are defined (denoted by subscripts in
Fig. 11.3) based on theoretical considerations, e.g. by fixing some of the parameters
to certain values. The priors on the models’ parameters have been chosen based on
theoretical considerations of possible values achievable under each class of models.
Typical priors are uniform on the log of the parameter (to reflect indifference w.r.t.
the characteristic scale of the quantity), within a range chosen as a reflection of
physical model building. The models’ priors are chosen in such a way to lead to
non-committal priors for the two classes as a whole, i.e. p(SFI) = p(LFI) = 1/2.

Figure 11.3 shows that some models in the LFI class are fairly strongly
disfavoured by the data (e.g., LFI3 and LFl4), while the model comparison is
inconclusive in most other cases. One finds that the posterior probability for the
SFI model class evaluates to p(SFI|d) a2 0.77. Therefore, the probability of the SFI
class has increased from 50% in the prior to about 77% in the posterior, signalling a
weak preference for this type of models in the light of the data.
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Fig. 11.3 Results of Bayesian model comparison between nine inflationary models (vertical axis),
subdivided in two categories (SFI models and LFI models), from Ref. [26]. Errorbars reflect the
68% uncertainty on the value of the Bayes factor from the numerical evaluation

11.4 Interpretational Challenges and Open Questions

I conclude by listing what I think are some of the open questions and outstanding
challenges in the application of Bayesian model selection to cosmological model
building.

e Is Bayesian model selection always applicable? The Bayesian model com-
parison approach as applied to cosmological and particle physics problems has
been strongly criticized by some authors. E.g., George Efstathiou [6] and Bob
Cousins [5] pointed out (in different contexts) that often insufficient attention
is given to the selection of models and of priors, and that this might lead to
posterior model probabilities which are largely a function of one’s unjustified
assumptions. This draws attention to the difficult question of how to choose priors
on phenomenological parameters, for which theoretical reasoning offers poor or
no guidance (as in the inflationary model comparison example above). In the
statistics literature, several approaches are available, e.g. nonsubjective, intrinsic
and fractional Bayes factors [8]. It would be interesting to learn about real-
data experience in using such methods, and to investigate whether they can be
useful in the cosmological context. Also, a thorough investigation of approximate
criteria for model selection (BIC, AIC, DIC, etc. [12, 19]) in cosmology would
be desirable.
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* How do we deal with Lindley’s paradox? It is simple to construct examples
of situations where Bayesian model comparison and classical hypothesis testing
disagree (Lindley’s paradox [21]). This is not surprising, as frequentist hypoth-
esis testing and Bayesian model selection really ask different questions of the
data [29]. As Louis Lyons aptly put it: “Bayesians address the question everyone
is interested in by using assumptions no-one believes, while frequentists use
impeccable logic to deal with an issue of no interest to anyone” [23]. However,
such a disagreement is likely to occur in situations where the signal is weak,
which are precisely the kind of “frontier science” cases which are the most
interesting ones (e.g., discovery claims). Is there a way to evaluate e.g. the loss
function from making the “wrong” decision about rejecting/accepting a model?

* How do we assess the completness of the set of known models? Bayesian
model selection always returns a best model among the ones being compared,
even though that model might be a poor explanation for the available data. Is
there a principled way of constructing an absolute scale for model performance in
a Bayesian context? Recently, the notion of Bayesian doubt, introduced in [24],
has been used to extend the power of Bayesian model selection to the space
of unknown models in order to test our paradigm of a ACDM cosmological
model. It would be useful to have feedback from the statistics community about
the validity of such an approach, and whether similar tools have already been
developed in other contexts.

* Is Bayesian model averaging useful? Bayesian model averaging can be used to
obtain final inferences on parameters which take into account the residual model
uncertainty (examples of applications in cosmology can be found in [20,28,39]).
However, it also propagates the model selection problems discussed above to the
level of model-averaged parameter constraints. Is it useful to produce model-
average parameter constraints, or should this task be left to the user, by providing
model-specific posteriors and Bayes factors instead?

e Is there such a thing as a “correct” prior? In fundamental physics, models
and parameters (and their priors) are supposed to represent (albeit in an idealized
way) the real world, i.e., they are not simply useful representation of the data
(as they are in other statistical problems, e.g. as applied to social sciences).
In this sense, one could imagine that there exist a “correct” prior for e.g. the
parameters © of our cosmological model, which could in principle be derived
from fundamental theories such as string theory (e.g., the distribution of values of
cosmological parameters across the landscape of string theory [34]). This raises
interesting statistical questions about the relationship between physics, reality
and probability.

11.5 Conclusions

I have briefly surveyed the status and recent advances in the application of Bayesian
model selection in cosmology. I am sure that the input of the statistics community
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will be invaluable in further advancing the topic. A discussion forum such as
the SCMA conference is an extremely useful way of promoting cross-disciplinary
dialogue between the two communities, and as such should be taken as a blueprint
for future initiatives in Astrostatistics.
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Chapter 12
Commentary: Cosmological Bayesian Model
Selection

David A. van Dyk

Abstract Model selection methodology is an active field of discussion among
statisticians, particularly for disjoint, non-nested models. Roberto Trotta has re-
viewed the issue in the context of model selection within the context of ACDM
cosmological models. I briefly discuss the issue from both frequentist and Bayesian
perspectives, expressing cautions about use of priors, Bayes factors, and p-values.
There are no silver bullets, but Bayes factors seem most promising.

12.1 Introduction

Doctor Trotta is to be congratulated for his lucid summary of recent advances
in Bayesian fitting of cosmological models and of the outstanding challenges in
the more difficult problem of model selection. This situation is not unique to
cosmology. Differences among statistical paradigms such as frequency-based or
Bayesian methods are generally much more pronounced in model checking and
selection than in fitting. Indeed no consensus exists even among Bayesians or among
frequentists as to the best way forward in model selection. As such this remains
an active area of statistical research where the experience of cosmologists may
lead to insight with impact on more general statistical methodology. It is also a
subtle area where one must be wary of all-purpose solutions. As Doctor Trotta
points out, model selection in cosmology is not confined to nested models (e.g.,
adding “extra parameters in the ACDM beyond the vanilla ones”) but includes
the more technically challenging case of comparing non-nested models “whose
parameter spaces are largely or completely disjoint”. Such seemingly innocuous
differences may be highly consequential and lead to subtle technical issues.
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I hope to illustrate some of the subtleties involved and the advantages of a mixed
approach that considers and compares various methods in the context of a specific
model selection problem.

12.2 Methods for Model Selection and Checking

Model checking problems often begin with a default or presumed model,
Null Hypothesis:  E.g., the Universe is “Flat”.

The scientist asks whether the model is consistent with the data or if it is plausible
that the data were generated under the model. If not, we aim to characterize the
inconsistency, improve the model, and recheck the improved model. In principle
this cycle of model improvement can be iterated, perhaps with the acquisition of
new data, until a satisfactory model is obtained.

We may also have a model that we suspect or hope is better than the null model,

Alternative Hypothesis:  E.g., the Universe is “Hyperbolic”.

With a competing model in hand, we typically aim to decide between or weigh
the evidence for the two (or more) models. These procedures are known as model
selection and model comparison. In some situations we may wish to assume the null
hypothesis until we have substantial evidence it is implausible. This is analogous to
assuming a defendant is innocent, until proven guilty in a court of law. Similarly
we may not wish to overturn a long standing standard model without truly solid
evidence. In other situations we may not have any particular reason to favor one
model over another and may wish to simply weigh the relative evidence for each.

These are surprisingly subtle problems and despite decades of research, discus-
sion, and sometimes heated arguments, little consensus exists among statisticians
as how to best tackle them. This is especially concerning because competing
methods may lead to very different conclusions. Part of the difficulty is that
model selection is somewhat ill-posed. Statisticians view models as parsimonious
mathematical summaries of complex phenomena. They are not meant to capture
the full complexity of that which they summarize. As such different models can be
viewed as approximations with various tradeoffs between simplicity and detail, no
one of which may be ‘true’ or even better than the others; they are simply different.
Nonetheless we may wish to investigate how a particular model differs from reality
(i.e., model checking) or which of a set of models better approximates a particular
aspect of reality (i.e., model comparison). Remembering that models are not meant
to be perfect, however, it is no surprise that there is no completely general theory for
model selection nor is there always a clear cut answer to model selection problems.
Model checking, comparison, and selection are nuanced endeavors into the shades
of grey.
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Frequency-Based Methods. The standard frequency based method begins with a
statement of a null and an alternative hypothesis,

Hy: E.g., the Universe is Flat: Q, =0, and
H;: E.g., the Universe is not Flat: Q, # 0,

and computes a test statistic, 7, with known distribution under Hj. A
threshold, 7* is then computed as, e.g., the smallest value such that Prob(7T >
T*| Q2 =0, other parameters) < o, where o is the significance level of the test.
Under the assumption that Hy holds, T is greater than T* with probability less than
a. This is an infrequent occurrence if ¢ is small. Thus, we typically choose a small
value of o and if we observe T > T* conclude that there is sufficient evidence to
declare Hy implausible. In this example, we would conclude that the Universe is
not flat.

This paradigm is generally advocated on the basis of its control of the probability
of false positive. That is, we will wrongly conclude that Hy is implausible with
probability less than ¢, when Hy actually holds. On the other hand the method offers
no characterization of the strength of evidence, a task left to the notorious p-value,
see below. Another important sticking point lies in the derivation of a test statistic
with known distribution under Hy. This can be a difficult if not impossible task in
complex models that have numerous unknown parameters.

Bayesian methods. Because Bayesian methods treat parameters as random
quantities there is no problem in principle with unknown parameters under either H
or Hy. In particular the prior predictive distribution, given in Trotta’s equation (2)
specifies how likely the data, d, is under model i € {0,1}. In a Bayesian paradigm
the model consists of a specification of both the likelihood and the prior distribution
and both are compared together. The typical method for comparing two models
involves the Bayes Factor, or the posterior probability of Hy. Unlike standard
frequency-based methods, both the Bayes Factor and p(Hy|.#) treat Hy and H,
essentially symmetrically. There is no need to treat Hy as the default or a priori
assumed model.

A typical criticism of Bayesian methods in general is their requirement that
one specifies a prior distribution. Of course, when informative prior information
is available, Bayesian methods offer a principled method of combining this in-
formation with the current data. In many situations, these concerns are of little
practical importance because the posterior distribution, parameter estimates, error
bars, and interval estimates are quite insensitive to the choice of prior distribution.
Unfortunately, the same is not true of prior predictive distributions and Bayes factors
which can be quite sensitive to the choice of prior distribution. As an example,
suppose we observe a Gaussian variable with mean p and variance one, use a
Gaussian prior distribution on g with mean zero and variance 72, and are interested
in testing Hy : 4 = 0 against H; : g # 0. Using (2) we can compute the prior
predictive distribution of d which is a Gaussian distribution with mean zero and
variance 1+ 72 and is plotted in the lefthand panel of Fig. 12.1 for several values
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Fig. 12.1 The dependence of the prior predictive distribution and the Bayes factor on the choice
of prior distribution. The lefthand panel plots the prior predictive distribution for the Gaussian
example describe in the text with five choices of the prior distribution. The righthand plot shows
the effect of the prior variance, 72, on the Bayes factor. Results are highly dependent on the
prior distribution and the prior must be chosen with care to accurately represent available prior
information

of 72. The prior predictive distribution is highly dependent on the prior distribution
and p(d|.#') can be made arbitrarily small for any value of d by choosing 7> large
enough. The righthand panel of Fig.12.1 illustrates the effect on the log Bayes
factor, which varies from indifference between Hy and H; to strong support for H;
to strong support for Hy as 72 increases.

Reflecting on Fig. 12.1, it is clear that we must think carefully about our choice of
prior distribution and it is critical that the prior distribution accurately summarizes
available prior information. The typical strategy of using “non-informative” prior
distributions with large variances clearly effects the Bayes factor. In fact “improper”
prior distributions (e.g., with infinite variance) result in improper prior predictive
distributions and undefined Bayes factors. There is no simple default prior dis-
tribution available when computing Bayes Factors. This is especially problematic
when the parameter space is large and in particular when the H4 and Hy are either
not nested or the dimension of the parameter space under Hy is much larger than
that under Hy. Specifying subjective prior distributions in large multivariate spaces
involves careful consideration of the correlations and likely relationships among the
parameters. In model selection problems, the hypothesized models may be rather
speculative and little prior information about the values of the parameters may be
forthcoming. Thus, we may have little information for a the choice of prior and the
prior may heavily influence results. In such situations, it is absolutely critical that
the choice of prior distribution be reported along with the Bayes factor.

I worry about the application of Bayes factors in cosmology, just as I generally
worry about their use by scientists and statistician alike. Doctor Trotta mentions
the “Astronomer’s Prior” (Qy ~ Unif(—1,1)) and the “Curvature Scale Prior”
(log|Q| ~ Unif(—5,0)). In the inflationary model he notes that “little if anything is
known a priori about the free parameter '¥'...” and that “non-linear transformations
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... 1in general change . .. the model comparison results.” Understandably convenient
prior distributions are used in the absence of well quantified substantive prior
knowledge. Unfortunately, Bayes factors based on such priors lead to questionable
results.

P-values. In the context of frequency based hypothesis testing, the p-value is
often reported to quantify the degree of evidence, p-value=prob(T >T*|Q,=0,
otherparameters). Although they are endemic in data analysis, there is a large
literature on the difficulties of interpreting p-values, especially when testing precise
null hypotheses (e.g., [2]). When compared to Bayes factors and the posterior
probability of Hy, p-values vastly overstate the evidence for H;, even when
compared to Bayesian methods that use the prior most favorable to H; from a
large class of priors. This is because p-values are computed given data as extreme
or more extreme than d. This is much stronger evidence for Hy than d. (In some
cases p-values agree with Bayesian measures computed with “as extreme or more
extreme’ data [4]). P-values cannot be simply recalibrated to agree with Bayesian
measures because the magnitude of the discrepancy depends on the sample size, the
model, and the precision of Hy. In short p-values should be avoided because they
are difficult to interpret, have questionable frequency properties, and bias inference
in the direction of false discovery.

12.3 The Bottom Line

There are other statistical paradigms and hybrid methods that aim to evaluate models
and decide between them, e.g., posterior-predictive-p-values [6], conditional error
probabilities [1], decision theory (e.g., [5, 7]), etc. Still there are no silver bullets.
Most statisticians agree that model selection should be rephrased into model fitting
problems whenever possible. In the case of nested models, it is often possible to
fit the larger model and report interval for the parameters that are free in the larger
but not the smaller model. The added value of the larger model can be assessed by
examining the likely values of these parameters. This avoids the problem of model
selection, but may not adequately address the scientific question. In such cases,
I agree with Doctor Trotta that Bayesian methods are most promising. Despite their
dependence on the choice of prior distribution, Bayes factors represent a principled
probability-based assessment of the relative evidence for Hy and H;. Unlike
p-vales, they aim to answer the right questions and like other Bayesian methods,
they have no problem with nuisance parameters. Various strategies exist for
mitigating their dependence on the prior distribution. For example, Berger and
Delampady [2] recommends optimizing the Bayes factor over a class of priors and
Berger and Pericchi [3] review methods that use a subset of the data to construct
an informative prior distribution and the remainder to compute the Bayes factor.
Overall, I view Bayes factors as the most promising method for model selection.
Clearly care must be taken when selecting prior distributions and sensitivity
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analyses must be conducted. But at a fundamental level Bayes factors answer the
questions of most interest to scientists.
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Chapter 13
Measurement Error Models in Astronomy

Brandon C. Kelly

Abstract I discuss the effects of measurement error on regression and density
estimation. I review the statistical methods that have been developed to correct for
measurement error that are most popular in astronomical data analysis, discussing
their advantages and disadvantages. I describe functional models for accounting
for measurement error in regression, with emphasis on the methods of moments
approach and the modified loss function approach. I then describe structural models
for accounting for measurement error in regression and density estimation, with em-
phasis on maximum-likelihood and Bayesian methods. As an example of a Bayesian
application, I analyze an astronomical data set subject to large measurement errors
and a non-linear dependence between the response and covariate. I conclude with
some directions for future research.

13.1 Introduction

Measurement error is ubiquitous in astronomy. Astronomical data consists of
passive observations of objects, whereby astronomers are able to directly measure
the flux of an object as a function of wavelength, its location on the sky, and the time
of the observation. Because the number of photons detected from an astronomical
object follows a Poisson process, this makes the measurement of a source’s intensity
intrinsically subject to measurement error, even if none is introduced from the
detector. Therefore, the very nature of astronomical data makes measurement error
unavoidable. Moreoever, quantities that are derived from an object’s observed
emission, either by fitting a model to the spectral energy distribution (SED) or by
employing scaling relationships, are also ‘measured’ (derived) with error. Examples
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include mass, metallicity, and distance. Often the measurement error on the derived
quantities is significant. This is unfortunate as inference on the derived quantities is
often the goal of astronomical data analysis. Therefore, there has been considerable
interest in how to perform statistical inference in the presence of measurement error.

Measurement error is a problem that affects, at various levels, all scientific
research. Because of this, numerous methods for handling measurement errors have
been developed ([6,7,9] are good references). In this contribution, I will present a
survey of methods for handling measurement error that have been developed and
used in astronomical data analysis. Because astronomical measurement errors are,
in general, heteroskedastic (having different variances), I will limit my discussion
to methods developed for heteroskedasticity. I will focus on situations where a
deterministic relationship is not assumed between the variables, but where all
variables of interest are random and are measured with error. Because of this, I will
ignore situations where the measurement error is the only source of randomness in
one’s data. An example of this type of situation is fitting a model to an observed
spectrum, where the measurement error is the only source of randomness; i.e., in
the absence of measurement error a deterministic relationship is assumed between,
say, flux density and wavelength. Methods for handling measurement error in this
case are relatively well-established, and typically one simply minimizes the usual >
statistic (e.g., [3]). However, it is worth pointing out that many complications may
still exist, and more sophisticated methods may be needed, especially when dealing
with low-count X-ray and y-ray data (e.g., [24]) or when incorporating calibration
unceratinties [14]. Instead, I will focus on methods for analyzing data from
astronomical samples, where the variables are a random sample from an underlying
distribution. Within the context of regression, this implies that intrinsic scatter
(referred to as equation error in the statistics literature) exists in the relationship
among the variables, and thus a deterministic relationship is not assumed between
the variables even without the presence of measurement error.

Most of the techniques I will discuss focus on accounting for measurement
error in regression. The goal of regression is often to understand how one variable
changes with another. For example, how does the mass of a black hole change as
a function of the stellar velocity dispersion of the host galaxy’s bulge? Typically
one simply estimates how the average value and dispersion of one variable depends
on another. Measurement error statistical models are typically divided into two
types: ‘functional’ and ‘structural’ models. In functional modeling, one assumes that
the unknown true values of the variables are fixed, whereas in structural modeling
the unknown true values of the variables have their own intrinsic distribution. As a
result, in structural modeling one must parameterically model the distribution of the
true values of the variables, whereas in functional modeling one does not. Density
estimation is another important technique in astronomical data analysis, being the
foundation for luminosity and mass function estimation. The methods I will discuss
for handling measurement error in structural models are also applicable to density
estimation, as in this case regression and density estimation are based on the same
formalism. When discussing regression methods, I will refer to the ‘dependent’
variable as the response, and the ‘independent variables’ as the covariates.
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13.2 Notation and Error Model

Throughout this work I will denote the measured response for the ith data point
as y;, and the measured covariate for the ith data point as x;. I will denote the true
values as n; and &;, respectively. If there are p > 1 covariates, then I will use the
vectors x; and &;. T will use y to denote the set of values of y; for each of the n data
points, y = [y1,...,ys]. To denote the set of x;, I will use x = xy,...,x, if there is
one covariate, and the n x p matrix X = [xq,...,Xp]| if there are multiple covariates.
I assume the classical additive error models throughout this review, unless otherwise
specified:

ni = f(&,0)+& (13.1)
Xi = &+ & (13.2)
Yi =Ni+§,. (13.3)

The function f(&, 0) describes how the mean value of 1 depends on & as a function
of the parameters, 6. For example, for linear regression f(&,0) = a + BTE with
0 = (o, 3) denoting the slopes and intercept. The terms &;, &, and €,; are random
variables denoting the intrinsic scatter in 1) at fixed & (i.e., the equation error), the
measurement error in X;, and the measurement error in y;, respectively. The random
variables &;, &, and €,; are assumed to have zero mean and variances Var(g) =
o2, Var(g,;) = Gyz)i, and Var(& ;) = Zx;. As is typical in astronomy, the parameter
o2 is assumed to be unknown and a free parameter in the model, while the variances
in the measurement errors, Gy%i and X ;, are assumed known. The measurement
errors are assumed to be independent of ¢;. In addition, for simplicity I also assume
that the measurement errors in y; and x; are independent, unless otherwise specified.
However, this is not always true, and many methods are able to handle correlated
measurement errors, see the references for individual techniques for further details.

Following Gelman et al. [10], I will also typically use the notation p(-) to denote
the probability density of the argument. For example, p(x) denotes the marginal
probability density of x, p(y|x) denotes the conditional probability density of y
given x, and p(y,x) denotes the joint probability density of y and x. It should be
understood that p(-) will not always have the same functional form, and that this
must be inferred from context, i.e., it is not necessarily true that p(x) = p(y) even
if x =y. When this may be confusing, I use different symbols to denote different
probability densities.

13.3 Effects of Measurement Error

Measurement error has the effect of blurring and broadening the distribution of
quantities, similar to the blurring of astronomical images by a point spread function.
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This makes statistical inference based on the measured values biased, and smears out
any trends in the data. The distribution of the measured quantities is obtained as

px) = [ [ pluxin.&)p(n.€) dn dé. (134)

Under the additive error model of Sect. 13.2, (13.4) simplifies to

plx) = [ £o=m) [ ex=E)p(n.&) dE an. (135

where f(-) and g(-) denote the probability distributions of the measurement errors
& and &, respectively. Equation 13.5 shows that under additive measurement error,
the observed distribution of a set of quantities is the convolution of the intrinsic
distribution with the measurement error distribution. Convolution has the effect of
broadening distributions, which biases density estimation and masks trends.

Some of the effects of measurement error are illustrated in Fig. 13.1. Here,
I simulated a sample of covariates from a bimodal distribution, and simulated the
response assuming a nonlinear relationship between 17 and &. I then added large
measurement error to both 1 and £. As can be seen, measurement error has blurred
out many of the features in the data set, and broadened the distributions.

To further see how measurement error biases statistical inference for regression,
consider the additive error model for linear regression, assuming one covariate.
In addition, for simplicity assume that the measurement errors are homoskedastic
(having the same variance) for both the response and covariate. If one were to ignore
measurement error and proceed through the usual ordinary least-squares (OLS)
analysis, then one would obtain the following estimates for the slope, variance in
the intrinsic scatter, and uncertainty in the estimated slope (assume the intercept, o,
is known):

5 Cov(x,y)  Cov(&,m)
Bows = ) = Ver@rr o2 (13.6)

6315 = Var(y — a— Borsx)

= (B*— Bdrs)Var(&) + 3502 + 0} + 0° (13.7)
A2 ~2
A O, O,
Var(Byy) = —2L5_ = OLS (13.8)

Var(x)  Var(&)+ o2’

where 3 and o2 are the true values of the slope and variance in intrinsic scatter.
From (13.6) to (13.8) we can deduce the following:

e Equation 13.6 shows that measurement error in the covariate attenuates the
regression slope, biasing it toward zero. Therefore, trends between the response
and the covariate will appear weaker than they really are. If the measurement
error in the covariate is negligible, then there is no bias in the slope even if the
measurement errors in the response are large.
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Fig. 13.1 Illustration of the effect of measurement error on regression and density estimation,
using a simulated sample. The true distribution of the response and covariate (upper left),
compared with the measured distribution (upper right). The error bars in the center plot denote the
standard deviation of the Gaussian measurement errors. The measurement errors have effectively
washed out any visual evidence for a tight non-linear relationship between the response and
covariate. The lower plot shows the distribution of the true and measured values of the covariate.
The measurement errors have washed out any evidence for bimodality in the distribution, and

significantly broadened it

e Equation 13.7 shows that measurement error in both the response and covariate
bias the estimate of 6> upward. Therefore, the variance in the response about the
regression line will appear larger than it really is.
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e Equation 13.8 show that measurement error in the covariate causes one to un-
derestimate the error in the estimated slope. Thus, if the covariate is significantly
contaminated by measurement error, then one would incorrectly conclude that
the slope is precisely estimated to be ~0, and therefore conclude that there is no
relationship between the response and covariate!

Clearly measurement error can have a significant effect on one’s data analysis,
and ignoring it can lead to erroneous conclusions. Luckily, a number of statistical
methods have been developed for handling measurement errors.

13.4 Functional Methods for Accounting for Measurement
Error in Regression

A variety of functional models have been proposed for handling measurement errors
in regression, and here I summarize the methods that are commonly used in the
astronomical literature. Since heteroskedastic measurement errors are the norm in
astronomy, I only discuss methods that allow the variances in the measurement
error to vary among the observations. Moreover, as discussed earlier, I focus on
methods that incorporate intrinsic scatter in the relationship between the response
and covariate. The reader is referred to Carroll et al. [6] for a more thorough and
general discussion of methods developed for handling measurement error.

13.4.1 Method of Moments Approach for Linear Regression

In linear regression the least-squares estimates of the intercept, slope, and intrinsic
dispersion are obtained from the moments of the data. In the previous section
I showed that the moments of the observed data are biased estimates of the
moments of the intrinsic distribution when the data are measured with error.
Therefore a simple method of accounting for measurement error in linear regression
is to estimate the moments of the true values of the data, and then use these
estimated moments to estimate the regression parameters. This is the idea behind
the method of moments (MM) estimators, where the moments of the observed data
are ‘debiased’ by removing the contribution from the measurement errors.

Akritas and Bershady [1] describe a methods of moments approach for linear
regression that handles heteroskedastic measurement error in both the response
and covariate, intrinsic scatter, and correlation between the response and covariate
measurement error. Akritas and Bershady used their method to characterize the
color-luminosity and Tully-Fisher relationships for galaxies. Their estimators, as
is typical for the method of moments, assume the additive error model of Sect. 13.2
with the mean value of 1 depending linearly on &: f(£,0) = o+ B&. They do
not assume a particular distribution for the measurement errors, the covariate, or



13 Measurement Error Modens 153

the intrinsic scatter. However, their approach does assume that the variance in the
measurement errors and correlation between the measurement errors are known.
They call their estimator the BCES estimator, for bivariate correlated errors and
intrinsic scatter.

Denote the covariance between the measurement errors in the response and
covariate as Cov(ew, €:i) = Oyxi. Also, denote the sample average for x as X, the
sample average for y as ¥, the sample variance for x as V,, the sample variance for
y as Vj, and the sample covariance between x and y as V,,. Then, the methods of
moments estimators are

A ny - 6)7)(
= =2 = 13.9
Baans V=52 (13.9)
ooy = Y — BumX (13.10)
where Gy, = X} | Oyi/n and 62 = " ze)[ /n. Akritas and Bershady [1] show

that the MM estimators are asymptotically unbiased, that the sampling distribution
of the MM estimators is asymptotically normal, and describe how to estimate
the asymptotic covariance matrix of &y and BMM. Patriota and Bolfarine [18]
derive the asymptotic covariance matrix of the MM estimators under the additional
assumption that the measurement errors are normally distributed, creating more
powerful hypothesis testing when this is true. In addition, Cheng and Riu [8] give
the MM estimator for the variance in the intrinsic scatter:

61124M :Vy_ﬁMM(ny_(_yyx)_éyz, (1311)

where 6),2 is the sample average of Gy%i.

The main advantage of the MM estimators are that they do not make any
assumptions about the distribution of the measurements errors, about the distribution
of the covariate, nor about the distribution of the intrinsic scatter. This is attractive, is
it makes the MM estimators robust. One of the disadvantages of the MM estimators
is that they are not as precise as some other methods, such as structural models,
when the distributions of &, &€, and & are known, or at least when they can
be accurately modeled parameterically, as the MM estimators do not impose prior
assumptions about the distributions. Another disadvantage is that the MM estimators
tend to be highly variable when the sample size is small, and/or the measurement
errors are large. This is on account of the term Vy — 62 in the denominator of the
equation for BMM. When the sample size is small, then V, is more variable, and it is
possible that V, ~ &2. This is also possible when measurement errors are large, as
the variance in x becomes dominated by the measurement errors. When this occurs,
the estimate for the slope can become very large, or change sign. Similarly, if the
measurement errors in y are large, then the MM estimator for the intrinsic dispersion
can become negative, which is impossible. Therefore, despite the robustness of the
MM estimators, more stable estimators should be used when the sample size is
small, or when the measurement errors make up a significant component to the
variance in the data.
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13.4.2 Modified Loss Function Approach

Modified loss function methods modify the figure of merit function (i.e., the
‘loss’ function), to incorporate measurement error. The weighted squared error
loss function is the most common loss function used in astronomy. A weighted
least squares (WLS) estimator for linear regression was proposed by Sprent [22] to
minimize the following loss function for the special case of no intrinsic scatter:

n oy x‘2
QWLS(aaﬁ):Z(yl o ﬁ l)

pa Gyz,i+ﬁ26)52,i (13.12)
The weights in (13.12) reflect the contribution of the measurement errors to the
squared error. Here T have used the notation Qwrs(a, ) instead of the more
commonly used y? to emphasize the fact that (13.12) is a loss (or figure of merit)
function, and will not necessarily follow a y? distribution even if the errors are
Gaussian (although one can still use (13.12) regardless of the distribution of the
measurement errors). Note that this implies that one cannot derive uncertainties in
the parameters by looking for regions of constant A Qws(ct, B). As with the method
of moments estimators, the WLS estimators do not make any assumptions about the
distribution of the measurement errors, covariate, or intrinsic scatter.

The loss function defined by (13.12) assumes that there is no intrinsic scatter in
the relationship between the response and covariate. How then to modify (13.12) to
include the intrinsic scatter? Motivated by their work on characterizing the Mpy—0.
relationship, Tremaine et al. [23] suggested using the following modified WLS loss
function:

n .y 2
QWLS(O"[)»’GZ):Z (yl a ﬁxl)

—_ . 13.13
& o2+ o} + 2ol ¢ )

While the addition of 62 to the denominator of (13.13) is intuitive, as it reweights
the loss function to incorporate the intrinsic scatter, the unknown value of o2
creates difficulties for the WLS estimator based on Ow (o, B,02). As discussed
in Kelly [13], (13.13) can only be minimized with respect to o and 3 at fixed ¢2,
as the minimum of (13.13) occurs at 6> — o for any value of o and f3. Clearly, one
cannot estimate the regression parameters by minimizing Ows(ct, B,62). Instead,
the most common approach (as suggested by Tremaine et al. [23]) is to initially
use 62 = 0, and then find the values of o and B which minimize (13.12). Then,
using these best-fit values for o and f3, ¢ is estimated by finding the value
such that Qwys(e, B,0%)/(n—2) = 1. Unfortunately, the properties of the WLS
estimator based on this procedure, such as its bias and asymptotic distribution,
are unknown. Kelly [13] performed simulations to study the behavior of the WLS
estimator based on (13.13) when the data are contaminated by large measurement
error, and compared with the MM estimator and a maximum-likelihood estimator
(see Sect. 13.5.1). In general, the WLS estimator gave biased values for the slope,
while the MM estimator for the slope was approximately unbiased except in
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the limit of extreme measurement error, and the maximum-likelihood estimator
was approximately unbiased except in the limit of a small sample with extreme
measurement error. Therefore, based on the problems associated with the WLS
estimator based on (13.13), I do not recommend its use.

While the modification to the least squares loss function by (13.13) exhibits
some problems, it is still possible to derive consistent estimators for the regression
parameters by modifying the least squares loss function. Instead, consider the
following modified loss function:

1 n
(e, B,0%) = = > [i—o—Bxi)* — o7 — Bor] . (13.14)
i=1

Equation 13.14 corrects the usual least-squares loss function by subtracting off the
contribution to the squared error from the measurement errors, and is therefore
an estimate of the loss function that would have been obtained if there was no
measurement error. Minimization of (13.14) with respect to (o, 3,02) results in
the MM estimators given by (13.9)—(13.11) [7]. Therefore, the method of moments
estimators can be understood as resulting from a corrected least squares loss
function.

Thus far I have focused on linear regression. However, there are cases where a
non-linear relationship may exist between the average value of the response and the
covariate, and one desires to use a functional model. Patriota and Bolfarine [17] de-
scribe a corrected score method for polynomial regression under the heteroskedastic
additive error model (Sect. 13.2), which they applied to an astronomical data set. The
reader is referred to their work for further details.

13.5 Structural Methods for Regression and Density
Estimation

Structural models for regression are those that make assumptions about the dis-
tribution of the covariate. As such, they are also applicable to density estimation.
I will focus on structural models that rely on the construction of a likelihood
function,' therefore requiring one to specify a parameteric model for the distribu-
tions of the measurement errors, intrinsic scatter, and covariates. These methods
include both maximum-likelihood estimators and Bayesian methods. Likelihood-
based techniques have the advantage that they are flexible and may be applied
to a variety of problems, including those requiring non-linear forms for f(&,0),

IThe likelihood function is the probability of observing the data, given some parameters. It requires
assuming a parameteric form for the sampling distribution of the data.
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variance in intrinsic scatter that depends on the covariate, and data sets that include
censoring” and truncation. However, they have the disadvantages that they are
computationaly expensive, and that one must assume a parameteric form for all
distributions involved, decreasing their robustness. That being said, it is possible to
use highly flexible parameteric forms, increasing the robustness of likelihood based
methods [11]. Moreover, the additional assumptions involved in the parameteric
modeling typically buys one an increase in efficiency, providing smaller standard
errors for the maximum-likelihood and Bayesian estimators when the parameteric
statistical model is a good description of the data.

13.5.1 Constructing the Likelihood Function

The basic idea behind likelihood-based methods is to treat the measurement errors
as a missing data problem. Little and Rubin [15] describe methods for handling
missing data, while Gelman et al. [10] describe Bayesian approaches to the missing
data problem. First, one formulates the likelihood function for the complete data,
i.e., the likelihood function for both the measured and true values of the data. In
general, for regression we have the following hierarchical model:

&i~ p(&ly) (13.15)
nil&i ~ p(nl&,0) (13.16)
yi.Xilni, & ~ p(y.x|n,§). (13.17)

The notation z ~ p(z) means that the random variable z is drawn from the probability
distribution p(z). The distributions p(&|w),p(n|&,0), and p(y,x|n,&) are the
distributions for the covariates, the response given the covariate, and the measured
data, respectively. The distribution for the covariate is parameterized by y, while the
distribution for 1 at a given & is parameterized by 6; note that here I have absorbed
the parameter describing the variance in the intrinsic scatter into 6, whereas in
the previous sections I have kept o2 seperate from 6. For simplicity, I assume
that the distribution of the measurement errors is considered known, as is typi-
cally the case in astronomy. If additional parameters are needed to describe the
distribution of the measured data, e.g., if the variance in the measurement errors is
unknown, then these should be included in (13.17). Most of the interest in regression
lies in inference on 6, which describes how the response depends on the covariates.
If, instead of regression we are interested in density estimation, then there is no
response variable and only (13.15) and (13.17) are used.

2Data are said to be censored when only an upper or lower limit is available.
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Under the statistical model given by (13.15)-(13.17), the complete data
likelihood function for the ith data point is

(i, xi,Ni,8i|0,v) = p(yi,xi|ni, &) p(Mil&i, 0)p(Eilw). (13.18)

In order to calculate the observed data likelihood function for the ith data point, we
integrate out the missing (and thus unknown) data from the complete data likelihood
function:

pUixl0.v) = [ [ plixin Ep(nig.Op(Ely) dndE  (13.19)

When the data points are statistically independent, as is almost always the case, the
observed data likelihood function for the entire data set is the product of (13.19) over
the i =1,...,n data points. Further details on this procedure can be found in Carroll
et al. [6]. Once one has chosen parameteric forms for the distributions involved in
(13.15)—(13.17), one can use (13.19) to compute the maximum-likelihood estimate
for the parameters (0, ) and use the likelihood ratio to estimate confidence regions
for the parameters. That’s it! Of course, in practice this is not so simple, as
computing the integrations involved in (13.19) and performing the optimization of
(13.19) can be numerically difficult. The Expectation-Maximization (EM) algorithm
is often helpful, and additional numerical techniques are described in, for example,
Press et al. [19] and Robert and Casella [20].

As an example of the likelihood approach, consider the following simple model.
Assume the measurement errors to be normally distribution with zero mean and
known variances, as described in Sect. 13.2. For the regression model, assume
that the response (1) at fixed covariate (§) is normally distributed with mean
f(E,0) = a+ BTE and variance 62; this is the usual linear regression model with
Gaussian intrinsic scatter. The distribution of the covariates is assumed to be a p-
dimensional multivariate normal density with mean u and covariance matrix 7.
Under this model, the parameters are = (o, 8,62) and y = (u, T). For this model,
the integrals in (13.19) can be done analytically. Denoting z; = (y;,X;), the measured
data likelihood is

_T ! L ATy-1(,
P(y,X|9vllf)—HWGXP{—E(L—C) Vi (Zz—C)} (13.20)

= (a+p"u,p) (13.21)
T 2 2 T

The Gaussian likelihood model described here is commonly used, but it is
not robust and can be subject to considerable systematic error due to model
mispecification (e.g., [11]). Motivated by this, several authors have proposed using
a mixture of Gaussian functions as a model for the distribution of the covariates
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(e.g., [5,13,21]). Bovy et al. [4] describe a mixture of Gaussian functions model for
density estimation when some of the measurements are missing at random. Kelly
et al. (2008) describe a mixture of Gaussian functions model for density estimation
of a truncated sample, with emphasis on luminosity function estimation. The mix-
ture of Gaussian functions model inherits much of the mathematical simplicity of
the Gaussian model, enabling an analytic calculation of the observed data likelihood,
while still being flexible enough to model most realistic astrophysical distributions.
In addition, Andreon [2] describe a model for incorporating contamination from a
background distribution, and model the distribution of the covariates as a mixture of
Schechter functions.?

13.5.2 Bayesian Methods and an Example

Bayesian methods build on the likelihood methods described in Sect. 13.5.1 and
compute the probability distribution of the parameters, given the observed data;
this is called the ‘posterior’ distribution. This is done by first assuming a ‘prior’
distribution on the parameters, p(0, ), where the prior distribution quantifies our
information on the parameters 6 and y before we take any of the data. The posterior
distribution is then related to the prior and the likelihood by

(0, vy, X)=p(0,y)p(y,X|0,v). (13.23)

For example, for the Gaussian model described by (13.20)—(13.22), and assuming a
uniform prior on the parameters (p(c, 3, o’ u, T)e< 1%), the posterior distribution
for (a,B,02%,u,T) is proportional to (13.20) as a function of these parame-
ters. Bayesian methods differ from the frequentist likelihood methods, such as
maximum-likelihood, in that the inclusion of the prior distribution enables one to
calculate the probability of the parameters, given the observed data. This implies
that, in theory, the posterior distribution is exact, and therefore uncertainties on
the parameters are reliable and easy to interpret regardless of the sample size and
complexity of the statistical model. In contrast, the maximum-likelihood methods
compute a point estimate of the parameters, and then use various methods (e.g., the
likelihood ratio or bootstrap) to estimate the sampling distribution of the parameters,
from which confidence regions are derived. The maximum-likelihood methods are
useful, but it can become difficult to estimate the sampling distribution when the
sample size is small, or for highly complex and difficult models.

3The Schechter function is an unnormalized Gamma distribution. It is commonly used in
astronomy as a model for the number density of galaxies in the universe as a function of their
luminosity.

#Technically this is uniform subject to the conditions that 62 > 0 and |T| > 0.
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Bayesian methods have become increasingly popular in astronomy, as well as
in other scientific disciplines. The primary driver of this increase in popularity
has been the advancements in statistical computing that have enabled Bayesian
inference, namely the use of Markov Chain Monte Carlo (MCMC) methods. Details
of MCMC methods may be found in Gelman et al. [10] and Liu [16], and for
an example of an MCMC algorithm under linear regression and heteroskedastic
measurement errors, see Kelly [13]. One of the primary advantages of MCMC
methods is that they are modular, and we can divide the computational problem
up into smaller computational problems that are easier to solve. Because the true
values of the data are not known, they are treated as additional parameters, and thus
can also be updated via MCMC. We can also incorporate upper and lower limits
in a straightforward manner through this approach by treating their true values
as missing data [13], although the definition of upper limit in astronomy is not
always straightforward [12]. These properties of MCMC samplers are a significant
advantage of the Bayesian approach, as we avoid the integration over the true values
of the data required in (13.19) for the maximum-likelihood approach, and we obtain
improved estimates for the true values of the data. In fact, often it is easier to
program a MCMC sampler and perform Bayesian inference than it is to do the
optimization and numerical integration required for maximum-likelihood.

As an illustration of the Bayesian approach, I consider a data set from Constantin
et al. (2011, in prep) comparing the X-ray photon index, Iy, with the luminosity
relative to the Eddington limit (i.e., the Eddington ratio, L/Lg44) for a sample of
Active Galactic Nuclei (AGN).> The measured data are shown in Fig. 13.2a. The
X-ray photon index provides a measure of how much energy is being released
through soft X-rays as opposed to hard X-rays, and the Eddington Luminosity is
the luminosity at which outward radiation and inward gravitational pressure balance
for a spherical geometry. This data set provides a good illustration of the power of
the Bayesian approach, as the average value of the response exhibits a non-linear
and non-monotonic dependence on the covariate, and the measurement errors are
very large in both the response and covariate. The values of the Eddington ratio
(i.e., the covariate) where the X-ray photon index (i.e., the response) changes its
dependence on L/Lg,, are of particular interest, as models of black hole accretion
flows suggest that the accretion flow geometry changes at certain critical values of
the Eddington ratio. Because of this, and the non-linear appearance in the data,
I have chosen to model the data using a segmented line with two knots, where
the slope of the line changes at the knots. I modeled the intrinsic distribution
of logLy /Lgaq as a mixture of three Gaussian distributions. To make the model
robust against outliers, I assume that the both measurement errors and the intrinsic
scatter follow a Student’s t-distribution with eight and four degrees of freedom,
respectively. I used the MCMC algorithms described in Chap. 9 of Carroll et al. [6]
and Kelly [13] as the basis for my MCMC sampler under this model, and include

SAGN are believed to be supermassive black holes that are accreting gas and are located in the
center of a galaxy.
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Fig. 13.2 The measured
values of Iy and logLx /Lgaq
compared with the region
containing 68% of the
posterior probability for the
mean value of Iy at fixed

Ly /Lgqq (left). The data point
with error bars is not real and
only used to illustrate the
typical size of the error bars.
Also shown are the posterior
mean values for the true
values of Iy and logLx /Lg4q4,
compared with the best-fitting
segmented line (right). A 10
non-linear trend is apparent in
both the segmented line
model and in the estimated 15 T T T T
distribution of Iy and [
log Lx /Lg4g using the

segmented line as a prior 10

log LX / LEdd

log Ly / Lggq

an ancillarity-sufficiency interweaving strategy for increased efficiency [26]. This
MCMC algorithm produces both random draws of the parameters for the segmented
line model from their posterior distribution, but also random draws of the true values
of the Eddington ratio and photon index from their posterior distribution.

The region containing 68% of the posterior probability on the mean value of
Iy as a function of Ly /Lg,, is also shown in Fig. 13.2a. The location of the knots
are estimated to be logLx/Lgyy = —6.65£0.25 and —3.91 £ 0.21, respectively.
The segmented line model of Iy at fixed Ly /Lg,q is preferred over a simple line
model, illustrating the complex dependence of I’y on Ly /Lgyy. In Fig. 13.2b I show
the posterior mean values of Iy and logLy /Lgyy, as well as the segmented line
computed from the posterior mean for its parameters. The posterior mean estimates
for the true (i.e., not measured) values of Iy and logLy/Lg,y represent a more
model-independent estimate of the dependence of the photon index on Ly /Lgyy.
This represents a real advantage of the Bayesian approach, as not only are we
able to estimate the probability distribution of the parameters of interest, but we
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can also estimate the probability distribution of the true values of the data as well,
conditional on our assumed statistical model, the measured values of the data, and
the amplitude of the measurement errors. The non-linear trend is also apparent
from the values of Iy and Ly /Lgyy estimated from the Bayesian method. The
knot at Ly /Lgqq ~ 2 x 1077 may represent the increasing prevalence of additional
astrophysical components to the X-ray spectrum as the AGN becomes faintier, such
as hot gas not associated with the AGN, while the knot at Ly /Lggy ~ 10~* may
represent a change in the accretion flow geometry. Figure 13.2b suggest that the
scatter in Ty at fixed Ly /Lgqq increases near the knot at Ly /Lggq ~ 1074, which
may be indicative of instabilities when the accretion flow changes geometry, or of
uncorrected intrinsic absorption. Further analysis of this data set will be discussed
in Constantin et al. (2011, in prep).

13.6 Outstanding Issues in Measurement Error Models for
Astronomical Data: Directions for Future Research

I will conclude by listing a couple of unsolved problems in dealing with measure-
ment errors in astronomical data analysis, which I hope will lead to further research
in this area.

e Data subject to large, non-Gaussian measurement errors. Non-gaussian
errors are common in astronomical data, especially when one is analyzing a
set of derived quantities. Often, the most physically-interesting quantities are
those derived by fitting an astrophysical model to the measured flux values at
various wavelengths. Often the unertainties in these derived quantities are large,
skewed, or exhibit multiple modes. There is currently no well-established method
for handling the measurement errors in this case, although Bayesian hierarchical
models such as that proposed by van Dyk et al. [25] hold promise.

¢ Handling measurement errors in massive astronomical data sets. Current and
planned astronomical surveys will provide an explosion of data, allowing one
to construct data sets with millions to billions of objects, each with multiple
quantities measured. Many powerful methods developed for data mining will
be applied to these data, potentially providing a powerful route to knowledge
discovery. Unfortunately, all of the quantities obtained from these data sets
will be measured with error, and most methods developed for data mining of
massive data sets do not incorporate measurement error. This is especially a
problem when dealing with derived quantities, which will likely require a more
careful statistical analysis on account of their sometimes highly irregular error
distributions. Currently, algorithms, such as MCMC, that allow one to perform
reliable statistical inference on complicated statistical models do not scale well
to massive data sets. If we want to perform inference on massive data sets subject
to measurement error using more complicated and realistic statistical models, we
will need advances on the computational side.
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Chapter 14
Commentary: ‘“Measurement Error Models
in Astronomy”’ by Brandon C. Kelly

David Ruppert

Abstract Bayesian analysis offers a general approach to measurement error that
has many advantages—it focuses attention on careful modeling, is widely appli-
cable, and provides efficient estimators. Bayesian analysis is relatively easy using
WinBUGS software. We discuss here the paper by Brandon Kelly, and present an
example of fitting a quadratic regression model with WinBUGS called from R, with
the WinBUGS and R code provided.

14.1 Introduction

Dr. Kelly has written an excellent introduction to measurement error, and I have no
disagreements with anything in his paper. In these comments, I will expand upon
what I believe are some key points.

There are many special-purpose methods for handling measurement error for
particular sets of models. Some of these methods are suitable only for linear
regression models, but of course many astrophysical models are nonlinear. Other
methods such as regression calibration and SIMEX [2] are widely applicable but use
approximations which, though often valid, are not guaranteed to produce accurate
inference. SIMEX in particular can be inefficient for many models.

An astrostatistician who is not widely read in the measurement error literature
would benefit from a single approach to measurement errors that is widely
applicable, is not unduly complicated, needs no approximations, and is efficient.
Such an approach exists: Bayesian analysis. Dr. Kelly’s has one section on Bayesian
methods, and the intent of these comments is to feature them more prominently.

D. Ruppert (P<)
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14.2 Advantages of Bayesian Modeling

There are many advantages to a Bayesian approach to measurement errors or, in
fact, to any statistical problem.

A Bayesian analysis focuses attention on careful modeling. Section 14.4 dis-
cusses an example of a non-Bayesian estimator, orthogonal regression, that is easily
misapplied because it is simple to use, but practitioners do not always understand
the restrictive conditions under which it is valid. This type of misapplication is less
likely if one takes a Bayesian approach where one can focus on the model, since
estimation is straightforward once a satisfactory model is found—one generates
a Monte Carlo sample from the posterior, say by MCMC, and then computes
the posterior mean or posterior quantiles. In contrast, a non-Bayesian approach
requires one to develop an estimator which may then require a careful theoretical or
Monte Carlo study to make sure that it is consistent and reasonably efficient. This
concentration on estimation draws attention away from modeling.

In Bayesian measurement error modeling, the unknown true covariate values are
just another set of unknowns and are treated in the same way as the parameters. To a
Bayesian, anything unknown is random, one conditions on whatever is known, and
then finds the conditional distribution of whatever is unknown. If MCMC is used,
this means that the unknown true values of mismeasured covariates are multiply
imputed. The analysis is conditional on the mismeasured values.

There are some strong theoretical reasons for using Bayesian methods. Under
fairly general conditions, Bayesian estimators are competitive with the best frequen-
tist estimators even if one takes a frequentist perspective. For example, Bayesian
estimators are asymptotically efficient and they are optimal in a decision theoretic
framework. In particular, under weak assumptions, all admissible estimators are
Bayesian. This means that to avoid using a Bayesian estimator, one must use an
inadmissible estimator, that is, one that is dominated by some other estimator.

A newcomer to Bayesian analysis may be daunted by the need for priors.
However, it is usually easy to specify “non-informative” priors to cover situations
where one has little prior information. In other cases, strong prior information
does exist. For example, in astronomy it is often assumed that measurement error
variances are known. However, it may be that they are only known up to a small
amount of uncertainty. In such situations, the use of informative priors is natural
and will account for the uncertainty about the variances. In contrast, a non-Bayesian
analysis that assumes that the variances are known exactly will underestimate
uncertainty.

A Bayesian analysis is applicable to virtually any parametric statistical problem
and to many nonparametric problems. If one is confronted with a challenging astro-
statistical problem, there may be no known frequentist estimator. The only generally
applicable frequentist technique is maximum likelihood estimation. However, with
a measurement error problem, computation of the likelihood can be difficult because
the unknown covariate values must be integrated out of the likelihood. A Bayesian
can perform this integration as part of a MCMC computation. Often the MCMC
computations can be easily done using the BUGS software, e.g., with WinBUGS.
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Fig. 14.1 A simulated sample from a quadratic regression model with measurement error. The
circles are a scatterplot of the data without measurement error, that is, of (X;,Y;), and the solid line
is a quadratic polynomial least-squares fit to these data. The asterisks are a scatterplot of observed
data, (W;,Y;), and the dotted line is a quadratic least-squares fit to those data. The dashed-and-
dotted line is the Bayes estimate using the observed data and is close to the least-squares fit using
the correctly measured data. The fourth data point is of particular interest (see text) so it is marked

14.2.1 An Example: Quadratic Regression

The purpose of this example is to illustrate the components of a measurement error
model and to show how such a model can be fit using the WinBUGS software and
the R2ZWinBUGS package in R.

A measurement error model has three components: the regression model, the
measurement model, and the model for the distribution of the true covariate values.
The regression model specifies the conditional distribution of the response ¥ given
the covariates X. In this example, the regression model is ¥; = o + BX; + yXiz + &

where X; is scalar and g; N (0,02). The measurement model is W; i = X; +Uij,

Jj=1,2, where U;; " N(0,062) independently of Xig,...,X,, and 67 is unknown.
Define W; = (Wi1 + Wp)/2. The model for the distribution of the true covariate
values is X; N(y,0?2). Here «hig»
as”.

A random sample of size 50 was generated from this model and plotted in
Fig. 14.1. With simulated data we can, of course, compare the estimates with and
without measurement error. The least-squares fits using the data without error (solid)
and the mismeasured data (dotted) are quite different. In particular, the estimate of
7 is much smaller with the mismeasured data because of bias.

An interesting feature here is that Wy is approximately 3, but the plots suggest
that X, is near either —1 or 6. In fact, X4 = 5.8. The Bayes estimator is able to use the
values of both W4 and Yy as well as the quadratic shape of the regression function
to impute Xy. In contrast, the commonly used frequentist method of regression

calibration [2] uses only W4 to impute X4 and will be less accurate than the Bayes

means “independent and identically distributed
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estimator. It is the ability of the Bayes estimator to use all information in the data
and in the likelihood that is the basis for its efficiency.
The BUGS program for this model is:

1. model{

2. for(i in 1:N){

3. wl[i] 7 dnorm(x[i], tauw)
4. w2[i] 7 dnorm(x[i], tauw)
5. x[i] 7 dnorm(mux, taux)

6. vyI[i] 7 dnorm(muyl[i], taue)
7. muy[i] <- alpha + betaxx[i]+ gammaxx[i] *x[1i]
8. }

9. mux ~ dnorm(0.0,1.0E-6)
10. alpha © dnorm(0.0,1.0E-6)
11. beta 7 dnorm(0.0,1.0E-6)
12. gamma ~ dnorm(0.0,1.0E-6)
13. tauw 7 dgamma(0.1,0.01)
14. taux 7 dgamma(0.1,0.01)
15. taue 7 dgamma(0.1,0.01)
16. }

Lines 3 and 4 specify the measurement error model, line 5 the model for the
distribution of the true covariate values, and lines 6 and 7 the regression model.
Lines 9-15 specify the prior. The symbol “~” means “is distributed as.” dnorm
is the normal distribution and its arguments are its mean and precision (reciprocal
of the variance). Similarly, dgamma is the gamma distribution with arguments the
shape and scale parameters. We see that u, o, and 3 are given normal priors with
mean 0 and variance 10°. The variances 67, 07, and o7 are given inverse-gamma
priors with shape parameter 0.1 and scale parameter 0.01. These priors are intended
to be noninformative, that is, they should have little influence on the posterior
distribution.

One of the advantages of using WinBUGS is that it is easy to vary the model. In
this example, the measurement error variances are equal but unknown. As Dr. Kelly
mentions, in astronomy the measurement error variances are typically unequal but
often treated as known. In that case, tauw would not be a scalar parameter as here
but would instead be a data vector of known precisions.

The Bayesian analysis was done in R with the following program:

library (R2WinBUGS) # to call bugs

library(coda) # for output analysis

dat = read.csv("eiv.csv",header=TRUE)

attach (dat)

wbar = (wl+w2)/2

N = length(wl)

data=list ("N","wl","w2","y") # data list for bugs

inits=function() {list (mux=2, tauw=1, taux=1, x=wbar,
alpha:O,beta:O,gamma:l,taue:l)}

0. eiv.sim = bugs(data,inits,model.file="eiv.bug",

H O 0 J0 Ul b WN K
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11. parameters=c("alpha", "beta", "gamma", "x[4]"),
n.chains = 5,

12. n.iter=35000,n.burnin=5000,n.thin=100,
bugs.seed="8877",

13. bugs.directory="c:/Program Files/WinBUGS14/",
codaPkg=T)

14. mcmcout = read.bugs(eiv.sim) # read.bugs()
is in coda

15. options (digits=3)

16. summary (mcmcout) # gives summary of MCMC output

17. effectiveSize (mcmcout) # effectivesize() is
in coda

18. postscript ("traceDensity.ps",width=7,height=5)

19. par (mfrow=c(2,4))

20. plot (mcmcout,auto.layout=F) # trace and
density plots

21. graphics.off ()

Line 1 loads the R2WinBUGS package which contains the bugs command
calling WinBUGS in lines 10-13. Line 2 loads the coda package used to analyze
the MCMC output. Lines 3—-6 prepare the data and line 7 creates the data list that
is passed to WinBUGS on line 10. Line 11 creates a function that generates initial
values. For simplicity, deterministic starting values are used but random starting
values are an option and are recommended in practice. Lines 14-21 produce output
(not shown) and the plots in Fig. 14.2. We see in line 12 that there are five chains,
each of 35,000 iterations with the first 5,000 discarded as burn-in. The chains are
thinned so that only every 100th iteration is saved, and therefore each saved chain
has 300 iterations.

Figure 14.2 contains trace plots and kernel estimates of the marginal posterior
densities of the deviance and of Xy4. The trace plots are plots of the MCMC samples
of the parameters versus iteration number, one curve for each chain. One can see
that X4 has a bimodal posterior distribution with modes at approximately —1 and
6, which agrees with what is seen in Fig. 14.1. The chains move between the two
modes but only occasionally.

14.3 Structural Models

I prefer structural to functional modeling for a number of reasons. First, a Bayesian
approach requires a structural model, since anything unknown is modeled as
random. Practitioners rightly worry about model misspecification when a simple
structural assumption is used, for example, that the true covariate values are
normally distributed. However, the true covariate values will always have an
empirical distribution, and the use of a structural model should be satisfactory
provided the model includes distributions close to the empirical distribution. This
is insured if one of the flexible structural models mentioned by Dr. Kelly is used.
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14.4 The Need for Careful Modeling

If one is focused on estimators instead of modeling, then there is the danger of
using an estimator whose underlying assumptions do not hold. Doing this can lead
to serious biases. For example, Carroll and Ruppert [1] discuss how easy it is to
misapply orthogonal regression (OR). The OR model is yye = Bo+ B1X, ¥ = Yirue +
eg,and W = X + U. Here € is the measurement error in Y, and U is the measurement
error in X. It is assumed that there is no equation error. It is assumed further that
we know, or at least have an estimate of, 1 = var(Y|X)/var(W|X) = 62/07. This
assumption is reasonable if one knows the precision of the measurements so that
both 682 and 65 are known or if, instead, one knows that the measurements have
equal precisions so that n = 1. The assumption of no equation error is crucial.
Unfortunately, equation error is common and this create a trap for the unwary.

The OR estimator can be viewed as a functional estimator that treats Xi,...,X;,
as unknown parameters, so that fy,B;,X,...,X, are estimated by minimizing

LA (Y = Bo— BiXi)* + (Wi — X;)*} over (Bo, Bi, X1, -, Xa)-

The danger is that it is easy to misapply OR in the presence of equation error.
This leads to overcorrection if one uses 1 = 62/07 as if there were no equation
error. Instead one should use

var(Y|X) 05+
var(W|X)  of

NEE := (14.1)

where Gé is the equation error variance. Of course, this requires an estimate of 0(22.
There are techniques for estimating Gé; see Carroll and Ruppert [1] for references.
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However, if one plugs an estimate of Gé into (14.1) and treats it as known, then
