Inequalities and Extremal Problems
in Probability and Statistics



Inequalities and Extremal
Problems in Probability
and Statistics

Selected Topics

Editor and Contributing Author
losif Pinelis

Contributing Authors
Victor H. de la Pefia

Rustam Ibragimov
Adam Osekowski
Irina Shevtsova

ACADEMIC PRESS
£ An imprint of Elsevier
LSEVIER




Academic Press is an imprint of Elsevier

125 London Wall, London EC2Y 5AS, United Kingdom

525 B Street, Suite 1800, San Diego, CA 92101-4495, United States

50 Hampshire Street, 5th Floor, Cambridge, MA 02139, United States

The Boulevard, Langford Lane, Kidlington, Oxford OX5 1GB, United Kingdom

Copyright © 2017 Elsevier Ltd. All rights reserved.

No part of this publication may be reproduced or transmitted in any form or by any means, electronic or
mechanical, including photocopying, recording, or any information storage and retrieval system,
without permission in writing from the publisher. Details on how to seek permission, further
information about the Publisher’s permissions policies and our arrangements with organizations such as
the Copyright Clearance Center and the Copyright Licensing Agency, can be found at our website:
www.elsevier.com/permissions.

This book and the individual contributions contained in it are protected under copyright by the
Publisher (other than as may be noted herein).

Notices

Knowledge and best practice in this field are constantly changing. As new research and experience
broaden our understanding, changes in research methods, professional practices, or medical treatment
may become necessary.

Practitioners and researchers must always rely on their own experience and knowledge in evaluating
and using any information, methods, compounds, or experiments described herein. In using such
information or methods they should be mindful of their own safety and the safety of others, including
parties for whom they have a professional responsibility.

To the fullest extent of the law, neither the Publisher nor the authors, contributors, or editors, assume
any liability for any injury and/or damage to persons or property as a matter of products liability,
negligence or otherwise, or from any use or operation of any methods, products, instructions, or ideas
contained in the material herein.

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library

Library of Congress Cataloging-in-Publication Data
A catalog record for this book is available from the Library of Congress

ISBN: 978-0-12-809818-9

For information on all Academic Press publications
visit our website at https://www.elsevier.com/books-and-journals

qa Working together
UL | AR to grow libraries in
asviek | Book 8- Jeveloping countries

www.elsevier.com e www.bookaid.org

Publisher: Candice Janco

Acquisition Editor: Glyn Jones

Editorial Project Manager: Edward Payne
Production Project Manager: Anusha Sambamoorthy
Cover Designer: Matthew Limbert

Typeset by SPi Global, India



Inequalities play a fundamental role in mathematics and its many applica-
tions. Especially in the statistics and probability literature, there are many
more limit theorems than inequalities. However, usually at the heart of a
good limit theorem is at least one good inequality. This should become clear
if one recalls the definition of the limit and the fact that a neighborhood
of a point in a specific topology is usually defined in terms of inequalities.
A limit theorem can be very illuminating. However, it only describes the
behavior of a function near a given point (possibly at infinity), whereas a
corresponding inequality would cover an entire range, oftentimes in many
or infinitely many dimensions.

Also, the nature of limit theorems is more qualitative, whereas that
of inequalities is more quantitative. For example, a central limit theorem
would state that a certain distribution is close to normality; such a statement
by itself is qualitative, as it does not specify the degree of closeness
under specific conditions. In contrast, a corresponding Berry—Esseen-type
inequality can provide quantitative specifics.

This is why good inequalities are important. A good inequality would
be, not only broadly enough applicable, but also precise enough; ideally,
it would be a solution to an extremal problem. Indeed, such results can be
used most effectively in the theory and with a greater degree of confidence
and precision in real-world applications. Such an understanding of the
role of good and, in particular, best possible bounds goes back at least to
Chebyshev. In particular, the theory of Tchebycheff systems was developed
to provide optimal solutions to a broad class of such problems. These ideas
were further developed by a large number of authors, including Bernstein,
Bennett, and Hoeffding. Quoting Bennett (J. Am. Stat. Assoc., 1962):

Much work has been carried out on the asymptotic form of the distribution of
such sums [of independent random variables] when the number of component
random variables is large and/or when the component variables have identical
distributions. The majority of this work, while being suitable for the determination
of the asymptotic distribution of sums of random variables, does not provide
estimates of the accuracy of such asymptotic distributions when applied to the
summation of finite numbers of components. [. . .] Yet, for most practical prob-
lems, precisely this distribution function is required.

vii



viii Preface

The contributors to this book are leading experts in the area of in-
equalities and extremal problems in probability, statistics, and mathematical
analysis. It is hoped that the material presented here will promote broader
understanding of the importance of inequalities and extremal problems, and
that it will stimulate further progress in this area.

The first two chapters of the book, written by Osgkowski and devoted to
problems arising in the theory of semimartingales, have a strong analytical
component. Chapter 1 reviews the so-called method of moments, a powerful
and general technique developed in the sixties in the works of Kemperman.
The approach, based on dynamic-programming arguments and backward
induction, allows the reduction of the study of quite general estimates to
the construction of an appropriate functional sequence. This reduction is
a common point in many related areas, for example, optimal stochastic
control, optimal control theory, and Bellman function method. As an
illustration of the method, several new sharp maximal bounds for martingale
difference sequences, square function estimates, and prophet inequalities for
square-integrable martingales are presented.

Chapter 2 contains a study of a new class of optimal stopping problems
for Brownian motion and its maximal function. The classical Markovian
approach enables solving such problems of the “integral” form, yielding,
in particular, the Doob and Hardy-Littlewood inequalities. The novel
method presented in Chapter 2 enables the investigation of optimal stopping
problems of “non-integral” type, including Lorentz-norm estimates valid
for arbitrary stopping times. The approach rests on inserting an auxiliary
optimal stopping problem into the analysis and carrying out an optimization
procedure.

Chapter 3, written by Shevtsova, presents the latest and so far the best
known universal constants in the so-called nonuniform Berry—Esseen (BE)
bounds for sums of independent random variables. Such bounds work
better than their uniform counterparts in the tail zones, which are especially
important in statistical testing. To a large extent, the method is based on
the idea going back to Nagaev and further back to Cramér—to employ
the exponential tilt transform to reduce the problem of the nonuniform BE
bounds to that of the uniform ones, which latter can be tackled by using, for
example, appropriate smoothing inequalities, including ones due to Esseen
or Prawitz.
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However, this exponential-tilt reduction appears to have inherent lim-
itations, discussed in Chapter 4. Two alternative methods are suggested
there, based on novel smoothing inequalities, from which nonuniform BE
bounds can be obtained directly, without using the mentioned nonuniform-
to-uniform reduction. These new ‘“nonuniform” smoothing inequalities,
based in part on fundamental results by Bohman and Prawitz, appear to hold
a promise of dramatically improved universal constants in nonuniform BE
bounds. As an illustration of how powerful they are, two very short proofs
of the classical nonuniform BE bound due to Nagaev are given.

The purpose of Chapter 5 is to establish new uniform BE bounds for
the Student statistic or, equivalently, for the so-called self-normalized sums,
with explicit constant factors. It is easy to see that the Student statistic
is degenerate in the sense that the linear approximation to it is just a
rescaled sum of the observations (with a nonrandom scaling factor), and
this approximation does not involve squares of the observations. For these
reason, it is possible to get a BE bound for the Student statistic involving
only the third absolute moments of the observations. However, then the
best known associated universal constants are rather large. It is shown in
Chapter 5 that BE-type bounds that are substantially better in most practical
cases can be obtained if one is allowed to use moments of order higher than
3. Chapters 4 and 5 were contributed by Pinelis.

The concluding chapter (Chapter 6) was written by de la Pefia and
Ibragimov. Sharp probability and moment inequalities for random poly-
nomials, generalized sample cross-moments, and their self-normalized and
Studentized versions, in random variables with an arbitrary dependence are
discussed there. The results are based on sharp extensions of probability
and moment inequalities for sums of independent random variables to the
case of the above statistics in independent symmetric variables. The case
of statistics in dependent variables is treated through the use of measures of
dependence. The results presented in Chapter 6 are applicable in a number of
settings in statistics, econometrics, and time series analysis, including tests
for independence and problems of detecting nonlinear dependence.



Method of Moments and Sharp Inequalities
for Martingales

Adam Osekowski

University of Warsaw, Warsaw, Poland

1.1 INTRODUCTION

The purpose of this chapter is to introduce the so-called method of mo-
ments, an efficient tool which can be used to establish sharp estimates for
martingales and other classes of processes. This technique was invented in
the sixties in the works of Kemperman (cf. [15, 16]) and applied in several
important cases: see, e.g., the works [8—11]. As we will see below, the
method rests on a dynamic-programming argument and exploits a certain
backward induction. It is also closely related to optimal stopping techniques
as well as Burkholder’s (or Bellman) method of proving semimartingale
inequalities.

Let us introduce the notation which will be used throughout this chapter.
Let (Q2, F,P) be a probability space, filtered by (F})r>0, a nondecreasing
family of sub-c-algebras of F. Let f=(fy)N_, be a finite (F)r>0-
martingale with the associated difference sequence df = (dfk){j:o defined
by dfo = fo and dfy = fr — fr—1, k=1,2,..., N. Therefore, we have the
equality

fe=dfo+dfi +---+dfy, k=0,1,2,...,N.

A martingale f is called simple, if for each k, the random variable f; takes
only a finite number of values.

Our principal goal is to study sharp inequalities involving f and a certain
class of random variables 7 (f), k=0,1,2,..., N, with or without some
extra assumptions on the range of these sequences. To be more precise, fix
a Borel function Ty : R — R and a Borel function 7' : R® — R. Introduce
the sequence 7 (f) = (Tx(f))_, inductively by

To(f)=To(fo) and Ti(f)=T(fe—1,Te-1(f),dfr)

Inequalities and Extremal Problems in Probability and Statistics. http://dx.doi.org/10.1016/B978-0-12-809818-9.00001-X
Copyright © 2017 Elsevier Ltd. All rights reserved.



2 Adam Osekowski

for k=1,2,..., N. A lot of classical objects can be obtained with the use
of the above construction. Here are four important examples.

1. Square function. Setting Ty(z) = |z| and T'(z,y, 2) = (y° + 22)'/2, we
see that

n 1/2
To(f) = (Zdﬁ) , n=0,1,2.. N
k=0

is the square function associated with the martingale f.
2. Maximal functions. Take Ty(x) =z and T'(z,y,z) = max{y,z + z}.
Then

%(f):()rgnl?gxnfk’ n=0,1,2,...,N

is the one-sided maximal function of f. Similarly, the choice Tp(x) = |x|
and T'(z,y, z) = max{y, |z + z|} corresponds to the two-sided maximal
function 7,,(f) = maxo<k<n | fx|, n=0,1,2,..., N.

3. Maximal function of the difference sequence. Take Ty(z)=|z| and
T(x,y, z) = max{y, |z|}. Then

Ta(f) = o?;?%n'dfk" n=0,1,2,...,N.

4. Martingale transform. This example is a slight extension of the
above setting, as the transformation 7" depends on n. Fix a sequence
v = (vn)N_, of real numbers and put Ty () = vox, T, (7, y, 2) =y +vn2,
n=1,2,...,N.If we set

To(f)=To(fo) and Tu(f)=Tu(fr-1, Tn-1(f),dfn)
forn=1,2,...,N, then

To(f)= > wdf, n=0,1,2,....N
k=0

is the martingale transform of f by the sequence v.

It is easy to see that in many situations we do not need the transformations
to be defined on the whole R?; in general, the pairs ( f,,, 7,.(f)) take values in
some special set D. For example, if 7'(f) is the square function of f, then we
may take D =R X [0, 00); if 7(f) is the one-sided maximal function, then
D={(z,y) € R? : x < y}; we might consider square function inequalities
for nonnegative martingales, and then D = [0, 00) X [0, 00); and so on. We
do not want (and actually not need) to give here a formal definition of D;



Method of Moments and Sharp Inequalities for Martingales 3

instead, we prefer rather to point out that in some situations, for technical
reasons, we will work with some special subsets of R2, those in which

(f, T(f)) evolves.

A general problem we will consider can be formulated as follows. Fix the
transformations 7y, " as above, suppose that V : D — R is a given function
and let IV be a fixed nonnegative integer. Assume that we are interested in
studying the quantity

inf EV (fn,Tn(f)), (1.1.1)

where the infimum is taken over all simple martingales f = ( fk)]kV: o- Here
the filtration and the probability space can vary. Note that there are no tech-
nical problems with the existence of the above expectations—the integrated
random variables take only a finite number of values. The question about the
efficient control of the quantity (1.1.1) is of fundamental importance to the
theory of martingales and stochastic integration. For example, if for some
fixed positive exponent p we set V(z,y) = |y’ — CP|x|P and manage to
show that (1.1.1) is nonpositive no matter where f starts from, we get the
moment bound

TN ()e < Cpllfnl|re-

Similarly, the choices V' (x,y) = N1y, >ry — cplzlP, V(z,y)=1ly| —
K|x|log|z| — L lead to the corresponding weak-type and logarithmic
estimates between Ty (f) and fn.

To study the quantity (1.1.1), we consider a more general setting in which
the martingale f and the sequence 7 (f) can have arbitrary length and start
from arbitrary locations. More precisely, introduce the functional sequence
U,:D—->R,n=0,1,2,..., N, by

Un(z,y) = inf BV (f7, T (f))- (1.1.2)

The infimum is taken over the class of all simple martingales (f}7)}}_, with
fo = x, and the sequence TY(f) = (T,Y(f))}_, is given by 7/(f) =y and
TI(f) =T (fro—1. T (f):df), k=1,2,...,n. Therefore, the sequence
TY(f) differs from 7 (f) only at its initial position: it starts from y instead
of To(z). The relation of the above problem (1.1.2) to the original setting
is evident: the expression in (1.1.1) is equal to inf,cr Un(z, To(z)), and
hence if we manage to find Uy, we are done.
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The reason for considering the whole family Uy, Uy, ..., Uy is that it
enjoys a nice backward recurrence which in some cases can be solved
explicitly. This is described in the following statement.

Theorem 1.1.1. We have Uy =V. Furthermore, foranyn=1,2,... N,
we have

Un(z,y)=inf EUp—1(z+ X, T (z,y, X)), (1.1.3)

where the infimum is taken over all mean-zero simple random variables X.
In particular, Uy (x,y) is the height, at d =0, of the lower boundary of the
convex hull of the graph of the function d — U, _1(x + d, T (x,y,d)).

Proof. The equation Uy =1V is trivial. The identity (1.1.3) follows at
once by conditioning with respect to the o-algebra F;. The geometrical
interpretation of Uy, (z, y) is an immediate consequence of (1.1.3). Ol

We conclude this section with several observations.

Remark 1.1.2. 1t follows directly from Theorem 1.1.1 thatif f = (f;)2_,
is an arbitrary martingale, then the process (Un—g(fx, Tr(f)))N_, is a
submartingale terminating at the variable V' (fn, Tn(f)). It can be shown
that it is actually the largest submartingale bounded from above by the
sequence (V' (fx, Te(f)))Y_, (e.g., adapt the reasoning from Chapter 2 in

[21]).

Remark 1.1.3. Motivated by the last sentence of the previous remark,
we would like to point out that the above approach is very much in the
spirit of optimal stopping techniques for Markov processes [22, 24]. Let us
explain this precisely, keeping the same notation as in the above martingale
setting. Suppose that f = (fy)Y_,, is a time-homogeneous Markov family
on a finite state space £ C R with transition function (p;;); jer- Let T(f)
be the sequence associated with f and some transformations 7, 7" as above,
and let D be the set in which the process ((fx, T (f)))4_ , takes its values.
Fix an arbitrary function V' : D — R and study the number

nfEV(f,, T, (f)), (1.1.4)

where the infimum is taken over all stopping times 7 < N. Note that this can
be rewritten as (1.1.1), where that infimum runs over all stopped processes
™= (fran)N_, (if only Tr(f) = T (f7), which is satisfied in most cases).
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The classical approach to the study of (1.1.4) is to consider the auxiliary
functions

Un(x,y) = inf BV (f7, T7(f)),

TY T

where the infimum runs over all stopping times 7 < n and the sequences f*,
TY(f) have the same meaning as in the martingale case. Then the sequence
Up, Uy, ..., Uy satisfies the recurrence (cf. Chapter I in [22])

Up(z,y) = min{EU,,_1(z + X, T(z,y, X)),V (z,9)}, (1.1.5)

where X is the random variable with the distribution given by P(X =y — )
=pzy, ¥ € E. We would like to stress that this is a perfect analogue of
(1.1.3) in the Markovian setting. Roughly speaking, both identities come
from looking at all possible behaviors of df;. Indeed, (1.1.3) exploits the
fact that the difference df; is an arbitrary mean-zero random variable. The
identity (1.1.5) comes from the observations that we have only two choices
for df;: either we stop the process (which returns the number V' (zx,y)),
or let it evolve according to the transition function (which gives the term
EUp—1(z+ X, T(z,y, X))).

Remark 1.1.4. As we shall see below, sometimes it is of interest to
consider the problem (1.1.1) under some additional assumptions on the
range of the terminating variables f and 7 (f). Let E be a fixed subset of
R2. Suppose we are interested in the quantity (1.1.1) where the infimum is
taken over all martingales f = (fx)_, such that the pair (fx, 7Tn (f)) takes
values in E. It is easy to see that the above method works also in this setting.
Indeed, we define the auxiliary sequence Uy, Uy, . .., Un as above, with the
use of (1.1.2), assuming additionally that the terminal variable (£, 7,7 (f))
takes values in E. Clearly, this extra restriction may affect the domain of
some of the functions U,,: for instance, U is defined on the set E only.
However, it is not difficult to see that the assertion of Theorem 1.1.1 remains
valid: the only essential change is that in (1.1.3) one needs to take those
mean-zero variables X, for which the pair (x + X, T'(z, y, X)) falls into the
domain of U,,_1.

Remark 1.1.5. All the discussion above concerned the martingale setting,
but it can be easily adjusted to other related contexts. For example, suppose
we are interested in studying the quantity (1.1.1), where the infimum is
taken over all simple submartingales ( fi.)}! _ , (the sequence 7 ( f) is defined
in the same manner). Then the analysis goes along the same lines as in
the martingale case and requires only some minor modifications. The only
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essential difference is that in the identity (1.1.3) we need to take the infimum
over the class of all simple random variables X satisfying EX > 0.

Remark 1.1.6. This remark is motivated by the example 4. concerning
martingale transforms. In the above considerations we have assumed “time-
homogeneity”, that is, that there is only one transformation 7" which
associates with f the corresponding sequence 7 (f). However, in some
situations for each n there is a whole family of possible transformations
to choose from. To be more precise, suppose that T is a family of
some functions 7p : R — R and let T be a family consisting of some
functions 7' : R? — R. For a martingale f and transformations Ty € T,
11,15, ..., Ty € %, we define

To(f)=To(fo) and To(f)=Ta(fn-1, Tn-1(f),dfn),

n=1,2,..., N. Now one can study the quantity (1.1.1), where the infimum
is taken over all simple martingales f = ( fk)g: o and all choices of transfor-
mations Tg, 11, ..., T. It is easy to adjust the above approach to this more
general setting. Introduce the auxiliary functions Uy, Uy, ..., Uy exactly
in the same manner as above: U, (z,y) = inf EV(f2, T,Y(f)), where the
infimum runs over all simple martingales (f})} _, and all transformations
To,T1, . .., T;. Then the following version of Theorem 1.1.1 holds.

Theorem 1.1.7. We have Uy =V. Furthermore, for anyn=1,2,... N,
we have

Un(z,y) = inf EUp—1(z + X, T (z,y, X)), (1.1.6)

where the infimum is taken over all mean-zero simple random variables X
and all transformations T € <.

Remark 1.1.8. The final remark links the above technique to the so-
called Burkholder’s method (or Bellman function method), a powerful tool
used widely in probability and analysis to obtain various tight estimates.
Namely, in the above considerations we have worked with the finite
horizon 0, 1, ..., IV, but, obviously, all the questions formulated above
have perfect meaning if we let N =oco. There are two essential changes
which need to be taken into account: in the definition of the simplicity
of the process f, we need to assume that there is a finite deterministic
number M such that fir = fasr1 = farro= -+ almost surely (in other
words, simplicity implies finiteness); furthermore, for such an f, there must
be Tar(f) =Ta+1(f) =Tas2(f) = - - - almost surely (which follows, for
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instance, from the identity 7'(x,y,0) =y, satisfied in all the interesting
contexts). These two modifications allow to speak about the variable
(fso, Too(f)) and hence the quantity (1.1.1) makes sense. Consider the
function

where the infimum is taken over all simple martingales (fx)?°_, starting
from z. Then Uy, is the pointwise limit of the decreasing sequence Uy, Uy,
Us, ... and hence in particular we have:

1° U V.
Furthermore, letting n — oo in (1.1.3) implies the following property
2° For any simple mean-zero random variable X we have

Uso(2,y) < EUs (2 + X, T(z,y, X)).

A beautiful feature, exploited by Burkholder in many papers
(cf. [3-7]), is that the existence of a function U satisfying 1° and 2°—
not necessarily equal to U,,—guarantees the estimate

EV (foos Too(f)) Z U(E foo, To(Efoo))

and hence
Ev(fom Too(f)) > éIéI%U(m', To(fB))

for any simple martingale f. Burkholder and his PhD students proved
several important martingale inequalities by finding suitable functions U
possessing the above properties 1° and 2°. For more on the subject, consult
the monograph [21], Suh’s paper [25], and Burkholder’s works cited earlier.

The remainder of the chapter is devoted to examples: in the next sections
we will show how the above method can be used to obtain a number of
interesting estimates.

1.2 AN INEQUALITY FOR THE MARTINGALE DIFFERENCE
SEQUENCE

In this section we will focus on the following statement, proved by Cox and
Kemperman in [10]. Let df;; = maxo<g<n |dfx|, df* = supy>q |dfx| denote
the maximal function of the difference sequence.
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Theorem 1.2.1. Let N be a positive integer and let f = (fk)szo be a
martingale. Then

P(df > 1) < E| fx|- (1.2.1)

I
@V 1)

The constant (N (2N — 1))=1 is the best possible: there is a nontrivial
martingale f for which both sides are equal.

Letting N — oo, we immediately obtain the following.

Corollary 1.2.2. For any martingale f = (fi);2, we have

1
P(df* > 1) < E
(df* > )_logQJSVuZp1 |fn]

and the constant (log 2) ™1 is the best possible.

It can be shown that the best constants in (1.2.1) are attained when the
left-hand side is equal to 1 (cf. [10]). Furthermore, by a straightforward
approximation, we may restrict ourselves to simple martingales. Thus, we
will be done if we establish the following fact.

Theorem 1.2.3. Let N be a positive integer and let | = (fk)évzo be a
simple martingale satisfying df v > 1 almost surely. Then

E|fn| > N@2YN - 1) (122)

and the constant on the right can be attained for a nontrivial martingale.

Clearly, the above problem falls into the scope of the method described
in the previous section. The random variables (f,,df;) take values in
the set D=R x [0,00). Let V' : D — R be given by V(z,y)= x|
and let Ty, T be the transformations leading to the maximal function of
the difference sequence. We need to show that the quantity in (1.1.1),
where the infimum is taken over all martingales for which df}; terminates
in [1,00), is equal to N(2/V — 1). To handle this problem, we fix
n=0,1,2,..., N and introduce the function U,, : D — [0,00) by (1.1.2),
that is,

Un(x,y) = inf {E\fn| cfo=x,yV max |dfy| > 1 almost surely} )
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Using Theorem 1.1.1, we will identify the explicit formulae for U,,. This is
the contents of the lemma below.

Lemma 1.2.4.

(i) We have Uy(x,y) = |z
(ii) We have

,y > 1, fory < 1 the function Uy is not defined.

z,y) =
Hy 1 iflz|vy <1,

(iii) Forn > 2, we have
|z if lz| vy > 1,

1_|1:’ n+1 .
—|x| +2 1+n—1 iflz|Vy <1.

Un(z,y) = (1.2.3)

Proof. The first part of the lemma is evident. To study (ii) and (iii), note
that E|f,,| > |Ef,|, and hence U, (x,y) > |z| for all z,y and all n. On
the other hand, if |z| V y > 1, then directly from the definition of U,, we
have the estimate Uy, (z,y) < |z|. Indeed, if y > 1, then take the constant
martingale f = x; if y < 1, then consider the variable X taking values 1
and —1 with probabilities 1/2, and take fy = z, fi=fo=--- =2 + X.
Consequently, for all n > 1 we may write

Un(z,y) =|z| iffz|Vy >1.

To get the formula for U; on |z| V y < 1, we apply Theorem 1.1.1. The
formula (1.1.3) becomes

Ui(z,y) = inf {E|z + X| : X simple and mean-zero, P(|.X| > 1) =1},

since we restrict ourselves to martingales satisfying df;” > 1 almost surely.
It is evident that the infimum is attained for the Rademacher variable
P(X=1)=P(X= — 1)=1/2. Indeed: fix a simple mean-zero random
variable X satisfying |X| > 1 almost surely. By the convexity of the
function ¢t — |z + t|, the (random) point (X, |x + X|), with probability
1, lies on or above the line passing through (—1, |z — 1|) and (1, |z + 1|).
Consequently, the expectation (EX,E|z + X|)=(0,E|x + X]|) also has
this geometric property, which amounts to saying that E|x + X| > 1 (the
aforementioned line passes through (0, 1)). It remains to note that for the
Rademacher variable we have equality; hence

Ui(z,y)=1 ifjz|vy <1
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We turn our attention to the case n > 2 and assume that |z| V y < 1 (for
|z| V y > 1 we have already shown the claim). We use Theorem 1.1.1 again
and write down (1.1.3):

Un(z,y) = inf EU,_1(z+ X,y V |X]),

where the infimum is taken over all mean-zero simple random variables X .
Note that there are no extra requirements on X due to the restriction df;; > 1
almost surely; this follows at once from the fact that the function U;, and
hence also all the subsequent functions, are given on the full domain D.

So, Uy, (x,y) is the height, at d =0, of the boundary of the convex hull
of the graph of the function d — U, _1(z + d,y V |d|). The function U,
is symmetric with respect to the variable « (which can be easily shown by
induction). Thus, it is enough to show the assertion for x > 0. Denote the
right-hand side of (1.2.3) by Uy, (x, y). We will prove that the graph of the

function
B 1— 2 —n+1
d— Up(z,y) + —1+2<1—i— 1) d
n

lies below the graph of d — U,,—1(x + d,y V |d|) and that both functions
coincide for d= — 1 and d= (1 — x)/(n — 1). This will clearly yield the
desired claim.

To show that

B 1— —n+1
Un(az,y)+<—1+2<1—i— “”;) )ngn_l(x+d,yvyd|),

n [e—
(1.2.4)
suppose first that n = 2. The inequality becomes
2

We consider several cases. If d < —1, the left-hand side is nonpositive,
while the right is nonnegative (and we have equality for d= — 1). If —1 <
d < 1—x, the inequality is equivalent to x(x+d— 1) < 0, which is evident.
Finally, for d > 1 — x, some straightforward computations transform the
desired bound into (1 — z)(1 — z — d) < 0, which is trivial (and both sides
become equal ford=1 — z).
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Now, suppose that n > 2. If d < —1, the inequality (1.2.4) becomes

1 — —n+1
2<1+ f) (d+1) <0,

n —

which is obvious (note that for d = — 1 we get equality). If -1 < d < —x,
(1.2.4) can be rewritten in the form

1 NG 1 g\t
x+d+<1++x+) —<1+ x) d>0.

n—2 n—1

However, even the sum of the first two terms is nonnegative: this is due to an
elementary estimate v+ (14+u/(n—2))~"*2 > 1 valid for u > 0. Finally, if
d > —x, we put all the terms of (1.2.4) on the right and denote the obtained
expression by F'(d). It is easy to check that F' is a convex function that
vanishes, along with its derivative, at d= (1 — x)/(n — 1). This completes
the proof of the lemma. O

Proof of Theorem 1.2.3. The above computations show that if f is a
martingale as in the statement, then E|fy| > Un(Efn,0). However, the
function 2 — Up/(z,0) attains its maximal value N (2'/Y — 1) at the point
z=1— (N —1)(2"/N — 1), and hence (1.2.2) holds true.

It remains to establish the sharpness of the result, which will be obtained
by constructing an appropriate example. To do this, it is convenient to
use Remark 1.1.2 and rewrite the proof of (1.2.2) just presented above in
the form

E|lfn|=EV(f~.dfx)
> BUo(fn,dfy) > -+ > BUN(fo, dff) > N2V —1).

Let us construct the process for which all the inequalities in the above
chain are actually equalities. We start with the equality EUx(fo, df;) >
N(2VN — 1): as we have noted above, it will hold if we set fy =
1 — (N — 1)(2YN — 1). Now, we proceed by induction. Suppose
that we have constructed the simple martingale fy, f1,..., fn such that
]EUN_k(fk,df,;"):N(T/N — 1) for each k=0,1,...,n. Suppose that
(x,y) is an atom of the variable (f,, df,). It follows from the above proof
that there is a simple, mean-zero random variable X such that

UN—n(z,y) =EUn—pn-1(z + X,y V |X]).
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We define f,,+1 by requiring that conditionally on {(f,,df;)=(x,y)},
fn+1— fn has the same distribution as X. Then by the induction hypothesis,
we get

EUN—H—l(fTLer df;—i—l) :EUN—TL(fn7 df:;) = N(ZI/N — 1)

and we are done. O

1.3 AN INEQUALITY FOR THE MARTINGALE SQUARE FUNCTION

In this section we will be interested in weak-type bounds for the martingale
square function, due to Cox [8]. Here is our main result.

Theorem 1.3.1. Let N be a positive integer, let = (fi)¥_, be a
1/2
martingale and let Sy (f) = (Zg: 0 df,?) be its square function. Then

P(Sy(f) > 1) < (1+ N2 E|fy] (13.1)

and the constant is the best possible: there is a nontrivial martingale for
which the equality is attained.

Letting N — o0, we see that the above result yields the following
corollary.

Corollary 1.3.2. Suppose that f = (fi)r>0 is a real-valued martingale
and let S(f) = (ZZO: 0 df,?) Y2 denote its square function. Then

P(S(f) > 1) < e'/? sup E|fy| (1.3.2)
N>1

and the constant is the best possible.

It can be shown (cf. [8]) that the constant in (1.3.1) is also optimal
when one restricts oneself to martingales f satisfying P(Sy(f) > 1)=1.
Furthermore, a straightforward approximation argument proves that it is
enough to study simple martingales only. Therefore, it suffices to establish
the following statement.

Theorem 1.3.3. Let N be a positive integer. Then for any martingale
f=(fr)¥_ satisfying Sn(f) > 1 almost surely, we have

Elfn| > (1+ N2 (13.3)
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The above theorem can be studied by the method described in
Section 1.1. We take D =R X [0, 00) and define the function V' : D — R
by V(z,y) = |z|. Furthermore, we pick the transformations 7}, 7" leading to
the square function. For n > 0, let U,, : D — R be given by (1.1.2), which
for the above choice of parameters becomes

Un(x,y) = inf {E|fn| Cfo=x, 9% + Z df$ > 1 almost surely}
k=1

= inf {E[fn| cfo=x,9% — 2% + S2(f) > 1 almost surely} .
Lemma 1.3.4. The functions Uy, have the following explicit formulae.

(i) If y > 1, then Uy(x,y) = |z|; for y < 1, the function Uy is not defined.
(ii) We have

|| ifz? +y>>1,
1—9y? ifz?+42 <1,

Ul(l',y): {

(iii) Forn > 2,

Un(z,y)
B (n—1)("_1)/2(1—y2)"/2(n—a:2—ny2)(1_”)/2 ifa;2 +y2 <1,
) = ifz? +y? > 1.

Proof. The first part is evident. To prove (ii) and (iii), observe that
E|fn] > [Efnl, so Up(x,y) > |z| for all n, x, and y. On the other hand,
if 22 + y? > 1, then Uy, (z,y) < ||, directly from the definition of U,,.
Indeed, if y > 1, it suffices to consider the constant martingale f = x, while
for y < 1, one takes the martingale givenby fo =z and fi = fo=--- = f,,
where fi takes values |z| + /1 — y? with probability 1/2. The assumption
22 + y> > 1 guarantees that f does not change its sign and therefore
E|fn| = |z| for all n. Consequently, we have

Un(z,y)=|z| ifa? +y* > 1.

To find the formula for U,, on 2% + y? < 1, consider first the case n=1.
Then the definition of the function becomes

Ul(x,y)
= inf {E|z + X| : X simple and mean-zero, P(X* + y* > 1) =1},
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where the requirement X2 + y? > 1 comes from the fact that (z +
X, (y? + X*)Y/2) must belong to the domain of Up. It is easy to see
that the above infimum is attained for X having the distribution P(X =
—1—9y?)=P(X =+/1—19y?)=1/2: other choices for X return larger
values of the expectation (the reasoning is similar to that presented in the
proof of Lemma 1.2.4 and we will omit it). So, we have

Ul(z,y)=+/1—-192 if2*+9° < 1.
To find the formula for U,, when n > 2, observe that (1.1.3) yields
Un(@,y) = inf BV (w+ X, (47 + X))

where the infimum is taken over all mean-zero random variables X (no
extra assumptions on the range of X are needed, the domain of U,, n >
1, is a full halfplane D). Consequently, U, (x,y) is the height, at d=0,
of the lower boundary of the convex hull of the graph of the function
d s Up—1 (z +d, (y* + d?)1/?) . We have already shown the assertion for
2?2 + 3% > 1, so we may assume that 22 + y?> < 1. We use induction.
We will show that there is a coefficient A= A,,(z,y) such that the graph
of the linear function d — U,(z,y) + Ad lies below the graph of d +
Un—1 (= +d, (y* + d*)1/?), and both functions are equal for some d_ < 0
and dy > 0. (Here U, is the function given by the expression on the right-
hand side of the equation in (iii)). This will give the claim.

We start with the case n =2 and set A = z(2 — 2y? — )~ /2. Consider
the inequality

Us(z,y) + Ad < U (CE +d, (y* + d2)l/2) .

One easily checks that for di = (—z + (2 — 2y?> — 22)'/2) /2 both sides are
equal (note that d_ < 0 and d,. > 0, since > 4+ 32 < 1). Furthermore,
we have |A| < 1, the function d — U (z + d, (y? + d?)'/2) is continuous,
linear on (—oo, d_] and [d, o0) (with the corresponding slopes —1 and 1,
respectively), and concave on [d_,d]. See Fig. 1.1. This shows the claim
forn=2.

The case n > 2 is much more elaborate (cf. [8]). One can show that for
fixed = and y, there is a unique A such that

On(,) + Ad < Unoy (24 d, (4 + d2)V?) (13.4)
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d_ dy

Fig. 1.1 The graph of the function d — Uy (;E +d, (y% + d2)1/2)form =0.5andy=0.1.

holds for all d € R. Let us sketch the proof of this fact. Let d+ be positive
and negative solutions to the equation

2 _ 1+(n—2)x2—y2

d
(z+4d) n+ (n —2)x? — ny?

(1 + 2% — y* + 2x2d).

First one proves that there is A such that (1.3.4) becomes an equal-
ity for both d.. Having done this, we introduce the function F

d + Unp1(z+d,(y>+d*)"?) and check that we have equality
F'(d_)=F'(ds) = A; finally, one shows that there are numbers ¢ with
d_ < c— < c4 < dy such that the function is convex on each of the
intervals (—oo, c¢_], [c+,00) and concave on [c_, cy]|. We omit the tedious
verification of these properties. This gives (1.3.4) and completes the proof of
the lemma. O

Proof of Theorem 1.3.3. We have shown above that for each N and any
martingale f as in the statement we have the inequality

E|fn| > Un(Efn, [Efn]).

Therefore, it suffices to observe that the function z — Uy (z, |z|) attains its
maximal value (1+N~1)~N/2 at z = (N +1)~/2. This completes the proof:
the sharpness is dealt with exactly in the same manner as in the previous
section. O

1.4 A PROPHET INEQUALITY FOR L2-BOUNDED MARTINGALES

In this section we establish another interesting estimate for finite martingales
[19], which belongs to the class of the so-called prophet inequalities. To
give the reader some motivation behind this class, assume that f = (fo, f1,
fa, ..., fn) is a sequence of random variables and let f;; = maxo<i<n fx
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stand for the one-sided maximal function of f. Put M, =Ef’ and
V., = sup, Ef;, where the latter supremum is taken over all stopping times
7 of f (i.e., all 7 adapted to the natural filtration of f). Comparisons between
the numbers M,, and V,, (under various additional structural assumptions
on f) have been called “prophet inequalities” in the literature. Clearly, M,
can be identified with the optimal expected return of a prophet or a player
endowed with complete foresight; on the other hand, V,, can be treated as
an optimal expected return of a player who knows only past and present,
but not the future. Prophet inequalities have played a distinguished role
in the theory of optimal stopping and have been studied intensively in the
eighties and nineties. We refer the interested reader to the works [1, 12—
14,17, 18, 23] and consult references therein.

We will apply the method of Section 1.1 to establish the following result.
Throughout this section, f* stands for the one-sided maximal function of f:
f; = maxogkgn fk, n= O, 1, 2, e

Theorem 1.4.1. Let the sequence k = (ky,)n>0 be given by the conditions
ko =0 and

Then for each N > 1 and any L*-bounded martingale f = ( fk)fcvz o we have
the inequality

Eft < Efy + kny/Var fy. (1.4.1)

The inequality is sharp.

It suffices to study the above inequality for simple martingales only. Let
To(x) =z, T(z,y, 2) = max{x + 2, y} be the transformations correspond-
ing to the one-sided maximal function and set D = {(z,y) € R? : = < y}.
At the first glance, the inequality (1.4.1) cannot be translated into the study
of an expression of the form (1.1.1). To overcome this difficulty, we will
apply an extra homogenization argument. Namely, let us first consider an
auxiliary problem with V' : D — R given by V(z,y) =2 — y. For any
nonnegative integer n and any (x,y) € D, let U, (z,y) be given by (1.1.2).
That is,

Un(z,y) = inf E[f7 — y v max fi],
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where the infimum is taken over all martingales f = (fi)}_ satisfying
fo =z almost surely. In contrast to the previous estimates, we do not assume
anything about the range of the terminal variable (f,,,y V maxi<x<p, fx)-

An application of (1.1.3) yields
Un(2,y)

1.4.2
= inf {EU,—1(z + X, (x + X) Vy) : X simple and mean-zero} ( )
forn=1,2,..., N. We turn to the explicit formula for U,,.
Lemma 1.4.2. Foranyn=0,1,2,... we have
2y — kp)x —y — (y — kn/2)? ify —x < ky/2,
Un(z,y) = (2y w)e =y =y =hn/2) lfy T <k (1.4.3)
xt—y ify—x>ky/2.

Proof. We proceed using induction. If n =0, then the identity (1.4.3)
holds true, since ky =0 and Uy = V. Suppose that (1.4.3) is valid for some
nonnegative n—1 and let us try to compute U,, with the use of (1.4.2). To this
end, introduce the function 4 : R — R by h(d) =U,—1(x+d, (z +d) Vy).
A direct computation shows that h(d) is given by the formula

(x+d)?—y ifd<y—x—k,_1/2,
Qy—Fkn-1)(z+d)—(y—Fkn-1/2)* —y ify—a—ky1/2<d < y—uz,
(x+d)?— (x+d)—k2_,/4 ifd>y—x.

Let us describe the convex hull of the graph of h. We easily check that

* his continuous,

* h is convex and of class C! on each of the intervals (—oo,y — ),
(y -, OO),

« its one-sided derivatives at d =y — x satisfy h'(y — z—) > h/(y — z+),

* hislinearon (y — x — kyp—1/2,y — x).

See Fig. 1.2.

Thus, we need to find a common tangent line to the parabolas v : d —
(x+d)?>—yand vy, : d — (z+d)? — (z +d) — k2_, /4. Alittle calculation
gives that this line is

{(S)t) = (2y - kn)($+ 5) — Y- (y - kn/z)Q}a
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o y—x To

Fig. 1.2 The common tangent to the parabolas ~y1 and 2 lies below the graph of h.

and the tangency points are

(th)/l(ml)) = (y — T — kn/2771(y — T — kn/2))7
(z2,72(22)) = (y — & = kn/24+1/2,72(y — 2 — kn /2 + 1/2)).
Thus, by the graphical interpretation of U,, and the fact that x5 is nonnega-

tive, we obtain that Uy, (z,y) = 22—y ifz; > 0and Uy, (z,y) = (2y—ky )z —
y — (z — kn/2)% if 21 < 0. This is precisely the claim. O

Proof of (1.4.1). Consider the centered martingale f= (fo — Efo, f1 —
Efo, f2—Efo,..., fn —Efo). Applying the definition of Uy conditionally
with respect to Fp, we get

E(fX — fx) = EUn(fo, fo)=Efs —Efo — k¥ /4.

However, fo has expectation 0, so the latter expression is not smaller than
—k3; /4. Consequently,

Efy —Efo=Efy <Eff + ki /4= Var fy + ki /4.

Applying this inequality to the rescaled martingale f/\ (where A is a fixed
positive constant), we obtain

Efx —Efo < X7!Var fy + Mk /4.

The right-hand side, as a function of A, attains its minimum for the choice
A=2(Var fN)l/ ®/k. Plugging this value of A above, we obtain the
desired estimate (1.4.1). The sharpness is established in a similar manner
as in Section 1.2. O
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1.5 MOMENT INEQUALITY FOR MARTINGALE SQUARE
FUNCTION

The method studied above has the drawback of computational complexity
(we have already experienced it when studying the weak-type bound for
the martingale square function). However, in some cases the computations
can be simplified, by considering a slight modification of the sequence Uy,
Ui, Us, . ... The purpose of this section is to illustrate this phenomenon, by
looking at the following statement.

Theorem 1.5.1. Let (C,)n>0 be the sequence of numbers given by
Co=1and Cpi1=1+ C%2/4, n=0,1,2,.... Then for any nonnegative
integer N and any martingale f = (fi,)Y_, we have

[fnll < ONIISN(f)]]1- (1.5.1)

The constant C\y is the best possible.

This result can be studied with the use of the technique described in
Section 1.1, by setting V(z,y) =Cny — |z|, (z,y) € D=R x [0,00),
and letting 7y, T be the transformations leading to the square function.
However, there seems to be no simple formulae for the associated functions
Uy, Ui, ..., Un. To overcome this difficulty, we exploit Remark 1.1.2: if
f=(fx)N_, is a martingale starting from =, then

Un(z, |z]) =EUN (fo,50(f))
< EUn-1(f1,5(f))

A

<... (152)
< EU (fn, Sn(f))
=EV (fn,Sn(f))-

The idea is that one may search for other functional sequences (in the place
of (U, k)]kV: o), for which the above chain of inequalities holds true (in the last
line, we allow the bound “<”, instead of equality).

Let us state this observation separately.

Theorem 1.5.2. Let V : D — R be a given function and let N be a fixed
nonnegative integer. Suppose that (Uk:)é\[:o is a sequence of real-valued
functions on D, which satisfies the following three conditions:

(i) We have Un(z, |x|) > 0 forall x € R.
(ii) We have Uy(x,y) <V (z,y) forall x € Randy > 0.
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(iii) Foreachk=1,2,..., N thereis a function Ay, : R x [0, 00) — R such
that the following holds: if ,d € R and y > 0, then
Uk(,y) + Ar(@,9)d < U (2 +d, (57 + d)'2).
Then the inequality EV (fn,Sn(f)) > 0 holds true for all martingales

The proof is immediate and rests on checking that the chain (1.5.2) is
valid. We omit the details.

In the proof of Theorem 1.5.1, we will need the following technical
lemmas. For the proofs, we refer the interested reader to [20]. We assume
that C' € [1, 2] is a fixed parameter.

Lemma 1.5.3. For any x,d € R such that |x| < /C — 1 we have
2 4+d| —VCVa2 +1+Cd? < VO —1(—1+ zd).

Lemma 1.54. Foranyy > 0, d € R, and x > /C — 1y we have
|z +d —CVy2+d> <xz—2VC —1y+ (C —1)d.

Lemma 1.5.5. Assume that the numbers x, y > 0, and d € R satisfy the

conditions x > /C — 1y and |x + d| < %\/gﬂ + d2. Then

—C\/<O2+1) (2 +d?) - (z+d)?—(C-1)d<z—2V/C —1y.

2 4
(1.5.3)

Equipped with the above statements, we are ready to introduce a family
of special functions; the author obtained these objects as the result of an
elaborate experimentation. Forafixed1 < C' < 2,letU C.Rx [0,00) = R
be given by

c C? : c
[p@w:{2w4+nw—ﬂ it <Gy s
—|z| + Cy it |z[> Sy

We will also need an auxiliary function A“ on R x [0, oc), defined by

AC (2, ) = x/\/ +1)y2—a? if |z| <Gy,
——Sgnx if |z|> Sy
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Let (Cp)n>0 be the sequence introduced in the statement of
Theorem 1.5.1 and let N > 0 be fixed. For any £k=0,1,2,..., N, let
Up=US"—* and A = A®~~*_ Finally, put V(z,y) = Cny — |x|. We will
show that the sequence (Uk)kN: ; has all the necessary properties listed in
Theorem 1.5.2.

Lemma 1.5.6. The conditions (i) and (ii) of Theorem 1.5.2 are satisfied.

Proof. The property (i) is trivial: we have Uy (z, |z|) = U% (x, |z|) = 0.
The condition (ii) also has a simple proof. Indeed, for |z| > Cyy/2 we
get equality, so we may assume that |x| < Cxy/2. Furthermore, we may
restrict ourselves to nonnegative x. Rewrite the majorization in the form

CNyZSU—I—l

C % 5 o

and observe that the right-hand side, as a function of z € [0,Cny/2], is
increasing: its derivative equals

NC R

Hence, it suffices to show (1.5.5) for z = Cy/2; but then both sides are
equal. O

1—

We turn to the third condition of Theorem 1.5.2.

Lemma 1.5.7. Forany k=1,2,...,N, any z,d € R and any y > 0 we
have

Ur_1 (:c +d,Vy:+ d2) > Uk(x,y) + Ax(x,y)d. (1.5.6)

Proof. Denote C'=Cpn41-k, so that Cy_; =2+/C — 1. The function
Ui_1 is defined by the right-hand side of (1.5.4), while the formulas for
Uy and Ay, read

—VC —1/Cy?> — 22 if |z] <+/C -1y,

U(z,y) =
k(@) {\x!—Q\/C—ly if  |z| > VC —1y.

and

VC —1x/\/Cy? — 2% if |z| <O -1y,

Az, y) =
K@) {(C—l)sgnx if |z| >VC —1y.
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Suppose first that x < /C' — 1y. If |z + d| < %\/yQ + d?, then

Up—1(z +d,\/y? +d2) = — C\/(C2 + 1> (y2 + d?) — (z + d)?

2 4
< VO - 1/C2 + d) — (v + d)?

(simply square both sides to verify the latter bound). The discriminant
of the quadratic function d — C(y? + d?) — (z + d)? is nonpositive
(because of the assumption z < +/C — ly), so the function H(d)=
— VO =1,/C(y2 + d2) — (v + d)? is concave. Thus H(d) < H(0) +
H'(0)d, or

xd

2 2 _ _ 2 _ 2 _
Up—1(z 4+ d, /32 + d?) < —V/C —1/Cy?2 — 22 +/C 1m,

which is precisely (1.5.6).

Next, assume that z < v/C' — 1y and |z + d| > $+/y2 + d2. The bound
(1.5.6) becomes

|z +d —CvVy?+d?> < VC —1/Cy? — 22 <1+C2xd>.

y? — a?

By homogeneity, we may assume that Cy? — z2=1. Then the above
inequality is precisely the assertion of Lemma 1.5.3. Therefore, all we
need is the verification of the assumption |z| < /C' — 1 appearing in the
statement of the lemma. But this follows from

?=Cx? — (C-1)2*> <C(C—-1)y*> - (C—-1)2*>=C —1.

Next, we turn to the case |z| > /C — ly. Since Uy(x,y) = Ur(—=x,y)
and Ay(z,y) = — Ar(—=z,y), we may restrict ourselves to nonnegative .
Now, if |z + d| > %\/gﬂ + d?, the inequality (1.5.6) is precisely the
assertion of Lemma 1.5.4. On the other hand, if |z + d| < §/y? + d2,
then the claim follows from Lemma 1.5.5. U

The two lemmas above yield the validity of (1.5.1). In contrast to
the preceding estimates, it can be shown that equality holds for trivial
martingales only. For the detailed proof of the sharpness, we refer the reader
to [20].
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1.6 AN INEQUALITY FOR MARTINGALE TRANSFORMS

The final example we will study here is the following weak-type bound for
martingale transforms.

Theorem 1.6.1. Suppose that N is a positive integer. Then for any
martingale f = (fy)N_, and any deterministic sequence v = (vg)N_ , with

values in {—1,1},
N
P ( > vrdf
k=0

The constant is the best possible.

> 1) < 2| fn |

This result was originally established by Burkholder in [2], slightly
different proofs can be found in [3, 4]. It turns out that the optimal constant
is attained for martingales f such that the left-hand side is 1 (cf. [3]).
Therefore, it is enough to establish the following statement, to study which
Remark 1.1.4 will be used.

Theorem 1.6.2. Suppose that N is a positive integer and let f = (fi,)Y_,
be a martingale such that
> 1) —1

&

for some deterministic sequence v = (vk)fgvzo with values in {—1,1}. Then
we have

N

> vrdfi

k=0

E|fn] > 1/2, (1.6.1)

and the lower bound cannot be improved.

It is easy to see that we may restrict ourselves to simple martingales,
and then we are in the situation described in Remark 1.1.6. For each n, we
have two transformations to choose from (corresponding to the choice of
v, € {—1,1}). That is, we take To={To_, To+}, where Tpi(x)= £ =z,
and, for n > 1, we set T, ={7T_,T}, where Ty (z,y,2) =y £ 2. Let
V :D=R x R — R be given by V(z,y) = |z| and define the associated
sequence U, by

Un(x,y)=inf E|f,]|,
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where the infimum runs over all martingales (f3)} _, starting from x such

that
p< 21) 1

for some deterministic sequence v = (vy)}}_; with values in {—1,1}. The
identity (1.1.6) implies that for any n > 1 we have

Up(z,y)=inf EU,—1(z+ X, T4 (z,y, X)), (1.6.2)

where the infimum is taken over all simple, mean-zero random variables X
and all choices T’y for the transformation.

y+ > vedfi

k=1

Lemma 1.6.3. The functions Uy, Uy, . . ., Uy admit the following explicit
formulae.

(i) We have Uy(z,y) = |x| if |y| > 1, for |y| < 1 the function is not defined.
(ii) We have

1—y? —|ay| if|z]+ |y| < 1,
Uy (. y) = y~ — |y f\ [+ [yl
|| if ||+ y| = 1.

(iii) Forn > 2,

Un(z,y) = {(xQ —y?+ /2 iflel+lyl < 1,

] iz + ly[ > 1.

Proof. The formula for Uy is evident. To prove the second and the third
part of the lemma, observe that E|f,,| > |Ef,| and hence Uy, (z, y) > |z| for
all n, z, and y. On the other hand, if |z| + |y| > 1, then there is a simple,
mean-zero random variable X and a number ¢ € {—1, 1} such that z + X
has the same sign as = and |y + ¢X| > 1. To see this, suppose first that
ly| > 1; then the random variable X = 0 has all the required properties. If
ly| < 1and |z| + |y| > 1, then we consider four cases, depending on the
signs of x and y. If, say, =,y > 0, then we put ¢ = — 1 and consider X taking
values in the set —x, 1 + y; the remaining three possibilities are handled
similarly. Plugging the martingale (z,x + X,z + X,...,z + X) into the
definition of Uy, (z,y), we see that Uy (z,y) < |z| and thus U, (z,y) =|z|
forn > 1and |z| + |y| > 1.

Therefore, it remains to check the formula for Uy, (z, y) for |z| + |y| < 1.
If n=1, (1.6.2) can be rewritten in the form

Ur(z,y) = min{U; (z,y), Uy (z,9)}. (1.6.3)
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Here Uit (z,y) are given by

Uit (z,y) = inf{E|z + X|}
and the infimum is taken over all simple centered random variables X such
that |y + X| > 1 almost surely. Now, the infimum defining U, (z,y) is
attained for the random variable X with the distribution P(X = —y+ 1) =
(1+y)/2,P(X = —y—1)=(1—1y)/2 (modify appropriately the argument
used above in the proof of Lemma 1.2.4), and hence
l-y

2

For U; (z,y) we proceed analogously and obtain U; (z,y) =1 — 2y — y?;
combining this with (1.6.3) yields the second part of the lemma.

|x—y—1\:1+xy—y2.

14y
Uf (ey) = —2le —y+1/+

If n=2, we use the formula (1.6.2) again. One easily checks that for
|z| + |y| < 1 and d € R we have

22— 241
2
To show this, note we may take + = — and + = +, replacing y with —y, if
necessary. If |x + d| + |y + d| < 1, the inequality becomes
22— y? 41
2
which is equivalent to (|z + d| + |y +d|)? < 1. If |z +d| + |y + d| > 1, we
must show that

+axdFyd <Ui(z+d,y£d). (1.6.4)

—I—xd—de1—(y+d)2—|(x+d)(y+d)|,

2 -2 +1
2
or ||z +d| —1| < |y+d|. By assumption, |y +d| > 1 — |z +d|; furthermore,

ly+d| = |d] — [yl = |d] + |a| =1 > |z +d] - 1.

This gives (1.6.4), which in turn, in the light of (1.6.2), implies Uz (z,y) >
(22 —y2+1)/2 (for |z|+]|y| < 1). To see that we actually have equality here,
we consider an appropriate example. If d € {(1 -z —vy)/2, (z +y—1)/2},
then |z + d| + |y + d| =1 almost surely and hence both sides of (1.6.4) are
equal (again, with the choice + = —, & = +). Therefore, if X is a mean-zero
random variable taking values in the set {(1 — = — y)/2, (z + y — 1)/2},
then

+ad —yd < |z +d|,

5 =EUi(z + X,y + X)
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and hence the assertion for n =2 is proved. To show that the functions Us,
Uy, ... are equal to Uy, it suffices to verify that the function U, is concave
along the lines of slope +1 (we omit the straightforward calculation).
Therefore, when applying (1.6.2), we see that the optimal choice for X is
X = 0 (and any transformation 77 ). O

Proof of Theorem 1.6.2. 1t is easy to see that for any NV > 1 and any
x € R we have Uy(x,+x) > 1/2; this proves the validity of (1.6.1).
To show that the bound is optimal, we may argue as in Sections 1.2—1.4,
but we can also provide a simple example. Namely, the nonnegative mar-

tingale f starting from 1/2 and satisfying f; = fo=--- =1/2 + X, where
P(X=-1/2)=3/4and P(X =3/2) =1/4, enjoys E|fx|=1/2 and |dfp—
dfi — dfy — dfs — - -+ — df | =1 almost surely. O
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On a Class of Optimal Stopping Problems
of Nonintegral Type

Adam Osekowski

University of Warsaw, Warsaw, Poland

2.1 INTRODUCTION

The purpose of this chapter is to study a class of “nonintegral” optimal
stopping problems for Brownian maximal functions. This type of problems,
being very natural and interesting, does not fall into scope of general
methodology and its analysis requires the development of novel ideas.
Though we will focus on the maximal setting only, we strongly believe that
the arguments can be carried over to a much wider setting, for instance for
a more general class of diffusions. This seems to be a wide area awaiting
further research.

We begin by providing the main setup in which we work. Suppose that
(Q, F,P) is a complete probability space, equipped with a filtration (F;)¢>o.
Let B = (B¢)¢>0 be an adapted, standard Brownian motion starting from 0
and denote by B* = (Bj);>0 its (two-sided) maximal function, given by
B} = supg<,<; | Bs|. We will be interested in comparing the sizes of B and
B* stopped at a certain adapted Markov time 7. More precisely, introduce
the set

E={(z,y) e Rx[0,00) : y > |z|}, (2.1.1)

the state space of the process (B, B*). Suppose that G : £ — R is a fixed
Borel function (called gain function) and assume that we are interested in
showing the inequality

EG(B;,B;) <0 (2.1.2)

for all stopping times 7 (typically, one restricts oneself to stopping times
satisfying certain boundedness properties depending on G, guaranteeing
that the above expectation exists). This problem can be treated by means
of optimal stopping theory, by considering the quantity

Inequalities and Extremal Problems in Probability and Statistics. http://dx.doi.org/10.1016/B978-0-12-809818-9.00002-1
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sup EG(B;, B), (2.1.3)

the supremum being taken over all stopping times 7 as above. There
is a well-known general methodology to study problems of this type.
Roughly speaking, one extends the problem (2.1.3) to the case in which
the process (B, B*) starts at an arbitrary point (z,y) € E. Then, denoting
the corresponding supremum in (2.1.3) by U(x, y), one exploits Markovian
arguments and shows that the obtained value function U : E — R U {oo}
enjoys certain structural properties (it satisfies an appropriate majorization
and a partial differential equation on a part of its domain). These conditions
enable an explicit identification of U, and (2.1.2) follows once one checks
that U (0,0) < 0. A more detailed description of the method will be provided
in Section 2.2.

The above approach has turned out to be very efficient in a number of
important estimates. We will mention four examples in the following.

1. Doob inequalities. In [7], Graversen and Peskir used the approach to
prove that the inequality

1B ller < —E5 1B, 1 <p< o0, (2.1.4)

holds true for all stopping times 7 € LP/2. Clearly, this estimate is
of the form (2.1.2), when both sides are raised to the power p and all
the terms are moved on the left-hand side (one has to take G(z,y) =

P
yP — (1%) |x|P). We refer the reader to the works [12, 14], where the

problem is presented from a wider perspective. Consult also the survey
[1] by Burkholder, where a related approach is developed.

2. Hardy-Littlewood inequalities. For p = 1, the inequality (2.1.4) does not
hold with any finite constant. Hence it is natural to ask about a substitute
for this result in this limiting case. Graversen and Peskir [8] studied the
LlogL estimate

|B:||r < KE|B,|log|B;| + L(K), K >0,

where 7 is an arbitrary stopping time belonging to L?/2 for some p > 1.
There are two questions which can be asked:
1° For which K there is a finite constant L(K) such that the above
inequality holds?
2° For K as in 1°, what is the optimal (i.e., the least) value of L(K)?
Graversen and Peskir answered both these questions, by considering
G(z,y) =y — K|z|log |x| — L(K) and showing that the corresponding



Optimal Stopping Problems 31

gain function U satisfies U(0,0) < 0 if and only if X > 1 and
L(K) > K?/(K — 1)e.
The paper [8] contains the analysis of the related sharp LlogL bound

1B7ller < KE[Br|log™" [Br| + 1+ K>1,

1

(K —1)’
in which the positive part of the logarithm is considered. The proof again
exploits the above machinery applied to the gain function GG given by
G(x,y) =y — K|z|log™ |z| — L(K). We also refer the interested reader
to Peskir’s paper [13] which contains the analysis of a related LlogL
estimate in which the contribution of B is measured along the whole
path (from O to 7). See also the work of Gilat [5] devoted to the study of
the above LlogL bounds from an analytic point of view.
. Mixed norm estimates. The paper [11] contains further extension of
(2.1.4) to the case of different LP spaces: for any ¢ > 1 and any
p € (0, q), Peskir identified the best constant C), ; such that the inequality

1B l|ze < CpgllBrllLr

holds for any stopping time 7 € LP/? (the description of Cpq 1s a bit
complicated, we refer to [11] for the definition). At the first glance the
above method does not work here, since the inequality is not of integral
form (i.e., it cannot be rewritten as (2.1.2) for any choice of G). To
overcome this difficulty, Peskir exploited a homogenization trick. First
he studied the estimate

E(B;)? < E[B:[” + L(p, q),

which is of the form (2.1.2) and hence can be handled with the use of the
above arguments. Then, using Brownian scaling (for any ¢, the process
B = ¢B, ) is a Brownian motion), one gets the estimate

E|B:|7 < (I PE|B,|P + ¢ PL(p,q).

It remains to optimize over c to get the proof of the LP — L9 estimate.
See [12, 14] for the presentation of the problem from a wider point of
view, consult also the works of Gilat [6] and Jacka [9] which are devoted
to the study of the above problem for p = 1.

. The last example presented here is not exactly of the form (2.1.3), but
it is closely related to the subject and can serve as a natural object for
the further studies, so we have decided to include a brief discussion here.
The problem concerns optimal stopping of the diameter of the Brownian
motion; more precisely, one can study the above moment, logarithmic
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and mixed norm inequalities in which the maximum process (B;):>0
is replaced by the “diameter process” (D;)i>0 = (Supg<s<;Bs —
info<s<t Bs)i>0. To the best of our knowledge, there are two results in
this direction. Dubins et al. [4] proved that for any integrable stopping
time 7 we have

1Dzl < V3| B- |2

and the constant v/3 is best possible. The corresponding LlogL and weak-
type estimates were studied by Osgkowski [10]; as the formulation and
the constants involved are quite complicated, we refer the interested
reader to that paper.

In this chapter we will present a study of related maximal inequalities
involving weak Lorentz norms. For any p € [1, c0) and any random variable
&, we define

1€] e = sup [WP(J€] > X)] V7.
A>0

These norms (actually, quasinorms) are a little more difficult to handle (from
the viewpoint of the above approach), since they are not integral, that is,
|||~ does not depend directly on any expression of the type E®(|-|) for
some function ®. However, the situation is easy if one wants to bound weak
norms from above: it suffices to control the probabilities IP(|-| > A) for each
A. For example, Doob’s maximal inequality for martingales (cf. [2]) implies
that for any p € [1,00) and any 7 € LP/? we have

1Bz ||ee < ||Brl[Lr

and the constant 1 is the best. The situation get significantly harder if one
wants to provide lower bounds for || - ||1».~. Our main contribution is to
show how to deal with this type of problems and illustrate the approach by
proving the following two statements. The first result is a sharp comparison
of weak norms.

Theorem 2.1.1. Forany 1 < p < oo, any q € [1,p|, and any stopping
time T € LP/% we have

p
| BF ]| Lo < E"BT|’LP*“' (2.1.5)

For any p, q as above, the constant p/(p — 1) cannot be improved.

The second statement compares weak and strong norms of stopped
B and B*.
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Theorem 2.1.2. For any 1 < q < p < oo and any stopping time T
we have

1/q
* p b
B < B, || p. 2.1.6
H THL‘Z— <p_q) p_lH THL ( )

and the constant on the right-hand side is the best possible.

In the next section we present the general method of solving the optimal
stopping problems (2.1.3). Section 2.3 contains the description of certain
special stopping times which will turn out to be extremal in (2.1.5) and
(2.1.6). The remaining two sections are devoted to the proofs of our two
main results.

We should emphasize here that although we focus on sharp estimates
for Brownian motion, Theorems 2.1.1 and 2.1.2 hold true for general
cadlag martingales X and their maximal functions X* (even without the
assumption of the continuity of paths). This follows at once from appropriate
embedding theorems (and the fact that if a martingale X is embedded
into a Brownian motion B, then the maximal function X* is majorized by
the maximal function B*). Alternatively, one can check that the reasoning
presented in Sections 2.4.2 and 2.5.2 can be extended to the general setting
with no difficulty.

2.2 ON OPTIMAL STOPPING OF A PROCESS AND ITS MAXIMAL
FUNCTION

In this section we will describe the general approach used in the study of
optimal stopping problems for Brownian maximal functions. For a detailed
discussion on the subject we refer the interested reader to the monograph
[14]. Recall the state space F of the process (B, B*) given by (2.1.1). Let
G : E — R be a given gain function and suppose that we are interested in
computing the quantity

sup EG(B;, BY), (2.2.1)

where the supremum is taken over all stopping times 7 such that the above
expectation exists. Observe that X = (B, B*) is a two-dimensional Markov
process which can change (increase) in the second coordinate only after
hitting the diagonal y = |z| in E. Off the diagonal, the process X changes
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only in the first coordinate and thus we may identify it with B. Therefore, the

infinitesimal generator of the process can be formally described as follows:
82

" 0a?

0

— =0 f =

3y or |z =y,

where 0/0y stands for the right-hand partial derivative with respect to

variable y. That is, the generator of X acts on C? functions f : £ — R,

satisfying

Ly for |z| < y,

O (o \al) — 1 L1 ) = (o o)

=0.
oy h10 h

The first step toward the solution of (2.2.1) is to extend the problem
so that the process X can start from arbitrary points from E (this enables
the use of Markovian arguments). The extension is straightforward: for any
x € Rand y > |z|, the process

(B, BY)@) — (:c+Bt,yv sup ra:+Bsr)
0<s<t

starts from the point (z,y), is Markov under P and hence the class
P., = Law((B:, Bf)®¥|P), (z,y) € R x [0,00), is a Markovian family
of probability measures on the canonical space. Now we extend (2.2.1) and
define the associated value function U : E — R U {co} by

U(z,y) =supE, G (B-, By), (2.2.2)

where [E, ,, is the expectation with respect to P, ,,. Sometimes we will write
[E instead of [Eq o: the lack of subscripts means that we work in the initial
setting in which both B and B* start from 0. We believe that this will not
lead to any confusion.

The reason for extending the original stopping problem (2.2.1) to (2.2.2)
is that the resulting value function enjoys certain structural properties
which make its explicit identification possible. To describe these properties,
introduce the continuation set

C=A{(z,y) e E:U(x,y) > G(z,y)}
and the stopping set
D ={(z,y) € E:U(z,y) = G(z,y)}.
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Clearly, it suffices to find the shape of the continuation region C' and the
formula for U restricted to this set. To this end, one exploits standard
Markovian argumentation and shows that on the continuation set, the value
function U must satisfy LxU = 0. Furthermore, if (z,|z|) € C, then
%—g(x, |z|) must be zero. The final comment is that under mild regularity
conditions on G, the function U is differentiable at the common boundary
of C and D (sometimes in the literature this property is called the principle
of smooth fit). These analytic conditions generally determine U only up to
one degree of freedom (expressed in terms of the optimal stopping boundary
solving a nonlinear differential equation). The maximality principle [12]
tells us how to specify the correct U among all the available candidates.

In most examples (see, e.g., the estimates discussed in Section 2.1),
the gain function G is of the form G(z,y) = ¥(y) — ®(|z|), where ¥,
® : [0,00) — R are nondecreasing Borel functions and & is convex. In such
a case, the solution to the problem (2.2.2) is based on the following two-step
procedure.

Step 1. The first step is to use an informal argumentation to get the
candidate U for the value function. Fix a starting point (x,y) and look at
the definition of U (z, y):

Ulz,y) = sup [y ¥(B7) — Eay ®(|B])].

By the symmetry of the gain function G, we see that U must also have this
property: U(z,y) = U(—=z,y) for all (x,y) € E. How can we identify
U? Informally speaking we would like to choose 7 such that E, ,V(B})
is relatively big, while E, ,®(|B-|) is relatively small. However, as time
increases, so does the quantity E, ,®(|B;|), since ® is convex; in a sense we
experience some sort of a “cost of observation”. On the other hand, before
reaching the “diagonal” y = |z|, the process B* stays at the same level
and hence so does E, , W (B;). This suggests that we cannot let the process
(B, B*) get too far from the “diagonal” y = |z|, since it would be “too
expensive” to come back to the diagonal in order to offset the cost spent
to travel all that way. In other words, for sufficiently large y there should
be a threshold (y) > 0 such that if the process (B, B*) reaches the set
[—7(y),v(y)] x {y}, we should stop it instantly. In other words, it seems
plausible that the stopping region is of the form

D= {(z,y) : x| <v(v),y > yo}
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7(y)

ol

Fig. 2.1 The continuation and stopping regions.

for some number yy > 0 and some function v : [yp,00) — R to be found.
See Fig. 2.1 which illustrates the geometry of the sets C and D. We have
Ulz,y) = ¥(y) — ®(|z|) on D (from the very definition of the stopping
region), and U,, = 0 on C. Hence U(z,y) = A(y) + B(y)|z| on C,
for some unknown coefficients A(-), B(-). To identify these, we exploit the
principle of smooth fit. If y > yo (thatis, ([—y, y] x{y})ND # (), comparing
the left- and right-hand derivatives U,_(-,y), Uy+(-,y) at x| = ~(y)
implies that

Ulz,y) = (y) — 2(v(y)) — &' (v(»)+)(|=] — v(»))

for |x| > ~(y). When y < yo, we are forced to take U(z,y) = U(yo, o).
Indeed, if we set 0 = inf{t : By > o}, then we see that the process
(B¢, Bf))t<o lives in the continuation region and hence, by It6’s formula,

U(x7 y) = Ez,yU(BO, BO) = E:E,yU(Bm Bo’) = U(y(]v y0)~

Thus, we have reduced the problem of identifying U to that of finding the
formula for the boundary curve «. This task is handled with the use of the
requirement Uy(:):, |z|) = 0, which leads to a differential equation for -y. See
the monograph [14] for many examples, consult also Section 2.5.

Step 2. The second part of the analysis is to verify rigorously that
U has all the necessary properties (which in turn implies that U=U ).
Typically, the argument exploits It6’s formula to prove that for any stopping
time 7 as in the original problem, the process Z = (U (Brat, Bint)) >0
is a supermartingale. Combining this with the majorization property
U>aG, guaranteed by the construction, one proves that

E.,G(B,, BY) <E,,U(B,,B}) <E,,U(Bo, By) = U(z,y). (2.2.3)
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This proves U < U, and the reverse estimate is usually obtained by
considering appropriate example. In many cases, the stopping time 7p =
inf{t >0 : (B, Bf) € D} gives equality in (2.2.3) and hence U > U, from
the very definition of U. Sometimes some minor modifications are necessary
to ensure that the stopping time enjoys an appropriate integrability. Since our
motivation comes from the estimate (2.1.2), we will mostly be concerned
with the case when the pair (B, B*) starts from the origin (0, 0).

2.3 AFAMILY OF IMPORTANT EXAMPLES

We start with presenting a certain class of stopping times which will serve
as extremal examples in the estimates (2.1.5) and (2.1.6). Somewhat similar
objects appear in the works of Dubins et al. [4], Dubins and Schwarz [3],
Wang [16], and Peskir [13]. Fix constants a > 0, ¢ € (0, 1) and let

T ="Tge=inf{t >0: B} >a,|B| =cB}}.

We see that the stopping time 7 can be split into two parts: first we wait
until the maximal function B* reaches the level a (note that at the time this
happens, we have |B| = B* = a) and then we wait until | B;|/B; drops to
the level c. Put p = (1 — ¢)~! > 1. We will prove the following.

Lemma 2.3.1. For any r € (0,p) we have T € L'/%. Furthermore, we
have ||Br||1r~ = ca and for any X > 0 the distribution function of | B|
satisfies

B(B,| > A) = min{||B,|[%,. /", 1}. (23.1)

Proof. Clearly, we have
P(|B-| >A) =1 ifA <ca. (2.3.2)

So, suppose that A > ca and consider the function U : R x [0,00) — R
given by

(ca/ A it y<a.
U(z,y) = { plc/ANP(z —cy)yP~t if a <y < M,
1 if y>\e.

It is easy to see that the pair (B,a¢, BY,;) evolves over the set on which
Uzz = 0. Furthermore, we have U, (y, y) = 0 for any y > 0. Consequently,
by It6’s formula, we have

EU (Brpg, B ) = U(0,0) = (ca/A)P.
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The function U is bounded and the process U (B¢, B ;) converges almost
surely to U (B, BZ), so Lebesgue’s dominated convergence theorem yields
EU(B;, BY) = (ca/\)P. Finally, we have U(B;, BY) = l{p:>)/c} =
1{B, >} and hence we obtain

P(|B;| > A) = (ca/A)P if A > ca.

Combining this with (2.3.2), we get that || B;||zr.~c = ca and the second
part of the lemma follows. To deduce the first part, note that we have

B! = |B;|/c and hence || B:||rr.c = ||Br||Lr.~/c = a. However, for any
r < pwe have L" C LP*; thus ||BZ||- < oo and the assertion follows
from Burkholder-Davis-Gundy inequality (cf. [15]). O

2.4 PROOF OF THEOREM 2.1.1

We are ready to establish the first of the two theorems announced in
Section 2.1. Fix p € (1,00). Clearly, when proving (2.1.5), it is enough
to consider ¢ = p, since ||B}||fa.~ < ||Bf||Lr. We want to show that the
least constant Cj,, for which

sup |15zl — ClIB s | <0 @41
TELP/2

is equal to p/(p — 1). Clearly, no manipulations on the left-hand side
of (2.4.1) transform it into the form (2.1.3), so the general methodology
does not work. It is easy to get rid of the weak norm of the variable B.
Namely, by homogeneity and Brownian scaling, it is enough to establish the
inequality

sup [P(B: 2 1) = GBI, <0 (242)
TELP/?

However, due to the appearance of the term || B;||1» -, the problem persists.
The idea is to replace the troublesome term with a slightly smaller quantity
so that the expression gets the appropriate form and such that the extremal
stopping times in both cases will be the same. To be more precise, fix a
continuous, nondecreasing function ® : [0,00) — [0, c0) and consider the
inequality

sup [P(B:>1)—-E®(|B;|)| <O0. (2.4.3)

TELP/?
The problem (2.4.3) can be studied with the use of optimal stopping
techniques, since it corresponds to the choice G(z,y) = 1yy>1) — @(|z]).
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Suppose we have successfully established (2.4.3) and assume that for any
nonnegative random variable X we have the inequality

E®(X) < CgHXHp,,,w. (2.4.4)

Then the estimate (2.4.2) will follow. Of course, it is absolutely not clear
whether such a function @ exists and how to search for it. A crucial (but
a little imprecise) observation is that if we search for best constant (),
then there must be an optimal (or almost optimal) nontrivial stopping time
7 which will give equality in (2.4.1); if @ has all the required properties,
then 7 must necessarily be (almost) optimal in (2.4.3) and must also return
equality in (2.4.4) (with X = |B;|).

We split the remainder of this section into two parts. The first part is
informal and serves as a description of intuitive arguments which lead to the
discovery of the special function ®. The second part is devoted to a formal
proof of Theorem 2.1.1.

2.4.1 On the Search for ®

We should stress here that the reasoning we are going to present will be
informal: the arguments leading to the formula for ® will be based on a
number of assumptions and guesses (e.g., we will treat the value function
of the optimal stopping problem (2.4.3) as a smooth function). The formal
verification of all the properties will be postponed to the next subsection.

A lot of information about ® is contained in the estimate (2.4.4). We can
rewrite this inequality in the form

/ F(NP(X > \)dA < C2 X2, .
0

It is clear that if we fix || X||z».«, then the left-hand side is maximized
by a random variable with the distribution satisfying P(X > \) =
min{|| X |7, A7P,1}. This strongly suggests that the optimal stopping
time 7 in (2.4.1) should have the property that | B, | has this distribution.
In the light of the examples analyzed in the preceding section, it is natural
to conjecture that the stopping region for the problem (2.4.3) is

D={(z,y) e E:y>a,x<cy},
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where c = 1—p~!and a > 0 is a fixed constant. Combining this information

with the discussion in Section 2.2, we see that the value function of the
problem (2.4.3) should be equal to

1{3121} - (I)(|£L‘|) if y>a,x<cy,
Uz,y) = § Lyz1y — 2(ey) — ' (cy)(|z| —cy) if y=a,z>cy,
lig>1y — ®(ca) — @'(ca)(a —ca) if y <a.

It seems reasonable to assume that ¢ = 1; otherwise there might be problems
with ensuring the continuity of UU. Under this condition, we have

1 —®(|z]) if y>1,z<cy,
Ulz,y) = 1 —®(cy) — P'(ey)(|z] —cy) if y=>1,z>cy, (24.5)
1—®(c)— ' (c)(1—¢) if y<1.

Now, the equality Uy (y,y) = 0 for y > 1 implies ®”(cy) = 0 and hence
® is linear on [c,00): ®(y) = ay + [ there. What about the interval [0, ¢)?
A little thought and experimentation suggests that we should take ®(c) = 0
and extend ® to the whole [0, 00) by setting ® = 0 on [0, ¢|. This implies
ac + = 0, and the inequality U(0,0) < 0 (which we want to have at
the very end), implies o > p. We assume that actually equality holds here:
o = p, and this gives us the final formula for ®: ®(y) = p(y — 1 +p~ ).

2.4.2 Proof of Theorem 2.1.1

Now we are ready for the formal proof of the weak-type estimate. Let U be
the special function constructed in the preceding subsection. Directly from
the above analysis, we have Uy(y,y) = 0 for any y > 0. Furthermore, it
is easy to see that for a fixed y, the function x — U(z,y) is concave on
[—y, y]. Therefore, by Ito’s formula, for any stopping time 7 € LP/? and
any t > 0 we have

EU (Bynt, B p,) < U(0,0) = 0.

Clearly, we have U(x,y) < A(1 + |z| + y) for some universal constant A;
furthermore, the condition 7 € L?/2 implies that B* e LP, by Burkholder-
Davis-Gundy inequality. Consequently, if we let £ — oo above, Lebesgue’s
dominated convergence theorem yields

EU(B;,Bf) <0. (2.4.6)
On the other hand, we have the majorization

Ulz,y) = Lys1y — @(l2)), |2 <. 2.4.7)
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Actually, for y > 1 both sides are equal; if y < 1, the inequality is equivalent
to ®(|z|) > 0, which is evident. Combining (2.4.7) with (2.4.6) yields

P(B* > 1) — E®(|B,|) < 0.

This implies

BO(1B-1) = [ OR(B| > 1

< |Br[f p \’
< D27lLe= gy = ( 2 B.|P. .
< B L) B

7p71
and hence we get (2.4.2), with C, = p/(p — 1).

It remains to verify that the constant p/(p — 1) cannot be improved in
(2.1.5) (for general p, ¢ as in the statement of the theorem). This time it
suffices to deal with the case ¢ = 1. Consider the example from Section 2.3,
withc=1—p~tand a = 1. We have

* * p
1Bl 2 B(B; 2 1) =1 = LB,

which completes the proof.

2.5 PROOF OF THEOREM 2.1.2

As in the preceding section, it is convenient to split the reasoning into two
parts. In the first part we construct the appropriate auxiliary optimal stopping
problem and present the informal search for its solution. The second part is
devoted to the rigorous proof of the estimate (2.1.6).

2.5.1 An Auxiliary Optimal Stopping Problem

Due to certain technical reasons, throughout this subsection we assume that
q > 1; the case ¢ = 1 will be obtained via standard limiting arguments.
Clearly, in the study of (2.1.6), the method described in Section 2.2 cannot
be applied directly. The first problem is that both sides of (2.1.6) involve
norms with different exponents p and g; the second issue is the appearance
of the weak norms. To deal with the first difficulty, fix K > 0 and consider
the problem

sup |||By[|7, — K| Bz}, |, 2.5.1)
L
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where the supremum is taken over all stopping times 7 € LP/2. We expect
that after an appropriate choice of the constant K, the solution to (2.5.1) will
establish the original statement. To handle the weak norms, we consider the
auxiliary stopping problem

sup E[(B:)? — K®(|B|)], (2.52)

where the supremum is taken over the same class of stopping times as
previously, and @ : [0, 00) — [0, 00) is a C'* nondecreasing convex function
which will be specified later. Obviously, this problem can be studied with
the use of the general methodology: suppose temporarily that we have
successfully solved it and let us proceed with the analysis of (2.5.1). If ®
is chosen so that

E®(X) < [|X[[, (2.5.3)

for any nonnegative random variable X, then
sup | |B2)I2, — K|IB: |17, .| <supE[(BL)T — K&(B,])]. (2:54)

Now, we make analogous remark to that from the preceding section. If there
is a stopping time 7 for which the supremum in (2.5.2) is attained and for
which we have E®(|B;|) = || B;||},., then we have equality in (2.5.4) and
hence we should be done.

The above analysis reduces the problem to that of finding an appropriate
function ®. The key information on this object is contained in the inequality
(2.5.3). If ® is of class C'! and nondecreasing, as we have assumed above,
we may rewrite this inequality in the form

/ FP(X > N < [|X|P, .
0

Clearly, the left-hand side is maximal when we take the variable X with the
distribution P(X > A) = min{||X||}, . AP, 1}. So, the extremal stopping
time 7 should be chosen so that | B;| has this distribution. In the light of the
examples presented in Section 2.3, we get that the stopping region of the
problem

U(az,y) = sup Ex,y [(B:i)q - K(I)(‘BTD] (2.5.5)

TELP/2

should be equal to
D= {(z,y) e Rx [0,00) : y > aand |z| < cy},



Optimal Stopping Problems 43

where ¢ = 1 — p~! and «a is a certain positive constant. Now recall the

discussion presented at the end of Section 2.2. It implies that U should be
given by the formula

y! — KO(|z]) if y=>a,lz[<cy,
Ulz,y) =  y? — K®(cy) — K (cy)(|z] — cy) if y > a,|z] > cy,
a? — K®(ca) — K& (ca)(a —ca) if y<a.
The equality Uy(y,y) = 0 is equivalent to saying that K®"(cy) =

c(quc) y?=2 for y > a. Solving this differential equation, we get that if
y > ca, then

_ v
K(b(y) - Cq_1(1 —C)(q— 1) +Oéy+5,

for some constants «, (3 at our disposal. We take them so that ®(ca) =
®’(ca) = 0, and obtain

y? — q(ca)? 'y + (¢ — 1)(ca)?
=t (1—-¢)(g—1)

We extend @ to the whole [0, c0) by setting ® = 0 on [0, ca]. Thus, finally,
we get that

Ko(y) =

_ (v —alca) "y + (g —1)(ca)?
P(y) = ( Ket=1(1—¢)(g—1) >+ .

To get the value of the constant K, we return to the inequality (2.5.3) and
recall that the random variable |B;|, with 7 being the extremal stopping
time, should give equality there. As we have computed in Section 2.3,
the stopping time 7 corresponding to the above choice of D satisfies
||B7||r~ = ca, so we get

(ca)? = /C:o P'(N) - (C;p)pdA = %—qu(cf() - )_(;(C“))

Hence, recalling that ¢ = 1 — p~!, after some straightforward computations

we obtain
q
1{:q<p>.
p—qg\p—1

Plugging all this information into the definition of U, we see that this
function is given by the formula
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U(z,y)
yt — Logenl vla—lonl if y>a, 2] < ey,

= § Pyt + pcP e — Phjalyt=t 4 pga? x| if y > a,|z] > cy,

al if y <a.

This time we do not specify the value of the parameter a. In contrast with
the weak type estimate from the previous section, we need the whole family
of auxiliary optimal stopping problems (2.5.5) (corresponding to different
choices of a) to establish the desired inequality.

2.5.2 Formal Proof of (2.1.6)

Suppose first that ¢ > 1. Take an arbitrary stopping time 7 € LP/? and
let a = ||B:||pee - ;%‘ Let U be the function constructed in the previous
section. One easily checks that U is of class C, for each y the function 2 —
U(x,y) is concave on [—y, y] and we have U, (y,y) = 0. Consequently, It6

formula yields
EU(Brat, Bin) < U(0,0) = af

for any ¢ > 0. We have U(z,y) < A(1 + |z|? 4+ y?) for some universal
constant A (depending only on p, ¢, and a) and, by Burkholder-Davis-Gundy
inequality, we get B € LP? C L. Consequently, letting ¢ — oo above, we
obtain

EU(B;, By) < af (2.5.6)

in the light of Lebesgue’s dominated convergence theorem. On the other
hand, we have U(z,y) > y? — K®(|z|) on E. This is clear from the
very construction when y > a, for remaining (x,y) the majorization is
equivalent to

a? = y? — ®(|x),
which is evident: ® is nonnegative and y < a. Therefore, (2.5.6) and (2.5.3)
yield
E(B)? < K®(|B;|) + a? < K(ca)? + a?
q
p p p
— Pt () X
P—q p—q\p—1
This completes the proof of (2.1.6) in the case ¢ > 1. Letting ¢ | 1 we

immediately get the assertion in the limit case LP*° — L'. To show that the
inequality is sharp, we exploit the exemplary 7 from Section 2.3 witha = 1
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and ¢ = 1 — p~ L. Directly from the construction we see that BX = |B;|/c
and hence, by Lemma 2.3.1,

00 1/q
1B le = ¢ By llge = ¢ (q | e > A)dA)
0

B » 1/Q_ D 1/q D
=|— ={— —|[Br|Looe.
P—q P—q p—1

This completes the proof of Theorem 2.1.2.
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3.1 INTRODUCTION AND FORMULATION OF THE MAIN
RESULTS

3.1.1 Notation
For 0 < ¢ < 1 by Fa45 denote the set of all distribution functions (d.f.’s)
on R satisfying

/xdF( /|x|2+5dF( ) < oo.

Let X1, Xs,..., X, be independent random variables (r.v.’s) with d.f.’s
R, Fy, ..., F, € Fors forsomed € [0,1],

n
O.?:EXJQ’ B2+57JZE|Xj|2+§a J=12,...,n, Bi:zo-?>o’

~ Bays,j "ot -
b= BQ+7‘SJ’ THZZBJM’ Ln(2)=)Y EX71(]X;|>z),2>0,
j=1 Pn j=1"-"" J=1

o) = f ) Z/;@(t)dt,

1+ -+ X, <zBy),
) =

®(z)], Ap=supA,(z), neN.
z€eR

F P(X
An(ﬂc) |Fn(@

Note that ¢, = 7, = 1 for § = 0. The quantities ¢,, and L, (z) are called
the Lyapunov and the Lindeberg fractions, respectively. It is easy to see that
£, = 1, and

Inequalities and Extremal Problems in Probability and Statistics. http://dx.doi.org/10.1016/B978-0-12-809818-9.00003-3
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1P - 2 E[X;°1(]X;| < By)
Bn/o Ln(2)dz :; [Ele(\Xj] > B,) + B,

— Pais
244,5 _ p2
<2 Tyt = Bl
=1 n
for every 6 € [0, 1].

3.1.2 A Short Historical Review of the Uniform Estimates
In the present subsection a short review of the estimates for the Kolmogorov
distance A,, are given, which will also have its uses in the next sections.

First of all one should cite a celebrated Berry—Esseen inequality (see,
e.g., [55]) which states that under the above conditions, for every 6 € [0, 1]
there exist absolute constants Cp(d) such that

A, < Cy(6)¢, foreveryn € Nand Fi,...,F, € Fois. (3.1.1)

Inequality (3.1.1) was proved for the first time with 6 = 1 independently
by Berry [3] (in the i.i.d. case) and Esseen [11] (in the general situation).
For § = 0 inequality (3.1.1) is trivial, since in this case ¢, = 1 and A,, is
always bounded. For 0 < § < 1 inequality (3.1.1) may be deduced from the
estimate

Ay < A1(8) (bn + (L)),

obtained by Esseen [12], where A;(d) depends only on §. Inequality (3.1.1)
may also be deduced from the estimate

A n
2> EXPg(Xy), neN, geg (3.1.2)
k=1

Ap < =5———
B2g(B,,) &

with g(x) = |z|°, which was proved by Katz [19] in 1963 in the i.i.d. case
and generalized by Petrov [54] in 1965 to the non-i.i.d. case, where A, is an
absolute constant and G is a set of all even functions g: R — R such that
both g(z) and z/g(x) do not decrease on R .

In 1966 Osipov [43] (see also [2, 8, 14, 49-51, 57]) proved an estimate

n
EX21(|Xy| > eB,)  E|X.]21(|X%| < eB
A, < Az inf i1 (1X| 6”)+ | Xk |1 (| X | 5n),
e>0 B2 B3
k=1
(3.1.3)
forall F,...,F, € Foand n € N, where A3 is some absolute constant.

The proof of (3.1.3) given in [43] was self-contained and independent of
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Katz—Petrov’s inequality (3.1.2). However, as it can easily be made sure, the
greatest lower bound on the right-hand side of (3.1.3) is attained at ¢ = 1,
more precisely,

EX?1(|X| > 1) + E|X]*1(]X| < 1) = EX?min{|X|, 1}(1(X € B)
+1(X ¢ B)) <EX?1(X € B) + E|X]’1(X ¢ B)
for arbitrary measurable B C R and every rv. X with EX? < oo

(apparently, this fact was noticed for the first time by Loh [27]), so that
inequality (3.1.3) is a corollary to the estimate

EX21( |Xk| > B,) E[Xi[*1(|Xk| < B,) 1 (B
ASZ [ + B = Fg/o Ly (2)dz,

(3.1.4)

which, in its turn, trivially follows from Katz—Petrov inequality (3.1.2) with
g(x) = min{|z|/By, 1} € G. Applying the same reasoning as in [50, 56],
Korolev and Popov [24] proved the function g(x) = min{|z|/By, 1} to
be extremal in (3.1.2) (i.e., minimizing the right-hand side of (3.1.2)),
yielding Ay = As, and established an upper bound A3 < 2.011, improving
the previous estimates in [2, 8, 14, 49-51]. In 2015, this bound was
slightly improved by Dorofeyeva and Korolev [22] to A3 < 1.8627. Since
Cp(9) < As, inequality (3.1.3) (or (3.1.2)) yields a uniform upper bound for
Co(6) < 1.8627 which holds for all 6 € (0, 1].

Inequality (3.1.3) can be regarded as a natural convergence rate
estimate in the Lindeberg—Feller theorem, since for uniformly asymp-
totically negligible random summands, satisfying the Feller condition
lim max o, 2/B2 = 0, the left- and right-hand sides of (3.1.3) either

n—oo0 1<k<n
are both infinitesimal or none of them tends to zero. Indeed, the right-hand

side of (3.1.3) does not exceed A3(e + B,,?L,(cB,)) which can be made
arbitrarily small iff the Lindeberg condition, sup lim L,(z) = 0, holds.

2>0 00

On the other hand, the Lindeberg condition is equivalent to that the CLT
and the Feller condition hold.

There are a lot of works devoted to the estimation of the constant Cp(1)
in the classical Berry—Esseen inequality (3.1.1) (e.g., see the historical
reviews in [21, 25, 69]). During the last decade, by the efforts of Shevtsova,
Korolev [21, 25, 26, 65, 67, 68, 70], and Tyurin [75-79] the upper bound
for Cp(1) was lowered to 0.469 in the i.i.d. case and to 0.5583 in the general
case [70]. Moreover, in [70] there were evaluated the constants in the so-
called Berry—Esseen-type inequalities with an improved structure in the
form
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A < Jmin{03723(6n +0.57,),0.3057(¢n +7)}, Fy,...,F, € Fs,
" min{0.3322(£,, + 0.4297,,),0.3031(¢,, + 0.6467,)}, Fy =--- = F, € Fs,
(3.1.5)

improving the pioneer results in [21, 25, 26]. It is interesting to note that the
factors of the Lyapunov fraction £, in (3.1.5) are strictly less than the lower
bound

o) > Y03 _ 4007,

627
for the absolute constant Cp(1) in the classical Berry—Esseen inequality,
discovered by Esseen [13].

In [71] there were proposed generalizations of (3.1.5) to the case of
arbitrary ¢ € (0, 1] in the form

A, < inf Cs(8) - (b + s70), Fi,...,Fn € Foys, neN, (3.1.6)
SCIRy

yielding the upper bounds for C(§) < infs>0(1 + 5)Cs(6) due to £, < 7.
These bounds remain the best known up till now. The infimums over s € R
in (3.1.6) are attained at some s = so(d) € [0, 1] within the framework of the
numerical method used in [71] (see Table 3.2). Moreover, in [71] there were
also computed the values of s = s1(d) that minimize the constants C(6)
themselves, still within the framework of the method used (see Table 3.2).
The lower bounds for the constants Cs(d) which hold true even in the
asymptotic sense were discovered in [69, 71]. For example, in [71] in
terms of the so-called conditional upper asymptotically exact constant it
was proved that

. N F —y
inf C4(9) > sup 75/2< E — >, 0<d<l.
520 ©) >0, meENU{0} — K ( Val )

(3.1.7)

In particular, for § = 1 with m = 6 and v = 6.4206 . . . we have

2
inf C,(1) > 0.266012... =
Inf C(1) 3Vor

The values of the lower bounds in (3.1.7) for some other values of § are
given in the second column of Table 3.1.

+0.0000505 . . .

A more detailed historical review of the uniform estimates can be found
n[21, 23,25, 66].



On the Absolute Constants in Nagaev—-Bikelis-Type Inequalities

Table 3.1 Lower Bounds for inf;>o Cs(d) Given in (

and Upper Bounds for the Constants C,(d) From (

and 0 € (0, 1) Originally Obtained in |

b I

) (Second Column)

) for Some s € [0, 1]

51

Upper Bounds (i.i.d. Case) Upper Bounds (Non-i.i.d. Case)
§ | Cs(d8) > | s0 Cs(9) | 1 Cs,(8) | so | Cs4(8) | s1 Cs, (9)
1 0.26601 0 0.4690 0.646 0.3031 0 0.5583 1 0.3057
0.9 | 0.2698 0.410 0.3514 0.626 0.3073 0.52 | 0.37046 1 0.3108
0.8 | 0.2819 0.6356 | 0.3166 0.6356 | 0.3166 0.15 | 0.49939 1 0.3215
0.7 | 0.2961 0.5830 | 0.3306 0.5830 | 0.3306 0.06 | 0.5572 1 0.3367
0.6 | 0.3128 0.5131 | 0.3492 0.5131 | 0.3492 0.02 | 0.60313 0.859 | 0.3557
0.5 | 0.3328 0.4444 | 0.3728 0.4444 | 0.3728 0.01 | 0.6432 0.834 | 0.3795
0.4 | 0.3568 0.3652 | 0.4025 0.47 0.4022 0.02 | 0.6828 0.806 | 0.4091
0.3 | 0.3862 0.2823 | 0.4399 0.52 0.4384 0.04 | 0.7229 0.778 | 0.4457
0.2 | 04232 0.1920 | 0.4868 0.58 0.4828 0.06 | 0.7666 0.748 | 0.4905
0.1 | 04714 0.0744 | 0.5439 0.63 0.5372 0.08 | 0.81388 0.710 | 0.5454

Table 3.2 Values of (1 + s0(8))Cs, (5)

From [70, 71] Rounded Up, Which Serve as the Best
Known Upper Bounds for the Constants Co ()
in (3.1.0)

Li.d. Non-i.i.d. Li.d. Non-i.i.d.
s Co(6) < | Co(d) < |6 Co(d) < | Co(d) <
1 0.4690 0.5583 0.5 | 0.5385 0.6497
1— | 0.4748 0.5591 0.4 | 0.5495 0.6965
0.9 | 0.4955 0.5631 0.3 | 0.5641 0.7519
0.8 | 0.5179 0.5743 0.2 | 0.5798 0.8126
0.7 | 0.5234 0.5907 0.1 | 0.5842 0.8790
0.6 | 0.5284 0.6152 0 | 0.5410 0.5410

3.1.3 Nonuniform Estimates: History, Problem Statements,

case with 4 = 1 in the form

Ap(z) < Ay (

B3,1

3)'
g7

Formulation of the New Results
Investigation of the dependence of the remainder term A, (x) on n and
x started as far back as by Cramér [10] for i.i.d. random summands with
exponentially decreasing tails. For distributions satisfying the power-type
moment conditions considered in the present study, historically the first
estimate for A, (x), apparently, was obtained by Esseen [12] in the i.i.d.

In(2

+ [2)

(1 +JzP)v/n’

x € R,
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where Ay4(-) depends only on the argument inside the brackets. By use
of a new smoothing inequality, Meshalkin and Rogozin [29] proved ex-
istence of absolute constants As; and Ag such that for all n > 1 and
Fi=---=F,€F;

f31  max{lnn, In(2 + |z|)}
o3\/n . 1+ |z)3

2 B3,1
ilelg(l +27)Ap(z) < Ap N
The results of [12, 29] were further reinforced by Nagaev [33] (in the

i.i.d. case with § = 1) and Bikelis [5] (in the non-i.i.d. case with arbitrary
0 < 0 < 1), who used the methods of the theory of large deviations to prove
existence of such absolute constants /() that

sup (1 + \x\2+6)An(x) < Ko(0)l,, meN, Fi,...,F, € Fors.
(3.1.8)

To be more precise, in [5] Bikelis obtained a nonuniform extension of
Osipov’s inequality (3.1.4) in the form

An(l‘) < As - , xR,

1+ |z
_ A7zn: [EXzfl(lel > (14 |z[)Bn) n E|[ X3 *1(| Xk < (1 4 |2]) Bn)
= (L+ |z])?B3 (1+ |z)*B3
(3.1.9)

foralln € Nand Fy,..., F, € F, with some absolute constant A7, which
trivially yields (3.1.8) with
Ko(0) = A7 -sup ———5—= =
0(9) 7 m>18 (1+ 2)2+0
It is worth mentioning that in 2001 Chen and Shao [8] reproved inequal-
ity (3.1.9) (still with an unknown constant) by Stein’s method.

A7 foreveryé € [0, 1].

In 1977 Ahmad and Lin [1] proved an estimate

) n€N7F17"'7F €f2796g7

k=1 ng((l + |x‘3)Bn) "
with some absolute constant Ag, which generalizes the Katz—Petrov inequal-
ity (3.1.2), since g((1+|z|>)B,,) > g(By,) for g € G, and also yields (3.1.8)
with 6 = 1. In 1979 Petrov [56] deduced a nonuniform analogue of his
inequality (3.1.2)
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" EX2g(Xy)
Ap(z) < Ag - § k : N, :
) ’ k=1 (14 |z|)2B2g((1 + |z|)Bn) neN,geg

(3.1.10)

with Ag = A7 by noting that the right-hand side of Bikelis’ estimate
(3.1.9) does not exceed the right-hand side of (3.1.10) for every
g € G. On the other hand, inequality (3.1.9) follows from (3.1.10) with
g(u) = min {1, %} € §. Moreover, inequality (3.1.10) also
reinforces the above mentioned result of [1]. Upper bounds for the constant
A7 were considered in papers [24, 34, 35, 73]. The best known upper bounds
for A7 are obtained in [24]: A7 < 39.32 in the i.i.d. case and A7 < 47.65
in the general situation. Moreover, in [24] it is also demonstrated that for
|z| > 10 we have A; < 24.13 in the i.i.d. case and A7 < 29.62 in the
general situation.

The first upper bounds for the absolute constants K(d) were obtained
by Paditz [45—48]. In particular, in his first work on this topic [47] which
was published only in 1978, Paditz obtained an estimate for Ko(1) which
exceeded 1955. Later he proved [48] the bounds

Ko(0.9) < 8204, Ko(0.7) < 569.5, Ky(0.5) < 376.7,
Ko(0.3) < 241.4, Ky(0.1) < 151.3.

In his dissertation [46], Paditz demonstrated that Ky(1) < 114.7.
Michel [31] showed that in the i.i.d. case Ko(1) < Co(1) + 8(1 + e).
With the account of the upper bound Cy(1) < 0.469 [70] this inequality
yields K(1) < 30.22. In his dissertation [74], Tysiak obtained the estimates

Ko(1.0) < 32.88, Ko(0.9) < 29.83, K(0.8) < 27.21, Ko(0.7) < 25.06,
Ko(0.6) < 23.41, Ky(0.5) < 21.94, Ko(0.4) < 20.58, K(0.3) < 19.32,
Ko(0.2) < 18.17, K(0.1) < 17.05.

Mirakhmedov [32] stated that Michel’s estimate K((1) < Cp(1) + 8(1+e)
held true in the non-i.i.d. case as well. However, the computations in [32, 74]
contained some inaccuracies (see remarks in [52, 53]). Later, Paditz and
Mirakhmedov [53] announced a corrected estimate Ky(1) < 32.153. In
1989, Paditz [52] provided an analytical representation and described an
algorithm of computation of K (d) for every 6 € (0, 1] and, in particular,
obtained an upper bound K(1) < 31.935.

Recently, an interest to the problem of estimation of the constants K (d)
rose again which lead to publication of a series of works [16, 17, 36, 38, 70],
where by use of a new inequality (3.1.6) the upper bounds for the constants
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K (0) were improved substantially. In particular, for § = 1 there were given
the estimates Ko(1) < 18.12 in the i.i.d. case [38] and K(1) < 22.25 in
the non-i.i.d. case [16, 17].

Nonuniform analogues of the uniform estimates with an improved
structure like (3.1.6) were obtained in the i.i.d. case by Gavrilenko [15] with
d = 1 and by Nefedova and Shevtsova [37] with arbitrary 6 € (0, 1]. In
particular, in [37] there was announced an estimate

3 Bs1+ 0%
Fr=---=F, € F3,neN,

which was sharper than the classical Nagaev—Bikelis bound (3.1.8) with the
best known value of K((1) = 18.12 [38] for distributions with large values
of the third normalized absolute moment 331 /03, due to the less factor of
the Lyapunov fraction ¢, (recall that ¢, > 7,).

However, as it was noticed by Pinelis [59], the cited works [16, 17, 36,
38, 52, 53] contained inaccuracies, so that “the best possibly correct” upper
bound for K(1) in the non-i.i.d. case seemed to be 114.7 [46].

In paper [70] for § = 1 and in the present study for arbitrary 6 € (0, 1] the
mentioned inaccuracies are corrected, and by use of inequalities (3.1.5) and
(3.1.6), here we give an analytical representation and describe an algorithm
of computation of the absolute constants K(J) for arbitrary s € [0, 1] and
d € (0, 1] such that

z€R s€[0,1]
Fi,Fo...,Fy€ Fors,neN.  (3.1.11)

The values of the constants K,(0) for some s € [0,1] and 6 € (0,1]
obtained in the present study are given in Table 3.3 (for s > s1(J) we put
K,(6) = K5, (6)). The case 0 < s < 1 is considered here for the first time.
In particular, for § = 1 the following estimates are obtained: in the i.i.d. case

sup(1 + |z|?)A, (z) < min {17.364,,, 15.70(¢, + 0.6467,)}
T€R

_ [ 17360, )T < 6.07,
S\ 15.70(6, + 0.6467,), £y /7y > 6.07.
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Table 3.3 Upper Bounds for the Constants K (9)

in ( ) for Some s € [0,1] and § € (0,1)

Obtained in
Non-i.i.d. Case Li.d. Case

[ Ko(d) | Ks (9) | 51 Ko(d) | Ks (9) | 51

1 21.82 18.19 1 17.36 15.70 0.646
0.9 | 20.07 16.65 1 16.24 14.61 0.619
0.8 | 18.53 15.34 1 15.20 13.61 0.625
0.7 | 17.14 14.20 1 14.13 12.71 0.570
0.6 | 1591 13.19 0.859 | 13.15 11.90 0.498
0.5 | 14.84 12.30 0.834 | 12.26 11.17 0.428
0.4 | 13.92 11.53 0.806 | 11.43 10.51 0.350
0.3 | 13.10 10.86 0.778 | 10.66 9.93 0.273
0.2 | 1235 10.28 0.748 9.92 9.42 0.183
0.1 | 11.67 9.71 0.710 9.18 8.97 0.074

and in the non-i.1.d. case

sup(1 4 |2°)An(x) < min {21.824,,, 18.19(£,, + 7,)}
zeR

_ [ 21820, /0 < 5.01,
S\ 1819l + Tn), /T = 5.01,

The problem of studying the dependence of the remainder term A, (x)
on n and x, of course, could not be left out of the attention of Kolmogorov,
who introduced [20] the functions

D, (x,d) = limsup sup Ay (x)/l,
£—0 n}l, Fl,...,F7L€.7'—2+5: énzﬁ
D*(x,6) = sup Ap(x)/ln, x€R,

n>2l, Fy,.. F,€EFays

for 6 = 1 and posed a problem of evaluation of D, (z,d) and D*(z, ). It is
easy to see that for every 0 < § < 1

D,(x,8) < D*(x,8), = € R, sup|z[**"D*(z,6) < Ko(d),
z€R
so that, inequality (3.1.8) yields D*(z,6) = O(|z|">7°%), z — oo. The
question on the exactness of the estimates for D*(x, ) implied by (3.1.8)
with respect to n and x was studied by Osipov and Petrov [44], Bikelis [6],

Heyde [18], Michel [30], Maejima [28], Petrov [58], and Rozovsky [63].
In 1990, Chistyakov [9] managed to prove that for 6 = 1
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lim |z[*Di(z,1) ;= lim limsup sup |z|3 A (z)/ =1,
|z|—o00 |z]—=o0 =0 n>1,Fy,...,F,€F5: Ly=2

(3.1.12)

where the least upper bound is attained on a sequence of identical distribu-
tions. Chistyakov’s result (3.1.12) also yields a lower bound K(1) > 1. In
2013, Pinelis [59] improved this lower bound to

3
Ko(1) >  sup |z[*A1(z) L >1.0135...,
FLEFs, z€R B3, 1
by consideration of the Bernoulli distribution with parameter p = 0.08 and
letting x — 1 — p. However, as it will be proved below (see also [41] for the
cased = 1), forevery 0 < § < 1

sup limsup |z A, (z) /4, < 1.
n2l, F1,. . FLeFoys |z|—o0

In 1989, Nikulin in his abstract [39] (see also [40, 42]) proposed
a modification of Paditz’ method, which allows to replace the absolute
constant K(1) in (3.1.8) in the i.i.d. case with 6 = 1 by a nonincreasing
function C'y () such that for every ¢ > 0

sup |z[3An(z) < Cn(t) - 4p, Fi=---=F,cF3,n>1,
|| >t

and also computed the values of Cy(t) for some ¢. In particular, he showed
that tlim Cn(t) < 1+ e. The latest fact allows to conclude that
— 00

lim sup sup 2P An(2) /0y < 1+ e < 3.72,
|z|so0 n>1, Fi=-=F,eF;

whence, in addition to (3.1.12), it follows that lim sup |z|>D*(z,1) < 1 +e
|z|—o00
in the 1.1.d. case.

In 2010 Nikulin [41] sharpened Cy(t) for finite ¢, in particular,
he showed that Cy(3.18) < 28.41, Cn(5) < 16.03, Cn(8) < 7.26,
Cn(10) < 5.74. In the same paper [41] the asymptotic behavior of Cn ()
as x — oo was investigated for every fixed n > 1 and it was shown that in
this situation Ih_}ngo Cn(zx) = 1, that is,

sup limsup |z[3 A, (2) /€, < 1.
nzl, Fi=-=F,eF; |z|—oc0



On the Absolute Constants in Nagaev-Bikelis-Type Inequalities 57

In papers [37, 38] it was stated that

lim sup sup |22 (2) /0, <1, 0<d<1,
ICE‘*)OO n)l,Flz"'=F7LEF2+5

that is, that in the i.i.d. case lim sup |z|?>+° D*(z, §) = 1. However, the proof
|z| =00

of this statement contains inaccuracies (see remarks in [59]), so that the

correct upper bound is 1 + e, at the present time.

The mentioned inaccuracies were corrected in [70]. Following the
reasoning of [70], in this study we give an analytical representation and
describe an algorithm of computation of nonincreasing positive functions
Qs(t,0), Qi(t,9) < sQs(t,0) of the argument ¢ > 0 (Qf(t,0) = 0) such
that forevery0 < § < 1,t > 0,n > 1,and F1, Fb, ..., F,, € Foys

sup |z|>T0 A, (z) < min (Qs(t,6)ln + Q% (L, 0)Tn)

|| >t 0<s<1
SR
< rgn;gl Qs(t,0)(ly + sT0), (3.1.13)
sup 2|20 A, () < Qo(t, 8)Ln. (3.1.14)
|| >t

The constructed functions satisfy

lim Qg(z,0)=1+e=3.7182..., 1i_>m Qi(z,0) =0,

T—00

5 € (0,1], s €0, 1].

Estimates (3.1.13) and (3.1.14) in the non-i.i.d. case and with arbitrary
s € [0, 1] are considered in the present work for the first time.

Inequality (3.1.13) yields the following upper bounds for the Kol-
mogorov functions

sup ]:):\2+5D*(:r,5) < Qo(t,9), t=0,
|z >t

limsup |z|>*°D*(z,8) < 1+e, &€ (0,1].

|z|—o0

From [59] it also follows that supj, > |z|>D*(x,1) > 1.0135 for
0 < t < 0.02. The values of Q(t,d) for some ¢t > t4(5), t = 0, and
9 € (0,1] are given in Table 3.6 for s = 0 and in Table 3.7 for s = s1(9).
In particular, with § = 1 and s = 0 the following estimates hold:
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(21.26(,, t>0,

17.19¢,, t>4
3 ny = 5
<

\iﬁi’t‘x’ Anl(®) SN 12350, t>5,

7.360,, t=>10,
16.90¢,,, t >0,

14.580,, t>4
3 < ns = &
‘illftm An() < 11.560,, t>5,

5.850,, t> 10,

,F, ... F, € F5, n €N,

Fi=---=F,cF; neN.

It is worth mentioning that the functions Q4(t,d) and Q%(¢,0) con-
structed in the present work have the following properties for every
0<o<IL:

1. Qs(t,9) does not increase in ¢t > 0 for every s € [0, 1];

2. Qs(0,0) = K4(0) — Cs(9) for every s € [0, 1];

3. Qs(t,0) = Qs(0,0) for t < t5(0) and Q5(t,0) < Qs(0,9) for t > t4(0)
(the values of t4(0) are given in Tables 3.4 and 3.5);

. Qs(t,0) = Qs, (t,0) forevery s € [s1(d),1] and t > 0;

CQs(t,0) < Qp(t,d) forall0 < r < s<landt > 0

. in the i.i.d. case Qq(t, 1) < Cn(t) forall t > 0;

. usually, Q%(t,0) is substantially smaller than sQ,(¢,d), already for the

moderate ¢ > 0.

N SN L B

In [59] Pinelis proposed a new approach to computation of the constants
Ky(1) based on the Prawitz smoothing inequality [61] similarly to the
modern method of computation of the absolute constant Cj(1) in the clas-
sical Berry—Esseen inequality. Pinelis’ approach does not use the truncation
techniques, which is crucial for Nagaev—Paditz method. Pinelis [59] also
suggested that his approach would allow to improve the upper bounds for
Ky(1) in (3.1.8) considerably, but it still needs some more analytical results
for practical realization and comparison with the known bounds. The same
ideas based on traditional Berry—Esseen—Zolotarev smoothing inequalities
are described in [7, § 18].

The method employed in the present work is based still on the Nagaev—
Paditz ideas and is aimed for (i) correcting inaccuracies in the preceding
works; (ii) perfecting the Nagaev—Paditz method to get as good bounds as
possible; (iii) demonstration of effective application of new Berry—Esseen-
type inequalities (3.1.6). The idea underlying the constructive method
of proving nonuniform estimates, which was described by Paditz [52]
and which allows to get numerical estimates of the absolute constants,
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Table 3.4 Optimal Values of to (), ao(d), bo(d), vo(8), That
Deliver Minimum in ( ), and Corresponding Values of

Qo(9) From and Ko(9) = Qo(6) + Co(9)

From
s to(6) ao(6) bo () Yo (9) Qo(9) Ko (9)

Non-i.i.d. Case With s = 0

1.0 3.3640 11.5566 1.6357 0.4985 21.26 21.82
0.9 3.3953 10.3229 1.6293 0.4923 19.51 20.07
0.8 3.4188 9.2513 1.6226 0.4837 17.95 18.53
0.7 3.4355 8.3069 1.6153 0.4750 16.55 17.14
0.6 3.4410 7.4937 1.6076 0.4670 15.30 1591
0.5 3.4330 6.8019 1.5999 0.4595 14.19 14.84
0.4 3.4090 6.2205 1.5925 0.4521 13.23 13.92
0.3 3.3762 5.7090 1.5849 0.4446 12.35 13.10
0.2 3.3397 5.2403 1.5768 0.4367 11.54 12.35
0.1 3.2995 4.8110 1.5680 0.4283 10.79 11.67

Li.d. Case Withs = 0

1.0 3.3023 8.3760 1.5554 0.5234 16.90 17.36
0.9 3.2956 7.6637 1.5486 0.5190 15.75 16.24
0.8 3.3012 6.9928 1.5420 0.5139 14.68 15.20
0.7 3.3420 6.2928 1.5344 0.5082 13.61 14.13
0.6 3.3879 5.6537 1.5260 0.5021 12.62 13.15
0.5 3.4266 5.0918 1.5167 0.4956 11.72 12.26
0.4 3.4650 4.5764 1.5056 0.4858 10.88 11.43
0.3 3.4973 4.1114 1.4925 0.4763 10.09 10.66
0.2 3.5360 3.6733 1.4763 0.4671 9.34 9.92
0.1 3.5933 3.2481 1.4553 0.4579 8.60 9.18

consists in the appropriate partitioning of the real line into domains of
“small”, “moderate”, and “large” values of x. The following partitioning
is traditionally used:

(i) “small” values of z: 0 < z? < t2;
(if) “moderate” values of x: t2 ? <ec (:z:'& a,b);
(iii) “large” values of z: ¢, (x;6,a,b) V 2 < 22 < oo,

where t > 0, a > 0, b > 1 are auxiliary free parameters, ¢, (x;9,a,b) is
some monotonically increasing function of « (in particular, see [52, 64]). Let
b2 |x|2+5

n(x;0,a,b) = 26— 1) In ol
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Table 3.5 Optimal Values of t5(3), as(3), bs(d), vs(d),
That Deliver Minimum in ( ) With s = s1(d) Which
Is the Minimal Point of Minimum of C,(9) (Given in the

Sixth Column), and Corresponding Values of
A31(ts(0),0,as(d),bs(),7vs(5),0) From

of the Constants Qs (6) From and
K. (6) = Qs(9) + Cs(6) From
5 [ ta(d) |au(®) [5:00) [7:(®) |5 | Az | Q.(8) | K.(8)
Non-i.i.d. Case With s = s1(J)
1.0 | 3.8814 | 84284 | 1.6038 | 04950 | 1.000 | 0.210 | 17.88 | 18.19
09 |39202 | 74457 | 15916 | 04884 | 1.000 | 0.126 | 1634 | 16.65
0.8 | 39460 | 66372 | 1.5798 | 0.4822 | 1.000 | 0.077 | 1502 | 15.34
0.7 | 39620 | 59560 | 1.5681 | 04762 | 1.000 | 0.048 | 1386 | 14.20
0.6 | 39707 | 53694 | 1.5563 | 04700 | 0.859 | 0.030 | 12.83 | 13.19
05 | 39700 | 48687 | 1.5447 | 04636 | 0.834 | 0.019 | 1192 | 1230
04 |39585 | 44422 | 15335 | 04568 | 0806 | 0012 | 1112 | 11.53
03 | 39348 | 40805 | 15229 | 04495 |0.778 | 0.008 | 10.41 10.86
02 | 38980 |3.7735 | 15132 | 04415 | 0748 | 0005 | 979 | 1028
0.1 | 38437 | 35071 | 15036 | 04287 | 0710 | 0.004 | 922 9.77
Li.d. Case With s = s1(J)
1.0 | 37030 | 69292 | 1.5400 | 0.5209 | 0.646 | 0.166 | 1540 | 15.70
09 |3.7535 | 62497 | 15320 | 05119 | 0619 | 0071 | 1430 | 1461
08 |3.7898 | 56539 | 15230 | 05042 | 0625 | 0028 | 1329 | 1361
0.7 | 38134 | 51303 | 15130 | 04972 | 0570 | 0010 | 1238 | 1271
0.6 | 38244 | 46717 | 15025 | 04907 | 0498 | 0.003 | 1155 | 11.90
05 | 38227 | 42710 | 14914 | 04844 | 0428 | 0001 | 1079 | 11.17
04 | 38081 |39213 | 14801 | 04780 | 0350 | 0.001 | 10.11 10.51
03 | 37812 | 36147 | 1.4685 | 04714 | 0273 | 0.001 | 9.49 9.93
02 |3.7398 | 33493 | 14571 | 04645 | 0.183 | 0.001 | 8.93 9.42
0.1 |3.6830 |3.1200 | 14460 | 04571 |0.074 | 0001 | 843 8.97
3.2 AUXILIARY STATEMENTS
The proof is based on the following truncation of the r.v.’s X;, j =

1,2,....n:

Xy, 11X <,

X;=X;1(|X;| <y) = 0, otherwise

where y > 0 is a truncation parameter to be chosen later. Denote

FY(x)="P ij<x , x€R.
j=1
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For another parameter ~ > 0 introduce the following notation:
fi(h) = Ee" = Eexp {hX;1(|1X;| < y)}, j=1,2,....
First, let us provide several auxiliary statements.

Lemma 3.2.1. For arbitrary values of the parameters h > 0 and y > 0
and for every 3 = 1,2, ... we have

o Bt (hy)? hX,; Pa+oj
hoj — yi+o <1+hy+ 2 <my,j = EXje <h0 + y1+s Y,

(3.2.1)

i = 1\/hy) mgjszX 2eh S

o3 + ”BQL(;” e, (3.2.2)
Y

mg,j = E\Yj|3ehrf < ﬁg_,_(g,jyl_‘gehy, (3.2.3)

h20‘2. /8 . (h 2 h 3 o
i Ps y)° | (hy) VS ¢
h2 52+5 j h
<1 2 i v, (3.2.4)
hB2ys,
Fi(h) =1— yfjé’f. (3.2.5)

Proof. The proof of all the estimates except the lower bounds in (3.2.2)
and (3.2.4) can be found in [38]. The lower bound for mz_ ; in (3.2.2) follows
from the inequality e® > 1 4+ x, x € R, with further estimation of the
appearing truncated moments of the r.v. X;:

ma,j— 02 = EX; e —EX2>E (7]-2(1 + th)) —EX?
—EXZ1(1X;| > y) + hEXJ1(|1X;| < y)
> —E[X[2 (711X > ) + hy' 11X <))

> —52+6,j(y_6 V hy' o).

To prove the lower bound in (3.2.4), it suffices to notice that by inequality
e > 1+ +2%/2+23/6,2 € R, we have

3

I

hX; hX;)3 R S S % S
( )+%>>1—h|EXj|+7EXjQ—§E|Xj

Fi(h)> (1+hx ¥
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and to estimate the moments
[EX;| = [EX;1(1X;] < )| = [EX;1(|X;] > y)]
< EIXG1(X5] > y) < Bors /v
—2
EX;™ — %2' = *EXf1(|Xj‘ > ) = —Bars /0,
E|X[* = E[X;P1(1X;] < y) < Bors v 0

Lemma 3.2.2 (see [62]). Foreveryr > 2+ § and s >

n

Z <;Jn> 7‘/(2+6 Z (%ﬁ;) < (0n)®.

j=1 7=1

The following almost evident statement is well-known in the literature
(see, e.g., [55, proof of theorem 7 in Ch. 5, § 3]).

Lemma 3.2.3. For an arbitrary value of the truncation parameter y > 0
we have

n
sup |FY (z) ZP]X|>y
TzeR j=1

The following lemma trivially follows from the Lagrange formula (for
the complete proof see, e.g., [38]).

Lemma 3.2.4.

1°. Let g > 0 and A > 0. Then
1—q2

1
sup |9 (0)—®(qv)] < max{cf—l,
v>A 2

b-(wpt)

v=max{1,A min{l,q}}.
2°. Leta € Rand A > 0. Then

sup [#(0 +0) — B(v)| < [a] p(min{(A -+ )1, 4})

Lemma 3.2.5 (see [4]). For every d.f- F with zero mean and unit
variance

2
sup |F(z) — ®(x)| < sup <<I>(x) B 2) = 0.54093654 ... =: .
z€R >0 1+

(3.2.6)
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Lemma 3.2.6. For arbitrary rv. X with E|X|> < oo and a = EX,
o? ;= EX? we have

E|X — a® <E|X] + 3lalo® + a®E[X]| — |a]?, (3.2.7)
E|IX —al®* < M(|a]/o) - E|X|?, (3.2.8)
where
b(t)—1\ ! _ 61294
(1 - % : t7(211 ) , b(t) = ?87&2?17%)’ 0<t<V3/2
M(t) =141, te {0} U (V3/2,1),

0, t=1,

with equality attained at a (sequence of) two-point distribution(s).
Moreover, the function M (t) monotonically increases for t < to =

%\/3(8 —2¢/7) = 0.4750.. .. and monotonically decreases for ty < t <
\/§/2, so that

max M(t) = Mto) = L+ TVT

< 1.3156.
t€[0,1] 2

Inequality (3.2.7) is trivial (see, e.g., [23, 38]). Inequality (3.2.8) is given
in [72] and improves the similar “uniform” inequalities with universal abso-
lute constant M in [38, 60]. However, in the present work inequality (3.2.8)
is used only with the “universal” constant M = (17 + 7+/7)/27.

3.3 CASES (1) AND (IlI)—"“SMALL"” AND “LARGE"” x

In the case (i), that is, for 0 < |z| < ¢, according to (3.1.6), we have

2P0 An(z) < Cs(6)(bn + 570)8*T°, (3.3.1)
while in the case (iii), that is, for
b2 |l’|2+5
2 2 n (5 b) := 1
Z ¢ (357 y @y ) Q(b*]_) n afn

the following result holds. For a > 0, b > ¢ > 1 denote

b2 |x‘2+5
n(;0,a,b,c) = 1 :
Yn(30,0,b,¢) 2(b—c) . aly,
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Then ¢, (z;0,a,b) = n(x;d,a,b,1), and the functions c¢,(z;0,a,b),
¥n(x; 9, a,b, 1) have the same signs.
Theorem 3.3.1. Assume that x € R, a > 0, and b > ¢ > 1 are such that
cn(2;6,a,0) >0 and 2* > max{(2m) "L, ¥ (2;6,a,b,¢)}.

Then for arbitraryn € Nand F1, ..., Fy, € Fais

o 945
245 < (p2+o aly \e1 b
" Ap(z) < (b + a<x2+5> expy——r |n.

In particular, with ¢ = 1 and 2* > max{(27)~%, cp(z;6,a,b)}, b > 1,
a > 0 we have

p2+o
[2[**° A () < P(8,0,b)ln, where P(3,a,b) = b**° +anP{ }
a

Remark 3.3.2. It can be made sure, that the function P(J, a,b) of the
argument a > 0 attains its minimum value for every fixed ¢ and b at the
point a = b?>*9, so that

inf P(6,a,b) =infb®°(14+e)=1+e, 0<6<1
a>0,b>1 b>1

Proof of Theorem 3.3.1. Without loss of generality assume that x > 0.
Since Ap(z) = max {(1 — Fy,(2By)) + (®(z) — 1), (Fn(zBy) — 1) +
(1—®(x))}, and the quantities F',, (xB,,) — 1 and ®(z) — 1 are nonpositive
for every ¢ € R, we have

Ap(z) <max {1 — Fo(zB,),1— ®(2)}.

For all z > max{(27)~"/2, \/¢n(x;0,a,b,c)} we have

ple) e ™2 g < al, )b2/(4<b—c>)
1-90 < )
() < x /27 ‘ x2+9
Noting that 4(b o = cforb > cand that aly, / 22+% < 1 due to the condition

Yn(x;d,a,b,¢) > 0, we obtain
aly, \¢
On the other hand, for 1 — F,,(xB,,) we have

1— Fp(zByp) <1— FY(2By) + |FY(zBy) — Fn(zBy)|
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with the truncation parameter y = xB,,/b, b > 1. By Lemma 3.2.3 and by
Markov’s inequality we have

b2+6ﬁ2+5 b2+6£n
|F7?{(xBn) ZP |X ’ > y Z 2+6B72L+6 - 2t
Denote
1 2446 2b —
h:= *lnx = (b C) wn(x;éa a, ba C)‘

y  al,  bxB,
Now using again Markov’s inequality and the upper bound in (3.2.4) for
fi(h) = Eeh¥i from Lemma 3.2.1 with the given h, we obtain
1— FY(zB,) =P(hX,+ -+ hX, > haB,) < e "*Bn H fi(h
—h B, /624-6 j€ hy
h232 el
éeXP{ hxB, + —— 2+5Zﬁz+53}

= exp{ - 2(b —¢) Yn(x;0,a,b,c)

2b b2+6
+(b22)wn($ 5@ bC>+a}

For 22 > ¢, (x;6,a,b, c) we have

246
M;))wn(xéabc)ercj}

- () e {0,

whence it can easily be seen that the obtained majorant for 1 — F (zB,,) is
no less than the majorant for 1 — ®(z). Summing the obtained estimates for
1 — F!(zBy) and |F(xB,) — F(xBy,)| we arrive at the statement of the
theorem. O

1 — F¥(2B,) < exp{
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3.4 CASE (I1)—“MODERATE" x

First of all, note that for 22 < ¢, (x; 8, a, b) we have (see (ii))

l, < 562;6 exp {—2(b — 1 x2} =: L(x). (3.4.1)

b2
Without loss of generality assume that « > 0. Redefine the parameters

1=z

0,1).
B, v €(0,1)

y=~vxB,, h=

By S5, = X{ + -+ + X, denote a sum of independent r.v.’s X7 with the
d.f’s

1 “ —
P(X: < u) = fA(h)/ "dP(Xj<v), ueR j=12,...
7 —0o0

Note that

I
EXj e my

ms
E(X))" = = , =12, EX;P z.
N ORI = hw
It is easy to check that
2B2
1—®(z) = {h } e "B (v — hBy), (3.4.2)

1— FY(xB,) H / e "BrvdP (S < wB,), (3.4.3)

so that with the account of Lemma 3.2.3 we have

An( ®(z) + (Fn(zBy) — F,Ej(xBn)) + FY(zBy,) — 1

=1~
<\F (zBn) — FY(zBy)| + |1 — ®(x) + FY(zB,) — 1
n

\; (1X5] > ) + ‘(exp{ 232} ﬁfg )
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Applying Markov’s inequality to the first term and integrating by parts the
second one we obtain

Ap(x) < — B2 e MBp(S% > 1B,)

2+5 x2+5

+2exp {h*B /2—th} sup|P Sp < uBp) — ®(u— hBy,)|

u=T

14
= ’Y2TZL@2+6 + 1 - Iy + 2exp{ - (1- ’}/2)1'2/2}13,

where

h) — eh*Br/2 exp{ — hl’Bn}, Iy = P(S* > xBn),

n

I3 —sup|P (Sp < uByp) — ®(u— hBy)|.

u>x

We will estimate 1 by a quantity (J ()€, +J; (2)7,)2279, I by (Jo(x)+
J3(x)7,), and I3 by (J3(2)ly + J5 (2) 1)z 2% exp { (1 —*)z?/2}, where
Ji(x), Ji(x), k = 1,3, Jo(x), J5(x)L(x) are some nonnegative functions,
which do not increase for x > ¢ and may also depend on ¢ and on the
parameters a, b, .

Let us formulate a statement that will be multiply used below: the
function g(z) := 2" exp{—sx?} is decreasing either for x > /r/(2s),
ifr > 0, or forall z > 0, if r < 0, and hence, if z > ¢ > 0, then either for
t > /r/(2s)and r > 0, or for » < 0 and all ¢ > 0 we have

z"exp{—sz’} <t exp{—st’}, s>0. (3.4.4)

In what follows we assume that the parameters b > 1, v € (0,1), and
t > 0 satisfy the following conditions:

2(b — 1)/b2 > y(1—7), (3.4.5)
>b2/(b—1), (3.4.6)

t2 > 15200 —1)/6° —v(1—7)] ", (3.4.7)
t2>2(1—7)72, (3.4.8)
t2>6+0/(1—~%), (3.4.9)
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and, in addition, in the non-i.i.d. case:

2+ 0)b?
2y (24O 4.
t Z = 0b=1) (3.4.10)
4b—1
(2(+ 5)b)2 > (1 —7), (3.4.11)
or, in the 1.1.d. case:
2(1—0) [4(b—1 -1
t2 > ( 5 ) (5b2 ) (1 -7)] . (3.4.12)

Observe that condition (3.4.11) in the non-i.i.d. case is stronger than
condition (3.4.5). Positivity of the right-hand sides of inequalities (3.4.7)
and (3.4.12) follows from condition (3.4.5). Moreover, conditions (3.4.6),
(3.4.5)and (3.4.7), (3.4.8), (3.4.9), respectively, imply that

2> 70L(x) decreases for z > t, (3.4.13)
217071 =)7" [() decreases for = > t, (3.4.14)
22e~(1=7°7%/2 gecreases for z > t, (3.4.15)
2906~ (1=7")2%/2 decreases for z > t. (3.4.16)

3.4.1 Estimation of [;
Let us bound

n

11 e Mi 2 f (h) -1

Jj=1

I = e—hmBn — e—(1—72)12/2

11 #(h) —exp{n*B}/2}
j=1

from above. Prawitz [62] proved that for arbitrary C; > A; > 0, B; € C
such that |B;| < Cj, j = 1,2,...,n, the inequality

113 - 114 <5 [T+ 114 Z‘JAJ‘
J=1 J=1 j=1 j=1 j=1 J

holds. Let A; := 1, B; := e*hg"?/ij(h), then by (3.2.4) (see Lemma 3.2.1)
we have

2 2
h’o; n B2+s, ) <1y Ba+s, 1207 /2
N

2 y2+6 y2+§
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obviously, C; > 1. Now using the Prawitz inequality with A;, B;, and C;
specified above, with the account of ¢,, < L(x) (see (3.4.1)), we obtain

242 1 B2+o
e 1)< g (1ren | Ui fne’w}>

zn:‘—hz 12 (h —1‘<A1 Z’—hz 32f,(h) —

t by condition (3.4.5). Hereinafter the symbols A(z), A;(x), 4}(z),

forz >
, stand for nonnegative functions of x, also

Aj(w), Ay(2), j = 1,2,...
depending on ¢ and on the parameters a, b, 7.

Let us now construct two-sided bounds for (e=""?5/2f;(h)
n. As it follows from what was said above,

- 1),

i=1,...,

—h202/2 62+5J el h?03/2 52%3 el
e/ fi(h) =1 < Ty T2 < Ty .

On the other hand, the lower bound (3.2.4) for f;(h) and an elementary
inequality e* < 1 + z + 0.52%¢®, z > 0, imply that

— e hai/2 (fj(h) — eh2a§/2)

g W% Bois 1 1
> e h'oi/2 (1 + 5 L y2+<’5j (hy+2(hy)2+6(hy)3>

h2c2  hiod
(1 j J _h%02/2
( + 5 + e e

62""5] 7h2 2/2 1 3

e M2 f(h) — 1

4 4
haj
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Further, observe that

25
4 2—6 2—6 Yy
0; < Bays,jo; " < Paye, i By —52+5](,ym) ,

and hence,

h2g? ; hy)*  (hy)?® | (hy)*
h?a2/2 ¢ h _1>_/82+57] h ( Y )

¢ fi(h) Z T y+ 9 + 6 + 8(a)2—?
Comparing the obtained lower and upper bounds, we conclude that for every
i=1....n

hiat 2 Borts, h (hy)?  (hy)* (hy)*
/ f — 1’ 2+6J max{e y’ hy—FT"T“W .

Thus, for I; we finally obtain

2 3
12)22/2 N P2+, h (hy)”  (hy)
I < Aq(t)e E: Y2+ max{ey,her 5 1t7%
(hy) 249
s | = M0 A,

where
—(1=9)%a?/2 4
,_ € —-1-6 2 -8 2T
Ag(z) == maX{,ngrgv (’Y (I=7y)2z"+7°(1=7) o
6 6+6 o
T e R 10

by condition (3.4.16).

3.4.2 Estimation of sup,, |[P(S! — ES < u\/DS?) — ®(u)|

When estimating I and I3 we will meet the expressions like

* * _ E *
I =sup P(STLES" < u) —®(u)| =sup |P(S) <u)—P <US"> ‘
u€R DS;‘(L u€R \/ DS;;

The aim of the present section is to obtain an estimate of the form

I < J(x)ly + J* ()T,
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in the case (ii), where J(z), J*(z) are some nonnegative functions,
such that the functions J(z)L(z), J*(z)L(x), x*T0e~(1=7)7%/2(z),
220~ (1=7%)2%/2 1*(1) do not increase for = > t.

Since the r.v.’s X7 have all power-type moments, we may use the Berry—
Esseen inequality (3.1.6) with § = 1, which yields

n E|X*_EX*|3 n )3/2
I< minC’q(l)( )

) (DS7)3/2 +q; +)3/2

J=1

in particular, one can take ¢ = 1, Cy(1) = 0.3057 in the non-i.i.d. case, and
q = 0.646, C,4(1) = 0.3031 in the i.i.d. case (see (3.1.5)).

For the sake of conveniences of further references, first of all, observe
that by estimates (3.2.5) and (3.4.1) we have

hB2+s, (v = DBorsj (v =Dy
fith) 21 yﬁigj - (Vx)ﬁB%i? O
>1— (v = 1)(y2) °L(z) =: Az(x) > As(t) (3.4.17)

due to (3.4.13). In the i.i.d. case one can take

Ag(x) =1~ (77" = D) (ya) 7 (L(2))"*?° > A3(1)

still due to (3.4.13). Now bound (EX;)2 = (my,;/fj(h))? from above.
With the account of (3.2.1), (3.4.1), and Lemma 3.2.2 we have

n

1 Bars, jeN2
QZ (EX?) \BQA2<>Z(hU]2-+2;i§>

7=1

2
1 n ajz. =M By s
A0 - (“ ST R Gy e

7=1
1 )xe’Y( —7)z?
_ (1 — 7)2a?
o0 234 2
- ‘7]2‘ B2+6g y(A=y)=* T 52+5J
X Bz Bz+5 )42 Z B2
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1 2.2 _4/(2+5 201 =9) 5 (1—)2? 2/ (246)+1
< m [(1 — )22 (2F0) 4 e g0 (I=m)e® g2/ (2+0)+
627(177)272 2:|

(71.)2—1-25 é”

< Aj(z)m + Ag(x)l),

A3(1)
. L [2(0=7) -y 2246) , T L(z)
Ay(z) = A%(t) [ A 1+8 0 =) (L(z)) /(@+9) + (733)2+25 :

Observe that the function

Af(x)L(x) = (1 — )2 A5 2 (t) 2 (L(x)) ¥/ (39

(1= 9)%f 8(b—1)
~ A3(1ya2/er0) P {_ (2 + )b xQ}

decreases for x > t, if

2
2 3(2+0)b

~8(b—1)
However, this condition follows from (3.4.6) and (3.4.10), since
3(2+9) 246 1, 0 <2/3,
< Lo =
8 e { 2(2—5)} { & §>2/3.

The function

ML) = s [%L@? (L(2) @50 00 ()

627(1—7):p2 .2 (:E)
()20

decreases for x > ¢ by (3.4.13) and (3.4.14). In what follows we shall also
use the fact that the functions

(1 _ ’)’)21‘467(1772)‘%2/2
A% (t)a(275)/(2+6)

22— §)(b— 1)
cop{ 20

22— (170222 g2 0y —

xT
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2\ ,.2 1 67(1 ’Y)x2 L(J,‘) 2,.2
246 2 1 z?/2
X e (1=7*)2*/ A4( ) %(t) 72 %55 e (1= /

+ m w2~ =0T /2 ([ (5))2/(2+9)

decrease for x > t by (3.4.16), (3.4.10) and (3.4.15), (3.4.13), (3.4.14). In
the i.i.d. case, taking into account that

n 4

DI -
j=17n j=17n Dn
& ()8
=1\ B "

one can put A4(x) := 0,

by (3.4.13) and (3.4.14). Decrease of the function

—(1—~2)22 * L(x 2/6_1 —(1—~2)x2
I‘2+5€ (1—+2) /2A4(l‘) _ ( (Al)(t) |:(1 _ ’)/)I3+6€ (1—9*)2?/2
3

y(1—y)z? o202
e*ﬂ*‘smee_(l_W ) /2]

t follows from (3.4.13), (3.4.16), and (3.4.14).

Furthermore, by virtue of (3.2.4) we have

forx >

2 2
i) > 2— () > 1— 10 Passge

2 y2+o

Thus, taking into account Lemma 3.2.2, we obtain

ii 0]2 Z h292 52+5,jehy
B 2 fin) © B2

y2+5
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n 2 2,.2 4 1—7)x? 2
22(% (L—9)%® o5 tne Uj_52+6,j>

S1_ (1 — 7)21'2 7—4/(2+5) B ev(1—7)z? 52/(2-&-6)-"-1
P

> 1 — A5(x)7 — As(2)ln,

where
Af(x) = (1 —7)%2?(L(z)) 20/ @) 2,
As(x) := (7:13)_2_567(1_7)952(L(aj))Q/(2+5),

Observe that the function

—~)2 _ )26 _
A1) = S5 e - (A e {002

decreases for > t by (3.4.6) and (3.4.10) (since > 2+5) <max {1, 2(2;55) },
while the function

As(2)L(z) = (ya) 70 (L)Y O+ U7 L ()
decreases for x > ¢ by (3.4.13) and (3.4.14). Moreover, the functions
e IR R A () = (1= )%ate 07707200 (L)) 355 /2,
$2+567(1772)z2/2A5(a}) — x267(17'y)212/2 . 772761:72(L(x))2/(2+6)

decrease by (3.4.16), (3.4.10) and (3.4.15), (3.4.13), respectively. In the i.i.d.
case one can put As(z) := 0,

A3(x) = (1= )2 (L())°71 /2 + (ya) 20707 (L ()P
As this is so, we have
Aj(x)L(w) =(1 = )* (@ L(@))*° /2 + (y2) > 07 L(z) - (L(x))*/°
< A5(1)L(t)
by (3.4.13) and (3.4.14). Decrease of the function
x2+66—(1—~/2)22/2A§(x) _ (1 _ ’}/)23346_(1_72)3:2/2 . $6(L(I))2/6_1/2
+ 7—2—66—(1—72):1:2/2(L(l,))Q/(S

for z > t follows from (3.4.16) and (3.4.13).
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Finally, using the lower bound (3.2.2) for mg j = f;(h)E(X}) ? together
with inequalities (3.4.17) and (3.4.1), we obtain

% S e

- (Ex;)%)

02 — Bors jy (1 V hy) o2
22( f]() _(EXJ')>

— )2
> 1= AX(2)r — Ag(2)ln — m = A% ()70 Aa(2)br
=:1— Ag(x)ly, — Ag(z)Tn,
where
— A z?
Ag(x) = Aa(x) + As(a) + W, Ay(x) = Aj(x) + AL(a).

Observe that for the inequality
Ar(z) :==1— (As(z) + Ag(x))L(z) = A7 ()
to hold true, it is sufficient that for x > ¢ the function

1VA(1—~)z? 2V (1l =)zt 2(b—1

7( 7);6 L(l‘) — x 7( Z)m exp{— ( 5 )12}’
As(t)(vz) Asz(t)ay b

was decreasing. But this function, according to (3.4.4), is, indeed, decreasing

due to (3.4.6). For the decrease of the function 22 T0e~(1=7")%/2 44 (z) it is
sufficient that for x > ¢ the function

LV =22 o5 —omparsz _ B2V A0 =02t ey
As(t)(yx)° As(t)° ’
was decreasing. But this function is, indeed, decreasing due to (3.4.16).
Thus, if A (t) > 0, then we have
DS;/Bn 21— As(a)ty — Ag(x)7a = Ag(2) > A7(t),  (3.4.18)
- DS o Ag ()l + Af(x)T,
DS;Z = A7(t) ’

with the functions z2+0e~(1=7)%%/2 Ag (), 22T0e=(1-7)2%/2 A% (1) being
nonincreasing for x > t.

(3.4.19)
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Further, by Lemma 3.2.6 we have

n
> EIX; - EX;P
Jj=1
n n
< min{ Y MEIXG?,D C(EIXGI? + 3E(X;)PIEX]| + EIXGI(EXS)?)p,
Jj=1 J=1

where M; := M<|EXJ*’/ E(X;)Q) with the function M (-) defined in

Lemma 3.2.6. In the i.i.d. case with o; = 1, j = 1,n, by (3.4.17) and by
Lemma 3.2.1 (see (3.2.1) and (3.2.2)) we obtain

(EX7)? (EX"M)? (hty M Baisa)?
E(X7)?  EerXiEX,ehX  As(O)[1— (1V hy)y=°Pois1]
(1= y)an T2 4 (qa) L 0er(mmaty, n m1/2)2
A1 = (1V (1 = 7)a?)(y2) 2]
[(1 = ML) + (ya) 1 =2er 0= (L)) 1 +1/9)2
A3()[1 = (1V (1 =7)a?)(y2) L()]

< ~: a(a),

with a(x) < a(t) for x > ¢ in view of (3.4.13) and (3.4.14). Thus, with the
account of the properties of the function M(-) (see Lemma 3.2.6) we have
forevery j=1,...,n

M. < M(F/\ 1\/7\0) in the i.i.d. case,
j S

%f < 1.3156 in the non-i.i.d. case.

However, the majorant M (y/a(t)A£4/3(8 — 2v/7))E|X}|? in the i.i.d. case

turns out to give not so precise estimate for E| X; — EX7 |3 as the expression
E|X7|?+ - - - which appears in the second argument of the minimum above.

Now let us estimate the sums of moments entering into the upper
bound for the sum of centered third-order absolute moments by use of
Lemma 3.2.1. Start with the last term. We have

* * 2 * *\2
Z;E|Xj|(EXj) < max E|X |Z (EX))? < 1@]a§n,/E(Xj)22;(EXj)
J= JI=

7=1
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The sum 377 (EX ]"‘)2 has already been bounded from above by

(Ag(x)l, + A}(z)70) B2. By (3.2.2) we have for every j = 1,2,.

J fi(h) = As(t) A1)

%L Boys g
B (yx)* Bt

E(X")? = maj o3+ Bars,jy e B2 (0]2 eY(1=ma*

where

() (L(z))¥ G+ 1 (yz)~ 567(1 nz? L(l‘) in the non-i.i.d. case,
r) =

i (L(2))2/? (1 + (y2)~0e71=0%" [(2)) in the i.i.d. case,
moreover, Ag(z) < Ag(t) by (3.4.13) and (3.4.14). Hence,

n

D EIXTIEXS)? < (Ag(2)ln + Aj(x)70) By

n’
j=1

where A9 = A4 \ / Ag /Ag A* = AZ(x) Ag (t)/Ag (t),
and the functlons Ag(x)L(x), Ag( )L ( ), 20— (1=7)2%/2 4o (),
2206~ (1=7)2%/2 A (1) do not increase for z > t.

Consider the second term

Z

m2 7 |m1 J|

3 w ehy ohy
A2( > Z <Uj2-+ ﬁ2+6,63€ ) (hajz-+ Bays, j€ )

y1+5

n 2
loar:
_J 0 J
= 1 2= <32 TR T (ay

2
of =M By

/32+5 j eW(lv)wQ)

3B} ( i
- (Y P
A3 25
67(1_7)12 2 n 0-]2 /82+6 j
+ (%T)Hé (7(1_7)95 "’1) 7121 B2+o

r(1-mz® T B31s, 3B; 4/(245
7)1+28 Z B4+26) A2(t) <(1 —y)ar,/ )
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e’Y(l—'y)x2

MlremIEs (1+~(1 —y)a?) 12/ @y,
627(177)372

- )

< B3 (A5o(2) 70 + Avo(2)4),

where
fo(x) : = 3437 )x(L(m))(2—5)/(2+é)7
Ajo(z) : ( R 1 +v(1— 'y);cz) (L(x))2/(2+5)

l
(7 )”25( )>'

Moreover, the functions
fo(@) L(w) = 3A52(1)(1 — y)a(L(x)) " ),
3 L+l —y)2? e
A L(x) = vA-mz* (] 142/(2+9)
0@)e) = g (L A (1)
eQ’y(l—v)szQ(x)
+ (y)1+20
decrease for x > t by (3.4.13) and (3.4.14), and the functions

x2+5e_(1_"’2)””2/2A’1‘0(x) _3(1-v) x3+5e_(1_72)$2/2(L(x))%,

A3(t)
1-6
246 —(1-~2)2?/2 3 —(1=9)z?/2
T 6( ’Y)/Alo() AQ()<1+26 ( 'Y)/L(x)
n (1 + 751;6 v)x ) 67(177)212/2 -x(L(a:))Q/(QM))

decrease by (3.4.16), (3.4.13) and, respectively, by (3.4.15), (3.4.6), (3.4.10)
<W1th the account of 3(2 + 4)/8 < max {1, 222+56) }) (3.4.14). In the non-

i.i.d. case one can take Ajp(x) := 0,

7))2/0-1 e1(1=)z?
hoe) =20 ((1 ~ e+ sy (1491 = 7)) L)

e27(1=v) ;
+W (L(z))" ],
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with the functions Aj(z)L(x) and

—(1—~2)22 % 3L.’L’2/671 —(1—~2)22
228 o= (1=7?) /2A10(x) _ ( 542)()15) ((1 77)$3+56 (1—~%)z?/2
3

LL“L o _ 2,2
+ 71( 5) (1 +v(1— ’y)x2) e~ (1=7)%z%/2
$1_6 —(1 2x2/2 1— 2 2
t o € U=z Um0 (L () >

being decreasing for x > t due to (3.4.13), (3.4.14), and, respectively,
to (3.4.16), (3.4.13), (3.4.15), (3.4.14).

Finally, let us consider the first term

n n oyl—dchy 1-6 )
> e = zm“ < = G e
j=1

As(t)
= All(l')anz,
with
1-5..3
T 2(b—1) 2
= - — (1 - <
@) =4 tew{- (2020 - 0-0) ) < anze
by (3.4.7). Moreover, for all x > 0 we have
o s 1-6,.3 —(1—7)2w2/2
x2+66—(1—'y )z /2A11($) _ i
As(t)
1-6,,3 ,—(1—v)%u?/2
v %u’e n
< =:
= Ag(t) u:r\/% All(l‘),

where the function A, (z) does not increase for all z > 0.

Thus, for every 0 < o < 1 we obtain
. EX;-EXIP .
£, = z; — o S A7 52 () min { M - Ay (2)0n, (An (2) + Azo()
]:
+ Ag(2))ln +(Aio(x) + A3 (x)) (b +(1 — a)7)}
< Ap(w)ly + Aly ()70, (3.4.20)
where
Aga(z) := AP (#)min { M - Ay (x), Ay (z) + Aro(x) + Ag() + a(Aly(x)
+ A5(x)) },

Apy(@) = (1— a) A7 (8)(Afo (x) + Al (),
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with the functions Ajp(x)L(x), Al (x)L(z), x*H0e~ (1772 4% ()
being nonincreasing for x > ¢, and
x2+6 —(1—72):02/21412( )

< A73/2 mm{M A11( )s gll(x)
1 2+ = (1-y)a?/2 (A1o(z) + Ag(z) + a(Afo(x) + A5(2))) }
=: X12($) < Em(t).

Also observe that the sum Aja(z) + Aj,(x) attains its minimum value at

a = 1, while the value @ = 0 minimizes the factor at the Lyapunov fraction
£y, in (3.4.20).

Further, using estimates (3.2.2) and (3.4.18), and the Minkowski inequal-
ity we obtain

n (DX;)?’/Q n (E(X*) )3/2 i} ma, ;
> s <X s = O X (75)

=1

3/2

A1) & MY By s i\3/2
< 7 2 244,
\A?’/Q()B Z(Uﬁ % )

; eY(1=7)z ﬁ2+6 3/2
- ( 3/2 Z (B2 ’yx Bg-ﬁ-éj)

Y(1-7)a? -\ 3/2)\ 2/3
—3/2| € Bats,
< (A3(t) A7 (1)) [ () <;<Bg+6j> >
N g3 2/313/2
(%) |

7j=1

. (Tg/(2+5)_f_(,yx)—ée'y(l—'y)ngn)?’/z

n j=1

As(t)Az(t)
< Aiz(x)ly, + Alz(x)Th, (3.4.21)

(L(z))2(=0)/(6430) 4 (yg)=37(1=7)2" ([ (2))1/3 3/2
ol ( As(t)A7(t) ) ’

with the function

(L(:U))Z/(ZJrJ) + (7$)667(17)x2L($)>3/2

Az(x)L(z) = ( As(t)A7(t)



On the Absolute Constants in Nagaev-Bikelis-Type Inequalities 81

being monotonically decreasing for z > ¢ by (3.4.13) and (3.4.14), and the
function

2?0 VT2 Ay (3) = (As(t) Ar(t) /2
[($2+5e—(1—72)$2/2(L(x))(1—5)/(2+5))2/3
n 775 (:1:47567(177)2‘%2 ) 67(177)‘%2_[/(1’))1/3} 3/2

being monotonically decreasing for z > ¢t by (3.4.16), (3.4.13), (3.4.15), and
(3.4.14). In the i.i.d. case we have DX;‘/DS;Z =1/nforeveryj =1,...,n,
so that

WAL s /61
; (DSx)32 ~ n ™ < (L(x)) T,

and hence, one can put Ay3(x) = 0, Af;(z) := (L(x))Y/?~1. The functions
Aty (x)L(x), 2H0e=(777)7%/2 A%, () are, obviously, decreasing for = > t.

Thus, by use of inequality (3.1.5) and with the account of (3.4.18),
(3.4.20), and (3.4.21), we arrive at the estimate
I =sup |P(S; — ES; <uy/DS;) — @ (u) | < Ara(@)ln + A3y ()70,
u€R
(3.4.22)
for every 0 < a < 1 and ¢ > 0, where
Ana(z) := Cq(1) (Ara(z) + qArs(z)),
1a(2) = Cg(1) (ATz(@) + ¢Al5(2)).

Moreover, the functions A%, (z)L(z), A1a(z)L(x), 22 H0e~(1=7)2%/2 A% (1)
do not increase, and
x2+6e—(1772)g;2/2A14(x) < Cq(l)(zzl\u(x) + qx2+567(1*72)5”2/2A13(37))
= g14($) < 214(75)
forx > t.

Running ahead, we should mention that in the extremal point the
expression p = (Ai2(z) + Aly(x))/(A13(z) + Af;(z)) varies within the
range 3.3—4.9 in the non-i.i.d. case and 16-32 in the i.i.d. case, as the
structural parameter s € [0, s1(0)] of the resulting estimate (3.1.11) grows,
so that ¢ = s;(1) is an optimal (i.e., minimizing the factor of ¢,,) choice.
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To be more precise, we take ¢ = 1, Cy(1) = 0.3057 in the non-i.i.d. case,
and ¢ = 0.646, C;(1) = 0.3031 in the i.i.d. case (see (3.1.5)). So, in what
follows we assume ¢ to be constant.

3.4.3 Estimation of I,
Estimate the expression Iy = P (S} > = B,,) . With the account of (3.4.22)
we have

B, — ES*
I < |P(S; < zBy) — ¢< ES, ‘+¢<—xaﬁ

\/DS DS

ES! —aB
< At + Aly(x)T + @ n
WOLO) + Ay (o) + 0 (2.

Construct a negative upper bound for

ES; — B, ES;—hB2—~zB,
DS DSx '

By use of the upper bound (3.2.1) for m; ; = Eyjehyﬂ = f;(h)EX}, the
lower bounds (3.2.5), (3.4.17) for f;(h) as well as Lemma 3.2.2, we obtain

n 2
. 5 7Zm1,j—h%’fg‘(h)
E5n — b = fi(h)

=3 (hz"? Baisi | €MBais )
A5(1) p Y1+ Y1+
_ Bn zn: (1 - 7)2x1_6 0.7]2 . /824-6 j
Lo\ B e

< (Ais(x)l, + Als(2)7,) By, (3.4.23)
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where
(A=)a! (L@ e bt the non-i.i.d. case
Ars(x) = ) As(t)y e ] ’
A () (ya) T2 in the i.i.d. case,
At () = 0 in the non-i.i.d. case,
Y AN (1 — )2y 102 79 (L(2))?/  in the i.i.d. case,

and the functions Af;(z); Ais(z)L(z); 2?He 07724 5(2);
g2 e~ (127%)2%/24% (1) do not increase for = > t, respectively, due
to (3.4.13); (3.4.13) and (3.4.14); (3.4.16), (3.4.13); also (3.4.16), (3.4.13).
Thus, for the nominator of the quantity under consideration we have

ES* — 2B, = ES} — hB? — yzB, < —A5(x)B,
where

Ag(z) = yo — (A1s(x) + Aj5(2)) L(x) = As6(t).
In what follows assume that A14(¢) > 0.

In addition to the lower bound DS} > A7(t)B2 (see (3.4.18)) we will
also need an upper bound for DS}. By use of the upper bound (3.2.2)
for my_ ;, the lower bounds (3.2.5) and (3.4.17) for f;(h), and the identity
(1—2)"1 = (1 —2)"'2+ 1 we obtain

Z U + ehyy B2+5 J
h L —hy 179625

*1h52+5,j o  €MYBays
yl+o +1 )05+ %

Ag(t),yl—l-(s B% BQ+5 A3(t)’71+261‘25 Bg+25

< Air(2)BE < Air(t)B],

n

J
(L—y)z= 0 Paysj (1 —r)er=7? 'Bng(S,j)
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where
ST L) (1 —ry)a?

@y Ay

(1— 7)ev(lfv):vz
Ag(t)y1+202,20

Al?(x> =1+ (L(m))1+2/(2+5)

L(x))?,

and in the 1.i.d. case one can take
Y= () N (1—~)zd

(vz)? Az(t)yiHe
(1 — )=z
Ay (t)y112022

Apr(z) =1+ (L(z))+?/0

+ L(w))**?/?,

with the inequality A17(z) < A17(t) being true due to (3.4.14) and (3.4.13)
in both cases.
Thus, under assumption that A16(¢) > 0, we have
.TB — ES A16( )
\/DSx VA
and hence, ®((ES}; — B,)/\/DS;) < ®( — As(t)/\/Ar7(t)) in view
u

of monotonicity of the function ®(u), u € R. So, under assumption that
Ag6(t) > 0, we finally obtain

I < Aua(t)L(t) + Afy(@)m + @ — Ars(t)//Arr (1))

(3.4.24)

3.4.4 Estimation of /;
Let us estimate

I3—sup}P(S <ubBy) — @(u—th)}

u=x

from above. We have

I3 = sup

<S fES* ubBy, ES’*> ( ubB,, ES*)
uZT \/ DS* \/ DSx* DS;’,Z
ubB, — ES}
i@(Bn ) &(u—hBy)
< sup [P(Sy; — ES; < vy/DS;) — 0(v)]
veER
<1>@)—<1><“VDS;>‘

By,

+ sup
v>(zB,—ESy)/+/DS;
+ sup ‘<I> (u—ES;/By) — <I>(u - th)‘ =: I31 + I39 + I33.

uz=x
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By inequality (3.4.22) we have

I3; = sup |P (S:L —ES; < v\/DS;kL) — ®(v)

veER

< Ap(z)ly + Aly(z) 1

For I35 by (3.4.24) we have

I3 = sup

v2(xB,—ES})/1/DSk

< sup

U}Ale(t)/\/ A17(t)

By use of statement 1° of Lemma 3.2.4 under the assumption that A6(t) >
0, as well as of the estimate 1 A \/DS}/B, > 1A \/A7(t) = \/Az(t)
(see (3.4.18)) and observing that the function up(u) decreases for u > 1,
we obtain

oo-o(325)

B,

o (v) —@(U\/DT;N.

B

DS} B2 - DS
132 gmax{ B% —1, DS;; }Alg(t),

Ars(t) = Wéu)

u=1V Ay (t)r/Ar () /A1r(t)
In view of Lemma 3.2.1 we have

" DX} - o2 ”EX* 2

_ ]\Z

&my - 0j+0j( — fi(h ))
Z B: f(h)

<! zn: " Borts, ; n ho Bors, j

~ B%A;;(t) ) y1+6

-~ i Bevsj y—mar L L= %5 Prrsy
t) Bt v BY B

-6
< 02) <ev(1—v)w2 N 1—773/(2%))
Y

§ Alg(a?)fn + ATg(JZ)Tn,
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where
U D@V e noneiid. case
Ag(z) = : As(t) () ] . N ’
A () (yz) P in the i.i.d. case,
. (z) = 0 in the non-i.i.d. case,
A0 A ) (yr) 0 (vt = 1)(L(2))??  inthe iid. case.

Notice that in both cases the functions z2t0e=(1-7)7%/24 4(x),
22 t0e=(1=7)2%/2 A% (1) do not increase for 2 > ¢t in view of (3.4.15),
(3.4.16), and (3.4.13).

Thus, with the account of the estimate (B2 — DS})/DS} < (Ag(x)ly +
Af(2)1,) /A7() (see (3.4.19)), we conclude that

Ag(z)l + Af(z)1 }
Az(t)

I35 < max {A19(l’)€n + Afg(z)Tn,

Ars(t) < Ago(x)ln, + Adp ()T,
where
Ago(x) = Ass(t) - max { Aig(2) + aAly(z), (As(z) + adf(2))/Az(t) },
Azp(x) = (1 - @) Ass(t) - max { Afg(2), A(2) /A (D)}, 0<a<l,
and the functions z2+0e~(1=7)7%/2 Ay (), 22H0e=(1=7)2%/2 A5 () do not
increase for x > t. Notice that the value @« = 1 minimizes the sum

Agg(x) + A3y (z) of the factors of £, and 7, and the value v = 0 minimizes
the factor Agg(z) of £,,.

Finally, consider

ES:
I33 = il;g @(u — B—n) — CI>(u - th)
hB? — ES
- cp( + M) —a(v)].
B L G A (v)

Taking into account that x — h B, = xy > vt > 0, and using statement 2°
of Lemma 3.2.4, we obtain

e |hB2 — ES;| , Hth—ES;; ,
33 X Bn @ | Mmin Y Bn +, Y .

The lower bound for hB2 —ES; was constructed while estimation of I5. Let
us now bound this quantity from above. By use of the lower bound (3.2.1)
for my j = EXjeXi = fi(R)EXY we have
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. y " ho?fi(h) £ ho? —my
thL—ESn:Z<haJ2_Z(1hJ)>:Z i1 fj(h)] 1,

j=1
IR Bo+vs, (hy)?
<A3(t)z<ha§(fj(h)_1)+ £ <1+hy+2>).

J=1

Estimate the expression ha? (fj(h) — 1) by inequality (3.2.4) to obtain that

> hoi(fi(h) —1) < ihﬁ (h2 4 Darase y)
JNII \' J 9 y2+5

Jj=1 J=1
(P ( o5 % m]e )
= 1t 25 T
gt \ 2
(hy)* 8 o
R 2(7:1:) 0 B
+ _J
(1 —)%2?(yz)* B%)
“~ Bays
(@) y1+5j’
j=1
where
Al) = L =2( L (3))(2=0)/(2+0) (=) I(2))2/ 219
(z) = 5(’795) (L(z)) + m( (z))
= P gagp C
a—2/(2+6) 4(b _ 1) )
Tt P {_ ((2 +0)b% = w) ) } '
Moreover, A(z) < A(t) for 22 > t? under assumption (3.4.11). In the i.i.d.
case one can take
1 5—2 2/6—1 er(1—me" 2/5
Alw) = 50) L@+ s (L(a)

2 {_ 22-9)0b-1 }

T 942-642/5+1 52

+ Wexp{— <4(b_1) —7(1 —7)> 332} < A(Y)

(1 —9)? 50
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due to (3.4.6) and (3.4.12). Further, under the assumption that A(¢) < 1/6,
we have

“~ [ (hy)® Pags, Ba+ts, j (hy)?
2 * 5
hB} —ES; < Z( 1+aj + s (L
j:l
(hy)? Bays, 52+6 ehv
<1+hy+ ZA 1j+5 Z ]Hé

On the other hand, while estimation of /5 (see (3.4.23)) it was proved that

1 "~ h202ﬂ2+6 i ehyﬁg 5.
E * h.82 J »J 49,7
S - 0B < s ;( e

< (Ais(x)l, + Als(2)7,) By,

where the functions A¥(z), Ays(z)L(x), x>T0e (=772 4% (),
22 H0e=(1=7%)2%/2 4 5 (1) decrease for = > t. Comparing the previous
estimates for ES? — hB2? with the just constructed upper bound for
hB2 — ES}, we conclude that

|hBj — ES*’ Z 203 Bass, i n e Byyis
Bn B 1+6 y1+6
< A15( )fn + A15( )Tns
in { <’Yt N hB%—ES?%> vt}
B, ).
=yt — (A1s(t) + Aj5(t)) L(t) = Awe(?),

in view of (Ay5(t) + Aj5(t))L(t) > 0 and Ay6(t) > 0. Since the normal
density ¢(u) decreases for u > 0, we have

I33 < (Aus(2)ln + Af5(2)70) 0 (A16 (1))

Finally, for every = from the domain (ii) under consideration we ob-
tain that

ln
,724-6

ly «
< m + Al(t)AQ(t)En (A14(t)L(t) + A14(ZE)Tn

(- A(t)/\/Ar7(t)))

lz[7FOA, () < + |22y - Iy + 2] e )72 L g
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+ 2A14(8) 0, + 26202 (A% (#)7, + Ago(t) L
+ A3 ()7 + (A1s(8)ln + A5 (1)) (A16(1)))
< A1 (t)ln + A5y () Tn, (3.4.25)
where
Aoy (z) = Ax1(z,6,a,b,v,a) = 4720 4 21114(1‘) + Aq(z)Asz(x) (A14(x)L(x)

+&(— Ags(x)//Arr(x))) + 2020 O=702/2 (450 ()
+ A15($)80(A16($))) )
A3y () = A3 (2.6,0,D,7,0) = Ay (2) Az(2) A7, (2) L(2)
+ 2070672 (A7 () + Az (@) + Afs (@) (A ()

for every 0 < a < 1, with @« = 1 minimizing the sum of the factors
Ao (z) + Aby(z) of £,, and 7, in (3.4.25), and o = 0 minimizing the factor
Agl(x) Ofﬁn

Summarizing the above said we arrive at the following theorem.

Theorem 3.4.1. Assume thatt > 0, t? < 2% < ¢, (x; 6,a,b),0 <y < 1,
a>0,b>1aresuchthat A(t) < 1/6, As(t) > 0, A7(t) > 0, A16(t) > 0,
and conditions (3.4.5)—(3.4.11) in the non-i.i.d. case, or (3.4.5)—(3.4.9),
(3.4.12)*** jn the i.id. case, are fulfilled. Then for every n € N and
By Fy, .. F, € Faors we have

246 < . *
lz|“ Ay (x) < omin (A21(t,6,a,b, 7, )by + A5 (t,6,a,b,7,)5).

Remark 3.4.2. The functions As;(t,0,a,b,v,a)ly, A (t,d,a,b,7v,a)
are rather cumbersome, which argues for imperfectness of the method used,
but they are given in the explicit form in terms of elementary functions
which allows a fast evaluation by use of a computer.

Remark 3.4.3. It can be made sure that in Theorem 3.4.1 we have:
A(t) — 0, As(t) — 1, A7(t) — 1, A(t) = oo as t — oo, so that all
the conditions of Theorem 3.4.1, except (3.4.5) and (3.4.11), are trivially
satisfied for ¢ — oo with every fixed a, b, y. Moreover, for fixed a, b, v,
surely under assumption (3.4.11) (which is stronger than (3.4.5), we have

lim A (t,0,a,b,v,a) = 7_(2+5) > lim 7_(2+5) =1,
t—o00 y—1—
tliglo A5 (t,0,a,b,v,a) =0.

Condition (3.4.11) is obviously fulfilled as v — 1— for every fixed b > 1
and 0 < 6 < 1.
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3.4.5 The Main Result
For s > 0 let

Qu(0) = inf {C(O)**V An(t,6,0,b,7,0) V P(3,a,b)}, (3426)
7a7 77
where the greatest lower bound is taken over the set of all possible values of
the parameters ¢, a, b, v satisfying conditions of Theorem 3.4.1, and

A5 (t,6,a,b,7,0) < sCy(O)t*0, t>1/V2r, a < P(d,a,b)/s
(the quantity »c = 0.54 . .. is defined in (3.2.6)). For s = 0 let
Qo(0) = inf {Co(0)t***V (Az(t,6,a,b,7,1)
gl

t,a,b,
+ A5 (t,6,a,b,7,1)) V P(6,a,b)}, (3.4.27)
where the greatest lower bound is taken over the set of all possible values

of the parameters ¢, a, b, v satisfying conditions of Theorem 3.4.1, and ¢t >
1/vV2m,a < P(d,a,b)/.

Theorem 3.4.4. Forall s > 0, n € N, and F1,F5,...,F, € Foys
we have

sup [z A, (x) < min Qs(8)(ly + s75).
R 0<s<1

Corollary 3.4.5. Inequality (3.1.11)

240 < :
ilelg(l + |27 Ap(z) < min Ks(6)(y + s10)
holds for all n € N and Fy,Fs, ..., F, € For5 with Ks(§) = Qs(6) +
Cs(9).

5%

Remark 3.4.6. For every 0 < § < 1 the optimal values of the parameters
t,a, b,y satisfy
Qs(8) = Cs(O)#** = Ax (t,6,a,b,7,0) = P(5,a,b), 0<s<1,
QO((S) = CfO((g)t2+(S = A21(t7 57 a, ba Vs 1) + A;l(ta 57 a, b7 Y, 1) = P(67 a, b)

Usually the value of A3, (ts,0,as, bs,7s,0) is considerably smaller than
sQs(0) (see Table 3.5).

Table 3.4 contains the values of the constants Qo (d), Ko(d) for some
9 € (0,1] in the non-i.i.d. case (an upper part), as well as in the i.i.d.
case (a lower part). The optimal values to(9), aog(d), bo(6), vo(9) of the
parameters t, a, b, 7y, delivering minimum in (3.4.27) are also given in
Table 3.4.
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Table 3.5 contains the values of the constants Qs(J), K(6) for some
d € (0, 1] with s = s1(9) (this value of s minimizes the constant C's(d) in the
uniform estimate). Also Table 3.5 contains the optimal values ¢4(d), as(9),
bs(0), vs(0) of the parameters ¢, a, b, v, that deliver minimum in (3.4.26)
for the specified s = s1(9), as well as the value of A%, (¢,6,a,b,v,0)
in the optimal point (with the specified ¢,a,b,~). It is worth mention-
ing that the constants K(d), Qs(d) do not satisfy the relation similar
to Co(0) = (1+ s)Cs(9), which is true for the constants Cs(0) from
the uniform estimates, because the functions Aj2(x) and Agp(x) contain
some operations of minimum and maximum resulting to that the sums
Aqa(x) + Ajy(z) and Agg(x) + A5y(z) for every o < 1 are greater than
the same sums with o = 1.

The optimization algorithm in (3.4.26) and (3.4.27) has been realized
for every 6 € [0,1] and s > 0 in Matlab 7.12.0 by use of the procedure
fminsearch(...) with the arguments ¢, a, b, 7.

Proof of Theorem 3.4.4. For the sake of brevity we shall omit the
arguments of the functions Ay (t,9,a,b,vy,«) and A3, (t,0,a,b,v,a). It
suffices to prove that for an arbitrary set of the parameters ¢, a, b, y satisfying
the conditions of the theorem, for all « € [0,1], s > 0,z € R, n > 1, and
Fy, ... F, € Fays the inequality

2PN (2) < 2TOC(8) (bn + 570) V (A21ln + A7) V P(8,a,b)Ly
holds. Fix ¢ and x. Then there are two possibilities:

1. |z < t, then |20 A, () < #2790 (6) (£, + 575,) forevery 0 < s < 1

by (3.1.6);

2. |x| > t, then for the given a, b, n, and F1, ..., F, € Fa.s there are three
possibilities:

a. ¢p(z; d,a,b) < 0, or, in an equivalent form, af,, > |z|**°, whence,
by (3.2.6), we conclude that A, (z) < s < P(da,b)/a <
P(6,a,b)l,/|x|*?;

b. 0 < cp(w; 0,a,b) < 22, thatis, 22 > (2m)~' V cn(2; 6,a,b) and
thus the conditions of Theorem 3.3.1 are met, according to which,
|z|?t9A, (x) < P(6,a,b)lp;

c. 22 < cu(x; 6, a,b). Taking also into account the condition 2% > 2,
by Theorem 3.4.1 we obtain \w|2+5An(x) < Agi 4y, + A%y, for every
0 < v < 1 satisfying the conditions of the theorem and for arbitrary
a € [0,1].

’2+5

O]
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Theorems 3.3.1-3.4.4 allow to describe an algorithm of evaluation of the
functions Qs(t,0), Q%(t,d) for every 0 < ¢ < 1, that guarantee the validity
of inequality (3.1.13):

sup |z[2T0A, (z) < inf {Q4(t, 0)0n + Q% (t,0)} < inf Q4 (t,0) (b + 570)
|z| >t 520 520

t>0,

forall Fy,..., F, € Foysandn > 1.

Theorem 3.4.7. Forall 0 < § < 1,n € N, Fy,..., F, € Foys, and
every t > 0 inequality (3.1.13) holds with

QS(5)7 t < t8(6)7
Qs(t,0) == inf max { A21(t,d,a,b,7,0), P(§,a,b)}, t > t,(0),
CL, ”Y
* L SQs(d)a t < t5(5),
QD= Sk ot 40 10,0), 15 @), 2750

where ts(0) > 1//2m is the optimal value of the parameter t in (3.4.26);
the greatest lower bound is taken for every t > t5(9) over the set all possible
values of the parameters a, b, vy, satisfying the conditions of Theorem 3.4.1,
and the conditions

A31(t,6,a,b,7,0) < 5A21(¢,6,a,b,7,0), a< P(d,a,b)/5

(the quantity x = 0.54. .. is defined in (3.2.6)); a(t),b(t),y(t) being the
values of the parameters a, b, v, that deliver minimum in the definition of

Qs(t,9).
For s = 0 inequality (3.1.13) holds with Q{(t,0) = 0 and

Qo(9), F< to(6),
Qo(t,0) = ai%fy{(Am(t’ d,a,b,v,1)+ A% (t,6,a,b,7v,1)) V P(d,a, b)},
t > tO((S):

where to(0) > 1//27 is the optimal value of the parameter t in (3.4.27),
and for t > ty(0) the greatest lower bound for is taken over the set of
all possible values of the parameters a,b,~, satisfying the conditions of
Theorem 3.4.1, as well as the condition a < P(d,a,b)/s.

Moreover, for every s € [0,1] and 0 < § < 1
lim Q,(t,6) =1+e=23.7182..., lim Q*(t ) = 0.
t—o0 t—ro0
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Corollary 3.4.8. Forall0 < 6§ < 1, F1,..., F,, € Foy5,n € N, and
everyt >0

sup (1 + [z[*T°) A, (z)

z|>t
. * . Qs (t7 6)€n + QZ (ta 5)"_71
< inf {Qu(t,0) + Q3(t.)7, + min { s ,
Oglqlgl Cq(ln, + qm0) } }

Proof of Theorem 3.4.7. For the sake of brevity we shall omit the
arguments of the functions Ao (¢,0,a,b,v, ) and A%, (t,d,a,b,v,a). Itis
easy to see that for all s,z > 0

sup [22T0A,(z) < sup [2[*T0An(2) < Qs(6)ly + 5Qs(5) T
|| >t zeR

by Theorem 3.4.4. Thus, it suffices to prove that for arbitrary ¢ > ¢4(9),

s>0andeveryn € N, Fi,..., F, € Foys, |x| > t,a €[0,1],and a, b, 7,

satisfying the conditions of the theorem, the inequality

2|20 A, () < (Aailn + A5y 70) V P(3,a,b) L.
holds. Fixing ¢, a, b yields two possibilities:

1. ¢, (t; 6,a,b) < 0. Then for |z| > t there are three possibilities:

(@) cn(x; 0,a,b) < 0, or, in an equivalent form, af,/|z[**0 > 1,
whence by (3.2.6) we conclude that A, (z) < » < P(d,a,b)/a <
P(6,a,b)l,/|x|>*9.

(b) 0 < cu(w; §,a,b) < 22 Since we also have 22 > t2 > (27)7 1, by
Theorem 3.3.1 we conclude that |z|>T9 A, (z) < P(8,a,b)l,.

() cn(x; 8,a,b) > 2% > 2. In this case, by Theorem 3.4.1, for all o €
[0, 1] we have

|20, (2) < Agily + Al .

2. ¢ep(t; 0,a,b) > 0. Since ¢, (x; 6, a,b) > cu(t; 0,a,b) > 0 forall x| > ¢,
there are two possibilities for ¢, (x; 0, a,b):
(@) 0 < cp(z; 6,a,b) < 22 Since we also have 22 > t2 > (27)7 1, by
Theorem 3.3.1 we conclude that |2[?>T9A, (z) < P(6, a, b),,.
(b) cn(x; 6,a,b) = 2? > t2, then Theorem 3.4.1 yields

|20, (2) < Agily + Ab .
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Let us find the limiting values of the functions Q(t, ), Q%(t,9) as t —
00. On one hand, for every 0 < § < 1, s > 0,and ¢ > 0 we have

Qs(t,0) > inf P(d,a,b)=1+e.
a>0,b>1

On the other hand, for fixed 4, a, b, v, & by Remark 3.4.3 we have
tligolo A21(ta 53 a, b,’)/,Oé) Y ) tliglo AQl(tvdaaaba’%a) Oa

and hence, for every s € [0, 1]
. <1
Jim Qu(1.0) < lim Qu(t.9)
< inf lim (A21(ta d,a,b,7, 1) + A;l(tv d,a,b,, 1)>\/
a, b,y t—o0
P(4,a,b)

= ai,rbl,f'y max {bQ'HS + aexp {b2+6/a}, 7_(2'“5)} =1+e,

where the greatest lower bound is taken over the set of alla > 0,6 > 1,
v € (0,1) satisfying the conditions a < P(d,a,b)/ and (3.4.11), and is
attained at a = b*19 (such a choice of @ is possible for every b > 1, because
2 < 1+ e) and letting, first, v — 1—, and then b — 1+. O

Remark 3.4.9. Since in the definition of Q4(¢,6) with ¢ > ¢4(9),
s > 0, the maximum of As; and P is minimized, the optimal value is
attained, when A (¢,9,a,b,7,0) = P(d,a,b), and hence, Qs(t,0) =
P(57 a(t)7 b(t)) = An (tv 9, a(t)v b(t)7 7(07 0) > A;l (t, 9, a(t)v b(t)7 ’Y(t)7 O)/
s = Q%(t,6)/s for every s > 0 by the conditions of minimization. Thus,

Q:(t,0) < sQs(t,8), s>0,t>0.

Remark 3.4.10. Generally speaking, the function Q% (¢, §) has a disconti-
nuity at t = () for every s > 0, since

lim Q:(t75) = 5@5(6) = 5A21(t575a (Ls,bs,’ys,O)
t—ts(0)—

2 ;1(758757(187[)5)7870)7
where ts = t5(9), as = a(ts), bs = b(ts), vs = 7(ts), and the values

of A%, (ts,9, as, bs, s, 0) are usually considerably smaller than sQs () for
s > 0 under consideration (see, e.g., Table 3.5).

The values of the functions Qs (¢, d) for some 6 € (0,1] and ¢ > t5(9),
t = 0 are given in Table 3.6 for s = 0 and in Table 3.7 (in the third and
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Table 3.6 Upper Bounds for Qo (¢, d) From (Q5(t,0) =0)

for Some ¢ > 0 and § € (0, 1]
t\6 | 1.0 09| 08| 07| 06| 05| 04| 03| 02| 0.1

Non-i.i.d. Case With s = 0
0.0 | 21.26 19.51 17.95 16.55 15.30 14.19 13.23 12.35 11.54 10.79
3.6 19.78 18.33 16.98 15.73 14.57 13.49 12.48 11.55 10.68 9.88
3.7 19.17 17.77 16.46 15.26 14.13 13.09 12.12 11.21 10.38 9.60
3.8 18.57 17.19 15.91 14.73 13.65 12.65 11.73 10.88 10.08 9.34
3.9 17.87 16.54 15.32 14.20 13.17 12.22 11.34 10.53 9.79 9.08
4.0 17.19 15.93 14.77 13.70 12.72 11.81 10.98 10.21 9.49 8.84
5.0 12.35 11.55 10.81 10.13 9.49 8.90 8.36 7.86 7.41 6.99
6.0 9.60 9.05 8.54 8.07 7.65 7.26 6.92 6.62 6.32 6.07
7.0 8.44 7.91 7.44 7.03 6.69 6.42 6.22 6.04 5.88 5.72
8.0 8.02 7.55 7.13 6.75 6.43 6.15 5.94 5.80 5.67 5.55
9.0 7.67 7.24 6.86 6.52 6.22 5.96 5.74 5.60 5.49 5.39
10.0 7.36 6.98 6.63 6.33 6.05 5.81 5.59 5.44 5.34 5.25
50.0 4.56 4.50 4.44 4.38 4.33 4.28 423 4.18 4.14 4.10
oo 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72

Li.d. Case Withs = 0
0.0 16.90 15.75 14.68 13.61 12.62 11.72 10.88 10.09 9.34 8.60
3.6 15.85 14.80 13.84 12.95 12.11 11.32 10.58 9.87 9.21 8.58
3.7 15.54 14.52 13.57 12.69 11.86 11.08 10.35 9.66 9.01 8.40
3.8 15.22 14.22 13.29 12.42 11.61 10.84 10.12 9.45 8.81 8.21
3.9 14.90 13.92 13.01 12.15 11.36 10.60 9.90 9.24 8.61 8.03
4.0 14.58 13.61 12.72 11.89 11.10 10.37 9.68 9.03 8.42 7.86
5.0 11.56 10.81 10.11 9.46 8.85 8.28 7.76 7.27 6.83 6.43
6.0 9.22 8.66 8.13 7.65 7.21 6.81 6.45 6.12 5.83 5.60
7.0 7.52 7.12 6.77 6.46 6.18 5.94 5.77 5.65 5.54 5.44
8.0 6.47 6.24 6.05 5.92 5.80 5.69 5.58 5.48 5.38 5.28
9.0 6.05 5.93 5.82 5.72 5.62 5.52 5.43 5.33 5.24 5.16

10.0 5.85 5.75 5.65 5.56 5.47 5.38 5.30 5.22 5.13 5.05
50.0 425 4.23 422 420 4.18 4.16 4.14 4.12 4.10 4.09
oo 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72

subsequent columns) for s = s1(9). For Q% (¢, 6) with s > 0 the following
upper bounds can be used

sQs(t,0) < sQs(9), YVt > 0,
5 b
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Table 3.7 Upper Bounds for Q} (¢, 1) (the Second Column) and Q(t, &) (the Third
and Subsequent Columns) From for Some ¢ > t;(5) and & € (0, 1]

With s = s1(8) Which Is the Minimal Point of Minimum of C5(4) (Values of s1(9)
Are Given in )

t\é 1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1

Non-i.i.d. Case With s = s1(8)
ts(6) 0.210 17.88 16.34 15.02 13.86 12.83 11.92 11.12 10.41 9.79 9.22
39 0.199 17.76 16.34 15.02 13.86 12.83 11.92 11.12 10.41 9.78 9.08
4.0 0.150 17.10 15.87 14.73 13.68 12.71 11.81 10.97 10.20 9.49 8.83
5.0 0.006 12.34 11.55 10.81 10.12 9.49 8.90 8.36 7.86 7.41 6.99
6.0 0.001 9.60 9.05 8.54 8.07 7.65 7.26 6.92 6.62 6.32 6.07
7.0 0.001 8.47 791 7.44 7.03 6.69 6.42 6.22 6.04 5.88 5.72
8.0 0.001 8.02 7.55 7.13 6.75 6.43 6.15 5.94 5.80 5.67 5.55
9.0 0.001 7.67 7.24 6.86 6.52 6.22 5.96 5.74 5.60 5.49 5.39
10.0 0.001 7.36 6.98 6.63 6.33 6.05 5.81 5.59 5.44 5.34 5.25
50.0 0.001 4.56 4.50 4.44 4.38 4.33 4.28 4.23 4.18 4.14 4.10
o'} 0 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72

Li.d. Case With s = s1(9)
ts(0) 0.166 15.40 14.30 13.29 12.38 11.55 10.79 10.11 9.49 8.93 8.43
39 0.100 14.82 13.88 12.99 12.15 11.35 10.60 9.90 9.24 8.61 8.03
4.0 0.077 14.51 13.58 12.71 11.88 11.10 10.37 9.68 9.03 8.42 7.86
5.0 0.005 11.55 10.81 10.11 9.46 8.85 8.28 7.76 7.27 6.83 6.43
6.0 0.001 9.22 8.66 8.13 7.65 7.21 6.81 6.45 6.12 5.83 5.60
7.0 0.001 7.52 7.12 6.77 6.46 6.18 5.94 5.77 5.65 5.54 5.44
8.0 0.001 6.47 6.24 6.05 5.92 5.80 5.69 5.58 5.48 5.38 528
9.0 0.001 6.05 593 5.82 5.72 5.62 5.52 5.43 533 5.24 5.16
10.0 0.001 5.85 5.75 5.65 5.56 5.47 5.38 5.30 522 5.13 5.05

50.0 0.001 4.25 423 422 4.20 4.18 4.16 4.14 4.12 4.10 4.09
o) 0 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72 3.72

Values of s = s1(9), Qs(0), and A3, (5,0, as, bs,vs,0) are given in the
sixth, eighth, and seventh columns of Table 3.5, respectively. As it can be
seen from Table 3.7, with the account of Qs(¢,0) > 1 + e, t > 0, for all
t > t4(9) under consideration the values of Q% (¢, 0) are substantially smaller
than the values of sQs(t, ) with s = s1(9).

In view of the great importance of the case § = 1 we also evaluate
Qi(t,1) = A3,(t,1,a(t),b(t),v(t),0) for s = s1(1) and some ¢ > t5(1)
(see the second column in Table 3.7). In particular, we have
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Corollary 3.4.11. Forall Iy, ... . F, € Fsandn € N

17.88(4y, + ), t>0,
17.88¢,, + 0.217, t > 3.89
3 < n ns = 5
o]t 2P A (®) <3 17100, +0.157, ¢ >4,

12.34¢, + 0.0067,, t > 5.

Forevery Fy =---=F, € Fsandn € N

15.40(6,, + 0.6467,), t >0,

15.400, +0.1667,, ¢ > 3.71

3 < n ny = )
Sup [T S 4 14510, 400777, >4,
11.556, + 0.0057,, ¢ > 5.

Theorem 3.4.7 also yields upper bounds for the Kolmogorov function

D*(z,8) = sup An(@)/tn, = €R.
n=l, Fi,..,F,€Foyis

Corollary 3.4.12. For every 0 < § < 1 we have

sup |22 D*(2,6) < Qo(t,8), t =0,
je|>t

1 < limsup |2|279D*(z,0) < 14 e < 3.7183,

|z|—o00

sup limsup |z A, (z) /4, < 1.
n2l, Fy,... . F,eFoys |z|—o00

Proof. The first two upper bounds for D*(z, §) follow from the definition
and the properties of the function Qo (¢, ). The lower bound for D*(z, J)
follows from [9] (see (3.1.12)). To prove the third upper bound it suffices to
note that for fixed n € Nand £y, ..., F,, € Fays the value of the Lyapunov
fraction /,, also remains fixed (separated from zero and from infinity), and
hence, for arbitrary fixed @ > 0, b > ¢ > 1 the conditions

9 b2 | $|2+5 1

> 1 ;
v 2(b—c¢) " aly, 27

which guarantee the validity of Theorem 3.3.1, are fulfilled for all suffi-
ciently large |z|. Thus, by Theorem 3.3.1, for every a > 0 and b > 1 with
c=(b+1)/2 € (1,b) we have
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lim sup |22 A, () /4,
|z|—o00
p2+o
< b2 4 aexp {—}
a

<;2€r6>(b—1)/2 pres

X lim sup
|z|—o00

Now letting b — 1+, we obtain the claim. O

Acknowledgments

The work is supported by the Russian Foundation for Basic Research
(projects 15-07-02984-a, 16-31-60110-mol-a-dk) and by the Ministry for
Education and Science of Russia (grant No. MD-5642.2015.1).

REFERENCES

[1] LA. Ahmad, P-E. Lin, A Berry—Esseen type theorem, Utilitas Math. 11 (1977) 153-160.

[2] A.D. Barbour, P. Hall, Stein’s method and the Berry—Esseen theorem, Aust. J. Stat. 26 (1984)
8-15.

[3] A.C.Berry, The accuracy of the Gaussian approximation to the sum of independent variates, Trans.
Am. Math. Soc. 49 (1941) 122-136.

[4] R.N. Bhattacharya, R. Ranga Rao, Normal Approximation and Asymptotic Expansions, Wiley,
New York, 1976.

[5] A. Bikelis, Estimates of the remainder term in the central limit theorem, Litovsk. Mat. Sb. 6 (3)
(1966) 323-346 (in Russian).

[6] A. Bikelis, On the accuracy of the approximation of distributions of sums of independent
identically distributed random variables by the normal distribution, Litovsk. Mat. Sb. 11 (2) (1971)
237-240 (in Russian).

[7] S.G. Bobkov, Closeness of probability distributions in terms of Fourier—Stieltjes transforms, Rus.
Math. Surv. 71 (6) (2016) 1021-1079.

[8] L.H.Y. Chen, Q.M. Shao, A non-uniform Berry—Esseen bound via Stein’s method, Probab. Theory
Relat. Fields 120 (2001) 236-254.

[9] G.P. Chistyakov, On a problem of A.N. Kolmogorov, J. Math. Sci. 68 (4) (1994) 604-625.

[10] H. Cramér, Sur un nouveau théorém-limite de la théorie des probabilités, Actualités Sci. Indust.
736 (1938) 5-23.

[11] C.-G. Esseen, On the Liapounoff limit of error in the theory of probability, Ark. Mat. Astron. Fys.
A28 (9) (1942) 1-19.

[12] C.-G. Esseen, Fourier analysis of distribution functions. A mathematical study of the Laplace—

Gaussian law, Acta Math. 77 (1) (1945) 1-125.


http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0205
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0070
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0015
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0390
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0200
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0315
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0380
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0075
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0345
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0185
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0020
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0025

[13]

[14]
[15]

[16]

[17]

(18]

[19]
[20]

(21]

[22]

(23]

[24]

[25]

[26]

(27]

(28]

[29]

[30]

[31]

[32]

On the Absolute Constants in Nagaev-Bikelis-Type Inequalities 99

C.-G. Esseen, A moment inequality with an application to the central limit theorem, Skand.
Aktuarietidskr. 39 (1956) 160-170.

W. Feller, On the Berry—Esseen theorem, Z. Wahrsch. Verw. Geb. 10 (1968) 261-268.

S.V. Gavrilenko, An improvement of the nonuniform estimates of convergence rate of distributions
of Poisson random sums to the normal law, Inform. Appl. 5 (1) (2011) 12-24 (in Russian).

M.E. Grigorieva, S.V. Popov, An upper bound for the absolute constant in the nonuniform version
of the Berry—Esseen inequalities for nonidentically distributed summands, Dokl. Math. 86 (1)
(2012) 524-526.

M.E. Grigorieva, S.V. Popov, On nonuniform convergence rate estimates in the central limit
theorem, Syst. Means Inform. 22 (1) (2012) 180-204 (in Russian).

C.C. Heyde, A nonuniform bound on convergence to normality, Ann. Probab. 3 (5) (1975)
903-907.

M.L. Katz, Note on the Berry—Esseen theorem, Ann. Math. Stat. 34 (1963) 1107-1108.

A.N. Kolmogorov, Some recent works in the field of limit theorems of probability theory, Bull.
Moscow Univ. 10 (7) (1953) 29-38 (in Russian).

V. Korolev, I. Shevtsova, An improvement of the Berry—Esseen inequality with applications to
Poisson and mixed Poisson random sums, Scand. Actuar. J. 2012 (2) (2012) 81-105.

V.Yu. Korolev, A.V. Dorofeyeva, Bounds of the accuracy of the normal approximation to the
distributions of random sums under relaxed moment conditions, Lith. Math. J. (2017) (in press).

V.Yu. Korolev, S.V. Popov, Improvement of convergence rate estimates in the central limit theorem
under the absence of moments of orders greater than the second, Theory Probab. Appl. 56 (4)
(2012) 682-691.

V.Yu. Korolev, S.V. Popov, Improvement of convergence rate estimates in the central limit theorem
under weakened moment conditions, Dokl. Math. 86 (1) (2012) 506-511.

V.Yu. Korolev, I.G. Shevtsova, On the upper bound for the absolute constant in the Berry—Esseen
inequality, Theory Probab. Appl. 54 (4) (2010) 638-658.

V.Yu. Korolev, I.G. Shevtsova, A new moment-type estimate of convergence rate in the Lyapunov
theorem, Theory Probab. Appl. 55 (3) (2011) 505-509.

W.Y. Loh, On the normal approximation for sums of mixing random variables, Master thesis,
Department of Mathematics, University of Singapore, 1975.

M. Maejima, A note on the nonuniform rate of convergence to normality, Yokohama Math. J. 28
(1-2) (1980) 97-106.

L.D. Meshalkin, B.A. Rogozin, An estimate of the distance between distribution functions by the
closeness of their characteristic functions and its application to the central limit theorem, in: Limit
Theorems of Probability, Uzbekistan Academy of Sciences Publishing, Tashkent, USSR, 1963,
pp. 49-55 (in Russian).

R. Michel, On the accuracy of nonuniform Gaussian approximation to the distribution functions of
sums of independent and identically distributed random variables, Z. Wahrsch. Verw. Geb. 35 (4)
(1976) 337-347.

R. Michel, On the constant in the nonuniform version of the Berry—Esseen theorem, Z. Wahrsch.
Verw. Geb. 55 (1) (1981) 109-117.

Sh.A. Mirachmedov, On the absolute constant in the nonuniform convergence rate estimate in the
central limit theorem, Izv. AN UzSSR, Ser. Fiz.-Mat. Nauk 4 (1984) 26-30 (in Russian).


http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0165
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0045
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0290
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0280
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0285
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0320
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0030
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0305
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0105
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0095
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0175
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0090
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0100
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0125
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0080
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0330
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0190
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0325
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0245
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0255

100

[33]

[34]

[33]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

1]

[52]

Irina Shevtsova

S.V. Nagaev, Some limit theorems for large deviations, Theory Probab. Appl. 10 (2) (1965)
214-235.

K. Neammanee, On the constant in the nonuniform version of the Berry—Esseen theorem, Int. J.
Math. Math. Sci. 12 (2005) 1951-1967.

K. Neammanee, P. Thongtha, Improvement of the non-uniform version of Berry—Esseen inequality
via Paditz—Siganov theorems, J. Inequal. Pure Appl. Math. 8 (4) (2007).

Yu.S. Nefedova, I.G. Shevtsova, On the accuracy of the normal approximation to distributions of
Poisson random sums, Inform. Appl. 5 (1) (2011) 39-45 (in Russian).

Yu.S. Nefedova, I.G. Shevtsova, Structural improvement of nonuniform estimates for the rate of
convergence in the central limit theorem with applications to Poisson random sums, Dokl. Math.
84 (2) (2011) 675-680.

Yu.S. Nefedova, [.G. Shevtsova, On non-uniform convergence rate estimates in the central limit
theorem, Theory Probab. Appl. 57 (1) (2013) 28-59.

V.N. Nikulin, On finite deviations, in: 5th Vilnius Conference on Probability Theory and
Mathematical Statistics. Abstracts of Communications, Vilnius, June 26-July 1 1989, vol. 4, 1989,
pp- 105-106.

VN. Nikulin, Nonuniform estimates of the remainder term in the central limit theorem, Theory
Probab. Appl. 36 (4) (1992) 831-832.

V.N. Nikulin, An algorithm to estimate a nonuniform convergence bound in the central limit
theorem, 2010, arXiv:1004.0552.

VN. Nikulin, L. Paditz, A note on nonuniform CLT-bounds, in: 7th Vilnius Conference on
Probability Theory and 22nd European Meeting of Statisticians. Abstracts, Vilnius, 1998,
pp. 358-359.

L.V. Osipov, Refinement of Lindeberg’s theorem, Theory Probab. Appl. 11 (2) (1966) 299-302.

L.V. Osipov, V.V. Petrov, On an estimate of the remainder term in the central limit theorem, Theory
Probab. Appl. 12 (2) (1967) 281-286.

L. Paditz, Abschitzungen der Konvergenzgeschwindigkeit im zentralen Grenzwertsatz, Wiss. Z.
der TU Dresden 25 (1976) 1169-1177.

L. Paditz, Uber die Anniherung der Verteilungsfunktionen von Summen unabhingiger
Zufallsgroflen gegen unbegrenzt teilbare Verteilungsfunktionen unter besonderer Beachtung der
Verteilungsfunktion der standardisierten Normalverteilung, Dissertation A, Technische Universitit
Dresden, Dresden, 1977.

L. Paditz, Abschitzungen der Konvergenzgeschwindigkeit zur Normalverteilung unter Vorausset-
zung einseitiger Momente, Math. Nachr. 82 (1978) 131-156.

L. Paditz, Uber eine Fehlerabschitzung im zentralen Grenzwertsatz, Wiss. Z. der TU Dresden 28
(5) (1979) 1197-1200.

L. Paditz, Bemerkungen zu einer Fehlerabschitzung im zentralen Grenzwertsatz, Wiss. Z.
Hochschule fiir Verkehrswesen, “Friedrich List”. Dresden 27 (4) (1980) 829-837.

L. Paditz, On error-estimates in the central limit theorem for generalized linear discounting, Math.
Operationsforsch. u. Stat., Ser. Stat. 15 (4) (1984) 601-610.

L. Paditz, Uber eine globale Fehlerabschitzung im zentralen Grenzwertsatz, Wiss. Z. Hochschule
fiir Verkehrswesen “Friedrich List”. Dresden. 33 (2) (1986) 399—404.

L. Paditz, On the analytical structure of the constant in the nonuniform version of the Esseen
inequality, Statistics 20 (3) (1989) 453-464.


http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0195
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0210
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0220
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0270
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0295
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0275
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0355
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0360
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0350
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0365
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0040
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0310
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0225
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0230
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0235
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0240
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0050
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0055
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0060
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0265

[53]

[54]

[55]
[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

(73]

On the Absolute Constants in Nagaev-Bikelis-Type Inequalities 101

L. Paditz, Sh. A. Mirachmedov, Pis’mo v redaciju (Zamechanie k ocenke absolutnoj postojannoj v
neravnomernoj ocenke skorosti shodimosti v c.p.t.), Izv. AN UzSSR, Ser. Fiz.-Mat. Nauk 3 (1986)
80 (in Russian).

V.V. Petrov, An estimate of the deviation of the distribution function of a sum of independent
random variables from the normal law, Sov. Math. Dokl. 6 (5) (1965) 242-244.

V.V. Petrov, Sums of Independent Random Variables, Springer-Verlag, Berlin/Heidelberg, 1975.

V.V. Petrov, A limit theorem for sums of independent, nonidentically distributed random variables,
J. Sov. Math. 20 (3) (1982) 2232-2235.

V.V. Petrov, Limit Theorems of Probability Theory. Sequences of Independent Random Variables,
Clarendon Press, Oxford, 1995.

V.V. Petrov, On estimation of the remainder in the central limit theorem, J. Math. Sci. 147 (4)
(2007) 6929-6931.

1. Pinelis, On the nonuniform Berry—Esseen bound, 2013, arXiv:1301.2828.

1. Pinelis, Optimal re-centering bounds, with applications to Rosenthal-type concentration of
measure inequalities, in: High Dimensional Probability VI, Progress in Probability, vol. 66,
Springer, Basel, 2013, pp. 81-93.

H. Prawitz, Limits for a distribution, if the characteristic function is given in a finite domain, Skand.
Aktuarietidskr. 55 (1972) 138-154.

H. Prawitz, On the remainder in the central limit theorem. I: One-dimensional independent
variables with finite absolute moments of third order, Scand. Actuar. J. 3 (1975) 145-156.

L.V. Rozovsky, A nonuniform estimate of the remainder in the central limit theorem, J. Math. Sci.
152 (6) (2008) 932-933.

Z. Rychlik, Non-uniform central limit bounds with applications to probabilities of deviations,
Theory Probab. Appl. 28 (4) (1984) 681-687.

I. Shevtsova, On the absolute constants in the Berry—Esseen type inequalities for identically
distributed summands, 2011, arXiv:1111.6554.

1. Shevtsova, Moment-type estimates with asymptotically optimal structure for the accuracy of the
normal approximation, Ann. Math. Inform. 39 (2012) 241-307.

1.G. Shevtsova, Sharpening of the upper bound for the absolute constant in the Berry—Esseen
inequality, Theory Probab. Appl. 51 (3) (2007) 549-553.

1.G. Shevtsova, An improvement of convergence rate estimates in Lyapunov’s theorem, Dokl.
Math. 82 (3) (2010) 862-864.

I.G. Shevtsova, On the asymptotically exact constants in the Berry—Esseen—Katz inequality, Theory
Probab. Appl. 55 (2) (2011) 225-252.

1.G. Shevtsova, On the absolute constant in the Berry—Esseen inequality and its structural and
non-uniform improvements, Inform. Appl. 7 (1) (2013) 124-125 (in Russian).

I.G. Shevtsova, On the absolute constants in the Berry—Esseen-type inequalities, Dokl. Math. 89
(3) (2014) 378-381.

1.G. Shevtsova, A moment inequality with application to estimates of the rate of convergence in the
global CLT for Poisson-binomial random sums, Theory Probab. Appl. 62 (2) (2017) (in Russian)
in press.

P. Thongtha, K. Neammanee, Refinement on the constants in the non-uniform version of the
Berry—Esseen theorem, Thai J. Math. 5 (2007) 1-13.


http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0260
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0035
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0010
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0085
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0065
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0335
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0300
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0400
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0370
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0385
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0340
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0380
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0130
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0180
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0115
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0120
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0110
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0135
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0170
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0395
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0215

102

[74]

[75]
[76]

[77]

[78]

[79]

Irina Shevtsova

W. Tysiak, Gleichmdige und nicht-gleichmidige Berry—Esseen Abschdtzungen, Dissertation,
Gesamthochschule Wuppertal, Wuppertal, 1983.

LI.S. Tyurin, On the accuracy of the Gaussian approximation, Dokl. Math. 80 (3) (2009) 840-843.

I.S. Tyurin, Refinement of the upper bounds of the constants in Lyapunov’s theorem, Rus. Math.
Surv. 65 (3) (2010) 586-588.

LI.S. Tyurin, On the convergence rate in Lyapunov’s theorem, Theory Probab. Appl. 55 (2) (2011)
253-270.

I.S. Tyurin, A refinement of the remainder in the Lyapunov theorem, Theory Probab. Appl. 56 (4)
(2012) 693-696.

I.S. Tyurin, Some optimal bounds in CLT using zero biasing, Stat. Prob. Lett. 82 (3) (2012)
514-518.


http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0250
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0140
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0150
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0145
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0155
http://refhub.elsevier.com/B978-0-12-809818-9.00003-3/rf0160

On the Nonuniform Berry-Esseen Bound

losif Pinelis
Michigan Technological University, Houghton, MI, United States

4.1 UNIFORM AND NONUNIFORM BERRY-ESSEEN (BE)
BOUNDS

Suppose that Xi,..., X, are independent zero-mean random variables
(r.v.’s), with

S = X1+ +Xp, A;:ZE|XZ.|3<OO, and B::\/ﬁ>0.

Consider
A(z) = |P(S > Bz) —P(Z > z)| and rp:=A/B3,

where Z ~ N(0,1) and z > 0; of course, 7, is the so-called Lyapunov
ratio. Note that, in the “iid” case (when the X;’s are iid), 7, will be on the
order of 1/+/n.

In such an iid case, let us also assume that EX? = 1.

Uniform and nonuniform BE bounds are upper bounds on A(z) of the
forms

rL
1+ 237
respectively, for some absolute positive real constants ¢, and ¢,, and for
all z > 0.

@.1.1)

corr, and ¢y

Apparently the best currently known upper bound on ¢, (in the iid case)
is due to Shevtsova [44] and is given by the inequality

cu < 0.4748. 4.1.2)

On the other hand, Esseen’s example [8] with iid X;’s, n — oo, 2
appropriately close to 0, and

P(X1 =1— pess) = Pess = 1 — P(X1 = —pEss) (4.1.3)

with pgss := 2 — v/10/2 = 0.4188... showed that ¢, cannot be less

than % = 0.4097.... A similar lower bound on the BE constant for
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“interval” probabilities of the form P(S € I) for intervals I C R (instead
of the probabilities P(S > Bz)) was recently shown by Dinev and Mattner

[6] to be \f = 0.7978 ..., which is almost twice as large as 0.4097 . . ..

Thus, the optimal value of ¢, is already known to be within the rather
small interval from 0.4097 to 0.4748 in the iid case (in the general, non-
iid case the best known upper bound on ¢, appears to be 0.5600, due to
Shevtsova [46]; a slightly worse upper bound, 0.5606, had been obtained by
Tyurin [50]).

4.2 THE BOHMAN-PRAWITZ-VAALER SMOOTHING
INEQUALITIES

To a significant extent the mentioned best known uniform BE bounds are
based on the smoothing result due to Prawitz [43, (1a, 1b)], which states
the following. There exists a nonempty class of functions M: R — C
such that

Mt)=0 if|t|>1 4.2.1)
and for any r.v. X, any real 7" > 0, and any real ,
. 1
® <MT(—#)EeZX#> () <P(X < ) — 2 <P(X<a)-
<6 ( ZX#) 4.2.2)
where
My (#) == M(#/T), (4.2.3)
i o —itx dt
&(f)(x) = 7 p.v./_ e f(t)T, 4.2.4)

and p.v. stands for “principal value”, so that
—€
o f ()
Atoo

here and subsequently, the symbol # stands for the argument of a function.
Of course, the upper and lower bounds in (4.2.2) must take on only real
values; this can be provided by the condition that

Mi:=ReMiseven and My := Im M is odd. (4.2.5)

Note also that the upper and lower bounds in (4.2.2) easily follow from each
other, by changing X to —X.
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Inequalities (4.2.2) may be compared with the corresponding well-
known inversion formula

1

P(X <)+ %P(X =) -5 = & (Ee™X ) (z) (4.2.6)

for all real z; see, for example, [12, (2)].

The function M (#), whose rescaled version Mp(#) is the multiplier
of the c.f. E¢*X# in the upper and lower bounds in (4.2.2), is the Fourier
transform of the function M(#) = 5 [ e™"#M(t)dt, which may
be considered as a bounding smoothing kernel—since, in view of (4.2.1),
the spectral decomposition of M does not have components of frequencies
greater than 1. So, the factors M (+£#/7T) in the bounds in (4.2.2) filter out
the components of the function ¢ (Ee**#) (in (4.2.6)) of frequencies greater
than 7" and thus make the function smoother and flatter, especially if 7" is
not large. Therefore, the inverse Fourier transform M (#) of M (#) may be

referred to as a bounding smoothing filter.

Another way to look at such smoothing is through the Paley—Wiener
theory, which implies that the Fourier spectrum of a function is contained
in the interval [T, T iff the function is (the restriction to R of) an entire
analytic function of exponential type 7" and hence rather slowly varying
if T is not large; see, for example, [7, Section 43]. On the other hand,
from an analytical viewpoint, the presence of the factors M (+#/T) is
useful, because one then needs to bound the values Ee**X of the c.f. of
X only for t € [-T,T], which is a much easier task unless 7" is too
large.

One particular bounding smoothing filter M was given by Prawitz [43]
and can be defined by the formula

M(t) = [(1 - |t]) mteotmt + |t —i(1 — [t]) mt] HJt| <1} (42.7)

for all ¢ # 0 [43]; here and subsequently, it is tacitly assumed that the
functions of interest are extended to 0 by continuity. For this particular
multiplier M, which was shown in [43] to have a certain optimality property,
the corresponding smoothing kernel M (#) := 5= [ e~ "# M (t) dt is given
by the formula

2nzsinz (27 (x 4 27) — z2y (%)) — (1 —cosx) (:):31[1” (%) + 4% (z + 4m)) .

M =
(@) 433
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M(x) forx ¢ {—2nm: n € {0} UN}, where
1) is the digamma function, defined by
the formula ¢(z) = I"(z)/I'(2); this
kernel is asymmetric and alternating in

17 sign; also, [ M(z)dz = M(0) =
— N 1; a part of the graph of this kernel M
m -0.05 \/i” 4 is shown here on the left.

Remark 4.2.1. The derivative M’ of the Prawitz bounding smoothing
filter M as in (4.2.7) is a function of bounded variation. So, twice integrating
fR e~ "# M (t) dt by parts and using the Riemann-Lebesgue ler}lma, one can
easily see that the corresponding bounding smoothing kernel M is such that
z?M(z) —sinz — 0 as |z| — oo and hence [ |[M(z)|dz < oco. Thus,
Prawitz’s particular M is the Fourier transform of a function M € L'(R).

Earlier, inequalities of the form (4.2.2) were obtained by Bohman [3] for
another class of functions M. Another approach to Prawitz’s results was
demonstrated by Vaaler [52].

4.3 NONUNIFORM BE BOUNDS: NAGAEV’S RESULT
AND METHOD

The classical result by Nagaev [21] is that in the “iid” case
E[Xy
(1+5)/n
for all real z > 0, where c¢,,, is an absolute constant. Bikelis [2] extended this

result to the case of non-iid X;’s. Nagaev’s method involves the following
essential components:

IP(S > 2v/n) = P(Z > 2)| < cnu 4.3.1)

¢ truncation;
* Cramer’s exponential tilt, together with a uniform BE bound;
* an exponential bound on large deviation probabilities.

First, truncated versions of X, say XZ-(y), are obtained, such that Xi(y) <y

for some real y > 0 and all ¢ (the r.v.’s Xi(y) may, in some variants of

this approach including [21], be improper in the sense that they may
take values that are not real numbers). The truncation is done in order to
make the exponential tilt and an exponential inequality possible. The value
of the truncation level y is chosen (i) to be large enough so that the tails of
the truncated sum S := X fy) 4+ XY be close enough to those of S
and, on the other hand, (ii) to be small enough so that the exponential tilt and
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the exponential inequality result in not too large a bound. In some variants,
including the ones in [2, 21], two different truncation levels are used.

Take any positive real number zy. Given a uniform BE bound Cy T, as in
(4.1.1), one obviously has the nonuniform BE bound ¢y, 1 s forz € (0, zo)
and any real cp, > cy(1 + zo). So, without loss of generahty z = zp. Two
main cases are then considered:

Case 1: zp < z < ¢y/In(y/n/E| X1[3) (“moderate deviations™);

Case 2: z > zp V ¢y/In(y/n/E| X1|3) (“large deviations™);

here c is a positive constant.

In Case 1, of moderate deviations, the exponential tilting is performed,
which may be presented as follows. Take some real o > 0 and let
X = th’y), o, X = XY be any r.v.’s such that

E ehs(y)g(Xl(y), e ,Xéy))
EehS(y)

for all bounded (or for all nonnegative) Borel-measurable functions
g: R™ — R. Equivalently, one may require condition (4.3.2) only for Borel-
measurable indicator functions g; clearly, such r.v.’s )N(Z- do exist. It is also
clear that the r.v.’s f(i are independent. These r.v.’s, the X ;’s, may be referred
to as the tilted or, more specifically, h-tilted versions of the X i(y) ’s. Clearly,
without the truncation, the tilted versions of the original r.v.’s X; may not

exist, since Ee™¥ may be infinite even if E| X;|® < oo for all i. Using (4.3.2)

Eg(Xl, N ,Xn) =

4.3.2)

with g(z1,...,2,) = e MEt ) gy + ..o 4 2, > x}, it is easy
to see that
P(SW > z) = EMS" / du he™™P(z < § < u) (4.3.3)

for all real z, where S=X 4+ X,

Similarly, one can write

P(BZ > z) = Ee"P? / du he "™P(x < BZ + B*h <) (4.3.4)

xT

for all real x, since any h-tilted version of the r.v. BZ has the distribution
N(B?h, B?).

At that, good choices for y and h are of the form ax and nz/B?, for
some real parameters « and 77 in (0, 1).
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So, to bound |P(SW) > zyn) — P(Z > 2)| (cf. (4.3.1)), one can
demonstrate sufficient closeness of the terms Ee®® and P(z < S < u)
in (4.3.3) to the corresponding terms E¢"#% and P(x < BZ + B?h < u) in
(4.3.4).

For each i, one notices that
E|XY el X" < ME|X;)3 (4.3.5)

and then shows that Ee"X:" is close enough to 1 and, somewhat more
precisely, to EehZVEX? , and that the mean and variance of )N(i are close
enough to hEX? and EX?2, respectively. So, one shows that Ee"S"” is close
to Ee"BZ and the first two moments of S*) are close enough to those of
BZ + B2%h. Using now a uniform BE bound as in (4.1.1)—but for the X;’s
rather than the X’s, one shows that P(z < S < wu) is close enough to

P(z < BZ + B*h < u).

In Case 2, of large deviations, instead of the exponential tilting and
a uniform BE bound, one employs an exponential inequality to bound
P(S® > z) and hence P(S®) > z) — P(BZ > z) from above; for the
lower bound on the latter difference, one simply uses —P(BZ > x).

4.3.1 A Historical Sketch of the Problem of Nonuniform
BE Bounds

The constant factors ¢, in the mentioned papers [2, 21] were not explicit.
All papers known to this author with explicit values of c¢,, followed the
scheme of proof given by Nagaev [21], as delineated earlier.

Apparently the first such explicit value of ¢,, was greater than 1955, as
reported by Paditz [26]. In his dissertation [25], a much better value, 114.7,
was presented. Later, Paditz [27] showed that ¢, < 31.935.

Michel [17] showed that in the iid case cny < ¢, +8(1+¢), which would
be less than 30.2211, assuming the mentioned value 0.4748 for ¢,, obtained
in the later paper by Shevtsova [44].

Again in the iid case, Nefedova and Shevtsova [22] briefly stated that
they had gone along the lines of the proof in [27] except using a better value
for ¢, (namely, 0.4784, obtained in [15]) in place of such a value (namely,
0.7915 [47]) used in [27], to get 25.80 for cpy.

Once again in the iid case, Nefedova and Shevtsova claimed in [23] that
cnu < 18.2. However, there appears to be an error there. Namely, the first
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inequality in [23, (14)] is equivalent to the reverse of the last inequality
on page 75 there, which latter is in turn equivalent to the condition z? >
cn(w;0,a,b,c) in [23, Theorem 1], which is also equivalent to the second
display on [23, page 75]; the expression ¢, (x; 9, a, b, ¢) is defined in the first
display on page 70 of [23].

So, for any given X ,n,b,c,d satisfying all the conditions of [23,
Theorem 1], the first inequality in [23, (14)] and the last inequality on [23,
page 75] can both hold only for one value of a. This incorrect inequality in
[23, (14)] is also used for [23, (16)].

Working along lines quite similar to those in [23], Grigor’eva and Popov
[10, 11] claimed that c,, < 22.2417 in the general, non-iid case. However,
there appears to be the same kind of errors there: compare [10, (9) and (11)]
with [23, (14) and (16)], respectively.

Finally, Shevtsova [45] showed that c,, < 17.36 in the iid case and
cnu < 21.82 in the general case.

On the other hand, it follows from a result by Chistyakov [5, Corollary 1]
that cp, is necessarily no less than 1, and this lower bound on ¢, is
asymptotically exact in a certain sense for z — co. Apparently, this has
been the best known lower bound on c,,. However, it is easy to improve
this bound slightly and show that necessarily

Cau > 1.0135; (4.3.6)

this can be done by letting X; have the centered Bernoulli distribution with
parameter p = 8/100 and then lettingn = 1and z 1 1 — p.

However, as it was shown by Bentkus [1], the best constant factor for
n = 1 willbe 1if 1 + 23 in (4.3.1) is replaced by z3; it is also conjectured
in [1] that the same constant factor, 1, will be good for all n.

Thus, in the non-iid case the apparently best known lower bound on ¢y,
is over 21 times smaller than the best established upper bound on c,,, and
this gap factor is over 17 in the iid case.

4.3.2 Possible Improvements of Nagaev’s Method

A crucial component of the mentioned method offered by Nagaev [21] and
used in the subsequent papers [2, 9, 17, 18, 22-27, 49] is an exponential
inequality. However, the exponential bounds used in all of those papers
are not the best possible ones. An optimal exponential bound, in terms of
the first two moments and truncated absolute third moments of the X;’s



110 losif Pinelis

was given by Pinelis and Utev [42]. In fact, the paper [42] provided a
general method to obtain optimal exponential bounds, along with a number
of specific applications of the general method.

However, even the best possible exponential bounds, say for sums of
independent r.v.’s, can be significantly improved.

The reason for this is that the class of exponential moments functions is
very small (even though analytically very simple to deal with). Using a much
richer class of moments functions, Pinelis [31] obtained the following result.
Let X4, ..., X, be independent random variables (r.v.’s), with the sum S :=
X1+ -+ X, Forany a > 0and § > 0, let ';2 and Iy stand for any
independent r.v.’s such that I ;> has the normal distribution with parameters
0 and @2, and IIy has the Poisson distribution with parameter #. Let also
Iy := [y — Elly = Iy — 6. Let o, y, and (3 be any positive real numbers
such that ¢ := - € (0,1). Suppose that >, EX? < 02, 32, E(X;)3 <
B, EX; <0, and X; < y, for all <. Here and subsequently, we employ the
usual notation

zy:=0Vzx and 2_:=0Az=—(—2)4.
Letne oy =100z + yﬁwz/yz. Then it is proved in [31] that
Ef(S) < Ef(ns,a,y) (4.3.7)

for all twice continuously differentiable functions f such that f and f” are
nondecreasing and convex. A corollary of this result is that for all z € R

E(ns,a,y - t)g

P(S>z) < inf £ <es 0P oy > 7). (43.8)

te(—oo,x) (.%' — t)3
where ¢3 := % ~ 4.46 and the function R > x +— P (n > x) is defined
as the least log-concave majorant over R of the tail function R 2 z +—
P(n > z) of ar.v. n. The bounds in (4.3.7) and (4.3.8) are much better than
even the best exponential bounds (expressed in the same terms).

A trade-off here is that the bounds given in (4.3.8) are significantly
more difficult to deal with, especially analytically, than exponential bounds.
However, this can be done, as shown in the following discussion. In
accordance with what was pointed out above, one needs an exponential
bound (or a better one) only in Case 2, of large deviations, when z > zg

V ¢y/In(y/n/E| X1 |3), which implies

EIX1]2/v/n = e ?/<. (4.3.9)



On the Nonuniform Berry—Esseen Bound 11
Also, by (4.3.8), for any real 7 < 1,

0o Aj -

(1= 7)P(5Y) > 2) < 3@, e
=0

where

0413

r:=Bz=zyn, y=azx, ac(0,1), Q,:= (7) E(Z + uj)i,

E(y A (X1)L)3 .
041::\/1—(17:8/0(, a::(yz;\/ﬁl)”, UjiZOé(]_g_)\)za

Ai= . (4.3.10)

Assume now that 7¢? > 2, where c is as in (4.3.9). Since z > 2z,
one has

EJX
< , 4.3.11
Qo < Co e (4.3.11)
where
Co = e*/“E(Z — 720)3; (4.3.12)

here one uses the fact that ¢°*’ E(Z — t)i is decreasing in ¢t > 0 provided
that 5 < 1/2; in fact, this decrease is fast, especially when 5 < 1/2. Note
also that E(Z — t)3 = (2 + 2) p(t) — ¢ (t* + 3) ®(¢) for all real ¢, where
o and ® are the density and tail functions of Z.

Next, since Eg(/52) is nondecreasing in 5 > 0 for any convex function g,
Qj < (Ozl/ZO)SE(Z + Ujo)i, where ujo = Oz(j — T/Oé — /\)Zo.

Using now the identity E(Z + ¢)3 = > + 3¢t + E(Z — t)3_ for all real ¢ and
the decrease of E(Z — t)3 int € R, one has

> J E|X1|?
ZQ]-;'@—A < C1(a) X1l (4.3.13)
- !

23/’

where
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with A as defined in (4.3.10). The sum > _{° in the above expression of C (a)
is easy to evaluate explicitly. Also, since the left-hand side of (4.3.1) can
never exceed 1, without loss of generality

a < Gmax (4.3.14)

with amax = 1/cny; working a bit harder, one may assume (4.3.14) with
amax Significantly smaller than 1/¢,,. Next, it appears that for values of the
parameters « and 7 that have a chance to be optimal or quasioptimal, the
factor C'1(a) will be decreasing in a € [0, amax]. Therefore and in view of
(4.3.11) and (4.3.13), one will have

. Co+Ci(0+) E[Xy
(-7 Byn
with Cj as in (4.3.12) and C1(04) = (azo) 2E(Z + (o — 7)20)%. One
can improve the above estimates by partitioning the interval [0, amax] into

a number of smaller subintervals and then considering the corresponding
cases depending on which of the subintervals the value of a is in.

P(SW > )

(4.3.15)

Thus, it is shown that P(S®) > 1) can be appropriately bounded using
the better-than-exponential bound in (4.3.8), and at that in a rather natural
manner and incurring almost no losses. It should be clear that the expression
on the right-hand side of inequality (4.3.15) will become a term in a bigger
expression that is an upper bound on the left-hand side of (4.3.1). That latter,
bigger expression will then have to be (quasi)minimized with respect to z,
«, 1, 7, and the other parameters, subject to the necessary restrictions on
their values.

Also, one can use ideas from [19, 20, 39, 40] to improve the estimation
of the effect of truncation, as compared with the way that was done in the
mentioned papers [2, 9, 17, 18, 21-27, 49], as well as more “synthetic” ways
to bound moments of the tilted distribution—-cf. results in [32, 33, 35, 36].

In addition, as in [23], one can use the uniform bound 0.3328(E|X1|® +
0.429)/y/n from [44], which is smaller than the previously mentioned
bound of the classical form ¢, L = ¢,E|X1]3/y/n with ¢, = 0.4748. There
are a few other potentially useful modifications. Thus, the improvements
concern every one of the three major ingredients of Nagaev’s method listed
on page 106. By utilizing the above ideas, one may hope to improve the up-
per bound on cp, to about 10 in the iid case and to about 12 in the
general case. When and if such an objective is attained, the gap between the
available upper and lower bounds on ¢, will be decreased about 1.5 times.
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However, significant further progress after that seems unlikely within
the framework of the method of [21]. One of the main obstacles here is the
factor e™ as in (4.3.5). Since good choices for y and h turn out to be ax
and nx/B? with o and 7 somewhat close to 0.5, this factor will then be
something like e**/4, which is large for large enough z.

Yet, the factor e/ is the best possible one in (4.3.5) (even assuming that
XZ.(y) = X; and hence XZ.(y) is zero-mean). Such a large factor is necessary
when X; has a two-point distribution highly skewed to the right. On the
other hand, certain considerations suggest that the least favorable situation
in Case 1 of moderate deviations is when n is very large but 2 is not so, and
then the mentioned least favorable distribution (for the uniform BE bound)
given by (4.1.3) is only slightly skewed. This creates a significant tension in
using the exponential tilt.

One may try to reduce the factor e”¥ by decreasing a and hence y—but
this will increase fast the effect of truncation, which is (at least roughly)
proportional to 1/a3.

Even if one were able to get rid of the factor e altogether, the corre-
sponding uniform BE bound on the rate of convergence to the probability
P(x < BZ+ B%h < u) in (4.3.4) would still seem relatively too large, since
this probability itself is less than P(z < BZ + B2h) = P(Z > (1 —1n)z2)
and therefore is rather small for what appears to be the least favorable
values of z, such as 2.5 to 3.5 (and values of 7 typically not too far from
0.5). In contrast, the mentioned asymptotic lower bound by Esseen [&]
(recall (4.1.3)) is attained for z close to 0; furthermore, the corresponding
asymptotic expression is rather highly peaked near the maximum and is thus
much smaller outside of a neighborhood of the maximum point.

Yet another apparently powerful cause of tension is as follows. After the
X;’s have been truncated, a natural bound on |P(S®) > z) — P(BZ > z)|,
obtained via either the exponential tilt or a Stein-type method, decays in an

exponential rather than power fashion; see, for example, the results [4, 30],
ElXy°
e = /n
the iid case. The factor 1/e** decays much faster than 1/(1 + z3) when 2
is large. However, the former factor may be much greater than the latter,

especially if A is not large and z is not very large. For instance, if A\ = 1/2

as in [4], then max,~ --- /ﬁ —10.8.. ., attained at z — 5.9719 . . ..

which imply an upper bound of the form ¢(\) for real A > 0, say in
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In the next section, a new approach to obtaining nonuniform BE bounds
is described, based on the Fourier method, complemented by extremal
problem methods.

4.4 A NEW WAY TO OBTAIN NONUNIFORM BE BOUNDS

Take any function h € C' such that (the limit) &(h) exists (and is) in R
and h(t)/t — 0 as |t| — oo; here and in what follows, C* denotes the class
of all k times continuously differentiable complex-valued functions defined
on R. Take any € R. Note that &(1)(z) = 1 sign 2—say, by (4.2.6) with
X = 0. So, writing &(h) = h(0)&(1) + & (h — h(0)) and evaluating the
p.v.-integral in the expression for & (h — h(0)) by parts, one has

x®(h)(z) = % h(0) xsignz + i &(Ah)(z) (4.4.1)

if x # 0, where the linear operator A is defined by the formula

d h(t)—h h(0) — [h(t) + W' (t)(—t
AR (E) e —¢ L RO =RO) __hO) ~ A0 £ K]
dt t t
for ¢t # 0. In fact, identity (4.4.1) holds for x = 0 as well, in view of the

definitions of & and A. By induction, forall k € N:= {1,2,...}

k + j
(A*R)(t) = =K1t [ h(0) = nO) () @

=0 J
1
= (—1)* / (W% (1) — h®) (at)] kot da (4.4.3)
0

if h € C¥ and t # 0, and hence (A¥h)(0) = 0. So, iterating (4.4.1), one has

& (h)(z) h(0) ;ignx n <;

for all real x # 0, all k£ € N, and functions A such that
heC* &(h)existsinR,
and hY(t)/t — Oforall j =1,...kas |t| — co. (4.4.5)

)k &(AFR) (x) (4.4.4)

More generally,

sienz i o~ h) — ) (0— i\
®(h)(w)=h(0)2g+%zh (O?(m)}; © )+<x> &(ARh)(z)

7j=1
(4.4.6)
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for all real z # 0, all k£ € N, and all functions h such that

heCR), heCFR\{0}), ®(h)existsinR, and

for eachj € {1,...k} there exists L) (0+) € R

and K9 (t) /t — 0 as || — oo. (4.4.7)

The condition 2 € C¥(R \ {0}) in (4.4.7) can be slightly relaxed, to the
following:

h e C*Y(R\{0}) and A Vis of locally bounded variation on R\ {0},

(4.4.8)
with &(A*h)(x) then understood as (’5(Akh)( ) ( DFS(hED)(2),
where (AFh)(t) := —k!tF (h(()) D ) for t # 0 and
&(h*=D)(x) := Lpv. [* o—ite AR D ()

o) t

Identity (4.4.4) immediately implies

Theorem 4.4.1. Take any k € N and any real T > 0 and x > 0. Let
X be any r.v. with E|X|¥ < oc. Let f denote the c.f. of X. Let M be as in
(4.2.2), with the additional requirement that M € C*. Then

e (A’“ rT,,) (z) < 2"P(X > ) < 2"P(X > 2) < —i"® (A’“ r”) (z), (4.4.9)
where

7+ (#) = Mr(F4) f (#). (4.4.10)

Remark. Condition E|X|¥ < oo in Theorem 4.4.1 implies f € C¥, so
that (4.4.5) holds with g = r7 4.

As was mentioned, the Prawitz smoothing filter M given by (4.2.7)
provides the tightest, in a certain sense, upper and lower bounds in (4.2.2) on
the d.f. of X. However, it is not smooth enough to be used in Theorem 4.4.1
in the most interesting in applications case k = 3. Namely, that M is
not even in C'—whereas one needs M < C3 in Theorem 4.4.1 for
k = 3. There are a number of ways to develop such a smooth enough
smoothing filter. Some of them can be based on Proposition 4.5.1 in
Section 4.5 of this paper; see, for example, the function M = Mj > given by
formula (4.5.4).

The identity (4.2.6) can be rewritten in the following more general and
hence sometimes more convenient form.
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Proposition 4.4.2. Let L be any complex-valued function of bounded
variation on R, and let ¢ be its Fourier—Stieltjes transform, so that ((t) =
f_oooo e dL(x) for all real t. Assume also that L is regularized so that
2L(z) = L(z—) 4 L(z+) for all x € R and extended to [—o00, 0] so
that L(+o00) = limy 10 L(z). Then

L(z) — = [L(c0) — L(—00)] = &(¢)(z) for all real x. (4.4.11)

This follows immediately from (4.2.6), because (i) both sides of (4.4.11)
are linear in L and (ii) any regularized function of bounded variation on R is
a linear combination (with complex coefficients) of regularized distribution
functions.

Suppose that : R — C is a function which may depend on a number of
parameters. For brevity, let us say that the function ¢ is a quasi-c.f. if it can
be represented as a linear combination of k c.f.’s with (possibly complex)
coefficients such that the length k& of the combination and the coefficients
are bounded uniformly over all possible values of the parameters.

Clearly, the product of two quasi-c.f.’s is a quasi-c.f. Also, any linear
combination of two quasi-c.f.’s is a quasi-c.f. Moreover, one has the
following simple proposition.

Proposition 4.4.3. Take any natural m. Let N denote the c.f. of a r.v.
Y whose distribution may depend on a number of parameters. Suppose
that E|Y'|™ is (finite and) bounded uniformly over all possible values of the
parameters. Then the mth derivative N™ of N is a quasi-c.f.

Proof of Proposition 4.4.3. Let us exclude the trivial case when

—

E|Y|™ = 0. If m is even or EY]" = 0 or EY™ = 0, then N("™)(#) :=

EYET;BLY# isac.f,and N0™ = (imEY™)N (™M), so that N is a quasi-c.f.

In the remaining case one has EY" > 0 and EY™ > 0, so that one can

similarly write N (™) (#) = iEYI" St + (<) EY S, O
+ —

A quick proof of Nagaev s nonuniform BE bound (4.3.1)

It can be easily obtained based on Theorem 4.4.1. Indeed, let T' = c¢p+/n/ s,
where 33 := E|X1| and cr is a small enough positive real constant. Let
A < B mean |A| < CB for some absolute constant C. Let X := S//n. If

T <1thenl < 5—2 So, for all real z > 0, by the Markov and Rosenthal

3
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inequalities, (1 + #3)P(X > z) < 1+ E[X|? < 1+ f < 7% and

similarly (1 + 23)P(Z > z) < 52 whence (4.3.1) follows. It remains to
consider the case 7 > 1. Note that then n > (f3/cr)? > 3 and hence
n > 4 provided that ¢ < 1/ V3. In view of the uniform BE bound,

Theorem 4.4.1, and (4.4.3), in order to prove (4.3.1) it is enough to show
that ® (r’l"f( #) =l (a #)) B3//n and & ('r (o )) < B3/ \/n

over a € (0,1], where 7 r(#) := Mj(T)f(#), Jj = 1,2, the M;’s are
as in (4.2.5), M is (say) as in (4.5.4), f is the c.f. of X := S/y/n, and
g(#) = e #/2 (so that ¢ may be considered as a special case of f).
One has

3
ri(#) = 2; @ %M}‘” (?f) F D). (4.4.12)
q=
By (4.5.4) and (4.5.6), M is the c.f. of a distribution with a finite fourth mo-
ment, whereas My = xM]. Hence, by Proposition 4.4.3, M ](q)
for each pair (7, q) € {1,2}x{0,1, 2,3}, and then so is M](Q) (%) Similarly,
f is the c.f. of the r.v. X with E|X|? < 1+ % < 1, by the Rosenthal
inequality and the case condition 7' > 1. So, again by Proposition 4.4.3,

fB~9) is a quasi-c.f. for each ¢ € {0,1,2,3}. Thus, M(q)(a#)f 3-9) (a#)
is a quasi-c.f. and, by Proposition 4.4.2, & ( M@ <a#> fB-a (a#))
for each (j,q) € {1,2} x {0,1,2,3}. Therefore and because 7" > 1,

o () (7)o ow) < <7

is a quasi-c.f.

< 5% for each (j,q) € {1,2} x {1,2,3}; (4.4.13)
note that ¢ = 0 is not included here.
It remains to show that &1, (" — ¢") < % and Go, (") < % for
€ (0, 1], where
a#
&yu(0)a) = 0 (31; (7 ) o) ) o), (@4.14)

For j € {0,1,2,3}, introduce fl(j)(t) = (%)] f1(t) and fl(zz)(t) —
fl(j)(t/\/ﬁ), where f; denotes the c.f. of X7.
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©)

1> and then

Similarly, staiting with g1 := g in place of fi, define g
let d) = ) — g7 and BY = (ffif Vv ]9&)
and [O}. Note that f = f7, and hence \ff”’ = f31 + f32 + f33, where
fu = = D - 20 (D) fe = 30— DAL

and fzz3 = fo! ®). do similarly with g and g; in place of f and

1n in >

; omit superscripts (¥)

f1. By Proposition 4.4.3, M; ( 7 ) f33/0B3 is a quasi-c.f. and hence, by
Proposition 4.4.2, &,,(f33) < B3, for j € {1,2}.

So, it suffices to show that &1, (f3r — g3x) < B3 and Gon(far) < F3

for k € {1,2}. This can be done in a straightforward manner using the
following estimates for j € {0,1,2,3} and |t| < T: My < 1, Ma(%) <

< [t|B3/ /1y hin ()" < e~ (where c is a positive real number de-
pending only on the choice of cr), h{' (£) < [t|/v/n, k2 (t) < 1,1dY)(#)] <

Bu(|t]/ /)3, and hence £ (t) — gi?(t) < [tPe By/y/m; cf., for
example, [28, Ch. V, Lemma 1]. For instance, |f31 — g31| < n?(Ds11 +

D312), where D3q11(t) := (|f g (hm) () < |te _CtQ%(%)g
and D312(t) := (R}, 3( ) |dsV |)() e’ (‘ ) ('%‘1) , so that

Gralfar —g31) < [0 ( (t6 + 1) s it TS Ps.

Of course, the above argument is rather crude and yet it demonstrates that
the method based on the smoothing inequalities (4.4.9) is quite effective. It
also strongly suggests that this method can be used further, in order to obtain
an explicit and appropriately small upper bound on the constant factor cp,,.

Let us now discuss some of the refinements that could be used within the
general framework of the above quick proof of (4.3.1). There, in particular,
we needed to bound

L(H) = /0 (& (H(o#)) (z) — & (H#)) ()] 30> da,  (44.15)

where H is of the form Ml( )(fsk — gsk) or Mg( ) fsi for k € {1,2}—
recall (4.4.9), (4.4.10), and (4 4.3). Tacitly, that bounding was then done
using the trivial inequalities

|L(H)| <2 sup |&(H(a#)) / —, (44.16)

a€(0,1]
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where in turn we used the definition (4.2.4) of & and the trivial identity
le7"%| = 1 for real t and x; the integral in (4.4.16) exists even in the
Lebesgue sense, since | f3;(t) — gsx(t)| = O(|t]) and |Ma(t)| = O(|t]).

In fact, the factor 2 in the last bound in (4.4.16) on |L(H)| can be
removed, so that one has
1 [ dt
N (O (4.4.17)
T ) I
Indeed, first of all note here that the factor a can be easily moved, in a way,
from the argument of the general and hard to control function H into that of
the much simpler and more specific exponential function, using the simple
identity

& (H(a#)) (2) = & (H#)) (=) (44.18)
which implies that
L(H) = % / h I(m)H(t)% (4.4.19)
where
1 . .
I(u) := / (7™ — ™) 302 da. (4.4.20)
0

Now (4.4.17) follows immediately from

Proposition 4.4.4. The expression g(u) := |I(u)|? is even in u € R and
(strictly) increases from 0 to 1 as |u| increases from 0 to oo, in particular, it
Sollows that |I(u)| € [0,1) for all real u. Moreover, the function g has the
following generalized concavity property: —u> (u_5g’ (u))/ is completely
monotone in u > 0 (in Bernsteins sense—see, e.g., [29, Chapter 2]); in
particular, g(v'/%) is concave in v > 0.

Thus, the conclusion in Proposition 4.4.4 that |I(u)| € [0, 1) for all real
u can be seen as a rather sophisticated replacement for the trivial identity
le=#%| = 1 for real ¢ and x, which latter was used to obtain the rightmost
bound in (4.4.16).

Moreover, one can easily obtain (and then use in (4.4.19)) an upper bound
on |I(u)| which is significantly less than 1 for small enough values of |u|.
This can be done by closely bounding the values of |1 ()| for a finite number
of values of v and then using the monotonicity property of || provided by
Proposition 4.4.4.
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Re I(u) Im I(u) \l(u)\
1 .

T u
—6m —4n -2n 2n 4nm 6m

Fig. 4.1 Graphs of Re I, Im I, and |I|.

Graphs of Re I, Im I, and |I| over the interval [—6m, 67] are shown in
Fig. 4.1. It seems plausible that g(u) is concave in u > 0; however, that
probably would be hard to prove.

Proof of Proposition 4.4.4. Note that I(—u) = I(u) for all real u. So,
the function g = I7 is indeed even.

Take now any real v > 0. Integrating by parts and then changing the
integration variable, one has

w31 (u)
L . dz
= u_2/ e M qda = E(u) := E(u), where Ej(u) == / e_zz—j
0 u &
(4.4.21)
for j > 0. So, g(u) = u® E(u)&(u),
1 _ A
g1(u) := u_5g'( ) =3E(w)E(u) —u?Re (e™E(u)),
u?gi(u) = — — Re ((4 + iu)e™&( ))
s G )
z
; dv
=~ —Rel 4 i
e ( + iu) T u)3)
:/ ““sds — Re <(4 + zu)/ e " dv/ ~(vtu)s 2ds)
0 0 0 2°
Noting now that fo e e dy = st and Re 4;:? = 421&” for all real

write

s > 0, and introducing wi (s) := 282j1 and wsy(s) = 52:1’
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2u’g} (u) :/o e "wi(s) d5+/0 e "wy(s)uds

0o 00 00 55 ds
=/ e “Ywi(s)ds —|—/ e "Swh(s)ds = —2/ e —a—s,
/0 0 ? 0 (s +1)2

which verifies the last sentence of the statement of Proposition 4.4.4; the
second equality in the above display was obtained by taking the integral
fo e " wy(s) uds by parts. Moreover, it follows that g1 (u) is decreasing
inu > 0. At that, g1(0o—) = 0, since £(co—) = 0. So, on (0, 00) one has
the following: g; > 0 and hence ¢’ > 0, and therefore g is increasing. Since
g is even and obviously continuous, it follows that indeed g(u) increases in
|u|. Clearly, g(0) = |I(0)|?> = 0. It remains only to show that g(co—) = 1.
Toward that end, integrate by parts to obtain the recursive relation &;(u) =
—ie "y 4 §5€;41(u) for all j > 0. In particular, it follows that 53( )

—ie~ My ™3 + 3i€4(u) and Ex(u) < u™t + |Es(u)| S uTt + 04 <u

Thus, £(u) = E3(u) = —ie ™u™ + O(u™*) = —iu™> (e”™ + o(1)) and
g(u) = ub |E(w)|*> — 1asu — oco. O

One could also use a better upper bound on |f ()| for a given real value
of t, where f is the c.f. of ar.v. X, say with EX = 0, EX2=1,anda given
value of p := E|X|3. Since

lf(t)] = VEZcostX + E2sintX = sup (cosfEcostX + sinf EsintX)
0€[0,27]

= sup Ecos(tX —0), (4.4.22)
0€l0,27]

the best upper bound on | f(¢)| under the given conditions is
S(t,p) :==sup{|f(t)|: EX = 0,EX? = 1,E|X|* = p} (4.4.23)
= sup{Ecos(tX —0): EX = 0,EX? = 1,E|X|* =
cardsupp X < 4,6 € [0,27]}

4 4 4
= sup {ij cos(tx; —0): ij = 1,ij3:j =0,
1 1 1
4 4
> opiat =1 pjlaP=p
1 1

p1,.--,p4 20, 0 €0, 277]}
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card supp denotes the cardinality of the support of (the distribution of) X;
for the second equality here, one can use the known results by Hoeffding
[13] or Karr [14] or, somewhat more conveniently, Winkler [53] or Pinelis
[38, Propositions 5 and 6(v)]. Thus the optimization problem reduces to one
in nine variables: p1,...,p4, 21, ..., 24, 0; in fact, one can easily solve the
Iingar (or, more %recisely, affine) restrictions Z‘ll pj = 1, 2411 pjzj = 0,
lejl'? = 1,Y 1 pjlzj|> = p for p1,...,ps, and then only five variables
will remain: x1, ..., x4, 0, with the additional restrictions on x1, ..., x4 to
provide for the conditions p1,...,ps = 0. For any given pair of values of
(t, p), it will not be overly hard to find a close upper bound on the supremum
S(t, p). A difficulty here is that one has to deal with two parameters, ¢ and
p, and obtain a close majorant of S(¢, p) with, at least, discoverable and
tractable patterns of monotonicity/convexity in ¢ and p, if not with a more
or less explicit expression. Apparently the main difficulty in dealing with
S(t, p) will be that the target function cos(t# — 6) oscillates, whereas the
function (# — w)i in (say) [37, Lemma 3.4] is monotonic.

Similar methods can be used to find a good upper bound on | f(t) — g(t)|,
where g = e~#°/2 the c.f. of the standard normal r.v. Z; in particular, one
can start here by writing

|f(t) —g(t)| = sup (Ecos(tX —0)— Ecos(tZ —0))
0€[0,27]
= sup (Ecos(tX —6)— g(t)cosd)
0€(0,27]

in place of (4.4.22). At this point, one also has an option to use Stein’s
method to bound E cos(tX — 6) — Ecos(tZ — 0).

4.5 CONSTRUCTIONS OF THE SMOOTHING FILTER M

The following proposition was somewhat implicit in the paper [3] by
Bohman.

Proposition 4.5.1. Let p be any symmetric probability density function
(p.d.f.) such that the function #p(#) is integrable on R. Take any real

B 1
 Jalzlp(z) dz”

Let p stand, as usual, for the Fourier transform of p (so that p(#) =
fR e p(x) d:v), and let then p' denote the derivative of p (which exists,
since [ |x|p(z) dz < o). Then the function

M = p+irp (4.5.2)

K2 Kyt “4.5.1)
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is such that inequalities (4.2.2) hold for all rv. X, all real T > 0, and all
real x.

Because of the symmetry of p, in the conditions of Proposition 4.5.1 the
function p = Re M is even and xp’ = Im M is odd, so that conditions
(4.2.5) hold. In order to satisfy the conditions (4.2.1) and M € C3 as well,
one may choose the symmetric p.d.f. po 2 defined by the formula

3273 1 —cosx
3 22 (22 — 4n2)?

forreal x ¢ {—27,0, 27} and then let M be as in (4.5.2) with p = pg o:

po2(z) := (4.5.3)

M = MO’Q = ]703 + ilﬂ:@l (454)
with any
1
K2 Ko =+ = 0.3418 .. .. (4.5.5)

e lzlpoa(z) dz
Then My o € C3, since M"" = p"' + irp"" and

/a:4p0,g(a;) dz < oo. (4.5.6)
R

Moreover, it is clear that pg o is the restriction to R of an entire analytic
function of exponential type 1; so, by the Paley—Wiener theory (see, e.g., [7,
Section 43]), the condition (4.2.1) holds as well, with My 2 in place of M.
In fact,

Ro Moa(t) = wa(t) = (2552 (1= o) + S5 ()] < 1) and
(4.5.7)
Im Mo o(t) = kpo2'(t)
= kI o1 o) sin2nlt] + 4sin(xt)] 1{Jt] < 1)

(4.5.8)

for all real ¢. Graphs of pg 2, Re M 2, and Im M 2 with k = kg 2 are shown
in Fig. 4.2.

More generally, in order that a function M as in (4.5.2) satisfy the
conditions (4.2.1) and M € C3, it suffices that p be smooth enough and
such that (4.2.1) holds with p in place of M. Therefore, the following well-
known characterization is useful.
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Re M5(1) Im M 5(1)

P0,2(X)

—4r

Fig. 4.2 Graphs of po,2, Re My, 2, and Im Mg 2 with kK = Kg,2.

Proposition 4.5.2. [See, e.g., [16, Theorem 4.2.4]] A function f: R —
C is the c.f. of an absolutely continuous distribution on R if and only if
f(0) = 1and f = g * g~ for some (possibly complex-valued) function
g € L*(R). Here and in the sequel, as usual, the symbol * stands for the
convolution, the bar denotes the complex conjugation, g~ (#) = g(—#),

and g = (3)~ = g~

Indeed, take any smooth enough nonzero function g: R — C such that
g(t) = 0 for all real ¢ ¢ [a,b], where a and b are any real numbers such
that @ < b. Then, by Proposition 4.5.2, the function f := g * g~ /||g/3 is
the c.f. of an absolutely continuous distribution on R, f is smooth enough,
and f(t) = 0 for all real t ¢ [—T,T], where T' := b — a. At that, if ¢ is
real-valued, then f is even. To spell-out the “smooth enough” condition and
conclusion here, one can easily check that, if g € C7 and h € C* for some
j and k in N and (say) |g(t)| + |h(t)| = O for some real ' > 0 and all real
t ¢ [0,T), then g x h € CItF,_ with (g * h)UTH) = gl0) 4 o),

One can use Propositions 4.5.1 and 4.5.2 to optimize properties of the
filter M—say by taking g to be an arbitrary nonzero real-valued spline of
a high enough order and/or with a large enough subintervals of the interval
[0, T'], extending g to R by letting ¢g(¢) := 0 forall real ¢ ¢ [0, T'], letting then
f = g3 /|lgll3, defining M as in (4.5.2), and finally (quasi)optimizing
with respect to the parameters of the spline.

While the construction described in Proposition 4.5.1 is comparatively
simple, it appears somewhat too rigid and wasteful. Indeed, in order that
the imaginary part My = kp’ of the function M in (4.5.2) be thrice
differentiable (as needed or almost needed in the quick proof beginning on
page 110), the real part M; = p of M must be four times differentiable;
equivalently (cf. (4.5.6)), the density p must have light enough tails so
that fR r*p(x)dz < oo. Together with the filtering condition (4.2.1), the
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condition of extra smoothness of M; = p/extra lightness of the tails of
p may result in a smoothing filter M which is not as good as it can be,
thus compromising the quality of the approximation by the upper and lower
bounds in (4.4.9).

A more flexible and potentially better construction of the smoothing filter
M can be given as follows. As in Proposition 4.5.1, let us start with an
arbitrary symmetric p.d.f. p, whose Fourier transform p is intended to be
M; = Re M. Accordingly, let us assume right away that

p(t)y =0 if|t| > 1; (4.5.9)
cf. (4.2.1). Note that the smoothing filter as in (4.5.2) is the Fourier transform
of the function

x = p(x)(1l — kx), (4.5.10)
which differs relatively much from the “original” p.d.f. x — p(x) when ||

is large.

To address this concern, let us replace the “large” factor « in (4.5.10) by a
“tempered” and, essentially, more general factor G(z) such that G: R — R
is a strictly increasing odd function of bounded variation, whose Fourier—
Stieltjes transform dG(#) = [ e"*# dG () satisfies the condition

dG(t) =0 if|t| >, 4.5.11)

for some real v > 0. The no-high-frequency-component condition (4.5.11)
implies, by the mentioned Paley—Wiener theory, that the function G is the
restriction to R of an entire analytic function of exponential type + and, in
particular, is infinitely many times differentiable. Without loss of generality,
assume that the function % +Gisadf.

As mentioned earlier, instead of the “harsh” tilting (4.5.10) of the p.d.f.
p, we consider the “tempered” tilting:

x— p(z) :=p(z) (1 —rKG(x)), (4.5.12)

for any real

K 2 Ky 1= 5 . (4.5.13)

Note that 0 < G(z) < 1 = G(co—) for all real z > 0; also, as discussed
previously, the condition (4.5.9) implies that p is the restriction to R of an
entire analytic function, and so, p > 0 almost everywhere on R. Therefore



126 losif Pinelis

and by the symmetry of p, one has 0 < fo r)G(r)dr < 3 fo
dz = 7 L and hence k, > 2and k > 2. It follows that there exists a umque
root z,, € (0, 00) of the equation

1 — kG(zy) = 0. (4.5.14)

Hence, p > 0 on the interval (—oo, x| and p < 0 on [x,,00), so that the
function

5 #
F(#):= / ply)dy (4.5.15)

is nondecreasing on (—o0,z,] and nonincreasing on [z,,00). At that,
F(oo—) = 1, since p is an even p.d.f. and the bounded function G is odd;
also, clearly F'(—oo+) = O Moreover, F(0) = 1 — f x)der =
3+6 [ p@)G(z)de =5+ 5= > 1t follows that

I{y >0} < F(y) forall real 3. (4.5.16)
Let now X be any r.v. and let f be its c.f.:
f#) == EeX7, (4.5.17)
Then P(X < z) = EIl{z — X >0} < EF(z — X), by (4.5.16); that is,

P(X <)< / F(x —y)P(X e dy), (4.5.18)
R

for all real z. Define now M as the Fourier transform of p, so that
M=p, Mi=ReM=p, and M,=ImM =irnpG, (4.5.19)

by (4 5. 12) Note that the Fourier—Stieltjes transform of the function
Jr F( P(X € dy) is the Fourier transform of [, p(#—y)P(X € dy),
Wthh in turn is pf = M. Then, in view of Proposition 4.4.2, (4.5.18)
means that the last inequality in (4.2.2) holds for 7' = 1; that it holds for
any real T > 0 now follows by simple rescaling, since (4.5.16) obviously
implies I{y > 0} < F(Ty) for all real y and all T’ > 0. Similarly or using
the reflection x — —ux, one can see that the first inequality in (4.2.2) holds
as well.

To compute M> in (4.5.19), we need to express ];C\? in terms p and daG.
To simplify the derivation, assume the condition p € C*, as well as the
previously stated conditions (4.5.9) and (4.5.11); these conditions will hold
in the applications anyway. Then one can see that for all real u
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PG = 5-pav [ " plu— 5y dG(s) L

27 oo s
_ b fplu=s) = pu) ==
= 27r/ S dG(s)ds; (4.5.20)

the latter equality here holds because the function G was assumed odd,
and hence the function dG is even; the latter integral in (4.5.20) may be
understood in the Lebesgue sense, in view of the conditions p € C' and
(4.5.11). It follows from (4.5.20), (4.5.9), and (4.5.11) that

pG(t) =0 if[t|>1+n. (4.5.21)
To verify the first equality in (4.5.20), one can write

p(z)G(x) = <217T/e_m“( )dt> (2; p.v. /Z ~isT 4G (s )Cf)

1 ) o0
_1 _““”duz pv/ plu— syda(s) L,

2 oo s
the second equality here is justified because of the second equality in
(4.5.20) and the inequality ’ [y P=9=00) 36 5 ds| < 29 T{Jul < 1+ 7}

max|; <1 |7 (t)| for all real w.

Note that the first integral in (4.5.20) is a convolution. One can also
integrate by parts to represent p(G as a convolution-smoothing of the
derivative p':

G = 2i P % dG, (4.5.22)
T
where
— |
dG(t) : = p.v./ dG(s)E := lim dG(s)E
o0 R CCDNCED) s
=t s

_ / 4G () 1{]t] < ) (4.5.23)

-
for all real ¢. This follows because for all real «

/Rﬁ(u—s)—ﬁ(U) Hé(s)ds:/ dG(s )ds (/u B P (v) dv I{s < 0}

S R S

_ /u i #(v) dv I{s > 0}>

:/uooﬁ’(v)dv/:v aG(s )‘1‘9
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—/;ﬁ'(u) deTvHE(s)‘f
_ /R #(v) dvdGu —v),

since the function dG is even. The latter condition or (4.5.23) also shows

that the function dG is even. Moreover, since dG (s) > lass —0,(4.5.23)
yields

dG(t) ~ In [t (4.5.24)

as ¢ — 0; thus, the function dG is mildly singular in a neighborhood of 0.
For instance, dG(t) = (1 — [t| + In|¢))(I{|¢| < 1} if dG() = (1 — |¢])
(I{|t] < 1}.

___Note also that in the case (prevented by the condition (4.5.11)) when
dG = 1 on R, the function —2¢ pG would be the Hilbert transform of the
function p; see, for example, [48, Chapter V].

It follows from (4.5.19) and (4.5.21) that
My(t) =0 if|t| >1+~. (4.5.25)
This condition on M5 is obviously weaker than the condition
Msy(t) =0 if |t > 1, (4.5.26)

following from (4.2.1) and (4.2.5). However, by (4.5.19) and (4.5.9), one
still has M (t) = 0if |¢t| > 1, whereas the condition (4.5.26) was used in the
quick proof beginning on page 116 only to bound two terms, &, (f31) and
®9,(f32). Therefore, one may expect the adverse impact of the weakening
of the condition (4.5.26) to (4.5.25) to be rather limited and likely more than
compensated for by the advantages provided by the more flexible construc-
tion of the smoothing filter M, with the tempered tilting of M;. Moreover,

the latter construction is, essentially, more general. Indeed, for instance, one

may always include G into the scale family (G,)a>0 := (G( ﬁ)) X and

« a>
then the tempered tilting (4.5.12) will be close to the harsh tilting (4.5.10)
for large o > 0 provided that G’(0) # 0. Indeed, G () ~ &) 2 for each

«
real x # 0 as o — oo; of course, at that the value of K = K, in (4.5.12)
with G = G, will be quite different from that in (4.5.10); in fact, the value
of K, in (4.5.13) with G = G,, will then be asymptotically equivalent to the

value of k, in (4.5.1) times G,L(O), provided that [, |z[p(z) dz < co. At that,
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the value of v in (4.5.11) for G will be replaced by the corresponding value
Yo := 2 for Gq, so that 7, — 0 as o — oo0.

4.6 ANOTHER CONSTRUCTION OF SMOOTHING INEQUALITIES
FOR NONUNIFORM BE BOUNDS

The construction described in this section may be more effective than the
one introduced in Section 4.4.

Let us say that a function F' is a scaled distribution function (scaled d.f.,
for brevity) if F¥ = AFy for some real A > 0 and some d.f. Fj. For any
scaled d.f. I, one can rewrite (4.2.2) in the following formally more general
way: again for any real 7" > 0 and any real z,

5 Floom) + & (Mr(—#) fr(#)) (x) < Fla—) < F(a+) < 3 Foo-)
+ & (Mg (#)fr(#)) (), (4.6.1)
where fr denotes the Fourier—Stieltjes transform [, e# dF (z) of F, and
My and &(f) are still as in (4.2.3) and (4.2.4).

Take any natural k and any r.v. X such that E|X ¥ < o0, and introduce
the functions Lx, F'x, Gx, F'x, Gx defined by the formulas

Lx(z) == 2"(P(X > 2)l{z > 0} - P(X < z){z < 0}),
Fx(z) :=EX*I{X <z}, Gx(z):=E(zy AX),

1
Fx(t) ::EXkeitX, Gx(t) ::/ kakz—lEXkeitaX do
0

for all real = and t; of course, the definition of the function L x makes sense
even without the condition E| X |¥ < oo.

Note that

~

Lox(#)=(-1)Lx(—#), F_x(#)=(-1)"Fx(-#), and
Gx(#) = () Cx(~#). (4.6.2)

For a moment, consider the particular case when the r.v. X is nonnega-
tive. Then

(i) Lx = Gx — Fx;
(ii) Fx and Gx are scaled d.f.’s, with Fy(co—) = EX* = Gx(co—);
also, GG x is continuous on R;
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(iii) Fx and Gy are the Fourier-Stieltjes transforms of Fx and Gy,
respectively;

To check item (ii) on this list, use the dominated convergence. To verify
item (iii) concerning Gy and Gy, note that G x (z) = p ((—oc, z]) for all
real z and [, " p(dz) = Gx (t) for all real ¢, where 1 is the nonnegative
measure defined by the condition [, hdp = E [ k2 'I{0 < z < X}
h(z) dz for all bounded and/or nonnegative Borel functions 2: R — R; the
relation between FX and F'x is only easier to check.

Removing now the temporary assumption that the r.v. X is nonnegative
and recalling (4.6.1), one has

& (Mr(—#)Gx,(#)) (2) = & (Mr(#)Fx. (#)) (@)
< Ly, (a+) < Lx, (a-) (463)
<6 (Mr(#)Gx, (#)) (@) = 6 (Mr(—#)Fx, (#)) (2) 464

for all real x. Using these inequalities (with —X and —z in place of X
and ) together with the parity properties (4.6.2) and & (f(—#)) (—z) =
—&(f)(x), one obtains the “negative” counterpart of the upper bound in
(4.6.4):

Lx (z+) = (=)' Lx), ((-2) -)
+1

< (1) & (M ((— ) #)G(x), (#))(~)

— &(Mp((—1)*#) F(_ X+ (#)) ()]
= &(Mp((-1)*#)Gx_(#))(x)
— &(Mr(— (-1)F ) (#)(). (4.6.5)

To proceed further, suppose that for some real constant »¢
the function (M (#) — ») /#is in L*([—1,1]); (4.6.6)

this condition was assumed in [43] and will be satisfied in the applications,
usually with s¢ = 1; it is even unclear whether the conditions (4.6.1), (4.2.1),
and (4.2.5) can ever all hold without (4.6.6). Introducing the functions

Mjr(#) = M;(#/T)
for j € {1,2} (cf. (4.2.3) and (4.2.5)) and using (4.6.6) and the fact that
fEA sinzu 4,1 is bounded uniformly over all real z and all € and A such that
0 < e < A, one can easily show (cf. [43, (5)]) that the limit &(M; 7 f)(z)




On the Nonuniform Berry—Esseen Bound 131

exists (and is) in C for any j € {1,2}, any real 7" > 0, any characteristic
function (c.f.) f, and any real x. This allows one to recombine the terms in
the upper bounds in (4.6.4) and (4.6.5) to see that for any real x > 0

ka(X >x)=Lx, (x—)=Lx,(x—)+ Lx_(x+)
< 6 (Mp(#)Gx, (#))(x) — 6 (Mp(—#)Fx, (#)) ()
+ & (Mr (1) #)Gx_(#))(z) — &(Mp(— (1) #) Fx_(#))(2)
=&(Mr|Gx, +Gx_ — Fx, — Fx |)(2)
+i®(Mor [Gx, + (-1)FGx_ + Fx, + (1) Fx ])(x)

= & (M rEX*(Wx — Vx))(2) +i & (Mo rE[ X [F (W + Vx)) (),
(4.6.7)

where
Vx(#) := X% and Wx(#) = /01 Vx (a#)ka 1 da
_ /0 L doX k1 da (4.6.8)
here we also used the obvious identities F'y L(#) = EXkEelX#, Gy L(#) =

) ko TEXE e X # da, XE + X* = X*, and XP + (—X_)F = | X|R.

Quite similarly to the upper bound on z*P(X > z} in (4.6.7), one can
derive the corresponding lower bound on zFP(X > z}, with —Ms 7 in
place of My 7. Thus, one obtains

Theorem 4.6.1. Let M be any function such that the condition (4.6.1)
holds for all d.f. s F, all real x, and all real T' > 0, as well as the conditions
(4.2.1), (4.2.5), and (4.6.6). Then for all real x > 0 and all rv.’s X such that
E|XF < o0

FPX > 1) 6 (MLT EX*(Wyx — VX)) (m)‘
<i® (MQ,T E[X[F(Wy + VX)) (x), (4.6.9)

where Wx and Vx are as in (4.6.8); inequality (4.6.9) also holds with
P(X > z) in place of P(X > x).

Remark 4.6.2. Introducing the c.f. of X,

f(#) = Ee™*F,
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and its kth derivative f(*), one has EX*Vx = i % f(¥) and (EX* W )(#) =
z'*kfol F) (a#)ka*~! da, whence, concerning the left-hand side of (4.6.9),

EXF(Wy — Vx)(#) =i " / 1[f(’“) (a#) — FP(#))ka* " da. (4.6.10)
0

Somewhat unfortunately, when k is odd the expression of the function
E|X|*(Wx + Vi) in the right-hand side of (4.6.9) in terms of the c.f. f (cf.,
e.g., [34]) is much less convenient than the expression for EX*(Wx — V)

in (4.6.10)—and the case most interesting in the applications is that of
k=3.

However, there is a simple and apparently rather effective way to deal
with this inconvenience:

Proposition 4.6.3. Under the conditions of Theorem 4.6.1,

& (Mo E|X[F(Wx + Vx)) ()

1
ik / kb & (Mo (#) [fM) (a#) + F O (#)]) (2) da

0
%Qk_pE X |* 1
T k—p (| X_|+az)p TP

cap 2k —p e E|X_[F\ 1
—= EIX_I"P N\ — | — 4.6.11
T k—0p < | | /\ P TP ( )

N

Sforallp € (0,k) and all real x > 0, where

ca,p = sup |ulP| Na(u))|
uweR

and Ny is the Fourier transform of the function No(#) := Ma(#)/#.

Proof of Proposition 4.6.3. Note that the left-hand side of the first
inequality in (4.6.11) equals

LHS : = (@(MQ,T EIX|F(Wx + Vx))(z) — & (Mo EX*(Wx + Vi) (w)\
= 2|6 (M EXF (Wx + Vx)) (@)
cf. (4.6.10). Further, by (4.2.4),

1
/eltxMz(tt/T) EXﬁ (/ kak*leiatX da—i—eltX) dt'

0

I

LHS =

SR

R
1
EXE /NQ(U) </ kak—leiaTu(X—m) da+6iTu(X—x)> du
R 0
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::i‘axw<éﬁuk4ﬁgwmpyx»da+ﬁzcmxr@bdu

< E———— k Pd 1
T TPX —ap \Jy ot

X F 2%k—p 1
(IX-|+z)p k—p TP’

7pE

here we used the equality | X — z| = | X_| + =, valid for any real z > 0 on
the event { X_ # 0}. Thus, the first inequality in (4.6.11) is verified, and the
second inequality there follows because | X _|+z > | X_|Vz forx > 0. O

Remark 4.6.4. For instance, for Prawitz’s particular function M as in
(4.2.7), Na(#) = —m(1 — |#])+, so that No(z) = F(%)Z for real
sin m/?

x # 0, whence cop = 4m and co 1 = 4msup,~q . It follows that for
k = 3 the second upper bound in (4.6.11) is 16(E|X I\ E‘X’P)T2 if p

is taken to be 2, and it is no greater than 3.6231(E|X_|* A\ E‘X " )7 with
p = 1. Here one can obviously further bound the moments of |X_| from
above by the corresponding moments of | X |; these bounds can be obviously
improved if the distribution of X is symmetric.

For simplicity, let us consider here the iid case and accordingly let X :=
S/+/n, so that X is a zero-mean unit-variance r.v. Then, with £ = 3 and
p=2,

X_3 ElX_ ElX 2483
ST < BN AT AT

(4.6.12)

by the Rosenthal-type inequality (see, e.g., [4, Lemma 6.3] or [41, (12)])

EIX[> <2+ B3/vn, (4.6.13)

where 33 := E|X1[?; this may be compared with E|Z|? = 2\/2 ~ 1.6,
where Z ~ N(0,1). In view of Markov’s inequality and the mentioned
value 0.4748 of cu, (4.6.13) also yields (4.3.1) for all real x > 0 with ¢, =
4.5 in the “small n” case when \5F > 2 . So, if one recalls (Subsection 4.3.1)

that the apparently best known upper bound on ¢y, in the iid case is over
17 and thus considers the value 4.5 for ¢, satisfactory at this point, then
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without loss of generality (w.l.o.g.) 6—; < % Moreover, comparing the

desired nonuniform bound 4. 5W with the known uniform bound

04748537, one sees that w.l.o.g. & > zo == (g325 — 1)1/® = 2.039...

Another upper bound on the term E X aF X" which is apparently better
than the upper bound in (4.6.12), is as tlollows Again, let us consider
the case of principal interest, when k& = 3. At that, to be specific,
take p = 2.

|#-[°
[#-1+z)?°

) = ( for any given real
< % for all real nonzero u. Hence,

Consider the function h(#) := hy(#
x > 0. Then it is easy to see that | " (u)]
by Tyurin’s result [51, Theorem 2],

|X_|? V() + B3/v/n
B a2 S 2

, (4.6.14)

where ¢ (z) = x%%, so that the function ¢ is increasing on the

interval (0,00), from % (0+) = 0 to ¥(co—) = E|Z_|? = \/g =
0.797...<0.8.

Thus, the upper bound in (4.6.14) is less than 0. 8+2/3 < 0.36 < 1 and
hence indeed significantly less than the upper bound in (4.6.12). Note also
that the increase of ¢ is rather slow; in particular, ¢(3.5) ~ 0.35, whereas
certain considerations show that the most “difficult” values of x are between
zo ~ 2 and about 3.5.

One can also try to use the more accurate upper bound
1
aPTP|| X_| 4 x|P

on Ny (oT(|X_| + 2))—instead of the bound m

|]/\7\2(u)\ u € R}, essentially used in the proof of Proposition 4.6.3. At
that, one may want to utilize a function M with its imaginary part My
smoother than that of the Prawitz particular function, so that the Fourier
transform N of the function No(#) := Ma(#)/# be decreasing faster.

sup{up|]/\f\g(u)\: u>olx} (4.6.15)

sup{|ul’

In Section 4.4, a quick proof of (4.3.1) was given. Using Theorem 4.6.1
in this section (with £ = 3), we can now give the following, yet quicker
proof of (4.3.1), in which we have fewer terms to bound than in the “quick
proof™ in Section 4.4.
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A quicker proof of Nagaev's nonuniform BE bound (4.3.1)
Let T = ¢p+/n/f3, where cp is a small enough positive real constant. Let
A < B mean |A| < CB for some absolute constant C. Let X := S//n. If

T < 1thenl < % So, for all real x > 0, by the Markov and Rosenthal

inequalities, (1+23)P(X > ) < 1+E|X|3 < 1+ 22 < 2= and similarly

Vi S Vn
1+z)P(Z>17) < 51, whence (4.3.1) follows.

It remains to consider the case T > 1. Note that then n > (f3/cr)? > 3
and hence n > 4 provided that ¢ < 1/4/3.

In view of the uniform BE bound, Theorem 4.6.1 (with M as in (4.2.7),
say), (4.6.10), Proposition 4.6.3, and Remark 4.6.4, in order to prove (4.3.1)

it is enough to show that &1, (f" — ¢"") < % and B, (") < % for

o € (0,1], where f is the ¢.f. of X := S//n, g(#) := e #°/2, and

a(h)(z) == ® (Mj <O‘f> (a#)> ().

For j € {0,1,2,3}, introduce fl(j)(t) = (%)j f1(t) and fl(i?(t) =
fl(J)(t/\/ﬁ), where fi denotes the c.f. of X;.
)

1> and then

Similarly, starting with g; := g in place of fi, define ¢
e d) o 19)— ) ana ), = |12 v o2
and ¥, Note that f = f* and hence \/nf" = f31 + f32 + f33, Where
fn = (= D= 257 (AD). g o= 30— 7320 £, and
f33 = fi ! fl(i); do similarly with g and g; in place of f and f;. By
Remark 4.2.1 and Proposition 4.4.3, M; ( T ) f33/Bs3 is a quasi-c.f. and
hence, by Proposition 4.4.2, &;,(f33) < f3, for j € {1,2}.

; omit superscripts (¥)

So, it suffices to show that &1, ( f3r — gsr) < 3 and Ban (f3r) < B3 for
ke {1,2}.

This can be done in a straightforward manner using the following
estimates for j € {0,1,2,3} and [t| < T: M; < 1, Ma(%) < % <

1|83/ /10, hn ()" < et (where ¢ is a positive real number depending
only on the choice of cy), h ( ) < |t]/v/n, h[Q]( t) < 1, |d§]n)(t)] <
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Bs([t]/v/n)>~7, and hence f1'7 () — g7 (1) < [t[’e" Bs/\/n; cf., for
example, [28, Ch. V, Lemma 1]. For instance, | f31—g31| < n?(D311+D312),

3 R 3
where Dan () = (15 = o, (182)) (0) < e 25 (14 ana

Dara(t) = (152 (182) 121 ) ) < e ()" B (45)", 5o tha

G1a(fs1 — g31) < [T (15 + th)e —et By d |t| < Bs.
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On the Berry-Esseen Bound
for the Student Statistic

losif Pinelis
Michigan Technological University, Houghton, MI, United States

5.1 SUMMARY AND DISCUSSION

Consider the self-normalized sum

S
T:=—
V’
where
n
S 3 Ve Y
1
and Xi,...,X, are independent zero-mean random variables (r.v.’s).

It is assumed that 7 = 0 on the event {V = 0}. For any p € (0,00),
introduce also

By = ZE|X,~VD and Bp = ZE’XZ? — EXiQ‘p/zv
1 1

assuming that 0 < 3 < oo (and hence 0 < Fy < 0).
Let ® be the standard normal distribution function.

Theorem 5.1.1. One has

IP(T<z2) —®(2)| <A b3 +A51/2+A s 5.1.1)
S S 353/2 4 52 65§B§/2 .

for all z € R and for all triples T := (As, Ay, Ag) of absolute constants
belonging to the set T := {71, T2, T3} of triples, where

71 = (2.02,1.10,0.15),

5 1= (16.25,2.27,4.83 x 107,

73 := (1.37,40.54, 43.65).
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The triple 73 = (2.02,1.10, 0.15) of the constant factors As, A4, Ag was
obtained trying to minimize the sum A3 + A4 + Ag of the constants; for
details, see the proof (in Section 5.2) of Theorem 5.1.1 and especially the
table at the end of that proof. The triple 75 was obtained trying to minimize
the effect of the sixth-order moments of the X;’s. The triple 73 was designed
to work best when 54 and 5’6 are very small, that is, when the distribution of
each X is close to the symmetric distribution on a symmetric two-point set.
The triples 71, 72, 73 Will be used in this paper to compare the upper bound
in (5.1.1) with one due to Shao [19].

In the i.i.d. case, that is, when the r.v.’s X1,..., X,, are independent
copies of an r.v. X, one can improve the values A3, A4, Ag of the absolute
constants in (5.1.1); in this case, let us assume without loss of generality that

EX?=1.
Introduce

E|X2 -1
E[X]

Theorem 5.1.2. If X, X,,...,X,, are iid rv.s with EX = 0,
EX?2=1,and E|X|? < oo, then

p3 = E |X|37 P4 = E(X2 — ].)2, P6 ‘= (512)

Asps + Aaps + Asps
NG

Jor all z € R and for all triples T := (As, Ay, Ag) of absolute constants
belonging to the set T := {71, T2, T3, T1.1} of triples, where

IP(T <2) = 2(2)] <

(5.1.3)

71 := (1.93,1.06,0.14),
Ty i= (15.54,2.11,4.72 x 1079,
73 = (1.27,50.15, 54.10),

71 = (2.35,0.99,0.11).

Foreachi = 1,2, 3, the triple 7; in Theorem 5.1.2 is to be compared with
the triple 7; in Theorem 5.1.1; the triple 711 is a modification of 7{, which
will be used in a comparison with the bound in (5.1.9).

For n > 2, the Student statistic
L Xvn
Vi S - X2
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where X := % Z? X, can be expressed as a monotonic transformation of
the self-normalized sum 7"

n—1 T
=14/ - m (5.1.4)

Therefore, one immediately has

Corollary 5.1.3. Theorems 5.1.1 and 5.1.2 hold if P(T < z) — ®(z2) is
replaced there by P(t < z) — ®,,(z), where

B, (2) = (I)<\/1—i—(,2“22——1)/n) (5.1.5)

A Berry—Esseen type of bound of the optimal order for the Student
statistic of i.i.d. X;’s was obtained in 1996 by Bentkus and Gotze [2], using
a Fourier transformation method. This was extended to the non-i.i.d. case by
Bentkus et al. [1], whose result can be rewritten as follows:

‘P(t <z2)— @(z\/g)‘ < Coya + Cys, (5.1.6)

where Cy and ('3 are absolute constants,

RS 1o VP
72~—B221:EX1‘21{|X1|>2},
5= NPT < (5.7
2 1

Note that ¢ ~ T as n — oo. The function ®,,, defined by (5.1.5), may
be considered as an improper distribution function, with the “impropriety”
1— (@ (00) =@y (—00)) = 2(1—®(y/n)) ~ 1/ % e~/ for large n, which
is much less than ﬁ If n is not very large, the tail probability 1—®,,(z) may
be much greater than 1 — ®(z), which appears to correspond qualitatively to
the fact that the tail of the Student distribution is significantly heavier than
the standard normal tail when the number of degrees of freedom (d.f.) is not
large. This heuristics appears to be confirmed by Fig. 5.1, for n = 10; the
pictures for n = 5 and n = 20 look quite similarly.

It appears that on the interval [1.5,00) the tail function 1 — ®@,,(-) is
closer to that of the Student distribution than the tail functions 1 — ®(-) and

1-9 ( A/ %) are. So, while the method of the proof (given in Section 5.2)

appears to allow one to obtain analogs of Theorems 5.1.1 and 5.1.2 for
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Fig. 5.1 Logarithms of the ratios of the tail functions 1 — ®(-) (longest dashes), 1 — ®,,(+) (medium dashes), and
1-— <I>( Y ) (shortest dashes) to the tail function of the Student distribution with n — 1 d.f.

P(t < z) — ®(2) in place of P(T" < 2z) — ®(z) or P(t < z) — ®,(2),
such analogs will not be pursued here.

Anyway, the following proposition shows that ®,,(z) differs from ®(z)
by much less than 1/4/n, uniformly in z € R.

Proposition 5.1.4. For alln > 1 and z € R we have

C
‘@(Z) — (I)n(Z)’ < m, where (518)
o 1 —k\/z_ V3
C._<k—2)e = 0162... and k=14

this constant factor, C, is the best possible in (5.1.8).

One may be concerned that it is more natural to compare the distribution
function of the statistic ¢ (as in (5.1.4), for general zero-mean X; ’s), not
with ® or ®,,, but with the distribution function (say F,,_;) of Student’s
distribution with n — 1 d.f.—that is, with the distribution function of the
statistic ¢ for i.i.d. standard normal X;’s. However, as shown in [15],

C A
|Fr—1(2) — ®(2)] < — with C =0.158...
/)/L J—
for all n > 5 and z € R. Therefore and in view of Proposition 5.1.4,
F,—1(z) differs from ®,,(z) by much less than 1//n, uniformly in z €
R. Thus, Corollary 5.1.3 is quite relevant, notwithstanding the mentioned
concern.
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In the i.i.d. case, Nagaev [7, 1.18] stated an inequality, which reads as
follows (in the conditions of Theorem 5.1.2): for all z € R,

E Xx* 9 3\ 1
Exp HEX -1 )\/ﬁ
Clearly, E X? = 1 implies 1 E IX]? < (EX*EX?)Y?2 = (E )(4)1/2
whence p; < (EXH/2 < ‘3 and ps < E|X? — 1J3; here the p;’s
are as in (5.1.2). So, the bound in (5.1.9) is greater than that in (5.1.3) with
the triple 7 = 711 of constants A3, A4, Ag. Besides, there are a number of
mistakes in the proof of (5.1.9) in [7]. It is also stated in [7], again in the
1.1.d. case, that

IP(T < 2) — ®(2)] < (4.4 E|X] + (5.1.9)

36E|X[]?+9
vnoo

Using Stein’s method, Shao [19] obtained a tighter and more general bound,
also with explicit constants but without the i.i.d. assumption:

|P(T < 2) — @(2)] < 10.272 + 2573 (5.1.10)

< 258,/84"*

for all p € [2, 3], with the same 2 and 73 as in (5.1.7). More recently, a
Berry—Esseen bound for 7" was obtained in [3] for i.i.d. standard normal
X;’s by means of Malliavin calculus.

[P(T < 2) - 2(2)] <

Let us compare the bounds in (5.1.1) and (5.1.10). At that, let us restrict
the attention to i.i.d. r.v.’s X, X1,..., X,,.

Consider first the case when X has a two-point zero-mean distribution,
so that P(X € {—a,b}) = 1 for some positive real numbers a and b; that is,
P(X =0 =

a
a+b
This case appears especially interesting, as any zero-mean distribution can
be represented as a mixture of two-point zero-mean distributions—see, e.g.,
[13]. Without loss of generality, assume that b > a and ab = 1. Then b > 1
and EX? = 1, and hence the bound in (5.1.1) (with the triple 7 = 73
of constants As, Ay, Ag) is no greater than (16.25p3 + 2.27p4 + 4.83 x

107 pg)/+/n, where again the p;’s are as in (5.1.2), so that p3 = b(b;—;-ll)

ps =b—1/b,and ps = (b — 1/b). On the other hand, if b > \/n/2, then
the bound in (5.1.10) is no less than 10. 2b+1/b > 5.1 > 1. So, without loss
of generality b < y/n/2 and hence the bound in (5.1.10) equals 25p3/+/n.

=1-P(X = —a).
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Thus (preferably with the help of the Mathematica command Reduce or
similar tools), one finds that the bound in (5.1.10) will be less than the
bound in (5.1.1) only if b > 1158; that is, only if the “asymmetry index”
b/a is greater than 11582 = 1,340,964 > 10%; moreover, the inequality
b < /n/2 implies that n must be no less than (2b)? > (2 x 1158)? =
5,363,856 > 5 x 10%. One concludes that, for i.i.d. X;’s with a common
two-point distribution, (5.1.1) is better than (5.1.10) unless both the sample
size n and the asymmetry index are very large. Also, in the “symmetric”
case when b = a = 1, the bound in (5.1.1) (with 7 = 73) reduces to
1.37/y/n, which is 2~ > 18 times as small as the bound in (5.1.10) (for
n > (20)? = 4).

While the two-point distributions may be of particular interest, they are
of a bounded support set, and hence all their moments are finite. On the
other hand, one may object that the bounds given in Theorems 5.1.1 and
5.1.2 will be infinite and hence useless if the fourth-order moments of the
X;’s are infinite. However, this concern is easily addressed via truncation.

For a minute, let X denote any zero-mean r.v. If the distribution of X
is continuous, then for each b € [0, o0] there is some a € [0,00] such
that the r.v. X%* := XI{—a < X < b} is zero-mean; the same holds
in the case when the distribution of X is symmetric (about 0)—then one
can simply take a = b. If the zero-mean distribution of X is not continuous
or symmetric, one can use randomization, say as in [13], to still find, for
each b € [0, 00], some a € [0, 0] and some zero-mean r.v. X®? such that
P(—a < X% < b) = 1and X** = X on the event {—a < X < b}; let
us refer to any such r.v. X" as a zero-mean truncation of the zero-mean r.v.
X. (One could similarly base an appropriate construction on the so-called
Winsorization (—a)V (X Ab) instead of the truncation X I{ —a < X < b}.)

Now let Xq,...,X,, be zero-mean r.v.’s as in Theorem 5.1.1 or
5.1.2. Respectively, let B(Xi,...,X,) denote (for any of the triples
T, T9, T3, 71, 72,73, 71.1), €ither one of the bounds in (5.1.1) or (5.1.3), as it
depends on (the individual distributions of) the X;’s. So, B(X1,...,X,)
denotes the bound in (5.1.1) under the conditions of Theorem 5.1.1, and it
denotes the bound in (5.1.3) under the conditions of Theorem 5.1.2. The
following corollary of Theorems 5.1.1 and 5.1.2 is immediate:

Corollary 5.1.5. Under the conditions of Theorem 5.1.1 or 5.1.2, for
eachi e {1,...,n}let Xf'“b" be a zero-mean truncation of X;. Then for all
zeR
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P(T<2) - (U{X ¢ (—ab)}) + BXP LX),
(5.1.11)

Note that the upper bound in (5.1.11) can be expressed only in terms of
the individual distributions of the X;’s (rather than their joint distribution),
since

(U{X¢ —ai,b >:1—ﬁP(Xie(—ai,bi)).
1

So, when the bound in (5.1.1), (5.1.3), (5.1.6), or (5.1.10) can be computed,
usually the “truncated” bound in (5.1.11) can be computed as well.

One may want to compare the bound in (5.1.11) with that in (5.1.10) or
even with the “truncated” version of the latter bound:

1— H P (X; € (—a;, b)) + 10.295 + 2533, (5.1.12)

where 42 and 73 are obtained from ~, and ~3 by replacing the X;’s with
their zero-mean truncations X f"’b", as in Corollary 5.1.5.

Let us make such a comparison when the X;’s are i.i.d. with a common
distribution, which is either the Student distribution with d > 0 degrees of
freedom or the (centered) Pareto distribution with the density

fo(@) = s(m+ sil)_s_l I{x > _sil}’

where s is a parameter with values in the interval (1, c0). Clearly, Student’s
distribution with d degrees of freedom is symmetric, with heavy tails for
small d and light ones for large d, whereas the Pareto distribution with
parameter s is highly skewed to the right, with a heavy right tail for small
s > 1 and a light one for large s. In keeping with the “i.i.d.” assumption, let
us consider the “truncated” bounds in (5.1.11) and (5.1.12) withb; = --- =
b, =: b and, accordingly, a; = --- = a, =: a; note that in each of the two
cases under consideration (Student’s or Pareto’s), the value of a is uniquely
determined by that of b. Then, moreover, let us (numerically) minimize
the “truncated” bounds in b. The results are shown in Figs. 5.2 and 5.3.
There, the graphs are shown: of the bound in (5.1.1) (longest dashes), of the
minimized “truncated” bound in (5.1.11) (a bit shorter dashes), of the bound
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Fig. 5.2 The bounds in the case of Student’s distribution with d degrees of freedom.

in (5.1.10) (yet shorter dashes), and of the minimized “truncated” bound
(5.1.12) (shortest dashes)—for sample sizes n € {10, 100, 1000, 10,000},
d € [2.5,20], and s € [3.5, 20]; at that, for the bounds in (5.1.1) and (5.1.11)
the triple 7 = (2.02,1.10,0.15) of constant factors in (5.1.1) is used.

Figs. 5.2 and 5.3 suggest the following.

1. Predictably, the truncation helps significantly only when the tails are
heavy enough—that is, for small enough values of the parameters d and
s. Predictably as well, the truncation is more useful with the bound in

(5.1.1) than it is with that in (5.1.10).

2. For Student’s and Pareto’s distributions, even the minimized “truncated”
bound in (5.1.12) is nontrivial (i.e., less than 1) only if n is greater than
1000 (or even a few thousands). In fact, this bound is not much less than
0.5 even for n = 10,000 and light tails. For instance, for n = 10,000
and Student’s distribution with d = 20 d.f., the bound in (5.1.10) and
the minimized bound in (5.1.12) are both ~ 0.417, whereas the bound
in (5.1.1) and the minimized bound in (5.1.11) are both ~ 0.055 (again,

with 7 = 75 = (2.02,1.10,0.15)).
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Fig. 5.3 The bounds in the case of Pareto's distribution with parameter s.

. Fig. 5.3, for the Pareto case, as well as other considerations (see e.g.,
[12, 13] and discussion therein) suggest that the Student statistic may not
be appropriate for statistical inference when the underlying distribution
is significantly skewed. Alternative statistics, “correcting” for the asym-
metry, were offered and considered; see [12, 13] and discussion therein.
. If the tails are very heavy, then even the minimized “truncated,” “a-bit-
shorter-dashes” bound in (5.1.11) is not much less than 1 even if n is as
large as 1000 and the underlying distribution is symmetric. This may be
in broadly considered agreement with the fact, established in [6], that if
the underlying distribution is in the domain of attraction of a stable law
with index a < 2, then the limit distribution of the self-normalized sum
and, equivalently, that of the Student statistic is not normal.

. For all considered values of n, d, and s, the minimized “truncated”
bound in (5.1.11) is significantly less than that in (5.1.12). Note also
that the bound in (5.1.11) can be further improved by considering triples
of constants other than 7 = 75 = (2.02,1.10,0.15); for instance, one
may take the minimum of the three versions of the bound in (5.1.11)
corresponding to the three triples 71,72, 73. Moreover, when the tails
are light enough, even the “nontruncated” bound in (5.1.1) significantly
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improves both on the “truncated” and “nontruncated” bounds in (5.1.12)
and (5.1.10). Thus, especially with the truncation tool, getting smaller
constant factors may be more effective than insisting on the “optimal”
order of moments even for the price of much greater constants.

In [17], Berry—Esseen-type bounds on the rate of convergence to normal-
ity for general nonlinear statistics that are smooth enough functions of sums
of independent random vectors were obtained, which yield in particular such
bounds for self-normalized sums. It is shown in [17] that the bounds in the
present paper, obtained by specialized methods, are usually better than the
corresponding consequences of the general results in [17].

It appears that, with the smaller (or much smaller) constant factors than in
the preceding results, the bounds presented in this paper may be approaching
the state of being of use in adequate statistical practice. There are additional
resources to tap into. For instance, the proofs of Theorems 5.1.1 and 5.1.2
rely to a large extent on Selberg’s [18] hybrid between the Chebyshev and
Cantelli bounds. One can similarly try to use and/or develop much more
accurate (but also much more complicated) upper bounds on large deviation
probabilities such as ones given and discussed in [14]; however, then the
proofs can be expected to be much harder to produce or read.

5.2 PROOFS

Proof of Proposition 5.1.4. Introduce A(a,z) :=

P(uq,z
(0,1) and wu,, = ﬁ so that ®,(z) = A(f,z) and O(z) =
S

A(0, z). By the mean value theorem, for some b = b,

(0
Ala,2) =A0,2) _ oA, (- up ) e(up,:)
a = 9.0 = 2(1—b)

where ¢ is the standard normal density function. So, to prove inequality
(5.1.8), it suffices to note that sup,cp [u(l — u?)p(u)| = 2C and X5 <

1 = 2 forb € (0,a) and a = 1. That the constant factor C is the best
pos s1ble in (5.1.8) follows because by I’Hospital’s rule, % ~
‘g—(a z)asal 0. O

The proof of Theorem 5.1.1 is based, in part, on the following two
lemmas.



On the Berry-Esseen Bound for the Student Statistic 149

Lemma 5.2.1. Take any A, ry, a, bin (0,00). Take any c and r in (0, c0)
such that

S >

c> and 1 < 1.

LetY by any r.v. such that EY = 0 and o := VEY? € (0,0). Then

uNv

A
P(Y >¢) < zp<r*, g)r, where  )(u,v) = m

Also,

(5.2.1)

40% + (a — b)*

P (Y ¢ (_a7b)) < (a+b)2

(5.2.2)
Proof of Lemma 5.2.1. By the condition ¢ > % and Cantelli’s inequality,

A o 2
P(Y = C) < P(Y P ;) < T+ (N 1)? = r‘?:v?’

where v := \/o.

Note that ;77 increases inr € [0,v] and decreases in r € [v,00). So, if
r« < v, then the condition » < 7, implies m*yg < 7”2’_171)2 = Y(ry,v). If
now ry > v, then TQJFLUQ < Uzz’? = 1(r«, v), so that the inequality in (5.2.1)
holds in this case as well. As for inequality (5.2.2), it is due to Selberg [18];
see also, for example, [5, p. 475]. O

Lemma 5.2.2. For any positive real numbers x,x1,xo such that x >
x1 V o, one has

= =

21P(z) < P (x2), (5.2.3)
where
P:=1—-9,
B (2) ;= 0.17I{0 < = < 0.752} + 2®(x) I{z > 0.752}.

Proof of Lemma 5.2.2. It is well-known that the function ® is log-
concave; see, for example, [4, 10]. So, the function L defined on
(0,00) by the formula L(z) := In(2®(x)) is concave, and hence
L(z) < L(zo) + L'(xo)(xz — xo) for any x and o in (0,00). Also,
L'(0.751) > 0 > L/(0.752) and L(0.752) + L'(0.752)(0.751 — 0.752) <
In0.17. This implies that L < In0.17 on (0,00) and L is decreasing on
(0.752, 00), whence sup{z®(z): > z} < & (2) forall z € (0, 00). Now
the lemma follows. O

Proof of Theorem 5.1.1. This proof uses some of the ideas in the
proof of (5.1.9) in [7], which were previously presented in [8, 9]. As
mentioned before, there are a number of mistakes of various kinds in
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the proof in [7]. For instance (in the notations of [7]), a bound on
‘<I> (%) - (%) ‘ analogous to that on ’<I> (\/57;'70'(7“)) -9 (ﬁ) ’
in[7, (1.12)] is missing there. As for the bounds in [8, 9], when the constants
in them are explicit, the expressions for those bounds contain not only
characteristics of the individual distributions of the X;’s but also those of
their joint distribution.

Without loss of generality, assume that

Ba =1.
Take any
k€ (0,00), e1€(0,3), e3€(0,00), € (0,1),
o 92 € Eo, ii ez € Eo, oo; ey 424
and introduce
A:=A(z):=P(T <z2)— () (5.2.5)
and also
rg:=fP3, r4:= Bi/z, re 1= @, (5.2.6)
B3
€= KTy, E4:= 8—4. (5.2.7)
K
It suffices to show that
|A] = [A(2)| < Asrs + Agra + Agrs,
where without loss of generality let us assume that
z > 0.
Consider the following three cases.
Case I (“smalln”). e > eq4orry > €3.
Note that
EZ=E4 < T4 = E4.
So,
A <1 <(A3,173) V (Ag171) V (Ag,176)
<Az 1r3+ Ag17ra+ A6, Where (5.2.8)

1
Azp = —, Aq1:=
€3

5 A61:: 0.

)

My
N B
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Case 2 (“large n”" and “large deviations”): € < €4, 13 < €3, and
2z Bnl
Then by (5 2.1) and (5.2.5),

A< (PL+ Py) vV @(2),
where
P:=P(T>2V>1-¢)
<SPS > (1—e2)2) < (¥(es,03)r3) V (V(E4, 04)r4),
éj = (1 —e2)0,

n

%;:PU/gl_@):P<§:EXf—Xfﬁ>@><¢@%@V%
1

52 = 62(2 — 62).

Note also that the currently assumed case conditions € < €4, r3 < €3,
andz > B A Gimply 2z > % > % or 2 > % 5 9 S0, Lemma 5.2.2
T3 T4 T3 €3 T4 €4

yields

Thus,
‘A| <A372 r3 + A472 T4 + A672 rg, Where (5.2.9)
Az =1 (5379:),) v [@ (%) =1
Ay = {1/1 <54,é4) + 9 (€4, E2) ] v [@ (g“) =],
A6’2 = 0.
Case 3 (“large n”" and “moderate deviations”): € < €4, 13 < €3, and
93 94
z < E AN E.
In this case, note that

{T < z} ={T, < z}, where T, := S— z(m_l) andn = V2—1.

Note also that the expression S' — z(\/l +n— 1) for T, is convex in
(S,m), so that its linear approximation (at the point (E S, En)=(0, 0))

S,:=8—2n/2

never exceeds 1, whence




152 losif Pinelis

Therefore and because P(7" < z) = P(7, < z), one has
P(S:<(1—g)z) —P(6>¢) <P(T < 2) <P(S. <2).
In view of (5.2.5), it follows that

A <BE+ D(1) and
~A<BE+P( >¢)+D(1—¢)+ D.,

where
BE := sup | P (S. < u) —@(g)‘,
u€R Oz
o, =\ESZ= |> EXZ,
1
D(u) == )@(uz) - @(%) , (5.2.10)
Oz
D, = sup [@(z) — @((1—¢g)z)]. (5.2.11)
z>0
Thus,
IA|<BE+P( >¢)+D(1)VD(l—¢)+ D.. (5.2.12)
Note also that
Sz = ZXi,z’
1
where
Xi.:=X;,—2Y;/2 and Y;:=X?-EX}
whence
n=>»_ Y
1
By a recent result of Shevtsova [20],
BE < 0.567%2 (5.2.13)

3
UZ
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where
n L 2 \3 B3 3 Bo
o= YENL <) E (Xl +5m1)" < g + (5) oo
(5.2.14)
for any
€ (0,1); (5.2.15)

the second inequality in (5.2.14) follows from the elementary inequality
(a+b)3 < < oo t a2 for all @ and b in [0, 00) and @ € (0, 1). Recalling

also the condition z < fz’ A 2;‘ and definitions (5.2.6), one has

1 03
2 3+8 2 "

B3, < A=ap (5.2.16)

Next,
azziEXz —1+( >,84—ZZEX3 1—283 > 1—65. (5.2.17)
1

So, (5.2.13) and (5.2.16) yield

0.56 1 03
BE <
= (TP ™ ¥ 52

3

Sy ) (5.2.18)

Further, since 0 < € < g4 < %, one has

6> = n¢[2 —2V2e,2 + 2V2¢].
So, by (5.2.2), (5.2.6), and (5.2.7),

472 4 16e? 1+ 4rk?
P> e) < T43+2€ - ;E“ ra. (5.2.19)

Next, by (5.2.10), for any u € [0, 00),

1 uz
-1 ( ) 5.2.20
o, 14 o, V1 ( )
where ¢ is the standard normal density function. By the equalities in (5.2.17)
and the case conditions ¢ < ¢4 and z < f—i A 9—4,

D(u) < uz

2N\2 ~ 23\ 2 2
o2 — 1| < 283 + (5) Ba = zr3 + <§> r2 < zrg + <2) gqry (5.2.21)
and

2 2\2 9 2
oz — 1| < 2r3 + 5) T < 03+ 01/4. (5.2.22)
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Writing ‘Ui — 1’ = 11l and using (5.2.20) and (5.2.21), one has

o.+02°
D(u) < Di(u) + Da(u),

where

v2o(v g4 v3p(v
Di(u) :=r3 (Z( ) p2,  Da(u) =14 f 52( ) 3,

uz o (0, V1)
o, V1’ Pi+= o, +02’

If o, < 1, then by (5.2.17) for j = 2, 3,

1 1
— <= .
UZ+U§ P 1—035++/1—03
If o, > 1, then by (5.2.22) for j = 2, 3,

Pj =

o’ 1 < 1
Pi = = 1 57 X Pxxj '= {7 95>
O-Z—i_o-g O'z]'f‘o'z] O'*j—l-O'*]

o i=1/1+05+62/4.

where

Note also that

iip(v) 1 (j)j/Q
supv’p(v) =855 = —| =
v>18 4 ! V2m\e

for j = 2, 3. Therefore, recalling also the condition € < &4, one has

S9 €4 S3

1—64

T eg P Prea)

Next, let us estimate ﬁg. First here, one can use a special-case I’Hospital-
type rule for monotonicity, such as [11, Proposition 4.1], to see that for each

& (z)=P((1=t)z)

r € (0,00) the ratio —=——-—" increases in ¢t € (0,1). On the other
hand, for each ¢ € (0,1) the expression ®(z) — ®((1 — ¢)z) attains its

maximum in x € (0, 00) at x = x;, where

~2In(1-¢)

Tt 1= m
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On recalling also the definition (5.2.11) of D. and the conditions 0 < & <
g4 < %, it follows that

. D(xe,) —P((1— .
D. < R(e4)e = R(eq)kry, where R(ey):= (.) CE( €4)T ) '
4

(5.2.24)

Collecting (5.2.12), (5.2.18), (5.2.19), (5.2.23), and (5.2.24), one bounds
|A| in Case 3 as follows:

|A’ §A373 rs + A4,3 r4 + A673 rg¢, Where (5.2.25)
o e 0.56 $2(psx V pux 2)
337 1 003/2(1 — )2 _
(1-65)32(1 — ) 1—ey
1+ 4K? E~41L53(,0>:< V Psex 3)
Ayz = : R
4,3 ™ 11 —ey)2 + R(es)k,
0.07 02 3/2
o= LT (Y
63 a2 1-— 93

Collecting now the bounds (5.2.8), (5.2.9), (5.2.25) on |A| in Cases 1-3,
one concludes that in all of the three cases

‘A’ <Agrg+ Agrs + Agrg, where (5.2.26)
Ap = Ap,l \Y Ap72 V Apg,

forp = 3,4,6.

Now one can arbitrarily select positive “weights” w3, w4, wg and then
try numerical minimization of (say) wsAs + w4 A4 + weAg with respect to
all the parameters: «, €4, €3, €2, K, 03, 04, within their specified ranges—
recall (5.2.4) and (5.2.15). The target function here is complicated, and so,
it is hardly possible to find the global minimum. Even though the numerical
minimization is imperfect, it should be clear that the bound in (5.2.26) holds
for all the allowable values of the parameters as specified in (5.2.4) and
(5.2.15). The following table shows the values of the parameters a, 4, €3,
€9, K, B3, and 64 found by the mentioned numerical minimization for each
of a few selected triples (w3, w4, wg), as well as the resulting triple 7; of
the coefficients (As, A4, Ag), corresponding to the so obtained values of the
parameters.

Now Theorem 5.1.1 is completely proved. O
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w3 wgq we a €4 €3 €2 K 63 64 Triple

1 1 1 1013 2513 387 2951 1187 439 43,307 .
5000 104 125 104 5000 1250 104 1

1 1 106 8067 1079 34,883 1181 4739 349 35,127 -
104 2500 104 104 5000 104 5000 2

—4 —4 8 119 34,039 31 4159 927 5799
1 10 10 625 104 104 5000 104 2500 104 T3

Proof of Theorem 5.1.2. This proof is quite similar to that of Theo-

rem

5.1.1. The only essential difference that, instead of the constant 0.56

in (5.2.13) one can now use the better constant 0.4748, according to a recent
result of Shevtsova [21]; then, respectively, the value 0.07 = 0.56/8 can be
replaced by the smaller value 0.4748/8. The following table is similar to the

one presented in the proof of Theorem 5.1.1.
w3z wa we a €4 €3 E2 K 63 64 Triple
1 1 1 138 3177 1323 31 3357 3771 21,851 7
625 104 250 100 104 104 5000 1
6 8177 167 10,207 1279 7021 369 36,927 ~
1 1 10 104 | 500 | 5000 | 104 | 10% | 10f 5000 2
—4 —4 61 7 29,837 1 609 797 38,337 ~
1 10 10 5000 200 5000 200 104 2000 104 3
2873 759 10,143 276 186 809 1601 =
1 10 1 104 2500 104 625 625 2000 500 T1.1
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6.1 INTRODUCTION

A number of problems in nonparametric inference in statistics and econo-
metrics involve estimating the tail probabilities of test statistics. Several
studies have discussed applications of semiparametric and nonparametric
bounds for the P-values of test statistics in several contexts including
nonparametric ¢-tests, Hotelling’s T2 test, sign tests, signed-rank tests, and
permutation tests against serial dependence [18-20, 23-26, 49].

The interest in estimates for the tail probabilities of commonly used test
statistics is motivated in part by the fact that the exact distributions of the
statistics are frequently unknown. Even if known, the exact distributions of
the test statistics are usually difficult to compute and have to be obtained by
relying on computationally intensive algorithms or Monte-Carlo techniques,
as in the case of permutation ¢-tests or linear signed-rank statistics [19, 20].
Furthermore, large sample approximations (e.g., normal approximations)
require special regularity assumptions on the distribution of the observations
such as existence of the second or higher moments or identical distribution
(see, among others, [10, 27, 29, 48, 9, Section 5.2], the discussion in [35]
and the references therein).

One should also note the importance of estimates for the tail probabilities
of statistics (that hold under minimal assumptions) in the context of
statistical inference in models driven by innovations with heavy tailed dis-
tributions. The latter problems are closely related to the study of robustness
of statistical and econometric procedures and models in economics, finance,
and related fields to nonnormality and fat-tailedness assumptions (see, e.g.,
[26, 42, 43], and the discussion in the books by Embrechts et al. [27],

Inequalities and Extremal Problems in Probability and Statistics. http://dx.doi.org/10.1016/B978-0-12-809818-9.00006-9
Copyright © 2017 Elsevier Ltd. All rights reserved. 159
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McNeil et al. [46], and Ibragimov et al. [35]). As is well documented in
the empirical literature, a number of key economic and financial variables
and indicators, including financial returns, have fat-tailed distributions and
do not satisfy assumptions required for applications of standard inference
methods (see the above monographs and references therein). In studies of
the latter models with infinite variances, it is often usually assumed that
the error distributions belong to the domain of attraction of stable laws.
The limiting distributions for test statistics in such setups are nonstandard
and involve functionals of stable processes; therefore, one has to rely on
computationally intensive Monte-Carlo simulations to compute the critical
values of the tests. Furthermore, the convergence of the test statistics in such
models is typically very slow, hence providing inadequate approximations
for finite samples (see, e.g., [1, 59] and the above references, including
[9, 10, 48] for the discussion of problems with applications of autocorre-
lation function-based analysis in the case of heavy-tailed time series with
infinite variances and higher moments, nonlinear dependence, and volatility
clustering, as is typical for financial returns and foreign exchange rates).

In this chapter, we discuss sharp extensions of several (of the best known)
probability and moment inequalities for sums of independent symmetric
random variables (r.v.’s) to the case of random polynomials, generalized
sample cross-moments, and their self-normalized and Studentized analogs.
We also present extensions to the case of dependent r.v.’s through the
use of measures of dependence. The results are of particular importance
in situations when the observations exhibit heavy tails. We also discuss
applications to self-normalized LIL’s [11, 14, 15] and conservative testing
procedures. The results presented in the chapter are applicable in several
settings in statistics, econometrics, and time series analysis, including tests
for independence and problems of detecting nonlinear dependence.

Throughout the chapter we focus on two general structures. The first
concerns random polynomials and generalized sample cross-moments im-
portant in detecting nonlinear dependence and tests for independence
(and their self-normalized counterparts under symmetry assumptions) in
independent r.v.’s and the second involves extensions to the case of statistics
in dependent r.v.’s using measures of dependence. For ease of reference, the
chapter is organized as follows: Section 6.2 presents a survey of probability
inequalities for sums of independent r.v’s. Section 6.3 contains the main
inequalities obtained in the chapter with Section 6.3.1 dealing with sharp
probability inequalities for random polynomials and their self-normalized
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and Studentized versions in independent r.v.’s and Section 6.3.2 dealing
with extensions of the results in Sections 6.2 and 6.3.1 to the case of
dependent r.v.’s through measures of dependence. Section 6.3.3 presents
sharp moment inequalities for random polynomials and sample cross-
moments and discusses their applications. Section 6.6 is devoted to proofs.

6.2 SHARP PROBABILITY INEQUALITIES FOR SUMS OF
INDEPENDENT R.V.s AND THEIR SELF-NORMALIZED
ANALOGS

Let X1,..., X, ber.v.’s on a probability space (€2, S, P). A question of key
interest in the calculation of P-values is to accurately estimate the tail prob-
abilities P (}_; ; X; > z),x € R. There are several results approximating
tail probabilities. As examples we cite the works of Bernstein, Prokhorov,
Bennett, Hoeffding, and Eaton-Pinelis [5, 6, 21, 22, 24, 33, 49, 50, 52, 57].
Among others, the book by de la Pefia et al. [16] and the chapters by
Shao [53] and Jing et al. [37] provide inequalities for self-normalized sums
and their Studentized versions and reviews on recent developments in the
area.

In what follows we present a review of the inequalities that we will be
citing as well as the results for which we will provide extensions in later
sections.

1. Hoeffdings inequalities [24, 33]. Let X1,..., X, be independent r.v.’s
with EX; =0,i=1,...,n,suchthat | X;| <d; € R(as.),i=1,...,n,
and let D? = >_"_ . d?. Then

i=1""
P Z;pr Sexp(—QDQ>, (6.2.1)
1=
z > 0. .
Let Z be the standard normal r.v., qﬁ(u):\/%e_%,(b(u):

[ o(t)dt = \/% Iy efgdt, and let K be the class of twice
differentiable even functions f: R — R such that f” is nonnegative and
convex and K be the class of functions f € K such that f: R, — Risa
nondecreasing function. The classes K and K are quite wide and contain,
for example, the functions f(z) = |z|*,¢ > 3; f(z) = (|z| — w)} .t > 3,
u > 0 (here and in what follows, w, = max(w,0),w € R); f(z) = e/l*,
h >0, and f(z) = cosh hx,h # 0.
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2. Eaton-Pinelis inequalities [21, 22, 49]. Let X1, ..., X, be independent
rv.’s with EX; = 0,7 = 1,...,n, such that | X;| < d; € R (a.s.),i =
1,...,n,andlet D? = >_" | d?. Then the following inequalities hold:

=1 "
; 1 Bf(12))
P Xi> <3 zy (6.2.2)
<; :E) 2 1 (5)
feEK, x>0,
Y i 1 > 3 X 3
g (; dz x) = 0<1}‘I<1£/D/1; <(t —u) /<D - u) ) o(t)dt,
(6.2.3)
x> 0.

The use of the results in [25, 34] gives that for all independent mean-zero
rv.’s X1,..., X, such that | X;| < d; € R(as.),i=1,...,n,

P(ZXi>m>§1—CI><2—1'iD>, (6.2.4)

x > 0 (see the proof of Proposition 6.3.1 in this chapter). Pinelis [49]
obtained the following estimates:

P(gXi>x> gf(h@(f))) gfqb(é)D, (6.2.5)

2 > 0 (the second inequality in (6.2.5) was conjectured by Eaton [22]).
Pinelis [49] also proposed the following alternative to (6.2.3):

P (i: X; > a:) < min <1/2,D2/(2m2), inf /uoo

1 O<u<z/D

<(t —w)® / (% - u)3> <;5(t)dt) , (6.2.6)

Dufour and Hallin [20] noted that bounds (6.2.3) and (6.2.6) can be
improved when the number of the r.v.’s is taken into account and proved
an inequality from which it follows that under the above conditions,

P (i X; > x) < min (1/2,D%/(22%), B(z/D,n)), (6.2.7)

i=1
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where

n

B(y,n)=2"" ot O fel(n/4) ™2 (m = (n/2))]/(y — ¢)”,
- m=0

(6.2.8)

fo) = [(|t| — ¢)+]3,C™ = n!/(m!(n — m)!). Inequalities (6.2.2)~(6.2.7),
with the right-hand side expressions multiplied by 2, hold for |} | X;
as well.

From the results obtained by Eaton [21, 22] it also follows that the
following inequality holds:

n
Ef (Z ciXi) < Ef(Z) (6.2.9)
i=1
forall f € K, independent r.v.’s X1,..., X, with EX; =0,¢ =1,...,n,
such that | X;| <1 (as.),i =1,...,n,and constants ¢; € R;i = 1,...,n,
such that >°7 | ¢ = 1 (see also Pinelis [49]).

=11

Edelman [24, 25] and Pinelis [49] applied inequalities (6.2.1), (6.2.3)—
(6.2.5), and (6.2.9) and methods used for their proof to obtain statisti-
cally important estimates for the tail probabilities of the ¢-statistic and
the Hotelling 72 statistic. Dufour and Hallin [20] performed numerical
comparisons of bounds of the type (6.2.3), (6.2.4), (6.2.6), and (6.2.7) and
showed that estimates (6.2.6) and (6.2.7) are substantially superior to their
competitors. The authors also discussed applications of the Eaton-Pinelis-
type bounds to one-sample permutation ¢-tests, permutation ¢-tests against
regression and against first-order autocorrelation and to testing procedures
based on linear signed-rank statistics.

It is of interest to note here a relation of probability inequalities (6.2.1)
and (6.2.2)—(6.2.7) to the finding by Loretan and Phillips [45, Table 1]
that, for typical test sizes, the critical values of the sample split prediction
test for covariance stationarity of heavy-tailed time series are lower than
in the standard case of time series with innovations having forth moment.
For example, from inequality (6.2.4) it follows that if X;,..., X, are
independent symmetric r.v.’s (not all degenerate), then

n n 1/2
P ZX/(ZX2> >z | <1-®(x—1.5/x),
=1 =1
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x > 0, that implies, in particular, that

-1

P ((/01 dU§/2> US (1) > :c) <1-&(z—15/2),

where U;j /2
7v/2,0 < ~ < 4. The latter inequality implies, for example, that the
critical values z, of the sample split tests of size a% for time series with

innovations having Pareto-type tail behavior with tail index v,0 < v < 4,

(1) is a symmetric stable process with characteristic exponent

-1
which involve convergence to ( fol U /2> Us /2(1) are dominated by the
quantities (qa +v@ + 6) /2, where ¢, is the (1 — a)%-quantile of the

standard normal distribution: ®(¢,) = 1 — «.

6.3 MAIN INEQUALITIES

6.3.1 Inequalities for Random Polynomials, Generalized Sample
Cross-Moments, and Their Self-Normalized and
Studentized Versions in Independent R.V.s

1 —

Let, as before, Z be the standard normal r.v., ¢(u) = Woris T, and let

O(u) = [ o(t)dt = ﬁffm e zdt. Let¢; € Ry € {0,1},k =
1,...,i—1,i=1,...,n,and let Xy,..., X, be a sample of independent
r.v.’s. Consider the random polynomials

n
Vo= X XX, (6.3.1)
=1

and their self-normalized versions

n n
_ T Tio1,i 3 2 v 271 2ri—1,i v2
W= aXp. . X0 X/<§ 2X X2 Xi>
=1 =1

1/2

(6.3.2)

The class of the above polynomials V;, includes the generalized sample
cross-moments V,9C~M = ST e, X Xivn, oo Xign,,,0 < by <
< hm (in rv’s X1,..., X, 4n, ). The statistics VFC=M in turn,
include, as subclasses, the sample auto-covariances (1/n) > ;" | X;X; |
and the sample cross-moments (1/n)> " | Xiin, Xith, - - Xitn,,, 0 <
hi < --- < hp, arising in a number of important settings in statistics,
econometrics, and time series analysis, including tests of independence and
problems of detecting nonlinear dependence (see [32, 8, Section 12.1.2]
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for applications of sample cross-moments of order m = 3 and their self-
normalized analogs in tests for nonlinear dependence).

The following propositions give sharp generalizations of Hoeffding-
and Eaton-Pinelis-Dufour-Hallin estimates (6.2.1) and (6.2.2)—(6.2.7) to
the case of random polynomials V;, and their self-normalized analogs W,.
The inequalities for the self-normalized statistics W,, hold under the only
assumption of symmetry of the innovations. For example, no assumptions
on boundedness of the r.v.’s or finiteness of their moments are needed. This
property is central in the case of observations coming from a heavy-tailed
population. At the same time, using standard symmetrization inequalities for
martingales, the bounds presented in this section can also be extended to the
nonsymmetric case, at the cost of increasing constants on their right-hand
sides.

Proposition 6.3.1. Let Xi,...,X, be independent rv.s such that
EX; = 0,|X;] < d;i € R (as), i = 1,...,n, and let D> =
S c2da ...d?fl’l’id%, then the following inequalities hold for the

random polynomials V., defined in (6.3.1):

1,2
P(V, > z) <exp (_2D2> , (6.3.3)
x>0,
LEf(1Z])
PV, >x) < & PR (6.3.4)
VD235 )
feK,xz>0,
PV, >z) < éw, (6.3.5)
9 x
x> 2D,
P(Vy > 1) < 2;3 (1 — o (%)) , (6.3.6)

P(V,, > x) < min(1/2, D*/(22?), B(z/D,n))

< min <1/2,D2/(2a;2), inf /

O<u<z/D

<(t - u)3/<2 - u>3> gb(t)dt)

T 1.5D
<1—P(( — — 6.3.
< <D ° ) 63.7)
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x > 0, where B(y,n) is defined in (6.2.8). The same inequalities, with the
right-hand side expressions multiplied by 2, hold for |V,,|.

Proposition 6.3.2. Let X1, ..., X, be independent symmetric rv.’s (not
all degenerate), then the following inequalities hold for the self-normalized
random polynomials W, defined in (6.3.2):

22
P(Wy, > x) <exp <—2> , (6.3.8)
x>0,
LEf(12])
P(Wa > a) < 5 =550 (6.3.9)
feK,z>0,
P(W, >a:)<§ﬂ (6.3.10)
" -9 =z’ o
> /2,
2¢3
P(W, >x) < ?(1 — ®(x)), (6.3.11)
P(Wy > x) < min(1/2,1/(22%), B(z,n))
<m (1/2 1/(22%), <1mi /OO t—u)? x—u)3)¢(t)dt>
<1-9 <g; - 1;’) (6.3.12)

x > 0, where B(y,n) is defined in (6.2.8). The same inequalities, with the
right-hand side expressions multiplied by 2, hold for |W,,|.

The following proposition gives analogs of estimates (6.2.1) and (6.2.7)
for the tail probabilities of ¢-statistics in the random polynomials V,
(Studentized random polynomials) that can be applied in testing serial
independence of observations (see Section 6.3). Similar analogs of other
exponential inequalities for sums of independent r.v.’s hold as well. The
results refine and generalize those obtained by Edelman [24, 25] and
Pinelis [49]. As in the case of the self-normalized random polynomials
W, the estimates for the Studentized polynomials hold under the minimal
assumption of symmetry of the underlying r.v.’s.

Proposition 6.3.3. Let X1,...,X,, be independelg symmetric rv.’s
(not all degenerate), Vy, be as in (6.3.1) and let V,, = (1/n)Vy,
82 = Z?:l(ciXi—i-thi—&-h? A XH-hm — Vn)Q/(n — 1), then
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P(VnV,/sn > 2) < exp(—nz?/[2(n — 1+ 27))), (6.3.13)
— . 1 22— 1)/n x

PV Vnfon >z) < min (1/2’ = 222 M ((1 (@ - 1)/n)1/2’”>>’

(6.3.14)

x > 0, where B(y,n) is defined in (6.2.8). The same inequalities, with the
right-hand side expressions multiplied by 2, hold for |\/n 'V ,/sy|.

6.3.2 Extensions of the Results in Sections 6.2 and 6.3.1 to the
Case of Dependent R.V!s Through Measures of Dependence

de la Pena et al. [12] obtained sharp estimates for tail probabilities and
expected values of statistics in dependent r.v.’s in terms of measures of
dependence of the r.v.’s.

Let (b%q,“.,yn and dy,,.y, denote the following measures of depen-
dence for absolutely continuous or discrete r.v.’s Y7, ..., Y, with the one-
dimensional distribution functions Fy(yx),k = 1,...,n, and the joint
distribution function F(y1,...,yn):

¢ _/ / dF y17"'7yn))2 -1
Yi,.,Yn dFi(y1) ... dF,(yn)
dFy1,---,yn) ’
dF e dFy(yn) — 1
/ / (dF1 (Y1) - - dFy(yn) o) )

(multivariate analog of Pearson’s ¢ coefficient),

o= [ [ o (G ) SO )

(relative entropy), where the integrals are in the sense of Lebesque-Stiltjes
and gl s to be taken to be 0 if dFy(y1) ... dFu(yn) = 0
in the former case and to be 1 if dFi(y1)...dF,(yn,) = O in the latter
case. In the case of absolutely continuous r.v.’s Y7, . .., Y, the multivariate

measures Jy, .y, and ¢%G,...,Yn were introduced by Joe [38, 39]. In the

bivariate case, the measures gb%/l% and dy, y, are commonly known as
Pearson’s ¢ coefficient and the mutual information between Y; and Ys,
respectively. The reader is referred to, among others, [12, 36, 38—41] for the
review of properties of (multivariate) dependence measures ¢ and §, related
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dependence concepts and inference procedures for them. If (Y7, ...,Y,) ~
N(u,%), then [39] ¢3. . = |R(2I, — R)|"Y/? — 1, where I, is the
n x n identity matrix, pr70\7/ided that the correlation matrix R corresponding
to ¥ has maximum eigenvalue less than 2 and is infinite otherwise (|A|
denotes the determinant of a matrix A). In addition to that, if in the above
case diag(X) = (0%,...,02), then dy, vy, = —0.5log(|Z]/ [T, o).
In the case of two normal r.v.’s Y7 and Y5 with correlation coefficient

(¢Y1Y2/(1+¢Y1Y2))1/2 (1 —eXp( 25Y1,Y2))1/2 ‘,0\

de la Pefia et al. [12] showed that the following complete decoupling
estimates hold for the tail probabilities of arbitrary statistics h(Y7,...,Y,)
mrv.’sYy,...,Y,:

P(h(Y1,...,Yn) > ) < P(h(&1, ..., 6n) > ) + oy, .y,
(P(h(&1,. .. &) > )2, (6.3.15)

P(h(Y1,...,Ys) > 2) < (1+ 6% v.) 2 (P&, ... ) > 2)) /2,

(6.3.16)

P(h(Yla D) 7Y7’L) > fL') S (6 - 1)P(h(§17 s 7571) > x) =+ 5Y1,...,Yn)
(6.3.17)
where &1,...,&, denote independent copies of the dependent r.v.’s

Y1,...,Y,. The latter results and inequalities (6.2.1) and (6.2.2)+(6.2.7)
for sums of independent r.v.’s imply corresponding sharp probability
inequalities for sums of dependent r.v.’s. The following sharp analogs of
Hoeffding’s inequality (6.2.1) and Pinelis-Dufour-Hallin estimate (6.2.7)
for dependent r.v.’s hold: If Y7, ..., Y, arerv.’swith EY; =0, =1,...,n,
such that |Y;| < d; € R(as.),i =1,...,n, then

n 2 2
P (ZY2 > x) < exp ( 29;)2) + ¢vy,....v, EXP ( &) , (6.3.18)

P (ZY; > z> <(1+6%,...v,)" " exp (—4D2> : (6.3.19)

n 2
P (ZY,- > x) < (e—1)exp (-%) + 0y, v, (6.3.20)
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P <iYZ > x) < min (1/2,D2/(2m2),B(m/D,n))

=1

+ ¢wi,...v, min (1/v/2, D/(v2z), (B(z/D,n))"/?), (6.3.21)

P (ZY > w) < (14 ¢3%,,..y,)min (1/v2,D/(v2z), (B(z/D,n))"'?), (6.3.22)

P <ZY1- > 1’) < (e—1)min(1/2,D*/(22%), B(z/D,n)) + dv;,...v.,  (63.23)

i=1

x > 0, where B(y, n) is defined in (6.2.8).

From inequalities (6.3.15)—(6.3.17) it follows that estimates similar to
those in Propositions 6.3.1-6.3.3 and involving the measures of dependence
¢? and 6 hold also for the random polynomials V}, and their self-normalized
and Studentized analogs W, and /n V,/s, in dependent r.v.’s. For
example, the following propositions give analogs of inequality (6.2.7) for
Vi, Wy and /0 V, /5.

In the inequalities throughout the rest of the chapter, the extremal cases
of the estimates +o0o < +00, —00 < +00, and —oco < —oo are considered
to be valid inequalities; we, therefore, usually do not include assumptions
on finiteness of moments of the summand r.v.’s that ensure finiteness of
moments of sums of the r.v.’s into formulations of the results.

Proposition 6.3.4. Let X1, ..., X, be absolutely continuous or discrete
mean-zero dependent r.v.s such that | X;| < d; € R,i = 1,...,n, then the
following inequalities hold for the random polynomials V,, defined in (6.3.1)
inrvs X1,...,Xn:

P(V, > x) < min(1/2, D*/(22?), B(z/D,n))
+¢x,....x, min(1/v2, D/(V2x), (B(x/D,n))"/?),
(6.3.24)
P(Vy > ) < (14 ¢%,  x,)"/*min(1/v2, D/(v2x), (B(z/D,n))"/?),
P(V,, > z) < (e — 1)min(1/2, D?/(22%), B(z/D,n)) + dx,.. x

n’

; 271,
x>0, where D> = 31 2d2 . dT TR

)
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Proposition 6.3.5. Let X1, ..., X, be absolutely continuous or discrete
symmetric dependent r.v. s (not all degenerate), then the following inequali-
ties hold for the self-normalized random polynomials W, defined in (6.3.2)
inrv.s Xq,..., Xy,

P(W,, > z) <min(1/2,1/(22%), B(z,n))

+ éx,...x, min(1/v2,1/(V2z), (B(z,n))"?), (6.3.25)
(1+ 6%, x,) " min(1/v2,1/(vV2x), (B(z,n))"/?),
(e — 1) min(1/2, 1/(2x2), B(z,n))+dx,,.x.,

P(Wy, > x)
P(W, > x)

IA N

x> 0.

Proposition 6.3.6. Let Xi,...,X,, be symmetric rv.s (not all
degenerate) and let

n

Vn = (l/n)Vn, 82 = Z(CiXiJrthiJrhz e XiJrhm — Vn)Q/(n — 1)
=1

1t follows that

P(vnVy/sn >x) <min{l1/2,(n — 1+ ggQ)/(anQ),B(nl/Qx/(n_l + 132)1/2,71)}
+éx,....x, min{1/v2,(n — 1+ 232 /((2n)"/ %),
(B(n'?x/(n — 1+ 22)Y/% n))1/?}, (6.3.26)

P(VnVn/sn >2) <1+ 6%, x,)/? min{1/v2, (n — 1 +2%)"2/((2n)"2z),
(B(n'?z/(n — 1+ 2%, n))t/?y,
P(v/nVn/sn > z) < (e — 1)min{1/2, (n — 1 + 2?)/(2na?),
B(nl/Qm/(n—l—i—m 1/2,n)}+5X1 ,,,,, X

x > 0. The same inequalities, with the right-hand side expressions

multiplied by 2, hold for |\/n'V ,,/sx|.

Note again that essentially only the condition on symmetry of the r.v.’s
X1,..., X, is required for the estimates in Propositions 6.3.5 and 6.3.6
to hold. It is also emphasized here that bounds (6.3.24)—(6.3.26) for the
statistics V,,, W,, and \/n V,,/s,, in dependent r.v.’s become exactly the
analogs of the Eaton-Pinelis-Duffour-Hallin inequalities given by (6.3.7),
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(6.3.12), and (6.3.14) in the case ¢%(1,...,Xn = 0, that is, in the case of the
statistics in independent r.v.’s.

6.3.3 Sharp Moment Inequalities for Random Polynomials,
Sample Cross-Moments, and Their Applications

The following result extends inequality (6.2.9) to the case of the random
polynomials V,, in independent mean-zero r.v.’s. The results give sharp
generalizations of the Khintchine-Marcinkiewicz-Zygmund-type inequali-
ties obtained, in the case of sums of independent r.v.’s, by Eaton [21, 22],
Pinelis [49], and Figiel et al. [28] (see, among others, [ 13, 51] and references
therein for results and a review of moment inequalities for sums for
independent r.v.’s and their extensions to the dependent case and [31] for
their econometric applications).

Again, let K be the class of twice differentiable even functions f: R — R
such that f” is nonnegative and convex. In what follows, €, ¢,t €
{...,=2,-1,0,1,2,...}, denote independent symmetric Bernoulli r.v.’s.

Proposition 6.3.7. Let f € K, Xy,..., X, be independent r.v.s such
that EX; = 0,|X;| <1,i=1,...,n, and let X1, ..., X, be independent
symmetric r.v. s such that EX? =1,i=1,...,n, then

Ef(V,) < Ef (zn: cm) < Ef <2n: cX) . (6.3.27)
i=1

i=1

1If, in addition to the above, Z?Zl 2= 1, then

)

Ef(V,) < Ef(2). (6.3.28)

According to de la Pefia et al. [13] showed, the best constants in the
Khintchine-Marcinkiewicz-Zygmund inequalities for powers of generalized
cross-moments V.9~ in symmetric r.v.’s are the same as in the case
of sums of independent r.v.’s. According to the following proposition, the
same result holds for the Khintchine-Marcinkiewicz-Zygmund inequalities
as well as for Dharmadhikari-Jogdeo-type [17] inequalities for the random
polynomials V/,.
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Proposition 6.3.8. The best constants Aj(t,m), Bf(t,m), A5(t), and
B3 (t) in the following Khintchine-Marcinkiewicz-Zygmund inequalities

t/2

(ZQ X> <5

n t
) -
E Cinr“...Xi_Ll ' X,

i=1

" t/2
E <Zc§)(fm. i, ij;‘l"'xf>
i=1

(6.3.29)

for all independent symmetric vv.s X1,..., X, with finite t-th moment,
t > 0, are given by A*(t,m) = 2/271.0 < t < tg, A*(t,m) = E|Z|',ty <
t<2,A%t,m) = 1,t > 2,B*(t,m) = 1,0 < t < 2, B*(t,m) =
E|Z|t,t > 2, where tg is the nontrivial solution of the equation T'((ty +
1)/2) = I'(3/2),I'(x) is the Gamma function: I'(x) = 0+OO t*~le~tdt.
The best constant C*(t,m) in the following Dharmadhikari-Jogdeo-type
inequality

n t

n
E ZCinr” CLLXTNIXG| < Ot m)nt /2 Z lei| "B X[ B X [T BXG)
i=1 =1
(6.3.30)
for all independent symmetric vv.s X1,..., X, with finite t-th moment,

t > 2, is given by C*(t,m) = E|Z|".

Using estimate (6.3.30) and Holder’s inequality, we obtain the fol-
lowing result that generalizes the results obtained in [3, 4] and gives
a sharp estimate for the greatest order, in n, that moments of general-
ized moving averages Y . ; X+, - . Xitn, and sample cross-moments
(1/n) 3" | Xith, - - - Xitn,, in independent mean-zero r.v.’s X; can attain.
As usual, the notation a,, = O(b,,) for two nonnegative sequences (a,,) and
(bn),n > 1, means that a,, < Cb,,n > 1, for some constant C' that does
not depend on n.

Ity te>2t=5F t,0 < B < o < s =
Lk X, 0, Xoqh,,, where hy,, = maxg_qp th), are independent

identically distributed r.v.’s with EX; = 0 and E|X;|" < oo, then

ts

— O(nt/2
EH Xin@Xigne - Xigp| = O(n'’?).
s=1|i=1
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The following proposition gives an estimate for the rate of convergence
in the central limit theorem for moments of random polynomials V,, =
X7v ... X" X; (introduced in Section 6.3.1) with equal coefficients that
generalizes the classical results of [47, 58] for sums of independent r.v.’s.

Proposition 6.3.9. [f3 <t < 4, Xy,..., X, are independent identically
distributed symmetric r.v.’s with EX? = 1, E| X3! < oo, then

|E|n~Y2V, |t — E|Z|| = O(n'~"?). (6.3.31)

6.4 APPLICATIONS IN HYPOTHESIS TESTING

In the present and the next sections, we deal with applications of the
estimates considered above to several problems in statistical inference. The
applications are motivated by the fact that, as discussed before, the class of
random polynomials V;, includes the generalized moving averages and sam-
ple cross-moments frequently arising in statistical and econometric studies.

6.4.1 Permutation Tests Against Serial Correlation
and Tests for Independence

Let 0 < hy < -++ < hy,. Consider the problems of testing that cross-
moments of a stationary time series X;,t = 0,1,2,..., with symmetric
univariate distributions equal zero: Hy: EXjp Xp,...Xp = 0, for

example, that the r.v.’s are uncorrelated FX; X2 = 0. These problems,
arise, in particular, in tests of independence and in problems of detecting
nonlinear dependence (see, for instance, [32] and Section 12.1.2 in [8] for
tests for nonlinear dependence based on third moments of the time series X}
with m = 3). The above problems are also naturally connected to testing
Hy: p = 0 against H 4: p > 0 in the first-order autoregressive model

X = pXip1 + g, (6.4.1)

t=0,1,...,n, where ug, u, ..., u, are independent random disturbances
with possibly nonidentical distributions symmetric about 0 (one evidently
has EXthh2...Xhm =0,0 < h < -+ < hp, c.g., EXiXo =0
under Hy). Testing Hy can be essentially reduced to testing that the mean
of the series Vi = Xiyp, Xeyn, oo Xegn,,,t = 1,2,..., (respectively,
Y; = XiXi1,t = 1,2,...) is zero. As in the above standard setup,
the testing procedures for these problems can be based, therefore, on the
t-statistics /n ngn / 3,(11271 (the superscript (1) refers to the moving average
form of the statistics), where



174 Victor H. de la Pefia and Rustam Ibragimov

n
—(1
Vitln = (1/n)> Xitn, Xitny - Xign,
i=1
and

- _ 2
(s%lzn)g — Z (Xi+h1Xi+h2 o Xigh, — VS;,L) /(n —1).
i=1
Evidently, under the null hypothesis, the tail probabilities of the Studentized
7(1

nfn/s%, for example, the Studentized

generalized moving averages
sample auto-covariances

n n n 2\ 1/2
Vitl)l/ss,)l = \/sziXm/(Z <XiXi+1 - 1/nZXiXi+1) > ,
i=1 i=1 i=1

satisfy the inequalities in Proposition 6.3.3. This implies that, when applying
the above testing procedures in the latter setup one can in fact drop the
terms accounting for dependence among the summands Y; in estimates
(6.5.1)~(6.5.6) (and similar generalizations of other estimates for the tail
probabilities of the ¢-statistics in independent r.v.’s). We then have that

P (\/ﬁ Vf?lvzn/ 5511,271 > x) <1-¢ (nl/Qx/(n 1 +:L‘2)1/2

“15(n—1+ $2)1/2/(n1/2:z)) . (64.2)

P (v V0, /s, > ) < 2 (1= @ (wh2a/(n - 1+ 2%)17) ).

’ 9
(6.4.3)
P (\/ﬁ Vﬁn s,(llzn > x) < min {1/2, (n — 1+ 2%)/(2nz?),
B(nY?z/(n — 1+ )2, n)} . (644

where B(y,n) is defined in (6.2.8). Consequently, one can use, in particular,
the following conservative critical region for the test Hy: p = 0 against

Hy: p > 0 with level a: \/HVSLL/SW > yg),i = 1,2, 3, where y&i),i =
1,2, 3, are such that

1—® (nl/zyg) /<n 14 (ygl)f) 1/2
o\ 1/2
— 1.5 (n -1+ <y&1)> > / <n1/2yg1))> < a, (6.4.5)
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1/2
233 (1 % <nl/2y((x2) /(n 14 (Z/&z))Q) )) <a, (64.6)
2 2
{1/2, <n ~1+ (v )/ <2n (b)) ) :
o 1/2
B <n1/2y&3) /(n — 1+ (y((f)) ) ,n>} < a, (6.4.7)
n

and B(y,n) is defined in (6.2.8).

One can also consider the sign-based tests of independence in the time se-
ries X, using the fact that, under independence, E sign(Xp, )sign(Xp,) . ..
sign(Xp,) = 0,0 < hy < --- < hy, (in particular, E sign(X;)sign(Xz) =
0), where sign(X;) is the sign of X; defined by sign(X;) = 1 if
X; > 0,sign(0) = 0 and sign(X;) = —1 otherwise. The latter testing

(Lsign) ) (1sign)
/Sn,m

procedures can be based on the statistics \/n V , where

—(1,si ) ) )
VS _ (1) S sign(Xeam )sign(Xisn,) - sign(Xin, )
i=1
and
(sgﬁgn)) 2 — Z (sign(XiJrh1 )sign(Xitny) - - - sign(Xith,, ) — Vil{;;iign))V(n— 1).
=1

Evidently, under the null hypothesis of independence, the sign versions
vn V " 59 ™) /55519 of the statistics V,(ll?n /s\1), satisfy the same inequal-
ities as above.

Note that the conservative tests based on the above Studentized statistics
NG Vn m / sn ). and their sign versions /1 V 7829 ") / s%ﬁgn) are equivalent
to the tests based on the self-normalized movmg averages

. 1/2
V= Xion Xishy - Xigh,, /(Z X Xen, - X3 )
i=1

and their sign versions

n
Wél’Sign) = Z sign(Xivn,)sign(Xitn,) - - - sign(Xitn,,) /
=1

n 1/2
(Z (sign(Xicn, Jsign(Xicn,) .. sz‘gn(Xmm»Z) -

i=1
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In the case of the r.v.’s X1,..., X, 15, such that P(X}; = 0) = 0,k =
1,...,n + hn,, the sign versions of the tests are evidently equivalent to
those based on the statistics

n
n~1/? Z sign(Xith,)stgn(Xizn,) - - - sign(Xiyn,, ).
i=1

The statistics WY and W "*") satisfy the inequalities in Proposi-
tion 6.3.2, which imply conservative critical regions for the statistics

analogous to those above for the Studentized statistics V.Y and v,

One should note that, in the case m = 1, the tests based on the

Studentized sample auto-covariance \/HVS} / SS% and estimate (6.4.4) (i.e.,
the tests with the critical regions determined by (6.4.7)) are essentially
equivalent to the permutation tests against first-order auto-regression based
on the nonuniform estimates for the first-order auto-correlation coefficient
proposed by Dufour and Hallin [20]. One should also emphasize here that
applications of the inequalities of type (6.4.4) (e.g., the tests based on the
critical regions (6.4.7)) involve the problems of determining numerically
the minima of the functions in the definition of B(y, n) [20] that are usually
computationally intensive. On the other hand, the applications of the uni-
form bounds such as (6.4.2) and (6.4.3) are less computationally intensive
although they yield more conservative tests than those based on (6.4.4).

If in the model (6.4.1) the disturbances u; are dependent, one can use
conservative critical regions for the tests implied by Proposition 6.3.3 and
estimates (6.3.15)—(6.3. 17) for statistics in dependent r.v.’s. In the latter

case the statistics v/n Vn m / % satlsfy inequalities analogous to (6.5.1)—
(6.5.6).

(1)

The conservative tests based on the above statistics \/n Vn m/ Sn.m and

their sign versions /1 VSJZZQ " /s, (1 519) can also be applied in the problems

of testing for joint independence in a sample of r.v’s Xy,..., X,,.

6.5 APPLICATIONS IN TESTING PROCEDURES
FOR DEPENDENT R.V.s

6.5.1 Conservative Critical Regions for Nonparametric ¢-Tests
Let Y7,...,Y, be rv.’s with unspecified (possibly nonidentical) one-
dimensional distributions symmetric about a common median p and
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consider the problem of testing Hy: p = po against 4 > po. The most
widely used test statistic for a problem of this type is the one-sample
t-statistic

n n 1/2
Ty :n_I/QZ(Yi—MO)/((”_l)_l Z(Yi—y)2> ;
i=1 =1

where Y = (1/n)>"" | Y;. It is usually assumed that the r.v.’s Y,..., Y,
are independent identically distributed normal r.v.’s, in which case T,
follows a t-distribution with n — 1 degrees of freedom under the hypothesis
Hj. However, the result can no longer be used if the distributions of the
Y/s are unknown, nonidentical or if there is dependence among Y/'s. In this
context, bounds for tail probabilities of 7T;, that hold for all symmetric r.v.’s
Y1,...,Y, for different classes of dependent r.v.’s become important.

Using estimates (6.3.15)—(6.3.17) similar to [18, 24, 25] one can
easily derive estimates for P(7,, > x),z > 0, in the case of arbitrary
absolutely continuous or discrete symmetric r.v.’s Y7,...,Y, with the
dependence characteristics ¢%/17...,Yn or Jy, .y,. For example, since

—-1/2
dict (23121(1/3 - M0)2> / (Y; — po) = nl/QTn/(n -1+ Tg)lﬂ, from
inequalities (6.3.15)—(6.3.17) and estimates (6.2.1) and (6.2.7) it follows
that the following bounds for the tail probabilities of the statistic 7, in r.v.’s
Y1,...,Y, hold:

P(T, > ) < exp(—nz?/[2(n — 1 + 2?)])

+ vy, Y eXp(fn;L’Q/[él(n -1+ x2)]), 6.5.1)
P(T, > 1) < (1463, y,) P exp(—na®/A(n — 1+ 27)]),  (65.2)
P(T, >zx) < exp(fnxQ/[Q(n -1+ :Ez)]) +0vy,...Y,, (6.5.3)

P(T, > ) < min{1/2, (n — 1+ 2%)/(2n2%), B(n'x/(n — 1 + 2°)"/%,n)}
+ Ovi...y, min{1/V2, (n— 1+ 2?) 2/ ((20) " 20),

(B(n*2x/(n — 1+ 22)Y/% n))'/?}, (6.5.4)
P(T, > 2) < (1+ 63, _y,)"/* min{1/V2, (n — 1 +2%)"/?/((2n)"/?2),

(B(n'2z/(n — 1+ 22)'/2 n))'/2}, (6.5.5)
P(T, > z) < (e — 1) min{1/v2, (n — 1 4+ 22)Y/2/((2n)"/%z),

(B(nY2z/(n — 1+ 2H)Y2 02} + 6y, v, (6.5.6)

x > 0. Let us note that the bounds of the type (6.5.1) and (6.5.4) become
exactly the estimates for P(7),, > x) implied by (6.2.1) and (6.2.5)—6.2.7)
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in the independent case, that is, in the case (ﬁ%,l ..y, = 0. In particular,

estimate (6.5.1) becomes exactly the bound for P(7,, > z) in the case of
independent r.v.’s Y7, ..., Y, obtained by Edelman [24].

It is interesting to note that the bounds that can be derived using the above
approach can be improved in the case of identically distributed, but possibly
correlated, normal r.v.’s X1,..., X, ~ N(u, %), diag(X) = (¢2,...,0?%),
such that the correlation matrix R corresponding to ¥ has a maximum
eigenvalue less than 2. Namely, using the fact that in the above case,
%,..x, = |RQ2L, — R)|7/? — 1 and 6x, ... x, = —0.5log(|%|/c")
(see’S’ection 6.1), where I,, is the n x n identity matrix, and the statistic 7,
follows t-distribution with n—1 degrees of freedom in the case of identically
distributed independent normal r.v.’s X;, from (6.3.15)—(6.3.17) we get that,
for z > 0,

< P(ty—1 > 2) + (|R(2L, — R)| Y2 = D)Y2[P(t, 1 > 2)]"/2,
P(T, > z) < |R(2I,, — R)|"Y*[P(tn_1 > x)]/?,
< (e—1)P(t,_1 > z) — 0.5log(|%]/0*™),

where t,_; is a t-distributed r.v. with n — 1 degrees of freedom. A
conservative critical region for the one-sided ¢-test with level « is given
by 1), > ya, where y,, is such that

min{P(t,_1 > ya) + (|R(2L, — R)| 72 = DY2[P(tn_1 > ya)]*/?,
|R(21,, — R)|_1/4[P(tnfl > ya)}l/zv
(e —1)P(ty_1 > ya) — 0.5l0g(|Z]/0*™)} < a.

6.5.2 Conservative Tests of Linear Hypotheses

An approach similar to that in Section 6.5.1 can be applied in other testing
procedures. Consider, for example, the linear regression model y = X 5+ u,
where X is an n x k full rank scalar matrix, y € R™ 8 e R¥*! is
the vector of unknown parameters, and the vector of random disturbances
u € R™! has an N(0,X) distribution, where, as before, diag(X) =
(02,...,0?), such that the correlation matrix R corresponding to 3 has
a maximum eigenvalue less than 2. Suppose, further, we want to test
Hy: dB = a against Hy: 8 > a for some known vector ¢ € RFx1
on the basis of the ¢-statistic 7., = (/8 — a) /st,B, where sd,; =
(62 (X' X)) 1e)1 /2,62 = (y — XB) (y — XB)/(n — k). Using (6.3.15)—
(6.3.17) we have
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P(T. > x) < P(ty_i > z) + (|R(2I, — R)|7Y? — )V2[P(t_p > x)]/?,
P(Tc > x) < | (QIn - R)| 1/4[ ( n—k > x)]l/Q’
P(T, > z) < (e = 1)P(tp— > x) — 0.51og(|Z|/0>"),

where t,,_j denotes an r.v. with a ¢-distribution with n — k degrees of
freedom. A conservative critical region for the one-sided ¢-test with level
« is given by T, > vy, where y,, is such that

min{P(tp_r, > ya) + (|R(2L, — R)| 7Y% — D)V2[P(t,_i > ya)]"/?,
|R(2I, — R)| VAP (tnr > ya)]'?,
(e = 1)P(tn—k > ya) — 0.5l0g(|Z]/0”")} < o

Using the asymptotic properties of the statistics 7}, and 7., we conclude
that the above critical regions can also be used in the case of non-Gaussian
identically distributed errors when the sample size n is sufficiently large.

6.6 PROOFS

The proofs of Propositions 6.3.1-6.3.8 are based on the following reduction
properties (Lemmas 6.6.2 and 6.6.3) for martingales and, more generally,
multiplicative systems of an arbitrary order proved in [12, 55].

Definition 6.6.1. R.v.’s Xi,..., X,, form a multiplicative system of
order o € N (shortly, M S(«a)) if E|X;|* < o0,j = 1,...,n, and for
any oj € {0,1,...,a},j=1,...,n,

E ﬁ X;‘J‘ = ﬁ EX;."".
j=1 j=1

The systems MS(1) and MS(2) under the names multiplicative
and strongly multiplicative systems, respectively, were introduced by
Alexits [2]. Multiplicative systems of an arbitrary order were considered, for
example, by Kwapien [44] and Sharakhmetov [54]. Examples of the multi-
plicative systems of order 1 M .S(1) are given, besides independent r.v.’s, by
the lacunary trigonometric systems {cos2mnyz,sin2mngz, k =1,2,...}
on the interval [0, 1] with the Lebesque measure for ngy1/n; > 2 and
also by martingale-difference sequences. Examples of the systems M .S(2)
are given by the lacunary trigonometric systems for ngii/ngx > 3
and martingale-difference sequences Xj,...,X, with the nonrandom
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conditional variances E(X2|X1,..., X, 1) = b2 € Ron = 1,2,....
Examples of the systems A S(«) include, for instance, the lacunary
trigonometric systems with large lacunas, that is, with ngq/nx > a + 1
and also e-independent and asymptotically independent r.v.’s introduced by
Zolotarev [60] (see the discussion in [12]).

Lemma 6.6.2. Let o € N, and let A;,i = 1,...,n, be sets of real
numbers such that card(A;) < a+ 1,49 = 1,....n. Rv’s Xy,..., X,
taking values in A1, ..., An,, respectively, form a multiplicative system of
order o if and only if they are jointly independent.

Lemma 6.6.2 implies the following reduction property for general
martingale-difference sequences.

Lemma 6.6.3. A sequence of rv.s {X,} on a probability space
(Q, S, P) assuming two values is a martingale-difference with respect to
an increasing sequence of o-algebras o = (Q,0) C 31 C ... C S ifand
only if the r.v. 5 { X,, } are jointly independent.

Since the r.v.’s 7; = €] ...€, |"'€;,i = 1,...,n, form a martingale-
difference sequence with respect to the o-algebras o(eq,e€o,...,€),
i =1,...,n, we get the following corollary of Lemma 6.6.3 that describes

the reduction properties of the summands in the random polynomials V, in
independent symmetric r.v.’s.

Lemma 6.6.4. The rv.s m, ..., n, are jointly independent.

Remark 6.6.5. Let us note that Lemma 6.6.3 also implies Propo-
sitions 1 and 3 in [7]. Let w(z) =1 for 2 >0, and w(z) =0 for
z <0, and let Xgp,...,X,,—1 and Y7,...,Y, be r.v.’s such that Y; is
independent of o(Xo, X1,...,X4—1,Y1,...,Y;—1) foreach t =1,... n,
and P(Y; >0)=P(Y: <0)=1/2 for t=1,...,n. Also, let ¢¢ =
9(Xo, X1,..., X, Y1,...,Y),t = 0,...,n — 1, be a sequence of
measurable functions of Xo,...,X; such that P(¢y = 0) = 0 for
t=0,...,n—1. According to Propositions 1 and 3 in [7] , the statistic S, =
>t w(Yigi—1) has a binomial distribution Bi(n,0.5) with parameters
n, 0.5, and, moreover, the rv.’s w(Y;g;—1),t=1,...,n, are jointly
independent if the r.v.’s Y7, . . . , Y}, have continuous symmetric distributions.
To see that the latter results follow from Lemma 6.6.3, it suffices to observe
that the r.v.’s 2w(Y;g,—1) — 1 form a martingale-difference sequence
with respect to the o-algebras o(Xo, X1,..., X, Y7,...,Y;) under the
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assumptions of the propositions. In a recent paper, So and Shin [56]
considered sign tests for random walks against stationary alternative
hypothesis in the model y; = h(x), ¢ = p(Ti—1,-..,T—k) + U, t =
1,...,n, where {y;},t = 0,...,n, is a set of observations, h(x;) is an
unknown monotone transformation of {z;}, p(xg,..., 1) is an unknown
regression function of interest, & is a positive integer, and {u, } is a sequence
of errors satisfying the conditions.

Al: {sign(u;)} is a martingale difference sequence with respect to an
increasing sequence of o-fields {3}, t =1,...,n,.

A2: P(uy = 0|34—1) = 0, where sign(u;) is the sign of u; defined by
sign(u) = 1 if uz > 0, sign(0) = 0 and sign(u;) = —1 otherwise.
From the above, it follows that in fact the conditions Al and
A2 are equivalent to joint independence of the signs sign(uy).
Moreover, using Lemma 6.6.3, one also immediately gets that the
r.v.’s sign(uy)sign(vi—1),t = 1,...,n, where v;,t = 1,...,n, is
a sequence of J;-measurable r.v.’s with no atom at zero, are jointly
independent. This implies results in [56] concerning distributional
properties of the test statistic based on the quantity S,(p) =

Yo sign(u(p))sign(ve—1), where us(p) = x¢ — p(X4—1,. .., Ti—k).

Proof of Propositions 6.3.1-6.3.8. Let ry; € {0,1},k = 1,...,i — 1,
¢ = 1,...,n. Further, let € be a symmetric Bernoulli r.v. According to [34],
Eg(Y) < Eg(e) for all continuous convex functions g: [—1,1] — R and
all .v.’s Y such that EY = 0 and |Y| < 1. The inequality implies that
Ef(cY +d) < Ef(cae+d) for all continuous convex functions f: R — R,
constants a,c,d € R, and all r.v.’s Y such that FY = 0 and |Y| < 1.
Using this fact, conditioning arguments and Lemma 6.6.4, we get that if
¢ € Ryrg; € {0,1,k=1,...;i—1,0=1,...,n,and Xy,..., X, are
independent r.v.’s such that EX; = 0,|X;| <1 (as.),i=1,...,n, then

Ef <Z i XTh ...inllvixi> < Ef <Z cierti ...e?;»ieZ) = Ef (Z C¢E¢>
i=1 =1

= (6.6.1)

for all continuous convex functions f: R — R. From Corollary 2.5 in [49]
and Theorem 1.1 in [28] it follows that

Ef (i cm) <Ef (i ciX{> (6.6.2)
=1 =1
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for all twice differentiable even functions f: R — R such that f” is convex
and all independent symmetric r.v.’s X’; such that £X’ 22 =1,i=1,...,n.
Inequalities (6.6.1) and (6.6.2) imply (6.3.27). Inequality (6.3.28) follows
letting the r.v.’s X; in (6.3.27) be the standard normal r.v.’s. Let us prove
inequalities (6.3.3)—(6.3.7). Let Xi,...,X,, be independent r.v.’s such
EX; =0,|X;| <diyi=1,...,n,andlet D2 = S 2d¥™ .. d3"*d2.
By Chebyshev’s inequality we have

P(V,, > z) < exp(—hz)E exp(hV,,), (6.6.3)
x > 0,h > 0. Using the above Hunt’s inequality and Lemma 6.6.4, we get
Eexp(hV,) < Eexp (hz cdit .. .d?_‘f’tdiei) . (6.6.4)

i=1

According to [33],

n 1 n
FEexp (h Z Xl) < exp <2h2 Z d?) (6.6.5)
i=1

i=1
for all independent r.v.’s X1, ..., X, such that EX; = 0,|X;| < d; € R.
From (6.6.3) to (6.6.5) it follows that for x > 0
1
P(V,, > z) <exp <2h2D2 — hm) . (6.6.6)

The right-hand side of (6.6.6) has its minimum at h = ;. Inserting this
value in (6.6.6) we obtain inequality (6.3.3). From Chebyshev’s inequality
it follows that

1 1Ef (5|Val)
for all f € K (introduced in Section 6.1). By (6.3.28),
1
B1 (5Vil) < EA2D) (6.68)

f € K. Inequalities (6.6.7) and (6.6.8) imply (6.3.4). From the results
obtained by Pinelis [49] (see also Pinelis [50]) it follows that inequality
(6.6.8) implies that P(V,, > z) < 22(1 — &(&)),z > 0; P(V,, > z) <
e—;¢(§)D, x > /2, that is, (6.3.5) and (6.3.6) hold (note that the latter
inequalities follow directly from Theorem 5.4 in [50] and the martingale

structure of V},). From (6.6.1), the fact that the function f(z) = (|z| — u)%
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belongs to K and the results obtained by Eaton [21, 22] (see also Dufour
and Hallin [20]), it follows that

1 3 (1] ’
E [(D]Vn —u) } <F <D Zcidgl d: Tdie —u)
+ i i=1 +
- 3
( 1 Xn: )
<FE — €l —u (6.6.9)
L \/ﬁ =1 4
Moreover,
1.\ 1<
E (DV") <2 S oddire L dT A B = 1. (6.6.10)
i=1

Similarly to the proof of Proposition 1 in [20], relations (6.6.9) and (6.6.10)

and Chebyshev’s inequality give the first estimate in (6.3.7). The fact that
3
E [(;E IS el —U)J < E[(|Z] — w)4]? by (6.2.9) and the first

estimate in (6.3.7) imply the second inequality in (6.3.7). Since, according
to [25],

ot /:O ((t = u)?’/(g; ~ u>3> p(t)dt <1— @ <w - 1;) :

(6.6.11)
x > 0, we get the last estimate in (6.3.7).

Conditioning on | X1|,. .., |X,| and using estimates (6.3.4)—(6.3.7) we
obtain (similarly to [24, 25]) inequalities (6.3.8)—(6.3.12).

Let us prove Proposition 6.3.3. Using the relation
Viu/sn
9 1/2°
(1-1/n+V5/s2)

W, =n

we obtain, similarly to [24, 25]

P(\/ﬁvn/sn > x) =P (Wn > T f 1)/n)1/2> )

This and Proposition 6.3.2 imply the inequalities in Proposition 6.3.3.
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The estimates in Propositions 6.3.4-6.3.6 follow from Proposi-
tions 6.3.1-6.3.3 and inequalities (6.3.15)—(6.3.17).

The expressions for the best constants in inequalities (6.3.29) follow
from Lemma 6.6.4 and the results obtained by Haagerup [30]. The
right-hand side inequality (6.3.29) and the estimate () ;" zi)t/ 2 <
S a2 forall 2y, 2, > 0,t > 2, imply that estimate (6.3.30)
holds with the constant C*(¢, m) defined in Proposition 6.3.8. Sharpness of
the constant C*(¢,m) follows from the choice ¢; = 1/v/n,i = 1,...,n
X, =¢€,1=1,...,n+ hy, Lemma 6.6.4 and the central limit theorem.

Using conditioning arguments and the inequality Ef(cae + d) <
Ef(cX + d) for all twice differentiable even functions f: R — R such
that f” is convex, constants a,c,d € R, and all symmetric r.v.’s X such
that EX? = a? implied by Corollary 2.5 in [49] and Theorem 1.1 in [28],
by induction and Lemma 6.6.4 we get

n
E T1i E
El . ’L 1 61

for independent identically distributed symmetric r.v.’s Xy,..., Xp4p,
with EX? = 1, E|X;|' < oo,t > 3. Moreover, from estimate (3.28) in
[13] and Lemma 6.6.4 it follows that

t

XX > F =F (6.6.12)

n t n t
E\Y X{" . X[ Xi| <E|) e| +0(n) (6.6.13)
i=1 i=1
for independent identically distributed symmetric r.v.’s Xi,..., Xp4p,,

with EX? = 1, B|X1|' < 00,2 < t < 4. Relations (6.6.12) and (6.6.13)
and the fact that, according to [47, 58], |E|% el — E|Z)Y

O(n'~/?),3 < t < 4, imply relation (6.3.31). H
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