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PREFACE

The subject of linear time-harmonic acoustic waves has been investigated for more than a
century, so that a wide number of outstanding results are now easily available. Nevertheless
it seems that some topics still deserve further attention and a deeper understanding is
desirable. In this regard we mention that, in writing this book, we had in mind two
purposes: the elaboration of more realistic mathematical models for wave propagation
phenomena and the development of mathematical techniques for the determination of the
solution to specific wave propagation problems that arise in applied sciences.

Underlying ideas. To our mind the following features characterize this book within
the literature on wave propagation. First, we observe that the propagation of mechanical
disturbances is often modelled within the scalar theory of acoustics. There is good reason
for this, because of the inherent, intrinsic simplicity of the scalar theory and because
wave propagation in inviscid fluids is adequately described in terms of a scalar field, to
be identified with the perturbing pressure or the velocity potential. Meanwhile, though
mechanical waves in (linear, elastic) solids are at the outset a vector phenomenon, if a
disturbance propagates over a sufficiently large range then the compressional and shear
modes decouple as a consequence of their different propagation speeds. Hence there are
circumstances where the scalar acoustic wave equation provides a sound model for elastic
waves. However, recourse to the vector theory cannot be avoided when specific boundary
conditions are assigned or the underlying medium is not homogeneous, in particular when
a discontinuity in the material parameters occurs at an interface. That is why here we are
concerned with vector wave propagation.

Second, dissipative bodies, solids or fluids, are rarely under consideration for wave
propagation problems. The scant attention to dissipation may be explained by the superfi-
cial idea that, apart from the damping of the amplitude, the wave behaviour in dissipative
materials is not qualitatively different to that in non-dissipative materials. Throughout the
book we show that such is not always the case.

Third, even when dissipation is considered, the modelling looks very poor in compari-
son with the variety of models for dissipative materials. In this sense it should come as no
surprise that no connection is established between thermodynamic restrictions and wave
propagation properties. Here, instead, we take advantage of certain results of thermody-
namic character to provide qualitative and quantitative properties about the amplitude
decay.
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Fourth, waves in a prestressed medium are of interest in a number of situations. For
example, this is the case when a a time-harmonic wave perturbs a solid in equilibrium under
the action of suitable boundary tractions and body forces. The occurrence of a prestress
produces significant qualitative changes on wave propagation. Here we show that the
prestress induces anisotropic effects that allow (inhomogeneous) plane wave propagation
only at certain priviledged directions and make rays in solids be no longer orthogonal to
surfaces of constant phase.

Scope. The aim of this book is to make some progress into these subjects by setting
up the general framework and deriving basic results about wave propagation in dissipative
materials. In our approach we had the idea that recent achievements on the thermody-
namics of dissipative materials should be essential for the understanding of many aspects
of wave propagation. It is really so, at least to our mind, and throughout the book the
appropriate connections are emphasized.

In the choice of the material contained in the book, emphasis has been given to top-
ics related to applications in various fields of research. After a preliminary investigation
of bulk waves and surface waves, we examine propagation in discretely and continuosly
stratified media, scattering from an obstacle, perturbation methods and ray methods in
heterogeneous media. All these arguments are regarded as fundamental when wave models
are introduced, for example, in seismology, non-destructive testing of materials, or ocean
acoustics. In our analysis, techniques and procedures that are often used in the study of
elastic wave propagation are extended so as to incorporate the effects of dissipation and
prestress.

Inhomogeneous waves. The waves are taken to be time-harmonic. The materials are
described through linear or linearized constitutive models (viscoelastic solids, viscoelastic
or viscous fluids); since we aim at bringing into evidence the effects of dissipation, these
materials are chosen as isotropic and homogeneous, although heterogeneous media are also
considered. In this scheme, inhomogeneous waves are the bed-rock upon which our analysis
is performed. Essentially, inhomogeneous waves may be represented as the more familiar
(homogeneous) plane waves, where however the amplitude and the wave vector are both
complex-valued. As a consequence, planes of constant phase do not coincide with planes
of constant amplitude, and the amplitude decays in the direction of propagation. Though
such waves are not new in the literature, certainly they deserve more attention than they
are customarily given especially when wave propagation is multi-dimensional in character.
Then, to make the book self-contained, we develop a preliminary analysis of inhomogeneous
waves as such and, particularly, as bulk waves in dissipative bodies.

Contents. In essence, the contents of the book may be described as follows. The first
three chapters develop general aspects of wave propagation in linear dissipative media.
The wave behaviour at a plane interface is examined in Chapters 4 and 5. The remaining
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chapters may be regarded as an introduction to applications of wave phenomena to var-
ious kinds of dissipative heterogeneous media. Such heterogeneities may result from the
juxtaposition of homogeneous layers or the presence of a finite obstacle; otherwise it is
assumed that deviations from homogeneity may be regarded as small or that they cannot
be appreciated in the space of a wavelength. A concise account of the topics investigated
is given as follows.

Chapter 1 is meant as an introduction to general properties of inhomogeneous waves,
where emphasis is given to those features that have no analogue in the more familiar
framework of (homogeneous) plane waves.

Chapter 2 contains a short review of basic principles of continuum mechanics that
allows investigating the connections between inhomogeneous waves and dissipation. In
particular viscoelastic solids and fluids are introduced as the prototype of dissipative me-
dia, where dissipation is modelled via a dependence of the Cauchy stress on the whole
history of the related deformations. The restrictions placed by the second law of thermo-
dynamics on the lossy medium are then examined. Perturbation equations that describe
wave propagation in prestressed bodies are also derived.

Chapter 3 is devoted to bulk wave propagation in dissipative media but the analysis is
confined to time-harmonic waves. The representations of inhomogeneous longitudinal and
transverse waves in terms of complex scalar and vector potentials are derived. Then the
energy flux vector and the energy flux intensity for lossy media are investigated, and the
pertinent results are applied to the determination of the energy content of inhomogeneous
waves. Finally, effects of constraints and body forces on wave propagation are examined.

The behaviour of inhomogeneous waves at a plane interface is studied in Chapter 4.
New features that have no analogue in the equivalent elastic problem are outlined. Degen-
erate cases are extensively analyzed, also with a view to applications to wave propagation
in stratified media. The framework of inhomogeneous waves can be adopted to describe
reflection and refraction between elastic half-spaces, leading to a general scheme that works
also when incidence occurs beyond the critical angle. These results are strengthened by
an analysis of the energy flux intensity of incident, reflected, and transmitted waves at the
interface between an inviscid fluid and a viscoelastic solid.

Chapter 5 introduces surface waves. A procedure for the determination of Rayleigh
surface waves at the free boundary of a viscoelastic body is exhibited. The result is that
dissipation allows for the existence of two Rayleigh waves. The algorithm is then modified
to analyse surface waves at a plane interface between an inviscid fluid and a viscoelastic
body. A specific example is discussed in detail and the admissible waves are classified. In
the last section we investigate the effect of body force on surface waves on a viscoelastic
half-space.

In Chapter 6 we consider discretely and continuosly stratified media embedded between
two parallel homogeneous half-spaces. Such models are often encountered in the study of
seismic waves. It is assumed that an inhomogeneous wave is incident and the waves reflected
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and transmitted by the stratification are determined. Particular attention is devoted to the
analysis of the effects of dissipation on wave propagation within thick layers. A procedure
for the elimination of singularities in the transfer matrices is also outlined. In the case of
continuously stratified layers, definite results are exhibited in terms of fundamental systems
of solutions.

Chapter 7 contains a self-consistent treatment of scattering by a viscoelastic obstacle
immersed in a lossy, solid, homogeneous matrix. This chapter may also be regarded as
an introduction to the scattering by inclusions in solid bodies. The incoming wave is
taken to be inhomogeneous. An integral representation for the scattered field is found
and the behaviour at infinity of the scattered field is determined. In particular, effects of
dissipation on the high-frequency limit of the far field are evaluated, and difficulties which
arise in connection with the scattering cross-section are discussed.

The Born approximation and the WKB method are presented in Chapter 8. After an
outline of the general scheme, the Born approximation is applied to the determination of
the displacement field generated when an inhomogeneous wave travels within a region that
contains small heterogeneities. The WKB method is applied to the study of the behaviour
of waves in an Epstein layer; particular emphasis is given to the effects of turning points.

In Chapter 9 ray methods are applied to the study of wave propagation in prestressed
viscoelastic solids and fluids. Qualitative changes in the eikonal equation arising from the
prestress are pointed out. As expected, dissipation results in a decay of the amplitude
along rays. The behaviour of rays at an interface is also examined in detail.

Limitations. We are aware of some aspects that might have been considered. It
is of interest to analyse other models of dissipative materials, especially in connection
with electromagnetic phenomena, porosity, and effects due to anisotropy. We have not
considered the numerical implementation of the pertinent algorithms although numerical
approaches should be useful in dealing with scattering phenomena and propagation in
layered media. Only a limited number of examples have been proposed, but relevant
applications can be found in the cited references. Also, a description of wave phenomena
related to acoustic beams might be in order. We have chosen to present the various topics
with all necessary details, with the purpose of bringing into evidence new aspects related
to dissipation, rather than providing an exhaustive account of wave propagation. Then
some subjects have been dropped out. In this sense the scope of the book is rather limited.

Prerequisites. The reader is supposed to be acquainted with the basic notions of
Continuum Mechanics, though Chapter 2 provides a concise but self-consistent review of
concepts and results for the understanding of subsequent developments.

Notation. The meaning of any symbol is given in the appropriate place when the
symbol is introduced. However, we list here some symbols. R is the set of reals, R* the
set of positive reals, and R** the set of strictly positive reals. Sym denotes the set of
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symmetric tensors, sym the symmetric part, and tr the trace. As usual in standard books
of continuum mechanics, we denote vectors and tensors by boldface letters; recourse to the
indicial notation is made only when ambiguities may arise. For any tensor, the superscript !
denotes the transpose. The volume and surface elements indicate the pertinent variable(s)
of integration. For instance, if x is the current position vector then dz is the volume
element and da; the surface element. The symbol V stands for the gradient operator;
V- and Vx are the divergence and curl operators. For any vector (or tensor) w, Vw or
V @ w denote the gradient of w. When this is the case, we specify the vector variable with
respect to which the gradient is evaluated, such as V, V. The symbols 1 and 1l denote
the identity tensor and the identity matrix in the appropriate space. Usunally ~ means
approximately equal to; sometimes it means proportionality. Numbers in square brackets
denote the corresponding References listed at the end of the book. The abbreviation Ch.
and the symbol § stand for Chapter and Section.
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91.01320.CT01. Also the Italian Ministry of Universities and Research in Science and
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Mr. R. Santeramo for preparing the figures.
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1 INHOMOGENEOUS WAVES

The wave propagation problems developed in this book involve material behaviours ex-
pressed by linear, or linearized, constitutive equations. The linearity of the pertinent
equations in the unknown fields gives importance, through superposition and Fourier anal-
ysis, to the sinusoidally varying time dependence. That is why, throughout this book, only
single-frequency waves are investigated.

Wave propagation is taken to occur in dissipative bodies, solids or fluids. Even in
homogeneous bodies, the dissipativity results in the inhomogeneity of the waves. This
chapter exhibits the general properties of inhomogeneous waves which prove useful in the
subsequent investigations of wave propagation problems. Emphasis is given to the major
novelties of inhomogeneous waves versus the customary (homogeneous) plane waves.

1.1 Introduction to inhomogeneous waves

Consider a sinusoidal time dependence with (angular) frequency w. For technical conve-
nience we express the dependence in the form exp(—iwt), where t is the time and 1 is the
imaginary unit. It is usual to call such a dependence time-harmonic.
Let x be any displacement vector in the Euclidean space £3. Plane waves are described
in the form
a= Aexpli(k - x — wt)) (1.1)

where the vectors A and k are real; A is called the amplitude (or polarization) and k the
wave vector. The frequency w is taken to be real; indeed, to fix ideas, if no explicit mention
is made we regard w as positive. The meaning of a depends on the phenomenon under
investigation. Anyway, it is the real part of (1.1) that has a physical relevance or, as shown
later, the combination of terms relative to any w with the corresponding terms relative to
—w. By elementary notions of wave propagation we say that if n = k/|k| then the function
(1.1) describes propagation in the direction n (if w > 0) with phase speed ¢ = w/|k|. Of
course, if a one-dimensional scheme is considered then the exponential in (1.1) specializes
to exp[i(kz — wt)] where z is the pertinent Cartesian coordinate in the direction of k and
k the corresponding component of k. Usually k is referred to as the wavenumber.
If, as it will generally be the case, A is a complex-valued vector then we write

A=c+id

1



2 Inhomogeneous Waves in Solids and Fluids

where c and d are real-valued vectors. Likewise real-valued vectors, complex-valued vectors
may be combined according to the usual rules of vector algebra (83). If the material
sustaining wave propagation is (linear and) dissipative, the simplest wave solutions have
the form (1.1) with complex-valued wave vector k and amplitude A. Such waves are called
inhomogeneous as we make it precise in a moment. Waves of the type (1.1) with real A
and k are referred to as homogeneous. Unless otherwise specified, it is understood that the
waves under consideration are inhomogeneous.

The need for inhomogeneous waves is recognized by observing that (1.1) satisfies

k-k 9%
Aa — ? -5?5 =10,

where A denotes the Laplacian operator. Thus a is a solution to the wave equation with
complex coefficient k-k/w?. This observation indicates that k is generally a complex-valued
vector. Indeed, the coefficient of 8%a/8t* in the pertinent wave equation is determined by
the constitutive properties of the medium and is complez if the medium is dissipative. This
implies that solutions of the form (1.1) hold for the wave equation if k - k is complex-
valued. Even though the scalar k - k happens to be real-valued, we have to allow for
complex-valued wave vectors k, which is the case if Rek and Imk are orthogonal. This is
why inhomogeneous waves are regarded as basic solutions in many fields of theoretical and
applied research concerned with wave propagation; in this regard we mention optics [19],
electromagnetism [161, 113], elasticity, viscoelasticity [89], porous media [146, 114] viscous
[21, 33], viscoelastic [44], and thermoviscous fluids [143], seismology [29, 30] analysis of
living tissues [49] and of interface waves [144], plane wave decomposition of acoustic beams
[22] and scalar wave fields [58]. These papers or books, in turn, provide extensive lists of
references on the subject.

To begin with we consider the essential features of inhomogeneous waves. Denote by
k; and k; the real and imaginary parts of k, namely

k =k + iks.
Substitution into (1.1) gives the representation
a= A exp(—k; - x) exp[i(k; - x — wt)].

This shows that k; enters the argument of the imaginary exponent and is related to phase
propagation; more precisely, k; determines the propagation speed (or phase speed) as
¢ = w/ky, ky = |k;i| while the condition k; - x = const. characterizes planes of constant
phase. Meanwhile k; accounts for a position-dependent amplitude of the wave in the form
exp(—k; - x). Hence, k; - x = const. yields planes of constant amplitude. Later on we will
show how k; describes the amplitude decay for waves in dissipative media.

Depending on the constitutive properties of the material, k may be affected by w in
a nonlinear way so that c itself is a function of w (dispersive waves). Also in dissipative
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Fig. 1.1 At inhomogeneous waves the planes of constant phase (continuous lines)
are not parallel to the planes of constant amplitude (dotted lines).

materials described by linear memory functionals, the corresponding waves turn out to be
dispersive.

It is of interest to sketch chronologically some views about inhomogeneous waves in
dissipative materials. Up to the sixties, it was customary to account for the wave behaviour
by letting angles be complex-valued. Regardless of how natural this view may appear, the
motivation was due to the will of keeping Snell’s law valid at interfaces between two, or
at least one, dissipative media. To understand this point, look at electrically conducting
media and let k,ko be the two wavenumbers and #,8, the corresponding angles of the
direction of propagation with respect to the normal to the interface. To fix ideas let ko, fq
characterize the incident wave. Because of electrical conduction the wavenumbers turn out
to be complex (cf. [161], §9.8). Snell’s law in the form

. ko .
sinf = fsmﬂg

shows that if fp is real but at least one of k, ko is complex then # must be complex too.
The evaluation of sin @ and cos @ thus leads to a phase shift of the transmitted wave along
with an attenuation factor induced by the imaginary parts of sin # and cos#é.

To clarify this view let z be the axis orthogonal to the interface and z the axis along
the (plane) interface in the plane of the direction of propagation of the incident wave. Let
ko be real and k = a + i3, a,0 € R. Then

sinf = (a— ib)sinfy

where a = ako/|k|, b = Bko/|k|. Then

cosd = y/1 — (a® — b2 — 2iab)sin” ;.
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Let pexp(iy) = cos@ with v real and p positive. It then follows that the transmitted wave
is proportional to
exp{i[—(g + ip)z + ko sin fp z — wt]}

where p = p(acosy + asiny), ¢ = placosy — fsiny). Accordingly, the surfaces of
constant amplitude are the planes = = constant and the surfaces of constant phase are
planes —qz + kg zsin 6y = constant. More formally, we can merely say that a representation
of the form (1.1) is still allowed provided we let k be complex-valued.

Fig. 1.2 If the wave vector is real then Snell’s law is the classical statement that
the projection of the wave vector on the pertinent interface is continuous across the
interface itself.

Of course, even for dissipative materials, wave propagation has long been studied.
The review by Hunter [94], which appeared in 1960, may be a preliminary reference on
the subject especially for the one-dimensional approximation and the connection with ex-
perimental work. Yet, some salient features of the pertinent waves have been emphasized
in recent years also because they are latent in a one-dimensional description. A paper
by Lockett [119], published in 1962, gives a clear account of wave modes. Seemingly, it
is such a paper that firstly clarified how, in general, the direction of attenuation of the
wave is not in the direction of propagation (cf. also [53]). A second feature, which is best
seen in the multi-dimensional description, is the dispersive character of the waves whereby
propagation speed, attenuating constant, and pertinent angles are in general dependent on
the frequency.

We are accustomed to the feature that time-harmonic waves in dissipative materials
have a complex-valued wavenumber. Less obvious is the fact that there can be waves with a
complex-valued wave vector, with real and imaginary parts ki, ks not necessarily parallel.
Nevertheless, looking at k as a complex vector, with k; and k; not necessarily parallel, is

the most suitable way to the investigation of waves in dissipative media. That is why we
follow such a view throughout.
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Non-parallel vectors k;, k, were considered by Brekhovskikh (cf. [22], first edition)
in the limit case of non-dissipative materials, where k; - kz = 0, and in connection with
analysis of acoustic beams. In the electromagnetic context the view that the wave vector
is in fact complex was made clear by Landau and Lifchitz ([113] , §63). Later Mott [133],
while examining reflection and refraction at a fluid-solid interface, emphasized that k;
and k; may be neither parallel nor orthogonal. To our knowledge, though, it was only in
the seventies that researchers started describing systematically plane waves in dissipative
materials as waves with a complex-valued wave vector. In this regard we mention the works
of Buchen [26] and Hayes and Rivlin [89).

Generally the adjective “inhomogeneous” is involved to denote variations of properties
in space. Quite consistently, it is customary to call inhomogeneous waves those with a
complex-valued wave vector k in that the amplitude decreases with distance (cf., e.g.,
(150, 22, 167]). More precisely, we adhere to a now standard terminology [143] and call
inhomogeneous waves those with a complex-valued k such that k; and k; are not parallel.
So, the inhomogeneity of the wave consists in the breaking of the plane symmetry in the
planes of constant phase. Meanwhile a comment is in order about the use of the adjective
“plane”. Its original meaning served to define a wave whose amplitude and phase were
constant on a plane, the normal to which was the propagation direction. Strictly speaking,
as soon as the wave is inhomogeneous the use of “plane” is not correct. Anyway, quite often
plane and inhomogeneous are used at the same time to denote waves with a complex-valued
wave vector.

Complex vectors, in the form a + ib, were called bivectors by Hamilton [80]. In this
sense a thorough investigation of the geometric properties of bivectors was performed by
Gibbs ([74], cf. [20]); in the next section some geometric properties are given which are
strictly connected with inhomogeneous waves. It is worth remarking, though, that the term
bivector is used with different meanings in other contexts. In particular, often (cf. [141])
bivectors are meant as (double) skew-symmetric tensors. To avoid any ambiguity, the term
bivector is ignored throughout this book.

1.2 Geometric aspects of inhomogeneous waves

It has already been observed that a physical interpretation is ascribed to the real part of
@, say Rea. In this section polarization of travelling waves is studied by examining the
locus described by the vector Rea regarded as a function of ¢ at a fixed point x. Further
comments on longitudinal and transverse waves, and the related polarizations will also
follow.

As a basic property we show that any complex vector ¢ + id, with cxd # 0, may be

written in the form
c + id = exp(iB)(a + ib), a-b=0. (2.1)
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For, given the vector ¢ + id, with ¢ and d not parallel, consider the vector
a+ib = exp(—if)(c +id)
and determine J so that the inner product a- b vanish. Now, the inner product (a + ib)-
(a + ib) gives
a-a—b-b+2ia-b=exp(-2if)(c-c—d-d+2ic-d).
The requirement a - b = 0 and the assumption ¢ ¢ # d - d yield

2¢c-d

S T

If, instead, ¢ - ¢ = d - d then (¢ + d) - (c — d) = 0. This property in turn provides the
identity

c+id = %exp(—iwf‘l)[c —-d+i(c+d)],

which corresponds to a = (¢ — d)/v/2 and b = (¢ + d)/v2.
This observation allows the vector k; + tk; to be written as

ki +iky = exp(iy)(hy + ¢hz),  h;-hy = 0.

Hence
ky; = cosyh; —siny h;,

ks = siny hy + cos+ hs.

By means of (2.1) we can give a suggestive representation of the wave (1.1). Let
A =c+1d, cxd # 0, and consider the (physical) real part

u = Rea = Re{(c + id) exp[i(k - x — wt)]}.
Since w is real, the argument i(k - x — wt) of the exponential allows us to write
expli(k - x — wt)] = exp(~k; - x) exp[i(k, - x — wt)]. (2.2)
Then, by (2.1) it follows that
u = Re{exp(—k; - x) (a + ib) exp[i(k; - x — wt + §)]}, a-b=0.
Letting ¢ = ky - x — wt + 8 we have

u = exp(—kz - x)(acos{ — bsin ().
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The orthogonality of a and b allows us to obtain
P S
[aexp(—ks - x)|* * [bexp(—ky -x)]

where u4,u; are the components of u along a, b and a, b are the moduli of a, b. This means
that at any point x the vector u describes an ellipse which has a exp(—k; -x), b exp(—kz-x)
as a pair of semidiameters. Accordingly, if ¢ and d are not parallel then the wave is
elliptically polarized. The semidiameters depend on x as aexp(—k; -x) and bexp(—k; - x);
the plane of polarization is determined by the vectors ¢ and d. If in addition |a| = |b| then
the wave is circularly polarized. The requirements a-b = 0 and |a|?> = |b|? are satisfied if

(le[* = 1d*)* = —4(e-d)?,

that is,if c-d = 0 and c¢- ¢ = d - d. Some details on this subject can be found in [83].
If, instead, exd = 0 then we can use the polar form

c+ id = pexp(if)a
where p, f are real-valued scalars and a is a real unit vector. Hence we have
u =Re{(ec + id)exp[i(k - x — wt)]}

=Re{paexp(—k: - x)exp[i(k; - x — wt + 0)]}
=pacos ( exp(—k; - x)

where, again, ( = k; - x — wt 4+ 8. Accordingly, the parallelism of ¢ and d means that the
wave is linearly polarized.

The complex amplitude A = ¢ + id determines the planes (or the direction) of polar-
ization of u = Rea. We now introduce longitudinal and transverse inhomogeneous waves
and then we examine the positions of the corresponding polarization planes (directions)
relative to the complex wave vector k.

By analogy with the behaviour of homogeneous waves we characterise an inhomoge-
neous wave as longitudinal or transverse according as

A=%k or A=kxV,
with ® and ¥ complex scalar and complex vector. It follows at once that
A=%k <= Axk=0, (2.3)

thus providing an alternative, equivalent definition of longitudinal waves. As regards trans-
verse waves, we make use of the vector identity

kx(Axk) = (k-k)A — (k- A)k,
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valid also for complex-valued vectors, to conclude that
A=kx¥ < A k=0, (2.4)

where, if A -k = 0, the corresponding ¥ is given by

_ Axk

sl o

By (2.4) we can also define transverse waves as inhomogeneous waves satisfying A -k = 0.

We consider now the description of polarization and outline two remarkable differences
from the behaviour of homogeneous waves. First we observe that, quite paradoxically, a
longitudinal wave is allowed to be elliptically polarized; indeed, the polarization plane
coincides with the plane spanned by k; and kj, provided k; xkz # 0, in view of (2.3).
Second, the polarization plane of a transverse wave is neither orthogonal nor parallel, in
general, to the complex vector k. The results are a consequence of (2.4), to which we
apply the following remarks concerning the vanishing of the scalar product between two
complex-valued vectors.

Given two complex vectors k = k; + ik; and h = h; + ¢h; the inner product k- h is
given by

k-h=k;-h;y —ks-hy +i(k; - hy + ko - hy).

By analogy with the real case, we might think that if k-h = 0 then k and h are orthogonal.
In the complex case it is not simply so. Setting apart the non-trivial case when either k = 0
or h = 0, we examine the content of k-h = 0.

The vanishing of k - h implies that

ki -h; = k; - hy, ki -hy = —k; - h;. (2.5)
Moreover, by (2.1), there exist complex numbers &,k and real vectors m, n, p, q such that
k = E(m + in), m-n =0,

h=h(p+iq), p-q=0.

If k and h are coplanar, namely m, n are in the plane of p,q, we can write
h = Alpm + An + i(vm + 7n)),
where p, A, v, € R, and hence
k-h = kh[(4+ iv)m- m +i(A + in)n - n)].
Then k - h = 0 implies that

pgm-m=7n-n, vm-m+ An-n=0.
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Substitution yields
=h(n - iN(—2m + in).
h=h(n a)[n_“m+=n)
Now consider the case when k and h are not coplanar. Observe that k; xk; and hy x hy
are orthogonal to the planes of k and h, respectively. Incidentally, by (2.5) we have

(k1xks) - (hyxhs) =(ki - hy)(ks - hy) — (k2 - hy)(ky - hy)
=(k;-hy)* 4+ (ka-hy)? >0

and then the planes of k and h are not orthogonal. Letting r be orthogonal to m and n
we can write h = pm 4+ &én + (r. Then k- h = 0 yields pm - m + ifn - n = 0 and hence

h= —i{(ﬁm +in) +(r.

As a last remark on geometric properties, we consider an inhomogeneous wave of the
general form (1.1) and observe that the condition of irrotationality V xa = 0 is equivalent
to the geometric requirement k x A = 0. This in turn means that the wave is longitudinal.
Similarly, we say that the field (1.1) is solenoidal if and only if V-@ = 0, which is equivalent
to the geometric constraint k - A = 0. This means that a solenoidal inhomogeneous wave
is always a transverse wave.

1.3 Damping of inhomogeneous waves

Consider an inhomogeneous wave in the typical form (1.1). As shown on many occasions,
the condition for the existence of wave solutions (propagation condition) results in a re-
lation between the wave vector k and the amplitude (or polarization) A. Meanwhile k is
characterized by a relation of the form

k-k=o+iv (3.1)

where p,v € R depend on material properties and are parameterized by the frequency w.
Moreover it will be shown that, as a consequence of thermodynamics, v > 0; we can say
that v > 0 characterizes dissipative materials. Now, (3.1) amounts to

kP -k =p, (3.2)

ki - k2 = 1o (3.3)

b3

By (3.3) we conclude that the angle between k; and k; is smaller than 7 /2. Of course,
given p and v the system (3.2)-(3.3) is underdetermined; we cannot find k; and k; or even
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ky,k, and the angle between them unless further information is provided as is the case in
reflection-refraction problems.

Now, a wave A exp[i(k - x — wt)] may in fact be viewed as a wave propagating in
the direction k; with speed w/k; and (effective) amplitude A exp(—k; - x). Accordingly
the amplitude decreases exponentially and the maximum rate is in the direction of k.
Since ky - k; > 0, this means that (cf. [130]), in the direction of (phase) propagation
x = zk /k1, z > 0, the amplitude decreases as

Aexp (- kzk'lkl z).

Represent the position x’ of any point at the plane of constant phase through x = zk; /k;
as x' = zk; [k1 + ky xy for any vector y. Then we have

ks -k
Aexp(—ky -x') = Aexp (- zkl L2) exp[—(kz x k1) - y].
In words, at planes of constant phase the amplitude decreases exponentially in the direction
of ks x k.
Non-dissipative bodies may be viewed as those for which v = 0. In such a case (3.3)
becomes

ki ks =0,

namely k; and k; are orthogonal. Then the amplitude is constant along the direction of
(phase) propagation but exponentially decreasing, at planes of constant phase, along the
direction of kz xk;. For instance this is the case in elastic solids and inviscid fluids. Of
course non-dissipative bodies allow also for the particular type of solutions k; = 0, k? = p.
In such a case only the plane of constant phase is meaningful and the amplitude is constant
at those planes.

Especially in connection with surface waves at fluid-solid interfaces, it is often claimed
that attenuation of the surface wave is related to leaking of energy into the fluid and this
determines the exponential increase of amplitude (of the wave in the fluid) with distance
from the interface. For this reason often such waves are termed leaky [22] while sometimes
the term leaky is referred to the surface wave (which leaks energy into the fluid) [128, 144].
In this regard we have to avoid the type of ambiguity sometimes appearing in the literature.
The ambiguity is at the basis of an objection, mainly put forward among experimentalists
and concerning the wave in the fluid due to radiation from the leaky surface wave. The
objection is: a wave whose amplitude increases exponentially to infinity with distance
from the interface is not physically admissible. First we recall that, as a consequence of
thermodynamics, the amplitude decays in the direction of propagation and then we cannot
think of leaky waves as waves whose amplitude increases in the direction of propagation.
Rather, in (inviscid) fluids k; and k, are mutually orthogonal and then the amplitude
varies exponentially at the planes of constant phase in the direction of k;. If k; is not
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orthogonal to the interface and the angle between the z-axis (orthogonal to the interface)
and k; is greater than 7/2 then at x = ze. the pertinent field is given by

A exp[-k; -e; z]exp[i(k; - e, z — wt)].

where k; -e; < 0. Then, obviously the amplitude increases with z. Geometrically (cf.
Fig. 1.3), this is immediately seen if we observe that the value at any point is propagated,
without attenuation, along lines parallel to k;.

Fig. 1.3 Dashed lines represent the amplitude behaviour at different planes of
constant phase. If k; - e. < 0 the amplitude increases along e..

It is worth appending a comment on terminology. Sometimes (cf. [133, 144]) waves
with complex-valued wave vectors are called evanescent if k; - ko = 0 in that they do not
involve energy dissipation. Quite naturally these authors denote by attenuating the waves
whose amplitude decreases as they propagate. If k; is parallel to k; the corresponding waves
are called homogeneous, although damping effects are present; really, amplitude is constant
on planes of constant phase, but varies in the course of propagation. The combination of
attenuating and evanescent would represent the general wave solution in dissipative bodies
[133]. It has been proposed [143] to call heterogeneous those waves with k; and k; neither
parallel nor perpendicular, while inhomogeneous waves should encompass both evanescent
and heterogeneous waves. In other contexts (cf. [76]) the adjective evanescent is ascribed
to the waves that have a component of k purely imaginary. For example, kg, ky real with
k24 k: > k? and then k. purely imaginary. It seems then prudent not to use the adjective
evanescent for inhomogeneous waves. As already remarked, we prefer to denote by the
adjective inhomogeneous all wave solutions with a complex-valued wave vector k such that
ki xk; # 0. However, it is well understood that evanescent waves and homogeneous waves
are recovered as limit cases of inhomogeneous waves.
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1.4 Properties from Fourier analysis

Consider a time-dependent field u(x,t) on X R, Q being any region in £3. Assume that
u(x,-) € Li(R) and piecewise smooth in R for any position x € . Then its Fourier
transform

up(x,w) = /m exp(—wwt) u(x,t)dt

—00
is well defined for any w € R. Of course u is taken to be a real-valued vector and then it
follows that

ui(x,w) = up(x,—w) (4.1)
where * denotes the complex conjugate. The condition (4.1) in turn ensures that
[=-]
u(x,t) = i] exp(—iwt) up(x,w) dw (4.2)
2% i

provides a real-valued field for any time t € R.

In fact, a physical wave is hardly a time-harmonic (or single-frequency) oscillation.
Yet, because of linearity we can evaluate the effects of time-harmonic oscillations and then
superposition in the form (4.2) yields the physical field. This allows us to consider time-
harmonic oscillations

u(x,t;w) = up(x,w) exp(—iwt)
whose values are complex vectors.

For later convenience we consider the inhomogeneous wave

u(x,t;w) = A expli(k - x — wt)]

and examine the consequences of (4.1) on the amplitude (polarization) A(w) and the wave
vector k(w). Let A = A, 4 1Ay, with A;, A, real. Then it follows that

u®(x,t;w) = u(x,t; —w)
for any x € Q if and only if
A(w) = Ay(—w), Ag(w) = —Ag(-w)

and
ki(w) = —ki(~w), ka(w) = ko (—w). (4.3)

This shows that A, and k; are even functions in w while A; and k; are odd. The result
(4.3) is especially useful in deriving the solution for k as roots of suitable polynomials.

We recall that k; - ks > 0, w > 0, means the amplitude decay in the direction of
propagation. Examine what happens as w — —w. By (4.3), to the inequality (k; -k;)(w) >
0 there corresponds the inequality (k; - kz)(—w) < 0. However, under the change w — —w
we have ki(w) - x —wt — ky(—w) - x + wt = —k;(w) - x + wt and then the component
relative to —w propagates in the direction of —k;(—w) = ky(w). Accordingly, also the —w
component decays in the direction of propagation.



2 MODELLING OF DISSIPATIVE MEDIA

For useful reference in later developments, this chapter outlines the essentials of contin-
uum mechanics and thermodynamics which are applied extensively in the analysis of wave
propagation in dissipative, continuous media. Also to introduce the pertinent notation, a
quick review is given of the description of deformation and motion for continuous bodies.
Then the balance equations are examined. Since thermal effects are disregarded, attention
is mainly addressed to balance mass and linear momentum but the essential aspects of (the
second law of) thermodynamics are also outlined.

Constitutive properties of some continuous media are modelled. Of course, any con-
nection between mathematical models and experiments is always suggestive. In this sense
it is of interest to see how data on creep tests in metals single out a simple model of
viscoelastic body and, moreover, determine the pertinent parameters characterizing the
model. Viscoelasticity is the natural framework for modelling dissipation in continuous
media. Roughly speaking, it describes dissipation through memory effects and reduces to
elasticity in equilibrium conditions. Both schemes of linear viscoelastic solid and viscoelas-
tic fluid are exhibited along with the relevant restrictions placed by thermodynamics. Such
restrictions, which are the subject of recent research, prove of fundamental importance in
the study of wave propagation.

Interesting topics arise in connection with the superposition of a motion, or a wave, on
a deformation of a body at equilibrium under the action of given body forces and stresses.
The initial deformation is allowed to be finite while the superimposed motion is taken to be
small, in a proper sense. To take advantage of the smallness of the superimposed motion
and make the problem analytically tractable, an appropriate form of the equation of motion
is required. This topic is re-visited here and, for both solids and fluids, detailed expressions
of the equation of motion are determined.

2.1 Preliminaries on deformation and motion

Following the standard scheme of continuum mechanics we regard a body as a continuous
distribution of material points or particles. A body may occupy different regions of the
Euclidean space £ at different times. It is convenient to choose one of these regions as
reference. We denote by B C £ such a reference region, usually called reference placement,
and label the material points by the position vector X they occupy in B, relative to some

13
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arbitrarily chosen origin. The region B is taken to be regular and possibly unbounded
([78], §6). Incidentally, in the literature the word configuration is often used instead of
placement.

The motion of the body is given by a function

x =x(X,t) (1.1)

which assigns to each material point X € B, its position vector x in the Euclidean space
£3 at time t; when the component form is convenient we refer B and £ to Cartesian coor-
dinates. We assume that the functions under consideration are continuously differentiable
with respect to their arguments as many times as required; this holds in particular for the
representation (1.1). At fixed X, equation (1.1) yields the trajectory of the corresponding
particle while at fixed time t it describes a deformation of the given continuum. Letting B,
be the image of B, at the time t, we regard the map x(-,1) : B — By, t € R, as a diffeomor-
phism; B, is called the current (or present) placement. It follows that the transformation
(1.1) from X to x can be inverted to give

X = X(x,1). (1.2)

All pertinent fields on the body can be thought of as functions of the material points
and the time, that is of X and ¢. In view of (1.2) they can also be described by functions
of x and t. As t varies, in the first case we follow the evolution of the quantity under
consideration at a fixed material point (material or Lagrangian description), in the second
one we follow the evolution at a fixed point in the Euclidean space £* (spatial or Eulerian
description). For example, any scalar field which is given by ¢(X,t) in the material de-
scription and by ¢(x,t) in the spatial one. Because of (1.2) the two functions are related
by

w(x,t) = ¢(X(x,1),1).
For formal simplicity, however, we will not use different symbols for the two functions.

In correspondence with any given motion x(X,t) we can determine the spatial position
of all material points of the body at each time ¢ through (1.1). Then comparison between
the current placement B; and the reference placement B shows the deformation undergone
by the continuum. Here we are confined to the essential geometric and kinematic aspects
that are needed for later developments.

The fundamental geometric object underlying the local analysis of deformation is the
deformation gradient defined as

F = Vxx!(X,1), (1.3)

which in components reads F;4 = z; 4, where the operator Vx denotes the gradient with
Tespect to the material coordinates, a superscript T denotes the transpose, small (capital)
latin indices refer to spatial (material) coordinates and a comma stands for partial differ-
entiation. Here we call the attention of the reader to two notational peculiarities relative
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to the literature where, usually, F = Vx (cf. [78], §6). First, so as to give the reader an
immediate, unambiguous, interpretation of the symbols we distinguish between 8/8X and
8/0x and write Vx for 3/8X and V for 8/8x. Second, again to simplify the interpreta-
tion, we place the vector quantities in the right position due to the tensor properties of the
pertinent expression; so, Fi4 = (Vx x1)ia = zi 4.

In terms of F the jacobian J of the transformation (1.1) is given by

J = detF. (1.4)

Under the assumption of invertibility of (1.1) it turns out that J # 0 and hence F may be
inverted too; without loss of generality we may also assume J > 0.
By the chain rule of differentiation we find

T;aX4,; =6 (1.5)

whence F~! is such that
-1 _
F;=Xaj

The matrix X 4 ;, the inverse of z; 4, may be represented as
1
Xa;= 57 NipaMABCTp,BTq,C (1.6)

where 7);p, is the Levi-Civita permutation symbol. This result is proved by showing that
replacement of X 4 ; into (1.5) with the expression given by (1.6) yields an identity. For,
by the definition of determinant we have

JNijq = MABCTi AT;,BTq,C
while the permutation symbol obeys the conditions
Mijplirs = 8rbps = 8jsbpry  MijpTiss = 28psy  MijpTijp = 3! (1.7)
and similarly for n4pc. Thus we find that
1 1
i aXa, = 55 MipeTABCEi,A%p,BT9,C = FNipqTlipg = bij.
From the skewness of 74pc and (1.6) we also get the useful identity
(JXai)a=0. (1.8)
By interchanging the roles of reference and current placement we obtain the dual relation

(zi,a/J),i = 0. (1.8")
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Consider a vector W defined at X; its image in space at the time ¢ is given by the

vector
w; =FW (1.9)

applied at x(X,t). This is easily seen by considering any curve 9(s) through X with tangent
vector W = dy/ds, and taking as w; the tangent to the image of the curve at the point
x(X,t), that is w; = dx(X(s),t)/ds. Repetition of this procedure at varying ¢ yields a
vector field, still denoted by w,, defined over the trajectory of the particle X. Denote by
Z another vector at X and by z; its image. In view of (1.9) we have

z: -wy = ZIFITFW. (1.10)

The symmetric tensor

C =F'F, (1.11)

whose components are Cqp = zi aZi, B, is the right Cauchy-Green strain tensor; as follows
from (1.10) C is used to measure deformed lengths and angles. In geometric terms, C is
the pull-back of the spatial metric [122]. Notice also that the representation (1.11) has to
be changed, in a straightforward way, if the coordinate patch is not Cartesian. Similarly,
the (symmetric) left Cauchy-Green strain tensor B is defined by B = FF?,
With a view to applications to (linear) viscoelasticity it is convenient to introduce the
Lagrangian strain tensor
£E=1Cc-1) (1.12)

- %

or, in components, £458 = (Cap — 648)/2. Comparison with (1.9)-(1.11) gives
WTEW = L(w; - w— W - W), (1.13)

thus showing that £ can be used just to measure variations in length.

It is also of interest to examine the effect of a deformation on a material surface.
Describe the surface by the parameters u,v and let X = X(u,v) be the position, of any
point of the surface, in B. Denote by W and Z, respectively, the tangent vectors X /0u
and X /0v at an arbitrary point. The normal unit vector N is parallel to W x Z, while the
area dA of the surface element generated by a change du, dv of the parameters is |W x Z|
times dudv. Then we have

NdA = W x Z dudv.

Similarly, by use of (1.9), the corresponding quantity nda in the deformed surface (image)
is given by
nda = w; xz; dudv = FW x FZ dudv.

To find an explicit connection between N and n it is convenient to consider the component
form, namely
;A0 = NjpeTp, aZq,BWaZp dudv.
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Then we observe that (1.6), (1.7) and the skewness of 7 yield
1
JXainank = §ﬂquﬂABcﬂAHsz,sxq.c = NjpeTp,HTq,K»
whence it follows that
n)'dn = JXA_J‘.FMHKWHZK dudv.

In compact notation,
nda = JF~TNdA, (1.14)

where F~1 stands for (F~')!, with inverse

NdA = %Frnda. (1.14°)

Up to now we have been concerned with geometric aspects of deformation when really
deformations depend on time, possibly in a smooth way, and then also some aspects of
kinematics are in order. Denote by a superposed dot, or d/dt, the material or Lagrangian
time derivative d 86(X, 1)

=G &
for every field ¢ on B xR. Accordingly we define the velocity as the material time derivative
of the spatial position vector,

_— w (1.15)
and the acceleration as 87x(X, 1)
x 1
=—F (1.16)

We can say that (1.15) and (1.16) give the velocity and acceleration of the particle X
occupying the space position x at time ¢. To find the material time derivative of a spatial
field ¢(x,t) we consider the corresponding material representation ¢(x(X,t),t); the use of
the chain rule yields

§= %?pr, (1.17)
for every field ¢ on B; x R.
The tensor field
L = Vvl (1.18)

of Cartesian components L;; = v; j, is called the velocity gradient. By applying the material
gradient Vx to v and using the chain rule for partial derivatives we obtain the relation

F=LF (1.19)
whence L = FF-1. As an immediate application of (1.19) we derive an expression for the
time derivative of J. Observe that, by (1.3), (1.4) and the coordinate version of (1.19),
aJ aJ

Ti At = 73— Vi jTjA.
dz;a " Bagy 0

. d
J= E(dEt zia)=
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In view of the identity z; 4 X 4 ; = 6ij, it follows that JX 4 ; is the cofactor of z; 4, which
means that 8J/9z; 4 = JX 4,;- Upon substitution we have the desired result

J=JV.v. (1.20)

We end the set of kinematic properties by considering the stretching tensor D, namely
the symmetric part of the velocity gradient,

D= }(L+L. (1.21)
Then, on recalling that C = F'F and evaluating the time derivative of (1.12) we have
£=L(F'F+FIF).
Substitution of (1.19) and use of (1.21) yields
£ = F'DF, (1.22)

KF ~ 1 then D ~ &, which justifies why D is also called the rate-of-strain tensor. Finally,
apply the material time derivative to (1.13) and observe that W is independent of i.
Comparison with (1.22) shows that

1d
2dt

thus providing the meaning of deformation rate of lengths for D.

(Wt . Wt) = Wy - Dwt

2.2 Balance laws

Any model of a body must comply with general principles of continuum mechanics. Among
them are the principles that mass, momentum, and energy are conserved, which means that
appropriate balance laws must hold. With a view to the applications we have in mind, here
we disregard energetic (thermal) aspects and review merely the essential topics concerning
the balance of mass and momentum.

Consider an arbitrary motion x(X,t). A mass density field p(x,t) is defined such that,
at every time t, the mass of any portion of continuum determined by a subregion & of B is
given by

mt(Q):/ pdz .
Q

where Q; denotes the image of { at the time t. The balance (conservation) of mass is
expressed by saying that m(§) is constant in time. Then the observation that

dz = JdX
 0ie= ]
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for any function ¢ on B; X R or B x R and the condition that dm,(Q)/dt = 0 show that pJ
is a function of X only. We write

pJd = po (2.1)

where pp = po(X) takes the meaning of mass density in B. Time differentiation of (2.1)
and use of (1.20) yield
p+pV-v=0. (2.2)

Alternatively, (2.2) can be written as

% +V-(pv)=0. (2.3)
ot

So we have three local forms of balance of mass; (2.1) provides directly the mass density in
the current configuration, p, in terms of the reference mass density po and the deformation
(through J) while (2.2) and (2.3) are the differential forms in the Lagrangian and Eulerian
description, respectively.

The rate of change of momentum of each material region £ C B is equal to the total
force acting on . This total force is thought to consist of two contributions: body forces,
exerted on the interior points by the environment of the body through long range effects
such as gravity; contact forces, exerted on the boundary 9Q by the remaining region B\ Q
of the body and, possibly, the environment of the body. The body force per unit volume
is taken as pb(x,t). Following Cauchy’s hypothesis we assume that the contact forces are
expressed by a surface force density f(n,x,t), n being the unit outward normal to 9 and
x the position vector on Q. Then for any region  C B we write the balance of linear

4 pvdz:/ f(n)da+/ pbdz.
dt Ja, 89, Q

To obtain a local form for the balance of momentum we recall that for any C* field ® and
region  C B, use of (1.20) and (2.2) yields

momentum as

d d . . .
— p@dx:—/p@JdX=/(p{>+p<1>+p‘I>V-v)JdX:/p<I>JdX: p@dzx.
dt Ja, dt Jg Q Q Q

whence it follows Réynold’s transport theorem

4 p@dz:/ p®da. (2.4)
dt Jq, .

Also, Cauchy’s theorem ([78), §14) proves the existence of the Cauchy stress tensor T(x,t)
such that
f(n)=Tn.
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As a consequence, use of (2.4), application of the divergence theorem to the integral on
30 and the arbitrariness of (0 yield the local form as

pa=V-T+pb (2.5)

namely the equation of motion in the spatial description. Hereafter the divergence of
a second-order tensor is meant to be relative to the second index. In particular, the
component form of (2.5) is pa; = Tjj,; + pbi.

An analogous integral balance law for angular momentum and use of (2.5) leads to the
conclusion that T is a symmetric tensor, namely T = Tt.

For later convenience we examine also the corresponding material formulation of the
balance of momentum. Integrate each term of (2.5) over ;. The change of coordinates
x — X, whereby ; — , yields

/pJa.dX:f Jv.de+prbdx, (2.6)
Y] Y 1

where the integrands are regarded as functions of X. By (2.1) and the arbitrariness of
we have the local form
poa=JV - T + pgb. (2.7)

The term JV - T can be given a more genuine material form as follows. Observe that
(JV -T); = JTi;,4X 4,; and that, by (1.8),

fJV 'T)" = (JTinA.jJ,A-
Then in terms of the first Piola-Kirchhoff stress tensor
8= JTF (2.8)

we have

JV.-T=Vx-8.
Substitution into (2.7) provides the equation of motion in the material form
po¥k = Vx - S+ ppb (2.9)

or, in components, poZ; = Siq,4 + pob;.

The meaning of S is easily seen by considering the surface traction t = T'n at a surface
element of area da and normal n, so that Tnda yields the corresponding force. Substitution
of n from (1.14) and use of (2.8) gives

tda = Tnda = JTF~'NdA = SNdA,
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thus showing that S generates the surface traction referred to by the material surface
element N dA. This is consistent with the fact that, according to (2.6), that is

/pgﬂdX: SNdA-!-/pobdX,
1 an 0

the flux of S through 9Q yields the total contact force exerted on . Sometimes it is
convenient to describe the stress in terms of the second Piola-Kirchhoff stress tensor Y
which is related to T and S by

Y=F!'S=JF'TF " (2.10)

Also because we disregard thermal effects, the balance equations (2.1) and (2.5), or
(2.9), are enough for the analysis of wave propagation in many circumstances. There are
cases, though, where the expressions (2.5) or (2.9) are not appropriate. This is typically
the case when (small amplitude) wave propagation is considered to occur in a body which
is predeformed or prestressed. For these circumstances a more sophisticated version is in
order.

We consider a body which is at equilibrium under the action of suitable external
forces. Then we let the configuration of the body be slightly changed in the sense that a
small motion is superposed. It is our purpose to find the equations to be obeyed by the
superposed motion. To this end it is convenient to make use of three placements, namely

the reference placement B;
the intermediate, equilibrium placement B;;

the current placement B;.

We may view these placements as the result of subsequent deformations or motions as
XeB — x€eBi — XE€B:.

Denote by
u(X,t) = %(X,t) — x(X)

the displacement of the particle X, at time t, due to the motion. By the assumed invert-
ibility of the deformation x(X) we can also express u as u(x,t). Then we can regard both
the placement B and the placement B; as reference.

Consider the displacement gradient H = Vu' or, in Cartesian components, Hij = u; ;.
We follow the approximation that H remains small, i.e. |H| <« 1 at every x € B; and ¢ € R.
Accordingly we neglect quadratic terms in H and higher.

First we examine the equilibrium condition at B;. Denote by a superscript 0 the value
of a quantity at equilibrium. Then we write the equilibrium equation as

Vx-S + pob =0, (2.11)
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or, in Cartesian components, S% x + pobi = 0. Here po is the mass density in 5 and is
related to the mass density in B;, p, by po = pJ. Let S be the first Piola-Kirchhoff stress
corresponding to the motion %(X,t). Since X = ii we can write

poli = Vx -8 + pob. (2.12)
Now, if b is known as a function of the position in space then
b(%) - b(x) = (u- V)b + oful).
Subtraction of (2.11) from (2.12) and neglect of of|u|) yields
poit = Vx - (S = S°) + po(u - V)b. (2.13)

In terms of the second Piola-Kirchhoff stresses Y°, Y® + Y corresponding to x(X), X(X,t)
we have
S*=FY’, S=(F+Vxul)(Y'+Y)

where Y is the effect of the perturbation % — x. Concerning Y we observe that it is small
inasmuch as H is small, |H| < 1, and hence we neglect quadratic terms in Y and higher.
Then (2.13) becomes

poit = Vx - (HFY® + FY) + po(u - V)b. (2.14)

The next step consists in establishing the analogue of (2.14) when the intermediate
(equilibrium) placement B; is taken as reference. Divide by J, observe that Vx ut = HF
and make use of the identity (Fix/J); = 0. Then (2.14) can be written as

i 1 opt 4 Lpypt
pi=V- (}HFY Ft 4+ 7FYF )+ p(u-V)b
where p stands for the mass density p; in the intermediate placement B;, and then is
independent of the displacement field u. Now, as follows from (2.10), FY?F'/J is just the
Cauchy stress T? in the intermediate placement B; and hence
1

i o
pi=V.(HT +J

FYF!) 4 p(u-V)b (2.15)

or, in components,

.. v 1 i
pii; = (HipToy + }FiI(YI(HFqH)'q + puyh; p.
Accordingly, in the intermediate placement B;, the equilibrium stress T enters the equation
of motion through the equivalent stress HT®. Further, an additional term, due to the
perturbation x — X = X + u, occurs in the form F‘?F’;‘J which may be viewed as the
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effect of ¥ on the Cauchy stress, in B;. Of course, if b is the (constant) gravity acceleration
then the last term vanishes.

Two remarks are in order about (2.15). First, the tensor HT? is generally non-
symmetric. This should come as no surprise in that (2.15) has a structure of material
balance equation, relative to B;. Second, a detailed expression for FYF7 can be given
only when the constitutive equation for T, and then for Y, is specified.

Thermodynamics always plays a central role in the elaboration of constitutive models.
Although here we disregard thermal effects, thermodynamic conditions will prove crucial
versus wave propagation. It is then worth giving an outline of the theory which underlies
the derivation of thermodynamic restrictions. Detailed accounts of thermodynamics of
viscoelastic bodies can be found in 70, 129, 130).

Denote by € the internal energy density so that 1v% + ¢ is the total energy per unit
mass. The balance of energy is stated by saying that the time rate of the total energy
of each material region ! C B equals the rate of work made by all forces plus the rate
of energy supplied from the remaining part B \ 2 and the environment. This is specified
formally as

dij (3pv? + pe)dz = ] [v-Tn - g(n)]da + ] (pb v+ pr)dz

t Ja, an, A

where —gq is the rate of energy per unit area and r is the heat supply (from the environment).
By analogy with Cauchy’s theorem it follows the existence of a vector field q, called the
heat flux, such that ¢ = q-n. By use of the equation of motion (2.5) and the arbitrariness
of ) we obtain the local balance of energy in the form

pé=T-D-V:.q+pr (2.16)

where T-D = T{jDij.
Let n be the entropy density and @ the absolute temperature. The second law of
thermodynamics is often expressed by saying that the Clausius-Duhem inequality

_ 1
pq+V‘(§q}—%r20

must hold for every evolution of the body compatible with the balance equations. This
results into (thermodynamic) restrictions for the admissible constitutive equations. It is a
drawback of this formulation of the second law that the existence of the entropy function is
assumed at the outset. An integral (in time) formulation of the second law, free from this
assumption, involves cyclic processes: for any cyclic process between 0 and d the Clausius
inequality

g 1 1 r
L [—;V-(-e-q)+a]dt£0 (2.17)
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holds. In view of the balance of energy (2.16), for isothermal processes (# = constant) the
term ¢ is ineffective and then the Clausius inequality (2.17) simplifies to

d
N/ET-DﬂZO. (2.18)
0o P

Further, by the linearity of the theory we let p in (2.18) be constant. It is the inequality
(2.18) that yields the restrictions for viscoelastic solids and fluids. Based on a characteriza-
tion of reversible processes, we say that equality in (2.18) holds only for (trivial) processes
such that D vanishes identically on [0, d).

2.3 Elementary models of dissipative bodies

Models which date back to the XVIII century describe the (elastic and) dissipative proper-
ties of solids and fluids in terms of various configurations of springs and dashpots. Among
them, those named after Maxwell and Kelvin (or Kelvin-Voigt) (cf. [158], §8.5) have the
advantage of providing the essential features of the material behaviour albeit they con-
sist of the minimal number of components, namely one spring and one dashpot. Here we
recall the essentials of such models and then we analyse how they, or their appropriate
combinations, yield an efficient description of material behaviour.

Maxwell’s model accounts for the behaviour of a material element through a spring
and a dashpot joined in series. Let E be Young’s modulus (elastic constant) of the spring
and 7 the viscosity coefficient of the dashpot. Then the relation between the Cauchy stress
T and the strain e in the standard one-dimensional form can be written as

. E
T+ T=Eé (3.1)

in the unknown function T'(t), t € R. The trivial integration of (3.1) on (—oc,t), for any
finite value of the time ¢ and T'(—o0), yields

T(t) = Ef exp(—s/7)é(t — s)ds
0
where 7 = n/E. An integration by parts gives

T(t) = Ee(t) - g fom exp(—s/7)e(t — s)ds. (3.2)

Kelvin’s model describes the behaviour of a material element through a spring and a
dashpot joined in parallel. This amounts to letting T and e be related by
1

|
e+;e—ﬁ'ﬂ
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Incidentally, tables of E for common solids, and particularly for metals, are easily
available. In contrast, it is quite difficult to find tables of values of 7. Then experiments,
besides substantiating the plausibility of the model under consideration, should provide
estimates for the time constant .

One of the standard experiments for investigating material properties is the creep
test: a specimen is subjected to a constant load for a relatively long period of time and
the extension is measured. Examine briefly how a creep test can determine the material
constants of the model.

Consider a creep test with

0, t<0,
T:
{Tn. t>0.

With reference to Maxwell’s model, by (3.2) we have e(0) = Ty /E and then, by (3.1),
_Tog,t :
et)= % (14 T), te RT. (3.3)

In view of (3.3), the initial value of the e — ¢ curve provides Young’s modulus E for the
material. Then the slope of the curve yields the relaxation time r. Experimental results
usually provide the extension as a function of time. Via obvious scale transformations, the
desired values of E and 7 can be derived.

Such a procedure leads quite often to reasonable results. Yet it is known that joining
a Maxwell element and a Kelvin element in series “gives rise to creep curves that are more
representative of the experimentally obtained curves” [96]. In fact, experiments show a
relatively long transient which is not described by (3.3) and, what is more, affects the
values of E and 7.

Consider the two elements joined in series and denote by the subscripts M and K the
quantities pertaining to the Maxwell and Kelvin elements. By the two differential equations

1 .. 1
éy = =T+

T
Ey T En ’
ek 1 e = 1
" Tk " = Ex

and the condition e = e, + e, we find the single equation

& 1 5 1 1 1 1 . 1
L ;;e - E, by (TMEM ¥ v Ex + T By )T+ T T En = (3’4)

In connection with the creep test we have

1 1
e+ —e=——"Tp, te RY,
Tk TeTuEn
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Fig. 2.1 Response of the material to a creep test.

e 5 1
e(0) = o €(0) = (E + EJTO

whence
eft) = To{ g1 - exp (- )] + 5= (1+ )}

This solution fits very well experimental data for a great many materials. Figure 2.1
shows how the solution, and the data, enable us to determine the material parameters 7,
Eyx, Tu, Ey. In many cases it turns out that E, > E,,; in those cases it is reasonable to
model the behaviour of the solid through a Maxwell element. Moreover, if as usual Young's
modulus is available from tables then the evaluation of the slope of the asymptote to the
curve yields the value of 7,,. This is important also in regard to the fact that often the
data for small t do not provide the limit of e(t), as t — 0, in a precise way.

As an example, we can consider some creep curves on annealed copper [120] for which
also the limit value e(0) is neatly represented. Upon the procedure indicated above we can
find that

™ = 610° s, T = 25.

It is worth remarking that it is a hazard to take the value of E as given by available tables.
This is so because E depends markedly on the applied stress. As Fig. 12.16 of [120] shows
for annealed copper, e(0) increases by 23 times when Tj increases by 4 times.

Besides being of interest on its own, the passage from a spring and dashpot model to
a memory functional is convenient in many circumstances. Let

= d* = d"
D pegET(®) =) angze(t)
k=1 h=1
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be the differential equation describing the behaviour of the body, pk, gx being real parame-
ters. A theorem by Gurtin and Sternberg ([79], Th. 4.4) allows us to say that if n > m then
there exists a unique relaxation function G € C™"(R**) such that the differential equation
is equivalent to a linear function of the history of e. On the basis of this theorem now we

look for the specific functional form which corresponds to the model (3.4).

Letting 11, 72 > 0 consider the stress functional

T(t) = ;':7:3{1!)4—&.[{’m [exp (- %) + aexp (— %)]e{t—s)ds

where E, a, and a are real parameters. In fact we expect that £ > 0 and a < 0. Time

differentiation and integration by parts yields

T(t) = Eé(t) + a(1l + a)e(t) — a/o [% exp (— _ril} + %exp (- %)]e{t —s)ds

whence

T(t) + iT(t} = Eé¢(t)+ [a(l + o) + £]e(t}+ a(—l- - l) [ exp (- -s—)e{t — s)ds.
T2 T2 7 T Je L

A further time differentiation and the analogous procedure give

1 1

; | ,. 1, Las, 1
T+(—+—]T+—T:E’e+[a(1+a)+E{T—1+E}]e+[a(g+

n T2 T2
Comparison with (3.4) yields

T N T

m T2 Tm Tk Egry’

TiT2 = TeTus

E = E,,
1 1 Ey
a(l + a)+ E{;;“{‘ E) = ?,
1 E
a(=+=)4—=0
™ TN T2

Let 7; be the minimal solution and 7, the maximal solution of

Ey
T+ T2 =Tk +TN’+FTM5
K

T2 = TeTu;

(a3
n

_}+

=

T2

€.
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of course 7y < min(7x, Ty ), T2 > max(rx, Ty ). Then we have

Ey

mn+ar’

= TeTu — Ti(7x + Entu/Ex)
Tz(ﬁc + EMTM!"EK) = Tk TMm 3

It is worth remarking that, because

E
T — Ti(Tx + E—MTM) =7n(te —71) >0,
K

we have @ > 0 whence a < 0. In conclusion we can write the functional version of (3.4) in
the form
Ew(ra —7mu) [ s T1(Tu — 1)

[exp (— =)+

T(t) = Bu e(t)~ n(rz—m1) Jo i’ T — )

exp (— Ti)] e(t—s)ds. (3.5)

The previous picture is one-dimensional in character. The passage to the three-
dimensional case can be performed in much the same way as we do in linear elasticity.
In this regard we recall that for a (linear, isotropic) elastic solid we have

T = 2uE + A(trE)1 (3.6)
where
E=L(Vu+ vu')

is the infinitesimal strain tensor, which is related to £ by
E=E+ %Vutv u,
and p, A are called the Lamé constants. The inverse of (3.6) is

o (L. (3.7)

sl e S
2u 2u(2p + 32
Assume that a uniform tension is applied to a rod. Letting z3 be the direction of the
tension we can write

T3 #0, Ti =0 otherwise.
By (3.7) we have

A

Ep = e
n = Ep 2020 + 30

__ptA
E3; = o2n T 3).)3"33, Tas3,
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and E;; = 0 otherwise. Then we have
Ts3 = E Eaa, Eyy = Eyy = —vEs;

by identifying Young's modulus E and Poisson’s ratio v as

(2 + 33) A
E e ——— = ——
ptx 0 UTaEay
Conversely
__E s Ev
T 21 4v) T (1+v)(1-2)

The positive definiteness of the elastic energy holds if and only if x > 0, A+ %p. > 0, which
means —1 < v < %. In fact experiments indicate that 0 < v < %; e. g., v equals 0.29 for
carbon steel, 0.33 for copper, 0.25 for glass.

By (3.8), once we have determined v and E,,a,a, we can write the three-dimensional

I (3.8)

version of (3.5) as

Ewu Ey
=T T :){1 —y TR
1 o2 E,,
_'r1+m'-;]o [exP(_%)+QEXP(_%}]1+VE(‘—3)¢5
1 = s s vE,
_mﬂ Iexp(—;}+aexp(—g}]m{trfl)(t—s)ds 1.

(3.9)

The result (3.9) provides an explicit, operative model for describing dissipative bodies
through constitutive relations in the form of a functional. Indeed, the linear theory of
viscoelasticity is based on a generalization of the constitutive relation (3.9).

2.4 Viscoelastic solids

Now we set aside arguments based on the behaviour of spring-and-dashpot systems and go
back to general considerations, which in essence trace back to Boltzmann, for modelling
dissipative (solid) materials. Of course, comparison with (3.9) proves instructive.
Consider a body relative to a reference (unstressed) placement B. At any point X € B
of the body, the stress at any time ¢ depends upon the strain at all preceding times. If
the strain at all preceding times is in the same direction then the effect is to reduce the
corresponding stress. The influence of a previous strain on the stress depends on the time
elapsed since the strain occurred and is weaker for those strains occurred long ago. Such
properties make the model envisaged by Boltzmann a material with (fading) memory. In
addition Boltzmann made the assumption that a superposition of the influence of previous
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strains holds, which means that the stress-strain relation is linear. Also, since we disregard
thermal effects, constitutive properties are all embodied in the constitutive equation for
the stress.

Owing to the superposition principle and the underlying linearity assumption, we
consider displacement fields u(X,t) = x(X,t) — X subject to

sup'qu(x.t}l & 1.
Xt

Accordingly we approximate the Lagrangian strain tensor £ with the linearized strain tensor
symVxu. Then the constitutive equation is in fact expressed by a functional of symVxu
which provides the value of the stress at the pertinent point X. Really, because of the
linear approximation we identify the dependence on the reference position X with that on
the present position x. Hence we let x € B and identify £ with the infinitesimal strain
tensor E = symVu. In the same approximation we identify the first Piola-Kirchhoff stress
tensor S with the Cauchy stress tensor T and the power of the stress T-D (or S - F) with
T-E.

Boltzmann’s model is naturally expressed by saying that the stress T, at a point x
and time ¢, depends linearly on the history of E up to time ¢, at the same point x. To save
writing, we usually omit specifying the dependence on x. Then we represent Boltzmann’s
model of viscoelastic solid through the constitutive equation

T(t) = GoE(t) + fw G'(s)E(t — s)ds (4.1)
o
where Gy € Lin(Sym) and G': Rt — Lin(Sym). As usual,
G(s) = G(0) + V/’G*(v}dv
0

is called the relazation function. Indeed, if the strain E vanishes in the past infinity,
E(—o0) = 0, then an obvious integration by parts yields

T(t) = /.] ” G(s)E(t — s)ds,

which makes evident why G, rather than G', is called the relaxation function. The right-
hand side of (4.1) is the stress functional, T(E*) say, which maps every history E into the
corresponding stress T(t).

The fourth-order tensor Gg := G(0) is called the instantaneous elastic modulus and
governs the response to instantaneous changes in strain. The limit of G(s), as s — o0, is
supposed to exist and

Gy = lim G(s)
§=400
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is called the equilibrium elastic modulus in that the constancy of the history E!, viz. E(s) =
E as s € R*, gives
T = G E.

The assumption
G, >0

is characteristic of solids; it means that a non-zero, constant strain is supposed to induce
a non-zero stress such that T : E is strictly positive. Without any loss of generality we let
G satisfy the symmetry conditions (in indicial notation)

Gijkt = Gjikt = Gjitk-

Of course the solid may be heterogeneous and G depends on x. This possible de-
pendence has remarkable consequences on wave propagation. Whenever appropriate, the
dependence on x is indicated explicitly.

If the viscoelastic solid is isotropic then the relaxation tensor function G is represented
by two scalar functions only. For convenience we let

p(s) = po + / w'(r)dr, As) = ro + j N(r)dr, seR,
0 (1]
and represent Gg and G’ as
(Go)ijkt = Aobijbit + pol(bikbji + 6udjx)

and
Gijul(s) = N(8)bijbki + p'(s)(8inbji + 6urbji), s € R*.

The function u(s) is called the relazation modulus in shear while x(s) = A(s) + 2u(s)/3
is called the relazation modulus in dilatation. Upon substitution we see that, for isotropic
solids, the equation of motion (2.5) takes the form

pi=V-{XtrE1+2uE +/ [M(s)trE(t — s) 1 + 24/ (s)E(t — s))ds } + pb.
0
If 4 and A depend on the position x then the equation of motion becomes

pi = (Ao + po)V(V - u) + poAu + (V- u)VAg + Vu Vg + (po - V)u
+/ [N+ @ )V(V - u') + p'Au’ + (V- u')VN + Vu' V' + (Vp' - V)u'](s)ds + pb
0

and reduces to

[= =]
pii = (Ao + o) V(V - u) + poAu + f (N + p)V(V -u') + p'Au’]ds + pb
0
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if the solid is homogeneous (A and p independent of the position).

Although thermal effects are disregarded, thermodynamics plays an important role in
the characterization of the model for viscoelastic solids, The functional T(E!), expressed
by (4.1), is required to obey the second law of thermodynamics and this places remarkable
restrictions on the relaxation function G. Upon the statement of the second law through
the Clausius inequality (2.18) we say that the constitutive functional T(E") is compatible
with the second law of thermodynamics if

] dT{E‘) CE(t)dt >0 (4.2)
o

for any non-trivial cycle starting at ¢t = 0 and ending at t = d > 0. Here non-trivial cycle
means a one-parameter family of histories E”, the parameter T running on [0,d), with
E(7) piecewise continuous, such that E¢ = E? but E(7) # E° in a subinterval of [0,d). By
considering a function E(:) in the form

E(t) = Eq coswt + E; sinwt, w>0, E;,E;€Sym,
with d = 2r /w, the analysis of (4.2) shows that G must satisfy the symmetry conditions
Gy = G}, (4.3)
G, = G, (44)
and

j [E1-G'(s)E; +E;-G'(s)E;] sinws ds+/ E;-[G'(s)—G'!(5)]Ez coswsds < 0 (4.5)
0 0

for every w > 0 and every pair of symmetric tensors E;, E;. As shown in [70], the relations
(4.3) to (4.5) are also sufficient for the validity of (4.2) and, what is more, they are necessary
and sufficient for the validity of the second law in the more general case of approximate
cycles.

Assume that G’ is absolutely integrable on R* and let G on R* be the half-range
Fourier sine transform of G', namely

G(w) = f G'(v)sinwv dv.
0
The inequality (4.5) implies that, in Sym,

Gi(w) <0, w € R*, (4.6)
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while G{(0) = 0 is identically true. The physical meaning of (4.6) is made apparent by
observing that the energy dissipated in one period [0, d] for a strain function E(t) = E sin wt
is 3
f T(E')-E(t)dt = -7 E - G/(w)E.
0

So # E - G| (w)E is the energy dissipated per period when the amplitude is E and, accord-
ingly, —G/(w) is often called the loss modulus.

For isotropic bodies (4.3) and (4.4) are trivially true. Moreover G’ = G'! and then
(4.5) is equivalent to (4.6). Upon substitution in (4.6) we have

E-G)(w)E =2pl(w)E-E+ M (w)(trE)?

or
E: G (w)E =24, (w) E - E +&,(w)(tr E)?

where &' = A' 4+ 24'/3 and a superposed ring denotes the trace-free part. Then (4.6) holds
if and only if
pi(w) <0, Ki(w) <0, wE R, (4.7)

Henceforth we confine our attention to isotropic solids and then the restrictions placed by
thermodynamics are in fact the two inequalities (4.7).

There seem to be motivations for models of viscoelastic solids with G' non-integrable
and Gy infinite (cf. [135]). Here we disregard such possibilities also because they rule out
wave propagation.

2.5 Dissipative fluids

The most natural models of dissipative fluids are the viscous and viscoelastic fluids. We
regard the viscous fluid model as satisfactory whenever memory properties are inessential.
Both models are usually applied in the linear approximation.
A fluid at rest cannot sustain shear stresses and differences in normal stresses. Then,
at rest,
T= L 1:

p being regarded as the pressure. Of course, by Galilean invariance the same occurs if the
fluid undergoes a rigid motion. For the general case of non-rigid fluid motions we can write

T=-pl+r (5.1)

where T is the extra-stress tensor. The symmetry of T implies that T too is symmetric.
The splitting (5.1) of T is made operative by saying that p depends on the motion through
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the density p, at most, while r depends on kinematical variables and vanishes if the motion
is rigid.

Examine first viscous fluids. Linearly viscous fluids are characterized by letting T be
a linear (isotropic) function of the rate-of-strain tensor D, namely

r=2pD + AtrD)1. (5.2)

Alternatively we can write
o

v=2p D +4x(trD)1 (5.3)

where f) is the trace-free part of D and k = A+2u/3; p and & are called the shear and bulk
viscosity coefficients. Of course it may well happen that p and A depend on the position
(or on the particle) in which case we say that the fluid is heterogeneous.

If the fluid is compressible then p is a (known) function of the mass density p and the
balance equations take the form

% - v (o),
a
P(ﬁ +v-V)v=—p,Vp+ V- [u(Vv+ Vv + VAV - v] + pb,

the unknowns being the density field p(x,t) and the velocity field v(x,t). If, instead, the
fluid is incompressible then p is time-independent and the unknowns p(x,1), v(x,t) satisfy
the differential equations

V:v=0,

9
p(a +v-V)v=-Vp+ V- [u(Vv+ Vv + VAV . v] + pb.

In the particular case of pu, A constant, the last equation is usually referred to as Navier-
Stokes equation. Often the linearly viscous, incompressible fluid is called Newtonian.
The viscoelastic fluid may be viewed as a generalization of the viscous fluid, the gener-
alization consisting in the account for memory effects. Here we give an outline of the model
and its derivation by following the lines of [61]. We start from the constitutive functional

T(t) = —p(p(t))1 + /0 " (s:p)(Cult — s) — 1)ds + 1 /0 7 N (s; p)te[Celt — 8) — 1]ds)1

where p' and X' are scalar functions on R* parameterized by the present value p of the
mass density. The subscript ¢t means that the current placement is taken as reference. Then
Fu(t)=1 and

Et) = HC(t) - 1] = 0.

Hence we can write

7(t) =7(ELp),
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which means that the extra-stress T of the particle at x at the time ¢ depends on the whole
history of the Lagrangian strain at that particle. To derive a linear model we proceed as
follows. Let u', A’ be independent of p. To the linear order in Vu we have

(1) =2 /0 W ()EY(s)ds + /0 ” M(s)ftr EX(s)]ds 1.

Define - o
i) == [ wwidw, 3@ =- [ Nwu

s

and require that
lim ji(s),A(s) = 0.
8=+ 00

The observation that dE,(£)/d¢ = D(§) or
—%E:(s) = D¥(s) = }[Va(t - s) + Val(t - 5)], s € R*,

and an integration by parts allow 7 to be expressed as

T(t) =2 /Oooﬁ(s)D‘(s)ds + /om A(8)[tr D(s)]ds 1.

Then we can write the (linear) constitutive functional for the stress T as

[ee]

T(t) = —p(p(t))1 + 2/ a(s) D Ys)ds + / R(s)[tr D¥(s)]ds 1 (5.4)
0 0
where &(s) = A(s) + 2fi(s)/3 is the bulk relaxation function.
The viscous fluid model can be viewed as the limiting case when fi(s) and A(s) - or
(s) - are Dirac’s delta-functions of the form p 6(s), A §(s).

Even for fluids, thermodynamic restrictions provide inequalities which prove of fun-
damental importance in the analysis of wave propagation. Examine first the viscoelastic
fluid and look for thermodynamic restrictions on the shear and bulk relaxation functions
ji(s), &(s). Let T(p,D?) denote the constitutive functional for the stress tensor T. We
express the second law by requiring that

/d T(p,D!) - D(t)dt > 0 (5.5)
0

for any cycle starting at ¢t = 0 and ending at t = d > 0 whereas D does not vanish identically
in [0, d). Here a cycle is a one-parameter family of pairs (p(¢), D?), the parameter ¢ running
on [0,d), with D(-) piecewise continuous in [0,d), such that p(d) = p(0), D¢ = D°. Really,
by (2.2) we may write the continuity equation as

p+ptrD =0
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whence it follows that p
plt) = p(0)exp - [ rD(wdu].
Then p(d) = p(0) if and only if the integral of trD on [0,d) vanishes.
Any function p(p) is compatible with the second law (5.5) in that, if H is the integral
of p/p,

d d t
]o p(p(1) tr D(t) dt = / p(p(0) exp [ - ]o tr D(u) du) )t D(t) dt = ~([H(p(d)) ~ H(p(0))]

and hence the integral of p(p) tr D vanishes along any cycle. The same is trivially true for
incompressible fluids because in that case tr D = 0. Now, let the function D(-) be given by

D(t) = Dy coswt + Dy sinwt, w e R*, D;,D; € Sym,

and set d = 27 /w. Let the subscript ¢ denote the half-range Fourier-cosine transform, e.g.,

pew) = [ its)coswsds

By paralleling the procedure of §2.4, it is a routine matter to show that the functional (5.4)
satisfies (5.5) only if
pe(w) >0, Ke(w) > 0, we R, (5.6)

The inequalities (5.6) turn out to be also sufficient for the validity of the second law (5.5)
- cf. [69].

The case when the fluid is Newtonian, namely 7 is given by (5.2) or (5.3), makes (5.5)
into the form

d o o
/ [2p0.D-D +K(EFD)2]dﬂ >0
0

for any non-zero function D(t) with vanishing mean value of tr D. Hence the second law
holds if and only if the viscosity coefficients satisfy

u >0, k> 0. (5.7)

2.6 Equation of motion in prestressed dissipative bodies

The dynamics of a solid, when small displacements are superimposed on a finite defor-
mation, is governed by the general equation (2.15). To make such an equation operative,
though, we have to assign the stress perturbation Y in terms of u or H and the predefor-
mation gradient F or prestress T°. Both F and T° enter explicitly the equation (2.15).
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Moreover, they are likely to affect the value of the perturbation Y in that tensor coefficients
produced by linearization might depend on F and T°.

The assignment of Y isa highly non-trivial task. Indeed, sometimes the question
may be ill-posed, as we show in a moment. To fix ideas, take the simplest model of solid
body, viz. the isotropic, linearly elastic, solid. In such a case the Cauchy stress T, or the
Piola-Kirchhoff stress S, is given by

T=2uE+ AtrE)1, (6.1)

E being the infinitesimal strain tensor. To determine Y we should know the constitutive
equation for Y. But (6.1) models the stress-strain relation to within o(H) and here only
the superimposed displacement (gradient) is small and then (6.1) becomes meaningless if
finite deformations are involved. As a first step it is natural to have recourse to non-linear
elasticity and examine the corresponding linearization procedure.

Quite generally, let the stress T be a function of the deformation gradient F. Indeed,
as is well known, by objectivity arguments it follows that the stress T can depend on F
only through the form

T = FT(C)FT,

or equivalent ones, whence, by (2.10),
Y =Y(C)

in that J = (det C)!/2. This indicates that insights into the question about Y can be
gained by examining C or £ = 1(C - 1).

Following the notation of §2.2, let X = x + u be the current position, of a particle X,
obtained by superposition of the displacement u on the equilibrium position x. Accordingly
we set

F=vxx!, C=FIF, F=Vxx!, C=F'F, H=vVudl

By the definition of F and the chain rule we have
F=F+Vxul, Vxu! = HF

whence
F=(1+H)F.

As a consequence,
C =C+FI(H+HYF + FITH'HF.

Since H is small we disregard o(H) terms. This means that

C ~ C + 2F'EF
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and this suggests that we regard the present value Y, of the second Piola-Kirchhoff stress,
as the first order approximation of Y in the form

& O Y t
Y = ¥(C) + 25 (F'EF).
Accordingly we identify the perturbation Y as
- ay +
¥ = 255 (F'EF).
Let K be the fourth-order tensor 8Y /dC, namely Kpsn PQ = Y /0C Pg. By definition

Kynpg = Knmpo = Knmgp-

Substitution gives
Yun = Amnij Eij

where AMNij = ‘ZI(MNPQF"}:FJ'Q with
Apni; = Anmri; = Anagiie

As a consequence AE = AH. Finally, letting b be a constant vector, typically the gravity
acceleration, and substituting into the equation of motion (2.15) we have

pii = V- (HT® + BH) (6.2)
where

2%

7 Fom FanAMnij

anij =

and hence
anij = Bnmij = Bnmj:'- (6-3]

If, further, we take into account compatibility with thermodynamics we conclude that the
material is in fact hyperelastic (cf. [78]), namely there is a (free) energy function ¥(C)
such that Y = 2py84/8C. This implies that K and B are also symmetric

K =K', B = B'.

Equation (6.2) coincides with the corresponding one, (1.4.3), of [95].
The corresponding analysis of the perturbation of the traction proceeds along similar
lines. We omit such non-trivial analysis and are content with saying that

t =(T°+ HT® + BH)n

is the traction to be considered when the first-order correction is incorporated.
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The second equality in (6.3) allows us to say that, in general, BH = BE and then the
incremental part BH involves the displacement gradient H only through the infinitesimal
strain tensor E. Meanwhile observe that, although T° is a (symmetric) Cauchy stress, the
tensor HT? involves both the symmetric and the skewsymmetric parts E, W of H,

HT? = (E + W)T°.

Once we know the tensor B we can apply (6.2) to any (elastic) prestressed solid. Of
course to determine B we go back to the non-linear stress-strain relation. Yet, it may well
happen that we have reasons for linearizing with respect to the superimposed motion while
we have no (or not enough) information on the stress-strain relation. In such a case it
is reasonable to assume that the incremental part BH is isotropic and this assumption is
termed incremental isotropy. This means that we let

BE =2uE + A(trE)1, E =symVu.

By the incremental isotropy, for a viscoelastic solid we let
oo
BE — 2u0E + A (tr E)1 + / {20'($)E'(s) + N (s)[tr E¥(s)]1}ds
0
where E = symVu and u still represents the incremental displacement. Then (6.2) becomes
[e<]
pit = V- [HT® + 200B + Mo(tr E)L + / {204 (sE*(s) + X'(s)[ir B*(s)]1}ds }.
0

This scheme is applied in Ch. 9 in connection with wave propagation in the form of rays.
Consider the first term V - (HT?), that is

V-(HT") =HV-T° + (T* - VV)u
By (2.11) we have V - T® + pb = 0 and hence, letting b‘ = g, we can write
HV . -T° = p(g - V)u.
Accordingly the equation of motion (6.2) becomes
pit = (T° - VV)u + p(g - V)u + pAu+ (g + A)V(V - u). (6.4)

For a more specific form of (6.4), suppose that T? is diagonal and denote by Ty, Ts, T3
the three entries. Further, use Cartesian coordinates with z the (upward) vertical axis and
denote by u,v,w the components of u. Then (6.4) yields

pi=2p+ A+ Tt ge + (B + AWy + Wes) + p(Uyy +uz.) + Tavgy + 3w, — pgu s,
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p‘i:l — (2}.& + A+ T, }‘D‘yy + [,u + 4\){1}.‘:&, + w.yz] + ,U(U‘yy + 1}_3;) + Tlv,:: G Tﬂt’.zz — PGV,
p = (2# +A+ Ta)w,u + (P + ’\)(u.:z + ”.y:] + F(w.:z + w.yy) + le.:f + Tzw.uy = PGz,

a comma denoting partial differentiation.

It is worth mentioning that a detailed investigation of the equation of motion for
prestressed bodies is exhibited in [13]. The pertinent equations have been applied in [59]
to study reflection and refraction of plane waves. Our equations are in partial agreement
with those of [59] provided we identify their K with our p + A.

Now we may ask about the equations which govern the dynamics of a fluid which
is initially at equilibrium under a pressure field. The desired answer may be obtained
by paralleling the procedure set up for solids. Yet for fluids an alternative procedure is
available which proves more immediate and presumably more instructive. We follow this
one.

Again we have in mind an intermediate placement B; where the fluid is at equilibrium
under the action of a body force and pressure fields at the boundary. Let B; be the
current placement and denote by x,% the position of a particle in B;, By, respectively. For
convenience we regard B; as reference. So, denoting by a superposed ~ the pertinent field
corresponding to the motion X(x,t), we write the continuity equation and the equation of
motion in the (Eulerian) form

P+ pVz-x=0, (6.5)

X — Vs - T—pb=0; (6.6)

to avoid inessential additional terms we regard b as constant. Now let u = % — x and look
for the linearization of (6.5), (6.6) with respect to u. Let p be the mass density in B;. The
transformation x — X makes p into g. So letting j = det VX, by (2.1) we have j5 = p.
Denote by p the change of mass density,

e=p-p=-p(j-1)/J
By keeping only linear terms in u,
j=1+V-u, p=—pV-u. (6.7)

Set T = —p(p)1 + T, the extra-stress T being a functional 7(D!) of the history of D =
symVzx. Multiply (6.6) by j and observe that X = ii to obtain

pii + 3[Vp(p + 2)]Vzx — jVz - T(D*) — pb = 0. (6.8)

Now, linearly in p,
p(p+e) = p(p) + ppo,
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where p, = dp/dp is evaluated at p, and hence
Vp(p+ ) =p,Vo+p,, Voo +p,Ve.
Substitution into (6.8), use of (6.7), and account of the equilibrium condition
p,Vp—pb =0,

yield the desired equation

2 .
pit — p(Vu)b — p%’b(V -u) = pp,V(V -u) = V- T(D') = 0, (6.9)
o

V - T(D') being the linear approximation of jVi - T(D?). Obviously, if the fluid is non-
dissipative, i.e. T(D?) = 0, then equation of motion reduces to

2
pit — p(Vu)b — ”’;%”b(v -u) — pp,V(V - u) = 0. (6.10)
P



3 INHOMOGENEOUS WAVES IN UNBOUNDED MEDIA

The first step in the study of wave propagation is the analysis of waves in unbounded media
where boundary effects are deliberately ruled out. The analysis is confined to monochro-
matic or time-harmonic waves for which the frequency w is fixed and real. Solutions in the
form of inhomogeneous waves are sought. Based on the equation k = k(w) provided by the
propagation condition, the propagation modes are examined by looking for the amplitude,
or polarization, in terms of the wave vector k. The use of the scalar and vector potentials
for the displacement u proves advantageous in both (dissipative) solids and fluids.

The equation of energy may be viewed as the balance between the time rate of the
energy density and the net contribution of the energy flux, along with the energy supply.
This balance shows interesting features also because of non-uniqueness of the energy density.
Within a general setting for this topic, as non-trivial applications the detailed expressions
of the energy flux are determined for the pertinent waves in solids and fluids.

The propagation condition and the propagation modes are significantly affected by
the occurrence of internal constraints and body forces. For internal constraints, such as
inextensibility in one direction and incompressibility, results arise which generalize the
analogous ones for non-dissipative media. A similar conclusion holds for the effect of body
forces. They have a twofold role. First, they put the body in equilibrium in a placement
where the stress cannot vanish. Wave propagation is then viewed as superimposed on
a prestress and a predeformation. Second, body forces enter explicitly the propagation
condition and then affect the relation k = k(w) and the propagation modes. That is why
prestressed media are examined in some detail.

3.1 Helmholtz representation and viscoelastic potentials

We are accustomed to the use of potentials in linear elasticity (cf. (160]). The displacement
field as the gradient of a scalar potential (plus a solenoidal field) was introduced by Poisson
in 1829. Later Lamé observed that every vector field of the form u = V¢ + V x ¢ meets the
equation of motion provided ¢ and ¥ are solutions to appropriate wave equations. Next
Clebsch proved that every solution of the equation of motion admits the aforementioned
representation; a rigorous proof of this result was provided by Duhem.

For the dynamics of viscoelastic solids, the representation of the displacement field
in terms of scalar and vector potentials is given by Edelstein & Gurtin [66] by adapting

42
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a method of Somigliana [157] (cf. [115], §38). A result and procedure, strictly analogous
to those for elastic solids, can be exhibited when a time-harmonic dependence is involved.
Here we give the detailed proof also with a view to applications to bulk waves, reflection
and refraction at plane interfaces, surface waves.

As a preliminary step toward the introduction of viscoelastic potentials we recall the
Helmholtz representation of any vector field u(x,t), x € £3,t € R. Let w(x,t) be the
Newtonian potential defined by

1 [ uy,?)
H=—— [ =Ly
woet) = -4 o lx -yl

where Q@ C £3. Throughout Q we have
Aw = u.
Define n(x,t) and v(x,t) by
n=V-w, v=-Vxw.
Then, by the identity Aw = V(V - w) — Vx(V xw), we have
u=Vn+Vxv, V.v=0, (1.1)
namely the Helmholtz representation of u.

Consider a homogeneous viscoelastic solid (relative to a stress-free placement). The
motion of the solid is described by the displacement vector u as a function of the position
vector x and the time t. The material properties are summarized by the constitutive
relation for the (Cauchy) stress tensor T, at time ¢, in the form

oo
T(t) = 2u0E(2) + Aotr E(2) 1 + / [24'($)E(t — s) + N (s)tr E(t — s)1]ds (1.2)
0
where E = symVu. We disregard the body force and write the equation of motion as
pi=V.-T. (1.3)

Assume a time-harmonic dependence for u, namely u = U(x) exp(—#wt), where w is real
and, to fix ideas, positive; when convenient we write U(x;w) to emphasize that the depen-
dence on x may be parameterized by the frequency w. Upon substitution, (1.2) and (1.3)
yield

pw? U+ pAU+ (p+ AOV(V-U) =0 (1.4)

where the moduli

o= po + / p'(s) exp(iws) ds, A=A+ / N(s)exp(iws)ds
o )
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are usually complex-valued.

Specialize (1.1) to time-independent fields. Then we write for U the Helmholtz repre-

sentation
U=VN+VxH, V-H=0.

Substitution in (1.4) yields
V[pw? + (21t + MA]N + Vx [pw? + A]JH = 0.

Letting
a=[pw? +(2u+ M)AV,  d=[w?+pAlH,

we can write (1.6) as
Va+ Vxd=0.

Application to (1.8) of the operators V, Vx and account of (1.5) provide
Aa =0, Ad=0, V-d=0.
Let Ny = N —a/pw?, W = H — d/pw?. Along with (1.9), this changes (1.7) to
[pw? + (25 + N)AIN; =0,  [pw? + pA]W = 0.
Now we have to relate N; and W to U. By (1.5) we can express U as
U=VN +VxW+T

where U = (Va4 Vxd)/pw?. In view of (1.9) we have
- 1 - 1
V‘U:WAE:CI, VKUZ—EAd=U
and then there exists a scalar function Ny such that

U=VN, AN,=0.

Hence

U=VN1+VN3+V1W

(1.5)

(16)

(L.7)

(L8)

(1.9)

(1.10)

where N7, W are solutions to (1.10) while N; is harmonic. To determine N, we have to

require that U meet (1.4). Substitution in (1.4) gives

V[pw? + (2 + N)AIN1 + Vx [pw? + pAIW + V[pw? + (24 + A)A]N; = 0.

Since N; is harmonic, by (1.10) we have

VN; =0
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and then N, is a (inessential) constant. Letting M = N; + N2 we conclude that for any
solution U to (1.4) there ezists a scalar function M(x) and a vector function W(x) such
that

U=VM+VxW, V-W=0 (1.11)

and
[pw? + (20 + MAIM =0, [pw? + pA]W = 0. (1.12)

As an aside, the analogous procedure for the equilibrium equation would lead to AN, =
0 but not VN; = 0. This means that N, may depend on x, at least linearly. In a sense,
equilibrium conditions seem to allow a more general representation for the potentials.

The representation for the potentials is non-unique. As a non-trivial example we men-
tion that two equivalent representations are known for the equilibrium case. Papkovich’s
solution, which was independently rediscovered by Neuber, has the form

2(2p + )\)w

=V . -
u (m+x-w) P

7
where m and w are harmonic. Lamé’s solution for

u=Vp+ Vxg, V.e=0

is given by the potentials

u+Xr p A

2 2
_m_2(_”.t_’\_)u_t_v.w [ad X W, e=2'u+)‘ﬂwa+er
B+ op

where r is a particular solution of the pair of equations

2u+ A
ptA

Aml@t‘iﬁm, V.r=

X-m.
ptA

The same result applies here with u replaced by U.

3.2 Inhomogeneous waves in viscoelastic solids

Based on the result (1.11)-(1.12) for the time-harmonic dependence, we now look for solu-
tions in terms of inhomogeneous waves. This means that we have to examine the existence
of scalar and vector solutions to (1.11)-(1.12) of the form

M(x) = ® exp(ik - x), W(x) = ¥exp(tk - x)
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where k is a complex-valued vector; as usual, we let k;, k; be the real and imaginary parts
of k; it is understood that &, ¥, k may be parameterized by the frequency w. Substitution
in (1.12) yields

(pw?— (2u+ Nk K@ =0, [pw? — pk- k¥ = 0.

A non-zero @ is allowed if and only if k = k; is such that

pw
ke i=kiokp= PESY (2.1)
and, by (1.11),
U = ik, ®exp(ik, - x). (2.2)
Similarly, a non-zero ¥ is allowed if and only if k = k7 is such that
pw?
Ky =k k= — (2.3)
u
and, by (1.11),
U = ik; x ¥ exp(iky - x), kr-¥ =0. (2.4)

Since p and A are complex-valued, (2.1) and (2.3) show that k, and k; are complex-valued.
Moreover, the amplitudes @ and ¥ of the waves (2.2) and (2.4) are, respectively, parallel
and orthogonal to the corresponding wave vectors. In connection with the observations
in §1.2, and by analogy with the elastic case, the displacement fields (2.2) and (2.4) are
regarded to describe longitudinal and transverse inhomogeneous waves. It is also natural
to view ® exp(ik; - x) as the scalar potential of the longitudinal wave and ¥ exp(iky - x)
the vector potential of the transverse one. Here, though, the quantities ®, ¥, besides
k;,kr, are complex-valued and then parallelism and orthogonality are meant in the sense
of complex vectors. Some geometrical aspects are examined in a moment.

It is useful to examine some properties of the dependence of &, ¥,k on w. Since the
vector function u(x,t) is real-valued, we can regard U(x;w) as complex-valued provided
that

U*(x;w) = U(x; —w). (2.5)

where the superscript * denotes the complex conjugate. This is so because a physical
monochromatic wave of frequency w is the superposition of two complex-valued waves
of frequency w and —w; the validity of (2.5) is necessary and sufficient for the resultant
superposition to be real-valued. As a consequence of (2.5) we have

O (w) =8 (~w), Pw)=-P(-w), T(w)=T(-w), Py(w)=-Ty(-w),
(2.6)
k(w) = -ki(-w), ko(w)=ky(-w), (2.7)
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where the subscripts 1 and 2 denote the real part and the imaginary part, respectively.
It is worth emphasizing some consequences of thermodynamics. By (2.1) and (2.3) we

have .
pt

e

In view of (2.4.7), whence Im g < 0, Im(24 + A) < 0 for any strictly positive w, we have

2
pw .
= P2 9yt 4N
Kp l2u /\lg( e ) Kr

Imk, >0, Imk; > 0, w € R**. (2.8)

Incidentally, the condition (2.8) is just the requirement v > 0 mentioned in connection with
the general properties of inhomogeneous waves, cf. {1.3.1). Meanwhile thermodynamics
does not place any conditions on Reyu,Re A. However, we know that

Rep = po+ pe(w), Mo > poo > 0.

For any frequency w, the cosine transform pl(w) is likely to be much smaller than po and
then Rep > 0. By the same token we have Re(A + 2u/3) > 0. This in turn implies that

Rek, >0, Reky > 0, w e R. (2.9)
In view of (2.8) we have
winlk(@) k@) >0, weR\{0},
for both k; and k;. Then
wky(w) - ka(w) > 0, we R\ {0}. (2.10)
For both waves the space-time dependence has the form
expli(ky - x — wt)] exp(-k; - x)

whereby the wave propagates in the direction of k; and the amplitude decreases in the
direction of k;. Because of (2.10), this means that by following the propagation of the
wave (along k1) we see a decreasing amplitude. So, in essence, thermodynamics implies
that the wave amplitude decays while the wave propagates.

The properties (2.6)-(2.8) are now exploited to derive the explicit form of k(w). Let
k1, ks be the moduli of kg, ky. We write any one of (2.1), (2.3) in the form

k2 — k2 = a(w), (2.11)

2k1k2a = b(w), (212)
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where a and b are the real and imaginary parts of the right-hand side of (2.1) and (2.3)
while a is the cosine of the angle between k; and kz. By thermodynamics we have

wh(w) >0, weR\{0} (2.13)

while, by definition, a(w) = a(-w), b(w) = —b(-w). It follows at once from (2.12) and
(2.13) that
wa(w) >0, wekR)\{0);

the inversion of the cosine as w — —w follows also from (2.7). Upon obvious substitutions
we obtain from (2.9) and (2.10) that

k=@ T8t +a/2, k= [V + B[ - /2. (2.14)

This result shows a novel feature of genuinely inhomogeneous waves, relative to plane waves,

namely that the wave vector k is not fully determined by the constitutive properties of the
material. Rather, given the constitutive properties and the angle between k; and k; the
wave mode is determined by (2.14). So any wave mode is parameterized by a(# 0) which
is determined once we know how the wave has been produced.

As a particular case suppose that the material is “non-dissipative” in the sense that
b = 0 and, quite reasonably, @ > 0. Then by (2.12) two cases may occur. First, @ = 0 i.e.
k; is orthogonal to k;. Then we are left with a single equation, (2.11), in two unknowns,
ky, k. There are infinitely many solutions parameterized, e.g., by k;, namely k} = a + k2.
Such solutions may be expressed, e.g., in the form

exp(—kay) exp[i(k1z — wt)). (2.15)

On condition that we produce an amplitude which varies as exp(—koy) we obtain a wave
which propagates at the phase speed w/ \/a——l—_k.f . For such wave solutions the energy flux
velocity and the group velocity are different [85). In the next chapter we show how such
waves can be generated by refraction.

Second, o # 0 and then k; or k; vanish. If k&; = 0 no propagation occurs. So let
k2 = 0. Then k is a real vector and is determined, to within the direction, by (2.11) or
(2.1) and (2.3). In such a case we have

K =a,
i.e. kis any vector belonging to the spherical surface of radius 1/a. It is customary to define

q = k/w as the slowness vector in that its modulus is the inverse of the wave speed (and its
direction is the direction of propagation). Denote by Gz, qy,q: the Cartesian components



Inhomogeneous Waves in Unbounded Media 49

and, for convenience, choose the coordinate system so that g, = 0. Then g¢; and ¢, are
subject to

e+a=¢ (2.16)

where ¢ = /a/w.
The relation (2.14) is often represented in a slowness diagram ¢, qy (cf. [2]) through
a circle of radius ¢. To each point of the circle corresponds a wave

expliw(gsz + gyy — )]
It is also observed that if g; > ¢ then ¢, = i, 8 = \/¢2 — ¢* and
G-0=4

which represents an equilateral hyperbola. Accordingly, to each point of the equilateral
hyperbola corresponds a wave

exp(—PBwy) expliw(gzz — t)].

Then we can say that, in a slowness diagram, the circle represents (particular) wave solu-
tions, for non-dissipative materials, of the first type while the hyperbola represents wave
solutions of the second type.

As already mentioned, waves of the form (2.15) are sometimes referred to as evanes-
cent in that they are regarded as strongly attenuated by the propagation phenomenon
([76], §3.7). In the general scheme adopted here, evanescent waves are merely a particular
example of inhomogeneous waves. Indeed, they correspond to k; being orthogonal to ki,
which is easily seen to describe waves of constant amplitude in the direction of propagation.

For later convenience we examine the dependence of the complex modulus
oo
W) =po+ [ u(s)explivs)ds
0

on the frequency w. Since p'(s) vanishes at s = 0o, an integration by parts yields
o0 oo
/ ©'(s) exp(iws)ds = —ph(iw) ! — (iw)! / 1" (s) exp(iws)ds.
0 0

Let ,uf,j) denote the value at s = 0 of the j-th derivative of u(s). Subsequent integration
by parts, the standard assumption that the j-th derivative u{?(s), j = 1,2,..., vanishes as
s — 0o, and application of Riemann-Lebesgue’s lemma yield

pw) = 3 (-1 (i)™ + o(w™). (2.17)
h=0
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The same asymptotic behaviour holds for A(w).

3.3 Inhomogeneous waves in dissipative fluids

The simplest model of dissipative fluid is the viscous fluid (§2.6). Relative to an unstressed
placement, with no body force, the linearized equation of motion takes the form

pii = pp,V(V - u) + V- [uo(Vi + V') 4+ Xo(V - )1]

where pg, Ag are the viscosity coefficients. We observe that the result (2.6.7) is used to find
that Vp = —pV(V - u). The viscoelastic fluid model accounts for dissipation also through
memory effects (§2.6). Relative to an unstressed configuration the equation of motion reads

i = pp,9(V ) + 9 [ (u)TV6) + (T (6)] + X6V v (5) 1)

where p(s),A(s) are relaxation functions and v = u. For a time-harmonic field u =
U exp(—iwt), both equations may be written in the form

pw?U — iwpAU + [pp, — iw(p+ N)]V(V-U) =0 (3.1)

where g = pg, A = Ap for viscous fluids and
u= / fi(s)exp(iws)ds, A= / A(s) exp(iws)ds
0 0

for viscoelastic fluids. The analysis developed in §3.1 for viscoelastic solids may be repeated
step by step thus showing that for any solution U to (3.1) there exists a scalar function
M (x) and a vector function W(x) such that (1.11) holds and

{po? + [pp, — (20 + A)JAIM =0,  [pw’ — iwpAJW = 0. (3:2)
In view of (3.2) we look for inhomogeneous wave solutions by letting
M(x) = @ exp(ik - x), W(x) = ¥exp(ik - x).
Upon substitution in (3.2) we have
{p? = [pp, —iw(2p + M)k -k}® =0,  [pw? + iwpk - k]¥ = 0.
So a non-zero ® is allowed if and only if k = k; is such that

pwz

kK =ky k= —m———————
TR —iw(2u+ )

(3.3)
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and
U = ik, ®exp(ik, - x).

Similarly, a non-zero ¥ is allowed if and only if k = k; is such that
Kr = kg - ky = — (3.4)
and
U = iky x ¥ exp(iks - x), k¥ =0.

Again, we can regard (3.3) and (3.4) as the characterization of longitudinal and transverse
waves, respectively. The consequences of thermodynamics on the wave modes follow at
once. Let a = Rex,,Rexs; b = Imk,,Imk,. For the viscoelastic fluid

= po? ppe + w(2us + As) PWHs
[pPp + w(20s + X)) + (w206 + AP pl + p?’
= 2pc + Ac Pwlle

[opo + w(2ps + Xs)]* + [w(2ie + AP p + 3
depending on whether longitudinal or transverse waves are considered. Analogously, for
the viscous fluid

2 2
PP ppw
a=- , 0, 3.5
(PPo)* + w? (200 + Xo)? (3-5)
P (240 + o) pw

_ , 3.6
(pPo)? + W (210 + 20)?" ko (36)

By (2.5.6) it follows that b > 0 for both waves in the viscoelastic fluid. The analysis of the
wave modes for the viscoelastic solid then applies, mutatis mutandis. As regards the viscous
fluid, by (2.5.7) we still have b > 0 thus showing again the peculiar aspect of dissipativity
on the wave propagation.

Observe that no restriction is placed by thermodynamics on the derivative p,. Now,
in perfect fluids (ky = 0, k¥ /w? = 1/p,) p, is equal to the square of the wave speed. It is
then reasonable to let p, > 0 and to regard p, as predominant on the viscoelastic analogue
so that a > 0 for longitudinal waves. This is not necessarily so for transverse waves. In
viscous fluids ¢ = 0, which results in the condition that the real and imaginary parts
of kr are equal. Roughly speaking, propagation and attenuation have the same weight.
In viscoelastic fluids no bound is given on p, and then we may have ¢ < 0, whereby
attenuation predominates on propagation. In conclusion, also for fluids

Imsx, >0, Imk,; > 0, w € R**

is true. Meanwhile Rex, > 0 may be taken to be true but Rex, is zero for viscous
fluids, not definite for viscoelastic fluids. It is often asserted that, in (linearly) viscous fluids,
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the attenuation of acoustic waves is proportional to the frequency squared w?. Indeed,
on this basis numerical estimates are sometimes exhibited as, for example, in [22] where
attenuation in water at 30° C is said to be ew? with ¢ = 4 107'® dB m~! Hz~!. Of
course, the knowledge of the attenuation is important in many respects; for example, the
attenuation provides a (very sharp) upper cutoff frequency above which a given lens cannot
be operated. To our knowledge, the standard argument for claiming that the attenuation
is proportional to the frequency squared has been the one exhibited, e.g., in [112, 132]. For
the benefit of the interested reader, here we follow very closely the pertinent part in [112].
Because of viscosity, the rate of energy dissipation is given by

] o
€mech = —2p0 D - D "‘Kﬂ(trD}z

where emecn is the mechanical energy per unit volume, ]3 is the trace-free part of D,
and po and kg = Ag + 2u0/3 are the shear and bulk viscosity coefficients. Consider a
wave propagating in the z-direction such that the (Cartesian) components v, vy, v, of the
velocity are

vy = vp cos(kz — wt), vy =0, v:=0.

Denote by (-) the mean value over a time period. Then the mean value (€mecn) Of émech
turns out to be given by
(émech} = —%kz(%#o + Ko )Ug {37)

while the mean value (e) of the total energy of the wave e, per unit volume, is

(e) = 3pud. (38)

The intensity of the waves decreases in time with damping coefficient |(émecn)|/2(e). In
the case of sound waves the intensity decreases with the distance z traversed and [112] “it
is evident that this decrease will occur according to a law exp(—2yz), and the amplitude
will decrease as exp(—+z), where the absorption coefficient 7y is defined by

= J(émech)l »
2¢{e) ’

¢ being the phase speed. As a consequence, by (3.7) and (3.8) we obtain that the absorption
coefficient is proportional to the frequency squared.

To our mind this conclusion is questionable. By means of the results (3.5)-(3.6) we
can determine at once the absorption coefficient k2 by applying the general solution (2.14).

For transverse waves
kz = 'W .
V Hocx

Accordingly, for transverse waves the attenuation k, is proportional to the square root of
w. Consider longitudinal waves. Substitution of (3.7); and (3.8); in (2.14); yields
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w1+ \/1 +w?(2p0 + Xo)?/ple?]

ko = . 3.9
2 20,01+ (2 + ) /7] (39)
For small values of w we have
ko ~ 2#0 + /\0 2
2= T 3 W
2p, "o

Hence, the assertion that the attenuation of acoustic waves is proportional to the frequency
squared should be related to longitudinal waves in the approximation of low frequencies,
not generally to waves in (viscous) fluids.

For later reference we conclude this section by considering the limit case of the perfect
fluid for which g = 0, A = 0. By (3.2) we have W = 0, and then ¥ = 0. So only
longitudinal waves occur, ® # 0, with

w?

Ky = —, 3.10
1= (3.10)

or k} = w?/p,. For such waves the velocity v = 0 is expressed by

2
“’p n® expli(k; - x — wt)], (3.11)

P

vV =

n being the (real) unit vector of k,. The pressure p satisfies the equation of motion
pv = —Vp.

Then, letting p = P exp[i(k; - x — wt)] the deviation of the pressure from the equilibrium
value, by (3.11) we have
P = pu?®. (3.12)

3.4 Rate of energy and energy flux

Let F(x) exp(—iwt) be the force acting on a particle which undergoes a motion with velocity
V{(x)exp(—iwt). Since we have in mind that the real part is indeed the physical part of
any quantity, we define the corresponding power on the particle as

7 = Re[F(x) exp(—iwt)] - Re[V(x) exp(—iwt))].
Hence we have

m=3(F-V*+F* V) + }F . Vexp(-2wwt) + F* - V*exp(2iwt)].
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If F represents a body force, we define the power P of F in a volume V of the body as

P(t) = /v (%, t)da.

Owing to the oscillatory behaviour, a useful measure of the power is given by its average
(P) over a time period. Since F - V* 4+ F*.V = 2Re(F - V*), we can write

{(P)= %Re/ F-V*dz.
v

Consider a region § in the configuration of the body. By the same token we define the
power P, exerted by the traction force in the form

(Pe)=iRe [ (Tn)-v'da
an
= %Refnv-(T\r')dz (4.1)
where n is the unit outward normal. By (1.3) we have
(V- T)-v'=—iwpv-v"

and then
V (Tv')=iw(T -Vu* —pv-v").

Of course, pv - v" is real. Meanwhile T - Vu~ turns out to be given by
o o
T-Vu' =2uE-E"+(A+ Zu)trEtrE".
Then we obtain
o -]
(Pe) = —u/[lmp E-E” +Im(}) + u)trE tr E*)dz. (4.2)
a

If the body is elastic, namely x and A are real, then the right-hand side vanishes; this means
that for elastic bodies the averaged power of the stress over a closed surface vanishes. For
viscoelastic bodies, due to the thermodynamic inequalities (2.4.7), the right-hand side is
strictly positive (for a nonrigid motion) and represents the power of the stress which is
absorbed by the body and dissipated. Incidentally, this is a check of consistency of the
definition of P;.

Owing to some discrepancy exhibited in the literature about energy density and flux
(cf. [106]), it is worth showing how differences arose and may arise. Inner multiplication
of the equation of motion (1.3) by 1 and the identity

(V.T)-a=V-(Ta)-T-E (4.3)
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yield
K+T-E=V-(Ta) (4.4)

where K = 1pu - i. Examine separately (4.4) for elastic and viscoelastic bodies.
First regard the body as elastic. Then

2 d )
T-E = E(ET'E)'
So letting & = 1T -E and
J=-T-u,
we can write d
ZK+U)=-V-J. (4.5)

Equation (4.5) is usually interpreted as a balance of energy by saying that the derivative
of the total energy (kinetic plus potential) K + U is equal to (minus) the divergence of
the energy flur vector J. To our mind this interpretation is misleading. According to the
general approach to balance equations, the balance of energy can be written as (cf. §2.2)

d
a-—t-(.(+lﬂ:V-(Tﬁ}—v‘q+ph-i|+pr

where U is to be viewed as pe. This means that J = —Tu is at the outset the energy flux
of mechanical character simply because the power of the traction force is (Tn) - u and not
because of the splitting (4.3). Otherwise no surprise should arise that some authors [17,
11], on the basis of the different splitting

(V-T)-u= —%%[(HA)(v-u}?+,u(Vu}-(Vu]] + V- [(p4 AV -u)a+p(Vu)a], (4.6)

regard
3 = —[(u+ AV - w4 u(Vu)il

as the energy flux.

Now let the body be viscoelastic. The possibility of inequivalent choices of energy
density and flux is more apparent. By following a splitting procedure and having recourse
to considerations about a spring-dashpot model, some authors (cf. [26]) have considered a

“potential” function

t t . . ot ) )
U= / / u(2t—7—o)E(7)-E(o)dr dcr-l-%/ ] M2t — 7 — o )trE(7) trE(0)d7 do.
and observed that, in terms of

D=-2 [ ; j_ ; W' (2t—71—0)E(r)-E(0)dr do— /_ ; /_ :o N (2t—1—o)trE(7)trE(0)dT do,
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it follows that
B,
dt

Accordingly they have written the energy equation as
d
E(IC+U)+D=—V-J, (4.7)

where still J = —T1, and regarded D as the rate of dissipation. This splitting is highly
subjective. For instance, consider

1= pom@) B0 + ([ wB(— 5)ds) - Bir)ir
+ IA(trE(2))* + %/t ([Jm,\’(s]trE(T — s)ds)trE(r)dr.

Time differentiation yields

du
Y _17T.R
dt 5
Hence we can write (4.4) as
%()C+Z,?)= -v.J. (4.8)

Also, borrowing from the splitting (4.6) for the elastic case, we may consider
11 =4po(Vu(t) - (Vu(®) + buorBQ)F +2 [ ; ([ (e - s)ds) - Eryar
+ Lho(trE(2) + 3 / ‘ ( fo g N(s)rB(r — s)ds)trB(r)dr
and

3 = — [(uo + 0)(trE)a + po( V)i (t)
- [2 ./; w'(s)E(t — s)ds]ua(t) — [ /o N(s)trE(t — s)ds](t).

Then (4.4) may be written as

%(x +U)=-V.J. (4.9)

The triplets (U, D,J),(4,0,3), and (#4,0,J) show that the equation of motion, along
with suitable splittings of (V - T) - 1, leads to inequivalent expressions of potential energy,
rate of dissipation, and energy flux (vector). Now, it is well known that energy for the vis-
coelastic stress is intrinsically non-unique even though compatibility with thermodynamics
is required (cf. [131]). Further, by appropriate splittings the rate of dissipation is made
to vanish, which might seem quite odd due to the dissipative character of the viscoelastic
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model. However, looking at D as the rate of dissipation is an arbitrary choice motivated
by a subjective partition of the rate of working. The same is true for the energy flux which
then is found to have different representations (and values).

A final remark seems to be in order. The literature has devoted noticeable attention
(cf. [147, 118, 174, 85, 84, 165, 166]) to the energy flux velocity (or mean velocity of energy
transport) as the ratio of the mean energy flux to the mean energy density. Needless to
say, this quantity is well defined only when both the energy density and the energy flux are
uniquely determined. As we have seen, sometimes such is not the case and the ambiguities
remain even though we consider the mean values.

3.5 Energy flux at inhomogeneous waves in solids

We now consider the energy flux intensity associated with an inhomogeneous wave. We
regard the energy flux intensity 7 as the energy transfer per unit area in the direction
of wave propagation. For inhomogeneous waves the direction of propagation is given by
ki = kin;. Then we define the energy flur intensity T as J - n; whence, by analogy with
(4.1),

(T) = —1Re[(Tny) - v°].

Because v* = iwu™ we can write
(T) = 3wIm[(Tny) - u’]. (5.1)
Let u represent an inhomogeneous wave Ugexp[i(k - x — wt)]. Substitution in (5.1) yields
(T) = jwexp(—2k: - x)Re{u[(k - Ug)(Uo - m) + (Uo - Ug)(k - m1)] + A(k - Uo)(Ug - ma)}-
If the material is elastic, and then g, Ak = kn; are real, we have
(T) = Lkw[(s + A)(Ug - my)(Uo - m1) + pUp - Ug).

For both longitudinal and transverse waves, letting ¢ = w/k be the pertinent phase speed

we obtain
(T) = 3pw’c|Uol?,

namely a classical expression for the energy flux intensity [3].
Things are not that simple in viscoelasticity [39]. Also for an immediate connection
with the literature on the subject we evaluate the mean energy flux

(3) = }wIm(Tu*), (5.2)
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at the wave, and hence
(Z)=(J) - m.
Letting u = Ug(w)exp[i(k - x — wt)], k = k; + iky, we have
(3) = LwRe{exp(—2k; - x) [uk(Up - Ug) + pUo(k - Ug) + A(k - Uo)Us}- (5.3)

Let the wave be longitudinal, namely

= f:_,\‘ U, = ik®,
® being complex-valued. Upon substitution and some rearrangement we have
w(Uo - Ug)k + (k- Ug)Up + Ak - Ug)U; = [(2 + A)(k - K)k* + 2k x (K x k*)]| .
Replace (2u + A)k - k with pw?. By (5.3) we obtain
(J) = 1w|®|? exp(—2k, - x)[pw’ky — 4(ky x ka) x (p1k2 + paky)] (5.4)

where p;,u, are the real and imaginary parts of u, i.e. gy = po + pb, g2 = p). The
expression (5.4) coincides with the analogous one given by, e. g., Buchen [26]. Meanwhile
the mean energy flux intensity takes the form

(T) = Yo B[ exp(~2kz - x)[pw ks + 4pky kS sin? 7]

where 7 is the angle between k; and k;. The peculiar aspect of dissipativity consists in
the decay, here described by exp(—2k; - x). Further, the inhomogeneity of the wave results
in the direction of (J) which is usually different than n;.

Now let the wave be transverse, namely

k-k=2  Uy=ikx¥, k-¥=0.

Since k- Uy = 0 we have only to evaluate (Up - Ug)k + (k - U5)Uy. Substitution and a
little algebra yield

(Up -K)Up = —[(kx ¥*) - k*)(kx ¥)
= —{[k" x (kx ¥)]x (kx ¥7) + [(kx ¥*) - (kx ¥)k*}.

Because k - ¥ = 0 we have

(kx¥*) - (kx¥) = [¥* x (kx ¥)] -k = (¥* - ¥)(k - k).
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Substitution, use of the condition k - ¥ = 0, and some rearrangement yield

(U5 -k)Up = —{[(k"* - ¥)k — (k* - k)¥]x (kx ¥*) + (k - k)(¥* - ¥)k"}
= (k" ¥)(k- k)" - (k" ¥)(k- ¥*)k
+ (k" K)(¥* - )k — (k- k)(¥* - ©)k®
= (k" W)(k-k)¥* — (k*- W)(k - ¥*)k + (¥° - ¥)[(k" - k)k — (k- k)k].

Meanwhile,

Up-Uj = (¥ x¥)- (Txk)=¥-[kx(¥" xk")
= (k-k")(¥-¥°) - (k- ¥*)(k" - ¥).

In conclusion we obtain

(Uo - Ug)k + (k- Ug)Up =(T - ¥7)[2(k - k" )k — (k- k)k*]
— 20k )k - W)k + (k* - ¥)(k - k)@

and then, by (5.2) and (5.3),

(J) = twexp(—2k; - x)Re{p[(¥ - ¥*)(kx(kx k") + (k" - k)k)
—2(k - ¥*)(k" - ¥)k + (k" - ¥)(k - k)¥*]}.

(5.5)
‘We now evaluate explicitly the real part. Observe preliminarily that
po’ = pk-k=p (k] +K3) = 2mk; — 2mks ko
+ i[2u2k} — pa(kf + k3) + 2 ks - kel
Hence we obtain the relations
pa(k} + k) = p? + 2 k] + 2pok - ke, (5.6)
pa (k3 + k3) = 2uak] + 2mks - ka. (5.7)

By use of (5.6) and (5.7) we obtain

Re{u(k - k")k} = pw’ky + 2(u1k3 + ok - ka)ky — 2(u2k] + paka - ko )ko
= pwlky — 2(ky x ko) x (pzky + piks).

Meanwhile,
Re{u(k - k)k*} = pw’ki.
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Then we have
Re{u2(k - k*)k — (k- K)k°T} = pw?ky — 4(ky xka) x (pzky + pake)-

Let ¥;, ¥, be the real and imaginary parts of ¥. The “orthogonality” condition k- ¥ =0
reads
ki~ ¥ —ke Wy =0, ko ¥y +ky-¥r =0 (58)

Then we have

Ref{(k* - )¥*} = 2[(k; - ¥1)¥; + (ki - ¥2) ¥y,
(k- 2*)(k* - @) = 4[(ky - ¥1)* + (kg - P2)°).

Letting f, = ¥, /|¥|, f; = ¥3/|¥|, upon substitution in (5.5) we obtain

(3) = Lwexp(—2ks - x)| W[ {pw’ky — 4(k1 x kz) x (p2ks + pikz)

— 8(ky - 1) + (ki1 - £2)?) (i kn — pzka) 4 200 [(ky - i)y + (ks ‘fz)fz]}-( "
5.

Inner multiplication by n; yields the energy flux intensity in the form

b} 2
()= %u exp(—2k; - x)%{pwzkf + 4;..-.1[.':%!:% — (k- kg)z]
+ (k- 1)° + (k- £2)°][2p07 — (1 kf — paka -2 )]}

The first line of (5.9) coincides with the expression given, e.g., by Buchen [26]. The
second line is new in the literature. The reason is due to the fact that people regard letting
W be real as no loss in generality. As we show in §§4.1 and 4.5, such is not the case. Here we
are content with remarking that if ¥ is real, namely ¥; = 0, then by (5.8) also k; - ¥; =0
and the contribution of the second line vanishes. However in general this assumption is
not allowed.

3.6 Energy flux at inhomogeneous waves in fluids

General considerations for energy flux in fluids parallel those developed for solids. Ac-
cordingly, to avoid prolixity, here we restrict attention to the peculiar aspects for fluids.
Indeed, via suitable interpretations of the pertinent quantities, our developments apply to
both viscous and viscoelastic fluids.

With reference to the equation of motion (2.6.8) and the equilibrium condition, the
equivalent (incremental) stress tensor for a viscoelastic fluid can be written as

T(t) = ppp(V - u(t))1 + fcw{ﬁ(SHVﬁ(i = 8)+ Val(t — ) + A(s)(V - w)(t — s)1} ds.
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For a time-harmonic wave, u = Ug expli(k - x — wt)], we have
T = {ipp,(k-Ug)l + wip(k ® Up + Up @ k) + A(k - Up)1]} expli(k - x — wt)]

where, as usual, u = [[7 ji(s)exp(iws)ds, A = [ A(s)exp(iws)ds. Viscous fluids are
described by simply letting u = pg, A = Ag, whereby p, A are real-valued.

In order to apply (5.2) for the mean energy flux we have to evaluate Tu". Substitution
and some rearrangement yield

Tu* = iexp(~2ks X){pp, (k- Uo) U — iw{(Uo- U k+ (k- Ug)Ug+ A(k-Uo)U3)}. (6.1)

As with solids, the evaluation of (6.1) changes accordingly as we are dealing with longitu-
dinal or transverse waves.
Consider longitudinal waves, namely

2
pw ;
k-kse —m8M Uy = 1tkd.
pp, — w(2p + A) -

Then (6.1) can be written as

Tu" = iexp(—2k; - x)|®*[pw’k” + 2iwpk x (k" x k)]
and, by (5.2),

Iy = %w exp(—2k - x)|®|*Re{pw’ k" + 2iwuk x (k" x k)}.
Direct evaluation of the real part allows (J) to be written as
(I) = 1w[®[* exp(—2k; - x)[pw’ky + 4w(pzks — prki)x (ki x ka)].

Correspondingly by (5.1) the mean energy flux intensity takes the form

(Z) = 1w|®|® exp(—2ks - x)[pw’ k1 + dwpak1 k3 sin’ 7] (6.2)

where 7 is the angle between k; and k;.

If the fluid is viscoelastic, gy > 0, pa # 0, then the energy flux usually is not directed
along k, and the energy flux intensity depends on both k; and k. If the fluid is viscous.
Ji1 = fio, 2 = 0, then still the energy flux is not directed along k;, i.e.

(3) = Lw|®|? exp(—2k; - x)[pw’ky — dwpoky x (k1 xk2)],
but the energy flux intensity is affected by the component along ky only, that is

) = %.:.\.a|'1'|2 exp(—2k; - x)pwlky.
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Further, if the fluid is non-dissipative, gy = 0, g3 = 0, then we have
(Z) = 3@ ks = Fpow?|Uo|?

which formally is the same as for elastic solids, ¢ being the sound speed, ¢* = p,, (cf. [116]).
Consider transverse waves, namely

k.k=f;ﬂ, Uy = ikx¥, k.¥=0.

Obviously k- Ug = 0. Then we have
Tu* = wexp(~2ks - x)u{(Uo - Ug)k + (k - U3)Uo].
Hence, by (5.2), on paralleling the procedure developed for solids we obtain

(3) = Lw? exp(—2ks - x)Im{u((¥ - ¥*)(2(k - k" )k — (k- k)k*)
- (k- )K" - )k + (k- ¥)(k - k)¥*]}.

(6.3)
Observe that
ipw = pk-k= — py(k} +kF) + 2u1k3 - 2k - ko
+ilpa(kf + k3) — 202k + 2k, - ko)
whence
pr (k] + k) = 2(uak] — paka - ko), (6.4)
pa(k} + k3) = pw + 2(paki — paks - ko). (6.5)

By use of (6.4), (6.5) and some rearrangement we have

Im[pu(k - k*)k] = 2(u1 k] — poky - ko)ko + pwky + 2(p2ki — piks - ko)ky
= pwky + 2(ky x kg )(p1ky — paks).
Substitution in (6.3), replacing pk - k with ipw, introducing f; = ¥, /|¥|, f; = ¥,/|¥|,
and some rearrangement yield
(3) = Jw? exp(=2k; - x)|¥|* {pwky + 4(kyxka) x (ks — poks)
= 8[(k1 - 1) + (ku - £5)*)(ma k2 + poky)
+ 2pw((ky - f1)fy + (k- ©2)f]}
where, of course, the condition k - ¥ = 0 has been taken into account. This result is

formally similar to the analogous one for solids. Inner multiplication by n; provides the
mean energy flux intensity (T).
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For viscous fluids y; = 0 and the first line consists of a term parallel to k; and a term
orthogonal to k. Then the contribution to (Z) is simply pwk; times the common factor
%w?’ exp(—2k; - x)|¥|?. The contribution of the terms in the second line is related to the
component of ¥ in the direction of propagation n; and vanishes if ¥ - n; = 0.

3.7 Waves in constrained media

By constrained media we mean materials whose motion is subject to a priori constraints
usually called internal constraints. Two common examples of internal constraints are in-
extensibility in one direction and incompressibility. If e is the direction of inextensibility
in the reference placement then the relation dx = FdX provides the constraint of inexten-
sibility in the form

Fe -Fe—-1=0. (7.1)
If instead the material is incompressible then by the continuity equation p = py/J we have

the constraint
detF-1=0. (7.2)

More generally, regard the material as subject to a set of internal constraints
T'(F) =0, (7.3)

' denoting a, possibly nonlinear, scalar-valued function. By objectivity requirements, the
value of any function (7.3) must be invariant under change of observer ([164], §30). This
is easily shown to imply that I'* depends on F through C = F'F only. Then we can write
(7.3) as

7(C) = 0. (7.3

Incidentally, as it must be, (7.1) and (7.2) may be written in the form (7.3"), namely
e-Ce—-1=0, detC-1=0.

It is reasonable to expect that these restrictions on the motion shall not specify the strain.
By (7.3) it is evident that this is the case if i <5.
Whether the material is dissipative or not, the constraint (7.3"), or (7.3), gives rise to
internal Piola-Kirchhoff stresses
- ATt 9y
— '\ =—ag'F—
T A T
which individually do no work in that, by (7.3), (8T'*/3F) - F = 0. The corresponding
Cauchy stresses are .
1 = ot s P 2L pt
- ac
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which are apparently symmetric. The quantities o' (Lagrange multipliers) are, sO far,
indeterminate. They are in fact functions of the position x and time ¢ which are required
to satisfy the equations of motion and the pertinent boundary conditions.

Again on disregarding the body force, we consider the equation of motion (1.3) which
now has to be written in the form

pi=V-T+Y V-T (7.4)

The reader interested in general properties of the solution u,a’ to (7.4) is referred to,
e.g., [88, 47, 153, 18]. Here, for the sake of definiteness, attention is focussed on a singly
constrained body and it is assumed that the inextensibility constraint (7.1) holds. Observe
that 87/dC = e ® e and then

T = aJ 'Fe ® Fe. (7.5)

Take the body to be a viscoelastic solid and look for inhomogeneous wave solutions. While
the constitutive stress is given by (1.2), we take the reactive stress (7.5) in the linear
approximation as

T:a[e@e—(v-u)e®e+ Vute®e+e®7ute]

whence
V.-T =(e-Va)e+ ale-V)(e-V)u.

Upon substitution into the equation of motion (7.4) and letting u be in the form of inho-
mogeneous wave, u = Ugexp[i(k - x — wt)], along with a = ag + d&g exp[i(k - x — wt)] we
obtain

Q(k)Up + ap(e - k)* Uy — i(e - k)edp — pw?Up = 0. (7.6)

Here

Q(k) = p(k- k)1 + (u+ Ak @ k

may be viewed as the analogue of the standard acoustic tensor. Observe that, because of
the constraint, the propagation condition (7.6) results in the vanishing of a combination of
the three vectors Uy, k,e. Then, quite naturally, the internal constraint reduces the set of
solutions. We examine two non-trivial cases.

[.Le-k=0.
The wave vector is orthogonal to e, namely to the direction of inextensibility. The

transverse isotropy of the body suggests that we find the same result as for waves in
unconstrained media. Such is really the case, i. e.,

[Q(k) — pw? 1]U, = 0,
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whence we find the standard transverse and longitudinal wave solutions.

Il e-Up = 0.
The polarization is orthogonal to the direction of inextensibility. It is convenient to
take the inner product of (7.6) with e,

e -Q(k)Ug—i(e-k)ag =0,
and determine &p. Upon substitution we can write the propagation condition as
{PQ(k) — [pw* — ao(e-k)*]1}Uy =0
where P = 1 — e @ e is the projection onto the plane perpendicular to e.

In both cases we find formally the same results as for elastic bodies (cf. [50]), the
difference being that now Q is complex-valued and so are k and U,.

3.8 Body force effects on waves

Wave propagation is usually investigated by disregarding the body force in the equation of
motion. Really, from a qualitative standpoint, the body force has a twofold effect. First,
it induces an equilibrium placement through the relation

V.T+pb=0.

Then inevitably, whenever a body force occurs, we should consider a prestressed body (in
the sense of §2.6). Second, even when b is constant, the body force enters the propagation
condition thus affecting (in fact, reducing) the set of wave solutions. Both aspects are now
emphasised by investigating wave propagation in dissipative fluids (cf. [34]).

Regard the body force b as constant and then apply the equation of motion in the
form (2.6.9), namely

2
pii — pVub — ”—P”L"bv-u—pp,v(v-u)-v-r(nt):o. (8.1)
[

Take T(E!) as the functional for viscoelastic fluids. Then, letting u = Ug exp[i(k-x — wt)],

we have

T(D') = wlpu(k ® Ug + Ug ® k) + A(k - Ug)1] expli(k - x — wt)]

where p = [;° ji(s) exp(iws)ds, A = [,~ A(s)exp(iws)ds, and

V- T(D') = iw[u(k - k)Up + (1 + A)(k - Uo)k] expli(k - x — wt)].
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Then (8.1) yields the propagation condition in the form
2
[pw? + iwpk - k]Uq + {[iw(p + A) — ppolk - Ug + 1pUo - b}k + %ﬁ(k Ug)b =0. (8.2)
.l

Observe that if the fluid is viscous the propagation condition (8.2) still holds while y and
A are the viscosity coefficients.

Incidentally, we expect that p and p(p) depend on the position x in the fluid. By
the equilibrium equation p,Vp = pb we have p/|Vp| = p,/|b|. In water, for instance,
p, = 210° m?/s? and then p/|Vp| ~ 210°m. For standard experimental conditions it is
then reasonable to regard p in (8.2) as constant.

Investigate the possible solutions to (8.2) by considering first the case when Up - k

vanishes.

Lk-Ug=0.
It follows from (8.2) that

[pw? + iwpk - K]Uq 4 ip(b - Ug)k = 0
whence, by the orthogonality of k and Uy,
k-k:%, b-Ug =0. (8.3)

Quite naturally we regard this solution as a transverse wave in that any inhomogeneous
wave satisfying (8.3) is necessarily transverse. In fact inner multiplication of (8.2) by Ug
and use of (8.3); yield

[ = (pp, — iw(p + A)k - Ug + ip(1 +p‘:ﬂ]h-Uo]k-Ua =0,
P

whence it follows that either
k-Uy=10
or s
Ug= PPe—(ptd),
ip(14 pp,op/py)

In the former case, substitution into (8.2) yields (8.3);. In the latter case, instead, (8.2)
reduces to

0-

[—ppp + iw(p + Ak + p(1 + p’;—"”-)b =0.
p

Inner multiplication by k and b, and comparison of the results leads to the requirement

[ 14 ppyo/p, ]sz — P

PP, — w(p + A) I3

]
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which generally does not hold. Then we conclude that only k- Ug = 0 is possible and then
the wave is transverse.
Two possibilities occur accordingly as k is parallel to b or is not. If kxb = 0 then
any Uo orthogonal to b satisfies (8.3); - and (I) as well. If kxb # 0 then (8.3), and (I)
yield
Uo = C kxb

where ( is any complex number.
As a comment we can say that, whenever k- Uy = 0, the wave vector k is unaffected
by b. Yet, by (8.3); the wave exists only if Ug and b are orthogonal.

I k- Up # 0.

Inner multiplication of (8.2) by k and b yields two equations which may be viewed
as a linear homogeneous system in the unknowns Up - k and Uy - b. The determinantal
equation, which allows non-trivial solutions, is

4 (M —[ppo — iw (2 + Nk k + i0* (pyp/pp)b - K ik ko ) e
ip*(Pop/Pp)b? — [pp, — iw(p + A)b - k pw? + iwpk -k + ipb - k
(8.4)
Consistent with the physical framework, we regard the unit vectors ny,ny of k;,k; as
given and then (8.4) becomes a system of two equations - the left-hand side of (8.4) is
complex-valued - in the unknowns ky,k;. Once k; and k,, and then k, are determined we
can find Ug - b in terms of Up - k namely

Up-b=AUp -k

where

A= P —lopy + (A + 2p)]k -k + ip*(py/p,)b - K
B ik - k ’
Substitution in (8.2) yields
U = _U—“—{[pp A oA~ ”’”b} (8.5)
Pt awpk -k &

Since Up is determined by (8.5) to within a scalar factor, we can always assume that
Uy - k =1 and then (8.5) is the desired relation Uy = Ug(k).

In addition to these geometrical-analytical features for a dissipative fluid, it may be
instructive to examine what happens in a perfect fluid for which p,A = 0. A simple,
immediate effect of the body force appears by considering the wave vector k in the plane
orthogonal to b, i.e. k-b = 0. The determinantal equation (8.4) reduces to

2_ppk-k ipk-k
det (P41 ~ PP ) 0
¢ (‘Pz(Ppm‘,PP)bz pu?
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whence .
w?/p,

T 1- PPppb? [pjw? .

Neglecting the body force would have given k-k = w?/p,. Then, if p,, > 0, the body force
results in a decreasing of the phase speed; the speed vanishes at the critical frequency w,
such that w? = pp,,b?/p%. For water, if we consider the constitutive function p(p) given
by the Tait equation [103] along the adiabatic passing through 1 atmosphere and 20° C we
have pp,,/p, = 6. Then w, ~ 10?2 571, a negligibly small value. If the fluid is allowed to
be viscous, or viscoelastic, the determinantal equation becomes

k-k

(p?)? — pw’[pp, — iw(2p + A) = P*p,pb? [Pk - k — iwppp, — iw(2u + M)](k - k) =0

and the same conclusion for the critical frequency follows. Of course the quantitative effect
on the phase speed may not be small in other fluids.



4 REFLECTION AND REFRACTION

Reflection and refraction constitute the fundamental phenomenon that is at the basis of
the behaviour of waves at discontinuity interfaces. This motivates a detailed analysis of
reflection and refraction of inhomogeneous waves at a plane interface. Of course, the
general case occurs when the plane of the incident wave vector is not orthogonal to the
interface. The behaviour of inhomogeneous waves at a plane interface is investigated by
letting the interface be the boundary of a viscoelastic (solid) half-space, or the common
boundary of two viscoelastic solids or two layers of a multilayered solid; this last case is
of remarkable interest in seismology. Relative to the particular case when the plane of the
incident wave vector is orthogonal to the interface, new effects are shown in connection
with the polarization of the reflected and transmitted waves.

By generalizing a standard approach for wave propagation in elastic solids, the dis-
placement field is represented in terms of complex potentials thus allowing a concise de-
scription of phenomena. To unify the treatment of incident longitudinal and transverse
waves, the incident field is taken in the form of a conjugate pair, namely the superposition
of a longitudinal and a transverse wave whose wave vectors have equal projections on the
interface. In this framework the matrices describing the reflection and refraction can be
derived in a straightforward way for any interface. Of course, owing to the complex nature
of the polarizations of the pertinent waves, the determination of reflection and refraction
coefficients deserves some attention.

As with the interface between elastic media, the refraction coefficients may become
greater than unity for certain directions of the incident wave, usually around critical angles.
This looks paradoxical also on the basis of an intuitive idea of energy conservation. In fact
the seeming paradox is overcome by considering carefully the energy flux intensities of the
pertinent waves; for definiteness this is performed in the case of a perfect fluid-viscoelastic
solid interface. In essence, for any interface the energy flux intensity involves the cross
section and the ratios of the cross sections approaches zero, or infinity, when the angle of
the incident wave vector is around the critical value.

4.1 Coordinate representations for displacement and traction

As a preliminary step we derive expressions for displacement and traction that prove useful
in the description of the behaviour of inhomogeneous waves at interfaces. Specifically, let

69
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u = Uexp(—iwt). By the existence of scalar and vector potentials in linear viscoelasticity
we may represent U as

U=V¢+ Vxy, V-$=0,

where the potentials ¢ and ¥, which are identified with M and W of the previous chapter,
satisfy the complex Helmholtz equations

2

p? pt sy _
ﬁ¢+2ﬂ+)‘¢—0, A+ p ¥=0 (1.1)

Let z,y,z be Cartesian coordinates with unit vectors e, e,, e.. The coordinate
representation of U reads

96 9. 0y 06 9. 0%, 9 0p, Ov.
U=(37+E'a_;)e+(i a'i'ai) 5+ 2 ay)"" (12)

In a moment we need the components of the traction t = Tn, n = —e.. To within the
exponential exp(—iwt) we have

T = u(VU + VU + MV - UL

Substitution of (1.2), comparison with (1.1), and the condition of vanishing divergence for
¥ lead to the representation

8"’1;’:: il wy)l

_ 9 32% ¢y
t_[ pu oy u(ﬂzaz azay )]ey

=+ [‘ == {ayaz ay? B:cay
32¢7 ¢ 0y, 0%
pwld 4 { ¥)| e
[ a ( 3?;‘ dydz 3x3z)] = (13)

For perfect fluids we have ¥ = 0 and p = 0, whence t; = t, = 0 and t, = pw?¢.

Inhomogeneous waves correspond to special choices of the potentials. Longitudinal
waves are generated by a scalar potential of the form ¢ = ®exp (ik; - x), & being the
(complex) constant amplitude. As we know, the wave vector k; is such that

2

k, -k, = % =k, U=ikio. (1.4)
An inhomogeneous transverse wave comes from the vector potential ¥ = Wexp (ik; - x)
where ¥ is the complex (constant) amplitude vector, and the complex wave vector k; is

such that .

k,-k,-:'owT::nT, U = ik x 9. (1.5)
The divergence-free condition V - ¥ = 0 yields the constraint

¥ kp=0. (1.6)
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For ease in writing we sometimes consider &k, and k; such that

kr = /Ky, kr = \/kr

where the square root is meant with positive real part.

It might seem that letting ® and ¥ be complex-valued is an unnecessary generality;
there are references where the amplitude is complex-valued [89], others where it is real-
valued (17, 26]. Now, regardless of the properties of the sources, we may consider incident
waves with real-valued amplitudes. The trouble is that, as shown later, the real-valuedness
is not invariant under reflection and refraction and this makes the real-valuedness assump-
tion generally inconsistent.

By (1.4) and (1.5) the expressions (1.2) and (1.3) for U and t become

U = i®(k e, + koyey + k. e;) exp(ik; - x)
+ i[(kTy\Ilz —kr ¥y )er + (ke Ve — kroVo)ey + (ke ¥y — kTy\III)eZ] exp(ikr - x), (1.7)

t= 2;L(I>[I<:Lz(l<:”eI + ki yey) + (%I{T - k%z - kiy)ez] exp(tk; - x)

+2u[3Rr(—Vyer + Uoey) — (kry ¥y — kro¥y)(krses + krye, + krze.] exp(iks - x),
(1.8)

with obvious meaning of the symbols.

4.2 Generalized Snell’s law

Consider a plane surface P, with unit normal n, that separates two homogeneous half-
spaces. An inhomogeneous wave, incident on P, has a wave vector

k' = ki + ki = kin} + ikin}

where n}, n} are the unit vectors of ki, ki; of course ki and ki are real. No choice is made
about the polarization of the incident wave which may be longitudinal or transverse. Nor
is the coplanarity of the vectors ki, kj,n assumed.

Because of the discontinuity surface, four inhomogeneous waves originate at (any point
of) P: a longitudinal and a transverse wave for each medium. A reflection-refraction
problem consists in the determination of the reflected and transmitted (or refracted) waves
in terms of the properties of the two media and the incident wave. To solve such a problem
we first determine a priori geometrical restrictions on the pertinent wave vectors.

We assume that the two half-spaces are in welded contact. Then the boundary condi-

tions governing the process of reflection and refraction are the continuity of displacement
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Fig. 4.1 The geometry of refraction of a wave at an interface when the incident
wave vector is vertically polarized.

and traction across P. Denote by the accent “ any quantity pertaining to the half-space
opposite to that of the incident wave. The continuity of U and t, as produced by the in-
cident and reflected waves on one side and by the transmitted waves on the other, implies
that the phase k - x at any point of P takes a common value for all waves. Letting x be
the position vector of a current point of P relative to an origin in P, we have

ki-xzk:-x:k{,-x:f&;-x:f(r-x, Vx: n-x=0,
where the superscript 7 labels quantities pertaining to the reflected waves. For convenience

represent any vector x, such that n-x = 0, in the form x = nxy; the set of vectors x is
spanned by letting y be any vector in R®. The arbitrariness of y yields
kK'xn=kxn=kixn=k,xn=kyxn (2.1)
We can view (2.1) as the general form of Snell’s law. In particular it follows from the
separate contributions of the real and imaginary parts of (2.1) that the planes (n;, n) and
(nz, n) are invariant, namely all pairs (n;, n) determine a common plane and so do the
pairs (nz, n).
The more standard form of Snell’s law may be recovered by using Cartesian compo-
nents. Identify P with the plane z = 0 and choose the half-space z > 0 as that supporting
the incident wave. Accordingly the accent “ labels quantities relative to the half-space

z < 0. No assumption is made about the choice of the z- and y-axes in the plane P. Inner
multiplication of (2.1) by e and e, yields

K=k, =kl = ke = Brp =: ks, (2:2)
k; =ki, = ki, = EL!, = jé:ry Siky. (2.3)
The content of (2.1) may be phrased by saying that the projections on the plane P of the

reflected and transmitted, longitudinal and transverse, waves coincide with those of the
incident one.
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Denote by # and ¢ (< 7/2) the angles between n and ny, ny, respectively. The real
and imaginary parts of (2.1) result in

isin 8" = k7, sin 0] = k7, sin 0] = Ky sin b, = kqq sin 6y, (2.4)

kjy sin @' = k[, sin ¢} = k,sing] = ky,sind, = Frqsin g. (2.5)

The peculiar features of the inhomogeneous waves motivate a closer inspection of
some consequences of Snell’s law. For instance, by (3.2.14) k; and k, are determined by
the material parameters, along with the angle between k; and k», through (1.4) and (1.5);
it is not immediately evident from (2.4) that the reflection angle 7 equals the incidence
angle #'. In this connection, owing to the invariance of the z- and y-components, it is
essential to examine the behaviour of the z-component of k.

For any wave vector k, we can combine (3.2.11) and (3.2.12) to obtain

k=k:+kI+k?=a+ib.
For convenience let k, = ( + i, with real { and . Then we have
(*—c’=a—-Re(kZ +k})=:4, (2.6)

(o =b/2 - Im (k] + kj)/2 =: B/2, (2.7)

where k; and k, are to be regarded as given. The solution of the algebraic system (2.6),
(2.7) is unique, up to the sign. Indeed, we obtain

VA2 7 JAZ -
(=4+ %& , o=BJ/2A=+ _i+_2B__A

The value (sign) of ¢ is provided by the direction of propagation of the wave; the value of o
is then determined. Really, reflected waves correspond to the positive sign, while refracted
waves require the negative sign. Notice also that the signs of { and ¢ are equal or opposite
depending on the sign of the constant B.

Restrict attention to the reflected wave of the same kind of the incident one (i.e.
longitudinal-longitudinal, transverse-transverse). The pairs { { o' and (7, o are solutions
to the same algebraic system (2.6), (2.7) and then we find

Crz —C". P —U‘-

the sign being determined by the observation that the z components of k are opposite.
Indeed, this means that k7 = —ki. Then it follows easily that k] = ki and k5 = kj.
Because of (2.4) and (2.5) this yields

9 =6, ¢ =4,
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as expected.

Further consequences follow if the two media are specified. Suppose that the upper
half-space is filled by a perfect fluid and that the incident wave is longitudinal and homoge-
neous. It is not restrictive to let k' belong to the (z, z)-plane; hence k. is real and &y = 0.
Then (2.6) and (2.7) reduce to

G-t =a-k, (o =b/2. (2.8)

If the lower medium is an elastic solid (b = 0) and we consider the transmitted transverse
wave then we have a = £ and ET&T = 0. The following possibilities occur.

o If iz — k2 > 0 the condition of reality of ¢ and o yields fr = {r + iy = /&r — K%;
the transmitted transverse wave is homogeneous too.

o If&; — k2 = 0 then we find Bz = (r +iG7 = 0. In this case the wave vector is real and
parallel to the interface, br=m /2, and kjsin6' = Er, which corresponds to a critical
value of the incidence angle (cf. [2], Ch. 5).

o If K, — k2 < 0 then ﬁ, = Er + 167 = —iy/Rr — k2. The transmitted transverse wave
is inhomogeneous, the real part k; of the wave vector is parallel to the interface, the
amplitude of the wave decays with distance from the interface as exp(—m |2]).
Roughly speaking, when the incidence angle is greater than the critical value the
transmitted wave is essentially confined to a neighbourhood of the interface.

If the lower medium is viscoelastic, then (2.8) shows that { and & have the same sign
(because b > 0). Then they both are negative in view of the fact that we are considering
transmitted waves. As in the elastic case, the amplitude decays with distance from the
interface. If, however, also the upper medium is viscoelastic, then by (2.7) we may have
(& < 0 which in turn allows for negative values of { and positive values of &. In this
circumstance the amplitude grows with distance from the interface. This, though, is in no
contradiction to the wave decay as remarked in Ch. 1.

Observe that, in viscaelastic solids, {,o = 0 if and only if A, B = 0, namely ki-i—k; =K.
Suppose we have B = 0; then ( =0if A < 0 and ¢ = 0if A > 0. In such a case, if ( =0
we let 0 = /=A, which provides the decay of the amplitude of the wave.

The previous scheme can be summarized as follows. According to Snell’s law we define

B = y[rr — k2 — k2, Br = y[rr — k2 — k2; (2.9)

since the argument is generally complex, by (2.9) we mean the roots with positive real
part; if the real part vanishes then the root is taken with positive imaginary part. The
z-components of the incident and reflected waves coincide with the left-hand sides of (2.9),
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up to the sign, which is chosen as positive or negative according as the wave under consid-
eration is upgoing (viz. reflected) or downgoing (viz. incident or transmitted). Represent
the incident wave vector as k' = kye- +kye, +kle., where ki equals —, or —f3; according
as the incident wave is longitudinal or transverse. Then we have

k: . k,e, + kyey + ﬁ;e,, ](; = k:e: + kyey + .B‘rez,

k;, = kee. + kye, — Bee:, ke = kre: +kye, — fre..

The wave vector is said to be vertically polarized if k;, k; and n belong to a common
(vertical) plane 7. Whenever such is the case it is assumed that 7 coincides with the (z,z)-
plane, which means that k, = 0. In view of Snell's law, the property of being vertically
polarized is inherited by the reflected and the transmitted wave vectors. Unlike the elastic
case, in general the wave vector of the incident wave is not vertically polarized. Indeed,
the vectors ky and k; depend on how the wave has been generated, and this is unrelated
to the direction of n. This feature is at the origin of the formal complications, connected
with the behaviour at interfaces, which cannot be avoided unless restrictive assumptions
are made.

Hereafter, the set of a longitudinal and a transverse wave that are propagating upwards
(downwards) and whose wave vectors have the same z- and y-components are referred
to as a conjugate upgoing (downgoing) pair [81]. Because of Snell’s law, both pairs of
reflected and transmitted waves still constitute conjugate pairs. To unify the treatment of
longitudinal and transverse waves we will consider reflection and refraction of a conjugate
pair of (downgoing) waves. Owing to conjugacy, there are only four, rather than eight,
outgoing waves just as in the case of a single incident wave. By the linearity of the
equations, the particular case of a longitudinal or transverse wave hitting the interface
follows trivially.

4.3 Displacement and traction at interfaces

We proceed in the analysis of the continuity requirements which, besides providing the
explicit form of Snell’s law, allow the determination of the amplitudes of the reflected and
transmitted conjugate pairs in terms of the amplitudes of the incident pair. It is understood
that the z-components of the wave vectors involved are non-zero. The limit case when the
z-components vanish will be examined separately.

In the half-space z > 0 a conjugate pair of incident waves is propagating downwards
and a conjugate pair of reflected waves is propagating upwards; the overall scalar and vector

potentials may be written as

¢ = [®* exp(ifi, z) + & exp(—if,z)] expli(kzz + kyy)l, (3.1)
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¥ = [U* exp(ifirz) + ¥~ exp(—ifr2)] expli(kzz + kyv)), (3:2)

where the ®’s and the ¥’s are constant; the superscripts + and — label upgoing and
downgoing waves, respectively. Quite naturally, for any conjugate pair the two constants
&, ¥ may be viewed as the amplitude of the pair. In the half-space z < 0 the scalar and
vector potentials are given by

¢ = & exp(—ifiz)explilkzz + kyy)l,  $ =¥~ exp(—ifrz)expli(kzz + kyy)]. (3.3)

If either Re, = 0 or Ref; = 0, the positive value of Im # makes the amplitude of the
transmitted waves decrease with distance from the interface.

For use in reflection-refraction problems we determine U and t, at both sides of the
interface, in terms of the amplitudes ®, ¥ and the wave vectors k;, ky. Substitution of
(3.1) and (3.2) into (1.7) and (1.8) yields the coordinate representations for displacement
and traction in the upper half-space; the limiting values at the interface are obtained by
simply letting z — 0,. By use of (1.5), the upper components of U and t at P are found
to be

Ur = ikz(®* + ®7) —ifr (V) — V) + 1k, (V] + ¥7), (3.4)
Uy = iky(®* + @) + i (V3 — ¥7) — ik (V] + ¥7), (3.5)
Uz = ifo(®* — @) — iky(UF + VS) + ik (V] + ¥7), (3.6)
ty = —2pkz(~BL(®F — 7)) + ky (V7 +¥7) — q(¥7 +¥7)), (8.1
ty = —2pky (-0, (8 — @7 )+ r(¥F + ¥7) - k(5 + Y3 )], (3.8)
t; = 2u[A(®* + @) — ky A (V1 — U2) + kB (Y5 — ¥)], (3.9)
where
1 1
r= F(ki_ 1K), q= k—(kiu %57), A= %x,——ki—k:. (3.10)
¥ T

The common factor exp[i(k-z + kyy)] is understood and not written.

The analogous expressions for displacement and traction in the lower half space are
simply recovered from (3.4)-(3.9) through cancellation of the contributions &+, ¥}, v
¥7, and introduction of the superposed accent * where appropriate.

The z-components of the amplitude vectors ¥+ and ¥~ can be eliminated from (3.4)
and (3.5) through the use of the geometrical condition (1.6), ¥ - kz = 0. In fact, determi-
nation of ¥} and ¥; from

kU3 + kU3 + 5,91 =0, k¥ + kU5 — B0 =0
yields

kUL + k0 kU7 + k, U7
V=, gy =TI VY
B z Bz (3.11)
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This shows that the z-components of the vector ¥ can be eliminated from the expression
of the continuity conditions at P thus reducing the number of unknowns. Really, addition
of the left sides of (3.11) leads to the relation

VI + 5 = —[ka(V7 - V2) + Ky (V) - ¥;)]/Br, (3.12)

which allows (3.4) and (3.5) to be replaced by

% kzky o, k’ +8 .,
Us = ike(®* + ) - i22 (¥} - ¥) - L - 8), (3.4
Uy = iky(®* + &) 4+ i-= 1T ’;'Tﬁ’('p, Vo) +i ﬁry(w ¥;). (3.5")

Consider a conjugate pair with a vertically polarized wave vector k and then let ky =0.
The component ¢, does not vanish (k,r = k2 — 1k, — —1k;) and we find that

ty =pu2(‘l';+'11;] = prr(¥7 + ¥3), (3.13)

while the remaining components of t and U are simply recovered from (3.4)-(3.7) and (3.9)
through trivial substitutions of the condition k, = 0.

Suppose now that the wave vectors of the incident pair are parallel to the z-axis,
which means that k; = k, = 0. Of course, this condition is preserved for the reflected and
transmitted pairs and, according to (2.9), we have

JBT = kr, n‘sz = k!.-

The general condition ¥ - k; = 0 imposed on the vector potentials yields ¥} = ¥ = 0.
Substitution in (1.7) and (1.8) yields the desired expressions of displacement and traction
at the upper side of the interface. In vector notation we have

U = ik [—(¥) — U5 ex + (U3 — U] )ey] + iky (8 — 8 )e,, (3.14)

t = pw?[—(¥] + ¥y )er + (Y1 + ¥ )ey + (2 + 27 )e;]. (3.15)

The analogous result for the lower side follows by dropping ®* and ¥*.

4.4 Reflection at a free surface

Consider a viscoelastic medium occupying the half-space z > 0 and let the lower half-space
z < 0 be empty. At the free surface P no condition is placed on displacement, while
traction is required to vanish. A conjugate pair of incident waves produces a reflected
(upgoing) conjugate pair. The components of the traction at the plane z = 0 assume the
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form (3.7)-(3.9); on setting them equal to zero we obtain a linear system in the unknown
(reflected) amplitudes &*, ¥}, ¥+ in terms of the known (incident) amplitudes -, ¥z,
¥;. Upon some rearrangement we can write

—Bu(8* — &) + ky(VE +¥5) - g(¥] +¥;) =0, (4.1)
—Bu(®* — &) + (V2 + V)~ ka(¥] + ¥;7) =0, (4.2)
A@* = 87) = kyBr (U2 +05) + koBr (V) + V) = —2(AD™ + kyBr V5 — kzﬁr‘l';{); "

which shows the advantage of regarding ®* — -, ¥} + W7, ¥} 4 ¥ as intermediate
unknowns. The solution is given by

&* =& + AE (4.4)
¥i=-¥;-kpB.E, (4.5)
Uy =-V7 + kB E, (4.6)
where
E = —2(A%" + ky ;¥ — k.5:%;)/D, (4.7)
and
D = A 4 Bufr (K2 + K2). (4.8)

To determine the z-component of ¥* we substitute (4.5) and (4.6) into (3.11) thus obtaining
Y=z (4.9)

This shows, in particular, that ¥} vanishes if the incident wave is longitudinal.
To bring into evidence the origin of the various contributions to the amplitudes of the
reflected pair we reformulate (4.4)-(4.6) in matrix form as

P+ &
v | =RrM| Wz )], (4.10)
vy vy

) (1-2A2;n —2Aky /D 2Ak:ﬂrw)
e i=

where

2AkyB./D  2k2B.Pr/D -1 —2k;k,B,B./D

~2Akzf. /D —2kskyB.Br/D  2k3P.Pr/D -1
is called the reflection matriz for the viscoelastic half-space. The meaning of such a matrix
is apparent. Suppose for definiteness that the incident wave is longitudinal. Then Vo =
¥, =0, and the first column of R* yields the ratios &*/®~, ¥*/®-, and V¥ /®~, that is
the reflection coefficients. Similarly, the second and third columns identify the reflection
coefficients corresponding to the case of an incident transverse wave.

(4.11)
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If ki, kg, and n are coplanar we may formally let ky, = 0, in which case the wave
vector of the incident wave is vertically polarized. Then the system (4.1)-(4.3) decouples
into a subsystem of two equations for the two unknowns ®* and U, plus a single equation
for the unknown ¥}. The subsystem embodies the case of a longitudinal or a transverse
vertically-polarized wave in the elastic framework, while the single equation corresponds
to an incident transverse horizontally polarized wave. Precisely, we observe that if ky =0
then equation (4.2), which follows from the vanishing of ¢, is to be replaced by letting
ty = 0in (3.13) whence ¥} = —¥. Along with the limits of (4.1) and (4.3) - or (4.4) and
(4.6) - we have

&+ 1-24%/D 0 2Ak.8:/D o
v | = 0 -1 0 v |, (ky =0),  (4.12)
v —2Ak:8,/D 0 2k%3,6./D-1 v,

which is just the particular case of (4.10)-(4.11) as k, = 0. A further simplification occurs
in the case when the incident wave vector is vertical (i.e. parallel to the z-axis). Then the
expression of t is given by (3.15) and the condition of vanishing traction at P yields

&+ -1 0 0 5~
vil=(0 -1 o Uz |, (kx=ky=0),
v 0o o -1/ \y¥;

which corresponds to the limit of the general expressions (4.4)-(4.6) or (4.10) as k., ky, — 0.
We are now in a position to consider some features, e.g. mode conversion, which are
related to non-vertically polarized complex wave vectors incident on the free boundary
of a half-space. For example, suppose that we ask under what conditions an incident
longitudinal wave (¥ = ¥7 = 0) is transformed into a transverse one (®* = 0). Inspection
of (4.11) shows that this happens provided that the incident wave satisfies 24? = D.
Comparison with the definitions of D and A, namely (4.8) and (3.10), reduces this condition
to
BeBr(K2 +k2) = (Lrr — K2 — K2)™. (4.13)
Equation (4.13) generalizes the relation that holds for vertically-polarized wave vectors [44]
and the condition of mode conversion for elastic solids [22]. By (2.9) we obtain an equation
for k2 + kg, that is a constraint on the incident wave vector. Hence (4.13) determines the
z- and y-components of k' only up to a parameter, thus implying that complete mode
conversion is allowed for an infinite family of longitudinal incident waves. On the contrary,
in the case of vertically polarized k', only one wave allowing for such a complete mode
conversion is allowed since k, = 0. Furthermore, under the assumption that k' is vertically
polarized and ¥: = 0, no substantial difference between longitudinal and transverse inci-
dent waves is observed, in the sense that the same equation characterizes complete mode
conversion. In fact if we assume ®~ = ‘P; = 0 and require W; = ‘l’; = (0 we find the
condition 2k28; 0y = D that in general reduces to

2
BuBr (ks — ky) = (35 — K - k)
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and hence coincides with (4.13) if k, = 0.

This result is not true in general. In the case of an incident transverse wave substitution
of the condition ®~ = 0 into (4.10) and inspection of (4.11) show that ¥ and lI'; cannot
vanish simultaneously if ky, and k, are non-zero. The same behaviour also occurs ife; =0.
This shows that in general complete conversion of a transverse wave into a longitudinal

one is not allowed.

We conclude this section by considering the two particular cases that correspond to
an incident longitudinal (transverse) wave such that the related reflected transverse (longi-
tudinal) wave has a vanishing z-component. Obviously, under these conditions we cannot
consider an incident pair but it is appropriate to deal separately with the two allowable
choices of the incident wave. In view of its inherent simplicity we study first the case when

the incident wave is transverse.
Suppose that the incident and reflected transverse waves are described as in (3.2),

namely
¥ =[U* exp (ifrz) + ¥~ exp (—ifirz)] expli(kzz + kyy)].

The incident wave is taken to satisfy
2 2z
kx + ky = K,

and then, as a consequence of Snell’s law,

Br =k, —kE—kZ=0. (4.14)

Accordingly, we look for a reflected longitudinal wave described by
¢ = &% expli(kzz + kyy)), (4.15)

where ®* is constant. As is easily verified, the potential (4.15) satisfies the Helmholtz
equation (1.1);, provided the definition (1.4), of x, and the condition (4.14) are taken into
account. Similarly, continuity of the phase is also ensured by (4.15). Therefore we have to
consider the field obtained by superposition of the potentials (3.2) and (4.14), where ¥-
is regarded as given while T+ and ®* are determined so as to ensure the vanishing of the
traction at the interface P.

The contribution t[®*] to the traction vector at P arising from the scalar potential ¢
follows from substitution of (4.15) into (1.3), and is given by

t{d] = 2uAk,Bte,. (4.16)

The part of the traction that is originated by the vector potential ¥ is easily recovered from
(3.7)-(3.9) and reads

t] = 20{[=ky (3 + 93) — a(5 + U] )er — [r(¥3 + ¥7) — ko (V] + U3 )e,
+ [_kyﬁf(w: - W.:.) + k:ﬂ’l"(q’; - T;)]ez} (4.17]
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The requirement that the traction t(¢] + t[$] vanish at the boundary yields the linear
system
ky (U2 +¥3) - g(¥5 +¥7) =0,
r(WI+ VD) - k() + v,)=0,
Ad* — kyﬂ'r{'l'; - ‘P;.) + k,ﬁ,—("l’; - ‘I';) =0,
that may be regarded as obtained from (4.1)-(4.3) in the limit 8, — 0, in the case of a
vanishing ®~. The solution is then given in the form
vr=-vz,
v =¥,

¢+

Il

Br = s
250 (k2 — ks 05),

thus showing that the “reflected” longitudinal and transverse waves are uniquely deter-
mined. Actually, the wave vector of the longitudinal wave is purely horizontal, which
means that a generic reference to a reflected wave of longitudinal type is, in a sense, a

slight abuse.

The case of a longitudinal incident wave is developed along the same lines with inter-
change of the roles of scalar and vector potentials, although the analogy with the previous
analysis of the expressions of displacement and traction is lost. Let us consider a scalar
potential of the form (3.1), with @~ and ®* representing the incident and reflected waves.
As before we set

v=""exp [i(k,_:c Es kyy)] ; (4.18)

and assume that the incident wave is such that

Br=[hr —KL—k2=0. (4.19)

Again, the vector potential (4.18) is a solution to (1.1) in view of (1.5); and (4.19). The
continuity condition for the phase at the interface is also satisfied. Unlike the previous
procedure, however, the condition of vanishing divergence for ¥ yields
> i wt (4.20)
o =-lu;, .
instead of (3.11);. The traction t[$] corresponding to the vector potential (4.18) follows
from (1.3) through comparison with (4.20) in the form

t) = p-:l'lf;(k;e:+kyey]. (4.21)
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The traction related to the scalar potential ¢ is found from (3.7)-(3.9) and (4.19), and

reads
] = 2uBu(®" — 87)(kses + kyey) — purr (8% + &7 )es.

Accordingly, we find the final expression for the traction at P in the form
& -
t=2u[f. (2 - @)+ %i'ﬁ;](k,e, + kyey) — pro (@t 4+ &7 )e:. (4.22)

The requirement t = 0 leads to

$t = -9,
V= yPekeg
Kr

while ¥t follows from substitution of W} into (4.20). Notice that the wave vector of
the transverse wave is horizontal. The z-component of the vector amplitude ¥ is left
undetermined by the requirement that t = 0. This is ultimately due to the fact that the
constant parameter ¥} does not enter the expression of t.

4.5 Boundary between viscoelastic half-spaces

Let the half-spaces z > 0 and z < 0 be occupied by two isotropic, homogeneous viscoelastic
solids with different material parameters. Suppose that a conjugate pair of inhomogeneous
waves is incident on the boundary from the upper half-space. Owing to the presence of
the discontinuity a reflected conjugate pair and a transmitted one are originated at P.
They are completely determined through the requirement of continuity for displacement
and traction at the interface. The expressions for the wave vectors have already been
given in §4.2. Here we determine the explicit form of the scalar and vector amplitudes.
With reference to the representations (3.1) and (3.2) for the waves travelling in the upper
medium, and to (3.3) for those in the lower one, we have to find the reduced reflected and
transmitted amplitudes ®*, W%, ¥}, &~ ¥;, and ¥} in terms of the data &-, ¥3, and
L Do

It is convenient to introduce a matrix notation and to split the resulting linear system
into two subsystems, so as to take advantage from the form of the resulting equations. The
continuity of

Uzfi, Uyfi, t.[2

leads to the matrix equation

ot 4 - L
Glez-Y =G| -Y ], (5.1)
¥ - -V

y Yy
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where the matrix C; is defined as

k: _kxkyfﬁ‘r _kgrfﬁ:l‘ s ﬁr
By o ke k2/Br+Br  keky/Br |, (5.2)
.U(i’c'r — k; - k;) —piky By pkzfr
with inverse
(@) e B
1 - —RzRy Br -k -2k fp A (53)
fPr\K 2R kak, 2ka/u

The definition of ¢ follows directly through substitution into (5.2) of the quantities per-
taining to the lower medium. Similarly, the continuity of

Ufiy, tof2ks, t,/2k,,

o+ — - [ @
Cy | U+ | =-C | -¥3 (5.4)
o+ 9y -¥y

where C; denotes the matrix

yields the subsystem

ﬁ!. _ky k,,-
Cy= | phe _ﬂ'ky plksr — ‘%"rf}’k:) ) (5'5)
ubr  —p(ky — 3Rz /ky) pkz

with inverse

v
_f-‘kyﬂi- 0 ky:‘g L
ﬂk:,&; —k;_ﬁ;_ 0
Of course the determinants of C'; and C; are found to be non-zero in the present context.
Next we examine two different procedures for the determination of reflected and trans-

=1 _
(€)™ = pkr B,

o [HGre-K-K) KK
. (5.6)

mitted amplitudes. First we exhibit the solution in a matrix form, which is particularly
suitable for numerical evaluation. Subsequently we find an explicit expression of the solu-
tion which is of great help in understanding qualitative aspects.

The subsystem (5.4) can be solved with respect to &+, ¥7, and ¥} to give

o+ o- @
v =|-v |-GG | - .
o ot =

Substitution of this expression into (5.1) leads to a linear system for the scalar and vector
amplitudes of the transmitted conjugate pair. This is written as

& $-
[C1+Ci(C)7IC) | -¥z | =2C | -Y¥2

—\Ily -—\Il;
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If the determinant of € + C;(C2)~1C; is non-zero the matrix equation can be solved with
respect to the reduced amplitudes of the conjugate transmitted pair to give the transmission

()

T =20[C) + C1(C2) ' C2] 1 I,

matriz T. The result is

where we have set

and
1 := diag(1, -1, —-1).

As regards the reflected amplitudes, we take the explicit expression of the corresponding
column vector and compare with the definition of T' to deduce

$+ &=
v | =R ¥; |,
vy vy

where the reflection matriz is
R=1-(C) 1CLIT.
We now determine the explicit solution to (5.1) and (5.4). In this regard it is convenient

to describe the amplitudes in terms of the new set of variables ®, V', W which are related
to ®, ¥,, ¥, by the trasformation

[ 1 0 0 L]
VIi=1(0 k &k v, (5.7)
W 0 k, —k:) \¥,
with inverse
@ 1 k2+k2 0 0 o
Y ) = 0 kr & v]. (5.7)
2 2 v
v, k2 4 k2 0 bk, w

As a consequence of Snell’s law, the matrix entering (5.7) is independent of the medium
under consideration. This allows the transformation (5.7) to apply to incident, reflected
and transmitted amplitudes, provided the appropriate labels +, —, and * are introduced.
Left multiplication of (5.1) by (C1)~! and application of the transformation (5.7) leads to
e -ST ;&T o

V-Vt =Ly
B r (5.8)

P
$t+ & =(m-T)¢" +2=(~-1)W~, (5.9)

Kr " p
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k" i}
=) +
W--W = (m r—1)%- +ﬁ—’(r+1)w (5.10)
where
= 2 2 -
I )
Kt

Similarly, multiplication of (5.4) by (C2)~! and change of variables yields

t_% = —%(1+r)é-~ﬂi(1+r—m)ﬁr~, (5.11)
V*4+ V- =mV- (5.12)
W* 4+ W= = -3, Té + (m-T)W- (5.13)

Now we solve the system (5.8)-(5.13) where &, V~, and W~ are regarded as given
data. Taking the difference of (5.9) and (5.11), the sum of (5.10) and (5.13), and the sum
of (5.8) and (5.12) yields

P = ﬂ'-_'.é— + Ggwd,
wW- = ﬂ-aé- + ﬂ'..|W_,
Vo= i;'_fas,

where the quantities a; are defined by

al=%[m—F+5—L(l+I‘)]

a; = » [2 1)+—(1+1" m)]
= %[E(ki+k:)(m— 1-T) - A1),
ay=}[m- r+—(1+r}]

2_ B
™ jifr + pfr
Now we write the solution in terms of the coefficients a;, regarded as privileged parameters.

The transmitted amplitudes can be expressed in terms of the incident ones through the

&- a/D 0 —ay/D &
V- = ( 0 a 0 ) (V- ) (5.14)
Ww- —a3/D 0 @)D w-

matrix relation

where
D:a;m—azag:%[(m—r) g‘gT(I-I-F] ( g:]
2+k 51.15'1-
+ ﬁ;ﬁy(Hr m)* +kg+k§r2].
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Taking into account (5.7) and (5.7") for the change of variables we can write (5.14) in the

o~ %-
vz | =1 v: ],

v vy

equivalent form

where the explicit form of the transmission matrix T is now given as
E2+k2 0 0 a/D 0 -—ay/D 1 0 0
r=—2 [ F0"7 Kk & 0 a O 0 kz ky ). (5.15)
TR 2 0k, —k
z T Ry 0 ky, —kg -az/D 0 a/D y z

Consider now the equations (5.11)-(5.13) and solve them with respect to the reflected
amplitudes. The result is expressed as

o+ - ~5.(0+T)/B, 0 —(1+T-m)/B.\ [ &
Vvt |=1| =-V- |+ 0 m 0 V=
w+ -W- ~4.T 0 m —T W-

In view of (5.15) and the transformation equation (5.7") we obtain

o+ 3
v | =R|V;:
vy vy

where the explicit form of the reflection matrix R is obtained as

L E2+k2 0 0
R=u+m 0 k: ky X

0 ky, —ks

-3,(14+0)/8, 0 —(1+T-m)/B, 1 0 o0
0 m 0 0 & & B
-4.T 0 m-T 0 k, —ke (5.16)

The components ¥} and ¥7 follow from substitution into (3.11).

By way of example, consider an incident longitudinal wave of amplitude ®—; the
transmitted and reflected pairs are obtained from the general expressions by letting ¥ =
'I’; = 0. Notice that in general the coefficients a; and the parameters k. and k, are
complex-valued whence it follows that the amplitudes of the transmitted and reflected
pairs turn out to be complex-valued too, even though the amplitudes of the incident pair
are taken to be real. For this reason the scalar ® and the vector ¥ entering the definition
of longitudinal and transverse waves have been chosen as complex-valued.

For use in subsequent applications and comparison with known results, especially
those concerning reflection and transmission at elastic plane interfaces [22], it is worth
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considering in some detail the particular case when the incident wave vector is vertically
polarized, which means that

ky=0. (5.17)
Actually, this condition can always be satisfied by homogeneous waves at the boundary
between elastic half-spaces, if the axes are properly chosen, since the wave vector is real
valued.

Insert (5.17) into the continuity conditions (5.1) and (5.4) and then into the definitions
(5.2) and (5.5) of the matrices Cy and Cj; in so doing the last line of C; should be 0, p, 0,
as follows from comparison with (3.13). Because k + §7 = kr — k% = k; and in view of
(5.17) we find that the continuity requirement for displacement and traction results in

ks 0 —fBr o+ + &~
0 Kz [Br 0 ¥ - v
”(%RT - k;"',) 0 pkzfBr ‘I’; - W;
ks 0' _Jér ‘i:
= 0 Erj'ﬁ—r []' __l?; .
i(3Re— k2 0 jikfr) \-¥5 A5.18)
B, 0O - + — H-
pBe 0 p(kz— 3xr/kz) Ui+ Us
0 » 0 v+
B, 0 ks $-
=—| @b O ji(ks—3Re/ks) | | -2 |-
0 p 0 -¥;/ (5.19)

Before we proceed to the evaluation of the solution, we observe that the linear system
decouples into a subsystem of two equations for the two unknowns ¥} and ¥7 in terms of
¥, and another subsystem of four equations for the four unknowns &*, ¥#, &-, 'i';, in
terms of - and ¥;. The former case corresponds to an incident wave, with horizontally
polarized amplitude, which is generated by a vector potential with vanishing y-component.
The latter case is related to an incident wave with vertically polarized amplitude, either
generated by a scalar potential or a vector potential with vanishing z-component. The
decoupling of the linear system corresponds to the conservation of vertical and horizontal
polarization at a plane interface [22].

To solve the system we follow the procedure of the general case: first we solve with
respect to the column vector in the left sides, then we change variables through (5.7) and
(5.7"), which hold even though k, = 0. We observe that the inverse of the matrix in the
left side of (5.18) is obtained from the inverse (5.3) of Cy, simply by letting ky be zero. As
regards (5.19), the inverse of the square matrix in the left side is
2 P(%KT - ki} knzr 0

0 0 pkrfe[2p
PKTﬂL #k:ﬁ{. _k:ﬁﬂ 0
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Once the required matrix products are performed we obtain the equations (5.8)-(5.10) as
a consequence of (5.18), and (5.11)-(5.13) as the counterpart of (5.19). It is not necessary
to examine here these equations; we only observe that the requirement k, = 0 has to be
taken into account.

As in the general case we arrive at (5.14), namely

®- ay/D 0 —ay/D d-
V- | = 0 as 0 V-
w- —-(13)"1) 0 a”"'D w-

Since k, = 0, by (5.7) and (5.7") we have
U, = V/ks, ¥, = —W/ks.

Accordingly, the last matrix equation yields
5 o
b l=1v (9|, (k=0) (5.20)
¥

where
0-4!70 0 as k:fD
TV - U as U
a3/(Dkz) 0 ay/D

denotes the transmission matrix in the case of vertically polarized incident wave vector.
Similarly we find that

o+ &-
Yr)=Rv|[VZ |, (ky=0) (5.21)
) 59 v,

where the reflection matrix for vertically polarized incident waves is
_'(ﬁhr.fﬁc }(1 + r)
Ry =1+ 0

Iéirl'{kr

0 (kz/B)(14+T —m)
m 0 Tv.
0 m-—T

We conclude this point with the analysis of reflection and refraction when the wave
vector of the incident pair is parallel to the normal to the interface, that is k. = k, = 0.
Comparison with (3.14) and (3.15) shows that the continuity of displacement and traction
results in the two vector equations

kT[_ (W; - W;)e: + (q’: = \I‘;)Ey] + kﬁ(¢+ = Q_]ez = ET(@;eI = i’;ey) - ;‘;L‘D‘Eza

L= (95 + 90 )es + (VE + W7 )ey +(8* + @7)e,] = f(—Vje, + Ve, + be,).
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By solving the resulting three linear systems of two equations in two unknowns we have
the result

$re BT Wk _g- g PRk "”:“ &
pky + pk, pky + pk,

P B . F”‘_T;P";.p;‘
pkr + pkr Pk + pkr

g 2pk _ 5ky — pk

b;= " 9, =Ll Pry;. (5.22)
pkr + pkr pkr + pky

Degenerate cases. Now we examine some degenerate situations where the z-components of
reflected or transmitted wave vectors vanish. In principle there are four possibilities. By
analogy with the analysis given in §4.4, if the z-components of the reflected longitudinal
or transverse wave vectors vanish then we cannot consider an incident pair, but rather an
incident tranverse or longitudinal mode, respectively. This case is very simple and then is
not considered. Rather we examine transmitted wave vectors with a vanishing z-component
in which case the incident waves may still constitute a pair.
Let the incident pair satisfy

B+kE=k < p=0, (5.23)
and consider a scalar potential of the form
& = & exp [i(kzz + kyy)).

By (5.23), t; is a solution to the Helmholtz scalar equation in the lower half-space. The
related displacement U[@] and traction t(@] are found through substitution into (1.2) and
(1.3) and take the form

U[d] = i®~ (krex + kyey),

t[¢] = 21Ad"e,.
The vector potential is of the general form
¥ = U exp(—iBrz)exp [i(kzz + kyy)]

and the corresponding expressions for displacement and traction follow by comparison with
(1.7), (1.8) or their component formulations (3.4)-(3.9). Setting aside inessential details,
we say that when these results are replaced into the continuity conditions (5.1) and (5.4),
the matrices C; and €, take the forms obtained from (5.2) and (5.5), provided the accent
* is introduced where appropriate. We only observe that the first column of the matrix (95
vanishes because f; = 0 in view of the assumption (5.23). Nevertheless, we can still solve
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(5.4) for the reflected amplitudes &+, ¥}, W}, to find (5.11)-(5.13), provided we recall that
B, vanishes. So, apart from this substitution, everything goes as in the general case, as far

as the determination of reflected and transmitted amplitudes is concerned.

Other cases occur when the z- and y-components of the incident wave vectors satisfy
the condition
ki +ki=kr <+« Ppr=0. (5.24)
Things are not simple as in the previous case (5.23), since we cannot refer to the results
holding for the general case. Actually, a vector potential of the form

ir =¥- expli(kzz + kyy)), (5.25)

with constant vector amplitude ¥~ is a solution for the vector Helmholtz equation (1.1);, as
a consequence of the constraint (5.24). With reference to (5.25), the condition of vanishing

divergence for ¥ can be expressed as

¥ = sl | o (5.26)
k:

in analogy with (4.20). If k. # 0, this means that we are regarding \i'; and ¥: as in-
dependent components of W=, whereas ¥ is found through (5.26). This is the reason
why the conclusions of the previous analysis of the general case, where we found it conve-
nient to regard i'; and 'i‘; as independent parameters, cannot be extended to the present
framework.

Substitution of (5.25) into the general representations (1.2) and (1.3) and account of
(5.24) and (5.26) yields the contributions of the vector potential ¥ to the lower limits at
the interface for displacement and traction in the form

U = i[k, ¥V e, — k.U e, + (k. V5 — k,¥7)e.],
L
t] = uE'I’y(k:ez +kyey).
The pertinent contributions arising from the lower scalar potential
é = &~ exp(—ifi, z) expli(k.z + kyw)],

follow from comparison with (3.4)-(3.9). Accordingly, when we consider the interface P,
we find the following limit values from below

<

U=i[(ks® + k07 )es + (ky® — k¥2)e, + (5,8 + k—T'i-‘;)e,],

t=20(-F,8 + %k—’ir;)(k:e, + kye,) — jik,d-e



Reflection and Refraction 91

These relations can be used to construct the analogues of the continuity conditions (5.1)
and (5.4). Specifically, the continuity of Uz/i, U, /i, and ¢, /2 yields

®* 4+ &- kr 0 Ky -
CG|¥r-v7 | = ky 0 -k |9 ], (5.27)
LB —fk/2 0 0 ¥

with C as defined in (5.2). Similarly, imposing the continuity requirement for U. /i, t./2k.,
and t,/2k, leads to the correspondent of (5.4), namely,

o+ — &~ —B.  Refke 0\ (&
Co | Y2 +97 | = | BB fGRe[2kz 0 )| Y5 |, (5.28)
v+ —if. jik-[2k. 0] \¥;
with C7 given by (5.5). Upon left multiplication by the matrix
ky —k: 0
kr ky 1/p ),
kz Ky 0

equation (5.27) gives rise to the system

Rr s

kr(RF —W7)+ k(¥ — ¥, )=—8—V7, (5.29)
3+ = 2 [1 - —)cIr- (5.30)
(U2 - 05) - k(W5 - ¥) = T [1- 225 (1- )] (531)

Similarly, multiplication of both sides of (5.28) by (C2)~! leads to

5 " i 1. s
B - 8- = —2 [~ BulpA+ke) + Z(pA + k) E;), (5.32)
ey ks 2

2%k, s g R B

YEUs = L[ (- )8 - ’;—’( - si)¥5], (5.33)
MK T

2k,, _ K Lo

U+ = ——= B - k- gAY (5.:34)

We first determine the a.mplltudes of transmitted fields. We multiply (5.33) by k: and
(5.34) by k. Then we sum the results and contrast with (5.29) to find
M 2 Kr

O = ST (k05 4 K5
Br Rr
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this gives one of the required transmission coefficients. Next we multiply (5.33) by ky,
subtract the product of k and (5.34), and contrast the result with (5.31) to find

2 - th Mo By _Refl R Bainge 1"71~U ;. (5.35
by Vs = ke = {5 Kr (1 _p) Br'2 .‘CT(] 2p)]}¢ ( u} g (a0l
Meanwhile, the difference of (5.30) and (5.32) yields
ﬁr. ’C'r Lkr I - I (R R’i’ B 1g-
-__"' s A ¢ — — [+ - Z(1-—)|¥,;. (5.36
L Ty SR (P LA CED

Now we multiply (5.36) by f;, add the result to (5.35) and solve with respect to 'i';. The
result reads

kx _ 3
¥; = 257 (U5 ~ kY5 +6,9)

(5.37)
+k,{2—{1 — -] + S —[1 ~ 2"’ (1- i)]}@—
Insertion of (5.37) into (5.35) yields
) ¥ [nT—2kT(1—E)](k \il;—kx@;)—:zﬁzi‘c,-(l—g)é'
b= 13 1 L e (5.38)
___,6,,—2,& ( 2# ~gg [5z — 282 (1 - ﬂ}]

Replacement of this expression for $- into (5.37) gives the component \i'; in terms of the
amplitudes of the incident pair. Then ®*, ¥} and ¥} follow from (5.32)-(5.34).

4.6 Reflection and refraction coefficients

While the previous section provides a scheme of reflection and refraction in terms of po-
tentials, now the connection is examined between the amplitudes of the displacement fields
pertaining to the various waves. Incidentally, this allows a detailed account of the ampli-
tude vectors (or polarizations). Moreover, the more familiar description in terms of angles
is established.

For definiteness we consider the relationships between the transmitted, reflected, and
incident pairs in the form

& = Tn® + T ¥; + T ¥; ®* = Bn® + R2¥; + Ria¥;
U = Tnd + Tpp¥s + T ¥ ¥} = Rn® + Rp¥; + Rya¥; (6.1)
¥

v = T3 9" + T5,9 +T33'I'; ‘P;’ =R % + Rz ¥ + R33‘I';
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where the entries of the matrices T and R are specified by (5.15) and (5.16). The columns of
T and R may be interpreted as refraction and reflection coefficients. For instance, if we take
an incident longitudinal wave so that both ¥ and ¥ vanish, while only &~ is non-zero,
we may regard Ty; and Ry as the refraction and reflection coefficients of the longitudinal
inhomogeneous wave; T3y, T3, and Ryp, Ra; yield the transformation coefficients of the
longitudinal wave into a transverse in refraction and reflection, respectively. As opposed to
the elastic case, two pairs of coefficients, instead of two coefficients, are required to recover
the transmitted and reflected transverse waves originated by an incident longitudinal one
[22]. Of course, similar remarks also apply to the case of an incident transverse wave.

Actually, the form of the coefficients of reflection and refraction is rather involved, in
that they depend on the characteristics of the incident pair, via k, and k,, and the material
parameters of the media via k., k7, k., kr. By analogy with elasticity, one might think
that a qualitative information is obtained by regarding the coefficients as functions of the
geometric characteristics of the incident waves, which is obtained by looking at k. as the
product k' sin 6, with variable #'. Seemingly, such is not the case in the present context in
that we have to vary the two components k, and k,, both of them being complex-valued;
furthermore, also the reflection and refraction coefficients are complex-valued. A rather
special case where this can be done is treated in the next section.

The analysis of elastic waves at an interface is greatly simplified by viewing any trans-
verse wave with arbitrary direction of the displacement vector as the superposition of a
shear wave of horizontal polarization and of a wave of vertical polarization. At the origin
of these distinctions is the fact that vertically and horizontally polarized waves do not in-
teract with each other at a plane interface [22] and hence they can be studied separately.
Owing to the characteristic features of inhomogeneous waves, we will see that the distinc-
tion between vertically and horizontally polarized waves at the plane boundary between
viscoelastic bodies does not hold in general, but applies if the wave vectors of the incident
pair are vertically polarized.

To avoid any ambiguities it is worth recalling that if the real and imaginary parts of
the incident wave vectors belong to a common vertical plane, then this plane is invariant
under reflection and refraction. That is why special attention has been drawn to wave
vectors in the vertical plane, which allows considerable simplifications in the expressions
of the reflection and transmission matrices. The analogy with elastic waves suggests that
we consider also amplitude vectors that are vertically or horizontally polarized. Therefore,
in dealing with the polarization we have to specify whether we are referring to amplitudes
or wave vectors, unless this is unambiguously clear through the context. In any case the
vertical plane is systematically identified with the (z,z)-plane.

A further remark is in order. The behaviour at a plane boundary has been exam-
ined through the representation of incident reflected and transmitted pairs in terms of
the corresponding (complex) scalar and vector potentials. This approach results in much
simpler calculations and brings immediately into evidence mode conversion phenomena at
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interfaces, the only drawback being that the relations between the (complex) amplitudes
pertaining to longitudinal and transverse waves are left aside. Of course, these relations
must be considered before polarization effects are investigated. On the contrary, in elas-
ticity one may avoid finding the explicit relations between amplitudes (see e.g. [22]). This
feature is ultimately due to the fact that, as is shown later, the wave vectors of homogeneous
(plane) waves in non-dissipative media are vertically polarized.
With reference to the representation (1.5) of the amplitude of transverse waves, define
the amplitude vector A through
A=k xV. (6.2)

By a vertically, or horizontally, polarized amplitude we mean that A belongs to a plane
which is perpendicular, or parallel, to the interface. Accordingly as the transverse wave
belongs to an upgoing or downgoing pair, the Cartesian representation of A reads

At = (kU - B9 )es + (B2 V) — k¥ )ey + (k) — k¥ e,

A™ = (kTS + Br¥;)e: — (B ¥z + k7 )ey + (k,‘l’; —ky¥Z)e..

Incidentally, by (6.2) we find the condition A - k; = 0 which is characteristic of transverse
waves. Once A; and A, are given, the third component A, follows from the vanishing of
the inner product with k,, whence

Al = —(k AL + kyAy)/Br or A7 = (kA7 4+ kyA7)/Br, (6.3)

depending on whether the transverse wave is upgoing or downgoing, We can then say that
the problem in study consists in the determination of &+, A%, A} and $-, fi; , fi; in terms
of the given quantities ®~, A7, A7,

To benefit from the results of the previous section, it is worth observing that, upon
substitution of (3.11) and comparison with the definitions (5.7) of V and W, the z- and
y-components of A can be related to ¥V and W through the transformations laws

o 1 k2 + k2 0 0 o
AE T erE 0 kyke[Br  —kzPr ¥ ]y (6.4a)
Ay %, v 0 —kzkr [Br —kyfr W=
o~ 1 0 0 $-
Vol =10 kyBr/sr —kBr/kr Az |, (6.4b)
w- 0 "'szﬁr ‘—ky!{ﬁr A;

for downgoing waves and

( o+ 1 (kz +k? 0 0 o+
Az | = 0 ~kykz[Br kB v+
2 2 yhr/HMT zH'T ] (653]
ar) AR 0 kse/Br ke ) \we
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( o+ ) (l 0 0 [hs
v+ =10 -k ,gr,l'fﬁ-r k:ﬂr{"‘? A: ) 6.5b
W 0 ke/Br kB, ) (A;) Y

for upgoing waves; the scalar amplitudes @ are considered here for future convenience.
Comparison with (6.4) and the analogous relations holding for the lower medium allows
(5.14) to be written in the equivalent form

(&;_ ) ¢_
4; =1 Az |, 6.6
Ay ! (A; ) L

where the transformation matrix for transmitted amplitudes is defined as

2
1 k,-}-kg 0 y 0“ ﬂ.;fD 0 —EQ'JJD
Ta= m 0 kykz[Br  —koBr 0 as 0 X

0 _k:rc!‘;ﬁ'r —ky,ér —CCSJ'!D 0 ay f'D

10 0
0 kyBr/ks _kzﬁﬂm,). (6.7)
0 —kfBr —ky/B:

In a similar way we can exploit (5.16) to obtain

o+ ®-
Ar | =Ra| Az ], (6.8)
Ay A7

where the reflection matrix for amplitudes is defined as

100 L (R0 0
Ry=|01 0 +}c£_-+-T§ 0 —kykr[Br kifr | %

001 0 kekr[Br  kyBr

-B.(1+T)/6. 0 (m-T-1)/g.\ (1 0 g
0 m 0 0 kyPr/Rr —kofr/Rr | Ta, (6.9)
—B,T 0 m-T 0 —kz/Br  —ky/Br

where m = §/p. In view of (6.6) and (6.8) the entries of the matrices T4 and R4 may be
interpreted as the refraction and reflection coefficients for the amplitudes.

As an application of these transformation laws for amplitudes we show that the con-
dition of vertical polarization for amplitudes is not preserved at the boundary between
viscoelastic media. Consider an incident transverse wave, suppose that the {complex) am-
plitude vector is vertically polarized, and choose the (z,z)-plane so that A7 = 0. On
observing that ® = 0, by (6.6) and (6.7) we have

o ko,

e mErp %3 D

e ey e

K Br a 51" ”
—JA
ﬁr)
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This proves that in general f‘i; # 0, which means that the amplitude of the refracted
transmitted wave has a non-vanishing y-component and hence is not contained in the
vertical plane of the incident wave. Accordingly, the vertical polarization for amplitudes is

not preserved under refraction.
Assume that the wave vector is vertically polarized and let k, = 0. From the vector

representation of the amplitudes we obtain

A; =B, Ay = —k2V/Ba, (6.10)

xr
for downgoing waves, and
Al =P, 13, Af = ke V7 /Pr, (6.11)

for upgoing ones. By (6.10) and (6.11), the results (5.20) and (5.21), which provide the
potentials of reflected and transmitted waves, may be expressed in terms of amplitudes. In
particular, (5.20) can be written in the equivalent form

&~ 1 0 0 a /D 0 azky/D
iz ]=10 0. B 0 as 0 X
Ay 0 —kr/Br O a3/(Dk;) 0 a1 /D

1 0 0 -
0 0 —PBr/kr A5
0 1/5; 0 A;

that is
&- /D ark:/(DBr) 0 &
(4;) = (aaﬁrf(ﬂkz) a15r /(DBr) 0 ) (A;). (6.12)
A; 0 0 asfrkr[(Brrr) A;

As regards (5.21) we find that

o+ €1 €12 0 -
AZ | = e e 0 Az |, (6.13)
A 0 0 1-mas A;

where the entries ¢ are defined as

ein1 =14 [aa(1+T —m) - adr‘én(l + )/ (DB.)
c12 = kz[a1(1+ T = m) — a2, (1 + T))/(DB.Br)
en = Br[as(T — m) — a4, T)/(Dk,)

22 = 1+ [ay(T — m) — a2 8,T)/D.

Consider a transverse wave with vertically polarized amplitude and assume Ay =0.
As a consequence of (6.12) and (6.13) we find A = .,_ = 0, which means that the reﬂected



Reflection and Refraction 97

and transmitted waves are vertically polarized. Notice that this holds independently of the
value of ~. In addition, according to (6.10) and (6.11) we find that ¥ = ¥; = 0.

Substitution into the expressions (3.11) of the z-component of ¥ shows that
Ui=¥;=0.

It follows that only the y-component of the vector potential is non-zero, and this is consis-
tent with the description of elastic vertically polarized waves (cf. [22]).

Suppose that a transverse wave with horizontally polarized amplitude is incident at
the boundary, which means A7 = 0 and - = 0. Comparison with (6.3) and account of
the condition ky = 0 shows that also A7 = 0. Then application of (6.11) and (6.12) shows
that * = &~ = 0 and Al = ﬁ; = 0, thus implying that no longitudinal wave is originated
at P, and that both reflected and transmitted transverse waves are horizontally polarized.
Again, we have the same formal results as for the shear waves of horizontal polarization in
linear elasticity [22].

Results on the behaviour of inhomogeneous waves at a plane interface have been
described in terms of Cartesian components of wave vectors. Most often, though, incidence,
reflection, and transmission angles are the parameters used in the investigation of plane
waves within the framework of linear elasticity and linearized fluid dynamics [2, 3]. It
is then worth establishing a connection between the two descriptions. According to the
notation of §4.2 we represent wave vectors in the form

k = k; + tk; = kyny + ikyng,

with n; and n; unit vectors. The wave vector of the incident wave is regarded as given;
those pertaining to the reflected and transmitted waves are determined through the use of
Snell’s law and the material properties of the medium where propagation takes place. In
terms of the Cartesian components of k we find

ky = \/{ng,)z + (Reky)? + (Rek.)?, k2= \/(Tmfu)’ + (Im ky)? + (Im k)*.

Following a standard approach, we denote by 8 € [0,7/2] the angle between the directions
of n; and n (or e, = —n). Moreover we denote by ¢ the angle between the unit vectors nz
and e,, with ¢ € [0, ), and by @ and ¥ the angles between the z-axis and the projection of
n; and n; on the (z,y)-plane. It follows that the unit vectors n; and n; may be represented
as

n; = sinf (cosae, + sinaey) cosfe,,

ny = sin@(cos Ye, +siney) + cosde..

The +(~) sign for ny is relative to upgoing (downgoing) waves. As a consequence of
Snell’s law, the angles a and v are the same for the various kinds of waves involved in the
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reflection-refraction phenomena at the interface. The relationships between the Cartesian
components of k; and k; and the above angles follow from straightforward geometric
considerations; they are expressed as

kz = ky sin @ cos a + ik, sin ¢ cos 9,
ky = ky sin 8 sin & + ik, sin ¢sin 1P, (6.14)
k., = £k cos 0 + ks cos ¢.

Of course, the relations (6.14) can be solved for the angles in terms of Cartesian components,
provided the definitions of k; and k; are taken into account. Further, the analogues of
the relations (6.14) for the longitudinal and transverse waves belonging to the incident,
reflected, and transmitted pairs can be used to obtain the reflection and transmission
matrices in terms of angles.

In general, the better understanding allowed by the use of angles has an unpleasant
counterpart due to the fact that the expressions of the matrices T and R become more
and more involved. This fact is essentially the motivation for our preference to the use of
Cartesian components. In special cases, though, the use of angles may be more profitable. A
case in this sense occurs when the wave vectors of the incident pair are vertically polarized.
By Snell’s law this holds for the reflected and the transmitted pairs as well. Accordingly
we let all wave vectors belong to the (z,z)-plane; this corresponds to setting @ = 0 and
4 = 0. Then we find

k= ki(sinfe; £ cosfe.)+ iky(sinpe, + cospe.), (6.15)

where

ky = v/(Rek:)? + (Rek,)?, ks = /(Tmkz)2 + (Im k. )2. (6.16)

In a more familiar notation we may write
ky = kjsin ' + ikisin¢' =
kiysin@] + ik7, sin @] = ki, sin 6] + ikl, sin ¢7 =
kpysinby +ikyosin g, = krysinfy + ikpasingdr.  (6.17)
Meanwhile the value of 3 is expressed as
B = =k, -e; =k}, cosB} — ik, cos ¢y = K} - e, = k[, cos 8] + ik7, cos §7,

Br

1}

—_— ‘- . — ‘- J 1 i : 7
Kk re; = ki cosf — ikl, cos ¢l = kI -e. = k%, cos 87 + ikl cos 67,
Br =k e, =k, cosd, —ikyy cos ¢,

,31' = —kT ey = kﬂ_ Ccos 91— o ikrg cos 457.
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Substitution into the expressions of Ty and Ry obtained from (5.20) and (5.21) yields the
expressions of the reflection and transmission matrices in terms of the moduli of the real
and the imaginary parts of the wave vectors and of the angles with the unit vector n.

4.7 Applications and numerical results

Now we examine quantitative aspects of reflection and refraction. For definiteness and for
simplicity we restrict attention to the case when the interface is the common boundary
of a viscoelastic solid and an inviscid fluid. No essential effect is lost, while considerable
simplifications of the expressions involved are achieved. In addition we take this opportu-
nity to complete our analysis of reflection and refraction phenomena, since the behaviour
of the perfect fluid does not fit our general scheme in that now we require the continuity
of the traction and the normal component (only) of the displacement. Via straightforward
changes the procedure is applicable to the other cases already examined. In our numerical
calculations the fluid is identified with water and the solid with annealed copper. It is
assumed that the incident wave is coming from the fluid in the upper half-space. The
reflected and transmitted wave vectors, reflection and refraction coefficients, and suitable
ratios between the various kinds of energy densities are regarded as functions of the inci-
dence angle.

The displacement field of the inviscid fluid occupying the upper half-space is described
through the scalar potential ¢. The incident wave is taken as plane and homogeneous.
Hence the wave vector ki is real, as well as its specular image k. We choose the (z,z)-
plane as the plane of ki and n, so that k, = 0; it is assumed that the z-axis is oriented
in the direction induced by ki. In view of the generalized Snell’s law the wave vectors of
incident and reflected waves admit the representations

ki =k, (sin6'e, — cosb'e;), k] =k,(sinf'e; +cosf'e;) (7.1)

where 8' denotes the angle between n and ki. As an immediate consequence of (7.1) it

follows that _ .
kr = k. siné*, B, = kycost'.

Similarly, for the transmitted pair we find
Ky = k. sinf' ez — /Ry — (ko sinf)?e:, (7.2)
k, = k. sin8' e, — /K, — (k. sin6')?e;, (7.3)

showing in particular that the imaginary parts of k, and k, are vertical (downgoing)

vectors, which corresponds to p— ér = m. Consequently, the angles between the real and
imaginary parts of k, and k. equal 6, and d,, respectively. So the significant part of the
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dependence of the wave vectors, on the incidence angle and the frequency w, is given by
the z-components of k; and k. through (7.2) and (7.3) in the form

B, = VE, — (kpsin@)2  fip = /&y — (k sin0°)2. (7.4)
An alternative, more intuitive formulation is obtained on observing that
v:. = ELI cos 61. + iEL!; ﬁr = Eﬂ Cos 9“1 + 1':F“T:!- (7-5)

The moduli kg1, k.2, k1, kro, which, along with the two angles 5,_ , 67, enter (7.5) depend on
the incidence angle #'. We examine such dependence for both longitudinal and transverse
waves at the same time. Omit the subscripts L or T and consider (3.2.11) and (3.2.12)
with & = cosy = cos . Letting ¢ = k'sin#* and making use of Snell’s law we are left with
the system

k} -k =a,

2}&1%9_ ('.056 = b,
i‘l sinf = c,

in the unknowns fél, ?Cg, 5; obviously l'cl > ¢. Observe that in such a case the solution

(3.2.14) is not operative in that a = cos § has to be determined. Now, it follows at once
that only one solution holds, namely

ko= 12+ ) +2/(a- PP + 7, (7.6)
k2= 1/2(-a+ ) + 2/(a= AP 1 82, (7.7)
tanf = e (7.8)

V2Aa-e) +2/[a- P+ B2
It may be useful to observe that the identity

2 1
= —y2(—a+¢c?)+2¢/(a—c?)? 4 b?
V2Aa-e)+2/a— i B i/ =

holds. Incidentally, if the material is non-dissipative in that b = 0, and moreover a > 0,
then we have k; = 0. In such a case k; = 1/a and then a critical value 6! for 6" is such that
0 = 7/2, namely

Va
i

In order to determine the numerical values of K, and k; we identify the solid with a
material such as annealed copper. On adopting cgs units the mass density is taken as

. i _
sin ) =

p=89.
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Fig 4.2 Behaviour of Ref,, Imf;, RefBr, Im fBr against the incidence angle 6° at
the fixed frequency w = 10° Hz.

As regards the relaxation functions, upon an analysis of creep tests [120] and the passage
from Kelvin and Maxwell models to the stress functional [35] we have

ji' = —jiola exp(—br) + cexp(—dr))
M= —;D[a exp(—br) + cexp(—dr))],
where the constants a, b, ¢, d are given by

a=0.156710"°, b=0.161610"°, ¢=0.156510"", d=0.5157

and
Jo = 103.70 10  jip = 44.44 10"°.

Substitution into the expressions of A and p (cf. §3.1) leads to

pooA ab cd

ﬁo=z:1_bi+u9_dz+u3_w(

a 4 ¢ )
b2 4w? | d? w2’

Then (3.2.1) and (3.2.3) yield the explicit expressions of %, and ;. As far as the fluid

(water) is concerned we let

p=1,  dp/dp=2.2510".
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As shown in Fig. 4.2, in correspondence with small incidence angles the attenuation
(measured by Im 3, and Im A.) is negligible for both waves; this behaviour closely resembles
that of elastic bodies. However the effect of dissipation becomes more and more influential
for growing angles of incidence. Strictly speaking, no critical angle occurs though the
real parts of ﬁ; and ﬁ., may be regarded as vanishing beyond suitable angles. Similar
considerations also hold when the solid body is elastic; in that case the angles giving
vanishing values for (3, and By coincide with the critical angles ([2], Ch. 5). When the
incidence angle is greater than the critical one Re 3, and Re 3, vanish, which means that
the transmitted waves propagate parallel to the interface and decay with distance from
the interface. As shown also by the vanishing of the energy flux intensity, this behaviour
corresponds to total reflection.

To determine the emerging waves we need the reflection and transmission coefficients
as functions of the incidence angle. Now, the results of the previous section follow from
the requirement of continuity for displacement and traction at the boundary. If one of the
media is an inviscid fluid then, in addition to the continuity of the traction, we require only
the continuity of the normal component of the displacement, in that the fluid can freely
slip on the boundary without formation of cavitations.

To find the appropriate formulation of these conditions we recall that the scalar po-
tential within the fluid may be represented as

¢ =®%exp(if,z) + &~ exp (—if.z),

where @~ is the real amplitude of the incident wave, ®* is the (possibly complex) unknown
amplitude of the reflected wave, and the common factor exp (ik;z) is understood. By use
of (1.7) and (1.8) we find that the expressions of displacement and traction at the boundary
are given by

U =ik (2" + P )er +i6.(®* — 0 e,
t= pcuz(@* + % )e,.
In the viscoelastic solid, according to (3.3) we have
é= i"exp(—i,é,_z), $= ‘il“exp(—iléfz]

& &- being the transmitted amplitudes. Accordingly, displacement and traction follow
from (3.6)-(3.9). Therefore the continuity of the normal component of U, U., yields

Bu(®* — &) — k.95 /(2k;) = 0, (7.9)
whereas the continuity of ¢, ¢, and ¢, gives

Bid™ = [ke — &z /(2k2)]¥5 = 0, (7.10)



Reflection and Refraction 103

0.98+ il
0.96 4
0.94 - i
0.92 4

0.9+ 4

0.88 .

0,86\\' —

0 10 20 30 40 50 60 70 80 9

Fig. 4.3 Modulus of the reflection coefficient R, versus the incidence angle ¢*.

Vo =0, (7.11)

pu?(®* + @) = 2] — (kI — k7 /2)&" — k(- 5] (7.12)

Substitution of ¥7 = 0 into (3.11) and account of k, = 0 shows that ¥ = 0. The
remaining amplitudes &+, - and q’; are determined by solving the linear system (7.9),
(7.10) and (7.12). The result is

*=R,%", & =T, ;=79 (7.13)

where the reflection coefficient R, and the refraction coefficients 7, and 7; are defined by

DR, = 4mkiB, [ﬁz.ﬁr + (k2 - %Rr)sz:] = ,ér."é?n (7.14)
DT, = —4B, (k% — }&r)kr, (7.15)
DT; = ~4k.B,fBrkr, (7.16)
with i
D = 4mk2B, (B, Br + (K2 — }&:)*/K3) + Bo&3. (1.17)

Substitution from (7.1)-(7.4) yields the reflection and refraction coefficients in terms of the
incidence angle.
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Fig. 4.4 Modulus of the longitudinal and transverse refraction coefficients versus
the incidence angle.

The behaviour in Fig. 4.3 shows the existence of two minima for |, | corresponding to
suitable angles. In particular |R ;| attains a remarkable absolute minimum at a critical angle
of about 24°. Moreover |R.| = 1 for incidence angles greater than 41°, which means total
reflection. These results parallel those obtained by Mott [133] in the analysis of incidence
at a water-stainless steel interface and those of [44] under the influence of dissipation.

Figure 4.4 yields the behaviour of |7;| and |77 | for angles of incidence varying between
0° and 90°. It is apparent that they are greater than unity at certain values of the angle
of incidence. This looks quite paradoxical in that we have in mind that the energy of the
incident wave is partitioned among the reflected and transmitted waves. The paradox is
solved by the following analysis of the energy flux intensity associated with the pertinent
waves.

We recall that, according to §3.5, the (mean) energy flux intensity for the longitudinal
transmitted wave in the viscoelastic half-space is

= i 4 k?
(o) = 3" | |07 " exp(~ 2Kz x)rcu(1+“—‘§i), (7.18)

where ¥, denotes the angle between the real part k;; and the imaginary part k;, of the
longitudinal wave vector k;, and the representation (7.13) for the amplitude &~ of the
transmitted longitudinal wave has been considered. As regards the transverse wave, the
wave vector is vertically polarized while the vector amplitude ¥ s along the y-axis.
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Fig. 4.5 Intensity Z7 of the reflected wave versus the incidence angle.
Therefore (3.5.9) simplifies to
(3;) = dwexp(—2kr2 - x)| ¥~ [w?krr — 4(k x ko) x (fakey + firke2)]-
Then the energy flux intensity for the transverse wave is given by
4firkry sin® ¥

(Ir) = 1’| T |*| @7 exp(—2kr2 - X)kra (1 + T): (7.19)

with obvious meaning of the symbols, on observing that
[=[? = |¥;1* = T I*|27 "
In the half-space occupied by the inviscid fluid the incident energy flux intensity is given
by
(T') = }p°1®7 ke, (7.20)
whereas, for the reflected wave, we find

(I7) = 3o IR 1@ ke, (7.21)

where ®* has been replaced by R, ®~.
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Fig. 4.6 Intensity 7, ofa transmitted, longitudinal wave versus the incidence angle.

The dependence of the intensities of reflected and transmitted, longitudinal waves
on the incidence angle #* is represented in Figs. 4.5, 4.6. The transmitted, transverse
wave shows a behaviour very close to that of the transmitted, longitudinal wave. It is
henceforth assumed that [#-| = 1, and it is understood that the intensities are evaluated
up to a common factor w?/2. According to (7.20) and (7.21) the ratio of the reflected to
the incident intensity is |R,|*. Since |R,| = 1 for incidence angles greater than 40°, then
the constant incident energy flux intensity equals the (constant) value of that reflected at
high incidence angles. As a second remark we observe that the longitudinal and transverse
transmitted energy flux intensities become very large at certain angles greater than 42°.
This seems to contradict the energy conservation, especially because the ratio between
reflected and incident densities is equal to unity.

To solve this seeming paradox we observe that, since (T ) represents the flow of energy,
per unit time, per unit area in a plane orthogonal to k;, then the energy flow through a
tube with generatrix ky, is (Z) times the cross section.

Figure 4.7 represents an incident wave and two transmitted waves. The tubes have
a common intersection with the interface and, for technical convenience, we regard the
common area da as infinitesimal. The cross sections da', da”, dii,, di, are related to da
by

da' = da” = dacos®', di, = dacosb,, di, = dacosé,.
Here the first equality is a direct consequence of Snell’s law. Then, by (7.18)-(7.21) and
use of the relation k; = k'sin8*/sinf we can express the ratio of the transmitted energy
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Fig. 4.7 An incident (homogeneous) wave produces two transmitted waves in a
dissipative solid.

to the incident one, at the plane z = 0, where x is orthogonal to ]“(;2, as

(I.)da, jtan@ o 4k, sin?

= - T.* = w,. X
(T)da* "~ ptand, il ‘ "=
Similarly we find
{f—;}d&r ptan @’ 4,&11':,2 sin? 6, 3
~ — = — (1 + T = W. 4 7.2
(Z%)da*  ptané, puw? )7l & (728}
and
(I7)da" 2

So the effective transmission and reflection coefficients are given by (7.22)-(7.24) in terms
of the material properties incorporated in a,b,c and may be viewed as parameterized by
the frequency w and the incidence angle *. By the natural idea that energy is conserved in
the reflection-refraction process, we expect that the sum of the quantities (7.22) to (7.24)
equal unity. The numerical check through Fig. 4.8 shows that such is really the case thus
confirming the validity of the arguments about geometry and energy aspects of reflection
and refraction.

A more detailed dependence on the incidence angle 6' and the frequency w can be given
by determining the expressions of sin § and tan §. For definiteness, look at the transmitted,
transverse wave and then examine the dependence of Wy = (Z,)di, /{(Z?)da' on #'. In view
of (7.6) and (7.8), with

o X v 9
a= vpzw'uvlz! b= -2 #‘22‘ ¢c=——sind',
i + A3 o+ Po
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Fig. 4.8 Effective transmission and reflection coefficients Wy, Wz, V' versus the
incidence angle 6.

and (7.16) we obtain

We(0) =5 L2 2 fa(a - 2(69) + 2/ (a = @I + Box

(1 8jty sin® 9‘\/2(—11 + c2(69)2 + 24/(a — c2(6Y))% + b2
Ppo(2(a + c2(6%)) + 2y/(a — ¢2(67))* + b?]

)IT(6%)

where the writing c(6') is a reminder that ¢ depends on 6", in the known way.



5 SURFACE WAVES

A surface wave may be viewed as a wave that propagates in a direction tangential to a
surface, while its amplitude decreases (exponentially) in the normal direction. This means
that the amplitude of surface waves varies in planes of constant phase. This in turn shows
that inhomogeneous waves are the natural framework for the investigation of surface waves.
The surface that guides the wave may be the external boundary of a body or a material
discontinuity such as an interface between different materials. The existence and the form
of surface waves depends on the conditions at the surface.

The simplest mathematical description of surface waves may be given by a function of
the form f(z)exp[i(kz —wt)] where z is a direction in the plane boundary surface and z is
orthogonal; f expresses the amplitude decay with distance from the surface. Surface waves
are easily seen to occur in incompressible viscous fluids. The corresponding propagation
condition, or secular equation, determines k in terms of the frequency w and the viscosity
of the fluid. The corresponding surface wave is shown to be the superposition of two
inhomogeneous waves. The analysis of surface wave solutions on elastic half-spaces is a
preliminary step toward the more involved case of viscoelastic half-spaces. In this regard
emphasis is given to the role of the secular equation and the corresponding polynomial
analogue, usually called Rayleigh equation. Non-trivial solutions are found to hold when
the polarization is in the sagittal plane.

The search for surface wave solutions in viscoelasticity leads formally to a complex ana-
logue of the (elastic) Rayleigh equation. The procedure to select the physically admissible
solutions is highly non-trivial and involves both the decay condition and the thermody-
namic restrictions. Obviously more complicated is the analysis of Stoneley waves, namely
surface waves at the interface between two half-spaces with different material properties.

Surface waves in solids are customarily investigated by neglecting gravity effects. The
smallness of these effects is not obvious at all. Indeed, the gravity acceleration induces a
prestress in the pertinent body. Such prestress turns out to affect significantly the Rayleigh
equation and then the surface wave solutions for any material properties of the half space.

5.1 Surface waves on viscous fluids

The simplest context where surface waves are shown to occur is that of incompressible,
viscous fluids. Roughly speaking, surface wave solutions are sought in the form of functions

109
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which oscillate along a direction of the free surface of the fluid and decay with depth in
the fluid (or distance from the surface).

Following a standard approach, consider an incompressible, viscous fluid occupying the
half-space z < 0 and describe the horizontal surface z = 0 with the Cartesian coordinates
z,y. We take the component vy of the velocity to vanish and the components vz, v: to be

independent of y. Then we write the linearized equations of motion as

av.r 62 6 Ve 1 3p

7 =G+ 5F) 5o (1)
av: azvz 821}; 1 Bp
Bt ( 0z = 9z ) pdz — 8 (.2)

where v = p/p. The components v, v, have to satisfy the incompressibility constraint

vy v,

= + 57 0. (1.3)

Let n be the unit vector of the z-axis. The traction t = Tn must vanish at the free surface,

ie.

v, _ _ (Ovy | Ov.
0="T.. = = 0=Tn= ( +a$) (1.4)

at the free surface.
We look for v; and v in the form of waves propagating in the z-direction with am-
plitude dependent on z. Then we set

vz = ¢(z) exp[i(kz — wt)), v: = P(2)exp[i(kz — wt)]

and require that ¢, vanish as z — —o0. Substitution in (1.1)-(1.3) yields

we = V(k%ﬁ - E) + ,%822 exp[—i(kz — wt)], (1.5)

iwih = v(kzw— %) + (é? + g) exp[—i(kz — wt)), (1.6)
> di

ikg + 22 = 0. (1.7)

Let
¢(z) = Aexp(kz)+ Bexp(82)

where Rek, Re 8 > 0. Then (1.7) gives

¥(2) = —ilAexp(kz) + 5 Bexp(32)].
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Equations (1.5)-(1.6) are then expected to determine the function p(z,z). By (1.5) and the
choice 3 = k? — iw/v we have

—E = %exp{i(kx — wt)]Aexp(kz) + v(z)

where 7 is arbitrary. Substitution into (1.6) yields 4(z) = —gz. We now have to determine
the “amplitudes” A, B through the boundary conditions (1.4). Letting z = ¢ in (1.4);
leads to linear terms in A, B and to non-linear ones. In the linear approximation, time
differentiation of (1.4); at z = 0 yields

[,a(‘%2 = g) § ez,uuk] A+ 20k - %pg) B=0.
Evaluation of (1.4); at z = 0 gives

2kA+( —%)B:U.

So we have a homogeneous linear system in A, B. Non-trivial solutions are allowed if and
only if the determinantal equation holds, namely

Lw y? q )
(2-im) +mm =4t

The sought complex-valued function k = k(w) is then chosen such that Re k > 0. Meanwhile
A and B turn out to be related by

B = 24/1 - m;usz

2 —iw/vk?

The corresponding solution for v and v shows the characteristic feature of surface waves.
Owing to the occurrence of the exponentials exp(kz) and exp(8z), surface waves (in fluids)
are waves whose amplitude decreases exponentially with distance from the surface.

A natural question arises as to whether surface waves are inhomogeneous waves. Rep-

resent the complex numbers k(w) and B(w) as
k=ki+iky, B =01+ ib;
we know that k;, 3, > 0. Then, for example,
v, = [Aexp(kz) + Bexp(fz)]expli(kz — wt)]
can be written as the superposition of two inhomogeneous waves, namely

vy = exp(—iwt){ A exp[i(k1z + ko2) + (—koz + k12)] + Bexp[i(kyz + f22) + (—k2z + B12)]},
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which correspond to the complex wave vectors
k = kie; + kaes + i(—koe; + kies),

k = kiey + fre3 + i(—koey + Bres).

This in turn indicates that inhomogeneous waves are the natural framework for the analysis

of surface waves.

5.2 Rayleigh waves on elastic solids

Following again the view that surface waves propagate along a boundary surface while
the amplitude decreases with distance from the surface, in this section we examine the
standard description of surface waves on elastic solids with a twofold purpose: to recall
basic properties of surface waves on elastic half-spaces and to establish a useful reference
for later developments. Consider the half-space z > 0 and look for harmonic wave solutions
of the form

Uz

Aexp(bz)expli(kz — wt)],

u; = Bexp(bz)expli(kz — wt)],
uy = 0.

for real k and w. The (z, z)-plane determined by the direction of propagation z in the plane
boundary surface and the orthogonal direction z is usually called sagittal plane. The decay
with distance is guaranteed by the condition Reb < 0. Substitution into the equation of
motion pi — V - T = 0, where the body force term is disregarded, yields

[wWip + p(b® — k*) — (p 4 A)K?]A + i(p + A)kbB = 0,

i(p + A)kbA + [wPp + (b — k?) + (1 + A)B*]B = 0.
Non-trivial solutions for A and B hold if and only if

(B} +w? - 2RY)(BPeE + w? — 2k?) = 0,
where ¢} = (2 + A)/p, ¢2 = p/p. Letting ¢ = w/k and recalling that Reb < 0, we find
that this occurs if b takes one of the two values
by = —ka,, by = —kar

where a;, = \/1-¢c?/cZ, a; = \/1—c?[cZ. Of course by and by are real if c is real and
¢ < ¢r < ¢;. In correspondence with b; and b; we have the two solutions

(Fh=-iae,  (§)y=-=
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Then we write the displacement components as
uy = [A; exp(—ka,2) + Ay exp(—karz)] expli(kz — wt)),

. 1
Uy = —1i [ﬂu‘ll exp(—ka,z) + 'G—Az exp(—ka,-z)] expli(kz — wt)],
T

where Ay, A2,k are still to be determined. This displacement field is admissible provided
the real part of a; and a; are both negative so that both exponentials vanish at infinity
(z=—o0).

At the boundary surface z = 0 the traction t = Tn, n being the unit normal, must
vanish. This condition results in the system

1+ a2
a-'r

2a. 4, +

Ay =0,

(14+a2)A; 424, =0

for A, and A;. Non-trivial solutions occur if and only if the determinantal equation
dagar —(1+a2) =0 (2.17)

holds, namely
4/1-c2fc? \f1-cf2 - (2-c%/E) =0. (2.1)

The determinantal equation (2.1) provides the admissible phase speeds ¢ of the surface
wave. On squaring both sides and disregarding the irrelevant value (root) ¢ = 0 we have
the more familiar form (cf. [23], §4.3.1)

s —8s? +16(3 —q)s—16(1—-q) =0 (2:2)

where s = czfcg. and ¢ = .:3;'.:5_ < 1. Equation (2.2) is called Rayleigh equation (for the
elastic half-space).

Surface waves in the present form may exist only if (2.1) is satisfied for at least one
value of c. In this regard observe that if ¢ = ¢r the left-hand side of (2.1) is equal to —1. If,
instead, ¢ = ecy, € being small, then the left-hand side goes as 2(1 — ¢)e? which is strictly
positive. This means that (2.1) has a root ¢ € (0,¢r).

Since the left-hand side of (2.2) is a polynomial, it is easier to look for the roots s of
(2.2). However, the squaring process is likely to have introduced spurious roots. To select
the roots of (2.2) which are also roots of (2.1) we follow an analysis developed by Hayes
and Rivlin [87].

Let s(?) be the real root (between 0 and 1) and let s(2) = s, +1s,, s = sy —is; be the
complex (conjugate) roots. If s, and then ¢, is complex, the corresponding values of a;,ar
are complex. Denote by +(a;1 + ia,2) and +(ary + iarz) the values which correspond
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to s@) and by £(a,1 — ia,2) and £(ar) — iary) the values which correspond to 52 eg.,
a?, —al, + 2iap1ar2 = 1 — gs1 +igs2. Then

i ; g 2
arar = +(ap +iag2)(ar + iars) if s =2,
a ar = t(ag —tag2)(@ary — iarz) if s=s8",
Moreover
’ Qpi1@ry _
e Tl e 1
ari1dr2

which implies that a;;/ar; and ap2/ar; have the same sign. Now, by (2.1’) we have
[1+ (ar1 +iar2)’)” = £4(anr +ias2)(an1 + iaz2).

Equating the imaginary terms yields

a a
1+ a2, —aly = (=2 + =) (2.3)
ara ary
while
l+a¥1—a$2=l+Rea§=2—s1. (2.4)

Since the sum of the roots of (2.2) equals 8 we have
51 =4-— %8(1).

Accordingly, s(*) € (0,1) implies that s, € (3.5,4) and hence that 2 — s; < 0. Comparison
of (2.3) and (2.4) shows that

if the positive (negative) sign is taken. When the inequality < applies, since a;;/ar; and
a;a/ars have the same sign they must both be negative. Hence a,; and a,; cannot both be
negative. By the same token we see that also when the inequality > applies the quantities
a1 and ap; cannot both be negative. The same conclusion follows in connection with the
conjugate root for which

[1 + (“Tl —iar; ]2]2 e i4(“zl = ia;?)(aﬂ — iy )

Accordingly, complex roots of the Rayleigh equation (2.2) do not correspond to admissible
displacement fields. Only the real root s!!) € (0,1) represents a surface wave,

Though mathematically correct, to our mind this statement is open to doubts about
the consistency of the model. Complex roots for s correspond to complex values of ¢. We
know that elastic solids allow for complex values of the wave vector only in the limit case
of ki, k, orthogonal to each other, which is reflected in the dependence exp(bz)exp( ikz);
the corresponding analysis might be performed in terms of evanescent waves [144]. Then it
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should come as no surprise that complex roots do not represent admissible surface waves.
By consistency requirements, complex roots of the Rayleigh equation are likely to be phys-
ically admissible in dissipative bodies, such as viscoelastic solids.

All this applies to waves whose polarization lies in the sagittal plane which then may
be viewed as a superposition of P and SV waves. The analogous problem for waves whose
polarization is orthogonal to the sagittal plane, i.e. SH waves, is trivial. Let

uy = Aexp(bz)exp[i(kz — wt)],

uI.__G! u, = 0.

Then
Tzy = Tyr = ipkAexp(bz)expli(kz — wt)), Ty: = Tzy = pbAexp(bz) expli(kz — wt)],

are the non-vanishing components of T. Substitution in the equation of motion yields the
condition
2 B
pw? + u(b? — k?) = 0.

Hence we assume that ¢ = w/k < ¢z = /p/p and take

b= —kay.
The traction-free condition
0=t="Tn,
at z = 0, results in two identities and
ubA =10

whence A = 0, namely §H waves are ruled out. This shows that surface waves of SH type
cannot exist in elastic traction-free half-spaces. Meanwhile this suggests that SH waves
may exist when the medium is not elastic and/or the boundary is not traction-free. In
fact SH waves may exist when a layer of elastic material is superimposed on an elastic

half-space (Love waves).

5.3 Rayleigh waves on viscoelastic half-spaces

Sometimes the secular equation for viscoelastic solids is derived by appealing to the so-
called correspondence principle (cf. [14], p. 75). In this regard one should perhaps conclude
that, in viscoelasticity too, only the real root represents a surface wave. Such need not
be the case [54]. An appropriate investigation might be based on the structure of surface
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waves so that the admissibility of a root, as representative of a surface wave, may clearly be
ascertained. Considered here are waves that are a superposition of inhomogeneous waves
and, of course, are essentially confined to a neighbourhood of the boundary.

Look at a viscoelastic solid which occupies a half-space. The plane z = 0 is identified
with the boundary surface P and the solid half-space is the region z > 0. Still n = —e; is
the outward normal to P.

Consider an incident pair and let k., k, be the common z- and y-components of the
wave vectors. Snell’s law is taken to hold and then k. and k, are also the common values
for all wave vectors involved. Correspondingly we have
2 :nL_T—ki-k;. (3.1)

L, T
The scalar and vector potentials ¢, ¥ may be represented as
¢ =@ exp(if.z) + &~ exp(—if, z), (3.2)

¥ = U exp(ifirz) + U exp(—ifiz2). (3.3)

The superscripts — and + label the incident and reflected waves; as usual, the common
factor exp[i(kzz + kyy —wt)] is understood and not written. Following the standard view of
reflection (and refraction) we might choose the root 3 of (3.1) by requiring that Re § > 0.
Really this restriction proves unnecessary for surface waves. The only significant require-
ment is - the condition (3.8) - on Im 3 thus ensuring the confinement of the surface wave.

The characteristic features of the reflected waves, and of the secular equation that
defines Rayleigh waves, are determined by the vanishing of the traction. This condition
has been examined in §4.4 and shown to provide the linear system (4.4.1)-(4.4.3). For
convenience we rewrite the system in the form

ﬁL¢+ - kyw; + (k: il %K-,-fk:]‘l’; = ﬁl-'b_ + ku"p; - (kr - %"rjkt)q';» {3'4)

Bu®* — (ky — Lrr/ky) U2 + ke ¥} = B + (ky — Snr/ky)¥s — k07, (3.5)
(Grr —kZ =K))®* = kyBr Vi + ko ¥} = ~(3hr — k2 —k2)® — kB V5 + k.0, V7. (3.6)

Once the system (3.4)-(3.6) in the unknowns &+, ¥}, and 'IJ; is solved, the reflected waves
are determined.

We characterize a Rayleigh wave by the following two properties. First, it is the super-
position of the admissible inhomogeneous waves, here a longitudinal wave and a transverse
one, satisfying the traction-free condition, formally in the absence of any incident wave.
Second, the amplitudes of the single components decay with distance from the surface, i.e.
when z increases. In the present case this means that

¢ =0, Vo=¥ =0 (3.7)

¥
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and
Img, >0, Im Gr > 0. (3.8)

The conditions (3.7) make the system (3.4)-(3.6) homogeneous. Non-trivial solutions
hold only if the determinant vanishes, which leads to the secular equation

ﬁtﬁr(ki + kf,) * (ki + k: - %Kr)z =0. (3.9)

Then surface waves may be viewed as solutions (kz, ky, 8, Or) to the system (3.1),(3.9)
subject to the inequalities (3.8).

Let s = x7/(k2 4+ k?) and g = &, /k7. By (3.1), the determinantal equation (3.9) may

be written in the form
4WT—s\/1—gs—(2-5)?=0 (3.10)

thus also showing that for dissipative bodies the determinantal equation contains one un-
known only. On squaring (3.10) we have the Rayleigh equation for viscoelastic solids,

s —8s* +16(2 —¢)s +16(¢— 1) = 0, (3.11)

which coincides formally with the Rayleigh equation (2.2) for elastic solids but now the
parameter ¢ and the unknown s are complex-valued.

The particular case k, = 0 represents the configuration where k; belongs to the plane
ki,n. It follows at once from (3.9), (3.10), and (3.2.1), (3.2.3) that any result which is
valid for k, = 0 can be carried over to k, # 0 by simply replacing k2 with k2 + k2. So, no
conceptual generality is lost by considering the simplified configuration k, = 0 (cf. [38]).
With this in mind we can say that surface waves are solutions k., 3;, 0 to the system

k2B.Br + (k3 — 1x:)? =0, (3.12)
B+ K =k, (3.13)
B2 + kX = Ky, (3-14)

subject to the constraints (3.8). Of course (3.10) and (3.11) follow again by letting s =
Kz /k%. To find such solutions we indicate the following procedure [43].

o Determine the solutions to (3.11) in the complex unknown s. The sought values of s
should be determined through (3.10) because (3.11), obtained by a squaring process,
might contain spurious roots. However, the observation that it is much simpler to find
the roots of a polynomial and that the roots of (3.10) are necessarily also solutions of
(3.11) suggests that we first look for the roots of (3.11) and then select the admissible

ones.

e Evaluate 8; through (3.14) under the constraint Im 37 > 0. Obviously, (3.14) yields
two complex values of 3,; we choose that compatible with (3.8).
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o Evaluate 4, through (3.12) and check whether Imf3, > 0. If (3.12) yields B, with
Im B, < 0 then the root s under consideration does not correspond to an admissible

surface wave.
e If Im B, > 0, evaluate k, through k2 = k7 /s, Rek; > 0.

In the procedure so outlined the relation (3.13) has been disregarded. Indeed, we might
follow an alternative, equivalent procedure where the roles of 8, and f; are interchanged
and (3.14), instead of (3.13), is disregarded. It can be shown very easily that disregarding
(3.13) is allowed in that (3.13) is a consequence of (3.11), (3.12), and (3.14). Letting

Z:=ﬂf+ki—-f€;_

we regard (3.13) as the vanishing of Z. Now, squaring (3.12), using (3.14) and substituting

k= Kz /s, Ky = gky yields

2 (-39

B = k2.
s(s—1)

Then, upon some rearrangement, we obtain

16(3 )[.s ~8s% +16(3 — q)s + 16(g — 1))
The validity of (3.11) implies the vanishing of Z.

It is worth emphasizing that in the procedure we do not make the fairly customary
assumption that Imk; > 0. It is true that if Imk,; < 0 then the amplitude grows as
the wave propagates along the surface. However, this is not at all in contrast with the
property that bulk waves in dissipative media decay as they propagate. A surface wave
is a superposition of longitudinal and transverse waves. As Ref,, Ref; # 0, the two
wave vectors k;,k; are not horizontal and then Imk; < 0 does not imply the growth of
the amplitude along the direction of propagation. Indeed, as we know, amplitude decay
along the direction of propagation is guaranteed by the thermodynamic conditions Im p <
0, Im (2p + A) < 0. Meanwhile, the condition Im k, > 0 might prove overly restrictive thus
dropping out admissible wave solutions. Incidentally, the value of k. occurs only at the
last step of the procedure. Then it can be disregarded if a thorough characterization of the
surface waves is not in order (but, e.g., simply their number) thus reducing the pertinent
calculations.

Assume that the first step has been accomplished, namely we know the solutions
s 5(2) 503) to (3.11). Then substitution of k2 = x/s in (3.14), the condition Im gG; > 0,
and some rearrangement lead to

Rej, = S\{pw {m1(s? + %) — pas1 + pasa + J[(31 - 1)? + $3)(uf + pd)(s¥ + s2)}
2t + p3)(s1 + 53) ?
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Im g, = \/Nz{_”‘{sz +33) + o~ pass + Vo1~ 7 + 6T+ #)GT+ D))
26T+ i) + )

where s; = Res, s, = Im s and

S = sgn[—pa2(s} + s3) + pas1 + 1 52]

is the sign of the quantity in square brackets. Hence, by (3.12) we obtain

Im§; = pu? (¢rin — ozp2)sa(s] + 83 —4) + (Grpa + 07#1)[4(51 +53) — (st +s3 + 4}]
4(pf + p3)(CE +02)(si + )
(3.15)
Accordingly, given a root s, the existence of the corresponding surface wave is ascertained
by checking the positivity of the numerator in (3.15).

It is worth remarking that the solutions s(}),s(2) s(3 to (3.11), and then the phase
speed and damping, depend on the parameter ¢ = u/(2u + A) which in turn depends on w
through p and A. So, given the value of w for the incident perturbation which excites the
surface wave, we determine the value of ¢ and hence the three solutions to (3.11).

Seemingly, the general case of viscoelastic solids does not allow more definite conclu-
sions. In this sense it may be instructive to consider a particular example of viscoelastic
solid. By analogy with Rayleigh [147] who had investigated elastic bodies with Ao = po,
Currie, Hayes & O’Leary [54] examined the case when A} = p; and Ay, pp are small com-
pared with p. For this case we apply the procedure indicated above. Let

A= pa(l — dea), u=pm(l—1iefd), €>0.
The thermodynamic requirement (2.4.7) becomes
g >0, 3a+26>0.

The smallness of the imaginary parts is made operative by ignoring terms of order ¢* and
higher. Then the roots of the Rayleigh equation (3.11) turn out to be

3V3-5
3v3 '

s“’:Q—%-—ic[a—ﬁ

s = 4 4 2ie(a - B),

2 3V3+5
@) =
st 2+x/§ iela—f)—— 33

Look at the root s(2). By (3.14), Br = £/Kr(s — 1)/s. The value of fr with Im 3 > 0

turns out to be
3puw?
o S - [1+ig5ea+56)
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in that a + 58 = (3a + 206)/3 + (5 — 2/3)5 > 0. By (3.12) we have

B = -1~ o)

sPr

|t i€
dio = 1/1_2E[1 + 15118 - i?a)]‘

which is admissible if a/8 < 11/17 = 0.65. By the same token, for the root s we have
an admissible surface wave if

and then we obtain

o
119 < — < 4.46.
B

For the root s(1), for which Re s} € (0,1), we find that the surface wave is always
admissible. For reasons that become clear in a moment, such a wave is the analogue of
the elastic wave; let us call it quasi-elastic wave. This shows that if 0.65 < a/f8 < 1.19 or
4.46 < a/f then only the quasi-elastic wave occurs. Otherwise two Rayleigh waves occur,
one of them always being the quasi-elastic wave.

More explicit, a priori conditions on the admissibility of roots can be obtained in the
particular case of elastic solids where g = o /(2p0 + Ao) is real-valued and s = pw?/pugk?.
Let s = s; + isy be a root of (3.11). Set

By = Cp + ioy, Br = (r +ior.

By (3.13) and (3.14) we have

K81

C-0l=k— P Ew (3.16)
oy = T;}% (3.17)
G-} =xs (1 - Ei'—s%) (3.18)
(ror = m’%% (3.19)
By (3.17) and (3.19), the requirement (3.8) yields
sgnly,(r =sgnsy if s #0, (3.20)
€6 =0 if s2=0. (3.21)

It follows that, if s; # 0, the solution to (3.16)-(3.20) for ((;,0.,(r,0;) is given by

Ce {sgnSz 1 K2 2K ks T+
- &, o B R _Lr_l{ _ _Kr$
{U'L} 1 }\/ﬁ R s? + s _}(KL S¥+s§)’
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{Cr}={sgn32}i (I+sf+si)el 2k {+}(n _ Krsy )
or 1 V2 st + 82 S+ _J\"T T g rag)

To select the roots of (3.12) among those of (3.11) it is convenient to write (3.12) as

. —i + is;
(o lr —o,0r + (0 + (o) = —k o S P = )
it 9T [ LCT CL 1‘) T(J'.li_l_s% + 4 1

Equating the imaginary parts yields

4—(si+3)

a + — .
tCr + 070 = K sz 4(sf+s§]

Then (3.20) and (3.8) provide
s1+s% <4 (3.22)

Accordingly, for elastic half-spaces we can search for possible complex roots of the cubic

(3.11) and say that they are roots of (3.9) too if and only if (3.22) holds. If there were

roots - with s; # 0 - then we would have reached the result that our description of surface

waves allows solutions which are ruled out in the standard description (cf. [87] and §5.2).

Really, a numerical check shows that no root exists in the circle (3.22) as q € (0,1).
Consider the real root s(*) of (3.11). By (3.21), equation (3.16) yields

2 _ Kr
0< o, = —Kg + ;ﬁ
whence it follows that
2 A
0< sV« J‘M_
Ho

Similarly, by (3.18) and (3.21) we have

1— s
Q)

[]<§§-'—_KT

whence
0<sV <.

In conclusion, the real root s(!) must belong to the interval (0,1) as it happens in the
standard context.

5.4 Stoneley waves

Waves confined to the neighbourhood of a surface occur also at the interface between two
half-spaces. Such waves are often called Stoneley waves though sometimes Stoneley waves
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are meant as surface waves between two solid half-spaces. We call Stoneley waves all surface

waves at the interface between two half-spaces.
Look at the interface between two elastic half-spaces. We know from the previous
section that wave motion is allowed, in the half-space z > 0, if u, and u. have the form

u, = [Ayexp(—kayz) + Ay exp(—ka.,z}] exp(i(kz — wt)],

1 ;
u, = —i[a Ay exp(—ka, z) + —4; exp(—ka, z)] expli(kz — wt)),
T

while u, = 0. Similar expressions hold for the lower half-space z < 0 and the pertinent
quantities are labelled by the accent ~, namely

iy = [fil exp(ki,z) + Ay exp(kirz)] exp[i(kz — wt)],

’ 14 ;
i, = —i[d, Ay exp(kd,z) + A2 exp(kirz)| expli(kz — wt)].
T

The condition that the displacement and the stress are continuous at the interface z = 0
yields four homogeneous equations in the four unknowns Ay, Az, Ay, A, viz.

Ay + Ay — Ay — 4, =0,
1 P
a Ay + —Ay +d, A + —A,,
ar dr

1

+

1+ a2 T i =, g
2pa Ay + T Az + 2faa, Ay + i TA, =0,

e

T

[2ua? + A1+ a2)]A; + 2(u + M)Az — [2d% + A1 + @2)]A; — 2(ji + V) A, = 0.

T

Requiring that the determinant of the coefficients vanish yields the secular equation in
the unknown speed ¢. Here we remark that the wavenumber k does not appear in the
coefficients, and then in the secular equation. Accordingly, the corresponding solutions,
namely the Stoneley waves, are not dispersive. The analysis of the secular equation is
developed in the book by Cagniard [28]; the generalization to dissipative bodies seems to
be a formidable problem.

Definite results are obtained here by restricting attention to the interface between
a dissipative solid and a fluid. Our procedure parallels that examined for the Rayleigh
waves. Let the half-space z < 0 be occupied by a viscoelastic solid and the upper part
by an inviscid fluid. For the time being we assume that an incident wave comes from the
fluid. A reflected wave in the fluid and two transmitted waves in the solid emanate from
the interface. We represent the incident, reflected, and transmitted waves as

¢ = &' expli(ksz — Br2)),



Surface Waves 123

¢ = ®expli(kez + Brz)),
(I‘,; =& exp[i(krr = ﬁL z)]’
i = li"eI|I expli(k.z — ;érz}]a

where the subscripts L and T label longitudinal and transverse components in the solid
while F' is a reminder that the quantity is relative to the fluid; the + and — signs are
omitted in that are unnecessary. These representations have common values of k;, as a
consequence of Snell’s law, while k, is taken to be zero; to fix ideas we let Rek, > 0. No
assumption is made about the sign of Im k.. Positive values for Re # and Im  would merely
confirm our picture of the waves involved. The absence of a transverse, horizontal wave is
due to the upper medium being a fluid. The representation of the vector potential shows
that only the y-component is involved; the proof that the z- and z-components vanish is
given in §4.7.

We expect that, for every surface wave solution, the field vanishes at infinity (z =
+00), which corresponds to strictly positive values of Im 3¢, Im B, Im ;. This view is
strengthened by the dissipative character of the viscoelastic solid. Leaky waves seem to
contradict this view or, at least, seem to be outside the realm of surface waves. For leaky
waves we should allow negative values of Im [;.

The continuity of normal displacement and traction leads to the system of equations

p® + 2kx% [(kr — 1&r/ks)® + B U] = —p@', (4.1)
b — (k: = lET;{kx]'i’ =0, (4.2}
Br® - _K'rfk W JBFQ‘ {43)

in the unknown amplitudes ®, &, and ¥; this system is equivalent to (4.7.12), (4.7.10),
(4.7.9).

Now look at the case when no incident wave occurs. The homogeneous system associ-
ated with (4.1)-(4.3) allows for non-trivial solutions only if the matrix of the coefficients is
singular, namely when the secular equation

.0,31. + ﬁrzf = [ ﬁrﬁ; + (ks — 55— 2] =0 (4.4)

holds. By analogy with [142] we call any solution to (4.4) free mode. A surface wave
is defined as a free mode such that the amplitude of the displacement field decreases
with distance from the interface. Similarly, a leaky wave is a free mode such that the
displacement field decreases with distance from the interface in the solid, and increases
with distance in the fluid (Im B > 0). Of course we do not regard as leaky a wave such
that Im G, > 0 but ReB, < 0 because that case represents an incident rather than a

reflected wave.
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For any wave we have
B+ kl=x

& denoting any of kg,R;,Rr. Since Ky = w?/p, is real then k; and k; in the fluid are

B=ty/r= R (4.5)

the choice of the sign is to be determined through the requirement that Im § be positive.
Substitution of (4.5) into (4.4) and some rearrangement gives

orthogonal. Then we have

py1—gs
4 /1—gsV1—s—-(2—-s)? =" —= 4.6
qs S ( ) pm ( )
where . i 2
il . o = B
1_,_5‘ = r % s T

So (4.6) is an equation in the complex-valued unknown s, parameterized by ¢, r, and v. In
(4.6) a * sign in front of any root is understood.
To determine s from (4.6) we have recourse to a polynomial form. Multiplication by

V1 = rs yields
4/ T—gs V1 —sV/T-rs=(2-s)VI-rs+ vszm.
Upon squaring, rearranging the terms, and dividing through by s we obtain
(1 - rs)[s® — 8s® + (24 — 16¢)s — 16(1 — g)] — v®s>(1 — ¢5) = 2vs(2 — s)>VT —rs\/1—¢s

whence

(r+ v%q)s* — (1 + 8r + v*)s® + (8 + 24r — 16gr)s® + 8(2¢ — 3 — 2r + 2¢r)s + 16(1 — q)
= 2vs(2 — )21 — rs4/1 — gs.

Upon squaring again and rearranging we arrive at the Stoneley equation

8
Z cas =0 (4.7)
h=0

where

co = E?, ¢ = 2DE, ez = D* + 2CE - 16F,

¢3 = —2BE + 2CD + F[32 + 16(r + q)],

¢s = C* + 2AE — 2BD — F[24 + 32(r + q) + 16rq],
¢s = 2AD — 2BC + F[8 + 24(r + q) + 32rq],

cs = B +2AC — F[1 4 8(r + ¢) + 24rq],

e7 = —2AB + F(r + q + 87rq),

cs = A® — Frq,
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while 5
A=r+vq, B=1+8r+vz‘ C =8+ 24r — 16¢r,
D=8(2¢-3-2r+2r), E=16(1-¢q), F =4 .

In a free mode, namely when the secular equation (4.4) holds, the three amplitudes
®, &, and ¥ are linearly dependent. For instance, we have

and then we regard the free mode as parameterized by ¥. Meanwhile we let the (phase)
speed V' of the wave correspond to the phase propagation along the interface 7. Then
elementary geometrical considerations show that

w

=Rk’ (4.8)

This definition of phase speed is the same as that adopted in previous investigations (cf.

[54]).

5.5 The limit case of a rarefied medium

We now examine the behaviour of surface waves when the upper medium is a comparatively
rarefied fluid, namely when v < 1. On the one hand, this allows us to obtain more detailed
results. On the other, this provides the possibility of investigating continuity properties in
the behaviour of waves relative to the density of the fluid.

As s # 0,1/r, equation (4.6) amounts to the vanishing of

A= T — 2<%
flo)= fT—re D88 lss C=of _vsyi=gs.

Look at the case when g, 7, and s are real, which occurs when the lower medium is elastic.
Then (4.6) has a real root in the interval (0,1/r). This is easily seen by observing that

1
flo)=2(1-¢)>0 , f(lfr)=—v;\/1—qfr<0.
Since ; .
1 _Ff_ gt _ ke
T K g k2

where ¢, and b denote the phase speed of the wave in the fluid and of the transverse wave
in the solid, then s < 1/r, i.e. k2 > Kk;, means that usually the surface wave is slower than

the wave in the fluid.
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Now we determine an estimate of the root through successive approximations by re-
garding v as a small parameter. Physically, it might seem natural to let 7 be parameterized
by p, and hence v. Quite easily, though, it follows that we have to assume that the sound
speed tends to a non-zero finite value as the density of the fluid tends to zero. Hence, for
simplicity, we let r be independent of v. Since f(0) > 0 then f(s) vanishes as v = 0 if
8 = sg > 0 is such that

4/1 = gsp /1 — 39 - (2-35)* =0,

so being the so-called Rayleigh solution. In the next step we let s = 5o + As and, to the
linear order in As, we have

o s31/(1 = gs0)/(1 — rs0) (5.1)

= 22— 5o +4[4gs0 — (g + V)/(2 = 50)?}

Through the result (5.1) we derive the first-order correction, to the surface wave speed,
induced by the upper half-space. In other words, we may view (5.1) as the first-order
correction in passing from the Rayleigh wave to the corresponding Stoneley wave. This
perturbation analysis can be straightforwardly extended to viscoelastic solids. The results
obtained from (5.1) turn out to be in full agreement with the values of the roots exhibited
in the next section.

It is also worth commenting on a well-established result for elastic solids [22], §7.4,

whereby
ﬂ 1J2
V =CF 1l-— 4?2(1 = q}z; (52)

really, in (7.4) of [22], 8 occurs instead of 4, but this seems to be a misprint. The result
(5.2) is hardly reliable in that, in the absence of the fluid, the surface wave would propagate
with the phase speed in the fluid. The reason for this paradoxical property is due to the
procedure adopted which is illustrated as follows. Write the vanishing of f(s) as

4/1-gsvV1—s — (2 s)* = vs? 1_q5. (5.3)
Now approximate the left-hand side to the first order in s, namely
4/1=gsv/T—s — (2—s)® ~2(1 — q)s.
Then square (5.3) in the approximate form to write

_vi(1—gs) ,

l—rs= A1=q) s (5.4)
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Regard the right-hand side as a perturbative quantity so that s = 1/r is the starting value

for the desired root. Substitution of s = 1/r in the right-hand side and neglect of g/r

relative to 1 gives

U‘J

N [ —
T Ty

The observation that

Kt Kg w?

_— k- Tk czrk?
and (4.8) yield (5.2).

In (5.4) the right-hand side vanishes as v = 0 and the left-hand side as s = 1/r =
#rp,/w?, a quantity which is unrelated to v = 0. Then s = 1/7 is not a good starting value

for the desired root and this clarifies the origin of the paradoxical property of (5.2).

5.6 Admissible roots of the Stoneley equation

The Stoneley equation (4.7) has been obtained from the secular equation (4.4) by two
successive squaring procedures, and this implies that the roots of (4.7) do not necessarily
satisfy equation (4.4). In addition, only those roots are to be selected which are also
physically admissible, in that the amplitude decays with distance from the surface, with
an exception related to the possible existence of leaky waves within the fluid. Thus, once
we have chosen the appropriate sign in (4.5), we have to rule out the spurious roots.

To this end, in correspondence with every root of (4.7) we first evaluate k; through
ki = Kr/s, under the non-restrictive condition that Rek, > 0. Then 8 is determined
through (4.5), where the sign is chosen so as to guarantee that Im 85, Im B., Im B > 0;
the choice Im 8- < 0 is also allowed, and corresponds to leaky waves. These conditions
are then substituted into the secular equation. If it happens that this equation results into
an identity we conclude that the given root determines a surface wave. Incidentally, in
this section By, ., 8 are only required to have a positive imaginary part to guarantee the
peculiar character of surface waves.

For definiteness we let the solid be copper and the upper half-space be empty or filled

with air or water. On adopting cgs units, for air and water we let ¢ = ,/p, be

cr =0.33110° and e =15 10%,

respectively. As regards copper, we take the values of §4.7, viz.

o = 44.44 10°, Xo = 103.70 10'°,

ji'(r) = —fio[1.567 10~ exp(—0.1616 10~°7) + 1.565 10~ exp(~0.5157 7)],
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and
X(r) = —X0[1.567 10 exp(—0.1616 10~°1) + 1.565 10* exp(—0.5157 7)].

The density is taken as p = 8.9. Observe that ji’ and 3 in the form of exponentials satisfy
the thermodynamic restrictions (2.4.7).

To examine the memory effects we let the frequency w take the values 0.1,1,10, ..., 10°.
The results, though, are weakly affected by w.

With these constitutive parameters we have obtained the results in Table 1; s is the
root of the secular equation, ¢r, ¢;, and ¢y are the phase speeds w/k; of the bulk wave
in the fluid and of the longitudinal and transverse waves in the solid. The notation F LT
means that the solution is the result of a (bulk) wave in the fluid (F) and a longitudinal
(L) and a transverse wave (T') in the solid. The label + (—) means that the pertinent wave
is going upward (downward). The symbol * means that the root corresponds to a leaky
wave. We omit writing the imaginary part of the root whenever it is less than 1072 times
the corresponding real part.

We observe that, in the air-solid case, leaky waves occur with a phase speed nearly
equal to that of the non-leaky waves; differences occur when double precision is employed.
This proves that experiments on surface waves are quite subtle in that sometimes leaky
and non-leaky waves are hardly discernible.

It is worth observing that a numerical analysis of (4.7) and (4.4) in the water-solid case
would provide solutions representing F_L_T_ modes with Im 8; < 0. To us this mode is
by no means a surface wave but, rather, represents a refraction of the wave F_ which then
plays the role of incident wave. To strengthen this view we recall that the analysis has
been performed by letting &' = 0.

As we should have expected, there is a continuity between Rayleigh waves and Stoneley
waves in that, to each Rayleigh wave for the vacuum-solid interface corresponds a Stoneley
wave, with close parameters, for the air-solid and water-solid interfaces. The converse is
not true in that there are Stoneley waves without the corresponding Rayleigh wave (cf. the
solutions s = 0.4407 4 0.0025¢ and s = 0.4281). Indeed, the results show a bifurcation for
Stoneley waves which correspond to a Rayleigh wave.

Unlike the case of homogeneous waves in elastic solids, here we may have ¢; < c;. This
is a peculiar feature of inhomogeneous waves for which the difference k? — k} is determined
by the material parameters through the real part of (3.2.1), (3.2.3) and (3.3.3), (3.3.4).
This implies that the phase speed w/k; is necessarily bounded (from above).

A detailed analysis is in order for the modes F_L_T_, which correspond to solutions
of (4.4) but are not considered as surface waves. To fix ideas consider the F_L_T_ mode
relative to s = 0.8760+40.0274 ¢ with w = 0.1, where F_ is the wave with k, = 0.4851 10~ —
10.006210°, By = —0.4573107° — i0.0065 10~°. We can view F_ as the incident wave, in
a reflection-refraction problem, and L_, T_ as the transmitted waves. It is then natural to
ask for the occurrence of a reflected wave R;. By Snell’s law the transmitted and reflected
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w =10.1 w =10
vacuume-solid s =048743 5 =0.8743

cr = 2.0586 10° cr = 2.089310°

er =2.058610° cr =2.089310°

V. =2.058610° V =2.089310°

air-solid s =0.8742 s =0.8742

er =0.331010° cr = 0.331010°

cr = 2.058610° cr = 2.0893 10°

cr =2.058610° cr = 2.089310°

VvV =2.058610° V =2.089310°

0 =80.74° 6 = 80.88°

6y =0.15° 0 =0.04°

fr =0.06° 6r =0.01°

F_ L+ T+ F_ L+ T+

s =08742 % s =0.8742 »

cr =0.331010° er = 0.331010°

c = 2.0586 10° e = 2.089310°

cr = 2.058610° cr = 2.089310°

VvV =2.058610° V. =12.089310°

6 =80.74° 8- = 80.88°

8: =0.15° 6. =0.04°

6r =0.06° 6r =0.01°

F+ L+ T+ F+ L.'. T+
water-solid s =08763—0.0274i% s =0.8761—0.0267i*

cr = 1.499710° er = 1.499810°

cr =2.061410° e = 2.091810°

cr =2.059710° er =2.090210°

V =2.061910° vV =2.092210°

fr =43.33° O = 44.20°

6, =1.15° 6. =1.01°

fr =2.59° 0y =2.47°

Foe Ly Ty Fy Ly Ty

s =0.4627 +0.0027 i s = 0.4494

cr =1.497710° cr =1.497910°

cr = 1.497710° e = 1.497910°

er = 1.497710° cr = 1.497910°

vV =1.497710° VvV =1497910°

8 =0.03° 8y =0.01°

6, =0.02° 8, =0.01°

6r =0.10° 6r =0.03"

ey e F.L_-T-

Table 1 Properties of surface waves.
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waves have the same value of k;. So we characterize the incident wave F_, the transmitted
waves L_, T— and the reflected wave Ry as

F_: ¢ = exp[(0.0062z + 0.00652)10~°] exp[i(0.4851z — 0.45732)107°],
Ry: ¢ = ®exp[(0.0062z — 0.00652)107°%] exp[i(0.4851z + 0.45732)107°),
L_: ¢=®exp[(0.0062z + 0.43332)10~°] expli(0.4851z — 0.00722)10~°],
T_: 9 = ¥ exp[(0.0062z + 0.17162)10~%] exp[i(0.4851x — 0.02092)107°].

The matrix of the coefficients in (4.1)-(4.3) is non-singular and then we can evaluate
the amplitude of L_, T_, and Ry; evidently the amplitude of R, turns out to be zero.
So reflection and transmission coefficients are fully established. It is of interest to examine
this reflection and transmission from the experimental viewpoint.

Experiments involve homogeneous waves (k; = 0) as incident waves or. Accordingly
the incident wave is not the F_ wave corresponding to the solution of (4.4). For definiteness,
consider the homogeneous wave which follows by letting k; = 0 and keeping k. as in the
previous incident wave, i.e.

F_: ¢'= & exp[i(0.4851z — 0.45732)107°).
Correspondingly the emergent waves are characterized as

Ry : ¢ = ®expli(0.4851z + 0.45732)107°],
L_: $=dexp(0.4332107° z) exp[i(0.4851z — 0.00032)10~°],
T_: 9= Vexp(0.1705107° z) exp[i(0.4851z — 0.00352)10~F)

and their amplitudes are given by

® = —(0.6745 + 0.1169 )",

& = (—0.1361 + 2.2663 i)', ¥ = —(3.6027 4+ 0.2302)®".

The amplitude of the reflected wave is about 68% of that of the incident one while it
should vanish if the incident wave were a component of the F_L_T_ mode. This result is
closely related to the detection of surface waves. According to Table 1 there is a surface
wave solution which occurs at s = 0.8763 — 0.0274 i while the mode F_L_T_ corresponds
to s = 0.8760 + 0.0274i. The fact that the two roots s are so near has been ascertained
for a number of values of the material parameters. This indicates as highly plausible that
in practice when a surface wave is thought to be revealed the F_L_T_ mode is involved
in an approximate way which allows R, to have a non-zero amplitude.
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Fig. 5.1 Modulus of the relative amplitude of the reflected wave versus the angle
(in degrees) of the homogeneous, incident wave.

To emphasize this view we have examined the modulus of the relative amplitude of
the reflected wave, by letting the incident wave be homogeneous, in terms of the incidence
angle.

As shown in Fig. 5.1, the amplitude attains a minimum at the critical angle (6 =~ 43°)
in good agreement with similar results which have appeared in the literature. For example,
in [134] the Rayleigh angle is considered in connection with the focal shift of beams and is
found to be 42°. In [108] the Rayleigh angle is found to be 45.31°.

5.7 Surface waves on prestressed half-spaces

Following §2.6, we review the main steps for the analysis of heavy solids. Consider a
solid which is unstressed in a reference placement B. The solid is at equilibrium in an
intermediate placement B; under a suitable stress field (prestress), induced by the gravity
force. As a consequence of the motion, the body occupies the present placement B; at the
present time t. The position x in B; is given by the deformation x = x(X) and the position
% in B, by the motion X = %(X,t). By the invertibility of x = x(X) we can specify the
displacement u = % —x as u = u(x,t). We follow the approximation that the displacement
gradient H = Vu' remains small, i.e. [H| <1 at every x € B; and t € K. Accordingly we
neglect quadratic terms in H and higher.
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Consider the equilibrium equation
Vx-S +pob=0 (7.1)

and the equation of motion
polt = Vx - S + pob. (7.2)

We let b be the (constant) gravity acceleration g. Subtraction of (7.1) from (7.2) yields
poti = Vx - (S — S°). (7.3)

Consider the second Piola-Kirchhoff stresses Y9, Y? 4+ Y corresponding to x(X), %(X,t)
and regard Y as small so that quadratic terms in Y and higher are neglected. Then (7.3)

becomes i

Divide by J, observe that du/dX = HF and make use of the identity (Fix/J): = 0. Then
(7.4) can be written as

1 3 Y
pir =V - (FHFY'F' + 7FYF').
Now, FY®F'/J is just the Cauchy stress T° in the equilibrium placement B; and then

pii=V-(HT® + %FYF*). (7.5)

Application of (7.5) to linear viscoelastic solids with incremental isotropy and regarding A
and p as constant yield

pi = V- (T°Vu)! + podu(t) + (o + Ao)V(V - u)(t)

+ /{,W p'(s)Au(t — s)ds + /oo(p'(s) + M(s))V(V - u)(t — s) ds{. -
L 7.

Remark. In the paper [107], incompressible motions are considered and the Cauchy
stress in the placement B, is taken as the equilibrium (isotropic) tensor, o1 say, plus the
term due to the motion. The corresponding first Piola-Kirchhoff stress S in B; is

a
S=0l—x=~0l-oH'
%

and the effect on the equation of motion is
V:8=Veo-VoH - ¢VirH.

According to (7.6), though, we would have oAu instead of —oV(V - u). What may seem
obvious is the superposition property for the Cauchy stress. This property is not obvious
at all. We can use superposition relative to the unstressed placement B.
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We now investigate the possibility of surface wave solutions, in prestressed solids, for
which the amplitude decays with distance from a given surface (and vanishes at infinite
distance). To fix ideas we consider the half-space z > 0 and let the prestress T° be
determined by the gravity force pg, namely

V'T°+pg:0.

In addition, T°n = 0 on the boundary of the half-space (the plane z = 0 and the semi-
spherical surface). By symmetry T depends on z only and then

T{Jar T—f3 =0, T:?s,a = —p9,
T‘P‘h TPz‘ Tz?z =0.
Since T{y vanishes at z = 0, if p is allowed to depend on z then we have
T3 = f(2) = —g fo p(E)dE, T =0 if i,k#3. (7.7)
Alternatively, we might take T? as isotropic and, specifically,
T = f(2)1. (7.8)
Then, letting u = U(x) exp(—iwt) we can write the equation of motion as
,c:bw2 U; = f'Uis + fUias + pAU; + (p + N)Uj i, (7.9)

or
p?U; = f'lUia + (p+ AU + (1 + A)Uj 5, (7.10)

according as (7.7) or (7.8) is considered, a prime denoting differentiation with respect to z.
To fix ideas consider (7.10). By analogy with the theory of waves in unstressed bodies,

we look for surface wave solutions in the form

Up=®exp|— /ﬂ ’ a(€)de] exp(ikz),

U3 = ¥exp [— / a(€)d€] exp(ikz),
0
and U, = 0. Substitution in (7.10) yields

[pw?® + (f + u)(a® —a' — k) = k(A + p) — af']® — ika(A + p)¥ =0,

(7.11)
—ika(A + p)® + [ — af + (u+ f)(a® —a' = k) + (A + p)(a® - a')]¥ = 0.
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Non-trivial solutions for ®, ¥ are allowed only if the determinantal equation

[ + (f + )0 — o = k) = af'[pw? + (f 4+ 2u+A)(a? —a' — k) —af ]+ K*(A+p)'a’ = 0
(7.12)
holds.

In (7.12), p and f are given functions of z while k may be viewed as a parameter. Then
(7.12) is a first-order differential equation in the unknown function a(z). To determine the
solution a to (7.12) analytically is out of the question. Instead we consider the approximate
form of (7.12) when |f| < |Re | and p ~ constant, f' = —pg =~ constant. Accordingly we
look for a solution o' ~ 0 and then a constant. In such a case (7.12) splits into the two
equations

pw® + p(a® — k*) + pga = 0, (7.13)

pw? 4 (2u + A)(a® — k%) + pga = 0. (7.14)

The surface wave character indicates that only the values of @ are admissible that satisfy
Reea > 0. Letting v stand for p or 2u + A, we obtain from (7.13) and (7.14) that

_ c? PY \2 _ pg
a=kyi=g+igy) %

where ¢, = 1/v/p, ¢ = w/k and the square root is understood as that with positive real
part; of course only those with Rea > 0 are admissible values. The two possible values for
v, and then c,, yield the values a,,a; for a.

If we take formally ¢ = 0 we have the well-known values a = km for the
attenuation coefficient of surface waves in unstressed bodies. If, instead, we regard the
gravity as a small correction to the unstressed case, p*g? < 4v2k*(1 —¢?/c?), we can write

In this framework the system (7.11) reduces to
[w? + pa® + pga — (2 + A*]® — ik(u + N)a¥ = 0,

—ik(u + A)a® + [pw® + (2 + N)a® + pga — pk*]¥ = 0.
The two solutions for ¥/ are then given by

Accordingly,
Uy = [®, exp(-a,2) + &7 exp(—arz)|exp(ikz), (7.15)
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L0y k ;
U = 1[?&5,_ exp(—ayz) + a—d)T exp(—arz)]exp(ikz). (7.16)
T
The vanishing of the traction t = Tn at z = 0 amounts to
T3, Tz =0 at z= 0,

T23 = 0 being trivially true. Since Tn =0, at z = 0, by (7.15) and (7.16) we have

k2
0="Tis|:=0 = —p[2a, %, + (ar + ;—)‘PT] exp(ikz),

2 >
0= Tsglemo = —i{[2u°E + A(SE = k)] @, + 2uk@, } exp(ike).

Non-trivial solutions for &, and @, are possible if the corresponding determinantal equation
holds, namely

e S B

Now observe that, by (7.14) and (7.13),

2u+Aai A i po?  pgag
uok o pk? — ukz?
gw_::_ﬁ_‘_l_ﬂyar.
pk k? nk?
Then we can write the determinantal equation as
Qg ar [ Pg o ]
SEEE (1 1 i o 3 | S 2
TP (+ ) ok +pk(k k) 0 (7.17)

Equation (7.17) provides the admissible phase speeds ¢ = w/k of the surface wave. As it
must be, the standard form of the determinantal equation (cf. [2], §5.11, for elastic solids)
is recovered by dropping out the gravity effect (pg)(pk)[(ar/k) — (ay/k)].

Remark. The results so derived are based on the approximation that |f| < |Repl.
The extent of validity of this approximation may be estimated as follows. Letting p be
constant we have |f| = pgz and then |f| < |Re p| means z < z, := Reu/pg. This in turn
means that the approximation is good for high values of zp and this occurs for high values
of the phase speed /Re u/p. For soil z ~ 610° m, for metals z ~ 10° m

It is worth considering how (7.17) can be written in terms of a single unknown quantity,
which is essential for determining the phase speed c. To save writing let 7, = a, /k, 7 =
ar/k and ¥ = pg/uk. Then the equation (7.17) takes the form

AN i
— i 1= ———(nr—m). 7.18
(1+rf.f.)2 1+n§{q ) ( )
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Meanwhile 7, and 7, satisfy the analogue of (7.13) and (7.14), namely

2
C

me+ = (1= ) =0, )
T

c?
n+am - (1-5) =0, (7.20)
L

where, as usual, ¢ = (cr/c;)?. Now we take the view that 7 is the unknown quantity and
then we need to write i, and ¢ in terms of 7;.

By (7.19)
'

C
1+ﬂ3:2_c_2_‘7771"

T

Substitution in (7.18) yields

Cz C2
dmnr = (2- 5 —vm) (2 - 7 - )
T T
whence
, & o2
(4=7)mne = (2- 5) = 7(2- 3)(m + ). (7.21)
T CT

Solving (7.21) with respect to 7, gives

_(2=c/2) —y(2— /),
T q2-R) (-

U0 (7.22)

By (7.19) we have
2

¢ 2

3= 1—ms — 99 (7.23)
T

and then, by substitution in (7.22), we determine 7, as a function of 5;. Precisely, since

2

[
2-F=mtrm+l,
T

we obtain 5
_ (w4 +1)(m+1)
Y2 +dne +9

To express ¢/¢;, in terms of 7, we observe that

M (7.24)

a'“d hence) b) (' ‘19}!
2 Q{l i:"‘l Y7z }' i -25
(3 ( )
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Substitution of (7.24) and (7.25) in (7.20) and some rearrangement yields the desired
equation

M + 2975 + (4 + 9518 + 29(3 — 29)n5 + (7% — 29%q — 16q + 6)7% — v(8¢ + 2)n2
+(16g — 72 = 12)n + 9(12¢— 6)7r + 1+ 29°¢ — 72 = 0. (7.26)

So, once we have solved (7.26) in 7, by (7.24) we determine also the attenuation factor
kn. of the longitudinal component and by (7.23) we find the phase speed c.

Of course if gravity is neglected then (7.19) must reduce, or be equivalent, to the
standard Rayleigh equation

5% — 8s% 4 (24 — 16q)s — 16(1 — g) = 0,

in the unknown s = c?/c2. To ascertain that this is so let ¥ = 0 in (7.26) and observe that,
in such a case, 72 = 1 — s. Direct substitution in (7.26) shows that the usual Rayleigh
equation follows once the common factor s is, as usual, canceled in that we are looking for
non-zero values of c.



6 WAVE PROPAGATION IN MULTILAYERED MEDIA

Time-harmonic wave propagation in layered media is of interest in many fields of research,
such as in the analysis of laminated composite structures, geophysics, and submarine acous-
tics. Layered media may be modelled in various ways and the choice of the pertinent model
is a matter of closeness to the physical reality. Discretely layered media are a finite sequence
of homogeneous layers sandwiched between two homogeneous half-spaces. Continuously
layered media consist in fact of a layer between two homogeneous half-spaces; the material
properties of the layer vary continuously and depend only on the coordinate orthogonal to
the boundaries. The discrete model, besides being of interest in itself, may be regarded
as a discretization of the continuous one, and is likely to be of use in the elaboration of
numerical procedures. For definiteness, the material in both half-spaces and layers is taken
to be an isotropic, viscoelastic solid. Moreover, all interfaces or boundaries are parallel
planes.

Essentially, the problem consists in evaluating the response of the material system to
an inhomogeneous wave (really a conjugate pair of waves) impinging on the layers (or the
layer) from a half-space. The response is given by the reflected waves and the transmitted
waves, in the two half-spaces, and the field in the layers (or the layer). The mathematical
approach to wave propagation is strictly related to the model of layered medium. In
discretely layered media the field within each layer is decomposed into up and downgoing
waves. Iteration of the behaviour at a single interface is the core of the procedure which
leads to the determination of the field in each layer and of the reflection and transmission
matrices of the sequence of layers. In continuously layered media the main difficulty lies
in the determination of the field in the layer. A simpler procedure, based on fundamental
systems of solutions, is developed subject to the crucial feature that the dynamics of the
layer is eventually described by a Helmholtz equation. This is the case, for example,
when the incident wave vectors are orthogonal to the interfaces. A general procedure is
accomplished through the use of the propagator matrix along with fundamental systems of
solutions. Definite results are obtained for the reflection and transmission matrices of the
layer.

6.1 Discretely layered media

Consider n—1 plane parallel layers between two half-spaces. Each layer and each half-space
consist of a linear viscoelastic homogenoeus and isotropic solid. The material parameters

138
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are constant in any layer and any half-space. Adjacent layers are in welded contact and
then displacement and traction are required to be continuous across the interface. Consider
Cartesian coordinates with the z-axis perpendicular to the layers, and denote by the apex
n+1 the upper half-space (= — o), by n,..., 2 the interior layers, and by 1 the lower half-
space (z — —oo). We denote by P, the interface between the layers s and s+1; 1 < s < n.
A conjugate pair of inhomogeneous waves, incident from the upper half-space, impiﬁnge; on
the interface P, while no wave is incident from the lower half-space. The natural problem
is to determine the reflected pair, in the upper half-space, and the transmitted pair, in the
lower half-space, in terms of the material properties of the layers.

Fig. 6.1 A multilayered medium modelled as a sequence of layers sandwiched be-
tween two homogeneous half-spaces.

Since the incident field is in fact a conjugate pair of waves and the media involved
are homogenous and isotropic, we look for the field in any layer as the superposition of up
and downgoing longitudinal and transverse inhomogeneous waves, generated by multiple
reflections and transmissions at the interfaces. The pertinent waves are described through
their vector and scalar potentials. By the general expressions (4.1.7) and (4.1.8), it follows
that the continuity of U and t at every interface implies the validity of Snell’s law for
the wave vectors. Consequently, the up and downgoing waves within each layer constitute
two conjugate pairs. In addition it follows from §4.2 that, at each layer, the wave vectors
are completely determined in terms of the incident ones and of the material parameters
of the corresponding continua. More precisely, the z- and y-components of the pertinent
wave vectors take the same values, say k, and k,, that are determined by the waves of the
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incident pair. Of course, the z-components are equal, to within the sign, to

i=\Ji-B-K, Bi=s-K-&,

where the root is meant with positive real part (or positive imaginary part if the real part

vanishes). Then it follows that
k: = krez + I""!I'E!-I' * ﬁ:eh k; = ksez + kyey - ﬁ:—ez,

where the sign is + or — according as we are considering an up or downgoing wave. The
corresponding scalar and vector potentials contain the common factor exp[i(kzz + kyy)],
which is usually omitted. The superscript s, 2 < s < n labels quantities pertaining to the
s-layer while no label or the accent “indicate quantities of the upper or lower half-space.
By analogy with the procedure of Ch. 4 for conjugate pairs, we now establish recur-
rence formulae relating the amplitudes of waves in adjacent layers. Then, by generalizing
the Thomson-Haskell technique [162, 82, 5, 22, 102, 45] to viscoelastic materials we deter-
mine the up and downgoing waves in each layer along with the reflection and transmission
matrices. Such matrices in turn allow the evaluation of the net effect of the stalk of layers
on the incident pair. As a comment we observe that a similar approach is applied in [109] to
determine the acoustic material signature of a layered plate, while analogous arguments are
developed for wave propagation in periodically stratified solid and fluid layers [152, 149] or
elastic but anisotropic layers [136]. Our procedure works under generie conditions, which
means that neither numerical nor analytic singularities occur in the expressions involved in
the development of our computations. Anomalous cases will be considered later; a typical
one is that of a layer so thick that a transverse wave originated at an interface is essentially
extinguished, because of dissipation, before the next interface is reached. This makes some
entries of the matrices, entering the general procedure, become numerically singular.

Letting z = 0 be the interface P, we describe the fields of the incident and reflected
pairs as (cf. (4.3.1) and (4.3.2))

¢ = [®* exp (if.z) + D~ exp (—if, )] expli(k.z + kyy))], (1.1)

¥ = (0" exp (ifr2) + ¥ exp (=ifiz2)] explilksz + kyy)). (12)

To describe the transmitted field in the lower half-space it is convenient to identify the
plane z = 0 with the interface P;; then the scalar and vector potentials are written as

¢ = & exp(—if.2) expli(ksz + kyy)l, ¥ =¥~ exp(—ifrz)expli(ksz + kyy)). (1.3)

Trivially, when considering the stalk of layers as a whole we have to fix the origin of the
z-axis and then to account properly for the common origin.



Wave Propagation in Multilayered Media 141

The effect of the stalk on the incident pair is evaluated by determining the amplitudes
&+, W+ &= ¥~ of the reflected and transmitted pairs in terms of = and ¥~. Really, by
the transversality of ¥ we can write ¥, as a linear combination of ¥, and ¥, and then
we have eventually to determine the amplitudes &+, v wt é-, ‘i‘;, li'; in terms of -,
o, ¥y (cf. (4.3.11)).

Consider the s-th layer and choose the boundary P,_; between the layers s and s — 1
as the plane z = 0. We write

8* = [ exp(~if]z) + 8" exp(iB}z)] expli(ksz + kyv)], (1.4)

¥ = (¥ exp(—if}z) + U exp(iB3)] explikez + ky)], (1.5)

where the unknown constants ®°~ and ¥*- refer to the downgoing waves, while ®** and
W** refer to the upgoing ones. If Re 37 ; = 0 then Im 3] . > 0 and, by (1.4), the amplitude
of the + wave decreases as z increases; the opposite happens to the amplitude of the — wave.
This is consistent with the view that the two waves are originated through interactions at
P,—1 and P,, respectively. In this connection we also make a slight abuse of language
by calling the two waves up and downgoing, although the real part of the wave vector is
horizontal.

Now we look for the expressions of displacement and traction in the layer s in that
U and t are continuous at each plane of discontinuity in the material parameters. Ex-
plicit expressions for U® and t* in terms of the amplitudes entering (1.4) and (1.5) follow
straightforwardly as an application of (4.1.7) and (4.1.8). Then the statement of conti-
nuity at the each interface is changed into a 1 — 1 correspondence between the complex
parameters yielding the amplitudes of the waves affecting any two adjacent layers.

We consider first U® and t* at z = 0. The components of these vectors are found from
(4.3.4)-(4.3.9), through obvious changes in the notation. In the analysis of the behaviour
of inhomogeneous waves at an interface these components have been grouped in a very
special way, that brings into evidence a common dependence on the same combinations of
the amplitudes and simplifies the development of the calculations involved. This strongly
suggests that we adopt a similar formulation in the present framework. Therefore we define
the traction-displacement vector Z* as

U: Uy 12 U3 3 ¢ty

I

1
7= (33T an) .

Of course Z is continuous within each layer and, because of Snell’s law, is also continuous
across any interface. It follows from (4.1.7) and (4.1.8) that

Z°(z) = C* E*(2)A°, (1.7)
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where the 6 x 6 complex matrix C* has the block structure

._(C ¢\,
C*(c; —C;)'

C} and C3 denote the 3 X 3 constant matrices (cf. (4.5.2) and (4.5.5))

ks —kzky/By  —kj/B7 — B7
Gi= ( ky k2/B: + By koky/B7
p(3es -k — k) —pkyBi W kzB7
ﬁz _k!i kr
Cy= (F’ﬁz —ptky (ke — %"‘;J{k:)) C
Wy —p(ky = ger/ky) wks

The symbol E* denotes the diagonal matrix

E* = diag (exp(if; z), exp(if7 ), exp(iB72), exp(—if; h°), exp(—iB;z), exp(—if7z)),
(1.8)
The matrix E? is non-singular; indeed, det E* = 1. Further, A® is a column matrix, which
is called vector amplitude, and is given by

A’ = (A, A",
where
A= (@0 YY), AT = (e, -, )

As z — 0,, equation (1.7) gives
Z°(0,)=C*A’

thus showing that the matrix C* relates the value of traction and displacement at z = 0
to the vector amplitude.
The continuity condition at the plane P,_y, i.e. at z = 0, can be written in the form

Z°(04) = 2°7(02).
Comparison with the expression for Z*(0,) shows that
C°A® = Za—:(o_ )‘

whence the vector amplitude A* follows in terms of traction and displacement in the layer
s—1as

A’ = C—-szs-—l(o_ )‘

where
» w as* Gt
cmerr 4 (S ),
er=t(g % (19)
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and (cf. (4.5.3) and (4.5.6))

Cr* = ()™ = —koky (B2~ K2 2k, /pe

i %8y 2k,Br 2B/
3 3s ) (110)
AP \R - (82 kak, | 2k /u®

s (MOR-R-K) B R
'k, By 0 kf). ()

Cr= G s ——
% A w K3 B et kgt

Substitution of the expression for A® into (1.7) yields the traction and displacement in the
layer s in terms of the corresponding values in the layer s — 1, that is

Z°(z) = C* E*(2) C~* Z°-*(0_).

As usual, the common factor exp[i(k;z + k,y)] is understood and not written. It is natural
to regard C*E*(z)C~*° as the propagator matrix in the s-layer. Also we have

det (C* E*(z)C™*) =1,

which shows that the transformation is non-singular. On setting z = h*, where h* is the
width of the layer s, we find the limit from below of Z* at the plane P,. Iteration of the
procedure allows us to show that Z at the upper interface, say simply Z™*!, and Z at the
lower interface, say Z!, are related by

7= GRERC-MLGR BR YR, (1.12)
where each E® is evaluated at the corresponding height h*.

Now we establish the connection between A~ and A*, A-. First, set the plane z = 0
at the boundary of the layers 1 and 2, and restrict attention to the lower half-space. Then
observe that the limit of Z! in terms of the parameters &-, \i';, and \if; is easily recovered
by comparison with the right-hand sides of (4.5.1) and (4.5.4). We have

C ) <

1 1 o
= A,
Z(0.) ( —&
Substitution into (1.12) yields

BiCi— BoCh )\ 5 -
nt+l _ 11 2L 1.13
zZ _(&Q-mQ)A‘ (1.13)

at P,, where the B’s are 3 x 3 matrices defined by

Bl B, e Mo —n ZEZC—Z_
(33 B.,) = C"E"C..C
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Notice that the matrices B depend on the material parameters and the width of the layers.
Second, to establish a connection between Z"*! and A*, A-, we consider the upper half-
space and regard the boundary P, as the plane z = 0. Comparison with the definition
(1.6) of the traction-displacement vector Z and the left-hand sides of (4.5.1) and (4.5.4)
shows that the continuity at the interface results in
A_‘i‘

i mcanc(£). w0
Notice that the column vector A has been decomposed into its up and downgoing con-
stituents, namely A+ and A, since A* is unknown whereas A~ is given. Comparison

with (1.13) gives y
c(A) = (BiG- B,( -
A- - 836'1 ™ BqC'; .

By solving (1.14) for A* and A~ and substituting the expression of C~! from (1.9) we

have

A* = L[CTY(BLCy — B2Ch) + C7H(BsCy — ByCy)| A-
A~ = 3 [C7Y(B1C1 — B, Cy) — C771(B3Cy — ByCa)] A

These equations provide the desired transmission and reflection matrices. More precisely,
going back to the more familiar notation in terms of scalar amplitudes, we find that

@ ®"
U; | =7 ¥; (1.15)
vy vy

where

T = 20[C7Y(B:Cy — B,Cy) - C1(BsCy — By Cy)] M,

and II = diag(1,—1,—1). By the same token, we obtain

o+ d-
T |=Rr|%z], (1.16)
vy vy

where

R= %[01_1(5161 = Bséz) + C;‘(Bac"l - 346'2)] IT,

or, in a simpler form,
R=1+C;'(B3Cy — BsCy)1T.

The reflection and transmission matrices depend on the material properties and the width
of the layers 2,...n, through the matrices B, and on the material properties of layers
n+1 and 1 through the matrices C and . If we set By = By = 0 and By =By =1
then the transmission and reflection matrices reduce to those characterizing reflection and
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transmission for a plane interface between two half-spaces. As regards the transmission
matrix we find that

T =21{C'[Cy + C1(C2) "))} '

whence (cf. §4.5)
T = 2X[C; + Ci(C) ) G L

Analogously, upon substitution of the expressions for the B’s we find for R the same result
as in §4.5. To sum up, the transmitted pair is described by (1.3), with -, ¥z, !if; given
by (1.15), while W7 follows from (4.3.11). The reflected pair consists of the + waves, in
(1.1) and (1.3). The amplitudes are provided by (1.16) and (4.3.11).

Suppose now that k, = 0. To establish the continuity condition it is convenient to
modify (1.6) by setting Z§ = t}/2. Then the last rows of C§ and C, read (0, p*x2 /2, 0)
and (0, fik7 /2, 0), respectively. The other entries of the matrices Cy, C3, ¢, and C, are
found through the substitution k, = 0. The same holds for C[* and C;*, provided the
second row of the matrix in the expression C; " is changed to (0, 0, 32). Then everything
goes as in the case k, # 0.

Due to the structure of the layer matrices E®, the numerical implementation of these
results may present some problems when the real exponential contributions exp(—Im 3] h*)
or exp(—Im 31 h*) are too far from unity. The physical meaning of this condition is that
the attenuation of the amplitude coefficients due to absorption effects is too strong and
the wave cannot propagate across sufficiently thick layers. Similarly, if #] = 0 for some s
then the matrix C; becomes singular and hence no inversion is allowed. On the contrary,
elements of C; are unbounded if 32 = 0. These drawbacks are examined in §§6.2, 6.3.

6.2 Thick layers

Wave propagation in a stack of layers has been described in the previous section by using
a matrix method which parallels the Thomson-Haskell technique [162, 82]. The theoretical
model used is exact, in the sense that no approximation is introduced. The method allows
for any kind of incident wave, through the use of inhomogeneous waves, and embodies
linear elastic layers as a particular case. Although this matrix formulation is simple and
attractive, the implementation is affected by some limitations. In this section we examine
a class of difficulties that occur because of the structure (1.8) of the matrix E* entering
(1.7) or (1.12).

Consider the entries of the matrix E*, that is exp (i8] .h°), and observe that because

Bix=Ciatioim
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we can write the entries as
exp (i} ,h*) = exp( F o7 ;h°) exp( & i(L ).

The occurrence of real-valued exponents gives rise to numerical singularities if o] , or h*
or both become very large. In physical terms this reflects the fact that an attenuating wave
cannot propagate across a layer, from side to side, if the layer is thick enough. According to
the current literature, similar features are ascribed to the case when the incident wave vector
is beyond the critical angle for one or more waves in the layer. A number of procedures have
been elaborated to eliminate drawbacks connected with the Thomson-Haskell technique;
these include recursive algorithms [102], methods employing minors of the matrices [5,
65, 75, 1], the global matrix method [151], decoupling algorithms [68], and recourse to
pseudo-materials [45].

The method set up in this section is based on a development of the matrix technique
that allows for the possibility that up and downgoing waves extinguish within a layer. The
continuity conditions at each interface are still required and the determination of reflected
and transmitted amplitudes is transformed into an algebraic problem which is no longer
affected by the overly large or small numbers entering the expression of E*. The procedure
applies also to elastic layers, at high frequencies, when evanescent modes occur. We only
need preliminarily to know when the exponential decay factor is regarded as small; let say

exp(—|oj|h®) <& or exp(—|oilh’) <e, (2.1)

where ¢ is a suitably small, given positive number. More generally, we regard as negligible
those quantities whose moduli are smaller than the given value e.

Here we study reflection and transmission matrices for the layered medium under
the assumption that at least one of the two inequalities (2.1) holds for layer s, while
the same inequalities are false for the other layers. A straightforward modification of
the discussion leads to the algorithm to be adopted when (2.1) holds for two or more
layers. The inequalities (2.1) can be tested directly, without involving the amplitudes of
the pertinent waves, provided only that the material parameters of the layers and the
common components k; and k, of the incident pair are known.

Restrict attention to the case when the product oh is large in a layer s. Then it is
convenient to introduce two smaller stacks, namely, stack I, formed by the layers from n
to s+ 1, and stack II, formed by the layer s — 1 down to 2 (the lower half-space is labelled
by 1). We study in detail wave propagation inside s and then use the results to establish
a connection between waves transmitted by stack I and those incident on stack II, so as to
set up a well-posed algebraic problem for reflection and transmission matrices of the whole
stratified medium.

To make the procedure operative, we observe that, according to (4.1.4) and (4.1.5),
k. and k; are generally near to each other, say k;, ~ k;. For any complex-valued vector
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w, we evaluate the modulus [w| through
[w| = Vw - w*.

Denote by U[¢] and U[p)] the displacement vectors generated by the potentials ¢ and ¥,
respectively. Then (4.1.4) and (4.1.5) show that

[Ule]l =~ |kc| 8], [UR) =~ [k2| ¥,

whence it follows that

[Ulg]l _ ¢l

U]~ ¥l

Similarly, an inspection of the representation (4.1.8) for t shows that the tractions t[g], t[¥)
satisfy
[tlo)l = pw?ll,  [t[¥]] = pw? ¥,

whence

Itloll _ 14l

[l — Il
Accordingly, the amplitudes of the scalar and vector potentials may be used to estimate
the values of displacement and traction.

Confine the attention to the z-dependence of potentials and, owing to (1.4) and (1.5),
let
0t = &t exp(ifiz),  ¢° = " exp(-iB}z)

¥ = T exp(ifiz), ' = U exp(-iBiz)

Of course, these expressions refer to up and downgoing longitudinal and transverse waves.
In fact, the addition of the two scalar quantities and multiplication by the common ex-
ponential factor exp(i(k.z + k,y)] gives back the scalar potential (1.4). A similar remark
applies to the vector quantities. It is immediately seen that

[67*(h*)| = [¢°*(0)| exp(—0ah%), (2:2)

[¢°=(R*)] = [6°~(0)| exp(ah7), (23)
[ (h*)] = ¥°*(0)| exp(—a7h?), (24)
17 (k)] = ¥°7(0)] exp(o7h%), (2:5)

the plane z = 0 being positioned at P,_;. Since we are dealing with an incident pair such
that at least one of the inequalities (2.1) holds, the first problem is to find which, if any,
of the four waves travelling in the s-th layer may be considered as extinguished. To this
end we refer to (2.2)-(2.5) but also need some estimate of the quantities involved. This
is achieved by considering the stack I and regarding the layer s as a homogeneous lower
half-space; then the algorithms of the previous section apply and the transmission matrix
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is determined, since no singular behaviour occurs. Accordingly, the related values of the
transmitted fields |¢*(h*)| and [$*~(h*)| are easily found. We consider these quantities
as giving the required estimate. Insertion of the values into (2.3) and (2.5) gives

1¢°7(0)] = [¢*(h*)| exp(—0h?), (2.3")
¥~ (0)] = [¥*~(h*)| exp(—o7h®). (2:57)

By means of these relations we can perform a detailed analysis of wave propagation inside
the layer s. We say that the downgoing wave ¢°~ or $*~ is effective according as [¢*~(0)| > ¢
or [¥°~(0)| > ¢. In other words, waves generated at P, are called effective if they reach
P,_; with appreciable amplitude. Similarly, the upgoing waves ¢°* and $** are said to be
effective if |¢**(h*)| > € or [$**(h*)| > . Four cases are now considered.

Case 1: |¢°~(0)| < € and |$°=(0)] < €. The waves transmitted by the stack I, that
is ¢°= and $*~, are not effective. Accordingly, the waves propagating inside the stack IT
are disregarded, and hence there is no transmitted wave in the half-space corresponding to
8 = 1. The waves reflected into the upper half-space come from the analysis of the previous
section applied to the stack L

Case 2: |¢*~(0)| < £ and |[$*~(0)| > e. The downgoing transverse wave ¥ °~ is effective;
hence it is regarded as a wave incident on the upper boundary P,_; of the stack II. The
longitudinal wave ¢*~ is not effective and is considered to extinguish within the layer s.
The analysis of the propagation through the stack I7yields the moduli of the reflected fields,
that is, |¢**(0)| and [¥**(0)|. Then (2.2) and (2.4) give the estimates of the corresponding
values at z = h?, to be compared with ¢. If both ¢*+(h*) and ¥°*(h*) are negligible then
the reflection matrix of the original layer is determined entirely from the analysis of the
behaviour of the stack I, as in Case 1. Here, though, also a transmission occurs through
the stack II connected with the incident wave ¥°~. If only ¢°* is negligible then the layer
s is regarded as affected by up and downgoing transverse waves, ¥~ and ¥**. If instead
¥** is negligible, while ¢** is effective, we have to consider the waves $°~ and ¢°*. Finally,
if both ¢** and $°* are effective then the layer s is affected by the waves $*~, ¢°*, and
¥t

Case 3: |¢°~(0)| > € and [$*~(0)| < . The downgoing transverse wave $°= is to be
neglected at P,_; and the longitudinal wave ¢*- is incident on the stack II. Then everything
goes as in Case 2, except that the roles of ¢*~ and $°~ are interchanged.

Case {: |¢*~(0)] > € and |$*=(0)] > c. Both downgoing waves ¢°~ and $°- are
effective; they constitute a pair incident on the stack II. An estimate for the amplitudes of
the upgoing longitudinal and tranverse waves - namely the waves reflected from the stack
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II - is then obtained straightforwardly. Then, inside the layer s, we have to deal with the
downgoing waves ¢*~ and ¥*~, and the possible upgoing waves that are effective.

We now discuss the details of the calculations involved. The underlying idea is
that, by definition, only effective waves are taken to reach the interface opposite to that
where they emanate while the non-effective waves are only considered at the interface where
they emanate. To be specific, we consider Case § and assume that the two longitudinal
waves are the only effective waves in the layer s. Under these conditions, the upgoing
transverse wave leaving the boundary P,_; does not reach P,; similarly, the downgoing
transverse wave starting at P, does not arrive at P,_;. Accordingly, we have to ana-
lyze wave propagation in [ by assuming that, at the interface P,, the lower limit of the
displacement-traction vector results from superposition of a transmitted (downgoing) trans-
verse wave, with an up and a downgoing longitudinal wave. Once this is done, we turn
to wave propagation in II and evaluate the upper limit of Z at P,_; as a result of an
incident (downgoing) and a reflected (upgoing) longitudinal wave along with a reflected
(upgoing) transverse wave. Combination of the results for the stacks Iand II, and account
of propagation of the two longitudinal waves inside the layer s yields the required result.

Examine formally the procedure. Concerning stack I, by analogy with (1.12) and
(1.14) we find that

CA=C"E"C™... Cs+1Ea+1 C’“’“)Z’*‘{h:], {26)

the plane z = 0 being set at P,_,. Because of the continuity for Z we have Z**!(h}) =
Z°(h*). To find the expression of Z*(h?) it is convenient to represent the scalar potential
as in (1.4). According to our definitions we have ®** = ¢**(0) and @°~ = ¢°~(0). The
vector potential is expressed in the form

¥ = (Ve + i’;'e, + Ui~e,)exp[—ifi(z — h*)] expli(kzz + kyy)].

Actually, the representation of the vector potential takes into account the fact that only
the transmitted field is considered; for convenience, the constant amplitude vector has been
related to the value of the potential at z = h*. Comparison with (4.1.7), (4.1.8), (4.3.11)
and the definition (1.6) of Z shows that

2*(ht) = C* (%:f)

where "
At = (®**exp(if;h°), 0,0,) ",

A% = (@*exp(~ifh), — 05, —¥57)".



150 Inhomogeneous Waves in Solids and Fluids

Upon substitution of the expression of Z*(h?) and multiplication by C~", (2.6) reduces to

()-2(8)

L2 Dy, D _ =1/ m pn -0 341 a4l —(s+ljca_
D_(Da D.,)_'C OrEY G000 e €

the equivalent form

where

Equivalently we can write )
At = DA + DA, (2.7)

A~ = D3A** + D4A°". (2.8)

Consider now the stack II, which is subject to the action of the incident wave ¢~

and originates two waves ¢°* and $°*, such that the transverse wave does not reach the

next interface (is non-effective). The scalar field in the (upper) layer s is given by (1.4), as

before. The vector potential follows from (1.5) once the downgoing (minus) contribution
is removed. Following the same notation we have

sl AN ey mmnauaan G Y g=
o (&) mompmiomen. capics( 6 )

where
At = (q,u-, q,:_i-, q,;-e-’ t

A = (2°-,0,0)".
Multiplication of both sides by C'~* yields
At = A~ (2.9)
A" = FA-; (2.10)

the definition of the 3 X 3 matrices F; and F; is given by the matrix relation

F _ (=8 va—1 ps—1 --(s-‘.l) 2 2 Cl
(Fz) =CT°C* T ETC ~CE‘C —&

The last step consists in solving the system of 12 complex equations (2 7)- (2 10) in the
12 complex unknowns &*, U3, ¥, &, Vi, 'Il"" Ot Wt W, -, ll' lI' whereas
o, vz, U are given data. Actua]ly, what we are really interested in is the deterrmnatmn
of the reflected pair in the upper half-space and the transmitted pair in the lower half-
space, namely the first three and the last three unknowns. In this regard it is convenient
to multiply (2.8) by D;' and (2.10) by F;'. The pertinent system of equations turn out

to be
P+ &+ exp(ifsh?) $- exp(-if;h*)
vt | =D, 0 + Dy -3 . (2.7
v 0 =¥y
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®° exp(—i1Bh*) ®°* exp(if; h?) &~
—$;- + D7Dy 0 =Dt (-\p;) ; (2.8")
ll ;— 0

$- @
=Yz =K' 0 |. (2.10")
-¥; 0

Comparison with (2.10°) allows (2.9) to be rewritten in the form

¢3+ Qa-.
vl =RF 0 . (2.9")
i 0

Consider now the first rows of (2.8") and (2.9’) which constitute the following linear
system for ®*~ and ®°+:
{FlF;l}“(D" — @' =0,

$*= exp(—iﬁ:h")+{D;’D3}“(IP“ exp(i;h°)
={Dy'} @ —{D7'},,%: - {D7'},.%;-
The solution for ®*- is

- = {D‘i_l}llq" N {P:l}12w§ - {D:l}law; .
exp(—ifzh*) + {D7' Da}, {FiF; '}, exp(iBsh?)

(2.11)

The denominator in (2.11) results from the combination of two exponentials; evaluation of
their numerical values allows us to say which one, if any, may be neglected in numerical
computations. Substitution of (2.11) into (2.10") yields the field transmitted into the lower
half-space. Comparison of (2.7") and (2.8’) provides the reflected field in the upper half-

space as

o+ ®*+ exp(ifh?) &-
Ut | = (D1 - D,D;'Ds) 0 + DD | -¥;
v 0 =¥y

Substitution of ®* = {F) F{l}"d)" and use of (2.11) yield the reflected field, namely
@+, ¥}, ¥t in terms of the incident one, namely &=, W7, W7, The other cases can be dealt

with by following the same lines.

Here we have not examined the case of a high degree of attenuation resulting from the
combined effects of a number of thin layers instead of a single thick layer. An estimate of
the amplitude of the field within the s-th layer could be obtained, as before, by regarding
this medium as a half-space; then the amplitudes of the field emanating from the plane
interface P, could be found through the transmission matrix. In so doing it is easy to
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verify whether the longitudinal or the tranverse wave, or both, should be neglected. If the
answer is positive, the solution of the problem follows straightaway.

6.3 Layers with singular transfer matrices

The general theory of §6.1 applies when the z-components of longitudinal and transverse

wave vectors are non-zero. Actually, if
B; =0, Bz =0 (3.1)

the matrix C* becomes singular and cannot be inverted to give the transfer matrix for the
layer s. Of course, the difficulty is not of computational character. Rather we observe
that, because of (3.1), there is no physical meaning in considering up and downgoing
inhomogeneous pairs; intuitively, we can say that wave propagation along the z-direction
does not occur. Mathematically, merely setting 87 . = 0 in the standard expression of
the inhomogeneous waves is much too restrictive. This requires a specific analysis of wave
propagation when at least one of the conditions (3.1) hold.

Suppose that the z- and y-components of the incident pair are such that 8] = 0 or,
equivalently,
ki 4 kz = ki, (3.2)

Consider the obvious solution
¢* = ®" expli(kzz + kyy)),
with the constraint (3.2), to the Helmholtz equation
Ad* + k10 = 0.

When inserted in the continuity conditions for displacement and traction at the interfaces
it does not provide a consistent algebraic linear system in the pertinent amplitudes, namely
the number of unknowns is smaller than the number of equations. Really, if (3.2) holds,
the Helmholtz equation allows for the more general solution

¢°* = (m+ pz)expli(kzz + kyy)], ' (3.3)

where m and p are complex constants. The general solution (3.3) is required to make U
and t satisfy the continuity conditions, at the boundaries, with appropriate values for m
and p. Independently of the value assigned to the constants, the potential (3.3) may be
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regarded as a wave propagating horizontally, that is in a direction parallel to the interface,
with depth-dependent amplitude.

Now we show how the solution (3.3) enters the continuity conditions. First we deter-
mine the displacement U[¢°] and the traction t[¢*] associated to the potential ¢*. Use of
(4-1.2) and (4.1.3) shows that, up to the scalar factor exp[i(kzz + kyy)),

U*[¢°] = i(m + pz)(kse; + kyey) + pe.,

t'[¢°] = —2u° [i;p(.‘:,e27 + kye,) — x*(m+ pz]e,],

where x* = 1x3 — k2 — k2. Besides the longitudinal wave (3.3), the s-th layer is affected
by up and downgoing tranverse waves with potential $* which, because 85 # 0, has the
form (1.5). Then comparison with (4.3.4) and (4.3.9) leads to

2 ERY
U*(0,) =i(k,m - ﬁ Kby (gav _we) - el ‘ﬁir) (U3 - )]e,
+3_[kgm+ 2 +(ﬁ1") (W’+ ‘I’:_.d) k ky(‘pa-f_ws—]l

B3
+ [p— iky (W3 + W) + ik (U5 + 95 ]ez,

KT\ s =
%E)(W; + Wy )]e:

. KT s - s 5=
_2H’ky[1p+ (k,—%k—){{!;+\ﬁz }—k,(‘l'g++¢'y )]Ey
Y

£2(04) = — 2p°kz [ip+ ky (V3 + 057) — (ke —

+2u° [x*m — kyB3(VEt — W) + kB (WY — ¥y )]e-.

These expressions indicate that we can take advantage of the results of §6.1. In this

regard, merely for technical convenience, we set
m=8" 43T, p= (87 -7/,

h* being the width of the s-th layer. Comparison with (4.1.7) and (4.1.8), the expressions
of U?[¢*] and t*[¢°] in terms of $** and ¢°~, and the definition (1.6) of Z allow us to write

+
z:(:)= C*E) (o)
where, as before,
= 5= Lo 8= r
B, ulb, tp") A= (0%, —¥l, ~957).

The operator C* is written in block form as

s C_‘i’ C_i’ .
¢ ‘(c._;* -¢;)’
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C} is defined in §5.1 while

. —i/h* —ky ks
3= | —iw/p? 'k, (ks — K3 /2K2)

—ip® [t —p®(ky — k3 /2k,) 1k

2% uaxshs kih' k:h"
C*= ip'ky, 0 —ik, ).
The matrix E*(z), represented in the block form

e __ Ef E:Zs
= “(Es B)

and the inverse is

is given by
E} = diag (1 + z/2h°, exp(if;2), exp(if12)),

Ej = —E$ = diag (- z/20°, 0, 0),

Ej = diag (1 — z/2h?, exp(—if32), exp(—if;2)).
The continuity of displacement and traction at z = 0 is summarized by
o [ A
Z2°7'(0.)=2%0,)=C (A"‘) .

Hence we have
where

Also we obtain
Z°(h%) = C*E*(h*)C™°Z°7(0.). (34)
Accordingly the relation (1.12) is changed to

At Gl D O O T G oL o e
and the reflection and transmission matrices follow.

We now consider the other degenerate case when a transverse wave in the layer s has
a vanishing vertical component of the wave vector, viz

B =0, Bk =R (3.5)
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Still we keep the plane z = 0 at the interface P,_; between the layers s and s—1. By analogy
with the previous treatment for the longitudinal wave, we start from the observation that
because of (3.5), the general solution to

AW + K19 =0

¥’ = (m + pz)expli(k.z + kyy)], (3.6)

with m and p any complex-valued vectors. The divergence-free condition
V¢ =0,

on the viscoelastic vector potential (3.6) yields the linear relations

kezmz + kym, —ip: = 0, (3.7)
keps + kypy = 0. (3.8)
By (3.8), if kz # 0,
ky 1
Pz = —1-Py- (3.8)

Then ¥° is determined as soon as the four complex constants m., m,, m., p, are evaluated.
This scheme formally resembles the standard situation when we consider the potential (1.5)
and regard ¥3-, W3*, ¥i-, ¥i* as unknowns.

We now evaluate the displacement and the traction. Substitution of the vector po-
tential (3.6) into the general expressions (4.1.2) and (4.1.3) and use of (3.5) and (3.8")
yield

U] = [iky(m: + 2p:) — py)ex — [kypy/kz + ikz(m: + 2p:)]ey
+ [fk:(my -+ ZP:) = 3."Cg,l{"m:-: = zkypy.l"rk:] e;,

tiY'] = — 2u’k, [ky(mz — zkypy k) — (kz — %K;:"kr}(my g zpy”e,
- 2p°ky [(ky - %ﬁ;;’ky)[m, — zkypykz) = kz(my, + zp!,]]e!‘I - 2ip’kipyfkee..
Hence we have trivially the values U[$°](0,) and t[¢*](0,). The scalar potential for

longitudinal waves is given by (1.4) and the corresponding expressions for displacement
and traction, at z = 0,, can be derived from (4.3.4)-(4.3.9). Altogether we have

U(0,) =[ik.(®** + &°) — py + tkym.]e,
+ [iky(@°* + °7) — kypy/ks — ikzm:]ey
+ [iB2 (8% — %) — ikymy + ikomy e,
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t(0,) = — 2u°ko[-B(®°F — @°7) + kymy — (kz — 353 /kz)myles
= 2u°ky[-BL(®°F — @°7) + (ky — Jr7/ky)me — kemyley
+ 207 [x°(2°F + @77) — iky [kopyle..

In view of the definition (1.6) of Z, the continuity condition, at z = 0, yields
Z*'(0_) = 2%0,)=CA

where the column vector A contains the unknown amplitudes, of scalar and vector poten-
tials, in the form

A= (8% 48, p,, m, 3% — &*~, m,, m,);

the 6 X 6 complex-valued matrix C may be represented in block form as

~ (€& o
C‘(o Cs)’

) ke i ky
Gr={ & ik ks ks ).
—poRg 2 —iptkifk; 0

where

The inverse (Cf)~! = C—% of Cf is

1 2"; 2k, 2(k3 :’ k:){f(p"n;}
K2+ K2 ‘:: 3fr:y 2ikz(kz + Dkg]f (w°k7)
v T

(Gt =

while C§ and its inverse are given in §6.1. The result is
A= CZ°-(0),

with _

A—8 _ (sy=1 _ Cl_ 2 0

C~*= ("= ( 0 )
Once the amplitudes A are obtained, a straightforward calculation based on the evaluation
of the components of U and t at an arbitrary value of z yields

Z*(h2) = C*E*C—*Z*(0.), (3.9)

where E* has the block structure

oS E‘r E;
o -(f:; E;)’
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where
[exp(iB7h°) + exp(—iBgR*)]/2 0 0O
1 = 0 1 0},
0 0 1
) [exp(iB; h*) — exp(—if:h*)]/2 0 0
E; = 0 0 0 ,
0 —ikzh®  —ikyh?
[exp(iB;h*) — exp(—ifih)]/2 0 0
Ej = 0 ~hky[k. 0
0 h* 0

The matrix product C*E*C~* should replace C*E*C~* in (1.12), when it happens that
gy =0.

The further possibility that the z-components of the wave vectors in the upper or lower
half-spaces vanish is not examined in detail. This circumstance may be investigated along
the lines described at the end of §4.5 in connection with the study of singular behaviours
at the plane interface between two half-spaces.

6.4 Scalar fields in continuously layered media

In this section we investigate layered media whose material properties depend on a single
Cartesian coordinate, say, z and the phenomenon under consideration is governed by the
scalar Helmholtz equation, namely

Au+ Ku=0 (4.1)

where K = K(z) is a known function. Actually, a number of problems in heterogeneous
media lead to equations of the form

ot? 0

Au— N?
for the unknown function u of space and time variables, N* being (the square of) a given
function of the space variables (cf., e.g., [15]). More generally, we can find equations where
N282/81? is replaced by a combination of second- and first-order time derivatives of u and u
itself, with space-dependent coefficients. In the case of time-harmonic dependence, namely
u =~ exp(—iwt), the unknown function u satisfies the Helmholtz equation (4.1) where K
is a space-dependent function, usually complex-valued and parameterized by the angular

frequency w.
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Two examples are given as follows. First, consider a dielectric where the permittivity
and the conductivity are given functions of the position and the electromagnetic field is
time-harmonic. Then the dielectric is governed by

AA-»:A-%(VA)W:U

where A is the vector potential and x = ew®/c?, € being the complex-valued effective
permittivity and ¢ the light speed in vacuo (cf. [22], §19). If ¢, and then k, depends on a
single Cartesian coordinate, say z, then we arrive at (4.1) for the z-component of A with
K = k + (8°x/82%)/2x — (8K/82)*/2x%. For the z- and y-component of A (4.1) holds
with K = k. Second, consider the linearized equations of hydrodynamics and disregard
the body force term. By (2.6.10), letting b = 0 we have

i—-c?V(V.u)=0.
For a time-harmonic dependence we have
Ap+ k=10

where ¢ is the scalar potential of u and k = w/c. Often, the linearized equations of
hydrodynamics are claimed to provide

1
Ap+K’p— Vop=0

which becomes the Helmholtz equation upon the change of unknown u = p/,/p and the
identification K = k? 4+ Ap/2p — 3(Vp)?/4p®. These examples show how (4.1) can be
regarded as a model for wave propagation in continuously layered media. A further example
is given in the next section.

So far a great many investigations of the equation (4.1) have been performed thus
providing a large amount of literature on the subject. In particular, methods have been
devised or improved for the determination of approximate solutions; some of them (WKB,
rays) are examined in the next chapters. In this section we develop an approach which
is based on a systematic use of complex-valued operators and fundamental systems of
solutions. In particular some problems are solved for an Epstein layer, that is the main
model of continuously layered medium, and a general expression for the reflection and
the transmission coefficients is determined. Then the thin-layer limit is shown to provide
the expected Fresnel’s formula. An extension of these results to the description of wave
propagation in dissipative continuously layered solids is then developed in the following
sections.

Consider now (4.1), where K is a given function of the coordinate z only. Indeed, to
fix ideas we consider an Epstein layer in z € [0, ] and let
Ky, z<0,
K=< K(z), z€[0,h],
Iy, z>h.
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Discontinuities for K are allowed to occur at z = 0,h by letting K(0),K(h) be possibly
different than Ko, K;. Having in mind that we are generalizing the picture of plane wave
propagation, we look for solutions to the equation (4.1), by separation of variables in the
form

u= X(z)Y(y)Z(2), (4.2)

that are continuous at z = 0, h. Substitution of (4.2) in (4.1) yields
X-‘F YJI' Zh‘

Y+?+—ZT+B=O

where a prime denotes differentiation with respect to the pertinent variable. Hence there
are constants 3,7 (possibly complex-valued) such that

2" +(K-B8-7)Z=0, (4.3)
X"+ BX =0, (4.4)
Y"+4Y =0. (4.5)

By (4.4) and (4.5) we have

X~ exp(:l:iy/ﬁ:c}. Y ~ exp(+i/7y).

As regards (4.3), we assume that K(z), possibly complex-valued, is continuous so that the
existence of a fundamental system of solutions is allowed as z € [0, ].

Let f(z),g(z) be a fundamental system of solutions. Then, aside from the exp(—iwt)
factor we write

u = [af(z) + bg(z)]exp(xiy/Br)exp(iyFy), 0<z<h,

a,b being complex-valued coefficients. Of course we have
Z ~exp(+iv/Ko— 8 —72) as z<0

and
Z ~exp(xin/ Ky —f—72) as z>h.

Indeterminacies in signs are solved by looking at particular wave solutions. For example,
suppose that an incident wave is coming from z = —co. We can always choose the y-axis
such that 4 = 0. Then the incident wave is taken as

u = co exp(iy/Ko — B 2)exp(iv/Bz),

where co and [ are given constants.
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We investigate the reflection-refraction problem for the Epstein layer, which consists
of finding the reflected wave at z = 0 and the transmitted wave at z = h. Specifically, we
have

[co exp(iv/ Ko — P z) + do exp(—iv/Ko — B z)exp(iv/Bz), z<0,

u= 1 [af(z)+ bg(z)]exp(ivBz), z € [0,h),

[ex exp(iv/KT = B 2)] exp(ivBz), 2> h,
where ¢g is the known amplitude of the incident wave, while dy and ¢; are the unknown
amplitudes of the reflected and transmitted waves. It is worth observing that in any re-
gion z < 0, z € [0,A], z > h, the dependence on z is through the common exponential
exp(iy/B ). Accordingly, looking for wave solutions with separable variables implies that
Snell’s law is satisfied. The solution u and the derivative u' are now required to be contin-
uous at z = 0, h.

Within the factor exp(iy/B z), the solution u to (4.1) is represented by the solution 1

to

P+ =0 (4.6)
where 1 = 9(z) and

Ko -3, z<0,

(=4 K(2)-8, z€[0,h],

K, -3, z>h.
Of course it may happen that K(0)—3 # Ko—8, K(h)—f # K1-f. Let (2 = Ko—8, (} =
Ky - B. To study the reflection and the refraction from the Epstein layer it is natural to
look for solutions of the form

exp(iGo2) + Rexp(~iGoz), z <0,
=1 af(z) + by(2), z € [0,h],

T exp(i1z), z> h.
This corresponds to a wavefield in the half-space z < 0 given by the superposition of an
incident wave of unit amplitude coming from z = —oc0 and a reflected wave of amplitude R;
the half-space z > 0 is only affected by the transmitted wave of amplitude 7. The symbols
R, T are used to emphasize that we regard them as the complex-valued coefficients of
reflection and refraction. To determine R and 7 we require the continuity of v and ¢’ at
z =0 and z = h, namely

P(0-) = ¥(0,),  ¥'(0-) = ¥'(04),
w(ho) = ¥(hy),  Y'(ho) = ¥'(hy),

which follow as the counterpart of continuity of displacement and traction. Letting the
subscripts 0,1 denote the values at z = 0, h, we have

1+ R = afo + bgo,



Wave Propagation in Multilayered Media 161
io — iR = afy + by,
afi +bg1 = T exp(i(1h),
af{ +bg} = i, T exp(iCyh).

In terms of the operators
Bo(f) = fo —iCfo,  B3(f)= fo +iCofo (4.7)
Bi(f) = fi —iGifu, Bi(f)= fi+iGh (4.8)

we can write
R —afo—bgy = -1,
T exp(iQih) — afy — b = 0,
aB;(f) +bB;(9) = 2io,
b[B5(f), Bi(9)] = —2iCoBr(f)

where [, -] denotes the commutator, namely

(A(f), B(9)] = A(f)B(g) - A(g)B(f)

for any functions f,g and operators 4, B. Here we have assumed that B3 (f) # 0, which is

in fact no significant restriction for our developments.
Letting

[B5(f), Bi(g)] # 0,
we can write (Bo(g), B1(f)

R = _Dg’_l_.‘ 4.9

[B3(/), Br(9) ()

7 _ 2iG exp(=iCih)J

(B5(f), Ba(g)] '

where J is the (constant value of the) Wronskian of f,g. Accordingly, once we know a

fundamental system of solutions f, g, the coefficients of reflection and refraction R, T are

provided by (4.9) and (4.10).

(4.10)

Observe that, as expected, the values of R, T are invariant under the change of the fun-
damental system of solutions. To show that this is so consider another fundamental system
of solutions, say r,s. Of course f,g and r, s are related by a non-singular transformation

r(z) = mf(z) + ng(z),

s(z) = pf(z) + q9(z),
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where the complex numbers m, n,p, ¢ satisfy mq — np # 0. In view of the linearity of the
differential operators B we have

[Bo(r), By(s)] = (mq — np)[Bao(f), B1(g)],

[Bg(r), Ba(s)] = (mq — np)[Bg(f), Bi(g))-
Then we obtain the invariance result for R, namely

(Bo(s), Bu(r)] _ [Bolg), Br(S)].
(B3(r), Bi(3)] ~ (B3 (1), Ba(9)

Similarly, we obtain the invariance for the refraction coefficient 7.
On the basis of this invariance we can choose the fundamental system of solutions f,g

such as
fO)y=1, f(0)=0, g(0)=0, ¢'(0)=1.
Then J =1 and )
r = - Bi(f) + i Bi(g) (4.9)
Bi(f) — o Bi(g)’
7= 2i(y exp(—i(yh) (4.10")

" Bi(f) - iCoBi(g)’

It is of interest to examine the behaviour of R, T in the limit case when the inci-
dent wavelength is much longer than the thickness h (thin-layer limit). To emphasize the
behaviour of the heterogeneous Epstein layer, henceforth we disregard discontinuities at
z=0,h,viz. K(0) = Kq,K(h) = K;. Of course we expect that the limit yields the results
associated with a jump discontinuity of the properties at the plane interface.

Define N(z) such that

¢ =GN (2)
and then N(0) = 1. It is convenient to introduce the variable 7 = z/h and denote by a
superposed dot the derivative with respect to 7. Then consider the pertinent equation in
the form

b+ h PP =0

where n depends on 7 in the form

p <0,
n?(r) = ¢ C*(rh)/, T€(0,1],
(/e g5

Correspondingly we define the operators B, and B}, parameterized by 7, as

B.(¥) =y —immy,  Bi(¥)=v+imy, Te€[0,1] (4.11)



Wave Propagation in Multilayered Media 163
where 7 = (yh. Meanwhile we write the differential equation as
P4 Py = 0. (4.12)

The thin-layer limit corresponds to n — 0. To investigate this limit observe that P is
a function of 7 parameterized by 7. Assume that the representation

W(rim) = Yo(7) + nva(7) + n9a(7) + o(n?)

holds. Substitution in (4.12) provides

‘i;o = 0\
'51 = 0!
’{,i;g + ?121,{’0 = 0.

To within 7’-terms, we look for a fundamental system of solutions v(7), w(r), T € [0,1],
to (4.12) such that

v(0) =1, 9(0) =0,  w(0) =0, w(0)=1.
For convenience two independent solutions for 1 are taken as
Po(r) =1, Po(r) =T,
Then v(7) and w(7) are represented as
o(r) = 1+ 0 f(r) + o(7),

w(r) =7+ n*g(r) + o(n?).

This corresponds to setting ¥ = 0, while 1, is given by f or ¢ accordingly as 1 = 1 or
1o = 7. Thus f and g satisfy

. 2 _ ” 2 2
1 1
f4+n" =0 g+n°T=0

with vanishing initial data. In terms of the geometrical variable z we can write the funda-

mental system of solutions v, w as

v Iy q’f(%) +o(n?),

z 2 Z 2
== +7°g(=) +o(n),
= = ny(q)
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whence i
v = nf(;) +o(n),
w'= 2 403(Z) + o(n).
n n

Owing to the definitions (4.7) and (4.8) for By and B; we can write
: 1 . ;
Bo(v) =nfo =il +o(n),  Bo(w)= —i+mngo+ o(n),

By(v) = nfi — i +o(n),  Bi(w) = }? = f% + néy + o().

Substitution in (4.9) (here (4.9) does not work because w’(0) # 1) yields

R = Co—G —i’?(lfl - ,fo+(1)+0(ﬂ)_
Co+ G —in(fo— fi + )+ o(n)

Then we have

: -G
lim R = i
ﬂ—% G+ G

that is Fresnel’s formula (cf. 4.5.22). Similarly we obtain

_ 26
"-'EIDT_Co+C1’

which is the usual form for the transmission coefficient in the scalar theory (cf. (4.5.22)).
Further results can be obtained by proceeding along the same lines. In particular, by
starting from (2.9) we can show that R satisfies a Riccati equation. We refer the interested
reader to [32] for the detailed proof.
Another approach to wave propagation in a layer is developed in §8.5 by following the
method of successive approximations.

8.5 Traction-displacement vector in continuously layered media

Still we consider a layer, between two parallel surfaces, whose material parameters are
allowed to vary smoothly in the direction orthogonal to the surfaces. Above and below
the layer are homogeneous half-spaces. The material in the layer and the half-spaces is
an isotropic viscoelastic solid. An inhomogeneous wave, incident from a half-space, is
reflected and transmitted by the layer. Our purpose is to determine the amplitudes of the
reflected and transmitted waves. While the geometry is the same as in §6.4, now we study
the process in terms of the traction-displacement vector. We proceed by starting from
the pertinent dynamical equations without necessarily restricting attention to Helmholtz
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Fig. 6.2 Wave reflection and refraction through a heterogeneous layer between
homogeneous half-spaces.

equations. Incidentally, the Helmholtz equation is the exact model of wave propagation in
the particular case when the wave vector of the incident pair is perpendicular to the layer.

Let the z-axis be perpendicular to the layer and let z > 0 be the half-space where the
incident and reflected waves propagate. Denote by h the width of the layer which then
occupies the strip —h < z < 0 while the other half-space occupies the region z < —h. We
denote by P_j and Py the plane boundaries of the layer. The mass density p and the
parameters g, A are continuous functions of z as —h < z < 0, are constant as z > 0 and
z < —h, and may suffer jump discontinuities at z = 0 and z = —h.

An incident, downgoing, conjugate pair of waves in the half-space z > 0 produces a
reflected, upgoing, pair (in z > 0) and a transmitted, downgoing, pair in the half-space
2 < —h. We describe the waves in the homogeneous half-spaces through the scalar and
vector potentials of longitudinal and transverse waves. Also, comsistent with Snell’s law,
we let k, and k, be continuous across Pp and P_. In fact this condition can be derived by
looking for solutions to the wave equations through separation of variables and requiring the
appropriate boundary conditions at the interface; this may be done by paralleling closely
the procedure of §6.4. Accordingly we write the solution in the upper half-space as

¢ = [@* exp (if.z) + @~ exp[-viﬁ;z}] expli(kzz + kyy)], 0z (5.1)

¥ = (¥*exp(ifrz) + ¥~ exp(—ifrz)) expli(kzz + kyy)l,  0< 2 (5.2)

ﬂ;,r = ‘{' Lo A ki - k;-

where
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The pertinent fields in the lower half-space are

¢ = &~ exp(~if,2) expli(kzz + kyy)l,  z< —h, (5.1)

¥ = U~ exp(—ifirz) expli(k.z + kyy)], 2z < —h (5.2))

Again ¥, is regarded as a linear combination of ¥, and ¥, through the orthogonality

condition (cf. 4.3.11)
Ky - = 0.

The quantities =, ¥, and ¥ are the given data while &*, ¥}, ¥7 and &-, i‘;, 'i!;
are the unknown amplitudes of the reflected and transmitted waves. To determine them
we need the solution in the (intermediate) layer and the consequent application of the
continuity requirements for displacement and traction at Pg and P_j.

Consider the layer —h < z < 0. Although a description of the displacement field in
terms of potentials is still allowed, the dependence of the material parameters and density
on z rules out the possibility of solutions in the form of complex exponentials. Accordingly,
by paralleling analogous procedures for elastic materials [102], it is convenient to examine
u in the usual form u = Uexp(—iwt) and let

U =U(z)expli(k.z + kyy)], -h<z<0. (5.3)
The unknown function U(z) is determined through the equation of motion, in the form
p*U+V.T=0, (5.4)

where
T =MV Ul +u(VU 4+ VU,

By analogy with the procedure for discretely stratified media (§6.1) we determine the
pertinent unknowns through a traction-displacement vector. By maintaining the notation
n = —e, we have

t=Tn=—(T:.e; + Ty.ey + T..e;).

Thus, substitution into (1.6) yields

L ] st!z‘

e o T e Bam TaeXT
Z=‘(‘U*"Uw7 KE)

(5.5)
The continuity of displacement and traction at Py and P_; is summarized by
Z(0,)=12Z(0-),  Z(~hy)=Z(-h_)

where —h,; and —h_ means —h from above and below, respectively. We now evaluate
the expressions of these quantities. Obviously, due to the factor expli(kzz + kyy)] in U,
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derivatives with respect to z and y result in multiplications by ik, and ik,. As usual, this
common factor is omitted if no ambiguity arises.
The vector Z(0,) follows from comparison with (4.5.1) and (4.5.4); we have

Z(0,) = C(:ﬁ), (5.6)

where
Ar= (9%, 9, ¥3)', A= (e, -, —u3),

v
(G G
R (C2 -C, ) ’
the matrices Cy and C; being defined in (4.5.2) and (4.5.5). Similarly, substitution of (5.1")
and (5.2") into the general expressions (4.1.7) and (4.1.8) for U and t yields

and

G X o
Z(—h_ )= (_C-‘.Z)A : (5.7)
where A~ is defined as
A~ = (& exp(ifi.h), ¥ exp(ifrh), —¥7 exp(ifrh))".

Now we have to determine the traction-displacement vector in the layer. Observe that,
upon substitution of (5.3) and the constitutive equation for T, the differential equation
of motion (5.4) results in a system of three second-order differential equations for the
components of . More profitably, we may enlarge the set of unknowns by regarding the
2-dependent components of t = —Te. as additional unknowns. Denote by a prime the
derivative with respect to z. By the constitutive equation for T we can write

Te, = MV - U)e; + u(VU. + U

whence we obtain the Cartesian components in the form

u;. - —ikzu: + lTrzy {5‘8)
m
i : 1
Uy = —ikhs + 2Ty, (5.9)
U = i (kU + k) + ——T. (5.10)
z__lA‘l'?;'J iz Yy /\+2# 2z .

Meanwhile the Cartesian components of the equation of motion (5.4) can be given the form

32+ 2
A+ 2p

A+ p
A+ 2

LA
T;z i (4,(1 ki + .“k: > ng)ur + k:kyuy - ’E_I__Qukxszs (5'11)
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Pt 8,5, . A

‘ & 5.12

Ty, = h5pgs kkyur+(4u)\+2k+pk, P Yty = i T (5.12)
T!, = —pU, — ik, Ty — ikyTys. (5.13)

Here T represents the stress to within the factor expli(k.z + k,y)]exp(—iwt). The six
first-order ordinary differential equations (5.8)-(5.13) constitute the desired system in the
unknowns u:vuysuxs T::aTyst

As a particular case and also for a direct, physical motivation of §8.5 we consider the
circumstance when the wave vectors of the incident pair are vertical, namely k., k, = 0.
By (5.3) we have

U =U(z), —h<z<0

and the system (5.8)-(5.13) reduces to

T::z = _pc‘)zux‘v T;z = _J““'zuy! Tzfz = _p“’zuz-

It is apparent that this system decouples in three subsystems of two first-order equations.
Upon comparison, each subsystem yields a single second-order equation in a single un-
known; one for each of the quantities U.,Uy,U.. Letting U, stand for any of U, U, we
have

(Hl4y)' + pwthy = 0,

(A +2p)Ul]) + po?U. = 0.

The change of unknowns,

- 24 '
0u(z) = l/ E(s)d 7, (4) = o A2
) =th@ e (} | Lo)ds), U =ten (3 [ S (s)ds)
makes Uy and U, be solutions to the Helmholtz equations
- 2 1 u'N\2
g (290 LN
i+ [5--1(5) 1o =0, (5.14)
2 ) '
T pu _1 A 2u"\ 2 - -
Uz+[A+2P 4(H2p)]b&—0. (5.15)

The solution to these equations can then be determined by paralleling the procedure of the
previous section, in terms of fundamental sets of solutions. The only formal difference is
that the continuity of the derivative, at the interface, has to be replaced by the continuity
of the traction, namely of pU) and (X + 2u)U!.
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Turn the attention to the general system (5.8)-(5.13). Owing to the definition of Z and

the fact that k. and k, are constant, we can write the system (5.8)-(5.13) in the compact
form

Z' = BZ (5.186)
_ (0 B
5=(5 7)

=k 2k:|:;||fﬂ 0
Bi=i| -k, 0 2k,/ul,

ptf2 -k k]

where

and

i Ak Ay -2
By = - o nBA+2p)ky /2 A |,
At 20\ 43X+ 20k /2 By A

oy = 2pu(A + p)kz + (k2 — pw?) (A + 2p)/(2k2),
oy = 2u( A+ p)ky + (uk? — pw?) (A + 2)/(2ky).

It is of interest to establish a conservation law for the system (5.16) which also will
be useful in the determination of the reflection and transmission matrices. Consider two
solutions Z and Z of (5.16) and decompose them into 3-dimensional column vectors as

zt=(z},2}), 2'=(2},Z}
Owing to (5.16) we have
Z} = B\Z,,
Z), = ByZ,,
and the same for Z. For technical reasons it is convenient to consider the matrix

0 ke 0
A=2i[0 0 Kk (5.17)
1 0 0

and the scalar quantity
0 A\s;
Al
f=Z (—A* 0) Z.

Now we are in a position to prove that f is independent of z. To this end we observe that,
by definition,

f=(z!,2}) ( _‘j‘u *’0\) (g;) = ZiAZ; - ZiAtZ,. (5.18)
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Then we evaluate the derivative with respect to z to obtain

(ZIAZ, — ZIA1Z,) = Z}(BIA - A'By)Z, + Z}(AB, — BJAYZ,

=z} [BIA - (BIM)')Z, + Z}[AB; — (AB,)']Z:. =
5.19

Now, direct evaluation shows that

—pw?f2 k2 k2
BiA=2 k2 —2k2/p 0 ;
k2 0 -2k
; ks w3 + 2k ky /2 Mk,
ABy = —=— | u(3X + 2u)kzk, /2 aqk Y
2= 5720 | X ,\f,) 4 e, —2

The symmetry of BJA and AB, implies the vanishing of the right-hand side of (5.19).
Hence (5.19) yields the desired conservation law f = constant.
Direct application of the pertinent definitions yields

f=Ude + Uty ~UE, — tUz — t Uy + t.U,.

Trivially, this expression takes the more compact form f =U-t—t Uit U, — Wy, t; — ity
The constancy of f carries over into the set of inhomogeneous waves in viscoelastic solids,
without any restrictions on the wave vectors, previous results derived for standard elastic
plane waves (cf. [102], Ch. 2).

6.6 Reflection and transmission matrices for a layer

To determine the reflection and transmission matrices for a layer —h < z < 0 we need to
relate Z(0; ) to Z(—h_) through the solution to the system of differential equations (5.16)
for Z. To this end we make use of a fundamental system of solutions.

Let Z¢;)(2), i = 1,..,6, be a fundamental system of solutions to (5.16) in the interval
—h < z < 0. This means that the Z(;)’s are six independent solutions of (5.16) and hence
every solution to (5.16) may be represented as a linear combination of the Zy's. We
show that the continuity conditions on Z at z = 0 and z = —h determine completely
the amplitudes of the waves belonging to the reflected and transmitted conjugate pairs
in terms of A~ and the values of the Z;’s at z = 0 and z = —h. We also prove that,
as expected, the amplitudes so obtained are invariant under changes of the fundamental
system of solutions.
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Represent any solution Z(z) to (5.16) in terms of a fundamental system as
6
Z(z) =Y aZ(z),  a; = constant. (6.1)
i=1

For formal convenience, we regard the six constants a; as the components of a vector a,

a= (ala sy as)rs

and define the 6 x 6 matrix W as
Wii = Zj().

This allows (6.1) to be written as
Z(z) = W(z)a. (6.2)

Usually W is called the fundamental matriz or the resolvent operator ([102], §2.2; [5], Ch.
7) of the system (5.16). As an immediate consequence of the definition, W turns out to
satisfy the matrix differential equation

W' = BW. (6.3)

More specifically, represent the fundamental matrix W in block form as

Wl W2 9
W= (Wa W4)'

in terms of the fundamental systems of solutions Z = (Zi, Z2)", this means
(Wh)ji = (Z1)j(,  (W2)ji = (Z1)j(i+3),

(Wa)ji = (Z2)jiy,  (Wa)si = (Z2)j(i+9),

the indices 7 and j taking values from 1 to 3. Then, owing to the form of B, the system
(6.3) decouples in two subsystems as

{ W{ = B;Ws, { W; = B,Wy, (6.4)

Wj’ = BQW:, W.; = Bzwz'
in the unknown matrices Wy, Wa, and W,, Wj.

To determine the reflection and transmission matrices, we need also to establish a
general form for the inverse of the fundamental matrix. In this connection we derive
preliminary results on the propagation invariants for the system (6.3). This is accomplished
by means of the conserved quantity f associated with each pair of solutions to equation
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(5.16). In so doing we are in fact carrying over into the framework of dissipative bodies
recent results on propagation of seismic waves in stratified elastic media (cf. [102], Ch. 2).
By analogy with the representation (5.18) of the scalar invariant f, let us define the

3 % 3 matrix
V = WIAW, - WiAtW, (6.5)

and observe that V is independent of z. The result follows by regarding each entry of V as
resulting from the same combination of two solutions of (5.16) that was considered in the
proof of the invariance of f. Otherwise, a direct calculation and use of (6.4) show that

V' =W} (BIA - A'B,) W, — W] (AB; — BIAYW, = 0,

the last equality being a consequence of the symmetry of the matrices BIA and AB,. By
the same token it is easily shown that

(WiAw, — wiatw,) =0,
(WiAWs — Wiatw,) = 0.

By a proper choice of the initial values of the traction-displacement vectors Z;) we can
make the constant matrices WZTAHQ - WJ AW, and WltAWa - W; AW, vanish. Then by
the definition of W we have

wi Wi\ (At 0\ (W, W,
wl w 0 AJ\Ws W,
:( —vt WiAw, —-Wiatw,\ _ (-vt o
Wi AW — WiAtW, 1% K ¥

Left multiplication by the inverse matrix

= Vi | 0
0 V-1
where V=1 = (V-1 yields

(—V-1 0 )(w} Wi\ (At 0\ (Wi W\ _ (1 o0
o v')\w! w! 0 A)J\ws wi)T\o 1)

This in turn shows that the inverse of the matrix W is given by
a_[(-vt o wi wi\ [(-At o
W e ( o v)\w! wi)\ o A) (6.6)

We are now in a position to determine the reflection and transmission matrices. Letting
Wy := W(0_) we can write
Z(0_) = Wy a.
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The continuity condition Z(0_) = Z(0,) and (5.6) yield

Af
¢ (A_) = Woa. (6.7)
Similarly, letting W_, = W(—h,) we find that
Z(=h,) = W_,a.

Therefore, the continuity condition at z = —h and (5.7) yield

(—Céz) A-=W_,a. (6.8)

Equations (6.7) and (6.8) constitute a linear system of twelve equations in twelve unknowns,
viz the components of a, A*, and A-. By solving the system we determine the amplitudes
A* and A- of the reflected and transmitted pairs in terms of A~, the amplitude of the
incident pair.

Incidentally, it is a satisfactory check of consistency to ascertain that the solution for
A* and A- is independent of the choice of the fundamental system of solutions. Because
the matrix W is nonsingular at each value of z (cf. [102], Ch. 2), we solve (6.7) for a and
insert the result into (6.8) to obtain

W_x(Wo)™' C (if) - (_%i{_ ) (6.9)

Now we show that if (6.9) can be solved for A* and A~ then the result is independent of the
choice of the Z(;)’s. Specifically, given the same incident amplitude A~, consider another
fundamental system of solutions Z(;)(z) and denote by W the corresponding matrix; Wy
and W_,, are the limit values of W as z — 0 and z — —h within the layer. Since each Z;,
is a solution to the system (5.16) there exists a non-singular constant matrix, say I, such
that W = WK then

Wo =Wy K, W_n = W_p K.

Accordingly we find that
W_n(Wo)™' = W_n(Wo) ™.

Correspondingly the amplitudes, say A* and A, are the solution to the system
- . A+
( é&“‘“_) = W_n(Wo) ‘C(A_).
—CrA

Comparison with the system (6.9) shows that the solution for A* and A is the same as
that for A* and A-. Hence the solution is independent of the choice of the fundamental

system.
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This freedom in the choice of the system of fundamental solutions is exploited to
simplify the determination of solutions to the system (6.7), (6.8). Define the propagator
matriz P(z) as the solution to the

Cauchy problem
P' = BP, P(0) = 1. (6.10)

(A B
Ph(f’s P4)’

where Py, Py, Py, Py are 3 X 3 matrices, we have

In terms of the block form

Py(0) = P4(0) = 11, Py(0) = P3(0) = 0.

The matrices
PJAP, — PIATP, PIAP, — PIATR

are constant and then vanish. Further, by the constancy of
V = PIAP, - P]AP,

we have ¥V = A. Then, owing to (6.6),

_ At 0 Pl P\ f=At 0
=T ) (@ ) (5 R) @1

A"l 1 f g k"uky
e v -
2ikzky \ o & 0

x

and

In terms of P, the relation (6.9) yields

(if) = C (P_p) (_%2) A-. (6.12)

Comparison with (1.9), for s = 1, shows that

A- =T,A,
At = R4A-,

where the subscript d denotes evaluation in correspondence with an incident downgoing
wave. By a slight abuse of language Ty is called the transmission matrix; it is defined
through

Tt =gen, —et e (B,). (6.13)

1
2
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The reflection matrix Ry is then given by

Re=zc, o) (e () T (6.14)

The matrices Cy, C; and their inverses are defined in §4.5, where the explicit expressions are
also given. Insertion of the expression (6.11) for P~! leads to the equivalent representations

t t 5
1t =gt et () (A8,

Pl Pl )\ AC,

Lo aaeas G Pl P} (AtC

R:—c‘AT-Cln-l(* 2)( 5!
d 2( 1 2 ) PJ P" AC, Ty.

It is understood that the matrices P; are evaluated at z = —h.

Operatively, the effect of a layer on reflection and transmission may be determined
as follows. Assume that a propagator matrix P has been evaluated, possibly numerically,
by integration of (6.10). Substitution of the pertinent results into (6.13) and (6.14) yields
the reflection and transmission matrices Ry, Ty. The effective reflection and transmission
matrices, relative to the amplitudes @, ¥, ¥, are obtained by replacing A-, A+ A- with
their expressions to obtain

(i‘: exp (iﬁeh) &-
—Voexp(ifrh) | =Ta | -¥Z |,
—¥; exp (ifirh) -¥,

whence &~ 'i'; , and \5; and then the effective transmission matrix follow. Finally, replac-
ing A* and A~ with their expressions we have

o+ $-
W; = Rd —!IJ; 3
v -v7

with R, given by (6.14), whence we can read the effective reflection matrix. Observe that
both T; and R, require the determination of the propagator matrix P. Finally, if we are
interested in the traction-displacement vector within the layer, we observe that the result
follows by replacing into (6.2) the value of a obtained from (6.7); we have

Z(z) = P(z)C (it), —h<z<0.

Though conceptually nothing new occurs, it is worth having a look at the symmetric
process of reflection and refraction when the incident pair is coming from the lower half-
space. The field within the lower half-space is described by

¢ =&+ exp(ifi,z) + &- exp(~iﬁzz}, z < —h,
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¥ = B+ exp(ifrz) + ¥~ exp(—ifrz), z< —h

where the superscripts + and — refer to the incident (upgoing) and reflected (downgoing)
waves. By paralleling the previous procedure we have

Z(~h_) = é(if)

with .
K+ = (8 exp(~ifi,h), ¥ exp(~ifirh), ¥} exp(~ifirh))

t
]

A = ((l“?' exp(iﬁ; h), — ¥ exp(ifizh), —'if; exp('i)f?-,-h))T i

¢= (g: —%'2)‘

The field in the upper half-space has the form (5.1), (5.2), with both &~ and ¥~ vanishing.

Hence we obtain
Z(0,) = (g;) At

The traction-displacement vector within the layer is written as in (5.5) with the correspond-

while

ing related boundary values. Consider the propagator matrix P as before. In particular
we can write
Z(0.) = a, Z(—h,) = P_pa.

Elimination of a and comparison with the representations of Z(0,) and Z(—h_) leads to

P (&) =0 (1)

On multiplying both sides by €'~ we obtain

and N B
- &+
~¥; | =R | 02
-y vy
with
= 1 . S C
T“]:E(Cll‘ C21)P—h(cl)1
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the subscript u is a reminder that the incident pair is upgoing. These constitute the
analogues of (6.13) and (6.14).

6.7 Remarks about reflection and transmission matrices

Reflection and transmission of inhomogeneous waves by a continuously stratified layer has
been discussed in terms of fundamental systems of solutions or, more precisely, in terms
of the propagator matrix P. An analysis of the properties of P, namely its determination
by a recursive algorithm, is given in [102] and can be extended directly to the dissipative
media. By analogy with a result obtained in elasticity, we ask whether and how a more
direct system of - possibly coupled - equations for Ty, and R4, can be found.

By applying an invariant imbedding technique, Tromp and Snieder [163] have shown
that the reflection and transmission matrices for plane longitudinal and transverse waves
obey a system of 36 coupled, complex, first order non-linear differential Riccati equations.
Here we are able to set up two systems of 18 linear differential equations which lead to a
direct determination of the reflection and transmission matrices.

Consider the 6 x 6 matrix M (z) defined as

_ (M M\ _ ~1p-1,
M_(M3 Md)_c P, (7.1)

from the constancy of C and the definition of P it follows that
M(0)=C"1, M(=h)= M_p=C Y P_p)""

To avoid frequent use of subscripts, for the time being we denote M_ by M. Consider
first the case of a downgoing incident pair. Comparison with the definition of M and (6.9),
with W replaced by P, shows that

(A1) =m (%5

At = (Mlci‘1 - M;C‘z) A-, A-= (M;C’l - M.,C‘g) ko

that is

Of course A~ is regarded as known. Then the reflection and transmission matrices are
easily recognized to be given by

Ty = (MsCr — MuGa) ™", (72)

Ry = (M Cy — MyC2) T (7.3)
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Thus the knowledge of M leads to the determination of Ry and Ty through algebraic
manipulations. Of course, (7.2) and (7.3) are equivalent to (6.13) and (6.14) via (7.1).

Now let the incident pair be upgoing, and coming from below. Multiplication of both
sides of (4.9) by C~1 (P_,,)"" = M_, yields

c! (g;) A* = MC‘(%ﬁ).

Comparison with (1.9) and substitution of the expression for C~! shows that

Hence we find

whence it follows

At = (Mlél + Mzéﬂ;\+ * (Mlél = Mng'z)A‘,

0= (MsCy + MyCy)A* + (M3Cy — MyCy)A-.

Therefore, also in view of (7.2) and (7.3), we obtain

A- = R,A%, At =T A+,
where
Ry = ~(M3C1 — MyCy) ™ (MaCy + My Cy)
= —Ty(MsCy + My Cr), (7.4)
and

s = (Mlél + Mzéz] <+ (Mlél = M‘Zé?-}Ru
= MiCy + M2Cy + T, RaR,, (7.5)

This shows that also R, and T, are algebraically related to M_,.

Now we again let M stand for M(z), as —h < z < 0. An inspection of (7.2) and
(7.4) shows that the matrices R, and Ty, depend on the values of the matrices M3 and
M at z = —h, besides on the given constant matrices C; and . We prove in a moment
that M3 and M, are given as solutions to a reduced linear system of 18 coupled equations,
while W_, is involved in the system (6.3) of 36 equations. Of course, only the value of M
at z = —h is required if we are interested in the reflection and transmission matrices. If,
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rather, we look for the field inside the layer then we need the matrix P(z), which is related
to M(z) through (7.1).

To find the differential equations for M(z) we observe that, in view of (7.1), (6.3) and
the relation (P—') = —p-1p'pP-1,

Mi‘ - C—l (P-'.I}'
e _C—IP—IPI'P-].
=-C"p-1p,

that is
M'=-MB. (7.6)

Equation (7.6) is to be solved with the initial condition M(0) = C~! that follows from the
definition (7.1) of M. The matrix C~! is given by (1.9) by letting s = 1.

Owing to the structure of B that follows from (5.16), the linear system (7.6) can be
split in the form

{ M| = — M, B, { M; = —MyB,,
M; = _M}.Bls M‘i = —MgBl.

The related initial conditions are
1 1
M;(0) = M3(0) = EC‘ -2 M(0) = —M4(0) = 502_1'

In particular, the 3 x 3 matrices M3 and M, are obtained as solutions to a coupled linear
system of two matrix equations, and this yields R, and T4. Then T, and R4 follow directly
by use of (7.5), (7.6) and the expressions of My, M.

We now consider the limit case when the incident wavelength is much longer than
the thickness h of the layer and show that, as expected, the reflection and transmission
matrices reduce to those characterizing the behaviour on inhomogemous waves at a plane
interface between two homogeneous half-spaces. To this end we introduce a new variable
v = z/h. The layer is described by —1 < v < 0 and d/dz = (1/h)d/dv. Now we define the
parameter 7 = hf@; and we model the condition of thin layer by letting  — 0. Then we
observe that the differential equation for the propagator matrix P can be rewritten in the
form

GP) _Tpp (7.7)
dv Br
We have to find a system of fundamental solutions to (7.7), satisfying the initial condition
P(0) = 1, and to determine reflected and transmitted pairs in the limit n — 0. To make
the limit immediate, let P be parameterized by 7 and

P(v;n) = P(v;0) + nQ(v;n)
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Q being bounded as 7 — 0. Substitution in (7.7) requires that

dP(v;0)

- 0, P(0;0) = 1. (7.8)

The trivial solution to (7.8) is P(¥;0) = 1, —1 < v < 0, and hence, as 7 — 0, we have
Bop=1,

Consider an incident downgoing wave. Substitution of the unit matrix for P_j into
(6.9) reduces the system for the determination of reflection and transmission matrices to

o(X)- (%)

where, in the limit 5 — 0, the expression of A- reads

the form

A-= (8-, -¥;, -¥;)"
The relation (7.9) states that the traction-displacement vectors of the upper and the lower
half-space are equal, and this is just the continuity condition that is obtained in the case of
two half-spaces in welded contact. Hence the reflected conjugate pair and the transmitied
one coincide with those obtained in the case of a plane interface between two half-spaces.
The explicit determination of the coefficients is given in Ch. 4.

Finally, as a simple application of the theory, suppose that the lower half-space is empty
and an inhomogeneous pair impinges on the interface z = 0 from the upper half-space. At
z = 0 the welded contact condition (6.7) must hold. The corresponding condition at z = —h
is that the limit of the traction vanishes, while no restriction is to be imposed on the limit
of the displacement. In view of the definition of Z and the condition Z(—h,) = P_ja, the
traction-free condition results in

(P-n)sja; = (P-n)sja; = (P-n)sja; = 0. (7.10)
Meanwhile, the continuity condition of the traction-displacement vector at z = 0 takes the

a (ﬁi) =a (7.11)

that follows from (6.7). Equations (7.10) and (7.11) constitute a linear system of 9 equations
for the 9 unknown components of a and A*. For example, once three components of the

form

vector a have been found through (7.10), substitution into (7.11) yields the components
of A* and the remaining ones of a. Other particular cases, such as, e.g., an upward
propagating wave under the assumption that the upper half-space is filled either by a
viscoelastic, or a viscous or an inviscid fluid can be dealt with straightforwardly.



7 SCATTERING BY OBSTACLES

In a typical scattering process a solid obstacle is immersed in a different solid material or
a fluid and a time harmonic acoustic wave, which comes from infinity, interacts with the
obstacle and is diffused to infinity. The direct scattering problem consists essentially in
the determination of the transmitted field at infinity, in terms of the shape, the size and
(possibly) the material properties of the scatterer. The inverse problem aims at the deter-
mination of the characteristic features of the obstacle in terms of the measured scattered
wave. Such problems are of interest in many areas of scientific research and technology,
such as non-destructive testing of materials, sonar exploration, analysis of living tissues,
seismology and seismic exploration.

Within the framework of scattering theory, this chapter emphasizes some aspects re-
lated to inhomogeneous waves. The obstacle may be a cavity or an inclusion. To make
the model more realistic, dissipative properties are incorporated for both the surrounding
medium and the obstacle. In fact, only a lossy model can give a realistic representation of
ultrasound propagation in living tissues and can take into account the observed attenua-
tion and dispersion of seismic waves. The appropriate mathematical scheme that accounts
for the presence of dissipation, though linear, requires the extension of the rather well
established “scalar” theory of scattering to a more involved tensor version.

An integral representation is applied which involves a Green's tensor function and an
appropriate radiation condition. The far-field is then shown to result from superposition
of outgoing spherical, longitudinal and transverse, inhomogeneous waves. New aspects
of dissipation are emphasized in connection with uniqueness properties, scattering cross

section, and high-frequency behaviour.

7.1 The scalar theory of scattering

In this introductory section we consider a plane wave that comes from infinity and propa-
gates in a homogeneous inviscid fluid. Start from the obvious observation that nothing of
physical interest happens in the absence of inhomogeneities, while the wave is scattered,
or diffracted, if an obstacle is placed in the fluid. This means that we can express the total
field in the fluid as the sum of the “incident” wave and of a “scattered” wave originated at
the boundary of the obstacle through a reflection phenomenon caused by the discontinuity
in the material parameters. The behaviour of the scattered wave is thus determined by

181
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the nature of the surrounding fluid, the characteristics of the incident wave (namely wave
vector and amplitude), the shape and the material properties of the obstacle. Our main
interest is in the determination of influences of the obstacle on the scattered wave at large
distances. The pertinent results are reviewed with the purpose of bringing into evidence
those points that become crucial in performing the subsequent extension to the case of
dissipative bodies. Proofs that are too technical and not strictly necessary to understand
the contents of the chapter are omitted.

Assume that the obstacle occupies a convex, bounded, simply-connected, open domain
D~ with regular boundary S, and that the open region D+ exterior to S is occupied by the
inviscid fluid. In the regions of the fluid - where no sources are acting - the excess pressure,
the scalar potential, and the components of the velocity field of any time-harmonic wave,
with frequency w, obey the homogenous scalar Helmholtz equation

Ap+Kid=0 (1.1)

where k, = k? = w?/p, is a positive constant. For definiteness we regard ¢ as a displace-
ment potential; the associated velocity and pressure are then given by (3.3.11), (3.3.12).
Consider the region D*. In view of the linearity of the equations that govern wave propa-
gation, (1.1) is to hold for the incident field ¢, the scattered field ¢ and total field ¢+,

¢t =¢' + ¢

The incident wave is regarded as a datum. For definiteness, we take ¢' in the form of

plane wave, that is
¢' = & expli(k, - x — wt)].

Therefore, we have to determine only one of the two fields ¢*, ¢. Confine the attention
on ¢. Besides being a solution to the Helmholtz equation (1.1), the scattered field ¢ is
required to satisfy suitable conditions at the surface §. Now, by (3.3.12), in a perfect fluid
the pressure amplitude P is pw? times the potential amplitude ®. Also, by (3.3.11), the
velocity in the direction of the wave is —iw times the derivative of ¢ in the direction of n,
viz v:.n = —iwd¢/dn. In the limit case of a sound-soft obstacle the total pressure must
vanish on the boundary and this results in

b=—¢ on §

thus giving rise to a Dirichlet problem for the Helmholtz equation. If the obstacle is
sound-hard the normal component of the velocity vanishes at § and hence

8 ]
_qb = - 8¢ on S.
an an
In this case the scattered field is the solution to a Neumann problem. A more realistic
treatment of the boundary conditions is thought to consist in the requirement that the
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normal velocity and the excess pressure are proportional at S, that is v-n+ x5 = 0. The
coefficient x is called the acoustic impedance of the obstacle and in general is a function
defined on §. This approach gives rise to a boundary condition for ¢* of the form

ae*
on
Concerning the description of the scattered field, it is worth specifying that ¢ is gener-
ated by sources on § which model discontinuities of the material parameters. Accordingly
the field ¢ is required to behave at infinity as an outgoing spherical wave or a radiation
field; this is guaranteed by the well known Sommerfeld radiation condition
a¢

38~ tkié=o(R7), (1.2)

+agpt =0 on .

as R := |x| — oo, which is assumed to hold uniformly for all directions x/|x|. Really,
the left side of (1.2) is identically zero in the case of spherical waves generated by a point
source and it may be shown (cf. [159], p. 298) that the total outgoing energy flux through
a sphere at infinity is positive if (1.2) holds.

Having characterized the relevant properties of the scattered field, we now proceed to
the determination of an expression for ¢ as an integral over § involving the values of ¢
and its normal derivative. First we look for an integral representation of solutions to the
Helmholtz equation (1.1), then we take into account the radiation condition (1.2) to find
the required result for ¢.

Denote by € a bounded connected domain in £ with C? boundary 9. The second
Green’s theorem [126] states that for any pair of sufficiently regular functions u(y) and
v(y) we have

dv du
/n{mv—um}dy:/an {ua—n—v%}day, (1.3)

where n is the outward unit normal, dy and da, denote the volume and surface elements.
The theorem follows from the identity

ulAv — vAu =V - (uVv —vVu)

through use of the divergence theorem. In the following we identify v with ¢. Meanwhile
the function u is identified with the Green’s function g, of the Helmholtz equation (1.1),
namely the function satisfying

(A +k})ge = —4mé(y — x), (1.4)

where §(y — x) is the three-dimensional Dirac’s delta function. The explicit expression of
g reads )
exp(ik,T) (1.5)

9. = -



184 Inhomogeneous Waves in Solids and Fluids

where r = |r|, r = ¥ — x. Substitute ¢ and g, for v and u into (1.3). In view of (1.1) and
(1.4) the volume integral reduces to integration of 47¢(y)é(y — x), whence it follows that

1 d¢ 39:.

_1 9% _ ;9% 1.6
$(x) %fm {9 52 - 6 5=} da, (1.6)
where x is interior to £ and the notation da, for the surface element reminds us that the

integral is to be evaluated with respect to the vector variable y.
An alternative proof of (1.6), not relying on the use of distributions, can be given as
follows. Letting ¥ = r/r and taking the derivatives of g, with respect to the variable y we

have

; 1 1
Vg, = (iky — ;)QLV, Ww=—(1-vew) .7)

Let V® Vg, be the tensor with components
(V® Vgs)ij = 0y,0y; 015

the shorthand VVg; will be used for V ® Vg; when no ambiguity arises. We have

Jik, 3

V® Vg - Z)uvev

1. 1
—g: [kﬁv@v-{-O{r‘l)].

(18)

It follows from (1.8) that g, satisfies the Helmholtz equation provided r # 0, thatis, x £ y.
For further reference we note that

Vevevg

3 3ik
= —y;[;(ki + ==

2 .
- 3)sympe 1)+ (18 - 2 _ Lotk

15
i L
=—g.[iklv@vev+o(r™)), (1.9)
where 1
[sym(@ @ 1))k = 3(Givi + 8javi + 8avj).

Similarly, we find that
V@V@V@Vgc:g;[k:v®v®v®v+0(r‘1)]. (1.97

Now consider a constant € > 0 and let Q. = {y : [y — x| < ¢} at a fixed interior point
x of {1; for a small enough ¢ we have {2, C ). Then apply the second Green’s theorem in
the form (1.3), where the domain {2 is to be replaced by £\ Q. whereas v is identified with
¢ and u with g,. The integrand in the volume integral is easily seen to vanish since ¢ and
g, obey Helmholtz equations (1.1) and (1.4); accordingly we are left with

[m {_qL g—:—oﬁ%}day-%/m( {9;2—:—' ?ai,:}day =0.
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On evaluating the normal derivative of g,, taking the limit for e — 0, and using the mean
value theorem, we obtain that the integral over 9, reduces to —47¢(x), whence equation
(1.6) follows.

Equation (1.6) shows that any solution to the Helmholtz equation can be represented
as the combination of a single- and a double-layer surface potential defined on 09 [52, 126].
In order to find a representation for the scattered field we regard Q as the region bounded
by § and by a spherical surface Sg of radius R centred at a point of D~ and containing
the surface §. The analogue of (1.6) reads

9= [+ [ ofa-o)da, xen,

n being the outward unit normal to 2. Assuming that

. 99 dg, 2o
lim s {g; A }dag =0 (1.10)

R—eo

and reversing the orientation of the normal, so that n is now the outward normal to D-,
we find that ¢ is given by

1 99, 8‘35)
= — — — g, — | da,. 1.11
¢(x) = = 5 (¢> I~ 9 3n ) 9oy (1.11)
The integral representation (1.11) holds for any x in the open domain D* exterior to §.
The limit (1.10) vanishes as a consequence of the radiation condition (1.2). To prove

this we examine the asymptotic behaviour of the integrand, regarded as a function of y,
while x is kept fixed. First observe that, letting

y=HRn
and r = |y — x|, we have
. Y . 1 e 1.12
Lolpvom ) = el 0™, (112)

where m denotes any positive integer. It follows that

poYoX _Y-XRB__Lom. (1.13)
T R r

Substitution into the expression (1.5) provides

0 = 22T 4 o(r1), (1.14)
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Comparison with (1.7) yields

1 k
% = %% =n-Vg, = (ik, = ~)o.¥-n =ik, M[l +O(R™Y)).
Hence, by use of (1.14), it follows that
a9, . -
851‘?. —ikyg, = O(R™?) (1.15)

thus showing that g, satisfies the radiation condition (1.2).
In connection with (1.10) we also need the asymptotic behaviour of ¢, another quantity
which enters the integral (1.10). Specifically, it follows from the radiation condition that

|#(y)| = O(R™"). (1.16)

To show this property we note that, because d¢/dR = d¢/dn, (1.2) yields

: op . 2|42 .0¢
a:Rh_r.nwfsJ‘—a;—sz da, = lim_ {| I+ k2(gJ2 + ik, (¢ ——¢an)}da,,
where * denotes the complex conjugate. Now we evaluate the contribution in braces through
the use of (1.3), where € is identified with the domain D*(R) included between § and Sg,

while u and v are replaced by ¢* and ¢. In this way we find that

(] [ an %t- }da, = fm(m {426 - 924" }dy = 0

where the last equality follows from the fact that both ¢* and ¢ satisfy (1.1) with a real
k. This in turn allows us to write

Jim (f [ |da!, [ k2|¢|2day) =-='ka { an ¢ }day
=ik [ {¢.§g_¢a¢*} day

The integral over § is a finite quantity and so must be the limit of [;_(|0¢/0n|*+k7|¢|* )da,
as R — co. Since the two integrals [; [0¢/0n|’da,, [s, ki|6[*da, are non-negative, each
of them must be bounded as R — oo and this means that (1.16) holds.
Coming back to the proof of (1.10), we rewrite the integrand as
fn R
Then comparison with (1.14), (1.16), and the radiation conditions (1.2) and (1.15) for ¢
and g, shows that, in spherical coordinates # and ¢,

1 a¢ ag!.
lim Sa{gzﬁ—@!a }Rdﬂd:p 0,

— ikig) - ¢ (55 — ikuge).

R—o0
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which is the desired result.

The representation (1.11) is of fundamental importance in the analysis of the scalar
theory of scattering. Here, though, we are content with quoting a few results that follow
from (1.11) [52], without going into the details of the proofs. Slight changes in the proofs
allow an extension of these conclusions to the case when the wavenumber k, is complex-
valued.

For any given exterior domain, solutions to the Helmholtz equation satisfying the
Sommerfeld radiation condition are analytic functions of their independent variables and
admit an expansion of the form

ik, R o F,(8,
ox)= SRy P gy,

n=0

which is absolutely and uniformly convergent with respect to the usual spherical coordi-
nates. The representation is valid for R > Ry, where Ry is the radius of a spherical surface
containing the domain D of the obstacle.

As an immediate consequence it follows that the asymptotic behaviour of ¢ is given
by )

#(x) = 22 R £ 9, 0) 4 O(R7)

where Fj is called the far-field pattern or radiation pattern of ¢. Moreover, substitution
of the development in terms of the radial variable into the Helmholtz equation (1.1) shows
that the coefficients F, are determined in terms of the far field through the recurrence
formula

(smﬂ d ) L i] Fo_4, el B

2ik,nFy, = n(n — 1)F"l 1+ [ ae 5“129392

sin 0 80
This proves that the far-field pattern does completely determine solutions to the Helmholtz
equation satisflying the radiation condition.

7.2 Integral representations for displacement

The procedures examined in the previous section are now extended to the case when the
obstacle is immersed in a dissipative medium. The obstacle, whose properties and shape
are known, occupies a domain D~ with boundary S. As before D* denotes the exterior
domain of the solid matrix. The scattered field and the incident one, as well as their sum,
obey the linearized equations of motion for a viscoelastic solid in D+*. Motivated by the
results of the previous section, we look for an integral representation of the scattered field
which in turn allows a detailed analysis of the imprint left by the obstacle on the field
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transmitted at infinity. This requires a preliminary discussion of integral representations
for a general Tegular time-harmonic viscoelastic displacement fields.

The viscoelastic obstacle and the surrounding medium are taken as homogeneous and
isotropic. The incoming wave perturbs an unstressed equilibrium placement which is chosen
as reference. Accordingly, the body force is disregarded. The motion is governed by (the

linear approximation)
pii=V-T

where p is the reference mass density and

o0
T = MtrE1 4 2E +/ [V (trE1 4+ 2u'EY(s) ds .
0
Once the displacement u(x,t) is determined, the actual mass density g is given by g =
p(1 =V -u).
Suppose that u is time-harmonic, namely

u(x,t) = U(x) exp(—iwt)
In this case the equation of motion takes the simplified form
V- T[Ul+ p?U =0 (2.1)

where the stress operator T[U] is defined as a mapping of the (displacement) vector U into
the (stress) tensor
T(U] = MV - U)1 + u(VU + VUT), (2.2)

where A and p are the usual complex moduli. Whenever possible, we omit writing the
common factor exp (—iwt). So T[U] is the stress determined by U, or by u if the factor
exp (—wwt) is considered. In this sense the equation of motion can be written as

A°U + pw?U = 0 (2.3)
where A° is the operator given by
A°U:=V - -T[U]=pAU+ (p+ A)V(V - U) (2.4)

for any vector U. Comparison with (1.1) shows that A® plays the same role as the Laplacian
A in the scalar (perfect fluid) theory. This interpretation is enforced by the observation
that A® reduces to A for A = —p = —1. Notice also that equations (2.1)-(2.3) hold for
time-harmonic waves in a viscoelastic fluid, provided A and 2 in (2.4) are replaced by —iwp
and pp, —iwA, cf. §3.3. The particular case of the elastic solid is obtained by merely letting
A and g be real and independent of w.
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We now address the general problem of finding an integral representation for the
solution to (2.1) or (2.3) in a homogenous domain. For the sake of generality and for
future convenience we discuss the mathematical problem corresponding to a nonvanishing
right-hand side, that is we consider the equation

A°U + pu*U = —pf; (2.5)

f represents a “force term” and is given by a known vector function of the position x
with compact support, possibly parameterized by w. Paralleling the approach of the scalar
theory, we have to find the analogue of the second Green’s theorem, in the form of the
so-called Betti’s third formula [110, 111, 67, 55). Then we need fundamental solutions of
(2.5), namely the Green’s displacement tensor [140]. The required integral representation
will follow through a combination of these results.

For any regular vector field V(y) a direct check shows that the identity

{v-TU)} - Vv=v-{T[U]V}-T[U].VV

holds. Subtraction of the expression obtained by interchange of U with V, and comparison
with the definition (2.2) of the stress operator T[] yields

{v.T[U)} - V- {V-T[V]} - U=V.{T[U)V} - T[V]U}.

Use of the Gauss theorem leads to the integral identity
/ {(V-T[U))-V = (V- T(V]) - U}dy = /m (V- (T(U]n) - U-(T[V]n)} da,,
a

that holds for A and g being dependent on the position. If, further, A and p are constant
then we can write

/(V-A"U—U-A"V)dg =f (V-(T[U]n)- U-(T[V]n)}da,,  (2.6)
1] a0

where Q is a bounded connected domain with C* boundary dQ, n is the outward unit
normal to 89. To obtain the desired integral representation for the displacement field
we have merely to identify the vector U with the viscoelastic displacement field satisfying
(2.5), while V is to be replaced by a fundamental solution to (2.5), say G, which constitutes
the analogue of the Green’s function g, defined by (1.5). Thus, the determination of the
integral representation is to be delayed until the explicit form of G has been discussed.

For any two points X, y € £, consider the Green’s displacement tensor G [140], with
values in Sym, defined as a solution to the differential equation

A°G(y,x) + p’Gly,x) = =6y —x) 1, (2.7
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where y is the current position and x is fixed. Really, since A® operates on vectors, we

should write (2.7) more properly as
A°Ge + pw'Ge = —é(y — x) e,
for any constant vector e. Letting e be the j-th unit vector we obtain the component form

uAGi;(y,%) + (A + 1)y, 0y, Gn; (¥, %) + p?Gij (v, %) = —6(y — x) &y;

whereby G;;(y,x) represents the i-th component of the (complex) displacement field which
arises at the point y of an infinite homogeneous isotropic body when it is acted upon by a
unit “force” concentrated at the point x and parallel to the j-th direction.

The solution to (2.7) in the unbounded space £ is well known when u and X are
real-valued. It is expressed as a linear combination of the free-space Green’s functions
for longitudinal and transverse waves and of their derivatives. We observe that formally
replacing the real parameters pq, Ao of the elastic case with p, A provides the corresponding
results for the viscoelastic case. Yet, on ascertaining that this is really so, we deduce useful
relations for later developments.

By analogy with (1.4) and (1.5) we say that the free-space Green’s functions g.(r),
gr(r) are defined as solutions to the Helmholtz equation with point-like sources,

(A +5)ge = —4mbé(y —x), (A +Kr)gr = —47é(y — x), (2.8)
namely
exp(ik.r exp(iksr
g = ZHET) g oplh), (29)
r T
where k? = k;, k2 = k; and 7 = |y — x|. We observe that, k, and s, are complex

quantities, parameterized by the frequency w and the material parameters of the medium,
while the constant entering (1.4) is real. Roughly, k, and k; are square roots of x; and
&r and then are defined to within a factor —1. To resolve this ambiguity we have to
consider the physical meaning of g, and gr. To fix ideas, let us consider g,. Since the time
dependence is through the factor exp (—iwt), whatever the choice of the sign for k;, the
Green’s function g, describes a scalar spherical wave centred at x of the form

. ik — wt i 5
o (i) M — exp (<Imk, r) SR [iRe ks r —wt)]

T
since the corresponding wave equation reduces to the Helmholtz equation for g,. Clearly,
the wave is outgoing if Rek, > 0 and is incoming otherwise. In scattering problems
we are concerned with the representation of outgoing waves and henceforth we assume

Rek, =Re,/k; > 0. The real and imaginary parts of k.,

2
pw
E (21 + AY),

) r P oMM
]g {2(_{10 + -u.c) + Ao + Ac]: |2p Ty

et
|20 + A
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are both positive (cf. (3.2.8) and (3.2.9)). Accordingly Im k, > 0 and this means that the
amplitude decays as 7 grows, namely as the wave propagates. Conversely, if we make the
choice Rek, < 0 then also Imk; < 0 and the amplitude of the related wave decreases as the
wave comes from infinity, and propagates toward the origin. The same conclusion holds
for the potential g;. Similar remarks also hold for the displacement field associated with a
scalar potential proportional to g.

We are now in a position to show that the tensor function

1
G(y,x) = miki 9r1 -V @ V(g - gr)), (2.10)

with components
1
Gi; = m[ki gr 6ij — 0,,0y,(9: — 97))

is a solution to equation (2.7). To this end we observe that, upon substitution of (2.10),
the left-hand side of (2.7) may be written as

1

A°G + pu*G = P

{uk? Agr 1 - pV ® V(Ag, — Agr)

+(p+NEIV® Vgr — (1 + A)V @ V(Ag, — Agr)
4 p?k21gr — V@ V(g — 90)]}-

In view of (2.8) we find that
> 1
A°G + pw’G = W{Ekg(’”s — pk3) gz — dmpky 6(y — x)]1
+ V@ V[((A+ 2p)k] — pw?) g — (uk3 = p?) 911},
which shows that the two conditions

k? pwi 2 Pwlz
T

== REIR

are necessary and sufficient for G to be a solution to (2.7). The final conclusion is that the
Green’s tensor for the elastic (complex) displacement vector is given by (2.10), with g; and
gr defined in (2.9). Incidentally, as is evident from the definition, G maps the vectors y —x
into the set of symmetric tensors.

On the basis of Betti’s formula (2.6) and the properties of Green’s tensor G we can
obtain the integral representation for the displacement field U. Actually, substitution of G
for V into (2.6) yields, in component form,

/ {Q‘j A°U; - U; Qogﬁi} dy = ./an {9.‘,‘ (T[U])in nn — Ui (T[G])in; “h} da,
0
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where

(T[G))in; = A8y Grj bin + 18y, Ghj + 8y, Gij),

whence it follows that T[G] is symmetric in the first two indices. On assuming that U is a
solution of (2.5) and inserting (2.7) into the above identity we obtain

/ { = Gijpfi + Uib(y — x)b;; }dy = /en {Gi; (T[U))in na — Usi (T(G))inj ma }day.

]

Using the symmetry of G we can express this result in vector form as

/ U(y) (y—x)dy = j pGEdy+ / {gt-A(Un)v-G-2p [ym(Uen)VIG} day, (2.11)
v} Q an

where t is the surface traction that corresponds to the stress associated with the displace-
ment U, namely
t = T[U]n, (2.12)

and use has been made of the relation
Ui (T[G))inj nh = AUnnndy, Grj + pUinn(8y,Ghj + 8y, Gij)
or
UT[GIn = A(U-n)V -G+ 2u[sym(U ® n)V]G (2.13)
where
[sym(U @ n)V]x = sym(U ® n)y;dy,,
{lsym(U @ n)V)G}, = [sym(U © n)V}iGi;.

By analogy with the standard notation for the scalar theory, we identify £ with the
region D*(R) bounded internally by a closed surface § and externally by the spherical
surface Sg, of radius R, centred at the origin. We observe that, as R — oo, D*(R) — D*.
For the time being, the behaviour of t and U at infinity is taken to satisfy

Jim [ {Gt-NU )V G- 2lsymUe n)V]G}da, =0, (2.14)
—+co /5

which is the analogue of the radiation condition (1.2) for the scalar theory. Sufficient
conditions for the validity of (2.14) are examined in the next section. Taking the limit of
(2.11) as R — co we find that

/{z\{U.n)V-g+2p[sym[U®n)V]G—Gt}day+/ pGidy = { UG, xeD*
s D+ 0, x e D-

(2.15)
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n being the outward normal to §. It is understood that the values of U and t at S are
evaluated by taking the exterior limits. Alternative representations of U by means of an
integral over § are possible [99], but will not be examined here.

By means of (2.11) and identifying 2 with the domain interior to the surface § we
obtain

/s{gt ~ (U n)V -6 - 2ulsym(U © n)V]G} da,+/ﬂ_ pGEdy = { [‘:{"}' ii g:_

2.16

We have thus shown that the displacement field is completely determined by the \(ra.lne:
assumed by the traction and the displacement at the surface S, and by the force density f.
Of course, the representations (2.15) and (2.16) also hold for solutions to the homogeneous
equation (2.3), provided that we set f = 0. In that case the solution has continuous partial
derivatives of any order at points not belonging to .

It is worth observing that the exponentials in the definitions (2.9) of g, and g, could be
chosen with a minus sign, namely g, = exp(—ik,7)/r. Under these conditions the previous
considerations can be repeated, mutatis mutandis, for incoming waves.

7.3 Radiation condition

In this section we investigate sufficient conditions for the validity of (2.14). In this regard
we Testrict attention to a particular class of displacement fields as far as the behaviour at
infinity is concerned. On the one hand the conditions to be imposed should be as weak
as possible, that is, mild enough to be compatible with the existence of a measurable flux
of outgoing radiation at infinity. On the other, they should be so chosen as to guarantee
existence and uniqueness of the solution to the resulting boundary value problem. Starting
from the standard radiation condition for the elastic displacement field we develop an
analysis that provides useful relations for the asymptotic behaviour of displacement and
traction. This analysis applies formally to both elasticity and viscoelasticity.

As in the previous sections, we consider a displacement field U in the region exterior
to a connected domain D~ with boundary §. To state the radiation condition we need a
well known representation theorem which shows that any regular elastic displacement field
belonging to a monochromatic wave may be represented as the sum of an irrotational and
a solenoidal vector, both of them obeying the Helmholtz equation and corresponding to a
longitudinal and a transverse wave, respectively [111]. The radiation condition for elastic
bodies will then be expressed in terms of these fields. For future reference the theorem is
extended to viscoelasticity.

Any displacement field U may be expressed as

U=U,+U; (3.1)
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where the irrotational and solenoidal fields U, and U, satisfy

{AU,,+x,,U,_=U, VxU, =0 3.2)
AU, +k:U; =0, V-U:=0.

A constructive proof of this result is obtained by defining

1
U,=— (A+x)U, Ur= (A + K,)U.

Kr — K K — Kt

It is immediately seen by direct evaluation that (3.1) holds identically. To show that
V.-U; = 0 and VxU, = 0 it suffices to recall that U is a solution of (2.3), that is
A°U + pw?U = 0. Application of the divergence operator to (2.3) yields
0=V -(A°U+pw?U)= V. [pAU + (A + ) V(V - U) + pw?U]
=(A+2u)A(V-U)+ p?(V-U) = (A+2u)V - [(A + k. )U]
= (A+2p)(ke — k2 )(V - Uyg)

and hence Uy is a solenoidal field. Similarly application of the curl operator to (2.3) gives

0=Vx(A°U 4 pu?U) = uVx[(A + k,)U]
= p(kr — K )V U,

whence the irrotationality of U;. Also the Helmholtz equations (3.2) follow as a conse-
quence of (2.3). By applying the operator A + &, to (2.3) and using the definition of U,
we obtain
0= (A + 5, )(A°U + pu’U)

= (A + k) [HAU+ (A + p) V(V-U) + p? U]

= A+ K )A+ KU+ (A+p)V[V-(A+k,)U)

= WA+ KL)(A + 52)U + (A4 ) (k0 — K2)V( - Uy).
We already know that V - U,; = 0. Moreover, by definition,

(A+k)U = (kr — &, )U,, (A+k)U = (k; — ke )Ur.

Then u(A + . )(A + £7)U = 0 yields

Hlkr =K )(A+5,)U, = 0= p(k — 62 )(A + 57 ) Uy,

which completes the proof of (3.2). An alternative, non-constructive proof follows from
the representation (3.1.11) provided that U, and U, are identified with VM and VxW,
respectively.
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The following procedure is somewhat customary for elastic bodies in that it parallels
that for the scalar theory of scattering (cf. [110]). By straightforward changes the procedure
applies also to viscoelasticity. The detailed analysis provides useful relations about the
asymptotic behaviour of displacement and traction. Further, it shows how the radiation
condition is in a sense unrestrictive in the context of viscoelasticity.

Consider an exterior domain D* and let the vector U be decomposed into an irro-
tational and a solenoidal part, viz U = U, + U;. If U describes the displacement of an
elastic body then the radiation condition is expressed by the asymptotic behaviour of U,
and Uy as

T _ ik, U, () = ok, (3.3a)
T2 ik, U (x) = o(B7), (3.3b)

where R = |x|, uniformly for all directions. Of course, in elasticity k, and k; are real.
Really, in [111] it is also assumed that

RhPmU‘{x) =0, }_‘!l_l:nmUr(x) =0,

but these conditions seem redundant in that they follow from (3.3). Actually, each compo-
nent of U, and U; is a solution of the scalar Helmholtz equation in the exterior domain
D+, as follows from projection of equations (3.2) on the coordinate axes, and satisfies a
radiation condition of the form (1.2), which is obtained by projection of (3.3). Accordingly
the results pertaining to the scalar theory apply to each component of U, and Uy. Our
interest is in the integral representation (1.11) and the asymptotic behaviour (1.16); when
expressed in compact notation they read

= ir on dn

Us(x) = O(R™),  Us(x)= 5= /5 (U2 22D _ () T2} g, (3.00)

U =0, Uuw= 3 [ {0.0) 2 () T Y day, (3.3)

Hence U, and U, vanish as B — o0o.

Henceforth the dependences on y and r are not indicated, it being understood that
the integrands in (3.4) are evaluated at §; the dependence on x is through the argument
r of g, and gr. As shown by (3.4) the radiation condition gives us information on the
representations and the asymptotic properties of the irrotational and solenoidal parts of
U. We also analyse the asymptotic behaviour of the gradients of U, and U;. Combining
these results we find the expression of the traction t over the sphere at infinity and this
allows us to understand better the limit (2.14).

For definiteness we investigate the irrotational field U, only; the pertinent results can
be extended to Uy and then to U. It is apparent from the representation (3.4a) that U,
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depends on x through the Green’s function g, and its normal derivative g, /0n =n-Vygr.
Since g, = gi(r) = g:(ly—x|) a suffix y or x is appended in the evaluation of the derivatives
to indicate which of the two variables is being operated on. QObviously, the dependence on
r implies that V, g.(r) = =V g.(7).

The analysis of the asymptotic properties has many points in common with that
performed for the scalar theory in §7.1. A trivial difference is that here we have |x| = B —
00, instead of |y| = R — oco. Accordingly, when no ambiguity arises, V stands for V. For
example,

VR =x/|x| =:%.
By the asymptotic expansions (1.12) we see that 1/r™ equals 1/R™ plus higher order terms
in 1/R. Equation (1.13) is then changed to
y;"? = %+ O(R™).
By (1.14), the leading term at infinity in the expression of g, is exp (ik,7)/R. As regards
the derivatives of g, , comparison of (1.7) and (1.8) and account of the previous observations
show that

Ve gr = ik L %kzr)i + O(R_z)!

Ve®Vyg, = ki%:‘c @+ O(R™?).

We now come to the asymptotic analysis of U, and its derivatives. Substitution of
Vxg, into the representation (3.4a) of U, yields

au,

U.(x) = n

{ikL [%-n]U, +

1 . )
b }exp (ik,r) day + O(R™).  (35)

Similarly, substitution of Vg, and V, ® Vg, into (3.4a) gives

1 au
3,*U,,(x) = ;'I‘; L {U; nj 3“3“3; = 3:,95 —a;;} dﬂuy.
Then we can write the asymptotic expression

1
V® U, (x)= m[s{kf()‘c-n)i@U,,—ik,,i®a;J

nL } exp (ik.r)da, + O(R™?).

Accordingly, comparison with the asymptotic form of U, and some rearrangement yield
VeU, =ik, x® U, +0(R™?). (3.6)
On observing that U, /dR = (% - Vx)U, we also find from (3.6)

aU,(x)

3R ik, Up(x) = O(R_z) . (3.7)
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On the basis of the representation (3.6) for the gradient of U, it follows that the condition
VxU; =0 leads to

xxU, = O(R™?), (3.8)

thus showing that the component of U,, normal to the radial di rection, falls off at infinity
as O(R™?) although U, is O(R™"). Moreover, by (3.6), a direct calculation yields

V.U, —ik,(%-U,) = O(R™?). (3.9)

We now establish the analogous results for U;. On paralleling the abave procedure
we find that

VOU; =ik: x® Ur + O(R™?), (3.10)
dU(x ; o
——%—IkTU,(x)=O(ﬂ TP (3.11)

Then the condition V- U, = 0 and the representation (3.10) imply that
x-Ur =0(R™?) (3.12)

showing that at large distances the radial component of U; decreases as O(R~?) while
Uy is O(R™!). In essence this means that Uy is asymptotically tangent to the spherical
surfaces centred at the origin. Finally, evaluation of the curl of U; and comparison with
(3.10) gives

VxU; — ik (xxUz) = O(R™?), (3.13)

A more detailed discussion of the asymptotic relations between U,, U, and U can
be given as follows. Recall the vector identity

A= (%-A)X+ (kxA)xx,
for any vector A and unit vector X. The choice A = U, and use of (3.8) lead to
U, = (U, %)%+ O(R™Y), (3.14)

showing that U, is asymptotically radial. Similarly, on setting A = U, and comparing
with (3.12) we find
U; = (xUz)xx + O(R7?), (3.15)

which means that, at large distances from the origin, U is orthogonal to the radial direc-
tion. Finally, substitution of U for A in the left-hand side and of U, + Uy in the right
side leads to

U= (% -U,)k+ (XxUz)xx + O(R?). (3.16)

This shows that the irrotational and solenoidal fields U, and U, determine the leading
contributions to the radial and transverse components of U, respectively.
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In order to evaluate the asymptotic expression of the traction we now consider the
surface Sg of the sphere at infinity. In the present notation the outward normal is simply

the radial vector x and then we have
= T[U])-( = T[UL]i + TIUT])‘( =:t; + ts,

with obvious meanings of the symbols. By using well-known identities we can write the
stress operator T[U], defined in (2.2), as

T[U] = (V- U1 4+ 2uVU 4+ uV = U,
whence it follows the general form of the traction as
t=AV -U)x+2udUJ/IR+ pxx(VxU).
By specializing to t, and recalling that Vx U, = 0 we find
t, = A(V-U,)%+2u0U,/dR.
Then we observe that, in view of (3.9) and (3.14),
(V-Up)x =ik (- U )k +O(R™?) = ik, U, + O(R7?).
Substitution into the expression of t, and account of (3.7) leads to
to =ik (A +20)U, + O(R7?).
Similarly, becanse V - Uy = 0, we find
tr =2u0U fOR+ pixx(VxUsz).
In view of (3.12) and (3.13) we have
Xx(VxUr) = tky xx(xxUy) + O(R™?) = —ik, U, + O(R™Y).
Therefore, use of (3.11) leads to
ty = ikyuUyr + O(R7?).
Since t = t, + t;, we obtain the asymptotic expression
t =ik, (A +2p)U, +ik.pUr + O(R™2). (3.17)

The results (3.16) and (3.17) hold for elastic displacements obeying the radiation condition.
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To complete the scheme we have to determine the asymptotic behaviour of G and
V. To this end it is convenient to consider representations that bring into evidence the
dependence on r = |y — x|, r being the variable that eventually is taken to go to infinity.
For later reference we let k, and k; be complex-valued. We start from the definition (2.10)
of G, namely

Gy, x) = zlkrgrl—V@’V( - gr))-

In view of the asymptotic behaviour { 1.8) for V ® Vg, we have
1
6 x) = oo {orki[1-v@v+0(r™") + gk [v@w+0(r)]}. (3.18)
Consider again the definition of G and evaluate VG, V ® V& to obtain

VG(y,x) = g[szS'T@l—V@V@v( - g7)],

Ve Ve(y,x) = [k2V®V97®1-V®V®V®V( —g7)).

Comparison with (1.9) and (IAQ ) yields, asymptotically,

O_ PV {aJ:::'g'i-[l-r@l-{—('.'J[‘.l"l)]+1t[k:;_gL - g vervev+o(r )}  (319)

1
VOVG= s (ke @v @14+ 0( )] + (krgr — kig: ) @V OV Q¥+ O(r )]}
(3.20)

Now that the asymptotic behaviour of U, t,G and V® G is known, we address attention
to the proof of the condition

R_.W] {Gt— AU -n)V -G — 2u[sym(U ® n)V)G}da, =0 (3.21)

in the elastic case; here Sg has the usual meaning while n is the outward unit normal.

To prove the validity of (3.21) we show that the integrand is O( R™3); since the surface
element da, is proportional to R?, it follows that if the integrand is O(R™?) then the
integral over Sg tends to zero as R — co. Now we let y belong to the spherical surface
which is allowed to go to infinity, while x is kept fixed. Therefore we have |y| = R at Sg
and the correspondent of the unit vector X is the radial normal n = y/R. For example,
equation (3.14) changes to

U, - (U, n)n=0(R™?),

while (3.12) now reads Uy -n = O(R~2). Further we have U, = O(R™!) and U; = O(R™!)
whence U =U, + U; = O(R_‘) and t = O(R™!), the last relation being a consequence
of (3.17).
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The asymptotic expressions (3.18) and (3.19) of G and VG, are given in terms of the
variable 7 = |y — x|; a more convenient form should involve R = |y|. In this regard
we observe that the relations (1.12) to (1.14) apply and, in particular, » = n + O(R™1).

Therefore we have
6= = {exp (k) K2 [1 ~n@n + O(R™)] + exp (iky 1)kt [n® n + O(R7]},
(3.22)
{zk:’ exp (ikrr) [n® 1+ O(R™ 1}]
+ l[ki exp (T:k;'f‘) ™ k-r exp (fk—r?'}] [;n @n@n+ O(R-l)] }‘

VG= 2;;:

(3.23)

that hold also for complex k, and kr. Back to elastic bodies, (3.17) and the canonical
splitting of U allow us to find that

Gt = [ipk3 exp (ikz)Uz + i(A + 2u)k3 exp (ik,7)(U, - n)n] + O(R™3),

drpw? R
iA
pwiR "

:Jc?. exp (ik7)[(U, -n)n + U, + Uy]

MU -n)V -G = ———k? exp (ik,7)(U, - n)n + O(R™?),

2usym(U © n) V]G = — R{
+ 2i[k? exp (ik,7) — k3 exp (ikz7))(U, - n)n} + O(R™3)

m{tka exp (ikrr)[U, — (U, - n)n]

+ik3 exp (ikrr)Ur + 2ik} exp (ik;7)(U - n)n} + O(R™2).

Combining these three expressions we obtain the desired result
Gt — MU -n)V .G - 2u[sym(U ® n)V)G = O(R™?)
whence (3.21) follows.

Also to establish a connection with other formulations, it is worth considering an
alternative approach that yields sufficient conditions for the vanishing of the flux over the
sphere at infinity. Substitute the asymptotic expressions (3.22) and (3.23) for G and VG
into the integrand in (3.21), where U and t are regarded as given, but without specifying
their asymptotic dependence on R. Explicit calculations show that

Gt~ {k% exp (ikz7)[t — (t - n)n] + k? exp (ik,7)(t - n)n}

1
drpwt R
1.3

ik
V.G~ m exp(ik,7)n,
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1 ; .
[sym(U ® n)V]G ~ ey {ik} exp (ikz7)[(U - n)n + UJ

+ i[k3 exp (ik,7) — k3 exp (ik77)]2(U - n)n};
here the symbol ~ means equality to within terms in t, U times O(R™?). It follows that

Gt— AU n)V G- 2usym(U @ n)V]|G ~
1
TR (k7 exp(iker) [t — ipkr U - n - (¢ — ipk, U) ]

+ Kk} exp(ik,r)m - [t —i(A +2u)k, U] n}. (3.24)

If the right side of (3.24) is o( R~%), that is the expression in braces is o( R~1), then the
integral over Sg is to be disregarded. A sufficient condition for the vanishing of the limit
(3.21) is given by

t —ipk,U—n-(t —ipk,U)n = o(R7Y), (3.25)

n- [t —i(A+2u)k, U)]n=o(R), (3.26)

along with t, U = O(R™!). By analogy with [98] it follows that the boundedness of Rt and
RU is a consequence of (3.25) and (3.26). Then, apart from the change in sign ik; — —iky
and ik, — —ik., which is due to the choice exp(—iwt) in the time-harmonic dependence,
addition of (3.25) and (3.26) yields the radiation condition employed by Jones [98]. How-
ever, it is worth remarking that the two vectors (3.25) and (3.26) are perpendicular and
parallel to the normal n, respectively, that is, they are perpendicular to each other. Thus
the simultaneous validity of (3.25) and (3.26) is equivalent to the statement that the limit
of their sum vanishes. But when we take the sum the contributions (t - n)n cancel and we
obtain Jones’ results.

Look specifically at the viscoelastic scattering. The conditions (3.25) and (3.26) are
too restrictive. For, in terms of spherical coordinates R,#, ¢, the leading contribution to
the integrand of the integral over the sphere at infinity is given by the right side of (3.24)
times R2df d¢. Its asymptotic behaviour is governed by the factors

Rexp (ik, 1), Rexp (tkrT).

Now, the thermodynamic restrictions (3.2.8), (3.2.9) and the fact that the scattered wave
is outgoing imply that Im k,, Im kr > 0 and then

exp (—Imk,7)

—0 as R — oo,
1/R

Rexp (ik,r) = exp (¢ Rek,T)
and the same for exp(ik;7). Along with the fact that exponentials can be factorized also in
the higher-order terms, this proves that, if the surrounding body is viscoelastic, the limit
(3.21) holds provided only that U and t are bounded, not necessarily infinitesimal.
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Henceforth it is understood that the radiation condition is given by (3.3), or (3.25)
and (3.26), if the solid is elastic, and by the boundedness at infinity of U and t if the solid

is viscoelastic.

7.4 The scattered field

Upon understanding that the time dependence is exp(—iwt), we consider an incident field
Uf(x) impinging on the obstacle which is bounded by the closed surface 5. We denote by
U the scattered field and by '
Ut=U'+U

the total (scattered plus incident) exterior field. Properties of U are now determined
through the integral representation for the exterior field.

As usual, the incident field U* is regarded as a solution to the balance equation (2.1)
for viscoelastic displacements generated by sources at infinity. The field U® is also taken
to satisfy the relation

/ {Gt' = MU' n)V -G — 2u[sym(U* ® n)V]G } day = 0,
s

at 5. This condition follows from the assumption that the incident field exists for all times
as though the obstacle were not in place. This statement is not obvious and sometimes
(cf. [15]) is regarded as “in some sense unphysical”. Actually, we admit that U may be
extended to D~ by regarding D~ as filled by the same material as is D* and letting U’ be
continuous across S. Then the integral identity follows by applying (2.11) to the field U,
provided D~ coincides with 2, the point x belongs to D*, and the force density f is set
equal to zero. The last condition is simply a restatement of the fact that the sources of U’
are placed at infinity.

Consider again (2.11), but now identify Q with the domain D*(R) which is comprised
between the boundary § of the obstacle and the sphere at infinity Sg. Suppose x € D*(R)
and observe that in the absence of sources the field U' is given by

Ui(x) = jg {gt" - MU n)V -G — 2u[sym(U* @ n)V|G } da,,

the contribution of the integral over S being zero.

Suppose now that these geometric conditions are maintained, but consider the scat-
tered field U which obviously obeys (2.1) in D*. No sources for U are allowed to occur
in D* and hence the scattered field is assumed to meet the radiation condition. As shown
in the previous section, this requirement represents the most natural counterpart of the
fact that U is completely originated from S and behaves as an outgoing radiation field,
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From the mathematical viewpoint the radiation condition is needed to ensure uniqueness
of the scattered field. Under these assumptions we find an integral representation for the
scattered field U of the form (2.11), namely

U(x) = fs { MU -n)V -G+ 2u[sym(U®n) V]G -Gt } da,. (4.1)
Sometimes it is convenient to represent U in the equivalent form
U(x) = [s {MU* - n)V -G+ 2ufsym(U+ @ n) V]G —-Gt* } da,, (4.1")

where U has been replaced by U*. There are two ways of arriving at (4.1'). Either we can
subtract from (4.1) the vanishing integral involving U’ and then collect together U' + U
as U* as well as the corresponding tractions, or we can apply (2.11) to the total field to
find

U+ =U‘+U=/{J\(U+<n)V-G+ 2ufsym(U* ® n) V]G —~Gt* } da,
5

+/5 {Gt' - A\(U' - n)V -G - 2u[sym(U* ® n)V]G } day,

the contribution of U at infinity being zero because of the radiation condition; then (4.1°)
follows through comparison with the integral representation of U' in the exterior domain.

A typical situation when the representation (4.1') of U proves particularly useful occurs
when the scattering is due to the action of an empty inclusion. Then the traction t* of U+
at S vanishes and (4.1") simplifies to

Vi) = fs {A(U* - n)V -G + 2u[sym(U* ® n)V]G} day,

while, on the contrary, the value of the traction t of U at § is unknown and no natural
simplification occurs in (4.1). For definiteness, throughout this section we refer to the
representation (4.1).

In the previous section, the vector U has ultimately been expressed in terms of Uy,
Uy, and their derivatives at §. Although their values are still unspecified, we have been
able to develop an asymptotic analysis of U and to see that, in the integral representation
of U, the integral over the sphere at infinity vanishes. Accordingly we have proved (4.1).
As a further step we now determine the irrotational and solenoidal parts U,, U; of U in
terms of the values of U and t at S.

Substitution of the expression (2.10) of G into (4.1), some rearrangement and use of

(2.8) yield the canonical splitting

U=U,+U;
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where

Uu(x) = - /{ A(U-n)k?Vg, +2u (UdN)-(VOVEVg,)-(VOVg. )t day, (4.2)
Tpw?

U,(x) = )-(k2 Vg @1+ V@V®@Vgr)—(kig-1+V®Vgr)t}day,

(43)

n denoting the outward normal to § and the operator V standing for Vy.

That U, and U, represent the irrotational and solenoidal parts of U is easily ascer-
tained. The position x belongs to the open domain D* exterior to S. Then, as follows
from (2.8), g, and gr satisfy the scalar Helmholtz equation and this implies that

AU, + KU, =0, AUz + kXU, = 0.
The observation that Vy g, = =V, g, allows U, to be written as
Up(x) = —— Vx / - AMU- n)kLgL+2p(U®n)-(V@Vg;)—Vg;_ -t}day.

This shows that U, is a gradient and hence its curl vanishes identically, as required by
(3.2). It remains to prove that V - Uy = 0. To this end it is convenient to use the indicial
notation (in Cartesian coordinates). Also, formally a change in sign occurs by replacing
Vx with V. Then by (4.3) we find that

V.U = _mwz ] {1 (Uins + naU;)(k2 00307 + 8:9;507) — (K 8397 + 0;A9: )1, )day,

where 9; stands for 9/dy; and A = 0;0;. Because Agy = —k2g, in D+, we have the
desired result V- U, = 0.

We now come to the determination of the asymptotic form of U, and U, and hence
of U. Observe that r = |y — x|, R = |x| and v = (y — x)/r satisfy

VR=x/R=% wv=-%+0(R™M),

r=R-%-y+0(R™Y), 1/r=1/R+O(R™).
Substitution into (1.5) and (1.7)-(1.9°) yields

ik ik :
g = 220D _ SRUNB) o ik, 5 y)[1 + O],
Vg, =-g. [ékzi‘f O(R_l)]a
V®Vg =-g.[kix@%+O(RT)],
VeVEVy =g [iklx@x@%+O(R™)],

VOVeVE Vg, =g.[kx@x@x@%x+O(R™")
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By (2.9) similar relations hold for g;.
Substitution into the expression (4.2) of U, yields the representation

Ug(x)=—

i {[ikA (U - n)% + 20k, (U - %)(m - %)% + (t - K)% + O(R™)]g, }da,.

In view of the asymptotic form of g, we conclude that

(k. R =
Uy(x) = 22 ) [0? + o(r) (4.4)
where
U(x) = A ik, [MU-n) 424 (U-x)(n %) ]+t %} exp(—ik, X-y)da,, (4.5)

which shows, in particular, that U? is parallel to . As regards U, substitution into (4.3)
of the asymptotic expressions leads to

Uy = 4“_9‘“2 / {31:,;1 [(Us)n+(n-%)U-2(U-x)(n-x) X] + [t—(t-%)% |+O(R™')} g1 da,.
On setting
B(x) = - : ikrp[(U-%)n+ (n-%)U] + t} exp(—ik; X - y) da,
and
Ul(x) = xx(Bxx) (4.6)
we conclude that B
U, = EP(—;Z’—) [U% +0(R™)). (4.7)

Summation of (4.4) and (4.7) provides the asymptotic behaviour of the displacement
U in the form

exp(ik, R)

7 Uz +O0(R71)] + P2 ) 1ue + o(z1), (4.8)

U= R

thus showing that U9 and UY represent the radial and transverse parts, respectively; in
other words, very far from the obstacle the displacement may be regarded as the super-
position of a radial term, generated by a spherical longitudinal wave, and a tangent term
(perpendicular to the radius), generated by a spherical transverse wave [148]. This cor-
roborates the results of the previous section (cf. (3.16)). The fields U9 and UY define the
longitudinal and transverse constituents of the far-field pattern of U; essentially, they are
given by integrals over the scattering surface S5, where the integrands depend on the values
of t and U at S, the material parameters and the geometry of S. In the elastic case U}



206 Inhomogeneous Waves in Solids and Fluids

and UY reduce to the longitudinal and transverse normalized scattering amplitudes of [55,
56].

In the remaining part of this section we show that, by analogy with the scalar theory,
to each far-field pattern there corresponds a unique displacement field satisfying the radi-
ation condition. A preliminary step is the proof that both U, and Uy obey the radiation
condition in the form (3.3). To this end we need the asymptotic limits of the derivatives
of U, and U,. Once they are known, we can also determine the asymptotic form of the
stress tensor, which is useful in the proof of uniqueness results.

To evaluate the gradient of U, we apply Vy to both sides of (4.2). The right-hand
side depends on x through g.(r) and hence we can make use of the identity V, = —V,.
This allows the validity of the asymptotic representations for the derivatives and leads to

1 , o . - —
Ve®@U,(x) = W-/;{Ak:(U-n)+2pk: (U-%x)(n-%)—ikd(t-%)+O(R l]}g,_ da, X@x.

Comparison with (4.5) shows that

exp (k. R) ;., .
Ve®@U, = —"% [k, x®@ U} + O(R™Y)] . (4.9)
Through the same procedure, (4.3) yields
exp (thr R
V@ Uy = 220k B) 1y s 0 Ul +o(r)]. (4.10)

Incidentally, U, and Uy satisfy the radiation condition. For, since 3/0R = % -V, we
conclude from (4.9) that
ou, . exp (k. R) . . ]
ﬁ- = lkLU;, = —RL— [tk;UE — lk;,Ug + O(R 1]],
uniformly for all directions, and hence the radiation condition (3.3a) is valid for U,. Similar
considerations hold for U,.
As an aside we find also the asymptotic form of the stress tensor. The general expres-
sion for the stress is given by (2.2). Because U? is perpendicular to %, it follows from (4.9)

and (4.10) that

exp(ik; R)
R

Substitution into the expression of T and comparison with (4.9) and (4.10) yields

V-U= [k, % - U? + O(R™Y)].

i =ik;f"—"(;@ [AGk-U%)1+2u%@ UL + O(R™Y)]

exp (ikr R

) (4.11)
- [x@UL + Ul @x+O(R™)].

+ tkpp
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As an ancillary result we derive a series representation of U,. In a Cartesian coordinate
system each component U,; of U, obeys the scalar Helmholtz equation

AU+ k2 U,; =0

and the radiation condition. We know (cf. §7.1 and [52]) that U,; may be represented
through the expansion

ULj{x) = exp(;:k R] E fn[}f‘:é] .
=0

Then a similar representation theorem for U, holds, viz

U = exp( zk L R) Z U“ [ ¢1]. (4.12)

Here R, 6, ¢ denote the spherical coordinates of the point x; the expansion is valid for all
R > Ry, where Ry is such that § is completely enclosed in the sphere with centre at the
origin and radius Rg. The series and their derivatives converge absolutely and uniformly
with respect to the variables R, #, ¢. As our notation might have suggested, comparison
with (4.4) shows that U? coincides with the longitudinal constituent of the far field.

We now show that U, is completely determined by the corresponding far field U?,
in the sense that the coefficients U} are ultimately determined by UY via a recurrence
algorithm. To this end we observe that the expansion (4.12) has to satisfy the vector
Helmholtz equation. Then apply the Laplacian operator (in spherical coordinates)

1 4 2 3}') 1 ( 6}') 1 df
ANE8:4)= g pR (R 9R) " R¥sin8 38 36) " Rrsin0 067
to each component U ; of U, and substitute into the Helmholtz equation. The requirement
that the coefficients of the powers of 1/R in the resulting series vanish gives the recurrence
formula
n 2Uﬂ
g GBU ) 1 9*U7

1 @
Eﬁﬁﬁ( a8 4 sin®@ 8¢* V)

2(n +1)ik, UM = n(n + 1)UL +

As a consequence of (4.12) and (4.13) the condition U} = 0 implies that U} = 0

for every value of n. Thus U, is completely determined by its asymptotic values. The

same result can be extended to the solenoidal field U;. We have thus established a one-to-

one correspondence between viscoelastic displacement fields in exterior domains and their

far-field pattern. Actually, the asymptotic expression of U shows that the asymptotic

expressions of U, and Uy, namely Uf.'_ and Ug, are the radial and transverse components.
Then recurrence formulae yield U, and U, whence U follows.
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7.5 Uniqueness theorems

This section is devoted to the uniqueness of the solution to direct scattering problems
for penetrable and impenetrable obstacles. Both the obstacle and the surrounding medium
are regarded as viscoelastic solids. In general a scattered wave and the associated trans-
mitted wave originate at the boundary of the obstacle, where suitable continuity conditions
are assumed to hold. The total exterior field in D* is the superposition of the incident and
the scattered wave. The scattered wave is taken to satisfy the radiation condition. The
consistency of the mathematical model demands that the exterior and interior displacement
fields be unique; of course the interior field is non-trivial if the obstacle is penetrable.

There are essentially three types of boundary conditions that are supposed to hold
at the surface § of the obstacle, and give rise to rather different mathematical problems.
When an interior transmitted wave occurs inside the obstacle it is usual to impose that
the two media are in welded contact at 5, and this means that the displacement and the
traction are continuous at S. We refer to this case as the transmission problem for a
penetrable obstacle. The other two possibilities correspond to what is usually known as
an impenetrable obstacle. In one case the scatterer is modelled as perfect rigid body and
this means that the total exterior displacement field vanishes at S while no condition is
imposed on the traction. In the other case no force is taken to occur at S and the surface
deforms until the total exterior surface traction vanishes. This corresponds, for example,
to scattering by an empty inclusion inside a given body.

We first consider a penetrable obstacle. The linearity of the pertinent equations reduces
the proof of uniqueness to the proof that the difference of two possible solutions vanishes
everywhere. Of course the difference of two solutions corresponds to a vanishing incident
wave and obeys the radiation condition.

We recall that D~ is the domain occupied by the obstacle, D* is the exterior domain,
n is the outward normal to the boundary S, Sg is a sphere of radius R centred at the
origin; Ko is such that D~ C Sg,, D*(R) is the region between § and Sg, so that D* is
the limit of D*(R) as R — co. To avoid ambiguities a superscript — is added to quantities
pertaining to the domain D~, while a + or no superscript refers to D*. We assume that

X =2(x),

pT=pm(x), pT=p7(x), in D7
M= At (x), p*=

Hx), pt=pt(x), in D*N Sg;
At u*, p* constant for |x| = R > Ry;

the material parameters are taken to be discontinuous at § but continuous along with their
derivatives both inside and outside S, and asymptotically constant. The total interior and
exterior displacement fields are denoted by U~ and U*, respectively. It is supposed that

U+ =U’+ U,
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where U, U* denote the incident and scattered fields. The incident field obeys the lin-
earized equations of motion

p*w?U' +V-T*U|=0  in D*,

the stress T*[U'] being defined by (2.2).

The transmission problem consists in finding U* € C*(D*)n C}(D¥) and U- €
C*(D-) N CY(D~) such that

prw'U* 4+ V-T*U’) =0, in D*,
p WU~ 4+V.T-[U"]=0, inD".
The conditions of welded contact are
(U-)_= (U+)+, (T-[U"]n)_= {T*[U*]n)+ at S,

the symbol ( ). denoting the limit values in D#. The dependence on the datum U" is made
evident by writing the boundary conditions in the alternative form

(U7)_-(U*),=(U),, (T7[U"]n)_-(T*[U%n), = (T*[U'n),.
Of course the field U?® is required to satisfy the radiation condition.

To establish the uniqueness of the solution to the transmission problem we consider
two solutions Uy, U{, and Uj, Uj corresponding to the same incident field U*. Set

U=U;-U;, inD-,
U=U;-Uj=0U3;-1Ufg, in D*.
Obviously U satisfies the radiation condition and, in D* and D~ obeys the field equations
prwtU 4+ V- -T*U] =0 (5.1)
for viscoelastic bodies. Moreover U meets the boundary conditions
(U)_=(u),, (T°[Un)_=(T*[Un), atS. (5.2)

We have to prove that, as a consequence of (5.1) and (5.2), the field U vanishes identically.

To this end we need a few preliminary results concerning the behaviour of time-
harmonic waves in heterogeneous viscoelastic media. We omit momentarily the super-
scripts + and — and observe that, upon inner multiplication by the complex conjugate U*
of U and straightforward calculations, eq. (5.1) gives

V.(TU*)=T-E® - pu?|U]%,
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where T stands for T(U] and E = }(VU + VU?). Meanwhile, by comparison with (2.2),
we can write
T = A(trE)1 + 24 E. (5.3)

Accordingly we have
T-E" = AtrE[> + 20 E-E",

and the divergence of TU" may be written as
V. (TU") = AltrE[® + 24 E - E* — pw?|UJ%. (5-4)

Consider (5.4) in the exterior domain. Integration of both sides over D*(R) and use
of Gauss theorem yield

—'/-;(U'-t)*du+ ] U'-tda:/m {AtE]? + 24 E-E" — p?|U[*}dz  (5.5)
R (R)

where t = Tn and the minus sign in front of the integral over § occurs because n is the
outward normal to § and then inward normal with respect to D*(R). Now integrate (5.4)
in the domain D~ to find

/ (U*-t)_da= / {A"[trE? + 24" E-E® - p~w? U }dV.
5 D-
Summation of the last two integrals and account of the continuity assumptions (5.2) give
U" - tda = / {AtEP + 20E - E° - pw?|U|* }dz
Sr D*(R)
- ] {A- [trE|* + 20" E-E" — p'w2|U|2}dI. (5.6)

The next step is to show that the limit of the left side for R — oo vanishes. To prove
that it is so we recall that the displacement field U is a solution of (5.1) and consider a
spherical surface S R R> Rp, so that the material parameters are constant for |x| > R.
Accordingly we obtain for U(x), |x| > R, an integral representation of the form (4.1) with
integration performed over S;. Hence we may define a far-field pattern and (4.8) applies.
We thus obtain
exp(—ik; R)

R

exp(—ik; R)

U= = [(U2)* + o(RY)].

[(UY)* +O(R7Y)] +

It is worth remarking that, in view of (4.5) and (4.6), both (U?)* and U? are parallel to
%, while (U%)* and U2 are perpendicular to %. Accordingly we have

(U3)"-Uz = (U})"- U} =0.
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Moreover, since n coincides with % on Sg, we deduce from (4.11) that

exp(d. R)

t=Tk= ikl{)\+2p)Lp{:ﬁ!

(U + O(R™Y)] + ikep [U7 +O(R7Y)).

As a consequence we can write

- - - lexp(ik, R)|? o,
(v tda—/sﬁ{ﬂ'w.{)\wLQ W =g ——[IU} + O(R™)]

Lei[l{;il_“[]”z_l_o “1)]}1:1.:. (5.7)

+
Of course, |exp(ik, R)|* = exp(—~2Imk, R) and |exp (ikrR)|* = exp(—2Imk; R) and,
because of (3.2.8), (3.2.9) and the fact that the waves are outgoing, we have Imk, > 0 and
Im kr > 0. Since da is proportional to R?, we obtain

lim U®-tda=0.
R—ca Sk

Then the asymptotic limit of (5.6) yields

/ {A[rEP +2uE-E* - pu?|U|* }dz +j {A [trEF +2u” E-E* — pmw?[U* }dz = 0.
D+ e

(5.8)

As the last step we show that (5.8) yields the vanishing of E in the whole space.

Consider the first integral on D* and denote by E; and E the real and imaginary parts of

E. Letting a superposed ring stand for the trace-free part we represent the complex-valued

tensor E as . .
E = E, +iE; = E; +1trE; 1 +i( Ey +3trEp 1).

It follows that
[trE|* = (trE1)? + (trE3)?,

o

E.-E" = E, - E; +1(trE1)*+ E; - s +1(0E,y)?,
whence
ArE]? + 20 E-E* = (A + 2p) [(E1)? + (trE2)?] + 24 (E1 - Eq + E; - E).

As a consequence of the thermodynamic inequalities (2.4.7) we have

o o o o
ImA [trE|? +Im(2u) E-E* = Im(A + £4) [(trE, Y+ (trEy)?] +2Impu(E; - E; + B3 - Ey) <0
(5.9)
for any pair of tensor fields E,, E; not simultaneously vanishing. With the change u — u~,
A — A=, p— p~, the inequality (5.9) holds for D~ too. Now consider the imaginary part
of the integral relation (5.8). In view of (5.9) and the continuity of E in D=, D*, it follows
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that E = 0 in D* and D-. The stress T vanishes too, because of (5.3), and then (5.1)
shows that U = 0in D* and D~. This completes the proof of uniqueness.

As already remarked, quite often the scheme of impenetrable obstacles is adopted in
that the field in the interior of the obstacle is neglected. In such a case suitable conditions
are needed at the boundary S for the determination of the exterior field. Their explicit
formulation depends on the characteristic properties of the obstacle. Letting S; U S2 = §
and §; N 52 = @, we can write the most customary types of conditions as

o (D) the displacement is given at 5

o (T) the traction is given at S;

o (M) the displacement is given at S} and the traction is given at Ss.

Apart from the fact that now we are dealing with exterior problems only, the remaining
conditions coincide with those examined above in the study of penetrable obstacles. The
material parameters A, p, and p are constant outside the sphere Sg, and vary continuously
from point to point in the region between § and Sg,. An incident field U' comes from
infinity and is diffused at S; the total field U* = U* 4 U” satisfies the field equations (5.1)
in D* and one of the boundary conditions (D), (T), and (M) at 5. The scattered field U?,
satisfying the radiation condition, proves to be uniquely determined.

To fix ideas we prove that U* is unique in the case when (D) holds. Consider two
scattered fields corresponding to the same incident field U'. By linearity, the difference U
of the total external fields obeys the equations of motion (5.1) and the radiation condition,
since U’ cancels. At § we have U = 0 because (D) holds for both total fields. We remark
in passing that the two scattered fields coincide at § in that they are determined as the
difference between the assigned total field and the (common) incident one. By paralleling
the analysis developed for penetrable obstacles we may write an equation of the form (5.5).
The integral over S vanishes as a consequence of the boundary conditions; similarly, that
over Sr does not give any contribution because of dissipation and the radiation condition.
Thus, as B — oo we are left with

/ (AltrE|* + 2uE - E* — pw*|U|*)dz = 0
D+

and hence we reach the conclusion that U = 0.

The procedure can be modified very easily to deal with boundary conditions of the
form (T) or (M). It is also possible to find similar results concerning both penetrable and
impenetrable obstacles when either the external medium or the obstacle itself or both of
them are modelled as viscous or viscoelastic fluids [36]. Furthermore, the proof of unique-
ness developed in the analysis of the penetrable obstacle can be extended to multilayered
bodies. However, we are not pursuing these points here. Rather, we observe that this
part improves somewhat the analysis of [98] for viscoelastic solids and that an alternative
approach has been recently developed in [169].
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Although elasticity may be viewed as a particular case of viscoelasticity the absence
of dissipation requires some qualitative change in the proof of uniqueness. For definiteness,
we consider a penetrable obstacle under the standard assumptions except that now A and
4, and hence k; and k;, are real quantities.

We start from the observation that (5.6) holds also for elastic solids. The left side is
given by (5.7) where, however, | exp(ik, R)|> = |exp(ik; R)[? = 1. Accordingly we find that

nl . di
[ “““z‘/s {ke(X+ 20 [US + ke [US o 4 O(R7Y),
R R

the leading contribution being of course purely imaginary. As to the right side of (5.6),
comparison with (5.9) shows that it may be written as

/ {AGEP? 4+ 24 E - E* - p?|U* }dz
D*(R)
+ / {A"[«E|’ + 24~ E-E" - p"w’|U[* }dz
-
= /D*-(R {“ + 2u) [(“El )2 + {t‘IEz)z] +2u(E; -E; + ;52 cEa) — pwzi‘UP}dz
)
+ ./u— {(A™ +247) [(trE1)? + (trE2)*] + 247 (E1 - By + E; - Ez) - pu?|U[*}de,

and hence is a real quantity. It follows that the integral over Sg vanishes, and this means
that U = 0 and U2 = 0. According to (4.13) U, and Uy vanish in the region where the
material parameters are constant. Following (169] we conclude that U = 0 in the region

exterior to S.

7.6 Scattering cross section

The presence of an obstacle modifies the power distribution of the incident wave. It is
of interest to predict the amount of power, relative to the incident one, that is scattered
into a given direction. Comparison with experimental measurements may serve to gain
information on the properties of the obstacle, if these are unknown. Since the asymptotic
representations of the stress and the displacement have already been determined as integrals
over the boundary § of the obstacle, what remains to do is to insert these integrals into
the asymptotic expression for the energy flux intensity and to find the total and differential
cross sections.

The scattering cross section is defined as the ratio of the time average rate at which
energy is scattered by the obstacle to the corresponding time average rate at which the
energy of the incident wave crosses a unit area normal to the direction of incidence (9,
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55, 56]. Here the energy scattered by the obstacle is the energy of the scattered field
U transmitted across a sphere Sp, R — oo. The differential cross section is a measure
of the fraction of incident power scattered into a particular direction [77], relative to the
differential element of solid angle. Since the scattering cross section is a total energy
measured in units of energy per unit area, it has the dimensions of an area. Indeed, it
represents an area over the plane surface, orthogonal to the incident wave, which receives
a time average rate of energy equal to that scattered by the obstacle [56].

These definitions correspond to the customary ones adopted in acoustics and electro-
magnetism. In the classical theory of elasticity the above unit of energy is defined unam-
biguously in that it is independent of the spatial position of the surface element at which
the energy rate of the incident wave is evaluated. But when we specialize to viscoelastic
bodies the definition of the time average rate of the incident energy is not invariant under
translations along the direction of phase propagation, due to the (exponential) decay of the
amplitude of the incident wave. Hence the choice of a unit of energy is not that obvious and
deserves some attention. Here we determine the asymptotic expression of the time average
rate of the energy of the scattered field, which is the superposition of a longitudinal and a
transverse expanding spherical wave; the surface element at an arbitrary direction is taken
to be orthogonal to the corresponding radial vector.

According to the analysis of Ch. 3, the expression of the time average of the energy
flux intensity is given by (3.5.1), namely

(T) = JwIm{(Tn;) - u*),

n; being the direction of propagation of the phase, that is the unit vector of the real part
of k. Here we consider the scattered field U on the spherical surface Sg centred at the
origin and far enough from the obstacle. According to (4.8) we have

exp(ik, R)

U(x) = —+

« exp(ikr R
[UY(%) + O(R™")] + ———-RT [U3(x)+O(R™)],
which shows that U is the superposition of a longitudinal and a transverse outgoing spheri-
cal wave with direction-dependent amplitudes. Thus we take as n; the radial outward unit
vector, namely n; = X. Hence, by comparison with (4.11), we find that

(Tny) - u* ={ exp(—iwt) T[U]x} - U* exp(iwt)
ik

2
=ik (A + 2“)ﬂﬁ;ﬂ [ |Ui|2 + O(R“)]

| exp(iks R

; )? .
+ ik = [IU%]? + o(r™Y)).

To simplify the notation, the dependence on R % is henceforth understood and not written.
Upon substitution into the expression of (Z) we find that the time average energy flux
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intensity across an element of area tangent to the sphere Sy at x = Rx is given by

ik, R)|?
(Z) = Jw{Re[k () + 2u)] I—EJ%")I—[IUEF +O(R™))
6.1)
exp(ik; R (
+R€( I p( T )I [|U2-|2+O(R_’)]}-
Incidentally, if the solid is elastic then k,, k;, A, p are real and |exp(ik,R)| =
|exp(ikr R)| = 1. As a consequence, (6.1) reduces to
w
(I)= %?{k;(f\+ 2u) UG + krp [USP] + O(R™2), (6.17)
a result already known in the literature [55], though in a different form. To find the
differential and total cross sections we also need the average time rate of the energy density
carried by the incident wave. If the incident wave is longitudinal, the energy flux intensity
is given by
(T3) = 3o (U ke,

(cf. §3.5), while, for an incident transverse wave, we have
(T7) = 3p°|U" [z

If we denote by dQ the element of solid angle, the differential cross section dP/dQ is
defined as

dP, . R*I)
@ - (@, (52}
while the cross section P is obtained as
P.r= f dPrx d; (6.3)

here the subscript L or T is relative to the incident wave,  denotes the unit sphere, and
the dependence on R is considered in the limit # — oco. By applying these definitions in
the framework of elastic scattering we find

dP, r _ ke r (|U2|2 o |U2|2)‘

- z 6.4
AL kr 64

oLl

ul?
df)
P;‘r s IU‘P k‘r ] ¥
Notice that P is positive, thus showing that the radiation condition causes the energy flux

to be outgoing.

When wave scattering occurs in dissipative bodies changes in the distribution of the
mean energy flux intensity may be ascribed to two different causes, namely the presence
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of the scatterer, which determines the diffusion of the incident energy, and the attenuation
that occurs as a consequence of dissipation. Thus we have to take into account these two
effects, and possibly to distinguish between them. Preliminarily we need an expression for
the intensity of the incident energy.

For definiteness, let the incident wave be longitudinal. We know (cf. §3.5) that the
mean energy flux intensity of an inhomogeneous longitudinal wave takes the form

T; =}w exp (=2kj, - x) (|U|/|k}|)? [pw? ki, + dpaki, (K3, ) sin® 7],

: s (6.5)
=jwexp(—2ky, Rnj, - %) M,

where
M, = (|U|/|k1)? [pw?ki, + 4paki, (K3, ) sin® v],

and ki = ki, + ik}, = ki n} + ki, n}, 7 is the angle between ki, and kj,, p; is the
real part of p. Unlike the elastic case, (i) depends on the position. More precisely, Z! is
constant on planes perpendicular to ki, , approaches zero as x increases in the direction of
ki, , and approaches infinity as x increases in the direction opposite to ki,. In particular,
if ki, and kj, are parallel, we can say that when the point x is sufficiently far from the
origin, opposite to the direction of the incident wave, then Zi — oo, while Z} — 0 in the
direction of the incident wave. In other words, a wave that comes from infinity and carries
a finite energy density at the boundary of an obstacle should have been generated with an
infinite energy. Quite analogously, for an inhomogeneous transverse incident wave we can
write (cf. §3.5)
I; = jw exp (—2kj, R}, - %) M.

Consider now the definition (6.2) of the differential scattering cross section. The
numerator is to be replaced by (6.1). In view of the relation

|exp(ik, R)[* = exp(—2k:; R)| exp(iky, R)|* = exp(—2ks, R)

and the analogous one for the transverse component of the asymptotic field we can write
the leading term of the numerator as

R*(I) = jw{exp(~2ks. R) [UL|* Re [k, (A + 2u)] + exp(—2kar R) |US|? Re(krp)}-

The values of pu, A, k,,k; determine which of the two asymptotic waves, the longitudinal
and the transverse one, is predominant in the scattered field, far from the obstacle.

The conceptual difficulty, inherent in the dissipativity, is that the denominator (6.5)
depends on x. A way of overcoming this difficulty might be as follows. Let % be the
direction of the differential cross section. Since (I) is a function of R and X, it seems
natural to compare R*(Z) with the values assumed by (Z!) or (Z1) at the point R %, that is
with the time rate average energy of the incident wave at the same point. Upon substitution
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of the pertinent expressions into the definition (6.2) of the differential cross section we find
that

dpP, 1 I

a0 = a1, UULP Relki (A +240)] exp[~2R(kz, ~ K, ni, - %)) (66)
+|U2I* Re(krp) exp[~2R(kar - K, mj, - %))},

dPy 1 _

a0 = UVl Relku (A +2)] exp[~2R(kz, ~ K, nj, - %)] ©67)

+ [U2[* Re(krpt) exp[~2R(ksr — ki, n}, - )]}

Because .Of (3.2.14) - with @ = 1 - k5, depends only on the material parameters.
Meanwhile k;, depends also on the geometry of the incident wave through a = nj - nj.
Hence in general ky, # ki, unless & = 1. The same holds for k;. Now observe that, in
view of (2.4.7) and the assumptions Re y > 0, Re(\ + 2u1/3) > 0 we have

Ref[k, (A + 2u)]) = k1(A1 + 201) — ka(A2 + 2u2) > 0.

This shows that for any % at any R we find a positive differential scattering cross section.
If n§, - % < 0 or n}, - X < 0 the two expressions of the differential cross section approach
zero as R — o0, as expected. Consider, instead, the case when these inner products are
positive. For simplicity evaluate dP, ;/df in the direction of n}, that is assume that
ny, -X = ny; - X = 1. Suppose also that kj is parallel to ki so that kj, = k;, and
ki = kyr. The two expressions (6.6) and (6.7) for the differential scattering cross sections

reduce to
dP, 1
20 = 3 UULI Relke(A + 2u)) + [UZ|* Re(krps) exp[~2R(kar — kac]},
dP; 1
o = 37 021 Re[ko(A + 200)] exp[~2R(kz, — kor] + |UZI* Re(kzp)},
T

thus showing that one of them is necessarily unbounded as B — oo. As a comment, we
can say that the numerator and the denominator of the pertinent fraction (6.2) approach
zero as B — oo. The vanishing of the numerator is related to the decay of the scattered
wave while that of the denominator corresponds to the decay of the incident wave. Since
we are comparing rates of decay of different waves, it should come as no surprise that one
limit value turns out to be infinity.

In a sense this difficulty rules out what could be regarded as a reasonable choice for
(Zi) and (I.). A seemingly alternative possibility has been realized in a recent paper [57]
on thermoelastic scattering. In fact, as an ultimate consequence of the thermal effects, the
allowed incident and scattered fields exhibit essentially the same behaviour at infinity as
displacement fields in viscoelasticity. There, (Z}) and (Z}) are identified with the minimum
value assumed on the sphere $g by the time average rate of the corresponding incident wave.
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With reference to (6.5), in the case of an incident longitudinal wave, this corresponds to
the choice n}, - = 1, which leads to quite paradoxical results. On the contrary, as already
observed, some difficulties are avoided if we choose for (Z}) the maximum value of (6.5)
on the sphere Sg, which corresponds to setting nj, - % = —1. Nevertheless, the measure
of the scattering intensity so obtained also seems meaningless, because the numerator and
the denominator tend very rapidly to zero and infinity, respectively, as & — co. Hence this
ratio is not suitable to characterize the scattering efficiency of the obstacle. )

It might seem more convenient to choose a measure of the incident rate of energy (1)
or (Z:) independent of R. Since we are interested in the determination of the intrinsic
scattering efficiency of the obstacle with a minimal influence of the attenuation effects, a
realistic estimate of the relative amount of power reflected at a given direction might be
given as follows. Consider the sphere of smallest radius, say R, enclosing the surface S.
Choose as (Z}) and (Z%) the maximum values assumed by these quantities on the sphere
Sg; they are taken when X = —n* and read

(Z8) = %wexp(?kéLR)ML, (i) = Jwexp (2k3, R)M;.

Accordingly we find that detailed information about the distribution of the energy of inci-
dent waves is given by the differential scattering cross sections

dP, 1 012 _ i

0 - E{IULI Re[k, (A + 2u)] exp[—2R(ka, + k3, )] (6.8)
+ |US* Re(krp) exp[—2R(kar + k3, )]},

dPr _ 1 (115012 Ralk 5 i

o - I {IUZI* Re[k.(A + 2)] exp[—2R(ks, + k3)] 6.9)

+ [UZ[* Re(krn) exp(~2R(kar + ki )]}-
Altogether, these conceptual difficulties seem to indicate that the scattering cross
section may be rightly considered only when the surrounding medium allows disregarding
the decay of the waves namely when it can be regarded as elastic.

7.7 High-frequency far field and curvature effects

In the last two sections we have examined a few results that follow from the asymptotic
expression of the displacement field, as superposition of a longitudinal and a transverse
wave. Such waves have been described in terms of the fields U“L and U?,, which in turn
are evaluated through integrals over the surface 5. Here we investigate the high-frequency
limit of these integrals and determine the scattered field at infinity. This is performed by
looking for approximate expressions of

Ul(x) = U0%
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and
U2 (%) = %xx (Bxx),

where U? and B depend on % as

Ul == 41rpw’ /{zk,_[)«(U ‘n) +2u(U-x)(n-%)]+t %}exp(—ik, x-y)da (7.1)

and

B=- 4ww2/{tk7ﬂ[[u %x)n+ (n- x)U]+t}exp —iks % - y)da. (7.2)

Evaluation of these double integrals through the method of stationary phase shows that
the behaviour of the far field at high frequencies w is affected by the curvature of §.

The integrands in (7.1) and (7.2) are regarded as functions of y parameterized by w
through k., kr, A, and p. For conciseness we evaluate only the limit of (7.1).

By (3.2.17), the asymptotic dependence of A and p on w can be written as

A= Xp +iMw™ +o(w™l), p= pg + ipgw™ + o(w™t). (7.3)
Then, upon substitution and keeping only the leading terms, we have

Do + 2410 — i(X + 2up o™

(Au + 2up )2 !
Evaluation of k;, and k;, through (3.2.14), in the case a = 1, and taking only the leading
terms as w — oo yield the limit functions

[ Ao + 240
o0 i ———— 3 L L = . 7.
M=y ron™ 8 Vot i) (4)

Asymptotically, the real part of k, is a linear function of w while the imaginary part is
constant. The change A+ 2p — p provides the analogous result for k7. Of course, by (7.3),

kfﬁ'pwz

A= Ao, B = po

as w — 00.
Consider the exponential in (7.1) and write

exp (—ik, % - y) = exp (k2. X - y) exp (—tky, X - y).

The fact that k; — k5% as w — oo and ki, =~ kf} o w as w — oo suggests a natural way
of applying the method of stationary phase to the integral (7.1).
According to the method of stationary phase (cf. Appendix, Corollary A.1)

f. fa N explidp(@)lda

W) (zo)(2m)"/? exp[sgsgw"(zunr“f‘+0(A'“+“”’1, (7.5)

Hd tp”{
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as A — 0o, provided zq is the only point of stationary phase ¢ in the domain D where fis
non-vanishing, it is non-degenerate and lies strictly inside D. Here ¢ denotes the Hessian
matrix and the writing sgn, applied to a matrix, means the difference between the number
of positive eigenvalues and the number of negative ones of the matrix. The parameter A
occurring in (7.5) is naturally identified with ky, and the phase factor is identified with
exp(—tki X y).

To ascertain the applicability of (7.5) it is convenient to split the smooth connected

surface S into two parts §, and S_ defined by

'8

S+:{)"ES, )’20},

S.={yes, i-ySU}.

It is assumed that S, and S_ intersect at a common line and that they are connected. If
we consider a light source placed at infinity in the direction of x then 5, may be regarded
as the illuminated region and S_ the shadow region. Then we look at (7.1) as a sum of
integrals over the two subsets of S and we assume that S, is described by the equation
o(y) = 0. For definiteness we consider the integral (7.1) on S,. The results can be extended
straightforwardly to S_.

Fig. 7.1 Scattering by the illuminated region.

We identify the phase ¢ with the scalar product —x- ¥, where y satisfies the condition
o(y) = 0. The function w has a stationary point if there exists a Lagrange multiplier 7
such that

V[-%-y+7o(y)) =0, o(y)=0,
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whence

x—1Veo(y)=0.

Since in general Vo(y) is parallel to the normal at y, we conclude that ¥ is a stationary
point if and only if the normal n, at y, is parallel to %. If §, is convex then the existence
of such a y, is guaranteed [145]. Now we take advantage of the parallelism between n,
and X and choose Cartesian axes such that the 2-dimensional domain §, is represented in
the form

¢ —h{&mn) =0,

and the (-axis coincides with n,. Consequently the (-axis is also parallel to x and the
(&,n)-plane is parallel to the tangent plane to S, at y,. It follows that the coordinate
pair (£,n) of an arbitrary point of §, may be identified with the projection on the tangent
plane, and the domain of the integral (7.1) is the projection of S, on the (£,7)-plane. In
particular n = 2 and y, corresponds to the pair (0,0). The phase function ¢ is taken to
be

p=—%x-y=—h(§n)

The stationary value of ¢ occurs at (0,0) and then
Vh(0,0) = 0.

Of course V® V(€,17) = =V ® Vh(£,n) at any point of S,.

If the domain is strictly convex then y. is the unique stationary point of ¢ and is
non-degenerate. If, instead, the domain is convex but not strictly convex we can have more
(possibly infinitely many) stationary points and they may be degenerate [145]. We assume
strict convexity and then h € 0 in S, while, at y,,

sgn(V @ V) = —sgn (V@ Vh) = 2,

det (V@ Vy) = K,,

K, being the (positive) Gaussian curvature.
Once the surface element is written in the convenient form da = /1 + (Vh)*dédn we
find that the integrand of (7.1) can be written in the form

F(&,n)exp (ikg),
where

F(€,n) =~ u {ik, [A(U -n) +2u(U -%)(n-%)] + t - X} exp (ka X - )V 1+ (Vh).
" 4mpw?

and y = (& n,h(£n)). Let

i+ = U]j_‘mwhju.
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the suffix + denoting the value of the pertinent quantity at y,. Here we regard U and t as
given vectors on §. In the case they are known as functions of the parameter w then U,
and t, are taken as the limit expressions as w — oo. In this sense, since the stress behaves
as the gradient of U then t, behaves as U when w — oo. In view of (7.5) we obtain

S NS i (19

)
F(é,n)exp(—iky % -y)da o —————"%- |U I
L+mmptlhy s e

to within O(w™"). Notice also the expression in the right side of (7.6) is independent of
the choice of coordinates.

The approximate expression for B follows by proceeding along the same lines. We
only point out that the phase is still given by ~% -y and then the stationary point at S,
is y,, as before. Skipping over the details, we write the final result in the form

_ exp(—tkP X -y,)

B —/— T " [(U,-%x)x+U, -
2 /K, [(+xe

i)

i
vV PHo
Substitution into the expression of U yields

exp(—ikT X -yy) . i
T =
2\/K, %[l VPHo

By (4.8) and (7.6), (7.7) we obtain the high-frequency limit of the displacement field
at infinity in the form

V(%) ~

i,)xx]. (1.7)

_ exp(ik®R) pexp(=thP® X y4) 3 1 2 :
= R { 2y K, s Voo + ZPO)L }x (7.8)
exp(kPR) @=L R Vo) o (v b 2 e s et ’
o { o *x (U, \/mt+]}xx+0(}i‘. ).

These results show that the asymptotic field results from three effects. One is obviously
due to the boundary values of the displacement U and the traction t, at the point y,. In
accordance with §7.4, the scattered field and the related traction at § may be replaced by
the corresponding values of the total exterior field. The second one is due to dissipation and
shows up through the radial damping factors exp(—k$° R) but also through the anisotropic
factors exp(k3°% -y, ). The third one is of geometric origin and is due to the term lf\/ﬁ
With equal radii of curvature, the curvature K’ and the radius of curvature r are related
by K = 1/r* (139]. Then it follows that the amplitude of the displacement field at infinity
goes as the radius of curvature at the stationary points. This agrees with the intuitive view
that we expect a higher value for the amplitude when the portion of the surface yielding
the leading contribution is nearly flat.

The dependence on the inverse square root of the curvature obtained in (7.8) or (7.6)
and (7.7) agrees qualitatively with analogous results which hold for the scalar theory (cf.
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[145], §2.2). Really, the analysis of [145] is confined to the case when the field vanishes at
the boundary of the obstacle. Moreover the normal derivative of the field at the obstacle
is found through an application of the so-called Kirchhoff approximation, which means in
particular that the field and its normal derivative are assumed to vanish at the shadow
boundary. That is why here we have disregarded the contribution of §_.

7.8 Boundary integral equations

Through the previous analysis we have found an integral representation for the scattered
field in the open exterior domain D* in terms of the values assumed at the boundary
S of the obstacle. On this basis the asymptotic expression of the scattered field has been
determined explicitly. A natural question then arises as to whether the given data on § turn
out to be the limit of the corresponding quantities as given by the integral representations.
The related answer provides the basic framework for the determination of the boundary
data to be inserted into the integral representations.

If the obstacle is rigid then the displacement vanishes at § while the surface traction
is unknown; if the obstacle is in fact a cavity then the surface traction vanishes at § and
the displacement is unknown. In both cases one of the two vectors U or t is regarded
as given at S and the other one is unknown. The investigation of uniqueness has shown
that specification of one datum at §, either U or t, together with the radiation condition,
determines uniquely the scattered field. This means that the data entering the integral
representation cannot be chosen independently if continuity of the scattered field with the
data is required. This in turn leads to a mathematical problem expressed by an integral
equation where the value at § is the unknown.

To evaluate the limit of the integral representation for the displacement when the
point x tends to a point of § we assume that § is a Liapunov surface [126, 110, 155].
This means essentially that § admits a tangent plane at each point, that the tangent plane
varies continuously when the point is moved along the surface, and that at each point §
may be locally described in the form ¢ = ((£,7), where the - and n-axis are in the tangent
plane at the given point while ( is taken along the outward normal.

Consider a vector “density” w defined on § with components satisfying Holder’s con-
dition with index not greater than 1. We define the single-layer potential as

Sw = /Gwday (8.1)
s
and the double-layer potential as

Dw = / {Mw - n)V -G + 2u[sym(w @ n)V]G} da, (8:2)
&
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at the point x, the variable of integration being y. The single- and double-layer potentials
are regarded as linear operators that map functions of § into analytic functions defined
over the open sets D* or D, according to the choice of x. Later we show the connection
of the integrals (8.1) and (8.2) with those for single- and double-layer potentials in the
theory of harmonic functions [52, 104, 126]. The analogy can also be pushed further.
Actually, replacement of the definitions (8.1) and (8.2) into the integral expression (4.1) of
the exterior displacement field yields

U(x) = DU(x) — St(x), (8.3)

provided that only the radiation condition holds. The above integral representation is
strictly similar to those holding for harmonic functions and for solutions of the Helmholtz
equation [52, 104, 126). Inside S we have

U(x) = St(x) — DU(x). (8.4)

Here U and t have the usual meaning of displacement and traction at §. For the time
being we regard the whole space as occupied by a homogeneous isotropic medium while the
surface § has a purely geometric meaning. Scattering problems and heterogeneities will be
considered after the introduction of the pertinent mathematical tools.

We now quote without proof a few results concerning the behaviour of single- and
double- layer potentials at S. The highly technical aspects of such proofs are outside
the scope of the present book and then are omitted; an exhaustive discussion is given in
[111], while a shorter account can be found in a paper by Jones [97]. Denote by x; any
point belonging to the surface §. Addition of superscripts + or — to the argument x;
means the value of the limit of the function, evaluted for x — x., from outside or inside,
respectively. A superposed « indicates evaluation of the Cauchy principal value of the
expression involved.

The first result is that the single-layer potential Sw is a continuous function of x. In
particular

Sw(x%) = Sw(xs). (8.5)

Second, the double-layer potential Dw tends to a finite limit when x — x, both from
inside and outside, and the limits are given by

Dw(x?) = +w(x;) + D*w(xs). (8.6)

Through the stress operator T[U] we can define the traction t[U] = T[U]n, U being
any displacement field. Then we find that

HSwl(xt) = Fhw(xs) + t{Swl(xs), (8.7)
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while the action of the traction operator on a double-layer potential is continuous across
S, that is,

tDw](x3) = t*[Dw](xs). (8.8)
To be more precise, if one of the limit values for t[Dw] from inside (or outside) exists and

is regular, then the other one also exists and the two limits coincide. Sufficient conditions

for the existence are given in [111]. It goes without saying that in the right sides of (8.7)
and (8.8) the operator t acts on the current position x.

We are now in a position to consider the (singular) integral equations on the boundary
S yielding the required information on the scattered field. First suppose that the obstacle
is perfectly rigid, so that at § the total displacement field U* vanishes, namely

U*:U'-I-U:O‘

where U' is the incident field and U is the scattered field. We already know that U is
completely determined by its value at S. However, before using the representation (8.3),
we have to find the unknown traction at the boundary from the given datum U = —-U"*
at §. Taking the limit of (8.3) as x — x; from the outside, using (8.5) and (8.6), and
substituting the data at § we are left with the integral equation

St(xs) = $U' = D*U'(xs), (8.9)

in the unknown surface traction t(xs).
The other limit case considered here is that of an empty inclusion. This corresponds
to a vanishing total traction at S, viz

t=-t'.

Suppose that the unknown displacement has been represented in the form of a single-layer

potential, namely
U(x) = Swi(x),

where w is the density defined over S, still to be determined. The action of the traction
operator on both sides of this equation yields, after comparison with (8.7),

t{U](xs) = —3w(xs) + t7[Sw](xs);
upon substitution of the boundary condition we obtain
ti(xs) = Fwi(xs) — t[Sw](xs),

which is to be regarded as an integral equation for the single-layer density w.
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Further alternative formulations of these problems may be discussed following the
lines described in [52, 104] within the framework of the scalar theory of scattering, which
is modelled through the Helmholtz equation.

Appendix. Asymptotic behaviour via the method of stationary phase

In connection with the analysis of the far field of §7.7, here we gather the essentials of the
asymptotic behaviour of integrals of the form

10) = [ f@)explire(e)lds

where ¢ is a real-valued function, f is possibly complex-valued, ¢ € C*(12), while Q is a
region in R™. Definite results follow when we estimate I(A) as A — oo through asymptotic
expansions. This can be performed through the method of stationary phase which is briefly
reviewed here.

To begin with we recall that a sequence of functions {¢,}, defined in some neighbour-
hoods of the point zq € Q is said to be asymptotic as ¢ — =z if for all » and z — z5 we
have |gns1(z)| = of|n(z)]). A formal series 300 wn(z), = — £, is called an asymptotic
expansion of the function f(z), as 8 3 z — zp € 1, if the sequence of functions {p,} is
asymptotic and for any N < oo there is a neighbourhood 2y of 4 and a constant vy such
that

N
/()= D enl@)| < wvlensa(e)l, =€ Qo \ zo.
n=0

Moreover, we denote by O(A~"), as A — oo, functions ¥ = 1(A) such that (\) = O(A~V),
as A — co, for any N < oo.

For formal simplicity we confine first to the one-dimensional case. Let = [a,b] and
denote by a prime the derivative with respect to . The next theorem shows the asymptotic
behaviour of I(A) and its derivatives.

Lemma A.1. If f € C§°([a,b]), » € C*([a,b]), and ¢'(z) does not vanish in [a,b]
then

dI(A)/dA = 0(A"%),  as A — oco.

Proof. Since ¢'(z) # 0 we can write
1 b
10) = 5 [ fo(@)ing (2) explidg(a)] da.
where fo = f/ig'. Integration by parts and the observation that fo € C§°([a,b]) provide

b
I(\) = —-}f fi(z)exp[idp(z)] dz
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where f; = fJ. Successive integrations by parts yield

= (-3) i / ' f(e) explire(a))dz

fn € Cg°([a,b]) being the N-th derivative of fo with respect to z. Hence [I()\)| < | AN
for any N, namely I(A) = O(A=*°) as A — oo. o

By the same token we prove that dI(A)/d\’ = O(A~*°), for any positive integer j,
by starting from

d I( A b f(z)[ip(z))
d,\(l ) = % ; %-)l iAg'(z) exp[irp(z)) dz

and observing that f¢/ /¢’ € C§°([a,b]).

A point zo € Q such that ¢'(z¢) = 0is called a point of stationary phase. If '(zo) = 0
and ¢"(zg) # 0 then z; is called a non-degenerate point of stationary phase.

A neutralizer at a point zg is a C* function equal to unity in some neighbourhood of
zo and zero outside some larger neighbourhood.

Lemma A.2. Let f € C§°([a,b]), ¢ € C*=([a,b]), and zo € (a,b) be a point of
stationary phase, and the only one. Then, for any neutralizer h at z,

b
I(A) = / [1 - h(z)]f(z) explidp(z)]dz = O(A™), as A — 0o.
Proof. Let [zg — v,z9 + v] C (a,b) be the interval where h = 1. Then we have
I(A) =TI (M) +Z4(N)

where Z_, T, are the restrictions of 7 to [a,zo — ¥], [zo + v,b], respectively. Further,
(1-h)f € C5°([a,z0 — v]) U C§°([zo + v, b]). Then, by Lemma A.1,

I-(N)=0("%), Iy(N)=0("%)

whence the desired result. a
Theorem A.l. If f € C§°([a,b]) and @ has only one stationary point zo € [a,b], and

zg is non-degenerate, then

oo
I(A) ~ explidp(zo)] D ax A~/ as A — oo, (A1)
k=0

0= f(a"-‘o)“ I‘P"(x ) exp{i%sgnzp”{xo)]

where
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and the coefficients a, k > 1, are determined by the values, at = = o, of f,¢ and their
derivatives of order not greater than 2k.

Proof. To fix ideas, let ¢"(z¢) > 0. Since g is a non-degenerate point of stationary
phase, letting ¥(z) = ¢(z) — ¢(z0) we have

P(z) = +¢"(z0)(z — 20)* + Oz — zo’)  as z — 0.

Then g(z) := ¥(z)/(z — z0)* € C* and g(z0) = 2¢"(z0) > 0. Hence, in a neighbourhood
of zp, we can define the change of variables

I — = E=ilo x A2
t Vv a(z) e
e have
s ti’(z) - 1 _ l(: e Ic)g;(z)
9(z) 2 g (z)
and

¢'(z) _ (=) — ¢(z0)
(z — z0)® (z—z0)® ~
Because ¢'(z9) = 0 we obtain t'(z9) = /¢"(20)/2 > 0. Accordingly, choose a constant
& > 0 such that ¢ > 0 as |z — 9| < §. Now take any function h € C§([a,b]) such that
h(z) =1 as |z — x| < 6/2 and h(z) = 0 as |z — zo| > 6. By Lemma A.2 the asymptotic
behaviour of I(A) coincides with that of

g'(z) =

b b
B = [ h@) (@) explidg(z))dz = explid(ao)] [ h(z)S (@) explidi(a)] dz.
By the change of variables (A.2) we can write
b o0
B i= [ W@ (@) eplidi(@lde = [ ha() 1(a(0) I(0) exp(ide’) d
where J = dz/dt € C*, J(0) = /2/¢"(zo). Hence
L= f ” g(t) exp(ire?) dt (A.3)
0
where g(t) = h(z(t)) f(2()) J(t) + h(z(~1)) f(z(~t)) D(~t). Let

oo

f@)I@) ~ Y att,  as t—0,

=0

be the Taylor series of fJ. Since h = 1 in a neighbourhood of z = 2o we have

o0
q(ﬂ~22c2ki", as t—0.
k=0
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To obtain the asymptotic behaviour of I; it is convenient to consider integrals of
exp(iAt?) as follows. Look at the contour I'; in the complex z-plane such that, starting
from z = ¢t € R**, we run the segment [t,¢+ R], then the arc |z| = R up to z = Rexp(ix /4)
and finally the segment /; such that z = t + pexp(in/4) as p varies from R to zero. By the
Cauchy theorem, the integral of exp(iAz?)(t — z)7~1/(j — 1)! along I'; vanishes for any R
and then the limit as R — oo yields

oo - 1 _ .
= / E‘%— GXP(IATZ)dT — % exp(i).zz}dz, te R+.
t I i |

This allows us to regard

B [ S8 2y

e exp(iXz’) dz

as an integral, of order j, of exp(iAt?). The choice of this form of integral, against the
obvious one of the integral over the real interval [0,t], is due to the behaviour as A — oo.
Indeed, substitution for z along I, gives

1)7-1

— D N
E;(At) = ((J_—I]T exp(ifJ) fm i VexpliA(t? + 2tpexp(iT) + ip?)]dp (A4)

whence

1 o i . P,
B < oy [ P elA@te + 0 do S oy [ o exa(-30t)do

Hence, letting £ = \/Xp, we obtain
|Ej(\ )] < C;A72, teRY,

where

Ci= gy | € el

(G-1Jo
Integration by parts, of (A.3), 2N + 2 times yields

IN+2 =]
L) = Y (1) [qi—l(:)s,-(,\.r]]f+/o Nt (t) Eanya (A, t) dt

=1
and the integral is O(A~(V+1)). Meanwhile, the behaviour of q(t) as t — 0 shows that

ho 2h'en, heven
= 0, h odd
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Then A7

L)) = —2c0E1(A,0) = Y 2(2k)!e2k Bagr (A, 0) + O(A~VHD).
k=1

Now, by (A.4) we have
Buki(00) = — g5 ol §(2% + 1) ] o exp(~Ap?) dp

Hence, because - (2% — )17
/n k exp(=Ap?)dp = T,\'(H—lf?],

we have

1 - "
Ey(X,0) = exp{i%)—\é—;h'lﬂ. Ek41(A,0) = —Er(@) exp[iF(2k+1)]A 1),

1
(2k)!
Accordingly,

I(A) ~ f{zo)1/ P )exp( IIA™ 1"2+El"(~—+—)exp[s Z(2k 4 1)JegeA~(K+1/2)

k=1

as A — co. This leads to the formula (A.1) for I;(\). The coefficients a; are then defined
as
ap = I(25L ) exp[iF(2k + 1)] czk.

By the definition of ¢y, it follows that they involve the derivatives of f, and then of ¢,
with respect to t up to order 2k.
If, instead, ¢"(zo) < 0, then we consider the complex conjugate functional

b
o) = f £*(2) expl-idp(z)] dz.

Then we can repeat step by step the previous procedure to get

I*() = exp[=ip(z0)][f*(20) V27 [[~¢"(zo)] exp(i]) + D apA~(k+1/2)

where the @,’s are now defined through the transformation z(t) induced by
¥(2) = —3¢"(0)(z — 20)* + O(|z — zol*).

Taking the complex conjugate yields

A) = explidp(zo)][f(z0) V21 /[—¢" (z0)] exp(=i§) + Y agA~k+1/2),
k=1



Scattering by Obstacles 231

which completes the proof. o
Theorem A.1 is now carried over to the multidimensional case. Let z € R™ and still
denote by a prime the (gradient) derivative with respect to z. Consider

10)= [ f@explidelalds, 1,9 € CoRY),

where f is complex-valued and ¢ is real-valued. Moreover, assume that there is a domain
D C R" such that f(z) = 0 as z € R" \ D. Preliminarily we prove the following property
of I(A).

Lemma A.3. If¢' #0 in D then

I(A) = O(A™™) as A — oco.

Proof. Consider the first-order scalar differential operator

Jyv L Op @
L_Z(Iw’lzﬂz;BT;) '

=1

The formally adjoint operator L is given by
= . ( T 1 )
Lu=— — | —===.
; 9z; \|¢'[* 0z;
Since L exp(ily) = idexp(idp), we have

I = ;-IX/I.. f Lexp(idy) dz = ﬁfn-(i f)exp(ire)dz.

Repeating the procedure N times and estimating the resulting integral in terms of the
maximum modulus of the integrand proves that I(A) = O(A~"). The arbitrariness of N
provides the desired result for the function I(A). o

By first differentiating with respect to A and then repeating the procedure we obtain
the same result for the derivatives of I.

A point zo € R" is said to be a point of stationary phase if ¢'(zo) = 0. A point of
stationary phase zg is said to be non-degenerate if det ¢"(zq) # 0, where ¢" denotes the
Hessian matrix.

Theorem A.2. Let zo be one point, and the only one, of stationary phase in D.
Moreover let o be non-degenerate and lie strictly inside D. Then

I(A) =~ exp[idp(zo)] Z G tall), as A — oo, (A.5)
k=0
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where

I 1CO1C0)
0= YRergriae)] P e ol

Proof. Since ¢ is nondegenerate we can write
o(z) — ¢(z0) = }(z — 20,¢"(20)(z = 70)) + O(|z — za|*)

where (-,-) denotes the usual inner product in R™. Let u; be the i-th eigenvalue of the
symmetric matrix ¢"(2g). Then by Morse Lemma (cf. [127]) there exists a neighbourhood
Us of zg, Us = {z : |z — zp| < &}, such that a change of variables

¢ — y=y(z), y(zo)=0,

exists with y € C°°(Us), y'(z0) =1, and that in the new variables the function ¢ becomes
n
e(¥) - @(0) = 1D v}
i=1

Further, letting y;, .., 4, be the positive eigenvalues and g, 4, .., 4, the negative ones, the

change of variables z; = /|u;|y; allows us to write
1 T n
o) -e@=3(32- 3 ) =106
i=1 i=r+1

So we let n — r be the index of ¢"(zo). Consider a neutralizer h(z) such that h(z) =1 as
|z — 20| < 6/2 and h(z) = 0 as |z — 29| > §. Then, by Lemma A.3,

/;l(l ~ B)fexp(idg)dz = O(A™°) a8 X — oo

Accordingly it is enough to prove the theorem for
LA = ,/‘.. h(z) f(z) exp[idp(z)] dz = explidp(zo)) /ln(hf.f)(x(z)) exp[iAy(z)]d=

where w = (z1,..,2r,—Zr41,..,—25) and J is now the Jacobian of the change of variables
z — z. Since det y'(z¢) = 1 then, at z = 0,

J =TTl = ldet " (20172,

i=1
Now, following [15], let F(z) = (fJ)(z) and consider the identity

F(z) = F(0) + (w, H)
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where H is the n-tuple defined by
1
Hy = Z[F(Z:,--.zn) = F(0,21,-.,2a)),

1
H, = Z{F(D‘ 22,.,2n) — F(0,0, 23, .., zn]]‘

1
H, = —-[F(O,..,z,,zr+;,..,z“) = F(0y oy Zrgids 558 )5

H"H- = [F iney By Zrgls - 1zn) = ( g ,0,2,—1.2,..,2“)],

Zr4l

1
Hn = =—[F(0,..,0,22) = F(0,..,0,0)].

Then, letting

To(A) = F(D)/ h(z)exp[iAy(z)] dz, (M) = f (w, H) h(z) exp[iry(z)] dz,
E" &»
we can write
I (X) = exp[iAp(z0)][Zo(X) + T1(A)).
As regards I, observe that wexp[idy(z)] = (iA)"'@exp[iAy(z)]/@z and then

(w, H) h(z) exp[iry(z)] = (iA)! {div[H h(z)exp[idy(2)]] — exp[idy(z))div [H h(2)]}

where div denotes the divergence with respect to z. The divergence theorem and the
vanishing of h outside a compact support make the contribution of the first term vanish.

Hence

Li(A) = - :k /:- [hdivH + (H, g—t)] exp[iry(z)] dz.

Owing to the factor A~!, Z;(\) is of lower order asymptotic than I;(A) and then Zy(A)
must contain the leading term. Let h;(z;),7 = 1,..,n, be one-dimensional neutralizers and

write
To(X) = f H hj(z;)exp[idy(z)])dz + j [h(z) — H hj(z;)] exp[iAy(z)] dz=.
L j=1 i 1=1

The second integral vanishes identically at a neighbourhood of the point of stationary phase
and then it is O(A~"°). The evaluation of the first integral is immediate by observing that

f Hh z;)exp[iAy(z))dz = H/ i(z;) explidw;z; /2] dz;.

i=1
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For each value of 7 we can thus apply the procedure for the evaluation of I2(A) in Theorem
A.2 to get

nf2
Zo(A) = F(0) (2%) expliZsgn ¢"(zo)] + O(A~(1+7/2)

where O(A~(1+7/2)) stands for a power series in A=(¥+7/2) & = 1,2 ... Then we evaluate
L) ~ explirp(zo)To(})

whence the sought result (A.5) for I(A). 8]
In applications we have sometimes to deal with integrals of the form

i) = ]l f(z, ) explidg(z)]dz, ¢ € C=(R™),

where f is viewed as a function of z parameterized by A. Further, for the cases we are
interested in, f admits the asymptotic limit

feo(z) = lim f(z,}) € C=(R"). (A.6)

Then the leading term of I()), as A — oo, corresponds to foo(z) for which Theorem A.2
applies as far as ag is concerned.

Corollary A.1. Let zo be a point, and the only one, of stationary phase in D.
Moreover let 2y be non-degenerate and lie strictly inside D. If f(z,\) meets the requirement
(A.6) then

foo(@o)(2m)"/?

explifsgn ¢”(zo)] A™"/2 4+ O(A~(1#7/2)
[det "(zg)] & (20)] ( )

() = explidgp(zo)]

as A — 0o.



8 PERTURBATION METHODS IN HETEROGENEOUS MEDIA

The model of homogeneous body is obviously a limit case in that the material properties
of real bodies are usually dependent on the position. There are cases where the variation
of the material properties over the region affected by a propagating wave is small enough
to allow the approximation of homogeneous body with admissible errors. Against these
errors is the fact that the mathematical apparatus is much simpler and often solutions can
be obtained in closed form. There are situations, though, where the material properties
vary rapidly with distance or the region interested by the propagation of the wave is very
large, as it happens, e.g., in underwater acoustic exploration. Of course in such cases the
heterogeneity of the body has to be incorporated and appropriate mathematical procedures
are required to obtain definite results. Needless to say, inhomogeneous wave solutions as
such are ruled out by the heterogeneity as well as plane waves that are not allowed in
heterogeneous elastic bodies.

Apart from a limited number of cases, wave propagation in heterogeneous bodies is
investigated by means of approximation methods. This chapter exhibits some of these
methods. The first one may be viewed as the Born approximation; the heterogeneity is
ultimately modelled as an equivalent body force and the mathematical problem is treated
through the use of Green’s functions for the background homogeneous body. The sec-
ond one is the WKB method. Again at the expense of a preliminary approximation, the
method yields closed-form solutions. In this framework, turning points and successive ap-
proximations are topics and methods associated with suggestive interpretations about wave
behaviour. The ray method involves another procedure for the study of wave propagation
in heterogeneous media. Owing to the peculiar features connected with dissipation, it is
investigated at length in the next chapter.

8.1 The Born approximation

In this section we consider a time-harmonic wave travelling within a heterogeneous isotropic
viscoelastic solid. We have in mind, however, that the heterogeneity is in fact a small
perturbation of the equilibrium, homogeneous state. Our problem here is to establish an
approximate solution for wave propagation in the perturbed material. This problem is of
wide interest in seismology or non-destructive testing of materials [77]. Indeed, it is usual to
regard the earth as a homogeneous material affected by small-scale heterogeneities; hence

235
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any background signal, say a plane wave, propagating within the earth is distorted by the
heterogeneities and the scattered field is then identified with the first-order perturbation.

For formal convenience we denote by a superposed bar the actual values of the material
parameters p, ftg, Ao, i’ A’ which are allowed to depend on the position x. Accordingly, we
write the equations of motion as

ﬁl‘i(x!t} g v N Ts
where the Cauchy stress T(x,1) is given by
- had -
T = 24E + MtrE 1 4 / [28"(s)E* + N'(s) trE* 1] ds.
0
The dependence of fig, Ao, &'(s), A'(s) on the position x is understood. Because of the

thermodynamic restrictions (2.4.7) and the constitutive property G, > 0, these quantities
are required to satisfy (cf. [70])

fio > oo >0,  3Xg + 2fig > 3Ms + 2fieo > 0, (1.1)
and
Ay(w) <0,  3X(w)+ 2/ (w) <0, weR*, (1.2)
We look for solutions to the equation of motion in the form of time-harmonic waves,
namely

u(x,t) = U(x;w) exp (—iwt);

owing to the heterogeneity of the medium we cannot expect that the dependence of U on
x is in the form of plane waves. Upon evaluation of the Cauchy stress, the equation of
motion takes the form

LUu=20 (1.3)

where the linear operator £ is defined by

LU = p*U + V- [a(VU + VU + X(V - U) 1]
= pw?U + AU + (2 + A)V(V - U) + V(VU + VU + VA(V - U),

and the material parameters ji, X are defined as
A(x;w) = Ap(x) + ] XN (x, s) exp(iws)ds,
0

B(x;w) = fo(x) + /n B'(x, s) exp(iws)ds.
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We let the state of the material be obtained by a weak perturbation of a given back-
ground state and regard as known a solution to the equations of motion in the unperturbed
state. Accordingly we represent the complex material parameters as

P=potep,
'_\=i0+fllv

A =mg+emy,

where pg, lg, mg are the background values, while p;, I} and m; are the corresponding
perturbations, with common compact support §; the real parameter ¢ is introduced to
account for the smallness of the perturbation. The operator £ can be written in the form

L =Lo+ely, (1.4)

where
LoU = pow?U + V - [mg(VU + VU') 4 §p(V - U)1],

LU = p1w’U + V - [my (VU + VU) + [, (V - U)1].
Consider the equation (1.3) and represent the displacement field U as
U=1Ug+¢Uy, (1.5)
where Uy solves the equation of motion in the background medium, that is
LoUp = 0.
Then, upon substitution of (1.4) in (1.3), we have
LUy = -4, 0.

Suppose that the background operator Lo may be inverted, and denote by Ly ! the inverse
operator. Indeed, £5 ' may be thought of in the form of a functional involving the Green’s
function of the background medium and depending on the boundary conditions. Formal

inversion gives the relation
U, = -£;'0,U,

which, by (1.5), may be regarded as an integral equation for U;. Under the assumption
that ¢U; may be disregarded in comparison with Ug, the field U in the right side of the
expression of U; may be replaced simply by Uy, to give the representation

U, = -£5'£1U,.

This approximation is usually named after Born, because Born used it in atomic the-
ory, although it had already been introduced by Rayleigh and Gans. A discussion of the
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accuracy of this approximation in the framework of seismic scattering from small-scale
heterogeneities can be found in [93, 175].

Alternatively [156, 60], we may well view the Born approximation as the first step in
the search for solutions to (1.3) that are expressed in the form of a perturbation series as

U = Ug + €U, + O(e?). (1.6)
By means of (1.4) we write (1.3) as
(ﬂo +E£1)U =0. (17]

The condition £oUg = 0 results in the vanishing of the zeroth-order term in €. Then, by
(1.6) and (1.7), the vanishing of the first-order term in ¢ yields

LoU; = —=L,1U,, (1.8)

which is the differential counterpart for the representation of U; given by the Born ap-
proximation. Here the field —£; Uy plays the role of a source for the unknown first-order
perturbation field U;.

In general, finding a solution to (1.8) with a generic heterogeneity is a difficult task. An
interesting procedure is developed in [12], where the representation of an elastic scattered
field U, is evaluated and then employed as the starting point for an algorithm devised to
determine the solution of an inverse scattering problem in a medium with jump discon-
tinuities in the material parameters. In the next section we examine the case when the
background medium is homogeneous and the heterogeneities are confined to a finite region.

8.2 Perturbation field generated by small heterogeneities

For definiteness we regard the material as a viscoelastic solid. On applying the Born ap-
proximation we investigate the scattering of inhomogeneous waves by small heterogeneities
confined to a finite region. To this end we essentially follow the method of [37]. An alter-
native procedure is exhibited in [175], through the equivalent-source method, in connection
with elastic bodies.

It is reasonable, in many circumstances, to regard the memory effects as independent
of the position in the sense that the dependences of A’ and /@’ on x and s can be factorized
as

N(x,8) = =do(x)7(s),  @'(x,8) = —fio(x) 7(s);

although inessential, the function T on R* is often regarded as monotone decreasing. This
implies that
Ax) =Xo(x)(1=7),  ji(x) = fo(x) (1~ 7),
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where 7 is the complex constant parameter

1"':.[ 7(s)exp(iws)ds.
0

The thermodynamic restrictions (1.1)-(1.2) demand that the non-zero function T, on R+,
meets the condition

o0
Im7(w) = ] T(s)sinwsds > 0, we R,
0

Of course, letting 7 = 0 means that the solid is elastic.
Letting the background state be homogeneous we can take

Ao(x) = Ag + € A1 (%),
fo(x) = po + € p(x),

where Ag and po are real constants, while the real functions A; and g, of x have the region
Q as their common support. The assumed properties are then summarized as

Mx) = [Mo + e ()] (1 =7),
A(x) = [po + e m(x)] (1 - 7), (2.1)
p(x) = po + £ p(x),

whence we see that the complex parameters lg, mg, [y, m; are expressed as
Iy = Ag(1 - 7), mg = po(l — 7),
h=M1-7) my = p(l - 7).

We now investigate some properties of the solution U, to the differential equation
(1.6). We can write this equation as

pow?Uy + V- {mg[VU; + (VU + (V- Uj)1} = 1 (2.2)

where

f = piw?Up + (1 —7) V- {m[VUp + (VUo)' + Mi(V - Up)1}. (2.3)

Apart from trivial changes, equation (2.2) is just of the form (7.2.5). This means that
the behaviour of the perturbation field U, is governed by the same differential equations
as is the background field, with a source term that depends on the incident (background)
field and the spatial distribution of heterogeneities. Accordingly the integral representation
theorem (7.2.16) applies to solutions of (2.2) to give

U'(x) = /Gfdy-i—/ {6t — 1s(Uy - n) V-G — 2mg [sym(U; ® n)V)G}da,, (2.4)
v ay
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where V is any regular region in space containing the support Q2 of the perturbing terms pi,
A1, p1 and @V denotes the boundary of V. Since x is now the position where we determine
the unknown Uy, we denote by y the current position in V, and by dy,da, the volume
element and the surface element. Here G(y,x) denotes the Green’s tensor function of the
background state; letting r = |y — x|, by (7.2.9) and (7.2.10) we can write

1

G(y,x) = W[k;{ 9r1 -V @ V(g —gr)),
where ) sk aF)
8 r E]
and
B2 = pow’ 2 _ pow? ]
% mg ' - 2mg + ly

Incidentally, Rek, r > 0.

Although (2.4) provides the expression of U in terms of Upg, the heterogeneities,
and the values assumed by U; and t; at the boundary, the determination of the last
set of data is a rather formidable task. A remarkable simplification occurs if, motivated
by the localization of the sources for the field U,, we allow U, to satisfy the radiation
condition. Then the volume V may be identified with, say, a sphere centred at x with
radius approaching infinity, and the radiation condition guarantees that the contribution
coming from the surface integral approaches zero. In this context we have

Uy(x) = jv G(y, ) £(y) d, (2.5)

where V may be identified with the whole three-dimensional space. Really, the vector
function f has a compact support which is determined by the support of the perturbation
functions py, Ay, and p;. Indeed, consistent with the assumption that the radiation condi-
tion holds, we restrict attention to those situations when the diameter of the support £ is
small relative to the distance between x and Q itself.

We now investigate the far-field limit of the scattered field U, (x) as given by (2.5). Ina
sense, this point may be regarded as a natural complement to the analysis of the asymptotic
behaviour of the scattered field that is performed in the previous chapter. There we start
from the integral representation of the scattered field and examine the asymptotic form, but
in the absence of the volume integral of (volume) sources. Here instead, we are considering
the effect of volume sources, while surface sources related to discontinuities in the material
parameters are disregarded.

Describe the position vector relative to an origin O € Q. By following the notation of
§7.4 we set

R = |x|, % =x/R, r=|y-x|
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We have

exp (iky,z7) _ exp (ik, r R)
T - R

e = exp (~tk; s X -y)[1+ O(R™Y)],

VeVgrr=—-g.r [ki_-r)‘( ®@%+O(R™! ]]

Substitution into the expression of G yields

{kz exp (ikr R)
drpow? LT R

6 Z2LD) ey (i, %-y) [k @ %+ O(R)] ),

G(y,x) = exp(—tkr X -y) [l -%x®@ %+ O(R™Y)]

+

whence it follows that

1 exp(ikr R)
f= 2 =
6y, x)f = 1 —{k =25
exp(ik, R
+ki P RL )

exp(—ik; X y) [f - (f- %)%+ O(R™")]
exp(—ik, % -y) [(£- %) %+ O(R™)] }.

Comparison with (2.5) shows that

Ui = O v, 0 (a)) + 2By, Lo m)),  (26)
where
2
Ui =g ]vexp(-ik,i-y) [f - (x- £)%]dy, (2.7)
.2
Uy = Zvr_i:F [/v(s:-r) exp(—ik_._fc-y}dy] %. (2.8)

The representation (2.6) for the perturbation field is the analogue of (7.4.8) that yields
the field scattered by an inclusion inserted into a homogeneous unbounded medium. The
asymptotic expression of U, results from superposition of a radial and a transverse field,
propagating with the speeds of longitudinal and transverse waves, respectively. Indeed,
Uy, and U, depend only on the direction identified by x, while the dependence on the
distance R has been factorized in the “scalar-wave type” contributions exp(ik. rR)/R.
Moreover, consistent with the notation, Uy, is perpendicular and Uy, is parallel to x.

For the sake of definiteness assume that the incident wave is longitudinal and then let
Uo(y) = ak, exp(ik, - y¥),
a being complex-valued. Hence, by the definition of f,

f(y) = a(ak: + BVA) exp(ik; -y),
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where
a=wlp 4 (1—7)[—k2(2m + M)+ 2i(Vp - ki)
and
B = ik:(1— 7).

Substitution into (2.7) and (2.8) leads to the determination of the far-field limit of Uj.
Specifically, we find that

ak?

e e
4w pow?

U, {xr[ki — (ky - %) %] + [0z — (07 - %) %] }, (2.9)

where
xr = [ aexplilh — k%) -] dy
v
or = / BV expli(k, — krX) - y]dy.
v
In connection with Uj, we examine (2.8) to obtain

ak?

Uu = 4r pow?

(xc ke - X+, -%)%, (2.10)

where
n=]auwwr«ﬁyﬂ@
v

o, = j BV expli(ky — k%) - y]dy.
v
By (2.9), a direct calculation shows that the transverse part U;, of U; satisfies
AUy, +k2Uy, =0 (1/R%).

Then, in the far-field approximation, Uy, is a solution to the Helmholtz equation with
wavenumber equal to that of plane, transverse waves. Similarly, by (2.10) we find that

AUy, + k2 Uy, =0 (1/R3).

This means that, in the far-field approximation, U, is a solution to the Helmholtz equation
with wavenumber equal to that of plane, longitudinal waves. This agrees with the previous
interpretation that, in the far-field approximation, the perturbation field U; may be viewed
as the resultant of a transverse wave Uy, and a longitudinal wave Uy,.

In view of (2.6), (2.9), and (2.10) it follows that, because of the heterogeneity of the
body, the far-field is affected by the heterogeneities through the integrals Xz,rs @z r. The
gradients Vi, and VA, enter linearly the integrands of x, r and @, 1, respectively, As it
must be, their effects vanish when the body is homogeneous (x,r = 0, ¢, » = 0).
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8.3 The WKB method

The WKB method can be traced back to the Italian astronomer Carlini [31] who, in
1817, wrote a paper about the calculation of planetary orbits. The accurate asymptotic
approximations derived there were supported by an analysis which has been reinvesti-
gated by Schlissel. Apart from Carlini’s work, the asymptotic theory of differential equa-
tions begins in 1837 when Liouville and G. Green published papers about differential equa-

tions of the form
2.n

euw +pu=10

where ¢ is taken to assume small values and ¢ is a smooth non-vanishing function of the
independent variable z; a prime denotes differentiation with respect to z or the pertinent
independent variable. The first investigation where ¢ is allowed to vanish was performed
by the theoretical physicist Gans in connection with Maxwell’s equations in heterogeneous
media.

A remarkable progress in asymptotic methods was favoured by the appearance of
Schrodinger’s equation, namely

1 1
v+ mie=0, (3.1)

in the unknown function 3 of z with some given, positive-valued (potential) function f of
z. Here h is Planck’s constant and, mathematically, plays the role of the (small) param-
eter €. In 1926 the physicists Wentzel, Kramers, and Brillouin, unaware of Gans’ results,
rediscovered them through different procedures and added new results about the pertinent
eigenvalue problem. In particular, the term “turning points” for the zeros of f (or )
came into use at that time probably because of Kramers. The three papers of 1926 had
such an impact that the abbreviation “WKB method”, after the initials of the authors,
has remained in common use in connection with asymptotic solutions to the differential
equation (3.1) or more general ones. Soon after 1926 it was remarked that Jeffreys had
independently rediscovered Gans’ method in 1924; that is why quite often the procedure
is referred to as WKBJ method. A historical survey of the subject can be found in [90].

Before entering the necessary technical details, observe that the equation (3.1) is not
so special as may seem. For, consider the differential equation

w4+ aw' 4+ bw =0

in the unknown function w(z) while a,b are given functions of z. Upon the transformation

% = wexp [%/: rz(S)dS]

we obtain
P+ (b—ta®)p =0



244 Inhomogeneous Waves in Solids and Fluids

Then the term in the first-order derivative can always be removed without any loss of
generality.

Back to (3.1), we begin from the basic idea of the WKB method. Consider the unknown
function ¥(z) in the form A(z)exp[iS(z)/h] where A, S are to be determined. Substitution
for 1 in (3.1) yields

h*A" - A(S') + fA=0, (3:2)
2A'S' + AS" = 0. (3.3)

By (3.3) we have
A%S' = const. (3.4)

Now assume that A is a slowly varying function of z so that h2A" /A is negligible. Then,
by (3.2),

$(z) = if 1%(s)ds.

Hence, by (3.4), we have the WKB solution
¥(z) = const. f~1/4(2) exp [i %/ f”?(s)ds]. (3.5)

The solution (3.5) may be obtained also in a way that emphasizes the asymptotic
behaviour as h — 0. Consider the function

exp [% (do + ke + K2y + .--)ds]-

Substitution into (3.1) provides an expansion in powers of h which must vanish. Letting
the coefficient of any power vanish we obtain

¢g+f:{]s

2¢O¢I + ¢E| = 0)
2¢0¢2 + ¢ + ¢ = 0,

the first equation may be viewed as the definition of ¢g, the second one the definition of
¢1, and so on. The restriction to the first two equations provides just the solution (3.5).

To get an idea of the accuracy of the solution, observe that (3.5) is an exact solution

" 1 s

¥ “"‘{mﬁ af ~ 16f7 ]} =0

The differential equation (3.6) becomes closer and closer to (3.1), for f # 0, as h — 0.

of

(36)
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Before examining some applications, it is worth having a look at a wave feature whereby
the WKB approximation is viewed as the first term of a geometrical optical series. Con-
sider a heterogeneous, elastic half-space z > 0 which consists of a set of homogeneous
layers (0,z1),(21,22),... . The material properties are supposed to depend only on the z-
coordinate. A plane wave exp(i(koz — wt)] arrives from the homogeneous, elastic half-space
z < 0 and travels in the direction of increasing z. As usual we omit writing the factor
exp(—iwt). Here we refer to both transverse waves and longitudinal waves; accordingly we
let 4 stand for the coefficients 1 or 24 + A as appropriate. At the boundary z = 0 of the
first layer the incident wave splits into a transmitted wave T} and a reflected wave R;; they
are expressed by

Ro exp(—1koz), To exp(iky2).

The coefficients Ry and 7y are given by the relations (4.5.22), in the special case of elastic-
elastic interface and normal incidence. For any case of (4.5.22) we can write the reflection
coefficient R and the refraction coefficient 7 as

pk pk T= 2pk
T pk 4 pk’ Pk + pk’

Let 4o be the value of v for z < 0 and 41,72, ... the values in the layers (0, z1),(z1,22), ... .
Then, letting 7 = 1/7k = k/w?p we have

=M 210
Rog = —, To= %
T m+m T mtm
The wave T) splits, at the boundary z = zj, into a transmitted wave T, travelling in
the second layer and a reflected wave R, travelling downwards in the first layer. At the
boundary z = z; the incident wave splits into a transmitted wave T4 and a reflected wave
Rj41. The quantity
21;
e —
i+ Min
is the ratio between the amplitude of Tj4, and that of Tj. Consider the sequence of
waves Ty,T5,...,Tn—1 and let Az; = z; — 21, An; = nj —nj-1, 1 = L, 2,..,n. Letting
u(z,t) = U(z)exp(—iwt), we can express the value of the field U just before the surface

z=2z, as

H 21131 exp(tk Azj)
=1 Ti-1

exp [ - Eln(1+ 2 )]exp[ Zk Az).

Now we pass to the limit of a continuous body. For small values of An; we can write

.,

II

Anj Anj
In(1 ~ —
n( * 27?;'-1) 201
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Then the continuum limit provides
n(z) 4 z
U(z) = exp —l/ —Eexpi/ksd.s
@=ew (=3[ ) ewi| Ko

whence, by the definition of 7,

U(z) = (:::Ez;)m exp [a‘ /D " k(s) d.s]. (3.7)

Formally the procedure developed in [24] corresponds to letting p be independent of
z. In such a case the field (3.7) takes the form (3.5) with f = k% (and h = 1). On the basis
of this result, Bremmer gave the WKB approximation the interpretation that it represents

the wave originating by refractions, directly from the primary wave which arrives from the
homogeneous space. As we show in a moment, though, this interpretation deserves some
remarks.

Still we have in mind transverse and longitudinal waves for one-dimensional motions
along the z-axis. Following §6.5 we can write the wave equation as

(YU'Y 4 p?U = 0. (3.8)

The introduction of ¥ = \/7 U allows (3.8) to be written as

P gt =10 (3.9)
where ()2 .
I T L e i
g._7+[472 211&:2'

throughout this section we regard g as a strictly-positive valued function. In view of (3.5)
we can write at once the WKB solution % to (3.9) whence

U(z) = const. [11[1]91(2]]_1‘“ exp [+ iw /z g (s) ds]. (3.10)

As w — oo, we have g ~ p/y and then the amplitude of U is proportional to (yp) /4
or (k/p)'/?. According to (3.7), instead, the amplitude of U is proportional to (p/ k)2,
Incidentally, the result (3.7} follows also by replacing (3.8) with U" + (pw?/¥)U = 0. This
shows the drastic effect of disregarding the term 4'U’ in the differential equation.
By analogy with (3.6) we can say that the function (3.10) is the exact solution to (3.9)
if and only if
5(9)* — 499" = 0.

This occurs if g = const. or g = const. (a + 2)™*, a being a constant. We do not discuss

here specific examples for y and p that meet these conditions. The interested reader is
referred to [137).
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Insights into the behaviour of the solution to the differential equation (3.9) may be

gained through an analysis which is based on a suitable transformation of the unknown
function and independent variable. Let

) =w f " 2(s)ds,

b= w‘lf!glﬂw.

Since wg'/? may be viewed as the local wavenumber then df = wg!/?dz is 2r times the vari-
ation of the coordinate, dz, relative to the wavelength 27 /wg!/?. Now, upon substitution
and straightforward calculations we can write (3.9) in the form

j;—f i+ (%) - 2 236 =0 (3.11)

Equation (3.11) is convenient in describing the behaviour of the field under consideration
when the function g varies slowly. Let

v= —%%lngln.
Then (3.11) can be written as
¢ dv 5
EJr(HEE’”)""U' (3.12)

A solution to (3.12) is found in the particular case when g has the form

1/2
g Lfz, z>1L,
g'%(2) = { 2,‘2

g z< L;

this means that p and v are constant as z < L and then, for example, p*?* decreases as

1/z as z > L. Choose the origin of £ at z = 0 and then we have
¢ wguuzL]n(sz), z> 1L,
- wgcl,n(z - L), z< L.
In terms of £, the functions g and v are given by
2
() g/ exp(~€/wgy°L), €>0,
g =
9(1!!23 E < 0}

and

[ 1/20g"°L, €>0,
u(E) = { \ it
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Then, letting € = lf%gcl,nlr we have
¢

de? +(1-€)p=0,£>0, (3.13)
‘;Z—f’+¢ 0, £ <0. (3.14)

The solution of (3.13)-(3.14) is subject to continuity requirements at { = 0. Having in
mind the mechanical context, we require that the quantities U and 4U’ be continuous in
that they represent the displacement and the stress. This in turn implies that, at £ = 0,

¢(07) = ¢(0%),

1/2
% 0) - 2(07) = - L Y80 + L g 6(0°),

In particular, if  is constant then the jump condition

[0~ st ar

follows.

Since (3.13)-(3.14) allow for plane wave solutions, suppose that an incident wave prop-
agates in £ < 0, in the £-direction and that a reflected and a transmitted wave arise at
£ = 0. Then we have

. { exp(i€) + Rexp(—if), £<0,
— | Texp(ivi=€¢), £>0,

R and 7 denoting the reflection and transmission coefficients. The continuity of ¢ and
(3.15) yield
1+4R=T,

iV1-—eT —i(1-R) = —¢T,
whence ;
-Vi-ea), 7T-= %(1 -V1—e —ie). (3.16)
Because

\/1_-§‘l+“z_:l 1)“( ) , ¥<l1,

we can write

€ 3

2 )

1 1
— 5+ + +
[4wg§,f’L 64(wge/’ L) 512(wgl/?L)s

R=i5+ o + ] = (3.17)
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Analogously for 7 = 1+ R. The result (3.17) and the analogue for 7 are often viewed as
due to a number of reflections in the heterogeneous region.
On account of the expression (3.16) for 7, using the expansion

exp(iV/1 = €26) = exp(i€) ~ > € exp(i€) + O(c!)

provides the transmitted wave (in £ > 0) in the form

. y .
H(€) = exp(i€) + 5 exp(i€) = T-Eexp(i) + (5 + 5) exp(it)

or, in the original variables,
U(2) = ty?go) ™ exp [iw [ 9'2(s)ds] (14— + -]
L 4wy,

whence

U(z) = [w?r*go] ™'/ (%)M;“L 1+ 'u_zm_ =k

The first term is just in the form of the WKB solution (3.10) and this again may motivate
saying that the WKB solution is the first term in an asymptotic series for the transmitted
wave (cf. §8.5). An analogous procedure and similar results hold for the solution to
Maxwell’s equations in heterogeneous media [168].

It is worth mentioning that the WKB method has been applied to the case when the
“refractive index”, the function f(z) in (3.1), is an analytic function. An investigation by
Meyer [125] resolved the difficulty that, in such a case, no wave reflection occurs. He proved
that, for small values of h, the mathematical problem is well posed and that the reflection
coefficient is trascendentally small. He also showed that, apart from its exponential order,
the reflection coefficient is essentially determined by the local behaviour of the analytic
continuation of the solution in the neighbourhood of a few marked points in the complex
plane where the refractive index is either singular or zero. Later Chapman and Mahony
[48] proved that the reflection coefficient can be described by a few parameters specifying
the dominant terms in the differential equation at such points. The interested reader is
referred to [48] for the proof and technical details. In this regard, though, we observe
that the minimal hypothesis in such investigations is the continuity of f(z) in R. Since, in
practical models, f involves derivatives of physical functions up to second order then the
continuity of f turns out to be a strong hypothesis. That is why here we do not pursue
the subject.

While the WKB method, as it stands, works for one-dimensional problems, generaliza-
tions have been set up and applied, e.g., to acoustic propagation in horizontally stratified
oceans [170, 171]. A generalization of the WKB method consists in allowing for oblique
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incidence; in this chapter oblique incidence is treated in §§8.4, 8.5 through solutions with
separable variables.

8.4 Turning points and extended WKB method

Consider the Helmholtz equation in the form
u" + wi qzn =0

where ¢ represents the slowness or the refractive index. When this equation describes the
Z—term in an oblique incidence problem (cf. §6.4) g> may vanish or even be negative.
Regard as turning points (or transition points) the values of z where ¢ vanishes. Our
attention in this section is confined to the behaviour of u and the overall behaviour of an
Epstein layer when turning points occur. Needless to say, turning points occur depending
on both the constitutive properties of the medium and the direction of the incident wave.
As shown in the previous section, the phase § in the WKB method is derived on the
assumption that A"”/A is negligible, which is reasonable when g is relatively large. Around
turning points this condition fails. That is why the behaviour around turning points deserve
a specific description. We essentially review Langer’s method (cf. [100], §6.24; [168], §4.7).
et }

—_—

Fig. 8.1 Sketch of ¢*(z).

Let ¢* depend on z as in Fig. 8.1. In the region z < z—, ¢* is sufficiently slowly varying

and the WKB solution is valid. However, by analogy with the WKB solution take u in the

form
P

u(z) = m[exp (iwjuz q(s) ds) + Rexp ( — !'w/cz q(s]ds)] (4.1)

where P and R are arbitrary constants. Let ¢y be the phase speed as z — —o00. Then, as
z — —o0, we have [ ¢(s)ds ~ z/cy and

u(z) = Peglexp(ikoz) + Rexp(—ikoz)] (4.2)
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where kg = w/cg. We may comment on (4.2) by saying that, as z — —oo, the solu-
tion u represents the superposition of an incident wave exp(ikoz) and a reflected wave
Rexp(—ikoz). Meanwhile this allows us to view R as the reflection coefficient which has

yet to be determined. When z > z we have ¢> < 0. Then we can express u in the region
z> 2zt as

PT %
(__95)17&)(]) [- wj! (—¢*)"?(s) ds). (4.3)

The constant T can be viewed as the transmission coefficient and is also to be determined.
Around the turning point Z we can approximate ¢*(z) as

u(z) ~

a being a positive constant. Upon substitution we have
' —kla(z—-Zu=0

or, in terms of the new variable 7 = (k3a)'/3(z - %),

a2 Tu=0. (4.4)

Equation (4.4) is a form of the well known Airy’s equation and its solution is given in

terms of the Airy’s functions. By requiring that the solution give rise to an exponentially
damped wave for large positive values of T, or z, we have

1 1 in 1 in
u(r) = m{e"l’ [%(—T)m] exp () —exp [~ 2?("')3!2] exp (- )}
when 7 is a large, negative number while

u(r) = e (- 37777

when 7 is a large positive number. In terms of the original variable z we have

25)2/6 ¥ ir o T
u(z) =~ (;: ) [exp (- iw/! q(s)ds) exp (?) — exp (s.t...r/2 q(s)ds) exp (- a?)] (4.5)
when z — z > (kfa)~1/3, and
a)l/e : 241
u(z) =~ 2—[(’%—(;))74— [—ufi (-¢°) /gfs]ds] (4.6)

when z — 2> (k2a)~!/3. Comparison with (4.1) shows that we can identify R as

R = —iexp [2:':.;]0 g¢(2)dz].
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Similarly, comparison with (4.3) yields

T = —exp(—im/4)exp [ — éw[ﬂ q(s) ds]

The expressions for u, both near Z and far from Z are recovered by letting

T= (tg /2 q'(s]lds)w3

3

where ¢ is meant as the square root of g*. This is the essence of the so-called “extended
WKB approximation”.
There are circumstances where oblique incidence leads to an equation of the form

" +wigtu —w? %n'u' =0 (4.7)

as is the case for waves with horizontal polarization. Letting ¥ = u//n we can write (4.7)
in the form
¥+ Q =0
where
1 3
LN, | N
& =g +2nn 4n3(n)'
The previous analysis about the behaviour at the turning point applies by replacing formally

q by Q.

8.5 Separable variables and successive approximations

The purpose of this section is to compare descriptions of wave solutions in heterogeneous
media, particularly in the form of Epstein layer, and to show connections between solutions
obtained by different methods, viz separable variables, ray methods, successive approxima-
tions. Consider the Helmholtz equation

Au+ wzqzn =0

and observe that solutions exist with separable variables (cf. §6.4, eq. (6.4.3)) provided
that

Z" 4 (Wi -8 - ¥)Z = 0.
This means that the Z-term of the solution satisfies a one-dimensional Helmholtz equation
with the reduced slowness \/w?¢? — § — 7. Accordingly, provided we take into account the



Perturbation Methods in Heterogeneous Media 253

reduced slowness we can confine the attention to the equivalent one-dimensional problem;
for simplicity we consider

' +wlPu=0 (5.1)

where, with abuse of notation, g is the effective slowness in one dimension. Look for
solutions of (5.1) in the form

u(x;w) = expliwr(x)] Z u_,-[iw]'j

which is characteristic of the ray method (cf. Ch. 9). Then we have

(') =¢, (5.2)
27'uy + upt” = 0, (5.3)
2r'ul 4 uyr" = —ulf_,, = T O (5.4)

The integration of (5.1)-(5.3) is immediate. First,

= :I:'/;:q{s)ds.

Then (5.3) yields
dy

va

where dj is a constant. Integration of (5.4) in the unknown u; yields

upg =

1 z
=l son

where j = 1,2, ... and the d;’s are constants. To within an inessential constant factor (dy),
two solutions can be taken as the two asymptotic expansions

o(z) = { E(wJ’[L ST (s)ds-l—d]}exp( [zq(s)ds) (5.5)

Zo

and

w(z) = \/W{ +Z W):[fz:%mu;’_l[s)ds+d5”exp(—iw/zo a(s)ds). (5.6)

We may take such functions v, w as the pair of fundamental solutions in z € [0, h]. Corre-
spondingly we may evaluate the reflection coefficient R and the transmission coefficient T

through the formulae (6.4.9), (6.4.10).
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Also by analogy with (5.5) and (5.6), we may look for a solution u to (5.1) as follows.
Let

= f[f(z)exp :w/zq(slds) + g(z)exp ( — iw /; q(s) ds)] (5.7)

where f, g are functions to be determined and a,d are suitable, real quantities. In this
regard it is convenient to introduce an auxiliary function ¢ and write (5.1) as a first-order

system of equations, viz

u' =1, (5.8)
V' = —wlg’u. (5.9)

In view of the freedom connected with the functions f,g we can look for % in the form
P(z) = iw/q(z) [f(z)exp (swf q(s)ds) — g(z)exp ( - w/ﬁ q(s}ds)].

Substitution in (5.8)-(5.9) and use of (5.7) yield
' 5 =
f"zg—gexp(—iw q(s)ds)exp(—iwf q(s)ds),
q o A
’ ) E (5.10)
= rexp (i [ a(o)ds)exp (o [ a(e) ).

We follow the usual approximation that ¢'/g is uniformly small. Accordingly we let ¢’'/2q =
€6(z) and regard ¢, for example the mean value of ¢'/2q, as a small parameter. Then we
solve (5.10) through the successive approximations method where the unknown functions
are written as powers of €. Letting

Ai(z) = 6(2 -exp(infz q(s) ds) ﬂp(iiwfq{s}dﬂ,
8
we can write (5.10) as
.f' =el_g,

g =ed ]
Represent f and g through the expansions

f=ijcj, g:Zgjej.
i ]

(5.11)

Substituting in (5.11) and setting the coefficient of each power of € separately equal to zero
yields

fé =0, f;: = )‘—gj—l: i=12,.,
gl.;l =0, g; = '\+fj—ls i=12,...
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This implies that fy and go are constant across the layer, say
fu =ia, Jo = b.

To determine a, b and the integration constants for f j»9; we need appropriate boundary
conditions. We regard f as related to a wave propagating downwards and g to a wave
propagating upwards. To fix ideas we consider the process produced by an incident wave
coming from the half-space z < 0 and set

f(0) =1, g(h) = 0.
It is convenient, if not imperative, to satisfy these conditions by requiring that
fo(0)=1, go(h)=0, f;(0), g;(h)=0,j=1,2...
Then the functions f;,g;, 7 = 1,2, ..., satisfy the recurrence relations
6= [ @ma@ds 6= [ 26l ds
0
whereby f; and g; are eventually given by j-fold integral representations. Indeed, letting
#:)= [ a(o)do,
upon immediate simplifications, if j is even we have
. z ql - 3 qf ;
¢ = i = dt — 2 t
e fi(z) = /0 ds 2q(s) exp| Q:uq‘)(s)]fh t 2q(t] exp(2iwe(t))
. ! v !
/ dv q—{u} exp[—2iwd(v)) j dw q—{w]exp[Qiuaﬁ(w)]
0 2q h 29
and g; = 0 while, if j is odd, f; = 0 and
z qf .
eg;(2) :exp{—wé(a)]exp[—iwqb(ﬁ)]j" ds -2—‘;{s}exp[2w¢{s]]
’ v )
j dv q—(v} exp{—2£wqb[v}]] dw i-l[w] exp[iwd(w)]
0 29 h 2q
0 0 A
=sexp (iw [ a(o)do) exp (ic | dte)da)eaz).
@ g
Accordingly we can write
(1+ € fa(z) + € fu(2) + .| expliw(¢(2) — ¢(a))]
+ [eg1(2) + €gs(2) + - Jexp[-iw(d(z) — (B))]}

1
Vo)
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and then we have

u(z) = %\/;—%@{[1 + & f2(2) + €' fa(2) + ... expliwd(z)]
+ [eg1(2) + €53(2) + ...] exp[—iw(2)]}- (5.12)

The result (5.12) deserves some comments and interpretations. Observe that the factor

exp[—iwd(a)] = exp [iw /u ’ g(o dcr]

accounts for the “phase” of the incident wave at z = 0. Then, at the zeroth order in ¢, the
solution .
u(z) = SRy | ) 1 4 (2) + ] expliod()]
Va(z)

is just the usual WKB approximation (cf. (3.5)).

To obtain an interpretation of the other terms in (5.12) it is worth reconsidering the
reflection process. At an interface between two homogeneous media where the slowness is
g and g + 7 the reflection coefficient in the medium with slowness g is given by

_9-(q+m)
g+(g+n)

If the slowness is a C! function, of z, then we can say that the amplitude reflected between
zand z+dz is

'
dR = -——2%(2] dz.

So, —q'/2q is the reflection coefficient, per unit length, for incident waves which propagate
in the z-direction while ¢'/2q is the reflection coefficient for propagation in the opposite
direction.

With this in mind, consider (5.12) at the first order in ¢, viz

exp[~iwg(a)]

) = TP explivg(a)] + / 9 (s) exp[2icwd(s)] exp[—iwd(2)]}-

Since z € [0, h], the new term can be more properly written as

h 1
jz xplic(4(s) = (@) G-(s) expl-io((2) — $(s))] ds.

The first exponential propagates the wave from the height « to the height s, downwards;
the fraction reflects (partially) the wave; the second exponential propagates the reflected
wave up to the height z. The integral on s in [z, h] allows us to view the overall contribution
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as follows: while running from z to h the incident wave is reflected in a continuous way;
the waves produced by reflection determine the contribution at z.

The interpretation of the second-order term follows in a similar way. At the second
order in € we have the additional term

z h ool ! )
[ e[ [ v exelist(u)-6(a) o) expliu(6(6)-#o)]] & (s) explié(e)-#(s))

The expression expliw(#(v) — ¢(a))] makes the incident wave propagate from a to v in
[8,h); (—¢'/2g)(v) describes the reflection at v; exp[—iw(¢(s) — ¢(v))] makes the reflected
wave propagate to s in [0, z]; (¢'/2¢)(s) describes the reflection at s; exp[iw(¢$(z) — ¢(s))]
makes the secondary reflected wave propagate downwards to z. The double integration
allows us to view the result as due to the continuous reflection of the incident wave across
the layer and the continuous reflection of these secondary waves in the layer [0, z].

The analysis of higher-order terms shows the contribution of higher-order waves gen-
erated by a continuous reflection process in the layer.



9 RAY METHOD FOR HETEROGENEOUS, DISSIPATIVE MEDIA

Within the context of direct asymptotic methods, the so-called ray method has rightly
received noticeable attention. Likewise other asymptotic methods, for time-harmonic waves
the ray method involves series solutions whose nth term has a coefficient of the form
(iw)~". The vanishing of the lowest-order term results in the trajectory of the ray while
the vanishing of the remaining coefficients yields the evolution of the pertinent amplitudes
along the ray. All this is well-known for the scalar Helmholtz equation or the problem
connected to wave propagation in unstressed elastic solids.

New, interesting features arise in the application of the ray method to prestressed
viscoelastic bodies. The occurrence of a prestress produces a qualitative change of the
eikonal equations which again have solutions in terms of transverse waves and longitudinal
waves. The prestress makes a (suitably defined) ray in solids be no longer orthogonal to
the surfaces of constant phase, this circumstance being quite unusual in the literature of
the ray method. The analysis of the amplitude evolution shows that, along ray tubes,
the amplitude decays according to the rate of dissipation. Further, energy partition at an
interface is shown to be affected by the prestress but not by the dissipative properties of
the materials.

The dissipation effect is qualitatively the same in viscoelastic fluids but, there, rays are
orthogonal to surfaces of constant phase. Indeed, except for the decay due to dissipation,
there is a close connection between rays in viscoelastic fluids and rays in unstressed elastic
solids.

Reflection and refraction of rays is investigated by determining the analogue of Snell’s
law and then the amplitudes pertaining to the rays emanating from the interface. The
effect of prestress is shown to be remarkable also in this framework. Explicit formulae are
established for reflection at a traction-free surface.

9.1 Ray method for the Helmholtz equation

The Helmholtz equation describes time-harmonic wave propagation in homogeneous elastic
bodies, relative to a stress-free placement with a vanishing body force, and in homogeneous
non-conducting dielectrics. Rays in elastic homogeneous bodies are thoroughly investigated
in [3], Ch. 4. Upon commonly accepted approximations, the Helmholtz equation is regarded
to model also propagation in the corresponding heterogeneous media. Within this simple

258
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framework and with the purpose of a useful introduction of the subject, we recall the
procedure and results of the ray method for the scalar Helmholtz equation.

Assume that, in connection with a time-harmonic dependence, the pertinent field U(x)
satisfies the Helmholtz equation

AU +w*g*U = 0,

where g is a known, real function of the position x which is to be viewed as the slowness. The
function U will obviously depend on the parameter w € R* and we look for an expression
of U which is meaningful for large values of w. Then we consider a series expansion in the
form
o0
U(x;w) ~ wP expliwr(x)] Y Uj(x)(iw) ™. (1.1)
i=0
The exponent 3 is left undetermined by the present development; it is determined as soon as
we match the solution U with prescribed data. Upon substitution of (1.1) in the Helmholtz
equation we have

Y {(w)*U5((Vr)? - ¢*) + (i)' I[2VT - VU; + U;A7] + (iw) AU} = 0.

3=0

The series solution (1.1) is determined by setting the coefficients of each power of w equal
to zero. The largest exponent is two and occurs when j = 0; a non-zero U is allowed only
if

(V1) =¢%, (1.2)
that is, the phase 7 is a solution of the eikonal equation. Because of (1.2) each term of the
first series vanishes. Consider the remaining highest power; the vanishing of its coefficient

yields the transport equation
2Vr - VU + UgAr = 0. (1.3)
Meanwhile the vanishing of the coefficient of the subsequent powers results in
2Vr - VU, + U;A1 = —AUj—, T =120 (1.4)

Once Up is determined by (1.3) then Uy, Us, ... are provided by (1.4). Let us see how to

proceed.
Consistent with (1.2), here we regard the rays as the flow of the vector field (slowness

vector)
q=vr. (15)

Denote by o the parameter along the rays which then are characterized by

dx
i 1.6)
do la, (
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I being a function of o. Then, along the rays,
‘;—::IqVq, j—;:!qz.
Now we derive the evolution equation for the leading-order amplitude Up. Consider the
transport equation (1.3). Upon multiplication by Up we see that U3V is divergence-free.
Hence for any domain D we have
0= UVT-nda (1.7)
aD
where n is the outward unit normal. Let Wy be a closed region in a surface of constant 7
and consider the tube of rays which pass thrcugh the boundary of Wy. Then we let D be
the region bounded by the tube, the surface Wy, and the intersection, W say, with another
surface of constant, greater, value 7. Observe that V7 - n = 0 on the lateral surface of the
tube, V7-n=gon W, and V7-n = —g on Wy. By (1.7) and the mean value theorem we
have
(U3 9)(%0) a0 = (Ugq)(%) a
where Xg, X are suitable points of Wy, W and ag,a are the areas of Wy, W. In this sense
we say that Ulagq is constant along ray tubes.

vr

W

Fig. 9.1 Propagation along a ray tube.

Denote by 71,72 a pair of parameters which label the rays through W;. Then we
describe x as x = x(o,71,72). Letting i) = 8x/d7, iy = 8x/07, we can write the surface
element as

da = |n - iy xiz| dyy dyz.
By definition, the range of the parameters 71,72 for Wy and W is the same. Thus the
ratio a/ap goes as the ratio of (suitable) mean values of the Jacobian of mapping via rays,
J = |n-i; xiz|, whence

(U3 Jq)(%o) = (U3 Jq)(%)
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Xo and X being suitable points of Wy and W. At the limit of arbitrarily small surfaces
Wo,W we can view x as a function of o and write

Jq)(20)
U2 — 2 (Jg
0{0) Un(ﬂ'u) (Jq][a]
where Ug(ag), J(00), g(00) denote the values at the intersection of the pertinent ray with
W and U}(e), J(o), q(o) the values along the ray. Incidentally, differentiation with respect
to o yields

dU¢ _ , d

Tﬂ‘" = -Ul] E(l‘ﬂ Jq] (1.8)

Consider now the differential equation (1.4) for U;,j = 1,2,..., with U;_1 as a known

function. By (1.5) and (1.6), along the ray we have

2dx
o VU; + U;Ar = —AU; 4
whence . 1 1
E;'l + aAT UJ' = -—EQUj_l. (19)

The function ({A7)(c) may be written in terms of the function (Jg){¢). By (1.3), (1.5)
and (1.6) we can write

2d
22X . VU + UoAr = 0.
ldo
Hence, upon multiplication by {U; we have
dud
—2 = _piIAT.
do OREXD

Comparison with (1.8) gives g
IAT = E(ln Jq).
Then (1.9) becomes

; 1. d !
i 4202 (n Jq) = -5 AU,
2o +3Vig; W /8= =38l

2
The trivial integration yields

U; J 1 il
(o) = TleI IO e) _ ()WTDE) AU;-1(s) ds.
V(JI4a)(o) 2/(J9)(0) Jou
For later convenience we derive a result concerning rays and wavefronts, that is surfaces
of constant phase. Let t be the tangent vector to a ray. We know from differential geometry
that the divergence of t is related to the principal radii of curvature Ry, Rz, of the wavefront
by

1 1

LI 1.10
=tE (1.10)

V-t=
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Accordingly, the divergence of t is twice the mean curvature H of the wavefront. A con-
nection of V -t with the Jacobian J is now established.

Let D be any closed region with volume V and consider the invariant definition of
V - t, namely

1
‘t= lim — ; 1.1
V-t l]/l—n}OVLt n da (1.11)

where n is the unit outward normal. As before, identify D with the region between two
wavefronts W and Wy, within a tube of rays. Let the parameter ¢ correspond to W and
aq to Wy. For our considerations the parameter o is required to be the arclength along the
ray. Observe that t - n = 0 on the lateral surface and t - m = 1, -1 on W, W;. Now recall
that the surface element da, on W, is related to the corresponding element dag, on Wy, by

J(o)
da = ———day.
J(0)
Then we have
G _ 1 . J(a)—J(ey) 1dJ
‘l/l—n-!ﬂ?_/Dt.nda_ J(ao} ali»n;n ag—0g - }E {1‘12)
By (1.10)-(1.12) it follows the desired result
1dJ
which relates the Jacobian J to the mean curvature H of the wavefront.
Sometimes (cf. [105], §5.2) the quantity K is considered such that
K(o)da = K(oq)dao.
We may set K = 1/J. Then we have, e.g.,
1 dK
Veit= ———. ;
¥ do (1.14)

9.2 Rays in viscoelastic solids

In homogeneous bodies the ray theory can ultimately be reduced to the analysis of one
or more scalar Helmholtz equations. In such cases the theory is well-established and,
in this connection, the interested reader is referred to general treatment such as [3). In
the description of continuous media, it usually happens that the behaviour of the body is
naturally represented by tensor fields and suitable relations among them. Unless particular
symmetries are involved, the tensor relations among the pertinent fields are expressed by
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more scalar functions and the model equations cannot be reduced to decoupled equations.
Accordingly, in heterogeneous bodies the behaviour of the pertinent field cannot reduce to
one or more Helmholtz equations.

As we show in a moment, the ray method allows the application of the procedure of §9.1
to more general schemes. In fact, we address our attention to rays in prestressed viscoelastic
solids. Differently from what happens in the scalar Helmholtz equation, the recurrence
relation involves amplitudes of all lower orders. Moreover, the recurrence relation involves
initial derivatives of the relaxation functions of increasing orders as the subscript of the
amplitudes involved increases. So in practice the investigation is confined to the lowest
order term. It is a favourable feature that such term per se provides a good description
of wave propagation as the wavelength is smaller than the characteristic dimensions of the
problem.

In this section we derive ray trajectories and amplitude evolutions for wave propaga-
tion in prestressed viscoelastic solids. Consider time-harmonic solutions in the usual form
u(x,t) = U(x;w) exp(—wwt). Following the standard ray approach to wave propagation we
write the vector U(x;w) through the asymptotic expansion

o0

U(x;w) = expliwr(x)] Z Uj(x)(iw) ™7,

=0

to within any factor w?, here inessential. The phase function r is taken to be real-valued
while the Uj;’s are allowed to be complex-valued. As shown in a moment, this view is con-
sistent with the general structure of inhomogeneous waves. Now, on omitting the common
factor exp[iwT(x)], we have

VU =Y {(iw)' = Vr @ U; + (iw) ™ VU },
j=0
VU= {(iw) 7 Vr U+ (w) 7 V-Us},
j=0

oo
VVU =Y {(iw)*?Vrevrey;
=0

+ (i)™ VVr @ Uj + (i) 72(symVr @ V)U; + (iw)™IVVU;},

v(V- U) = Z{(:’w)z_"[Vr -U;)Vr

=0

+ (iw) I [(VVT)U; + (VU;)Vr + Vr(V - Uj) + (iw)IV(V - Uj)},
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=]
AU = Y {(w)*(Vr)*U; + (iw)! [ATU; + 2(Vr - V)U ] + (w) ™7 AU}
=0
For later convenience we observe that, given the product of two series expansions, we
can write the result as the effect of successive sums. Specifically,

i+m
S (=1tan(iw)™ Yo bpiw) ™ = YT S (1R (-1)" 4ok mbF (iw0)
h>0 k>0 i>=-m k=0

Moreover we recall the asymptotic behaviour of y(w) as given by (3.2.17), namely
pw) = (= 1)"u6" () + ow™),
h=0

and analogously for A(w). Substitution in the equation of motion and some rearrangement
lead to the vanishing of an asymptotic series with powers in w?, w, w=7,j = 0,1,2,... .
The vanishing of each coefficient results in

—pUp + (VT - TOVr)Up + (o + Mo} Up - V1)V + 1 Up(Vr)? = 0, (2.1)

= pUL + [T° - (VVT)[Up + (Vr - T°VT)U; + 2(V7r - T°V)Uq + [(V - T°) - V7]U,
+ (Vpo - Vr)Ug + (Ug - Vo)V + (VA)(Vr - Uy)
+ (o + 2)[(Uo - V)V7 + (Uy - VT)Vr + (VUp)VT + (V - Ug) V7]
+ po[AT Up + (V7)) Uy + 2(Vr - V)Uy)
= (ko +20)(Uo - VT)VT — (V72U = 0, (2.2)

and
—pUjp2 + (Vr-TOVT)Uj 4o
+(T°- VVT)Ujpy + 2AV7 - TOV)U j41 + [(V - TO) - V1)U, 44
+(T°-VV)U; + [(V-T°) - V]U; + i J§(—1)f-*u; =0 (23)
m=0 k=0
where

U = g ™D 4 ATV 0T+ (s,

Uy, = - [V ™ . 1)U, = [V 0,97 - 920y, 1,
— [~ 4 AT (VI UL + (VUL VT + (V- Uk V7]
- pfn"_k“)[ArUk +2(Vr - V)U,
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Uy =[Vid ™ - V] Uk + (VU V™ + (V- U, VAT Y
+ [ + AT vV Uy + 4 PAu,.

Roughly, the recurrence relation (2.3) provides Uj42 once Ujyy,U; and r are given. So
we are left with the problem of determining Uy, U, and 7. In fact the two vectors Uy, Uy
and the scalar 7 cannot be determined by (2.1) and (2.2) only; a component of (2.3) is
necessary to complete the procedure.

Inner and vector multiplication of (2.1) by Vr yields

[+ (VT - T°V7) + (210 + Ao )(V7)}|Us - Vr = 0,

[=p+ (V7 T°V1) + 4o (V7)*[Uogu V7 = 0.

Then two possibilities occur, namely
Uy Vr =0, —p+ V- TOVr 4+ 1o(Vr)* =0 (2.4)

and
UpxVr =0, —p+ VT -TOVr + (210 + Xo)(VT)? = 0. (2.5)

Quite naturally we call transverse waves and longitudinal waves those characterized
by (2.4) and (2.5) respectively. Yet it is to be observed that the transversality or the
longitudinality of Uy, relative to V7, does not imply that the same property holds for U,
and the next terms in the expansion. This aspect is made clear in a moment. Then, in this
context, the adjectives transverse and longitudinal are appropriate inasmuch as the next
terms are negligible.

Since p, T?, g, and A are taken to be known functions, (2.4); and (2.5); are first-
order differential equations for the unknown function 7 in the two allowed circumstances
Up:-Vr =0and Uyx Vr = 0. In these circumstances they define the surfaces of constant
phase, viz the wavefronts. By analogy with the geometrical theory of optics, we can say
that (2.4); and (2.5); are the eikonal equations for transverse and longitudinal waves.
The next task is the determination of the transport equations namely the equations which
govern the evolution of Uy. Formally, (2.2) is the transport equation for the two cases.
Our purpose is to elaborate, on the basis of (2.4) and (2.5), an evolution equation for any
wave amplitude Uy along the pertinent ray.

First consider transverse waves, namely Uy - V7 = 0. Inner multiplication of (2.2) by
Vr and account of (2.4) yield

2(V - TOV)Uo] - Vr + (Uo - Vio)(V7)? + (o + Ao)(Us - V7 + V - Ug)(V7)?
+ (o + 2)[V - (Ug - Vr)Vr 4 V7 - (Vr - V)Uo) + 210V 7 - (V7 - V)Uo = 0. (2.6)
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Application of the gradient operator to Ug - V7 = 0 provides
(VUp)VT+ (Ug - V)V7 = 0.
Hence inner multiplication by Vr yields
V7 (Up:V)Vr 4+ V7 (Vr V)Up=0.

Accordingly (2.6) reduces to

(o + Xo)(Uy - V7 + V - Up)(V7)? = —[2Vr - (V7 - T°V)Up
+ (Uo - Vo) (V)2 + 2p0V7 - (V7 - V)Ug[]. ;
1T
Back to (2.2), substitution for (zo + A)(Uy - VT + V- Up)(V7)? from (2.7), account of
(2.4), and some rearrangement yield

(T - VV7)Uq + 2(V7 - T°V)Up + [(V - T%) - V7]Up
1

T (Vr)p

+(Vito - V7)Uo + po AT Ug + 2a0(V7 - V)Uo — p(V7)*Uo = 0. (2.8)

[2Vr - (V1 T°V)Up + 2oV - (V7 - V)Uo]VT

Inner multiplication of (2.8) by Uy and some rearrangement lead to
V- [(nol + T°)Vr UZ] = po(VT)*U3. (2.9)

Equation (2.9) may be viewed as the transport equation for the amplitude Uj of the trans-
verse waves. Further results on the evolution of Uy along the rays are derived in §9.3.

Consider the longitudinal waves (2.5). The contribution of Uy in (2.2) turns out to be
—pUs + (V- TOVT)Us + (o + 20)(Us - V)VT 4+ o(V7) Uy = — (o + A0)Vrx (U x V7).

This obviously means that the contribution of Uy is orthogonal to V7. This feature in turn
allows 7 and Uy to be determined by looking at the vector equation (2.1) and the projection
of (2.2) along Vr. Now, inner multiplication of (2.2) by Vr and some rearrangement yield

(T°-VVT)Up - V1 4 2V7 - (V7 - TV)Uq + [(V - T°) - V7| Up - Vr
+ [V(po + Ao) - V7|Ug - V7 + (V7)) Vo - Up
+1o{V7-(Uo-V)Vr +[(Vr.V)Uo)- V4 (V7)?V-Us + A7 Vr-Up + 2V - (V- V)Ug)}
+ 20{V7 +(Uo - V)V + [(V7 - V)Uq] - V7 + (VT)?V - Up}
— (2h + M)(VT)’Up-Vr=0. (2.10)
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Since Uy and Vr are parallel we can write
Uy=vVr

where v is an undetermined scalar function of the position x. Then multiplication of (2.10)
by v provides

(T° - VVT)UG + 2Uo - (V1 - T°V)Up + (V- T°) - VU2 + [(2Vio + Vo) - Vr]UE
+ (1o + X0){Uo - (Ug - V)VT + [(V1 - V)Uo] - Up + v(V7)*V - Up}
+ po[ATUG + 2Uq - (V7 - V)Us) — (2uh + M )(V7)*UE = 0.

Upon some rearrangement we arrive at the equation
V- {[(210 + 20)1 + TO)VT U3} = (2u6 + N )(VT) U2 (2.11)

which may be viewed as the transport equation for the amplitude Up of the longitudinal
waves.
Here we consider transverse waves and longitudinal waves at the same time. Accord-

ingly, let
1

N

and regard 7 as determined by (2.4); or (2.5); depending on the type of waves we are
dealing with. Letting er(x), c.(x) denote the two corresponding functions, we also define

fo=to 210 + Ao
e’ &
for transverse and longitudinal waves, respectively; by (2.4.7) - c¢f. [70] - we have f < 0.

Similarly, let
wi= (o1 +TO)Vr, [(2m0 + do)1 + T°|VT.

This allows (2.4); and (2.5); to be written as

—p+w-Vr=0 (2.12)

and (2.9) and (2.11) as

V- (wU}) = f U3 (2.13)
We say that rays are the flow of w. Of course w is known once the eikonal function 7
is determined via (2.4); or (2.5);. Observe that, by the anisotropy of T°, wxVr # 0
and then rays and integral curves of V7 are usually distinct. For any regular region D,
integration of (2.13) over D yields

w-nugda=/ fU3 dz (2.14)
ap D
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where n is the unit outward normal. We can regard (2.14) as the energy balance, for the
region D, thus ascribing a precise physical meaning to w. Consider unstressed homogeneous
materials and identify V7 with the slowness vector k/w, k being the wave vector of the
corresponding plane wave. Then w = pck/k and hence wU/{ is 2/w? times the energy flux
vector. We can also say that, according to (2.14), the non-conservation of energy associated
with the ray is due to the dissipation %uz fU¢ per unit time and unit volume.

9.3 Amplitude evolution and energy partition

Interesting consequences of (2.14) follow through appropriate choices of D. Choose any
point xo and let Wy be a plane, bounded surface that passes through x, and is orthogonal
to w(xp). Then consider the tube constituted by the rays that pass through Wy. Follow
the ray through x¢ up to a point X and consider the intersection W of the plane, that
passes through % and is orthogonal to w(X), with the tube. Let D be the region occupied
by the tube between Wy and W and denote by dy the diameter of W;,. We can write

{ w(x) + O(do) on W
—w(xo) + O(dg) on Wo

w-n=

where w = |w|. Moreover w - n = 0 on the lateral surface of the tube (between W, and
W). Accordingly, by (2.13) and the mean value theorem we have

(wUF)(X)a — (wUZ)(Xo)ao + aoO(do) = jp fUldz

where ag,a are the areas of Wy, W. The O(dp) term suggests that we pass to the limit as
dp — 0, which corresponds to an infinitesimal tube around the pertinent ray. The ratio
afay goes as the ratio of mean values of the Jacobian J of mapping via rays. Moreover at
the limit of arbitrarily small surfaces Wy, W we can view x as a function of the arclength
o only. Then by dividing throughout by ag and letting dg — 0 we have

(wIT)0) - (wITE )ow) = | " f()7(s)U2(s)ds.

Differentiating with respect to o and dividing by (wJUZ)(o) gives
1d0g __1dwl) f
U do = wJ do ' w’

A straightforward integration yields

(wJ )(G'n)

Uo (o9) exp [f =(s)ds]. (3.1)
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Fig. 9.2 Energy partition at an interface.

By way of comment we can say that, once the family of rays is determined through the
eikonal equation, (3.1) yields the amplitude Uy along the ray tube. Moreover, U is shown
to vary along the tube because of two causes. One is the heterogeneity of the material and
is reflected in the wJ term and in the denominator w of the integrand. The other one is
the dissipation and is expressed by the quantity f in the integrand. Since f < 0, as
expected dissipation results in the decay of the amplitude along the tubes.

It is worth looking at the particular case of isotropically pre-stressed solids where

8 =71,

T being positive or negative according as T° represents a tension or a pressure; we only
assume that the possible pressure is not too high, i.e. T' > —up. In such a case w is parallel
to Vr and then the flow of w coincides with the rays of the usual theory, namely the flow
of Vr. Further, w = pc and ¢ takes the values

_ e +T o = 20+ Ao+ T
e (EO T P o it i1 i
p p

according as transverse or longitudinal waves are considered. In particular we have

U2(0) = [ﬂﬂ] ("") U(oo)exp | ] (s)ds). (3.1°)

The result (3.1°) allows a direct comparison with the analogous result which arises
from the analysis of the Helmholtz equation. With regard to §9.1 and, e.g., [15], it looks
as if ¢ in this section should be replaced by 1/c to get the standard result. Really, this is
so because the correct equation of motion comprises terms in Vu, VA which lead to the
occurrence of po and Ag in w. Then, in essence, apart from a factor p, the occurrence of
po and Ao makes 1/c of the standard theory into ¢ of the present approach.
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We now apply the result (2.14) to the case when D is a pillbox region. As the thickness
of the pillbox approaches zero we have

w-nU2da = 0. (3.2)
8D
The interpretation that wlU{ is (2/w? times) the energy flux vector allows us to view (3.2)
as the statement that the net energy entering the slot mean surface S,, equals the net
energy leaving Sp. If wU} comes from different rays, as in reflection and refraction (cf.
§9.5), we may write

[Dowhg) ->_ wh(Ug)’] -m=0 (3.3)

where k labels the rays above the surface §,, and h the rays below while n is the fixed
normal to §,,. For any ray, w(Us)? - n represents the corresponding energy flowing through
Sm per unit time and unit area. More precisely, for each type of ray consider the tube
issued from the boundary of §,,, on the appropriate side. According to (3.3), the overall
contribution of energy, associated with the pertinent ray tubes, which flows through $,,
must vanish. Incidentally, this condition may be regarded as a check of consistency of the
results obtained for a reflection-refraction problem at an interface. Also, once we know the
amplitudes U§, U$ and the vectors w¥, w" we know how energy is partitioned among the

various ray tubes due to a reflection-refraction process.

9.4 Rays in viscoelastic fluids

The analysis of this section parallels that for solids of §9.3. Accordingly the presentation
of the subject is less detailed here.

Consider the linearized equation of motion for fluids and, for definiteness, identify the
body force b with the acceleration gravity g. Then the equilibrium condition is written as

Vp(p) = pg (4.1)

whence we obtain the equilibrium density p = p(x). As usual, we choose the equilibrium
placement as reference, which means that every material particle of the fluid is labelled
by the position occupied at equilibrium. Since b is left unperturbed by a superposed
(infinitesimal) motion we write (2.6.9) as

pit = p(Vu)g + p*22(V - w)g + pp,V(V - 0) 4 Vo7 (42)
P

where 7 is the viscoelastic stress tensor, relative to the equilibrium placement (cf. (2.5.4)
and (2.6.9)).
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Take the velocity field to be time-harmonic in that
v(x,t) = V(x;w)exp(—iwt).

Of course U(x;w) = —(iw)~'V(x;w) is the corresponding displacement vector amplitude.
Then, to within the common factor exp(—iwt), the stress r is given by

T=pu(VV4+VUVH L NV-V)1 (4.3)

where u, A depend on w as

p= '[0 fi(s)exp(iws)ds, A= ] A(s) exp(iws) ds.
0
Then the equation of motion (4.2) becomes

2
p?U + fi;’iﬂ(w)g +pp,V(V - U) + p(VU)g
o
+ (Vi - V)V (VV)Vu+ pAV + (g + X)V(V-V) 4 (V- V)V (44)

For the following calculations we need the asymptotic behaviour of x, A. Integrations
by parts and application of Riemann-Lebesgue’s lemma yield

n

p(w) =Y (-1)ig V(i) +o(w™)

i=1

where ﬁgﬂ stands for the kth derivative of fi(s) at s = 0. An analogous expression holds

for A. In particular,

o B, o L
plw) =1 T + o(w™*), Mw)=1 i +o(w™"). (4.5)

By thermodynamics, viz (2.5.6), it follows that the real parts of y and 2u+ A are positive,
and hence the real part of 2u + A is positive too. Then by (4.5) we have

Ay <0, 240+ X <0. (4.6)

No restriction is placed by thermodynamics on the function p(p). Since p, = dp/dp is the
square of the speed of acoustic waves in perfect fluids, it seems reasonable to assume that

P > 0.
Represent the vector amplitude V(x;w) as

V(x;w) = expliwr(x)] Y V;(x)(iw) 7,

j=0
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to within any factor w®. Substitution in (4.4) and some rearrangement lead to a power in
w plus a O(1) term plus O(w™') as w — co. The vanishing of the coefficients of w and of

O(1) results in

—pVo + (jio + Ao + pps)(VT - Vo)V + fio(VT)* Vo = 0, (4.7)

2
—pVi+p(Vo-g)Vr+ 2 p”” (Vo - V7)g + fio[ AT Vo + 2(Vr - V)Vo + (V1)? V)]
]

+(ppp + fio + X0)[(VV7) Vo + (VV0)VT + (V- Vo) VT + (V7 - V1) V7]
+(Viio- V) Vo +(Viio- Vo)V +(Vr- Vo) Vo — (1 + X)) (VT Vo) VT — fig(V7)* Vo = 0.

(4.8)
Inner multiplication and vector multiplication of (4.7) by Vr yield
[p = (ppp + 2fi0 + A0)(VT)}] Vo - Vr =0,
and
[p = fio(VT) ] Vox VT = 0.
Then two cases occur.
Vo-Vr=0, (Vr)=2, (4.9)
Ho
VoxVr=0, (Vr)= P (4.10)

PPy + 260 + Ao
Quite naturally we call transverse waves and longitudinal waves those characterized by
(4.9) and (4.10), respectively. Yet it is to be observed that the transversality or the longi-
tudinality of Vi does not imply that the same property holds for V; and the next terms in
the expansion. This aspect is made clear in a moment. Then, in this context, the adjectives
transverse and longitudinal are merely conventional.

Consider the transverse waves (4.9). The phase function 7(x) satisfies the eikonal
equation

p
Vr)P = .
(V) fio

Having determined the phase function, we can investigate (4.8) to obtain the transport
equation. Observe that the application of V to the transversality condition gives

(VV7T)Vo + (VVo)Vr = 0. (4.11)

Inner multiplication of (4.8) by V7 and account of (4.9) and (4.11) yield

1 ) 213
VoVotVrVi=o— (Vo g+ Viig- Vo + 28[(Vr . W)V,]- V).
0 1 pp,,+pa+)in{ P (( )Vo] - V7}
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This shows that, in general, V7 -V, # 0 albeit V7 -V = 0. Substitution in (4.8) and
account of (4.9) and (4.11) lead to

" " 2/t il
FoAT Vo+2fio(Vr-V)Vo= = {[(Vr-9)Vo]- Vr}Vr +(Viio-V7)Vo- 22V = 0. (4.12)
Ho

Inner multiplication by V; allows us to write

el 4
V- [oVgVr] = ‘;‘—“%’. (4.13)
0

Consider the longitudinal waves (4.10). The term V; occurs in (4.8) through the
expression

PV1 = (pp + fio + Xo)(VT - V1)VT — fig(V7)* V.
Substitution for (V7)? from the eikonal equation yields
PV1 = (PP, + fio + Xo)(VT - V1)VT — fio(VT)*Vy = (pp, + fio + Ao)VTx (V1 x V7).

This means that V; contributes to (4.8) through a term orthogonal to V7. Then we obtain
a transport equation for the vector Vy, free from V;, by confining to the longitudinal part.
Inner multiplication by Vr and some rearrangement provides

p(1+ @)Vo‘gi-(PPﬁﬁOJr;u)ﬁ{[(VT'V)VT]'VDH(VT'V}VDI'VTHVT}ZV'Vo}

Vr-[(V7-V)Vo] - (2 + M) Vo-Vr = 0.
(4.14)

Ho
+V(2fio + Xo) - Vu+(v Ar V- V”{v v

The parallelism of Vi and V7 allows us to write
Vo=vVr

where v is a function of the position x. Then, multiplication of (4.14) by v, some rear-
rangement and eventual substitution of (4.10) yield

_ _ 25! + ii‘

V - [(ppp + 2410 + Xo)Vg V7] = M_—").— v (4.15)
PPp + 2fio + Ao

where we have taken into account that, because of (4.1),

op
V(pp,) = p(1+ )8
Py

Now we consider transverse and longitudinal waves at the same time. Let

Ho 2ji0 + Ao
= 20y, + 222 vr
» T (Pp P )

1
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the two values being relative to transverse and longitudinal waves, respectively. Analo-

gously, let B
foo Pl o2 +34)
fo PPo + 210 + Ao
by (4.6) we have f < 0. Then (4.13) and (4.15) take the common form

V- (wVe) = fVs (4.16)
while the eikonal equation becomes
—p+w-Vr=0.

For any regular region D, (4.16) and the divergence theorem give
wmﬁh=/fﬁﬁ. (4.17)
8D D

Incidentally, for (viscoelastic) fluids the flow of w coincides with the flow of V1 and then
here defining rays as the flow of w is equivalent to defining them as the flow of Vr. In
other words, in fluids the rays are orthogonal to the wavefronts.
By paralleling the procedure of the previous section for solids, we conclude that, along
an infinitesimal ray tube,
V(o) = ST o) exp [ [ Lwyas). (4.18)

By the eikonal equation (4.16) it follows that the speed ¢ := 1/|V| takes the values

io 2ji0 + Ao
c= _l +__._.__'
Vo VP p

Then (4.18) can be written as

Meanwhile

o
V(o) = L Vi au) exp | [ Leas. (4.18)
As with solids, the amplitude V; varies along the rays because of two causes. One is the
heterogeneity of the material and is reflected in the pcJ-term and the denominator pe of
the integrand. The other one is the dissipation and is expressed by the quantity f in the
integrand. Once the family of rays is determined through the eikonal equation, (4.18')
yields the amplitude V4 along any ray (tube). Again, it looks as though ¢ in our result
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should be replaced by 1/c to obtain standard results [15]. This is so because the correct

ezquation of motion (4.4) comprises terms in Vj, VX which lead to the occurrence of fig,
Ao in (4.18"),

It is of interest to determine the evolution of the vector amplitude Vj of the transverse

wave. Letting
n=/p/iio

we write the eikonal equation as
(Vr)? =n’.

We denote by t = V7/|Vr|, p and b the unit tangent (vector), the unit normal and the
binormal of the ray. Then, if ¢ is the arclength along the ray, V1 -V = nd/do and

Vn? =V(Vr-Vr)=2(Vr-V)Vr= ‘Zn%(nt)

dn n

=on( o+ Ep) (4.19)

where p is the radius of curvature of the ray and the Frenet formula dt/de = p/p has been

used. To obtain the evolution of the vector amplitude V we go back to (4.12) and write
dV,

dVo (__° -t

-;—ATVngn-—— n 7o

L Pito
2 VTV, - BBy, = g, 4.
N )t+2ﬁu(wo Vr)Vo - 5=3Vo =0 (4.20)

3
Observe that 1 1
AT+ —Vijg-Vr = —V - (foVT)
Ho Ho

and that the orthogonality of Vg and t gives

Wo 1y o
do o
Then (4.20) can be given the form
dVy 1 _ PiG 1
ok ) V - (igVr) — 2E21 Vo + —(Vo - p)t = 0. (4.21)
qr T 2,/;;;;0[ (BoVr) =3 Ve gl r0

We now parallel the procedure of Karal and Keller for elastic solids [101]. Observe that,

since Vg -t = 0, we can write
Vo = ap + fb.

Then by means of Frenet’s formulae we have

“ \do xp

dV, (da ﬁ)

do

+(+ AT % (4.22)
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where x is the radius of torsion of the ray. Comparison of (4.21) and (4.22) yields the

system of equations

da f
E—;_—wa,
ﬁ+_:_wﬁ‘

where @ = [V - (20VT) — pjth/ fio)/2/Pito- Letting v = & + i we have
1dy 1

= —w—-1—.

'ydor

The trivial integration, the definitions

1 o _ya(o)
8(c,00) = fﬁd o = tan 520,

and some rearrangement yield
Vo = |Vo(oo)| exp(—f w(s)ds){sin[f(c,a0) + ¢o]p + cos[B(a,00) + o]b}.  (4.23)

A more explicit form can be obtained by examining the expression for w. By (1.11) and
(1.12) we have V -t = (dJ/de)/J and then

i I dy-
V- (foV7) = V- (font) = S ——(fon).
Hence, because ¢ = /fig/p, we have
QV,_V (20VT) = E- In y/Jpc.

Substitution of
in (4.23) yields

Vo = |Vo(oo)| % exp (% /0 é(s]ds){sin[&(a, ag) + ¢o]p + cos[f(e,00) + ¢o]b}.
(4.24)

The result (4.24) shows how the direction of Vj is related to the radius of torsion of the
ray. Of course, squaring (4.24) yields (4.18").

Detailed results about the ray trajectory, and then of the amplitude evolution, follow
if the fluid is stratified in the sense that the material properties depend on one Cartesian
coordinate only. For definiteness, consider the Cartesian coordinates z,y, z, with unit
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vectors e, ey,e;, and let the material properties depend on z, only. Then by (4.9) and
(4.10) we can write

(V) = ¢*(2) (4.25)
where the slowness ¢ = 1/c is a piecewise C! function. The solution to (4.25) is determined
up to quadratures.

Assume that the far infinity (z = —o0) is homogeneous, which allows incident, plane
waves to occur. Consider the plane wavefront passing through a selected point (z0,%0,20),
whose direction numbers are the values of 87/dz,87/dy,d7/dz at (Z0,%0,20). Let gy be
the value of ¢ at (zo,y0,20). To fix ideas, let the value of 87/8y vanish at (zg,yp, z9) and

define a such that, at (zo,%,2), 87/0z = gosina,d7/8z = gocosa. Following [105],
§14.4, we can represent the ray that passes through (zg,y0,20) as

z(e) = (go sina)o + o,
y(o) = yo, (4.26)

o = [} [g%(s) - g sin® a]7'/?ds,

whereby the ray is a plane curve. Accordingly, the phase function 7 takes the form

T =qo(zcosa + zsina) + f [v/a*(s)— g8 sin’ @ — go cos a]ds.
2

The first term can be interpreted as the phase function which corresponds to the initial
plane wave in the homogeneous region. The second term is the correction due to the
heterogeneity of the medium. As expected, 87/dy = 0. Observe that here o is not the
arclength. Indeed, g do is the length element.

By means of (4.26) we determine J as follows. Choose two parameters 71,72 which
describe the initial plane front. It is natural to identify one of them, 7, say, with the
coordinate yg. Then we let 7; be the coordinate orthogonal to yo such that

g = 71 COS @, zp = —m sina.

Then we can write (4.26) as

z(o,m,72) = (gosina)o + ncosa,

y(o,71,72) = 72y (4.27)
o = JH70 g (s) - gf sin’ o]/ 7ds.
It follows that
Ix sinay/q? — g&sin’ a
— =cosae; — €z,
an go COS @
ax

= ey,

o
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while the unit vector n of 8x/da is given by

Vet - gé sin® o

__ gosina
= q € q z
Then we have -
2 — gdsin’ a
O LA il (4.28)

gcosa

The mean curvature of the wave front H turns out to be
2

gl g@ue 40 (4.29)

2q[qt - ggsina ¥

Incidentally, by (4.27) we find that the curvature « of the ray is given by

_ gosina dg

" 4.30
e (4.30)

By (4.27) any ray undergoes a turning point at the plane z = Z such that ¢*(2) = ¢3 sin’ a.
There, by (4.28) the infinitesimal ray tube shrinks to a vanishing cross-section (J = 0).
Moreover, by (4.29), H tends to infinity while, by (4.30), the curvature of the ray remains
bounded.

Substitution of J,7 and the known functions g, p,Pp, Ppps fios Mos fis N in (4.18") pro-
vides the evolution of the amplitude V; along the ray.

9.5 Reflection and refraction of rays

As with plane waves, when a ray strikes an interface between two media with different
material properties, reflected and transmitted rays emanate from the interface. Qur pur-
pose is to derive directions and amplitudes of the reflected and transmitted rays when the
interface separates two viscoelastic half-spaces. We consider an incident wave of the form

o0
U'(x;w) = expliwr(x)] Z U (x)(iw) ™7

=0
the superscript ¢ denoting quantities pertaining to the incident wave. In general, reflected
and transmitted waves consist of both longitudinal and transverse components. They are
fully determined through the continuity of displacement and traction at the interface.

Preliminarily we determine the analogue of Snell’s law. Letting r,t label quantities

pertaining to reflected and transmitted waves, we write U™ and U* as

U™ (x,w) = expliwr] (x)] Y U ;(x)(iw) ™ + expliwrs(x)] Y | Up;(x)(iw) ™,
i=0

i=0
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Ut(x,w) = expliwrf(x)] Y U} ;(x)(iw) ™7 + expliwry (x)] Y Ul ;(x)(iw) .
i=0 =0
At the point under consideration on the interface §, we have U = U’ + U™ at one side,

U = U* at the other. The requirement that the displacement U be continuous on S leads
to the condition

expliwr(x)) Y Us(x)(iw) ™

=0

+ exp[iwr](x)] ZU () (i)™ i expliwry(x)] EU J(x}(zu)“

=0 =0

—explwnfxﬂzU,fo iw) ™7 + expliwrf(x)] ) UL j(x)(iw) ™ (5.1)

j=0 j=0

for every x € §. The arbitrariness of x € § implies that (5.1) holds only if
(%) = 7{(x) = 77(x) = 7{(x) = T{(x), Vx€S. (5:2)

Let n be the normal to S, directed toward the half-space of the incident and reflected rays.
Denote by V; = V — n(n - V) the (tangent) gradient operator along the surface. As (5.2)
means that the phases 7, 7], 77,7}, 7% take common values at the surface, then we have

W=V =V =Vy.=Vy7; o S (5:3)

This means that V7], V75, V,7f, V7t are determined once the incident wave is given.
The vectors Vr],Vrl,Vr!,Vr! are then determined by observing that the eikonal equa-
tions hold. For both reflected and transmitted waves let 7;,7; denote the phase of longi-
tudinal and transverse components. Of course 7., 7 satisfy the pertinent form of (2.12).
Regard q = Vr as the slowness vector of the ray and define k = wq as the corre-
sponding wave vector. Accordingly, (5.3) means that the tangent part k; of k has common
values for all waves involved and this can be seen as the strict analogue of Snell’s law for
plane waves. The normal component k, = k, n is then determined by the eikonal equation

(2.12). Observe that
K=k +k%, k- -T°%k =k, - T°%; + 2k,n- Tk, + kin - T'n.

Let n stand for 2uo + Ap or yp according  as longitudinal or transverse rays are considered.
By (2.12) we have

—p? + (k2 + k7)) + Ky - Tk + 2k.n - Tk + kin-T’n =0
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whence

-n-T%, + \/(n *T%;)? + (n - Tn + g)(pw? — ’?kﬁ -k, - T%;)

n+n-T%n ’ 5:4)

ky =

the + sign being relative to the reflected rays and the — sign to the incident ray or the
transmitted ones. Given the wave vector of the incident ray, the relation (5.4), along with
the invariance of ky, determines the wave vectors kj,k;,ki,ki. By (5.4), in turn, we
obtain the appropriate angles # by simply letting tan# = |k,|/k;. Observe that, though
n-T%n may be negative, we assume 77+ n-T%n > 0. The quantity pw? — nk? — k; - Tk,
positive in the half-space of the incident ray, might be negative in the other half-space and
render k, in (5.4) complex-valued. Quite naturally this might be viewed as corresponding
to complex rays (cf. [91, 71, 172]), namely, in a sense, the analogue of inhomogeneous
waves in the context of rays. To our mind this subject deserves further investigation and
is beyond the scope of this book. Accordingly, we restrict attention to real values of k, .

Remark. We are accustomed to the property that the incidence angle #' and the
reflection angle 67, for the wave of the same type, are equal. By (5.4) it follows that ki
and k[ are generally different and then the property is not necessarily true. If, though, n
and ky are principal directions of T°, with eigenvalues 70 and 7)°, then (5.4) reduces to

pw? — (n+ TP)k?

k., =+
L, 7?+T|?

and hence incidence angle and reflection angle are equal.

To exploit the boundary conditions for the traction t at § we preliminarily investigate
the expression for the stress tensor T. Following §2.6, the stress perturbation is given by

T - T% = Vu'T® 4 240E + A(tr E)1 + f {26'(s)E*(s) + X' (s)[tr E*(s)]1}ds.
1]
If u(x,t) = U(x;w)exp(—iwt) we consider U(x;w) in the standard form of asymptotic

expansion

U(x;w) = exp[iwri(x))] Z Uj(x)(iw) ™.
=0

Then, to within the common factor exp[iw(7(x) — t)], use of the asymptotic expansions in
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£9.2 and some rearrangement yield
T-T1° =w(Uy® (VTTD) +po(Vr@Upg+ Uy ® V) + Ao(VT- Up)1]
+ ) (W) [Uj1 @ (VrT°) + VU! T
20

+ (=1 H(Vr @ Ug + Up ® Vr) + (=1)+HAG+) (v . Ug )1

]
+ ) (=17 "*ug™(Vr @ Ukys + Usyy @ Vr + VU, + VUI)
k=0

J
+ 2 (F1TEAT TV Uk + V- U1,
k=0
(5.5)
Since T%n is continuous at the interface, the continuity of the traction, viz

(T + T} + To)n = (T + T:)n,

results in the continuity of the corresponding perturbation derived by (5.5). Further, by
(2.9), V77 -UZ, and V77 -Uf, vanish. With this in mind we now determine the amplitudes
associated with the reflected and transmitted rays.

By analogy with plane waves, we develop an approach which describes simultaneously
the effects of longitudinal and transverse incident rays. Of course, if a single ray is incident
then the pertinent formulae are recovered by setting the amplitude of the missing ray equal
to zero. A conjugate pair of rays is defined to consist of a longitudinal and transverse ray
which hit the surface §, at the point under consideration, with equal parallel components
of Vr. Assume that two rays constitute an incident, conjugate pair. Owing to (5.3),
reflected and transmitted rays constitute conjugate pairs. Their wave vectors k = wq are
determined by (5.3) and (5.4). The values, at §, of zeroth-order amplitudes of reflected and
transmitted rays are then given as functions of the zeroth-order amplitudes of the incident
conjugate pair.

We replace V7 at S with the pertinent wave vector k = wVr. Then we introduce
Cartesian coordinates with origin at the point where the incident ray hits the surface §
and z-axis parallel to the normal n to S, the orientation being chosen so that the incident
ray comes from the direction of positive z. The common parallel components of the wave
vectors are denoted as kr and k,. Consider first the upper half-space; by analogy with
inhomogeneous waves we define

B =k -k}
where the usual subscripts L and T are understood. Hence the z-component of k is equal
to f for (upgoing) reflected rays and —/ for incident rays.

Restrict attention to the zeroth-order amplitude Uy and observe that the upper value

at § is given by ) )
Up =U}+ Uz + Ul + Uy -
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Since U, gxk, = 0 we can write
Ulo = & (kzez + kyey — fre;),  Ujy = *(kses + kyey + Brez),

where &~ is given and ®* is unknown. As regards the amplitudes of transverse waves we
set
Ul =¥, Uh = ¥7,

where W~ is regarded as given while ¥+ is unknown. However, owing to the orthogonality
between amplitude and wave vector for transverse rays, we have

U= —(ks¥Z + kywz}fﬁrs V; = (kY7 + kvw;)/ﬁr-
Hence the upper limit of the vector amplitude Uy reads

Up=[(®* + & )k + V1 + UZ)es + [(B* + @7 )ky + U} + ¥ e,
[(®* —@7)B — (VI — ¥ )ko/Pr — (Y] — ¥ )ky/Brle.. (5.6)

By continuity, this value is required to be equal to the analogous expression, for the trans-
mitted conjugate pair, which is obtained by merely replacing - and ¥~ with ¢~ and ¥-
and setting ®* and ¥* equal to zero.

Approximate T — T? in (5.5) by the leading terms given in the first line. Then
comparison with (5.6) yields the components of t as

=ity = (To.ke + Ty ky)[ka(®* + &7) + UF + UZ] + Brka(2p0 + T2,)(2* - 87)
[Br(po + T7.) — pok2/B)(¥E — ¥7) — ﬂﬂ(kzkyfﬁr}(‘p; =W

— ity = (T ko + T0,ky)[ky (8% + ) + W5 + W3] + Bk, (20 + T2,)(* — &°)
= po(kzky/Br) (VT — ¥Z) + [Br(po + ng) = #Oki)’fﬁ'r]{‘p; _ 'I’;):

—ity = (To,kz + Ty,ky)[Bu(@* — &7) — ko(WE — ¥7)/Br — ky(¥ — ¥5)/Bx]
+ (% + @) — (240 + T7, )k (¥2 + ¥37) — (2u0 + T, )ky (Y3 + ¥3),

where

T = (2p0 + Ao + T2,)B% + Mo (k2 + K2).

Analogous expressions hold for the limit values in the lower half-space. By requiring the
continuity of Up and t we can determine the unknown quantities &+, & UE ¥, v, "i;
in terms of -, ¥z, V..

This procedure applies in the general case when the wave vector k is complex-valued.
However if, as we have in mind, k is real-valued then the Cartesian axes can be so chosen
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that ky = 0. Thisin turn makes the original system of equations decouple in two subsystems
for the unknowns ®*, &, Vi, ¥Z,and ¥}, W7 . Specifically, the continuity of U, and i,

yields
o+ + &~ e =
p(viie:)-2(3). (57

Ex 1
B =
( T (2 + fo}) '

while the continuity of U, and t, leads to

o(858) (%)

where

where

C= ( B. ~kz/Bz )
ﬁLkr(2#0+TSz) ﬁr[}%"’ﬁz]_,ﬂﬂszﬁr ’

Meanwhile the continuity of U, and t, results in the system

U+ =V,
+ o ér(ﬁ0+Tg:)'—
Ur v = - Xy
e Br(mo +T2,) ¥’

which may be solved at once to obtain

b- = 2131'{}-‘0 +'T£,) 3
¥ Br(uo + T%) + Br(jio +T%) ¥
U = .ar(ru'ﬂ + TE:) =, B’r(lﬁo +TEI]‘I"'.
Y Brlpo + T9) + Brljio + T%) °

The solution to (5.7) and (5.8) can also be determined. Setting aside inessential details
we write the result in the form

(?:) =2(B'B+C¢)™ (3:) ;

d+ 1B 1 —1 4 =1 $-
(‘p;):[zs 1B(B'B+C7'(C) —u](‘p;)
where 1 is the 2 x 2 identity matrix.

An alternative procedure, for the determination of the result of a reflection-refraction
process at an interface, may be performed which emphasizes the more customary descrip-
tion in terms of angles. As before, we recall that V7t - Uty and V7t - Ul vanish and let
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k = wVr. By keeping only the leading terms in the asymptotic expansions we can write
the continuity of displacement and traction, at §, as

U} + U + Ugy = Uly + Uk, (59)

(k' - T°n)U§ + po[(U§ - n)k’ + (K - n)UG] + Ao(K' - Ug)n

+ (k- T°n)U7g + (k7 - T°n)U%,

+ po[2(k] - n)U7, + (U - n)k] + (k7 - n)UZ] + Ao(k - Ujp)n
= (ki - T°n)U}, + (k} - T°n)U%,

+ fto[2(k, - 0)Ulg + (Ug - m)kh + (ki - n)ULo] + Jo (ki - Ulg)n. i
5.10

By Snell’s law, the longitudinal vectors U7, U!,, and possibly U}, belong to the “vertical”
plane (n',n). Moreover, it follows at once from the system (5.9)-(5.10) that the “horizontal”
components of the transverse vectors Urg are decoupled. Then we can examine separately
the case when U} is transverse, horizontal.

Let n, be the pertinent unit vector of k and my the unit vector orthogonal to trans-
verse rays, my - n > 0. Represent any Uy, Uy as

U = &n,, Uz = ¥Ymy.

We consider at the same time the case when the incident ray is longitudinal, Uj = ®'n’,
and transverse, vertical, U) = ¥*m‘. We denote by #(< 7/2) the angle between the wave
vector and the normal n (or —n) to S. For instance, §°,07,0% are the angle of incidence,
the angle of reflection of the longitudinal ray, the angle of transmission of the transverse
ray. We have

n'-n=cosf', n]-n=-cosf], nl-n=cosht.

Substitution in (5.9)-(5.10), inner multiplication by the unit vector e of k; and the normal
n yield

in il

—sin 08" + cos OLU" + sin 8! B* + cos L U* = { :)nsgfwf (5.11)
bid

cos 078" + sin 07U" + cos Bt & — sin LU* = { i°:in o B (5.12)

k7[(n} - T%n)sin 0] + o 5in 267]8" ~ kL[(n} - Tn) cos 87 + po cos 205"
+ ki [—(nf - T°n)sin 6] + fio sin 20} )®* + kj[—(n}. - Tn) cos 6% + jig cos 264]¥*
B { k'[—(n' - T%n)sin 6 4 posin 20°)®°

k[—(n' - T%n) cos 8 + pq cos 20°)¥7, (5.13)
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kZ[(n} - T%n) cos 0] + 2uq cos® 8] + Ao]®" + kL[(n] - T®nsin 6L + ug sin 267 e
~ki[-(nt.T n).cos 0! + 2j19 cos® 8¢ + Xo)dt + k;[ (n& - T%n)sin 0} + jig sin 2640
_ { —kf[=(n* - T%n) cos 8* + 2y cos® 6 + Aq]@‘

ki[—(n'-T%n)sin 6" + pg sin 26')¥". (6:14)

If, instead, the incident ray is transverse, horizontal, then the amplitudes ¥*, T ¥*
satisfy the system

VT = O (5.15)
Ko[(nf -T% + o cos 87]" + ki[—(n%-T%n)+ jig cos #L]¥* = k*[—(n’ Tn) + g cos 6°]¥*,

(5.16)
The solution to (5.15)-(5.16) is given by

9T Kk[(n’-T°n) — pg cos 6] — k&[(n - TOn) — pp cos B%]
Ui ki[(n& - TOn) — po cos 6L ]—L;[(n" -Tn )+#oc058;]

vt k'[(nf - T%n) — po cos 8] — kL[(n% - TOn) — ug cos 87]

Ut ki[(nf -T%n) — pocosb] — kL[(n} - TOn) + po cos 0]
The influence of the prestress T is twofold. One fold is shown explicitly. The other one,
presumably less effective, is through the dependence of the wavenumbers k and the angles
8 on T as given by (5.4).

It is of interest to consider the special case when reflection of rays occurs at the
(traction-free) surface § of a half-space. The argument leading to (5.3) can be repeated
step by step in connection with the condition that the traction (T* + T + T} )n vanish at
S. We then obtain that k, still takes a common value for all rays, which is the content of
Snell’s law.

Incidentally, the vanishing of T%n makes (5.4) into

2 _pk? —k, - Tk
= :t\/pw ks~ ! (5.17)

n

whereby 87 = @° for rays of the same type. Moreover, for any ray

L .0
pe 2 =t Tk (5.18)
n

Accordingly, though any k depends on T?, the ratio

_k_'r_ 200 + Ao
ky Ho

does not.
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The traction-free condition (T* + T} + T%)n = 0 leads to

k' sin 26° @}

k7 sin 207 ®" — k7 cos 207 ¥ = { K cos 200 ¥,

onr gr _ | —K'(2c08? 8 + Ao/ po) @',
k7 (2cos® 0] + Xo/po)®" + k7 sin 267 W7 = { k' sin 26° ¥*

To fix ideas, let the incident ray be longitudinal, so that k' = kj. By starting from
k7 sinf] = kI sin @] we prove the identity

A
2cos 8] + =2 = &? cos 205.
Ho

Then we can write the reflection coefficients as

®" _ sin 26} sin 205 — x” cos® 267
®i  sin 207 sin 207 + k2 cos? 261’

(5.19)

LA 2k 5in 207 cos 207
&~ sin 267 sin 265 + k2 cos? 2605

(5.20)

An analogous result holds for the reflection coefficients when the incident wave is transverse.
So at first sight, for reflection at the surface of a half-space, the reflection coefficients seem
to be left unaffected by the possible prestress T°, T%n = 0, in that (5.19) and (5.20) are
formally the same as those for reflection in unstressed bodies [3]. Really, the angles 67,67
are affected by the prestress T° even when T%n = 0. This is easily seen by observing that,
by (5.17) and (5.18),

pw? — nki -k - Tk, . nkj
cosf = % sin = ——— | 5.21
pw? — k, - Tk, pw? = ky - Tk, e

As a check of correctness of the results (5.19)-(5.20) we apply the requirement (3.3)
about the balance of energy at the interface. We can write

w'n(®)? +wl -n(®])* + wl-n(¥])? =0. (5.22)
The traction-free condition (at equilibrium) T%n = 0 gives
—w' . n=wl.n= (2 + o)k} n, wr - n = puokl - n.
Substitution in (5.22), use of (5.17), and some rearrangement yields

(210 + Xo) [? = (200 + Ao)kj — ky - Tk, ] sin? 07, cos? 67,

5.23
= po[pw? — poky — ky - Tk, ] sin® 6] cos® 6. .
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Substitution from (5.21) shows that, as it must be, the relation (5.23) is identically true.

9.6 Remarks on rays in solids

We conclude by appending some remarks on ray description of wave propagation and
reflection. In particular our purpose is to establish whether and how connections hold with
related topics developed in the literature. A first topic in this sense concerns scalar theories.
Much attention has been devoted to ray theory for the scalar Helmholtz equation. A useful
reference on this subject is Bleistein’s book [15]. Here we summarize the description of
reflection and refraction of rays.

Within the standard notation, represent the (scalar) field of the incident wave as

Ut(x,w) = expliwr(x)] E U;—I(x)(iu)_“'

and similarly for the fields UT, U* of the reflected and transmitted waves. The continuity
of the solution, namely

expliwr’(x)] Y Uj(x)(iw) ™ + explicor™(x)) 3 _ U (x)(iww)
7=0 L (6.1)
= expliwt*(x)] E U;(x)(iw}"j,
=0

for every x € § leads to the condition that 7,77, 7* take on the same values at §. This in
turn means that the tangent part of the slowness q, or the wave vector k, takes on the same
values for the three rays, which is the content of Snell’s law. The normal part k, = k. n is
then given by
kT ==k}, k' = sgnk/(k*)? — ki
Denote by /0n the normal derivative. The requirement that the normal derivative

be continuous gives

e AT — ; '( }
ZU(x)(w) X +wa—nj=o Fx)(i)” +Z iw)™
ZU (x)(iw )’+Z a )4, x on §. (6.2)

By (6.1) and (6.2) we find that

i — J7t - -
Uj‘}‘U;— Uj, }—0o1s2v---
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ort . or" 61' : . ) )
EZU"-I.WU“" B + _( 1= Ui 7=0,1,2,..4
of course U_; = 0. Solving the equations for the leading order,
art . or" art

Uoi + U(T - Ué! _'_Ul?: UU = a

an an U,

we have

Ur = RU§, Ut =7U§
where the reflection and refraction coefficients R, T are given by

E =~ sgnkihf(k")z — k2

o 1 I i (6.3)
k2
]

ki + sgnki \/(kt)? -

T= 2k ] (6.4)

ki +sgnki \/(k*)? — k}
Quite naturally we ask whether a particular case of our vector theory leads to (6.3),

(6.4). Now, consider the system (5.8)-(5.11) and require that only longitudinal waves be
allowed. Also, it is reasonable to consider the projections along n only. Then we can write

cos 8™ B + cos B ®! = cos ' &', (6.5)

k™[(n" - T°n) cos 8" + 2p0 cos® 8" 4 Xo]®" — k*[—(n' - T%n) cos 6" + 2fiq cos® 6 + 1] &
= —k'[—(n' - T%n) cos 8" + 2pp cos® 6' + Ao]®".
(6.6)

If, further, T? is taken to be isotropic, T® = T°1, then the effect of prestress may be
incorporated in the instantaneous elasticities pg,jip by formally letting po + T°/2 —
o, fio +T°/2 — fig. If we let Ag, Ao = 0 and

Uj = —®' cos§, Us = & cosf", Us = —®* cos 6',
we can write the system (6.5)-(6.6) as
Ui+ U = U§,
ki Ug + kL Us = kL U,

whose solution for R = U /U}, T = U{/U§ is just given by (6.3), (6.4). However this is
purely formal because " /®‘ and &!/®* are the effective unknowns.
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Three-dimensional ray theory analyses have been developed extensively for homoge-
neous, elastic, unstressed solids; as a remarkable reference we mention [3]. Examine briefly
a consequence of the present theory.

For unstressed solids we have

w = poVr, w = (2up + Ao)VT

according as transverse or longitudinal rays are considered. For homogeneous, elastic solids,
in both cases (2.13) reduces to

V- (UsVT)=0.
Hence (3.1) simplifies to
J(0)U3 (o) = J(a0)Ug (00)- (6.7)

We know that in homogeneous solids rays are straight lines and the principal radii
Ry, Ry of curvature of the wavefront increase linearly with distance along a ray. Then

ﬁ—] dR,

= —_=1. 6.8
do ! do (68)

Now recall (1.13), viz d(In J)/de = 2H, or
Tl 1
J(o) = J(00)exp U (R_: + R—)da].

By (6.8) we have
T “/1dR; 1 dR, Ry(0)Ry(0)
f“ (R, T Rz)‘*" / (Rl i da) 7= " Ri(00) Ra(00)

Ry (o) Ry(0)

Ry(o0)R2(o0)
Substitution in (6.7) shows that the product Ry R, U} is constant along a ray, which is a
known result (cf. (3], §4.4).

Then
J(o) = J(o0)
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Airy equation, 251 complex Helmholtz equation, 70, 157, 168
amplitude complex-valued moduli, 43
attenuation, 10, 41 conjugate pair, 75
complex valued, 71, 86 creep, 25
constant, 2 critical angle, 74, 102
depth dependent, 110, 112, 133, 152 current placement, 14, 21
evolution along rays, 261, 269, 274 cyclic process, 23, 32, 35
horizontally polarized, 87, 94, 97
reflection matrix, 95 deformation, 14
transmission matrix, 95 deformation gradient, 14
vertically polarized, 87, 94, 95 differential cross-section, 214
asymptotic expressions displacement gradient, 21
displacement, 198 dissipative materials, 9
Green's tensor, 200
scattered field, 205 effective reflection coefficient, 107
traction, 199 effective transmission coefficients, 107
average power, 54 eikonal equation, 259, 265, 272
empty inclusion, 203
balance equation energy
of energy, 23 density, 23, 56
of mass, 18 flux intensity, 57, 214
of momentum, 20 flux vector, 55
bivectors, 5 flux velocity, 57
Boltzmann model, 30 partition, 269
Born approximation, 237 entropy density, 23
boundary conditions Epstein layer, 158, 250
Dirichlet, 182 equilibrium elastic modulus, 31
fluid /solid interface, 102 Eulerian description, 14
free surface, 77 extended WKB approximation, 252
layers, 139
Neumann, 183 far-field pattern
welded contact, 71 generated by small heterogeneities, 241
bulk relaxation function, 35 scalar field, 187
bulk viscosity coefficient, 34 viscoelastic displacement, 206
fluid
Cauchy stress, 19 perfect, 53
Cauchy-Green strain tensor, 16 Newtonian, 34
Clausius-Duhem inequality, 23 viscoelastic, 33, 50
Clausius inequality, 23 viscous, 33, 50
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Fourier cosine transform, 36

Fourier sine transform, 32

free-mode, 123

frequency dependence of
attenuation in fluids, 51
complex moduli, 49
Rayleigh equation, 119

fundamental matrix, 171

Gaussian curvature, 221
Green’s displacement tensor, 190

heat flux, 23

heat supply, 23

Helmholtz representation, 43
high-frequency limits, 219, 264, 271

illuminated region, 220
incremental isotropy, 39
infinitesimal strain, 28
instantaneous elastic modulus, 30
integral representation

scattered scalar field, 185

scattered viscoelastic displacement, 203

viscoelastic displacement, 193
intermediate placement, 21
internal constraints, 63
irrotational displacement, 194

Kelvin model, 24
Kirchhoff approximation, 223

Lagrange multiplier, 64
Lagrangian description, 14
Lagrangian strain tensor, 16
Lamé constants, 28
layers

thick, 146

thin 162, 179
loss modulus, 33

Maxwell model, 24

mean curvature, 261

mean energy flux, 57, 58

mean energy flux intensity, 58, 60, 61
memory functional, 27

method of stationary phase, 219
mode conversion at reflection, 79

obstacle
impenetrable, 208,
penetrable, 208
sound-hard, 182
sound-soft, 182

perturbation of equilibrium, 22
Piola-Kirchhoff stress, 20, 21
Poisson ratio, 29
polarization
circular, 7
elliptic, 7
linear, 7
potential
double-layer, 223
longitudinal waves, 45, 50
scalar, 45
single-layer, 223
transverse waves, 45, 50
vector, 45
propagator matrix, 143, 174

quasi-elastic wave, 120

radiation condition
elastic body, 195, 201
scalar field, 183, 186
viscoelastic body, 202

rate of strain, 18

rays
longitudinal, 265, 272

prestressed viscoelastic fluids, 273
prestressed viscoelastic solids, 267

reflection, 283
refraction, 283
scalar Helmholtz equation, 259

trajectories in stratified fluids, 276

transverse, 265, 276

tube of, 260, 268
Rayleigh angle, 131
Rayleigh equation, 113, 117
reference placement, 13, 21
reflection coefficient



Epstein layer, 160

fluid/solid interface, 103

solid/solid interface, 93
reflection matrix

continuous layer, 175

continuous layer/empty space, 180

discrete layers, 144

free surface, 78

rays, 283

solid/solid interface, 84, 86
relaxation function, 27, 30
relaxation modulus in dilatation, 31
relaxation modulus in shear, 31
relaxation time, 25

sagittal plane, 112
scattering cross-section, 214
shadow region, 220
shear viscosity coefficient, 34
slowness vector, 48, 279
small heterogeneities, 237
Snell law
boundary between half-spaces, 72
continuous layer, 160, 165
discrete layers, 139
rays, 279
solenoidal displacement field, 194
Stoneley equation, 124
strain tensor, 16
stress functional, 27, 29
stress operator, 188
stretching tensor, 18
successive approximations, 126, 254
surface traction, 20

Thomson-Haskell technique, 140
traction-displacement
conservation law, 169

Indez

vector, 141, 166
transmission coefficients

Epstein layer, 160

fluid /solid interface, 103

solid /solid interface, 93
transmission matrix

continuous layer, 174

discrete layers, 144

rays, 283

solid /solid interface, 84, 86
transport equation, 259, 266
transport theorem, 19
turning points, 243, 250, 278

vector amplitude, 142
velocity gradient, 17

waves
attenuating, 11
dispersive, 2
effective, 148
evanescent, 11, 49
extinguishing, 146, 148
heterogeneous, 11
homogeneous, 2
inhomogeneous, 2, 5, 11
irrotational, 9
leaky, 10, 123, 128
longitudinal, 7, 46, 51
Rayleigh, 113, 116
solenoidal, 9
transverse, 8, 46, 51

wave vector
components and Snell law, 73
moduli (of Rek and Im k), 48
vertically polarized, 75

Young modulus, 24
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