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Foliated spaces look locally like products, but their global structure is generally not a
product, and tangential differential operators are correspondingly more complex. In
the 1980s, Alain Connes founded what is now known as noncommutative geometry
and topology. One of the first results was his generalization of the Atiyah-Singer
index theorem to compute the analytic index associated with a tangential (pseudo)-
differential operator and an invariant transverse measure on a foliated manifold, in
terms of topological data on the manifold and the operator.

This book presents a complete proof of this beautiful result, generalized to foli-
ated spaces (not just manifolds). It includes the necessary background from analysis,
geometry, and topology. This second edition has improved exposition, an updated
bibliography, an index, and additional material covering developments and applica-
tions since the first edition came out, including the confirmation of the Gap Labeling
Conjecture of Jean Bellissard.
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Preface to the Second Edition

A lot has happened in the realm of foliated spaces and their operator algebras
since 1988, when this book fi rst appeared. We are pleased that, as we had
hoped, this book has served as an introduction to the subject and a reference for
researchers and students.

Our colleagues have convinced us that there is merit in issuing a second edi-
tion of our work, so that a new generation of students may have access to its
contents. Cambridge University Press was amenable to the idea, so we (slowly)
went to work.

We have taken the opportunity of a new edition to make a number of changes
and additions to the book:

(1) We have corrected a few minor errors, fi lled some gaps, and made many
changes to improve the exposition.

(2) We have added updates at the end of each chapter as well as occasional
footnotes in which we discuss some of the relevant mathematical devel-
opments since 1988. This discussion is understandably brief. We do try
to point the reader to the papers where the results themselves appear.

(3) We have enlarged the bibliography correspondingly.

(4) We have added a new appendix; it is a reprint of a Mathematical Reviews
Featured Review by the second author on the Gap Labeling Theorem.
We felt this was appropriate since it illustrates a very interesting and
important application of the Index Theorem.

(5) We have added an index to the book.

(6) MSRI has provided for the resetting of the book in LATEX and for the
redrafting of all the art.

As originally formulated, the Connes’ Index Theorem [1979] applied to fo-
liated manifolds. The version presented here is valid for foliated spaces, a cat-
egory that is strictly larger than foliated manifolds and laminations obtained
from manifolds. It turns out that this extra generality is crucial for some of
the applications of the Index Theorem in the past few years. For instance, the

xi



xii PREFACE TO THE SECOND EDITION

Gap Labeling results discussed in Appendix D require this extra generality. We
discuss this in some detail at the end of Chapter VIII.

We acknowledge with gratitude the help that we have received from Jean
Bellissard, Alberto Candel, Larry Conlon, Steve Hurder, Jerry Kaminker, Ma-
soud Khalkhali, Paul Muhly, and especially our friend and editor par excellence
Silvio Levy in the preparation of this edition. The second author is grateful to
Baruch Solel and the faculty of the Technion for a sabbatical year at a critical
time. We are grateful to the editors of Mathematical Reviews for permission to
reproduce the Featured Review on the Gap Labeling Theorem as Appendix D
of this work.

Finally, we can but repeat the fi nal paragraph of the preface of the fi rst edition:
We owe a profound debt to Alain Connes, whose work on the index theorem
aroused our own interest in the subject. This work would not exist had we not
been so stimulated by his results to try to understand them better.



Preface to the First Edition

This book grew out of lectures and the lecture notes generated therefrom by the
fi rst named author at UC Berkeley in 1980 and by the second named author at
UCLA, also in 1980. We were motivated to develop these notes more fully by
the urgings of our colleagues and friends and by the desire to make the general
subject and the work of Alain Connes in particular more readily accessible to
the mathematical public. The book develops a variety of aspects of analysis and
geometry on foliated spaces which should be useful in many contexts. These
strands are then brought together to provide a context and to expose Connes’
index theorem for foliated spaces [Connes 1979], a theorem which asserts the
equality of the analytic and the topological index (two real numbers) which are
associated to a tangentially elliptic operator. The exposition, we believe, serves
an additional purpose of preparing the way towards the more general index the-
orem of Connes and Skandalis [1981; 1984]. This index theorem describes the
abstract index class in K0.C

�
r .G.M ///, the index group of the C �-algebra of

the foliated space, and is necessarily substantially more abstract, while the tools
used here are relatively elementary and straightforward, and are based on the
heat equation method.

We must thank several people who have aided us in the preparation of this
book. The origins of this book are embedded in lectures and seminars at Berke-
ley and UCLA (respectively) and we wish to acknowledge the patience and assis-
tance of our colleagues there, particularly Bill Arveson, Ed Effros, Marc Rieffel
and Masamichi Takesaki. More recently, we have benefi tted from conversations
and help from Ron Douglas, Peter Gilkey, Jane Hawkins, Steve Hurder, Jerry
Kaminker, John Roe, Jon Rosenberg, Bert Schreiber, George Skandalis, Michael
Taylor, and Bob Zimmer.

We owe a profound debt to Alain Connes, whose work on the index theorem
aroused our own interest in the subject. This work would not exist had we not
been so stimulated by his results to try to understand them better.
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Introduction

Global analysis has as its primary focus the interplay between the local analysis
and the global geometry and topology of a manifold. This is seen classically
in the Gauss–Bonnet theorem and its generalizations, which culminate in the
Atiyah–Singer Index Theorem [Atiyah and Singer 1968a]. This places con-
straints on the solutions of elliptic systems of partial differential equations in
terms of the Fredholm index of the associated elliptic operator and character-
istic differential forms which are related to global topological properties of the
manifold.

The Atiyah–Singer Index Theorem has been generalized in several directions,
notably by Atiyah and Singer themselves [1971] to an index theorem for fami-
lies. The typical setting here is given by a family of elliptic operators P DfPbg

on the total space of a fi bre bundle F ! M ! B, where Pb is defi ned on
the Hilbert space L2.p�1.b/; dvol.F //. In this case there is an abstract index
class ind.P / 2 K0.B/. Once the problem is properly formulated it turns out
that no further deep analytic information is needed in order to identify the class.
These theorems and their equivariant counterparts have been enormously useful
in topology, geometry, physics, and in representation theory.

A smooth manifold M n with an integrable p-dimensional subbundle F of
its tangent bundle TM may be partitioned into p-dimensional manifolds called
leaves such that the restriction of F to the leaf is just the tangent bundle of
the leaf. This structure is called a foliation of M . Locally a foliation has the
form Rp �N , with leaves of the form Rp � fng. Locally, then, a foliation is a
fi bre bundle. However the same leaf may pass through a given coordinate patch
infi nitely often. So globally the situation is much more complicated.

Foliations arise in the study of fl ows and dynamics, in group representations,
automorphic forms, groups acting on spaces (continuously or even measurably),
and in situations not easily modeled in classical algebraic topology. For instance,
a diffeomorphism acting ergodically on a manifold M yields a one-dimensional
foliation on M �Z R with almost all leaves dense. The space of leaves of a
foliation in these cases is not decent topologically (every point is dense in the
example above) or even measure-theoretically (the space may not be a standard

1



2 INTRODUCTION

Borel space). Foliations carry interesting differential operators, such as signa-
ture operators along the leaves. Following the Atiyah–Singer pattern, one might
hope that there would be an analytic index class of the type

indfP g D Average ind.Px/:

There are two diffi culties. First of all, leaves of compact foliations need not be
compact, so an elliptic operator on a leaf may well have infi nite-dimensional
kernel or cokernel, and thus “ind.Px/” makes no sense. This problem aside, the
fact that the space of leaves may not be even a standard Borel space suggests
strongly that there is no way to average over it. There was thus no analytic index
to try to compute for foliations.

Alain Connes saw his way through these diffi culties. He realized that the
“space of leaves” of a foliation should be a noncommutative space — that is,
a C �-algebra C �

r .G.M //. In the case of a foliated fi bre bundle this algebra is
stably isomorphic to the algebra of continuous functions on the base space. This
suggests K0.C

�
r .G.M /// as a home for an abstract index ind.P / for tangen-

tially elliptic operators.
Next Connes realized that in the fi bre bundle case there is an invariant trans-

verse measure � which corresponds to the volume measure on B. So we must
assume given some invariant transverse measure in general. These may not exist.
If one exists it may not be unique up to scale. An invariant transverse measure
� gives rise to a trace �� on C �

r .G.M // and thus a real number

ind�.P /D ��.ind.P // 2 R

which Connes declared to be the analytic index. Actually we are cheating here;
the most basic defi nition of the analytic index is in terms of locally traceable
operators as we shall explain below and in Chapters I and IV. With an analytic
index to compute, Connes computed it.

Connes Index Theorem. Let M be a compact smooth manifold with an ori-
ented foliation and let � be an invariant transverse measure with associated
Ruelle–Sullivan current C� . Let P be a tangentially elliptic pseudodifferential
operator. Then

ind�.P /D
˝

ch.P /Td.M /; ŒC� �
˛
:

Connes’ theorem is very satisfying. Its proof involves a tour of many areas
of modern mathematics. We decided to write an exposition of this theorem
and to use it as a centerpiece to discuss this region of mathematics. Along the
way we realized that the setting of foliated spaces (local picture Rp �N with
N not necessarily Euclidean) was at once simpler pedagogically and yielded a
somewhat more general theorem, since foliated spaces which are not manifolds
occur with some frequency.



INTRODUCTION 3

The local picture of a foliated space is a topological space of the form L�N ,
where L is a copy of Rp and N is a separable metric space, not necessarily a
manifold.

n
A tangentially smooth function

f WL�N ! R

is a continuous function with the following properties:

(1) For each n 2N , the function f . � ; n/ WL! R is smooth.

(2) All partial derivatives of f in the L directions are continuous on L�N .

This notion extends naturally to tangentially smooth functions

f WL1 �N1!L2 �N2:

Defi nition. A foliated space X of dimension p is a separable metrizable space
equipped with a regular foliated atlas U D f.U˛; '˛/g such that, whenever U˛

and Uˇ intersect, the composition

'˛.U˛ \Uˇ/
'�1

˛
�! U˛ \Uˇ

'ˇ

�! 'ˇ.U˛ \Uˇ/

is tangentially smooth. A tangentially smooth function f WX1!X2 of foliated
spaces is a continuous function such that if Ui � Xi are foliated charts with
associated maps

'i W Ui �!Li �Ni

then the composition

'1.U1\f
�1.U2//

'�1
1
�! U1\f

�1.U2/
f
�! f .U1/\U2

'2
!L2 �N2

is tangentially smooth.

This guarantees that the leaves in each coordinate patch coalesce to form
leaves ` in X which are smooth p-manifolds, and that there is a natural vector
bundle FX ! X of dimension p which restricts to the tangent bundle of each
leaf.

Any foliated manifold is a foliated space. There are interesting examples of
foliated spaces which are not foliated manifolds. For instance, a solenoid is a
foliated space with leaves of dimension 1 and with Ni homeomorphic to Cantor
sets. If M n is a manifold which is foliated by leaves of dimension p and if N

is a transversal of M n then any subset of N determines a foliated subspace of
M simply by taking those leaves of M n which meet the subset. This includes
the laminations of much current interest in low-dimensional topology, and it
includes the topological spaces that arise in the study of quasicrystals and tilings
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of Euclidean space. Finally, X may well be infi nite-dimensional: take
Q1

1 S1

foliated by lines corresponding to algebraically independent irrational rotations.
Then f1g �

Q1
2 S1 is transversal!1

If E
�
!X is a foliated bundle (i.e., E is also foliated, � takes leaves to leaves,

and � is tangentially smooth) then �� .E/� �� .X;E/ denotes continuous tan-
gentially smooth sections of E. We let

˝k
� .X /D �� .�

kF�/

and defi ne the tangential cohomology groups of a foliated space by

H k
� .X /DH k.˝�

� .X //;

where d W ˝k
� .X / ! ˝kC1

� .X / is the analogue of the de Rham differential
obtained by differentiating in the leaf directions. Similar (but not the same)
groups have been studied by many authors. Tangential cohomology groups are
based upon forms which are continuous transversely (even if X is a foliated
manifold.) It turns out that this small point has some major consequences. The
groups may be described as

H k
� .X /DH k.X WR� /;

where R� is the sheaf of germs of continuous functions which are constant
along leaves. The tangential cohomology groups are functors from foliated
spaces and leaf-preserving tangentially smooth maps to graded commutative
R-algebras. They vanish for k > p. There is the usual apparatus of long exact
sequences, suspension isomorphisms, and a Thom isomorphism for oriented k-
plane bundles.

The groups H �
� .X / have a natural topology and are not necessarily Haus-

dorff; we let
H k

� .X /DH k
� .X /=f0g

denote the maximal Hausdorff quotient. For example, if X is the torus S1�S1

foliated by an irrational fl ow, H 1
� .X / has infi nite dimension but H 1

� .X / Š R.
The parallel between de Rham theory and tangential cohomology theory extends
to the existence of characteristic classes. Given a tangentially smooth vector
bundle E!X we construct tangential connections, curvature forms, and Chern
classes.

Next we recall the construction of the groupoid of a foliated space; the idea is
due to Ehresmann, Thom and Reeb and was elaborated upon by Winkelnkemper.
A foliated space X has a natural equivalence relation: x � y if and only if x

1This paragraph appeared in the fi rst edition. Since then there has been an explosion of interest
in laminations. (Nowadays some authors use the word lamination as a synonym for foliated
space.) The books [Candel and Conlon 2000; 2003] contain a host of examples and references.
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and y are on the same leaf. The resulting space R.X / � X �X is not a well-
behaved topological space. The holonomy groupoid G.X / of a foliated space
is designed to by-pass this diffi culty. It contains holonomy data not given by
R.X /; holonomy is essential for diffeomorphism and structural questions about
the foliated space. The holonomy groupoid G.X / consists of triples .x;y; Œ˛�/,
where x and y lie on the same leaf ` of X , ˛ is a path from x to y in `, and Œ˛�
denotes the holonomy class of the path ˛. The map G.X /! R.X / is simply
.x;y; Œ˛�/! .x;y/. The preimages of .x;y/ correspond to holonomy classes
of maps from x to y. The space G.X / is a (possibly non-Hausdorff) foliated
space. If N is a complete transversal (meaning that N is Borel and for each
leaf ` the intersection N \ ` is nonempty and at most countable), GN

N
is the

subgroupoid of G.X / consisting of triples .x;y; Œ˛�/ with x;y 2N . In a sense
which we make precise, GN

N
is a good discrete model for G.X /.

We turn next to a study of differential and pseudodifferential operators on X .
Suppose that E0 and E1 are foliated bundles over X and

D W �� .E0/! �� .E1/:

The operator D is said to be tangential if D restricts to

D` W � .E0 j`/! � .E1 j`/

for each `, and D is tangentially elliptic if each operator D` is an elliptic oper-
ator. If D is a tangential, tangentially elliptic operator then Ker D` and Ker D�

`
consist of smooth functions on l . These spaces may well be infi nite-dimensional,
and hence expressions such as

dim Ker D` � dim Ker D�
`

make no sense. However there is some additional structure at our disposal, for
Ker D` and Ker D�

`
are C 1.`/-modules. We shall show that these spaces are

for each ` locally fi nite-dimensional in a sense that we now describe.
Let Y be a locally compact space endowed with a measure (in the application

to index theory Y D` is a leaf and the measure is a volume measure) and suppose
that T is a positive operator on L2.Y;E/ for some bundle E over Y . Then

Trace.f 1=2Tf 1=2/D Trace.T 1=2f T 1=2/

for every bounded positive function f . We defi ne a measure �T by

Trace.f 1=2TF1=2/D

Z

Y

f d�T

and declare T to be locally traceable with local trace �T if, for some family
fYig of compact sets with union Y , we have

�T .Yi/ <1:
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If
T D

X
�iTi

with each Ti locally traceable, T is locally traceable with local trace �T DP
�i�Ti

. We identify a closed subspace V � L2.Y;E/ with the orthogonal
projection onto it and say that the subspace is locally fi nite-dimensional if the
projection is locally traceable. Any closed subspace of L2.Y;E/ that consists
entirely of continuous functions is easily seen to be locally fi nite-dimensional.

If Y is a C 1 manifold and D is an elliptic pseudodifferential operator on
Y then DD� and D�D are locally traceable so Ker D and Ker D� are locally
fi nite-dimensional. The local index of D is defi ned to be

�D D �Ker D ��Ker D� :

If Y is a compact manifold then
R

Y �D D ind.D/, the classical Fredholm index.
The notion of locally traceable operator makes it possible to discuss the index

of an elliptic operator on a noncompact manifold. As we observed previously,
if D is a tangential, tangentially elliptic operator on a compact foliated space X

then D` is an elliptic operator on the leaf ` and its local index

�D`
D �Ker D`

��Ker D�
`

does make sense as a (signed) Radon measure on `. Write �x
D
D �D`

for each x 2

`. Then �D D f�xDg is a tangential measure; that is, a family of Radon measures
supported on leaves of X with suitable invariance properties (see Defi nition
4.11). We regard �D as the abstract analytic index of D. If the foliation bundle
F is oriented then a tangential measure determines a class in H

p
� .X /. The task

of an index theorem is to identify that class.
To proceed further along these lines and as they are of substantial independent

interest, we introduce transverse measures. For this we move temporarily to a
measure-theoretic context. Suppose that .X;R/ is a standard Borel equivalence
relation. We assume that there is a complete Borel transversal; that is, a Borel set
which meets all equivalences classes and where the intersection with each class
is denumerable. This condition holds easily in the setting of foliated spaces.
Assume further that we are given a one-cocycle � 2Z1.R;R�/. A transverse
measure of modulus � is a measure � on the � -ring of all Borel transversals
which is � -fi nite on each transversal and such that � jT is quasi-invariant with
modulus � jT for the countable equivalence relation R \ .T � T / for each
transversal T . If �� 1 then � is an invariant transverse measure. For example,
if X is the total space of a fi bration `! X ! B foliated with fi bres as leaves
then an invariant transverse measure on X is precisely a � -fi nite measure on B.

Recall that a tangential measure � is an assignment ` 7! �` of a measure to
each leaf (or class of R) which satisfi es suitable Borel smoothness properties
(see Defi nition 4.11). For example, if D is a tangential, tangentially elliptic
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operator on X then the local index �D is a tangential measure. If we choose
a coherent family of volume measures for each leaf ` then these coalesce to a
tangential measure.

Given a tangential measure � and an invariant transverse measure �, we de-
scribe an integration process that produces a measure � d� on X and a numberR
� d� obtained by taking the total mass of the measure. Choose a complete

transversal N . There is a Borel map � W X ! N with �.x/ � x. Regard X as
fi bring measure-theoretically over N , and let �n be the restriction of �` to the set
��1.n/, which is contained in the leaf where n lies. Then

R
N �n d�.n/D � d�

is a measure on X . This integration process is related to the pairing of currents
with foliation cycles in [Sullivan 1976].

How many invariant transverse measures are there? Let MT .X / be the vector
space of Radon invariant transverse measures. The construction above provides
a pairing

MT .X /�˝p
� .X /! R

and hence a Ruelle–Sullivan map

MT .X /! Homcont.H
p
� .X /;R/ŠH �

p .X /:

We prove a Riesz representation theorem: this map is an isomorphism. For ex-
ample, if X is foliated by points then H 0

� .X /DC.X / and an invariant transverse
measure is just a measure, so our result reduces to the usual Riesz representation
theorem. We see also that X has no invariant transverse measure if and only if
H

p
� .X /D 0.
With this machinery in hand we can state and prove the remarkable index

theorem of A. Connes. Let D be a tangential, tangentially elliptic pseudodif-
ferential operator on a compact oriented foliated space of leaf dimension p. As
described above, we obtain the analytic index of D as a tangential measure �D .
For any invariant transverse measure � the real number

R
X �D d� is the analytic

�-index ind�.D/ defi ned by Connes. The Connes index theorem states that for
any invariant transverse measure �,

Z
�D d� D

Z
�
top
D

d�;

where
�
top
D
D˙

�
˚�1

� ch� .D/
�

Td� .X /

is the topological index of the symbol of D. (See Chapter V for defi nitions).
Using the Riesz representation theorem we reformulate Connes’ theorem to read

Œ�D �D Œ�
top
D
� 2H p

� .X /

which, as is evident, does not involve invariant transverse measures. Of course
if X has no invariant transverse measures then H

p
� .X /D 0 and �D 2 f0g.
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There is a stronger form of the index theorem for foliated manifolds which
is due to Connes and Skandalis. To state it we need to introduce the reduced
C �-algebra of the foliated space. The compactly supported tangentially smooth
functions on G.X / form a �-algebra under convolution. (If G.X / is not Haus-
dorff then a modifi cation is required.) For each leaf Gx of G.X / with its natural
volume measure there is a natural regular representation of this �-algebra on
B.L2.Gx//. Complete the �-algebra with respect to these representations and
one obtains C �

r .G.X //. This algebra enters into index theory because there is
a natural pseudodifferential operator extension

0! C �
r .G.X // �!

NP0 �
�! � .S�F; End.E//! 0

and hence the tangential principal symbol of D yields an element of

K0.C
�
r .G.X ///:

Connes and Skandalis [Connes and Skandalis 1984] identify this element and
thereby obtain a sharper form of the index theorem which is useful in the Type III
situation. Even in the presence of an invariant transverse measure, if the symbol
of an operator D has fi nite order in K0.C

�
r .X // then Œ�D �D 0 in H

p
� .X /.

We conclude this introduction with a brief summary of the contents of each
chapter.

I. Locally Traceable Operators

Given an operator T on L2.Y;E/ for a locally compact space Y, we explain
the concept of local traceability and we construct the local trace �T of T . The
local index �D of an elliptic operator on a noncompact manifold is one motivating
example. We also discuss several situations outside the realm of foliations where
locally traceable operators shed some light. In particular, we interpret the formal
degree of a representation of a unimodular locally compact group in these terms.

II. Foliated Spaces

Here we set forth the topological foundations of our study. We give many ex-
amples of foliated spaces and construct tangentially smooth partitions of unity.
Then follow smoothing results which enable us, for instance, to assume freely
that bundles over our spaces are tangentially smooth. It is perhaps worth noting
that K0.X / coincides with the subgroup generated by tangentially smooth bun-
dles. Next we explain holonomy and, following Winkelnkemper, introduce the
holonomy groupoid of a foliated space. We consider the relationship between
G.X / and its discrete model GN

N
and determine the structure of GN

N
in several

examples.
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III. Tangential Cohomology

In this chapter we defi ne the tangential cohomology groups H �
� .X / as the co-

homology of the de Rham complex �� .�
�F�/ and equivalently as the coho-

mology of X with coeffi cients in the sheaf of germs of continuous functions on
X which are constant along leaves. There is an analogous compactly supported
theory H �

�c.X / and an analogous tangential vertical theory H �
�v.E/ on bundles.

We develop the properties parallel to the expected properties from de Rham
theory. There is a Mayer–Vietoris sequence (for open subsets) and a Künneth
isomorphism

H �
� .X /˝H �.M /

Š
�!H �

� .X �M /

provided that M is a manifold foliated as one leaf and X �M is foliated with
leaves `�M . We establish a Thom isomorphism theorem (3.30) of the type

˚ WH k
� .X /

Š
�!H nCk

�v .E/

for an oriented tangentially smooth n-plane bundle E!X . Finally we indicate
the defi nition of tangential homology theory. In an appendix we rephrase these
constructions in terms of Lie algebra cohomology.

IV. Transverse Measures

We develop here the general theory of groupoids, both in the measurable and
topological contexts, in order to give a proper home to transverse measures. The
prime examples are G.X / and GN

N
, of course. We introduce transverse measures

and their elementary properties. The proper integrands for transverse measures
are tangential measures, as we have previously explained in the foliation context.
We carefully explain the integration process

.�; �/ 7! � d� 7!

Z
� d�

and indicate the necessary boundedness results. Specializing to topological
groupoids and continuous Radon tangential measures, we recount the Ruelle–
Sullivan construction of the current C� 2 ˝

�
p.X / associated to the transverse

measure �. The current is a cycle if and only if � is an invariant transverse
measure.

Next we relate the space of invariant transverse measures MT .X / on X

to invariant measures on a complete transversal N . Finally we establish the
Riesz representation theorem: if X is a compact oriented foliated space with
leaf dimension p then the Ruelle–Sullivan map

MT .X / �! Homcont.H
p
� .X /;R/



10 INTRODUCTION

is an isomorphism. One useful consequence of this result is that a linear func-
tional F on MT .X / is representable as F.�/D

R
! d� for some ! 2H

p
� .X /

if and only if the functional is continuous in the weak topology on MT .X /.

V. Characteristic Classes

This chapter contains the Chern–Weil development of tangential characteris-
tic classes. This comes down to carefully generalizing the usual constructions
of connections, curvature, and their classes. This results in tangential Chern
classes c�

n 2 H 2n
� .X /, tangential Pontryagin classes p�

n 2 H 4n
� .X /, and a tan-

gential Euler class, as well as the now classical universal combinations of these.
We construct these classes at the level of forms, so that, for a fi xed tangential
Riemannian connection, the topological index is a uniquely defi ned form. We
verify the necessary properties of the tangential Chern character and the tangen-
tial Todd genus which relates the K-theory and tangential cohomology Thom
isomorphisms.

VI. Operator Algebras

Each foliated space has an associated C �-algebra C �
r .G.X // introduced by

A. Connes. In this chapter we present its basic properties. Central to our treat-
ment is the Hilsum–Skandalis isomorphism

C �
r .G.X //Š C �

r .G
N
N /˝K;

which shows that, at the level of C �-algebras, the foliated space “fi bres” over a
complete transversal N . The C �-algebra C �

r .G
N
N
/ is the C �-algebra of the

discrete model GN
N

of G.X /. An invariant transverse measure � induces a
trace �� on C �

r .G.X //, and one then may construct the von Neumann algebra
W �.G.X /; Q�/. The analogous splitting

W �.G.X /; Q�/ŠW �.GN
N ; Q�/˝B.H/

at the von Neumann algebra level is expected, of course. In the ergodic setting
this corresponds to the usual decomposition of a II1 factor into the tensor prod-
uct of II1 and I1 factors. We conclude with a brief introduction to K-theory
and the construction of a partial Chern character c WK0.C

�
r .G//!H

p
� .X /.

VII. Pseudodifferential Operators

The usual theory of pseudodifferential operators takes place on a smooth mani-
fold. In this chapter we “parametrize” the theory to the setting of foliated spaces.
This involves constructing the pseudodifferential operator algebra and its clo-
sure, defi ning the tangential principal symbol, and showing that the analytic
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index class �D depends only upon the homotopy class of the principal symbol.
We construct the pseudodifferential operator extension which has the form

0! C �
r .X /!

NP0! � .S�F; End.E//! 0:

We introduce the analytic and topological index at this point. Both depend upon
the principal symbol of the operator, and this dependence is carefully explained.
We show how the partial Chern character and the tangential Chern character
(respectively) are used to obtain cohomology classes in H

p
� .X /; the Connes

Theorem is the assertion that these classes agree.
Turning to tangential differential operators, we introduce bounded geometry

and fi nite propagation techniques to demonstrate that �D is well-defi ned. We
establish the McKean–Singer formula: for t > 0,

ind�.D/D ��

�
Œe�tD�D �� Œe�tDD�

�
�
D �s

�.e
�t OD/;

where OD is an associated self-adjoint superoperator and �s
� is the supertrace.

Next we prove that as t ! 0 there is an asymptotic expansion

�s
�.e

�t OD/�
X

j��p

tj=2p

Z

X

�j . OD/ d�;

where each �j . OD/ is a signed tangential measure independent of t . As ind�.D/

is independent of t , it is immediate that

ind�.D/D

Z
!D.g;E/ d�;

where !D is a tangentially smooth p-form which depends on the bundle E of
D and upon the tangential Riemannian metric.

VIII. The Index Theorem

If D is a tangential, tangentially elliptic pseudodifferential operator on a com-
pact foliated space with oriented foliation bundle of dimension p, then we
have defi ned the analytic index �D and the topological index �top

D
as tangential

measures. We establish the Connes index theorem which asserts that for any
invariant transverse measure �,Z

�D d� D

Z
�
top
D

d�:

We reformulate this result, in light of the Riesz representation theorem, as

Œ�D �D Œ�
top
D
� 2H p

� .X /:

Chapter VIII is devoted to the proof of the index theorem. We verify the theorem
for tangential twisted signature operators and then argue on topological grounds
that this suffi ces.
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Appendices

There are four appendices to the book; each applies the index theorem in con-
crete situations and so demonstrates some possible uses of the theorem. The fi rst
appendix, by Steven Hurder, develops some interesting examples and applica-
tions of the theorem to the case when the leaves of the foliation have a complex
structure. The second appendix, by the authors and Robert J. Zimmer, explores
the use of the index theorem to demonstrate the existence of square-integrable
harmonic forms on certain noncompact manifolds. The third appendix, by
Robert J. Zimmer, discusses the application of some of the Gromov–Lawson
ideas regarding the existence of a tangential metric which has positive scalar
curvature along the leaves. The fourth appendix is a reprint of a featured review
from Mathematical Reviews on the Gap Labeling Theorem recently established
using techniques from this book. These provide a complement to the general
development.



CHAPTER I

Locally Traceable Operators

Our object in this chapter is to develop the notion of what we call locally
traceable operators — or, more or less equivalently, the notion of locally fi nite-
dimensional subspaces relative to an abelian von Neumann algebra A. The
underlying idea here is that certain operators, although not of trace class in the
usual sense, are of trace class when suitably localized relative to A. The trace,
or perhaps better, the local trace of such an operator is not any longer a number,
but is rather a measure on a measurable space X associated to the situation with
A D L1.X /. This measure is in general infi nite but � -fi nite, and it will be
fi nite precisely when the operator in question is of trace class in the usual sense,
and then its total mass will be the usual trace of the operator. Heuristically, the
local trace, as a measure, will tell us how the total trace — infi nite in amount —
is distributed over the space X . Once we have the notion of a locally traceable
operator, and hence the notion of locally fi nite-dimensional subspaces, one can
defi ne then the local index of certain operators. This will be the difference
of local dimensions of the kernel and cokernel, and will therefore be, as the
difference of two � -fi nite measures, a � -fi nite signed measure on X . One has
to be slightly careful about expressions such as1�1 that arise, but this is a
minor matter and can be avoided easily by restricting consideration to sets of
fi nite measure. These ideas are developed to some extent in [Atiyah 1976] for
a very similar purpose to what we have in mind here, and we are pleased to
acknowledge our gratitude to him.

To be more formal and more exact about this notion, we consider a separa-
ble Hilbert space H with an abelian von Neumann algebra A inside of B.H /,
the algebra of all bounded operators on H . (We could dispense in part with
this separability hypothesis, but it would make life unnecessarily diffi cult; all
the examples and applications we have in mind are separable.) For example,
suppose that X is a standard Borel space (see [Arveson 1976] and [Zimmer
1984, Appendix A] for defi nitions and properties of such spaces). It is a fact
that X is isomorphic to either the unit interval Œ0; 1� with the usual � -fi eld of
Borel sets or is a countable set with every subset a Borel set; see [Arveson
1976] for details. Now let � be a � -fi nite measure on X and let Hn be a fi xed
n-dimensional Hilbert space where nD 1; 2; : : : ;1. Then H DL2.X; �;Hn/,

13
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the set of equivalence classes of square-integrable Hn-valued functions on X ,
is a separable Hilbert space. The algebra L1.X; �/ of equivalence classes of
bounded measurable functions acts as a von Neumann algebra on H . We recall
that an Hn-valued function f on X is measurable if .f . � /; �/ is measurable for
each fi xed � on Hn and square integrability means that jf . � /j2 is integrable.

This example is almost the most general such example of an abelian von Neu-
mann algebra acting on a separable Hilbert space. Indeed, let us choose standard
measure spaces .Xn; �n/, one for each nD 1; 2; : : : ;1, with the understanding
that some Xn’ s may be the void set and so will not contribute anything; then
form

H .n/ DL2.Xn; �n;Hn/

as we did before and fi nally form the direct sum H D
P

H .n/. The measure
spaces .Xn; �n/ may be assembled by disjoint union into a standard measure
space .X; �/ and then L1.X; �/, which is essentially the product of the spaces
L1.Xn; �n/, acts as a von Neumann algebra on H by

.f ��/n D f jXn
��n;

where f 2 L1.X; �/ and � D .�n/ 2 H . It is a standard theorem that if M

is any abelian von Neumann algebra acting on a separable Hilbert space K,
then there are .Xn; �n/ as above and a unitary equivalence U of K with H DP

L2.Xn; �n;Hn/ such that U MU �1 ŠL1.X; �/ [Dixmier 1969a, p. 117].
Thus whenever we have an abelian subalgebra A of B.H /, H may be re-

garded by this result as a space of functions f on X D
S

Xn with f .x/ 2Hn

for x 2Xn. It is often convenient to introduce the notation Hx DHn for x 2Xn

so that fHxgmay be thought of as a “fi eld” of Hilbert spaces or a Hilbert bundle;
the functions f satisfy f .x/ 2Hx and can be thought of as (square-integrable)
sections. The notion of measurability of such a function is clear: it should be
measurable on each set Xn as a function into Hn DHx . What we have in fact
described is the direct integral construction defi ned by the abelian subalgebra
A, and one writes

H D

Z

X

Hx d�.x/

as the direct integral of the spaces Hx . In the sequel we will freely think of
elements f of H in this situation as vector-valued functions.

A more specifi c kind of example that we have in mind is described as fol-
lows: X is a connected C 1 manifold, � is a � -fi nite measure absolutely con-
tinuous with respect to Euclidean measure on X , and E ! X is a Hermitian
vector bundle on X — that is, a complex vector bundle with each fi bre given an
Hermitian inner product which varies continuously from fi bre to fi bre. Denoting
the fi bre of E over x 2 X by Hx , we obtain a fi eld of Hilbert spaces fHxg of
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constant (fi nite) dimension. It is easy to fi nd a Borel trivialization of E, that
is, a fi eld of unitary isomorphisms 'x of Hx with a fi xed Hilbert space Hn so
that these maps defi ne a Borel isomorphism of the total space E of the bundle
with X �Hn. With H the set of square-integrable measurable sections of E,
(equivalently H D

R
Hx d�.x/ or H DL2.X;Hn/), and with ADL1.X; �/

acting by multiplication on H , we obtain exactly the kind of abstract structure
described above.

Given such a pair H;A, we want to defi ne what it means for an operator T

on H to be locally traceable relative to A. To motivate this, consider a one-
dimensional subspace V of H and choose a unit vector ' in V . Viewing H as
a direct integral of a fi eld Hx

H D

Z

X

Hx d�.x/

we can think of ' as a function '.x/with '.x/2Hx and then form j'.x/j2. This
is an integrable function of norm one, or equivalently the measure j'.x/j2 d�.x/

is a probability measure which we denote �P.V /. Its measure class is intrinsic
to V and in particular does not depend on the choice of the measure � used
to write A D L1.X; �/. (Recall that � could be replaced by any measure
equivalent to � in the sense of absolute continuity.) This measure �P.V / has �-
total mass one — the dimension of V — and can be thought of as describing how
the dimension of V is “spread out over” the space X or also how the dimension
of V “localizes.” More generally, if V is any fi nite-dimensional subspace of H ,
let us choose an orthonormal basis '1; : : : ; 'n for V . Then it is an elementary
and well known calculation that

Pn
iD1 j'i.x/j

2 is independent of the choice of
the orthonormal basis and consequently that the measure �P.V / defi ned by

d�P.V / D

nX

iD1

j'i.x/j
2 d�.x/

is independent of all choices. Its total mass is n, the dimension of V , and
again �P.V / can be thought of as describing how the total dimension of V

is distributed or localized over the space X .
In the same way we argue that if T is any fi nite rank operator and if '1; : : : ; 'n

is any orthonormal basis for the range of T (or for the orthogonal complement
of the kernel of T ), then the measure �T defi ned by

d�T .x/D

nX

iD1

..T 'i/.x/; 'i.x// d�.x/;

where the inner product is taken pointwise in Hx , is a signed measure of total
mass equal to the trace of T and which again describes how this total trace is
distributed over the space X . If T D P .V / is the orthogonal projection onto
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a fi nite-dimensional subspace V , then this clearly coincides with the previous
defi nition as the notation itself suggests.

With these simple examples in mind, the path of development is fairly clear
and leads us to consider operators T for which a suitably defi ned �T is a � -fi nite
measure; or, if as in many examples X is naturally a locally compact space,
then operators T for which �T is a Radon measure (fi nite on compact sets).
We begin with the trace function which we view as defi ned on all nonnegative
operators on a Hilbert space H with values in the extended positive real numbers.
Denote this cone of nonnegative operators by B.H /C and for T 2 B.H /C

defi ne Tr.T /D
P
.T �i ; �i/, where �i is any orthonormal basis for H and where

we defi ne Tr.T / to be C1 if the series (of nonnegative) terms diverges. It is
elementary, using the positive square root S DT 1=2 of T , to see that the sum is
independent of the choice of basis. As a map from B.H /C to NRC, Tr satisfi es
certain conditions (see [Dixmier 1969b, pp. 93, 81]):

(1) Tr.T1CT2/D Tr.T1/CTr.T2/.

(2) Tr.�T /D �Tr.T / if �� 0.

(3) Tr.A�A/D Tr.AA�/ if A 2B.H /.

(4) For any increasing net T˛ in B.H /C with T D lub T˛ in the sense of the
order on B.H /C,

Tr.T /D lub Tr.T˛/

Such mappings defi ned on the positive cone in any von Neumann algebra are
called normal traces. Condition (3) is equivalent to the condition

(30) Tr.U T U �1/D Tr.T / for T in B.H /C and U unitary.

If one drops (3) altogether such functions are called normal weights; in this
connection see [Haagerup 1979] for a discussion of the continuity condition
(4).

Suppose now that A is an abelian von Neumann algebra on H ; then A Š

L1.X; �/ and for convenience we use the same symbol for a function and the
corresponding operator. (We note parenthetically that for most of this A could
be any von Neumann algebra, but as we do not have any signifi cant applications
in mind except for abelian A we shall not pursue this level of generality.)

Proposition 1.1. Let f 2AŠL1.X I�/ and nonnegative, and let T 2B.H /C.
Then

Tr.f 1=2Tf 1=2/D Tr.T 1=2f T 1=2/;

where f 1=2 and T 1=2 are the nonnegative square roots of f and T .
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Proof. Let S D f 1=2T 1=2; then S� D T 1=2f 1=2 and the formula of the state-
ment results immediately from the fact that Tr.AA�/D Tr.A�A/. ˜

This shows fi rst of all that for fi xed nonnegative T , the left hand side above
is linear in f for f nonnegative. The continuity and additivity properties of the
trace and the fact that g! T 1=2gT 1=2 is order preserving and weak operator
continuous show that if we defi ne for any measurable subset E of X ,

�T .E/D Tr.fETfE/;

where fE is the characteristic function of E, then �T is a positive countably
additive measure on X , absolutely continuous with respect to� in that�.E/D0

implies �T .E/D 0. The same reasoning and an approximation argument shows
that for any f � 0

Tr.f 1=2Tf 1=2/D

Z

X

f d�T :

The crucial problem, and this will lead us to the defi nition, is that �T may and
often does fail to be � -fi nite in the sense that

X D

1[

iD1

Xi ;

where the family Xi is an increasing sequence of sets of fi nite �T measure. At
this point one has a choice of two closely related defi nitions of local traceability
of T . On the one hand one could say that T is locally traceable if �T is � -fi nite,
and this is perfectly satisfactory, but for applications we want something a bit
different which refl ects extra structure on X . Namely suppose we are given in
X an increasing family of subsets .Xi/ which exhaust X . The idea is that �T

should be not just � -fi nite relative to any exhaustion of X , but that �T .Xi/<1

for this particular choice of Xi . We have in mind the example of X a locally
compact second countable space with Xi a countable fundamental family of
compact sets. The condition above just means that �T is a Radon measure.

Defi nition 1.2. If .Xi/ is an exhaustion of X by increasing Borel sets, one says
that a positive operator T on H is locally traceable .relative to this exhaustion/
if �T .Xi/ <1 for all i . The measure �T is called the local trace of T .

Agreeing to call a Borel subset of X bounded if it is contained in some Xi ,
we can rephrase slightly the defi nition of local traceability as follows: a posi-
tive operator T is locally traceable if and only if f Tf is trace class for every
nonnegative f in ADL1.X; �/ of bounded support.

It is evident from Proposition 1.1 and the continuity properties of the trace
that we have the following properties for local traces which we state without
proof.
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Proposition 1.3. Basic properties of the local trace:

(1) �T CS D �T C�S .

(2) ��T D ��T .

(3) If 0� S � T and T is locally traceable then so is S .

(4) If T .˛/ is a net converging upward to T then

�T .E/D lim�T .˛/.E/

for every measurable set E.

For nonpositive operators one extends the notion of local traceability using
linearity.

Defi nition 1.4. If T is any operator on H , then T is locally traceable .relative
to a given exhaustion of X / if we can write

T D

nX

iD1

�iPi ;

where Pi are nonnegative locally traceable operators and �i are complex num-
bers. The local trace of such a T is by defi nition

�T D
X

�i�Pi
:

This last statement requires a little explanation. First, the local trace is indeed
well defi ned, for if T can be written in two different ways as a linear combina-
tion of positive locally traceable operators, it is easy to see using the additivity
properties that �T comes out to be the same. Second, the measure �T is not
quite a standard kind of object, for as a “measure” defi ned on all Borel subsets
of X , it is all too likely to involve inadmissible expressions like1�1. What
we have is a complex-valued measure defi ned on the � -ring of all Borel sets of
X which are contained in some Xi (i.e., the bounded Borel sets) for the given
exhaustion and which is countably additive on the (relative) � -fi eld of Borel
subsets of each Xi .

If an operator T is locally traceable, with local trace �T , then for every
positive f in A of bounded support, f 1=2Tf 1=2 is a trace class operator and
we have

Tr.f 1=2Tf 1=2/D

Z
f d�T ;

where the integral on the right is well defi ned since f has bounded support.
We record some elementary consequences of these defi nitions which extend

the integral formula above. For the following note that the set of complex-
valued measures defi ned above is a (two-sided) module over ADL1.X; �/ by
multiplication of measures by functions with the left and right actions being the
same.
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Proposition 1.5. The class of locally traceable operators is closed under ad-
joints and is a two-sided module over A. Moreover the local trace is a two-sided
module map.1

Proof. We have already seen that the locally traceable operators are closed un-
der adjoints. To see that this class is a two-sided module over A, it suffi ces,
by taking linear combinations, to show that gP is locally traceable when P is
nonnegative locally traceable, and g2A. To do this we show that the self adjoint
operators gP CPg� and i.gP �Pg�/ are locally traceable. Writing P DQ2

and observing that

RD .QCQg�/�.QCQg�/DQ2CgQ2CQ2g�CgQ2g�;

we see that gP C Pg� is a linear combination of the positive operators P ,
gPg�, and R. The fi rst is given as locally traceable. To see that the second is
also, let f be an element of bounded support in A and observe that fgPg�f D

g.fPf /g� is of trace class since fPf is. Hence gPg� is locally traceable.
For the third, the defi nition of R shows that gPCPg� �PCgPg� and hence
that R � 2.P CgPg�/. By monotonicity, R is locally traceable and it follows
that gP C Pg� is locally traceable. A similar argument can be used for the
imaginary part of gP , establishing that gP is locally traceable.

To see that the local trace is a bimodule map, consider an operator S D hT k

with T locally traceable, and h; k positive elements in A. The local trace �S

satisfi es

(1.6) Tr.f 1=2Sf 1=2/D

Z
f d�S

for every positive f in A of bounded support, and this property characterizes
�S since �S is uniquely determined by the integrals above. But now

Tr.f 1=2hT kf 1=2/D Tr.h1=2h1=2f 1=2Tf 1=2k1=2k1=2/

D Tr.k1=2h1=2f 1=2Tf 1=2k1=2h1=2/;

using the fact that f 1=2Tf 1=2 is trace class and the commutativity properties
of the trace. By the defi nition of �T the last expression can be written as the
integral of the nonnegative function khf , which is of bounded support, against
the measure �T . Combining these equalities we see that

Tr.f 1=2Sf 1=2/D

Z
f d�S D

Z
f hk d�T :

By unicity we fi nd
�hTk

D kh.�T /

1In the fi rst edition, this proposition had an additional part to it concerning the positive and
negative parts of a self-adjoint operator. This second statement was false.
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at least for h and k positive. By linearity this holds for all h and k and so the
local trace is a bimodule map. ˜

We isolate as a separate statement a useful formula implicit in the preceding
proof.

Corollary 1.7. If T is locally traceable and h, k 2 A are of bounded support,
then hT k is traceable and

Tr.hT k/D

Z
hk d�T :

The local trace has a further rather straightforward invariance property. Sup-
pose that u is a unitary operator in the normalizer of the abelian algebra A;
that is, uAu�1 D A. Then conjugation by u defi nes a �-isomorphism of A D

L1.X; �/ and by point realization theorems [Mackey 1962], there is a Borel
automorphism � of X such that ���� �; so that

uf u�1.x/D f .��1.x// for f 2L1.X; �/DA:

Recall that ���.E/D �.�
�1.E// for any Borel set E. Now if .Xi/ is a given

exhaustion of X as introduced earlier in this section, we know what bounded
sets are and we want � to map bounded sets to bounded sets. Then the expected
fact concerning this situation is true, and we omit the short proof.

Proposition 1.8. If � and � are as above, and if T is a locally traceable op-
erator with local trace �T , then uT u�1 is locally traceable with local trace
��.�T /.

Many of the most common examples of locally traceable operators are self-
adjoint projections. If V � H is a closed subspace and P .V / the orthogonal
projection onto it, then we say that the subspace V is locally fi nite-dimensional
if P .V / is locally traceable. The local trace �P.V / is called the local dimension
of the subspace V , and for brevity we will write it simply as �V .

Now let us suppose that X is a locally compact space denumerable at 1,
and let the exhaustion fXig of X consist of a fundamental sequence of compact
sets (every compact set K is eventually in some Xi). Further suppose that � is a
fi nite dimensional Hermitian vector bundle over X and that the Hilbert space H

is the space of (equivalence classes of) L2 sections of � relative to some Radon
measure � on X , which without loss of generality we take to have support equal
to all of X . Then it makes sense to talk about the continuous sections in H ; this
is the (dense) subspace C of H consisting of those equivalence classes (mod
null sections) which contain a continuous section of �. If such a continuous
section exists in a given class, it is of course unique. We make the following
defi nition.

Defi nition 1.9. An operator S from H to H is smoothing of order zero if S.H /

is contained in C , the space of continuous sections.
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The following result will provide large classes of interesting and important
locally traceable operators — the exhaustion here is understood to be by compact
subsets of X .

Theorem 1.10. Let Si , i D 1; : : : ; n be operators on H which are smoothing of
order zero. Then T D

Pn
iD1 SiS

�
i is locally traceable.

Proof. It clearly suffi ces to consider one such S . If v 2 H , then the element
S.v/ of H lies in C and is represented by a unique continuous section S.v/. � /.
Then for fi xed x 2X and for a fi xed vector � in the dual space E�

x of the fi bre
Ex of � at x, we can defi ne �.S.v/.x//. By a standard argument in functional
analysis using the closed graph theorem, this is a continuous linear functional
b.x; �/ of v. Moreover, if �.x/ is a continuous section of the dual bundle ��

of �, it is clear that b.x; �.x// is a continuous function of x. From all of this
it follows that we can fi nd for each x 2X , a measurable section K.x; � / of the
bundle End.�/ with jK.x; � /j square-integrable for each x such that

S.v/.x/D

Z
K.x;y/v.y/ d�.y/:

It is an easy matter to choose this function K to be jointly measurable in its two
variables by the von Neumann selection theorem [Zimmer 1984, p. 196], and,
by continuity in x, the L2 norm of jK.x; � /j is bounded as x runs over compact
sets. Since the Hilbert–Schmidt norm of K.x;y/ is at most a constant multiple
of its operator norm because the fi bre is fi nite-dimensional, the same statement
holds for this norm. Thus if f is a bounded Borel function of compact support
viewed both as a function and as the corresponding multiplication operator, the
operator fS can be written as

.fS/.v/.x/D

Z
f .x/K.x;y/v.y/ d�.y/:

The kernel f .x/K.x;y/ has compact support in x and it follows from our re-
marks above and the Fubini theorem that the Hilbert–Schmidt norm

jf .x/K.x;y/jHS

is an L2 function on X�X . This implies that fS is a Hilbert–Schmidt operator,
and hence that .fS/.fS/� D fSS� Nf is a traceable operator. This means by
defi nition that SS� is locally traceable, and we are done. ˜

As an example of this theorem, consider a closed subspace V of H which
consists of continuous functions. Then it follows immediately that the projection
P .V / onto V is locally traceable and that V is locally fi nite-dimensional.

By far the most important example of this for us is the following: X a C 1

manifold which is not necessarily compact, � an Hermitian vector bundle over
X , and D0 a differential operator from � to � which we assume to be elliptic
[Taylor 1979]. We form the space H of square-integrable sections of � and form
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the corresponding unbounded operator D on H . This is of course somewhat
inexact, for one could form many such operators with different domains. The
smallest such would be the closure of the operator D0 acting on the space of
compactly supported sections. The largest would be the Hilbert space adjoint of
the formal adjoint .D0/� defi ned on the compactly supported sections. For our
purposes here D can be any closed operator between these two. (As a remark
for future chapters, we note that in the specifi c cases to be treated later these
two extreme operators defi ned by D0 coincide — see Corollary 7.24 — so there
is no ambiguity about the unbounded operator D on H .) With such a D we
form its kernel V D Ker D. The elements v of V will be by defi nition weak
solutions of the differential equation D0v D 0 and hence by ellipticity actually
C 1 sections. By Theorem 1.10 and the comments following it, Ker D is locally
fi nite-dimensional; its local dimension, which we write �D , is a Radon measure
on X . If D� is the Hilbert space adjoint of D, the same considerations apply
and we can form the local dimension �D� of the kernel of D�.

Defi nition 1.11. The local index �D of D is the difference

�D D �D ��
�
D ;

a signed Radon measure on X .

If X is compact, then of course these are all fi nite measures and the total
mass of �D , necessarily an integer, is the usual index of D. The classical
Atiyah–Singer index theorem provides a formula for this in terms of topological
invariants. The object of the Connes index theorem for foliations is to provide
a similar formula in the following context: X a compact foliated space, D a
differential operator assumed to be tangentially elliptic (see Chapter VII) so
that for any leaf ` of the foliated space the differential operator Dj` �D` will
be elliptic in the usual sense and will defi ne a local index on each leaf `. The
leaves ` are not necessarily compact and hence Ker D` is not necessarily fi nite-
dimensional. The theorem then provides a formula for the average of these local
indices, the average being taken over all leaves. This averaging process is by no
means straightforward and requires a whole subsequent chapter, Chapter IV, to
explain.

The framework of locally traceable operators provides a convenient bridge to
the work of Atiyah [1976] on the index theorem for covering spaces. Let X be
a manifold (not necessarily compact) and let zX ! X be a covering space with
fundamental domain U and covering group � . Then

L2. zX /DL2.U /˝L2.� /;

where X is given volume measure, zX is given the pullback measure, and �
acts by the left regular representation. With respect to this decomposition the
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commutant of � is the von Neumann algebra

zADB.L2.U //˝R;

where R is the algebra corresponding to the right regular representation. There
is a natural trace � on zA corresponding to the usual trace on B tensor with the
canonical trace on R. Suppose that zT is a bounded operator on L2. zX / which
commutes with the action of � . Then zT has the form

zT D
X




T
 ˝R


with respect to the decomposition above. Atiyah defi nes

ind� . zT /D �.f zT f /;

where f is the characteristic function of U . We may simplify this to read

ind� . zT /D Trace .f Tf /;

where T D Tid˝ I .
Let A D L1.X / acting upon L2. zX / by multiplication, and, by restriction,

A acts on L2.U /. Then A is isomorphic to L1
c .U / acting upon L2.U / by

multiplication. Write T DTid acting upon L2.U /. Then it is clear that ind� . zT /

is precisely the integral of the local trace:

ind� . zT /D

Z

X

d�T :

Atiyah’s theorem may be understood simply as relating �T to the lift of �T to
zX .

The content of Theorem 1.10 can be rephrased somewhat with no reference
to topology; namely if H DL2.X; �/ (or fi nite dimensional vector-valued func-
tions) on a measure space, let T be a bounded linear transformation on H to
itself such that T .H /�L1.X; �/. That is, the image of T consists of bounded
functions. Then we claim that T T � is locally traceable and that there is a very
simple formula for the local trace. Actually the same idea would work if T .H /

were contained in a suitably defi ned space of locally bounded functions too, but
for simplicity let us stick to globally bounded functions.

First we observe that an application of the closed graph theorem shows that
T is bounded as a map of L2.X / into L1.X /. Further it is an easily shown fact
[Dunford and Schwartz 1958, p. 499] that whenever T is a bounded linear map
from a separable Banach space M into L1.X /, there is a measurable bounded
function k.x/ from X into the dual M � of M such that .Tm/x D k.x/.m/ for
m 2M . Application of this yields a bounded map x! k.x/ from X to L2.X /

which serves as a “kernel” for T . The following is proved in exactly the same
way that Theorem 1.10 is.
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Proposition 1.12. If T maps L2.X; �/ into L1.X; �/ then T T � is locally
traceable .relative to any exhaustion by sets of fi nite �-measure/ and its local
trace is the measure jk.x/j2 d�.x/, where k is as above.

It is a standard fact that the L2-valued measurable function can be written as
k.x/.y/DK.x;y/ for a jointly measurable function. Then

.Tf /.x/D

Z
K.x;y/f .y/ d�.y/

is, as we observed already, an integral kernel operator.
Because the issue will come up in the construction of operator algebras asso-

ciated with groupoids and foliations, we recall briefl y some suffi cient conditions
for a kernel K.x;y/ to defi ne a bounded operator.

Defi nition 1.13. A kernel K.x;y/ on X � X is integrable (with respect to a
measure � on X ) if

ess sup
x

Z
jK.x;y/j d�.y/ <1 and ess sup

y

Z
jK.x;y/j d�.x/ <1:

One may defi ne an operator T D TK from functions on X to functions on X

formally by

.Tf /.x/D

Z
K.x;y/f .y/ d�.y/:

If f 2 L1 \L1 then the integral at least makes sense and the two conditions
in the defi nition above show immediately that jTf j1 is bounded by a constant
times jf j1 and that jTf j1 is bounded by a constant times jf j1. It is an easy
and standard interpolation result using the Riesz convexity theorem [Dunford
and Schwartz 1958, p. 525] that T defi nes a bounded operator on each Lp to
Lp for each p with a norm no worse than the larger of the two bounds in the
defi nition.

Proposition 1.14. If the kernel K is integrable, then T DTK defi nes a bounded
operator on L2.X /. If in addition

k.x/D

�Z
jK.x;y/j2 dy

�1=2

is essentially bounded in x, then T maps L2.X / to L1.X / and the local trace
of T T � is k2.x/ d�.x/.

The ideas developed above fi nd other interesting applications and it is our
purpose in the balance of this chapter to look at some of these. Specifi cally, let
G be a locally compact second countable abelian group. Let H D L2.G; �G/

with AD L1.G; �G/ acting by multiplication, where �G is Haar measure. If
E is any Borel subset of the dual group yG, we construct the subspace V .E/ of
H consisting of functions ' 2 H whose Fourier transform O' vanishes outside
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of E. We recall that if �G is any Haar measure on G, then there is a uniquely
determined choice of Haar measure � yG on yG with the property that the Fourier
inversion formula holds exactly, not just up to a scalar, when �G and � yG are
used. Specifi cally, if

O'.˛/D

Z
.˛;x/'.x/ d�G.x/ and O .x/D

Z
.˛;x/ .˛/ d� yG.˛/;

then . O'/O D ' for suitable functions ', where . � ; � / is the duality pairing of
yG �G to the circle group.

Let us assume that the subset E of yG has fi nite dual Haar measure. Then
by the Fourier inversion theorem, the elements of V .E/ are back transforms of
elements of L2.E/�L2. yG/. But since E has fi nite measure, L2.E/�L1.E/,
and consequently the elements of V .E/ are back transforms of integrable func-
tions on yG. It follows that V .E/ consists of continuous functions and so by
Theorem 1.10, V .E/ is locally fi nite-dimensional. Let �E be the local dimen-
sion of V .E/. The unitary operator ug induced by left translation leaves V .E/

invariant and normalizes A. Proposition 1.8 tells us then that �E is invariant
under left translation by elements of G. Thus �E is a Haar measure; the only
question is which one. This is not diffi cult to answer.

Proposition 1.15. Let �G be a Haar measure on G, let � yG be its dual Haar
measure on yG, and let E be a subset of fi nite measure in yG. Then the local
dimension of V .E/ is given by

�E D � yG.E/�G :

Proof. First we observe that the answer written above does not depend on the
original choice of �G in view of the way � yG changes when we change �G . To
obtain the result we note that the projection operator PE onto V .E/ is given as
a convolution operator with the kernel

K.x;y/D

Z

E

.xy�1; ˛/ d� yG.˛/:

Now for f positive, bounded and of compact support, the operator PEf
1=2 is

given by convolution with the L2 kernel K.x;y/f 1=2.y/. Since P 2
E
DPE , we

have

f 1=2PEf
1=2 D .PEf

1=2/�.PEf
1=2/

and is given as a convolution operator with kernel

f 1=2.x/K.x;y/f 1=2.y/

which is the convolution of K.x;y/f 1=2.y/ with its adjoint. Consequently we
can calculate the trace of f 1=2PEf

1=2 by integrating the kernel on the diagonal
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x D y. So

Tr.f 1=2PEf
1=2/D

Z
.f 1=2.x//2K.x;x/ d�G.x/

D

Z
f .x/

Z

E

.1; ˛/ d� yG.˛/ d�G.x/

D

Z
f .x/� yG.E/ d�G.x/:

Thus �E D � yG.E/�G as desired. ˜

Let us continue this discussion a little further; suppose that G is a unimod-
ular locally compact second countable group, and let � be a square-integrable
irreducible representation. This means that � occurs as a summand of the left
regular representation on L2.G/, or that one (equivalently each) of its matrix
coeffi cients is square-integrable. Associated to such a representation is a number
d� called the formal degree of � [Dixmier 1969b, 14.4], which can be defi ned
by the equation

Z
.�.g/x;y/.�.g/u; v/d�G.g/D d�1

� .x;u/.y; v/:

Of course d� depends on the choice of Haar measure �G , but it is clear that the
product d��G is intrinsic. This suggests, as we shall show in a moment, that
the formal degree is not properly a number, but rather a Haar measure.

Proposition 1.16. Let G be a unimodular group, � a square-integrable irre-
ducible representation, and let V .�/ be any irreducible subspace of the left
regular representation equivalent to � . Then V .�/ has locally fi nite dimension;
the local dimension is a multiple of Haar measure given by

�� D d��G ;

where d� is the usual formal degree.

Proof. It follows from the usual discussion of square-integrable representations
that any subspace V .�/ can always be realized as the set of matrix coeffi cients
f.�.g/�1y;x0/g, where x0 is fi xed and y varies over H.�/, the Hilbert space
upon which � is realized. This demonstrates immediately that V .�/ consists of
continuous functions and hence by Theorem 1.10 is locally fi nite-dimensional.
The same argument as in the abelian case shows that the local dimension is a
multiple of Haar measure. In order to compute the multiple, we realize V .�/ as
the set of matrix coeffi cients

fcx W x 2H.�/g;

where cx D .�.g
�1/x;x0/. By the orthogonality relations the square norm of

cx is d�1
� .x0;x0/.x;x/. Normalizing x0 by .x0;x0/D d� , we see that x! cx

is an isometry. Now let feig be an orthonormal basis in H.�/ and let ci be the
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corresponding vectors in V .�/. Further let Vn be the span of .c1; : : : ; cn/. By
the introductory comments in the chapter, the local trace �n of Vn is given by

d�n D

nX

iD1

jci.g/j
2 d�G.g/:

As n tends to 1, the projection onto Vn increases monotonically to the pro-
jection onto V . By (4) of Proposition 1.3, �n.E/ increases upward to ��.E/,
where �� is the local dimension of V .�/. But

Pn
iD1 jci.g/j

2 increases mono-
tonically to the infi nite sum

1X

iD1

jci.g/j
2 D

1X

iD1

j.�.g�1/ei ;x0/j
2 D j�.g/x0j

2 D d� :

It follows that d�� D d�d�G as desired. ˜

If the group G is nonunimodular the situation becomes more complicated as
one might guess from [Dufl o and Moore 1976] and [Pukanszky 1971]. Suppose
that � is an irreducible square-integrable representation of G. This means that
� occurs as a summand of the left regular representation, but now some, but
not all matrix coeffi cients are square-integrable. Let P .�/ be the closed linear
span of all irreducible summands of L2.G/ equivalent to � . Then P .�/ is
also invariant under right translation and as a G � G module is isomorphic
to � � z� , where z� is the contragredient of � [Mackey 1976]. As z� is also
square-integrable, and as P .�/ is primary for the left and the right actions,
there are, once we fi x a left Haar measure on G, two canonically defi ned formal
degree operators on P .�/, namely D� for the left action and zD� for the right
action [Mackey 1976]. Each is an unbounded positive operator affi liated to the
von Neumann algebras associated to the left and right actions respectively, and
semi-invariant under these actions. If we change Haar measure by a scalar factor
c, then D� and zD� change by c�1 so that symbolically the products D�d�G

and zD�d�G are intrinsic. We recall that both the left and right von Neumann
algebras are isomorphic to B.H /, the algebra of all bounded operators, and so
have canonically defi ned traces.

Now suppose that V �P .�/ is a subspace of P .�/ invariant under the right
action. We would like to know when V is locally fi nite-dimensional and in
those cases we want a formula. As before, the local dimension, if it exists, is a
multiple of left Haar measure. The subspace V , being left invariant, defi nes a
projection PV in the right von Neumann algebra on P .�/ as these two algebras
are commutants of each other. We now try to make sense out of the expression

. zD�/
1=2PV . zD�/

1=2
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as a bounded positive operator. In fact it will be a well-defi ned bounded operator
precisely when the range of PV is included in the domain of . zD�/

1=2. When
this happens and when in addition this bounded positive operator has a trace,
we see that PV or V itself is fi nite relative to zD� . Another way to say this very
much in the spirit of [Pedersen and Takesaki 1973] is to observe that zD� defi nes
a weight  on the von Neumann algebra of the right action given by

T ! Tr.D1=2
� TD1=2

� /

(see [Moore 1977]) and the condition on PV is that  is fi nite on this element.
Our result is the following.

Proposition 1.17. The subspace V of P .�/ has locally fi nite dimension if and
only if PV is fi nite relative to zD� . The local dimension is then

�V D Tr. zD1=2
� PV

zD1=2
� /�G :

We omit the proof of this fact and simply remark that if G is unimodular,
then D� and zD� become scalar multiples of the identity, namely d� � 1, where
d� is the usual (scalar) formal degree. Then the statement above is exactly the
same as in the unimodular case. It is interesting that, contrary to the unimodular
case, not all irreducible summands of P .�/ have fi nite local dimension, and
moreover that there are irreducible subspaces of P .�/ with arbitrarily small
local dimension.

These special cases suggest the form of the general result which is as follows:
Let �G be left Haar measure on G. Then there are semifi nite normal weights
semi-invariant for the modular functions  on L, the von Neumann algebra of
the left regular representation, and z and R, the von Neumann algebra of the
right regular representation. Normalize these so that Fourier transform becomes
an isometry. Then if V is an invariant subspace for the left regular represen-
tation, then the projection PV onto V is in the algebra R of the right regular
representation.

Proposition 1.18. The local dimension of the subspace V is fi nite if and only if
z .PV / <1; in this case it is given by

�V D z .PV /�G :

We again omit the proof of this result.

Update 2004

Locally traceable operators have been used by John Roe [1993] as part of his
work on coarse cohomology HX �.M /for open manifolds. Briefl y, let H denote
the Hilbert space of L2-sections of a vector bundle over a complete Riemannian
manifold M . Let AH denote the algebra of all bounded operators with fi nite



I. LOCALLY TRACEABLE OPERATORS 29

propagation speed (see Section VII-B), and let BH denote the ideal of those
which are locally traceable. Suppose that H is graded, F 2 AH is odd with
respect to the grading, and F2 � 1 2 BH . Then F is a generalized Fredholm
operator and so has an index Ind.F / 2 K0.BH / (as defi ned in Section VII-
A). A generalized Dirac operator D gives rise to such an operator and we let
Ind.D/D Ind.F /. For any class � 2HX 2q.M /, Roe uses cyclic cohomology
to construct an associated complex-valued index Ind�.D/. He then establishes
an index theorem of the form

Ind�.D/D
q!

.2q/!.2� i/q

˝
ID [ c.�/; ŒM �

˛
;

where ID 2 H �.M / is the usual index class and c W HX �.M / ! H �
c .M /

is a character map. (This is the form for M even-dimensional; there is also
a theorem for odd-dimensional M.) Roe has applied this theorem in several
contexts, one of which bears on the nonexistence of manifolds of positive scalar
curvature.





CHAPTER II

Foliated Spaces

In this chapter we introduce the basic defi nitions and elementary properties of
foliated spaces.

The local picture of a foliated space is a topological space of the form L�N ,
where L is a copy of Rp and N is a separable metric space, not necessarily a
manifold. A tangentially smooth function

f WL�N ! R

is a continuous function with the following properties:

(1) For each n 2N , the function f . � ; n/ WL! R is smooth.

(2) All partial derivatives of f in the L directions are continuous on L�N .

We denote the tangentially smooth functions as C 1
� .L�N /. A function

f WL�N ! R
k

is tangentially smooth if each of the composites �if are tangentially smooth,
where the �i are the coordinate projections. Finally, if

U �L�N and U 0 �L0 �N 0

are open sets, a function f W U !U 0 is tangentially smooth if locally it has the
form

f .t; n/ D
�
f1.t; n/; f2.n/

�
;

with f2 WN !N 0 continuous and f1 WL�N !L0 tangentially smooth.
Let X be a separable metrizable space. A foliated chart .U; '/ is an open set

U �X and a homeomorphism

' W U �! '.U /�L�N:

with '.U / open in L �N . We defi ne C 1
� .U / as the set of all functions f W

U ! R such that '�1f 2 C 1
� .L�N /. A plaque P of X is a set of the form

'�1.L � fng/. It is evident that U is the union of its plaques and that each
plaque has a natural structure as a smooth manifold of dimension p. So U is
foliated by its plaques.

Two foliated charts .U; '/ and .V;  / of X are coherently foliated if for every
choice of plaques P � U and Q � V , the set P \Q is open both in P and in

31
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Q. A foliated atlas is a collection UDf.U˛; '˛/g of mutually coherent foliated
charts of X of the same dimension p such that fU˛g is an open cover of X .

Two foliated atlases are equivalent if their union is a foliated atlas. Each
equivalence class of foliated atlases of X determines a foliated space structure
on X as follows. Using [Candel and Conlon 2000, Lemma 11.2.9], we may
assume without loss of generality that our atlas U is regular; that is:

(1) Given a foliated chart .U; '/2U, there exists a foliated chart .V;  /2U

with U � T � V , T compact in V , and  jU D '. (Thus we can take the
closure of a plaque and stay within some other overlapping plaque.)

(2) The open cover fU˛g is locally fi nite.

(3) Given foliated charts .U; '/ and .V;  / and plaque P �U , then P meets
at most one plaque in V .

Fix a regular foliated atlas. A plaque path P1; : : :Pk is a collection of plaques
of X such that Pi \ PiC1 ¤ ? for all i . Now fi x one plaque P and take the
union of all of the plaques that can be reached from P by plaque paths. This
will be a topological manifold ` of dimension p called a leaf. It is clear that X

is foliated by leaves. This is not enough, however. We want our leaves to be
smooth manifolds. Here is how to do it.

Defi nition 2.1. A foliated space X of dimension p is a separable metrizable
space equipped with a regular foliated atlas UD f.U˛; '˛/g such that whenever
U˛ \Uˇ ¤? then the composition

'˛.U˛ \Uˇ/
'�1

˛
�! U˛ \Uˇ

'ˇ

�! 'ˇ.U˛ \Uˇ/

is tangentially smooth. A tangentially smooth function f WX1!X2 of foliated
spaces is a continuous function such that if Ui � Xi are foliated charts with
associated maps

'i W Ui �!Li �Ni ;

then the composition

'1.U1\f
�1.U2//

'�1
1
�! U1\f

�1.U2/
f
�! f .U1/\U2

'2
�!L2 �N2

is tangentially smooth. We let C 1
� .X1;X2/ denote the space of tangentially

smooth maps X1!X2.

If X2 is a smooth manifold foliated as one leaf, then the condition reduces to
showing that for any foliated chart

' W U �!L�N;

the composite f '�1 is tangentially smooth. In particular, we may take X2DR

or C and let C 1
� .X / to denote the set of tangentially smooth (real or complex-

valued) functions on the foliated space X . Note that C 1
� .X / is a commutative
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algebra, unital if X is compact, and normed by the sup norm. It is almost never
complete in that norm. If X is a smooth manifold regarded as a foliation with
one leaf, then

C 1
� .X /Š C 1.X /:

Since coordinate changes smoothly transform the level surface nD constant
to n0 D constant, the level surfaces coalesce to form maximal connected sets
called leaves, and the space X is foliated by these leaves. Each leaf ` is a smooth
manifold of dimension p.

The main examples of foliated spaces are, of course, foliated manifolds [Law-
son 1977; Candel and Conlon 2000] of class C 1 or of class C 1;0 as in [Connes
1979]. We pause to exhibit some standard examples of foliated manifolds. Our
reference is [Lawson 1977], upon whom we have relied heavily.1 We encourage
the reader interested in a deeper and elegant treatment of foliations themselves
to read these books.

The simplest example of a foliated manifold is just M DLp �Bq , where L

and B are smooth manifolds and M is foliated with leaves of the form L�fbg.
The projection map f WM ! B is a submersion (i.e., dfx W TMx ! TBx is
surjective for all x).

More generally, if f W M pCq ! Bq is any submersion then M has a p-
dimensional foliation with leaves corresponding to connected components of
some f �1.b/. If

Fp!M pCq!Bq

is a fi bre bundle in the category of smooth manifolds with F and B connected
then M pCq is foliated by the inverse images Fb � f

�1.b/Š F . For instance,
the Hopf fi bration

S1! S3! S2

and a closed connected subgroup H of a Lie group G

H !G!G=H

yield foliations of S3 and of G respectively.
A different sort of example arises by taking a connected Lie group G acting

smoothly on a manifold M . Assume that the isotropy group at x; fg 2G jgxD

xg, has dimension independent of x. Then M is foliated by the orbits of G. (If

1In the fi rst edition we relied upon [Lawson 1977] as a basic reference for foliations, and
this is still a valuable source. The more recent books [Candel and Conlon 2000; 2003] give an
extensive and thorough treatment of the geometric and topological structure of foliated manifolds
and foliated spaces. The books and their authors have been very helpful to us in the preparation
of the second edition. There is a symbiotic aspect to this, as our introduction of the concept of
foliated space in the fi rst edition had some impact on the direction of some of the research there.
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H acts on G for H a closed connected subgroup then this coincides with the
previous example.)

Foliations may also be described in terms of the foliation bundle FM . Let
M D T 2 D R2=Z2 and fi x a smooth one-form

! D a1dx1C a2dx2

with a1a2 ¤ 0. It is evident that d! D 0. Let

FM D fv 2 TM j !.v/D 0g:

This is an involutive subbundle and hence foliates the torus. If a1=a2 2Q then
each leaf is a circle. If a1=a2 62 Q then each leaf is dense, in fact a copy of R

sitting densely in the torus, which corresponds to an irrational fl ow on the torus.
Next we construct bundles with discrete structural group. Let F be a space,

let Bp be a manifold (connected for simplicity), and let zB ! B denote the
universal cover. Suppose given a homomorphism ' W �1.B/! Homeo .F /:
Form the space

(2.2) M D zB ��1.B/ F

as a quotient of zB �F by the action of �1.B/ determined by deck transforma-
tions on zB and by ' on F . The action on zB �F is free and properly discon-
tinuous, hence M is a foliated space. It is foliated by leaves `x which are the
images of zB�fxg as x 2F . There is a natural map M !B and the composite
`x ! M ! B is a covering space. If F is a manifold and ' takes values in
Diff.F / then M is a smooth manifold.

A very special case of the above construction is of considerable importance.
Suppose given a single homeomorphism � 2 Homeo .F /. Then �1.S

1/ D Z

acts on Homeo .F / via � and there results a bundle

(2.3) M D R�Z F ! S1

called the suspension of the homeomorphism � . For instance, if � 2 Diff.R/ is
the map �.y/ D �y then R�R has a Z-action given by .x;y/ 7! .xC1;�y/

and M D R�Z R is the Möbius strip.

(2.4)

Each leaf `y is a circle wrapping around twice except for the core circle `0

(corresponding to R� f0g/ which wraps once.
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Finally we describe the Reeb foliation of S3. This is constructed in stages.
First foliate the open strip R� Œ�1; 1� as shown:

Then spin the strip about the x-axis to obtain a solid infi nite cylinder (thought
of as a collection of snakes, each eating the tail of the next):

Next identify .x;y; z/with .xC1;y; z/ to obtain a solid torus foliated by copies
of R2 and the boundary leaf, which is of course the torus.

(2.5)

(This is to be thought of as a collection of snakes, each eating its own tail.)
Finally, S3 may be obtained by gluing two copies of a solid torus along the
boundary torus. Taking two copies of the solid torus above, one obtains S3

foliated by leaves of dimension two. Along the boundary of the two solid tori
there is a closed leaf diffeomorphic to T 2. All other leaves are copies of R2. No
leaf is dense: the closure of a typical copy of R2 is R2 together with the closed
leaf T 2. Note that each point p on the closed leaf is a sort of saddle point
in the sense that curves in leaves nearby (above and below) have the property
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illustrated schematically here:

(2.6)
x

z p1

p

p2


1


2

ı2

ı1

closed leaf

y

z
p1

p

p2

ı2

ı1


1


2

In these two views of the same vicinity of p, the line in the middle represents
the closed leaf; curves 
1, ı1 lie in the xz plane; and 
2; ı2 lie in the yz plane.
Curves 
1; 
2 belong to the same leaf; so do curves ı1; ı2. Schematically the
snake below the closed leaf is moving in the x direction, whereas the snake
above the closed leaf is moving in the y direction. This is important for the
resulting holonomy property, as we shall see.

The notion of foliated space is strictly more general than that of a foliated
manifold. Here are two examples:

(1) A solenoid is a foliated space .p D 1/ with each Nx homeomorphic to a
subspace of a Cantor set.

(2) The infi nite torus T 1D
Q1

jD1 T 1 has a fl ow given by r 7! �0C
Q

eir�j

for fi xed algebraically independent numbers f�j g, and hence is a foliated
space of dimension 1. Each Nx is homeomorphic to a subspace of T 1,
thought of as 1�T 1 � T 1 �T 1 � T 1.

Let X be a foliated space. Each foliated chart Ux of X has a natural tangent
bundle, induced by 'x from the bundle

Tx �Tx �Nx! Tx �Nx :

The transition functions f'xg preserve smoothness in the leaf direction and
hence these coalesce to form a p-plane bundle over X , called the tangent bundle
or foliation bundle of the foliated space and denoted p WFX!X . We frequently
write F D FX and also write FXx � Fx D p�1.x/ for the fi bre over x 2X .

Proposition 2.7. (a) A tangentially smooth map f W X ! Y induces a bun-
dle map df W FX ! FY which over leaves corresponds to the usual
differential.

(b) Let X ı denote the disjoint union of the leaves of X .each leaf having its
smooth manifold topology/. Then X ı is a .usually nonseparable/ smooth
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manifold of dimension p, the identity map i W X ı ! X is tangentially
smooth, and i�FX D T .X ı/, the tangent bundle of X ı.

A vector bundle � W E ! X of (real) dimension k over a foliated space X

of dimension p is tangentially smooth if E has the structure of a foliated space
of dimension pCk which is compatible with the local product structure of the
bundle and if the map � WE!X is tangentially smooth. The tangent bundle is
tangentially smooth. We let �� .E/ or �� .X;E/ denote the C 1

� .X /-module of
tangentially smooth sections of the bundle E!X .

The following series of properties (2.8–2.15) serves to let us assume freely
that all bundles which arise in our study are tangentially smooth. Tranverse con-
tinuity is essential here; Proposition 2.8 is false if one assumes only transverse
measurability.

Proposition 2.8. Every open cover of a foliated space X has a subordinate tan-
gentially smooth partition of unity.

Proof. (Compare [Hirsch 1976, 2.2.1].) Let U D fUigi2I be an open cover of
X . There is a locally fi nite atlas on X , say VDf'˛;V˛g, such that fV ˛g refi nes
U; and we may assume that each image

'˛.V˛/� T˛ �N˛ � R
p �N˛

is bounded and each V ˛ � X is compact. There is a shrinking fW˛g˛2J of V,
and each W ˛ �V˛ is compact. It suffi ces to fi nd a tangentially smooth partition
of unity subordinate to V.

For each ˛, cover the compact set '˛.W ˛/�Rp �N˛ by a fi nite number of
closed balls

B.˛; 1/; : : : ;B.˛; k.˛//

contained in '˛.V˛/. Choose tangentially smooth maps

h˛;j 2 C 1
� .Rp �N˛/

with 0� h˛;j .x; n/� 1 and such that

h˛;j .x/ > 0 if and only if x 2 Int B.˛; j /:

Let

h˛ D

k.a/X

jD1

h˛;j W R
p �N˛! Œ0;1/:

Then
h˛.x/ > 0 if x 2 '˛.W ˛/;

h˛.x/D 0 if x 2 R
p �N˛ �

S
j B.˛; j /:
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Let m˛ WM ! Œ0;1/ be defi ned by

m˛.x/D

�
h˛'˛.x/ if x 2 V˛ ,
0 if x 2X �V˛ .

Then m˛ is tangentially smooth, m˛ > 0 on W ˛ , and supp m˛ � V˛. Defi ne
r˛ Dm˛=

P
˛ m˛ . Then the fr˛g form a tangentially smooth partition of unity

subordinate to V. ˜

For foliated spaces X and Y , let C 0
`
.X;Y / denote the continuous functions

from X to Y taking leaves to leaves and let C 1
� .X;Y / denote the subset of

tangentially smooth maps. We topologize C 0
`
.X;Y / by the strong topology as

follows. Let˚Df'i ;Uigi2� and 	 Df i ;Vigi2I be locally fi nite sets of charts
on X and Y respectively. Let KDfKigi2I be a family of compact subsets of X ,
with Ki�Ui , let EDf�igi2I a family of positive numbers, and let f 2C 0

`
.X;Y /

with f .Ki/� Vi . A strong basic neighborhood N 0.f I˚;	;K;E/ is the set of
maps g 2 C 0

`
.X;Y / such that g.Ki/� Vi for all i 2 I and



. if '
�1
i /.x/� . ig'

�1
i /.x/



< �i for all x 2 'i.Ki/:

The strong topology has all possible sets of this form for a base. If X is com-
pact then this topology coincides with the weak (D compact-open) topology on
C 0

`
.X;Y /. We refer the reader to [Hirsch 1976], from which we have freely

borrowed.

Proposition 2.9. Let X D T �N and X 0 D T 0 �N 0 be trivial foliated spaces
(with T �Rp , T 0 �Rp0

). Then C 1
� .X;X 0/ is dense in C 0

`
.X;X 0/.

Proof. Since all functions preserve leaves we may assume that X 0 D T 0 D Rn,
regarded as a foliated space with one leaf. We must show that C 1

� .X;Rn/ is
dense in C 0.X;Rn/ in the strong topology.

Let fV˛g be a locally fi nite open cover of X and for each ˛ let �˛ > 0.
Let f W X ! Rn be continuous, and suppose we want a C 1

� map g to satisfy
jf � gj < �˛ on V˛ for all ˛. For each x 2 X , let Wx � X be a neighborhood
of x meeting only fi nitely many V˛ . Set

ıx Dmin f�˛ W x 2 V˛g> 0:

Let Ux �Wx be an open neighborhood of x so small that

jf .y/�f .x/j< ıx for all y 2 Ux:

Defi ne constant maps gx W Ux ! Rn by gx.y/ D f .x/. Relabeling the cover
fUxg and the maps fgxg, we have shown that there is an open cover fUigi2I DU

of X and C 1
� maps gi WX ! Rn such that

jgi.y/�f .y/j< �˛ whenever y 2 Ui \V˛:
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Let frigi2I be a C 1
� partition of unity subordinate to U. Defi ne g WX !Rn by

g.y/D
X

i

ri.y/gi.y/:

Then g 2 C 1
� .X;Rn/, and

ˇ̌
g.y/�f .y/

ˇ̌
D
ˇ̌
ˇ
X

ri.y/gi.y/�
X

ri.y/f .y/
ˇ̌
ˇ �

X
ri.y/

ˇ̌
gi.y/�f .y/

ˇ̌
:

Hence y 2 V˛ implies
ˇ̌
g.y/�f .y/

ˇ̌
<
P

ri.y/�˛ D �˛: ˜

The following relative approximation lemma allows us to globalize the pre-
ceeding proposition.

Lemma 2.10. Let U D L �N � Rp �N and V D L0 �N 0 � Rp0

�N 0 be
open sets, K � U a closed set, W � U an open set, and let f 2 C 0

`
.U;V / be

tangentially smooth on a neighborhood of K�W . Then every neighborhood N

of f in C 0
`
.U;V / contains a map h W U ! V which is tangentially smooth on a

neighborhood of K and agrees with f on U �W .

Proof. Since all maps send leaves to leaves and since C 0.U;L0/ is open in
C 0.U;Rp/ we may assume that V D L0 D Rn. Let A � U be an open set
containing the set K�W such that f jA is C 1

� . Let W0 � U be open with

K�A�W0 �W 0 �W:

Let fr0; r1g be a C 1
� partition of unity for the open cover fW;U �W 0g of U .

Defi ne
G W C 0.U;Rn/! C 0.U;Rn/

by
G.g/.x/D r0.x/g.x/C r1.x/f .x/:

Then
G.g/jW0

D gjW0

and
G.g/jU �W D f jU �W :

Further, G.g/ is C 1
� on every open set on which both f and g are C 1

� , and G

is clearly continuous.
Since G.f /Df , there is an open set N0�C 0.U;Rn/ containing f such that

G.N0/�N . By Proposition 2.9 there is a C 1
� map g 2N0 (since C 1

� .U;Rn/

is dense in C 0.U;Rn/). Then hDG.g/ has the required properties. ˜

We now prove the basic approximation theorem.

Theorem 2.11. Let X and Y be foliated spaces. Then C 1
� .X;Y / is dense in

C 0
`
.X;Y / with the strong topology.

Corollary 2.12. Let X be a foliated space and M a C 1 manifold, regarded as
a foliated space with one leaf . Then C 1

� .X;M / is dense in C 0.X;M /.



40 II. FOLIATED SPACES

Proof. Let f W X ! Y be in C 0
`

. Let ˚ D f'i ;Uigi2I be a locally fi nite atlas
for X and let 	 Df i ;Vigi2I be a family of charts for Y such that for all i 2 I ,
f .Ui/�Vi . Let CDfCigi2I be a closed cover of X , Ci �Ui . Let EDfEig be
a family of positive numbers and put N D N.f I˚; ;C;E/ � C 0

`
.X;Y /. We

look for a g 2 N which is C 1
� . The set I is countable; we therefore assume

that I D f1; 2; 3; : : : g or, if X is compact, I D f1; 2; : : : ; sg.
Let fWigi2I be a family of open sets in X such that

Ci �Wi �W i � Ui :

We shall defi ne by induction a family of C 1
� maps gk 2N having the following

properties: g0 D f and, for k � 1, the maps gk and gk�1 coincide on X �Wk

and gk is C 1
� on a neighborhood of

S
0�j�k Cj .

Assuming for the moment that the gk exist, defi ne g W X ! Y by g.x/ D

g�.x/.x/, where �.x/Dmaxfk jx 2T kg. Each x has a neighborhood on which
g D g�.x/. This shows that g 2 C 1

� and g 2N , and the theorem is proved.
It remains to construct the gk . Put g0 D f ; then the hypotheses are true

vacuously. Suppose that 0<m and we have maps gk 2N , 0�k<m, satisfying
the inductive hypothesis. Defi ne a space of maps

GD fh 2 C 0
` .Um;Vm/ j hD gm�1 on Um�Wmg:

Defi ne T W G! C 0
`
.X;Y / by

T .h/D

�
h on Um,
gm�1 on X �Um.

It is evident that T is continuous, T .gm�1jUm
/D gm�1, and hence T �1.N / is

nonempty.
Form the closed subset KD

S
k�m Ck \Um of Um. Then gm�1 WUm! Vm

is C 1
� on a neighborhood of K �Wm. Since Um and Vm are trivially foliated

spaces we can apply the previous proposition to C 0
`
.Um;Vm/. We conclude that

the maps in G which are C 1
� in a neighborhood of K are dense in G. Therefore

T �1.N / contains such a map h. Defi ne gm D T .h/; then gm 2N satisfi es the
inductive hypothesis at stage m, completing the proof. ˜

Theorem 2.13 (Relative Approximation Theorem). Let f 2C 0
`
.X;Y / and sup-

pose f is tangentially smooth on some neighborhood of a .possibly empty/
closed set A � X . Then every neighborhood N of f in C 0

`
.X;Y / contains

a map h 2 C 1
� .X;Y / with hD f on some neighborhood of A.

Proof. If X and Y are product foliations this follows from the relative approxi-
mation Lemma 2.10. The local-global process is much the same as in the proof
of Theorem 2.11, where we show that C 1

� .X;Y / is dense in C 0
`
.X;Y /. In the

construction of the maps fgkg, add the additional condition that gkDf on A. In
the induction assume that every map in G agrees with f on some neighborhood
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of A. The relative approximation Lemma 2.10 allows the same argument to
proceed. ˜

Lemma 2.14. Let f 2 C 0
`
.X;Rp � N /, let A be a closed subset of X , and

suppose that f is tangentially smooth on some neighborhood of A. Then there
is a homotopy H 2 C 0

`
.X�R;Rp�N / with the following properties:

(1) H.x; t/D

8
<
:

f .x/ for t � 0,
H.x; 1/ for t > 1,
f .x/ for x 2A.

(2) H.x; 1/ 2 C 1
� .X;Rp �N /.

(3) For each t , H. � ; t/ is arbitrarily close to f on compact subsets.

Proof. Write f .x/ D .f1.x/; f2.x//. By the preceding theorem, there exists
a map g 2 C 1

� .X;Rp �N / with g D f on some neighborhood of A and g

arbitrarily close to f . We may assume that g D .g1; f2/. Let ı 2 C 1.R;R/

be a monotone function with ı.t/D 0 for t � 0 and ı.t/D 1 for t � 1. Defi ne
H WX �R! Rp �N by

H.x; t/D
�
f1.x/.1� ı.t//Cg.x/ı.t/; f2.x/

�
:

Then H has the required properties. ˜

Theorem 2.15. Let f 2 C 0
`
.X;Y / and suppose that f is tangentially smooth

on some neighborhood of a closed subset A. Then there is a homotopy H 2

C 0
`
.X �R;Y / satisfying the following properties:

(1) H.x; t/D

8
<
:

f .x/ for t � 0,
H.x; 1/ for t � 1,
f .x/ for x 2A.

(2) g DH.x; 1/ 2 C 1
� .X;Y /.

(3) H. � ; t/ is arbitrarily close to f on compact subsets.

The function g 2 C 1
� .X;Y / is unique up to tangentially smooth homotopy

.relA/ and hence defi nes a unique map f � W H �
� .Y /! H �

� .X /. (Here H �
� is

tangential cohomology, which will be formally introduced in Chapter III.)

Proof. Let 	 D fVig be a family of coordinate patches for Y and let ˚ D fUig

be a family of coordinate patches for X with f �1.Vi/�Ui . Let CD fCig be a
closed cover of X with Ci �Ui . Let ED fEig be a family of positive numbers,
and let

N D .f �; 	 �R; 	 �R;C;E/� C 0
` .X �R;Y /;

where � W X �R! X is the projection and ˚ �R is the pullback along � of
˚ . Choose open sets Wi with Ci �Wi �W i � Ui .
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We shall defi ne a family of maps gk 2 C 0
`
.X � R;Y / with the following

properties:

(1) gk.x; t/D

8
<
:

f .x/ for t � 0,
gk.x; 1/ for t � 1,
f .x/ for x 2A:

(2) gk.x; 1/ is tangentially smooth on a neighborhood of

.L1[ � � � [Lk/� Œ1;1/:

(3) gk. � ; t/ is close to f on compact subsets.

(4) g0.x; t/D f .x/.

(5) gk D gk�1 on .X �R/� .Wk �R/.

Suppose for the moment that the gk exist. Defi ne H WX �R! Y by

H.x; t/D g�.x/.x; t/;

where �.x/Dmaxfk jx 2T kg. Each point .x; t/ has a neighborhood on which
H.x; t/D g�.x/.x; t/. Thus H.x; 1/ 2 C 1

� .X;Y /. The other conditions on H

are evident, so H has been constructed as required.
Here is the construction of the gk , by induction. Set g0.x; t/D f .x/. Sup-

pose that m > 0 and we have maps gk 2 N with 0 � k < m satisfying the
inductive hypotheses. Defi ne a space of maps G by

GD fh 2 C 0
` .Um �R;Vm/ j hD gm�1 on .Um�Wm/�R and

hD f on a neighborhood of .Um\A/�Rg:

Defi ne T W G! C 0
`
.X �R;Y / by

T .h/D

�
h on Um �R,
gm�1 on .X �Um/�R .

Clearly T is continuous and T .gm�1jUm
/D gm�1, so T �1.N / is nonempty.

Let K D Uk�m.Ck \Um/ � R. Then K is a closed subset of Um � R and
gm�1 2 C 0

`
.Um � R;Vm/ is tangentially smooth on a neighborhood of K �

.Wm�R/. Since Um�R and Vm are product foliated spaces, we may apply the
previous proposition to C 0

`
.Um�R;Vm/. We conclude that the maps in G which

are tangentially smooth on some neighborhood of K are dense in G. Therefore
T �1.N / contains such a map h. Defi ne gmD T .h/. Then gm 2N satisfi es the
inductive hypotheses at stage m. This completes the proof of the existence of
the homotopy H .

It remains to demonstrate that gDH. � ; 1/ is unique up to tangentially smooth
homotopy which fi xes A. Suppose that g and Ng are both constructed by the
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above procedure with g D H. � ; 1/ and Ng D H . � ; 1/ and g D Ng on A. An
obvious construction yields a homotopy M 2 C 0

`
.X �R;Y / with

M.x; t/D

8
<
:

g.x/ for t � 0,
Ng.x/ for t � 1,
g.x/ for x 2A

and M is close to g as usual. Let

zADX � Œ.�1; 0�[ Œ1;1/�[ .A�R/:

Apply the fi rst part of the theorem with X replaced by X �R, f replaced by
M , and A replaced by zA. We obtain a function zM 2 C 1

� .X �R;Y / with

zM .x; t/D

8
<
:

g.x/ for t � 0,
Ng.x/ for t � 1,
g.x/ for x 2A

and zM is close to g as usual. Thus g is homotopic to Ng via a tangentially smooth
homotopy fi xing A. ˜

We consider next the consequences of Theorem 2.15 for vector bundles.

Proposition 2.16. Every continuous .real or complex/ vector bundle E over a
compact foliated space X has a compatible tangentially smooth bundle struc-
ture; and such a structure is unique up to C 1

� isomorphism.

Proof. Let g WX!Gn be a classifying map for E!X , where GnDGn.R
nCk/

or Gn.C
nCk/ denotes a suitable compact Grassmann manifold with canonical

smooth bundle En!Gn. Then g can be approximated by, and so is homotopic
to, a C 1

� map h by Theorem 2.15. Then E is equivalent to h�En, and h�En is
a C 1

� -bundle, since En is a smooth bundle and h is of class C 1
� .

If E0 and E1 are C 1
� bundles that are isomorphic as C 0-bundles, there is a

continuous map H WX �I!Gn such that H �
0
.En/DE0 and H �

1
.En/DE1.

Approximate H by a map OH in C 1
� fi xing H0 and H1; then OH �

� .E
n/ is a C 1

�

equivalence between E0 and E1. ˜

The proposition implies that tangentially smooth K-theory (i.e., K-theory
defi ned via tangentially smooth bundles) on locally compact foliated spaces co-
incides with the usual K-theory. In the next chapter we shall introduce tangential
de Rham cohomology. This does not agree with ordinary de Rham cohomology,
as will become evident.

Let X be a foliated space of dimension p. The next order of business is the
construction of the holonomy groupoid or graph of X , denoted G or G.X /. Our
construction follows that of [Winkelnkemper 1983] as closely as possible.

Recall that a plaque is a component of U \ `, where ` is some leaf and U is
some coordinate patch. Every point of X has a neighborhood which consists of
a union of plaques with respect to some U and, with respect to the same U , two
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different plaques p, p0, can be on the same leaf. A regular covering is a covering
of X by open coordinate patches Ui such that each plaque in Ui meets at most
one plaque in Uj . We henceforth assume (without any loss of generality) that
our covers are always regular.

We recall the defi nition and elementary properties of the concept of holonomy.
Let ` be a leaf of X and ˛ an arc in ` starting at a and ending at b. Subdivide
the arc ˛ into small enough subarcs by means of points aD a0; a1; : : : ; ak D b

so that each point ai has a neighborhood Ui consisting entirely of plaques, so
that if we choose a plaque p0 of U0, there is a unique plaque p1 � U1 which
intersects p0, a unique plaque p2 � U2 which intersects p1, etc., and fi nally a
unique plaque pk � Uk .

Let Na and Nb be transversals through a and b respectively. For points n2Na

which are suffi ciently close to a, we defi ne H ˛
ab
.n/2Nb by the above procedure.

That is, fi nd the unique plaque p0 � U0 which contains n, follow the plaque to
plaque pk � Uk , and defi ne H ˛

ab
.n/ to be the unique element in pk \Nb . Then

H ˛
ab

is a homeomorphism from a neighborhood of a in Na to a neighborhood
of b in Nb , and H ˛

ab
.n/ lies on the same leaf as n. Choosing the partition faig

and the neighborhoods fUig differently changes H ˛
ab

, but the new and old maps
will coincide on some smaller neighborhood. Thus the germ of H ˛

ab
does not

depend on these choices. Altering ˛ by a homotopy in ` which fi xes endpoints
preserves the germ of H ˛

ab
.

If aDb and NaDNb , composing the germs is a well-defi ned operation under
which the holonomy germs form a group Ga

a . The natural map �1.`; a/! Ga
a

given by ˛ 7! H ˛
aa is a surjective homomorphism, so if ` is simply connected

then Ga
a D f0g for each a 2 `. The group Ga

a is the holonomy group of the
leaf ` at the point a. (The notation comes from groupoids and will become
apparent.) The set fx 2 X j Gx

x D 0g is a dense Gı , by Epstein, Millet, and
Tischler [Epstein et al. 1977] and independently by Hector, so that in that sense
at least trivial holonomy is generic.

The set fx 2G jGx
x ¤ 0gmay have positive measure. For example, let K be a

Cantor subset of the unit circle of positive measure. Choose a homeomorphism
of the circle which has K as its fi xed point set. The associated foliation of
the torus has closed leaves corresponding to each point of K and each of these
leaves has nontrivial holonomy.

For example, if we foliate the annulus as shown at the top of the next page,
then Ga

a D Z for each a 2 `, since with respect to the arc ˛ which traverses
the leaf once clockwise the holonomy map H W I ! I is monotone decreasing
and hence of infi nite order in Ga

a . Similarly, the other closed leaf has nontrivial
holonomy. Each of the remaining leaves is homeomorphic to R (and thus simply
connected) and hence has trivial holonomy.
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L

Let zX be the foliated space shown:

(2.17)

This is noncompact, of course. Every leaf is simply connected, so all of the
holonomy groups are trivial. The exponential map yields a tangentially smooth
map zX !X , and this is a covering space.

Here are some more examples to illustrate the concept.
Consider the torus, foliated as indicated below. There are closed leaves

through A;B;C , and a family of closed leaves intercepting the line segment DA

(with `E as a typical closed leaf in this family). Each closed leaf ` is a circle,
with �1.`/DZ. The leaf `E has trivial holonomy, since a small transverse disk
meets only the adjacent family of closed leaves which are plaque paths. The
leaves `A; `B; `C , and `D each have holonomy group Z. Note that for the leaf
`D a disk placed between D and E is acted upon trivially; the disk must overlap
the C �D area to see the holonomy.

(2.18)

A A

E E

D D

C C

B B

A A
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The Reeb foliation of S3 has a unique closed leaf `0 diffeomorphic to the
torus T 2 with �1.`0/ D Z2. The holonomy group Gx

x for x 2 `0 is also Z2,
generated by the images of the paths ı1 and ı2 in Figure 2.6.

The case of a bundle M !B with discrete structural group (2.2) given by a
homomorphism ' W �1.B/! Homeo .F / is particularly pleasing. For x 2 F ,
let

�x D fg 2 �1.B/ j '.g/x D xg

be the isotropy group. The leaf `x (which is the image of zB � fxg in M ) may
be expressed as `x D zB=�x , where �x acts on zB by deck transformations. The
holonomy group Gx

x is the image of the homomorphism

�1.`x/Š �x! Homeo.F;x/;

where Homeo.F;x/ denotes the germs of homeomorphisms at x which fi x x.
For instance, consider the Möbius strip

M D R�Z R

foliated by circles corresponding to the images of R�fyg for various values of
y 2R (see Figure 2.4). If y ¤ 0 then �1.`y/D Z acts trivially upon Diff.R;y/,
and hence G

y
y D 0. However, the holonomy group G0

0
of the core circle is the

group Z=2, since the diffeomorphism �.y/D �y which creates M does lie in
Diff.R; 0/, and �2 D 1.

Holonomy is a critically important internal property of foliations. As evi-
dence we cite a special case of the Reeb stability theorem and refer the reader
to [Lawson 1977] for more information.

Theorem 2.19 (Reeb). Let M pCq be a smooth foliated manifold with a com-
pact leaf ` with trivial holonomy. Then there exists a neighborhood U of ` in
M such that U is a union of leaves and a diffeomorphism f W `�Dq!U which
preserves leaves.

Thus M has a family of compact leaves near `. We see this theorem at work in
the example of Figure 2.18. The leaves `A; `B; `C ; `D , and `E are all compact.
Only `E has trivial holonomy; it does have a family of closed leaves near it, of
the form

`� .E��;EC�/:

We next introduce the graph or (holonomy) groupoid of a foliation and verify
its elementary properties. This is due to Ehresman [1963], Thom [1964] and
Reeb, and is expounded in [Winkelnkemper 1983]. See also [Phillips 1987]. A
more systematic discussion of groupoids will be found in Chapter IV.

Defi nition 2.20. The holonomy graph or groupoid G.X / of the foliated space
X is defi ned to be the collection of all triples .x;y; Œ˛�/, where x and y lie on
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the same leaf `, ˛ is a continuous path from x to y in `, and Œ˛� is the holonomy
equivalence class of ˛: ˛ is equivalent to ˇ if ˛ˇ�1 D 1, the identity in G

y
y .

There are canonical maps as follows:

(1) � WX !G.X / by

�.x/D .x;x; Œ0�/;

where 0 denotes the constant path at x.

(2) An involution i WG.X /! G.X / given by

i.x;y; Œ˛�/D .y;x; Œ˛�1�/:

(3) projections p1;p2 WG.X /!X defi ned by

p1.x;y; Œ˛�/D x; p2.x;y; Œ˛�/D y:

Frequently p1 is written as r (D range) and p2 is written as s (D source).
Note that if `x is the leaf through x in X , then p�1

1
.x/will turn out to be Q̀x , the

covering space of `x corresponding to the holonomy kernel and Q̀x=Gx
x D `x .

Thus the construction “ ‘unwraps’ all leaves of X simultaneously with respect to
their correct topology as well as their holonomy” [Winkelnkemper 1983, 0.3].

(4) Let

G.X /˚G.X /D
˚
.u; v/ 2G.X /�G.X / j p1.u/D p1.v/

	
:

Then we have m WG˚G!G defi ned by

m
�
.x;y; Œ˛�/; .x; zŒˇ�/

�
D .y; z; Œˇ˛�1�/

with m ı diagD�p2, m.u; v/D i ım.v;u/, and

m.u; � ıp1.u//D i.u/:

The p-dimensional foliation on X induces a 2p-dimensional foliation on
G.X /: the leaf in G.X / through the point .x0;y0Œ˛0�/ does not depend on Œ˛0�

and consists of all triples .x;y; Œ˛�/ with x;y 2 `x0
D `y0

with Œ˛� arbitrary.
With the leaf topology it is diffeomorphic to p�1

1
.x/�p�1

2
.y/Š Q̀x � Q̀y .

Next we defi ne the topology on G.X /. Let zD .a; b; Œ˛�/ be a point in G.X /.
Choose a path ˛ which represents Œ˛�, a family UDfU1; : : : ;Ukg of coordinate
patches which implements the holonomy map H ˛

ab
and an open tranversal N

upon which H ˛
ab

is defi ned. We may assume that the projection n W U1 ! N

is surjective. Suppose that x is an element of U1. There is a path sx in the
plaque of x (unique to holonomy) from x to n.x/. By the setup above, there is
a canonical (up to holonomy) path ˛x from n.x/ to H ˛

ab
.n.x//. Let q.x/ be the

unique plaque in Uk which contains H ˛
ab

. Then for y 2 q.x/ there is a path tyx
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in q.x/ (unique up to holonomy) from H ˛
ab
.n.x// to y. As a subbase for the

topology of G.X / we take the subsets

Vz;˛;U;N D
˚
.x;y; Œtyx˛xsx �/ W x 2 U1;y 2 q.x/

	
:

Since each leaf, being a smooth p-manifold, has a countably generated funda-
mental group, it follows that this topology has a countable base.

Proposition 2.21. With the above topology G.X / is Hausdorff if and only if for
all x and y, the holonomy maps along two arbitrary arcs ˛ and ˇ from x to y

and with respect to the same transversals Nx;Ny are already the same if they
coincide on an open subset of their domain whose closure contains x.

Proof. Since X is Hausdorff, it is enough to separate points z D .x;y; Œ˛�/ and
z0 D .x;y; Œ˛0�/ in order to show that G.X / is Hausdorff.

Suppose any two neighborhoods of z and z0 had a point z00 D .x00; b00; Œ˛00�/

in common. Then z00 lies in

Vz;˛\Vz0;˛0D
˚
. Qx; Qy; ˇn/2G.X / j Qx 2 px.n/; Qy 2H ˛

xy.px.n//\H ˛0

xy.px.n//
	
;

where ˇnD s Qx[˛n[s Qy Š s0
Qx
[˛0

n[s Qy . Since the short arcs s Qx; s Qy do not affect
holonomy, the holonomy along both ˛ and ˛0 would have to coincide with the
holonomy defi ned by ˛00 on its domain. The domain of the holonomy of ˛00

contains x in its closure.
Conversely, if the holonomy along ˛ and ˛0 coincided on an open set, con-

taining x in its closure, then from the defi nition of the sets Vz˛ above any neigh-
borhood of z will intersect any neighborhood of z0. ˜

Corollary 2.22. If Gx
x D 0 for all x 2X then G.X / is Hausdorff .

This is the case, for instance, if each leaf is simply-connected.
Consider the graph of Example 2.18. Is it Hausdorff? Following Proposition

2.21, it suffi ces to examine the foliation at leaves with nontrivial holonomy,
in this case leaves `A; `B; `C , and `D . Intuitively the question is whether the
holonomy is one-sided. Leaves `B and `C cause no diffi culty. However, leaves
`A and `D do indeed cause diffi culty. Take `D , for example. Here is the picture:

r

s s

D D
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Let ˛ be the horizontal circle through D and let ˇ be the constant path at D. Let
N be the transversal .r; s/ and let N 0 be the tranversal .D; s/. We have already
determined that GD

D
D Z generated by Œ˛�, and thus

.D;D; Œ˛�/¤ .D;D; Œˇ�/

in the graph. However the transversal N 0 (which contains D in its closure) does
not detect the presence of holonomy. Proposition 2.21 implies that the points
.D;D; Œ˛�/ and .D;D; Œˇ�/ cannot be separated by disjoint open sets, so the
graph is not Hausdorff.

The graph of the Reeb foliation of S3 is also not Hausdorff, though this is
for more subtle reasons. The point is that the holonomy corresponding to the
spreading out in the 
2 direction is seen by a closed path in the leaf parallel to
ı1, so that if one cuts the foliation then a cross-section appears just as Figure
2.6 and the same nonseparation problem occurs.

Defi nition. A topological space is said to be locally Hausdorff if every point has
an open neighborhood which is Hausdorff.

Proposition 2.23. Each point of G.X / has a neighborhood which is tangen-
tially diffeomorphic to an open neighborhood of R2p � Na. Hence G.X / is
locally Hausdorff .

Proof. Pick .a; b; Œ˛�/ 2 G.X / and a path ˛ representing Œ˛�. Choose neigh-
borhoods U1; : : : ;Uk and tangential coordinate patches .ti ; ni/ W Ui! Rp �N

corresponding to ˛.

a

u1
u2

u3
u4

u5

b

Let N˛ D n1.U1/ and Nb D nk.Uk/. After a possible shrinking of U1 and Uk

there results the holonomy map H ˛
ab
WNa!Nb .

Given x 2 U1, there is a unique plaque relating n1x with H ˛
ab
.n1x/. If

y 2 Uk with nky D H ˛
ab
.n1x/, the unique plaque path determines a path ˇ

from x to y in
S

i Ui . Now ˇ is not unique, but Œˇ� is unique, and of course

H
ˇ
xy.n1x/D nky. Let W �G.X / be the set of all points .x;y; Œˇ�/ such that:

(1) x 2 U1; y 2 Uk ;

(2) nky DH ˛
ab
.n1x/;

(3) ˇ is determined as above.
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Note that if .x;y; Œˇ�/ D .x;y; Œˇ0�/ in W then Œˇ� D Œˇ0�. Further, defi ne ˚ W
W ! Rp �Rp �N by

˚.x;y; Œˇ�/D .t1x; tky; n1x/:

We claim that ˚ is a bijection. It is clear that ˚ must be injective by our
restriction on ˇ. Suppose that .r1; r2; r3/ 2 Rp �Rp �N , (or an open subset if
the ti and ni are not surjective). Choose x 2 U1 with t1x D r1 and n1x D r3.
Choose y 2 Uk with tky D r2 and nky D H ˛

ab
.r3/. Since nky D H ˛

ab
.n1x/,

there is a leaf path ˇ in
S

Ui from x to y. Then ˚.x;y; Œˇ�/D .r1; r2; r3/, so
˚ is surjective. It is clear that ˚ is tangentially smooth. ˜

Our fi nal topic in this chapter is a close examination of the equivalence rela-
tion and (in anticipation of the Chapter IV discussion) the topological structure
of the groupoid of a foliated space in the case of a foliated bundle with discrete
structural group and the case of the Reeb foliation.

Recall from the beginning of this chapter that the initial data for a foliated
bundle are a manifold Bp with universal cover zB, a space F and a homomor-
phism ' W �1.B/! Homeo.F /. The resulting space (2.2),

M D zB ��1.B/ F;

is a foliated space of dimension p, and the natural map � WM !B restricts to
a covering space

zB � fxg ! `
�
! B:

Let � be the image of �1.B/ in Homeo.F /, and for each x 2 F let

�x D f
 2 � j 
x D xg

denote the isotropy group at x and let

(2.24) � x D f
 2 � j 
y D y for all y in some neighborhood of x in Fg

denote the stable isotropy group at x. The stable isotropy group � x is a normal
subgroup of the isotropy group �x and our previous results imply that �x=�

xŠ

Gx
x , the holonomy group at x.
Let b 2B be a basepoint, let Qb 2 zB be some preimage of b, and let N be the

image of Qb�F in M . The map Qb�F !N is a homeomorphism since �1.B/

acts freely on zB, so N is a copy of F sitting as a complete transversal to the
foliated space.

Let GN
N

be the subgroupoid
S

m;n2N Gn
m, so that the elements of GN

N
are

triples .n;m; Œ˛�/ with n;m 2 N and Œ˛� some holonomy class of a path in
the leaf `n of M from n to m. If we regard G as a category, GN

N
is the full

subcategory with objects N . Results from [Hilsum and Skandalis 1983] (see
Theorem 6.14 on page 139 below) imply that the C �-algebra of the foliation of
M is determined by the C �-algebra of the groupoid GN

N
. (In fact GN

N
is Morita
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equivalent to G.X /; see [Ramsay 1982]). As GN
N

is much simpler to understand
than the full groupoid of the foliation, we explore its structure.

Theorem 2.25. If M D zB��1.B/ F is a foliated bundle as above with complete
transversal N Š F , there is natural homeomorphism of topological groupoids

GN
N Š .G �� /=� ;

where .x; 
 /� .y; ı/ if and only if x D y, and ı�1
 lies in the stable isotropy
group � x . Thus GN

N
is completely determined by the action of

� D Im.�1.B/! Homeo.F //

on F .

We note some consequences of the result.

Corollary 2.26. With the notation of Theorem 2.25, if the holonomy groups Gx
x

are trivial for all x 2 F then

GN
N Š .F �� /=� ;

where .x; 
 / � .y; ı/ if and only if x D y and ı�1
 lies in the isotropy group
�x .i.e., if and only if x D y and 
x D ıx/.

The corollary is immediate from the identifi cation Gx
x Š �x=�

x .
Note that the stable isotopy groups � x vanish for all x if and only if for each


 2 � the fi xed point set of 
 has no interior. This condition is quite frequently
satisfi ed in practice. For instance, if F is a Riemannian manifold Fq , � acts
as isometries and each nonzero element 
 moves some element of F , then the
fi xed point set of each 
 2 � is a manifold of dimension at most .q � 1/ and
hence has no interior. Indeed any real analytic action satisfi es this condition.
For an example where the condition is violated, see Figure 2.28 below.

Corollary 2.27. With the notation of Theorem 2.25, if for each 
 2 � the fi xed
point set of 
 has no interior then there is a natural isomorphism of topological
groupoids

GN
N Š F ��:

Proof. Each stable isotropy group � x vanishes and so the result follows from
Theorem 2.25. ˜

Proof of Theorem 2.25. We shall show that GN
N
Š .N �� /=�, which suffi ces.

Defi ne a map
� W .N �� /=�! GN

N

as follows. Let .n; 
 / 2 N �� . Represent 
 by some based loop ˛ in B. Lift
˛ to a path Ǫ in the leaf `n of n 2 M with Ǫ .0/ D n. Then Ǫ .1/ 2 N \ `n

and .n; Ǫ .1/; Œ Ǫ �/ represents an element �.n; 
 /2GN
N

. We argue that � is well-
defi ned as follows. Independence of choice of lifts Ǫ of ˛ is clear. Suppose
that .n; 
 / � .n; ı/, so that ı�1
 2 � n. Represent 
 and ı by loops ˛ and ˇ
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respectively, and lift these loops to paths Ǫ and Ǒ in `n with Ǫ .0/D Ǒ.0/D n.
Then Ǒ�1 ı Ǫ is a loop in `n whose holonomy class is trivial, since ı�1
 2 � n.
Thus �.n; 
 /D �.n; ı/ and � is well-defi ned.

The map � is obviously continuous. If �.n; 
 /D �.n; ı/ then ı�1
 must lift
to a loop Ǒ�1 Ǫ with trivial holonomy in Gn

n . This implies that ı�1
 2 � n and
hence � is a monomorphism. If .n;m; Œ˛�/ 2GN

N
then the composite

Œ0; 1�
˛
�!M

�
�! B

is a loop (since �nD �m) and �.n; �˛/D .n;m; Œ˛�/. Thus � is a homeomor-
phism.

The groupoid structure on .N �� /=� is obtained as follows. The unit space
is N , of course, and s.n; 
 /D n. The range map r is given by r.n; 
 /D Ǫ .1/,
where Ǫ is a lift of a realization of the loop 
 as earlier in this proof. Thus .n; 
 /
and .m; ı/ may be multiplied when Ǫ lifts 
 and Ǫ .1/Dm, and then

.n; 
 / � .m; ı/D .n; ı
 /:

With this structure, � is clearly a homeomorphism of topological groupoids. ˜

In practice Theorem 2.25 is rather easy to use. For instance, consider the
Möbius strip M DR�Z R of Figure 2.4. The equivalence relation is simply the
union of the yDx and yD�x lines in the plane, a fi gure X. The group � is Z=2

acting nonfreely since � fi xes 02R. This is an isolated fi xed point and certainly
has no interior; thus GN

N
ŠR�Z=2 with the obvious structure of a (Hausdorff)

smooth manifold by Corollary 2.27. The map GN
N
! f.x;y/ j y D ˙xg is a

homeomorphism except at the origin, where it is two-to-one in the obvious way,
corresponding to the fact that G0

0
Š Z=2, Gn

n D 0 for n¤ 0.
Next we consider the manifold M constructed as the suspension of the action

of Z on R given by � , where

�.n/.t/D

�
2nt for t > 0,
t for t � 0.

The element �.1/ fi xes .�1; 0� and hence the condition of Corollary 2.27 is
violated. The equivalence relation for GN

N
has the following form:

(2.28)
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The groups �t are given by �t D Z for t � 0 and �t D 0 for t > 0, and using
Theorem 2.25 we have

GN
N D .R�Z/=� ;

where

.t; n/� .t;m/ if and only if mD n or t < 0;

and hence GN
N

is the (path-connected) non-Hausdorff one-manifold

(2.29)

Finally we move away from foliated bundles and consider the Reeb foliation
of S3 [Candel and Conlon 2000; Lawson 1977]. Take a transversal N D .�1; 1/

which starts near the closed leaf, tunnels through the solid snake in time .�1; 0/,
passes through the closed leaf at time 0, and tunnels through the other solid
snake in .0; 1/, stopping near (but not at) the closed leaf. Then N is a complete
transversal. The corresponding equivalence relation for GN

N
is the following

subset of the plane with the relative topology:

(2.30)

The point .0; 0/ corresponds to the point 0 2 N which lies on the closed leaf
`0. A sequence f.t; 2nt/ W t 2 N � f0gg corresponds to choosing a point t 2

N�f0g, going around a corresponding holonomy path of degree n and returning
to `t \ Œ�1; 1�.

The map from GN
N

to the equivalence relation is a bijection except that .0; 0/
has preimage Z2, corresponding to the fact that the closed leaf `0 has holonomy
group Z2. So as a set fi bred over the transversal N , GN

N
has structure

(2.31)

s

r

.r; s/
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Write the lines for t <0 as .0; s; Œ�1; 0// and the lines for t >0 as .r; 0; .0; 1�/.
Then the set

.0; s; Œ�1; 0// [ f.r; s/g [ .r; 0; .0; 1�/

is diffeomorphic to Œ�1; 1� in the topology of GN
N

. These sets serve as coordinate
patches which exhibit GN

N
as a (non-Hausdorff) smooth topological groupoid.

As an exercise, the reader is invited to show that the fundamental group �1.G
N
N
/

is the free group on two generators.

Update 2004

For general enlightenment we recommend [Candel and Conlon 2000; 2003],
as well as the new text [Moerdijk and Mrčun 2003]. There has been an explosion
in the study of foliated spaces (or laminations, as they are more commonly called
these days) in low-dimensional topology, and we refer to [Gabai and Oertel
1989; Gabai 2001; Calegari 2003] as representative of this development. We
would also include [Bedford and Smillie 1999], which studies the dynamics
of polynomial automorphisms of C2 on their Julia set. In another direction,
there is a whole industry at work on symplectic, Poisson, and related groupoids.
We refer to the fi ne book [Cannas da Silva and Weinstein 1999] as a general
reference for this area. In yet another direction there is a lot of work on groupoids
with structure and their relation with gerbes and related matters; see [Moerdijk
2003].



CHAPTER III

Tangential Cohomology

In this chapter we discuss certain cohomology groups associated with a foli-
ated space, which we shall call tangential cohomology groups. It will be in
these groups that invariants connected with the index theorem will live. Simi-
lar groups have been considered, for instance, in [Kamber and Tondeur 1975;
Molino 1973; Vaisman 1973; Sarkaria 1978; Heitsch 1975; El Kacimi-Alaoui
1983; Haefl iger 1980] (we discuss Haefl iger’s work at the end of chapter IV).
The similarities and differences between the three situations are easy to describe;
all involve differential forms which are smooth in the tangential direction of the
foliation. The difference comes in the assumptions on the transverse behavior:
for foliated manifolds (Kamber, Tondeur, and others), forms are C 1 in the
transverse direction; for foliated spaces (the present treatment), the forms are
to be continuous in the transverse directions, since that is all that makes sense;
and fi nally for foliated measure spaces, the forms are to be measurable in the
transverse direction, for again that is all that makes sense.

Thus, we let X be a metrizable foliated space with foliation tangent bundle
FX !X , as defi ned in Chapter II. The quickest and simplest way to introduce
the tangential cohomology is via sheaf theory and sheaf cohomology, but for
those readers who are not familiar with such notions we show how to defi ne
the groups via a de Rham complex and also show in an appendix how to give a
completely algebraic defi nition. For details concerning sheaves and their coho-
mology, consult [Godement 1973] and [Wells 1973].

We consider the sheaf R� on X of germs of continuous real-valued tangen-
tially locally constant functions. Specifi cally, this sheaf assigns to each open set
U of X the set of continuous real-valued functions on U that are locally constant
in the tangential direction on the foliated space U (given the induced foliation
from X ). This is obviously a presheaf and it is immediate that the additional
conditions defi ning a sheaf [Godement 1973, p. 109] are satisfi ed.

Defi nition 3.1. The tangential cohomology groups of the foliated space X are
the cohomology groups of the sheaf R� , H �.X;R� /, which we normally write
as H �

� .X;R/ or simply H �
� .X /.

These cohomology groups can be defi ned by construction of resolutions (see
[Godement 1973, p. 173]) or perhaps more simply by the Čech method using

55
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cocycles defi ned on open covers of X [Godement 1973, p. 203], but for us the
most useful and transparent way of dealing with them is via a de Rham complex.

Defi nition 3.2. A tangential differential k-form at x 2 X is an alternating k-
form on the tangent space FXx at x, i.e., an element of �k.F�Xx/. These fi t
together to yield a vector bundle denoted �k.F�/ on X which is just the k-
th exterior power of the cotangent bundle, and it is quite evidently tangentially
smooth in the sense of the previous chapter.

We assign to each open set U the tangentially smooth sections �� .�
k.F�//

(defi ned on U ). Just as before, this gives a sheaf which we denote by�k.F�/—
the sheaf of germs of tangentially smooth k-forms.

There is an obvious differential

d W �� .�
k.F�// �! �� .�

kC1.F�//

which can be defi ned in an elementary way in terms of local coordinates. If
U Š Lp � N is a local coordinate patch with x1; : : : ;xp coordinates on the
open ball Lp in Rp and n2N , then a tangential differential k-form is an object
that can be written locally as

(3.3) ! D
X

.i`/

a.x1; : : :xp; n/ dxi1
^ � � � ^ dxik

with a and all of its derivatives with respect to the xi continuous in all variables.
Then d! is defi ned just as one does classically for a k-form with n playing the
role of a parameter:

(3.4) d! D
X

.i`/;j

@a

@xj
.x1; : : : ;xp; n/dxj ^ dxi1

^ � � � ^ dxik
:

We evidently have d2 D 0 and so we have a sequence of sheaves with maps

(3.5) 0!R� !�0.F�/
d
!�1.F�/! � � � !�p.F�/! 0;

where the fi rst map is the natural inclusion of tangentially locally constant func-
tions into tangentially smooth functions. The Poincaré Lemma obviously holds
in this context:

Proposition 3.6 (Poincaré Lemma). The sequence (3.5) above is an exact se-
quence of sheaves; that is, for suffi ciently small open sets U , the kernel of each
map on sections over U is the range of the map in one lower degree.

Proof. On an open set of the form L�N , where L is a ball in Rp, a k-form
in the kernel of d is an expression !.x; n/, where for fi xed n this is an ordinary
closed k form with respect to the variable x 2 L. (The variable n plays the
role of a parameter with respect to which everything varies continuously.) By
the usual Poincaré Lemma, one fi nds a k � 1 form 'n, one for each n, so that
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d'n D !. � ; n/ and what is at issue is that we can choose 'n to be continuous
as n varies over N so that 'n defi nes a section of �k�1.F�/ over U . This is a
routine exercise the details of which we omit. ˜

Moreover, just as in the usual case, one sees that the sheaves�k.F�/ are fi ne
[Godement 1973, p. 157] and consequently by the general machinery of sheaf
theory one can calculate the cohomology of the sheaf R� from this resolution —
a de Rham type theorem. Let

˝k
� �˝

k
� .X /D �� .�

k.F�//D �� .�
k.F�//

denote the global tangentially smooth sections of the sheaf �k.F�/.

Proposition 3.7. There are isomorphisms

H k
� .X IR/DH k.X;R� /Š

Ker.˝k
� !˝kC1

� /

Im.˝k�1
� !˝k

� /
:

In particular, if X DM foliated as one leaf then this is the usual identifi cation
of the de Rham cohomology groups H �.M IR/. The analogous result (and
indeed the entire chapter) holds with R replaced by C throughout.

From this proposition it is evident that H k
� .X;R/D 0 for k > p, where p is

the leaf dimension of the foliated space. However, the individual cohomology
groups are in general going to be infi nite-dimensional, in contrast to the case
of a compact manifold (with a foliation consisting of one leaf). Further, these
groups, which are vector spaces, also inherit via the de Rham isomorphism the
structure of (generally non-Hausdorff) topological vector spaces.

We topologize ˝k
� .X / by demanding that in all local coordinate patches we

have uniform convergence of the functions a.x1; : : : ;xp/ of (3.3) together with
all their derivatives in the tangential direction on compact subsets of the co-
ordinate patch. The differentials are clearly continuous with respect to these
topologies and so H n

� .X;R/ is a topological vector space.
In general the image of d will fail to be closed and so H n

� .X;R/ will not be
Hausdorff in these cases. It will be useful occasionally to replace the image of
d by its closure, or equivalently replace H n

� .X;R/ by its quotient obtained from
dividing by the closure of the identity; this is the largest Hausdorff quotient. We
will denote this maximal Hausdorff quotient of H k

� .X;R/ by

H k
� .X;R/DH k

� .X;R/=f0g:

The point of this is twofold: fi rst, we shall usually only care about the image
of a cohomology class Œ!� of H k

� .X;R/ in this Hausdorff quotient, rather than
the class itself, since

R
! d� depends only on the class of ! in H

p
� ; second, one

at least has a chance of computing the groups H �
� in certain cases. There is,
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however, a signifi cant drawback. The functors H �
� . � ;R/ do not form a coho-

mology theory, since exactness is not preserved in general under the operation
H �

� 7!H �
� .1

The tangential cohomology groups are related via natural maps to the usual
cohomology groups of the compact metrizable space. Since Čech cohomology
and sheaf cohomology agree for such spaces [Godement 1973, p. 228], we shall
simply write H �.X;A/ for this cohomology for coeffi cients in an abelian group
A. Specifi cally, the sheaf cohomology is defi ned to be the cohomology of the
sheaf R of germs of locally constant real-valued functions. As a sheaf R as-
signs to each open set U the locally constant real-valued functions on U . The
cohomology groups H �.X;R/ are written as we indicated above as H �.X;R/.
But now there is a natural inclusion map of the sheaf R into the sheaf R� of
tangentially locally constant functions and we can complete this to a short exact
sequence

(3.8) 0!R
r
!R� !R�! 0;

where R� is defi ned as the quotient sheaf of R� by R [Godement 1973, p. 117].
We obtain in particular an induced homorphism

(3.9) r� WH
�.X;R/DH �.X;R/!H �.X;R� /DH �

� .X;R/;

a sort of “restriction” map from ordinary cohomology to tangential cohomology.
Of course we also have a long exact sequence of cohomology corresponding to
the short exact sequence of sheaves above, but we will not explore that further,
and the sheaf R� will not play any further role.

We should comment that the only reason for introducing sheaves was to ob-
tain a natural defi nition of r�. For we could have defi ned H �.X;R/ as either
Čech cohomology or equivalently Alexander–Spanier cohomology and we could
have directly defi ned H �

� .X;R/ as the cohomology of the tangential de Rham
complex with no mention of sheaves. But then it is not at all apparent that there
is a map r� from the cohomology of X to the tangential cohomology of X .
Actually, as we have suggested before, it is usually the composed map Nr� from
H �.X;R/ to H �

� .X;R/ that is of more signifi cance than r�.
It might be helpful to look at an example and the simplest one is that of

the Kronecker foliation of a two-torus T 2 by parallel lines of a fi xed irrational
slope � relative to given coordinate axes. The leaves are given in parametric
form as f.eit ; ei�t c/ j t 2 Rg for some fi xed c 2 T . Tangential zero-forms are
simply real-valued functions which are tangentially smooth. Clearly the tangent

1This is a familiar problem. For example, Steenrod noted that Čech homology theory did
not satisfy an exactness axiom and he invented [1940] a homology theory, now called Steenrod
homology, that does satisfy the exactness axiom [Eilenberg and Steenrod 1952]. Its maximal
Hausdorff quotient is Čech homology.
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bundle is a trivial bundle and in fact we can fi nd an essentially unique tangential
one-form ! which is invariant under group translation on T 2. Then the most
general tangential one-form is easily seen to be of the type f!, where f is
any tangentially smooth function. If � is a group-invariant vector fi eld on T 2

pointing in the tangential direction, then the differential

d W˝0
� .F

�/!˝1
� .F

�/

is given by

d.g/D �.g/!

for a suitable normalization of � .
To investigate this more closely we expand g in double Fourier series,

g.�1; �2/D
X

n;m

gn;m�
n
1 �

m
2 ;

and denote the Fourier coeffi cients of a second function f by fn;m. The con-
dition for g to be tangentially smooth is easily seen to be that gn;m.nC �m/k

should be the Fourier coeffi cients of a continuous function, for each kD0; 1; : : : .
The relation between f and g expressed by d.g/D f! is simply that

(3.10) fn;m D .nC�m/gn;m:

Quite clearly the kernel of d consists of constants so H 0
� .X;R/ Š R. On the

other hand if we are given f! with f tangentially smooth, we have to fi nd
out when we can solve (3.10). An evident necessary condition is that f0;0 D 0

and indeed if f0;0 D 0 and if f is a trigonometric polynomial, we can fi nd a
trigonometric polynomial g solving the equation, as � is irrational and nC�m

is not zero unless nDmD 0. Since one easily sees that the set

ff! j f0;0 D 0; f a trigonometric polynomialg

is dense in all f! with f0;0 D 0 in the topology described above, one can
conclude immediately that

H 1
� .X;R/Š R:

It is interesting to note that the closed tangential cohomology H �
� .X;R/ in this

case is the cohomology over R of a circle. However

H 1
� .X;R/¤H 1

� .X;R/

and the former is in fact infi nite-dimensional, for (3.10) results in a classic “small
denominator problem.” Indeed, choose a sequence .n.k/;m.k// with

n.k/C�m.k/D �.k/
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a summable sequence, and defi ne fn;m D 0 unless .n;m/ D .n.k/;m.k// and
fn.k/;m.k/ any sequence in k asymptotic to �.k/�1. Then

fn;m.nC�m/k ;

where fn;m ¤ 0, is the Fourier series of a continuous function for each k, since
this holds for k D 0 and since .nC�m/ is bounded (in fact tends to zero). But
quite evidently

fn;m.nC�m/�1 D gn;m

is not the Fourier series of a continuous function as gn;m does not tend to zero.
This shows that H 1

� .X;R/ is infi nite-dimensional and of course non-Hausdorff
since H 1

� .X;R/ is one-dimensional.
We remark that if one uses differential forms which also are required to be

C 1 in the transverse direction then the result is quite different. Haefl iger [1980]
has shown that for such forms the associated fi rst cohomology groups of the
Kronecker fl ow on the torus has either infi nite dimension or dimension one,
depending upon whether the irrational slope is Liouville or diophantine.

Let
L! X ! B

be a fi bre bundle with X compact and with leaves Lb corresponding to preim-
ages of points b 2 B assumed to be smooth. Then the tangential cohomology
of X has a simple description. Form a vector bundle E over B with

Eb ŠH �.Lb/:

(It is locally trivial.) Then H �
� .X / is isomorphic to the continuous cross-sections

of E. (This suggests that for more general fi brations

F !X !B

of foliated spaces there should be a Serre spectral sequence of the type

H �
� .BIH

�
� .F //)H �

� .X /I

we do not pursue this direction here.)
The next order of business is a more thorough study of H �

� .X /. Let F denote
the category of metrizable (hence paracompact) foliated spaces and tangentially
smooth leaf-preserving maps. We assume that KDR or C, and note once and for
all that our results hold in both cases and that R ,! C induces an isomorphism
H k

� .X IR/˝R CŠH k
� .X IC/. Let H �

� .X /DH �
� .X IK/.

Proposition 3.11. H �
� is a contravariant functor from F to the category of Z-

graded associative, graded-commutative topological K-algebras and continu-
ous homomorphisms, and H k

� .X /D 0 for k < 0 or k > p, where p is the leaf
dimension of X .
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Proof. The wedge product of forms yields a natural continuous map

˝i
� .X /˝˝

j
� .X /!˝iCj

� .X /;

which supplies the product structure in the usual way. As ˝k
� .X /D 0 for k < 0

or k > p D dim X , the cohomology groups also vanish. If f WX ! Y we may
assume by Theorem 2.15 that f is tangentially smooth. Thus the induced map
˝�

� .X /!˝�
� .X / is continuous and f � WH �

� .Y /!H �
� .X / is continuous. ˜

Proposition 3.12. If X is the topological sum of fXj g in F, then

H k
� .X /Š

Y

j

H k
� .Xj /: ˜

Proposition 3.13.

H 0
� .X /D

˚
f 2 C 1

� .X /
ˇ̌
f j` is a constant for any leaf `

	
:

In particular, if X has a dense leaf then H 0
� .X /Š K. ˜

Defi nition 3.14. Let f;g WX ! Y be continuous and leaf preserving functions.
An F-homotopy h between f and g is a leaf-preserving map

h WX �R! Y;

where X �R is foliated as

(leaf of X �R/ D (leaf of X /�R

such that

h.x; t/D

�
f .x/ for t � 0 ,
g.x/ for t � 1.

Homotopy in F is obviously an equivalence relation. The following technical
proposition leads to homotopy-invariance of H �

� .

Proposition 3.15. Let Jt W X ! X �R by Jt .x/ D .x; t/. There is a K-linear
map

L W˝�
� .X �R/!˝�

� .X /

such that

(1) L.˝k
� .X �R//�˝k�1

� .X / and

(2) dLCLd D J �
1
�J �

0
.

That is, L is a chain-homotopy from J0 to J1.

Proof. By a tangentially smooth partition of unity argument, we may assume
that X D Rp �N . Then any k-form in ˝k

� .X �R/ with k � 1 may be written
uniquely as a sum of monomials of the form

˛ D a dxI

or
ˇ D b dxI ^ dt:
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Defi ne L j˝0
� .X �R/� 0, L.˛/D 0, and

Lˇ D

�Z 1

0

b dt

�
dxI :

Then L.˝k
� .X �R//�˝k�1

� .X /. If f 2˝0
� .X �R/ then

.dLCLd/f DL

�
@f

@t
dt

�
CL

�X

i

@f

@xi
dxi

�
D

Z 1

0

@f

@t
dt D .J �

1 �J �
0 /f:

On forms of type ˛,

.dLCLd/˛ DLd˛ D

�Z 1

0

@a

@t
dt

�
dxI D

�
J �

1 �J �
0

�
˛:

On forms of type ˇ we have J �
I
ˇ D J �

0
ˇ D 0 and so

dLˇ D�Ldˇ D

pX

iD1

�
@b

@xi
dt

�
dxi ^ dxI :

This shows that dLCLd D J �
1
�J �

0
on monomials and hence in general. ˜

Theorem 3.16. If f;g WX ! Y are F-homotopic, then

f � D g� WH �
� .Y /!H �

� .X /:

Proof. This is immediate from Proposition .3.15/. ˜

Corollary 3.17. If f W X ! Y is a continuous leaf-preserving map, f induces
a unique continuous map f � WH �

� .Y /!H �
� .X /.

Proof. Say f ' g and f ' g0, where g;g0 2 C 1
� . Then g� D g0� by Theorem

3.16, so declare f � D g�. ˜

Corollary 3.18. Suppose that X and Y are foliated spaces and f WX ! Y is a
leaf-preserving homeomorphism. Then

f � WH �
� .Y / �!H �

� .X /

is an isomorphism. Thus H �
� is a leaf-preserving topological invariant.

Proof. The map f �1 is also leaf-preserving. By Corollary 3.17 the maps f; f �1

induce f �, .f �1/�, and clearly .f �1/� D .f �/�1. ˜

Corollary 3.19 (Homotopy-type invariance). Two foliated spaces that have the
same “leaf-preserving homotopy type” have isomorphic tangential cohomology.

Proof. Let f W X ! Y be a leaf-preserving homotopy equivalence with leaf-
preserving homotopy inverse g, so fg ' 1Y and gf ' 1X via F-homotopies.
By Corollary 3.17, f � and g� exist, and then f � D .g�/�1. ˜



III. TANGENTIAL COHOMOLOGY 63

Next we introduce cohomology with compact supports. The support of a
form ! 2˝k

� .X / is the closure of fx 2X j !.x/¤ 0g. Let ˝k
�c.X /�˝

k
� .X /

denote the forms of compact support. The groups ˝k
�c.X / form a complex,

as d W˝k
� .X /!˝kC1

� .X / decreases supports. Defi ne tangential cohomology
with compact support by

(3.20) H k
�c.X /DH k.˝�

�c.X //:

The inclusion ˝�
�c.X / ,!˝�

� .X / is the inclusion of a differential subalgebra,
thus inducing a map of Z-graded K-algebras

(3.21) H k
�c.X /!H k

� .X /;

which is an isomorphism if X is compact. The following proposition summa-
rizes the elementary properties of H �

�c .

Proposition 3.22. (1) H �
�c is a contravariant functor from F and proper F-

maps to Z-graded associative, graded commutative topological K-alge-
bras and continuous homomorphisms.

(2) If X is the topological sum of fXj g in F, then there is a natural isomor-
phism

H k
�c.X /Š

L
j H k

�c.Xj /:

(3) H �
�c.X / is a unital algebra if and only if X is compact, in which case

H �
�c.X /ŠH �

� .X / naturally.

(4) H �
�c.X / is a covariant functor with respect to inclusions of open sets

U �X .

An F-homotopy h WX �R! Y is proper if hjX �I is proper.

Proposition 3.23. Let X be a foliated space. There is a chain equivalence

L W˝�
�c.X �R/

'
�!˝��1

�c .X /;

and hence an isomorphism

H �
�c.X �R/ Š H ��1

�c .X /:

Proof. We borrow the proof from [Bott and Tu 1982, pp. 37–39]. By using
tangentially smooth partitions of unity, we may assume that X D Rp �N , as
usual. Let � W X �R! X be the projection. We will defi ne the maps L above
and also a chain map

e� W˝
�
�c.X / �!˝�C1

�c .X �R/

and a linear map

K W˝�
�c.X �R/ �!˝��1

�c .X �R/
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with the property that

1� e�LD .�1/q.dK�Kd/ and Le� D 1

on ˝q
�c.X �R/, which implies the result.

The map L is defi ned as follows. Every tangentially smooth compactly sup-
ported form on X �R is a linear combination of forms of the following two
types:

.I/ ��' �f .x; t/; .II/ ��' �f .x; t/ dt;

where ' is a tangentially smooth form on X , not necessarily with compact
support, and f .x; t/ is a function of compact support. Defi ne L by

.I/ L
�
��' �f .x; t/

�
D 0;

.II/ L
�
��' �f .x; t/ dt

�
D '

Z 1

�1
f .x; t/ dt:

One verifes directly that dLDLd ; L is a chain map.
To defi ne the map e� we fi rst choose e D e.t/ dt to be any compactly sup-

ported 1-form on R with total integral 1, and defi ne

e� W˝
�
�c.X / �!˝�C1

�c .X �R/

by

e�.'/D .�
�'/^ e:

(Some construction of this sort is necessary since �� takes forms to forms that
almost never have compact support. The fact that e has compact support on R

implies that e�.'/ has compact support on the space X �R.) The map

K W˝�
�c.X �R/ �!˝��1

�c .X �R/

is defi ned by

.I/ K
�
��' �f .x; t/

�
D 0;

.II/ LK
�
��' �f .x; t/ dt

�
D '

Z t

�1
f .x; t/ dt � ' A.t/

Z 1

�1
f .x; t/;

where

A.t/D

Z t

�1
e:

One checks directly that

1� e�LD .�1/q.dK�Kd/ and Le� D 1: ˜

Theorem 3.24. If f;g are proper F-homotopic continuous maps then f � D g�

on H �
�c .
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Proof. The homotopy may be regarded as a function X � R ! X and then
Proposition 3.23 implies the result. ˜

Corollary 3.25. Let h W X ! Y be a leaf-preserving homeomorphism. Then h

induces an isomorphism

h� WH �
�c.Y /

Š- H �
�c.X /: ˜

Note that H �
�c is not an invariant of homotopy type: two spaces (even smooth

manifolds foliated so as to have exactly one leaf) can be homotopy equivalent
and yet have different compactly supported cohomology. The simplest example
is Euclidean space, for every Rn is homotopy equivalent to a point, and hence
to one another, but H �

�c.R
n/ depends upon n.

In preparation for the Thom isomorphism theorem, we introduce a third sort
of cohomology which best suits the total space of vector bundles. (The book
[Bott and Tu 1982] is an excellent general reference.) Suppose that � WE!X

is a tangentially smooth real vector bundle over X with E foliated by leaves
which locally are of the form

.leaf of X /�Ex;

where Ex D ��1.x/ Š Rn. Let ˝k
�v.E/ be the space of those forms ! 2

˝k
� .E/ which are compactly supported on each fi bre Ex . Then ˝�

�v.E/ is a
subcomplex; let H �

�v.E/ be the associated cohomology groups. We shall refer
to them as tangential compact vertical or more simply as tangential vertical
cohomology groups. If X is compact then˝�

�v.E/D˝
�
�c.E/ and so H �

�v.E/D

H �
�c.E/; in general these groups differ.

Theorem 3.26 (Mayer–Vietoris). Let U;V be open subspaces of the foliated
space X . The Mayer–Vietoris sequence (with usual maps)

0!˝�
� .U [V /!˝�

� .U /˚˝
�
� .V /!˝�

� .U \V /! 0

is exact. Hence there is a long exact sequence

(3.26) � � � !H k
� .U [V /!H k

� .U /˚H k
� .V /!

!H k
� .U \V /!H kC1

� .U [V /! � � �

Similarly, if � W E! X is a tangentially smooth bundle over X;X1 and X2

are open sets in X and

X1[X2 DX; U D ��1.X1/ V D ��1.X2/;

then the sequence

0!˝k
�v.E/!˝k

�v.U /˚˝
k
�vV !˝k

�v.U \V /! 0

is exact and so there is a long exact sequence

� � � !H k
�v.E/!H k

�v.U /˚H k
�v.V /!H k

�v.U \V /!H kC1
�v .E/! � � �
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Proof. Let !U 2˝
k
� .U /, !V 2˝

k
� .V /, and suppose that

!U jU \V D !V jU \V :

Defi ne ! 2˝k
� .U [V / by

!.x/D

�
!U .x/ if x 2 U ,
!V .x/ if x 2 V .

Then ! maps to .!U ; !V /. This shows exactness of the fi rst sequence. The
other verifi cations are as trivial. ˜

Proposition 3.27. There is a natural associative continuous external product
pairing

˛ WH i
� .X /˝H j

� .Y /!H iCj
� .X �Y /

and similarly
˛c WH

i
�c.X /˝H j

�c.Y /!H iCj
�c .X �Y /

respecting H �
�c!H �

� .

Proof. Let

X
�x
 �X �Y

�y

�! Y

be the projections. Defi ne the fi rst pairing by

H i
� .X /˝H j

� .Y /
��

x ˝��
y- H i

� .X �Y /˝H j
� .X �Y /

multiply- H iCj
� .X �Y /

and similarly for H �
�c . ˜

Proposition 3.28. Let X be a foliated space and let M be a smooth connected
manifold. Foliate X�M as (leaf of X )�M . Then ˛ induces natural continuous
isomorphisms

H �
� .X /˝H �.M /!H �

� .X �M /

and
H �

�v.X /˝H �
c .R

n/!H �
�v.X �R

n/:

Proof. There is a natural isomorphism of sheaves

R� .X /˝R� .M /ŠR� .X �M /

corresponding to the pairing ˛. This is clear since (on a local patch and hence
globally) a function on X�M which is constant on leaves corresponds uniquely
to a function on X which is constant on leaves and a constant function on M .
This proves the fi rst isomorphism. For the second we regard X �Rn as a trivial
bundle over X . The homotopy inverse to the Künneth pairing above is given by
integration along the fi bre

H k
�v.X ˝R

n/!H k�n
� .X /ŠH k�n

� .X /˝H n
c .R

n/

as in [Bott and Tu 1982, p. 61]. ˜
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We fi x once and for all an orientation for Rn and let

un 2H n
c .R

n/ŠH n.Sn/Š R

be the corresponding generator. Note that there are exactly two choices for an
orientation, and switching orientations corresponds with replacing un by �un.

Theorem 3.29. Let X be a foliated space. Defi ne

uX
n D ˛.1

X ˝un/ 2H n
�v.X �R

n/:

(1) H �
�v.X �Rn/ is a free H �

� .X /-module on uX
n .

(2) If f WX ! Y in F then .f � 1/�uY
n D uX

n .

(3) N̨ .uX
n ˝uY

m/D uX �Y
nCm .explained below/:

The class uX
n is called the Thom class of the trivial oriented bundle

X �R
n!X:

The map N̨ is the composition

H n
�v.X �R

n/˝H m
�v.X �R

m/ -̨ H nCm
�v .X �R

n �Y �R
m/

H nCm
�v .X �Y �R

nCm/

Š .Qt defi ned below/

?
N̨

-

Proof. Apply Proposition 3.28 to X �Rn. Then

H kCn
�v .X �R

n/Š
L

j H
j
� .X /˝H

kCn�j
c .Rn/ŠH k

� .X /˝H n
c .R

n/:

Since H n
c .R

n/Š R on un, the class

uX
n D 1X ˝un

generates H kCn
�v .X �Rn/ as an H k

� .X /-module. This proves (1).
For (2), we compute

.f � 1/�uY
n D .f � 1/�.1Y ˝un/D f

�.1Y /˝un D 1X ˝un D uX
n ;

as required.
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For (3), consider the following graded commutative diagram, where t gener-
ically denotes twist maps:

H 0
� .X /˝H n

c .R
n/˝H 0

� .Y /˝H m
c .R

m/
1˝ t ˝ 1- H 0

� .X /˝H 0
� .Y /˝H n

c .R
n/˝H m

c .R
m/

H n
�v.X �R

n/˝H m
�v.Y �R

m/

˛˝˛

?
H 0

� .X �Y /˝H nCm
c .RnCm/

˛˝˛

?

H nCm
�v .X �R

n �Y �R
m/

˛

?
Qt - H nCm

�v .X �Y �R
nCm/

˛

?

Then

N̨ .uX
n ˝uY

m/D Qt˛.u
X
n ˝uY

m/

D Qt˛.˛˝˛/.1X ˝un˝ 1Y ˝um/

D ˛.˛˝˛/.1˝ t ˝ 1/.1X ˝un˝ 1Y ˝um/

D ˛.˛˝˛/.1X ˝ 1Y ˝un˝um/

D ˛.1X �Y ˝unCm/ (since ˛.un˝um/D unCm/

D uX �Y
nCm : ˜

Theorem 3.30 (Thom Isomorphism Theorem). For any compact foliated space
X and for any tangentially smooth real oriented n-plane bundle p W E ! X

there is a unique Thom class uE 2H n
�c.E/ with the following properties:

(1) If f WX ! X 0 in F and E0 is a real oriented bundle over X 0, then

f �uE0 D uE :

(2) Let x 2 X and let Ex denote the fi bre over X in E. Then the inclusion
Ex �E induces a map

H n
�c.E/!H n

c .Ex/ŠH n
c .R

n/

under which uE is sent to un.

The K-algebra H �
�c.E/ is a free H �

� .X /-module on the Thom class uE ; pre-
cisely, there is a continuous Thom isomorphism

(3.31) ˚� WH
k
� .X /

Š- H nCk
�c .E/

given by

(3.32) ˚� .!/D uE!:

If E and E0 are bundles over X as above then

uE˚E0 D uEuE0 :
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If E0 denotes the bundle E with its orientation reversed then uE0 D�uE .

Proof. We shall establish the Thom theorem in somewhat greater generality than
stated above. Let us say that a bundle E over X is r -trivial if there exist a fi nite
open cover X1; : : : ;Xr of X such that the bundle E is trivial when restricted to
any Xi . We shall prove that the Thom theorem in the form

˚� WH
k
� .K/

Š- H nCk
�v .E/

holds for X a foliated space (compact or not) and E!X any oriented r -trivial
bundle. This implies Theorem 3.30 since if X is compact then every vector
bundle over X is r -trivial for some r and also

H �
�v.E/ŠH �

�c.E/:

We proceed by induction on r . If r D 1 then E is a trivial bundle. Theorem
3.29 establishes the existence and uniqueness of the classes uX

n � uE with the
properties (1) and (2) compatible with orientation. Suppose inductively that for
all bundles E0 which are k-trivial for some k < r we have shown uniqueness
of the Thom class uE0 compatible with orientations. Let � W E ! Y be an
oriented bundle which is oriented r -trivial, via open sets X1; : : : ;Xr . Let U D

��1.X1 [ � � � [Xr�1/ and V D ��1.Xr /. Then U and V are open sets in E

with E D U [ V . The Mayer–Vietoris sequence of Theorem 3.26 yields the
long exact sequence

� � �!H n�1
�v .U \V /!H n

�v.E/!H n
�v.U /˚H n

�v.V /!H n
�v.U \V /!� � � :

Since U \V � ��1.Xr / we have

U \V Š
�
.X1[ � � � [Xr�1/\Xr

�
�R

n:

Thus H n�1
�v .U \V /D 0 by Corollary 3.25. By induction, the classes

uU
n 2H n

�v.U / and uV
n 2H n

�v.V /

exist and are unique, and they each restrict to the class

uU \V
n 2H n

�v.U \V /;

by uniqueness and orientability. Exactness of the Mayer–Vietoris sequence im-
plies that there is a unique class uE 2 H n

�v.E/ which maps to .uU
n ;u

V
n /. This

establishes the existence and uniqueness of the Thom classes uE for all r -trivial
bundles E. Defi ne

˚� WH
k
� .X /!H nCk

�v .E/

by ˚� .!/ D uE!. This is a continuous isomorphism on trivial bundles, by
Corollary 3.29. A Mayer–Vietoris argument which we omit (see [Bott and Tu
1982, p. 64]) implies that ˚� is an isomorphism for all r -trivial bundles. ˜
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Remark. Let E!X be a tangentially smooth real oriented n-plane bundle over
the space X . Let z WX !E be the zero-section. Defi ne

Qe� .E/ 2H n
� .X /

by
Qe� .E/D z�uE :

The class Qe� is called the tangential Euler class of the bundle. Similarly we
may construct tangential Chern classes and the tangential Chern character in
this manner. Since uE lies in cohomology with real or complex (but not inte-
ger) coeffi cients, characteristic classes constructed in this manner are not visibly
integral classes. We shall pursue this theme in Chapter V.

Our fi nal topic in this chapter is the introduction of tangential homology.
Recall that the tangential forms ˝k

� .X / and ˝k
�c.X / have been topologized

by demanding that in all coordinate patches we have uniform convergence of
the functions a.x1; : : : ;xp; n/ together with all their derivatives in the tangen-
tial direction on compact subsets of the coordinate patch. The differential d is
continuous. Defi ne

(3.33) ˝�
k.X /D Homcont.˝

k
�c.X /;R/;

where Homcont denotes continuous homomorphisms. Elements c2˝�
k

are called
tangential currents. The natural differential

d� W˝
�
k !˝�

k�1

is given by
h!; d�ciD .�1/k�1hd!; ci;

where c 2˝�
k

, ! 2˝k�1
� , andh � ; �i denotes the evaluation of a current c 2˝�

�

on a form !. (Our sign convention dictates that forms are placed on the left,
currents on the right, in h!; ci.) It is immediate that d2

� D 0. Let ˝�c
k
� ˝�

k
be those currents which have compact support in the obvious sense. This is a
differential submodule. Defi ne tangential homology by

(3.34) H �
k .X IR/D

Ker d� W˝
�
k
!˝�

k�1

Im d� W˝
�
kC1
!˝�

k

;

and similarly for H �c
� .X IR/.

Proposition 3.35. (1) Each H �
k

is a covariant functor from foliated spaces
and tangentially smooth maps to real (or complex) vector spaces and
continuous homomorphisms.

(2) If f and g are tangentially homotopic maps X ! Y then

f� D g� WH
�
� .X IR/!H �

� .Y IR/:
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(3) The pairings

h � ; �i W˝�
� ˝˝

�c
� ! R and h � ; �i W˝�

�c ˝˝
�
�! R

induce continuous pairings

h � ; �i WH �
� .X IR/˝H �c

� .X W R/! R;

h � ; �i WH �
�c.X W R/˝H �

� .X;R/! R

and an isomorphism

H �
k .X /Š Homcont.H

k
�c.X /;R/:

(4) If X DM foliated as one leaf then

H �
� .X IR/ŠH�.X IR/:

All of these results continue to hold if R is replaced by C.

Proof. Only (3) requires comment. Compactness (on one side or the other)
guarantees that the pairings exist at the chain level. There is a natural continuous
pairing

.cocycles/˝ .cycles/! R

given by evaluation. If ! D d!0 then

h!; ciDhd!0; ciD˙h!0; d�ci

But d�cD0 since c is a cycle; thush!; ci vanishes. Similarly, if c is a boundary
we have

h!; ciDh!; d�c0iD˙hd!; c0iD 0:

since d! D 0. Thus there are pairings as indicated. The isomorphism comes on
purely algebraic grounds from the fact that Homcont. � ;R/ is an exact functor. ˜

Appendix

Here we rephrase the construction of the tangential de Rham complex so as to
make the algebraic essentials of the construction clear and to show the essential
unity of this construction with ordinary Lie algebra cohomology. In this we will
be following what is folklore. We start with a pair consisting of a commutative
associative algebra A over a fi eld k and a Lie algebra L also over k. We assume
that we have a representation of L as a Lie algebra of derivations of A, and we
write the action of � 2L on an element a 2A as just �.a/. We further assume
that L as a linear space is a module over A, but not that L is a Lie algebra
over A. Rather one assumes

(3.36) Œ�; b �D bŒ�;  �C�.b/ ;
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where a is left multiplication of a 2 A on  2 L. We call .A;L/ a Lie-
assocative pair. Note that if�.b/D0 for all� and b and then L is a Lie algebra
over A. A module M for the pair .A;L/, called an .A;L/-module, is simply a
vector space over k with a module structure for A and with a representation of
L on M (as vector space) satisfying

(3.37)
�.am/D a ��.m/C�.a/ �m;

.a�/.m/D a.�.m// for a 2A; � 2L;m 2M;

where �.m/ is the Lie algebra action and b �m is the left module action.

Proposition 3.38. The algebra A itself , given the structure of A module by left
multiplication, and the defi ning representation of L as derivations of A, is an
.A;L/ module.

Proof. That the key identities (3.37) are satisfi ed in the fi rst case is just the fact
that L is given to act as derivations of A. ˜

As noted previously this structure already contains ordinary Lie algebras by
taking for instance ADk in which case modules as defi ned above are ordinary L

modules. However, the motivating example for this is given by a C 1 manifold
X , with A D C 1.X / and L the C 1 vector fi elds. More generally X could
be a foliated space with A the tangentially smooth functions C 1

� .X / and L the
tangentially smooth sections of the tangent bundle �� .FX /. That L is a Lie
algebra under commutator brackets is immediate.

The immediate point here is to defi ne cohomology groups H �.M / for any
.A;L/ module M so that in the fi rst example above .A D k/ one obtains
usual Lie algebra cohomology while in the second example, one obtains the
usual de Rham cohomology of X and in the third example one obtains the
tangential cohomology. The construction is patterned exactly on the classical
Koszul complex [Mac Lane 1963] and the construction of differential forms.
If M is an .A;L/ module we let C

p
A
.L;M / or for short C p.M / denote the

space of all alternating p-linear, A-linear maps from L to M . A differential
C p.M /! C pC1.M / is defi ned as usual by

(3.38) D�.�0; : : : ; �p/D

pX

iD0

.�1/i�i

�
�.�1; : : : ; O�i ; : : : ; �p/

�

C
X

i<j

.�1/iCj�.Œ�i; �j �; �1; : : : ; O�i ; : : : ; O�j ; : : : ; �p/:

What requires checking is that d� is actually A linear since none of the indi-
vidual terms on the right are A linear. Use of the basic identities (3.37) for A,
L, and M produces the necessary cancellations. We omit the details. It is also
evident that d2D 0 and so one as usual defi nes cohomology groups H

p
A
.L;M /
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or for short H P .M /DZp.M /=Bp.M /, where Zp.M / is the kernel of d in
C p.M / and Bp.M / is the image of d from C p�1.M /.

It is an easy matter to check that in the case AD k, this yields the usual Lie
algebra cohomology of the module M as the formulas (3.38) are the standard
ones [Mac Lane 1963]. It is equally easy to see that if A D C 1.X /, and
L the C 1 vector fi elds on X , then the cohomology H �

A
.L;A/ D H �.A/ is

the usual de Rham cohomology of X because C �.A/ is visibly the de Rham
complex of differential forms with its usual differential. In the same way, when
AD C 1

� .X / is the tangentially smooth functions on a foliated space and L is
the C 1 tangentially smooth tangential vector fi elds, then H �.A/ is also visibly
the tangential cohomology as defi ned in Chapter III.

Update 2004

There has been a steady use of tangential cohomology — both in the sense
of this chapter and in the more traditional sense — since the fi rst edition of this
book. What is much more interesting, though, is the idea of obtaining infor-
mation directly from the holonomy groupoid of the foliated space using other
functors. This work is represented by two papers. In the fi rst, [Moerdijk 1997],
the author shows that the classifying space of an étale groupoid G (such as
the holonomy groupoid of a complete transversal of a foliated space) is weakly
equivalent to a small (discrete) category. He then shows that for any system L

of coeffi cients on the classifying space BG of the groupoid, there is a natural
isomorphism

H n.BGIL/ŠH n.G0 I OL/;

where OL is the associated sheaf on the unit space G0 and the right-hand side de-
notes an appropriate sheaf cohomology theory. In [Crainic and Moerdijk 2000],
the authors introduce an associated sheaf homology theory for étale groupoids.
Quoting from their abstract: “We prove its invariance under Morita equivalence,
as well as Verdier duality between Haefl iger cohomology and this homology.
We also discuss the relation to the cyclic and Hochschild homology of Connes’
convolution algebra of the groupoid, and derive some spectral sequences which
serve as a tool for the computation of these homologies.”

In a different direction, Heitsch and Hurder [2001] take Roe’s coarse coho-
mology theory [Higson et al. 1997; Roe 1996] and generalize it to the foliation
setting.





CHAPTER IV

Transverse Measures

In this chapter we concentrate upon the measure theoretic aspects of foliated
spaces, including especially the notion of transverse measures.

We begin with a general study of groupoids, fi rst in the measurable and later
in the topological context. Our examples come from the holonomy groupoid
of a foliated space (2.20) and a discrete version corresponding to a complete
transversal. We introduce transverse measures � with a given modulus and
discuss when these are invariant.

Next we look in the tangential direction, defi ning a tangential measure �
to be a collection of measures � D f�xg (one for each leaf in the case of a
foliated space) which satisfi es certain invariance and smoothness conditions.
For instance, a tangential, tangentially elliptic operator D yields a tangential
measure �D as follows. Restrict D to a leaf `. It follows from Chapter I that
Ker D` and Ker D�

`
are locally fi nite-dimensional and hence the local index

�D`
D �D`

� �D�
`

is defi ned as a signed Radon measure on `. (A priori it would seem that �D
depends on the domains Dom D` but in Chapter VII we shall demonstrate that �D
is well-defi ned.) Then �D Df�D`

g is a tangential measure. Tangential measures,
suitably bounded, correspond to integrands: if � is a tangential measure and �
is an invariant transverse measure then � d� is a measure on X and

R
� d� 2 R

is defi ned.
Next we specialize to topological groupoids and continuous Radon tangen-

tial measures. In the case of a foliated space we recount the Ruelle–Sullivan
construction of a current associated to a transverse measure and we show that
the current is a cycle if and only if the transverse measure is invariant.

Finally we prove a Riesz representation theorem for (signed) invariant trans-
verse measures on a foliated space X ; they correspond precisely to elements of
the topological vector space .H p

� .X //
�.

A groupoid, whose main feature is a partially defi ned associative multiplica-
tion, is best understood by two extreme special cases — a group on the one hand,
and an equivalence relation on the other. We need say no more about groups,
but if R is an equivalence relation on a set X so that R is a subset of X �X ,

75
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one can construct a partially defi ned associative multiplication on R so that it
becomes a groupoid. Specifi cally if uD .x;y/ and vD .w; z/ are two elements
of R, the product uv is defi ned exactly when y Dw, and then uvD .x; z/. It is
suggestive to defi ne the range of an element uD .x;y/, denoted r.u/, to be the
fi rst coordinate x and the source of u, denoted s.u/ to be the second coordinate
y. Then uv is defi ned precisely when r.v/D s.u/. Intuitively one might think
of the pair .x;y/ as something starting at y and going to x so that multiplication
is in some way a kind of composition.

If X is a foliated space, there is an obvious equivalence relation on X defi ned
by the leaves, but as we saw in Chapter II a foliated space has associated to it
something more, namely its graph G.X / or as it is also called, the holonomy
groupoid of X . This is but one example where a Borel or topological groupoid
presents itself naturally — another is when one has a topological group acting
on a space where the action is not necessarily free. Thus we are led to the notion
of a groupoid:

Defi nition 4.1. A groupoid G with unit space X consists of the sets G and X

together with several maps:

(1) � WX !G .the diagonal or identity map/;

(2) an involution i WG! G, called inversion and written i.u/D u�1;

(3) range and source maps r WG! X and s WG! X ;

(4) an associative multiplication m defi ned on the set G0 of pairs .u; v/ 2
G �G such that r.v/D s.u/; one writes m.u; v/D u � v or just uv.

These maps must satisfy the obvious conditions

r.�.x//D x D s.�.x//;

u ��.s.u//D uD�.r.u// �u;

r.u�1/D s.u/; m.u;u�1/D�.r.u//:

Alternatively, one could defi ne a groupoid as a small category where every
map has an inverse. At all events, if X is reduced to a single point, G is simply
a group with identity element �.x/;X D fxg. In general the maps r and s

together yield a map ˚ W u! .r.u/; s.u// of G into X �X . The image of this
map is an equivalence relation on X in view of the axioms above. If this map is
injective, then G as a groupoid is (isomorphic to) this equivalence relation; G

is called principal if this happens. In any case this shows that associated to any
groupoid there is always a principal groupoid (i.e., an equivalence relation). A
general groupoid can be viewed as a mixture or combination of this equivalence
relation R and the other extreme case of a groupoid, namely a group.
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Defi ne
Gx D fu W s.u/D xg;

Gy D fu W r.u/D yg;

Gy
x DGx \Gy ;

GZ
Y D fu j r.u/ 2Z; s.u/ 2 Y g:

Then Gx
x is immediately seen to be a group with identity element�.x/. The sets

Gx
y for .x;y/ 2 R are principal homogeneous spaces for Gx

x and G
y
y with Gx

x

acting on the left and G
y
y acting on the right. In particular for .x;y/2R, Gx

x and
G

y
y are isomorphic. Thus the groupoid G appears as a kind of fi bre space over

the equivalence relation R as base and with the group-like objects G
y
x as fi bres.

This is exactly the geometric structure that the holonomy groupoid of Chapter
II displayed. Indeed we will often refer to the groups Gx

x as holonomy groups.
They can also be thought of as “isotropy groups” because of another important
example of groupoids coming from group actions. If a group H acts as a group
of transformations on a space X , the set G D H �X becomes a groupoid, as
George Mackey has emphasized in his seminal papers [1963; 1966]. The unit
space is X ;�.x/Dx; the range and source maps are s.h;x/Dx, r.h;x/Dh�x,
where h�x is the result of the group element h acting on the point x. The inverse
of .h;x/ is the .h�1; h �x/. Two points .g;y/ and .h;x/ are multipliable when
y D h � x and then .g;y/ � .h;x/D .gh;x/. Finally the holonomy group Gx

x is
visibly just the isotropy group fh W h �x D xg of the action at x.

Now that the purely algebraic structure of groupoids has been described, we
impose the extra conditions appropriate for the analytic and geometrical appli-
cations.

Defi nition 4.2. A (standard) Borel groupoid (see [Mackey 1966] or [Ramsay
1971]) is a groupoid G such that G and its unit space are Borel spaces — that
is, come equipped with a � -fi eld of sets — so that the defi ning maps �, r , s, i

and m are Borel.

The set X becomes, via the diagonal map �, a subset of G, and it will have
the relative Borel structure because � and r are Borel maps. (In principle it
would not be necessary to separately assume that X was a Borel space.) The
subset G0 of G �G, where m is defi ned, is given the product Borel structure.
We will assume throughout that the Borel space G is a standard Borel space.
This means that G with its Borel � -fi eld is isomorphic to a Borel subset of
a complete and separable metric space given its Borel � -fi eld. The reader is
referred to [Mackey 1966; Arveson 1976; Bourbaki 1958] for futher discussion
of this important and pervasive regularity condition for Borel spaces. It is a
condition that can be easily checked in the examples to be treated.
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Proposition 4.3. The graph G.X / of a foliated space (Defi nition 2.20 on p. 46)
with the � -fi eld generated by the open sets is a standard Borel groupoid.

Proof. In case the graph G.X / is Hausdorff, this is obvious for it is a locally
compact Hausdorff second countable space and can be given a separable com-
plete metric. In general G.X / may be covered by a countable numer of open
sets Ui each of which is locally compact, Hausdorff and second countable. It is
easy to see that a subset E of G.X / is Borel if and only if E \Ui is Borel for
all i . Since each Ui is standard as a Borel space, it follows easily that G.X / is
standard. ˜

We will impose two further conditions on our standard Borel groupoid G,
both of which are very natural and immediate in the context of foliated spaces.
First we shall assume that each holonomy group Gx

x is countable. The second
condition revolves around the notion of a transversal.

Defi nition 4.4. If G is a standard Borel groupoid with unit space X and asso-
ciated equivalence relation R, a Borel subset S of X is called a transversal if
S intersects each equivalence class of R in a countable set. (For us countable
shall mean fi nite or countably infi nite.) A transversal is complete if it meets
every equivalence class.

If R is a countable standard Borel equivalence relation in the sense of [Feld-
man and Moore 1977] (that is, the equivalence classes are countable), then of
course any Borel subset is a transversal. As we shall see, the existence of a
complete Borel transversal for a general G ensures that it can be built up in a
simple way from a countable standard equivalence relation.

We shall forthwith assume that R always has a complete (Borel) transversal.
Note that for foliated spaces the existence of such sets is an immediate conse-
quence of the defi nitions. In dealing analytically with transversals, we will have
need of a very helpful result about Borel spaces that is not too well known.

Theorem 4.5. Let X and Y be standard Borel spaces and let f be a Borel map
from X into Y with property that f �1.y/ is countable for each y. Then X can
be written as the disjoint union of Borel subsets Ui so that f is injective on each
Ui . Moreover f .X / is a Borel subset of Y .

We shall not include a proof. The reader is referred to the discussion in
[Kuratowski 1966, Section 35, VII]. A proof may be found in [Hahn 1932,
p. 381]. See also [Purves 1966].

We list some consequences of this result that will be relevant for us.

Proposition 4.6. Let G be a standard Borel groupoid with countable holonomy
groups.

(1) The equivalence relation R is a Borel subset of X �X , hence a standard
space.
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(2) If S is a Borel transversal, the saturation R.S/ of S with respect to the
equivalence relation R is a Borel subset of X .

(3) If S is as in .2/, there is a Borel map f from R.S/ to S with f .x/ � x.

Proof. (1) The map G!X�X given by u! .r.u/; s.u// is Borel and countable
to one, that is, the inverse image of any point in X �X is at most countable.
Hence its image R is Borel.

(2) Recall that the saturation of a set S is the set of all points equivalent to a
member of S . Let W be the subset of X �X given by .S �X /\R. By (1) W

is a Borel set. Now let p be the projection map to the second factor. The image
of W under p is nothing else but R.S/, and since S is a transversal p on W is
countable to one. Hence p.W / is Borel by Theorem 4.5.

(3) By the fi rst part of the theorem, we may with a little cutting and pasting
construct a subset U of W above so that p is injective on U and p.U /Dp.W /D

R.S/. Then defi ne a map f of R.S/ into S by the condition that f .x/ is the
unique point so that .f .x/;x/ 2 U . The graph of f is a Borel function, and it
follows that f itself is Borel [Auslander and Moore 1966, Chapter I]. This is
the desired function. ˜

The existence of a complete Borel transversal in a standard Borel groupoid
G guarantees by part (3) of the proposition that the equivalence relation R of G

is built up in a very simple way from a countable standard equivalence relation.
To see this, note that a complete Borel transversal S in X defi nes a countable
standard equivalence RS on S itself:

RS D .S �S/\R:

The map f guaranteed by Proposition 4.6(3) from X to S with f .x/ � x

displays X as a fi bre space over S so that R is also fi bred over RS in the sense
that two points of X are R-equivalent if and only if their images under f are
RS -equivalent. We shall exploit this structural representation heavily in our
discussion of transverse measures.

We observe that not every standard Borel groupoid R satisfi es our condition
on the existence of a complete Borel transversal. The turbulent equivalence
relations [Hjorth 2000] provide examples.

Mackey [1966], followed by many others (see [Ramsay 1971]), introduced
and studied the notion of measured groupoids; these are by defi nition standard
Borel groupoids with one more additional datum, namely a Borel measure or
better an equivalence class of Borel measures on the groupoid. This class of
measures has to satisfy an invariance property that reduces in the case of a prin-
cipal groupoid (an equivalence relation) to the condition that ��� be equivalent
to �, where � is any measure in the class, and � is the fl ip �.x;y/ D .y;x/

on the equivalence relation and ��� is the image of the measure � under the
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map � . The condition in general is somewhat more complicated but basically
the same.

Defi nition 4.7. A measure � on a standard Borel groupoid G is quasi-invariant
if ��� is quasi-invariant on R, where R is the principal groupoid associated
to G and � is the projection map G ! R and if, when � is disintegrated over
��.�/ into measures �y

x on the fi bres G
y
x of the maps �, then for almost all

pairs .x;y/ in R, each �y
x is quasi-invariant under the action of the groups Gx

x

and G
y
y .

In the present case when the holonomy groups Gx
x are countable this last

condition can be rephrased more simply as the condition that for almost all
.x;y/ �

y
x gives positive mass to each point in the countable set G

y
x . Note that

r�.�/ is equivalent to s�.�/ and defi nes an equivalence class of measures on
the unit space of X .

Although we have seen that a standard Borel groupoid may fail to have a com-
plete transversal, an important result of Ramsay [1982] shows that a standard
measured Borel groupoid does have such a transversal up to null sets.

Theorem 4.8. Let G be a standard measured Borel groupoid with unit space X .
Then there is a Borel subset Y of X conull for the natural measure .class/ on X

defi ned by the measure � on G and a subset T of Y which is a complete Borel
transversal for the groupoid

GY D r�1.Y /\ s�1.Y /:

That is, T is a transversal for the original equivalence relation on X and meets
every equivalence class of that relation which has a nonempty intersection with
the conull subset Y .

Thus while the results to follow concerning transverse measures which all
assume the existence of a complete transversal on the groupoid do not strictly
apply to a measured groupoid, they will apply after one deletes an inessential
null set from the unit space. Our point of view in that discussion is that all the
points count and that one cannot delete or ignore null sets, especially when one
is dealing, as we shall later, with locally compact groupoids.

The discussion to follow concerning tranvservse and tangential measures can
be interpreted as an analysis of a measure on a groupoid into a product (in a
Fubini type sense) of a part tangential to the orbits of the groupoid times a
part transverse to the orbits. The transverse part is thus in some vague sense a
measure on the space of orbits of the groupoid.

Let us now turn to the crucial topic of transverse measures. If G is a stan-
dard Borel groupoid (or more particularly an equivalence relation R on X ) a
transverse measure provides, at least intuitively, a method of integrating some
kind of object over the set of equivalence classes of the principal groupoid R
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associated to G — that is over the quotient space X=R. This quotient space is
in general a very pathological space from the point of view of measure theory,
containing subsets like R=Q, the real numbers modulo the rational numbers.
If the quotient space X=R with its quotient Borel structure were a standard or
even analytic Borel space (e.g., if G were to come from a foliation given by the
fi bres of a fi bre bundle) then transverse measures would be really just ordinary
measures on X=R. For general foliations, transverse measures suitably defi ned
have played an important role for years. In addition, as pointed out in [Connes
1979], one has to rethink one’s concept of what sort of functions are suitable
integrands for integrating against a transverse measure.

We will treat something a bit more general than what traditionally in the
theory of foliations is called a transverse measure; transverse measures here
will involve a modular function analogous to the modular function on a locally
compact group. When this modular function is identically one, as is traditional
in foliation theory, the transverse measure will be called invariant. Hence what
in foliations is called a transverse measure, we shall call an invariant transverse
measure.

The modular function above is simply a homomorphism from the groupoid to
the group of positive real numbers RC under multiplication. A homomorphism
of a groupoid G to a group H (or indeed to another groupoid) is a map � from G

to H so that when uv is defi ned �.u/�.v/ is defi ned and is equal to �.uv/. When
G and H are standard Borel groupoids, one insists naturally that � be a Borel
map. For the purposes at hand we fi x a Borel homomorphism, denoted by �, of
G into the group RC. We further assume that � is holonomy invariant in that
�.u/ depends only on r.u/ and s.u/. Put another way, there is a homomorphism
�0 of the principal groupoid (equivalence relation) R associated to G so that

�.u/D�0.p.u//;

where
p.u/D .r.u/; s.u//

is the projection of G onto the equivalence relation R.
We now consider the case when G (or R) has countable equivalence classes.

In view of our standing hypothesis that all holonomy groups are countable, the
range and source maps r and s are countable to one. In [Mackey 1966], the
notion of a quasi-invariant measure on X with given Radon–Nikodým derivative
(or modulus) � is discussed, at least in the case of trivial holonomy groups;
see also [Feldman and Moore 1977]. The discussion extends without change;
namely we start with a measure � on X quasi-invariant under R in the sense
that a subset E of x is �-null if and only if its R saturation — again a Borel set
by Proposition 4.6 — is also �-null. As r is countable to one, there is a unique
measure �r on R which is the integral of the counting measures on the fi bres of
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the map r over the base X . Specifi cally if jC j is the cardinality of C , then

�r .S/D

Z

X

ˇ̌
S \ r�1.x/

ˇ̌
d�.x/:

There is a similar measure �s defi ned using the source map s instead of r . As in
[Feldman and Moore 1977], these measures are mutually absolutely continuous
and the Radon–Nikodým derivative

�D
d�r

d�s

is called the modulus of �. This function on G is readily seen to depend only
on the projection of G onto R. As a function on G or R the modulus � is a
homomorphism up to null sets in that

�.uv/D�.u/�.v/

for almost all u and v in the obvious sense.
We return to the case of a general standard Borel groupoid with countable

holonomy groups and a complete Borel transversal. We observe that the set of
all Borel transversals S is indeed a � -ring, but not in general a � -fi eld, of subsets
of X . A transverse measure will be simply a measure on this � -ring. For each
S 2 S we can form the restriction of G to S ,

GS
S D fu 2G j r.u/; s.u/ 2 Sg:

This is a groupoid which has countable orbits and countable holonomy groups
of the kind discussed a moment ago.

There is a subtle point here about whether or not � is constant on the ho-
lonomy groups Gx

x . There will be instances later on when we specifi cally will
want to allow � to be nonconstant on some holonomy groups Gx

x ; the point is
that this cannot happen for too many x’ s, because � is equal almost everywhere
to the Radon–Nikodým derivative of �jS on GS

S
, and this implies, after some

null set manipulations, that � is constant on Gx
x for �jS -almost all x 2 S .

Defi nition 4.9. By a transverse measure with modulus � on a standard Borel
groupoid we understand a measure � on the � -ring of Borel transversals S such
that �jS is � -fi nite for each S 2S and �jS is quasi-invariant on GS

S
with modulus

equal to � almost everywhere on GS
S

. If �D 1, one says that � is an invariant
transverse measure.

A transverse measure allows one to talk consistently about what it means for
a set L of equivalence classes of the equivalence relation R to have measure
zero. The condition is that the intersection of the leaves in L with each Borel
transversal S should be contained in some �jS Borel null set, or equivalently that
this should happen for a single complete Borel transversal. Since the modulus
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of a quasi-invariant measure is constant on holonomy groups, we conclude from
this discussion that � is constant on the holonomy groups of almost all leaves.

As an example of a transverse measure we consider the Kronecker foliation
on the two-torus T 2 where the leaves are of the form

f.e2� i.xCx0/; e2� i�x//jx 2 Rg

with � irrational. Regard the two-torus as the square

f.x;y/ j 0� x < 1; 0� y < 1g;

and for each � with �� < � � 1 let `� be the part of the line y D �xC� inside
the square described above. Any Borel transversal S must meet each `� in at
most a countable set. If n.�/ is the cardinality of S \ `�, then n is obviously a
Borel function. We defi ne � by the formula

�.S/D

Z 1

��

n.�/ d�:

It is not diffi cult to verify that this produces an invariant transverse measure for
the graph of this foliation. If instead one defi ned

�.S/D

Z 1

��

n.�/f .�/ d�

for some positive Borel function f , the result would be a transverse measure
with modular function

�..x1;y1/; .x2;y2//D
f .y1��x1/

f .y2��x2/
:

Recall that given a diffeomorphism � of F then one may form as in (2.3)
its suspension M D R�Z F , which is foliated with leaves of dimension 1. An
invariant transverse measure for M corresponds to a �-invariant measure on
F . More generally, in the situation (2.2) of a manifold with discrete structural
group

M D zB ��1.B/ F

an invariant transverse measure on M corresponds to a measure on F which is
invariant under the action �1.B/! Homeo.F /.

Also let us consider the very special case when G D R is an equivalence
relation coming from a Borel map p of X onto a standard Borel space B — in
other words, a fi bration. Here x � y if and only if p.x/D p.y/. We let �D 1

so we are looking for invariant transverse measures. If Q� is a measure on the
base B then if N is transversal we defi ne

�.N /D

Z ˇ̌
N \p�1.b/

ˇ̌
d Q�.b/:
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It is clear that � so defi ned on the � -ring of transversals is an invariant transverse
measure. Conversely we claim every such � is of this form. To see this, observe
that the assumed existence of a complete transversal yields by Proposition 4.6
the existence of a Borel cross section S for the map p. It follows that p maps S

bijectively onto B; by [Kuratowski 1966] it is therefore a Borel isomorphism.
If � is an invariant transverse measure on X , � gives in particular an ordinary
measure on S . This may be transported to B via p j S to give a measure Q� on
B. Then it is an easy exercise to see that � on any transversal N is given by the
formula above in terms of Q� and jN \p�1.b/j.

It is well to extend the remarks above a bit to observe that � is determined by
what happens on any complete transversal.

Proposition 4.10. For any standard Borel groupoid with countable holonomy
and unit space X , a transverse measure � of modulus � is completely deter-
mined by �jN , where N is any complete transversal. Conversely, if �N is a
transverse measure on N with modulus �jN , there exists a .unique/ transverse
measure on X with modulus �.

Proof. By Proposition 4.6 we construct a Borel map t from X to N with f .x/ �
x. If S is any transversal, f restricted to S , fjS , is a countable to one map of
S to N ; then assuming we know �jN D �N for some transverse measure, we
can immediately calculate � on S given the invariance properties in terms of
�.f .s/; s/ as follows:

�.S/D

Z

N

 
X

s

�.t; s/

!
d�N .t/;

where for each t the sum is taken over all s with f .s/ D t . This shows that �
on N determines � altogether.

Conversely if we are given a transverse measure �N on N , we use the same
formula to extend �N to all transversals. It is a simple calculation to show that
the result is a transverse measure on X . ˜

If X is a foliated manifold with oriented transverse bundle, there is a canon-
ical transverse measure class given by the volume element on q-dimensional
transverse submanifolds. This may or may not be an invariant transverse mea-
sure (class).

A transverse measure on a general groupoid in this formulation is really an
ordinary measure but is defi ned on a � -ring S instead of a � -fi eld. The measure
could of course be extended to the � -fi eld generated by S but this extension
would in general be impossibly non-� -fi nite as a measure on the entire space.
(If the entire groupoid has countable orbits then a transverse measure is just an
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ordinary (� -fi nite) measure on the unit space.) These facts make a huge differ-
ence in the type of object that can be integrated in general against a transverse
measure.

We insert here several diverse examples of foliated spaces which yield in-
teresting classes of (primarily Type III) von Neumann algebras. In Chapter VI
we shall consider the question of exactly which von Neumann algebras may be
realized as the von Neumann algebras of foliated spaces.

Let GDSL.2;R/, let � be a discrete cocompact subgroup, and let M DG=�

be the resulting compact 3-dimensional manifold. Foliate M by the left action
of the triangular subgroup

B D

�
a 0

b a�1

�
; a> 0:

The orbits are two-dimensional, hence this is a codimension 1 foliation of M .
Each leaf is dense. In fact, if one lets

AD

�
1 0

b 1

�

act instead (this is called the horocycle fl ow), then each leaf is still dense. The
foliation arising from A has an invariant transverse measure. However, there
is no invariant transverse measure at all for the foliation which arises from the
action of B. The associated von Neumann algebra is a III1 factor [Bowen 1978].

Here is an example, due to Furstenberg [1961], of a 1-dimensional foliation of
a 3-dimensional manifold. It is built by fi rst defi ning a Z action on a 2-manifold
and then suspending it to make an R action on a 3-manifold.

Let M D T�T be the 2-torus and let � be an irrational number. Let

�.x;y/D .e2� i�x;g.x/y/;

where x;y are complex numbers of absolute value 1 and

g W T! T

is a function at our disposal. We construct g by fi rst defi ning

h.x/D
X

k¤0

1

k
e2� ink� ;

where nk is a sequence of integers tending to1 at our disposal. Observe that

k.x/D h.e2� i�x/�h.x/D
X

k¤0

1

k
.e2� ink� � 1/e2� ink� :

Now pick � and nk such that, say,

je2� ink� � 1j< rnk some r < 1:
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This is possible for suitable �, but such � ’ s are not very common — they are
highly Liouville; alternatively one could make

je2� ink� � 1j DO.n�r
k / for all r > 0:

Then consider
g.x/D eit.h.e2�i�x/�h.x//

for suitable t as our g. First of all, if k.x/Dh.�x/�h.x/, then k is real analytic
under the stronger of the two conditions above (je2� ink� � 1j < rnk ) and C 1

under the weaker condition. Hence �.x;y/ is real analytic or C 1, respectively.
It is a theorem of Furstenberg [1961], whose proof is not hard, that if we choose
� in this way, then

(1) � is minimal if and only if one cannot factor any power of g as

gm.x/D u.e2� i�x/=u.x/

for a continuous function u W T! T, and

(2) � is ergodic with respect to Lebesgue measure if one cannot factor any
power of g as

gm.x/D u.e2� i�x/=u.x/

for a measurable function u W T! T.

Now the function g is cooked up so that

g.x/D eith.e2�i�x/=eith.x/;

where t is at our choice. For all t the transformation is not ergodic, hence not
uniquely ergodic. However, if one could factor as above, the factorization would
be unique up to a constant, as � is irrational and rotation by � is ergodic on T.
So if one could factor g (or any power of g), the factorization would have the
same form as above. Hence � will be minimal for given t provided that we can
be assured that eith.x/ is not continuous. If this is continuous for all t , it is easy
enough to see that h.x/ is continuous (and conversely, of course). But h is not
continuous because the Fourier series of h.x/ would then be Cesàro summable
to h for every x. Then we would have

h.1/D
X

k¤0

1

k
(Cesàro sum),

which is nonsense, since this is a sum of positive terms.
So � is minimal — each orbit is dense, but (for suitable choice of g and �) � is

not ergodic. Now form the suspension of � to obtain a one-dimensional foliation
of the 3-torus which has corresponding properties. A transversal is of course M

with the equivalence relation induced by powers of �. This is a real analytic
foliation. There are a continuum of ergodic invariant transverse measures of
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this foliation — in fact they are indexed by the circle. Each is singular with
respect to Lebesgue measure and in the foliation case live on a measurable but
not topological 2-torus inside the manifold. Measure theoretically this foliation
looks like a Kronecker foliation on the 2-torus with angle � crossed with a cir-
cle — nothing happening in the transverse direction here. The invariant ergodic
transverse measures are just the measures on the copies of the Kronecker torus
in this product structure.

Here is an example by Connes [1978, p. 150] of a foliation whose von Neu-
mann algebra is of type III� for some fi xed � with 0< � < 1. Let S be a circle
of length s, let X D SL.2;R/=� for a discrete cocompact subgroup � , and let
Y D S �X . Act on Y by the group of matrices of the form

�
et 0

b e�t

�

for t; b 2 R, where �
1 0

b 1

�

acts trivially on S and by the horocycle action on X , and
�

et 0

0 e�1

�

acts by a rotation of speed 1 on S and by the geodesic fl ow on X . The resulting
foliation has a von Neumann algebra of type III�, where � D e�s . If S is
replaced by a space K of dimension at least 2 with an ergodic action then a III0

factor results.
With these examples in hand, we return to the general development. The

next order of business is the introduction of appropriate integrands to pair with
transverse measures.

By way of motivation to see what the appropriate integrands are, we consider
the case when G is an equivalence relation on X with each equivalence class
consisting of one point. As noted, a transverse measure � is an ordinary measure;
one uses a (nonnegative) Borel function f on X as integrand. Instead of looking
at f as a function on X , we view f as an assignment to each equivalence class
of G (i.e., each point of X ), of a measure living on that equivalence class. The
measure attached to fxg is of course f .x/ıx , where ıx is the Dirac measure
at x. Moreover, we regard the process of integration as fi rst passing from the
integrand f to the measure f � � on X , where

.f � �/.E/D

Z

E

f d�;

and then passing to the total mass of f �� to obtain a real number — the integral
of f .
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This point of view guides us in the general case: the proper integrand for
a transverse measure � on a standard Borel groupoid G will be a family of
measures f�`g, one on each “leaf” of the groupoid. If G is an equivalence
relation this is simply an assignment `!�` of a (nonnegative, � -fi nite) measure
�` on each equivalence class ` of the equivalence relation. This map `! �`

should be Borel in an obvious but tedious sense that we shall not write down.
If for example G has countable orbits, there is a very natural such family

of measures; namely, �` is counting measure on the (countable) set `. For the
Kronecker foliations discussed above, each orbit is an affi ne real line; that is, the
real line without an origin specifi ed. On such affi ne lines we can simultaneously
normalize Haar measure to obtain a family f�`g of the type described. Finally
if R is any standard equivalence relation and if S if a Borel transversal, we can
defi ne a family f�`g by letting �` be the counting measure on the countable set
T \ `, viewed as a measure on `.

Defi nition 4.11. A tangential measure � D f�`g for an equivalence relation R

is an assignment of .nonnegative/ measures � 7! �` as above.

This was all for a principal groupoid (an equivalence relation). The presence
of holonomy complicates matters a bit, but the complication is largely notational.
Recall that the inverse images of the range map r are denoted Gx D r�1.x/. A
tangential measure on G is fi rst an assignment of a (� -fi nite) measure �x on Gx

for each x in a Borel fashion subject to an invariance condition. For equivalence
relations, when x �y, r�1.x/ is actually the same as r�1.y/ and we demanded
that �x D �y .D �`/, where ` is the common equivalence class of x and y. In
general the requirement is that

Z
f .uu0/ d�x.u0/D

Z
f .u0/ d�y.u0/

for every u 2 G
y
x .D r�1.y/\ s�1.x// and every nonnegative Borel function

f on G. Since the meaning of this formula is not immediately transparent,
we rephrase it more geometrically. Each set Gx is acted upon by the group
Gx

x which acts freely from the left by groupoid multiplication. The quotient
space Gx

xnG
x is canonically identifi ed to the equivalence class `.x/ of the cor-

responding principal groupoid (equivalence relation) associated to G. If y � x

with respect to R, then each element of G
y
x defi nes a bijection of Gx onto

Gy ; moreover G
y
x is acted upon freely by Gx

x on the right and G
y
y on the left

again using groupoid multiplication. By associativity, the transformations of
G

y
x intertwine the actions of Gx

x on Gx and G
y
y on Gy so that the quotient

spaces Gx
xnG

x and G
y
y nG

y can be identifi ed. The identifi cation is independent
of the element in G

y
x and when these two sets are further identifi ed with `.x/

and `.y/ respectively, the mapping becomes the identity map between `D `.x/
and `D `.y/, the common equivalence classes of x and y under R.
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The invariance condition expressed by the integral formula above says fi rst
of all that each �x on Gx is invariant under the left action of Gx

x for all x, and
furthermore that elements of G

y
x , viewed as mappings from Gx to Gy , carry

�x onto �y . We see now that the standing hypothesis of countability of Gx
x

allows us to simplify the situation. By a choice of cross section, Gx can be
viewed as the product Gx

x �`.x/, and using counting measure on Gx
x , there is a

bijection between measures on `.x/ and Gx
x -invariant measures on Gx which is

independent of the cross section. Thus if �x is a choice of Gx
x invariant measures

on Gx , x 2X , with corresponding measures Q�x on `.x/, the further invariance
under G

y
x for a tangential measure means that Q�xD Q�y if x �y. Hence Q�xD Q�`

if x 2 ` defi nes a tangential measure on R, the associated principal groupoid.
Summarizing, we obtain the following observation, which allows us better to
understand tangential measures in general.

Proposition 4.12. If G is a standard Borel groupoid with countable isotropy
groups and R is the corresponding equivalence relation, then the map �! Q�
defi ned above is a bijection from tangential measures on G to tangential mea-
sures on R.

To illustrate further the notion of a tangential measure when there is nontrivial
holonomy present, consider the example of a groupoid G coming from the action
of a locally compact group H on a Borel space X . Recall that elements of G are
pairs .h;x/ and that the range map is r.h;x/D h �x. If we fi x a point x0 2X ,
then r�1.x0/ can be represented as

r�1.x0/D
˚
.h; h�1x0/ j h 2H

	

and we use the fi rst coordinate to parametrize this set. If y0 is equivalent to x0,
so that y0 D h0 �x0, then r�1.y0/ can be represented as the set

r�1.y0/D
˚
.k; k�1y0/ j k 2H

	

and elements of G
y0
x0

are of the form .h0h1;x0/, where h1 is in the isotropy
group of x0. Groupoid multiplication shows that the map from Gx0 to Gy0 is

.h; h�1x0/ 7! .h0h1h; h�1h�1
1 h�1

0 y0/:

Hence in terms of the parameters on these spaces, the map is left translation.
Therefore a suitable choice of tangential measure would be �x equal to left
Haar measure on H transported over to r�1.x/ as indicated above. There are
evidently many other choices also.

Ultimately we will want to consider tangential measures of mixed sign. In
outline the notion is clear, but there are technical difi culties because generically
the measures �` (or �x) will be infi nite measures. Indeed one sees easily that for
an equivalence relation R, the existence of a tangential measure with �` fi nite
for each ` implies that the equivalence relation R is smooth; that is, the quotient
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space X=R is an analytic Borel space [Arveson 1976, p. 71]. Since infi nite
signed measures cause problems in this general context, one would only want
to discuss tangential measures of mixed sign in the presence of some topological
assumptions.

Let us now turn to the integration process, which is related to the Ruelle–
Sullivan pairing [1975]. Begin with a standard Borel groupoid G together with
a transverse measure � with modulus � and a tangential measure �. The inte-
gration process is going to produce fi rst a measure �, written d�D � d�, on the
unit space X whose total volume

�.X /D

Z
� d�

will be the integral of the tangential measure with respect to the transverse mea-
sure. To defi ne these objects we fi rst fi x a complete Borel transversal S , which
exists by our standing hypothesis. By Proposition 4.6 we fi nd a Borel function
f from X to S with f .x/ � x. Next we observe by Proposition 4.12 that we
may as well assume that G D R is principal. Then for each point s 2 S we
defi ne a measure �s on f �1.s/ as the restriction of �`.s/ to f �1.s/ � `.s/,
the equivalence class of s. The modular function � of � comes to us as a
function on GS

S
, but we have observed that if we stay away from a �-null set of

equivalence classes of the relation R, then � is constant on holonomy groups,
and is almost everywhere really a function on R. In the present context, this
means that there is a saturated null set N of S so that �.s;x/ is well defi ned
whenever s 62 N . That is the meaning of the function appearing in the integral
below, which defi nes the measure �D

R
� d� on X , the result of integrating �

against the transverse measure �:
Z

E

� d� D �.E/D

Z �Z

f �1.s/

�.s;x/�E.x/d�s.x/

�
d�.s/

for any Borel set E in X . The fi rst remark is that this is independent of the
choice of the complete transversal S and of the function f from X to S . The
presence of the modular function � in the above formula is exactly what is
needed to achieve this, and we omit the simple calculation.

The resulting measure � on X is thus well defi ned and depends only on the
data given, the transverse measure � of modulus � and the tangential measure
�. Its total mass is written as

�.X /D

Z

X

� d�:

In the most primitive special case of an equivalence relation on X given by
a fi bration p of a space X over a base space B, we have seen already that a
transverse measure � with modulus � D 1 is exactly a measure on the base
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B, and that a tangential measure is a family of measures f�bg, one on each
fi bre p�1.b/. The integral � d� is the usual construction of a measure on the
total space X from a measure on the base and measures on the fi bres. The
formula given above in the general case makes the general situation very similar
intuitively to the fi bration case. Indeed the total space X is fi bred measure
theoretically over the transversal S , instead of a base space B; the picture is
quite similar:

s S

f �1s

In accord with the notion that a transverse measure � on G is in some sense a
measure on the orbit space X=G, we have already remarked that it is possible to
say what it means for a Borel set of orbits to be a null set of orbits. This is clear
for a Borel set of orbits corresponds to a Borel set E in the unit space which is
saturated or invariant with respect to the equivalence relation R of G.

Defi nition 4.13. An invariant Borel set E in X is a �-null set if every transversal
in E has � measure zero.

Using this defi nition it is easy to defi ne an ergodic transverse measure; a
transverse measure is ergodic if whenever X DE1[E2, where Ei are invariant
Borel sets, then it follows that one of them is a �-null set. In addition one has as
usual a type classifi cation of ergodic transverse measures into type I, II, and III.
Indeed if N is a complete transversal then .RN ;N; �jN / is an ergodic countable
standard measured equivalence relation which has a type classifi cation [Feldman
and Moore 1977]. In the type II case, one may have different transversals, where
one is type II1 while another is type II1. Hence there is no meaningful distinc-
tion between these types and one has one class of type II transverse measures. As
usual one may further divide the type III case into the III� 0��� 1 subtypes by
the type classifi cation of the discrete versions .RN ;N; �jN /. For some examples
of type III� factors, see [Connes 1978, pp. 149–150].

Further, a general transverse measure � can be displayed as a continuous
sum of ergodic components. To see this, one makes an ergodic decomposition
of .N; �jN / and then uses the projection map p of Proposition 4.6 of all of X

on N to decompose � itself. By construction, all of the groupoids appearing as
disintegration products will have complete transversals.

Throughout this entire discussion the modular function� has remained fi xed.
If we change the modular function to a new one�0 which is however in the same
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cohomology class, that is

�0.u/D�.u/b.r.u//b.s.u//�1;

where b is some Borel function on X into the strictly positive real numbers,
then there is no essential difference between transverse measures of modulus
� and transverse measures of modulus �0. Indeed if � is a transverse measure
of modulus �, then b � �, where multiplication of a (transverse) measure by
a positive Borel function has the usual meaning, is by a simple computation
[Feldman and Moore 1977, p. 291] a transverse measure of modulus �0, where
�0 is as above, and conversely.

Since most of the groupoids we shall meet carry not just a Borel structure,
but also a topology, we shall now discuss briefl y the notion of a topological
groupoid. Following [Renault 1980], we impose the following conditions.

Defi nition 4.14. A groupoid G with unit space X is a topological groupoid if G

and X are topological spaces and the following conditions hold.

(1) The set where the partially defi ned multiplication is defi ned is closed in
G �G and multiplication is continuous.

(2) The range and source maps are open and continuous.

(3) The inversion map is a homeomorphism.

For our discussion G and X will be assumed to be locally compact, in which case
we will say that G is a locally compact (topological) groupoid. Ordinarily one
would automatically assume that G and X are Hausdorff and most of the time
in the sequel we will have this as a standing assumption. However the reader
should be aware that there are a number of interesting, natural, and signifi cant
examples where a non-Hausdorff structure is forced upon one. The graph of
the Reeb foliation discussed in Chapter II is one such example. All interesting
examples known to us satisfy the following condition that could be used in place
of the Hausdorff condition:

(4) X is Hausdorff and G is locally Hausdorff, that is, it has a cover consist-
ing of open sets each of which is Hausdorff.

We remark that if G D R is an equivalence relation, then R is a subset of
X �X ; yet the topology of R will not be the relative topology from X �X . For
instance, if we consider the Kronecker equivalence relation R on the circle T1,
given by

� � �e2� in� for n 2 N;

with � some fi xed irrational number, then R as a subset of T1 �T1 is a line of
irrational slope in the two-torus. To make it a locally compact groupoid one has
to give R the usual topology of the real line.
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The prime example we have in mind is the graph of a foliation, at least when
it is Hausdorff, as described in Chapter II. If H is a locally compact group acting
as a topological transformation group on a locally compact Hausdorff space X ,
then the groupoid H � X described earlier in this chapter becomes a locally
compact topological groupoid.

Finally, the following simple example displays for us in a discrete context the
need for introducing the graph of a foliation. On the real line R consider the
equivalence relation R, where x�2�nx for all n2Z. In spite of the simplicity of
this, the equivalence relation R does not admit any reasonable locally compact
topology. The trouble comes near .0; 0/ D �0, where R appears to have an
infi nite number of line segments all passing through this point:

If however we introduce points pn which are formally the limits of .x; 2�nx/

as x! 0 with n fi xed, we can visualize this new object G as an infi nite set of
(parallel) real lines:

p�1

p0

p1
D f.x;x=2/g

D f.x;x/g

D f.x; 2x/g
:::

:::

It is easy to see that G may be turned into a locally compact topological groupoid.
Indeed it is a discrete version of the graph construction for a foliation. We remark
that if we modify the equivalence relation R by saying that x � x for x < 0

and x � 2�nx all n, for x � 0, then this construction leads to a non-Hausdorff
graph-like object

p�1

p0

p1

D f.x;x/g
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where a neighborhood of p1 is a small interval containing p1 and extending to
the right of p1 plus a small interval to the left of p0 (but not including p0) which
has already arisen in Chapter II.

In both examples it is clear that Lebesgue measure is a quasi-invariant mea-
sure. It would be natural to hope that the modular function � could be fi xed up
to be continuous. A simple calculation shows that on the n-th horizontal line in
these examples � is almost everywhere equal to 2n. Hence in the fi rst example
we can make � continuous, but then over the point 0 it is nonconstant on the
holonomy group G0

0
. This happens only on a null set (namely, one point!), in

accord with our earlier discussion. In the second example we see that � cannot
be constructed so as to be continuous.

Another class of examples of interest of topological groupoids are ones that
arise from the holonomy of a single leaf of a foliation. (Compare with the bundle
construction in Chapter II; see Theorem 2.25.) Let M be a manifold and let �
be a quotient group of �1.M /. Then there is a covering zM of M with deck
group � , and we identify M as the orbit space zM =� . We form

G D . zM � zM /=�;

where � is acting diagonally. Two � -orbits � � .x;y/ and � � .z; w/ are multi-
pliable if � � y D � � z; we defi ne their product to be � � .
1 � x; 
2 �w/, where

1 and 
2 are elements of � so that 
1 �yD 
2 �z. The unit space is the original
manifold M , and the range and source maps are r.� � .x;y// D � � x 2 M ,
and s.� � .x;y// D � � y 2 M . It is not diffi cult to see that this produces a
topological groupoid with � as constant holonomy group. One easily sees that
as a Borel groupoid this groupoid is simply the product of the group � and
the equivalence relation on M where all points are equivalent, but it is not the
product as a topological groupoid.

Homomorphisms of a topological groupoid to a group or another groupoid
should be assumed to be continuous. Transverse measures will be assumed to
have continuous modular functions.

In the context of topological groupoids there is a special kind of tangen-
tial measure of interest. If we recall that tangential measures are objects to be
integrated against transverse measures and hence are analogues of functions, it
makes sense to try to defi ne, in analogy with a continuous function, a continuous
tangential measure.

Defi nition 4.15. We say that a tangential measure � is continuous if each �x is
a Radon measure on r�1.x/�G and if

Z
f .u/ d�x.u/
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is continuous in x for every continuous function f of compact support in G.
This is appropriate if G is Hausdorff. If G is only locally Hausdorff we demand
instead that the integral above be continuous in x when f is compactly supported
inside some Hausdorff open set and is continuous there. Such a function f need
not be even continuous on all of G.

As an example consider the case of a G arising from a locally compact group
H acting topologically on a locally compact space X . We saw earlier in this
chapter that the assignment x! �x , where �x is Haar measure on H , carried
over to r�1.x/Df.h; h�1x/g by the map h! .h; h�1x/ is a tangential measure.
Evidently this is also a continuous tangential measure.

An obvious item of concern is to fi nd conditions on a transverse measure �
and a tangential measure � so that the integral � d� produces a fi nite measure
on X . Rather than taking this question up in this general context we shall take
it up in the more special context of primary interest when G is the graph of a
foliation. We turn to that case now.

So assume that X is a locally compact foliated space with G the graph of
the foliation, which we assume is Hausdorff. Then G is itself a foliated space
as described in Chapter II with leaves equal to the holonomy groupoids of the
leaves of the original foliation. All homomorphisms � of G to a Lie group and
in particular to RC will be assumed to be tangentially smooth on the foliated
space G in the sense of Chapter II.

Now suppose that � is a transverse measure on X of modulus�. As suggested
previously, the notion of � being a Radon measure, to the extent that this can
be defi ned in general, would be a condition demanding that � be fi nite on some
distinguished set of compact transversals. But in a foliated space there is a
distinguished set of compact transversals given by the foliation structure.

Defi nition 4.16. Call a transversal C open-regular if there is an open set L in
Rp, where p is the dimension of the foliation, and an isomorphism � of foliated
spaces of L � C onto an open subset of X , which is the identity on C . A
transversal C is regular if it is contained in an open-regular transversal.

If Ux is one of the coordinate patches in the defi nition of the foliation so
that Ux Š Lx �Nx , with Lx open in Rp , then any compact subset of Nx is
a compact regular transversal. Our defi nition of a Radon transverse measure
involves fi niteness of these transversals.

Defi nition 4.17. A transverse measure � on a topological groupoid is Radon if
�.C / is fi nite for every compact regular transversal.

We observe that in order to check this condition, it will suffi ce to check fi nite-
ness on a much smaller family of compact regular transversals. For instance, let
Ci be a family of such transversals with maps �i of Li�Ci into X , and suppose
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that there are relatively open subsets of Ci , Ui � T i � Vi � Ci so that the open
sets �i.Li �Ui/ cover X .

Proposition 4.18. If �.Ci/ is fi nite for each i for such a family, then � is Radon.

Proof. Let B be any compact regular transversal with a map � of L�D into X

with D � B. By covering argument and by shrinking L if necessary we may
assume that �.L � B/ lies inside some �i.Li � Vi/ and has compact closure
there. The projection mapping to the second coordinate of Li � Vi gives rise
to a continuous map f of B to Vi so that b and f .b/ lie in the same plaque
of the coordinate neighborhood Li � Vi . Using the geometry of this situation,
we easily show that there is an integer n so that f �1.b/ has at most cardinality
n. Now using the quasi-invariance properties of transverse measures, we can
calculate �.B/ by the formula

�.B/D

Z

f .b/

� X

f .b/Dx

�.b;x/

�
d�.x/:

Since the modulus � is a continuous function, it is bounded; and because

f.b; f .b//W b 2 Bg

is compact, the integrand is bounded. Since f .B/ � Vi � Ci , the value of
�.f .B// is fi nite and we are done. ˜

It is evident of course that a Radon transverse measure is completely deter-
mined by what it does on regular transversals. For instance, the union C D

S
i Ci

in the proposition above is a complete transversal and if � is known on Ci , it
is known on the union C and then knowledge of � on a complete transversal
determines the transverse measure entirely.

Up to now transverse measures have always been positive measures. However
at this point we are in a position to consider signed or even complex trans-
verse measures. We simply take differences or complex linear combinations of
(positive) Radon transverse measures. Such an object cannot be defi ned on all
transversals, but clearly it can be defi ned on regular transversals.

Defi nition 4.19. A signed or complex transverse Radon measure of modulus �
is a real or complex linear combination of positive Radon transverse measures
of modulus � defi ned on all fi nite unions of regular transversals.

By our remarks above to the effect that a positive Radon transversal measure,
viewed as a measure on all transversals, is completely determined by what it is on
regular transversals, the domain we have specifi ed for signed or complex Radon
transverse measures is surely large enough. They can be expanded of course
to a somewhat larger class of transversals without confronting expressions like
1�1, but not in general to all transversals. We shall make use of these objects
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only briefl y in connection with the Riesz Representation Theorem (4.27) for
compact foliated spaces.

On the graph of a foliation of X we can construct tangential measures of
particular interest. Each set r�1.x/ is itself a C 1 manifold, and so has a unique
equivalence class of measures, those equivalent to nonvanishing densities. As
each set r�1.x/ is a covering space of the leaf `x of x in the foliation, and
as tangential measures are invariant under the deck group, giving a tangential
measure �x (as we have already noted in Proposition 4.11) is the same as giving
measures Q�`, one for each leaf `.

To construct such measures, cover X by coordinate charts of the form Li�Ni ,
where Li is an open ball in Rp and let �i be tangential measure on the foliated
space Li�Ni , where �n

i is for n2Ni , normalized Legesgue measure on .Li ; n/.

Now choose a partition of unity �i subordinate to the covering and defi ne Q� to
be the sum

P
�i�i . Then we lift Q�` on each leaf ` to a unique measure �x on

r�1.x/ using counting measure on the fi bres of the covering map. Proposition
4.12 implies that �D f�xg satisfi es the invariance properties required and thus
is a tangential measure.

Proposition 4.20. The tangential measure just constructed is a continuous tan-
gential measure (with G Hausdorff or locally Hausdorff ).

Proof. We have to check the continuity of

x 7!

Z
f .u/ d�x.u/

for each f of compact support on G for G Hausdorff. Using partitions of unity
we may localize the support of f so that it lies within a subset K of G on which
the map .r; s/ is injective into a subset of X�X contained in Supp.�i/�Supp.�j /
for suitable .i; j /, where �i is the original partition of unity used to defi ne �.
One easily verifi es the continuity of the integral as a function of x for such f .
One proceeds similarly in the locally Hausdorff case. ˜

If we perform the construction using different coordinate charts, or using
different partitions of unity, we obtain a tangential measure �1 which is equiva-
lent to � in the sense that �x

1
is mutually absolutely continuous with respect

to �x on r�1.x/. The Radon–Nikodým derivative d�1=d� is a continuous
nonvanishing function on G which one can check is bounded from 0 and 1
not just on compact subsets of G but also on any set r�1.C /, C compact in X .
In terms of this we may defi ne local boundedness of a tangential measure.

Defi nition 4.21. A tangential measure �0 is locally bounded .Lebesgue/ if .�0/x

has a Borel density on r�1.x/ for each x and if d�0=d� is bounded on any set
r�1.C /, C compact, for one .and hence any/ tangential measure � of the kind
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constructed above by partitions of unity. If the unit space is compact, we will
for simplicity call such a measure a bounded tangential measure.

With these defi nitions the desired fi niteness result is quite straightforward.

Proposition 4.22. If � is a Radon transverse measure on the graph G of a foli-
ated space X , and if � is a locally bounded (Lebesgue) tangential measure, then
for any compact set K of X the integral �.K/D

R
K � d� is fi nite.

Proof. We consider coordinate patches Ui isomorphic as foliated spaces via  i

to Li �Ni so that  i extends to L0
i�N 0

i , where N 0
i is compact and contains Ni

in its interior and where Li is a relatively compact open ball in the ball L0
i . The

compact set K can be covered by a fi nite number of such sets Ui so it suffi ces
to show that �.Ui/ is fi nite. But by the defi nition of � we can evaluate �.Ui/

by the formula

�.Ui/D

Z

Ni

�Z

Li

�..x0; n/; .x; n// d�n.x/

�
d�0.n/;

where x0 is a fi xed point of Li and �0 is the transverse measure � restricted to
the transversal  i.x0;Ni/. As this transversal is contained in a compact regular
transversal, �0 is a fi nite measure. Moreover the measure �n on the plaques
 i.Li ; n/ have smooth densities which extend uniformly in n to a slightly larger
“ball” and hence are bounded uniformly in n. The modular function � is con-
tinuous, and hence its values entering into the integrand are bounded. (Note
that strictly speaking � is a function on the graph. It can be transported locally
down to the equivalence relation R as we have done, since we are operating in
coordinate patches with the plaques contractible). It now follows at once that
the integral above is fi nite, and we are done. ˜

We remark that one could easily obtain fi niteness results for tangential mea-
sures which do not have densities by imposing similar local boundedness con-
ditions.

Our fi nal goal now is to relate the previous discussion, which has been mostly
analytic, to more geometric and topological aspects of the foliation. We begin
with a tangentially smooth homomorphism� of G into RC, such as the modular
function of a transverse measure on X . Tangential smoothness is with respect
to the foliation of G by the holonomy groupoids of the leaves of the original
foliation. We consider log� as a real-valued function on G and form its dif-
ferential. On each set Gx D r�1.x/, the homomorphism property of � implies
that

.log�/.
u/D .log�/.
 /C .log�/.u/

for 
 in the holonomy group Gx
x . Hence the differential of the function log.�/

becomes in a natural way a differential on the quotient Gx
xnG

x , or in other words
the leaf `x of x. Again by the homomorphism property of �, this differential
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on `x is independent of x, and hence one has an intrinsically defi ned differen-
tial 1-form on each leaf `. Moreover the tangential smoothness of � implies
immediately that these 1-forms on the leaves fi t together continuously to what
we have called in Chapter III a tangentially smooth 1-form for the foliation;
recall that this is a tangentially smooth section of the dual F�X of the foliation
bundle. We denote this 1-form by ˛ (or ˛� if there is confusion). Summarizing:

Proposition 4.23. For a tangentially smooth homomorphism � on G, the con-
struction above yields a tangentially smooth 1-form ˛� on X . The map�!˛�

is injective.

Proof. If U Š L �N is a coordinate patch with L a p-ball with coordinates
. Nx;u/D .x1; : : : ;xp; n/, where n 2N , then locally � can be written as a func-
tion of pairs . Nx; n/, . Ny; n/, with Nx; Ny 2L:

�.. Nx; n/; . Ny; n//D f . Nx; Ny; n/:

Then the procedure for calculating ˛ gives

˛ D
X @

@yi
.logf /. Nx0; Ny; n/ dyi :

This expression is seen to be independent of Nx0. The desired properties of ˛
follow from this explicit local formula.

To see the fi nal statement, we observe that for a point .x;y; Œ
 �/ in G, we
can obtain the value of � by integrating ˛� along a smooth version of the path

 . Recall that 
 is totally on a leaf so integration of tangential 1-forms makes
sense. ˜

Now suppose that � is the modular function of a transverse measure �,
and suppose for simplicity that the bundle of the foliation FX is oriented. If
o is the orientation, and if � is a tangentially smooth p-form on FX .p D

leaf dimension/ , then �1D o �� is a tangentially smooth volume form on FX .
Then �1 restricted to any leaf ` defi nes a signed measure with a C 1 density,
and hence a (signed) tangential measure �. We can write �1D �

C
1
���

1
, where

�˙
1

have corresponding positive (negative) measures �˙
1

. Then assuming that �
is a Radon transverse measure, we defi ne the integral �D

R
� d� to be

�D

Z
� d� �

Z
�1 d� �

Z
�2 d�

which by Proposition 4.22 is the difference of two Radon measures on X , and
is therefore a signed Radon measure defi ned on bounded Borel sets in X . If we
further assume that the form � has compact support in X , then evidently � has
compact support and is a Radon measure.

The integral can therefore be viewed as a linear functional

C� W˝
p
�c.X / �! R
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on the space ˝p
�c.X / of compactly-supported tangentially smooth p-forms on

X , where

C�.�/D

Z

X

� d�:

Such an object is what we have called a tangential p-dimensional current in
Chapter III. This was fi rst defi ned in [Ruelle and Sullivan 1975] and is called
the Ruelle–Sullivan current. The point of this discussion is to determine the
boundary of this current. The boundary is a .p�1/-dimensional current defi ned
by

d�C�.�/D .�1/pC�.d�/;

where d is the differential on tangential forms.

Proposition 4.24. For a compactly supported p� 1 tangential form � , we have

C�.d�/D C�.� ^˛/;

where ˛ is the tangential 1-form associated to the modulus of the transverse
measure �.

It follows that if ˛ D 0, or equivalently � D 1, then C� is a closed current.
Conversely if C� is closed, we can deduce that ˛ D 0. Thus, whenever � is
an invariant transverse measure, C� defi nes a class in the tangential homology
group H �

p .X;R/ of Chapter III (Proposition 3.35) because the map �!C�.�/

is continuous with respect to the natural topology on ˝p
�c.X /. We denote this

class by ŒC� �. Summarizing:

Theorem 4.25. For a Radon transverse measure � with tangentially smooth
modular function �, the following are equivalent:

(1) The Ruelle–Sullivan current C� is closed and so defi nes ŒC� �2H �
p .X;R/.

(2) The 1-form ˛ vanishes.

(3) The modular function � is identically 1.

(4) The transverse measure � is an invariant transverse measure.

Proof of Proposition 4.24. This is a straightforward calculation: fi rst we may
assume that � is supported inside of some coordinate patch U ŠL�N , where
we use coordinates

. Nx; n/D .x1;x2; : : : ;xp; n/:

The form � can be written as

� D
X

ai. Nx; n/dx1 ^ � � � ^ d Lxi ^ � � � ^ dxp;

and we can represent the modular function locally as

�..x0;u/; .x;u//D f .x0;x;u/:
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The 1-form ˛ is X @

@xi
log.f .x0;x; n// dxi ;

which does not depend on x0. Now if �0 is the transverse measure on the
transversal given by x D x0, h.x; n/dx1 ^ � � � ^ dxp is a p-form, and �p the
corresponding tangential measure, the defi nitions yield

Z

U

� d� D

Z

N

�Z

L

h.x; n/f .x0;x; n/ dx

�
d�0.n/:

Thus for our p� 1 form � ,

C�.d�/D

Z

N

�Z

L

�X
.�1/i

@ai

@xi

�
f .x0;x; n/ dx

�
d�0.n/:

On the other hand, we see that

C�.� ^˛/D

Z

N

�Z

L

X
.�1/i�pni

@f

@xi
.x0;x; n/ dx

�
d�0.n/:

Integration by parts on L gives the desired result, since the functions ai vanish
in a neighborhood of the boundary of L. ˜

Corollary 4.26. If X is a compact oriented foliated space which has a nonzero
invariant Radon transverse measure then H

p
� .X /¤ 0.

This is the case, for instance, when X has a closed leaf. We improve this
result signifi cantly in Theorem 4.27 below.

Haefl iger [1980] has used tangential transversely smooth cohomology in con-
nection with the question of the existence of a Riemannian metric on M for
which all the leaves are minimal (in the sense of area-minimizing) submani-
folds. One consequence of his work is that the group C 1

� .N /H of compactly
supported functions on some competely transverse submanifold N modulo ho-
lonomy maps onto the group H

p
� .M /. The map fails to be an isomorphism

(e.g., for the Liouville-irrational fl ow on the torus).
Recalling the defi nition of a signed (or complex) Radon measure from 4.19

we see from Theorem 4.25 and Corollary 4.26 that any signed Radon invari-
ant transverse measure will defi ne a continuous linear functional on H

p
� .X / or

equivalently H
p
� .X /— the topology on these spaces was defi ned in connection

with Proposition 3.7. In the special case of a compact space X foliated by points,
so p D 0, H 0

� .X / D H 0
� .X / is the Banach space of continuous functions on

X . An invariant Radon (signed) transverse measure is just a Radon (signed)
measure on X and the Riesz Representation Theorem says that these measures
provide all the continuous linear functionals on H 0

� .X /. More generally, if the
foliation on X arises from a fi bre bundle structure on X as total space, a base B

and fi bre L which we take to be a p-dimensional oriented manifold, then as we
have already remarked (Proposition 4.11), invariant transverse Radon measures
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for this foliated space can be viewed simply as Radon measures on B. On the
other hand, we have seen in Chapter III that in that case H

p
� .X / D H

p
� .X /

can be identifi ed topologically as C.B/, the set of continuous functions on B.
Again the usual Riesz Representation Theorem tells us that all continuous linear
functionals on H

p
� .X / are given by invariant transverse measures. We show that

this is true in general. This result is clearly closely related to, but distinct from,
[Haefl iger 1980, Section 3.3, Corollary] and [Sullivan 1976, Proposition I.8].

Let MT .X / denote the vector space of Radon invariant transverse measures
on X .

Theorem 4.27 (Riesz Representation Theorem). If X is a compact oriented fo-
liated space with leaf dimension p, then the continuous linear functionals on
H

p
� .X / can be identifi ed as the Radon invariant transverse measures. More

precisely, the Ruelle–Sullivan map

MT .X /! Homcont.H
p
� .X /;R/

is an isomorphism of vector spaces.

For X compact, Homcont.H
p
� .X /;R/ is isomorphic to H �

p .X / by Proposition
3.35.

Given the theorem it is easy sometimes to compute the top tangential coho-
mology group. For example, an invariant transverse measure on the Kronecker
fl ow on the torus corresponds by (4.10) to a measure on a transverse circle
which is invariant under rotation by an irrational angle, hence a multiple of
Haar measure. Hence

MT .Kronecker fl ow/Š R

and so
H 1

� .Kronecker fl ow/Š R:

A more interesting case arises from the Reeb foliation of S3. The only holo-
nomy invariant measures are multiples of the counting measure associated to
the unique closed leaf. Thus

MT .Reeb/Š R

and so
H 2

� .Reeb/Š R:

Proof of Theorem 4.27. Let ˚ be a continuous linear functional on H
p
� .X /.

Now choose an open “coordinate” chart U around x 2 X with U Š B �N ,
where BDBp is an open ball in Rp and where N is locally compact. Then the
set

N� D f.�; n/ j n 2N; � fi xed in Bg

is a transversal and if D is a compact subset of N , then

D� D f.�; n/ j n 2Dg
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is a regular transversal in the sense of Proposition 4.12. We fi x a tangentially
smooth p-form � which has compact support in B. Now if f is any compactly
supported real valued function on N , f 2 Cc.N /, the formula

f �.�; n/D f .n/�.�/

defi nes a tangentially smooth p form of compact support on the foliated space
U Š B �N . If we extend it by zero outside U to X , it yields a tangentially
smooth p-form on X , which we also denote by f � .

We now consider the map

� W f 7! ˚.f �/

for fi xed � . By the defi nition of the topology on ˝p
� .X /, it is evident that ' is

norm continuous on Cc.N /. By the usual Riesz representation theorem, it must
be represented by a fi nite Radon measure �� on N .

The orientation on leaves of X gives by restriction an orientation on the ball
B which is an open subset of a leaf of X , and hence we may integrate the forms
� on B. By the Poincaré lemma two compactly supported forms �1 and �2 on
B are cohomologous, that is, �1 � �2 D dp on B if and only if their integrals
are the same. It follows that f �1 and f �2 as elements of ˝p

� .X / differ by a
coboundary if �1 and �2 have the same integral. Now defi ne � on N to be ��

for any � of integral one. Then clearly

˚.f �/D

Z

N

�Z

B

�

�
f .n/ d�.n/:

Moreover for any � we can identify N with N� by n! .�; n/ and can transport
� onto N�, calling it ��. Then we can rewrite the above as

˚.f �/D

Z

N�

�Z

B

.f �/.�; n/

�
d��.n/:

Finally if � is any tangentially smooth p-form on X with compact support inside
U Š B �N , it may by a kind of Stone–Weierstrass theorem be approximated
in the topology of ˝p

� .X / by linear combinations of forms of the type f � . By
continuity of both sides of the formula above,

˚.�/D

Z

N�

�Z

B

�.�; n/

�
d��.n/

holds for any �.
Now each N� is a transversal and �� is a measure on it; we have to see now

that we can piece these together to construct a transverse measure. First we
observe that our compact space X can be covered by a fi nite number of open
sets of the form U Š B �N , say U 1; : : : ;U n with U i Š B �N i . We identify
each N i with say N i

b
.b 2B/ and then N D

S
N i is a complete transversal; we
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can also arrange for simplicity that the N i are all disjoint as subsets of X . Each
N i carries a Radon signed measure denoted by �i from the construction above
and we fi t them together to give a (signed) measure on N . As we have observed
before, the foliated structure on N gives rise to a countable standard equivalence
relation on N in the sense of [Feldman and Moore 1977]. We want to show that
� is invariant under this equivalence relation. To see this, we observe that if
U i and U j intersect, then the projection of their intersection onto the respective
transversals N i and N j are open subsets N ij and N ji respectively of N i and
N j . Clearly for each n 2 N ij there is a unique x0 in N ji which lies on the
same leaf and it is evident that the map 'ij taking x to x0 is a homeomorphism
of N ij onto N ji .

It is further evident that these partial homeomorphisms generate the equiva-
lence relation on N in the obvious sense. To see that � is invariant under this
equivalence relation, it suffi ces by [Feldman and Moore 1977] to see that each
'ij is measure preserving. (The fact that here we have signed measures, while
Feldman and Moore use positive measures, is of course irrelevant.) However
the formulas above for ˚.�/ when � is supported in U i or U j in terms of �i

and �j show immediately that 'ij is measure preserving, for we apply these
formulas to � ’ s which are supported in U i \U j .

Thus we have an invariant measure � on the complete transversal N . To get
transverse measures in the usual sense, we should fi rst split �D�C��� into its
positive and negative parts, each of which is automatically invariant because �˙

are canonically defi ned. Then �˙ is extended to all transversals as in 4.10. Thus
fi nally � is a signed Radon transverse measure in the sense of our defi nition.

Let ˚� be the corresponding linear functional on H
p
� .X /. Then the integral

formulas above when compared to the formulas of Proposition 4.19 show that
˚�.�/ D ˚.�/ for � supported in U i . But then a partition of unity argument
shows that these span and so ˚ D ˚� and we are done. ˜

This result identifi es the dual of the topological vector space H
p
� .X / in an

explicit fashion as the set of invariant Radon transverse measures MT .X /. Then
of course by duality, any � 2H

p
� .X / defi nes a linear functional F� on MT .X /

by

.F�/.�/D

Z
� d�:

It will be of considerable interest to us at several points to know which linear
functionals F on MT .X / can be so represented. Of course there is no problem
in those cases when MT .X / and H

p
� .X / are fi nite-dimensional, but it is a prob-

lem in general. Following standard techniques, we introduce a “weak” topology
on MT .X / with the result that those linear functionals representable as F� are
just the ones continuous in this topology. For each open-regular transversal N
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(cf. 4.16) and each continuous real valued function on N of compact support,
and for each � 2MT .X /, the integral

R
f d�N is well defi ned, where �N is the

transverse measure on � on the transversal N : this defi nes a linear functional
If on MT .X /.

Defi nition 4.28. The weak topology on MT .X / is the smallest topology making
these linear functions continuous.

Proposition 4.29. The weak topology thus defi ned coincides with the weak-�
topology on MT .X / as the dual of H

p
� .X / and consequently a linear function

F on MT .X / is representable as F� , with � 2 H
p
� .X /, if and only if it is

continuous in the weak topology.

Proof. If N is an open-regular transversal, let B be a ball in Rp; then there is
a tangentially smooth homeomorphism of B �N onto an open set U in X ; we
shall think of U D B �N as sitting inside X . If f is a compactly supported
function on N , we can easily construct a tangentially smooth p-form � on X

supported on U DB �N so that
Z

B

�.b; r/D f .n/:

Then from our formulas for integration it is immediate that

If .�/D

Z
f d�N D

Z
� d� D �.Œ��/;

where Œ� � is the class of � in H
p
� .X /. Hence the weak topology defi ned by

the If is contained in the weak�� topology on MT .X / as the dual of H
p
� .X /.

Conversely we see, using a partition of unity argument, that a linear functional
�! �.Œ��/ for any � can be represented as a fi nite linear combination for If ’ s.
Hence the two topologies coincide and the result follows. ˜

We note that it would suffi ce in defi ning the weak topology to restrict to
any fi nite set of open-regular transversals Ni so that there are corresponding
coordinate charts Ni �B, B a ball in Rp, which cover X .

We close Chapter IV with two examples which illustrate the Riesz Represen-
tation Theorem 4.27.

Suppose that T is a homeomorphism of a separable metrizable space N and
that f is a positive continuous function on N . Then we may form the space XT

obtained as the quotient of the space

f.t; n/ 2 R�N j 0� t � f .n/g

by the relation .f .n/; n/ � .0;T .n//. If f � 1 then XT is simply the suspen-
sion of the homeomorphism T (cf. 2.3). The space XT has a natural oriented
foliation of dimension one corresponding to the action of R on the fi rst factor of
R�N . As f changes, the topological foliated conjugacy class of XT remains
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the same; so in that sense at least the dependence of XT on f is minimal.
Invariant transverse measures on XT correspond to T -invariant measures on N ,
denoted M.N /T . Theorem 4.27 implies that H 1

� .XT /
� ŠM.N /T .

Let us look at this example in more detail. The general tangential 1-form
a.t; n/dt is a tangential cocycle, since it is in the top degree. The function a

must satisfy

(4.30) a.f .n/; n/D a.0;T .n//

in order to be defi ned on XT . If a.t; n/dt D .@b=@t/.t; n/, then b must also
satisfy the counterpart of (4.30). Set b.0; n/D b0.n/. Then

b.t; n/D

Z t

0

a.t; n/ dt C b0.n/

and hence

b.f .n/; n/D

Z f .n/

0

a.t; n/ dt C b0.n/:

Now Z f .n/

0

a.t; n/ dt D b0.T .n//� b0.n/

and so any tangential 1-coboundary must be of the form

.b0.T .n//� b0.n// dt:

Thus

H 1
� .XT /Š

C.N /

.T � 1/C.N /

and

H 1
� .XT /Š

C.N /

.T � 1/C.N /
:

It is clear then that
H 1

� .XT /
� ŠM.N /T ;

as predicted by Theorem 4.27.
This example generalizes to the case of bundles with discrete structural group,

as follows. Let B be an oriented compact manifold of dimension p with � D
�1.B/ and zB!B the universal cover. Suppose that � acts on a space F . Then
the space

X D zB �� F

is foliated by leaves of dimension p which are the images of zB�fxg for x 2F ;
see (2.2). We may regard differential forms on X as forms !.b;x/ defi ned on
zB �F satisfying the invariance condition

!.
b; 
x/D !.b;x/ for 
 2 �:
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Fix a fundamental domain U in zB. Let ! be a p-form (necessarily closed) and
defi ne

f!.x/D

Z

U

!.b;x/:

If � is an invariant transverse measure on X , then
R
f! d� is independent of

choice of U . If ! is a coboundary, say ! D d� , then

f!.x/D

Z

U

!.b;x/D

Z

@U

�.b;x/

(by Stokes’ theorem) and
Z
f! d� D

Z Z

@U

�.b;x/ d� D

Z

@U

�Z
�.b;x/

�
d� D 0:

for any invariant transverse measure d�, since
R
�.b;x/ is a periodic function

and
R

@U .periodic/ d� D 0.
Suppose that U is suffi ciently well-behaved so that @U consists of 2k piece-

wise smooth hypersurfaces

@U DH C
1
[H �

1 [ � � � [H C
k
[H �

k

and there are elements 
i 2 � which refl ect H C
i and with H �

i and general � .1

Then
Z

@U

�.b;x/D

kX

1

Z

H
C

i

�.b;x/C

Z

�H �
i

�.b;x/;

where �H �
i indicates H �

i with the orientation reserved. Let

gi.x/D

Z

H
C

i

�.b;x/:

Then
Z

@U

�.b;x/D

Z kX

l

gi.x/�gi.
ix/;

1This sort of decomposition is quite familiar in the theory of Riemann surfaces. In general one
may assume that � acts by isometries. Let D be an open dense PL disk in B and let zV be one
component of its preimage. Then U D int.closure. zV // is an open disk in zB with PL boundary
@U . The deck group � acts in PL fashion on @U which decomposes into smooth hypersurfaces.
However, to ensure that � is generated by f
ig which act as refl ections on these hypersurfaces
is a very delicate (and sometimes impossible) matter. The interested reader is referred to [Davis
1983] for a taste of the diffi culty.
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so that terms cancel in pairs under integration with respect to d�. We see from
this analysis that the p-coboundaries correspond to the algebraic sum in C.X /

kX

1

.
i � 1/C.X /;

which is also
.� � 1/C.X /D

X


 2�

.
 � 1/C.X /:

Thus

H p
� .X / Š

C.X /

.� � 1/C.X /
Š

C.X /
Pk

1.
i � 1/C.X /

and

H p
� .X / Š

C.X /

.� � 1/C.X /
Š

C.X /
Pk

1.
i � 1/C.X /

;

which is the predual of MT .X /.

Update 2004

In the course of this book, we always assumed that isotropy groups of the
groupoids were discrete. It is now very clear why that assumption is necessary;
indeed, Crainic and Moerdijk [2001] (see also [Muhly et al. 1987] for defi ni-
tions) prove that for a smooth groupoid G, the following are equivalent:

(1) G is Morita equivalent to a smooth étale groupoid;

(2) All isotropy Lie groups of G are discrete.

They refer to such groupoids as foliation groupoids and observe that any fo-
liation groupoid defi nes a foliation on the unit space G0. (These are foliated
manifolds; we don’ t know if the analogous theorem for foliated spaces is true.)
They then prove that if G and H are Morita equivalent foliation groupoids then

HC�.C
1
c .G//ŠHC�.C

1
c .H //;

where HC� denotes cyclic homology, and similarly for Hochschild and periodic
cyclic homology, and this result is established via explicit formulas. This is a
very nice complement to the work of Brylinski and Nistor [1994] on the cyclic
cohomology of étale groupoids.



CHAPTER V

Characteristic Classes

In this chapter we mimic as closely as possible [Milnor and Stasheff 1974],
itself an exposé of the Chern–Weil construction of characteristic classes in terms
of curvature forms. See also [Dupont 1978; Husemoller 1975; Lawson and
Michelsohn 1989; de Rham 1955].

The Chern–Weil procedure begins with a vector bundle with a certain struc-
tural group G. In our situation we consider complex (tangentially smooth) bun-
dles with structural group GL.n;C/, real vector bundles with structural group
GL.n;R/, and oriented real even-dimensional vector bundles with structural
group SO.2n/. Choose a tangential connection r, see below, that respects the
structure. The associated curvature form K determines a closed tangential 2-
form whose tangential cohomology class is independent of choice of the connec-
tion. Then any polynomial or formal power series P which is G-invariant deter-
mines a characteristic form. In the case X DM is a manifold with FX D TM

then this yields the usual characteristic classes in de Rham cohomology H �.M /.
We shall assume throughout that all bundles over foliated spaces are tangen-

tially smooth and that leaf-preserving maps between foliated spaces are also
tangentially smooth; this is not a real restriction, in view of our smoothing
results (Proposition 2.16). We use Milnor and Stasheff’s sign conventions for
characteristic classes.

Let E ! X be a (tangentially smooth) complex n-plane bundle over the
foliated space X , and let F�

C
D HomR.F;C/ be the complexifi ed dual tangent

bundle of the foliated space X .

Defi nition 5.1. A tangential connection on E! X is a C-linear mapping

r W �� .E/! �� .F
�
C
˝E/

which satisfi es the Leibnitz formula

r.f s/D df ˝ sC f r.s/

for every s 2 �� .E/ and every f 2 C 1
� .X;C/. The image r.s/ is called the

tangential covariant derivative of s.

Equivalently, we may regard r as a bilinear map

�� .FC/��� .E/! �� .E/

109
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with
rf v.s/D f rv.s/ for v 2 FC

and

rv.gs/D vg � sCgrv.s/ for f;g 2 C 1
� .X / and s 2 �� .E/:

One may regard r as a map between the Lie algebras �� .FC/ (with Lie
bracket) and Hom.�� .E/; �� .E// (with bracket corresponding to AB�BA for
matrices). Thus

r W �� .FC/! Hom.�� .E/; �� .E//:

Note that r is not generally a Lie algebra homomorphism.
The correspondence s 7! r.s/ decreases supports; that is, if the section s

vanishes throughout an open subset U � X , then r.s/ vanishes throughout U

also. For given x 2 U we can choose a tangentially smooth function f which
vanishes outside U and is identically 1 near x. The identity

df ˝ sC f r.s/Dr.f s/D 0

evaluated at x shows that r.s/ vanishes at x.
Since a connection is a local operator (i.e., it decreases supports), it makes

sense to talk about the restriction of r to an open subset of X . If a collec-
tion of open sets U˛ covers X , then a global tangential connection is uniquely
determined by its restrictions to the various U˛ .

If the open set is small enough that EjU is trivial, � .EjU / is a free C 1
� .X /-

module with basis s1; : : : ; sn, say. Tangential connections may be constructed
as follows.

Proposition 5.2. Let Œ!ij �1�i; j�n be an arbitrary n � n matrix of tangentially
smooth complex 1-forms on U . Then there is a unique tangential connection r
on the trivial bundle EjU such that

r.si/D
X

!ij ˝ sj :

Proof. The connection r is determined uniquely by the formula

r

�X

i

fisi

�
D
X

i

�
dfi ˝ si C fir.si/

�
: ˜

Henceforth, we assume that all tangential connections are given locally as
differential operators, as in the preceding proposition.

There is exactly one tangential connection on a coordinate patch such that the
tangential covariant derivatives of the si are all zero; or in other words so that
the connection matrix is zero. It is given by

r

�X

i

fisi

�
D
X

i

dfi ˝ si :
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This particular “fl at” connection depends of course on the choice of basis fsig.
If r1 and r2 are tangential connections on E and g is a tangentially smooth

complex-valued function on X , then the linear combination gr1C .1� g/r2

is again a well defi ned tangential connection on E.

Proposition 5.3. Every tangentially smooth vector bundle

� WE! X

with paracompact foliated base space possesses a tangential connection.

Proof. Choose open sets U˛ covering X with E jU˛ trivial, and choose a tan-
gentially smooth partition of unity fr˛g subordinate to fU˛g. Each restriction
EjU˛

possesses a connection r˛ by Proposition 5.2. The linear combinationP
˛ r˛r˛ is now a well defi ned global tangential connection. ˜

Given a tangentially smooth map g WX 0!X we can form the induced vector
bundle E0 D g�E. Note that there is a canonical C 1

� .X;C/-linear map

g� W �� .E/! �� .E
0/:

Similarly, any tangentially smooth 1-form on X pulls back to a 1-form on X 0,
so there is a canonical C 1

� .X;C/-linear mapping

g� W �� .F
�
C
˝E/! �� .F

0
C

�
˝E0/:

Proposition 5.4. To each tangential connection r on E there corresponds one
and only one tangential connection r 0Dg�r on g�EDE0 so that the diagram

�� .E/
r- �� .F

�
C
˝E/

�� .E
0/

g�

?
r 0
- �� .F

0
C

�
˝E0/

g�

?

is commutative.

Proof. Let fU˛g be an open cover and fr˛g a tangentially smooth partition of
unity subordinate to a locally fi nite refi nement of the cover fg�1.U˛/g. On a
typical set U˛ , pick sections s1; : : : ; sn with r.si/ D

P
j !ij ˝ sj . Lift the 1-

forms !ij to !0
ij D g�!ij and lift the sections si to s0

i D g�si over g�1.U˛/. If
r 0 exists then

r 0jg�1.U˛/ D
X

j

!0
ij ˝ s0

j ;

which shows uniqueness for r 0. For existence, use the preceding equality to
defi ne the connection r 0jg�1.U˛/ locally, and then defi ne r 0 globally by

r 0 D
X

r˛.r
0jg�1.U˛//: ˜

Given a tangential connection r, we proceed to construct its curvature.
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Proposition 5.5. Given a tangential connection r, there is one and only one
C-linear mapping

yr W �� .F
�
C
˝E/! �� .�

2F�
C
˝E/

which satisfi es the Leibnitz formula

yr.�˝ s/D d�˝ s� � ^r.s/

for every 1-form � and every section s 2 �� .E/. Furthermore, yr satisfi es the
identity

yr.f .�˝ s//D df ^ .�˝ s/C f yr.�˝ s/:

Proof. In terms of a local basis s1; : : : ; sn for the sections, we must have

yr

�X

i

�i ˝ si

�
D
X

i

�
d�i ˝ si � �i ^r.si/

�
:

This formula specifi es yr uniquely. Existence follows from an argument involv-
ing a (tangentially smooth) partition of unity. ˜

The tangential curvature tensor of the tangential connection r is defi ned by

K D yr ır W �� .E/! �� .�
2F�

C
˝E/:

Proposition 5.6. The value of the section K.s/ at x 2 X depends only upon
s.x/, not on the values of s at other points of X . Hence the correspondence

s.x/ 7!K.s/.x/

defi nes a tangentially smooth section of the complex vector bundle

Hom.E; �2F�
C
˝E/Š�2F�

C
˝Hom.E;E/:

Proof. Clearly K is a local operator, and Kf .s/DfK.s/ by direct computation;
K is C 1

� .X;C/-linear. Suppose that s.x/ D s0.x/. In terms of a local basis
s1; :; sn for sections we have

s0� s D
X

i

fisi

near x, where f1.x/D � � � D fn.x/D 0. Hence

K.s0/�K.s/D
X

i

fiK.si/

vanishes at x. This completes the proof. ˜

In terms of a basis s1; : : : ; sn for the sections EjU , with

r.si/D
X

j

!ij ˝ sj ;
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we have

K.si/D yr

�X

j

!ij ˝ sj

�
D
X

j

˝ij ˝ sj ;

where ˝ is the n� n matrix of 2-forms given by

˝ij D d!ij �
X

˛

!i˛ ^!˛j ;

or

˝ D d! �! ^!

in matrix form.
Recall that r may be regarded as a linear map

r W � .FC/! Hom.�� .E/; �� .E//:

Then the curvature K may be regarded as

K DKr W �� .FC/��� .FC/! Hom.�� .E/; �� .E//;

where Kr is given by the formula

Kr Drvrw �rwrv �rŒv;w�:

Thus the curvature is the obstruction to r being a Lie algebra homomorphism:
if the connection is fl at then r is a Lie algebra homomorphism and K � 0.

Starting with the tangential curvature tensor K, we construct tangential char-
acteristic classes as follows. Recall that Mn.C/ denotes the algebra consisting
of all n� n complex matrices.

Defi nition 5.7. An invariant polynomial on Mn.C/ is a function

P WMn.C/! C

which may be expressed as a complex polynomial in the entries of the matrix
and satisfi es

P .X Y /D P .YX /

for all matrices X;Y , or equivalently

P .TX T �1/D P .X /

for all X and for all nonsingular matrices T . .The structure group is, of course,
GL.n;C/./

The trace and determinant functions are well-known examples of invariant
polynomials on Mn.C/.

If P is an invariant polynomial, then an exterior form

P .K/ 2 �� .�
�F�

C
/D

L
m �� .�

mF�
C
/
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is defi ned as follows. Choose a local basis s1; : : : ; sn for the sections in a neigh-
borhood U of x, so that

K.si/D
X

j

˝ij ˝ sj :

The matrix ˝ D Œ˝ij � has entries in the commutative algebra over C consisting
of all exterior forms of even degree. It makes good sense to form P .˝/. This
lies a priori in ˝�

� .U / but patches together to form P .K/ 2 ˝�
� .X /, since a

change of basis will replace ˝ by a matrix T˝T �1 and P .T˝T �1/DP .˝/.
If P is a homogeneous polynomial of degree r then P .K/ 2˝2r

� .X /. If P

is an invariant formal power series of the form

P D P0CP1C � � � ;

where each Pr is an invariant homogeneous polynomial of degree r , then P .K/

is still well-defi ned since Pr .K/D 0 for 2r > p (the leaf dimension).

Lemma 5.8 (Fundamental Lemma). For any invariant polynomial (or invariant
formal power series) P , the exterior form P .K/ is closed; that is, dP .K/D 0.
Thus P .K/ represents an element ŒP .K/� in the tangential de Rham cohomol-
ogy group H �

� .X IC/.

Proof. We summarize the proof found in [Milnor and Stasheff 1974, p. 296–
298]. Given any invariant polynomial or formal power series P .A/DP .ŒAij �/

form the matrix Œ@P=@Aij � of formal fi rst derivatives and let P 0.A/ denote the
transpose of this matrix. Let ˝ D Œ˝ij � be the curvature matrix with respect to
some basis for the restriction of the bundle to U . Then

dP .˝/D
X @P

@˝ij
d˝ij D Trace.P 0.˝/d˝/:

Since ˝ D d! �! ^!, taking exterior derivatives yields the Bianchi identity

d˝ D ! ^˝ �˝ ^!:

The matrix P 0.A/ commutes with A, and hence

˝ ^P 0.˝/D P 0.˝/^˝:

Now

dP .˝/D trace..P 0.˝/^!/^˝ �˝ ^ .P 0.˝/^!//

D
X

.P 0.˝/^!/ij ^ j̋ i � j̋ i ^ .P
0.˝/^!/ij :

Since each .P 0.˝/ ^ !/ij commutes with the 2-form j̋ i , this sum is zero,
which proves the lemma. ˜

Corollary 5.9. The cohomology class ŒP .K/� 2 H �
� .X / is independent of the

choice of tangential connection r.



V. CHARACTERISTIC CLASSES 115

Proof. Let r0 and r1 be two different tangential connections on E. Map X �R

to X by the projection .x; t/ 7! x and form the induced bundle E0 over X �R,
the induced tangential connections r 0

0
and r 0

1
and the linear combination

r D tr 0
1C .1� t/r 0

0:

Thus P .Kr/ is a tangential de Rham cocycle on X �R (foliated of dimension
pC 1).

Consider the map i� W x 7! .x; �/ from X to X �R, where � equals 0 or 1.
Evidently the induced tangential connection .i�/�r on .i�

� /E
0 may be identifi ed

with the tangential connections r� on E. Therefore

.i�
� /.P .Kr//D P .Kr�

/:

But the mappings i0 and i1 are homotopic and hence

ŒP .Kr0
/�D ŒP .Kr1

/�: ˜

The polynomial P determines a tangential characteristic cohomology class
in the group H �

� .X IC/, which depends only upon the isomorphism class of the
vector bundle E. If a tangentially smooth map g W X 0 ! X induces a bundle
E0 D g�E with induced tangential connection r 0, then clearly

P .Kr0/D g�P .Kr/:

Thus these characteristics classes are well behaved with respect to induced bun-
dles.

The entire treatment may be repeated for real vector bundles, and one ob-
tains characteristic cohomology classes ŒP .K/� 2H �

� .X IR/ for any GL.n;R/-
invariant polynomial P on Mn.R/.

For any square matrix A, let �k.A/ denote the k-th elementary symmetric
function of the eigenvalues of A, so that

det.I C tA/D 1C t�1.A/C � � �C tn�n.A/:

Newton’s Theorem [Milnor and Stasheff 1974, p. 299] asserts that any invariant
polynomial on Mn.C/ can be expressed as a polynomial function of �1; : : : �n.

Defi nition 5.10. Let E be a tangentially smooth complex vector bundle with
tangential connection r. The tangential Chern classes c�

m.E/ are defi ned for
mD 1; 2; : : : by

c�
m.E/D .2� i/�m Œ�m.Kr/� 2H 2m

� .X IC/:

The tangential Chern classes do not depend on the choice of tangential con-
nection, by Corollary 5.9. The fact that any invariant polynomial on Mn.C/ can
be expressed as a polynomial function of �1; : : : ; �n implies that any character-
istic class c D ŒQ.K/� can be expressed as a polynomial in the Chern classes.
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If g WX 0!X is a tangentially smooth map, then

g�c�
m.E/D c�

m.g
�E/

by Proposition 5.4. If E has a fl at tangential connection, all characteristic classes
vanish and in particular c�

m.E/D 0.
If X DM is a compact smooth manifold foliated by one leaf, then a tangential

connection is a connection, tangential curvature is curvature, and

c�
m.E/D cm.E/ 2H 2m.M IC/ I

the tangential Chern classes are Chern classes. In general, however, this cannot
be the case. If X is a compact foliated space with leaves of dimension p, then
H m

� .X IC/D 0 for m > p, so c�
m.E/D 0 for 2m > p. On the other hand, the

ordinary Chern classes cm.E/ (defi ned topologically, since we do not assume
that X is a manifold) need not vanish. The following proposition explains the
relation between the cm and the c�

m.

Proposition 5.11. Let E be a tangentially smooth complex vector bundle over a
compact foliated space X . Then

c�
m.E/D r�cm.E/;

where r� WH
�.X IC/!H �

� .X IC/ is the canonical map.

Proof. Since X is compact there is a compact Grassmann manifold Gk.C
nCk/

with universal n-plane bundle En and a continuous map g W X ! Gk.C
nCk/

(which we may assume to be tangentially smooth) such that E D g�En. Let r
be a connection on En, so that

cm.E
n/D .2� i/�mŒ�m.Kr/� 2H 2m.Gk.C

nCk/IC/:

If r 0 D g�r is the induced tangential connection on X , then

cm.E/D g�cm.E
n/D .2� i/�mg�Œ�m.Kr/�:

To complete the proof, then, we need only show that the diagram

H 2m.Gk.C
nCk/IC/

r�

Š
- H 2m

� .Gk.C
nCk/IC/

H 2m.X IC/

g�

?
r� - H 2m

� .X IC/

g�

?

commutes; this follows from the naturality of r . ˜

Corollary 5.12. The tangential Chern classes satisfy the following properties:

(1) If g WX 0!X is tangentially smooth, then

g�c�
m.E/D c�

m.g
�E/:
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(2) c�
m.E˚E0/D

Pm
iD0 c�

i .E/c
�
m�i.E

0/.

(3) If E is a line bundle, then c�
0
.E/D 1 and

c�
m.E/D 0 for m> 1:

(4) If E is of dimension n, then c�
m.E/D 0 for m> n.

(5) If E has a tangentially fl at connection, then c�
m.E/D 0 for all m.

Proof. We have observed (1) and (5) previously. The rest follows from the anal-
ogous properties of Chern classes and the fact that r� WH

�.X IC/!H �
� .X IC/

is a ring map. ˜

There are several important combinations of Chern classes. Here are two of
them. The tangential Chern character

ch� .E/ 2
L

m H 2m
� .X IC/

is the characteristic class associated to the invariant formal power series

(5.13) ch� .A/D trace.eA=2� i/:

The tangential total Chern class of E is the formal sum

(5.14) c� .E/D 1C c�
1.E/C c�

2.E/C � � � ;

which lies in ˚H 2m
� .X IC/, and satisfi es

c� .E˚E0/D c� .E/c� .E0/:

It corresponds to the invariant polynomial det.I CA=2� i/.
Let �i be the elementary symmetric polynomials and let si be the universal

polynomials determined inductively by Newton’s formula

�n� �1sn�1C �2sn�2� � � � � �n�1s1˙ n�n D 0:

For example,

s1.�1/D�1; s2.�1; �2/D�
2
1�2�2; s3.�1; �2; �3/D�

3
1�3�1�2C3�3:

Proposition 5.15. The tangential Chern character has the following properties:

(1) ch� .E/D nC

1X

kD1

sk.c
� .E//

k!
, where nD dim E. In particular, if E is a
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line bundle, then

ch� .E/D

1X

kD0

c�
1
.E/k

k!
D exp.c�

1.E//:

(2) ch� .E˚E0/D ch� .E/C ch� .E0/.

(3) ch� .E˝E0/D ch� .E/ ch� .E0/.

(4) ch� WK0.X /!˚mH 2m
� .X IC/ is a ring map.

In anticipation of index theory needs, we extend the tangential Chern char-
acter to K1.X / by defi ning

ch� WK1.X / �!
L

m H 2m�1
� .X IC/

to be the composite

ch� WK1.X /ŠK0.SX /
ch�
�!

L
m H 2m

� .SX IC/
Š
�!

L
m H 2m�1

� .X IC/;

where SX is the suspension of X . Then we note:

Proposition 5.16. The tangential Chern character commutes with coboundary
maps. Specifi cally, if .X;A/ is a cofi bration pair and @ represents the cobound-
ary homomorphism in the associated long exact sequences in K-theory and
tangential cohomology, then there is a commutative diagram

K1.A/
@ - K0.X=A/

L
m H 2m�1

� .AIC/

ch�

?
@- L

m H 2m
� .X=AIC/

ch�

?

Proof. The map ch� commutes with the suspension isomorphism, essentially
by defi nition, and this is equivalent to commuting with coboundary maps [May
1999, p. 144]. ˜

As an example we compute the Chern classes of the canonical bundles of CPn

(regarded as a foliated space with one leaf). Let E be the canonical complex line
bundle over CPn and D its orthogonal complement, so that E˚DDCPn�CnC1

(the trivial complex .nC 1/-plane bundle). A geometric argument, which we
omit, implies that the tangent bundle of CPn (a complex n-plane bundle, as CPn

is a complex manifold) satisfi es T .CPn/Š Hom.E;D/. Then

T .CPn/˚ .CPn �C/Š Hom.E;D˚ .CPn �C//

Š Hom.E;CPn �C
nC1/

ŠE˚ � � �˚E;
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where E is the conjugate bundle of E. In general we have

ck.E/D .�1/kck.E/

for any bundle E. Thus

c.T .CPn//D c.T .CPn/˚ .CPn �C //

D c.E˚ � � �˚E/ .nC 1 times/

D c.E/nC1

D
�
1C c1.E/

�nC1

D
�
1� c1.E/

�nC1
:

For example, if nD 1 so that CPn D CP1 D S2 then

c.T .S2//D
�
1� c1.E/

�2
D 1� 2c1.E/:

The classes c1.E/
k vanish for k > 1 since H 2k.S2/ D 0 for k > 1. Thus

c1.T .S
2//D�2c1.E/. Similarly,

c.T .CP2//D 1� 3c1.E/C 3c1.E/
2:

For real vector bundles we may use real tangential connections or else com-
plexify. If E is a real tangentially smooth n-plane vector bundle with com-
plexifi cation EC, then ci.EC/ D 0 in H 2i.X IC/ for i odd (see [Milnor and
Stasheff 1974, p. 174]), and hence c�

i .EC/D 0 for i odd. Defi ne the tangential
Pontryagin classes p�

i .E/ by

p�
i .E/D .�1/ic�

2i.EC/ 2H 4i
� .X IC/:

Defi ne the tangential total Pontryagin class to be the unit

p� .E/D 1Cp�
1.E/C t�

2 .E/C � � �

We may regard p�
i .E/2H 4i

� .X / as the image of .�1/ic2i.E/2H 4i.X IZ/ via
the topological defi nition. The following properties of the tangential Pontrya-
gin classes follow immediately from the corresponding properties of tangential
Chern classes.

Proposition 5.17. For each tangentially smooth real vector bundle E over a
compact foliated space X there are tangential Pontryagin classes p�

i .E/ 2

H 4i
� .X / satisfying the following properties:

(1) If g WX 0!X is tangentially smooth then g�p�
i .E/D p�

i .g
�E/:

(2) p�
m.E˚E0/D

mX

iD0

p�
i .E/p

�
m�i.E

0/ .p�
0 D 1/:

(3) If E is of real dimension n then p�
i .E/D 0 for i > n=2.
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(4) The total tangential Pontryagin class

p� .E/D 1Cp�
1.E/Cp�

2.E/C � � �

corresponds to the invariant polynomial det
�
I C

A

2�

�
.

To complete our discussion of characteristic classes it remains to defi ne the
tangential Euler class. For this we need to assume given a tangential Riemannian
metric; that is, each leaf of X is given a smooth Riemannian metric which varies
continuously in the transverse direction. Recall that a tangential connection on
F� is if the composition

�� .F
�/

r- �� .F
�˝F�/ -̂ �� .�

2F�/

is equal to the exterior derivative d .

Proposition 5.18. The dual tangent bundle F� possesses one and only one sym-
metric tangential connection which is compatible with its tangential Riemannian
metric.

This preferred tangential connection r is called the Riemannian or Levi–Civita
tangential connection.

Proof. Let s1; : : : ; sn be an orthonormal basis for �� .F
� jU /. There is one and

only one skew-symmetric matrix Œ!kj � of 1-forms such that

dsk D
X

j

!kj ^ sj :

(See [Milnor and Stasheff 1974, p. 302–303]). Defi ne the tangential connection
r over U by

r.sk/D
X

j

!kj ˝ sj

and extend by partitions of unity to all of X . ˜

Let E be an oriented tangentially smooth real 2n-plane bundle with a tangen-
tial Riemannian metric. Choose an oriented orthonormal basis for the sections
�� .EjU / for some coordinate patch U . Then the tangential curvature matrix ˝
obtained from a symmetric tangentially smooth connection is skew-symmetric.
There is a unique polynomial with integer coeffi cients on skew-symmetric ma-
trices, called the Pfaffi an and written Pf, with the property that

Pf.A/2 D det A

and
Pf.diag.S;S; : : : ;S//D 1:

The Pfaffi an satisfi es the invariance condition

Pf.BABt /D Pf.A/ det B
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and is hence SO.2n/-invariant. (See [Milnor and Stasheff 1974, p. 309–310] for
the linear algebra we omit.) Thus Pf.˝/ 2 ˝2n

� .U / makes sense. Choosing a
different oriented orthonormal basis for the sections over U , this exterior form
will be replaced by Pf.B˝Bt/, where the matrix B is orthogonal .B�1 D Bt /

and orientation-preserving .det.B/ D 1/. Thus these local forms coalesce to
create a global 2n-form

Pf.K/ 2˝2n
� .X /:

As before, this class is a cocycle and hence represents a tangential characteristic
cohomology class. It is convenient to normalize. Defi ne the tangential Euler
class e� .E/ by

(5.19) e� .E/D ŒPf.K=2�/� 2H 2n
� .X IR/

The tangential Euler class is well-defi ned and independent of choice of sym-
metric tangential connection. Here are its elementary properties.

Proposition 5.20. Each 2n-dimensional oriented tangentially smooth real vec-
tor bundle E with a tangential Riemannian metric over a compact foliated space
X has an associated tangential Euler class

e� .E/ 2H 2n
� .X IR/;

which is of the form e� .E/D ŒPf.K/=2�� and is independent of choice of sym-
metric connection. Further:

(1) If g WX 0!X is tangentially smooth then g�e� .E/D e� .g�E/.

(2) e� .E˚E0/D e� .E/e� .E0/.

(3) If E has a nowhere zero tangentially smooth section then

e� .E/D 0:

(4) The tangential Pontryagin class p�
n.E/ is equal to the square of the tan-

gential Euler class e� .E/:

p�
n.E/D e� .E/2:

(In topological treatments of characteristic classes matters are somewhat dif-
ferent. Classes take values in integral cohomology and may very well be torsion
classes. The resulting formulas are more complicated. Our classes are the im-
ages of those under

H �. � IZ/!H �
� . � /:

In the Chern–Weil approach the classes take values in cohomology with real or
complex coeffi cients, so torsion has been destroyed. There is apparently no way
known of showing directly from the Chern–Weil approach that Chern classes
are integral cohomology classes; proofs known to us rely on the topological
construction or on Hodge theory.)
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Recall that for any compact foliated space X we have defi ned the tangential
Chern character

ch� WK0.X /!
L

m H 2m
� .X IC/

to be that map which, in the Chern–Weil setting, arises from the invariant poly-
nomial Trace.eA=2� i/. The map ch� is a ring map and it extends to a natural
transformation of Z=2-graded functors

ch� WK�.X /!H ��
� .X IC/;

where H ��
� is the Z=2-graded functor

H ��
� D H even

� ˚H odd
� D

�L
m H 2m

�

�
˚
�L

m H 2mC1
�

�

We recall a fact from classical algebraic topology about compact spaces that
are not foliated and the classical Chern character. The cohomology groups being
used are ordinary Čech cohomology.

Proposition 5.21. If X is a compact space then

ch˝1 WK�.X /˝Q!H ��.X IQ/

is an isomorphism of Q-algebras.

Proof. This theorem is established for X a fi nite complex by Atiyah and Hirze-
bruch [1961] in one of the very fi rst papers on topological K-theory. The gen-
eralization to compact spaces is routine: write the space as an inverse limit of
fi nite complexes [Eilenberg and Steenrod 1952] and observe that both sides take
inverse limits to direct limits. ˜

Rationalizing is essential: the natural map ch WK0.S2n/!H 2n.S2nIZ/ is
one-to-one but not onto.

Lest the reader fall into an obvious trap, we note that the natural map

ch� ˝1 WK�.X /˝C!H ��
� .X IC/

is not an isomorphism in general for foliated spaces, or even for foliated mani-
folds. In the diagram

K�.X /˝C
ch˝1

Š
- H ��.X IC/

H ��
� .X IC/

r�

?
ch �
˝1 -

only ch˝1 is an isomorphism, since r� is neither injective nor surjective in
general.
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Next we consider Thom isomorphisms. Recall (Theorem 3.30) that if X is
a compact foliated space and if E ! X is a tangentially smooth oriented real
n-plane bundle then there is a unique Thom class

uE 2H n
�c.E/

and a Thom isomorphism

˚� WH
k
� .X /

Š- H kCn
�c .E/

given by
˚� .!/D uE!:

The same result holds in ordinary cohomology. Precisely, there is a Thom class
QuE 2H n

c .E/ and a Thom isomorphism

(5.22) ˚ WH k.X /
Š- H kCn

c .E/

given by
˚.!/D QuE!:

The proof of this is essentially identical to that of the tangential Thom isomor-
phism [Bott 1969, ~~6 and 7]. Further, the restriction map r� WH

�
c .E/!H �

�c.E/

respects Thom classes:
r�. QuE/D uE

and hence there is a commutative diagram

H k.X /
r�- H k

� .X /

H kCn
c .E/

˚
?

r�- H kCn
�c .E/:

˚�
?

There is also a Thom isomorphism in K-theory. To obtain it, however, it
is necessary to assume that the structural group of the bundle reduces to the
group spinc . (This is slightly more than orientability.) For instance, it suffi ces
to assume that E!X is a complex vector bundle (which is all we shall require).

If E ! X is indeed a spinc-bundle of even real dimension then there is a
K-theory Thom class

uK
E 2K0.E/:

(This means K-theory with compact supports: K0.E/ D zK0.EC/.) Further,
multiplication by this class induces an isomorphism

(5.23) ˚K WK
0.X /!K0.E/

given by
˚K .x/D uK

E x:
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(For the proof of this theorem the reader may consult [Atiyah et al. 1964],
[Atiyah 1967] and [Karoubi 1978].) All three Thom isomorphisms extend to
the case X locally compact; see [Karoubi 1978].

It would be natural to suppose that Thom isomorphisms commute with the
Chern character, i.e., that the diagram

K0.X /
ch�- H ��

�c .X /

K0.E/

˚K
?

ch�- H ��
�c .E/

˚�

?

would commute. Denote by 12K0.X / the class of the complex one-dimensional
trivial bundle over X , which is the identity of K0.X /. Then

ch� ˚K .1/D ch� .u
K
E /; ˚� ch� .1/D ˚� .1/D uE :

Thus commutativity boils down to the relation between the cohomology Thom
class uE and the Chern character of the K-theory Thom class ch� .u

K
E
/: the

diagram commutes if and only if

uE D ch� .u
K
E /:

Generally these classes are not equal. Defi ne the tangential Todd class

Td� .E/ 2H ��
� .X /

by the formula

(5.24) Td� .E/D Œ˚
�1
� .ch� .u

K
E //�

�1:

Thus
Td� .E/D 1, u�

E D ch.uK
E /:

Our defi nition is of course modeled after the classical Todd class which is de-
fi ned by

Td.E/D Œ˚�1.ch.uK
E //�

�1 2H ��.X /

so that
Td.E/D 1, QuE D ch.uK

E /:

We list the elementary properties of the tangential Todd class. Recall that

r� WH
�.X /!H �

� .X /

is the restriction map.

Proposition 5.25. The tangential Todd class has the following properties:

(1) r� Td.E/D Td� .E/.

(2) Td� .E˚E0/D Td� .E/Td� .E
0/.
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(3) If f WX ! Y is a tangentially smooth map and E! Y is a tangentially
smooth bundle then

Td� .f
�E/D f � Td.E/:

(4) Td� is the tangential characteristic class associated with the invariant
power series

x

1� e�x
:

Proof. The fi rst property follows from the fact that r� QuE D uE . The remaining
properties may be proved directly or deduced form the analogous properties of
the classical Todd class as in [Karoubi 1978, p. 285]. ˜

Note that Td.E/ is a unit in the ring H ��.X /. Let E0 be a real bundle such
that E˚E0 is a trivial bundle. Then

1D Td.E˚E0/ since Td.1/D 1

D Td.E/Td.E0/ by .1/:

It is customary to defi ne the Todd genus of a smooth manifold M by

Td.M /D Td.TM ˝C/

and following custom we defi ne the tangential Todd genus of a foliated space
X by

(5.26) Td� .X /D Td� .FX ˝C/:

We emphasize that we may regard classes such as Td� .X / as tangential forms
in ˝�

� .X / given by certain universal polynomials in the tangential curvature
form KE . Given a tangential connection, these forms are uniquely defi ned (not
just up to cohomology class). Changing the tangential connection changes the
form but preserves the cohomology class of the form.

We may see the Todd class very explicitly. The power series x=.1 � e�x/

expands as

x

1� e�x
D 1C

1

2
x C

1X

sD1

.�1/s�1 Bs

.2s/!
x2s;

where Bs 2 Q is the s-th Bernoulli number (see [Milnor and Stasheff 1974,
Appendix]):

B1 D 1=6; B5 D 5=66;

B2 D 1=30; B6 D 691=2730;

B3 D 1=42; B7 D 7=6;

B4 D 1=30; B8 D 3617=510:
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For example, if X is a foliated space with leaf dimension p�8 then H k
� .X /D0

for k > 8 and the polynomial has the form

1C
1

2
xC

B1

2
x2�

B2

24
x4 DD 1C

x

2
C

1

12
x2�

1

720
x4:

Thus if E is a complex line bundle over X then

Td� .E/D 1C 1
2

c�
1.E/C

1
12

c�
1.E/

2� 1
720

c�
1.E/

4:

This is a nonhomogeneous class, sitting as is usual in the group

H even
� .X /D

L
m H 2m

� .X /:

For instance, let X DM DCP2 with canonical complex line bundle E1 and
write ! DK=.2� i/. Then

c.T CP2/D 1� 3!C 3!2:

The Chern character and Todd class are given at the form level by

ch.T CP2/D 2� 3!C 3
2
!2 and Td.T CP2/D 1� 3

2
!C!2:

We follow the usual convention in interpreting expressions of the type
R
! d�,

where ! is a nonhomogeneous form; take the part of ! which lies in ˝p and
ignore the rest. For instance,

Z
Td� .E/ d�

is to be understood as follows: write Td� .E/ D
P

Tdm
� .E/, where Tdm

� .E/ 2

H m
� .X /, and defi ne

Z
Td� .E/ d� �

Z
Tdp

� .E/ d�:

Finally, note that if M is a foliated manifold with tangent bundle TM and
foliation bundle FM then the normal bundle to the foliation NM D TM=FM

has a fl at connection in the leaf direction and so its relevant characteristic classes
vanish. Thus if ! is any tangential cohomology class, then

Z
! Td.M / d� �

Z
! Td.TM / d� D

Z
! Td.FM / d�

and so we may use Td.M / and Td.FM / interchangeably in index formulas.
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Update 2004

Were we to be writing the book afresh we would have to talk about cyclic
cohomology at some length, even though strictly speaking it is not necessary for
the presentation of this Index Theorem. For a recent elementary introduction
showing cyclic theory in context, we recommend [Khalkhali 2004]. There are
several books on the subject; we recommend [Loday 1998] for a very detailed
and explicit exposition. However, it is probably better to learn as you go.





CHAPTER VI

Operator Algebras

We turn now to the discussion of operator algebras that can be associated with
groupoids and in particular to the groupoid of a foliated space. For this discus-
sion we start with a locally compact second countable topological groupoid G

and we assume given a continuous tangential measure � (see Chapter IV for the
defi nition). Thus for each x in the unit space X of G we have a measure �x

on Gx D r�1.x/ with certain invariance and continuity properties as described
in Chapter IV. For the moment we do not need to assume that the groupoid
has discrete holonomy groups as in Chapter IV, but all the examples and all the
applications will satisfy this condition. If in addition the support of the measure
�x is equal to r�1.x/, as is usual in our examples, then � is called a Haar system.

In this chapter we construct the C �-algebra of the groupoid and we determine
this algebra in several important special cases. (As general references for C �-
algebras, we recommend [Davidson 1996; Fillmore 1996; Arveson 1976; Ped-
ersen 1979].) We describe the Hilsum–Skandalis stability theorem. Assuming
a transverse measure, we construct the associated von Neumann algebra and
develop its basic properties and important subalgebras. This leads us to the
construction of the weight associated to the transverse measure; it is a trace if
and only if the transverse measure is invariant. Finally, we introduce the K-
theory index group K0.C

�
r .G// and construct a partial Chern character

c WK0

�
C �

r .G.X //
�
!M T .X /� ŠH p

� .X /;

given explicitly as follows. If Œu� 2K0

�
C �

r .G.X //
�

and � is an invariant trans-
verse measure with associated trace �� then

c.Œu�/.�/D �n
� .e�f /;

where e and f are suitably chosen projections in C �
r .G.X //

C˝Mn whose dif-
ference represents u and �n

� D���Tr. The partial Chern character applied to the
symbol of a tangential, tangentially elliptic operator D yields the cohomology
analytic index class Œ�D � 2H

p
� .X /.

We shall fi rst review the construction of a C �-algebra associated to the pair
.G; �/ [Connes 1979; Renault 1980]. Suppose fi rst that G is Hausdorff. On the
space Cc.G/ of continuous compactly supported functions on G one defi nes a

129
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multiplication and an involution:

(6.1)
.f �g/.u/D

Z
f .v/g.v�1u/ d�r.u/.v/;

f �.u/D f .u�1/:

That these defi ne an associative algebra with involution on Cc.G/ is a straight-
forward calculation paralleling the case when G is a locally compact group,
[Pedersen 1979, p. 233]. The invariance property of tangential measures allows
one to rewrite the convolution as

.f �g/.u/D

Z
f .uv/g.v�1/d�s.u/.v/:

In the case when G is an equivalence relation R on a space X , then a tangen-
tial measure is simply a measure �x for each x 2X such that �x D �y if x� y.
Functions on G DR are viewed as partially defi ned functions of two variables,
and the formulas become

.f �g/.x; z/D

Z
f .x;y/g.y; z/ d�x.y/;

f �.x;y/D f .y;x/;

where in the fi rst formula �x could be �y or �z as x, y, and z in the formula
are all in the same equivalence class.

There are two ways to norm the involutive algebra Cc.G/. The fi rst norm is
constructed as follows. For each x 2X there is a natural homomorphism

�x W Cc.G/ �!B.L2.Gx; �x
G.X ///

into the algebra of bounded operators on the Hilbert space L2.Gx; �x
G.X /

/ de-
fi ned essentially by convolution:

(6.2) .�x.f /�/.u/D

Z
f .u�1v/�.v/ d�x.v/:

The integral is clearly well defi ned for � 2 L2.Gx; �x
G.X /

/ and f 2 Cc.G/,
and it yields a bounded operator �x.f / on L2.Gx; �x

G.X /
/. That �x defi nes a

�-homomorphism is likewise easily checked. Note that formula (6.2) displays
�x.f / in effect as right convolution by f 0 .D Nf �/, where f 0.u/D f .u�1/.

One norms Cc.G/ by

jf j D supx j�x.f /j:

The completion of Cc.G/ under this norm is virtually by construction a C �-
algebra, for we obtain it by embedding Cc.G/ into bounded operators on a
Hilbert space (the sum of the L2.Gx; �x

G.X /
/) and closing up the image.



VI. OPERATOR ALGEBRAS 131

Defi nition 6.3. The reduced C �-algebra of the groupoid G is the completion of
Cc.G/ with respect to the norm jf j above; it is denoted C �

r .G/.

This construction is analogous to the construction of the reduced C �-algebra
of a locally compact group by closing up the image of the regular representation.
Connes and his students write this algebra as C �.V;F / or C �.V =F / when G

is the graph of a foliated manifold .V;F /.
The second norm on Cc.G/ corresponds to the full C �-algebra of a group.

Namely we fi rst put a kind of an L1 norm on Cc.G/

jf j1 Dmax
˚

supx

R
jf .u/j d�x.u/; supx

R
jf .u�1/j d�x.u/

	
;

so that it becomes a normed �-algebra. Then we form the C �-completion of
this algebra using all bounded �-representations. This is denoted C �.G/ and is
called the full or unreduced C �-algebra of the groupoid. As the representations
�x are among all bounded representations, it is evident that the reduced C �-
algebra C �

r .G/ is a quotient of C �.G/.
As our concern here will be with analysis and differential operators on fo-

liated spaces where the representations �x play the central role, it is evident
that it is the reduced C �-algebra C �

r .G/ rather than the full C �-algebra that
will be the focus of attention. Of course the construction of both C �

r .G/ and
C �.G/ presupposes a tangential measure or a Haar system on the groupoid G.
These algebras can depend on this choice, and if one is being absolutely precise,
the underlying Haar system should be included in the notation. The reader is
referred to [Renault 1980] for a more extended discussion on this point. This
will not be an issue for us because in the fi rst place if � is a tangential measure
(resp. Haar system) and if �0Df �, where f is a continuous everywhere positive
function on G that is constant on the fi bres of the map u! .r.u/; s.u// of G into
X �X , then �0 is also a tangential measure (resp. Haar system). In this case it is
easy to check that the C �-algebras C �

r .G/ and C �.G/ do not depend on whether
one uses � or �0. Secondly, in the case of the graph of a foliated space, there
is as we have already pointed out in Chapter IV (4.20 and remarks following) a
choice of a class of Haar systems (each �x should have a continuous, or even
tangentially C 1, density on the leaves in local coordinates), any two of which
differ like � and �0 above. If the total space of the foliated space is compact one
can also choose the function relating � and �0 to be bounded above and below.

At all events when we speak about C �
r .G/ or C �.G/ in the context of the

graphs of foliated spaces, we shall always understand that standard choice of
Haar system. It is evident that the hypothesis that G be second countable makes
the C �-algebra C �

r .G/ separable.
All of this discussion has assumed that the groupoid G is Hausdorff, but we

know that the groupoid of a foliated space need not be Hausdorff. At all events
the groupoid is locally Hausdorff, so it may be covered by a family of open
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sets each one of which is Hausdorff. We still assume that the space is second
countable. Then as one can take this family to be a countable family fUig, it
is straightforward using standard techniques to see that G is at least a standard
Borel groupoid. (A set E is Borel if and only if E \Ui is Borel for each i .)
This will be useful later when we introduce von Neumann algebras associated
with these groupoids.

It is still quite straightforward to introduce the C �-algebra in the locally Haus-
dorff case. We gave a defi nition in (4.15) of what was meant by a continuous
tangential measure � D f�`g in this situation. Now instead of considering all
continuous compactly supported functions on G, let us consider instead the set
of fi nite linear combinations of functions f D

P
fi , where each fi is a com-

pactly supported function continuous on some open Hausdorff subset Ui of G

extended to be zero on the rest of G. (Note that while fi is continuous on Ui its
extension to G is not in general a continuous function on G.) These functions
can be convolved using the same formulas as in the Hausdorff case to give an
�-algebra. Then one follows the same recipe for norming it and constructing a
separable C �-algebra C �

r .G/.
The C �-algebra associated to the groupoid of a foliated space X plays a key

role in the analysis and geometry of X as we shall see. In particular its K-
theory group K0.C

�
r .G// is the natural place where indices for operators live;

see [Connes and Skandalis 1981; 1984]. One may also think of C �
r .G/ as a

noncommutative replacement for the algebra of functions on the quotient space
X=R, where X is the unit space of G and R is the equivalence relation on X

defi ned by R. For a foliated space this is the space of leaves. Indeed when X=R

is a “good” space such as when G is the groupoid of a foliated space which is a
fi bration, then C �

r .G/ looks very much like C.X=R/, as we shall see presently;
they are in fact stably isomorphic. The interpretation of C �

r .G/ as functions
on the leaf space is enhanced by the following result from [Fack and Skandalis
1982].

Theorem 6.4. If G is the groupoid of a foliated space, then C �
r .G/ is simple as

a C �-algebra if and only if every leaf of the foliated space is dense.

We shall not prove this result except to remark that if ` is a proper closed
leaf, then the representation �x above for any x in ` has a nontrivial kernel so
that C �

r .G/ is not simple.
One of the most important classes of examples of topological groupoids

comes from group actions. Suppose that a locally compact group H acts as
a topological transformation group on a space X with h 2H acting on a point
x 2X denoted h �x. The product space

G DX �H
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becomes in a natural way a groupoid where the product in G, say of .x;g/ and
.y; h/, is defi ned if and only if g �y D x and then

.x;g/ � .y; h/D .x;gh/:

X is the space of units and the range and source maps are given by r.x; h/D x,
s.x; h/D h�1 �x. Then

Gx D f.h;x/ j x fi xed, h arbitrary in H g ŠH:

If u D .g;y/ is an element of G which can multiply Gx on the left, that is
s.u/ D s.y;g/ D g�1y D x, then left multiplication by u maps Gx onto Gy ,
y D g �x and the map is .x; h/ 7! .y;gh/. Now giving a tangential measure or
a Haar system on the groupoid G is giving a measure �x on each Gx which is
invariant under these left multiplications. There is a natural choice in this case,
namely take for �x on Gx 'H , a fi xed left Haar measure on H . Evidently this
tangential measure is continuous in the sense of Defi nition 4.15. This example
is of course the reason one calls such objects Haar systems. Of course, for the
groupoid just defi ned to fall strictly within the context of Chapter IV, where
we assume discrete holonomy groups, the various isotropy groups Hx D fh j

h �x D xg of the action of H on X must be discrete. If for instance H is a Lie
group acting on a manifold X , the action of H will give rise to a foliated space
structure on X only in this case.

In the case of a group H acting on a space X as above, one may form a
C �-algebra, the reduced crossed product algebra of C.X / by H , written

C.X /r o H I

see [Pedersen 1979]. It is clear that the general construction for groupoids should
and does yield the reduced crossed product construction in this case.

Proposition 6.5. If G D X �H for an action of H on X .no assumptions on
isotropy/ then

C �
r .G/ Š C.X /r o H:

Proof. One checks that there are dense subalgebras of both sides that are alge-
braically identical. The algebra C �

r .G/ is obtained by completing in the norm
defi ned by the family of representations �x , for x 2 X . Each of these comes
from a covariant representation of the pair .C.X /;G/ and one has to prove that
these give the same norm as the subfamily of all covariant representations of the
pair used to defi ne the reduced crossed product. We omit the details. ˜

Another, somewhat trivial case, is of interest; let X be locally compact and
let G D X �X be the equivalence relation (principal groupoid) with all points
equivalent. If X is a manifold foliated by one leaf, G is its groupoid. A Haar
system is simply a measure � on X whose support is all of X . Evidently ele-
ments of the dense subalgebra of the defi nition can be realized as integral kernel
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operators on L2.X; �/ with compactly supported kernels. The completion is
obviously all compact operators K on L2.X; �/.

Proposition 6.6. In this case C �
r .G/ŠK .

An important theme in [Feldman and Moore 1977], [Feldman et al. 1978],
and [Ramsay 1982] is that for measured groupoids or equivalence relations, the
special case when the orbits are discrete is much easier to handle and that in
some sense the general case could be reduced to this special case. We want to
see that the same is true in this context. First of all we need a defi nition.

Defi nition 6.7. The (locally Hausdorff ) topological groupoid G has discrete or-
bits if the range and source maps are local homeomorphisms.

It follows that each equivalence class (or leaf) of the associated equivalence
relation is countable and discrete in the relative topology from G (although
not in the relative topology from X ). In this case there is a natural choice of
tangential measure, namely the counting measure on each leaf. It follows from
the defi nition of discreteness that this is a continuous tangential measure, and
so we can defi ne the C �-algebra C �

r .G/.
It is useful to point out that in the case of a principal groupoid, where G is

simply an equivalence relation, that G can be covered by sets of a very simple
kind. For each open set O in X and b be a homeomorphism onto an open subset
of X and then defi ne

U.b;O/D f.x; b.x// j x 2Og:

Proposition 6.8. If the groupoid G is discrete and principal, the sets fU.b;O/g
are open sets and form a cover of G.

The dense subalgebra A of compactly supported functions (or its substitute
in the non-Hausdorff case) can be thought of as generalized matrices especially
if there is no holonomy so that G is a principal groupoid, i.e., an equivalence
relation R. Then as we have already seen the formulas simplify and the product
of two functions on R�X �X is given by

.f �g/.x; z/D
X

f .x;y/g.y; z/;

where the sum is extended over all y which lie in the same class as x and z. The
condition that f and g be compactly supported implies that the sum is fi nite.
Written this way the product really does look like matrix multiplication. When
there is holonomy, multiplication is still given by a sum rather than an integral,
but the sum must include summation (convolution) on the discrete holonomy
groups.

For general groupoids, the process of completing the dense subalgebra A of
functions to obtain C �

r .G/ leads to elements in the C � algebra which cannot be
represented as functions on G. One of the nice features of discrete groupoids is
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that an element of the C �-algebra can be represented by a continuous function
on G, at least if G is Hausdorff.

Proposition 6.9. For f 2A and u 2G,

jf .u/j � jf j;

where jf j D supx j�x.f /j is the C �-norm.

Proof. The representation �x of A in L2.Gx; �x
G.X /

/ in the defi nition of C �
r .G/

is a representation by matrices since Gx is a countable discrete set and �x is
counting measure. It is evident moreover that f .u/ is just one of the matrix
coeffi cients of �x.f /, and so the inequality is obvious. ˜

Thus, any sequence fn in A with a limit in C �
r .G/ must converge uniformly

as continuous functions on G to a limit f , and we have the desired result when
G is Hausdorff. Moreover multiplication of elements of C �

r .G/ is given by the
same “matrix multiplication” formulas for the functions which represent them.
The sums are no longer fi nite but are absolutely convergent, as is easily seen
using the argument of Proposition 6.9. The situation for non-Hausdorff G can
be handed by localization to Hausdorff subsets.

Another feature of the discrete case is that the set of units X is an open subset
of G because r and s are local homeomorphisms. Hence the set of compactly
supported functions Cc.X / is a subset of the algebra A used to defi ne C �.G/.
Moreover it is a subalgebra; elements of Cc.X / correspond to diagonal matrices
in the description above of A as generalized matrices. Hence the C �-algebra
C0.X / becomes a subalgebra of C �

r .G/. If X is compact, as it will be in most
cases, then C0.X /D C.X / has a unit which is also a unit for C �

r .G/.
Finally, suppose that G is discrete and principal — that is, an equivalence

relation and Hausdorff (note that it would be Hausdorff automatically if X it-
self is Hausdorff since G can be mapped continuously into X � X ). In this
case the subalgebra C0.X / of C �

r .G/ has a very special property — namely it
is a diagonal subalgebra of C �

r .G/ in the language of [Kumjian 1986] (and a
Cartan subalgebra in the language of [Renault 1980]). We are inclined to change
terminology and call Kumjian’s diagonal subalgebras Cartan subalgebras.

Defi nition 6.10 [Kumjian 1986]. A Cartan subalgebra B of a unital C �-algebra
A is an abelian subalgebra ( that contains the unit of A) with a faithful condi-
tional expectation P WA!B with the property that the kernel of P is spanned
by all elements a of A such that

(i) aBa� � B,

(ii) a�Ba� B,

(iii) a2 D 0.
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.Kumjian calls these free normalizers of B./ If A is not unital, a Cartan subal-
gebra of A is a subalgebra B such that BC is a Cartan subalgebra of AC, where
. � /C is the operation of appending a unit.

To see that C0.X / is a Cartan subalgebra of C �
r .G/ [Kumjian 1986], one has

to defi ne fi rst a conditional expectation P . If m 2 C �
r .G/, it is represented by

a function on G by Proposition 6.9 and then one restricts the function to the
diagonal to get an element in C0.X /. Next note that free centralizers can be
obtained by taking a function a supported on a set of the form U.f;O/ in G,
where f has no fi xed points and such that

a.x; f .x//a.f .x/; f 2.x//D 0

An easy localization argument shows that any compactly supported function on
G ��X can be written as a fi nite sum of such functions, and hence that there
are enough normalizers to span the kernel of P . Conversely it is evident from
the condition a2D 0 that any such a viewed as a function on G must vanish on
the diagonal and so is in the kernel of P .

Kumjian proves a powerful converse to this exercise. complementing an ear-
lier result of Renault [1980]. Roughly stated it says that every pair .A;B/, where
B is a Cartan subalgebra (diagonal subalgebra in the language of [Kumjian
1986]) arises uniquely from a discrete equivalence relation but with a “twist”
coming from a kind of two cocycle as in [Feldman and Moore 1977; Renault
1980]. In fact the topological objects which classify the pairs .A;B/ are called
twists. We shall not pursue this topic further here as it would take us afi eld.

If G1 and G2 are topological groupoids, their product

G DG1 �G2

is also one. If �i is a Haar system on Gi , for i D 1; 2, clearly we can defi ne
a Haar system �1 � �2 on G D G1 � G2 for if Xi is the unit space of Gi ,
X D X1 � X2 is the unit space of G and the range map r of G is r1 � r2.
Hence r�1.x1;x2/D r�1

1
.x1/� r�1

2
.x2/ and .�1 � �2/

.x1;x2/ is defi ned to be
the product measure. The following is then straightforward.

Proposition 6.11. C �
r .G1 � G2/ Š C �

r .G1/˝ C �
r .G2/, where ˝ denotes the

minimal or spatial tensor product.

Proof. If Ai ;A are the algebras of functions on Gi ;G used to defi ne these C �-
algebras, it is evident that the algebraic tensor product A1˝A2 can be identifi ed
as a dense subalgebra of A. The completions C �

r .Gi/ are defi ned by a family of
� representations �xij

.xij 2Xi/ and it is clear that the completion C �
r .G/ can

be defi ned exactly by the family of tensor products �x1;j
˝ �x2;j

. The result
follows. ˜

As a corollary of this, suppose that G1 is a groupoid and that G2DX2�X2 is
a groupoid of the type in Proposition 6.6, for instance the groupoid of a manifold
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X2 foliated by a single leaf. Then form G DG1�G2. If for instance G1 is the
groupoid of a foliated space X1 and X2 is a fi xed manifold foliated as a single
leaf, then G is the groupoid of the foliated space X DX1�X2, where the leaves
of X are `�X2, where ` is a leaf in X1. In other words we have fattened up the
leaves of X1 by crossing with a fi xed manifold. The foliated spaces X1 and X

have the same transversal structure. As a consequence of 6.6 and 6.11 we have
for any G1 and any X2 the following:

Proposition 6.12. C �
r .G/ Š C �

r .G1/˝K, where K is the algebra of compact
operators.

As a further example let us consider the groupoid arising from a fi bration1

p W X ! B with standard fi bre F . We let G be the equivalence relation on X ,
where x � y if p.x/D p.y/. If the fi bration is locally trivial and the standard
fi bre is a manifold, then X is a foliated space with leaves equal to the fi bre of the
fi bration. We note an important fact for future use: if X ! B is a fi bre bundle
with fi bre H some Hilbert space and structural group the unitary group UH ,
then X !B is a trivial bundle, since UH is contractible in the strong operator
topology.

If U � B is an open set over which the fi bration is trivial, then U defi nes
an open subfoliated space which is the product of U foliated by points with F

foliated by one leaf. Hence “locally” the C �-algebra is a product C �.U /˝K

by above. But this works globally at the algebra level, at least if B is fi nite-
dimensional. In order to avoid degenerate cases we assume in the following that
the standard fi bre is not a fi nite set. The algebra is formed with respect to any
given continuous Haar system.

Proposition 6.13. If G is the groupoid of a locally trivial fi bration with base B,
then C �

r .G/ is Morita equivalent to C.B/˝K. If B is fi nite-dimensional then

C �
r .G/Š C.B/˝K:

See [Rieffel 1976] for the defi nition of Morita equivalence in the context of
C �-algebras.

(A related result is proved in [Candel and Conlon 2003, p. 34]: If G is the
groupoid of a locally trivial fi bration with base B, the fi bre F is a smooth
manifold, and the structural group of the fi bration is Diff.F / then C �

r .G/ Š

C.B/˝K.)

1A fi bration p W X ! B is a continuous map that has the homotopy lifting property: if gt W

Y ! B is a continuous path of maps, and f0 W Y ! X is continuous with pf0 D g0 then there
exists a continuous family ft W Y !X extending f0, and pft D gt for 0� t � 1. See [Steenrod
1951]. If B is path-connected then all fi bres Fb D p�1.b/ are of the same homotopy type. If we
assume that the fi bration is locally trivial then we may use any of these and we write F for the
standard fi bre. For example, by a theorem of Hurewicz (see [Dugundji 1965]), every fi bre bundle
over a paracompact space B is a fi bration.
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Proof. For each b 2 B, let p�1.b/ be the fi bre over b. A Haar system is
simply the assignment in a “smooth” fashion of a measure �b on p�1.b/Š F ,
where smoothness means that in each local trivialization of p�1.U /Š U �F ,
the �b for b in U viewed as measures on F vary continuously. The Hilbert
spaces L2.p�1.b/; �b/ then form a continuous fi eld of Hilbert spaces over B

[Dixmier 1969b] and it is evident from Proposition 6.12 that C �
r .G/ consists of

the sections of the corresponding fi eld of operator algebras K.L2.p�1.b/; �b//.
The Dixmier–Douady invariant [1963] is trivial and hence C �

r .G/ is Morita
equivalent to C.B/˝ K. If B is fi nite-dimensional then the fi eld of Hilbert
spaces is trivial and so C �

r .G/Š C.B/˝K. ˜

If in this example, the fi bration X ! B has a cross section s, then s.B/

is a complete transversal homeomorphic to B. Then s.B/ is a groupoid of a
trivial sort — equivalence classes are points. Thus C �

r .s.B// D C.B/ and so
C �

r .G/ Š C �
r .s.B//˝K. This is in fact quite a general phenomenon at least

for groupoids of foliated spaces as is shown in [Hilsum and Skandalis 1983].
We describe this result, which will be of considerable use to us, in some more
detail.

In Chapter IV we discussed regular transversals for foliated spaces. These
were locally compact subsets N of the foliated space X so that N � N 0 with
N �N 0 and N compact, and such that there exists an open ball B in Rp , p the
leaf dimension, with a homeomorphism of N 0�B onto an open subset U of X

with the map an isomorphism of foliated spaces. For this discussion, we shall
also assume that there is a larger ball B0 containing B with an extension of the
homeomorphism of N 0�B to N 0�B0 onto some U 0; we shall also assume that
N is open in N 0 so that N �B corresponds to an open set. To simplify notation,
let us take the N �B to be subsets of X . If X is compact one can clearly fi nd
a fi nite number of such Ni so that the union is a complete transversal. If X is
locally compact, then as in [Fack and Skandalis 1982] one can fi nd a locally
fi nite such family and can also arrange that the Ni �B are disjoint from each
other. At all events if N D

S
Ni , fi nite or infi nite, then there is a ball B in Rp

so that N �BDU is an open subset of X . We can also arrange that U c contains
a set of exactly the same form N �B using the fact that for the original Ni we
had Ni �B0 �Ni �B.

Let G be the groupoid of the foliated space (Hausdorff or not) and let GN
N

be
the groupoid relativized to N ;

GN
N D fu 2G j r.u/; s.u/ 2N g:

Then GN
N

is a topological groupoid in its own right and it has discrete orbits.
Then C �

r .G
N
N
/ is an algebra of the kind discussed earlier in the chapter. If we
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form U DN�B then GU
U

is an open subgroupoid of G and is clearly the product

GU
U Š GN

N � .B �B/;

where B �B is the principal groupoid (equivalence relation) with unit space B

and with all points equivalent. It follows from Proposition 6.12 that

C �
r .G

U
U / Š C �

r .G
N
N /˝K;

where K is the algebra of compact operators.
Further, as GU

U
is an open subgroupoid of G, we can extend functions in the

dense subalgebra defi ning C �
r .G

U
U
/ to functions on G. Moreover the choice

of Haar system for defi ning C �
r .G

U
U
/ and C �

r .G/ are compatible. It follows
now that the natural injection of the dense algebra of compactly supported func-
tions on GU

U
into functions on G produces a map i on the C �-algebra level of

C �
r .G

U
U
/ into C �

r .G/. The result of Hilsum and Skandalis [1983], in a slightly
strengthened version, is the following, which shows in some sense that C �

r .G/

is no more complicated than C �
r .G

U
U
/ and also that the complete transversal N

controls the structure of these algebras.

Theorem 6.14 [Hilsum and Skandalis 1983]. The algebra C �
r .G/ is isomorphic

to the algebra M2.C
�
r .G

U
U
// of 2� 2 matrices over C �

r .G
U
U
/ and the injection

map i above corresponds to the natural inclusion of C �
r .G

U
U
/ into 2�2 matrices

a!

�
a 0

0 0

�
:

Hence C �
r .G/ is also isomorphic to C �

r .G
N
N
/˝ K, where K is the algebra of

compact operators.

We shall not reproduce the details of the argument but will note some high-
lights. Fixing the complete transversal N as above, they defi ne for each open
set V of the unit space X , a C �-module (see [Kasparov 1980]) H.V / over
C �

r .G
N
N
/. These add for disjoint U ’ s and H.V / D H.W / if V D W � F ,

where F is closed in X and meets each leaf in a null set. They also establish
that the algebra of “compact operators” (in Kasparov’s terminology) on H.V /

is C �
r .G

V
V
/. For the particular choice of U D N � B, the “tube” around the

transversal N which was constructed above, it is easy to see that H.U / D

H1 ˝ C �
r .G

N
N
/, where H1 is an infi nite-dimensional Hilbert space. Since

by construction we can fi nd another transversal N 0 which looks just like N and
a “tube” around it, N 0 �B inside of T c , one may use the above to argue that
H.X / D H.U /˚H.T c/ and that H.T c/ contains a submodule H.U 0/ iso-
morphic to H.U /. The Kasparov stabilization theorem [1980] says that H.T c/

is isomorphic to H.U / which establishes the result. ˜
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We note that there is another interesting approach to the isomorphism 6.14
due to Haefl iger (see Theorem A5.1 on page 243) and Renault, Muhly and
Williams [Renault 1982; Muhly et al. 1987]. One shows that G is equivalent to
GN

N
as topological groupoids. Then one shows that under mild hypotheses, the

C �-algebras associated to equivalent groupoids are strongly Morita equivalent
(see [Rieffel 1976] for the defi nition) and hence (by [Brown et al. 1977]) stably
isomorphic.

Suppose that X is a compact foliated space with associated groupoid G.X /

which we assume for the moment to be Hausdorff. Suppose that E is a locally
trivial tangentially smooth Hermitian vector bundle over X . In applications in
Chapter VII, E will be fi nite-dimensional and we will be considering tangential
pseudodifferential operators from sections of E to sections of E. For now we
allow E to be fi nite- or infi nite-dimensional. We wish to introduce the C �-
algebra C �

r .G.X /;End� .E//. ˜

The range and source maps may be used to pull back the bundle E to bundles
Es and Er over G.X / respectively. Given some u2G.X / we denote the fi bres
over u by Es.u/ and Er.u/ respectively. We defi ne a bundle HomG.Es;Er / over
G.X / as follows. For each u 2 G.X /, let HomG.Es;Er /u denote the space
of bounded linear operators Es.u/ ! Er.u/. We topologize this bundle in the
obvious way using local trivializations of the bundle E to obtain a tangentially
smooth bundle over G.X /.

Defi ne �c

�
G.X /;HomG.Es;Er /

�
to be the space of compactly supported

continuous sections

f WG.X / �! HomG.Es;Er /

such that each f .u/ is a compact, or, better, a fi nite rank operator Es.u/!Er.u/.
This is obviously a linear space. We defi ne convolution and involution exactly
as in (6.1). Just as in the scalar case, we obtain an associative algebra with
involution.

For each x 2X there is a natural Hilbert space

L2
�
Gx;HomG.Es;Er /jGx ; �x

G.X /

�

and hence a natural �-homomorphism

�x W �c

�
G.X /;HomG.Es;Er /

�
�!B

�
L2
�
Gx;HomG.Es;Er /jGx ; �x

G.X /

��

defi ned by (6.2) exactly as in the scalar case. We complete with respect to these
representations to obtain a C �-algebra which we denote C �

r

�
G.X /;End� .E/

�
.

All this has been for G.X / Hausdorff. In the locally Hausdorff case we
modify just as in the scalar situation — there is really nothing to check.
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If E is a trivial bundle, say E Š X � V for some fi xed (fi nite or infi nite-
dimensional) Hilbert space V , then there are natural isomorphisms

Es ŠEr ŠG.X /�V

and a bundle isomorphism

Hom.Es.u/;Er.u//ŠG.X /�B.V /

so

�c

�
G.X /;HomG.Es;Er /

�
Š �c

�
G.X /;G.X /�B.V /

�
Š Cc.G.X /;F.V //

(where F.V / denotes the fi nite rank operators V ! V ), and it follows that

C �
r .G.X /;End� .E//Š C �

r .G.X //˝K.V /:

The following theorem is essentially folklore. It follows directly from [Re-
nault 1987, Corollaire 5.4].

Theorem 6.15. Suppose that X is a compact foliated space and that E1, E2 are
tangentially smooth Hermitian bundles over X . Then C �

r .G.X /;End� .E1// is
stably isomorphic to C �

r .G.X /;End� .E2//.

Proof. Tensor the vector bundles E1 and E2 with a fi xed infi nite-dimensional
Hilbert space H1. Since the Ei were locally trivial, so are Ei ˝H1.

By [Dixmier and Douady 1963, Theorem 1], Ei;1 D Ei ˝H1 are trivial
(and hence isomorphic) bundles. Thus we have

C �
r

�
G.X /;End� .E1/

�
˝K.H1/Š C �

r

�
G.X /;End� .E1;1/

�

Š C �
r

�
G.X /;End� .E2;1/

�

Š C �
r

�
G.X /;End� .E2/

�
˝K.H1/: ˜

We now turn our attention to another and closely related operator algebra that
one can construct. Let G be a locally compact groupoid with discrete holonomy
groups together with a given Haar system �. We also assume that the underlying
Borel groupoid has a complete transversal — a condition that is a fortiori satis-
fi ed for the groupoid of a foliated space. We also assume given on this Borel
groupoid a positive transverse measure �, not necessarily invariant — see Chap-
ter IV. Indeed for the coming discussion we can and shall neglect any topological
structure and simply work as in Chapter IV with a standard Borel groupoid with
a complete transversal, a fi xed tangential measure and with countable holonomy
groups Gx

x .
The integration process of Chapter IV where we integrate the tangential mea-

sure � with respect to the transverse measure � produces a measure �D
R
� d�

on the unit space X . Then as noted in Chapter IV one may turn G into a mea-
sured groupoid [Mackey 1966; Ramsay 1971] by defi ning a measure Q� on G
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by

Q�.E/D

Z

X

�x.E \Gx/ d�.x/

(i.e., Q� D �r in the terminology of Chapter IV). We note that conversely if G

is a standard measured groupoid, then by a result from [Hahn 1978] there is a
Haar measure � .D tangential measure � Haar system/ on G and a measure �
on X so that the original measure on G is given by the formula above.

Now any measured groupoid has a regular representation [Hahn 1978; Connes
and Takesaki 1977] which in form looks just like the construction defi ning
C �

r .G/. We form the Hilbert space L2.G; Q�/, which is decomposed as a direct
integral

L2.G; Q�/D

Z
L2.Gx; �x

G.X //:

If � D .�x/ is an element of H and if f is a suitable function (see below) on
G one defi nes just as in (6.2):

.�.f /�/.u/D

Z
f .u�1v/�.v/ d�x.v/:

In order for this to defi ne a bounded operator f has to satisfy conditions as in
[Hahn 1978].

Defi nition. A measurable function f on G equipped with a Haar system � and
a transverse measure � is left integrable with respect to the Haar system � if

ess sup
u

Z
jf .u�1v/j d�r.u/.v/ <1;

the essential sup taken with respect to Q�; f is right integrable if f � is left
integrable, f �.u/D f .u�1/, and integrable if left and right integrable. A func-
tion is left .right, two-sided/ square-integrable if jf j2 is left .right, two-sided/
integrable.

It is not hard to see that the integrable functions form a �-algebra which we
denote zL1.G; Q�/ under the same operations (6.1) we used to defi ne C �

r .G/.
Note that the integrability conditions are not the same as f being in L2.G; Q�/,
and that the condition depends only on the equivalence class, i.e., the null sets,
of the transverse measure �, and not on � itself.

We observe that if f is integrable with respect to � then the operator

�x.f / WL
2.Gx; �x

G.X // �!L2.Gx; �x
G.X //

is given by a kernel function which, when we unravel the respective defi nitions,
is integrable in the sense of Proposition 1.14. Hence �x.f / defi nes a bounded
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operator with a norm that is essentially bounded in x by Proposition 1.14 and
so defi nes a bounded operator

�.f / WL2.G; Q�/ �!L2.G; Q�/:

Further, f ! �.f / is a �-homomorphism

� W zL1.G; Q�/ �!B.L2.G; Q�//:

We note parenthetically that if f 2Cc.G/, the continuous compactly supported
functions on a locally compact topological groupoid with Haar system � (or
the replacement for Cc.G/ in the non-Hausdorff case), then the integrability
conditions are satisfi ed with ordinary suprema instead of essential suprema.

Defi nition. Let .G; Q�/ be a measured groupoid. The von Neumann algebra
W �.G; Q�/ associated to .G; Q�/ is the weak closure of the �-algebra

�. zL1.G; Q�// � B.L2.G; Q�//

generated by the operators �.f /, for all integrable functions f .

The algebra W �.G; Q�/ quite evidently commutes with the abelian algebra
Ar of multiplication operators generated by all bounded measurable functions
on G which depend only on the range r.u/ of a point u in G.

The fact that elements of W �.G; Q�/ commute with Ar means, by direct inte-
gral theory [Takesaki 1979, IV, ~8], that any m2W �.G; Q�/may be decomposed
as a direct integral. Specifi cally the abelian algebra Ar on L2.G; Q�/ decomposes
L2.G; Q�/ as a direct integral

L2.G; Q�/D

Z

x

L2.Gx; �x
G.X // d�:

Then any operator m commuting with Ar , and in particular any m in W �.G; Q�/

has a direct integral decomposition

mD

Z
mx d�;

where mx is an operator on L2.Gx; �x
G.X /

/. Conversely every bounded Borel

fi eld of operators x!mx on the Borel fi eld of Hilbert spaces fL2.Gx; �x
G.X /

/g

defi nes an operator that commutes with Ar .
Moreover for each u 2 G, left translation Lu by u defi nes a bijection from

Gs.u/ to Gr.u/ which maps �s.u/ to �r.u/. (This is the defi nition of invariance
for �.) Consequently left multiplication by u�1 gives rise to a unitary operator
Uu which is a unitary equivalence

Uu WL
2.Gs.u/; �s.u//

Š
�!L2.Gr.u/; �r.u//
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and these evidently satisfy UuUvDUuv . It is further easily verifi ed that the con-
volution operators �.f /which are dense in W �.G; Q�/ have the further property
that their disintegration products above �.f /x satisfy

Uu�.f /
s.u/ D �.f /r.u/Uu for almost all u:

Consequently the same holds for any m 2W �.G; Q�/, namely

(6.16) Uums.u/ Dmr.u/Uu for almost all u:

The intuitive reason for this is that the m’ s are a kind of right convolution opera-
tor on the groupoid and so a sum of right translations. The Uu are left translation
operators and right translations always commute with left translations. Finally
it is true that W �.G; Q�/ is exactly the set of operators which commute with Ar

and whose disintegration products satisfy (6.16).
There are some important subalgebras of W �.G; Q�/ that will occur. First of

all, if � is a bounded measurable function on .G; Q�/ with the property that �.u/
depends only on the source s.u/ of u (so �.u/D �0.s.u//, then m� , multiplica-
tion by � on L2.G/, defi nes a bounded operator which evidently commutes with
Ar and whose direct integral disintegration products mx

�
on L2.Gx; �x

G.X /
/ are

multiplication operators by the function �0.s.v//v 2Gx . This fi eld of operators
evidently satisfi es (6.16), because left translation by u�1 maps Gx

y to Gz
y , where

u�1 2 Gx
z . Hence m� defi nes an element of W �.G; Q�/. The set of such is

evidently a von Neumann subalgebra of W �.G; Q�/, denoted As and isomorphic
to L1.X /. In case G is principal — that is, an equivalence relation — this is
the usual diagonal subalgebra, and if the equivalence relation is countable, it
is a Cartan subalgebra [Feldman and Moore 1977] that plays a key role in the
structure of W �.G; Q�/.

Another slightly larger subalgebra of W �.G; Q�/ which takes account of the
holonomy is also useful. Let

E D fu 2G j r.u/D s.u/g:

Then E can be viewed as the union

E D
[

y

Gy
y

of the (discrete) holonomy groups. If f is any Borel function on E which is not
only bounded, but for which

X

u2G
y
y

jf .u/j

is bounded in y, then right convolution by f restricted to G
y
y defi nes an operator

R.f /xy on L2.Gx
y / for any x because Gx

y is a principal homogeneous space on
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the right for G
y
y . Then as L2.Gx; �x

G.X /
/ can be regarded as the direct integral

L2.Gx; �x/D

Z
L2.Gx

y / d�x.y/:

The operators R.f /xy integrate to give an operator R.f /x on L2.Gx; �x
G.X /

/.
For exactly the same reasons as above, this fi eld satisfi es (6.16) and so defi nes
an element R.f / of W �.G; Q�/. Suppose that f happens to be supported on the
subset of ED

S
G

y
y consisting of the identity elements of the (discrete) groups

G
y
y . Then f is in effect a function on the unit space X , and �.u/ D f .s.u//

defi nes a function on zG depending only on s.u/ that in turn defi nes an element
m� of the algebra As . A moment’s thought shows that m� D R.f /. The
closure Ds of the set of operators R.f /, which is evidently a von Neumann
subalgebra of W �.G; Q�/ contains As . This generalized diagonal subalgebra Ds

has a readily apparent structure.

Proposition 6.17. The algebra Ds is a direct integral

Ds D

Z

X

Rx d�.x/

of the right group von Neumann algebras Rx of the discrete groups Gx
x with

As ŠL1.X / the obvious subalgebra.

The algebra W �.G; Q�/ on the Hilbert space zH is in standard form [Takesaki
1983] in the sense that there exists a conjugate linear isometry J of zH such that
J 2 D id, and

JW �.G; Q�/J DW �.G; Q�/0;

where N 0 denotes the commutant of N in B. zH /. In fact the J that works is
quite easy to write down. Recall from Chapter IV that the transverse measure �,
which we started with here, has a modular function, or modulus, � which is a
positive function on the groupoid G satisfying�.u/�.v/D�.uv/whenever uv

is defi ned. This function measures the extent that � is not an invariant transverse
measure. This modular function has the further property that if i.v/ D v�1 is
the inversion map on G, then i transforms the measure Q� on G into a measure
i�. Q�/ (where i�. Q�/D �s in the language of Chapter IV) which is equivalent to
Q� with Radon–Nikodým derivative given by

d Q�

d.i�. Q�//
.v/D�.v/:

It follows then that for � 2 zH DL2.G; Q�/,

.J�/.u/D N�.u�1/�.u�1/1=2
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defi nes a conjugate linear involutive isometry. The following summarizes re-
sults from [Hahn 1978] and [Connes and Takesaki 1977]; but also see [Takesaki
1983].

Theorem 6.18. With the preceding notation we have

JW �.G; Q�/J DW �.G; Q�/0

and W �.G; Q�/ is the algebra of all operators m commuting with Ar so that the
corresponding disintegration products mx satisfy

U ums.u/ Dmr.u/U u

for almost all u 2G. Moreover JAsJ DAr .

We shall not go into the somewhat tedious details of the proof; the idea is that
what works for groups works for groupoids. The algebra W �.G; Q�/ consists
of right convolutions and conjugation by J makes them into left convolutions
which at the von Neumann algebra level are each others commutants. As to the
second part, Ar is clearly in the commutant of W �.G; Q�/ and Ar together with
“smoothed” versions of the U u suffi ce to generate this commutant. ˜

It is evident from the defi nitions that once we fi x a Haar system �, the C �-
algebra C �

r .G/ has a natural representation into W �.G; Q�/ for any choice of
transverse measure � and corresponding Q�. Recall that C �

r .G/ is defi ned by
representations �x of a dense subalgebra A. These representations �x take place
on L2.Gx; �x

G.X /
/ and so the direct integral � of the �x gives a representation

ˇ W C �
r .G/!W �.G; Q�/;

which of course depends on the measures involved. The following is clear.

Proposition 6.19. The image of C �
r .G/ is dense in W �.G; Q�/ and the represen-

tation is faithful if the support of the transverse measure � is all of X in the
sense that the measure

R
� d� has support equal to X .

It is well to refl ect for a moment on the geometric meaning of these algebras
for a topological groupoid G. First of all each orbit or leaf ` of the equivalence
relation on X associated to G has a “holonomy covering” Q̀ which we can take
to be Gx for any x 2 `. The left translations

Lu WG
s.u/ �!Gr.u/

provide canonical identifi cations between these models of Q̀when xD s.u/, and
yD r.u/ are points of `. In addition the “holonomy group” Gx

x operates by left
translation freely on Gx ' Q̀, and the quotient Gx

xn
Q̀ is exactly the original leaf

`. Each leaf ` and its covering Q̀ come equipped with a measure so we have
Hilbert spaces L2. Q̀/ which are just L2.Gx; �x

G.X /
/ for any x 2 `.



VI. OPERATOR ALGEBRAS 147

Then elements of W �.G; Q�/ can be thought of as providing for almost all
holonomy coverings Q̀ an operator

m. Q̀/ WL2. Q̀/ �!L2. Q̀/:

These operators are supposed to be bounded and to vary in a Borel way with
Q̀. The exact meaning of the last statement is that when we identify L2. Q̀/ with
L2.Gx; �x

G.X /
/ for any x 2 ` and get a fi eld of operators fmxg, then the mx

are Borel sections of the Borel fi eld of Hilbert spaces fL2.Gx; �x
G.X /

/g over
X . The commuting relations in the second part of Theorem 6.18 say in part that
whether we identify L2. Q̀/ with L2.Gx; �x/ or with L2.Gy ; �y/ with x;y 2 `,
we get the same operator on L2. Q̀/. Finally m. Q̀/ is not an arbitrary operator
on L2. Q̀/ but the commuting relations in Theorem 6.18 say also that m. Q̀/ must
commute with left translation by Gx

x , and that these are the only restrictions.
Elements of the groupoid C �-algebra C �

r .G/ have a very similar interpre-
tation. Each m in this algebra defi nes an operator m. Q̀/ on all (not almost all)
holonomy coverings of the leaves which commutes with left translation by Gx

x

and which is further restricted to be a uniform limit of such operators that can
be defi ned by convolution with suitable continuous kernel functions. Finally
the m. Q̀/ have to vary continuously as Q̀ varies in a manner that is fairly clear
heuristically.

It is evident that the von Neumann algebra W �.G; Q�/ depends only on the
equivalence class, in the sense of absolute continuity, of the measure � on the
unit space X of G because of its defi nition in terms of fi elds of operators. In
turn the equivalence class of � depends only on the equivalence class of the
transverse measure � from which it is constructed (regarding of course the Haar
system f�xg as fi xed once and for all). The Hilbert space L2.G; Q�/ upon which
we have realized W �.G; Q�/ of course depends on � itself but for two equivalent
�’ s there is a natural unitary equivalence of the two spatial realizations of the
algebra. For simplicity we sometimes write W �.G/, where the Haar system
and the equivalence class of transverse measures entering into the defi nition are
understood.

If N is a complete transversal for the equivalence relation on X defi ned by the
groupoid G, then as in Chapter IV, the transverse measure � defi nes a measure
on N , and the part of G over N , GN

N
becomes a measured groupoid .GN

N
; Q�N /

whose orbits are countable. There should be a close relation between W �.G; Q�/

and W �.GN
N
; Q�N / paralleling Theorem 6.14 and indeed there is. For conve-

nience we assume that the tangential measure f�x
G.X /
g on Gx that we are given

at the very beginning of the discussion has the property that all (or almost all)
the measures �x

G.X /
have no atoms. This will surely be the case for the groupoid

of a foliated space with the usual choice of tangential measures. In this case, the
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arguments of [Feldman et al. 1978, Theorem 5.6], trivially modifi ed to cover the
case of nonprincipal groupoids, shows that there is an isomorphism of measured
groupoids

.G; Q�/ Š .GN
N ; Q�N /�I;

where I is the principal groupoid (equivalence relation) with unit space the in-
terval ID Œ0; 1�with all points equivalent and with the measure� on I Lebesgue
measure, the measure on each leaf also Lebesgue measure. With this structural
result for G the following is clear.

Proposition 6.20. Under the conditions above there is an isomorphism

W �.G; Q�/ŠW �.GN
N ; Q�N / ˝ B.L2.I//:

The importance and usefulness of this result is that it allows most questions
about W �.G; Q�/ to be reduced to questions about W �.GN

N
; Q�N /. Since GN

N

has countable orbits, the structure and properties of the algebra built on it is far
more understandable and transparent, and there are far fewer technical details to
wrestle with. In particular an operator in the algebra is represented by a “matrix”
over GN

N
(that is, formally it is of the form �.f / for a function f on GN

N
), and

the study of unbounded weights on W �.G; Q�/ will often reduce to the study of
(bounded) states on W �.GN

N
; Q�N /.

It is evident that the abelian and diagonal subalgebras As and Ds of W �.G; Q�/

introduced above decompose naturally with respect to the tensor product decom-
position. Let AN

s and DN
s be the corresponding abelian and diagonal subalge-

bras of W �.GN
N
; Q�N /.

Proposition 6.21. In the decomposition of Proposition 6.20 we have isomor-
phisms

As 'AN
s ˝L1.I/;

Dx 'DN
s ˝L1.I/;

where L1.I/ is the subalgebra of B.L2.I// consisting of multiplications by
bounded measurable functions.

One example of the usefulness of the reduction to a cross section is the fol-
lowing which of course could be established directly but less transparently.

Proposition 6.22. The relative commutant of As in W �.G; Q�/ is Ds , and the
relative commutant of Ds is the center of Ds , which in the direct integral decom-
position of Proposition 6.17 is the direct integral of the centers Zx of the right
group von Neumann algebras Rx of the holonomy groups Gx

x . In particular if
almost all of the holonomy groups are infi nite conjugacy class .i.c.c./ groups
then the relative centralizer of Ds is As .

Proof. By the previous proposition, the question is reduced to AN
s and DN

s . All
operators are given by “matrices” as in [Feldman and Moore 1977]; then easy
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computation in this discrete case does the trick. As to the fi nal statement, recall
that a discrete group H is i.c.c. (all nontrivial conjugacy classes are infi nite) if
and only if the center of the group von Neumann algebra is trivial. ˜

The next step begins with the crucial observation that the algebra W �.G/

comes with a natural family of normal semifi nite weights. Indeed each (positive)
transverse measure � in the fi xed equivalence class will defi ne in a natural way a
weight �� on W �.G/; this weight will be a trace if and only if � is an invariant
transverse measure. There are several different ways to defi ne these weights; one
way starts by utilizing the natural Hilbert algebra structure that is implicit in the
construction of W �.G; Q�/ and uses the basic Tomita–Takesaki construction of
weights from a Hilbert algebra [Takesaki 1983]. We will rather approach the
matter through the ideas developed in Chapter I of locally traceable operators;
we can give a very simple and direct defi nition as follows.

Suppose given a transverse measure � with its associated von Neumann alge-
bra W �.G; Q�/. We wish to defi ne �� on the positive part W �.G; Q�/C and taking
values in Œ0;1�. Here is a rough idea of the construction of the weight. To each
m2W �.G; Q�/C we shall associate a tangential measure �m which has the prop-
erty that if one decomposes m to a fi eld of operators mx on L2.Gx; �x

G.X /
/, then

the local trace of mx determines the measure �x
m on Gx

xnG
x � `.x/ uniquely.

Then the weight �� corresponding to the transverse measure � is given by

��.m/D

Z
�m.`/ d�.`/;

where the integral is taken in the sense of Chapter IV. Now here are the details.
Any m 2 W �.G; Q�/C corresponds to a fi eld of positive operators fm. Q̀/g,

one for almost all holonomy coverings Q̀ or equivalently a fi eld mx of positive
operators on L2.Gx; �x

G.X /
/ for almost all x. Then since mx is positive we can

defi ne its local trace as a positive measure Tr.mx/ on Gx . This measure may be
identically plus infi nity. At all events it is defi ned even in this degenerate sense
and recall that our defi nition of mx being locally traceable was that this measure
should be � -fi nite (or Radon if Gx comes with a locally compact topology).
These measures are always absolutely continuous with respect to �x

G.X /
by their

defi nition. The invariance properties satisfi ed by the mx as stated in Theorem
6.18 imply by the analysis in Chapter I that left translation Lu which maps Gs.u/

to Gr.u/ must transform Tr.ms.u// into Tr.mr.u// for almost all u 2 G. Thus
for almost all pairs x;y with x � y, Tr.mx/ on Gx is the same as Tr.my/ on
Gy after identifying Gx and Gy . Moreover the countable group Gx

x acts by
left translation on Gx and hence on L2.Gx; �x

G.X /
/ and mx commutes with

these translations. Again by Chapter I, Tr.mx/ is invariant under Gx
x and hence

Tr.mx/ uniquely determines a measure Tr0.mx/ on Gx
xnG

x . But this quotient
space is just the equivalence class `.x/ of x. Hence for each leaf `, and each
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x 2 ` we obtain a positive measure Tr0.mx/ on `. The invariance properties
cited above tell us that this measure does not depend on which x we choose and
depends only on the leaf `; we denote it by �m.`/.

This description is simpler if there is no holonomy so that G is an equivalence
relation. Then Gx is the equivalence class or leaf of x, and the local trace of mx

gives a measure Tr.mx/ on Gx; invariance properties say that Tr.mx/DTr.my/

and so there is a measure �m.`/ depending only on the leaf `; this can be thought
of as the local trace of m.`/ for all or almost all `. But now �m.`/ is what we
called a tangential measure and it is the sort of object that can be integrated
against a transverse measure to give a real number.

Proposition 6.23. For every m 2 W �.G; Q�/C, the above prescription yields a
tangential measure �m.`/ .perhaps not � -fi nite/. The integral in the sense of
Chapter IV

��.m/D

Z
�m.`/ d�.`/

.fi nite or not/ defi nes a semifi nite normal weight on W �.G; Q�/.

Proof. For the assignment of a measure �m.`/ to each leaf to be a tangential
measure, it must satisfy some smoothness conditions transversally. From Chap-
ter IV we see that these amount to the requirement that the fi eld of measures
�x

m D Tr.mx/ on Gx should be Borel viewed as measures on G in that
Z
f .u/ d�x

should be a Borel function of x for any nonnegative Borel function f on G. This
is clearly satisfi ed by the local traces of the Borel fi eld of operators mx . We note
once more that mx is not assumed to be locally traceable in the sense that �x

G.X /

is a � -fi nite measure. The integral we write down in the statement still always
makes sense as everything is nonnegative. It is clear that �� as defi ned is additive
and positively homogeneous. That it is normal is clear from the properties of
the local trace and the integration process of Chapter IV. Equivalently it is not
hard to produce a family of vectors �i in the Hilbert space zH such that

��.m/D
X

.m�i ; �i/;

which is an equivalent defi nition of normality. Finally the dense subalgebra used
in [Hahn 1978] to defi ne the algebra W �.G; Q�/ synthetically contains a weakly
dense set of operators where �� is evidently fi nite so that �� is semifi nite. ˜

One of the features of this defi nition is that it is clear for which positive
operators �� is fi nite.
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Corollary 6.24. Let m 2 W �.G; Q�/C. Then ��.m/ <1 if and only if mx is
locally traceable on almost all Gx in the sense that

�x
m D Tr.mx/

is a � -fi nite measure; if so, then the integral
Z
�m.`/ d�.`/

is fi nite.

If an operator a2W �.G; Q�/ is given by a kernel function f so that aD�.f /

and

.�.f / /.u/D

Z
f .u�1v/ .v/ d�x

G.X /.v/ u 2Gx;  2L2.Gx; �x
G.X //

with f integrable in the sense of Chapter IV, then we can give an alternate
formula for ��.a/. If b D a�a then b is given as �.g/, where

g.u/D f �f .u/D

Z
Nf .v�1/f .v�1u/ d�r.u/.v/

according to formula 6.1 If x 2X , the unit space of G, then x can be thought of
as an element of G and to keep matters straight let us call this element e.x/. (In
case G is an equivalence relation on X , e.x/ D .x;x/ is a diagonal element.)
Now although f and g above are measurable functions on G defi ned only almost
everywhere and as the units e.x/ form a null set in G, the restriction of g to
e.X / appears to have no sense. However if uD e.x/ is a unit, then

g.e.x//D

Z
jf .v�1/j2 d�x

G.X /.v/

has a well defi ned meaning for almost all x. When we write g.e.x// for a g of
the form f �f , it is this function that we shall understand. The following shows
that as one expects, traces of integral operators are obtained by integrating the
kernel on the diagonal.

Proposition 6.25. For a transverse measure �, let � D
R
�` d� be the integral

of the tangential measure � with respect to �, the result viewed as a measure on
the unit space X . For an operator

b D �.g/ 2W �.G; Q�/

with g D f �f , then

��.b/D

Z
g.e.x// d�.x/;
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where g.e.x// is as defi ned above. Equivalently g.e.x// � � defi nes a new tan-
gential measure �0 whose derivative with respect to � is g.e.x//. Then

��.b/D

Z

X

�0 d�

.the integral of �0 with respect to �/.

Proof. This is simply a matter of identifying the tangential measure �0 (or rather
.�0/x as a measure on Bx for each x) as the local trace of the operator �x.f

�f /

on L2.Gx; �x
G.X /

/; this is self evident as �x.f
�f / D �x.f /

��x.f /, where
�x.f / is given by a kernel defi ned by the function f . Then the result follows.

˜

By the general Tomita–Takesaki theory [Takesaki 1983], any semifi nite nor-
mal faithful weight � on a von Neumann algebra has associated to it a one
parameter group of automorphisms of the algebra, the so called modular auto-
morphism group, ��.t/. The standard construction of this group via unbounded
operators can be exploited easily to construct this group explicitly for the weights
�� above. (These weights will always be normal, faithful and semifi nite as the
transverse measure � was restricted to lie in the same equivalence class that
defi nes the von Neumann algebra itself.) This is worked out in [Feldman and
Moore 1977; Hahn 1978; Connes and Takesaki 1977].

Proposition 6.26. Let � be the modular function of the transverse measure �
(Defi nition 4.9). Then the modular automorphism group �� associated to the
weight �� of W �.G; Q�/ is spatially implemented by the one parameter group of
unitary operators U�.t/ on L2.G; Q�/ defi ned by multiplication by the functions
�it on G. Thus

��.t/mD U�.t/mU�.�t/ for m 2W �.G; Q�/:

Moreover for operators of the form �.f / in W �.G; Q�/ (see defi nition on page
142) we have

��.t/�.f /D �.f�
it /;

where f�it is pointwise multiplication of f and �it .

Proof. The operators �.f / form a Hilbert algebra with the � operator given
very concretely by f �.u/ D f .u�1/. One then easily computes the polar de-
composition of the unbounded conjugate linear operator f ! f � and following
the standard recipe in [Takesaki 1983], one fi nds the result. The fi nal formula is
a simple calculation. ˜

Recall that the centralizer of a weight � on a von Neumann algebra R is
equivalently the von Neumann algebra generated by those unitaries u in the
algebra such that �.uxu�/D �.x/, or equivalently it is the fi xed point algebra
of the modular automorphism group [Pedersen 1979, Lemma 8.14.6]. A weight
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is a trace if and only if its centralizer is the entire algebra. As the modular
automorphism group �� of the weight �� on W �.G; Q�/ is given explicitly and
clearly fi xes the diagonal subalgebra Ds of W �.G; Q�/ (Proposition 6.22), the
fi rst half of the following is immediate.

Proposition 6.27. The centralizer of �� contains the diagonal subalgebra Ds .
Conversely if almost all of the holonomy groups are i.c.c. (see Proposition 6.22)
then any faithful normal semifi nite weight whose centralizer contains Ds is of
the form �! for some transverse measure !.

Proof. For the second part we fi x a weight �� and let  be any other faithful
normal semifi nite weight with centralizer containing Ds . Then compute the
Radon–Nikodým derivative . W ��/t ([Connes 1973], or see [Takesaki 1983,
p. 23]). This is a one parameter family of unitary operators in W �.G; Q�/ satis-
fying a certain cocycle condition. Since Ds centralizes both  and �� , it follows
that . W ��/t must commute with Ds for each t . But under the condition on
Gx

x , the relation commutant of Ds is by Proposition 6.22 the abelian subalgebra
As . Because of commutation properties, the derivative . W ��/t is actually
a one parameter unitary group in As and so has the form exp.ith.x//, where
h is a measurable function on X , which by positivity properties of  and ��

is positive. Then w D h� is another transverse measure, and it is evident that
 D �h� . ˜

The argument just given provides an answer in general to the question of
fi nding all weights whose centralizer contains Ds , but one has to introduce an
extended class of weights. As we will not need this, we sketch this only briefl y.
Suppose that in addition to a transverse measure � on X one is given for each
x 2 X , a semifi nite normal faithful trace �x on Rx , the group von Neumann
algebra of Gx

x . Then one can construct in an obvious way a trace � on the
diagonal algebra Ds because Ds is given as a direct integral of the algebras Rx .
The transverse measure � itself also defi nes a weight �� on Ds . The Radon–
Nikodým derivative .� W ��/ computed in Ds can then be used to defi ne a weight
� on W �.G; Q�/ by the condition .� W ��/D .� W ��/ (computed in W �.G; Q�/).

The weights � constructed in this fashion are, we claim, the most general
weights on W �.G; Q�/ with centralizer containing Ds . The data entering into
�, namely a transverse measure � and a family of traces �x on Rx are not
independent for we can multiply each �x by a positive scalar c.x/, replace � by
the transverse measure �0 with

d�0

d�
D c.x/�1;

and the resulting weight will be the same. When the traces �x are fi nite, then
they can be normalized so �x.1/D 1 and then the transverse measure � is deter-
mined. Of course when �x is taken to be the Plancherel trace, then the resulting
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weight is �� that we constructed previously. It is evident that values of the more
general weights discussed in this paragraph can be given by integral formulas
analogous to those in Properties 6.23 and 6.25. In addition it is not diffi cult to
compute the modular automorphism group of these weights because there is a
simple formula for the Radon–Nikodým derivative of these with respect to a �� ,
where we already know the modular automorphism group.

Returning to the �� , we see that we have determined when �� is a trace
because this is true if and only if the modular automorphism group is trivial.

Corollary 6.28. The weight �� is a trace if and only if � is an invariant trans-
verse measure, that is, its modular function � is identically one almost every-
where.

It is not so easy to tell when the more general weights defi ned by fi elds of
traces �x together with a � are traces because in general it is hard to determine
what the center of W �.G; Q�/ is.

To conclude this chapter let us return to the topological and geometric context
of a locally compact topological groupoid G, or in particular the holonomy
groupoid of a foliated space. As before G is assumed to come equipped with
a fi xed continuous tangential measure. Then for any transverse measure �, the
reduced C � algebra C �

r .G/ has a natural representation into W �.G; Q�/ as de-
scribed in Proposition 6.19. The weight �� may be restricted then to the image
C �

r .G/ to produce a weight on this C �-algebra, which we denote by the same
symbol. If the transverse measure � is fi nite relative to the tangential measure �
in the sense that �D

R
� d� is a fi nite measure on the unit space X of G (and

in particular if it is a Radon transverse measure on the groupoid of a foliated
space in the sense of 4.17) then the restriction of �� to C �

r .G/ enjoys fi niteness
properties. In particular for any g in Cc.G/, the norm dense subalgebra of com-
pactly supported functions on G used in the defi nition of C �

r .G/, the positive
element f D g�g satisfi es ��.f / <1 in view of Proposition 6.25 or Corollary
6.24. This fi niteness property plus the known continuity properties of �� on
W �.G; Q�/ assure that �� as a weight on C �

r .G/ is densely defi ned and lower
semicontinuous [Pedersen 1979, 5.6.7]. Quite evidently we can recapture the
von Neumann algebra W �.G; Q�/ from C �

r .G/ and �� via the GNS construction
as the image of C �

r .G/ is dense in W �.G; Q�/ by Proposition 6.19.
If � is an invariant transverse measure, then �� is of course a trace on C �

r .G/,
and as C �

r .G/ is dense in W �.G; �/, the converse is true. Thus Corollary 6.28
and Corollary 4.25 combine to yield the following Theorem in the setting of
foliated spaces.

Theorem 6.29. For a Radon transverse measure � on a compact foliated space
X with continuous tangentially smooth modular function �, the following are
equivalent:
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(1) The Ruelle–Sullivan current C� is closed and so defi nes a homology class

ŒC� � 2H �
p .X IR/:

(2) The 1-form � D 0.

(3) The modular function �� 1.

(4) The transverse measure � is an invariant transverse measure.

(5) The weight �� on W �.G.X /; Q�/ is a trace.

In general C �
r .G/will have traces other than �� ; for instance if G is the holo-

nomy groupoid of the Reeb foliation, the closed leaf and its holonomy produces
a quotient isomorphic to C �.Z2/˝K, where C �.Z2/ is the group C �-algebra
of Z2 and K is the compact operators. The only �� which factors through this
quotient comes by taking � to be the transverse measure corresponding to the
closed leaf: then �� is P ˝Tr, where P is the Plancherel trace on C �.Z2/.

However in the absence of holonomy, traces are always given, as one suspects,
by transverse measures.

Theorem 6.30. Let G be the groupoid of a compact foliated space X and as-
sume there is no holonomy .so that G is the equivalence relation/. If � is any
densely defi ned lower semicontinuous trace on the C � algebra C �

r .G/, then
there is a unique invariant transverse Radon measure � on X with � D �� .

Proof. We pick a complete transversal N and an open neighborhood U of it
as in the discussion preceding Theorem 6.14. We make use of the structural
fact that C �

r .G/Š C �
r .G

N
N
/˝K, and we recall that any densely defi ned lower

semicontinuous trace is fi nite on the Pedersen ideal — the unique minimal dense
two-sided ideal [Pedersen 1979, Theorems 5.6.1, 5.6.7]. As this ideal intersects
any subalgebra in a dense ideal, it follows that � is densely defi ned on the
subalgebra C �

r .G
N
N
/˝ e ' C �

r .G
N
N
/, where e is a minimal projection in K.

Finally since the equivalence relation when restricted to N is discrete, C �
r .G

N
N
/

contains a Cartan subalgebra C0.N / by the remarks following Defi nition 6.10.
For the same reasons as above, � is densely defi ned on C0.N / and so is given
by a Radon measure � on N . Moreover by the construction of N , there is a
larger transversal N 0 containing N with the closure N of N in N 0 compact.
As the measure � is by the same reasoning the restriction of a Radon measure
�0 on N 0 it follows that � is a fi nite measure on N . Since C0.N / contains an
approximate identity for C �

r .G
N
N
/ and � remains bounded on this approximate

identity, it follows that � is a fi nite trace on C �
r .G

N
N
/.

Since there is no holonomy, GN
N

is an equivalence relation on N . We know
by Proposition 6.8 that GN

N
has a covering by open sets of the form U.f;O/D

f.x; f .x//;x 2Og, where O is an open set in N and f is a homeomorphism of
O onto an open subset of N with f .x/� x, where� is the equivalence relation
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on N . As the diagonal �N of N in GN
N

is open and closed, its complement
may be covered by sets of the form U.f;O/, where f has no fi xed points. If
a is any compactly supported function on U.f;O/ and b any compactly sup-
ported function on �N D U.id;N /, then viewed as elements in C �

r .G
N
N
/ their

convolution products in both orders are again compactly supported on open sets
U.f;O/ and

.a� b� b � a/.x; f .x//D a.x; f .x//
�
b.f .x/; f .x//� b.x;x/

�
:

Since �.c/ for c compactly supported in U.f;O/ can be expressed as

�.c/D

Z
c d�

for a (signed) Radon measure on U.f;O/, the equality

�.a� b� b � a/D 0

plus the fact that f has no fi xed points tells us that � is zero. As any compactly
supported function on GN

N
��N can be written as a fi nite sum of functions

supported on open sets U.f;O/, it follows that

�.a/D

Z
a.x;x/ d�.x/

for every compactly supported function on GN
N

, where � is the measure on N

constructed above.
An argument similar to the one above shows that � as a measure on N is

invariant under the equivalence relation; that is, its modular function on N is
trivial. Then, as in Chapter IV, � can be extended to all Borel transversals to
give an invariant Radon transverse measure, which we denote by �. Then clearly
� D �� on C �

r .G
N
N
/ and hence on C �

r .G/. ˜

We have seen in Chapter IV that von Neumann factors of type II1 and of type
III� for all � occur as the von Neumann algebras of foliated spaces. Proposition
6.20 shows that with minimal assumptions on tangential measures, the von Neu-
mann algebra has the form zW ˝B.H / for an infi nite-dimensional Hilbert space
H . We also have seen that the von Neumann algebra comes equipped with a
family of semifi nite normal faithful weights, with corresponding modular auto-
morphism groups. Given this much structure, it is natural to wonder just which
von Neumann algebras can occur as von Neumann algebras of foliated spaces.
Here is an answer.

Theorem 6.31. Any purely infi nite approximately fi nite von Neumann algebra A

is isomorphic to W �.X; �/ for some compact foliated space X and transverse
measure �.
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Proof. According to the classifi cation of such algebras [Connes 1973; Haagerup
1987; Krieger 1976], one may fi nd a Borel space Y , an automorphism � of
Y (so that there is an associated action of Z on Y ), and a transverse measure
�0 so that the group measure construction associated to these data produces a
von Neumann algebra A0 so that

AŠA0˝B.H /:

Equivalently, if G is the measure groupoid generated by .Y; �; �/, then A0 is
the von Neumann algebra of this measure groupoid as defi ned in Chapter VI.

Now according to [Varadarajan 1963, Theorem 3.2] we may assume without
loss of generality that Y is a compact metric space and that the map � is a
homeomorphism. Form the associated compact foliated space X obtained by
suspending .Y; �/, and let � be the associated transverse measure on X con-
structed from �0 as in Chapter IV. Then the von Neumann algebra of .X; �/ is
A as desired. ˜

We note that we have proved more than we stated, for the foliated space
produced is always of leaf dimension 1. There are obvious questions which
arise in this connection. May Y be chosen to be zero-dimensional? May Y be
chosen to be a smooth manifold and � a diffeomorphism, so that X is a smooth
manifold? We do not know the answers to these questions.

If we are in the situation of a compact foliated space X with foliated space
groupoid G.X / and a tangentially smooth Hermitian vector bundle E on X , we
may make the same modifi cation to the construction of the W �-algebra of G to
include the vector bundle. Since a vector bundle is always trivial measure theo-
retically, the end result is that the original von Neumann algebra is tensored with
B.V /, where V is a Hilbert space of dimension equal to the dimension of E.

We conclude this chapter with a brief discussion of some aspects of the K-
theory of operator algebras in the context of the C �-algebras of groupoids. In
the following chapter, K-theory will enter in a more extended fashion. We
assume that the reader is familiar with the basics of the K-theory of operator
algebras (see [Karoubi 1978], [Atiyah and Singer 1968a] and especially [Black-
adar 1998]). Given a unital C �-algebra A, let Mn.A/ denote the n�n matrices
over A) Regard Mn.A/ �MnC1.A/ via the map sending an n� n matrix M

to the upper left corner of an .nC1/� .nC1/ matrix, with zeros inserted in the
remaining slots. Let

M1.A/D
[

n

Mn.A/:

One looks at all projections in M1.A/ and subjects them to the natural equiv-
alence relation that e � f if there are u; v 2

S
n Mn.A/ with

uv D e and vuD f:



158 VI. OPERATOR ALGEBRAS

These classes form a semigroup, and one forms the associated Grothendieck
group which is denoted K0.A/. One may thnk of it as classes of formal dif-
ferences of projections. If A does not have a unit, append one to obtain AC,
compute K0.A

C/ as above, and note that the natural homomorphism e WAC!C

induces a homomorphism e� W K0.A
C/ ! K0.C/, where the latter group is

easily seen to be isomorphic to the integers. Then defi ne K0.A/ to be the kernel
of e�. For a compact space X , K0.C.X // is the usual topological K-theory
of compact spaces K0.X /. For X locally compact, K0.C0.X // is the usual
K-theory of the space X with compact supports (see [Atiyah and Singer 1968a;
Karoubi 1978]).

We defi ne
Kj .A/DK0.S

jA/;

where SkAD C0..0; 1/
k ;A/. Then Bott periodicity asserts that

Kj .A/ŠKj .S
2A/:

We recall three further properties of K-theory. First, K�.A/ is homotopy-
invariant; that is, if f t WA! A0 is a 1-parameter family of �-homomorphisms
(continuous in the sense that the associated map A ! C.Œ0; 1�;A0/ is a �-
homomorphism) then

f 0
� D f

1
� WK�.A/!K�.A

0/:

Second, if J is a closed ideal of A then there is a natural long exact sequence

K0.J / - K0.A/ - K0.A=J /

K1.A=J /

6

� K1.A/ � K1.J /:
?

Third, K-theory is invariant under stable isomorphism: if A˝KŠB˝K then
Kj .A/ŠKj .B/.

The group K0.C
�
r .G// is going to be a central player in index theory and will

be the group where the abstract index lives. If G is the groupoid of a compact
manifold foliated by a single leaf, C �

r .G/DK is the compact operators and it is
well known and easily seen that K0.K/D Z, and the usual index of an elliptic
operator is interpreted as an element of this group.

Recall that an invariant transverse measure � on a foliation groupoid G.X /

corresponds to a trace �� on C �
r .G.X //. More generally, if E is some tangen-

tially smooth vector bundle on X , the measure � gives rise to a trace �E
� on

C �
r .G.X /;End� .E//. If E1 and E2 are two different bundles, we constructed

in Theorem 6.15 a stable isomorphism

C �
r

�
G.X /;End� .E1/

�
Š C �

r

�
G.X /;End� .E2/

�
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and hence we have an isomorphism of abelian groups

K0

�
C �

r .G.X /;End� .E1//
�
ŠK0

�
C �

r .G.X /;End� .E2//
�
:

The traces above induce homomorphisms

TrEi
� WK0

�
C �

r .G.X /;End� .Ei//
�
�! R

and it is reasonable to ask how these traces are related. Here is the answer.

Theorem 6.32. Suppose that X is a compact foliated space and that E1, E2

are tangentially smooth Hermitian vector bundles over X . Let � be an invariant
tranverse measure on X and let

TrEi
� W C

�
r

�
G.X /;End� .Ei;1/

�
�! R

be the associated traces. Suppose that

f i W C �
r

�
G.X /;End� .Ei;1/

�
˝K.H1/ �! C �

r .G.X //˝K.H1/

are stable isomorphisms of the sort constructed in Theorem 6.15. Then there is
a natural commutative diagram

K0

�
C �

r .G.X /;End� .E1;1//
� .f 2/�1f 1

- K0

�
C �

r .G.X /;End� .E2;1//
�

R
�

Tr
E2

�
Tr E

1�
-

Proof. Let

hD .f 2/�1 ıf 1 W C �
r

�
G.X /;End� .E1;1/

�
�! C �

r

�
G.X /;End� .E1;1/

�

be the associated automorphism. It suffi ces to show that the trace is invariant
under this automorphism. The automorphism is not inner, and hence this is not
automatic. However, h is really conjugation by a continuous fi eld of unitary op-
erators fUxg operating on C �

r

�
G.X /;End� .E1;1/

�
by conjugating in the range,

and it is obvious that the trace respects the action of this type of automorphism.
˜

K-theory is intimately related to index theory. We briefl y recall what happens
in the classical situation, as a way of motivating our interest in the pseudo-
differential operator extension. We will revisit this connection in detail in the
following chapter.

Let P denote the C �-algebra of norm limits of pseudodifferential operators
of order � 0 (say, with matrix coeffi cients) on a compact manifold M . There is
a natural sequence of C �-algebras

0 - K - P
�- C.S�M /˝Mn

- 0;
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where S�M is the cosphere bundle. If P 2 P is elliptic with principal symbol
� , then �.P /D � and

Œ� � 2K1.C.S
�M /˝Mn/ŠK�1.S�M /:

The boundary map

@ WK1.C.S
�M /˝Mn/ - K0.K/Š Z

corresponds to the Fredholm index map

@Œ��D index .P /

as may be seen easily by a naturality argument involving the commuting diagram

0 - K - P - C.S�M /˝Mn
- 0

k

0 - K - B.H /
?

- B.H /=K

?
- 0:

If G is the groupoid of a foliated space coming from a fi bration with base B,
C �

r .G/ is, as we have seen, isomorphic to C.B/˝K, and so by stability,

K0.C
�
r .G//ŠK0.C.B//ŠK0.B/:

Recall that the Atiyah–Singer index for families of elliptic operators [1971] with
a parameter space B is an element of K0.B/.

What we will describe here is a kind of Chern character on K0.C
�
r .G.X ///,

G.X / the groupoid of a foliated space, or more properly a partial Chern charac-
ter. This Chern character will take values in the reduced tangential cohomology
group H

p
� .X / in top degree p (the leaf dimension) as defi ned in Chapter III.

We shall assume without further notice that the foliated space is tangentially
oriented and that the groupoid of the foliated space is Hausdorff. This partial
Chern character sees only part of the structure of K0.C

�
r .G.X ///, specifi cally

the part that transverse measures can see. The “full” Chern character is conjec-
turally a homomorphism from K0.C

�
r .G// into the cyclic homology H �

� .A
0/

of a suitable dense subalgebra A0 of C �
r .G/, (see [Connes and Skandalis 1984]

and, for cyclic theory, [Connes 1985a; 1985b]. While the outline of this is clear
and specifi c cases are known, there do remain some details. The “partial” Chern
character that we will defi ne directly would be obtained in general by composing
the full Chern character with a natural homomorphism from H �

� .A
0/ to H

p
� .X /.

For the defi nition of our Chern character, we start with a typical element of
K-theory, uD Œe��Œf �, where e and f are projections in Mn.C

�
r .G/

C/with the
same images in K0.C/, where GDG.X /. Then we can assume without loss of
generality that the images of e and f in Mn.C/ are exactly the same. Let � be a
positive Radon invariant transverse measure on X and form the corresponding
trace �� on C �

r .G/. Extend �� to �n
� D �� ˝Tr on Mn.C

�
r .G//.
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Theorem 6.33. (a) The element e � f may be chosen to be in the ideal of
defi nition of �n

� .

(b) The map � ! ��.e � f / extends to a linear functional on the set of all
Radon signed transverse measures M T .X / which depends only on the
K-theory class uD Œe�� Œf � 2K0.C

�
r .G//. Denote it by c0.u/.

(c) The map c0 takes values in the space of weak-� continuous functionals on
MT .X/ (viewed as the dual space of H

p
� .X / as in (4.27), (4.29)) and

hence yields uniquely a map

c WK0.C
�
r .G.X ///

- H p
� .X /

which we call the partial Chern character c.u/ of u.

(d) If E is a tangentially smooth Hermitian vector bundle over X then the
partial Chern character extends uniquely to

c WK0

�
C �

r .G.X /;End� .E//
�

- H p
� .X /:

Before turning to the proof, we offer some observations. Note that the partial
Chern character is given very explicitly as follows. If Œu� 2 K0.C

�
r .G// is

represented by Œe�� Œf �, where e; f 2Mn.C
�
r .G/

C/ with common images in
Mn.C/ and if e and f are in the domain of �n

� , then cŒu� is the cohomology
class of the tangentially smooth p-form !u which (after identifying p-currents
with Radon invariant transverse measures) is given by

!u.�/D �
n
� .e�f /;

where �n
� is the trace ��˝Tr on C �

r .G/˝Mn associated to the invariant trans-
verse measure �.

Suppose that Œu� is the index class of a tangential, tangentially elliptic operator
D on X as defi ned in the following chapter. One might try to construct !u as
follows. The restriction of D to a leaf ` is locally traceable and has an associated
p-form .�u/` 2˝

p.`/. One is tempted, then, to try to amalgamate the p-forms
.�u/` to a p-form �u 2 ˝

p
� .X /. Unfortunately the forms .�u/` do not vary

continuously in the transverse direction and it is not at all clear that it is possible
to alter the .�u/` in some direct fashion to obtain a global class. We avoid this
diffi culty by regularizing at the C �-algebra level with respect to M T .X /.

Proof of Theorem 6.33. In view of the Hilsum–Skandalis result, Theorem 6.14,
and the fact that K0.A˝K/ŠK0.A/, we may assume that u 2K0.C

�
r .G

N
N
//

for a transversal N of the type described in Theorem 6.14 and consequently that
e and f are in Mn.C

�
r .G

N
N
/C/.

We need to look more carefully at how C �
r .G

N
N
/ sits inside C �

r .G/. As before
we may arrange matters so that there is larger transversal N 0 containing N and
the closure N , which we may assume is compact. Moreover we may arrange
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that a neighborhood U 0 of N 0 has the form U 0DN 0�Rp, p the leaf dimension,
so that the second coordinates describe the leaves locally. Then

GU
U DGN 0

N 0 �R
p �R

p:

Suppose that the graph is Hausdorff. Then elements of GN 0

N 0 and GN
N

can be
represented by Proposition 6.9 as continuous functions vanishing at1 on these
spaces. We then pick a fi xed compactly supported C 1 function � on Rp and
extend a function  on GN 0

N 0 to one on GU
U

by the formula  U .g;x;y/ D

 .g/�.x/�.y/ and one extends  U to  G on all of G by making it zero on
the complement of GU

U
. In particular if  is supported on GN

N
and represents an

element of C �
r .G

N
N
/, then  U and  G have compact support and  G represents

an element of the dense subalgebra A of functions used to defi ne C �
r .G/. It may

be checked that this map  -  G gives an embedding i of C �
r .G

N
N
/ into

C �
r .G/. In the non-Hausdorff case the same argument works after localizing

to open Hausdorff subsets. It follows from the discussion here and in Theorem
6.14 that the isomorphism � of C �

r .G
N
N
/˝K with C �

r .G/ can be arranged so
that �.x˝ e1/D i.x/, where e1 is a one-dimensional projection.

In particular any fi nite matrix of elements in C �
r .G

N
N
/ is always represented

in C �
r .G

N
N
/ by a kernel operator where the kernel is continuous and has compact

support. Further, the kernel, when extended to G, is tangentially smooth (Chap-
ter III) for the natural foliated space structure of G. Finally as every element of
C �

r .G
N
N
/ can be written as a linear combination of elements of the form a�a,

it follows by Proposition 6.25 that any element b of C �
r .G/ represented as a

fi nite matrix of elements of C �
r .G

N
N
/ via the isomorphism � is in the ideal of

defi nition of any weight �� for any (positive) Radon transverse measure, and
that ��.b/ is given by integrating the kernel of b on the unit space. Specifi cally
if � is a Radon transverse measure, and � is the fi xed smooth tangential measure,
then the integral of � with respect to �

�D

Z
� d�

is a measure on X . If kb is the kernel function on G for b, then

��.b/D

Z
kb.e.x// d�.x/;

where e is the function embedding X as the set of units in G. As kb is tan-
gentially smooth on G, kb.e.x// is tangentially smooth on X . Finally as the
foliated space is oriented, we may view the tangential measure � as a tangentially
smooth p-form, and then !b D kb.e. � //� is also a tangentially smooth p-form.
Recasting the formula above, we see that

��.b/D

Z
!b d�
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is given by integrating the tangentially smooth p-form !b against the transverse
measure �.

The proposition is now obvious for we can arrange the two projections e and
f defi ning the K-theory element uD Œe��Œf � to be in Mn.C

�
r .G

N
N
/C/ and their

difference e�f to be a fi nite matrix over C �
r .G

N
N
/ to which the above analysis

applies. For an invariant (positive) Radon transverse measure, ��.e�f / can be
given by integrating a fi xed tangentially smooth p-form !e�f against �. This in
fact constructs the value of the partial Chern character c.u/ in H

p
� .X /; namely

it is the class of the form !e�f . That it is well defi ned and independent of the
choice of e and f results from the fact that �� is a trace and the duality result,
Proposition 4.29.

Finally, the presence of the bundle E is easily accommodated with the assis-
tance of Theorem 6.32. ˜

As we will be working with projections that often do not lie in the C �-
algebras under consideration, but rather in a von Neumann algebra contain-
ing the C �-algebra of interest, we shall add a few words about K-theory for
von Neumann algebras. As any von Neumann algebra W is a C �-algebra one
could just defi ne K0.W / using the C � defi nition. However, the presence of
infi nite projections leads to bad behavior; for instance, K0.B.H // D 0 for an
infi nite-dimensional Hilbert space H . We want to stick to fi nite projections.
Recall the defi nition, which is reminiscent of Dedekind’s defi nition of a fi nite
set.

Defi nition 6.34. A projection e in a von Neumann algebra W is fi nite if e is not
equivalent in the sense above to a proper projection of itself.

Equivalently, one may fi rst defi ne a von Neumann algebra W to be fi nite if
given w 2 W C there is a fi nite normal trace � on W C with �.w/ ¤ 0; then
defi ne e 2W to be a fi nite projection if eWe is a fi nite von Neumann algebra.
For this approach, see [Dixmier 1969a].

One then forms the semigroup of classes of fi nite projections in
S

n Mn.W /

and then the corresponding Grothendieck group, thus obtain a group that we
denote by K

f
0
.W /. Evidently

K
f
0
.B.H //D Z;

while

K
f
0
.W /D

�
R if W is a factor of type II,

0 if W is a factor of type III.

From this one can readily compute K
f
0
.W / for any W .
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Now if we start with a C �-algebra A and a representation � of A into a
von Neumann algebra W , we would like to defi ne, at least under some condi-
tions, a homomorphism

�� WK0.A/ - K
f
0
.W /:

At the very least we would want this map to exist when A D C �
r .G.X // and

W DW �.G.X /; Q�/ with Q� arising from a Radon invariant transverse measure
for the foliated space.

Proposition 6.35. Let A be a C �-algebra of the form AD B˝K with a repre-
sentation � into a von Neumann algebra W , such that �.A/ is dense and when
we write �.B/00 D eWe for a projection e in W , then e is a fi nite projection.
Then there is a well defi ned homomorphism

�� WK0.A/ - K
f
0
.W /:

We omit the obvious proof that is based on the equality

K0.B/ŠK0.A/

and observe that the conditions are satisfi ed in the case at hand since

AD C �
r .G.X //D C �

r .G
N
N /˝K

and since the trace �� has been shown to be fi nite on C �
r .G

N
N
/ in Theorem 6.31

it follows that ��.e/ is fi nite, where e is the projection in the statement of the
proposition. Finally since �� is a faithful trace on W �.G; Q�/ it follows that e is
a fi nite projection. ˜

Corollary 6.36. For any fi nite Radon invariant transverse measure � there is a
natural homomorphism

�� WK0.C
�
r .G//

- K
f
0
.W �.G; Q�//

and the associated trace �� on C �
r .G/ and on W �.G; Q�/ extends to yield a

commuting diagram

K0.C
�
r .G//

�� - K
f
0
.W �.G; Q�//

R
�

Tr �
Tr�

-

We note that if W �.G; Q�/ is a factor then it is of Type II1 and

Tr� WK
f
0
.W �.G; Q�// - R

is an isomorphism.
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Looking ahead more explicitly to the next chapter, we consider the following
situation: we have an exact sequence

0 - A - P - C - 0

of C �-algebras. We assume that P has a representation � into a von Neumann
algebra W such that �.A/ is weakly dense. As above we assume that ADB˝K,
where �.B/00 D eWe with e a fi nite projection. We suppose that P and hence
C are unital. Now let d 2 P and suppose that Pd , its image in C is invertible
(that is, to adumbrate the following chapter, d is elliptic). We regard Pd as an
element of K1.C / and then according to the exact sequence of K-theory, the
index of Pd is a well defi ned element ind. Pd/ in K0.A/.

On the other hand, we can view �.d/ as an element of the von Neumann
algebra W and then its kernel Ker�.d/, and also Ker�.d�/, are projections
in W . What one hopes, using the map of Proposition 6.35 is indeed the case,
as follows from Breuer’s theory [1968] of Fredholm operators in von Neumann
algebras. The following summarizes the result and will play a crucial role in
Chapter VII.

Proposition 6.37. Under the assumptions above, Ker�.d/ and Ker�.d�/ are
fi nite projections in W . Moreover the difference

ŒKer�.d/�� ŒKer�.d�/�

(the analytic index of d) is an element of K
f
0
.W /, and if �� is the map from

K0.A/ to K
f
0
.W / of Proposition 6.35, then

��.ind.d//D ŒKer�.d/�� ŒKer�.d�/�:

Proof. If m is the smallest norm closed ideal in W containing the fi nite projec-
tions, then evidently m��.B/ by hypothesis, and hence m��.B˝K/D�.A/.
Since Pd is invertible in C , it follows that the image of �.d/ in W =m is invertible
and hence that �.d/ is Fredholm by [Breuer 1968, Theorem 1]. It follows from
Breuer that Ker�.d/ and Ker�.d�/ are fi nite projections in W . Finally a close
examination of the defi nition of the index map K1.C /!K0.A/ as for instance
given in [Blackadar 1998, Defi nition 8.7] shows directly that

��.ind. Pd/D ŒKer�.d/�� ŒKer�.d�/�: ˜

The point here is that the naively defi ned “spatial” analytic index

ŒKer�.d/�� ŒKer�.d�/�

of d in the von Neumann algebra W , a very measure theoretic type of object, is
always the image via �� of an element in K0.A/, an element which in turn has
important topological invariance properties. This will be applied to the extension

0 - C �
r .G.X /;End� .E// - NP0 - � .S�F;End� .E// - 0
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of tangential pseudodifferential operators defi ned on a bundle over a foliated
space. The von Neumann algebra W will be W �.G; Q�/ constructed from a
Radon invariant transverse measure �.

Update 2004

The class of C �-algebras of foliated spaces has turned out to be a premier
source of examples of C �-algebras in the last fi fteen years. It is a very interesting
proving ground for general conjectures. A prime example is the Baum–Connes
conjecture. There is a huge literature on this subject; we limit ourselves to
mentioning the classic paper [Baum and Connes 2000], written in 1982, and
the recent book [Valette 2002] for a thorough discussion. The version of the
Conjecture for foliations goes roughly as follows. Given a foliated space X (the
authors consider only foliated manifolds but presumably the conjecture would be
the same), let BG.X / denote the classifying space of the associated holonomy
groupoid. There is an appropriate sort of topological K-theory denoted K�

� to
apply to this space and a natural map

� WK�
�.BG.X //!K�.C

�
r .G.X ///

and the Baum–Connes Conjecture is that this map � is an isomorphism. They
show in [Baum and Connes 2000, Proposition 8] that� is rationally injective and
that if G.X / is torsion-free (in the sense that the holonomy groups are all torsion-
free), then � is an isomorphism. Since then the conjecture has been established
for various classes of foliations. For instance, J. L. Tu [1999] showed that the
conjecture holds when X is an amenable foliation. On the other hand, Higson,
Lafforgue, and Skandalis [Higson et al. 2002] have given some examples to show
that sometimes the conjecture is false. (These examples involve non-Hausdorff
foliation groupoids.) So the situation is really complicated.

The C �-algebras of groupoids have played an important role in the theory
of graph C �-algebras, as in the work of Kumjian, Pask, Raeburn, and Renault
[Kumjian et al. 1997; 1998; Kumjian and Pask 1999]. For a fi ne general treat-
ment, see [Paterson 1999].

We also note the very recent results of Tu [2004], who introduces a notion of
properness for G that is invariant under Morita equivalence of groupoids. (See
[Muhly et al. 1987] for defi nitions.) He shows that any generalized morphism
between two locally compact groupoids which satisfi es some properness con-
ditions induces a C �-correspondence from C �

r .G1/ to C �
r .G2/, and thus two

Morita-equivalent groupoids have Morita-equivalent C �-algebras.



CHAPTER VII

Pseudodifferential Operators

This chapter is devoted to the study of tangential pseudodifferential operators
and their index theory. The chapter has four topics, treated in turn:

� the general theory of pseudodifferential operators on foliated spaces (VII-
A on page 169);

� differential operators and fi nite propagation (VII-B on page 190);

� Dirac operators and the McKean–Singer formula (VII-C on page 197);

� superoperators and the asymptotic expansion of the heat kernel (VII-D
on page 202).

We discuss each of them briefl y before revisiting them in their respective sec-
tions.

We are deeply grateful to Steve Hurder, Peter Gilkey, Jerome Kaminker, John
Roe, and Michael Taylor for their enormously helpful assistance in the prepa-
ration of this chapter. We especially recommend Roe’s papers [1988a; 1988b],
his CBMS booklet [1996], and his book [1998] for further early thought on core
areas of interest.

Pseudodifferential operators. We begin the chapter by introducing the ma-
chinery of tangential differential operators, smoothing operators, and pseudo-
differential operators, fi rst in a local setting and then globally. We demonstrate
that a tangentially elliptic pseudodifferential operator has an inverse modulo
compactly smoothing operators. Letting P.G.X /;E;E/ denote the closure of
the �-algebra of pseudodifferential operators of order � 0 on a bundle E over a
foliated space X , there is a short exact sequence

0 - C �
r .G.X /;End� .E// - P.G.X /;E;E/

- � .S�F;End� .E// - 0;

where S�F is the cotangent sphere bundle of the foliated space. This leads to
formulas which relate the abstract index class

ind.P / 2K0.C
�
r .G.X ///;

the Connes index ind�.P /, and the Type II von Neumann index. In general, the
index of a tangential, tangentially elliptic operator may be regarded as a class

167
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K0.C
�
r .G.X /// or in K

f
0
.W �.G.X /; Q�//. The natural map

ˇ� WK0.C
�
r .G.X ///

- K
f
0
.W �.G.X /; Q�//

commutes with the homomorphisms from these groups to R induced by an in-
variant transverse measure �, so

ind�.P /D ��

�
KerŒˇP ��KerŒˇP ��

�
2 R;

where �� is the trace associated to the invariant transverse measure �. These
results imply that the index of the operator depends only upon the homotopy
class of the tangential principal symbol of the operator.

Differential operators and fi nite propogation. Turning next to tangential dif-
ferential operators, we introduce bounded geometry and fi nite propagation con-
ditions. We show that a tangential differential operator D on a compact foli-
ated space has a unique (leafwise) closure, so that the Hilbert fi elds Ker D and
Ker D� are well-defi ned. It makes sense to form the index measure �D and then
to defi ne the R-valued index by

ind�.D/D

Z
�D d�:

This is formally the same as the defi nition for operators of order zero, of course,
but some further work is required to make the connection between the two more
concrete and transparent.

Dirac operators and the McKean–Singer formula. The key differential oper-
ators for the purposes of index theory are the tangential Dirac operators. Having
introduced these operators in an abstract context and having verifi ed that the
general machinery of Section VII-B applies to these operators, we establish the
McKean–Singer formula: for t > 0,

ind�.D/D ��

�
Œe�tD�D �� Œe�tDD�

�
�
:

Superoperators and the asymptotic expansion. We introduce superoperators
and restate the McKean–Singer formula in the form

ind�.D/D �
s
�.e

�t yD/;

where yD is the superoperator

yD D

�
0 D�

D 0

�2

D

�
D�D 0

0 DD�

�

and �s
� is the supertrace. Next we introduce complex symbols and prove that as

t ! 0 there is an asymptotic expansion

�s
�.e

�t yD/�
X

j��p

tj=2p

Z

X

�j . yD/ d�;
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where each �j . yD/ is a signed tangential measure independent of t . As ind�.D/

is independent of t , an easy argument shows that

ind�.D/D

Z
!D.g;E/ d� D

˝
Œ!D.g;E/�; ŒC� �

˛
;

where
!D.g;E/D �0. yD/jd�j D .�0.D/��0.D

�// jd�j

is the associated tangentially smooth p-form and ŒC� � is the homology class of
the Ruelle–Sullivan current associated to �. The identifi cation of !D for twisted
signature operators and the completion of the proof are left to Chapter VIII.

VII-A. Pseudodifferential Operators

Fix a tangential Riemannian metric on X and corresponding tangential Rie-
mannian metric on G.X /. This determines a volume form on each leaf of X

and on each leaf of G.X /. There is a corresponding tangential measure �X on
X and a tangential measure �G.X / on G.X /. Recall that

�G.X / D f�
x
G.X /g;

where �x
G.X /

is a measure on Gx . The measure �G.X / is invariant under the left
action of the holonomy groupoid. Precisely, if u2G

y
x and if f is a nonnegative

Borel function on G, then
Z
f .uu0/ d�x

G.X /.u
0/D

Z
f .u0/ d�

y

G.X /
.u0/:

We fi x once and for all a transverse measure d�. Note that in view of the results
of Chapter IV, d� may be regarded as a measure on the transversals of G.X /

or equivalently as a measure on the transversals of X . (For most of this chapter
there would be no harm in letting � have a nontrivial modular function, but our
applications require that � be an invariant transverse measure, so we assume
that as needed.) This determines measures �D �X d� on X and �G.X / d� on
G.X / by the procedure of Chapter IV.

Let U be an open subset of Rp�N with the induced foliated structure. Defi ne

d˛
x D

�
@

@x1

�˛1

: : :

�
@

@xp

�
p̨

and
D˛

x D .�i/j˛jd˛
x :

Recall that C 1
� .U / denotes the continuous, tangentially smooth functions on

U , and C 1
�c .U / denotes those which are compactly supported. We topologize

these by insisting that convergence means convergence on compact subsets of a
function and its tangential derivatives.
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Defi nition 7.1. Let X be a foliated space with foliation bundle F . The bundle
of densities of order ˛ on X .a complex line bundle/ is defi ned by

jF j˛;x D
˚
� W�pFx �f0g ! C

ˇ̌

�.�w/D j�j˛�.w/ for all � 2 R�f0g and w 2�pFx �f0g
	
:

Defi ne jF j D jF j1. Densities of order 1 on a leaf are measures on that leaf, so
it makes sense to defi ne

C 1
0 .j`j/D �0.`; jT `j/

and then distributions on the leaf ` by

D
0.`/D .C 1

0 .j`j//�:

Similarly, compactly supported distributions E
0.`/ are defi ned on the leaf ` as

dual to � .`; jT `j/.
These are examples of an assignment to each leaf ` of a topological vector

space E.`/, and we shall informally speak of such an assignment as a fi eld of
topological vector spaces, leaving undefi ned what kind of transverse measura-
bility is required. Further examples include

B
1
� .X /D fC

1.`/g and B
1
�c.X /D fC

1
c .`/g:

One particular case of importance is when these spaces are Hilbert spaces.

Defi nition 7.2. A Borel fi eld of Hilbert spacesE over a foliated space X consists
of

(a) an assignment of a (separable) Hilbert space Ex to each x in X which
is Borel in the sense of direct integral theory (see Chapter VI, page 142,
and [Takesaki 1979, IV, ~8]), and

(b) a map u! u� from G.X / into unitary operators from Es.u/ to Er.u/ in
the language of Chapter IV,

such that:

1. .uv/� D u�v�,

2. .u�1/� D .u�/
�1,

3. each u� is a Borel function of u.

In this case we say that u defi nes a representation of G.X / on the fi eld E. A
bounded operator

P WE!E0

of Borel fi elds of Hilbert spaces is a Borel family of operators

Px WEx!E0
x

with uniformly bounded norms which is invariant under the left action of each
Gx

x .
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If one has a tangential measure �x on X , one may form

Ex DL2.`x; �x/

as in Chapter IV, and this determines a fi eld fExg of Hilbert spaces. In fact it
is clearly a Borel fi eld of Hilbert spaces where u� for any u is defi ned as the
identity map from Es.u/ to Er.u/. This is called the regular representation of
the groupoid G.X / with the tangential measure �.

Let E and E0 be fi nite-dimensional tangentially smooth complex bundles
over X . A tangential operator from E to E0 is a family P D fPx W x 2 X g,
where, for each x, Px is a linear map

(7.3) Px W C
1
c .Gx; s�.E//! C 1.Gx; s�.E0//

which is invariant under the left action of each Gx
x .

Left invariance implies that there exists a vector-valued distribution on G

such that for each x 2 X the distributional kernel associated to Px (on Gx) is
K.
; 
 0/DK.
�1
 0/ so that

(7.4) .Px�/.
 /D

Z
K.
�1
 0/�.
 0/ d�x

G.X /.

0/

for all � 2 C 1
c .Gx; s�.E// and 
 2 Gx . Note that in this generality, the oper-

ators fPxg vary measurably but not necessarily continuously in the transverse
direction. To obtain continuous control transversely one must assume that the
distribution kernel varies continuously transversely.

If we assume that G.X / is Hausdorff, the distributions

Kx DK.
; �/; x D r.
 / 2X

corresponding to the operator Px fi t together to form a distribution K corre-
sponding to the operator P on G.X / because G.X / is a fi bre space over X with
Gx as the fi bre over x. This goes as follows. One defi nes

K.'/D

Z
Kx.'x/ d�.x/;

where 'x is the restriction of a compactly supported test function ' on G.X /

to Gx and �D �d� is the measure on X obtained by integrating the tangential
measure � with respect to the fi xed transverse measure � as in Chapter IV. The
distribution K is called the distribution kernel of P .

The usual constructions for operators on manifolds may be conducted leaf by
leaf. For instance, if T is a tangential operator then a formal adjoint T t on C 1

c

is defi ned leafwise by

h ;T t�iDhT ; �i:
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Defi nition. A tangential differential operator

D W �� .E/! �� .E
0/

is a continuous linear operator which, locally, is given by a linear combination
of partial differential operators along the leaves.

We extend D to tangential distributional sections  by

hD ; �iD

Z
 .x/Dt�.x/ dx;

where Dt is the formal adjoint of D.
A tangential differential operator D has a local expansion on a coordinate

patch of the form

D D
X

j˛j�m

a˛.x/D
˛;

where the a˛ vary continuously in x and vary smoothly on each leaf. The
maximal global value for m is the order of D. A tangential differential operator
from E to E0 induces an operator

D WB1
� .E/!B

1
� .E

0/

by restriction. This operator varies continuously as one moves transversely.
More generally, one sometimes wishes to consider operators D D fD`g where
the transverse variation is only measurable.

The Hodge–Laplace operator provides a key example of a tangential differ-
ential operator. Suppose given a foliated space X with leaves of dimension p

and with a tangential Riemannian connection. Recall that the de Rham operator
is a map d D fdxg, where, for x 2 `,

dx W˝
k.`/!˝kC1.`/:

The orientation on F determines the Hodge �-operator

� W˝j .`/!˝p�j .`/:

Defi ne

ı D .�1/pkCp�1 � d� W˝kC1.`/!˝k.`/

and

�k D dıC ıd W˝k.`/!˝k.`/:

This determines the tangential Hodge–Laplace operator

�k W˝
k
� .X /!˝k

� .X /
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on forms over X and similarly on forms over G.X /. Each �k is a second order
tangential differential operator. In fl at space,

�0 D�
X @2

@x2
i

is the classical Laplacian.
Given a tangential differential operator

D W �� .E/! �� .E
0/;

defi ne the tangential .total/ symbol of D locally by

�.x; �/D
X

j˛j�m

a˛.x/�
˛:

and defi ne the tangential principal symbol of D by

�m.x; �/D
X

j˛jDm

a˛.x/�
˛:

The tangential total symbol is a purely local notion; it depends on the choice
of a coordinate system. In contrast, the local tangential principal symbols patch
together to yield the global tangential principal symbol

�m.D/ W S
�F �! Hom.��E; ��E0/

on the cosphere bundle S�F of F , where � W S�F ! X denotes the obvious
projection. If �m.D/ is invertible, so that

�m.D/ W S
�F �! Isom.��E; ��E0/

then D is said to be tangentially elliptic. For example, the principal symbol of
the tangential Hodge–Laplace operator is given by

�2.�`/D�
X

�2
i

and is invertible on unit vectors, so the tangential Hodge–Laplace operator � is
a tangentially elliptic operator.

Next recall a bit of the classical theory of pseudodifferential operators; see
[Atiyah and Segal 1968; Taylor 1981; Gilkey 1984], for more detail. Suppose
fi rst that U is an open subset of Rp . If

P .x;D/D
X

j˛j�m

a˛.x/D
˛

is a differential operator with smooth coeffi cients one can write for u2C 1
c .U /,

extended to Rp, ( Ou the Fourier transform),

P .x;D/u.x/D
X

j˛j�m

a˛.x/

Z
�˛e2i�hx;�i Ou.�/ d�
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so that, with the total symbol of P given by

�.x; �/D p.x; �/D
X

j˛j�m

a˛.x/�
˛ 2 C 1.U �R

p/;

one has

(7.5) P .x;D/u.x/D

Z
p.x; �/e2i�hx;�i Ou.�/ d�:

Sometimes one writes

P .x;D/DOP .p.x; �//:

The class of differential operators is not large enough to include, for instance,
the parametrix of a differential operator of positive order, since such an operator
would have negative order. The general idea then is to admit a larger class of
symbols and use (7.5) to defi ne a larger class of operators. We defi ne two such
classes, Sm.U / and Sm

0
.U /, as follows.

For any integer m, let Sm.u/ be the set of all smooth functions p.x; �/ on
U �Rp which satisfy the following condition: for each compact subset K of U

and for all multi-indices ˛; ˇ,

jDˇ
xD˛

� p.x; �/j � C˛;ˇ;K .1Cj�j/
m�j˛j for x 2K; for � 2 R

p:

For instance, polynomials in � of degree m with smooth coeffi cients lie in
Sm.U /. More general, if � is some smooth function, let

p.x; �/D �.x/.1Cj�j2/m=2I:

This is an elliptic symbol of order m whenever � ¤ 0. For p 2 Sm.U /, defi ne

P DOP .p/ W C 1
c .U /! C 1.U /

by

Pu.x/D .2�/�p

Z
p.x; �/eihx;�i Ou.�/ d�:

The class Sm
0
.U / consists of those symbols p 2 Sm.U / which satisfy the

following additional condition: for each nonzero value of �, the limit

�m.p/.x; �/ D lim�!1
p.x; ��/

�m

exists. Then �m.p/ is a C 1 function on U � .Rp � 0/ and it is homogeneous
of degree m in �.

Finally, a pseudodifferential operator is an operator

P W C 1
c .U /! C 1.U /

such that for each f 2C 1
c .U / the associated operator Pf is a pseudodifferential

operator in local coordinates; i.e., it is of the form OP .pf / for some pf 2 Sm
0

.
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The set of such operators is denoted P
m.U /. There is an obvious extension to

matrix-valued functions.

Lemma 7.6. Let r.x; �;y/ be a matrix-valued system which is smooth in each
variable. We suppose that r has compact x-support inside U .an open set in Rp

with compact closure / and that there are estimates

jD˛
xD

ˇ

�
D


y r j � C˛;ˇ;
 .1Cj�j/
m�jˇj

for all multiindices .˛; ˇ; 
 /, where m<�p�k, so that the associated operator

OP .r/f .x/D

Z Z
ei.x�y/�r.x; �;y/f .y/ dyd�

is a pseudodifferential operator of order m. The distribution kernel K.x;y/ is
given by

K.x;y/D

Z
ei.x�y/�r.x; �;y/ d�:

Then K is C k in .x;y/ and

OP .r/f .x/D

Z
K.x;y/f .y/dy:

Proof. See [Gilkey 1984, Lemma 1.2.5, p. 19]. ˜

Lemma 7.7. Let K.x;y/ be a smooth kernel with compact x;y support in U

.an open set in Rp with compact closure /. Let P be the operator defi ned by K.
If k is a nonnegative integer, then

jKj1;k � C.k/jP j�k;k �

Proof. See [Gilkey 1984, Lemma 1.2.9, p. 21]. ˜

The principal symbol �m.P / of a pseudodifferential operator P is defi ned by

�m.P /.x; �/D �m.pf /.x; �/;

where f is any function equal to 1 near x. The algebra P
m.U / is invariant under

diffeomorphisms of U and hence determines uniquely a corresponding class of
operators P

m.M / for a (paracompact) manifold M , and, more generally, for
P

m.M;E;E0/, where E and E0 are smooth bundles over M . The principal
symbol yields a map

�m.P / W S
�M ! Hom.��.E/; ��.E0//;

where � is the canonical projection of the cotangent sphere bundle of M to
M . Give P

m.M;E;E0/ the natural Fréchet topology using coordinate neigh-
borhoods. Then

�m WP
m.M;E;E0/! �

�
S�M;Hom.��.E/; ��.E0//

�
:



176 VII. PSEUDODIFFERENTIAL OPERATORS

If M is compact then

P
m.M /!B.W s.E/;W s�m.E0//

is continuous for each m and s, where W s.E/ denotes the (classical) Sobolev
space associated to the smooth sections over the (compact) manifold M , so
bounded families of symbols yield bounded families of operators.

A pseudodifferential operator P from E to E0 on a compact manifold M is
smoothing if for all s; t , P induces bounded maps on Sobolev spaces

P WW s.E/!W sCt .E0/:

Equivalently, P is smoothing if

P W E0.E/! C 1.E0/:

The conditions are equivalent since
S

s W s.E/D E
0.E/ and

T
s W s.E/D C 1.E/

by the Sobolev lemma. A smoothing operator has a smooth distributional kernel.
Let us return to the realm of foliated spaces. Let X be a compact foliated

space with leaves of dimension p equipped with a tangential Riemannian metric
and let G D G.X / be its holonomy groupoid, which we assume to be Haus-
dorff. Let E and E0 be fi nite-dimensional tangentially smooth complex bundles
over X .

Defi nition 7.8. Fix a real number s. The tangential Sobolev fi eld

W s
� .G.X //�W s

� D fW
s

x g

is defi ned as follows: the Hilbert space W s
x is the completion of

Dom.1C�x/
s=2

with respect to the norm

k�ks;x D k.1C�x/
s=2�kL2.Gx/:

The representation of G.X / on the Hilbert fi eld W s
� .G.X // by left translation

is by construction equivalent to the regular representation of G.X / (compare
Defi nition 7.2). Note that up to equivalence the fi eld W s

� .G.X // is independent
of choice of tangential Riemannian metric.

Defi nition. A tangential operator P is smoothing if P induces a bounded oper-
ator

P WW s
� .G.X //!W sCt

� .G.X //

for all s; t . The distribution kernel which determines P is in fact a smooth func-
tion on each leaf, though it may be only measurable transversely. The kernel dies
off in a complicated way on each leaf; it is not necessarily compactly supported
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on G.X /. A tangential operator P is compactly smoothing if P is smoothing
and if the distribution kernel of P is compactly supported on G.X /.

If C is a compact subset of G.X / then the support of P is in C if the distribu-
tion vanishes off C . A tangential operator P is pseudolocal if for all neighbor-
hoods S of G0 there is a compactly smoothing operator R with Supp.PCR/�

S . Say P1 � P2 if P1�P2 is compactly smoothing.
Suppose that if ˝ Š L�N is a distinguished coordinate patch of the holo-

nomy groupoid G.X / with L open and connected in R2p . A tangential opera-
tor P from E to E0 over ˝ corresponds by invariance to a measurable family
P D fPn W n 2N g, where

Pn W C
1.L� fng;E/! C 1.L� fng;E0/:

To make P a tangential pseudodifferential operator one naturally requires that
each Pn be a classical pseudodifferential operator and that these operators vary
continuously in n. The invariance condition on the family of operators translates
into the condition that the distribution kernel K.
; 
 0; n/ is really a function of

�1
 0, so write

K.
; 
 0; n/DK.
�1
 0; n/:

Thus K may be regarded as being defi ned on an open set of G.X / itself.
On the question of what support for K should be allowed, one has some

choice. We insist that K has compact support on G.X /. The set of such P of
order �m is denoted P

m
c .˝;E;E

0/. Each element of C 1
� .G.˝// determines

a compactly smoothing operator.
If P 2 P

m
c .˝;E;E

0/ with distribution kernel K, then K extends naturally
to all of G.X / by setting it equal to zero outside of ˝. It is then the distribu-
tion kernel for a unique tangential operator on G, denoted P 0. This operator
decomposes as P 0 D fP 0

xg, where P 0
x has support contained in Gx \ s�1.˝/.

Finally:

Defi nition. A tangential pseudodifferential operator on X is a fi nite linear com-
bination of compactly smoothing operators with transversely continuous distri-
bution kernels and operators of the form P 0 above.

By construction, each tangential pseudodifferential operator is pseudolocal
and has a continuous compactly supported distribution kernel. Transverse con-
tinuity implies that the tangential principal symbol of such an operator is con-
tinuous.

Let P
m.G.X /;E;E0/ be the linear space of tangential pseudodifferential

operators of order �m from E to E0; that is, fi nite linear combinations of oper-
ators arising on the various P

m.˝;E;E0/ and compactly smoothing operators.
When the context is appropriate we abbreviate to P.E;E0/ or to P. The linear
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space
P

�1.E;E0/D
T

m P
m.E;E0/

consists of the compactly smoothing operators with transversely continuous tan-
gentially smooth kernels.

Note that one can compose two elements of P
�1.E;E0/ when EDE0 (and

the proposition below implies that the set is closed under composition in an
appropriate sense.)

All of this has been for G.X / Hausdorff. If G.X / is only locally Hausdorff
then we modify as in the construction of C �

r .G.X //. Cover the space G.X / by
open Hausdorff sets ˝, for which P

m.E;E0/ does make sense, and then defi ne
P

m.G.X /;E;E0/ to be the vector space of linear combinations of these local
pseudodifferential operators and compactly smoothing operators.

Proposition 7.9 [Connes 1979, page 126]. (a) P
mıPn�P

mCn for all m; n.

(b) If P 2 P
0.E;E0/, then the family fPx W x 2 X g extends to a bounded

intertwining operator

L2
�
G.X /; �G.X /;Es

�
!L2

�
G.X /; �G.X /;E

0
s

�
:

(c) If P 2 P
m.C;C/;m< 0, then P 2 C �

r .G.X //.

(d) If P 2P
m.E;E0/ with m<�p=2, then its associated distribution kernel

K is measurable on G.X / with

supy

Z
kK.
�1/k2H S d�y.
 / <1:

Proof (Connes). (a) Suppose fi rst that nD�1. One may assume that P 0 2P
m

corresponds to a continuous family P 2P
m
c .˝;E;E

0/ with˝ŠL�N . A par-
tition of unity argument shows that we may study functions f (with associated
multiplication operators Mf ) supported on

W 0 ŠL�L0 �N;

where ˝ 0 Š L0 �N compatibly with ˝ Š L �N . The kernel associated to
PMf is of the form

K1.t; t
00; n/D

Z
K.t; t 0; n/f .t 0; t 00; d/˛ jdt 0j

and is tangentially smooth. Thus PMf is smoothing, and this implies that
P

m
P

�1 � P
�1. For the general case assume that P 0 2 P

m, Q0 2 P
n arise

from Pc.˝;E;E
0/, where˝ŠL�N , and then invoke the classical argument.

In particular, this shows that P
0.G.X /;E;E/ is an algebra.

(b) Assume that the operator is of the form P 0 for P 2 P
0
c .˝;E;E

0/. The
assertion follows from the inequality

kP 0
xk � sup kPnk:
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(c) This follows from the natural inclusion

C �
r .˝/! C �

r .G.X //

and the continuity of the map given by n 7! Pn.

(d) It suffi ces to prove the assertion for P 0, with P 2P
m
c .˝;E;E

0/. One has

K.t; t 0; n/D

Z
eiht�t 0;�ia.t; �; n/ d�;

where

kat;nk
2
2 D

Z
ja.t; �; n/j2 jd�j

is uniformly bounded; i.e.,

ja.t; �; n/j � c.1Cj�j/m:

Then the Parseval equality shows that
Z
jK.t; t 0; n/j2 dt 0 D kat;nk

2
2

is uniformly bounded. ˜

Let P 2 P
m.G.X /;E;E0/ be a tangential pseudodifferential operator from

E to E0. We defi ne its principal symbol �m.P / to be that of the operator s.P /

(which acts on bundles over X , rather than on bundles over G.) If P is a smooth-
ing operator with associated kernel K, then s.P / is the operator associated with
the kernel function

K0.y;x/D
X

K.
 / 2E�
x˝Ey .sum over all 
 W x! y/:

This is indeed a smoothing operator and its principal symbol �m.P / is zero for
all m. It follows that �m induces a homomorphism

�m W P
m.G.X /;E;E0/! �� .S

�F;Hom.E;E0//:

One defi nes ellipticity of P by the invertibility of �m.P / which is the same as
the ellipticity of s.P /, namely, we must have

�m W P
m.G.X /;E;E0/! �� .S

�F; Isom.E;E0//

and if this is the case then we say that P is tangentially elliptic.

Proposition 7.10 [Connes 1979, page 128]. Suppose that P 2 P
m.E;E0/ is a

tangentially elliptic pseudodifferential operator. Then there exists a tangen-
tial parametrix, that is, a tangentially elliptic pseudodifferential operator Q 2

P
�m.E0;E/ such that PQ� idE0 and QP � idE are compactly smoothing.

Proof (Connes). Let f˝ig be a fi nite open cover of X by coordinate charts of
the form ˝i Š Li �Ni . Let f�ig be a tangentially smooth partition of unity
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subordinate to this cover. Let C be a compact neighborhood of G0 � G.X /

such that for each i ,

f
 2 C W s.
 /� Supp�0
ig �Wi DLi �Li �Ni ;

where �0
i 2 C 1

�c .˝i/ has value 1 on the support of �i and s is the source map.
We may suppose that Supp P � C .

For each i , defi ne Mi to be the tangential operator from E to E0 given by
multiplication by �0

i ı s. The distribution Ki associated to PMi is supported
in Wi , so there exists Pi 2 P

m
c .˝i ;E;E

0/ such that P 0
i D PMi . The usual

multiplicative property of principal symbols implies that

�m.P
0
i /D �m.P /�

0
i

so that Pi is tangentially elliptic on the support of �i . We must show that there
exists Qi 2 P

�m
c .˝i ;E

0;E/ such that PiQi ��i is compactly smoothing.
Since Pi is elliptic on the support of �i with total symbol p and principal

symbol pm 2 Sm there exists some q 2 S�m with pmq��i smoothing. Defi ne
qk inductively by q0 D q and

qk D�q �
X 1

˛!
d˛

� p �D˛
� qj 2 S�m�k ;

where the sum is taken over all ˛; j ; k with j < k and j˛j C j D k. Let
zQi 2P

�m with total symbol q0�
0
iCq1�

0
iC� � � . This defi nes zQi 2P

�m so that
�.Pi

zQi��i/� 0 on Supp.�i/. Similarly we could solve �. yQiPi��i/� 0 for
yQi 2 P

�m. We compute

�.�i
zQi ��i

yQi/D �.�i
zQi � yQiPi

zQi/C �. yQiPi
zQi ��i

zQi/

D �..�i � yQiPi/ zQi/C �.. yQiPi ��i/ zQi/;

so �i. zQi � yQi/ � 0 modulo smoothing operators on the support of �i , which
implies that zQi and yQi agree modulo smoothing operators. Their distributional
kernels are compactly supported since �0

i is compactly supported. Set Qi D
zQi�i ; then PiQi��i is compactly smoothing. Set QD

P
MiQ

0
i . Then PQ�

IE0 , is compactly smoothing, which implies the result. ˜

Corollary 7.11 [Connes 1979, page 128]. Suppose that

P1;P2 2 Pm.G.X /;E;E
0/

with P2 elliptic. Then there is a constant c <1 such that

kP1;x�k � c
�
kP2;x�kCk�k

�

for all x 2X and for all � 2 C 1
c .Gx/.

Proof (Connes). Let Q2 2 P
�m.G.X /;E0;E/ with Q2P2 � idE smoothing.

Because P1Q2 2P
0 by Proposition 7.9(d), there is a constant c1 <1 with

kP1Q2.P2�/k � c1kP2�k
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for each � 2 C 1
c .Gx/. As P1.Q2P2� idE/ is smoothing, one has

kP1Q2P2� �P1�k � c2k�k

for each � 2 C 1
c .Gx/, which implies the result. ˜

Remark 7.12 (Connes). We note two special cases of this corollary. First, sup-
pose that P2 is the identity. Then

kP1;x�k � c.2k�k/

so that P1 is a bounded operator. Second, suppose that P2 D .1C�/
m, some

power of the identity plus the tangential Laplacian. Then the corollary implies
that

kP1;x�k � k.1C�/
m�kCk�k:

In particular,
k.1C�/k�ks � k�ksC2Ck�ks

for any k.

Corollary 7.11 implies that if P 2 P
s.E;E0/ is tangentially elliptic, then P

defi nes a bounded invertible G.X /-operator

P WW s
� ! Dom P;

where Dom P has norm k�kC kP�k. This implies that each Q 2 P
m.E;E0/

extends for each s to a bounded G.X /-invariant operator

Q WW sCm
� .E/!W s

� .E
0/:

Proposition 7.13 [Connes 1979]. (a) Let U DL�N be a distinguished co-
ordinate patch, let P 2 P

m
c .U;E;E

0/, and let

P 0 WW sCm
� .E/!W s

� .E
0/

be the canonical extension. Then there is a constant b > 0 .independent
of P / such that

kP 0k
W

sCm
� ;W s

�
� b supn kPnkW sCm;W s :

(b) Let � be an invariant transverse measure with associated trace �� on

W �.G.X /; Q�/:

Then each T 2W �.G.X /; Q�/ having a continuous extension to

W �s
� .E/!W s

� .E
0/

for some s > p (the dimension of the leaves) is in the domain of �� and
there is a constant c, independent of T , such that

j��.T /j � ckT kW �s ;W s :
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Proof. (a) If m D 0 then this estimate follows as in the proof of Proposition
7.9(b). In general, fi x some s0 and consider the tangential operator

QD .1C�/�s0=2mP .1C�/�s=2m;

where � is the tangential Hodge–Laplace operator �D f�ng, �n defi ned over
L� fng, formed from the underlying tangential Riemannian connection. Then

kQk D ckPkW s ;W s0 :

If Q were in P
0 the argument would be complete, but this is not so in general.

However, we may uniformly approximate the distributional kernel of Q by ker-
nels Kj supported on compact neighborhoods of the diagonal f.x;x/g�N . Let
Tj be the associated operator to Kj . Then Tj 2 P

0, so that

kTjk � sup kTj ;nk

by the earlier estimate and the Tj uniformly approximate Q, which completes
the argument.

(b) There is some S 2W �.G.X /; Q�/ such that

T D .1C�/�s=2mS.1C�/�s=2m

with kSk D kT k�s;s . Proposition 7.9 implies that S has fi nite trace. So it
suffi ces to show that .1C�/�s=m is in the domain of �� . Corollary 7.10 implies
that there is a tangential pseudodifferential operator P of order �s with

.1C�/�s=m � P �P:

So it suffi ces to show that ��.P
�P / is fi nite. Let KP denote the distributional

kernel of P . Restrict to a leaf `. Proposition 1.12 implies that .P �P /` is a
locally traceable operator with local trace given by

�.P �P/`
D

Z

y

jKP .y;x; n/j
2 d�.y/�.x/:

Thus

��.P
�P /D

Z

X

�.P �P/`
d� D

Z

X

Z

y

jKP .y;x; n/j
2 d�.y/�.x/ d�;

which is fi nite by Proposition 7.9(d) and the fact that
Z
kKPk

2
H S d� <1: ˜

Recall from Proposition 7.9(b) that each pseudodifferential operator

P 2 P
0.G.X /;E;E0/

extends to a bounded intertwining operator

L2.G.X /; �G.X /;Es/!L2.G.X /; �G.X /;E
0
s/;
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which we denote in Hilbert fi eld notation as

P WL2
� .G.X /;E/!L2

� .G.X /;E
0/

We norm these as usual by

kPk D supx2X kP
xk;

where
P x WL2

� .G
x;EjGx /!L2

� .G
x;E0jGx /

and denote the associated normed space of pseudodifferential operators of order
�m by P

m.G.X /;E;E0/ We note that for any m this space contains the space
of tangentially smooth compactly supported sections ��c.G.X /;Hom.E;E0//.

The most important case of interest to us is P
0.G.X /;E;E/. This is obvi-

ously a �-algebra containing ��c.G.X /;End� .E// as a two-sided ideal. Taking
closures we obtain a C �-algebra P.G.X /;E;E/ called the (closed) pseudodif-
ferential operator algebra with closed two-sided ideal C �

r .G.X /;End� .E//.
Given some foliated space X with canonical bundle F ! X , fi x some tan-

gential Riemannian metric. This fi xes an isomorphism F Š F� of F with its
dual cotangent bundle. We denote the vectors of length at most one in the total
space by D�F and the vectors of length exactly one by S�F . (To be precise,
we should write D�F� and S�F� but this gets to be an awkward burden, and
in any event unnecessary since the spaces are canonically homeomorphic.) The
bundle � W S�F ! X is called the cosphere bundle of X . It is elementary that
the zero section X ! D�F is a homotopy equivalence, since sending a vector
v to tv 0� t � 1 is a deformation retraction of D�F to X .

We regard the tangential principal symbol map as a map taking values in

�� .S
�F;End� .E//:

Proposition 7.14 [Connes 1979, p. 138]. The tangential principal symbol map

� W P0.G.X /;E;E/! �� .S
�F;End� .E//

is a �-homomorphism with dense image. It extends to a surjection of C �-
algebras and induces a canonical short exact sequence of C �-algebras

0 - C �
r .G.X /;End� .E// - P

0.G.X /;E;E/

�- � .S�F;End� .E// - 0:

Proof. That � is surjective is proved in the classical setting in [Palais 1965,
pp. 269, 246] by the construction of a continuous linear section. The general idea
is to use partition of unity arguments to reduce down to the case of trivial vector
bundles over open balls in Euclidean space, and then to explicitly write down the
section. All this generalizes in an obvious way to our setting. It suffi ces, then,
to compute Ker � . It is clear that Ker � contains C �

r .G.X //, so it suffi ces to
prove the opposite inclusion. Note that since � has a continuous linear section,
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any T 2 P
0 with k�.T /k small has small spectral radius in P

0=C �
r .G.X //.

The proposition then follows from the next Lemma (with AD C �
r .G.X // and

B D Ker � ). ˜

Lemma 7.15. Let P be a dense �-subalgebra of a C �-algebra P and let A �

B � P be ideals. Suppose that the following condition holds:

If x 2 P with jxj small in P=B then the spectral radius �.x/ is small in P=A.

Then AD B.

Proof. Let PA �P=A be the (dense) image of P and similarly for PB �P=B.
Let

 WPA! PB

be the obvious surjection. If x 2 PA with  .x/ D 0 then j xj D 0 in P=B

by the condition in the lemma. Then �.x/ D 0 in P=A and x D 0; thus  is
injective and so an isomorphism. Let

� D  �1 W PB! PA:

Then � is a bounded map, again by the condition in the lemma, and it extends
to

N� WP=B! P=A:

It is easy to see that N� is the inverse to the natural projection

N WP=A!P=B;

so N is an isomorphism, and AD B. ˜

Note that if P is a smoothing operator of order 0 which is not compactly
smoothing then it might not be in P and in particular not in C �

r .G.X //. Such
operators are, however, in the Breuer ideal of compact operators (cf. the proof
of Proposition 6.37) in W �.G.X /; Q�/, as we shall see in Proposition 7.37.
Similarly, if P is (say) compactly smoothing with distribution kernel which
is measurable but not continuous then the same conclusion holds.

The previous proposition enables us to extend the defi nition of tangential
ellipticity to any P in the closure of P

0 by declaring P to be tangentially elliptic
if �.P / is invertible.

For P 2 P
0.G.X /;E1;E2/ the principal symbol restricts to a map

�.P / W S�F �! Hom� .�
�E1; �

�E2/;

so that �.P / induces for each x 2 S�.F / a linear map

�.P /x W .�
�E1/x �! .��E2/x;

and to say that P is tangentially elliptic simply says that each �.P /x is an
isomorphism of vector spaces.

In order to fi nish this section, two tasks remain:
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(1) We must defi ne the abstract analytic index of a tangential, tangentially
elliptic pseudodifferential operator, as the class

ind.P / 2K0.C
�.G.X ///

and relate this index class with families of projections and the associated
von Neumann algebra projections.

(2) We must fi nd a topological home for �.P / in order to be able to form
ch� .P / and hence complete the defi nition of the topological index of P .

Both tasks involve some subtleties; we take each one in turn.

Suppose that P 2 P
0.G.X /;E1;E2/ is a tangential, tangentially elliptic

pseudodifferential operator of order zero, and suppose fi rst that E1ŠE2. Then

�� .S
�F;End� .�

�E1//

is a C �-algebra and �.P / is an invertible element in it. So

Œ�.P /� 2K1

�
� .S�F;End.��E1//

�
:

The short exact sequence (7.14) induces a long exact sequence in K-theory
and, in particular, there is a natural connecting homomorphism

@ WK1

�
� .S�F;End� .E1//

�
!K0

�
C �

r .G.X /;End� .E1//
�
:

Then the idea is to defi ne

ind.P /D @Œ�.P /� 2K0.C
�
r .G.X /;End� .E///:

Let us examine this construction of ind.P / very explicitly, keeping track of
the bundles. Let Q 2 P

0.E2;E1/ be a parametrix for P . Then

QP�I 2C �
r .G.X /;End� .E1// and PQ�I 2C �

r .G.X /;End� .E2//:

Defi ne a matrix

T WL2.G.X /;E1/˚L2.G.X /;E2/ �!L2.G.X /;E2/˚L2.G.X /;E1/

by

T D

�
PC.I�PQ/P PQ�I

I�QP Q

�

Then T is invertible with

T �1 D

�
Q I�QP

PQ�I PCP .I�QP /

�
:

Letting e0 D
�

1
0

0
0

�
, we have

(7.16) ind.P / D ŒTe0T �1�� Œe0� 2K0

�
C �

r .G.X /;End� .E1˚E2//
�
:
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It may seem problematic that ind.P / does not take values in K0.C
�
r .G.X ///,

but in fact there is no diffi culty, for Theorem 6.15 demonstrates that

C �
r .G.X /;End� .E1˚E2//

is stably isomorphic to C �
r .G.X //, so the two K0-groups are isomorphic, and

these particular stable isomorphisms preserve the natural traces that arise from
invariant transverse measures, by Theorem 6.32, so that the partial Chern char-
acter (Theorem 6.33) of the index class

c.ind.P // 2H p
� .X /

is well-defi ned.
In fact formula (7.16) is even better than it seems at fi rst glance. For suppose

given a pseudodifferential operator

P 2 P
0.E1;E2/;

where E1 and E2 are not necessarily isomorphic. Then P
0.E1;E2/ is no longer

a ring and so formally the long exact K-theory sequence is not available. This
turns out not to be an obstacle. Let Q 2 P

0.E2;E1/. be a parametrix for P .
The operator T is still an isomorphism, and the resulting classes ŒTe0T �1� and
Œe0� still lie in the group K0.C

�
r .G.X /;End� .E1˚E2///. Thus there is still an

abstract index class ind.P / given by formula (7.16), and there is a well-defi ned
partial Chern character to apply to obtain c.ind.P // 2H

p
� .X /.

So, given a tangential, tangentially elliptic operator, we have constructed an
abstract analytic index class ind.P /. Next, we relate the index class ind.P / to
the families of kernels Ker PL and Ker P �

L
, to the associated families of local

traces, and to the associated von Neumann algebra projections. In this measure
theory context we need not keep track of the bundles, since measurably they are
all stably equivalent.

Fix an invariant transverse measure � and form the associated von Neumann
algebra W �.G.X /; Q�/ with trace �� . It is clear from the construction that there
is a natural map

ˇ WP!W �.G.X /; Q�/

whose image is weakly dense. Let � W C �
r .G.X // ! W �.G.X /; Q�/ be the

canonical map and let

�� WK0.C
�
r .G.X ///!K

f
0
.W �.G.X //; Q�/

be the induced homomorphism. Recall that �P D f�xP g is the index measure of
P and that ind.P / 2 K0.C

�
r .G.X /// is the image of the tangential principal

symbol of P .

Theorem 7.17. Let P 2P
0 be a tangentially elliptic operator. Then
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(a) Ker.ˇP / and Ker.ˇP �/ are fi nite projections in W �.G.X /; Q�/ such that

ŒKer.ˇP /�� ŒKer.ˇP �/� 2K
f
0
.W �.G.X /; Q�//:

(b) ��.ind.P //D ŒKer.ˇP /�� ŒKer.ˇP �/�.

(c) c.ind.P //D Œ�P � 2H
p
� .X /.

(d) ind�.P /�
R
�P d� D ��

�
ŒKer.ˇP /�� ŒKer.ˇP �/�

�
.

Proof. This is immediate from Proposition 6.37. ˜

Corollary 7.18. Let P 2 P
0 be a tangentially elliptic operator. Then

ind�.P /D ��

�
ŒKer.ˇP /�� ŒKer.ˇP �/�

�

depends only upon the homotopy class of the principal symbol of P in the group
K0.C

�
r .G.X ///.

Proof. Immediate from Theorem 7.17 and the fact that ind.P /2K0.C
�
r .G.X ///

depends only upon the homotopy class of the tangential principal symbol �0.P /

of P . ˜

This completes our discussion of the analytic index. We turn now to the sec-
ond task — that of preparing the way for the topological index. Suppose given
a tangential, tangentially elliptic pseudodifferential operator P with principal
symbol �.P /. Where does this symbol really live? It lives in K0.F�/, as we
now explain.

Given some foliated space X with canonical bundle F ! X , fi x some tan-
gential Riemannian metric. This fi xes an isomorphism F Š F� of F with its
dual bundle, and hence the spaces D�F and S�F as introduced earlier. The
natural inclusion D�F � F� induces a homeomorphism

D�F=S�F �! FC;

called the Thom–Pontryagin map. Identify the quotient space D�F=S�F , which
is the Thom space of the bundle F�, with the one-point compactifi cation of F�.

Proposition 7.19. Let X be a compact foliated space with canonical bundle F

and tangential Riemannian metric. Then

(1) For j D 1; 2 there are natural identifi cations

Kj .D�F=S�F/Š zKj ..F�/C/ŠKj .F�/:

(2) There is a natural long exact cohomology sequence

� � � - K0.D�F / - K0.S�F /
@- K1.F�/

- K1.D�F / - K1.S�F /
@- K0.F�/ - K0.D�F / - � � �

Proof. Part (1) is immediate from defi nitions and the Thom–Pontryagin home-
omorphism. Part (2) follows from the long exact K-theory sequence of the pair
.D�F;S�F / together with (1). ˜
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Coming back to
Œ�.P /� 2K1.S�F /;

apply @ WK1.S�F /!K0.F�/ to obtain a class

@Œ�.P /� 2K0.F�/:

Normally the map @ is suppressed and the class is simply written

Œ�.P /� 2K0.F�/:

and referred to as the class of the principal symbol of P .
This entire construction has been under the assumption that E1ŠE2. How-

ever, what if E1 is not isomorphic to E2? Then it is necessary to proceed
differently — and to proceed in a way that generalizes the construction above.
We need a new description of the group K0.F�/.

If X is a locally compact space then we have previously defi ned the K-theory
of X with compact supports as

K0.X /D eK0
.X C/:

There is another approach to this group which is essential to our purposes. Here
is how it is described in [Atiyah and Singer 1968a, p. 489], where it is introduced
for essentially the same reason.

An elliptic complex of vector bundles over X is a sequence of Hermitian
bundles and bundle maps

0!E0 ˛
�!E1 ˛

�!E2 ˛
�! � � � !En �! 0

with ˛2 D 0. The support of the complex is the set of points x 2 X such that
the sequence of vector spaces

0 �!E0
x

˛
�!E1

x

˛
�!E2

x

˛
�! : : : �!En

x �! 0

is not exact. The prototype example is obtained, of course, by taking a tangen-
tial, tangentially elliptic operator P and forming the elliptic complex

0 �! ��E0

�.P/
�! ��.E1/ �! 0:

Consider only complexes of compact support. Homotopy classes of these
complexes form an abelian semigroup under ˚ and there is a sub-semigroup
consisting of those complexes with empty support. The quotient of these two
turns out to be a group, and in fact it is K0.X /, as demonstrated in [Segal
1968].1

1The map from elliptic complexes to K0.X / is given roughly as follows. Starting with an
elliptic complex, we take alternating sums to reduce to complexes of the form

0 �!E0 ˛
�!E1 �! 0:
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The ring structure in K-theory corresponds to splicing complexes. In the case
of K0.F�/ more can be said. Let � W F�! X be the natural projection. Then
it is the case that every element of K0.F�/ may be represented as a complex

0�! ��.E0/
˛
�! ��.E1/ �! 0;

where E0 and E1 are Hermitian bundles over X itself.
Now, let

P W �� .E1/ �! �� .E2/

be a tangential, tangentially elliptic pseudodifferential operator. Pulling the bun-
dles back along � WF�!X and taking tangential principal symbols, we obtain
a complex

0! ��.E1/
�.P/
�! ��.E2/! 0:

This is indeed an elliptic complex, and its homotopy class gives naturally

Œ�.P /� 2K0.F�/

If in fact E1 DE2 so that our previous construction yields

Œ�.P /� 2K1.S�F /

then it is evident from the defi nition of @ that this class maps correctly to K0.F�/

under @. So now it makes sense to defi ne ch� .P / via the composite

Œ�.P /� 2K0.F�/
ch�- H �

�c.F
�/

˚�1
�- H �

� .X /

and, adding a sign (the peculiar choice of which is explained in [Atiyah and
Singer 1968b, p. 557]):

ch� .P /D .�1/p.pC1/=2˚�1
� ch� .�.P //:

This completes our introduction to abstract tangential pseudodifferential op-
erators.

VII-B. Differential Operators and Finite Propagation

The most natural operators on foliated spaces are parametrized versions of
the classical differential operators. These operators are unbounded, and it is
necessary to exercise some care in promoting them to bounded operators in
defi ning an index. There are at least two possible technical approaches. Connes
prefers to use methods from geometric asymptotics. We have chosen to use
fi nite propagation techniques, in part because of their lovely simplicity, and in

We alter ˛ by adding on a trivial bundle if necessary and then deforming ˛ by a homotopy so
that Ker ˛ and Cok˛ are vector bundles over X . Then the corresponding class in K0.X / is
ŒKer ˛�� ŒCok˛�.
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part because we have been impressed by their effi cacy as demonstrated, e.g., in
[Taylor 1979; Cheeger et al. 1982; Roe 1987].

Defi nition 7.20. Let D be a fi rst order differential operator over a noncompact
complete manifold with self-adjoint principal symbol �1.D/. The propagation
speed of D is defi ned by

c.x/D sup
˚
k�1.x; �/k j k�k D 1

	
:

If c.x/� c then D is said to have fi nite propagation speed [Cheeger et al. 1982;
Taylor 1979; Chernoff 1973; Roe 1987]. In that case, solutions to the hyperbolic
system

� @
@t
C iD

�
uD 0:

exist [Friedrichs 1954] and propagate at speeds bounded by c.

Recall that if D is a densely defi ned operator then the formal adjoint Dt of
D is defi ned by .Dtu; v/D .u;Dv/. If DDDt then D is formally self-adjoint.
In general, the closure D of D satisfi es D � Dt . A symmetric operator T is
essentially self-adjoint provided that U is self-adjoint, or equivalently, T t is
symmetric, in which case U D T t .

Theorem 7.21 [Chernoff 1973, Lemma 2.1]. Suppose that

D W � .E/! � .E/

is a fi rst-order, not necessarily elliptic, differential operator over a noncompact
complete manifold and suppose that D is formally self-adjoint and has fi nite
propagation speed with a uniform bound

c.x/� c <C1:

Then D is essentially self-adjoint and, more generally, Dk is essentially self-
adjoint for all k. Thus for any bounded Borel function on R, f .D/ is defi ned as
a bounded operator on L2.E/.

Proof. We repeat Chernoff’s proof. Fix a positive integer k and let ADDk . It
suffi ces to show that there is no nontrivial solution to the eigenvalue equation
AtuD˙iu; that is, there is no nonzero choice for u such that

hu; vi˙hu;AviD 0

for all v 2 Dom A.
Suppose that At uD iu. We want to show that uD 0. Let v 2C 1

c .M /. Then
Ut D eitA extends to a unitary operator on L2. Defi ne F.t/ by

F.t/DhUtv;ui:
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The function F is bounded on R since Ut is unitary. The k-th derivative F .k/

of F.t/ is given by

F .k/.t/DhikDkUtv;uiDhi
kAUtv;uiDhi

kUt ;A
t uiD �ikC1F.t/:

Hence F.t/ is a linear combination of exponential functions e˛t , where ˛ runs
through the solutions of the equation ˛k D �ikC1. So none of the ˛’ s is pure
imaginary. As F is bounded, this implies that F is identically zero, so that
hUtv;ui D 0. Finite propagation implies that Ut restricts to an isomorphism
C 1

c .M /! C 1
c .M /. Thus hC 1

c .M /;ui D 0 and so u D 0 as required. A
similar argument applies to the solutions of At u D �iu. This establishes the
theorem. ˜

Pick some point x 2X . The map

R
p Š Fx

expx- X

maps some open p-ball B about the origin to a chart of `x , the leaf which
contains x. Choose an orthonormal base for Fx and extend the map to

Fx �N
expx- X

to obtain a “tangential normal coordinate system” at x. It is determined uniquely
up to an element of C.N;O.p//, where O.p/ is the orthogonal group. Choose
an orthonormal basis for Sx , the fi bre of the bundle S at x. For

y 2 exp.B �N /\ `

there is a well-defi ned isomorphism Sx! Sy given by parallel transport. Thus
a basis is determined for the sections of S over the patch. So fi x a choice of basis
at Sx; the resulting system is called a canonical coordinate system. Letting feig

denote the basis vector-fi elds on exp.B � N / corresponding to the canonical
coordinate system on S , the tangential Levi-Civita connection acts by

ri.ej /D
X

� k
ij ek and ri.s˛/D

X
�

ˇ
i˛sˇ:

Defi nition 7.22. .X;S/ has bounded geometry if

(1) X has positive tangential injectivity radius; that is, there is a nonempty
open ball B �Rp which is injected by the exponential map at very point
of X ,

(2) For each leaf, the Christoffel symbols of the tangential connection on X

lie in a bounded set of the Fréchet space C 1.B/, and

(3) For each leaf, the Christoffel symbols of the tangential connection of the
bundle S lie in a bounded set of C 1.B/.
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Proposition 7.23. Let M be a smooth Riemannian manifold with a C 1 bounded
geometry covered by open sets fUjg with exponential coordinate charts on each
Uj of fi xed radius c. Let D be an elliptic differential operator of positive or-
der whose coeffi cients are bounded in C 1 with a uniform ellipticity estimate.
Then D and its formal adjoint Dt act as unbounded operators on L2.M / with
domain C 1

0
.M /, and the closure of Dt is the Hilbert space adjoint D� of D.

Proof. (This proof was kindly supplied to us by Michael Taylor.) We defi ne D

and Dt as unbounded operators on L2.M / with domain

Dom D D Dom Dt D C 1
0 .M /:

We aim to prove that the closure of Dt is D�. Suppose fi rst that the order of D is
even. Recall from 7.21 that all powers of the Laplace operator � are essentially
self-adjoint since M is complete. Since, by defi nition,

u 2 Dom D� ” j.u;Dv/j � CukvkL2 for all v 2 C 1
0 .M /;

using local elliptic regularity of Dt , we can state

u 2 Dom D� ” u 2L2.M /; u 2W 2m
loc .M /; and Dt u 2L2.M /;

where Dt is a priori applied to u in the distributional sense. Since the weak and
strong extensions of �m coincide, we can say both that

u 2 Dom�m ” u 2L2.M /; u 2W 2m
loc .M /; and �mu 2L2.M /

and that

u 2 Dom�m ” u 2L2.M / and there exists a sequence vj 2 C 1
0 .M /;

�
vj ! u in L2.M / ) �m.vj�vk/! 0 in L2.M / as j ; k!1

�
:

Now elliptic estimates bound L2 norms of Dt u over a ball Vj � M , where
Vj � Uj , say of radius c0=2, in terms of L2 norms of �mu and of u over Uj

(with bounds independent of j ) and conversely, one has a bound on L2 norms
of �mu over Vj in terms of L2 norms of Dtu and u over Uj . One can suppose
the Vj cover M and that the Uj do not have too many overlaps, so we deduce

Dom D� D Dom�m:

From here it is easy to complete the proof. Indeed, given u 2 Dom D� D

Dom�m, we know by the last characterization that there exist vj 2 C 1
0
.M /

such that vj ! u in L2.M / and �m.vj � vk/! 0 in L2.M /, as j ; k !1.
The boundedness hypotheses on the coeffi cients of Dt , together with elliptic
estimates, imply

kDtwkL2.M / � Ck�mwkL2.M /CCkwkL2.M / for w 2 C 1
0 .M /:
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Thus

kDt .vj �vk/kL2 � Ck�m.vj �vk/kL2CCkvj �vkkL2! 0 as j ; k!1;

and the theorem is established for D of even order.
It remains to consider the case when D is of odd order. Let P0 be the closure

of Dt , the minimal extension of Dt , and let P1DD�, the Hilbert space adjoint,
which is the maximal extension of Dt . Clearly P0 � P1. Let A D P �

0
P0 and

B D P �
1

P1. By von Neumann’s theorem, A and B are self-adjoint and

Dom A1=2 D Dom P0; Dom B1=2 D Dom P1:

However A and B are extensions of the even order elliptic operator DtD. The
previous case implies that ADB. Thus Dom P0DDom P1 and we are through.

˜

If D is a tangential differential operator then Ker D D fKer D`g forms a
measurable fi eld of Hilbert spaces. If D is tangentially elliptic then by (4.11)
there is also associated a tangential measure

�Ker D D f�Ker D`
g;

where �Ker D`
is the local dimension of the orthogonal projection onto the sub-

space Ker D`. Similarly there is a natural tangential measure �Ker D� . These
measures would appear to depend upon the choice of closure of D. This problem
is disposed of by the following Corollary.

Corollary 7.24. Let X be a compact foliated space with some fi xed tangential
Riemannian metric and let D be a tangentially elliptic differential operator.
Then the .leafwise/ closure of the .leafwise/ formal adjoint of D is the .leafwise/
Hilbert space adjoint of D. Thus D has a unique closure. Hence Ker D and
Ker D� are uniquely defi ned Hilbert fi elds, and �Ker D and �Ker D� are uniquely
defi ned tangential measures.

Proof. This follows immediately from the preceeding proposition and the ob-
servation that if ` is a leaf in X then ` is a Riemannian manifold with bounded
geometry as required. ˜

It still remains to defi ne the index of a tangential differential operator of pos-
itive order. The most natural defi nition at this point is to form an index measure

�D D �Ker D ��Ker D�

which is unique, by 7.24, and let the index be the total mass of this measure:

ind�.D/D

Z
�D d�:

As this stands it is not at all clear how this corresponds to the index of order
zero operators and the canonical pseudodifferential operator extension, nor is it
clear how to compute. We turn to these matters next.



194 VII. PSEUDODIFFERENTIAL OPERATORS

Let D be a tangential, tangentially elliptic differential operator of positive
order m from sections of E to sections of E0 over a compact foliated space X .
Then D extends to a densely defi ned unbounded operator D D fD Q̀g of Hilbert
fi elds

L2
� .
zE/!L2

� .
zE0/;

where Q̀ is the holonomy covering of the leaf `, the bundles zE; zE0 are the pull-
backs of the bundles E, E0 respectively to the holonomy groupoid G D G.X /

and L2 denotes the corresponding Hilbert fi elds obtained by pulling the bundles
back to G.X /, lifting the action of D, and then restricting. The operator D has
a unique leafwise closure, by Corollary 7.24, which for convenience we also
denote by D. By standard functional analysis, .1CD�D/ is a positive operator
which is bounded below and hence has an inverse .1C D�D/�1 which is a
bounded operator

.1CD�D/�1WL2
� .
zE`/ �!L2

� .
zE`/

for each leaf `.
Recall that

Dom D�D D
˚
� W � 2 Dom D; D� 2 Dom D�

	
:

Then .1CD�D/ has a square root .1CD�D/1=2 by standard functional analysis.
The spectral theorem implies that

Dom .1CD�D/1=2 D Dom .D�D/1=2:

As AD .D�D/1=2 is the positive part of the polar decomposition D D UA (U
partial isometry), Dom AD Dom D and so

Dom .1CD�D/1=2 D Dom D:

This implies that the operator .1CD�D/�1=2 has range equal to Dom D. Since
the operator .1CD�D/˛ is onto for each ˛ > 0, the operator .1CD�D/�1=2

is defi ned on all of L2. zE/. Thus

LDD.1CD�D/�1=2

makes sense and is bounded by direct composition. In polar form, L D UB.
That is, L has the same polar part U as D D UA; D has been replaced by
D.1CD�D/�1=2, a bounded version of D, and

B DA2.1CA2/1=2 D
�
D�D.1CD�D/�1

�1=2
:

Note that LDUB and DDUA have the same kernel. The closure of the ranges
is likewise the same. Hence

Ker LD Ker D and Ker L� D Ker D�
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in the von Neumann algebra W �.G.X /; Q�/. If we knew that L were in P
0 or

even in P
0 then we would know that these projections were �-fi nite and that

the �-index of D was just the �-index of L. One can establish this in greater
generality using methods of Connes, but we specialize to fi rst order operators.

Theorem 7.25 [Taylor 1981, Chapter XII; Roe 1987]. Let D D fD`g be a tan-
gential, tangentially elliptic and tangentially formally self-adjoint operator. Lift
each D` to its holonomy covering D Q̀. Let f be a bounded Borel function, so
that f .D Q̀/ is defi ned by the spectral theorem. Let f .D/� ff .D Q̀/g act on the
canonical Hilbert fi eld

f .D/ WL2
� .G.X /;E/ �!L2

� .G.X /;E/

of C �
r .G.X //. Then:

(1) If f is a Schwartz function with Fourier transform Of , then

f .D/D
1

2�

Z
Of .t/eitD dt;

where the integral is understood to be in the weak sense along the leaves.

(2) If D is of fi rst order wth fi nite propagation speed on each leaf and f 2
C0.R/ with Fourier transform Of 2 C 1

c .R/ then

f .D/ 2 C 1
�c .G.X /;End� .E//:

(3) If D is of fi rst order with fi nite propagation speed on each leaf , f 2
C0.R/, then

f .D/ 2 C �
r .G.X /;End� .E//:

Proof. Part (1) is proved in [Taylor 1981, Chapter XII]. For parts (2) and (3) see
[Roe 1987, Theorem 2.1 and Corollary 2.2]. ˜

Corollary 7.26 (Roe). Let D be a fi rst order tangential tangentially elliptic and
tangentially formally self-adjoint differential operator from sections of E to sec-
tions E0 with uniformly bounded propagation speed on all leaves. Defi ne

LDD.1CD2/�1=2:

Then L is a bounded operator on L2, and L 2P
0.

Proof. It suffi ces to prove that L 2 P
0. Let

f .x/D x.1Cx2/�1=2:

Then f 0.x/D .1Cx2/�3=2 and f 00.x/DO.jxj/�3 at1.
Regard f as a tempered distribution (i.e., as a functional on the Schwartz

space) and let g.�/ be the Fourier transform of f . Then g is itself a tempered
distribution, and

.f 0/OD i�g.�/; .f 00/OD ��2g.�/:
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Thus �g.�/ is a function and f 00 is in L2, which implies that

.f 00/OD ��2g.�/

is bounded, so that g.�/ D O.��2/ at 1. Write g D g1 C g2, where g1 has
support very near 0 and g2 2L1. OR/. Then

f .D/D

Z
g1.�/e

i�D d�C

Z
g2.�/e

i�D d�:

The inverse Fourier transform of g2 belongs to C0.R/ by the Riemann–Lebesgue
lemma, so the second term is in C �

r .G.X //. The fi rst term is properly supported,
by the fi nite propagation speed condition, and it is a pseudodifferential operator
by the argument of [Taylor 1981, Theorem 1.3, p. 296]; thus it belongs to P0,
and hence f .D/ 2 P

0. ˜

The preceeding corollary shows us how to fi t classical fi rst order tangentially
elliptic operators into the general framework of tangential pseudodifferential
operators presented in Section VII-A. For arbitrary higher order differential
operators we adopt an alternate strategy: we work directly at the von Neumann
algebra level.

Proposition 7.27. Let X be a compact foliated space with invariant transverse
measure �. Let T be a tangential, tangentially elliptic pseudodifferential op-
erator of order m > 0, and let � be the tangential Hodge–Laplace operator
associated to the bundle of T . Defi ne

P D .1C�/�m=2T:

Then P 2 P
0, �0.P / is homotopic to �m.T /, and

��.Ker P /D ��.Ker T /

and

��.Ker P �/D ��.Ker T �/

in W �.G.X //; Q�/.

Proof. Since P D .invertible/T; �0.P / is homotopic to �m.T /. It suffi ces to
prove that P 2 P

0 and ��.Ker P �/D ��.Ker T �/. For the fi rst, note that � is
the 0-form component of DDdCd� extended to the bundle via the connection.
Use the leafwise fi nite propagation speed property of the operator D to write

.1C�/�m=2T D

Z
Og1.�/e

i�DT d�C

Z
Og2.�/e

i�DT d�Dg1.D/TCg2.D/T:

Then g1.D/T 2 P
0 as in 7.26. The operator g2.D/ is smoothing and tends to

0 if we make g1 have large support. Thus kg2.D/T kL2 ! 0 and thus P 2P
0.
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It remains to prove that ��.Ker P �/ D ��.Ker T �/ in W �. If � is the or-
thogonal projection onto Ker T � then the orthogonal projection onto Ker P � is
given by

� 0 D .1C�/�m=2�.1C�/m=2:

We should like to say that � and � 0 have the same trace. This is not immediate,
since .1C�/m=2 is an unbounded operator. The ellipticity estimate in general
takes the form

j.1C�/m=2�j � jT ��jC cj�j:

If � 2 Ker T � then

j.1C�/m=2�j � cj�j

and thus .1C�/m=2 is bounded on Ker T �, and �.1C�/m=2 is bounded. Thus

��.�
0/D ��..1C�/

�m=2�.1C�/m=2/

D ��..1C�/
�m=2��.1C�/m=2/

D ��.�.1C�/
m=2.1C�/�m=2�/D ��.�/;

as desired. ˜

This completes our general study of tangential differential operators with fi -
nite propagation speed. These results will be used in Section VII-C, which deals
with a special class of tangential differential operators which are closely tied to
the geometry of foliated spaces.

VII-C. Dirac Operators and the McKean–Singer Formula

We turn now to the study of generalized Dirac operators and asymptotics. The
goal of this section is the McKean–Singer formula (7.39) which is the bridge
to the asymptotic development of the index ind�.D/. References [Gilkey 1974]
and [Roe 1998] serve as valuable general background for this section and the
next.

Assume for the rest of the chapter that X is a compact foliated space with
oriented foliation bundle F which is equipped with the Levi–Civita tangential
connection 5.19 and associated tangential Riemannian metric. Each leaf of X is
a complete Riemannian manifold with bounded geometry. Suppose that V is a
real inner product space. We write Cliff.V / for its associated Clifford algebra.
The Clifford algebra is universal with respect to linear maps j W V !A, where
A is a real unital algebra and

.v; v/1C .j v/2 D 0;

and this characterizes the algebra. More concretely, Cliff.V / may be regarded
as the free associative unital algebra on the basis vectors fekg of V modulo the
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relations

eiej C ej ei D 0 .i ¤ j / and e2
i D�1 all i; j:

Let
Cliff cV D .Cliff V /˝R C

be the complexifi ed algebra. If E! X is any real Riemannian vector bundle,
then Cliff cE is the associated bundle of Clifford algebras. In particular, if X is
a foliated space with a tangential Riemannian metric then we may form

Cliff cX � Cliff cF;

where F is the tangent bundle of the foliated space.

Defi nition 7.28. If S is a bundle of left modules over Cliff cX , then S is a tan-
gential Clifford bundle if it is equipped with a tangential Hermitian metric and
compatible tangential connection such that

(a) if e 2 Fx then e W Sx! Sx is an isometry.

(b) if � 2 �� .Cliff cX / and s 2 S , then

�.�s/D ��.s/C .��/s:

If S has an involution which anticommutes with the Clifford action of tangent
vectors, then it is a graded Clifford bundle.

Associated to a tangential Clifford bundle S is a natural fi rst order differential
operator D D DS called the (generalized) Dirac operator. It is defi ned to be
the composition

�� .S/! �� .F
�˝S/! �� .F ˝S/! �� .S/;

where the fi rst map is given by the tangential connection, the second by the
tangential Riemannian metric, and the third by the Clifford module structure on
S . In an orthonormal basis fe1; : : : ; epg for Fx one may write

.Ds/x D
X

ek.rks/x :

If S is graded then D is similarly graded; it interchanges sections of the positive
and negative eigenbundles of the involution. In Chapter VIII we shall show that
this defi nition encompasses the operators of primary interest in the proof (and
in many applications) of the index theorem.

Lemma 7.29. The Dirac operator is formally self-adjoint on each leaf and has
fi nite propagation speed.

Proof. Fix tangentially smooth sections r; s of S , one of which is compactly
supported. Let ˛ be the tangential 1-form

˛.v/D�.r; vs/;
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where vs is the module action of s on v. Let e1; : : : ; ep be a normal basis of
vector fi elds near x. Then

.Dr; s/x D
X

.eirir; s/x D�
X

.rir; eis/x

D
X�
ri.r; eis/� .r; eiris/

�
D .d�˛/xC .r;Ds/x

and hence hDr; siDhr;Dsi by integration, as required. ˜

Form the Hilbert fi eld L2
� .S/ by completing the tangentially smooth sections

of S along each leaf in the norm determined by the tangential Riemannian met-
ric.

Proposition 7.30. The Dirac operator is essentially self-adjoint regarded as an
operator on the Hilbert fi eld L2

� .S/. Thus (by 7.21) if f is a bounded Borel
function on R then f .D/ is defi ned as a bounded operator on L2

� .S/.

Proof. This follows immediately from 7.29 and 7.21. ˜

Let R W�2F�! End� .S/ be the tangential curvature operator associated to
the tangential connection on S . Defi ne R0 2 End� .S/ by

R0.s/D
1

2

X
eiej R.ei ^ ej /s

with respect to the orthonormal basis.

Proposition 7.31 (Weitzenbock formula). For s 2 �� .S/,

D2s Dr�rsCR0s:

Proof. Work in normal coordinates at a point. Then the result is formal:

D2s D
X

eiri.ejrj s/

D�
X
rjrisC

X

i<j

eiej .rirj �rjri/s Dr
�rsCR0s: ˜

This formula allows us to analyze the coeffi cients of the Dirac operator. Sup-
pose that .X;S/ has bounded geometry. Using tangential normal coordinates
near a point of X , one may regard the operator D2 as a partial differential
operator along the leaves of B �N acting on matrix-valued functions. By the
Weitzenbock formula, D2 may be written as

(7.32) �
X

i;j

gij .x/
@

@xi

@

@xj
C
X

j

aj
@

@xj
C b;

where the aj and b are matrix-valued tangentially smooth functions on B �N

which are constant in n and which, by virtue of the bounded geometry, may be
estimated independently of the particular point of X chosen. In particular one
sees that D2 is a tangentially elliptic operator with principal symbol ��2. As
the origin of the tangential normal coordinate system varies, the operators D2
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form a bounded family of tangentially elliptic operators with the same tangential
principal symbol.

Suppose that f is a function on Rp supported within B=2. Then f may be
regarded as defi ned on B �N and D2 may be regarded as acting on f . The
elliptic estimate 7.12 applied to D2 gives

(7.33) kf kkC2 � C
�
kf kk CkD

2f kk
�

for some constant C and the usual Sobolev norms. Moreover, since det g is
bounded away from zero locally and (by the compactness of X ) globally with
a global lower bound, the tangential principal symbol of D2 is bounded away
from zero with a global lower bound, so C may be chosen uniformly on X . This
makes it possible to prove a Sobolev embedding theorem for X .

Defi nition 7.34. Suppose r � 0. The uniform C r space UC r
� .S/ is the bundle

obtained by taking over each leaf the Banach space of all C r
� sections s of S

.restricted to the leaf / such that the norm

jjjsjjjr D sup
˚
jrv1

: : :rvq
s.x/j

	
;

is fi nite, where sup is over all x 2X and over all choices v1; : : : ; vq .0� q � r/

of unit tangent vectors at x.

Theorem 7.35 (Sobolev Embedding Theorem [Roe 1985, 5.20]). If k is an even
integer with k > r Cp=2, then W k

� .S/ is included continuously in UC r
� .S/.

Proof. We may immediately restrict attention to some leaf `. (The constant
involved in the elliptic estimate is continuous from leaf to leaf.) Choose some
s 2W k.`/. Then

jjjsjjj D sup.B;f / kf skUC r .`/;

where B � Rp , f W B ! Œ0; 1� is a smooth function supported on B=2 with
f � 1 on B=4, and f s is regarded as a function on B=2. Then

kf sk2UC r .`/ D kf sk2C r .Rp/ � kRkkf skW k.Rp/

by the classical Sobolev embedding; this is further bounded above by

c1kskW k.B=2/ � c2kskW k.`/

and so jjjsjjjr � .const/kskW k.`/ as required. ˜

Theorem 7.36 [Roe 1985, 5.21]. Suppose that X is a compact foliated space
and that P is a tangential, tangentially elliptic differential operator on the mod-
ule S . Let f lie in S.R/, the Schwartz space. Then the operator f .P /, which
is defi ned (leafwise) by the spectral theorem, is a tangential smoothing operator
and its distribution kernel

Kf 2 �� .S
�˝�F�˝S/
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is uniformly bounded.

Proof. Since f is a Schwartz function, the functions x 7! jxjkf .x/ are bounded
on R for any k, implying by the spectral theorem that the operators P kf .P / are
bounded on L2.`;S/ for each leaf `. Thus f .P / maps W k.S/ into W kCn.S/

for any k and n. It follows in the usual way that f .P / is a smoothing operator
when restricted to each leaf. Thus f .P / is tangentially smoothing. As for the
uniform bound, let x 2 X and v 2 S�

x ; let �x;v be the distributional section
defi ned by

�x;v.s/Dhsx; vi

for s 2 �� .S/. Then �x;v 2 UC r .S/� �W �k.S/ (by Theorem 7.35) and so

Kf .v; � /D f .P /�x;v 2W k.S/� UC r .S/;

again by Theorem 7.35. This implies that Kf is uniformly bounded. ˜

Proposition 7.37. Let P be a self-adjoint tangentially elliptic differential op-
erator of any positive order on a module S with bounded geometry, and let
f 2 C0.R/. Then f .P / is in the Breuer ideal [1968] of compact operators in
W �.G.X /; Q�/. Similarly, if P � 0 then e�tP is in the Breuer ideal.

Proof. By a continuity and density argument we may assume that f is compactly
supported and smooth. Then Theorem 7.36 gives a distribution kernel for f .P /
which is bounded on G, and similarly for f .P /2. This implies that

Tr.f .P /2/D
Z
jKf .P/.x;x/j

2 d� <1

so that f .P /2 is trace class. Thus f .P / is Hilbert–Schmidt, and so compact.
The same argument applies to e�tP for P positive since the function e�tz may
be replaced by a function which dies quickly off RC and which agrees with e�tz

on RC. ˜

It is now possible to prove a generalization of the McKean–Singer formula,
which provides a bridge to the asymptotic expansion.

Theorem 7.38. Fix an invariant transverse measure � on X and let

D W �� .E/! �� .E
0/

be a tangentially elliptic differential operator of order m > 0 on modules with
vector bundles having Then for each t > 0, the operators e�tD�D and e�tDD�

are tangential smoothing operators whose distribution kernels are functions
which are uniformly bounded. The corresponding elements in W �.G.X /; Q�/

have fi nite trace, and

(7.39) ind�.D/D ��

�
Œe�tD�D �� Œe�tDD�

�
�
:
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Proof. The fi rst part of the theorem is immediate from (7.37). To establish
formula (7.39), we argue as follows. Write D D UA in polar form, where
A D .D�D/1=2 and U is a partial isometry. Then U �U is the projection onto
.Ker D/?, U U � is the projection onto .Ker D�/?, and

U �.DD�/U D U �UAAU �U D ID�DI DD�D;

so U is an equivalence between corresponding spectral projections of D�D and
DD� for any Borel subset of .0;C1/. Thus

��

�
Œe�tD�D �� Œe�tDD�

�
�
D ��

�
ŒˇKer D�� ŒˇKer D��

�
D ind�.D/;

where ˇ W C �
r .G/ �! W �.G; Q�/ is defi ned before Proposition 6.19 and �� is

the trace associated to the invariant transverse measure �. ˜

The next step in our development is the reformulation of the McKean–Singer
formula (7.39) in terms of superoperators, and the resulting asymptotic expan-
sion of the heat kernel.

VII-D. Superoperators and the Asymptotic Expansion

In this section the McKean–Singer formula (7.39) is rephrased in terms of
superoperators. Then symbols which depend upon a complex parameter intro-
duced and the asymptotic expansion (Theorem 7.49) for ind�.D/ is developed.
This leads to the formula (7.49), which expresses ind�.D/ as the total mass of
the tangentially smooth p-form !D.g;E/. More detailed study of this form
for particular Dirac operators leads in Chapter VIII to the proof of the index
theorem.

Defi nition 7.40. A graded vector space is a vector space of the form V D

V C˚V � thought of as the eigenspace decomposition of an involution of V . A
superoperator is an operator T W V ! V . A superoperator has an obvious 2 by
2 matrix decomposition and is said to be grade-preserving if Tij D 0 for i ¤ j .
A trace ' on L.V C/ and L.V �/ extends to a supertrace 's on V by

's.T /D '.T11/�'.T22/:

If D W V C! V � then defi ne its associated superoperator yD by

yD D

�
0 D�

D 0

�2

D

�
D�D 0

0 DD�

�
W V ! V:

Then yD is a positive grade-preserving superoperator of order twice the order of
D.

The utility of this construction is illustrated by the following corollary.
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Corollary 7.41. Fix an invariant transverse measure � on X and let

D W �� .E
C/! �� .E

�/

be a tangentially elliptic differential operator on bundles having bounded geom-
etry with associated superoperator yD. Then

ind�.D/D �
s
�.e

�t yD/:

Proof. This is immediate from 7.39 and the defi nition of the supertrace. ˜

Next we develop the machinery of complex symbols in order to produce the
asymptotic expansion of �s

�.e
�t yD/. Let us assume given a tangentially elliptic

differential operator D of order m=2 with positive defi nite principal symbol.
Let yD be the associated superoperator of order m; say

yD W �� .E/! �� .E/:

Let C be a fi xed curve of distance � 1 from the positive real axis as shown.

For � 2 C, the operator . yD � �/�1 is defi ned by the spectral theorem and has
norm

j. yD� �/�1j � 1:

The map
�! j. yD� �/�1j

is continuous for � 2 C, and hence we may write

e�t yD D .2� i/�1

Z

C

e�t�. yD� �/�1 d�:

Extend . yD��/�1 to the graded tangential Sobolev spaces. Note that j��xj�1�

1 for � 2 C, x 2 RC, so that

j. yD� �/�1f j0 � cjf j0:

Then

j. yD� �/�1f jkm � c
�
j yDk. yD� �/�1f j0Cj. yD� �/

�1f j0
�

by [Gilkey 1984, 1.3.5], which in turn is bounded above by

cfj yDk�1f j0Cj� yD
k�1. yD� �/�1f j0Cjf j0g

� cfjf jkm�mCj�j j. yD� �/
�1f jkm�mg:
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If k D 1, we obtain

j. yD� �/�1f jm � c.1Cj�j/ jf j0

and then by induction,

j. yD� �/�1f jkm � c.1Cj�j/k�1jf jkm�m:

By interpolation one obtains:

Proposition 7.42. Let yD be as above. Given s, there is a k D k.s/ and cD c.s/

so that
j. yD� �/�1f js � c.1Cj�j/k�1jf js

for all � 2 C.

Defi nition. The functionq.x; �; �; n/ 2 Sk.�/.U �N / is a symbol of order k

depending on � if q is smooth in .x; �; �/, continuous in n, has compact x-
support in U , is holomorphic in � and if there are estimates

(7.43) jD˛
xD

ˇ

�
D




�
qj � C˛;ˇ
 .1Cj�jC j�j

1=m/k�jˇj�mj
 j:

Say that q is a homogeneous symbol of order k in .�; �/ if

q.x; t�; tm�/D tk.x; �; �/ for t � 1:

Homogeneity implies the decay condition (7.43). Grading in this manner corre-
sponds to regarding � as having order m. It follows that .pm� �/

�1 2 S�m.�/.
Further, the spaces S�.�/ are closed under multiplication and differentiation in
the usual manner. In particular, given n> 0, there is some k.n/ > 0 such that if
Q has symbol in Sk.�/ then it induces Q.�/ WW �n!W n and

(7.44) jQ.�/j�n;n � C.1Cj�j/�n:

Let P
k
�
.U �N / denote those grade-preserving pseudodifferential superoper-

ators
C 1

�c .U �N /! C 1
�c .U �N /

with symbol in Sk.�/ and x-support in U . For � fi xed,

Q.�/ 2 P
k.U �N /:

A tangentially smooth homeomorphism

h W U �N ! zU � zN
induces a map

P
k
� .U �N /! P

k
� .
zU � zN /

which respects principal symbols, so that it makes sense to speak of opera-
tors with complex symbol on C 1

�c .X / or even of operators on bundles over
X . Finally, defi ne P

k
�
.G.X // as before, that is, as fi nite linear combinations of



VII-D. SUPEROPERATORS AND THE ASYMPTOTIC EXPANSION 205

pseudodifferential operators from patches lifted from P
k
�
.U�N / and compactly

smoothing operators.
We wish to fi nd an approximation for . yD��/�1, which is a pseudodifferential

operator. Fix some fi nite open cover fVig of X by distinguished coordinate
patches and let �i be a subordinate tangentially smooth partition of unity. On a
coordinate patch, let yD have total symbol p0C� � �Cpm. Let p0

j Dpj for j <m

and p0
m D pm� �. Then

�. yD� �/D

mX

jD0

p0
j

so yD� � is tangentially elliptic. Use the equation

�
�
�iR.�/. yD� �/

�
� I � 0

to give a local solution for Ri.�/, with symbol �ir0C � � � C rn0
; n0 large. Pre-

cisely, set

r0 D �i.pm� �/
�1 and rn D�r0

X 1

˛!
d˛

� rj D˛
xp0

k ;

where we sum over all j < n and j˛jC j Cm� k D n. Defi ne

R.�/D
X

�iRi.�/:

The principal tangential symbol of R.�/ is .pm��/
�1, so R.�/ is a parametrix

of yD. We have established the following proposition.

Proposition 7.45. Let yD2P
m
�
.E;E/ be a tangentially elliptic grade-preserving

differential superoperator. Then n0 may be selected suffi ciently large so that
. yD� �/�1 is approximated arbitrarily well by the parametrix R.�/ in the oper-
ator norm as �!1. That is,

jf. yD� �/�1�R.�/gf jk � ck.1Cj�j/
�k jf j�k

for � 2 C, f 2 �� .E/. ˜

Proposition 7.45 implies that

kR.�/. yD� �/� idE k�k;k � c0.1Cj�j/
�k�1

and hence, for t < 1,

kR.�=t/� . yD� �=t/�1k�k;k � c0.1Cj�=t j/�k�1:

Defi ne E.t/ 2 P by

E.t/D .2� i/�1

Z

C

R.�/e��t d� D .2� i/�1

Z

C

R.�=t/e��d�=t:

Then

ke�t yD �E.t/k�k;k � .2�/
�1

Z

C

je�� j.1Cj�=t j/�k�1 jd�=t j
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by the analyticity in �. Thus

t�kke.t/� e�t yDk�k;k � .2�/�1

Z

C

je�� j.t Cj�j/�k�1 jd�j

is bounded at t ! 0. If k > p=2 then k : k�k;k bounds the uniform norm and
hence

��.e
�t yD/���.E.t//DO.tk/:

So it suffi ces to fi nd an asymptotic expansion for ��.E.t//. Defi ne

Ei.t/D .2� i/�1

Z

C

e��tRi.�/ d�:

Then
��.E.t//D

X

i

��.E
i.t// (fi nite sum)

so it suffi ces to expand Ei.t/.
Recall that the total symbol of R.�/ is denoted by frj g. Defi ne

ej ;t .x; �/D .2� i/�1

Z

C

e�t�rj .x; �; �/ d�:

Then Ei.t/ is a pseudodifferential operator with total symbol

e0;t C � � �C en0;t ;

and ej ;t 2 S�1 for all t . Let Ei
j .t/ be the operator associated to ej ;t . Then

Ei
j .t/ is represented by a distribution kernel Kj ;t defi ned by

Kj ;t .x;y; n/D

Z
ei.x�y/�ej ;t .x; �; n/ d�:

Thus
Kj ;t .x;x; n/D t .j�p/=mej .x; n/;

where

ej .x; n/D .2� i/�1

Z Z

C

e��rj .x; �; �; n/ d�d�:

Note that each ej .x; n/ is tangentially smooth and is transversely bounded. If
m is even then ej .x; n/D 0 for j odd.

Defi ne
�j . yD/.x;n/ D ej .x; n/ dvol.x/

and
�j . yD/D f�j . yD/.x;n/g:

Then each �j . yD/ is a signed tangential measure

�j . yD/D �j .D/��j .D
�/

depending on the .X;F /, D, and the tangential Riemannian metric g, but not
on t .
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Proposition 7.46. Each signed tangential measure �j . yD/ is locally bounded.

Proof. Note that �j . yD/` is given by

�j . yD/` D ej .x; n/ dvol.x/ for x 2 R
p; n 2N:

It is clear that �j . yD/
x has a signed Borel density on r�1.x/ for each x. So

it suffi ces to show that the Radon–Nikodým derivative of �j . yD/ with respect
to the standard tangential measure is bounded on any set r�1.C /;C compact.
This derivative is of course just the function ej .x; n/. So the problem reduces
to proving that ej .x; n/ is locally bounded.

Recall that

ej .x; n/D .2� i/�1

Z Z
e��rj .x; �; �; n/ d�d�;

where the rj are the homogeneous parts of the total symbol of yD� given ex-
plicitly above, and pm C pm�1 C � � � is the total symbol of yD. Note further
that

ej ;t .x; �; n/D .2� i/�1t�k

Z

C

e�t� dk

d�k
rj .x; �; �; n/ d�:

Since .dk=d�k/rj is homogeneous of degree �m�j�km in .�; �/, it follows
that ej is a smoothing operator on each leaf for any t > 0 (though not necessarily
compactly supported) and hence ��.ej / is fi nite, as required. ˜

This establishes the following theorem.

Theorem 7.47 (Asymptotic Expansion of the Trace [Connes 1979]). Let X be
a compact foliated space with foliation bundle F and fi xed tangential Riemann-
ian metric g. Fix an invariant transverse measure � and a tangential, tan-
gentially elliptic differential operator D from EC to E�, where .X;EC/ and
.X;E�/ have bounded geometry. Let yD be the associated superoperator, and
let �s

� be the associated supertrace on W �.G.X /;EC ˚ E�; Q�/. Then for
j � �p there is a family of signed tangential measures �j . yD/ on X (which
depend on X , g, F , and D but not on t ) and an asymptotic expansion

(7.48) �s
�.e

�t yD/�
X

j��p

tj=2p

Z

X

�j . yD/ d�:

Corollary 7.49. In the notation of Theorem 7.47,

ind�.D/D

Z �
�0.D/��0.D

�/
�

d�:

Proof of 7.49. Fix some t > 0. Then

ind�.D/D �
s
�.e

�t yD/D
X

j��p

tj=2p

Z

X

.�j .D/��j .D
�// d�:
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As the left hand side is independent of t , each term in the summation which
involves nontrivial powers of t must vanish. The remaining term (corresponding
to j D 0) then gives the index. ˜

Corollary 7.50. The tangential measure �j is homogeneous of weight j=2p in
the coeffi cients of D. That is,

�j .�D/D �
j=2p�j .D/:

Further, in the case mD 1, then .det a/1=2�j .D/ is a polynomial in the coeffi -
cients of D relative to x, their derivatives relative to x, and det�1 a, where det a

is the leading term of the quadratic form.

Write

(7.51) !D.g;E/D
�
�0.D/��0.D

�/
�
jd�j

for the tangentially smooth p-form which corresponds to D. Note that this form
is measurable but not necessarily continuous transversely. In Chapter VIII this
form will be identifi ed for certain classical operators and this will enable us to
complete the proof of the Index Theorem.

Update 2004

The main development in this area related to index theory is the rise and
domination of Fredholm triples, also known as spectral triples. This is discussed
very nicely in [Connes 1994]. The idea originates, as does so much of our
subject, with M. F. Atiyah [1970]. G. G. Kasparov built upon this idea in a
very powerful way in order to form his KK-groups. (In fact one of the early
goals of his work was to determine exactly the appropriate equivalence relation
on Atiyah’s El l.X /, “elliptic operators” on the compact space X .) Baum and
Douglas used the idea effectively in several of their papers on K-homology.
Under Connes and his students the concept has become absolutely central; see
[Connes 2002; 2000]. Dirac operators in concrete and abstract form remain vital
to K-theory and especially to KK-theory, where the existence of “dual Dirac”
is tied intimately to the Novikov conjecture.



CHAPTER VIII

The Index Theorem

In this chapter we put everything together to state and prove the Connes Index
Theorem for compact foliated spaces.

Let X be a compact foliated space with leaves of dimension p and foliation
bundle F which we assume oriented and equipped with a tangentially smooth
oriented tangential Riemannian structure g. Let GDG.X / denote the associated
holonomy groupoid of the foliated space. Let D be a tangential, tangentially
elliptic pseudodifferential operator on (bundles over) X . For each leaf ` the
spaces Ker D` and Ker D�

`
are well defi ned by Proposition 7.23 and are locally

fi nite-dimensional with local index measure

�D`
D �D`

��D�
`
:

We defi ne the analytic index of D to be the tangential measure

�D D f�
x
Dg;

where �x
D
D �D`

for x 2 `. If D is a differential operator of positive order m

then Proposition 7.24 implies that the index measure �D is well-defi ned.
Given an invariant transverse measure �, the analytic index ind� is the real

number defi ned by

ind�.D/D

Z
�Dd�:

Alternatively, the operator .1C�/�m=2D is in the closure of the order-zero
pseudodifferential operator algebra NP0 and has the same tangential principal
symbol and same index class in the von Neumann algebra and thus may be used
to replace D. The analytic index class ind.D/ can be defi ned as in (7.16) as a
K-theory class in K0.C

�.G.X ///. Theorem 6.33 provides a map c, the partial
Chern character, from this K-theory group to H �

� .X / and then cŒind.D/� as
a cohomology class which we denote Œind.D/�. Of course an invariant trans-
verse measure � defi nes a linear functional on H

p
� .X /, and it is clear from the

defi nitions that
�.c.ind.D///D ind�.D/:

The topological index of the operator D is defi ned by

�
top
D
.D/D ch� .D/T d� .X /;

209
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with

ch� .D/D .�1/p.pC1/=2˚�1
� ch� .�.D//

(see the end of Section VII-A). We can integrate this class with respect to an
invariant transverse measure � to get a real number

indtop
� .D/D

Z
�
top
D

d�

which depends only on the component in dimension p of the class.
The Index Theorem asserts that ind�.D/ and indtop

� .D/ coincide for every
invariant transverse measure. Alternatively, we can interpret the analytic and
topological indices as classes in H

p
� .X / and the Index Theorem can be restated

as the equality of the two classes in H
p
� .X /.

The Connes–Skandalis Index Theorem [1981; 1984], which is established
for foliations, involves the analytic index, which just as above is defi ned as an
element of K0.C

�.G.X ///, and then a topological index is defi ned directly as
an element of the same K-theory group, and their equality is proved directly
without any intervening Chern maps.

With these preliminaries in hand, we may state the Connes Index Theorem
(proved in [Connes 1979] for foliated manifolds and extended by us to foliated
spaces).

Theorem 8.1 (Connes Index Theorem). Let X be a compact foliated space with
leaves of dimension p and foliation bundle F which we assume oriented and
equipped with a tangentially smooth oriented tangential Riemannian structure
g. Let D be a tangential, tangentially elliptic pseudodifferential operator on X

and let � be an invariant transverse measure. Then

ind�.D/D indtop
� .D/:

That is,

ind�.D/D

Z
ch� .D/T d� .X / d�:

Our study of invariant transverse measures and tangential cohomology en-
ables us to reformulate Theorem 8.1 so as to avoid mention of transverse mea-
sures.

Theorem 8.2. Let X be a compact foliated space with leaves of dimension p

and foliation bundle F which we assume oriented and equipped with a tangen-
tially smooth oriented tangential Riemannian structure g. Let D be a tangential,
tangentially elliptic operator on X . Then

Œ�D �D Œch� .D/T d� .X /�

as classes in H
p
� .X /.
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Theorem 8.2 implies Theorem 8.1 since an invariant transverse measure �
corresponds uniquely to a homomorphism H

p
� .X /! C. If X has no invariant

transverse measures then H
p
� .X /D 0 and so the statement is simply

Œ�D �D 0 2H p.X /:

Theorem 8.1 and the Riesz representation theorem (4.27) immediately imply
Theorem 8.2.

The proof follows a well-known path: we establish Theorem 8.1 for twisted
signature operators and then argue homotopy-theoretically that this suffi ces to
prove the general case.

As an introduction to the techniques we fi rst consider the de Rham and sig-
nature operators.

Defi ne complex vector bundles Ek
X

and Ek
G

by

Ek
X D�

k.F�
C
/;

EX D
L

Ek
X
;

Ek
G D�

k.s�F�
C
/D s�Ek

X ;

EG D
L

Ek
G
:

The tangential de Rham operator d is defi ned in Chapter VII; we recall addi-
tional detail here. Let f ^ dxI be a tangentially smooth k-form on G.X / in
local coordinates; i.e., a tangentially smooth section of the bundle Ek

G
. Exterior

differentiation

d.f ^ dxI /D

pX

iD1

@f

@xi
dxi ^ dxI

induces a natural map
�� .E

k
G/! �� .E

kC1
G

/

for each k and hence induces a natural map

d W �� .EG/! �� .EG/

which agrees with the usual exterior derivative on each leaf Gx of G.X /. Thus
d yields an unbounded operator on the Hilbert fi eld

d WL2.G.X /;EG/!L2.G.X /;EG/:

If � is some vector then explicit computation yields

� ^ dxI D
X

�j ^ dxI ;

so that the principal symbol �.d/ of d is given locally by

(8.3) �.d/.x; �/.v/D � ^ v for v 2 F�
C
:

The associated symbol sequence

� � � !Ek
G

.�^ /�- EkC1
G
! � � �
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is an exact sequence for each �¤0 and hence d is a tangentially elliptic operator.
To summarize:

Proposition 8.4. The de Rham operator

d WL2.G.X /;EG/!L2.G.X /;EG/

is a densely defi ned unbounded tangential, tangentially elliptic operator with
tangential principal symbol given by

�.d/.x; �/.v/D � ^ v:

The orientation of F induces a natural bundle isomorphism

� WEk
G!E

p�k
G

given locally in terms of an orthonormal basis fe1; : : : ; esg by �.eI / D ˙eJ ,
where I and J are complementary multi-indices and the sign is determined by
the parity of the permutation .I;J /. This induces the Hodge inner product on
sections �� .EG/:

hu; viD

Z

G.X /

u^�Nv d�:

With respect to this inner product the de Rham operator has a formal adjoint

ı D ıkC1 W �� .E
kC1
G

/ �! �� .E
k
G/

given on .kC 1/-forms by

ıkC1 D .�1/pkCpC1 � dk� ;

where dk denotes the restriction of d to k-forms. As � induces an isometry on
forms, its symbol is invertible, so that �.ı/D˙�.�/�.d/�.�/ is also invertible.
Hence ı is a tangentially elliptic operator.

The tangential Hodge–Laplace operator � is defi ned by

(8.5) �D dıC ıd W �� .EG/! �� .EG/

and its restriction to Ei
G

is denoted by �i .
We note that

.d C ı/2 D d2C dıC ıd C ı2

D� since d2 D ı2 D 0

so that .d C ı/ is a fi rst order tangentially elliptic operator. Furthermore,

Ker�i D Ker..d C ı/i/

since

hı!; !iDh.d C ı/2!; !iDh.d C ı/!; .d C ı/!iD j.d C ı/!j2:

Proposition 8.6. The Hodge–Laplace operator is an essentially self-adjoint tan-
gential, tangentially elliptic operator.
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Proof. This proposition follows from Theorem 7.21, but we prefer to give a
more direct proof. Let ` be a leaf of G.X /. Restrict d to ` and consider the
resulting commuting diagram

�� .EGj`/
d - �� .EGj`/

� .��..T `/�
C
//

wwwwww
d - � .��.T `�

C
//

wwwwww

L2.`; .s�; ˛/�/

?
T` - L2.`; .s�˛/�/

?

where ˛ is the density associated to .X;g/ restricted to `. Let T` be the closure
of d . Then Im.T`/� Ker T` and the operator

T �
` T`CT`T �

`

is a self-adjoint operator on L2.`; .s�˛// which extends the operator �j`. This
implies that the restriction of� to each leaf is a self-adjoint elliptic operator. ˜

The locally fi nite-dimensional space .Ker�i/` is just the space of square-
integrable harmonic forms of degree i on `. The local dimension of this space
is well-defi ned up to equivalence, since changing the metric g on F results in a
change by similarity. Defi ne the Betti measure ˇi to be the tangential measure
given by

ˇx
i D local dimension of .Ker�i/` D �.Ker �i /`

;

where x 2 `. The Betti numbers relative to some invariant transverse measure
� are given by

R
ˇid�.

Note that the Hodge �-operator induces a natural isomorphism of Hilbert
fi elds

Ker�i Š Ker�p�i

and hence the Betti measures ˇi and p̌�i coincide. Defi ne the tangential Euler
characteristic �� .X;F / to be the signed tangential measure

�� .X;F /D

pX

iD0

.�1/iˇi :

If p is odd then

�� .X;F /D

pX

iD0

.�1/iˇi D .ˇ0� p̌/C.ˇ1� p̌�1/C� � �C
�
ˇp�1

2

�ˇpC1
2

�
D 0

since ˇi D p̌�i . Let us assume, then, that p D 2q is even.
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Let D be the restriction of .d C ı/ to even forms, so that

D W �� .˚E2i
G /! �� .˚E2iC1

G
/:

Then the local index of D` is just

�D`
D .˙.�1/iˇi/

x for x 2 `:

Furthermore, D is a Dirac operator in the sense of Chapter VII, so that we may
apply the heat equation argument as follows.

Defi ne the tangential Euler class e� .X;F / 2H
p
� .X / by

e� .X;F /D ŒPf .K=2�/�

Theorem 8.7 (Chern–Gauss–Bonnet). Let X be a compact foliated space with
leaves of dimension p and foliation bundle F which we assume oriented and
equipped with a tangentially smooth oriented tangential Riemannian structure
g.

(a) For any invariant transverse measure �,
Z

e� .X;F /d� D

Z
�� .X;F /d�:

(b)
Œe� .X;F /�D Œ�� .X;F /� 2H p

� .X /:

We emphasize the great difference between the two sides of the equation
and hence the great depth of the result. The measure �� .X;F / is built from
the various measures �Ker�i ` which describes how the L2-harmonic forms on
the leaf ` are distributed on the leaf `. On the other hand, the tangential Euler
characteristic e� .X;F / is built out of the curvature of the various leaves, and
thus is essentially a local property of the leaf. This difference is carried through
to the general Index Theorem.

Proof. The index of the operator D may be expressed in two ways. On the one
hand, the local index �D`

is given by

�D`
D
X

.�1/iˇx
i

more or less by defi nition. On the other hand, D is a fi rst order tangential
tangentially elliptic operator and Theorem 7.47 implies that

ind�.D/D

Z
!D.g;E/ d�;

where !D is a tangentially smooth p-form which corresponds to D. Restrict
!D.g;E/ to a leaf `. Then the local index theorem of Atiyah–Bott–Patodi
[Atiyah et al. 1973] implies that

!D.g;E/` D Pf .K=2�/`:
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Thus Z
˙.�1/iˇx

i d� D

Z
Pf .K=2�/ d�:

This holds for each invariant transverse measure �, and hence
X

.�1/iˇi D Pf .K=2�/D e� .X;F /

as classes in H p.X /. ˜

Corollary 8.8 ([Connes 1979]). Let X be a foliated compact space with leaves
of dimension 2. Let F be oriented and equipped with a tangentially smooth
Riemannian metric. Fix some invariant transverse measure �. Suppose thatR

Kd� > 0 .i.e., the �-average curvature of X is strictly positive/. Then X

must have a closed leaf , and in fact, the set of closed leaves has positive �
measure.

Proof. The Chern–Gauss–Bonnet theorem 8.7 and the curvature assumption
imply that Z

.ˇ0�ˇ1Cˇ2/ d� > 0:

Suppose that there is no generic closed leaf. Then

.Ker�0/j` D 0

for �-almost every leaf, and hence
R
ˇ0 d�D0. By duality we have

R
ˇ2 d�D0.

Thus �
R
ˇ1 d� > 0 which is a contradiction since for any invariant transverse

measure,
R
ˇ1 d� � 0. ˜

We move next to the signature operator. Assume that p D 2q is even. Then
there is a natural involution t WEx!Ex given by tD.�1/q�1. This decomposes
EG to

EG DEC
G
˚E�

G0 ;

the ˙ eigenspaces. The elliptic operator

.d C ı/ W �� .EG/! �� .EG/

anticommutes with t and hence restricts to an operator

(8.9) A W �� .E
C
G
/! �� .E

�
G/

given by
AD .d C ı/j

�� .E
C

G
/
:

This is the tangential signature operator. The tangential principal symbol of
A` is the restriction of the symbol of the elliptic operator .dCı/` to �� .E

C
G
j`/

which is invertible, so A is tangentially elliptic. Graded as in (8.9), A is a Dirac
operator in the sense of Chapter VII.
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The involution t restricts to an involution of Ker.d C ı/ Š Ker� since t

anticommutes with .d C ı/. The ˙ eigenspace decomposition is simply the
decomposition of Hilbert fi elds

Ker�Š Ker A˚Ker A�:

Decompose Ker� further as

Ker�D
pM

iD0

Ker�i ;

where �i is the restriction of � to i-forms. The subspace

Ker�k ˚Ker�p�k

is t -invariant for each k, 0� k � q, and there is a unitary equivalence
�
Ker�k ˚Ker�p�k

�C
`
!
�
Ker�k ˚Ker�p�k

��
`

given by

xC t.x/ 7! x� t.x/:

Thus only the middle dimension Ker�q contributes to the index.
If u; v 2 Ker�q � H

q
� .X / then u ^ v d� 2 H

p
� .X / and for any invariant

transverse measure �,
R

u ^ v d� 2 R. This gives a natural bilinear form on
Ker�q and it is reasonable to think of �A as the signature measure of this bilinear
form, since
Z
�A d�D

Z
.C1 eigenspace of t/ d��

Z
.�1 eigenspace of t/ d�� Sign.X; �/:

If X DM foliated as one leaf then Ker�i ŠH i.M / and Sign.X; �/ is exactly
the usual signature of M .

Suppose that p D 2q D 4r C 2. Then t D˙i� and so �� D � id. Thus � is
a real transformation on Ker�q . The ˙ eigenspaces of � (and hence of t ) are
conjugate via the map

a˝ 1� .�a/˝ i 7! a˝ 1C .�a/˝ i

and thus .Ker�q/
C is unitarily equivalent to .Ker�q/

� and �A is the zero
measure. The topological index also vanishes. Thus the index theorem holds
trivially. So we restrict attention to the case p D 4r .

Recall the Hirzebruch L-polynomials Lk are polynomials of degree 4k in
the Pontryagin classes which are given by the splitting principle as

X

k

Lk D
Y xj

tanh xj
:
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The fi rst few polynomials (in the tangential cohomology setting) are

L0 D 1; L1 D
1
3
p�

i ; L2 D
1

45

�
7p�

2 � .p
�
1/

2
�
;

L3 D
1

945

�
62p�

3 � 13p�
1p�

2C 2.p�
1/

3
�
:

Lemma 8.10. We have Lr .p
�
1
; : : : ;p�

r /D ch� .A/Td� .FC/jp , where !jp is the
component of ! in dimension p.

We omit this calculation; a proof may be found in [Shanahan 1978, ~6], and
see also [Atiyah and Singer 1968b, p. 577].

Theorem 8.11 (Hirzebruch Signature Theorem). Let X be a compact oriented
foliated space with leaves of dimension 4r , oriented foliation bundle F , and
oriented tangential Riemannian structure g, assumed tangentially smooth. Let
Lr .p

�
1
; : : : ;p�

r / denote the Hirzebruch L-polynomial in ˝p
� .X /. Then

(a) For any invariant transverse measure �,

Sign.X; �/D
Z

Lr .p
�
1; : : : ;p

�
r / d�:

(b) The index class �A of the signature operator equals Lr .p
�
1
; : : : ;p�

r / in
H

p
� .X /.

Proof. The index of the operator A may be expressed in two ways. On the one
hand, the local trace �D`

is given by

�D`
D Sign.X; �/`

as explained above. On the other hand, D is a fi rst order tangential tangentially
elliptic operator and Theorem 7.47 implies that

ind�.A/D

Z
!A.g;E/ d�;

where !A is a tangentially smooth p-form which corresponds to A. Restrict
!A.t;E/ to a leaf `. Then the local index theorem of Atiyah–Bott–Patodi
[Atiyah et al. 1973] implies that

!A.g;E/` DLr .p
�
1; : : : ;p

�
r /`:

Thus

Sign.X; �/D
Z

Lr .p
�
1; : : : ;p

�
r / d�:

This holds for each invariant transverse measure �, and hence

�D DLr .p
�
1; : : : ;p

�
r /

as classes in H
p
� .X /. ˜



218 VIII. THE INDEX THEOREM

With this preparation in hand we consider the twisted signature operators. Let
X be a compact foliated space with leaves of dimension p D 2q and oriented
foliation bundle F . Let V be a tangentially smooth complex vector bundle
with a tangential Hermitian structure and tangential connection �V . The bundle
EX ˝C V carries a twisted de Rham differential

dV W �� .EX ˝C V /! �� .Ex˝C V /
given by

dV .u˝ v/D du˝ vC .�1/iu^�V v;

where u 2 �� .�
i.F�

C
//, v 2 �� .V /, and ^ is the external pairing. The map

� acts as �.u˝ v/ D .�u/˝ v. The involution t W EX ! EX extends to a
natural involution of EX ˝ V which fi xes 1˝ V . The twisted differential and
the involution lift to EG ˝V , as usual.

Let ıV denote the formal adjoint of dV . Then ıV D�� dV � and

.dV C ıV /t D�t.dV C ıV /:

Decompose EG ˝ V into ˙ eigenspaces with respect to t . Then the operator
dV C ıV restricts to an operator

(8.12) AV W �� ..EG ˝V /C/! �� ..EG ˝V /�/

called the twisted signature operator. This is a Dirac operator in the sense of
Chapter VII. Defi ne

L.X /D˙2�2sLs.p
�
1; : : : ;p

�
1/:

Lemma 8.13. ch.V / � 2q
L.X /jp D ch.AV /Td� .X /jp.

This is a fairly involved purely topological calculation whose proof we omit;
see [Shanahan 1978].

Let X be a compact oriented foliated space with leaves of dimension 4r ,
oriented foliation bundle F , and tangentially smooth oriented tangential Rie-
mannian structure g. Let Lr .p

�
1
; : : : ;p�

r / denote the Hirzebruch L-polynomial
in ˝p

� .X /.

Theorem 8.14 (Twisted Signature Theorem). Let X be a compact and oriented
foliated space with leaves of dimension 4r , oriented foliation bundle F , and
tangentially smooth oriented tangential Riemannian structure g. Let V be a
complex vector bundle over X , and let AV denote the associated twisted signa-
ture operator. Then:

(a) For every invariant transverse measure �,Z
�AV

d� D

Z
ch� .V / � 2

2r
L.X / d�:

(b) Œ�AV
�D

�
ch� .V / � 2

2r
L.X /jp

�
2H

p
� .X /.

(c) The Index Theorem holds for twisted signature operators.
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Proof. The argument is virtually identical to the argument in Theorem 8.11. ˜

The remaining task before us is to demonstrate how knowledge of the index
of twisted signature operators (that is to say, of certain natural differential oper-
ators) implies the index theorem for all tangential pseudodifferential operators.
We begin with the following lemma.

Lemma 8.15. Suppose that the index theorem holds for pseudodifferential oper-
ators of order zero. Then it holds for pseudodifferential operators of all orders.

Proof. There is nothing to prove for operators of negative order, since such
operators lie in the kernel of the tangential principal symbol map on NP0. Sup-
pose that T is a tangential, tangentially elliptic pseudodifferential operator of
positive order m. Let OT be the associated superoperator of order 2m. Then OT
is tangential, tangentially elliptic and formally self-adjoint of order 2m, with

ind�.T /D �
s
�.
OT / and �m.T /w �2m. OT /:

Let P D .1C�/�m OT . Then Proposition 7.27 implies that P 2 NP0 with

�s
�.
OT /D ind�.P / and �2m. OT /w �0.P /:

The index theorem for P then implies the index theorem for T . ˜

We turn next to the case of a tangential, tangentially elliptic pseudodifferential
operator of order zero on a compact foliated space X with leaves of dimension
p and oriented foliation bundle F . We wish to reduce to the case where p is
even. For this purpose we briefl y consider the multiplicative properties of the
topological and analytical indices.

Suppose that X1 and X2 are compact foliated spaces as above and Vi , Wi are
tangentially smooth Hermitian bundles over Xi . Let X D X1 �X2 and defi ne
bundles V and W over X by

V D .V1˝V2/˚ .W1˝W2/;

W D .W1˝V2/˚ .V1˝W2/:

Let D1;D2 be tangential, tangentially elliptic pseudodifferential operators of
positive order. (If the Di are nonpositive we modify as in [Atiyah and Singer
1968a, pp. 528–529]). Defi ne D1 # D2 by the matrix

�
D1˝ IV2

�IWI
˝D�

2

IV1
˝D2 D�

1
˝ IW2

�

Then D1 # D2 is tangential and tangentially elliptic.
Recall that �top

D
D ch� .D/Td� .X / denotes the topological index.

Proposition 8.16. Let �1; �2 be invariant transverse measures on X1;X2, and
let �1 � �2 be the product measure. Then

(a)
Z
�
top
D1#D2

d.�1 � �2/D

�Z
�
top
D

d�1

��Z
�
top
D2

d�2

�
:
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(b)
Z
�D1#D2

d.�1 � �2/D

�Z
�D1

d�1

��Z
�D2

d�2

�
:

Proof. The multiplicative property of the classical index [Palais 1965, p. 217–
228] implies that

�
top
D1#D2j`

D �
top
D1j`1

� �
top
D2j`2

;

where `D `1 � `2 is a leaf of X1 �X2. Thus

�
top
D1#D2

D �
top
D1
� �

top
D2
:

Then Z
�
top
D1#D2

d.�1 � �2/D

Z
.�

top
D1
� �

top
D2
/ d.�1 � �2/

D

�Z
�
top
D1

d�1

��Z
�
top
D2

d�2

�
;

as required. A similar argument holds for �D1#D2
. ˜

We do not claim that the multiplicative property holds at the level of

H p1
� .X1/�H p2

� .X2/!H p1Cp2
� .X1 �X2/;

since not every invariant transverse measure on X1�X2 is determined by product
measures. However this is certainly true if X2 DM (one leaf).

Corollary 8.17. If the Index Theorem 8.1 holds for all X with p even, it holds
for p arbitrary.

Proof. Suppose that the index theorem holds for all X with p even and suppose
given a foliated space X with p odd. Then X � S1 is foliated with leaves of
even dimension .pC 1/. Let T be the operator on the circle defi ned by

Teinx D

�
ei.nC1/x if n� 0;

einx if n< 0.

Then T D eixP C .1� P /, where P W L2.S1/! H 2.S1/ is the orthogonal
projection onto the Hardy space. Thus P and (hence) T are pseudodifferential
operators of order zero, and

�.T /.x; �/D

�
eix if � > 0;

1 if � < 0;

so T is elliptic. A direct check shows Ker T D0, Cok T is generated by constant
functions, and so ind.T /D�1. The map

K0.FX /!K0.FX �S1/

given by multiplication by the symbol of T is an isomorphism by Bott periodic-
ity. Thus every symbol class in K0.FX �S1/ may be represented by �.P /�.T /
for some pseudodifferential operator P on X . As the topological and analytical
indices are multiplicative by Proposition 8.16, the corollary follows. ˜
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Let X be a compact foliated space with leaves of dimension p D 2q and F

oriented. Fix an invariant transverse measure �. The functions

D 7!

Z
�D d� and D 7!

Z
ch� .D/Td� .X / d�

depend only upon the class of the tangential principal symbol �.D/ and extend
to R-linear functions K0.F /˝R! R. This is clear for the topological index.
For the analytic index we must show that

�D1˚D2
D �D1

C �D2
:

This is immediate if one thinks of D1˚D2 as
�

D1 0

0 D2

�
:

Further, the two functions agree on the classes of the symbols Œ�.AV /� of the
twisted signature operators.

We note that Lemma 8.15, Theorem 8.17, and the next result together imply
the Index Theorem 8.1.

Proposition 8.18. Suppose that X is compact foliated space with oriented fo-
liation bundle F of dimension p D 2q. Then the classes Œ�.AV /� of principal
symbols of twisted signature operators span the vector space K0.F /˝R.

In fact we shall prove the following more general proposition which Atiyah
[1975] refers to, in the case of X foliated by a single leaf, as the Global Bott
theorem.

Proposition 8.19. Let X be a compact foliated space with oriented foliation
bundle F of dimension p D 2q. For any open subset Y of X let FY be the
restriction of F to Y and defi ne

� D �Y WK
0.Y /˝R!K0.FY /˝R

by
�.V /D Œ�.AV /�:

Then � is an isomorphism.

We begin by clarifying the map � .

Proposition 8.20. If V is a tangentially smooth complex vector bundle over X

then
Œ�.AV /�D V � Œ�.A/� 2 K0.F /:

Thus � is given by multiplication by the symbol of the signature operator:

�.V /D V � Œ�.A/�

and hence extends to a transformation

� WK�.Y /˝R!K�.FY /˝R
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which is natural with respect to inclusions of subspaces and boundary maps.

Proof. The twisted signature complex factors as �� .V /˝�
�.F�

C
/. ˜

Proposition 8.21. Let X be a compact foliated space with oriented foliation
bundle F of dimension p D 2q and let Y be an open subset of X . Suppose
that �Y is an isomorphism whenever FY is a trivial bundle. Then �Y is an
isomorphism for all Y and Proposition 8.19 holds.

Proof. Say that Y is k-trivial if there is an open cover fU1; : : :Ukg of X such
that each FY \Ui

is a trivial bundle. Every compact foliated space X is k-trivial
for some k over X since X is compact. The property passes to open subsets,
and this implies that every open subset Y �X is k-trivial for some k.

The proposition holds for all 1-trivial spaces by assumption, since U1D Y in
that case. We complete the proof by induction on k using the Mayer–Vietoris
sequence. ˜

In order to complete the proof of the Index Theorem 8.1 then, we are reduced
to considering the case where X D`2q�N is a product foliated space. A Mayer–
Vietoris argument on ` shows that we may reduce further to X DR2q�N . That
is, we must show that the map

� WK�.R2q �N /˝R!K�.R2q � .R2q �N //˝R

is an isomorphism.
Next we consider the diagram

K�.R2q �N /˝R
�R2q�N - K�.R2q �R

2q �N /˝R

K�.R2q/˝K�.N /˝R

˛˝ 1
6

�R2q ˝ 1- K�.R2q �R
2q/˝K�.N /˝R

˛˝ 1
6

where ˛ denotes the Künneth map (an isomorphism over R). The diagram
commutes by the naturality of the Künneth pairing and of � . So it suffi ces
to demonstrate that the map

�R2q WK�.R2q/˝R!K�.R2q �R
2q/˝R

is an isomorphism. The groups are isomorphic by the Bott periodicity map ˇ.

Theorem 8.22. �R2q D 2qˇ, and hence �R2q is an isomorphism.

The proof of this lemma involves careful consideration of the Dirac operator
on R2q and some classical representation theory. We omit the proof and refer
the reader to [Atiyah 1975] for details.

This completes the proof of Proposition 8.19 and hence the proof of the Index
Theorem 8.1.
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Update 2004

There have been a variety of applications of Connes’ Index theorem, to some
extent paralleling the aftermath of the proof of the Atiyah–Singer Index The-
orem. For example, Heitsch and Lazarov [1990] and Benameur [1997] estab-
lished longitudinal Lefschetz theorems. These have been developed further by
Deninger and his collaborators; see below.

Hurder’s paper [1993] on the topology of covers and the spectral theory of
geometric operators uses the full measure theory of this book and has other
interesting analytical features in it.

Douglas, Hurder, and Kaminker [Douglas et al. 1991] show that the rela-
tive eta invariant for a foliated bundle is the index of a longitudinal operator.
They use a direct spectral calculation, going from the longitudinal index to a
renormalized transverse index. It was the fi rst result to show that secondary
characteristic classes arise naturally in the index pairing. This was later fol-
lowed by [Moriyoshi 2002] and particularly [Moriyoshi and Natsume 1996] on
the Godbillon-Vey class and longitudinal Dirac operators.

The paper of A. L. Carey, K. C. Hannabuss, V. Mathai, and P. McCann [Carey
et al. 1998] is part of a general program of studying spectral invariants, general-
izing the program of Bellissard. The larger program of spectral invariants started
by Gromov and Shubin, and pursued by Lück [2002] and his school is really
about the measured index theorem for certain types of groupoids.

Hurder [1990] uses the hull closure of the space of symbols to defi ne a mea-
sured space and then calculate the longitudinal index here to obtain the relative
eta invariants. This paper is a very general setup for applying the measured
index theory in fact, as it defi nes the general concept of almost periodic com-
pactifi cation to general group actions.

Recently the Gap Labeling Conjecture of Jean Bellissard was proved — in
three different ways [Bellissard et al. 2005; Benameur and Oyono-Oyono 2003;
Kaminker and Putnam 2003] — and the Index Theorem for Foliated Spaces
plays a central role. The generalization of Connes’ theorem from foliated man-
ifolds to foliated spaces is essential for this application. One of us (Schochet)
was asked to do a Featured Review of these papers for Mathematical Reviews.
We have included that review as Appendix D of this book.

What about bigger and better index theorems? We are fi rmly convinced that
there is no such thing as the most general index theorem. Of course we knew
that the Connes–Skandalis theorem [1984] was more general than the present
result in that it identifi ed the index class in KK and had something to say even
in the Type III situation. There was also a parallel (or rather, perpendicular)
body of literature that dealt with transversely elliptic operators. Here one had to
assume that there was a foliated manifold present so that one could differentiate
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transversely to the leaves and hence form transverse differential operators. When
we wrote the fi rst edition the only index theorem available for such operators
was (of course) Atiyah’s distributional index theorem [1974].

The problem of calculating the index of transversely elliptic operators has
been completely solved due to the work of Alain Connes and Henri Moscovici.
First [1995] they discovered a general abstract local index formula in the general
context of spectral triples. (There is a recent simpler proof of this result by Nigel
Higson [2006]). When they tried to apply this result to transverse index theory
they faced a wall. They overcame the obstacle in an amazing way [Connes
and Moscovici 1998]. Their extraordinary discovery was that there is a natural
Hopf algebra H.n/ (depending on the codimension n of the foliation but not
on the foliation) which acts on the transverse frame bundle of any codimen-
sion n foliation and that index computations take place within its Hopf cyclic
cohomology, which is computed in terms of the well-known Gelfand–Fuchs
cohomology of the Lie algebra of formal vector fi elds. As Connes puts it: The
entire differentiable transverse structure is captured by the action of the Hopf
algebra H.n/, thus reconciling our approach to noncommutative geometry to a
more group theoretical one, in the spirit of the Klein program. The result is a
vast generalization of the local form of the Atiyah–Singer Index Theorem. See
[Connes 1999] for a survey of this work.

Alain Connes has developed amazing connections between noncommutative
geometry and topology and number theory, particularly the Riemann Conjecture.
He has written extensively about these connections, for instance in his classic
book [Connes 1994] and in [Connes 2000].

Christopher Deninger (see [Deninger 2001] and the references there, as well
as [Deitmar and Deninger 2003] for a more recent Lefschetz trace formula)
has pioneered the use of foliations and dynamical systems in connection with
number-theoretical zeta functions in a different way. In his view: The two most
prominent places in mathematics where laminated spaces occur naturally are
in number theory e.g. as adelic points of algebraic groups and in the theory of
dynamical systems as attractors [Deninger 2001, p. 20]. Deninger uses tangen-
tial cohomology on the foliations associated with the dynamical systems as well
as the index theorem (as it appears, for instance, in Appendix A of this book,
written by Steve Hurder). An example: he seeks to relate the compact orbits of
a fl ow with the alternating sum of suitable traces on tangential cohomology.
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A5. Examples of complex foliations of three-manifolds

The purpose of this Appendix is to discuss the conclusion of the foliation index
theorem in the context of foliations whose leaves are two-dimensional. Such
foliations provide a class of reasonably concrete examples; while they are cer-
tainly not completely representative of the wide range of foliations to which the
theorem applies, they are suffi ciently complicated to warrant special attention,
and possess the smallest leaf dimension for which the leaves have interesting
topology. There is another, more fundamental reason for studying these folia-
tions: given any leafwise C 1-Riemannian metric on a two-dimensional folia-
tion F, there is a corresponding complex-analytic structure on leaves making
F into a leafwise complex analytic foliation. Thus, two-dimensional foliations
automatically possess a Teichmüller space, and for each point in this space of
complex structures, there is an associated Dirac operator along the leaves. The
foliation index theorem then assumes the role of a Riemann–Roch Theorem for
these complex structures.

We begin in Section A1 with a discussion of the average Euler characteristic
of Phillips–Sullivan, which is the prototype for the topological index character
of the foliation index theorems for surfaces. In Section A2, the index theorem
is reformulated for the N@-operator along the leaves of a leafwise-complex foli-
ation. The Teichmüller spaces for two-dimensional foliations are discussed in
Section A3, and a few remarks about their properties are given. In Section A4,
some homotopy questions concerning the K-theory of the symbols of leafwise
elliptic operators are discussed, with regard to the determination of all possible
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226 A. THE N@-OPERATOR

topological indices for a fi xed foliation. Finally Section A5 describes some
of the “standard” foliations by surfaces, especially of three-manifolds, and the
calculation of the foliation indices for them.

The reader will observe that this Appendix concentrates upon topological
aspects of the foliation index theorem and serves as an elaboration upon Connes’
example of a foliation by complex lines on the four-manifold C=�1 � C=�2

described in Section A3. A key point of this example is that the meaning of
the analytic index along the leaves can also be explicitly described in terms
of functions with prescribed zeros-and-poles and a growth condition. For the
foliations we consider, such an explicit description of the analytic index is much
harder to describe, and would take us too far afi eld, but must be considered an
interesting open problem, especially with regards to the Riemann–Roch nature
of the foliation index theorem.

A1. Average Euler Characteristic

The index theorem for the de Rham complex of a compact even-dimensional
manifold, M , yields the Chern–Gauss–Bonnet formula for its Euler character-
istic, which is equal to the alternating sum of the Betti numbers of M . In a
likewise fashion, it was shown in Chapter VIII that the foliation index theorem
for the tangential de Rham complex of a foliated space yields an alternating
sum of “Betti measures”. When the transverse measure � has a special form,
i.e., it is defi ned by an averaging sequence, the d-foliation index can also be
interpreted as the �-average Euler characteristic of the leaves. We examine this
latter concept more closely, for it provides a prototype for the calculation of
the topological index in the general foliation index theorem. First, recall the
integrated form of Theorem 8.7 for the Euler characteristic:

Theorem A1.1 (d-Foliation Index Theorem). Let � be a transverse invariant
measure for a foliation F of a foliated space X , with C� 2H �

p .X / the associated
Ruelle–Sullivan homology class of �. Let d be the de Rham operator on the
tangential de Rham complex of F. Assume the tangent bundle FX is oriented,
with associated Euler form e� .X /. Then

(A1.2) �.F; �/�

Z

X

�d � d� D

Z

X

e� .X / d� Dhe� .X /;C�i:

The left-hand side of (A1.2) is interpreted in Chapter VIII as the alternating sum
of the �-dimensions of the L2-harmonic forms on the leaves of F. To give a
geometric interpretation of the right-hand side of (A1.2), we require that � be
the limit of discrete regular measures:
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Defi nition A1.3. An averaging sequence [Goodman and Plante 1979] for F is
a sequence of compact subsets fLj j j D 1; 2; : : : g, where each Lj is a subman-
ifold with boundary of some leaf of F, and

vol @Lj

vol Lj
! 0:

(The sets fLj g may belong to differing leaves as j varies, and we are assuming
a Riemannian metric on FX has been chosen and fi xed.)

The sequence fLj g is regular if the submanifolds @Lj of X have bounded
geometry, meaning that there is a uniform bound on the sectional curvatures,
the injectivity radii and the second fundamental forms of the @Lj .

For X compact, the measure �L associated to an averaging sequence is de-
fi ned, on a tangential measure �, by the rule

Z

X

� d�L D limj!1
1

vol Lj

Z

Lj

�;

where, if necessary, we pass to a subsequence of the fLj g for which the integrals
converge in a weak-� topology. The closed current associated to �L determines
an asymptotic homology class denoted by CL 2Hp.X IR/.

We say a transverse invariant measure � is regular if �D �L for some regular
averaging sequence fLj j j D 1; 2; : : : g.

Not all invariant transverse measures arise from averaging sequences, but
there are many examples where they do, the primary case being foliations with
growth restrictions on the leaves. Choose a Riemannian metric on FX . Its
restriction to a leaf L�X of F defi nes a distance function and volume form on
L. Pick a base point x 2L and let g.r;x/ be the volume of the ball of radius r

centered at x. We say L has

polynomial growth of degree � n if lim sup
r!1

g.r;x/

rn
<1I

subexponential growth if lim sup
r!1

1

r
log g.r;x/D 0I

nonexponential growth if lim inf
r!1

1

r
log g.r;x/D 0I

exponential growth if lim inf
r!1

1

r
log g.r;x/ > 0:

For X compact, the growth type of L is independent of the choice of metric
on FX and the basepoint x.

For a leaf L with nonexponential growth, there is a sequence of radii rj!1

for which the balls Lj of radius rj centered at X form an averaging sequence
[Plante 1975]. In this case, all of the sets Lj are contained in the same leaf L.
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For X compact and the foliation of class C 2, these sets Lj can be modifi ed to
make them regular as well.

For a foliation F with even-dimensional leaves and a regular measure �, the
d-Index Theorem becomes

�.F; �/D limj!1
1

vol Lj

Z

Lj

e� .X /:

By the Gauss–Bonnet theorem,
Z

Lj

e� .X /D e.Lj /C

Z

@Lj

�j ;

where e.Lj / is the Euler characteristic of Lj and �j is a correction term depend-
ing on the Riemannian geometry of @Lj . The assumption that the submanifolds
f@Lj g have uniformly bounded geometry implies there is a uniform estimate

ˇ̌
ˇ̌
ˇ

Z

@Lj

�j

ˇ̌
ˇ̌
ˇ�K � vol @Lj :

Therefore, in the limit we have

(A1.4) �.F; �/D limj!1
e.Lj /

vol Lj

and the right side of (A1.4) is called the average Euler characteristic of the
averaging sequence fLj g. Phillips and Sullivan [1981] and Cantwell and Conlon
[1977] use this invariant of a noncompact Riemannian manifold to give exam-
ples of quasi-isometry types of manifolds which cannot be realized as leaves of
foliations of a manifold X with Hp.X;R/D 0.

Consider three examples of open two-manifolds [Phillips and Sullivan 1981]
whose metric is defi ned by the given embedding in E3. Each of the following,
with their quasi-isometry class of metrics, can be realized as leaves of some
foliation of some three-manifold, but the fi rst two cannot be realized (with the
given quasi-isometry class of metrics) as leaves in S3.

(A1.5) L�

Jacob’s ladder:

H H H

The growth type of L is linear, and the average Euler characteristic of L is
1=vol H .
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(A1.6) L�

Infi nite Jail Cell Window:

A A A

The growth of L is quadratic, and the average Euler characteristic of L is
2=vol A.

(A1.7) L�

Infi nite Loch Ness Monster:

The growth of L is quadratic, but the average Euler characteristic is zero.

The construction of the average Euler characteristic for surfaces suggests
that a similar geometric interpretation can be given for the topological index
of other differential operators. For the N@-operator of complex line foliations,
this is indeed true, as discussed further in Section A3.

A2. The N@-Index Theorem and Riemann–Roch

We next examine in detail the meaning of the foliation index theorem for the
tangential N@-operator. Let F be a foliation of a foliated space X and assume the
leaves of F are complex manifolds whose complex structure varies continuously
in X . That is, in Defi nition 2.1 (page 32), we assume that foliation charts f'xg

can be chosen for which the composition ty ı '
�1
x . � ; n/ is holomorphic for all

n, and n 7! ty ı'
�1
x . � ; n/ is continuous in the space of holomorphic maps.

Let k be such that the dimension of the leaves of F is p D 2k.
A continuous vector bundle E! X is holomorphic if for each leaf L � X

with given complex structure, the restriction EjL�!L is a holomorphic bundle.
As before, FX is the tangent bundle to the leaves of F, and this is holomorphic
in the above sense. Let Ar;s!X be the bundle of smooth tensors of type .r; s/:

Ar;s D�r;s.FCX �/:
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Given a holomorphic bundle E, let Ar;s˝E denote the .r; s/-forms with coef-
fi cients in E. Assume that E has an Hermitian inner product, and then set

L2.F;E/D
M

x2X

L2.Lx;EjLx
/;

where Lx is the leaf of F through x, EjLx
is the restriction of the Hermitian

bundle E to Lx , and we then take the L2-sections of E over Lx with respect to
a Lebesgue measure on Lx inherited from a Riemannian metric on FX . Note
that L2.F;E/ is in general neither a subspace nor a quotient of L2.X;E/, the
global L2-sections of E over X .

For E a leafwise-holomorphic bundle, the leafwise N@-operator for F has a
densely defi ned extension to

N@˝E WL2.F;Ar;s˝E/!L2.F;Ar;sC1˝E/

which is tangentially elliptic. Let Kers.N@˝E/ denote the kernel of

N@˝E WL2.F;A0;s ˝E/!L2.F;A0;sC1˝E/:

An element ! 2 Kers.N@˝E/ is a form whose restriction to each leaf L is a
smooth form of type .0; s/ satisfying N@.!jL/D 0. Furthermore, for each s � 0,
Kers.N@˝E/ is a locally fi nite-dimensional space over X (see Chapter I). For
an invariant transverse measure �, the total �-density of the .0; s/-solutions !
to the equation N@˝E.!/D 0 is dim� kers.N@˝E/, and we set

dim� Ker.N@˝E/D

kX

sD0

dim� Kers.N@˝E/:

Similar arguments apply to the adjoint N@�, and with the notation of Chapter IV
we have Z

X

�N@˝E
d� D dim� Ker.N@˝E/� dim� Ker.N@�˝E/:

Theorem A2.1 (N@-Index Theorem). Let � be an invariant transverse measure
for a complex foliation F of X , C� 2H �

2�
.X IR/ the associated Ruelle–Sullivan

homology class, and Td� .X / D Td.FX ˝C/ the tangential Todd class for F.
Then

(A2.2)
Z

X

�N@˝E
d� D
˝

ch.N@˝E/Td� .X /;C�

˛
:

The left-hand side of (A2.2) is identifi ed with the arithmetic genus of F with
coeffi cients in E,

�.N@˝E; �/D

�X

iD0

.�1/i dim� H i.FIE/;
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where
H i.F;E/� Keri.N@˝E/=Keri.N@

�˝E/

is a locally fi nite-dimensional space over X . The number dim� H i.FIE/ mea-
sures the density of this cohomology group in the support of �, and generalizes
the �-Betti numbers of the operator d .

On the right-hand side of (A2.2), the term ch.N@˝E/ is the Chern character
of the K-theory class determined by the complex

A0;�˝E:

There is a standard simplifi cation of the cup product

ch.N@˝E/Td.FX ˝C/;

which yields:

Corollary A2.3. �.N@˝E; �/D
˝

ch.E/Td� .FX /;C�

˛
:

Proof. Use the splitting principle and the multiplicativity of the Chern and Todd
characters. For details, see [Shanahan 1978]. ˜

Corollary A2.3 is exactly the classical Riemann–Roch Theorem in the context
of foliations. The arithmetical genus �.N@˝E; �/ is the �-density of the alter-
nating sum of the dimensions of the N@-closed L2-forms on the leaves of F. The
right-hand side is a topological invariant of E, FX and C� . For a given measure
�, one can hope to choose the bundle E so that �.N@˝E; �/¤ 0, guaranteeing
the existence for �-a.e. leaf L of F of N@-closed L2-forms on L with coeffi cients
in E.

A3. Foliations by Surfaces (Complex Lines or k D 1)

Let X be a compact foliated space with foliation F having leaves of dimen-
sion p D 2. For example, we may take X DM to be a smooth manifold and
assume TM admits a 2-plane subbundle F . Then by [Thurston 1976], F is
homotopic to a bundle FM which is tangent to a smooth foliation of M by
surfaces.

Lemma A3.1. Let F be a two-dimensional foliation of X with FX orientable.
Then every Riemannian metric g on FX canonically determines a continuous
complex structure on the leaves of F. That is, the pair .F;g/ determines a
complex foliation of X .

Proof. Defi ne a J -operator Jg on FX to be rotation by C�=2 with respect
to the given metric g and the orientation. For each leaf L, the structure JgjL

is integrable as the leaf is two-dimensional hence uniquely defi nes a complex
structure on L. Furthermore, by the parametrized Riemann mapping theorem
[Ahlfors 1966], there exist foliation charts for F with each t 0 ı 'x. � ; n/ holo-
morphic and continuous in the variable �. ˜
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We remark that if F has a given complex structure, J , then a metric g can
be defi ned on FX for which Jg D J . Thus, the construction of Lemma A3.1
yields all possible complex structures on F. This suggests the defi nition of the
Teichmüller space of a two-dimensional foliation F of a space X . We say two
metrics g and g0 on FX are holomorphically equivalent if there is a homeo-
morphism � WX !X mapping the leaves of F smoothly onto themselves, and
��g0 is conformally equivalent to g. We say that g and g0 are measurably holo-
morphically equivalent if there is a measurable automorphism � of X mapping
leaves of F smoothly onto leaves of F, and ��.g0/ is conformally equivalent to
g by a measurable conformal factor on X .

Defi nition A3.2. Teichmüller space T .X;F/ is the set of holomorphic equiva-
lence classes of metrics on FX . The measurable Teichmüller space Tm.X;F/

is the subset of T .X;F/ consisting of measurably holomorphic equivalence
classes.

When F consists of one leaf, this reduces to the usual Teichmüller space of
a surface. When F is defi ned by a fi bration X ! Y with fi bre a surface ˙ , let
T .˙/ be the Teichmüller space of ˙ , then

T .X;F/D C 0.Y;T .˙//

is infi nite-dimensional. The more interesting question is to study T .X;F/ for
an ergodic foliation F. There are constructions of foliated manifolds, due to
E. Ghys, which show that T .X;F/ can be infi nite-dimensional, even for F

ergodic [Ghys 1997; 1999].
Related to this is a problem fi rst posed by J. Cantwell and L. Conlon: when

does there exist a metric on FX for which every leaf has constant negative
curvature? A complete solution is given for codimension-one, proper foliations
[Cantwell and Conlon 1989], as well as for leaves in Markov exceptional min-
imal sets [Cantwell and Conlon 1991]. There is also a more general problem,
which is to “uniformize” F — that is, to fi nd a metric on the leaves such that
the curvature is constant. This problem was solved by Alberto Candel [1993]
in the case all leaves are hyperbolic, or in the case they are spherical. Ghys
[1997; 1999] gives a discussion and survey of the more general case of leaves
of mixed type. As an analogue of the Phillips–Sullivan Theorem in Section
A1, one can ask if given a surface ˙ with complex structure J˙ , and given a
compact manifold X , does there exist a foliation F of X and Œg� 2 T .X;F/

with ˙ a leaf of F so that the complex structure induced on ˙ by Œg� coincides
with J˙ ? The average Euler characteristic of ˙ still provides an obstruction
to solving this problem, when ˙ has nonexponential growth type, but the ad-
ditional requirement that ˙ have a prescribed complex structure should force
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other obstructions to arise. This would be especially interesting to understand
for ˙ of exponential growth-type, where no obstructions are presently known.

We now turn to consideration of the N@-Index Theorem for a foliation by com-
plex lines, and derive an analogue of the average Euler characteristic.

Lemma A3.3. Let F be a complex line foliation of X . Then

(A3.4) �.N@˝E; �/Dhc1.E/;C�iC
1
2
�.F; �/:

Proof. The degree-two component of ch� .E/Td� .X / is

c1.E/C
1
2

c1.FX /: ˜

Our goal is to give a geometric interpretation of the term hc1.E/;C�i in
(A3.4) similar to the average Euler characteristic.

Let �!CPN be the canonical bundle over the complex projective N -space.
For large N , there exists a tangentially smooth map

fE WX ! CPN with f �
E� DE:

(We say that fE classifi es E.) Let H � CPN be a hypersurface dual to the
fi rst Chern class c1 2 H 2.CPN / of �. For convenience, we now assume X

is a C 1 manifold and F is also C 1. The complex structure on F orients its
leaves, and the complex structure on CP N orients the normal bundle to H . A
connection on �!CPN pulls back under the fE to a connection on E!X , so
f �

E
.c1/D c1.E/ holds both for cohomology classes and on the level of forms.

Furthermore, a C 1-perturbation of fE results in a C 0-perturbation of the form
c1.E/.

Given a regular averaging sequence fLj g, for each j � 1 choose a C 1-
perturbation fj of fE so that fj .Lj / is transverse to H , and f �

j .c1/ converges

uniformly to c1.E/. We say a point x 2Lj \f
�1

j .H / is a zero of E if fj .Lj /

is positively oriented at fj .x/, and a pole if the orientation is reversed. Let
Z.Lj / and P .Lj / denote the corresponding set of zeros and poles in Lj . Then
elementary geometry shows that

Z

Lj

c1.E/D #Z.Lj /� #P .Lj /C �j ;

where the error term �j is proportional to vol @Lj . This uses that f@Lj g has
uniformly bounded geometry. Combined with Lemma A3.3, we obtain:
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Proposition A3.5. Let X be a C 1 manifold and assume F is a C 1-holomorphic
foliation by surfaces. For � D �L given by a regular averaging sequence fLj g,

�.N@˝E; �/D limj!1
#Z.Lj /

vol Lj
� limj!1

#P .Lj /

vol Lj
C

1

2
�.F; �/

D .average density of zeros of E/
�.average density of poles of E/C 1

2
.average Euler char/:

Consider the case of a foliation of a 3-manifold X by surfaces. Let f
1; : : : ; 
dg

be a collection of d embedded closed curves in X which are transverse to F,
and fn1; : : : ; nd g a collection of nonzero integers. This data defi nes a complex
line bundle E ! X , and for a leaf L the restriction EjL is associated to the
divisor

dX

iD1

ni � .
i \L/:

Let � be an invariant transverse measure. Then Proposition A3.5 takes on the
more precise form:

Proposition A3.6.

dim� H 0.FIE/� dim� H 1.FIE/D

dX

iD1

ni � �.
i/C
1

2
�.F; �/:

Proof. c1.E/ is dual to the 1-cycle
Pd

iD1 ni � 
i . ˜

If � D �L is defi ned by an averaging sequence fLj g, then �.
i/ is precisely
the limit density of .
i\Lj / in Lj , so Proposition A3.6 relates the �-dimension
of L2-harmonic forms on the leaves of F with the average density of the zeros
and poles of E. This is exactly what a Riemann–Roch Theorem should do.
The latitude in choosing E for a given F means one can often ensure that either
H 0.FIE/, the L2-meromorphic functions on the leaves of F with order at leastP

ni � 
i , or the corresponding space of meromorphic 1-forms H 1.FIE/ has
positive �-density. This type of result is of greatest interest when the complex
structures of the leaves of F can be prescribed in advance, as in Example A3.7
below.

For a complex line foliation F of an n-manifold X , given closed oriented
submanifolds fV1; : : : ;Vd g of codimension 2 in X transverse to F, and integers
fn1; : : : ; ndg, there is a holomorphic line bundle E! X corresponding to the
divisor

Pd
iD1 ni � Vi . The existence of such closed transversals Vi to F, and

more generally of holomorphic vector bundles E!X , is usually hard to ascer-
tain. However, there is one geometric context in which such Vi always exists in
multitude, the foliations given as in (2.2) of Chapter II. We briefl y recall their
construction.
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Let Y be a compact oriented manifold of dimension n � 2,
P

g a surface
of genus g, and � W �g ! Diff.Y / a representation of the fundamental group
�g D �1.˙g/. The quotient manifold

M D . Q̇ �Y /=�g

has a natural 2-dimensional foliation transverse to the fi bres of

� WM !˙g:

The leaves of F are coverings of ˙g associated to the isotropy groups of �, and
inherit complex structures from˙g. The d-index theorem for F can be deduced
from Atiyah’s L2-index theorem for coverings [Atiyah 1976]. For the N@-index
theorem, this is no longer the case. Also, note that the Teichmüller spaces of this
class of foliations always has dimension at least that of ˙g, as every metric on
T˙g lifts to a metric on FM . However, they need not have the same dimension,
and T .M;F/ or Tm.M;F/ provide a very interesting geometric “invariant” of
the representation � of �g on Y .

For each point x2˙g, the fi bre��1.x/�M is a closed orientable transversal
to F. To obtain further transversals, we assume the fi bration M !˙g is trivial,
so there is a commutative diagram

M
Š - ˙g �Y

˙g

�

�
-

Note that the foliation QF on ˙g � Y induced from its identifi cation with M

will not, in general, be the product foliation. A transversal to F corresponds to
a transversal to QF, and the latter can often be found explicitly.

Example A3.7. Consider the example described in [Connes 1982]. Here, ˙1D

C=�1 is a complex torus, as is Y D C=�2, for lattices �1 and �2 in C. Let �1

act by translations on C=�2, and form

M D .C�C=�2/=�1 Š .C=�1/� .C=�2/

C=�1

�

?

Connes takes V1D 0�C=�2 and V2DC=�1�0 as the transversals in ˙1�Y .
Neither V1 nor V2 is homotopic to a fi bre ��1.x/ so the N@-index theorem for E

associated to the divisor V1�V2 is not derivable from the L2-index theorem for
coverings. For � the Euclidean volume on C=�2, Connes remarks that

�.N@˝E; �/D density �2 � density �1;
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so the dimension of the space of L2-harmonic functions on almost every leaf
C � M with divisor C \ .V1 � V2/ is governed by the density of the lattices
�1 and �2. Again, this is exactly the role of a Riemann–Roch Theorem, where
for foliations the degree of a divisor is replaced with the average density of the
divisor.

A4. Geometric K-Theories

The examples described at the end of Section A3 for the N@-operator suggest
that to obtain analytical results from the foliation index theorem, it is useful
to understand the possible topological indices of leafwise elliptic operators. In
the examples above, the �-topological indices are varied by making choices of
“divisors” which pair nontrivially with the foliation cycle C� . As a consequence,
various spaces of meromorphic forms are shown to be nontrivial. To obtain
similar results for a general foliation, F, it is useful to determine the range
of topological indices of leafwise elliptic operators for F. In this section, we
briefl y describe the formal “calculation” of these indices in terms of K-groups
of foliation groupoids. In some cases, these abstract results can be explicitly
calculated, giving very useful information. The reader is referred to the literature
for more detailed discussions. One other point is that the foliation index theorem
equates the analytic index with the evaluation of a foliation cycle on a K-theory
class; these evaluations can be much easier to make, than to fully determine the
topological K-theory of the foliation. In this section, and in Section A5, we
will examine more carefully the values of the topological index paired with a
foliation current for some classes of foliations.

Recall from Defi nition 2.20 of Chapter II the holonomy groupoid, or graph,
G.X / associated to the foliated space X . A point in G.X / is an equivalence
class Œ
xy � of paths 
 W Œ0; 1�! X with 
 .0/D x, 
 .1/D y and 
 remains on
the same leaf for all t . Two paths are identifi ed if they have the same holonomy.
G.X / is a topological groupoid with the multiplication defi ned by concatenation
of paths.

Also associated to the foliated manifold .X;F/ is a groupoid � .X /, con-
structed in [Haefl iger 1984]. The groupoid � .X / coincides with one of the
restricted groupoids GN

N
.X / of Chapter II. Let fU˛g be a locally fi nite open

cover of X by foliation charts such that U˛ \Uˇ is contractible if nonempty.
For each ˛, there is given a diffeomorphism

�˛ W U˛! R
p �R

q

sending the leaves of FjU˛
to Rp �pt . Defi ne a transversal

T˛ D �
�1
˛ .f0g �R

q/� U˛
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for each ˛. By a judicious choice of the fU˛g, we can assume the fT˛g are
pairwise disjoint; see [Hilsum and Skandalis 1983]. Then set N D

S
T˛, an

embedded open q-submanifold of X . It is an easy exercise to show GN
N
.X / co-

incides with the Haefl iger groupoid � .X / constructed from the foliation charts
f�˛ W U˛! RpCqg.

The inclusion N �N �X �X induces an inclusion of topological groupoids
� .X /� G.X /. The cofi bre of the inclusion is modeled on the trivial groupoid
Rp �Rp , where all pairs .x;y/ are morphisms. One thus expects the above
inclusion to be an equivalence, and Haefl iger [1984] shows that this is indeed
so:

Theorem A4.1 (Haefl iger). The inclusion � .X / � G.X / is a Morita equiva-
lence of categories.

For any topological groupoid G, there is a classifying space BG of G struc-
tures, which is constructed using a modifi cation of the Milnor join construction
[Haefl iger 1971; Milnor 1956]. Applying this to G.X / yields the space BG.X /

which is fundamental for foliation K-theory; see [Connes 1982, Chapter 9].
Applying the B-construction to � .X /, we obtain a space B� .X / which is
fundamental for the characteristic class theory of F.

Corollary. Let .X;F/ be a foliated space. The inclusion � .X /�G.X / induces
a homotopy equivalence B� .X /' BG.X /.

Thus, the topological invariants of B� .X / and BG.X / agree. Note the open
contractible covering fU˛g of X defi nes a natural continuous map X!B� .X /.
If all leaves of F are contractible, this inclusion is a homotopy equivalence, so
that the topological type of BG.X / is the same as X . By placing weaker re-
strictions on the topological types of the leaves of F, one can more generally de-
duce that the inclusion is an N -equivalence on homotopy groups; see [Haefl iger
1984]. For the generic foliation, however, one expects that the space BG.X /

will have a distinct topological type from X , probably more complicated.
The space B� .X / can be studied from a “universal viewpoint” by introducing

the Haefl iger classifying spaces. For the class of transversally C r -differentiable
foliations of codimension q, Haefl iger defi nes a space B�

.r/
q , and there is a

universal map

iX WB� .X /! B� .r/
q :

The cohomology groups of B�
.r/

q then defi ne universal classes which pull back
to B� .X / via .iX /�. The nontriviality of .iX /� is then a statement about both
the topology of B� .X / and the inclusion iX . A short digression will describe
the situation for C 1 foliations.

Let B�q be the universal classifying space of codimension q C 1-foliations.
(It is important to specify the transverse differentiability of F, as the topology
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of B�q depends strongly on how much differentiability is required.) The com-
position

fF WX ! B� .X /!B�q;

or more precisely its homotopy class, was introduced by Haefl iger in order to
“classify” the C 1-foliations on a given X . The classifi cation is modulo an
equivalence relation which turns out to be concordance for X compact, and
integrable homotopy for X open; see [Haefl iger 1971].

For B� .X /, the principal invariants are the characteristic classes. Recall the
defi nition of the differential graded algebra

WOq D�.h1; h3; : : : ;hq0/˝RŒc1; c2; : : : ; cq �2q;

where the subscript 2q indicates that this is a truncated polynomial algebra, trun-
cated in degrees greater than 2q, and q0 is the greatest odd integer not exceeding
q. The differential is determined by d.hi˝ 1/D 1˝ ci and d.1˝ ci/D 0. The
monomials ^cJ D h11

^ � � � ^ hi`
^ c

j1

1
� � � c

jq

q , where

(A4.2) 11 < � � �< i`; jJ j D j1C 2j2C � � �C qjq � q; i1CjJ j> q

are closed, and they span the cohomology H �.WOq/ in degrees greater than
2q. The Vey basis is a subset of these [Bott and Haefl iger 1972; Kamber and
Tondeur 1974; 1975; Lawson 1974].

A foliation F on M determines a map of differential algebras into the de Rham
complex of M , �FWWOq!˝�.M /. The induced map in cohomology,

��
F
WH �.WOq/!H �.M /;

depends only the integrable homotopy class of F. The secondary classes of F

are spanned by the images ��
F
.hI ^ cJ / for hI ^ cJ satisfying (A4.2).

The construction of the map �F is functorial, so there exists a universal map

Q�� WH
�.WOq/!H �.B�q/

(see [Lawson 1977]), and for given F on X we obtain its secondary classes via

�� D f
�

F
ı Q�� WH

�.WOq/!H �.X /:

We next describe how the topology of BG.X / is related to the topological
indices of leafwise elliptic operators of F. For F a C 1-foliation of a manifold
X , the groupoid G.X / has a natural map to GL.q;R/ obtained by taking the
Jacobian matrix of the holonomy along a path Œ
xy �. This induces a map

BG.X /!B GL.q;R/;

which defi nes a rank q vector bundle �! BG.X / whose pullback to X under
X !B� .X /!BG.X / is the normal bundle to F. The �-twisted K-theory of
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BG.X / is defi ned as

K
�
�.BG.X //�K�.B.�/;S.�//;

where B.�/ is the unit disc subbundle of � ! BG.X /, and S.�/ is the unit
sphere bundle.

Connes and Skandalis [1984] construct a map

Indt WK
�
�.BG.X //!K�.C

�
r .X //;

which they call the topological index map, via an essentially topological proce-
dure that converts a vector bundle or unitary over BG.X / into an idempotent
or invertible element over C �

r .X /. Let F�
1

X denote the unit cotangent bundle
to F over X . Then there is a natural map of K-theories,

b WK1.F�
1 X /!K

�
0
.BG.X //;

obtained from the exact sequence for the pair .B.�/;S.�//. If F admits a
transverse invariant measure �, there is a linear functional �� on K0.C

�
r .X //

(Proposition 6.23), and the composition �� ı Indt ıb D Indt
� , the topologi-

cal measured index. That is, for D a leafwise operator with symbol class
uD Œ�D � 2K1.F�

1
X /.

�� ı Indt ıb.u/D
˝

ch.D/Td� .X /;C�

˛
:

Connes and Skandalis also construct a direct map,

Inda WK
1.F�

1 X /!K0.C
�
r .X //;

which they call the analytic index homomorphism, by associating to an invertible
u the index projection operator over C �

r .X / of a zero-order leafwise elliptic
operator whose symbol class is u. Also,

Inda
� � �� ı Inda.u/

is the analytic index of this operator, calculated using the dimension function
associated to �. They then proved in [Connes and Skandalis 1984]:

Theorem A4.3 (Connes–Skandalis General Foliation Index Theorem). For any
foliation F, there is an equality of maps

Inda D Indt ıb WK
1.F�

1 X /!K0.C
�
r .X //:

Note that Theorem A4.3 makes sense even when F possesses no invariant
measures. If there is an invariant measure, �, then by the above remarks, the
theorem implies the �-measured foliation index theorem proved in Chapters 7
and 8. Note also that this formulation of the index theorem shows that the
possible range of the analytic traces of leafwise operators, with respect to a
given invariant measure �, are contained in the image of the map

�� ı Indt WK
�
0
.BG.X //! R:
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This is the meaning of the earlier statement that the topology of BG.X / dictates
the possible analytic indices of leafwise operators, and motivates the study of
BG.X /. In fact, Connes has conjectured that this space has K-theory isomor-
phic to that of C �

r .X /.

Conjecture A4.4. Suppose that all holonomy groups of F are torsion-free. Then
Indt is an isomorphism.1

It is known that Conjecture A4.4 is true if F is defi ned by a free action of a
simply connected solvable Lie group on X ; see [Connes 1982]. Also, for fl ows
on the 2-torus and for certain “Reeb foliations” of three-manifolds, the work of
Torpe [1985] and Penington [1983] shows that conjecture A4.4 holds.

Given a foliated manifold X with both FX and TX orientable, a natural
problem, related to Conjecture A4.4, is to determine to what extent the compo-
sition

K�.X /
Thom

Š
- K

�
�.X / - K

�
�.BG.X //

Indt- K�.C
�
r .X //

is an isomorphism. We describe three quite general results on this, and then show
that the N@-Index Theorem also sheds some light on this problem in particular
cases.

Let G be a connected Lie group. A locally free action of G on X is almost
free if given g 2 G with fi xed point x 2 X , either g D id or the germ of the
action of g near x is nontrivial. If F is defi ned by an almost free action of G

on X , then G.X / Š X �G. If G is also contractible, then X ! BG.X / is a
homotopy equivalence.

Theorem A4.5 [Connes 1982]. Let F be defi ned by an almost free action of a
simply connected solvable Lie group G on X . Then there is a natural isomor-
phism K�.X /ŠK�.C

�
r .X //.

For Bp D � nG=K a locally symmetric space of rank one with negative
sectional curvatures, there is a natural action of the lattice � on the sphere at
infi nity .Š Sp�1/ of the universal cover G=K. The manifold

M D .G=K �Sp�1/=�

can be identifi ed with the unit tangent bundle T 1B. The foliation of M of
codimension q D p�1 defi ned in Chapter II corresponds here with the Anosov
(D weak stable) foliation of T 1B.

Theorem A4.6 [Takai 1986]. The index yields an isomorphism

K�.M /ŠK�.C
�
r .M //:

1We have been told that this conjecture is still open as of 2004.
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For B a surface of genus � 2, this result is due to Connes [1982, Chapter 12].
The third result deals with the characteristic classes of C 1-foliations. Recall

from above that each class Œz� 2H �.WOq/ defi nes a linear functional ��Œz� on
H�.X /. Connes [1986] has shown that Œz� also defi nes a linear functional on
K�.C

�
r .X //, and these functionals are natural with respect to the map

H�.X /!K�.C
�
r .X //:

From this one concludes:

Theorem A4.7 [Connes 1986]. Suppose there exist

Œz� 2H �.WOn/ and Œu� 2H�.X /

such that��Œz�. Œu�/ does not vanish. Then Œu� is mapped to a nontrivial class in
K�.C

�
r .X //.

Theorem A4.7 shows that the characteristic classes of F can be used to prove
certain classes in H�.X / inject into K�.C

�
r .X //.

After these generalities, we consider foliations of three-manifolds with an
invariant measure � given, and study the �-topological index, Indt

�.u/, for u 2

K1.X /, which calculates the composition

K1.X /!K
�
0
.X /ŠK1.F�

1 X /
Inda

�
! R:

First, here is a general statement for such foliations. Recall that a simple closed
curve in 
 in X transverse to F determines a complex line bundle E
 over F

with divisor Œ
 �. Take N@ along leaves and form N@˝E
 ; this gives a map

H1.X IZ/!K1.F�
1 X /

Œ
 � 7! ŒN@˝E
 �

and composing with Inda yields a map

Ind WH1.X IZ/!K0.C
�
r .X //:

Proposition A4.8. Let F be a codimension-one C 1-foliation of a compact three-
manifold X . Assume both TX and FX are orientable.

(a) Suppose � is an invariant transverse measure with C� ¤ 0 in H2.X IR/,
and the support of � does not consist of isolated toral leaves. .A toral
leaf L is isolated if no closed transverse curve to F intersects L./ Then
there exists a holomorphic line bundle E ! X such that Ind�.N@˝E/,
and thus Ind.N@˝E/ 2K0.C

�
r .X //, are nonzero.

(b) Let f�1; : : : ; �dg be a collection of invariant transverse measures such
that the associated currents fC1; : : : ;Cdg � H2.X IR/ are linearly in-
dependent when evaluated on closed transversals to F. Then there exist
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holomorphic line bundles E1; : : : ;Ed over X such that the elements
˚
Ind.N@˝Ei/ j i D 1; : : : ; d

	
�K0.C

�
r .X //

are linearly independent.

For example, it is not hard to show that if F has a dense leaf and the currents
fC1; : : : ;Cd g�H2.X IR/ of part (b) are independent, then they are independent
on closed transversals. Defi ne H.�/ � H2.X IR/ to be the subspace spanned
by the currents associated to the invariant measures for F.

Corollary A4.9. If F has a dense leaf , there is an inclusion

H.�/�K0.C
�
r .X //˝R:

Proof of Proposition A4.8. First assume there is a closed transverse curve 
 to
F which intersects the support of �. Then �.
 /¤ 0, and we defi ne E D En�


and use (A3.4) to calculate

Ind�.N@˝En�
 /¤ 0

for all but at most one value of n. If no such curve 
 exists, then the support
of � must consist of compact leaves. One can show these leaves must be tori
which are isolated and this contradicts the hypothesis that there is a nonisolated
toral leaf in the support of �. This proves (a). The proof of (b) is similar. ˜

A5. Examples of Complex Foliations of Three-Manifolds

The geometry of foliations on three-manifolds has been intensively studied.
In this section, we select four classes of these foliations for study, and consider
the N@-index theorem for each. Let M be a compact oriented Riemannian three-
manifold. Then M admits a nonvanishing vector fi eld, and this vector fi eld is ho-
motopic to the normal fi eld of some codimension one foliation of M . Moreover,
M even has uncountably many codimension one foliations which are distinct
up to diffeomorphism and concordance; see [Thurston 1974]. This abundance
of foliations on three-manifolds makes their study especially appealing.

There are exactly two simply connected solvable Lie groups of dimension
two, the abelian group R2 and the solvable affi ne group on the line.

A2 D

��
x y

0 x�1

� ˇ̌
ˇ x > 0

�
� SL.2;R/:

A locally free action of R2 or A2 on a three-manifold M defi nes a codimension
one foliation with very special properties. The foliations defi ned by an action of
R2 have been completely classifi ed: see the next two pages. For �1M solvable,
the locally free actions of A2 on M have been classifi ed in [Ghys and Sergiescu
1980] and [Plante 1975]; see pages 245–247. For �1M not solvable, some
restrictions on the possible A2-actions are known.
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Note that Connes’ Theorem A4.5 applies only when F is defi ned by an almost
free action of R2 or A2. This assumption does not always hold in the following
examples, so we must use the geometry of F to help calculate the image of the
index map.

Throughout, M will denote a closed, oriented Riemannian three-manifold
and F an oriented two-dimensional foliation of M .

Locally free R2-actions. Let a 2 SL.2;Z/, which defi nes a diffeomorphism
�a W T

2! T 2, and a torus bundle over S1 by setting

Ma D T 2 �R=.x; t/� .�a.x/; t C 1/:

Theorem A5.1 [Rosenberg et al. 1970]. Suppose M admits a locally free ac-
tion of R2. Then M is diffeomorphic to Ma for some a 2 SL.2;Z/.

For F defi ned by an R2-action. �1M is solvable by Theorem A5.1 and F has
no Reeb components. The foliated three-manifolds with �1M solvable and no
Reeb components have been completely classifi ed by Plante [1979, 4.1]: note
that only his cases II, III or V are possible for an R2-action).

For �1M solvable, there is also a classifi cation of the invariant measures for
any F on M :

Theorem A5.2 (Plante–Thurston). If �1M is solvable and F is transversally
oriented, the space H.�/�H2.M / of foliation cycles has real dimension 1.

For F defi ned by an R2-action, this implies there is a unique nontrivial pro-
jective class of cycles in H2.M /which arise from invariant transverse measures.
Fix such an invariant measure �.

For the d-index theorem, evaluation on C� yields the average Euler charac-
teristic of the leaves in the support of �. These leaves are covered by R2, hence
have average Euler characteristics zero, and T� annihilates the class Ind.d/.

For the operator N@, we use formula (A3.4) to construct holomorphic bundles
over M for which T�ıInd.N@˝E/¤0. The number of such bundles is controlled
by the period mapping of �. This is a homomorphism P� W H1.M IZ/ ! R

defi ned as P�.˛/ D �.
 /, where 
 is a simple closed curve representing the
homology class ˛. The rank of its image is called the rank of .F; �/, denoted
by r.F/. Note that 1� r.F/� 3.

Proposition A5.3. The elements Ind.N@˝E/2K0.C
�
r .X //, for E!M a holo-

morphic line bundle, generate a subgroup with rank at least r.F/.

Proof. For each ˛ 2�1M with P�.˛/¤ 0, choose a simple closed curve 
 in M

representing ˛ and transverse to F. This is possible by Theorem A5.1 and the
known structure of R2-actions. Then take E DE
 as in Section A3 to obtain

T� ı Ind.N@˝E/Dhch.E/;C�iD �.
 /D P�.
 /:

This shows the map T� is onto the image of P� . ˜
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It is easy to see that r.F/D 3 if and only if F is a foliation by planes. This
coincides with the R2-action being free, and then one knows by Theorem A4.5
that

˛ 7! Ind.N@˝E
 /

is an isomorphism from H2.M IZ/ onto the summand of K0.C
�
r .M // corre-

sponding to the image of H2.M IZ/�K0.M /ŠK0.C
�
r .M //.

An R2-action on a nilmanifold. Let N3 be the nilpotent group of strictly tri-
angular matrices in GL.3;R/:

N3 D

8
<
:

0
@

1 a b

0 1 c

0 0 1

1
A such that a; b; c 2 R

9
=
; :

For each integer n> 0, defi ne a lattice subgroup

�n D

8
<
:

0
@

1 p r=n

0 1 q

0 0 1

1
A such that p; q; r 2 Z

9
=
; :

Then M DN3=�n is a compact oriented three-manifold, and the subgroup

R2 D

8
<
:

0
@

1 a b

0 1 0

0 0 1

1
A
9
=
;

acts almost freely on M via left translations. Also note M is a circle bundle over
T 2, and H2.M IR/ŠR2. By Theorem A4.5, the index map is an isomorphism,
so K0.C

�
r .M //Š Z3. The curve representing the homology class of

˛ D

0
@

1 0 0

0 1 1

0 0 1

1
A 2 �1M

is transverse to F and P�.˛/ ¤ 0 for a transverse measure � with C� ¤ 0.
However, Ind.N@˝E
 / cannot detect the contribution to K0.C

�
r .M // from the

curve defi ned by a fi bre of M ! T 2.

Foliations without holonomy. If for every leaf L of a foliation, F, the holo-
nomy along each closed loop in L is trivial, then we say F is without holonomy.
In codimension-one, such foliations can be effectively classifi ed up to topolog-
ical equivalence. We discuss this for the case of C 2-foliations. By Sacksteder’s
Theorem [Lawson 1977], a codimension-one, C 2-foliation without holonomy
of a compact manifold admits a transverse invariant measure � whose support
is all of M . Moreover, there is foliation-preserving homeomorphism between
M and a model foliated space,

X D . zB �S1/=�;
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where � is the fundamental group of a compact manifold B, zB is its universal
cover with � acting via deck translations, and � acts on S1 via a representation

exp.2� i�/ W � ! SO.2/;

for � W � ! R. The foliation of X by sheets zB � f�g has a canonical invariant
measure, d� , and � corresponds to d� under the homeomorphism. Since the
index invariants are topological, in this case we can assume that M is one of
these models. For a three-manifold this implies B D ˙g for ˙g a surface of
genus g � 1. The case g D 1 is a special case of examples (A5.1) above.

Let � denote the abelian subgroup of R which is the image of �. Denote by
r.F/ the rank of �. It is an easy geometrical exercise to see that the group �
agrees with the image of the evaluation map

Œd�� WH1.M IZ/! R:

Moreover, there exists simple closed curves f
1; : : : ; 
r g in M transverse to F

for which fP�.
i/g yields a Z-basis for � . Form the holomorphic bundles fEig

corresponding to the f
ig, then the set fInd.N@˝Ei/g generates a free subgroup
of rank r in K0.C

�
r .M //. Since H2.BG.M /IR/ has rank r , this implies

Proposition A5.4. The index map

K�
0.BG.M //!K0.C

�
r .M //

is a monomorphism.

These foliations have been analyzed in further detail by Natsume [1985],
where he shows that this map is also a surjection.

Solvable group actions. The locally free actions of A2 on three-manifolds has
been studied by many authors; see in particular [Ghys and Sergiescu 1980; Ghys
1984; 1985; 1993]:

Theorem A5.5. Let �1M be solvable and suppose A2 acts on M . Then M

is diffeomorphic to a torus bundle Ma over S1, and the monodromy map a 2

SL.2;R/ has two distinct real eigenvalues.

Theorem A5.6 [Ghys 1985]. Suppose that A2 acts locally free on M and pre-
serves a smooth volume form. Then M is diffeomorphic to SL.2;R/=� for some
cocompact lattice in the universal covering group

CSL.2;R/;

and the action of A2 on M is via left translations.

Proposition A5.7. Suppose H1.M /D 0 and A2 acts locally freely on M . Then
the action preserves a smooth volume form on M .
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Let us describe the foliation on M0DT 2�R=�a. Let Nv2R2 be an eigenvalue
with eigenvalue � > 0. The foliation of R3 by planes parallel to the span of
f. Nv � 0/; .N0� 1/g is invariant under the covering transformations of R3!Ma,
so descends to a foliation F� on Ma. When �D 1, the R2-action on R3 defi ning
the foliation there descends to an R2 action on Ma, defi ning F�. When �¤ 1,
the leaves of F� are defi ned by an action of A2 on Ma.

For A2-actions on M with �1M not solvable, it seems reasonable to conjec-
ture they must have this form given in Theorem A5.6.

If the action of A2 preserves a volume form on M 3, then F is transversally
affi ne [Ghys and Sergiescu 1980], so there can be no invariant measures for
F. In this case Theorem 8.7 of Chapter VIII reveals no information about
K0.C

�
r .M //. However, one has Connes’ Theorem A4.5 since the A2-action

is almost free. To give an illustration, let � � SL.2;R/ be a cocompact lattice,
and set M D SL.2;R/=� . The group A2 acts via left translations and preserves
a smooth volume form on M . Then

G.M /ŠM �A2;

K�
0.BG.M //ŠK0.M /;

and
Ind WK�

0.BG.M //!K0.C
�
r .M //

is an isomorphism. Note the foliation on M admits 2g closed transversals
f
1; : : : ; 
2gg which span H1.M /. Form the corresponding bundles Ei !M ,
and consider the classes fInd.N@ ˝ Ei/g � K0.C

�
r .M //. It is natural to ask

whether these classes are linearly independent, and for a geometric proof if so.

Foliations with all leaves proper. A leaf L�M is proper if it is locally closed
in M . F is proper if every leaf is proper. The geometric theory of codimension-
one proper foliations is highly developed [Cantwell and Conlon 1981; Hector
and Hirsch 1986]. We recall a few general facts relevant to our discussion.

Theorem A5.8. Let F be a proper foliation of arbitrary codimension. Then the
quotient measure space M=F, endowed with the Lebesgue measure from M , is
a standard Borel space.

Corollary A5.9. Let F be a proper foliation of arbitrary codimension. Then any
ergodic invariant transverse measure for F with fi nite total mass is supported
on a compact leaf .

Theorem A5.10. For a codimension one proper foliation F, all leaves of F have
polynomial growth, and the closure of each leaf of F contains a compact leaf .

Let F be a proper codimension-one foliation of M 3. Given a transverse
invariant measure �, we can assume without loss of generality that the support
of � is a compact leaf L. If L has genus at least 2, then there exists a closed
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transversal 
 which intersects L, so T� ı Ind.N@˝En�
 /¤ 0 for all but at most
one value of n. Thus, the class

ŒL� 2H2.M IZ/

corresponds to a nontrivial class

Ind.N@˝En�
 / 2K0.C
�
r .M //:

If L is a 2-torus, then it is diffi cult to tell whether the homology class of L is
nonzero, and if so, whether it generates a nonzero class in K0.C

�
r .M //. There

is a geometric criterion which yields an answer.

Theorem A5.11 (Rummler–Sullivan). Suppose M admits a metric for which
each leaf of F is a minimal surface. Then every compact leaf of F has a closed
transversal which intersects it.

Corollary A5.12. Suppose F is a proper and minimal foliation. For each er-
godic invariant transverse measure �, there is a holomorphic bundle E� !M

such that Ind.N@˝E�/ 2K0.C
�
r .M // is nonzero, and Ind�.N@˝E�/¤ 0.

We cannot conclude from Corollary A5.12 that the elements

fInd.N@˝E�/ j � ergodicg

are independent. (Consider the product foliation ˙g � S1.) However, if M

has a metric for which every leaf is geodesic submanifold, then there are as
many independent classes in K0.C

�
r .M // as there are independent currents

C� 2H2.M IR/.
The Reeb foliation of S3 is another relevant example of a proper foliation. It

is not minimal, and K0.C
�
r .M //Š Z so the toral leaf does not contribute; see

[Penington 1983; Torpe 1985].

Foliations with nonzero Godbillon–Vey class. There is exactly one character-
istic class for codimension-one foliations (of differentiability at least C 2), the
Godbillon–Vey class GV 2H 3.M IR/. Recall from Section A4 that GV defi nes
linear functionals, also denoted by GV , on K�.M / and (noncanonically) on
K�.C

�
r .M //,2 and these functionals agree under the map

K�.M /!K�.C
�
r .M //:

If GV ¤ 0 in H 3.M /, then there is a class Œu� 2K�.C
�
r .M // on which GV is

nontrivial. From this we conclude that the composition

H3.M IZ/!K
�
1
.BG.M //!K0.C

�
r .M //

is injective.

2The map GV WK�.C
�
r .M //! R depends upon the choice of a smooth dense subalgebra of

C �
r .M /.
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The information on K1.C
�
r .M // obtained from GV is about all one knows

for these foliations F˛ on M , which underlines the need for better understand-
ing of how the geometry of a foliation is related to the analytic invariants in
K0.C

�
r .M //.

Update 2004

Since the fi rst edition of this book, there have been great advances in un-
derstanding the relationship between the foliation indices and the geometry of
F. We mention in particular the works of Hitoshi Moriyoshi, who has given a
very explicit description of the Godbillon–Vey invariant as an analytic invariant
[Moriyoshi 1994a; 1994b; 2002, Moriyoshi and Natsume 1996].



APPENDIX B

L2 Harmonic Forms on Noncompact Manifolds

By Calvin C. Moore, Claude Schochet, and Robert J. Zimmer

If M is a compact oriented manifold then the Hodge theorem supplies a unique
harmonic form associated to each de Rham cohomology class of M . If the
compactness assumption is dropped the situation becomes considerably more
sensitive. In this appendix we demonstrate how to use the index theorem for
foliated spaces to produce L2 harmonic forms on the leaves of certain foliated
spaces.

We begin by recalling the Hirzebruch signature theorem. If M is a com-
pact oriented manifold of dimension 4r then its signature is defi ned to be the
signature of the bilinear form on H 2r .M / given by

.x;y/D

Z

M

x ^y:

Recall that there is a signature operator A (Chapter VIII), and the signature of
the manifold, Sign M , is the Fredholm index of this operator. If M has positive
signature then H 2r .M /must be nontrivial and must contain classes represented
by harmonic forms, by Hodge theory. (An easy special case: take M 4r DCP2r .
Then Sign M D 1, H 2r .M /DR and so CP2r has harmonic forms in its middle
dimension 2r .)

Let X denote a compact metrizable foliated space with leaves of dimension
4r and oriented foliation bundle F . Then there is a signature operator ADfA`g

with local trace denoted here by aDfa`g and associated partial Chern character

c.a/D Œa� 2H 4r
� .X /:

For each invariant transverse measure � we defi ne the signature of X by

Sign.X; �/DhŒa�; ŒC� �iD

Z

X

a`d�;

where C� is the Ruelle–Sullivan current associated to �. This is independent of
the metric chosen but of course does depend upon �. The foliated space version
of the signature theorem states that Œa�D ŒLr �, where Lr is the Hirzebruch L-
polynomial in the tangential Pontryagin classes of F . If Sign.X; �/ > 0 then
there are �-nontrivial L2 harmonic 2r -forms on X (that is to say, there are
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nonzero L2 harmonic 2r -forms on some of the leaves of X , and the support of
� is positive on the union of these leaves).

Here is our fi rst result.

Theorem B.1. Suppose that X is a compact oriented foliated space with leaves
of dimension 4. Assume that X has a tangential Riemannian structure so that
each leaf is isometric to the complex 2-disk B2 (with its Poincaré metric). Let �
be an invariant transverse measure on X . Then Sign.X; �/ > 0.

Corollary B.2. The space X cannot be written as a product of foliated spaces.

This also follows from the (signifi cantly more general) assertions of [Zimmer
1983].

Corollary B.3. The space B2 has nontrivial L2 harmonic 2-forms.

Remark. This is actually a corollary of the proof that follows. It may be enough
to assume that each leaf of X is quasi-isometric to B2.

Our proof of B.1 is somewhat roundabout. First we prove B.1 in a very special
case in the setting of automorphic forms. Then we prove the corollaries. Finally
we deduce the general case of B.1 from Corollary B.3. The foliated spaces index
theorem is used twice, in different directions.

Proof. Consider the following special case. Let G be a group of holomorphic
automorphisms of B2, let � be a cocompact torsionfree lattice in G, and let K

be a maximal compact subgroup of G. Then B2 is isometric to the homogeneous
space G=K. The quotient space B2=� is a compact complex manifold of real
dimension 4. We assume that it is oriented. The lattice � may be chosen so that
Sign.B2=� / is strictly positive; we assume this to be the case.

Let S be a smooth manifold upon which � acts without fi xed points and
suppose that S has a fi nite � -invariant measure�. (For instance, take SDG=� 0

for some suitable lattice � 0.) Defi ne an action of � on B2 �S by

.b; s/
 D .b
; s
 /

and let
X D .B2�S/=�

denote the resulting orbit space. Then X is a compact space foliated by the
images of the various maps

B2 � fsg !B2 �S ! X

so each leaf is isometric to B2. There is a natural projection

� WX !B2=�

given by sending .b; s/ to the image of b under the map B2 ! B2=� . The
restriction of � to each leaf ` is a covering map `!B2=� . The tangent bundle
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F to the foliated space is simply the pullback of the tangent bundle of (the
manifold) B2=� by � .

Let us compare the signature theorems on X and on B2=� . The Hirzebruch
signature theorem (in this low-dimensional situation) reads

Sign.B2=� /D

Z
1
3
p1.T .B

2=� /�/ dvol

where dvol is the volume form on B2=� and p1 is the fi rst Pontryagin class.
The Connes signature theorem applied to the signature operator A with respect
to the invariant transverse measure � corresponding to the invariant measure �
on S reads

Sign.X; �/D
Z

1
3
p�

1.F
�/ d�:

As F D ��.T .B2=� // and p1 projects to p�
1

under the map from de Rham to
tangential cohomology, we have

Sign.B2=� /D

Z
1
3
�1.T .B

2=� /�/ dvolD
Z

1
3
p�

1.F
�/ d� D Sign.X; �/;

so that

Sign.X; �/D Sign.B2=� / > 0:

Thus Sign.X; �/ is strictly positive, and in fact is a positive integer (if we prop-
erly normalize � originally). This proves the theorem for this particular class of
foliated spaces.

Next we establish Corollary B.3. By the defi nition of Sign.X; �/ we see that
Z

a` d� > 0

in our example above. Now each leaf ` is isometric to B2 and the measure a`

is the local trace of the signature operator on B2, so that in this example the
measure a` really does not depend upon `. As

a` D Ker.A`/�Ker.A�
` /

as signed measures, we see that Ker.A`/ must be nontrivial for some leaves
`; thus the space B2 must have nontrivial L2 harmonic 2-forms. This proves
Corollary B.3.

We turn next to the general case of Theorem B.1. Let X be a compact foliated
space as in the statement of the theorem. Then the local trace a D fa`g of the
signature operator is independent of the leaf `. Thus

Sign.X; �/D
Z

a` d� > 0
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by our earlier argument. Apply the foliation index theorem again (in the opposite
direction) and we see that

Z
1
3
p�

1.F
�/ d� > 0

which implies that the class Œp�
1
.F�/�¤ 0 in H 4

� .X /.
Finally, X cannot split as a product of foliated spaces since that would imply

that Sign.X; �/D 0. This completes the proof of B.1, B.2, and B.3. ˜

In order to generalize, one need only look at those properties of B2 which
were actually used in the proof. The key fact was that there was a lattice group
� such that B2!B2=� was well-behaved, and such that B2=� was a compact
manifold with positive signature.

Defi nition B.4. A Clifford–Klein form of a connected and simply connected Rie-
mannian manifold B is a Riemannian manifold B0 whose universal Riemannian
covering is isomorphic to B.

A. Borel [1963] has shown that a simply connected Riemannian symmetric
space B always has a compact Clifford–Klein form. Let B be the collection
of spaces which are fi nite products of irreducible symmetric domains whose
compact counterparts are

U.pC 2r/

U.p/�U.2r/
;

SO.4kC 2/

SO.4k/� SO.2/
; or

E6

Spin.10/�T 1
:

The space B2 is in B since B2 is associated to the space

U.3/

U.1/�U.2/
Š CP2:

If B is a simply connected Riemannian symmetric space then there are two
possibilities:

(1) If B is not an element of B then Sign.B0/D 0.

(2) If B 2 B then Sign.B0/� 1, by [Borel 1963, ~3].

This is all that we need.

Theorem B.5. Let X be a compact oriented foliated space with leaves of dimen-
sion p. Suppose that X has a tangential Riemannian structure such that each
leaf is isometric to some fi xed B 2 B. Then Sign.X; �/ > 0 for each invariant
transverse measure �.

Corollary B.6. If B 2 B is a manifold of dimension 4r , then B has nontrivial
L2 harmonic 2r -forms.

We omit the proof, which is essentially the same as the special case BDB2.
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We turn next to the use of the Chern–Gauss–Bonnet theorem. Recall that if
X is a compact oriented foliated space with leaves of dimension 2q then the
Index Theorem applied to the de Rham operator yields

Œ��D ŒK� �=2�

in H �
� .X /, where � is the alternating sum of the Betti measures 8.7. Given an

invariant transverse measure �, the theorem reads

�.X; �/D

Z
K�=2� d�;

where

�.X; �/D

Z
� d�

is the tangential Euler characteristic of .X; �/.
Suppose that G is a semisimple Lie group with maximal compact subgroup

K and torsionfree lattice � . Let S be some compact smooth manifold upon
which � acts without fi xed points and let � be a fi nite � -invariant measure on
S . Let B DG=K and defi ne

X D .B �S/=�

where � acts diagonally. Then X is a foliated manifold with leaves correspond-
ing to the image of B � fsg. The space B=� is a compact smooth manifold
and each leaf ` is a covering space for B=� . The space X has an invariant
transverse measure � corresponding to the measure � on the global transversal
S . For instance, if G D PSL.2;R/ then B is the upper half plane H and X is
foliated by copies of H . (Note that H has constant negative curvature — it is
homeomorphic but not isometric to C.)

The Euler characteristic of B=� is given by the classical Chern–Gauss–-
Bonnet theorem:

�.B=� /D

Z
K=2� dvol;

where K is the curvature form on B=� and dvol is the volume form on B=� .
Specialize to the case where each leaf has dimension 2. The Betti measure

ˇ0 is always zero since there are no L2 harmonic functions on noncompact
manifolds. Duality implies that ˇ2D0. Thus the foliation Chern–Gauss–Bonnet
theorem reduces to Z

�ˇ1 d� D

Z
K�=2� d�

where K� is the Gauss curvature along the leaves. Arguing just as in the proof
of the special case of Theorem B.1, we see that

�.B=� /D

Z
K=2� dvolD

Z
K�=2� d� D

Z
�ˇ1 d�:
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Assume that the surface B=� has genus greater than 2. Then �.B=� / is
negative and hence the Betti measure ˇ1 is strictly positive. Since leaves have
dimension 2, we see that Z

Ker.d ˚ d�/.1�forms/ > 0

In our example we are again integrating a constant function. Thus on the generic
leaf `DG=K there are nontrivial L2 harmonic 1-forms.

If we continue as in the study of the signature operator, we can obtain the
following theorem.

Theorem B.7. Let X be a compact oriented foliated space with tangential Rie-
mannian structure such that each leaf is isometric to the upper half plane. Let
� be an invariant transverse measure. Then the tangential Euler characteristic
�.X; �/ is strictly positive and X has nontrivial L2 harmonic 1-forms.

Remark. If the leaves have dimension greater than 2 then ˇ1 does not corre-
spond so neatly to the Euler characteristic. For example, if the leaves have
dimension 4 and �.B=� /� 0 thenZ

.�ˇ1Cˇ2�ˇ3/ d� < 0

so that Z
ˇ2 d� <

Z
.ˇ1Cˇ3/ d�:

As the left hand side is nonnegative, this implies that the integral of either ˇ1

or ˇ3 (and hence both of them, by duality) must be strictly positive. Thus there
are L2 harmonic 1 and 3-forms.



APPENDIX C

Positive Scalar Curvature Along the Leaves

By Robert J. Zimmer

Mikhael Gromov and Blaine Lawson, in their classic paper [1980], use Dirac
operators with coeffi cients in appropriate bundles and associated topological
invariants to investigate whether or not a given compact nonsimply connected
manifold can support a metric of positive scalar curvature. In this appendix we
consider the analogous problem for foliated spaces. We use appropriate tangen-
tial Dirac operators to investigate the existence of a tangential Riemannian met-
ric with positive scalar curvature along the leaves of a compact foliated space.
Gromov and Lawson use the OA-genus and the Atiyah–Singer index theorem; we
shall use the tangential OA-genus and the Connes index theorem.

Let M be a compact oriented manifold of dimension p D 2d with associ-
ated Hirzebruch OA-class, OA.M /2H even.M;R/, a polynomial in the Pontryagin
classes. If M is a spin manifold, then there are the associated bundles of half-
spinors S˙.M /, and an associated Dirac operator

DC W �1.SC/! �1.S�/:

The Atiyah–Singer theorem implies that index .DC/ vanishes unless p is divis-
ible by 4, and in that case

index .DC/D OAŒM �;

where OAŒM � is the OA-genus of M , i.e., OAŒM � D h OA.M /; ŒM �i. If E is any
Hermitian bundle over M (with a unitary connection) then, following [Gromov
and Lawson 1980], S.M /˝E is called a twisted spin bundle over M . Asso-
ciated to this bundle there is also an elliptic operator called the twisted Dirac
operator DC. The Atiyah–Singer theorem now implies that

index .DC/D .�1/dhch.E/ OA.M /; ŒM �i:

Suppose now that X is a compact foliated space with oriented foliation bundle
F and invariant transverse measure �. Suppose further that F is a spin foliation,
i.e., F has a spin structure. Then there is an associated bundle of spinors and for
each leaf ` an associated Dirac operator DC

`
on the leaf and hence a tangentially
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elliptic operator DC D fDC
`
g. Then, by Connes’ theorem,

Index�.D
C/D .�1/dh OA� .F /; ŒC� �i;

where ŒC� � is the homology class of the Ruelle–Sullivan current associated to �.
Defi ne

OA� ŒX �Dh OA� .F /; ŒC� �i;

the tangential OA-genus of X with respect to the invariant transverse measure �.
Note that if Ker D` D 0 as an unbounded operator on L2.`/ for �-almost every
`, then OA� ŒX �D 0.

Choose some tangential Riemannian metric on X and let � denote the scalar
curvature along the leaves. We say that the metric has positive scalar curvature
on the leaf ` if � � 0 on ` and if � > 0 at some point `. If this is so, then by
Lichnerowicz’s computations, Ker D2

`
D 0, and since we are in L2 and D` is

formally self-adjoint, Ker D` D 0. Thus:

Proposition C.1. Let X be a compact foliated space with foliation bundle F

with a given spin structure, and let � be an invariant transverse measure. If
there exists a metric on X which has positive scalar curvature along �-almost
every leaf , then OA� ŒX �D 0.

Now suppose that E is an Hermitian bundle on X with a unitary tangential
connection. For any leaf `, let E` be the restriction of E to `. Then there is a
twisted spin bundle S.F /˝E on X , and a twisted Dirac operator DCDfDC

`
g.

Once again, Connes’ theorem implies:

Proposition C.2. Ind�.D
C/Dhch� .E/ OA� .F /; ŒC� �i.

Thus if Ker.DC/D 0, then hch� .E/ OA� .F /; ŒC� �iD 0.
For each leaf `, the equation

D2
` Dr

�
`r`C �=4C .R0/`

holds where r is a certain fi rst order tangential operator, and R0 is described
in [Gromov and Lawson 1980, Theorem 1.3], in terms of the Clifford multipli-
cation and the tangential curvature tensor of E`. An argument as in this same
reference yields the following proposition.

Proposition C.3. If ��4.R0/` and � > r.R0/` at some point, then Ker D`D0.

In particular, this would yield vanishing of hch� .E/ OA� .F /; ŒC� �i.

Defi nition C.4. Call a manifold M expandable if for each r , there is a smooth
embedding of the Euclidean ball

er W Br ! zM

.where zM is the universal cover of M / such that

aer .v/� v for all v 2 TBr :
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Example C.5. The torus T n is expandable.

Proposition C.6 (Gromov and Lawson).

(1) A compact solvmanifold is expandable.

(2) A manifold of nonpositive curvature is expandable.

Defi nition C.7 (slight modifi cation of [Gromov and Lawson 1980]). We call a
compact manifold M of dimension n enlargeable if for each c > 0 there is a
fi nite covering M 0!M and a c-contracting map M 0!Sn of nonzero degree.

Proposition C.8. Let M be a compact expandable manifold and suppose that
�1.M / is residually fi nite. Then M is enlargeable.

Theorem C.9 (Gromov and Lawson). Suppose that M is an enlargeable mani-
fold of even dimension and suppose that some fi nite cover of M is a spin mani-
fold. Then M has no metric of positive scalar curvature.

Corollary C.10. No compact solvmanifold and no manifold of nonpositive cur-
vature with a fi nite spin covering supports a metric of positive scalar curvature.

We move to the context of foliated spaces.

Theorem C.11. Let M be a compact enlargeable manifold of even dimension
with a fi nite spin covering M 0. Let �1.M / act on a space Y with an invariant
measure � (not necessarily smooth). Form the associated foliated bundle over
M

Y ! X D zM ��1.M / Y !M

so that each leaf is the form zM =.subgroup of �1.M //. Then there is no tan-
gential Riemannian metric on the foliated space X such that every leaf has
everywhere positive scalar curvature.

Corollary C.12. For a foliated bundle over any compact solvmanifold or over
any manifold of nonpositive curvature with a fi nite spin cover, the result holds.

Proof. For the solvmanifold case in odd dimension, cross with S1 with the
foliation .leaf/�S1 over solvmanifolds. ˜

Proof of Theorem C.11. Suppose that there were such a metric. Let 0 < �0 �

min � on almost all leaves. Passing to fi nite covers yields the diagram

Y - X 0 - X

M 0

�
?

- M
?

with c-contracting map f WM 0! S2n of nonzero degree, where

c2 < �0=˛
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and ˛ depends upon the dimension of M and data on a fi xed Hermitian bundle
E0! S2n with cn.E0/ ¤ 0. Proposition C.3 and computation as in [Gromov
and Lawson 1980, Proposition 3.1] imply that

hch� .�
�f �E0/ OA�.F /; ŒC� �iD 0:

Since

ch� .�
�f �E0/D

1

.n� 1/!
��f �.c�

n.E0//C 1

and OA� ŒX �D 0 by Proposition C.1, it follows that

h��f �c�
n.E0/; ŒC� �iD 0:

Since Z

S2n

f �.c�
n.E0//¤ 0;

we use the basic computation that h��!; ŒC� �i¤ 0 for foliated bundles, whereR
! ¤ 0. This is a contradiction. ˜

Gromov and Lawson show in their Corollary A that any metric of nonnegative
scalar curvature on the torus T n is fl at. That suggests the following conjectures.

Conjectures C.13.

(1) For foliations over T n, � � 0 along the leaves implies that � D 0 along
the leaves.

(2) (stronger) If � � 0 then the leaves are Ricci fl at, or even

(3) (still stronger) If � � 0 then the leaves are fl at.

Remark C.14. Kazdan and Warner [1975] have shown that, if M is a manifold
with nonnegative scalar curvature and with � > 0 at one point of M , then there
is a conformal change in the metric of M such that � > 0 everywhere on M .
Suppose that X is a compact foliated space and suppose that X has positive
scalar curvature along the leaves. Is it true that the metric on X may be altered
so that � > 0 everywhere? This may be done one leaf at a time; the diffi culty
lies in making the change continuous tranversely.



APPENDIX D

Gap Labeling

Featured Review, Mathematical Reviews, 2005f:46121

Note: This is a review of three articles: [Bellissard et al. 2005] (Jean Bel-
lissard, Riccardo Benedetti and Jean-Marc Gambaudo, “Spaces of tilings,
fi nite telescopic approximations, and gap-labeling”, to appear in Commu-
nications in Mathematical Physics), [Benameur and Oyono-Oyono 2003]
(“Gap-labelling for quasi-crystals”, pp. 11–22 in Operator algebras and
mathematical physics, Theta Foundation, Bucharest, 2003), and [Kaminker
and Putnam 2003] (“A proof of the gap labeling conjecture”, Michigan
Mathematical Journal 51 (2003), 537–546). It fi rst appeared as a Featured
Review in Mathematical Reviews, and is reprinted here by permission, with
slight modifi cations. The three reviewed articles are herein referred to as
BBG, BO and KP.

The Gap Labeling Theorem was originally conjectured in [Bellissard et al.
2000]. The problem arises in a mathematical version of solid state physics in
the context of aperiodic tilings. Its three proofs, discovered independently by
the authors above, all lie in K-theory. Here is the core result of these papers:

Theorem D.1. Let ˙ be a Cantor set and let

˙ �Z
d �!˙

be a free and minimal action of Zd on ˙ with invariant probability measure �.
Let

� W C.˙/ �! C

and
�� W C.˙/o Z

d �! C

be the traces induced by � and denote likewise their induced maps in K-theory.
Then

�
�
K0.C.˙//

�
D ��

�
K0.C.˙/�Z

d /
�

as subsets of R.

We shall try to explain why this core result has anything to do with something
called gap labeling.
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1. The Origin of the Problem. We model the motion of a particle in a
solid via the tight binding approximation as follows. The solid is modeled by a
tiling, where the tiles represent the locations of the atoms, and the particle hops
from tile to tile. The (simplifi ed!) quantum mechanical model of this motion
is a certain self-adjoint Schrödinger operator on the space of square summable
functions on the set of tiles. So the position of the particle is represented by a tile
and momentum corresponds to translation. We are interested in the spectrum
of this operator. In the crystal context, Bloch theory shows that the periodic
structure of the atoms leads to a spectrum consisting of bands — i.e., a union
of closed intervals, and hence there are gaps in the spectrum. The challenge in
the present problem is to determine the gaps in the spectrum of the Schrödinger
operator in a solid which is not periodic but is almost periodic.

More formally, a tiling T of Rd is a collection of subsets ft1; t2; : : : g called
tiles, such that their union is Rd and their interiors are pairwise disjoint. We
assume that each tile is homeomorphic to a closed ball. Any translate T C x

of T by some x 2 Rd is again a tiling. Take the set T C Rd of all translates
and endow it with a metric: for 0 < � < 1 say the distance between T1 and
T2 in T C Rd is less than � if there are vectors x1;x2 of length less than �
such that T1 C x1 and T2 C x2 coincide on the open ball B.0; 1=�/. Let ˝
denote the closure of T CRd in this metric. Then Rd acts on ˝; the action is
denoted !. The space ˝ is the continuous hull of the tiling. This is the quick
and dirty defi nition of the metric and˝: there are much better and more natural
defi nitions (see BBG).

We assume that for any R > 0 there are only fi nitely many subsets of T

whose union has diameter less than R (the so-called fi nite pattern condition),
which ensures that˝ is compact. The orbit of T is obviously dense. We assume
that every orbit is dense: in other words, that the Rd action on ˝ is minimal.
This is the case if and only if for every fi nite patch P in T there is some R> 0

such that for each x 2 Rd there is a translate of P contained in T \B.x;R/.
This is called the repetitivity condition.

There is an equivalent version of this construction using the notion of repet-
itive Delone sets of fi nite type due to Lagarias. Bellissard, Zarrouati, and Her-
mann [Bellissard et al. 2000] replace a discrete point set by the sum of mass
one Dirac measures at each site. The compactness of the hull is then a trivial
consequence of well-known theorems in measure theory. This way of doing
things is more natural from the point of view of the hull topology.

A tiling T is aperiodic if T C x ¤ T for all x 2 Rd � f0g, and a tiling is
strongly aperiodic if ˝ contains no periodic tilings. Assume henceforth that T

is strongly aperiodic and satisfi es the fi nite pattern and repetitivity conditions;
thus ˝ is compact with a free and minimal Rd -action !. There is a natural C �-
algebra to model the situation, namely C.˝/o Rd , referred to by Bellissard as
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the noncommutative Brillouin zone. Bellissard’s deep insight was to regard the
dynamical system via this C �-algebra as a noncommutative space, in the sense
introduced by Alain Connes, and to show that the resolvents of the Schrödinger
operator lie in it. Gaps in the spectrum will yield projections in C.˝/ o Rd

and the classes of those projections lie in K0.C.˝/o Rd /. Any trace on the
C �-algebra yields a homomorphism K0.C.˝/o Rd /! R whose image is a
countable subgroup of R. For natural choices of the trace, these numbers have
physical and mathematical meaning. They are related to the integrated density
of states and also can be obtained experimentally. Thus it is worthwhile to try
to determine this subgroup of R.

Sadun and Williams [2003] show that the hull ˝ contains a Cantor set ˙
with a minimal Zd -action such that there is a homeomorphism

˙ �Zd R
d Š˝:

(The set˙ can be constructed as a canonical transversal. To do so, each prototile
is associated with a point in its interior; then take˙ to be the union of the tilings
having one tile with point at the origin. Then ˙ is defi ned modulo the choice of
a point in each prototile. In the description via a Delone set there is no choice,
since the position of atoms is already fi xed and therefore the transversal be-
comes “canonical.” ) This homeomorphism does not conjugate the Rd -actions.
However, KP show that there is a strong Morita equivalence of associated C �-
algebras

C.˙/o Z
d � C.˝/o R

d

and so these two C �-algebras have isomorphic K-theory groups. We regard ˙
with its Zd -action as a discrete model for the foliated space ˝.

2. Foliated Spaces. Every point in˝ has an open neighborhood of the form
U �N , where U is open in Rd and N is a Borel subset of ˝. If N were an
open subset of Euclidean space then this would be the local picture of a foliated
manifold. This is not the case generally. Instead, this is the local picture of a
foliated space.

A side note on terminology. In ancient times a lamination was a space
obtained by deleting some leaves of a foliated manifold. The fi rst edition of
this book introduced foliated space to describe a space whose local picture was
U �N as above. This included laminations as well as other situations such as
the continuous hull. This usage is found, for example, in [Candel and Conlon
2000]. More recently, Ghys [1999] and others have taken to using lamination
for this more general concept. We will stick with the foliated space terminology.

Suppose given a Zd -invariant probability measure � WC.˙/!C. This gives
rise to an invariant transverse measure on˝ with corresponding Ruelle–Sullivan
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current C� and associated homology class

ŒC�� 2H �
d .˝/:

Here H �
� denotes tangential homology (see Chapter III of this book). This gives

rise to traces

� W C.˙/ �! C and �� W C.˙/o Z
d �! C

and associated homomorphisms

� WK0.C.˙// �! R and �� WK0.C.˙/o Z
d / �! R:

The group K0.C.˙// is isomorphic to C.˙;Z/, the group of continuous,
integer-valued functions on ˙ , and we may describe its image under the trace
�.K0.C.˙/// as the subgroup of R generated by the measures of the clopen
sets of ˙ . It is not very hard to prove that

�
�
K0.C.˙//

�
� ��

�
K0.C.˙/o Z

d /
�
:

The deepest part of the Gap Labeling Theorem is to demonstrate that this inclu-
sion is actually an equality of sets.

Note that each gap in the spectrum of the self-adjoint operator associated to
the motion of the particle in the initial tiling corresponds to a projection in the
C �-algebra C.˝/o Rd of the foliated space ˝ and hence to a class in

K0.C.˝/o R
d /ŠK0.C.˙/o Z

d /:

Bellissard, Herrmann, and Zarrouati [Bellissard et al. 2000] prove that the in-
tegrated density of the states of the operator depend only upon the noncommu-
tative space ˝ itself, and not upon the operator. Thus the possible values of the
gap labeling are independent of the choice of operator; they depend only upon
the noncommutative topology of ˝.

All three proofs of the Gap Labeling Theorem proceed by translating the
gap labeling problem to tangential cohomology via some version of the Chern
character and then by a combination of direct computation and deep general
results.

3. The BBG Proof. BBG consider a somewhat more general situation than
described above. As this review focuses upon the K-theory result, we must omit
details. We urge the reader to study the paper as it has interesting applications
beyond the immediate K-theoretic concern of the Gap Labeling Theorem. BBG
provide a geometric analysis of the foliated space itself. They represent ˝ as
topologically conjugate to the inverse limit of expanding fl attening sequences
of branched oriented fl at manifolds of dimension d (BOF d-manifolds) with Rd

action by parallel transport under constant vector fi elds. The cohomology of the
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BOF manifolds is analyzed combinatorially via cellular cohomology and a spec-
tral sequence is used to calculate the K-theory of the associated C �-algebras.
Taking direct limits then yields a very concrete description of K�.C.˝ o Rd /.
The associated Ruelle–Sullivan maps are then explicitly calculated. They use a
partial Chern character map c and then must deal with the diagram

K0.C.˝/o R
d /

c- H d
� .C.˝/o R

d /

R

��
? Š - R

.�/\C�

?

where \C� is the cap product by the class ŒC��2H �
d
.˝/ of the Ruelle–Sullivan

current induced by the trace. Their proof requires the use of Connes’ Thom
Isomorphism theorem [Connes 1981a] as well as cyclic cohomology [Connes
1986].

4. Common Features of the BO and the KP Proofs. Consider the diagram

K0.C.˙//
� - R

K0.C.˙ o Z
d //

i�
?

�� - R

Š

?

K0.C.˝o R
d //

m:e:
?

N�� - R

�

?

Kd .C.˝//

Š �c

6

R

�
6

H d
� .˝IR/

chd

?
\C� - R

�

?

where ˙ is the given Cantor set with the given Zd action,

˝ D˙ �Zd R
d

is the suspension of the action, �c is Connes’ Thom Isomorphism, i� is the map
induced by the inclusion of C �-algebras, m:e: is the isomorphism induced by
the Morita equivalence of the C �-algebras, and (this is a result from [Fack and
Skandalis 1981])

�c.ŒE�/ D indaŒDE � 2 K0.C.˝o R
d //
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where indaŒDE � is the analytic index of the Dirac D operator twisted by the
bundle E. The top square commutes by the defi nition of the traces. The middle
square is shown to commute by looking carefully at properties of the Morita
equivalence.

The bottom rectangle commutes by the Index Theorem for Foliated Spaces.
KP prove this as KP 2.4, and BO prove it as BO 4.2. (Since ˝ is a foliated
space but not a foliated manifold, one needs the version of the Index Theorem
established by C. C. Moore and the reviewer (in this book).) The analogous
result in BBG is Theorem 6.1, which they prove by reduction to a result in
cyclic cohomology [Connes 1986].

5. The BO proof. BO fi lter the leaves of ˝ and obtain a pair of spectral
sequences

E2 DH�.Z
d IC.˝;Z//H)K�.C

�.C.˝/o R
d //

and
zE2 DH�.Z

d IC.˝;R//H)H �
� .C.˝/o R

d /:

The Chern character induces a natural transformation ch W Er ! zEr . Both
spectral sequences collapse at the E2 level, essentially because ch˝Q is an
isomorphism. This makes it possible to explicitly identify the image of

ch WK�

�
C �.C.˝/o R

d //
�
!H �

� .C.˝/o R
d /

as H�.Z
d IC.˝;Z//. This integrality result leads to an identifi cation of the top

component of the Chern character and implies the Gap Labeling Theorem.

6. The KP Proof. KP rely on a less commutative approach. Let

� W˙ �R
d !˝

be the quotient map, let L denote the union of the hyperplanes parallel to the
coordinate axis and going through the points of Zd , let Y D �.˙ � L/ and
j W˝ �Y !˝ the inclusion, and let

˛ WK0.C.˙//!K0.C.˝/o R
d /

be the map described in [Connes 1994, p. 120], modifi ed for foliated spaces,
that associates — to a clopen set in a transversal to a foliation — a projection in
its foliation algebra. They show (KP 3.2) that the natural diagram

K0.C.˙// -̨ K0.C.˝/o R
d /

Kd .C0.˝ �Y //

ˇ

? j� - Kd .C.˝//

�c

6
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commutes, where ˇ is Bott periodicity. Then an explicit study of the partial
Chern character chn implies the Gap Labeling Theorem.

7. Earlier Results. To complete the report, we note that there were previous
partial results on the problem. The conjecture was fi rst established in the case
d D 1 by Bellissard [1992] using the Pimsner–Voiculescu long exact sequence,
and the case d D 2 was done by van Elst [1994] using similar technique. The
d D 2 result was re-established using the Kasparov spectral sequence in [Bel-
lissard et al. 1998]. In the case where the hull is given by an action of Zd

on a Cantor set ˙ , Forrest and Hunton [1999] used spectral sequence tech-
niques to prove that the K-theory group is isomorphic to group cohomology —
H �.Zd IC.˙;Z//, which made calculation possible in many practical situations
that occur in physics, as well as the case d D 3.
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Sér. I Math. 326:2 (1998), 197–200.

[Bellissard et al. 2000] J. Bellissard, D. J. L. Herrmann, and M. Zarrouati, “Hulls of
aperiodic solids and gap labeling theorems”, pp. 207–258 in Directions in mathe-
matical quasicrystals, edited by M. Baake and R. V. Moody, CRM Monogr. Ser. 13,
Amer. Math. Soc., Providence, RI, 2000.

[Bellissard et al. 2005] J. Bellissard, R. Benedetti, and J.-M. Gambaudo, “Spaces of
tilings, fi nite telescopic approximations, and gap-labeling”, Comm. Math. Phys.
(2005). Available at http://arxiv.org/abs/math/0109062. to appear.

[Benameur 1997] M.-T. Benameur, “A longitudinal Lefschetz theorem in K-theory”,
K-Theory 12:3 (1997), 227–257.

[Benameur and Oyono-Oyono 2003] M.-T. Benameur and H. Oyono-Oyono, “Gap-
labelling for quasi-crystals (proving a conjecture by J. Bellissard)”, pp. 11–22 in
Operator algebras and mathematical physics (Constant,a, 2001), edited by J.-M.
Combes, Theta, Bucharest, 2003.

[Blackadar 1998] B. Blackadar, K-theory for operator algebras, 2nd ed., Mathematical
Sciences Research Institute Publications 5, Cambridge University Press, Cambridge,
1998.

[Borel 1963] A. Borel, “Compact Clifford–Klein forms of symmetric spaces”, Topol-
ogy 2 (1963), 111–122.

[Bott 1969] R. Bott, Lectures on K.X /, W. A. Benjamin, New York, 1969.

[Bott and Haefl iger 1972] R. Bott and A. Haefl iger, “On characteristic classes of � -
foliations”, Bull. Amer. Math. Soc. 78 (1972), 1039–1044.

[Bott and Tu 1982] R. Bott and L. W. Tu, Differential forms in algebraic topology,
Graduate Texts in Mathematics 82, Springer, New York, 1982.



REFERENCES 269
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Norm. Sup. .4/ 6 (1973), 133–252.



270 REFERENCES

[Connes 1978] A. Connes, “The von Neumann algebra of a foliation”, pp. 145–151 in
Mathematical problems in theoretical physics (Rome, 1977), edited by G. D. to nio
et al., Lecture Notes in Phys. 80, Springer, Berlin, 1978.

[Connes 1979] A. Connes, “Sur la théorie non commutative de l’ intégration”, pp. 19–
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�k , 172
yr, 112
r, 109
Diff.F /, 137
dim� H i.FIE/, 231
dim� Ker.N@˝E/, 230

e0, 186
ej ;t .x; �/, 206
e� .X /, 228
e� .X;F /, 214
e�tD�D , 202
e�tP , 201
e�t yD , 169
QeE , 123
Qe� .E/, 70
e.Lj /, 228
E, 140
EG , 211
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G
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Ei
j .t/, 206

Ei.t/, 206
Ek

G
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Ek
X

, 211
E

0.`/, 170
Er.u/, 140
Es.u/, 140
E.t/, 206
Ex , 171
EX , 211
EX ˝C V , 218
�j , 228

f �g, 130
f .u/, 140
jf j1, 131
jF j D jF j1, 170
jF j˛;x , 170
fE , 17
FC, 187
F, 60
F.V /, 141
FX; F , 36
FXx ; Fx , 36

G, 76
yG, 24
Ga

a , 44
GN

N
, 50

GS
S

, 82
GV , 247
G.X /, 46
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Gx , 77
Gx

x , 44
GY , 80
Gy , 77
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y
x , 77
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Y

, 77
G, 237
� x , 50
�x , 46, 50
� .X /, 236
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H �.M /, 72
H n.BGIL/, 73
H

p
A
.L;M /; H P .M /, 73

H �
k
.X IR/, 70

H �
�v.E/, 65

H �
� .X /, 41, 55

H �
� .X;R/, 55
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H �.X;R� /, 55
H.n/, 224
Homcont, 70
HomG.Es ;Er /, 140
HomG.Es ;Er /u, 140
Hom.��.E/; ��.E0//, 175
Homeo.F;x/, 46

i , 47, 76
iX , 237
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Inda, 239
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ind� , 168, 209
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ind�.P /, 167
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Kers.N@˝E/, 230

`, 33
zL1.G; Q�/, 142
L2.F;E/, 230
L2
�
Gx ;HomG.Es ;Er /jGx ; �x

G.X /

�
, 140

L2
� .S/, 199

L2. zX /, 22
L2.X; �;Hn/, 14
L1.X; �/, 14
Lj , 227
Lk , 216
Lr .p

�
1
; : : : ;p�

r /, 217
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Q�, 89
� d�, 90
�`, 88
�G.X /, 169
�j . yD/, 169
�j . yD/, 207

�k.F�/, 56
�k.F�/, 56
�k.F�X /, 56
�k.F�Xx/, 56
�D f�`g, 88
�m, 149
�x

m, 150
�X , 169
�x , 88
log�, 98

m, 47, 76
mx , 147
mx

�
, 144

M.N /T , 106
MT .X /, 102, 161
M, 14
�, 80, 90, 166, 259
�G , 24
�Ker D� , 193
�Ker D , 193
�D �X d�, 169
�P.V /, 15
�T , 17, 18
�V , 20

n.�/, 83
N 0, 145
N 0.f I˚;	;K;E/, 38
r, 109
yr, 112
�, 81, 155, 164
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O.p/, 191

!, 56
!u, 161
!D.g;E/, 169, 208
˝, 260
˝k

� �˝
k
� .X /, 57

˝k
�v.E/, 65

˝
p
�c.X /, 100

˝�
k
.X /, 70

OP .p.x; �//, 174

p1; p2, 47
p� , 119
p�

i .E/, 119
p, 44
P D fPxg, 171
P .X /, 113
P .x;D/, 173
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P
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P
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�� , 164
�x , 130
. W ��/t , 153

q.x; �; �;n/, 204

r , 76
r�, Nr�, 58
r�.�/, 80
rn, 205
R, R0, 199
Rx , 145
R.�/, 205
.R0/`, 256
R.f /x , 145
R.f /xy , 144
R, 75
R� , 58
RS , 79
R� , 55
�s , 90

s, 76
s�.�/, 80
S�F , 167, 187
Sk.�/.U �N /, 204
S.M /˝E, 255
S�M , 160
Sm

0
.U /, 174

Sm.u/, 174
S˙.M /, 255
� , 183
�k .A/, 115
�m, 179
�m.P /, 175
�m.x; �/, 173
�� , 152
��.t/, 152
�.x; �, 173
˙ , 259
˙ �Zd , 259
Sign M , 249
Sign.X; �/, 216, 249

T , 185, 260

Tm.X;F/, 232

T t , 171

T .X;F/, 232

��, 259

�x , 153

Td.M /, 125

Td� , 124

Td� .X /, 125

� D �Y , 221

Tr, 16

Tr� , 164
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uE , 68

uK
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U�.t/, 152

Uu, 143

fUxg, 159

UH , 137

Vz;˛;U;N , 48

W �.G/, 147

W �.GN
N
; Q�N /, 147

W �.G; Q�/, 143, 147

W �.G.X /; Q�/, 155, 202

W s.E/, 176

W s
� .G.X //�W s

� D fW
s

x g, 176

.x;y; Œ˛�/, 46

X , 76

X=R, 81, 132

XT , 105

X x , 148

k�ks;x , 176
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adelic point, 224
.A;L/-module, 72
Alexander–Spanier cohomology, 58
algebraic group, 224
almost periodic compactifi cation, 223
analytic index, 239
Anosov foliation, 240
approximation theorem, 39

relative, 40
arithmetic genus, 231
Arveson, William, xi, 13, 77
asymptotic expansion of the trace, 207
Atiyah, Michael, 13, 22, 122, 124, 157, 158,

173, 188, 189, 208, 217, 219, 221
L2-index theorem, 235

Atiyah–Bott–Patodi
index theorem, 217
local index theorem, 214

Atiyah–Singer Index Theorem, 1, 22, 160,
255

atoms, (almost) periodic structure, 260
attractor, 224
Auslander, Louis, 79
average Euler characteristic, 226, 228
averaging sequence, 227

Baum–Connes conjecture, 166
Bedford, Eric, 54
Bellissard, Jean, x, 259, 260, 262
Benameur, Moulay-Tahar, 223, 259

Benedetti, Riccardo, 259
Betti measure, 213, 226, 253
Blackadar, Bruce, 157, 165
Bloch theory, 260
BOF d -manifold, 262
Bonnet, see Chern–Gauss–Bonnet
Borel, Armand, 252

fi eld of Hilbert spaces, 170
groupoid, 77–80, 90, 132
set, �-null, 91
space, standard, 13
subset, bounded, 17
transversal, 78
trivialization, 15

Bott periodicity, 265
Bott Theorem, global, 221
Bott, Raoul, 63, 65, 123
bounded geometry, 168, 191, 199, 202, 227
Bourbaki, Nicholas, 77
Bowen, Rufus, 85
Breuer ideal, 201
Breuer’s theory of Fredholm operators, 165
Brillouin zone, 261
Brown, Lawrence, 140
Brylinski, Jean-Luc, 108
bundle

cotangent sphere, 167
fi bre, 137
graded Clifford, 198
holomorphic, 229

285
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of Clifford algebras, 198
of densities of order ˛, 170
tangential Clifford, 198
with discrete structural group, 34, 46, 106

C �-algebra, see also under groupoid
C �

r .G/, 147
graph, 166

C �-correspondence, 166
Calegari, Danny, 54
Cambridge University Press, ix
Candel, Alberto, x, 4, 32, 33, 137
Cannas da Silva, Ana, 54
canonical coordinate system, 191
Cantor set, 36, 265
Cantwell, John, 228, 232, 246
Carey, Alan, 223
Cartan subalgebra, 135, 144
Čech (co)homology, 58, 122
centralizer of a weight, 152
characteristic class, 109

fundamental lemma for, 114
secondary, 223, 238

Cheeger, Jeff, 190
Chern character

full, 160
partial, 160, 161, 186, 249, 263, 265
tangential, 70, 117, 118, 122

Chern class
classical, 116
tangential, 70, 115

Chern–Gauss–Bonnet, 214, 226, 253
Chern–Weil, 109, 121
Chernoff, Paul, 190
Christoffel symbols, 191
classical

Chern class, 116
connection, 116
curvature, 116
Sobolev space, 176
Todd class, 124

classifying space
of codim q foliations, 237
of groupoid, 237

Clifford algebra, 198
Clifford multiplication, 256
Clifford–Klein form, 252
cohomology, see also under Alexander–Spanier,

Čech, de Rham, Gelfand–Fuchs, Haefl iger
coarse, 28

for foliations, 73
cyclic, 127
Hopf cyclic, 224
tangential, 41, 55, 73

compact vertical, 65
Thom class/isomorphism, 123
transversely smooth, 101
vertical, 65
with compact support, 63

compactifi cation, almost periodic, 223
compactly supported distribution, 170
complex foliation, 231
complexifi ed Clifford algebra, 198
concordance, 238
conditional expectation, faithful, 135
Conlon, Lawrence, x, 4, 32, 33, 137, 228,

232, 246
connection, classical, 116
Connes, Alain, ix–xi, 2–263
Connes Index Theorem, 22, 210
Connes Signature Theorem, 251
Connes’ convolution algebra, 73
Connes–Skandalis Index Theorem, xi, 239
Connes–Takesaki, 142, 146
continuous hull, 260
covariant derivative, tangential, 109
Crainic, Marius, 73, 108
crossed product C �-algebra, reduced, 133
current, see Ruelle–Sullivan and tangential
curvature, see also under tangential

classical, 116
Gaussian, 253
scalar, positive, 29

d -Index Theorem, 226
de Rham

cohomology, 57, 73
complex, 71, 238
operator, 226

decreases supports, 110
Delone set, 260
Deninger, Christopher, 223, 224
diagonal subalgebra, 135
dimension, local(ly fi nite), 28
Dirac, see under operator
direct integral, 14
discrete orbits, 134
distribution kernel, 21, 24, 171, 175

integrable, 24
distributions on a leaf, 170
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divisor, 234
Dixmier, Jacques, 14, 16, 163
Dixmier–Douady invariant, 138, 141
Douglas, Ronald, xi, 223
dual group, 24
duality, Verdier, 73
dynamical system, 224

Effros, Edward, xi
Ehresmann, Charles, 4, 46
Eilenberg, Samuel, 58, 122
El Kacimi-Alaoui, Aziz, 55
elementary symmetric function, 115
elementary symmetric polynomial, 117
elliptic complex, 188
enlargeable manifold, 257
Epstein, David B. A., 44
equivalence relation

smooth, 89
standard Borel, 78
standard ergodic, 91

eta invariant, relative, 223
étale groupoid, 73, 108
Euler characteristic

average, 225, 228, 233
tangential, 253

Euler class, see under tangential
expandable manifold, 256
exponential growth, 227

F-homotopy, 61
Fack, Thierry, 138
factor

III1, 85
III0, 87
III�, 87

Feldman, Jacob, 78, 81, 91, 104, 134, 136,
144, 148, 149, 152

fi bration, 137
Hopf, 33
locally trivial, 137

fi bre bundle, 33
fi eld of Hilbert spaces, 14
fi nite pattern condition, 260
fi nite projection, 163, 165, 187
fi nite propagation, 168

speed, 190, 195
fl ow, compact orbits, 224
foliated, see also foliation

atlas, 32
chart, 31

manifold, 33
space, 3, 32

equivalence relation, 50
foliation

amenable, 166
Anosov, 240
bundle, 34, see also tangent bundle of

foliated space
orientation, 99

from R2-action on a nilmanifold, 244
from locally free R2-action, 243
from solvable group action, 245
proper, 246
transversely C r -differentiable, 237
with all leaves proper, 246
with nontrivial Godbillon–Vey class, 247
without holonomy, 244

formal degree, 26
Forrest, Alan, 265
Fourier series, 59, 86
Fourier transform, 24, 173
frame bundle, transverse, 224
Fredholm index, 160, 249
Fredholm triple, 208
free normalizer, 136
Friedrichs, Kurt O., 190
function, modular, see modular function
fundamental lemma for characteristic classes,

114
Furstenberg, Hillel, 85, 86

Gabai, David, 54
Gambaudo, Jean-Marc, 259
Gap Labeling Theorem, 223, 259
Gauss–Bonnet, 1, see Chern–Gauss–Bonnet
Gelfand–Fuchs

cohomology, 224
geometric asymptotics, 190
gerbe, 54
germ, 44, 46
Ghys, Étienne, 232, 242, 245, 246, 261
Gilkey, Peter, xi, 167, 173, 204
global Bott Theorem, 221
Godbillon–Vey class, 223, 247, 248
Godement, Roger, 55, 57, 58
graded vector space, 202
graph of a foliated space, see holonomy

groupoid
Grassmann manifold, 43, 116
Green, Philip, see under Brown
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Gromov, Mikhael, 190, 223, 255, 257
group

almost free action, 240
infi nite conjugacy class (i.c.c.), 148
isotropy, 33, 46, 50
locally free action, 240
modular automorphism, 152
nonunimodular, 27
stable isotropy, 50
unimodular, 26

groupoid, 76
(standard) Borel, 77–80, 90, 132
C �-algebra

full, unreduced, 131
of equivalence relation, 134
of locally trivial fi bration, 137
of product of groupoids, 136
of transformation group, 133
reduced, 131
related to GN

N
, 139

classifying space, 237
étale, 73, 108
foliation, 108
locally compact, 92
measured, 141

integrable function, 142
regular representation, 142
von Neumann algebra, 143

of an equivalence relation, 75
of transformation group, 132
Poisson, 54
principal, 76, 90
proper, 166
symplectic, 54
topological, 92

discrete orbits, 134
growth, 227

Haagerup, Uffe, 16, 157
Haar system, 133
Haefl iger, André, 55, 60, 140, 237

classifying space, 237
cohomology, 73, 101, 237

Hahn, Hans, 78
Hahn, Peter, 142, 146, 150, see also under

Feldman
half-spinors, 255
Hannabuss, Keith, 223
harmonic forms, 226, 249
Hawkins, Jane, xi

Hector, Gilbert, 44, 246
Heitsch, James, 55, 73, 223
Herrmann, D. J. L., 260, 262
Higson, Nigel, 166, 224
Hilbert, see also operator, Hilbert–Schmidt

bundle, 14
Hilsum–Skandalis Theorem, 138, 139, 161
Hirsch, Morris, 38
Hirsch, Ulrich, 246
Hirzebruch, Friedrich, see also Atiyah

L-polynomial, 216, 249
class, 255
Signature Theorem, 217, 249, 251

Hjorth, Greg, 79
Hochschild homology, 73, 108
holomorphic, 204
holonomy, 44

graph, see holonomy groupoid
group, 44, 77

countable, 78
groupoid, 43, 46, 236

Hausdorff, 48
non-Hausdorff, 49, 53, 54

invariant, 81
trivial, 46

homeomorphism
ergodic, 86
minimal, 86
uniquely ergodic, 86

homology, see also under Čech, Hochschild
cyclic, 73, 108, 160
sheaf, 73
tangential, 70

homomorphism, tangentially smooth, 98
F-homotopy, 61
Hopf fi bration, 33
horocycle fl ow, 85
hull, 260
Hunton, John, 265
Hurder, Steven, x, xi, 73, 167, 223, 225
Hurewicz, Witold, 137

i.c.c., 148
index

analytic, 209
formula, local, 224
local, 22
theorem, 226

Atiyah’s L2-, 235
Atiyah–Singer, 1
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Connes–Skandalis, 239
distributional, 224
for covering spaces, 22
tangential N@-, 230

topological, 209
transverse, 223

infi nite torus, 36
integrable function, 142
integrable homotopy, 238
invariant

polynomial, 113
transverse measure, 202

isolated leaf, 241
isotropy group, 77, 108

Jacob’s ladder, 228
jail window, infi nite, 229
join construction, 237
Julia set, 54

K-theory
for operator algebras, 158
for von Neumann algebras, 163
twisted, 238
with compact supports, 123, 188

Kamber, Franz, 55
Kaminker, Jerry, x, xi, 167, 223, 259
Karoubi, Max, 124, 157, 158
Kasparov, Gennadi, 208

stabilization theorem, 139
Kazdan, Jerry L., 258
Khalkhali, Masoud, x, 127
KK-groups, 208
Klein, Felix, see also under Clifford–Klein

program, 224
Koszul complex, 72
Krieger, Wolfgang, 157
Kronecker fl ow/foliation, 58, 83, 88, 102
Kumjian, Alexander, 135, 166
Künneth pairing, 66
Kuratowski, Kazimierz, 78, 84

Lafforgue, Vincent, 166
Lagarias, Jeff, 260
lamination, 54, 261
Laplacian (classical), 173
Lawson, Blaine, 33, 244, 255, 257
Lazarov, Connor, 223
leaf, 33

distributions on, 170
proper, 246

Lefschetz theorems, 223
Leibnitz formula, 109
Levy, Silvio, x
Lichnerowicz, André, 256
Lie algebra cohomology, 71
Lie-associative pair, 72
Liouville number, 60, 86
local dimension, 20, 28
locally

fi nite-dimensional, 230
Hausdorff, 49, 92, 131
symmetric space, 240

Loch Ness monster, 229
Loday, Jean-Louis, 127
Lück, Wolfgang, 223

Mac Lane, Saunders, 72
Mackey, George, 20, 77, 79, 81, 141
Mathai, Varghese, 223
Mathematical Reviews, x
Mathematical Sciences Research Institute,

ix
May, J. Peter, 118
Mayer–Vietoris sequence, 65, 69
McCann, Paul, 223
McKean–Singer formula, 168, 197
measurable Teichmüller space, 232
measure
�-invariant, 83
Dirac, 87
invariant, 82
quasi-invariant, 80, 82
Radon, 16, 17, 94

signed, 22
transverse, 98

tangential, see tangential measure
transverse, see transverse measure

metric
holomorphically equivalent, 232
measurably holomorphically equivalent,

232
Millett, Kenneth, 44
Milnor, John, 109, 114, 119, 120, 125

join, 237
Möbius strip, 34, 46, 52
modular automorphism group, 152
modular function, 28, 81, 82, 100, 145, 154

not continuous, 94
.A;L/-module, 72
module for a Lie-associative pair, 72
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modulus, 81, 82
Moebius, see Möbius
Moerdijk, Ieke, 54, 73, 108
Molino, Pierre, 55
Moore, Calvin, 78, 79, 81, 91, 104, 134,

136, 144, 149, 152
Morita equivalence, 73, 137, 237, 261

strong, 140
Morita equivalent, 108
Moriyoshi, Hitoshi, 223, 248
Moscovici, Henri, 224
Mrčun, Janez, 54
Muhly, Paul, x, 108, 140, 166

Natsume, Toshikazu, 223
Newton’s formula, 117
Nistor, Victor, 108
noncommutative Brillouin zone, 261
nonexponential growth, 227
Novikov conjecture, 208

operator
closure, 190
differential, 21

classical, 173
local expansion, 172

Dirac, 197, 198, 208, 223, 225, 255, 264
dual, 208
generalized, 29, 198
tangential, 168, 255
twisted, 255

domain, 22
elliptic, 21
essentially self-adjoint, 190
formal adjoint, 190
formal degree, 27
Hilbert–Schmidt, 21
integral kernel, 24
local, 110
locally traceable, 13, 17, 18

relative to A, 15
order zero, 20
pseudodifferential, 167

algebra of, 183
classical, 159, 174
parametrix, 179
principal symbol, 175
tangentially elliptic, 179, 184

Schrödinger, 260, 261
smoothing, 20
symmetric, 190

tangential, 171
N@, 225, 229
compactly smoothing, 177
de Rham, 172, 211
differential, 168, 172
Dirac, 168, 255
Hodge–Laplace, 172, 212
pseudodifferential, 167, 177–184
pseudolocal, 177
signature, 215, 249
smoothing, 176, 201
support, 177
tangentially elliptic, 184
twisted signature, 218

transversely elliptic, 224
order of tangential differential operator, 172
Oyono-Oyono, Hervé, 259

Palais, Richard S., 183, 220
parametrix (classical), 174
partial Chern character, 249
Pask, David, 166
Paterson, Alan, 166
Pedersen, Gert, 130, 133, 152, 154, 155
Penington, M., 240
period mapping, 243
Pfaffi an, 120
Phillips, Anthony, 228, 232
Phillips, John, 46
Pimsner, Michael, 265
Plancherel trace, 153, 155
Plante, Joseph F., 227, 242, 243
plaque, 31, 43
Poincaré Lemma, 56
Poisson groupoid, 54
polynomial

automorphism, 54
growth, 227
invariant p., 113

Pontryagin class, 255
tangential, 119, 121, 249

positive scalar curvature, 255
on the leaf, 256

propagation speed, 190
Pukánszky, Lajos, 27
Purves, Roger, 78
Putnam, Ian, 259

quasi-isometry, 228

r -trivial, 69
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Radon measure, see under measure
Radon–Nikodým derivative, 81, 82, 97, 145,

154, 207
and weight, 153

Raeburn, Ian, 166
Ramsay, Arlan, 77, 79, 80, 134, 141
range map, 76
Reeb, Georges, 4, 46

foliation, 35, 46, 49, 53, 102, 155
non-Hausdorff, 49

stability theorem, 46
regular atlas, 32
regular averaging sequence, 227
regular covering, 44
relative approximation, 39–40
relative eta invariant, 223
Renault, Jean, 92, 129, 131, 135, 136, 140,

141, 166, see also under Muhly
repetitivity condition, 260
representation, regular

of G.X /, 170, 176
of groupoid, 171

Rieffel, Marc, xi, 137, see also under Brown
Riemann conjecture, 224
Riemann–Roch analogue, 225, 231, 234
Riesz convexity theorem, 24
Riesz Representation Theorem, 102
Roe, John, xi, 28, 73, 167, 190, 195
Rosenberg, Harold, 243
Rosenberg, Jonathan, xi
Roussarie, Robert, see under Rosenberg,

Harold
Ruelle–Sullivan

class, 226, 230
current, 2, 9, 75, 100, 155, 249, 263
map, 7, 9, 102
pairing, 90

Rummler, Hansklaus, 247

Sacksteder’s Theorem, 244
Sadun, Lorenzo, 261
Sarkaria, K. S., 55
saturation of a set, 79
Schochet, Claude, 249, 259
Schrödinger, see under operator
Schreiber, Bertram, xi
Schwartz function, 195
Schwartz space, 201
secondary classes, 223, 238
sectional curvature, 240

Segal, Graeme, 173, 189
Sergiescu, Vlad, 242, 245, 246
Shanahan, Patrick, 217
sheaf of germs

of tangentially locally constant functions,
55

of tangentially smooth k-forms, 56
Shubin, Mikhail, 223
�-ring, 82
signature measure, 216
signature of manifold, 249
Silva, Ana, see Cannas da Silva
Singer, Isadore, see under Atiyah, McKean
Skandalis, Georges, xi, 8, 132, 138, 139,

160, 161, 166, see also under Connes
and Hilsum

SL.2;R/, 85, 87, 242, 245, 246
SL.2;Z/, 243
small category, 76
small denominator problem, 59
Smillie, John, 54
snake, 35
Sobolev Embedding Theorem, 200
Sobolev fi eld, tangential, 176
Sobolev space, 176
Solel, Baruch, x
solenoid, 36
solid state physics, 259
solvmanifold, 257
source map, 76
spectral invariants, 223
spectral triple, 208, 224
spin manifold, 255
square-integrable harmonic forms, 213, 226,

249
standard form, 145
star operator (Hodge), 172
Stasheff, James, see under Milnor
states, integrated density, 261
Steenrod, Norman, 58, 122, 137
Stone–Weierstrass analogue, 103
strong basic neighborhood, 38
strongly aperiodic, 260
subexponential growth, 227
submersion, 33
subspace, local dimension of, 20
Sullivan, Dennis, 7, 228, 232, 247, see also

Ruelle–Sullivan
superoperator, 202
supertrace, 168, 202
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support of a form, 63
support of an elliptic complex, 188
suspension of a homeomorphism, 34
symbol

complex, 203
homogeneous of order k, 204
of order k, 204
space, hull closure of, 223

symmetric connection, 120
symmetric space, 252

Takesaki, Masamichi, xi, 142–146, 153, 170
tangent bundle of foliated space, 36
tangential
N@-Index Theorem, 230
OA-genus, 256

Chern character, 70, 117, 118, 122
Chern class, 70, 115
Clifford bundle, 198
cohomology, see under cohomology
connection, 109, 110

fl at, 111, 116
Levi-Civita, 120
Riemannian, 120
symmetric, 120

covariant derivative, 109
current, 70, 100
curvature tensor, 112
differential k-form, 56
Dirac operator, 168, 198
distributional section, 172
Euler characteristic, 213, 253
Euler class, 70, 121, 214
formal adjoint of operator, 171
Hodge �-operator, 172
homology, 70
injectivity radius, 191
Levi-Civita connection, 191
measure, 88, 133, 150, 169

Betti, 213
continuous, 94
homogeneous, 208

normal coordinate system, 191
Pontryagin class, 119, 121, 249
principal symbol, 173
Riemannian metric, 120, 169

with positive scalar curvaturealong the
leaves, 255

Sobolev fi eld, 176
superoperator, 168

symbol (principal, total), 173
Todd class, 124, 230
Todd genus, 125
total Chern class, 117
total Pontryagin class, 119
total symbol, 173

tangentially
elliptic, 173
locally constant functions, 55
smooth

K-theory, 43
function, 3, 31, 32
map, 38
partition of unity, 37
sections, 37
vector bundle, 37, 43

Taylor, Michael, xi, 21, 167, 173, 190, 195
Technion, x
Teichmüller space, 225, 232
tensors of type .r; s/, 230
Thom, René, 4, 46

class, 68
K-theory, 123
of the trivial bundle, 67

isomorphism, 263
in tangential cohomology, 123
theorem, 68

space, 187
Thom–Pontryagin map, 187
Thurston, William, 242
tight binding approximation, 260
tiling, 260

(strongly) aperiodic, 260
aperiodic, 259

Tischler, David, 44
Todd class, see under tangential

classical, 124
tangential, 124, 230

Todd genus, classical, 125
Tomita–Takesaki theory, 149, 152
Tondeur, Philippe, 55
topological index, 239
topologize ˝k

� .X /, 57
topology of covers, 223
Torpe, Anne Marie, 240
trace, 153

local, 17, 18
normal, 16

fi nite, 163
Plancherel, 153, 155
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transversal, 44, 78
complete, 78
complete Borel, 80, 90
open, 95
open-regular, 95

transverse measure, 75, 80, 82, 100
bounded, 98
ergodic, 91
fi nite, 95
invariant, 100, 155

Radon, 102, 164
regular, 227

locally bounded, 97
modular function, 98
Radon, 154
signed Radon, 96, 99, 101

r -trivial, 69
Tu, Jean-Louis, 166
Tu, Loring, 63, 65
twist, 136
twisted

de Rham differential, 218
Dirac operator, 255
Signature Theorem, 218
spin bundle, 255

UCLA, xi
uniform C r space, 200
uroboros, 35

Vaisman, Izu, 55
Valette, Alain, 166
Varadarajan, V. S., 157
vector bundle, see also tangentially smooth

complex of –s, 188
Hermitian, 14

vector fi eld, formal, 224
Verdier duality, 73
Vey, Jacques, 238, see also Godbillon–Vey
Voiculescu, Dan, 265
volume form, 99
von Neumann algebra

approximately fi nite, 156
K-theory for, 163
of a foliated space, 156
projection in, 163
purely infi nite, 156
W �.G; Q�/, 143, 145, 149

von Neumann selection theorem, 21

Warner, Frank W., 258
weak(-�) topology on MT .X /, 105
weight, 28

normal, 16
normal semifi nite, 149, 150
Radon–Nikodým derivative, 153
semifi nite normal, 28

Weil, Daniel, see under Rosenberg
Weinstein, Alan, 54
Weitzenbock formula, 199
Wells, Raymond O., 55
Williams, Dana, 140, see also under Muhly
Williams, Robert F., 261
Winkelnkemper, Horst Elmar, 4, 46

Zarrouati, M., 260, 262
zeta function, 224
Zimmer, Robert, xi, 13, 21, 249, 255
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