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Tra~lator's Preface

Figure 22· is reproduced from Polyak's The Retina (University of
Chicago Press) by kind permission of Mrs. Stephen Polyak. Figures
26 and 27 are reproduced from H_ K. Hartline's article on "The
Nerve Messages in the Fibers of the Visual Pathway," which
aPIJeared in the Journal ovf the Optical Society of America, 1940} 30, 242,
244.

It is a pleasure to acknowledge my debt to two friends \vho
volunteered to read the translation in typescriptg .R.obert I. Wolff,
Professor of Physics at tIle City College of New 'lark, l)l'oposed a
considerable n.umber of improvements in the translation, wlliell has
benefited from his profoun.cl knowledge of physics, optics, and
astronomy as well as from his love for precision ir! terminology"
Lloyd Motz, Associate Professor of Astronomy at Colulnl>ia Uni
ver~ity, was likewise kind enough to offer SOine valuable sugge~tio11S.

To both these men I desire to expre-ss Iny heartfelt tl:ta.ol~s,i at the
samf': time absolving them of whatever imperfections ren1.airl.

I~. R.



B£bl£ograph£cal Note

Vv7err' J to recall the.=- nan1es aJld writings of aU \\:ho have 111a(ie
some contributioll to the studies utilized in this book~ I sllould have
to lJresenl an intermirlal)l~ list, so hug~ i~ tht: llUlnbt>r of thos~ v"ho
havt* dcall with this v(:Sst and inlportant suhject. I have therefore
dispensed with the ("onlpil~tion of such a list.
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CHAPTER I

The Definition of Optics

1. As I sit down to write this book, about four decades have
pas~d since I first heard about optics. Forty years ago I learned
t1l~.t there was light, consisting of rays capable of being reflected
and refracted; that there were nlirrors, prisms, and lenses able to
[itoduce ilnages; that there were optical instruments; and that
there was a sense organ called the eye. Certain interference fringes
also were lnclltioned, and likewise a sequence of colors known as
the spectrum. In the classrooills of the secondary school I thus formed
an initial'concept of optics: it was a chapter of physics.

A'few years later at the university I had a second encounter with
ppt~cs, again in the COllrse on physics. There the ideas that had
l?ee~ outli11ed ill secondary school were confirmed and perfected.

. The geonletrical reasoning was refined and completed in that
ffliagn.incent construction, the 0aussian homography. Light waves
were .studi~d in close connttCtion with color, and their wonderful

."capacity tG explain the phenomena of interference, diffraction, and
polarization was demonstrated. The conception of the spectrum
was broadened to include the ultraviolet and infrared regions. The
ekfc\Feme.tp;netic nature of light I Waves was expounded. Knowledge
of·how the most important optital instrunlents worked was im
paI'ted .. Everything was presented as beaut.iful, finished, orderly.

But then there was talk about a split. Geometrical ()ptics, which
discussed rectilinear rays, was not in agreement with wave phe
nOlnena. It was, therefore, considered a provisional optics, useful
and practical~ but to be disregarded when an approach to the
essence of the phenomena \\'''as desired. For then it was necessary to
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4 OPTICS, THE SCIENCE OF VISION

enter illto Physical 0.tbtics} vlhich succeeded in accounting so well
for the experimental data by means of the wa,re mechanism.

Inexperierl(~ed and timid young mirlds, impressed by tlle
sple11did reslllt~ achieved by' their predecessors and overawed by
the autllority of tlteir professors, could not suspect the dangerous
significance and profound importance of this split. In these minds
the firrrl conviction grew, even without any such explicit assertion
by the instructors, that by now in optics everything was
known.

v\Tllen I finished my progralTI at the university, fate decreed that
I should dedicate myself completely to the study of optics, in an
environlnent of research in physics, where a 'special department de
voted to optics for technical pllrposes was deemed essential. I then
found out that (here vvas also a Technical Optics; that there was an
industry of optical glass:: and that there was an Engineering Optics, busy
with optical calculations for prescribing optical systems, and con
cerned likewise vvith designing the instruments in .which these
system~ were to be placed.

I dj8covered (hat ill addition there was a Physiological Optics,
which llndertook to examine the functioning of the eye regarded
as an organ of the h.uman body.

2. The further I advanced in the field, the vaguer my ideas be
came about the Ineaning of the term "optics." At first I had the
feeling that optics, a very ancient and fully developed discipline,
had as it were fallen apart, like a great.empire that had dismem
bered itself by cedillg a portion of its territory to each of its neigh
boring states, Wllicllllad then proceeded to convert these areas into
province's of their ovvn.

Since fhe possibility presented itself of creating an institution
devoted exclusively to optics) I conceived the ambitious pr~ject of
retlniting the elrJ.pire. But as I deepened my knowledge of the
subject, the problem seelned ever more .indefinite. Optics was inter
m.ingled witll so many different sciences that it appeared extremely
hard to determine by a reasonable criterion v,here to put the border
of the ne\v enlpire. Indeed I ran the risk of incorporating in it units
that were clearly alien to it or of leaving outside its frontiers dis
tricts that were unquestionably optical-the sort of dIfficulty that
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occurs quite frequently in drawing the~ political 'boundaries of
nations.

This, however, was not a crucial question. "1=\Vllat ma'ltefed '!\Tas
to work either theoretically or experilnental1y in suc}} a way' as to
make real contributions to our knowledge; it "vas of little importance
whether or not they canle within the logicallinlit~of the field llear
ing the name Hoptics .."

3. The uncertainty about the meaning of this terrG.., ho\vever,
was a sign that somethin.g was wrong. Meanv/hile in 1;,hY5ics the

.. famous controversy 'between the quantUITl theory anci the wave
theory became acute. i\lthough its repercllssiorls o.n the content of
"optics" were only moderate, from the classificatory point of view
it nevertheless led to the proof that Physical O.plirs could no longer
be identified with Wave Optics. The latter becarrle, after tIle i11dis
putable establishment of the quantum concept, a ne\v ki.l1d of Geo
metrical Optics. Just as classical Geometrical Optics had substituted
a. network of straight lines for the actual radiation, so now a system
of wave ITlotions was irltroduced. Th.us wIlen a treatment of the
familiar phenomena of interference, diff1."acticJI1) and polarization
by the wave mechanism was desired, Tt'ave o.Pticf was invoked..
But the task of seeking to ascertain the nature of the radiations had
to be left to Physical Optics.

Thi~ clarification showed itself to be iIlcreasillg1y lTIOre accurate
and sensible as resea.rch progressed. rIlle rrlt'3rling of the word
"optics," however, suffered a new blow. F'CJ1A geornetrical and wave
optics, now deprived of a secure physical basis and redllcecl to the
status of provisional studies of schematic Inodeis, like tl.1e ray and
the wave, acquired the value of chapters of IJlathelnatics, from
whose conclusions the necessary correspOflclel1Ct· TO experierlce could
not be demanded, because it was admittf'ci froIIl tIle start tllat this
correspondenG~ diel rlot exist. And if these t\V(j \vere "cha})ters of
mathematics," rhey lCtst their staIlding a') br;:u~.cbes of o'ptics, since
the universal intention V~l;as to give this sci~~.l1.(;e 'he charac~er of a
chapter of physics.

Even more serio'us vvas the effect of the chlrih r_:atic111 on pllysical
optics, so called. If optics vvas to be a cllapr;(:J its essence
sllould have b~erl contained in physical the latter
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lost all sig'nificance and e"nded up by disappearing altogether. For
at heart its sul::!.iect TIlatter should have been the investigation of the
nature and propcrtie~ of the radiation. But this imposing task is a
geJleral theme of Ilhysics, because it concerns not only the visible
but also the invisible- radiations, wheth~r these be electrolnagnetic
waves, micro\vaves,! infrared, ultraviolet, X rays or 'Y rays. The
fact that a very small group of all these radiations is capable of
affec.ting the eye forms a minor detail, utterly insufficient to justify
the label of optics for so vast and important a class of stlldies. Its

.proper name is 1'ad£ation physics.

4. 1~he more I sought to delimit the meaning of the term
"optics'l' and to define its content, the more they both escaped me.
What \\'as commonly consiclered most characteristic of optics as a
chapter of pllysics 'slipperl away into two purely mathematical
constructiollS~ to wit, geometrical optics al1d wave optics;
atld in tile part that should have retailled the essence of physi
cal optics, general physics was fOUlld, and "optics" lost all its
significance.

In thr rrleantimc, however, I had gone into the branches re
garded as technical off:~hoots" which have as their aim to put the
rules of optical scierlce into practice.

OIle of the divisiollS of this techll0log)t is opt£cal calculation. 4t\ny
one \vho exalllines it tlIl(ls therein a variety of mathematical pro
cedures, botll algelJraic and trigonometric, based on the laws of
reflection and refraction. By nleans of these procedures the attempt
is mad~ to determine the curvatures, thicknesses, and diameters of
lenses in order to find the proper combillation. Anybody who con
cerns hilnSf~lf ,"'itll optical calculation engages in an exclusively
ma.thematical task, ,-vhich is completed when he has cOlnpiJed the
"prescription" of the calculated optical system. This is, therefore,
clearly a questioll of applied matheYl1atics. It w()uld be futile, how
e,~er, to look th~re for anything distinctively optical. True, the point
of departure is two postulates, namely, the laws of reflection and of
refraction. But tllese two laws, it ~hould be noted, are not peculiar
to optics since all radiations and all wave motions, Jnaterial in
chIded, obey theIn. rFhe conclusion ,\\fas inescapable that "optical
calculation" was essentially a chapter of applied mathematics,
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wherein the only optical feature was the purpose for which the work
was done.

The same inference had to be drawn when I went on to examine
the technique of optical works, so called. I found first of all an
industry that produced "optical glass" as a special and indispensa
ble raw material for making lenses and prisms. But the manufac
ture of optical glass does not differ fundamentally from that of
ordinary glass, except in the care that must be takell to ensure its
homogeneity, and in the types or combinatiolls of mixed powders,
from whose fusion glass results. The technology of optical glass,
therefore, is a glass technology, particularly refined, in view of the
end for which its product is destined. But in itself it does not have
any specific traits of its own, optically speaking.

This raw material, that is, the glass so produced, is worked by
means of abrasives in order to give to the individual pieces the
shape of plates, lenses, and prisms. This operation too does not have
any specific traits of its own, optically speaking. It is a question of
giving a geometrically determined form, generally plane or spheri
cal, to the surfaces and then of polishing them. The same thing is
done in many other processes and techniques, whether of wood,
metal, stone, or glass. Therefore the working of glass to make
lenses and prisms deserves the designation of optics only because
the product is used for an optical aim.

Hence in the so-called optical technology, from calculation to
raw material to finished product, I found no justification for the
label other than in the inteIlt. The calculating, glass-making,
abrasion, and polishing are done as they are done elsewhere, with
this difference, that when those calculations, glasses, and operations
are to serve a purpose of another nature, they are not called optical;
and they are called optical if the objects produced are to serve opti
cal purposes.

5. I then proposed to define these "optical purposes." Wha t

seemed the most immediate and obvious purpose in COmrnOI} par
lance was the production of "optical instruments." Again I asked
myself what characteristics led to the clas8ification of an instrument
as optical, and I did not find even one. In short, I had to give up
the idea that to consider an instrument as optical was "purpose"
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enough to regard one of the aforementioned operations of calcula
tion or fabrication as optical.

To sum it all up, my investigation had thus far led me to the
following observation~ In ordinary speech there was talk about a
certain optics, which was supposed to be a chapter of physics; but
as suell it disappeared in a very vast and much more general trea
tise, losing all its own specific traits. On the other hand, in that
presttmed chapter of physics, studies developed that as usual were
distinctively mathematical. Or, to cross over into technology,
manipulations were carried out that pertained to mathematics or
mechanics or glass-nlaking, but had nothing optical about them
except their purpose. In none of all this was anything found that
was intrinsically optical.

I had thus attained an advanced degree of perplexity, because
the conclusion was alnlost inescapable that a true optics did not
exist, at least in that matllematico-physico-technical sphere in which
I had looked for it with such great eagerness.

6. Then I betllought Ine that the world of physiologists, biolo
gists, and pathologists also is interested in optics. In fact we speak
of Physiological Optics ane] Ophthalmology. Essentially, these disci··
plines study the functioning of the normal eye, the callses of ab
normalities, and tIle diseases of the eye and their cure. It would
obviously be more appropriate to say "physiology of the ey·e"
rather tllan 'Cphysiological optics," just as we say, not "pathological
optics," bllt i.'patholog"y of the eye."

Whatever its na.me, this entire branch of study is in fact carl·ied
forward in all atlD.OSI)llere conlpletely different from that described
above, with. criteria arid lIlethods unrelated to the mathematical,
mechanical, and glasS-IJlaking procedllres, whose place in optics
was discussed in § 4. j\1.oreover, the persons who pursue this new
class of studies cliH'er ill training anel mentality from those in the
scientifico-technical grollp ITlentioned above. Between the two
groups tllere are sporadic COlltacts and tenuous relations. The stu...
dents of physiological opdcs barely take into account that in what
they are accustorrled to call "pllysical optics" (namely, the optics
considered by everyl)ody to be a chapter of physics) there is "light';
consisting of rays Of \:vav~s, aIlcl trlere are laws of reflectioll and
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refraction that can be utilized to explain the functions of the cornea
and crystalline lens in the mechanism of vision.

On the other hand, mathematico-physico-technical optics
scarcely makes a fleeting reference to tIle fact that human eyes
exist and people see the external world by means of these organs.

Accordingly, since optics was supposed to be a chapter of
physics, I felt no urge driving me to seek the true essence of optics
in the physiological sphere.

7. At the same time that these thoughts were evolving, my ex
perimental activity moved steadily toward a new type ofdata, which
allnost all students of optics were instructed systematically to avoid.
This activity started with the purely technical aim of taking theoreti
cal rules, which were tllought to be already established beyond
dispute, and putting them into practice. The nature of the organi
zation where this activity was carried on required me to furnish
results decisive in settling affairs that were sometimes ofconsiderable
consequence.

In the beginning I met grave difficulties that were generated,
not by special and incidental questions bearing on the apparatus
for making the measurelnents, but instead by a kind of inadequacy
in the laws of classical optics. Somehow I had a vague impression
that the particular cases I had to deal with from time to time were
almost never those to which the laws known to me, however gen
eral they might be, could be applied.

These laws did in fact concern the characteristics of the indi
vidual pieces of equipment or instruments subjected to my scrutiny.
Those characteristics had to be defined unambiguously by means
of numbers or exact units of measurement, which were supposed to
be found with reasonable tolerances whenever the measurements
were repeated in the presence of the interested parties, for one-of
whom it was advantageous that the numerical value should be
higher, for the other, lower.

From the very outset it had to be recognized that in order to per
rorTn: those measurements at least one observer was needed. Very
frequently the results were the expression of his judgment, and
therefore they were not as objective and unequivocal as they should
have been to avoid undergoing dangerous oscillations when the
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weasurements ~e repeated 'iP~r test conditions by observers
lieavily interested~Jn the outco~. a:

'. Between theorY'~and pra:ctic~¥there was',.this discrepancy. The
th~ry defined certain magD.ituCIes :.objectivetJy and independently
oCrthe observer. In practice, on die ·contrarY;i in order to ascerta.in
the: numerical value of those ma_des it v(fs necessary to resort
to a:t least one observer, and the Te~lt varied in accordance with
his fu~ctiona1 characteristics. This~teSMlt did nOt yield the objective
~lPI\t,udes that were sought, since:i~asat l~t in part subjective
In nature. .."

ThI, s1.;1bjectivitY had been n.2ticed in numerous instances, and
from manx sides the proposal bad been advanced to eliminate 'the
living o1:?,server so far as possible, and replace him by various_de
vices, like photoelectric cells and photographic plates.

Such substitution, however, was not always possible. Then the
practice was instituted of defining a normal observer, capable of sup
plying reliable results. Unfortunately, however, the definition of
nonnality was at all times rather vague, and it often depended on a
statistical basis open to serious objection.

,,1

8. Under the impact of experiments conducted in the critical
spirit of a man obliged to flunish definitive findings for which he
had to answer with a deep sense of responsibility, I was led to view
this procedure \vith less confidence than is currently placed in it.
I was induced also to question the value of a definition of objective
magnitudes, which could not be detennined without ·the inter
vention of an observer, by reason of whose intervention the same
result was not always obtained.

Thus I came increasingly to doubt the objective nature of these
magnitudes, aQ!=l to seek their origins or reconstruct the reasoning
by which the founders of classical optics had proceeded to define
them. Once I had entered upon ~is path, the dominating inter
vention of the observer's mind in all optical operations became clear
to me, and I likewise saw plainly the herculean effort with which
those founders had succeeded2 not in eliminating the mind, but in
deceiving themselves and others that they had eliminated it by a
series of highly ingenious conventions.

Accordingly I was led (I say "led,." for actually I resisted be-
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cause of my intellectual disposition, and also as a result of my pro
longed studies and of the training I had received) into the realm of
the mind, alld it appeared evident to me that it was utterly mis
leading to talk about optics without taking into proper account the
intervention of this important~ ~r rather absolutely predominant,
factor. At first I was inclined to think that, apart from its technical
aspect, optics should be regarded as being not only physical optics
and Phys£olngical optics but psychological optics as well. Then I found
that no mean body of work had been accomplished by specialists
in this last field too, but it had remained practically unknown to
the cultivators of the other fields of optics because of the considera
ble difference in their environment, point of view, and cultural
background.

9. I was in this state of indecision and perplexity with regard to
the definition of optics when, for entirely extraneous reasons, I was
compelled to stud)r ancient optics. I say "compelled" because, as a
result of wllat I had heard said and seen written about the very
slight value of that optics, I was so skeptical about the subject that
of my own accord I would never have thought of undertaking to
study it. Yet that study has clarified my ideas in an unforeseen and
unfores~able mal1n~r. 'The writing of this book is largely due to
the influence exerted on my outlook by over two thousand years of
work in the field of optics. ,

Contrary to the widespread· opinion that opti:~s began in the
seventeenth century, I was surprised to find its roots in remotest
antiquity. But without going back to so distant a period, about
which adequate evidence is difficult to gather, I cannot refrain
from mentioning two treatises of the fourth century B.C. that are
still preserved in their entirety. l'heir· author'. name is Euclid (al
though it has been maintained that he is not the mathematician
Euclid) and they are entitled Optics and CalO/Jtrics. In them we
already find the law of reflection, essentially equivalent to the law
of today, even if expressed in a variant form.

The optics of those times w~profoundlydifferent from ~odern

optics, if we apply the latter ~erm to the optics that came to the fore
at the beginning of the seventeenth century. ,Ancient optics was a
icience that lasted two tho'usand ye~. It deserves deep respect,
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even if it later fell and surrendered the field to a new optics. That
has been and is the fate of all the sciences, including today's. And
I hasten to add that not in all respects has the new optics marked an
advance over ancient optics.

10. Ancient optics was a chapter of physics, even in those days.
But the physics of that time was quite different from the physics of
today. It was an anthropomorphic phys£cs, a science in which the chief
figure was sentient man. The chapters into which this physics was
(and still is) subdivided reveal its origins beyond any shadow of
doubts Then too there was talk of mechanics, heat, optics, and
sound; no great insight is required to see the connection with the
sensations of force, warmth and cold, light and color, and noise.
Ancient physics lacked the chapter on electricity and magnetism, for
the very reason that the human body is not provided with the cor
responding sense organs. It would perhaps be proper to say that
ancient physics corresponds, in modern terminology, to our physi
ology of the senses.

In that early, yet magnificent, epoch of Greco-Roman pIli
losophy, th~ key problem was the study of man as a sentient being.
'I'hinkers sought to explain how humanity came to know the ex
ternal world. They soon reached the conclusion that senses existed,
which functioned through peripheral organs. These were linked
by nerves to a central organ, the brain, where dwelt the soul or
mind. The latter could come in contact with the outside world only
by means of the sense organs and the signals reaching the mind by
way of the nerves connected with the sense organs"

These signals, having been received and analyzed by the mind,
are represented in specific ways. Thus those arriving along the nerves
connected with the ears are represented by sound or noise; tlJ.ose
coming in along the nerves linked with the various parts of the skin
are represented as warmth or cold; those traveling along tIle nerTves
joined to the eyes are represented as light and color.

At that time there was a general conviction that sound, warmth
and cold, light and color, like taste and smell, were psychical repre
sentations, entities created by the mind in order to represent the
signals reaching it from the external world by way of the peripheral
sense organs and the nerves· connected with them.



THE DEFINITION OF OPTICS 13

The mind's capacity to create sounds, lights and ~olors, smells
and tastes, warmth and cold was proved by the phenomenon of the
dream. What is seen and felt in a dream, there is no doubt, is created
by the mind that is dreaming.

11. The philosophers of those days went on to study the func
tioning of each sense. They undertook to find 011t how the individual
senses learned about the properties of exterIlal bodies and trans
mitted this infonnation to the mind .. Thus, in the case of touch, it
was quickly noticed that the communication between the outside
object and the sense organ consisted of simple contact. In the case
of taste also, it was soon discovered that for the flavor of a substance
to be felt, it had to come in contact with the appropriate organs
located iri the mouth. In the case of smell, there is no direct contact.
But for the odor of a body to be perceived, exhalations or vapors
must detach themselves from the body and enter the nose. If tllis
communication is prev:ented by sorrle obstacle, the sensation of the
smell is likewise intelTUpted.

In the case of sound, the communication is even more distant,
but it too was identified. A vibrating body imparts its vibrations
to the surrounding air, which transmits them to the ear. These are
mechanical, silent vibrations. When sig11als arrive at the mind to the
effect that the ear has been struck by these vibrations, only then is
sound or noise perceived, since it is in this manner that the mind
represents the group of shocks received by the ea~s.

Thus the problem of vision was reached, and here the road was
not so smooth. The subject gave rise to a discussion in which the
ablest philosophers of all the ages were to take part, but without
decisive success. Only after twenty centuries was the solution at
tained that is still considered definitive today.

12. The separate peaks of this bimillennial effort will be ex
plored in Chapter II, because they are not without importance for
my thesis. Here I limit myself to a few fundamental comments.

In those two thousand y'ears there were many studies of optics,
which were mathematical, experimental, pllysiological, and even
technical in character. The use of eyeglasses for the correction of
vision goes back almost seven centuries, but that story doe~ not
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concern us now. In their general lines these studies were carried on
without a controlling and fruitful directive, that is, without a
theory, for the silnple reason that the mechanisln of vision was not
known; or rather, various notions were put forward which were so
paradoxical and acrobatic that they did not aid the development of
the studies. In fact, they had a decidedly negative influence on the
acceptance of eyeglasses, and in the main turned out to be defi
nitely sterile.

This swift survey indicates that the evolution of optical studies
is closely connected with the theory of the mechanism of vision.

13. During the long- period in which philosophers and mathe
maticians eagerly sought the ~ey to this mechanism, one basic con
cept was clear to them all and beyond dispute. Light, what we see
when we say "It isn't dark," is a ptlrely subjective phenomenon,
created by the mind to represent the external world. Since Latin
was then used as the langtlage of science, the tenn by which that
light was plainly denoted was lux. The first fifteen of the twenty
centuries in question talked only about this 1u,,'C. If necessary, they
added that color also had the same subjective nature. It too must be
considered a creation of the mind, by which the latter represents
some features of the outside \'Yorld brought to its knowledge, again
by way of the sense of sight.

The last five centuries, as we shall see in ChaIlter II, accepted
the idea that lux was a subjective representation, but regarded it as
somehow the effect of an external ageIlt acting on the eye. The
effort to identify that physical agent, designated by the tenn lumen,
brought about one of the most ilnportant and most interesting
developments in physics.

Even though the philosophers of the later Middle Ages had
many profound differences of view with regard to other questions
in the same field, none of them opposed this lucid and exhaustive
position, which held the subjective lux to be the effect of the objec
tive lumen.

It had also been made quite evident (and here it had even been
exaggerated) that everything \'Yhich was seen, preciselybecause itwas
a mass of figures created by the nlind of each observer, was highly
personal and subjective in character. To show that the thing seen
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was exactly as it had been seen and where it had been seen was not
an adequate answer. For in rebuttal, this thoroughgoing skeptici~

brought forward a long list of '''optica.l illusions," that had been
minutely observed, analyzed and catalo~"led..They were the basis
of tllat dreadful pronouncement, "Scientific knowledge cannot be
acquired by sight alone," a pronouncement that has done so much.
harm to humanity.

Allcient optics, then, was definitely not o~jectiveand not physi
cal, in the modern sense of the word. but had a purely subjective
phenolnenon as its foundation.

14. At the beginning of the seventeenth century the key to the
mechanism of vision was found. But at the saine time a revolution of
vast importance took place, one of those catastrophic reY!lJ~tio~

that overturn the deepest layers of human cbnvictions. M,ln, who
until then had been the lord of the universe, as it were, was de~
throned. rrhe earth, which was supposed to QCcupy the c~nter o( ~e
world (or at any rate, of a world) and to have the he~Yel\~it ~ts
service together with the planets revolving about it, instead 1lF~e
a tiny part of a train of satellites around the surl, itselfred~d ~o a
modest component of one of the numerous nebulae~

Thus arose the concept of all immense universe, in w.Wch man
formed an utterly negligible entity. For this little man nothing re
mained to be done in the field of science l,ut to try to ~now the
universe and discover its laws. The discipliIle entrusted with this
task was physics.

It would surely be wrong not to recognize that, from the time
])hysics was directed along this path, it has taken giant strides and
transfonned human life. But neither can it be gaillsaid that this
direction expresses, not a final aIld inCol1trovertible view of the
world, but a philosophy just as subject to discussion as its pred
ecessor. Above all, it sllould be clearly u11derstood that the new
physics was not a continuation of, and evolutioT! from, \\-"hat had
gone before. On the contrary, it set itself ill opposition to the previ
ous outlook. It categorically denied. having an anthropomorphic
character, whereas the earlier science had 1)~el1 fJredominantly of
that nature .. Fonnerly the aim of l)lrysics had been to explain how
the human mind came to know the outside ,"'orIeL Now the purpose
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of the new physics was to kno\v the structure and laws of the ex
ternal world, indepellde i1tly of the observer.

rfhere would have been nothing peculiar in contriving a science
of this sort, 11ad it been newly established and not inserted in the
ancient science~ which it rerJlaced in substance though not ill form.
People in fact contintled, and still continue, to talk about nlechanics,
heat, optics, and sOllnd:. while the great chapter on electricity and
magnetis'!ll is now added on equal terms with the other four
chapters.

15. l'llis organizatio.a of physics is strange because, as was indi
~ated ill § 10, the subdivision into those chapters had a meaning
when huniatl sen.sations '''h~re referred to, but lo~t it in a study
"independent of tile ol)Servf~I·.'~ Indeed the distinctions between
those chapters steadily din:li.oished 11ntil they disappeared-in sub
stance, I repeat, l)::-G1=iu.se in form they are still flourishing.

TfiUS the physif'ists found that heat is a form of kinetic energy of
the partieles of t.he atornic \Norld. They then deeided to ignore the
sensation of LL'armth arid and concern themselves only with
heat, which thereby' beeaIT\C a topic of mechaIlics. F'or this includes
in its scope the study of motion, even if the movirlg bodies are of the
order of Inagnitude of rnolecules or atomse In fact mechanics not
illfreqllently discusses the Inotion of material points, whicll are even
sntaller thall atoIns.

In exactly the same ,vay, TNhen it was discovered that sound
was due to the mechanical vibrations of the solids and liquids by
vvhich they vvere transrnitted to the ear, the new physicists resolved
to study these vibrations and pay no attention to the sensation of
sound. But in so doing they acted in a manner that can be explained
only by recalling the revolutionary character of the philosophical
lTIOVement of the seventeenth <:entury. In all revolutions} political
and scientific alike, there are always excesses. The victorious party
ma.ltreats the vanqnish~d, d.estroying everything connected with it,
inclllcling '1Nhat was good"

Sound is witholrt doubt a subjective phenonlenon. Olltside the
rrlirld there are vibratiolls. 1'!1ese, however, are not 'sotlnd or noise,
l)ut a silent motiOIl. ()nly \VheIl these vibrations have been received
l)y an ear, transfonut'cl iL to l1erve iInpulses, and carried to the brain
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and mind, only then, internally, is the sound created that carre..
sponds to the external vibrations:, and it is created to represent this
stimulus as it reached the mind.

Had the physicists wished to act with crystalline clarity, they
should have behaved as they did when~ disregarding warmth and
cold, they defined heat, which stands in the sam.e relation to warmth
and cold as a stimulus to a sensation. So they should have talked
about acoustic vibrations, and avoided saying tllat tllese are sound.
For the sound created by the mind is almost alvvays assigned to a
place outside. Hence to identify acoustic vibrations with sound
may lead uncritical young people to believe that sound i.s actually
a physical, and not a mental, phenomenon. It might be said that
the physicists did not want to prevent this misunderstanding. For,
as investigators of the world without an observer, the)T did not like
to be forced to admit that their world was without sounds, and that
if they wished to study sounds, they had to return to the mental
world of the auditor. The successful attainment of their purpose
cannot be denied, when we ask what concept of sound is acquired
by students in schools allover the earth.

But if it is made clear that in the physical world there are no
sounds but only mechanical vibrations (calling these vibrations
"acoustic" is itself a reference to their capacity to stimulate an
auditor's ear) sound ceases to exist as a separate chapter of physics,
and instead is converted into a topic of mechanics concerned with
vibratory motions.

16. I have tarried a bit over the case of sound because it offers
us an excellent springboard for jumping ahead to the case of
optics. Here too, when physics was transformed, a change of direc
tion was effected, with the aim of studying chiefly the nature and
properties of the external physical agent that had been called lumen
in the later Middle Ages. But once more it was not comfortable to
make it too obvious that the physical world was dark, or without
lux, since that was present only in the observer's mind. Hence there
was no further talk about lux. Latin had rneanwhile been replaced
as the language of science by the rrlodern tOllgues. Each of them
uses only a single word to denote an entity which, in the physicists'
scheme, was supposed to be lumen, but which in the public mind
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ended up by being lux, because everybody almo'st always talks
about what he sees. In English this word is light, in Italian luce, in
French lum~ere, in Spanish luz, and in Gennan Li~ht.

This linguistic detail is an interesti~gindication 'of the ~Jteration

in philosophical outlook that occurreq. in the seventeenth cent~y,

and it is also proof that the change dtd not constitute progre~ in all
respects. For the overwhelming qlajority of students today are
thoroughly confused about the nlcaning of the t~rm "light."! Most
of the ti~e they conceive it to denote that which ,is seen, the lux
of our ancestors. But especially ill. scientific circles, when light is
said to consist of rays or waves or' photons, the intention evidently
is to refer to lumen. C~rtainly almdst everyone is convinced that the
lux which he sees (I use the Latin expression because it l is much
clearer than the English) is physical, external, and identical with
the lumen, while the observer plays no part whatever, in the sense
that if he closes his eyes, the outside world continues to exist in all
its brilliance and with all its colors.

17. For what has been remarked about light may be repeated
about color too. The revolutionary physicists of the seventeenth
century strove to deprive the observer's mind of any importance,
and their undertaking would have been too difficult, had they
stated clearly and explicitly that the world to which they wished to
devote all their attention was without light and without colot~,~So

they kept quiet, permitting the illusion of a physical world full of
light and color to dominate the neophyte's mentality.' Nor can it
be denied that they succeeded in their purpose.

Even today, when it is pointed out how far the confusion of ideas
has gone, physicists usually reply:. "It's a question of ~ords." To
what extent it is purely a question of words, the reader may judge
for himself when he has reached ~e end of tllis book.

In the meantime, however, the new chapter on electricity and
magnetism had undergone a magnificent development. From it.
electromagnetism arose, and that marvel ~was put together which
consists of the great range of electromagnetic waves, those of
enOmlOUS wave length like radio waves, of short wave length, like
microwaves and infrared, and of very short wave length like ultra-
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violet, X rays and 'Y rays. In this last category were also the light
waves, with all the colors of the spectrum.

18. Th~ study of physical light, or lumen in the medieval sense,
thereby entirely lost its specific character. If no consideration was
to be given to the fact tllat tllis lumen was capable of affecting the
specialized sense organs of an observer, then there was a relapse into
electromagnetisnl pure and simple. Optics no longer had any reason
to exist as a chapter of modern physics. Just as sound had become a
part of ITlechanics, so optics was absorbed by electromagnetism. All
of modern physics was thereby compressed into only two chapters,
the physics of matter and the physics of the aether. The fonner consisted
of ancient mechanics, sound arid heat; the latter, of optics and
electromagnetism.

In essence this arrangement was reached about a century ago.
Had it been formulated lucidl)t and uIlambiguously, there need not
have been any further talk in physics about optics, sound, and heat.
Yet the misconception' was, and is, so deeply rooted in thought and
expression that a classification still continues to be used that has
meaning only when the guidiI1g principle of physical research
independence of the observer in general, and in particular of his
mind-is rejected.

These are the main outlines of the conclusions to which I was led
by the study of optics from Greco-Roman antiquity to modern
times. The details of the subject will be taken up in Chapter II,
where they will provide clear confirmatio~of the propositions just
set forth.

19. rrhe view that optics had lost its reas~on for existence as an
autonomous science and should be regarded as a topic in electro
magnetism conflicted with the lnost elementary common sense.
The cause of the conflict became evident as soon as the eyolution of
the ideas through the centuries was reconstructed. What had lost
its reason for existence was physical optics, in the modern sense of
that term. But anthropomorphic optics, or optics as understood by

.the ancients; a science which undertakes to disco~er the laws of that
marvelous pllenomenon, the perception of light, that is, of forms and
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colors, has ample reason ft)r existence today, as in all ages past, and
even more than in the past.

Optics defirlcd in thi~ way slloulc(be designated the science of vis£on.
It is not a chapter of physics, nor of physiology, nor of psychology.
is a complex science that must take into account the contribution of
all three of these disciplines. In every optical operation there is always
a physical, a physiological, and a psychological phase. For a process
to be tr~ly optical, all three of these phases rnust be represented.

Therefore it is not correct to say that optics is a chapter of
11hysics. On the contrary, it was this idea, [)ased on some funda
mental misunderstandings, as was mentioned in § 18 and as will
be seen even better hereafter (§§ 51, 197), which led research down
blind alleys and gave rise to many additional anlbiguities and mis
takes. Optics is not a CllaF)ter of a physics that aims to withdraw as
much as possible from the observer. For optics has meaning when
the aim is to discover the conditions and laws that permit an
observer to see and see well. Optics as the science of vision is there
fore al1thropomorphic. It should not restrict itself to asc6rtaining
the cllaracteristics of the physical stimlllus, but should concern
itself with the effects of that stimulus 011 the sense organ, and with
the consequences in the realm of the nlind. For it is these last that.
are interestil1g, because tlley are really the end product.

This is the direction in '\'vhich our analysis will proceed in the
following chapters. We shall see that the significance of the innova
tion is rouell broader thall may be supposed at first blush. rro make
the change in thought patterns arid results more evident, I shall
frequently instittlte a comparison with the accepted point of view
and criticize it. The exposition will thereby acquire a slightly
polemical tone, vvhicll I hope will not displease the reader. For the
sole purpose of the criticism that I shall make is to attain a greater
clarity of thought and a better knowledge of optical phenomena.

20,> Before delving into the subject, howe,"er, I think it may be
useful to delimit more closely tIle area that I propose to reserve for
optics as the science of vision.

.Undoubtedly standard optics also tlsed the eye as an experi
mental means of research and check on the pronouncements of
theory. Indeed the eye \-vas widely u.sed, not always witll good
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judgment and the necessary care, as I shall have occasion to indi.
cate repeatedly in the following pages. Yet in these activities the
eye did not enjoy rouell respect, being considered an instrument
that was a little too peculiar, unreliable, -impressionable, in need
of training, and not infreql.lently defective and abnormal. When it
supplied responses in agreement with the theory that it was called
upon to check, all was well. But if the responses were doubtful or
negative,. the fault lay ¥lith the eye that had furnished them, a~1rl

not with the theory. Or else the conditions of the experiment had to
be modified until the eye succeeded in seeing what it was supposed
to see. TIle significance of these remarks will be made clearer here
after (§§ 247-248).

More than a century ago experimental technique introduced
other detectors or receivers, which according to the conventiol1al
mode of thought could with advantage replace the eye in the func ...
tions just mentioned. These other means of making comparisons
and measurements were less "subjective" than th.e eye. Especially
noteworthy among them were the photosensitive emulsions uti...
lized in photography, and the photoelectric cells of v:-lrious types for
experiments with, and measurements of, photoelectricity. These new
devices were (and in the opinion of many still are) incorporated in
optics, further aggravating its already seriolls crisis.

It is really strange how easily the word "optics" is abused, to
the point of talking about the "optics of X rays" and even the
"optics of electromagnetic waves." It is strange because the people
who elnployed these expressions (and they were persons of the
highest rank in the hierarchy of science) never took the trouble to
define what they understood by "optics."

21. Let us, therefore, try to view things in the most reasonable
way available to L1S. We must first draw a picture. of the physical
world for ourselves. In accordance with the conclusions of the
physics of matter and the physics of the aether, it is said nowadays
that there- are in the universe material bodies composed of mole
cules, atoms, and other priluary particles, and that there are
"radiations" or propagations of energy_ Opinions about the struc
ture of this radiation are not in complete agreement, because the
construction of a mechanical model possessing all its known propcr-
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ties has not yet proved possible. III many discussions the wave model
is used, and in others recourse must be had to the corpuscular model
of quanta or photons.

Matter, then, ell1its and absorbs thi.s radiation. There is only one
way to detect it-··absorb it and observe its effects on the energy of
the Inatter absorbir1g it. The means of detecting it, so far as we are
concerned, may be grouped as follows:

(a) photoelectric cells
(b) pllotoscnsitivc emulsions
(c) eyes.

The characteristic reactions by which these receivers indicate that
they have absorbed radiation are the following:

(a) for photoelectric -cells, an electric current;
(b) for photosensitiv~ emulsions, a hlackening;
(c) for the eyes, perception of light and color.

22. Let us examine these processes~

In the case of a pllotoelectric cell, this is what happens. Matter
emits radiation, which reaches the cell and is al)sorbed by it. An
electric current is thereby generated, and in a circuit connected with
the cell it deflects the pointer of a measuring instrument, e.g., a
galvanometer. What is "~optical" about tIllS wIlole process? Obvi
ously nothing.

In the case of a photosensitive emulsioIl, tllis is what happens.
1\1atter emits radiation, which reaches the emulsion, is absorbed by
it, alld brings about challges in its atomic structure, thereby modi
fying its chemical properties. This layer of the emulsion is then
treated in a reducillg bath, as a result of which gra~ns of metallic
sil,'er are deposited in th.e areas where the radiation had acted. This
deposit of silver produces the blackening of the elnulsion by increasing
its capacity to absorb any radiation that may' be directed at it there
after. What is "optical" about this whole process? Obviously noth-

. ing, until someone looks at the photograph. Bllt that is a later
operation and concerns the finished ])!lotograph, not the taking of
the photograph.

23. We thus arrive at the very simple conclusion that photo
electricity ~nd photography are not optics. Indeed we may go
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further. We may consider the radiation, not by itself, but in intimate
connection with the receiver-detector. The process ofdetection then
becomes the subject matter of three sister sciences, which should be
called:

(a) photoelectricity
(b) photography
(c) optics.

I say that these "should" be the labels, and quite probably they will
be in the course of time. But at present there is a deep-rooted habit of
including photography in optics. To be practical, then, and to
avoid being Inisunderstood by many people, we may conveniently
employ a provisional nomenclature, using the name "photographic
optics" for what could be termed simply "photography," and
'(visual optics" for true optics, the science of vision, which utilizes
the human eye as the means of detecting the radiation.

This trichotomy has a profound philosophical significance. In the
first place, as was pointed out in § 21, the presence of radiation is
indicated to us only by the process ,of detection, which consists of,
absorbing the radiation and transfonning it into other manifesta~·

tions of energy. It is, therefore, proper that the receiver-detectf,t,
which has so important a function, should exercise an influen~,aiso
on the classification and tenninology. .

In the second place, any discussion of the radiation, its structure,
and its properties, without reference to the means of detec~6n,
clearly takes on a completely hypolhetical and conventional charac
ter. If it is' proposed as a philosophical commandment to talk only
about what can be demonstrated experimentally, the detector aDd
the effects of the radiation on' it must come first. This is 'a very
thorny topic, to which we had better return near the end of the
book (§§ 270-271).



The Basis of l..'eventeenth-CentuT)

°iJlies

24" Ifl § 12 I referred cursorily to a long" irltcnsc scieIltific
effort '~v11ich, in the course of tw'o thousand Yf'ars~ succeeciecl 111

establishing the ftlndamental concepts of "ligl1t~' arld the ~'oJ)tical

il!la~e:' as well as in discoveri11g th~e key to the rnechan.isI.tl of vision,
At th.at ti.rne I did not go iIlto detail because I pronlised. to rctufI1
to tile sllbject and give it full attention. It is in fact a topic of basic
ilnportance for understanding tIle significallce al1d irrlplications of
ancient 0F)tics ancl of the seventeenth-centllry revolutioll that led.
to the COIlstructioIl of the then new optics. It is very important aIs()
because it \A-al permit us better to cOlnprellend the fOl.:roclatiurls of
this seventeenth-century optics.

{D, order to explain how the organ of vision accluircc! knowleclge
abou-l ~he properti~sof the bodies in front of it, id.eas of the follo\vin.g
kjnd v/ele put forward in antiquity: every alteration that is pro~·

d.u(~e~d or received takes place as tIle result of a COfltact; all our per,··
(':t:J}tl,)I"iS are tactile, all our sense~ being c~ form of touch; 11ence_
siIL~e)-.he soul does not go forth frOI!l \vithill us to tUlle}l externai
ot~jC(t:;, these mllst come to touch the soul by passing through. ttlt,

SCl1seS j but we do not see the o~jects approacfi 'us vvhen 'Vve Fler
ceJ:'\}"f' ;U~(eYn; therefore they nlust send the soul 8orneth.ing t repre ..

sents a likeness, eidola, shadows' of a sort or irrlages that covrer

the bodies, move al)out 011 their stIrfaces, and can detacrl t.bf~Ino.J

sel'vcs for the purpose of transporting to tIle so·ul th::, fOrtX1S, colcn:s,
and all tile other qualities of the bodies from w~b.icll they e1Ttanate~

24



1'he philosophers of thOSt~ days follo\veJ a logical line in their
t11irlking. Because they refused to admit the: possibility of action :It

distance, obviously some cOIIlnlunication between o~ject and serlse
orgaJ1 was necessary. HeIlce tIley said that all our senses are a tOi'ln
(Jf touch~

25. For the senses of touch and taste, th.e commUl1icatioll was a
cHrect contact; for s:r:rlell, it vvas an exhalation~ a vapor; for hearing.
it \vas a 'vipration transmitted by tIle SUITouIlding air. 1:(01' sigb.t)
ttlere could be no appeal to a contact, bf.-cause bodies are seen e\len.
\vr.A.en th.ey are very far away frorn the eyes. Nor coulel there be art
appeal to an extJ.alation or a motion. conveyed by the cir-cll:mjacen-r
mediuln, because these means of COnlTI1Unication allow only Olle
effect to be felt at a time. One SOllJ1d is heard at a time, one odor if-~

srnelled at a time. If tvvo exhalations [>lend, the odor smelled is tIle
resulting combination, j-ust as if 1:';;0 vibrations n1ingle in ttle air, a
~ingle sO'und is heard, the product of tvvo vibratiolls conjoiIled"

On the other lland, ~n the case of ~:tgllt, the forms and colors of
in:numerJ:ble bodies are seen at the j'a1ne in..ftant \\lith vvonderful
sllarpness and precisioIl. Hence if there is sorrlething that rrlove~:

fron1 the observed body to\vard tb.e observer's eye, it cannot be 2
sh.apeless exhalation., but must be gom.ething carrying the forln allc!
colors of the body whence it emanated. Therefore it nlust be like
tIle bo(ly. Since it canIlot be the actual body, it must be a skin that
lea'ves tile body, bearing what tIle body's surface presents to Ollr

vision, namely, form arId colors. This is the reasonillg that led to
tIle conceptioll of the ez"dola or skills 'or images or, as they were called
later on ·in the Middle Ages, species8

Up to tllis point there wo·uld be no serious objection. l~he COll~

tin·uaJ. emission of these im.ages ill all directions rnight seenl no t

impossible, by an.alogy wittl what obviously and demOTlstrably
happened in the case of odors. Bllt the first gra,,~e problem that
presented itst:1f was to explain how' the images of a body as big as
a nlountain could. enter tIle pupil of the eye, barely 2 mIn in
diameter.

To solve this problem, al10ther quite acrobatic property had to
be attributed' to the images. They were supposed to contrac,~ a~ong:.

the way until th.ey became small erlough to enter the PURil of the
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human eye. This property seems even more peculiar if we bear in
mind that the receiving ptlpil may be located at any point whatever,
near 'prj far. The images that startecl out in anyone direction thus
had to dinlinish at different rates in order to be able to fit into a
pupil "wherever encountered.

26. Even so, new difficulties arose at every single step. For ex
anlple, despite all the acrobatics of this hypothesis, the question of
the distarlce at which an object was seen still remained unsolved.
L'h.e iIIlages, assumed to be-appropriately reduced, entered the eye,
impinged upon the "seIlsorium" or serlsitive surface, and delivered
to it the da~ pertaining to the form alld colors. The data were
transmitted by way of the .optic nerves to tIle min~, which thereupon
proceeded to construct a' representation by means of a figure
possessing that form and those colors. But there is an infinite
number of such figures, all of different dimensions; and besides,
the figure had to be located in the surrounding space at a definite
distance. Obviously the images did not carry along with them any
information suitable for determining these t\VO geometrical factors,
the distance and the dimensions.

If the followers of this theory went a little further into detail,
things grew rnore and more intricate. It was known, for instance,
that when a person looked at a plane mirror, he saw behind it the
figures of the bodies in front of it. It was not hard to imagine that
the images rebounded from the mirror's surface, deviating in exact
accordance with the laws of mechanical reflection. But one com
plication constituted an ullforescen and insurmountable obstacle.
The figures seen behind the mirror are not congruent with those
that would be seen by looking directly at the corresponding objects,

. but are sYlnmetrical to them with respect to the reflecting plane.
Why do the images in rebounding from a plane mirror become
transformed into their symmetrical counterparts? This was an
enigma. .

In addition it had to ,be explained why nothing could be seen in
the dark; why an object, even if very small, looked blurred when it
was too close to the eye; why certain minute things were not seen,
like a needle on the ground, then suddenly were seen; and a tllOU
sanet other such perplexities.
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Those \\Tho supported this theory, in reality few in nUll1ber, dis
posed of lTIOSt of the difficulties by setting them aside 'W"ithout even
mentioning them.

27. If the supporters of this theory were few, there were on th~

contrary v'ery maIl:Y WllO adhered to the opposing system, cham-·
pianed by highly able and well-known mathematicians. This latter
doctrine evidently took its C\le from perspective, in whicll tJle eye
constitutes the '''point of vie\v." On the physical side the theory
started from the fact that a l)lind man, evell without touc.hing an
object directly with 11is harltis, could becOlne acquainted with its
fonn by exploring it with a stick. Similarly, it could be supposed
that from fhe eye there went forth rectilinear sticks, capable of
exaillinipg the external world and bringing to the mind data suita
ble for kno~"ing and representing the world's forms and colors.
Tllcse straight lines that came out of the eyes \vere called visual rays
ancl could tJe reflected as well as refracted.

This construction outdistanced the other a little in degree of
absurdity: aIld the difficulties it met in explaining many circum
stallces of vision ,-",ere no less. Why were the visual rays unable to
study the outside 'world wilen it was dark? Why could they not
probe a body Xery close to the eyes? When they were reflected by a
plane nlirroT, why d-id they cause a figure to be seen behind the
mirror instead of ill its proper place? How did they go about reach
ing distant bodies like the SUll~ moon, and stars?

This list could be extended quite a bit. l'hese defects were
pointed out, not by riLe, but by adversaries at the time. The discus
sion of the subject ""as often lively. For everybody, to demolish. was
easy; but when it canle to constructing, that was another story.

28. .4'\risto.tle too came to grips with these questions. F'or the two
theories mentioned above were not the only ones. Some compro
mises were also attempted that sought to extract from each theory
i~.s reasonable elements and to ~iscard"its most acrobatic featllres.
Bttt nobedy achieved any noteworthy result. Aristotle took an
entirely different po~ition. Concisely criticizing the theories of
ima.ges aI)d visual rays, he demonstrated the absurdity of both, and
launched another idea that came close to the mechanism of hearing.
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lie brought 'back into the CliSCllssion not only the medium inter
vening' bet\Veerl the object ana the eye, but also the object's action
on t"fllS rlledium. clllrninating in perception by the eye., His language
is very obscure~, llo'vvever, and he sticks to generalities so much that
he made no real c.ol1tril)utioIl to the solution of the problem, and
attracted few fo!lovvers in th.is field.

()rl the other }land, th,e theory of'\risual rays had rather a long
life. To witness its declille, we II1USt COlne all the way down to the
eleventh century of the Christian era. Before we go into this new
period, which was marked by the pre-eminence of the Arabs in
general and Ibn al-Haithan1 in particular, we should observe that
up to that time "light" was not SIJoken of in the modern sense of
the word. III the physical world only images or visual rays existed,
dependirtg on whicll theory ,vas accepted, while lux occurred in the
realrn of the rnind. Notlocly thOtlght of a physical entity comparable
to the electromagnetic waves or photons of today. In the philosophi
cat vocabulary "it is 1igl:t" indicated a state of affairs, just as the
expression "~it. is dark'\' diel, and still does nowadays.

29 .. Ibn al-Haithan1, v"ho Wi:1S knowl1 to the \t\Test as Alhazell.;
made a fundamerttal contrib'ution t}lat was a real stroke of genius"
fIe dealt a 1110rtal blovo/ to the theory of visua1 rays with the phe
nCJITtenOn no,'V called all afterirnage. A person \vho looks at the sun
and tllen closes his eyes~ Ihn al-Haitham pointed. Ollt, contirlues to
see the solar disk for SOIne tiI11e. Furthennore, while gazing at tIle
sun} th.e observer feels r;ajn. Tllese two facts definitely conflict witll
the Illechanism of visual rays. For if the emission of these rays
entailed suffering, they would not be emitted. Also, as soon as the
eyes shut, vision should stop.

'I'he actual phenomena, on the other hand, require an external
agent tllat impinges upon the eye. When this agent is too strong, it
afflicts the sensitive organ, and leaves impressions on it that nlay
la.st quite a 'while.

rfhe theory of visual rays did not survive this shrewd thrl.1st and
\'Vas considered outn10cled. rf'he theory of images leaped into ~lle

forcfroTlt. But as it was thell constitut~d~ it too could not withstand
the attacks to \vhich its flank was exposed. Ibn al-Haithanl deserves
uTldisputed credit for so modifying it that it ass·umed.the form which
was later to develop into seventeenth-.century optics.
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ffis first change consisted of providing a mechanism that tOQk
avvay frorn fhe images their property of contracting along the 'VJay

before reaching the observer's eye. If the object was smaller th.art
the pupil, I1JI1 al-Ilaitham reasoned, its tiny in1.age could be pro[-.J,a.~·

gate(l ill a straigb.t line and enter the pupil, wherever encouIltered~,

\vit11()'ut a:ny need to be reduced in transit. Any object, whatever its
size, was to he tllOllght of as resolved into many minute u.nits or
elerllents or pain ts. J~ach. SUCll poirlt emits in all direction.s its ovvn
inlages~ whicfl can enter a pupil, wherever they meet it, ·\t\/itho~jt

llaving to lUlliergo any alte.ration along the way.

30. ITl an.other astollrlding l)urst of genius, Ibn al-HaltJ,aIu
vv~nt OIl to eXl)lain how all these point images, having entererj 3

I)upil~, could reconstruct inside the eye an orderly asselD.bJa,:;(:
t'esernbJ~rlg the object that had emitted them. Referring tf:

structure of (he eyeball as it'had been described by (~a]~:'i~

tha. t al~ ·t:he coa,tings i/vere to be considered spheric;d
conc(~ntric. \Vh.en a r~oint irrlage strikes the outer coating or cornC;~.1

its roa)' tle either perpendicular or not. Ifit is perperH.1icnor

j;:11', tIle irllage contirlues straight on into the interior of tIle eye, If
tlH~ 1ncidence is riot perpendiclllar, the image is deviated by refrac
tion. i~ccording to Ibn al-Haitl:lam, an in"lage deflected by refrac-·
tion Inllst lose its power to stim\l.late the "sensorium." Hence this is
affected OIlly by those images tllat reach the cornea perpendicularly;
ill other 'Nords, by only one for every point of the object in frOI1! of
the eye. These special irnages thus enter the interior of the eyebali,
intersect at its cent~r) and the!l redistribute themselves ov~r an
extended area, preserving exactly the order and arrangement
had when they left the object.

By this device the insertion of a big, complex image i:n
diminutive pupil of an eye lost all that unnaturalness which. had
lTI.ade th.e theory of eidola so objectionable in previous centuries. '!'he
new doctrine is not yet perfect, but the step taken toward Ule
rnate solution. is truly gigantic.

..~1. Ibll al..Haitham himself felt that the situation was I)G~

entirely satisfactory.. He went looking for difficulties even where
the"y did not exist. He lloticed, for example, that the order ill Wllich
the point images were arranged after intersecting at the center of
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the eyeball was, to be sure, identical with the order in wllich they
had been emitted by the object) but inverted. }4~or the figure corre
sponding to the object came out upside down at the back of the
eye. In. those days it was taken for granted that the function of the
eye ,vas simply the receipt of information from outside to be trans
formed into physiological data and transmitted to the mind, which
had the task of reconstructing the external representa tion. Never
theless to a physicist like Ibn al-Haitham, tIle inversion of' the
figure at the back of the eye seemed absurd because it should have
led to inverted vision of the corresponding oqject.

He tried to avoid this inversion of the figures insirle the eyeball
and hit upon an idea that nobody liked. He sa\V that if the sensorium
were located on a surface in iront of the eyeball's center, there
would be no iIlversion. And since in the eye diagranl that he \lsed,
this condition was satisfied only by tile allterior surface of dle
crystalline lens, he was induced to conclud.e that this, although
completely transparent, had to be the surface sensitiv·e to the iln
pressions coming from outside.

Besides these \veaknesses, there are not a few contradictions to
be found in Ibn al-Haitham's work. They are in all probability due
to the e\Tolution of his tJlought, a process inevitable in anybody who
worked as long as he did on a subject still in an 'undeveloped state.
Even so, his influence on the prot>lem of vision has been decisive,
both as regards the fonnation of the figures inside the eye by a
mechanism involving point images, and also as regards tIle existence
of an external agent able to act on the eye.

32. 'fhe fact that a person feels pain \vhen looking- at the sun
made Ibrl al-HaithaIn think that the solar ray'J must consist of some
thing capable of affecting the sensoriUln to the point of hurting it.
I-Ie ftlrther ascribes to the rays the power of making point images
leave tJodies when these are illuminated by the sun. "W~ith a number
of extrerrlely interesting arguments he succeeds in convincing him
self that tIllS physical agent or lumen must exist, and he also under
takes to ascertain its nature. The idea that the rays of lumen are
the trajectories of minute material corpuscles is already expressed
in his work. This is the first time that there is a discussion of the
entity which physicists today call "light," and the first time that the
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corpuscular theory is presented. It is highly significant that
Ibn al-Haitham describes macroscopic mechanical experiments,
that~' is, experiments performed with material bodies of ordi
nary" dimensions, in order to show that such bodies are reflected
and refracted in a ..manner closely resembling that of the rays of
lumen.'ll

Of course Ibn al-Haitham's book is not confined to the few
comments made about it above. I called attention there only to its
salient features, which affected the development of optical theory.
Before going any further, I should indicate that he too devoted no
inconsiderable space to the description of optical illusions. He thereby
confirmed the opinion of his predecessors that the eye as a sense
organ was often subject to error and heavily influenced by the
observer's preconceptions and mental faculties. For this reason the
eye had to be regarded with a certain distrust, because to see a
thing was not absolute proof that it really existed, or that it existed
as it was seen. .

This was a note that dominated ancient optics. The verdict cited
above in § 13 that "Scientific knowledge cannot be acquired by
sight alone" for o\rer twenty centuries was looked upon as an indis
putable verity. It had philosophical and practical reverberations of
incalculable extent. "Optical illusions," so numuous and manifest,
were always at hand to demonstrate the truth of that horrible
judgment.

33. Let us return to Ibn al-Haitham. In his time culture was at
a low ebb in the West. But when an intetest in science revived
there, the Arabic masterpieces were translated into Latin. In this
way Ibn al-Haitham's treatise became known to thirteenth-cen
tury writers on optics, including Roger Bacon and John Peckham
of England as well as Witelo, who was of mixed East German and
Polish descent. Through their publications, particularly Witelo's,
the work of Ibn al-Haitham was diffused in the West.

The results were completely negative. The theory of visual rays
lost all credibility, but mathematicians continued to talk about it,
partly because it lent itself so well to discussions of perspective, and
partly because it was expounded in the schools. At the same time,
however, the theory of images also experienced great difficulty in
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becoming established, for Ibn al-Haitham's analysis in terrrlS of
points was too difficult to understand.

What ensued was an indescribable atrophy of thought. Ideas
tended more or less to cluster a!Jout the doctrine of spec£es, a new
edition of the ancient eidola. These species, however, were prodtlCed
by the lumen, wIlen it impiIlged upon a body, and they moved alon.g
the observer's visual rays as though along rails guiding them toward
the eyes. During this motion they contracted in order to be able to
enter the pupil. The contraction no longer copstituted a serious
obstacle because Ibn al-I-Iaitham's mechanism had provided a sort
of justification for it.

In other ~'ords, an effort ,"~as made to combine the classical YVitll
the new. The merger was a monstrosity, with vvhich the philosophers
and mathematicians of tIlt' later ~1iddle Ages tried to reason when
confroIltcc! by 0I)tica] problerrls.

34. l~lle outcorne is revealed to us in a highly interesting and
significaIlt way by the attitllde those scientists toward eyeglasses.
These mJall disks, vvh:ch lik.c tIle comrrlon lentil vvere thic,ker in
the middle~ begal1 to l)c used ill the thirteenth CC11tury to correct
F~resbyopia. "rith. th.cir polished and transparent surfaces, ,
possessed tIle TI1)'gteriou.s po\ver of making old people see well at
close raxlge after fla:ving lost that ability with advancing age. rI'lley
may have been trl\rentcrl acciflentally by a glasRworker vvho \V2S

fash.iuIl;t"ig disks for a.notl1cr purpose~ Perhaps 11e was an elderly
artisar.. wh.n, vvhile tcsliD.g disks b)r looking througl\ them, noticed.
that he sa',!\' the figu:res of r!earby ol)jects as clearly as in his yOllth.

V\Then the inve~ntion was made known to the philosophers, it
"'was eXatni11cd. by t:he sta~ndard;:: of the prevailing theories and de..
cisivel)T rt~iected" a:ny 'lerdict have beel) reached? Eye
glasses 'vere transpa.rent} to be ~Flre, l1ut they catlsed refraction a:ncl
deformation. vVhether the analysis operated witll visllal rays or
species, obviously be: regarded only as a disttlrbing
factor. For it \vas xlcitheT 'nor sensible to b''.:'I1tl the rays tllat
came Ollt of the {~ye for the of exploring the external world,
and thereby Inake their task ha:~."cier and perhaps falsify the result.
Nor "vas it logical or s~;rtsit}le deform and thereby disttlrb the
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species while they were hastening to\vard the eye with the intentioIl
of bringing it the forms and colors of outside bodies.

The decision was cO'llched in a more practical and experimental
form, but it was just as final and unappealable: the aim of v'isioll
is to k.nO~7 tile truth; eyeglasses make figures look bigger or smaller
than they would be seen with the naked eye, nearer or farther away,
at times distorted, inverted, or colored; hence they do not make the
truth known; they deceive and are not to be used for serious
purposes~

Today this judgmeIlt elicits a smile, but at that time effective
arguments against it COllld 110t be discovered. In fact the entire
philosophical and scientific. world disregarded eyeglasses. That the}~

were not abandoned and forgotten is due to the ignorance and
initiative of modest craftsmen, whose minds were not preoccupied
with the reasons for things and with theories. Tllese men found
eyeglasses to be a useful device, constructed them, applied them, and
made a living from them. rr'o detect any change in the sit\lation, lAte

must corrlC all tlle way down to the seventeerlth ceIltury..

35. In the meantin1e the study of optics developed, but ill the
absence of the key to the :.:.rlechanism of vision the advances \vere
ratller slight. There were two directions in which noteworthy gaills
were made, the nlathematical and the experimental.

Although operating wit.h \Tisual rays, the mathematicians of
antiquity had succeeded in formulating the lavv of reflectioll ill

geometrical tenus, applying it to imirrors both plane and c'urved'j
a:"'1d deriving interesting COllclusions from it. The Catoptrirs as....
cribed to Euclid is a little book devoted to just this topic. Bu,t, be it
noted, it floes not refer to "images" ill the sense in which. the tenn
is used today. T'he origin o,f that con.cept will be dealt with pres
cl1tly (§ 51). It had no place itl the mechanislfl of visual
rays~

Tlle investigations along these line~ \tVcre therefore pure
"1Tlathematical games" si11ce tllCY had no corlnection with experi-
mental reality. Indeed, if they llad aIry effect, it '.,\laS but to delay
the system achieved later. For instal1ce, when the reflection of rays
by a sp}\erical surface was studied, an entire hemisphere was con
sidered, nat a segment of a spl1ere. T.hat is quite r.1atural. Even today
the formulas for the area and ,tolume of a wllo1e sphere (or helni·..
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sphere) are k.nown and remembered by many, while few recall
those pertaining to a spherical segment. Moreover, the behavior
of rays on a hemisphere lent itself to very simple and COllclusive
demonstrations, whereas it would have been very difficult with the
mathema,~calequipn1ent of those times to determine with the pre
cision characteristic of that science what was supposed to happen
on a segment.

36. When. a bundle of rays parallel to the principal axis (§ 145)
of a hemispherical concave mirror strikes the mirror, the reflected

AI

A'" \\.'"\.~
._.~._._._.-

C

FIo. 1. Caustic formed by reflection FIG. 2. Reflection in a concave
mirror: two special cases

rays envelop a caust£c (Fig. 1), which is a surface of revolution with
a cusp Fan the axis at the midpoint of the radius. Today this caustic
constitutes an aberration. Then it did not, for it was the genuine
and foremost phenornenon. It is interesting to notice by what direct
and irrefutable delnonstrations the argument advanced, demon
strations that we take good care not to repeat nowadays.

Thus if in Fig. 2 the ray AI is parallel to the principal axis (:0
and incident l..\pon a point I such that the straight line Ie joiniIlg I,
the point of incidence, to C, the center of curvature of the mirror
SS, fonns an angle IG'O of 450 with the axis, then AI must be re
flected so as to be perpendicular to the axis. For the angle ATe,
being equal to the alternate interior angle le(), is 45°; hence by the
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law of reflection the angle CIR also is 45°; therefore IRe must be a
right angle. -

Again, if the ray A'l' is likewise parallel to the axis and incident
011 a point I' such that lie fonns an angle l'eO of 60° with the axis,
the reflected ray must be 1'0 and must pass through the -vertex 0
of the mirror.

Other instances of this kind, which could be treated by the
geometrical methods or the time, were analyzed too. But the' general
case leading to the defini~vecon- s
elusion Inay as well be giyen at
once. Fig. 3 .shows any ray AI' A
parallel to the principal axis of
the hemisphere. IR is the reflected
ray, and Ie is. once more the
straight line joining I, the pOiI)t 
of incidence, to C, the center of
curvature. It is evident that the
triangle IRe is always isosceles.
For the angle {UC or r is equal to
the angle Ale or i by the la\\' of
reflection; the angle ICR or i' is
equal to i be.cause they are alter- Fro. 3. ReBecti<Jn.in a concave mir-

ror: the general case .nate interior angles; hence if =' r;
therefore the perpendicular RN drawn from R to Ie always cuts Ie
midway between I and C.

We may now reverse the reasoning. IfA is a ray parallel to the axis
and incident upon a point I; if 1 is joined to C; ifat N) the midpoint
of Ie) a perpendicular is erected meeting the axis at a point R; then
the straight line joining I to R is the reHected ray. By tllis very easy
construction the reflected ray could be obtained for an}~ incident
ray. Besides l>eing thus enabled in effect to trace the section of a
caustic, these mathematicians reached the conclusion that all the
rays -reflected by the llelnisphere and corresponding to an' equal
number of incident rays in a quadrant like OS (Fig. 3) cut th~ axis
at various points between the midpoiPt of CO (the point t"in Fig. 1)
and infinity behind the mirror.

I t is obvious why tllese elementary and elegant· geometrical
demonstrations are no longer repeattd in books on optics today.
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But it is also obvious that those mathematicians, who clearly tinder..
stood how a hemisphere reflected a bundle of rays like those com-ing
from the sun or a star, could not discover any connection bet\,yeen
that phenornenon and the figure of the star which they saw when
they I00ked in a concave mirror tllrnerl toward the sky.

Judged by the style of reasoning in optics today, th~se mathe
n1aticians "Nellt completely astray.

37. TThe other direction in which studies of optical phellomena
proceeded was the investigatioll of refraction with the aim of arriv-

FIG. 4. Refraction through a glass s~)here, according to G. B. Della
l:>orta's unpublished manuscript De telescopio
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iIlg at the fonnulation of a law, an effort that continued for cen
turies without accomplishing anything. The earliest description of
a refraction' experiment occurs in the Catoptrics attributed to Euclid.
Claudius Ptolemy proposed a complicated equation, which served
no useful purpose. Many experiments continued to be performed,
but did not succeed in finding the clue to the intricate puzzle.

In general these experiments consisted of passing a beam of
sunlight through an opening so that it fell obliquely on the surface
of water contained in a glass vessel, thus permitting observation of
what happened' at the bottom. Here something very complicated
,vas seen. Besides a spot nearly elliptical in form (the beam emerging
from the aperture being sensibly conical) reddish and bluish colors'
appeared. At that time ideas about color were somewhat vague.

Then refraction at a curved surface began to be studied, with
attention naturally turned first to the whole sphere. Sensibly paral
lel ~ays, like those obtained by filtering a beam of sunlight through
an opaque screen perforated by some holes, were projected on a
sphere (Fig. 4). These experimel1ts followed the lines of the mathe
Inatical results previollsly obtained for hemispherical mirrors. Once
more the conclusion was that parallel rays which entered a glass
sphere, on emerging from it, intersected its axis at many different
poi.nts. The hen1.isphere also was analyzed, and the outcome was
th.e same.

Again, as in the case of spherical mirrors, no link could be found
between the path of ta~e rays studied in this way and the figures seen
by looking through the sphere.

38. The scientists who experirnented with whole spheres and
hemispheres of course took good care not to do so with e)reglasses.
It would 11ave been foolish to complicate things with segments when
simple spheres yielded no results. Accordingly, eyeglasses went on
living exclusively in artisan circles. There the additional invention
was made of correcting myopia with lenses that had concave, in
stead of convex, surfaces. When this was done is not known, nor
by wllom.

We have seen in essence what the state of optical knowledge was
at the end of the sixteenth century. The field was marked by the
greatest confusion, despite the earnest philosophical and experi-
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mental effort of two thousand years. The fundamental cause was the
lack of a theory of vision, without which optics could not orgflnize
itself and go forward. .

39. To show how difficult it was under those conditions to
describe even the most elementaty experiments (for us today this is
a highly useful exhibit) I s:P~ll Q!10te a passa'ge from Giovanni
Battista Della -Porta's little "work On'Refraction. In this book, which
is of vety considerable historical imPortance, he put the following
heading over a proposition:. HAn object seen perpendicularly within
a medium denser than air ~nters unpent; but if seen obliquely, it
deviates from the perpendicluar~" He 'is ,referring in par~icu1ar to a
body i111mersed in wat~r. According to his statemen~, things should
go like this: if the eye looks at an (;bject irtthe. water along a line
perpendicular to the surface., the object leaps out Without geviating
and enters the eye; if this, on the other hand, looks' along an oblique
line, the object leaps out but deviates from the Perpendicul:-,s' in
order once more to enter the eye.

l"his is undoubtedly a very strange way to depict the process of
refraction at the surface of water. Obviously 'Della 'Porta did not
mean that the object literally came out of the water, but he did not
know what else to say instead. '

40. The clumsiness of his tenninology, which unmistakably be
trayed the confusion and defectiveness of his ~oncepts, may be
further illustrated by another proposition. This-~iswOrth citing for
the purpose of accustoming the reader to be critical of expressions

,/' used even today without adequate attention to the meaning ofJhe
words. .

The proposition reads as follows: "When the'refracted image of
an abject meets the eye, it is not seen in its place." Now the situation
is no longer what it was in the proposition quoted above in § "39.
\Vhat moves toward the eye this time is the image (not iIi the
modem sense, but rather a likeness or species). Therefore the object
remains in place. Yet matters are still far from clear. This image
~oves toward the, eye and of course enters it. Where is it seen?
Inside the eye? ,According to Della Porta's explanation later, he
means that it cannot be seen where the object j's. This agrees with



THE BASIS OF SEVENTEENTH-CENTURY OPTICS 39

everyday experience. But, as is evident, Della Porta. does not kno\\'
how to say all these things, shnple as they may be. The reader may
well imagine, without Ileeding to inspect further sa'mples, what
sort of verbiage spills out when Della Porta goes on to talk abotlt
slightly more complicated optical phenomena. But the study of
these herculean efforti on the part of an observer who tries to look
without theoretical preconceptions at what he sees makes the power
of those preconceptions manifest.

Yet in the sixteenth century a level was attained marking the
commence~ent of a new and extraordinarily productive p~tiod,
when that seventeenth-century optics was created to which J have
already referred so often.

41. I t8 beginnings are found in. two short discussions by Fran..
cesco Maurolico of Messina. rI"he lint was finished before he was
thirty, the second not until he was sixty; a dozen years later ~~

raised additional questions in an appendix. Yet despite their iIll
mense value, these. writings were not printed until a generation
after his death in 1~75. His books in several other fields were readily
published in his lifetime and widely sold. Perhaps he was too far
ahea.d of his contemporaries in optics. How much that science)s
progress was retarded through the limited circulation of Maurolico's
thought in manuscript instead ofprinted form is difficult to estimate.

To him we owe (at least so far as I am aware) the idea that rays
emanate in all directions from every point on a body. This is. a
basic concept,. by no means obvious and self-evident. It perfects, or

')

so to say, purifies the masterly and invaluable teac~ing of Ibn
al-Haitham (§ 29), according to which every body must be re
garded as consisting of an infinite number of point elements,. each
emitting little images of itself in all directions. The trajectories-of
these images are the rays. Therefore innu~erable rays leave every
point on a body in all directions.

Prior tC5 Maurolico, Western mathematicians did not reason in
this way. Partly on account of a natural tendency (even now it is
very hard to perSuade pupils at school to apply the point-by-point
analysis to objects instead of viewing them as a whole) and partly·
on account of ~he influence of ancient Greco-Roman philosophy,
Westerners were attracted to the comple..x and complete species. It
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'may not be without significance that ~1aurolico,born at Messina in
1494, was the son of an Oriental physician whose family had fled
from Constantinople to escape the Turkish invasion.

TllUS there now begiIls to be talk about geometrical rays leaving
the points of self-luminous or illuminated bodies. These are rays of
lumen. Maurolico's brief book contains some other interesting

.FIG. 5. Maurolico's diagram illustrating the convergence of rays reflected
by a concave mirror

features, which are barely outlined. He draws a diagram, for exam
ple, to illustrate a concave mirror reflecting two rays which con
verge at a point (Fig. 5). This is a startling innovation, when com
pared with the beliefs of his time about the behavior of spherical
mirrors.

42. Maurolico was, however, an isolated pioneer who was not
understood. His activity was like a preliminary breaking of ground
to prepare for an enduring edifice. The builder of this structure,
which raised all of optics to a higher level, was JoJt:1.nnes Kepler.
In 1604 he publislled a Supplement to J1l itelo (Ad ~"itellionem para-
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t

lipomena), but it was a supplerIlent that made his Ined.ieval predeces
sor a forgotten man. The ideas contained in the .Supplernent pro~,;-ide

the basis for seventeeIlth-century optics. B)T reason of their im
portance to us, they will be scrutinized with special care.

Taking his cue from the \vritings of Della Porta ,I ag he explicitly
admits, Kepler proposes to find the key to the IIlechanisITl of visiol1, .

FIG. 6. Kepler's diagram illustrating the concentration of refracted rays
near the cusp of the caustic '

His thinking proceeds as follows .. External' bodies consist of aggre
gates of points. Each point emits in all directions rectilinear rays
that are infinitely extended, unless they meet an obstacle. Con
sidered by itself, a point is like a radiant star. If there is an eye in
front of this point-star, all the rays that enter the eye will form a

"l
cone lraving; the star as vertex and the pupil as base..These rays,
refracted by the cornea and internal parts of ttle eye, go on to make
a new cone whose base is again the pupil but whose vertex is a
point on: 'the retina.
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Kepler arrives at this fundamental conclusion by studying
refraction in a sphere 0.1 water according to an equation of the type

: = k
r

where i is the aIlgle of incidence, r is the angle of refraction, and k
is a COllstant. He regards the formula as valid for angles not greater
than 30°, and for the value of k he takes 4/3 in the case of water.
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FIG. 7. Kepler's diaphragm

In describing the behavior of the sphere of water, he introduces
another extrelnely important innovation. When a cone of rays is
incident upon the sphere, the emergent rays cut the axis at many
different points, to be sure. But if we observe the emerging group,
in the cusp of the caustic we see a concentration of rays passing
virtually through a point, whereas t}le others are rather far away
(Fig. 6). Therefore, instead of allowing the whole sphere to function,
we may "limit it to a part by means of a very narrow diaphragm
(Fig. 7). In this way, if a cone of rays h: incident upon a segment of
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the sphere, the corresponding group of emergent rays will form a
cone with a point vertex.

4S. This was the first time that the function of the pupil was
interpreted correctly. Before then almost everybody had stumbled
over- the problem of making the speci,s enter such a small aperture,
and had thought that everything would be so much simpler and
easier if only the pupil were bigger. Ibn al-Haitham also was aware
of the difficulty ~ue to the dimensions of the pupil. In his case, too
many images emitted by the same point object entered the pupil,
and so he went searching for a sieve in the mechanism 'of refraction
(§ 30). Thereafter nobody took up the question again until Kepler.
He discovered a new and very important service of the pupil: it is a
diaphragm. It delimim a portion of the eyeball and cuts off the
disturbing peripheral rays that do not unite to form the refracted
cone.

Kepler thus established that the rays emitted in a cone by a
point object, after entering the pupil, reconverge at a point on the
retina. That is where the stimulation of the sensorium OCClln, and
where the signals originate that are transmitted to the brain and
mind. It then becomes the mind's duty to represent the" received
signals by creating a figure having the form of a point or luminous
star, and to locate it where the object is.

44. This last question is examined by Kepler with trulyextra
ordinary acumen. In order to locate the luminous star, the eye must
be able1:o determine the position of the point object in space. The
direction of the rays arriving at the cornea from the point object is
linked to the pos~tionof the retinal point which receives the stimula
tion. For if that direction changes, the stimulated point changes too.
Hence the mind has a way of identifying the direction in which the
point object must "lie. But the object's distance fro1n the eye has to
be ascertained also.'

The solution of this difficult problem is found by Kepler in the
cone of rays that has the point objec:t as its vertex and -the pupil as
its base. He co~ the term "distance-measuring triangle'" for the
triangle that has its vertex in th~ object point S and its base in a
diameter of the pupU (Fig. -S). In other words, he ~umes that the
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eye is able to perceive the divergence of the rays forrriing the two
long sides of this triangle. His conclusion is that the mind locates
the luminous point at the vertex of the cone of rays reaching the
cornea, or, what amounts to the same thing, that the luminous
point is seen at that vertex.

For an extended object, the foregoing reaso~ing is repeated
point by point, so that on the retina there is a figure resembling the
object in all respects. The observer's mind, infonned by the signals
reaching it along the optic nerve, reconstructs the external figure
point by point, "and locates it at the distance and in the direction
indicated by the distance..measurii!g or telemetric triangles of the

FIG. 8. Kepler's telemetric triangle

individual points. In short, the figure seen is the external projection
of the figure intercepted on the retina.

In these rules may be recogniz~d the foundations of modern
geometrical optics. \

45. Kepler applies them at once in an astounding manner. He
explains how the figures of objects, in front of a plane mirror are

.seen. For the first time this familiar yet mysterious phenomenon is
exhaustively elucidated. His analysis has been reproduced in the
opening pages of all the books on optics in the past three and a half
centuries.

The rays emitted by a point object S are reflected by the mirror
MM' so as to form a cone with its vertex at a point I, symmetrical to
S with respect to the mirror (Fig. 9). When the reflected rays reach
the eye, the mind utilizes the telemetric triangle and locates the
luminous point or star in the symmetrical point. For an extended
object this reasoning is repeated point by point, leading to the Con
clusion that the figure reconstructed by the mind and located
behind the mirror is not congruent with the object, but symmetrical
to it with resp~ct to the reflecting plane.
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Flo. 9. Image of a point in a plane mirror, as explained by Kepler

After so many centuries of bafflement and confusion Kepler's
explanation seems simply marvelous.

46. When he experiments with transparent spheres, Kepler
finds that all goes well, i.e., in close conformity with his theory, if
the pencils of rays are intercepted on a screen. But if they are re
ceived directly by the eye, what is seen does not submit to a simple,
uniform generalization. He attaches so much importance to this
difference of behavior that he suggests two different names. The
figures intercepted on a scr~en are to be called "pictures," while
those seen directly by the eye when it looks at mirrors, prisms, and
lens~s will be termed "images of things." This is a distinction of
great value, wllich has never been appreciated as much as it de
served. We shall soon have occasion to return to it (§ 51).

We have. now reviewed the main features of Kepler's first
masterpiece. Seven years later another morilentous contribution
was to follow. For in his Supplement to W£telo Kepler does not deal
with lenses. He mentions them briefly. "in one passage where he
explains how they correct presbyopia and myopia. In this connec
tion he points out that the function of eyeglasses is to vary the con..



46 OPrICS, THE SCIENCE OP VISION

vergence or divergellce of pencils of rays so as to put directly on the
retina the vertices of the cones refracted by the cornea. But that is
all, for the present.

47. In that same year, 1604, a Dutch maker of eyeglasses began
to produce telescopes with a diverging eyepiece. These were copies
of an Italian model of 1590 that had been brought to Holland.
Among the learned the inven~nmet the same distrust as had been
customary with regard to lenses in general for over three centuries.

The telescope ·thus remained in the hands of glassworkers, an
uninteresting device, feeble in effect, condemned in philosophy,
uncomprehended in practice. But this time the period of noncom
prehension ~ted only five"yean. In t 609 Galileo heard about the
instrument, made one for himself, and understood its enonnous
importance for science. That was the dawn of a new scientific era.

Imbued with a new faith that what he saw in the telescope was
true, even if nearer or farther away, bigger or smaller, than what
was seen with the nak-ed eye, Galileo made his celebrated astronomi
cal observations. Of these the most sensational and revolutionary
was the discovery of Jupiter's satellites. He promptly published his
findings in March, 1610, in a remarkable little book entitled the
Sider,al.M,ssage. The entire academic world reacted violently, with
one' voice accusing Galileo of extolling as real discoveries figures
seen only with the telescope, a notoriously misleading and un
trustworthy contraption.

A controversy of colossal proportions broke out. On one side
stood Galileo, alone but unshakable in his faith and conviction; on
the other side, all of conventional science, permeated by skepticism
and a spirit of negative criticism.

48. Questioned from all sides, Kepler kept quiet, for he too was
perplexed. Finally in August, 1610, he laid hands. on a telescope

. made by G~ileo,who had sent it to the Elector ,of Cologne. Kepler
c~riedout observations with the mental disposition of a man intent
On d¢stroying, but he ended up agreeing that Galiloo 'Yt'as right.

Kepler was thus the second scientist filled with Galileo's faith in
the;~elescope. The rest of the scientific world was still hostile and
distrustful. But victory was now assured.
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Lenses were about to make a dramatic entrance on the atap,of,·
science, and would very soon become a topic of cUrrent and gener~'.:~.:

interest. Kepler was the first to concern himself with them. In.•-~.;

matter of weeks he worked out the theory and printed .it in his'·'
Dioptrics of January, 1611. He could do so because he had at his
disposal the foundations of the new optics, which he had publiahed
seven yean before. Af~ more than three centuries of empirical life
among the artisans and under the ban of science, lenses acquired a
mathematical th~ and b~ame scientific instruments.

This was one of the most momentous and catastrophic revolu
tions recorded in the history of science. It is really amazing that so
stupendous an event is practically unknown. For it meant the
establishment of a new faith, which radically altered the attitude
of the scientist and reeearch worker toward observational instru
mentS. WFormerly the skeptic was unwilling to look through them
from fear of being deluded by appearances. Now the insatiable
investigator pushes a device's potentialities to the limit, seeking to
obtain from it infoimation) even fragmentary and deceptive infor.
mation, about the macrocosm and microcosm.

This change of attitude opened a boundless horizon to scientific
research and ·progress.

49. The revolution of 1610 shattered classical optics, causing it
to vanish entirely from view. Today it is so completely unknown
that anyone who proposes to read a work on optics earlier than
1600 must first'make a special study like a student preparing to
peruse a book on an unfamiliar science. Yet the transition from the
classical to the new optics was not immediate. So profound a
change not only in the customary canons of reasoning but even
more in intellectual outlook could not occur from one day to the
next. On the contrary, it was necessary to wait for the mature to
pass away .an~ be eliminated by the~inexorable law of -nature, and
for young minds to be shaped in the new direction.

In fa~t, some years after the appearance of the Dioptrics those
who undentood its contents were very few. Half a century later,
when its ideas and hypotheses no longer bact any riva1s(the sJlleils
having disappeared from scientific discussions of optical subjects)
they were still regarded with considerable resetve.But as one gen-
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el"ation followed another, Kepler's concepts succeeded in acquiring
unchallenged standing, and in the course of time a standing even
higher than they really' deserved.

It became a fundamental and undisputed rule that every point
on a body emitted an infinite number of rays in all directions, and

Flo. 10. Divergent and cOJlvergent cone& of rays in Kepler's Dioptrics

that the divergent cones of rays which impinged upon a lens were
transfonned into convergent cones with their vertices so arranged
that taken together they reconstituted a figure similar .to the object
(Fig. 10). Even now nobody would dare to question this rule, had it
not been made clear that the model of "light" consisting of rays was
ina~equate.Apart from t~s reservation, which may be eliminated
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by hypothesis as in geometrical optics, Kepler's reasoning is re
garded as an unalterable foundation.

50. The success of Kepler's doctrine was abnormally great
because it found an extremely favorable reception in the dominant
philosophical movement of the seventeenth century. At that time,
as was remarked in § 14, a current of empiricism set in which ran
ever stronger and stronger to the point of exaggeration, and as a
result there was also a fierce reaction against the general tendency
of medieval thought. It was an age when anyone with a suitable
argument at his disposal shouted from the housetops .a boast of
having proved that "the Masters had erred.)) Everybody ap
plauded him and said he was right. Sometimes he was wrong.

In the field of our interest the impression prevailed that after
centuri~s of atrophied theory, the truth had been discovered. As a
matter'" of fact things went wonderfully well in optics as compared
with what had gone before. In any system of thought those "species
flying through the airH were a rather obj~ctionable feature. Now,
on the contrary, the basis of the reasoning V{~S a simple geometrical
mechanism in marvelous agreement with experience.

Equally marvelous were lenses, which more and more every day
extended the possibilities of research in the heavens and in practical
applications here below. Then there w,as also microscopy, which
further contributed to increased admiration for the triumphs of
optics. And, be it noted, the microscopy of the seventeenth and .
eighteenth centuries was carried out mainly with simple micro
scope~ that is, single lenses. The followers of the new faith in direct
vision and in vision with lenses could rightly reproach their medieval
predecessors (and also the ancients, who already had the concave
mirror, an~ther form of the simple mieroscope) for having by their
skepticism and ignorance deprived humanity of so many centuries
of applied microscopy. .

-51. In this frame of mind -scientists--could not fail to extend an
enthusiastic welcome to so useful a model of lumen,' amenable as it
was to the application of geometrical propOsitions that had been
fully developed for centuries. In fact, the entire attention of students
of optical matters was,concentrated on that model.
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On the other hand, Kepler's rule of the telemetric triangle, ac
cording to wl\ich the eye had to see every luminous point at the
vertex of the cone of rays reaching the cornea, sanctioned a .lack of
interest in the nlechanism of visioll. This consisted essentially, SO

far as its physical aspect was concerned, of the eye's capacity to
measure the small angle in the telemetric triangle, and to determine
th.e direction of that triangle's axis. Th~ adoption of Kepler's tel,
metric trianglt, therefore, permitted the physiolog£co-psychological asfJecu 01 .
visWn to be ignored•.

Nothing could have been more agreeable to the philosophen
and scientists of the seventeenth and, above all, of the eighteenth
century. The incorporation of Kepler's rule in the empiricism of
the time was responsible for the disappearance of two fundamental
distinctions, that between lumen and lux) and that between uimagea
of things" and "pictures."

Lumen and lux were merged in "light" (§ 16). "Images of
things" and "pictures" were combined in the concept of the 'Optical
"image." ~here now arose the purely fonnal distinction between
real image and virtual image. The intimate relationship, on the one
hand, between real images and "pictures" and, on the other hand,
between virtual images and Kepler's "images of thingsU is obvious.
The former pair are both intercepted on a screen. The latter pair
are both seen (or rather, are said to be seen) at the vertices of cones
of rays reaching the eye, when those vertices are on backward pro
longations of the rays reaching the eye. Apart from the fact that
there are also "images of things" which today are called real images
(we shall discuss that subject fully in Chapter IV below) it should
be made quite clear that these two things were sharply distinguish~

by Kepler with his wonderful insight. He counseled ignoring the
figures seen when the rays are admitted directly into the eyes, and
urged concentrating attention on the "pictures" instead. To have
deemed this distinction useless and to have eliminated it was con
sidered c'progress" by the successors of the pioneer who found the
key to th~ mechanism of vision.

52. We must recognize that the course of events was also beat
suited. to bring most effective support to this behavior by the stu
dents of optics. For once thought was centered on the lumen of old,



THE BASIS OF SEVENTEENrH.CENTURY OPTICS 5t

the subject proved to be so fascinating that it attracted to its orbit
the most eminent and most famous scientists of the seventeenth
century.

When the problem of determining the physical nature, of lumen
was tackled, Ibn al-Haitham's hypothesis of a corpuscular struc
ture encountered serious difficulties, since it conflicted with com
mon sense in not a few typical phenomena of light. A stream of
students, probably composed of many) not always brilliant, school
masters and as such convinced Peripateti~s who have remained
anonymous, revived those vague expressions with which Aristotle .
had barely adumbrated a theory of vision and, being guided most of
all by the analogy with sound, little by' little worked out a wave
structure oflumen. Thus arose that profound wave-corpuscle dualism
which is not yet resolved.

Two events concurred to re-enforce the position of the new
enthusiasts for optics regarded as a part of physics. Reasoning with a
lumen consi~ting of projectiles, Descartes in 1637 published the pre
cise law of refraction (which had, however, been grasped previously
by Snell). Thus another puzzle tw'o thousand years old was solved
in the new theoretical climate.

53. The other event concerned color. Kepler had avoided talk
ing abeut it. According to the opinion prevailing in the first half
of the" seventeen~h cen~, light was white and colorless. Sunlight
was pure and perfect. When it impinged upon bodies, it besmirched
itself, so to say, and came away'indued with color.

But when this operation was subjected to experimental control,
a mass of co~tradictionsand inconsistencies ensued. Light falling on
a sheet of red paper came away red. But when it was incident upon
red glass, why did it become red if it oassecl beyond the glass but
remain white if reflected back? And why did white sunlight, trans
mitted through a priIm of the clearest glass or purest water, emerge
spread out in strips of various colors?

1 This spelling with a aingle "I" is not a misprint. For the correct form of the
Dutch surname, and the reason ,?r the common mistake concerning it, see p. xiii
of Till AP/6eciGtio" of Anrimt tmd MMlUtNJl Science During the Renaissance (University
of Pennsylvania Press, 1955) by George Sarton, whose recent death o~ March 22,
t 956 was an irreparable lOIS to the history of science.
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Innumerable mysteries of this sort were encountered in the end
less experiments performed on the subject. One of the most ill
scrutable of all these enigmas was the coloration of thin plates. Why
did a fine layer of a white substance like soapy water become tinged
with so many different colors when illuminated by pure 'sunlight?
Soap bubbles readily showed this phenomenon. A related fact
was observed when two flat plates of highly polished glass were
brought into contact with each other. .

After Descartes took the first step toward the solution of this
intricate question, a decisive clarification was contributed by
Francesco Maria Grimaldi. By a most beautiful demonstration he
reached the conclusion that "color was not located on bodies, ~s

was generally believed, but was a modification of the structure of
lumen." He also suggested conceiving color as due to a vibratiort
transverse to the trajectory of the rays of light.

This was another stride on the road to the establishment of
optics as a part of physics. Color, on which the old-fashioned phi
losophers still held a tenacious mortgage by defying anybody to
deny its absolutely subjective character, now became a "modifica
tion of lumen" and tllerefore passed over into the physical world.

54. Grimaldi reported the discovery of a new property of
light, which, however, he did not succeed In explailling. It
was a new property, but also a new mystery, which he called
diffraction. He observoo that when lumen passes through small
holes or slits, and ,..vhen it grazes narrow obstructions like needles
and hairs, it gives rise to a number of strange phenomena, mani
fested as lighter or darker and also colored fringes, where least
expected.

At the same time another puzzle came along to intensify the
interest of physicists ill the nature of lumen. The la.w of refraction
had been enunciated; its validity and universality were further
confinned every day by new measurements. But in accounting for
it physically, a multitudf; of obstacles was encountered that no one
would have anticipated. One fine day a n~turalist Ilamed Rasmus
Bartholin discovered a crysta called "Iceland spar," which ex
hibits a special refraction. To an incident ray, two refracted rays
correspond, one of which obeys the ordinary law of refraction
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strictly, while the other pursues an entirely different path and under
certain conditions even disappears.

The very simple and classical phenomenon of reflection l~ewise

presented its own puzzles. Transparent surfaces, like those 'of glass
and water, also reflect a small percentage of the incident lumen.
Why? Nobody succeeded in finding a plausible explanation of this
curious effect. If lumen is allowed to fallon a glass plate having plane
surfaces, reflection is observed to occur equally at the surface of
incidence and the surface of emergence. In the former case, it
occurs at the glass and within the air; in the latter case, at the air and
within the glass. In the fonner case it is possible to discover a reason
in the fact that, glass being 'denser than air, a part of the lumen finds
it difficult to penetrate within and therefore returns to the air. But
in the latter case the difference in density is the reverse of the situa
tion in the former case.

Then in the latter case air was replaced by water, which is much
denser than air. The result was exactly the opposite of what was
foreseen. The beam reflected by the water into the glass is almost
imperceptible, being much weaker than when in place of water
there was air. This was another mystery.

55. By conceiving a lumen of rectilinear rays Kepler had opened
the door to a series of puzzles. The "natural philosophers," who
had undertaken to investigate the laws of the physical universe,
were called upon to answer elnbarrassing questions that grew more
numerous from day to day.

It is no wonder that in the face of Stich a situation the problem of
v-ision, now regarded as sol"ed, nO longer aroused any interest.
When Isaac Newton, by applyin'g the conception of gravitation to
the particles constitu,ting' lumen, not only explained reflection and
refraction but also discovered dispersion, he reduced raL~er than
increased the number of mysteries. Hence it is no wonder that from
all (or almost all) sides a sigh of relief was breathed, and Newton's
work was hailed as one of the masterpieces of science.

Although" he succeeded in establishing a correspondence be
tween the colors of the spectrum and the masses of the corpuscles
constituting lumen, Newton was quite explicit and precise about the
subjective nau.lre of color:
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The homogeneallight and rays which appear red, or rather make
Objects appear so, I call rubrifick or red-making; those which make
Objects appear yellow, green, blue and violet, I call yellow-making,
green-making, blue-making, violet-making, and so of the reate

He clearly indicates that if at any time he speaks of light and rays as
colored, he must be understood to be speaking "not philosophically
and properly, but grossly." "For the rays to speak properly are not
coloured. In them there is nothing else than a certain power and
disposition to stir' up a sensation of this or that colour," just as it is
the trembling motion of a bell or musical string that makes us hear
sound.

Although Newton was so outspoken (and he made these state
ments in 1704, when he published his Opticks) his followers disre
garded his formulation. For them color lost all its subjective charac
ter and became a purely physical quality of ·"light." They forgot
that when ~heir nlaster called rays "red/' he meant "red-making";
and they convinced the entire world that he had proved the rays
were red.

56. Light, color, and images thereby all became physical en
tities. To the observer no other function remained than to act as
a receiver and apply the rule of the telemetric triangle. It is possible
that the observer may sometimes err in applying the rule or, in
general, in exercising his receptive faculties. That is no concern of
the physicists. For if the observer errs because he is distracted, so
much the worse for him. Let him be· more attentive and keep a
sharp lookout. If he errs because his organism is defective at some
physiological or psychological stage, that too does not interest the
physicists, for they must deal only with Donnal people. Let the
others seek the help of a physician or psychiatrist.

No wonder that after this change excellent experimenters like
Bouguer set themselves the task of "measuring light." Thus
photometry was born. No wonder that a century later the project of
"measuring color" was proposed, giving rise to colorimetry•

.57. The march of events down this slope was quickened by the
spread of specialization in science. Since physical, physiological, and
psychological factors enter into the visual process, it is very complex.
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At a time when the sum total of human knowledge was much smal
ler, men could deal advantageously with its entire range. To do so
required an extraordinary intellect, but more than one was found.
As experimental research evolved, however, the total gr~ so vas.t
that it is no longer humanly possible for a single individual to grasp
it all even if'he spends his whole life at the task. Thus specialization
was born, a development deprecated by many but nevertheless
unavoidable and becoming ever more widespread.

In the field of scientific optics (ifwe leave technical optics to one
side) there are clearly three divisions, to wit, physics, physiology)
and psychology. Physicists are trained, as is well known, in a mathe
matical or technical environment; physiologists, in a medical
environment; and psychologists, in a humanistic environment. The
three groups differ in their intellectual outlook, cultural back
ground, and very terminology. Optics was, therefore, bound to be
dismembered, and the mutilation was canied out in drastic fashion.
The physicists made of optics a chapter of physics. The physiologists
dedicated themselves to the study of the eye as a sense organ, with
out taking into account the nature of the luminous stimulus, and
without entering the mysterious and shadowy realm of the mind.
The psychologists devoted but little time to the study of visual
phenomena, although some experimental investigations were carried
out.

On the physical front, problems ofgreat importance and general
interest were tackled by first-rate scientists who achieved wonders.
But on the physiological front, after the magnificent victory over the
mechanism of vision) enthusiasm slackened and the results of re
search lost their universal appeal as they were directed toward the
pathological rather than toward the physiological sector proper.
On ..the psychological front, the contribution was modest, as has
already been mentioned.

Inevitably, the physical approach took over the leadership, the
physiologi~al declined sharply, and the psychological was almost
completely forgotten. In short, the accepted outcome was that
optics was a chapter of physics. If anyone dared to suggest that
~ologicalelements formed part of optics, he ~s deemed to be
litde more·than a philosophical dreamer searching for paradoxes
a¥ aDOmalies.
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58. As presented at this time, optics was put together in the fol
lowing way. Material bodies were aggregates of points or pointlike
elements. From -every element on the surface of these bodies recti
linear rays were emitted in all directions. Or rather, these rays were
rectilinear so long as they traveled in a homogeneo~s medium. For
if 'its index of refraction changed either abruptly or gradually, the
direction, of the" rays also changed in accordance with the laws of
reflection and refraction. Both these laws were subsumed under Fer
mat's principle that "the optical path fn tis between any two points
of a ray is a minimum or a maximum."

When the change of direction occurred abruptly, reference was
made to a reflecting or refracting "surface," and the reflection or
refraction at this surface was investigated~ The inquiry proceeded
step by step, starting with a plane surface and then going on to a
spherical surface, convex or concave. The examination of reflection
generally stopped at this point and only rarely went on tp analyze
what happened when the rays were reflected by a second ~ace
after having been reflected by a first, and then by a third, and so on.

In the case of refraction, transmission through a plane surface
was studied. Then after a discussion of total reflection, the behavior
of a plate With plane parallel faces was scrutinized, as well as that
of a plate with plane but not parallel faces, namely, a prism. This
involved tracing refraction through two successive plane surfaces.
Thereafter refraction at a single splierical surface was determined,
followed by that through two spherical surfaces, or lenses, and
finally through systems of lenses and optical instruments~

59. This whole investigation in the nineteenth century pro
ceeded essentially along geometrical lines.

In the study of the plane mirror a conventionallitde demonstra
tion was regularly repeated in all the texts of whatever level. From
a point S, rays are projected ~n a mirror MM' (Fig. 11) and are
thrown back in accordance with the law of reflection. The reflected
pencil is dAvergent. But if each reflected ray is prolonged backward,
it must pass through a point I, which is symmetrical to S with respect
to the plane of the mirror. Therefore, the bundle of reflected rays
forms a cone with its vertex at I. The point I found in this way was
termed the image of the point object S; and since I was the point



THE BASIS OF SEVENTEENTH-CENTURY OPTICS 57

where the real rays intersected when prolonged backward, it was described
as a virtual image.

With regard to curved' mirrors, it was shown that if the mirror
had a small angular aperture, and a pencil of rays coming from a
point ..f) struck the ~irror at angles of incidence differing little from

FIG. 11. \'irtual image of a point object reflected in a plane mirror

FIG. 12. Real image of a point object reftected. in a concave mirror

the perpendiculars at the various points of incidence, the reflected
rays again formed a cone with its vertex at a point I. The formation
,vas not absolute and exact, however; but the approximation was
closer, the smaller the mirror's angular aperture and the rays' angles
of inclination.

Two cases could be distinguished. The pencil reflected by the
mirror might be convergent~ and then the point I was found on the
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reflected rays (Fig:.t2). But tne pencil might be divergent, and then
the rays had to be prolonged backward behind tlie mirror in order
to locate the point I (Fig. 13). In both cases the point I was named
the image of the point object S. In the latter case, by obvious analogy
with what happened in the plane mirror, the image was called
virtual; in the former case, real.

Naturally, when the object consisted not of a single point S, but
of an extended body, the foregoing reasoning was repeated point
by point for every part of its surface that emitted rays. Thus point

FIG. 13. Virtual image of a point object reflected in a concave mirror

by point its image was reconstructed. This might be real or virtual
or also partly real and partly virtual.

60. These ideas were repea~ed without substantial variation in
the treatment of refraction at one or more surfaces. In general, how
ever, little study was given to the images produced by a lingle
transparent surface, plane or spherical, and by a plate, whether with
plane parallel faces or prismatic. Instead attention was concen
trated on the behavior of lenses, which like curved mirrors yielded
real and virtual images. In this connection Gauss's equation be
came classical:

1 1 1
x+x'=]

wh~re x is the distance from the object to the mirror (or thin lens),
x' is the distance from the image to the mirror (or thin lens), and
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f is a constant depending on the mirror (or thin lens) and given by
the expression

1 2
7:&'

in the case 9£ the mirror, and

1 (1 1)- == (n - 1) - - -
f '1 '2

in the case of the thin lens.
There is no need to go into detail about matters familiar to all

s~dents of optics. In this direction the investigation attained re
markable precision arid universality by fonnulating the concepts of
object-space and irntlge-space, and by showing in the most general
manner that between the points of these spaces a one-to-one corre
spondence existed that was definabie as a homography. Gauss's
equations were the expression of this correspondence.

On these foundations the elementary theory of optical instru
ments was constructed. These instruments were optical systems
capable of yielding real or virtual images. The most characteristic,
like the telescope and microscope, gave virtual images. Others, like
the camera and projector, furnished real images. Most of the known
optical instr~entswere derived from these types.

61. For the purpose of improving the performance of these in
struments, investigations were undertaken to maximize the effective
aperture of the optical systems. It was of course discovered that
when the aperture was increa..c;ed, the rays emerging from the opti
cal systems \\Tere not arranged in cones having their vertices in the
points of the image, whether real or virtual, but instead gave rise to
:q;tore or less complicated configurations. These were referred to as
aberrations, since the rays did not conform to the pattern required
by the simple theory.

Thus the study of lJpticai .bnratio1U began with the aim of classi
fying them, identifying their causes, and finding ways ofdiminishing
them and, if possible, eliminating thc=m. In this field too the mass
of r~archwas truly enonnoUi and also highly beneficial.

The fundamental concept was the following. When the rays
emitted by a point object and deviated by an optical system pa.
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through a point, the image is perfect. Otherwise it is defective, with
the defect ~omingworse, the greater the aberration of the tays or
their deviation from the dirt+tion they should have t~ give a perfect
image. , .

Hence algebraic and trigonometric procedures an4 rules were
worked out for ascertaining how to vary the geometrical charac
teristics of the optical. system so as to re4uce the aberration of the
rays. The results were by no means insignificant. ~

62. In the foundations of optics the idea that "light consists of
waves" became firmly established at the beginning of the nine
teenth century. The marvelous fecundity of the wave theory, a11d
the equally marvelous precision with which it accounted both
conceptually and quantitatively for the phenomena of diffraction,
interference, and polarizatiQn filled nineteenth-century physicists
with such enthusiasm that they were convinced they had said the
last word about "the nature of light." A veritable multitu~e of
theoretical and experimental investigations ensued.

. For some decades there was a curious promiscuity of rays and
waves in the study of optical problems. The habit of using the geo
metrical model was so general that nobody thought it possible to
examine a question of optics without talking about rays, even if
later he had to end up by speaking about waves. But finally the
entire range of ~nown optical phenomena came to be expressed in
terms of waves.

The luminous object thus became a body whose surface ele
ments emitted spherical waves into the surrounding space. These
waves kept their spherical (or plane) form so long as they were
.propagated in a homogene&us medium. But at a surface of separa
tion between two media in which their velocity of propagation was
different, the waves were deformed because the wave length varied
proportionately with the velocity of propagation. The wave had to
advance one wave length for each cycle of vibration completed by
the source. Accordingly, when the wave front was traversing the .
medium with the lower velocity, it remained behind where it would
h~ve been in the medium with the higher velocity. This wave phe
nomenon explained the action of prisins and lenses.

When a divergent spherical wave emitted into the air by a point
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object S passes through a biconvex glass lens, it is deformed (Fig.
14). Its retardation is greater at/the center of the lens than at the
rim. Hence it becomes convergent, and may also be spherical with

Fla. 14. Spherical wave deformed by passing through a converging lens

its center at a point I. Here it returns to its divergent state, as if I
were a point object. Therefore I is the real image of the object S.

63. When this relation had been made clear, the rules governing
the propagation of waves through diaphragms (such as the rim of
the lens) together with the accompanying diffraction phenomena
were applied to the image I. The conclusion was that a so-called
spurious disk must be found at I. It is circular, if the rim of the lens
is circular (Fig. 15). Its linear dimensions are greater, the longer
the wave length of the radiation employed, and the smaller the
angular aperture of the wave converging at I.

M<.?re commonly, this rule was expressed independently of the
distance from the lens to the image.'For the angular magnitude of
the radius of the first dark ring of the disk, as seen from the optical
center of the lens, is given by the equation

1.22"
1'=--D

where D is the effective diameter of the lens. This result of the wave
theory of optical images underwellt considerable development in
two directions.

It became clear, in the first place, that entirely apart from any
imperfection on the practical side, the image of a point is not a
point but a disk of finite dimensions. This is usually referred to as a
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"spurious d_"j ,although actually there is nothing spurious about
it. It is always seen at the center of a spherical wave that has passed I

through a circular aperture. Since it occurs at the wave). center, it
may properly be designated a centric, a tenn not pre-empted for any
other purpose in optics. Because the centric is the perfect image of a

FlO. 15. Centric (diffraction figure at the center of curvature of a
spherical wave which·haa pused throuch a diaphragm with a circular
rim; IOmetimes caBeci "Airy apurioua dia")

point source, it was no longer pOssible to hope to obtain in the image
a reproduction of all the details of the object when the latter was of
appreciable size rather than a point source. .

.. CoD8equendy it was realized that every optical system, although
ideally perfect, had a limited capacity to reproduce in the. image
the .details of the object. For when two centrics approached each
Qtber, tIley could seem confused even if their centers were dis~ct

(Fig. 16). Thus arote' the concept .of an optical System's ,rlOlvi",
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power, measured by "Lord Rayleights criterion,tt using the equation
given above for 'Y. This amounted to saying
that tWo centrics could not be distinguished
as separate or resolved when the distance
between their centers was less than the radius
of the first dark rillg of each of them.

In the second place, it was learned that
when a wave emerging from an optical system
was not spheris;al, there was no longer a
center and therefore no centric either. In
stead there were diffraction figures. These
were more complicated, deformed, and
spread out, the more the surface of the effec
tive wave differed from a segment of a
sphere. Thus the aberrations, which had
previously been defined and studied geo
metrically, were treated as deformations of
waves. This had highly important effects on
the design of instruments. Among the most
significant may be mentioned "the rule of a
quarter of a wave length" and the resulting
definition of "optical perfection." For when
.the waves emerging from an optical system
were deformed less than X/4, the images
produced by them were diffraction figures
differing so little from perfect centrics that
they could practically be considered as such;
hence that optical system yielded the maxi
mum of which it was capable with those
dimensi9Ds.

The results attained by technical optics FlO., 16. Merging of
in this direction were of the gTeatest practical. two centriaJ U they
value. The use of interferometers to study approach each other

wave. surfaces and the characteristics of optical systems was a
decisive triumpll.

64. Apart from the advance in wave studies, optics .in the
nineteenth century made good progress also in photometry and
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colorimetry despite difficulties and complications encouDtered ~t

every step.
One group of investigations aimed at ascertaining how bodies

reflect and transmit the visual radiation. For ,the most part these
studies were successful. But serious obstacles impeded the definition
of the fundamental concepts, photometric magnitudes, and related
units. At one time only intensity was referred to, and white light;
there was photometry in white light, and heterochromatic photome
try. The "candle" ,was defined by taking a flame as a standard.
But when it came to making measurements with a little care, it was
discovered that the standard fluctuated. These measurements were
made with visual photometers, which.._required of the obserVer's
eye only a matching judgment.

When photoelectric cells and photographic methods were intro
duced, it was at once thought that it might be useful to substitute
objective apparatus for the human eye in photometric measure·
ments. Thus objective photometry was created, in contradistinction
to subjective photometry, carried out by the eye.

At first the use of objective devices was limited, on account of
their very low sensitivity. But as a result of their continuous and
remarkable improvement, they were adopted more and more
widely. The introduction of such sensitive anc:I accurate means of
detecting the visual radiation permitted photometric measurements
to be carried to a precision previously unattainable. Consequently
subjective photometry was almost completely eliminated from ex..
perimental procedure. At the same time' the ·distinction between
photometry in white light and heterochromatic photometry lost
almost all its significance, at least conceptually.

The outcome of this lo~g labor was the lorganization of the
photometric magnitudes in the following group: quantity of light,
flux, intensity, and luminance or brightness; to these, illuminance
or illumination may be added. The corresponding units of measure
ment were defined, and also the methods of measurement. These
methods are entirely objective; that is, they refer to an average eye,
whose sensitive properties have been defined by international con
vention as the average of a considerable number of actual human
eyes.
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65. In the field of colorimetry the labor lasted longer and the
organization came later. The correspondence between wave lengths
and the colors of the spectrum induced physicists to conclude that
the nature of oolor could be regarded as a problem already solved.
But in the early nineteenth century it was pointed out that there
are also nonspectral colors, not contained in the series of colors of

, the rai~bow, and that the spectral colors have innumerable shades
of varying purity.

In the course of these observations the trichromatic principle
emerged. It held that any color may be obtained by mixing in the
proper proportions three spectral (or even nonspectral) colors,
called the "primary colors." Although this principle found wide
application in the printing of colored illustrations, its development
in the scientific field was very slow. Only in recent decades did
this area too achieve an organization codified in international
agreements.

At first the three primary colors were believed to have a physio
logical justification in the structure of the retina. But no matter
how much research was done, this opinion was not confinned. On
the cOIltrary, the tendency was steadily in the direction of a ver:y
interesting generalization. The three primary colors were not
identified. It was necessary to conclude that the triad of primary
colors was arbitrary in the sense that the three colors could be
chosen at will (apart from the practicality of the choice). It was
proved that what was essential in the triad was only the number
three; that is, it was shown that colors are defined by three parame
ters, which may be the percentages of three fundamental colors,
but may also be three other entities such as luminance, dominant
wave length. and saturation.

Colorimetry accordingly undertook to represent the colors by
rneans of triads of numbers, whose sum is equal to unity. Conse
quently a pair of co-ordinates is sufficient to identify a color, since
the third number is unity minus the Slim of the first two.

In practice it had to be acknowledged that the use of visual or
subjective methods gave rise to very uncertain results. Hence ob
jective methods were devised that employ photoelectric detectors of
the radiation. The conclusiollS, however, are valid only for a con-
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ventional eye, whose sensitive and chromatic characteristics have
been defined by international agreement.

66. ~~fterwhat was said in Chapter I, it should not surprise any
body if at this point I merely mention the infrared and, ultraviolet
radiations, discovered at the beginning of the nineteenth century;
photography, established in common use about the middle of the
century;. spectroscopy, studied. by physicists for many decades; the
electromagnetic theory of radiation; investigations of the aether,
forerunners of the theory of relativity; radiation emitted by a black
body; the quantum theory; and other topics of this sort. This vast
mass of research was incorporated by many persons more or less
openly into the optics of the nineteenth and the first half of the
twentieth centuries. They did so because they had too broad a con
ception of the meaning of the term "optics," which nobody under
took to define. But, as I tried to make clear in § 20, it is not reason
able to include all that material in optics. What I shall say hereafter
will demOIlstrate even better the need for an explicit clarification of
this question..

The reader who has glanced at the foregoing succinct summary
(§§ 58-65) of the contents of optics in the past century and the first
half of the present century will surely have noticed there the funda
ulental concepts that he learned at school from the time he was first
introduced to the subject. He will have recognized there the ideas
that were presented to him as "truths," confinned, accepted, and
beyond dispute. Yet the very fact that these "truths)t have been so
prominent ill the preceding pages should arouse the suspicion that
with regard to them there is still something to be said.



CHAPTER III

The FoundationS of the Science
of Vision

-
67. In this Chapter, I propose to analyze visual optical phe

nomena, considering them in their physico-physiologico-psychologi
cal complexity, while trying to keep. the hypotheses and philosophi
cal assumptions introdu~ed dowD to the smallest possible number.

The fundamental phenomenon is "vision," the act whereby an
individual sees luminous 'and colored fig.ures before" him. When in a
given situation nobody sees any such figUres, we say "it's dark." If
under certain conditions some persons do see such figures, and
someone else d~es not, the latter is described as "blind." Because
the blind do not 'enjoy the faculty of vision, students of that subject
of course cannot take them into account. Hence all the people
to whom reference will be made in the following pages will be
nonblind.

To carry out our study, we must portray the mechanism of
vision in some way. What I am now going to set forth summarizes
over nvo thOltsand years of research. Yet it is so far removed from
the id~as accepted by,the general run of students that it shotild be
presented, in my opinion, not as the scientific "truth" of the
moment, but only as a wOrking <>hypot~esis, to be subjected to the
trial of comparison with experience, in order to see how well it
meets th~ test. After th.at, the appropriate conclusions will be drawn.

68.. For vision to take place, there must be someone wlio sees"
an observer. For our purposes, the observer \consisu of a living

67
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organism's mind. I must at once admit that I do not know what th"e
human mind is. It is commonly said to be a function of the brain;
and since a more precise determination of its nature is of no inte,rest
for our inquiry, I shall use tllis expression only for the sake of con
venience, without letting it influence our reasoning..

Whatever the mind may be, it is closely related to the brain, the
central organ into which flow i~pulses transmitted along the nerves
connecting it with the peripheral sense organs. These nerve im
pulses, having been received in the brain, are analyzed by the
mind, which draws conch.lsions from them.

So far as vision is concerned, the most important impulses are
those that come from the eyes, along the optic nerves. Sometimes,
however) impulses from another source intrude) as for example
those derived from the muscles that control the rotation of the
eyeball in its socket.

69. Wh.en vision takes place, there are present, in addition to
an observer, also an' observed object and radiant energy linking it
with the observer. In a dream, object and energy may be absent, for
in that state the observer has his eyes closed and beholds figures
that seldom correspond to any object before him. There are likewise
cases of persons who, while completely awake, see figures not seen
by any other observer near them. This phenomenon of hallucination
is considered pa.thological and abnormaL vVhen the observer is not
dreaming and not subject to hallucination, he sees by receiving
energy signals that COlne from external objects in front of his
eyes. rfhe actual existence of these objects and signals cannot
be proved absolutely, being one of the m.ost perplexing problems
of philosophy~ Withollt entering into so thorny and delicate a dis
CUSSi011, I aSSUITle the material existence of th.e so-called "external
world."

In keeping with the terminology used in pllysics today, I regard
the external world as consisting of matter and energy. Matter is
conceived as an assemblage of corpuscular units. Energy is thought
of as something emitted by matter, and also absorbed by it, and.
propagated by the tnaterial body emitting it to the baclyabsorbing
itv The existence of this propagation lias likewise not been proved
absolutely, but is postl11ated.
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70. The IT!echanism of this propagation has been and still is one
of the unsolved problems of physics. At first a floW' of material
corpuscles was imagined; then, a series of.undula~ions in a supposed
elastic medium named the "aether"; later, a ~ystem of electromag
netic waves; finally, a stream of photons or tiny grains of energy.
Some investigations, which study the phenomena exclusively from
the geometrical point of view, take into consideration only the
trajectories of the corpuscles or photons, or the perpendiculars to
the undulations or ~aves (these trajectories or perpendiculars being
the rays).

Each of these mechanical or geometrical models today is inade
quate for a complete treatment of the known optical data. Although
the wave and corpuscular concepts ~eem contradictory to us, they
must be used simultaneously or alternatively for an exhaustive
description of an entire op~ical phenomenon. To insist that only
one of these ideas s~all be employed necessitates restricting the dis-
cussion to partial phases of a phenomenon. .

Only the corpuscular mechanism has hitherto succeeded in ex
plaining the interactions between matter and energy, namely, the
emission aIld absorption of the radiation. On the other hand, only

. the wave mechanism furnishes a useful picture of how the radiation
is propagateC:i. But every complete phenomenon consists of the
emiss~on of radiatioIl by a material body, its propagation around
the body, an(} its abso~ption by another body. Obviously, therefore,
both mechanisms must be utilized, unless we wish to lirnit our
investig-ation to only part of the phenomenon.

71. Accordingly we may say that for vision of the external world
to take place (by contrast with dreams and hallucinations) there
WIlst be a body e~itting radiation, which is propagated in the
surrounding space, transmitted to an eye, and absorbed by it. A
stirrulation of the peripheral sense organ thus occurs, and impulses
are generated which, by way of the optic nerve, carry to the brain
and mind not only the news that the radiation has arrived at the
eye but also the characteristics of the stimulus. Then the mind goes
into action. It analyzes this "information," inferring therefrom
whatever it can with regard to the form and position of the emitting
body as \-vell as its external properties. Having completed this
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operation, the mind portrays the conclusion with a model, a figure,
an effigy. So too a sculptor, having received the description of an
object by mail, studies it, analyzes it, and finally makes a clay model
of it. The mind uses no clay, but constructs this nonmaterial effigy,
which it then places outside the body at the distance deduced from
the data received. Moreover, it endows the effigy with the form and
colors that it utilizes to represent the incoming. information.

Having finished this task, the mind confronts the luminous,
colored effigy and ~says that it "sees the object" which emitted the
radiation.

This conception of the visual mechanism may seem paradoxical
and acrobatic, being far removed from the common mode of
thought and the doctrine taught in the schools of the entire world.
But I submit that it is the only version which can account for the
optical phenomena known tOday. I intend to subject it to the
~hest of criticism in the following pages, and the reader may
judge for himself how it stands the crucial test of comparison with
experience in the most diverse cases.

72. Now that the mechanism of vision has been presented in
general outline, we must go into detail a bit in order to get a better
understanding of the models that we shall have to use. The sequence
is rather long: emitting body, emitted radiation, eye, nervous sys
tem, mind, effigy. Furthermore, most of the time we look, not at a
source of waveS in the true sense of the word, but at bodies that
receive waves from a source, absorb them, ~d partly re-emit them
in a modified form. Hence the sequence acquires another member:
in addition to the emitting body, we shall have to deal with the
re-emitting body too. '

This sequence pertains to the simplest case, direct v£s£on, in which
the w~ves between the observed body and the eye traverse a homo
geneous medium-. But our investigation will have to be expanded to
its greatest extent when treating the cases in which the course of the
waves is interrupted by the modifying agents called "optical sys
tems." The complete sequence,. therefore, emerges as follows: emit
ting body, emitted radiatIon, body receiving the radiation and
re-emitting it, re-emitted radiation, optical system, eye, nervous
system, mind) and finally, effigy.
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Were itn~ to mention' everything known today about
each link in :this long chain, several volu~es would be required. I
shall, thet~ore) limit myse~ to recalling the ideas that are particu
larly pertirient to our inquiry.

73. The emission of radiation from bodies, for instance, is an
enormous subject, which especially in the present century has been
organized. satisfactorily and splendidly developed. I shall, however,
restrict myself'to a few brief remarks.

1"he radiation with which we shall have to concern ourselves is
etnitted by the atoms of bodies, when these atoms are suitably ex
cited. The emitted waves may have some particular wave lengths
X, or all the wave lengths included in a vast range of values. The
series of these A's has acquired the name spectrum. If the A's are all
those contained' in an extensive region, the spectrum is termed
continuous; otherwise it is labeled a discontinuous or l£ne or hand spec
trum. These designations wer~ suggested by the appearance of
spectra observed through spectroscopes or photographed by
spectrographs.

I wish to point out explicitly that in this discussion I systemati
cally avoid using'the adjective "luminous," 80 widespread in cur
rent sci~ntific literature. For instance, a body that emits waves is
generally referred to as a "luminous source," and spectra are fre
quently tenned "lu:rpinous spectra." I urge the reader to shun e~-'

pressions of this sort because implicit in them, even if they are used
conventionally, lurks a dangerous thought that should be carefully
scrutinized. In the interests of pr~ciSion, a body that emits waves
will here be caIICC:i a "source of wa~~" 'or a "source of radiation."
In the same way and for the same ·.reason, I s~ll describe a: body
that receives waves, not as "illumin~ted," but as "irradiated."

74. The radiant energy emitted by these sources is measured by
physical means, either nonselective detectors like thennoelectric
piles, bolometers,.and radiometers, or selective detectors like photo
electric cells. The measurement is expressed in tenns of th~ joule, or
~ts multiples or submultiples. . .

Instances are rare in which the really interesting feature "is lE, the
total quantity of energy emitted by a source. If the e~issioft lasts a
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long time with unifonn flow, it is much more useful to know the
power supplied, or energy emitted in a unit of tinie. This is called
the radiantjlux F and is measured in watts. The duration of emission
being indicated by t, we have

EF=
t

This equation may be written in the fonn

F= dE
dt

when the emission occurs nonuniformly.
Just as it is more advantageous to know the emission's rate of

flow in time rather than the total emission, so it is very often
desirable to know also the distribution of the flux in the space sur
rounding the source, that is, in the various directions. Hence con
sider a point source, and divide the space around it into a number
of elementary cones with their vertices in the source. i\ cone's solid
angle, measured in steradians, is indicated by dw. The element dE of
flux per unitsolid angle dwdefinesI, the intensity ofradiation in thedirec
tion ofthe axisofthe elementarycone under consideration;.in symbols,

1= dF
dCJJ

or
F

1=
w

, the latter equation being applicable to the case of an emission
unifonn in all directions. The intensity of radiation is measured in
watts per steradia;n.

If, however, the source is not small enough to be treated as. a
point, the concepts explained above hold for every element dtT of its
surface. To represent the distribution of the emission by the various
elements of the source, consider the rad~·ance r, defined as

dI
r =-

du

where dl is the intensity emitted by the element dtt, r being meas
ur~d in watts/steradian m 2•

When it is important to know, not the emission of each element
in each direction, but the total emission of each element in the
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entire space around it, consider the emittance E, defined as

dF
E=-

du

and measured in watts/m2•

Measurements. of the flux, intensity, radiance, and emittance
provide a useful description of the emission of radiant energy in
time and space.

75. We com~ now to propagation, which requires a much more
extensive examination. To avoid departing too far from our princi
pal theme, the ideas of importance to us are gathered together in
an Appendix at the 'end of this book.

We deal next with a body that receives radiation from a source
and re-emits it. This too is a very intricate subject, and I shall limit
lllyself to recalling only a few of its concepts. A material body may
absorb incident radiation~This loses its wave structure and, becom
ing converted into other forms of energy, enters the body's atoms
by a process tile opposite of that by which it left the source2s atoms.
'This absorption may give rise to complex phenomena like fluores
cence a11d phosphorescence) consisting of the re-emission of radia
tion by the atoms excited by the incident radiation. In other cases
the absorbed energy changes into heat, or more generally into
internal energy. This chain of events does not concern us because,
as a result of them, the irradiated body is transfonned into a source,
or the radiation is eliminated as such and therefore is no longer of
any interest for the understanding of vision.

Highly interesting, on the contrary) are other instances in which
the radiation, when it encounters material bodies, passes through
them or is thrown back by them, while preserving its structure or
wave length. A' body that allows incident radiation, at least in part,
to pass through it is termed transparent or translucent. A body that
throw~ at least part of the incident radia~on back is called a
specularly or diffusely r'.fleeting body.

76. These two phenomena of transmission and reflection must
be considered from not only the geometrical but also the quantita
tive point. of view. For example, in the caae of feflection~ ~e may
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want to ,kno:w what ~ctionof the incident radiation is thrown back
by ttte body receiving it.

A polished surface, whether plane or of some o~er fonn, behaves
like a reflecting optical syst~, and its behavio~ will be examined
frOm this pqiIit of view in §§ 307-312. Jf the polished s~ace is
assumed to 1;>e perf«dy plane, so that as a consequence the reflected
'beam follows .the law of reflection strictly (that is, if the incident
wa~e is plane, the reflected wave also is plane) it remains to be
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Pm. 11. Reflection coefficient p as a function of wave length A, for silver,
nickel~ gold

detennined whether the reflected beam's intensity is equal to or less
~n the incident ·beam's intensity.

This ratio varies with the specific characteristics of the material
composing the reflecting body, and may be expressed either nu
mericallY or graphically by indicating in numbers or curves the
,ej/lctiO!"~oefficient'p, which is the ratio between the intensities of the
reflected and incident beams. This coefficient, being generally a
Puiction of A, may be plotted on a graph with A as the abscissa
(Fir. 17). '.
. In the case of transparent substances, the value of p is given by
Fr~'1 well-known equations as a function of the refractive
in~i~.o€ the media separated by the reflecting surface, and of the
incident waye's state of polar~ation.
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If the reflecting surface is riot poliShed but diffusing, even when
the incident beam is projected in a single, well-defu?ed direction, ·it
is reflected in all directions. This phenomenon II1:3.Y be viewed as J1
whole by measuring the incident flux and reflected flux, thereby '.
determining the reflection coefficient as the ratio of the second' to
the first of these fluxes. But it may also be required to know how the

, intensity in the reflected beam is distributed. For this purpose, this
intensity is measured in various directions and represented by
means of a photometric solid. This c6nsistS of a number of vectors,
having a common origin in the 1ncident beam's point of incidence
and a length proportional to the intensit¥ measured in the direction
defined by the vector under considerati~n.Fig. 18 shows seCtions

• • c

FIG. 18. Photometric solid of a perfect diffusing surface (4), of an ordi
nary body (h),. and of an al~t perfect reflector (c)

of the most characteristic photometric solids. Th~ perfect diffusing
surface (a) reflects equally in all directions; the ordinary diffusing
surface (b) sends a good part ~f the radiation in the direction of the
polished reflection, but also a not inconsiderable part in other
directions; and finally the almost perfectly polished surface (c) re
flects nearly the entire incident radiation in a. singl~ direction.

77. Similar #concep~ apply to bodies 'that are transparent to
radiation, although geometrically the conditions are -a little more

.complicated. The geometrical behavior of transparent bodies
bounded by polished surfaCes will be considered in §§ 313-522.
Now we are co~cemed only·.~ith the quantitative aspect. For after
saying that the radiation eriterging from a body is less than the
incidet;lt radiation, we f~ce the problems of finding the reasons for
this decrease and of indicating them in a useful way. .

A: body's gross transmissiorrcoejficient T is defined as the ratio be
tween the emergent fIu.x and the incident flux. This is the ratio of
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the fluxes, it should be carefully noted, not of the intensities. These.
two ratios are not always equal. For a transparent body in general,
even if it is extremely clear and has highly polished surfaces, behaves
like an optical system that makes the radiation converge or diverge,
thereby modifying the distribution of the intensity. Hence it is
proper to refer to the ratio between the emergent and incident
fluxes.

The amount (1 - r) by which unity exceeds T represents the
fraction of the radiation that does not emerge from the body. This
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FIG. 19. Net transmission coefficient (1 - ex) as a function of wave length
A, for glass of various colors

fraction is in part absorbed by the material composing the body,
and in part reflected by its surfaces. As 'was indicated in § 76, the
reflection coefficient p gives the fraction of the incident radiation
that is reflected. 1 - (p + 7) = a stands for the fraction of the
incident radiation absorbed by the substance of the body, and
1 - a is the net transmission coefficient of the given substance. This
expression is a specific constant, which is a function of A, and it too
may be plotted on graphs having A as the abscissa (Fig. 19). To
show more clearly the specific character of this magnitude, it should
be made independent of the body's thickness, of which it is obvi
ously an exponential function, by imagining the body' to be divided
into layers of unit tllickness.
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Bodies are diffusing either because they do not have polished
surfaces or because the material of which they are made is turbid.
With regard to them too we may speak of a gross transmission coeffi
cient T, defined as above, and likewise of a net transmission-coeffi
cient (1 - a). But at the same time it may be necessary to resort
also to the "photometric solid," consisting of a number of vectors
originating ill a point of the body's surface of emergence, oriented
in all directions outside the body, and having a length, as measured
on a certain scale~ proportional to the intensity transmitted in every
direction under consideration. Here too there are perfect diffusers,
and those that are more or less efficient, down to the completely
transparent body which, having received the radiation from a
definite directioIl, transmits it in a single, equally definite direction.

78. To conclude this part of our review, let us recall that for
the purpose of indicating how a source's radiation reaches a body
under consideration, a magnitude has been defined that has not yet
acquired a settled and generally accepted name, but that nlay with
,L'eason be called the irradiance R. This expresses tIle radiant flux
impingillg upon a unit surface of the receiving body. If dF is the
flux arriving at the surface dS, then

R = dF
dS

We should no\v go on to recall the fundamental ideas about the
structure of optical systems and their effect on the radiation. But
this topic will be examined in great detail in Chapters IV":"VI.

79. We come then to the organ of vision. The human eye has
bee~ an object of study for thousands of years, and many volumes
have been devoted to describing its anatomy and functions. Here
too it is my intention not to go into minute particulars, but rather
to summarize the essentials schematically.

The human visual apparatus consists of two balls, contained in
sockets alongside the nose, and Inoved by special groups of muscles
(Fig. 20). A section of a ball may be made (Fig. 21) by a I>lane
passing through the axes of both eyes. This plane is sensibly hori
zontal, if the person, whose eyes are under consideratioIl holds his
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hea~ erect. Each eye is a globe averaging 23 mm in diameter and
bulging out in front.

Its external coating is a white, tough membrane, the sclera,
whose anterior portion, the cornea, is transparent and protruding

. (as has already been men-
tioned). To the sclera's inner
surface adheres another mem
brane, the choroid, which is dark
brown in color and opaque.
Attached to its interior is a third
membrane, the retina, which for
us is the most important.

Toward the front of the eye
ball is found an interesting struc

Flo. .20. Muscular system of the
human eye ture known as the iris, a dia-

phragm that is opaque except in
albinos. It is pierced in the center by an opening, the pupil, which
is generally circular and variable in diameter. Along the junction
of the iris with the sclera, wh.ere the latter is transfonned into the
cornea, lies a cluster of fibers, the ciliary processes. These regulate

FIG. 21. Schematic section of the human eye

the shape of the crystalline lens, a strange gelatinous' biconvex body
located directly behind the iris.

Th~ anterior chamber (the-'space between the cornea and the iris)
and the posterior chamber (the space between the iris and the crystal-
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line lens) are both filled with a perfectly transparent fluid, the
aqueous humor, which is similar to water or rather to a very dilute salt
solution. The space between the crystalline lens and the retina is
filled with a jellylike fluid, the vitr~ous humor, which also is trans
parent. A third humor, the lacr£mal, covers the external surface of
the cornea like a very thin,layer.

80. The function of the sclera, which fonns a protective sheath
around the whole delicate structure, is essentially mechanical. The
choroid, an intricate maze of blood vessels, supplies nourishment.
The retina, a highly complicated fabric of cells and nerve fibers, is
specialized to receive the radiation.

The aqueous and vitreous humors, together with the cornea and
crystalline lens, constitute ~~ true optical system, which the radiation
must traverse to reach the retina. Although the latter has been
minutely investigated for a long time from both the anatomical and
physiological points of view, it stil:l remains a myriad of mysteries.

It is a membrane about 0.1 mm in thickness, consisting ofvari
OllS layers of nerve cells and ganglions, illustrated schematically in
Fig. 22. Setting aside numerous complexities, which have not yet
been fully described nor explained functionally, for our purposes
we may regard the retina as a mosaic of many cells side by side. It
has long been customary to subdivide these cells into two types,
rods and cones, which occupy the second layer from the top in Fig.
22. Nearly all students of the subject believe these types to be en
dowed with different receptive properties, despite weighty objec
tions that make the actual existence of such a duality highly doubt
ful. The number of cones in a human retina is -computed by
research workers as three to seven millions; the number of rods, as
one ·hundred and ten to one hundred and thirty millions.

These cells, lying just beneath the retinal surface next to the
choroid, are linked to nerve fibers (second layer from the bottom
in Fig. 22) which then unite in a bundle, the optic nerve. That portion
of it which leaves the sclera may be seen in Fig. 21. The number of
fibers in ~e optic nerve has been variously calculated from thirty
thousand as a minimum to more than 1.2 millions. Unquestionably
there are several hundred thousand of them. Whatever the exact
figure may be, it is much smaller than the number of rods and cones. '
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If these retinal units are estimated at one hundred millions, and the
fibers of the optic nerve at one million, then as an average every
fiber is the outlet for a hundred retinal units.

If this is the average, the linkage between the nerve fibers, on, the
one hand, and the rods and cones, on the other hand, is highly
variable in different regions of the retina. Thus the central fovea, the
part of the retina opposite the cornea and iris, contains only (or
mainl)r) cones, and each cone is connected to one nerve fiber. In the
parafoveal region aroun~ the fovea the percentage of rods rises, and
goes still higher in the anterior portion of the retina, while the
number of retinal units joined
to the same .nerve fiber likewise
increases.

For the present, we may con
fine our discussion of the eye to
these few brief remarks.

81. Even shorter will be our
references to the nervous system
that~emerges from the eyes and
goes to the brain. The two optic
nerves enter the skull through two
fissures at the back of the eye
sockets. Then they unite in· a
strange junction, the chiasm (C,
Fig. 23). As they leave it, they
separate once more, but with an FIG. 23. Paths followed by optic
interchange of nerve fibers. Thus nerve impulses in the central ~ervous

h fi · system of mansome of t e bers comIng from the
right eye form part, after the chiasm, of the nerve going to the left
half of the brain, with the rest of the right eye's fibers in the nerve
going to the right half of the brain; and the same holds true for the
nerve coming from the left eye.

FlO. 22. Schelnatic section of the human retina, showing the various
layers. Above the top layer is the choroid, while below the bottom layer
is the vitreous humor. Actual thickness of entire membrane is 0.1 mm
(Polyak, The Retina; reproduced by kind permission of Mrs. Stephen
Polyak).
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In the brain the nerve fibers lead into various organs, which
need not be mentioned now, until they reach the back of the head
near the nape of the neck, where the cortical area is located that
specializes in the phenomena of vision.

82. Our situation appears quite difficult. We have a sequence of
elements and factors, and as we advance along it we see its com
plexity mount frighteningly and the extent of our knowledge di
minish at the sam~ time. Unfortunately, however, the goal toward
which we are striving lies only at the end of this sequence.

It is easy to understand, and also to justify, the method followed
by our predecessors. They cut the sequence at the point where it
began to give them too many headaches, and they did not hesitate
to declare that the process of vision came to a close at their cut.
Some added, more accurately, "so far as we are concerned," mean
ing thereby that they were leaving it to the specialists in the other
fields to pursue the investigation "so far as they were concerned."
But even with this reservation their partial conclusions were not
all correct; and the reservation itself was emphasized so little that
finally it was overlooked and disappeared.

It is this kind of procedure on which I propose to turn my back.
I intend instead to examine the phenomena of interest to us, taking
proper account of the entire sequence outlined in § 72, even if to do
so will not be easy and will often compel me to confess that certain
links are still mysterious. "

However, it is.now the usual and established practice under such
circumstances to introduce hypotheses where definite knowledge is
lacking. It will indeed be very advantageous to enumerate explicitly
the hypotheses we shall have to use for a complete description of
the visual process. That enumeration will open a boundless field to
anyone who desires to devote ~is research activity to it.

83. Let us begin with the simplest case, direct monocular vision
of a point source. As was said in § 72, vision is called d£rect when
the waves travel from the source to the eye without undergoing
any deviation or deformation along the way. In this instance the
sequence of factors is reduced to the minimum: source of waves,
homoge~eous surroun~ing medium (the air; if it were not homo-
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geneous,'it woWd be equivalent to an optical system, and vision
would no longer be direct), eye, nervous system, brain, mind.

The source emits spherical waves with their center'in the source.
A segment of these waves encounters the cornea of an eye. At the
outset of our investigation we must simplify matten as much as
possible by taking only essential elements into consideration and
postponing complications to a later time. Let us assume, for exam
ple, that the various transparent surfaces of the eye are spherical,
with their centers of curvature in a straight line. Let us suppose also
that the humorl of the eye are homogeneous and that the crystalline
lens, although admittedly not homogeneous, possesses symmetry of
revolution with respect to that straight line.

This line is, therefore, an axis of symmetry of the whole eyeball,
as thus simplified, and may be called the optic axis. Let us now postu
lat~ that the eye confronts the source of waves or is so oriented that
its optic axis passes through the source, which of course is in front
of the cornea. Thus the entire syst~, source + waves + eye,
possesses symmetry of revolution around the optic axis.

In addition, let us take for granted that the distance from the
source to the eye is very great, if not absolutely infinite. The usual
and inevitable procedure,. as is well known, is to start with geo
metrical and abstract expressions (such as "point, symmetry,
infinite, spherical) plane"). The reasoning' acquires pragmatic
value, however, if these terms are replaced in later fonnulations
by data that are more complex but realizable in practice. Hence
there is no need to be deeply dis~bed at present if we commence
by considering a point source of plane waves propagated in a homo
geneous medium, the source being at an infinite distance from an
eye having symmetry of revolution around an axis passing through
the source. This is a combination of ideal conditions useful in
initiating an extraordinarily complicated course of reasoning, which
must be approached with much caution and great patience.

84. These conditions ·are::.i.lJ.ustrated in a section made by passing
a horizontal plane through SOF) the axis of symmetry (Fig. 24).,
The waves that are incident upon the cornea 0 are defamed by
PSing through it, as happens whenever plane waves encounter a
spherical surface of separation between twa media' (§ 319). In our
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case, since the external medium is the air, which has a lower refrac
tive index than that of the substances constituting the eye, the
waves are made convergent. A further convergence is caused by
the crystalline lens. Therefore, the waves that pass through the
cornea, pupil, and humors converge at the back of the eye in the
fovea F.

I: :1! t:~: ~S_-':"j-.t-._~ --t- .~- .L- -i-·
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FIG. 24. Eye struck by a plane wave perpendicular to the optic axis

l'he conformation of most eyes is such that when the wa'ves are
made convergent, their center of curvature falls exactly on tIle
retina. Hence a ceIltric (§ 328) is formed there, the waves being
absorbed by the matter present and ceasing to exist as radiant
energy.

What happens in the retina as a result of the action of the inci
dent radiation is s'till somewhat obscure. According to currellt views

FIG. 25. Electroretinogram

the radiation is absorbed by the molecules and atoms of the sub
stance contained in the retinal cells, displacing electrons there and
provoking chemical reactions. Any substance especially disposed to
react with minute quantities of radiant energy is in general tenned
photosensitive. Much important research work has been done to
identify the photosensitive substance or substances acti',e in the
human eye, but the question cannot yet be regarded as settled.
Beca~ of this uncertainty, we shall resort to "'orking hypotheses.
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That disturbances of an atomic and electronic nature occur in
the retina, when affected by radiation, has been proved directly by
detecting the resulting electric currents. When these are amplified
by modern methods, they record electrorttinograms, as they are called
(Fig. 25).

The photochemjcal process must take place in the cells that
make up the retinal mosaic. These are cones, because only cones are
found at the center of the fovea. When they are stimulated by the
radiation, nerve impulses are transmitted along the fibers linked
to those cones, and are conveyed by these fibers along the optic
nerve to the chiasm and from there to the cerebral cortex.

85. This topic is clearly neut'ophysiological, and unfortunately
n~t much is known about it. The nature of the nerve impulse is still
obscure. For a long time an important discussion has been going on
between those physiologists who believe the impulse is electrical
in nature and those who regard it as chemical. The latter thesis
seems to be supported by the results of the most recent researches.

All physiologists appear to be in agreement about the following
propositions, which are of fundamental importance for our study.
}\ll nerve impulses, whether they come from the eye, the ear, or the
papillae of the skin, are identical in nature. In other words, not a
single nerve impulse, regardless of the fact that it comes from a
particular sense organ, contains within itself anything characteristic
of the stimulating physical agent. Furthermore, according to the
Adrian-Matthews all-or-none law, the impulses transmitted along a
netve are all equal to one .another.

The mechanism of this transmission may be conceived as follows.
When a sensitive nerve-ending is affected by a stimulus too weak to
reach the threshold of sensitivity, stimulation does not occur and
therefore no impulses are transmitted along the nerve. When the
intensity of the stimulus crosses this limit, the process of transmission
takes place. The energy carried by the stimulus is progressively
absorbed, and when a given constant value is reached, a sort ot
flash occurs as the impulse leaves the stimulated nerve-ending for
the opposite ending. At that instant the sensitive ending remains .
refractory or inactive. Immediately thereafter it resumes absorbing
the energy of the stimulus. No sooner has a-quantity equal to the
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previous one been acquired than a second impulse is discharged,
followed in like ~anner by a third, fourth, etc., until all the energy
of the stimulus is exhausted.

86. According to this mechanism, the impulses propagated
along a nerve fiber are all equal, as was indicated in § 85. Hence
the transmission along the nerve can vary in only one way, the
frequency with which the impulses follow one another. For the
weaker the stimulus, the smaller its power (in the mechanical sense~

FlO. 26. Rccord of impulses discharged in a single optic nerve 'fiber of
a Jdng-erab (Li"'us) in response to prolonged illumination of the crab's
eye by three succesaive sources ofdifferent intensity, whose relative values
are given at the left. Vertical lines indicate the impulses. Dashes below
the horizontal roWl register the pusage of time in intervals of 1/5
second. End ofwhite line in each row marb the beginning of the exposure
to light (Hartline; reproduced by kind peImission of the Journal of the
Optical Soci«y of Amlriea, 1940, 30, 242).

and therefore the longer the time needed to accumulate the energy
required for the discharge of the impulse to occur.

If the impulses were transmitted at a consta~t frequency, the
information that could be forwarded by them would be limited to
one thing, the intensity of the stimulus. The signals reachip.g the
point of arrival would contain nothing. from which any parameter
could be extracted other than their freque~cy. Modern technique
pennits the detection of nerve iinp~, and the results of research
point to the conclusion that the mechanism must actually operate
in this way in the lower animals (Fig. 26). In the higher animals
(Fig. 27), although complete data ~ve not yet been obtained, it is
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certain that the transmission is perfonned by a more complicated
mechanism. .

1'rimsmission of nerve impulses at constant frequency would
violate the general rule that Nature utilizes to the maximum the
potentialities of the ~eans at its disposal. For even by using a 'single
nerve fiber it is possible to conununicate more information, while
still obeying the all-or-none law, if instead of a constant frequency
a modulated frequency is employed.

FIG. 27. Record of imp~lses discharged in single optic nerve fibers of a
frog. In one type of fiber (row A) impulses are discharged regularly as
long as the light shines. In another type (row B) impulses are discharged
only when the light is turned on and again when it is turned off. In a third
type (row C) the response occurs only when the light is turned off (Hart
line; reproduced by kind permission of the Journal of the Optical Society of
America, 1940, 30, 244).

Radio successfully introduced transmission by frequency modu
lation, which is defined by three parameters: carrier frequency,
modulated frequency, and index of modulation. Transmission by
frequency modulation may be imagined as a periodic alteration of
a transmission by constant frequency. The latter is, therefore, the
carrier frequency. The frequency of the periodic alteration is the
modulated frequency. Since the alteration consists of condensations
and rarefactions of the impulses, the ratio of the minimum frequency
to the maximum is taken as the index of modulation (Fig. 28). This
.mechanism can, therefore, transmit three types of information
along a nerve fiber.
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FlO. 28. Schematic diagram showing transmissions of impulses along a
nerve fiber with equal carrier frequency and equal modulated fre
quency but with different indices of modulation

87. There are no experimental data to confirm a transmission
of this type along the optic nerve. Nevertheless I shall consider the
transmission of impulses by frequency modulation as a working
hypothesis, which will serve us well in depicting the phenomena of
interest to us.

Accordingly I shall suppose that the most complicated layer of
the retina contains organs capable of responding to the energy of
the stimulus and absorbing it, the result being a transmission of
impulses by frequency modulation along a fiber of the optic nerve.

The admission of this hypothesis presents no special difficulties,
since no extraordinarily complicate.l mechanisms are required for a
transmission by frequency modulation. The modulated frequency
may be regarded as the difference between two frequencies that are
constant but of course different. For this effect to be achieved, it
would be enough if the retina possessed two photosensitive sub
stances of different sensitivity.. But it is still much too early to make
any assertions about this matter, while my hypothesis suffices for us
to proceed widl our analysis.

88. The wave radiation concentrated in a centric has, then-,
stimulated cones in the fovea. But how many cones?

Now we must make some numerical calculations. Let us recall
that the wave lengths A of the visual radiations range between 0.4
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and 0.8 IJ,; the diameter D of the pupil is 2 mm under diurnal condi
tions of radiation, and somewhat greater under nocturnal conditions; .
the refractive index n of the vitreous humor is approximately 1.33;
and the depth! of the eyeball is.20 mm. The centric formed in these
circumstances has, on the basis of the fundamental equations for
the diffraction of waves (§ 328), a central disk of radius r, given by

A
= 1.22 Ti f = 1.22 X 6 X 10-4 X 20 = 5 5 10-3 - 5 5

r D 2 X 1.33 · X mm - · p,

Within the disk there is a maximum of energy at the center and a
diminution along the radii, until zero is reached at the value of r
computed above. It is useless to take account of these details, how
ever, because they correspond to optical perfection of the various
ocular surfaces and media traversed by the radiation, and that
perfection is never found in practice.

We may, therefore, limit ourselves to the conclusion that wIth a
pupil 2 mm in diameter, the radiation emanating from a point
source at an infinite distance is concentrated in a disk about lOp, in
diameter. Of the entire flux conveyed by the wave, more than 4/5 is
concentrated in this disk, so that the surrounding rings may be
neglected.'

89. In the disk is found a small group of cones, perhaps four or
five. They are stimulated and as a result, along the nerve fibers
linked to them, trains of nerve impulses leave for the brain. Here the
mind intervenes, analyzing the impulses received and trying to
extract from them the maximum information about the source
that emitted the waves.

When all this information has been deduced, it must be repre
sented. For this purpose I attribute to the mind, as was indicated in
§ 71, the faculty of creating effigies, whose forms and colors depict
precisely the characteristics inferred by the mind from the trains of
impulses received by way of the optic nerve. I attribute to the mind
the additional faculty of locating these effigies, thus created, at a
suitable distance in the space before the eyes. When the mind has
created the effigies and located them in front of the eyes, the ego
says that it sees the objects of the external world.



90 OPI'ICS, THE SCIENCE O~ VISION

To attribute these faculties to the mind is not a strange action
without any foundation. The mind certainly enjoys such faculties,
as is shown by its capacity to dream (§ 69). In a dream the ego
beholds bright colored figures before it (and also hears voices and
sounds) although it does not receive any radiant (or mechanical)
stimulus from outside. There is no doubt, therefore, that those
figures are created by the mind. In my view, then, it may be said
that vision is like a dream built on the basis of info~ationreceived
by means of external stimuli and the peripheral organ of sight.

90. Let us carefully examine this process in detail, to see how
the mind goes about constructing effigies on the basis of the infor
mation received by way of the optic.nerves.

The fact that so small a number of cones at the back of the eye
is affected llMans that the nerve impulses travel along a smaller (or
at most, an equal) number of fibers of the optic nerve. Hence the
mind infers that the dimensions of the source of waves are very small,
or rather the smallest possible, because it never happens that the
number of st~mulatedcones is less than in the present case. Accord
ingly the mind gives to the effigy the fonn of a point or, to be more
precise, a disk of inappreciable diameter.

The arrival at the brain of impl!lses from certain fibers informs
the mind that the affected cones are situated in the center of the
retina, or rather of the fovea, on the eye's axis of symmetry (the
existence of which was assumed in § 83). This information indicates
to the mind that the source is on the optic axis and, therefore, sup
plies the mind with the direction in which it should locate the effigy
out in front. The average person may not realize that there is an
optic axis, and that the direction from which the waves arrive
corresponds to the position of the stimulated cones in the retinal
mosaic. But in § 93 we shall see how the mind proceeds to establish
this correspondence.

91. To put the effigy in a defi~ite place, the mind must deter
mine how far away from the eye the source of waves is. This is the
most difficult problem that the mind is called upon to solve. Let us
leave it unanswered fof the time being, because we shall have to
discuss it at length in §§ 96-121.
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Let us suppose for the moment that this detennination too has
been made. The effigy in the form of a "point" is thus located in the
direction of the optic axis at the determined distance. But the effigy
must have an aspect, for otherwise it is nothing. The mind mQ.st, so
to speak, "depict" it by giving it a "luminosity" (which in technical
terms is "intensity" or "brightness") and a "color." It is with these
traits that the mind represents the energy characteristics of the
train of impulses that it receives. The higher the carrier frequency,
the livelier the brightness with whic"h the effigy is endowed. The
modulated frequency appears as color tone or hue, expressed by
such words as "red, green, yellow," etc. The index of modulation
corresponds to what is called "saturation."

In the nomenclature of colorimetry the liveliest colors, like those
of the solar spectrum, are said to be saturated. Mixing a red with
white produces a color of the same hue, but less lively, which is
described as "less saturated." As more white is added, the red be
comes less lively, until it looks "rose." As white continues to be
added, it changes in the direction of "pale rose," and "finally the
original red hue is no longer felt. These gradations illustrate the
concept of saturation.

92. When the mind, having created the effigy as a minute disk
endowed with a certain intensity, hue, and saturation, has placed it
in front of the eye on the axis at a certain distance, it says that it sees
a luminous point.

As a matter of fact nearly everybody says that he sees the luminous
object or luminous source or "star." Almost everybody is completely
convi.nced that what he sees is the luminous source or star. Yet I
must insist on ren;tinding th~ reader that he should not permit him
self to go along with this uncritical way of regarding the question.
Even if he is not fully persuaded by my exposition, I ask him to
follow the argument to the end, where he may draw his own
conclusions.

From now on, to apply the tenn "luminous source" to the figure
beheld in the circum.stances under consideration is to conclude
before thinking (§ 73). For the present, I must point out that there

· is a "source of waves," and a "luminous figure." To consider them
distinct, for the purpose of discussing how the transition from the
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former to the latter occurs, prejudges nothing. Should we decide
that they are identical, we could adopt the expression "see the
luminous source." But it is obviollsly prem.ature to do so in advance.
For our fil1al judgment may be favorable to distinguishing the two
things.

93. Let us proceed with our analysis of the visual process by
removing, one at a time, all the litnitations imposed heretofore.

We may begin by elin1.inating the Stlpposition that the point
source of waves is on the axis of the eye, although still remairting. at
an infinite distance. Then plane waves reach the eye, but they are
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FIG .. 29.. E',ye struck by a plane wave inclined to the optic axis

no longer perpelldicular to the axis SO, as in Fig. 24. Now they
travel along a direction ~~lO, inclined at an angle 'Y to the axis
(Fig. 29).

In passing through the cornea and other media of the eye, these
\·vav'es too are made convergent. As a first approxim"ation we may
sa)T that they become sp!lerical with their center on the retina, but
at a point (;1 differellt from F, which in Fig.. 24 is the center of the
spherical waves coming fraul tIle extrenlity of the axis at iIlfinity.
Iftlle source Sllies above the axis, the center C1 is· below it (§ 321)~

i\.round the point C't there is again a centric. It will not be circu
lar like tIle ceIltric around }t~ but its dimen.sions will be of the same
order of m~lgJlitlJde. It is not worth while to ascertain its precise
dhnensiol1s, because these are made com111icated by the slight
irregularities fOUj,ld in every eye. The form of the centric around C1

may be said to approach that arouIid F as the angle l' diminishes.
Orlee D.l0re) t11erl, a small grou.p of retinal elements is stimulated.

These are no IOllger only cones, but also rods, or even only rods. The
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difference between cones and rods, howeve!, does not concern·us
at this rnoment. What matters is that the ·photosensitive substance
around C1 is modified, and consequently a train of nerve impulses
of modulated frequency leaves for the chiasm and brain.

There the mind performs an analysis identical with the one
already described in § 90, and the two sets of results differ in only
one respect. This time the luminous colored point effigy is placed,
not on the optic axis, but above it in a dire~tion which forms an angle
'Y with the axis and is determined by the position of the POillt CIon
the retina.

94. Let Sand 8 1, the two sources of waves, the former on the
axis of the eye and the latter in a direction forming an angle 'Y with
the axis, be active at the same time. Then of course tw'o trains of
plane waves reach the eye. They intersect at an angle '1, but do not
disturb each other. Hence two similar centrics are fonned) one at F'
and the other at C1• In each o{ these areas a small group of retinal
elements is stimulated. Along the nerve fibers linked to them, trains
of nerve impulses of modulated frequen"cy leave, simultaneously
carrying to the brain information about the presence of two sources
of waves in the space out front.

The mind, notified that there are two sources of waves, deter
mines the dimensions, direction, distance, intensity, hue, and
saturation· of each. In conclusion it creates an effigy consisting of
nvo luminous colored little disks, and places them ~t the indicated
distance in the appropri~te directions. It then sees "two stars."

Without needing any further explanation, we may assume that
the sources of waves at an infinite distance number three, fo~r, or
more. For each of them we may repeat the a11alysisjust made for the
sources .S and S1. Since the waves coming from one source do not
disturb those emanating from the others, an eql1ivalent number of
sInall groups of sensitive retinal elements is stimulated. F'roln each
such group a train of nerve imptllses leaves along the fibers linked
to the group. The mind, having examined this train, is led to create
a luminolls colored point effigy. It then stations all these effigies
before the eye in directions corresponding to the places wh~Te the
respective retinal cells were affected. Thus the space in front of the
eye is studded with a quaIltity of "stars" or luminous colored poin.ts,
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as happens when a person at night looks with one eye at the serene
sky.

95. Let us now suppose that the plane waves emitted by one
source S on the axis and by another source SI reach the eye as in
Fig. 29, but with the angle 'Y very small (that is, below a limit which
will be discussed in full detail in Chapter V). F and C1, the two
centric.s on the retina, may-lie so close together that there are no
unaffected cones between them. Then trains of nerve impulses
travel to the brain along various adjacent fibers. WIlen analyzed
by the mind, these impulses inform it that the source of waves is not
a poirlt. Hence it creates an effigy that is no longer a tiny little disk,
but is instead an extended figure with its' 'major axis oriented like
that of the group of stimulated retinal cones. .

Let us consider next three, four, or more sources of waves, all
very close to one another around the source S. Then many cells on
the retina around F are stimulated, and therefore trains of nerve
impulses travel along a whole bundle of fibers toward the brain.
There the mind draws the inference that the source of wa\Tes is not
a point, but instead consists of numerous sources all clustered to
gether so as to constitute a body of appreciable size. Consequently
the mind creates an effigy with dimensions corresponding to the
group of stimulated retinal elements. The mind then places this
effigy before the eye at the determined distance so that every part
of the effigy is in t~e direction corresponding to the affected area of
the retina.

I n addition, the mind analyzes each train of impulses that it
receives alon~· every fiber. It measures the carrier frequency, mo~u
lated frequency, and index of modulation.. Accordingl)r, in creating
the effigy~ it erldows each of the parts with the brightness, hue, and
saturation correspoIlding to what occurred on the retina. Thus when
a person at night looks at -the sky with one eye, not only does he
behold the stars but he may also see a luminous disk with brighter
and darker areas. The observer says that he sees the moon.

96. We may now resume our consideration of the point source
of waves in order to remove the restriction that it must be infinitely
distant. Then its position S, which at first we shall assume to be on
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the axis, is defined either by its distance x from the corllea 0 or by
its vergence, ~ = l/x, with respect to the corl1ea.(Fig. 30).

When tile waves reach the cornea, they are not plane but spheri
cal, the radius of curvature being x. Therefore, the wave refracted
inside the eyeball has its center of curvature, not at F as in Fig. 24,
but beyond it at C. On the retina, then, the radiation is no I011ger
concentrated in a centric, but instead fills a disk. This is larger, the:
nearer the point S is to tIle cornea, or th,e srnaller x is and the bigger
~ is. 1'he general practice at present is to measure x in meters, while
~ is expressed in a unit called the diopter, abbreviated D.

rro calculate how much C, the center of the refracted wave, is
displaced from F as tIle point S approaches 0, a very simple rule is

C
1·"'-"

At. ,

FlO. 30. Eye struck by a divergent wave with its center on the optic axis

available. For every 3D of the source's approach to the cornea, G"
recedes 1~mm from the retina. Consequently, if S is 0.33 m away
from the cornea, the di~tance from the pupil to the retina being
about 20 mm, the radiation on the retina will be spread over a
small disk whose diameter is equal to 1/20 of the diameter of the
pupil, or 0.1 mm when the pupil is 2 mm in diameter, the normal
measurement in full daylight.

On the retina a disk of 0.1 mm diameter contains about 800
cones. From all of them nerve impulses now leave for the brain. The
situation is exactly the same as it was in § 95, when the eye received
the radiation from an object located very far away and subtending
an appropriate angle 'Y. The. mind reasons on the basis of the infor
mation which it receives. That information is the same now, when
the object is a point 3D from the eye, as it was before, when the
object was an extended body at a great distance. Hence the effigy
created would have to be identical, unless the mind had a way of
sensing the difference between the two cases.
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97. For this purpose the crystalline lens intervenes. It enjoys
the marvelous property of varying its own power by changing the
curvature of its surfaces. How this happens is still being actively
discussed, because the physiologists and anatomists have rlot yet
succeeded in pvsitively identifying the organs that produce this
alteration in the shape of the lens. rrhat the modification actually
occurs is beyond question, since it has been confirmed by dir~ct

observation of Purkinje's images, reflected by the surfaces of the
crystalline lens. It is comlTIonly considered. to result from contrac
tioris of tlle ciliary processes, fibet's lying anterior to the ora serrata or
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FIG. 31. Schematic diagram of the accomtnodation mechanism of the
human eye

along tIle j'llnction of the cornea with tile sclera, where the choroid
and retin.a tJoth eIld (Fig. 31).

III any case, this fUllction of the crystalline lens exist~, and is
called accommodation. It diminishes with advancing years, even in
normal individuals, until it is completely lost about the age of
seventy. For our present purposes it suffices to say that in normal
young people accommodation takes place and is controlled by
certain organs within the eye.

Let us now return to the situation in which all the retinal cones
in a disk of 0.1 mm diar.oeter are stimulated. Before creating an
effigy, the mind orders the brain to have the strength of the crystal
line lens increased. In the course of this operation the nerve firJers
lw..ked to the disk's peripheral cones stop translIutting their gignals.
Hence the mind infers that the source ofwaves is not very far off, but
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close by. Then it makes the crystalline lens continue the process of
accommodation until the number of affected cones is reduced to
the minimum. T'his happens when the power of the crystalline lens
has augmented so much tllat the ceIlter of the concave wave inside
the eye falls on the retina. There a centric is formed again, just as
when the point source of waves was infinitely distant and the
crystalline lens was passive (or unaccommodated). The effigy now
fashioned by the mind is equal to that created under those condi
tions, as described in §§ 90-91. The present effigy has the intensity,
hue, and saturation corresponding to the carrier frequency, nlodu
lated frequency, and index of modulation of the impulses trans
mitted along the optic ner\/e. It has the form of a "star" or little
disk without apparent dimensions. It is placed along the optic axis,
but no longer at a very great distance. Where then?

9·8. The mind now has a factor which indicates to it that the
source of waves is nearby. That factor is the effort of accommodation,
the effort that the crystalline lens must make to deform itself as
much as is necessary to reduce the affected retinal area to a mini
mum. This effort is obviously greater, the nearer to the eye is S,
the source of waves. The effort is cOII1.11lonly expressed in diopters.
For example, an eye is said to have made an effort of accommoda
tion of n diopters when it deforms itself so as to redl.,l.ce to a minilnum
the number of cones affected by a source of waves at a distance
corresponding to n diopters from the cornea.

Yet if the mind had to determine the distance x from S to the
cornea in this way, it would not have sufficient data. Wherl the
accommodation is zero, x is ver)T large. If the acconnnodation in
creases, x diminishes. But how much? rfhe reply to this questioll can
be givell only by one of the other senses. It is touch that permits the
eye to be calibrated by establishing a known ratio between the
(listance x alld the corresponding effort of accommodation.

When this ratio has been established (furtller details will be
given in §§ 118 and 124) the conclusion Inay bt drawn that in-ac
cOmInodation the eye has a telemetric mechanisnl, capable of
measuring the distance x from S, the source of waves, to the cornea.
It may be said that thereby the problem of measuring this distance
is solved, the problem I described as "tlle most difficult that the
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mind is called upon to solve" (§ 91). But we must not deceive our
selves into thinking tllat our ship has reached port. The accommo
dation Inechallisnl as a telemetric device is almost completely
ineffective for the eye and of virtually no practical importance for
ordinary vision. It becomes important only when it begins to be
inadequate. As a result of the aging of the mechanism with the
passing of the years, the accommodation effort of which a person
is capable no longer attains 4D, and therewith the defect known as
presbyopia commences.

99. r-ro realize the ineffectiveness of accolnmodation as a tele
metric device, a few calculations are enough. It was pointed out in
§ 96 that when a source is 3D from the eye, the center of the wave
refracted in the eye lies 1 mm beyond the retina, as indicated in
Fig. 30, and hence the stimulated cones number about 800. But if

•the source is 1D from the eye, the number of cones involved falls
below 100. If the source moves as far as O.5D away from the cornea,
the number declines to about 20; and when the source reac"hes
O.2SD, the nt.-:mber drops right down to 4 or 5 cones.

In other '\lords, when the source of waves is 4 m from the eye,
the spherical waves incident uRon the cornea are refracted so that
they stimulate the same number of cones in the retina as when the
source is at any greater distance whatever. Therefore accommoda
tion never OCC1..1~S when the source of waves is located at any point
4 or more meters from the eye.

This fact, vvhich is of considerable practical importance es
pecially in the testing of vision, is usually expressed by saying that
"for the eye, infinity begins at 4 m" (in the case of monocular

~ vision). 1'his amounts to saying that the eye does not sense 1/4 D
with the mechanisnl. of accommodation. This result too is of con
siderable practical importance because it defines the tolerance for
optometric rneasurements and ·corrective eyeglasses, and therefore
rests on a very broad experimental basis.

100. This tolerance holds good for accommodation at least up
to lOD (because thereafter it becomes larger). Hence it indicates the
indeterminacy with which even an eye calibrated by long experi
ence can gauge the distance of a source of waves by using this
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mechanism alone. I~ Table I the first column gives the distallce of
the source of waves from the cornea; the second column, tIle inde
terminacy in absolute units; and the third column, the il1determi
nacy as a percentage of -the distance.

TABLE 1

INDETERMINACY OF DISTANCES ES1"IIvLt\.TED
BY ACCOMMODATION

Distance from the
source to the cornea

(in meters)

0.1
0.5
1.0
2.0
4.0

~ . I
Inuetermznacy I Percentage

(in meters) I

o. 0025 I--~-
0.063 i 12.6
0.26 26
1.0 50

As a telemetric mechanism, accommodation is evidentl)T not
very effective. Nor is the slight result that it can accomplish always
utilized, as l.ve shall often see hereafter. Experiments have been per
formed for the purpos~of determining the distance at which a point
source of visual waves is seen by an observer using only one eye in
completely dark surroundings. These tests have revealed the mind's
utter uncertainty in this situation, provided that every precaution

. is taken to prevent information from reaching it in any other
way_

For the mind does proceed to the termination of its task. It
creates the "luminous point" effigy, which it must then place
somewhere. The direction in which it can locate the effigy is well
defined (the axis of the eye, in the present instance) and as for the
effigy's distance, the mind does the' best it can. When objective infor
mation is lacking or is vague, the mind supplies the deficiency on
its own initiative. In the end the observer sees a star at a certain dis
tance, and vows he sees it at that distance. Most of the time the
source is much nearer or much farther away, and the observer does
not believe or know that seeing· the star at the. distance at which he
sees it is only the product of his own mind's initiative.
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101. liTo resunle our systematic exposition, we may now remove
the restriction that the point source of waves, \vhile remaining at
a finite distance, must be on tile optic axis.. When it is outside the
axis (Fig. 32), \ve may repeat what was saicl in § 93 about an
infinitely distant source. But Ollce again accommodation of the
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FlO. 32. Eye struck by a divergent wave with its center not on the axis

crystalline Ie.os is invoked for the purpose of reducing to a minimum
the group of affected cones, even if they are no longer in tIle center
of the fovea but more peripheral.

Consider next two sources of waves Sand Sl, active at the sam,e
time and at the salne distance from the cornea (Fig. 33). The source
5/ is on the axis, v"hile the source St is in a direction inclined to the

FIG. 33. Eye struck by two waves, one \vith its center on the axis, and the
other with its center not on the axis

axis at an angle 'Y. '¥hen the crystalline lells is suitabl)r accomm.o
dated, two sIIlall groups of elements will be affected on the retina~

one at F and. the other at C. From the corref.ponding nerve fibers,
trairlS of inlpulses \vill be transmitted to the brain. From tJlem. tIle
rrlind will dra;w tIle data for creating two effigies (or a doubl~ ~frlgy,

which i8 the same thing) consisting of two "stars," each Jj-l\rillg a
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certain intensity, hue, and saturation. One ~·ill be located along
the axis at the distance deemed proper by the nnnd. The other will
be" placed in the direction corresponding to the point C on the
retina, and therefore inclined at angle 'Y to the axis .. This sta~ will
be stationed at the same distance from the ey~ as the other star,
should the mind be of that opinion.

If the sources of waves number three, four, etc., the effigies
cr"eated by the mind also becolne three, four, etc. Each is endowed
with the fonn (a star), intensity, hue, !}nd saturation as well as
location deduced by the mind from the infonnation that it receives
from the individual trains of nerve ~pulses transmitted by the
fibers linked to the stimulated retinal units.

102. rfhus when anyone beholds the starry finnament at night
(under those conditions it does not matter whether he uses both
his eyes) he sees all the stars as though imbedded in a vault~ the
so-called celestial splzere. In estimating the height of the valllt; he
might speak of hundreds of meters or a few thousand. The luminous
points seen by the ordinary observer obviously do 110t coincide with
the sources ofwaves, for those sources consist of the heavenly bodie;;.
They differ enonnously in their distances from us (the planets of the
solar system being some hundred million kilometers from the earth,
whereas the extragalactic nebulae are at least a million light-years
away) and in any case they are all vastly more remote than the
celestial sphere appears to be.

Experimental confirmation of the visual me~hanismwhich I am
expounding may be postponed for the time being. I have inserted
this brief reference ahead of its proper place for the following rea
son. Should the assertion that the mind arbitrarily integrates th~

information received by vt/ay of the optic nerve be regarded by any
reader as too daring, he may at once ascertain that there are clear
cases in which this really happens. But we shall see better exalnples
later on in Chapter IV.

103. If we now go on to take up the case in which the point
sources of waves are very numerous and close together, constituting
what is called a body, it is plain how our reasoning may proceed.

Every one of these sources sends waves to the eye. Since the waves
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of one do not interfere with those of another, each may be con
sidered independently of tIle rest. TheIl an equivalent number of
groups of cones will be stimulated 011 the retina and "viII fonn one
contillUoUS zone. From all these Calles nerve impulses will leave
along the entire bundle of fibers .linked to them, the train of im
pulses along allY one fiber being as a rule different from that trans
mitted alollg the other fibers.

Hence infonnatiorl flows to the brain in incredible quantities.
It is allalyzed by the mind, whicll not OIlly constructs the effigy ele
inent by element, endowing each element \vith brightness, hue, and
satllration, but also gives 10 the aggregate the form and position
correspondh1g to the aggregate of the information received. This is a
task wllich, if translated into numbers, acquires asto11ishing propor
tions. considering the speed with wllich it is completed. Only
recently has anything like it. been built-the complicated btlt
marvelous electronic calculating Illachines.

For ..when a11yone looks at an object, he receives waves emitted
by its individual aton1S. When l1e says that he sees it, he has already
analyzecl all the l1erve impulses produced by all those waves, and
has created the corresponding effigy. Looking at an object is ge11
erally believed to be the same as seeing it. This is not true. Between
the two operations lies all that \vonderful and intense work. We
shall have to discuss it at length. before obtaining a sufficiently
clear conception of it.

104. Rettlrning to the conditions of Fig. 30, let us suppose the
distance x between the SOllrce of V\l'aves and the cornea to be so small
that the eye ca11Ilot accoffirnodate adequately, or the number of
diopters ~ = 1/x to exceed that within the po\ver of the crystalline
lens. Then the \\lave inside the eye, although convergent, has its
center beyond the retina. The number of retinal cones affected
exceeds the lninimum, which is found when the center of the wave
lies exactly on tIle retina. The nerve fibers involved are more than
one, and along each of thelTI trains of impulses are transmitted at
modtdated frequency. The mind thus receives the same infonnation
as if the crystalline lens had accoInmodated adequately for sources
of waves so numerous and close together as to form an extended
object. 1' he mind has 110 basis for a different decision, and therefore
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ends its work by constructing an extended effigy correspondtng to
the number of affec~ed cones. The effigy's brightness is less than the
created star would have had, could the crystalline lens have accom
modated adequately. But because the modulation, as a fi~st ap
proximation, is equql for all the cones, the effigy's color will be
uniform, and its saturation also. Hence, confronted by a point
source of waves, die observer sees a luminous disk of appreciable
dimensions.

Consider next tWo point sources of waves, both under the condi
tions described above, that is, at distances from the eye such that
the crystalline lens cannot accommodate adequately. For each
source we shall have to repeat the same reasoning. Consequently at
the end of.its work the mind will create, not two luminous stars, but
two luminous little disks, wl10se centers occupy the place that would
have been occupied by the two stars had the crystalline lens ac
commodated adequately.

Accordingly,. if the eye confronts a group of sources of waves that
constitutes a solid object at so small a distance that the crystalline
lells does not command accommodation enough to reduce the
affected retinal area to a minimum, the result is very complicated.
To every elementary point of the object corresponds a retinal disk,
the cones within which are stimulated by the waves emi,tted by
that element. Since the individual elements are adjacent to one
another, the centers of the retinal disks are adjacent too. Hence the
disks partially overlap. Therefore each of the cones toward the
interior of the affected retinal zone yvill receive a stronger stimulus,
the resultant of partial stimuli belonging to various disks. But the
peripheral cones (or rods) will receive stimuli that diminish in
strength the nearer the cones (or rods) are to the boundary of the
affected retinal zone. '

105. In conclusion, the effigy crea.ted by the mind will be a
broa~er and more confused figure than would have ex;isted ,had' the
crystalline lens accommodated adequately. This contrast may be
confirmed at once by bringing a finger to a' distanc~ of 4 or 5 cm
from the eye. Instead of the bright fig~re rich in fine details, which
is seen when the finger is as. far from the eye' as is necessary for the
crystalline lens to accommodate properly, a confused figure with
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indefinite boundaries is seen, and hence people usually say that
what they see is blurred.

Such a statement recalls how absurdly many persons reason who
do not want to be persuaded that the figure seen, w~at I have
termed "the effigy created by the observer's mind," is distinct from
the material Qbject, which I have called "the aggregate of the point
sources of waves." These persons, convinced that the figure seen is
always the object, speak of a "clear object" when it is seen well, and
a "blurred object" when it is seen badly. But they fail to notice that
such descriptions contradict their thesis. For the finger or object is
always the same, whether it is placed near the eye or far away. Yet
what the observer sees changes perceptibly and progressively from
one position to the other. How can two things be deemed identical

~

when one of theIlJ. remains constant while the other varies?
A similar case occurs when two objects are aligned with the eye

at distances so far apart that their vergences with respect to the eye
,differ by more than 1/4 of a diopter, or better still by several
<liopters. A familiar instance" is a pair of rifle sights, the rear sight
being ID and the front sig·ht 4 or 5D from the eye. If the crystalline
lens accommodates for ID, the rear sight is seen clearly but the
front sight is blurred. If the front sight is seen clearly, that means
the crystalline lens is accommodating for 4 or 5D, and therefore the
rear sight is blurred..

106. We may now eliminate another hypothesis previously
ado~ted for the purpose of simplification. According to this supposi
tion, the entire optical system of the eye was free from imperfections;
that is, the media traversed were assumed to be homogeneous, and
the surfaces of the cornea and crystalline lens to be spherical. No
such conditions are found in any actual eye, as I remarked in § 88.
Disregarding for the present certain gross structural deformities
known as ametropias, we may tum our attention to the interesting
case of irradiation, as it is called.

When the source of waves has the fonn of a point, inhomogenei
ties in the various humors, and above all in the crystalline lens,
make the radiation concentrate on the retina, not in a centric with
its center at the point F (as in Fig.. 24) but in an irregular zone. This
consists of a very intense central nucleus and numerous offshoots
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brallching out from the nucleus in many directions. HelIce an
extremely restricted group of COlles is strongly excited, while the
adjacent cones are stimulated along the radial offshoots.

Consequently tile effigy created by the mind is not merely a
point or little disk of inappreciable dimensions, but around it there
are many "bristles" corresponding to the offshoots. What emerges
is the familiar radiated "star," which is seen by all normal eyes
when they look at a point source of waves, like the stars in the sky
or even electric bulbs very far away_ It is .these appearances that
constitute irradiation. This too is an eminently clear and common
case wherein what is seen is 50 different from the material body that
emits the waves. 'Yet also in this instance it is curious how rarely
we find anybody mentioning' the discrepancy.

For even if doubts Inay arise concerning w}lat is around the
celestial stars, which are so remote and inaccessible (I do not now
desire to make use of the fact that th.ose rays or bristles are never
seen around the stars in the telescope), it is easy to ascertain, by an
inspection at close rang-e, how an electric bulb is made. Anyone
undertaking to account for the phenomenon of irradiation must
admit that when he looks at an electric bulb, from afar so that it
seenlS like a point, he sees it surrounded by an immense cro\'vn of
rays, whereas from nearby he sees nothing at all around it.

To conclude from these facts that the crown of rays has no ma
terial existence requires but little reasoning. Hence it requires but
little further reasoning to infer that when the crown is beheld, it
must be regarded as having been created by the observer. This
deduction may be readily confirnled by noticing that every eye,
even of the same observer, sees a different crown around the same
source of waves.

107. To summarize our analysis thus far, we may say that the
mind constructs brigllt colored effigies on the basis of information
received [rOIn the optic nerves as a consequence of stimulations
prOdtlCed in the reti11a by external agents.

This conclusion must not be construed, however, in precise and
absolute terrrlS. We may say, more fully, that the effigies are con
strtlcted on the basis of all the information that the mind receives ill

arlY \vay whatever, alld also on the basis of information received in
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the past aIld stored in the memory. Sometimes it happens that the
information received by the optical route is incomplete; then, to
terminate its task, the mind combines this information with that
coming from other sources, present and past, as has already been in
dicated in some cases (§§ 98, 100, 102). Not infrequently it happens
that the infonnation arriving by the optical route contradicts that
derived from the other senses or preserved in the memory. The min~
then finds itself in the difficult situation of being obliged to decide
between two or more contradictory reports. How does it do so?

Naturally the answer cannot be categorical and general. Each
individual ,behaves in his own way, according to the intelligence and
critical spirit with which he is endowed, and not seldom on the
basis of his imagination and cultural background. This is behavior
with purely psychological characteristics, but it is inseparable from
the study of optical systems, which this book has undertaken to
examine.

108. To take account of this behavior, we should push it bit
further our analysis of the means that are at the disposal of an
observer for the purpose of obtaining information about the position
of the sources sending visual '~aves toward him.

Assume that 8, a point source of waves, is in front of a single eye
at distance x (Fig. 34). Consider S to be moving very rapidly while
x remains constant; in other words, suppose the source of waves to
describe an arc of a circle having its center in the eye. What happens
on the retina is obvious. When the source of waves is at S, a small
group of cones is stimulated at F, the group being reduced to a
minimum by appropriate accommodation of the crystalline lens.
When the source is displaced toward 81, the cones at F cease to be
affected, while the adjacent cones in the direction of C1 are stimu
lated. Then these too cease to be excited, while the cones adjacent
to them are in turn aroused, and so on.

Thus the brain receives impulses coming in successio~ from dif
ferent and adjacent retinal elerpents. Hence the mind infers that
the source is always to be found in different directions corresponding
to the position of the affected elements. Consequently, in accordance
with the shift in the retinal impression, it creates an effigy in the
form of a moving star.
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The process of impressing the retinal units lasts a certain amount
of time (of t~e order of a tenth of a second). Hence it may be that
while the elements at C1 are being stimulated, those at F have not
yet ceased to emit nerve impulses, and this of course holds trQe even

5,

FIG. 34. Eye confronting a point source which moves transversely with
respect to the axis

more for all the retinal elemeI?-ts bet'Yeen F and Ct. Informed that
the brain is receiving impulses from all the fibers linked to- the ele
ments between F and CI, the .mind creates an effigy in the form of a
luminous line between Sand S1- As the motion continues, this line
shortens on the side toward S and l~ngthens on the side toward S1.

4-------'%r -----.

.....----------%5------------.

FIG. 35. Eye confronting'two moving point sources at different distances

This is what happens when a person sees a 'falling star on a clear
night.

109. If Sand T' are two point sources of waves at distances Xs

and XT from the eye (Fig. 35) and both move with equal speed,
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obviously the effects on the retina are not equal. "JvVhen S reaches 81,
T has arrived at T I • At the same time the impression, which was
originally at F for both sources, as shown by the broken line in Fig.
35, is felt at Cs for the first source, whereas it has attained CT for the
second. Therefore the retinal trace FCT exceeds Fes iIi length,
exactly as many times as the distance Xs surpasses XT. Hence to the
effigy corresponding to T the mind attributes a greater velocity
than to the effigy corresponding to S. In more familiar language
this relation is stated by saying that when bodies lnove with equal
velocity but at unequal distances from the eye, the more remote
seem to move more slowly.

All this estimating of motions is done by the miIld with care, be
cause it constitutes a very powerful means of gauging the distance
from the eye to the sources of visual waves.

110. Consider two point sources, like Sand T in Fig. 36,
aligned with an eye so that their impressions on the retina take

41----------- X s .-------__

s

FIG. 36. Temporal parallax in monocular vision of two point sources at
different distances from the eye

F

f

place at the same time in .F. Then move the eye a distarlce d so that
the axis remains sensit'ly parallel to itself. The retinal irrlpressions
now due to Sand T are felt at Cs and CT respectively. 1~he distance
between C8 and CT is greater~ the more Xl' differs from XS; or rather,
when d is small in comparison with these values of x (as happens in



THE FOUNDATIONS OF THE SCIENCE OF VISION 109

the interesting cases) FCT exceeds FeB as many times as xs sur
passes X'l'-

Consider next two point sources, like Sand T, which are ~o far
away that an observer using only one eye is not in a position to
estimate their distance. Hence he cannot even perceive whether they
are at different distances from the eye. But it is possible by a suitable
displacement to feel at once that there are two distinct sources, that
S is farther away than T, and that it is so many times more distant.
Durip.g the motion of the eye the impression on the retina is dis
placed. This displacement is analogous to what occurred in the case
illustrated in Fig. 35. Now, however, the observer does not infer that
the two sources are in motion, because the mind knows that the eye
has moved. Hence it deduces that the sources of the waves are
stationary but at different distances, and locates .the effigies
accordingly.

Should either or both of the sources Sand T by some fortu~tous.

coincidence execute an independent movement at the very same
moment in which the eye is displaced, serious complications would
ensue. The mind would be fooled. Who knows what conclusions it
would draw from an examination of the impulses arriving at the
brain, and what localizations it would select?

Deception is generally not easy, because the mind makes the eye
carry out control movements. By a close comparison of the resulting
variations in the retinal impressions, the tnind almost always suc
ceeds in solving the puzzle, placing the effigies reasonably close to
the sources of the waves and endowing them with appropriate
velocities.

This mechanism for studying the geometJjcal situation of sources
of \vaves is known as temporal parallax. "Parallax" is the angle sub
tended at each o~ the sources by the eye's displacement d. This·
parallax is called "temporal" because it varies in time.

To become convinced of this mechanism's power, we need only
perform experiments with a single eye, compelling -it to observe
through a fixed pupil and then pennitting it to be displaced. In the
former case, it is much easier to commit gross errors in locating the
effigies. Of course these experiments must be done with proper p~e

cautions for preventing the mind from utilizing other sources of
infonnation. These other sources will be discussed in §§ 116-121.
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111. I have referr<!d briefly to temporal parallax because it
offers us a convenient bridge for passing over to the mechanism of
binocular vision. Heretofore we have always considered monocular
vision, or vision with only one eye. But the normal individual has
two eyes, whose centers are from 55 to 65 mm apart, 60 mm being
regarded as the average. This is the so-called interpupillary distance
(ID in Fig. 37).

To every stimulated element of the retina, like C1 in Fig. 29,
there corresponds a direction, like N'SI, along which the source of
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FIG. 37. Binocular vision of an infinitely distant point

waves must lie. This relation gives to the individual equipped with
t\\70 normal eyes a very powerful telemetric me~ns of detcnnining
the distance of the source from the eyes.

The retinas of the two eyes being sensibly symmetrical, a corre
spondence exi~ts between the elements of one and those of the other.
The mechanism of this correspondence is not yet entirely clear,
although the chiasm is obviously involved. In any case the corre
sponderice is felt by the Inind.

Let Od designate the right eye, and 0 8 the left eye (Fig. 37).
With the sole aim of simplifying our statements, let us assume that
the observer stands erect and looks straight ahead. Then the axes of
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his two eyes defiJ;le a horizontal plane, whic4 we shall suppose to
coincide with the plane of the paper in our Figures.

For our purposes, each eye can rotate around a vertical axis,
which cuts the optic axis in a point known as the center of rotation (Rd

for the right eye, f?$ for the left eye), which is close to the geometrical
cellter of the eyeball.

112. Consider now a point source Soo of visual waves, which is
located in the horizontal plane determined by the axes of the two
eyes, at a distance so great that it may be regarded as infinite. When
the observer looks at this so~rce, he directs the axes of his eyes ~t it.
I-Ience the waves in the vicinity 9f the eyes may be treated as plane
and perpendicular to the axes. These in turn, being directed to\'V"~[d
a very' distant point, may be deemed parallel. "

Two segments of waves enter the eyes and, both crystallille lenses
being relaxed, form two centrics at the foveas Fd and F s, because the
situation illustrated in Fig. 24 is reproduced in each eye. Fd and Fa
are to be considered corresponding points. ·

Then the brain receives at the same" time nerve impulses from
the fibers linked to the right ~ye and from those linked to the left: eye ..
Both groups of impulses bring the same information for the rnind.
Therefore the conclusion is the pla~ing of a point effigy having the
form of a star in the direction of both optic axes at a veF)T great
distance.

113. Now move S, the source of waves, to a distance x from the
base line RdRs (Fig. 38), this distance being less than a limit that will
be determined in § 115. This time the waves reaching the eyes are
sensibly spherical. The wave segments entering the two pupils, by
proper accommodation of the crystalline lenses, have their centers
at two points, one of which is Cd to the right of Fd in the right eye,
while tIle other is Cs to the left of F8 in the left eye.

If the eyes remained stationary, the impulses coming from the
right eye would impel the mind to infer that there is a source of
waves to the left at a distance defined by the crystalline lens' effort
of accommodation. At the same time the impulses arriving from the
left eye would lead to the conclusion that there is a source ofwaves to
the right. The mind would thus be induced to create two equal
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effigies, one to the left and the other to the right, in the horizontal
plane of the axes. This well-known phenolnenon of diplopia is ordi
narily: called "seeing double."

But the eyes generally do not remain stationary. They are ro
tated so that their axes pass through the source S (Fig. 39). When
that happens, the stimulated cones are again those at Fa, and PSI>
Then the nerve impulses incite the n1ind to create a single point
effigy where the two a~es intersect. During the rotation of the eyes
the observer watches the two effigies, created previously \·vhen the
axes were parallel, approach each other until he sees them becorne
one. This is the process known as jus£on.

114. It is especially noticeable wIlen two sources of waves are
active at the saIne time, one close to the eyes (say~ 30 cm) and the
other farther away (a few meters). In performing such an experi~·

ment, point sources need not be used because every solid objeci:
may be considered an aggregate of point sources (§ 103). ~'or exarn·
pIe, hold a pencil 30 ClTI in front of the cyes~ and at the same time
look at a stick parallel to the pencil and 2 m away.. If tIle observer
fuses the effigies of the stick so as to see a single figl1re, fie sees two
pencils, one to the right and the other to the left, and he sees nothing
where the 1naterial pencil is. If he rotates his eyes so as to fuse the two
effigies of the pencil into only one (and then people say that they
see the pencil) he sees two sticks, one to the right and the other to the
left, and he sees nothing in the place where he prevlOtlsly saw a
single gtick.

Experiments of this kind, which could be multiplied, for in
stanc~ by forcing the ~yes (or onilT one of them) to rotate by pres
sure from a finger, SllOW quite clearly that the effigy seen is of a
piece with the eyeball and not with the material source of waves.
Although people see such phenomena very frequently, they com
pletely ignore them, strangely enough, and never ask what those
double figures are that they see and how they ever become the
object when they fuse.

115. Coming back to our analysis of the phell0menon illustrated
in Fig. 39, we Inay note that to fuse the t\VO effigies of the source
S, tile two eyes must each rotate through an angle a/2, equal to
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half of the angle ct: which the interpupillary distance ID sulJtends
at S; that is,

where ~ is the vergence of the source S with respect to the eyes. The
angle a is called the para{lax of S with reference to the observer, and
the rotation of the eyes is termed the convergence in binocular vision.

Convergence is accomplished by the action of the appropriate
muscles that control the position of the eye"balls in the sockets (Fig.
20). Hence the relevant information is furnished to the mind by an
agency ottler than the optic nerves. This agency is certainly more
effective than accommodation. For now, in essence, the observer
solves a triangle with a base of 60 mm, whereas when he looks with
only one eye, the base is the diameter of the pupil, usually 2 mID,
and therefore 1/30 as large. But obviously the mechanism of con
verge:nce also has a lin1it, vvhose order of magnitude it is worth while
to det~rlnine>

Differentiating the previous equation, we 11c~ve

d~ = ~
ID

where da represents the smallest change in the parallax which the
binocular system can perceive, and d~ is the resulting uncertainty
in the determiI)ation of the vergence ~ of the source of waves. The
vahle of dO'.. mtlst be ascertained by experiment, and quite different
results have been obtained. Observers highly skilled .in continuous
stereoscopic measurements show a minimum as 10'.N as 12" (or
approxinlately 6 X 10-5 radians) but in untrairlcd l)cr~ons it may
be considered as approximately 2' (= 6 X 10-4 radia)ls). Then we
have in the fortrler case

6 X 10-5

d~ = 6 X 10-2 = lo- 3D

an,d in the latter case

d t 6 X 10-4
] 0-2D

~ = 6X 10-2 =

Ill. the fornlcr case the distance of the source Sis determil1cd within
one thousandth of a diopter; in the latter case, \v'ithin one hun-
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dredth. If we accept an average value of O.OOSD, we may construct
the following Table.

TABI..E II

INDETERMINACY OF DISTANCES ESTIMATED
BY CONVERGENCE

Dista.ue from the
eye to the source

(in meters)

Indeterminacy p,
(in meters) ercent~ge

--1--------
I 0.005 0.5
I 0.020 . 1.0
I 0.045 I 1 .5
I 0.080' 2.0

I 0.125 I' 2.5
I 0.245 3.5
! 0.50 5.0

I
1.13 7.5
2.0 10
3.1 12
5.6 17

12.7 25
25 ·36
53 53

130 83

1
2
3
4
5
7

10
15
20
25
33
50
70

100
150
200 co co

It is evident that beyond 200 m the binocular mechanism be
comes completely ineffective. To repeat the expression adopted for
accommodation (§ 99), we may say that "for binocular vision, in
finity begins at 200 m." Even around 100 m, however, this mecha
nism is so inaccurate that its practical value may be put at zero.
Those who have to rely on the estimates of ordinary observers using
binocular vision regard it as useless beyond 25 m.

116. Yet in practice every observer constantly sees any number
of figures at distances more remote than this limit. SeeiFlg them
there means, as was indicated in § 89, that the effigies have been
placed there. Hence the observer had some way to determine the
distance of the sources of the waves arriving at his eyes. Conse-
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querltly there must be telemetric mechanisms in addition to those
already discussed. . .

Anyolle who gets to the .bottom of this subject comes to the con
clusion that such mechanisms exist, but are predominantly psy
chological in natUre. In other words, the repol'ts reaching the mind
by way of the eyes are carefully analyzed and integrated with a mass
of other information, some of it derived from geometry and per
spective, but most of it drawn from the memory, that is, from
previous related experiences.

There is a big difference between what is seen by a person look..
ing at a landscape for the first time and by someone who has lived
there for years. A statement of this sort will sound queer to many
readers, who are thoroughly convinced that the figures they see <are
neither more nor less than the actual objects, which therefore can
not be seen otherwise than where they really are and as they really
are. To shake so deeply rooted and so long established a conviction
would require a protracted and detailed discussion with experi
mental demonstrations. But to avoid tarrying too long over this
topic, let us examine its main features and concentrate our attention
on the most important points. Above all I urge the rea.der to
renounce beliefs that are blind, that is, uncritical and unconfirmed.
To do so will suffice, because in his daily observation he eIlcounters
innumerable cases in which, confronted by the very objects them
selves, he finds himself the author of changeable effigies, which are
constantly being improved as a result of new data reac;hing his mind.

How often it happens that a new panorama appears linlited and
close to us, but then as' time passes and we have explored and
traversed it, it is seen to be spacious and vast! How often at the
seashore a small boat seemed a few hundred yards away, but later
was revealed to be a big, distant steamer, which looked unattairlable
when 'we tried to reach it in a rowboat! An evil spirit seenled to be
moving it away from us while we were rowing toward it, and wllat
had been anticipated as a pleasant little ride turned out to be an
interminable, painful labor. So too in the mountains how often have
massive peaks in the distance been viewed by novices as hills easy
to climb! Irlstances of this sort could be strung out endlessly. But the
person involved barely notices them with a momentary feeling of
surprise and tllen promptly forgets them, because he is dominated
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by blind faith in the false proposition that the figures seen are the
real objects.

117. The creation of the great variegated effigy that constitutes
the apparent external world before the eyes of every obseryer is an
extraordinarily complex problem. Beyond 100 m this effigy is con
structed for the most part on the basis of comparison with the di
mensions of familiar objects like men, animals, trees, and houses.
Suppose, for example, that in the retinas of the eyes the group of
cone~ excited by the waves emanating from the points of a house is
much smaller than the group affected by the waves coming from a
man. Then the mind infers that the house must be much farther
away than the mao, and it places the two effigies accordingly.

But after an examination of the impulses arriving from the cones
stimulated by the waves that were emitted by the house, the mind
may conclude that the house is smaller than the man. For instance,
by extensive use of temporal parallax and. considerable displace
ment of the eyes, the observer may become convincedthat the house
is nearer than the man. Then the mind may decide that it is not a
real house but a model, and therefore place it nearer and make it
,smaller.

.Illustrations of this kind of reasoning are available in inexhausti
ble abup.dance. Consequently I shall limit myself to a few stand,ard
exampl~8. What matters most of all is to show how intricate and
unsubmissive to g~neral rules is the product.ion of the effigy repre
senting the apparent external world. This is a proposition of which
we shall- have to make comprehensive use hereafter.

.U8. Let us now return ~ the situation illustrated in Fig. 33.
From our discussion at that time it is clear that Fe on the retina
nlay be expressed as the product ,¥x', 'Y being the angular distance
between the two sources Sand Sl, while x' is the distance from the
retina to N', the eye's second nodal point. .

Since this is a fixed point in every eye, x' is a constant. This is the
reason why in §§ 90 and 93 I said that to every position on the retina
a d~finite direction corresponds. Consider, for instance, two objects
SSt and TTl, the former being exactly double the latter ~\lt at a
distance Xs from the eye also double XT (Fig. 40) .. Then both~l
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and TTl subtend the same angle 'Y at the eye O. Both Sand T,
being on the optic axis, emit waves which, after being made con
vergent by the eye, have their center at F. 8 1 and T I , being also
aligned with 0, propagate waves which, haviIlg been made con
vergent by the eye, have their center at C. Therefore, w4e~her the
linear object in front of the eye is SSt or TTl, the same retinal units
are affected, namely, those between F and C.

The only difference between the two cases is that a greater
effort of accommodation is needed for the object TTl. If XT is more
than 4 m, however, there is not even this difference, because accom
modation is no longer involved.

5,
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FIG. 40. Two different objects subtending the same angle at the eye

Then we must ask the following question. Since in both cases the
retinal impression is the same, and therefore identical nerve im
pulses reach the brain, how does the mind decide whether it ought
to create the effigy SSt or TTl or some other between these two or
even beyond SSt, provided always that it subtends the same angle 'Y?

In substance we should be inclined to answer that the problem
has no solation. The only clearly defined element in it is the angular
magnitude "(, which is necessarily and quite precisely connected
with the affected retinal zone Fe. As for the rest, the observer must
try to detennine the distance of the object by stretching his ann out
or walking over to the object and touching it, if possible. This isn't
always possible, as in the case of the heavenly bodies.

119. They provide a clear illustration of the expedient to which
the mind resorts: it generally chooses the most econo~ical solution.
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Consider tIle sun alld the moon, both seen from the ea~thwithin
the same angle "I, abollt 32'. This equality of their apparent dianIe
ters is demonstrated in total eclipses of the sun, when it is covered by
the moon almost exactly. But the sun is much bigger than the moon,
its radius beillg nearl)T 500 times larger. Therefore its distance too
is that 111uch. larger. Unfortunatel)' our organism has no means of
nleasuring these distances and consequently cannot perceive the
difference between tIIem, however enonnous it ma.y be. So the mind
creates two efligies that are equal (apart fronl their brightness) and
places them the same distance away." This is very Uluch less than
the moon's actual distance (300,000 km), not to melltion the sun's
(150,000,000 km).

Those who are convinced that when gazing at the heavens, they
see the true sun and tIle true moon, are evidently far from the truth.

120. Even more peculiar is the farniliar phenomenon known as
the flattening of the celestial sphere. If this were truly spherical with its
center in the observer, the sun's disk and the moon's would always
be equal, whether overhead or near the horizon. But this is the case
only for very few observers. Generally bodl disks, when near the
horizon, seem much bigger, about two or three times bigger, than
when they are overhead. If the angle 'Y subtended by the disks in
both positions is measured with a goniometer, the result is regularly
the usual 32', or at most the vertical diameter is found to be ever so
slightly smaller when the disks are at the horizon.

Why then cio they look bigger there? The answer is based on the
rcasoniIlg ilillstrated in Fig. 40. When the sun is on the horizon, the
effigy is placed two or three times farther a\\ray than when the sun
is overhead, and the same holds true for tIle moon. The reason for
this is that in the 'vertical direction there are no POillts of reference.
The effigies of tIle stars are customarily placed behind the clouds,
and these are judged to be .half a kilometer up, more or less. In the
horizontal plane, on the other haIld, all the objects in the landscape
induce us to conceive it as much vaster. Hen.ce the celestial sphere is
imagined as flattened, much less high than wide.

121. The connection between an object's angular magnitude ~
a.nd its distance X fronl the eye is tltilized by the mind most of the
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time the otller way around. Instead of determining x and then
creating an effigy of such dimensions that it will subtend the angle
'Y, if the dimensions of the object are already known, the mind places it at
the distance required for it to subtelld the angle "I. A landscape in
which many familiar objects are scattered about lends itself to a
fairly faitt-.Jul reconstruction in the following manner. Unknown
objects are placed with reference to the known by means of paral
laxes or other expedien.ts. I shall merely mention, amollg others~

estimating the clearness, cloudiness, and color of the various figures.
For sometimes the mind even takes into consideration that more dis
tarlt figures look darker and more bluish than those nearby.

Yet the situation is not so simple. Considerable advantage would
be derived from the equation

Ys _ FC
Xs - 7-

if this '.~ere the relation of the dimensions Ys of the effigy, its distance
X8 fro:m tIle eye, and the size of the retinal trace FC. But in reality
this rule too is set aside by more basic principles operating in the
q:tindr 'When objects are observed less than 15 or 20 m from the eye,
th.e rpJe ca11 no longer be trusted. Knowing that objects do not alter
their dimensions even if they recede from the eye or approach it, the
mind creates effigies of unc}langing dimensions, however much their
angular magnitude changes.

1'"'hus a IJerson sees his own hand always of the same size, whether
he holds it 20 em from his eyes or extends it to 30, 50 or 60 em, where
its angular magnitude decreases to one third, and the retinal trace
Fe decreases to one third. This is true not merely for the hand,
becaus~ the same thing happens with the furniture in the room,
the objects on the table, etco The problem of explaining how the
mind proceeds in creating the effigy that constitutes the apparent
external world is highly complex, as I said in § 117 and now repeat.
I trust that the reader is convinced.

1220 III summarizing the concepts reviewed somewhat sche
n::a-atically in this Ch~pter, I should like to emphasize that the figure
that a seeing individual beholds before himself, in a field containing
sources of visual waves, is a creation of his own mindo This arrives
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at the figure by combining all the factors at its disposal. A part of
these factors consists of the modulated nerve impulses that reach
the brain by way of the optic nerves. Another part cOlnprises infor
mation that is muscular in nature, being connected "vVith the mecha
nisms of accommodation, convergence, and tern.poral parallax.
Still another part is composed of previous kno,vledge of the observed
objects and past experience \.vith them, the Inemory acting as the
storehouse. Another part, finally, is cOlltributed by the imagin~tion

and initiative of the mind itself.
This whole mass of factors is analyzed with a precision and

rapidity that are marv~lous. The end .product is a judgrrlent or
series of judgments by the mind, which may reason soundly or
unsoundly. If it bll1nders t09 often, it is adjlldged abllorrnal and
what it says it sees is called a hallucina.tion. Sometiriles it·succurfibs to
errors that are committed more or less by everybody under the.same
conditions, and then it is said to be subject to an illusion. At other
tirnes it makes a mistake that it n9tices; it corrects the created effigy
and says nothing, even if a bit surprised at first. l\IIost of the tinle it
fashions an effigy that it does not subject to any criticism or control.
For the effigy serves its needs well enough, and it is satisfied. It
believes that the figure it sees is the acttial reality, forgetting that it
has itself created the figure ~nd given it brightness and coloro

123. rro complete this picture, sketchy as it may be, I should like
to mention how it has been confirmed by extremely interesting
observations of several dozen individuals who, although blind from
birth, acquired sight when they were old enough to describe in
telligently the sensations they experienced.

In theIr condition, called congenital cataract, the crystalline lens
is opaque at birth. Hence the waves en1anatirlg from external
sources are absorbeti before they can affect the retina. But after
the opaque crystalline lens is removed, the "'laves are able to reach
the sensitive region. A suitable converging lens is put in front o( the.
eye in order to secure effects comparable to fhose of normal eyes.
The lens is designed in c9njunction with the corne~ to deform
waves so as to make their center fallon the retina. .

If the diagnosis of those who are born blind indicat~

opacity, the crystalline lens is usually destroyed early in lif~,
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it is very difficult to interpret the expressions by which the patients
try to conv~y vvhat they see. BJlt in s~ome cases, particularly in the
past ceIltury, the operation was performed on persons over twenty
,who were thoroughly conscious of their bellavior while blind and
'capable of depicting with accuracy what they saw as soon' as t~ey

acquired the ability to feel the visual waves.

124. rrheL" behavior has been reported with many fascinating
details in volulninous works. Here it will be enough to recall that
the fil"St time the visual waves reached the retinas of these patients,
they felt a sensation of brightness and color. But it was uIldefined in
forin and position, and they could 110t recognize any of the Sllr
rounding' objects, even in their essential features, although these
were well kno\\'n to theni.by touch, as they are to the blind. In order
to recognize all object, even one as familiar as a watch, they had to
touch it with their llands so as to establish a correlatioll between
t11e figure seeIi (that is, the created effigy) and the form of the
ohject as kno\vn by touch. They were obliged, as it were, to "cali
'brate" their retinas so as to discover the rllie for locating a giv~l1

effigy created in response to the stimulation of a certain retillal zone.
For this to be done WiUl nearly normal speed and accllracy,

about two lTIontlls 0': training were generally Ileeded. During this
period of time those who had just acquired vision may be said to
have been learning to see, or learning to use their eyes, exactly as
others leo.rn to use any initrument whatsoever. In that interval they
made the strangest and most unexpected mistakes. Naturally the
worst were in the perception of depth, or the estimate of distance.
Not infrequerltly they judged a pellcil a fe\\' feet away from their
eyes to be equal to a belfry many hundreds of yards away. But as
tlleir skill improved by constantly comparing the figures seen with
the object's fonn. and position as determined by touch, the corre
spolldence betweell ~he two sets of data gradually grew better until
it attained the level found in normal persons.

These too of course have equivalent training" which they receive
automatically a~ infants. It is common knowledge among parents
that little babies want to touch everyth£ng, and they often scold them
for insisting and try to n~ake t11em give up this bad habit. i\.ctually it
is not a bad habit, but a necessity. It is the natural way in which
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they learn to know tIle external world, learn to establish relations
between retinal stimtlli and tactile. seIlsations, learn to locate the
effigies with precision, in short, learn to see.

125. Finally I should also point out that the information reach
ing the mind is not always consistent. III particular, the reports
coming to it along the optical pathway do not always coincide witll
those arriving by another route. Such conflict will be of special
interest to us in Chapter Iv', and we have already glanced at SOlne

exanlples of it in binocular vision.
For instaIlce, as was indicated in § 114, if a person looks at a

pencil lleld vertically in l1is hand about a foot away from his eyes
and at the salne time looks at an upright stick. a few yards beyond,
there are two possibilities: either the observer looks at the stick and
sees two pencils, or he looks at the pencil and sees two sticks. Yet
he knovvs by the sense of toucll that there is Ollly aIle material penciL
Hence WheJl fie looks at the stick, from his right eye a report
reaches his rnind that there is a pencil to the left of the stick; from
his left eye, t}lat there is a pencil to the right of the stick; and froIn
his hand holding it, that there is only one !)el1Cil, directly in front
of the sti.ck.

But oNe need not resort to bi110cular vision in order to land in
this sort of quandary. As we saw in § 105, anyone aiming a rifle
eqtlipped witll a front and a rear sight must solve the problem posed
by conflicting inforlnation. For if he looks at the rear sight some
eight inches from his eye, he sees it clearly defined, but at the same
time he sees the front sight with its outline blurred. If with the same
eye he looks at the front sight about a yard awa)' from his eye,
he sees the rear sigllt with its outline blurred.

Instances of this kind happen very frequently to all observers.
Yet those who heed them are few indeed. For most 9£ the time the
mind dismisses the question without calling attention to it. Once
precedence has been granted to a certain batch of reports, the mind
ignores the others as if they had not reached it.

A.nyone who does concentrate on the situation is amazed how
often it occurs, and how complicated and even annoying the effects
are when, after they have been noticed, they can 110 longer be
disregarded.



CH1\PTER IV

Vision by Means of Optical Systems

126. In Chapter III we examined the rules governing the·
mechanism of rlirect vision. Let us now go on to study vision that is
!l.ot direct. Tllis' is t}l~ case when visual waves emitted by sources,
inste~d of reac~hing the eyes directly, are deviated or deformed
along tIle \~lay. l'he agencies producing this deviation or deforma
tion are in general called 0lJtical systems. We shall begin with the
8implest of d'--tern all, the plane mirror, which is a bright flat surface
usually consisting of a thin layer of metal adhering to a sheet of
glass.

It is the functioll of a plane Inirror to deviate waves without de
forming them (§§ 308--309). The principle according to which the
deviation occurs is the familiar and ancient "law of reflection." For
our present pu.rpose it ShOll1d be noted that if spherical waves
crnanatirlg from a point source S impinge upon a plane mirror
At{};[, they are deviated, while keeping their spherical form, as if
they had beell emitted by a source S', symmetrical to S with respect
to tIle plan.e of the mirror (Fig. 41). So far as physics is concerned,
there is notlling behind the mirror that affects the waves.

If the reflectecl waves reach an eye, they enter it and are ren
dered con,rergen t, jllst as if t4ey had arrived directly. By proper
accomrnodation of the crystalline lens the center of the convergent
,I\,laves is carried to the retina. By appropriate movements of tIle
IIluscles of the socket, tIle center of the waves may be brougllt to
the center vf the fovea. Here reCOTImlences that whole sequence of
operations that 'lATe analyzed in Chapter III, and it goes on until an

124
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effigy is constructed by the mind of the observe\ and placed before
the eye. Where is it stationed?

If the center of the con.vergent waves has been made to fallon
the center of tIle fovea, the eye has turned its axis perpendicular to
the waves, that is, in the direction of S'. We should therefore be
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FIG. 41 .. Vision by means of a pla.ne mirror

inclined to conclude at once that the point effig17 must unques
tionably be located on the straight line connectin.g the ,rertex of the
cornea with S'.

127. This conclusion is not absolutely" necessary. But what it
states· actually happens }Jeca"use, when looking at or through optical
systems, most observers proceed in the man:ner to which they are
accustomed through constant practice of direct vision. Hence- we
may say that the point effigy created by the nlind of the observer
will be located along the straight line joining the corneal vertex to
Sf. At what distance will it be placed?

It is clear from the lengthy discussiorl in §§ 96-121 that the
answer to this question is very difficult and 11.ncertain.. 1'he mind of
the observer finds that it must solve the usual telemetric probl~.

It can take advantage of accommodation, temporal parallax, aDd.
convergence (for the reflected waves may affect both of the •
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server's eyes). But when it "vants to resort to infornlatioll arriviIlg
by another route, complications begin.

StlPI)oSe there is no illformation of this kind at alL '.ro elilninate
it is hard, but n<?t impossible. For instance, the following experi
mental conditions may be arranged. The point source of waves is
enclosed in a black opaque box. Its one opening is turned toward
the rrlirror so that only this receives the waves. 1'he mirror is higilly
polished and entirely free of defects a1.1d dllst or other Inatter on its
surface. Its edges are ~lack and covered by black screens in a black
and dark background.

Under such circurnstances (which are not easy to acllievc as
completely as is required) tile observer's eyes receive OIlly the \A/aves
reflected by the lllirror, an(l receive tl1elTI exactly as if tIley had
beeIl eU1itterj l)y the point .S/~ sYlunletrical to the source S with re
spect to the mirror. I-I is nl1nd then functions precisely as in the case
of direct vision. If tI1e distance from his eyes to the point 5" is about
a lneter ()r~ hetter stlll, less than a Il1eter, the effigy in the form of a
lUlninous point IDa)' he~ T>laced 'lery close to S'.

But if the ()bs~rver'l having seen the luminous point at /...)', wished to
make sure of its existence, for example by tOtlc}ling it, ol>viously he
would not succeed. If he stretched h.is arm out, he would bump it
against tile ITlirroJ . lIe \VOllld have to be satistled \vith what he saw,
In other \vards) accept his own c"~~ature and its positioIl as valid and
regard it as true.

128. Hut \Vllen the distance Lo be deterll1illed goes ur' to several
rneters or, \\~orse still, several dozen ITlcters or even more., the tele
ITletric probleln })eCOln_e~ l:>oth physically alld physiologica1ly so
indeterII1inatc tha t the lulnirlolls point effigy is placecl \Villl great
uncertainty ancl vvith .reStl]ls til.at differ markedly frorn one case to
the llext and ffenJl one o'bserver to tIle Ilcxt.

An experilnen t performed OIl a "grol1p of ott~ervers (who were
advanced st\ldents Df optics) led to the following filldiIlgS. A point
source, carefully cO'nceaJed in all opaque container, I)rojected its
\rvav~s on an optically perfect plane mirror 16 em in diameter and
18 m away. rI'he n1irror was set up at tIle end of a completely
darkened corriclor. Bell.ind tIle 111irror was tIle (blackened) outside
\ivall of tIle l:nlilding. "The observer was ~nlt near the source. l'he
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point symmetrical to it with respect to the mirror was therefore 36 m
away from the observer. He was free from all restrictions; in other
words, he could employ both his eyes and also make full use of
temporal parallax.

Yet all the observers knew that even though th.e mirror was com
pletely invisible, the building ended behi.nd it. This was infonnation
that the IIlind of every observer unconsciously was unable to set
aside. For it would have been absurd to imagine a star that was
outside -the building yet seen through its thick opaque external
wall.

The effect was general in all the observers. Instead of locating
the luminous star 36 m away, at the center of the waves reaching
their eyes, they placed it on the mirror 18 m away, where they knew
the corridor ended. The optical reports to the contrary were so
weak and uncertain that they failed to oust those derived from the
memory and the environmeIlt.

129. To understand the significance of another experiment con
ducted under the same conditions, we must continue our geometri
cal analysis of the plane mirror's behavior.

If there are two point sources, the waves emanating from each
are independently deviated according to the same rule. Then the
observer's eyes receive two trains of waves. But it is as if, in place of
the mirror and the two sources, there were two other sources situated
symmetrically to these with respect to the mirror, the mirror itself
being absent.

Instead of two, there may be three, four, ... n sourc~s,

grouped so as to constitute lines, surfaces, and objects. Then the
mirror produces the following effect. The reflected waves are propa
gated as if they emanated from an equal number of sources located
bellind the mirror in positions symmetrical to those of the actual
sources with respect to the plalle of the mirror. The observer
receiving these waves is, therefore, induced to create effigies sym
nletrical to those that he would have created had he received the
waves directly frorn the actual sources. The placement of the sym
metrical effigies thllS created is subject to all the rules and uncer
tainties previously discussed in regard to direct vision. As in that
case, the placement tllms out to be definite and accurate if the
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sources are a few meters away from the eyes. When they are farther
away, there may be notable discrepancies.

130. The conditions of the experiment described in § 128 were
modified by replacing the point source with an extended object
familiar to the observer-his own face. Previously he had received
the waves emitted by the point source and reflected back by the
mirror 18 m away. Now, by a small sidewise motion, he took a
position with his face on the perpendicular drawn to the center of
the mirror, while an electric lamp illuminated his face.

The observer found himself in the a\vkward situation of be.ing
obliged to locate an effigy symmetrical to his own face. The situation
was awkward because his mind knew that 18 m away there was a
thick opaque wall with no holes in it. Had he located the effigy on
the inirror 18 m away, as he had done with the point source, he
would have had to attribute to it half of the real linear dimensions,
which he knew very well, in order to make them correspond to the
angular magnitude of the waves received by his eyes. On the other
hand, if he wanted to give the proper dimensiol1s to the effigy, he
would have had to place it 36 m away; that is) he would have had to
imagine the wall pierced by a hole 16 em in diameter, Otltside
which there was only his own illmmnated head surrounded by
darkness, a collection of absurdities too llard to swallow.

The experiment showed that all the observers chose a sort of
compromise, a solution rnidway between the two extremes indicated
aboV'''e. The face effigy was placed about 10 m behind the mirror
and consequently was a little smaller than it should have been~

Another noteworthy result was that if the same observer shifted
slightly sidewise in the direction opposite to his previous motion, so
that he again received the waves emitted by the point source, he
located the star effigy on the mirror once more.

Conditions of this kind are, however~ extremely rare in practice.
Plane mirrors are used rather commonly, but at very short dis
tances from the objects and the observers.· The latter, therefore, by
effective employment· of binocular vision and temporal parallax,
almost alw~ys locate the effigies with good accuracy behind tIle
mirror in positions symmetrical, with respect to the plane .of the
mirror, to those of the material sources of the waves.
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131. A new fact has presented itself to us. In Chapter III the
distinction between the source of waves and the effigy may have
seemed artificial, and some readers may ha'\"e thought they would
get along without it. Although cases could be cited in which the
effigy was certainly located in a position different from that of the
source of waves, this was always a result of the difficulty ofdetermin-

, ing the distance of the source, a difficulty due to the inadequacy of
the observer's telemetric menns. If he could m~asure the distance
better, the placement would be more accurate. Essentially this was
a question of an experimental error:

But now it is not. Given all the desired perfection of the tele
metric means, the effigy is still ,located at a point different from the
one in which the source of waves is. For, as was said in § 127, when
everything is done perfectly, the effigy is placed at the point sym
metrical to the source with respect to the mirror. Then if there are
telemetric inadequacies and complications, this rule too is no longer
valid. Therefore the effigy is placed in exact coincidence with the
source of waves only when this happens to be on the mirror, a case
of no interest.

132. In the standard language of optics it is customary to say
that an observer sees an object when his eyes receive waves directly
from the sources. It is also said that the aggregate of the centers of
the waves reflected by a plane mirror constitutes the image of the
object. It is therefore said that when an observer receives th~se

reflected waves, he sees the image of the object given by the mirror.
At first blush this phraseology appears innocent and so routine that
it has been accepted throughout the world for centuries. Yet in
reality it implicitly contains dangerous ide~s and hypotheses. I
shall expose it~ weaknesses in § 256.

But now I invite the reader to recall, as was said in § 92 about
direct vision, that what the observer sees is an effigy created by
himself. This may coincide with the source and may also be distinct
-from it. Consequently, as was then remarked, in all propriety we
should avoid saying that the observer sees the object. For to say so
amounts to assuming offhand that the effigy and the object coincide,
and this may not be true.

By the same token, to say that an observer sees the image of an
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object given by a mirror may lead the reader to think that the
mirror gives an image even before the observer intervenes. This is
absolutely not true. A mirror deviates incident waves, and that is
all it does. Moreover, the reader may be induced to believe that
when an observer looks at a mirror, he sees an image behind it.
This too is false. It is the observer WilO places the effigy behind the
mirror. Before he intervenes, so far as optics is concerned, there is
nothing behind it.

....L\ccordingly there is no difference between what an observer
does when he sees an object and what he does when he sees an image, in
the usual sense of that term. A difference TI1ay perhaps be discov
ered by resorting to verification by touch. This may confinn the
existence of sources of waves in. the former case, but in the latter
case there is never any confirmation. Hen~e, lest the logic of our
argument be impaired, I urge the reader systematically to shun the
italicized expressions, at least until we have defined them in §§ 257
258 \vith the greatest care and eliminated all possibility of mis
uIlderstanding by those who use them, as many people do, without
knowing the fundamentals of the subject.

133. To conclude this cursory survey of the optical function of a
plane mirror, its effect from the point of view of energy need hardly
be mentioned. The reflected waves are not only deviated by the
mirror but also weakened. Their amplitude is smaller than that of
the incident waves. For, as was pointed out in § 76, any material
body reflects only a fraction of the radiant flux which it receives, p
being always less than 100 per cent and in general a function of X.
As a result, the effigy created by an observer who receives the
reflected waves must have a brightness inferior to what he \vould
have created had he received the waves directly from the source.
Also the hue and saturation may be different. But all this is a
palpable observation, on which there is no occasion to dwell.

134. Let us now go on to analyze what happerls when waves
emitted by a material source are reflected by a curved mirror.

As our first case, COIlsider a perfectly spherical concave mirror in
front of which there is a point source of visual waves. Let the mir
ror's radius of curvature be r (Fig. 42). As is well known (§ 311), an
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incident spherical wave of radius x (x being the distance from the
source S to the mirror) is reflected as a spherical wave of radius x',
defined by the relation

or

1 1 2-+-=-
X x' r

~ + ~' = 2p

(1)

where ~ and ~' are the reciprocals of x and xl respectively, and p is
the reciprocal of r or the curvature of the mirror.

c

~_---L+-- x'----------.

FIG. 42. Geometrical elements of a concave spherical mirror

To be more accurate, we should say that in general the reflected
wave is not spherical, although it has symmetry of revolution
around the axis of the 1nirror~ that is, around the straight line joining
the source S with C, the mirror's center of curvature. But the devia
tions from a sphere, which are known as spherical aberration, are
neglected in this analysis because they are of slight importance; or
rather, they become of slighter importance as the mirror's angular
aperture a diminishes, a being the angle subtended by the diameter
of the mirror's rim at C, the center of curvature. For the sake of
simplicity, we shall assume that the rim of the mirror is a circle with
its center V, called the vertex, on the axis.

135. Discussion of the phenomena connected with this type of
mirror is highly interesting and productive of arguments that sup-
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port the thesis I am propounding. Hence I shall pursue this subject
at some length. The situations available for study are numerous and
deserve to be examined one by one.

To begin with, assume that the source S coincides with the
mirror's focus F, the point midway between the vertex V and C;

the center of ~urvature (Fig. 43). Substituting x = ~ in equation

(1), we have x' = co; that is, the waves reflected by the mirror are
plane. They may reach an observer's eye or both his eyes. Suppose
the axes of these eyes are perpendicular to the waves. Then in both
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FlO. 43. Binocular vision of a point source located at the focus of a con
cave spherical mirror

foveas cones are stimulated and send impulses along the optic
nerves. These impulses are analyzed by the mind with the aim of
creating the corresponding effigy.

Ignoring for the present questions relating to the frequency and
modulation of the impulses, that is, those having to do with the
brightness and color of the effigy, let us scrutinize ·those pertaining
to its form and position. The optical mfonnation reaching the mind
may be summarized as follows: the source of waves has minimal
dimensions; there is no accommodation or convergence; and the
direction from which the waves arrive is the same as that of the
axes of the eyes. If the m~nd proceeded to the end of its task on the
basis of the information received by the ~ptical route, it would have
to create a point effigy or star in the direction of the axes of the eyes
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at a very great distance behind the mirror, exactly as an observer
does when he looks at a star in the sky.

But this result is seldom found. When it is, it lnust be regarded
as an extremely exceptional case. The reason is obvious. The, infor
Ination of an optical nature is superseded by other environmental
reports, which the mind takes good care not to ignore.

136. To examine all the cases that may be met is impossible in
practice because they are of infinite variety. \Ve shall analyze only a
few of them in order to acquaint the reader with the nature of the
circumstances affecting the outcome.

Suppose the source is so perfectly screened and covered that the
observer cannot receive direct waves from it or its container. Con
sequently he has 'not the least idea of its existence and location.
Assume also that the nlirror is highly polished'and free from optical
defects, that its rim is invisible, and that the background is abso
lutely dark. 1"'hese are the simplest conditions. In the entire setup
the only visual waves are those that go from the source to the mirror
and, after being reflected there, reach the eyes of the observer. He
should be brought into the laboratory when it is completely dark
to prevent his having any conception of its layout..

Despite all these precautions and others that the experimenter
may devise, nobody can stop the observer from thinking that he has
entered a dark place, whose dimensions he imagines to be like those
of an ordinary room, since he has no means of estimating them in
the preseFlt instance ,because everything is dark and black. "fhere
fore, when the waves reflected by the mirror reach his eyes, he
cannot persuade himself to locate the star effigy at a very great
distance, for he is aware that h~ does not have anything like the
celestial sphere in front of him. He puts the star .in the direction
defined by the structure of the waves, but at a distance ofjust a few
meters. It is ·impossibl~ to say any more. The placement is. per
fanned by each observer according to his mind's mode of thought
at the moment of the observation.

Another ·action often occurs in the course of this experiment.
The observer moves his head in the direction perpendicular to the
axis of the mirror, as he usually does in resorting to temporal
parallax. If the effigy were situated at a v~ry great distance, obvi-
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ously it,should not move no matter how much the observer's head
is displaced. But it is generally seell to move just like the head,
because it has been located too near.

If the experiment is perfonned later without these precautions,
so that the observer receives waves directly from the source too and
in addition is pennitted to see the mirror, the room and all the
details, the final result is ev'en more uncertain' and varied according
to the circumstances and, among other things, the curvature of the
mirror and its distance from the observer.

The most cornmon result is like the previolls one. Nobody places
the star at a very great distance, as if the mirror were the mouth of
an immensely long tube protrudillg through the walls of the labora
tory and everything outside. This notion is so absurd that no mind
entertains it. Consequently all the placements are made at nearby
distances, even if these are contrary to the information supplied. by
the organs of sight.

137. Let us now move the source closer to the mirror by any
interval whatever, say r/6. Then. x = r/3; IlncJ therefore

3 1 _ 2.-+---r x' r'
X' = -r

Hence the wa\res reflected by the mirror are divergent with their
center I behind the mirror at a distance from it equal to its radius
of curvature (Fig. 44).

If an ol)server's eyes receive these divergent waves, he must
accommodate a little in order to reduce the number of affected
cones to a minimum, and he must also make the axes of his eyes
converge to fuse the two effigies into one. Two small groups of cones
at Ithe center of the two foveas Fa, and Fs are thereby stimulated.

The information now reaching the mind resembles the report
arising from the case illustrated in Fig. 43. But there is a slight
difference, because accommodation and convergence have been
invoked. These adjustments concur in locating the center of the
waves at a given distance beh:ind the mirror on its axis. The place
ment may even be made on this basis, but that is only one possi
l?ility. It is generally maqe on the basis of the environmental factors
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that operated in the previous situations, and it is made at the same
distance from the mirror as before.

Direct proof of this is available at once. While the observer is
looking at the mirror and receiving the waves reflected by it, move
the source S along the axis until it returns to F, where it was in Fig.
43. The curvature of the reflected waves steadily diminishes until
it disappears; in other words, their center I behind the mirror
recedes to infinity. This is not noticed by the ordinary observer.
For him, the effigy relnains stationary behind the Inirror, where he
had placed it at the beginning of the observation.
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FIG. 44. Binocular vision of a point source located between the focus and
the vertex of a concave spherical mirror

What I have just reported is the outcome of the usual observa
tions. It is not unknown that things should go differently and even
unexpectedly. I wish to reiterate that the placement is made by the
mind of the observer. Any mind, as a result of strange and special
influences, may come to the most absurd conclusions in the world,
even without encroaching on the realm of the abnormal.

When the source is brought very close to the mirror, the center
of the reflected waves comes so near to the source that the place
ment is of course influenced thereby. But this is a case of little
interest.

138. Much more interesting, on the other hand, is what hap
pens when the source is moved a\vay from the focus F toward C, the
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mirror's center of curvature. Since the possible cases beCOlne even
more numerous and varied, the conditions of tIle experiment must
be described in greater detail. For instance, let the radius of curva
ture r = 1 ffi, while the observer is stationed with both eyes at
2.5 m from the mirror (Fig. 45). h10ve the sodrce S 4 em from the
focus F in the direction of C, so that Sis 54 em from the vertex V.
In these circumstances the spherical waves emitted by the source
are reflected by the mirror as spherical waves with.their center at a
point I 6.75 m away from the mirror, or 4.25 :rn behind the eyes of
the observer.
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FlG. 45. Bino(.'Ular vision of a point source located between the focus
and the center of a concave spherical mirror

lie finds hims~lf in a novel and disconcerting situation. As was
indicated in § 135, the eyes keep the crystalline lens passive when
they receive plane waves. But if they receive convex waves, they make
it increase its strength (§ 97)e 'l'his is greater,. the more convex the
wa,'es are or the l1earer the source is (§ 98). ~"his relation provides
tile basis for measuring the accommodation of the crystalline lens
in diopters, the esseu.tial variable being the vergence of the source
\vith respect to the e':{es (§ 96)w Obviously it rnakes no sense to talk
abo'ut negative accommodation (that is, accommodation less than
zero) since the normal e}re is constructed for direct vision.

When concave wa'l;les llilpinge UpOIl a normal eye) there is no
int.cX'11al mecha.nism ro compensate for their Cllrvature, as happens
within certain limi.ts fo,r convex \I\"aves. I:lence the cOllvergent wave
within the eye has its cellter irl fran t of the retina. ~rherefore the
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number of retinal cones affected is greater than the minimum, with
the excess becoming larger as the curvature of the wave incident
upon the eye increases. The effect should be the creation of an
effigy bigger than a point, as in the case "vVhere accommodation is
inadequate (§ 104) or where it is excessive as a result of certain
patho.1ogical conditions.

But variations of 1/4 D in the curvature of a wave are not per
ceptible, as was pointed. out in § 99. In the example under con
sideration now, the curvature of the wave incident upon the ob
server's eyes is slightly le~CI than 1/4 D. Consequently the fonn of the
effigy created by the observer's m~d will not differ from what the
mind fashioned when the source S was at the focus F.

139. Even stranger is what }lappens to convergence in this in
stance. To get the group of stirn\llated cones into corresponding
points 'exactly at the center of the two foveas Fd and Fs , as is re
quired for fusion of the two effigies cOllnected with the two eyes,
their axes must diverge in order to pass through I, the center of the
reflected wave. This is a movement to whicll normal eyes are not
adapted, beCal.lSe it need never be executed in dire-ct vision. Never
theless the muscles are not so rigid that they cannot perform an
unusual movement, at any rate for a brief period of tim~, a sensa
tion of fatigue being- felt very soon. In the present circums4\nces,
in which the angle to be formed by the axes is barely 48' (for an
interpuIJillary distance of 60 mm) almost all observers are able to
have their eyes form this angle, \vithout any great satisfaction, but
also without any undue strain.

The mind, however, is put in a piteous predicament. The waves
of course enter the eyes from in front, but convergence (which now
is divergencI) reports that the source is located in back of the head.
1'his announcement, being devoid of significance fronl the optical
point of view since po observer is able to locate effigies behind his
own h~ad, is ignored. The star effigy is placed out front in the direc
tion of the line bisecting the angle formed by the axes of the eyes,
at' the distance deemed most reasonable by the mind.

If the SOllrce S is moved to a position between F, the focus of the
mirror, and C, its center of curvature, after having been on the other
side of F as well as in F, the effigy still continues to be assign.ed to
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the saIne spot, even though the waves have changed from convex to
plane and then to concave; in short, the mind pays no attention to
the infonnatioll based on accommodation or convergence.

140. Let us now move the source S farther away from the focus
toward the center C, say, to a point 60 cm from the mirror. The
reflected waves are still concave, with their center at a point 13m
from the mirror or just 50 cm behind the eyes. Hence the waves
have a vergence of 2D with respect to the eyes.

rrhe discussion proceeds as in § 138, but the conclusions are
quite different. The stimulat~d retinal surface, now distinctly
larger than the minimum, contains several hundred cones (and
also rods). The divergence necessary for fusion amounts to almost
7° (412', for 60 mm of interpupillary distance) and only rarely can
anyone be found who is capable of attaining it.

The mind, accordingly, is seriously embarrassed. It must create
two effigies that it cannot fuse. It has to make them rather large in
size (and circular, if the pupil is circular; but as a result of irradia
tioTl, which is always present, they assume the appearance of
enormous radiated stars) and has no optical l'eason for locating
them at any particular distance.

Under conditions of such complexity, observers generally rebel
and shut their eyes. If they are very sensitive, they even experience
feelings of nausea and dry vomiting. If they are trained in this kind
of observation, they usually close one eye and observe with the
other; that is, they create a single effigy of appropriate magnitude

.and place it before the open eye at an entirely arbitrary distance.
If the observer is brought into this situation by a continuous transi
tion out of the preceding situations, he sees the effigy expand while
remaining at the same distance behind the mirror.

141. Let us now move the source 62~mm away from the mirror
(Fig. 46). The reflected waves are even more concave than before,
and have their center 2.5 m away from the mirror, exactly where
the observer's eyes are.

In this position the wave, being reduced to a very small centric,
cannot affect both eyes at the same time. Since the centric is on the
axis of the mirror, the eye that the observer wishes to use must also
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be placed on the axis. Thus the convergent wave enters the eye
without undergoing any appreciable deformation, and impinges
upon a retinal zone corresponding to the surface of the mirror.
The boundary of this zone and the rim of the mirror are obviously
homathetic.

The infonnation reaching the mind is such that it is led to
create an effigy consisting of a luminous disk (for we have assumed
that the rim of the mirror is circular). The disk's angular magnitude
is defined by the dimensions of the affected retinal zone. Induced
to see a figure having the form of a disk, the mind tries to make the

41------------ 2.50

FIG. 46. Point source seen in a concave spherical nlirror when the center
of the reflected waves falls within the eye

disk's edge brighter by means of accommodation. Hence the eye
sets its accommodation for the mirror, in this case employing O.4D
of accommodation. In the end the effigy created is a luminous disk
(at the very most there will be at its center a dark spot due to the
presence of the container enclosing the source of waves) located
where the observer believes tIle mirror to be. In ordinary language
he is said to "see the mirror all lit up."

142. Let us cantin.ue to move the source S until it is 67 cm away
from the mirror (Fig. 47). The reflected wave, which is still con
cave, now has its center at a point 12m from the mirror or 50 cm
in front of the observer's eyes. These must therefore exert' 2D of
accommodation to redu.ce the number of stimulated retinal elements
to a minimum, and must also converge almost 7° to avoid diplopia.
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Hence the information reaching the mind would impel it to
conclude that there is a point source of waves 50 em from the ey'es,
and accordingly to create an effigy in the form of a star exactly 50
em in front of the nose. All this would be fine' if the mind did not
reject the idea that in front of the nose there could be a luminous
point suspended motionless in the air. To see it in this way, that is,
to locate the star effigy in this manner, the mind must first be con
vinced that such a thing can exist. The observer Inay be tempted to
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FlO. 47. Point source seen in a concave spherical mirror when the center
of the reflected waves falls in front of the eyes

stretch his ann out to ascertain whether his hand touches the source
of waves.

Usually none of this happens. For it is an ingrained habit in
looking at a mirror to see figures behind the reflecting surface since
plane mirrors, consisting of the calm surfaces of liquids if of notPing
else, are frequently encountered in everyday life. The ordinary
observer, when 'put before a concave mirror, is dominated by the
preconception that the effigy must be located behind the reflecting
surface. This preconception is not overcome even by the clear and
definite infonnation provided by accommodation and convergence.
As a result the star effigy is placed behind the mirror.

Following- this conclusion, the eyes tend to direct their axes
toward that effigy 3 m or more away, a~d consequently diplopia
results. The eyes are then induced to converge on a nearer point to
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achieve fusion. A contradictory and extremely unpleasant situation
ensues. The observer shuts his eyes. Sometimes he has feelings of
nausea and vomiting. Generally he ends up either by Iookiftg with
only one eye (placing the effigy behind the mirror, now $at con
vergence is no longer a disturbing factor and accommodation is
discounted) or by turning the gaze of both eyes in another direction.

The effects may also be quite different. For example, near I in
Fig. 47 put any material object, say a stick with one end beneath I,
so as to give the impression that it supports the source of waves, or a
diaphragm perforated so that the wave passes through the central
portion of the aperture. These arrangements yield information that
is completely at variance with the previous reports and entirely
plausible to the mind. It no longer has ,any difficulty in placing the
star effigy at the point indicated by accommodation and con
vergence. This trick is necessary for the ordinary observer, but
superfluous for an experienced person who is convinced that he
should place the star effigy in the air.

143. If we continue to move the source S farther away from the
mirror, the situations that arise do not differ substantially from the
case analyzed in § 142. The ordinary person generally finds the
observational conditions less uncomfortable than those described
there. For the center of the reflected waves approaches the mirror
and recedes from the eyes, thus permitting a reduced effort of
accommodation and a smaller convergence. Hence the observer's
mind encounters weaker resistance to satisfying its desire to place
the star effigy behind the mirror. ,

For example, if the source S were removed to a very great dis
tance, the waves transmitted to the mirror would be sensibly plane
and the reflected waves would have their center at the focus F. The
observer's eyes, still 2.5 m away from the mirror) would need only
O.5D of accommodation and only 100' of convergence. In these cir
cumstances the ordinary person usually places the star effigy on
the mirror or a little behind it. '

It would be instructive also to discuss the application of tem
poral parallax by the observer under the various conditions that we
have investigated. But I believe that we have devoted enough time
to vision of a point source with a concave mirror as intennediary.
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Let us go on then to examine wllat happens when the source of
waves consists of an object of appreciable dimensions.

144. For reasons that will become clear later, it is convenient to
consider linear objects perpendicular to the axis of the mirror. Or
rather, we shall assume that we are talking about arrows (as in
deed they will be drawn in the Figures) with one end on the axis of
the mirror. Any suc~ object may be regarded as an assemblage of
points, each of which emits waves on its own account. Every traill of
waves is reflected by the mirror and returns from it as another
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FIG. 48. Reflection by a concave spherical mirror of waves emitted by
various elements of an extended object

train of waves that have somewhat complex forms. But in tllis part
of our investigation we should side-step those complications by
treating the reflected waves also as spherical. The difference be
tween such a treatment and the actual facts diminishes as the angu
lar aperture of the mirror becomes smaller and the object under
consideration becomes shorter.

Simplifying by hypotheses of this kind, we arrive at the equation
(§ 312)

where y is the height of the object or the distance between its end
points Sand 81, while y' is the analogous distance bet\veen the
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centers I and 11 of the waves reflected by the mirror and emanating
from the sources at the two extremities, respectively (Fig. 48).

The fact that the source is not a point but an object, often of
knO'Nn diniensions, supplies the mind with new criteria that play
no small part in locating the effigies. Exactly as in direct vision
(§ 121), the effigies of k110wn objects are placed muell more rapidly
and accurately and at far greater distances than are the effigies of
unfamiliar and unknown objects; the effigies of known objects,
moreover, provide highly important standards of reference for the
placement, by suitable study of the parallaxes, of effigies otherwise
hard to identify. As we noticed in the entire discussion of the point
source, in vision by means of plane and curved mirrors the localiza
tion of the effigies is a very complex problem. Introducing the
dimensions of the object is, therefore, not without interest.

14.5. Let us examine, for example, the case in which the object
lies in the focal plane (Fig. 49). Let y be the length of the object.
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FIG. 49. Vision of an extended source at the focus of a concave spherical
mirror

For our present purpose we need consider only its end points as
sources of waves; the points in between obviously behave in an
intermediate manner.

Let the source S coincide with the, focus F on the axis of the
mirror. The waves that the source emits, as we saw in § 135, leave
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the mirror as plane waves perpendicular to the axis. When they
encounter the eyes of the observer (he is still 2.5 m away from the
mirror, whose radius of curvature is 1 m) they enter and are made
convergent with their centers at the two foveas Fd and Fa& The
axes 'of both eyes are of course parallel to each other and to the axis
of the mirror &

In precisely the same way the waves propagated by the point
S1 toward the mirror are reflected back in the form of plane waves.
To discover the disposition of these waves we need only consider
that the straight line SiC may be regarded as an axis of the mirror
with just as much right as the straight line se. This latter line is
called the principal axis of the mirror, simply because it passes
through the point V, the center of the mirror's rim. Mter the waves
emitted by 81 are reflected, they must be propagated in the direction
of the straight line SIC. Hence when they reach the observer's eyes,
they are made convergent with their centers at two retinal points
corresponding to that direction. Thus the angular magnitude of the
effigy creat~d at the end of the visual process is constant, inde
pendent of the observer's distance from the mirror, and exactly
equal to the angle SCSI subtended by the object at the mirror's
center of curvature.

146. The information now furnished to the mind by accommo
dation and convergence is that the source of waves is extended,
linear, arid very far off. There may also be reports concerning the
brightness and hue of the various elements of the effigy. We shall not
take account of these two qualities, even though they are not always
negligible for the purpose of pla.cing the effigy.

This optical information is submerged, however, beneath other
environmental or experilnental considerations that lead the ob
server to locate the effigy rather near. But where? That obviously
depends on the observer's frame of mind at the moment of the ex
periment. Hence a universal answer cannot be given. Fairly com
monly the effigy is put in back of the mirror at a distance equal to
the distance of the object from the front of the mirror, in the present
instance, 50 cm. This placement is suggested to. the observer by
his long experience with plane mirrors, as was indicated in § 142.

Then the effigy is localized 3 m from the observer, and its angu-
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lar nlagnitude is the same as that subtended by the object at the
center C. Therefore Ye, the length of the effigy, will be six times the
length of the object, this being the ratio between the distance
(300 cm) from the effiWf to the observer and the dista:lce SC
(50 em) from the object to the mirror's center of curvature. But
there is no assurance that the observer sees the effigy so many times
larger dIan the object, since in that space before the eyes angular
magnitude is considerably underestimated. Howe~"er, if the ob
server is in a position to receive at the same time the waves coming
directly from the object, lIe must create the two effigies simultane
ously, and then they are usually constructed in proportion to their
respective angular magnitudes.

147. Hence we are now confronted by this new phenomenon,
rnagnification·) as it is called. It is a very interesting topic that we must
treat at length, both here and in connection with other optical sys
tems too. Many have tried to define it, but heretofore they have had
to fall back on conventions of a geometrical kind.

Anyone who wants to know how much magnification a certain
optical system provides is asking, essentially, how many times the
figure that he sees with the help of that system i. bigger (or smaller)
than what he would see by looking directly at the object. Merely to
remove a possible cause of confusion, I point out that this ratio may
prevail between two corresponding lengths or between two corre
sponding surfaces. The fanner ratio is known as linear magnification
and the latter as areal magnification. Simple geometrical arguments
lead at once to tlle conclusion that the latter is numerically equal
to the square of the fonner. It is, therefore, unnecessary to consider
them both. Onl.y the linear magnification is used at present, ac
cording to the established practice that we shall follow hereafter
without the need of so specifying on each occasion.

Returning now to the problem of defining magnification, I wish
to exnphasize that the previous question cannot have a precise
answer of a mathematical or physical nature. The figure that any
one sees wIlen he looks at an object is an effigy created by the
observer. The figure that he sees when he looks in an optical system
is another- effigy created by his own mind. To inquire how many
times the latter effigy exceeds the fanner in length would have
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rneaning if the l1ulnan n1ind acted urliformly, if tb,e mil1<i of allY
observer always functioned ill tIle same Inanner, and if tIlls Inanner
\verc connec1ed with the physical characteristics of tIle objects witb
out any subjective interventiolJ.

All trlree of these suppositions :have to be rejected. TIlen there
i~ no sense in. askir!g how tllany times the figure seen by mean.s of
an. opticai system must exceed that seen directly. If an~rone desire~

this infornlation in a particular case, there is only one way to get
it-i11terrogate the observer alld trllst his answer. Por optiral mag
nification is an essentially psythological operation.

Nevertheless sonle patterns of bellavior have a higll probability
of l1eing found in the majority of observers. In §§ 148-151 I shall
deal with a few of tllcse patterns "under various circumstances. If
anyone tryiIlg an experiment obtains different reslllts, he should
not h~ sarpr'ised. The variation simply means that at that moment
some pa.rticular piece of information induced his mind to rnake a
decision different from the usual.

148. Thus, in the example considered in §§ 145-146, if the
o11server receives at (or about) the same time the waves emitted
directly by the object 2 m from his eyes as well as the waves reflected
by the mirror, lle creates two effigies. Of these, the former may be
l)laced with precision, especially if the object is well known. On the
basis of the optical infonnation, the latter effigy should be located
at an enOrlTIOUS distance and accordingly have gigantic proportions.
[11 that case the magnification (in other words, the ratio between
corresponding dimensions of the two effigies, as was explained in
§ 147) wotl1d be tremendous Of, to use the conventional expression,
infinite. But this never happens. Frequently the effigy is stationed
behilld the mirror at a distance approximately equal to the object's
distance (50 em) from the mirror. Hence the ratio is 6 (as was
shown by the calculation in § 146). A c;lirect comparison between
the two dimensions being possible) this ratio may be estimated fairly
accurately.

But if only the reflected waves reach the eyes, and the object is
familiar, the mind finds itself in one of its customary embarrassing
predicaments. Both the optical and geometrical information would
induce it -to ~onstruct an effigy magnified much more than six
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times. rrhen the conclusion depends on the observer's mode of
thought. In many installces he works out a sort of conlpromise.
The effigy is made bigger th~n required by the memory, but smaller
than indicated by the optical information, smaller by about half.
Accordingly there is no reason to wonder, if the observer \vho is put
in this situation usually reports a magnification considerably below
what would be expected.

rrhere are effects, however, th.at almost all observers notice.
Thus it readily follows from our previous analysis that if the ob
server approaches the mirror, the effigy seen behind it diminishes
proportionally. For the effigy's angular magnitude is constant,
being equal to the angular magnitude subtended by the object at
the center of curvature. The position of the effigy behind the mirror
is likewise fixed. Therefore the effigy's dimensions Inust vary in
proportion to the distance between the observer and the effigy; that
is, they must decrease if the observer approaches the mirror, and
increase if he recedes. Even though these observations are made in
the zone where the mind attributes no great importallce to the
angular magnitude, nevertheless by and large this effect is actually
observed.

149. For the sake of brevity I shall refrain from analyzing what
happens when the object is displaced from the focus F toward the
J.nirror, because not much is added thereby to what "vas said about
the case considered in §§ 145-148.

Let us instead move the object from the focus F toward the
center C until it is 54 em from the mirror (Fig. 50). The onlyessen
tial difference between this situation and the one illustrated in Fig.
49 is that now the waves reach the observer's eyes slightly concave.
To avoid diplopia, the axes of the eyes must diverge a bit, as was
mentioned in discussing a similarly located point source (§ 139).
The mind is even more embarrassed than before, particularly if
the eyes receive, simultaneously with the waves reflected by the
mirror, those coming directly from the object about 2 in away. The
O.5D of accommodation necessary for direct vision of th.e object is
inconsequential and may be disregarded. But to avoid. the diplopia
resulting from the waves reflected by the mirror, the eyes must
diverge almost 48', as in the case of the point source (§ 139). On the
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other hand, to avoid the diplopia caused by the direct waves, the
eyes must converge as much as 105'. In other words, to pass from
one setting to the other, the convergence must change by 2to.
Under these conditions the mind is truly embarrassed in placing
the effigies.

Yet the conclusion is simple. Ignoring the optical infonnation,
the mind locates the effigy a little behind the mirror, just as when
dle object passed through the focus (§ 146). The magnification is a
trifle larger. But the difference is appreciable only if the object is
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FlO. 50. Vision of an extended source placed between the focu~ and the
center of a concave spherical mirror, with the centers of the reflected
waves falling behind the eyes

moved rather rapidly while the obseIVer is receiving the waves re
flected by the mirror.

Under these conditions too, if he moves backward while looking
at the mirror, the effigy created is enlarged, but somewhat more
quickly than in the case treated in § 148.

150. Now let us move the object farther away from the focus
until it is 62.5 em from the mirror (Fig. 51), the same distance as ill

Fig. 46. The waves emitted by any point of the object, after ~ing
reflected by the mirror, become concave with their center 2.5 m
from the mirror or exactly where the observer's eyes are.

If he is still, his right eye remains inactive because it does not
receive any reflected waves. But his left eye is entered by some
waves, namely, by those whose ceIlters coincide witll the pupil.
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Each such \vave stimulates the retinal elements contained in a disk,
just as when the source was a point (Fig. 46). The effigy created
will, therefore, be a luminous disk as big as the mirror and located
on the mirror (unless the observer errs or thinks otherwise).. There
is no longer any trace of the object's form.

''\That is seen when the object is moved from the focus F toward
its position in Fig. 51 is peculiar. As was indicated in § 149, when
the object passed from SO to 54 cm away from the Inirror, the mag
nification increased; in other words, the effigy stationed behind the
tnirror acquired bigger dimensions and might be said to occupy a
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FIG. 51. Extended source seen by means of a concave spherical mirror
when the centers of the reflected waves fall within one eye

larger portion of the mirror. As we continue to move the object
farther away from the focus, the effigy- enlarges until, when the
object reaches a distance of 62.5 em, as in Fig. 51, the entire
mirror seems to be filled by it.

The magnification may be said to have become enormous.
During this process the effigy gains in size but loses in brightness.
This loss is due to the fact that the reflected waves reach the eyes
concave with a progressively greater curvature, on account of whiGh
the waves refracted within the eye have their centers farther and
farther away from the retina.

151. As we continue to move the object farther away from the
mirror~ the effigy that seemed to take up the whole mirror s~arts to
shrink and sho\vs another peculiarity by turning upside down.
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To account for what is seen in these circunlstances, let us halt
the object 67 cm from the mirror uIlder conditions like those in Fig.
47. The waves emitted by each point of the object, after being re
flected, become concave with their centers 2 m from tIle nlirror or
0.5 m from the obsef\7er's eyes (Fig. 52). Every center II of a re
flected wave is collinear with the correspondiIlg emitting point Sl
and also with C, the mirror's center of curvature. Consequently, if
the point .Sl is above the axis T7C, the point /1 must be below it.
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FIG. 52. Extended source seen by means of a concave spherical mirror
when the centers of the reflected waves fall in front of the eyes

The eyes now receive divergent spherical waves coming from all
the points on the line between I and 11, as if there were a real object
between these extremities. With 2D of accommodation and nearly
70 ofconvergence, the stimulated retinal zones have minimal dimen
sions, and diplopia is avoided. ~-\ll the optical information would
lead the milld to station an effigy in the form of a line, situated like
Ill, 50 em in front of the eyes.

But this generally does not happen. Such an effigy up in the air
is contrary to common sense, and no one (but an initiate) can
conceive it as possible. The effigy must be snspended from, or sup
ported by, something. I say nothing about the corrlplications arising
when the object SSI is a familiar thing. If it is a glass full of water,
for instance, there is no observer capable of placing at III an effigy
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consisting of an inverted glass wherein the water remains clinging
to the bottom that is on top.

Usually the observer locates the effigy on, or a little behind, the
mirror. The effigy of course comes out much bigger, considering
the greater distance to which it is removed while its angular mag
nitude remains constant. The resulting situation is so strange and
absurd that the observer's mind no longer knows what information
to trust.

Here again a most unpleasant conflict breaks out between the
anticipation derived from the memory and the information fur
nished by the optical machinery. The mind wants to put the effigy
behind the mirror. Then the optical axes are brought to converge
on this effigy. But such a movement does not agree with the waves
actually reaching the eyes, and therefore diplopia results. To avoid
it, the optical axes must be made to converge on I. But this action
does not agree 'with the anticipation derived from the memory. The
observer protests; shuts his eyes, or one of them at any rate; has
queasy feelings; and reports nausea and dry vomiting as well
as a strong urge to look elsewhere.

152. The situation becomes normal at once if some material
object is put at or near I to eliminate the absurdity of an effigy SllS-

FIG. 53. Experiment with a bouquet of flowers

pended in mid-air. It is then assigned a position very readily on the
basis of the optical information.

In this connection the "bouquet of flowers" is a very old experi
ment (Fig. 53). Below C, the mirror's center of curvature, place'a



1S2 OPTIC~J THE SCIENCE OF VISION

bunch of flowers upside down. Light them up on the side facing the
mirror, but conceal them by an opaque screen on the side facing the
observer. The centers of the reflecte<\waves lie above C in inverted
order. To facilitate the placement of the effigy, set a va~e at C, with
no flowers in it, ofcourse. Any observer sees with complete assurance
a vase with a bouquet of flowers. The closer he approaches, even to
20 or 30 em, the more convinced he is that the bouquet is there.
Some people stretch out their hands to take the flowers and are
surprised to find only the vase. The flowers that they saw with
such confidence were effigies created by themselves. Natural~y, in
order to be able to do so, the observers must direct their eyes toward
the course of the waves reflected by the milTor. .

153. The method with which I have sought to approach the
study of vision by means of a concave spherical mirror has now
been expounded at some length. Yet only two equations were intro
duced \into the discussion, which was limited to a few special in
stances. Rather than state any general rule, I intended to 'offer an
example. To anyone who has understood its essence, it may serve as
a guide whenever a similar case appears. The absence of a mathe
matical treatment is nothing but an indication of how subjective and
arbitrary this process of vision is. Yet experimental observations
and what I have set forth correspond to a surprising extent. The
surprise is all the greater because the type of reasoning I used is
deemed by many to be almost heretical or at least erroneous. But
in § 192 I shall demonstrate how erroneous is that which is pre
sented everywhere today as the most certain truth. .

154. Let us now go on to a brief consideration of vision by
means of a convex mirror. .

As is well known, when the waves emitted by a point source are
reflected by a convex mirror, they become more divergent. Their
center of curvat':!re is, therefore, behind the mirror at a point whose
distance x' from the mirror is given by the equation

1 1 2-+ - =x x' r

where x is the distance from the source to the mirror (x being taken
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as positive, because it is in front of the mirror) and r is the Inirror's
radius of curvature (taken to be negative). Hence x' is al\vays nega..
t;ve and numerically less than r/2.

Accordingly, wherever the observer may be, his eyes, receive
waves that inform his mind that there is a center of propagation at
a relatively short distance behind the mirror. This report is never
contradicted by inforI?J.ation derived from the optical mechanism or
the memory, or by the reasoning of common sense. Consequently
the effigy will always be located behind the mirror approximately
where required by the optical information.
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FIG. 54. Extended source seen by means of a convex spherical mirror

This situation is made clear in Fig. 54. The waves emitted by
S are reflected by the mirror as if they were emitted by a point I
situated between V and F; that is, S, V, I, F, and C are necessarily
collinear. In like manner the waves emitted by St are reflected as
if they were emitted by a point 11 on the straight line joining C with
S1. The distance III is always shorter than SSt. .

On the other hand, the angular magnitude that the eyes Od and
0 8 get from these reflected waves is obviously smaller than the
angular magnitude that the eyes obtain from the.waves transmitted
directly by the object SSl) if these direct wav~s are received by the
eyes. It follows at once that the effigy will be placed ,behind the
mirror, oriented like the object and made smaller than it.

155. It is not worth while to linger long over this case. Nor
shall we take up mirrors of cylindrical, ct!nical, or irregular design
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because the time has come to turn to the analysis of vision through
a refracting surface. The outstanding example, which has been
observed and studied for thousands of years, is that of bodies im
mersed in water and seen through its unobstructed and undisturbed
surface. This situation is still so common today that it lends itself
to easy and interesting experiments. Hence I shall use it as an
illustration in the discussion I am about to undertake, because as
usual I prefer the examination of a particular instance to a general
treatment.
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FlO. 55. Refraction of waves passing through a plane surface

When a point source of visual waves lies in the water, its waves
are spherical until they reach the surface. Upon emerging into the
air, they lose their spherical shape and assume a much more com
plex structure. Obviously they still form a surface of revolution
around SN, the vertical line passing through the source S (Fig. 55).
But the normals, instead of intersecting at a single point, envelop
an evolute surface, called a caustic. This is also a surface of revolu
tion around the vertical; its border is tangent to the surface of the
water; and it has a cusp on the axis of revolution. If we indicate the
distance from the source S to the surface AA by x, the radius y
of the caustic's border, where the evolute surface is tangent to the
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refracting surface, is given by

x x
y= --Vn 2 - 1 - 0.88

155

n being the refractive index of water or 4/3. The distance x' froin
the cusp I to the refracting surface is given by

156. When an observer looks at the water, he receives the
emerging waves. For the sake of simplicity let us assume his posture
to be such that the waves reaching his eyes are symmetrical.

Consider what happens in a single eye. Arriving at the pupil is a
small wave segment that varies in accordance with the position of
the eye. If this is on the vertical SN and is looking down, the waves
impinging upon it are sensibly spherical with their center at the
cusp I. Inside the eye they are made convergent and, with appro
priate accommodation of the crystalline lens, are concentrated at
their center on the fovea. The mind thus acquires information about
the existence of a center of waves on the axis of the eye at a distance
determined by the usual methods.

The cases entirely deficient in reports from which the mind can
deduce the distance of the source are so difficult (we are dealing
with a point source, be it. noted), artificial, and infrequent that there
is no need to take them up. Since the source is always joined to some
support or to some more or less familiar object, the placement is
almost invariably based on acquaintance with the form of the
object in complete disregard of the admittedly crude data furnished
by the effort of accommodation. This matter will be discussed in
greater detail in § 158, when we examine extended sources im
mersed in water.

Before doing so, however, we should continue analyzing vision
of a point source. Instead of using only one eye on SN, the perpen
dicular to the refracting surface, the observer may utilize both eyes
in binocular vision, disposing them so that they are symmetrical,
or neatly so, with respect to SN. Then convergence intervenes to
supplement the infonnation conveyed to the mind concerning the
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distance of the center of the waves incident llpon the eyes. But the
results do not differ sensibly from those that we mentioned above
in connection with monocular vision.

157. Of greater interest is wllat is observed when the direction
of vision is oblique. In this case the effects ~e more perceptible,
the larger the angle formed by the axis of the eye with the vertical
SN (Fig. 56). For under these conditions the wave segment arriving

, N,
1
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FIG. 56. Point source seen through a plane refracting surface

at the eye is no longer spherical but toric, with its maximum curva
ture in the vertical plane and minimum in the horizontal. The
center of curvature of the vertical section is on the caustic at a point
It, while the other center is on the vertical. at a point I., which is
obviously above the cusp.

The eye makes this wave segment convergent, but cannot make
it spherical. Despite accommodation, therefore, the group of stimu
lated retinal cones cannot be the minimum .mentioned in previous
cases, and the phenomenon known as astigmatism arises.. Yet its
influence on the acuity of vision, a subject with which we shall deal
in Chapter V, is so slight under these circumstances that it may
be neglected.
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I mentioned it solely for the purpose of pointing .out that even if
·accommodation were a potent mechanism of impeccable ~ccuracy,

it could furnish only very strange information now. I~ could 110

longer indicate that the wave incident upon the eye has a center
at a certain distance, but it would have to report that the wave is
toric and as such shows two zones of concentration.

The perplexity still remains when binocular vision is employed.
If the eyes are at the same distance from the water and symmetrical
with respect to a plane passing through the vertical SN, they find
that they must choose between points of the. type It and the type
Ia. On the other hand, if. both eyes are not at the same distance
from the water, that is, if the observer tilts his head, the situation
is even more complex. Were the eyes' telemetric system possessed of
absolute precision, it would have to notify the mind that the waves
reaching the eyes do not have a center, hence are not emitted by a
point source, and therefore a point effigy should not be created.

Not only is the ocular telemetric system not perfect, or rather
somewhat crude, but its reports are analyzed by a mental apparatus
that has astonishing resou.rces and can resolv~ difficulties with

. surprising skill. By selecting from the various items of information
those that it regards as more coherent and useful, while ignoring
the others, it creates a star effigy and places it in the water. But
where? It is difficult to say. Most of the time the observers them
selves do not know. The only definite statement that can be made is
that the effigy is located nearer to the swface of the water, the
greater the obliquity of the axis of the eye. As for the res~ there is
no need to spend any more time considering a point source. For
in the case of extended objects, psychological factors intervene that
are more influential than the optical. Hence we should examine
some instances of this sort.

158. In the usual way, -consider an extended object as the ag
gregate of the point sourc.es composing it. Each of these on its own
account emits waves, with regard. to which wnat was said in §§ 156---
157 must be repeated. .

An observer who receives waves from all these points in both
IPs eyes finds himself in col:lI1tless different situations at the same
time. Suppose, for example, that he turns his f~ce down ~d looks
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vertically at the water. rrhen each eye receives not only sensihly
spherical waves from the points of the object that are located on
the respective ve~ticals btlt aJso toric waves from the adjacent
points. The greater the distance of these points from the verticals,
the more astigmatic are the toric waves. Moreover, the inclinations
are different for the two eyes, which are, therefore, at different dis
tances from the centers of curvature of the waves.

Hence the infornlation reaching the mind is extremely complex
and intricate. Amid this hodgepodge it tries to identify the object
with which it is concerned, creates the related effigy, and locates it
in the water by relying 011 judgments drawn entirely from the
memory. Accordingly the seeing takes place almost as if refraction
were not involved. For instance, bowls full of water about a foot
deep are used by millions of people who look into them. Neverthe
less, no one has ever found that the figures seen by him (that is, the
effigies that he localized in the water) were closer to the surface
than were the material objects that he proceeded to grasp with his
fingers. Yet the displacement must have been several inches.

On the other hand, surprise is occasionally felt in dealing with
\vater two feet or more in depth. Sometimes the observer "sees an
object" in tIle water, thinks he can pick it up with one hand, rolls
up his shirt sleeve as far as he believes necessary to avoid wetting
it, and then has to get it wet if he wants to succeed in taking hold of
the object, which as a nlatter of fact is much lower than the effigy
localized by him on tIle basis of the optical data.

A noteworthy case occurs when the depth of a pond is estimated
from its shore. Suppose the observer naively makes his calculation
by looking at the objects lying on the bottom. The waves affecting
his eyes necessarily reach him from dir~ctionsmarkedly inclined to
the vertical. Consequently the effigies rise conspicuously closer to
the surface of the water. The observer judges the depth to be barely
two feet, goes into the water and feels it come up to his neck, if not
higher.

This discussion provides a handy explanation of the ancient
observation of an oar partially immersed in the water at ~ angle.
It seems bent at the point of immersion. The part seen out of the
water is an effigy correctly placed on the object. The part seen in
the water is an effigy placed nearer to the surface than the materIal
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oar is. The two 'parts are joined at the point of immersion. If the
observer looks at the immersed ear while keeping the axes of his
eyes vertical or"nearly so, the~bending effect that he sees is much
smaller than if he looks at it from one side very obliquely. ,

159. To resume examining the various optical systems in their
proper order, we should now take up the plate with plane parallel
faces. But we shall treat it briefly because the subject is not very
important.

Consider a plane parallel plate of thickness e, made of a material
whose refractive index relative to the medium outside is n. When
the plate is traversed by a spherical wave coming from a point
source S, it lets the wave pass through, while reducing the ampli
tude of its vibration more or less, but deforms it. The emergent
wave has a contour of the type that we previously found in the case
of refraction through a single surface (§ 155). Its evolute is a caustic
of revolution around the perpendicular drawn from the source to
the faces of the plate. The cusp of the caustic is on this perpendicu
lar and is displaced from the source by a distance d, given by

n - 1d = c-----
n

For plates of ordinary glass, d is equal in round numbers to
about 1/3 c. Hence it becomes perceptible only when the plate is
fairly thick and the observation is made at close range. When the
observation occurs in a direction markedly oblique to the perpen
dicular drawn from the source to the faces, the situation grows'
complicated. For the wave segments that enter the observer's eyes
are astigmatic. l'he more the direction of observation is inclined to
the perpendicular, the farther the direction of propagation of the
wave seglnents recedes from the cusp. of the caustic.

In this connection, however, we Ilfay repeat what was said in
',157 about refraction through a single plane surface. If the mind
took into account all the iIlformation reaching it by w.ay of the
~) it ··wo~d arrive at very complex and almost unintelligible
mnclusions. But it explains away all the difficulties, fills up all the
JAps, levels out the differences, and ignores whatever clearly refuses
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to tJecome part of the over-all compromise. As a result, most of the
time the effigy is created and placed as if the plate were not present.

Particularly if the object is extended and complicated as well as
very familiar to the observer, its effigy is located mainly o~ the. basis
of data supplied by the memory and experiment. The plate may
be said to exert practically no effect. Instances are rare in which the
effigy created is definitely and. perceptibly displaced from the posi
tion it would have occupied in the absence of the plate.

160. Let us now go on to consider the plate whose faces are plane
and not parallel. The face upon which the waves are incident forms
with the face from which they emerge an angle a different from
zero. If a does not exceed three or four degrees, the plate is called
a wedge or thin prism. If a amounts to several dozen degrees, the plate
is knoWll simply as a prism. However, to distinguish those prisms
that act by refraction alone from others that function by reflection
too, the fonner are sometimes labeled refracting prisms.

In general a prism exerts its effect on a plane wave in deviating
it by an angle 0 toward the base of the prism (§ 317). This angle 0
is a fUIlction of the angle of incidence, of the prism angle (x, of the
prism's refractive index n (relative to the medium outside) and
therefore by implication of the wave length x.

l~his function becomes very simple in the case of thin prisms,
because the effect of the angle of incidence may be regarded as
negligible; then

a = (n - l)a

Thus if a plane wave impiIlges upon a wedge, it is deviated very
simply. If the wedge is made of glass and is surrounded by air, the
deviation is slightly more than half of the angle a: (Fig. 57).

If the emergent wave reaches an eye, the segment entering it is
rendered convergent and concentrated on the fovea, exactly as wilen
the eye is affected by waves from a point source very far off. The
custonlary physiologico-psychological process then occurs, at the
end of which the mind ~reates a star effigy in the direction perpen
dicular to the waves received by the eye. If both eyes are involved,
the infonnation supplied by convergence confirms the r~moteness

of the source. 'The observer accordingly places the star effigy at the
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distance suggested to him by environmental circumstances, just as
he does whenever plane waves strike his eyes.
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FIG. 57. Infinitely distant point source se~n through a refracting plism

Yet the effigy is certainly not located where the real source is.
For not only is tile placement erroneous ~n depth, but the waves
incident upon the prism came from a different direction.

161. Now suppose that S, a point source of waves, is at a finite
distance x from a thin prism's face of entrance (Fig. 58). Hence the
waves'incident upon the wedge are spherical. But since the devia
tion is not a function of the angle of incidence, every element of a
wave is rotated through a unifonn angle. Therefore, the emergent
,waves also are spherical, with their center at a point I that is dis
placed, with respect to S, toward the edge of the prism. The dis
placement s of I with respect to S is expressed by

s = ~6 = x(n - l)a
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When the emergent waves are received by the eyes of an observer
and analyzed, his mind is informed that these waves emanate from
a point I, whose position is identified by the usual mechanisms of
accommodation and convergence. The mind accordingly creates a
star effigy and places it near I, except for errors in estimatl11g the
distance of the center I from the eyes.

If instead of being a point the source has finite dimensions, we
may regard it in Ollr habitual way as the aggregate of its points.
For each of these the reasoning set forth just above may be repeated.
In the end the observer creates an assemblage of effigies like those
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FIG. 58. Point source at a finite distance, as seen through a refracting
prism

that he would have created in the absence of the prism. He stations
these effigies at the same distance in front of himself, but they are
all displaced by a length s perpendicular to the direction of the
prism's edge.

In this connection L~e following experiment is of interest. Place
a wedge so tllat the emergent waves affect only one eye Os, while
the other eye Od receives the direct waves emitted by an object S
(Fig. 59). Let the eyes ket;p the attitude that they had while looking
at their surroundings before the prism was introduced. But now,
with the prism in front of one of the eyes, they see double, for the
effigy created by the left eye is displaced by a length s from the effigy
created by the right eye. Whenever the ocular system is able to do
so, however, it modifies itself in whatever way is necessary to avoid
diplopia. Thus if the prisln is in front of the left eye, as in Fig. 59,
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with the edge' of the prism vertical and facing the nose, the con
vergence of that eye must be increased by an angle equal to the
deviation 0 of the prism in order to avoid diplopia. .

As a result strange information reaches the mind. On ~he one
hand, the strength of the convergence indicates th~t the distance
between the object and the eyes is short. On the other hand accom
modation, and in particular the data derived from experiment and
the memory, guarantee that the object is still where it was prior
to the introduction of the prism. Consequently the mind in the
usual way places the effigy exactly as if the prism were not -there.
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FIG. 59. Binocular vision of a source at a finite distance when a prism is
placed in front of only one eye

The same thing happens if an equal or differen! prism with its
edge oriented in any direction whatever is put in front of each eye.
Unless the eyes succeed in achieving fusion, the observer sees double,
the effigies created by the right eye being displaced with reference to
those created by the left eye. But they are located at precisely the
same distance from the eyes as though these had achieved perfect
fusion. TheIl if fusion is accomplished by an appropriate rotation
'of the eyeballs, seeing occurs as if the prisms were not present; in
other words, the information s~pplied by convergence is completely
ignored by the mind. Yet some observers are deeply disturbed by
these prisms that require the eyes to perform unusual rotations, and
they prefer to close their eyes or look with only one eye.

162. What was said about thin prisms does not apply to refract
ing prisms of wide angle (600 is the type generally made) on account
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~f tarious ~omplications.~hus the variation of the deviation '6 as a
function of the wave length was imperceptible in the case of wedges,
but now becomes the predominant phenomenort. The consequence; ,
is dispersion; that is, if, the incident wave i~ complex, the ·variou~

monochrolnatic waves that comp<?se it qndergo perceptibly differ
ent deviations. Then the eyes of the observer receive waves ofmany
different inclinations (even if the source is a point). Each wa..ve,
after being rendered convergent by the optical system of the eyl!.J
affects a separate region of the retina. .'

Fig~ 60 schematically illustrates the instance in which the it:tci:
dent wave consists of two waves of wave le~gths Al and Ate Wilen.

Fla. 60~ Dispersion of waves through a refracting priat 11.

these two waves emerge from the prism, they proceed in differe~t

direc~ions, fonning between them an angle d8 (§ 318). Suppose that
the eye that receives them ~ oriented with its axis perpen.dicular to
the w~e Xl. Both wav~ are made conv~rgent. But the center of
wave Xl affects th~ retina in the customary sma~l group of cones at
the center of the fovea F (for the incident wave is assumed to be
piane, and therefore also t4e emergent waves). The center of wave
Ai, on the other hand,' stlmul~tes a different group of cones at a
point C, displaced from F. by an arc that subtenQ,s d8 at N', 'the
second nodal: po~ilt of the eye.

The mind is thus infonned that two plane waves 'have impinged
upon the eye from two. d'ifferent directions, just as when in\ direc~
vision waves arrive from two v~ry remote point SOl-trees. But now
there is again another circums~ance, the variation in ~. This pro-
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duces different effects on the photosensitive material of the retina.
For the impulses leaving from F hav~ a carrier frequency and in
particular a modulated frequency different from those that depart
from C. 1· ,th:e end the mind is led to create two effig;es in the fonn
of a star, one ill the direction perpendicular to the wave ~1, the
other ill the direction perpendicular to the wave A2. The former is
endowed with a certain intensity and a certain hue; the latter, ~ith
a certain intensity, which may even be equal to that of the fonner
effigy, and with a different hue. 'More exactly, most observei"9 (those
called normal from. the colorimetric point of view) ascribe a hue
closer to violet, in the order of the colors of the rainbow, to the
more deviated wave.

At what distance from the eye will these two effi~es be sta
tioned? This is th~ usual problem. But.now it is complicated by the
scatcity, if not complete absefJ.ce, of data derived from the memory
and experiment. Hence the observer's imagination intervenes to
unify (and solnetimes even to modify) the optical information.
Consequently the strangest results are obtained, from one observer
to another, especially if he is a layman and entirely unfamiliar with
the phenomenQn. It may be said that 110 one ever does what is
required by the optical information, n.amely, see two stars very far
off. Tllis experiment being generally performed in a darkened
laboratory, the mind of the observer is induced to locate the effigies
jnside the t~oom, even if the prism is big enough to' let the experi
Inerlt be conducted binocularly.

163. Suppose that the incident wave, instead of being composed
of two monochromatic waves of wa\'e length A1 and A2, contains
three.. four, . . . m waves of wave length Ai, At, Aa, . . . Am.
When these component waves emerge from the prisnl, each of them
follows a direction of its own. If A decreases in the fo~goingorder,
the deviation increases in' the same order. When these waves enter
an eye, they are made convergent and are concentrated each in its
own' group of cones on the retina. The result is the creation of a
corresponding number of star effigies distributed along a m-aight
line perpendicular to tp.e edge of the prism.. Th.e various stars have'
(Iifferent hues rangirig, in the foregoing order, from red to violet
accoTtiing to the sequence of the colors in the rainbow. Thus the
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star closest to violet is.displaced farthest toward the edge of the
prism. The distance of this row of stars from the eye is subject to
all the uncertainties mentioned in § 162.

The incident wave may be so complex that it contains all the
visual waves, or at any rate all those comprised within' a certain
interval of wave length Al - A2. Then innumerable waves emerge
from the prism in as many different directions without any break
in continuity, but they are all parallel to the prism's edge.

If they enter an eye, they are rendered convergent, and all the
retinal elements along a stretch perpendicular to the edge of the
prism are affected, just as when the eye receives directly the waves
emitted by the points of a remote linear object. Hence the mind
creates a linear effigy, oriented in the direction perpendicular to
the prism's edge, and stationed at a distance that depends most of
all on the environmental reports and the imagination of the
observer.

But now there is a new fact concerning the linear object, for the
retinal elements are affected by waves of continuously different A.
The effects are clear. Nerve impUlses leave from each element with
different frequencies. This leads the mind to modify the color con
tinuously along the effigy, giving it a red hue in the part farthest
removed from the prism's edge, and the various hues of the rainbow
in turn up to violet in the part nearest to the edge. If the point
source emitted all the visual waves, the effigy thus created by the
mind is called a continuous spectrum. If, however, the waves emitted
by the source are all those, and only those, included in the interval
of wave length Al - A2, then the created effigy will still be linear,
but it will be only a part of the continuous spectrum.

164. Now suppose that the source is no longer a point but a
linear object (for the present we may assume it to be very far away)
oriented in a direction parallel to the prism's edge. If this source
emits waves of a pure wave length A, for each of its points the mind
will repeat the process described in § 160. Hence the effigy created
will be linear, parallel to the prism's edge, and displaced toward it
by an angle equal to the deviation 0 suffered by the waves..

A complication now appears, however. In our discussion of a
point source we tacitly took for granted that the source and the
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center of the eye were in a single plane that was perpendicular to
the edge of the prism and, therefore, cut the prism in a normal sec
tion. We regarded this plane as coincident with the plane of the
paper, and we measured a, the refracting angle of the prism, in it.
But if the line joining the source to the center of the eye is not per
pendicular to the prism's edge, then the waves are not parallel to
the edge. Instead they form with it a certain angle cp. Hence the
prism's effective section (if I may so call it) is no longer a nonna!
section, but another section inclined to the normal section at the
angle cp. The refracting angle is no longer a, but a/cos cp. Therefo~e
the deviation is greater.

As a result the line of affected retinal -elements is not "Yhat it
would be if the eye looked directly at a linear object in front of it.
Instead the line now comes out curved and symmetrical with respect
to the plane perpendicular to the prism's edge and passing through
the eye. Consequently a curvilinear effigy is created that is sym
metrical with respect to this plane and that always has its concave
side facing the prism's edge.

For. this curvature to be noticed by the observer, tIle angle cp
must not be too small, or the linear source must be long in compari
son with its distance from the prism. But generally the object is
very short, and then the effigy created by the mind is a segment of
a straight line parallel to the edge of the prism. If the prism is ro
tated, however, so as to vary the angle cp, the segment effigy is seen
inclined. Essentially it is a segment of the curved line mentioned
above.

165. Suppose that the linear source (which we shall now assume
to be short and parallel to the edge of the prism) emits waves of
two, three, ... m different wave lengths. Then the final effigy
is composed of a corresponding number of segments, parallel to the
edge and therefore to one another. Their hue of course varies. In
the order of the colors of the' rainbow, the segment farthest from
the edge has a hue closest to' red, while the segment nearest to the
edge has a hue closest to violet. This pattern is called a line spectrum.

If the-linear source emits all the visual wave lengths, the\'effigy
created is a streak. consisting, as it were, of innumerable segments
parallel to the edge of the prism. Each has a different hue, and all
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the colors of the rainbow are present, the violet being to\vard the
edge of the prism. This pattern too is a continuous spectrum. It is made
up, as it were, of innumerable linear spectra, like the one described
in § 163 as produ~ed by a point source. These spectra are situated
one above the other, so that the points of'like color fonn a segment
parallel to the edge of the prism.

If the point source is not infinitely distant, the waves arriving
at the prism's face of incidence are spherical, but are considerably
deformed when leaving the face of emergence.-The va,rious ele
ments of a spherical wave may be considered to be plane t¥ements,
each incident upon the prism at a different -angle and therefore
suffering a different deviation. rrhe emergent wave, then, as an
aggregate of elemeIlts that have undergone the action of the"prism
in different ways, can no longer have a spherical form. It nevetlb;e
less has a plcule of symmetry, namely, the plane perpendicular·f~

the prism's edge and passing through the SOt\rce. .
If this \-"ave enters an eye, it is made convergent inside the eye.

But the concentratioll on the retina mayor may not be contained
in the sOlall group of cones in which it would have been contained
had the wave received by th.e eye been spherical. Whether or not it
is so contained depeI.!ds, of course, on the extent to which the de
formed 'Y~ve emerging from the prism differs from a sphere. ~·bis

deformation in turn depends on the angular amplitude of the wave
segmen : traversing the prism and on the average angle of incidence.
! am sticking to generalities because I do not intend to develop this
topic in detail. For our purpose it is enough to conclude that if
experimental conditions are such as to make perceptible the de
formations of the waves enlerging fro~ the prism, then 'pn the basis
of the information furnished by the retina, the effigy created at the
end of the mental proca'l will be a small figure of strange form.
The only statelnent that can be made about it is that it will have
an axis or'symmetry perpendicular to the edge of the prism. Under
these conditions the placement of the effigy is influenced even less
by the optical infonnation, which is quite uncertain. We may say
that the placement is based exclusively on d.ata derived from the
environment, memory (if there are any such) or even the imagina
tioh. There is a l?ig difference hetween what someone says he seea
who is observing these things for the first. time, and what is reported
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by somebody who observes them with familiarity and knowledge,
if not with preconceptions generated by scientific hypotheses or
discussions. .

166. We are now in a position to understand how complicated
it must be to describe what may be seen by an observer looking
through a. refracting prism at nearby extended obje~ts. The indi
vidual wave~ emitted by the points of these objects are spherical
before reaching the prism, but emerge from it defonned. At the
same time they are in every case modified by the value of Aemitted
by the corresponding eleII'ent of the source. Each such wave under
goes a different deviation, a different de"fonnation, and a different
dispersion.

On the other hand, the waves emitted by an element of the
object emerge from the prism superimposed upon those emitted by
another element and de~~teddifferently. This entire hodgepodge of
waves arrives at the pupil and is transformed into an assemblage of
convergent waves. These excite an enonnous number of retinal
el~ments. Along another enormous number of nerve fibers a corre
sponding quantity of trains of nerve impulses leaves, with different
ca.rrier frequencies, different modulated frequencies, and different
indices of modulation. The mind has to analyze all this informa
tion and represent it in the effigy that it creates and must locate
behilld the prism. This is no mean task. Anyone who looks througll
a prism at diverse extended objects for the first time is apt to stare
for minutes on end before being able to say what he sees; and to say
wh~t he sees means to describe the effigy created.

I do not intend to tarry longer over this subject, because it is
enough to have made clear the criterion that should guide the
reasoning of those who Wish to account for what an observer sees
\vhen he looks through a refracting prism at complex objects emit
ting waves of many different. wa\'e lengths or even all the visual
wave lengths.

167. To proceed in an orderly way in studying vision by means
ofoptical systems, we should now go on to discuss refr.action through'
a spherical surface separating two media of different refractive
index. But since this is an optical system of little practical interest,
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. we shall skip over it and go on at once to the most important sys
tem, the lens. This is a highly significant .subject, which we shall
have to develop step by step, even if a great deal of time ~s required.

Lenses may have various forms and various curvature~. First of
all consider a lens having spherical surfaces, a circular rim, and a
thickness negligible in comparison with the radii of curvature of the
surfaces. Such a system possesses symmetry of revolution around a
straight line, called the optic axis, which passes through the centers
of curvature of the two surfaces.

Suppose that a point source S emitting waves of a pure wave
length A is situated on the axis of the lens. The spherical waves
emitted by the SOllrce reach the lens, pass through it, and emerge
in a form that may be very complex, although still possessing sym
metry of revolution with respect to the optic axis (§ 320). For the
sake of simplicity we shall assume this form to be spherical or plane.
This supposition approaches the truth more closely, the smaller the•angle subtended by the diameter of the lens at the centers of curva-
ture of the surfaces.

The emergent wave has its center I at a distance x' from the
center 0 of the lens in accordance with the equation

111-+-=-x x' f

where x is the distance from the source to the lens, and f is the focal
length, given by

! = (n - 1) (-! + ].)
f '1'2

where n is the refractive index of the material of the lens, r1 and r2
being the radii of curvature of the two surfaces.

On the basis of these preliminary statements the analysis pro
ceeds very much as in the case of spherical mirrors, a similarity that
will let us use somewhat condensed language~ Moreover, since
lenses are rarely big enough to permit binocular vision, we may
confine our investigation to monocular_v.ision.

168. Let the source S be at F, the first principal focus of the lens
(Fig. 61). This focus is that point on the axis whose distance from
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0, the center of the lens, is f. Then in the first equation of § 167,
x = j, and therefore x' = 00; that is, the emergent waves are plane
and perpendicular to the optic axis.

If an eye 0' receives these waves, it makes them convergent and
concentrates them at the fovea F' in a tiny group of cones. The
mind of the observer is thus informed that in front of the eye there
is a point source of waves· in the direction of the axis of the eye.
The next step is to place the star effigy at a certain distance. But at
what distance? This probleln is difficult for the mind, because the
only telemetric optical information is that furnished by accommo
dation, the slight value of which was indicated in §§ 98-100. The
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FIG. 61. Vision of a point source located at the focus of a converging lens

placement will consequently be based exclusively on reports of
another kind.

If the obse~verknows where S is, he will end up by locating the
effigy exactly where the source is, or close by. What never happens
is that the effigy is stationed at a very great distance behind the lens.
This experiment is generally performed in a labotatory (the point
source must be in complete darkness to attain the assumed cond.i
tions) whose dimensions are known to the observer. It will never
enter his mind to think of the waIls as being perforated and thereby
making a remote star visible. H~nce th~ effigy will always be located
a short distance away. The precise value varies a good deal from
one observer to another, and depends on the particular circum
stances in which the experiment'is ~onducted.

169. Now let us bring the source closer to the lens, so that
-x < f (Fig. 62). This time; the wave emergjng from the lens is di-
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vergent, with its center at a point I behind the lens at a distance
x', given by the first equation in § 167 and therefore always numeri
cally greater than x.

The waves arriving at the eye 0' are once more made convergent
by accommodation of the crystalline lens, and are concentrated at
the fovea F',in the usual small group of cones. The mind must create
a star effigy and locate, it" on the axis of the eye and of the len~.

But at what distance? The conditions are practically unchanged
from those in § 168. The curvature of the wave requires only a slight
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FIG. 62. Vision of a point source located between a converging lens and
its focus

accommodation, v/hich in general exerts no influence on the deci
sions of the mind. Most of the time the effigy I is placed where the
source S is, or nearby, especially if the'-observer has ways of idehtify- .
ing the position of the source, for example, by Ineans of touch.

Let us now turn back and move the source S away from the lens
until it is a,little beyond P. For the purpose of describing the most
igteresting effects more easily, let us again take up a specific case~

Let f = 50 em, while the distance from the eye 0' to the lens 0
is 2.5 m. The conditions chosen are the same as those in § 138 for a
concave spherical mirror, not only because we thus avoid new cal
culations but also because a comparison of what happens in the case
of a mirror with what happens- 'in the case of a lens will serve to
clarify the general mechanism under discussion.
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Let us then move the source S to 54 em from the lens (Fig. 63).
The emergent wave is concave, and its center is at a point 16.75 m
from the lens on the same side as the eye 0'. This, therefore, receives
convergent '\vaves, but since their vergence does not attain 1/4 D, it
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FIG. 63. Point source seen through a converging lens, when the center of
the waves emerging from the lens falls behind the eye of the observer

does not produce any perceptible effects. Hence the star effigy will
be placed on the axis, just as when the source S was at the focus F.

170. I ..et us now mo\'e S farther away from the focus until it is
60 ~m fronl the lens. l"he emergent waves are still convergent~ with.
their center I 3 In from the lells or 50 cm behind the eye. If this is
normaJ~ the ceIlter of the wave within the eye fall~ somewhat in
front of the retiha~ and. to invoke acconllnodatioJl only results in
pushing t!li~ CeJlter farther tOIVvard. 'Therefore, the numher of
aUmulated retinal cones exceeds the minimum, and the effigy
cTf"atf'd is larg"er than the one n1entioned at the end of § 169. Here
upon astrang-e situation arises. For the mind no longer has any
optical data to localize this cllmbersome effigy, whicll tnoreover
]ose:s all affinity with the source, since the latter has the rot r;l of a
point.

In the halJitl1al way the effigy is attached to the first object of
,vhich the mind has knowledge along the path of the ,,,,aves, and
thlS is regtllarlv the lens. The cbserver sees a roundish. luminc}us

tI •

spot ill th.e Iniddk' of t.he lens. 'fhis spot expands as the source S is
m()v~l a\~ay froIn F llntil it a.ttains the 9istance 'of 62., em from the
tens o. The spot tIle}l occupies the entire JellS; that 1s, the whole lens
appears luminous to the observer.
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The reason is clear. When the source is at this distance from the
lens, the waves emerging from the lens have their center I exactly
in the pupil of the eye 0' (Fig. 64). Hence as they penetrate the
eye, they diverge and on the retina affect a circular region whose
angular aperture is precisely equal to that of the lens. The effigy
accordingly will be a luminous disk, which will be located on the
lens as the first material object in front of the eye. Thus the lens will
appear all lit up.
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FIG. 64. Point source seen through a converging lens, when the center
of the waves emerging from the lens falls on the eye of the observer

Let us continue to move S farther away from the focus F until
it is 67 cm from the lens 0 (Fig. 65). The waves emerging from the
lens are even more convergent, their center I being 2 m from the
lens or 50 cm in front of the eye. They reach the eye 0' divergent,
and with 2D of accommodation are concentrated in the minimum
group of cones in the fovea F'. Consequently the mind must again
create a star effigy and place it on tht: axis of the eye, which is also
the axis of .~he lens. The familiar question pops up: at what dis
tance? If accommodation counted for something, the star should
be placed about 50 em from the eye. But this is as usual a decision
in conflict with common sense. Unless the mind has been subjected
to special training, it refuses to accept any such decision. Since a
luminous star nlotionless in mid-air a couple of feet away from the
eye is art absurdity, the mind projects the effigy upon the first mate
'rial object in the path of the waves, and customarily locates it on the
lens. But if some material object, like ~ perforated diaphragm or a
support, is put near the center I, then the effigy may. be situated at
that point without any difficulty.
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171. If we continue to move the source S farther away from the
lens, the center I approaches the lens and recedes from the eye!' The
effort of accommodation needed to reduce to a minimum the group
of affected retinal elements constantly decreases. The effigy is still
created in the form of a star and is placed on the optic axis. So far
as its distance from the eye is concerned, it is usually located on the
lens, unless objects apt to induce the mind to station the star else
where are put between the lens and the eye.

The mind may of course be convinced by other means, for
example, by the power of persuasion. Since the arrangement con
sidered thus far is frequently used in optical laboratories, those who
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FIG. 65. Point source seen through a .converging lens, when the center
of the waves emerging from the lens falls in front of the eye

have acquired familiarity with it do not find it difficult to station
the star in mid-air a couple of feet away from th~ eyes, where they
know by other indications that the center of the waves must be.

In this connection the application of temporal parallax is inter
esting. In Fig. 65 move the eye in the direction perpendicular to
-the axis of the lens, while keeping the pupil on the wave front whose
center is I. As was made clear in regard to direct vision (§ 110), the
mind has a way of obtaining from this movement, by evaluating
th*; resulting change in the retinal elements affected, information
about the distance from the eye to the center of"the waves received.

From this process the mind should infer that the center I is a
couple of feet away from the eye, and should locate the star effigy
accordingly. But if the preconception prevails that the star cannot
be there, and the effigy is consequently attached to the lens, then
temporal parallax too does not succeed in avoiding this pla~·ement.
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But a new effect is noted. When the eye is moved upward, the
stimulated retinal elements are no longer at the center of the fovea,
but higher; hence the effigy is located lower on the JellS. Contrari
wise, if the eye is lowered, the effigy moves upward on, the lens.
In other words, the observer sees the star displaced on the lens \vith
a motion parallel to that of the eye but in the opposite direction, a
motion that may be call~ inverse. When the pupil arr~ves at the
edge of the wa,,"e, the effigy reaches the rim of the lens. If the pupil
goes beyond the edge of the wave, obviously the eye no longer
receives any radiation and as a result the mind no longer creates an
effigy. During this movement the observer has the'impression that
the star is setting behind the rim of the lens. .

This course taken by the effigy does not offer ~ny unacceptable
absurdities to the observer. It is a much less indigestible morsel to
swallow than the presence of an unsupported point source motion
less in mid-air 50 em from the eyes.· Therefore, temporal parallax
serves no useful purpose, unless of course the observer is a trained
initiate.

172. Binocular vision, when it can be applied, has the same
effect as temporal parallax. Thus under the conditions depicted in
Fig. 65 (it would be even better if the source S were moved still
farther away from the lens, or the observer backed up somewhat)
the head may be placed, so that the wave with its center at I enters
both eyes at the same time. To avoid diplopia, the eyes must .con
verge on I. But that conflicts with the conviction of the mind, which
wants to locate the effigy on the lens O. The eyes are made to con
verge :In 0, but then two stars are seen.

A state of discomfort ensues. The observer shuts his eyes com
pletely, or closes one of them, or moves aside so as to receive the
waves in only one eye, or looks away. Occasionally he even succeeds
in persuading himself to station the star effigy at I.

Various other observations co~ld be made with $s arrange
ment. Some might even be useful in practice hecause, as was men
tioned in § 171, a setup of this kind is often utilized in optical
laboratories. For example, in the circumstances schematically
illustrated in Fig. 63, if the eye is displaced 'in a direction perpen
dicular to the axis, the star effigy ~hat had been located on, or a
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little behind, the lens is seen to move on the lens with a motion
conforming t~ that of the eye, the star being seen to set behind the
rim of the lens when the pupil goes beyond the edge of the wave.;,
But. these appearances, which are easily explained by the mecha
nism expounded in the preceding pages, need not be scrutinized
in detail. .

173. Let us instead go on to examine the case of extended
sources.

A point source 8 1 that projects waves upon a lens may be, not
on the axis, but at a dist.ance y from it (Fig. 66). Then the waves'
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FIG. 66. Waves emitted by the elements of an extended source under
going modification of their course when passing through aconverging
lens

emergir from the lens possess, not symmetry of revolution about
an axis, but only a plane of symmetry. Yet when the straight line
joining the ,source 8 1 to 0, the"center of the lens, cuts the optic axis
of the lens at a small enough angle, the differences between the
emergent wave and a comparable sphere are imperceptible. It may,
therefore, be said that the waves emitted by the SQurce Sl, after
passing through·-the lens, emerge sensibly spherical again. Their
center is at a point 11 on the straight line S10. The distance x' be
tween 11 and 0 is still given by the first equation in § 167, x being
the distance SlOe

A linear object SS1 (which we shall consider perpendicular to
the axis of the lens) may be regarded as an aggregate of point ele
ments. Each of these·on its OWl) aCCOullt emits waves, which do not
disturb one another. The lens makes those emitted by 8 spherical
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with their center at I. Those emitted by S1 are made spherical with
their center at 11• Those emitted by any point between Sand S1 are
made spherical with their center at a point between I and"-I1; 1?ut
the straight line joining this center with the corresponding emitting
element must pass through O. Thus between I and 11 there is a
whole series of centers of waves, aJ;ld these centers constitute a seg
ment whose length y' is obviously related to y, the length of the seg-
ment SS1, by the equation .

'V' x'..- = -
y x

174. Mter these preliminary remarks consider an object SSl,
whose extremity S coincides with F, the first principal focus of a

.- x., -..

r'
c'

FIG. 67. Extended source seen through a converging lens, when the
source is situated at the focus of the lens

lens (Fig. 67). When the waves emitted by each point emerg~ from
the lens, they are plane. In accordaIlce with our usual practice we
shall examine only the waves emitted by the extremities, since those
in between follow an intermediate course that may be easily
determined.

If this mass of plane waves impinges upon an eye, a portion
enters and is made convergent. Each of these waves affects a small
group of retinal cones. Thus there is a whole row of stimulated
elements on the retina between .p' and C'. F' in the center of the
fovea, is-the tenninus of the waves emitted by S, while C' is the
tenninus of those emitted by Sl. The corresponding impulses
transmitted to the brain by way of the optic nerve inform the mind
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that in front of the eye there is a linear object, whose lower extremity
is in the direction N'pI and whose upper extremity is.in the direction
H'e'; in other words, its angular magnitude I' is equal to that
subtended by the object SSI at 0, the center of the lens.

As a result of this report the mind must create a linear effigy.
But at what distance should it be placed? If the information ob
tained through accommodation carried any weight, the mind would
have to station an enormous wire very far away. But we have
already noticed on many occasions how little account is taken of
the data delivered by accommodation. Instead the effigy is localized
in accordance with utterly different criteria. These are affected in
the main by environmental conditions or by the knowledge the
observer has of the position and nature of the object. I have already
in many cases indicated the dominant influence exercised by these
criteria in the placement of effigies.

175. As usual, unless special precautions are taken, the ob
server knows where the object is, either becau$e he actually holds it
in his hand or because it rests on a table or support that he sees
behind- the lens. In very many instances it is these circumstances

"that make the mind decide to place the effigy in the plane of the
object.

If this happens (Fig. 68), Y., the length of the effigy, ts given by

J. = 'Y(d + f)

where d is the distance from the eye to the lens. But

and therefore

y. _ d + f
,--f-

This equation, by indicating how many times greater than the
material object the effigy is, thereby gives us the magnification of
the lens under those conditions and on the -hypothesis that the

-effigy is placed in the plane of the object.
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Numerous· observations and measurements carried out for the
purpose of testing the reliability of this equation have pretty gen
erally confirmed, it. Yet d, the distance from the eye to the lens.
plainly enters into it, and therefore we cannot speak of the absolute
magnification of a lens, even assuming the foregoing hypothesis to
be true j~ every case. In particu~ar i't is interesting to note that the
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FlO. 68. Magnification of the figure seen through a converging lens, v,.~en
the object is at the focus of the lens

magnification increases as the eye recedes from the lens, the mini
mum value being unity when d == 0, for then

We thus obtain the rule, which may be verified at once, that "when
the lens is in contact with the eye, objects located in the focal plane
seem to be of the same size as they would be without the lens." It
is not easy, however, to avoid having sO:t;ne distance, even if small,
between the lens and the eye. This distance must be negligible in
comparison with the focal length of the lens, if the experiment is to
confirm the rule. The decisive tests will be discussed in § 193, how
ever; because the condition that the object must be in the focal
plane is excessively and uselessly restrictive, Yet this condition~y

. be useful in some verifications. For instance, if we put d \= k/, where
k is a~y positive integer, it follows at once that

~ = k + 1
y

In other words, for those distances of the eye from the lens, the mag
nification is independent of the lens' focal length. This behavior too
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is experimentally confirmed, so long as the" hypothesis is valid that
the effigy is placed in the plane of the object. This placement is of
course not always possible, as for example when the focal length of
the lens is just a few inches.

176. Now suppose the object approaches the lens a little. As we
saw in § 169 with regard to a point source, the present situation
differs from the preceding one, in which the object was in the focal
plane of the lens, only because this time the waves emerging from
the lens are more or less convex, with their convexity increasing as
the object moves farther away from the focus toward the lens.
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FIG. 69. Magnification through a converging lens, when the object is at
any distance from the lena

Hence the mind must again create a linear effigy oriented like
the object. The effigy's angular magnitude is detennined by the
length of the retinal trace, while its placement is decided once more
by data derived from the environment and the memory. Accommo
dation, although carrying small weight, furnishes reports always
fa'vorable to putting the effigy in the near vicinity. It generally
happens that the effigy is placed in the plane of. the object.

If this hypotheais is verified, the magnification, which was de
fined in § 175 as the ratio betwe~ny., thele~ of the effigy, andy,
the length of the object, may be computed. The facton needed for
the calculation are represented in Fig. 69, where the letters desig
nate the following items considered in previous Figures: SSI is the
linear object perpendicular to the optic axis Qf the lens; y is the
length of the object; its distance from the lens is X; the angle which
it subtends at 0, the center of the lens, is ~; d is the distance from
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the eye 0' to the lens; III is the locus of the centers of the waves
emerging from the lens; x' is the distance from the lens to the locus;
its length is y'; the angle which it subtends at N' is "'('; and y, is th:e
length of the effigy located on the object. The Interesting relations
between the various magnitudes under discussion are the following:

y' _ x'.' y' _ x' + d. 1 1 1- -+-=-y x' y: -. x + d' X x' f
By eliminating y' and x' from these equations we obtain the formwa

When subjected to experimental control, this formula has shown
itself to answer the purpose reasonably well. This'means that the
hypothesis on which it is based, namely, that the effigy is placed
where the object is, is constantly verified in practice. The verifica
tion is highly satisfac'tory so long as the focal length of the lens is
not too small. It ceases to be. valid w4en 1// exceeds 20D or when
the observer is prevented by suitable screens from seeing where the
object is.

The regular placement of the effigy in the platte of the object is
demonstrated, moreover, by the common experience of those who
use a magnifying glass to observe any object more conveniently
and more effectively. They "see the obj~t bigger," but they see it
neither nearer nor farther away. This statement may be translated
into our language as follows: the effigy created as a result of the
stimulus produced by the waves emerging from the lens is located
where the object is.

177. To go on examining the effect of the lens under considera
tion, let us now suppose that the object'SSl is moved away from the
lens past the focus F until x is 54 em, as was done with the point
source in Fig. 63.

The waves emerging from the lens this time are convergent,
with their centers I ... 11 behind the observer. B1.lt on/the retina
things proceed as in the previous cases. Again the effigy is a wire
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oriented like the object and, when placed in the plane of the object,
it cOII)es aut larger. The magnification, still considered as the ratio
between the length.of the effigy and that of the object, may once
more be calculated by the formula given in § 176. It is now a little
bigger than before. If the observer looks uninterruptedly through
the lens while the object recedes, he sees a steadily enlarging figure-
because the effigy increases in length. -

As this displacement is extended, the effigy continues to
lengthen, but at the same time it begins to widen and become. in
definite at the edges. The reason is clear. As the object is moved
away from the lens, x increases and, therefore, x' must diminish.
The centers of the waves emerging from the lens approach the
cornea of the eye 0'. The waves that enter are so strongly curved
that despite the absence of accommodation the centers of the w~ves

inside the eye fall in front of the retina and farther and farther from
it. Consequently; for every point of the object there is a constantly
larger group of affected elements on the retina. Hence the effigy
created must be spread out and confused.

178. When the object reaches 62.5 cm from the lens, as hap
pened to the point source in Fig. 64, the effigy becomes so big that·
it fills the entire lens. Under these conditions x' = d, because the
centers of the emergent waves are exactly as far from the lens ({g is
the eye 0'. Since

!+!=!
X x' f

if we apply the appropriate signs

!+!-!=O
f d x

the formula for magnification gives

The magnification is infinite. This is an expression/<>f the fact, al
ready mentioned, ~at the whole lens appears luminous, even if the

, object is very small or a mere point. '
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As we continue to move the object farther away from the lens,
the centers of the waves emerging from the lens (all in front of the
eye. Hence markedly divergent waves reach the cornea. Despite a
strong effort of accommodation the center of the convergent waves
i':1Side the eye cannot be brought to the retina, but remains behind
it. To every point of the object, therefore, a conspicuous group of
affected elements corresponds on the retina. Accordingly the effigy
will be widened and indefinite. In addition it is inverted. In other
words, as the object recedes from the lens, the effigy contracts and
s~1.rinks..But where will it be placed?

The answer is familiar. According to the information furnished
by accommodation, and possibly by convergence and temporal
parallax too, the effigy should be located in mid-air some~here

between the lens and the eye. But the mind generally rej~~ts this
inference, and the placement is made on the basis of data derived
trom. the environment and the ~emory.

179. flow powerful these influences' are may be shown by the
following eXperiment. In full daylight the shutter outside an open
"Window was cl~. Near the window was placed a lighted electric
limp, arranged so that the bulb pointed up. A big lens having a
focal length of 1 m was put 2 m from the shutter, with the observer
2.5 m from the lens. When looking at the lens,,.he should have lo
cated the effigies 50 cm in front of his eyes. Although the observers
were experts in the subject, the results 'were uniform. They all
located the effigy of the lamp, bulb downward, exactly 1/2 m in
front of their eyes; and they placed the effigy of the shutter behind
the lens, very near the actual' shutter). even though the effigy was a
shutter upside down.

We Ilaye now completed our discussion of th~ phenomena that
appear when an observer looks through a converging l~ns. I do not
pretend to have dealt with all the appearances found under these
conditions. Rather, I have confined my~elf to the most important,
and in .particular .to those more likely to famtlfarize the reader with
the scheme of thought that I find suitable for~treating these.phe
nomena. Once this scheme has been mastered, it is fairly easy to
account for the appearances that may show up under circumstances
different from those considered here.
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180. Let us go on then to analyz~ the behavior' of a diverging
lexis (§ 322). The possible cases are numerOllS but fairly unifonn.
The effect of a diverging lens on plane or divergent spherical waves
reaching it from a monochromatic point source is to increase their
divergence. In other words, it transforms them into other spherical
waves (or at any rate we may regard them as spherical, ignoring
possible deformations) whose ceIlter is nearer to the lens than is the
original center. To 'be more precise, if x is' the distance from the
source to the lens (considered as of negligible thickness) and x' is the
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FlO. 70. Point source seen through a diverging lens

distance from the lens to the center of the waves emerging from it,
again we have

!+-!. =!
x x' f

where the focal length is now taken as negative to show that the lens
is diverging.

In Fig. 70 the source S, a point situatec. on the axis of the lens
0, emits spherical waves that emerge from the lens as other spheri
cal waves with their center at a point Ion the same side of the lens as
the object. If an eye 0' receives these waves, it makes them con
vergent and, by a suitable effort of accommodation, concentrates
them in a small gro:up of cones i~ the fovea F'. The result is the
creation of a star"effigy, located on the axis of the eye and of the
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lens at a distance which, despite the effort of accommodation, 'may
even be rather big because it is generally determined by data de
rived from the environment arid the memory.

When the source, instead of being a point, consists, of a segment
SSI, for each of its points we may repeat what was said for the source
S ill Fig. 70. Let us also recall that, with the simplifications adopted
in § 173, the waves emerging from the lens and corresponding to
those emitted by a certain point of the source have their center
collinear with that point and with O~ ~tte center of the lens.

Let the object under consideration, then, be a segment SSl per
pendicular to the axis (Fig. 71). Let the length of the segment be y,
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FIG. 71. Extended object seen through a diverging lens

and x its distance from O. At distance x' from the lens the centers of
the waves emerging from the lens will be grouped at III, I corre
sponding to S and II to S1. If d is the distance from the eye to the
lens, the segment III of length y' subtends at the eye the angle

x' + d .
"I' = -y-'-

This is, therefore, the angular magnitude of the effigy created by
the mind. We have also

y y'
-; = Xi and

1 1 1-+-=x x' f

This set of relations resembles that found in § 176 for a converging
lens, and the conclusions likewise are similar.

If the data derived from the environment and the memory again
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induce the mind of the observer to place the effigy where the object
is, the effigy acquires a length Y6 connected with y' by the equation

Ye x +d
1 = x' + d

It is at once obvious thatYe is smaller thany, this ratio deereasing as
d, the distanc~ from the lens to the eye, increases. Therefore a di
verging lens produces a diminution, inasIl?-uch as it leads to the creation
of effigies smaller than the corresponding objects. .

If d is eliminated, that is, if the eye is brought into contact with
the lens (accommodation being assumed to be adequate) the
diminution is zero. This conclusion, which applies also to magnifi
cation by converging lenses (§ 175), is resoundingly verified in
millions upon millions of cases by all those who wear eyeglasses.

181. We could now remove various limitations imposed on the
preceding analysis, such as the monochromaticity of the radiation
emitted by the source, and the sphericity of the waves emerging
from the lens. But to do so would compel us to enter the compli
cated mazes of the mechanism of waves, and might make us lose
sight of the thread of our argument. Hence I shall confine this
Chapter to a discussion of the indispensable topics.

We come then to the consideration of an optical system com
posed of two lenses. We· shall fix our attention on the most important
of such systems, the telescope and the microscope. We shall of
course treat these instruments schematically, ignoring all the
intricacies due to the fact that the waves are· not exactly plane or
spherical.

The telescope consists of two lens systems, the objective and the
eyepiece. The objective is a converging system having a very long
focal length and may be represented by a simple converging thin
lens. The eyepiece is either a converging or a diverging system, with
a much shorter focal length than that of the objective. Since our
reasoning does not change substantially whether the eyepiece is
converging or diverging, we shall deal only with the fanner.

In the usual arrangement the two lenses are placed coaxially so
Ulat t~e focus of the eyepiece coincides with th~ center of the waves
emerging from the objective.
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182. Let a point SOllrce S be on the axis of the system at a very
great distance x froITl the center of the objective 0 (Fig. 72). The
value of x is of no particular interest. It is generally considered
infinite, but need not be so at all. In any case, the waves emerging
from the objective are convergent with their center at a point I.
Thereafter they diverge and pass through the eyepiece E. Since Fe,
the focus of the eyepiece, is at I, the waves emerging .from the eye
piece are plane. In their path the eye of the observer is placed.
Without any effort of accommodation the eye makes the waves
convergent with their center at the fovea P', where the usual small
group of cones is therefore stimulated. By the customary trans
mission of nerve impulses the mind is informed that on the axis of
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FIG. 72. Optical diagram of the telescope

the eye there is a point source of waves. Hence the mind mU.st
represent it by creating the habitual star effigy. This has to be
located on the axis of the eye, which coincides with the axis of
the optical system under the conditions of Fig. 72. But no,,,, the
familiar embarrassing question arises: at what distance should the
effigy be placed?

If accommodation counted for anything, the effigy should be
located at infipity, a context in which we know well that accommo
dation is utterly unreliable. In these circumstances it is absolutely
impossible to appeal to binocular vision, because the wave front is
too small. Nor is resort to temporal·parallax feasible, for the same
reason. Therefore the mind can base a decision about the placement
of the effigy only on data drawn from the melnory and the environ
ment, when they are not entirely products of the imagination.
The strangest results are recorded. One person, guided by his
knowledge of the position of the source S, puts the star effigy near
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the source. A second person, impressed by having before his eyes an
instr~ment often equipped with a massive metallic mounting,
stations the star inside the instrument. Others locate the effigy in
intermediate positions. The outcome may be extremely varied, for
an obvious reason.

183. Nevertheless we should continue to ana:lyze the optical
properties of this system. For this purpose suppose the source is dis
placed from the axis of the objective by being moved to 81 (Fig. 73).
Under these conditjons it is useful to consider, not the distance from
Sl to the axis, but the angle 'Y subtended by that distance at the
center 0 of the objective.. The waves emerging from the objective
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FIG. 73. Magnification in a telescope

have their center at a point It, which therefore is also outside the
axis of the objective, on the side opposite Sl with respect to the axis.
The direction 011 and the axis form the angle'Y (§ 321). When the
waves pass beyond It, they diverge and encounter the eyepiece E.
This makes them plane, 'beca·use they must be perpendicular to
the· direction lIE, which joins the center of the waves with the cen
ter of the eyepiece. When they enter the eye 0 ', they are made con
vergent. But their center, while still on the retina, is no longer on
the axis of the eye at F, but at a point C' on the side opposite 11

with respec.t to the axis of the entir~ system. The distance F'G'
subtends at the nodal point N' an angle 'Y', which is exactly equal
to the angle formed by the direction IlE with the axis.

The mind now finds itself in the position'riof creating another
star effigy, which it places at whatever distance it pleases. But what
is interesting to observe at this time is the direction in which the
effigy is placed.. This direction m~t form the angle '1' with the
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axis, and must also be on the side opposite SI. In other words, when
S1 starts from S on the axis and is displaced by "'I, for example,
toward the rigllt, the effigy is displaced by 'Y' toward th~ left..

The distance from II to 0 is practically equal to 10' the focal
length of the objective, since.we have assumed the sources Sand 8 1

to be remote from O. The distance from 11 to E is practically equal
to fe, the focal length of the eyepiece. Ify' is the distance from 11 to
the axis, we have at once

and therefore

184. Now suppose that the two sources 8 and 81, as well as
innumerable other point sources between these two, exist at the
same time so as to form a linear object 8S1, perpendicular to the
axis of the system. For each of these sources we ma}T repeat the
analysis already made for 81• Hence in the interval between 11 and
the axis we shall have countless centers of waves in a straight line,
each of these centers being also in a line with 0 and with the
corresponding source. Finally we have between F' and C' a whole
row. of retinal elements affected by waves that may even be of
different A. But, ignoring the question of colorimetry, we must
conclude that the information received by way of the optic nerve
induces the mind to create a linear effigy perpendicular to the axis
of the eye, and to place it wherever will be deemed best~

It should be observed that new data drawn from the memory
and the environment now intervene because the figure of the effigy
may be familiar to the observer, and this knowledge is not without
effect on the placement of the effigy. We have already established
that the angular magnitude of the effigy is 'Y', while that of the
object SSl is 'Y. The latter is measured from the center 0 of the
objective, but the former from the eye 0'. Since the distance from
the object to the objective has been assumed to be very great, in
comparison with it the length of the telescope, that is, the distance
00', may be ignored. The angular Inagnitude of the effigy may
therefore be said to be "'('/'Y times, or fo/fe times, greater than the
angular magnitude of 'the object.

Suppose the observer's eye receives waves directly from the



VISION BY MEAl'TS OF OPTICAL SYSTEMS 191

object, and then receives them by wa"y of the telescope. In the
former case a small effigy is constructed; in the latter case, a bigger
effigy, which is also inverted. We may now be asked, how many
times larger than the first effigy is the second? This is a ve~y thorny
question, because the answer depends on the criterion governing
the mind's placement of the two effigies. If they were stationed at
the same distance, the two effigies would be to each other in the
ratio 'Y'/"1. But this is not always the case. The second effigy may
be located nearer, and then it is diminished in proportion. Certain
observers even place the effigy created with the waves that pass
through the telescope so near that this effigy has the same dimen
sions as the effigy seen in direct vision.

This effect is indicated by the following familiar expressions:
this telescope magnifies so many times; this telescope makes objects
appear so many times nearer. Obviously it is not the telescope that
magnifies or makes objects appear nearer, but it is the observer's
mind that utilizes as it thinks best the increase of angular magnitude
produced by the telescope. Of course the results are very different,
depending on whether the observer is dealing with familiar objects
and whether the telescope increase.s the aIlgular magnitude several
times or many dozens or hundreds of times. In the case of small
instruments for which "1'/"1 is 2 or 3, not a few observers find that
they see the same with the instrument as without it. Clearly the
mind at once brings the effigies back to the ordinary dimensions,
especially if the objects are situated in the area fairly close to the
eye, where the size of the effigies is estimated without giving much
weight to the angular magnitude (§ 121).

In general it may be said that when the eye looks through a
telescope, the mind makes the effigy a little bigger than the object
and places it a little nearer, so as to effect a sort;o'of compromise be
tween magnification and approach.

185. Let us now turn back to observe through a telescope a point
source S on the axis of the system, as in Fig. 72, but with the eyepiece
brought a bit nearer to the objective (Fig. 74). For the sake of sim
plicity, although the matter has no importance, suppose the source
S is infinitely distant, so that the waves arriving at the objective
are plane and perpendicular to the axis. :After passing through the
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objective, they become sI)herical and convergent, with their center
at FOG Then they diverge, pass through the eyepiece, and emerge
still divergent with their center at a point [, which is farther away
from the eye, the smaller the distance between Fo, the center of the
waves, and Fe' the focus of the eyepiece. In other words, if the
observer starts with the conditions in Fig. 72 and moves the eyepiece
toward the objective, the center of the waves ~merging from the
eyepiece is displaced from infinity toward the eye. Since the eyepiece
has a short focal length, the displacement is extremely rapid. For
instance, an eyepiece having a focal length Ie = 30 mm need be
brought only 1 mm closer to the objective for the center of the
emergiIlg waves to attain a distance [0' of 87 CIIl.
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Flo. 74. Vision through a telescope from which divergent waves emerge

The emerging waves enter the eye and are :rpade convergent.
By accommodation of the crystalline lens their center is brought to
the retina at I:;". The only difference from the case of Fig. 72 is that
now the crystalline lens accommodates as much as is necessary to
compensate for the vergence of the wave arriving at the eye. Thus
in the particular instance mentioned above it would accommodate a'"
little more than 1D.

If this effort counted for something, the mind, when informed
of it, would have to station the star effigy on the axis of the eye
about 1 m away. But since this information exerts no influence, the
mind finds itself in the same situation as when Fo coincided with Fe,
and the result is the same. A star effigy is stationed on the axis of
the eye at the same distance as before. For apart from accommoda
tion, the factors that decide the placement are not altered at all.

Hence if the eyepiece is brought nearer to the objective while
the observer is looking inside the telescope, the emerging waves are
curved; from infinity their center moves to within a foot or two
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from the eye; tlle crystalline lens accordingly accommodates as
much as is necessary; and the effigy remains motionless where it
was. The observer declares that there is no change in what he sees.

That is true up to a certain point. If the eyepiece is pushed too
close to the objective, the waves emerging from the former are so
divergent that even with the greatest effort of which the crystalline
lens is capable, it does not succeed in compensating for their ver
gence. The center of the waves inside the eye does not fallon the
retina, but remains behind it. On the retina the number of affected
cones exceeds the minimum, and the effigy comes out widened. For
example, if the eyepiece has a focal length of 30 mm and is brought
5 mm closer to the objective, 6.7D of accommodation are required
to compensate for the vergence of the emerging wave. A normal
observer furty-+ive years of age no longer possesses so great a power
of accommodation.

Thus are created the conditions by which an extended source
gives rise to a widened effigy with indefinite edges. The observer
says that he sees things out of /OC1.I.S, but the placement remains un
changed. By moving the eyepiece, he modifies the clarity of the
outlines of the effigy, but he never varies its distance from the
observer, that is, its placement in depth.

186. Similarly, if the eyepiece is moved away from the objective
past the position characterized by the coincidence of I with F., as in
Fig. 72, the wave emerging from the eyepiece is convergent, with
its center of curvature behind the observer's head. This center is
nearer to the eyepiece, the farther the eyepiece is from the objective.
Accommodation can no longer accomplish anything, for the waves
entering the ey~ are convergent with their center at a point in front
of the retina. This point is farther from the retina, the farther away
the eyepiece is from the objective. The result is well known. The
effigy widens and, in the case of an extended objec~ appears con
fused with indefinite edges. The observer says that he. sees things
out of focus, but the placement is unchanged.

Telescopes usually have an eyepiece ~ovable in depth, whose
position is varied with complete ease and precision by a rack and
~pinion or wonn gear. It is a very common experience that every
observer at the beginning of his observations ~djusts the eyepiece
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by mbving it back and forth while seeing figures. more or less out
of focus, until he finds the positioIl in which the figure shows the
greatest clarity. The reason for this procedure was given just above.
But it is more important to point out the common and familiar fact
that while the eyepiece is being moved back and forth, the figure
seen does not alter its position in depth at all. In other words, the
observer sees changes in the clarity of the outlines and details of an
immovable figtlre. This happens, it should be noted, while the
centers of the waves emerging from the eyepiece and impinging
upon the eye are displaced by enormous distances, from a few
inches in front of the eye to infinity, and from infinity (in back of
the head) to a few inches behind the eye.

187. The saIne optical system, consisting essentially of a con
verging objective and a coaxial eyepiece, is called a microscope if
the dimensions of the focal lengths are interchanged, being small
for the objective and proportionately large for the eyepiece.
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FIG. 75. Optical diagram of the microscope

Put a point source S at a distance x from the objective 0, whose
focallengthj~ is slightly less than x (Fig. 75). The waves emitted by
the source are made convergent by the objective, with their center
in a point I at a distance x' from the objective. Then they diverge
and pass through the eyepiece E. If its focus Fe coincides with I, the
waves emerge plane. When they enter an eye 0', they are made
convergent with their center at F'. There the customary small group
of cones is stimulated. As a result a star effigy is created and placed
on the axis of the eye. The distance at which it is placed is controlled
exclusively by data drawn from the memory and the environment,
and does not depend at all on accommodation, the only optical
mechanism tllat could furnish any relevant information, if it were
taken into consideration.
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That it is not taken into consideration is shown by the continual
experience of all observers. In beginning a series of observations,
they vary the focus of the instrument to find the conditions of great
est clarity. During these displacements (which are similar, if not
exactly equal, to those discussed in § 186 for the telescope) the
observer sees figures that are at times clearer and at other times less
clear, but he never sees them change their position in depth.

The gr~ater or lesser clarity of the figures depends on the curva
ture of the waves emerging from the eyepiece and on the possible
compensation by accommodation. The fact that the figures remain
motionless in depth during the process of focusing means that the
effigies are always stationed at the same distance, whether accom
modation intervenes or not.

In general, either because the observer usually knows where the
object is, or because the instrument is ordinarily set up vertically, or
nearly so, on a table which, as the observer is well aware, is not
perforated beneath the instrument, the effigy is almost alway·s
placed in the plane of the o~ject.

188. It is fairly easy now to account for the functioning of the
microscope. If the source 81 is not on the axis of the objective but is
dislJlaced from it by a segmenty, the center II of the waves emitted
by the source and made convergent by the objective 0 is at a dis
tance x' froIn 0 and is displaced from the axis by a segment y' such
that

i=~
y x

where x is the distance from S to 0 (Fig. 76). As usual,

!+!..=.!.
x x' 10

The waves with their center at II pass through the eyepiece E,
which makes them plane and perpendicular to the direction lIE.
They enter the eye 0' and are rendered convergent with their
center on the retina at a point C' whose angular distance from F'
is 'Y', equal to y'/Ie. The star effigy corresponding to the source 8 1

is then placed in the direction G'N' and in the plane of Sl.
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The effigy's distance Y6 from the axis is obtained through multi
plying "'I' by the distance from the object to the eye. This distance
would be eq\lal to x + ..~' + 16 + d, where d is the distance from the
eye to the eyepiece. But in these vague calculations it is useless to
pretend to have very definite numbers. Hence all the refinements
are dropped and we limit ourselves to approximation·s. Ignoring
d and x, which stand for very small distances in tIle arrangement
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FIG. 76. Magnification of figures seen through a microscope

considered above, we regard x' as constant and indicate it by ~.

Hence

,
But '1' is given by y'/Ie, and y' by y ~, so that

x'
"I' = y-

xfe

Substitute 10 for x here, and it follows that

I ~"'Y =''V -_.~

¥ fofe

Hellce
Ye _ A(d + Ie)
Y - 10 Ie -.

Tills equation tells us how many times Y6' the distan.ce from the star
effigy to the axis, exceeds the distance from~the source 8 1 to the axis
(on the opposite side).

We may now repeat an argument advanced many times before.
If there is a linear object 881, perpendicular to the axis, y in length
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and at a distance x from the objective, when the eye looks at it
through a microscope, it gives rise to a linear effigy, Y6 in length, on
the opposite side of the axis, and almost always located at the same
distance from the eye as the object. Then the foregoing equation
tells us how many times greater than the object this effigy is; in
other words, it tells us how great the magnification of the micro
scope is, on the assumption that the effigy is placed in the plane of
the object. .

Both the telescope and the microscope can be constructed with a
diverging eyepiece, put in front of I, the center of the waves made
convergent by the objective. The analysis of this type of instrument
would proceed, however, along lines so similar to those already
followed in the case of converging eyepieces that the repetition is
hardly worth the trouble. The only noteworthy difference is that
the effigies created with a diverging eyepiece are oriented like the
object instead of being inverted..

189. It is convenient at this point to open a parenthesis for the
purpose of glancing backward over our discussion. It may have been
found a bit complex, while the conclusions may have been judged
vague and not inevitable most of the time. Virtually everyone of
lny readers, having already had occasion to peruse other treatments
of "geometrical optics," so called, or "wave optics," so called, will
now appreciate the simplicity, interrelation, and certainty of their
conclusions, as well as the synthesis in mathematical equations that
have become classical and generally accepted. Then a spontaneous
question arises, Was it worth while to withdraw from so orderly a
presentation for the sake of becoII:\ing involved in this other, which
is so indefinite and complicated?

It is desirable to make a calm but unflinching comparison, to
draw up a balance sheet of the merits and defects of both proce
dures. Recalling what was said in Chapter II, a critic may ,remark
that this comparison was made three centuries ago. At that time
the old philosophers who subordinated everything to the mind were
replaced by the new philosophers who, profiting by Kepler's rnas
terly and miraculous ideas, drove the ancient beliefs completely
out of circulation, laid the foundations of the· new optics, and
thereon constructed that marvelous ~difice \vhich is now being Sllb

jected to scrutiny. Is this scrutiny really necessary?
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The reply will be forthcoming at the end of the scrutiny. Too
many students, not to say all of them, have heretofore unanimously
ansvvered this question in the negative. What is novel now is that I
say, "Let us carry out this scrutiny." If seventeenth-century optics
emerges victorious, the investigation will have been useless. But
there are no irlcontrovertible reasons for saying that this will be the
outcome. It may be the opposite.

190. Let us sumrrlarize the basic thinking of seventeenth
century optics. To avoid needless confusion, I shall always use wave
lal1guage and translate into it the original language present in the
terminology of geometrical optics.

rrhe foundation on \-vhich seventeenth-century optics was built
may be vie"Ned as follows. From every point of a body waves are
emitted in all directioJ1S. Consider only one of these points. Its
waves are received by an eye and made convergent with their
center on the retina. Tllis point of the sensitive layer is stimulated.
The stimulus is communicated to the mind, which represents it by
a luminous colored star stationed outside the eye in the direction
determined by the positioIl of the affected point on the retina. The
distance is nleasured by tile eye, Wl1ich is capable of feeling the
curvature of the wave reaching the corrlea. Therefore the luminous
point is located at ihe center oJ! the zvave arriving at the eye e

This is the r\lle conceived by Kepler. He did not talk in tenns
of \vaves, as we have already observed, but he defil~ed the famous
'<telemetric triangle." rrhis triangle has its vertex at the material
point under consideratioIl in the object; its short side is the diameter
of the pupil; and its t""o ot11er sides are the straight lines joining the
vertex wit}l the ends of ttlis rliameter. To say that the eye feels this
trial1g1e, and thereby l11eaSllres the distance from the vertex to the
pupil, amouIlts to sayirlg that the eye is in a position to feel the
curvature of the wave reacl'ling it. The long sides of this telemetric
triangle are obviously nothing but the perpendiculars to the wave
surfaces.

Hence direct vision 'was explained in the folloyvi11g way. By
repeating the foregoillg rpasoning for every point of the object the
mind proceeded to rccunstruct the figure of the object point by
point. The observer cOllld. then be said to see the object. 'This was
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equivalent to saying that when an observer saw a figure, the corre
sponding object had t9 be there, provided no optical system came
between the eye and the object.

When the waves emitted by a point S are deviated by a plane
mirror MM, they reach the eye deviated but not deformed. As is
well krlowp, their center is at a point S', symmetrical to S with
respect to the plane MAJ. Therefore, on the b~sis of the foregoing
rule the eye 0' must see the luminous point at S'. All eyes must do
so always. Consequently it is possible to dispense with saying that
the eye has to be present. The point S' has its own position, deter
mined independently of the observer. Hence it was called the
image of the object S.

If instead of a point source S there is an infinite number of
sources constituting an object, for each of them the usual reasoning
is repeated. The outcome is the reconstruction, point by point, of a
figure that is symmetrical and symmetrically situated with respect
to the plane J.MM of the mirror. This figure is the image of the object,
as given by the mirror. There is no longer any need for the eye to
intervene.

191. Let us go on to the spherical mirror. If a point source S is on
the axis at distance x from the mirror, the waves transmitted by the
source to the mirror are reflected back by the mirror as either con
vergent or divergent waves with their center at a point I, whose dis
tance from the mirror is a segment x', connected witll x and with r,
the mirror's radius of curvature, by the well-known relation

1 1 2
x+x'="

This point I is the center of curvature of the waves reflected by the
mirror. Hence an eye which receives these ~laves must see the lumi
nOllS point in I. It is, therefore, useless to reintroduce the eye into
the discussion. Without further ado, I is the image of S as given by
the spherical mirror.

At this juncture a small matter should be made clear. To go
into it is almost pedantic, because so little is explained if it is clari
fied. Yet I, the center of the waves reflected by the mirror, is some
times behind the mirror, at a point through which the waves never
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pass, as is true of a plane mirror. But at other times the c.enter I is
in front of the mirror, at a point through which the waves actually
pass. To distinguish b~tween these two situations, the images of the
first type are called nirtual, and those of the second type, real.

If instead of a point source 51 there is an infin~te nllmber of
sources constituting an extended object, its image is built up by
applying the foregoing construction to every point of the object. In
the case ofa concave mirror, virtual images are then found to be erect
and larger, whereas real images are inverted and sometimes larger,
sometimes smaller. If y and y' are the dimensions (in the direction
perpendicular to the axis) of the object and the image, and x a.nd x'
are the corresponding distances from the mirror (that is, the dis
tances connected by the equation given above) then the following
relation holds:

y' x'
- =-
y x

On the other hand, if the mirror is convex, the images are al\-vays
virtual, smaller, and erect.

192. If these are the rules of seventeenth-century optics, let us
compare them with experience. Let us re-examine the cases con~id

ered above in §§ 190-191, where we were discussing vision by means
of plane and spherical mirrors.

The plane mirror is brought forward as an immediately decisive
proof of the perfect correspondence between experience and seven
teenth-century optics. Its supporters, having shown that on the
other side of plane mirrors symmetrical figures are seen symmetri
ca11y situated with respect to the reflecting surface, find the hy
pothesis demonstrated so conclusively that this is no longer a
question of a hypothesis but of an incontrovertible truth. Then
there is no longer any need of control experiments.

But the analysis in § 190 concerns mirrors placed a short distance
from the observer. When the plane mirrors are far away, as in the
experinlent reported in § 128, the rule no longer 'holds. This experi
ment marks the firsl assault against the hypothesis of seventeenth
century optics in its innermost citadel, the pla!1e mirror.

Let us go on to the concave mirror. With an object in the focus
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of the mirror, tIle reflected waves are plane (Figs. 43, 49). When the
observer looks at the mirror, he should see virtual images infinitely
distant; that is, he should see an endless hole behind the mirror,
and at the back of this hole the image ,of the object should appear.
No one has ever seen anything of the sort. In this connection seventeenth
century optics has been struck a most grievous blow.
. Let us move the object out of the focus and closer to the mirror.
The image should approach from infinity up to the mirror. No
body has ever seen anything of the sort. For the image was not at
first seen infinitely distant; and unless it was far away, it cannot
approach. The hypothesis of seventeenth-century optics becomes
more and more untenable.

Let us move the object out of the focus toward the mirror's
center of curvature, as in Figs. 45 and 50. l'he image is real and
behind the observer's head. The optics of the seventeenth century
does not say what is supposed to be seen. If the observer is supposed
to see the image, he would have to see behind his own head, and
that has never happened. On the other hand, optics forbids any
figure to be seen in front, because such a figure would have to con
sist of the centers of divergent \vaves reaching the eyes; and since
there are no such waves, there should be no figure. The situation
of seventeenth-century optics in this regard is most absurd. A like
result follows when an attempt is made to apply the hypothesis
under discussio~ to the other cases considered in Figs. 46 and 51.

In conclusion, seventeenth-century optics has shown itself to be
utterly inadequate to explain the experimental data seen by anyone
looking at a concave mirror. The fundamental hypothesis that "the
ey'e sees a luminous point at the center of Ctlrvature of the waves
reaching it" is almost never confirmed.

193. Let us turn to lenses. From our previous analysis the anal
ogy between converging lenses and concave mirrors emerged so
manifestly as to imply at once that the failu~e of seventceIlth
century optics, as shown by the latter, must surely recu.r for the
former. Nevertheless it is worthwhile making the' test i~ detail,
because the reader \viII probably be amazed by the results. He will
be amazed by the power of the preconceptions that induced him to
regard many demonstrations as true and to repeat them, althoug-h
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his experience constantly showed them proceeding in an entirely
different way.

But let us get down to facts. Consider a converging lens with an
objeet at its focus, as in Figs. 61 and 67. The waves emerging from
the lens are plane. The observer should see virtual images behind
the lens at an infinite distance. On millions of occasions observers
(who have forsooth repeated this law and taught it) have looked at
a sheet of paper on their desks through a converging lens, have even
placed the lens so that the paper was in its focal plane, and nobody
ever has seen a very deep hole in the desk with the figure of the paper
at the bottom of the hole. Merely to say this makes. us laugh. Yet
this is what is required by the fundamental hypothesis of seven
teenth-century optics.

Similarly if, while looking through the lens, the observer inoves
it closer to the paper, he should see the virtual image approach from
infinity lip to the lens. Nobody ever has seen anything of the sort.

If the position of the image of the paper is calculated by the
equation for the distance from the center of the waves to the lens, it
is found at once that the image should always be farther away from
the lens than the paper is. Everybody knows that this never happens.
The magnified image is seen in the plane of the paper.

Let us move the object away from the lens. The waves emerging
from the lens must be convergent;with their center behind the eyes
of the observer. What is he supposed to see? Nobody says. Yet no
figures should be seen on the same side of the lens as the object,
because on that side there never are any centers of waves emerging
from the lens. Billions of users of converging lenses in their eye
glasses have shown for nearly seven centuries that things are exactly
the opposite of what is required by seventeenth-century optics.

194. Let us go on to the diverging lens. The centers of the waves
emerging from such a lens (when it is struck by plane or divergent
spherical waves, like those emitted by material objects) always lie
between the lens and its focus.. For example, anyone looking
through a -4D lens should sr,e the images of all the objects that
are behind the lens in the region between the focus and the lens, that
is, in an interval of 25 cm. Millions of experiences prove the con
trary. All nearsighted people who wear diverging lenses in front of
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their eyes see the figures dispersed in space, as normal persons' do.
A nonnal person who puts a negative lens in front of one eye makes
an effort of accommodation in order to see well (if he can do so)
and then lIe sees as he would without the lens. A result more dis
astrous for seventeenth-century optics cannot be conceived.

195. To conclude this review a brief comment on the telescope
and microscope will suffice. As we have seen (§§ 182, 185-187),
when the eyepiece is moved closer to or farther from the objective,
the emerging waves are divergent, plane, or convergent. If the
famous fundamental hypothesis of seventeenth-century optics were
confirmed, the observer should see the image nearby when the waves
are divergent; he should see if· at infinity when the waves are
plane; and when the waves are convergent, who knows what he
is supposed to see? As he moves the eyepiece along the axis of the
objective, the observer should see the image approach and recede
as far as infinity. Nobody has ever seen anything of the sort.

By no\\! it is pointless to persevere in the proof. The basic
hypothesis that "the eye sees the luminous point at the center of
the waves reaching it" does not jibe with reality.

The doctrine ,that the virtual image is the figure seen, as some
times happens in the case of plane mirrors, is one of the. gravest
errors ever committed in the study of optics.

The image, whether real or virtual, defined as the locus of the
centers of the waves emerging from an optical system, is a purely
mathematical entity, entirely distinct from the figure seen. Images have a
definite position; the figures seen are created and located by the
observer, and may be placed by one observer in one way, by an
other observer in another way. An image is a mathematical entity;
the figure seen is a psychological entity. To have identified these
two entities was a profound philosophical blunder. To convince
millions of people that the two things are the same is one of the
most ridiculous aspects of the teaching of science.

196. Mter this conclusion the reader will have to acknowledge,
perhaps reluctantly, that the method pursued by us of taking into
account not only physical factors but physiological and psychologi
cal as well has yielded good fruit. It has pennitted us to describe the
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phenomenon of vision in a new way, which possesses no small
advantage over the old way. For anybody who proceeds to make
obs~rvations finds things going according to the rules and laws
given here, whereas things almost never go as required by the
principles her~tofore considered established, which are based ex
clusively on physical elements.

After this comparison it is possible to appreciate to the full the
great importance of Kepler's hypothesis of the telemetric triangle.
Before it was put forward, experimenters used to observe directly
in mirrors, prisms, and lenses. They found so vast a diversity of
aspects that they obtained no conclusive result. The psychological
intervention of the observer predominated to such an extent that
it was impossible to arrive at any decisive factor of a physical
nature.

By his masterly hypothesis Kepler eliminated the observer. As
was remarked in § 46, he distinguished "pictures" from "images of
thing~." The latter were what we have called the effigies created
by the mind; the pictures Were what was later termed "real
images." Kepler said, "Forget about the images of things, deal
only with the pictures," a valuable admonition that permitted the
splendid organization and development of optics. But this was not
the true optics, the science of vision. When the latter conception of
optics was established, tIle eye and the observer had to be recalled
to their stations. The images of things returned as the fundalnental
object of study.

But this change forced Kepler's telemetric triangle back to its
proper function as a simple working hypothesis. I t is in fact devoid
of merit, because essentially, as we know nowadays, it amounts to
saying that the observer locates the effigies on the basis of accom
lnodation, a proposition that is not true at all. Today, however,
after the enonnous mass of research into th.e pictures, we can resume
the study of the images of things with a much higher probability of
securing laws of scientific and practical value than was possible
three centuries ago, as the next Chapter will demonstrate.

But first of all it was necessary to get rid of the mistake made
in the period when seventeenth-century optics was developing, the
mistake that the images of things and the pictures were one and
the same.



CHAPTER V

The Acuity of Vision

197. As I have said and repeated often enollgh, the seventeenth
century looked with great favor on Kepler's telemetric triangle,
an idea that in our language may be ~anslated into the rule that
"the eye sees a 111minous point at the center of the waves received
by it." For this highly favorable attitude there w~re two reasons,
which have already been indicated. The first and more- immediate
reason was the wonderful systematization conferred by that rule on
optics, heretofore an extremely controversial find difficult subject
in which no one had. sllcceeded in establishing any order, however
partial and pro:visiol1al. The second reason was the support given
to the rule by the philosophy of the time, that new empirical
philosophywhichwas forging ahead'ofthe old peripatetic philosophy,
covered with glory but shoWing clear signs of exhaustion and
inadequacy.

The rule of the telenletr·i~ triangle permitted optical problems
to be solved by themselves."without any need to have recourse to the
eye, n~t to mention the mind. It pennitted the construction of a
physical science in the n~w > sense of that word, namely, a science
independent of the observer. True, the seeing was done by the observer

,·(in those days nobody even thought of eliminating him) but his
function was fixed; he located the effigies at the centers of the waves
emerging from optical systems. These couid, therefore, be examined
independently ~f the observer, for it was sufficient to study the
positions of the' centers of the waves, that is, the images, whether
virtual or real. Cqnsequently the resulting optics,may be called the
"optics .of images," or to be more explicit, the optics that investi-

205
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gated the centers of tIle waves deformed or deviated by optical
systems.

This method, which was 110ne too clear and none too careful,
produced a certain amount of floundering. The term ('optics" had
arisen because there were eyes; now an optics was being constructed
without any eyes. To be sure, at first· the intention was to construct
an optics tI:tat would, so to speak, prepare the work of the eyes;
but there was no thought that this could later lead to forgetting the
eyes altogether, as actually happened. At first, talk about waves
necessarily led to talk about eyes because, of the waves in the aether,
only the visual were known, and of means of detecting them only
the eye was known. Later on, invisible waves were discovered and
other means of detection were found, such as photosensitive emul
sions and photoelectric cells. Then there appeared nothing strange
about lumping all that in the "optics of images," and something was
constructed which, although called "optics," had absolutely noth
ing to do with the eye.

With these remarks I want to emphasize the conception put for
ward in Chapter I, in order to show that returning to "optics,
the science of vision" is no mere question of words but a profoundly
clarifying journey. Its purpose is to restore the rule of the tele
metric triangle to its true function as a working hypothesis. How
ever valuable and meritorious, the rule is nothing more than a work
ing hypothesis. Mter the resounding success it gained in its true
function, should it pretend to advance to loftier heights) it would
be doomed to certain failure.

198. I have resumed this line of thought because now our in
vestigation will go deeper and show how prodouctive of error it
was to have forgotten that optics is the science of vision and to have
developed it blindly (for that is the appropriate word) as the optics
of images or, I reiterate, as the optics of the positions of the centers
of the waves.

Here too, as in Chapter IV, we shall examine a group of phe
nomena while keeping the eye in its place. We shall then recall the
conclusions reached by the optics of images alld compare those
conclusions with experience.

Consider once more a point source of waves. We must now pro-
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ceed with increasing caution. A point source cannot really exist,
because a geometrical point has no dimensions and therefore can
not be lnaterial and emit waves. Hence, whenever a material source
is called a point, it is assigned an attribute that certainly does not
correspond with reality. It is possible to talk about point sources on
paper, but not in practice.

Nevertheless there ~re sources that seem to be points, for exam- .
pIe, the stars. They are an interesting example because ~erybody

knows that although they seem to be minute points, they certainly
are not. On the contrary, in order to be visible ,at such vast dis
tances they must be so big that the sun is modest in comparison.

If they~eexn to be points, then they seem so to somebody, that
is, to an observer, understood in the broadest sense of the term as
not only a person but also a device. In other words, the description
of a source as a point is not absolute and does not refer to a trait
of the source itself (for if it were understood in this geometrical
sense, no material source, I repeat, would be a point) but it de
pends on the means by which the source is observed.

A source is said to be a point when a given observer fails to per
ceive that it is not. The same source, as is at once obvious, may be
a point for one observer and not for another. This remark will
appear a mere commonplace to anyone who considers that an
object so small as to be called by everybody a barely perceptible
point when observed with the naked eye becomes a whole world if
examined with a microscope. What is a point for the naked eye ma-y
no longer be such for an eye equipped with a microscope.

199. One of the fundamental requisites of optics is to determine
the dimensions of a "source that seems to be a point." Tllis expres
sion, being a bit too long and not very attractive, has been replaced
by another term, namely, "optical point source.)) But this too is
rather long and is, therefore, enunciated in full only when its con
tent must be made clear. Otherwise, simply "point source" is \lsed
with the understanding, however, that it is said in relation to the
conditions of observation. Those who wish to talk in pure abstrac
tions may consider a geometrical point source also.

The problem that I propose to take up is to determine th.e di
mensions of an optical point source. Merely from the remarks made
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in § 198 (to which no objections can be raised seriously, so far as I
am aware) it follows at once that in order to determine rhose dimen
sions, the observer must be defined. Our task naturally includes the
naked eye in direct vision as well as the eye equipped with optical
systems.

200. I...et us begin with the naked eye, and perform the follow
ing experiment. Put an observer several dozen yards away from a
surface that emits visual waves and can be diaphragmed with
progressively smaller diaphragms. Every time the diaphragm is
changed, ask the observer whether he perceives the dimensions of
the surface or not. A certain diaphragm will have to be reached
below which the dimensions are no longer perceived.

But an experiment of this kind would not lead to definite re
sults. A new factor intervenes that heretofore has been mentioned
only vaguely but that will hereafter acquire ever greater impor
tance, namely, the energy of the waves received by the eye. The
defects of the eye intervene too. They are never absent, and they
vary a good deal from one eye to another, even in the same person.
They produce the complex phenomenon known as irradiat£on,
which was described in § 106. ,

Returlling to the diagram in Fig. 24, let us resume the discussion
initiated in § 84. The waves emitted by an ideal point source S
enter th~ ey~ and are made convergent with their center on the
retina at the point F in the fovea. The center of the waves, if they
are spherical as has been supposed, is a point. Not entire hemi
spheres are involved, however, but only segments of waves. Hence
we know that near the center the, energy is not concentrated in a
point (this would make no sense, physically Speaking, because a
point has no dimensions, and therefore to be concentrated in a
geometrical point means not to exist) but is distributed in a centric
(§ 328). Consequently what is affected on the retina is a whole
area, which in § 89 we estimated as perhaps four or five cones. As
was indicated in § 88, there is no need of a more accurate detenni
nation based on the known phenomena of diffraction. That can be
done when the waves are truly spherical. Although. after passing
through the cornea, crystalline lens, and lacrimal, aqueous, and
vitreous humors the convergent waves emerge in' an av'erage form
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close to the spherical, nevertheless they are in general aff~cted by
certain subtle ripples and irregularities that perceptibly alter their
concentration on the retina.

As was remarked in § 106, when the eye is turned toward a
point source, the distribution of energy on the retina shows a maxi
mum at the center with many offshoots. If this distribution could be
represented by a solid, there would be a central mass with various

.diminishing spurs, some longer, others shorter, distributed irregu
larly around the central peak.

As a result the brain receives impulses from the cones affected
by not only the central stimul.us but als0 the surrounding stimuli.
The effigy created, accordingly, comes to have the form of a
"star," that is, a central nucleus sUIT{)unded by many bristles
radiating outward, some longer, others shorter, called the rays of
the star.

201. What are the dimensions of these radiated stars? This is a
higWy complex question, because these dimensions are a function
6f many factors. We must bear in mind, first of all, that the sensi
tivity of the retina is not infinite, and therefore stimuli below a
certain limit are not perceived. In othe~ words, a lower threshold
exists; when a stimulus fails to reach this threshold, it is not felt.
This concept of a lower threshold is implied by the "all-or-none law,"
which we used in § 85 to explain the functioning of the eye. For if
the energy does not attain the minimum quantity required to
discharge at~ least one impulse, no information arrives at the
-brain.

We must further take into account that the retina is a slightly
diffusing translucent membrane. Before reaching the rods and cones
(which have their free ends turned toward the external coatings of
the eyeball) the radiation must pass through the whole layer' of
ganglions and nerve fibers running from every sensitive element to
the junction of the optic nerve with the retina. Hence when energy
in the form of a' stimulus impinges upon this membrane, it is dif
fused somewhat in the zone surrounding the one struck. An effect
of the same kind results from diffusion in_the humors which, espe
cially in elderly people, show a: not inconsiderable turbidity. Also
the crystalline lens with its cellular structure, as well as the co~ea
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and the epithelial tissues, cause a perceptible diffusion of the radia
tion passing through them.

It should be recalled too that the diameter of the pupil varies
from a minimum of 2 mm to a maximum of 8 mm. The variation is
generally regulated involuntarily as a function of the intensity of the
energy flux incident upon the retina.

Fillally it should be pointed out that the effect of the radiation
on the retinal substances is not always the same. Not only is it a
function of the wave length, but it also varies with the structure of
the photosensitive retinal substance. Thus there is the so-called
adaptation of the retina to darkness; that is, changes in the retina
occur on account of which the chemical or .electrical effects due to
the incident radiation are more or less conspicuous. These are
phenomena about which little is kno\vn as yet. But ~f we wallt a
rough sketch of them, we may compare them to the differing speeds
of photographic elTIuIsions. The retina has the power to modify the
structure of the photosensitive substance 89 that its yield of nerve
impulses is highest when the incident radiation is weakest, and
on the other hand becomes moderate 'when the radiation is
strong.

202. Now consider a very minute source of visual waves, such as
a star in the sky; for the stars are certainly points, so far as the naked
eye is concerned. The waves reach the eye and impinge upon the
retina. The effect, as is o.bviotlS at Ollee, is a function of the intensity
of the source.

If the source is very weak, so that the retina is barely affected
by the cel1tral peak, the spurious offshoots fail to reach the retina's
threshold of scnsiti'v"ity. Hence, for the purposes of vision, it is as
though they did not exist. rrhe same holds true for the radiation
diffused in either the retina or the hu!nors, for its effect is nil. On
the other hand, if th.e SOlirce is the only thing in front of the eye, the
Pllpil is dilated to the Inaxilnllm, and the retina is adapted to
maXinll..lm d<lrkness; that is, the photoscllsitive retinal substance
sho'vvs the nlCtxinlUln sensitivity. Under' these circurri~,tances the
nllITlber of affl..:cted cones is reduced to the m.inilTIUlT1, and the
effigy created. i-::, a lurrlinous Sl)ot of illappreciable dimensions. Hov\'
e\Ter, to achi~"ve these conditions, it is l1ecessary to have absolute
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darkness, a very feeble star, an interval of time long enough to
attain the required adaptation, and an observer specially trained
to place the center of the waves in the center of the fovea.

For the sensitivity of the retina is not uniform throughout its
entire surface. The nnnimum is found in the fovea, and the maxi
mum in the so-called parafoveal region, a ring around the fovea.
When the radiation on arrival is so w~ak as to require the maximum
retinal yield in order to be perceived, the eye automatically rotates
a little for the purpose of putting the center of the waves in the
parafoveal region.

But here other complications intervene. Now there are no longer
only cones involved, but also rods. Moreover, the connections with
the nerve fibers are already in clusters; that is, various retinal
elements are linked with the same nerve fiber. But the lower thresh
old of sensitivity is different for rods and cones. The latter seem to
be much less sensitive than the former, so that diurnal or photopic
vision is said to be performed with the cones, and nocturnal or
twilight or scotopic vision with the rods.

As is evident, the picture is far from simple, and the features that
influence the result are still not exhausted. As our discussion of the
situation continues, the reader will become increasingly aware of
how much caution is necessary before reaching a conclusion having
to do with the eyes.

Our first result, then, is that when the source's intensity is such
that it is close to the retina's lower threshold of sensitivity, and the
source's dimensions are such that the number of stimulated retinal
elements is the minimum (not precisely defined), the 'effigy created
is a "point," in the sense that the mind associated with the affected
eye never creates a smaller effigy. However, these conditions are so
unusual that they do not deserve further consideration.

203. Now suppose the intensity of the star 'increases slowly.
In addition to the central peak, the most important surrounding
offshoots start to make their presence felt on the retina. But they do
so only in the part near the peak, because they weaken as they
extend outward and soon fall below the threshold. The effigy created
is brighter than the previous one, and commences to show som~

tips along 'its sides.
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As the source becomes more int~nse, increasingly longer seg-'
ments of the offshoots cross the threshold. Some of the offshoots
tllat had not" reached the threshold before begin to affect the retina
now.' Hence the ~ffigy exhibits a constantly growing nurnber of
rays, of which the most intense grow steadily longer. Under these
conditions rays may be so long that the star occupies a cone several
degrees in aperture.

Hold the intensity of the source at a fixed value. But instead of
keeping the source in an absolutely dark field, have the background
emit a diffuse radiation. If this is very weak, the effigy of the "star
does not change. But if the radiation from the background be
comes noticeable, the effigy of the star progressively loses its \veak
est rays and th~ most intense rays shorten.

These effects are due in large measure to the fact that under the
action of the radiation coming from the background, the pupil
begins to contract. As a result the retinal zones affected by the
radiation of the star shrink too. F"or when the pupil contracts, the
first result is a decrease in the flux of energy, which obviously is pro
portional to the area of the pupil. Therefore, the weaker offshoots
and the tips of the more intense' fall back below the threshold of
sensitivity. In addition, when the optical system of the eye is dia
phragmed, the irregularities that act on the waves are diminished
too, thereby altering the distribution of the energy around the
center of the waves. Hence the resulting effigy comes out adorned
with a smaller number of rays, while those present are shorter.

The case now being described may be clarified by a familiar
observation. Let us recall the effect that many people notice in
looking up at a clear sky at -night. When the moon is not visible,
many stars are seen surrounded by rays, which are longer and more
plentiful in the most brilliant stars. On nights when the moon is
full, the visible stars are far less numerous and have few if any
rays.

204. Let us resume increasing the intensity of the source.
Opposing phenomena occur. On the one hand, the pupil contracts
and the sensitivity of the retina drops. On the other hand, those
offshoots on the retina that surpass the threshold lengthell; \\Teaker
offshoots begin to be perceived; diffusion in the substance of the
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retina and humors of the eye becomes increasingly noticeable. The
first two changes tend to reduce the affected retinal zone, whereas
the others tend to enlarge it. .

Within a certain range of the source's intensity the two op
posing sets of actions balance eadh other. The eye, so to speak, suc..
ceeds in confining the zone within narrow boundaries. But finally,
when the pupil has reached its lower limit and the sensitivity of the
retina has done the same, there are no further compensatory ac
tions. As the intensity of the source mounts, the affected retinal
zone also grows considerably. The effigy created is an expanded,
brilliant, blinding star, adorned with v~ry long ra~ that occupy a
great part of the field of vision, while the backgro1.1nd too appears
somewhat luminous.

Everyone has had occasion to see figures of this kind when his
eyes have been directly illuminated at night by the headlights of an
automobile, even when it was rather far away. The sense of dis
comfort felt by the observer under these circumstances is well
known. We say that he is dazzled. The phenomenon is evidently
very complex, and if we wished to give an exhaustive presentation
of it, we should need a series of curves. A personal element would
always intervene, however, such as the extent and distribution of
the irregularities in the eye making the observations. .

To have reliable data, it would be necessary to derive an aver
age from measurements made with a large number of eyes. So far
as I am aware, such measurements have not yet been made. With
out entering into so complicated a subj~ct, I confine mySelf to the
remark that things go badly when the source is either too ~eak or
too strong. There is an intennediate range of intensity, as we may
call it, within which things go better. In other words, vision of a
point source is a phenomenon which, considered as a function of
the intensity of the source, gives optimum results under inter
mediate conditions.

205. Of considerable interest for what we shall have to discuss
later on is the observation of a point source thro:ugh an artificial
pup~l or hole, less th:an 2 mm in diameter, in an opaque plate. As a
result the aperture of the waves entering the eye is limited, not by
the naturallJupil, but by the rim of the hole.. As we already know
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from § 63, the diameter of this hole is a very important factor, usu
ally indicated by D.

When D drops below 1 mm, in almost all eyes the irregularities
of the optical system do not make themselves felt, even if the point
source is very intense. This means that the effect is due not so much
to the decrease in energy as to the fact that the central zone of the
crystalline lens ordinarily is the best from the structural point of
view. When this is not the case, the eye is very defective.

FIG. 77. Distribution curve of the energy in a centric

Then if the irregularities do not make themselves felt, the waves
propagated in the eye behind the crystalline lens are sensibly
spher~cal, and around their ceu.ter on the retina the energy is dis
tributed in a centric (§ 326). Fig. 77 shows the structure of this
distribution, which has been studied with great care. There is a
maximum in the center, wi~ flanks diminishing to a minimum in
the form of a ring, which reaches the valut; of zero along a circle
whose radius in general is

In our case



THE ACUITY OF VISION 215

since the focal length of the eye may be considered to be 20 rom.
Then follows a ring with a secondary maximum, much inferior

to the central maximum; another ring of zero intensity; another
ring with another secondary maximum, slightly inferior to the
preceding maximum; and so on.

When this distribution of energy reaches the retina, the zones in
which the effects may be_.felt differ according to the intensity of the
source.

206. Let us begin with a very weak source, one so weak that
only the central maximum surpasses the threshold of sensitivity.
1'he number of affected cones (on the assumption that the olJserver
succeeds in keeping the centric in the center of the fovea) is the
smallest possible. This number depends to a slight extent on D, the
diameter of the hole, because the maximum in the curve of the
centric is flatteI¥d out somewhat. Consequently the effigy created
is a tiny disk. As the intensity of the source increases, the brightness
of the disk grows, but its diameter expands too.

When the intensity reaches a value high enough for the first
secondary maximum also to cross the threshold of sensitivity, a
luminous rir.lg, very faint and very thin, begins to be seen around
the central disk. Then, as the intensity of the source continues to
mount, the ring keeps the same radius but gains in thickness; that is,
the dark ring separating it from the central disk narrows a little,
while the central disk itself continues to expalld. Meanwhile a
second ring appears, very thin at first and later thickening con
stantly. Then a third ring follows, and so 00. With very iIltense
sources it is possible to see as many as five or six rings. In the mean~

tilne, however, the first dark ring ~~s become extremely thin.
The effigy thus created is located out in space> in the direction

of the source of waves, on the basis of data derived exclusively fronl
the memory and environment, if not entirely from the imagi11ation.
For even if the mind wanted to use the information furnished by
accommodation, in this case such information is highly uncertain
on account of the effect of the artificial pupil, the information being
more indefinite the smaller the diameter of the [lole.

207. If the source emits pure waves, the mind endows the effigy
with a certain spectral color tone, based on the modulated fre...
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quency of the imptllses reaching the brain.. When the source is so
weak, however, that the central maxilnum barely succeetis ill cross
ing the sensitivity threshold of the retinal region affected, the fre
quency of the impulses is so low that we can no longer talk about
carrier frequency and modulated frequency. Then the mind can no
longer assign a definite hue, and a gray spot is generally seen.

FIG. 78. Centric

On the other hand, when tile source emits all the visual waves,
the individual ceIltrics corresponding to the various waves have
different diln~nsions. The disks corresponding to the longest waves
l1ave almost double the diameter of those corresponding to the
shortest waves. The resulting effect is translated into a coloration
of the rilfis of tIle disk and rings. rfile rim of the disk is red; so is the
external rim of the rings, while their internal rim is blue. Apart from
the coloration, the aspect of the effigy seen under these conditions is
shown in Fig" 78.
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The smaller the hole, the larger the dianleter of the effigy, if we
disregard the effects of the intensity. Thus if we observe in succes..
sion a point source of intensity k through a hole 0.5 mm in diameter..
and a source of intensity 4 k through a hole
0.25 mm in diameter, the flu't reaching the
retina is identical. But in the latter case it is
spread out over an area four times greater,
and therefore the diameter of the effigy seen
is about double the other.

208. Let us keep our attention fixed on
this type of phenomenon. Suppose we ob
serve a point source through a hole of con
stant diameter, so small that the distribution
of energy on the retina is not disturbed by
the irregularities of the eye's optical system..
The effigy created by the mind will, therefore,
have the aspect of Fig. 78, with well-defined
dimensions when the mind has decided to
place it at a given distance.

Now consider another point source, equal
to the former and situated at the same dis
tance from the eye. An energy distribution
similar to the previous is formed on the retina.
The mind accordingly fashions two equal
effigies, placed at the same distance in depth
and in directions determined by the positions
of the stimu~i on the retina (Fig. 79). The
two effigies will generally be distinct from
each other, because the stimuli on the retina
will be distinct.

Now let one source approach the other.
The affected retinal zones approach each
other too, and begin to overlap. As the two FlO. 79. Two centrics

at varying distances
sources continue to draw closer together, the
zones overlap more and more) until finally the superposition be
comes so complete that it is impossible to say whether the effect isdue
to :two separate point sources or to a single one of double intensity.
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This is a highly interesting phenomenon, which should be
examined somewhat in detail. Suppose the distance on the retina
between C1, the center of the first centric, and C2 , the center of the
second, is a small fraction (say, 1/10) of r, the radius of the first
dark ring of each centric. Or rather, considering the slight con
tribution made by the rings of cen'trics to the final outcome, we
shall ignore the rings altogether for the sake of simplicity. Every
centric is thereby reduced to a simple disk, in which the distribu
tion of energy along a diameter is shown in Fig. 80a. On the ordi
nate, E indicates the irradiance (§ 78) or flux of energy impinging
upon a unit of the retinal surface. C1, the origin of the coordinates,
corresponds to the center of the first centric. Merely for the purpose
of having a standard of reference) this center may be imagined to
coincide 'Nith the center of the fovea.

209. If we consider also the second centric with its center at
C2, we have another energy distribution equal to the former, but
displaced by r/l0. Irradiances may be added arithmetically at
every point (if the two sources of waves are not coherent). F'or that
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reason the simultaneous presence of two centrics on the retina gives
a combined energy distribution like that indicated by the broken
line in Fig. 80b. The combination differs imperceptibly from a
centric; its center of symmetry is displaced by r /20 from C1 and C2 ;

its ordinates are sensibly double those of Fig. 80a; and its abscissas
have undergone a very moderate increase of scarcely 5 per cent.

The resulting effigy is therefore a slightly oval figure (the in
crease of 5 per cent occ.urs in only aIle direction) whose brightness
is greater than that of the effigy created under the stimulus of a
single centric. Some investigators maintain that the subjective
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brightness o( the effigy varies with the logarithm of the intensity of
the stimulus or irradiance. But this rule is not firmly' established.
Besides, the value of this brightness is of no interest to our discussion.
Consequently I shall limit myself to noting its increases and de
creases without specifying the amounts.

Given the indefiniteness of the rims, ovalness of 5 per cent may
pass unnoticed. Even if this were not so, a similar analysis could be
repeated by putting the distance between the centers C1 and C2

equal to r/20, r/ 40, . . . ; certainly there must be a denominator
big enough to make the ovalness unobserved. Under those condi
tions (and for all smaller values of C1C2) the only effect of two
simultaneous centrics is to double the irradiance on the retina and
accordingly to increase the brightness of the effigy, since the fonn
of the combined figure is sensibly equal to that of each compone~t.

Hence for all values of CIC2 less than this limit the effect of the super
position is exclusively photometric.

Beca\lse the essential content of our reasoning does not change
witil a variation"in the limiting value of CtC2, let us assume it to be
r/l0. Besides, we should note that no one value is applicable to all
cases, for two reasons. In the first place, it is a disk with indefinite
rims whose ovalness is to be estimated, a process strongly influenced
by the observer's skill and training. Secondly, as was pointed out in
§ 206, the apparent dimensions of the disk in the effigy depend on
the intensity of the source, whereas r is a quantity independent of
this factor. Therefore r/l0, taken as an example, is not outside the
range of possible values.

210. Now let there be a third point source, equal to the other
two and aligned with them, the third being exactly twice as far
from the first as from the second. On the retina there will be a third
CClltric, with its center C." aligned with C1 and C2 at a distance
2r/10 from CI • rrhe effigy created is a figure like the previous one,
but it has an ovalness of 10 per cent and greater brightness (Fig.
80c). Add a fourth source, then a fifth, all aligned and spaced at
equal intervals. The figure seen increases in ovalness (reaching 25
per cent with five sources) and its brightness is considerably en
11anced; in fact the irradiance on the retina is augmented almost
five times, as shown in Figs.. 80d and BOe.
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However, if we continue to add equal point sources, aligned and
spaced at equal intervals, the photometric increase henceforth
takes place in progressively smaller steps (Fig. 80n. With ten
sources we reach the maximum irradiance on the retina, and there
fore a brightness of the effigy approxi
mately equal to that attained with nine,
because when the sum of the ordinates
is added up, the contribution of the cen
tric with its center at C1 is very minor.

If we continue to add as many
aligned. point sources as we like, the
effigy grows proportionately longer but
its brightness stops increasing. Indeed
the sum of the ordinates at every point,
except those at a distance less than r
from C1, consists of ten equal mag
nitudes (Fig. 81).

211. The foregoing discussion con
tains the criterion that permits us to
describe a source either as a point or as
a linear object. The distinction may be
made clear by the following procedure.
Begin with an ideal point source, and
add one after another in a line so as to
make a linear source, as long as re
quired. At first the observer sees a very
weak centric. Then, while continuing
to watch it, he notices that it grows
brighter and that its diameter at the FIG. 81. Transition from a

point source to an extended
same time enlarges slightly, on account source

of the increase in energy, as was
mentioned in § 206. But its form does not change. Later the increase
in brightness becomes less conspicuous, while the figure begiIls to
look oval. Finally the brightness ceases to be augrnented; that is,
it reaches its upper limit. The figure definitely lengthens out and,
taking the shape of a wire, continues to grow longer, changing its
form without altering its hrightness, so long as the number of
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sources contillues to rise. In this way the effigy, which initially had
th.e characteristic form corresponding to a point source, ill the end
assumes tIle. characteristic form corresponding to a linear source.

Now let us proceed ill the opposite direction. Put in front of the
eye a lillear source and reduce its length progressively. At first the
correspollding effigy is an elongated figure of a certain width and
brightllCSS. I.Jater it begins to shorten, while keeping its \vidth and
brightrless uncllanged. \Vhen the length is about twice the width, its
decrease beconles slower, while the brightness begins to declille
slightly. Th.en the decrease in length becomes barely perceptible,
while the })riglltness diminishes rapidly. The result is a figure whose
ovalness is no longer appreciable. But as the source continues to be
shortened, a drop in brightness is observed, together with the con
sequent contraction of the dialneter. Then if the threshold of retinal
sensitivity is reached, and tIle source is shortelled further, notlling
is seen any lIlore.

212. III this last phase-, when f\Jrther reduction of the source
prOd1.1CeS a decrease in brightness but no change in form, the source
clearly bel-laves exactly like an ideal point source of variable inten
sity. It ShOllld then be said to be op·'ically a point for that observer.
His rnind in fact has no optical information which reveals the linear
fornl of the source to him.

In the initial phase, on the other hand, when the reduction of
the source produces a shortening of the effigy without any altera
tion jn j ts brightness and width, the SOllrce ShOllld be called defi
11itely linear.

In addition there is the phase of transition from one typical form
to the other. III this phase dinlinution of the source is accornpanied
by a redllction in fhe length (or rather in the ovalness) of the effigy
and at the saIne tin1e in its briglltness. For this kind of source there
is no designation, at least for the present. The gel1eral practice is to
assign half of this phase to the point source and half to the linear
source; in other words, tlle SOllrce is called a point even if the effigy
is slightly ova1.

Apart from this transitiorlal phase, we may now speak of an opti
cal point source, not in any ideal, mathematical, and physically
absurd sense, but in a sense that can be realized in practice. Some
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numerical data may be not without use in serving to clarify the
foregoing concepts.

213. Suppose we put in front of the eve a diaphragm of diam~...
ter- D = 0.5 mm. The angle 'Y which r, the radius of the centric's
disk, subtends at N', the nodal point of the eye, is given by

'Y = l.~X = 2.44X

When-a source's extrelne points give rise to centrics whose centers
are separated by a distance exactly equal to r, we may take that
source as tIle halfway station, in the sense explained in § 212, be
tween a point source and a liI1ear source. Such a source should be
called l'a point' when its lellgth subtends the angle 'Y at the eye.
If x. ,is its distance' from the eye, its linear dimension y is given by

y ~ 2.44Xx

If we put A = 6(10-4) mm, we have

y ~ 14.64x(10-4) mm

f'or example, at 5 In from the eye,

x ::;= 5000 mm and y ~ 14.64 X 5000 X 10-4 ~ 7.32 mm

Any filament that emits visual waves having a wave length of
6 X 10-4mIn and that is shorter than 7 ronl behaves like an optical
point if it is at least 5 m from :i:~1 eye diaphragmed with an artificial
pupil 0.5 lum in diameter.

If the diameter of the artificial pupil were reduced to 0.25 rom,
the length of the optical point source \vould obviously be 14 mm at
a distance of 5 m from the eye. If the diaphragm were contracted
still further, the dimensions of the optical point source would in
crease in inverse proportion..

214. The discussion of a source linear in one direction may be
repeated fOf anoy other direction. Tills process leads to the definition
of an extended source as being, f0f a given observer, a source having
dimensions larger than a disk whose diameter corresponds to that
of the greatest point source, for that observer.
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It has been possil.lle to establish tllese conditions rather easily
for an eye equipped with an artificial pupil small eIlough for the
effigy to have the aspect of a perfect centric. When tile I)upil is
bigger and irradiation occurs, the analysis becomes far more. conl
plicated.. Personal eleme'nts intervene, because ev.ery eye has its
own irradiation. 'r'he intensity of the source affects the result much
more oIJviously"~ siIlce changes in this intensity' cause the irradiation
to vary much IIlore than the dimeIlsions of a centric's disk. More
over, the effigy IJroduced by a point source in the presence of
irradiation lacks symmet!y of rotation, and therefore equal effects
are not felt in all directions on the retina. Nevertlleless tIle criterion
for determining the dimensions of a point source for an eye with an
artificial pupil Inay be applied to the naked eye also, even if the
nunlerical results differ trOIn one eye to anottler.

215. To conclude our discussioll of the point source I ",,-ish to
en1phasize that the minimunl diInensions of a SOtlrCe are deter
lllined, not by geometrical facto~s (that is, by its form) but by
energy factors. In other words, a source is too small to be seen when
the waves that it projects lipon the eye are incapable of stimulating
the re'tina or Inaking impulses reach the brain. Only then, whe11 it
receives no information, does the mind fail to create any effigies.

If the energy conveyed by the waves to the eye is enough to
cross the threshold of sensitivity, then an ~ffigy is created according
to the rules set forth above. In other words, so long as the source is
kept belo~t the dinlensions of the maximum poin! source, the effigy
has an aspect corresponding, not to the shape of the source) but to
the defects of the eye and the effects of'diffracticn. Only when the
dimensions of the S01,1rce surpass this lirnit do\.~s information about
the shape of the source begin to flow to the mind, and Ollly then
does tIle corresponding effigy connnence to represent that sllape.

On account of tIle ilnportance of this topic it is desirable to trace
the changes in vision as the dimensions of the source vary continu
ously. For example, consider the global portion of a frosted electric
bulb that is lit. Every point of the globe emits waves that enter an
eye directly. On its re~i.~a an area with a circular boundary is
affected. By means of the impulses sent to the brain by way of the
optic nerve with a certain frequency, the mind is led to create an
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'effigy in the fonn of a disk \\t~ith a circular rim. This effigy will have
a certain brightness alui will be located, say, exactly' on tIle bulb.

No"', along the path by which the \vave$ reach the eye, mO've

the bulb a'v\'·ay from the eye. Since the angular magllitud.e of tile
globe diminishes, the retinal zone affected decreases too; so does
the effigy, btlt its brightness does not.

1"his is true until the globe reaches the dinlensions of the point
source for that eye. Fron1 then on the effigy has the fornI, Ilot of a
disk, but of a star surrounded by the rays characteristic of that eye.
As the source draws farther away, the rays become shorter and less
numerous because the weakest disappear. The intensity of the star
drops continuously until the effigy contracts to a point, which
grows steadily weaker until finally it is extinguished.

216. For the purpose of further accustoming the reader to this
way of viewing the subject, let us observe a lighted incandescent
lamp, if possible of the typ~ having a nonspiral tungsten filament.
Looking at such a wire is rather unpleasant, because the waves that
it projects on the retina carry too much energy. Naturally the pupil
contracts to its minimum size, and the retina too reduces its sensi
tivity as much as it can. Nevertheless the effects of irradiation are
still conspicuous. If the lamp is 30 em from the eye, however good
this may be, it sees in place of the filament a ribbon about two mm
wide. The width of the filament is just a few hundredths of a mm.
Obviously the brilliant rib~on seen by' the observer is an effigy
created by his mind on the basis of information reaching it from
the retina, where the stimulated zone is so wide on account of
irradiation.

Now remove the lamp to a .distance of 60 cm from the eye. The
brilliant ribbon be(~omes double what it was before, \vhereas if it
were an effect of the material dimensions of the wire, it should
become half. Instead it becomes twice as wide, while its length,
which corresponds closely to that of the wire, becomes almost
exactly half. For the width of the affected retinal zone depends,
not on the size of the sOllrce, but on the irradiation or the defects
of the eye, and therefore remains constant. Since its angular mag
nitude is constant, and the effigy is located twice as far away as
before, the width of the effigy must double.



226 OPTICS, THE SCIENCE OF \rISION

If \\1e want to reduce this width while keeping the distance from
the lamp to the eye unchanged, we must dinlinish the effects of
the irradiation. This Inay be done in two \vays, on the basis of
what was said in §§ 205-206. Either contract the diameter of the
pupil with a diaphragm whose aperture has a diameter less than
2 mm, or weaken the irradiance on the retina, for example, by
means of an absorbing glass. If we look at the filament throtlgh a
glass whose absorption increases, we readily observe the width of
the luminous ribbon oecomirig steadily narrower, and when the
brightness is decreased to a very low level, the effigy too is cut down
to a very thin wire.

217. When there are two point sources (and in talking about
them we novv know that tIle terlTI "point source" is no longer
devoid of practical significance) the situation is so important that
it deserves to be examined with great care.

In seeking to determine the dimensions of an optical point
source, we began in § 208 by observing what occurred when two
point sources in front of the eye approached each other. Then in
§ 209 we dealt with the extreme case, in which the effigy provoked
by the action of both sources on the eye was sensibly equal (apart
from its brightness) to that provoked by a single source. In §§ 210
212 we considered a very large number of sources in a line, for the
sake of finding the demarcation between a point source and a linear
source for that observer.

Now we must return to the analysis of what happens \tvhen t\YQ
point sources approach each other. Bllt our present purpose is to
discover how vision of two separate figures passes over into vision of
a single figure. Again it is proper to advance by stages, starting with
the simplest and most routine case. In this we put in front of the eye
an artificial pupil with so small a qiameter that the effigy corre
sponding to a point source is a typical centric. Then the sequence of
the appearances that result when two sources approach each other
is once more that of Fig. 79. , .

When the observer is in a position to decide that there are two
sources, he is said to separate or resolve them. Our task, then, is to
determine the limit of such resolution. The arguments that lead us
to fix the limit of resolution folIo",' the model of those that led to
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establishing the limit of the point source. If the two sources are so
little distant from each other that, taken together, they fall within
the maximwn dimension of the point sour.ce, then clearly they
cannot IJe resolved under those conditions by thiat eye. Hence we
conclude at once that the limit of resolution is a function of the
traits of the observing eye as well as of the intensity of the source.

218. Reviewing the considerations by which' we established the
limit between a point source and a linear source for a given observer,
we may say that this limit differs from the limit of resolution in the
following way. In the former we notice a lengthening or rather
marked ovall1ess of the figure, whereas in the latter we observe two
maxima of brightness separated by a darker strip.

In other words, before resolution can occur, the mi~d must be
informed that the sources are two rather than one, however
elongated. For inforlnation of this sort to reach the mind, the
stimulus on the retina must not be of equal intensity along its
entire major dimension. On the contrary, its central portion must
show a decrease appreciable by the sense m~chanisIl1, and then the
two maxima are perceived as separate.

When the problem is posed in these terlns, the intensity of the
source is clearly of fundamental importance. For, together with the
sensitivity of the retinal layer, it determines the dimensions of the
affected retinal zone, as we learned in §§ 201-204.

Put the two sources in a given place. Then C1 and C2, the center~

of the disks of the corresponding centrics, have definite positions on
the retina, and therefore the distance C1C2 is fixed. If the disks of the
centrics are so small that their radius r is half, or less than half, of the
distance CtC2, there is certainly a minimum of irradiance in the
middle. But if the radius r is equal to or greater thall C1C2, what
happens in the middle is uncertain. There may even be a minimum,
but one so little different from the two maxima in C1 and C2 that the
difference escapes detecti<?n by the sensitivity of the retina.

In §§ 206-207 we saw that the radius of a centric's disk depends
on the intensity of the source, the dianleter D of the artificial pupil
of the eye, the wave length Xof the radiation emitted by the source,
and the retina's threshold of sensitivity, adaptation being taken
into accoun t. To complete the picture of the principal elements that
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influence this pheIlomenon~, we must ascertain the sensitivity of the
retina to differences of irradiance. The answer has been given
experimentally, as shown in Fig. 82. The ordinate represents the
reciprocal of Fechner's fraction M / E, the least perceptible difference.
The abscissa indicates the logarithm of the irradiance E. Mean
while I wish to emphasize that here too the predominant influence
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FlO. 82. Fechner's law

is the irradiance. For Fechner's fraction increases as the irradiance
,veakens or when it becomes too strong.

219. Now we can summarize and synthesize the composite
effect of all these factors.

In a general way we may say that the limit of resolution depends,
in inverse ratio, on the diameter of the artificial pupil (provided
that this leads to the creation of an effigy with rings, like the one in
Fig. 78). In order to express things in precise tenns, the resolving
power was defined. This is the reciprocal of the minimum angle r
subtended at the eye by two sources at the limit of resolution.
However, in practice not l/r butr is considered. It would be proper
to call r the smallest angle resolved under those conditions. Unfor
tUnatel)· common usage talks about resolving power and employs r,
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a habit that sometimes gives rise to complicated formulations since
Olle increases when the other decreases.

As our fIrSt corlclusion we may write

Ar = k
D

where k is a constant of proportionality. This formula' is derived
from the theory of diffraction, the radius of a centric's disk being
proportional to the ratio AID. For this equation to have real sig
nificance, however, the irradiance must be felt in a constant man
ner by the retina, and to define such constancy when A changes is a
rather delicate operation.

On the other hand, the resolving power l/r depends on the
intensity of the sources. This dependence should be represented by
a curve that goes down toward zero for both weak and strong
intensities. It should go down for high intensities since these lead to
a widening of the centrics' disks, pardy because of the greater
diffusion of the radiation in the retina and humors of the eye, and
partly qecause of the increase in Fechner's fraction. The curve
should go down for very low intensities too, since these boost
Fechner's fraction considerably, and also since the resolving power
must certainly approach zero when the maxima approach tIle
threshold. In fact, when at least one of the maxima drops below
the retina's threshold of sensitivity, the resolving power must ob..
yiously be zero.

Finally, the sensitivity of the retina clearly exerts an influence,
because it supplies the value of the threshold, and at the same time
helps to determine the diameter of the disk of the centric! on the
retina.

220. At this juncture the following comment is in order. For the
mind to be informed that there is a minimum between the two
maxima of the centri.cs, there must be a difference between what is
carried by the nerve impulses coming from the retinal elements
affected by tll~ m~ima· and minimum, respectively. But indi
vidual impulses are all equal. Moreover, the modulation of the fre
quency may be equal for both these trains of impulses, if the waves
involved are pure. Hence, for the two trains to be perceptibly dir-
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ferent, the difference must be in the carrier frequency. If the trains
of impulses are long, all is well. But if they are short (that is, if the
irradiance lasts a brief time, say, a fraction of a second) the dif
ference in frequency may not be noticed, because in so small an
interval there is not a difference of even one impulse altogether.

Therefore, the shorter the duration of the irradiance becomes,
the greater the difference in irradiance ·between the maximum and
tIle minimum must be, in order to be felt. In other words, the re
solving power 1/r is influenced also by the duration of the irradi
ance. Excessive shortening of this duration produces effects com
parable to those resulting from a drop in the intensity of the sources,
that is, a weakening of the resolving power.

Of course, all the agencies that influence these factors likewise
affect the resolving power indirectly. For instance, besides the two
sources to be resolved, there may be additional and very intense
sources of waves in front of the eye. Then the waves that enter the
eye are perceptibly diffused by the humors, and thus project an
irradiance upon the retina, including the region of the two centrics
in question. This diffusion causes a decrease in Fechner's fraction
there, and consequently a. drop in the resolving power l/r.

221. In conclusion, the resolution of two point sources observed
through an artificial pupil so narrow that the irradiance projected
on the retina by each source occurs in a regular centric is a complex
pllenomenon, in which energy plays the predominant role. The
participants are the SOllrce, with the energy of the waves that it
emits and with their X; the artificial pupil, with its diameter; and
the retina, with its sensitive properties, namely, the threshold of
sensitivity to radiation, and Fechner's fraction, which in tllrn is the
threshold of sensitivity to differences of irradiation.

In other words, to resolve two sources means to feel the difference
in irradiance between the maxima and the intervening minimum.

This concept enables us to account for the phenomenon, even if
we discard the artificial pupil and expose the eye directly to the
action of the waves emitted by the two sources. Instead of the
irradiance occurring in a regular centric on the retina, the energy
will be distributed in a central maximum and offshoots fonning a
star around it. The probleln becomes more complicated because,
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the centric'l symmetry of revolution being no longer present, the
effects are no longer equal in all directions perpendicular to the
axis of the eye. Moreover, when the two stars are very close to the
limit of resolution, the separation may not be felt in the thickest
parts of the two figures on the retina, while being felt at the tips of
the thinnest rays perpendicular to the line joining the two maxima.
I t is difficult to say what the limiting condition ought to be. Yet
there is no doubt that in the abseIlce of an artificial.pupil, resolution
is a function of the same factors as those on whi~h it depended when
the pupil was present. For the reasons why the resolution must
weaken when the intensity of the sources increases or decreases too
much remain the same. Under these conditions too, therefore, reso
lution is e~sentially an energy phenomenon, which is at its best
when the intensity of the source is suitably related to the sensitive
properties of the retina.

222. However, an observer is seldom called upon to resolve a
pair of point sources, and therefore this case is of greater theoretical
than practical interest. Much more interesting, on the other hand,
is the resolutipn of details in an extended source.

In practice' the mind "looks at" surrounding objects in order
to know them and recognize the1U for the needs of life. Hence the
usefulness of vision consists of perceiving the forms, colors, and
locations of objects. The more refined this operation is, the better
and more useful vision is.

To see a detail of an object means that the mind has represented
that detail in the effigy that it has crea.ted. To represent the detail,
it has drawn upon the reports reaching it by way of the optic nerve.
For these reports to serve the .purpose of representing that detail,
they must differ from the reports arriving from adjacent points.
For these reports to differ from one another, they must be carried
by trains of impulses differing in carrier frequenc'y, modulated
frequency, or index of modulation. For these trains of impulses to
differ, the effects of their respective irradiances on the retina must
be perceptib~y different. "To be perceptibly different means that the
difference betwee11 them must be ~uch that the reti11a is capable of
feeling it. Such a characteristic, conseque:ltly, depends either on the
energy flux i~ question or on the sen~itive properties of the retina.
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223. "fhese cO.Q.cepts can be set forth a little more definitely by
devising a procedure for describing the action of the radiation on
the retina. The elements of the procedure that we shall use are
simple and reasonabl~. Moreover, if they had to undergo some
modification, the general course of our reasoning would not change
substantially.

Let us iInagine, then, that the action of the iITadiance on the
retina is zero so long as the irradiance remains below a certain
vallie. For in § 201 we took for granted that a threshold of sensi
tivity exists. On the other hand, a saturation level also must
exist. When the energy received is so great that it produces its

109 E

FIG. 83. Effect of radiation on the retina, as a function of the irradiance E

effects on the entire photosensitive substance, clearly any addi
tional energy arriving can produce no further effect. In Fig. 83 the
abscissa shows' the logarithm of the irradiance E, whose effect is
indicated by the ordinate. It does not matter in what units the
effect is indicated, the"purpose of this graph being merely illustrative.

Now take a series of areas iT, which emit visual waves. Let El be
the emittance of one group of these areas, and Et the emittance of a
second group interdigitated with the first group, as in Fig. 84. Let
El < E2. The ratio El/E2 rrlay be regarded as a meaSllre of c, the
contrast between the two groups of areas.

If an eye receives the waves emitted by these areas, it makes the
waves convergent with their centers on the retina. This will, there-
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fore, have areas corresponding to the emitting areas. Let the sur
face of a retinal area be cr'. r-I~he irradiance E 1 of the areas of

FIG. 84. Field of gray stripes, brighter alternating with d~rker
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FlO. 85. Effect on the retina of the bright and dark stripes of Fig. 84

emittance E1 must be related to the irradiance E 2' corresponcling to
the emittance 12 as follows:

E1 El
E

2
= E; = C

If we now indicate on the axes of Fig. 83 the effects of both groups of
areas, we have two identical curves that are separated in the direction
parallel to the x-axis by a distance equal to log E 1 - log E, = log"
-the logarithm of the contrast· (Fig. 85),
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If the irradiances on the retinal areas (J" are contained within
the region between ~e origin of coordinates and the point A,
obviously there can be no resolutioll. For the effects are equal on all
the retinal areas involved, and therefore no differences can be felt.
The same conclusion must be drawn if the irradiances are greater
than those corresponding to the point B. Consequently only in the
interval of irradiances included between A and B is it possible to
have resolution. In exact terms,~ the perceptible differences are
proportional to the differences between the ordinates of the two
curves.

fog.t

B

Flo. 86. Influence of contrast on resolving power

Hence the broken curve shows us the movement of the resolving
power as a function of the emittance and of the contrast. The
pres~nce of the maximuln in the middle should be noted, as well as
the drop for strong and weak irradiances.

Fig. 86 illustrates how the resolving power is affected by con
trast. If El and Ez, the nvo emittances, are closer together than in the
previous case, the logarithm of the contrast c is smaller. The two.
curves are less distan.t froIn each other, and therefore the difference
between the effects is snlaller.

224. The difference betvveen the retinal effects of the two ir
radiances is shown in F'igs. 85 and 86,. "Resolution occurs when this
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difference attains a certain minimum. But if the difference is so
small that the impulses reaching the brain from the more intense
areas do not differ by e\ten one unit from the impulses coming from
the less intense areas, then obviously the mind is not informed about
the differerlce. Where the difference between the ordinates is
greater, the areas 0" may be small and yet the difference between
the impulses will still be noticed. On the other hand, where the
difference between the ordinates is less, a bigger area (I' is required
for the difference between the impulses to be felt.

This amounts to saying that if the conditions of emission are
good, the details noti~ed and therefore represented in the effigy are
finer. If the emission of the visual waves is either too weak or too
strong, the details must be larger, to be noticed and represented
in the effigy.

Such excellence or unsuitability of emission can be defined, not
in absolute terms, but only in relation to the sensitive properties of
the retina concerned. For example, take an eye that has remained
for a long while away from light and is, therefore, adapted to
darkness. If it is-suddenly exposed to intense radiation like that of a
sunlit place, it distinguishes nothing because it is operating in cir
cumstances of excessive irradiance. Mter several minutes, when the
retina has adapted itself to the new energy conditions, the resolution
becomes very good.

In § 220 we learned about the effects produced by curtailing the
duration of the irradiance. Excessive limitation of this period
is found to decrease the resolving power of the eye in direct
ob~ervation.

.,All the facts mentioned here, as is well known, are in complete
agreement with the findings of numerous investigators of the eye's
behavior. In particular, the countless measurements of visual
acuity by ophthalmologists and students of optics fall into place in
the picture drawn above.

Everybody has noticed when reading· a newspaper at dusk that
as the light grows dim, it becomes more and more difficult to make
out the finer print while the larger letters are still easily read, until
by moonlight only the name of the newspaper is legible. On the
other hand, it is readily recognized that vision is difficult also under
conditions of excessive luminosity, usually called dazzling glare.
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225. Let us now go on to examine the acuity of vision through
optical systems. The most interesting cases are undoubtedly the
telescope and microscope.

From our point of view the action of a telescope is threefold: it
iD£reases the angular magnitude of the details of an object, it
diminishes the corresponding irradiance on the retina and it intro
duces an artificial pupil.

With regard to the first action, it was pointed out in § 183 that
the angular magnitude of a figure seen by means of 8, telescope is
as many times greater than the corresponding magnitude seen
directly (from the center of the objective) as the objective's focal

o
f·,
I

...-.- '0

Fta. 87. Geometrical elements of a telescope

length /0 ,exceeds the focal length f. of the eyepiece. On the other
b.and, the •diameter d of the waves emerging from the eyepiece
(Fig. 87) is smaller than the diameter D of the objective, the ratio
being

D /0
([==1.

D is aka called the diameter of the telescope's entrance pupil, and d
the diameter of the ,xit pupil.

If the angular magnitude of an object seen frqm the objective
({or greater precision we should consider the trigonometric tangent
of the angle) is indicated by'Y" and 'Y. stands for the angular mag
nitude of the corresponding figure seen in the telescope, then

/0 D 'Y4
-c:::-=:-
f. d ')If"

R,al a"gular magnilrlJe and apparent angular magnitude are the terms
for 'Yr and 'Yo, respectively.
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The tele~Ollt has also a factor of transmission 'T, which is less
than unity. Luminous flux is lost because it is reflected from the
surfaces of the lenses, absorbed by the glass of the lenseI) and diffused
by possible obstacles, such as dust, wires, etc.

226. We shall now draw up a balance sheet of all these actions.
When the waves of an ideal point source reach the eye of. an

observer through a telescope) the retina is affected by an irradiance
whose energy distribution (on the assumption that the instrument
is ideally perfect) depends on the diameter d of the exit pupil. The
initances in which d is very large are not numerous and may be
called exceptional. What is found in these instances is obvious.
The irradiance on the b~ck of the eye shows a central maximum
and a series of offshoots in the fOIm of a star. The effigy created as a
result is an irradiation star, as happe'os with the Ilaked eye. The
difference between cbservation with the naked eye and with a
telescope is a matter of energy. In the l~tter case, the affected area
of the retina is strllck by radiation that enters through the objective
and leave! through the eyepiece, provided of course that the diame
ter of the exit pupil is no larger than the diameter .of the. pupil.'()f .
the eye. In direct vision, on the other hand, only tl.Le radiation
that enters the pupil of the eye arrives at the retina.

For the sake of simplicity, suppose the exit pupil is equal to the
pupil of the eye. Then the intensities of the two radiations are re
lated in the ratio "D2/d2, which ordiI'arily is much greater than 1.
The telescope's star effigy is, therefore, much more brilliant than
the naked eye's. With the naked eye, the irradiance may not reach
the threshold, while crossing it with the telescope and thereby
making fHJint sources \~sible that otherwise would not be visible.

227. But if the diameter- of the exit pupil is smaller than the
diameter of the pupil' of the eye, and is actually less than 1 mm,
then an artificia.l pupil is before the eye. A centric is formed on the
retina, and the effigy created has the typical structure shown in
Fig. 78. The effect of the telescope is, therefore, as follows, The
entire flux of energy that passes through the objective and emerges
from the eyepiece i, distributed in the centric. This is conse
quently made '1D2/d2 time! more intense than it would be if a
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diaphragm of diameter d were put directly in front of.the ey~. But
now the centric's dimensions, in accordance with the rules laid
down earlier in this Chapter, detennine the angular dimensions of
the point source. These angular dimensions are associated with the
train of waves emerging from the eyepiece, that is, with the apparent
field. Hence the dimensions of the optical point source in the real
field are determined by the same criteria as those used for vision
through an artificial pupil, the result being divided by the ra,tio D / d.

Yet we must bear in mind that the dimensions of a point source
for a given observer are not obtained by supplying him with an
artificial pupil of diameter d and then simply dividing the angle
thus found by Did. We must remember that the irradiance in
creases in the ratio TD21d2• Accordingly, the angular dimensions
of an optical point source for a certain eye using an (optically per
fect) telescope with entrance pupil of diameter D and exit pupil of
diameter d may be said to be diD times those for the same eye
equipped with an artificial pupil of diameter d, but operating with
a source whose intensity is TD2/ d2 times greater than that em
ployed for the telescope.

This conclusion in this form applies also to exit pupils so big
that the irradiance on the retina loses the configuration of a centric
and assumes.that of a star.

It is easy now to go on to the resolving power. An ~alysis en
tirely similar. to the preceding leads at once to the conclusion that
the smallest angle resolved by a certain eye looking through a tele.
scope is diD times the angle which would be resolved by the same
eye with an artificial pupil of diameter d and with a source of
waves TD2/d2 times more intense.

228. We come now to linear objects. Consider once more an
exit pupil so small that the distribution of the energy transmitted
to the retina by a point source of waves takes the form of a centric.
If the source is linear and subtends an angle 'Yf" at the objective, at
the eye behind the eyepiece it subtends an angle 1'a, equal to
'Yr Did.

The flux projected by the source upon the objective is propor
tional to the objective's area, or to D2. Therefore, the flux which
enters the eye.is proportional to TD2. This flux is' distributed over a
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retinal area, which is rectangular in form, one side being equal to
the diameter 2r of the disk of the centric corresponding to the point
source, the other side being proportional to "ra. Hence the area is
proportional to 'Yo,. Consequently the irradiance is proportional to
TD2/r 'Ya.

If this linear source were observed directly through an artificial",_
pupil of diameter d, equal to, the diameter of the telescope's 'exIt
pupil, the eye would receive a flux proportional to d2

, which it
wOllld distribute over a retinal area proportional to r''Y,., 2r' being
the diameter of the centric's disk for a point source seen through the
artificial .pupil alone. Accordingly the irradiance is now propor
tional to d 2/r''Yr, and the ratio of the two irradiances is given by

TD2 r''Yr D r'
--=7--
r'Ya d2 ,d r

Separating out the variation in the width of the retinal irradiance
as represented by the ratio r' /T, we see that now, in the case of the
slender source, the irradiance increases, not in the ratio TD2/d2 as
previously in the case of the point source, but only in the ratio TD / d.

229. We turn now to an extended source. Instead of consider
illg its length, we must deal with its surface u. If E is its emittance,
its intensity is Etr. The flux that it transmits to the objective is again
proportional to D", and that which reaches the retina to TD2. But
the retinal area over which it is spread is proportional to 'Ya2

• Since
the effect of diffraction may now be regarde<l as negligible, the
retinal irradiance is proportional to TD2/'Y.1•

If the eye looks at this same source through an artificial pupil
of diameter d, the retinal irradiance is proportional to d2/'Yr2

• The
~atio between th~ two irradiances is giyen by

D2 'Y,,!
7--=T

'Ya2 d2

The ratio is, therefore, constant and less than unity.

230. To account for the energy behavior of a telescope, it is
very important to distinguish the case of a point source from that
of a 'linear source, and both these cases from that of an extended
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source. We may thereby explain the following experimental facts.
Wilen we gaze at the starry sky at night,' we see many more stars
with a telescope than with the naked eye. The stars seen in both
these ways a:ppear much more intense with the instrument than
without it. But when Wt; took at a landscape,. i.e., extended objects,
the result is entirely different, for there is no notable advantage.

However, the situation is not so simple as a schematic theory,
like the one set forth here, may suggest. The extended object 'con
sidered in the calculations of § 229 had a uniform structure, since
the distribution of the energy on the ret.ina was computed by divid
ing the total flux by the irradiated area. In practice the telescope is
used to see the details of objects better. Hence objects with fine
details are observed, and as such come under the heading of linear
sources, if not actually point sources.

The total flux entering a telescope, when pointed at an extended
source too, is oroportional to D', whereas when we look with the
naked eye, the flux is proportional to di • Tilis fact also is not without
~ect. To be sure, in the tanner case the flux is distributed over a
greater retinal area, so that the average :flux is practically un
changed (or if it varies at all~ it decreases a little" as a result of T).
But W~ know that the retina does not have the same sensitivity
throughout, the parafoveal. region being the most sensitive. More
over, since the mind receives a larger number of reports, it feels
that more radiation is arriving from the outside when we look
through the telescope. lienee at night 8J.lYbody looking through a
telescope even at extended objects creates effigies brighter tha.n
those fashioned with the naked eye, despite T.

231. In conclusion, we may say that the telescope has the fol
lowing three effects. The fint is geometric, so to speak, because it
multiplies by a certain factor the angular magnitude subtended by
objects seen in direct vision. The second effect is photometric, since
it modifies the irradiance on the hack of the eye. The last effect may
be called optical, inasmuch as it enables the eye to resolve smaller
details of an object than it would have resolved in direct vision.
In each of these functions the telescope may be regarded as a device
auxiliary to the eye, that is, as a device capable of heightening the
powers of the eye.
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232. A similar analysis may be made for the microscope. The
difference in structure between the two instruments corresponds
to the difference in the distance from the object to the objecti,"e.
But the function of both devices is to enable the eye of the obfenrer
to resolve finer details of the object ~laD the eye would be able to
resolve in looking directly at the object.

In direct vision the object would subtend a highly variable angle
depending on tile distance from the object to the eye, the distance
involved being of the order of magnitude of some inches. It is,
therefore, difficult to compare the angular magnitude of the object
viewed directly' with the angtllar magnitude of th.e figure seen with
the aid of a microscope. The tas}, has been facilitated by the con
ventional practice of putting the object 25 em from the eye in direct
vision.

Tur~g back to Fig. 76, we see at once thatf is the angle sub-.

tended by the effigy at the eye, while is is the angle subtended by

the object at the eye in direct vision. Hence the increase tIlat the
microscope prodl1ces in th.e angular magnittlde is given by

yl J Y' 25
h :25 = y /:

But the ratio y' /y is equal to x'/x or, with the simplifications adppted

in § 188, to'~' On the basis of the aforementioned convention, 'the.

increase in the angular magnitude is consequently given by

254
felo

233. Is this angular magnification associated with a propor
tional diminution of the dimensions of a point source and of dle
smallest resolvable angle? In order to answer this question we mlL~t

examine the movement of energy in the whole arrangement; that
is, we must see what happens to the exit pupil. If photometric
conditions in the eye were identical and invariable, compari~n of
the S1I!rallest angle resolvable with and without the microscope
would be simple. If the smallest angle resolved in direct vision is
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indicated by r, the smallest angle r m resolved by observation with
the microscope would be

r . r r /o/s
m = 25d = 25A

lo!e
Call the pupil in direct vision dl), and the exit pupil of the micro
scope d. On the assumption that the energy distributed on the back
of the eye takes the form of a regular centric in both cases,' the
above value orrm is multiplied by the ratio dold. For the dimensions
of the centrics on the retina in the two cases are related to each
other inversely as the diameters of the pupils. Designating the
smallest resolvable angle thus corrected as r'm, we have

r' - r do r /o/e do
m - m d:a::: 25A (j

But obviously

Therefore

r'm = r DID do = r _1__ 2dSo
25 2 sin a

where a is half the angular aperture of the microscope's objective
as seen from a. point on the object.

234. l'"'he entire advantage, therefore, lies in making a as big
as possible, although of course sin a can never exceed 1. Hence it
would evidently follow that when the angle a, which is the only
factor at our disposal, reaches its maximum extent, everything
humanly possible has been obtained from the microscope.

But in truth the situation is much more complicated.. The value
of r'm cannot be related to r mmodified simply by the ratio of do to d,
the diameters of the pupils. To be sure, in general d is really small
enough to 4istribute the energy on the retina in the form of regular
centrics. But in the case of the unobstructed pupil do there certainly
are no centrics; and since ~tars reappear, nothing can be said with
assurance and the matter assumes apersonal character. This lack
of generality is of no great consequence, however, because in this



1-'HE ACUITY OF VISION 243

discussion the values do and 25 cm are, more than anything else,
conventjonal.

The topic of greatest consequence, on the other hand, concerns
the distribution of the energy. The flux that enters the objective of
the microscope later spreads out over a 'Surface proportional to the
square of the apparent angle subtended by the effigy. Since this
angle is rather large, the irradiance on the retina would drop to
values so low that it actually would not even reach the threshold of
sensitivity, if the microscope were placed directly over an object
under condition.s of ordinary illumination.

It has been possible to obtain extensive results from the instru
ment) in fact results bordering on the maximum attainable, by
using a condenser to concentrate an extremely vigorous flux of radia
tion 011 the object under examination so as to raise its emittance t6
very 11igh values. It nevertheless remains the responsibility of the
skillful observer in each instance to choose the ililimination condi
tions t1est suited to the magnifying power of the instrument, the
sensitivity of his own eye, and the transparency of the object, in
order to obtain in every situation tile strongest contrast and there
fore the nlost effective resolution.

In general, with instruments of weak magnification Cioo to 200
times) the illumination must be cut down belo'w the maximum to
avoid reducillg the resolution on account of dazzling glare. On the
other hand, when the magnification rises to the upper ranges (1000
to 2000 times) luminous sources of the greatest emittallce and the
mightiest condensers are needed to obtain the finest results in
resolution, and sOIrtetimes it is felt that more could be achieved if
it were possible to illuminate the object even more intensely.

235. Another instrument that deserves to be considered at this
time is the spectroscope.

...~s was remarked ill § 165, when waves emitte~ by a linear
source pass through a refracting prism, whose refracting edge is
parallel to the SOlli"ce, and are received by all eye, it sees a line
spectrllm, na.mely, many linear figures like the source, of different
hue, arranged parallel to one another, each of them corresponding
to a different wave length of the waves emitted by the source.

Now ~uppose the SOllrce emits two waves, of "\Nave length A and
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A + tlA,'with d"h very small. This smallness allows the hues of the
t,~o corresponding lines seen by the observer to be sensibly equal,
and therefore color no longer constitutes a distinguishing charac
te~istic. The difference between the two wave lengths is known to
the observer only from the fact that there are two lines, in other
words, that the radiation on the retina is distributed along two
linear parallel zones.

Of course dle bigger dX is, the farther apart the two lines are,
because the prism disperses the two waves more \videly. On the
other hand, if di\ tends toward zero, the distance between the two
lines like\\dse tends toward zero. Hence there is a minimum value
ofdA which can be perceived in this manner. For when the two lines
are so little distant from each other that they seem to the observer
to be only one, the existence of dA is no longer made known. The
problem then is to detennine this minimum vallIe of d'A and the
factors on which it depends.

236. '-I'he way to solve this problem is clear. An angle O' of
deviation by the prisn'l corresponds to every Aemitted by the source.
When this emits t\¥O waves, on emerging from the prism they form
an angle do between them. This angle must be apprehended by a
suitable means of observation~ The nlore powerful the means, the
smaller will the least perceptible do be, and the smaller the dX that
can be detected by this nleans..

Since the angle 0 depends on the angle of incidence, it is neces
sary at the outset to make sure that all wave elements of the same
Areach the prism's face of entrance at the same angle of incidence"
Since this face is plane, the incident wave also must be plane. To
accomplish this result, the source is put either at a great distance
from the prism (a very difficult thing to do outside of astronomy)
or in the focal plane of a converging optical system. The latter is
the arrangement generally adopted (Fig. 88). The radiation that
is to be analyzed illuminates a slit S at the focus of an objective.O,
the combined slit and objective being called a collimator, C.

The waves thus enter the prism at a well-defined angle of inci
dence. On emerging, those of wave length A form with those of
wave length A + d'A an angle d6 (§ 318) expressed by

b
do = -- dn

D
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where dn is the corresponding variation in the prism's refractive
index, b is the useful length of its base, and D is the breadth of the

FIG. 88. Diagram of a spectroscope

wave front emerging from the prism, this breadth being measured
in the direction perpendicular to the edge·of the prism.

237. These waves could be sent directly into the eye of the
observer. Then the minimum d8 would be equal to the smallest
resolvable angle r characteristic of that eye for a linear source of
that given intensity and A. In that case we could write

b dn
d8 == D dA a~ = r

Hence we could deduce d"A by recognizing that ;;. is the so-called

dispersion by the glass of the prism for the interval t:fA of the wave
lengths under consideration, and is therefore a specific cb.aracter
istic of the glass. But clearly this is not the best procedure, since we
have at our disposal a means of resolving small angles, namely, the
telescope. It is the telescope (T in Fig. 88) which is used to convey
the waves to the eye of the observer.

Obviously, however, not any sort of telescope can be employed,
because the diame'ter of its objective is governed by D, the breadth
of the wave emerging from the prism. If the diameter of the objec
tive were bigger, the region beyond D would remain unused, as if
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it \vere rIot there; and if the diameter were smaller, a piece of the
prism '''!ould remaill unused,.

Assuming then that the diameter of the objective i~ exactly
equal to D, we must choose the focal lengths of the objective and
eyepiece so as to find the most satisfactory exit pupil in accordance
with the familiar equation

The terms in which this question is handled are clear. We have

D 'ra
d = 'Yr

and in this case 'Yr is precisely do. If the smallest angle resolvable by
the eye remained constant, the entire advantage would be obtained
by making the ratio D / d as big as possible. But we 'know that as this
ratio rises, d steadily declines, and hence the smallest resolvable
angle increases. This increase occurs in that complicated manner
which \ve examined in § 227, where we saw that it is a function
also of the intensity of the source.

Consequently much depends on this intensity. If it is very great,
the aforementioned ratio can be pushed up and finer results ob
tained. If the intensity is very low, the ratio must be limited so as
to put the eye in better observational conditions. There are no
fixed conditions which gllarantee a given resolution.

238. We have been discussing a prismatic spectroscope. But
our analysis applies to any other type of spectroscope equipped with
dispersioIl apparatus, like a line grating, echelon grating, or Lum
mer plate. To confinn what was said about the spectroscope I may
cite the long and conclusive experience of co~parisonsbetween the
prism and the line gr~ting. The latter's angular dispersion is so high
by contrast with the former's that apparently the grating ought to
replace the prism in all applications of the spectroscope. Unfor
tunately the grating, with its division of the incident wave into
numerous diffracted waves, has so Iowan -energy yield as to be
useless in all the cases (and they are not few) in which the radia
tion.s emitted by sources are not very intense. Today, after spectro-
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scopes have been employed for about a century, the principal place
in practice is still held by the prismatic type.

.. 239. Now that we have come this far, I believe it is time'to take
notice of the disappointment undoubtedly fett by the reader who
finds himself faced by a series of conclusions that are vague, extraor~
dinarily' intricate, and above all hardly inescapable. If he has
studied what the standard works say about the instruments just
reviewed, he there encountered very simple, precise, and unusually
stimulating conclusions. He will wonder whether it is :",orthwhile
replacing these laws with the nebulous and complex considerations
so laboriously put together in the preceding pages. This is not the
first occasion on .which I have been obliged to answer this kind of
question.

Some decades ago almost all students of optics spoke the lan
guage of geometry and found that everything went marvelously
well. 1""'hat had been the situation for centuries. There' were some
strange individuals who derived deep satisfaction from mixing
matters up by talkil~g a new language, the language of waves. The
numerous devotees of geometrical optics asked themselves, Is it
worth the trouble? Geometrical optics is so well organized, so uni
fied, so complete, and at the same time so easy, accessible, and
clear. What advantage is there in superseding it by so much more
iIlvolved and difficult a scheme that complicates the calculations
with new parameters?

The advantage- was there, and it asserted itself with steadily
iJ1Creasing force until nowadays the wav~ language has"become as
common as' the geometrical, and perhaps more so. The advantage'
consisted of the fact that the wave mechanism accounted for a vast
gro.up of phenomena, such as interference, diffraction, and polari
zation, which geometrical optics could not incorporate in its pic
ture, and which its devotees therefore found it very convenient
either not to know or to ignore.

But in practice those who experimented in laboratories and
worked on technical applications found it very useful to develop the
study of the phenomena that the devotees of geometrical optics did
not want to consider because these phenomena were not readily
reconciled with their idol, the luminous ray. And so wave optics
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became easy, clear, accessible, and yielded exact, simple, thought
provoking laws~

240. Maybe these laws were too though~-provoking.They have
followers today who should rather be called unconditional ad
mirers, who accept these laws while closing their eyes to experience.
The earlier episode is being repeated in another form. Once more it
is essential to examine these beautiful, simple, and exact laws with
a critical mind and in the light of experience. Then we shall decide
whether or not it is advantageous to change our course.

As regards direct vision, it has been known Lor a long time that
there is a limit to the fineness of the details that an eye can dis
tinguish. The reason for this limitation has been ascribed, on the
one hand, by physiologists to the cellular structure of the retina and,
on the other hand, by physicists to the wave structure of the
radiation.

The reasoning of the fonner group appears very clear .and logi
cal. In the fovea there are many cones, one right next to another.
If there are two point sources· of waves so close to each other that
the centers of their respective waves in the eye fallon the same cone,
the sources are seen as a single point. If the two centers fall on two
contiguous cones, the sources are seen as a length. If the centers fall
on two cones separated by at l~t one nonstimulated cone, the
sources are seen as distinct. Therefore, the limiting angle of resolu
tion is a consequence of the cellular structure of the retina, and is a
constant of the eye. Its value is calculated by taking the distance
between the centers of two cones separated by a third cone, and
dividing that distance of 6 p by the distance of 20 mm from the
second nodal point of the eye to the retina. The quotient comes out
3 X 10-4 rad = t '. Measurements of visual acuity often give this
value. The physiological explanation has been adjudged to be in
conformity with experience, and the angle of l' has been regarded
as a basic element in the problems of vision. /

241. Although this style of reasoning is still accepted and ap
proved by many students today, it is open to very serious
objections.

First of all, it never happens that the radiation emitted by a point
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source is concentrated so as to affect only a single cone. Particularly
when the pupil is unobstructed (that is, when no artificial pupils
are put in front of it) there are irradiances in the form of a star,
which are more conspicuous the more intense the source is. To
have very compressed concentrations of irradiance on the retina,
we must go down to extremely low intensities; but then the pupil
dilates. and the aberrations of the eye are more marked, so that the
affected retinal zone is bigger, for these reasons. Consequently the
basic assumption on which the physiologists' argument rests is
faulty.

Furthennore, the conclusion that the smallest angle resolvable
by the naked eye is a constant is itself contrary to experience.. This
angle has been shown by all .experimenters to be a function of the
intensity of the source. The angle !pay be represented in a graph
as a function of the logarithm of the intensity) with a central maxi
mum and continuously descending slopes for both increasing and
decreasing intensities.

Again, when we turn to observations made not of point sources
but of details of extended objects, contrast between the light and
dark parts makes its influence felt, as does also the duration of the
observation. How these factors can be explained by the supporters
of the physiological theory is not clear.

Besides, in the calculation leading to the famous l' the dimen
sions of the cones do not correspond to the dimensions of the cones
found in the center of the fovea, the latter dimensions being less
than half the former.

Moreover, not all individuals have l' as their smallest resolvable
angle. Some have a smaller angle, some a larger, even when the
optical system of the eye is brought to maximum efficiency by means
of corrective eyeglasses. But even more difficult to reconcile with the
physiological theory is the fact that in the same eye the angle itself
changes continuously with fatigue, for example after a prolonged
observation, and with many other factors, as for instance the per
centage of oxygen in the air breathed by the observer.

It is not at all evident how this whole mass of phenomena can be
brought into agreement with the idea that the smallest angle resolv
able by the naked eye is a constant, linked directly to the cellular
structure of the retina.
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242. Equally awkward is the situation of the other idea which,
however, has lost much ground nowadays, that the limit of resolu
tion by the naked eye is a function of the diffraction phenolnena due
to the wave structure of the radiation. In other words, ,the waves
that enter the eye are limited by a diaphragm 2 mm in ·diameter,
and therefore should show at their center on the retina a distribu
tion in the form of a centric. Its disk ~as an angular diameter (§ 328)
expressed by

2')' = 2 1.;;X = 1.22 X 5 X l(J4 = 6 X 1(J 4 rad

D being equal to 2 mm. The diameter of the disk, then, is 2'. Hence,
in order to find 3 X 10-4 rad, pr 1', as the smallest resolvable angle,
we need only think that two centrics are seen resolved when their
centers are sep'arated by a distance equal to the radius of the central
.disk.

All would be well were it not for the very serious objection that,
with the pupil 2 mm in diameter, in almost all eyes the waves are
concentrated, not in a centric, but in a star. Moreover, unless inter
vention by the retina in the phenomenon is introduced,. it is not
clear how it is possible to explain most of the experimental facts
mentioned in § 241, such as the dependence of the smallest resolv
able angle on the duration of the observation, on the fatigue of the
observer, and on the air that he breathes. But ther.e are other
specific considerations that raise difficulties for this theory. The
smallest resolvable angle should decrease when the pupil's diameter
D increases, and should also vary proportionately with A. Neither of
these things happens. Disturbing interferences by imperfections and
aberrations may be invoked in this connection. But in fact no such
interference is confirmed, except \vhen a very small artifjcial pupil
produces on the retina an irradiance in the form of a. centric.

The only effective part of this theory is the argument that it
provides against the physiological th~ory. What is asserted with cer
tainty by the radiation theory is that the distribution of energy on
the back of the eye is such that it can never affect only a single cone,
even if the waves come from an extraordinarily fine point ~ource.
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243. The idea that the smallest angle resolvable in direct v,"on
is a constant and is exactly 1', and that it is in marvelous. agreement
with the structures of the retina and the radiation, is inde~d beauti
ful, stimulating, and enticing. We may readily understand why this
idea was received with such warmth an"d confidence by all interested
students, including physiologists.

But unfortunately it cannot be said to correspond to reality.
1'he smallest angle ~esolvable in direct vision is not a constant. It is a
function of the foml of the source, of the structure of the radiation,
but above all, of the energy emitted by the source and received by
the eye, and of the sensitive properties of the~retina.

244. Now let us go on to the telescppe. At first its function was
conceived to be that of :.,21. special er~glass for distant-vision. The
arlgles l'a of the apparent,field having be~n found to be larger than
the corresponding angles 'Yr of the real field,. the ratio I = 'Ya/'Y,.
was called theln~ificaiion, and the tel~scope,was~,aid~to magnify
according to;·:th~~rati9·~i.Then, since the smallestl:~ngler:~sCJlvableby
the eye in~;ti:}(:'appareht field was 1/, that in th~ real fi~1CLhad to be
1'/1. Hence"lf'was necessa~y to be able to reduce the smallest re
solvable angle at will, pl'.oviped the magnification was adequate.
Since "Ya/"Yr = fo/f" increasing the focal length of the objective
while shortening that of the eyepiece was enough to achieve resolu
tion of ever smaller angles.

Of course experience responded to these projects' with a plain
"No." In those days the excuse for the failure was found in the
aberrations and imperfections of the lenses. But this excuse vanished
when excellent reflecting telescopes with parabolic mirrors elimi
nated all the aberrations and brought the- imperfections below
optical tolerances. The astronomer William Herschel at the begin
ning of the last century arrived at this result and naturally observed
the centric. Then the conclusion had to be drawn that the problem
was conlplicated by diffraction, and that the smallest resolvable
angle was limited by the dimensions of the centric. For as the magni
fication increased, the apparent angular distance between the cen
ters of the centrics increased too, but the angular magnitude of the
centrics themselves also increased,' and the separation did not in-
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crease. The problem thus became to obtain centrics of the smallest
possible diameter while maintaining the magnification.

245. But meanwhile the period in which the eye and the ob
server were completely banished from these matters was in full
swing, and therefore the telescope was considered by itself. The
eyepiece \\Tas regarded as an accessory .that pennitted the eye to see

FIG. 89. Pair ot centrics at the limit of resolution, in Lord Rayleigh's
sense of the term

at very close range the real image fonned by the objective. Hence
the problem of the telescope in substance was posed as follows. A
real image of external objects is formed by the objective in (or near)
its focal plane. The structUre of this image is not a perfectly faithful
reproduction of the structure of the objects, because diffraction of
the radiation hides details smaller than a certain limit. The ques
tion, therefore, is to determine exactly what the effect of diffraction
consists of, and on what factors it depends.

Attention was then directed to the double star. Each of the pair
has for its real image (Fig. 79) a centric whose disk is subtended at
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the center of the objective by the angle

2 - 2 1•22A
'Y - --n-

25~

When the sources approach each other, the centrics also draw closer
togetller and overlap more and more until they merge and seem to
be only a single centric.

Lord Rayleigh proposed to take as the limit of separation be
tween two centrics that corresponding to the overlapping by each
disk of half of the other (Fig. 8.9). The smallest angle resolvable with
a telescope thereby remained fixed as

r = 1.22X
D

246. This equation has been in existence for seventy-five years,
during which time it has been deemed one of the foundations of
instrumental opti~ Universally known as "Lord Rayleigh's rule,"
it is indeed thought-provoking by reason of its simplicity and the
significance of the parameters which it contains. Only one, ).,
represents the source, and it is the fundamental element of wave
optics. Only one, D, represents the instrument, and it acts as the
base of the observation in the surveyor's sense, somewhat like the
base of Kepler's telemetric triangle. The two parameters appear
in the first power. The rule could not be simpler.

It gave rise to a highly important and most agreeable concept.
The smallest resolvable angle was a purely physical function. of the
source and of the instrument, independently of the observer. More
over, the source intervened through a practically constant param
eter, especially if the observation was to be performed with the
daytime radiation, which includes all the visual A's. Hence the
angle r became an exclusive property of the telescope, and as a
consequence the~,esolvingpower of th8 telescope was defined. This idea
is still generally ~nown and accepted, not only in theory but also in
the technical and commercial domain,' where it is taken as a yard
stick for measuring the power.of instruments.

Among the other properties of this rule, of particular interest is
its independence of the telescope's magnification and of the source's
intensity.
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247. It is und.oubtedly a wonderful rule. But even more wonder
ful is how it has been accepted by the entire optical world and used
with blind fai~h for three quarters of a century, when experience
constantly revealed its falsity, above all its conceptual falsity..

Anyone looking back at the way in which the rule was enun
ciated would be amazed by the little care employed. Yet this un
concern is understandable when it is realized that Lord Rayleigh
proposed the rule mainly for its simplicity and convenience, without
attaching special importance to it. Hence he did not take tJ:1e trouble
to give it the experimental basis that would have been necessary
for a proposition destined from birth to become a fundamental law
of optics. Furthermore, in the few experiments he did perform and
that he described with great objectivity and precision, when h,e
thought he was demonstrating the validity of the law, the proof was
already present that it was not always valid, because it was affected
by the energy conditions of the experiment. As Lord Rayleigh him
selfremarked, "That bright stars give larger disks than faint stars is
well known to practical observers." To measure the resolving power
of a telescope in radiation of a definite wave length, he used a
wire grating or a piece of common gauze as the test object, and
illuminated it with a.sodium flame. He carried out the measurements
by fitting various diaphragms in front of~e telescope's objective for
the purpose of ascertaining how the smallest angle resolv~d changed
as a function of D. He found that the law of inverse proportionality
did not hold for the smaller diaphragms. This failure meant that
under certain conditions, already present among the very few
investigated by the first experimenter, the law did not correspond
to' experience. But when he assisted the sodium flame with a jet of
oxygen, the measurements turned out as prescribed by the rule, for
the smaller diaphragms-too.

248. This style of reasoning is highly significant. When a rule
is not verified under certain conditions, instead of concluding that it
is not always valid, the conditions are modified to make it come out
right.

This method was applied on a large scale also· in later years". For
the problem often came up of ascertaining the resolving power of a
telescope. The reasons were not only purely theoretical but also
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practical. Industrial products had to be accepted or rejected', and
the disposition of large sums of money depended on the outcome.
What was the proper procedure for determining the smallest
resolvable angle? There was only one way. Use the telescope to look
at a test object, whose fineness was varied until its 'details were no
longer distinguishable. It' was thus possible to find out what were
the smallest dimensions of the details resolved.

However, there was the eye of the observer that could falsify the
measurements. There were the conditions of illumination that could
be either too dim or too intense. And there were various other
factors that could affect the issue, such as fatigue, haste, and worry.

Naturally the utmost care was taken to avoid disturbances, to
choose good conditions of ilillmination, and to select a keen-sighted'
inspector, who was unhurried, unworried, and well rested. With all
these precautions a number was obtained that was attributed to the
telescope, as if the observer counted for nothing. Since the number
was found only with all these precautions (for otherwise it would not
have been necessary to take them) when it happened that another;

. observer under other conditions of illumination or of time or of
anything else did not happen to get the same result, the fault lay, of
course, with the new observer.

2~9. It took time to locate the defect in this manner of reason
ing. For the origin of the error resided in the initial propositions,
namely, in the concept that the so-called aerial image in the focal
plane of the objective was a physical entity, itself endowed with a
certain fineness, that is, with certain details. Had the question
been asked by what procedure it was possible to ascertain the di
mensions of the finest details in the aerial image, everybody would
have found it natural to reply, "Look at them, of course with a very
powerful microscope." For everybody was convinced that to look
with a microscope meant to discover the construction of the object
or figure placed before the microscope's objective.

Instead, to ask how it was possible to determine the finest
details in the aerial.image meant to pose a very perplexing problem.
For to look at the details with an eyepiece or with a microscope (the
latter being basically also an eyepiece, with an objective in front of
it) simply means to put together a cOInprehensive optical system
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(consisting of the objective of the telescope, possibly the objective of
the microscope, the eyepiece, and the optical system of the eye),
which conveys to the retina the waves emitted by the object. What is
seen is that which is derived from the impression of the retinal ele
ments and from the entire subsequent physiologico-psychological
process. "'That is found in the focal plane of the telescope's objective
is not seen at all, just as what is found in the plane of the real image
foimed by the objective of the microscope, when that instrument is
introduced, is not seen. Only that is seen which acts on the retina,
and it is seen only as it is interpreted by the psychological mecha
nism.

250. But to draw this conclusion means to abolish the resolv£ng
power of the telescope outright, and together with it Lord Rayleigh's
rule in its very essence. It means to destroy in its entirety the simple,
precise, and stimulating physical construction, in order ineluctably
to reach the new way of viewing the matter. In other words, the
resolving power of the telescope does not exist. What exists is the
resolving power of the retina. The telescope modifies the distribu
tion of the waves directed toward the eye, so that the latter's
resolving capacities may be better utilized. Anybody wishing to
ascertain what advantage is conferred by the telescope in its func
tion as thus understood will arrive at precisely the propositions
expounded in the new manner on the preceding pages.

Fig. 90 is the best demonstration of how Lord Rayleigh's rule
compares with the new theory. The ordinate shows the resolving
power, expressed in arbitrary units. The abscissa gives the logarithm
of the area of the exit pupil of a telescope with which the same ob
server looked at a pair of point sources emitting waves of a pure
wave length A. The objective of the telescope was always the same
and had a constant diameter. Variation in the exit pupil was secured
by changing the eyepiece, thereby altering the magnification.

Under these conditions, according to Lord Rayleigh"'s rule, the
resolving power should have been constant, maintaining the value
designated by the straight line parallel to the x-axis and marked
"old theoretical value." The curves in the Figure show the experi
mental results. Each of the curves, numbered from 1 to 7, indicates
a series of measurements carried out while the intensity of the
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sources was kept constant. When it was decreased by putting a
steadily thicker photometric wedge in front of the sources, the results
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FIG. 90. Resolving power of a telescope as a function of the intensity of
the double star under observation and of the logarithnl of the area of the
exit pupil) while the entrance pupil remained constant

rnoved from a curve to the next one below it in the increasing order
of the adjoining numbers.

251. If experience shows us so clearly that resolving power does
not follow a simple rule, we -should decide whether we want to
ellgage in sheer speculation about what would occur if Lord:
L:tayleigh's rule were verified, or to try to find out what actually hap
pens. If we choose the latter course, we must proceed in the new
direction pointed out here.

For Lord Rayleigh's rule to have a meaning corresponding to
reality, resOlution would have to be a purely objective phenomenon,
and also a purely formal phenomenon (that is, a function of the form
of the media traversed by the waves) and therefore independent of
the ellergy involved. On the contrary, resolution is essentially an
energy phenomenon, and is strictly subjective, being connected with
the sellsitive properties of the observer.
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These new concepts fundamentally alter the ideas about resolv
ing power. They change its seat, make its mechanism much more
complex, bq.t permit us to observe experimental facts with far
greater mastery over them.

252. What has been said for the telescope may be repeated as a
whole for the microscope, with slight variations in form. The resolv
ing power of the m£croscope, like that of the telescope, does Bot exist.
The microscope too is an instrument that modifies the course of the
waves emitted by the object, so that the resolving power of the
observer's eye may be better utilized. But the microscope has an
other function, which acquires its proper prominence only in the
framev/ork of the new ideas. By means of the source of waves and
the condenser, the microscope regulates the photometric circum-
.stances so as to produce the best conditions for resolution by the
observer's eye.

The standard equation

s = 2n sin a

which gives the smallest length s of the details at the limit of resolu
tion, has the same value for the microscope as Lord Rayleigh's rule
has for the telescope. Moreover, the two equations are the same in
substance, and differ in form in order to take account of the differ
ent ways in which the two instruments are used.

253. The spectroscope, although far less important, is neverthe
less interesting in this regard.

Just. as the resolving power of the telescope does not exist, so
there can be no resolving power of the spectroscope, which in the last
analysis functions by means of a telescope.

But it would be well to review the essentials of the standard dis
cussion. Recalling th.e notation used in § 236, we may equate do, the
smallest observable difference in deviation, with AID, the value
given by Lord Rayleigh's rule, except for the coefficient 1.22. For
with this coefficient the value applies to circular pupils, whereas
in spectroscopes the entrance pupil of the telescope generally
is rectangular. In this context D stands for the breadth of the wave
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front emerging from the prism and measured in the direction per
pendicular to the prism's edge. Then

b X
do = D dn = D

whence
A = bdn

and

The fractIon AId'A is taken as the measure of the resolving power of
the spectroscope. Once the prism has been set in place, dn/dX is
constant. Therefore, the resolving power depends on only one factor,
b, the base of the prism. This is an equation incomparable in com
prehensiveness, simplicity, and elegance. Hence there was talk
about the resolving power of a prism.

But the properties of resolution have never been enjoyed by the
prism, nor by the line grating, echelon grating, nor Lummer plate.
These devices are only means of dispersion. They give different
de'viations to waves of different wave length.

Had it been possible to attribute resolving power to the tele
scope, as was then done, the correct expression would have been
resolv£ng power of a prismatic spectroscope. As I showed decades ago, if
the telescope is replaced by an interferometer, the spectroscope's
resolving power (energy permitting) can even be doubled. That
power is, therefore, not a characteristic of the prism.

254. We must now recognize that it is not a characteristic
of the prismatic spectroscope either, but of the observer equipped
with a prismatic spectroscope. Resolving power depends on the
intensity' of the source and on the structure of the prism, of the
telescope, and of the observer's eye. Thus, for example, the two
waves to be resolved may be so "weak that when they reach the
retina, their effect is not enough to make it feel the difference be
tween the maxima- and the n1inimum, despite the whole base of the
prism and the objective of the telescope. In that case the observer
does not say that he sees two distinct lines, but he sees only one or
even none.
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There Inay also be a situation of the following kind. A source
emits two very weak waves. A spectroscope with a prism having a
base of to, em, and with the thick objectives necessarily accompany
ing such a prism, absorbs so high a percentage of the radiation along
the way that what finally reaches the observer's retipa does not per
mit him to' feel the difference between the maxima and the mini
mum, and therefore he does not resolve the two A's.

The same observer, using a spectroscope with a prism whose
base is 2 cm and with appropriately thin objectives, receives such
intezlse stimuli on his retina that he notices the double structure
and infers that there were two A's. Therefore the observer equipped
with a spectroscope having a prism whose base is 2 cm has better
resoJution than the same observer using a spectroscope with a prism
whose base is to em.

The accepted theory asserts the contrary. But instances of this
type oceur fairly frequently. That is why I was led to formulate a
new theory.



CHAPTER VI

The Optical Image

-
255. Looking back over what has been said, we may dis

tinguish the following three entities:
(a) the material object, which we regarded as consisting of

atoms; as such, for our purpose it acts as a source of waves;
(b) the tjfigy, which is created by the mind of the observer, either

on his own initiative as in a dream, or on the basis of the informa
tion reaching his mind by way of the action of the waves on his eyes,
or by way of the muscles, or in some other way; effigies are bright
and colored figures;

(c) the optical image, which may be considered the locus of the
centers of the waves emerging from an optical system.

As the conclusion of our discussion, we should say that seeing
means creating an effigy and placing it in a portion of the space in
front of us. From the point of view of the visual process there is no
distinction between the case in which the waves reach the eyes
directly from the object and the case in which the waves undergo
a deviation or deformation along the way, as happens when they
encounter an optical system. The difference between the two cases
Inay be apprehended by checking with the senses other than sight
(generally touch) or as a result of information arriving by some other
route. The essential contrast is that in direct vision the object almost
always coincides with the effigy, especially if the object is familiar
and not very far a,vay from the observer; whereas, when the waves
are modified by an optical system ,along the way, the object-is al·
most never found where the effigy is placed, or at any rate the
shape and dimen.~ionsof the object differ frotn those of the effigy.

261
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256. When an observer creates an effigy and places it so that it
coincides with the object (as may be verified, for instance, by touch)
in ordinary language he is said to see the object. We too may adopt
this phrase, even though it implies ideas that take too much for
granted.. "To see an object" carries a little too far the implication
that what is seen faithfully reproduces what physically exists. The
quoted words quietly suggest the conception that the object is as it is
seen. This proposition is not true nor. can it be true. ,Vast amounts
of research on the mechanism of vision have resulted in the incon
trovertible demonstration that the figure seen IS created by the mind
of the observer. He assigns it a form, l?rightness, hue, and satura
tion on the basis of the functioning of his eyes, muscles, and mental
faculties, including his memory of the experience and his imagina
tion. He assigns it these traits in so personal a manner that even
with the best will in the world he can indicate practically none of
them to anybody who asks him about them.

Therefore, to say that the effigy created is equal to the object,
even when touch and the other senses and means of investigation
offer all the confirmation desired, is still a highly debatable state
ment. For the object, as an aggregate of atoms all consisting of
protons, electrons, and other elementary particles, cannot be equal
to a figure that has a continuous and stationary structure, and that is
bright and colored, whereas the object cannot be bright and
colored.

Consequently, the words "to see an object" have meaning only if
they are considered to be a conventional expression, more conven
ient than the one conveying the actual content, namely, to place the
(best possible) effigy so that it corresponds to the object that caused it to be
created.

257. The phrase "to see an image" is also common. Here we
are of course concerned with the optical image, which was defined
in § 255 as the locus of the centers of the waves emerging from an
optical system.

According to what was said in § 256, "to see an image" should
mean to create a corresp<?nding effigy and place it where the image
is. But this proces.s, although apparently identical with the other in
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its physical and physiological technique, acquires manifestly differ
ent characteristics in the psychological phase. For very often. the
optical.image occurs in a position in which an object could never be
found. Thus reports are contributed that profoundly alter tl;1e way
in which the infonnation received along the. optical route is trans
lated into the final effigy. Hente of all th~ possi,hIe cases, those in
which an optical image is seen are rare.

It has been my constant aim in the preceding Chapters to make
this coq.clusionquite clear. The efflgy created by an observer~ploy..
ing an optical system is seldom placed in ~e position of t1?-e cor
responding image. I have repeatedly etnph~sized this remark
because seventeenth-century optics started with the assum.ption
that images are seen. It 11tilized this assumption, verified in a tiny
number of cases, to attain the goal that it had set before itself,
namely, ousting the eye from the position that belongs to it in vision
by means of optical instruments. On the other hand, I have sought
to show that, for the purpose of a .thorough investigation of vision
by means ofoptical instruments, it is indispensable to restore the eye
to its proper place. For vision, whether it is direct or uses optical
instruments, is not a merely physical operation. It is physi~o

physiologico-psychological, and the third component is the. most
important because in every case it is in fact decisive.

258. The foregoing comments should throw added light on the
reason why the subject treated in these pages is called "Optics; the
science of vision)) as opposed to "Optics, the science of images"
or seventeenth-century optics, arising from Kepler's hypothesis
about the telemetric triangle.

"To see an object" means'that an effigy created by the mind is
put where the object is. This operation is almost always successful,
as is shown by the enormous pl!actical utility of the sense of sight.
But "to see an image," in the same meaning of the words, may Pe
called an exceptional action.. Moreover, it is very difficult to check,
because touch and the other senses do not perceive images, and
therefore cannot help us to confirm or deny the coincidence of the
effigy with the image. This question can be settled only by rational
analysis, as illustrated in the previous Chapters.
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This fact readily explains why seventeenth-century optics could
lead an untroub!ecl life for over three centuries. Once faith in the
basic hypothesis had been established and confirmed by very
brilliant and highly significant achievements, it was deemed useless
to reason with the aim of arriving at a possibly contrary conclusion.

The careful reader, who has undoubtedly noticed the expressions
that I used. in the preceding Chapters to avoid the term "image"
altogether, now will easily understand my motive. Had I employed
the phrase "to see an image" in the contexts where it seemed quite
convenient and natural to do so, to that extent I would have
admitted what I wanted to prove was wrong.

259. The concept of an image is very ancient, very difficult,
and very interesting, and should be discussed v/ith some thorough
ness at this juncture.

In tracing the historical evolution of human thought about the
mechanism of vision, we find that the earliest notions about the
optical image go back to the eidola of the ancient Greek philosophers.
These eidola were later transfonned into the medieval species, which
were forms as distinct from matter, or incorporeal appearances.
Their predominant feature was their wholeness. The species of an
apple was by its nature a whole, just as a material apple in the
physical world is a whole. The idea that an apple could be a col
lection of points or elementary units, each acting by itself, en
countered great difficulty in becoming rooted in the field of opticse
From the time of its 'appearance in the writings of Ibn al-Haitham
(Alhazen) to its perfection at the hands of Kepler about six centuries
elapsed.

Kepler maintained that every point of an object emitted rays on
its own account in all directions. At least some of these rays could be
redirected so as to pass through another point. In each such point
were concentrated the rays emitted by a single point of the object.
Then the sum total of such points of concentration c~nstituted the
image of the object, point for point. The undisputed victory of
Kepler's view led to the outright destruction of the species. Not only
was the account of their formation rejected, but also the very con
ception of them as whole entities. Now the image of an apple was the
aggregat~ of point images of the individual points Of the material
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apple. One such ilnage point, or a small group of them, could be
considered separately, without thereby affecting;. the others at all.

260. This new outlook impelled optical studies to spurt
forward, but it soon began to show signs of a crisis. For there are
relatively few 'cases in which an optical system makes the waves
emitted by a point of the obj.ect pass exactly through a point. Such
accurate concentration is produced by a plane mirror and in a few
other ways. In general the rays deviated by an optical system en
velop a caustic. This fact was known before Kepler expounded his
theory, and the knowledge deterred mathematicians deVoted to
logic and precision from entering upon what was destined to beGome
the path of the future.

The new conception was initiated by Francesco Maurolico
and given its complete and definitive form by Kepler. Both these
me11 jumped to conclusions by what may be called a burst of genius
alld, above all, by stepping on strict logic, that is, by an approxima
tion. The rule may be stated in more modern tenus as follows.
The rays envelop a caustic. We consider only the cusp of the caustic
and igrlore the rest of it. ,Our results will be closer to the truth, the
smaller the angular aperture of the bundle of rays.

At first this rule was received with great enthusiasm, because it
immediately brought order into questions that had baffled. men's
minds for centuries. Later, however, disappointment set in, since
bundles of rays having too narrow an angular aperture do not give
enough intensity. Everywhere the need was felt to widen the
angular apertures. But then the rays obviously no longer passed
through a point.

~61. By logical standards the definition of ~e image was
doomed. ~f the name "image" is bestowed on the point where the
rays intersect, then obviously there is no image when the rays do not
meet in a point. But experience showed that images were seen just
the sam.e. Hence by stepping on logic ag.ain and resor~g to a kind
of compromise, specialists in optics began to talk about aberrations.
They said that when the rays pass through a point, the image is
perfect. When the rays do not pass through a point, but almost do so,
the image IS imp~rfect. The displacenients of the rays from the posi-
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tion that the-y Ii1.USt occupy for the image to be perfect are called
aberrations. Tllis is how students of the subject allover the world
still think today, a!ld nobody has ever remarked that what is lacking
now is the defi"tlition of an image.

I t is possible to talk about an image when the bundles of rays
have a structure like a cone, though not exactly conical, because

. they pass, not through a point, but through a little neck. Whoever
adopted this conception of an image would face the serious problem
of defining the neck, that is, of ascertaining the dimensions of a disk
such that ,.vhen the rays pass inside its rim thE image is present, but
absent when tiley pass outside the rim. For if this boundary between
presence and absence is not drawn, the disk may even be o( enor
01.0118 size. In other words, .the image WOllld always be present or
W()llld becorne something indefinite. The diameter of this disk has
never been determined by anyone.

262. But the situation is worse than that. Consider an optical
systern havins symmetry of revolution around an axis, and so con
stiulted. tb.at the rays emitted by a point source on the axis emerge
convergent and enveloping a caustic. Obviously, for reasons of sym
Inetry, the Caustic also must possess symmetry of revolution around
the axis of the system. This is the very common case of simple lenses,
spherical mirrcrs, etc.

All the rays striking a lens along a given zone (that is, along a
circle with its center on the axis) emerge cutting the axis in a point.
The aberration consists of the fact that as we pass from Olle zone to
another of bigger radius, the point of intersection on the axis is dis
placed, generally approaching the lens.

In the simple case of Fig. 91 the point source is infinitely distant.
Then th.e rays that pass throl1gh the lens in the paraxial zones, or
zones very close to the axis, intersect at a point Fp , called the paraxial
focus. The ra.ys that pass through the lens along its rim or marginal
zone cut the axis at a point Pm, known as the marg£nal focus. The rays
that irilpinge upon ar.lY intermediate z·one cross the axis at a point.
lying between Fp and Fm , and form an absolutely regular cone.

Therefore every zone produces ra perfect image of the source.
Since the zones are in:fi~lite, the images also are infinite and consti
tute tile segment Fp AT;'m.
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l'Jobody has ever said so. Everybody says that the lens gives only
one iUlage, affected, however, by spherical aberration. But nobody

Fm 8 7 6 S 43 21fi)

FIG. 91. Caustic formed by refraction through a converging lens

has yet said. what he means by the image in this instance, and where
he understands it to be located.

263. Because the radiation is refracted at different arlgles, there
is another aspect of the behavior of.lenses that is sirnilar'to the aspect
discussed in § 262. If we consider a zone by itself, the rays cor
responding to the various colors of the spectrum are deviated differ
ently. Hence agaiIl there are infinite foci (in this instance, for the
same zone) all distributed along the axis and corresponding to the
several cOlors. Are there, for (~is reaSOll too, infinite images of th.e
saUle source, all produced by that.particular zone of that particular
lens? I~obody 11as ever said so. Everybody says that there is only one
image, affected, however) by chromatic aberration. Yet nobody has
said viJ:iere he ullderstands the image to be located.

Eve!.1 more serious is tIle case of the so-called astigmatic OPtical
system, such as a cylindrical or toric lens. An astigmatic lens has, not
symmetry of revolu!ion, but two planes of symmetry perpendicular
to each other. Consider once more a poin.t scurce S' (Fig. 92)~ The
rays that it projects upon the lens are refracted so tllat they all fall
on two segments perpendicular to each otlier. One of these two seg
ments lies in one of the planes of symmetry, end tl"le other in the
other~ 'fhe segments are called t.he tangential focal line (F1) and the
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sagittal focal line (F2) , though ordinarily the word "line" is not
used.

Ought we to say that such lenses give two images of the source?
This is sometimes said, even though no vertices of cones are present;
and there is talk of a sagittal image and a tangential image, all the
more because they may even be infinitely distant from each other.
But for the most part people continue to say that there Is only one"
image, affected by astigmatism, and again they fail to indicate
where it should be located.

FIG. 92. Astigmatism of an oblique bundle of rays refracted by a converg
ing lens

We are driven to the inescapable conclusion that what an image
is and where it is are not known, the only thing known about it
being that it is defective.

264. It is rather interesting that there is an optics of images and
that it does not know how to define its fundamental entity. This
curious fact may be added to the others previously adduced to show
the artificiality of seventeenth-century optics and the necessity of
replacing it by a structure agreeing better with experimental
reality.

But now let us resume our analysis of how the concept of the
image evolved. To follow the historical development, in these last
few Sections I have been using the language of geometry, which is. .
not altogether devoid of instructional value. Of course one of the
weaknesses in the first definition of the image (the definition due to
Kepler) was that it was fonnulated in terms that were too abstract.
The rays were straight lines that perforce intersected in a point. In
actual pra~tice the point had to become a.. disk. This change was
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admitted for a long time, but without any precision. As was indi
cated in § 261, the disk has never been defined nor have its ~dimen
sions ever been determined.

The situation improved considerably with the advent of wave
optics. Now the point source emits waves. These are deformed,. be
coming transformed into other waves which, if they are spherical,
have a center. At this center a distribution occurs in the form of a
centric.

The earlier abstractions, mentioned above, have been eliminated.
The image of the source is no longer a point, but a centric of finite
dimensions that are a function of A and of D, the diameter of the
wave fronf~ The tolerances met in practice begin to take shape, and
when the waves are spherical, all goes well. In fact it is now possible
to reverse the argument. Ifit can somehow be established that there
is a centric at a wave's center of curvature, then it may be inferred
that the wave producing the centric is spherical or at least that it
does not differ from a spherical surface by quantities that are opti..
cally appreciable. '

Thus there came to the forefront the concept of optical toler
ance, which was later quantitatively defined by Lord Rayleigh as
X/4. Waves whose surfaces vary from a sphere of reference by less
than A/4 produce at their center diffraction figures that are still
acceptable as centrics.

265. The progress made is considerable, but we are not yet at
~ur goal. First of all, the question arises how we set about deter
mining the form of the diffraction figure at the center of a wave in
orde'r to decide whether the figure is acceptable as a centric or not.
In the second place, when the waves do not prod.uce a centric, what
is meant by the image?

To the second query we may reply at once that we do not say
what the image is nor where it is; we say that it is present and that
it is affected by aberration.

The usual answer to the first question seems simple and clear:
take a look, with an eyepiece or a microscope. But as hasalready been
pointed out in § 249, this-response is a delusion. For '''to look with a
microscope" Ineans, not to see what is in the object plane of the
instrument, but only to convey the waves to the back of the ob-
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server's eye with no few and no trivial deformations alollg the way.
All that will lead to the creation of an effigy, \vhich may possibly
be located by the observer in the object plane of the microscope and
be regarded as what is found in that. plane. But this whole operation
i~ the <doing of the observer. Then we have agoain bumped into the
rules of the science of vision. '

. Tllis outcome is i11eSC<l;pable. The reader ""ill now be convinced
that it is impossible to ask a qtlestion for the purpose of clarifying
and defining the f01..1ndations of the optics of images without reveal
ing that those foundations are modest and iIlcomplete hypotheses
intended as substitutes for the marvelous Inechanism of vision, for
Wllich there is no substitute. Hence the reader will also have grasped
the reaSOll 'Nhy, when any such question is raised, we are always
thrown back on the i"\lles of the science of vision.

266.. Actually, on the basis of those r~.lle~, our concepts be
come nllich clearer and more satisfactory, eveIl if more complex.

Suppose we want to look at what is happening in the plane that
ought to contain the centers of the waves emerging from an optical
systen1. We really 11a ff,,Te 110 means of doing so other than to make t11e
waves proceed to the observer's retina. rfhe effects that they produce
there are then elabo:ated, depicted, projected outward, a11d at
tributed to tIle plane in 'which vve are int~rested. But as a matter of
fact we do not kno\v what is in this prane, because we i1.ave no way
of getting at it directly.

If we are to stay en solid gT0und and, so far as possible, exclude
from consideratioll concepts that cannot be check~d and confirrrled
by experience, we should not talk about an at'thereal i1nage, so to
speak~ tl1at is, an image consisting of ce11ters of aethereal waves and
lacking all n1aterial support. For we can never say how it is made
and ,,\That characteristics it has, \vid1.out prqjecting it on a material
body. In tllat ca.se the only thiIlg that we call ascertain is the effects
of tile VJaves on tllat body. But the3e effects are obviously influenced
by the nature and properties of the body, and cOllsequently differ
frorn one instarlce to another.

The aethereal il11agc is, therefore, something that cannot be
handled experimelltally, alld .acc0rdillg1y should 110t be takell into
account. These relnarks 1Tlay sl.It-lice to explain \vITY .it h.ag not proved
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possible to defipe the image despite the fact that it has existed for
three and a half centuries. More than one a priori definition on the
model of ~ mathematical postulate can be given. But a definition
corresponding to experience cannot be given of something that it is
impossible to manipulate experimentally.

267. Hence if we want to reserve the tenn "image" for some
thing that has experimental significance, our only resort il to give
that name to the totality of the modifications impressed on
a material surface. In other words, we must definitely avoid as
suming any distribution of the radiant en~rgy during its: :supposed
propagatioh.

Critics of physics have pointed out that the propagation of the
radiation is sheer hypothesis. Some have even concluded that the
radiation is not propagated at all. According to them, this is the
reason why centuries of effort ha\Te failed to find ~ mechanical
model of the propagation, a model capable of accounting for all the
phenomena known abbut· the radiation. I myself decided in this
book to adopt the wave model as serving the purpose better than its
rivals. But I have no genuine faith in its real existence, nor in that of
rays or photons.

Hence it is no wonder that in comparison with experience a
definition has been fOUIld wanting- that depends on the vertices of
cones of nonexistent rays, or on the centers of nonexistent waves.
But if we abandon this whole mass of h)Tpotheses and refer to the
modifications produced by the radiation on matter, we put our
selves on a much firmer footing, and then our cOl1cepts likewise can
acquire a mort precise content, because it corresponds to experi
mental reality~

For my part, therefore, I shall call a distribution of energy effects on
a layer of the retina a retinal image..

268. This definition has the following five features that should
be elnphasized:

(a) it attrib'utes the proper value to the layer \vhose participa
tion as a 'detector is indispensable;

(b) it is independent of the model, '\v}lateVer be its type, of
the hypothetical propaga.tion of the ·cadiatioIl;
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(c) it agrees with the experimental finding that the image is
always present whenever energy effects are distributed on the de
tecting layer;

(d) it is not subject to the optical system's condition, whether
good or bad; and finally

(e) it assigns a definite position to the image by putting it on the
detecting layer.

In tne discussion that follows I shall try to make clear how pra;
tical this new definition of the image is and how closely it hews to
everyday experience. B~t before doing SO I must justify three terms
used in the definition.

In the first place, I have adopted the word "image" for the sake
of continuing a tradition and, above all, with the hope of persuading
those who wish to enter this current of ideas to forget about the old
aethereal or aerial optical image, call it what you will, just as the
sevellteenth century utilized the same name to designate the new
aerial image that was displacing the older "species."

Secondly, I have qualified the image as "retinal" in order to
indicate that the effect is obtained through the action of the radia
tion on the sensitive part of the eye.

Lastly, I have employed the expression "energy effects)) to
denote the modifications produced .in the structure of the retina by
the incident energy flux. I propose to show that the significant
factor is, not the arriving energy, but what it doe$ to the retinal
layer.

This last remark contains the most important diff~rencebetween
the old conception and the new. The former view ran more or less
like this. The image, whether perfect or ~ffected by aberrations, is
aerial or aethereal, whichever you want to call it, and it has a certain
calculable structure. The effect it. produces on the layer that it
encounters, even at a distance of 1 p" is of no interest. If there is no
effect, the detecting layer must be changed until one is found that
feels what it is supposed to feel. On the other hand, the new view
holds that the aethereal image is of no interest. Only what is pro
duced in the detecting layer is of interest. This difference is no small
matter, either philosophically or practically. We shall soon see its
wide repercussions.
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Having accepted the new definition, we may now say that the
mind generally creates its effigies in conformity with the infonnation'
reaching it from the retinal image.

269. This part of the discussion could be simplified by assuming
the mind to be a passive and perfect agent, which assimilates all the
infonnation reaching it from the retina and depicts it with absolute
fidelity. Then the effigy created would be the external projection of
the retinal image. This would be true of course only from the geo
metrical point of view, because the photometric and colorimetric
aspects always imply a profound mental elaboration. For the bright
ness corresponds approximately to the logarithm of the retinal ir
radiance; and'the color is related, both in hue and saturation, to
factors that are still very difficult to define.

We must not delude ourselves, however, about the perfection
and passivity of the mind. Such an assumption would unquestion
ably simplify matters, but is of very doubtful validity.

270. The new definition of an image requires a clarification,
which perhaps more than one reader has for some time been think
ing of requesting. Much has been said here in disparagement of the
aethereal images, which have been characterized as purely hypo
thetical conceptions, etc. But can they not be intercepted on a
screen? Can they not be received on a photographic plate? Can they
not be analyzed by a photoelectric system?

The objection is na~ral, but easily refuted. So far as possible
we must free ourselves from the traditional concepts by returning to
the point of view explained in §§ 21-23.

When radiation is projected upon a photoelectric cell and gives
rise to electric currents or similar phenomena, we are entirely outside
the realm of optics. To suppose that this method would make it pos
sible to learn the structure of the aethereal optical image that
activated the photoelectric system would be a delusion. What comes
out at the end is a lot of infonnation about the system that conveyed
the radiation, and the system that detected it. This information can
be evaIuated most reasonably by extending to this detectoE the rules .
of the science of vision with appropriate modifications. It is particu-



274
/

OPTICS, THE SCIENCE OF VISION

larly interesting to see how closely photoelectric phenomena con
form to these rules, which derive a new and important confirmation
from them.

271. When the radiation is projected upon a photosensitive
emulsion, it gives rise to chemical reactions. These generally lead
under later treatment to the deposit of a layer of granular metallic
silver, which looks opaque"'and dark when observed with the eye.
Once more we are entirely outside the realm of optics. To suppose
that this method would make it possible to learn the structure of the
aethereal optical image projected on the sensitive surface would be
another delusion. Again what we get at the end is a certain amount
of information about the action of the incident radiation on the
detecting sy~tem, later treated in a given manner.. This information
too can~ be reasonably evaluated boy extending to this detector the
rules of the science of vision with appropriate modifications. It is
remarkable how tllese rules lend themselves even better, if that is
possible, to the study of 'photographic phenomena than to the study
of visual phenomena. Anybody tracing the development of t.he
investigations that in the past twenty years have led to the outlook
expounded in these pages would discover that the most irrlportant
contribution has been made by observations and experiments in the
field of photography.. .

I t is in fact extraordinarily difficult to take a photograph a
second time and have the two photographs so much alike that no
distinguishing characteristic can be found. It is indeed absolutel-y
impossible to do so, even in laboratory experiments) to such an
extent is the result affected by the detecting layer and its chelnical
treatment.

We may say that photography too is a complex process, of which
the outcome depends on the following three factors: the radiant
energy emitted by the source, the distributing system, and tIle
detecting layer. In vision the thr~e corresponding factors are the
radiant energy, the distributing system, and the detecting retina.
Hence, jllst as we defined the retinal image, we may define the
photographic image as a "distribution of energy effects on a photo
sensitive emulsion." \Ve shall soon (§§ 285--286) have the oppor-
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tunity to point out the practical utility of thi~ definition C?f the
photographic image.

272. Now we ffi\lSt take up the case of the figures that are seen
011 a screen when, to use a conventional expression, a "real image'"
is' ptojected upon it.

If we examine this phenomenon without any theoretical pre
conceptions, we see the following situation. The source emits waves, .
which pass through a converging optical system and are made con"!'
'vergent, becoming more or less spherical with their centers in a
certain plane. ·Then this plane contains the locus of the centers (if
the waves emerging from the optical system. In this plane put a
screen, that is, a diffusing surface, which acts either by reflection or
transmission. This means that wh.en the waves arrive, they cause
the material they strike to emit new waves, gener~Jy ~pherical, in
all directions or in a half-space, the intensity being'predominant in
certain directions rather than in others. .

These diffused waves may be received by the eyes of an observer ~

On the basis of the information coming in from the :retinas of his'
eyes, his mind creates an effigy that is located, if all goes well, on the
screen.

Therefore the figure that is seen is again. an effigy created by the
mind of the observer. The function of the screen is to change the
course of the waves in such a way that the information on the
retinas of the observer is modified. Theoretically the screen's func
tion does not differ from that of an eyepiece or a microscope, with
which some observers imagine they see what happens in the plane
,of the centers of the waves.

273. The change that the screen produces in the course of the
waves is far more profound than that produced by an eyepiece, and
not always more advantageous in practice. The case of the screr-n
somewhat resembles thatt;of. the photographic plate. The waves
absorbed by the,material of the screen are re-emitted in the form
of waves; those absGrbed by a photographic emulsion are trans
formed by chemical processes. The behavior of the diffusing screen,
therefore, by reason of its analogy with both the microscope and
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the phQt~graphicplate, adds nothing essentially new to our under-
standing of the problem.

If the screen holds any interest for us, it does so because it aided
in the establishment of seventeenth-century optics. As was pointed
out in § 46, Kepler realized that when the radiation reaches the
eyes by way of an optical system, the placement of the effigies by
the mind is too subjectiye and hence too arbitrary to provide a
basis for enunciating laws of physics. Hence he thought of reducing
to a minimum the intervention of so capricious an operator by
limiting the activity of the eye to the examination of figures on
screens, while preventing its receiving directly the waves emerging
from the optical system. He called the figures on the screens
"pictures," and applied the term "images of things" to the figures
that the observer would have seen in tile absence of a screen by
receiving in his eyes the" waves emerging from the optical system.

Even though this distinction had no success terminologically, as
was indicated in § 51, it nevertheless exerted a highly important
effect from the scientific point of view. For it contributed mightily
to pushing the study of optics down the slope to which it had been
guided by seventeenth-century philosophy, that slope of supposed
objectivity according to which it was necessary so far as possible to
eliminate the intervention of the eyes and, above all, of the mind.

214. If Kepler's proposal is scrutinized in the light of the ideas
set forth here, it takes on the following meaning. When the eyes
receive waves emerging from an optical system, they send to the
mind strange reports, which in -general are hard to reconcile with
the information furnished by the environment and the memory.
Most of this information is supplied by the experience of direct
vision, a vast experience extending from minute to minute over
years and years, and therefore capable of eonferring a very high
degr~e of probability on the results o( vision when they are checked
by the other senses. In the face of disagreement between optical
reports and infonnation derived from the memory and the environ
ment, the mind usually prefers the latter, with consequences that
were discussed in the preceding Chapters.

When a screen is put in the path of the waves, those that reach
the eyes have their centers in points on the screen. Therefore the
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eye operates by direct vision, and the whole conflict that embar
rasses the mind is eliminated. The information based on the memory
and the environment is set aside or, rather, is replaced by much
simpler information.

275. Merely a recording function is thereby left for the eye.
Co-operation between the optical system and the ocular system is
completely removed. In relation to the energy distribution on the
screen, the action of the eye may be replaced by that of another
detector of energy, such as a photographic plate or a photoelectric
analysis.

Suppose we take the following setup: an object that emits
waves; a converging optical system that receives the divergent
waves and makes them convergent; a screen that intercepts these
waves; and, finally, an observer whose eyes are stimul~ted by the
waves re-emitted by the screen. This whole process may be divided
into tWo phases. The first consists of the emission, deformation, and
absorption of the waves; the second phase includes the emission of
waves by the screell, the reception of them by the eyes, and vision
by the observer.

The first phase has no more to do with optics than a photograph
has. Therefore, when we use a screen to perform our experiments,
we act as we do when we take a photograph and then look at it.
There is no essential difference between the two operations. Hence,
just as we spoke in § 271 of a "photographic image," we may now
speak of an "image on a screen." Just as the former means a ~'dis-

tribution of energy effects on a photosensitive emulsion," the latter
must mean ~ "distribution of energy effects on a diffusing sub-
stance." And just as the former is "affected by the nature of the·
emulsion and its chemical treatment, so the latter is affected by
the structure of the diff~ing surface.

276. These basic concepts find their best confirmation in the
examination of a problem that is apparently technical but actually
thoroughly scientific, namely, the definition of a good image (in the
conventional sense of that term)..

By what criteria should this "goodness" be defined? This is an
extremely difficult question, and in many cases it is still wide open.
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Geometrical optics has shown itself utterly powerless to cope with it.
Wave optics has yielded inter~sting results; but in the end has had
to forego a complete solution of it.

Geometrical optics gave the .name "image of a point obj~ct" to
the point through which all the ~ays emerging from an optical
system were supposed to pass, arid thereby laid claim to mathe
matical perfection. If the rays did not all happen to pass through a
point, the students of the subject limited thems~lves to saying that
there were aberrations.

Since mathematical perfection is naturally unattainable in prac
tice, all images had to be considered as affected by aberratiorJs.
However, there were degrees of aberration. Then which were the
good images, and which not? That question was ans'wered by
nobody. The aforementioned studeI1:ts entrenched themselves be
hind a dig?ified disdain for such a problem. It was a purely techni
cal Inatter.

Thus when they had demonstrated that a plane mirror gave
perfect images, their task was finished. To the objection that no
material mirror was ever plane, like a mathematical plane, they
replied that this concerned, not them, but the masters of the art of
making plane mirrors.

In essence, geometrical optics confined itself to saying only this:
the image of a point source is better, the closer the emerging rays
pass to the point image. This.statement is not entirely correct, as
was shown by wave optics.

277. According to the wave theory, as we saw in § 264, the
center of a wave emitted by a point source and modified by an
optical system is a centric, whose angular dimensions depend on A
and on D., the diameter of the diaphragm that limits the wave fro~t.

The perfect image is, therefore, a ~entric. Since this figure can
be obtained, it is produced, not by ideally perfect waves, but by
actual waves. In other words, a cen~ic can be formed even by
waves which, like thos~ always met in practice, are not completely
spherical, provided that the departttres from a sphere are kept
wi~in proper limits. This time $ose limits have been defined by
Lord Rayleigh's well-known "rule of a quarter of a wave."

This 'is a considerable step forward. But let us not make the mis-
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take of attributing a theoretical foundation, to it, as is sometimes
done. For according to the wave theory; when the convergent wave
under consideration is not spherical, the energy distribution around
its center of curvature is not a standard centric, but something dif
ferent. Of course the differences n'lay be small, if the deformatioI1S
of the wave also are small. When these deformations are less than
A/4, the differences from a centric may be considered negligib.le,
as has been shown experimentally.

Ho'w this was shown was discussed in § 245 and will now be
treated more thoroughly in § 279. But first I wish to POiIlt out that
even the wave theory was unable to say anything when the waves
show deformations exceeding X/4. Is the image good or bad? If it is
not good, what are the effects of its imperfections? Only vagu~ and
inconclusive answers have been given to these questions. No Dll

merical detennination has been proposed.

278. The situation looks entirely different 'when viewed fronl
the standpoint of the science of vision or, more generally, of energy
optics.

If we bear in mind that there is a receiver-detector of the radia
tion, we immediately draw the conclusion that the detector is the
final judge of the goodness~ofwhat it receives. For jf there are two
hypothetically different trains of waves that nevertheless produce
the same effect on the receiver, they must be deemed equal.

The objection may be raised that hypothetically different trains
of waves ought to produce different effects on the receiver. This is
true in mathematics, but not in practice. For in all experimental
matters there is a tolerance. When tIle hypothetical differe'llces are
such that the differences in the effects fall within the tolerance
under consideration, it is as though the hypothetical differences did
not exist. The decisive rule in this regard has alr~ady been
stated many· times. Two agents are said' to be different wIlen the,
effects produced by theIrl on the receive~'are perceptibly different. "

Tolerance is a characteristic of the receiver, and may differ
widely froJP one to anot'her. 1'here are no grounds for assuming a
general tolera.nce. At the .,'ery most we may seek a statistical value
for a group of receivers with similar characteristics, if such a Val\le
exists.
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For an image to be good or bad now means that its defects,
which are always present, fall within or without the tolerance of the
receiver. Hence it follows at once that "goodness" defined in the
absolute sense has no meaning. On the other hand, we may speak
of goodness for a certain receiver.

279. This analysis explains at once why both geometrical op
tics and wave optics have been utterly unable to solve the problem
of "goodness." In this connection they paid no attention to the
receiver, which is the only factor capable of supplying a standard
to decide the Inatter.

Moreover, the sole contribution of wave theory to this question
is the "rule of a quarter of a wave," which was discovered experi
mentally by resorting to certain observations made with the eye.
This rule provides a statistical value that is significant for vision
with the eye.

But the value may possibly be regarded as having theoretical
significance too and as being a final aIlSW'er. It is higll1y probable
that in practice we ultimately have to resort to determining one or
more statistical values. But we must not let the prevailing philo
sophical current pull us into exaggerations that present matters'
falsely.

The desire at all costs to eliminate the receiver from considera
tion has led to the following line of conduct. Once some experi
ments (perfonned with the eye) of course) had determined a toler
ance for the perception of deformation~ in the centric, a way was
found to express that tolerance in terms of the defonnation of the
wave. This way led to the enunciation of the "rule of a quarter of a
wave," which considers defonnations of a \.yave less than ",,/4 as
negligible. Then it was completely forgotten that this rule was the
result of some meaStlrements made with a given eye or a few eyes.
Everything possible was done to have this origin forgotten. The rule
of a quarter of a wave thus became a rule unto itself, as if it were
based on principles and proofs independent of the observer.

Hence the natural deduction was that when an optical system
defonned the waves by giving them a plane form, or a spherical
forrn with crests and troughs less than 'A/4, it was to be considered
perfect in itself, independently of the observer.
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This deduction, at bottom, amounts to saying that the tolerance
established with those few measuremeonts and with those few eyes
is always true for all eye$ and for all experimental conditions. This
statement obviously is not true.

280. For not only is the behavior of an eye highly individual,
varying from one eye to another even of the same observer, but it is
also .a function of not a few variables, the most important of which
is the energy reaching the retina.

'1'0 cope with variations in behavior, we may resort to statistical
values by grouping eyes in categories according to some criterion.
We may, for example, measure the visual acuity (or the resolving

R.P

FIG. 93. Resolving power of the human eye as a function of irradiance

power of the eye in direct vision) in terms of the standards adopted
by the opllthalrnologists, and use the Snellen notation in detennin
ing tIle tolerances. As our basis we may say that the rule of a
quarter of a wave indicates the tolerance for eyes with 20/20 vision.

But far more serious and more interesting is the fact that the
resolving power of an eye is not constant because, as we saw in
§ 221, it depends essentially on the irradiance of the retina. As a
function of this irradiance, it shows a central maximUlIl with de
scending slo~s for both increasing and decreasing irradiances. The
curve of this function (Fig. 93) is one of the fundamental parts vf
energy optics.

As is clear from the theory set forth ill § 223, the l?osition of the
maximunl is in its turn a function of the sensitivity of the detecting
layer or retina. This sensitivity-in turn varies as a ftlnction ofnumer
OllS factors, first anlong which is adaptation, then the age of the
observer~ his diet, state of fatigue, etc.
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Moreover, the value of the maximum is affected most of all
by the contrast between the various portions of the irradiance at the
back of the eye. Hence this value is influenced by the disturbances
due to the diffusion of the radiation in the retina and humors of the
eye, and by the presence of intense sources in the field, etc.

)Therefore the tolerallce is a quantity that is affected ~re or
less indirectly by all th.ese factors.

281. Hence from the practical point of view the pro~lem is tre
mendousl)! complicated and becomes increasingly indefinite 'and
hazy. More than one reader, especially if interested iTI technical
optics, may at this point refuse to enter so muddled a reId, and
prefer to return to the schematic and precise simplicity of the older
way of viewing the question. But the older rules were limited in
range. They boiled dO"Nn in substance to the rule of a quarter of a
wave, and supplied no data outside the zone of optical perfection.
Furthermore, I shall cite several typical cases in which the older
rules, though simple and stimulating, led to real errors not without
serious consequences.

To obtain a telescope capable of yielding emergent waves 'de
formed by less than a quarter of a wave, several lenses must be
combined ro corr~ct the chromatic aIld spherical aberrations of
the individual components. But every lens involves a loss of energy
flux through reflection, absorption, etc....A.ll this is of slight impor
tance v/hen the flux at our disposal is sizable, and the loss due to
the interposition of the instrument in the path of the radiation is
either negligible or easily compensated by the' adaptation of the
observer's eye.

But the importance is not slight ".. \rhen we must operate in con
ditions of feeble radiatiol1. To lose a percentage of it may mean to
fall below th~ threshcld of sensitivity, or at any rate to drop into
regions of very low resolving power, namely, those at the left of the
curve in Fig. 93. ~

If we go below the threshold, the observer sees nothing. But
instead of seeking to correct as far as a quarter of a wave, we II).ay
use'an instrument (of the same dimensions, of course) consisting of
two very simple Ierlses, one for the objective and the other for the
eyepiece (a telescope cannot be ulade with a smaller number of
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lenses) .. Then the loss of energy flux would not be such as to bril1g
us below the threshold, and the observer would see something.
That is always better than seeing nothing.

282. Let us apply this style of reasoning to an important instru-
. ment like a range-finder of the coincidence type, which necessarily
has a very low energy output. It is called upon to do its work, let
us remember, above all under conditions of comparatively feeble
radiation, like dawn and twilight, for obvious tactical reasons. In
stalling several lenses and plates to obtain an extremely fine optical
correction was an excellent policy for range-finders design~d to'
function in full daylight. But we must conclude that not infre
quently it was a disastrous policy for range-finders actually em
ployed at the threshold of visibility.

If today a range-finder were made slightly inaccurate for the
purpose of maximizing its light, it would certainly be rejected by
the official inspectors, who would doubtless choose a very bright
place to examine with precision the deformations of the emerging
waves. Such conduct, heretofore considered obligatory, involves a
definite error according to the new theory. I could continue along
this line at some length. The definition of the energy conditions
under which an instrument is required to function is an essential
consideration in giving it the most rational structure.

283. Furthermore, there are observers with less than 20/20
vision. Obviously they do not need so fine a tolerance as a quarter
wave. Yet no special attention has ever been paid to them. Nobody
has ever tlloUght that many instruments showing defects intolerable
for observers with very acute sight may be ideal for otservers with
inferior vision.

If particular consideration were ~iven to these observers, who
are far from rare, rules might ce discovered for designing and manu
facturing cheaper and more useful instruments. For instance, ob
servers with poor vision probably "vo'.!l:! derive greater benefit from
instruments with extreme magnification even though that entailed
a greater distortion of the field.

We are entering upon a ne'w road, 'which heretofore has been
closed and concealed by the philosophical preconceptions of
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seventeenth-century optics and by an exaggerated desire to schema
tize phenomena whose nature is very complex.

284. To avoid going too far into.questions that are assuming a
distinctly technical character, let us turn back to consider the figures
intercepted on a photographic plate or on a screen. We called these
figures "photographic images)' (§ 271) and "images on a screen»
(§ 275). The analysis to be made applies equally to both, and
therefore we shall deal only with the latter. .

Let the points of a linear object project spherical waves upon an
optical system, which makes the waves convergent but still sensibly
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FlG. 94. Waves emerging from a converging lens and intercepted on a
screen at various' distances from the lens

spherical. To simplify the illustration, ·Fig. 9A. shows only two trains
of waves with their centers at S and St. The lens 0 makes the waves
converge at the points I and 11- Bet\veen these two points lie count
less other centers, so that the locus of the centers of the waves
emerging from the lens extends from I to II-

Intercept these waves on a screen. Place it in a random position,
and then move it closer to or farther from the lens. What is ob
served during this movement?

When the screen is very close to the lens, as at HtK1, all the
waves strike the same area of the screen, and therefore the irradi
ance is uniform. As the screen is moved away from the lens to a
position like H2K2, differences start to ~how up. The irradia~eclarea
contracts toward one direction and hence acquires an elongated
form, whose edges are hazy. But if the points J.~ aIld 81 of the object
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em.t waves of different intensity or of different 'X, darker and
brighter regions begin to appear as ,","ell as regions in which a hue
of moderate saturation commences to be visible. Now move the
screen farther from the lens, say to HaKa, where it is closer to the
locus of the centers of the waves. l'he illuminated area lengthens
and contracts; the brighter regions are more clearly marked off
from the darker; the regions of one hue contrast more sharply with
those of another; and the saturations tend toward the-maximum.
As the screen continues to recede from the lens, the reverse process
is observed. The illuminated area expands, showing increasing uni
formity in brightness and hue, while the saturation decreases
continuously.

285. What is done in such cases is well kno\.yn. The screen is
moved back and forth until it shows the details of the figure with
maximum sharpness, maximum brightness, and maximum satura
tion (if there are any colors). The screen is stopped in this position,
which is therefore defined by an estimate of these maxima.

This estimate obviously depends on the means of observation.
If we observe with the naked eye, we usually find a sizable interval
within which the screen may be moved witllout any appreciable
diminution of the characteristics observed at their maximum. The
size of the interval increases with a decrease in the angular aperture
of the waves whose centers are I .... II, with a weakening of the
irradiance on the screen, and with.a lowering of the resolving power
of the observer's eye or eyes.

Those who wish to place the screen in the position of maximum
effectiveness with the greatest possible precision resort to observa
tion with an eyepiece or a microscope. This practice is particularly
common in determining the setting of photographic plates in
cameras.

Let us examine the significance of this operation, which is ap
parently so commonplace. According to our conceptions, it is really
a simple matter. The image on the screen (or on the photographic
plate) is always present, however far it may be from the lens (pro
vided of course that it is perceptible). But this statement refers to
the image as it has been defined here, namel,Y) as a distribution of
energy effects. The difference be.tween these effects varies in the
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images .appearing at various positions of the screen. The position
or interval in which this differentiation is a maximum may be
detennined by recourse to more or less precise means of·observation~

The naked eye is one of these means..11' I t receives the waves
emitted by the irradiated elements of the screen, and 'projects
these waves upon the retina to 'have them analyzed by the Il:lind.
The eye equipped with a microscope acts in the same way, although
with greater accuracy if the available energy so permits. But systems
of another kind, photographic or photoelectric, may also be
devised.

286. There is, then, an interval of space such that when the
screen is placed within it, the energy effects on the screen show the
maximum differentiation or what is commonly known as the maxi
mum sharpness of detail. This interval decreases with an increase
in the resolving power of the means of inspection.

According to the accepted view, what is seen on the screen ought
to be the. so-called real £mage, that is, the locus of the centers of the
waves emerging from the lens or, if you please, the aggregate of the
centrics corresponding to the individual points of the object. What is
visible on the screen when the latter does not coincide with the line
III is termed the "extra/ocal £mage," the label "sharp image" being
reserved for the ideal position. .

This name "extrafocal image" is a masterpiece. If the image of
a point is a centric, the extrafocal image that appears when there is
no centric on the screen is not an image. Therefore an extrafocal
image means an image that is not an image.

The expression "image out of focus" has in fact no official
standing. It was born in practice, especially the practice of photog
raphy. It was coined by photographers who, when they failed to
put the plate in the interval of maximum differentiation, still ob
tained a photograph, but one inferior to what they desired. As a
photograph actually taken and developed, it presented an image.
By the characteristics of its details it showed that it had been taken
outside the interval of maximum differentiation or with the plate
too far from the focal plane (for infinitely distant objects) and was
therefore out of focus.

This elementary and practical reasoning jibes perfectly with the
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concepts of the new energy optics. From the standpoint of classical
wave optics it simply leads to a contradiction in terms.

287. But this is not the whole story. Study of the diffraction of
waves demonstrates that a centric is formed not only in the plane
that passes through the center of a spherical wave at right angles to
its axis, but also a little in front and a little in back of this plane.
There is, then, a depth of focus. This conclusion too i$ without doubt
a step allead of the geometrical theory, for which tolerances do not
exist. But the step is not yet big enough. For depth of focus as thus
defined is a magnitude characteristic of a wave. It is a function only
of A and of the angular aperture of the wave. Therefore it is inde
pendent of the observer. As we well know, however, experience
sho'ws that things go differently.

Placing a screen near a "real image," understood in the classical
sense as the locus of the centers of the waves made convergent by an
optical system, cannot pretend to be done with the objectivity and
certainty generally attributed to this process. Nevertheless, the
uncertainty involved is a mere trifle as compared to the unrelia
bility of the locations of the effigies created when the same waves are
received directly by,the eye. Consequendy Kepler's suggestion was
really invaluable when he advised us to consider the "pictures"
and not the "images of things."

Hence the tenn "real image," interpreted in the classical way,
may 'still be useful to denote the "locus of the centers ofcurvature
of the waves made convergent" by an optical system. To be sure, the
latter expression is'long, but it is much clearer and more realistic.
For it does not in the least imply that a visual process must be con
nected with such a locus of centers. On the other hand, when people
talk about "images," it is always taken for granted that they are
discussing something seen. .

288. What deserves to be banished from general treatments of
optics is the virtual image. This should be understood as the locus of
the centers of curvature of waves that emerge divergent from an
optical system. Such waves never give rise to "images on a screen"
or "photographic images" or "photoelectric images," interpreted
in the new manner. The only way to utilize these waves is to send
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them into an eye, so that the mechanism of vision may be activated
and the ensuing effigies created. In very few cases are these. effigies
placed. near the virtual images, as was shown by the extended and
minute analysis in Chapter IV of vision by means of optical systems.

The creation and diffusion of the widespread belief that what
is seen with an optical instrument is the virtual image it produces
constitute one of the biggest mistakes of classical optics. It is really
amazing that so obviously false a proposition should be looked upon
with complete unanimity as an indisputable truth.

The virtual image is purely a mathematical fiction. It may be
useful as an intermediate solution in the study of complex optical
systems. But its appl.ication should be limited to those who specialize
in performing optical calculations or designing. optical instruments.
Specialists, as such, may be expected to have a proper understand
ing of the concept's significance, and to realize the fact that hardly
ever does a figure seen by an observer correspond to a virtual image.

Were the definition and discussion of the virtual image elimi
nated from the general treatment of optics in all schools, not only
would many students be happier, but many wrong ideas would be
prevented from entering the intellectual background of broad
sections of the public.

289. The description of the long and complex process that
culminates in vision winds up by being rather disconcerting.

We have considered a group of atoms which, by reason of their
own motions or those of their components, emit aethereal waves.
These reach an eye or a pair of eyes, enter within, and end up in a
bunch of cells. There they are absorbed and ~ease to be waves. As a
'result the cells undergo modifications and transmit impulses along
the optic nerves to the brain. Then the impulses are turned over to
the mind, which studies their characteristics and compares these
with the mass of information in its files. In conclusion it creates a
luminous and colored figure, which it places where it believes the
initial group of atoms to be.

Assume that everything has worked out perfectly and that the
effigy occupies precisely the same position in space as that group.
Shall we say that the effigy and the group of atoms are equal, or
that they are identical? Obviously not.
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The effigy is bright and colored, continuous and motionless.
The group of atoms is discontinuous and its individual compo:lents
are in motion; in reference to them, the descriptions "bright and
colored" have no meaning.

Therefore, if the group of atoms is called the object, we cannot
say that the effigy is the object. But we may say that it is a result of
the object, a result attained by a mental operation based on the
signaIs emitted by the object. Hence those who assert that they see
the object are very optimistic about the correspondence between
appearance and reality.

290. There are also those who are highly optimistic about other
ways of knowing the object, for example, by means of a photo
graph. There are those who even swear to the absolute objectivity
of th.e photograph and to its faithfulness, since there is nothing sub
jective about it.

Let us take a good look at what this objectivity and faithfulness
cOl.1sist of. The atoms of the object elnit their waves. These pass
through other blocks of atoms, whose form and properties are ~uch

that they let the waveS pass, but deform them, make them con
vergent, and convey them to a gelatinous layer containing crystal
line clumps formed by ions of silv~r and bromine. The waves reach
some of these clumps, are absorbed by them, and tllerefore produce
modifications in them.

These modified and nonmodified clumps are stlbjected to certajn
material agents which, after contact and an interchange of ions,
finally leave grains of metallic silver where the clumps of bromine
and silver were modified, whereas the clumps that did not undergo
any modification are dissolved and carried away_

Thus there remains a gelatinous layer in which grains of silver
are immersed. Between the distribution of these grains and the
atoms of the object there is a certain correspondence. May we say
that when we look at the gelatinous laye,r obtained in this way, we
see the object? It would take a confirmed optimist to say ap.ything
of the sort. May we say that when we look at the layer, we can know
how the object is made? It would take very much of an optilnist to
say this too.
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The only thing that can be said is that the distribution of the
grains of silver in the gelatine is a result of the emission of waves by
the object, a result attained by a chemical operation.

291. But in that case what can we do to know how the object
is made? This is a very old question. Anybody who carefully scruti
nizes the means that our ego and our science have at their disposal
for the purpose of investigating the structure of the external world is
still obliged to refrain from answering the question.

We must still have deep faith in the means at our disposal for us
to say that with their aid we can dig out much information about
the structure of the external world. We can learn much, but not
everything. For everything is so much that, as far as our means are
concerned, it may be called infinite. Therefore every representation
that we make for ours€lves of the external \vorld will always be
perforce ilnperfect and partial, if not false.

So pessimistic a conclusion would be harmful if it were com
municated to students. It was one of the blemishes of medieval
philosophy. Strictly logical reasoning of this type deterred philoso
phers and researchers from studying lenses in the full three cen
turies intervening between the invention of eyeglasses and the
invention of the telescope.

It took a declaration of faith by a man of faith like Galileo to
change the course of events and initiate the magnificent scientific
development that followed the invention of the telescope.

The men of flawless logic said that the information that we can
have about the structure of the external world will never be com
plete; therefore, being partial, it is false.

Galileo said that the information we can have about the struc
ture of the external world will never be complete; but it is informa
tion and therefore, even if partial, it is true.

While his adversaries did not want to look into the telescope to
make sure that they would not be deceived, he staked his life and
his futlre on the truth of what he saw by means of the telescope.

292. Today Galileo's faith, without an.y opposition, dominates
the environment in which experimental science is carried OD. Its
practitioners have perhaps exaggerated, however, and a redressing
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of the balallce may be useful for the sake of avoiding errors and
illusions.

This is what I have attempted to do in this book. But I would
not in the least want its effect to go so far as to destroy in those who
have had the patience to read it to the end their faith in observation
and science. For a logic that is irreproachable and infallible, but
negative and sterile, is far less desirable than a scientific faith which,
even if deceptive, is active and productive.
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CHAPTER VII

Notes on the Kinematics and.
• I

Dynamics of Oscillatory Motioris

293. In the preceding Chapters we have often used rules about
the propagation of waves, especially through a medium that pre
sented anomalies or discontinuities. Not a few of these rules origi
nated in the field of optics, and for a long time the study of them
was kno'wn as "optics." Some people still call this study physical
optics; others, wave optics. Actually it is purely a branch ofmechanics,
and its conclusions are valid for any type of wave, whether material
or aethereal. It is, therefore, entirely improper to. speak of optics
in this connection, because we could with equal right speak of
acoustics, electromagnetism, or the theory of earthquakes.

Our subject, then, is "wave motion." We may talk about other
sciences when we apply the conclusions of this subject to particular
waves and consider special receivers, 'Such as the eye, ear, radio
receiver, photographic emulsion, etc., as we did in· the preceding
Chapters.

For the convenience of the reader, I have assembled in the fol
lowing Sections those ideas about wave motion that were used in
the science of vision.

294. When the motion of a point P along a straight line is de
scribed by the equation

s = Asin (211' ~ - <p)
295
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the poillt P is said to execute a s£mple harmonic motion. In the equation
sstands for the displacement or the distance of the point P from the
starting point 0; t is the time, an independent variable; A, T and
cp are constants, whose meaning will now be determined.

Whatever the values of t, T, and l{J may be, S can never exceed
A in absolute value. Once the values of T and qJ have been fixed, as
t varies within a long enough interval, s assumes the values +A
and - A alternatively, and in succession all the values included
between these two extremes. This means that the point P performs
a back and forth motion.

The constant A, which thus indicates the maximum value of s
in absolute tenus and half of the whole path of the point along the
trajectory, is called the amplitude.

295. The displacement s can assume the same value for different
values of the time t. Thus let tl and t2 be, two different instants. The
two corresponding displacements $1 and $2 are given by

S1 = A sin (2; tl - ip); SI = A sin (2; t2 - ip)

It is possible to have SI == S2, provided that

. (21r ). (21r )SIn T tl - fJ := SIn T 12 -- lfJ

This condition is satisfied whenever

2r 2?r
T t2 - tp = T tl - qJ ± 2k1r

where k is any integer. Hence it follows that

t2 - tl = ±kT

Therefore whenever the time varies by T, s assumes the same value.
If we calculate the velocity of the point P

ds 2rA (21r )
v=dt.-=r cos rt-ip

we see at once that the velocity is equal at instants tl and t4]. if

t2 - tl = ±kT
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The same value is assumed by s also when tl and t2 are connected by
the relation

2r (zr)T t2 - cp = 11" - T tl - cp ± 2k1r

But in, this case the velocity at instant t2 is equal and contrary to
the velocity at instant tl-

This interval of time T, within which the moving point returns
to the same position with velocity equal in magnitude and sign
(this amounts to saying that the identical motion is repeated), is
called the period. Simple harmonic motion, then, is a periodic mot£on.

The reciprocal liT of the period is called the frequency. It gives
the number of oscillations completed in a unit of time by the moving
point. When t = 0, S = - A sin cp.

296. Two harmonic motions that are equal in amplitude and
in period may still be different because they have different values
of the last constant <p; then

S1 = A sin (~ t - fPt) s, = A sin (2; t - fPt )

Given a value SI at an instant tl

S1 = A sin (2; t1 - fP1)

it is possible to find an equal value S2 at another instant t2, provided
that

S2 = A sin (2; t2 - fP2) = S1 = A sin (2;' t1 - fP1)

Of all the instants tl and t2 to which this equation applies, those are
closest to each other that satisfy the condition

21l" 211*
T t2 - <{J2 = T t1 - fJl

This may also be written

T
t" - tl = 211'" (qJt - ~1) = a constant



298 OPTICS, THE SCIENCE OF VISION

In other words, if P1 and P'J, are the points "subject to the displace
ments SI and S2~ respectively, the former may be said to execute a
motion identical with the latter's but displaced in time with respect
to it. Thus if C{)2 > ({Jl, Pi always leads Pi by a constant interval of
time, which is given by the last equation above. The constant C{) is
called the phase, and the expression CPt - <PI is termed the phase
difference. If CPl = (()2, the two motions are said to be in phase. If
Ip = 0, for t = 0, s = o.

The hannonic motion given by the simplest equation

A · 2?r
S = sin T t

differs from the motion described by the most general" equation

s = A sin (z;..t - cp)

only because at the instant t = 0 the moving point is at the starting
point 0 in the middle of its trajectory, and returns to it after every
period t = kT, k being any integer.

The point 'moving in accordance with the general equation
therefore executes a motion that is the same as that of the other
point, but follows it by a constant time T, given by

T
T=2,;C(J

Then since

the general equation for simple harmonic motion may also be
written

s == A sin z;. (t - .,)

Since

what was said about cp may be applied to T. For any value T = kT,
where k is a positiv~ or negative integer, s has the same value as for
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., = O. When., = ± ;, that is, when q> == ±1l", the two motions

differ. They are

A · 211"" d
S1 = sin T t an A · 2r ( + T) A. (21rt )S2 = Sin T t 2 = Sln T ± 1r

Since the second may be written

A · 2,.
S2 = - SIn T t

we see at once that S2 is equal to the motion Sl, but in the opposite
direction. .

Two motions, like those just considered, one of which follows
the other by a half-period, or that are out of phase by a half-period,
are said to be in oppos£te phase or in OPPosit1:on. When the phase differ-

ence between two motions is ± ;, or one follows the other by ± r,
the two motions are said to be in quadrature.

297. To represent harmonic motions graphically, the values of
s are indicated as ordinates, the values of t as abscissas, on two re~-

5 ~_.._.._.._----_ .. :-- -.. ·1- .•- ....--.-...----.-...~

;,....... _- .. ---- .....--. - T· ----- ..--..----.... ...i

FIa. 9~. Wave in a vibrating string

tangular axes (s, t). In this- way a sinusoid is obtained, like that in
Fig. 95. Fig. 96 shows two motions, equal in period and in phase.
but differing in amplitude; Fig. '97, tWo motions differing only in
period; Fig. -98, two motions in opposite phase; and Fig. 99, two
motions in quadrature.
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FIG. 96. Two waves of different amplitude

5
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5
1=0

FIG. 97. Two waves of different wave length

"f=t:1T

FIG. 98. Two equal waves in opposite phase

f.-T1J2

FIG. 99. Two equal waves in quadrature
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298. Let a point P be subject at the same time to n simple har
monic motions, whose trajectories all coincide with the same straight
line. Let the motions have the starting point 0 in common, and let
them be described by the equations

SI = ~1 sin (~ t - 'PI)

A · (21r .)S2 = 2 SIn T
2

t - 'P2

. (21r .. )
Sn = An SIn Tn t - cP",

The resultant displacement s at instant t is the algebraic sum of the
separate displacements

•
S = SI + S! + · · · + s.. = L:i Ai sin (~ t - 'Pi)

1

This operation may also be carried out graphically. On the same
pair of Carte9ian coordinates, draw the sinusoids corresponding to
the separate equations (Fig. 100). Then trace the cu:rve which, for

FIG. 100. Composition of two superimposed waves
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every value of the abscissa t, has as its ordinate the algebraic sum
of the ordinates of the separate sinusoids at the same abscissa.

If the periods T. are commensurable, the resultant motion also
is hannonic. For it to be a simple harmonic motion, however, special
relations must prevail between the elements of the component
motions. Only compositions of harmonic motions of equal period T
are of interest for our purpose.

If such component motions all have the same phase «J, then

s = (A1 + A 2 + · · · + An) sin (2; t - <P)

The resultant is a simple harmonic motion, whose period and phase
are equal to those of the components, and whose amplitude is equal
to the algebraic sum of their amplitudes. If two such component
motions have equal amplitude A, the resultant motion has an equal
period, equal phase, and twice the amplitude:

s = 2A sin (2; t - ~)

If the two component motions are of equal amplitude but in oppo
site phase, the resultant is complete rest:

s=o
If the two cOlnponent motions differ in amplitude and phase

SI = Al sin (wt - CPl)

where 21l"ITis replaced by w for the sake of simplicity, the resultant
motion is described by the equation

S = S1 ..t S2 = (AI cos CPl + At cos </'2) sin wt - (AI sin CPl
+ A 2 sin <P21 cos wi

This may be put into the form

s = A sin (wt - q;) = A cos <p sin wt - A sin </' cos wt

provided that

:A Sill <P = Al sin CPl + A 2 sin 'P2

A cos fP = A l cos q;1 + A2 cos ~2
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Square these two equations and add them:

At == AI' + A22 + 2A 1A, COS (CP2 - 'PI)

Divide the same two equations, member by member:

A 1 sin CPl + A2 sin CP2
tan q; = A 1 COS f(Jl + A 2 COS (()2

The resultant is also a simple hannonic motion, whose period is
equal to that of the component motions, and whose amplitude A
and phase tp are defined by the last two equations above.

These equations show that the amplitude A may be considered
the resultant of the amplitudes Al and A2, represented by two vec
tors that have lengths proportional to the respective magnitudes

A,

o'
FlO. 101. Composition of wave motions of equal wave length

and that form between them an angle .equal to the phase difference
('PI - C(2). If there are n component motions, the simple harmonic
motion resulting from them all is found by repeating (n - 1) times
the operation just described.

A very valuable graphic procedure directly utilizes the fore
going principle. Given two motions Sl and 52, defined as above,
choose a pole 0 and a polar axis 00', as in Fig. 101. Starting from
0, draw a segment OA1, proportional to Al according to an arbitrary
scale, and inclined to me polar axis at an angle CPI- Starting from
AI, draw a segment A 1A2, proportional to A2 according to the same
scale, and inclined to the axis 00' at an angle f{)2* The segment OA 2

represents the amplitude of the resultant motion on that,scale, and
the angle cp that OA 2 makes with the polar axis i~dicates the phase
of the resultant motion.
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If we have to compound a third motion

Sa = As sin (wt - CPa)

with the first two, we need only start from A2 and draw the segment
A 2A a proportional to As- The amplitude of the resultant motion is
given by OAa; and the phase, by the angle AaOO'. If other motions
are to be compounded, the same procedure is followed. It also
demonstrates at once the various cases considered previously in this
Section.

299. When the trajectories of the component motions are no
longer on the same straight line, the general problem of composition
becomes rather complicated. We shall consider here only some very
sinlple cases, in which the component motions have an equal period,
trajectories at right angles to each other, and a common starting
point.

When two Cartesian coordinates x and yare parallel to the two
trajectories, the equations of the component motions are

x = X sin .(wt - qJ:e)

y = Y sin (wt - C{Jy)

If the t\VO motions are in phase (CPx = 'P'I/ = <p), the displacement s
of the moving point P from the origin 0 at any instant is given by

s = vx2 + ]2 = vX2 + Y2 sin (C1Jt - cp)

The resultant is itself a simple hannonic motion ".vhose amplitude is
VX 2 + Y2. Its trajectory is inclined to the x-axis at an angle a
defined by the relation tan a = Y/ X; in other words, the trajectory
is the diagonal of the rectangle formed by the positive directions of
the component motions (Fig. 102)_

If the component motions are in opposite phase (q:Jv = <P~ ± 1("),
everything comes out as in the preceding case, except that tan a
changes sign.- This means that the trajectory of the resultant motion
is the diagonal of the rectangle fonned by one positive and one
negative direction of the component motions.
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y

x

FIG. 102. Composition of wave motions in phase, when their trajectories
are mutually perpendicular

If these are in quadrature ('P'Y = «J% + 1r/2), we may write

x = X sin (wt - <P%)
Y = Y cos (wt - C(Jx)

Squaring and adding, we have

This is the equation of an ellipse, whose center is at the origin and
whose semiaxes are X and Y (Fig. 103). If wt - lps ~ 0, then

y

FIG. 103. Composition of two wave motions in quadrature, when their
trajectories are mutually perpendicular

x = 0 and y = +Y; if wt - 'P% = 7('/2, then x = +X and y = o.
Hence the ellipse is traversed clockwise, if the axes are disposed as in
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Fig. 103. If the phase of one of the component motions were re...
versed, the direction of the vibration would be reversed too.

Modify the preceding case by adding the condition that the two
amplitudes are equal (X = Y = R); then

x = R sin. (wt - cp) l' = R cos (wt - cp)

Squaring and adding, we have

x 2 + y2 = R2

The trajectory is a circle; its radius is R, and it is tr~versed clock
wise (Fig. 104a). Similar~y, t~e composition of the' motions de-

R

o R

a b

FIG. 104. Composition of mutually Perpendicular wave motions in
quadrature, when the two component motions are equal in amplitude

scribed by the following two equations

x == R cos (wt - cp) y = R sin (wt - cp)

leads to a circular trajectory, but it is traversed counterclockwise
(fig. 104b). In both cases the period of revolution is the same as that
of the component motions, and the speed is uniform,

300. Most of the discussion in the foregoing Sections can be re...
versed, .thereby permitting the immediate enunciation of the fol
lowing two conclusions. In the first place, a simple harmonic motion
described by the equation

s =: A sin (wt - cp)

and occurring along a trajectory inclined at an angle a to the
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x-axis of a pair of rectangular coordinates. (x, y) intersecting in the
starting point 0 can always be decomposed iuto two simple har
monic motions occurring along the axes and described by the
equations

x = (A cos a) sin (wt - <p)
y = (A sin a) sin (wt - tp)

Secondly, a uniform circular motion can always be decomposed into
two simple harmonic motions in quadrature, their trajectories
being mutually perpendicular, th~ir amplitudes being equal to the
radius of the circle, and their periods being equal to the period of
the circular motion.

301. In connection with the decomposition of vibratory mo
tions, development in Fourier series deserves to be mentioned, but only
a simple enunciation of it will be made here. Of any curve set), con
sider the part within the interval between the values - T /2 and
+T /2 of the variable. Between these values let the curve satisfy
certain mathematical restrictions, which are always fulfilled in the
cases of interest to us. As usual, put w = 21r/ T. Then Fourier

showed that set) between the values s ( - Dand s (0 can be

represented b-r
00

set) = lz (az sin [wt + bz cos [wt)
o

The series converges, and usually rather rapidly. The coefficients
a and b may be calculated in practice by many methods, graphical
included. There are also mechanical and electrical devices, called
harmonic ana~'Vzers. Once the given curve has been introduced into
them, they yield the principal coefficients of development in FO"QI"ier
series.

In the special case when complex periodic motions are to be
decomposed, the development must be carried out over a range of
values corresponding to a period.

The function set) is thus produced by the composition of many
sinusoids, of which the one with the longest period is called. the
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fundamental harmonic, while the others are termed "hannonics of
higher order."

302. For a brief glance at the laws pertaining to the dynamics
of har.monic motion we may begin with the simple equation

A · 211'"
S == sin T t

since the phase refers only to a displacement of the phenomenon in
time, and tha.t displacement has no dynamic effect. The velocity at
any instant is given by

ds 21TA 21ft
v =--= fit = T cos T

and the acceleration by

do
a = dt ==

If the moving point has a mass m, in hannonic motion it is subject
to a force j, which varies in time according to the law

-41r7n
f==m.a= T2 s

The force is, therefore, proportional to the displacement s and is
exerted in the opposite direction.

The energy of the moving point consists of two terms, one of
Nhich stands for the kinetic energy Ek, and the other for the poten
tial energy Ep • The fonner is easily calculated by introducing into
the fonnula mv"/2 the expression found above for the velocity

211"'2 2rt
E. == T" rnA" cos" ro

The potential energy E'(J in any point P on the trajectory is equal t(

the work perform~d in transporting the moving point from 0, ~
position of rest, to the point P. Since we are dealing with a CO~>

tinuously variable force, we divide the trajectory into innumerab;:
elements ds, for each of which we take the product -/ ds (sinceRJ
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and s are always of opposite sign), and then we sum the ele~entary

products by integration.

£11 4..".2 l' 21r2
2",2 2rt

E - - ( ds - - m s cis· - - ms2 = - mAt sint -
,,- .D· -T2 0 ·-1'2 T2 T

The total energy of the moving point is given by

211"'1
E = E" + E p = Tt mAt

Therefore in motions of equal period it is proportional to the square
of the amplitude.



CHAPTER VIII

The Propagation of Waves

303. Let us imagine that a material point P, consisting of a
minute particle, is executing a simple harmonic motion. If the
particle is not alone, but is connected with other similar particles
or, for the sake of simplicity, equal particles, its motion is accom
panied by the phenomenon known as the propagation of waves. For
if the various adjacent particles are tied together, once the point P
is set in motion, it has to drag the others more or less behind it.
In this way its motion must be propagated in its vicinity.

Let us begin with the simplest case, that of particles linked in a
line so as to fonn a string (Fig. 10Sa). To avoid certain complica
tions that will be discussed later (§ 307), suppose 0 is an accessible
end, while the other end is very far away. Give 0 a simple harmonic
motion described by the equation

A · 2rs= slnTt

and let the direction of the motion be perpendicular to the string.
Another particle 0 1 immediately alongside of 0 also moves, follow
ing the first particle, but with a certain lag, which may be very
slight. For if there were no lag between 0 and Ot, neither would
there have to be any lag between 0 1 and a subsequent particle O2 ,

and so on. Then when the point 0 went down, the whole string
would have to go down, while remaining straight and parallel to
its initial position. But this never happens, because there are no.
absolutely rigid strings, at any rate if we take them long enough.

310
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FIG. 105. Propagation of 'waves
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Hence it follows that the particle 0 1 moves with the same motion
as 0, but lags a little behind it; O2 does the same with respect to
0 1; and so OD. In Fig. 105 consider various of these particles, ~ach
at a constant d'istance from its predecessor. Start from the instant
t = 0, when 0 begins to vibrate. After an interval t = T/4, the
string looks like the curve in Fig. 105b. After t = T /2, the curve c
shows us the fo~~ of the string; d, after t = 3T /4; and e, after
t = T. At this instant the point 0 has returned to its starting posi
tion and, jf its motion is continued, it is ready to begill its second
cycle. At the same instant another particle 0' comme~ces its mo
tion in the same kinematic circumstances as 0, and the motions of
these two particles will always be identical and in phase. Within the
interval lying lletween them, it should be noted, there is no other
particle which fulfills these conditions. The interval 00' is in gen
eral the shortest distance between two points vibrating in phase; it is
called the wave length and is denoted by A.

Meanwhile the motion is being propagated along the string.
Its form after a time t = 5T/4 is indicated by Fig. 105/; after a
time t = 6T/4, by g; when t = 7T/4, by h; when t = 2T, by i;
and so on. It is clear that the motion is propagated, while the indi
vidual particles have only oscillated around their positions of equi
librium. This phenomenon is expressed by saying that waves are
propagated or travel along the string.

If the latter is homogeneous, the lag with which the motion is
transmitted from one particle to the next is constant,. and therefore
V, the velocity ofpropagation of the waves along the string, is constant.
Consequently the motion of the waves is uniform. The velocity V is
entirely distinct from the velocity of the harmonic motion of the
individual particles.

The phase is the only kinematic characteristic that distinguishes
the motion of the point 0 from the motion of the other points.
Each of these accordingly may be considered as the source of the
vibrations transmitted to the subsequent points.

When there is no friction or it is (lisregarded, all the particles of
the string execute hannonic motions that are identical even in
amplitude. Ifwe compute the time for each particle from the instant
when it is set in motion, the equation of the motion is the same for
all of them as it is for the point O. But if in the equation for the
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motion of each particle we reckon the time as commencing from the
instant when the point 0 starts to move, then the equation must
take the following form, previously given in § 296,

s = A sin 2; (t - r)

where T stands for the lag after which the point referred to in the
equation begins to vibrate as compared with o. In other words, T

is the time needed by the wave to traverse the distance x from 0
to that point.

As was remarked just above, the propagation of the waves is a
uniform motion. Hence -

x
T == V

and therefore

s = A sin 211" (~ - ;'v)
Given the definition of the wave length A, we see at once that the
waves are propagated over a distance equal to Xduring the time T
in which the source performs one complete oscillation. Consequently

A = VT
and at the same time

s = A sin 211" (~ - ~)

In this equation we may consider both t and x as variables. If t
is given a fixed value, the function s = f(x) gives us the form
assumed by the string at the instant t in the rectangular coordinates
sand x. Obviously this form is a sinusoid, as is shown by Fig. 105.

If the value of x is fixed, the variable IS t and the equation
above becomes the equation of the _motion of that point on the
string which is at distance x from O. All the points at distance ~ or
kX (k = .±O, 1, 2, ...) complete motions that are identical even
in phase, as is readily demonstrated. .

304. In the preceding Section we considered a displacement s
of the various particles in a direction perpendicular to that of the
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string. When this happens, the vibration is said to be transversI.
The n'\!o directions may also coincide, and then the vibration is
called longitudinal; or they may form any angle between them, and
then the vibration can be decomposed into a longitudin~l and a
tl'ansverse vibration. We shall not tarry long over this topic, how
ever, because only transverse vibrations are of interest for our
purpose:.

In the preceding Section we considered each particle as execut- .
ing a simple harmonic and therefore rectilinear motion. But each

particle may also perform a uniform
circular motion in a plane perpen
dicular to the string (Fig. 106).
This case is quickly reduced, how
ever, . to that of two simultaneous
simple hannonic motions in quad
rature) whOse amplitudes a·re equal
and whose directions are perpen
dicular to each other and to the

FIG. 106. :ransverse wave circu- string (§ 299). If each particle
larly polarIZed ed · 11· • I ·mo¥ In an e Iptica trajectory
perpendicular to) theJ string, Ithe decomposition would lead to two
simple harmonic motions of different amplitude (§ 299)..

In general, whatever the periodic motion of any point on the
string may be, it can be developed in Fourier series, and thus will
be decomposed into a group of transverse simple hannonic motions,
and possibly into another group.oflongitudinal motions. In practice,
the vibrations with which we shall deal are complex in the general
case. To describe some simple cases, certain expressions have been
introduced.

When the points of the string execute a transverse simple har
monic motion, the resulting wave always lies in one plane and is said
to be linearly polarized in the plane perpendicular to the plane in
which the particles of the string move. When the motion of those
particles is transverse and either circular or elliptical, the wave is
said to be circularly or elliptically polarized.

So far as energy is concerned, for the propagation to occur, ob
viously energy must be supplied continuously. For if the particle
o is not kept moving by continuous external work, it surrenders
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its energy to the adjacent particles, and when it has exhausted its
energy, it stops moving. The wave is then confined within a brief
interval, called a wave train, which travels along the string. The
length of this wave train is measured by the number ofwave lengths
corresponding to the number of oscillations ~ompleted by the first
particle o. When this number is as big as you like, the waves are
called persistent. On the other hand, if the number is small, the
waves are termed damped. These last are of no interest to us.

305. The concepts set forth in the two preceding Sections may
be extended, with appropriate modifications, to the propagatiGI1 of
waves on a surface.

If a particle 0 is set in motion and kept moving, it transmits its
motion at the same time to a whole lot of other particles all around
it. Each of these does as much. Hence in any direction lying on the
surface (which we shall assume to be plane) and passing through
0, what happens is like what we found happening along a string.
Given symmetry around the point 0, when the surface under con
sideration is homogeneous, the waves assume the aspect of numer
ous concentric circles with center at 0 and continuollsly increasing
radius. A familiar example would be the rings generated by striking
the s~face of a liquid at rest.

The energy that is distributed along a circle later passes along a
circle of bigger radius and therefore is distributed among a larger
number of particles. Since the surface has been assumed to be
homogeneous, the number of particles distributed along a circum
ference is proportional to its length, or to the radius x. Conse
quently the energy of each particle is proportional to l/x. The
period. of oscillation is identical for all the points, and the particles
are all equal and hence ,of equal mass. Accordingly the motion's
amplitude, the square of which is proportional to the energy
(§ 302), must decrease as x .increases, according to the law-

CAt =-
X

where C stands for the squar~ of the amplitude of the motion of the
points ~whose distance from .the origin 0 is x = 1. For x = 0, how
ever, this la\v has no meaning.
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A similar analysis may be made for the case in which the point
o transmits its motion in three dimensions. If the medium in which
it is immersed is homogeneous and isotropic, concentric spherical
waves are propagated around the origin.

1'his extension is a bit too simple, however, and to be under
stood better would require a detailed examination of the case being
considered. Suppose a particle executes a linear simple harmonic
motion. In the surrounding space establish three rectangular co
ordinates x, y, z, with the z-axis running in the same direction as the
trajectory of the oscillating motion. Clearly, in every direction
lying in the xy plane transverse waves are propagated. But in the
direction of the z-axis there are only IOllgitudinal waves. In the
intermediate directions there ar~ complex motions, one component
being transverse and tIle other longitudinal.

As was pointed out in § 304, only transverse waves are of interest
to us. Hence we shall have to confine our discussion to waves
propagated in very small solid ang~es.

So far as the distribution of energy in the waves is conc~~<:l,

an argument similar to the one stated above shows .that the enerty
of the particles distributed over a spherical surface passes to the
particles of a subsequent spherical surface of bigger radius x. Since
the density of the particles is constant, their number is proportional
to the surface of the sphere and therefore to x 2• Hence the ampli
tude of the motion of the indi,,~idual particles diminishes according
to the relation

where.C is a constant equal to the square of the amplitude of the
motion of the particles whose distance from the origin is x = 1~

Hence is derived the lavv that in the propagation of spherical
waves the amplitude of the motion decreases in inverse proportion
to the distance from the source or, what aUlounts to the same thing,
in the propagation of spherical waves the energy of the motion
diminishes inversely as the square of the distance from the source.

306. In connectiOli. vvith the propagation of waves along a
string it was pointed out in § 303 that, except fot the phase, tller~
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is no kinematic diffetence between the motion of the source 0 and
the motion of any otiie-r particle P. Consequently a particle p' sub
sequent to P may be considered as being set in motion by a wave
whose source is in P. '

A similar argument may be repeated for the propagation of
waves over a surface. Every particle, once it has been set in motion
by the arri~al of a wave, becomes in turn a source of waves, almost
like the central source 0, because the' particle's motion is necessarily
transmitted to the adjacent particles.

As an example of such propagation, attention was called almost
three centuries ago to the way in which a fire spreads. The periphery

.....-. t'\' .....•........•..._ __ :r'

o. <

,,'

FIG. 107. Principle of secondary wavelets

of the burning area ejects sparks which, when hurled forward,
kindle local fires, each on its own account, just as the first spark had
done in starting the principal conflagration.

Yet the analogy between these new peripheral sources of waves
and the central source is not,as close as in the propagation of waves
along a string. For not only does the phase change, but also th~

amplitude (§ 305). Moreover, these peripheral sources must absorb
energy on the side-facing the central source and emit it only on the
opposite side, -whereas the point 0 receives energy from outside the
surface and emits it in all directions on the surface.

Therefore all the points of a circular wave around a SOUl'ce 0
have to be regarded as being in their turn sources of semicir(~ular

waves moving outward (Fig. 107). Choose a point P' outside the
circle and at a distance x' {rom o. The motion of pi may be tre~te,l

as resulting from the composition of the motions reaching the point
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P' from all the points vibrating, each on its own account, along the
arc MM' of the wave under discussion.

If the whole arc MM' is in operation, the effect on pI, as we
already know, is expressed by

I A'· 2 (t XI)s = Sin 1r T - X

where A' is an amplitude suitably different from the amplitude A
of the point 0, as was shown in § 305. But if the arc MM' is not
homogeneous, or if obstructions modify the progress of the waves,
the effect on P' must change and can no longer be represented by
the equatioll above.

The waves emitted by the individual elements P of the wave
under consideration may be called elementary or secondary wavelets.
The method just explained for detel'mining the motion of the point
pi is contained in the following rule. The motion in a point pI out
side a wave is the integral of all the motions generated in the point
individually by all tIle secondary wavelets emitted by the points of
the arc "MM'. This is the principle of secondary wavelets, which forms
the basis of the theory of wave propagation.

The i~ea of secondary wavelets has an obscure origin. It was
applied in the stud)T of mechanical waves, especially acoustical. But
in the field of visual waves it received at the hands of Christiaan
Huygens a remarkable geometrical interpretation, as a result of
\J\ihich it is" often called Huygens' .principle.

He noted that the individual secol1dary wavelets must be ex
tremely "'leak, and therefore cannot be felt at SOUle distance (on
account of the normal decrease in tlleir amplitude). Hence a wave
that can be detected even at very great distances must be viewed as
the joint effect of countless secon(iary wavelets. For Huygens, who
treated this sub.ject exclusively in a geometrical manner, the decisive
wave was the envelope of the secondary wavelets. 1'"'hus a wave would oe
perceptible only where a~ envelope was possible. For elsewhere, if
the individual secondary wavelets remained independent even
though mixed together, the total effect would be imperceptible.

From this mechanism Huygens derived very important conse
c-luences, which are still widely repeated nowadays because they are
simple intuitions. The concept of phase, however, was not explicidy
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introduced into this discussion, which is therefore not ez:1~ely

conclusive. In other words, no claim is made· that the conclusion is
rigorous. It is an intuition, confirmed later by more compl~te

calculations.
The formulation ,of the principle of the integration of the secondary

wavelets, as set forth above, is due, to Augustin Fresnel at the begin
ning of the nineteenth century.

To come closer to the experimental findings, we must regard the
secondary wavelets as semicircular rather than circular. We must

FIG. 108. Propagation of a circular
wave, according. to the principle of
the envelope of secondary wavelets

=
FlO. 109. Propagation of a plane wave,
according to the principI~of the envelope
of secondary wavelets

also recognize that in a semicircular wave the amplitude de
creases from a central maximum to zero at the two extremi
ties. Hence the maximum amplitude is found in the direction
in which the joint wave is propagated. To make this fact clear,
Fig. 107 shows the secondary wavelet thicker in the central portion
of its semicircumference.

When a source emits a wave that at a given instant reaches a
line all of whose points vibrate in phase, the line is called a wave
front.

The propagation of a circular wave as an envelope of second-ary
wavelets is schema:tically illustrated in Fig. 108, and Fig.. 109 does
the same for a plane wave.

The group of arguments and ideas presented above may be
extended to waves in space. Figs. 107, 108, and 109 are then inter-
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preted as sections of spherical or plane waves. The secondary wave-.
lets are, therefore, semispherical, and their amplitude decreases
'toward the circular rim, where it vanishes in that plane tangent to
the wave in which the elementary source lies. The wave front is
now a surface whose points are reached by a wave at the same
instant, and consequently vibrate iIi phase. The principle of the
secondary wavelets may be expressed in the following general form.
So far as concerns the effect exerted on an external point, sources
of waves inside a closed surface may be replaced by sources on the
surface.



CHAPTER IX

Reflection, R~fraction, and
Diffraction of Waves

307. In the preceding Chapter we examined the propagation of
waves along homogeneous and endless strings, over homogeneous
and unlimited ~urfaces, in homogeneous and unlimited media. Now
let us introduce a discontinuity in the progress of the waves. For
example, let us interrupt the string along which they are propa
gated, by leaving one end free or tying it to a support; let us put an
obstruction in the path of the waves propagated over a surface or
in a three-dimensional medium.

Begin with the case of an inte~upted string, tied ,to a support.
I ts last particle, being fixed, cannot move in response to the action
of the preceding particles. For this immobility to occur, however,
the support must react at every instant with a force equal and
opposite to that action. The support therefore exerts a force varying
sinusoidally. Hence ensues a harmonic motion, which is propa
gated along the string in the direction opposite to that from which
the original motion arrived at t4e support.

The arriving wave is called t~e incident wave; th.e one that turns
back is known as the reflected wav~. The phenomenon is termed re
flection of U'rZves by an obstruction. If this absorbed no energy, the
reflected wave would have the same amplitude as the incident
wave. Moreover, the periods- of both waves are obviously identical.

If the string is suspended from above and has its lower end free
so that it dangles, reflection still takes place. The last particle

321
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receives energy from its immediate neighb6r, and being unable to
pass this energy on to any subsequent 'particle, restores it to the
neighbor, thereby generating a new wave in the direction opposite
to that of the arriving wave. The new wave is a reflected wave,
which is the regular continuation of the incident wave.

On the other hand, if the end of the string is tied to a support,
the reflected wave is in opposite phase to that of the incident wave.
Everything happens as if half a wave length were lost (or gained)
in the reflection at the obstruction.

308. Let us turn to waves on a surface. Consider a rectilinear
wave front ABeD at the instant in which it touches a rectilinear
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FIG. t 10. Reflection of a plane wave by a plane mirror after a time t1

obstruction SS' at A (Fig. 110). Apply the principle of the envelope
of secondary wavelets in the manner explained by Huygens.

The point A is on the obstruction. Therefore its secondary wave
lets cannot push forward but must turn back, for energy reasons
similar to those set forth in § 307 with regard to strings. Hence after
a time tl, A has propagated circular waves of radius AA1 = Vtl, V
being the velocity of propagation of waves on the surface under
consideration. At the same time, points B, C, D . ,. . have emitted
secondary wavelets that have trayersed a distance

toward the obstruction. To locate the wave front after this interval
of time tt, we must trace the envelope of the secondary wavelets
that have been generated. .
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The point B 1 is on the obstruction. The envelope from B 1 to D,
is undoubtedly ,given by the straight line B1CIDl, as we saw in
§ 306 and Fig. 109. The remaining portion must be the envelope of
the secondary wavelets that have already been affected by the
obstruction. Since the wavelet leaving from A also forms part of the
envelope, the wave front is ob~ined by drawing the tangent from
B1 to the wave AI. In this way the remaining portion BIA l is found.
Consequently after the time tl the wave front is A1B1C1Dle The
portion AlB! is reflected, while the rest goes ahead to meet the
obstruction.

After a time t2 = 2t1, reckoned as starting from the instant in
which the wave front was at the position ABCD in Fig. 110, we get
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FIG. 111. Reflection of a plane wave by a plane mirror after a time's

a configuration like that shown in Fig. 111. The wavelets leaving
from the segment CD have as their envelope the front C2D". Those
leaving from the segment ABC, having been affec~ed by the pres
ence of the obstruction SS', give rise to the envelope A2B~C2, and
the following equivalents must be true:

AA:a = BB l + B 1B 2 = Get = DD2 = Vtt = 2Vtl

Then the waye front becomes A 2B 2C2D 2• ,'The portion A 2C2 is re
flected, while CJ)2 proceeds toward the obstruction. When the
wavelet emitted by D reaches the obstruction, the entire wave
front is reflected and advances as a whole in the new direction
perpendicular to the front.

The angle i, which the wave front ABeD makes with the ob
struction SS', is called the angle of incidence. The angle r, formed by
the reflected wave front and, the obstruction, is termed the anglt of
reflection. The two right triangles AA2C2 and ACe'}" with a common
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hypotenuse (AC2) and one side equal by construction (AA 2 = CC2)~

have their corresponding angles equal, so that

z = r

This is the law of reflection of waves on a surface. The law implies
that AA2 and CC2 are equal. But these two segments measure the
progress of the reflected and incident waves, respectively, in the
same interval of time. Hence the law of reflection asserts that the
incident and reflected waves are propagated with Pqual velocit)T.
Tllis equality is a necessary consequence of the fact that both waves

are propagated on the same sur
face, for the velocity ofpropagation
is a characteristic of the surface.

If the wave front is a curve, we·
repeat the foregoing analysis for
eacll element of the wave. We soon
reach the conclusion that at a .

FIG. 112. Law of reflection of waves given instant the wave ~ront re-
flected by a rectilinear obstruction

is the line symmetrical, with respect to the obstruction, to the line
that would have been the wave front at the same instflnt, had the
obstruction not been present. The same statement may of course be
made about a rectilinear wave (Fig. 112).

309. l"he identical construction may be repeated for plane
waves, or waves of any form, in a three-dimensional medium con
taining a plane surface of discontinuity. The results are similar. Not
only is the law i = r found to be valid, but considerations of sym
metry lead to the conclusion that the two angles must lie in parallel
planes.

Yet this construction is not rigorous. We need only notice that
no mention has been made of what happens at the edges of the
~nveloping zone, whereas the phenomen_a occurring there are far
froID negligible. But we need not discuss them now.

On the other hand, we should pay attention to a cOIlcept that
constitutes one of the basic rules of the wave mechanism. The ad
vance of waves is constant; in other words, whenever the source
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completes o~e vibration, the wave front must go forward one wave
length in all its elements. We shall see a remarkable application of
this principle in § 316.

The surface of discontinuity by which the waves are reflected
is called a mirror~· if it is plane, it is termed a plane mirror.

310. In examining the behavior of a wave incident upon a
spherical mirror, the following theorem is useful. Set up two rec
tangular coordinates x, y in a plane (Fig. 113). A circle tangent to

0: r---__---=- ---.:r~__.
..._- f - __ _ ..J

FIG. 113. Sagitta of an arc of a circle

the origin 0, with radius f and center F on the x-axis, is described
by the equation

(x - 1)2 + y2 = r
Take a small arc of this circle, the coordinates of the ends of the arc
being

D
y = ~ ~

By substituting in the previous equation we get

4A2 + D2
f = sa
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Provided that the arc is small enough, 4AI is negligible in compari
son with·D2. Hence we have the following approximations:

D2 D2
f = 8A A = 8f

which we shall employ extensively.

su. Now consider a concave spherical mirror MOM, with
radius of curvature r~ diameter D, and vertex 0 (Fig. 114). Let this
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FlO. 114. Reflection of a plane wave by a spherical mirror

mirror be struck by a plane wave coming from the point at infinity
on the axis OC, which we shall take to be the x-axis, with C as the
center of curvature. Starting from the moment when the mirror is
struck by the incident wave, every element of the mirror becomes a
center of secondary wavel~ts. In particular, the points M are the
first to einit wavelets, and 0 is the last. The time by which 0 lags
behind M in beginning to emit wavelets is exactly equal to the time
taken by the incident wave ~o traverse the distance TO = MT'.
Hence when 0 commences to emit wavelets, those emitted by M
have already traversed a distance MT" = MT' .
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The envelope of the reflected secondary wavelets is obviously
not.spherical. But it may be said to have a form possessing sym
metry of revolution around the axis DC. As a first approximation,
however. we may consider it spherical, and then we can determine
its radius of curvature f. The approximation consists of using the
equation given for fin § 310 and putting

MT' + MT" = 2MT' = A

By applying the last equation of § 310 to the section of the mirror,
we get

MT' = ~:

while for the reflected wave we have

D2 D2 r
f = SA =- 8 X 2MT' = "2

Therefore the reflected wave has its center at the midpoint F of the
segment DC. This point is called the focus of the spherical mirror.

Now suppose that S, the source of waves, is still on the axis, but
at a distance x > r from the vertex of the mirror MM (Fig. 115).
When M starts to vibrate, the incident wave is still at a distance TO
from O. But

TO = MT' - T'T'"

T"'O being an arc of a circle whose center is at the source Sand
whose radius is x. Using the equations of § 310 again, we have

MT' = ~T2 T'T'" = D2
8x

When 0 begins to vibrate, the wavelet reflected by M has already
traversed a distance MT" = TO. The reflected wave, which forms
the envelope of the secondary ·wavelets, is generally not spllerical.
Yet it possesses symmetry of revolution around the axis. VVe may
consider it as approximately spherical, with radills of curvature
x'. The A corresponding to x' is given by

D2
~ = 8x'
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Using our previous approximation, we may write

6 = MT' + J1T" = 2.tilT' -- T'T'"

and tileD, by substituting in this expression the values found above,
we have

1 1 2-+-=
X x' r

or
1 1 1-+ - =-
x x' f

This equation lends itself to a very simple geometrical interpreta
tion. The sum of the curvatures of the incident and reflected waves

5cS'
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F'IO. 115. Reflection of a spherical wave by a spherical-mirror

is ~onstant. If one curvature is zero, the other. has the value 1// and
is twice the curvature of the mirror.

This equation is valid in general, whatever the value of x may be.
In order to understand its operation better, however, let us make a
particular examination of the cases in which x ~ r.

When x = r, the source is at (1, the mirror's center of curvature.
Then the waves strike all points of the reflecting surface at the same
instant. Therefore the reflected waves are convergent spherical
waves with their center atC. In other words, the equation is appli
cable beeause

x = :t' = ,
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and therefore

When r > x > j, the mirror is struck by the wave at the point 0
first, and at the edge M last. This case too is illustrated in Fig. 115,
if the point S' is considered as the sour:ce. Then S becomes the
center of the reflected waves. This fact by itself is enough to- show
that the computations are identical with those just above, and that
therefore the final outcome is the same equation.

When x = f = i' we may return to Fig. 114 and consider the

point F as the source. Subject to the usual approximation, the wave
reflected by the mirror is plane. Hence this case is covered by the
equation under discussion.

When x < f, the reflected wave is convex; in other words, tht~

center of curvature lies on the negative side of the x-axis. The equa·
tion under discussion still holds good, provided.that the radius x' of
the reflected wave is given a negative sign.

312. The axis of a spherical mirror has little significance, since
any straight line passing through C, the center of curvature, has a
right to this name. It is nevertheless a common practice to con
sider the principal axis to be the straight line joining the center C
to the vertex 0, the center of the mirror's edge.

In this sense we may speak of a point source of waves being
situated outside the axis of a concave mirror. Let S be s~ch a source
at a distance y from the axis (Fig. 116). To find the center S' of the
reflected wave, extend the straight line SC until it meets the mirror
in- 0'. Clearly S' must lie on this straight line. For if we diaphragrit
the mirror so as to reduce it to a small disk with its center at 0',
then the ~traightline seo' is indeed the axis and S', t4e center of the
reflected waves, must lie on seo', as was shown in § 311. S' of
course keeps its position when the diaphragm. is taken away. .

Let y' be the distance of S' from the axis. Subject to the ~sual

approxilnations, the equation

y' x'- - =--
y ~
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holds true. To see this, we need only imagine the mirror so dia
phragmed as to be reduced to a tiny disk around o. The small
wa~es projected by S upon C? at angle a are reflected in the direction

,
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':y. ' ..

~ Xl --+
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FlO. 116. Reflection ofwav~ emitted by a point source not on the princi
pal axis of a spherical mirror

OS', which is inclined to the axis also at angle a, in accordance with
the law of reflection. But

y
--=tana

x

I

Y, = tan a
x

and the above equation follows immediately.

313. IJet us turn back to consider waves propagated along a
string that is neither the homogeneous and endless string of Chapter
VIII nor the homogeneous and limited string of § 307. Our present
string consists of two parts, differing in strtlcture and joined at a
point B (Fig. 117). Let the second part be endless in the other
difection.

. A wave leaves the source S and reaches the point B. There the
particle that constitutes the last element of the part SB transmits its
motion to the first element of the part Boo. The velocity of propa-
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-gation depends on the delay in the transmission of the motion from
.one particle to the next. This delay in turn depends on the elastic
connection between the particles or on the nature of the substance
of the. string. Hence the wave in the part B o:J generally has a
velocity V' different from the velocity V that it had in the part SR.
But the 'period of vibration T cannot change. For the particle at B
that serves as the source for the part Boo oscillates with the period
of the last particle of the part SB, namely, the period of the source S.
Therefore the period of oscillation cannot change at B, and conse
quently it cannot change at any other point on the string.

FlO", 117. Transmission of a wave along a nonhomogeneous string

This conclusion leads to the inference that the wave length A'
in the part Boo must be differe'nt from the wave length A in the
part SB. For, as we saw in § 303,

A = VT A' == V'T
and therefore

X'V'
1":= V

314. The question of the amplitude is more complex) because
it is bound up with energy factors.

Assume that the particle at B in the part SB has a greater mass
than the first particle of the part B <:lO • Since both these particles are
connectec;l, their motion cannot differ in amplitude. Hence all the
energy cannot pass. from the first particle to the second, and there
fore some of it must turn back (§ 307).

Now suppose that the ratio of the masses is reversed. The first
particle of the part B (Yj cannot tbe displaced through an amplitude
equal to the amplitude that the preceding particle would attain if
it wert unconstrained (in other words, the amplitude of the source
S) because not enough energy is available. Therefore the amplitude
of the motion in the part BtO must be smaller than the amplitude
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of the source S. Yet the last particle of the part SB cannot differ
in amplitude from the first particle of the 'part B Ctj, because they
are connected. Hence it follows that the last particle is, as it were,
constrained. This constraint invol~es a sinusoidal reaction; which
conveys a reflected wave from B toward S (§ 307).

We conclude then that at B not only is there a transmission of
waves from the part SB to the part Boo, but there must also be a
reflection of waves from B toward S. -

The mechanism explained above does not pretend to represent
the phenomenon completely. For real strings are not made up of
individual particles lying in a straight line and connected by elastic
forces, as we have supposed, but they have a much more compli
cated structure. Hence we shall limit our conclusions to the state
ments that this reflected wave must exist, and tllat it must be of
greater magnitude, the bigger the difference between the charac
teristics of the two pieces of string.

315. If waves propagated over a surface encounter a zone in
which the material structure of the surface is different from that of
the preceding zone, the velocity of propagation must change (§ 313).
Since the period of vibration remains unaltered, the wave length.
must vary in proportion to the velocity of propagation. The reasons
given in § 314 to explain why there must be a reflected wave along
strings apply also to the case of waves on a surface.

In addition, another very important phenomenon now mani
fests itself. In crossing the boundary line between the two zon~s of
different nature, the wave generally deviates from the direction in
which it originally advanced. This phenomenon, which is called
the refraction of waves, may be explained intuitively, in Huygens'
manner, by applying the principle of the envelope of secondary wave
lets, as was done for ~e reflection of waves on a surface (§ 308).

Consider once more a rectilinear wave front AB (Fig- 118). It is
advancing toward SS', the boundary line between two areas of
different nature. Assume SS' to be a straight line. Let us examine
the behavior of the secondary wavelets, starting from the instant
in which A, an extremity of the front, touches the line S8'.

The secondary wavelet whose center is B advances in an area
in which the velocity of propagation is V" After a time t) such that
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Vt = BB1) this wavelet reaches, the point B1 on SS'. During the
same period.of time t, the wavelet leaving from A advances in the
area of different nature. Consequently it has a different velocity
V', and traverses a distance AA1 = V't, which is different from BBl.

The new wave front must be the envelope of.all the secondary
wavelets formed in the space betw'een A and, B t • Hence the new
front must he tangent to the two circumferences whose centers are
A and B, and whose radii are AA1 and BEl, respectively. Therefore
the new wave front is the segment AIBI •

A

FIG. 118. Refraction of a plane wave by a plane surface

Its inclillation r to the line SS' is connected with the inclination
i of the incident wave front AB to the same line by the relation

sin i V
sinr= V/==n

as is deduced from the triangles ARB1 and AAtB1, in which

Vt V't
AB l == -.-. = -;t--sin t sin r

Hence the ratio of the sines of the angles i and r is a constant, de
pending only on the velocities with which waves are propagated on
the two areas. Sillce these velocities depend on the nature of the
substances bounded by the surfaces, n is a specific constant. The
name angle of incidence is given to i; angle of refraction, to r; refraction
of waves, to the phenOlnenon, and index ·of relrac.lion, to n. The
expression

sin i-.-- == nsin t"
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is the law of refraction. Many people call it Descartes' law, because
he was the first to publish it, in 1637; but its content, in somewhat
different form, had already been discovere~ by Snel.

When either the wave front or the bolindary line between the
two different areas is not rectilinear, the law is applied to the con
stituent .elements. There are, however, certain reservations to be
made, which we need not discuss in detail.

316. The argUments and conclusions of §§ 313-315 are readily
extended to the case of waves in space, when a wave front strikes a
surface of separation SS' between two media in which the wave is
propagated with different velocities. Fig. 118 may be viewed as a
section of such media, the section being made by a plane perpen
dicular to the wave and to the surface.

The usual reasons of symmetry require the angles i and r to be
in parallel planes. Therefore waves in space are likewise subject to
~he law of refraction in the form

sin i-.-=n
SIn r

For the sake of greater precision, n is called the refractive index of the
second medium with respect to the first medium. In practice it is also cus
tomary to talk about the refractive index of a substance. This is a
conventional way of speaking when the first medium is a vacuum.
The refractive index that is found in this way is described as
"absolute." ' .

The above law may be applied to elements when the wave front
or the surface of separation is curved.

In Fig. 118 the distance AA1 differs geometrically from BBl,
since

AA1 V't
BB1 = Vt

But, as we saw in § 313,
A' V'
X=V

Hence
AA1 BB1

V=T
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Thus if we measure by wave lengths, we discover that both dis-
tances A.A. l and BB1 contain exactly the same number of wave·
lencths. M~ver, this equality is a necessary consequence of the
way in which waves are propagated, and of the definition ofa wave
frOnt. The deviation undergone by a wave in crossing SS', the
sUrface of separation, may be otherwise expressed. We may say that
all the elements of the front must advance by one A whenever the
source completes one oscillation, that is, in the·time~.T.Hence the
front advances farther where the waves are longer. It can remain
parallel to itself (or undeviated) only when the 'waves keep the saine
length along the entire front, or undergo equal variations in every
eleinent of the front.

This last ease occurs when at the same instant all the elements
of the wave front cross a surface ofseparation that has the same form
as the front, and the incidence is perpendicular at every point.

To conclude this discussion, we should refer to the relation COD

necting the wave length, velocity of propagation, and index of
refraction. Consider two media, in the first of which the wave
length is X and the velocity of propagation is V, while in the second .
they are A' and V'. Ifn is the refractive index of the second medium
with respect to the first, we have

A V
A' =- pi == n

and therefore

x = nX' or A' = ~
n

317. Now consider a medium separated from a surrounding
medium by two plane surfaces inclined to each other at an angle a
(Fig. 119). If a third surface (which is generally plane) further
limits the two media so as to form three parallel edges, a prism
results. Let the subStance of which the prism is made have' a refrac
tive index n with respect to the medium outside. Let AB denote the
incident wave front, and A'B' the emergent wave front. Let X be
the wave length in the outside medium, and h' in the prism.

For the reasons indicated in the latter part of' 316, the broken
line AVA' must ~ontain the same number of waves as the line BB',
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since AB and A'B' are two successive fronts of the same wave.
But AVA' is entirely in the outside medium, and RB' is entirely in
the prism. Hence

AV + VA' BB'
A == X'

If n > 1, and therefore X > X', AV + VA' must also be greater
than BB'" In other words, the wave must be deviated; and the

B

FIG. 1t 9. Deviation of a plane wave by a prism

deviation must be away from the refratting edge V or toward the
base, the name given to BB'.

The angle 8, which the perpendicular to the incident wave
forms with the perpendicular to the emergent wave. is produced by
the refraction through the prism and is called the angle of deviation
of the wave. .

If n were less than 1, the deviation would clearly take place
toward the refracting edge rather than toward the base.

318. We saw in § 313 that the velocities with which waves are
propagated in various media are functions of the nature of these
me"dia; and when we were introduced in § 315 to the index ofrefrac
tion as the ratio between two velocities of propagation, we noti~ed

that it is a specific constant. But experience shows that it is also a
function of A; in other words, the velocity of propagation of a wave
motion in a medium generally varies as X-varies. This phenomenon
is called dispersion of the waves,· a name whose origin is to be sought
in the effect that the phenomenon has on the behavior of a prism.
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We learned in § 317 that a wave that passes through a prism
undergoes a deviation 8, but now we should inspect a little more
carefully the conditions in which this phenomenon occurs.

Assume that the incident wave is pure, i.e., that it consists of a
simple harmonic motion. Then it has a well-defined A in the out- ,
side medium, and also a well-defined "'A' inside the prism, the exact
relation between the two being

X' == ~
n

Hence there is a well-defined emergent wave, whose direction is
inclined to the direction of the incident wave in accordance with
the equation given in § 317:

AV + VA' BB'
A =-XT

or
AV + VA' == nBB'

Now assume that the incident wave consists of two sliglldy dif..
ferent waves, whose wave lengths are A and X + d'X. Each of these

FlO. 120. Dispersion of waves by a priam

waves behav~s qifferently ins~de th~_ prism, beca~se the refractive
index of the substance of which the prism is made is n for the first
wave and n + dn for the second. When the two waves emerge, they
travel in different directions, since each has been deviated differ
ently by the prism (Fig. 120). More precisely, if B~A' denotes the
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front of one emerging wave, and B'A" the wave front of the other,'
we may write an equation like the last one above:

AV + VA" = (n + dn)BB'

Subtracting these two equations, member by member, we get

VA" - VA' = dnBB'

Let D denote the average of the sections of the waves

BfA' + B'A"
D = 2 -

Let b stand for BB', the base of the prism, and do for the small angle
formed by the fronts of the two emerging waves. Then we may
write

since we are dealing with a very small angle. This equation is some
times used in the form

do b dn
dX = DtA

The first term is called the angular dispersion of the prism, while dn/tl:A
indicates the dispersion of the substance of which the prism is made.

319. Now let the two media be separated by a spherical surface
wlth radius r and center C. Let 0 be the vertex, OC the axis, and
D the diameter, as shown in Fig. 121. Let S, the source of waves,
be in the first medium on the axis OC and at a distance x from O.

When the wave reaches 0, that part of it that is at a distance
D/2 from the axis lags behind by a segment 01, which is given by
the last equation of § 310 as

At the same distance D /2 from the axis, the spherical surface and
the plane tangent to it at the vertex 0 have between them a seg-
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ment a, given by
DJ

a == 8r

Whilo the peripheral part of the wave is crossing the stretch at + a
in the first mediwn, the central part of the wave advances in the
seeond medium from 0 toward C over a space 8t . This stands in the

r\ I I~/~/_.. -~-_..
b 0.- -. ....~...... ,.

L._······~r1·.·-.~....:4,----
, ~---
t """

FIG. 121. Refraction of a spherical wave by a spherical surface

same ratio to a1 + aas the velocity V' in the second rrledium to the
velocity V in the first medium

82 V' 1a1 + a == v = n
Thus in the second medium a wave is propagated whose central
part no longer has the same lead over the peripheral part as it would
have if its velocity had not changed. Whatever may be the form
of the wave 'thus obtained (in any case it must have symmetry of
revolution around the axis) we may consider it spherical, with a
radius x' given by

D!
x' --- ,8(8 - 02)

si~ce the edge of the wave leads the paraxial part by ,a length of
exactly a - a2 e From t,he preceding equations we obtaJn at once

a- as = J _ 61 + 6 = (n - 1)6 - a1

n n
and therefore
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320. Now let the second medium Qe enclosed between twospheri
cal surfaces, whose radii are r1 and '2, respectively. Let these two
surfaces be so close to each other that d, the thickness of the medium,
is negligible in comparison with the other magnitudes in question
(Fig. 122). Let D be the diameter of the second medium, and n its

5

£ ••..•

o

,- -.-

~" ....

s'

FIG. 122. Refraction of a spherical wave by a converging lens

refractive index with respect to the first medium. This arrangement
constitutes a thin lens.

The last equation of § 310 gives us

D'
d1 =

8Tl"

and since

we get

d = D'(.! +..!.)
8 Tl rt

The system's axis of revolution is a straight line passing through
the centers of curvature of the two spherical surfaces under con
sideration. Let S, the source of waves, be on this axis at a distance
x from the system. When the wave touches the second medium at
o on the axis, at the edge it is still a distance 81 away from the pl~e
that is tangent at o. Then

D"
61 == 8x

Although the emerging wave front is generally not spherical, we
may consider it such, as a first approximation, and call its radius x'.
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At the instant when it elnerges from the second spherical surface
at the axis, at the edge it is already a distance 02 away franl the
plane that is tartgent to this surface at its central point. Then

D2
82 = 8x'

.According to the usual reasoning, in the time taken by the wave to
cover the distance d in the second medium, it must travel

in the first medium. Therefore, by the results obtained in tlle pre
ceding Sections,

or
81 + 82 = (n - l)d

Substituting in this expression the values given by the preceding
equations, we have at once

1 1 (1 1)- + -, == (n - 1) - + -
x x '1 '2

In particular, if x = co» the common practice is to replace x' by /.
Then

1, (1 1)- = (n - 1) - +-f . '1 r,
and therefore

It is not by accident that this last equation comes out identical
with the equation obtained in § 311 for the reflection of waves by
spherical surfaces. TIle reasoning in both cases is substantially the
same.

Because equations of this type are used very frequently, it has
been found convenient to define the vergence of a point with respect
to some standard of reference as the reciprocal of the distance x
between them. The vergence is usually denoted by the Greek letter
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tha~ corresponds to the English letter indicating the distance. Thus

~ =1 ~' = ~ ~ =]
Then the, above equation takes on the fo~

When' the meter is employed as the unit of length, the vergence is
expressed in diopters.

321. Now move the point S to a distance y from the axis of the
thin lens (Fig. 123). llle cembination consisting of the sour~e S',

,5
t
I I,
t " " lYI K.... _,______ ..... ,.... ;
t .K ---------___ ~
~ .- y~----- __~._-~-- :v~._--- .:-::. -::::::~

FIG. 123. Refractioll •• spherical wave Itya converging lens'when the
source is not on the axis -

the lens HOK.1, and the waves has lost the symmetry of revolution
that prevailed under the conditions of § 320. This complication may
be ignored; however, in our ~ffort at a first approximation. More
over, "'then the displacementy is small, the variations in the fann of
the waves emerging from the lens are inappreciable, so that these
waves may be considered to be still spherical.

Their center I' can no longer be on the axis of the lens. But it
must still be in the plane defined by the source and the axis, and
that is a plane of symmetry. In Fig. 123 y' is the distance from the
center of the emergent waves to the axis Sf. A mere line stands for
the lens HOle', since it is a thin lens whose thickness is negligible
in comparison with the other magnitudes in question. Of course a
lens with such a section cannot actually exist. For, as a result of the
mechanism explained in § 320, the change in the curvature of the
wave is due to the difference in thickness between the center of the
lens and its edge.. If anybody supposeQ that, just because the thick-
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I ness can be considered negligible, therefore he should with greater.
reason ignore the differences in the thickness, he would eliminate
the prip.cipal effect. -

Under the conditions illustrated in Fig. 123, draw a circumfer
ence with center S' and radius S'R, and another circumference with
center I' and radius ]'K'. Clearly HK represents the wave front
incident upon the lens at the moment when the wave touches the
lens at H, while H'K' represents the eqiergent wave front at the
instant when it leaves K' . Since these are two wave fronts, there
must always be the same number of A's between H and H' as be
tween K and K', because these two distances are always traversed
in the same tiine; that is, HH' = KK' = kX, if the lens is immersed
in a ho~ogeneous medium.

It follows at onco that y and y' must be on opposite sides of the
axis, a fact that can be indicated by giving them opposite signs.
Denote the angle S'OS by C{J, and the angle 1'01 by <p'. Since we are
dealing with' small angles, we ·have

,
tp == ~ = y~ . f1" = ?= y'~/

In our approximation the arcs HK and H'K' may be considered
straight lines. Hence we may write

KK' k'A I HH' k"A
VJ == HK' = D q> = HK' = D

where D is the~diameter of the lens. Consequently

and
y y'
x=Xi

If we take account of the signs, we may write

y' x'
----= .......

J x

This is the equation for the lateral magnification of a lens immersed in
a homogeneous ·medium. It too is identical with the equation for
curved mirrors (§ 312). '

322. Our equations for mirrors and lenses were derived under
rather special conditions, like those illustrated in the Figures that
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aided our computations in the preceding Sections. Yet actually
these equations are valid in the most diverse cases, both those of
converging lenses (which are thicker at the center than at the e~ge)
and div~Tging lenses (which are thicker at the edge than at the
center) as well as concave mirrors and convex mirrors.

The individual examination of all these cases offers no difficulty,
since the basic reasoning has already been set forth. The conclusion
is always the same, whether it concerns the relation between the
vergences or the lateral magnification. Differences are encountered
only in the sign to be given to the various magnitudes that appear
in these equations, such as x, x', !, T, y, y' (and possibly t, ~', f(J).

The equations have general validity when f (and cp) are taken
as positive for concave mirrors and converging lenses .(which are
.also called positive) and as Ilegarive for convex mirrors and diverging
lenses (which are also called negative). Starting from the mirror or
lens and pr«)ceeding toward the source, the measurement of x
(and ~) is positive in the direction opposite to that in which the
waves are propagated. Starting again from the mirror or lens, the
measurement of x' (and ~/) is positive in the same direction as that
in which tIle waves are propagated. The measurement of y and y'
is positive on one side of the axis, and negative on the opposite side.
The rule given for f holds also for T, the radius of curvature of
mirrors. For the radii of the surfaces of lenses, suitable conventions
are adopted to make f confonn to the same rule.

In this discussion many tenns occur"thai have a distinctively
optical meaning. Examples are mirror, lens, and prism; we may
add f = foca.l length, <p = power and also magnification, reflec
tion, refraction, dispersion, etc. These expressions came into use for
the first time in the study of the visual waves, and only for this
reason do they have a traditionally optical character. But there is
nothing exclusively optical about them. They refer to properties and
phenomena characteristic of all wave propagations. Thus, people
talk about acoustical mirrors, acoustical lenses,.acoustica.l ~ec
tion, refraction and d~spersion, etc.

These properties and phenomena have been examined in this
Appendix, I should again like to make clear, as a study of what
may be Galled general wave motion" which is applicable also to
optics. But to make this application, the eye must be brought into



REFLECTION, REFRACTION, DIFFRACTION OF WAVES 345

play. That is exactly what I tried to do in the Chapt~rs concerning
the "science of vision."

323. What was said in § 322 may with greater force be re
peated for the group of phenomena known as diffraction. Many
people regard these phenomena as typically optical, whereas they
are in fact common to wave motions bf any sort. They occur when
ever a wave front is limited by a diaphragm or interrupted by an
obstruction.

-----...:~f .
FlO. 124. Convergent spherical wave pauing through a diaphragm

As phenomena, they are very complex. To study them with
utmost rigor requires a rather intricate mathematical treatment.
This is justifiable in a work intended to verify the correspondence
between theory an~ experiment. But it would be inappropriate in
a place such as this, whose purpose is only to offer, a rapid and sim
ple demonstration of the wave phenomena used in the earlier
Chapters.

Accordingly, of the many diffraction phenomena known today,
I shall confine myself here to analyzing only Qne. Moreover, I shall
employ a very elementary method. The results to which it leads
disagree with those obtained by more accurate investigations only
in some minor differences in the numerical coefficients. The reason-
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ing that I shall set forth allows the development of the phenomenon
to be followed readily, so that the reader can understand its true
nature.

, The quickest way to reach the conclusions of interest to us is to
analyze the behavior of waves on a surface, when an obstruction
with an aperture of-width D is placed in their path. To take up at
once·;the case to which I said I pianned to restrict this discussion, I
assunle that the wave is convergent and that its center C is situated
on the axis of the aperture BB' (Fig. 124). Hence the wave front
reaches the points Band B' at the same instant. The point V, at the
center of the arc BB', is the vertex of the wave. Its radius of curva
ture is the distance VC = f.

324. What happens behin.d a diaphragm that limits the aper
ture of a wave front is studied by developing a concept explained' in

FIG. '125. Calculating the intensity of vibration at the center of a con
vergent spherical wave

§ 306. It was there summarized in the rule that the motion in a
point outside a wave is the integraf of all the motions generated
individually in the point by all the secondary wavelets emitted by
the points of the wave front.
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Begin with the point C (Fig. 125). By definition, the points of a
wave front vibrate in phase. Hence the individual vibrations sent
by ea~h of them to C must all be in phase, because C is equidistant
from them all. These vibrations, therefore, giv~ rise to a vibration
whose amplitude is the arithmetical sum of the amplitudes of the
secondary vibrations (§ 298). This sum is an absolute maximUln.

Now consider another point P, situated on PC, which is perpen
dicular to the axis of the diaphragm (Fig. 126a.) P is chosen so that
the distance PB is less than PB' by exactly one X. We must sum all
the motions that are produced at the point f by the individual
secondary wavelets. This sum is easily shown to be zero.

Draw the arc BB" with its center at P. The segme~t B'B" is
exactly equal to A, and the segment VV' equals X/2. Since VP dif
fers from BP by X/Z, B and V as centers of secondary wavelets send
vibrations in opposite phase to P. If the amplitude is constant on the
wave front, the sum of these two secondary vibrations is zero (§ 298).

Moreover, for every elementary source on the arc BV there is a
corresponding source on the arc VB' such that the two vibrations
sent by them to P are in opposite phase, and therefore yield a sum
of zero. Consequently the total sum is zero. As a result, the point P
remains at rest.

325. The conclusions reached thus far' (maximum movement
in C and no movement in P) are quite obvious. Less obvious are the
conclusions reached when we consider other points on PC.

For instance3 take 'a point P at such a distance from C that
PB' - PB = 'AIZ' (Fig. 126b). The vibr~tion that reaches P from
B' is in opposite phase to the vibration arriving from B, and their
sum is zero. But the sum of the other vibrations at P is certainly not
zero, because there are no other pairs of vibrations in opposite
phase.

Now move the point P a little farther away from C (Fig. 126c).
The secondary vibration arriving from At is in opposition to that
coming from B, and all the vibrations from points on the front BAs
encounter others in oppositiori that come from the points on the
front AlB', so that the- sum of all these is. zero. But the vibrations
coming from the front A1A~ have no counterpart and yield a sum
other than zero. This sum Ut smaller, however, than that accumu-
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a

b

FIG. 126. Calculating th~ intensity of vibration at a point
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FIG. 126. (Continued)

lated at the position of P in Fig. 126b, and decreases as Precedes
from C to approach the posit.ion shown in Fig. 126a.

We conclude, then, with regard to points on th~ perpendicular
to the axis at C, that as they withdraw from C, their motion steadily
drops from a maximum at C to zero at the position illustrated in
Fig. 126a. This diminution of course occurs whether P is on one
side of the axis or the other.

Continue to move the poirit P farther away from the axis, until
it reaches the position defined by the difference

PB' - PB = 3 X/2

Fig. 126d show-s at a glance how to proceed in this case. With center
at P, draw three arcs:.BB" with radius PB, a second arc with radius
PB + A/2, and the third with radi\lS PB + A. A cOlnpariS<?n with
Fig. 126a $ho"",,,s that the sum of the effects' produced at P"by the
elem~.ntary~SOLl.rces distributed over the arc AlB' is zero. But the
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sum of the effectS produced at P by- the elementary sources of the
front BA1 is otller than zero. Ther.efore P is again i!1 motion. But its
motion is no longer like that which it .had when it was in po~itions

close to C, because now the effective' front is reduced to a third.
Fig. 126e is very explicit. When P is so far away from' C that

PB' - PB = 4 X/2

the sum of the actions at P is zero. And so the cycle repeats itself.

326. We have seen that there is an absolute maximum of
motion at the point C on the axis. On the perpendicular to the axis
at C, at points such that

PB' - PB = 2k>../2 (k = ± 1, 2, 3, . . .)

the resultant motion is zero. But at intermediate points there is a

FIG. 127. Distribution curve of the intensity of vibration around the
center of a converg~t spherical wave

vibratory motion whose amplitude is other than zero and attains
secondary maxima at points defined by

PB' - PB :.0: (2k + 1) X/2 (k = ±1, 2, 3, ...)

'Illis phenonlcnon may be illustrated graphically by assigning the
distances PC to the abscissas, and to the ordinates the values of the
arnplitude of the motion 'at the corresponding point P (Fig. 127).
fhe curve thus obtained represents the distribution of the motion
.-tround C, the wave's center of curvature, and may be called the
cU1"ve of the centric.-
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327. In this connection we may write several ~quations that
are extensively applied. Fig. 128 generalizes the conditions dis
cussed in §§ 324-326. The distance of P from C is denoted by rj the
distance B'E" is equated with kX; the angle formed by PV' with the
axis is indicated by 'Y, which is taken to be equal to the angle formed
by the two arcs BB' and BB" , considered as straight lines; the

v

o
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P-y
I I
J r
I

c

FIG. 128. Calculating the fundamental elenlents of the distribution curve
shown in Fig. 127

distance from C to the diaphragm is designated by f; and D stands
for the width of the aperture. The following relations are obvious:

T leA
1'==-=-f D

Hence

r = k ~f
D

Of all the values. of " the most interesting is that connected with
the first minimum, as illustrated in Fig. 126a. The following equa
tions correspond to this value

A
"Y = -D

·x
T =!-f

D
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328. The extension of the foregoing results to ""aves in space
would not be simple if we wished to proceed with the greatest
possible rigor. We should have to ~onsider a spherical wave front,
limited by a di~phragm with an aperture. 1'hcn we should have to
gp on to integrate the secondary wavelets at any point beyond the
diaphragm. This can be done by means of irltegral calculus, when
the hole in the diaphragm has a regular edge (circular, square,
rectangular, or the like).

But SUCll precise and intricate work is, in my opinion, not justi
fiable in this book. I shall instead confine myself to carr)ring over
the conclusions utilize<.1 ill previous Chapters.

When the hole in the diaphragm has a circular edge, and the
center of the spherical wave lies on the axis of the hole, the results
already obtained may be repeated for every section made by passing
a plane through the axis and through a diameter of the hole. In
other words, the constructions illustrated in Figs. 125--128 can be
rotated around CV, the axis of the diaphragm.

'Then in the plane passing through G' at right angles to the axis,
the motion of the points presents an absolute maximUlTI of ampli
tude in C, and drops steadily down to a circle, in whose points the
amplitude is zero. The radius r of this circle is given by

r = 1.22>./
D

and at ·V, the center of the diaphragm, it subtends the angle

1.22/\
'Y =J)

This circle encloses what is called the central disk of the centric. Out
side the circle we find a ring of motion, and then another circum
ference of points at rest; then another ring of points in motion, and
another circumference of points at rest, alld so forth. The ampli
tude of the motion as distributed along a diameter is shown by the
curve in Fig. 127.
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