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PREFACE

Tsuneo Arakawa, an eminent researcher in modular forms in several vari-
ables and zeta functions, passed away suddenly on October 3, 2003 by rup-
ture of a cerebral aneurysm. This is the proceedings of the “Conference on
Automorphic Forms and Zeta Functions” in memory of Tsuneo Arakawa,
which was held at Rikkyo University, Tokyo, on September 4-7, 2004. This
volume is dedicated to his memory. Most of the papers are based on the
lectures given at the conference. Some of the authors, such as Don Zagier
and Aloys Krieg, who could not take part in the conference, contributed
their papers at our solicitation.

Arakawa’s works are reviewed mainly in the first article of this volume.
The articles of S. Hayashida and H. Narita may also serve as reviews of
Arakawa’s achievements on skew holomorphic Jacobi forms and automor-
phic forms on Sp(1, q), respectively, since they report new results of their
own obtained on the basis of Arakawa’s results. Many of the other papers
are also more or less related to Arakawa’s works. The example most notable
in this respect is the article of Ibukiyama and Katsurada. The Koecher-
Maass type Dirichlet series considered in that paper was first introduced
by Arakawa almost 30 years ago, and attracted attention only very recently.
We believe that this collection of papers illustrates both the fruitfulness of
Arakawa'’s works and current trends in modular forms in several variables
and related zeta functions.

"The conference was supported financially by the Grant in Aid for Sci-
entific Research from JSPS (Japan Society of Promotion of Science) (B)
No. 16340012 (Principal Researcher F. Sato) and partly by the same JSPS
Grant (A) No. 13304002 (Principal Researcher T. Ibukiyama). We thank
JSPS for the support. We also thank all the speakers at the conference and
the more than 100 participants.

September, 2005 The Editors:
Siegfried Bocherer (Universitsit Mannheim)
Tomoyoshi Ibukiyama  (Osaka University)
Masanobu Kaneko {Kyushu University)
Fumihiro Sato {Rikkyo University)
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TSUNEO ARAKAWA AND HIS WORKS

1. Tsuneo Arakawa (1949 — 2003)

Tsuneo Arakawa was born on April 14, 1949 in Yokohama, Japan. In March
1968, he graduated from the senior high school at Komaba that is affiliated
with the Tokyo University of Education (currently University of Tsukuba).
He then entered the University of Tokyo. There he finished his bachelor’s
degree as a mathematics major in 1973 and stayed there for his gradu-
ate study. He specialized in Siegel modular forms under the supervision of
Yasutaka Ihara. In 1975 he completed his master’s thesis, which was later
published as [3], and obtained his master’s degree. Then immediately he
was appointed as a lecturer at the Department of Mathematics, Rikkyo
University. He was promoted to the rank of assistant professor in 1984, to
associate professor in 1986 and then to professor in 1993. He remained there
till his untimely death in 2003. He was awarded the doctorate of science
from the University of Tokyo in 1982 for his work on the analytic con-
tinuation of the Koecher-Maa$ zeta functions. In 1978 he married Miyuki
Makiyama and later they had two children.

His first mathematical achievement after his appointment at Rikkyo was
the analytic continuation and the determination of the principal part of the
Koecher-Maafl zeta functions ({2], [11]). Some of us still remember the day
when he reported this result at the Algebra Colloquium of the University of
Tokyo. The audience was awed by the great skill with which he carried out
the computation, which seemed quite complicated to them. It is well known
that Professor Klingen devoted the final chapter of his book Introductory
lectures on Siegel modular forms, which is a standard reference in the field,
to this fundamental result. With this result Arakawa established himself
as a member of the group of mathematicians at the forefront of work on
modular forms of several variables.

From January 1980 to March 1981 he stayed in Bonn as a visiting mem-
ber of the SFB Theoretische Mathematik of Bonn University, which later
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became the Max-Planck-Institut fiir Mathematik. His second long term stay
in Germany was from April 1988 to March 1990, first in Géttingen as a vis-
iting member of SFB 170 and then in Bonn at the Max-Planck-Institut. He
enjoyed his several short term visits to Germany, especially to Oberwolfach
and Mannheim.

Through his graduate study he became familiar with the works of Ger-
man mathematicians such as Siegel and MaaB. In fact, the first paper his
advisor suggested that he study was Siegel’s famous paper “Einfiihrung in
die Theorie der Modulfunktionen n-ten Grades”. His mathematics follows
the tradition of German mathematics. Through his stays in Germany he
became acquainted with most of the German mathematicians working in
the field. The friendships he nurtured with them are clearly reflected in this
memorial volume.

Another mathematician who was quite influential to him was Takuro
Shintani, who was an assistant professor at the University of Tokyo when
Arakawa was a graduate student. One can see Shintani’s influence on him
in many of his research papers. One of the notable features of Shintani’s
works was that he reached the deepest mathematical truth through hard but
skillful computations. Arakawa’s works share this feature with Shintani’s.

As is seen from the list of publications at the end of this article, his
works are approximately classified into three subjects:

(1) Siegel modular forms and Jacobi forms,
(2) Selberg zeta functions, and
(3) special values of zeta and L-functions.

His achievements in each subject will be reviewed in each of the following
sections.

He was very modest and generous. The articles of Hayashida and Narita
in this volume clearly show his generosity in sharing his ideas with young
mathematicians. He was also very kind to the students in his classes. He
carefully prepared his lectures and he was willing to help his students,
spending much time outside the classroom. They appreciated his generosity
immensely.

We were deeply dismayed by the news of his abrupt death on October 3,
2003, only a short time after he talked to us at the beginning of the winter
semester about his future plans. His death was a great loss for mathematics
and for all of us who knew him.

The Editors
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2. Arakawa’s works on Siegel and Jacobi modular forms

Arakawa worked widely in the area of modular forms :

(i) Dirichlet series associated with modular forms: (1], [2], [6], [11], [21],
[25], [26].
(i) Dimension formula for modular forms: (3], (4], (7], [12], [14], {15]
(iif) Jacobi forms: [13], [19], [21], [17], [20], [24], [28].

(i) Koecher introduced Dirichlet series corresponding to holomorphic
Siegel modular forms and Maass obtained their analytic continuations and
functional equations using the method of invariant differential operators.
The Dirichlet series are now called the Koecher-Maass series.

In his first paper [1], Arakawa investigated several Dirichlet series related
to the Fourier coefficients of the Eisenstein series on the Siegel upper half-
plane, which can be viewed as an analogue of the Koecher-Maass series
for the real analytic Siegel Eisenstein series (cf. the article of Ibukiyama
and Katsurada in this volume). He proved their analytic continuations and
functional equations using Shintani’s method and results on zeta functions
associated with quadratic forms.

Arakawa investigated the Koecher-Maass series for holomorphic forms
very precisely and gave residue formulas. In [2], he treated the case of Siegel
modular forms of level one. His method is based on the Klingen Eisenstein
series and the structure theorem of the space of Siegel modular forms. In the
Procceeding of Taniguchi Symposium in Katata 1983, Klingen suggested
the probelm to prove the theorem without help of Klingen Eisenstein series.
Arakawa’s first proof, which was different from the one in [2], of the residue
formula meeted the demand of this problem. He published it later in [11]
and extended the residue formulas to the case of Siegel modular forms
with arbitrary level. Furthermore he obtained explicit functional equations
and residue formulas for Epstein-Koecher zeta functions. After 8 years,
Arakawa returned to this theme again in [21]. He introduced Koecher-Maass
series for a Jacobi form of degree n, weight k£ and index S and obtained
a meromorphic continuation and a functional equation following Maass’
original method. Moreover under the assumption on the maximality of S,
he gave the residue formula.

Arakawa was also interested in L-functions associated with Hecke eigen
modular forms. In [6], along the lines of Andrianov, he succeeded to obtain
analytic continuations and functional equations of the spinor L-functions
associated with vector-valued Siegel modular forms of degree two (under a
certain technical assumption on Fourier coefficients). He also considered the
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spinor L-function associated with automorphic forms on Sp(1, 1) belonging
to a non-holomophic discrete series (unpublished work).

In [25], Arakawa constructed Saito-Kurokawa lifting from cusp forms of
weight £ — 1/2 (k is an odd positive integer) and level 4 to Siegel mod-
ular forms of weight k and level 4 with non-trivial character. He used
the method of Duke-Imomoglu, the converse theorem of Imai and some
results of Katok-Sarnak. He also gave another construction of the lifting
by means of Eichler-Zagier, where Jacobi forms were effectively used. In
[26], Arakawa, Makino and Sato extended Imai's converse theorem to non-
cuspidal case. Consequently, another proof of the Saito-Kurokawa lifting
for not necessarily cuspidal Siegel modular forms was given.

(ii) In [3], Arakawa gave explicit dimension formulas of the spaces of
cusp forms on the Siegel upper half-plane of degree two with respect to
some arithmetic groups having only zero dimensional cusps. Such groups
are defined from quaternion unitary groups of degree two. The same re-
sults had been obtained by Yamaguchi by a different method (using the
Hirzeburch-Riemann-Roch theorem). His calculation is based on the Sel-
berg trace formula.

He wrote two papers [4] and [7] on dimension formulas of certain non-
holomorphic cusp forms on Sp(1,q) (cf. Narita’s article in this volume).

The papers [12], [14], [15] treat Selberg zeta functions and dimension
formulas of lower weights. The results in these papers will be discussed in
the next section.

(iii) In [13], real analytic Jacobi Eisenstein series Ex . ((T, 2), s) of weight
k and index m with respect to the Jacobi group were studied. These coincide
with the holomorphic Jacobi Eisenstein series introduced by Eichler-Zagier
at s = (k — 1/2)/2. Arakawa proved that Eyx »({7,z),s) was analytically
continued to a meromorphic function in the whole s-plane and satisfied a
functional equation between s and 1 — s.

Calculating Rankin-Selberg convolution of Siegel Eisenstein series and
Siegel cusp forms was developed by Garrett and Bocherer. It was a power-
ful technique for investigating Siegel modular forms and their L-functions.
In [19], Arakawa showed that this technique was applicable to the case of
Jacobi forms of degree n. He established Garrett-Bécherer decomposition
of real analytic Jacobi Eisenstein series and obtained an integral represen-
tation of the standard L-function of a Hecke eigen Jacobi cusp form.

In [17]) and [20], Arakawa studied Siegel formula for Jacobi forms. Let S
be a fixed positive definite half-integral symmetric matrix of size {. Denote
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by Symy, (S : Z)* the set of positive definite half-integral symmetric
matrices with lower right ! X | submatrix S. Then

oo~ {(23)

acts on Symj .,(S : Z)* naturally. He introduced the notion of S-calss
and S-genus through this action. Each S-genus consits of finitely many
S-classes. Assume that m > n and let @ € Sym;, (S : Z)* and
T € Sym;,, (S : Z)*. Denote by A(Q,T) the number of solutions of = =

(zil’) (1131 € Mm,n(z)11‘2 S Ml,n(z)) of the equation Q[<ﬂ71 0 )1 _

Let Q1,...,Qy be a complete set of representatives of the S-classes in the
S-gunus of Q. Then Arakawa proved the “arithmetic Siegel formula”

(Z B )(ZE@) —lzsl;[av(Q,T

Here E(Q;) = #0(Q;)NBm(Z), a(Q, T) are local densities and e = 1 or
1/2. As in the original case, this can be reformulated to the “analytic Siegel
formula”. He proved that the Jacobi Eisenstein seies coincided with a finite
linear sum of theta sereis. In [20], Arakawa obtained a Minkowski-Siegel
formula (mass formula) for Q € Symy ,,(1,Z)* when det (2Q) = 1.

. Jacobi forms of weight k give rise to modular forms of weight k& by
restriction z = 0. More generally, Eichler-Zagier defined a linear mapping
D, 1 Jk1(To(N),x) — M4 (To(N),x) by using differential operators.
Arakawa and Bocherer investigated the kernel of Dy precisely in [24] and
[28]. First they showed that Ker Dy was isomorphic to My_;(To(N), x),
where w is the character of SLy(Z) occuring in the transformation law of
n8. Second, they characterized Dy(Ker Do) in terms of vanishing orders
at cusps. In [28], they showed that the restriction map Jy;(T's(N)) —
M;(To{N)) was injective for any square free N (This was first observed by
Kramer for prime levels). As an application of their results, a conjecture of
Hashimoto on theta series was proved.

a € SLn(Z), z€ Ml,m(Z)}

Takashi Sugano (Kanazawa University)

3. Arakawa’s works on Selberg zeta functions

3.1. Tsuneo Arakawa wrote several articles with focus on the relation
between the dimension of the space of various automorphic forms and the
vanishing order of Selberg zeta functions. In this review, we will pick up
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some of his results and will give a general framework in which we can
understand Arakawa’s achievements more clearly. The topics we will discuss
in this section are the followings. Let Sk(T', x) be the space of the cusp forms
of weight k with respect to a subgroup I' of SLy(Z) of finite index with a
finite dimensional unitary representation (or a finite dimensional unitary
multiplier system) x. On the other hand let Zr(s,x) be the Selberg zeta
function defined by

Zes, )= [I I det @ =x(N@—™)

{+}try>0m=0

where [ {7} ,try>0 is the product over the primitive hyperbolic I'-conjugacy
classes of positive trace. Here we assume that I' contains —15. Then the
first result of Arakawa’s which we will discuss is

Theorem 3.1. ([12])
dim S (T, x) = ordees Zo(s, x) + ditm x - voT\G) - i + [elliptic] + [parabolid],
and

dim 8y (T', x) = %Ords=1/2 Zr(s, x) + [elliptic] + [parabolic]

where [elliptic] and [parabolic] are terms coming from the elliptic conjugacy
classes and the parabolic conjugacy classes respectively.

Here G = SLy(R) and vol(T\G) is the volume of the quotient space
T'\G with respect to the Haar measure on G which induces the G-invariant

measure
1 dzdy
w y?

(z+V-1y € %) 1)

on the complex upper half plane $) (the Haar measure on the maximal
compact subgroup K = SO(2) is normalized so that the volume of K is
equal to 1).

We will also discuss the dimension of the space of Jacobi forms. Let S be
a positive definite half-integral matrix of odd size ! and Jj s(I') the space
of the Jacobi forms of weight k and index S with respect to I' = SLo(Z).
On the other hand the transformation formula of the theta series

Psr(z,w) = Z e(z-Slg+r]+25(g+rw) (z€H,we (Cl) (2)
qeZ!

(r € (28)71Z!/Z') with respect to T' produces a multiplier system x which
is canonically decomposed into two sub-multiplier system x. (see §3.5 for
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the precise definition). Here e(t) = exp(2rv/-1t) and S(X,Y) = XS'Y
and S[X] = §(X, X) as usual. Then the Selberg zeta function Zr s(s) is
defined by

Zrse(s)=  JI I det(t-xetnNem=—).

{7} tr()>0m=0

Then Arakawa gives the following dimension formula;

Theorem 3.2. ([14], [15])

. 1
dim J(";f;’)/z,s(r) = ordy=3/4Zr,s,c(s)+dim Xs-vol(l"\G)-—8-+[elliptic]+[pambolic],

and
dim J(41)/2,5(T) = ord=3/42r,s,—¢(5)
with

1 I=1 (mod4)

e=(-1)/2 = .
-1 1=3 (mod4)

Here J&’fg) /2, g(I') denotes the space of cuspidal Jacobi forms and [elliptic]
and [parabolic] are the contributions from the elliptic conjugacy classes and

the parebolic conjugacy classes of T' respectively.

Actually, as we will see in §3.5, the space of Jacobi forms appearing in
the theorem above are closely related with the space of the cusp forms of
weight 3/2 or 1/2 with respect to I with multiplier system x.. So these
results (Theorem 3.1 and Theorem 3.2) of Arakawa’s are to give dimension
formulae of the space of the cusp forms of low weight by means of the
Selberg zeta functions.

In the proof of these results, Arakawa used Fischer’s Selberg trace for-
mula [F] which involves multiplier systems. In the rest of this section, we
will review these results from representation theoretic point of view using
a standard trace formula.

3.2. Let us start with an abstract trace formula. Let G be a locally com-
pact unimodular group, I a discrete subgroup of G, x a finite dimensional
unitary representation of I'. For the sake of simplicity, we will assume that
T\G is compact. Let us denote by 7 the unitarily induced representation
IndSy of G. Taking a f € L(G) such that nf(f) is trace class operator,
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we have a trace formula

Z m(m, nf)trw(f) = dim x - vol(T\G) - f(1)

neé'

+ tr x(7)vol(T4\Go) - fz™yz)di.  (3)
{'réﬂ- = T /G”'\G

Here G denotes the set of the unitary equivalence classes of the irreducible
unitary representations of G and m(m,nX) denotes the multiplicity of =
in 7% which is finite because I'\G is compact. 3¢y . is the summation
over the non-trivial conjugacy classes of I. G, denotes the centralizer in
GofyeT and I'y, =T NG,. Since T\G is compact, the centralizer G is
unimodular, and G,\G has a right G-invariant measure dz.

Now let K be a compact subgroup of G and § an irreducible unitary
representation of K such that m(é,7|x) < oo for all 7 € G (for example,
if G is a connected semi-simple real Lie group of finite center and K a
maximal compact subgroup of G, then m(é, 7| x) < dimé for all § € K and
7 € G). Let us denote by @(5) the set of 7 € G such that m(d,7|g) >0
which we will call the class-§ representations of G. Assume that f € L1(G)
satisfies the conditions

(1) K-central, that is, f(k~1zk) = f(z) for all k € K,
(2) esxf = f, where es(k) = dim§-tr §(k~—!) and * denotes the convolution
product over K.

Then we have tr 7(f) = 0 for all non-class-d representations 7. So, putting
such f in the abstract trace formula (3), we will pick up only the class-§
representations on the left hand side of the trace formula which we will call
the class-d trace formula.

c d
(vV=1le+ d)™ with n € Z. Let T’ be a discrete subgroup of G. For the sake
of simplicity, we assume that I" is torsion-free and I'\G is compact. The
unitary dual of SL2(R) consists of the following representations:

3.3. Now let G = SL2(R), K = SO(2) and 4, € K such that o [d _C] =
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™ | |k | A(m) | name
7% (s € /-1R) @ o s/2 principal series
le2z
e (0#s€+/-1R) @ 0 s/2
l€2Z+1
7r_1|_’° @ & 0 limit of discrete se-
1€2Z+41,1>0 ries
7t D a| o
1€2Z+1,1<0
-1
mn (l<n€z) @ Sntal n—2— holomorphic
0<ieZ discrete series
-1
mm (-1>n€Z) @ On—2 Mé— anti-holomorphic
o0<leZ discrete series
@ (0<o<1) EB 2y /2 complementary se-
lez ries
1 do 1/2 trivial
representation

Let Q be the Casimir element of the Lie algebra s{3(R) of SL2(R). Then, for
any m € G, the operator m(Q) = % (M(m)? — 1) is a scalar multiplication.
The formal degree of a discrete series representation m, € G (n€Z|n>1)
is (|n| — 1)/4 if the Haar measure on G is fixed so that it induces the G-
invariant measure on §) = G/K given by (1). The square-integrable repre-
sentation 7, is integrable if and only if |n| > 2. Now the Plancherel formula

gives

FWy =" de 'tr7r(f)+$ > /Rtm“\/-_”(f) iy (T)dr

rely J=0,1

for f € L}(G) satisfying a suitable growth condition. Here Gy is the subset
of G consisting of the discrete series and d is the formal degree of 7 € Gg.
The density function u;(r) is given by

m-tanh(zr) :j=0
pi(r) = S
m-coth{mr) :j=1

Ifre @d is integrable, then we have the multiplicity formula

m(n, m%) = dim x - vol(T'\G) - d.
T
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Then, for an f € L!(G) which is K-central and es, * f = f and satisfies a
suitable growth condition, we have the class-d, trace formula

> mmaf)-tra(f) + 4]

reG (6, )\Ca

= dimx - vol(T\G) - ﬁ [ BT sy
R

+ Z trx () - vol(T'1\G~) - / f(z~lyz)dz. (4)
{v}r#1 GG
Here 7 = 0,1 is fixed so that n = j(2). The term

= {m(mxa,7¥) — dim x - vO(T\G) - dry, } - tr mx2(f)

appears only if n # 0 is even, and + is the signature of n. Now the Selberg
zeta function of class-8,, with representation y is defined by

Zun(s,0 = T TT det (1= x() -0 - N~

{v}r m=0

Here [] (v} 18 the product over the primitive hyperbolic I'-conjugacy
classes. A hyperbolic element v € T is conjugate with respect to SLy(R)

to an element [a(OfY) a(,yo)_l} € SLy(R) with |a(y)| > 1, and we put

N(v) = a(v)? and () = a(v)/|a(7y)]- Choosing a suitable test function
f € LY(G), the class-§, trace formula (4) gives

Z m(ﬂ_,ﬂ_?){His—%+)\(7r))+H(s—%—)\(7r))}+[**]

_1 ~ 1 __
reé(an)\@d 2 + /\(7() s 2 /\(ﬂ.)
= —2dim x - vol(T\G) Z
2<n€Z,n=n(2)
+ Liogz (s,x) (5)
ds og Zr,nlS, X)-

Here the function H(z) is a holomorphic function of z € C and the term

H(s-1) H(s)}

s—1 s

H(s+5-1) k-1
s+§—1 4

[¥#] = {m(my2, 7¥) — dim x - vOl(T\G) - dr_, } {

appears only if n # 0 is even, and =+ is the signature of n. The expansion (5)
gives the analytic continuation of Zr ,(s,x) to the entire complex plane,
and we can read out the following relations between vanishing order of
Selberg zeta functions and the multiplicities of representations:
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(i) the vanishing order of Zr ,(s,x) with even n at s = 1 is equal to
m(1lg, x) due to the class-dy trace formula and Frobenius reciprocity.
It is also equal to

m(mie, 7)) — dimy - vol(T'\G) - 1 + = the signature of n
r 4

due to the class §,,-trace formula with even n # 0.
(ii) the vanishing order of Zr (s, x) with odd n at s = 1/2 is equal to

2. m(xy°, ¥) (£ = the signature of n).

Now the discrete series my has the minimal K-type 82, and the da-isotypic
component in the #-isotypic component of 7@‘: corresponds bijectively to
the space S2(T', x) of the cusp forms of weight 2 and representation x with
respect to I' (here the check marks denote the contragredient representa-
tions). On the other hand the representation 7r_1,_’0 is not a discrete series
but a so called highest weight module. It has the minimal K-type 41, and
the é;-isotypic component in the fr_l*jo-isotypic component of 71'%(: corresponds
bijectively to the space S1(T, x) of the cusp forms of weight 1 and repre-
sentation x with respect to I'. So we have

dim S5 (T', x) = ordym1 Zr.n(s, X) + dim x - vol(T\G) - %
for even n and

1
dim S1(T,x) = = ords_l/gZp n(8,%)

with odd n. So far we assume that I' is torsion-free. But if I" contains
—15 € SLo(Z) and x(—12) = (-1)", then the definition of the Selberg zeta
function should be

Zr( H H det (1 — x(Pe(y)"N(y)~*™™)

{7}r m=0

= [I I det-x(e)™N(v)—=™)

{7}r,try>0m=0

where Hl{v}r is the product over the primitive hyperbolic I'-conjugacy
classes modulo the multiplication by —15, and [] (¥}rtry>0 is the prod-
uct over the primitive hyperbolic I'-conjugacy classes with positive trace.
This is the definition of the Selberg zeta functions given in the papers of
Arakawa.
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3.4. Because the fundamental group of SLo(R) is the infinite cyclic group,
there exists uniquely a connected real Lie group SL, (R) and a continuous
group homomorphism p : S’fg(R) — SLy(R) such that the order of the
kernel Ker p is two. Such a two-fold covering group of SLa(R) is constructed
explicitly in [T2] so that

K=pY(K)={(e,k) e C* x K | € = J(k,vV=1)""},
which is a connected subgroup of the direct product C* x K. Here we put

J(o,2) =cz+dforo= [Z Z:l € SLy(R) and z € § as usual. The maximal

compact subgroup K of ﬁz(R) has the irreducible unitary representations
0pn /o for n € Z defined by 6,,/2(e, k) ="

Now let w be the Weil representation of SLs (R) which has irreducible
decomposition w = wy @ w_ with respect to the dual pair (SL2(R), 0(2)).
The irreducible representation wi has the following K -type decompositions

Wil = 01ion, @- @ 01 2k+1-
0<keZ 0<keZ
Then w_ is a discrete series representation of S'Eg(R) of formal degree
% (% - 1) = %. On the other hand w, is not a discrete series but a highest
weight module of SL, (R). The action of the Casimir operator Q of SLy (R)
on wy is defined by A(w+) = 1/4. Now we have the class-d,/; trace for-
mula for SLy(R), K and T = p~(T"). Then the same arguments as in §3.3

gives the definition of the Selberg zeta functions Zr +n(s, x) with n € Z

and a finite dimensional unitary representation y of T and the relations
between the vanishing order of Selberg zeta functions and the multiplicities
of representations;

(1) the vanishing order of Zg 3 +n(8,x) with even n at s = 3/4 is equal to
the multiplicity m(ws, 7%),
(2) the vanishing order of Z 1 +n(8x) with odd n at s = 3/4 is equal to

m(w—, ) dim x - vol(T\SL,(R)) - =

Now the contragredient representation &, has the minimal K -type 81,2,
and the d;,-isotypic component in the @ -isotypic component of 7r%f cor-
responds bijectively to the space Sy 5(T', x) of the cusp forms of weight 1/2
with representation x with respect to . On the other hand &_ has the
minimal K-type 6, /2, and the &3 /9-isotypic component in the @_-isotypic
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component of wlif corresponds bijectively to the space S3 /z(f, x) of the cusp

form of weight 3/2 with representation x with respect to T. So we have the
following dimension formulae

dim S 2(T, x) = ords=3/4 2, 3 (8, X)
with even n and ’
_ ~ . . 1
dim S3/5(T, x) = ords=3/4Zﬁ%+n(s,X) + dim x - vol(T\SLy(R)) - 3
with odd n.

3.5. Finally we will consider the theta multiplier system and Jacobi forms.
Put T' = SLy(Z) and T = p~}(T'). Let Os(z,w) = (95, (2,w)) e 5)-12t /21
be the system of theta series (2). Then, for any ¥ € I', we have

0s (125775 ) = 1y G 2Ve 5 - STul ) Us(Os(avw).

Here v = p(7) and J} (7, 2) is the factor of automorphy of weight 1/2 defined

in [T2], and Us is a unitary representation of I' of dimension §((25)~1Z!/Z})
(see a general theory given in [T3]). Let us denote by x the contragredient
representation of Ug. There exists a unitary matrix L such that

Os(z,—w) = LOg(z,w).

Because y commutes with L, the unitary representation x decomposes into
the +1-eigen spaces of L which are denoted by x+. Put 50 = (¢, —12) € T
which is an element of the center of SL2(R). Then we have

xz(Fo) = £(=1)D 2%, wi(Fo) = e
which implies that
(1) m(wy, IndS2® ) > 0 only if e = (~1)+172,
(2) m(w—,lndgh(m)xs) > 0 only if & = (—1)(+3)/2,
Put @ = 2S. Let us consider a R-vector space V' = M, 2(R) endowed with

01,
1, 0]) Then

a symplectic R-form Dg(z,y) = tr(QzJn ty) (Jo = [
A={(z,Qy) eV |z,yeZ'}

is a Z-lattice in V' which is self-dual with respect to the symplectic form
Dg containing a Z-lattice L = M 2(Z). The dual lattice of L with respect



14 K. Takase

to Dg is L* = Q~'L, and we have L C A C L*. The Weil representa-
tion Qg of Sp(V) (the two-fold-covering group of Sp(V)) is realized on the
representation space of the induced representation Indg{xllg of the Heisen-
berg group H[V] = V x R associated with the symplectic space (V, Dg).
Here £ is a character of the subgroup H[A] = A x R of H[V] defined by
£h) = e(t+ i(z,y)q) for h = ((z,y),t) € H[A] where the element of
V is denoted by (z,y) with z,y € R!, and (z,9)9 = Dg((z,0),(0,%)).
There exists a canonical injection of SL2(R) into Sp(V) which is extended
to an injective continuous group homomorphism ﬁg(R) — Sp(V). It is
injective because ! is odd. Let us denote by wq the restriction of Qg to
.ﬁz(R), which is unitarily equivalent to the [-fold tensor product of w.
Then wg,y = wo ® Indgmﬁ is an irreducible unitary representation of

the semi-direct product SLo (R) x H[V]. On the other hand the unitary
representation Ug of T' is realized on the representation space of the in-

duced representation Indg{k; le (see [T3] for the details). Then, by means
of the canonical isomorphism Indg%X]]E o Indg}ﬂ] (Indg{k]* 15), we have an
isomorphism

Indg 23 e = (ndZ®0s) @ wa,s. (6)

Here the unitary representations of SLy(R)x H LI{] is identified with unitary
representations of its two-fold covering group SL2(R) x H[V] via covering
mapping. Finally define a group structure on H[V, D] =V x Sym,(R) by

(@,8) (,8) = (T+y, s+ + %D(x, W)

with D(z,y) = 2(zJn 'y — yJn 'z). Then (z, s) = (z,tr(Qs)) is a surjective
group homomorphism of H[V, D] onto H[V]. So the unitary representations
of SLy(R) x H[V] is identified with unitary representations of SLa(R) x
H[V, D] via this canonical surjection. Also £g(z, s) = £(z, tr(Qs)) defines a
character of H[A, D] = A x Sym,(R), and we have an equivariant unitary
isomorphism

SL;(R)yx H[V,D
ISR g = a2 g

Then the canonical isomorphisms (6) and (7) imply a canonical isomor-
phism

e () 5,

~ (Inc‘lifh(“‘)y@r ® a)Q,J) ® (Ind?z(m);z_ ® wQ,J) .
(8)
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Put 7+ = wi ® wg,s, which is an irreducible unitary representation of
SLy(R) x H[V], or equivalently an irreducible unitary representation of
SLy(R) x H[V,D]. The contragredient representations #; and #_ have
the minimal K-types d(41)/2 and d(;43)/2 respectively with multiplicity
one. Then the d(;;1)/2-isotypic component of the 74 in Ind‘gf('zﬂ(};‘lz ;} H[V,D] 3 2
corresponds bijectively to the space of the Jacobi forms of weight (]l +1)/2
and index S (see [T1]). So the multiplicity of #4 in Ind?ﬁﬁ?&ﬁ”v‘méq is
equal to the dimension of the space of the Jacobi forms of weight (I + 1)/2
and index S. On the other hand, the canonical isomorphism (8) implies that

the multiplicity of 7 in Ind‘gﬁ"}gﬂj)}]{[v’m&z is equal to the multiplicity of

@4 in Indg LBy (e = (=1)+1)/2) which is equal to the dimension of the
modular forms of weight 1/2 and representation x. with respect to I" as we
have seen in §3.4. We have a similar relation between the space of Jacobi
forms of weight (I 4+ 3)/2 index S and the space of the modular forms of
weight 3/2 with representation ¢ (g = (—1)¢+3)/2),

3.6. We have considered Arakawa’s works under the assumption that
T'\SL3(R) is compact. Under this assumption, the problems are simplified
in the following points

(1) there is no need to consider the parabolic or elliptic conjugacy classes
in T,
(2) there is no need to consider the cuspidality of the automorphic forms.

The achievements of the works of Arakawa’s are to overcome all these dif-
ficulties by his ingeniously powerful calculations.
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4. Arakawa’s works on special values of zeta and
L-functions

Arakawa’s papers related to the special values of zeta and L-functions are
grouped into three categories:

(i) Zeta functions related to real quadratic fields, [5], 8], [9], [16], [18].
(ii) L-functions attached to the ternary zero form z;z — z2,, [10].
(iii) Multiple zeta and L-values, [22], [23], [29].

Here we briefly describe each work.

(i) Topics covered in these papers are the ray-class invariants and the
construction of class fields of real quadratic fields, the Stark-Shintani con-
jecture, and the Dedekind and the Hirzebruch sums.

In [5], Arakawa investigates a series H (¢, s) defined for a real quadratic
number a and converges for Rs < 0. This series was originally introduced
by Lewittes and Berndt in 70’s when « is a number in the upper half-pane,
as a certain generalization of the Dedekind eta function and the Eisenstein
series. Arakawa studied this for real ¢, and proved the meromorphic contin-
uation of H (¢, s) to the whole s-plane, with a possible simple pole at s = 0.
Arakawa defined a certain quantity using the coefficient of the Laurant ex-
pansion of H(e, s) at s = 0, and proved the “modular” property of this
quantity, i.e., a certain invariance property with respect to the linear frac-
tional transformations @ — (aa+ b)/(ca+ d) for elements (2 }) € SLy(Z).
Owing to this modular property, he is able to construct ray-class invari-
ants of real quadratic fields, which turn out to be closely related to the
Stark-Shintani invariant, the invariant conjecturally yields a unit in a ray
class field. Arakawa also writes down his invariants in terms of the double
gamma function of Barnes. In [8], he expresses a relative class number by
unit index, assuming the Stark-Shintani conjecture. In [9] and [16], Arakawa
studies the Dirichlet series

£(s, o) = Z cot(wna),

]
n=1 n

defined for a real quadratic number o and converges for Rs > 1. He gives an
expression of this series in terms of the Barnes double zeta function, thereby
proving the analytic continuation of £(s, a) with enough information on
poles. He extracts a certain invariant, as he did in (5] for H(a, s), from the
expansion of £(s, a) at the pole s = 1, and proves the modular invariance
property of that invariant as well as the “Hecke eigen” property and a
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connection to the Dedekind sum. As a corollary, an intriguing identity of
the Dedekind sum is obtained. He also obtains a formula for his invariant
in terms of the Hirzebruch sum, which is defined by the continued fraction
expansion of a and has a nice connection to the class number of imaginary
quadratic fields. Furthermore, Arakawa expresses special values of Hecke
Grossencharacter L-series of real quadratic fields in terms of residues of
&(s, @) at some poles. The paper [18] establishes an expression of the value
at s = 0 of the partial zeta function of real quadratic fields in terms of the
invariants in [5], and describes explicit Galois action, thus giving a certain
reciprocity law.

(i) The paper [10] concerns the special values of the “Hashimoto L-
function” attached to the ternary zero form z,72 — z2,. Arakawa evaluates
some of these special values by the generalized Bernoulli numbers, and for
some others he poses formulas as conjectures. The method is a very hard
calculation of contour integrals, showing his utter ability of manipulating
integrals and series. However, a great progress toward the understanding
of this subject has been made by work of T. Ibukiyama and H. Saito, who
showed the Hashimoto L-function could be written explicitly in terms of
the Riemann zeta and the Dirichlet L- functions, thus deducing Arakawa’s
results and conjectures in a much simpler and transparent way.

(iil) For these works, let me allow myself to be a bit personal. On July 28,
1995, I (Kaneko) wrote a letter to Arakawa in which I reported my recent
observation on a formal similarity between formulas of multiple zeta values
and poly-Bernoulli numbers. Arakawa wrote back less than two months
later, informing me of his discovery of a certain zeta function, whose values
at positive integers give multiple zeta values (certain combinations of them
to be precise) and at negative integers poly-Bernoulli numbers. This was
the start of our collaboration to remain until his passing. We wrote three
papers jointly, [22], [23], and [29]. In [22] we studied a certain type of zeta
functions in connection with the multiple zeta values and the poly-Bernoulli
numbers. A Clausen—von Staudt type theorem of poly-Bernoulli numbers
was proved in [23]. In our final joint paper [29], we studied derivation and
regularized double shuffle relations of multiple L-values as well as basic
analytic properties of a one variable function related to multiple L-values.

Masanobu Kaneko (Kyushu University)
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The purpose of this exposition is to estimate the dimensions of Hilbert modular
forms by means of differential operators. In this exposition, we define two
differential operators. One gives a directional derivative to a diagonal part,
which is useful for estimating the dimensions of Hilbert modular forms. And
the other is a Rankin-Cohen-Ibukiyama type differential operator, which is
useful for making a new modular form from known modular forms. In several
cases, using these differential operators, we can determine the dimensions of
Hilbert modular forms. For the sake of simplicity, in this exposition, we treat
only the case of discriminant 12. However, we remark that the same method is
available for some other cases.

1. Definitions and notations
1.1. Hilbert modular forms

We denote the totally real quadratic field with discriminant 12 by K, its
integer ring by O, and its fundamental unit by &:

K :=Q(v3), O:=Z(v3) and ¢:=2+ V3.

For = u+vv/3 € K, we write its conjugate number by ' = v —vv3 € K
and its trace by tr(z) = z + 2’ = 2u € Q. We put the dual of O by

O*:={ve K| tr(uv) € Z for any p € O}

={V:lu+£v€K u,veZ}.
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We denote the complex upper half plane by
H= {r € C| Im(r) > 0}.

For k € Z, we say that a holomorphic function F on H? is a Hilbert modular
form of weight k if

! !
Flr, 1) = (cri+d) " (' +d)* F (‘”1 +bantb )

eri+d dma+d

for any (%) € SLy(0). We denote the C-vector space of all Hilbert mod-
ular forms of weight k by Ax. From Kécher principle, F € Ay has a Fourier
expansion

F(rym)= Y c) en+v'n),

veo*
v>0,v >0

where we put e(w) = exp(2mv/—1w). We denote the C-vector space of all
symmetric Hilbert modular forms of weight k by

A,:" = {F € Ag F(T1,7'2) = F(T2,7'1)}

and the C-vector space of all skew-symmetric Hilbert modular forms of
weight k by

Ag = {F € Ap [ F(r,m)= —F(T2,T1)}'
If F(r1,72) € Ak, then

F(TI,TQ)—;F(TQ,Tl)eA;: and F(’Tl,TQ); (7'2,7'1) A_.
Hence we have
Ak=A2—@A;,

where the symbol @ means the direct sum as C-vector spaces. Put

At ={F e AL | F(n,m) = Fler,em)},
Al = {FEA: F (m,T )=-F(€T1,E'T2)},
At ::{FGA,: F(m,7) = F(emy, € 7'2)}
A~ ={Fea; |F(nm)= ~F(em,e'm) }.

If F(11,m2) € Af (resp. A ), then

F(Tl,Tz) + F(€T1,£’T2)
3 S

Al (resp. Af)
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and
F(r, 1) — F(ery,€'m)

5 € A} (resp. Ap ).

Consequently, we have

Ar=AttTo Al oAt AL

1.2. Elliptic modular forms

For k € Z, we say that a holomorphic function f on H is an elliptic modular
form of weight k if

f(r) = (CT+d)"°f<

for any (2 54) € SLy(Z) and £ has a Fourier expansion

at +b
et +d

f() = as(n) e(nr).

n=0
We denote the C-vector space of all elliptic modular forms of weight & by
M. Put

Mi(n) = {fEMk,af(r)=Oifr<n}.

It is well-known that there are two algebraically independent elliptic mod-
ular forms

ea(7) =1+240 > o3(n)e(nt) € Mj

n=1

and
o0
es(T) =1 — 504 Z os(n)e(nt) € Ms.
n=1

The graded ring of all elliptic modular forms are generated by e4 and eq :

P Mx = Cles, ).
keZ
Because the Ramanujan Delta function
1 o0
A(r) = 1oz (ea(m)® — es()?) = e(7) L[l {1~ e(nr)}* € Mia(1)

has no zero on H, we have My(n) = A"My_12,. Hence we have

dim Mk(n) = dim Mk:—12n-
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2. Estimate of the dimension
2.1. Directional differential operators

Put

D V3 s, e,
Tory/=1\0n On)’
For a non-negative integer n, define an operator D,,, which maps from a
holomorphic function on H? to a holomorphic function on H by

(DpF) (1) := (D"F) (7, 7).
Put
Af*(n):={F e Af* | D,(F)=0ifr <n},
Af~(n):={F e Af~ | D.(F)=0ifr <n},
Ait(n) ={Fe A;T|D(F)=0ifr < n},
A (n)={Fe A" | D, (F)=0ifr <n}.

Lemma 2.1. IfF ¢ AZ’+(n), then D, F' € Mogion.

Proof. For (2%) € SLy(Z), we have

[+

1)

. ) b
F(T1,7'2) — (CT] +d)—k‘ (CT2 +d)—kF (aTl +b aTy + ) )

eri +d erp+d

For0<s<r<mn,

(( "t o )sDMF) (r,7) = 2 (D, F) = 0.

on ' or dre

Hence, for 0 <t <r < n,

61‘
—_—F = 0.
<6'rf67{‘t ) (7,7)

Therefore, from the equation (1), we have D, F € Magion. o

The similar lemma holds for A~ (n), A;T(n) or Ay~ (n). From the
definition of symmetric or skew-symmetric forms, we have D, (Az‘) =
{0} or Dany2 (A) = {0}. Hence we have the following proposition.
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Proposition 2.1. For any non-negative integer n, there exist four exact
sequences

——— AFT(En+2) —— AFTT(n) 22 Mokysn,

—— AP (204 2) —— AFT(2n) —22 Mgy,

Doy
_ A,:+(2n+3) _— A;+(2’n+1) diiadN M2k+4n+2,

D2py1

0
0
0
0 —— A7 (2n+3) —— A7 @n+1) =2 Mogyanya

2.2. Fourier coefficients of Hilbert modular forms

Now we investigate these exact sequences more precisely. Assume F' € A;c""'
and set its Fourier coeflicients by

F(m1,13) = Z c(v)e(wn +v'n).

veo*
v>0, V>0

From the transformation formula of F € Af*, we have ¢(v) = ¢(v') and
c(v) = c(ev). Now, for the sake of simplicity, we put c(u, v) := c(Fu+ @v).
Put A := {(u,v) € Z? | |v| £ v/3u}. Then F has a Fourier expansion

F(n,m) = Z c(u,v) e ((%U-i- \/?g’tl) 71+ (%u— ?v) 7'2) .

(u,v)EA
Thus, easily we have

(DorF) (1) = > v*"c(u,v) e(ur).

(u,v)EA

Lemma 2.2. If F e A;‘+(2n), then c(u,v) = 0 for any u < n.

Proof. We show this lemma by induction on n. If n = 0, this lemma is
trivial. Now we assume that this lemma holds forn < r. Let F € A:+(2(r+
1)). From the assumption, ¢(u,v) = 0 for any u < r. If v > r, then

e(r,v)=c (E—l (%r + ?v)) =c¢(2r—v,—3r+2v)=0

because 2r — v < r. If v < —r, then ¢(r,v) = ¢(r,—v) = 0. Hence F €
At (2(r + 1)) means

T

> W¥e(rv) =0 (j=0,1,...,7)

v=—T



Dimensions of Hilbert Modular Forms 25

and ¢(r,v) = ¢(r, —v). Then we have

11...1 c(r,0) 0
012 ... 72 | | 2¢(r,1) 0
01% ...r¥ ) \2(r,7) 0
By the Vandermonde formula, we have c¢(r,v) = 0. O

From this lemma, we have Dj, (A;‘L(Zn)) C Mjkyan(n). The similar
lemma holds for A}, Ay or A7 ™. Consequently, we have the following
proposition.

Proposition 2.2. For any non-negative integer n, there exist four exact

sequences

0 —— Aft@n+2) —— AFt(2n) 2=

Mk tan(n),

0 —— Af~(2n+2) —— Al (2n) 2 Mokran(n+ 1),

0 —— A7T(2n+3) —— ATFn+1) 22 Moppansa(n+2),
0 —— A;7(2n+3) —— A7~ @n+1) 22 Moppansa(n+1).

From this proposition, we have the upper bounds for the dimensions of
AFt, AfT, A7 and AL

Theorem 2.1. In the following table, each dimension of the left hand side
is not greater than the coefficient of z* on the formal power series develop-
ment of the right hand side.

1
AT e
At— ... z°
k (1—22)(1 — 23)(1 — z4)
A=t ... 2!l
k (1-=z2)(1 —5z3)(1 - z4)
Ap - z

(1-22)(1-28)(1 — %)

Proof. From the previous proposition, the dimension of AF‘ is not greater
than

o0
Z dim M2k+4n n) Z dim MZk 8n = Z dim M2(k——4n) .

n=0 n=0 n=0
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This is the coefficient of =¥ on the formal power series development of

1
Z (1—:1:2 1—m3) (l—mz)(l—m:‘)(l—:c‘*)'

We can prove the other three cases in an analogous way. m]

Hence, if we construct the algebraically independent modular forms
G2 € AJY, G € A}" and G4 € Af™, the upper bound of the dimen-
sion of A{" in Theorem 2.1 equals to the true dimension of Af*. And
additionally, if we construct the non-zero modular forms G¢ € Ag~ and
G5 € A; ™, all upper bounds in Theorem 2.1 equal to the true dimensions
of A;CH, Az_, A;+ and A, ~. Hence, if we assume the existence of these
forms, we have given a new method of the determination of the dimension
of Hilbert modular forms on @(v/3). In fact, Gundlach [4] constructed these
forms G5, G3, G4, Gs and Gg. We remark that he also determined all gener-
ators of the ring of @,z A, using dimension formula of Hilbert modular
forms.

Theorem 2.2. We have

A:= P At =C[Gs, Gs,G4),

keZ

P A}~ =GeA,

keZ

P A;t =GsGs4,

kEZ

P Ait =GsA.

keZ

Gundlach did not refer to the structures of AZ"", A}:_, A,:+ and A"
But the author believes that he knew these structures, because he con-
structed G5 and Gg in his paper [4].

3. A differential operator of Rankin-Cohen-Ibukiyama type

Rankin-Cohen type differential operators were extended to the Siegel
modular forms of general degree by Ibukiyama [6]. Especially, Aoki and
Ibukiyama [1] showed that this differential operator gives a very simple re-
lation among the generators of Siegel modular forms of degree 2. In this
section, we prove the analogous result on Hilbert modular forms.
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For F; € Aku Fe Ak2 and I3 € AkS, put
kiFy koFy ksFj

0 ] 5
[Fl,FZ,FS] 1= det 57_—1F1 a—Tle a—’rlﬁ'3
0 9 F; _8_F3

om L By 2 Or
By direct calculation, we have [Fy,F3, F3] € Ag, 4ky+ks+2. Especially,
[G2,G3,Gy4] € Al‘l‘".
Theorem 3.1. There exists a non-zero constant ¢ such that

[G2,G3,G4] = ¢G5Gs

Proof. Because dim A;" = 1, there exists ¢ € C such that [G2,G3,G4] =
¢G5Gg. By direct calculation, we have [G2, G3,G4] # 0. 0

4. Remark

In several cases, we can determine the dimensions of Hilbert modular forms
by analogous way. In each case, the Rankin-Cohen-Ibukiyama type differ-
ential operator gives a simple relation between the generators of the ring of
Hilbert modular forms.

4.1. In the case of discriminant 12, another type

Hilbert modular forms on H x H~ are defined in an analogous way, where
H~ is a complex lower half plane. Gundlach [4] determined all generators
and the dimension of Hilbert modular forms of this type. There exist four
generators Wy, W3, Wy and Wy of weight 1,3,4 and 10. The dimension of
weight & is the coefficient of z* on the formal power series development of

14210 ‘
(1-z)(1—23)(1 -z’

There exists a non-zero constant w such that

[Wl, W3a W4] = leO'

4.2. In the case of discriminant 8

Miiller [7] determined all generators and the dimension of Hilbert modular
forms on Q(v/2). There exist five generators Yy, Yy, Y5, Ys and Yy of weight
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2.4,5,6 and 9. The dimension of weight k is the coefficient of z* on the
formal power series development of

1+ z°)(1 4 z9)
(1-22)(1—z4)(1 —28)

There exists a non-zero constant y such that

(Y2, Y, Ye] = yY¥5Yo.

4.3. In the case of discriminant 5

Gundlach [3] determined the generators and the dimension of Hilbert mod-
ular forms on Q(v/5). There exist four generators Zs, Zs, Zg and Zis of
weight 2,5,6 and 15. The dimension of weight k is the coefficient of z* on
the formal power series development of
1+ .’E15
(1-2%)(1 —2°)(1~-25)

There exists a non-zero constant z such that

22, Zs, Z6) = 2Z;15.
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- Dedicated to the memory of Tsuneo Arakawa

Guillemin and Sternberg started a method to give a geometric meaning to
multiplicities of representations via the Marsden-Weinstein reduction of ap-
propriate coadjoint orbits carrying the representations. This method is applied
here to the case of discrete series representations of the Jacobi group. We get
some explicit formulae for the orbits and their symplectic forms and arrive at
a volume formula, which, as we hope, may be seen as a first approximation to
the desired result.

While trying to get a geometric understanding of certain lifts in the the-
ory of automorphic forms, in particular the Maass lift from automorphic
representations of the Jacobi group to those of the symplectic group (see
[2] and [6]), I got fascinated by the orbit method. This is a very old theme,
initiated by Kirillov for nilpotent Lie groups ([10]) and then propagated
and extended to more general cases by him, Kostant, Duflo and many oth-
ers (for an overview see for instance the articles [12], (14], or one of the
books [11] or [13]). It allows for a geometric construction of certain repre-
sentations of a given linear group. The question which representations can
be constructed by the orbit method and which not has found new inter-
est in the last years, as to be seen from the reports of for instance Vogan
[16] or Vergne [15). Moreover the possibility to determine multiplicities as
symplectic invariants has been exploited successfully by several autors (see
the report by Guillemin, Lerman and Sternberg [8]). Encouraged by this
and based on calculations by Yang [17], I studied the question which repre-
sentations of the Jacobi group G” are carried by coadjoint orbits ([3],[4])-
From here, there is a natural way to the next question, namely whether

29
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more information on the structure of these representations is obtainable by
studying more intensely the geometry of the orbits. Here we have to comply
with the problem that the orbits are in general not compact. So, difficulties
and perhaps interesting new phenomenae are to be expected when in the
following we venture a first step in this direction.

As Tsuneo Arakawa had a strong interest in the Jacobi group and
worked successfully with it (see [1]), I hope he would have appreciated
the following material, though part of it still is preliminary. But I also hope
that this note will stimulate further work in this direction.

1. Some General Remarks on the Orbit Method and
Marsden-Weinstein Reduction

Here, at first, we reproduce some elements from the general situation as
depicted with more details for instance in [11], [12], [13] or [8].

Let m and x be irreducible representations of a real linear group G and a
closed subgroup K C G. Then we are interested in the problem to determine
the multiplicity of x in 7 (as a representation of K), i.e. mult(x, 7 |g), resp.
the space of intertwining operators Hom g (x, 7).

We take the (not too special) case that y and 7 are carried by coadjoint
orbits:

The group G acts on the dual g* of its Lie algebra g by the coadjoint
action Ad*, i.e. for n € g* (9,17) — (Ad*g)n=:g-7.

Let

M:=G-q

be the orbit of 7 € g#, s.t. m has a representation space Q(M) = H,
consisting of certain polarized sections of a metrized hermitian line bundle
with curvature given by the (integral) symplectic form wps associated to M
by the Kirillov-Kostant-Souriau form By, with

Bu.(X,Y) =n(X,¥)) for X,¥V eg.
Similarly, let x be carried by the K-orbit
O=K-nc¥cg*

with symplectic form wo. Then we have a symplectic product manifold
M x O~ where wo is changed to ~wo. And we have a moment map

V:Mx O" — &, (m,n)—d(m)—n
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where @ is the K-moment map coming from the injection ¢ : M — g*
composed with the restriction from g* to €*. Then one has the Marsden-
Weinstein reduction

Mo i= Myeq = T10)/ K

which will be identfied with ®~1(n)/K,, K, the stabilizing group of n € £*.
If everything is nice, Mo is a symplectic manifold allowing again a quan-
tization procedure Q and the associated space Q(Mp) is the geometric
analogue of Homg (x, 7) (as explained in [9] 6.). This way, at least in some
special cases one has precise information: x does not appear in 7 if Mo is
empty. And the multiplicity is one if My is just a point. There are a lot
of more refined results measuring higher multiplicities by the symplectic
volume of Mo resp. its Riemann-Roch number RR(Mp) (see [15] and [8]).

2. Discrete Series Representations of SL(2,R) and the
Jacobi Group

We introduce the Jacobi group
G=G':=CG;xH, G =SL(4R), H = Heis(R)
as the subgroup of Sp(2, R) generated by G; and H via the usual embedding
100 p
Alyp
001 =X
000 1

Heis(R) 3 (A, i, 6) —

and
al0bo

ab 0100
SL(Q,R)BM—(cd>r———> c04d0

0001
We write
g=Mpk) = (p,q,7)M € G’

so that (\, 1) = (p,q)M. As in [5] or [17], we describe the Lie algebra g’
as a subalgebra of sp(2,R) by

z0y ¢
0 r
G(z,y,2,p,¢,7) = Iz)O—qx—p

000 O



32 R. Berndt

and denote

X =G(,9,...,0),...,R=G(0,...,0,1).

We get the commutators

(X, Y)=2Y, [X,Z2)=-22,[Y,Z] =X,
[X, Pl=-P, [X,Q]= Q, [P,Q]=2R,
[Y,P]=-Q, [Z,Q]=-P,
all others are zero. Hence, we have the complexified Lie algebras given by
sl(2,R). =< Z1, X+ >, gl =< Z1,Xx+,Ys, 20 >
with
Zy=-i(Y - Z), Zy=—iR.

Xi = (1/2)(X £i(Y + 2)), Yi=(1/2)(P+iQ).

In this text we want to look at the following discrete series representa-
tions, which are most intimately tied to modular forms, i.e. the representa-
tion 7r;: of Gy, ﬂ;’k of G’ and the characters xx resp. xm r of K1 = SO(2)
resp. K7 := SO(2) x R. For k € Z and m € R, m > 0, these characters are
simply given by

xel(r(®)) = %9, 7(9) = (

cos ¥ sin ¥
—sin 9 cos 9

) € S0(2)
and
Xm k((r(9), k) = XMtk r(9) = SO(2), kK € R = Z(G).

The discrete series representations are most easily fixed by their infinitesi-
mal versions: dvr,’cF is given on the space

Vk+ =< W¢ >¢e2Ng
by
X_wg = 0, Zijwy= (k + 2[) Wy, X+’wg = W42,

where we use the abbreviations X _wg = d7r;c" (X-)wg etc. We see immedi-
ately

Remark 2.1. We have
mult(xe,7}) =1for k' =k+2¢,£€ Ny
= 0 else.
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The representation ﬂ;’k of G’ has the infinitesimal dﬂ';;’k given on the
space
Voh e =< v ® we >jeng eeang
by
Zo(v; @ we) = 2rm(v; @ we),  Z1(v; @ we) = (k+ 5 + €)(v; @ we),
Y_(vo ® wo) = X_(vo ® wo) =0,
Yy (v; ® we) = vjp1 @ wy,
X1 (v; @ we) = —(1/(2mm))(vj42 ® we) + (v; ® we2).
We put
p(t) = #{ (,0) NG, j + 2t =1}, t € N,
ie. pu(ty=1fort=0and 1, u(t) =2 for t = 2 and 3, ete.
Then we can write
u(t) = (1/2)(L + ¢ + (cos(nt/2))?)

and hence

Remark 2.2. We have
mult(Xm b/, 7, ) = p(k’ — k) for &' > k.
There are several ways to realize these discrete series representations. They

are discussed for instance in [5] p.48ff. As elaborated in [3] and [4], these
representations are also associated to coadjoint orbits of G resp. G.

3. Coadjoint Orbits of SL(2,R) and G’

For a semisimple Lie algebra g realized as a subalgebra of M, (R), we iden-
tify g* with g via the map
g—g9 n—U,

defined by

n(Y) =tr(U,¥) =< Up, ¥ > forallY € g.
Following closely Yang, we realize (g7)* as a subspace of sp(2, R) by the
matrices
Tu Pe 2x 0
00 00
y* q* ~—Tx 0
Gx Tx —Px 0

M(Zuy Yu, 24y Pay Qs T) = yTxyeeosTx ER,
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and put

X.=M(Q,0,...,0),...,R. = M(0,...,0,1).
Then X,,...,R, is a basis of (g7)* and we have with the notation from
Section 2

<X, X>=2,<Y,,Y>=1<2Z,,Z>=1
<P,P>=2 <Q.,Q>=2, <R, R>=1

By a straightforward computation one obtains

Lemma 3.1. For

a0bay—>bA
| Alp &
9= codeu—dr
000 1
the coadjoint action of g on M(z,...,r) is given by

Ad* ()M (Zuy. .o yTe) =g - M(zs, ... 10) = M(Zs, ..., Ts)
with

Zy = (ad + be)zy + bdyx — acz, + (2acu — (ad + be)\)pa

+ ((ad + beyp — 2bdN) gy + Ti(ap — bA)(cu — dN),
Tu = 2dczs + d?ys — 24 + 2(cp — dN)(cps + dga) + Tu(cp — dN)2,
Zo = —2abz, — b2y, + a2, — 2(ap — bA)(ap, + bg.) — ru(ap — bA)?,
P = apy + bgy + ru(ap — bA),

= cpx + dgu + i (cp — d),

Q
*
f

Tx = Tx.

By an adequate specialization one has the following elliptic orbits.

Case 1.G=G;
For
Ui=k(Yu—-2Z.), k>0

we get the two-dimensional G;-orbit
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M} =G -U,~G/Giy., Gy, =SO(2),
= {(IE*,y*,Z*) € R3,[(m*,y*,z*) = 933 + Yu2s + k2 = 0,y > z*},
= {(x*yg*yz*) e jof(x*ygaqz*) = mz + gz - 23 + k2 = O, 2* > 0},

where we introduced Y, = 9§« + 24, 24 = Ju — Z« to show the standard form
of the upper half of the two-sheeted hyperboloid.

Case 2. G = GJ
For

U*=k'(},*_Z*)+mR*a kZO
we get the four-dimensional G”-orbit
M, =GY Uy~ G /Gy, Gy, =K’ =S0(2) xR,
= {(Zx1 Yxr 24, P4, ) € R5,f(:c*,y*,z*,p*,q*) =0,y. > 2.},

= {(I*,g*az*vp*aq*) € Rs,.f(x*’g*72*ap*7Q*) =0,% > 0}’
where

f(a:*,y*, Zxy Py Q*) = m(l‘f + Yuzi + kz) — 2Dy qsTs +Piy* - qu*
and
F(@ar T 2 Pry @) = U2+ G2 = 22457 — 204 a2+ (P2~ 42 ) Gu+ (P24 42) 2,

By the general theory, these orbits are integral or prequantizable, iff k is (up

to a factor 27) an integer. And with the aid of a (complex) polarization,

these orbits are associated to the discrete series representations 7r,': resp.

n;)k of G; and G7 (see [4]).

The same way, the characters xj resp. Xm i belong to K- resp. K7-
orbits being here simply points, namely

K, -U. = {K({Y.—-2.)} for U.=kK(Y. - Z.),
K7 U, = {k'(Ys — Zi) + mR,} for U, =K (Yx — Z,) + mR,.

4. Marsden-Weinstein Reduction and Symplectic Volumes

The general procedure from Section 1 proposes to take in Case 1 the mo-
ment map ¢ with

Q(m*q 17*, 2*) = 2*
to produce the reduced space

Mo,, := &~ (k')/ K.
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This means that here we have
ME = 871 K) = {20, 52) € R, fur (2, 5) = 22 + 32 — K + K2 = 0},
We see from Lemma 3.1 that r(d) € K1 = SO(2) acts by

(5 —renz)

Hence Mo,, is just a point for ¥’ > k and empty else. This reflects the
multiplicity statement from Remark 2.1 if one remembers the fact that for
odd k' — k there is no equivariant line bundle on Mp,, giving rise to a
representation of G.

Now we indicate the outcome of what happens when one tries to carry
over the same procedure to Case 2:
Here we have the moment map & : M, ;’ , — (87)* with

B(Tu, oy 24, Py @, Tx) = (Fay Ta)s

This leads to a subspace of M ; ¢ Siven by

ME =&Yk, m)

= {(@u: G Ps» 8) € RY, fr m(@e, Bas Par ) = 0},
where
Frr i (Tas G, Pay @0) = M2 HG—K?+E?) = 2D g 20+ (P2 — 7 ¥ )Gu+ (P2 +42)K .
It is useful to write this a bit differently: We introduce
T =Ty + W, 2= Pu +igqu, p> = kK'2 — k2

to get

MY ={(r2) € C, m(| 7 [ =p%) + (2*7 — 2%1)i/2+ | 2 [P K =0},
and

Ty = TCOSP, Yu = TSINP, Py =TCOSY, ¢ =TSiNQP
to get
ME . = {7, &, 9), m(7* — p?) + r*(Fsin(p — 2¢) + k') = 0}.

We see by Lemma 3.1 that the action of the stabilizing group G, . =K J
is given here by

(r(®), (; 2)) > (27,2
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resp.
(T‘(’ﬂ), (Fv Ty 1, (P2)) — (F? T, ¥1,¥2 + 479)

for @1 := @ — 2,2 = @ + 2¢. Then we see

Remark 4.1. The reduced space Mo,, = @' (k',m)/SO(2) may be written

as
Mok/ = {(Fa Tv‘pl))m(":z - p2) + 7.2(; sin ®1 + kl) = 0}

If we use (7, ;) as parameters, we have

2 = m(Pz—FQ)
" Tsin w1+ K )

Mo, has a compact subspace M. Introducing
U = T COS 1,V = T sin ¢y,

this is written as

m(p® — (u? + v?))

M, = {(u,v,r),r2 = , w02 < p2}.

v+ k!
Now we would like to have a symplectic invariant associated to M, which
captures information on the multiplicity of xm & in 7r . Following the

standard procedure, one is led to determine the symplectlc volume vol(M,)
of M),. To do this, we take a G”-invariant symplectic form w on M} and
use it to construct a form & for the reduced space Mo,,. Our w is the real-
ization of the Kirillov-Kostant-Souriau form By, for M, + . We assemble
the calculations leading to an explicit form in an Appendlx and state here
simply our result:

Proposition. The Kirillov-Kostant-Souriau form By, of M + k tnduces the
form @ living on the reduced space Mo,, which is given by

7d7T Adpy _ du A dv
Tsingp, +k vk

w = ,u=Tcose1,v="rsineg;.

Integration over the compact part M, of Mo,, leads to

Corollary. We have

vol (M,,) = / dwAdy ok,
u2 fu2 <p2ekiZ k2 v+ Kk
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This is not more than a qualitative statement in the direction of the
multiplicity formula from Remark 2.2. We can only hope that someone will
come up with a prescription leading exactly to the formula

u(k = k) = (1/2)(1 + (K — K) + (cos(m (k' — £)/2))?).

5. Appendix: Explicit Expressions of Symplectic Forms for
Elliptic Coadjoint Obits of G’

The KKS-form By, for M,;': m is given by

By (X,¥) = (U, [X,¥]), X =zX+...+7R, Y =X +...+rR.

Using the formulae from Section 3, one obtains

Remark 5.1. We have for U, = k(Y. — Z.) + mR,
By (X,Y) = 2%k(@(' +2) -2/ (v+2) +2m(pd - 7'q) .
The associated symplectic form w on M := M}, is defined by
w(Xm,Yu) = Bu. (X,7).

As usual, X M and ?M denote the vector fields associated to X and ¥ :
If h = h(z«,Px,P+,q+) is a function on M expressed in the parameters
Ty Doy Py Qs 8- o 2w = Zu (T, Yo, Puy Gx) Is fixed by the equation

f=m@+9-2+F) -2+ P} -0+ Pi+ )5 =0,
one has
Xt h (@ asper0e) = 2 BUEXDEX) - (50,5070 22)) o -
Remark 5.2. By a standard computation we have
XM = =220y, + P« Op, — qx 0y,
Yu = (§u + 2) Oz, + 94 0p, — 240y,
Zm = (=Yx + %) Oc, +pa Oy, + 7.9y,
Py = —p, 0z, — ¢« 0y, — 14 0y,,
QM = qu 0z, — qu Oy, + 74 0p, .



Representations of the Jacobi Group 39

In principle, one should be able to give an explicit formula for w using
these ingredients. Intending to avoid nasty computations, we take here an-
other route which should have some interest in its own.

M,j:m is diffeomorphic to G7 /K’ = $§x C: G’ acts on $ x C as
usual (see [7]) by
(9:(F,2)) — g(#,2) = (9(7), (2 + AT + p)/(c7 + d)),
where (7,2) € §x C and g= M (A, u, ). For g = (p,§,k) M we have
9(,0) = (M@) = 7,p7+4) ,
where (p,4d) and (A, ) are related by

d :f)zz(—HJ),I=;m-—Ab,H==pc—Ad.

6.0 = 0

Hence, we have an identification ¢ : § x C —» M ,j’ m Which is G-
equivariant for this operation of G’ on $ x C and the coadjoint action
on M

k.m » namely ¢ is given by
P(£,9:8,4) = (Tw, Ys 20, Prr @)
with
. =k /9,
Ys = k /g +mp?,
2= ~k(&?+9%) /9 -md?,
Ps = myg,
g =-~-mp.
1

The inverse map ¥ = ¢~ is given by

T = (MTx — Puge)/(Mys — q2) , ¥ = mk [ (my. — ¢2),

p=—q/m, ¢=p./m.
It is well-known and easy to see that
dz A dy ) )
w) = ud : Y and wy=dpAdqg
y?
are G”’-invariant symplectic forms on $ x C. We transfer these forms via
1 to M,;" . and get the following forms in the parameters (Z«,¥x,P+,qs)
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used above:

Remark 5.3. We have with f;, = —2m 2, + p2 + ¢2
wioth =2/(kfs.)) (mdr. Adis + py dzy A dp. — qu dzs A dg.
+ @ dijx Adps + pudis Adg, + (1/m) (P2 + ¢2) dp. Adg.) .
Changing to the coordinates
T = T +1Ys, 2= Ps + ¢

we come to
wioy = (1/(kfs,)) (imdr AdT+ 2dT AdZ+2d 7 Adz+ (i/m)dz Ad3),
and for

Ty =T COSQ, Yo =T SINQY, Dy =TCOSP, ge=Tsing, o1 1= —2¢
we have

wi 0t = 2/(k(r? — 2mz,)) (mTdF Ad@ + r cospy dF Adr + r7sinp; dr AdP

+72 sing; dF Adp + 12T cosp dp Adp + (1/m)r3dr A dp) .

Remark 5.4. We have
waotp = (1/m?)dpAdg = (i/(2m?))dzAdZ = (1/m?)rdr Adp .

We compare this to the prescription for the KKS-form given in Remark 5.1:
From Remark 5.1 we get for U, = k (Y, — Z,) + mR.

Xu (Us) = (y+ 2) kO, — 22k By, + gmOp, — pm Gy,
Yiu (U) = (' +2') kBs, — 22"k 9y, +¢'mop, —p'ma,,

and hence from Remark 5.3 and 5.4 for w := qw; 09 + Bwg 01 evaluated

at U,
WX, Yar) (U.) = 20((z+9)2' — (&' +v) )+ B(pg —P') -
So, we have to take ¢ = —k and = 2m to get
Remark 5.5. The KKS-form for M,j’m =G’ (k(Ye — Z.) + mR.) is
given in the parameters T, ¥x = Y« + i, Px, g« by the symplectic form
wot = —(2/(=2m . + p? + ¢2)) (mdz, A dy. + p.dz. Adp.
— @u AT ANdgu + @d Yu AN dpy + Py dUadgs + 2 2, dpy Ndg.) .
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Here %, is a function of the parameters z,, ¥, Px, ¢« fixed by the equation
f(:r*y*,i*,p*,q*) =0.

w restricts to a form on the subspace ¢~! (k',m) of M by putting z. =
k' and then induces a form @ on the space Mo,, = ¢~ (k',m)/SO(2) in
the following way. From the proof of Remark 4.1 we know that ¢~1 (k’,m)
is described by the equation

fom =m@—p)+1*Fsing +K) =0, p*=k2— K

with 3 = —2¢. Here 7,r and ¢; are SO(2)-invariant and as in Remark
4.1 will be used for the description

MOk/ = {(:F,Tv‘Pl) ) fk’,mzo} -
As in the discussion of Remark 4.1, we take 7,¢; as parameters and write

2= m(p* — )
T Tsine +k

The form from Remark 5.5 is expressed in the variables (r,7, ¢, @) re-
stricted to Z =Kk’

wotp|,_p =—(2/(r® ~ 2mk’)) (mFdr Ad G + T cos p1dT Adr
+r7sin 1 dr Ad@ 4+ 12 sin o1 dF Ad
+77% cos w1 AP Adp + 2k'rdr Ad @) .

If we introduce & = (1/2) (o1 + ¢2), ¥ = (1/4) {p2 — 1) and restrict to
w2 =0 we get

WOoP ;g om0 = —(2/(r?* = 2mk")) ((m7/2 — (r?/4) sin 1)d7 A d o,
+7{((7/2)sin ¢y — k'/2)dr Adpy + 7 cos g1 dT Adr) .

By

df; = (2m?+ 7% sin ) dr + 2r (7 sin @1 + k') dr + 127 cos 1 dp; =0

we replace dr and get the form @ living on Mo,, expressed in the param-
eters T,; as in the Proposition in Section 4

FdF A dpy

W= 0D
T sin @1 + k'
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ON EISENSTEIN SERIES OF DEGREE TWO FOR
SQUAREFREE LEVELS AND THE GENUS VERSION OF
THE BASIS PROBLEM I

SIEGFRIED BOCHERER

Kunzenhof 4B, 79117 Freiburg, Germany
E-mail: boecherer@t-online.de

Dedicated to the memory of Tsuneo Arakawa

We apply the doubling method to elliptic modular forms of squarefree level
N using the Siegel Eisenstein series of degree two attached to an arbitrary
cusp. Combining these computations with Siegel’s theorem, we can consider
the basis problem for any given genus of positive quadratic forms of level N;
we generalize some results of Waldspurger [23].

1. Introduction

This paper can be viewed as a commentary on the the famous work of
Waldspurger [23] concerning the basis problem for elliptic modular forms.
Waldspurger’s paper was written before the doubling method was available;
implicitly he used already some features of that method, e.g. a genus theta
series of degree two appears in his calculations (to be more precise: only
its first Fourier-Jacobi-coeflicient ¢; (7, 2) is considered after restriction to
z = 0). To compute the Petersson product of a cusp form against ¢1 (7, 0), he
compares the Fourier coefficients of ¢ (7, 0) with those of a construction by
Zagier {24]. Thanks to the works of Garrett [13] (and his followers) we know
today how to avoid the laborious calculus of comparing Fourier coefficients
by investigating directly the integral of a cusp form (of arbitrary degree
n) against an Eisenstein series of double degree 2n; this computation is
nowadays standard for unramified primes, but less clear for primes dividing
the level.

The main purpose of the present paper is to understand some of Wald-
spurger’s results from the point of view of pullbacks of Eisenstein series
of degree two, in particular, we want to shed some light on the following
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beautiful (but mysterious) result [23, Théoréme 3|:

Let m = 2k be divisible by 4 and let D > 1 be a squarefree in-
teger with D = 1 mod 4. Then all cusp forms of weight k, level
D and primitive nebentypus are linear combinations of theta series
attached to positive definite quadratic forms of level D and discrim-
inant D or discriminant D™ if and only if the Hecke operator
U(D) does not have o real eigenvalue on the space of cusp forms
in question.

For some attempts to understand this condition on the eigenvalues of
U(D) see the papers of Ponomarev [18, 19).

In turns out (this is perhaps the only merit of the approach presented
here) that the result above is specific for the very special genera chosen by
Waldspurger: For all other genera of the same level and primitive nebenty-
pus the basis problem has an unconditional affirmative answer (this is at
least true for prime levels).

It seems to us that our method is more flexible: One can (at least in
principle) handle the basis problem for any genus of squarefree level in this
way; the bulk of calculation is done independently of choosing a genus to
be considered.

We do not expect that our method could possibly be extendend to
higher degree (or levels which are not squarefree). In the higher degree case
a more modest (but tractable) aim along these lines is the consideration of
the basis problem for a given level (not fixing a specific genus), see [7] for
squarefree levels.

In principle, the application of the doubling method to the basis prob-
lem is well understood. One starts with a genus theta series of degree 2n,
which by Siegel’s result is an Eisenstein series; we just quote Siegel without
explaining all the notations:

1 1 . . B .
%—(g)zije(si)az (2,S:) = E* (Z,G)_CZ[:)'y(C,D)det(CZ+D) _

Here G denotes a genus of positive definite quadratic forms of (even) rank
m and the S; are representatives of the classes in &. For a given cusp form
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f of degree n, one has then to study the map

1 1 mly G < (S
me;m<f,o(,sl)>a(sz)

- /F\Hn f(z)E%((_OZg) ,6)d"w.

One has to understand the integral over the genus Eisenstein series in some
way. Here we propose a somewhat brutal strategy: We write the genus
Eisenstein series as a linear combination of Eisenstein series attached to
the inequivalent cusps. Then one tries to compute the same kind of inte-
gral for each of these group-theoretical Eisenstein series individually (by
considerations completely independent of theta series). This seems to be
a somewhat painful task in general. Indeed it is the second main topic of
this paper to work this out explicitly for the case n = 1, squarefree levels
and all Eisenstein series. It turns out that in this case (say for newforms of
haupttypus) the contribution from the ramified primes is a rational func-
tion with denominator independent of the cusp in question; the numerator
has a simple structure (for nebentypus the situation is somewhat more
complicated). It is this numerator, which - in some cases — may create an
obstruction against a positive solution of the basis problem.

Of course there is also a “global obstruction” coming from zeroes or
poles of L-functions (in the case of low weights). In this paper however
we deal only with large weights and our main focus is the structure of
numerators (at bad primes) and its relevance for the basis problem.

There are not many papers dealing with similiar questions (explicit pull-
backs of Eisenstein series with levels); typically one picks out a favourite
cusp, for which the compution works smoothly, see e.g. 9], [21].

Our paper is organized as follows: In section 3 we describe from the
viewpoint of group theory the Siegel-Eisenstein series of squarefree level. In
section 4 some coset decompositions (with level) are studied; these results
are then used in sections 5-7 to do the unfolding: For each Siegel-Eisenstein
series of degree 2 we determine explicitly the pullback integral. To our
knowledge, this has never been done for all Eisenstein series and it may
(perhaps) be of some interest to see explicitly the “numerators” showing up.
In the final section 8 we apply our results to the basis problem, emphasizing
the case of primitive (quadratic) nebentypus of prime level. We rediscover
here some of Waldspurger’s results and add some cases not covered in [23].

Arakawa liked the pullback machinery of Garrett and its application
to the basis problem. He himself wrote a paper on this topic for the case
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of Jacobi forms [1]. Arakawa and I often made jokes about our different
attitudes towards Jacobi forms. It is very sad that the present paper cannot
be used for such joyful disputes among us.

2. Preliminaries

For most standard notations concerning modular forms we refer to the
literature [12, 15, 20].

We use exp(z) for 2™%; let H,, be Siegel’s upper half space with the
usual action of the proper symplectic similitude group GSp™*(n,R); this
group also acts on functions f on H, by the slash operator:

(f |k 9)(Z) = det(9)%3(g, Z) *flg < Z >)

AB
CcD
SP(N, x) respectively the space of Siegel modular forms of degree n and
weight k for the ususal congruence subgroup I'§ (N) with nebentypus x. We
omit the superscript n if n = 1. We often use (for w = u + iv € H,,) the
symbol

with j(g,2) = det(CZ + D) for g = < ) We denote by M7 (N, x) and

d*w = det(v)F =D dy doy

in integrals describing a Petersson scalar product (the “weight” k should
always be clear from the context).
For any subgroup G of Sp(n,R) we define G, to consist of those ele-

ABY . .
ments (C’ D) in G with C =0.
We will often use a standard embedding
tn,n t Sp(n) X Sp(n) — Sp(2n),
defined by
a0 b0
, _(ab AB ) 0A 0B
™\ ed/)'\CD c0do
0C 0D

Sometimes we write g! instead of tn n(12n, g). Tacitly we use the embedding
tn,n also for symplectic similitudes, if the similitude factors agree in both
components.
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3. Cusps and Eisenstein series for I'g(INV)

We start in a more general setting. Let N = p; -+ - p, be a squarefree pos-
itive integer and let x be a Dirichlet character mod N; we decompose this
Dirichlet character as

x =[] x-

piN

For v = (g IB)) € I'g(N) we put x(7) := x(det(D,)).

For any R € Sp(n,Z) we can define the Eisenstein series of weight k by
ER(Z,x,R,s) := > X(R™'0)5(7, Z) 7" det(S(y < Z >)°.
YE(RLG(N)R~1)oo \R[G(N)

This is well-defined under the condition
x(—1) = (-1)%,

which we always assume to hold (we also assume that k + 2R(s) > n +1
holds, therefore we have no problems of convergence).

A B) €T (N)oo and v € TG(N) we

It is easily seen that for v, = ( 0D

have
EI?(Zv X5 Yoo * R- Y S) = det(D)_kX(’Y) ' E;:(Z, X Ra S)'
Therefore these Eisenstein series depend {essentially) only on the double
cosets
I5(N)oo - B-TG(N),
moreover this series is zero unless the important compatibilty condition
X(R" 'Y R) = det(D)*
is satified for all v, € (RTF(N)R™1) NTHN)oo-

AB
We can parametrize the double cosets of R = cD
C (1 € <r). There are (n+1)" many linearly independent such Eisenstein
series (this is certainly true if x is trivial; for nontrivial character one has

to take the compatibility condition into account).

) by the p;-rank of

Remark 3.1. It is also possible, to define in the same way as above Eisen-
stein series EY(Z, 9, R, s) for any R € GSp*(n,Q) and any character 1 of
T'3(N); occasionally we use such a more general Eisenstein series.
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For many purposes it is enough to know these Eisenstein series only up
to the action of elements of the normalizer of '} (N): Let W € GSp™*(n,Q)
normalize T'¢(N), then we have, for R € Sp(n,Z) by a simple calculation

EE(Zy X Ra S) |k W = EI?(Z,"lb) RW/’ S)a
where the character ¢ of TF(N) is defined by
| P(7) = x(WyW™1).

We analyse this more explicitly for degree n = 2. Then we can characterize

an Eisenstein series attached to R = <g g) € 5p(2, Z) essentially by the
Fp-rank of C; therefore we define a decomposition
N=No-N-N,
attached to R by
2 p| N,
rankp, (C) = (1 p| Ny,
0 p|No.

Occasionally we write N;(R) to emphasize that the N; depend on the matrix
R describing a cusp.

The main purpose of our considerations here is to see that we may
restrict ourselves to the case Ny = 1: Assume therefore that Ng > 1; then
we choose an integral 2 x 2-matrix

_ aNo b
WNO - ( N NO)
of determinant Ny (involution of Atkin-Lehner-type). Then

W = 11,1 (Wi, W)
is normalizing I'3(N) and
= (1y 0 .
R-Wn, = (02 NO.12> R
with

5 aNoA-I-NB bA+NOB
R ( aC + N'D b(N%)+D> € Sp(2.2).

Here we put

Nl = N1 'N2.
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We easily see that

NI(R) = le
N2(R) = No - Ny,
No(R) = 1.

For the Eisenstein series this means
EX(Z,x,R,s) |x Wi, = Ng*"2EXZ,9,R, s)
with
$(7) = x(Wn7Wy,) = (xv X)) (7)-
Now we fix a decomposition
N=N;-N; (No=1)

and a matrix

AB
R =Ruin, = (c D)

such that

02 -1,
<12 0 ) mod Ny,

R = .
(0 “.1) mod Nj.

10

Then RI'Z(N) consists of all M € Sp(2,Z) such that
( <—AC _BD> mod Ny,

ar az b1 bs
C3 C4 d3 d4

<
0

<

mod N1
C1 C d1 d2

a3 aq bz by
with

M= (éﬁ) € T(N).

Here we used the decomposition

A _ a; as
- agz a4

49
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(and similarly for B, C, D).
The following observations are useful for an explict description of our
Eisenstein series:
o det(D) - (a3, a4) = (—da,d1) mod N;
by abuse of notation, we write this as
(=da,d1)
(a3y a’4)
a3§d25b4§OmOdN1
B=0 mod N2 )

det(D) = mod N.

o (RTZN)R VYoo = {(642 g)

e In this setting, the compatibility condition means

x(R7'R) =1 forall vy&Ti(N)e N(RTIN)R™Y).
AB
For such v = (0 D) we have

az3=dy =by =0(N;) and B =0(N,)
and

x(R™'yR) = [[ xo(R'yR)
p|N

= XN,(det D)xn, (det A)xn, (a1 - da).
The compatibility condition is then
x?\,l =1.
Using the information above, we can write down our Eisenstein series
very explicitly as

E}(Z,x, R, 5)
( d2a 1)

—Zm(det (O)R(sd) der(©Z + D) det(¥)’

[det(CZ + D) |

We often write this Eisenstein series as

E12V1,N2,k(Z) X7 S)'
We can describe the pairs (C, D) in two ways:

e “group-theoretic description”:

(2 ;) runs over (RT2(NYR™1)oo\RI2(N).
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o “arithmetic description”:
(C, D) runs over “non-associated coprime symmetric pairs” satisfying
the congruences

det(C) coprime to N3,
(*) (Cl,cz) = 0 mod Nl,
(c3,c4) and (dy,ds) both primitive mod Nj.

Here two such pairs (C, D) and (C’, D) are called associated, if there
exists U € GL(2,Z)°(N1) such that

(C', D'y = (UC,UD).

The congruence group GL(2,Z)°(N;) consists of those (Zl Zz) €
3 Ug
GL(2,Z) satisfying

Ug = 0 mod Nl.

4. Coset decompositions for I'Z(N)

Our aim is to decompose the Eisenstein series E(2N1, Naye(Zs X, 8) in a way
appropriate for the computation of the Petersson product of an elliptic cusp
form against the restricted Eisenstein series. This can be achieved in two
different ways:

First, one can follow the strategy of Garrett (see [13] for level one)
and study the double cosets

(RTS(N)R™)oo\RTF(N)/e1,1(To(IN) x To(IV)).
Secondly, one can look at
(RTH(N)R™ oo \RTF(N) /To(N)*.

We use the latter method, which was described for level one in [2] and (for a
quite different purpose) in [8] for the case N = Nj. We freely switch between
the group-theoretic and arithmetic description of the cosets defining the
Eisenstein series.

We first remark that for our purpose (evaluating a Petersson product)
we only have to consider those (C, D) with

0#(2).
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We consider

{(C, D) € Z3% | (C, D) coprime, symmetric, satisfying (%), 0 # (Zl> } .
3

On this set, there is an action of GL(2,Z)°(N;) from the left and of
To(N)! from the right. We recall from [2, Proposition 5] —with a minor
reformulation— the following decomposition for Sp(2, Z),\Sp(2, Z)*, where
the upper star indicates the condition that the first column of C is different
form zera:

a0bo w1 W3 1000
0100 Wy W4 . OaOﬂ
c0dO W4 —wsy 0010
0001 —w3 wq 07094
aw) awza — bway bwy awzf — bwsd
wWo wao 0 wyfB
cw cw;;a——dwz'y dUJ4 Cw;;,@—d(.u'z(s

0 wyy —ws wid

where

o M := (a b) runs over SL(2,Z)o\SL(2,Z) with the extra condition

cd
“c # 0”,
o R:= (: g) runs over SL(2,Z)sc\SL(2,Z),
o W= (wl w2) runs over GL(2,Z)/GL(2, Zw) with wy # 0.
w3 Wyq

We have to adopt this decomposition to the level N: For this purpose
we remark

o SL(2,Z)xx\SL(2,Z) = U (RUTo(N)R(D) ™Yoo \R(DTo(N),
IN
where R(l) is some fixed element in SL(2,Z) satisfying

1z modp (p|l),
R = (g;)modp(;ﬂ%).

o As a set of representatives for

GL(2,Z)°(N\)\GL(2,7)
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U= Ty T9 . 10
Tk ox t1

r1-1r9 = Ny, t mod r;.

For a fixed U € GL(2,Z)°(N1)\GL(2,Z) and a fixed [ | N and R €
R()T4(N) we check now, which

(C, D) — U . Ccwq Cwzx — dWZ'Y dLU.4 CLU3,3 - dw26
0 w1y —w3 w16

we can choose

with

do actually satisfy the conditions (*); we check the congruence conditions
(%) separately for all p | N in several steps:

e The case p | N3 (see also [8])
The condition det(C) coprime to Ny implies

,ZU],’)’ coprime to p J

in particular, p is coprime to I, in other words, the condition I | Ny
always holds.

e The case p | N;:
We first observe that C has rank 1 over F,,, therefore

p | cwry.

— The subcase p | N1, p | (ie.p| 7).
Here ¢ has to be coprime to p (because of the Fy-rank of C) and

C= (ulcwl ulcw;3> mod p

Ugcw] UzCwW3
and from this
plur=r +irg
The only possibility here is
plr, t=0.

Then the conditions (*) are satisfied for (C, D) at least locally at
p. Therefore the conditions are in this case

pte, U= (?(1)) mod p
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— The subcase p | N1, | coprime to p.
This is the most complicated case. We may assume that p | o.
We also have the condition p | cw;.

* We assume that p | rq:

Then
[t
U=<10) mod p

and

_ {0 (—tdwg + w1)y
Cs= (0 — duwg mod p.

If wy is coprime to p, then we may assume that p | wa, which
means that the second row of C is divisible by p, hence there
is no solution at all !

If p | wq, then there is one solution mod p, namely

plt, p|w, d coprime to p

This gives the conditions

01
pl“‘"l? p+d’ UE(lo)mOdp

* We assume p | 3
This means U = 15 mod p and therefore

C= (cwl -—dwyy)

0 w1y

and hence the conditions (taking wq divisible by p)

ple, ptw, U=1(p)|

This finishes our “local” investigation of the congruence conditions (x).

Summarizing the information above, we see that for a given decompo-
sition N = N; - N; and a given divisor { | N; we have to collect those

(wi,ws) =1 (w1 #0)
(,d)=1 (c#0)
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which satisfy the additional conditions §| = §(1):

c,wr both coprime to Ny
4(0) c coprime to [
d coprime to—’%l
¢-wy divisible by ﬂll

5. Unfolding 1

Now we decompose our Eisenstein series (or rather its “essential part”)

B v k(2 %0 8)" = D B, vy k(2% 9
A

into the parts belonging to a fixed [; we recall that we use the upper star
to pick out those (C, D), for which the first column of C is different from
zero. By an elementary calculation (or just quoting from similar calculations
done e.g. in 2, 8]) we see that

E(2N1,N2),k(l’(zv w), X, )] = Zj(g7 w)—k Y(R(l)_lg)HNl,Nz,l(zv g<w>,x,8
g€
with
ysvs
c(z2w? + wwi) + d)* | c(z2w? + ww?) + d |2’

HNl,Nz,l(z7waX7 S) = Z Y()(

w1,w3,c,d

where the w; and ¢, d have to satisfy the conditions §(I), and {(...) is some
expression depending (possibly) on the w; and ¢,d. By the standard pro-
cedure (“unfolding”), we can now compute the Petersson product of these
functions H against a cusp form f € Sy (N, x):

Inwas(S)(f) = /F o O T CE 0, w =

i (£ I RO™) @)Y 1@, 0) FHa wpa(er0 < w >)d"w,
R()To(N)R{)-1\H po=

where g runs now over (R({)Lo(IV)R(I) ™) oo \(R(I)To(N)R() 1. We recall
that the width of the cusp corresponding to R(l) is —Il\l, therefore, by un-
folding the summation over g, the integral above equals

/ £ I RO~ () v, (= 2w, %, ) dw,
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where the integration is over

(ROTo(N)R(1)™)oo \H = {w =u+weH

v > 0,u mod % } .
Writing

d=do+1t- cw?- #
with t € Z, and observing that

N
c(zw? + (w+ t-]—;[—)wg +do = e(zw? + ww?) + (do + tcwg—i-),

we may now write our integral as

- (vy)° .
Z /Hf Ik RO w) (c(—zZwi + ww?) + do)* | c(—zw? + wwi) + do |2§d ©

¢,do,w1,w2
where do is now subject to the condition (in addition to #(I))

do mod cw%#

The reproducing formula for holomorphic functions (see e.g. [4, 15]) gives

L z Sd*w = s)f(z
1) e | =5 w e = W) ()

with
k 1
— (1) ikpo-2k—2s44__ 1
Wes) = (~1)§ *n2 T

which allows us finally to write our integral as

w d
Innmaa(s) = Wi(s) D X()awrws) ™2 f [k RO)™ Ie (3?)

¢,do,w1,w3 w1

where ¢, dy,w; are subject to the conditons f(I). To analyse this via Hecke
operators, we express R(I)~! in terms of the Atkin-Lehner involution W¥ :
We choose R(l) in the special form

therefore
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We recall that elements of Wz_;l_ normalize I'o(N), therefore we study in the
next section the double cosets

dw 1 _do
To(N) <N0w3 N e ) To(N).
wl

6. Double cosets for T'g(IV)

From the theory of elementary divisors (or see [5] for a more general state-
ment for the Siegel modular group) it follows that

#ﬁl #_dj_ _l_D—l 0
SL2,z) | Nes Vs | SL(2,Z) = SL(2, Z) (N . D) SL(2,Z)
w1

with
D= CwWiwsg.

We want to determine the exact double cosets over I'g(IN). For this
purpose, we need some properties of the Hecke algebras associated to the
pair (Fo(N),GL*(2,Q)). We found that the exposition by Krieg [16] fits
very well to our framework (one could also use more abstract expositions
from the point of view of Iwahori Hecke algebras, for GL(2) see e.g. [10]).
Our main tool is [16, Theorem 2], which allows to write all primitive double

ab
cosets I'o (V) ( cd
primitive, if the entries are integral with ged equal to 1):

T'o(N) (‘(’; 2) To(N)

) To(N) in a canonical form (here a double coset is called

10
O0m

=To(N)ATo(N) - To(N) ( ) To(N) - To(N)W,Lo(N)

with A; € SL(2,Z) such that

0-1 9
A= (1 0>mod t

19 mod (%)2

nQ
woie ao- (20).

Krieg gives a quite explicit recipe how to get the data t,n,m from the
entries a, b, ¢, d; we will use this recipe tacitly, adopting it to our case of

and
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rational matrices; for details we refer to loc.cit. Also, the Hecke algebra
can be decomposed into its “p-components”, therefore it is sufficient to
determine the double cosets in question “locally”, i.e. we fix a prime and
consider cases, where wj, ws, ¢ are powers of p, subject to the condition f.
Our aim is to express all double cosets by those of the form

ro() (7 5 )Tt (@20

Viewed as operators on modular forms, they represent (up to normaliza-
tion) the well-known operators U(p®*#), if p | N; note however that for p
coprime to N the corresponding operators are not quite proportional to the
T(p>*P).

e “The good primes”, i.e. p coprime to N:
Here it is sufficient to state a slightly more general property: If wy,ws
and c are all coprime to N, then (for all d coprime to ¢)

%L cwdw D—l 0
ro) (%5 % | ot = o) (57 ) ot
with D = cwiws (just like in the case of level one).
® D I Nz:
We have to consider ¢ = wqy = [ = 1 and w3 = p” with dy modulo
2v+1,
p :
p—l—y d . p_l_y 0
Fo(N) 0 pp” FO(N) =F0(N) ( 0 p") Fo(N)

Moreover, we remark here that the dy mod p?**! exhaust the full
double coset.

o p|Nipll
Here, due to the condition #f we have ¢ = 1; there are two cases:

— First case: w; = 1,w3 = p¥ with v > 0:
Here dy runs modulo p?”; as before we get

—v do —v
Lo(p) (po ;’;) Lo(p) =To(p) (po po.,) Lo(p).

Here the dy also exhaust the full double coset.
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— Second case: w3 =1, w;=p“,v>1
Here dy = 0, the double coset is then

o) (% 2 ) Tol)
= To(N) A, To(N)To(N) (P;" puo_l) To(N)ToW,To(N).

e p| N1 and p coprime to I:
We have two cases
- p|wr:
This means wy =p” with v > 1, w3 =1, c=p", k >0,
dp is coprime to p and runs modulo p*+1.
Then

v—1 d

To(N) <”0 s ) To(N)

= o) (77T ey ) T B,

— w1 =17w3=P",VZO,C=Pn,’i21,
dp is coprime to p runs modulo p?v+r+1,

Then

—v-1 d
To(N) (p 0 P";i*")row)

= 1o (77 et ) T To W, o),

7. Unfolding II

We assume throughout that x is a quadratic character mod N and that
f € Sk(N,x) is an eigenform of all the Hecke operators T'(n) with n co-
prime to N. Both these assumptions are not essential, but they simplify
the formulation considerably.

We will give (under these assumptions) a formula for the Petersson
product of f against the restriction of any of the Eisenstein series introduced
earlier. The result will involve an L-function attached to f (in the context
of GL(2) it is usually called “symmetric square” L-function)

1

vt = e —mmma ey
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It is important to remark that this L-function is the same for f and f | Wx-
for any divisor N’ of N. It is also convenient to define (for M | N and R(s)
large enough) the following endomorphism of Si(NV, x):
d=to -
SymM(s): f— f | SymM(s):= Y f|To(N) ( 0 d) To(N)d™°.
d| Moo
d-10

Here the action of the double coset I'g(V) ( 0 d

) Fo(N) = UFQ(N)’Yi is
normalized to be

£ (47 §) Tt = Lo x3)f e
Y

.y
where for y; = (Zz dl) as above we put
i d;

x(w) = x(d- ai).
An easy calculation shows that (for d | N*°)

P16 (%) §) o) = 4427 (@)

with the standard Hecke operator U(d?).
If f =3 a(n)exp(nz) is a normalized newform (eigenform of all Hecke
operators) of level N, then

F18ymM(s)=LM(f,s+k—-2) f
with

LM(f,8) = [] —

— 2mn—8"
o L a(p)’p
For such newforms we also define the complete L-function by
L(f,s) := Ln(s)- L (f;9).

The considerations of the previous sections allow us (this is in some sense
the main result of this paper!) to give an explicit expression for the integral
of f against all of the (restricted) Eisenstein series introduced earlier. We
put (using a matrix R € SL(2,Z) which fits to the decomposition N =
No - N1+ N2)

INo,Nl,Nz)(S)(f) = /I‘ (R f('w)E,%(L(—Z, w)7R7X’ §)d*w.




The Genus Version of the Basis Problem I 61

From the previous calculations we first obtain a result for Ng = 1; one has
to collect the individual contributions in the right way to get the action of
the full double cosets described in section 6; we omit the details here. The
result is

Proposition 7.1. Under the assumptions above,
I1,N1,v, (8)(F) = Wi($)Ln (f, 25 + 2k ~ 2) X ANy N, (s)(f)
with
Anuma(9)() = Ny % - f| (Wi U (Vo) Sym™ (25 + k)

x [T (Sym?(2s + k) + p* =W, U (p*) Sym? (25 + k)W) ).
plN1

The considerations about the action of the Atkin—Lehner-involutions on
Eisenstein series allows us to remove the condition Ny = 1 from the propo-
sition above:

Theorem 7.1. Let f be as before, then

INo,N1,N2 (f) = Wk(s)LN(f1 25+ 2k — 2) X ANO,N1,N2(S)(f)
with
1-2¢—8k 1k
Ano,ny N, (S)(f) = Ny N, ®
x f| (U(No)Sym™e(25 + k)W, Wi, U (N2)Sym™ (2s + k)
x [ (Sym?(@s + k) + p*~2=2W, U (p?) Sym? (2s + k)W,,).
p|N1

Remark 7.1. If the character is not quadratic, a more complicated formu-
lation occurs, in particular, we cannot put the symmetric square L-function
in front; moreover, the condition x'j’\,l = 1 must be taken into account.

8. The basis problem for squarefree level

We recall that an even integral quadratic form S of rank m is said to be of
level N, if N -S~! is again even integral; if N is the smallest such positive
integer, we call it the ezact level of S; if m is even, we define the discrimi-
nant of § by (—1)% det(S).
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We start now from any genus & of positive definite even integral
quadratic forms of even rank m = 2k, squarefree level N and discriminant
D =1 mod 4; then the relation

N|D|N™

holds, if N is the exact level; otherwise only D | N™ holds in general. For
S € & we consider the degree n theta series

0(8,2):= > exp (%tr(RﬁS‘RZ));

Rez(m™™)

it is well known that this theta series belongs to M(N, x) with

((—l)kdet(S)) |

X=XS=

The subspace generated by all the §7(S) with S € & will be denoted by
©%. The genus version of the basis problem asks whether all cusp forms can
be obtained by such theta series, i.e.:

Does the inclusion SE(N,x) C ©F hold true ?

An important tool for the investigation is the genus theta, series, defined
by

1 1
"(6,2) = —— ——6"(S;, 2),
where the S; run over representatives of the GL(m, Z)-classes in G, the €(5;)
denote the order of the group of integral units of S; and m(&) = 3", -67157)
is the mass of &.
By Siegel’s theorem, this genus theta series is a linear combination of our

Eisenstein series, for degree 2 we can therefore write it as

0*(6,2)= >,  as(No, N1, Na)EX v, vy k(25 X)-
NoNiN2=N

This is true at least for £ > 3; the coeflicients can be computed by
comparing the constant terms in the Fourier expansions in the cusps, to
which the Eisenstein series are attached. For such computations we may
refer to [14, 9, 6]. The coefficients are in any case only depending on the
genus.
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To study the basis problem, we want then, for a given cusp form f €
Sk(N,x), to consider the map

fr— As(f) - (6 Z<f9 > 0(S:)

= Z aG(N07N11N2)AN0N1,N2(0)(f)'
NgN1Ny=N

The theory of newforms for trivial and nontrivial character differs some-
what and we have to treat these cases separately.

8.1. Case I: Haupttypus
Note that m is divisible by 4 in this case. Let
D=][Dyn with D, =p*»
be a given discriminant where
m
0<t, < —.
= p = )
Furthermore let
o0
f= Za ) exp(nz) € Sk(N)

be a normalized newform (elgenform of all Hecke operators). We mention
that for all p | N we have

FIU®) = —pE1f [ W,
Then it is easily seen that
ANo, N, N2 (0)(F) = Wi(0)L(f, 2k — 2)u(NoNo) NG TT (1 +p7%).
plN1

Furthermore, in this case we can write
_1
as (No, N] , N2) = :i:D;,leNf .

We do not need to know the exact nature of this sign &£ = k(Ng, N1, Na, G)
(it comes from the Hasse symbol), but it is usefull to know that it is essen-
tially something coming from local data:

K= H Kap((NO)p, (Nl)p7 (N2)P7 6)
pIN

Therefore we obtain

As(f) = Wk(0)L(f,2k — 2) x AN
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with the crucial “numerator” Ay

1 -
Av= Y &(No,Ni, N, ®)DRHIDZ u(NoNo)NG* T (L —p7%).
NoNiNg=N P‘Nl

This is clearly multiplicative with

An =[] 4»

pIN

and
Ay = —k(p,1,1,8)p~F — k(1,1,p,8)p~ % + k(1,p,1,8)p (1 + p~F).
These A, are then different from zero unless
D,=1 or D,=p*™.

In both these cases the theta series in question are “old forms”, because the
quadratic foms involved are of level % or scaled from level % by a factor
p. We obtain

Theorem 8.1. Assume that N is squarefree and & is any genus of even
integral positive definite quadratic forms of rank m = 2k (divisible by 4 and
different from 4) of level N and with discriminant D, D being a perfect
square such that for all p | N we have p? | D and p™ { D. Then the full
space Sp(N)™¥ of newforms consists of linear combinations of theta series
attached to quadratic forms belonging to &. For a Hecke eigen form f our
calculation above even gives an explicit expression of f in terms of the theta
series.

In some sense this is exactly the same kind of result as obtained earlier
for level one (without trouble concerning the ramified primes); the level one
case was done even for Siegel modular forms [2]; we have not much hope
to treat the higher degree case along the lines of the present paper; if we
allow all genera of level N, a simpler procedure is possible, see {7].

We remark here that the theorem above goes (in the case of squarefree
levels) beyond the theorems stated by Waldspurger, because he considered
for each N only one special choice of genus (convenient for his calculation).
The case m = 4 had to be excluded here because of problems of convergence
of our Eisenstein series and L-series.
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8.2. Case II: primitive nebentypus

Here we stick to the case of prime level N = p with p # 2; the most general
case (including “mixed” cases of nontrivial imprimitive characters ) will be
treated elsewhere.

We recall the properties of newforms needed here: Let x be the nontrivial
quadratic character mod p defined by the Legendre symbol and & a positive
integer satisfying (—1)*x(—1) = 1 (later on we also need the condition
k > 2). A normalized newform

[o. <]

f(z) = a(n) exp(nz) € Sk(p, X)

n=1
always comes up together with its “companion”

o0

f7(z) = ) a(n) exp(nz) € Se(p, x)-

n=1

For all such eigenforms f we assume throughout this section that f and f#
generate a two-dimensional subspace in Si(p, x); if this assumption does
not hold, some (minor) modifications of our statements are necessary. We
have the property
_k
FIWp =p72W()x(-1)- f* | U(p)
with the usual Gau sum W(x) = ZT 1 x(r) exp(5); we write its explicit
value in the form
1 ifp=1(4),
—1)W(x) =¢,- with g, =
x(—HW(x) P VP P {—i it p =3 (4).

We use these properties in the form
FlU@W, =&p'T 2,
FIWU®) =epp'® a@)? f*,
la(p) |* = p*~
to compute the explicit form of A, n,,N,(0)(f) in this case:
Ap1,1(0)(f) = Wi(0)Ly(f, 2k — 2)LP(f, 2k — 2)p~** 2e o
A1150)(f) = Wi(0) Ly(f, 2k — 2) LP(f7, 2k — 2)p% ~*e,a(p)2 f*,
A1,p,1(0)(f) = Wi(0)Lyp(f, 2k — 2) x
{L2(4,2k = 2)f + X(-)LP (£, 2k - oy a@?f}-
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Now we consider a genus G of even integral quadratic forms, rank m =
2k, level p and discriminant D = (—1)p* = 1(4) with 1 <t < m — 1. The
data ag(...) are in this case

as(p,1,1) =1,
aG(lvp, 1) = ikp—%1
as(l,1,p) = (~1)*p".
To formulate our formulas smoothly, we introduce a root of unity £ by

R Lp(fp, 2k — 2)
= To(fak-2)

Then
As(f) = Wi(0)Lp(f, 2k — 2)LP(f,2k — 2)
x {#(p™4 + (-)RpP B ) - f
+ (p7* e + (-1pE R ee,aGP) - 7).
Evidently, the two-dimensional space generated by {f, f#} is invariant un-

der the map As. Up to a non-zero constant a coefficient matrix for this
map is given by

*(p~% + (—1)*p?2%*-iga(p)?) pFtie,+ (—1)kpEFtEe a(p)?

pFtie, + (—1)*pi*tte,a(p)?  *(pTE + (~1)Fp?-*—1Ea(p)?)

This matrix is of the form
i*o g,
e,0 i*a

Observing that i2¥ = €2, we see that its determinant is zero iff | o |=| 8 |.
The equation | @ |2=| 8 | comes down to a quadratic equation for X := p?,
namely

X2 - )X+ = (X —p)(X -p* ) =0.
From this observation we get a main result of this paper

Theorem 8.2. Let p be a prime number, m = 2k > 6 even with (~1)*p =
1 (4); furthermore let G be a genus of even integral positive quadratic forms
of rank m, (ezact) level p and discriminant (—1)*p* with t odd and 1 < t <
m — 1. Then all cusp forms in Si(p, ;)) are linear combinations of theta
series 6(S) with S € 6.
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Waldspurger only treats (for arbitrary squarefree levels N =1 (4), not
just primes) the cases £ = 1 and ¢ = m — 1 excluded above. We briefly
describe, how these cases can be understood from the point of view of the
present paper (including positive and negative discriminants). We may (just
as in [23]) concentrate on the case ¢ = m — 1, the other case t = 1 is just
adjoint (from the point of view of modular forms one has just to apply
the Fricke involution Wp). In this case, the linear combination of f and
f? describing A (f) takes a very special form, namely (with a factor C(f)
different from zero)

As(f) =C(f) - (f +nf?)

with
T ifp=1(4) (k even),

2

i )
ni=—= ~1)* if p=3 (4) (k odd).

€p

Therefore Ag maps Sk(p, (1—3)) into Si(p, (5))” with

5, (3)1={ 1€ 510 ()

Evidently the map is surjective and we get

f”=nf}-

Theorem 8.3. (Waldspurger) Let S be a genus of positive definite even
quadratic forms of rank m = 2k, level p and discriminant (—1)Zp™~1.
Then (at least for k > 3) we have

Su(o, (;))ﬂ c 6.

To get the “mysterious” result of Waldspurger mentioned in the intro-
duction, we study the genus & together with its adjoint &* . Then, for
a given normalized newform f, we already know that f + nf? € ©g and
therefore

(f +nf?) | Wy = p~"Toep (£° | Up) +0f | U(®))
=p T (&_(p—)f" + na(p)f)

is in ©g-«. Clearly f+nff and (f+nf?) | W, generate the two-dimensional
space spanned by f and ff unless a(p) is real. If a(p) is real, then a(p)? =
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'a(p)z = p*~1. In that case we easily see from the explict shape of Ag«, that
(if a(p) is real)

Aer (N € 5o (3

Now we consider a (non-zero) linear combination g of f and f#, which is
orthogonal to f + nff. Then

(As +As+)(9) L g

and on the other hand, by expressiong this Petersson product in terms of
theta series, we see that

91 (06 +0¢-).
We obtain in this way the following version of {23, Théoréme 3].

Theorem 8.4. Let G be a genus of positive definite even quadratic forms of
rank m = 2k, level p and discriminant (—1)% p™~1. Then (at least for k >

3) we have, for any normalized newform f =) a(n)exp(nz) € Sk(p, (;))
the following statement:

C{f,f’} COs +0Og- < a(p)¢R
Moreover, if a(p) is real, then
C{f,f*}n (s + Os+) = C{f +nf*}.

In particular, the basis problem has a positive answer here (in the sense
that Sk(p, (;)) C Og + Og-) iff the operator U(p) does not have real

eigenvalues on Sk(p, (;))

Remark 8.1. As mentioned at the beginning of this subsection, all the
statements are made under the assumption, that f and f? generate a two-
dimensional space. If one wants to have smooth statements without this
assumption, one should restrict oneself to the subspace Si(p, (;))0 gener-
ated by those eigenforms f, for which indeed f, f# are linearly independent.
In this way, one can avoid problems with CM forms (which occur for odd
weights !). Our main statement (Theorem 8.2) however does not depend on
such an assumption. In Theorems 8.3 and 8.4 one should use Sk(p, (;) Jo in-
stead of the full space of cusp forms. Waldspurger [23] did not need to worry
about such a complication because he made statements only for p =1 (4),
where such CM forms do not occur.
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Remark 8.2. All the statements of this paper can be generalized to the
case of theta series with harmonic polynomials by using differential opera-
tors on H» with equivariance properties for

SL(2,R) x SL(2,R) — Sp(2,R);

The application of these differential operators for the basis problem is al-
most formal; the reader should consult (3,11].
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1. Introduction and main results

The double zeta values, which are defined for integers r > 2, s > 1, by

1
¢(r,s) = Z el 1
m>n>0

are subject to numerous relations. Already Euler found that when the
weight k = r + s is odd the double zeta values can be reduced to prod-
ucts of usual zeta values. Furthermore, he gave the sum formula

k—1
dCrk—r) = (k) (k>2). (2)
r=2

The aims of the present paper are:

e to give other interesting relations among double zeta values,
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e to show that the structure of the Q-vector space of all relations among
double zeta values of weight k is connected in many different ways with
the structure of the space of modular forms My of weight k on the full
modular group I'y = PSL(2,Z), and

e to introduce and study both transcendental and combinatorial “double
Eisenstein series” which explain the relation between double zeta values
and modular forms and provide new realizations of the space of double
zeta relations.

Double zeta values are a special case of multiple zeta values, defined by
sums like (1) but with longer decreasing sequences of integers, which are
known to satisfy a collection of relations called the double shuffle relations
(cf., e.g., (3], [5], [12]). The specialization of these relations to the double
zeta case is given by the following two sets of easily proved relations (see
Section 2):

(rys) +¢(s,m) =4(r){(s) =¢(k)  (r+s=k; rs>2),

() R Sy ®

=2
=k -5) (2<i<y).

N}

We wish to study the relations which can be deduced from (3). Since we
want to do this algebraically, it is useful to work, not with the double zeta
values themselves, which for all we know may satisfy other relations than
(3) (it is not even known that any ¢(r,s)/#"*? is irrational), but with the
formal double zeta space Dy, generated by formal symbols Z, 5, P, ; and Zx
subject to the relations (3), with Z, 5, P, s and Z taking the role of ¢(r, s),
¢(r)¢(s) and ¢(k), respectively, and where r and s are allowed to assume
the value 1.

In Dy, we can prove a number of explicit relations. In particular, Euler’s
result that all Z, , are rational linear combinations of the P, when the
weight % is odd holds in the formal double zeta space Dy, so that we can
(and usually will) assume that k is even. Similarly, the formal analogue of
Euler’s sum formula (2) holds in Dy, and in fact (for k even) has a refinement
giving the sums of the even- and odd-argument double zeta values of weight
k separately. Surprisingly, they are always in the ratio 3:1, independently
of k:
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Theorem 1. For even k > 2, one has

k-1 3 k-1 1

Z Zpk—r = i 2k, Z Ly = 1 Zy - “)
r=2 r=2

T even r odd

As an example of a more complicated identity, we show that, for m,n>1
odd, m+n=k%k>2,

n—1
—-m _
2 ZO ( v >Bu Zn—u,m+u = Z (—1)3 1/\m,n(7', S)Pr,s y (5)

r+s=k

where B, is the vth Bernoulli number and

An(r, ) :ni (m+:_1) (n::)Bv (6)

v=0
(which despite appearances is symmetric in r and s). Since B, = 0 for all

odd v except v = 1, this implies that any Z., ¢v can be written in terms of
Zod,od’s and P ’s. But in fact only Z,q,04’s are required:

Theorem 2. Let k > 2 be even. Then the Z,p—r with 0 <71 < k odd are
a basis of Dy. There are explicit representations of the elements of various
bases of Dy as linear combinations of the Zog 0a’s.

Theorem 2 will be proved in Section 4 by rewriting the defining relations (3)
of Dy, algebraically in terms of the action of the group ring Z{I'1] on a space
of polynomials. This leads to both a simple proof of the first statement and
to several concrete versions of the second. One of these, a variant of (5), is

1 2 1
Zm+1,k—m—1 + §Zk = _’;L. T;k )‘(r)n,k—m(ra S) (Zf‘ys + §Zk) (7)
7, s;sl-odd

form =1,3,...,k — 3, where

r—2
0 _ (-1 _ k—2-4\(r—1 B
Am,n(r, S) - ’\mm(rv s) (m ___ 1) Bs—m - % ( m—1 / n—~£€~1
(with B, = 0 for v < 0). Since Zy equals 4}, ,qq Zr,k—r by Theo-
rem 1, this expresses all even-argument double zeta values in terms of odd-

argument ones.
Theorem 2 is false for double zeta values. Instead we have the following
result, which gives the first connection with modular forms:
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Theorem 3. (Rough statement) The values ((od,od) of weight k satisfy
at least dim Sy linearly independent relations, where Sy, denotes the space
of cusp forms of weight k on T';.

Example. For £ = 12 and k = 16, the first weights for which there are
non-zero cusp forms on I'y, we have the identities

28((9,3) +150(7,5) + 168((5,7) = 27 ¢(12) (8)
66 ¢(13,3) + 375 ¢(11,5) + 686 ¢(9,7) + 675 ¢(7,9) + 396 ¢(5,11)
78967
= de)’

which can be written in terms only of ((od,od)’s using Theorem 1. Con-
jecturally (and numerically), these are the only relations over Q among
odd-argument double zeta values up to weight <16, and more generally
we expect that there are no further relations among the ¢(od, od) except
the ones predicted by Theorem 3.

Although Theorem 3 holds for the “true” double zeta world and is false
in the formal one, it is in fact a consequence of a result in the formal space.
In fact, it follows from two different—though complementary—results. Both
of them involve period polynomials. We recall the definition of these poly-
nomials. (A more detailed review will be given in Section 5.) For each even k
we consider the space V}, of homogeneous polynomials of degree k— 2 in two
variables and the subspace W}, C V}, of polynomials satisfying the relations
PX,Y)+P(-Y,X)=0,P(X,Y)+P(X-Y,X)+P(Y,Y—X) = 0. It splits
as the direct sum of subspaces W, and W, of polynomials which are sym-
metric and antisymmetric with respect to X « Y, with the former being
odd and the latter even with respect to X — —X. The Eichler-Shimura-
Manin theory tells us that there are canonical isomorphisms over C between
S and W,j’ and between M} and W . The full statement of Theorem 3,
given in Section 5, associates to any polynomial in W,", in an injective way,
an explicit relation among the numbers Z,4 o4 and Pey ev (and Zg). For the
above example (8), for instance, the polynomial X2Y2(X2 — Y2)3 in W
leads to the relation

95 167
28 Z9,3 + 150 Z7,5 + 168 Z5,7 = 28P4,8 + ?Ps,e — Tzlz , (9)

which by Euler’s theorem agrees with (8) modulo Q7n'?, and similarly the
complete version of the relation given above between odd double zeta values
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in weight 16 is

66 Z13,3 + 375 Z11,5 + 686 Zg,7 + 675 Z7 o+ 396 Zs 11

1081
= 66P4,12 + 185F 10 + Ps 8 — ——Z16

The other result about formal double zeta values which implies Theo-
rem 3 involves the space W,;" rather than W, . More precisely, it involves
a certain 1-dimensional extension W,:‘ C Vi +C- (XF-1y-1 4 X-1yk-1)
(see Section 6 for details) which is isomorphic to My, rather than Sk :

Theorem 4. If {Z,,, Prs, Zx} is a collection of numbers satisfying the
double shuffle relations in weight k, then the polynomial

Z P'r,s Xr-lys-1 _ %ﬁ (Xk—ly—l +X—1yk—1)

r+s=k
T, $ even

belongs to W,j (and to Wit if Z;, = 0). Every element of W,:' arises in this
way.

From one point of view, this says that the subspace PgY of Dy spanned by
the P, s with r and s even is canonically dual to W+ From another, it says
that there are k/6 + O(1) relations among the Pev,ev, these relations being
the same as the relations satisfied by the coefficients of period polynomials
in W,I . In fact, we will prove Theorem 4 in this form. It is this point of view
which leads to the most direct connection with modular forms, because it
is known (as a consequence of the so-called Rankin-Selberg or unfolding
method) that the coefficients of (extended) symmetric period polynomials
satisfy the same linear relations as the products G,Gs € My, (r + s = k),
where G, denotes the Eisenstein series of weight r on PSLy(Z). (When
or s is equal to 2, the product G2Gk_o must be modified slightly by adding
an appropriate multiple of G} _, to compensate for the non-modularity of
G3.) Thus the proof of Theorem 4, combined with the known facts that the
products G,G5 span My and, after dividing by 7*, have rational Fourier
coefficients, also leads to the following, more intuitive, statement:

Theorem 5. The space P¥ is canonically isomorphic to M ,?, by a map
which sends P, to (2mi)~*G,G, (plus a multiple of G}_, if r or s = 2)
and Zj, to (27ri)‘ka.

Theorem 5 tells us that there is a realization of the symmetric (P-) part
of the double shuffle relations given by products of Eisenstein series. This
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implies by linear algebra that there must be a realization (and in fact, in-
finitely many realizations) of the full space Dy having these products as its
symmetric part. It is then natural to ask whether there is a natural choice
of such a realization. In the last part of the paper we show, following an
idea already adumbrated in [15], that there are in fact two such choices.
More precisely, we show that one can extend the map P§¥ — My in two
different ways to a map from Dj, to a larger space of functions, by finding
“double Eisenstein series” which are related to products of Eisenstein se-
ries in exactly the same way as double zeta values are related to products
of Riemann zeta values. One of these ways is transcendental, in terms of
holomorphic functions in the upper half plane, and the other combinatorial,
in terms of formal power series in ¢ with rational coefficients. Both ways
are interesting, and they also turn out to be related: the Fourier expansion
of the transcendental double Eisenstein series splits up into three terms,
the most complicated of which is (a multiple of) the combinatorial double
Eisenstein series. We now explain this in more detail.

The transcendental version of the double Eisenstein series G, s(7) is
defined, in complete analogy with (1), as

Gr () = Z mrlns (T € $ = upper half-plane),
m,neZr+7Z
m>n>0
wheren > Omeans n =n7+bwithn >0orn=0,b>0andm > n
means m — n > 0. The series converges absolutely for r > 3, s > 2, and also
makes sense for s = 1 if the sum over n (for m fixed) is interpreted as a -
Cauchy principal value. The same combinatorial proof that establishes (3)
shows that, at least in the convergent cases, the corresponding equations
still hold with {(r, s) replaced by G, ;(7) and with (each) {(k) replaced by
the function

meZr+Z
m >0

(again to be interpreted as a Cauchy principal value if k = 2), which equals

the previously mentioned Eisenstein series if k is even. In other words, at

least for the cases of absolute convergence, we have a realization of the

double shuffle relations on the space of holomorphic functions in $ given

by '

Zr,s — Gr,s(T)a Pr,s Lans GT(T)GS (T)a Zy — Gk(T) .
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The combinatorial/arithmetic aspect emerges when we study the
Fourier expansions of the single and double Eisenstein series. The former
are given by the well-known formula

@2mi)T*G(r) = {(k) + gk(q), (10)
where g = €27, (k) = (2mi)~*¢(k), and
_ (_1)k -1 un
gx(q) = =11 u:éouk lg (k=2). (11)

The corresponding result for G, ¢(7) is given by
Theorem 6. The Fourier ezpansion of G, (1) forr 23, s > 2 is given by

@) Gra(r) = Urs) ¥ Y0 Caan(@ ) + grel)  (12)
il

with q = €277 C(r,s) = (2mi)~"*((r, 5),

CP, = 8op + (—1)9@ :‘D + (—1)P—T(’; :i) €z (13)

and
( r+s r— s ’u.m wn
grs(q) = z:‘l'),(—s_—l—),m;;ou tys it € Qlgl]. (14)
u,v>0

We can reinterpret this theorem in the light of the following consider-
ations. If k is even, the case when G(7) is modular (or quasi-modular if
k = 2), then by Euler’s theorem the number E(k) occurring on the right-
hand side of (10) is the rational number —By/2k!, which we denote by S.
Hence this right-hand side can be replaced by the expression

Ze(q) = gr(9) + B (k>2), (15)

which we call the combinatorial Eisenstein series because it is purely com-
binatorially defined as an element of Q[[g]] and is proportional to the usual
Eisenstein series (and hence modular) when k is even and > 4. In the same
way, we define

Brsl@)= > CP,Bpanla) (r,5>2) (16)
h+p=r+s

and set

Zrs(q) = 9rs(q) + Brs(q) (r=3,s22), (17)
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the combinatorial double Fisenstein series. Then the right-hand side of (12)
can be rewritten as

{rs) + Y. CEC(p)gn(a) + Zrs(g). (18)
h+p=r+s
h,p>1,p odd

The three pieces in (18) lie in three non-intersecting Q-subspaces of C[q]] :
the first term is in C (more precisely, in R or iR depending on the par-
ity of 7 + s), the second term in iR[[g]}°, and the third in Q[[q]]°, where
A[[g]]® = qA[[q]] denotes the space of power series without constant term
with coefficients in a vector space A. The first term is our familiar double
zeta value realization of the double shuffle relations. The second also fulfils
the double shuffle relations, independently of the arithmetic natures of Z (p)
and gn(g), because by a simple result which will be proved in Section 2
(Corollary 2.1) the numbers CZ, for any odd value of p less than 7 + s
already satisfy these relations. The following theorem, which we will prove
in Section 7, says that the combinatorial double Eisenstein series, suitably
extended to the missing cases r = 1, 2 and s = 1, also satisfies the double
shuffle relations.

Theorem 7. (Rough statement) There is a realization of the double shuf-
fle relations in Q[[g]]® which in the region corresponding to absolute con-
vergence agrees with (17) and (15) and sends P, s to Z,.(q)Zs(q) — BrBs for
T, § > 2.

If we now use (18) with the extended definition of Z, ((q) to define the
double Eisenstein series G, 4(7) in the previously undefined cases r = 1,
r =2, and s = 1, then we find that there is also a realization {Z, s, Pr,s, Zt }
of the double shuffle relations in the space of holomorphic functions in
the upper half-plane which maps Z,; to G, s(7) for r>3,s>2, P, to
Gr(1)G4(T) for r, s > 2 and maps Zi to Gi(7) for all k > 2.

Remark. Some of the ideas developed in this paper were already men-
tioned, in a very preliminary form, in {15} and [16]. The discovery that there
are unexpected relations among ¢(od, od)’s starting in weight 12 originated
with a question posed by T. Terasoma about the linear independence, mod-
ulo 712, of ¢(r, s) with 7, s > 1 odd, 7+ s = 12. We also mention that there
is a related phenomenon for the “stable derivation algebra” of Y. Thara {4]
inside the Lie algebra of derivations of the free Lie algebra on two gener-
ators. The recent paper of L. Schneps [14] should have a close connection
to our present work. Also related are several results of A.B. Goncharov,



Double Zeta Values and Modular Forms 79

who defined a coproduct structure on (formal) multiple zeta values in [6]
and described relations between double zeta values and the cohomology of

PSLy(Z) in [5].

2. The formal double zeta space

We begin by discussing the double shuffle relations (3). The first follows
from the obvious decomposition of lattice points in N X N into the three
disjoint subsets {(m,n) | m > n}, {{m,n) | m < n} and {(m,n) | m = n},
giving the identity

(Z 43 + % ) - P =y =,

m>n m<n n2l

which is precisely the first equation in (3). For the second, we can use the
partial fraction expansion

-1-=Z[ (i-) N G- } G+i=k). (19)

mind e (m+n)rn® ° (m+n)'m?

(Proof: Compute the poles of both sides as rational functions of n, with m
fixed.)

In the formal setting, it is convenient to extend the set of generators and
relations in (3) slightly by including the case r = 1 (in the case of double
zeta values, this would give a non-convergent series): we introduce formal
variables Z, ,, P, ; and Z; and impose the relations

Zr,s + Zs,r = I'rs — Zx (7'+3 = k)v

-1 -1
2 Kr >+ (7j )]Z - P; (Gti=k. @O
iyt i—1 j—1

(From now on, whenever we write r 4+ s = k or i + j = k without comment,
it is assumed that the variables are integers > 1.)
The formal double zeta space is now defined as the Q-vector space

{Q-linear combinations of formal symbols Z, , P, s, Zk}
(relations (20))

Dy =

Alternatively, since Egs. (20) express the P; ; in terms of the Z, 5, we can
define Dy, as

{Q-hnear combinations of formal symbols Z, s, Zx}

D= (relation (22))
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where relation (22) is given by taking the difference of Egs. (20):

-1 -1 e
2 [(:— 1) * (; - 1>]Zm =Zij+Zii+ 2y (i+j=k). (22)
r+s=k

Of course, since both sides of (22) are symmetric in ¢ and j, it is enough to
take (22) for i < j. We thus have (for k even) k generators and k/2 relations,
0

dim Dy, > g (k even). (23)

(We will see below that in fact equality holds.) Finally, we define the A-
valued points Di(A) of Dy for any Q-vector space A by

Di(A) = Homg(Dk, A) = {(Zr.s, Zk)r+s=k € A*, satisfying (22)};

this can also be represented as the set of (2k — 1)-tuples (Z, ,, Pr s, Zk)
satisfying (20), and we will use both forms. An element of Di(A) will be
called a realization of the double zeta space in A. For example, with A =R
and any x € R we have an R-realization of Dy (for k > 2) given by

7 {C(r, s), ifr>1,
rs

K, ifr=1,
Py dSE(s), ifr,s>1, (24)
" k4 Ck—1,1) +¢(k), fr=1lors=1,
Zs C(K).

Here we could also treat « as a variable and consider this as a realization
inR+Q-« or R[x|.

We now introduce two convenient ways to work with Dy. The first is by
generating functions. Let (Z, s, Pr s, Zk)rt+s=k € Dr(A) be a realization of
Dy in A. Then we can see easily that the identities (20) are equivalent to
the relations

xk-1 _ yk-1

WX Y)Y+ X) = in(X,Y)—Zk-—X—T—, (25)

3k(X + Y,Y) +3k(X + Y7X) = "pk(X7Y)
for the generating functions

3(X,Y)= D Zo XY P(XY)= D P XTlYe!
r+s=k r+s=k
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of the Z, ; and P, , respectively, in A[X,Y]. (Equations (20) just express
the equality of the coefficient of X"~1Y*~1 in (25).) Similarly, (22) is equiv-
alent to the single relation

(X +Y, V) 4+ 3u(X +Y,X) - 3(X,Y) — 3i(Y, X)
Xk-1_yk-1  (26)
=7, = 7

X-Y
for the polynomial 3.

As an example of the use of these equations, we will prove the first two
identities mentioned in the Introduction, namely the fact that all Z, ,’s are
combinations of P, ¢’s and of Z if k is odd, and the separate even and odd
sum formulas as given in Theorem 1 if & is even. For the first, we can work
with (20) with the right-hand sides both replaced by 0 (because we want
to work modulo all P,,’s and Zj). Then (25) become simply 34(X,Y) +
3:(Y,X) =0and 3x(X +Y,Y) + 3:(X + Y, X) = 0. Rewriting the latter
equation as 3x(X,Y) + 3x(X, X —Y) =0, we see that 3 is anti-invariant
under the two involutions ¢ : (X,Y) — (Y, X)and 7: (X,Y) — (X, X-Y).
Since (e7)® maps (X,Y) to (—=X,-Y) and 3 is homogeneous of degree
k — 2, these two relations imply 3x(X,Y) = (-=1)*3x(X,Y), so 3 = 0 if
k is odd, proving the first identity. (One can refine this proof to give an
explicit formula for 35(X,Y) as A(X,Y) — A(X, X - Y) + AY)Y - X),
where A(X,Y) = 32, P X7y 71 - 2 X’C-—;:;i——l .) For Theorem 1, it
suffices to apply (26) with (X,Y) = (1,0) and (1, —1). This gives (for even
k)

3e(L,1) = 3k(0,1) = Z¢,  3k(1,-1) ~3x(0,1) = _%Z’“’

and Theorem 1 follows by adding and subtracting the equations.

We remark that it is occasionally convenient to work with the in-
finite product D = [], Dy consisting of infinite collections of num-
bers {{Zrs}rs> 1, {Prs}rs>1,{Z}r>1} satisfying (20) for all k. Then
the corresponding generating functions 3(X,Y), P(X,Y) and 3(T) =
k1 ZeT* ! satisfy

_ _ X)) —a(Y)
3(X,Y)+3(Y,X) = P(X,Y) X-v (27)

(IX+Y,V)+3(X+Y)Y) = B(X,Y),

and similarly for (26). For example, the reader may want to verify that the
function 3(X,Y)—3(0,Y)isequalto ) ..o X/m(m—X)(n-Y) for the
realization (24) and to use this to verify the k-less version of (26) directly
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for this generating function. (The calculation—which requires some work—
gives the result only up to an additive constant, corresponding to the fact
that (24) holds only for k > 2.)

The following proposition, which will be used in Section 7, gives some
easy solutions of relations (26) (with Zy = 0).

Proposition 2.1. Let A(X,Y) € Vi be a polynomial which is even with
respect to Y. Then the function

WX, Y)=AXY)-AX, X -Y)+ ALY - X) (28)
gives a Tealization of Equation (26) with Zy = 0.

Proof. One checks by direct calculation that if 35(X,Y) is defined by (28)
then both 34(X,Y) + 3x(Y, X) and 3x(X + Y,Y) + 3x(X + Y, X) equal
A(X,Y) + A(Y, X). Note that the assertion of the proposition also holds if
A(X,Y) = A(Y,—X) or if A is anti-symmetric (with Bz = 0 in the latter
case). 0O

Corollary 2.1. Let0 < p < k be two integers with p odd. Then the numbers
Zrs = CE, (r+s=k) with CP, defined by Equation (13) satisfy (22) with
Zy, = 0.

Proof. This is simply Proposition 2.1 applied to A(X,Y) = X*-p-1ypr-1,
The corresponding numbers P, , in (20) are equal to 6., +d,,. O

The second way of working with Dy, is by studying the relations among
the Z, s (or Z, s, P, s and Z;). The following result gives a useful description
of them. We introduce the notation

Ve=(X"Y* ! r+s=k), Vk_( —|r+s=k).

We define an isomorphism Vi, — V;* by

F(X,Y): Z (]: 2>frer lys-1 F*mn Z fr,s )
k

m'n?
r4s= r4s=k

Then we have the following

Lemma 2.1. Let F, G, H € Vi and F*, G*, H* the corresponding ele-
ments of Vi¥. Then the following two statements are equivalent:

(i) H*(m,n) = F*(m + n,n) + G*(m,m +n),
(i) FX,)Y)=H(X,X+Y), GX,Y)=H(X+Y)Y).
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Proof. Equation (19) implies that any element h € V;* can be decomposed
as f(m+n,n)+g(m,m+n) for some f and g in V¥, and this decomposition
is obviously unique since f(1,z) has poles only at z = 0 and g(1 — z,1)
only at z = 1. If f = F™* etc., then an inspection of (19) shows that the
coefficients f, , and g, of F and G are related to the coefficients h, ; of H

by
s—1
h;i.
(j—l) 7

Using the binomial coefficient identity (*22)(77]) = ’;:f) CH(r+s=

i+ j = k), we find that these formulas are equivalent to (ii). O

fr,s = Z (::i)hi,j, grs = Z

i+i=k i+y=k

Proposition 2.2. Let a, s and A be rational numbers. Then the following
three statements are equivalent:

(i) The relation
Z ar,sZr,s = /\Zk (29)
r+s=k

holds in Dy.
(il) The generating function

AX,Y)= > (k B 2) ars X7Vl eV (30)

r+s=k r—1

can be written as H(X, X +Y) — H(X,Y) for some symmetric homo-
geneous polynomial H € Q[X,Y] of degree k - 2, and

k—1 [t
A=———/'Hm1—nﬁ. (31)
2 Jo
(iii) The generating function
a
. = —= : 32
A (ma n) T-?ék mrne € Vk ( )

can be written as f(m,n)— f(m+n,m)— f(m-+n,n) for some f € V¥,

and

f(1,1) — A*(1,1)
2

Proof. If we choose the symmetric polynomial H(X,Y) = X*~1Y4-1 +

X3-1Y~1 and use the binomial theorem to compute the a, s in (30) and

the beta integral to compute A = (i — 1)!(j — 1)1/(k — 2)!, then we find

A= = f(2,1). (33)
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that (29) reduces to (22). Since these H’s span the space of symmetric
polynomials in Vj, this proves the equivalence of the first two statements.

The equivalence of (ii) and (iii) follows by applying the lemma with
F=A+H, GX,)Y)=F({,X) and f = F*, g(m,n) = f(n,m). To check
that the values of A in (ii) and (iii) agree, we again use the beta integral
Jo trH (1 =ty tdt = Rl o get (k~ 1) fy H(t,1—t)dt = S hy,o =
H*(1, 1) El

Remark. We can also write Equation (31) as A = 3} hys, where H =
5 (ZheoX 7

The two approaches outlined above are equivalent by a duality which
we will discuss below, but it is very convenient to have both. As an example
of the use of the proposition, we give a second quick proof of Theorem 1
from the Introduction. Taking H = X*-2 4 Y*=2 jn the proposition gives
ars =1 (r #1), a1 k-1 = 0, A = 1, while taking H = (X — Y)*~2 gives
ars = (=1)" (r # 1), a1 ,—1 = 0, A = §. Again adding and subtracting the
two relations thus obtained gives (4).

As a second example, we observe that Eq. (22) contains no Z; 1, so
that Z; x—1 is a free variable (as we already saw in the realization (24)).
Thus @1 %x—1 must vanish in any relation of the form (29), and we can also
see this in the proposition by setting X = 0.

3. Using the action of PGL2(Z)

We have already repeatedly used the space V), of homogeneous polynomials
of degree k — 2 in X and Y. We now make this approach more systematic
by exploiting two further structures on Vj: the action of the group I' =
PGL2(Z) and the T-invariant scalar product. The former is defined in the

obvious way by (FIY)(X,Y) = F(aX +bY,cX + dY) for v = (z 2) (we
suppose throughout that & is even) and the latter by

(X7tye=h xmmynh) = ) 0 - (34)
m—1

for r,s,m,n>1, r+s =m+n = k. The invariance property (F|y, G|7) =

(F, G) is easily checked. We extend the action of I on Vj to an action of the

group ring R = Z[I'| by linearity. Then (F|§,G) = (F, G|¢*), where £ — &*

is the anti-automorphism of R induced by < +— y~1. We occasionally work

with the model of V. consisting of polynomials f(z) of one variable of degree

<k — 2, corresponding to the homogeneous model via f(z) = F(z,1),
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F(X,Y) = Y*2f(X/Y). The group operation in this version takes the
form (f|y)(z) = (cz + d)*~2f((az + b)/(cz + d)).
The group I' contains distinguished elements. First there are the com-

muting involutions
01 -10
5‘(10)’ 5‘(0 1)’

sending F(X,Y) to F(Y,X) and F(-X,Y), respectively. The (1)
eigenspaces of ¢ will be denoted by Vki and the (+1)-eigenspaces of § by
V¥ and VPd; we also write VY for the space of even symmetric poly-
nomials and similarly for the other three double eigenspaces of dimension
k/4+ O(1). In PSL3(Z), we have the elements

_(0-1 (11 e (11 e (10
S_<10), U—(lo), T_US_<01), T_US_(II),

with the relations S2 = U3 =1, § = &6 and
Ue=U?  eTe=T, 6&T6=T"1, STS=T"".

We will also consider various special elements of the group ring Z[I'].
First, we have the projections

1 1
7t = —2-(5 +1), =%= —2-(1 —§), at°d = gtged = godgt | ete.
onto V*, Vod y+.od etc. Next, we have the element
= (T-1){es+1)

which by (26) essentially characterizes Dy (Q): the codimension 1 subspace
D(Q) of realizations with Zx = 0 is identified precisely with Ker(A), and
the full space Dy (Q) corresponds to the space of 3 € V}, such that 3|A € Q-

ka—ng,_ We can now interpret part of Proposition 2.2 (the equivalence
of (i) and (ii) when Z, = 0) as the dual statement of this with respect
to the non-degenerate scalar product (34): a relation (29) with Z; = 0 is
reformulated equivalently as (A|S, 3) = 0 (compare equations (29) and (30);
the extra “S” comes from the interchange of r and s and the sign (—1)"
n (34)). So this holds for all 3 € Ker(A) if and only if A|S € Im(A*) =
ViF(T—! = 1), ie, if and only if 4 € V'|(T~! - 1)S = V,F|(T" — 1) (for
the last step, use V" = V,/|S and ST~'S = T"), and this is just (ii) of
Proposition 2.2. Finally, we have the element

A=1-eU+U* ¢ 7Z[1]. (35)
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It is related to the above elements by

AA = —4x°dxt ¢ Z[T], (36)
as we see by the calculation

AT -1) Q-eU+UHUS-1)
1-Ul-1)]S+U%e-1) -1
= -1+ -US+UHe-1),

followed by multiplying both sides on the right by € + 1. It follows from
(36) that for any polynomial A € Vi which is even or antisymmetric or
S-invariant, the coefficients of A|A give a realization of Dy, with Z; = 0 by
taking 3x = A|JA and B, = 27+ (A). This is equivalent to Proposition 2.1
and the remark in its proof.

As an example for how to work with the structures just introduced, we
prove Eq. (5) from the Introduction. To do this, we define

k-2
m—1

]

i

Bnn(X,Y) = ( )Y"‘an_l(X/Y) (m+n==k), (37

n=0
The numbers Ay, »(r, s) defined in (6) are the coefficients of the generating

series

where B,(z) = >_© (:) B,, z¥~* denotes the vth Bernoulli polynomial.

> (k:f> Ama(r, ) XYY = Bra(X,X+Y).  (38)
r4+s=k

The symmetry Amn(r, s) = (—=1)™ 1A, (s, 7) mentioned for m odd in the
Introduction follows from this formula together with the standard property
B, (1 - z) = (—1)"B,(z) of Bernoulli polynomials (cf., e.g., [2]). Set a, s =
(~=1)*1! [(:1:11)33_,,, — Am,n(r, 8)]. Then we see that the polynomial (30)
has the form H(X,X +Y) - H(X,Y) with H(X,Y) = Bn(X,X - Y).
The symmetry property just mentioned implies that H(X,Y) = H(Y, X),
so we can apply Proposition 2.2 to get (29) with A = > (=1)*"1 A n(r, 5).
This is (5).

4. Representing even double zeta values in terms of odd
ones

In this section, we prove Theorem 2. Since we already know that
dim Dy, > k/2 (cf. (23)), we have only to show that any Ze, ey is a linear
combination of Z,q04’s. This means that any collection of numbers {aq |
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r+s=k; r,s even} can be completed to a collection {ars (r +s = k), A}
satisfying (29) in Di. By Proposition 2.2, this is equivalent to showing
that any polynomial F' € V2 is the odd part of a polynomial of the form
H|(T — 1) with H € V;} (since then Fle is the odd part of H|(T' — 1)).
Thus the result to be proved is:

Proposition 4.1. The space Vi (k > 2 even) has the decomposition
V& + VT -1) = Vi

Proof. Here it is more convenient to use the 1-variable model. Let V,T% C V4
be the fixed point set of the involution g(z) — g(1 — z). Then we have the

following commutative diagram with the top row exact:
T-1
0_,@,1___)‘/,?6___) VkOd —s 0

l 14e—eU Tﬂ'"d

Vi =SV

To see the exactness, we first observe that if g € V7% then the polynomial
f = g|/(T —1) is odd because, from TéT = ¢ and g|Td = g, we deduce
g|T = glé. Conversely, an odd polynomial f(z) € Vi has degree <k —3
(since k is even) and hence can be written as g(z+1)—g(x) for some g € V.
But then g|(T6—-1)(1-T) = g|(T—-1)(1+6) = fl(1+d) =0,s0 g|(Td—1) is
a constant and hence zero since it vanishes at £ = 1/2. (One can also argue
that the map VI°/Q -1 = V24 which is obviously injective, must be an
isomorphism because both sides have dimension k/2~—1.) It is clear that the
kernel of VT4 BV,;’" is Q- 1. Next, we have to show that h = g|(1+c—€U)
is symmetric for g € V,T4. This follows from eUe = U? = T'SU and thus
gleUe = g|TSU = g|dSU = g|eU. The commutativity of the square now
follows from the calculation

(e — UNT — 1) = (T — 1)e(1 + 8) + (1 — T6)e(1 - U)T,

which implies that (h— g)|(T'~ 1) = g|(e —eU)T — 1) = g[{(eT — 1)e(1 +6)
which vanishes under |(1 — §).

It follows from the diagram that the map m°d : V;¥|(T — 1) — V4 is
surjective which is equivalent to the statement of the theorem. [

The proposition and its proof give us an explicit way to realize the
asserted decomposition by starting with any basis of VI. To obtain a
relation (29) with prescribed values a, s = fr s for r and s even, we write
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the generating function fle € Vo4 as g|(T — 1) with g € V;%, then A =
gl +¢e—eU)T — 1) = g|(1 + € —eU)(T" — 1) has odd part f and
belongs to VI |(T” — 1), so that Proposition 2.2 applies. To obtain explicit
relations of this decomposition, we can choose any basis of the space of
functions symmetric about £ = 1/2. In particular, from the three bases
g(z) = (22—1)*"2-2 (22 -2)" and By, (z), where 0 < v < (k—2)/2, we get
three explicit collections of relations. For the first one, suitably normalized,
we find that the coefficients of the associated relation (29) are

2~ 1 (T - 1) (v, s even)

2v

O = ‘2“1(82_1/1)* > (_l)a(r;-l)(s';l) (r, s 0dd),

a+p=2v

k—1(k-2 ! k~20—-2,2v 1
A= 3 (2;/)[/0 (2-3) t dt"2(2u+1)]’

and for the second basis we find

1(k—2) (S_Z_ ) (r, s even),
§<r—1) ar,s = (_1),,<1:”—_2V—_21u)_1(r_5_1) (7,5 odd)

(we omit the value of A in this case). In both cases, the coefficients for
r, s even form a triangular matrix. The third family g(z) = Ba,(z) yields
Eq. (7), as the reader can check as an exercise by imitating the proof of
Eq. (5) which was given at the end of Section 3. The following table gives
these three collections of relations for the case k = 12.

5. Double zeta values and period polynomials

In this section we describe various connections between period polynomials
and the (formal) double zeta space, and prove Theorems 3 and 4. Since
both of them involve period polynomials, we begin by reviewing these. The
definition of period polynomials was already given briefly in the Introduc-
tion. The motivation comes from the connection with modular forms, which
we will review in the next section. Here we discuss only the algebraic prop-
erties.

The space Wy, is defined as
Wi = Ker(1+S)NKer(14+U +U?) W, (39)
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Table 1: Relations among double zeta values of weight 12 coming from Proposition 4.1.
Each row of the table gives a relation among the (formal) double zeta values displayed

in the top line. The Z1,11 column has been omitted, since all of its entries would be zero.

g(z) Z3,10 Z4,8 Ze,6 Z3,4 Z10,2 Zv2 | Zso Zsg Zrs Zea Ziin
109 @s-1)1°| 512 128 32 8 2|-138 [ _3 _15 _63 —255 —1023
1(1% (25 -1)® | 0 384 320 168 72| —2L | —99 —243 —387 —243 45
109 @@z -1)® 0 0160 280 252 122} _994 -238 62 -14 210
1) @z -1) 0 0 o0 56 168 811 -126 -14 2 -14 210
1) (2z - 1)? 0o 0o o o 18] -I 9 -3 -3 13 45
(19) (@2 — z)° 1 L o of -3 0 0 L -& 2
(3) =2 —=)* 0o 3 0 o o -1 o o0 -1 _2 o
(s) @ —=)? o o 5 % o i 0 -14 -10 0 0
(O @2-=2| 0o 0o o 7 o -4 o 28 30 B o
() (® - x) 0 0 0 0 9o | _18 -4 -24 -16 0
(39 Bio(x) 1 0 0o o0 o0|-7% sS4 a4 el

(%) Bs(z) 0 3 0 0 o0 1l 3 5 2 -1 _3
(%) Bs(x) o o 5 o of -3 10 -18 -15 ¥ 10
(*9) Ba(x) 0 0 0 7 0 Bl 14 14 16 -¥ 14
() B2(z) 6 0 0 0 9 1 -3 -9 -9 -1 15

: 0 0o o o of -% 1 1 1 1 1

i.e. as the intersection of the (—1)-eigenspace of the involution S and the
sum of the (ii;/—:g)-eigenspaces of the element U of order 3. Since eSe = §
and eUe = U?, the involution € acts on Wy, and splits it as the direct sum
of subspaces W,f =Win Vki of symmetric and antisymmetric polynomials.
Since elements in Wy, are also (—1)-eigenfunctions of S and since Se = ¢S =
8, we also have Wt = Wgd ¢ Vi"°d and W = Wg¥ € V. Another
important property of period polynomials is given by the following lemma.

Lemma 5.1. Let k > 2 be even. Then
Wy = Ker(1-T - T, Vi)
and
WE = Ker(1-T 5 Te, Vi).

Proof. It is equivalent for f € Vi to be in Ker(1 — T — T") or to satisfy
fl1+8) = fI1+U+U?), since 1~T—-T")S = (1+5) - (1+U+U?). But
a polynomial which is fixed by both S and U is fixed by the full modular
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group and thus vanishes. The second assertion of the lemma follows from
the first, because if f is annihilated by 1 - T -7’ = 1 - T — €Te and
fle = +f then f is also annihilated by 1 — T F T¢, and conversely if
f is annihilated by 1 — T  Te then f = fIT(1xe¢) € Vki and hence
=T ~-TY=fl1-T—-€eTe)=0. 0O

Remark. The operator £ = 1 —T — T’ plays a key role in the discovery by
J. Lewis that there are holomorphic functions annihilated by this operator
which have the same relation to the so-called Maass wave forms as period
polynomials have to holomorphic modular forms ([10], [11]). We call the
equation f|£ = 0 the Lewis equation.

As in the Introduction, we denote by P} the subspace of Dy spanned
by the P, , (and Zg, but it can be omitted by virtue of Theorem 1), and
by P;¥ the subspace spanned by the P,y .v. Note that Pg¥ corresponds to
generating functions in VkOd because of the shift by 1 in the exponents of
X andY.

Theorem 3. The spaces Py¥ and W are canonically isomorphic to each
other. More precisely, to each p € W)~ we associate the coefficients py and
gr,s (T + s = k) which are defined by p(X,Y) =) (T 1) prs X7y 71
p(X+Y,Y)=3" ’::f) @r s X" 7YYL, Then g, s —qsr = Prs (in partzcular
Gr,s = qsr forr,s even) and

Z QT,sZr,s =3 Z q'r,sZr,s (mOd Zk)a (40)
r4+s=k T+s=dkél

and conversely, an element ) . 44¢rsZrs € Dy belongs to Py¥ if and
only if ¢, s = g, s arising in this way.

Remarks. 1. The equivalence of the first and last statements of the
theorem follows from Theorem 2: since the Zoq o4 form a basis of Dy,
it is equivalent to speak of elements of P;¥ or of relations of the form
Z(* ev,ev = Z(*) od,od-

2. Since the double zeta realizations {(r)¢(s) and {(k) of P, s (r, s even)
and Z are rational multiples of 7%, and since 7* is a Q-linear combination
of Zod,0d’s by Theorem 1, Theorem 3 as stated here contains the “rough
statement” given in the Introduction. (The number of relations drops from
dim W, = dim M} to dim Si = dim M} — 1 because one relation gets used
up to eliminate ¢(k).)

Example 1. For every even k > 2, the space W, contains the polyno-
mial p(z) = 72 — 1 (in the inhomogeneous notation). Here p(z + 1) =
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Zr#l (’::f)x"l, i.e., q1 k-1 = 0 and all other ¢, , are equal to 1, and

Theorem 3 reduces to a weaker version of Theorem 1.

Example 2. The space W, is 2-dimensional, spanned by the two polyno-
mials p(z) = z!° — 1 and z2(z% — 1)3. For the latter, we have p(z + 1) =
28 + 827 + 2525 4 3825 + 282* + 823, so the p, ; and g 5 of the theorem are
given (after multiplication by 1260) by the table

Table 2: The coefficients pr s and gr,s for p(z) = 22(:1:2 - 1)3 e W5

r 1 2 3 4 5 6 7 8§ 9 10 11

s 11 10 9 8 7 6 5 4 3 2 1
1260, 0 0 -—28 0 18 0 -i8 0 28 0 0
1260 gr.s 0 0 0 84 168 190 150 84 28 0 O

The g, with r and s even (underlined) are symmetric and the relation
(40), divided by 3, becomes

190
28Zg,4 + TZG’G + 28Z4,8 = 28Z9,3 + 15OZ7’5 + 168Z5‘7 (mod le),

in agreement with Eq. (9) of the Introduction. The example for £ = 16
given there arises in the same way from the even period polynomial p(z) =
z2(z? — 1)3(22* — 2% + 2) € Wig.

Proof. The function ¢ = p|T satisfies ¢|(1—¢) = p|(T'—T¢) = p|(T+eTe) =
p because p is antisymmetric and satisfies the Lewis equation. This shows
that g, s — gs,r = pr,s and also means that if we decompose ¢ in the obvious
way as ¢ = ¢®F + ¢®¥' " + ¢°dt + ¢°4~, then ¢*~ = 1p and ¢°3~ = 0.
Write [a, b, c] to denote ag®"'+ + bg®"'~ + c¢°®+. Then

[0, 2, 0] |T’ = p|T" = pleTe = —p|Te = —qle = [-1,1, 1],
(1, -1, -1]|T’ = q|8T" = p|TST' = p|S=-p = [0, -2, 0],
and hence
2,0, -2 |(T"-1) = [-1,-3,-1] — 2,0, -2] = [-3, -3, 1],

This says that ¢°¢ —3¢°" is the image under 7' — 1 of the symmetric poly-
nomial 2(¢®'* — ¢°%+), so Proposition 2.2 implies Eq. (40). (The omitted
coefficient of Zj, in (40) is easily determined, by computing the integral in
(31), as >_(—1)""1q,,.) This gives a map W, — P§" which is obviously
injective since the antisymmetrization of the coefficients on the right-hand
side of (40) are the coefficients of p itself. We omit the proof of surjectivity
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since it will follow from Theorem 4 below that dim W,” = dim P}¥, so that
injectivity suffices. O

Theorem 3 tells us that, given any relation of the form (29) in Dy with
ars = as, for 7 and s even, there exists a unique element p € W such
that the a, , with r, s odd are equal to the numbers g, in the theorem.
On the other hand, given an element of P;Y, its representation as a linear
relation of the generators Pey ey is not unique, because these generators
are not linearly independent. The next proposition, which is a first form
of Theorem 4 of the Introduction, describes the relations among them, i.e.,
all relations of the form (29) with a, s = as, for all r and s. It turns out
that in any such relation the odd-index a, s all vanish (in accordance with
the widely believed and numerically verified statement that there are no
relations over Q among products of values of the Riemann zeta function at
odd arguments), while the even-index a, s are related to the space W,:' .

Proposition 5.1. Let a,, and p be numbers with a;, = ars. Then the
following three statements are equivalent:

(i) The relation
Z ar,sPr,s = ,UZk (41)
r+s=k

holds in Dy.
(ii) The generating function

Ax,Y)= ¥ (’: B f) G XY eV (42)
r4-s=k

can be written as A= H|(1 - S) for some H € VI NV, and

=(H .
(iii) The generating function
a
A* — T8 V*
mn) = 3 e < (44

can be written as f(m,n) — f(m+n,n) — f(m,m+n) for some sym-
metric f € V¥, and

w=f1,0). (45)
If these statements hold, then a, s =0 for odd v and s.
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Proof. Except for the assertions about the value of the constant u, which
we will leave to the reader, each part of this proposition is equivalent to the
corresponding part of Proposition 2.2 of Section 2 with the extra condition
that ar s = ay,. For (i) this is obvious; for (iii} it follows because f(m,n)—
A*(m,n) = f(m+n,m)+ f(m+n,n) in Proposition 2.2 is always symmetric,
so that A is symmetric if and only if f is; and for (ii) it follows because if
H € V;t, then the element H|(T' — 1) is symmetric if and only if H = H|U
(because H|T'(e — 1) = H|(1 — U)T), in which case H|(T" — 1) = H|(T -
1) = H|(S — 1). The last assertion of the proposition is then clear since
AeVHil-S)cvpd O

Proposition 5.1, without the statements concerning u, says that the
following are equivalent for symmetric A:

(il) Z aT,SP‘r‘,s =0 (mOd Zk) H
(i) AeVIT|(1-S);
(iii') . A* € V¥|(1 = T — T") (in the obvious notation).

Statement (ii’) in turn is equivalent to
(iv') A€ VPdand A L W with respect to the scalar product (34),

because for v € V we have:

v is orthogonal to (VV)|(1 = 8) = Vi|(1+ U + U?)(1 +€)(1 - S)
& VI -S1+e)(1+U+U?H=0
& v|[(1-8)(1+¢)eKer(1+4 U +U? NnKer(1 + 8) N Ker(l — ¢)
& v|(1-9)(1+e)eW}F
& veWrH+V, + V.

On the other hand, (i) is equivalent to the condition that Y a,Prs = 0
for any realization {Z, s, Prs, Zi} of Dy with Z; = 0, while (iv') says
that all ad 0d are zero and Y a, 4prs = 0 for any p = Y p, X7 1Y*" ! ¢
W . The equivalence of (I') and (iv’) therefore says that any symmetric
collection of numbers {P, s (r, s odd)} can be extended to a realization of
Dy with Z, = 0, while a symmetric collection of numbers {P; ; (r, s even)}
can be extended to a realization of Dy with Z; = 0 if and only if the
corresponding generating function belongs to W,j . This is precisely the
statement of Theorem 4 as given in the Introduction in the case Z; = 0.
(For the full statement we need the extended period polynomial space W,C‘L ,
which will be discussed in the next section in the context of modular forms.)
Before doing that, we give a slight improvement of the result just stated.
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This result says that, if P is any polynomial belonging to Vk+’ev or to
Wt c Vk+’°d, then there exists a Z € Vi with

Z|(1+¢) = P, Z|T(14+¢) = P. (46)
The following proposition makes this explicit:

Proposition 5.2. (i) Let P € V;"*". Then Z = 1 P|A with A as in (35)
gives a solution of Egs. (46).
(it) Let P € Wb, Then Z = 1 P|(T~!+1) gives a solution of Egs. (46).

Proof. (i) The identities A(1+¢€) = 1+ecand AT = S+T(1-¢)
together with Ple = P|é = P immediately imply (46).

(i1) By Lemma 5.1, P satisfies the Lewis equation P|(1 - T —T") = 0.
Hence, using Pl = P and P|é = —P, we find

P|(1+T V) (1+¢e) = 2P+ P|(T"1 6T '¢) = 3P+P|(1-T-T")T~' = 3P
and P|(T'+1)T(1+¢)=2P + P(T+T)=3P. O

6. Double zeta values and modular forms

In this section we reinterpret the results of Section 5 from the modular point
of view. To do this, we begin by reviewing the theory of period polynomi-
als of modular forms on PSLy(Z), including various supplementary results
which are less well-known and which are needed here.

The period polynomial associated to a cusp form f € Sy can be defined
by

Pi(X,Y) = /0 ~ (X =Y7)* 2 f(r)dr. (47)

The identity (aX +bY) — (¢X +dY)T = (a — e7)(X — y71(1)Y) together
with the modularity of f shows that

,y—l

o0)
P;v(X,Y) = / (X —Y7)*~2 f(r) dr

v~10)

for any v = ab € I'y . In particular,
7 cd

P1-T-T") = (/ooo —/_o: —/0—1)(X—Y7-)’°‘2f(7-)dr =0,
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so Ps € Wi by Lemma 5.1. (One can also verify that P|(1 + S) =
P¢|(1+ U + U?) = 0 directly by a similar calculation.) This gives the ba-
sic connection between cusp forms and period polynomials. The complete
Eichler-Shimura-Manin theory, of which summaries can be found in many
places (e.g. [9]), tells us that the maps assigning to f the symmetric {(odd)
and antisymmetric (even) parts P;’ and P; of Py give isomorphisms from
the space Sy, of cusp forms of weight k on I'y onto W,/ and a codimension 1
subspace of W . (The latter was determined in [8].) The theory is also
“defined over Q” in the sense that the even and odd period polynomials of
a normalized Hecke eigenform f are proportional to polynomials with co-
efficients in the number field generated by the Fourier coefficients of f, and
transform properly under Gal(Q/Q). For instance, the even and odd period
polynomials of the modular form A € Sy3, in the inhomogeneous version,
are multiples of &% (x1°—1) — 2?(2% — 1)? and z(z? - 1)%(2? — 4)(4z% - 1),
respectively.

For f € My with f(o0) = ap # 0 the integral (47) diverges, but the
modified definition [17]

Py(x,Y)
= / "X = YRR (f(r) - ao)dr + /0 Y~y (1 - 5 )dr

To

Y X

makes sense, since the integrals converge and the derivative of the right-
hand side with respect to 79 vanishes. We call this function the eztended
period polynomial of f. For instance, the extended period polynomial of the
Eisenstein series Gy is

2ri (k- 1)
2k —2

1-k
+ TCGTol_ (l _ D ) (X —Yr)*! (any 10 € H)

. k
k-2 _yk-2y _ 27 <~ Br Bir
(X Y - =3 ! (k—r)!

—1yk—r—1
XryR T,

where B, denotes the rth Bernoulli number.
The function Py(X,Y) no longer lies in Vi, but in the larger space

Vi = @rps=k C - X7~1Y*=1 On the other hand, the same calculation as
rs20

before shows that it is again annihilated by 14+, 1+U+U? and 1-T-T".
(The group I'; does not act on ¥k, but it acts on the larger space C(X,Y)
of rational functions in two variables, so this statement makes sense.) In
other words, ﬁf belongs to the space

Wi = Ker(1+ 8, Vi) nKer(1 + U + U2, Vi) = Ker(1 - T -T", V),
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which we call the space of extended period polynomials. This space fits
into a short exact sequence 0 — W, — W, A>A(C — 0, whegf, A
associates to P € Wy the coefficient of X*~! //}: in P. By writing P =
P+ MP)(X*~1/Y + Y*=1/X) we can identify W; with the space

Wi = {(P,)) € Vi xC| P|(14+8) = P|(1 + U 4+ U?) + A&, = 0},

where &, € V}, is the polynomial

k-1 Yk 1
B,(X,Y) = (iy-—+ )[(1+U+U2)
Xk 1 (X Y)k 1 Yk 1+(X__Y)Ic—l +xk—1_yk—1)
- ( Y X X-Y ’

Corresponding to the canonical splitting My = S @ C - G of modular
forms into cusp forms and Eisenstein series, we have the splittings W), =

Wi ®C- &, Wi =Wy ®C - (Ek, Bi), where
ra _ k r—-1yrs—1
&XY)= > (T)BTBSX Y

AN | (48)

Yk—l Xk—l
7 )

The space Wy also splits into symmetric and antisymmetric parts Wki
Since & is symmetric, we have WH=WrecC. & and W, =W, .

If f and g are two cusp forms, then the Petersson scalar product (f, g)
is proportional to the pairing (P |(T —T~'), P;) ([7], [8]). (It is essential
that odd period polynomials are always paired with even ones, because
if f is a normalized Hecke eigenform then the coefficients of Pfi belong

= &(X,Y) +Bk(

to wi(f) Q[X,Y] with some constants w+(f) whose product is essentially
(f,f). But the “straight” pairing (P;’ , Py) would vanish since P}*’ and
P, have opposite symmetry properties and also opposite parity. The effect
of |(T — T~1!) is to change odd polynomials to even ones and vice versa.)
This pairing is Hecke invariant, but we do not explain this here since we
have not discussed the action of Hecke operators on period polynomials. It
extends in a natural way to a pairing W,:“ x W, — C in such a way that
the codimension 1 subspace of W,  corresponding to period polynomials
of cusp forms is precisely the space of polynomials whose pairing with gk
vanishes (cf. [8]). The result (Theorem 9 of [8]) is

Prifesy={ 3 (Da,x "y 1\ S ()T kg, =0},

r+s=k r+s=k
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where
Krs = —Kgr = 2 Z <J _1> (k.:)BjBk_j - (k) B,-Bs
0<j<k U J r
j even (49)

e ()]

Equation (49) says that ., is essentially the coefficient of X"~1Y*1 in
Ele with & as in (48).

We can now easily extend Proposition 5.1 (and hence the preliminary
version of Theorem 4 mentioned in the previous section) to a statement
concerning W,:‘ rather than W,;" . Given any symmetric extended period
polynomial

P= 3% pXlyel e WY

T, 8 éven

(so that A(P) = pr.o = Po k), there is a realization of Py with

r, s evenj,
Pr,s — {phs ( ) Zk — —2pk,0 .

0 (r, s odd},

To see this, instead of going through the whole proof of Proposition 5.2,
keeping careful track of the constant y, it is sufficient (since W,:' has codi-
mension 1 in W,j ) to check this for one single extended “polynomial”
P which belongs to W, but not to W7, and this is easy: the function
&, defined in (48) has coefficients P, = (f)BrBs = 4k!B,3s, where
Br = ¢(r)/(2mi)" = —B,/2r! (r 20 even), and on the other hand the orig-
inal double zeta realization of Dy has P., = {(r)¢(s) = (2mi)*3.8, and
Zy = ((k) = (2mi)*Bk. This completes the discussion of extended period
polynomials and the proof of Theorem 4.
We also mention the corresponding extension of Proposition 5.2:

Supplement to Proposition 5.2: If P = P+ M(X*-1y -1 4 X -1y*-1),
then we have a solution of (25) with Pr = P and Z; = —2) given by

1 . AXE-L)
3k = P|TH+1) + = U%(1 4 ¢€)(5 - 3U + Ue)
3 6 Y
B 1 1 )\Xk—l_yk—l
_§P|(T +1)+6 =7 (5—3U + Ue).

Proof. Just apply the calculation of the proof of part (ii) of Proposition 5.2
to P with 3z = 3 P|(1+T ') since P satisfies the same relations as P. [
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If we apply this result to the special case P = ﬁé‘\k then we find

that, as well as the “Euler realization” of Dy in R with ZZ, = {(r,s),

= ((r)¢ ( ) and ZF = ((k), we also have a “Bernoulli realization” with

Zk = B, P T . = Brfs (so that PB = 0 if r and s are odd and k > 2), and
with Z; B . equal to the “double Bernoulli number”

B _ 1 m BrBs ,Bk k-1 _ k-1
bre = Em%::k(rq)ﬂ'"ﬁ" 12 [5+3(r-—1) ( r )]

T (e B (D) ()

m+n=
mmn 20

56080~ B).

These are almost exactly the same as the numbers (49) occurring in the
result on the image of cusp forms in W cited above! Also note that the
number ZB, is essentially the double zeta value {(1—r,1—s)/(r—1)}(s—1)!
at negatlve arguments, which has been studied in [1].

The Bernoulli realization has the same even-index p, s as the Euler
realization (up to a factor (2i)*), but 0 instead of the presumably tran-
scendental values ((od)¢(od)/(2m%)¥; the fact that both the original P, ,
and the new ones can be realized in Dy is an illustration of the fact that
the numbers Poq o4 in Py are completely unconstrained (this corresponds
to the vanishing of agq,0q4 in Proposition 5.1).

The results of Section 5 were formulated purely algebraically, but we can
now easily relate them to the theory of modular forms. A result of Rankin
([13]; see also [8]) says that, for a normalized Hecke eigenform f € Sk, one
has

3" (£, GG XTTY* ! = ¢ PH(X,Y),
r4s=k

T, 8 even

where ¢y is essentially P; (1,0).
In particular, the cusp forms G,G, — %—%Gk satisfy the same linear
relations as elements of W, so they form the coefficients of an element

B(r; X,Y)= > (Gr(fr)as(r) - %%Gk(f))XMYs—l € Wi ®Sk.
rszl
r+s=k

But then setting ) = &) — 4-Gy (7)) gives the much simpler statement
3 B; g
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that the polynomial
Bi(T X,Y) = 3 G(r)Gy(r)X""1Y*"!

r,sz20
r+s=k

belongs to I//.V\,j ® M. Theorem 5 follows immediately.

7. Double Eisenstein series

At the end of the last section, we applied Rankin’s result relating products
of Eisenstein series to period polynomials of cusp forms to show that there
is a realization of the double shuffle space Dy, sending P, , to G.(7)Gs(T)
and Zy to Gg(7) for all r, s and k. This proof, however, is very indirect,
and in view of the simplicity of the final statement one would expect that
there should be a simpler and more natural argument. This is indeed the
case, as we now explain. This alternative approach also leads directly to
the double Eisenstein series which are the final topic of this paper.

‘We present the argument in a more abstract form than we will use here.
Let A be a discrete subgroup of C (or possibly some more general com-
mutative topological field) which is totally ordered, i.e. can be decomposed
into a disjoint union A* U {0} U (—A*) with A" closed under addition.
For m,n € A we write n > 0 to mean n € AT and m > n to mean
m —n > 0. Then we claim that, at least in the range for which the sums
Z(r) =Y msom™" converge, the numbers P, = Z(r)Z(s) and Zy = Z(k)
give a realization of Pg. Indeed, by (iil) of Proposition 2.2 we can write
A*(m,n) = f(m,n) - f(m+n,n)— f(m, m+n) for some f € V®C and

> ansZ(r)Z(s) = 3, A*(m,n)

r+s=k m,n>0

(- % - % )smn

mn»>0 m»>n>0 n>>m»0

> A*(m,n) = f(1,1) Z(k).

m=nj>0

Applying this concept to the special case where A = Zt + Z for some
number 7 in the upper half plane $ with the ordering described in the
Introduction, we find that indeed the functions {G,(7) Gs(7), Gi(7)} give
a realization of the {P, ., Zi}-part of Di. The corresponding realization of
the {Z, }-part is given by the double Eisenstein series G, as defined in
the Introduction. In this section, we study these in more detail.
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A simple estimate shows that the series defining G converges absolutely
if and only if k > 2 and the series defining G, s ifand only if s > 1 and r > 2.
Our first object is to compute the Fourier expansion of G, s (Theorem 6).
We begin by recalling the corresponding computation for G, which is of
course well-known. We define power series ¢9(g) and ¢k (g) in Q[[g]] — both
actually polynomials of degree k in ¢/(1 — q) — by

o0 1
0(n) — S = —= 0 21).
A0 = G L a0 = gt d@ (3D
The Lipschitz formula says that
1 Nk
— = 5
> ey -~ e (50)

for 7 € H and all k>1, where ¢ = 2™ as usual and where the sum
on the left-hand side has to be interpreted as a Cauchy principal value if

= 1. Applying this to Gr(7) with k> 2, where the summation in the
non-absolutely convergent case k = 2 is to be carried out in the order >,
we find

Gk(T) = Z aF + Z Z (mT+a)k = ((k) + (27ri)kgk(q)a

a>0 m>0 a€Z
where
m —u)
ge(@) = D Q™) = - > (( _1), q" (51)
m>0 m,u>0

The statement of Theorem 6, which we repeat here for convenience, was
that the Fourier expansion of G, 4(7) in the convergent case is given by the
analogous formula,

Gro(r) = ((rs) + D CF, (2mi)*gn(a)¢(p) + (27i)*gr,e(a), (52)

htp=k

where k = r + 5, CF is a simple numerical coefficient given by (13), and

—u r—1 - s—1
grs(q) = m>z>0 PR (a™)ps(d") = >Z>0 ((7. _) 1)! ((s _) 1! g, (53)
u, v>0

(The condition A > 1 and p > 1 in (12) can be dropped, even though the
definitions of ((p) and gxn(q) are problematic in these cases, because CZ,
vanishes when p=1orp=7r+s— 1 unless r = 1.)
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Proof of Theorem 6. We divide the sum of the defining series of

1
Grs(T) = Z (mT + @)™ (nT + b)*

mr+a>nr+b>0

into four terms, according as m = n =0, m >n =0, m =n > 0,
or m > n > 0. It is obvious that the terms of the first type give the
double zeta value ((r, s) and that those of the second type give (G,(7) —
¢(r))¢(s) = (2m3)"9r(g)¢(s), while those of the fourth type, again by virtue
of the Lipschitz formula (50), give (2m3)FY, .o @ (mT)ps(nT). (Note
that it does not matter here whether we write ¢,p, or ©%¢? since we are
assuming that both r and s are greater than 1.) Finally, the sum of the

terms of the third type can be written as Zm>0 ¥, (m7), where

aZ>b (t+a) (7'+b)3 '
This sum converges absolutely because we are assuming that r, s > 2, and is
obviously periodic. To calculate its Fourier development, we use the partial
fraction decomposition
s(p—1 1
1 _ Z [("1) (1;—1) (=1)P~ r(r 1) ]

(r+a)(t+b)s cP (T + a)? c? (1 + b)h

h+p=r+s

(compare (19)), where ¢ = a—b > 0 and where we use our usual convention
that the condition “h + p = k" tacitly includes “A =1, p>1." Using (50)
yet again, we obtain

Tra(r) = _1sp‘1>+—1p-f<p‘1)] 2i)*on (7).,
e h+g+s[< 1 (221 + o (P2 [ emrene

where the implied interchange of order of summation is justified because
the expression in square brackets vanishes if p = 1 (because r and s are
> 1) or b =1 (because the binomial coefficient ("}*7?) is symmetric in r
and s). Replacing 7 by m7 and summing over m > 1 replaces ¢, by g in
this expression, and combining with the terms already computed, we obtain

the desired formula (52). 0O

As explained in the Introduction, we want to do two things: find the
“right” definition of the double Eisenstein series G, ¢(7) in the cases when
the original series defining it does not converge absolutely (i.e., if r = 1
or 2 or if s = 1), and give a purely combinatorial proof that the extended
function satisfy the double shuffle relations. As also already explained, for
the latter purpose we can ignore the term ((r,s) and the terms with p
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odd in the middle sum in (52), because they individually satisfy the double
shuffle relations (the latter because of the corollary to Proposition 2.1 in
Section 2). If we remove these terms, then what is left, after division by
(27i)k (where k = r + s is the total weight as usual) is the power series
Zyr s(q) defined in (17). We now extend this definition to all values of r and
s by setting
1

Zr,s(‘]) = gr,s(Q) + ,Br,s(Q) + Eer,s(Q) (T1 §2 1), (54)

where g, s(q) is defined by (53), Brs(q) b

/Br,s(q = Z ﬁp gn(q) (r,s21, r+s=k) (55)

h+p=k

with 8, = —EB—P%

€r,s(q) = 6,2 95(q) —Or195_1(@) + 84,1 (97_1(q) + 9r(q)) +67,105,192(q) (56)
with

(Bp = pth Bernoulli number), and

Y melae™) = Z mau*gem ,lc ; gk(a). (57)
m>0 m, u>0

Notice that 3, was previously used only for p even, where it was defined by
= (27mi)~P¢(p) and hence equal to —B,/2p! by Euler’s theorem; now we
take the latter formula as the definition for all values of p. This does not
affect the definition when 7 and s are larger than 1, so that (55) agrees with
(16) in these cases, because 3, is 0 for odd p > 1 and C}, =0 forr, s > 1
(as we already used in the above proof). Since the further correction terms
(56) are non-zero only if » < 2 or s = 1, they do not occur in the region
of convergence of Gy s, so that (54) agrees with the earlier definition (17)
in the cases where it was applicable. The reason for the various terms in
(56) will become clear in the course of the proof of Theorem 7, but one
term has a clear explanation which we can mention now: in the above
derivation, the only place where it mattered that s was strictly greater
than 1 was for the absolute convergence of the inner sum in G, (1) =
Yoma(mr+a)™" 37 > (nT+b) %, and if we interpret this sum as a Cauchy
principal value and use (50) here too, then we see that the only effect on
the final calculation is to replace the factor ©%(q) in (53) by ¢,(q). Since
they differ only by the constant —1/2 when s = 1, and not at all otherwise,
this adds —38,,1 3-ns0(m — De(e™) = 385,1(97-1(9) + 9-(9)) to r.s(9),
and this accounts for the third term in the definition of €, ;(g). Finally, we
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mention that (56) apparently contains the term g§(q) whenr =1ors=1,
and this is not defined by the last formula in (57) (although the other two
formulas do still make sense and lead to the definition gg(g) = g2(q)), but
this is not important because the two terms in (56) that potentially involve
95(q) occur only when r = s = 1 and then cancel.

After these long preliminaries we can finally state and prove the full
version of Theorem 7 from the Introduction.

Theorem 7. There is a realization in Q[[q]]° of the double shuffle relations
(20) for all weights with Z, ;(q) defined by (54),

Pra(0) = 9:(0)95(0) + Br9s(0) + Bgn(e) + 3 (5r2 97(0) + 602 87(a)) (58)

for all v, s 21, and with Zi(q) = gr(q) for k > 2, Z3(q) = 0.

Proof. The proof will be shorter than the discussion leading up to the
statement. Of course we use generating functions. We drop the “(¢)” in the
names of elements of Q{[¢]] and systematically write y(X) and v(X,Y) for
the generating functions 3", 5, %X* 1 and 3, .5 1rs X711 associ-
ated to sequences {~} or {7} indexed by one or two integers, respectively.
Then from the definitions (51), (57), (53), (55) and (56) we have

1/1 1
X)) = Xk~1 - (= _ _ -
8x) = T (5 -)
9(X) = > g Xt = _Ze-ux1q =
k21 u>0 —q
— 1 q"’
oX) = > X = —(Ze_"x—"—ﬁ—gz),
k>1 X \s (1-4¢%)
g(X,Y) = Z gr,er—IYs—l — Z e—uX—vY qmu+"v
7‘,821 m>n>0
u, v>0
_ Z emuX—vY q* v
w720 1-— qu 1-— qu+v
BXY) = 3 B XTIV = B ﬂpgh( > cf,sXT—ly”‘l>
szl h,p21 r+s=k

= 3 Bpgn (YPTLXM (X —YyPi (XL - yhey)

h,p21

=B(Y) g(X) - B(X - Y) (9(X) — 9(Y)),
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eX,Y) = D e XTI = (X~ Y)g"(Y) + Xg*(X) + 9(X) + g2,
r,s>21
and we want to show that the generating functions
3XY) = g(6,¥) + BX,Y) + 2e(X,Y),
PXY) = g(X)g(Y) + B(X)g(Y) + B(Y)g(X)
+ %(Xg*(Y) +Yg*(X)),
3(X) = g(X) — g2

satisfy (27). So we must calculate Z(X,Y) + Z(Y,X) and Z(X +Y,Y) +
Z(X +Y,X) for each of the three pieces Z = g, 8, and ¢ constituting 3.
From the above formulas for the generating functions we find

i

9(X,Y) + g(¥, X)

= Z e—uX-—vY qu + qv qu+v
1_qu 1_qv rl_qu+v

u, v>0
_ e—uX—'vY qu qv 3 qu+v
= u’vz>0 (l—q“ l—q” l_qu-H))
e(1—u))Y _ e(l—w)X w
= X)g(¥) - Y — L
w>0 ¢ € q
CY €X
= 9(X)9(Y) + %—— 9(¥) - x—9(X)
= oXygtr) - L) XY 900 o)
BX,Y) + B(Y,X) = B(Y)g(X) + B(X)g(Y)
X)—g(Y X-Y, g(X)—g(Y
A o XY oK) oY)

e(X,Y) + e, X) = Xg"(Y) + Yg"(X) + g(X) + g(Y) + 292,

and adding up these three equations (the last with a coefficient 1/2) we
obtain the first of equations (27) for 3, B and 3 as defined above. Similarly,
we have

IX+Y)Y) + g(X+Y, X)

- (Z n Z)‘?_”X_le—quliqv

u>u>0 u>v>0
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v

(-2 )it

u, v>0 u=v>0

9(X)g(Y) = > e7*X+D) ((1 fzu)2 - 1fuqu)

u>0
g(X)g(Y) = (X +Y)g"(X +Y) — g2 — g(X +Y),
BX+Y,Y) + BX+Y,X) = B(X)g(Y) + B(Y)g(X),
(X +Y,Y) + &(X +Y,X)
= Xg"(V)+ Yo" (X)+2(X +YV)g* (X +Y) + 20(X +Y) + 292,

and combining these gives the second of equations (27). O

Remarks. 1. It is notable that the power series defined by (58), with the
constant term 8,08; added, is a modular form of weight r + s for all even
r, s > 0, the correction terms 6, 295(q) and d,,29;(q) being just what is
needed to compensate for the non-modularity of (8, + g-(¢))(8s + 9s(q))
when r or s is equal to 2.

2. One can also ask whether it is possible to lift Theorem 7 from Q[[g]]°
to all of Q[[q]] by adding a suitable constant term to Z, ;(q) in such a way
that the relations (20) still hold when we add B,8; to P.,(g) in order to
make it modular for r and s even. This is equivalent to finding a realization
of Dy in Q with P., = (.0, for r and s even. One such realization is
provided by the “Bernoulli realization” given in Section 6, but there may
be other ones which are more naturally related to the combinatorial double
Eisenstein series Z, ,(q).
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1. Introduction

We discuss again the relation of the type numbers of certain class of orders
of definite quaternion algebras over @ and dimensions of spaces of weight
2 cusp forms, as well as the linear relations of their theta series.

Let B be a definite quaternion algebra over @, and go = ¢q1...¢; be
the product of primes at which B ramifies. One can then define, for each

positive integer N such that (go, N) = 1, and a product ¢ = qfel"'l cqlet!
of odd powers of ¢y,...,q: a class of orders O of level g¢N (see Section 1 for

precise definition). It is called an Eichler order (resp. split order) if gN is
square free (resp. ¢ = ¢o). The number H(q, N) of left or right ideal classes
of O is determined by (g, N) and is called the class number of O. This is
well understood, since it is a basic invariant in the correspondence of Eichler
and Jaquet-Langlands which plays a central role in the basis problem for
quaternary theta series (c.f. [Ei2], [HS], [Pi4], [Pi5]).

On the other hand, the number T'(g, N) of isomorphism classes, called
type number, of orders of level (g, N) has been paid less attention. The only
exception was the special case T'(g,1) with g a prime, which plays a role in
the arithmetic of super singular elliptic curves over fields of characteristic
q.

In late 80’s a paper of B.Gross [Gr], followed by a series of papers
(e.g. [BS1], [BS2], [BS3]) of S.BScherer and R.Schulze-Pillot, developed new
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aspects of the arithmetic of quaternion algebras including the significance
of the type numbers. They showed, among others, that the dimension of
the space spanned by the theta series of ternary lattices T2(0) := (Z +
20)N{Tr(z) = 0}, attached to the Eichler orders O, is equal to the number
of Hecke eigen forms f in a subspace of weight 2 cusp forms S2(goN) such
that L(f,1) # 0.

Inspired by [Gr], the author began a computational research on the
arithmetic of quaternion algebras. Especially, he tried to enumerate in a
systematic way the set of representatives of isomorphism classes of orders of
given level (g, N), and compute their theta seris. He then found numerically
that the above connection is more direct; namely whenever we have a linear
relation among the ternary theta series for T5(0;), (1<j<T(qo,N), we
always have the same linear relation among the quaternary theta series for
O;. This fact, stated as a conjecture in [Ha2], was proved by Arakawa and
Bécherer in [AB].

Now this note is an extension of the work [Ha2]. We extend the rela-
tion between the type numbers and certain spaces of weight 2 cusp forms,
and study the same problem as above for the class of general orders of
level (g, N). In contrast with the case of Eichler orders, the situation be-
comes very much more complicated, partly due to the appearance of old
forms. Correspondingly, we observe that there are abundance of linear re-
lations among the ternary theta series for O; (1<j<T(go, N)) when N is
not square free. After the numerical computations which cover all possible
values of (g, N) with ¢N < 10%, however, we are able to formulate some
conjectures, which include the relation between the dimension of the space
spanned by the theta series of T3(0) and the number of certain Hecke eigen
forms f € Sa(gN) of weight 2 such that L(f,1) # 0. The calculation has
been done by PC using UBASIC.

2. Type numbers of split and non-split orders

Let B be a definite quaternion algebra over @, and let go = g1 ... ¢; be the
product of primes at which B ramifies, so that ¢ is a positive odd integer.
Let g = g2*71 ., g2**! be a product of odd powers of q; ... g and let N
be a positive integer prime to q. Then one can define orders of level (g, N)
which are called Eichler order (resp. split order) if ¢N is square free (resp.
¢ = qo), and non-split order in the remaining case. They are orders © of B

satisfying the following local condition at each prime p:

(1) For p = ¢, O, := O ®z Z,, is isomorphic to Op + p*u0,, where O,
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is the ring of integers in the unramified quadratic extension L, of Q,
and we write B, = L, + uL, with u? = p, va = @u, Vo € L,.

(2) For p # qi, Op := OQz Z,, is isomorphic to Ry(m) := ( f” Z”) =
P2y Zy

(NZZPP g‘;), where we have B, := B ®q Q,, = M2(Q,) and p™||N .
These are the most general class of orders treated in the literature (cf.
[Pi4], [Pi5]) in order to establish the representability of modular forms by
quaternary theta series.

We denote by T'(g, N) the number of isomorphism classes and call it
the type number of orders of level (g, N), It also depends only on (g, N)
and in fact is an important family of arithmetic invariants of B. In 1941,
Deuring studied it in his theory on super singular elliptic curves and found
the following remarkable relation with the dimension of a space of cusp
forms, in the case ¢ is a prime and N = 1.

T(g,1) = 1+ dim Sy(g)7). ¢y
where (—) indicates the (—1)-eigen space of the Fricke involution. Although
an explixit formula for T'(g, N) in the case ¢ is square-free (split order) has
been given by Pizer [Pil], [Pi3], the significance of this result seems to have
been overlooked. It is in fact an interesting question to find an analogous

relation with modular forms as (1). This was found by the author in [Hal],
and generalized in [HH] for split orders of level (g0, N):

T(go, N) = 1+ dim Sy(q; N)(™ 1), )
where S2(g; N)(—71) is the subspace of Sa(gN) such that
S2(q; N) = D P S2aom)  C Sa(goN).
m|N d|;1:-

and (—, +) indicates the (—1) (resp. (+1)) -eigen space of the Atkin-Lehner
involution W, for p|go (resp. p|N). As usual S3(M) denotes the space of
new forms in Sy(M), and S9(M)!¥ is the space spanned by f(dr) for f(7) €
SAUM).

Writing N = p;™...ps"", we can derive the following expression from

(2):
T(qo,N)=1+Zl...i 3 [k1+§—51]”

k1=0 ks=0¢gy,...,.6,€{0,1}

ki +2—¢4
2

x dim S9(gopr™ 7. . pyTeEe) (T (ED T (F1T), (3)



110 K. Hashimoto

In particular, for N = p”,

T(g0,p" —1+Z JdlmSO(qop o)
k=0
r—1 k)+
+ [ 5 ]dlmSz(qop )(_’_).
k=0

T(qo, p?) = 1+ dim 89(gop?) ™) + dim S (gop)( P
+ dim .5'2 (qop)( =) 1 9dim Sg(qo)(_).

T(qo,p%) = 1 + dim 53(g0p™) ™" + dim 3(g0p?) ™+~ + dim S (gop®) ™™
+dim 5(gop) ™) + 2 dim S9(gop) ) + 2 dim S (go) .

Now our first result in this note is the following expression of T'(g, N)
which extends (3).

Theorem 2.1. For ¢ = ¢?**1 .. . g?** and N = p;"...p,", (¢, N) =1,
we have the following equality

TN =1+ 3 3 - Z > [k”;_“]“-[k”;_“]

P*lgk1=0  k.=0 e1,....6,€{0,1}
X dlmSz(q mm kl...ps’"s —ks )(—,( 11, (~1)%) @
where ¢* is a product of odd powers of q1,...,¢:.

We shall not give the proof of this result here, since it is proved by some
long and tedious computations. The deteail will appear elsewhere.

If ¢ = ¢1%¢*! and N = p” are both prime powers, we have
2e+1 1 S R H2] L o okl ek (od)
T(q**,p7) =1+ 3 || dim (@™ 1y~
h=0 k=0
e r—1
k+1
DRI }d Y@ HC ()
h=0 k=0

3. Construction of orders of level (g, N)

We choose, to each (¢, N) as in Theorem 2.1, the parameter (p, s) of our
family which varies according to the following conditions:
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(1) pis a positive integer prime to ¢ such that p = 3 (mod 4), with

( —
(ia) (f) =1 for 1<i<r, i £2,

¢ (i) (_—TP) = +1 for any prime divisor £| N,{ # 2, (6)

(fis) p=3 (mod 8) if ¢; =2 for some i,
| (is) p=7 (mod 8) if2| N.

(2) s is a positive divisor of &L, prlme to gq.
(3) There exists a € Z such that a?qN +s=0 (mod p).

If (p, s) satisfies the above conditions, B is expressed as
B=Q+Qi+Qj+Qij, with *=—sqN, j®=—p, ij = —ji.
Proposition 3.1. The following set O(q, N;p, s) is an order of level (g, N).
O(q,N;p,s) := Zey + Zeg + Zes + Zey,

143 1+ 1) agNj+ij
— e3 = ey = ———,

e1=1, e =
1 ) 2 28’ 4 p

Proof. We give a sketch of the proof, since it is the same as the proof of
Proposition 3.1, [Ha2]. That the above O = O(q, N;p, s) forms a Z-order
is proved by expressing the products exe; as Z-linear combinations. Then
we have

2 1 0 0
det(Tx(en, &) “ﬂg 02 wal¥ (gN)?
et(Tr(en,&)) = | ¢ ¢ pH)aN N = (gN)“.

2gN(a2gN+s)
0agN ¢N ==

Next we note that O contains a subring Z[es] =2 Z [L‘bﬁ] which splits, by
£-adic completion, as

+ f—
Ziles) = Zo[—YP)= 7,0 Z,
for any prime divisor £ of N. Then for the prime ¢|N we apply the following
lemma of Hijikata, from which it follows that O, is conjugate in B, =
GL2(Q,) to a split order. Namely we have

Zy Z
00 Rot")ei= g, 7¢)  (ne Zin30)
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Lemma 3.1. (Hijikata) For a Z-order O, C M2(Q,), the following con-
ditions are equivalent:

(1) Op = Ro(fM)g := (anée Z) (n € Z,n>0).

(2) Op = 01,,N0Oss, where Oy 4, Oy are mazimal orders of Ma(Q,).
(3) Ze D Z, C Oy

Taking the standard Z,-basis of Ro(£")e, we immediately have

00 01\
;- .00 —£0 n
det(Tr(e}, €x)) = 0_fm 0 0):82.
10 00

Comparing the above calculations, we obtain £"||N.
As for the prime £|q we apply
Lemma 3.2. (Pizer) Let L, be the unramified quadratic extension of Q,

and Oy be the ring of integers of L,. For a Z,-order Oy of the division
quaternion algebra B, over Q,, the following conditions are equivalent:

(1) O; is a non-split order of level £2¢+1,
(2) O:®0; is a split Og-order of level £2¢+1 in Ma(L,).
(3) Oy C Oy,

Indeed by our condition (ii-a),(ii-b) we have
1+ /=
Zyles) = Zl["2—£] = Oy,
for any prime divisor £ of gq. This completes the proof of Proposition 3.1.00

It can be shown that the isomorphism class of O(q, N;p,s) is inde-
pendent of the choice of a. From Proposition 3.1 we have the following
simultaneously parametrized families of quadratic forms:

Folg, Nip,5;X) = X2+ X1 X2 + p: X%+ q_(zzl’T_‘__)er

N qN(aqu +5)

+qN(a Xy + X3) X4 X2 ()
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with reduced discriminant (¢N)2, which we call an order form. Let
T1(O(q,N;p,s)) := O(q,N;p,s)N{x € B;z + 7 =0}
_ Zj+z’+2” +Z(“<1NJ+U)’

be the first ternary lattice attached to O(g, N;p, s). Then the corresponding
ternary form is given explicitly as
Fr (¢, N;p, s; X)

1
gN(aq + s) N(p+1)
p

X2+ N (X3 — 2aX1)Xq + 2 =

which has reduced discriminant 2(qgN)2. Also from the second ternary
lattice
T2(O(q,N;p, s)) = (Z +20(q,N;p,s)) n{z € B;z + & = 0}

_ Zj+Zz—|;z] +Z2(an;+zg),

ZPX%-F X32,

we obtain the second ternary form (T3)
F., (g, N;p,s; X)

4gN(a’qN + s)
P

1
—pX,? Xa% +4gN(aXs + X3)Xa+ %xﬁ.

This has reduced discriminant 32(gN)2.
Our computations for theta series of level (¢, N) are based on the fol-
lowing working hypothesis:

Conjecture 3.1. Any order O of level (gq,N) is isomorphic to some
O(q,N;p, ).

4. Theta series

Let O; (1<j<T(g,N)) be a complete set of representatives of isomorphic
classes of orders of level (g, N). We study the linear (in)dependence of the
following three kinds of theta series attached to them.

9P(r) = Y elNr(a)],

acQ;

19§-T1) (r) = Z e[Nr(a)7],

2€T1(0;)

19§-T2)(7') = Z e[Nr(a)7].

aeTy(0;)
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Note that this is not a basis broblem, since the theta series 19§-Q)(7—) does
not necessarily belong to S9(gm)(—1). The significance of this problem
was first given by B.Gross(1985) [Gr], who showed that a linear relation of
{19§T2)('r)} implies the existence of an eigen form f € S9(q) with L(f,1) = 0.
This remarkable result was generalized to for the case of maximal orders
(N = 1) and g is a prime, and generalized by Bocherer, Schulze-Pillot [BS1],
[BS2] for arbitrary Eichler orders (i.e., ¢V is square free). To state their
results, put

0@ (g,N) == < 9" (N1<i < T(g, N) >. (8)

Theorem 4,1. (Gross [Gr], Bocherer, Schulze-Pillot [BS1], [BS2])
Suppose qN is square free, and let g(7) € 53/2(q,N) be a new form, and
f(r) be the normalized new form obtained from g by the Shimura corre-
spondence. Then we have

g€ (g,N) & L(f,1)#0,

H(‘IyN) (TZ)
< g,9;% >
L(fDg(n) =c > ——— 9" () (9)
=1 7

where e; = #(0J) and ¢ # 0 depends only on gN.

Here we note that if ¢V is square free, then ¢ is a product of odd number
of distinct primes so that any eigen form f € S9(¢N)(~%) has root number
+1, i.e., L(f,s) = L(f,2 — s). Hence L(f,1) = 0 implies L'(f,1) = 0. Thus
when gN is square free, the eigen forms in S9(¢/N) having root number —1
whose L-functions vanish automatically at s = 1, do not play any role in our
problem. We refer to Kramer [Kr] for the first numerical computation of the
linear relation of theta series which was for ¢ = 389, N =1, T(389, 1) = 22.
In [Ha2], we made a systematic computation for all possible levels (g, N)
with ¢N < 10, gN=square free. Among 17445 such pairs (g, N) there exist
1646 pairs for which the theta series are not linearly independent. The total
number of independent linear relations is 2466. Based on this computation
we made in [Ha2] the following conjecture:

Conjecture 4.1. The linear relations for 1959)(7), 19§-T2)(T) hold simulta-
neously with the same coefficients. Namely we have

T(g;N) T(q,N)

Yo o gdPm=0 & Y 9P =0 (10)

j=1 j=1
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Furthermore, the same linear relotion holds for 19§.T1) (r) if N is not divisible
by 4.

Now it is a great pleasure for the author to remark that, the above
conjecture 4.1 attracted the attention of T. Arakawa and S. Bocherer, who
proved it by using highly sophisticated arguments (see [AB]). However,
since the proof given in [AB] seems to depend heavily on the assumption
that ¢V is square-free, one can still ask what happens if this condition is
removed.

We remark also that the above conjecture has been checked to be true,
by our numerical computations, for all possible (g, N) with ¢N < 10* such
that ¢N is not square-free (The square free case was treated already in
[Ha2]). Indeed we observed that, among 6565 such pairs (g, V), there exist
201835 linear relations all of which satisfy the above conjecture 4.1, except
for the theta series 19§.T1) (1) for N divisible by 4. Moreover, the number of
linear relations increases rapidly when N is a multiple of high power of a
prime. This is not very surprising, since, as the formula (3) suggests, the
same eigen form would corresponds to several independent linear relations
even if we assume that the theorem of Gross, and Bécherer, Schulze-Pillot
remains true. However, from the naive point of view on the arithmetic of
integral quadratic forms, abundance of such linear relations in theta series
is itself an interesting phenomenon.

We shall make another conjecture based on our computations. First we
observe the following equation which is derived from (3). Let ¢, p be distinct
primes. Then we have

T(q,p") ~T(g,p" ") = Y dimS9(gp"*)(— (D", (11)
k=0

Conjecture 4.2. For distinct primes q, p and nonnegative integer r we
have

dim ©™) (g, p")

= {’“—}2} #resta o 2op a2
k=0
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Let G(q,p") = T(g,p") — dim ©(T2)(q,p") be the number of linear rela-
tions in {19§.T2) (1)} Then the above conjecture 4.2 is equivalent to

G(g,p") - Gl(g,p" ™)
= #{ f € 83(gp" k)= (-1
k=0

L(f,1) = o}. (13)

Note that the right hand side is expressed as

r

> #{f € Sy(gp" MM | L(f,1) = 0}

k=0; even

+ Z dimSg(qpr_k)(_").
k=0; odd

Under Conjecture 4.2, the vanishing of L-functions at s = 1 for f €
59(gp™)(—%) will now be controlled by the linear relations of theta series of
various levels (g, p"). This can naturally be extended to the arbitrary level
(¢, N).

Finally we remark that Conjecture 3.1 is confirmed if one finds T'(g, N)
values of (p;,s;,a;) for which the theta series t9§.Q) (7) are distinct. In fact
our numerical computation which covers all possible values of (g, N) sup-
ports the following:

Conjecture 4.3. The theta series of non isomorphic orders are distinct.

We should note that some examples of non isometric pairs of quater-
nary lattices having the same theta series are known which, however, are
not attached to orders of quaternion algebras. On the other hand, it has
been proved by A.Schiemann [Sch) that non isometric ternary lattices have
distinct theta series. Hence we have

0:20; = #V(@ £ ), o) £ (r)

As in [Ha2], it turns out that the above conjectures are all true for each
(g, N) with ¢N < 10%. The actual computations were done by calculating
first the representation numbers of positive integers by F, (¢, N;p,s; X)
for various (p, s,a), to obtain as many nonisomorphic orders as T'(g, N),
which give a complete set of representatives of orders of level (g, N). Then
we check the other conjectures by computing ﬂng) (1), 19§-T2) (T) and 1959) (7).
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5. Examples for split orders of high power levels

Here we assume that ¢, p are distinct primes. We put
V(_7 _) = #{ .f € Sg(qpr)(“’—)l L(f1 1) = 0} ( = dlm S?(var)(_’_))y

Vim) = #{ 1 € 8309 0s 1) = o,

diff := G(g,p") - G(g,p"™Y),
d(-,+) := dim S3(gp") .

q=19 N=p", p=2
gN | r | T(q,p") | Glg,p") | diff V(=,+) V(=,-) d(-,+)
19 0 2 0 0 0 0 1
38 1 3 0 0 0 0 1
76 2 4 0 0 0 0 0
152 | 3 6 0 0 0 0 1
304 | 4 11 0 0 0 2 4
608 | 5 21 2 2 0 3 6
1216 | 6 40 5 3 0 7 11
2432 | 7 78 15 10 1 15 21
4864 | 8 152 33 18 0 32 40
9728 | 9 300 77 44 2 66 78
g=41 N=p' p=2
gN | r | T(g,p") | Glg,p") | diff V(—,4+) V(-,—) d(=+)
41 0 4 0 0 0 0 3
82 1 4 0 0 0 0 0
164 | 2 7 0 0 0 0 0
328 | 3 11 0 0 0 3 4
656 | 4 24 3 3 0 3 7
1312 | 5 42 6 3 0 9 11
2624 | 6 88 19 13 1 16 24
5248 | 7 164 39 20 1 38 42
g=53 N=p' p=2
gV | r | T(g,p") | Glg,p") | diff V(—,+) V(=-) d(-+)
53 0 4 0 0 0 0 3
106 1 5 0 0 0 0 1
212 | 2 8 0 0 0 1 0
424 | 3 15 1 1 0 3 5
848 | 4 29 4 3 0 5 8
1696 | 5 56 11 7 1 11 15
3392 | 6 110 25 14 0 23 29
6784 | 7 216 57 32 2 48 56
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g=5 N=p" p=2
gN | r [ T(q,p") | Glg,p") | dif V(- +) V(-,-) d(=+)
59 Q 6 Q Q 0 Q 5
118 [ 1 7 0 0 0 0 1
236 | 2 12 0 0 0 1 0
472 3 16 1 1 0 1 2
944 | 4 34 3 2 1 7 12
1888 | 5 61 11 8 0 13 16
3776 | 6 126 27 16 1 24 34
7552 | 7 238 59 32 0 55 61
g=107 N=p", p=
N [ [Tlr) | Clar) [ a8 V(o1 V(o) 4=
107 | O 8 0 0 0 0 7
214 | 1 10 0 0 0 1 2
428 | 2 18 1 1 0 3 0
856 3 28 4 3 0 4 5
1712 | 4 58 10 6 1 13 18
3424 | b5 109 26 16 0 25 28
6848 | 6 222 58 32 1 48 58
q=223 N=p", p=
gN | r | T(e,p") | Glg,p") | diff V(- 4+) V(-,—-) d(—+)
223 | O 13 0 0 0 0 12
446 1 22 1 1 1 1 9
892 2 35 2 1 0 9 0
1784 | 3 71 12 10 0 10 18
3568 | 4 122 24 12 1 24 28
7136 | 5 246 58 34 0 47 64
qg=53 N=p,p=2
gN [r [ T(q,p") | G(g,p") [ diff V(—,+) V(-,—) d(—,+)
563 | 0 33 1 1 1 0 32
1126 | 1 45 2 1 1 7 12
2252 | 2 84 10 8 0 19 0
4504 | 3 146 31 21 1 26 31
9008 | 4 295 68 37 3 70 84
=1567 N=p", p=2
qN T T(qvpr) G(var) diff V(—a +) V(—v _ d(—) +)
1567 | O 73 3 3 3 0 72
3134 | 1 117 4 1 1 22 44
6268 | 2 211 29 25 0 65 0
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6. Linear relations for split orders with T <12

In what follows, we shall give some tables of the results of our compu-
tation. Firstly we present, for small levels ¢N and small type numbers
such that T'(q, N) <12 at which we find a linear relation of theta series.
The symbol G denotes the number of independent relations. We tabulate
7 (1<j<T(q,N)), and the values of the parameters p;, s;, a; of a complete
set of representatives of isomorphic classes of split orders of level (g, N), fol-
lowed by the coefficients c; so that we have simultaneously a linear relations

T(q,N) ) T(q,N) @ T(q,N) )
S ™) = 3 @) = S ™) = o,
J=1 J=1 j=1

where the last equation holds under the assumption that N is not divisible
by 4.

g« N =184 =23x2> T=10,G=1 @«N=272=17x2* T=10,G=1

3 P s a c; j P s a cj
1 31 1 4 1 1 7 1 1 0
2 31 2 1 -2 2 23 1 11 1
3 39 2 5 -1 3 23 2 9 -1
4 47 1 23 0 4 31 1 3 -1
5 47 2 20 2 5 31 2 7 1
6 47 3 6 -1 6 39 1 1 0
7 71 3 17 0 7 63 4 5 -1
8 151 1 33 -1 8 71 3 35 0
9 239 4 90 1 9 79 2 27 0
10 271 2 51 1 10 159 4 22 1
g«N =312=13+2%3 T=11,G=1 gxN =352 = 11+2° T=11,G=1
7 p s a <5 7 P s a €5
1 47 1 6 -1 1 15 2 2 0
2 47 2 5 0 2 23 1 6 -1
3 47 3 22 2 3 23 2 7 1
4 71 1 31 1 4 31 1 13 1
5 71 3 16 -2 5 31 2 11 -1
6 119 5 23 0 6 47 2 2 0
7 167 2 57 0 7 47 3 10 -1
8 167 3 75 0 8§ 71 2 30 0
9 239 5 53 0 9 T 3 1 0
10 479 4 90 -1 10 223 4 22 1
11 791 6 17 1 11 279 5 16 0
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g*N =396 =11x22.32 T=11,G=1 qxN=440=5:2%11 T=11,G=1
7 P s a ¢; 7 p s a ¢y
1 23 1 3 1 1 7 1 1 0
2 23 2 8 -1 2 63 1 1 0
3 47 1 17 -1 3 63 4 2 -2
4 47 2 22 1 4 127 1 37 1
5 47 3 16 1 5 127 2 43 0
6 71 3 8 -1 6 167 3 41 0
7 119 5 30 -1 7 167 6 32 0
8 191 4 72 0 § 183 1 40 1
9 191 6 30 -1 9 263 6 7 2
10 383 3 181 1 10 743 6 367 1
11 599 6 269 1 11 1487 12 739 1
g N =206=3742° T=12,G=1 ¢g«N=351=13x3> T=12,G=1
7 P s a cj 7 P s a cj
1 15 1 p) 1 1 11 1 1 0
2 23 1 10 ) 2 47 1 19 1
3 23 2 4 1 3 47 2 8 0
4 31 1 12 1 4 47 3 7 -1
5 31 2 3 -1 5 59 3 1 -1
6 39 1 10 0 6 71 1 35 -1
7 79 4 4 0 7 71 3 14 1
g8 103 1 27 -1 8 119 3 37 1
9 119 3 11 -1 9 230 5 87 0
10 143 3 27 0 10 359 2 179 0
11 167 6 74 0 11 383 8 191 1
12 239 5 28 1 12 527 6 69 1
N =456=19%2%3 T=12,G=1 qsN=476=7%2217 T=12,G=1
7 P s a ¢4 j p s a ¢j
1 23 1 11 -1 1 15 1 2 -1
2 23 2 9 1 2 127 2 32 1
3 47 1 15 1 3 127 4 4 -1
4 47 2 11 -1 4 135 1 17 0
5 47 3 8 0 5 151 1 16 1
6 119 3 16 -1 6 151 2 19 -1
7 119 5 25 0 7 191 3 57 0
8 191 6 17 1 8 239 2 1 0
9 215 6 23 0 9 239 4 99 1
10 239 4 37 -1 10 239 5 19 0
11 263 6 84 0 11 767 8 200 1
12 359 9 127 1 12 1327 4 249 1
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@GN =616=11x2%7 T=12,G=1 +N=624=3+2%13 T=12,G=1

J P s a c; J P s a cj
1 31 1 15 1 1 55 1 9 0
2 31 2 4 -1 2 79 2 39 2
3 47 1 13 -1 3 79 4 35 -2
4 47 2 3 1 4 103 1 29 1
5 47 3 15 0 5 103 2 31 -2
6 103 2 1 0 6 199 5 74 0
7 111 2 22 0 7 367 1 69 -1
8 159 5 26 1 8 367 4 138 2
9 199 5 33 0 9 391 7 75 0
10 335 4 79 -1 10 607 4 57 -1
11 551 6 74 -1 11 727 7 77 0
12 719 4 260 1 12 1951 8 5 1
gxN = 1242 = 243323 T = 12,G=1 geN = 1242 = 243323 T = 12, G =1
7 p s a cj 7 P s a cj
1 1 1 1 0 7 227 3 94 -1
2 83 1 32 -1 8 251 7 54 0
3 83 3 1 1 9 419 5 130 0
4 107 1 20 1 10 827 9 289 -1
5 107 3 39 -1 11 971 9 226 1
6 155 3 44 1 12 1019 3 55 0

7. Linear relations for non-split orders with T 20

gN =664=8«83 T =13 G=1

7 p s a ¢ i p s a g J P s a cj

1 19 1 1 0 2 3 1 1 -2 3 43 1 3 0

4 91 1 8 2 5 107 3 40 1 6 115 1 36 1

7 139 5 36 -1 8 179 3 56 -1 9 179 5 79 2

10 251 3 62 O 11 283 1 92 -1 12 323 9 22 -2

13 379 5 25 1

gN = 864 = 32x27 T=17 G=1

] p s a cj 7 p s a cj 3 p 5 a ¢
1 1 1 3 0 2 3 1 4 -1 3 5 1 24 1
4 59 3 28 -2 5 83 1 12 -1 6 83 3 10 1
7 107 3 21 1 8 131 1 58 0 9 131 3 23 -1
10 179 5 9 0 1 227 1 1056 1 12 251 3 77 1
13 251 7 102 -1/ 14 371 1 87 0 15 587 T 6 1
16 785 9 112 -1 |17 899 5 34 1
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gN=936=8«117 T=10 G

j p s a G JJ p s a clij p s a
1 35 1 2 -14§42 107 3 36 1 3 131 1 18
4 131 3 29 -1 5 155 1 37 O |6 179 5 47
7 251 7 33 148 419 3 139 0 || 9 659 5 148
10 659 11 274 1
gN = 1000 = 8125 T=15 G=1
j p s a ¢ 7 p 8 a cj 3 P s a
1 1 1 1 0 2 19 1 7 0 3 59 1 16
4 59 3 1 -1 5 91 1 1 -1 6 99 3 7
7 131 3 33 O 8 139 5 67 1 9 179 5 14
10 219 5 14 0 11 251 1 125 0 12 209 3 35
13 419 5 79 0 14 419 7 189 -1 15 499 5 178
gN = 1152 = 1289 T =20 G=1
i P ] a cj i P ] a cj 7 P s a
1 11 1 2 0 2 35 3 1 0 3 59 1 14
4 59 3 23 -1 5 83 3 183 -1 6 107 1 43
7 107 3 25 1 8 131 3 4 1 9 155 3 24
10 179 1 24 0 11 179 5 4 -1 12 227 3 44
13 250 7 111 O 14 347 3 128 1 15 371 3 55
16 419 7 191 1|17 515 3 171 O 18 587 7 126
19 1019 5 179 0 20 1091 13 41 1
gN = 1080 = 8x135 T=12 G=1
3 P s a cj j P s a cj 7 p 3 a cj
1 11 1 4 0 2 59 1 6 -1 3 59 3 7 1
4 131 1 62 1 5 131 3 2 -1 6 179 3 39 1
7 179 5 71 8 251 7 50 -1 9 371 3 73 0
10 419 3 102 -1 11 419 5 202 0 12 1259 15 491 1
gN = 1080 = 2740 T =20 G=2
j p s o ¢ o j p s a ¢ <
1 31 1 5 0 1 2 31 2 9 0 -1
3 79 1 32 0 -1 4 79 2 28 0 1
5 79 4 15 0 0 6 151 2 19 -1 0
7 199 2 87 1 0 8 199 5 52 -2 0
9 271 1 135 0 0 10 271 4 1 -1 0
11 319 5 94 2 0 12 439 10 141 0 -1
13 751 4 252 O 1 14 991 8 475 0 -1
15 1039 10 273 1 0 16 1279 8 480 O 0
17 1351 13 250 -1 O 18 1519 19 482 1 0
19 1756 5 411 O 1 20 2479 10 328 O 0
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qN = 1512 = 8x189 T=17 G=1
j p 3 a cj j P s a cj j p s a cj
1 59 1 13 -1 2 59 3 25 1 3 83 1 40 1
4 83 3 22 =2 5 131 3 37 1 6 227 1 25 0
7 227 3 112 -1 8 251 1 65 0 9 251 3 80 1
10 251 7 31 1 11 419 5 80 O 12 419 7 202 -1
13 467 9 121 -1 (| 14 587 3 72 0 15 1091 13 4714 1
16 1979 5 565 1| 17 2099 15 661 1
gN = 1656 = 8x207 T=14 G=1
7 P s a cj 7 P s a cj 7 P s
1 1 1 3 0 2 83 1 41 1 3 83 3 3 -1
4 107 1 34 0 5 107 3 30 O 6 155 1 22 -1
7 203 3 41 0 8 227 3 8 O 9 251 7 4
10 419 5 209 -1 (11 419 7 203 0O 12 467 3 108
13 467 9 182 0 14 779 5 145 0
gN = 1800 = 8+225 T =18 G=1
3 P s a cj 7 P 8 a cj ki P s a cj
1 11 1 5 0 2 59 1 23 -1 3 59 3 17 1
4 131 3 9 0 5 179 1 55 1 6 179 5 39 -1
7 251 3 119 0 8 251 7 112 © 9 299 5 7 1
10 371 3 9 0 11 419 5 102 -1 (1 12 419 7 69 1
13 491 3 3 -1 (] 14 659 5 262 0 15 659 11 263 -1
16 1091 7 139 -1 |[ 17 1001 13 251 1 18 1259 5 330 1
gN = 1992 = 8+249 T=19 G=1
7 P s a cj 7 P s a cj j P s a cj
1 35 3 1 0 2 107 1 49 -1 3 107 3 26 2
4 155 3 9 -2 5 179 1 41 1 6 179 3 63 -2
7 179 5 23 0 8 251 1 63 0 9 251 7 115 1
10 299 3 125 2 11 371 3 8 -1} 12 467 3 8 -2
13 587 7 244 0 14 755 3 94 0 15 755 7 22 2
16 779 13 89 1 17 827 9 304 -1 18 1499 5 259 O
19 2243 17 923 O
qN = 2016 = 32463 T =20 G=1
7 p s a cj 7 p 8 a < 7 2 s a €5
1 59 1 17 -1 2 59 3 10 1 3 83 1 11 1
4 83 3 23 -1 5 131 3 48 O 6 227 3 76 1
7 251 3 28 -1 8 251 7 7 0 9 299 1 99 0
10 419 5 97 -1 {11 419 7 4 0 12 467 1 77 0
13 587 7 82 -1 14 75 9 204 O 15 899 15 128 1
16 971 3 453 0O 17 971 9 187 O 18 1091 13 440 -1
19 1139 5 284 1 20 1427 7 645 1
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gN = 2080 = 3265 T=19 G=1

7 p s a cj J P s a cj 7 P s a cj
1 131 1 33 -1 2 131 3 56 1 3 139 1 58 1
4 139 5 1 -1 5 179 3 71 -1 6 179 5 65 2
7 251 7 58 0 8 259 5 39 -2 9 339 5 19 0
10 491 3 163 0 11 571 11 36 1 12 659 5 275 0
13 731 3 29 0 14 971 9 293 -1 15 1091 13 442 0
16 1979 5 34 0 17 2219 5 4 -1 18 2259 5 205 1
19 3779 7 1511 1
gN = 2088 = 84261 T=16 G=1
K p K] a cj 7 P s a cj ) p s a
1 35 3 3 0 2 59 1 10 -1 3 59 3 8
4 83 1 36 1 5 83 3 30 -1 6 107 3 31
7 179 3 3 1 8 179 5 33 0] 9 227 3 11
10 299 5 1 -1 |j 11 347 3 120 -~-1{12 371 3 11
13 1019 5 44 0 14 1499 15 232 O 15 1619 9 187
16 2507 11 441 1
gN = 2232 = 84279 T=20 G=1
3 P s a cj 3 P s a cj 3 ) s aQ
1 11 1 1 0 2 83 1 28 1 3 83 3 32
4 179 3 46 0 5 179 5 31 -1 6 203 1 1
7 251 3 &4 1 8 251 7 20 1 9 275 3 39
10 347 1 66 0 11 347 3 24 -2 12 491 3 200
13 587 7 157 -1 14 611 9 21 -1/ 15 827 3 405
16 1019 3 113 O 17 1091 7 257 1 18 2099 5 675
19 2123 9 327 O 20 4001 31 25 1
gN = 2520 = 8315 T=18 G=1
j p s a ¢ 7 P s a cj b D ] a
1 53 1 19 -1 2 59 3 27 1 3 131 1 13
4 131 3 30 0 5 251 3 122 -1 6 251 7 41
7 299 5 55 0 8 419 5 169 -1 9 419 7 102
10 899 3 231 0 11 899 15 40 -1 12 1259 9 25
13 1259 15 534 0 14 1931 21 125 1 15 2771 9 708
16 2839 7 1190 -1 [f 17 4091 31 1244 1 18 6299 35 2820
gN = 39860 = 4409 T=14 G=1
7 P s a ¢4 i P 8 a ¢j 7 p 8 a ¢j
1 203 1 26 -1 2 323 1 84 1 3 323 9 14 0
4 443 3 148 -1 5 467 3 52 1 6 587 1 195 0
7 587 7 45 0 8 683 9 201 -1 9 1763 7 175 1
10 1787 3 794 0 11 1907 9 496 -1 || 12 2267 21 704 1
13 2963 13 1467 -1 14 7307 9 3077 1
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gN = 5304 = 1768+3 T =20 G=1
K] P s a cj 3 P s a cj 7 ) s a cj
1 11 1 4 0 2 227 1 19 0 3 227 3 42  —1 |
4 275 1 59 1 5 539 1 51 0 6 539 9 43 0
7 635 1 31 -1 8 683 3 130 O 9 683 9 29 1
10 827 9 117 -1 11 1331 9 1585 0 12 1451 3 415 1
13 1763 7 151 -1 14 1931 7 85 0 15 2411 9 110 -1
16 2459 15 11 0 17 26579 15 110 O 18 3947 21 719 O
19 4019 15 964 1 20 6131 7 2095 1
gN = 6120 = 680%9 T=20 G=1
j P 8 o ¢ || P s a ¢4 J ) s a ¢ |
1 107 1 22 ~1 2 107 3 32 1 3 227 1 76 1
4 227 3 59 -1 5 683 3 228 1 6 683 9 240 -1
7 827 9 170 0 8 923 1 8 0 9 923 3 92 0
10 1187 9 41 -1 11 1187 11 93 0 12 1763 7 51 -1
13 2003 3 922 -1 || 14 2267 9 733 1 15 2747 3 305 O
16 2963 19 164 [1} 17 3947 21 285 1 18 7643 13 72 -1
19 9323 7 22717 1 20 14507 9 8 1
gN = 6600 = 26425 T=18 G=1
K] P s a ¢4 7 P s a ¢4 7 P s a c4
1 91 1 6 -1 2 379 1 59 0 3 379 5 27 0
4 619 1 161 1 5 619 5 91 -2 6 1291 17 268 -1
7 1699 1 364 0 8 1699 17 716 1 9 2491 7 651 -1
10 3019 5 1078 1 11 3331 7 405 0 12 3499 7 1678 1
13 4339 7 567 0 14 6499 25 637 -1 |15 7219 19 1690 1
16 11251 29 4425 1 17 11971 41 4742 -1 |} 18 14611 13 3151 1

8. Table of T(q, N) with ¢IN < 1000, G > 0: split orders

Here we shall give a table of split levels (¢, N), and T'(¢, N) with ¢N < 1000,
for which the number G of (independent) linear relations is positive.

gN q N T G| gN q N T GlgN q N T G
184 23 8 10 1 |[248 31 8§ 13 1 272 17 16 10 1
284 T1 4 16 1 206 37 8§ 12 1 312 13 24 11 1
316 79 4 15 1 |[34¢4 43 8 13 1 351 13 27 12 1
352 11 32 11 1 368 23 16 16 2 ||.369 41 9 14 1
376 47 8 19 2 {30 19 20 13 1 306 11 36 11 1
416 13 32 16 1 423 47 9 17 1 424 53 8 15 1
428 107 4 18 1 436 109 4 15 1 [l 440 5 88 11 1
452 113 4 16 1 456 19 24 12 1 459 17 27 17 1
464 29 16 1T 2 | 472 59 8§ 16 1 476 7 68 12 1
488 61 8 18 1|49 31 16 20 2 |[504 7 72 14 1




126 K. Hashimoto

gN q N T G| ¢gN q N T G| ¢gN g N T G
508 127 4 21 1 513 19 27 15 1 524 131 4 24 1
531 59 9 21 2 536 67 8 20 2 540 5 108 14 1
544 17 32 18 2 548 137 4 19 1 552 23 24 16 1
556 139 4 22 1 564 47 12 18 1 567 7 81 18 1
568 71 8 26 4 572 13 4 16 1 584 73 8 22 2
592 37 16 19 2| 594 11 54 15 1 |[59% 149 4 22 1
603 67 9 19 1 604 151 4 26 2 608 19 32 21 2
612 17 36 14 1 |[616 11 56 12 1 ({620 31 20 18 1
621 23 27 22 1 |[624 3 208 12 1 |[62¢4 13 48 15 1
632 79 8 27T 4 636 53 12 20 1 637 13 448 16 1
639 71 9 25 2 640 5 128 20 1 644 23 28 13 1
650 13 50 15 1 || 652 163 4 22 1 |[656 41 16 24 3
657 73 9 20 1 664 83 8 23 2 668 167 4 32 2
672 7 9% 16 1 680 17 40 15 1 684 19 36 17 1
688 43 16 23 2 692 173 4 25 1 696 3 232 13 1
696 29 24 19 1 702 13 54 19 1 704 11 64 24 3
708 59 12 20 1 712 89 8 24 1 716 179 4 30 2
720 5 144 14 1 724 181 4 25 1 725 29 25 22 2
728 7 104 13 1 728 13 56 16 1 732 61 12 19 1
736 23 32 28 4 738 41 18 18 1 744 3 248 13 1
744 31 24 19 2 747 83 9 27 2 752 47 16 31 4
756 7 108 15 1 760 5 152 17 2 760 19 40 18 2
764 191 4 37 3 768 3 256 20 1 772 193 4 25 2
774 43 18 20 1 775 31 25 24 1 76 97 8 29 3
783 29 27 28 2178 197 4 27 2792 11 72 18 2
796 199 4 34 2 || 801 89 9 28 388 101 8 27 1
812 29 28 17 1 816 17 48 20 1 820 41 20 18 1
824 103 8 36 4 828 23 36 23 2 832 13 64 26 2
836 19 4 19 1 837 31 27 24 2 844 211 4 31 3
846 47 18 25 1 848 53 16 29 4 850 17 50 18 1
852 71 12 26 1 855 19 45 21 1 856 107 8 28 4
860 5 172 20 1 860 43 20 23 1 868 7 124 13 1
872 109 8 30 4 873 97 9 26 2 875 7 125 24 1
876 73 12 21 1 880 5 176 15 1 880 11 80 21 1
884 17 52 17 1 888 3 206 15 1 888 37 24 27 3
891 11 81 28 2 (82 223 4 35 2|86 7 128 31 2
904 113 8 30 4 ), 908 227 4 36 2 )99 W01 9 32 2
912 19 448 19 2 916 229 4 31 1 918 17 54 23 2
920 5 184 18 1 920 23 40 20 2 924 7 132 15 1
925 37 25 24 1 |}927 103 9 31 1928 29 32 30 4
931 19 49 26 2 932 233 4 32 3 932 233 4 32 3
936 13 72 22 2 940 5 18 19 1 940 47 20 19 1
944 59 16 34 3 (945 7 135 19 1 (/948 79 12 21 1
952 7 136 20 3 952 17 56 25 2 956 239 4 45 4
960 5 192 21 1 963 107 9 33 2 964 241 4 33 2
976 61 16 33 4 981 109 9 30 1 984 3 328 13 1
984 41 24 22 1 988 13 76 20 1 992 31 32 38 5
996 83 12 27 2 999 37 27 33 4
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9. Table of T'(q, N) with ¢N < 5000, G > 0: non-split

orders

127

Here we shall give a table of the levels (g, N) of non-split orders with gN <
5000, for which the number G of (independent) linear relations is positive.

qN q N T G gN q N T G gN q N T G
664 8 83 13 1 864 27 32 21 2 864 32 27 17 1

936 8 117 10 1 972 243 4 25 1 1000 8 125 15 1
1000 125 8 28 2 1080 8 135 12 1 1080 27 40 20 2
1125 125 9 30 2 1152 128 9 20 1 1323 27 49 26 1
1372 343 4 4 3 1404 27 52 24 2 1431 27 53 28 1
1500 125 12 33 2 1512 8 189 17 1 1512 27 56 22 1
1856 8 207 14 1 1664 128 13 25 1 1688 8 211 24 1
1696 32 53 21 1 1701 243 T 3B 1 1728 27 64 40 5
1752 8 219 21 1 1800 8 225 18 1 1836 27 68 25 2
1888 32 59 27 1 1944 8 243 35 3 1944 243 8 45 6
1952 32 61 26 1 1992 8 2499 19 1 2000 125 16 55 8
2016 32 63 20 1 2062 27 76 27 2 2056 8 257 26 1
2080 32 65 19 1 2088 8 261 16 1 2160 27 80 32 4
2232 8 279 20 1 2250 125 18 43 2 2264 8 283 35 2
2312 8 289 30 1 2376 8 207 24 1 2376 27 88 32 3
2400 32 2T 1 2484 27 92 30 2 2520 8 315 18 1
2528 32 79 31 1 2502 32 81 40 4 2600 8 325 22 2
2646 27 98 38 2 2656 32 83 37 1 2664 8 333 24 2
2688 128 21 30 1 2700 27 100 39 3 2728 8 341 21 1
2744 8 343 40 2 2744 343 8 88 15 || 2776 8 347 37 2
2808 8 351 25 3 2808 27 104 39 6 2848 32 89 35 1
2862 27 106 42 1 2952 8 369 24 1 3000 8 375 28 1
3000 125 24 58 8 3024 27 112 42 4 3032 8 3719 41 1
3087 343 9 81 6 3096 8 387 30 2 3112 8 389 36 1
3132 27 116 43 3 3168 32 9 30 1 3200 128 25 46 2
3240 8 405 30 3 3267 27 121 B7 2 3320 8 415 26 1
3336 8 417 30 1 3348 27 124 42 3 3375 27 125 64 5
3375 125 27 86 12 || 3384 8 423 28 2 3400 8 425 27 2
3402 243 14 50 1 3424 32 107 43 1 3448 8 431 38 1
3456 27 128 78 14 || 3456 128 27 57 8 3500 125 28 61 4
3528 8 441 32 3 3560 8 445 26 1 3672 8 459 32 4
3672 27 136 43 7 3712 128 20 42 1 3744 32 117 34 4
3752 8 469 25 1 3780 27 140 30 2 3800 8 475 34 2
3816 8 477 30 2 3834 27 142 47 1 3872 32 121 50 2
3888 243 16 86 14 || 3960 8 495 24 1 3960 440 9 14 1
3996 27 148 57 5 4000 32 125 55 5 4000 125 32 106 20
4024 8 503 47 1 4064 32 127 51 1 4104 8 513 36 2
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gN q N T G gN q N T G gN q N T @&
4104 27 152 48 7 || 4116 343 12 77 6 || 4185 27 155 42 1
4200 8 525 27 1 4232 8 520 52 1 4248 8 531 40 2
4312 8 539 36 1 /4320 27 160 64 11 | 4320 32 135 42 5
4392 8 549 36 4 || 4428 27 164 52 5 4500 125 36 80 12
4504 8 563 62 2 | 4536 8 567 40 4 |[ 4563 27 169 77 2
4600 8 575 33 1 4608 512 9 72 7 4617 243 19 76 1
4632 4632 1 23 1 [ 4644 27 172 57 5 | 4648 8 581 36 1
4680 8 585 26 1 || 4704 32 147 47 1 [ 4725 27 175 54 4
4752 27 176 57 8 || 4824 8 603 44 3 4840 8 605 36 1
4860 243 20 70 6 || 4860 243 20 70 6 | 4896 32 153 42 3
4920 8 615 26 1 4960 32 155 36 1 4968 8 621 39 7
4968 27 184 58 8 | 4992 128 39 46 1 [[5000 8 625 70 7
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The holomorphic Jacobi forms of higher degree have similar properties like
Siegel modular forms. On the other hand, the skew-holomorphic Jacobi forms
are not holomorphic functions but vanish under a certain differential operator,
and have transformation formula like holomorphic Jacobi forms. The purpose
of this exposition is to show some properties of skew-holomorphic Jacobi forms
of higher degree like holomorphic Jacobi forms.

1. Introduction

The notion of skew-holomorphic Jacobi forms was first introduced by Sko-
ruppa [9] in the case of degree 1, and generalized for higher degree by
Arakawa [1]. Skew-holomorphic Jacobi forms are not holomorphic, but still
satisfy transformation formula like holomorphic Jacobi forms, are annihi-
lated by a certain differential operator, the so called Heat operator. Because
of this fact and because of the transformation formula, skew-holomorphic
Jacobi forms have similar properties. as holomorphic Jacobi forms. More-
over, it is known that the space of holomorphic Jacobi forms of index 1 and
the space of skew-holomorphic Jacobi forms of index 1 are linearly isomor-
phic to a certain subspace of Siegel modular forms of half-integral weight.
Hence, the theory of skew-holomorphic Jacobi forms is also for the study
of the Siegel modular forms of half-integral weight.

The purpose of this exposition is to show some properties of skew-
holomorphic Jacobi forms of higher degree: an isomorphism between the
space of skew-holomorphic Jacobi forms and a certain subspace of Siegel
modular forms of half-integral weight, the (analytic) Siegel formula, Klin-
gen type Eisenstein series, and a structure theorem for the space of skew-
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holomorphic Jacobi forms and for the plus space. In particular, the Siegel
formula for skew-holomorphic Jacobi is already shown in Arakawa’s paper

[1]-

2. Holomorphic Jacobi forms and skew-holomorphic Jacobi
forms of higher degree

In this section we recall the definition of holomorphic and skew-holomorphic
Jacobi forms of higher degree.

We denote by §),, the Siegel upper half space of degree n, and by Sp,(R)
the symplectic group of size 2n. Let | be a natural number and let G,Jl,l be
the subgroup of Sp,(R) consisting of all elements of the form

AO0BOQ 1.0 0 &
wiom= (3588) Ty ).
co0o01L 000 1,
where g = (A 8) € Spa(R), A, u € Mn, (R), and & € M;(R) satisfy
% +tu) € Sym(n,R). We put T’} ; := G, 0 Spn11(Z).
Let Symj be the set of all half-integral symmetric matrices of size {, i.e.

Symy = {{a;;) € Mi(Q) | 2a;; =2a;; €Z, a;; € Z for all ¢ and j}.

Fix an § € Sym] be a half-integral symmetric matrix, and assume
S > 0. We use the symbol e(z) (z € M,(C)) as an abbreviation for
exp(2my/—1tr(z)).

We define the holomorphic Jacobi forms as follows.

Definition 1. Let ¢(7,z) be a holomorphic function on D,; :=
Hn X My 1(C). Set F(1,2) := ¢(7,2) e(S7’), where ( 7)) € Hnyi, T € Hin,
and 7’ € §;. We say ¢ is a holomorphic Jacobi form of weight k, of index
S and of degree n, if F satisfies the following two conditions.

(1) Flgy = F for any v € I‘i,l, where | is the usual slash operator, i.e.
(Flx7)(Z) := det(CZ + D)~*F(y- Z), and where y = (4 B) € T'J, and
v-Z:=(AZ + BY(CZ + D)L

(2) The function F' has Fourier expansion of the form

F(zy= Y AWN)e(NZ),

where M and r run over all elements of Sym}, and M (Z) respectively.

Moreover we say ¢ is a holomorphic Jacobi cusp form, if the Fourier coef-
ficients satisfy A(N) = 0 unless N > 0.
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We denote by J; é") (resp. Jp g P (")) the space of holomorphic Jacobi
form (resp. holomorphic Jacobi cusp form) of weight k, index S and degree
n.

Next, we define skew-holomorphic Jacobi forms as follows.

Definition 2. Let ¢(7, z) be a real analytic function on £, x M, ;(C). Set
F(r,z) := ¢(7,z) e(S7’), where (7, %) € Hnt1, T € $Hn, and 7’ € §;. We say
¢ is a skew-holomorphic Jacobi form of weight k, of index S and of degree
n, if ¢ satisfies the following two conditions.

sk
k as

(i) F|j*¥y = F for any v € T'J ,, where we define the slash operator |

n,
follows, (F|s7)(Z) := | det(CZ + D)|~'det(CZ + D). "F(y- Z).
(ii) The function ¢ satisfies the cusp condition, namely, ¢ has the Fourier
expansion of the form ;

1
o(1,2) = > C(M,r)e(Mr — Zi(4M — STy 4 rtz),
MeSym}, ,reM .(Z)
4M-tr5~1rg<0

where M and r run over all element of Sym;, and M; ,(Z), respectively.

Moreover we say ¢ is a skew-holomorphic Jacobi cusp form, if the Fourier
coefficients satisfy C(M,r) = 0 unless 4M — 'rS~1r < 0.

The above condition (%) is equivalent to the following condition,

(ii") As¢ =0, where A, is a differential operator defined by

. 0 1 0 _1t {0
As =5 %(&)S (a—)

8 . (144, o o ._(_98 LG
and where 7~ := ( 7o ) 52 = (&g , and J; ; is the Kronecker

delta.

We denote by J; () (resp. J ,;': 4*P()) the space of skew-holomorphic Jacobi
form (resp. skew-holomorphic Jacobi cusp form) of weight k, index S and
degree n.

In the following sections we summarize some results for the skew-
holomorphic Jacobi forms.

3. Siegel modular form of half-integral weight and
generalized plus space

It is known the space of holomorphic Jacobi forms (resp. skew-holomorphic
Jacobi forms) of index 1 is linearly isomorphic to the generalized plus space.
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(cf. Eichler-Zagier (3], Ibukiyama [7], Hayashida [4]). The Kohnen plus space
is a certain subspace of the space of modular forms of half-integral weight
introduced by Kohnen [8]. It is known that the Kohnen plus space of weight
k+1/2 corresponds to the space of elliptic modular form of weight 2k with
belonging to SL(2,Z). The notion of Kohnen plus space is generalized by
Ibukiyama (7] to higher degree. In this section we introduce Siegel modular
forms of half-integral weight and the generalized plus space, and explain
the above isomorphism.

For a natural number N, define a congruence subgroup of Sp,(Z) by
r{M(N) = {(A8) € Spa(Z)| C=0 mod N}. In order to introduce a
factor of automorphy of half integral weight, we put

0(r):= Y. e(prp).
pEMl,n(Z)
We define the Dirichlet character ¢ by %(t) = (3), where (%) is the
Legendre symbol. We consider the character of I‘g") (4) defined by % (det D)

for any M = (4 B) € T{™ (4). By abuse of notation, we denote this char-
acter also by 9. The following transformation formula is known:

O(M7)2/6(r)> = (M) det(Cr+ D) forevery M =(AB)eT{(4).
) o(arr) ) 261
By virtue of the above formula, we can define by (T(?j_ a factor

of automorphy of weight £k — 1/2 . We define the Siegel modular form of
half-integral weight as follows.

Definition 3. Let k& be an integer, and let x be a character of I‘(()") (4).

We say that a holomorphic function h on §, is a Siegel modular form of

weight k — 1/2 of degree n with character x if h satisfies the following two

conditions:

(1) h(M-7) = x(M) (2%’;%’2)% "h(r) , forall M eT{V(4) .

(2)  his holomorphic at all cusps (This condition is satisfied automatically
when n 2> 2 by the Kdcher principle).

Moreover, if h satisfies the following condition (3) we say h is a cusp form.
(3)  The function det(Im7)2z*~2)|h(7)[ is bounded on Hy,.

We denote by M;_; /2(I‘(()") (4),%x) (resp. Sg_1 /2(1"8") (4),%)) the space
of Siegel modular forms (resp. Siegel cusp forms) of weight k¥ — 1/2 with
character x of degree n.
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Let I be an integer and let h € M;_, /2(I‘E,") (4),4"), then the function
h has the Fourier expansion h(7) = ) ;. cn(T)e(T'T), where T runs over
all symmetric half integral matrices. The above Fourier coefficients sat-
isfy ¢(T) = 0, unless T is positive semi-definite. We define the subspace

M (08 (4),47) of Mi_12(T§Y (4),9%) by

M (0 (4),9)
= {h(’r) € Mk_l/g(l"(()") (4),4") ; the coefficients satisfy cx(T) =0,
unless T = (—1)¥+*14t 4 mod 4 Sym?, for some p € MiA(Z)}.
Moreover we put
SE_1p @@, = MiE, ;5 (087 (4),91) N Se_1 (06 (4), 9')

We call M} | /2(1"(()")(4), ¢!) the plus space. This is the notion of the “plus
space” for general degree n with character 1!. This “plus space” was first
defined for n =1, ! =0 and k € Z by Kohnen [8], and was generalized for
n > 1,1 =0, and k € 2Z by Ibukiyama [7], for n > 1, | = k (mod 2) by
Hayashida-Ibukiyama. [6].

The following Theorem is known (cf. Eichler-Zagier [3] in the case n =1,
k = 0 mod 2, by Ibukiyama [7] in the case n > 1, k = 0 mod 2, by
Skoruppa [9] in the case n =1, k =1 mod 2, by Hayashida-Ibukiyama [6]
in the other cases.)

Theorem 3.1. The plus space is linearly isomorphic to the space of holo-
morphic Jacobi forms of indez 1 and the space of skew-holomorphic Jacobi
forms of indezx 1, respectively. More precisely

Toi = M @, KM 2 M L @,95 ),

Jk—’lcusp(") ~ gt

P p@EV @), W8, S 2 sh (07 (4), 457

Moreover these isomorphisms are compatible with the action of Hecke op-
erators respective spaces.

The linear decomposition of Jacobi forms with theta series played an im-
portant rules to prove this theorem.

The explicit structure of the plus space was obtained by Kohnen (8] in
the case of degree n = 1, and Hayashida-Ibukiyama [6] in the case of degree
n=2
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4. Siegel’s formula

In this section, we recall theta series and Siegel’s formula for skew-
holomorphic Jacobi forms. The result in this section is part of Arakawa’s
work [1].

We fix a half-integral symmetric matrix S € Sym; , and assume
S >0. Let m, n and [ be integers satisfying m>n and m >, and let

M 1 . . .
Q= ( 1 2;') € Sym}, " be a half-integral symmetric matrix such that

Q=M- %qS'“q < 0 with det(2Q) = (-1)™.
We define the following series

erer (r,2) = > e(Q[G)T — 2iQ[G1|ImT + 2(*q 25)G)
G=(82) Mm@

1
B Z AQ;T)e(NT - §i(4N —rS~ YR ImT 4 r7),
NeSym},,re M, 1(2)
4N-rS~1tr <0

where A(Q;T) = #{(5) € Mmua(Z) | QUZ )] =T}, and T =
N ir
By using the well-known theta transformation formulas, we obtain
0Fer(r,2) € JZE::) .
We explain the notions S-class and S-genus. We say two elements Q =

N' rt . :
(%tr < ) Q = (“ , 2; ) € Sym;, ,, are in the same S-class, if there

exists ¥ = (27, ) € SLm4i(Z) with *yQvy = Q'. Similarly, if, for any prime
p, there exists v, = (27,) € SLmyi(Z,) with v,Qy = Q), and moreover
if @ and @' have the same signature, we say ) and @’ are in the same
S-genus.

We denote by Efk.(r,z) the holomorphic-Jacobi Eisenstein series of
J+(") For the deﬁmtlon of this Esz(T, z) see Eq. (1) in the next section.
ThlS is defined by E{%(r,2) := E2¥, ¢(1;(r, z)), where we regard the con-
stant function 1 as a skew-holomorphic Jacobi form of weight k of index S,
and of degree 0.

Arakawa [1] showed the following theorem for skew-holomorphic Jacobi
forms.

Theorem 4.1. Let Q be as above, and let m > 2n+ 1+ 2. Then we have

skew(,r Z) pokew
(%) () = s
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where E(Q;) = #{(%) € Mmt,m(Z) | Q:[(Z2 )] = Q:}, and where
Q1,...,Qu are complete set of representatives of the S-classes in the given
S-genus of Q. '

Moreover Arakawa [1] and Ziegler [10] independently showed similar results
in the case of holomorphic Jacobi forms using different methods.

5. Klingen type Eisenstein series

In this section we introduce the Klingen type Eisenstein series for skew-
holomorphic Jacobi forms and an application to the plus space.
Let r be an integer (0 < r <n). We define the following subgroups,

Ay 0 By By
Tnpri= {g S Spn(Z) l g= (é? ‘%4 gf: g;) , A1,B1,C1,Dy € MT(Z) ,

0 0 0 Dy

and
T = {(g [\« €T |geTn A= (M) € Mpi(Z), M € Mry(Z)},

with (g, [(A, 1), k]) as in Section 2. Let ¢(71,21) be a skew-holomorphic
Jacobi form in J:’ P ) and let k be an integer satisfies k = I mod 2,
where [ is the size of S. We define a function ¢* on ©,; by

¢*(T’ Z) = ¢(Tlazl) ’

where 7= (/1 72 , 2= “) and (11,21) € Dp . We define the Klingen
by T3 E2) ’

type Fisenstein series associated to a skew holomorphic Jacobi form of ¢
by

Ef s(#i(m2) = Y (#'FFN(z2), (1,2)€Dnr (1)

yery Arj

The above sum does not depend on the choice of the representatives, be-
cause ¢ satisfies the transform formula and the condition that k =1 mod 2.
It is not difficult to see that this E3* o(¢;(, z)) satisfies the transfor-

n,r,S
mation formula of the definition of skew holomorphic Jacobi forms in J ,_: (S").
Because ¢ is a cusp form, there exists a constant C satisfying

|#(71, 21)| det (Y1) Ze(~S*B1(iY1) 7 B1) < C, for every (m1,21) € Dy,

where 3; and Y are the imaginary part of z; and 7, respectively. Hence, by
the same calculation as Ziegler [10] Theorem 2.5, we can show the following
fact, if the weight k satisfies £ > n+1+r+-1 then the sum of right hand side
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of E,’;’fr’ s(#; (1, 2)) is uniformly absolutely convergent in the wider sense on

Dt
For a function F(7,2) on D, 1, we define the Siegel operator ®7 by

O (F)m,2) = lim F (3l ), (), (m,21) € Dnpr.

Theorem 5.1. Let ¢ € Ji¢“P"). Ifk > nt-l+7+1 satisfies k =1 mod 2,
then we have the followings,

(1) Ez% 5(¢; (7, 2)) is an element of J:,(S").

(2) (B s(¢5 (1,2))) = ¢(r1,21) for every §(r1,21) € Ji 5?7 . Hence,
the Siegel operator @7 induces a surjective map from J ,:: g") to J,: P ),
This theorem is also true for S > 0. (see Hayashida [5])
Here, we follow Arakawa’s work [2]. We impose the following condition
on the index S > 0.

(C1) If S(z] € Z for z € (25)~1M;1(Z), then necessarily, x € M, 1(Z).

By the same argument as in Arakawa [2] (Proposition 4.1, Theorem
4.2), we deduce the following Proposition 5.1 and Theorem 5.2.

Proposition 5.1. Let F € J,:g"). Under the condition (C1) on S, we have
F e JFg™ if and only if &7_,(F) = 0.

Theorem 5.2. Assume that S satisfies the condition (C1). Let k be a
positive integer with k > 2n + 1+ 1, k = | mod 2. Then we have

the direct sum decomposition J; o= @, Je gfz, where J; g’r) =

(B s(F; (1, )| F € JFgerty |

n

From now on we consider the case S = 1. Here the condition (C1) is
obviously satisfied. We consider the space of skew-holomorphic Jacobi forms
of index 1. By virtue of Theorem 3.1, we can view the plus space as the space
of holomorphic Jacobi forms of index 1 or as the space of skew-holomorphic
Jacobi forms of index 1. Hence, by using theorem 5.2, if k is an odd integer
satisfies k > 2n+ 2, we can also obtain a similar decomposition for the plus
space of degree n of weight k — 1/2 with trivial character. Namely, if & is
odd integer, we can deduce that the plus space of weight k—1/2 is spanned
by so called Klingen-Cohen type Eisenstein series which corresponds to the
Klingen type Eisenstein series of skew-holomorphic Jacobi forms of index 1.
This decomposition first pointed out by Arakawa [2] by using holomorphic
Jacobi forms. Namely if k is even, he showed a decomposition of the plus
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space by using Klingen-Cohen type Eisenstein series which correspond to
the holomorphic Jacobi forms.
If k is odd with & > 2n + 2, then we have the following map E;, .

M (T8 (@) = FE
1 Enr O1 Enra
Si_1p(@6 (@) = TP,
Moreover we have the following theorem.

Theorem 5.3. Let k be an odd integer larger than 2n + 2. Then we have
a decomposition:

M 5 (T5((@) = D Enr(Si, (T8 (9))),

r=0
where Bnp(St_y (08 @) = { Bur(F) | F € S}, 0T @)}

Finally Arakawa [2] also solved a basis problem for the space of holo-
morphic Jacobi forms of index 1 by generalizing the pullback formula in
the framework of holomorphic Jacobi forms and also solved a certain ba-
sis problem for the plus space. Similar results are expected to the case of
skew-holomorphic Jacobi forms.
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We compute the filtration of the Hermitian modular forms arising from the
theta series associated with even unimodular Gaussian Z[i]-lattices of rank 8.
In this filtration a Hermitian analog of the Schottky form appears. Moreover
we compare our results with Tkeda’s lifts and consider the analogous problem
for quaternionic modular forms over the Hurwitz order.

1. Introduction

It is well-known (cf. Conway and Sloane [3]) that there exists only one
isometry class of even unimodular Z-lattices in dimension 8, resp. 2 classes
in dimension 16 resp. 24 classes in dimension 24. Considering the associated
Siegel modular forms it was shown by Kneser [16] and Igusa [8] (cf. also
Poor and Yuen [23]) that in dimension 16 one obtains linear independent
theta series of degree n 2> 4. If n = 4 the difference of the two theta series
is equal to a multiple of the Schottky form (Igusa [9], Freitag [7]).

Considering even unimodular Z[¢]-lattices it was shown by Iyanaga [13]
that there is only one isometry class of rank 4. In the case of rank 8 resp.
rank 12 a classification is due to Schiemann [25] as well as Kitazume and
Munemasa [14], where one gets 3 resp. 28 isometry classes.

In this paper we consider the space of Hermitian modular forms as-
sociated with the even unimodular Z[i]-lattices of rank 8 similar to the
investigation by Nebe and Venkov [22] on the Siegel modular forms aris-
ing from the Niemeier lattices. Our corresponding filtration yields Hermi-
tian modular forms of weight 8, namely the Siegel-Eisenstein series as well
as non-trivial cusp forms of degree 2 and degree 4. Thus we construct a
Hermitian analog of the Schottky form. Moreover we compare our results
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with Tkeda’s lifts (Ikeda [10], [11], [12]) and consider the analogous problem
for quaternionic modular forms over the Hurwitz order, which surprisingly
turns out to be much simpler.

2. Hermitian modular forms
Let
Mo = {Z € C™™; L(Z— 2*") > 0}

denote the Hermitian half-space of degree n. The Hermitian modular group
of degree n over the Gaussian number field

T, = {M € Z[i|*™; J[M] = M"IM =J}, J= ((; 'OI) ,

where [ stands for the identity matrix, acts on H,. The space My(Ty) of
Hermitian modular forms of degree n and weight k consists of all holomor-
phic functions f : H, — C satisfying '

f((AZ+B)(CZ+D)™") = det(CZ+D)*£(Z) forall M = (é g) €l

as well as the usual condition of boundedness if n = 1. The subspace
M(T,)®¥™ is characterized by the additional invariance under the trans-
pose mapping

(2 = £(2).

Each f € My(I',,) possesses a Fourier expansion of the form

f(2) = Z as(T) g2mi trace(TZ)
T>0

where T = (t,,,) runs through the set of half-integral matrices, i.e.
T=T7, t,,2t,€Zi foraluv,pu.
If n > 1 we have got a Fourier-Jacobi expansion of the form
f(2)= Z Fm(2),  fm(Z) = Z ay(T) e2mi trace(T2)
=0 r-(37) 50

Clearly fo = f | ¢ holds, where ¢ denotes the Siegel ¢-operator (cf. Krieg
[17] for details). Denote the kernel of the ¢-operator, which is the subspace
of cusp forms in Mg(T',), by Sk(T'»).
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Lemma 2.1. Each f € My(T's) is uniquely determined by its Fourier-
Jacobi coefficients fo,..., fm, where

k
g_, ; =27
m 3 ifn
k<2
m< —=, if n=3,
T3 f
m< 2k if n=4.

mV/3’

Proof. One can directly follow the proof of Satz 1 in Eichler [5]. It says
that f is uniquely determined by fo,..., fin, where

k- u2
27/3 ’
and p,, denotes the corresponding Hermite constant, i.e.
min{Y[c]; 0 # c € Z[]"} S pin - (det Y)Y/™ forall Y =Y >0. (%)

We have pz = /2 due to Krieg (17], T Section 4. Moreover note that
according to Voronoi’s result the optimal constant p, in (%) is attained
whenever Y is perfect. It follows from Staffeldt [26] that there is only one
isometry class of perfect matrices for n = 3 given by

1 /2 (1+14)/2
Y:A( 1/2 1 (1+i)/2>, A> 0.
1-i)/21-i/2 1

m<

Thus we have pz = /4. Moreover we conclude 4 = 2 from the estimation
of the Hermite constant on Z® by Blichfeldt [2] as well as the existence of
the matrix S in Iyanaga [13], Dern and Krieg [4] resp. section 3. Hence the
claim follows. O

In the next step we want to derive an analogous result for Jacobi forms.

Lemma 2.2. Let f,,, m € Ng, be the m-th Fourier-Jacobi coefficient of
f € My(T'3). Suppose that

16 4 2k

* % ) ‘
af(T)=0 foral T= (* m> with trace(T) < 2m + 7(——\/§’
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then
fm =0.

Proof. One can follow the proof of Theorem 1 in Klingen [15]. Note that
there exists a non-trivial Hermitian cusp form in Sg(T'2) due to Freitag [6]
resp. Dern and Krieg [4] as well as

trace(Y ~1) % forall Z=X+1Y € F(2;C)

due to Krieg {17], p.66. Thus we get

8 8
trace(Y; 1) < SZ-W;: + ﬁ for Yy = (i()/ %) [é 31/] , X +1iY € F(2;C)
~ 8+ k
fa=—, Y€ C?, Re(y), Im(y) € [-1,1]°

Then the claim follows in exactly the same way as in Klingen [15], Theorem
1. O

We denote the Siegel half-space of degree n by

Sn={Z € Hn; Z=2"}.
Remark. a) A similar procedure in the case of Siegel modular forms is due
to Poor and Yuen [23].

b) Clearly Lemma 2 holds for all Hermitian Jacobi forms of weight k and
index m on Ha x C* with the same proof.

3. Even unimodular Gaussian lattices

An even unimodular Gaussian lattice A of rank m is given by a C-basis of
vectors Ag,..., A, € C™ such that

A =Z[EiM + ... + Z[i]Am, XTA€2Z forall A€ A,
S = (X,tf)\#) satisfles detS =1.

It is well-known that such lattices exist if and only if m = 0 (mod 4)
(cf. Krieg [17], Kitazume and Munemasa [14]). If m = 4 there is just one
isometry class given by

. (2 B 1+i i
5_68(2)_(B"2l>’ B—<i 1—i>’

i Aut S = §{U € Gly(Z[3]); S|U] = S} =2'°.32.5
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(cf. Dern and Krieg (4], Iyanaga [13], Schiemann [25]). If m = 8 the results
by Schiemann [25] as well as Kitazume and Munemasa [14] say that there
are exactly three isometry classes of lattices given by the Gram matrices

110 1
~ [2I® B ~ [-11-10

Sl:EB"S=(§" 21(4))’]3: 011 -1}’
101 1

§ AutS; =215.3%.52.7,
2 -1 0 —-1-1-1-il+i

1 2 1-i0 0 0 0 —¢
0 14i 2 00 0 0 1
. -1 0 0 211 i -1
S2=dle@=1 | o o 1 214 1|
-1 0 0 11 2 i -1
i 0 0 —i—i-—i2 i
1—i i 1 —1-1-1-i 4

f Aut Sy =222.32.5.7,

. . S0
S3 = eg(i) ®es(i) = (0 S) ,
f Aut S5 = 221.3%.52,

Let L; be the Gram matrix of the root Z-lattice of Eg and Lo of Df"e which
represent the indecomposable even unimodular Z-lattices in dimension 8
resp. 16. We consider the Hermitian and Siegel theta series given by

@(n)(z’ T) = Z et trace(T[G]-Z), Ze Hn, 0<T= Ttr c (mem’
Gez[i]mxn X

19(n)(Z, T) — Z emi trace(T[G].Z), ZcS,, 0<T= Ttr ¢ RM*m,
Gezmxn

Their properties as modular forms and their relations are described in

Lemma 3.3. One has

a) O (.,8,) e Mg(T,)*¥™, v=1,2,3.
b) O™ (., 8;3) =6 (., 8)2,

c) 0M(-,81)|s, = 0M(-,Ss)ls, = 0(-, L1)?,

OM(-, 8)ls, = 9™ (-, Ly).
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Proof. a) In view of Krieg [17], IV.2.6, it remains to be shown that the
theta series are symmetric. This follows from Krieg [17], IV.1.13, because
S, and S, = SI" are isometric, which is clear from the classification, as the
orders of the automorphism groups coincide.

b) Use Krieg [17], IV.1.14.
c¢) This follows from Schiemann [25]. m}

At first we consider small weights.
Corollary 3.1. One has
Mi(Tn)={0} for k=1,2,3 andall neN,
M4(T) =C-0M(.,5)
for all n € N with the possible exception of n = 4.

Proof. Apply the results on singular modular forms for & < n in Krieg
[17] resp. Vasudevan [27] as well as Lemma 1 and Lemma 3. |

The adjacency matrix A of Sy, Sa, S3, which contains the number of even
2-neighbors of the lattice S,, which are isometric to S, as (v, u)-entry, was
also computed by Schiemann [25]:

42 360 43200 12096
A= |4096042360 14336 | .
36 864 46 080 14712

The operator K defined by A just as in Nebe and Venkov [22] or in Nebe
and Teider [21] has got three eigenvectors

v = —1— (gz) Vg = (_38) vy = (—815)
305\ 4o ) 5) 7
with respect to the eigenvalues
A =2%.3.13-313, A =2%.32.5.11, A3=-2%.3.7.13.

Therefore we define F\™ € Mg(T'z)*¥™ by

Fm = L (128-@(")(-,31) +135-0(M (., 8) +42-@<")(.,s3)) ,

FM=-8.00(.,8)+3.0M(.,8)+5-0M™)(.,8),

F™ =8.0(. 8)—15-0)(.,8,) +7-0™)(.,8s).
Theorem 3.1. One has
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a) 0 # Fl(n) € Mg(T'p)*¥™ for all n € N. Fl(") is equal to the normalized
Siegel-Fisenstein series of degree n and weight 8 if n < 4.

b) 0 # F € Sg(Tp)vm.

c) 0# F* € 8(Ty)™vm.

Proof. a) One has

1

n Aut S,
Y = Zm .e(.,8,), m,=—F— LAY —
TAwS T raws T 7awss

Thus the claim follows from Krieg [19].

b) The constant Fourier coefficient of FZ(") is 0. One computes

10
O ) (0 1) = 49152.

Thus the claim follows from Freitag [6] resp. Dern and Krieg [4].

c) Fj () does not vanish identically because this is already true for the
restriction to the Siegel half-space due to Lemma 3 as well as Kneser [16]
resp. Igusa [8]. Thus it suffices to show that Fy S (4) | ¢ = 0. In view
of Lemma 1 we have to prove that the Four1er-Jacob1 coefficients fo, f1
vanish. At first fp = Ff) = 0 follows from

00\ _ 10\ _
@ o) TP 91) =0

and Freitag [6] resp. Dern and Krieg [4]. In order to derive f; = 0 we apply
Lemma 2 and show that

ap@ (TY=0 forall T = (: I) , trace(T) < 8.
This is done by explicit calculations using MAGMA. m|

The filtration, i.e. the dimensions of the subspaces Sg(I'n)e of cusp
forms spanned by theta series, is given by

Corollary 3.2.

a) One has
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ln=0|n=1|n=2ln=3|n:4‘n25
dimSs(Tn)e { 1t [ O [ 1 | o [ 1 | o ~

b) The theta series ©™(.,S,), v =1,2,3, are linearly independent if and
only if n>4.

Concerning the action of the Hecke algebra we obtain

Corollary 3.3. The Hermitian modular forms Fi™ , v=1,2,3, are eigen-
forms under all Hecke operators.

Proof, The subspace spanned by theta series is invariant under all Hecke
operators due to the description of singular modular forms (cf. Vasudevan
[27], Krieg [17]) and the commutation relation of Hecke operators with the
Siegel ¢-operator (cf. Krieg [18]). For Fl(") the result follows from Krieg
[19]. Considering Fé") the result is a consequence of the Theorem because
a Hecke operator maps F3f4) onto a cusp form, hence a multiple of F3(4).
Dealing with F. 2(") one may use the same arguments as in Nebe and Venkov
[22]. O

The relation mentioned in the title is derived in

Corollary 3.4. Fé‘i)ls4 s equal to a multiple of the Schottky form.

Proof. F\V|s, = 15- (9®)(-,Ly) — 99 (-, L;)?) holds due to Lemma 2.
Now use Kneser {16] or Igusa [8]. o

Remark. a) The Schottky form is not an Ikeda lift (cf. Ikeda [10]) because
there is no non-trivial elliptic cusp form of weight 8.

b) The Schottky form is not a Miyawaki lift (cf. Ikeda [11]) because there
is no non-trivial Siegel cusp form of degree 2 and weight 8.

¢) The cusp form F2(2) belongs to the Maa$ space (cf. Krieg [19]) — which is
true for all modular forms of degree 2 and weight 8 — and can therefore be
considered as a Hermitian Ikeda lift (cf. Ikeda [12]). Moreover there exists
0 # f € 8s(T'4), which is a Hermitian Tkeda lift of the elliptic modular form
n(r)*-n(471)* - n(27)? of weight 5 with respect to I'g(4), where 7(7) denotes
the Dedekind eta-function. We conjecture that f is a multiple of F. 34).

d) Consider quaternionic modular forms over the Hurwitz order just as in
Krieg [17]. Quebbemann [24] showed that there is only one isometry class of
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stable lattices whose theta series are quaternionic modular forms of weight
4 resp. weight 8. Hence there is no quaternionic analog of the Schottky form
in this sense.

Moreover there are only three isometry classes of stable lattices of rank 6
(cf. Quebbemann [24], Bachoc and Nebe [1]), one of them being the Leech
lattice, which yield quaternionic modular forms of weight 12. These three
quaternionic theta series are linearly independent if and only if the degree is
n 2 2. This follows from the description of the root lattices in Quebbemann
[24] resp. Bachoc and Nebe [1] and Krieg [20] and already holds for the
restrictions of the quaternionic theta series to the Siegel half-space of degree
2. Note that all quaternionic modular forms of degree 2 and weight 4, 8,12
are therefore linear combinations of theta series.
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1. Introduction

Fix a rational prime p and let Sym,,(Q,) be the space of symmetric matices
of size n with entries in the p-adic number field Q,. A symmetric matrix
T = (ti;) € Symn(Qyp) is called half-integral if t;; € Z, and t;; € %Zp.
Denote by H,(Zy) the space of half-integral symmetric matices of size n.
Let 9 be an additive character of Q, with conductor Z,. For T' € Sym,.(Q,),
the Siegel series b,(T'; s) is defined by

by(T; s) = /S . vp(R)“*$(tr(TR))dR (s € C),
Ymn{p

where v, (R) is a power of p equal to the product of denominators of elemen-
tary divisors of R. The integral b,(T’; s) converges absolutely for Re(s) > n
and represents a rational function of p~* (for more precise information, see
Section 3). It is easy to see that b,(T"; s) vanishes unless T is half-integral.

The Siegel series appear as the p-factors of the Fourier coefficients of
the Siegel Eisenstein series and are important arithmetic invariants for in-
tegral quadratic forms. The purpose of the present paper is to give a new
integral expression of b,(T’; s) and relate it to a spherical function on the
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symmetric space O(2n)/(O(T)xO(T)). We also discuss the functional equa-
tion satisfied by b,(T’; s) from the view point of the harmonic analysis on
0(2n)/(0(T) x O(T)).

Let us explain our results in some detail. In the following we always
assume that T is nondegenerate, since the properties of b,(T’;s) can be
reduced to the nondegenerate case. Recall that the value of b,(T;s) at a
positive integer s = k > n is equal to the so-called local density

ap(H, T) = Jim p= = D/2N, (Hy, T),

where
k

-
r~— ~

1/01 1/01
Hk:§<10)lml—2'(10)'
and

Nye(He, T) = 8§ {v € Main(Zp/p'Zy) | Hiwo =T (mod p"Hn(Zy))} .

If we consider the polynomial mapping

Ju: M2lc,n(Qp) — Symﬂ(@p)a fe(z) = t-Tkacv

then it is also known that op(Hg,T) (and hence b,(T'; k)) is given by an
integral over the fibre f; (T (see, e.g., [17]). Note here that the integrals
that express b,(T'; s) are taken over different domains for different k. Put
f = fn i Mapn — Symy,. Then our first result is the following integral
representation of b,(T'; s) valid for any s (not only for integer arguments):

n

by(T; 5) = [ =2

—s+i—1 /
o 1= i maMena @)

|det 3:2|;_" ©r],,

where z2 denotes the lower n by n matrix of £ € Map »(Q,). The con-
struction of the measure ’@T}p and the proof of this identity are given in
Section 2.

T . . .
Put zp = ( E ) Here E, denotes the identity matrix of size n. Let

O(H,) be the orthogonal group of H,,. Then, zr belongs to f~1(T) and the
function g — |det(gzr)2|°™" on O(H,) defines a meromorphic section of
the degenerate principal series representation of O(H,) with repsect to the
Siegel parabolic subgroup. The Poisson transform of this function gives a
kind of spherical functions on the symmetric space O(H,)/(O(T) x O(T)).
As will be shown in Section 3, the integral representation of b,(T'; s) enables
us to express it as a linear combination of values of this spherical function.
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In [10], Katsurada proved a functional equation of b,(T’;s) in a quite
explicit form, which had earier been proved by Karel [8] in an abstract
form as a functional equation of the Whittaker function of a p-adic group
(in the present case Sp2,(Qp)) (see also [3], [13], [14]). Katsurada’s proof of
the functional equation (as well as the one given by Bocherer and Kohnen
[3]) is based on the (global) functional equation of the real analytic Siegel
Eisenstein series. On the other hand Karel’s proof is purely local and based
on harmonic analysis on p-adic groups. The relation given in Section 3
between the Siegel series and the spherical function on O(H,)/(O(T) x
O(T)) provides us another local approach to the functional equation. In
Section 4, we formulate the functional equation as the one for the spherical
function. The functional equation of the spherical function will be proved in
Section 6 after some preliminaries given in Section 5 on degenerate principal
series representations of O(H,).

Notation. We denote by E,, the identity matrix of size n and by 0,,
the m by n zero matrix. We put 0,, = 0,. The diagonal matrix with
diagonal entries ay,...,a, is denoted by diag(a,...,a,). For a symmetric
matrix A of size m and a matrix v € M,, », we denote A[v] = *vAv, which
is a symmetric matrix of size n.

2. An integral representation of the Siegel series

We keep the notation introduced in Section 1. In particular we let f :
My n — Sym, be the polynomial mapping defined by f(z) = H,[z]. For
T € Syma(Qp) N GL,(Q,), we put X7 := f~Y(T) and consider it as an
affine algebraic variety defined over Q,,.

Choose a rational differential form w on My, , of degree n(3n —1)/2
satisfying

wAfrdT)=dz, dT= [\ dt;, dz= /\ dzi;.

I1<igign i 2n
jsn

//\ //\

Here dT is the canonical gauge form on Sym,, and dz is the canonical gauge
form on Ms, . Then the restriction w|xy defines a differential form on X
and is independent of the choice of w. We denote by |@Tlp the measure on
X7(Q,) induced by w|x,.-

Let ¢, (s) be the p-adic local zeta function of the matrix algebra M,,:

Ca(s) = / |det x|;_" dz.
M, (Zp)
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The following explicit formula is well-konwn:
n 1 — p_i
Cn(s) = H i1
il e A
Theorem 2.1. If Re(s) > n, then we have

b(Tis) = (7 [ Jdetmly ™ forl,,

X7(Zp)

where o denotes the lower n by n matriz of £ € Man n(Qp).

Proof. The key to the proof is the following identity, which holds if Re(s)
is sufficiently large:

detzg|°"" 1O 1

/. o, ldetml " e, M

= lim W(~tr(TR)) dR / \det 22" 9 (6x(Hn 2] R)) da-
g—oo p—ESymn(Zp) 2"."(Zn

We admit this identity for the moment and prove the theorem. Since

tr(H,[z]R) = tr(Rzoz;) for z = (zl) € M2n,n(Qp), the integral on
2

the right hand side of (1) is equal to

/ W(—tx(TR)) dR [det o]~ Y (be(R zp21)) d
p=eSymn(Zyp) Mo, n(Zy)

= / Y(—tr(TR))dR |det 222];_" dzs.
peSymn(Zp) Mn (Z,)N My (Zp)R-1

By the theory of elementary divisors, there exist k1,k2 € GLn(Z,) and
integers A1,...,A; 20, Ait1,...,An > 0 such that

R= kldiag(Ph, e ’pAiap_AidH y U ,P_'\")kz-
Then, putting Dp = diag(1,--- ,1,p*+1,--- ,p**), we have

|det z2|> ™" dxg = / |det x|, " da2

\/I\/In(Zp)ﬁM,.(Z,,)R—1 Mn(Zp)Dr

= |det DR|; /M - |det xz|;‘" dzy = vp(X)™%¢a(s).

Hence we obtain

/ [det 23]~ O, = Ca(s) - lim / Up(X)~*(—tx(TR)) dR
X1(Zp) p=eSymn(Zyp)

e—00

= (n(s) - bp(T 5).
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By analytic continuation, this identity holds for Re(s) > n. |
Now we prove the identity (1).

Proof of (1). For T € Sym,(Q,) NGL,(Q,) and for any locally constant
function ¢ on M, »(Qp) of compact support, the identity

[ s@les,
X’I‘(Qp)

= lim $(~tr(TR))dR B(@)p(tr(Ho[7] R)) dz

€0 Sy'mn(,%ezp) Man,n(Qp)

can be proved by a similar argument to that in [17] (see also Theorem 8.3.1
of [7]). Moreover there exists a positive integer r depending on T satisfying
the property that

(¥) if e > r, ¢ vanishes outside M3, n(Z,) and the value ¢(z) is deter-
mined by the residue class of  mod p¢, then the integral on the
right hand side is independent of e.

Note that the integral with respect to R does not necessarily converge ab-

solutely. For a positive integer £, we denote by x¢ (resp. ¢o) the characteris-

tic function of the set {z € Man n(Qp) | detzz & p*Z,} (resp. Mann(Zy)).

Then |det zz[;—" Xe(x)po(z) is locally constant and of compact support and

we have

/ |det zo|, 7" xe(2) |OT],
XT(ZP)

= lim ( / $(~tr(TR))dR
=00 \ Jsyma (& 2,)

x/ |det zo|, ™" xg(:c)w(tr(Hn[:r]R))dm>. (2)
Man,n(Zp)

By the definition of x,, the value of the function |det z2|;"" x¢(z) on
Man n(Zy) is determined by the residue class of  mod p?. Hence, by (*),
the integral on the right hand side of (2) does not depend oneife> £ > r.
Therefore, if Re(s) > n, then it follows from the Lebesgue convergence the-



The Siegel Series and Spherical Functions 155

orem that

|det zo|>"" |©p| = lim det 2|, " xe(z) |OT
[l 0l = Jim [ ezl @) e,

= lim / %(~tr(TR)) dR
o0 \Jsyma(2p)

X / |det z2|, ™" xe(z)9(tr(Hn 2] R)) da:) .
M2n,n(Zp)

To finish the proof, we need an estimate of

/ W(~tr(TR)) dR
Symn(-’%[Zp)

X / |det xglz'"" (xe(z) — 1)¢(tr(Hn[z]R)) dz| . (3)
Man,n (Zp)

It is obvious that

(3) < / dR |det z2 1" d
Syma(JzZp) {2€Mz0,n(Z,) | det z2€ptZ, }

— pln("+1)/2/ |det 12.:}6(8)—" dzs.
{226 Ma(Zy) | detz2€p2, }

We expand the zeta function ¢,(s) of matrix algebra as follows:
> dzx
- 2
(s = o™, w= [ _des
,CZ=0 {z2eMn(Zp) | det zo€p*Zy } |det IE2|;
Then, since {,(s) converges when Re(s) > n — 1, for any € > 0 there exists

a constant C. satisfying v < Cep*("~179 for every k. Hence we have

o
Re(s)—n —kRe
/ ) |det 2, ()=m gy = kap kRe(s)
{z2€Mn(2Zy) | det zo€p Zp} Py

o0
C
—k(Re(s)—n+l-e) _ € . —2(Re(s)~n-+1—¢)
< CeZP ( 3 €) — : _p_(Re(s)_n+1_5) P e(s)—n €
k=¢

Thus, if Re(s) > n(n 4+ 3)/2 — 1 + ¢, we obtain

C e - —€
(3) < T ._p—(Re(:)-n+1-e)  pERe(a)=n(n+3)/2+1-6) __, 0 (¢ _, o0).

This implies that the identity (1) holds for Re(s) > n(n+3)/2-1. O
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3. Spherical functions on O(H,)/(O(T) x O(T)) and the
relation to the Siegel series

Let G be the orthogonal grouop of H,,:
G = O(Ha) = {g € CLon(Qy) | Hulg) = Hn}.
Then, by Witt’s theorem, the left action of G on X7(Qjp) is transitive. We

choose z7 = ( r

E ) as a representative point. Consider the subgroup H of
n

G given by
H={g9€G|gzr=xrh forsomehe GL,(Qp)}. (4)

For any g € H, the h satisfying gzr = zrh is necessarily in O(T) =
{h € GL,(Qp)| T|h] = T}. If we put

th—1 9
Hl—_-{( 0 h)’heO(T)}, Hy;={geG|gxr =zxr},

then it is easy to see that H;, Hy are contained in H and H = H{H>. The
group H is isomorphic to O(T') x O(T'). The isomorphism is given explicitly
by

- L PRTY 0 - p_ (BT
O(T) x O(T) > (h1,ha) — T 1( 6 thgl)TeH’ Tz(En T)'

Denote by P the Siegel parabolic subgroup of G, namely,

pP= {q = (’g t”?_l) (Jf)" Pi) m € GLn(Q,), A€ Altn(Q,,)}.

In the following we denote an element in P by ¢ (not by p) to distiguish
it from the fixed prime p, and the symbol m(q) stands for the element in
GL,(Qp) on the diagonal block of ¢ € P. The group P acts on the open
set X7(Qp) = {x € X7(Qp) | det 2o # 0} transitively. We define a function
Ut s(g9) on G by setting

Ur,s(9) = |det(gzr)o|), ™ (9 €G).
As is easily seen, the function V7 , satisfies the property
Ur,4(a9h) = |detm(q)|, ™ ¥r(9) (@€ P, heH, g€G). (5)

We consider the maximal compact subgroup K = G N GL3,(Z,) of
G. We define the spherical function wr(g;s) on G/H (with respect to the
parabolic subgroup P) by

wT(g;s)z/K\I/T,s(kg) dk, (6)
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where dk is the normalized Haar measure on K. The integral defining wp
is absolutely convergent for Re(s) >n and represents a rational function
of p~°. Moreover the function wr is an eigenfunction on G/H under the
natural action of the Hecke algebra of G with respect to K.

The following theorem gives a relation between the Siegel series b, (T'; s)
and the spherical function wr.

Theorem 3.1. Decompose the set X1(Zp) into K-orbits and write
Xr(Zy) = KqrzrU---UKgrzr (01,...,9r € G).
Then we have

T3 = a0 Lew-orlass), = [ o,

giTT

Proof. Note that the number of K-orbits in X7(Z,) is finite, since X1(Z;)
is compact and K-orbits are open. For Re(s) > n, we have

ka .
|det 222" |Op|, = / |det z2|, " |O7]
/)fT(Zp) ? ? 5:: Kgizr ? ?

The integral over K depends only on the K-orbit to which z belongs and
is equal to wr(g:; s). Hence we obtain

T

|detzo[) " (O7(, = Y ¢i-wr(gs;s).
/XT%) ? =2

i=1

Now the theorem follows immediately from Theorem 2.1. o

4. Functional equation of the Siegel series

Now we discuss the functional equations satisfied by the Siegel sereis
bp(T'; s) and the spherical functions wrp.
For T € Hp(Zp) N GLn(Qyp), put
(T X) = (1= X)(1 - p™2%(T)X) 1 - TI}3 (1~ p¥ X?)  (n=0mod 2),
PEE - X 0V - 24X (n=1mod2),
where, for even n,
1 if Qp(y/d(T)) = Qp,
&(T) = -1 if Q,(\/d(T)) is unramified, d(T) = (—1)"/*detT.
0 if Qp(+/d(T)) is ramified,
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Then by(T;3)/vp(T;p~*%) is a polynomial of p~°. Namely b,(T;s) =
Yo(T;p2)Fp(T;p~*) for some polynomial F,(T;X) ([11]) and F,(T;X)
satisfies the following functional equation.

Theorem 4.1. (Katsurada [10], Theorem 3.2) The function
F,(T;p~*) satisfies the following functional equation:

Fy(T5p™H179) = G(T) (pmH0/272) 1D det T, D72 By (T3 p7°).
Here

1 (n =0 mod 2).
T = {hp(T) (det T, (—1)*=D/2det T), (1, -1)5 "% (n =1 mod 2)
where hy(T) is the Hasse invariant of T and (-,-)p is the Hilbert symbol,
and

n —1)%2r r(det T) (n = 0 mod 2),

np(T)=2[§] 62p+{§) ) ( ) EnzlmOdQ;,

where dop = 0 or 1 according asp > 2 or = 2, and r(detT) = 0 or 1

according as ord,(detT') is even or odd.

Katsurada’s proof of this functional equation (as well as the one given
by Bocherer and Kohnen [3]) is based on the (global) functional equation
of the real analytic Siegel Eisenstein series. A local proof can be given on
the basis of the result of Karel [8] (see also [13]). Here we give another local
proof based on Theorem 3.1 and the representation theory of the p-adic
group G = O(H,). By Theorem 3.1, what we have to do is to prove the
following theorem.

Theorem 4.2. The spherical function wr satisfies the functional equation
|det 7|02 wp(g;n +1— s) = o(T; 8) |det TS wr(g;s),  (7)

where

o T.p—s)

T:s) = T (n+1)/2—8\=np(T) | Cn(s)’YP( ) ) 8

C( as) CP( )(p ) Cn(n+ 1— S)IYP(T;p_(n_‘_l_S)) ( )
Note that, once the functional equation (7) is established, then we

can see immediately (without using the explicit formula (8)) that ¢(T, s)

depends only on the GL,(Qp)-equivalence class of T. Indeed, for h €
GL,(Qp), we have

z = th 0
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Hence, we obtain
[det(TIA) |2 wriny (g3 5) = |det T wr (ghs)

This implies that c(T'[h]; s) = ¢(T'; s).

Recall that a half-integral symmetric matrix T € H,(Z,) is called mazi-
mal if there exist no matrices V &€ M,,(Z,)NGL,(Q,) such that det V' € pZ,
and T[V '] € Hn(Z,). Each GL,(Qp)-equivalence class in H,(Z,) contains
a maximal element. Therefore, by the GL,(Qp)-invariance of ¢(T}; s), it is
sufficient to determine ¢(T; s) for maximal half-integral symmetric matri-
ces. Maximal half-integral symmetric matrices are classifed and the Siegel
series for them are already known ([10] Lemma 3.3, [11]; see also [2]). In
these cases it is easy to check that ¢(7’; s) coincides with the right hand
side of (8).

Thus Theorem 4.2 (and hence Theorem 4.1) follows from the following
weaker version of the functional equation.

Proposition 4.1. The spherical function wr satisfies the functional equa-
tion

wr(g;n+ 1~ s) = d(T; s)wr(g; 5), (9)
where d(T'; ) is a rational function of p~° independent of g € G.

Proposition 4.1 will be proved in Section 6 after some preparations on
degenerate principal series for O(H,,) given in the next section.

5. Degenerate principal series representation for O(H,)

As in the previous sections, we put G = O(H,), K = G N GL2,(Z;) and
denote by P the Siegel parabolic subgroup of G. Let C*°(G) be the space of
locally constant functions on G and §(G) the subspace of C*(G) consisting
of functions with compact support. The space of left K-invariant functions
in S(G) is denoted by S(K\G). For fi, fa € C=(G), if one of f1 and f; is
in S(G), then the convolution product

fox falg) = /G f1(@) fa(z1g) do

defines a function in C*°(G), where dz is the Haar measure on G normalized
by [ dx=1.
For A € C, we define I(P, \) by

I(P,X) = {# € C=(G)| #lag) = ldetm(@) """/ 6(9) (9 € G, g € P)}.
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The right translation of G on I(P, A) gives an admissible representation 7
of G, the degenerate principal series representation:

mA(z)$(9) = #(9x) (9,7 € G).

The representation 7y is irreducible if

n

H (1 _ p—(z,\+n_2i+1)) £0. (10)
i=1
(The corresponding irreducibility criterion is proved for Sp(2n) by
Gustafson [4]. His proof can be transfered to the present case almost word
by word. See also [1].) The parameter X is said to be generic, if it satisfies
the condition (10).
Let pry : S(G) — I(P, A) be the canonical surjection defined by

o, ($)(0) = /P H(ag) [det m(q)|; 7 dg,

where dqg is the left invariant measure on P normalized by [p. . dp = 1.
We denote by 1, the function in I(P, A) that is identically equal to 1 on
K. Then, we have

pra(f) =1ax$  (§ € S(K\G)). (11)

This implies that pry(S(K\G)) = 1) * S(K\G) is G-invariant. Hence the
restriction of pry to S(K\G) is surjective, if A is generic.

Let D(P, — ) be the (algebraic) dual of I(P, ) and D.(P, —\) the space
of continuous functions 3 on G satisfying ¥(qg) = |det m(q)l_’\+“+1 ¥(g)
(g € P, g € G). Then D (P, —\) can be regarded as a subspace of D(P, —\)
by the pairing

(¥, ¢) = /K¢(k)¢(k) dk (¢ € De(P, =A), ¢ € I(P, X))

Let C(K\G) be the space of all left K-invariant fucntions on G. Then,
C(K\G) can be identified with the dual space of S(K\G) by the pairing

(w, ) = /(;w(z)¢3($) dz (w€C(K\G), ¢ € S(K\G)).

Define the mapping P_» : D(P,-A) — C(K\G) to be the dual of
pry : S(K\G) — I(P,)). The mapping P_, is a special case of the Pois-
son transformation studied by Kato in [9] in much greater generality. The
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Poisson transformation P_) is injective if ~A is generic (equivalently, if A

is generic). For a 1 € D.(P,—)\) and ¢ € S(K\G) , we have
Pl = Wona@) = [ 909 ( [ k) derm@ 7 ag) v
- /K /P Vak)3(a) dadk = [ $(@)d(z) do

- /G (@) /K $(ka) dk dz = /G ( /K ¢(km)dk) (z) da.

Thus the Poisson transform of a continuous function ¥ € D (P, —A) is given
by

P_sv(g) = /K (kg) dk.

Let H{G,K) be the Hecke algebra of G with repsect to K. Namely
H(G, K) is the space of K-biinvariant functions in S{(G) equipped with the
convolution product. Since the space I{(P,A\)¥ of K-invariant functions in
I(P, A) is 1-dimensional and is spanned by 1,, the Hecke algebra H(G, K)
acts on I(P, \)¥ as scalar. Hence we have

Lixf=FO1L (f € H(G,K)).
The scalar f()) is given by

f0) = /P detm(@); ™7 £(q) da.

Note that f (=M = f (A\). To see this, we consider the involution g + ¢* :=

wtqw™! of P, where w = (%" g") € K. Then we have f(q*) = f(q) for

any f € H(G,K) and dg* = |det m(q)|""" dg. Hence we have
F(=X = /P det m(g) [T f(q) dg = /P det m(q) X7 £(q%) dg
- /P det (@) 7 f£(q)dg = F(N).

Lemma 5.1. Put
AK\G, \) = {w € C(K\G) ‘ Frw=Ff\w (f € H(C, K))} :

Then the Poisson transformation P_y defines a G-morphism of D(P, —\)
to A(K\G,--)\) = A(K\G, X}, which is injective if A is generic.
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Proof. It is enough to prove that thg image is included by A(K\G,—X).
For ¢ € D(P,-)), f € H(G, K) and ¢ € S(K\G), we have

(F+Ps) ) = [ (/ F@Pos@) (= g)dw)¢(g)

- [ Pawio ( /G £(@)#(zg) dz) dg.

This shows that (f * P_x(¥), @) = ¥(pr,(f * $)), where f(z) = f(z~1). By
(11), we have

pra(f* ) = Lax (F* @) = (Iax /) x ¢ = FN1x x$ = F(=N)pr,(&).
Hence

(F *P-a(®), @) = f(=X9(pra(®) = (F(-NP-A#), 9).
This proves that P_x(v) is in A(K\G, — ) for any ¢ € D(P, - \). o

Let Ty : I(P,A) — I(P,—A) be the intertwining operator given by the
analytic continuation of the integral

no0=[,  o((5%)s) 1 weeserrn, w

where dA is the Haar measure of the space Alt,.(Q,) of alternating matri-
ces of size n normalized by [ Alt,, (Z )dA = 1. The integral defining T’ is
absolutely convergent for Re A > 21 and the analytic continuation of T
multiplied by

(n/2]

H (1 _ p——(2)\—n+2i))

i=1
is entire and gives a non-trivial intertwining operator. This can be proved
by the method developed in [15], Section 4. What we have to take into
account is the fact that G = O(H,,) is not connected and there exist two
open Bruhat cells Pw,_1 P and Pw,P, where

0 0 E. 0

woe] O Ear 00

"“|E. 0 0o o
0 0 0 E,,

for r = n—1,n. Anyway, the analysis of the regularity of T can be reduced
to the p-adic local zeta function of the Pfaffian studied in [5].
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The intertwining operator T\ maps a K-invariant vector to a K-
invariant one. In particular we have

1 — p—(2An~-2i+1)
Taly=cNloy, (V) =[] =2

=1

1-— p—(2)\——n+i)

This explicit expression of ¢(A\) can be proved by the method of Kitaoka.
(See the proof of Theorem 1 and Corollaries to it in [11]. The function ¢(\)
is the alternating analogue of b,(s, O™) in [11].)

Lemma 5.2. Let T : D(P,A\) — D(P,—)\) be the dual mapping of T :
I(P,A) — I(P,-)). Then the following diagram is commutative:
P
D(P,\) —— A(K\G,\)
JT; lxo(;\)
P-a
D(P,—A) — A(K\G, —)),

where the right vertical arrow is the multiplication by c(A).

Proof. For ¢y € D(P,)) and ¢ € S(K\G), we have

(P_x o T} (%), 4) = (T3 (¥), pra(d)) = (T3 (), 11 * )
= (%, Ta(1x * 8)) = ($, Ta(1,) * 6)
= (¢, e(A)1_x * 4;) =c{A) (W, 1) * z})
= c(A\)(%, Pr_x($)) = (c(N)PA®), $)-

This proves the commutativity of the diagram in the lemma. m|

6. Proof of the functional equation of spherical functions

Now we are in a position to prove Proposition 4.1. Let ¥t s(g) be the
function defined in Section 3. Then, by (5), if Res > n, then ¥ ; belongs
to D(P,—s+ "_~2t-_1) The analytic continuation of ¥, gives a distribution
in D(P,—s + %l) depending meromorphically on s € C. The spherical
function wr(g;s) defined by (6) is nothing but the Poisson transform of
U

wr(g; 8) = P_y g1 (¥1,6)(9)-

Let H be the subgroup of G defined by (4) and denote by D(P, —s+ L) H
the space of H-invariant distributions in D(P, —s+ %l) It is obvious that
Ur, is in D(P, ~s + 21)4.
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Lemma 6.1. If s ¢ {0,1,...,n — 1} + 12’” Z, then Ur, is holomophic
at s and D(P,—s + %I)H comczdes with the 1-dimensional vector space
spanned by ¥ .

Admitting Lemma 6.1 for the moment, we continue the proof of Propo-
sition 4.1. Set A = —s+ ”—2*—1 with s satisfying the condition of Lemma 6.1.
Since T3 maps D(P, \)¥ to D(P,-\)#, Lemma 6.1 implies that there exists
a rational function a(T;s) of p~* satisfying T3 (¥7s) = a(T;s)¥ T nt1-s.
Applying the Poisson transformation, we have by Lemma 5.2

a(T; s)wr(g,n+1—3s) =P_roTx(¥1s)(g)
= c(A) Pa(¥7,5)(9)

=c (—s + n—g—l) wr(g, 3).

This completes the proof of Proposition 4.1. O

For a subset U of G, we denote by D(P, —s + L) the space of dis-
tributions in D(P,—s + ) with support in U. For a (P, H)-double
coset O = PgoH in G, put Go = {(g,h) € P x H| qgoh™! = go}, which
is determined up to conjugate, and denote by do the modulus character of
Go.

Proof of Lemma 6.1. It is known that the group G has a finite number
of (P, H)-double cosets (see Lemma 6.2 below). As is noted in Section 3,
X1(Qp) is a single P-orbit. This implies that PH is the unique open dense
(P, H)-double coset. Therefore, for any distribution 1 in D(P, —s+ %l)H ,
the restriction ¥|py is a constant multiple of ¥z (by the uniqueness of
relatively invariant distributions on a homogeneous space). Hence what we
have to prove is that

n+1l.y 27

D(P,—s+ Y& _py =1{0} unless se{0,1,...,n— 1}+ Z. (13)
ogp

Note that this yields also the holomorphy statement on ¥, in the lemma,
since the ﬁrst non-zero coefficient of the Laurent expansion of (U, ¢)
(¢ € I(P,s— 1)) at a pole defines a distribution in D(P, —s+ 23)E_p ..
By the same argument as in [6], Section 2, we see that, if D(P,—s +
ot H oy # {0}, then there exists a double coset O contained in G — PH
such that D(P,—s + M?i)g # 0. The modulus character of P x H is given
by A(g, h) = |det m(q)];("_l), Hence, if D(P, —s + 22)& # {0}, then, the
character identity

50(g,h) = |det m(g)[5**" ( = |det m(g)|5"*" - A(g, )
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should hold for any (q,k) € Go. Put G, = {g€ G| rank(gzr)s =1}
(0<r<n). Then G, are P x H-stable and G, is the open (P, H)-double
coset. By Corollary to Lemma 6.2 below, we have do(g, k) = [det m(q)|, T+
if O C G, for r < n. This proves (13). O

Lemma 6.2. Let F' be the algebraic closure of Q,, and assume thatT = E,,.
For a non-negative integer r, put

G(F) = {g € G(F)| rank (gzr)2 = 1}.

Then, G.(F) is non-empty if and only if n>r>n/2, and the
(P(F), H(F))-double coset decomposition of G(F) is given by

GF) = | G(F), G.(F)=P(F)g.H(F),
n)rrzn/Z

where gr is an element in G(F) such that

Er -V "1Jr,n—r
g ar = :L‘(T) — On—r,r On—-r , J.,.’n_,. — 02r—n,n—'r )
Er \Y _1JT,n—r En—'r
On—r,r On—r

The double coset G, (F') is the unique open double coset.

Corollary. Let r < n and O be a (P, H)-double coset contained in G,.
Then the identity component of Go is isomorphic to

(So2r—n X GLn—r X GLn—r) X (M2n—2r,2r—n ®Altn—r @Altn~r)

over the algebraic closure of Qp, and do(q, h) = |det m(q)};(r_l),
Proof. The group G is isomorphic to the isotropy subgroup of P x O,,

at z(") over the algebraic closure of Q,. Let us calculate its Lie algebra. An
element

By By 41 A
B3 B4 —tAz A3 Kl K2
—~tB; —'B3 —'Ky K3

On _tBZ _th4
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of the Lie algebra of P x O, is in the isotropy subalgebra at (") if and only
if

By A, E, —V/-1Jpnr

B; —tAy | [Er —/~1Jpnr ] 0 K, K,

0 ~B (E Ve ) & v (—% K3>'
0 —'B, 0 0

Solving this equation, we see that the isotropy subalgebra at z(") is the
collection of elements of the form
2r-n n—r n—r 2r—-mn n—r n-—r

2r—n Ay 0 0 0 —tC, 'Cs
n—r 01 Cz 0 Cl Az 0
n—r 03 0 C4 —Cg 0 A3
2r—n A1 —-tcl —tC3 !
n—r O 0 —tC, 0
n—r 0 0 —tC,
2r—n n—r n-—r
2r—n Al —tC'l ~\/—_1t(71
n—r o) LG -0+ A;) L (Co+iCa—4y) | |,

n—r \V=1C1 —YLL(Co+'Co+A3) L(Cp—1Cs— Ap)

where Ay, Ao, A3 are alternating and Cy, Cs, Cs, Cy are arbitrary. Therefore
the identity component of Ge is isomorphic to '

(So2r—n X GLn*r X GLn—r) X (M2n—2r,2r—n 87 Altn—r @ Altn—r)
over the algebraic closure of Q,. The modulus character do(q, k) of Go is
equal to |det Ad(g, h)lu, ! where u is the unipotent radical of the isotropy
subalgebra, which is isomorphic to the abelian Lie algebra Ma,_or 2r—n &
Altn_, & Alt,_,. Now it is easy to see that do(g, k) = |det m(q)|; ™. O

For the proof of Lemma 6.2, we need the following.

Lemma 6.3. Let F' be an algebraically closed field of characteristic 0.
Consider the prehomogeneous vector space (GLyp X Opy Mpm) (1 <1< m),
where the action of GL, X Op, on My, m is given by

vi— gvk™! (g9 € GLp, k € Om,v € My m).
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For any non-negative integers r, ¢, put
Vie={v € My m(F) | rankv = r, rankv'v = £}.

Then, V, ¢ is non-empty if and only if n > r > 1> max{0,2r — m}, and the
GL,(F) X Op(F)-orbit decomposition of My m(F) is given by

My m(F) = U Vg
T8
n2r2!2 max{0,2r—-m}

Further, a complete set of representatives of the GL,(F) x O,,(F)-orbits is
given by

E,

s
{vrel n2r 212 max{0,2r —m}}, v, = i .
o[ o o
A proof of the above lemma (under the condition n € m/2) is found in
(16], Example 9.2. The case n > m/2 can be proved similarly.

Proof of Lemma 6.2. The (P(F), H(F))-double coset decomposition
of G(F) is equivalent to the P(F) x O, (F)-orbit decomposition of X7(F)
under the action (g,h)z = qzh~! (¢ € P(F), h € O,(F)). We prove
that, if rankze = r for * € Xp(F), then r >n/2 and there exists an
(g,h) € P(F) x On(F) such that (q,h)z = z(. Since rankz; = r, by
Lemma 6.3, z is sent by the action of an element in P(F) x O,(F) to an
element z’ in Xp(F') whose z3 part is of the form

E,. \/—1.]7-,7-_@' 0
0 l 0 0n-r,n—2r+£

If n —2r — € > 0, then the rank of H,[z'] is less that n and =’ ¢ X7 (F).
Hence £ = 2r — n. Therefore we may assume that z is of the form

n b2

Y3 Ya

Er vV — 1J'r,'n——1'

0n~‘r,r On—r
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Multiply z by

En

”%(yl - tyl) tys

- On—r

LE € P(F).
On r En
Then z becomes
i Y
0 Ya
Tr =

Er Y _1Jr,n—r

On—'r,r Op—r

where ] is a symmetric matrix. The condition H,[z] = T = E, implies

that ¢ = E; and y4 = —+/—1J; n—r. Hence,
Er -V _1J'r,n—r
0 Ys
=
Er V _1Jr,n—r
On—r,r On—r
Multiply = now by
E. 0 0 Az
t _th,t
A2 B, 2 “A2Ag € P(F), Ay=
0 E. -—-A,
" 0 En——r
Then we finally obtain
Er -V _1Jr,n—'r
=2z = 0 On-r
Er \' _IJr,n—r
On——r,r On—r

It is obvious that G, (F) is open.

a

O2r—n,n——r

V=T,

)
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1. Introduction

Koecher and Maaf8l defined a Dirichlet series L{s, F), which is called the
Koecher-Maa8 series, as the Mellin transform of a Siegel modular form F
of degree n and proved the functional equation (cf. Koecher [Kol], [Ko2],
Maa8§ [Ma]). The Koecher-Maa8 series coincides with the usual Dirichlet
series defined by Hecke when n = 1, and if F is a common eigenfunc-
tion, then L(s, F') has Euler product. When n > 2, this Dirichlet series does
not have Euler product in general, and is very different from automor-
phic L-functions, which have Euler product by definition. However, still,
it is unexpectedly easily described for some modular forms. In [I-K1], we
announced an explicit formula for L(s, E, ) for the holomorphic Siegel-
Eisenstein series E, x of weight k and degree n. We also gave an explicit
formula of L(s, F) when F is the Klingen Eisenstein lifting or the Ikeda
lifting of an elliptic cusp form (cf. [I-K3], [I-K4]). We note that L(s, E, x)
can also be regarded as the zeta function associated to a certain prehomo-
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geneous vector space. From this point of view, Saito gave a generalization
of our result in [I-K1] (cf. [Sa]). On the other hand, in [A], Arakawa defined
the Koecher-Maa8 series associated with the real analytic Siegel Eisenstein
series, and gave a functional equation of it, which is rather complicated.

In this paper, we shall give an explicit formula for the Koecher-Maa8
series associated with the real analytic Siegel Eisenstein series, including
a precise proof of the main results announced in [I-K1] (cf. Theorems 1.1
and 1.2 in Section 1). The formula depends heavily on the parity of n, but
it is given as a sum of products of shifts of Riemann zeta functions and
the convolution product of zeta functions associated with modular forms of
half integral weights. By using such a formula combined with the result in
Mizuno [Mi], we get a functional equation for the Koecher-Maa8 series for
the real analytic Eisenstein series, which is far simpler than those obtained
by Arakawa [A] (cf. Theorems 4.1 and 4.2). This is a variant of the simple
functional equation in [I-S2].

To state our main result explicitly, first we review the definition of the
Koecher-Maa8 series of a holomorphic modular form and the real analytic
Siegel Eisenstein series.

Let G be a group acting on a set Y. We then denote by Y/G the set
of equivalence classes of Y with respect to G. We sometimes use the same
notation Y/G to denote a complete set of representatives of it. For any ring
R, we denote by S,(R) the set of n X n symmetric matrices with entries
in R. Let G = GL,(R) or SL,(R). Then G acts on Sp(R) as usual by
G x Sp(R) 3 (7,T) v *4Tv € Sn(R). Let R be an integral domain of
characteristic different from 2, and K its quotient field. We call an element
A = (a;;) of Sp(K) half integral if a;; € %R, and a;; € R. For the field R
of real numbers, we denote by S,(R)" the set of positive definite matrices
in S, (R). We denote by L, the submodule of S,(R) of n x n half integral
matrices and put £ = £, N S,(R)*. For a holomorphic Siegel modular
form f(Z) with respect to the full modular group Sp(n,Z), we have the
usual Fourier expansion

f(Z) — Z a(T)e%r\/:Ttr(TZ),
T

where T runs over all semi-positive definite half-integral n x n matrices, and
tr denotes the trace of a matrix. For any T € L]}, we denote by e(T") the
order of the finite group {7y € SLn(Z); Ty = T'}. We define the Koecher-
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MaaB series as

_ a(T)
LshH= 3, e(T) det(T)*"

LY /SL.(Z)

This series converges for a complex number s with sufficiently large real
part, and have a meromorphic continuation to the whole s plane. This is
based on an integral expression of this series together with Gamma factors
as a kind of Mellin transform of f(Z) (cf. [Ma]). However, in case of general
real analytic automorphic forms, we cannot define such Mellin transform,
because of some difficult pathology of the convergence (cf. [Ma] p.307). All
we know is that we can give a definition of the Koecher-Maa8 series for real
analytic Eisenstein series reasonably well by using its Fourier coefficients
(see [A]). Now, we take a real analytic Siegel Eisenstein

Enx(Z,0) =) _det(CZ+ D) *|det(CZ + D)| >,
C,D

where k is an even integer and ¢ is a complex number. This series converges
if 2Re(0)+k > n+1. In order to explain the Fourier expansion, we introduce
several notations. For complex numbers ¢, 8 and Y € S,(R)*, T € S, (R),
we put

gn(Y, T7 a) ﬂ)
_ / e~ 2V det(X + 1Y)~ det(X — V1Y) Pdz,
Sn(R)

where dX = [[; ¢, ¢ ;¢ndXi;. For a special case where # =0 and a =k
is a positive integer, we get

(_1)nk/22n(k—(n—l)/2)ﬂ.nk
i =DAT Tk - (- 1)/2)
For T € S,.(Q), we define the Siegel series by

b(T, 0_) — Z V(R)—anW\/——_l'tr(TR),
ReSn(Q)/Sn(Z)

where v(R) = [RZ™ 4+ Z" : Z"]. Since E,x(Z + S,0) = E,x(Z,0) for
S € S,(Z), we have the Fourier expansion

E'n,k(Z) = Z Cn,k(T, o, Y)e21r\/:ftr(TX)
TeLl,

where we denote Z = X + /—1Y. The formula for the coefficients
enk(T,0,Y) is known and can be written by using the above confluent

&Y, T,k,0) = det(T)k‘("+1)/2e"27'“(TY),
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hypergeometric function and the Siegel series. We need here the formula
only for T € L, with det(T) # 0 (but not necessarily positive definite),
which is given by

cn (T, 0,Y) =b(T, k+20),.(Y,T,0 + k,0).
For the sake of simplicity, we write

n-1 o—i/2
- 7 —1no/2 m
m(0) =e HO T(o —i/2)’
where I'(s) is the Gamma function. In order to define the Koecher-Maa8
series consistently with the holomorphic case, for any T € £,, with det(T") #
0, we put

an k(T,0) = Yo (k + 20)| det(2T)|¥+20 ~ (41297 (T | + 20).

(e.g. see [Ma] p.306). We denote by S,.(R)® the set of elements of Sy, (R)
with signature (i,n — i), and for a subset S of S,(R), we write S® =
SN S, (R)D. We define the volume u(T) of T € S,(Z)® as follows. Let
GL,(R)* = {g € GL.(R);detg > 0}, and dg the measure on GL,(R)*
defined by dg = (detg)™ HlSa,ﬁSn dgap for g = (gap). Furthermore, we
define the measure dy on S,(R)® as dy = [1;<acgcn Wap for ¥ = (Yagp)-
Fix T € S,(Q)%), and let &7 : GL,(R)* — S,(R)® be the mapping de-
fined by ®7(g) = *¢gTg for g € GL,(R)*. We define the stabilizer subgroup
I't of T as T'r = {g € SLa(Z);*gTg = T}. Let T be a relatively compact
open set in S,(R)®, and Y = ¢7*(T). Then I'r acts on Y by the right
multiplication. Let Yy be a fundamental domain with respect to this action
of I'r. Then the ratio

u(@) = [ dg / [ 1deyl=+r2y
Yo T

is finite and independent of the choice of T except for the case (n,i) =
(2,1). When T € L, we have eap(T) = e(T)7!, where ¢, =
2~ HD/ATTY | T(j/2). We note that we have u(cT) = u(T) for positive
rational number ¢. For each ¢ with 0 <1< n, we define the Koecher-Maaf
series for Ex ,(Z,0) by

@) _ an (T, o)u(T)
Ln,k(S,O') =Cn ‘ Z W—.

£ /SLa(2)
Here we note the following. If 0 = 0 and T is not positive definite, we get
£(Y,T,0+k,0) = 0. Even in this case, we get non zero coefficients a, (T, 0)
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in general, and non zero Dirichlet series Lff,)k(s,O). Even in that case, we
can get a unified formula for Lff?k(s, 0), so we don’t exclude the case. Our
first main result is as follows:

Theorem 1.1. For j = 0,..,n put ¢; = (=1)"=D=i-1/2 gnd §; =
(=1). Let n >3 is odd. Then we get

L(Jk(s o)
_ p(n1s I 22 ¢ - 20)
¢ —k—20) [ICTV2¢(1 - 2k — 40 + 24)
(n—1)/2
xQ¢(s)(s—k—20+1) J] ¢(2s-2i)¢(2s -2k — 40 +2i+1)
=1
+ (D) DR Py ok 9p 1 ED,

(n=1)/2
I <(2s—2i+1)¢(2s - 2k — 40 +2i)
=1

Next, we fix even n. For a fundamental discriminant d, let x4 be the Kro-
necker character corresponding to the extension Q(v/d)/Q. For any complex
number t with positive real part, and § = 41, we define the Dirichlet series

C(2s)¢(2s—t+1)

D*(s,t;6) = > d™°L(1- ,x) ,
deDys 2 L(2s - t/2+1,X6d)

where Dj is the set of positive integers such that dd is a fundamental dis-
criminant. We note that D*(s,n; (—1)™26) coincides with D%(s,d) in [I-S].
Now, for i = 1, 2, write

o]

D*(s,04;6) = Z a;(m)m=—?°

m=1
and define the convolution product D*(s, 01;8) ® D*(s, 00;0) as
D*(s,01;8) ® D*(s,02;6)) = {(2s — 01/2 = 02/2+1) ) as(m)as(m)m™".
m=1
Then we have

Theorem 1.2. Lete; and d; be as in Theorem 1.1. Let n >4 is even. Then
we get

L(J) (S 0') = gns H:Zf—l C(l — 27’)
ok ¢ —k—20) T[M2¢(1 — 2k — 4o + 2i)
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x ¢ D*(s,n; (=1)"26;) ® D*(s, 2k + 4o — n; (—1)™/25;)

n/2-1

x ] ¢(2s—2i)¢(2s — 2k — 40+ 2i + 1)
i=1
_1)n/25,

+ Wq(—l)"("”)/%(l —n/2)¢(1 —k — 20 +n/2)

n/2
x [ ¢(2s — 2+ 1)¢(2s — 2k — 4o + 23)

i=1

We prove these two theorems by using Siegel’s formula on quadratic
forms, and by calculating a certain power series attached to local densities
and local Siegel series. An explicit closed formula for local Siegel series was
obtained by the second named author (cf. [Ka]), but we don’t use any such
precise result in this paper. We note that Theorems 1.1 and 1.2 can also be
proved in case j = n by using the method as in [I-K4]. But we don’t know
whether they can be proved in the case j < n in such a way.

2. Siegel’s formula

In this section, first we review on Siegel’s formula which expresses the
Fourier coefficients an x(T,0) and the volume p(T) for T € £ in terms
of local densities, and rewrite it in a form suitable for our calculation. For
a symmetric matrix S and a matrix X for which the product *XSX is
defined, we use the notation S[X] = *XSX as usual. Put S,(Z). = 2L,
and Sp(Z)o = Sn(Z)\Sn(Z).. We call a matrix in S,(Z). (resp. S.(Z),)
an even integral (resp. an odd integral) matrix. For a prime number p,
we denote by £, p the set of n x n half-integral matrices over Z,. We put
Sn(Zp)e = 2Ln p, and Sn(Zp)o = Sn(Zp)\Sn(Zp).. We take two positive in-
tegers m and n and assume that m >n. For § € Sp(Zp) and T € S,(Qp),
we define the local density representing T' by S by

ap(S,T) = 2°m= lim pn(n+D/2=mn)v| 4 (S T)),
where 4., ,, is Kronecker’s delta, and
Ap (8, T) ={X € Mmun(Z,/P"ZLy); S|X|—T € p"Sn(Zp)e}.

Now we define the primitive Fourier coefficient of the Siegel Eisenstein se-
ries. For a non-degenerate nxn matrix D with entries in Z,, we put m,(D) =
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(~=1)*p<*=1> or 0 according as D belongs to GLn(Zp)(En—; LpE;)GLn(Zy)
for some 0 < i < n, or not. Here we write < j >= j(j +1)/2 for an integer
j. Furthermore, for a non-degenerate n x n matrix D with entries in Z, put
m(D) = [1,mp(D). This is a certain generalization of the M&bius function
and we call this the generalized Mébius function (cf. [I-K2]). Then for an
element T € L§ ), we define the modified T-th primitive Fourier coefficient
ay, 1 (T,0) of B, (Z,0) by

ay o(T,0) = Y m(D)ani(T[D7Y],0),

D

where D runs over a complete set of representatives of left GL,(Z)-
equivalence classes of non-degenerate n x n matrices with entries in Z.
We note that ay (T, 0) is the primitive Fourier coefficient introduced by
Bocherer and Raghavan [B-R] if T is positive definite and ¢ = 0. By the
inversion formula for the generalized Mébius function we have

ank(T, ) Za*(T 1),0)

where D runs over a complete set of representatives of left GL,(Z)-
equivalence classes of non-degenerate n x n matrices with entries in Z (cf.
[I-K2}). Thus we have the following:

Proposition 2.1. Put

C(GL.,“S) = HC(S -1 + 1),

i=1
and
0 (T O)(T)
Lixso)=en 3 e (D)
£ /8LL(2)
Then

LY, (5,0) = ((GLn, 25) L (5, 0).
Proof. The assertion is an easy consequence of Lemma 3.2 of [[-K2]. O

We define the primitive Siegel series b*(T', o) for T € S,(Q) by

b (T,0) = > _ n(D)|det D|~2+™+1p(T[D7Y], o),
D
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where D runs over a complete set of representatives of left GLn(Z)-
equivalence classes of non-degenerate n X n matrices with entries in Z.
Then we have

a}, 1(T,0) = pn(k + 20)| det(2T)[*+2~ ("+D/297p"(T, k + 20).

To reduce our problem to the local computation, for T' € S,(Q;), we
define the local Siegel series by

by(T,0) = > vp(R) e (TR,
RESA(Qp)/SnlZy)
where v,(R) = [RZy +Zj : Z], and e, denotes the additive character of Q,
such that ep(u) = €?™V=T% for u € Q. Furthermore, we define the primitive
local Siegel series b, (T, ) by

by(T,0) = Zﬂp(D)p(—2o‘+n+l)ordp(det D)o(T(D™Y)),
D

where D runs over a complete set of representatives of left GLn(Zp)-
equivalence classes of non-degenerate n x n matrices with entries in Z,,.
Then for T € 5,(Q) we have

b(T,0) = [[ 8p(T,0), and b*(T,0) =[] b5(T’0),
Y4 ¥4

if the real part of o is large enough.

Let T3 and T3 be elements of £, N GL,(Q). Then we say T» belongs to
the genus of T} if there exists g, € GL.(Z,) such that T[g,] = T» for each
place v, where we put Zo, = R. For an element T' € L, let ((T')) denote the
set of matrices belonging to the genus of T. Obviously, the above formula
for an (T, o) implies that a, (T, o) depends only on the genus ((T')). Now
we shall rewrite Siegel’s formula. Let G denote the set of all genera of nxn
even-integral matrices of signature (¢,n—). Then, by the Minkowski-Siegel
Mass formula, for any T € ,Csf ), we get

9l—bn,1—n det(T (n+1)/2
Y ud) = ded D2
Hp<oo aP(TiT)

Ae((T))

where ((T')) denotes the set of all SL,(Z)-equivalence classes of matrices
belonging to the genus of T. Notation being the same as above, we easily
get the following:

i k+2
LS,)IC(S’O) — e\/—_ln(k+2a)/2 gns—dn,1 7( + U)

Cn
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bx(271T, k + 20) _
P k+20—s
X E I l T T) |det T| .

To reduce this to local calculation, we introduce several notation. For any
T € S,(Qp), there exists a diagonal matrix with diagonal components a1,

.., @p Which is GL,(Q,) equivalent to T. We define the Hasse invariant
e(T) of T by

eM= JI (e,
1<i<i<n

where (z, ), is the Hilbert symbol at p (cf. Kitaoka [Ki2]). For each d € Z,,
and for each prime p, we put

Sp(Zp, d)e = {T € Sn(Z,)e; detT = d}.

For ¢ € C, a function ¢ on S,(Q,) which takes the same value on each
GL,(Z,)-equivalence class, and a p-adic integer d # 0, put

b3(271T, 0)¢(T)

W)= 5T T)

T€Sn(Zp,d)e/GLn(Zyp)

For integers k > 0, d # 0 and a family ¢ = {¢,}, of GL.(Z,) invariant
functions, put

)‘(d) d)’ U) = H’Yp(da ¢p) U)-
p

For each i = 0,1, ...,n define the partial zeta function ES,)k(Sv o, ¢) by

L0(s:0:9) = 3 Mbid, 6,k +20)d*272.
deDs,

We denote by ¢ the trivial function such that «(T) = 1 for any T' € S,(Q,)
and p. By abuse of language, we denote by ¢ the family of local Hasse
invariants and by ¢ the family of the trivial functions. Then by using the
same argument as in Ibukiyama and Saito [I-S], we get:

Proposition 2.2. Notation being as above, we have

- k L »
L®(s,0) = eV =Tn(k+20)/2gns=6,—1 Yk + 20) :20) (LS,)k(s,a, 0+ L (s,0, €)> -
n
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3. Proof of main theorems

We prove our main results. In order to calculate f/s,)k(s,a, @), we define
some series. Let w be a function on 5,(Qp) such that w(T) = w(T'[g]) for
every T € S,(Zy) and g € GLp(Z,). For such a function w and for each
do € Z;,, we define a formal power series D(X, g, do,w) by

D(X, a, dO)w) = Z’YP(pedo,w,U)Xe.

e=0

To describe D(p~*, 0, dy,w), we introduce some more notation. For each
d € Zy, and for each prime p, we put

Sn(Zp,d)o = {T € Sn(Zp),; detT = d},
and
Sn(Zp,d) = {T € Sp(Zp) ; detT = d}.

For each integer r > 0, each do € Z7 and each function f on S,(Q,) which
takes the same value on each GL.(Z,) orbit, we put

ad fT)
C,(u,f,do)= Z Z I (f(T 311)114 ’
m=0TES(Zp,p™d0)/GLr(Zy) T\’
and
* o IT)
Cr(u7f7d0)=z Z a(gl’?l“)u )
m=0TES, (Zp,p™do)e/GLr(Zp) P\’

When p is odd, we have ¢, = ¢}. We regard (o = ¢(§ = 1 for r = 0 in
the above definition. Let w is the trivial function ¢ on S,(Q,) or the Hasse
invariant € on S, (Qp). Let Z,(u,w, do) and Z}(u,w, do) be the formal power
series in Theorems 5.1, 5.2, and 5.3 of [I-S]. Then we note that

Cn(u, W, dO) = 262’p"Zﬂ(p_(n+1)/2((_1)(n+1)/2,p)Pu, w, dO)
or
Cn(t,w, do) = 2277 Z,, (p~ ("1 2y, 1, dy)

according as n is odd and w = ¢, or not. Here we recall that the definition
of local density in our paper is a little bit different from that in [I-S].
Furthermore, we note that

D(u7 o, do, "J) = C:L(uY b, dO)
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for ¢(T') = w(T)bp(271T,0). Let Uy, be a complete set of representatives of
Z%/Z3? if p is an odd prime number, and Up, 2 = {(~1)™/2, (~1)™/?5} if m
is an even integer. Let p # 2. Then, for each positive integer m and d; € U,
there exists a unique, up to Z,-equivalence, element of S,,(Z,) N GL(Z,)
with determinant d;, which will be denoted by ©,, q,. Furthermore, for
each even positive integer m and dy € U, 2 there exists a unique, up to
Zs-equivalence, element of S, (Z2). NGL,,(Z2) with determinant dy, which
will be also denoted by ©,, 4, .

Lemma 3.1. Notation being as above, we have
(1) Let p £ 2. Then we have

n—1 o0
SCFLOEDID DY > ur

r=0dyelp m=07iecS (Z,,dod] 'p™)/CLA(Z;)

f(@n—r,th J—pTI)
aP(@“—T,dl J-pT’, en—r,dl lpT'/)

- ntm ST
> 2 u ap(pT’, LpT")’

m=0T'€Sn(Zp,dop™)/GLn(Zp)

X

(2) Let p =2. Then we have

Glufido)= D> > > > urtm

ogrsn-l di€Un-r,2 M=0T7¢cS, (Z,dod] 2™). /G L (Z2)
f(On_raq,L12T")
02(On_y.a, 12T, 0, 1.4, L2T")

= ’
nim_JCT)
+ Z Z u az(QT', 2T’)
m=0T'€S,(Z2,do2™)e /G L~ (Z2)
+ Z Z u'r‘-(»-'m
0<r<n=1 m=0T'€S, (Zs,do(—1)(*~")/227),/GL,(Z2)
f(en—r,(-l)(n—r)/2 127

X .
az(@n_ry(_l)(n—r)/2 .LQT', @n_r’(_l)(n—r)/Z _LQTI)
S ntm__fQ2T)
+2 2 v 2T 2T

mMm=0T" €S (Z2,d02™)0/GLn(Z2)

Proof. First let p # 2. Then by the theory of Jordan decomposition, any
T € Sn(Zyp) is equivalent, over Zy, to ©,_, ¢, LpT’ withsome 0 <r < n,d €
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Z, and T' € S.(Zp). Here we understand ©,_, 4, is the empty matrix
if 7 = n. Furthermore, by the uniqueness of the Jordan decomposition,
r,d; mod Z;z and the Z,-equivalence class of T’ are uniquely determined
by T'. Thus the assertion (1) is proved.

Next let p = 2. Then, by the theory of canonical decomposition due to
Watson [W], any T' € S,(Z2). is equivalent, over Z3, to @n_r,.hLQT with
some 0 < r < n such that n =r mod 2,d; € Z;, such that (—1)(”“T)/2d1 =
1mod4,and T € S, (Z3). Here we understand ©,,_, 4, is the empty matrix
if » = n. The integer 7 is uniquely determined by T. Furthermore, if T €
Sr(Z3)e, then d; and the Zy-equivalence class of T' are uniquely determined
by T. On the other hand, if T € Sr(Z3)o, then there exists a T’ € 25,(Zy),
such that T is equivalent, over Z2, t0 ©,,_, (_1yn-r/2 LT’, and T" is uniquely
determined, up to Zj-equivalence, by T'. This proves the assertion (2). 0O

Let p be a prime. For a non-zero element a € Q, we put x,(a) =
1, -1, or 0 according as Qp(al/ %) = Qp, Qp(al/?) is an unramified quadratic
extension of Q,, or Q,(a!/?) is a ramified quadratic extension of Q,. For
a non-degenerate half-integral matrix B of even degree n, put {,(B) =
xp((—=1)"/2 det B). For an n x n half-integral matrix B over Z,, let (W, §)
denote the quadratic space over Z,/pZ, defined by the quadratic form
g(x) = B[x] mod p, and define the radical R(W) of W by

R(W)={xe€ W;B(x,y) =0 for any y € W},

where B denotes the associated symmetric bilinear form of §. We then put
l,(B) = rankg_;pz, R(W)"*, where R(W)* is the orthogonal complement
of R(W) in W. Furthermore, in case l,(B) is even, put £,(B) = 1 or —1
according as R(W)* is hyperbolic or not. Here we make the convention that
& (B) = 1 if 1,(B) = 0. We note that &,(B) is different from the &,(B).

Lemma 3.2. Let T be an nxn half-integral matriz over Z,. Putl = 1,(T).
Then we have

by(T,0) = (1-p7%)
L+ &@p 2= [135/* 7 (L= p¥ %) if L is even
Hj;él“)/?(l — p?i7%7) if 1 is odd.

Proof. The assertion follows from Lemma 9 of Kitaoka [Kil]. a

Lemma 3.3. Let n=ng+7. Let © € Spy(Zp)e N GLpy(Zy).
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(1) Let T' € S,(Zp)e. Then we have

(ro/2]
ap(©LpT, 0 LpT") = 2p" "tV 20y (T", T") T] (1 —-p™%)

i=1

(1 +&,(8)p~™0/2)~1 if ny is even
8 1 if no 15 odd.

(2) Let p=2, and let T' € S,.(Zp)o. Then ng is even, and we have

’no/2—1
Ofp(el2T,, (")_Lle) = 2T(T+1)/2+2aP(T’,TI) H (1 _ p_Zi).
i=1

Proof. The assertion follows from p.110 and p.111 of Kitaoka [Ki2]. 0

For a non-negative integer [, a prime number p, and d € Zj, put

_ xp((—1)"/2d) if I is even
Yepld) = {0 if 1 is odd.

Here we understand that we have g ,(d) = 1. Furthermore, we define

(@)m =TT2,(1 = ¢).

Proposition 3.1. For a non-negative integer [ let 1) be the constant func-
tion on S)(Z,) taking the value 1, and € the Hasse invariant on S;(Zy).
Let k be a compler number. For d € Zj, put

F(ryd) = 14 noyp(d)pmtr)/2F,
n—{(n-r)/2]-1 .
oW=1-p I @-p),

i=1
and

1 if p#2
A, d) = (07) g (1 + s p(@Ap7™2) {2 Z: g i 2

(1) Let p # 2. Then we have

D(u, k,dp, (™)

n—1
=271y N pTr 2w e(r)h(n — 1, da) £(r, d1)6r (4, o7, dodi )
r=0d;el,

+ 27D 2e(n)h(0,1) £ (0, 1)Gn (u, o, o),
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and

D(u, k,dp,et™)

n—1
=271 Z Z {p—r(r+1)/2urc(r)h(n —r,dy)e(r,do,dr)

r=1d; €U,
X £(r, )G ((p7 g, p)pus, ), dodi ) }
+ 27 Ly~ )/ 26(n)R(0, 1)e(n, do, 1) f(n, 1) (0™, p)pu, e, do),

where e(r,do,d1) = (=1,p)p" /% (do, p)5 (d1, D)y
(2) Let p=2. Then we have

D(u, k, do, ™)
=471 Z Z {u’2—r(’+1)/2c(r)h(n ~r,di)

0<r<n—1 di€lp_,2
n=r mod 2

X (142002 (d))G (47, dod i) }
+ 27 Ly~ 26(n)h(0, 1) ¢ (u, (™), dody L)
+470 30 w2 2e(n)h(n — r, (-1)/2)

0<rdn
n=r mod 2

X {CT‘(uv L(r)y (_1)(n—r)/2d0) - C: (U, l’(r), (_1)(n_r)/2d0)} )
and

D(u,k,do,s(n))
=t Y Y {wer e — r,du)elr, do,di)

oSrSn—1 d)€ln-r,2
n=r mod 2

X (1420027 Ry, o(d1))¢ (27 i, 2)2u, €17, dodf 1)}
+ 27 Y2~ D 26V R (0, 1)e(n, do, 1)CE (272 dy, 2)2u, €™, dodr )
+470 S w22 ~ 1, (<1) T )e(r do, (1) TT/?)

0<r<n
n=r mod 2

% {CT(((—U(""WQT“, 2)qu,w, (—1)"""/2dy)
) 2w, (<1 )}
where

6(’!‘, do, d])
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(=1)n(n4D+r(r4+2)/8y, (do)((=1)=7/2 (=1)"/2dy); if m,T are even
| (1)@= ((— 1) /2, do)o (—1)HD72, dodT )y if n,T are odd.
Proof. (1) The first assertion directly follows from Lemmas 3.1, 3.2, and

3.3. To prove the second assertion, let T = © LpT’ with © € S,_.(Z,,d1)N
GLp—r(Zyp) and T' € S,(Z,, p™dod; ). Then we have

e(T) = £(8)(det ©, det(pT"))e(pT")
= £(0)(det ©,det T"),(det ©,p")p (=1, p)5" 172 (p, det T')5+1e(T")
= &(©)(d1,P™dod )p(d1, P )p(—1,p)p "V 2 (" p ™ dody ) e (T).
Then we have e(U) = 1 for any unimodular matrix U. Thus we have
e(T) = (L) D2 (d1, p)p(cap™ " dodi ) (b7 da, p) e (T).

Thus the second assertion follows from Lemmas 3.1, 3.2, and 3.3.
(2) The first assertion can be proved in the same way as above. Now we
have

Sn—r(Z% dl)e N GLn—-r(Z2) # ¢

if and only if n — r is even and (—1)(*~"/2d; = 1 mod 4, and further in
this case, for © € S,,_,.(Z2,d1)e N GL,—.(Z2) we have

£(8) = (-1 DBy o (dr).
Thus, by a computation similar to the above, we have

e(T) = (_1)"("+2)/8¢n’p(do)(_l)r(r+2)/s

x((=1)"D72, (=1)"2d)5 (27 dy, 2)7e(T')
for n and r even, and
&(T) = (=1){"~V/5(do, (~1)(M+D/2)y(-1) -1/
X (dody ™, (=1)"+D/2)5(2741dy, 2)5e(T")
for n and r odd. Thus the assertion holds by Lemmas 3.1, 3.2, and 3.3. O

Lemma 3.4. (1) Let | be a positive integer. Then we have the following
identity on the three variables q,U and Q :

1-UQ)(1-UQq)---(1-UQq™)

! )l r—1 l—r

v @Y T on T - 1rai=1yrG=r e
=3 e 1 - e [la-ve o

1=1



Koecher-Maaf Series for Real Analytic Siegel Eisenstein Series 185

(2) Let k be any complez number. Then we have the following identity on
the variables p and u :

(1 _ p—2k 2)(1 _ —2k+2 2) . ( _ p—-2k+2l—2u2)
l p~ 1—
Z H(l —2k+2i+2l) ﬁ(l _ p2i—2z—2u2)p—2rzu2r_
r=0 g=1

Proof. The assertion (1) can easily be proved by using the same argument
as in the proof of Lemma 5.5 of [I-S]. The assertion (2) holds by putting
Q=p 2 U =p~24? and ¢ =p? in (1). O

Now let D*(s,n; (—1)"/26;) ® D*(s, 2k + 40 — n; (=1)™/26;) be the con-
volution product in Theorem 1.2. Then by a simple calculation we have
D*(s,n; (—1)"%8;) ® D*(s, 2k + 40 — n; (—=1)"/%6;)

=((25)¢(2s —n+1)¢(2s — 2k — 40 + 2){(2s — 2k — 4o+ n+1)

X Z d—sL(l - n/2, X(—l)"’/zd.jd)L(l —k—-20+ n/2, X(__l)n/26jd)

dED(_l)ﬂ/zaj

x JT{@ 4P 222 (1 P22 2 s, a(P)?)
p

— X(—1yr/25,a@)PM BT L+ pM A+ pk+a_,,)} .
Then we have

Theorem 3.1. Let k be a complex number. Let n be an even integer and
do € Z;. Put

D(u,k,do,t)e = %(D(u,k,do, ¢) + D{—u, k, dg, 1)),
and

D(u, b, do, 1) = %(D(u,k,do,L) — D=, k,do, ).
(1) We have

_ knp(s)(1—p %)
(p_2)n/2 1(1 - ¢n,p(d0) -n/2)(1 - ¢n,p(d0)pn/2_k)
Hn/2(1 pZz 2k)H7_/f(1_p2i—1—2k—2s)
x (1—-p—2- 2s)nn/2 1( — p—2i—3-2s)
X{(l +p—1 k— 23)(1+ —2—k— 23)

D(p—sa k) dOa L)e
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p—n/2—-2—23,¢nlp(d0)(1 +p1—k)(1 +pn—k)}’
and
$)1-p~Fpe(14p~1752%)
@_2)1»/2 1
n/2 pi- 2k n/2 pRi—1-2k=2s
B - I )

D(p~°,k,do, )0 = Kn,p(
i=1
(1—p=2-2) H7=/g 1(1 — p—2i—3-2s)
where kn p(s) = 2(=1+((=1)"*do,~1)2)s or | gecording as p = 2 or not.

{2) We hove

D(p‘_s,kado,e)o = 0,
and
‘D(p_s')ka d035)e = D(P_s k do,E)
_ A p(s)(1 = p M IT22(1 — pPi-2)
(P~2)nj2-1(1 =/~ k¢n,p(d0))(1 —p~ 2 5 (do))
Hn/2(1 p2k+2i—2-2s)
3 - p2i-2)

where A, p(s) = 271(=1)"+D/8y o(do)(((=1)"/2do, —1)2 + 1) or 1 ac-
cording as p = 2 or not.

Proof. (1) Put u = p~*,9, = ¢, ,, and

(- M IEA - )
I—In/z 1(1 _2i)(1 _ 7,[)np_"/2)(1 _ 1,bnp"/2—k)‘
Let p # 2. Then by (1) of Proposition 3.1, we have
(1-p~™)"'D(u,k,d, 1)

n—1 n—[(n-r)/2]-1
=91 Z Z {p—r(r+1)/2ur H (1 _ p21—2k)(p-2)[—(711—_r)/2]

r=0d €U, i=1

Cp =

X (14 Yumr(d)PTH )1 4+ Y ()P ERNG (0,1, dodi ) |

+u p—n(n+1)/2H 21 ‘2k)(1 +pn k)Cn(U . do)

Thus we have

(1 - p_k)_lD(u3 k, da L)e
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n/2-1 n/2+4r i
—9-1 Z Z —(2r+l)(27‘+2)/2 21-+1H1_1 (1—P2 2k)
r=0. d;€ld,, (p )n/2—1‘—-1
X C2r+l,o(u, 2 dodl_l)}
n/2-1 247—1 i—
+2-1 Z Z —2r(2r+1)/2 27‘H A (1-p? Zk)
=0 dy€l, (p_2)n/2—r

X (1 4+ Yn2r(d)p 22 (L 4 g ()" H2D/2F)
X €2r,e(u7 L dOdI‘l)}

n—1
+ unp—n(n+1)/2 H(l _ p2i—2k)(1 +;0"“k)Cn,e(u, . dO),
i=1

where

N =

C"»e(urw’d) = (C,(u,w,d) +CT(—U,W,d)),

and
Gt ) = 3 (G (1,0, ) = (0,0, )

for w =¢,€ and d € Z;. By Theorem 5.1 of [I-S], we have
plu
(p=2)r(1 = p~2u?) [[1; (1 — p¥—3-2ru?)’

Cors1,0(8, b, dod] ) =

and
(L + %2r (dod p~")(1 — Yar(dody )p " —>u?)

—1y __
Core(u, ¢, dody ") = 02,1 — p~2u?) [y (L — p2-3-2r02)

For r > 2 we have

270 37 (L Ymar (d)p /) (L + Y )™ )
di€ldy

x (1+ "/’2r(dod1—1)p‘7‘)(1 _ 1/12r(dod1_1)p_7_2u2)
=(1- ¢n(do)p‘"/2)—1(1 _ 'l/in(do)p"/2_k)—1
X {p2r—k(1 +p—k)(1 p—zr)(l +pk—2r—2u2)
+(1=p™(1 - p" )1 —p2u?)
- ¢n(d0)p—n/2 k+2r(1 4 kY1 — pm2T)(1 +pk—2r—2u2)}'
Thus we have

c:1D(u, k,d, 1),
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= {14p7F ~Yaldolp ™21 45"}

- r - r n/2+r i—
) "/il 'n/2 . p (r+1)(2r+1)~1,,2r+2 Hiz/n/2+1(1 _p2z 2k)
‘Z)n/z—r 1 (-p2d) [ (1 - p%=3-2ru?)
n/2 —1‘(21‘+1)u2r Hn/31727‘+11(1 _ p2i—-2k)

n/2 1
+Z —2 n/2 , (1_ —2u2)H (1_ 2i— 3—27‘u2)

X {p2T k(1 +p"°)(1 C (1 4 pE 222
U - )
_ ¢n(d0)p—n/2—k+2r(1 +pn—k)(1 _p—2r)(1 +pk—2r—2u2)}

“+p7H( +p“’°) ’

N n/zz_l 22— IH?/iJ/rzrﬂ (1-p¥%) o2
) (P’Z)r(P"2)n/2—1—r I3 (1 — p=3-2ru2)(1 — p~2u2)p2ri+3r
n/2 2)n/2 H?_/ii/-zr(l — p%i—2k) ”
+Z D20 D njomr [y (L — p2 3 2 )pT
—wn(do)p /2 2u2(1 +p' ) (1 +p" )
iy (p™)mja—1 [T oty 1 (1 — p¥2%) o

x 2_: P2 (P2 njz—1_r [Liey (1 — p23-2ru2)(1 — p—zuz)p2r2+3r
Thus by (2) of Lemma 3.4, we have

D(u,k,d,t)e
Hn/2 1( 21 1-2k 2)

o)
4 (1 _p~1—2k 2) Hn/2 1(1 p21 1_2ku2) .
1571 - p=2=3u?)
Pn(do)p™ 32U (1 4 p1*)(1 4+ pnF) [TH271(1 — p2-1-2k42)
- (1—p2u?) Hf_/g 11 - p2i-342) ‘
Thus by a simple computation, we have
| H"/2 L1 — p2i-1-2ky2)
(1 —p~2u2) H:;/g (1 — p-2i-342)
X {(1 +p‘1‘ku2)(1 +p—2—ku2)

p—n/2—2,¢)n(d0)u2(1 +p1—k)(1 +pn—k)} .

=p 21 +p7F) 1 +p'F)

¢ 'D(p™%, k, doy t)e =
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This completes the assertion for an odd p and D(p~%,k,dp,t).. Similarly,
we have

CI;ID(p_s7 k; d07 L)o

n/2—1 p=(rH1(2r+1), 2r+1 H:t=/i72r+1(1 — p¥i—2k)

Cn,r - — —a
T (- p ) [, (1 - pE Rl

n/2 p—(r+1)(2r+3)—1u2r+3(1 +p2r+2—k) Hn/2+r (1— p2z'—2k)

i=n/2+1
+ Cn,r - 1 . :
; (1 - p~2?) [Ti2) (1 — p¥-5-2r?)

n/2—-1 u(l + p~t—Fu?)p=(r+ D@+ 2r [T (1 — prt2i=2k)

= Cnr* — - . P ’
rZ_O (1 —p~2u2)(1 — p=3u2) [],_, (1 — p2i-5-2ry2)

where

v = A= ML - p%) I (0

1 n,r

L4 - p2) R R W
Thus by (2) of Lemma 3.4, we have
C/—ID(p_sv ky dOa L)o

n
2-1 i
-1—ku2) Hn/ (1- P2 1~2u?)
(1- —2u2)H"/2 11— p-2i- 3u2).

=plu(l+p

This completes the assertion for an odd p and D(p~*, k, do, 1).
Next let p = 2. Then by Theorems 5.1 and 5.3 of [I-S], we have

22r—2u
(2—2)7(1 _ 2—-2u2) H:=1(1 _ 22i-2r—3u2)

Caro(t, ¢, dodyY) =

and

2—3u3
(2—2)r(1 - 2—2u2) HZT=1(1 — 22i—2r—3u2)
for any dy € Z3. Furthermore, we have

CZr,e(uu L dOdl_l)

C;r,o(u7 4 dodl_l) =

227‘—1

T (27D r—1(1 — e (dody 1)27)(1 - 272u7) [[,_, (1 - 22-2r-342)
qu~? {1 — wzr(dodl_l)Q_r—zuz
x — (1-p 1)1 -p~ %)} if (—~1)"dod;? = 1 mod 4,
1 if (=1)"dod;! = 3 mod 4,
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and
C;r,e(u’ L, dOdl_l)
— 1
T (272)r1(1 = ar(dodT )27 (1 — 27 2u2) TG, (1 — 22i-2r=342)
{ (1 = 9ar(dody )27 ~2u?) if (~1)"dod; " =1 mod 4

27242 if (—=1)"dod;! = 3 mod 4.

Thus the assertion can be proved similarly to the case p # 2.
(2) Let p # 2. Then by (1) of Proposition 3.1 we have

! D(u, k,do,€) = (L4 7™ 2hn(do)) (1 + p~ 5+ 24 (do))

2-1 (o -1 S -
. 2—1 n/X: p (2 +1)u2r H:‘=0 (1 _ p2z+n ‘Zk)(p 2)11/2

r=1 (p_z)'n/2—r
X Y (4P o (d1)) (L4 o (dh))r (dod )
d1 €U,

X Cor((P* 1 d1, p)pu, €, dodi )
p D/ 2yn [N (L — pitn—2ky(p-2),
(p_2)n/2—r
X (1 + p_k+n)d)n(d0)cn((pn+ldlap)pua £, dO)

n/2 p—r(2'r‘—1)u2r—1 le;é (1- p21'+n—2k)(p—2)n/2

4271
Z (p_z)n/2—r

r=1
X Z (dl (_l)rvp)PC2'r‘—l ((pzrdlap)}‘lua g, dodl_l)’
di1€U,

+

where

o= L=p™) 17371 (1 - p%-2%)

n 2 9
H?=/1(1'"P )

By Theorem 5.2 of [I-S], (2 ((p?"*1d1,p)pu, €, d) is an even function for any
d € Z; and

1+ ¢2r(d0d1_1)p_r
P [Tica (1 — p~%u?)’

Cor((P* 1 d1, P)pu, €, dodit) =

Further we have

r - 1+p7"((=1)"dy, p)pu
T — 2 d ’ ’ ’d d ! = p' .
Gora (P Pt & o) = oy, S I, (- p )




Koecher—-Maaf Series for Real Analytic Siegel Fisenstein Series 191

Thus we have

2 - [ W L i n -
n/ p r(2r+1)u2 Hizol(l _ p2 2k+ )(p 2)n/2
—1 (p_2)n/2——r(p—2)r H:=1(1 ~p~u?)

x {p-’(l +pE) +pf~"/2¢n(do)(1 +p" )}

"/2 —2r2 21‘ —2k+n -2r -2
]. p 1-— P D n

(p 2)n/z—r e Hima (1 —p~%u?)
=(1 +P_"/21/Jn(d0))(1 +p 7" 2 (do))
n/2

p~ ¥ [0 (L= pP =+ (p )0 0
XZ (r~2) n/2—r(p )THi:l(l_p_2iu2) .

Thus the assertion follows from (2) of Lemma 3.4.
Next let p = 2. First assume that ((—1)*/2dyg,—1)2 = —1. Then by
Theorems 5.2 and 5.3 of {I-S], we have

C2T-(U,E, dodl—l) = C;.,,(’u,&', dodl_l) =
for any dy € Uy, —r,2. Thus by (2) of Proposition 3.1 we have
D(u, k, do,€) =0.

Next assume that ((~1)"/?dp, —1)2 = 1. Then, again by Theorems 5.2 and
5.3 of [I-S] we have

c"_lD(u,k,do,s) =

n

27 (—1)"rtD/2(1 4 27" ha, (dodT 1))
(2-2), H;=1(1 — 272iy2)

C2'r(u) £, dOdl_l) =

and

(=170 2y, (dodi ) (1 + 2" ¢2r(dodi 1))
(272)r 131 (1 — 27%0)

for any di € Up—r2. Thus, again by using (2) of Proposition 3.1, the asser-

tion can be proved similarly to the case p # 2. a

C;r(ua €, dodl_l) =

The following theorem can be proved in the same manner as above.

Theorem 3.2. Letn >3 be an odd integer and do € Zy,. Let k be a complex

number.
(1) We have

9—62,ps HI(ZII)N(I — p?i—2k)
(p_z)(n—l)/2

D(p—s, kv d07 L) =
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H(n—l)/2 1— p2"1 —2k— 23)(1+p—k s).
(1-p-1- S)H("‘l)/z(l_p—h 1-2s)

(2) We have
D(p—svkyd()’E)
270 (do, (1) /), (1 —p*) [I{Z7 V721~ p* %)
(P~ (n-1)/2
(1+p—k (n—1)/2— ) H(n-l)/2(1 —2k+2i—2—2s)
H(" 1)/2(1_ —21.—2.9) )

Theorem 3.3. Let n >4 be an even integer.
(1) We have

fjg)k(s, 0,0)((GLy,2s)
_ Hn/2 1 (21)
C(k +20) [T ¢(2k + 4o — 24)
x D*(s,n; (=1)"/26;) ® D*(s, 2k + 40 — n; (—1)"/25;)
n/2-1

x ] ¢(2s - 2i)¢(2s — 2k + 2i + 1).
i=1

(2) We have
L9)(5,0,€)¢(GLy, 25)

_ (=MD 4 20 — n/2) [T ¢(26)¢(n/2)
C(k + 20) [TH2 ¢(2k + 40 — 2i)

n/2
x [] ¢(2s — 2i + 1)¢(2s + 2i — 2k — 40)
i=1

or 0 according as n = 0 mod 4 or not.

Proof. For each d € D(_1ynr25,, put

M(s o,dw)= Z A(—1)™26;dm?, w, k + 20)m2E+4=2s

m=]
Then we have

L Gsowy= Y d* 0 M(s,0,d,w),

€ D(~1)"/2.sj
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By (1) of Theorem 3.1, we have

a2 M(s,0,d,0) = [ [ D@2, k+20,d,0), [ [ D*+2°*, k+20,d, 1)e.
pld ptd

Furthermore, by (2) of Theorem 3.1,

dk+26—3M(3,U, d, E) - HD(pk+20—s, k+20,d, 5)0 HD(pk+2a——s’ k+20,d, &.)e'
pld ptd

Again by (2) of Theorem 3.1, D(p*+29=% k + 20, dp, €), = 0. Thus,
d**t*=*M(s,0,d,e) = 0
unless d = 1. Thus, if n = 2 mod 4, we have
L(Jk(s o,e) =0.
On the other hand, if n = 0 mod 4,
I:fﬁc(s, o,6) = M(s,0,1,¢).

Thus the assertion can be proved. a

Theorem 3.4. Let n > 3 be an odd integer.
(1) We have

2~ [, V2 ¢(29)
¢k + 20) TI2T V2 ¢ (2k + 40 — 2i)
(n-1)/2
x((8)¢(s—k—20+1) J] ¢(2s—~20)¢(2s— 2k — 4o +2i+1).

i=1

L‘”k(s 0,0)¢(GLy,2s) =

(2) We have

sH(" 1)/2 ¢(24)
(k+2a H‘" D2 ¢(2k + 40 — 2i)
X (~1)0F o s (g B Lo kg4 BE

(n—1)/2
x JI ¢(@s—2i+1)¢(2s — 2k — 40 + 23).
i=1

L9 (s,0,€)¢(CL,,2s) =

)
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4. Functional equations and special values of
Koecher-Maaf} series

Finally we consider the functional equation for the Koecher-Maaf series.
Put T, (s) = [1;_; T'(s — (i — 1)/2). First we consider the case n is odd.

Theorem 4.1. Let n > 3 be odd. Then Lff;)k(s,a) depends only on
ejéj(."ﬂ)/z, and thus for | = 1,2 we put

m(s,0) = (2m) """ Ta(s)LT(s,0)
if (—1)("2’1)/863-<51(-"+1)/2 = (—=1)}~1. Purthermore, put

cos(ms/2) ( cos(ms) )(n—l)/2
cos(m(s/2 —~ o)) \ cos(n(s — 20)) '

Cl(ss U) ==

and

s o) = Sinm(s/2+ (-n +3)/4)) sin(rs) (n=1)/2
Ca(s,0) = sin(m(s/2 — o + (—n + 3)/4)) (sin(n(s — 20))> .

Then we have

771(k + 20 - S,O')
7’2(k + 20 — 3, U)

= (—1)k/2 (Cl(w)ﬂz(s’a) ﬁ(s’a)_@(s’a)> <771(s,a))

2 p)
Cl(S,U);Cz(S,U) 41(8,‘7);{2(3,0) m2(s, o)
Proof. Put
Ai(s,0) = ((s){(s —k - 20 +1)
(n—-1)/2
x [ ¢@s—2i)¢(2s — 2k — 40 +2i + 1),
i=1
and
n-—1 n+1
Aa(s,0) = ((s — ——2——)§(s —k—-20+ —2——)
(n—1)/2

x ] ¢(@s—2i+1)¢(2s — 2k — 40 + 29).

=1

Then by the functional equation of Riemann’s zeta function, we have

A1k + 20 —s,0) = (—l)k/zcl(s,a)Al (s,0),
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and

Az(k + 20 — 5,0) = (=1)*/2(3(s,0) Az(s, 0).
Thus the assertion holds. O
Theorem 4.2. Let n > 4 be even. Then L(’ «(8,0) depends only on §; and

€j, and in particular, it does not depend on €; if 6; = (— 1)™?+L, Thus for
l=1,2 we put

m(s,o) = (2”)_mrn(8)Lff;)k(s,a)
if 8; = (=1)"2 and (~1)"0+D/8¢; = (~1)!-1 and
ns(s,0) = (2m) " Tu(s)LY%(s,0)
if 65 = (—1)"/2+1, Furthermore, for o #1/4+m (m =0,+1,£2,...) put
cos(ms) )"/2
) ’

cos(n(s — 20)

sin(7 /2
Ga(s,0) = (-1 ('1#_‘5)27))) ’

cos(mo)  sin(2ws)
cos(2ma) cos(n(s — 7))

(@ * =) (cos(c:(ss(7r—s)20)))n/2_l ,

B cos(ms) "/2=1  gin(ns)
Gals,0) == (cos(w(s - 20))) sin(m(s — 20))"
(1) Let n =0 mod 4. Then we have

mk+20 — s,0) C1(s,¢7)-;Cz(s,tr) C1(8,U);C2(8y0) 0 m(s,o)
ma(k + 20 — s,0) 41(3,0)'2“C2(8x0) C@U);Cz(sv‘{) 0 12(s,0)
7']3(k+20'—3,0') g;,_al sz(;’—a’) 44(3,0') 773(5’0)

C1(3,0)=<

C3(310) =

and

(2) Let n =2 mod 4. Then we have
(it 150720 -  seomten senfiem G0 (70

ma(k + 20 — s,0) Ga(s, 0) C4(8 o) Cz(s 0)+C4(8 ) Ca(s, o) (s, o)
na(k + 20 — s,0) 173(8,0)

0 0 Cl(s 0')
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Proof. Put

Q(s,1) = 72T (s)[(s—k—20+n/2+1/2)D*(s,n,1)® D*(s,k+ 20 —n, 1)

and

(s, —1) = 7= 2D(s—n/2+1/2)[ (s—k—20+1) D*(s,n, —1)®@D* (s, k+20—n, —1).
Then by Mizuno[Mi], we have

Qk + 20 — 5,1) = Q(s,1),
Qk+ 20 —s5,—1) = Qs,—1) — (s, 0,k)Q(s, 1),

where
coswo sinm(s — 20) cos s 2 2
(s, 0 k) = cos2wag  cosm(s — o) (sin 2rs  sin2m(s — 20))
I(s—n/2+1/2)(s—k—20+1)
F(s)I(s—k—20+n/2+1/2)
Thus the assertion holds. a

As for the special values of the Koecher-Maaf series, we have the fol-
lowing.

Theorem 4.3. Letn > 3 be odd and k > 2n. Then for any integer n—1 <
r<k-—n-—1 we have

AL, (0 € Q.

Remark. A result similar to the above is expected in the case n is even.
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Introduction

Even the senior author of this article considers that it seems too early
for him to talk about the history of mathematics. This would be more
case for the younger. But this workshop is for the memory of Arakawa,
so we consider it makes sense to give a talk on some theme which was a
favorite one for him (cf. [Ar82], [Ar85], [Ar88], [Ar89], [Ar93], [Ar94]). Since
Masanobu Kaneko talked about these papers of Arakawa directly, we are
going to discuss the circumstances of these papers.

We can start our talk from the well-known formula of Euler in 1735 on
the values of the Riemann zeta function at even positive integers:

21 s
¢(2k) = ; ol (*1)k+1m32k,

where By, is the m-th Bernoulli number. Probably one can find some anal-
ogous formulae proved after this result, say, for the Gaussian number field
Q(+/—1). But we do not dig out possible special results here.
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The early history of modern investigation of special values of zeta func-
tions over number fields is shortly reviewed in the introductions of Klingen’s
paper [KlI62a] or of Barner’s paper [Ba69]. A most extensive history from
the dawn of the study of algebraic number field is found in the introduction
of Meyer’s book [Me57a).

In 20’s Hecke [He24, p.219] conjectured the corresponding statement for
arbitrary totally real algebraic number fields K, namely

(k(2k) = 7P (k=1,2,...),

where dg the discriminant, n the degree of K and r a rational number
depending on K and k. For quadratic fields there is an elementary proof
via Dirichlet L-function shown by Siegel [Si22]. This was later generalized
by Leopoldt [Le58] for abelian totally real number fields, introducing gen-
eralized Bernoulli numbers.

Meyer [Me57a}, [Me57b] and Siegel [Si61] developed the idea of Hecke for
real quadratic fields K to have certain “analytic class number formula” for
abelian extensions L of K which has “isobaric” ramification at archimedean
places. After that this method was extended to the evaluation of certain
Hecke L-functions Lk (s,x) at positive integers s = n by Meyer [Me66],
Lang [La68], Barner [Ba68] and Siegel [Si68]. Among others, Meyer always
pursued elementary method to compute these arithmetic invariants by in-
vestigating the properties of generalized Dedekind sums (section 2).

The construction of p-adic L-functions, initiated by Kubota-Leopldt in
60’s, became a trendy theme of 70’s together with the theory of modular
symbols (cf. Manin [Ma72], Mazur and Swinnerton-Dyer [MSD74}), and
the people’s interest was oriented toward the geometric interpretation of
the known analytic results than to get new analytic expression. However
in mid-70’s, Shintani’s paper [Shin76] brought a paradigm change in the
analytic aspect. This method works for arbitrary totally real number fields
K of degree n, and gives an effective method of computations of the class
numbers of certain abelian extensions L of K and the values of the Hecke
L-function Lk (s, x) at positive integers s for certain characters x, by linear
combinations of the n products of the values of Bernoulli polynomials at ra-
tional numbers. Note that here appeared the proto-type of higher Dedekind
sums. This result is also applied to the construction of p-adic L-functions
by Cassou-Nagues [CN79]. There are some papers of revisionism in 70’s
and 80’s (section 3).

In 90’s new development appeared. In [Sc92], [Sc93], Sczech found an
ingenious way to generalize the method of Hecke, Meyer and Siegel to ar-
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bitrary totally real number fields by analyzing a conditionally converging
Eisenstein series on GL(n, Z)\GL(n,R), which is named Eisenstein cocy-
cles. Meanwhile Solomon [S098], [S099] began to study another cocycles
called Shintani cocycles, which is cohomologous to Eisenstein cocycles (sec-
tion 4).

In spite of these efforts mentioned above, there seems to be still unsettled
problems (section 5).

1. Before 1950: Hecke, Siegel, and others

It would be wise to leave aside the question whether the unrealized “plan” of
Eisenstein or the “dream” of Kronecker covered more general subjects than
just the theory of classical complex multiplication, to a serious historian or
to an eternal mystery. We begin with the work of Erich Hecke here.

1.1. Hecke

To discuss the invariants of abelian extensions of a real quadratic field K, we
should start from Hecke’s paper [Hel7], [He21]. In [Hel7], he gave a “plan”
of this research. It consists of 3 sections: (1) Kronecker limit formula and
the so-called Hecke’s integration formula for real quadratic fields, (2) to
write (partial) zeta functions of general algebraic number fields K as pull-
back integrations of the Epstein zeta function of degree [K : Q], (3) the
announcement of the relative class number formulae for abelian extensions
of number fields. Apart from the arrangement of the original paper, we start
from Epstein zeta function.

1.1.1. The integral expression of Hecke

(A) The Epstein zeta functions

Given g € GL(n,R) or g € SL(n,R), we associate a symmetric positive-
definite matrix Y, = g - *g of size n. The whole set of such matrices are de-
noted by P or by P, respectively, which is isomorphic to a symmetric spaces
GL(n,R)/O(n) or SL(n,R)/SO(n), respectively. Given a nonzero row vec-
tor m € Z™ of size n, the value of the real quadratic foom mY 'm (Y € P
or P1) is nonzero, and we can define a series

Z(s,Y) = Z (mY*'m)~*
meZ\ {0}
for s € C, which is called an Epstein zeta function. It converges absolutely
for Re(s) > n/2 and is invariant under GL(n,Z) or SL(n,Z) with respect
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to the natural action of GL(n,Z) (resp. SL(n,Z)) on P (resp. P1) given by
Y - 4Yly (v € GL(n,Z) or SL(n,Z)).

Epstein showed the analytic continuation in s and the functional equation of
Z(s,Y). It is a kind of Eisenstein series on GL(n,Z)\GL(n,R)/O(n) or on
SL(n,Z)\SL(n,R)/SO(n), belonging to a very small degenerate principal
series representation of GL(n,R) or SL(n,R).

(B) The pull-back to mazimal tori

Let K be an algebraic extension of degree n over Q, then we have a nat-
ural embedding of the algebraic torus Tk := Resg;qGm to GL(n), where
Resgq is the restriction of scalars of Weil.

In the down-to-earth way, this is defined as follows. Fix an integral basis
of the integer ring Ok of K:

O =Zwy + -+ Zwn,.

Consider the norm form of the linear form = = Y. ; z;w; with n variables
T1yeeeyTpt

k{3 n
N(z;w) = (Z zing))
j=1 <=1
Here
Ok daw (W, .., a™)c O @z R2R"

is the image of the canonical ring homomorphism. The action of the
multiplicative group O on Ok is extended to the action of Tx(R) =
(O ®z R)* on Og ®z R = R™, Thus we have compatible groups homo-
morphisms

iz : O — GL(n,Z), ir:Tg(R)— GL(n,R).
Take the norm 1 part TI((I ) in Txk:
TI((I) ={(z1,...,2n) | N(z;w) =1}.

Then we have iz : (’)g) — SL(n,7Z).

Choose a point Yy in Pq, and restrict Z(s,Y) to the TJ,({1 )(R)—orbit QKx.w
of Yp. Then the function Z(s,Y) (Y € Qk.w) is periodic with respect to
0%), and define a function on the compact double coset:

O\TY (R)/(TY (R) N SO(Yo))
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of real dimension r = r; + r9 — 1, which is a finite extension of a compact
real torus of dimension r. Here SO(Y}) is the stabilizer of Y in SL(n,R)
which is isomorphic to SO(n), and 71, ro are the numbers of real places
and complex places of K, respectively.

Now we can consider the Fourier expansion of the pull-back Z(s, *}{ g, ..

Z(sY)= Y ayp(e)¥(Y)

peoN\TH(R)

Choose a fundamental domain D(Yp) in TQ) (R)/(T{ (R) N SO(Yy)) with
respect to Og). Then the constant term ag with respect to the trivial char-
acter “y = 0” is the average

ap = / Z(s,Y)dv(Y)
D(Yo)

with an adequate normalization of the invariant integral dv of v €
TP (R) /(T (R) N SO(Yo)). Meanwhile it is given by the Dedekind zeta
function:
_277°T(s/2)T(s)™
do=w 2n-1nR-T(ns/2) x(s),

where R is the regulator of K and w the number of roots of unity in K.
Similarly other terms ay, which are twisted integral of Z(s,Y’} in one side,
are also expressed by appropriate zeta functions with Grossencharacter.
This is the content of Section 2 of [Hel?7).

(C) The case of real quadratic fields

Let K be a real quadratic field. For a non-zero real number a, we have

K had 2 dt
I\(_) -8 =/ —a tts/2_'
5)lal o ° .

Apply this formula for a = 2 € K and its conjugate a = ', then form the
product of the two integrals to obtain a double integral

512 1H—s __ i e —(uPt+p'?t) ls/‘2dtdt,
r(3) i = [ e (w22

This is, in turn, rewritten by the change of variables
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FG)ZW’I‘S =4 / °°/ e WL
2 o Jo u v

=4I‘(8)/ (42?4 o)=L,
0

to have

v

Choose an (absolute) ideal class A of K, then the partial zeta function
(k(s,4) =) N(a)™
acA
associated with A is written as
8 ! -3
Ck(s, A) =N(®)* Y IN@)I™,
ueb/Ex

if one picks up a fixed ideal b belonging to the inverse class A~!. Here Ex
is the group of units in Ok. Let dg > 0 be the discriminant of K and ¢
the fundamental unit satisfying € > 1. Then

Cils, A) = sNE) Y I~

pEb/<e>
= Fz(r/(;)g N(b )3/ ;E:b p v2+//2v'2)‘3%
B 1“(FS‘(/S?) NeY / ‘;( v2+u’2) %'

Choose an integral basis [51, B2] of b such that
BrB3 — BBy = N(b)v/dx >0

and set

Bovv~1+ 06
ﬁ1vv 1+ ,31
Then the last integrand is an Epstein zeta function on SL(2,R), which is
identified with the usual real analytic Eisenstein series

o) =26¥)= Y e

(m,n)eZ2\{0}
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1
on the complex upper half plane § by associating Y, = 5 (i 22 i y2> e P

for 7 = z + v/—~1y € $H. Thus summing up the above equalities, we have
the following:

Theorem 1.1. (Hecke’s integral expression) Let K be a real quadratic
field. Then, under the above notation,

G, 4) = a5 / I

Remark. We formulate the above formula only for absolute ideal class (in
the wide sense). The cases of ring classes and ray classes are quite analogous.
See Barner [Ba68, Korollar (3.21)] and Siegel [Si61], [Si68].

1.1.2. Kronecker limit formula

When n = 2 we have the following:

Theorem 1.2. (Kronecker limit formula) f(7,s) = Z(s,Y;) has a sim-
ple pole at s = 1 with residue ™ and has the Laurent expansion:

£(r,8) = = +2m(y — log 2 — log(y/g In(r)|%)) + O(s - 1).

Here v is the Fuler constant, n is the Dedekind eta function, and O(s — 1)
is the Landau symbol.

Combined with Hecke’s integral expression, we have the following for-
mula to study the behavior of (x (s, A) at s = 1:

Theorem 1.3. (Hecke’s integral expression + Kronecker limit for-
mula) Under the notation in Section 1.1.1, we have the Laurent expansion
at s=1:

2loge 1 2
Vik s—1 " Vix

where the constant term (b) has an integral expression:

p(b) = 2yloge — /:2 log{d}(/4(;\/__—i)l/2n(f)n(~f)}dgv-

Ck(s,A) =

(p(b) + O(S - 1)1

Here ¥ means complex conjugate of T.

This, together with its variations, is fundamental to investigate the L-
functions on a real quadratic field K associated with ring class groups or
ray class groups. This formula was the starting point of Meyer’s research.
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1.1.3. Holomorphic Eisenstein series in the Hilbert modular case

In his paper [He24], Hecke considered Eisenstein series of two complex
variables belonging to the Hilbert modular group associated with a real
quadratic field K. Let A be an (absolute) ideal class of K. Fix an ideal
a € A and an ideal class character xx such that for the principal ideal ()
its value is given by the signature xx((\)) = sgn(A\)*. He considered an
Eisenstein series

/
Gr(r, i AXk) = Y

(Cid)l
c=d=0(a)

N(a)*xx(a)
(C'r + d)k(c/,r/ + d/)k’

which defines a (holomorphic) Hilbert modular form of dimension —k (i.e.,
of weight k) if k > 3. Here (¢, d); means (c, d) runs over a complete system
of representative of non-associated pairs ((c, d) and {¢’, d") are called associ-
ated if (c,d) = ¢(¢/, d’) with some totally positive unit €). And when k =2
we need the method of regularization (Hecke’s trick). This Eisenstein series
has the Fourier expansion:

Gr(r, 7' A, xk) = Ae(A, xk)
+ By Z ck(v, A, xx) exp{2nvV—=1(rv — 7'V") /\/dKk},

v>0

with
Ac(Axe) = N@Fxe(a) 30 N(w™ = ek, 4,xx),

(1)1, u=0(a)
or)2k 1-2k
By = (_1)__, fde .

L'(k)?

Here c(= 2,4) is the number of non-associated units. Since, at least in
retrospect, it is not difficult to see that the coefficients ci(v, A4, x) are
rational numbers, it is natural to expect that the ratio Ax(A, xx)/BrXxk(a)
is also a rational number. (And this is the case for quadratic field by using
Dirichlet L-function.)

Anyway, Hecke did not seem to publish any proof of “Satz 3” in [He24].
However this paper contains two ideas: (1) to investigate the values of
Dedekind zeta functions or their variants at positive integers, one should
investigate the constant terms of appropriate Eisenstein series, and (2) write
the Dedekind zeta functions and related L-functions (or their values at nat-
ural numbers) as the Fourier coefficients of the hyperbolic Fourier expansion
of Eisenstein series along tori in SL(2) or GL(2).
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Note that these are both Fourier expansions: one is parabolic, the other
is hyperbolic. These appear repeatedly in the later papers by other math-
ematicians.

1.1.4. A generalization of complezr multiplication theory

In retrospect, we find that there is a more important paper [He21}, which
inspired the subsequent investigations by Meyer and other people. This
discusses the relative class number H/h of a totally imaginary quadratic
extension K over a totally real number field k. But he gave the proof only for
a real quadratic field k. The contents of [He21] belongs to a generalization
of complex multiplication theory.

1.2. Siegel

Some authors quoted the Siegel’s paper [Si22] as another source of the
problem. But the theme of [Si22] was to consider Waring’s problem for real
quadratic fields, and his interest was concentrated into “singular series” in
the sense of Hardy-Littlewood. One finds a comment in the last few pages
(pp- 152-153). Here he wanted to describe the asymptotic behavior of the
singular series, to show that the leading coefficient is a rational number. To
have this he needed a finite sum expression of the values of the Dirichlet
L-function associated with the quadratic character at the positive integers,
in terms of the values of Bernoulli polynomials at rational numbers. This
should be considered as a proto-type of generalized Bernoulli numbers later
developed by Leopoldt [Le58].

This kind of results appeared sometimes in the later papers on quadratic
forms by Siegel, which had been the main theme for him from mid-20’s until
mid-50’s. As far as we can see from his publications, there seems to be no
systematic discussion about this kind of problem up to the time of Tata
Lecture Note [Si61].

1.3. Herglotz

The first response to the paper [He21] of Hecke came from Gustav Herglotz
[Her23], whose main concerns were analysis and differential geometry but
also wrote several interesting papers on number theory. He tried to rewrite
Hecke’s integral (Theorem 1.1) in an elementary forms. The Dedekind sums
show up already in his paper as a summand in the sum expression of Hecke’s
integral. His method is to approach the two ends of Hecke’s integral to the
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cusps of SL(2,Z), which was later used by Siegel [Si61]. Other important
summand is written in terms of Gauss function 9(z) = & logI'(z). Almost
the same result together with a certain function F(z) (by the same symbol
as that of Herglotz by chance! or by medlocre7) was reproduced by Zagier
as a part of his paper [Za75].

1.4. Dedekind sums by Rademacher and others

Richard Dedekind (1831-1916) began the study of Dedekind sums which
appears in the transformation formula of the Dedekind eta function 7(r)
with respect to SL(2,Z). Hans Rademacher developed the investigation of
Dedekind sums, as found in his Collected Papers [Ra74] (the papers 26-29,
31, 44, 53, 56, 57, 59, 67) and in the monograph [RG72] of Rademacher-
Grosswald. The first motivation for him to investigate this seemed to be
the study of the partition numbers p(n) (or its generating function).

For our purpose, it suffices to review the part which is closely related
to the transformation formula of log #:

logn(r) = W\/_T + Z log(1 —

oo 00
IS S =),
m_lrl

The classical Dedekind sum s(h, k) is defined by

s<h,k>=§<<%>>-<<%>>= H(CY)

with

_Jz—lz]-1/2, fzx¢Z,
(@)= {0 ifz € Z.

ab

For an element M = (
cd

) € SL(2,Z), we define

b/d for ¢ =0,
(M) =
(a+d)/c—12(sgnc)s(d,|c|) for c# 0.
Then we can write the transformation formula of logn as

aT +by 1 2 et +d v/ —1
lo gn( +d) —logn(T)+§(sgnc) log( '_—lsgnc) +
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(cf. [RG72, Formula(60), p. 49]). An important result is the composition
law, given as follows ([RG72, Formula(62), p. 51]):

Theorem 1.4. ([Ra31)) If M" = M'M € SL(2,Z), that is,
all bl/ al bl a b
(C" d") = (cl d’) (c d>’

(M) = ®(M) + &(M) — 3sign(cc’c”).

then we have

This property of ®, together with the reciprocity law of the Dedekind sum:

1 1/h 1 k
k,h h - — -
stho) (k) = =3+ 55 (5 + 75 + 7).
is considered essential in elementary computation of the Dedekind sum, and
which is later generalized by Meyer [Me57b].
A start of this kind generalization is found in the paper of Apostol
[Ap50]. Here the function logn is replaced by a Lambert series:

Zn"’q"/(l —-q") = Z Z >1).

When p = 1, this is — log of the generating function of the partition p(n).
Here a generalized Dedekind sum:

k-1

sp(h,k) = Y T=By(hu/k)

mu=1

is introduced, where B,(z) is the p-the Bernoulli function, i.e., By(z —
[x]). The reciprocity law of sp(h,k) is given in [Ap50, Theorem 1] and
the transformation formula of Gp(7) is in {Ap50, Theorem 2|. There was a
missing term in the transformation formula, and this was corrected by Iseki
[Is57].

Remark. We try to pin-point the papers of Leonard Carlitz, which are
related to the Dedekind sums. His papers are sometimes quoted more often
than the papers of the initiative authors on the same particular themes. We
are at a loss before the numbers of his papers, and are forced to leave the
question for the readers themselves to find the adequate references among
his publications.
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2. From 1951 untill 1969

In 50’s there was a development to have class number formula of abelian
extension of real quadratic fields, mainly by Meyer. He evaluated the values
at s = 1 of the Hecke L-series Lk (s, x) for real quadratic fields K, starting
from Hecke’s integration formula. The final result is to have an expression
of Lg(l,x) as a product of power of 7 and a rational number which is
effectively computable by finite steps by utilizing Dedekind sums. A similar
result is discussed by Siegel in Chapter 2 of his Tata Lecture Note [Si61].

In 60’s this method was extended to the problem of the evaluation of
Lk (s,x) at positive integer s = m with an appropriate parity. This also
was initiated by Meyer [Me66] for the case of s = 2, and later extended to
general m by Lang [La68], Barner [Ba69] and Siegel [Si68].

2.1. Class number formula by Meyer and Siegel
2.1.1. Meyer’s monograph, [Me57a/

The study of Curt Meyer on the class number formula is mainly found in
[Me57a) and [Me57b). The former one, the book [Me57a) is an improved
version of his dissertation at Berlin in 1950, written under the guidance
of Helmut Hasse. The second one [Me57b] is his “Habilitationsschrift” at
Hamburg in 1955. These are very elaborated and important papers, but it
is not so kind about the explanation of the organization of its contents.

The book [Me57a] consists three chapters, but the main body is chapter
2 (Section 4-Section 13) in the total 15 sections of the title: “Kroneckersche
Grenzformeln fiir die L-Funktionen der Ringklassen und der Strahlklassen
in quadratischen Zahlkorpern und ihre Anwendung auf die Summation fiir
L-Reihen”.

Though it is true that he proved a number of applications of the
Kronecker limit formula to express the values of L-functions Lg(s,v) or
Lk(s,x) at s = 1, associated with an imaginary or real quadratic field
K and for a ringclass character v or a rayclass character x, a bit confus-
ing point is that all the titles of the sections from Section 4 to Section 13
have the same word “Kroneckersche Grenzformeln,” and do not indicate
the contents properly.

In the first two sections (Section 4, Section 5), he considered the case
of imaginary quadratic fields. Here are variants of the Kronecker limit for-
mula. The Laurent expansion at s = 1 modulo O(s — 1) of the partial zeta
functions associated with ring classes and ray classes are described by using
the “singular values” of certain elliptic modular invariants introduced by
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Hasse. This is a part of the classical theory of complex multiplication and
is known from the time of Kronecker, more or less.

We remark that a most substantial result from slightly different view
point is found in the paper [Ram64], which is the source of elliptic units.

From Section 6 to Section 13, the case of real quadratic fields is investi-
gated. But as we see soon Section 6 and Section 7 have no essential results.
To explain this it is better to use the table of the (infinite types) of the ray
class characters in Siegel [Si61, Chapter II, Section 5, p. 115]:

Type W] @) |ai)|@v)
Conductor at infinity 1| Poo |Poo P
The associated sign character| 1 I%%)L I_i\\_l I%I-

The characters of type (i) is discussed in Section 6 and Section 7. But he
had just introduced the notations of the integrations of elliptic modular
forms and pointed out that they have nice formal properties as “arithmetic
invariants” (pp. 48-50 in Section 6 and pp. 54-56 in Section 7). His origi-
nal and substantial results are Section 9—Section 13, the last 5 sections in
Chapter II of [Me57a]. This is the characters of type (ii) in the terminology
of Siegel [Si61].

Meyer’s finial end was to write the results in elementary ways. His in-
vestigation proceeded in 3 steps:

(1) Apply the integration formula of Hecke, to write the difference
Ck(1,A) — {k(1,A*) as a finite sum of the form log{f(M(7))/f(7)}
with some modular form f and with some element M € SL(2,Z) rep-
resenting units in Og. Here A and A* defines the same ideal class in
the wide sense, but distinct in the narrow sense (impizite Grenzformel,
Section 9, Section 10).

(2) The term are written in terms of some (generalized) Dedekind sums
(explizite Grenzeformel, Section 12, Section 13).

(3) These Dedekind sums are deeply investigated, among others their com-
position rules are studied [Me57b].

Siegel never discussed the last step (the (generalized) Dedekind sums)
in his writings. He also could not get essential results for the characters of
type (i), for which Meyer had no results.

To handle the ray classes, he needed the so-called “second Kronecker
limit formula” formulated by using ¢ functions of Weierstrass or Fricke-
Klein. The transformation formula of these o functions was discussed in Sec-
tion 11, and the multipliers of the transformation are generalized Dedekind
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sums.

Remark 1. We said nothing about Section 8 of [Me57a]. This is the cases
of characters of types (iii) and (iv). We shall remark again in the subsection
after the next.

Remark 2. Thus the essence of Meyer’s results is to give the relative class
number of the extension L/L¢ where L/K is an abelian extension and Lg
totally real and L its CM extension. Probably it is not unexpected, such
problem is described by generalized Dedekind sums.

Remark 3. The paper of Zagier [Za75] is quite instructive to understand
the essence of Meyer’s work (cf. [Za75, Section 4]). But the part of the con-
tinued fraction (Section 5) is probably strongly related to the composition
rule of the generalized Dedekind sums of [Me57b].

Remark 4. The book [Me57a] of Meyer is quite unreadable. Other people
around us (e.g., Shintani, Arakawa) had the same opinion. There are a few
reasons of this difficulty: say, it uses the symbols in the papers of Hasse; and
as a whole the organization of book is good, because significant results are
collected to the single chapter; but the most serious fact is that there is no
statement written as Theorem (Satz), Proposition, and Lemma (Hilfassatz).
This is also the case for other papers of him and his student Lang. The
readers have to find the important statements by themselves. And those
who want to quote them, they have the challenging jobs to point out the
important statements by the formula numbers.

2.1.2. Generalized Dedekind sums by Meyer [Me57b]

To treat the L-functions associated with the characters of the ray class
group, Meyer had to handle the transformation formula of elliptic modular
forms of higher level. Then we have a new multiplier in the transformation
formula different from Dedekind sums: this is generalized Dedekind sums
and the reciprocity law and the composition law are the theme of Meyer’s
paper [Me57b].

2.1.3. Class number formula by Siegel [Si61]

This is the theme of Chapter II, Section 5 of the famous Tata Lecture
Note [Si61] by him. In Chapter I of [Si61], he discussed not only the first
Kronecker limit formula for Eisenstein series f(7,s) of level 1, but also
the second Kronecker limit formula for the Eisenstein series for principal
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congruence subgroups of level f > 1. Here in place of the Dedekind 7
function, there appears the f-division values of the (odd) theta function
(T, u).

After recalling the classical results on Pell equation by Kronecker in
Section 1 of Chapter II, Siegel’s lecture proceeds in an almost parallel way to
that of the book of Meyer [My57a): application of Kronecker limit formula
to imaginary quadratic fields (including the comments to the results of
generalized Gauss sums by Hasse) in Section 2, an review of Hecke’s integral
expression in Section 3, real quadratic fields and ray class characters x of
type (i) in Section 4, and real quadratic fields and ray class characters x of
type (ii) in Section 5; and gives essentially the same results or non-results.
But his presentation and the arguments of the proofs are very lucid.

(A) The case of ray class characters x of infinite type (i)

The main result of this case is the following:

Theorem 2.1. ([Si61, Theorem 11]) Let K be a real quadratic field with
discriminant di and § an integral ideal. Fiz a number v € K such that

(7Vdk) has exact denominator §, that is, (v) = q/§(v/dk) for (q,§) = 1.
For a ray class character x with conductor § # (1) and infinite type (i), the

value Lk(1,x) is given by

1 75 dr
1 = — Y 2
LK( vX) T EB:X(B) LO lOgl(,O(’LLB,UB,T)l FB(T)’

where B runs over all the ray classes modulo f and for each B, we choose
bp = Zp1 +ZB; € B and put ug = tr(B17), ve = tr(B2y), and w = B2/0;.
Here 1y is any fized point in § and 7§ = (am0+b)(cro+d) ™! is the modular
transform of 1o determined by bg: €2 = aBy +bB1, €6, = cBo+dB3;. T is
certain exponential sum and the functions p(u,v,7) and Fp(t) (T € 9) are
given as

H(v — ur,7)

o(u,v,7) = exp{mv/~1u(ur — v)} 7(7)

vk

w—w

9

Fp(r) = (T-w)(T-w)=am? + b7+ c1

with a primitive form a17% 4+ b7 + ¢1 satisfying ay > 0, b? — dajc; = dg.

The point here is that there still remains the integration of
log |¢(vB,up, )| which is a transcendent and is not evaluated in an ele-
mentary way. So it gives no essential new results, because this is simply



History of the Special Values of Zeta and L-Functions 213

a paraphrase of Hecke’s integral formula (the same as [Me57a, Section 6,
Section 7]). The difference is that Siegel mentioned the method of Herglotz.

Remark. This direction seems to be still a dead-end until the present, as
far as we know. The point s = 1 is not critical value in the sense of Deligne
(Corvalis, 1979).

(B) The case of ray class characters x of infinite type (ii)

In this case, Hecke’s integral expression leads the following:

Theorem 2.2. ([Si61, Theorem 12]) Let x be a ray classes character
of conductor § with infinite type (ii). Under the same notation in Theorem
2.1 we have

2
T
L(l,x) = —= ) x(B)G(B),
(1, = 7= SRBIG(E)
where the summation is over all ray classes B modulo f and

G(B) =

v(B) {[1°g<P(UB,vB’T)]:§a o Jori# (1),
2ri " | [log(v/(T — W) (T — W) n*(ro))le,  for f=(1).

Here v(01) = N(51)/|N(£1)].

The next step is to compute the value [log p{ug, UB,T)]:E which is a

rational number € T—;—f-Z with f = N(f).

Theorem 2.3. Under the same hypothesis and notation as above,

6(B) = i) {Patus) 214 - 5 p, (BB (BEvE ) )
k=0

[ C

where ugp = vg = 0 for f = (1). Here Pi(x) is the Bernoulli function
periodic modulo Z such that P1(z) = z — [z] — % if 0z < 1, and the
constant v(f) is equal to 3 if f = (1) or to 0 otherwise.

Siegel’s proof basically uses the idea of Herglotz, to approach zp to oo
and 2} to another cusp. We do not write here the exact formula, but his
computation is used again in [Si68] in the computation of the special values,
and here appears a “Lambert series” at least implicitly, which is an iterated
indefinite integral of a holomorphic Eisenstein series.
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2.1.4. The case of the ray characters of infinite type (i), (iv): An
unsolved problem by Meyer and Siegel

If one reads the arguments of Meyer and Siegel, one finds that there is one
difficult case that is not completely solved either by Meyer or by Siegel.
This is the cases of character type (iii) and (iv). In Meyer [Me57a], this
case is handled in Section 8 (pp. 56-66), however the formula involves the
terms which are expressed by modified Bessel functions. As far as we know
no one gave any algebraic expression of Lg (1, x) in this case, and probably
it may not have such expression. There is a paper by Shintani [Shin77a] to
write the special values Lg (1, x) for this type of x by using Barnes’ double
gamma, function I's.

2.2. Leopoldt, 1958, 1962

We cannot say much about the work of Leopoldt here. But in his survey ar-
ticle [Le62|, he discussed generalized Bernoulli numbers, p-adic L-functions
and their values at s = 1, and integral basis of the integer ring of the
abelian extensions over Q in terms of Gaussian sums. These become the
proto-type of subsequent generalization for other algebraic number fields.
In the introduction of this paper, the author, quoting the paper of Hasse at
1952, mentioned the so-called “Hasse’s program,” which seems to mean the
attempt and effort to have effectively computable way to have arithmetic
invariants of algebraic number fields.

2.3. Klingen’s papers, 1962

There are two papers [K162a] and [K162b] related to our theme. The main
theorem of the first paper [K162a] is the following:

Theorem 2.4. Let K be a totally real algebraic number field of degree n
with discriminant dg. For a natural number k let xx be a character of the
ideal class group of K in the narrow sense such that its infinite type is given
by xk((@)) = N(a)* for principal ideals (). Then for the partial Dedekind
zeta function of any given ideal class A, we have

Cr(k, A, xe) = 7" Vdg xi(a)r  (a € A)
with a rational number r, if either of the following two conditions is satisfied:

(1) k is an even natural number,
(2) k is an odd natural number > 1, and any unit of K has positive norm.
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He used Eisenstein series which are Hilbert modular forms over K
defined as follows. Let K = KU ... K™ be conjugations of K and
7 = (7MW, ... 7)) be n independent complex numbers in the upper half
plane. As in Section 1.1.3, we define an Eisenstein series

' N(@)*xk(a)

Gk(T7A7Xk) = N(CT+d)k

(a € A).

(c,d)r
e=d=0(a)

If £ > 2, it converges uniformly in any compact subset of 7’s, and defines

a holomorphic Hilbert modular form of weight k. When k = 2 we can use

the regularization procedure of Hecke [He24] to start with
' N(a)*+2sx (a)

G 3 Aa ) =

sDAXED = D N RN er + )

(cvd)l
c=d=0(a)

for Re(s) > 1—k/2. Then the constant term of this is given by e {kx (k, A, x&)
with the index e of the subgroup of totally positive units in K in the whole
unit group, and other Fourier coefficients are the common constant

(=2mv/=1)F" N (a)k~xi(a)
Vg ((k - 1)H"

times natural numbers which are generalized sum of divisors. If we normal-
ize Gi(7, A, Xk, s) by the last constant, the new series has rational Fourier
coeflicients except for the constant coeflicient. Klingen showed this remain-
ing coefficient is also rational by elimination method, since the graded ring
of Hilbert modular forms is finitely generated by Hans Maass’s result.

Later Siegel [Si69] gave a modified proof, reducing the problem to the
structure of the graded ring of elliptic modular forms over Z, by pulling-back
Hilbert modular forms to elliptic modular forms by utilizing the diagonal
modular embedding.

(a € A)

Remark. Klingen suggested yet another argument to use the volume for-
mula of the fundamental domain of Siegel modular groups and the Gauss-
Bonnet formula for V-manifolds in the sense of Satake, to settle the case of
Dedekind zeta functions. This method gives a shaper result to control the
denominator of the rational factor r.

2.4. On the values of L-functions by Meyer, Lang, Barner,
and Siegel

The special values of ring class L-functions for real quadratic fields of certain
infinite types were discussed by Meyer [Me66], Heinrich Lang [La68], and
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Kurt Barner [Ba69]. The strategy of them are almost the same as that
for the class number formula, and the results are described by the similar
invariants.

Siegel [Si68] gave the explicit formula for the ray class L-function for
the same infinite type by different method. Katayama [Ka76] also treated
the same problem by the method related to Barner [Ba69].

2.4.1. Meyer, Lang, and Barner

Meyer [Me66] discussed the values Lg (2, x) for x of type (i). His student
Lang [La68] considered the case of absolute class group in the narrow sense,
and Barner [Ba69] the case of ring class group and they expressed the values
L (2k, x) for x of type (1) and Lg(2k + 1, x) for x of type (ii) in terms of
generalized Dedekind sums.

The method is in common with these three papers. They start from
Hecke’s integral expression and the explicit calculation of the iterated prim-
itives (i.e., the iterated indefinite integrals) plays the key role technically.
These are given the name Lambert series. Among others the paper [Ba69] is
written in the natural order to make the pass-way of the logic very clear, so
that it is most readable, in spite that it is quite computational. The latter
half of [La68] is devoted to give many examples of computation of L (2, x).

Remark. As far as we can see, there is no discussion about an elementary
way to compute their new kinds of generalized Dedekind sums.

2.4.2. Siegel

To state the main result of Siegel [Si68], we recall the definition of partial
zeta functions.

Let b and f be two relatively prime integral ideals in Og. The partial
zeta function to the ray class b modulo f is defined by

Ck(s,b,f) = D) N(a)™,
az=bmodf
where a runs over all integral ideals in Ok which are in the same narrow
ray class as b modulo f.
Let K be a real quadratic field. Put a := b(0f) ™!, where 0 is the different
of K and choose an integral basis wy, ws of a such that —wq/w; = w > w'.
Let e5(> 1) be the generator of E;r , the set of totally positive units in K

congruent to 1 modulo f. Since €5a C a, there exists o = (Z 2) € SL(2,2)
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such that esw; = dw; — cw; and gfwy = —bw; + aws.
Then the functional equation for the partial zeta function implies that,
fork=1,2,...,

exp 27/ —1tr(p)
1-k5,§)=1L E —_—
Cr ( f) k e N(u)k
pmod Ef+

1 exp2my/—I{mtr(w;) + ntr(wz)}

(m — nw)k(m — nw')*

= Lk:
(m,n)ez?

with some constant Ly depending on k.
As in the proof of Hecke’s integral expression, Siegel expressed it as an
Fichler integral (he did not use the word) in [Si68, Hilfssatz 1],

Gae(1 =k 6,f) = Li [ Bulastrtun), r(ua) Q(e)* s,

where zp is any point in the upper half plane, z§ = o(zo),

il exp 27/ —1(mu + nv)

Ex(z;u,v) = (nz — m)2F

m,n=—00

is the Eisenstein series of weight 2k for the congruence subgroup I'( N (f)),
and Q(z) = (w2 + w2)(w] z + wh). By evaluating the above integral, Siegel
obtained the following:

Theorem 2.5. ([Si61]) Under the above notation, fork =1,2,...,

Gt~ ko) = (D4 () smntunu)

2k-1 c2k—i—1

x Z .21(%_1)1{(1)( )
X Z Pi(a +U)P2k z(u:l>,

I (modc)

where,
Ry(z) = Q(z)*1dz
~d/c
and u = tr(w), v = tr(wy). When k =1 and f = (1), the correction term
—1/4 should be added.
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Since Q(z) is a quadratic polynomial in z, by the integration by part,
the FElichler integral is written in terms of 2k — 1 times iterated indefinite
integral (i.e., the Lambert series of Meyer, Lang, and Barner). It becomes
a Dirichlet series co + Y oo ; can!~2* with coefficients c,, each of which is
a finite sum

2k—-1 .
3 ()™ RE™ (z) gV ()3,
m=1

with

27V -1In(v+(u-1/2)z) +e—27r«/—_1n(u+(u——l/2)z)
gn(2) = e—mv/=Tnz _ gnv/—Inz :

Then the similar proof of the formula of Lk(1, x) is applied to get Theorem
2.5.

3. From 70’s to 80’s
3.1. Shintani

After the work of Meyer and Siegel, the next breakthrough was brought
by Takuro Shintani [Shin76], [Shin77a], [Shin77b]. In his famous paper
[Shin76], Shintani suggested an ingenious idea to evaluate the special val-
ues of partial zeta functions at nonpositive integers for arbitrary totally
real number fields.

Further, in the next papers [Shin77a], [Shin77b], ([Shin76]) he applied
the method developed in [Shin76] to study Lx(1,x) in the case where x
splits at most one real prime, and expressed it in terms of Barnes’ multiple
gamma, functions (multiple sine functions). Especially in [Shin77a], unsolved
cases (Section 2.1.4) of Lg(1,x) for real quadratic fields K are settled.

3.1.1. Ezplicit formula of (x(1 —m,b, ) by Shintani

The evaluation of (x (1 —m, b, f) consists of two steps. In the first Shintani
introduced a new zeta function {(s, A, ) which can be regarded as a gener-
alization of Hurwitz zeta function. He proved the analytic continuation and
expressed its special values in terms of certain generating function which is
a generalization of generating function of Bernoulli numbers.

In the second step, which is the core of his idea, along the cone decom-
position of R%} (n is the degree of K) he wrote the partial zeta function
Ck(s,b,f) as a finite sum of his (sector) zeta function ((s, A, z), and thus
arrived at the explicit formula.
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We review these arguments more precisely. Let A = (a;) be an r x m
matrix (r < m) with positive entries. For z = (z1,...,2,) € C" and s € C,
Shintani defined a zeta function:

¢(s, A, z) := Z l_I{ZaLU nz+x,)}

ny,y...,m-=0j=1 i=1
When r =m =1 and A = 1, it coincides with the Hurwitz zeta function
Sone o(n+x)7%, equivalently a partial zeta function of Q. As in the classical
argument for Hurwitz zeta functions, he proved the following:

Proposition 3.1. ([Shin76, Proposition 1]) The zeta function (s, A, z)
converges absolutely for Re(s) > r/m and is continued to a meromorphic
function on the whole s-plane. Moreover the special value at s = 1 — k
(k=1,2,...) is evaluated as

m
Br(A,1—2)®
1—k A 1) = (=1)k-1)p—-m ZRM
1k Az) = ()mEDk ; —,
where Bi(A,9)Y (k)™ is the coeffi-
cient of u(k'l)m(tl cooty_ytipg - t,)E1 in the Laurent expansion at the
origin of the generating function

ﬁ exp(uy; 37., aijt;)
+rexp(ud it agity) — 1
Let us relate {x (s, b, f) with {(s, 4, z). We immediately have

¢k (s,6,§) = N©B)™* Y N(w)™,
n

=1

where the summation is over all totally positive numbers in K which satisfy
g — 1 € b71f and are not associated with each other under the action of
the group E;’ , totally positive units in K congruent to 1 modulo f. Keeping
this in mind, we decompose the set of totally positive elements V, of K
which can be seen a subset of R7}, under the action of E‘f+ . Then

U L’uC’j

uEE#’ jed
where C; = C(vj;,...,v5,,,) = {Zzg t;v; | t; > 0} is an open simplicial
cone with generators vj,,...,vj.,, € f and §J < oo . According as the

decomposition above, Shintani obtained the expression

Ck(s,6,f)=N®)™*Y > ((s,45,3)

J€J zeR(5,0—1f4+1)
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Here A; € M(r(j),n) whose (I, m)-th entry is the m-th conjugate v](.lm) and
for each subset S of F, R(j,5) is the set of £ = (z1,...,2,(;)) € QM
satisfying the conditions (i) 0 < zx < 1 and (ii) Z,’;gi zrv;, €85,

Combined with Proposition 3.1, he reached the following:

Theorem 3.1. ([Shin76, Theorem 1]) Under the above notation,
Ck(l—m,b,f) =m ™ "N(B)™ ' > (-1)"@ 3" Bu(4;,2).

jeJ z€R(j,b-1f+1)

As a corollary to Theorem 3.1, Shintani reproved the rationality of
¢k (1 — m,b,f) and also applied it to real quadratic fields, to derive the
formula of Siegel (Theorem 2.5).

3.1.2. Kronecker limit formula

Now we explain Shintani’s contributions to Kronecker limit formula. Let x
be a character of the narrow ideal class group Hg (f) modulo f of K. For
z € Ok satisfying z = 1 (mod f), we have

x((@)) = ] sen(z®)=.
i=1

Here z( (1 < i < n) is the i-th conjugate of . Denote by a(x) = Y a;
and b(x) = n — a(x). Hecke’s functional equation for Lk (s, x) is

€x(s,x) = W00Ek (L - s,x71),

where
£k (s,x) = A°T(s/2)" T ((s + 1)/2)*® Lk (s, x)

with A = /|dg|N(f)/m™ and W(x) € CW. It implies that the study of
Lk(1,x) is reduced to the b(x)-th derivative of Lk (s,x) at s = 0, hence,
that of (s, 4,z) at s =0.

To describe Shintani’s result, we recall Barnes’ multiple gamma func-
tions [Bar04]. For w = (w1,...,w,) € R and z > 0, define the multiple
zeta function (. (s,w,z) by

o0
¢r(s,w,z) = Z (z + mywy + -+ + mpwr) 5.
My, Mpr=0
It is known that ¢, (s,w,z) converges absolutely for Re(s) > r and is con-
tinued to a holomorphic function on whole s-plane except for the simple
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poles at s = 1,2,...,7. Define the function p,.(w) and the multiple gamma
funetion 'y (z,w) by

—logpr(w) = lim {(Z(r(s,w,z),s:o-i-]ogm},

T—+0
g;(,(s, w, x)L=O: log(%f%%)l) .

When r = 1, it is essentially the usual gamma function: T’y (z,w)/p1 (w) =
(v2m)~'T'(z/w) exp{(z/w—1/2) logw)}. Shintani represented the derivative
¢'(0,A,z) at s = 0 in terms of I'y(z,w). Therefore combined with the
decomposition of Lx (s, x) along the cone decomposition, he obtained the
following:

Theorem 3.2. ([Shin77b, Theorem 1]) Let x be a primitive character
of f which splits only one of n real primes (i.e., b(x) = 1). Then

Li(1,%) = % ST x

ceHk (f) jeJ z€R(Cjc)

x { log ﬁ T, () (Tm, A™)
p(AM™)

m=1
1 ( 1)7‘(]) Z C (A © Blk (mk)
; 1 ) H y
= (ll! v )
where A§~m) denote the m-th row vector of Aj, l,...,l run through the

nonnegative integers satisfying ly +---+ 1, =1 and

Cd)= > / {H ai; + aieu)i Hal i

1<j, k<n, j#k
for A = (ai;).

Shintani [Shin76, Theorem 3] also find an explicit formula in the case
b(x) = 0, and which can be thought as an answer to Hecke’s conjecture
on relative class number of totally complex quadratic extension of totally
real number field ([He21]). Further, the case of n = 2 with b(x) = 1 was
deeply investigated in [Shin77a] and [Shin78] with numerical examples. He
considered double gamma functions (double sine functions) play an im-
portant role in the construction of class field and proposed an conjecture
related to Stark’s conjecture.
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3.2. Rewision in terms of Fichler integrals

Larry J. Goldstein [Go80] re-proved the formula of Siegel for partial zeta
function (Theorem 2.5) in the framework of Eichler integral which was
studied by Eichler [Ei57] and Shimura [Shim59]. The technique used in
Goldstein’s paper are familiar ones, however, his argument is clear and
conceptual.

Let us recall some fundamental facts about Eichler integrals [Ei57],
[Shim59], {Go80]. Let h be an automorphic form on §j of weight n + 2
for a Fuchsian group I' (assumed to have the cusp ico). The FEichler in-
tegral H(z) of h is an (n + 1)-fold iterated integral of h. There are many
choices for such integrals, in particular, we may choose

a zn+1+( A )"Hi Am _ 27/ ~Tmz/A
2my/—1 ( mt ’

where h(7) = o A €2V =Im7/X is the Fourier expansion at the cus
m=0 P 1Y
100.

For any Eichler integral H(z) and ¢ = (Z Z) €T, set

So(2) = H(0(2))j(0,2)" — H(2),

with j(o,z) = (cz + d). It is known that S,;(z) € Cy,|z] (=polynomials in
z of degree < n), which is called the period polynomial. Moreover, if we
denote by S,(z) = (2", 2""1,...,1)S(0) with S(o) € M(n +1,1,C), the
cocycle relation holds:

S(o1) = *M,(1)S(0) + S(r) (0,7 €T).

Here M,(0) € SL(n+1,R) is the matrix of the n-th symmetric tensor rep-
resentation of SL(2,R). This relation is a consequence of the automorphy
of h.

The target in the paper [Go80] is (transformation formula of) “general-
ized Eichler integral”

G(z,p) = /z h(t)p(t)dr  (p(z) € Cp[2]).

Proposition 3.2. ([Go80]) If p(c(z))j(c,2)" = p(z), the quantity
tPP;15(o) does not depend on the choice of Eichler integral and

G(o(z),p) — G(z,p) = n!*PP;15(0).
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b
Here p(z) = (z",2""%Y...,1)P and P, = with p; =

n+1
e (j . 1)'

Therefore the task is reduced to compute the period polynomial for
some Eichler integral of the Eisenstein series Ex(z;u,v) (see Section 2.4.2),
that is,

Ho(0(2))j(0,2)*** - Ho(2),

which is essentially the same as the transformation of Lambert series in the
work of Meyer, Lang and Barner.

Goldstein expressed the constant term of Ho(z) by inverse Mellin trans-
formation of finite sum of certain zeta functions (the product of partial
L-function of Q). By shifting the line of integration and applying the func-
tional equation of the above zeta function, the period polynomial is com-
puted by the residue calculation. We remark that this “Mellin transform
technique” was also used in the proof of the transformation formula for
log(n(z)) by Apostol [Ap50] and Goldstein and de la Torre [GT74].

Remark 1. Here we remark that constructions of p-adic L-function over
number fields. Coates and Sinott [CS74] considered this problem based on
Siegel’s formula for real quadratic fields. For totally real number fields, it
was established by Deligne and Ribet [DR80] (see also [Ri79]) by using
Hilbert modular forms, and by Barsky [Bars77] and Cassou-Nogués [CN79]
by utilizing Shintani’s results.

Remark 2. Halbritter gave an explicit formula for (x(k, A) with k > 2 for
real quadratic fields [Ha85a], and totally real cubic fields [Ha85b], [Ha88].
His method is elementary and related to Siegel’s approach [Si75] and uses
some reciprocity laws of generalized Dedekind sums (cf. [Ha85¢]).

Remark 3. Here we can not afford to describe the work of Hirzebruch and
Zagier [HZ74] on a relation between Dedekind sums and geometry.

4. After 1990, cocycles on GL(n,Q)

Around 1990, new approach was introduced by Glenn Stevens [St89] and
Robert Sczech [Sc92], [Sc93]. Both of them and later David Solomon [S098],
[S099] constructed certain universal 1-cocycles on the group GL(2,Q) by
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different methods and showed that the special values (x(s,b,f) at inte-
gers admit a cohomological interpretation. Roughly speaking, these author’s
work consists of the following contents:

(1) construct a cocycle,

(2) describe the link between the cocycle and the special value of partial
zeta function,

(3) express the cocycle in terms of generalized Dedekind sums.

When (1) and (3) are established, the cocycle property implies the reci-
procity law of the resulting generalized Dedekind sum, for example, the
classical reciprocity law or its generalization by Rademacher and others
(cf. [RG72]), and more generalized ones are re-proved in these papers.

Moreover, with the aid of the cocycle relation, one can design an effi-
cient algorithm for the computation of special values. Some of numerical
examples are given in [CGS00] and [GSO03].

4.1. Stevens

Stevens [St89] proposed to investigate the Eichler integrals similar to Gold-
stein from the viewpoint of modular symbols in the sense of Manin [Ma72],
Mazur-Swinnwerton-Dyer [MSD74]. Among others Stevens defined certain
cocycle on GL2(Q).

4.2. FEisenstein cocycle by Sczech

Sczech’s starting point was to focus the period

AT
/ S (mz )2z, (A€ SLR2,Z), 7€) )
of an Eisenstein series of weight 2. The integrand of () does not converge
absolutely, and the handling of this kind sums is attributed to Eisenstein
by Weil [We76]. We are ignorant who justified firmly the argument to eval-
uate (ff) as logn(r) — log n(Ar), which is heuristically natural, that can be
expressed by (classical) Dedekind sum. On the other hand, according to
“Hecke’s trick,” () is related to {x(1,b, ).
To avoid some difficulties in treating the period (f), Sczech considered
the series

/ AT — T
"ZL:’n (mAT + n)(m7T +n) ®)
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which arises from (f) by termwise integration.

This series is more manageable than the integral (h), and especially
it can be discussed with a real analytic method, though still it converges
conditionally. Then we should specify a limit process, which Sczech called
“Q-limit.” Here Q is some fixed nondegenerate binary form. In the case of
(h), it means that the summation is taken so that lim;_, o Z,Q(m’n)' <t

The cocycle () itself was already well-known (see Schoenberg’s book
[Sch74]). But Sczech emphasized the advantage of its extension to GL(n)
(n > 2) and in his paper [Sc93], which was ingeniously achieved while
cocycles of Stevens and Solomon are not at hand now.

Following [Sc93] (see also [GSO03]), we briefly recall the definition of
Eisenstein cocycle for GL(n,Q). Let A = (4,,...,4,) be an n-tuple of
matrices A; € GL(n,R) and A;; the j-th column of A;. Then for nonzero
z € R™ and each A;, there exists at least one A;; such that (z, A;;) # 0
and denoted by A; ;; the first column in A; with this property. Define

 det(Arg,, .. r Anj)
w(A)(x) o <1:7A1,j1; T ('T, Aﬂjjn) .

To evaluate the special values (x(s,b,f) at non-positive integers, we con-

sider an action of a differential operator P(—9/0z;,...,—0/0z,) with a
homogeneous polynomial P(Xj,...,X,) on ¥(A)(z):
15} b7}
YAP2) = P55 ) U(A)a).

Now we can define the Eisenstein cocycle U by averaging them over the
lattice Z™:

T(A)(P,Q,v) := (2my/—1)~"—deeP Z exp(2mv/—1{z, v) ) (A) (P, z) 0
TEZL"
Here v € R™ and |¢ means the Q-limit.

Since we are now interested in the special values at non-positive inte-
gers, the exponential function is multiplied. When we treat the values at
positive integers, it does not appear and the sum is taken over Z™ + u, and
the resulting cocycle is called trigonometric cocycle. This cocycle was in-
troduced in [MS79] and discussed in [Sc92] for n = 2. The results of [Sc92]
and [Sc93] are summarized as follows:

Theorem 4.1. ([Sc92], [Sc93]) (i) ¥ represents a nontrivial cohomol-
ogy class in H" *(GL(n,Z),M) where M is the set of all C-valued
functions f(P,Q,v) and on which GL(n,Z) acts by Xf(P,Q,v) =
det(X)f(*XP,X71Q,X ') for X € GL(n, Z).
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(i1) For suitable choices of (A, P,Q,v), the Eisenstein cocycle ¥ repre-
sents the special values of partial zeta function at non-positive integers.
More precisely, we denote fb=! = 3 Zw; with the dual basis {w}} de-
termined by tr(wjw;) = 1 and define P(X) = N(b) - N(3_; X;w;),
Q(X) = N(3; X;w;) and v = (v;) € Q™ with v; = tr(w]). Let p : E+
SL(n,Z) be the map defined by p(e) = W*diag(s(l),...,e("))(W*) wzth
W* = (w)D) and set A; = p(e;) with B = (€1,...,6n-1). Then

CK(I - § b’f) =N Z Z Sgn(ﬂ')

c€Et/E} T€Gn1
X \I’((l; Al; A1A21 vy Al Tt Aw(n—l)))(Ps_ly Q,p(E)’U).

Here n € {#1} is determined by n = (—1)""1sgn(det W)sgn(det(log sgj))).
(iil) ¥ can be expressed by finite sum of generalized Dedekind sums, which
can be explicitly given, if the datum (A, P,Q,v) is specified.

Roughly speaking (i) and (ii) follows from the way of construction of
V. In the proof of (i}, the most important and difficult part is to control
the @-limit which is necessary (only) for the special value at s = 0. The
“Q-limit formula” is studied in Sczech’s dissertation [Sc82] for n = 2 and
the latter part of [Sc93] for general n. For example,

Z exp 2my/—1(p1v1 + pav2)

tlim .
00
(p1,p2)€Z? Prpz

|Q(p1,p2)I<t

/TR
- %Pk(vl)ﬂ(vz) +5(Q)

where
' e21r Vv-1my

Puly) =
k(y) 27T \/—" k Z
is the periodical Bernoulli function and the error term

72— 2N larg%i| i (vi,v2) € Z2 and k=1 =1,
S5(Q) = : )
0 otherwise.

with Q(p1,p2) = [[1Z, (cup1 — Bip2).

The explicit formulas given in [Sc93, Theorem 6.7] are certainly effective,
though, are rather complicated to perform practical computations for given
datum. He emphasizes that the reason is the cocycle property is not used
to find them.
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Let us observe how the cocycle relation reduce the task in the case of
Ck (0, b, f) for a real quadratic field K. For the purpose, we should compute

(:())oes

1
= 521’2 (’U2) ——Pg (C’Ul -— a'U2 Z Pl (

j(mod c)

=)p (o122 0)

If |c| is not small, the number of the last sum is not suitable to evaluate.

Then we apply the Euclidean algorithm to the first column of A = (Z 2)

and obtain a decomposition

b, —1
A=B;---Bn, Bi—(l O)'

Thus the cocycle relation ¥(AB) = ¥(A) + A¥(B) leads to

U(1,A4) = Z—(B1 .. B;)¥(1, Biy1).

=0

At a rough estimate, the order of N is log |¢|, therefore, the number of terms
is reduced from |c| to log|c].

In the recent paper [GS03], Gunnells and Sczech introduce a higher
dimensional Dedekind sum D(L,o,e,v) inspired by the definition of the
Eisenstein cocycle. For a lattice L of rank | with L* = Homgz(L,Z), 0 =
(01,...,00) € (L) (r 2 1), atuple e = (ey,..., ) of positive integers and
v € L* ® R, define

(271,\/'—_ Yoei / exp(27r\/?1-(:v, U)) ,

<:L', 01)&; cen <$’ a'r>2r

D(L,o,e,v):

z€L

where (, ): L x L* — Z is the canonical paring. If e; = 1 for some j, the
above series converges conditionally, then the Q-limit is applied to define D.
The reciprocity law of the new Dedekind sum is derived and combined with
a refinement of the modular algorithm of Ash and Rudolph [AR79], they
estimate the number of terms. As an application of their effective algorithm,
some of numerical examples of {x(0,b,f) are computed in [CGS00], where
f = NOyg with various integers N and b = Ok for cubic or quartic fields
K.



228 T. Ishii & T. Oda

4.3. Shintani cocycle by Solomon

Solomon defined another cocycle on (P)GL(2,Q) which he called Shin-
tani cocycle. His method is algebro-combinatorial and is closely related to
the work of Shintani [Shin76] as the name indicates. The starting point
of Solomon’s work is the modification of the generating functions which
appear in Shintani’s explicit formula.

Let A be a rank 2 lattice in R? and x € R?/A. The symbols t and s
denote A-rational rays emananting from the origin in R?, that is, equiva-
lence classes for the multiplicative action of Q’ on Q A\{0}. For the above
datum with v # 45 and z = (21, 22), define

ﬁ(A,x, t,6;2) i= ZaExﬂP(r,s) e .
(]_ — ez.r)(l — ez.s)
Here we have chosen r € tN A and s € s N A and P(r,s) denotes the
half-open parallelogram

P(r,s):={pr+vs|p,v€R,0<p<1,0<v <1}
The Shintani function P is defined to be the mean of P:

P(A)x,t,5;2) = —;-sgn(rls2 — ra81)(P(A,X,,5,2) + P(A,x,5,1;2)).

Here (r1,72) € v and (s1,52) € 5. Let P(A,t,s) be a map R?/A > x —
P(A,x,¢,5;2) and define the Shintani cocycle ¥, by

U (M) := P(Z?,¢, M¥)

for M € GL(2,Q) and the fixed ray t.

The cocycle relation follows from the “Juxtaposition Lemma” ([S098,
Lemma 2.2]) and the connection between the Shintani cocycle ¥(M) and
the special values of zeta function is essentially guaranteed by the work of
Shintani. The procedure of finding an explicit form of Shintani function in
terms of generalized Dedekind sum is relatively easy thanks to the way of
definition of it, and we need no difficulty such as the Q-limit argument in
the paper of Sczech.

As an application, essentially due to the cocycle properties of Shintani
_ functions, Solomon discusses a new proof of Halbritter’s reciprocity law for
generalized Dedekind sum [Ha85c].

Extension to general n is attempted by Hu and Solomon [HSO01]. They
introduce a new parametrization of simplicial cones instead of “generating
rays” in 2-dimensional case, and succeed the constructions of cocycles in
case of n = 3, and n > 4 for generic cones. They also evaluated the cocyles
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in terms of generalized Dedekind sums, though, degenerate cones for n > 4
is not achieved obstructed by the combinatorial difficulties.

5. Further problems

Summing up the known results up to the present time, we have a table:

n=[K:Q] n=2 n>3
gf:g:lr [[Shi’ifﬁf]’ Shintani [Shin77b],
Shintani [Shin77a] .
Meyer [Me66], Lang [La68],
Barner [Ba69], Siegel [Si68],
Sczech {Sc92], Solomon [So98]

class number
formula

Shintani [Shin76],
Sczech [Sc93]

special values
atk>2

Note here that the above problem is concerned with the case of critical
values in the sense of Deligne. There seems to be a big problem at &,
and the method of Sczech and Solomon seems to be difficult to apply: for
arbitrary totally real number field K of degree n > 3 and pair of abelian
extensions L/Lg over K such that Lo is totally real and L a CM-extension
of Lo, find an effectively computable formula of the relative class number
hr/hL, in terms of something like hyper Dedekind sums. The method of
Shintani is universal and quite powerful even for numerical computation,
but the multiple gamma functions would not be elementary functions.

References

Introduction

Ar82. Arakawa, T.: Generalized eta-functions and certain ray class invariants of
real quadratic fields. Math. Ann. 260 (1982), 475-494.

Ar85. Arakawa, T.: On the Stark-Shintani conjecture and certain relative class
numbers. Automphic forms and number theory (Sendai, 1983) pp. 1-6, Ad-
vanced Stud. Pure Math. 7, North-Holland, Amsterdam, 1985.

Ar88. Arakawa, T.: Dirichlet series Y oo ; cot mna/n®, Dedekind sums, and
Hecke L-functions for real quadratic fields. Comment. Math. Univ. St. Paul.
37 (1988), 209-235.

Ar89. Arakawa, T.: Special values of L-functions associated with the space of
quadratic forms and the representation of Sp(2n,Fp) in the space of Siegel
cusp forms. Automorphic forms and geometry of arithmetic varieties, pp.
99-169, Adv. Stud. Pure Math. 15, Academic Press, Boston, MA 1989.

Ar93. Arakawa, T.: A note on the Hirzebruch sum. Comment. Math. Univ. St.
Paul. 42 (1993), 81-92.



230 T. Ishii & T. Oda

Ar94. Arakawa, T.:. On special values at s = 0 of partial zeta-functions for real
quadratic fields. Osaka J. Math. 31 (1994), 79-94.

Section 1. Before 1950

Hel7. Hecke, E.: Uber die Kroneckersche Grenzformel fiir reelle quadratische
Koérper und die Klassenzahl relativ-Abelscher Korper. Verhandl. der Natur-
rforschenden Gesell. i. Basel 28, (1917), 363-372; “Mathematische Werke”,
10, pp. 198-207, Vandenhoeck & Ruprecht, Gdttingen 1959, 2. Auflage, 1970.

He21. Hecke, E.: Bestimmung der Klassenzahl einer neuen Reihe von algebrais-
chen Zahlkérpern. Géttingen Nachr. (1921), 1-23; “Mathematische Werke”,
15, pp. 290-312, Vandenhoeck & Ruprecht, Géttingen 1959, 2. Auflage, 1970.

He24. Hecke, E.: Analytische Funktionen und algebraische Zahlen, Zweiter Teil,
Abhandl. Math. Seminar Hamburg. Univ. 3 (1924), 213-236; “Mathematis-
che Werke”, 20, pp. 381-404, Vandenhoeck & Ruprecht, Géttingen 1959,
2. Auflage, 1970.

Her23. Herglotz, G.: Uber die Kroneckersche Grenzformel fiir reele, quadratische
Kérper, I, II. Berichte iber die Verhandl. d. Sdchsischen Akad. der Wiss.
zu Leipzig, 75 (1923) 3-14, 31-37; [28a], [28b] pp. 466-484, Gesammelte
Schriften, Vandenhoeck & Ruprecht, Géttingen, 1979.

Si22. Siegel, C. L.: Additive Theorie der Zahlkérper I. Math. Ann. 87 (1922),
1-35 ; “Gesammelte Abhandlungen”, Bd. I, p. 119-153, Springer, Berlin,
1966.

Ra31. Rademacher, H.: Zur Theorie de Modulfunktionen. J. Reine Angew. Math.
167 (1931), 313-366.

Ra74. Rademacher, H.: Collected Papers of Hans Rademacher, Vol. I, II, ed. by
Emil Grosswald, The MIT Press, Cambridge, Massachusetts, 1974.

RG72. Rademacher, H. and Grosswald, E.: Dedekind Sums. The Carus Mathe-
matical Monograph 16, The Mathematical Association of America, 1972.

Ap50. Apostol, T. M.: Generalized Dedekind sums and transformation formulae
of certain Lambert series. Duke Math. J. 17 (1950), 147-157

1s57. Iseki, S.: The transformation formula for the Dedekind modular functions
and related functional equations. Duke Math. J. 24 (1957), 653-662.

Cab3. Carliz, L.: Some theorem on generalized Dedekind sums. Pacific J. Math.
3 (1953), 513-523.

Section 2. 1951-1969

Ba68. Barner, K.: Uber die quaternire Einheitsform in total reellen algebraischeb
Zahlkérpern. J. Reine Angew. Math. 229 (1968), 194-208.

Ba69. Barner, K.: Uber die Werte der Ringklassen-L-Funktionen reell-
quadratischer Zahlkérper an naiirichen Argumentsellen. J. Number Theory 1
(1969), 28-64.

K162a. Klingen, H.. Uber die Werte der Dedekindschen Zetafunktion.
Math. Ann., 145 (1962), 265-272.

K162b. Klingen, H.: Uber die arithmetischen Character der Fourier Koeffizienten
von Modulformen. Math. Ann., 147 (1962), 176-188.



History of the Special Values of Zeta and L-Functions 231

La68. Lang, H.: Uber eine Gattung elemetar-arithmetischer Klasseninvarianten
reell-quadratischer Zahlkérper. J. Reine Angew. Math. 233 (1968), 123-175.

Le58. Leopoldt, H.-W.: Eine Verallgemeinerung der Bernoullischen Zahlen. Ab-
handl. Math. Seminar Hamburg. Univ. 22 (1958), 131-140.

Le62. Leopoldt, H.-W.: Zur Arithmetik in abelschen Zahlkérpern. J. Reine
Angew. Math. 209 (1962), 54-71.

Me57a. Meyer, C.: Die Berechnung der Klassenzahl abelscher Ké&rper tiber
quadratischer Zahlkde. Akademie Verlag, Berlin, 1957.

Me57b. Meyer, C.: Uber einige Anwendungen Dedekindsche Summen. J. Reine
Angew. Math. 198 (1957), 143-203.

Me64. Meyer, C.: Uber die Bildung von Klasseninvarianten binirer quadratischer
Formen mittels Dedekindscher Summen. Abh. math. Sem. Univ. Hamburg 27
(1964), 206-230.

Me66. Meyer, C.: Uber die Bildung von elementar-arithmetischen Klassenin-
varianten in reell-quadratischen Zahlkdrpern. ” Algebraische Zahlentheorie”,
Mathematisches Forschungsintitut Oberwolfach, Berichte, Heft 2 (1966),
165-215.

Ram64. Ramachandra, K.: Some applications of Kronecker’s limit-formula.
Ann. of Math., 80 (1964), 104-148.

Si34. Siegel, C. L.: Lectures on the Analytical Theory of Quadratic Forms. Noted
by M. Ward, Princeton, 1934/35, 3. Aufl., Gottingen, 1963.

Si6l. Siegel, C. L.: Lectures on Advanced Analytic Number Theory. Notes by
S. Raghavan, Tata Institute of Fundamental Research, Bombay, 1961; the
2-nd ed, 1980.

Si68. Siegel, C. L.: Bernoullische Polynome und quadratische Zahlkorper.
Nachrichten der Akad. d. Wissenschften in Géttingen, Math-physik. Klasse
(1968), Nr.2, 7-38; “Gesammelte Abhandlungen, Bd. IV”, 84, 9-40.

Si69. Siegel, C. L.: Berechnung von Zetafunktionen an ganzzahligen Stellen.
Nachrichten der Akad. d. Wissenschften in Géttingen, Math-physik. Klasse
(1969), Nr.10, 87-102; “Gesammelte Abhandlungen, Bd. IV”, 89, 82-97.

Si75. Siegel, C. L.: Zur Summation von L-Reihen. Nachrichten der Akad. d.
Wissenschften in Géttingen, Math-physik. Klasse (1975), Nr.18, 269-292.

Ka76. Katayama, K.: On the values of ray-class L-functions for real quadratic
fields. J. Math. Soc. Japan 28 (1976), no. 3, 455-482.

Section 3. 70’s and 80’s

Bar04. Barnes, E. W.: On the theory of the multiple gamma function. Trans.
Cambridge Philos. Soc. 19 (1904), 374-425.

Bars77. Barsky, D.: Fonctions zéta p-adiques d’une classe de rayon des corps
totalement réels. Groupe d’étude d’analyse ultramétriques, 1977-78; errata,
1978-79.

CN79. Cassou-Nagues, P.: Valueurs aux entiers négatifs des fonction zéta p-
adiques. Invent. Math. 51 (1979), 29-59.

CS74. Coates, J. and Sinnott, W.: On p-adic L-functions over real quadratic
fields. Invent. Math. 25 (1974), 253-279.



232 T. Ishii & T. Oda

DR80. Deligne, P. and Ribet, K. A.: Values of abelian L-functions at negative
integers over totally real fields. Invent. Math. 59 (1980), 227-286.

Ei57. Eichler, M.: Eine Verallgemeine der Abelschen Integrale. Math. Zeitschr.
67 (1957), 267-298.

GT74. Goldstein, L. and de la Torre, P.: On the transformation of log n(7). Duke
Math. J. 41 (1974), 291-297.

Go80. Goldstein, L. J.: Zeta functions and Eichler integrals. Acta arithmetica 36
(1980), 229-256.

Ha85a. Halbritter, U.: Eine elementare Methode zur Berechnung von Zetafunk-
tionen reell-quadratischer Zahlkoérper, Math. Ann. 271, 359-379.

Ha85b. Halbritter, U.: Berechnung der Werte von Zetafunktionen totalreeller
kubischer Zahlkdrper an ganzzahligen Stellen mittels verallgemeinerter
Dedekindscher Summen. I J. Reine Angew. Math. 361 (1985), 95-117.

Ha85c. Halbritter, U.: Some new reciprocity formulas for generalized Dedekind
sums. Results Math. 8 (1985), 21-46.

Ha88. Halbritter, U.: Berechnung der Werte von Zetafunktionen totalreeller
kubischer Zahlkorper an ganzzahligen Stellen mittels verallgemeinerter
Dedekindscher Summen. II Results Math. 13 (1988), 99-134.

HZ74. Hirzebruch, F., and Zagier, D.: The Atiyah-Singer Theorem and Elemen-
tary Number Theory. Publish Or Perish Inc, Boston, 1974.

Ma72. Manin, Y.: Parabolic points and zeta functions of modular curves. Izv.
Akad. Nauk SSSR 36 (1972), 19-66, A. M. S. translation 6 (1972), 19-64.

MSD74. Mazur, B. and Swinnerton-Dyer, P.: Arithmetic of Weil curves. Invent.
Math. 25 (1974), 1-61.

Ri79. Ribet, K. A.: Report on p-adic L-functions over totally real number fields.
Astérisues 61, (1979) 177-192

Shim&9. Shimura, G.: Sur les intégrales attahcées aux formes automorphes.
J. Math. Soc. Japan, 11 (1959), 291-311

Shin76. Shintani, T.: On evaluation of zeta functions of totally real algebraic
number fields at non-positive integers. J. Fac. Sci. Univ. Tokyo Sect. IA
Math. 23 (1976), 393-417. :

Shin77a. Shintani, T.: On a Kronecker limit formula for real quadratic fields. J.
Fac. Sci. Univ. Tokyo Sect. IA Math. 24 (1977), 167-199.

Shin77b. Shintani, T.: On values of s = 1 of certain L functions of totally real
algebraic number fields, Algebraic Number Theory (Proc. International Symp.
Kyoto), Japan Society for Promotion of Science 1977, pp. 201-212.

Shin78. Shintani, T.: On cetain ray class invariants of real quadratic fields. J.
Math. Soc. Japan 30 (1978), 139-167.

We76. Weil, A.: Elliptic Functions according to Eisenstein and Kronecker.
Springer-Verlag, Berlin-Heidelberg, (1976).

Za75. Zagier, D.: A Kronecker limit formula for real quadratic fields. Math. Ann.
213 (1975), 153184 .

Za76. Zagier, D.: On the values at negative integers of the zeta function of a real
quadratic field. L’Enseign. Math. 22 (1976), 55-95.



History of the Special Values of Zeta and L-Functions 233

Section 4. After 1990

AR79. Ash, A. and Rudolph, L.: The modular symbol and continued fractions
in higher dimensions, Invent. Math. 55, 241-250.

MS79. Meyer, W., Sczech, R.: Uber eine topologische und zahlentheoretische
Anwendung von Hirzebruchs Spitzenauflésung, Math. Ann. 240 (1979), 69—
96.

Sch74. Schoeneberg, B.: Elliptic modular functions: an introduction. Die
Grundlehren der mathematischen Wissenschaften, 208. Springer, (1974).
Sc82. Sczech, R.: Zur Summation von L-Reihen. Bonner Mathematische
Schriften 141. Universitat Bonn, Mathematisches Institut, Bonn, 1982.
Sc92. Sczech, R.: Eisenstein cocycles for GL2(Q) and values of L-functions in

real quadratic fields. Comment Math. Helv. 67 (1992), 363-382.

Sc93. Sczech, R.: Eisenstein group cocycles for GLn and values of L-functions.
Invent. Math. 113 (1993), 581-616.

CGS00. Chinta, G., Gunnells, P. E., and Sczech, R.: Computing special values of
partial zeta functions. Algorithmic number theory (Leiden, 2000), pp. 247—
256, Lecture Notes in Comput. Sci, 1838, Springer, Berline, 2000.

GS03. Gunnells, P. E. and Sczech, R.: Evaluation of Dedekind sums, Eisenstein
cocycles, and special values of L-functions. Duke Math. J. 118 (2003), 229
260.

HSO01. Hu, S., Solomon, D.: Properties of higher-dimensional Shintani generating
functions and cocycles on PGL3(Q), Proc. London Math. Soc. 82 (2001), 64—
88.

S096. Solomon, D.: p-adic limits of Shintani generating functions for a real
quadratic fleld. J. of Number Theoery 59 (1996), 119-158.

S098. Solomon, D.: Algebraic properties of Shintani’s generating function:
Dedekind sums and cocycles on PGL2(Q). Composit. Math. 112 (1998),
333-362.

S099. Solomon, D.: The Shintani Cocyles II. Partial ¢-functions, Cohomologous
Cocycles and p-adic Interpolation. J. of Number Theoery 75 (1999), 53-108

St89. Stevens, G.: The Eisenstein measure and real quadratic fields. Théorie des
nombres, 887-927, Walter de Gruyter, Berlin-New York, (1989).



GENUS THETA SERIES, HECKE OPERATORS AND THE
BASIS PROBLEM FOR EISENSTEIN SERIES

HIDENORI KATSURADA

Muroran Institute of Technology
27-1 Mizumoto, Muroran, 050-8585, Japan
E-mail: hidenori@mmm.muroran-it.ac.jp

RAINER SCHULZE-PILLOT

Fachrichtung 6.1 Mathematik, Universitit des Saarlandes
Postfach 151150, 66041 Saarbriicken, Germany
E-mail: schulzep@math.uni-sb.de

Dedicated to the memory of Tsuneo Arakawa

We derive explicit formulas for the action of the Hecke operator T(p) on the
genus theta series of a positive definite integral quadratic form and prove a
theorem on the generation of spaces of Eisenstein series by genus theta series.
‘We also discuss connections of our results with Kudla’s matching principle for
theta integrals.

1. Introduction

In the theory of theta series of positive definite quadratic forms the problem
of giving explicit formulas for the action of Hecke operators on theta series
has received some attention [1, 18].

If p is prime to the level N of the quadratic form q of rank m in question,
the action of the usual generators T'(p), T;(p?) of the p-part of the Hecke
algebra for the group F((,")(N ) € Spn(Z) is known [1, 18] except for the
case that n < 3 and x(p) = —1, where x is the nebentype character of
the degree n theta series of g. In this last case it is unknown whether T'(p)
leaves the space of cusp forms generated by the theta series of positive
definite quadratic forms of the same level and rational square class of the
discriminant invariant. Some deep results concerning this question have
been obtained by Waldspurger [17)].
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To our surprise, there seem to be no results available even for the ques-
tion how to describe the action of T'(p) on the genus theta series of ¢, i.e.,
Siegel’s weighted average over the theta series of the quadratic forms ¢’ in
the genus of g.

The present note intends to fill this gap. It turns out that we have
different methods available to express the image of the genus theta series
under the operator T(p) in terms of theta series: Using results of Freitag
[4], Salvati Manni [13] and Chiera [3] one obtains an expression as a lin-
ear combination of theta series of positive definite quadratic forms of level
lem(N, 4).

We show in Section 5 that this result can be improved to an (explicit)
expression as a linear combination of genus theta series of positive definite
quadratic forms of level N if N is an odd prime. In fact we prove in that
case that any n + 1 of the genera of quadratic forms that are rationally
equivalent to the given genus and have level dividing N yield a bas1s of the
relevant space of holomorphic Eisenstein series.

This can be generalized to arbitrary square free level under a slightly
technical condition on the degree n depending on the Q,-equivalence class
for p dividing N of the given genus of quadratic forms; generalizations to
arbitrary level will be the subject of future work.

On the other hand, using the explicit expression for the action of Hecke
operators on Fourier coefficients of modular forms given in [1], Siegel’s mass
formula and relations between the local densities of quadratic forms we find
a much simpler expression: The genus theta series is transformed into a
multiple of the genus theta series of a different genus of quadratic forms. If
x(p) = —1, the genus involved turns out to be indefinite, and the theta series
is the one defined by Siegel (n = 1) and Maa8 [16,12]. This phenomenon is
an instance (with quite explicit data) of the matching principle for Siegel-
Weil integrals attached to different quadratic spaces that has been observed
by Kudla in [10], we discuss this in Section 6.

As a consequence of our work we are able to give a positive solution to
the basis problem for modular forms in a number of new cases; this will be
done in joint work with S. Bécherer.

2. Preliminaries

Let L be a lattice of full rank on the m-dimensional vector space V over
Q,q::= V — Q a positive definite quadratic form with ¢(L) C Z,
B(z,y) = q(z + y) — g(z) — ¢(y) the associated symmetric bilinear form,
N = N(L) the level of q (i.e., N~1Z = q(L#)Z, where L* is the dual lattice
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of L with respect to B); we assume m = 2k to be even.

Let R be Z or Z,, for some prime p and let 7, (R) denote the set of half-
integral matrices of degree n over R, that is, H,(R) is the set of symmetric
matrices (a;;) of degree n with entries in 1 R such that a;; (i = 1,...,n) and
2a;5 (1 £i+# j < n) belong to R.

We note that for x = (1,...,%,) € L™ the matrix q(x) := ($B(=:, z;))
is in the set H,,(Z); we also note that H,(Z,) is equal to the set MY™(Z,)
of symmetric n X n matrices over Zj, for p # 2. For two square matrices T}
and Ty we write Ty L T = (7(;1 792)

We often write a L T instead of (a) L T if (a) is a matrix of degree 1. If
K = (K, q') is a quadratic Z,-lattice with Gram matrix T with respect to
some basis we will freely switch notation between T' and K, so for example
if K is a one-dimensional lattice with basis vector of squared length a and
M a quadratic lattice with Gram matrix T' we write as above a L T =
(a) LT=K1T=K .M.

The theta series

(L, Z) = Z exp(27i tr(g(x)Z)

X=(Z1,...,Tn)ELT

of degree n of (L, q) is well-known to be in the space M ,E") (I‘(()")(N ), x) of

Siegel modular forms of weight & = 7 and character x, where x is the

character of 1"((,") (N) given by x ((g g ) = ¥(det D), X is the Dirichlet

character modulo N given by ¥(d) = (&kddeﬁ) for d > 0 and det L is

the determinant of the Gram matrix of L with respect to some basis [1].
For definitions and notations concerning modular forms we refer again
to [1], we recall that the Hecke operator associated to the double coset

1

To(N) To(N)

is as usual denoted by T'(p}.
We let {L1,..., L} be a set of representatives of the classes of lattices
in the genus of L, put w = ZLI ﬁ?ﬂ (where O(L;) is the group of
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isometries of L onto itself with respect to q) and write

h
1 (L, Z)
9™ (gen L,Z) = — Y — 0
w ; |0(Ls)|
for Siegel's weighted average over the genus.
By Siegel’s theorem (see [9]) the Fourier coefficient r(gen L, A) at a
positive semidefinite half integral symmetric matrix 4 can be expressed as

a product of local densities,

r(gen L, A) = c- (det A)"F (det )} [ ae(L, A) (1)
£ prime
with some constant c. Here the local density a;{L, A) is given as
az(L,A) = ae(S, A)
= (G -mn) gy e IN/BLM | g(x) = A mod £H,,(Ze)

n'(gﬂ)_mn)#Aj(S, A),

= g3

for sufficiently large 7 with an additional factor % if m = n where S denotes.
a Gram matrix of L and where we write

‘AJ(L7A) = AJ(S:A)
={xe L"/L" | ¢(x) = Amod /M. (Z}
={X = (2i) € Mimn(Ze)/6 M n(Ze) | A[X] — B € £'Hn(Ze)}

3. Eisenstein series and theta series

Proposition 3.1. Let L be a lattice of rank m = 2k with positive definite
quadratic form q of square free level N as above, let n < k — 1 and let
F = 9 (gen(L)) denote the genus theta series of L of degree n. Then
for any prime pt N the modular form F|,T(p) is a linear combination of
genus theta series of genera of lattices with positive definite quadratic form

of level N’ = lem(N, 4).

Proof. By [2] G := F|3T(p) is an eigenfunction of infinitely many Hecke
operators T'(£) for the primes £ { pN with x(£) = 1 (where yx is the nebentyp
character for 9™ (L)). Proposition 4.3 of [4] implies then that G is in the
space that is generated by Eisenstein series for the principal congruence
subgroup of level N; this can also be obtained from Siegel’s main theorem if
one uses that this space is Hecke invariant. Theorem 6.9 of [4] (see also [13])
then implies that G is a linear combination of theta series with characteristic
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for the principal congruence subgroup of level N’ = lem(N,4). Since G is
in fact a modular form for I'g(N'), Chiera’s Theorem 4.4 [3] implies that G
is a linear combination of theta series 9(™ (K;) attached to full lattices K
with quadratic form of level dividing N’. It is well known that the values
of the theta series of lattices in the same genus at zero dimensional cusps
are the same. From Proposition 3.3 of [4] we can then conclude that G is
in fact a linear combination of the ¥{™")(gen(X)) as asserted. a

4. Action of T(p) and local densities

The action of the Hecke operator T'(p) on the Fourier coefficients at non-
degenerate matrices A has been described explicitly by Maafl [11] and by
Andrianov (Ex. 4. 2. 10 of [1)).

Let K be a Z-lattice with quadratic form of rank n that has Gram
matrix p- A with respect to some basis and write M; for the set of lattices
M > K for which K has elementary divisors (1,...,1,p,...,p) with (rn—1)

entries p.
Then if F(Z) € M™ (T (V) x),

F(Z) = 3" 450 f(A) exp(2mitr(AZ)),
G(2) = (FxT(p))(Z) = 3_ gp(A) exp(2mitr(AZ)),

one has for non-degenerate A:

g(4) = x@)" P S kpp P ST M), (@)
=0 MeM;
where by f(M) we denote the Fourier coefficient at an arbitrary Gram
matrix of the lattice M (the coeflicient f(A) depends only on the integral
equivalence class of A). Here by convention f(M) is zero if the Gram matrix
of M is not half integral.

Proposition 4.1. Let

F(Z):=9"(gen L,Z) = Y f(A)exp(2mi tx(Z)),
AZ20

G(Z) = (FT(®))(Z) = Y gp(A) exp(2ni tx(AZ)).
A20
Then gp(A) = Mp(L) [1e prime ae(Le, A), where

n

M(L) = p™ 5 T (1 + X))

j=1
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and the Z,-lattice Ly is given by

i_{ Le irp =<

PL, otherwise.

Here PL; denotes the lattice Ly with quadratic form scaled by p.

Proof. It is (by induction) enough to consider nondegenerate A. We write
the total factor in front of f(M) for M € M; in as 7; and rewrite (2) in
the present situation as

gp(A) =c- (det L)% Z% 3 (det M)=F

=0 MeM;

Hag(Lg, M) (3)

by inserting the expression for f(M) from (1) (Siegel’s theorem). Since
det M = p%~"det A for M € M, this becomes

nl_"mnl
p(——)

9p(A) =c- (det L)% (det A)™7F—

o Y pEFE A en(Le, My). ®
14

=0 MeM;

Now for £ # p we have My = K, for all M occurring, hence ap(Lg, Mg) =
ay(Ly, pA) = a¢(PLs, A) = ap(Le, A), for all £ # p. So it remains to prove

_n EE Z’)’z Z P(m_n l)map(Lp’Mp)=)‘p(L)ap(LpaA)- (5)
=0 MeM;

We insert ; = x(p)"p"k‘ﬂ"z_Jrll (x(p)p~*)'p"*+* and divide both sides of (5)
by p"’““ﬁnz_+12 to get
n

Y Gep)p~F) T T N ay(L, M)

i=1 MeM;

) ®)
= [T+ x@r May(Z, 4)
j=1

as the assertion that we have to prove.

For x(p) = 1 this is proved in [18] (see also [2]), where it is also proved for
x(p) = —1 and n > k (in which case the factor Ap(L) is zero). To prove it for
x(p) = —1 notice that L, is unimodular even by assumption. By Lemma
3.5 of [14] there exists a polynomial G,(M;X) such that ap(Lp, M) =
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Gp(M; Xy, (p)p"f‘) is true for all (even) unimodular Z,-lattices L, of even
rank 2k with £ € N and with

Xz (p) = { 1 if (-*1)’Ac det f/p is a square in Q,

P —1 otherwise.

Hence both sides of our assertion (6) are polynomials in X = x(p)p~* as L,
varies over (even) unimodular Z,-lattices of (varying) rank 2k. The truth
of the assertion for f/p with x I:p(p) =1andk arbitrary shows that these
polynomials take the same value at infinitely many places, hence must be
identical. The assertion is therefore true for all even unimodular L, of even
rank. a

Lemma 4.2. There is a unique isometry class of rational quadratic spaces
V = (V,q) of dimension m, such that

7~ U . PV, 'ifp#e
vy {02 ™
for finite primes € and Voo = V®gR is either positive definite or of signature
(m—2,2). _
V carries a lattice L such that
7~ JPLe ifp# L
Lf‘{ L, ifp="t. ®

Voo s indefinite if and only if x(p) = —1. The same assertion is true if one
requires Vo to be of signature (m — 2 — 44,2 4 45) instead of (m —2,2) for
somel<j< 1—"4;2.

Proof. If s,V; denotes the Hasse symbol of the quadratic space V and V/
is the quadratic Qg-space as in (7), the discriminant of V/ is that of V; and
the product of the Hasse symbols s,V over the finite primes £ is the Hilbert
symbol
(v, (-1 F det L)y [T eV
£ prime
by Hilbert’s reciprocity law, with (p, (~1)% det L), = x(p).

If V., is positive definite for x(p) = 1 and of signature (m — 2,2) if
Xx(p) = —1 one sees therefore that disc V; = disc V; for all ¢ (including
oo) and [], . s¢V/ = 1, hence there is a rational quadratic space V such
that V, = V; for all £ including co. The uniqueness of V is clear from the
Hasse-Minkowski theorem, and that L as in (8) exists on V is obvious. O
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We recall that for an integral lattice of positive determinant and even
rank Siegel [16] for degree one and Maaf} [12] for arbitrary degree defined a
holomorphic theta series in the indefinite case whose Fourier coefficients at
positive definite A are proportional to the product of the local densities of
that lattice, subject to the restriction that the signature (m.,m_) satisfies
the condition min(2+*7==3 1, m_) > n. Denote this theta series (if it
is defined) for L, normalized such that its Fourier coefficient at A is equal
to

—n-1

c-(det A)*F (detL)T [ au(L,A),

£ prime

by 9(L, z). The signature condition is in our situation always satisfied if
n = 1, for bigger n it can be satisfied by choosing j in 4.2 appropriately if
n < k —2 (with k = m/2). If the signature condition is not satisfied, we
use the same notation for the series with these Fourier coefficients (without
knowing a priori whether this series defines a modular form).

Then we arrive at the following final result:

Theorem 4.3. Let L be as above, p a prime withp {det L, L the quadratic
lattice with
j, [PLe ifp#¢
71 L, ifp=t.
and of signature (m,0) if x(p) = 1, of signature (m — 2,2) if x(p) = —1.
Then

9™ (gen L, z2) | T(p) = Ap(L)™ (gen L, 2)
with

n

n _n(nt1) -
ML) =p™ 7 T (1 + x(p)p? ).
i=1
In particular, the series 9 (gen L, 2) defines a modular form of the same
level as L for all n < k.

Remark 4.4. a) \,(L) = 0if n > k holds with x(p) = —1, which agrees
with Andrianov’s result [2] for this case.

b) In the introduction we mentioned the question whether the space of cusp
forms generated by the theta series of positive definite lattices of fixed level
and rational square class of the discriminant is invariant under the action
of the Hecke operators. In view of our theorem we might reformulate this
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question by substituting “modular forms” for “cusp forms” and omitting
the restriction to positive definite lattices. Since the indefinite theta series
of Siegel and Maaf don’t contribute to the space of cusp forms, this doesn’t
change the problem with regard to the subspace of cusp forms.

¢) Of course the same result holds true when we take an indefinite lattice L
of signature {m—2, 2} as above as our starting point. The lattices appearing
in 9(gen L, z) | T(p) are then positive definite if x(p) = —1, indefinite if

x(p) = +1.

5. Spaces of genus theta series for odd prime level

We will need some additional notations in this section.

Let p be an odd prime. For a non-zero element a € Q, we put xp(a) =
1,~1, or 0 according as Qp(a'/?) = Q,, Q,(al/?) is an unramified quadratic
extension of Qp, or Q,(a/?) is a ramified quadratic extension of Q,. For
a non-degenerate half-integral matrix B of even degree n, put £,(B) =
xo((~1)"/2 det B).

Further for non-negative integers [,e and matrices A € Hnn(Z,),B €
Hn(Z,p) define

B.(A, B)V) = {X = (zi;) € A(A, B); rankg_;pz, (%ij)1<icma<i<t = 1}
(with Ac(A, B) as in Section 2) and
Bp(A, B) = lim pl-mnin(niD/Deyp, (4, B)D.
We note that
Bp(A, B)® = a,(4, B).

In particular put

ﬂP(A’ B) = IBP(A7 B)(n)’
and call it (as usual) the primitive density. Further for 0 < ¢ < m put
Tm,i = GLm(Zp)(pEl 1 Em_i)GLm(Zp)
k

e e
Furthermore let Hy = H | ... 1 H with H = (132 142) .

Our goal in this section is to prove the following theorem:

Theorem 5.1. Let p be an odd prime, k,n € N withn < k — 1 and
p = (=1)* mod 4. Then the space of modular forms for F(()") (p) spanned by
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the genus theta series of degree n attached to the genus of positive definite
integral quadratic lattices of rank 2k, level p and discriminant p?™+1 for
some 0 < r < k and the space spanned by the genus theta series of degree
n (in the sense of Theorem 4.3) attached to the genus of integral quadratic
lattices of signature (2k — 2 — 45,2+ 45) (1 < j < 222) level p and
discriminant p**! for some 0 < r < k coincide. This space has dimension
n+ 1 and is equal to the space of holomorphic FEisenstein series for the
group I‘((,") (p) of weight k and nontrivial quadratic character.

For each of these signatures the theta series of any n+1 of the k genera
of level dividing p and having this signature form a basis of this space of
modular forms.

The proof of this theorem will require a few intermediate results which
may be of independent interest. A half-integral matrix So over Z,, is called
Zyp-maximal if it is the empty matrix or a matrix corresponding to a Z,-
maximal lattice. The main result we need is the following theorem, whose
proof again is broken up into several steps:

Theorem 5.2. Let p be an odd prime, let T € H,(Z,). Let k be a positive
integer, and Sy be a Zp-maximal half-integral matriz of degree not greater
than 2. Then there ezxist rational numbers a; = a;(k, S, T) (i =0,1,2,...,n)
such that

op(He—1-1 L pH, L 80,T) = ao + arp’ + ... + anp™
foranyl=0,1,...,k—1.

To prove the theorem, first we remark that for p # 2 a Z,-maximal
matrix So of degree not greater than 2 is equivalent over Z,, to one of the
following matrices:

(M-1) ¢ (empty matrix),

(M-2) uy with u1 € Zj,

(M-3) puy with uy € Z3,

(M-4) uy L up with uy,u2 € Zy,

(M-5) uy L pug with uy,ug € Zg, :
(M-6) puy L pug with uy,us € Zj such that —ujuy ¢ (Z;‘,)z.

Lemma 5.3. Let Sg be the matriz in Theorem 5.2. For a non-negative
integer | put By = Bg,y = pH; L So and By; = Bs,,1; = H; L pH;_; 1 So.
Let T € Ho(Zp) N GLA(Qp).
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(1) Let So be of type (M-3) or (M-5). Then for any k > n we have

Bp(Hiwi+1, —Bi)ap(Hk—1-1 L B, T)
1
=Y (=1)ipiD2H=2AD Gy o (Hipigry, —Bii L T),
=0
i (™ "% -1 e
where Cr; = W Jor an odd positive integer m and an
i=1

integer i such that i < (m — 1)/2.
(2) Let So be of type (M-1),(M-2),(M-4), or (M-6). Put e = ¢(So) = —1 or

1 according as Sy is of type (M-6) or not. Then for any k > n we have

Bp(Heyi41, —Bi)ap(Hk—1-1 L B, T)

!
— Z(_l)ipi(i_1)/2+i(n—2k+1)C2[,i,eap(Hk+l+1, _B L T),
i=0
@A™ o ;21 @™ "% 1)
H;'=1 (p7-1)
integer m and an integer ¢ such that ¢ < m/2, and € = 1.

®)

for an even positive

where Cp ;¢ =

ap(Heqt,—H L T) = (1 — p~*D)(1 4 p=C+-D)o (Hyyy1, T)

Proof. By Proposition 2.2 of {7], we have

Bp(Hrt141, —Bi)ap(Hy——1 L B, T)

2142
— Z (_ 1)ipi(i—1)/2+1'((n+2l+2)+1—(2k+2l+2))
=0

X Z ap(Hiti41, —B[G7] L T).
GECLa12(Zp)\ 214 2,i

We note that ap(Hk+l+1,—B[[G_1] 1L T) =0if G € TU+2,i with 7 >
[+ 1. Fi~x i = 0,1,...,l. Then by Lemma 2.3 of [6], we have —B;[G™!] L
T~ -By; L TifG e my; and B)[G™Y € Hor2(Z,). Furthermore, by
Proposition 2.8 of [6] we have
H;'_=1(p2l+2—2j _ 1)
H;.—.1(Pj -1) .
This proves the assertion (1). Similarly, the assertion (2) can be proved.
Now again by Proposition 2.2 of [7] we have

Bp(Hit1, H)oy(He1-1,T) = op(Hpyr,—H L T).

#(GLay2(Zp)\{G € Ta1y2,: 5 BIIG™'] € Hauta(Zp)}) =
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On the other hand, we have
Bp(Hst, H) = (1 — p~ D) (1 4 p=(kH-1))
(e.g. Lemma 9, [8].) Thus the assertion (3) holds. o

Now for a non-degenerate half-integral matrix B of degree n over Z,
define a polynomial v,(B; X) in X by

(1 —~ X) [T/2(1 - p%X2)(1 — p*/2¢,(B)X)~! if n is even
’YP(B’X)Z (n— 1)/2 2i 2 . .
X)ILI; - p*X?) if n is odd
For a half-integral matrix B of degree over Z,, let (W,3) denote

the quadratic space over Z,/pZ, defined by the quadratic form g(x) =
B[x] mod p, and define the radical R(W) of W by

RW)={xeW;B(x,y) =0 for any y € W},

where B denotes the associated symmetric bilinear form of §. We then put
I,(B) = rankg_;,z R(W)*, where R(W)' is the orthogonal complement
of R(W) in W. Furthermore, in case {,(B) is even, put &(B) = 1 or —1
according as R(W)! is hyperbolic or not. Here we make the convention
that &,(B) = 1if 1,(B) = 0. We note that &,(B) is different from ¢,(B).

Lemma 5.4.

(1) Let B be a half-integral matriz of degree n over Z,. Putl =1,(B). Then

we have
n—1/2-1
Bp(Hm, B) = (L=p ™)1+ &(B)p">™) [ -p¥m)
j=0
if l is even,
n—(l+1)/2
Bo(Hm,B)= [] -p¥7m)
j=0

if I is odd.
(2) Let T € Hn(Zp) N GLA(Qp). Then there ezists a polynomial F,(T, X)
such that ap(Hpm, T) = v (T;p~™)Fp(T,p™™).

Proof. The assertion (1) follows from Lemma 9, [8]. The assertion (2) is
well known (cf. [8]). a
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Let (, )p be the Hilbert symbol over @, and h,, the Hasse invariant (for
the definition of the Hasse invariant, see [9]). Let B be a non-degenerate
symmetric matrix of degree n with entries in Q,. We define

np(B) = hy(B)(det B, (—1)("~1/2 det B), if n is odd
&(B) = xp((—1)™? det B) if n is even.

From now on we often write {(B) instead of £,(B) and so on if there is no
fear of confusion. For a non-degenerate half-integral matrix B of degree n

over Z, put D(B) = det B and d(B) = ord,(D(B)). Further, put

_ [2[(d(B)+1)/2] if n is even
3(B) = {d(B) if nisodd °

Let v(B) be the least integer ! such that p'!B~! € H,(Z,). Further put
¢ (B) = 1+ £&(B) — £(B)? for a matrix B of even degree. Then we have

Proposition 5.5. Let By = (b1) and By be non-degenerate half-integral
matrices of degree 1 and n — 1, respectively over Zy,, and put B = B; 1 Bs.
Assume that ord,(b1) > v(Bs) — 1.

(1) Let n be even. Then we have
F,(—(H; LpH;) L B,p—(k+t))
1 - fpn/Z—k ) i
= me(—(Hi LpH;_;) L Ba,p (k+1 1))

+ K(B)p' "' Fp(—(H; L pHy_;) 1 By, p~(k+D),

where £ = €(B), and K(B) is a rational number depending only on B.
(2) Let n be odd. Then we have

Fy(—(H: L pH;_;) L B,p~(*+D)

1
= B (_(H. ) —(k+1-1)
= T 5mrnyas Fe(~(H: LpH-) L By )

+ K(B)p'~*F,(—(H; L pHi_;) L By, p~*+D),
where §~ = §(Bs), and K(B) is a rational number depending only on

B. Here we understand that By is the empty matriz and that we have
E=1ifn=1.
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Proof. (1) Let n be even. We have ord,(b;) > v(—(H; L pH,_;) 1 Bp)—1.
Thus by Theorem 4.1 of [7], we have
Fp(—(H: L pH,_;) L B,p~*+D)
i— f(t', ’i)p("+2l)/2_(k+l)
=Tz prt2lH1-2(k+D)

Fy(—(H; L pHy_;) L By, p~(k+i-1))

] o ] 1— &-(l i)p(n+2l)/2+l—(k+l)
E(lD)+1 )
+ (—1) (L,3) 5(1,1)’77(171) 1 — prtalti-2(k+)

. z . w2 .
% (p(n+2l)/2—(k+l))6(l,z)—6(l,z)+£(l,z) pé(l,z)/2
X Fp(—(H; L pH;_;) L By,p~(k+),

where £(1,) = &(—~(H; L pHi) L B),&(,) = &(—(H; L pHi;) 1
B),ﬁgl,’l,) = n(—(H; L pHi—) L B2),5(lai) = 6(—(Hi L le—’i) 1 B),
and 0(l,i) = 6(—(H; L pHi_;) L Bj). We note that &(l,1),£(l,7)’ and
7i(l,¢) are independent of ! and i, and they are equal to &,&', and n(Bz2),
respectively. Furthermore, we have §(l,7) = 21 — 2¢ 4 2[(ordp(det T') + 1)/2]
and 8(1,4) = 21 — 2 + ord,(det T"). Thus the assertion holds. Similarly, the
assertion holds in case n is odd. |

Proposition 5.6. Let Sy and the others be as in Lemma 5.8. T =b; L
by L ... L b, with ord,(b1) > ordp(be) > ... > ordp(by). Put T =by L ... L
b,.

(1) Assume that nt+deg Sy is even. Put K(Sq,T) = Tl_—;%;%K(—SO 1T,

where £ = £(—=Sy L T), and K(—So L T) is the rational number in
Proposition 5.5 . Then we have

op(Hiy141,— By L T)

1 — p= (k1)) (] g (kD) L
_(-p TR ) IR

l_pn—2k:+1
+p K (So, T)op(Hyyi41,—Bis L T).
(2) Assume that n + degSy is odd. Put K(So, T) = (1 —

p(D/2=*REK(~Sy L T), where € = £(—So L T), and K(-Sy L T)
is the rational number in Proposition 5.5. Then we have
op(Het41, — B LT)

(1 —p~*HHD) (1 4 p=(RHE))
= 1— pn—2k+l

+ 9" K(So, T)op(Hipir1, —Brs L T).

Olp(Hk+L, —E'l,i L T)
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Proof. By (1) of Proposition 5.5 and (2) of Lemma 5.4, we have
ap(Hitiy1,—Bis L T) = 7p(—Bis L T,p~ D) Fy (= By L T,p~ *+HHD)
= Yp(—Bis L T,p~(4D)

1-gpn/2k .
[T:WFP(_BM LT, p= (k4D

+p! T K (=So L T)Fp(—By; L T, p~ R+,
We note that
Yo(—Bus L Tp=*+D)

- 1 — pr/2—kg By LT, p-(k+4D)
= A= p- )1 4 p-tr0y o~ Bus L Top ,
and
~ a 1— n/2—k -
Yo(=Bps L T,p~*+HD) = 1__%‘5'%(—31# L T,p~ (kD)

Thus the assertion (1) holds.
Now by (2) of Proposition 5.5 and (2) of Lemma 5.4, we have

op(Hei41,—Bii LT) = vp(=Bi; L T,p~ ¥+ (— B, L T,p~(F++D)
= (=B L T,p~(k+141)
1

- P (-B. LT p kD
X[]. ~§~p("+1)/2_ka( Bl,z 1 T»p )

+p' K (=So L T)Fy(~By; L T,p~ 1)),

We note that

~ N (k+1) 1— pn+1—2k
—-B i ’ B = g
’Yp( i L T,p ) (1 _ p_(’“““))(l +p—(k+l))(1 _ fp("+l)/2_k)

x ’Yp(_Bl,i n T,p_(k+l+1)),

and

(=B L T D) (B LT, p k4,

1 — p(n=1)/2—k¢
Thus the assertion (2) holds. o

Remark 5.7. In the above theorem, K(Sg,T) can be expressed explicitly
in terms of the invariants of T

Proposition 5.8. Let S5, T and T and the others be as in Proposition
5.6.
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(1) Assume that So is of type (M-3) or (M-5). Then for any non-negative

(2)

integer l < k — 1 we have

op(Hg—1—1 L B, T) = (1 — pr=2k+1)-1
x {1 —p™ ¥4 (Hy 15 L B, T)
B A
+p K (S0, T)orp(Hi—1-1 L B, T),

where K(Sp,T) is the rational number in Proposition 5.5. In particular,
if n =1, for a non-zero element T of Z,, we have

ap(Hrkoi-y L B, T) =1+ ep',

where ¢ = ¢(So, T) is the rational number determined by T and Sy.
Assume that Sy is of type (M-1),(M-2),(M-4) or (M-6). Putl' =1+ 1
or 1 according as So is of type (M-6) or not. Let € = €(Sg) be as in
Lemma 5.3, and & = £(So). Put € = —1 or 1 according as Sy is of type
(M-6) or not. Then for non-negative integer | < k — 1 we have

ap(Hy_1-1 L B, T) = (1 — p™~2k+1)~1
x {(1— p= 5 HE) 1 + p=* Eap(Hi-1—2 L B, T)
+p" Ll ey(pt T + €)ap(Hr1—1 L B, T)}
+ K (So, T)p'etp(Hi~1-1 L B, T),

where K (So,T) is the rational number in Proposition 5.5. In particular,
if n =1, for a non-zero element T of Z,, we have

op(Hg—i—1 L B, T) =1+ cpl,

where ¢ = ¢(Sg,T) is a rational number determined by T and Sp.
Throughout (1) and (2), we understand ap(Hg—1—2 L By, T) = 1 if
l=k-1

Proof. (1) First let n+deg Sy be even. Then by (1) of Proposition 5.6 and
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(1) of Lemma 5.3, we have

Bp(Hgt141, —Bi)ap(Hg—1-1 L B, T)

1
- Z("1)ipi(i—1)/2+i(n_2k+l)C2l+1,i
i=0
(1= p=H) (1 4 p=(k4D)
1-— pn—2k+1
+ ap(Heqr41,—Bi L T)p K (S0, T)}

(1 — p~*HH)y (1 + p= (kD)
= 1 — pr—2k+l

ap(Hist, =B LT)

x {

!
X [Z(—1)ipi(i_1)/2+i(n_2k+2)021+1,iap(Hk+l, "Bl,i 17

=0
i
+ Z(_l)ipi(i—-l)/2+i(n~2k+2) (p—i - 1)C2l+1,iap(Hk+l, —Bl,'i L T)]
=0
1
+ Y (<1)ipNRHEAD Y oy (Hiig1, — Brs L DK (S0, T).
i=0

By (1) of Lemma 5.3 and (1) of Lemma, 5.4, we have

(1_p—(k+l+1))(1 + p—(k-H))

!
x Z(_l)ipi(i—l)/2+i(n—2k+2) C2l+1,iap(Hk+l; _Bl,i n T)
=0
= (1 —p~**H0) 1 4 p~ ¢\ g (Hy 1, — Br)oy(Hyk—1—2 L By, T)

= (1 - p**2 %), (Hit141, —Bi)op(Hr_i_2 L By, T)

and

1
Y (1)t Cy o (Hiyis1, — B L T)
1=0

= Bp(Hi4141, —Bi)ap(He—i-1 L B, T).

Furthermore, again by (1) and (3) of Lemma 5.3, and (1) of Lemma 5.4,
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we have

3
(1_p—(k+z+1))(1 +p—(k+l)) Z(_l)ipi(i—l)/2+i(n—2k+2) (p—i -1)
i=0

x Catyr,iop(Hert, —Bri L T)
= (1 — p~ bty (1 4 p=(ktDypn-2k41 2 9y

!
% Z(_1)i—1p(i—2)(i—l)/2+(i—1)(n—2k+2)Cﬂ_u_l

i=1
X ap(Hk.H, “Bl—l,i—l 1-H1 T)
=(1- p—(k+l+1))(1 +p—(k+l))pn—2k+1 (p? — 1)

I3
% Z(_ 1)i—lp('i—2)(i—1)/2+(i—1)(n—2k+2)
t=1

x Co—1,i—1(1 — p~FHD) (1 4 p~(kH-1)y
x op(Hiq1-1, —Bi—13-1 L T)
- pn—2k+l(p2l _ 1)(1 _ p—(k+l+1))(1 _p—2(k+l))(1 +p—(k+l—1))
X Bp(Hiti-1, —Bi—1)ep(Hi—1—1 L Bi_1,T)
=pr L (p¥ 1)Bp(H4141, —Bi—1)op(Heo1—1 L Bi_1,1).

This proves the assertion (1) in case n + deg So is odd. Next again by (2)
of Proposition 5.6 and (1) of Lemma 5.3, the assertion (1) can be proved
in case n + deg Sy is odd.

(2) First let n + deg Sy be even. Then by (1) of Proposition 5.6 and (2)
of Lemma 5.3, we have

Bp(Hiyi+1, —Bi)ap(Hr—1—1 L B, T)

l,
— Z(_1)ipi(i-1)/2+i(n—2lc+1)Cﬂlyi,e

=0

1 — p~ (k1Y 4 = (k+) _ A
% {( 5 1— pn)—(2k+1p )C"p(HkH, -B; 1L T)

+ ap(Hipi+1, —Bri L T)p' K (So, T)}-

We evaluate this further as
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(1 —p~*HHD)(1 4 p=*HY)
1— pn—2k+1

l’
x [Z(_1)ipi(i—1)/2+i(n—2k+2) C2l’,i,eap(Hk+l, _Bl,i n T)
=0

l,
+ 3 (~1)ipil D224 ()=t 1)Cyy, ; cop(Hieqr, — B L T))]

i=0

ll
+)_(~1)ip ROy cap(Hitipr, —Bis L T)p K (S0, T).
=0

By (1) and (3) of Lemma 5.3 and (1) of Lemma 5.4, we have
(1 —p~H DY (1 4 p= (D)
l
x Z(_l)ipi(i-l)/2+i(n—2k+2) Czl’,i,eap(Hk-H, _El,i n T)
=0

= (1 —p~*H+0Y 1 4 p=C+t g (H, L, —B)ap(Hk-1-2 L B, T)

= (1 - "R (1 + & %) Bp(Hiis1, —Bi)ap(Hi—i—2 L B, T)
and

!

Z(_l)ipi(i—l)/2+i(n—2k)Czl,’i)eap(Hk+l+l, _];,M L T)
=0

= Bp(Hr+141, —Bi)op(Hk-1-1 L B, T).
Furthermore, again by (1) of Lemma 5.3, and (1) of Lemma 5.4, we have
, 7 l,
(1_p—(k+l +1))(1 +p—(k+l )) Z(_l)zpz(z—l)/2+z(n—2k+2) (p—z _ 1)
i=0
X Caur s,c00p(Hp 41, —By; LT
= (1= g1 4 p B2 gy 4 )

ll
x Z(_1)i—1p(i—2)(i—1)/2+(i—1)(n——2k+2)
i=1

X Copr—2,i-1,e0p(Hiy1,—Bi_1:21 L —H LT,
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which can be transformed into

(1_p—(k+l'+1))(1 +p—(k+l'))pn—2k+l(pl' _ 6)(pl'—l + 6)
1
% Z(_l)i—1p(i—2)(i—1)/2+(i—1)(n—2k+2) Cotr—sim1.c

i=1
X (L=p™ )1+ p~ " D)oy (Hipaor, = Biorioa LT)
= PP EH G - 4 1~ pmH ) (1 )
x (14+p~®+' =D (Hy 111, —Bi_1)ap(Hk_1-1 L Bi-1,T)
- n—2k+1(pl' _ 6)(pl'—1 +6)
X Bp(Hit141, —Bi—1)ap(He—1-1 L Bi_1,T).
This proves the assertion (2) in case n + deg Sy is odd. Next again by (2)

of Proposition 5.6 and Lemma 5.3, the assertion (2) can be proved in case
n + deg Sp is odd. o

Proof of Theorem 5.2. We prove the assertion by induction on n. The
assertion for n = 1 follows from (2) of Proposition5.8. Let n > 2 and assume

that the assertion holds for n — 1. Then by the induction assumption we
have

n—1
ap(Haoto1 L By, T) =3 aypt,
=0
and

n—1
0p(Haeez L B, 1) =S dlpt,
=0

where a; = a,(s, So, T) and aj(s—~1, 8o, T") in Theorem 5.2. We may assume
that T =by L by L ... L by, with ordy(b1) > ordp(bs) > ... > ordy(by,). First
assume that S is of type (M-3) or (M-5). Thus by Proposition 5.8 we have

1 — p2k+2l42 A
CVP(Hk—l—l J_ BlyT) = WQP(Hk_l_z J_ B[,T)
n—2k+1 (p2l ~1 .
+7 1 — pn-2k+1 )ap(Hk-l*1 1 B4,T)

+p' K (So, TYap(Hyx_1—y L B, T)

which is equal to
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1 _p—2k+2l+2 n—1 . e 2k+1 21 -1) R
1— pn—2k+l Jp] +2 1= 2k+1 Z ajplt=Di
j=0
n—1
+p'K(S,,T) Z a;pH.
=0
For0<j<n-—1put
. 1—p~2kt242 o pa2kblgp2l q) PRy
M@) = Tt ~ e %P T T 9P 7 +p'K(So, T)a;p".

Then for j < n—2, M(4) is a polynomial in p' of degree at most n — 1. On
the other hand,

1— p—2k+2l+2 ' B pn—2k+1(p2l _ 1) _ _
Mn-1)= T:‘;,mra%_xp’(" D4 prec e el Y A
+an-19'K(So, T)p'™~1)
1— —-2k+2
=ad p I(n—1) +an_1K(T)pl".

=17 pn-2kti?

Thus ap(Hg—1—1 L B;,T) is a polynomial in p’ of degree at most n. This
proves the assertion in case (M-3) or (M-5). Similarly, the assertion can be
proved in the remaining case. O

Remark 5.9. A more careful analysis shows that we have ao(k, S, T) = 1
in the above theorem.

Corollary to Theorem 5.2. Let the notation be as above. For any n-tuple
(1,02, ..oy ln) of complex numbers, put u(ly,...,ln) = ngjgsn(pl" —pY).
Then for any integers 0 < I; < ... <lpya <k and T € Hn(Z,) N GLn(Qp)
we have

n+2

Z( )] l:u(ll’ ] 1,l1+1: n+2)ap‘(Hk—lj—l 1 Blj?T) =0

=1

Theorem 5.10. Let k > n+ 1. Let n+ 1 integers 0 < ly... < lpy2 <k be
given, let A1, ..., Any1 be rational numbers such that

n+1
> Njap(Hn-t;41 L By pk—n—2,T) =0
j=1

for any T € Hn(Zp) N GLA(Qp). Then we have Ay = ... = Ay = 0.
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Proof. We prove the assertion by induction on 7. The assertion forn =1
follows from Proposition 5.8. Let n > 2, and assume that the assertion
holds for n — 1. The above relation holds for T = p?* 1. 7" with any integer
rand T € Hn-1(Z,) N GL,—1(Qp). Then by Proposition 5.8,

n+1 3
Z Al{ 2l 2n-— 2) p(Hn—l 1 Bl+k—n—2aT)

+ pn—2k+1 (p2l+2k—2n—4 _ 1)ap(Hn—l+1 L Bl+k—n—3» T)}
n+1
+p(n—2k+1)rw(T) Z )\lpl+k—n_2ap(Hn—-l+1 1 Bl+k—’n"21T) — 0’

where w(T) is a certain rational number depending only on T'. Thus by
taking the limit » — oo we obtain

n+1
Z M{(1 - p* " ay(Hut L Biykon-2,T)

+pn—2k+1(p2l+2k—2" —4 1)}ap n—i+1 L Biyk—n— 3’T) =0 (*)

and

n+1
Z )\tPl+k_"—2£¥p(Hn—l+1 1 Biygn-2T)=0 ().

Rewriting (*) we have

n

Z()‘l( 2l 2n— ‘2) + )\l n —2k+1 (p2l+2k—2n—2 _ 1))
=1

X ap(Hn_t L Biyk—n-2,T)} =0.
Thus by the induction hypothesis, we have
)\l(l _ p2l——2n—2) + )\l+1pn—-2k+1(p2l+2k—2n—2 _ 1) =0
for any [ = 0,1, ...,n. In particular
pn 2k+3(p2k -2 1))\
p?-1
On the other hand, by the Corollary to Theorem 5.2 we have

n+1

E(—-l)l_l,uzap(Hn—z+1 L Bipkon-2,T) =0 (xxxx),
l=1

A = —

il (% * *).
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where yy = plk—n—-1,.,l+k—n-3,l+k—n—-1,...k—1). By (*¥)
and (****), and the induction hypothesis, we have

)‘l — (_l)l—n—l Hi p—l+n+1/\n+1,

MHn41
and in particular
Un pt—1
A= — Antl = ————Anil- * % ok ok K
TR p—17"F ( )

If Apy1 # 0, (F*¥*¥**) contradicts (***), since n > 2 and k > n+ 1. Thus we
have A\,4+1 = 0 and therefore A; = 0 for any [ = 1, ...,n + 1. This completes
the induction. O

We can now prove Theorem 5.1: We notice first that the genera of
lattices of level p on the space of the given lattice are represented by lattices
L® whose p-adic completions have a Gram matrix that is Z,-equivalent
to Hy_;—1 L pH; L Sy with a fixed Sy of degree 2 as in Theorem 5.2.
Altogether there are k > n + 1 such genera.

As a consequence of Siegel’s theorem one sees that the linear indepen-
dence of any n + 1 of the degree n theta series of the genera of the L(¥ is
implied by the linear independence of the corresponding p-adic local density
functions T+ o, (L, T) stated in Theorem 5.10.

Since all the genus theta series are (by Siegel’s theorem) in the space
of Eisenstein series associated to zerodimensional boundary components
(cusps) and since there are n + 1 such cusps in the case of prime level,
it is clear that both types of genus theta series generate the full space of
Eisenstein series.

Corollary 5.11. Let L be a lattice on the quadratic space V over q of level
p as in Theorem 5.1 and put F = 9 (gen(L)). Then the modular form
F| T(€) can be expressed as a linear combination of theta series of positive
definite lattices of level p on V for all primes £ # p.

Proof. This is clear from Theorem 5.10 and Theorem 4.3. 0

Remark 5.12. a) The result of Theorem 5.1 is more generally true in
the case of square free level N, in which case the dimension of the space
spanned by the genus theta series becomes (n + 1)™) where w(N) is the
number of primes dividing N; one has then a basis of genus theta series if
one considers (n + 1)“(N) genera of lattices on the same quadratic space
V such that for each p dividing n one has n + 1 local integral equivalence
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classes. In that case our proof given above requires the restriction that the
anisotropic kernel of the quadratic space under consideration has dimension
at most 2. Moreover we can not guarantee the holomorphy of the indefinite
genus theta series if the character is trivial (i.e., if the underlying quadratic
space has square discriminant). One proceeds in the proof as above, adding
an induction on the number of primes w(N) dividing N.

b) A different (and much shorter) proof of Theorems 5.2 and 5.10 has been
communicated to us by Y. Hironaka and F. Sato [5]. The proof given here
gives a little more information (e.g. explicit recursion relations) than theirs.
The proof of Hironaka and Sato removes the restriction on the anisotropic
kernel mentioned above (if one strengthens the conditiononnton+1 <k
in the new cases) and provides also a version for levels that are not square
free. The application of that version to the study of the space of Eisenstein
series generated by the genus theta series in the case of arbitrary level will
be the subject of future work.

6. Connection with Kudla’s matching principle

In Section 4 we have seen that the Hecke operator T'(p) can provide a
connection between theta series for lattices in positive definite quadratic
space (V1,¢1) and in a related indefinite quadratic space (V3,¢2). Such a
connection has recently been observed in a different setup by Kudla [10]. We
sketch his approach briefly in order to study the relation to our construction,
for details we refer to [10], Section 4.1.

Let (Vi,q1) be a positive definite quadratic space over Q of dimension
m and discriminant d, let (V2,¢2) be a space of the same dimension m
and discriminant d, but of signature (m — 2,2). We fix n > 0 and an
additive character 1 of Q. Consider the oscillator representations w; =
wy.y of Spa(A) X O(,,q:)(A) on the Schwartz space S((Vi(A))") and &
of Sp,(A) X O(vj.4)(A) on S((Va(A))™), where Sp,(A) denotes the usual
metaplectic double cover of the adelic symplectic group Sp,,(A).

For j = 1,2 we have then for ¢ € S((V;(A))") the theta kernel

0@ hisei) = ¥ wi(@e;hile)
zeV;(Q)

(5 € Spa(A), == h; € Oy, )(A)).
and the theta integral

[Ge;) = / 6@, by p5)dh;
Ow;,45) (@\O(v; 4, (A)
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which (under our conditions) is absolutely convergent for j = 1 and for
j =2 if V; is anisotropic or m > n + 2.

Let now L; be a lattice on V; and assume p; to be factored as ¢; =
[I, ¥ over all places v of Q, where ¢;, = 1, is the characteristic
function of the lattice L;, in the Qp-space Vj, for all finite primes p.
Then for ) oo(Xx) = exp(—27 tr(g(x))) for x € (V; ® R)" (the Gaussian
vector) the intgral I(§; 1) is the adelic function corresponding to the Siegel
modular form

9™ (gen(L,), Z)

in the usual way.
For the space V5 we consider two different test functions at infinity: If
we choose a fixed majorant £ of ¢ and put

P2,00,¢(X) = exp{—27 tr(€(x))) for x € (Vo @ R)",

the value of the theta kernel

0(3, vy, P2,00,6 ® H ®2,p)
pFoo

at hy = 1y, corresponds to the theta function

9 (Lg,6,2) = ) exp(2mi tr(g(x)X)) exp(—2r tr(§(x)Y))

x€Ly

(with Z = X + Y € $,) considered by Siegel, and its integral over
Ow2,)(Q) \ Oy, ,)(A) corresponds to the integral of this theta function
over the space of majorants £; this is a nonholomorphic modular form in
the space of Eisenstein series by Siegel’s theorem (or its extension to the
Siegel-Weil-Theorem).

Applying a certain differential operator as outlined in [10] to 2 cc,¢, We
obtain a different test function 3 , ¢, and the integral of the theta kernel
(3, by 3 0,6 ® [psoo P2.0) OVer Oqvy ) (@) \ Oy, ) (A) corresponds to the
holomorphic theta series of the indefinite lattice L, considered by Siegel in
[16} and by Maa8 in [12] whenever the latter is defined.

To simplify the discussion, we restrict now (following [10]) to n = 1. We
denote by x the quadratic character of Q /Q* defined by

xo(@) = (@, (-1) "5 a),
for all places v, where ( , ), is the Hilbert symbol. Then associated to
@; there is a unique standard section ®; : := G(A) x C — C with
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éij(-,s) € I(s,x), (where I(s,x) is the principal series representation of
G(A) with parameter s and character x) such that for so = 2 — 1 one has

2;(9: 50) = (w;(9)e5)(0) =: A (iw5).

With the Eisenstein series

E(gi e (P]) = Z q’,(’)ﬁ(}, 5)
v7€Pe\Go
associated to ®;, the Siegel-Weil theorem asserts that E(g, s; ;) is holo-
morphic at s = s¢ and that one has the identities

E(g, s0;05) = & - I(g; 5)

where Kk = 2 if m <2 and K = 1 otherwise.
The above maps A; : := S(V(A)) — I(so,x) factor into a product
A; = [1, Aj over all places v of Q and Kudla gives the following definition.

Definition 6.1. (Kudla)

(a) Let v be a (finite or infinite) place of Q, let V; , and V;,, be quadratic
spaces over Q, of dimension m and discriminant d. Then functions
v10 € S(V1,,) and ¢a,, € S(Va2,,) are said to match if A ,(p1.,) =
A2,0(P2,0)-

{b) Let Vi, V2 be quadratic spaces over Q of the same dimension m and dis-
criminant d. Then two test functions ¢; € S(V1(A)) and ¢2 € S(Va(A))
match, if A; (1) = A2(yp2). Equivalently, two factorisable test functions
o1 =@, 1, P2 = Q, p2,0 match if ¢y , and @a,, match for all places
v.

The matching principle observed by Kudla in [10] then states that for
matching test functions ¢1 € S(Vi(A)), w2 € S(V2(A)) one has with

®(-, 50) = A1) = Aa(p2):
I(g; 1) = E(§, 50, ®) = I(§; p2)-

Although this identity is a trivial corollary of the Siegel-Weil theorem, the
matching principle gives highly nontrivial arithmetical identities since the
integrals I(g, ¢1) and I(§, @2) carry completely different arithmetic infor-
mation; in [10] the principle is exploited to give identities between degrees
of certain special cycles on modular varieties and linear combinations of
representation numbers of positive definite quadratic forms. Kudla gives in
[10] explicit local matching functions at the infinite place and asserts the
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existence of local matching functions at the finite places for m > 4 and for
m=4if xp, # 1.

We can now state the contribution of our computations from the previ-
ous sections to this matching principle:

Proposition 6.2. Let L,V,q be as in the previous sections, let n =1 and
let o1 =[], v1,0 € S(V(A)) be the test function for the positive definite
lattice L as described above. Assume that L is of square free odd level N
and that all p|N divide the discriminant of L to an odd power. Let x be the
(primitive) quadratic character mod N with 9(L,q) € Mr(Fo(N),x) and
let p be a prime with x(p) = —1.

Let 9(gen(L))|rpy = D ci¥(gen(L;)) be the explicit linear combination
of theta series of all the positive definite genera of lattices of level N and
discriminant in d- (Q*)? given by the results of Section 5, let ; be the test
function attached to the positive definite lattice L; as above. Let (Va,qs) be
the quadratic space V of signature (m — 2,2) from Lemma 4.2 in Section
4, let Ly = L in the notation of Lemma 4.2 and let

0r = Proe ® [ | 2
p#0

be the test function attached to Lo as described above.
Then the test functions

Y= avi€ S(Vi(A))
and
5 € 5(V2(A))
match and we have |
1(g, %) = I(§, ¥3)-
Proof. This is clear from the discussion above and Theorem 4.3. Q

Remark 6.3. As already stated in [10] the matching principle can easily
be generalized to arbitrary %n. In the range of our results in Sections 4
and 5 we have then examples for the matching principle for general n in
the same way as described above.
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Quadratic mean value theorems of automorphic L-functions on the critical
line are proved under very general conditions and several interesting examples
are presented. In particular, we establish the expected upper bound for the
quadratic mean of the automorphic L-functions attached to Maass cusp forms
on the critical line by a simple approach using only the functional equation.

1. Introduction

Mean-value theorems of automorphic L-functions are of great interest and
they play an important role in number Theory. Recently, some mean-value
theorems (quadratic mean) have been established under very general condi-
tions for a class of general Dirichlet series by Kanemitsu, Sankaranarayanan
and Tanigawa (see Theorems 1, 3 and 4 of {15]). The important aspect of
these Theorems 3 and 4 is that they give a better error term whenever Rs
is close to 1 with Rs < 1. However (i) and (ii) of Theorem 1 in [15] give
just an upper bound for 0 < Rs < 1. Improving the quadratic mean error
terms whenever Rs is away from the line % for a general Dirichlet series and
liftings of automorphic L-functions have been further proved by Ivic and
Matsumoto respectively in [8] and [18]. For other interesting mean-value
theorems (with upper bounds and some times even an asymptotic formula
with an error term) we refer to [6], [7], [9], [12], [13], [14], [17], [22], [23],

262
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(26], [27], (28], and [29].

The aim of this note is to obtain upper bounds for the quadratic mean of
automorphic L-functions on the critical line. The approach here is elemen-
tary but it includes several interesting examples which will be given later.
We remark that the conditions imposed on the Dirichlet series considered
in [15] force a = 0 there since our functional equation is under s — 1 —s.
We do not assume o = 0 and therefore we have to prove an analogue of
Lemma 3 of [15] in our setup i.e. when & may be positive. We give this
result in Lemma 3.2 below.

Our setting is the following.

1. Let a, € C, a, = O(n**¢) Ve > 0, a > 0 is fixed, be a sequence

of complex numbers. Let Z(s) be the corresponding Dirichlet series i.e.

oQ

Z(s) = Z%{}, which is absolutely convergent in the region s > 1+ a.
n=1

2. We suppose that Z(s) has meromorphic continuation to C, has only real

poles and satisfies
Z(s)=0 (evllmsl) (1.1)

in any finite strip 07 < Rs < g3, g2 > 1 + o where v = v(01,02) is a
positive constant.

3. We suppose that Z(s) satisfies a functional equation of the Riemann
zeta-type , s — 1 — s, i.e. we have

Z(s)A(s) = A1 A5°Z(1 — 5)A(1 — ) (1.2)

m
where A; and Aj are constants, A; > 0 and A(s) = [] I' (o + fBis) is the
i=1

gamma factor accompanying Z(s), each f; is a posit;ve real number and
oa; ERUIR, a; > 0if o; €R.
4. Let

m
n=> p, H=2n (1.3)

i=1

We will assume throughout that > 1. We will now state our results. Unless
otherwise specified § and € will denote arbitrarily small positive constant
which are not necessarily the same at each occurrence. The letter ¢ with or
without any suffix denotes a positive constant not necessarily the same at
each occurrence. We prove



264 W. Kohnen, A. Sankaranarayanan & J. Sengupta

Theorem 1. Let Z(s) be as described above. Then

T 1 2 1 14+2a+46
/ Z (5 + it) dt < (1 + 14, (Az + ——-) ) Tn(1+20)+8
1

A
(1.4)
where the implied constant depends only on 6 and 7).

Theorem 2. Let Z(s) be as described above. Furthermore if Z(s) has the
property
> lan|* < 6X (log X)B (1.5)
n<X

where k is any arbitrary positive constant and B is any arbitrary non-
negative integer, then we have

T 1 \?
Q::/1 Z(-2—+zt>

dt
2 1)\?
< (1 + Ay <A2 + —) ) & (4%) (B + 1)) n*BH2T(log T) BH1.

Ay
(1.6)

Remark 1. The implied constant in Theorem 2 is effective and absolute.

Remark 2. Our first task is to obtain an approximate equation for Z(s)
using only the functional equation. We do this by appropriately modifying
the proof of Lemma 3 of [15]. These kind of arguments have already been
developed first by Ramachandra and he has used these ideas in many of his
papers (see for example [22] and [23]).

Remark 3. In a recent paper (see [28]), Sankaranarayanan has proved an
upper bound uniformly in the parameters T' and the conductor N for the

quantity
1 T k
_— L{—-+it
Z<f,f>/T (2+1’f)

f
where f is a holomorphic cusp form (Hecke eigenform) of even integral
weight k& > 2 with level N (i.e on the congruence subgroup I'o(N)) having
the first Fourier coefficient ay(1) = 1. The sum in (1.7) runs over an or-
thogonal Hecke basis set and the notation < f,g > denotes the Petersson
inner product. We remark here if the L(s, f) is the automorphic L-function
attached to a Maass form with respect to the congruence subgroup T'o(N),
then following the ideas of the present paper as well as the paper [28], it is

2
dt (1.7)
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possible to prove an upper bound result uniformly in the parameters T' and
N for the quantity like (1.7) in this situation. However, we do not carryout
the details here.

2. Notations and preliminaries

As is customary for complex variables s (resp. w) we write s = o + it (resp.
w = u+4v) where o (resp. u) is the real part of s (resp. w) and ¢ (resp. v} is
the imaginary part of s (resp. w). If we write the functional equation (1.2)
for Z(s) in the form Z(s) = x(s)Z(1 -~ s), then using Stirling’s formula for
the gamma function we have | x(s) |x| ¢ |["0=29)| 4; | A7 as | t |— oo
in any fixed strip 0; < ¢ < oy (the notation f < ¢ means f « ¢ and
g < f). The parameter T will always be chosen to exceed Ty where Ty is
a sufficiently large number. As in [15] we repeatedly use the well-known
result of Montgomery-Vaughan in our estimates. We record this result here
as our Lemma 1. We also give the proof of Lemma 2 in this section for the
sake of completeness.

3. Some Lemmas

Lemma 3.1. (Montgomery- Vaughan’s mean value theorem). Let
o0

{hn} be an infinite sequence of complex numbers such that Zn | hn |2 s

n=1
convergent. Then

T+H,
J;

where c < Hy < T.

Zhnn —it

ﬁ:fwM%m+om»
n=1

Proof. See for example [21] or [24]. O

Lemma 3.2. Let h be a fized positive constant such that 1 — 1% > 0 and
let Y and M be positive parameters with Y <| t |, M «| t |¢ for some
positive constant ¢. Then for s = o + it with 0 < ¢ < 1, we have,

Z(s)=S—I —L+0(|t|™4) (3.1)

where
oo

S = Zf"*>" (3.2)

1
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11=—1—_ / I‘( )Y"’ (s +w) Zanl+s+w d_w

2mi . nM w
|Imw|<log?|t|
(3.3)
1 w —14st+w dw
L= / P (1+3) Yox(stu) | 3 awn % (3.4)
R — o 26 n>M
[Imw|<log?|t}

€ > 0 being any real number such that 1 — L”—"'—;!ﬁ >0and A >0 is an
arbitrarily large constant.

Proof. We have for any ¢’ > 1+ a,

Q. h 1 w dw
™ o—($) 27y =
1iﬂ“ =3 @qm1+’ﬂY Z@+uow. (3.5)
We truncate the line of integration at | v |=| Imw |= log? | ¢ | and using

Stirling’s formula and shifting the contour of integration to the line Rw =
—0 — a — 2¢ we obtain

S=Z@)+I+0(t]™*) (3.6)
where
1 w dw
I—% / 1+ h)Y Z(s+w)w
Ruw=—0—a—2e
[Imw|<log?|t|

and A > 0 is an arbitrarily large constant. Using the functional equation
of Z(s) we get

I=I+1,
where
j— / T (1+ E) Y¥(s+w) | Y apn ttetw dw
V™ omi h " w’
Rw=—0—a— nSM
(vl <iog? o]
We now shift the contour of integration in I] to the line Rw = —¢ and this
yields

L=L+0(¢t|™).

This proves the lemma. O
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4. Proof of the Theorems

Proof of Theorem 1. The proof proceeds along the same lines as that
of Theorem 1 in [15] i.e., by using the dyadic partition of the interval
[1,T] it suffices to obtain upper bounds for the integral of | S (% +it) |2,
| I (1 +it) | and | Iz (} +7it) |? over the segment T <t < 2T. We choose
the free parameters Y and M suchthat Y =M > T.

Using Lemma 1 we get

2T
Q1 =: /T S (-;— +’it)

th
< Xl 0 T4+ T Jenf 7t () (T 4m)

2
dt

ngY n>Y
Y th
< ¥ lanf a4+ el (3)
ngY n>Y
€T lanln + 3 foal’ + 3 foul? (5 ) (41)
n<Y n<lY n>Y .

where £ is any positive integer. We observe that we can choose A sufficiently
large so that 2o+ 2¢ — lh + 1 < 0 in the third sum of the right-hand side
of (4.1). Therefore the right-hand side in the above is

< Ty2a+6 + Y2a+1+6 < }/20:-{-1—{-67 (42)

since Y >T. Now using the Cauchy-Schwarz inequality we get as in [15]

that
1
Il (5 + 'Lt)

0. /T2T

2T
< ,Aliz A2—1+2EY—2€TH(1—2( 3$—¢€) / /

2

dtdv

Z an n—1+s+w
n<M

Rw=-—¢
(ImW| < log?|t|

T3H5

L AP AF I Vo > lanf*n717(T +n)
n<M
T3H
& |A | A2 1+2¢ 2 Y2€ Zn2a+26—1 2€(T+n)
n<M

< |Al|2 *‘12_14_2'E Y2e Z nm 1 Y2e Z n2a
n<M n<M
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T3He+1 o T3He . _
—142¢ - geM+ M if o=
<<|Al|2A21+2 {—_YT_ Y2

3He+1 3H
T M2 4 T M2t if o> 0

T3He

<<|A] 1+2e Sz (T logM + M) if =0
Lo (TM? 4 M2+1) if @ > 0.

T3HeM if o =0
< |A1|2 Agre 3He pr2a+l ;
T3Hep20+1 §f o > 0.
< |A112 A2—1+25yl+2a+6, (43)
since Y = M > T. Similarly we obtain,
2T 1 2 THY 1422
/ I ( + zt) & |4y |? Adetie (7) -T°. (4.4)
T

Note that Y = M and we choose YM =TH ie., M2=THor M =T% =
T, We therefore finally obtain

2T 1 2
z(5+)
Lol

dt < (1 + |A1|2 (A;1+2€ + A§a+4e)) T’I(2C¥+1)+5-
We note that (for A3 > 0)

(4.5)

max (Az, —1—> < Ay + —l—

As As
This concludes the proof of Theorem 1.

Proof of Theorem 2. We observe that the condition imposed on the

coefficients {a,} in Theorem 2 guarantees that both the series Z‘ n |

n=1

and Z—-— = Z(s) are absolutely convergent for ¢ > 1. Utilising the latter
we get the following modification of Lemma, 2.

Lemma 4.1. Let Z(s) be as above and retain all the notations of Lemma
2. For s=0+it, with0 < 0 < 1, we have

Z=S-L-Ij+0(tI™)

v 1 / Y yw ~ltstw | QW
= r(1+h)Y xs+w) | S ann =,

n<M

Rw=—¢}

[ Imw| < log 1|
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I = -2—7% / I‘( ) Y*¥x(s + w) (Z a n“1+’+“’) Elwﬂ

n>M

Rw=—0o—2¢

|1mw| < log?|¢|
Here ¢; = ﬁ%T > 0 is a real number such that 1 — githze—’) >0and A>0

is an arbitrarily large positive constant.

Proof. The proof is entirely similar to the proof of Lemma 2 and is there-
fore omitted. a

We continue with the proof of Theorem 2. The idea behind the proof
of this theorem is to obtain improved estimates for the integral of

IS + it ’ ]Il —i—it)]2 etc. by utilising the condition above of the
asymptotic behaviour of the sum Z |an|2. The condition implies that
ngX

|an

is absolutely convergent in the region Rs > 1.

the Dirichlet series Z

=1
Here also, we choose our free parameters Y and M such that Y =M > T.

Note that €; = nlo s7 > 0 and B is any arbitrary non-negative integer. As
before, we observe that

2T
Q3 = L S (% + ’l:t)

—Z'“"' 23" (T + O(n))

n=1

=2 kD

2
dt

n<Y n>Y
<<TZ | n| + Z'“"' +Yzhz Ia
n<Y n<yY n>Y
& T/ —-1 Z lan' +Ylh/ —lh d Z lanlz
n<u n<u
+ kY (logYV)B

< & {T(logY)BH + Y™ (Y1~ (log Y)B) + Y (log V) B}
< k{T(logY)B*! +Y(logY)?}
< kY (logY)B, (4.6)
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by choosing h sufficiently large such that A > 10 and using integration by

parts. Now
Iy (% + it)

01 /TzT

< |4 71T R 7 oy [ T R(T 4 m)
n{M

& |A1|2 A;1+2€1T10'I]€1

M M
< T/ w2 g [ 3 (a2 +/ w24 | 3 Janf?
1 1

nlu n<u
T(log M)E
M261

+ |A1|2A2_1+2€1K«T10"€1 {Ml—zel (log M)B + 261M1—2e1 (log M)B}
& |A1|2 A2_1+2€1K/M(10gM)B+1
< |41 47142 6Y (log Y) P, (.7

2
dt

< |A? A7 12 g0 { + (1 + 2€;1) T(logM)B+1}

by using integration by parts and since Y = M > T. We observe the simple
inequality (for u > 10)
(logu)? < (B +1)! < (B+1)!
’U,251 - (261)B+1 - (61)B+1 :

Therefore, we have (on using integration by parts)

o0
5 fanftartte = [Tt g [ $

n>M M n<u
B+ [ 1 1
<k (e PH \M1+2a +2+4e) s

p41 (log T)B+1
M
B+1 (log M)B+1
—u

We also observe that (on using integration by parts again)

2U
Z lan|2n—l—4€1 z/ u—1—451 d Z ,a'n|2
U

U<n<2U n<u

log(2U))2
L gém))

L K((B+1))n

L K((B+1))n

<
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« 92, 0080)”
Udea )
We note the following simple inequalities. If a and b are any two non-
negative real numbers such that a + b > 10 and B is any arbitrary non-
negative integer, then we have

(4.9)

(a +b)® < max ((2a)%, (2b)B) < 2B (af + bP) (4.10)
and also for any integer j > 1,
. B -B B
2jeq > Jei > (]61) = J (El) . 11
270 2 e 2 Ty, B! (411)

Therefore, from (4.9), (4.10) and (4.11), we infer that

= 3 lanf*n71 70

n>M

= 2 D lmfarie

U=2iM U<n<2U
7=0 to oo

log(U))2
3 (log(U))

B
<<2 K U451

U=2iM
3=0 to oo

log 2]M
B
<2 Z 22M)4"

j=0

< 4BKZ ((41og2)® + (log M)B)

j=0 (2] M)4€1

Bl QogM)P 1~ i (lgM)®
< 47k { M451 + M4E1 o 24j€1 M451 Z 24]51

< 4By ]ogM)B 1 (B X 1 (logM)Bi 1
M4€1 M451 (E B 22]61 M4€1 24j€1
(

< 4Bk

(logM)E 1 (B 2261 , log s 24
M461 M461 ( )B €1 M4€1 €1

BY) nB+1(log M)BH!, (4.12)
Hence, from (4.8) and (4.12), we deduce

0 = /T2T 2

< 4Bk

Ié’(-;- +it)| dt
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2
dt dv

§ : ann—1+s+w

2T
< IA1|2 Agely—1—4el T217+4€1H x / /
T n>M

u=—1—2£1
lvl < log?it|

& |A1I2 AgEIY—1_451 T27]+6€1H Z |an|2 n—2—451(T+n)
n>M

T2n+12n€e;
Y1+461

X {Tm)B“(B +1)!

< |A;? A5

B+1
(1Og]\]\44) + 4BK/I7B+1(B!)(IOg M)B+1}
T
7

2n
< |A1]? A knBH4B (B + 1)) TT(log y)B+L (4.13)

< |Ap)? AdrknBH14B (B + 1)) (log M)BH!

From (4.6), (4.7) and (4.13), we obtain

o= [ (303

< (L (340 4 age)) P4 () (B ) {7 + T gy,

2
dt

We now set Y = T'7 (note that n > 1) and finally get

27 1 )
Q::/T Z(§+1t)

2
< (1 + |4 (Az + i) ) & (47) (B + 1)) *P+2T7(log T) P+,

2
dt

Ao

This completes the proof of Theorem 2.

5. Examples

(1) Let f be a Maass cusp form for SLs (Z) which is a normalised eigen-
function of all the Hecke operators T'(n) (n € N) as well as the reflection
operator T_; where T_1(z) = —Z for all z in the upper half-plane and let
L(f,s) be its standard L function. We have n = 1 in this case. The best
known value of o is & which is due to Kim and Sarnak (cf. {16]). Thus

Theorem 1 implies that
G

r

2
dt <« THH9, (5.1)
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We write the Fourier expansion of f as
1) = 3 pW)Wy 4 (n2). (5.2)
n#0

Here W,(z) is the standard Whittakar function and p(n) is the n*® Fourier
coefficient. We normalise p(n) by letting

vim) = ( )%p(n). (53)

cosh 7y

We have
v(n) = A(n)v(1) and T(n)f = A(n)f, (5.4)

where A(n) is the n*" Hecke eigenvalue. From the asymptotic formula (see
(8.17) page 110 of [11]) we deduce that

S @) = (WP 3 M) = 0X + (X¥) (5.5)

n<X n<X

and hence it follows that

S ) =X + (XF). (5.6)

n<X

where Cf = TT%P' > 0. From (5.6), we note that we can take B = 0 in
Theorem 2 in this situation. Thus Theorem 2 gives that

T 1 )
A L(f,§+it>

for a normalised Maass cusp form f. Kuznetsov [17] has proved an asymp-
totic formula for the above second moment. We are here interested in get-
ting an upper bound and up to the effective implied constant our upper
bound is the same as that obtained by Kuznetsov. Our proof is elemen-
tary and simple in contradistinction to that of Kuznetsov which is long and
complicated.

2
dt <« T (logT), (5.7)

(2) Let f be a holomorphic cusp form of half-integral weight k + % of
level N with 4|N in the sense of Shimura [30]. Let us assume that f is
an eigenfunction of the usual Fricke involution induced by the action of

0 -1
(N 0 ) Let

L(f,s)=Y_ ann™  (R(s)>0) (5.8)

nzl
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be the Hecke L-function of f, where a,, is the n*® Fourier coefficient of f.
Note that L{f, s) in general does not have an Euler product, even if f is a
Hecke eigenform. We put

i(f,s)::L(f,s—i—E—l). (5.9)
2 4

According to [30] (see p. 481), L(f, s) when completed with one I-factor has
holomorphic continuation to the entire complex plane, satisfies condition
(1.1) and is invariaxnt under s — 1 — s (the proof works in the same way as
in the integral weight case). We have n = 1.

The Ramanujan-Petersson conjecture is not known for the individual
coefficients a, (the best bound known so far seems to be a, <y, ni-gste
in case k>2 (cf. [10]). However, by the Rankin-Selberg method it is true
on average, i.e. we have

D lanl? < X1 (5.10)

ng X

Therefore, by an argument analogous to the argument leading to The-
orem 2 (with the log-power replaced by an X¢), we deduce that

/1T i(f,%+it)

(3) Let f be a cuspidal Hecke eigenform of integral weight k& with respect
to the full Siegel modular group I'y := Sp, (Z) C GLgg (Z) of genus g. We
will suppose that k > g. For a prime number p, we denote by agp,..., a4 p
the Satake p-parameters attached to f (determined up to the action of the
Weyl group). We let

2
dt < T'e, (5.11)

Lu(f,9) = O [ IT @ - ipp™) 7 (1 =0ipp™) ™ () >9+D)
P (5.12)

the standard zeta function associated to f. (Note that in the case g = 1,
one has Ly (f,s) = L(sym?f,s + k—1).)

Put

Yo(s) := jlil“ (s - %) (5.13)
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and define
. —(i1)s + +k-1 s+k
Lt mmotor (38) , (=) (225 Lt
(5.14)
where
£ = 0, if g=0 (mod?2) (5.15)
1, if g=1 (mod 2).

Then it is well-known (cf. e.g. {19] and the literature given there) that
L%.(f,s) has meromorphic continuation to the entire complex plane with
poles occurring at most at s = 0,1, is invariant under s — 1 — s and that
the function Ly (f, s) satisfies the growth condition imposed in (1.1).
Clearly we have 7 =g+ 1.
Write a, (n € N) for the general coefficient of the Dirichlet series
Ly (f,s), (R(s) > g+1). It was proved in (3] (cf. Lemma 3.1 and the proof

of Propos. 5.6) that a, = O (n%-"*‘l‘*") for all g and in fact a, = O (n#7¢)
if g=2" (r € N) is a 2-power.
Therefore Theorem 1 implies that

T 2
/ (f, + zt) dt <« T3 1422+ (5.16)
1
where one can take
2 if g=>1
(o — 39, lf 92 (5.17)
g4, f g=2",reN

(4) Now suppose that f is a cuspidal Hecke eigenform of integral weight k
of genus 2 (cf. above) and for R(s) > k + 1 denote by

Lepin(f, )

—1
_ H <<1 _ ao,p) (1 B ao,p“lm) (1 B ao,paz,p) <1 _ ao,pal,paz,p))
P p° P

(5.18)

the spinor zeta function associated to f. Put
spm(fs S) (27'-)—281-‘(5)1-‘(3 —k + 2)LSPi"(fv 'S)' (519)

We normalize by setting

Espin(f, S) = Lspin (fa s+ k— g) (520)
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and
Liin(fr8) == Lipin (f, s+k— g) : (5.21)

By [1] then the latter function has meromorphic continuation to the entire
complex plane with poles at most occurring at s = %, —%, is (—1)*-invariant
under s — 1 — s and Lgpin(f, s) satisfies (1.1). We have n = 2.

According to [3] (cf. Propos. 5.4) one has a, = O (nF~1%¢) where a, is
the general coefficient of Lgpin(f, s). We therefore can take o = % and thus
from Theorem 1 deduce the bound

/lT spm<f, +zt>2

We remark that a result of Weissauer asserts the truth of the Ramanujan-
Petersson conjecture for f (i.e. a = 0) in case f is not a Maass lift. However,
no complete proof so far has appeared in the literature.

dt « T, (5.22)

(5) Let f be a Maass cusp form on SL(2,Z) which is a normalised Hecke
eigenform as in Example 1. Let (cp, B,) be the p-Satake parameters of f,
i.e. ap+Pp = A(p) and apfp = 1 where T'(p) f = A(p)f, p a prime (the pair
(oep, Bp) is unique upto permutation). The symmetric square L-function of
f is defined by the Euler product

L (sym?f, s) H{ (1-a2p*)(1-p7*) (1=}, (5.23)

This product converges absolutely for R(s) large and the resulting func-
tion has analytic continuation to the entire complex plane and satisfies the
functional equation (cf. [25]),

Lo (sym?f,s) L (sym?f,s) = Lo (sym®f,1 — s) L (sym*f,1 - s)
(5.24)
where

Loo (sym?f,s) = 7= ¥T (g n ix) T (%) T (% - ix) (5.25)

and % +x% = A, X being the Laplace eigenvalue of f. Note that A > %
and therefore x is real and without loss of generality can be taken to be
positive. We remark that there is a typographical error in the definition of

X (denoted as ¢ in [25]) in [25]. The ¢ there should be defined as A = § + ¢

and not as A = 1—}‘—2 as given in [25]. In this situation, we have n = 3.

It is well known (see [5]) that f has a lift to a cusp form F on GL(3)
whose standard L-function is L (s, F) = L (sym?f, s). Letting a(m,n) de-
note the Fourier coefficient of F' (vide [25] and [2]) as is customary, we
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have (see [4]) that the Rankin-Selberg convolution of F with itself, namely
L{s,F® F) is given by

oo

L(s,F®F)=<<3s)(Z g%:_)i()in_))

m,n=1
00 2
= ¢(3s) ( Z_l '—a(g%‘))—') ., R(s) > 1. (5.26)

Note that in this notation we have,

L (sym®f,s) = i a(:l,sn) (5.27)
n=1

L (s,F ® F) has meromorphic continuation to the entire complex plane
(see [4] and [20]) and satisfies a Riemann type functional equation. The
only singularity of L (s, F' ® F') in the half-plane R(s) > 0 is a simple pole
at s = 1. Standard number theoretic techniques then show that

Z la(m,n)|* <« X as X — oo, (5.28)
m?n<X .
which implies that
> le(,n))* < X. (5.29)
n<X

Therefore, we can take B = 0 in (1.5) in the case of L (sym?f, s) and hence
from Theorem 2, we obtain

r

It should be mentioned here that a similar result was proved in [27] when
f is a holomorphic cusp form for the full modular group.

2
dt < T3 (logT). (5.30)

L (symzf, % + it)
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Let f be a cuspidal Hecke eigenform on U(1,1) and £f the Kudla lift of f (a
theta lift from U(1,1) to U(2,1)). In this paper, we study the Petersson norm
of £f. As an application, we give a criterion for the non-vanishing of £f.

0. Introduction
0.1.

Let K be an imaginary quadratic field of discriminant D with integer ring
Og. For simplicity, we assume that the class number of K is one in the
introduction. Let f be a holomorphic cusp form on I'g(D) of weight [ — 1

D
and character (:) Let U(S) be the unitary group of a hermitian matrix

1/vD
S = 1
-1/vD
of signature (2,1). Kudla ([6]) constructed a holomorphic cusp form £f on
I'=U(S) N GL3(Ok) of weight [ as a theta lift of f. He also showed that
Lf is a Hecke eigenform if so is f.

The object of the paper is to show that, for a Hecke eigenform f, the
square of the Petersson norm of Lf is expressed essentially in terms of

280
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L(f;1), where L(f;s) is the standard L-function of f. As an application,
we obtain a criterion for the non-vanishing of Lf.

0.2.

The paper is organized as follows. In Section 1, after preparing several no-
tations, we state the main results of the paper; an inner product formula
for Kudla lift and a non-vanishing criterion (Theorem 1.1). In Section 2, we
briefly recall the theory of metaplectic representations of unitary groups.
The Kudla lift is introduced in Section 3. By using the see-saw dual reduc-
tive pair and the Siegel-Weil formula proved in [14], we reduce the proof of
the inner product formula to the calculation of certain zeta integral intro-
duced in Section 4. In Section 5 and Section 6, we recall the basic identity
and several basic facts about local spherical functions. These enable us to
decompose the zeta integral into a product of local integrals of local spher-
ical functions in Section 7. Section 8 and Section 9 are devoted to the local
calculations in the non-archimedean case. In Section 10, we calculate the
local integral at the archimedean prime.

1. Main results
1.1.

Let K be an imaginary quadratic field of discriminant D with integer ring
O . We fix an embedding of K into C and let s = v/D be the square root of
D with positive imaginary part. Denote by ¢ the nontrivial automorphism
of K/Q. For z € K, we put Tr(z) = z + 27 and N{z) = zz°. When z # 0,
we write 77 for (z7)~!. Set K! = {t € K* | tt° = 1}. For a prime v of
K, let K, = K®q Q.. If v = p is finite, we put Ok p = Ox ®z Z, C K.
When p ramifies in K/Q, we fix a prime element II of K,,. When p splits
in K/Q, we fix an identification K, with Q, ® Q, and put II; = (p,1)
and Il = (1,p). We denote by Qa and K the adele rings of Q and K
respectively. Let Ka s (resp. K ) be the finite (resp. the infinite) part of
the adele ring Ka, and put Og,s = [],.o, Ok,p C Ka,s. For a € K, we
put ||a||s = | N(a)|», where | - |, stands for the absolute value of Q,. For
a = (ay) € K, set [lal] = I, llaull.

By an ideal of X, we always mean a nonzero fractional ideal of K.
Denote by hx and wyg the class number of K and the number of roots
of unity in K respectively. Let w be the quadratic Hecke character of Q
corresponding to K/Q. Denote by X the set of unitary Hecke characters x
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of K with X,QX = w. For x € X, define an integer wo. () to be x(ze) =

(2o0/ 1200 |) =X for 20, € KX.

Let 1 be the additive character of QA/Q with ¥(za) = €[Zoo] =
exp(2mizo,) for zoo € R. For each prime v of Q, we write 1, for the
restriction of 1 to Q,. A diagonal matrix of degree n with the i-th diagonal
component a; (1 < i < n) is denoted by diag(ay,...,an).

1.2,

In this subsection, we normalize various Haar measures. Let v be a prime
of Q. Let dz, (resp. dz,) be the Haar measure on Q, (resp. K,) self-dual
with respect to the pairing (z,y) = ¥y (zy) (resp. (2, w) +— ¥, (Tr(27w))).
We normalize a Haar measure d*z, (resp. d*z,) on F* (resp. KX) by

d*z, = / Az, =1
zx 0%,
if v=p < o0, and

dT oo dzeo

d* 200 =

d¥ T = = %%
1200/ loo

- b
|5L'oo|oo

Finally let
dr = H dz,, dz = H dz,, d*z = H d*z,, d*z = H d* zy,

where v runs over the primes of Q.

1.3.
For A € My, o(K), we put A* =?A°. Let H = U(T) be the unitary group
of an anti-hermitian matrix T’ = (_01 (1))

Hq={heGLy(Q) | h*Th=T}.
Define elements of H by

a@= (4 2) om0 =(37) 70 = ;1)

fora € K*,b € Q. For a finite prime p, let U, = H, N GLy(Ok p) and

b
LIO(D),,={(Zd) eu,,|ceD-0K,,,}.
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Let x € &. For u = (Z Z) € Up(D)p, set

= {Xp(a) - ¢c€pOkp
Xp(c) -+ ¢ € Ok,p — POk p.

Then ¥ = H Xp defines a unitary character of Up(D)s = H Us(D)p

p<o0 p<oo
(cf. [13], Section 5).
For hoo = (ZZ) € Hy and z € ) = {z € C | Im(z) > 0}, put
_az+b " _ -1 %
hoo{2) = —1d €9, j(hroo,2) = {dethe) *(cz+d) € C*.

Denote by Uy, the stabilizer of z0 = /-1 € § in Hoo.
We normalize the Haar measure dh, on H, by

ijwm=/¥mlgﬁnywmemm«mm

where du is normalized so that vol({f,) = 1. Let dh be the Haar measure
on Hp given as the product measure of dh, over the primes v of Q. -

1.4.

In what follows, we fix a positive integer | > 2 divisible by wg and x € X
with woo (x) = —1. Let S;_1 be the space of smooth functions f on Hq\Ha
satisfying the following:

(i) For h € Ha,uy € Up(D)y and us € Uy, we have
flhusuce) = §' (oo, 20) "4~V X(ug) f(h).

(ii) For any Ay € Hy, hoo(20) — 5'(hoo,20)' "} f(hfhoo) is holomorphic
on 9.

(iii) / fn(z)h)dz =0 (h € Hp).
Q\Qa

We call S;1 the space of holomorphic cusp form on Uy(D) ¢ of weight I —1
and character ¥. We define the Petersson inner product on S;_; by

<ﬂwH=/ fWFEYAR  (f f € Sim1)
Hq\Ha
and put ||fllg = /{f, .
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Let ) be the set of unitary characters 2 of K }\ /K with Q| o5, = 1
and Q(te) = t, for too € KL . We have an orthogonal decompositio'n
Si1 = @ Si—1(x?)
Qe
with S;_1(xQ) = {f € Si—1 | F(th) = (@) f(h) (t € KLY,h € Ha)}.

Here we use the same letter x to denote the restriction of x to K} .

1.5.
For each finite prime p, we define Hecke operators acting on S;_; as follows.
Let f € S;—1.

(i) If p is inert in K/Q, put

T,f(h)==f(hd(x1)) = 3 f(hn(r~'z))
:l:EZ,’,‘/pr
- Y f(hn(z)d(m)),
z€Z,/p?2Z,

where 7 is a prime element of Q.
(ii) If p ramifies in K/Q, put :

Ti(h) =x) Y  f(hn(z)d(D)

TE€Z,/pZp
+x; '@ > f(hA(Dz)d(@™)).
z€Zp/pZp
(iil) If p splits in K/Q, put
Taf(R) = x; "(M){f (A1) + D f(hn(z)d(I2))},

z€Zy/pZp

Toaf(h) = x; M){F(RA(Iz 1))+ D f(hn(z)d(IL))}.

r€Zp/pZ,

Note that S;—; (x(?) is invariant under Hecke operators, and that T, o f =
Qo /)T, 1 f for f € Si_1(xQ) if p splits in K/Q.

1.6.

We say that f € S;_1(xf) is a Hecke eigenform of eigenvalues {A,} (A, € C
if p does not split in K/Q and A\, = (X, 1, Ap,2) € C? if p splits in K/Q) if,
for every p < 00, T, f = A, f in the non-split case and T, ; f = Ay i f (i = 1,2)
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in the split case. Note that Apo = Qp(II/II;)Ap 1 in the split case. For
a Hecke eigenform f of eigenvalues {A,}, we define the automorphic L-
function L(f;s) as follows:

L(f;s) = I Lo(f;s),

p<o0
Lp(f38) = Lp(Ap; 8)
(L—(@ " p+1-plp2 +p‘43)_1 -++p is inert in K/Q
_ (1 —p712ape +1D_23)—1 --- p ramifies in K/Q
=4 2

H(l —p V2, p70 4 QI /T )p~2) "1 ... p splits in K/Q

i=1

Remark. Suppose that the class number of K is one. Then f corre-
sponds to a holomorphic cusp form fg4,, of weight [ — 1 and character

(—f—) on T'o(D), where fam(hoo(20)) = §'(Roos 20)' "1 f(hoo) (hoo € Hoo).

Let fom(2) = Z ¢(m)e[mz] be the Fourier expansion of f4m,. Then L(f; s)

m=1
coincides with the Rankin L-function

¢(25) Y e(N(a))a! N(g) =+

a

except local factors at p ramified in K/Q. Here o = (o) runs over the
nonzero integral ideals of K.

1.7.
Let G = U(S) be the unitary group of a hermitian matrix

k1
S= 1 .
_K_l

Note that the signature of S is (2,1). For a € K* and t € K1, we write
dg(a,t) for diag(a?,t,a™!) € Gq. We also set
1 kw? z+ —gww"
(wz)=10 1 w
(U] 1
forwe Kand z € Q.
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Put ’Cp = Gp M GLg(OK,p) and ]Cf = GA’f N GL3(OKJ‘) = Hp<°° ’Cp.
Then K, (resp. Ky) is a maximal open compact subgroup of G, (resp.
Ga.f). We define an action of Goo = G(R) on D = {{(z,w) € C? | (z —
%)/ — ww > 0} and a holomorphic automorphic factor J: G x D — C*
by

’ <Z>_t<alz+b1w+c1 a22+b2’w+02)
* J(900:2) " J(9osZ) )’
J(9o0, Z) = azz + bgw + c3

aibh ;
goo = | a2 bz c2 EGoo,Z=(w)€D-

a3 bz c3

for

Let Koo = {9 € Goo | 9{Z0) = Zo} with Zg = {(k/2,0) € D. It is known that
Ko = Goo N U(R), where R = diag(—2/D,1,1/2). We put K = KK .
We normalize the Haar measure dg on G 5 by

/G S(o)ds
=/QAdz /KAdw /KA dxa/K}‘dlt/de||aI|_2f((w,z)dG(a,t)k)

for f € L*(Ga). Here the Haar measure d't on K} is normalized by
vol(K'\K}) = 1, and dk is normalized by vol(X) = 1.

Let &; be the space of smooth functions F' on Gq\Ga satisfying the
following three conditions:

(i) F(gkrkoo) = J(koo, Zo)"'F(g) (g9 € Ga,ks € Ky, koo € Kf).
(ii) For any g5 € Ga.f, 9oo{Z0) — J(goo, Z0) F(googs) is holomorphic
on D.

(iid) / F((0,z)g)dz =0 (g€ Ga).
QA\Qa

We call G; the space of cusp forms on Ky of weight [. Define the Petersson
inner product on &; by

(FF)e= [  F@FQdy (RF e6)
Gq\Ga
and put ||F||¢ = {F, F)g. We have an orthogonal decomposition
& = P &)

QeEV
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with 6,(Q07Y) = {F € &, | F(tlz- g) = Q7 (¢)F(g9) (¢t € K4)}. Shintani
defined the action of Hecke operators on &; and the automorphic L-function
L(F;s) for a Hecke eigenform F' € &; ([16]; see also [6] and [13]).

1.8,
Define a unitary representation M/ , of G, x H, on § (K3) by

M o(g x 12)0(2) = xo(det g)B(g™"2) (g € Gu),
Mo (13 x d(@) ¥(2) = x;*(a)llall}/?T(az)  (a € K),
M., (13 x n(0)) U(2) = o (bz"S2)U(z) (b€ Qu),

M;,v(lg X wy)¥(z) = Ak, (V) /K3 Yo (Tr(2*S2"))¥(2")dg2

01
-10
measure on K3 self-dual with respect to the pairing (z, 2’) — ¥, (Tr(2*Sz")),
and Ak, (1) denotes the Weil constant (for the precise definition, see [11],
Section 3.3). Set M) (9) = @, M} ,(9v) for g = (9») € Ga. Then M,
defines a unitary representation of Ga x Ha on S(K3).

for ¥ € S(K3) and z € K3. Here w, = ( € H,, dsz' is the Haar

1.9.
We define a test function ¥g € S(K3) by
Bo(X) = 20 {2y oo 250e) exp (~21 L Zian oo + [masel? + Ll oo
1} = \/1_) 1,00 3,00 p D T1,00 Z2,00 3 3,00
x Wo,7(Xs),
where X = X0 X5 € K3, X00 = (1,00, 72,00, T3,00) € C® and ¥y ;s is
the characteristic function of O% ;. Define a theta kernel 8} : Gq\Ga X
Hq\Ha — C by
8. (9, h)
= x"'(detg)x~*(deth) Y Mi(gx h)¥a(X) (g€ Ga,h€ Ha).
XeK?
For f € §;-1(x2), we set
LI@= [ Blamitdh (g€ Ga).
HqQ\Ha

Then £, f € &,(Q71) (cf. [5], [13]). We call £, f the Kudla lift of f.
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1.10.

Let f € S1—1(xf). For each prime factor p of D, put Wp,f(h) =
-1

f(hwpp) (h € Ha), where wp, = \/_5\/1_) € H,. Then f —

Wp pf defines an involution of S;_; (x2) commuting with Hecke operators.
Suppose that f satisfies the following conditions:

(1.1) f is a Hecke eigenform of eigenvalues {\,}.
(1.2) For each prime factor p of D, we have Wp ,f = €,f (€, = £1).

Set

Sp
l/p +Vp

Co(f,x) = 1 + epAk, (¥p)xp(VD) 2 P—,

where &, = ord, D and vF! € C* is given by A, = p1/2(1p, + 1;1).
We are now able to state the main result of the paper.
Theorem 1.1. Suppose that f € S;_1(x§Y) satisfies (1.1) and (1.2).
(i) We have
L fNE = (£ 0N A1

where

W0 = wkn DA 1)%{&} L(551).

(i1) We have Lf # 0 if and only if
[IC(f.%) - L(f;1) #£0

p|D

2. Metaplectic representations
2.1.

Let K™ be the K-vector space of column vectors in K of degree m. Let
Q € GL,,(K) with Q* = —Q. Define a nondegenerate alternating form
(,)o on K™ by (w,w')g = Tr(w*Qu’) (w,w’ € K™). Let Ng be the
Heisenberg group attached to (K™, (, )g): By definition, Ng = K™ x Q
as a set and the multiplication law is given by

1
(w,2)(W',2) = (w+ 0,3+ 7'+ 5(w,w)q).
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For € = (€1,...,€,) € {£1}", we set

—-A; 0
The group He o = H(R) acts on the bounded symmetric domain D, =
{Z e M,(C) | %—(Z—fZ) >0} by h-Z"= h(Z)"Te(h,Z), where Z"= (f

and Je(h,Z) € GLn(C). Put Ueoo = {h € Heoo | M{Zp) = Zo} (2o =
il € Dy,). Then U,  is a maximal compact subgroup of He o and

A, = diag(es, ..., en), T€=( 0 AG), Ho = U(T.).

ug,oo = {6(“1,’&2) = Ce_l (UI u ) C. | up, Uz € U('I’L)},
2

C. - _1_ A, il,
T V2 \Ae—il, )
It follows that Ue oo C U(2n). We also have J.(6(u1,u2), Zo) = Acuy Ae.

Put
P
T, = ( T, ) . H.=U(T.).
—x~1T,

Define a homomorphism from G x H, into H, by

where

h
(g,h) — g ®h = (gijlan)1<i,j<3 - ( h ) (9 =(945) € G,h € H,).
h

2.2,
Let p”* be a smooth representation of N7, (A) on S(K7) defined by

()
=1 <- Tr(w} Aez) — % Tr(w} Acwz) + x) @(z + wz)

for wy,wq,z € K%,z € Qa,p € S(K% ). We also define a smooth represen-
tation pT¢ of Nr, on S(K%) ® S(K3™) by

w
pT=< w |,z | (0 ®9)(z2)

= o7 (3, 0)(2) - (— T Wi T.) - 5 ol wi L) +.2) B(Z-+us)
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for z € K%, wi,wy,w3,Z € K¥",z € Fa,p € S(K}),® € S(K%).
For x € X, we denote by M £= and Mgf the metaplectic representations

of H o and H, 4 attached to (p’<, x) and (pT<, x) resepectively (cf. [10]).
The following two results are proved by straightforward calculations.

Lemma 2.1. Let p € S(K}) and z € K}.

(i) For a € GL,(Kp), we have
Te a 0 — 1/2 -1 *
MX ((0 Ae‘l(a*)‘lAe)) (p(z) - X(deta’)”deta’” SD(AE a Aéz)'
(it) For b€ M,(Ka) with (Ab)* = Acb, we have
T, l'n b *
Mg 1. ) ) #(2) = (" Acbz)e(2).
Lemma 2.2. Let p@ ® € S(K%)® S(K%") and 2 € K3 ,7Z € K3

(i) For h € Ha, we have
MT<(15. & h)( ® B)(2, 2) = x(det M ()p(2) - (k™1 2).

(i) Forae KX ,te K}, we have

M (dc(a, )®124) (9®®)(2, Z) = x> (a)lal|™ M3 (t12)p(2)®(a2).

(iif) For w € Ka,z € Fa, we have

M3 (w, 2)®120)(9p®2) (2, Z) = Y(k ' Z*TZ-z) (o™ (~wZ, 0)p)(2) B(2).

3. Kudla lift
3.1.

In what follows, we write T for

&-1T
T(l) = T
—k-1T

and put H = U(T). Let o = @o,r ® po,00 € S(Ka), where g s is the
characteristic function of Ok ; and o oo(2) = e[iN(2)] (z € C). We also
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let @9 = Pg, 7 ® Po,00 € S(K3), Where $g s is the characteristic function of
Of(, 7 and

S () = —ime[sovG NG| ((2)ec).

Note that MT(us)po,; = X(us)po,s holds for uy € Uo(D)y (see [13],
Lemma 6.3). It is proved that

M (k ® u) (o ® o)
= x(det k)x*(det w)X(us) ™I (oo, Z0) 5" (too, 20)' ™ - 0 ® o
for k =kfkoo € KfKoo and u = upuso € Up(D) flUso.

Remark. We recall a relation between two realizations ME and M;(

given in Section 1 (for detail, see [13], Section 6.5). Define an intertwining
operator I: S(Ka) ® S(K%) — S(K3) by

I(0®8)(2) = p(z2)- /K T e <(;‘3)) du (z - (2) € Ki) .

23

We then have I o M;f(g ®h) =M, (gxh)ol (g € Ga,h € Hp) and
I{0 ® ®9) = ¥o.

3.2.
For g € Gao,h € Hp, set
ex(gvh)

=x"!(detg)x *(deth) Y MX(g®h)(po® Bo)(£ X).
¢eK,XeK?

Note that 8, = 8, by Poisson summation formula and the above remark.
It follows that, for f € S;_1,

Lyf(g) = / f(R)ox(a)dh (g € Ga).

HQ\Ha

The following fact is proved by Kudla ([5], [6]; see also [13]).
Theorem 3.1. Let f € S;_1(xQ).

(i) We have L, f € G,(Q71).

(ii) Assume that f is a Hecke eigenform. Then so is L, f and L(L, f;s) =
Cr(s)L(f;s).
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4. Inner product formula
4.1.

We prove Theorem 1.1 by invoking the machinery of see-saw dual reductive
pair (cf. [7]). Put

1 A
A'=Aqy = ( —1)  I'=Ta,-1y = (—A’ ) , H' = H,—1y =U(T),

K,_IT'
T’ == T(l,——l) = ( TI ) ,HI == H(l,—l) = U(T,)
—kTITY

Define an embedding ¢: H x H — H' by

aj b1
b a; bi
dhha)= | %2 4 2 (h¢= (c_ d.) eH).
Co d2

We also define a homomorphism G x H' to H' as in Section 2.1:
hl
(g,h') — g® b = (gij - La)1<ij<s ( h’ ) .
h/

Let ¢ = 95 s ®¢0,00 € S(KR), where ¢, ; is the characteristic function
of O% ; and ¢} o (2) = e[i Zz] (2 € C?). We also let & = &}  ® &f ., €
S(K3}), where &g s is the characteristic function of O%{, s and

(I)z),oo(Z) = (2:1 - iZg)l(Zz - 'i24)l e [%Z*Z] (Z = t(zl,22,23, 24) € C4).
For g € Ga and hy,hy € Ha, we define

} eX(ga h‘l, hZ)

= x"%(det g)x 2(det hy)x " (dethe) Y MY (9®t(h1,h2)) (6 ® (&, X).
£eK?2, XeK4

The following is easily verified.

Lemma 4.1. For fized hy,hy € Hp, the function g — ©O,(g, h1,hs) is
rapidly decreasing on GQ\Ga.

Lemma 4.2. For f, f' € S;_1, we have

/ F(ha) T02) O (g, bn, ha) dhadha = L f(Q) TaF(G) (g € Ga)-
(HQ\Ha)?
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Proof. For ¢ = {¢+,67) € K? and X = Yz1, 29, 23, 24) € K4, we have

MY (9 ® t(ha, h2)) (b ® Bp) (4, X)
= M3 (9 ® h1)(o ® Do) (€+, X )M T (g ® ha) (w0 ® To) (€7, X ™),

where X+ = {(x;,23), X~ = Yx3,x4). It follows that

ex(gv hl, h2)

= X"2(det g)x*(detha)x'(deths) Y. MF(g®h1) (w0 ® o) (€F, XT)
tteK,XteK?

X Z M;T(g®h2) (po®®0) (€7, X7).

£-€K,X-€eK?
It now remains to show that
X~ (det 9)x~ (det WM™ (g ® h) (P & B)
= x~(det g)x2(det )MT (g ® h) (¢ ® @)
holds for g € Ga,h € Ha,p € S(Ka),® € S(K2%). This follows from

the definition of MET (cf. [10]) and the fact that pT(w,0)(p ® ) =
p~ T (w,0) (p®B). o

We thus have proved the following:

Proposition 4.1. For f € S;_1, we have

ICfIE = / £(ha) FRa) dhadhs / 0,(g, b1, ha) dg.
(Hq\Ha)? Gq\Ga

4.2,

We now recall the Siegel-Weil formula for (U(2,1),U(2,2)) after [14]. Let
P’ = N'M' be the Siegel parabolic subgroup of H' with

N = {n’(b) = (102 1”2) 1be My(K), (A'b)* = A’b}

and
M= {d’(a) - (8 (A,)_l(‘l*)_lA,> lae GLZ(K)}.

We have the Iwasawa decomposition H), = PAUUL,, where Up = H), N
GL4(Ok,¢) and U, = u(l,—l),oo = {h' € H/ | h'(ily) = ils}. For k' e H:\
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and s € C, put
¢(h', 55x)
= et ) (M W) lldeta)(* [ o5 () (7)) ax,
A
where we choose a(h’) € GLa(Ka) so that ' € Nyd'(a(h’))UU,. Then
we see that ¢(n/(b)d’ (a)R’, s;x) = x~*(det a)|| det a||*+3/2¢ (R, 5;X). Set

E(W,s;x)= ). ('R, sx).

v €PL\H},

The Eisenstein series E(h’, s;x) is continued to a meromorphic function of
s on C, and holomorphic at s = 0. The following Siegel-Weil formula is
proved in [14].

Theorem 4.1. For hy,hy € Ha, we have

/ O (g, ha, ha) dg = csw - x(det ha) E(u(h1, ha), 0; X),
Ga

where
__IDP .
csw = - ¢(2) L{w; 3).
4.3.
For f € S;_1, we define the zeta integral
2050 = [ 1) FTha) x(det ) B(u(ha, ), 5 X) dhade
(Hq\Ha)?

The integral is continued to a meromorphic function of s on C, and holo-
morphic at s = 0. In view of Proposition 4.1 and Theorem 4.1, we have
proved

Proposition 4.2. For f € S;_,, we have

ILx fIIE = csw Z(f,0; ).

4.4.

Theorem 1.1 is a direct consequence of Proposition 4.2 and the following
result, which will be proved in the remaining part of the paper.
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Theorem 4.2. Let f € S;_1(xQ?). Assume that f is a Hecke eigenform
and that, for every p|D, we have Wp ,f = €,f with €, € {£1}. Then we
have

Z(f,sx)

- —lo—2s+ Cp(f, X) L{f;s+1)
3/2, 2-lo—2s+42 ] I
= 11|D| T2 1p p-1 Hf”%{ (s+1)¢(2s+2)L(w; 25+ 3)’

plD

where Cp(f, x) is defined in Section 1.10.

5. The basic identity
5.1.
For f € 8;_1(xf), we set

Wi = | R TEY b (he Ha),

The object of this section is to show the following basic identity.

Proposition 5.1. For f € Si_1(xQ?), we have
Z(f,six) = [ @0 12)55) Wy (h)
e

where

0001
-1000
1100
0011

To = € H&.

Proof. Though this is a standard fact (for example, see [1]), we give a
sketch of proof for completeness. We first observe

(i) Hy =Py~ Yo u(Hq x Hq)UPY-14-(Hq x Hq) (a disjoint union).
(i) Yo'P'Tonu(H x H) = (H?), where H% = {(h,h) | h € H}.

(iii) P'Nu(H x H) = (P x P) , where P = {(;:) EH}.

It follows that
Z(f,s:x) = Zo(fys3x) + Z1(f, 8 %),
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where
Zo(f,5;x)
- [ £(he) o) x(detha) 3 $(Toulyha, ha), 53 ) dhadhs
(HQ\Ha)? YE€Hq
and
Z1(fys1x)

-/ Fh) T x(deths) 3 $ulmaha, 12he), 5;x) dhydhs.
(Ho\Ha)? 71,726 Po\Hq

Since f is cuspidal, we have

A= [ ) T Xt hr) e, ), 5 ) s =0
Q\Ha

Next we have

ZO(fys;X)

- / dhy / dha $(Tou(ha, ha), s; x) x(det h) f(h1) F(ha)
Ha HqQ\Ha

=/ dhl/ dhy ¢(Lot(ha, ha)e(hi, 12), 55 x) x(det ha) f(hah1) f(ha2)-
Ha Hq\Ha

Observe that, for h = (Z Z) € Hp and b’ € H),, we have
dece O
b bal0-b ;o
¢(T0L(h7h)ha37X)_¢ 00a b Toh,SaX
00c d

= x7tdet (¢ Dlldet (5 ) 14172 (oK, 5130
= x"!(det h)$(Toh', 5;X).
This implies that
Zo(f; S5 X)
= /H dn /H o oab) T 6o 12), 5:3)

=/, $(Yoe(h1, 12), 5 x))Wy(h1)dhy,

which completes the proof of the proposition. ]
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6. Local spherical function
6.1.

In this section, we fix a finite prime p and suppress it from the notation.
The object of this section is to summarize several results of local spheri-
cal functions, whose proofs we omit. We write F' and K for Q, and K,
respectively. Let Op = Z, be the integer ring of F' and ordp: F* — Z
the normalized additive valuation of F. Put § = ordr D. Fix a prime ele-
ment 7 of F and put pp = 7Op. Let Xyn,(K*) = Hom(K*/Of,C*) and
Xunr(K') = Hom(K!/OL,C>). Throughout this section, we fix x € X
and Q € Xynr(K?!). Let X be the character of Up(D) given in Section 1.3.

6.2.
Let W be the space of functions W on H satisfying
(6.1) W(uhu') = X(vu)W(h) (u,u’ € Up(D),h € H).
(6.2) W(th) = (xQ)()W(h) (t € K*,h € H).
Define Hecke operators on W as follows:
(i) If K/F is inert, put
TW(h) = -W(hd(x~1)) - > W(hn(r ')
z€OL/pF
- Y W(hn(z)d(r)).
z€Or/p%

(ii) If K/F ramifies, put

TW(h) =x(M) Y, W(hn(z)d()

z€EOF/PF
+x7HM) ). W (hn(Dz)dT™)),
z€OF/PF
where II is a prime element of K.
(iii) If K/F splits, put
TW(R) = x " M){W(hd@{)) + > W(hn(z)d(Ml2))},
z€OFr/pF
LW(h) = x {M){W(hA(;") + Y W(kn(z)d(M))},
z€O0r/PF
where II; = (m,1),1I2 = (1, m).
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It is noted that, for f € S;—1(xQ?), we have W, = Wy|g, is in W and
TW, = W s|u, (TW, = Wr, .¢|u, if p splits in K/Q).

6.3.

First consider the case of § = 0. Note that U = Up(D) in this case. When
K/F is inert, set W(A\) = {W € W | TW = AW} for A € C. When K/F
splits, set W(A) = (W e W | TTW =AW (i =1,2)} for A = (A1, Xs) €
C2. Define n5: H — C by

m@@d@u) = (W)@l %W  (be Fae KX, uell).
Here we choose v € X, (K*) as follows:
(i) If K/F is inert,
A=p((m) +v7i(m) —p+1.
(ii) If K/F splits,

{/\1 =p/2 {v(7") + v(Il2) },
Q(H1/H2) = V(Hl_lng).

(Note that Az = p'/2 {v(II;') + v(11;)} follows.)
We set

Wa(h) = vol(Us(D))~: /u N Z(w=Yna (uh)du.

Note that W, does not depend on the choice of v.

Proposition 6.1. Suppose that § = 0.

(i) We have Wy € W(X) and Wx(1) = 1.
(if) We have W(A) = C- Wj.

6.4.
We next consider the case of § > 0. Define operators @; (i = 1,2) on W by
Q1W (h) = W(hwp), QW (k) = W(wp'h),

VD'

vD
each other. Put hy = d(IT¥) for k € Z.

where wp = . Note that the operators 7, @1, @2 commute

Lemma 6.1. Let W e W.
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(i) We have

SuppW C | Uo(D) hiUo(D) U | J Uo(D) hxwp Uo(D).
keZ kEZ
(ii) Suppose that QW = QoW = eW with € € {£1}. Then we have
W(h._k) = sz(H) . W(hk) fork e Z.

6.5.
For A € C and € € {£1}, we set
Wie) ={W eW|TW =AW, Qi W = QoW =W, }.

Let W € W(A;¢€). In view of the above lemma, W is determined by the
values {W(hi) | k € Z,k > 0}. We define v*! € C* by the condition
A=p!2 (v+v-1).

Proposition 6.2. Suppose that § > 0.

(i) We have dimW(X;¢) = 1.
(i) There exists a unique element W . of W(X;€) with W) (ho) =1 and
we have

k —k
- — +v
Wie(hi) = p~/2x* (D) = 2— D) (k >0).

7. Local zeta integral
7.1.

Let f € Si_1(xf?). Assume that f is a Hecke eigenforms with eigenvalues
{Ap}p<oo and that, for any p|D, we have Wp , f = €, f with ¢, € {+1}. We
put

Wi (hey) = {% det h! - (=i, 1)hes (j)}u (hoo € Hoo).

Lemma 7.1. Let f be as above. Then, for h = (hy) € Ha, we have

Wi (h) = Woo(hoo) - [ Wa, (Bp) [T Wiy e (o) 1111 -
pfD p|D

Proof. By Proposition 6.1 and Proposition 6.2, we have

Wih) = T W, (hp) [[Wa, e, (B hihoo) f(R1)dhs.
1 (k) 1;113 o )g v <,,)/Hq\HAf<1 YFha)dhy



300 A. Murase & T. Sugano

The last integral is equal to
[ b | dv fOhstcehon)s (s o) PR,
Hq\Ha Ueo
A holomorphy of f implies that
/ F(htteoheo) 5 (oo, 20) " dttc = Woo (heo) f(B)  (h € Ha, hoo € Hoo)
Uoo ,

and we are done. O

7.2.

Let v be a prime of Q. For h € H, and s € C, we put
Av(h, 5) = ¢U(T0L(h, 12), 55 X)'

If p JD, set

Zp(Api8) = / Ap(h, s)W, (R)dh.

P

If p|D, set
Zy0prsis) = [ Ayl )W, o, ()
Finally set ’
Zoo(s) = /H Aco(h, 8)Weo (B)dh.

The following result is a direct consequence of Proposition 5.1 and Lemma
7.1.

Proposition 7.1. Let f be as in Section 7.1. Then we have
Z(f,8x) = Zoo(s) - H Zp(Ap; ) H Zp(Apy €p; 5) ”f”%{
A/D p|D
7.3.

To complete the proof of Theorem 4.2, it now remains to show the following
results, whose proofs are given in Sections 8-10. Recall that L,(Ap;s) is
defined in Section 1.6.

Proposition 7.2. Suppose that p does not divide D. Then we have

o . Ly(Ap;s+1)
Zp(Ap; 8) = Ak, (¥p) {q, (s Z_ 2§Lp(w; 25+ 3)°
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Proposition 7.3. Suppose that p divides D. Define v € C* by A, =
p** (vp + ;). Then we have

AW LOpstD)
Zp(Ap, €p; 8) = p2(1 +p1) ¢q,(2s + 2)L(wp; 25 + 3)

ng+l/;6p
x 4 1+ e Ak, (¥p)xp(VD) 22— .

2

Proposition 7.4. We have

1
Zoo(5) = At (o) >~ 272042 —.

8. Local calculation (I)
8.1.

In this section, we use the notation of Section 6. The object of this section
is to study A(h, s).

Lemma 8.1. For h € H and u,u’ € Up(D), we have
Aluhd',s) = X(uu)"1A(h, s).

Proof. First observe that we have
G(h'e(u1, u2), 53 X) = X(w1uz) " (R, 55 x)
for up,uz € Up(D), since ML (s(ur,u2))ph = X(uruz)~'¢h. Let v =

ab
<c d) € Uy(D). Then

A(uh, s) = ¢(Tot(u, w)e(h, 12)e(lz,u™t), 55 %)

=X )¢ (dH’ ((i 2)) Tou(h,12), 5; x)

= X(u)x ™" (det u)¢(Tou(h, 12), 5; X)
= X(u) T A(h, 5),

which completes the proof of the lemma. a

8.2.
For s € C, we define a function A,: H — C by
As(ud(y)v) = asly)  (w, v €U,y € K*),

where a,: K* — C is given as follows:
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(i) If K is a field,
as(y) =p~ I NOl(y € K),
(i) HK=FaF,
oy (y) = p(erdrmltlordrwals  (y = (41, 10) € K™).

Recall that, for A’ € H', we take an a(h') € GLa(K) so that k' €
N'dg: (a(M')U'.

Lemma 8.2. For h € H, we have

|| det a(Yoe(h, 12))|]* = As(h).

Proof. We write T » and 7, for the characteristic functions of My, »(Ok)
and M,,(Ok) respectively. By an argument similar to that of the proof of
Lemma 8.1, we see that h — || deta(Tot(h,12))||® is bi-if invariant. For
h' € H and s € C, put

I(W,s) = /GL ™2 ((h')—l (f)) || det X||°dX,

where dX is the Haar measure on GLy(K) with vol(GL2(Ok)) = 1. It is
easily verified that I(h/, s) = (kx(s — 1)Ck(s)|| det a(h’){|®, where
(1—p~2)~1... K/F is inert
Ck(s)=< (1—p~*)~1 ... K/F ramifies
(1-p=*)~% ... K/F splits.

On the other hand, for y € K*, we have

I(TOL(d(y)7 12)’ 3)
O—y“’ . a; b
67 ) (3e) o 1*~ ozl

=/ dxaldxaz/dle4,2
(K")’ K (—y 0) . <a1 b )

10 0 as
= [ mlann(alial* o

/ Tl(agy_l)'rl(a2)||a2||sd>‘a2/ 71(by)71(b)db.
KX K

The lemma is now derived from the following elementary formulas:
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(i) When K is a field,

e y [ OK
-+ - otherwise,

8 g% . _ s L
/Kx 1(ay)7i(a)llal|*d*a = (k(s) X {Ilyll_s

1 yeOk
llyl|=! - - - otherwise.

/ T1(by)T1(b)db = {
K
(ii) When K = F@ F and y = (y1,y2) € K*, k; = ordF i, we have

| nenn@lall'd*a = gi(s) - potinta0 inteeons,
KX

/ ) (by)7'1 (b)db — pMin(k1,0)+Min(k2 ,0)' o
K
Lemma 8.3. For h € H, we have

A@J):X4Mam(AQYTMWJQWQ(WAHJM.
Proof. This follows from Lemma 8.2 and the fact that

&, () (X)) ax = [detaw)| (W € H)

K2 0 0 - : ]

Lemma 8.4. Let ¢’ € S(K?). Then we have

(MT (Torn@)d(v), 12))¢') ©)

. -1 -1 1/2 zN(w)) @’ yw w
= )3 M [ wenen s () a
forz € Fandye K>,

Proof. Put
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Then Ker(h' — 14) = K - %(1,—47,0,1). In view of [10], we obtain

MT ()¢ (0)

w1 w
1
=/\K(1/))'3x(—y_1)l|y||“1/2/ dw,dwadws ¥ 5( il L e O
K3 w3 w3
0 0
wy
P a-r) | 2] ,0] (0
0

= A (@) X )l 72

-1, 0 1 -1,.0
/ ¥ (’ﬁ (y"wi’uu +wiwg + (y7'z — Dwfws -y~ wiws — STN(y) 1w3w3>>
K

—y° — _ -1
(pl ( y w2 _’__1(1 y a:)w3> d’wld’de’w;;.
]

1

Changing the variable wy into ws — y“w; — Yy~ w3, we obtain

M (R (0)
= M ()X W)l

1
/ P (Tr (w‘{ua - y‘lwgwg + > a:N(y'lwg)))
KB

, [ —w2 + w3
¥

-1 ) dw1 dw2 d'U)3
—Yy "ws

=@ W [ NG ) (_ﬁm) dws.

= Ak (%) "X @) Myl /K ¥ (@N@w) ¢’ (y“uﬂ) o,

which completes the proof of the lemma. 0

Lemma 8.5.

MY (Uwp,12))p = Ak () ' x(V D)y
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-1
Proof. Since wp = (ﬁ —\/D_) (_1 1), we have

Mol =x(vD VD172t () 1) ) wol—vD ™'
1

= x(VD x($)char -1, (~VD 2)
= Ax(¥) 'x(VD)go(2),
from which the lemma follows. O
Proposition 8.1. Forz € F,y € K* and c € {0,1}, we have
A(n(z)d(y)w, s) = A () x(VD v)|ly||*/2
x A (@AVD D) [ SN (wpn(yw)du.

Proof. The proposition is a direct consequence of Lemma 8.3, Lemma 8.4
and Lemma 8.5. ]

8.3.

We next calculate the integral

/A(n(x)d(y) s)dz
F

By Proposition 8.1, the integral is equal to A (¥) ™ x(v)||y||*/2J (y, s + 1),
where

T(y,s) = /F dz /K dw 44 (n(z)d(y) 1z N(w) )po () o (yw).
Lemma 8.6. Fory € K*, we have J(y~!,s) = J(y,3).

Proof. Since A;(h~!) = As(h), we have
Ty, s) |
= [tz [ dw A (@) N@)o W 0)

= [ ds [ v al-NwD@) N @) o).
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Changing the variables  — — N(y) 'z and then w + yw, we obtain

Ty s) = /F dz /K dw A, (n(z)d(y))%(—z N(w))go(w)po ()

= J(y,3). ]

The following formula for Gauss sum is well-known.

Lemma 8.7. For x € F*, we have

p"‘s/2 -v.ordpz >0
/ P(z N(w))dw = )\K(zlj)w(m)|xl;1 -cordpz < -8
Ox 0 -+ otherwise,

where 6 = ordp D.
The next two results are straightforward consequences of Lemma. 8.7.

Lemma 8.8. Suppose that K is a field and let y € K* with ordp N(y) > 0
(and hence y € Ok ).

(i) We have
/K wo(w)po(yw) dw = p~°/2,

(ii) Fork > 1, we have

5=0

[ ig e [ twseN@)mt) = { V0P 00

Lemma 8.9. Suppose that K = F @ F. Let y € n1 O} @ 720} with
ordr N(y)(= i + 1) > 0.

(i) We have
/K wolw)po (yw) dw = pMinth,0)+Min(i2,0)
(ii) For k> 1, we have
L_ko; dz /de (2 N(w))po(w)po (yw)

1 . el b >0
_ (1 _p_l) % len(k+lz70) -1 >0,l3<0
pMin(k+h.0) . L < 0,1, > 0.
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Proposition 8.2. We have

(w; 25+ 2)

L
[ At )z = o727 ) FEZED ) i),

Proof. It is sufficient to show that
L(w;2s)
L(w;2s+1) as(y)-

In view of Lemma 8.6, to prove (8.1), we may (and do) assume that
ordr N(y) > 0. Then we have

J(y, s)
= / dzr / dw o (y)P(z N(w)) o (w)po (yw)
Op K

J(y,s) =p~°/* (8.1)

+k§=:1-/1r—ko;: dx /};dw Pz N(w))po(w)po (yw)

A (5 0) (20) (0 2) (G4 1) aw)
= an(w) [ poluw)eo(a) du

+°° o(mky) dz [ dwp(z N(w))po(w)eo(yw).
g::la y/"_w; /K ( po(w)po(yw)

Suppose that K is a field. Then, by Lemma 8.8, we have

© o takg)(—1)*(1 — p=1) ... 6 =
J(y,3)=as(y)P"5/2+{§:k=1 (L e 1)...§>8

~6/2 o {1 +(1-p ) (- D)kpe 6 =0
1

=as(y)p . 6>0

_ L(w; 2s)
_ /2, _LWWi2s)
= a,(y)p T2 1)

which proves (8.1) in this case. We can prove (8.1) in the split case in a
similar manner. o

9. Local calculation (IT)
9.1.

We keep the notation of Section 8. The object of this section is to prove
Proposition 7.2 and Proposition 7.3.
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9.2. Proof of Proposition 7.2

Assume that 6 = 0. By Lemma 8.1 and the definition of W) (Section 6.3),
we obtain

Z0\,s) = /H A(h, s)na(h)dh

- / ) @)l 2y / An(z)d(y), s)dz.
KX F

By Proposition 8.2, we have
1 L{w; 254+ 2)

L(w;25+3) Jgx
1 L(w;2s+2) L(v;s+ 1)Ly Ys+1)
= Ak (¥) 3 :

L(w;2s5+3) Cx(2s+2)
L(Xs+1)

Cr(2s+2)L(w; 25+ 3)’

which proves Proposition 7.2.

Z(A,8) = Ak (¥)” v(y)ess1(y)dy

= A ()™

9.3. Proof of Proposition 7.3
Assume that é > 0. It follows from Proposition 8.1 that
A(hg, s) = A () "L x(ITF)p~0/2-1kI(s+3/2)
A(hkwp, s) = x(VDII*)p=¢/2=1kl/2=1k=3](s+1)
for k € Z. It is easily verified that, for k € Z,

vol(Uo (D)hilho(D)) = p*vol(Up(D)) = e

Let W = W) .. By Lemma 6.1, Lemma, 8.1 and the above facts, we have
Z(A\€s)
=" vol(Uo(D)hiho (D)) A(hi, s)W (h)
keZ
+ Y volUo(D)hxwplho(D))A(hxwp, s)W (hxwp)

keZ

1 :
= ST+ g; PFW (hi) {A(hi, s) + eA(Rrwp, 5)}

A —1
= ﬁ)‘;? éxk(n)w(hk) {p—lkl(.9+l/2) + 6)\1{(’(ﬁ)x(\/ﬁ)plk'ﬂ_'k_é,(s-H)} )
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Proposition 6.2 and Lemma 6.1 (ii) imply that

ko g~k
W) = p M/
A straightforward calculation shows that Z(),¢; s) is equal to
)\K(¢)_1 1-— p—2s—2 1/6 + V—&
PP+ B (I =g || XD

which completes the proof of Proposition 7.3.

10. Local calculation (III)
10.1.

In this section, we calculate
Zoo(8) = / Ao (h, $)We(h)dh.
Hoo
We often suppress oo from the notation. Recall that

Ak, s) = x7*(det h) (M (You(h, 12)) ) (0) | det a(You(h, 12))]}°

X /;:2 i ((Tob(h,lg))_l ()0()) dX,

() =eliz'] (€ CY),
D4(2) = (21 — iz3) (22 — iza)l e [% Z*Z] (Z = Y21, 22,23,24) € CY),
W(h) = (2det ) "' A(h)',
where
A(R) = (=i, D)k <;> —a-ibtictd (h= (‘c’ 2) € H).
Since h +— A(h, s)W (h) is right U-invariant, we have
Zuls) = tr [t [y A @)d@). o) Wn@)d()
In this section, wl: frequently use the following elementary formulas.

Lemma 10.1.

(i) ForreC withRer >0, a,8,y€ C andl € Z,l > 0, we have

/Ce[iTN(w) + aw + fw] (w +7)'dw = % ('y+ ?)l e [z%g] .
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(ii) For s € C with Res > %, we have

1
/Ra +2?) g = \/EF—(;(—;E)—.

(iii) For s,s’ € C with Res > 0,Res’ > 0,Re(s’ — s) > 0, we have
et g T(s)T'(s' — s)
8 8 X —
/ v+ Ty =5

0

Lemma 10.2. For h € H, we have

| det a(Tou(h, 1)) || = [A(R)|2.

Proof. Recall that H' acts on Dy = {Z € M3(C) | % (Z —1Z) > 0} via

V(@)= (0 s (w=(a) <),

where A = ((1) _01) and j(1',Z) = A=1¢Z + A-'d'A € GLy(C). It

is easily verified that ||deta(h)|| = |detj(h’,il2)|"2 (K € H') and
det j(Yoe(h, 12),i12) = iA(h) (h € H), from which the lemma follows. 0

Lemma 10.3. For h = n(z)d(y) (z € R,y > 0), we have

(ME (Couth 120)¢%) (0) = 575

Proof. By an argument similar to that of the proof of Lemma 8.4, we have
(MT (Yorn(z)a), 12))¢b) (0) =i~y 'T,

where

—w2 + w3

~1 ) dw1 d’wgd’w3
-y “ws

1= [ e [1xmrwn -y w0 + 3~ NG| o
C3
= / el(i+iy 2 +zy™?) N(ws)] dws / dun
C C

/C e [iN(wa) + (~y~! — i) Tr(Wswn)] [Tk(@rws)|dws.
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In view of Lemma 10.1 (i) and (ii), I is equal to
/C e[(i+iy 2 +zy7?) N(ws)] dws
/C e [i(-y‘1w3 ~dws + wy )~y w3 — w3 + W) | dw,

= /c e [(z +iy? + my“z) N(’U)g)] dws

=1+y 2 —izy~?)~!
=yA(R)™!

and we are done. a

Lemma 10.4. For h = n(z)d(y) (z € R,y > 0), we have
/ (1)6 ((Tob(h, 12))"1 <)0()) dX = 21+2,,r—ll! . A(h)llA(h)'—ﬂ"Q,
Cc2

Proof. We write J for the integral of the lemma, and A for A(h) to simplify
the notation. Then

J = /2 @) ((—y ‘72 + y ' z21, T2, —y1, 71)) dT1d2
c
= / (~y tza+y oz + iyaf:l)l (g —iz1)"
C2

e [% {N(—y™'z2 + y 'zz1) + N(22) + N(-yz1) + N(z;l)}] dzydzs.

Changing the variable x5 into x5 + iz; and using Lemma 10.1 (ii), we see
that J is equal to

=i +ya) [ e ]Sy NG do
C

I8 Vo) = Bgon + L] (o1 - o2 o
Ce 5 I 2y(1¢2.’L‘1 2y$2.’1}1 1 iyz—-’l:-{-I 2 1
2 i
— (i — do=1 L =1 e~ 4 ~2
=@y—iy " +y )[Alg/cmz e[2(1+y )N(-'L‘z)]
1 2 A N\ 2 A A
B 2 A 2 (A A J
(y@—w4+wuﬁﬁ”mv%“>ekmw<2wamQ]”

-

= o1 A|2A /N(zz)le[% N(xz)] dzg
C

- 2l+2,n.—ll! . A’|A|‘2l‘2,
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which completes the proof of the lemma. ]

Proposition 10.1. For h = n(z)d(y) (z € R,y > 0), we have

20+1 -1y
Ak, W () = T Ay -2,

Proof. By Lemma 10.2, Lemma 10.3 and Lemma 10.4, we have
42 —in
Ath,8) = 2R agrytagn) 222,

On the other hand, we have
W(h) = 21 AR)

in view of the definition of W (cf. Section 7.1). The proposition immediately
follows from these. a

10.2. Proof of Proposition 7./
By Section 10.1 and Proposition 10.1, we have

204311y )
Zoo(s) = u / dz / dyy Ay +y - iy-1x|—2(s+l+1)_
1 R o

Changing the variables = into (1 + y?)z and then y into /7, we obtain

22l+27r1_ll! )
Zoo(8) —-—,—/(1+z2)—(s+z+1)d$/ Y (14 y) 221 gy
1 R 0

1
gurzgi-yy T <S+l+ §) T(s+DT(s+1+1)

=T "TT(s+1+1) T(2s + 20+ 1)
— i_ll' 7.‘.2——1 2—2s+2 1
) s+1

We have now completed the proof of Proposition 7.4 since A (¢00) = 1.
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ON CERTAIN AUTOMORPHIC FORMS OF Sp(1,q)
(ARAKAWA’S RESULTS AND RECENT PROGRESS)
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Dedicated to the memory of Prof. Tsuneo Arakawa

0. Introduction

Around the beginning of the 1980s, Professor Tsuneo Arakawa initiated
the research of certain non-holomorphic automorphic forms on the real
symplectic group Sp(1, q) of signature (14, ¢g—). In [14] we understood them
as automorphic forms on Sp(1, ¢) generating quaternionic discrete series (for
the definition of this discrete series, see Gross-Wallach [8]). Arakawa gave
two published works [2] and [3] for the research. They deal with an explicit
dimension formula for the spaces of such automorphic forms with respect
to neat non-uniform lattice subgroups. On the other hand, Arakawa left us
several unpublished notes on the study of such forms. In one of them he
formulated a theta lifting from elliptic cusp forms to automorphic forms
on Sp(1,q), which is inspired by Kudla’s work [13] on a theta lifting from
elliptic modular forms to holomorphic automorphic forms on SU(1,q). In
addition to this, there is his unpublished work on the spinor L-function
attached to the automorphic forms on Sp(1,1) above. He considered it by
following the method of Andrianov [1] (see also [4]).

The aim of this note is two-fold. One aim is to survey Arakawa’s result
on the dimension formula and the other to explain our recent result on
Arakawa’s theta lifting together with his result. As for the latter work, we
proved that the images of the lifting are bounded automorphic forms on

*The author was partially supported by JSPS Research Fellowships for Young Scientists
and staying at Kyoto Sangyo University when the conference took place.
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Sp(1, q) generating quaternionic discrete series for an arbitrary ¢. This kind
of result is already done by Arakawa for the case of ¢ = 1 but our method
of proof is different. To be precise we use the theory of Fourier expansion
developed in [14] for these automorphic forms.

We explain the plan of this note. In Section 1 we describe the structure
of Sp(1,q) and its subgroups etc. In Section 2 we recall Arakawa’s defini-
tion of the automorphic forms on Sp(1,q) and the results on the Fourier
expansion by Arakawa (3] and [14]. The section 3 is devoted to the sur-
vey on Arakawa’s works on the dimension formula. In Section 4 we review
Arakawa’s formulation of the theta lifting and overview the proof of our
result on the lifting. A detail of it will appear elsewhere.

Notations

For a ring R, R™ (resp. M;»(R)) denotes the set of row vectors with its
length n and entries in R (resp. the set of m x m-matrices with coeflicients

in R). Given a set S of integers, 1. c. m. S means the least common multiple
of S.

1. Structure of Sp(1,q)

Throughout this paper H denotes the Hamilton quaternion algebra with
the standard basis {1,%, j,k}. We can embed H into M,(C) by

) , . Ty +vV-1lry 23+ V-lzyg
90.H3£E1+.’L‘2’L+.’L‘3]+.’E4k0—>( ($3—\/__.Z4) z — \/——Z_z)eMz(C)

for (z1,x2,3,74) € R Its reduced trace tr and reduced norm v are given
by

H>awr tr(a) :=a+a€R,

H>a v(a):=aa € Rxg,
where H 5 a — a € H is the main involution of H. Via ¢ these tr and v
correspond to the trace and the determinant of M»(C), respectively. For an
element a € H we will often use y/v(a). Thus we denote it simply by d(a).

With a fixed positive definite quaternion-Hermitian matrix § €
M,_1(H), we set

-8

Q= 01
10
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10
Sp(1, q) of signature (14, ¢—) is defined as

When ¢ = 1 we understand @ as (O 1). Then the symplectic group G =

G = Sp(1,9) :={g € My1(H) | "5Qg = Q}.
For a description of G it is convenient to write g in the block decomposition

ay b1 C1 a b

(ag b2 co | (resp. ( 1 bl)) with a1 € M,_1(H), b1, c1,%az,%az € *HI7!
as b3 C3 a2 %2 .

and by, co,bs,cs € H when ¢ > 1 (resp. a1,b1,a2,b0 € H when g = 1).

The Riemannian symmetric space corresponding to G is the quaternion

hyperbolic space (cf. [10, Chap.X, Section 2]}, which is realized as

{{z = (w,7) € 'HI! x H | tr(7) > twSw} (g>1)
{z e H| tr(z) > 0} (g=1)

(cf. [2, Section 1], [3, (0.3)]). The group G acts on H via the linear fractional
transformation

o) = {((alw Fhir +eu(o )™ (mw by +eu(e. ™) (g>1)
(a12 +b1)u(g, 2) ™" ‘ (g=1)"

where we write g in the block decomposition above and where u(g, z) de-
notes the automorphic factor for G x H given by

azw+bsT+cz (g>1)
wg, 2) ==
asz + by (q = ].)

0,1 >1

Let zg := {i ) Eq 1;. Then K := {g € G | g(20) = 20} forms a
q =

maximal compact subgroup of G. This can be expressed as the isometry

subgroup for the majorant R := (S 1 ) of Q;
2

K ={g€ G|'gRg =R},

where R := 1 when q = 1.
Moreover a maximal unipotent subgroup N and a maximal split torus
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A of G are given as follows:

1g-1 Og-11 w
n(w,z):= | ‘WS 1 wSw+z welHt zeXg ) (¢>1),
N:= Org1 O 1

-

( 1g-1
= \/ﬂ yeR; (q > l)a

T € X]R} (q = 1)!

=]
1l
Q
<
!

Vit
a=a, .= (\/@- )
. Vit

Xr:={z e H| tr(z) =0}

y€R+} (g=1).

Here

is the set of pure quaternions. Then G has an Iwasawa decomposition G =

NAK.

2. Reviews on automorphic forms of Sp(1, qg) introduced by
Arakawa

In this section we recall the automorphic forms on G defined by Arakawa
[2] and 3], and collect the results in [2], [3] and [14] necessary for the later
discussion. Let B denote a fixed definite quaternion algebra over Q. From
now on, we assume S € M,_1(B) for Q and fix a Q-structure G(Q) of G by
setting G(Q) := G N Mg41(B). Moreover we note that almost all results in
this section are dealt with in [14] for the case S = 1,_;. They remain valid
for general S since we can reduce the problems to the case of S = 1,_; by
suitable transformation of variables.

For a positive integer & let o, denote the pull-back of the x-th symmetric
tensor representation of GLa(C) to H* via ¢. This defines an irreducible
representation (7., V) of K by

Te(k) 1= o (ulk, 20)) (k€ K).

Let 7, be the discrete series representation of G with minimal K-type 7.
Due to the regularity of the Harish-Chandra parameter of 7, its existence is
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justified when & > 2¢—1 (for details of discrete series see [12, Chap.IX, Sec-
tion 7, Theorem 9.20, Chap.XII, Section 5, Theorem 12.21]). This discrete
series is a quaternionic discrete series in the sense of Gross and Wallach
(8, Proposition 5.7, Note 5.9]. Inspired by Takahashi [17], Arakawa intro-
duced in [3] some wider class of discrete series representations of G con-
taining .. This 7, correponds to the case of “m = 0” in [3].

For this m,, we recall its matrix coefficient w, : G — End(V,) explicitly
given by

wi(g) = ox(D(9)) "'w(D(9))™" (g€ G),

where

D(g) := 5(r(g(z0)) + (9, 20)

T(z) := {z (g=1)

the second entry of z (g > 1)

with

for 2 € H (cf. [2, Section 1], [3, (3.5)]). When & > 4q, w, is integrable
on G (cf. [3, Lemma 2.10 (ii)]), which implies that =, is an integrable
representation.

Let dg := y~2(¢tVdwdzrdydk be the invariant measure determined by
the Iwasawa decomposition of G, where dw, dz and dy denote the Eu-
clidean measure on *H%"!, Xg and R respectively, and dk is the invari-
ant measure of K such that [, dk = 1 (cf. 3, Section 1.2]). We de-
note by d. the formal degree of 7, with respect to dg (cf. [3, (2.4)]) and
by A(S) the positive real number such that d(Sw) = A(S)%dw. We set
e = 272D r=20A () L) (of (3 Proposition 2.9]), which turns

T'(k+1-2q)
out to be ﬁ% in [3, Section 2.6].

Using these notations, Arakawa gave a definition of the automorphic
forms on G as follows (cf. [3, Section 3.2)):

Definition 2.1. Let £ > 4q. For a lattice subgroup I of G let Ao(I'\G, w,)
be the space of V-valued continuous functions f on G satisfying

(1) f is bounded on G,

(2) f(vgk) = Te(k) " f(9), V(7.9,k) €T xGx K,

(3) ex Jowe(g™ h) f(g)dg = f(h).

Remark 2.2. (1) This automorphic form is checked to be cuspidal when
I is non-uniform (cf. [3, Proposition 3.1]).
(2) With representation theoretic terminology we can formulate the notion
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of these automorphic forms without assuming their boundedness or the
integrability of m, when I' C G(Q). Actually we can understand them as
automorphic forms generating 7. (cf. [14, Definition 6.1, Definition 8.1]).

For our study of the theta lifting to A(I'\G,wy) the Fourier expansion
provides an important tool. Thus we recall several results in [3] and [14] on
the expansion. To this end we introduce some notations.

We assume I' C G(Q). Let E be a complete set of representatives for the
set of I'-cusps T'\G(Q)/P(Q), where P(Q) := PN G(Q) with the standard
proper parabolic subgroup P of G. For each ¢ € E we set

Nr..:=Nnc T,
Xrc:={z € Xg | n(0,z) € Nrc},
Xr . = dual lattice of Xr . with respect to tr,
Ac = {X €M | n()\,z)) € N 3z € Xg},
where A, is defined when ¢ > 1. Here we note that z in the definition of

A, is unique modulo Xy for each A € A..
Let ¢ > 1. For { € Xt \ {0} we introduce a space of theta functions

B(w + A) = e(tr(E(FBSA — 2)))0(w) VA € Ae
figa—1 ke(w', w)0(w')dw’ = 6(w)
where C(*H971!) is the space of continuous functions on *H?~! and
ke(w', w) :=A(S)240 Dy (€)1 exp(—2nd(e) w — ) S(w — ')
x e(— tr(¢'w' Sw)).
For each £ € Xp .\ {0} we fix u¢ € {x € H | v(z) = 1} such that
ugite = £/d(£). We denote by v, a fixed highest weight vector of V.. Then

the Fourier expansion of f € A(I'\G,w) at a cusp ¢ € E can be written
as follows (cf. [3, Theorem 6.1], {14, Theorem 6.3, Section 9]):

)

O = {0 € C(*H?)

Theorem 2.3. Let f € Ag(T\G,w«). When q > 1 the Fourier expansion
of f at a cusp c € E is written as
flen(w,2)ay) = > af(why?* exp(—amd(€)y)e(tr(£x))o (ue)v
gexy o}
and when g = 1 it is written as

flen(zay) = " Clyf*lexp(—4nd(€)y)e(tr(€x))o(ue )ve,
£eXy \{0}

where ag € B¢ and C’ef denotes a constant dependent only on £ and f.
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For this theorem we remark that this expansion does not depend on the
choices of ug’s (cf. [14, Remark 6.4 (1)]) and that our work [14] provides
Fourier expansion valid also for unbounded forms.

Now we state a proposition crucial for our result on the theta lifting.

Proposition 2.4. Let f' be a Vi-valued continuous function on G satisfy-
ing the condition (2) in Definition 2.1. If the Fourier ezpansion f' is of the
form in Theorem 2.3, then f' € Ao(T'\G,wy).

Proof. When g > 1 this is deduced from the following two:

(i) the Fourier series in Theorem 2.3 converges uniformly and abso-
lutely on Ge := {9 € G | g=n(w,r)ayk with y > ¢} for each
€ > 0 (cf. [14, Corollary 7.4}),

(ii) the functions appearing in the Fourier expanison fulfill the condition
in Definition 2.1 (3) (cf. [14, Lemma 8.6]).

The proof for the case of ¢ = 1 is parallel. O

3. Dimension formula of Ag(T\G,w,)

In this section we survey Arakawa’s results [2] and [3] on the dimension
formula of A¢(T'\G,wy). For this section we do not assume that a discrete
subgroup I' to define Ap(I'\G, wx) is contained in G(Q). Arakawa’s study on
the dimension formula starts from [2], which deals with the case of ¢ = 1. In
[3] he generalizes it to the case of an arbitray q. Now recall that we remarked
in Section 2 that some wide class of discrete series representations of G
containing 7, is introduced in [3]. To be precise Arakawa [3] established a
dimension formula for such class of discrete series. However, for simplicity,
we consider only the case of 7, here.

First we state his result for the case of ¢ = 1. Let O be a fixed maximal
order of B and d(B) be a product of primes at which B is ramified. For a
positive integer N we set

T(N) = { (‘Z Z) € G My(B)

a—1,b, ¢ d—leNO},

i.e. a principal congruence subgroup of G. Then Arakawa’s result for the
case of ¢ = 1 is given as
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Theorem 3.1. Suppose k >4 and N > 3. Then
dim¢ Ao (T(N)\G,wx) =2783735-1I(1) : T(N)]k(k — 1)(k + 1)
x [[ e-1@*+1)

pld(B)
2787 r ) : T(MIN 7 I] (- D).
pld(B)

For this theorem see [2, Theorem 2].

This result is extended to the case of an arbitrary q. It is formulated for
a general neat non-uniform lattice subgroup I" of G, which means that T'\G
is not compact but its volume is finite and that if some power of v € T is
unipotent, 7 is necessarily unipotent. We note that I'(V) in Theorem 3.1
is an example of such I,

Let ¢(I') be the number of I'-cusps. Then Arakawa’s dimension formula
for the case of any ¢ is stated as

Theorem 3.2. Suppose k > 4q. Let I’ be a neat non-uniform lattice of G.
Then

an{Gdg (g>1)
dim¢ Ao(T\G,wy) = de [ dg—t(T) (q=1)"
NG

For this theorem see [3, Theorem 2].
We explain the outline of the proof for these two theorems. The proof
begins with

Theorem 3.3. Suppose k > 4q. Then
dimme Ao(I\G,wx) = [ TK(0,0)ds,
Ie

where

KZ(g,h) :=cx Y wx(g™vh) forg,h €G.

ver

For this theorem see {2, Theorem 1] and [3, Theorem 1, Theorem 4.2]. Then
the steps to deduce Theorem 3.1 and Theorem 3.2 consist of

(i) classification of elements in T,
(ii) evaluation of the contribution of each class in (1) to the formula in
Theorem 3.3.
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As for the step (1), the neatness of T' implies that I' is divided into the
following three classes:

(i) central elements, (ii) hyperbolic elements, (iii) unipotent elements.

For this step see [3, Section 5.1 Definition, Lemma 5.5]. In particular, the
set of central elements consists only of {1}.

Then it suffices to evaluate the contributions of the classes (i), (ii) and
(iil). Among the three contributions, the contribution of the central element,
i.e. {1} is the easiest to handle. It is nothing but d; fI‘\G dg. Recalling the
definition of ¢, and d, in Section 2, we see

Ik +2)
I'(k+1-—2q)
When ¢ = 1 Arakawa also calculates the volume of I'(N)\G explicitly,

which is equal to

274373 12%[M(1) : (V)] [] e - 1)@+ 1)
pld(B)

de = 2—2(q+1)7r—2qA(5)

(cf. [2, Section 3]). Thus, when ¢ =1 and T' = T'(V), the contribution of
the central element is

278373511 (1) : T(M)s(k — D( +1) J] (@ - D(@*+1).
pld(B)

Next we evaluate the contribution of hyperbolic elements in I'. The
absolute convergence of the contribution is stated in [2, Lemma 3.5] and
[3, Lemma 5.1]. Arakawa essentially uses the convergence of Eisenstein se-
ries in order to justify such convergence. In fact, he estimates such con-
tribution by a certain partial sum of Eisenstein series. Then, by formal
computation, we can write the hyperbolic contribution as a sum of orbital
integrals

Trws(9™"v9)dg
CN\G

for hyperbolic v € T', where C., denotes the centralizer of v in T". Now
we note that the Selberg principle (cf. [9, Theorem 11]) asserts that this
integral is equal to zero. Therefore there is no contribution of hyperbolic
elements to dimg¢ Ao (T\G, w).

As the last step, it remains to calculate the unipotent contribution. For
details on this see [2, Section 3] and [3, Section 5.2]. We divide the unipotent
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elements in T" into two sets as follows:

I (T) := {y €T | 7y is G-conj. to some n{0,z) € N with z € Xg \ {0}},
3(T) := {y € T'| v is G-conj. to some n(w,z) € N with w € H?1\ {0}}.

When ¢ = 1 the set II(T') never appears. We call the contribution by
Iy (T) (resp. II(T')) the central unipotent contribution (resp. the non-
central unipotent contribution).

We first consider the non-central unipotent contribution, which is proved
to vanish. As for its convergence, Arakawa uses the Fourier transformation
formula of wx (cf. [2, Lemma 1.2]) and the Poisson summation formula.
Actually these two formulas imply that the contribution is estimated by a
sum of certain convergent integrals over ¢~ !I'cNN\G, where the summation
runs over representatives ¢'s of I-cusps. More precisely the integrand for
each ¢ is bounded by a sum of rapidly decreasing functions (more specifi-
cally, some negative power of the exponential function) over some lattice L.
of Hi9~!. Then, exchanging formally some integral and sum involved in the
contribution, the problem turns out to be reduced to vanishing of period
integrals of non-trivial additive characters on H9-!/L,. Since such inte-
grals are actually proved to vanish, we see the vanishing of the non-central
unipotent contribution.

Next we deal with the central unipotent contribution, which is evaluated

—-t(I') (¢g=1)
0 @>1)

The method to deduce this is to understand this contribution as a sum
of special values of some zeta integrals representing the Epstein zeta func-
tion attached to the quadratic form on Xg defined by the reduced norm
v. Arakawa proved that the contribution is equal to a finite sum of special
values of such integrals in the convergence range. Hence the understanding
above is justified. Furthermore he related such special values to the evalu-
ation of the Epstein zeta function above at 1 — ¢. In fact, he showed that
the finite parts of the zeta integrals coincide with such zeta function. In
view of the vanishing of that Epstein zeta function at negative integers we
know that there is no central unipotent contribution for ¢ > 1. For the
case of ¢ = 1 Arakawa carried out an explicit computation of the infinite
component of the zeta-integral. With the help of the fact that the special
value of our Epstein zeta function at 0 is equal to —1, such calculation leads
to the evaluation of the central unipotent contribution above for the case
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of ¢ = 1. Moreover, when I' = T'(N) and q = 1, Arakawa calculated such
contribution more explicitly in [2, Section 3], given as

27337 ) : TN 3 [T (- D).
pld(B)
The deduction of this starts from writing the contribution as

1
—[r@): T()N? Z [T(1) NcPct: T(1) NeNe 1]
cEx

(cf. [2, (3.6)]), which the argument above yields. To make the summation
with respect to Z more explicit Arakawa used a Mass formula for unit groups
of maximal orders in B (cf. [2, (3.8)]). This shows the explicit evaluation
just above. As a result, all the theorems above are settled.

4. Theta lifting from elliptic cusp forms to automorphic
forms on Sp(1,q)

This section is devoted to the explanation of Arakawa’s works and our re-
cent progress on a theta lifting from elliptic cusp forms to automorphic
forms on Sp(1, ¢). We divide this section into 6 subsections. In Section 4.1
we introduce a theta series to formulate the lifting and state our theorem.
In Section 4.2 we deduce a transformation formula of the theta series. Then,
in Section 4.3, we show that the theta series lifts elliptic cusp forms to some
automorphic forms on Sp(1, ¢) via the convolution. In Section 4.4 and Sec-
tion 4.5 we consider the liftings of elliptic Poincaré series. In order to verify
that such liftings belong to Aq(I'\G,w,) (with some fixed arithmetic sub-
group I'), we study their Fourier expansion in Section 4.5. Then the proof
of the theorem is completed in Section 4.6. For this section we remark that
Section 4.2, Section 4.3 and Section 4.4 are based on Arakawa’s unpublished
notes.

4.1. Statement of Theorem

We set V := H?t!. As we did in Section 3, we let O be a fixed maximal
order of B and the product d(B) of ramified non-Archimedean primes of B.
An isomorphism H ~ R* induces V ~ R*(@+1), The quaternion Hermitian
matrices ¢ and R define two Hermitian forms on V:

(x, %) :V x V3 (z,9) » (z,y)q := trzQ'y € R,
(), )R: VXV 3 (x,y) = (z,y9)r :=trzR'g e R.
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Via the isomorphism V =~ R*9+D the form (*,%)q (resp. (% *)R)
is identified with a symmetric bilinear form on R+ of signature
(4+,49~) (resp. (4(q + 1)+,0-)). In view of this identification we can
regard G as a subgroup of the special orthogonal group SO(4, 4q) of signa-
ture (4+,49-).

Let b denote the complex upper half plane. For x € V and z = s +

V=1t € b we set
Q.(z) := s(zx, x)g + V—1t(z, )R,
Fuo) = ol + e (50:00))

where z = (21,%2,...,24+1) € V and we regard o, as an End(V)-valued
function on H. Then we define the theta series on h x G as follows:

0(z,9) =Y F.(I'g") ((2,9) €hx G,
leL

where L := O9F1,
;From now on, we assume

o
S =
Qg-1

with «; € Z~o for 1 <i<q— 1 when g > 1. Moreover let N be an integer
divisible by

{l. c.m.{2,d(B),01,a2,...,aq-1} (g>1)
l.c.m.{2,d(B)} (g=1)

and let
I'i={ye GNM4.(B)| L5 =L}
We denote by Sk—2¢+2(T0(V)) the space of elliptic cusp forms of weight
k — 2q + 2 with respect to To(N). For f € Sx—244+2(T0o(N)) we set
8. f)i= [ [0 dsdt (g€,
To(N)\b

where 6(z,g)* means the contragredient of 6(z,g). Here we note that
(T, Vi) is self dual and that we can identify End(V,) with End(V}}).
Then we are ready to state our result for the theta lifting:
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Theorem 4.1, Let & > 4q + 2. For any v € V,,, ®(g, f) - v belongs to
Ao(T\G,w,). Namely the mapping

Se—2¢+2(To(N)) 3 f — ®(g, f) - v € Ao(T\G, ws)
gives a theta lifting to Ag(T\G,wy).

For this theorem we should note that (SLy(R), Sp(1,q)) does not form a
reductive dual pair unless ¢ = 1 (for the definition of a reductive dual
pair see [11, Section 5]). Hence the usual formulation of the theta lifting is
impossible for this pair when ¢ > 1. However, we recall that Sp(1,q) can
be regarded as a subgroup of SO(4, 4q) and note that (SLs(R), SO(4, 4q))
forms a reducitve dual pair. In view of this Arakawa regards the theta
series (z,g) as the restriction of a theta series on § x SO(4,4q) in order
to formulate the theta lifting to Sp(1, q). In other words, the lifting can be
understood as the restriction of a theta correspondence for a reductive dual

pair (SLa(R), SO(4,4q)) to the pair (SLa(R), Sp(1,q)).

4.2, Transformation formula of 6(z,g)

As the first step for our theorem, we give a transformation formula of 6(z, g):

Proposition 4.2. For (6,7,k) e [o(N) xT' x K,
8(6(z),vgk) = J(8, 2)"~29%20(z, g) 7 (K),

where J(h, z) := cz + d is the automorphic factor for h = (2%) € SLy(R)
and z € §.

Proof. The left I'-invariance of this theta series follows from its definition.
The transformation law with respect to k € K is confirmed by direct cal-
culation. The most difficult step is to deduce the transformation formula
with respect to I'g(IV).

In order to obtain such transformation formula, we need two formulas.
One formula is Shintani’s transformation formula [16, Proposition 1.6] of
theta series with respect to SL2(Z). To be more precise the formula is
induced by the action of SLy(Z) on theta series via the restriction of the
Weil representation r of Sp(V x V) to SLy(R), where Sp(V x V') denotes
the symplectic group attached to the alternating form

(V x V) x (V x V) 3 (v1,u) % (wy,ws) = (v1,wa)g — (w1, v2)g-

Another necessary formula is
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Lemma 4.3. Foro = (Z 3) € SLy(R),
r(0)F;(z) = €(0)?1J (0, 2)297 %72 J (o, z)|_4qFa(z)(x),
-1 0
where €(g) 1= (c# )
1 (e=0)
The hardest step to deduce this formula is to calculate the transformation

01
-10
of variables y = (y1,y2,...,Yg+1) := zU 1, F,(z) becomes

q q+1
o(ygs1)e G(s(— > vw) + vlyer)) + V=1t Y v(ws) ) ,

i=1 i=1

T-! 0 0
U:= ( 0 —1/2 1/2)
0 1/2 1/2

with 28 = T*T. Moreover we remark that the matrix coefficients of o« are
proved to be harmonic polynomials on H. Then we see that the transforma-
tion with respect to w is verified by following the technique to deduce the
transformation formula of theta series associated with harmonic polynomi-
als (cf. [6, Chap.I, Section 2]). With the help of such transformation formula,
we obtain the transformation formula for general elements in SL2(R) from
the formula of 7(o) for ¢ € SLy(R) in [16, Section 1, 4].

Then the two formulas mentioned above prove our desired transforma-
tion formula of the theta series with respect to o(V). a

formula with respect to w := ( ) For this we note that, by changing

where

4.3. Construction of the lifting

Hereafter let || * ||« and || * ||g be norms induced by a fixed K-invariant
inner product of V,, with respect to 7, and the inner product (%, *) g of HI*1,
respectively. We shall prove that ®(g, f) defines a certain automorphic form
on G for f € Sx—24+2(Co(IN)). We state

Proposition 4.4. (1) Let & > 2q — 2. For f € Sx_2q+2(I'o(N)), ®(g, f)
converges absolutely and uniformly on any compact subset of G. More pre-
cisely, ®(g, f) is of moderate growth.

(2) For any (v,k) €T x K, ®(g, f) satisfies

®(vgk, f) = Tu(k) 1 0(g, f).
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Proof. The second assertion follows immediately from Proposition 4.2.
The proof of (1) needs

Lemma 4.5. (1) Let a be a fizxed positive real number. For any o € Ryg
there exists a positive constant C, depending only on o such that

exp(—ab) < Cob™*  for any b > 0.
(2) With a suitable choice of a finite subset Zo of SLa(Z),
b = Usez,I'o(N)oSM,u,
where
Smu={s+V-Tteh|-M<s<M, t>u}

with some positive real number M and u.
(3) Let L* be the dual lattice of L with respect to (x,*)q. For eachh € L*/L
we set

bz 0k) = Y B,

leL*
I=h mod L

Then, for v € Vi, we have

16(z, 9, h)vllx < CaC(@)tT=( D~ IIF vl
1eL\{0}

where a > 0 with 2a—k > 4(g+1), and C(g) € R is of polynomial order
with respect to g.

Proof. The first assertion is an elementary fact, which is also given in
Oda {15, (5.31)]. The second one is a very special case of the reduction
theory (cf. [5, Proposition 15.6]). The estimation of the theta series in the
third assertion is obtained by using (1). It is similar to Oda [15, (5.32)]. The
condition on « is due to the convergence range of the Epstein zeta function
attached to (x,*)p, which appears on the right hand side of the inequality
in the assertion (3). a

By virtue of this lemma and Shintani’s transformation formula [16, Propo-
sition 1.6] of theta series we see that the norm of ®(g, f) - v is estimated

by

M o0
CaC(9) v|lx / / t29-a=2gqdt
~M Ju
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where C(g)’ is a positive number of polynomial order with respect to g.
Since £ > 2¢ — 2 by our assumption and we take 2o > K+ 4(g+ 1), we have

2q—a—-—2<—-q-—3.

Thus @(g, f) is convergent uniformly and absolutely on any compact sub-
set of G, and actually is of moderate growth. Therefore the proof of the
proposition is finished.

4.4. Lifting of elliptic Poincaré series

Let us consider a lifting of an elliptic Poincaré series

CGum(z):= Y J(§2) "> 2e(ms(z)) (z€h)

6€l 0 \To(N)

for a positive integer m, where

o= +o1)

Here we quote a well-known fact as follows (cf. [7, Chap.III, Section 11, The-
orem 6)):

ne Z} C To(N).

Lemma 4.6. The space Sx_oq+2(To(N)) is spanned by {Gm(z) | m €
Z>o}.

By virtue of this lemma it suffices to deal with the lifting ®(g,G.) of
G, for each m € Z+ in order to prove our theorem. We write [ € L as
U= (,lglg41) € L with (Ig,l441) € O% and [ € O97! (when ¢ = 1 we write
this as | = (lg,l441)). For | € H?*! with a positive sitive (I,1)g we can take a
unique element p; in NA such that pi(z0) = (*(Iz};1 ),lq‘jll ) € H (when

g = 1 we define p; by pi(z0) = lqu1 q)- Then we have

Proposition 4.7. Let & > 4¢ + 2. For a positive integer m

8(9, ) = (2m)~F 0 0)

with

Un(9) = Y. weld'9)owllorr/dlgs1)) ™!

leL
(Lh)g=2m
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Proof. If we ignore the problem on exchanging the summation and the
integration we obtain this equality by formal calculation. In order to justify
the calculation to give ®(g,Gp,) = (2m)_ﬂ2£ 1;:)1'1) Qm(g) we follow the
argument similar to Oda [15, Section 5, 2]. Due to Lemma 4.5 (3) we show

189, Grm) - vl

< [ caClotrexp(-ammt)( 37 5 oot~ dsde
Too\b leL\{0}

%] 1
£ CC” (g)||v||,€/ / t*~* exp(—2wmt)dsdt
o Jo
= CoC” (9) 0]l u(27m)~(*+1=D(k + 1 — @)

for each v € V, where C”(g) € Ry is of polynomial order with respect
to g. Take a so that a < k + 1. This choice of « is possible since & + 1 >
a > § + 2(¢ + 1) is meaningful when &£ > 4q + 2. Then we see that the
expression of ®(g, G,) in the assertion converges absolutely and uniformly
on any compact subset of G. Thus the proposition is proved. [

4.5. Fourier expansion of Q,,(g)

In this subsection we study the Fourier expansion of Q,,(g). We introduce
some notations. Let c € = and ¢ € X .\ {0}. We write the center of NV as
Z(N). The set L.(m)/Nr N Z(N) denotes the quotient of L.(m) := {l €
Ltz71| (1,1)g = 2m} by Nr N Z(N)-action induced by

L(m)3l—= 1!yt e L(m) (y€c 'Te).
When ¢ > 1 we provide an End(V,;)-valued theta function

b (w) = > (€)1 8¢ (1, m, kYK (wi, w)-U (€)-0 (lga1/d(lg41)) ™"
L€ L (m)/Nr,:\Z(N)

on 'HY! and when ¢ = 1 we put
Cfi= ) dE) T (lm, k) U - onllgrr/d(lgrn))
leL.(m)/Nr NNz
Here

o (w,m) :=m(2) € H,

o KQ(w',w) := (A(S)2*@ Du(£)171) ke (w', w),

e U(¢) € End(Vy) is the projection from V, onto C - o, (ug)vy, where
recall that ve and u¢ € {x € H | v(z) = 1} are given just before
Theorem 2.3,
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o de(l,m, k) := 2 (dm)" ( 2m ))%H exp (-@(5_)"_7’)

i\l V{lgt1)

X € <—étr£(n - ﬁ)).

We note that the summation of f¢(w) and C7* is well-defined since
Se(l,m, k) - U(€) - 0x(lg+1/d(lg41)) ! is invariant under { — I*57! for vy €
Z(N)N Nr.c.

Using basically Arakawa’s Fourier transformation formula of w. in
[2, Lemma 1.2], we have

Proposition 4.8. (1) Let ¢ > 1. The theta function 6¢;(w) above is uni-
formly bounded on *HI~! and satisfies

(1) Be(w + A) = e(tr(E(*WSA — 22)))0e(w), YA € Ao,

(t3) / e(w', w)be (w')dw' = 0 (w).

(2) When q > 1 the Fourier expansion of Qy, at each cusp ¢ € E can be

written as
1

vol(Xz/Xr.c) ¢ (w)y T+ exp(~4rd(€)y)e(tr &)

gexy \{0}

and when q = 1 such expansion can be written as

1 _—
Umlenle)ey) = SRy EEX_Z\{O} Cry+ exp(—4nd(€)y)e(tr £2).

Here vol(Xwr/Xr,.) denotes the volume of the quotient Xgr/Xr ..

Qu(en(w, z)ay) =

4.6. Proof of the theorem

Now we are ready to complete the final step for the proof of Theorem 4.1.
Proposition 4.8 (1) means that the coefficients of 6 (w) belong to ©¢ . when
g > 1. Hence, Proposition 4.8 (2) tells us that Q,,(g) - v with v € V,; has a
Fourier expansion of the form in Theorem 2.3 for any ¢g. Then Proposition
2.4 implies Q,,(g) - v € Ao(T\G,ws). Therefore we have proved Theorem
4.1.

Remark 4.9. We explain Arakawa’s method to prove Theorem 4.1 for
the case of ¢ = 1. Arakawa proved it by writing ,, as a finite sum of
“Godement kernel function”

Ky (91,92) =) wi(97'v92) (91,92 € G)
ver
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(for this function see [2] and [3]). More precisely Arakawa gave a fun-
damental domain for I'\H explicitly and considered the embedding of
L(m)/T (L(m) := {l € L | (I,l)g = 2m}) into such domain, induced
by

L(m) > (I3,l3) — l2_1l1 € H.

From these he deduced the finiteness of L(m)/I'. Here the action of I'
on L(m) is similar to that of ¢™!I'c on L.(m) given in Section 4.5. This
implies that £2,,(g) is a finite sum of KL (h,g)’s with h’s ranging over the
image of L(m)/T" in T\H. Since K[ (go,g) - v € Ao(T\G,ws) for a fixed
(90,v) € G x Vj, that leads to the theorem for the case of ¢ = 1.
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We present several results on Siegel modular forms of degree 2 with respect
to the paramodular group. We propose a theory of new- and oldforms for
such modular forms and show that such a theory follows from an analogous
local theory, which is available, and several conjectural results on the global
spectrum of GSp(4). Examples for paramodular cusp forms are obtained as
Saito-Korukawa liftings from elliptic cusp forms for T'g(N).

1. Introduction

Let F be a p-adic field, and let G be the algebraic F-group GSp(4). In
our paper [RS1] we presented a conjectural theory of local newforms for
irreducible, admissible, generic representations of G(F') with trivial central
character. The main feature of this theory is that it considers fixed vectors
under the paramodular groups K(p™), a certain family of compact-open
subgroups. The group K(p®) is equal to the standard maximal compact
subgroup G(o), where o is the ring of integers of F'. In fact, K(p°®) and K(p?)
represent the two conjugacy classes of maximal compact subgroups of G(F').
In general K(p™) can be conjugated into K(p°) if n is even, and into K(p?!)
if n is odd. Our theory is analogous to CASSELMAN’s well-known theory for
representations of GL(2, F'); see [Cas|. The main conjecture made in [RS1]
states that for each irreducible, admissible, generic representation (m, V') of

334
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PGSp(4, F) there exists an n such that the space V(n) of K(p™) invariant
vectors is non-zero; if ng is the minimal such n then dim¢(V{ng)) = 1;
and the Novodvorski zeta integral of a suitably normalized vector in V(ng)
computes the L-factor L(s, ) (for this last statement we assume that V is
the Whittaker model of 7).

We recently proved all parts of this conjecture; it is now a theorem*.
Parts of the main theorem have been generalized to include non-generic
representations. In addition, there is a description of oldforms, that is, the
spaces V(n) for n > ng. This description is based on certain linear operators
0,0 ::= V(n) - V(n+1) and n::= V(n) - V(n+2), which we call level
ratsing operators and which play a prominent role in our theory. Complete
proofs of the results mentioned above will be provided in [RS2].

Now G = GSp(4) is the group behind classical Siegel modular forms
of degree 2, in the sense that such a modular form can be considered as
a function on the adelic group G(Ag), where it generates an automorphic
representation of this group. Exploiting this link between modular forms
and representations, we shall explore in this paper the consequences of our
local newform theory for Siegel modular forms of degree 2 with respect
to paramodular groups. We shall explain how our local theory will imply
a global Atkin—Lehner style theory of old~ and newforms for paramodular
cusp forms, provided we accept some global results on the discrete spectrum
of G(A), which have been announced but not yet published.

We shall start in a classical setting, defining the paramodular groups
rear2(N) for positive integers N, and the corresponding spaces Si(N) of
cusp forms of degree 2. We shall then define, for a prime number p, level
raising operators 6, and 6, which multiply the level by p, and r,, which
multiplies the level by p?. These operators are compatible with the local
operators mentioned above, and the connection will be explained. Perhaps
surprisingly, the 1, and 8, operator are compatible, via the Fourier-Jacobi
expansion, with the well-known U, and V,, operators from the theory of
Jacobi forms. Paramodular oldforms will be defined, roughly speaking, as
those modular forms that can be obtained by repeatedly applying the three
level raising operators and taking linear combinations. The space of new-
forms is defined as the orthogonal complement of the oldforms with re-
spect to the Petersson inner product. We shall formulate conjectural Atkin-
Lehner type results for the newforms thus defined, and explain how these
results would follow from our local theory together with some plausible

*It was still a conjecture at the time of the Arakawa conference.
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global results that are not yet fully available.

Examples of paramodular cusp forms are provided by the Saito-
Kurokawa lifting. There is a classical construction available, combining re-
sults of SKORUPPA, ZAGIER and GRITSENKO, which produces elements of
Sk(N) from elliptic modular forms of level N and weight 2k — 2. However,
we propose an alternative group theoretic construction, which gives the ad-
ditional information that the Saito-Kurokawa liftings we obtain from ellip-
tic newforms are paramodular newforms as defined above. In other words,
there is a level-preserving Hecke-equivariant Saito—Kurokawa lifting from
cuspidal elliptic newforms (with a “—” sign in the functional equation of
the L—function) to cuspidal paramodular newforms of degree 2. We shall
explain how this map can be extended to the “certain space” of modular
forms defined by SKORUPPA and ZAGIER in [SZ)].

In the final section of this paper we will consider two seemingly unrelated
theorems on paramodular cusp forms. One says that the # operator defined
before is injective. The other one says that paramodular cusp forms of
weight 1 do not exist. We shall translate these theorems into group theoretic
statements, where it turns out that the second one is the exact archimedean
analogue of the first one.

We would like to thank everybody who commented on earlier versions
of this paper. In particular, Paul Garrett made many helpful comments.

2. Definitions
Paramodular groups

In the following we let G be the algebraic Q-group GSp(4), realized as
the set of all g € GL(4) such that *gJg = zJ for some z € GL(1), where
J = [ (1 102] The element z is called the multiplier of ¢ and denoted
-1

by A(g). The kernel of the homomorphism A : := GSp(4) — GL(1) is the
symplectic group Sp(4).

Let N be a positive integer. The Klingen congruence subgroup of level
N is the set of all v € Sp(4, Z) such that

Z NZ Z Z
ye Z Z Z Z
Z NZ Z Z
NZ NZNZZ

(That this is a subgroup becomes obvious by switching the first two rows
and first two columns, which amounts to an isomorphism with a more
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symmetric version of the symplectic group.) This group can be enlarged to
the paramodular group of level N by allowing certain denominators. Namely,
we define

Z NZZ 1Z
Z Z I N-'Z
NZNZNZ Z

Note that I'P*(N) is not contained in I'P22(M) if M|N. In fact, no
paramodular group contains any other paramodular group, since the el-
ement

N-1
-1
N
is contained in I'P*"2(N) only. We also define local paramodular groups. Let

F be a non-archimedean local field, o its ring of integers and p the maximal
ideal of 0. We define K(p™) as the group of all g € GSp(4, F) such that

opt o o
0o 0 op " *

g€ |, oo o and det(g) € o*. 1)
A

These are the local analogues of the groups I'P*™»(N). In fact, if F = Q,
then

TP2(N) = G(@ NGR)* T K ™), (2)

where p»(N) is the exact power of p dividing N (if p t N, then we under-
stand K(p'*(M)) = G(Z,)).

Modular forms

Let H be the Siegel upper half plane of degree 2. The group G(R)* = {g €
GSp(4,R) : := A(g) > 0}, which is the identity component of G(R), acts
on Hj by linear fractional transformations Z +— g(Z). We define the usual
modular factor

AB

i(9,2)=det(CZ+ D)  for Z € H, and g = [c 5

] € GR)*.
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We fix a weight k, which is a positive integer. The slash operator l L OF
simply , on functions F': := Hy — C is defined as

(F|9)(2) = Xg)*i(g, Z)""F(g(2)) for g € G(R)™.

The factor A(g)* = det(g)*/? ensures that the center of G(R)™* acts trivially.
A modular form F (always of degree 2) of weight k& with respect to I'P2"2(N)
is a holomorphic function on Hj such that F |'y = F for all v € T'P*>*(N).
We denote the space of such modular forms by Mi(N), and the subspace of
cusp forms by Sx(N). Modular forms for the paramodular group have been
considered by various authors; see, for example, [IO] and the references
therein. In this paper we shall fix the weight k and vary the level N.

We shall often write modular forms as F(r, z,7'), where [: :,] € Hy.

Note that elements F € M(N) have the invariance property F(r,z,7" +
t) = F(r,2,7') for t € N~1Z. In particular, F' has a Fourier-Jacobi expan-
sion

F(r,z,7) =" fm(r,2)e*™™ 3)
m=0
Here fm € Jk,m is a Jacobi form of weight k and index m, as in [EZ]. Since
F depends only on 7/ modulo N~'Z, we have fn, =0 for N { m.

We shall attach to a given F' € Mg(N) an adelic function ¢ :
= G(Aq) — C in the following way. Let Ky be the compact group
<o K(p” ™). Since the local multiplier maps K(p*»(¥)) — Zy are all
surjective, it follows from strong approximation for Sp(4) that G(A) =
G(Q)G(R)* K. Decomposing a given g € G(A) accordingly as g = phk,
we define

®(g) = (F| h)T), g=phk with p€ G(Q), := he GR)?, = k€ Kn.
| 0
Here I is the element (Z) (:] of Hy. In view of (2), the function 9 is well-

defined. It obviously has the invariance properties
D(pgrz) = ®(g) for all g € G(A), := p€ G(Q), := k€ Ky, := 2z € Z(A),

where Z is the center of GSp(4). In fact, ® is an automorphic form on
PGSp(4, A). One can show that ® is a cuspidal automorphic form if and
only if F € Si(N). Assuming this is the case, we consider the cuspidal
automorphic representation m = 7p generated by ®. This representation
may not be irreducible, but it always decomposes as a finite direct sum
T = @;m; with irreducible automorphic representations ;.
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Atkin—-Lehner involutions

We first consider local Atkin—Lehner involutions. Let again F be a non-
archimedean local field, and let 0 and p be as above. Let w be a generator
of p. The element

1
1
"
o™

Up =

(5)

is called the Atkin-Lehner element of level n. It is easily checked that u,
normalizes the local paramodular group K(p™). Therefore, if (7, V) is an
admissible representation of G(F), the operator w(u,) induces an endomor-

phism of the (finite-dimensional) space V(n) of K(p™)-invariant vectors.

2
n

is central, this endomorphism on V(n) is an involution, the Atkin—Lehner
involution of level n (or p™). It splits the space V(n) into 1 eigenspaces.

To define the global involutions, let N be a positive integer and let p be
a prime dividing N. Let p’ be the exact power of p dividing N. Choose a
matrix v, € Sp(4,Z) such that

Assume in addition that m has trivial central character. Then, since u

1 1

Yo = 1 1 mod p’Z and Yp = mod Np~?Z,

v
i
Up = TYp 1
1

We call up an Atkin-Lehner element. A different choice of 7y, results in
multiplying u, from the left with an element of the principal congruence
subgroup I'(NV). Therefore the action of u, on modular forms for I'(N) is
unambiguously defined. It is easily checked using (2) that v, normalizes
rrara( N}, Consequently the map F +— F lup defines an endomorphism of
M (N). Its restriction to cusp forms defines an endomorphism of Si(IV).
These endomorphisms are involutions since u2 € p/TP**(N), as is easily
checked. To summarize, for a given level N, we can define Atkin—Lehner
involutions u,(F) := Flkup on Mi(N) and Si(N) for each p|N.
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The relation between the local and global Atkin—Lehner involutions is
as follows. Let F' € My(N) and ® the corresponding adelic function de-
fined above. Then u,(F') corresponds to the right translate of ¢ by the
local Atkin-Lehner element u,; € G(Q,), where pJ is the exact power of p
dividing NV:

(up(F)]g)(T) = B(9uys), g€ GR)?Y, u, = s | ®

3. Linear independence at different levels

We shall prove an easy but useful result on modular forms for the paramod-
ular group, starting with an analogous local statement. Let F’ be a non-
archimedean local field with ring of integers 0 and maximal ideal p. Let w
be a generator of p. We define

Lemma 3.1. Let 0<ny < --- < n, be integers. Let m >0 be an integer
such that m < ny. Then the subgroup H generated by K(p™)n---NK(p™)
and t,, contains Sp(4, F).

Proof. The proof will be easy once we can show that H contains all ele-
ments

1
a b
1
c d

ab
, where [cd:i € SL(2, F).

By hypothesis the group A contains the elements

1
a bo—™
1

cw™r d
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an bew 1} € SL(2, F). Since H also contains
cw™ d

tm, it will suffice to show that the subgroup H’ of SL(2, F) generated by

—g—m —ny

such that a,b,¢,d € 0 and [

is SL(2,F). We shall show that the conjugate subgroup H" :=
m -m .

[w I]H ! [w 1] is equal to SL(2, F'), which is equivalent. This sub-

group H" is generated by

—_ m—ny
[1 1], [cwa bew ], a,be,deo, := ad — bew™ ™™ =1.

Np—MmM d

In particular, H" contains [ 1 _1} and [1 0], and therefore SL(2, 0). It is

1
-1

not hard to show that the group generated by SL(2,0) and [1 P 1 ] is all

of SL(2, F). O

Proposition 3.1. Let F be a non-archimedean local field, and let (w, V') be
an admissible representation of G(F) with trivial central character that has
no non-zero Sp(4, F) invariant vectors.! Then paramodular vectors in 'V of

different levels are linearly independent. More precisely, fori=1,...,r let
v; € V be fized by the paramodular group K(p™), where n; # n; for i # j.
Thenvi +...+ v, =0 impliesv; =...=v, = 0.

Proof. We may assume that n; < ... < n,. From v; + ... +v, = 0
we obtain —vy = vz + -+ + v,. This element is invariant under t,, and
K(p™) n...NnK(p™). Since n; < ng, by Lemma 3.1, it is invariant under
Sp(4, F); hence, v; = va + ... + v, = 0. Applying the same argument
successively gives v = ... = v, =0. |

This local result has the following global analogue. Note that the corre-
sponding statement for I'o(V) congruence subgroups is obviously wrong.

Proposition 3.2. Modular forms for the paramodular group of different

levels are linearly independent. More precisely, for i = 1,...,r let F; €
Mi(N;), where N; # Nj for i # j. Then Fy + ...+ F, = 0 implies F} =
..=F.=0.

tFor example, 7 could be an irreducible, infinite-dimensional representation.



342 B. Roberts & R, Schmidt

Proof. One can either exploit the relationship between modular forms and
representations and use Proposition 3.1, or one can give a direct proof along
the lines of the local proofs. O

An important consequence of Proposition 3.2 is the following. Soon we will
have reason to consider the spaces My(I'P?™) := @F_; Mir(N), see (18).
Proposition 3.2 implies that this abstract direct sum is the same as the sum
of the spaces My(N) taken inside the vector space of all complex-valued
functions on Hs.

4. The level raising operators

As before let Mg(N) be the space of modular forms of weight k& with respect
to the paramodular group of level N. Since no I'P*(N) is contained in any
other TP22(M) (M # N), there are no inclusions between (the non-zero
ones of) the spaces My(N). In particular, for N|M, the space My(N), if
not zero, is not a subspace of My (M). However, we shall see that there are
natural operators raising the level. For a prime number p, which may or
may not divide N, we shall define linear operators 6, and 6,, from My (N)
to My(Np). We shall also define an operator 7, from Mi(N) to M (Np?).

The 1 operator

We begin by defining 7,, since this is easiest. For F' € Mg(N) let
1

-1

— -1 _ p
Nk = F|ﬂp ) where 1, = e (7)
p
One easily checks that QPI‘P‘““(N )Q;I D TP*2(Np?). Hence n,(F) €
M;.(Np?), and we get linear operators
Nyt Mi(N) — Mg(Np?) and N : Sk(N) — Si(Np?).

Explicitly, we have (n,F)(r,2,7') = p*F(r, pz,p*r’). If the Fourier-Jacobi
expansion of F' is written as in (3), then the Fourier—Jacobi expansion of
npd" is given by

[e ]

(pF)(1,2,7") = p* Z fm(,r’pz)e%rimp?-r'

m=0
o0

=05 Upfm)(r, 2)e2™ "™ (8)

m=0
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Here (U, fm)(7,2) = fm(T,p2) is the operator from Ji m to Jy mp2 defined
in section 1.4 of [EZ]. If @ is the adelic function corresponding to F' defined
in (4), then a straightforward calculation shows that
1
-1
(F)l)d) = B(gn,),  geC®*, n =| " | |€G@). (9)
P

In other words, the adelic function corresponding to 7, F’ is the right trans-
late of ® by the p-adic matrix 7,. From the local descriptions (6) and (9)
and the matrix identity

1 1 17 1

P n n+2 P

it is immediate that the n operator commutes with Atkin-Lehner involu-
tions: uy, o 9 = 7, 0 up. Note that the u, on the right acts on Mg(N), and
the up, on the left acts on My (Np?).

The 0 operator

It is not possible to conjugate the group T'P**(Np) into I'***(N). Con-
sequently there is no simple operator from My(N) to Mg(Np) given by
applying a single matrix as in the case of 7,. We can however define an
operator by applying diag(1,1,p~!,p™!) and then average to restore the
paramodular invariance. More precisely, for F' € My (N) we define

1 a b

1 1 ab
OpF = Z F|k( p! c d ) (v= [cd])'
YETo(P\SL(2,Z) . .
(10)
It is easy to check that 6,F is well-defined and indeed is an element of
M (Np). Hence we get linear operators
Oy 1 Mi(N) — Mi(Np) and 0p: Sk(N) — Sk(Np).

Assume that the Fourier-Jacobi expansion of F' € My (N) is given by (3).
Then a straightforward calculation shows that

OpF)(1,2,7) =p Y (Vpfm) (T, )2 (11)

m=0
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with

Vebm)(r,2) =0 3 (er+ ke
Y€l (p)\SL(2,Z)
ar+b pz
% fm(pcr+d’ c7'+d)'
Note that there is a bijection To(p)\SL(2,Z) — SL(2,Z)\{4 € M2(Z) :
:= det(A) = p} given by v — diag(p,1)y. Hence V,fm is exactly the
function defined in (2) of section 1.4 of [EZ]. The V,, operator is a linear
map from Ji,m t0 Jk,mp. To summarize equations (8) and (11), the operator
np on M(N) is compatible with the operator U, on Jacobi forms, and 6,
is compatible with the operator V.
We now define an adelic version of the 6, operator. If ® is a function on
G(Aq) that is right invariant under the paramodular group K(p?) C G(Q,)
of some level p?, we define a new function 6,® by

a b 1
G = Y 2|,

¥ESL(2,Z,)/To(p)

(12)

1 P

€G(Qy)

where y = b} and g € G(A). Then 6,9 is right invariant under K(p7+1).

a
cd
A standard calculation shows that if @ corresponds to F’ as in (4), then 6,®
corresponds to 8,F. In other words,

(6 F)]9)(D) = (,2)(9), 9EGR)™. (13)

The 6’ operator

While the n operator commutes with Atkin-Lehner involutions, this is no
longer true for the @ operator. We use this fact to define a new operator 6,
from M (N) to My (Np) by

8, =upofpou,  (the u, are Atkin-Lehner involutions). (14)

Note that the u, on the right acts on My(N), and the up on the left acts
on Mi(Np). We obtain linear operators

0p: Mp(N) — Mi(Np) and 6, : Si(N) — Sp(Np).
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It is clear from (13) and (6) that if ' € My(N) corresponds to the adelic
function 9, then 6, F corresponds to the function

a b 1
) 1 1
G2)9) = Y owpn | Upi ), (15)
Y€ESL(2,Zp)/To(p) P
1 D
€G(Q,)

where v = [Z Z] and g € G(A). Here p’ is the exact power of p dividing N,

and u,; is as in (6). The operator 9,’, has the following simple description
on an element F € Mi(N):

1

1 ¢pIN-T
O, F =mF+ », F| | ° : (16)

cEL/pZ 1

To prove this formula, consider the local description (15) and the matrix
identity

a b 1 1

R 1
_p]+1 ¢ d

: d cpi71
— it
p y‘_pj - p7 1

1 P bpit! a
As a system of representatives for SL(2,Z,)/To(p) we can choose [(1: 1] ,CE

Z/pZ, together with the matrix [ 1]. The first type of representatives

-1

leads to the summation in (16). As for [_ 1 1] , note that

1 1 1
__p_J -1 p—l _p—J
1 1 1
P pi Ll P
and that & is invariant under the rightmost matrix. In view of (9), this
proves (16). Actually, the matrices in (16) are a system of representatives
for TP**(Np) NTP>*2(N)\I'****(Np). Hence the 8, operator is nothing but
the natural trace operator from My(N) to Mi(Np). Using formula (16), it
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is now easy to compute the Fourier-Jacobi expansion of §,F. If that of F
is given by (3), then

o0

O F)(,2,7) =Y (0% Upfmsp)(T:2) + P frup(r, 2)) ™27 (17)

m=0

Here we understand that f,,;, =0 if p{m, and

Frp(T, 2) 1= {gm”(T’ ?) ii %lﬁ;’

The algebra of operators

For each prime number p we have now defined operators 6, 6, and 7, on
M;(N) multiplying the level by p and p?, respectively. Let us put

M;(TP2) .= @ Mi(N), o (TPo12) 1= EB Sk(N (18)
N=1 .

By definition these are abstract direct sums, but see Proposmon 3.2 and

the remark thereafter. The collection of operators 6, for different levels N

define endomorphisms of My (I'P*™*) and Sy (I'*™), and similarly for 6, and

Mp-

Lemma 4.1. The operators 6,, 6, and 1, commute pairwise.

Proof. The matrix n, in (7) used to define 7, commutes with the matri-
ces in (10). Hence 7, commutes with 6,. We already noted before that n,
commutes with Atkin-Lehner involutions. By the definition in (14) it fol-
lows that 7, commutes with ), (this can also be seen from (16)). That 6,
commutes with 6, is easily proved using (16). |

The lemma states that the algebra A, generated by the endomorphisms
O, 9;, and 7, of My () is commutative. Moreover, it is clear by the local
descriptions we have given that for different prime numbers p and ¢ the p
operators commute with the ¢ operators. Hence the algebra A generated
by all these operators acting on M (I'P*™) and Si(I'P?™) is commutative.

Local representations

Let I be a local non-archimedean field and o, p and w as before. Let (, V)
be an irreducible, admissible representation of G(F') (G = GSp(4)) with
trivial central character. Let V(n) C V be the subspace of vectors fixed
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by the paramodular group K(p") as defined in (1). We already defined the
local Atkin-Lehner involutions on V(n), see (5). We further define:

e An operator 7 : :

= V(n) - V(n+ 2). It is defined by applying
n(diag(l,w 1,1, w)).

e An operator § : := V(n) — V(n+ 1). It is defined by a similar
summation as in (12).
e An operator ¢’ : := V(n) — V(n + 1). It is defined as in (14) or,

alternatively, by a formula as in (16}.

Just as in the global case these operators generate a commutative algebra
of linear operators on the space of paramodular vectors. Now assume that
the modular form F € My(N) corresponds to the adelic function @, and
that @ generates an irreducible, automorphic representation ™ = Qp < coTp
of G(A). Then it is clear that each m, (p < o00) contains paramodular
invariant vectors. It is further clear that the local operators n, 6 and &'
are compatible with the global operators. It is our intention to use local
representation theoretic results on paramodular vectors to obtain results
on classical modular forms.

5. Oldforms and newforms

The main purpose of the operators introduced in the previous section is to
define oldforms and newforms. Roughly speaking, all the modular forms in
the images of our operators should be considered “old”. A modular form
that is orthogonal to all the oldforms is “new”. Recall the definition (18)
of the space Mg (I'®*™) and the algebra A acting on it. Let Z C A be the
ideal generated by 7,, 6, and 8, where p runs through all prime numbers.
Then we define

M;:ld(l-\para) = IMk (Fpara), M,?ld(N) = M’cc)ld(rpara) N Mk(N)
Similar definitions are made for cusp forms. Elements of these spaces are
called oldforms. On the spaces Si(N) we have the Petersson scalar prod-

uct, which allows us to define the subspace of newforms as the orthogonal
complement of the oldforms:

SEEV(N) = SP(N)*.

We conjecture that paramodular cusp forms have a newform theory that is
as nice as the well-known newform theory for elliptic modular forms:

Conjecture 5.1. (Newforms Conjecture) Let N be a nonnegative
integer.
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i) Assume that F' € SPe¥(N) is an eigenform for the unramified local Hecke
algebra H, for almost all p not dividing N. Then I is an eigenform for
Hp for allp{ N.

ii) Let F; € SPV(N;), i = 1,2, be two non-zero cusp forms. Assume that
F, and F, are both eigenforms for the unramified local Hecke algebra
Hp for almost all p. Assume further that for almost all p the Hecke
eigenvalues of Fy and Fy coincide. Then Ny = Ny, and F} is a multiple
Of F2.

Our belief in the Newforms Conjecture is based on an analogous lo-
cal statement and the conjectural structure of the discrete spectrum of
PGSp(4). The local statement, whose proof will appear in [RS2], is as
follows.

Theorem 5.1. (Local New- and Oldforms Theorem) Let F' be a non-
archimedean local field of characteristic zero, o its ring of integers, and p the
mazimal ideal of 0. Let (w,V) be an irreducible, admissible representation
of G(F} with trivial central character. For n a nonnegative integer, let V(n)
be the space of vectors fized by the local paramodular group K(p™). Assume
that for some n we have V(n) # 0.

1) (Local multiplicity one) If ng is the minimal n such that V(n) # 0, then
dim(V (ng)) = 1.

ii) (Local oldforms theorem) For any n > ng, the space V(n) is spanned by
vectors obtained by repeatedly applying the operators 8, 8’ and 1 to the
elements of V(no).

Part i) of this theorem states that there is always a local newform that
is unique up to scalars, provided there are paramodular vectors at all. It
can be proved that every generic irreducible representation has non-zero
paramodular invariant vectors, and that for tempered representations this
condition is also necessary.

We shall indicate further below how the (global) Newforms Conjecture
follows from the local Theorem 5.1 and the following two global statements.

Conjecture 5.2. (Weak Multiplicity One) If 7 is an irreducible admis-
sible representation of PGSp(4, Ap), where F is any number field, then 7 oc-
curs with multiplicity at most one in the discrete spectrum of PGSp(4, Ar).

Proofs of this conjecture have been announced by several authors, but
currently there is no published proof. Note that while this conjecture is



On Modular Forms for the Paramodular Groups 349

assumed to be true over any number field, the following conjecture depends
on the arithmetic of Q and is in general wrong over other number fields.

Conjecture 5.3. (Paramodular Strong Multiplicity One) If 7 =
®pgooTp 18 an irredu-cible discrete automorphic representation of
PGSp(4, Ag) and 7 is paramodular, i.e., m, admits a nonzero vector invari-
ant under some paramodular group for all finite p, then 7 is determined,
up to equivalence, by T and all but finitely many of the m, for finite p.

Generally speaking, strong multiplicity one should not hold for irre-
ducible discrete automorphic representations of a connected reductive alge-
braic group over a number field, and it does not hold for PGSp(4). To ex-
plain our reasoning as to why it should hold for the smaller class of paramod-
ular irreducible discrete automorphic representations of PGSp(4, Ag), let
T = ®pgoofp be such a representation. Let [7]near be the discrete near
equivalence class of =, i.e., the set of all irreducible admissible representa-
tions ' & ®p < 007, of PGSp(4, Ag) that occur in the discrete spectrum of
PGSp(4,Aq) and for which 7, = m, for almost all p. To verify the conjec-
ture it would suffice to prove that [7]pear contains exactly one paramodular
element, namely 7. Conjecturally, [7]pear is the set of automorphic elements
of a conjectural Arthur packet II(¢) corresponding to an Arthur parameter
¢ : LexSL(2,C) — LPGSp(4), where Lg is the conjectural Langlands group
of Q. First, assume ¢ is tempered. Then, conjecturally, all the elements of
[T]near are tempered. We can prove that if p < oo, then an irreducible tem-
pered admissible representation of PGSp(4,Q,) is paramodular if and only
if it is generic. It follows that the only paramodular element of [7]near With
infinity type 7o is ™ (7, is the generic base point of the local tempered
Arthur packet II(¢;) for all p < 00). Next, assume ¢ is not tempered. Then,
by the Ramanujan conjecture (see 6.1 further below), m is CAP (cuspidal
associated to parabolic) with respect to the Borel subgroup B, the Klingen
parabolic subgroup @ or the Siegel parabolic subgroup P of PGSp(4). We
can prove that no paramodular irreducible discrete automorphic represen-
tation of PGSp(4,Aq) is CAP with respect to B or @Q (it is here that we
need the assumption that we are working over Q). Hence, 7 is CAP with
respect to P. Conjecturally the elements of [7]pear form what is called a
Saito-Kurokawa packet, and we can prove that the only paramodular ele-
ment of [7T]near With infinity type 7o is 7 (as in the tempered case, 7, is the
base point of the local nontempered Arthur packet II(¢,) for all p < c0).
See the next section for more on Saito—Kurokawa packets.



350 B. Roberts & R. Schmadt

“Proof” of the Newforms Conjecture

We shall now indicate how to obtain a proof of Conjecture 5.1 from The-
orem 5.1 and the Conjectures 5.2 and 5.3. Let F' € Sp°¥(IN) be an eigen-
form for almost all of the unramified local Hecke algebras. Let & be the
corresponding adelic function G(Ag) — C, and let m be the representa-
tion generated by ®. Then 7 is a finite direct sum of irreducible cuspidal
automorphic representations m;. Let m; = ®m;p with m; 5, an irreducible,
admissible representation of G(Q,). The archimedean representations m;
all have scalar minimal K—type of weight k& and are therefore isomorphic.
Since F' is I'P*™(N) invariant, each m; ;, for p < co has non-zero paramodu-
lar vectors. The eigenform condition implies that the local representations
T;p and m;, are isomorphic for almost all p and all 4,j. By Conjecture
5.3 the representations m; are all isomorphic. But then, by Conjecture 5.2,
there can be only one i; in other words, = is irreducible. This implies part
i) of Conjecture 5.1.

Now let F} and F5 be as in ii) of Conjecture 5.1. We just proved that
Fy and F; generate irreducible cuspidal automorphic representations m; =
®m1,p and g = ®7a . The condition of F} and F; having the same Hecke
eigenvalues almost everywhere translates into 7y, = 79, for almost all p.
By Conjecture 5.3 it follows that 71 = mg, and then m; = 7y as spaces of
automorphic forms by Conjecture 5.2. We shall write 7 for 7y = 73 and m,
for my , = map. Let V,, be a model of 7,. Let vy € Voo be a lowest weight
vector (generating the scalar minimal K-type). For p < oo let v, € V,
be the essentially unique local newform according to Theorem 5.1 i). Let
F be the function on the upper half plane corresponding to the vector
®up € @mp. Then F is a paramodular cusp form of weight k. Since v, is
the local newform at every place, the level of F is at least as “good” as the
level of Fi, in the sense that F' € Sx(N) with N|Nj.

Part ii) of Theorem 5.1 says that every paramodular vector in V), can be
obtained from the local newform v, by repeatedly applying the local level
raising operators and taking linear combinations. Since local and global
level raising operators are compatible, this implies that F, = OF, where
O is an element of the algebra A introduced in the previous section. This
element © cannot be in the ideal 7 generated by 6,, 8, np for all primes p,
since otherwise F1 would be an oldform. Hence © is a scalar and F} is a
multiple of F. The same argument applies to Fy, proving that Fy and F;
are multiplies of each other and that N; = Ny = N.
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6. Saito—Kurokawa liftings

Examples of modular forms for the paramodular group are obtained by the
Saito~Kurokawa lifting. Let k be a positive integer. Let f € Sgx_o(To(N))
be an elliptic cusp form, which we also assume to be a newform. We also
assume that the sign in the functional equation of L(s, f) is —1. Then f
corresponds to a cuspidal Jacobi form f € Ji n via the Skoruppa-Zagier
lifting; see [SZ]. From f we can construct a Siegel modular form F € Sk(N)
via GRITSENKO’s “arithmetical lifting”, which is a generalization of the
Maaf construction; see [Gri]. The map f — F extends to an injective
linear map

SK ::= SIEVyT(To(N)) — Sk(N).

Here, the “—” indicates the subspace of cusp forms for which the sign in
the functional equation is —1. We propose an alternative group theoretic
construction of this lifting which gives a little bit more information.

Theorem 6.1. Let k and N be positive integers. Let f € SPE¥,(I'o(N))
be an elliptic cuspidal newform, assumed to be an eigenform for almost
all Hecke operators. We assume that the sign in the functional equation
of L(s, f) is —1. Then there ezists a paramodular Siegel cusp form F €
SReY(N) such that the incomplete spin L—function of F' is given by

L5(s,F) = L5(s, f) Z5(s — 1/2) Z%(s + 1/2). (19)
Such an F is unique up to scalars.

We give an outline of the proof, whose details will appear elsewhere.
Let 7 be the cuspidal automorphic representation of GL(2, A) associated
to the modular form f (it is generated by an adelic function on GL(2, A)
constructed from f by a similar formula as in (4)). Our hypothesis on
L(s, f) assures that there exists a Saito-Kurokawa lifting to GSp(4), mean-
ing a cuspidal automorphic representation IT on G(A) with trivial central
character such that LS(s,IT) = L¥(s,7)Z5%(s — 1/2)Z5(s + 1/2). The con-
struction of II is carried out in [Sch3] and further investigated in [Sch4].
In fact, there may exist a whole (finite) packet of such II, but exactly one
element in the packet is distinguished in the sense that each of its local
components II, (p < 00) contains non-zero paramodular vectors. Hence we
can extract a Siegel modular form F € Si(N') from II for some level N’
(the archimedean component Il,, is such that F' is holomorphic of weight
k). Further analysis of the II, shows that they have a unique paramodular
vector at the “right” level and at no better level; see Theorem 6.2 below
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for more details. In other words, we can actually extract an F € Si(N)
from I, which is unique up to scalars, and since the local representations
contain no paramodular vectors at lower levels, this F must be a newform.

Theorem 6.1 can be reformulated by saying that there is a Hecke-
equivariant injection

SK : := SB:™(To(IN)) — SEV(IV). (20)

Here “Hecke-equivariant” has the following meaning. Let T(p) be the usual
Hecke operator on Sox_o(To(V)). Let T's(p) and T (p) be the generators for
the local Hecke algebra H,, for Siegel modular forms as in [EZ], Section 6.
We define a homomorphism ¢ of local Hecke algebras by

UTs(p)) = Ts(p) +p*~1 +p*2,
UTS(p) = (0% +p* )Ty (p) + 2p7%% + p?*2.

Then the map (20) is Hecke-equivariant in the sense that T(SK(f)) =
SK(¢(T)f) for all elements T' € Hp, for any p{ N.

Local liftings

We now present the local ingredient to Theorem 6.1 in more detail. Let F' be
a p—adic field, and let 7 be an irreducible, admissible, infinite-dimensional
representation of GL(2, F') with trivial central character. In [Sch3], a lo-
cal Saito-Kurokawa lifting SK(m) has been attached to =. It can be con-
structed as the unique irreducible quotient of the induced representation
v1/275~1/2; we refer to [ST] for the notation and the fact that this induced
representation has exactly two irreducible constituents. The representation
SK(m) thus constructed is a non-generic, non-tempered, irreducible, admis-
sible representation of PGSp(4, F'). In [RS2] we will give the proof of the
following result, which is a local version of the Saito—Kurokawa lifting. The
symbol K(p™) stands for the local paramodular group; see (1).

Theorem 6.2. Let (w,V) be an irreducible, admissible, infinite-
dimensional representation of PGL(2, F), and let (SK(n), W) be the local
Saito-Kurokawa lifting of m as explained above. Let V{n) C V be the sub-
space of To(p™)~invariant vectors, and let W(n) C W be the subspace of
K(p™) invariant vectors. Let ng be the minimal n such that V(n) # 0.

i) The integer ng is also the minimal n such that W(n) # 0.
il) dim(W(no)) = 1.
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iii) For any n >ng, we have

W= @ e Wino),
de>0
d+2e=n—mng
where 8 and 1 are the local level raising operators defined earlier.
iv) All paramodular vectors w € W(n) are Atkin-Lehner eigenvectors with

the same eigenvalue (as some wo € W(no)).

Thus, the local lifting IT has a unique newform at the same level as =.
This explains the existence and part of the uniqueness assertion in Theorem
6.1 (one also needs to know global multiplicity one in the Saito~Kurokawa.
space), and the assertion that the lifting is a newform.

Extension to oldforms

We would like to extend the map (20) to include oldforms. However, part iii)
of Theorem 6.2 shows that the structure of oldforms in a local representation
(7, V) and in its lifting (SK(x), W) is different. While in V' the dimensions
of the spaces V(n), n>ng, grow (by [Cas]) like 1,2,3, ..., the dimensions
of the spaces W(n) grow like 1,1,2,2,3,3,... (see Table 1 in the appendix,
where we can observe these dimensions in the representations IIb, Vb and
VIc, which are local Saito—Kurokawa liftings). This suggests that only a
subspace of the space of oldforms in V' can be matched to the oldforms in W.
Part iv) of Theorem 6.2 provides the clue that this subspace should consist
of the newforms and all oldforms with the same Atkin—Lehner eigenvalue as
the newform. This local situation is compatible with the work of SKORUPPA
and ZAGIER, which shows that the map (20) can be extended to the “certain
space” in the title of [SZ]; see further below for a precise definition.

We shall first describe the local analogue of the “certain space” more pre-
cisely. As above let (7, V') be an irreducible, admissible, infinite-dimensional
representation of PGL(2, F), where F is a non-archimedean local field, and
let V(n) C V be the subspace of vectors fixed under the local congruence
subgroup I'g(p™). Let ng be the minimal n such that V(n) # 0. Then,
by CASSELMAN’s theory, dim(V(n)) = n — ng + 1 for n >no. The local
Atkin-Lehner involution

Up = [ n 1] (@ a uniformizer)
@

splits V(n) into +1 eigenspaces V (n)*. The eigenvalue £ at the minimal
level ng coincides with the value £(1/2, 7) of the e-factor at 1/2. Locally,
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%2 oV ()%, ie., it consists of the newform and all
those oldforms with the same Atkin-Lehner eigenvalue as the newform.
These oldforms are obtained by repeated application of the operators

the “certain space” is @2

w1
o= V() —Vin+1), vr——>v+7r([ 1J)v (21)
and
o1
B::=V(n)— V(n+2), vr——wr([ 1])1} (22)

to V(ng) (it is immediately verified that o and 3 commute with Atkin-
Lehner involutions). One can check that o?v is not a multiple of Bv, and
more generally that

V= @ o?BV(n) (23)
d,e20
d+2e=n—ng

We see that the “certain space” can be matched exactly with the complete

space of paramodular vectors in (SK(7n), W), whose structure is given in
Theorem 6.2 iii). More precisely, we can define a local Saito—Kurokawa
map

SK::= @ V(n)* — @ W(n) (24)

by mapping a non-zero vector v € V(ng) to a non-zero vector w € W{(nq)
and requiring that SKoa = #0SK and SKo 8 = noSK. Then SK is a linear
isomorphism. We note that SK is not canonically defined: Not only do we
have a freedom in the normalization of the newforms and the operators,
but we could also replace the operator 8 by a linear combination of § and
a?.

The global version of the “certain space” is defined as follows. On the
spaces Si(o(N)) (elliptic modular forms) we have, for any prime number
p, the Atkin-Lehner involutions u,, defined analogously as above in the
degree 2 case. If pt N, we let up be the identity. We are looking for level
raising operators Sx(I'o(N)) — Sk(To(Np)) commuting with Atkin-Lehner
involutions; here the prime number p may or may not divide N. The two
natural operators f(z) — f(z) and f(z) — f(pz) do not have this prop-
erty, but a computation shows that a certain linear combination has. More
precisely, put

ap i = Sg(To(N)) — Sk(To(Np)),  f(2) — f(2) +p*/2f(p2). (25)
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Then ap o up = u, 0 ap. Furthermore, another computation shows that
f — f(pz) does commute with Atkin-Lehner involutions if we consider
f(pz) an element of Sy (To(Np?)). We therefore define

Bp 1= Sk(To(N)) — Sk(To(Np2),  f(2) — p*/2f(pz).  (26)

Then Byoup = upofy. If @ is the adelic function on GL(2, A) corresponding
to f, then the adelic functions corresponding to a,f and B, f are

g— ‘1>(g)+‘1>(g[p_1 1}) and g~ ‘1>(g[zr1 1}),

respectively. In other words, o, and 3, are compatible with the local oper-
ators (21) and (22). We shall now define the “certain space”, which will be
denoted by Si(T'o{N)). Let

Si¥(To) = P SE*(To(N)),  Sk(To) == €D Sk(To(N
N=1 N=1

We consider the operators a,, and 8, as endomorphisms of Si(Io). They
obviously commute, and operators for different p also commute. Hence we
get a commutative algebra B of endomorphisms of Si(T's) generated by all
these operators for all prime numbers p. We define the “certain space” as
the image of S*¥(I'o) under B,

Se(To) := BSP™(To),  Sk(To(N)) := Sp(To) N S(To(N)).

Hence Sg(T'o(IN)) consists of all the newforms of level N plus those old-
forms that can be obtained by repeated application of a, and 3, operators
to newforms of lower levels. Those oldforms have the same Atkin-Lehner
eigenvalues as the newforms from which they come. If in the above defini-
tions we allow only newforms with a certain sign in the functional equation
of their L-function, we obtain the spaces S (T'o(N))

From the local linear independence (23) we derive the global result that

SkToN) =P P  @aBeSi™(To(M)). (27)
MIN de>1
de’=N/M

Here, ag = []; o3¢ if d = [],p}*, and similarly for Se. Restricting to new-
forms with a ﬁxed sign in the functional equation, we get

SEToW) = P aufeSi™*(To(M)). (28)
M|N de>1
de’=N/M
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Now for each M we have the maps (20) from Sy 5 (Co(M)) to Spe¥(M).
We put them all together to define a linear map

S;lzv_v,z— (1-\0) SN SlrcleW(prara)

The direct sum decomposition (28) shows that this linear map can be ex-
tended to a linear map

SK ::= S5 _,(To) — Sp(I'P2"®)
in such a way that
SKoap, =6,05K and SK o B, = n, o SK.

The image of SK is called the Maaf space and denoted by Si(I'P2r#).
Restricting to a fixed level we get a Saito—Kurokawa lifting SK from
Sor_2(To(N)) to Sp(N) = Sk (I'P22) N Si(N). Since SK is compatible with
the local isomorphisms (24), we obtain the following result.

Theorem 6.3. The Saito-Kurokawa lifting (20) can be extended to a
Hecke—equivariant isomorphism

SK ::= 85 _,(To(N)) — Sk(N).

Characterizations of the Maafl space

The following version of the Ramanujan conjecture is believed to be true,
but currently there is no published proof.

Conjecture 6.1. (Ramanujan Conjecture for GSp(4)) Let n = @,
be a cuspidal automorphic representation of GSp(4,Ar), where F is any
number field. If m is not a CAP representation, then each m, is tempered.

The Ramanujan conjecture has the following relevance for the charac-
terization of the Maaf space. We note that in the classical case the charac-
terization of eigenforms in the Maa8 space by their spin L—functions having
poles was obtained by ODpA [Oda] and EvDOKIMOV [Ev].

Theorem 6.4. Write F' € Si(N) as a sum F = Y, F;, where each
F; € Si(N) is a Hecke eigenform for almost all Hecke operators. Then
the following statements are equivalent.

i) F is an element of the Maaf8 space Si(N).
i) Each of the incomplete spin L-functions L(s, F;) has a pole at s = 3/2.
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ili) Each F; corresponds to a vector in an irreducible cuspidal automorphic
representation of PGSp(4, Ag) that is CAP with respect to the Siegel
parabolic subgroup.

Each of these conditions implies the following.
iv) 6,F = 0,F for each prime number p.

If the Ramanujan conjecture holds, then the following condition implies the
others.

v) There ezists a prime number p such that 0,F is a multiple of 6,,F.

Sketch of proof: i) = ii) follows from the shape of the L—function in (19).
ii) = iii) follows from the characterization of CAP automorphic represen-
tations in [PS] and local results showing that a) global Saito-Kurokawa
packets contain at most one element that is paramodular at every finite
place, and b) Borel-CAP representations do not have paramodular vectors
at every finite place. iii) = i) follows from the fact that the local lifting
(24) is onto, meaning SK exhausts the space of paramodular vectors.

i) = iv): Let Il = QII, be an irreducible constituent of the space of
cusp forms on GSp(4, Ag) generated by the adelic function ¢ attached to
F. Then, by the group theoretic construction of Saito-Kurokawa liftings in-
dicated after Theorem 6.1, each II, for p < oo is of the form SK(7) for an ir-
reducible, admissible, infinite-dimensional representations 7 of PGL(2, Q,).
One can prove by local computations that # — 6’ annihilates the space of
paramodular vectors in SK(r). This implies iv) since the local and global
operators are compatible.

v) = i): Let II = QII,, be as in the previous paragraph. The hypothesis
implies that for some p the local representation II,, contains a paramodular
vector that is annihilated by 8 — ¢’. One can prove by local methods that
I1,, must be one of the representations in the following list (see the table in
the appendix):

¢ An unramified twist of the trivial representation.

e A representation of type IVb.

¢ A representation of type Vd or VId.

e A representation of the form SK(7) as in Theorem 6.2.

It is known that one-dimensional representations do not occur in global
cusp forms. Representations of type IVb do also not occur in global cusp
forms because they are not unitarizable. Representations of type Vd and
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VId are not tempered. Hence, if I, is one of these representations, and if
the Ramanujan conjecture is true, then IT must be a CAP representation.
One can give a complete description of the local components of CAP rep-
resentations, and this description shows that II must be CAP with respect
to B, the minimal parabolic subgroup, or @, the Klingen parabolic sub-
group. But one can further show that in such CAP representations there is
always at least one place for which the local component has no paramodu-
lar vectors (it is essential here that the ground field is Q; the statement is
wrong for other number fields). This proves that II,, cannot be of type Vd
or VId, and must consequently be a local Saito-Kurokawa representation
of the form SK{n). These representations are also non-tempered, so that by
the Ramanujan conjecture IT must be a CAP representation. By the above
mentioned explicit description of CAP representation, I must indeed be
CAP with respect to P, the Siegel parabolic subgroup. In other words, IT
lies in the Saito—Kurokawa space. [}

In view of the definition (14) of the ), operator we see that, at least if
the Ramanujan conjecture is true, the Maafl space can be characterized as
the subspace of Sk(IN) where 8, commutes with Atkin—-Lehner involutions.
For a classical Saito—Kurokawa lifting ' € Si(1) (full modular group) the
condition v) in Theorem 6.4 means

V;me=pk—lUpfm/p+fmp for m>1,
where we understand f,,/, = 0 for p { m; see (11) and (17). In terms of
the Fourier expansion F(7,2,7') = ¥ a(n,r,m)e2m(nr+ra+mt’) thiq
translates into the conditions

k—1 (DT k=1 T m
a{np,r,m)+p a(-—,—-,m) =p a(n,—,——)—l—a 7,7, M 29
(np, ) »'p P ( p) (29)

for n,7,m € Z, with the convention that a(c,8,7) = 0 if (o, 8,7) ¢ Z3.
The Maa8 space for the full modular group is defined by the more general
relations

a{n,r,m) = Z dk‘la(Z—T-, 2, 1) for n,r,m € Z; (30)
d|(n,r,m)

see [Ma] or [EZ] Section 6. To see that the Maaf relations (30) are indeed

more general, substitute (30) into (29). Conversely, for m a power of p, the

condition (30) is implied by (29). Theorem 6.4 says that if the Ramanujan

conjecture holds, then (29) and (30) are actually equivalent:

Corollary 6.1. Suppose that the Ramanujan conjecture 6.1 holds. Let
F € 5k(1) be a cusp form for Sp(4,Z) with Fourier ezpansion F(r,z,7') =



On Modular Forms for the Paramodular Groups 359

Y onrm a(n,r,m)e2 (v tr2tm) Then F is in the Maaf space if and only
if there is a prime number p such that (29) holds.

We stress that the prime number p in this corollary is completely
arbitrary.

7. Two theorems

As before, let Si(N) be the space of cusp forms of weight k with respect to
the paramodular group I'P"2(N). In this section we shall elaborate on the
representation theoretic meaning of the following two theorems.

Theorem 7.1. There are no paramodular cusp forms of weight 1: The
spaces S1(N) are zero for any N.

Theorem 7.2. The operators 8, and 8,, from Sx(N) to Sx(Np) are injec-
tive for any N and any prime p.

Both theorems are quickly proved using results on Jacobi forms. Theo-
rem 7.1 follows immediately from the Fourier-Jacobi expansion and a result
of SKORUPPA stating that J; ,, = 0 for any m; see Theorem 5.7 in [EZ]. For
Theorem 7.2, note that in view of the definition (14) it is enough to prove
the result for 8,. By (11), the 8, operator is compatible with the operator
Vp on Jacobi forms. But it is a consequence of the results of SKORUPPA
and ZAGIER [SZ] that the operator Vj, : := J;3F — Ji'>7 on cuspidal Ja-
cobi forms is injective (see Lemma 1.10 of [Sch2] for a corresponding local
statement). Theorem 7.2 follows.

We shall now reformulate Theorem 7.1 in terms of representations. For
representations of G(F), where F' is a local field, we shall employ the no-
tation of [ST] (this paper treats non-archimedean representations, but the
notation can also be used for F' = R). The symbol v stands for the nor-
malized absolute value, which in the case FF = R is the usual absolute
value |]. Let & be a character of F* of order 2. Then, by [ST] Lemma
3.6, the induced representation v€y x & % v~1/2 has four irreducible con-
stituents. We are interested in the Langlands quotient L(v&g, & x v™1/2).
In the archimedean case F' = R, where £ is the sign character, it can
be shown that L(v€y,& x v~1/2) has a minimal K-type of weight (1,1).
In other words, this is the archimedean representation underlying Siegel
modular forms of weight one. Theorem 7.1 is therefore equivalent to the
archimedean part of the following statement.
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Corollary 7.1. Let F' € Sg(N), and let ® be the adelic function corre-
sponding to F. Let m = é&w; be the cuspidal automorphic representation of
PGSp(4,A) generated by ®, and let m; = @7, be the tensor product de-
composition of the irreducible component w; of m. Then no m;p (p<00) is
equal to L(v€o, &0 ~ v=1/2), where & is a local character of order 2.

Let us now focus on the non-archimedean content of Corollary 7.1. The
appendix contains a table with the complete list of Iwahori-spherical repre-
sentations of GSp(4, F) and the dimensions of their spaces of fixed vectors
under the paramodular groups K(p™) for any level p™. We see that the di-
mensions of these spaces are always growing with growing n, except for the
representation L(v&g, £oxv~1/2) of type Vd; here & is the unique non-trivial
unramified quadratic character of F*. For this representation the dimen-
sions are 1,0,1,0,... (one can show that if £ is ramified, then Vd contains
no paramodular vectors at all). Hence the corresponding local statement to
Theorem 7.2 is not always true: In the Vd type representations, the local
8 and 6’ operators from V(n) to V(n + 1) are zero (here V(n) is the space
of vectors fixed under K(p")). It follows that these representations can-
not occur as local components in automorphic representations generated
by elements of Sx(N), which is exactly the statement of Corollary 7.1 for
p < oo.

We mention the following local result from [RS2}, which says that the
representations of type Vd are the only counterexamples to the injectivity
of 8 and #'.

Theorem 7.3. Let F be a p-adic field. Let (w,V') be an irreducible, admis-
sible representation of GSp(4, F) with trivial central character. Let V(n) be
the space of vectors fized under the paramodular group K(p™) as in (1).
Assume that T is not isomorphic to a representation L(v&o, & x v~Y/?0) of
type Vd, where £&q is the unramified character of order 2. Then the operators
0 and &' from V(n) to V(n+ 1) are injective, for any n.

This theorem is analogous to Lemma 1.10 of [Sch2], which says that
certain Weil representations are the only counterexamples to the injectiv-
ity of a local V operator on representations of the Jacobi group. The two
results are actually related since these Weil representations are Fourier—
Jacobi models of the Vd type representations. Theorem 7.3 says that Vd
type representations are the only local representations excluded by Theo-
rem 7.2 (in automorphic representations generated by elements of Si(N)).
Therefore Theorem 7.2 is the ezact non-archimedean analogue of Theorem
7.1.
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Note that Corollary 7.1 is a Ramanujan type result: The representations
of type Vd are non-tempered, and the corollary says that they do not occur
in certain cuspidal automorphic representations of PGSp(4, A). There are
actually cuspidal automorphic representations of this group, namely certain
CAP representations, that contain

o L(v&,£& x v~1/2) as archimedean component, and moreover
o L(v€, & x v~1/2) at almost every place.

But one can show that there is always at least one non-archimedean place
where the local representation has no paramodular vectors. In other words,
cusp forms of weight 1 do exist, but not for the paramodular group.

Appendix. Paramodular vectors in Iwahori—spherical
representations

Table 1 below lists the dimensions of the spaces of paramodular vectors
of any level for each irreducible, admissible representation of PGSp(4, F)
which admits a nonzero vector fixed by the Iwahori subgroup 7. We shall
explain the contents of the table in detail.

The first column. By [Bo|, these representations are exactly the ir-
reducible subquotients of the representations of PGSp(4, ) induced from
unramified quasi-characters of the Borel subgroup. The basic reference on
representations of GSp(4, F) induced from a quasi-character of the Borel
subgroup is section 3 of [ST], and we will use the notation of that paper.
Thus, St is the Steinberg representation, 1 is the trivial representation, and
v =|-|. It is also useful to consult section 4.1 of [T-B]. Let x1, x2 and o be
unramified quasi-characters of F'* with x1x202 = 1, so that the representa-
tion x; X x2 X o of GSp(4, F) induced from the quasi-character x1 ® x2 ® ¢
has trivial central character. Of course, x; X x2 X 0 may be reducible. It
turns out that by section 3 of [ST], there are six types of x1 X x2 X ¢ such
that every irreducible admissible representation of GSp(4, F') with trivial
central character which contains a nonzero vector fixed by I is an irre-
ducible subquotient of a representative of one of these six types, and that
no two representatives of two different types share a common irreducible
subquotient. The first column gives the name of the type. In the table we
choose a representative for a type with the notation as below, and in sub-
sequent columns we give information about the irreducible subquotients of
that representative. The types are described as follows. Type I: These are
the x1 X x2 X o where x1, x2 and o are unramified quasi-characters of F*
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Table 1. Paramodular dimensions in Iwahori-spherical representations.

I___I |representatlon INI e(1/2,m) IK(O)IK(I)I K(2) IK(3) I K(n)J
X1 X x2 ¥ o (irreducible) 0 1 1 2 4 = [Q—H'—zl—]
+ | 4= [+ g
i
2
a|xStar() %o H=@x)@)| 0 | 1| 2 | =[]
- |4
II thoo
0 1 1] 1 2 2 nt2
b(xlgLz) X 1 2| 2 %]
alx % 7Stasp(2) 2 1 ojo} 1] 2| [
11 L
b X A Ulep(Q) 0 1 1 +2_ +_::— ++4—— n+1
n— 2
aloStasp(a) 3| —o(w) 0 0 0 { [(—411—]
b L((V2, V"ldstgsp(g))) 2 1 0 0 }_ i [%]
v
c L((V3/2StGL(2),V—3/20')) 1 —O'(W) 0 1 2 3 n
— +- | +-~
djo1 0 1 1|1 1 1 1
7-GSp(4) + + + +
a|8([go, v€o], v=1/20) 2l =1 Jo o1 2| [y
~1/2 +1
v b|L((v}/240StaL(2), v~ V20)) 1| o(w) 0 i 1 +2+ (23]
c|L((v'/%€0Star(a), bov V20| 1| —o(w) | O 1 1 2 (2]
d|L((v€o, &0 x v=1/20)) 0 1 10| 1 o |GV
+ +
S,v1/2 2 1 oo 1| 2 n?
alr(S,17%0) v 2 [
VI blr(T,v=1/20) 2 1 01| o 0 ] 0
c L((vl/zstGL(z),v‘l/za)) 1] —o(w) 0 E E ?_ [%}
d|{L{(v, 15+ 3 v~1/25)) 0 1 1 1 2 2 [242]
Loy | ] 4y

such that x1x20% = 1 and x1 X x2 X ¢ is irreducible. See Lemma 3.2 of [ST].
Type II: These are the v'/2x x v=1/2y x ¢ where x and ¢ are unramified
quasi-characters of F'* such that x202 = 1. See Lemmas 3.3 and 3.7 of
[ST). Type III: These are the x x v x v~*/2g where x and o are unramified
quasi-characters of F'* such that yo? = 1. See Lemmas 3.4 and 3.9 of [ST.
Type IV: These are the v? x v x v~3/2g where ¢ is an unramified quasi-
character of F* such that 0% = 1. See Lemma 3.5 of [ST|. Type V: These
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are the v€ x & x v~1/2¢ where & and o are unramified quasi-characters
of F* such that & has order two and 6% = 1. See Lemma 3.6 of [ST). Type
VI: These are the v x 1 x v~1/2¢ where ¢ is an unramified quasi-character
of F* such that 02 = 1. See Lemma 3.8 of [ST).

The second column. Choose a type as in the first column, and choose
a representative yi1 X x2 X o of that type. Then x1 X x2 X ¢ admits a
finite number of irreducible subquotients, and this number depends only
on the type of x1 x x2 X 0. We index the irreducible subquotients by lower
case Roman letters. The letter “a” is reserved for the generic irreducible
subquotient.

The representation column. This column lists the irreducible sub-
quotients of the representative of the type of the first column. We use the
specific notation as in the discussion of the first column.

The N and ¢(1/2,7) columns. Suppose 7 is an entry of the third
column, and let ¢ be the L-parameter associated to @ by [KL]. We define
N and €(1/2,7) by the equation €(s, p,%,dzy) = €(1/2,m)g~N(—1/2),

The K(0), K(1), K(2), K(3) and K(n) columns. The numbers in the
columns give the dimensions of the spaces of K(p™) fixed vectors for n =
0,1, 2,3 and arbitrary n > 0. Note that to save space we have abbreviated
K(p™) by K(n). The signs under the numbers in the K(0), K(1), K(2) and
K(3) columns indicate how these spaces of K(p™) fixed vectors split under
the action of the Atkin-Lehner operator 7(u,). The signs are correct if in
the type II case, where the central character of 7 is y202, the character xo
is trivial, and in the type IV, V, and IV cases, where the central character
of 7 is 02, the character ¢ is trivial. If these assumptions are not met, then
the plus and minus signs must be interchanged to obtain the correct signs.
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Characters of rational vertex operator algebras (RVOAs) arising,e.g., in 2 - di-
mensional conformal field theories often belong (after suitable normalization)
to the (multiplicative) semi-group E+ of modular units whose Fourier expan-
sions are in 1+ ¢Zxo[q], up to a fractional power of g. If, furthermore, all
characters of a RVOA share this property then we have an example of what we
call modular sets, i.e. finite subsets of E+ whose elements (additively) span a
vector space which is invariant under the usual action of SL(2, Z). The appear-
ance of modular sets is always linked to the appearance of other interesting
phenomena. The first nontrivial example is provided by the functions appear-
ing in the two classical Rogers-Ramanujan identities, and generalizations of
these identities known from combinatorial theory yield further examples. The
classification of modular sets and RVOAs seems to be related. This article is
a first step towards the understanding of modular sets. We give an explicit
description of the group of modular units generated by E+, we prove a cer-
tain finiteness result for modular sets contained in a natural semi-subgroup
E. of Et, and we discuss consequences, in particular a method for effectively
enumerating all modular sets in E..

1. Introduction

Two famous identities were discovered 1894 by Rogers [R] and rediscovered
1913 by Ramanujan and 1917 by Schur, and since then have been cited as

365
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Rogers-Ramanujan identities:

n?

AT q
nE:leod 5(1 ! ) g (1_ )(1_q2)(1_qn),
n>0 -
n +n
n:’—::l::!_r[nod 5(1 - EZ: JA—g?)-(1—qr)
n>0

Apart from their combinatorial meaning concerning partitions, the
Rogers-Ramanujan identities encode the following surprising fact. If we
set ¢ = €2 for z in the complex upper half plane, and if we multiply
the two identities by e~7%2/30 and el174z/30
involved in these identities become modular functions. As well-known and
well-understood this statement appears for the products, which are, via
the Jacobi triple product identities, quotients of elementary theta series,
as remarkable this fact appears for the theta-like infinite series occurring
in these identities. There is no known conceptual method in the theory of
modular forms which produces modular functions of this shape*.

The Rogers-Ramanujan identities are the first ones of an infinite series
of identities of this kind, namely, of the Andrews-Gordon identities (see
Section 2). The infinite series occurring in the Andrews-Gordon identities
are more generally of the form

, respectively, then the functions

_ annt+bnt+c 0 ) 9 ) A
fape= > (O (r=Q0-91-q7)-(1-¢q"),

n=(n1,...,nr)€Z'20

where A is a symmetric positive definite rational r x r-matrix, where b is a
rational row vector of length r and c is a rational number. Again, the f4 .
occurring in the Andrews-Gordon identities are modular functions (since
the products occurring in these identities are).

One may consider the following problem®: For what A, b and c is f A,b,c
a modular function ?

As it turns out this seems to be a hard question: the answer is not
known and the known instances of modular f4 4 . are very exceptional. For
r =1 the problem was completely solved by Zagier [Z]: there are precisely
7 triples of rational numbers A > 0, b and ¢ such that fa 4 is modular (see
Table 1).

* At least no such method is known to the authors.
TThe first one who mentioned this problem to the authors was Werner Nahm
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Table 1. All rational numbers A > 0,b,¢ such
that fa,p . is modular.

1 11 1 1

A 1 1 2 2 2 4 4
1 1 1

b 0 1 0 1 -1 o 1
e | =L o _1 1 1 1 1
60 60 48 24 24 40 40

There are indications that a complete answer to this question would
involve K3(Q) [N; Section 4], and might be related to the problem of clas-
sifying vertex operator algebras or two-dimensional quantum field theories
[N; Section 4], [E-S].

However, the mentioned identities exhibit another remarkable fact.
Namely, the space of linear combinations of the two products in the Rogers-
Ramanujan identities is invariant under the natural action of SL(2,Z) on
functions defined on the upper half plane. Moreover, the two products are
modular units, they have non-negative integral Fourier coeflicients and they
are eigenfunctions under z — z + 1. These properties hold also true for the
products in the Andrews-Gordon identities (see section 2). More generally,
such sets of products arise naturally as conformal characters of various (ra-
tional) vertex operator algebras [E-S]. The question of finding all such sets
of modular units, the question about the modularity of the fa ., and the
problem of classifying vertex operator algebras seem to be interwoven.

Hence, instead of trying to investigate directly the functions fa . for
modularity, one may hope to come closer to an answer to this problem by
seeking first of all for a description of all finite sets of modular units of the
indicated shape which span SL(2, Z)-invariant spaces. We shall call such sets
modular (see Section 2 for a precise definition). As it turns out, modular
sets are indeed very exceptional and their description is a non-trivial task.

This article is first step towards the understanding of modular sets. As
a byproduct we shall show that an important subclass of modular sets can
be algorithmically enumerated.

2. Statement of results

A modular unit is a modular function on some congruence subgroup of
I' := SL(2,Z) which has no poles or zeros in the upper half plane H.
Thus it takes on all its poles and zeros in the cusps. The set U of all
modular units is obviously a group with respect to the usual multiplication
of modular functions.

In this note we are interested in modular units f whose Fourier co-
efficients are non-negative integers, which satisfy f(z + 1) = ¢ f(z) with
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a suitable constant ¢, and whose first Fourier coefficients are 1. Denote
by E* the semi-group of all such units. In other words, E* is the semi-
group of all modular units whose Fourier expansion is in ¢*(1 + ¢Z>0[q])
for some rational number s. Here ¢°, for any real s, denotes the function
q°(z) = exp(2misz) with z a variable in H.

Special instances of ET are the units

re=¢7®72 T a-¢" I -
nE:‘l;nOod i n—E—n'r;Bmd l
where | > 1 and r are integers such that [ does not divide r (¢f. Lemma 6.1
in Section 6). Here we use By(z) = y? — y + § with y =  — |z] as the
fractional part of z.

In particular, we are interested in modular sets, by what we mean finite
and non-empty subsets S of ET such that the subspace (of the complex
vector space of all functions on H) which is spanned by the units in S is
invariant under I'. Note that the group U is invariant under T': if f(z) is a
unit and A € T" then f(Az) is again a unit. Thus it is easy to write down
finite subsets of U whose span is [-invariant. In contrast to this, E¥ is not
invariant under I', and, indeed, as we shall explain in a moment, modular
sets seem to be quite exceptional. We call a modular set nontrivial if it
contains more units than merely the constant function 1.

An infinite series of examples for nontrivial modular sets is provided by
the following. Let ! be an odd natural number and set

¢r= ] Uk (=<r<izh).
1<
#r
Then, for each [, the set AG; of all ¢, with r in the given range is modu-
lar [E-S]. (See also [C-I-Z; Eq. (23)], where, however, the ¢, are not given as
products, but as quotients of theta functions and the Dedekind #-function.
Both expressions for the ¢, are easily identified on using the Jacobi triple
product identity; cf. [E-S] for details.)

The existence of (nontrivial) modular sets is a somewhat remarkable
fact. First of all, the notion of modular sets itself is bizarre: the action of
I" on modular units defines automorphisms of the group of modular units,
whereas a modular set requires the linear subspace, and not the subgroup,
generated by its elements, to be I'-invariant. More striking, modular sets
seem to be bound to other remarkable phenomena. The functions ¢, occur
as the one side of the Andrews-Gordon identities (see, e.g., [5; Eq. (3.2),
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p. 15]):
nAn’4+b.nt
¢y = q_m2('})/2 O S . )
n (Q)m T (Q)nk_1
Here k = (I —1)/2 and n = (n,,...,nk-1) runs over all vectors with non-

negative integral entries, A is the matrix A = (min(, 7)), and b, is the
vector with min(é + 1 — r, 0) as ¢-th entry, and finally

@m=01-0)1—-¢% -1 -g™)

(with the convention (g)o = 1). The two identities for I = 5 are the classical
Rogers-Ramanujan identities.

Finally, modular sets show up as sets of conformal characters of certain
rational vertex operator algebras [E-S]. In fact, the modular sets AG; pro-
vide also examples of this [K-R-V; Eq. (2.1)-(2.3)], and we do not know
any modular set which is not the set of conformal characters of a rational
vertex operator algebra [E-S].

The ultimate goal would be a classification of all modular sets. As in-
dicated in [E-S] this is related to the open problem of the classification of
a certain class of rational vertex operator algebras arising in 2-dimensional
conformal field theories.

The first natural step in the study of modular sets is to ask for a more
explicit description of the semi-group E+. We shall prove the following
structure theorem.

Theorem 1. Let E be the group of units generated by the [r]; (defined
in (1)). Then Q* - E coincides with the group of all modular units whose
Fourier expansions are in ¢° Q[q| for suitable rational numbers s.

In particular, the group F is identical with the group of modular units
whose Fourier expansion is in ¢*(1 + ¢Z[q]) for some rational number s.
Thus, the group of modular units generated by Et is obviously contained
in E. Since it contains on the other side the generators [r]; of F, we conclude

Corollary to Theorem 1. The group of modular units generated by the
elements of Et coincides with the one generated by the [r];. In particular,
each element of ET is a product of integral, though not necessarily positive,
powers of the special units [r];.

There is another remarkable consequence of Theorem 1. Namely, the
first Fourier coefficient of a conformal character needs not to be 1. Thus, -
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with regard to applications to conformal characters, it would be more nat-
ural to study the semi-group of modular units with Fourier expansions
in ¢° Z>o[q] for some s. However, by the theorem this semi-group equals
Zo- E*, which shows that one does not loose any generality by restricting
to ET, as we a priori did in this article.

It is worthwhile to describe the structure of the group E, i.e. the (mul-
tiplicative) relations satisfied by the generators [r]; of E. For each [ we have
the obvious homomorphism Z[Z/IZ] — E, which associates to a Z-valued
map f on Z/IZ the product of all [r]lf r) , Where r runs through a complete
set of representatives for the nonzero residue classes modulo [. Moreover,
one easily verifies the the distribution relations

= I sl

smod m
$=r mod [

valid for all { and m such that [|m. We may thus combine the above homo-
morphisms by setting, for any locally constant f: Z — Z with f{(0) = 0,

| I RGHAR

r mod I

Here Z denotes the Pruefer ring, (i.e. Z = projlimZ /IZ, equipped with the
topology generated by the cosets 2/ li), and [ is any positive integer such
that f is constant on the cosets modulo IZ. By the distribution relations
[]f does not depend on a particular choice of I. One has:

Supplement to Theorem 1. The map f — [ ]|/ induces an isomorphism
of L(A) /L(Z) and the group E of modular units generated by the [r]; (de-
fined in (1)). Here L(Z) is the group of Z-valued, locally constant maps on
Z vanishing at 0, and L(Z) is the subgroup of odd maps.

The division by L(Z)~ is due to the (obvious) relations [T = [-7)i.

Denote by FE. the semi-group of products of non-negative powers of the
special functions [r];. Clearly, E* contains the semi-subgroup F,, and, by
the corollary to Theorem 1, Et and E, generate the same group. However,
E* is strictly larger than E,; e.g., the function [13/[2]s = 71 32, ¢™ (with
7 denoting the Dedekind eta-function) is in E*t, but not in E,. Understand-
ing the last example and giving a complete description of E* seems to be
difficult.

Therefore, we shall consider in the following only modular subsets which
are contained in the the semi-subgroup E. of products of non-negative
powers of the [r];. This restriction seems to be not too serious: in fact, the
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only examples of modular sets not contained in Z~gq - E, which we know
are in a certain sense trivial (cf. [E-§]).

As the second main result of the present article, we shall prove a certain
finiteness property for modular subsets of E,, which will in particular imply
a method to systematically enumerate them. Namely, for fixed positive
integers n and [, let E, (I) be the set of all products of the form

k

[P1y.. it = H[?“j]z,

J=1

with £ < n, and arbitrary integers r; which are not divisible by I. The sets
E,(l) are clearly finite. Using the distribution relations it is clear that any
modular subset of E. is contained in some E, (1) with suitable n and . We
shall prove:

Theorem 2. For each n the number of | such that E,(l) contains a non-
trivial modular set is finite. More precisely, if E,(l) contains a nontrivial
modular set, then [ < 13.7"}

Our proof will exhibit a method to compute, for a given n, all modular
subsets of E,(I) for all . This method, however, becomes quickly non-
realistic for growing n.

In Table 2 we listed all modular subsets of F,({) forn <3 and { > 1.
For each n, we listed only those modular sets which do not already belong
to some Ey(l) with k < n, and which cannot be decomposed into a disjoint
union of smaller modular sets. By S®, for a modular set S and a positive
integer n, we denote the set of all n-fold products of functions in S. Obvi-
ously, S™ is again modular. Note that, for n < 3, there is exactly one ‘new’
modular set, which we called W;. More examples of modular sets can be
found in [E-S].

Table 2. All modular subsets of E(l) for n < 3 and arbitrary .

li=5 7 9
n=1 1| AGs
2 | AGE  AGy
3| AGE  Wr7:={{1,2,87}U{[r,nr3r]7:7=1,2,3} AGs

*Actually the existence of a nontrivial modular set in E,(!) implies [ < 5n. However,
this sharper result relies on a deep analysis of the (projective) SL(2,Z)-module of all
modular forms of weight %, and will be published elsewhere.
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The plan of the rest of this article is as follows: In Section 3 we shall prove
Theorem 1 and its supplement, and in Section 4 we shall prove Theorem 2.
The auxiliary results derived in Section4 have some interest, independent
of the proof of Theorem 2, in connection with the question of searching
for modular sets. In Section 5 we shall briefly indicate how to use these
auxiliary results for calculating, e.g., the above table.

In the proofs of the two theorems we need certain properties of the [r];’s,
which we derive in Section 6 by rewriting [r]; in terms of I-division values of
the Weierstrass o-function and using some of their basic properties. Since
we did not find any convenient reference to cite these properties directly we
decided to develop quickly from scratch the corresponding theory in form
of a short Appendix and part of Section 6. In particular, we emphasize in
the Appendix that the Weierstrass o-function and its [-division values are
best understood by viewing the Weierstrass o-function as a Jacobi form on
the full modular group of weight and index equal to 3 (see Theorem 7.1).

3. The group of units generated by the [r];

In this section we prove Theorem 1 and its supplement. We shall actu-
ally prove the slightly stronger Theorem 3.2. Its proof depends on two
well-known facts: first, that the group of all modular units modulo the so-
called Siegel units is a torsion group, and, secondly, that modular forms
on congruence subgroups with rational Fourier coefficients have bounded
denominators. The short proof of the first one is given in Section 6, for the
second, deeper one, we refer to the literature.

We precede the proof of Theorem 3.2 by three lemmas. The first one,
which we actually call theorem to emphasize its more general usefulness,
is a general statement about product expansions of holomorphic and peri-
odic functions in the upper half plane. It is important for the proof of the
third lemma, but it also implies directly the supplement to Theorem 1 of
Section 2.

Theorem 3.1. Let f be a holomorphic and periodic function on the upper
half plane whose Fourier expansion is in 1+ qZ[q] . Then there ezists a
unique sequence {a(n)} of integers such that

F=TI0- ),

n>1

for sufficiently small |q|.
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Remark. As can be read off from the proof the lemma actually holds true
with Z replaced by an arbitrary subring of C.

Proof. The existence of the sequence a(n) follows by induction on n.
Namely, assume that one has already found integers a(n) (1 < n < N)
such that

N-1
g=f/ [[1-g")*™ =1+0(g").
n=1

Let —a(N) be the Fourier coefficient of g in front of ¢V. Clearly a(N) is
integral. One has

N
£/ TL =g = 9/(1 = g™ = 14+ 0(g™*).
n=}1

The uniqueness of the a(n) follows from the uniqueness of the Fourier ex-
pansion of qd% log f. O

Proof of Supplement to Theorem 1. That the kernel of the map
L(Z) — E equals L(Z)~ follows from the uniqueness of the product ex-
pansion in the preceding proposition and on writing
(=TI B/ =g T - g I™ICm
r mod [ n>1

with a suitable constant ¢. The surjectivity is obvious from the definition
of E. a

Lemma 3.1. Let f € %Z[[q]] for some positive integer D. If some positive
integral power of f has integral coefficients, then f has integral coefficients.

Proof. By assumption about the coefficients of f we can write f = v-h
with a suitable rational number v and with a primitive h. Here primitive
means that A is a power series in q with integral coefficients a(l) which
are relatively prime. By assumption, ¥V - hY, for some integer N > 1, has
integral coefficients. We shall show in a moment that A% is primitive. From
this we deduce that vV is integral. Hence v is integral, which proves the
lemma.

It remains to show that AV is primitive. Let p be a prime. Since h is
primitive, there exists an ! such that pla(j) for j <! and p fa(l). But then
the ¢/V'-coefficient of bV satisfies

Z a(iy) - -a(in) = a()N mod p,
14 +in=NI



374 N-P. Skoruppa & W. Eholzer
and whence is not divisible by p. a

For the following, let E(l), for fixed I, denote the group generated by
the [r]; with 1 <r < |1/2].

Lemma 3.2. Let f be a modular unit with rational Fourier coefficients.
Assume that a positive integral power of f lies in E(l). Then f is in E(2I)
(and even in E(1) for odd ).

Proof. Since f is invariant under a congruence subgroup it has bounded
denominators, i.e. there exist an integer D > 0 such that D - f has integral
Fourier coefficients. This well-known fact follows, e.g., on writing fn24V,
with a suitable integer N > 0 (and with 7 denoting the Dedekind eta-
function), as linear combination of modular forms with integral Fourier
coefficients (which is possible by Theorem 3.52 in [Sh]), deducing from this
that f72*N has bounded denominators, which in turn implies that f has
bounded denominators since 7! has integral Fourier coefficients.

Combining the latter with the fact that some positive integral power of
f lies in E(l), we see that, for some rational number s, the function ¢=* f
satisfies the assumption of Lemma 3.1, and hence is in Z[g]. Moreover, by
assumption, its first Fourier coefficient is 1.

But then ¢=* f possesses a product expansion as in the Theorem 3.1. By
the uniqueness of the a(n), and since a nonzero integral power fV of f is a
product of [r];’s, we conclude that Na(n) = Na(m) for n = +m mod [, and
that Na(0) = 0. Since NV # 0 the same holds true with {Na(n)} replaced by
{a(n)}. Thus we find, on re-ordering the product expansion of f according
to the residue classes of n modulo I, that

FH = UL = 1

where m = |1/2], and where v = 1 for odd [, and v = 1/2 for even I. Hence,
if I is odd, then f € E(l). If [ is even, one uses the distribution relations (in
particular, [l/2]ll/2 = [I/2]a1) to deduce f € E(2l). a

Theorem 3.2. The group of modular units onT'(l) (= {A €SL(2,Z)| A=
1 mod 1}) with Fourier ezpansions in q* Q[q] for suitable rational numbers
s is a subgroup of Q* - E(2l) (and even of Q* - E(l), for odd ).

Proof. Let f be unit on I'({) such that, for some rational number s, the
_function ¢7° f has rational Fourier coefficients. For showing that f is con-
tained in Q* - E(l) or Q* - E(2l), respectively, we may assume that f is
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normalized, i.e. that its first Fourier coeflicient is 1. By Lemma 3.2 it then
suffices to show that a positive integral power of f lies in E(l).

By Theorem 6.2 of Section 6 we know that some nontrivial power of f
can be written as product of Siegel units so, which are defined by Eq. (2) of
Section 6. More precisely, there exists integers a > 0, b(a), and a constant
¢ such that

fo=c I o5,

a€el

where [ is a finite set of pairs of rational numbers of the form (7, 7) with
integers r, s such that ged(r,s,l) = 1.

By replacing a and the b(«) by suitable positive integral multiples we
may assume that f° is invariant under T' = (1,1;1,0). On the other hand,
by Theorem 6.1 in Section 6 we have that s, o T equals s,7, up to multi-
plication by a constant. Let K denote the field of [-th roots of unity. For an
integer y relatively prime to ! denote by o, the automorphism of K which
maps an {-th root of unity ¢ to {¥. We extend o, to an automorphism of the
ring R= @00’ K l4] by letting it act on coefficients. Since f has rational
coefficients, it is invariant under oy. From the formula for s, in Section 6 it
is immediate that, for a € I, one has s, € R and that 0,5, equals sqp(y)
up to multiplication by a constant and with D(y) = (1,0;0,y).

Using these properties we can write

-1 -1
faltp(l) — H H g'y(fa o Th) =d H ( H H saT"D(y))

y mod *! h=0 a€l ymod*l h=0

with a suitable constant d, where the asterisk indicates that y runs through
a complete set of primitive residue classes modulo [, and ¢(I) denotes as
usual the number of such classes.

It remains to show that the expressions ¢, in the rightmost parenthesis
are in E(l), up to multiplication by constants (whose product then equals
d~1, since f is normalized). Write a = (r, s)/l as above. Clearly oT*D(y) =
(r,t)/l with a suitable integer t. If h and y run through the given range,
then t runs through a complete set of representatives for the residue classes
modulo  which are relatively prime to ged(r, 1), and each such t is taken
on the same number of times, say p (look at the action of the subgroup of
GL(2,Z/IZ) of matrices of the form (1,;0,y) on pairs of residue classes
(u,) in (Z/1Z)? with ged(u,v,l) =1).
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Thus t, is the p-th power of

_ u(d) IO o f Al
H Sr)/l = H H Steyt = H H (/s = H [d]i
t mod I t modl djrl,t d|r,l wmodl/d djr,l d
ged(t,r,l)=1

Here we used the Moebius function u(d), and, for the last identity,
Lemma 6.1 of Section 6; moreover, we have to assume that [ does not
divide r (since s, for a € Z2, is not defined). On using the distribution
relations in E we can rewrite the right hand side as power products of
[rl’s. If I divides r, then we leave it to the reader to verify by a similar
calculation (using directly the definition (2) of s,) that the left hand side
of the last identity equals [],.[r];, where r runs through a complete system
of representatives for the primitive residue classes modulo . O

Proof of Theorem 1. This is clearly a consequence of Theorem 3.2. [

4. Properties of modular sets

In this section we shall prove Theorem 2. Actually, we shall prove the
slightly stronger Theorem 4.2 below. Its proof will mainly depend on two
results: the first one concerns a sort of measure on the projective space over
Z/IZ (Theorem 4.1; see also the beginning of Section 5). The second result
(Lemma 4.2) uses information about the action of ' on the [r];, and will
not be completely proved before Section 6.

The first lemma gives a necessary criterion for a set $ C Et to be
modular in terms of the vanishing or pole orders of the functions in S. Let
f # 0 be a modular function on some subgroup of T, and let s € P}(Q) =
QU {oo} be any cusp. Then there exists a A € T" such that s = Aoo, and
a real number « such that f(Az)g~*(z) tends to a non-zero constant for
z = it with real ¢t — co. The number « does not depend on the choice of
A. We set

ords(f) = a.

Lemma 4.1. Let S be a finite set of modular functions such that the space
spanned by its elements is invariant under SL(2,Z). Then the map

v ]PI(Q) —Q, v(s)= mm ords(f)

18 constant.

Proof. Indeed, for any fixed A, B € SL(2,Z) and any f € S the function
foAis alinear combination of the functions go B with g € S. In particular,
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comparing the leading terms of the Fourier expansions of these functions,
we conclude

orde(f 0 A) > minorde (g © B).
geSs

Since this is true for any f, and on using ordeo(f o A) = ordsco(f) we
obtain v(Aoo) > v(Boo). Interchanging the role of A and B we see that
here we actually have an equality. This proves the lemma. O

Lemma 4.2. Let s € P1(Q). Then

ord,([r];) = —ﬁBz (ﬂ:) ,

where s = £ with relatively prime integers a and ¢ (in particular, a = £1

and ¢ =0, if s = 00), and where t = ged(e, 1).

Proof. Let A € ' be a matrix with first row equal to (a, c)?, i.e. such that
Aco = s. Then ord,([r];) = ordo([r]; © A), and the right hand side is given
in Lemma, 6.1 of Section 6. a

Combining Lemma 4.1 and Lemma 4.2 we obtain the following necessary
criterion for a set S C E,(l) to be modular. This criterion is the key for
the proof of Theorem 2. We remark that Lemma 4.3 is actually the only
instance in the proof of Theorem 2, where we use that S is contained in
E,, rather than only in E+

Lemma 4.3. Let S C E,(l) be modular, and assume that S contains at
least one n-fold product (i.e. an element in En(l) \ En_1(1)). Then, for all
divisors t of I, one has

(1,
§:1132 2= 2
tESamod‘t

Here the asterisk indicates that a runs through a complete set of represen-
tatives for the primitive residue classes modulo t.

[ag,.. ,ak]

Remark. Note that the lemma implies that ged(ay,...,an,l) = 1 for all
n-fold products m = [a1,...,an); € S. Indeed, if d denotes this ged, then
the lemma applied to ¢ = d becomes § < g7z, whence d = 1.

Proof. If f € S is an k-fold product, then ordo(f) = 121 by the preceding
lemma. Since S contains an n-fold product, we conclude that

i -
Fep ordol) = qgp
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The claimed inequality is now an immediate consequence of the first two
lemmas. |

We call a point P = (ay,...,8,) € (Z/IZ)" special if
= aja n
2 () S gm
j=1

for all divisors ¢ of [ and all integers a relatively prime to t. Here the bar
denotes reduction modulo /.

Theorem 2 will now be a consequence of Lemma 4.3 and the following
theorem, whose proof will take the rest of this section.

Theorem 4.1. For a given n there exist only a finite number of [ such
that (Z/1Z)™ contains a special point. More precisely, if (Z/IZ)* withl > 1
contains a special point, then

1_4 "
po (l(}_L)_
1

- 1 2 )
Vit
where p is the smallest prime divisor of l.

Theorem 4.2. If E, (I} contains a nontrivial modular set, then ! < B with
B as in Theorem 4.1.

Proof. Let S be a modular subset of E,,(I), and let k£ be minimal such that
S is contained in Ex(l). Let # = [rq,...,7%] € S. By Lemma 4.3 7 yields a
special point (F1,...,7%) € (Z/IZ)*. Hence, by Theorem 4.1, ! is bounded
from above by the right hand side of the claimed inequality, but with n
replaced by k. Since k < n, the theorem then follows. O

Proof of Theorem 2. This is an immediate consequence of the preceding
theorem. The bound in Theorem 2 is obtained from the bound of Theo-
rem 4.2 by estimating p to below by 2 and on using 1+ [1/7~1 < 2. a

It remains to prove Theorem 4.1 on special points. For its proof we use

Lemma 4.4. Let P € (Z/IZ)™. Then there exists an integer b not divisible
byl such thatb-P = (by,...,b,) with integers b; (and where the bar denotes
reduction modulo 1) satisfying

1

bj] <= 4+ 1.
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Remark. Note that the inequality is, for fixed n and asymptotically in
growing primes [, best possible, apart from a constant. Indeed, the number
of points in (Z/IZ)™ described by homogeneous coordinates satisfying the
above inequality is

< (/1™ 4 3y m 2MnE,

But, for growing primes [, this is up to factor 2" asymptotically equal to the
number of orbits of (Z/IZ)™ modulo multiplication by non-zero elements of
Z/1Z, which is

-1

1.
-1 T

Proof. For an integer 7, set B, = [—r,r]® N Z", and let C, denote the
reduction of B, modulo l. Assume r < % Then C, contains exactly (2r+1)"
elements. Note that the sum of two points of C,. always lies in Cy,.
Consider the sets - P+ C}., where z runs through Z/IZ. If the sum of the
cardinalities of these sets is strictly greater than ", i.e. if - (2r +1)" > ",
then there exist at least two which have non-empty intersection.
Assume that there exists an integer r satisfying the inequalities of the
two,preceding paragraphs, i.e. satisfying
l R VA |
3 >r> 5 T3 = p.
Pick z # 2’ mod [ such that z - P+ C,. and z’ - P + C, contain a common
point Q. Then zP — @ and Q — z'P both lie in C,, and hence their sum
(z — 2')P is in Cs,., whence can be represented by a point in Bs,.
If % > p+1 we may take r = | p+1] to fulfill the above two inequalities.
Since then 2r < 2p+2 = [1-1/™ 1 1, the lemma follows. Otherwise % <
p+1<2p+2=1[1/" 41, and then the lemma is trivial. a

Proof of Theorem 4.1. Let P € (Z/IZ)". Choose b as in the last lemma.

Write 2 = 2 with a divisor ¢ of [ and ged(a,t) = 1. Note that ¢ 5 1 (since

b is not divisible by ), and hence ¢t > p with the smallest prime divisor p
of . Thus,

%—Pi (b1,...,b,) mod Z",

~] =

with integers b; satisfying
b/l <I7% +17 ' =: s,
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Since B, is decreasing in [0, %], we find, for s < %, ie. forl > (2(1+1=-1)",
the inequality

Z]Bg(giﬁ) > nBs(s).
j=1

Thus, if s satisfies

1 1
_ (> —
BQ(S) > 6])2 (— 6t2)’

then (Z/IZ)™ can never contain a special point. It is easily checked that the
last inequality, together with I~ + 17! = s < &, is equivalent to

/1 2
1-4/5+ 37
3 .
From this the theorem becomes obvious. O

s <

5. Computing modular sets

We explain how we computed Table 2 in Section 2. The remarks of this
section can actually be used to find for arbitrary n all modular sets in
E, (1) for all I, though, for growing n, the required computational resources
become soon unrealistic’.

The algorithm to enumerate all modular sets is based on the simple
observation, that a subset of E,(l) is modular if and only if the space of
functions which it spans is invariant under z — —1/2. This characterization
follows easily from the fact that SL(2,Z)/{%1} is generated by z — —1/2
and z — z + 1. The invariance of a space spanned by a subset of E,(I)
can be checked using explicit transformation formulas for the [r]; under T
¢f. Theorem 6.1 and Lemma 6.1. (Note that by standard arguments from
the theory of modular forms it suffices to check N = N(I,n) many Fourier
coeflicients only to decide whether n(—1/z), for m in E,(l), is a linear
combination of products in Ey(l), where N({,n) is a constant depending
only on ! and n, and which can be determined explicitly.)

Now, to find the maximal modular subset of E,(l) one could proceed as
follows: Compute the set S; of all 7 in E,(l) such that m(—1/z) is a linear
combination of functions in E,(l). Next one computes the set Sg of all
functions 7 in §; such that w(—1/z) is a linear combination of functions in

$Using a cluster all modular sets in Ey({) for all [ and n < 13 could be determined; the
results of this computation will be published elsewhere.
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§j. Continuing like this one obtains a decreasing sequence of sets Sy. Either
at some point Si is empty, and then E, () contains no modular subset, or
else S = Si41 for some k, and then S} is the maximal modular subset of
E,(l). However, since the number of products in E,,(!) grows exponentially
in I it is necessary to look theoretical means to reduce the computational
complexity. We indicate two such means.

Assume S C E, (I) is modular. In this paper we are only interested in
n < 6. This simplifies the computations a bit since then, for each 0 < k& < n,
the subset S(k) of all products of length & in S is already modular. Indeed,
by the very definition of [r]; the elements of S(k) have a Fourier expansion
in powers of ¢*/!%, where n € —klI? + 6Z. Furthermore, the m(—1/z), for
7 € S(k), have a Fourier expansion in powers of ¢"/1%, where n € —k+127Z
(¢f. Lemma 6.1). From this our proposition follows immediately if 3 does
not divide ! (and since k < 6). If 3 divides [, then our argument shows that
S can only contain products of length 3 (again using k < 6), and our claim
follows in this case too. )

Hence, for verifying our table we can restrict our search for modular
subsets of E,(l) to modular subsets of F,,(l) := E,(I) \ En-1(1).

Next, it is not at all necessary to consider all functions in F;,. Namely,
let us call a subset T of P"~1(Z/IZ) premodular if

n
B P = 5o

for all divisors t of I. Here we use

Bullm ) = mae S Ba(*)

a mod *t

]::1

(with the asterisk as in Lemma 4.3 and the bar denoting reduction mod-
ulo 1). Let Cy,(!) be the union of all premodular subsets in P"~1(Z/IZ), if
there are any, and Cy,(l) = 0 otherwise.

If S ¢ F,(l) is modular, then, by Lemma 4.3, the set S of all points
[@1:---:d,) € P*"Y(Z/IZ) such that 7w = [ay,...,an) € S is premodular.

Thus to find the maximal modular subset of F,({) one computes first of
all C,(1). If it is non-empty, let S be the set of all products in F,(l) such
that Sy = Cp,(1). If it is not clear by other means whether Sy actually con-
tains a modular subset, then we now proceed as indicated at the beginning
of this section:. Let S be the set of all # € Sg such that 7(—1/z) is a linear
combination of functions in Sy. Similarly, construct Sz from S;, Sz from S,
and so forth. Either some S}, is empty, and then F,(l) contains no modular
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set, or Sk = Sk4+1 7 0 for some k, and then Sk is the maximal modular set
in F,(1).

Assume now n = 1 and [ > 1. Then P"~1(Z/IZ) contains only one point
[a]. If this point yields a premodular set, one has

Bilel) =Ba(7) = g

For the first equality we used that B2(x) is even, decreasing between 0 and
%, and that ged(a,l) = 1. Rewriting this identity as 5 — 6] + 1% = 0 we find
[ =5 as the only solution > 1. And indeed, F;(5) equals AGs.

Let n = 2 or n = 3. We determine, for all [, all non-empty C, (). If C,, (1)
is non-empty, then C, (t) is non-empty for all divisors t of I. Theorem 4.1
applied with [ equal to a prime p shows that Ca(p) = @ for p > 37, and
C3(p) = 0 for p > 113. A computer search shows that actually Ca(p) # 0
only forp = 2,5,7, and Cs(p) # @ only for p = 3, 5, 7. Next, for each of these
primes p, we look for powers p" such that C,(p") is nonempty. The possible
values of r are bounded by Theorem 4.1. Again by a computer search, we
find that C2(l) # 0 implies 1| 2-5-7, and that Cs(l) # 0 implies [ |32-5.7.
A final computer search yields then the Table 2. The above procedure to
pass from premodular sets to the maximal modular one, i.e. to descend
to Si, Sz etc., had actually only been applied twice in the course of our
computations: to rule out certain functions for n = 3 and I = 15, and to
prove that W5 is modular.

6. The [r]; in terms of l-division values of the Weierstrass
o-function

Problems involving the action of T' on modular units are most conveniently
studied using I-th division values of the Weierstrass o-function (or Siegel
units, as they are called in the literature). This relies on the following two
facts: Firstly, the action I' on a Siegel unit is given by an explicit formula
(Theorem 6.1). Secondly, if S denotes the group generated by the Siegel
units, then U/S has exponent 2.

The transformation formulas are most naturally and easily derived by
using the Jacobi group and considering the Weierstrass o-function as Jacobi
form. Since this approach cannot be found in the literature we present it
here in form of an appendix. The resulting formulas, however, are classical
and well-known.

For the complicated proof of the second fact, namely that U/S has
exponent 2, see the book [K-L] and papers cited therein. For us, fortunately,
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it suffices to know the considerably simpler fact that U/S is a torsion group
(Theorem 6.2). Since we do not know any reference to an easy and direct
proof of this, we shall give such a proof here. Finally, we shall describe below
the relation between Siegel units and the functions [r]; and we shall deduce
from this and the two theorems on Siegel units the facts (Lemma 6.1) which
were used in the preceding paragraphs without proofs.

For a row vector a = (a1,a2) € Q?, o ¢ Z2, set

sa=q B2 T (1-q"(@)™ ][] (-q"e(-a))™. @
n=ay (Z) n=—a1 (2)
n>0 n>0
Here e(...) = exp(27i...). Note that the first product has to be taken over
all non-negative n, whereas the second one is over strictly positive n only.
Moreover, s, depends only on a mod Z2. Finally, so has clearly no zeros or
poles in the upper half plane. The functions s;! are known in the literature
as Siegel units.
The following theorem will be proved in the Appendix.

Theorem 6.1. For all non-integral o € Q? and all A € SL(2,7Z) there
exist a root of unity c(a, A) such that

s5q0A=c(a,A)sa4.

(Here a A means the usual action of A on the row vector a, and (s40A)(z) =
sq(Az).) Moreover, for a given o, the group of A such that c(a, A) =1 is
a congruence subgroup. In particular, s, is a modular unit.

Remark. The numbers ¢(o, A) define obviously a cocycle of I' = SL(2, Z),
i.e. one always has ¢(o, AB) = ¢(a, A) - ¢(aA, B). The actual values of
¢(a, A) will drop out automatically of the proof given below though we do
not need them. In particular, c(c, A)'# = 1 for all A, where is the common
denominator of a; and as.

Theorem 6.2. Let f be a modular unit on the principal congruence sub-
group I'(1). Then a suitable positive integral power of f is, up to multiplica-
tion by a constant, contained in the group generated by the Siegel units sq,
where o runs through all pairs of rational numbers of the form (§, ) with
integers T, s such that ged(r,s,l) = 1.

Proof. Let U[I'(l)]/C* be the group of modular units on I'(l) modulo mul-
tiplication by constants. Since the map

ur@y/cr — Zr{d)\P(Q)], = — divisor of 7
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is injective and takes its image in the subgroup of divisors of degree 0, we
conclude that the rank of U[['(l)]/C* is < R— 1, where R = |[T([)\P(Q)] is
the number of cusps of I'(l). It is well-known that R equals the cardinality
of I, where I is a complete set of representatives for

T s 1
{(T’ T) € 722: ged(r,s,1) =1}

modulo Z? and modulo multiplication by +1.
On the other hand, for suitable large integers N the powers sY with
o € I are elements in U[['(1)] (in fact, one may take N = 120). This is an
immediate consequence of Theorem 6.1 and the remark subsequent to it.
Moreover, a relation

H (@) = const.

a€l
holds true if and only if ¢(«v), as function of «, is constant. Indeed, a constant
function ¢(e) yields a modular unit a power of which is invariant under
SL(2, Z) by Theorem 6.1. Since SL(2, Z) has only one cusp, this unit must be
a constant. That there is no other relation can, e.g., be verified by looking at
the logarithmic derivatives of the s, which, by well-known theorems, span
the space of Eisenstein series on I'(!) [H; pp. 468]. But the dimension of this
space is R — 1. Hence the rank of the subgroup of U[T'({)]/C* generated by
the C* - s¥ (a € I) equals R — 1. We deduce from this that U[['({)]/C* has
full rank R — 1, and that the C* . s¥ (« € I) generate a subgroup of finite

@
index. d

Lemma 6.1. Let [ > 1 be an integer. For each integer r not divisible by 1
one has

[l = H S(r,s)/l-

s mod !

In particular, [r]; is a modular unit. For each A = (a,b;c,d) €T one has
tz ar
[r)io A € cq TB(E) (1 4 ¢/ K[q1)), ,
where t = ged(c,l), where K denotes the field of I-th roots of unity, and

where ¢ is a constant.

Proof. The formula expressing [r]; in terms of the s, is a simple conse-
quence of the polynomial identity

I a-ete/pyzy=1-2-

k mod
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By Theorem 6.1 the function [r]; is then a modular unit. The last assertion
follows from the given formula, Theorem 6.1, and on using

1 ra + cs t y 2 ar
3 2 BT =g 2 B(p) = -gB(T).

s mod I y mod !
y=ar mod t

Here the second identity is the well-known distribution property of the
Bernoulli polynomial By(z). a

7. Appendix: The Weierstrass o-function as Jacobi form
For z€ H and z € C let
—omin(e)? e [ L(2) 22 .z e Lzy
#(z,x) = 2min(z)° e (n(z)m ) xlegz (1 l)exp (l + 5 (l) )
‘ I£0
=g (=) [T =" (1-a¢7Y),
n>1

with n(z) = ¢*/**],>, (L — ¢") denoting the Dedekind 7-function, and
with ("(z) = exp(2mirz) (see,e.g., [S; pp. 143] for a proof of the equality of
the two expressions for ¢). Note that ¢(z, z) is, up to the factors involving
7, the Weierstrass o-function.

Z 2) € SL(2,Z) and o = (a;,a2) € Z?* one has

¢ (AZ, m) e (—m> = €(A)¢(z,z),
Bz, 7+ mz +a2) /3 (-1)°1F = §(z,),
where e(A) = n*(Az)/((cz + d)n?(2)).

Theorem 7.1. For A= (

Proof. The first formula is an immediate consequence of the first definition
for ¢ on using the identity Z Az +Z = ﬁ(Zz + Z) and
7 1 _ c 7
n (42) (cz+d)2  2(cz+d) + n (),
which in turn follows immediately from
0 (Az) = e(A)n*(2) (cz + d)

with a certain constant €(A). The second transformation formula can be
directly checked using the second formula for ¢. O




386 N-P. Skoruppa & W. Eholzer

It is convenient to interpret these transformation laws as an invariance
property with respect to a certain group, namely the Jacobi group J(Z).
For a ring R (commutative, with 1) denote by J(R) the group of all triples
(A, a,n) of matrices A € SL(2, R), row vectors & € R? and n € R, equipped
with the multiplication law

(4,0,n) - (B, B,n') = (AB,aB + f,n +n’ + det <a1;3>).

The Jacobi group J(R) acts on functions ¥(z, z) defined on H x C by
(VI(A, @, n))(z, z)

2
= ey (_(Tzcx:F) +afz + 201z + ajagy —|-n> P (Az,

(with A and « as in the above Lemma, and with ez(...) = e(}[...])).
That this is indeed an action can be verified by a direct (though subtle)
computation [E-Z; Theorem 1.4]. Using this group action the formulas of
Lemma can now be reinterpreted as

#lg = p(9)9,

T+a1z+ag
cz+d

for all g € J(Z), where
p((A o)) = (~1)rtortaertne(4),
From this transformation law for ¢ it is clear that p defines a character of

J(Z), as can, of course, also be checked directly.

Proof of Theorem 6.1. For o = (aj,a) € Q? and 8 = (b1,b2) € Z2 we
have

¢l(1, 8+ ,0) = ¢[(1,5,0) - (1,,0) - (1,0, det (g) )

= p((1,5,0)) e (det (g)) 4|(1,,0).

Call the factor in front of ¢|(1, @, 0) on the right hand side C(a, §). It can
easily be checked that

Cla, ) = 6(a + B)/8(r),
where

5(0) = —p((1, |a),0)) €2 (det (

(o

o)) ealloa - loald(er = Lar] = 1),
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with |a] = (|a1], [a2]). Thus, if we set, for o« € Q?, o ¢ 72,
Sa = 8(e)¢7 (1,0, 0),

then Sy = Sa4p for § € Z2. From the transformation law for ¢ under J(Z)
we obtain

_1 0(a)

_ 1

Sa|(A4,0,0) = e(A) 5(ad) SoA-

A simple calculation shows that sq(z) = S,(z,0). From this Theorem 6.1
follows. O
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