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Preface

Differential equations first appeared in the late seventeenth century in the
work of Isaac Newton, Gottfried Wilhelm Leibniz, and the Bernoulli broth-
ers, Jakob and Johann. They occurred as a natural consequence of the
efforts of these great scientists to apply the new ideas of the calculus to
certain problems in mechanics, such as the paths of motion of celestial bod-
ies and the brachistochrone problem, which asks along which path from
point P to point @ a frictionless object would descend in the least time.
For over 300 years, differential equations have served as an essential tool
for describing and analyzing problems in many scientific disciplines. Their
importance has motivated generations of mathematicians and other scien-
tists to develop methods of studying properties of their solutions, ranging
from the early techniques of finding exact solutions in terms of elementary
functions to modern methods of analytic and numerical approximation.
Moreover, they have played a central role in the development of mathe-
matics itself since questions about differential equations have spawned new
areas of mathematics and advances in analysis, topology, algebra, and ge-
ometry have often offered new perspectives for differential equations.

This book provides an introduction to many of the important topics
associated with ordinary differential equations. The material in the first
six chapters is accessible to readers who are familiar with the basics of cal-
culus, while some undergraduate analysis is needed for the more theoretical
subjects covered in the final two chapters. The needed concepts from linear
algebra are introduced with examples, as needed. Previous experience with
differential equations is helpful but not required. Consequently, this book
can be used either for a second course in ordinary differential equations or
as an introductory course for well-prepared students.

The first chapter contains some basic concepts and solution methods
that will be used throughout the book. Since the discussion is limited to
first-order equations, the ideas can be presented in a geometrically simple
setting. For example, dynamics for a first-order equation can be described
in a one-dimensional space. Many essential topics make an appearance
here: existence, uniqueness, intervals of existence, variation of parame-
ters, equilibria, stability, phase space, and bifurcations. Since proofs of
existence-uniqueness theorems tend to be quite technical, they are reserved
for the last chapter.

X
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Systems of linear equations are the major topic of the second chapter.
An unusual feature is the use of the Putzer algorithm to provide a con-
structive method for solving linear systems with constant coefficients. The
study of stability for linear systems serves as a foundation for nonlinear
systems in the next chapter. The important case of linear systems with
periodic coefficients (Floquet theory) is included in this chapter.

Chapter 3, on autonomous systems, is really the heart of the subject
and the foundation for studying differential equations from a dynamical
viewpoint. The discussion of phase plane diagrams for two-dimensional
systems contains many useful geometric ideas. Stability of equilibria is in-
vestigated by both Liapunov’s direct method and the method of lineariza-
tion. The most important methods for studying limit cycles, the Poincare-
Bendixson theorem and the Hopf bifurcation theorem, are included here.
The chapter also contains a brief look at complicated behavior in three
dimensions and at the use of Mathematica for graphing solutions of differ-
ential equations. We give proofs of many of the results to illustrate why
these methods work, but the more intricate verifications have been omitted
in order to keep the chapter to a reasonable length and level of difficulty.

Perturbation methods, which are among the most powerful techniques
for finding approximations of solutions of differential equations, are intro-
duced in Chapter 4. The discussion includes singular perturbation prob-
lems, an important topic that is usually not covered in undergraduate texts.

The next two chapters return to linear equations and present a rich
mix of classical subjects, such as self-adjointness, disconjugacy, Green’s
functions, Riccati equations, and the calculus of variations.

Since many applications involve the values of a solution at different
input values, boundary value problems are studied in Chapter 7. The
contraction mapping theorem and continuity methods are used to examine
issues of existence, uniqueness, and approximation of solutions of nonlinear
boundary value problems.

The final chapter contains a thorough discussion of the theoretical ideas
that provide a foundation for the subject of differential equations. Here we
state and prove the classical theorems that answer the following questions
about solutions of initial value problems: Under what conditions does a
solution exist, is it unique, what type of domain does a solution have, and
what changes occur in a solution if we vary the initial condition or the
value of a parameter? This chapter is at a higher level than the first six
chapters of the book.

There are many examples and exercises throughout the book. A sig-
nificant number of these involve differential equations that arise in applica-
tions to physics, biology, chemistry, engineering, and other areas. To avoid
lengthy digressions, we have derived these equations from basic principles
only in the simplest cases.

In this new edition we have added 81 new problems in the exercises.
In Chapter 1 there is a new section on the generalized logistic equation,



PREFACE xi

which has important applications in population dynamics. In Chapter 2
an additional theorem concerning fundamental matrices, a corresponding
example and related exercises are now included. Also results on matrix
norms in Section 2.4 are supplemented by the matrix norm induced by
the Euclidean norm and Lozinski’s measure with examples and exercises
are included. In Chapter 3 an intuitive sketch of the proof that every
cycle contains an equilibrium point in it’s interior has been added. Also to
supplement the results concerning periodic solutions, Liénard’s Theorem
is included with an application to van der pol’s equation. Section 3.8 has
been updated to be compatible with Mathematica, version 7.0. In Chapter
5, the integrated form of the Euler—Lagrange equation has been added with
an application to minimizing the surface area obtain by rotating a curve
about the z-axis. Liapunov’s inequality is identified and an example and
exercises are included.

We would like to thank Deborah Brandon, Chris Ahrendt, Ross Chi-
quet, Valerie Cormani, Lynn Erbe, Kirsten Messer, James Mosely, Mark
Pinsky, Mohammad Rammaha, and Jacob Weiss for helping with the proof
reading of this book. We would like to thank Lloyd Jackson for his influ-
ence on Chapters 7 and 8 in this book. We would also like to thank Ned
Hummel and John Davis for their work on the figures that appear in this
book. Allan Peterson would like to thank the National Science Foundation
for the support of NSF Grant 0072505. We are very thankful for the great
assistance that we got from the staff at Prentice Hall; in particular, we
would like to thank our acquisitions editor, George Lobell; the production
editor, Jeanne Audino; editorial assistant, Jennifer Brady; and copy editor,
Patricia M. Daly, for the accomplished handling of this manuscript.

Walter Kelley
wkelley@math.ou.edu

Allan Peterson
apeterso@math.unl.edu






Chapter 1

First-Order Differential
Equations

1.1 Basic Results

In the scientific investigation of any phenomenon, mathematical models
are used to give quantitative descriptions and to derive numerical conclu-
sions. These models can take many forms, and one of the most basic and
useful is that of a differential equation, that is, an equation involving the
rate of change of a quantity. For example, the rate of decrease of the mass
of a radioactive substance, such as uranium, is known to be proportional
to the present mass. If m(t) represents the mass at time ¢, then we have
that m satisfies the differential equation

where k is a positive constant. This is an ordinary differential equation since
it involves only the derivative of mass with respect to a single independent
variable. Also, the equation is said to be of first-order because the highest
order derivative appearing in the equation is first-order. An example of
a second-order differential equation is given by Newton’s second law of
motion

mz” = f(t,z,2'),

where m is the (constant) mass of an object moving along the z-axis and
located at position z(t) at time ¢, and f(¢, 2(t), 2’ (¢)) is the force acting on
the object at time t.

In this chapter, we will consider only first-order differential equations
that can be written in the form

¥ = f(t,x), (1.1)

where f : (a,b) x (¢,d) — R is continuous, —oco < a < b < oo, and
—oc0o<c<d< 0.

Definition 1.1 We say that a function z is a solution of (1.1) on an interval
I C (a,b) provided ¢ < z(t) < d for t € I, x is a continuously differentiable
function on I, and

I/(t) = f(t,l’(t)),
fort € 1.
W.G. Kelley and A.C. Peterson, The Theory of Differential Equations: 1
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2 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

Definition 1.2 Let (tg,z0) € (a,b) X (¢,d) and assume f is continuous on
(a,b) x (c,d). We say that the function x is a solution of the initial value
problem (IVP)

a' = f(tax)a .fL'(tO) = Zo, (12)
on an interval I C (a,b) provided ty € I, x is a solution of (1.1) on I, and
l’(to) = X0.

The point ¢ is called the initial point for the IVP (1.2) and the number x
is called the initial value for the IVP (1.2).

Note, for example, that if (a,b) = (¢, d) = (—o0, 00), then the function
m defined by m(t) = 400e =%, t € (—o0, 00) is a solution of the IVP
m' = —km, m(0)= 400
on the interval I = (—o0, 00).

Solving an IVP can be visualized (see Figure 1) as finding a solution
of the differential equation whose graph passes through the given point

(to, o).

to

FiGURE 1. Graph of solution of IVP.

We state without proof the following important existence-uniqueness
theorem for solutions of IVPs. Statements and proofs of some existence
and uniqueness theorems will be given in Chapter 8.

Theorem 1.3 Assume f : (a,b) x (¢,d) — R is continuous, where —oo <
a<b<ooand—oo<c<d<oo. Let (tg,x0) € (a,b)x(c,d), then the IVP
(1.2) has a solution x with a maximal interval of existence (a,w) C (a,b),
where a < tg < w. If a < «, then

tggnJr xz(t) =¢, or tkrél+x(t) =d
and if w < b, then

lim z(t) =¢, or lim z(t)=d.

t—w— t—w—
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If, in addition, the partial derivative of f with respect to x, f,, is continuous
n (a,b) X (c,d), then the preceding IVP has a unique solution.

We now give a couple of examples related to Theorem 1.3. The first
example shows that if the hypothesis that the partial derivative f, is con-
tinuous on (a, b) x (¢, d) is not satisfied, then we might not have uniqueness
of solutions of IVPs.

Example 1.4 (Nonuniqueness of Solutions to IVPs) If we drop an object
from a bridge of height h at time ¢ = 0 (assuming constant acceleration of
gravity and negligible air resistance), then the height of the object after ¢
units of time is z(t) = —3gt*> + h. The velocity at time ¢ is 2/(t) = —gt, so
by eliminating ¢, we are led to the IVP

' = f(t,z) == —/2g|h — z|, 2(0) = h. (1.3)

Note that this initial value problem has the constant solution z(t) = h,
which corresponds to holding the object at bridge level without dropping
it! We can find other solutions by separation of variables. If h > z, then

/W

Computing the indefinite integrals and simplifying, we arrive at

z(t) = fg(t —C)? +h,

— [ dt.

where C' is an arbitrary constant. We can patch these solutions together
with the constant solution to obtain for each C' > 0

) h, for t<C
z(t) ==
h—4(t—-C)?, for t>C.

Thus for each C' > 0 we have a solution of the IVP (1.3) that corresponds
to releasing the object at time C. Note that the function f defined by
f(t,x) = —+/2g|h — x| is continuous on (—00, 00) X (—00, 00) so by Theorem
1.3 the IVP (1.3) has a solution, but f, does not exist when x = h so we
cannot use Theorem 1.3 to get that the IVP (1.3) has a unique solution. A

To see how bad nonuniqueness of solutions of initial value problems can
be, we remark that in Hartman [18], pages 18-23, an example is given of a
scalar equation ' = f(t,z), where f : R x R — R, is continuous, where for
every IVP (1.2) there is more than one solution on [to, to+ €] and [to — €, to]
for arbitrary ¢ > 0.

The next example shows even if the hypotheses of Theorem 1.3 hold
the solution of the IVP might only exist on a proper subinterval of (a,b).

Example 1.5 Let k be any nonzero constant. The function f : R? —
R defined by f(t,z) = ka? is continuous and has a continuous partial
derivative with respect to . By Theorem 1.3, the IVP

' =ka®, x(0)=1
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has a unique solution with a maximal interval of existence (a,w). Using
separation of variables, as in the preceding example, we find
1
z(t) = .
®) C—kt
When we apply the initial condition 2:(0) = 1, we have C = 1, so that the
solution of the IVP is

1
() = T

with maximal interval of existence (—oo,1/k) if & > 0 and (1/k,00) if
k < 0. In either case, z(t) goes to infinity as ¢ approaches 1/k from the
appropriate direction.

Observe the implications of this calculation in case x(t) is the density
of some population at time t. If & > 0, then the density of the population
is growing, and we conclude that growth cannot be sustained at a rate
proportional to the square of density because the density would have to
become infinite in finite time! On the other hand, if & < 0, the density is
declining, and it is theoretically possible for the decrease to occur at a rate
proportional to the square of the density, since z(t) is defined for all ¢t > 0
in this case. Note that lim; . z(t) = 0 if £ < 0. A

1.2 First-Order Linear Equations

An important special case of a first-order differential equation is the
first-order linear differential equation given by

¥ =pt)r + q(t), (1.4)
where we assume that p : (a,b) — R and ¢ : (a,b) — R are continuous
functions, where —oo < a < b < co. In Chapter 2, we will study systems
of linear equations involving multiple unknown functions. The next theo-

rem shows that a single linear equation can always be solved in terms of
integrals.

Theorem 1.6 (Variation of Constants Formula) If p : (a,b) — R and
q : (a,b) — R are continuous functions, where —oo < a < b < 0o, then the
unique solution x of the IVP

¥ = plt)e +qt),  alty) = o, (15)
where ty € (a,b), xo € R, is given by

t
x(t) = ef;o p(7) dT.To + ef;” 7 dT/ ¢ Jig 7 dT‘](S) ds,

to
t € (a,b).

Proof Here the function f defined by f(t,2) = p(t)x + ¢(t) is continuous
on (a,b) x (—o0,00) and f,(t,x) = p(t) is continuous on (a, b) X (—oo, o).
Hence by Theorem 1.3 the IVP (1.5) has a unique solution with a maximal
interval of existence («,w) C (a,b) [the existence and uniqueness of the
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solution of the IVP (1.5) and the fact that this solution exists on the whole
interval (a,b) follows from Theorem 8.65]. Let

t t t s
z(t) == el P A7 1 el P a7 / e~ o P(7) qu(s) ds

to

for t € (a,b). We now show that z is the solution of the IVP (1.5) on the
whole interval (a,b). First note that z(to) = o as desired. Also,

t + t N
Pt = )™ gy 1 ()l P / e~ P () ds + g(t)
to

t t t s
= p(¢) o P A7 00 ¢ elig P(T) 47 / e Juo P 0 (s) ds| + q(t)
to
= p(t)x(t) +q(t)

for ¢t € (a,b). O

In Theorem 2.40, we generalize Theorem 1.6 to the vector case. We
now give an application of Theorem 1.6.

Example 1.7 (Newton’s Law of Cooling) Newton’s law of cooling states
that the rate of change of the temperature of an object is proportional to the
difference between its temperature and the temperature of the surrounding
medium. Suppose that the object has an initial temperature of 40 degrees.
If the temperature of the surrounding medium is 70 4 20e 2! degrees after
t minutes and the constant of proportionality is k& = —2, then the initial
value problem for the temperature z(t) of the object at time ¢ is

2’ = —2(z — 70 — 20e%"),  2(0) = 40.

By the variation of constants formula, the temperature of the object after
t minutes is

t
z(t) = 40el ~247 4 elo —2d7 / eJo 247 (140 + 40e~2*) ds
0

t
= 40e e / (140€?* + 40) ds
0

40e% e 270(e* — 1) + 40t]
= 10(4t — 3)e~ 4 70.

Sketch the graph of x. Does the temperature of the object exceed 70 degrees
at any time t? A

1.3 Autonomous Equations

If, in equation (1.1), f depends only on z, we get the autonomous
differential equation

' = f(x). (1.6)
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We always assume f : R — R is continuous and usually we assume its
derivative is also continuous. The fundamental property of autonomous
differential equations is that translating any solution of the autonomous
differential equation along the t-axis produces another solution.

Theorem 1.8 If x is a solution of the autonomous differential equation
(1.6) on an interval (a,b), where —oo < a < b < oo, then for any constant
¢, the function y defined by y(t) :== x(t—c), fort € (a+c,b+c) is a solution
of (1.6) on (a+c,b+c).

Proof Assume z is a solution of the autonomous differential equation (1.6)
on (a,b); then x is continuously differentiable on (a,b) and

2'(t) = f(z(t)),
for t € (a,b). Replacing t by ¢ — ¢ in this last equation, we get that

't —c) = f(z(t — ),
for t € (a + ¢,b+ ¢). By the chain rule of differentiation we get that
d
(2t =)l = fla(t o)),
for t € (a + ¢,b+ ¢). Hence if y(t) := z(t — ¢) for t € (a + ¢,b+ ¢), then y
is continuously differentiable on (a + ¢,b+ ¢) and we get the desired result
that

fort € (a+c,b+c). O

Definition 1.9 If f(z¢) = 0 we say that xg is an equilibrium point for
the differential equation (1.6). If, in addition, there is a § > 0 such that
f(z) #0 for |z — x| < I, © # xo, then we say x¢ is an isolated equilibrium
point.

Note that if zg is an equilibrium point for the differential equation
(1.6), then the constant function z(t) = o for ¢ € R is a solution of (1.6)
on R.

Example 1.10 (Newton’s Law of Cooling) Consider again Newton’s law
of cooling as in Example 1.7, where in this case the temperature of the
surrounding medium is a constant 70 degrees. Then we have that the
temperature x(t) of the object at time ¢ satisfies the differential equation

¥ = —2(x —70).
Note that x = 70 is the only equilibrium point. All solutions can be written
in the form
x(t) = De 2" + 170,
where D is an arbitrary constant. If we translate a solution by a constant
amount ¢ along the t-axis, then

z(t —¢) = De™ 279 £ 70 = De*e2t 470
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is also a solution, as predicted by Theorem 1.8. Notice that if the tempera-
ture of the object is initially greater than 70 degrees, then the temperature
will decrease and approach the equilibrium temperature 70 degrees as t goes
to infinity. Temperatures starting below 70 degrees will increase toward the
limiting value of 70 degrees. A simple graphical representation of this be-
havior is a “phase line diagram,” (see Figure 2) showing the equilibrium
point and the direction of motion of the other solutions.

> @ < T
70
FIGURE 2. Phase line diagram of 2’ = —2(z — 70).

A

Definition 1.11 Let ¢ be a solution of (1.6) with maximal interval of
existence (o, w). Then the set

{o(t) -t € (o, w)}
is called an orbit for the differential equation (1.6).
Note that the orbits for
¥ = —2(x —70)
are the sets
(—00,70), {70}, (70, 00).
A convenient way of thinking about phase line diagrams is to consider
x(t) to be the position of a point mass moving along the z-axis and 2/(t) =
f(x(t)) to be its velocity. The phase line diagram then gives the direction

of motion (as determined by the sign of the velocity). An orbit is just the
set of all locations of a continuous motion.

Theorem 1.12 Assume that f : R — R is continuously differentiable.
Then two orbits of (1.6) are either disjoint sets or are the same set.

Proof Let ¢1 and ¢3 be solutions of (1.6). We will show that if there are
points tq, to such that

¢1(t1) = pa2(t2),
then the orbits corresponding to ¢; and ¢- are the same. Let
1’(t) = ¢1(t — t2 -+ tl);
then by Theorem 1.8 we have that x is a solution of (1.6). Since

z(tz) = ¢1(t1) = Pa(t2),
we have by the uniqueness theorem (Theorem 1.3) that x and ¢2 are the
same solutions. Hence ¢ (t — t2 + t1) and ¢2(t) correspond to the same
solution. It follows that the orbits corresponding to ¢; and ¢ are the
same. O
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Example 1.13 (Logistic Growth) The logistic law of population growth
(Verhulst [52], 1838) is

N'=rN (1 - %) , (1.7)

where N is the number of individuals in the population, (1 — N/K) is the
per capita growth rate that declines with increasing population, and K > 0
is the carrying capacity of the environment. With r > 0, we get the phase
line diagram in Figure 3. What are the orbits of the differential equation
in this case?

< O— O
0 K

Y
A

N

FIGURE 3. Phase line diagram of N’ =rN(1 — N/K).

We can use the phase line diagram to sketch solutions of the logistic
equation. In order to make the graphs more accurate, let’s first calculate
the second derivative of N by differentiating both sides of the differential

equation.
N" = rN’ <1 - ﬁ) erN/

It follows that N”(t) > 0 if either N(t) > K or 0 < N(t) < K/2 and
N"(t) < 0 if either N(t) < 0 or K/2 < N(t) < K. With all this in mind,
we get the graph of some of the solutions of the logistic (Verhulst) equation

in Figure 4.
A

Phase line diagrams are a simple geometric device for analyzing the
behavior of solutions of autonomous equations. In later chapters we will
study higher dimensional analogues of these diagrams, and it will be use-
ful to have a number of basic geometric concepts for describing solution
behavior. The following definitions contain some of these concepts for the
one-dimensional case.

Definition 1.14 Assume f : R — R is continuously differentiable. Then
we let ¢(-,z0) denote the solution of the IVP

' = f(z), =x(0)=xo.

Definition 1.15 We say that an equilibrium point zy of the differential
equation (1.6) is stable provided given any e > 0 there is a 6 > 0 such that
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FIGURE 4. Graph of some solutions of N' = rN(1 — N/K).

whenever |1 — x| < § it follows that the solution ¢(-, z1) exists on [0, c0)
and

(£, 21) — o] <,
for t > 0. If, in addition, there is a dp > 0 such that |21 — x| < dp implies
that

lim ¢(t, z1) = w0,

t—o0o
then we say that the equilibrium point xq is asymptotically stable. If an
equilibrium point is not stable, then we say that it is unstable.

For the differential equation N’ = rN(1 — N/K) the equilibrium point
N; = 0 is unstable and the equilibrium point Ny = K is asymptotically
stable (see Figures 3 and 4).

Definition 1.16 We say that F' is a potential energy function for the
differential equation (1.6) provided

flz) = —F'(x).

Theorem 1.17 If F is a potential energy function for (1.6), then F(x(t))
1s strictly decreasing along any nonconstant solution x. Also, x¢ is an equi-
librium point of (1.6) iff F'(xo) = 0. If x¢ is an isolated equilibrium point
of (1.6) such that F' has a local minimum at xo, then xo is asymptotically
stable.

Proof Assume F is a potential energy function for (1.6), assume z is a
nonconstant solution of (1.6), and consider

d / /
ZF@®) = Fa) ()

= —fHx(1)

< 0.



10 1. FIRST-ORDER DIFFERENTIAL EQUATIONS

Hence the potential energy function F' is strictly decreasing along noncon-
stant solutions. Since f(zg) = 0 iff F'(xg) = 0, x¢ is an equilibrium point
of (1.6) iff F'(xo) = 0.

Let o be an isolated equilibrium point of (1.6) such that F' has a local
minimum at x, and choose an interval (xg — 0, zo +J) such that F’'(x) > 0
on (zg,x0 + 6) and F'(x) < 0 on (xg — d,x0). Suppose x1 € (z9,x0 + 9).
Then F(¢p(t,x1)) is strictly decreasing, so ¢(t, x1) is decreasing, remains in
the interval (zg, 2o + ), and converges to some limit [ > 5. We will show
that [ = z¢ by assuming | > z¢ and obtaining a contradiction. If [ > xg,
then there is a positive constant C so that F'(¢(¢,xz1)) > C for t > 0
(Why is the right maximal interval of existence for the solution ¢(t,z1) the
interval [0,00)7). But

ot z1) — 21 :/0 (—F'(¢(s,21))) ds < —C't,

for ¢ > 0, which implies that ¢(t,x1) — —oo as t — oo, a contradiction.
We conclude that ¢(t,21) — x¢ as t — oco. Since the case x1 € (xg — 0, 20)
is similar, we have that x( is asymptotically stable. O
Example 1.18 By finding a potential energy function for

2’ = —2(z — 70),

draw the phase line diagram for this differential equation.
Here a potential energy function is given by

—/Omf(u) du
/ﬂf —2(u —70) du

0
= 22— 140z.

F(z)

In Figure 5 we graph y = F(z) and using Theorem 1.17 we get the phase
line diagram below the graph of the potential energy function. Notice that
x = 70 is an isolated minimum for the potential energy function.

A

1.4 Generalized Logistic Equation

We first do some calculations to derive what we will call the generalized
logistic equation. Assume p and ¢ are continuous functions on an interval
I and let z(t) be a solution of the first order linear differential equation

¥ =—p(t)r+q(t) (1.8)
with x(t) # 0 on I. Then set
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Yy
A
y = F(z)
70
I >
H 140
"
:
—4900 pe=========
> O <t T
70

FIGURE 5. Potential energy function and phase line dia-
gram for ' = —2(x — 70).

It follows that

tel.

o
—~
o~
~
<
—~
~~
~—
<
—~
~~
~—

We call the differential equation

y = [p(t) —q(t)yly (1.9)

the generalized logistic equation. Above we proved that if x(¢) is a nonzero
solution of the linear equation (1.8) on I, then y(t) = ﬁ is a nonzero
solution of the generalized logistic equation (1.9) on I. Conversely, if y(t)
is a nonzero solution of the generalized logistic equation (1.9) on I, then
(Exercise 1.28) z(t) = ﬁ is a nonzero solution of the linear equation (1.8)
on I.

We now state the following theorem.

Theorem 1.19 If yo # 0 and

1 ¢ S p(r)dr
—+/ q(s)el PO gs 20, tel,
Yo to
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then the solution of the IVP
Y =[pt) —qt)yly, ylto) =vo, to€l (1.10)

s given by

eftto p(7) dr

y(t) = : . (L11)
Ly [ gls)elo ™ 9 g

Proof Note that by Theorem 1.3 every IVP (1.10) has a unique solution.
Assume yg # 0 and let z¢ = yio By the variation of constants formula in
Theorem 1.6 the solution of the IVP

/!

a' = —p(t)r +q(t), z(to) =0
is given by
t t t 8
x(t) = e fro P dr s o o= i P dr [ oo p(7) Ta(s) ds
to
—hemar L gipmyar [1 g p(e) ar
= e — +e Jto / e’to q(s) ds
Yo to
which is nonzero on I by assumption. It follows that the solution of the
IVP (1.10) is given by
- 1
T — [t p(r)dr — [t p(r) dr pt S p(t)dr :
o~ 1o P(T) yLO +e Sty P() fto q(s)efto p(r)dr g

y(t)

Multiplying the numerator and denominator by ef*to P AT e get the de-
sired result (1.11). O

In applications (e.g., population dynamics) one usually has that

p(t) = q@)K
where K > 0 is a constant. In this case the generalized logistic equation
becomes
= t[1—£} . 1.12

y' =p(t) %)Y (1.12)
The constant solutions y(t) = 0 and y(¢) = K are called equilibrium solu-
tions of (1.12). The constant K is called the carrying capacity (saturation
level).

We now state the following corollary of Theorem 1.19.

Corollary 1.20 If yg # 0 and

1 1 1 [t p(s) ds
- —pJt I
w K + Ke 0 #£0, tel,
then the solution of the IVP
Y
y =p(t) [1 - ﬂ Yy, y(to) = yo (1.13)
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s given by
(t) eftto p(s) ds (1 14)
yt) = 7 . .
1 1 1Sy p(s) ds
w Kt Ee

Proof This follows from Theorem 1.19, where we use the fact that

t S p(r)dr 1 t S p(r)dr
efto p(7) d q(s) ds — = efto p(7) d p(s) ds
to to

_ % [ef;;) p(s) ds o 1:| .

O

The following theorem gives conditions under which the solutions of the
generalized logistic equation (1.12) with nonnegative initial conditions be-
have very similar to the corresponding solutions of the autonomous logistic
equation (1.7).

Theorem 1.21 Assumep : [ty,00) — [0, 00) is continuous and ftzo p(t) dt =
oo. Let y(t) be the solution of the IVP (1.13) with yo > 0, then y(t)
exists on [tg,00). Also if 0 < yo < K, then y(t) is nondecreasing with
lim; oo y(t) = K. Ifyo > N, then y(t) is nonincreasing with lim;_, o y(t) =
K.

Proof Let y(t) be the solution of the IVP (1.13) with yo > 0. Then from
(1.14)

(1 o (1.15)
y(t) = - : 1.15
1 1 1 [y p(s) ds
w KTERED

By the uniqueness of solutions of IVP’s the solution y(t) is bounded below
by K and hence y(t) remains positive to the right of ¢5. But since

v =pto) |1 - 52wt <0

y(t) is decreasing. It follows from Theorem 1.3 that y(t) exists on [tg, c0)
and from (1.15) we get that lim; o y(t) = K.
Next assume that 0 < yg < K. Then by the uniqueness of solutions of
IVP’s we get that
0<y(t) < K,
to the right of ¢y. It follows that y(¢) is a solution on [tg, o00) and by (1.15)
we get that lim_o y(t) = K. Also 0 < y(t) < K, implies that

v =pto) [1 - 52 ) 2 0

so y(t) is nondecreasing on [tg, 00). O
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1.5 Bifurcation

Any unspecified constant in a differential equation is called a parameter.
One of the techniques that is used to study differential equations is to let
a parameter vary and to observe the resulting changes in the behavior of
the solutions. Any large scale change is called a bifurcation and the value
of the parameter for which the change occurs is called a bifurcation point.
We end this chapter with some simple examples of bifurcations.

Example 1.22 We consider the differential equation

=Nz —1),
where A is a parameter. In Figure 6 the phase line diagrams for this differ-
ential equation when A < 0 and A > 0 are drawn. There is a drastic change
in the phase line diagrams as A passes through zero (the equilibrium point

x = 1 loses its stability as A increases through zero). Because of this we
say bifurcation occurs when A = 0.

A<O0

Y
—~@
A
&

\ 4
8

A

A>0 @
1

FIGURE 6. Phase line diagrams for 2’ = Az — 1), A <0,
A>0.

A
Example 1.23 (Saddle-Node Bifurcation) Now consider the equation
=X+ 22
If A <0, then there is a pair of equilibrium points, one stable and one
unstable. When A\ = 0, the equilibrium points collide, and for A > 0, there

are no equilibrium points (see Figure 7). In this case, the bifurcation that
occurs at A = 0 is usually called a saddle-node bifurcation.

A<O0 B < < \f» P T
—VIAl 0 RY

A>0 > T

FIGURE 7. Phase line diagrams for 2’ = A+ 22, A < 0, A > 0.
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Example 1.24 (Transcritical Bifurcation) Consider
x =\ — 22

For A\ < 0, there is an unstable equilibrium point at z = \ and a stable
equilibrium point at x = 0. At A = 0, the two equilibrium points coincide.
For A > 0, the equilibrium at x = 0 is unstable, while the one at x = A
is stable, so the equilibrium points have switched stability! See Figure 8.
This type of bifurcation is known as a transcritical bifurcation.

Y

A
8

A<O0

A

L 4 L4
A 0

Y
A
8

A

A>0 ® @
0 A
FIGURE 8. Phase line diagrams for 2’ = Az — 22, A < 0,
A>0.

A

Example 1.25 (Pitchfork Bifurcation) We will draw the bifurcation dia-
gram (see Figure 9) for the differential equation

P =f )= (- 1A —1—(z—1)%). (1.16)
Note that the equations
r=1, A=1+(z—1)?

give you the equilibrium points of the differential equation (1.16). We
graph these two equilibrium curves in the Az-plane (see Figure 9). Note
for each A <1 the differential equation (1.16) has exactly one equilibrium
point and for each A > 1 the differential equation (1.16) has exactly three
equilibrium points. When part of an equilibrium curve is dashed it means
the corresponding equilibrium points are unstable, and when part of an
equilibrium curve is solid it means the corresponding equilibrium points
are stable. To determine this stability of the equilibrium points note that
at points on the pitchfork we have f(\, ) = 0, at points above the pitchfork
f(\t) <0, at points below the pitchfork f(A,¢) > 0, at points between the
top two forks of the pitchfork f(\,¢) > 0, and at points between the lower
two forks of the pitchfork f(A,¢) < 0. Note that the equilibrium point
x = 1 is asymptotically stable for A < 1 and becomes unstable for A > 1.
We say we have pitchfork bifurcation at A = 1.

VAN

In the final example in this section we give an example of hysteresis.
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FIGURE 9. Bifurcation diagram for (1.16).

Example 1.26 (Hysteresis) The bifurcation diagram for the differential
equation

r=\4z—2° (1.17)

is given in Figure 10. Note that if we start with A < A\ := —% and
slowly increase A, then for all practical purposes solutions stay close to the
smallest equilibrium point until when \ passes through the value A\ := ﬁg’
where the solution quickly approaches the largest equilibrium point for
A > A2. On the other hand, if we start with A > Ay and start decreasing
A, solutions stay close to the largest equilibrium point until A decreases
through the value Ay, where all of a sudden the solution approaches the
smallest equilibrium point. A

There are lots of interesting examples of hysteresis in nature. Murray
[37], pages 4-8, discusses the possible existence of hysteresis in a population
model for the spuce budworm. For an example of hysteresis concerning the
temperature in a continuously stirred tank reactor see Logan [33], pages
430-434. Also for an interesting example concerning the buckling of a wire
arc see looss and Joseph [28], pages 25-28. Hysteresis also occurs in the
theory of elasticity.

1.6 Exercises
1.1 Find the maximal interval of existence for the solution of the IVP

2’ = (cost)2?, x(0) =2.
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\

\

\\
t < >\
)\1 \\)\2

FI1GURE 10. Hysteresis.

1.2 Find the maximal interval of existence for the solution of the IVP

2tz?
.T/ = H—ﬁ’ x(O) = X0

in terms of xg.
1.3 Show that the IVP

=25, x(0)=0

has infinitely many solutions. Explain why Theorem 1.3 does not apply to
give you uniqueness.

1.4 Assume that f : R x (0,00) — R is defined by f(t,z) = 3, for
(t,z) € R x (0,00). Show that for any (tg,x9) € R x (0,00) the IVP

¥ = f(t,x), z(to) =m0

has a unique solution. Find the maximum interval of existence for the
solution of this IVP when (to,x0) = (1,1).

1.5 Use the variation of constants formula in Theorem 1.6 to solve the
following IVPs:

() o' =2z +e*, x(0) =

(ii) 2’ =3z + 2%, z(0) = 2
(i) 2’ = tan(t)x + sec(t), x(0)=—1
(iv) 2 = 20+, o(l) =2
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1.6 Use the variation of constants formula in Theorem 1.6 to solve the
following IVPs:
(i) 2/ = =2z +e", z(0)=2
(i) 2’ =42+ 3t, z(0)=1
(iii) t’ =3z =1-3Int, =x(0)=1
1.7 Draw the phase line diagram for 2’ = —2z. Show that there are infin-
itely many solutions that give you the orbits (0,00) and (—o0,0) respec-
tively.
1.8 Draw the phase line diagrams for each of the following:
(i) o' = -z + 23
(i) ' = 2*
(iii) 2’ = 22 4+ 4o + 2
(iv) 2/ = 2% - 322 + 3z — 1
1.9 Draw the phase line diagrams for each of the following:
(i) 2’ = coshz

(ii) a2’ = coshax — 1
(iii) 2’ = (z —a)?
(iv) 2’ =sinx

(v) 2’ =sin(2x)

(vi) ' =e*
(vii) 2’ = sinh?(x — b)

(viil)) 2’ =cosx — 1

1.10 Show that if z is a nonzero solution of the linear equation z’ =
—rx+ 47, where r and K are positive constants, then N = % is a solution of
the logistic equation (1.7). Use this and the variation of constants formula

to solve the IVP N’ =rN (1 — &), N(0) = £.

1.11 Solve the logistic equation (1.7) by using the method of separation
of variables. Note in general we can not solve the more general logistic
equation (1.9) by the method of separation of variables.

1.12 (Bernoulli’s Equation) The differential equation ¢y’ = p(t)y + ¢(¢t)y®,
a # 0,1 is called Bernoulli’s equation. Show that if y is a nonzero solution
of Bernoulli’s equation, then x = y'~® is a solution of the linear equation
= (1—a)pt)r+ (1 —a)q(t).

1.13 Use Exercise 1.12 to solve the following Bernoulli equations:

(i) 2/ = —fz + ta?
i) 2/ =z + eta?
(gii§ o =—-1r4+ L

- t tx2

1.14 Assume that p and ¢ are continuous functions on R which are periodic
with period 7' > 0. Show that the linear differential equation (1.4) has a
periodic solution 2 with positive period T iff the differential equation (1.4)
has a solution z satisfying x(0) = x(T).
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1.15 Show that the equilibrium point xg = 0 for the differential equation
2’ = 0 is stable but not asymptotically stable.

1.16 Determine the stability (stable, unstable, or asymptotically stable) of
the equilibrium points for each of the differential equations in Exercise 1.8.

1.17 A yam is put in a 200°C oven at time ¢ = 0. Let T'(¢) be the temper-
ature of the yam in degrees Celsius at time ¢ minutes later. According to
Newton’s law of cooling, T'(¢) satisfies the differential equation

T' = —k(T — 200),

where k is a positive constant. Draw the phase diagram for this differential
equation and then draw a possible graph of various solutions with various
initial temperatures at ¢ = 0. Determine the stability of all equilibrium
points for this differential equation.

1.18 Given that the function F defined by F(x) = 2% + 32% — 2 — 3, for
x € R is a potential energy function for 2’ = f(z), draw the phase line
diagram for o’ = f(z).

1.19 Given that the function F' defined by F(x) = 422 — 2%, for x € R is
a potential energy function for «’ = f(z), draw the phase line diagram for

' = f(x).
1.20 For each of the following differential equations find a potential energy
function and use it to draw the phase line diagram:

( 2

(i
(iii
(iv) o’ =

i) o/ ==
i) 2/ =322 — 100 +6
) o' = 8z — 4a3

1
241
1.21 Find and graph a potential energy function for the equation

¥ =—a(x—0b), a,b>0

and use this to draw a phase line diagram for this equation.
1.22 Determine the stability (stable, unstable, or asymptotically stable) of
the equilibrium points for each of the differential equations in Exercise 1.20.

1.23 Given that a certain population x(¢) at time ¢ is known to satisfy the

differential equation
, b
r=arln(—),
T

when x > 0, where a > 0, b > 0 are constants, find the equilibrium
population and determine its stability.

1.24 Use the phase line diagram and take into account the concavity of
solutions to graph various solutions of each of the following differential
equations

(i) 2/ =6 — bz + 22
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(ii) o’ =422 + 32 — 24
(iii) 2’ =2+ x — 22

1.25 A tank initially contains 1000 gallons of a solution of water and 5
pounds of some solute. Suppose that a solution with the same solute of
concentration .1 pounds per gallon is flowing into the tank at the rate of 2
gallons per minute. Assume that the tank is constantly stirred so that the
concentration of solute in the tank at each time ¢ is essentially constant
throughout the tank.

(i) Suppose that the solution in the tank is being drawn off at the
rate of 2 gallons per minute to maintain a constant volume of
solution in the tank. Show that the number x(t) of pounds of
solute in the tank at time ¢ satisfies the differential equation

=2 i,
500
and compute z(t);

(ii) Suppose now that the solution in the tank is being drawn off at
the rate of 3 gallons per minute so that the tank is eventually
drained. Show that the number y(¢) of pounds of solute in the
tank at time ¢ satisfies the equation

’ 3y
V=2 1000 ¢
for 0 < ¢ < 1000, and compute y(t).

1.26 (Terminal Velocity) Let m be the mass of a large object falling rapidly
toward the earth with velocity v(¢) at time ¢. (We take downward velocity
to be positive in this problem.) If we take the force of gravity to be constant,
the standard equation of motion is

mv’ = mg — kv?,
where ¢ is the acceleration due to gravity and —kv? is the upward force
due to air resistance:

(i) Sketch the phase line diagram and determine which of the equilib-
rium points is asymptotically stable. Why is “terminal velocity”
an appropriate name for this number?

(ii) Assume the initial velocity is v(0) = v, and solve the IVP. Show

that the solution v approaches the asymptotically stable equilib-
rium as t — oo.

1.27 Assume that zg € (a,b), f(z) > 0 for a < x < zg, and f(z) < 0 for
xo < x < b. Show that x( is an asymptotically stable equilibrium point for

' = f(x).

1.28 Show that if y(¢) is a nonzero solution of the generalized logistic
equation (1.9) on I, then z(t) = ﬁ is a nonzero solution of the linear
equation (1.8) on I.
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1.29 If in Theorem 1.21 we replace [ p(t) dt = oo by [ p(t) dt = L,
where 0 < L < oo, what can we say about solutions of the IVP (1.13) with
yo > 0

1.30 (Harvesting) Work each of the following:
(i) Explain why the following differential equation could serve as a
model for logistic population growth with harvesting if X\ is a
positive parameter:

N’rN(l%))\N.

(ii) If A < r, compute the equilibrium points, sketch the phase line
diagram, and determine the stability of the equilibria.

(iii) Show that a bifurcation occurs at A = r. What type of bifurca-
tion is this?

1.31 Solve the generalized logistic equation (1.13) by the method of sepa-
ration of variables.

1.32 (Gene Activation) The following equation occurs in the study of gene
activation: L2
, x
T —)\—x+—1+x2.
Here «(t) is the concentration of gene product at time ¢.
(i) Sketch the phase line diagram for A = 1.
(ii) There is a small value of A, say Ag, where a bifurcation occurs.
Estimate Ao, and sketch the phase line diagram for some \ €
(07 )‘0)
(iii) Draw the bifurcation diagram for this differential equation.

1.33 For each of the following differential equations find values of A\ where
bifurcation occurs. Draw phase line diagrams for values of \ close to the
value of A where bifurcation occurs.
() ' =X—4—2?
(i) 2’ = 2>\ — 2)
(iii) 2’ =23 -2+ A

1.34 Assume that the population z(t) of rats on a farm at time ¢ (in weeks)
satisfies the differential equation 2’ = —.1z(z — 25). Now assume that we
decide to kill rats at a constant rate of A rats per week. What would be
the new differential equation that x satisfies? For what value of A in this
new differential equation does bifurcation occur? If the number of rats
we Kkill per week is larger than this bifurcation value what happens to the
population of rats?

1.35 Give an example of a differential equation with a parameter A which
has pitchfork bifurcation at A = 0, where 2y = 0 is an unstable equilibrium
point for A < 0 and is a stable equilibrium point for A > 0.
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1.36 Draw the bifurcation diagram for each of the following
(i) 2/ =\ — 22
(i) 2’ = A —2)(\ — 2?)

1.37 In each of the following draw the bifurcation diagram and give the
value(s) of A where bifurcation occurs:
(i) 2’ = (A —2)(A —2?)
(i) 2’ =X —12+ 3z — 23
(iii) o' = A~ 125
(iv) 2’ = zsinz + A
In which of these does hysteresis occur?



Chapter 2

Linear Systems

2.1 Introduction

In this chapter we will be concerned with linear systems of the form

) = an(W)zr +a(t)re + -+ arn(t)zn + b1 (1)
ry = an(t)rr + axn(t)re + - + agn(t)z, + ba(t)
o = api(t)x1 + ana(O)w2 + -+ apn(t)xn + bn(t),

where we assume that the functions a;;, 1 < 4,5 < n, b;,1 < i < n,
are continuous real-valued functions on an interval I. We say that the
collection of n functions xy, x2,---, x, is a solution on I of this linear
system provided each of these n functions is continuously differentiable on
I and

i (t) = au(t)z(t) +ar(t)z2(t) + -+ arn () 2n(t) + bi(t)

zy(t) = asn(t)zi(t) + aze(t)z2(t) + - + a2n(t)2n(t) + ba2(t)
z,(t) = an(®)z1(t) + an2()22(t) + - + @ (t)an(t) + bn(t),
fort e 1.
This system can be written as an equivalent vector equation
= A(t)x +b(t), (2.1)
where
1 x}
T2 , 5
T = , T = . ,
T xl
and
a1 (t) s aln(t) b1 (t)
A=+ o =] ],
ap1(t) - anpn(t) by (t)
W.G. Kelley and A.C. Peterson, The Theory of Differential Equations: 23
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© Springer Science+Business Media, LLC 2010
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for t € I. Note that the matrix functions A and b are continuous on I (a
matrix function is continuous on I if and only if (iff) all of its entries are
continuous on I). We say that an n x 1 vector function z is a solution of
(2.1) on I provided z is a continuously differentiable vector function on I
(iff each component of x is continuously differentiable on I) and

'(t) = A(t)x(t) + b(t),
forallt e I.

Example 2.1 It is easy to see that the pair of functions x1, xo defined by
x1(t) = 2 +sint, xo(t) = —t + cost, for t € R is a solution on R of the
linear system

/
7 = T2+,

xh = —m+1

=[]

is a solution on R of the vector equation
0 1 t
r_
x[_l O]er{l}

The study of equation (2.1) includes the nth-order scalar differential equa-
tion

and the vector function

A

Y™+ o1 By A+ po(t)y = r(t) (2.2)
as a special case. To see this let y be a solution of (2.2) on I, that is,
assume y has n continuous derivatives on I and

Y () + poa (Y@ -+ po(Dy(t) = r(t), tel
Then let
xi(t) =y (),
fort € I, 1 < i <n. Then the n x 1 vector function x with components x;
satisfies equation (2.1) on I if

0 1 0 0 0

0 0 1 0 0

A(t) = : : . " : ) b(t) = :
0 0 0 1 0
—po(t) —pi(t) —p2(t) - —pp-a(t) 7(t)

for t € I. The matrix function A is called the companion matriz of the
differential equation (2.2). Conversely, it can be shown that if x is a solution
of the vector equation (2.1) on I, where A and b are as before, then it
follows that the scalar function y defined by y(t) := x1(t), for t € I is a
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solution of (2.2) on I. We next give an interesting example that leads to a
four-dimensional linear system.

Example 2.2 (Coupled Vibrations) Consider the system of two masses my
and me in Figure 1 connected to each other by a spring with spring constant
ko and to the walls by springs with spring constants k1 and ks respectively.
Let u(t) be the displacement of m; from its equilibrium position at time ¢
and v(t) be the displacement of mgo from its equilibrium at time ¢t. (We are
taking the positive direction to be to the right.) Let ¢ be the coefficient
of friction for the surface on which the masses slide. An application of
Newton’s second law yields

miu” = —cu — (k1 + ko)u + kav,
mav” = —cv — (ka2 + k3)v + kou.

Here we have a system of two second-order equations, and we define x1 := u,
Z9 =1/, x3 := v, and x4 := v, obtaining the first-order system

o ] 0 1 0 0 1
_kitks _ _c ka2
x2 — ma ma ma 0 x2
T3 0 0 0 1 X3
k ko+tk: .
T4 e 0 7%23 —n T4
A
kl k:2 k3

" AR " W—l

FicURE 1. Coupled masses.

The following theorem is a special case of Theorem 8.65 (see also Corol-
lary 8.18) .

Theorem 2.3 Assume that the n X n matriz function A and the n x 1
vector function b are continuous on an interval I. Then the IVP

¥ = A{t)r +b(t), x(to) = wo,

where tg € I and xq is a given constant n x 1 vector, has a unique solution
that exists on the whole interval I.

Note that it follows from Theorem 2.3 that in Example 2.2 if at any
time tg the position and velocity of the two masses are known, then that
uniquely determines the position and velocity of the masses at all other
times.

We end this section by explaining why we call the differential equation
(2.1) a linear vector differential equation.
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Definition 2.4 A family of functions A defined on an interval [ is said to
be a vector space or linear space provided whenever x,y € A it follows that
for any constants «, € R

ar + Py € A.

By the function ax + By we mean the function defined by

(a + By)(t) := ax(t) + Py(t),

for t € I. If A and B are vector spaces of functions defined on an interval
I, then L : A — B is called a linear operator provided

Loz + By] = aL[z] + SL[y],
for all o, B € R, z,y € A.
We now give an example of an important linear operator.

Example 2.5 Let A be the set of all n x 1 continuously differentiable
vector functions on an interval I and let B be the set of all n x 1 continuous
vector functions on an interval I and note that A and B are linear spaces.
Define L : A — B by

Lx(t) = 2'(t) — A(t)z(t),

for t € I, where A is a given n X n continuous matrix function on I. To
show that L is a linear operator, let a,, 3 € R, let z,y € A, and consider

Lloz + Byl (t) = (az+Py)'(t) — At)(az + By)(t)
= /(1) + By (1) — aA@)a(t) — BAW®Y()
= al2/(t) - AM)z@®)] + By () — At)y(t)]
= aLx(t) + BLy(t)
= (aLz + BLy)(t),
for t € I. Hence
Lax + py] = aLz + BLy

and so L : A — B is a linear operator. A
Since the differential equation (2.1) can be written in the form
Lx =0,

where L is the linear operator defined in Example 2.5, we call (2.1) a linear
vector differential equation. If b is not the trivial vector function, then
the equation Lz = b is called a nonhomogeneous linear vector differential
equation and Lz = 0 is called the corresponding homogeneous linear vector
differential equation.
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2.2 The Vector Equation 2’ = A(t)x

To solve the nonhomogeneous linear vector differential equation
¥ = A(t)x + b(t)

we will see later that we first need to solve the corresponding homogeneous
linear vector differential equation

' = A(t)x. (2.3)

Hence we will first study the homogeneous vector differential equation (2.3).
Note that if the vector functions ¢1, ¢a, - - - , ¢r are solutions of 2’ = A(t)x
(equivalently, of Lz = 0, where L is as in Example 2.5) on I, then

Llci¢1 + caga + -+ + crdr]

=c1L[¢1] + caL [da] + - + cn L [¢4]

=0.
This proves that any linear combination of solutions of (2.3) on I is a
solution of (2.3) on I. Consequently, the set of all such solutions is a

vector space. To solve (2.3), we will see that we want to find n linearly
independent solutions on I (see Definition 2.9).

Definition 2.6 We say that the constant n x 1 vectors 11,19, -+ , 9 are
linearly dependent provided there are constants ci,ca, - , ¢k, not all zero,
such that

c1p1 + catho + - -+ epPp = 0,

where 0 denotes the n x 1 zero vector. Otherwise we say that these k
constant vectors are linearly independent.

Note that the constant n x 1 vectors 11, s, -+ ,%y are linearly in-
dependent provided that the only constants ci,cs,- - , ¢ that satisfy the
equation

c11 + catho + - -+ epPp = 0,

arecy = cg = --- = ¢ = 0.
Theorem 2.7 Assume we have exactly n constant n X 1 vectors

¢1,7/12,"' ,wn

and C is the column matriz C' = [11g -+ -y,]. Then 1,9, -+ by, are
linearly dependent iff det C' = 0.

Proof Let 11,1, -+ ,1%, and C be as in the statement of this theorem.
Then

detC' =0
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if and only if there is a nontrivial vector

C1
o
Cn
such that
C1 0
C2 0
C . =
Cn, 0

if and only if
i +cotho + -+ cp, =0,
where c¢q,ca,- - , ¢, are not all zero, if and only if

1,9, -+ 2, are linearly dependent.

O
Example 2.8 Since
1 2 -4
det | 2 1 1 =0,
-3 -1 -3
the vectors
1 2 —4
Vvi=1| 2 |, = 1 |, 3= 1
-3 -1 -3
are linearly dependent by Theorem 2.7. A
Definition 2.9 Assume the n x 1 vector functions ¢1, @s,- - , ¢r are de-
fined on an interval I. We say that these k vector functions are linearly
dependent on I provided there are constants ci,co,--- ,cr, not all zero,

such that

c1gi(t) +cada(t) + -+ cpd(t) =0,
for all t € I. Otherwise we say that these k vector functions are linearly
independent on I.

Note that the n x 1 vector functions ¢1, ¢o, - - - , ¢ are linearly indepen-
dent on an interval I provided that the only constants c1,co,--- ,cx that
satisfy the equation

c1¢1(t) + cada(t) + -+ + crgr(t) =0,

forallte I, areci =co =---=c¢ =0.

Any three 2 x 1 constant vectors are linearly dependent, but in the
following example we see that we can have three linearly independent 2 x 1
vector functions on an interval I.
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Example 2.10 Show that the three vector functions ¢1, ¢2, ¢3 defined by

ar=| 1| =] ] aw=]T]

are linearly independent on any nondegenerate interval I (a nondegenerate
interval is any interval containing at least two points).
To see this, assume ¢y, ¢, c3 are constants such that

c191(t) + c22(t) + c393(t) =0,
for all t € I. Then

e, t2 N 1 [o
C1 " C2 ¢ C3 ¢ =10 |
for all ¢ € I. This implies that

cit + cot® + c3t® = 0, (2.4)

for all t € I. Taking three derivatives of both sides of equation (2.4), we
have

603 =0.
Hence ¢3 = 0. Letting ¢5 = 0 in equation (2.4) and taking two derivatives
of both sides of the resulting equation

cit + Cgt2 =0,
we get that
202 =0
and so ¢ = 0. It then follows that ¢; = 0. Hence the three vector functions
¢1, P2, ¢3 are linearly independent on I. A

In the next theorem when we say (2.5) gives us a general solution
of (2.3) we mean all functions in this form are solutions of (2.3) and all
solutions of (2.3) can be written in this form.

Theorem 2.11 The linear vector differential equation (2.3) has n linearly
independent solutions on I, and if ¢1, ¢a, -+ , dn aren linearly independent
solutions on I, then

T =c1¢1 + cada+ - + Cnp, (2.5)

fort € I, where c¢1,ca,- - ,c, are constants, is a general solution of (2.3).

Proof Let 11,9, -+ , 1, be n linearly independent constant n x 1 vectors
and let £y € I. Then let ¢; be the solution of the IVP

' =At)z, z(to) = s,
for 1 <i <n. Assume ¢y, ca, -+ , ¢, are constants such that
c1d1(t) + c2g2(t) + -+ + cadn(t) =0,
for all t € I. Letting t = ¢y we have
c1¢1(to) + c2da(to) + -+ + cndulto) =0
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or, equivalently,
11 + cotho + - + e, = 0.

Since 1,12, - -+ , 1, are n linearly independent constant vectors, we have
that

cp=cp=--=cp,=0.
It follows that the vector functions ¢1, ¢, - - - , ¢, are n linearly independent

solutions on /. Hence we have proved the existence of n linearly independent
solutions.

Next assume the vector functions ¢q,¢s, -+, ¢, are n linearly inde-
pendent solutions of (2.3) on I. Since linear combinations of solutions of
(2.3) are solutions of (2.3), any vector function z of the form

T =c191 + oo + -+

is a solution of (2.3). It remains to show that every solution of (2.3) is of
this form. Let tg € I and let

& = ¢i(to),
1 <i < n. Assume by, b, - -- , b, are constants such that
b1&1 + b2l + - - -+ 0§ = 0.
Then let
v(t) = b1d1(t) + bada(t) + -+ - + bnn(t),
for t € I. Then v is a solution of (2.3) on I with v(tg) = 0. It follows from

the uniqueness theorem (Theorem 2.3) that v is the trivial solution and
hence

b1d1(t) + bad2(t) + -+ budn(t) = 0,
for t € I. But ¢1, ¢, -, ¢, are linearly independent on I, so
by =0by=---=b,=0.

But this implies that the constant vectors & := ¢1(to), &2 := ¢a(to), - -,
&n = ¢n(to) are linearly independent.
Let z be an arbitrary but fixed solution of (2.3). Let ¢y € I, since

z(tp) is an n x 1 constant vector and ¢1(to), ¢2(to), - -+, dn(to) are linearly
independent n x 1 constant vectors, there are constants ay, as, - - - , a, such
that

a191(to) + azda(to) + -+ + andn(to) = z(to).
By the uniqueness theorem (Theorem 2.3) we have that
2(t) = a1¢1(t) + agga(t) + - -+ + andn(t), for tel.
Hence
T =c191+ c2d2 + -+ Cnn

is a general solution of (2.3). O
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First we will see how to solve the vector differential equation
' = Ax,

where A is a constant n X n matrix. We recall the definitions of eigenvalues
and eigenvectors for a square matrix A.

Definition 2.12 Let A be a given n x n constant matrix and let z be a
column unknown n-vector. For any number A the vector equation

Az = \x (2.6)

has the solution z = 0 called the trivial solution of the vector equation. If
Ao is a number such that the vector equation (2.6) with A replaced by Ao
has a nontrivial solution x, then )\g is called an eigenvalue of A and =z is
called a corresponding eigenvector. We say Ao, xo is an eigenpair of A.

Assume A is an eigenvalue of A, then equation (2.6) has a nontrivial

solution. Therefore,
(A=X)z=0
has a nontrivial solution. From linear algebra we get that the characteristic
equation
det (A— M) =0

is satisfied. If )\ is an eigenvalue, then to find a corresponding eigenvector
we want to find a nonzero vector x so that

Ax = \ox
or, equivalently,
(A — )\0]) x=0.

Example 2.13 Find eigenpairs for

A{_OQ _13}

The characteristic equation of A is

-2 1

det(A)J)’ D

‘ 0
Simplifying, we have
M43 +2=A+2)(A\+1)=0.

Hence the eigenvalues are Ay = —2, Ay = —1. To find an eigenvector
corresponding to A\; = —2, we solve

(A= \I)z = (A+2D)z =0

or

It follows that
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is an eigenpair for A. Similarly, we get that

4]

is an eigenpair for A. A

Theorem 2.14 If \g, xg is an eigenpair for the constant n X n matriz A,
then
z(t) = ez, teER,

defines a solution x of

¥ = Ax (2.7)
on R.
Proof Let
z(t) = eMlxy,
then
' (t) = etz
= M\
= M Axg
= AeMix,
— Ax(h),
for t € R. O

Example 2.15 Solve the differential equation

, o 1
xr = _9 _3 xX.

From Example 2.13 we get that the eigenpairs for

=[5 4]

1 1
-2, {_2} and —1, [_1}

Hence by Theorem 2.14 the vector functions ¢y, ¢o defined by

ay=e| L] am=ct] 1|

are solutions on R. Since the vector functions ¢1, ¢2 are linearly indepen-
dent (show this) on R, a general solution z is given by

_ 1 _ 1
z(t) = cre 2t{_2]+cze t[—l}’
teR. A

are
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Theorem 2.16 If x = u+iv is a complex vector-valued solution of (2.3),
where u, v are real vector-valued functions, then u, v are real vector-valued
solutions of (2.3).

Proof Assume z is as in the statement of the theorem. Then
2 (t) =/ (t) + a0 (t) = A(t) [u(t) +iv(t)], for tel,
or
u' () + ' (t) = A(t)u(t) + iA(t)v(t), for te€l
Equating real and imaginary parts, we have the desired results

u'(t) = A)u(t), o'(t) = A(t)v(t), for tel. O
Example 2.17 Solve the differential equation

;L 3 1
= [ 13 _3 } x. (2.8)
The characteristic equation of the coefficient matrix is
M +4=0

and the eigenvalues are
A1 =20, Ay = —2i.
To find an eigenvector corresponding to A\; = 27, we solve
(A=2iDz =0

3-2 1 2] [0
-13 -3-2 x2 | | O |
(3—2i)$1 + 25 =0.
. 1
%’[3+%}

is an eigenpair for A. Hence by Theorem 2.14 the vector function ¢ defined
by

or

Hence we want

It follows that

_ 2t 1
o) = e {—3+%]
. 1
= [cos(2t) + isin(2t)] [ 349 }
cos(2t) i sin(2t)
—3cos(2t) — 2sin(2t) ‘12 cos(2t) — 3sin(2t)
is a solution. Using Theorem 2.16, we get that the vector functions ¢1, ¢
defined by
_ cos(2t) _ sin(2t)
() = { —3cos(2t) — 2sin(2t) ] , $2(t) = { 2 cos(2t) — 3sin(2t)
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are real vector-valued solutions of (2.8). Since ¢1, ¢2 are linearly indepen-
dent (show this) on R, we have by Theorem 2.11 that a general solution x
of (2.8) is given by

cos(2t) sin(2t)

z(t) =1 —3cos(2t) — 2sin(2t) ] te [ 2cos(2t) — 3sin(2t) |’

for t € R. A

Example 2.18 Let’s solve the system in Example 2.2 involving two masses
attached to springs for the special case that all the parameters are equal
to one.

In this case we have

0 1 0 0
-2 -1 1 0
A= 0 0 0 1

1 0 -2 -1

By expanding det(A — AI) along the first row, we get the characteristic
equation

0 = det(A — \I) AMAFDNZ A +2)+202 + 2 +2) -1
= (N+A+2)7%-1

= (PHA+FD)AN+A+3).

Hence the eigenvalues of A are

Ao Lpvs, 1 VI
2 2 T

As in the Example 2.17, the eigenpairs are computed to be

1 1
1 3 14 V3 1 V11 _ 14 VT
f—iii, 2 £ | and — 1+ Yy 2 5
27 2 1 27 2 -1
1 3 1 11 -
—gEgl 3 F i

(use your calculator to check this). Complex vector solutions corresponding
to the first two eigenpairs are

and complex vector solutions for the remaining eigenpairs are obtained in a
similar way. Finally, by multiplying out the complex solutions and taking
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real and imaginary parts, we obtain four real solutions. The first two are

cos i I sin i
_t fzcos V3¢ fsin@t _t \/Tgcos ftflsm\/Tgt
e 2 f , €02 f ’
cos 3t sin 3¢
Qcosft—i ‘/_t _\/Tg ‘é_ ;smi
and the second two are
cos(at) [ sin(at)
b —1 cos(at) — asin(at) sl @ cos(at) — % sin(at)
— cos(at) ’ - sm(at) ’
1 cos(at) + asin(at) | —acos(at) + 1 sin(at)

where a = g We will show later (Example 2.26) that these four solutions
are linearly independent on R, so a general linear combination of them gives
a general solution of the mass-spring problem. Note that as ¢ — oo, the
masses must experience exponentially decreasing oscillations about their
equilibrium positions. A

If the matrix A has n linearly independent eigenvectors, then Theorem
2.14 can be used to generate a general solution of 2’ = Az (see Exercise
2.15). The following example shows that an n x n constant matrix may
have fewer than n linearly independent eigenvectors.

Example 2.19 Consider the vector differential equation ' = Ax, where

1 1
=11,
The characteristic equation for A is

N —4\+4=0,

SO A1 = Ay = 2 are the eigenvalues. Corresponding to the eigenvalue 2
there is only one linearly independent eigenvector, and so we cannot use
Theorem 2.14 to solve this differential equation. Later (see Example 2.36)
we will use Putzer’s algorithm (Theorem 2.35) to solve this differential
equation. AN

We now get some results for the linear vector differential equation (2.3).
We define the matrix differential equation

X' = A@)X, (2.9)
where
11 Ti12 . Tin
X = T21  X22 ot X2p

Tpl Tp2 Tnn
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and
! ! /
T Ty 0 Tip
! ! /
X/ .— | Y21 Tz o Top
! ! !
Tp1 Tp2 0 Tpp

are n X n matrix variables and A is a given n X n continuous matrix function
on an interval I, to be the matrix differential equation corresponding to
the vector differential equation (2.3). We say that a matrix function @ is
a solution of (2.9) on I provided ® is a continuously differentiable n x n
matrix function on I and

(1) = A(t)(1),
for t € I. The following theorem gives a relationship between the vector

differential equation (2.3) and the matrix differential equation (2.9).

Theorem 2.20 Assume A is a continuous n X n matriz function on an
interval I and assume that ® defined by

(I)(t) = [¢1(t)7¢2(t)7"' 7¢n(t)}7 tGI,

is the n X n matriz function with columns ¢1(t), d2(t), -, on(t). Then ®
is a solution of the matriz differential equation (2.9) on I iff each column
¢; is a solution of the vector differential equation (2.3) on I for 1 <i<mn.
Furthermore, if ® is a solution of the matriz differential equation (2.9),
then
z(t) = ®(t)c

is a solution of the vector differential equation (2.3) for any constant n x 1
vector c.

Proof Assume ¢1, ¢, , ¢, are solutions of (2.3) on I and define the
n x n matrix function ® by

D(t) = [@1(t), ¢2(t), -, Pn(t)], teL

Then @ is a continuously differentiable matrix function on I and

'(t) = [#1(t), (1), -, DL (t)]
= [A()o1 (1), A)P2(t), - -, A(t) P (t)]
= A1) [91(D), 2(t), -, Pn(t)]
A(t) (1),
for ¢t € I. Hence ® is a solution of the matrix differential equation (2.9)
on I. We leave it to the reader to show if ® is a solution of the matrix
differential equation (2.9) on I, then its columns are solutions of the vector
differential equation (2.3) on I.
Next assume that the n x n matrix function ® is a solution of the

matrix differential equation (2.9) on I and let

x(t) = ®(t)e, for tel,
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where c is a constant n x 1 vector. Then

() = ¥ (t)c
= A@t)P(t)c
= A@)z(1),
for ¢ € I. This proves the last statement in this theorem. O

Theorem 2.21 (Existence-Uniqueness Theorem) Assume A is a continu-
ous matrix function on an interval I. Then the IVP

X'=At)X, X(to) = Xo,

where tog € I and Xg is an n X n constant matriz, has a unique solution X
that is a solution on the whole interval I.

Proof This theorem follows from Theorem 2.3 and the fact that X is a
solution of the matrix equation (2.9) iff each of its columns is a solution of
the vector equation (2.3). O

We will use the following definition in the next theorem.

Definition 2.22 Let

ar1(t) a2(t) - ain(?)
A(t) _ a21 (t) a9 (t) agn(t)

an1(t) ana(t) -+ ann(t)
Then we define the trace of A(t) by
tI‘[A(t)] = an(t) + a22(t) + -+ ann(t).

Theorem 2.23 (Liouville’s Theorem) Assume ¢1,¢2, -+ ,¢n are n so-
lutions of the vector differential equation (2.3) on I and ® is the matriz
function with columns ¢1, ¢, -+, ¢n. Then if tg € I,

det ® () = elio TAGT D qot (1),
fortel.

Proof We will just prove this theorem in the case when n = 2. Assume
¢1, 02 are n = 2 solutions of the vector equation (2.1) on I and ®(¢) is the
matrix with columns

= 4 ] ener=[ 226 ]
Let

)

() bual)
u(t) = det () = | 1 12
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for ¢t € I. Taking derivatives we get
W) = 1) 9a(t) d11(t)  12(t) ’
$21(t)  P22(t) $51(t)  Pao(t)
ar1(t)p11(t) + ar2(t)ga1(t) a1 (t)gi2(t) + ara(t)paa(t) ‘
$21(1) P22(t)
$11(t) P12(1) ‘
a1 (t)11(t) + agz(t)pa1(t)  az1(t)p12(t) + a(t)p2a(t)

a11(t)p11 (t) a11(t)¢12(t)' b11(t) P12(t) ‘
$21(t) P22(t) ag(t)p21(t)  aza(t)poa(t)

_ P11(t)  Pr2(t) on(t) ora(t)
= ot S 9o |+ om0 00 0
- P11(t)  d12(t)
= lan®+ax®l] o o ¢22(t)‘

tr[A(t))] det B(t)
= tr[A()]u(t).

Solving the differential equation v’ = tr[A(t)]u, we get
u(t) = uto)elio TAG - for e,
or, equivalently,

det d(t) = elio AN ds ot D(ty), for tel.

O
Corollary 2.24 Assume ¢1,¢o, -+ ,On are n solutions of the vector equa-
tion (2.3) on I and ® is the matriz function with columns ¢1, a2, -+ , On.

Then either
(a) det ®(t) =0, foralltel,

or
(b) det (t) #0, foralltel.
Case (a) holds iff the solutions ¢1,da,- - , ¢ are linearly dependent on I,
while case (b) holds iff the solutions ¢1, 2, , by are linearly independent
on I.

Proof The first statement of this theorem follows immediately from Liou-
ville’s formula in Theorem 2.23. The proof of the statements concerning
linear independence and linear dependence is left as an exercise (see Exer-
cise 2.24). O

It follows from Corollary 2.24 that if ¢q, ¢a, - , ¢, are n solutions of
the vector equation (2.3) on I and @ is the matrix function with columns
O1, P2, ,¢n and tg € I, then ¢q, po,- -+ , ¢, are linearly independent on
I iff

det ®(tg) # 0, for any to € I.



2.2. THE VECTOR EQUATION 2’ = A(t)z 39

We show how to use this in the next example.

Example 2.25 Show that the vector functions ¢1, ¢o defined by
_ cos(2t) _ sin(2t)
o1(t) = —3 cos(2t) — 2sin(2t) } » $2(t) = [ 2cos(2t) — 3sin(2t) |’
for t € R are linearly independent on R.
In Example 2.17 we saw that ¢, ¢ are solutions of the vector differ-

ential equation (2.8) on R. Let @ be the matrix function with columns ¢,
and ¢, respectively. Then

1 0
de’c<I>(0)—|_3 2‘_27&0.
Hence ¢1, @2 are linearly independent on R. A

Example 2.26 Let’s show that the four real solutions computed in Exam-
ple 2.18 involving the oscillations of two masses are linearly independent
on R.

If we evaluate each solution at t = 0, then we obtain the following
determinant:

1 0 1 0
_1 3 1 v
2 2 2 2
1 0 -1 0 ’
1 3 1yl
2 2 2 2
which has value v/33, so linear independence is established. A

In the preceding examples, it was essential that the vector functions
were solutions of a vector equation of the form (2.3). In the following
example, two linearly independent vector functions on an interval I are
shown to constitute a matrix with zero determinant at a point ¢ty € I.

Example 2.27 Show that the vector functions ¢1, ¢o defined by

oy =| | o=

for t € R are linearly independent on R.
Assume cq, ¢ are constants such that

c1¢1(t) + cagpa(t) =0,

t2 t-|t 0
ol v e[ ]G]
for ¢ € R. This implies that
et + cot - |t| = 0,

for t € R. Then

for t € R. Letting t = 1 and t = —1, we get the two equations
c1+c=0

cp —cg =0,
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respectively. This implies that ¢; = ¢o = 0, which gives us that ¢, ¢o are
linearly independent on R. Notice that if ®(t) = [¢1(t), Pp2(t)], then

0 0

det ®(0) ' L

o

It must follow that
2 .
o (1) = [ | ] Balt) = [tlt']

are not solutions of a two-dimensional vector differential equation of the
form (2.3) on the interval I = R. A

Definition 2.28 An n x n matrix function ® is said to be a fundamental
matriz for the vector differential equation (2.3) provided ® is a solution of
the matrix equation (2.9) on I and det ®(¢) # 0 on I.

Theorem 2.29 An n x n matriz function ® is a fundamental matriz for
the vector differential equation (2.3) iff the columns of © are n linearly
independent solutions of (2.3) on I. If ® is a fundamental matriz for the
vector differential equation (2.3), then a general solution x of (2.3) is given
by
x(t) = P®(t)e, tel,

where ¢ is an arbritrary n x 1 constant vector. There are infinitely many
fundamental matrices for the differential equation (2.3).

Proof Assume @ is an n x n matrix function whose columns are linearly
independent solutions of (2.3) on I. Since the columns of ® are solutions of
(2.3), we have by Theorem 2.20 that ® is a solution of the matrix equation
(2.9). Since the columns of ® are linearly independent solutions of (2.9),
we have by Corollary 2.24 that det ®(¢) # 0 on I. Hence ® is a fundamental
matrix for the vector equation (2.3). We leave it to the reader to show that
if ® is a fundamental matrix for the vector differential equation (2.3), then
the columns of ® are linearly independent solutions of (2.3) on I. There
are infinitely many fundamental matrices for (2.3) since for any nonsingular
n X n matrix X the solution of the IVP

X'=A)X, X(to) = Xo,

is a fundamental matrix for (2.3) (a nonsingular matrix is a matrix whose
determinant is different than zero).
Next assume that @ is a fundamental matrix for (2.3). Then by The-
orem 2.20
x(t) = ®(t)e,
for any m x 1 constant vector ¢, is a solution of (2.3). Now let z be an
arbitrary but fixed solution of (2.3). Let ¢ty € I and define

co = (1371@0)2(150).
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Then z and ®Pcqy are solutions of (2.3) with the same vector value at t.
Hence by the uniqueness of solutions to IVPs (Theorem 2.3),

2(t) = B (t)co.

Therefore,
x(t) = ®(t)e, fortel,

where ¢ is an arbitrary n x 1 constant vector defines a general solution of

(2.3). O
Example 2.30 Find a fundamental matrix & for
-2 3
r = [ 5 3 ]x (2.10)

Verify that ® is a fundamental matrix and then write down a general
solution of this vector differential equation in terms of this fundamental
matrix.

The characteristic equation is

N —A-12=0
and so the eigenvalues are Ay = —3, A2 = 4. Corresponding eigenvectors
are
3 1
[ 1 } and { 9 } .
Hence the vector functions ¢1, ¢o defined by
o= 5] wd e =]},

for t € R are solutions of (2.10). It follows from Theorem 2.20 that the
matrix function ® defined by

B(t) = [61(0), b (t)] = [

for t € R is a matrix solution of the matrix equation corresponding to (2.9).
Since

3673t e4t
_e—3t 2€4t ’

3673t €4t
_e—St 26475

for all ¢ € R, ® is a fundamental matrix of (2.10) on R. It follows from
Theorem 2.29 that a general solution z of (2.10) is given by

#(t) = D(t)e = [ e et }c,

7673t 2€4t
for t € R, where c is an arbritrary 2 x 1 constant vector. A

det ®(t) = =Te' #£0,

Theorem 2.31 If ¢ is a fundamental matriz for (2.3), then ¥ = ®C
where C' is an arbitrary n X n nonsingular constant matriz is a general
fundamental matriz of (2.3).



42 2. LINEAR SYSTEMS

Proof Assume  is a fundamental matrix for (2.3) and set
v = oC,

where C'is an n x n constant matrix. Then W is continuously differentiable
on I and

U (t) ' (t)C

= A)2()

A(t)T(t)
Hence ¥ = ®C' is a solution of the matrix equation (2.9). Now assume that
C is also nonsingular. Since
det [T(t)] = det[®(¢)C]

= det [D(t)] det [C]

# 0
for t € I, U = ®C is a fundamental matrix of (2.9). It remains to show

any fundamental matrix is of the correct form. Assume V¥ is an arbitrary
but fixed fundamental matrix of (2.3). Let ¢ty € I and let

Co = O (o)W (to).
Then Cj is a nonsingular constant matrix and
U(tg) = P(to)Co
and so by the uniqueness theorem (Theorem 2.21)

W(t) = ®(t)Cy, forte .

C

2.3 The Matrix Exponential Function

In this section, we show how to compute a fundamental matrix for the
linear system with constant coefficients

2 = Azx.

Specifically, we will compute the special fundamental matrix whose initial
value is the identity matrix. This matrix function turns out to be an
extension of the familiar exponential function from calculus. Here is the
definition:

Definition 2.32 Let A be an n x n constant matrix. Then we define the
matrix exponential function by e“* is the solution of the IVP

X' =AX, X(0)=1I,
where [ is the n x n identity matrix.

Before we give a formula for e (see Theorem 2.35) we recall without
proof the following very important result from linear algebra. In Exercise
2.29 the reader is asked to prove Theorem 2.33 for 2 x 2 matrices.
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Theorem 2.33 (Cayley-Hamilton Theorem) FEvery n x n constant matriz
satisfies its characteristic equation.

Example 2.34 Verify the Cayley-Hamilton Theorem (Theorem 2.33) di-
rectly for the matrix

2 3
A= { 23 } |
The characteristic equation for A is
2— A\ 3 2 _
4 Y =X -3A-10=0.
Now
2 oA - 6 9] |6 9] [10 0
AT -4 101_[12 13 12 3 0 10
N 0 0
- 0 0|’
which is what we mean by A satisfies its characteristic equation. A
Theorem 2.35 (Putzer Algorithm for Finding e?) Let A, Ao, -+, A\, be

the (not necessarily distinct) eigenvalues of the matriz A. Then

n—1
e =" pri1(t) My,
k=0

where My =1,
k
My =[] (A=),
i=1
for 1 <k <n and the vector function p defined by
pa(t)
t
o= | P20
pn(t)
fort € R, is the solution of the IVP
A 0O 0 -+ 0 1
1 X 0 - 0 0
p= 0 L A o 0y p0)=| 0
0 0 1 A 0

Proof Let

n—1

O(t) =Y prp1(t)My, fort€eR,
k=0
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where pg, 1 < k <n and Mg, 0 < k < n are as in the statement of this
theorem. Then by the uniqueness theorem (Theorem 2.21) it suffices to
show that ® satisfies the IVP

X'=AX, X(0)=1I
First note that
n—1
©0) = > prer1(0)My
k=0
= D1 (0)]

1.

Hence & satisfies the correct initial condition. Note that since the vector
function p defined by

pi(t)
t
p(t) = p?,(,)
Pn(t)
is the solution of the IVP
A0 0 0 1
1 X 0 0 0
p/ — 0 1 )\3 0 D, p(o) — 0 ,
0 0 1 A, 0
we get that
pit) = Aipi(t),
pi(t) = pi—a1(t) + Xipi(t),

fort eR,2<i<n.
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Now consider, for ¢t € R,
D' (t) — AD(t)

n—1 n—1
= D P (OMi— A pria () My,
k=0 k=0

n—1 n—1
= M (O)Mo+ > Peraprs(t) + pr(t)] My = Y pryr () AM,,
k=1 k=0
n—1
= Mpi(OMo+ Y epapria () + pe(t)] M
k=1

n—1
= Prgr () [Mig1 + Ao IMy]
k=0

n—1 n—1
= > oOMg =Y prar () My
k=1 k=0

—pn(t) My
= 0,
since M,, = 0, by the Cayley-Hamilton theorem (Theorem 2.33). O
Example 2.36 Use the Putzer algorithm (Theorem 2.35) to find e* when
A= { _11 zl)) ] .
The characteristic equation for A is
AN 4N +4=0,

S0 A1 = A2 = 2 are the eigenvalues. By the Putzer algorithm (Theorem

2.35),
1

e =" prya(t) My, = p1(t) Mo + pa(t) M.
k=0
1 0
My=1I= { 0 1 ]

My=A-M\MI=A—-2]= { - ]

-1 1
for t € R is the solution of the IVP
;120 |1

Now
and

Now the vector function p given by

p(t) = { Pl

pa(t

~ —
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Hence the first component p; of p solves the IVP
p1=2p1, pi(0)=1
and so we get that
pi(t) = e*.
Next the second component po of p is a solution of the IVP
ph =€ +2ps,  p2(0) =0.
It follows that

Hence

B 1—t
= —t 1+t

It follows from Defintion 2.28 and Theorem 2.29 that a general solution of
the vector differential equation

;11
= [ 13 ]x (2.11)
is given by

x(t) = et

1—1t t
_ 2t 2t
= ce [ 4 }—i—cze [1+t]’

for t € R. Note that in Example 2.19 we pointed out that we can not solve
the vector differential equation (2.11) using Theorem 2.14. A

Example 2.37 (Complex Eigenvalues) Use the Putzer algorithm (Theo-
rem 2.35) to find e* when

1 -1
e[t 1],
The characteristic equation for A is
N4 =0,

S0 A1 = 2i, Ao = —2i are the eigenvalues. By the Putzer algorithm (Theo-
rem 2.35),
1

=Y Pt ()M, = pi(t) Mo + pa(t) M.

k=0
Now

1 0

MO_J_[O 1]
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and

M1:A—)\1]:[121 -1 ]

) —1—-2

Now the vector function p given by

p@%{pdw}

pa(t)
for ¢ € R must be a solution of the IVP
;|20 0 |1

Hence p; is the solution of the IVP

= (2i)p1, p1(0) =1,
and we get that
pi(t) = e2it.
Next ps is the solution of the IVP
Py = e* — (2i)pa, p2(0) = 0.
It follows that

D ST YR YA
plt) = pet e
1
= 3 sin(2t),
for t € R. Hence
e = pi(t)Mo + pa(t )M
1 0 1-— -1
= [0 1} — sin(2t) [ 12@]
1 0 1 1—2¢ -1
= [cos(2t) + isin(2t)] { 0 1 ] i in(2t) [ 5 ~1—9 }
B cos(2t) + 5 L sin(2t) -3 L sin(2t)
- %sin(Qt) cos(2t) — %sin(?t) ’
for t € R. A

Example 2.38 Use the Putzer algorithm (Theorem 2.35) to help you solve
the vector differential equation

2 00
=112 0|z (2.12)
10 3
Let A be the coefficient matrix in (2.12). The characteristic equation

for A is
(A—2)(A—3) =0,



48 2. LINEAR SYSTEMS

S0 A1 = Ay = 2, A3 = 3 are the eigenvalues of A. By the Putzer algorithm
(Theorem 2.35),

2
et = Zpk+1(t)Mk = p1(t) Mo + p2(t) M1 + p3(t) M.

k=0
Now
1 00
My=I=|0 1 0|,
0 0 1
0 0 0
Miy=(A-M\I)=|1 0 0|,
1 0 1
and
My = (A—=XI)(A—X\I)
[0 0 07O 0 O
= 1 00 100
10 1 ][1 01
[0 0 0]
= 0 0 0
|10 1 |
Now the vector function p given by
pa(t)
p(t) = | p2(t) |,
ps(t)
for ¢t € R solves the IVP
2 0 0 1
pP=|12 0|p p0)=]0
01 3 0

Since p; is the solution of the IVP
pr=2p1, p1(0) =1,
we get that
pi(t) = e*.
Next po is the solution of the IVP
phy =€ +2ps,  pa(0) = 0.
It follows that
pa(t) = te?t.
Finally, ps is the solution of the IVP

phy = te? +3p3,  p3(0) = 0.
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Solving this IVP, we obtain
pa(t) = —te? — e 4 &3t

Hence

e?t 0 0
= te?t et 0
QB _ g2t o Bt

z(t) = efle
e2t 0 0
= te?t et 0 e
B2t (g Bt
et 0 0
= ¢ tet +e | e | +e3| 0O |,
o3t _ o2t 0 3t
for t € R. A

In the following theorem we give some properties of the matrix expo-
nential.

Theorem 2.39 Assume A and B are n X n constant matrices. Then
(i) LeAt = Aet,  fort €R,
(i) det [eA] # 0, fort € R and e*' is a fundamental matriz for
27),

(iii) eAteAs = eAt+s)  fort, s € R,

(iv) {eA}~t =e4t fort € R and, in particular,
{eA}—l _ G_A,

(v) if AB = BA, then e B = Be”t, for t € R and, in particular,

e B = Be?,

(vi) if AB = BA, then eteBt = (A8t fort € R and, in particular,

cAgB _ J(AFB)

(vii) eAt = T+ Ad + A2L 4. ARE 4. fort € R,

ceeN . . . —1 _
(viil) if P is a nonsingular matriz, then e?’BF"" = peBp=1,



50 2. LINEAR SYSTEMS

Proof The result (i) follows immediately from the definition of e,

Since e4? is the identity matrix at t = 0 and det(I) = 1 # 0, we get
from Corollary 2.24 that det(et) # 0, for all + € R and so (ii) holds.

We now prove that (iii) holds. Fix s € R, let ¢ be a real variable and

let
D(t) := eAteAs — pAltts)

Then
() = Aettets — AeAtHs)
- A [eAteAs _ eA(t-&-s)}
= A®(t),
for t € R. So ® is a solution of the matrix equation X’ = AX. Also,
®(0) = e?* — e = 0, so by the uniqueness theorem, Theorem 2.21,

®(t) =0 for t € R. Hence
eAteAs — eA(t+s)’

for ¢ € R. Since s € R is arbitrary, (iii) holds.
To show that (iv) holds, we get by using (iii)

pAte—At At A(—t)
eA(t+(—t))
= 1,

for t € R. This implies that
{eAt}—l — e—At

for t € R. Letting t = 1, we get that
{eA}—l _ e—A’
and so (iv) holds.
The proof of (v) is similar to the proof of (iii) and is left as an exercise

(see Exercise 2.39).
To prove (vi), assume AB = BA and let

B(t) := eAteBt — o(ATB)t.
Then using the product rule and using (iv),
B'(t) = AeAteBt 1 AtBeBt _ (A4 B)eA+B)t
—  AeAteBt | BeAteBt _ (A 4 B)e(A+BIt
= (A4 B) |eMePt — e(AJrB)t}
= (A+B)%(1),

for t € R. Also, ®(0) = I — I =0, so by the uniqueness theorem, Theorem
2.21, ®(t) = 0 for t € R. Hence

o(A+B)t _ eAteBt,
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for t € R. Letting t = 1, we get that

o(A+B) _ A B

and hence (vi) holds.
We now prove (vii). It can be shown that the infinite series of matrices

t 512 Lt
T+ A=+ A -+ + A=+
1! 2! n!

converges for t € R and that this infinite series of matrices can be differen-
tiated term by term. Let

t2 n

— t 2

for t € R. Then

3t2

t
/ 2

= A|Il At AQt2
= + ﬁ+ 54_

= Ad(t),
for t € R. Since ®(0) = I, we have by the uniqueness theorem, Theorem
2.21, ®(t) = e, for t € R. Hence
t t?
At _ r 27

for t € R and so (vii) holds.
Finally, (viii) follows from (vii). O

Theorem 2.40 (Variation of Constants Formula) Assume that A is an
n X n continuous matriz function on an interval I, b is a continuous n x 1
vector function on I, and ® is a fundamental matriz for (2.3). Then the
solution of the IVP

=AMtz +0bt), =x(to) = o,

where ty € I and xo € R", is given by

2(t) = DO (to)ao + (1) / "B (s)b(s) ds,

to

fortel.

Proof The uniqueness of the solution of the given IVP follows from The-
orem 2.3. Let ® be a fundamental matrix for (2.3) and set

2(t) = DD (to)z0 —|—<I>(t)/ ®1(s)b(s) ds,

to
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for t € I. Then

2(t) = ) (to)ro + (1) / t<I>_1(s)b(s) ds + ()DL ()b(1)

to

—  AW)D(E)D " (to)zo + A(t)D(t) / tqu(s)b(s) ds + b(t)

= AQt) |D(6)D (to)xo + () / t(Ifl(s)b(s) ds} +b(t)

= A()z(t) + b(t), )
for t € I. Also,
x(to) = (I)(to)q)il(to).%‘o
= Xo-

O

Corollary 2.41 Assume A is an n X n constant matriz and b is a con-
tinuous n X 1 vector function on an interval I. Then the solution x of the

1vpP
= Az +0b(t), x(to) = o,

where ty € I,xo € R™ is given by (the reader should compare this to the
variation of constants formula in Theorem 1.6)

t
x(t) = et g 4 / eA=9)p(s) ds,

to
fortel.

Proof Letting ®(t) = e in the general variation of constants formula in
Theorem 2.40, we get, using the fact that {e4*} 1 = e=4¢,

o) = <I>(t)<I>_1(t0)x0+<I>(t)/t<1>_1(s)b(s) ds

to

t
eAte_Atoxo—i—eAt/ e—Asb(S) ds

to

t
= eA(t*tO)x0+/ eA(t*S)b(s) ds,

to

fortel. O

In the next theorem we see under a strong assumption (2.13) we can
find a fundamental matrix for the nonautonomous case =’ = A(t)x.

Theorem 2.42 Assume A(t) is a continuous n X n matriz function on an
interval I. If

A(DA(s) = A(s)A(t) (2.13)
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for allt,s € I, then
O(t) = elio AL) ds

(defined by it’s power series (2.14)) is a fundamental matriz for ' = A(t)x
on I.

Proof Let

k

B(t) = elo 4G ds . i % { /t t A(s)ds] . (2.14)

k=0

We leave it to the reader to show that the infinite series of matrices in
(2.14) converges uniformly on each closed subinterval of I. Differentiating

term by term and using the fact that (2.13) implies that A(t) ftto A(s) ds =
¢
J,, A(s) ds A(t) we get

v = A0 gy [ Ao

k=1
_ A(t)’g%[ /t:A(s)dsr
_ Ao

Since
det (tg) = det I =1 #0,

we have that ®(t) is a fundamental matrix for the vector differential equa-
tion a’ = A(t). O

Note that condition (2.13) holds when either A(¢) is a diagonal matrix
or A(t) = A, a constant matrix.

Example 2.43 Use the variation of constants formula to solve the IVP

e[ 3] 2] 0- (1]

Since
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From the variation of constants formula given in Corollary 2.41,

1—1t t 2
z(t) = th[ ¢ 1+t][1]
i 2s
. 1—t+s t—s e
2(t—s)
+ /Oe {—t—l—s 1+t—s]{2623}d8

[ 2 —92t+t P 1—t4s+2t—2s
_ 2t 2t
- _—%+1+t]+e‘A[—¢+s+2+%—25}®

(2t T 14t—s
_ 2t 2t
- ¢ _1—t]+e A [2+t—s]@

(2 ¢ t+ £

7 1—t]+e2t +%_2
i 2t+ 5
r 2

ot 2+ %

= e 5 ,
1+t+ L

for t € R. A

Example 2.44 Use the variation of constants formula to solve the IVP

1 2 0 2tet 2
=101 2 ]xz+| 0 |, z(0) 1
0 0 1 0 0
Let
1 2 0
A=10 1 2
0 0 1

We will find e4? by an alternate method. Note that

At = ((BHON
where
1 0 0 0 2 0
B=|(010]|,C=|00 2
0 0 1 0 0 O
Since BC = CB,
pAt . o(B+O)t _ Bt Ct

It follows from Exercise 2.41 that

et 0 0
eBl=10 e 0
0 0 ¢t



Also,

Ct

Hence
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el el ot
+ EJF a‘i’ iﬂL
1 0 0 0 2 0 0 0 4 2
01 0| +1]0 0 21t+]0 0 O B
|0 0 1 00 0 00 0
(1 2t 2t2
0 1 2t
L0 0 1
eAt _ Bt _Ct
[ et 0 0 1 2t 2t2
= 0 e 0 0 1 2t
0 0 ¢ ][0 0 1
[ et 2tet 2t2¢!
= 0 et Qte
_O

From the variation of constants formula given in Corollary 2.41

et 2tet 2t%e! 2
z(t) = 0 e 2t 1
0 0 et 0
t [ et 2(t—s)et™ 2(t — s)%el~
+/ 0 el=s 2(t — s)et™
0 0 0 el=s
[ 2¢t + 2tet ]| [ 2s
= et + et/ 0 |ds
i 0 i 0 0
[ 2¢t + 2tet ]| t2et
= et + 0
i 0 | 0
[ 2¢t + 2tet + 2t
= et s
| 0
for t € R.

Example 2.45
VP

S

S

2se’

0 ds
0

55

A

Use Theorem 2.40 and Theorem 2.42 to help you solve the

=+ O

ool

| w0

|

1
-2

|
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on the interval I = (0, 00). By Theorem 2.42,

190
f1t|: 2 :| ds
o(t) = efiA®as — L0 2

is a fundamental matrix for

x’{ 0
7

Using the variation of constants formula in Theorem 2.40 we get the solu-
tion z(t) of the given IVP is given by

O e+
N

—_
8

xz(t) = (ID(t)(I)*l(l)onr(I)(t)/l O (s5)b(s)ds

[t N t3— 1t
—2t* t?Int

1.3 1

2P+t ]

| —2t* +t*Int

A
Definition 2.46 Let R™ denote the set of all n x 1 constant vectors. Then
a norm on R™ is a function | - || : R” — R having the following properties:

(i) ||z|| > 0, for all z € R",
(ii) ||z]| =0iff z =0,
(iii) |lex|l = || - [|z|| for all ¢ € R, z € R™,
(iv) (triangle inequality) ||z +y|| < [[z| + [|y|| for all z,y € R™.
Example 2.47 Three important examples of norms on R™ are
(i) the Fuclidean norm (lz norm) defined by

lollz = /o2 + 23+ + a2,
(ii) the maximum norm (lo norm) defined by

lz|loo := max{|x;| : 1 < i< n},
(iii) the traffic norm (I3 norm) defined by

[l i= Jaa] + [za] + - - + [anl.
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We leave it to the reader to check that these examples are actually norms.
A

A sequence {z*}2° | in R™ is said to converge with respect to a norm
| - || on R™ if there is a g € R™ such that

lim ||z* — 20| = 0.
k—o0

It can be shown that a sequence in R™ converges with respect to one norm
on R™ iff it converges with respect to any norm on R” (think about this
for the three norms just listed). Unless otherwise stated we will let || - ||
represent any norm on R”.

Definition 2.48 Let ¢(t,70) = e**zy denote the solution of the IVP
¥ = Az, z(0) = xo.

(i) We say that the trivial solution of (2.7) is stable on [0, c0) pro-
vided given any e > 0 there is a 6 > 0 such that if ||yo| < 9,
then

16t yo)ll <,

fort > 0.

(ii) We say that the trivial solution of (2.7) is unstable on [0, c0)
provided it is not stable on [0, 00).

(iii) We say that the trivial solution of (2.7) is globally asymptotically
stable on [0, 00) provided it is stable on [0, 00) and for any yo €
R™,

t—oo

The next theorem shows how the eigenvalues of A determine the sta-
bility of the trivial solution of 2’ = Ax.

Theorem 2.49 (Stability Theorem) Assume A is an nxn constant matriz.

(i) If A has an eigenvalue with positive real part, then the trivial
solution is unstable on [0, 00).

(i1) If all the eigenvalues of A with zero real parts are simple (mul-
tiplicity one) and all other eigenvalues of A have negative real
parts, then the trivial solution is stable on [0, 00).

(iil) If all the eigenvalues of A have negative real parts, then the trivial
solution of ' = Ax is globally asymptotically stable on [0, c0).

Proof We will prove only part (iii) of this theorem. The proof of part ()
is Exercise 2.46. A proof of part (i7) can be based on the Putzer algorithm
(Theorem 2.35) and is similar to the proof of part (i) of this theorem.
We now prove part (7i7) of this theorem. By part (i7) the trivial solution
is stable on [0, 00), so it remains to show that every solution approaches the
zero vector as t — oo. Let A1, -+, A, be the eigenvalues of A, and choose
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0 > 0 so that R(A\;) < =0 < 0 for k = 1,2,---,n. Let 29 € R™, then by
Putzer’s algorithm (Theorem 2.35)

n—1

$(t, w0) = e*wg = prya (t) Myo.
k=0

Since py solves the IVP

p1=XAip1, pi(0) =1,
we get

pr(8)] = [N < e,
for all t > 0. Next, po satisfies

Py = Aep2 +p1, p2(0) =0,
so by the variation of constants formula (Theorem 1.6 or Corollary 2.41),

t
pa(t) :/ er2(t=s)ehis (g,
0
Since e < e7% and [e*2(=9)| < e79(=%) for t > s,
t
Ip2(t)] < / e 09708 g5 = te 0t
0

We can continue in this way (by induction) to show
tk*l

)] < ————e%
)] < g™
for k = 1,2,--- ,n. It follows that each pg(t) — 0, as t — oo, and conse-
quently that
n—1
o(t,z0) = Zpk+1(t)Mk$o — 0,
k=0
as t — o0. O

Example 2.50 In the example involving the vibration of two coupled

masses (see Example 2.18), we showed that the eigenvalues were A\ = f% +
@z’ and A = f% + gz Since all four eigenvalues have negative real parts,
the origin is globally asymptotically stable. A

Example 2.51 Determine the stability of the trivial solution of

, [0 -1
=11 5 |
on [0, 00).

The characteristic equation is
M +1=0,
and hence the eigenvalues are A\ = i, Ao = —i. Since both eigenvalues have

zero real parts and both eigenvalues are simple, the trivial solution is stable
on [0, 00). A
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Example 2.52 Determine the stability of the trivial solution of

-2 1 0
=1 -1 -2 0 |z,
0 0 1

on [0, 00).
The characteristic equation is

N +4X+5)(A=1)=0

and hence the eigenvalues are A\ = —2 414, Ay = —2 — 1, and A\3 = 1. Since
the eigenvalue A3 has a positive real part, the trivial solution is unstable
on [0, 00). A

2.4 Induced Matrix Norm

Definition 2.53 Assume that || - || is a norm on R™. Let M,, denote the
set of all n X n real matrices. We define the matrix norm on M,, induced
by the vector norm by
[A] := sup [Az].
llzll=1

Note that we use the same notation for the vector norm and the cor-
responding matrix norm, since from context it should be clear which norm
we mean. To see that ||A|| is well defined, assume there is a sequence of
points {x} in R™ with ||| = 1 such that

lim ||Azg| = cc.
k—o00
Since ||zx|| = 1, k = 1,2,3,---, there is a convergent subsequence {z; }.
Let
To = lim @y, .
Jj—00
But then
lim || Az, || = [[Azol|,
j—oo

which gives us a contradiction. Using a similar argument (see Exercise
2.51), it is easy to prove that

[A]| := max ||Az||.

llzll=1

This induced matrix norm is a norm on M, (see Exercise 2.50).

Theorem 2.54 The matriz norm induced by the vector norm || -|| is given
by
A
1A] = max 1421
a£0 ||

In particular,
[Az| < [l A[l - [[=]],
for all x € R™.
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Proof This result follows from the following statement. If x # 0, then

| Az]] < )
= [|A = ||Ay
T2 | T2 = 1lAyll,

where y = ﬁ is a unit vector. O

Theorem 2.55 The matriz norm induced by the traffic norm (I1 norm) is
given by

| Allx = maX Z |ai;]-

Proof Let || - |1 be the traffic norm on R", let A € M, x € R", and
consider

| Az||1

Il
=

D1 AngTj

n n
= D ayagl 44D ana)|
i=1 i=1

n

< ZMIJH%‘JF +Z|am”$y|
j=1
n

= ZlaquﬁI+~~+Z\am\|$n\
i1 i

<

lgljafn Z |aij] Z |5
= wax Z jaglll.
It follows that
n
A1 < max Y agl.
1<j<n =

We next prove the reverse inequality. To see this, pick jg, 1 < jo < n,
so that

n
Z |aijo| = 11232(” Z |ai;]-
i=1
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Let e, be the unit vector in R” in the jo direction. Then

[Allh = max [[Az];

[lz]=1
> [|Aejo I
1o

= ]k
njo

n

= ) laijl
=1

n

= max Z |aij]-
1=1

It follows that

n

Ay = max Y al.
1<%n £

The proof of the next theorem is Exercise 2.53.
Theorem 2.56 The matriz norm induced by the mazimum vector norm

is given by

1<i<n

n
[Alloo = max Y ail.
j=1

One could also prove the following result.

Theorem 2.57 The matriz norm induced by the Euclidean vector norm is

given by
[All2 = /Ao,

where Ao is the largest eigenvaue of AT A.
Note that if I is the identity matrix, then

II|| = max ||Iz| = max |z| = 1.
llzll=1 llzll=1
This fact will be used frequently throughout the remainder of this section.
We now define the Lozinski measure of a matrix A and we will see that
this measure can sometimes be used in determining the global asymptotic
stability of the vector equation 2’ = Ax.

Definition 2.58 Assume ||-|| is a matrix norm on M,, induced by a vector
norm | - || on R™. Then we define the Lozinski measure p : M,, — R by
I+h4| -1
w(A) = lim M

- h—0+ h
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The limit in the preceding definition exists by Exercise 2.49.
The Lozinski measure is not a norm, but satisfies the properties given
in the following theorem.

Theorem 2.59 (Properties of p) The function p satisfies the following
properties:
(i) u(ad) =au(A), for A€ My, a >0,
(i) |u(A)] < [|A] for A € My,
(iil) w(A+ B) < u(A) + u(B) for A,B € M,
(iv) IM( ) = uw(B)| < ||A = B|| for A, B € M,,
(v) Re(A\) < p(A) for all eigenvalues X of A.

Proof Since

I -1
p(04) = u(0) = 1t LEAOIZ1

h—0+ h = 0= [lofl

part (i) is true for a = 0. Now assume that o > 0 and consider

- . Il + haAl —1
nlad) = hli%l+ h
1T+ kA|| -1
= lim -k
k—0+ o
T+ kA -1
= o lim ————
k—0+ k
= au(4)

and hence (i) is true. Part (ii) follows from the inequalities

(I + A = D < ]| + Rl A = 1= [ A
and the definition of u(A). To see that (iii) is true, consider
|11+ h(A+B)|| -1

wA+B) = lim -
T+ EA+B)| -1
= lim -
k—0+ 3
B |21 + k(A + B)|| — 2
=0+ k
- I+ EA| + [T+ kB —2
- k—0+ k
I+ kA -1 [ I+kB| -1
= lim ———— + lim —M ——
E—0-+ k k—0+ k
(A u(B).

To prove (iv), note that
W) = WA-B+B)
WA~ B)+ u(B).

IN



2.4. INDUCED MATRIX NORM 63

Hence
mw(A) —pu(B) < [[A—B].
Interchanging A and B, we have that
w(B) —u(A) < ||B— Al =[[A-B.
Altogether we get the desired result
[u(A) = p(B)| < [|A - Bl.

Finally, to prove (v), let A9 be an eigenvalue of A. Let z¢ be a corresponding
eigenvector with [|zo|| = 1. Consider

IR =1 (0 Azl — 1
h—0+ h h—0+ h
Y |1+ Aol - [lzoll — 1
= lim
h—0+ h
. 14+ h| -1
= hm —
h—0+ h
. lim ‘1+h)\0|71|1+h)\0|+1
C h—0+ h |14 hAo| +1
14 hXo|? — 1

W20t AL+ ho| + 1]
(14 hX)(1 +hXg) — 1
= lim
h—0+  h[|1 4 hAo| 4 1]
oy Qo t o)k 4 E2AoAg
h—0+  h[|14 hXo| +1]

Xt o
B 2
= Re()\o)
On the other hand,
b LT Bz =1 BAY - o]~ 1
h—0+ h h—0+ h
. I T+hAl -1
= lm ———
h—0+ h
= p(A).
So we have that (v) holds. O

Corollary 2.60 If u(A) < 0, then the trivial solution of the vector equation
' = Ax is globally asymptotically stable.

Proof This follows from part (v) of Theorem 2.59 and Theorem 2.49. O

Theorem 2.61 The following hold:
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(i) if p1 corresponds to the traffic vector norm, then, for A € M,

pi(A) = max aj+ Y laylp;

1<j<n
i=1,i#j

(i) if poo corresponds to the mazximum vector norm, then

n
Moo(A):lfg%Xn ai+ Y lagl s
=1

(iil) 4f pe corresponds to the Euclidean norm, then

p2(A) = max{\: X is an eigenvalue of $(A + AT)}.

Proof We will prove part (i) here. The proof of part (ii) is Exercise 2.59
and the proof of part (iii) is nontrivial, but is left to the reader. Using
Theorem 2.55

. [ I+ hA| -1
A = lim ———
i 4) hmo h
~ lim max Z?:l,i;éj |hai;| + |1+ hajj| — 1
h—0+ 1<j<n h
_ h YT iy lai| + hay;
= max lim ’
1<j<n h—0+ h

n
= jpax §aj; + > lail

i=1,ij
O
Example 2.62 The trivial solution of the vector equation
-33 3 3 -4
o 1 -2 1 1.3 - (2.15)

-12 4 -5 2
—1 8 5 =2

is globally asymptotically stable because
/,Ll(A) =—-.1<0,
where A is the coefficient matrix in (2.15). Note that poo(A) =1.3>0. A

2.5 Floquet Theory

Differential equations involving periodic functions play an important
role in many applications. Let’s consider the linear system

' = A(t)x,
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where the n X n matrix function A is a continuous, periodic function with
smallest positive period w. Such systems are called Floquet systems and the
study of Floquet systems is called Floquet theory. A natural question is
whether a Floquet system has a periodic solution with period w. Although
this is not neccessarily the case, it is possible to characterize all the solutions
of such systems and to give conditions under which a periodic solution does
exist. Fortunately, the periodic system turns out to be closely related to a
linear system with constant coefficients, so the properties of these systems
obtained in earlier sections can be applied. In particular, we can easily
answer questions about the stability of periodic systems.

First we need some preliminary results about matrices.

Theorem 2.63 (Jordan Canonical Form) If A is an n xn constant matriz,
then there is a nonsingular n x n constant matriz P so that A = PJP~!,
where J is a block diagonal matriz of the form

J 0 e 0
P U |
: .00
0 --- 0 Ty

where either J; is the 1 x 1 matriz J; = [\;] or

A1 0 0 7
0o X 1

Ji: )
0 - 0 0 A

1 <i <k, and the \;’s are the eigenvalues of A.

Proof We will only prove this theorem for 2 x 2 matrices A. For a proof
of the general result, see Horn and Johnson [24]. There are two cases:
Case 1: A has two linearly independent eigenvectors x* and x2.

In this case we have eigenpairs A1, 2! and A2, 22 of A, where A\; and )y
might be the same. Let P be the matrix with columns z! and x2, that is,
P =[z' 27

Then
AP = Alz' 2?)
= [Az! Az?Y
= [zt Moz?
PJ,
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a0
J{O &]

A=PpPJP™ !,

where P is of the correct form.
Case 2: Assume A has only one linearly independent eigenvector z'.
Let v be a vector that is independent of 2'. By the Cayley-Hamilton
Theorem (Theorem 2.33),

(A — )\1])(14 - )\1])’0 = 0,

where

Hence

S0
(A—M\T)w=cx,
for some ¢ # 0. Define 22 = v/c, so that

(A= X\1a? =zt

Set
P = [z! 2?]
Then
AP = Alz! 2?)
= [Az' Az?
= [Alxl Mz + xl]
= PJ,
where
A1
7= [ 0 A }
Hence
A=PJjp 1,

where P is of the correct form.
O

Theorem 2.64 (Log of a Matrix) If C' is an nxn nonsingular matriz, then
there is a matriz B such that

eB=c.

Proof We will just prove this theorem for 2 x 2 matrices. Let uq,us be
the eigenvalues of C. Since C' is nonsingular p1, pe # 0. First we prove the
result for two special cases.

Case 1. Assume
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In this case we seek a diagonal matrix
by O
B =
{ 0 by ] ’
so that e® = C. That is, we want to choose b; and by so that

B et 0 ur 0
e = b = .
0 e’? 0 12

Hence we can just take

| Inpn 0
B{ 0 lnu2]'

1
c=|M"M .
{0 ul]

In this case we seek a matrix B of the form

| a1 a2
sl )]

so that e® = C. That is, we want to choose a; and as so that
OB — e’ aqge?t _ | m 1
0 e™ 0w |-

Hence we can just take

Case 2. Assume

Inp, L
B = = .
{ 0 In pq

Case 3. C'is an arbritary 2 x 2 nonsingular constant matrix. By
the Jordan canonical form theorem (Theorem 2.63) there is a nonsingular
matrix P such that C = PJP~!, where

M1 0 1251 1
J = or J= .
[ 0 pe } { 0 m ]
By the previous two cases there is a matrix By so that

eBr = 1.

Let
B:=PB P}

then, using part (viii) in Theorem 2.39,

-1
eB =Bl = pebipl = C.

Example 2.65 Find a log of the matrix

=[21]
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The characteristic equation for C' is
M —6A+5=0

and so the eigenvalues are Ay = 1, Ay = 5. The Jordan canonical form (see
Theorem 2.63) of C'is
1 0
J- [ LY ] |
Eigenpairs of C' are
1 1
1, [_1}, and 5, {3}

From the proof of Theorem 2.64, if we let
1 1
[0 1)

PB P!
is a log of C' provided Bj is a log of J. Note that by the proof of Theorem

2.64,
0 0
By = [ 0 In5 ]

is a log of J. Hence a log of C' is given by
B = PBP!

s ][ ]|

_ [éln5 i31n5 }
Zln5 Zh’l5

then

Il
IS

e |
PN
| I

A

Before we state and prove Floquet’s theorem (Theorem 2.67) we give
a motivating example.

Example 2.66 Consider the scalar differential equation
z' = (sin’t) x.
A general solution of this differential equation is
o(t) = cest—Tsn(2t)

Note that even though the coefficient function in our differential equation
is periodic with minimum period 7, the only period 7 solution of our differ-
ential equation is the trivial solution. But note that all nontrivial solutions
are of the form

() = p(t)e™,
where p(t) = ce™ 1 5in(2) =% 0, for all ¢t € R, is a continuously differentiable
function on R that is periodic with period 7 (which is the minimum positive
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period of the coefficient function in our differential equation) and b = 3 is
a constant (1 x 1 matrix). A

Floquet’s theorem shows that any fundamental matrix for the Floquet
system o’ = A(t)z can be written in a form like shown in Example 2.66.

Theorem 2.67 (Floquet’s Theorem) If ® is a fundamental matriz for the
Floquet system x' = A(t)x, where the matriz function A is continuous on
R and has minimum positive period w, then the matriz function VU defined
by ¥(t) = ®(t+w), t € R is also a fundamental matriz. Furthermore
there is a nonsingular, continuously differentiable n X n matriz function P
which is periodic with period w and an n X n constant matriz B (possibly
complex) so that

for allt € R.

Proof Assume @ is a fundamental matrix for the Floquet system 2z’ =
A(t)z. Define the matrix function ¥ by

U(t) = d(t +w),
for t € R. Then
') = '(t+w)
= Alt+w)®(t+w)
= A@)¥(t).

Since det W(t) # 0 for all ¢ € R, ¥ is a fundamental matrix of 2/ =
A(t)z. Hence the first statement of the theorem holds.

Since ® and ¥ are fundamental matrices for ' = A(t)x, Theorem 2.31
implies that there is a nonsingular constant matrix C' so that

O(t+w)=2(t)C, forteR.
By Theorem 2.64 there is a matrix B such that
ePv =C.
Then define the matrix function P by
P(t) = ®(t)e B,

for t € R. Obviously, P is a continuously differentiable, nonsingular matrix
function on R. To see that P is periodic with period w consider

Pt+w) = ®(t+w)e BB

i

(t)Ce—Bwe—Bt
(t)e—Bt
(

).

o
vy

Finally note that
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for all t € R. O
Definition 2.68 Let ® be a fundamental matrix for the Floquet system
a’ = A(t)z. Then the eigenvalues u of
C:=o10)®(w)
are called the Floquet multipliers of the Floquet system z’ = A(t)x.
Fundamental matrices for 2/ = A(t)z are not unique, so we wonder if
Floquet multipliers are well defined in Definition 2.68. To see that Floquet

multipliers are well defined, let ® and ¥ be fundamental matrices for the
Floquet system o’ = A(t)z and let

C:=d10)®(w)

and let

D= v 10)¥(w).
We want to show that C' and D have the same eigenvalues. Since ® and ¥
are fundamental matrices of ' = A(t)x, Theorem 2.31 yields a nonsingular
constant matrix M such that

for all t € R. It follows that
D

I

=
|

S

©

iy

£

S

Therefore, C' and D are similar matrices (see Exercise 2.14) and hence have
the same eigenvalues. Hence Floquet multipliers are well defined.

Example 2.69 Find the Floquet multipliers for the scalar differential
equation
z' = (sin®t) z.

In Example 2.66 we saw that a nontrivial solution of this differential

equation is
o(t) = e3t—1sin(2t)
Hence
c= ¢ (0)p(m) =e*

and so 1 = e? is the Floquet multiplier for this differential equation. A
Example 2.70 Find the Floquet multipliers for the Floquet system
, 1 1
€T = 0 (cos t+sint) x.
(2+sint—cost)
Solving this equation first for zo and then x1, we get that
xo(t) = B(2 4 sint — cost),
x1(t) = ae’ — B(2 + sint),
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for t € R. It follows that a fundamental matrix for our Floquet system is

—2 —sint et
o(t) = { 2+sint —cost 0 ]

Since
C=ot0)b@n) = | - °
0 e |’
the Floquet multipliers are p; = 1 and pg = €. A

Theorem 2.71 Let ®(t) = P(t)eB? be as in Floquet’s theorem (Theorem
2.67). Then x is a solution of the Floquet system ' = A(t)x iff the vector
function y defined by y(t) = P~(t)z(t), t € R is a solution of y' = By.

Proof Assume z is a solution of the Floquet system 2’ = A(t)z. Then
x(t) = O(t)xo,
for some n x 1 constant vector xg. Let y(t) = P~1(t)z(t). Then
y(t) = P H)2(H)xo
= P Yt)P(t)ePlxg
= ePlag,
which is a solution of
y = By.
Conversely, assume ¥ is a solution of 3’ = By and set
a(t) = P(t)y(t).

Since y is a solution of y’ = By, there is an n x 1 constant vector yg such
that

y(t) = e 'yo.
It follows that
x(t) = Pty
= P(t)e"yo
= ®(t)yo,
which is a solution of the Floquet system o' = A(¢)x. O
Theorem 2.72 Let iy, pa, - -+, itn be the Floquet multipliers of the Floquet

system ' = A(t)x. Then the trivial solution is

(i) globally asymptotically stable on [0,00) iff || < 1, 1< i < n;

(i) stable on [0, 00) provided |p;] < 1,1 < i < n and whenever ;| = 1,
Wi is a simple eigenvalue;

(i) unstable on [0,00) provided there is an ig, 1 < ig < n, such that
‘:U‘i0| > 1
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Proof We will just prove this theorem for the two-dimensional case. Let
®(t) = P(t)eP* and C be as in Floquet’s theorem. Recall that in the proof
of Floquet’s theorem, B was picked so that

eBv = C.

By the Jordan canonical form theorem (Theorem 2.63) there are matrices
M and J so that

B=MJM™?,

_ |, O _ |1
J[O pz]’ or J[O ,01]’

where p1, p2 are the eigenvalues of B. It follows that
C = B

= €

where either

I
-
;

where either

efrv errv  wef1v
K[O e”z“’}’ or K{O O ]

Since the eigenvalues of K are the same (see Exercise 2.14) as the eigen-
values of C, we get that the Floquet multipliers are

Hi = epiw,
1 =1,2, where it is possible that p; = p2. Since

\pi| = eRe(pi)w,

we have that

il <1 iff Re(p;) <0
wil =1 iff Re(p;) =0
|pil > 1 iff  Re(p;) > 0.
By Theorem 2.71 the equation
z(t) = P(t)y(t)

gives a one-to-one correspondence between solutions of the Floquet system
a2’ = A(t)x and y' = By. Note that there is a constant Q1 > 0 so that

l=@I = 1P@Oy@ < [POIy@O] < Qilly(@®I],
for t € R and since y(t) = P~1(t)x(t) there is a constant Q2 > 0 such that

ly@ = 1P~ Ozl < [P @)lll=(®)]] < Q2ll2(®)]],
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for ¢t € R. The conclusions of this theorem then follow from Theorem 2.49.
O

Theorem 2.73 The number py is a Floquet multiplier of the Floquet sys-
tem «’ = A(t)x iff there is a nontrivial solution x such that

2t +w) = pox(t),

for all t € R. Consequently, the Floquet system has a nontrivial periodic
solution of period w if and only if po =1 is a Floquet multiplier.

Proof First assume pq is a Floquet multiplier of the Floquet system z’ =
A(t)x. Then pg is an eigenvalue of

C = o 1(0)D(w),

where ® is a fundamental matrix of 2’ = A(t)z. Let x¢ be an eigenvector
corresponding to po and define the vector function x by

x(t) = P(t)xo, teR.

Then z is a nontrivial solution of 2’ = A(t)x and
r(t+w) = P(t+w)xg
= P(t)Cxo
= D(t)uoxo
= pox(t),

for all t € R.
Conversely, assume there is a nontrivial solution = such that

2t +w) = poa(t),

for all £ € R. Let ¥ be a fundamental matrix of our Floquet system, then
x(t) = U (t)yo,

for all t € R for some nontrivial vector yo. By Floquet’s theorem the matrix

function ¥(- + w) is also a fundamental matrix. Hence x(t + w) = pox(t),
50 U(t + w)yo = po¥(t)yo and therefore

V(t)Dyo = ¥(t)poyo,
where D := U~10)¥(w). It follows that
Dyo = poyo,
and so pg is an eigenvalue of D and hence is a Floquet multiplier of our
Floquet system. O
Theorem 2.74 Assume pq, fio, -+ - , o are the Floquet multipliers of the
Floquet system ' = A(t)x. Then

Lo - oy = ef(;u tr[A(t)] dt.
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Proof Let ® be the solution of the matrix IVP
X'=A)X, X(0)=1I.
Then @ is a fundamental matrix for 2’ = A(t)z and
C:=310)P(w) = d(w).
Then we get that

pipz - pp = detC
= detP(w)
eJo ALt get $(0)
= eJo trlA®)] dt,

where we have used Liouville’s theorem (Theorem 2.23), which is the de-
sired result.
O

Example 2.75 (Hill’s Equation) Consider the scalar differential equation
(Hill’s equation)
y' +alt)y =0,

where we assume that ¢ is a continuous periodic function on R with mini-
mum positive period w. G. W. Hill [21] considered equations of this form
when he studied planetary motion. There are many applications of Hill’s
equation in mechanics, astronomy, and electrical engineering. For a more
thorough study of Hill’s equation than is given here, see [35]. Writing Hill’s
equation as a system in the standard way, we get the Floquet system

s={ gy o ]®

By the Floquet multipliers of Hill’'s equation we mean the Floquet multi-
pliers of the preceding Floquet system. It follows from Theorem 2.74 that
the Floquet multipliers of Hill’s equation satisfy

pape = 1.
A

Example 2.76 (Mathieu’s Equation) A special case of Hill’s equation is
Mathieu’s equation,

y" + (a+ Beost)y =0,
where o and (§ are real parameters. We will assume that 5 % 0. Note that
the Floquet multipliers of Mathieu’s equation depend on « and (3. From
Theorem 2.74 the Floquet multipliers of Mathieu’s equation satisfy

/,61(05,5)/,&2(0(,5) =1
Let
7(a7ﬁ) = Nl(avﬂ) + ,uQ(avﬂ)'
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Then the Floquet multipliers of Mathieu’s equation satisfy the quadratic
equation

1* —(e, B +1=0.

v VP

2

In particular,

Hi2 =

There are five cases to consider:
Case 1: v > 2.
In this case the Floquet multipliers satisfy

O<,u2<1<,u1.

It then follows from Theorem 2.72 that the trivial solution of Mathieu’s
equation is unstable on [0,00) in this case. Using Exercise 2.70, we can
show in this case that there is a general solution of Mathieu’s equation of
the form

y(t) = cre” pi(t) + cae” 7' pa(t),

where ¢ > 0 and p;, i = 1, 2, are continuously differentiable functions on R
which are periodic with period 27.

Case 2: v = 2.

In this case

pr = p2 = 1.

It follows, using Exercise 2.70, that there is a nontrivial solution of period
27. Tt has been proved in [35] that there is a second linearly independent
solution that is unbounded. In particular, the trivial solution is unstable
on [0, 00).

Case 3: =2 <y < 2.

In this case the Floquet multipliers are not real and ps = 7; In this
case, using Exercise 2.70, there is a general solution of the form

y(t) = c1"'p1(t) + cae pa(t),

where ¢ > 0 and the p;, i = 1,2 are continuously differentiable functions
on R that are periodic with period 2x. In this case it then follows from
Theorem 2.72 that the trivial solution is stable on [0, c0).

Case 4: v = —2.

In this case

p1 = p2 = —L

It follows from Exercise 2.67 that there is a nontrivial solution that is
periodic with period 4. It has been shown in [35] that there is a second
linearly independent solution that is unbounded. In particular, the trivial
solution is unstable on [0, 00).

Case 5: v < —2.

In this case the Floquet multipliers satisfy

te < —1 < pup <0.
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In this case it follows from Theorem 2.72 that the trivial solution is unstable
on [0, 00). A

A very interesting fact concerning Mathieu’s equation is that if 3 > 0 is
fixed, then there are infinitely many intervals of « values, where the trivial
solution of Mathieu’s equation is alternately stable and unstable on [0, c0)
(see [35]).

2.6 Exercises

2.1 Show that the characteristic equation for the constant coefficient scalar
differential equation y” 4+ ay’ 4+ by = 0 is the same as the characteristic
equation for the companion matrix of this differential equation.

2.2 Let A be the set of all continuous scalar functions on an interval I and
define M : A — A by

t
Ma(t) :/ x(s) ds,
a
for t € I, where a is a fixed point in I. Prove that M is a linear operator.

2.3 Determine in each case if the constant vectors are linearly dependent
or linearly independent. Prove your answer.

(i)

—4 1 2
= 4 |, Ya=| -1 |, 3= -2
i 1 ] i -2 ] i 1 |
(ii)
2 7 [ —1 ] 1 ]
=1 1 |, to=1| 3 |, v3=| -2
i -1 | | 2 | | 1 ]
(i)
2 7 [ —1 ] 1 ]
1 2 13
,1/11 - _1 k) wQ - 1 k) wS - 2
i -2 i | 1 | | —1 ]

2.4 Determine if the scalar functions ¢1, ¢o defined by ¢1(t) = In(¢),
$2(t) = In(¢?) for t € (0, 00) are linearly dependent or linearly independent
on (0, 00). Prove your answer.

2.5 Determine if the given functions are linearly dependent or linearly
independent on the given interval I. Prove your answers.

(i) x1(t) = 4sint, x2(t) = 7sin(—t), =R
t) = 2sin(2t), x2(t) = —3cos(2t), x3(t) =8, T
t) =%t zo(t) =e 2, I=R
t) = e, a2o(t) =34, IT=R

R

.Tl(
.131(
.’Kl(
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(v) x1(t) = sint, x5(t) = cost, x3(t) =sin(t+ %), I=R

2.6 Prove that if x1, 22, -,z are k functions defined on I and if one of
them is identically zero on I, then x1,xs, -+ ,x are linearly dependent on
1.

2.7 Prove that two functions x, y defined on I are linearly dependent on
1 iff one of them is a constant times the other.

2.8 Determine if the scalar functions ¢1, s, @3 defined by ¢1(t) = 3,
$2(t) = 3sin®t, ¢3(t) = 4cos®t for t € R are linearly dependent or lin-
early independent on R. Prove your answer.

2.9 Determine if the scalar functions ¢1, ¢ defined by ¢;(t) = 2 + 1,
Ba(t) = 2t2+3t—7 for t € R are linearly independent or linearly dependent
on R. Verify your answer.

2.10 Determine if the scalar functions ¢1, @2, @3, ¢4 defined by ¢1(t) =
sin®t, ¢o(t) = cos?t, ¢3(t) = tan’t, ¢u(t) = sec’t for t € (=%, %) are

linearly dependent or linearly independent on (—%, 5 ). Prove your answer.

2.11 Find four two dimensional vector functions that are linearly indepen-
dent on R and prove that they are linearly independent on R.

2.12 Find two scalar functions that are linearly independent on R, but
linearly dependent on (0, cc). Prove your answer.

2.13 Find the inverse of each of the following matrices:

(i)A{—i _46}

2 =2 2
Gi) B=|0 1 0
4 0 3

2.14 Two n xn matrices A, B are said to be similar if there is a nonsingular
n x n matrix M such that A = M —!BM. Prove that similar matrices have
the same eigenvalues.

2.15 Show that if an n x n matrix has eigenvalues A1, Ao, -+, A\, (not
necessarily distinct) with linearly independent eigenvectors

L1,L2 ,Tn,
respectively, then a general solution of 2’/ = Az is x(t) = cie Mtz + -+ +

cneMte,.

2.16 Show that if a square matrix has all zeros either above or below the
main diagonal, then the numbers down the diagonal are the eigenvalues of
the matrix.

2.17 If )\ is an eigenvalue of A, find an eigenvalue of
(i) AT (the transpose of A)
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(ii) A™, where n is a positive integer

(iii) A~!, provided det(A) # 0
Be sure to verify your answers.

2.18 Show that any n+ 1 solutions of (2.3) on (¢, d) are linearly dependent
on (¢, d).

2.19 Show that the characteristic equation for any 2 x 2 constant matrix
Ais

A — tr[A]\ + det(A4) =0,
where tr[A] is defined in Definition 2.22. Use this result to find the char-
acteristic equation for each of the following matrices:

wa=|2 5]
i) A= | ﬂ
2
0

1
3
(iii) A:é }

2.20 Using Theorem 2.14, solve the following differential equations:

N, 21

(1)xf_34x

o, 2 2

(i) a’' = 5 1|
(3 2 4

(i) 2/=1{2 0 2 |x
4 2 3

2.21 Solve the IVP
, 13 [ -2
x{g 1]x, $(O)|:1]Z

2.22 Work each of the following:

-1 -6
1 4
(ii) Use your answer in (i) to find two linearly independent solutions

(prove that they are linearly independent) of 2’ + Az on R.
(iii) Use your answer in (ii) to find a fundamental matrix for 2’ = Az.
(iv) Use your answer in (iii) and Theorem 2.31 to find e“*.

(i) Find eigenpairs for the matrix A = x

2.23 (Complex Eigenvalues) Using Theorem 2.14, solve the following dif-
ferential equations:

Q) 3:’:[09 3]1‘
(i) x':{ll Hx
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1 21
(i) 2’=1] -2 1 0 |=x
0 0 3
2.24 Prove the last statement in Corollary 2.24.

2.25 Using Theorem 2.14, solve the following differential equations:

L, 25
(1)x—_724 x
1 1
N
(i) o' = 1 1]x
3 0 4
i) 2’=|0 2 0 |z
0 0 -3

2.26 Use Theorem 2.14 to find a fundamental matrix for

H\
I
oo w

0
)
1

ol = O
8

2.27 Show that the matrix function ® defined by
2t
for ¢t € (0,00) is a fundamental matrix for the vector differential equation

, [ 0 1}
r = 6 4 xZ.
Tt

12

2.28 Show that the matrix function ® defined by

w=| 3.

e

for t € R is a fundamental matrix for the vector differential equation

;1 =2t
T = ot 1 x.

Find the solution satisfying the initial condition

w(O):{ll].

2.29 Verify the Cayley-Hamilton Theorem (Theorem 2.33) directly for the
general 2 X 2 matrix
a b
A= [ o } |
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2.30 Verify the Cayley-Hamilton Theorem (Theorem 2.33) directly for the
matrix

1 0 2
A=12 1 -1
1 -1 2

2.31 Use the Putzer algorithm (Theorem 2.35) to find e for each of the
following:

. 2 1
O 4}
. 10 4
(i) A= 9 _2}
2 —2 2
i) A= 0 1 1
| -4 8 3
(4 0 0
(iviA=]0 5 1
|0 1 5

2.32 (Multiple Eigenvalue) Use the Putzer algorithm (Theorem 2.35) to
find e given that
A= { } |

2.33 (Complex Eigenvalues) Use the Putzer algorithm (Theorem 2.35) to
find e“* for each of the following:

-5
-2

2
-1

wa=| L 2]
(ii)A::23 ;’]
(iii)A:_Ol ;]

2.34 Use the Putzer algorithm (Theorem 2.35) to help you solve each of
the following differential equations:

(i)x':_i ”x
(ii)x’:_Ql i]x
(iii) x’:__l _46}33

1

11
(iv)a'=]|0 1

0 1

T

= o O

2.35 Solve each of the following differential equations:
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-4 3
N
(1)x—_723 z
S VR
(11)xf_2 5|7
[ 2 -2 2
i) /=] 0 1 1|z
-4 8 3

2.36 Work each of the following:

(i) Solve the differential equations for the vibrating system in Exam-
ple 2.2 in case there is no friction: m; = mo = ky = ko = k3 =1
and ¢ = 0.
(ii) Decide whether the trivial solution is stable in this case, and
discuss the implications of your answer for the vibrating system.
(iii) Find the solution that satisfies the initial conditions «(0) = 1,
u'(0) = v(0) =2'(0) = 0. Also, sketch a graph of the solution.

2.37 Work each of the following:

(i) Solve the differential equations for the vibrating system in Exam-
ple 2.2 for the parameter values m; = mo = k1 = ko = k3 = 1,
¢ = 2. (Note: The eigenvalues are not distinct in this case.)

(ii) Show that the trivial solution is globally asymptotically stable.

2.38 Find 2 x 2 matrices A and B such that
eAeB £ eATB,

2.39 Show that if A and B are n X n constant matrices and AB = BA,
then

e B = Be?t,
for ¢ € R. Also, show that e B = Be?.

2.40 Use the Putzer algorithm (Theorem 2.35) to find

{ 0 1 ]t

-1 0

e .

Repeat the same problem using Theorem 2.39 part (vii). Use your an-

swer and Theorem 2.39 part (#i7) to prove the addition formulas for the
trigonometric sine and cosine functions:

sin(t +s) = sin(t) cos(s) + sin(s) cos(t)
cos(t+s) = cos(t)cos(s) — sin(t)sin(s).
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2.41 Show that

A 00 0
0 X 0 0
0 0 X 0 [ e 00 0 ]
.0 0 e 0 0
Looo 0 Al _ 0 0 o .
: . . . 0
L0 0 - 0 eM

2.42 Use the variation of constants formula to solve each of the following
IVPs:

. 1 0] [ 1 1

(i) 2’ = g 9 |TT 2}, x(O){l}

3 (2 0] [ 2t 1

(i) 2’ = 0 3 T+ o3t ] , x(0) = [ 9 ]

(2 1] [ e2t -1

(111) .Z‘/ = 0 2 T+ teZt :| ) .T(O) = 1
00 0] t 1

(iv)a'=10 2 1 |z+| 0], =0)=]1
0 0 2 0 1

2.43 Use the variation of constants formula to solve each of the following
IVP’s i

~ 5 | 0 1 0 10

(i) o' = 10 1T , 2(0) = 1

o, | =20 1 !
(i) 2’ = 0 4 e+ | =t | z(0) = 9
2.44 Use Theorem 2.40 and Theorem 2.42 to help you solve the IVP

(18]l o [2]

2.45 Let € > 0. Graph {z € R? : ||z| < €} when

(i) || - |l2 is the Euclidean norm (I3 norm
(i1) || - [Joo is the maximum norm (I, norm)
(iii) || - [J1 is the traffic norm ({1 norm)

2.46 Prove: If A has an eigenvalue with positive real part, then there is a
solution z of 2’ = Ax so that ||x(t)|| — oo as t — oo.

2.47 Determine the stability of the trivial solution for each of the following;:
-1 3
N
(i) o' = [ 9 _9 } x

(i) o' = { 2% }x
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0 2 1
(i) /= -2 0 -1 |=
| 0 0 -1
2.48 Determine the stability of the trivial solution for each of the following:
N o, -1 —6]
(i) 2’ = o0 4 | x
., [0 -9
(i) a’' = 40
F o T
s
(iil) o' = 9 _3|*%

2.49 Show that the limit in Definition 2.58 exists by showing, for 0 < 6 <
1,h >0, that ||[I + 0hA| < 0|/ + hA|| + (1 — 0), which implies that

II +6hA| —1 - | I +hA| -1
6h - h
and by showing that % is bounded below by —||AJ|.

2.50 Show that a matrix norm induced by a vector norm on R” is a norm
on M,,.

2.51 Show that the matrix norm on M,, induced by the vector norm || - ||
is given by

[A]l = max [[Az].

llzfl=1
2.52 Show that if A, B € M, then ||[AB]| < || Al - || B].
2.53 Prove Theorem 2.56.
2.54 Find the matrix norm of the matrix
I
corresponding to the maximum norm || - ||, the traffic norm || - ||1, and the
Euclidean norm || - ||2, respectively. Also, find pieo(A), p1(A4), po(A).

2.55 Find the matrix norm of the matrix

-2 -1 1
A= -1 -3 2
0 -1 -5
corresponding the maximum norm || - ||« and the traffic norm | - |1, re-

spectively. Also, find o0 (A) and py(A).
2.56 Determine if the trivial solution of the vector equation

22 3 1 -4
, 15 -3 -1 .3
xr = xr

-12 8 -3 .7
-1 3 3 -1

is globally asymptotically stable or not.
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2.57 Determine if the trivial solution of the vector equation

-2 17 1 1
N 1.8 —4 1 1
0 1 -2 5
4 1 5 =2

is globally asymptotically stable or not.
2.58 Work each of the following:

(i) Find the matrix norm of

-6 2 =3
A=|(25 -7 4
-2 1 =8

(ii) Find the matrix norm of A corresponding to the traffic norm
I

(iii) Find the Lozinski measure 1 (A).

(iv) What can you say about the stability of the trivial solution of
' = Ax?

2.59 Prove part (ii) of Theorem 2.61.

2.60 Find a log of each of the following matrices:

oa-[3 0]
(ii)B::(Q) 01:
(iii)C::41 f
vy D=1 ° }

2.61 Find the Floquet multipliers for each of the following scalar equations:
(i) ' = (2sin(3t)) =
(i) 2’ = (cos?t) @
(i) 2’ = (=1 +sin(4t)) x

2.62 Assume the scalar function a is continuous on R and a(t4w) = a(t) for
t € R, where w > 0. Prove directly by solving the scalar differential equation
2’ = a(t)z that every nontrivial solution is of the form z(t) = p(t)e" for
t € R, where p(t) # 0 for ¢ € R is a continuously differentiable function on
R that is periodic with period w and r is the average value of a(t) on [0, w],
ie. =2 [ a(t) dt]. Show that u = e™ is the Floquet multiplier for
a2’ = a(t)x. In particular, show that all solutions of ' = a(t)x are periodic
with period w iff [ a(t) dt = 0.

2.63 Find the Floquet multipliers for each of the following Floquet systems:
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[ 3 0

N

(l)wi_O sin? ¢ }x

.. —1 + cost 0

r_

(11)x—_ cost 1]&:
I I | 0
(m)x__sint -1 ]*
(iv) , [ =3+2sint 0

iv xf_ 0 |

2.64 Determine the stability of the trivial solution for each of the differ-
ential equations in Exercise 2.61 by looking at the Floquet multipliers that
you found in Exercise 2.61.

2.65 Find the Floquet multipliers for each of the following Floquet systems
and by looking at the Floquet multipliers determine the stability of the
trivial solution on [0, c0):

N [ —3+2sint 0
(i) o' = _ 0 1 ]a:
o, [ cos@mt)+1 0
(i) =" = cos(2mt) 1
O 0
@) 2= 1 Gn@n —2 ]“T

2.66 Show that
e!(cost —sint) e t(cost + sint)
() = e'(cost +sint) e (—cost + sint)
is a fundamental matrix for the Floquet system
/ —sin(2t)  cos(2t) — 1
x = . x

cos(2t) + 1 sin(2t)
Find the Floquet multipliers for this Floquet system. What do the Floquet
multipliers tell you about the stability of the trivial solution?

2.67 Show that if 4 = —1 is a Floquet multiplier for the Floquet system
a’ = A(t)z, then there is a nontrivial periodic solution with period 2w.

2.68 Without finding the Floquet multipliers, find the product of the Flo-
quet multipliers of the Floquet system

;o sin’ ¢ .
T | cos?t sint
2.69 Show that
x(t) { —62 cost ]
ez sint

is a solution of the Floquet system

p 1+ (2)cos?t 1—(%)costsmt
—1—(3)sint cost —1+ (2)sin’t
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Using just the preceding solution, find a Floquet multiplier for the proced-
ing system. Without solving the system, find the other Floquet multiplier.
What can you say about the stability of the trivial solution? Show that for
all ¢ the coefficient matrix in the proceding Floquet system has eigenvalues
with negative real parts. This example is due to Markus and Yamabe [36].

2.70 (Floquet Exponents) Show that if g is a Floquet multiplier for the
Floquet system 2/ = A(t)z, then there is a number py (called a Floquet
exponent) such that there is a nontrivial solution zy(¢) of the Floquet
system x’ = A(t)x of the form

xo(t) = e”lpo(t),
where pg is a continuously differentiable function on R that is periodic with
period w.



Chapter 3

Autonomous Systems

3.1 Introduction

In Example 1.13, we discussed the logistic model of population growth:

N
N =rN(1-=).

Now suppose there is a population P of predators that prey on the organ-
isms in the population N. If we assume that interactions between predators
and prey decrease the prey population and increase the predator population
at rates proportional to the product of the populations, then a reasonable
model might be

N
N = rN <1E> —aNP,

P’ = bNP-—cP,

where a, b, ¢, K, and r are positive parameters. Note that we have assumed
that in the absence of prey, the predator population satisfies P’ = —cP and
so dies out.

The predator-prey equations constitute an autonomous system, that
is, a collection of equations that do not explicitly contain the independent
variable. More generally, autonomous systems have the form

xll = fl(:EI?'TZ?”‘ 7$n)7
xl2 - f2($17$27"' ,$n),
x'/n, - fn(xlylév’” 7xn)~

An equivalent vector equation is obtained by choosing

T f1
T2 )
T = ) f = . )
so that we have
' = f(x). (3.1)
W.G. Kelley and A.C. Peterson, The Theory of Differential Equations: 87
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The following theorem gives conditions under which initial value problems
for (3.1) have unique solutions (see Chapter 8 for a proof).

Theorem 3.1 (Existence-Uniqueness Theorem) Assume f: R™ — R"™ s
continuous. Then for each ty € R and xzg € R™, the initial value problem
(IVP)
o’ = f(x), a(to) = wo,

has a solution x. Furthermore, x has a mazimal interval of existence (a,w),
where —oo0 < a <ty < w < oo. If @ > —o0, then limy_qot [|2(t)]] = oo,
and if w < 00, then limy_,,_ ||x(t)|| = co. If, in addition, f has continuous
first-order partial derivatives with respect to x1,xs, -+ , T, on R™, then the
above IVP has a unique solution.

We shall assume throughout this chapter that the conditions of this
theorem are satisfied. As in Chapter 2, we will use the notation ¢(t,x) to
represent the unique solution of (3.1) that has the value x at ¢ = 0. The
last part of the theorem assures us that solutions either exist for all ¢ or go
off to infinity (in norm) in finite time. The assumption that f is defined for
all x is not essential, but the conclusions are somewhat more complicated
if this condition is not satisfied. See Chapter 8 for the more general case.

The following theorem states that solutions change continuously with
respect to their starting point. A more general result is proved in Chapter
8.

Theorem 3.2 For each t in its maximal interval of existence, ¢(t,x) is
continuous as a function of x.

Theorem 3.4 contains the distinguishing characteristics of an autono-
mous system. First, we need a definition.

Definition 3.3 If = is a solution of (3.1) on its maximal interval of exis-
tence (o, w), then {z(t) : o <t < w} C R™ is called an orbit or trajectory
of (3.1).

Theorem 3.4 The following hold:

(i) Assume x(t) satisfies (3.1) on an interval (c,d). Then for any
constant h, x(t — h) satisfies (3.1) on the interval (¢ + h,d+ h).

(i) If two orbits of (3.1) have a common point, then the orbits are
identical.

Proof Assume z is a solution of (3.1) on (¢, d) and let

u(t) :=x(t — h)
for t € (¢+ h,d+ h). Then
u'(t) = 2'(t—h)
)
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for t € (¢+ h,d + h), and part (i) is established.

Now assume that x and y are solutions of (3.1) whose orbits have a
common point, that is, 2(t1) = y(t2) for some numbers ¢; and t3. By part
(i), the function w defined by w(t) := y(t — t1 + t2) is a solution of (3.1).
Since w(t1) = x(t1), we have by Theorem 3.1 that w(t) = x(¢) for all ¢ in
the maximal interval of existence, so y(t —t1 +t2) = x(t) for all such ¢, and
the orbits for x and y must be identical. O

Note that the orbits of (3.1) partition R™, that is, each point of R™ lies
on exactly one orbit of (3.1).

Example 3.5 Since for each positive constant «, x(t) = acost, y(t) =
—asint is a solution of the planar system

¥ = v, (3.2)
y = -, (3.3)

the circles 22 + y? = a2, a > 0, are orbits for this system. The only other
orbit for the system is the origin. Figure 1 shows several orbits of (3.2),
(3.3) (the arrows in Figure 1 will be explained later). A

Definition 3.6 We say that x¢ is an equilibrium point of (3.1) provided

An equilibrium point zg is a one-point orbit since x(t) = xg is a con-
stant solution of (3.1).

Example 3.7 Find the equilibrium points for the predator-prey model:
N = rN(1-N/K)—aNP,
P’ = bNP —cP.

First, set P’ = P(bN — ¢) = 0. There are two possibilities: P = 0 or
N =¢/b. If P =0, then setting the first equation equal to 0 yields

rN(1 — N/K) =0,

so N =0or N = K. In the other case, subsitute N = ¢/b into the first
equation and set the equation equal to zero:

5050 -5

r c
PoT (o).
a bK
Consequently, the predator-prey model has three equilibrium points:

(0,0), (K,0), and (gg(l—é))

Note that if ¢ = bK, the second and third equilibrium points are the
same. A

SO
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3.2 Phase Plane Diagrams

In this section, we will concentrate on the important special case of
two-dimensional autonomous systems:

¥ = f(:v,y), (34)
y = g(x,y). (3.5

(We assume throughout that f : R? — R and g : R? — R are continuous
along with their first-order derivatives.) Graphing several representative
orbits of (3.4), (3.5) and assigning an appropriate direction is what we
call the phase plane diagram of (3.4), (3.5). If x,y is a solution of (3.4),
(3.5), then we can think of (z(t),y(t)) as the position of an object in the
xy-plane at time ¢, of 2/(t) = f(x(t),y(t)) as the velocity of the object in
the a-direction at time ¢, and of y'(¢) = g(x(t),y(t)) as the velocity of the
object in the y-direction at time ¢.

Example 3.8 Draw the phase plane diagram for the system (3.2), (3.3).
From Example 3.5 we know that the circles 22 + 3% = o?, o € R are

orbits for this system. Note that if an object is at a point on a circle in the

upper half plane, then its velocity in the z direction by equation (3.2) is

2 (t) =y(t) > 0.

Hence the phase plane diagram is given in Figure 1. A

<

dhmmi
.

FicURE 1. Phase plane diagram for 2/ =y, v = —x.
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A possible way to find the phase plane diagram for the planar system
(3.4), (3.5) is to assume x, y is a solution of (3.4), (3.5). Then for those
values of ¢ such that f(z(t),y(t)) # 0, we have

dy ) _ G0 _ g0, 5(0)
dz @)y flat),y®)
Hence to find the orbits we want to solve the differential equation
dy _ g(x,y)
do — f(z,y)
In particular, we get the orbits of (3.2), (3.3) by solving

dy _glz,y) -z

dz — f(zy) y
Solving this equation by the method of separation of variables, we once
again get the circles
2?42 = a?
Example 3.9 Draw the phase plane diagram for the differential equation
o =z — 3.

When we say the phase plane diagram for this scalar differential equa-
tion we mean, unless otherwise stated, the phase plane diagram for this
scalar equation written as a system in the standard way. (There are many
different ways that we can write this scalar equation as an equivalent sys-
tem.) Namely, assume z is a solution and define y by y(¢t) = 2/(¢). Then
(z,y) solves the system

/
r =Y,
y = x—2

To find the orbits we want to solve the differential equation
dy _g(z,y) z—2a’

dz  f(z,y) y
Solving this differential equation by the method of separating variables, we
get the orbits

4

2 2 T
=a+z°— —.
Y + 5

A phase plane diagram that contains some of these curves is given in Figure
2. Note that if an object is in the upper half-plane, then

a'(t) = y(t) > 0,
so the velocity of the object in the z-direction at a point in the upper half-
plane is positive, and we can add the arrows in the phase plane diagram.
Also, the orbits that cross the z-axis are orthogonal to the z-axis (why
is this?). The equilibrium points are (—1,0), (0,0), and (1,0). There are
two orbits that tend to the equilibrium point (0,0) as ¢ — do00. These are
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known as homoclinic orbits. Use Theorem 3.1 to convince yourself that any
solution of (3.4), (3.5) corresponding to a homoclinic orbit has maximal
interval of existence (—oo,00). The curve with equation y? = 2?2 — %4 is
called the separatriz because because it separates two distinct types of

orbits from each other.

FIGURE 2. Phase plane diagram for 2’/ = x — 3.

FIGURE 3. The simple pendulum.

Example 3.10 (The Pendulum Problem) A weight with mass m is sus-
pended at the end of a rod of length L. Let # be measured in the positive
sense as indicated in Figure 3. Since the rod is rigid the mass travels along
the arc of a circle with radius L. Ignoring air resistance and the mass of
the rod, we get by applying Newton’s second law (F' = ma) in the direction
tangential to the circle that

mL0"(t) = —mgsin6(t),
where g is the acceleration due to gravity. Simplifying, we have

0" (t) + %sin 6(t) = 0.
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Now assume that 6 is a solution of this last equation, and set

- F)

Then zx is a solution of what we will call the pendulum equation
2 +sinz = 0. (3.6)

Note that the phase plane diagram for the pendulum equation (3.6) is
now easier to draw since there are no parameters. Also, if we considered the
pendulum problem on say the moon, then the acceleration due to gravity
g would be different but the pendulum equation (3.6) would be the same.
Writing equation (3.6) in the standard way as an equivalent system, we
have

¥ =y, (3.7)

" = —sinz. 3.8

To find the orbits we want to solve the differential equation

dy g(x,y) —sinx

dr f(z,y) y
Again by the method of separating variables, we find that the orbits are
the curves

y? =2cosz + a. (3.9)

The phase diagam for the pendulum equation is given in Figure 4. Note
that

y? =2cosx + 2

is the equation of the separatrix of (3.7), (3.8). Study the phase plane
diagram and explain physically what is going on for each of the various
types of orbits graphed in Figure 4. One such orbit is the orbit in the upper
half-plane that goes from the equilibrium point (—,0) to the equilibrium
point (7, 0). This type of an orbit is called a heteroclinic orbit. Use Theorem
3.1 to convince yourself that any solution of (3.4), (3.5) corresponding to
a heteroclinic orbit has maximal interval of existence (—oo, c0). A

The last three examples are special cases of Hamiltonian systems. More
generally, any two-dimensional system of the form

,  oh

X = a—y,
,  oh

Yy = oz

where h : R? — R and its first-order partial derivatives are continuous
is called a Hamiltonian system. For example, in the pendulum problem
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<

FIGURE 4. Phase plane diagram for the pendulum equation.

h(z,y) = y?/2 — cosx. We call such a function h a Hamiltonian function
for the system (3.7), (3.8). Since

h((t) y(0)

% z(t), y(t)x' (t) + g—Z(x(t),y(t))y’(t)

S 0.UO) 5 (#(0.5(0) ~ G0,y 5 (#(0).5(0)

= 0)

—~
—~

h is constant on solution curves. Hence orbits are of the type h(x,y) = C.
In mechanics, Hamiltonian systems often model problems in which energy
is conserved, and such a function A represents the total energy of the me-
chanical system. Note that a necessary condition for the system (3.4), (3.5)
to be a Hamiltonian system is that

of _ 9y

or Oy’

Example 3.11 Find all Hamiltonian functions (energy functions) for the
system

g = flz,y) = 3y* —22%,

/

y = glay) =32%y" -2z
To find all Hamiltonian functions for this system, consider

oh

_ 92 5.3
ay(%,y)lf(aﬂ,y)li%y 22°y.

It follows that
h(z,y) =y* — 2°y® + k(z).
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Then using
oh

7, &) = —9(@y)

we get that

—322y? + K/ (z) = 2z — 329>
It follows that

K (x) =2z
and hence
k(z) = 22 + «

and finally

h(z,y) =y — 23y* + 2° + «
are the Hamiltonian functions.

The system in the next example is not a Hamiltonian system.

Example 3.12 Consider again the predator-prey model
N' = rN(1-N/K)—aNP,
P’ = bNP —cP.

In this case, we cannot compute equations for the orbits using separa-
tion of variables. However, we can get an idea of the nature of the orbits
by considering the nullclines, that is, the curves on which one of the com-
ponents of velocity is zero. The velocity (or direction) vectors are given

by
N/
Ea

so we get a vertical direction vector if
N = rN(1-N/K)—-aNP
= N[r(1-N/K)—aP]=0.

The lines N =0 and (1 — N/K) — aP = 0 are the N nullclines. Similarly,
we get the P nullclines, on which the direction vectors are horizontal, by
setting P' = 0: P =0and N = ¢/b. Figure 5 shows the N and P nullclines
and small line segments indicating vertical or horizontal directions for the
case that K > ¢/b. Note that equilibrium points occur wherever an N
nullcline intersects a P nullcline.

We get the actual directions (up or down, left or right) by taking
the signs of the components of the direction vectors into account. For
example, on the N nullcline, 7(1 — N/K) — aP = 0, the direction will be
upward if the second component is positive: P’ = P(bN — ¢) > 0, that
is, if P > 0and N > ¢/borif P < 0 and N < ¢/b. See Figure 6 for
the direction of motion on all nullclines. Of course, the first quadrant is
the only relevant quadrant for predator-prey interactions. From Figure
6, we see that the direction of motion of the orbits in this quadrant is
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P N:E
| o b
. .
a |
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c/b K

FIGURE 5. Nullclines for the predator-prey model.

counterclockwise about an equilibrium point. We will determine later in
this chapter that these orbits actually spiral in toward the equilibrium as
t — oo. For more practice with the important concept of nullclines, see

Exercises 3.13, 3.14, and 3.15. A
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FIGURE 6. Direction vectors for the predator-prey model.

3.3 Phase Plane Diagrams for Linear Systems

In this section we study phase plane diagrams for the linear planar
system

¥ = ar+by (3.10)

vy = cx+dy, (3.11)

where we assume that the coefficient matrix

e
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is nonsingular, that is,
det(A) # 0.

In this case (0, 0) is the only equilibrium point for (3.10), (3.11) and zero is
not an eigenvalue of A. We will see that the phase plane diagrams depend
on the eigenvalues A1, Ay of the matrix A. The discussion will be divided
into several cases.

Case 1: A1 > Ay > 0 (unstable node). Draw the phase plane diagram
for the system

3 1
' = 4o 12
x 5%+ Y, (3.12)

1 3

! f— — —
y = Tty (3.13)

The characteristic equation is
A —3)+2=0,

SO Ay =2 > Ay =1 > 0, which is the case we are considering. Eigenpairs

are
1 1
2,[1} and 1,{1].

From these eigenpairs we get from Theorem 2.14 that

]-[3) (58]

are solutions of the vector equation corresponding to (3.12), (3.13). A
general solution of the vector equation corresponding to (3.12), (3.13) is

20 ] = [} ] e[ 4]

[ | o[ 1]

for ¢; > 0 give the orbit in Figure 7 that is the open ray emanating from
the origin with polar angle 7, while the solutions

i | =ee 1]

for ¢; < 0 give the orbit in Figure 7 that is the open ray emanating from
the origin with polar angle f%ﬂ. Similarly, the solutions

0] =e [ 4]

for co > 0 give the orbit in Figure 7 that is the open ray emanating from
the origin with polar angle —7. Finally, the solutions

[ ][4

The solutions
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for ¢o < 0 give the orbit in Figure 7 that is the open ray emanating from
the origin with polar angle ‘%. Next assume ¢ # 0, ¢o # 0 and note that

2] - ae[4] oo 4]
RTINS
- ae[1]

for large negative ¢t. So in backward time (as ¢ — —o0) these solutions

approach the origin in the direction of the eigenvector [ 1 ] ,if e > 0,
} , if co < 0. Also note that

and in the direction of the vector — [ jl

x(t) _ 2t_1_ t 1
[y(t)} = (e _1_+cze 1
1 _ 1
= e{al 1] e[ 4])
1T
~ Clezt Ll

for large t. With this in mind one can draw the other orbits for the planar
system (3.12), (3.13) in Figure 7. In this case we say the origin is an unstable
node. For an unstable node there are essentially two ways to approach the
origin in backward time. Two orbits approach the origin in backward time
in the direction of the eigenvector corresponding to the smaller eigenvalue
Ao, and all other nontrivial orbits approach the origin in backwards time
in the direction of the eigenvector corresponding to the larger eigenvalue
A1

Case 2: A\1 < Ay < 0 (stable node). Draw the phase plane diagram for
the system

3 1
"= ——p— = .14
v ] (3.14)
1 3
/
= ——z— =Y. 1
y 57~ 3¥ (3.15)
The characteristic equation is
AN 4+32+2=0,

so the eigenvalues are A\ = —2, Ay = —1. Note that \; < A2 < 0, which
is the stable node case. Let z, y be a solution of the system (3.12), (3.13)
and set
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Y

FIGURE 7. Unstable node.

then

and

Hence we have shown that if x, y is a solution of the system (3.12), (3.13),
then the pair of functions defined by z(—t), y(—t) is a solution of (3.14),
(3.15). This implies that to get the phase plane diagram for (3.14), (3.15)
all we have to do is reverse the arrows in the phase plane diagram for (3.12),
(3.13). See Figure 8.

Case 3: A\ = Xy # 0 (degenerate node).

Subcase 1: Two linearly independent eigenvectors corresponding to
A= Ao
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Y

x
F1cURrE 8. Stable node.
Draw the phase plane diagram for the system
¥ = 3, (3.16)
y = 3. (3.17)

The eigenvalues in this case are A\ = Ay = 3. It is easy to check that there
are two linearly independent eigenvectors corresponding to A = 3. To get
the phase plane diagram, consider the differential equation

dy 3y _y
der 3z x
Solving this differential equation, we get that
y = Qax

are the integral curves. Using 2/ = 3z > 0 if x > 0 and 2/ = 3z < 0 if
x < 0, we get the phase plane diagram in Figure 9. Note that the origin is
unstable in this case.

For the system

¥ = =3z, (3.18)
y = =3y, (3.19)
the eigenvalues are A\ = Ay = —3. Again there are two linearly independent
eigenvectors corresponding to A = —3. It can be shown that the phase plane

diagram for the system (3.18), (3.19) is the phase plane diagram in Figure
9 with the arrows reversed.
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Y

FIGURE 9. Degenerate node.

Subcase 2: Only one linearly independent eigenvector corresponding to
A= Ao
Draw the phase plane diagram for the system

¥ = —2a, (3.20)
y = x-—2y. (3.21)
In this case the eigenvalues are Ay = Ay = —2 and there is only one linearly
independent eigenvector. An eigenvector corresponding to A = —2 is the

0 } . It follows that

1
z(t) | _ | 0
[ y(t) } -
are solutions. Then the positive y-axis and the negative y-axis are orbits,
and the arrows associated with these orbits point toward the origin (see
Figure 10). A general solution of 2’ = —2x is defined by z(t) = ae™?,

t € R. Substituting this in the differential equation ¢’ = x — 2y, we get the
differential equation

vector [

Yy +2y = ae 2,

A general solution y of this last equation is given by

y(t) = ate™? + ge 2", teR.
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It follows that the functions x,y defined by
z(t) = e, y(t) = ate™* + pe

for ¢ € R is a general solution to the system (3.20), (3.21). Note that all
solutions approach the origin as t — co. Since when « # 0

.yt . ate™ 4 Be2
lim =~~~ = lm ————
t—o00 x(t) t—o00 ae—2t

. oat+pf
= lim
t—o0 07
pr— OO,

respectively, nontrivial solutions approach the origin tangent to the y-axis.

Also, using the fact that y = %w is a y nullcline on which the flow is
horizontal, we get the phase plane diagram in Figure 10.

F1GURE 10. Another degenerate node.

For the system

¥ = 2, (3.22)
= —x+2, (3.23)

the eigenvalues are A\ = A\ = 2 and there is only one linearly independent
eigenvector. Hence we again are in this subcase 2. The phase plane diagram
for (3.22), (3.23) is obtained from the phase plane diagram in Figure 10
with the arrows reversed.
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Case 4: A1 < 0 < Ay (saddle point). Draw the phase plane diagram
for the system

¥ = —xz+3y, (3.24)
y = 3z-—uy. (3.25)
In this case the characteristic equation is
A 42X -8=0,
so the eigenvalues are A\ = —4, Ay = 2. So we are in the case \; < 0 < Ay

which we are calling the saddle-point case. Eigenpairs are

3] a1

From these eigenpairs we get, using Theorem 2.14, that

91-17] []-- [

are solutions of the vector equation corresponding to (3.24), (3.25). Hence
a general solution of the vector equation corresponding to (3.24), (3.25) is

[ ] e [ 3 [ran 1]

o0 e[ 3]

for ¢; > 0 give the orbit in Figure 11 that is the open ray emanating from
the origin with polar angle %Tﬂ' Since these solutions approach the origin as
t — o0, the arrow points toward the origin. For ¢; < 0 these solutions give
the orbit in Figure 11 that is the open ray emanating from the origin with
polar angle —7. Again the arrow on this ray points toward the origin. The
line y = —x is called the stable manifold for the system (3.24), (3.25). The

solutions
[ | 1]

imply that an object that is on the line y = x stays on that line and, if
x # 0, then the object moves away from the origin (see Figure 11). The
line y = x is called the unstable manifold of the system (3.24), (3.25). To
see how an object moves when it is not on the stable or unstable manifold,
consider the solutions

t _ -1 1
L | =[5 ][]
where ¢; # 0, ca2 # 0. Note that

o] = e [3]

The solutions
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for t a large negative number. Also,
x(t) ~ 2t 1
[y(t)] AR
for t a large positive number.

To draw a more accurate phase plane diagram of (3.24), (3.25), we
consider the nullclines. The x nullcline is

x
—r+3y=0 or y:§,
and the y nullcline is
3r—y=0 or y=3z.

The nullclines are drawn in Figure 11 as dashed lines. Note that any orbit
crossing the nullcline y = %w is vertical at the crossing point and any orbit
crossing the nullcline y = 3z is horizontal at the crossing point.

Ficure 11. Saddle point.

Finally, we consider the complex cases. Consider the system

¥ = ax+by, (3.26)
y = —bxr+ay, (3.27)
where b # 0. The characteristic equation for this system is
M —2a\+ (a®> + %) =0

and so the eigenvalues are the complex numbers a + i|b|. Let =, y be a
solution of (3.26), (3.27), and let r(¢), 6(¢) be the polar coordinates of x(t),
y(t); that is,
x(t) =r(t)cosO(t), y(t) =r(t)sind(t).
Since
r?(t) = 2% (t) + 2 (t)
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we get that
2r(t)r' (t) = 2x(t)2' (t) + 2y(t)y' (1).
Hence

o~ 00+ 0y )

= ar(t).
Again assume z, y is a solution of (3.26), (3.27) and consider
t)

_ ()

tan@(t) = o)
Differentiating both sides, we get
z(t)y'(t) — 2'(t)y(t)

z?(t)
x(t)[=bx(t) + ay(t)] — [ax(t) + by(t)]y(?)
z2(t)
2?(t) +y°(t)
r2(t) cos?(t)
b

cos?(t)’

sec? ()0 (t) =

= —b

Therefore,
0'(t) = —b.
Hence if z, y is a solution of (3.26), (3.27) and r(t), 6(t) are the polar
coordinates of z(t), y(t), then r, 6 solves the system
r = ar, (3.28)
0 = —b. (3.29)
Case 5: A1 = i3, Ao = —if3, where 3 > 0 (center). Draw the phase
plane diagram for the system

/

' = by, (3.30)

y = —bux, (3.31)
where b # 0. In this case the system (3.30), (3.31) is obtained from the
system (3.26), (3.27) by setting a = 0. From before the eigenvalues are
A1 = i]b|, A2 = —i|b|, so we are in the center case. If x,y is a solution of
(3.26), (3.27) and r(t), 6(t) are the polar coordinates of z(t), y(t), then r,
0 solves the system

ro= 0, (3.32)

0 = —b. (3.33)
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Equation (3.32) implies that orbits stay the same distance from the origin,
and equation (3.33) implies that the object has constant angular velocity
—b. In Figure 12 we draw the phase plane diagram when b < 0 (if b > 0 the
arrows are pointed in the opposite direction.) In this case the equilibrium
point (0,0) is called a center.

AL Wme

R

FIGURE 12. A center.

Case 6: \y = a+ i, Ao = a — i3, where a # 0, 8 > 0 (spiral point).
Draw the phase plane diagram for the system

¥ = ax+ by, (3.34)

y = —bxr+ay, (3.35)
where a # 0 and b # 0. From before the eigenvalues are A\; = a + i[b|,
A2 = a — i|b], so we are in the spiral point case. If x,y is a solution of
(3.26), (3.27) and r(t), 6(t) are the polar coordinates of x(t), y(t), then r, 0
solves the system (3.28), (3.29). Equation (3.28) implies that if an object is
not at the origin and a < 0, then as time increases it is getting closer to the
origin. Equation (3.29) implies that if an object is not at the origin, then
its angular velocity is —b. In Figure 13 we draw the phase plane diagram
when a < 0 and b > 0. In this case if a < 0 the origin is called a stable
spiral point. If o > 0, then the object spirals away from the origin and we
say the origin is an unstable spiral point.
Now that we have considered all the cases, let’s look at an example.
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Y

A :
G

F1GURE 13. A stable spiral point.

Example 3.13 Draw the phase plane diagram for the system
¥ = dx—by, (3.36)
y = 2x—2y. (3.37)
The eigenvalues are Ay = 1 + 4, Ay = 1 — 4. This is Case 6. Since
A1 and Ao have positive real parts, we know that the origin is an unstable
spiral point. Orbits either spiral in the counterclockwise direction or in the
clockwise direction. To determine which, way note that
x/‘z:O = 75y

It follows from this equation that when an orbit passes through a point on
the positive y-axis, x is decreasing. We now know that orbits spiral in the
counterclockwise direction. Since the nullclines are y = %m and y = x, we
get Figure 14. A

3.4 Stability of Nonlinear Systems

In this section, we will analyze the behavior of the orbits of the system
of n equations in n unknowns:

¥ = f(z) (3.38)
near an equilibrium point zy. We assume throughout that f: R" — R" is
continuous and has continuous first-order partial derivatives with respect
to the components of z. Again, we will use the notation ¢(-, zg) to denote
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FiGURE 14. Unstable spiral point.

the unique solution of (3.38) so that ¢(0,z¢) = o, where xyp € R™. An
important property of orbits is given in the next theorem.

Theorem 3.14 (Semigroup Property) Let xg € R™ and let (o,w) be the
mazimal interval of existence of ¢(t,xo). Then

¢(t + T, 1’0) - ¢(t7 d)(’ra SC())),
ift,7,t+7 € (a,w).

Proof Let xy € R™ and assume ¢(t, xo) has maximal interval of existence
(o, w). Assume ty, to, t1+t2 € (a,w). By Theorem 3.4 the function ¢ defined
by

P(t) = (t + t1,20)
is a solution of 2’ = f(z) on (o — t1,w — t1). But ¢(-), é(-, ¢(t1,x0)) are
solutions of &’ = f(z) satisfying the same initial conditions at ¢ = 0. Since
solutions of IVPs are unique,

U(t) = o(t +t1,20) = ¢(t, ¢(t1, 20)).
Letting t = t5, we get the desired result
P(t2 + t1,20) = d(t2, d(t1,20)).
O

The concepts of stability and asymptotic stability were defined for lin-
ear systems in Chapter 2. The next definition extends these ideas to non-
linear systems.

Definition 3.15 Let g € R™ and r > 0.
(i) The open ball centered at zp with radius r is the set

B(zg,7) ={z € R" : ||z — zo|| < 7}
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(ii) Let a0 be an equilibrium point for (3.38). Then x is stable if for
each ball B(zg,r), there is a ball B(z, s) (here s < r) so that if
x € B(zo, s), then ¢(t,z) remains in B(xg,r) for t > 0.

(iii) If, in addition to the conditions in part (ii), there is a ball B(xg, p)
so that for each © € B(xzo,p), ¢(t,x) — xo as t — oo, then x¢ is
asymptotically stable.

Roughly speaking, an equilibrium point zy is stable if solutions of
(3.38) starting near xy do not wander too far away from z¢ in future time.
Asymptotic stability requires that x( is stable, and solutions near zy must
approach it as a limit as t — oc.

One of the most useful methods for investigating stability is due to
A. M. Liapunov [32]. Before we can state Liapunov’s stability theorem
(Theorem 3.18), we give a few definitions.

Definition 3.16 If V : R™ — R has partial derivatives with respect to each
component of x, then we define the gradient of V' to be the 1 x n matrix
function (or we could think of it as an n-dimensional vector function)

grad V(z) = | g—g‘n/;(x) %(w) %(33) ]

Definition 3.17 Let z¢ be an equilibrium point for (3.38). A continuously
differentiable function V' defined on an open set U C R"™ with xg € U is
called a Liapunov function for (3.38) on U provided V(xp) = 0, V(z) > 0
for x # zg, x € U, and

grad V(z) - f(z) <0, (3.39)

for x € U. If the inequality (3.39) is strict for € U, © # xg, then V is
called a strict Liapunov function for (3.38) on U.

Note that (3.39) implies that if « € U, then
d
%V((ﬁ(ﬁ,lﬂ)) = grad V(¢(t,$)) ’ f(¢(ta SL')) <0,

as long as ¢(t,z) remains in U, so V is decreasing along orbits as long as
they stay in U. Here is Liapunov’s stability theorem:

Theorem 3.18 (Liapunov’s Stability Theorem) If V is a Liapunov func-
tion for (3.38) on an open set U containing an equilibrium point o, then
xq is stable. If V' is a strict Liapunov function, then xg is asymptotically
stable.

Proof Assume V is a Liapunov function for (3.38) on an open set U
containing an equilibrium point xy. Pick » > 0 sufficiently small so that
B(zg,r) C U and define

m = min{V(x) : | — xo| =7} > 0.

Now m
W={z:V(z) < 5} N B(xo, 1)
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is open and contains xg. Choose s > 0 so that B(zg,s) C W. For = €
B(zo, s),

V(@(t2) < 5

as long as ¢(t, ) remains in W since V(¢(t, x)) is decreasing. Thus ¢(t, x)
cannot intersect the boundary of B(zg,r) for ¢t > 0, so ¢(t,z) remains in
B(xg,r) for t > 0, and ¢ is stable.

Now suppose V is a strict Liapunov function, but zg is not asymptoti-
cally stable. Then there is an « € B(zo, s) so that ¢(t,z) does not go to xg
as t — oo. Since the orbit is bounded, there is an x; # xg and a sequence
tr — oo so that ¢(tx,z) — 21 as k — oo. Note that by the semigroup
property for orbits (Theorem 3.14),

By Theorem 3.2, as k — oo,

V(g(te +1),x)) = V(o(1, ¢(tr, 7)) = V(d(1,21)) < V(x1),
s0 there is an integer N for which
Vbt +1,2)) < V().
Choose k so that tx > tx + 1. Then
Vi(z1) < V(o(te, z)) < V(o(tn +1,2)),

a contradiction. We conclude that xq is asymptotically stable. O

The main difficulty in applying Liapunov’s theorem is that Liapunov
functions are often hard to find. In the next elementary example, we can
find one easily.

Example 3.19 The origin (0,0) is an equilibrium point for the system
¥ = —x—uaxy’
/

y = —y+32°y.

Let’s try the simplest possible type of Liapunov function V(x,y) = az? +
by?, where a and b are positive constants that we must determine. Note
that V is zero at (0,0) and positive elsewhere. Now

2
—r —ay

[2az  2by] [ Lyt 322y ]

—2az? — 2ax*y? — 2by® + 6ba>y?

= —622—2y% <0,

grad V(z,y) - f(z,y)

unless © = y = 0, where we choose a = 3, b = 1 in order to eliminate two of
the terms. Thus V (z,y) = 322 + y? defines a strict Liapunov function for
this system on R?, so the equilibrium (0,0) is asymptotically stable. A
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Example 3.20 Let h be a real-valued function defined on R™ with con-
tinuous first-order partial derivatives. Then the system

2’ = —grad h(x) (3.40)

is called a gradient system. Note that equilibrium points for the system
(3.40) are critical points for h. Suppose that h has an isolated critical
point at xy and h has a local minimum at zy. Then there is an open set U
that contains no critical points of h other than zg, and h(z¢) < h(x), for
all v € U, & # xo. Define V : U — R by V(x) = h(z) — h(xo), for z € U.
Then V(xo) =0, V(z) > 0 for z € U, x # x0, and

grad V(z) - [~grad h(z)] = —||grad h(z)||* < 0,

for € U, & # xp. Since V is a strict Liapunov function for (3.40) on U,
the equilibrium point z( is asymptotically stable. (Compare this example
to the scalar case given in Theorem 1.17.) A

Actually, Liapunov functions can be used to deduce additional infor-
mation about solutions. Let’s start with a couple of definitions.

Definition 3.21 A set S is said to be positively invariant for system (3.38)
if for each zg € S, ¢(t,zg) € S, for t € [0,w).

Definition 3.22 The w-limit set for an orbit ¢(t, x¢) with right maximal
interval of existence [0, c0) is defined to be

{#z € R" : there is a sequence t; — oo so that ¢(ty,zo) — z}.

The a-limit set for an orbit ¢(t, z) with left maximal interval of existence
(—00,0] is defined to be

{#z € R" : there is a sequence t; — —oo so that ¢(tx,z¢) — z}.

Theorem 3.23 If V is a Liapunov function for (3.38) on a bounded open
set U, then for any constant ¢ > 0 such that the set {x € U : V(x) < ¢} is
closed in R™, this set is positively invariant.

Proof Fix a constant ¢ > 0 such that S = {x € U : V(z) < ¢} is a closed
set in R™. For each z € S, V(é(t,x)) < V(z) < ¢ for t > 0, as long as
the solution exists, and since S is bounded, Theorem 3.1 implies that the
solution exists for all ¢ > 0. Consequently, ¢(t, z) remains in S for all ¢ > 0,
so S is positively invariant. O

As a result of this theorem we get that for Example 3.19, the elliptical
regions {(x,y) : 322 + y? < ¢}, ¢ > 0, are positively invariant sets.

The next theorem shows that, under the right conditions, the existence
of a Liapunov function implies that solutions in a certain set must converge
to an equilibrium point. Note that the Liapunov function is not assumed
to be strict!
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Theorem 3.24 (LaSalle Invariance Theorem) Let V' be a Liapunov func-
tion for (3.38) on a bounded open set U containing an equilibrium point
xo. If ¢ > 0 is a constant so that S := {x : V(x) < ¢} is a closed set in R™,
and if there is no x # xo in S for which V(4(t,x)) is constant for t > 0,
then for all x € S, ¢(t,x) — x¢ as t — oo.

Proof Let x € S and define W to be the w-limit set for the orbit ¢(¢, ).
Then W is a closed, nonempty subset of S. First, we claim V' is constant on
W. If not, choose t;, — 00, s; — 00, so that ¢(tg,x) — z1, ¢(8;,x) — 22,
and a := V(z1) < b := V(z2). By the continuity of V, there is an N so
that if & > N, then V(é(tx,z)) < (a+b)/2. If s; > t, then V(o(s;,x)) <
V(o(ty,z)) < (a+0b)/2 for k > N, which contradicts V (¢(s;,x)) — b.

Next, we claim that W is positively invariant. Let z € W. Then
¢(ty, ) — z for some t, — oo. For any s > 0, we get, using the semigroup
property (Theorem 3.14),

(b(tk + S,.T) = ¢<S,¢(tk,l‘)) - ¢(S’Z)a

as k — 00, by the continuity of solutions on initial conditions (Theorem
3.2), s0 ¢(s,2z) € W for s > 0, and hence W is positively invariant.

Thus for any z € W, ¢(t, z) € W for t > 0, so V(¢(t, z)) is constant for
t > 0. The hypotheses of the theorem imply that z = xy, and we conclude
that W contains only the equilibrium point zy. Now if there were an z € S
for which ¢(t,z) did not go to x¢ as t — oo, then there would have to
be a sequence t — oo so that ¢(tg,z) — x1 # xp, in contradiction of

Example 3.25 (Pendulum Problem with Friction) Now consider the pen-
dulum with friction:

9" +ro" + %sin@ =0.

(The frictionless pendulum was discussed in Example 3.10.) Here we are
assuming that the force of friction (and/or air resistance) is proportional
to the angular velocity. Let’s write the equation in system form by setting
z=0,y=0"

ro =
y = —ry— 9 sinz
17 .
We choose a Liapunov function that is essentially (see Exercise 3.18) the
total energy of the system:

2
Vz,y) = % + %(1 —cos ),

for (z,y) € U = {(z,y) : —7/2 < x < 7/2,—V2 < y < V/2}. This is a
reasonable choice since the presence of friction should cause the energy of



3.5. LINEARIZATION OF NONLINEAR SYSTEMS 113

the pendulum to diminish as time progresses. Note that V(0,0) = 0 and
V(z,y) > 0 for all other (z,y) € U. Also,

grad V(z,y) - f(z,y)
y

= [44 .

B [L S y} { —ry — Lsinz }

= Afry2 5207
so V is a Liapunov function on U. Let 0 < ¢ < min{l,£}; then S :=
{(z,y) € U : V(z,y) < ¢} is a closed set in R?2. Now V is constant only
on solutions that lie on the z-axis, but the only such solution in U is the
equilibrium (0,0) (why?) Then Theorem 3.24 implies that all orbits in S
go to (0,0) as t — oo. What does this conclusion say about the motion of
the pendulum? A

3.5 Linearization of Nonlinear Systems
In this section we will reexamine the behavior of solutions of
¥ = f(2), (3.41)

near an equilibrium zy by relating (3.41) directly to a linear system. Specif-
ically, assume f has the form

f(z) = Az — x0) + g(), (3.42)

where A is an n X n constant matrix, and g satisfies

tim YOI _ o (3.43)
v=o ||z — wol|
Conditions (3.42) and (3.43) are equivalent to the condition that f is
differentiable at xg. This is certainly true if f has continuous first-order
partials at xg, as we are assuming in this chapter. The matrix A is the
Jacobian matrix of f at zy given by

dxq @xz Oy,
Ofs 0fs .. 0Of
A= 8-11 63.02 a%n 7
9fn  Ofn ... Ofn
oz Oz Oy
where f1, fo, -+, fn are the components of f, and all partial derivatives are

computed at xy. The main theme of this section is the following principle:

If all the eigenvalues of A have nonzero real parts, then the behavior of
the orbits of (3.41) near xzg is similar to the behavior of the orbits of the
linearized system

near the origin.
In particular, we have the following stability theorem.
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Theorem 3.26 Let [ be defined by (3.42) and g satisfy property (3.43).

(i) If all eigenvalues of A have negative real parts, then the equilib-
rium xo 18 asymptotically stable.
(ii) If some eigenvalue of A has positive real part, then xo is unstable.

Proof (i) Choose a constant 6 > 0 so that R(\) < —d < 0, for each
eigenvalue A of A. Similar to the proof of Theorem 2.49, there is a constant
C > 0 so that
lleta|l < Ce™*|a]],
for t > 0 and all € R™. Let A” be the transpose of A. Since A and AT
have the same eigenvalues, there is a constant D > 0 so that
[le47]| < De=*Ja]]
for ¢ > 0. Define

oo
Bx E/ tAT etAg dt.
0
Since
T —
e e a|| < CDe™ %],

for ¢ > 0, the integral converges by the comparison test for improper inte-
grals. Then B is a well-defined n x n matrix. Note that B is symmetric

since
o0 T
BT = / (etA)T (etAT> dt
0

o0 T

= / et et dt
0

= B.

Define a trial Liapunov function V' by

Vi) = (xz-— xO)TB(x — x0)

(o)
— / (2 — 20) et et (z — z0) dt
0

- /'Hé%xfmnﬁﬁ
0

for z € R™. Then V(z¢) =0 and V(x) > 0 for = # x.

Finally, we claim that grad V(z) - f(z) < 0 for ||z — x¢|| small and
positive. Since

grad V(x) = 2B(x — o),
we have by the Cauchy-Schwarz inequality
grad V() - f(z)
= 2(x — x0)T B[A(z — x0) + g(x)] (3.44)

2z — w0) BA(w — w0) + 2|z — wol| 1Bl llg(@).

IN
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In order to calculate the first term in the last expression, we use the fact
from Chapter 2 that e*4 and etA” satisfy the linear systems for the matrices
A and AT, respectively:

20TBAx = 2TATBzx + 2'BAx

/OO zT {ATetATetA + etATetAA} x dt
0

- /OC xT {(etAT)/etA +etd” (etA)/} x dt
0
00 T ’
/ T [etA etA} x dt
0

= =P,

by the fundamental theorem of calculus. Returning to our calculation
(3.44), we have

x
grad V(x) . f(l‘) < —||.Z‘ _l'OHZ +2Hx _xOHZ HBH Hg( )|| )
|z — o]
Finally, (3.43) implies that
grad V(@) - f(x) <0,

for ||z — xo|| small and positive. Since V is a strict Liapunov function
on a small ball containing xp, we know from Theorem 3.18 that z¢ is
asymptotically stable.

(ii) See Hirsch and Smale [23]. O

Before looking at examples, we consider the special case of a two-
dimensional system. Then A is a 2 x 2 matrix, and its characteristic equa-
tion is

A — (tr A)A +det A= 0.

(See Exercise 2.19.) The eigenvalues are

ot A+ /(tr A)2 —4det A

A 2

Now consider two cases.

Case 1: (tr A)2 —4 det A > 0.

In this case, the eigenvalues are real. In order that they both be neg-
ative, it is necessary that tr A < 0. If, in addition, det A < 0, then one
eigenvalue will be negative and the other will be nonnegative. Thus it is
also necessary to have det A > 0.

Case 2: (tr A)2 —4det A < 0.
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Now the eigenvalues are complex, and det A > 0. The real part of each
eigenvalue is %tr A, so again the eigenvalues will have negative real part if
and only if tr A < 0.

To summarize, in the two-dimensional case both eigenvalues of A have
negative real parts if and only if tr A < 0 and det A > 0.

Example 3.27 Consider again the predator-prey model
N' = rN(1-N/K)—aNP,
P = bNP —cP.

(See Examples 3.7 and 3.12.) One of the equilibrium points was

= (3.2 1 1))

The Jacobian matrix evaluated at this equilibrium is

A = T—%—@Pa —aNy
o bP() bNO —C

Then tr A = —r¢/bK < 0 and det A = abNoFP,. We conclude that the
equilibrium is asymptotically stable if (N, Pp) is in the first quadrant. In
terms of the parameters, the stability requirement is bK > c.

Another equilibrium point for this system is (K, 0). We can show that
this equilibrium is stable for bK < ¢ (see Exercise 3.31). Also, note that
this equilibrium coincides with the first one if K = ¢. Consequently, we
have a two-dimensional example of a transcritical bifurcation (see Example
1.24). What are the implications of this bifurcation for the predator and
prey populations? A

Example 3.28 Given that the radius x(¢) of a vapor bubble in a liquid at
time t satisfies the differential equation

3 1
za’ + S ()2 =1- =,
+ 2( ) x
determine the stability of the bubble which at ¢ = 0 has radius 1 and is at
rest.
Writing the preceding differential equation as a vector equation in the

standard way, that is, letting
x
z= ,
[ Y }

where y = 2/, we get the vector equation
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Note that the bubble which at ¢ = 0 has radius 1 and is at rest corresponds
to the equilibrium point (1,0) for the preceding system. In this case

ey e ]

| aeaem u]
= 2 .

T

Hence
92(1,0) g¢,(1,0) 1 0"
Since the determinant of this matrix equals —1, the equilibrium point (1, 0)

is unstable. That is, the bubble with radius 1 at rest is unstable.
A

Part (ii) of the stability theorem deserves more comment. If the 2 x 2
constant matrix A has a positive eigenvalue and a negative eigenvalue, then
the equilibrium zq is called a saddle point. In Section 3.3, we saw that
saddles for two-dimensional linear systems have the property that there
are two orbits that approach the saddle as ¢ — oo along a line (the stable
manifold), and two orbits that converge to the saddle as t — —oo along a
different line (the unstable manifold). Here is a similar result for nonlinear
systems.

Theorem 3.29 In the case of two equations in two unknowns, assume A
has eigenvalues A1, Ao with Ay < 0 < Aa. Then there are two orbits of
(3.41) that go to xo as t — oo along a smooth curve tangent at xo to the
eigenvectors for A1 and two orbits that go to x¢ ast — —oo along a smooth
curve tangent at xo to the eigenvectors of Ag.

See Hubbard and West [27] for a proof.

Example 3.30 For the pendulum with friction (see Example 3.25), the
system is

/

r =Y

y = —ry— Lsina,
L

with equilibria (nm,0) for all integers n. The Jacobian matrix at (nw,0) is

0 1

A= n
g1y

with eigenvalues

—r & \/r? + (-1)"t14g/L

5 .
If n is even, then there are two eigenvalues with negative real parts, and
the equilibrium point is asymptotically stable. If n is odd, then

A=

<0< A =
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so these equilibrium points are saddles. Since

e P ey 1 1]

the eigenvectors (when drawn as position vectors) corresponding to each
eigenvalue \; lie on the line y = \;x, for ¢ = 1, 2. Figure 15 shows the flow
near (m,0). A

FIGURE 15. Orbits near (7, 0).

Example 3.31 In Section 3.2, we encountered some Hamiltonian systems
of the form

. oh
m—a—y,
. oh
A >

and showed that the orbits are of the type h(z,y) = C, where C is con-
stant. Note that an equilibrium point (zg, yo) is a critical point for h. The
Jacobian matrix is

9*h 9%h
_ | 9z0 o2
A=1 "% B ]
Ox2 dx Oy
Now tr[A] = 0, and
27 92 2 2
detA — 0°h 0°h B 0°h .
0x2 Oy? 0x0y

By the second derivative test for functions of two variables, if det A > 0,
then h has a local max or min at (zg,yo), so such an equilibrium point is
the center of a family of closed curves of the form h(xz,y) = C. On the
other hand, if det A < 0, then (zg,yo) is a saddle point. The frictionless
pendulum studied in Section 3.2 is an elementary example of a Hamiltonian
system with both centers and saddles. A
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Let’s mention just one more characteristic of nonlinear systems that is
inherited from the linearized system. If the 2 x 2 matrix A has complex
eigenvalues with nonzero real part, then we know from Section 3.2 that
the solutions of &’ = Ax spiral around the origin. Specifically, if the real
part is positive, orbits spiral outward away from the origin as t increases,
while in the asymptotically stable case, orbits spiral into the origin. For the
corresponding nonlinear system o’ = f(z), the orbits near the equilibrium
exhibit similar behavior.

Example 3.32 In Example 3.30, we found the eigenvalues
—r 4 \/r? + (—=1)r*+l4g
5 .

For n even, the eigenvalues are complex if 72 — 4g < 0, that is, if friction is
relatively small. Consequently, the phase plane diagram in the vicinity of
the equilibrium points (—, 0), (0,0), and (7, 0) must be of the general form
shown in Figure 16. What are the possible motions of the pendulum? A

A=

FIGURE 16. Phase plane diagram for the pendulum with friction.

Example 3.33 For the predator-prey model considered in Example 3.27,
the eigenvalues for the Jacobian matrix at (Py, Np) are computed from

det(A — AI) = A2 + %/\ + abNoPy = 0.

These eigenvalues are complex if the discriminate is negative:

7'262

m — 4(1bNOP() < 0,
or rc c

<40 ax)-

In this case, orbits will spiral into the stable equilibrium at (Ng, Pp); see
Figure 17. A
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P

No N

FIGURE 17. A phase plane diagram for the predator-prey model.

3.6 Existence and Nonexistence of Periodic
Solutions

Looking at the phase plane diagram in Figure 3.10 for the simple pen-
dulum problem, we see orbits that are closed curves between the separatrix
and the critical point (0,0). These orbits (also called cycles in Definition
3.34) correspond to periodic solutions for the system of differential equa-
tions for the simple pendulum. More generally, consider the system of n
equations in n unknowns

= f(x). (3.45)
Assume that this equation has a solution x such that 2(0) = x(w) (that is,
the solution corresponds to a closed curve in phase space). Now u(t) :=
x(t + w) is also a solution of (3.45), and u(0) = z(w) = z(0). From the
uniqueness theorem for solutions of initial value problems, it follows that
x(t +w) = x(t) for all ¢, so closed curves do represent periodic solutions.

Definition 3.34 A cycle is a nonconstant periodic solution of (3.45). If a
cycle is the w-limit set or the a-limit set of a distinct orbit, then the cycle
is called a limit cycle. If a limit cycle is the w-limit set of every nearby
orbit, then the limit cycle is said to be stable.

In practice, cycles occur in physical, biological, or chemical systems
that exhibit self-sustained oscillations (that is, oscillations that occur with-
out an outside stimulus). For the simple pendulum, these cycles are not
isolated since different initial positions of the pendulum lead to different
periodic motions. However, it is more common in applications to have
an isolated limit cycle, for which small perturbations yield solutions that
converge to the stable limit cycle. Our first example is of this type.

Example 3.35 Show that the system
g = z+y—z(2®+y?), (3.46)
y = —x+y-—y (:r2 + y2) (3.47)
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has a limit cycle.

The expression x2 + y? in these differential equations suggests that we
find the equivalent system in polar coordinates. Let x, y be a solution of this
system and let r, 8 be the corresponding polar coordinates. Differentiating
both sides of the equation

r?(t) = 2?(t) + y*(1),
we get that
2r(t)r' (t) = 2x(t)2' (t) + 2y(t)y' (1).
It follows that
r(t)r'(t)
w(t) [x(t) +y(t
y(t) [~=(t) +y
22 () + v (1) —
2?(t) +y2(t) —
= () —ri().
Hence r solves the differential equation

=71 —r?).

2(t) (22(t) + 57(1))]
£) = y(t) («2(0) + y*(1))]
22(8) (22(1) + y2(1) — () (22(1) + (1)
(«2(t) +2(t)°

)=
(

+

Next, differentiating both sides of the equation
y(t)

tan H(t) = m,
we get that
2 _z(y'(t) —y(®)2'(t)
sec” (0(1))0'(t) = )
-2 —yP)
- z2(t)
_ —r*(t)
© r2(t) cos? (1)
B -1
- cos2l(t)’
Therefore, 6 solves the differential equation
0 =—1.
Then the equivalent polar coordinate system is
o= (1l —r?),
9 = -1

From this we get the phase plane diagram in Figure 18. Note that the
circle r = 1 is a stable limit cycle. A
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Y

1.5

F1GURE 18. A periodic orbit.

The preceding example was very simple since we were able to use polar
coordinates to find the periodic solution, which turned out to be a circle
in the phase plane! In general, the problem of finding cycles is difficult.
The most fundamental result in this area, the Poincaré-Bendixson theorem,
works only in two-dimensions, and we will mostly limit our discussion to
the two-dimensional case for the remainder of this section.

Theorem 3.36 (Poincaré-Bendixson) Consider equation (3.45) for the
case n = 2. If ¢(t,x) is a bounded orbit for t > 0 and W is its w-limit set,
then either W is a cycle, or for each y € W, the w-limit set of ¢(t,y) is a
set of one or more equilibrium points.

A complete proof of this theorem is surprisingly technical (see Hirsch
and Smale [23]). We give just a rough sketch in order that the reader can
get an idea of why it is true.

Suppose that W contains a y that is not an equilibrium point. Choose
z in the w-limit set of y. If z is not an equilibrium point, we can define
a local section S at z to be a curve (minus the endpoints) containing z so
that no solution of (3.45) is tangent to S (see Figure 19). Now we can
show that there are times ¢t and to so that ¢(t1,y), ¢(t2,y) are in SNW.
If ¢(t1,y) = &(ta,y), then the orbit ¢(t,y) is closed and is a cycle in W.
Otherwise, there are sequences r; — 00, s; — 00, so that ¢(r;,z) € 5,
o(ri,x) — ¢(t1,y) and @(sj,x) € S, ¢(s;,x) — ¢(ta,y) as i and j go to
infinity. However, this is impossible since the trajectory ¢(t, ) can cross
S in only one direction. (If it crossed in both directions, by continuity,
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the vector field would have to be tangent to S at some point in between.)
Consequently, either y lies on a cycle or the w-limit set of ¢(t,y) consists
only of equilibrium points. In the case that y lies on a cycle, it can be
shown that this cycle is the entire w-limit set.

S

FIGURE 19. A local section at z.

The next example illustrates the use of this theorem in a geometrically
simple case.

Example 3.37 Show that the system
¢ = z+4y-—x@®+ 27, (3.48)

/

y = —z+y—y@®+2y%) (3.49)

has a limit cycle.
Let x,y be a solution of this system and let r, # be the corresponding
polar coordinates. Differentiating both sides of the equation

r?(t) = 22 (t) + y*(1),
we get that
2r(6)r' (t) = 2x(t)2’ (t) + 2y(t)y' (t).
It follows that
r(t)r'(t)
= a(t) [z(t) +y(t) — x(t) («2(t) + 2(t))]
) y(t) (wQ(t) 2(f))]
2

+ y(t) [—2(t) +y(t) -
= 22(t) + (1) — 2()( t)+2y%(t)) — v (1) (2° () + 20°(1))
2?(t) + 2 (t) — (22 (1) + ¥° (1)) (2%(¢) +2y ®))

r2(t) — r*(t) (1 + sin ( ))
Hence r(t) solves the differential equation
=7 [1+sm29].
Next, differentiating both sides of the equation
y(t)

tan@(t) = o)’
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we get that

—22(t) — ()
z2(t)
()
r2(t) cos? 0(t)
-1
cos2 O(t)

Therefore, 6 solves the differential equation
0 =—1.

Hence the equivalent polar coordinate system is

r'o= r—r*[1+sin?6],
o = -1
Note that
1 1 .
=1 = 575[1+81n20]
S 1 1 -0
- 2 4 '
This calculation implies that all orbits that intersect the circle r = % enter
into the exterior of the circle r = % as t increases. Next, note that
'|p=11 = 1.1—1.331[1+sin®0]
< 11-1.331<0.

This implies that all orbits that intersect the circle r = 1.1 enter into the
interior of the circle r = 1.1 as t increases. Thus the annular region

D :={(z,y) : % <r<1.1}

is positively invariant. Since D contains no equilibrium points of the system
(3.48), (3.49) we have by the Poincaré-Bendixson theorem (Theorem 3.36)
that the system (3.48), (3.49) has at least one limit cycle in D.

A

In the preceding example, the invariant annular region has the property
that all orbits that intersect the boundary enter into the region. In some
cases, a portion of the boundary may be invariant, and the question arises
whether this set can be an w-limit set. The next result is useful in answering
this question.
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Theorem 3.38 Let D be a closed, positively invariant set in R? bounded
by a simple closed curve C. Suppose A is a positively invariant, proper
subset of C'. If A is an w-limit set for some point in D, then A is a set of
equilibrium points.

Proof Choose a point = that is in C but not in A. Suppose that A is
the w-limit set for the orbit ¢(¢,y), y € D. Assume that there is a point
z € A that is not an equlibrium point. Then the point ¢(1,z) is also not
an equilibrium point, and the flow at ¢(1,z) is tangent to C' at ¢(1, z).
Thus there is a local section S at ¢(1, z) (see the sketch of the proof of the
Poincaré-Bendixson theorem). Now the portion of S inside C'is a subset of
a curve E that connects ¢(1, 2) to x (see Figure 20). Now ¢(t, y) must cross
FE infinitely many times, but it can cross S only in one direction. Then it
must cross F in infinitely many points that are not in S. It follows that
the w-limit set of ¢(¢,y) must contain a point that is not in A, and we have
a contradiction. Thus all the points in A are equilibrium points. O

C

¢(1,2)

FicURE 20. Flow through an extended local section.

Example 3.39 Now consider the scaled predator-prey model

9
= x(lfm)fixy ,
10z +1
10y
= oyl —/—/—
Y y( 10x+1>’

where b > 0. Compare to the simpler model studied earlier (Example 3.7).

The predation term in the first equation limits the number of prey that
a predator can harvest when z is large. For each fixed level of prey x, the
second equation is logistic such that the carrying capacity of the predator
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population increases as a function of x. The x nullclines of the system are
r =0 and

Y= %(1 — )10z +1),

and the y nullclines are y = z + .1 and y = 0 (see Figure 21).

)

1.1

0.1

X

0.45 1

FiGure 21. Nullclines and an invariant region for the
predator-prey model.

We claim the rectangle shown in Figure 21 is a positively invariant set.
For example, on the right-hand side (x = 1), we have z’ < 0 since this line
segment is above the parabolic x nullcline. The top has inward flow for
similar reasons. The left-hand side is an x nullcline on which the flow is
vertical, so no orbits can escape through this side. Similarly, the flow along
the bottom is horizontal.

There are four equilibrium points: (0,0), (1,0), (0,.1) and (.1,.2). The
reader can check by calculating the Jacobian matrix that (0,0) is a repelling
point, while (1,0) and (0,.1) are saddle points. Now the Jacobian matrix

at (.1,.2) is
35 —.45
A=Y
Then det A = .1b > 0 and tr[4] = —b+ .35 < 0 if b > .35. Thus if

b > .35, the equilibrium (.1,.2) is asymptotically stable, and we expect that
solutions originating in the interior of the invariant rectangle will converge
to the equilibrium.

On the other hand, if 0 < b < .35, this equilibrium is a repelling point,
so no other orbit can have this point in its w-limit set. The same is true of
the origin. Now let P be any point in the interior of the invariant rectangle
and let W be its w-limit set. Suppose that W does not contain a cycle.
Then by the Poincaré-Bendixson theorem, W must consist of equilibrium
points and orbits converging to equilibrium points. The remaining two
equilibrium points are saddles on the left and bottom boundaries of the
rectangle. The only orbits that converge to them are on these boundaries,
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so the previous theorem implies that W cannot be a subset of the boundary
of the rectangle. Consequently, the w-limit set does contain a limit cycle.
The flow pattern indicates that such a cycle must encircle the equilibrium
(.1,.2) in a counterclockwise direction. A graph of a solution converging to

a cycle for the case b = .3 is given in Figure 22. A
Y
0.4
0.3
0.2
0.1 0.25 04 *

FIGURE 22. A periodic solution of the predator-prey model.
Another approach to the question of periodic solutions is to try to show
that none exist.
Example 3.40 Consider a gradient system
2’ = —grad h(x).

(Here we can take x € R™.) Let x¢ be a point that is not an equilibrium
point. For a < b, we have

b
ho(b.a0) ~ hdla.aa)) = [ Zh(o(tm0) di
b
- / grad h((t, z0)) - & (t, xo) dt

b
= = [ llsrad ote. o)) de <.

It follows that ¢(b, z¢) # ¢(a,xp), so xy does not lie on a cycle. Conse-
quently, gradient systems have no cycles. A

Since for the remainder of this section we are considering only two-
dimensional problems, we recast equation (3.45) in the form

= flxy), (3.50)

¥y o= glz,y). (3.51)

The next theorem has implications for the existence and location of
periodic solutions.
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Theorem 3.41 Inside any cycle there has to be an equilibrium point of
(3.50), (3.51).

Proof We give a sketch of the proof here (for more details see Hirsch and
Smale [23]). Let C be a simple closed curve in the plane R? and assume
F(z,y) is a continuous vector field on and inside of C' and that F(x,y) # 0
on C. Let P = (z,y) be a point on C. As P moves once around the curve
C' the angle 0 of inclination of the vector F'(x,y) changes by the amount

A0 = 2nr

where n is an integer called the index of the curve C' with respect to the
vector field (see Example 3.42 below). If we deform C' continuously without
passing through any critical points of the vector field F'(x,y), then the index
changes continuously and hence must remain constant.

Now assume C' is a cycle of (3.50), (3.51) and assume x(t), y(t) is
a corresponding solution with period 7' > 0. Then the curve C' is given
parametrically by

C:z=uz(t),y=ylt), 0<t<T.

re = [ 0) |

be the vector field associated with (3.50), (3.51). Then as ¢ goes from 0 to
T, the point P(t) = (z(t),y(t)) moves around the curve C one time. But

P(t) = (/(t),y' (1)) = (f(x(t)), 9(y (1)) = F((t), y(t))
is the tangent vector to the curve C' and hence the index of the curve
C' with respect to the vector field F(x,y) is £1 (+1 if the curve C is
positively oriented and —1 if the curve is negatively oriented). If there are
no critical points inside C, then for any point (z¢, yo) interior to C' we can
continuously deform C' into a circle about (zg, yo) with an arbitrarily small
radius with center at (zg,yo). On Cj the vector field is nearly constant (in
particular f(z,y) # 0 inside and on Cp). Therefore the index of the vector
field F(x,y) on Cy must be zero, which is a contradiction. Hence there has
to be at least one critical point of (3.50), (3.51) inside of C. O

Also let

Example 3.42 Find the index of the mapping

F(z,y) = { y;?_mi/Q }
with respect to the simple closed curve C, 22 +y? = 1, positively oriented.
A parametric representation of this curve C is given by
r =cost, y=sint, 0<t< 2w,
It follows that
Flatt)y(0) = | = | e

= Tt |

—2costsint
sin®t — cos? ¢
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Hence the index of the mapping F' with respect to C' is n = —2. A
We apply Theorem 3.41 in the following example.

Example 3.43 Show that the system

/

@ = y+yr?
"= ay+2

has no periodic solutions.
Since this system does not have any equilibrium points, we have by
Theorem 3.41 that this system does not have any periodic solutions.

A

Note that Theorem 3.41 also implies that the cycles whose existence
was established in the earlier examples must encircle the equilibrium.
Before we state our next theorem, we need a couple of definitions.

Definition 3.44 We define the divergence of the vector field
mw}
F(z,y) =
(y>[gmw
by

div F(z,y) = fu(z,y) + gy(2, ).

Definition 3.45 A domain D C R? is said to be a simply connected domain
provided it is connected and for any simple closed curve C in D the interior
of C'is a subset of D.

Theorem 3.46 (Bendixson-Dulac Theorem) Assume there is a continu-
ously differentiable function a(-,-) on a simply connected domain D C R?
such that the

div [a(x, y) F(z,y)]

is either always positive or always negative on D. Then the system (3.50),
(3.51) does not have a cycle in D.

Proof Assume that the system (3.50), (3.51) does have a cycle. Then
there is a nonconstant periodic solution z,y in D. Assume this periodic
solution has minimum period w, let C' be the corresponding simple closed
curve oriented by increasing ¢, 0 < ¢ < w, and let E be the region interior
to C. Since div [a(z,y)F(z,y)] is of one sign on E C D, we have that the
double integral

/E div [z, y) F(x,y)] dA # 0.
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On the other hand, we get, using Green’s theorem,
[ dvlate)Fe.g) da
E
_ / 9
B E 3$
—= [ late
c

D))+ 2ol y)g(x,yn} aA
(

xay) dy - a(x,y)g(m,y) dl‘]

w

[

y)f
= a(z(t),y(t)) [f (@), y(£)y'(t) — g(x(t), y(t))a'(t)] dt
z(t), y(t))

(
s " o(a(t), y®) [ F(t), y(O)g(0), (1))
—ga(t), y(0) £ (@ (t), y(O))dt

t
t

=0,

which is a contradiction. O

Example 3.47 Show that the system

= —x+3y+y2—3x3+x4,

/

y = 20 —3y—4dziy—y°

has no cycles.
Note that

divF(z,y) = div [ﬁiz)) ]

. [ 2+ 3y +y?— 323 +2*
= div 3 7
20 — 3y —4dx’y —y
= —1-922+42® -3 —42® —7¢8
= —4-922 -7y
< 0,

on the simply connected domain R2. Hence by the Bendixson-Dulac theo-
rem with a(x,y) = 1 there are no cycles. A

Example 3.48 Show that the system

! y?,
- r—y+a2+yt

/

has no cycles.
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First note that

(z,9)

3
d1V|: 7x7y+x2+y4 :|
_1+4y37

div F(z,y) = div[ g(;:y)}

which is not of one sign on R?. Hence we cannot apply the Bendixson-Dulac
theorem with a(z,y) = 1 to conclude that there are no cycles in R?. We
now set out to find a continuously differentiable function «(-, -) so that the

div [a(z,y)F(z,y)]
is either always positive or always negative on R?. Consider

div [, y) F (z, y)]
| alz,y)f(z,y)
div [ afz,y)g(w,y) }
o a(z,y)[y°]
= div [ a(z,y) |-z —y + 2 +y'] }
ag(2,9)y° + oy (@, y)[—2 — y + 2> + y'] + a(z,y)[-1 + 4]

Studying this last equation, we see it might be beneficial if we assume that
« is just a function of x. Then

div]a(z,y)F(z,y)] = —a(z)+[o/(z) +da(2)]y’.

To eliminate the term involving 3, we will choose a(z) so that
o (x) + 4a(x) =0,
so let
afr) = e,
Then « is a continuously differentiable function on R? and
div [a(z,y)F(z,y)] = —e ** <0,

on Rj. It follows from the Bendixson-Dulac theorem that there are no cycles
in R=. A

We next give a result (see [46]) concerning the existence of a unique
limit cycle for Liénard’s equation
2" + f(z)r’ + g(x) = 0. (3.52)
Theorem 3.49 (Liénard’s Theorem) Assume that
(i) f,9:R — R are continuously differentiable;
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(ii) f,g are even and odd functions respectively with g(x) > 0 on
(0, 00).

(iil) F(x) := fom f(t) dt has a positive zero a with F(x) < 0 for
0 <z < aand F(x) >0 for x > a, F is nondecreasing for
x> a, and lim,_.. F(x) = co. Then (3.52) has a unique cycle
surrounding the origin and every nontrivial orbit approaches this
cycly spirally.

We next apply Theorem 3.49 to the van der Pol equation which arises
in the study of vacuum tubes.

Example 3.50 The van der Pol equation
o -1 =0, p>0 (3.53)

has a unique limit cycle. Note that the van der Pol equation (3.53) equation
is a Liénard equation with f(z) = u(z? — 1), g(z) = x and

F(z) = /03j w(s? —1)ds = ,u(%x‘3 —x).

Note that all the hypotheses of Theorem 3.49 hold, where a = /3. A

There is another important approach to the problem of finding limit
cycles that avoids the difficulty of identifying a positively invariant region.
The idea is to study the stability of an equilibrium as the value of some
parameter \ varies in the system:

= flz,y,N\), (3.54)

y = glz,y, ). (3.55)
Suppose that the equilibrium is asymptotically stable for A < Ay and that
the eigenvalues of the Jacobian matrix evaluated at the equilibrium are
complex so that solutions spiral in toward the equilibrium. If the equilib-
rium is unstable for A > Ag and the eigenvalues remain complex, then it
might happen that solutions would spiral toward a limit cycle for these val-
ues of A. However, the following example shows that this is not necessarily
the case.

Example 3.51 The system
=y,

/

y = —r+Ny

has a single equilibrium (0,0), and the Jacobian matrix has eigenvalues
5(A £ VA2 —4). For this simple linear system, it is easy to see that the
orbits spiral inward toward (0,0) for A < 0 and are unbounded spirals for
A > 0, so there is no limit cycle. Note that when A = 0, the origin is a
center surrounded by an infinite family of circular cycles. A

However, if we add the requirement that the equilibrium point is asymp-
totically stable at A = g, then we do get a limit cycle. This is the substance
of the famous Hopf bifurcation theorem:
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Theorem 3.52 (Hopf Bifurcation) Suppose that (zo(N\),y0(N)) is an equi-
librium point for the system (3.54), (3.55), and the Jacobian matriz for the
system evaluated at this equilibrium has eigenvalues a(X) £ i5(N\). Also,
assume that at some A = g, a(Xg) = 0, &'(Ag) > 0, B(Xo) # 0, and the
equlibrium is asymptotically stable. Then there is a A1 such that (3.54),
(3.55) has a limit cycle encircling the equilibrium for A\g < A < Aq.

See Chicone [8] for a more complete description of the Hopf bifurcation
and a proof.

Example 3.53 Let’s consider a nonlinear system that is similar to the
preceding example that had no limit cycle:

/ f—
x - ya
/

Yy = —xz+\y—ay’,

where a > 0. As in the earlier example, the equilibrium is (0,0) and the
eigenvalues are .5(\ £ v/ A2 —4). Let’s show that (0,0) is asymptotically
stable when A = 0. Define a trial Liapunov function V (z,y) = 2 +y?, and
note that

d

SV

2x(t)2’ () + 2y(t)y'(t)

2y%(t)(A — ay* (1))
< 07

when A = 0, with equality only for y = 0. Since there is no solution other
than the origin that lies on the z-axis, the LaSalle invariance theorem
(Theorem 3.24) implies that the origin is asymptotically stable. Since the
other hypotheses of the Hopf bifurcation theorem are clearly satisfied, we
conclude that the system has a limit cycle for 0 < A\ < Ay, for some positive
constant Ap. A

The predator-prey model that was considered earlier in this section can
also be analyzed by the Hopf bifurcation theorem:

Example 3.54 Recall that the equilibrium point (.1,.2) for the system

9xy
o 1— _
* 2(1=2) = 104 1
10y
.
Y y( 10x+1>

experiences a change in stability when b = .35. If we let A\ = .35 — b, then
the eigenvalues of the Jacobian matrix evaluated at (.1,.2) are

N A(35 N

At A = 0, the eigenvalues are complex, the real part changes sign, and the
derivative of the real part is .5. It is possible, but complicated, to show
that there is a strict Liapunov function defined near (.1,.2) when A = 0.
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Alternatively, we can use software for graphing solutions of differential
equations to check the asymptotic stablility of (.1,.2) when A = 0. As was
shown earlier by an application of the Poincaré-Bendixson theorem, there
does exist a limit cycle for A > 0, that is, for b < .35. A

3.7 Three-Dimensional Systems

Autonomous systems of three equations in three unknowns can exhibit
all the types of behavior we have seen for two-dimensional systems, plus
much more complicated behavior. Since many biological, chemical, and
physical systems have been observed to have complicated, even chaotic,
properties, mathematical models having these properties are potentially
useful in understanding such phenomena.

Let’s begin with linear systems of three equations in three unknowns:

!/

X ailr a2 ai3 x
Yy = | Q21 a2 @23 Y
z asy as2 ass z

As in the two-dimensional case, the type of orbits that the system has
depends on the eigenvalues of the matrix. Recall that if all eigenvalues
have negative real parts, then the origin is globally asymptotically stable.
There is a useful criterion for stability called the Routh-Hurwitz criterion
that depends on the coefficients in the characteristic equation. Suppose
that the characteristic equation for the matrix in the linear system is

A+ bA + e +d = 0.
Then the origin is globally asymptotically stable if
b>0, d>0, and bc > d.

If one or more of these inequalities are reversed, then the origin is unstable.
See Pielou [40] for a discussion and for criteria for higher dimensions.

We won’t try to characterize all three-dimensional linear systems, but
a couple of examples will serve to illustrate how the two-dimensional cate-
gories extend to three dimensions.

Example 3.55 First, consider the system

!

T 0 1 0 T
Y = 0 0 1 Y
z —-34 -21 -4 z

The characteristic equation is
AP 4+ 407 + 21\ + 34 = 0.

The Routh-Hurwitz criterion is certainly satisfied, so the origin is asymp-
totically stable. We can get more precise information by computing the
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eigenpairs

1 -1 0
-2 |; —1+4, 1 +i| 4
4 15 -8

-2

)

In phase space, orbits spiral around the one-dimensional subspace spanned
by an eigenvector for A = —2 toward the two-dimensional subspace spanned
by the real and imaginary parts of the eigenvectors for the complex eigen-
values. See Figure 23. VAN

-04 0

et
@O

F1GURE 23. A stable spiral.

Example 3.56 The system

/

x 0 1 0 T
Y =10 0 1 Y
z 2 1 =2 z

has the characteristic equation
Mo - A-2=0.

Note that the origin is unstable since the last coefficient is negative. The
eigenpairs are

1 1 1
L1l =1, =1 ] -2, | -2
1 1 4

In this case, most orbits converge to the stable plane containing the eigen-
vectors for the negative eigenvalues as ¢t — —oo and converge to the line
containing the eigenvectors for the positive eigenvalue as t — oo (see Fig-
ure 24). Here the origin is a saddle with a two-dimensional stable subspace
and a one-dimensional unstable subspace. A
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FIGURE 24. A three-dimensional saddle.

The general autonomous system in three dimensions is

x/ = f(x’ y? Z)?
y o= g(zy2), (3.56)
2 = hx,y,2).

In the next example, which involves a three-species food chain, the behavior
of the solutions is simple and predictable.

Example 3.57 Suppose there are three species with population densities
x(t), y(t), and z(t) at time ¢, and the third species preys on the second,
while the second species preys on the first. A simple model of this arrange-
ment is

"= az(l-1x)— a2y,
"= —by+cry — dyz,
2 = —kz4yz,
where all parameters are positive. The unique equilibrium in the first
octant is
k  cla—k)—ab
_7_ zZ) = 1—-- ka T )
(7,7,7) < o o )
whenever

1>—+4-.
a ¢
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Then the Jacobian matrix at this equilibrium is
—azx —x 0
cy 0 —dk |,
0 z 0
and the characteristic equation is
N+ aZAN? + k(d Z + cT)\ + adkT Z = 0.

In order for the equilibrium to be asymptotically stable, the Routh- Hurwitz
criterion requires

az >0, adkTz>0, akZ (dZ+ cT) > adkT Z.

Consequently, this equilibrium is asymptotically stable if it is in the first
octant. What do you think would happen to the three species if the values
of the parameters place this equilibrium in a different quadrant? A

In recent years, it has been shown that certain types of three-dimen-
sional systems always have fairly simple dynamics. For example, let’s as-
sume that the system (3.56) models competition among three species. Then
an increase in any one species tends to inhibit the growth of the other two.
Specifically, we impose the condition that the partial derivatives fy, f., gz,
gz, he, and hy are less than or equal to zero. If all these partial derivatives
are greater than or equal to zero, then the system is said to be coopera-
tive. The following theorem, which is similar to the Poincaré-Bendixson
theorem, is due to Hirsch [18] (see also Smith [47]):

Theorem 3.58 Let D be a bounded invariant set in R> for the system
(3.56), which is assumed to be either competitive or cooperative. Then for
every orbit in D, the w-limit set either contains an equilibrium or is a cycle.

To study complicated behavior for system (3.56), there is no better
place to begin than with the famous example due to Lorenz [34]. In 1963,
he published a study of the following system that now bears his name:

"= O(Q_x)’
" = rx—y— 2z,

7 = xy-— bz,

where o, r, and b are positive parameters. He derived this system from
a model of fluid convection in the atmosphere, and other researchers have
found it to be relevant to a variety of phenomena from lasers to water
wheels. He argued convincingly, though without rigorous proof, that for
some parameter values the solutions exhibit extremely complicated behav-
ior that might be chaotic, in some sense.

Let’s see what we can deduce using the methods of this chapter. As
usual, we first look for equilibrium points and quickly observe that the
origin is one of them. To get the others, we have from the first equation
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that y = x, then from the third equation that z = 2z2/b, and from the
second equation that z(r — 1 — 22/b) = 0. Now if x = 0, then we get the
origin, so set r — 1 — 2%/b = 0 to obtain the two additional equilibrium
points

PaQ = (i\/b(’f’ - 1)a :t\/b(’l" - 1),’/" - 1)7
which exist for » > 1. Note that the three equilibrium points are all at
the origin when r = 1, so there is a pitchfork bifurcation as r is increased
through r = 1, in which a single equilibrium branches into three.
To test stability, we compute the Jacobian matrix:

—0 o 0
r—z —1 —x
y z b
At the origin, this matrix has eigenvalues

—(c+1)£+/(c+1)2+40(r —1)

2 K
so the origin is asymptotically stable for 0 < = < 1, and for » > 1 it
has two negative eigenvalues and one positive eigenvalue, like the linear
system considered earlier in this section. At the equilibria P and @, the
characteristic equation is

N4 (0 4+b+1)A2 +b(o + 1)\ + 20b(r — 1) = 0.

—b and

From the Routh-Hurwitz criterion, we see that P and @ are asymptotically
stable if

b+3
1 < T<M, incase o >b+1,
c—b—1
1 < 7, incaseoc <b-+1.

Thus in the case that ¢ < b+ 1, the Lorenz system has fairly simple
dynamics since there is always at least one stable equilibrium point.
Next, we show that all orbits of the Lorenz system are bounded. Define

V(x,y,2) :=ra® +oy® +o(z — 2r).

Then along any solution z,y, z of the Lorenz system, we have

DV lt),p(0), 2(0)
= 2ra(t)2'(t) + 20y(t)y'(t) + 20(2(t) — 2r)2'(t)
2rox(t)(y(t) — (b)) + 20y (@) (ra(t) — y(t) — x(t)=(t))
+20(2(t) = 2r)(x(t)y(t) — b2(1))
= —20[ra?(t) + y2(t) + b(2(t) — r)? — r%b]
< 0,
if rz? +y? 4+ b(z — r)? > r2b. Define
By = {(x,y,2) s ra® +y? + b(z — 1) < 2r%b}
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and
By ={(z,y,2) : r2® + oy® + o(z — 2r)? < C}.
Then for large enough values of C', E; is a subset of Es, so that

SV alt) (1), 2(1) <0,
on the boundary of Fs, so Fs is invariant. Since every orbit must start
inside F5 for large C', every orbit must be bounded.

We now know that the w-limit set for each orbit must be a nonempty,
compact set, and some numerical experimentation is needed to study the
nature of these sets. For the parameter values r = 10, b = 8/3, and o = 10,
we are in the part of the parameter domain where the equilibrium points
P and @ are asymptotically stable, and Figure 25 shows a typical orbit
spiralling in toward P.

FIGURE 25. A stable spiral for the Lorenz system.

If r is increased to 21, while the other parameters are unchanged, we
still have asymptotically stable equilibria, but orbits tend to roam around
for some period of time before starting the final spiral (see Figure 26). This
phenomenon is sometimes called transient chaos and seems to be due to
the presence of an unstable homoclinic orbit (one that belongs to both the
stable and unstable manifolds) at the origin.

By the time r reaches the value 28, all equilibrium points are unstable,
and numerical computations reveal a very complicated w-limit set with
two distinct sections. Orbits seem to bounce back and forth between these
sections rather randomly. (See Figure 27 and a graph of x versus ¢ for
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FIGURE 26. Transient chaos in the Lorenz system.

0 <t < 30 in Figure 28.) This w-limit set is not a closed orbit, and it
appears to have dimension greater than 2. One of the basic attributes of
chaotic behavior is sensitive dependence on initial conditions, which means
(roughly) that for every orbit, there are orbits starting near it whose graphs
are quite different. In Figure 29, x is plotted against ¢ for orbits with
initial conditions (3,4,5) and (3.01,4,5). Although the orbits are close for
0 <t <11, they are only occasionally similar for larger values of ¢.

Let’s take a different approach to this so-called strange attractor. Fix
r =28 and 0 = 10 and set b = .5. Figure 30 shows that there is a stable
limit cycle with an approximate period of 3.5. If b is increased to .55, then
the period of the cycle doubles to about 7 (see Figure 31). In Figure 32,
we can see that at b = .559 the period has doubled again. These period
doublings seem to continue as we continue to increase b, so this phenomenon
has become known as the period doubling route to chaos, and it has been
observed in many discrete and continuous models.

Once people started looking for chaotic behavior, they began to find
it everywhere! There is category of problems, called nonlinear oscillation
problems, for which complicated behavior is the norm. As a basic example
(due to Ueda [50]), consider a simple electric circuit with linear resistance,
nonlinear inductance, and an alternating current source:

y' +ry +y* = beost,
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FI1GURE 27. A strange attractor for the Lorenz system.

X

15
10
)

|
15 0!
_5
~10
_15

FIGURE 28. A graph of x for the strange attractor.

where y is the flux in the inductor. Of course, this is a second-order dif-
ferential equation, but it is nonautonomous, so it tranforms into a three-
dimensional autonomous system. Let x = t, y =y, and z = y:

= 1,
/ — Z,
2 = beosx—1y® —rz,

where y is the flux in the inductor. For this example, we will be content
to look at some numerical solutions of this system in the y, z-plane. First,
choose r = .1, b = 12 and initial conditions z = 0, y = 1.54, z = 0.
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15
10

2.5 15
-5

—10
—15

FIGURE 29. Sensitive dependence on initial conditions.

FicUure 30. A limit cycle for the Lorenz system.

Figure 33 shows a solution that is periodic in the y, z-plane (but not in
three dimensions). A slight change in the initial value of y from 1.54 to
1.55 sends the solution spinning into what looks like a chaotic orbit (see
Figure 34, in which the orbit is plotted for 300 < ¢ < 400). Figure 35 is a
graph of y versus ¢ for this solution on an initial interval. Note that the
solution first appears to be settling into a periodic orbit, but around ¢ = 40
the regular pattern is lost and an erratic pattern of oscillation emerges.

Alternatively, we can retain the original initial conditions, and change
the value of the parameter b from 12 to 11.9 to obtain an intricate orbit
(see Figure 36).
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Ficure 31. The first doubling of the period.

F1GURE 32. The second doubling of the period.

This system displays a wide variety of periodic solutions. For example,
if we reduce the parameter b to 9, while keeping » = .1 and the origi-
nal initial conditions, we obtain the elaborate periodic solution in Figure
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FIGURE 34. A chaotic (?) orbit for a nonlinear oscillator.

37. Now increase b to 9.86 to find a doubling of the period (Figure 38).
This appears to be another example of the period doubling route to chaos.
Another example of the period doubling phenomenon can be obtained by
setting b = 12 and then choosing r = .34 (periodic), r = .33 (period dou-
bles), and r = .318 (period doubles again).

There has been an explosion of interest and research activity in the
area of complicated nonlinear systems in the last 25 years, leading to a
host of new ideas and techniques for studying these problems. A thorough
discussion of these would fill several large volumes! Some of the impor-
tant terms are Smale horseshoes (chaos producing mechanisms), discrete
dynamics (nonlinear dynamics in discrete time), fractals (complicated sets
with nonintegral dimension), Liapunov exponents (a measure of contraction
of a set of orbits near a strange attractor), and shadowing (existence of real
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FIGURE 35. A plot of y versus ¢ for a nonlinear oscillator.
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FIGURE 36. Another chaotic (?) orbit for a nonlinear oscillator.

orbits near computed orbits). Here is a partial list of the fundamental ref-
erences on nonlinear dynamics: Guckenheimer and Holmes [17], Wiggins
[53], Devaney [12], and Peitgen, Jiirgens, and Saupe [39].

3.8 Differential Equations and Mathematica

In this section, we will indicate briefly how a computer algebra system
can be used to find solutions of elementary differential equations and to
generate information about solutions of differential equations that cannot
be solved. Although we restrict the discussion to Mathematica, version 7.0,
other popular computer algebra systems such as Maple and MATLAB have
similar capabilities.

The basic command for solving differential equations is DSolve. For
example, to solve the logistic differential equation (see Example 1.13), we
enter

DSolve [x'[t]==r*x[t]*(1-x[t]/K), x[t], t]
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/

Ficure 38. A doubling of the period.

Mathematica responds with

ert—i—KC[l]K
alt] — 1 4 ertr KO [ [

Here C1] stands for an arbitrary constant, and we have the general solution
of the logistic equation. If we want the solution that satisfies an initial
condition, we simply supply Mathematica with a list of the differential
equation and the equation for the initial value:

DSolve [{x'[t]==r*x[t]*(1-x[t]/K), x[0]==x0}, x[t], t]

and we get

] e"tKz0
. K — 20+ e™z0 '
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Mathematica knows all the standard methods for solving first-order
differential equations and can also solve systems of linear equations with
constant coefficients. Let’s ask Mathematica to solve the system in Example
2.17:

DSolve [{x'[t]1==3*x[t]+y[t], y' [t]1==-13*x[t]-3*y[t],
x[0]==1, y[0]==2}, {x[t], y[tl}, t]

Since we included initial values, we obtain a unique solution

{alt] — %(QCOS[Qt] + 5Sin[24]), y[t] — %(4005[%} — 198in[2)}}

Also, many linear equations with variable coefficients can be solved in terms
of special functions. For instance, if we type

DSolve [x”[t]==t"2 x[t], x[t], t]

the answer is

{{J;[t] — C[2]ParabolicCylinderD {—%, z\/it}
1
+ C[1]ParabolicCylinderD [5, \/it} }} ,

where ParabolicCylinderD[v,z] stands for the parabolic cylinder func-
tion D, (2).

Mathematica has a built-in package, called VectorFieldPlots, that will
plot an array of direction arrows for a system of two first-order differential
equations in two unknowns. To load the package, enter

<<VectorFieldPlots‘;

In order to plot the direction field for the predator-prey model in Example
3.12witha=b=c=r=1and K =4, we now type

VectorFieldPlot [{x*(1-x/4)-x*y, x*y-y}, {x,0,4.5}, {y,0,2.5}]

which produces Figure 39. The arrows indicate that solutions in the first
quadrant flow counterclockwise and spiral in toward the asymptotically
stable equilibrium point.

The command NDSolve is used to compute a numerical approximation
of the solution of a system of ordinary differential equations. We can then
display the approximation as a curve in phase space or as a graph of one of
the dependent variables against the independent variable. As an example,
consider Figure 22, which illustrates a solution converging to a limit cycle
for the predator-prey model in Example 3.39. We first enter
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FIGURE 39. A direction field for a predator-prey model.

NDSolve [{x/'[t]==x[t]*(1-x[t])-9*x[t]*y[t]/(10*x[t]+1),
y/ [t]1==0.3%y [t]*(1-10%y [t]/ (10%x [t]+1)),
x[0]==0.15, y[0]==0.25}, {x,y}, {t,0,150}]

and follow with
ParametricPlot [Evaluate [{x[t],y[t]} /.%], {t,0,150}]

to obtain that figure. If we now want a plot of x against ¢, then we can
enter

Plot [Evaluate[x[t]/.%%], {t,0,150}]

Note that % refers to the output immediately preceding the command, while
%% refers to the next-to-last output.

Finally, if we wish to perform a numerical experiment on a system
of equations, in which we will be changing the values of the parameters
and/or the initial conditions, then it is more efficient to define a function
that combines all the needed commands. Let’s consider the Lorenz system
studied in section 3.7. The following user-defined function will make it easy
to change values of the parameters, initial conditions, and endpoints of the
time domain:

PhasePlot3D[{x0_,y0_,20_}, {r_,b_,c_}, {t1_,t2_} 1:=

Module[{t,n},

n=NDSolve [{x'[t]==c*(y[t]-x[t]),

vy [t]==r*x[t]-y[t]-x[t]*z[t],

z' [t]==x[t]*y [t]-b*z [t],

x[0]==x0, y[0]==y0, z[0]==z0},

{x,y,2},{t,t1,t2}1;

ParametricPlot3D[Evaluate[{x[t],y[t],z[t]} /.n],

{t,t1,t2}]]
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Note that we changed the name of one parameter from o to ¢ for conve-
nience. To produce Figure 27, we enter

PhasePlot3D[{3,4,5}, {28,8/3,10}, {0,35}]

It is staightforward to modify these commands to obtain other types of
plots. For example, if we want a plot of x versus ¢ (as in Figure 28), we can
change the ParametricPlot3D in the definition of PhasePlot3D to Plot
and change the function to be plotted to simply x[t]. Of course, we may
also want to replace the name PhaseP1lot3D to something more suitable!

3.9 Exercises

3.1 Draw the phase plane diagram for the differential equation

2 = —x+ 5.

What is the equation of the separatrix for this problem?

3.2 Draw the phase plane diagram for each of the following differential
equations:

(i) 2" —2x2’ =0

(ii) 2" +|z| =0

(iil) 2" 4+e* =1
3.3 Find all the equilibrium points for the system

x/ _ x2y3’

y/ _ 71,3y2
and draw the phase plane diagram for this system.

3.4 Show that the differential equation " + X\ — e* = 0 has bifurcation
at A = 0 by drawing the phase plane diagram for A > 0 and A < 0 and
noticing the drastic change in the phase plane diagram.

3.5 Show that if A is a 2 X 2 constant matrix with tr A > 0 and det A # 0,
then the origin for the two dimensional system 2’ = Az is unstable.

3.6 Show that the system

/

' = x4 16y,

y = -8r—y

is a Hamiltonian system, find the equations for the orbits, and sketch the
phase plane diagram.

3.7 Work each of the following;:

(i) Show that
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is a Hamiltonian system if y # 0.

(ii) Investigate how the orbits of the system in part (i) are related to
the family of circles passing through the points (1,0) and (-1, 0).
[Note: The orbits in this problem are the curves of the electric
field of a dipole located at (1,0) and (—1,0).]

3.8 For each of the following systems that are Hamiltonian systems, find
a Hamiltonian function. If a system is not Hamiltonian system, say so.

(i)

¥ = eV—2z
= 2y — 2
(i)
¥ = z+y
"= —x+y
(ii)
o = —ad 4y
"= 32’y +2
(iv)
¥ = z%cos(xy) — 2?
Yy = 2xy—sin(zy) — 2y cos(zy)

3.9 Find eigenpairs for each of the following and use your answers to draw
the corresponding phase plane diagram.

o [y]-15 ][]
o [3]=12 %][7]

3.10 Find eigenpairs for each of the following and use your answers to draw
the corresponding phase plane diagram. In (i) graph nullclines to draw a

more accurate phase plane diagram.
r 17

o 5] =0l
o [3]-[5 20

3.11 Draw the phase plane diagrams for each of the following linear systems
using nullclines to help you graph a more accurate phase plane diagram:

oT;]-T3 ATTs

y:/ 9 2
aw [ s]=12 &7

L 7 L 5 5§
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3.12 Draw the phase plane diagram for each of the following systems:

/

T
o[:]-[5 4[]
(iii):gz ::i 140Hﬂ
(iv)_f;_l _21 _55{3;]

3.13 The following is a model of competition between species having den-
sities x and y:

¥ = z(2-2x-y),
vy o= y@2-z-2)
Draw the x and y nullclines and the direction of flow on each nullcline.

3.14 A certain epidemic is modeled by the equations

2 = —axy+ bz,
y = ary-—cy,
2 = cy—bz.

Here x is the number of individuals who are susceptible to the disease, y is
the number infected, z is the number recovered, and a, b, ¢ are positive pa-
rameters. Note that recovered individuals immediately become susceptible
again.

(i) Show that x(t)+y(t)+ =(t) is constant for all ¢, and use this fact
to eliminate z and reduce the system to two equations in two
unknowns.

(ii) Find and sketch the nullclines and the direction of flow.

3.15 A chemostat is a tank that holds a concentration x(¢) of bacteria
at time ¢ nourished by a concentration y(t) of nutrient at time ¢. Fresh
nutrient is continuously added to the tank, the tank is stirred, and the mix
is drawn off at the same rate. A basic model is

r Yy
r = a|l—|z—uz,
<1+y)
/ Yy
= ———|z—y+b,
Y (Hy) Y

where a > 1, b > 1/(a — 1). (See Edelstein-Keshet [14].) Sketch a phase
plane diagram, showing nullclines and direction of flow.

3.16 Apply Liapunov’s stability theorem (Theorem 3.18) to the simple
scalar equation #’ = —kz, where k > 0 is a constant. Same problem for
' = —kx + f(z), where k > 0 is a constant and f : R — R, is continuous
and satisfies x f(z) <0, z # 0.
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3.17 If possible, use Theorem 3.26 to determine the stability of the equi-

librium points for each of the following systems:
r 1/

Q) T __x+x22xy]
B -yt

:y:/ L Y y2

(ii) | _ | —xt+yty 2xy]
L Y ] x
- o, ¢

x| | -y

ai | o] =] 57

3.18 Show that for the pendulum problem with friction (Example 3.25)
the kinetic energy plus the potential energy of the pendulum bob at time
t is given by $mL2[¢/(t)]> + mgL[l — cos6(t)] if the reference plane for
computing the potential energy is where the pendulum bob is at when
0 = 0. Compare this energy expression to the Liapunov function in Example
3.25.

3.19 If possible, use Theorem 3.26 to determine the stability of the equi-
librium points for each of the following systems:

. z ] 2 —2x 4y
(i) = -
Y T
/ A2 2
Y 3xy
3.20 Determine the stability of each equilibrium point of the system
= y*—3z+2

y/ _ $2—y2.

3.21 Find constants a and 3 so that V(z,y) := ax? + By? defines a Lia-
punov function for the system

!

T = —x— 9y,
y = 3z—°
on R2.
3.22 Find constants a and 3 so that V(z,y) := az? + By* is a Liapunov
function for the system
¥ = —x—yd
= z—y
on R2.
3.23 Find a Liapunov function for the system

.%‘/ _ _x_yZ’

/!

1
y = —gytiwy

on R2. Identify a family of positively invariant sets.
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3.24 Find a Liapunov function for the system

/

=Y
"= Az —cy
where ¢ > 0.
3.25 Show that the system
¥ = 4y —2)?
y = 22'(2-y)

is a gradient system, and find any asymptotically stable equilibrium points.

3.26 Work each of the following:
(i) Show that

/

¥ = 3y-—3z?,
y = 3x—3y°
is a gradient system.
(ii) Construct a strict Liapunov function for the system in part (i),

and use it to find a positively invariant set in the first quadrant
such that every orbit in the set converges to an equilibrium.

3.27 Apply the LaSalle invariance theorem to each of the following systems:

(i)

¥ = —2x— 2y,
/ _ 21,2 —y
(i)
=y,
y = —z+y’ -2

3.28 Apply the LaSalle invariance theorem to each of the following systems:
(i)

= —z—y+ay’,

= z-y—2’y

(i)

= —2x-— 3xy4,

= 2y -y

(iil)

¥ = —x+6y°,

= —T
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3.29 What happens when you try to apply the LaSalle invariance theorem
to the system

x/ _ xy4,

y = —a?y?
Draw the phase plane diagram for this system.
3.30 Apply the LaSalle invariance theorem to the system

/

¢ = —zyt 44

y = —u.
3.31 In the predator-prey Example 3.27, show that the equilibrium point
(K, 0) is asymptotically stable if bK < c.

3.32 For the competition model in Exercise 3.13, find and determine the
stability of all the equilibrium points.

3.33 Find the equilibrium point in the first quadrant for the epidemic
model in Exercise 3.14, and test its stability.

3.34 Show that the model of a chemostat in Exercise 3.15 has an equilib-
rium in the first quadrant, and test its stability.

3.35 Consider the system for modeling competition between species given
by
¥ = x(3—x—3y)
y = yB-3x—y).
Find all equilibria of this system and sketch the nullclines and the direction
of flow on each nullcline. Determine the stability of each equilibrium point.
3.36 Work each of the following:
(i) Show that
¢ = 3y*—3uz,
Yy = 3y-—32°
is a Hamiltonian system.
(ii) Find and classify the equilibrium points for the system in part

(i)
3.37 Show that the system

/

¥ = 6xy®+ 423y,
o 3 2,2
y = —2y°—6x"y" +4x
is a Hamiltonian system and find all Hamiltonian functions for this system.
3.38 For the the chemostat model in Exercise 3.15, determine whether

orbits that are near the asymptotically stable equilibrium spiral into it as
t — oo.
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3.39 Use the linearization theorem to show that the equilibrium point
(0,0) is an unstable spiral point for the system

/

r = x+y-—2zy

/

Yy = —2x+y+3y>

3.40 Show that the equilibrium point (0,0) is an asymptotically stable
node for the system

¥ = —z—y—32%y
/

y = —2x—4y+ 3ysinz.

3.41 In Example 3.35 we prove the existence of a nontrivial periodic so-
lution of the system (3.46), (3.47). Show that for any constant «, z(t) =
cos(t + ), y(t) = —sin(t + a) is a periodic solution of the system (3.46),
(3.47).
3.42 Show that the system

/

o = —dr—y+a@®+y7),

/

y = z—dy+y@®+y°)
has a nontrivial periodic solution.

3.43 Show that the differential equation 2" + [2% + (2/)? — 1]2’ + 2 = 0 has
a nontrivial periodic solution.

3.44 Show that the system

/

= —z—y+aB32®+y°),
"= z—y+yBa®+y?)

has a limit cycle.

3.45 Use the Poincaré-Bendixson theorem (Theorem 3.36) to show that
the system

¥ = z—y—2a°,

/!

y = z4+y—y°

has a periodic solution. (Hint: Show that the system has an invariant
square.)

3.46 Find a planar system such that div F'(z,y) = 0 and there are cycles.

3.47 Determine whether or not each of the following equations has a peri-
odic solution:

(i) =" — (x’)2 -1 +x2) =0

(i) 2" — (2?2 + )2’ + 25 =0
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3.48 Draw the phase plane diagram for the system

z’ —y + 2(x? + y?)sin <L> ,

/$2+y2
/ 2 2 o 4
y x+ylx —l—y)sm<7>.

Find the limit cycles for this system. Is the origin asymptotically stable?
3.49 Show that the system

3
= wyx(x2+§y2),

3
! x+y—y<x2+§y2)

<
I

has a limit cycle.

3.50 Consider the following alteration of Example 3.39

¥ = z(l-1x)- oy ,
10z +1
20y

"= byll-— .

Y y( 10x+1>

(i) Find the nullclines and a positively invariant rectangle.
(ii) Compute the equilibrium in the first quadrant and show that it
is asymptotically stable for all b > 0.

3.51 A special case of a model of glycolysis (a biochemical process in which
cells obtain energy by breaking down sugar) due to Sel’kov is
¥ = —z+.05y+ 22y,
y = .5—.05y—2%y.
(i) Show that the five-sided polygonal region shown in Figure 40 is
invariant. [Note: The curve y = x/(.05 + 2?) is the y nullcline.]

(ii) Use the Poincaré-Bendixson theorem to deduce the existence of
a limit cycle.

3.52 Apply the Poincaré-Bendixson theorem (Theorem 3.36) to the system
¥ = 3z—y-— ze® Y’

’ 2% 4y?

y = x+3y—ye

3.53 Show that each of the following systems has no cycles:
(i)

r = r—y-+ :EyQ,

= T
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FI1GURE 40. An invariant region for the model of glycolysis.

(i)

2 = 14y,
y = 22 +a2%y?
(i)
¥ = —x—y+22% 497
y = =

3.54 Show that each of the following systems has no cycles:

(i)

= y+aty,
y = ay+2
(i)
a = y+ad
y = aty+2y
(iif)
= -y,
y = z+y—a® -y’

3.55 Determine if the differential equation

2 — ()2 -1-22=0
has a periodic solution.
3.56 Find the index of the mapping

Floy) { z3 — 3zy? ]

3z%y — y°

with respect to the simple closed curve C, 22+ y? = 1, positively oriented.
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3.57 Use Liénard’s Theorem (Theorem 3.49) the show that the differential
equation

a4 222 (x? — 2)2’ + 23 =0
has a limit cycle.

3.58 Use Liénard’s Theorem (Theorem 3.49) the show that the differential
equation
2"+ 25 — 2% =0
has a limit cycle.
3.59 Show that the differential equation (3.53)
azx’ +b(z? —1)a’ +cx =0, a,b,c>0

can be transformed into the van der Pol equation by a suitable change of
the independent variable.

3.60 Write the van der Pol equation 3.53 as a system in the standard way
and determine the stability of the equilibrium point (0,0) for the cases
u<0and p > 0.

3.61 For what value of the parameter \ does the following system undergo
a Hopf bifurcation?

!

= xfz(l—2) -yl
y = (@—(1/N)y

3.62 Consider again the model of glycolysis in Exercise 3.51. Let’s make
the model somewhat more flexible with the addition of a positive parame-
ter:

/

¢ = —x+.05y+ 2%y,

y = A—.05y —z%y.

Compute a value of the parameter A at which a Hopf bifurcation occurs.
3.63 For the following linear system, compute the eigenvalues and eigen-
vectors, and discuss the nature of the orbits of the system.

x = v,
"= 24y,
2 = 2y+z

3.64 Compute the eigenvalues and eigenvectors for the following system,
and sketch a few orbits for the system.
r = x4+ 2y,

= —Tr—-Y,

z = 2xr—z
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3.65 The following system is a simple model of a predator (density x) and
two prey (densities y and z):

r = —rr+ary—+x=z,
y = by—uay,
2= cz(1—-2)—dv 2,

where all parameters are positive. Compute the equilibrium in the first
octant, and investigate its stability.

3.66 In the following system, the parameters a and b are positive:

¥ = x(l—xz—ay—bz2),
y = y(l—by—z—az),
2 = z(1—ax—by—2).

(i) Show that this is a model of competition if (z,y, z) is in the first
octant.

(ii) Show that the equilibrium in the first octant is

(iii) Test the stability of the preceding equilibrium.

1
o (L1, 1).

3.67 What happens to solutions of the Lorenz system that start on the
z-axis?
3.68 Let V(z,y,2) = La? +y? + 22

(i) Along solutions of the Lorenz system, show that

DV wlt),p(0), 2(0)

_ 9 (aj(t) - 1y(t))2

) (1 - (T ; 1)2> y*(t) — 202%(1).

(ii) Conclude that V is a strict Liapunov function if 0 < r < 1 and
that in this case all solutions of the Lorenz system go to the
origin as t — oo.

3.69 Other period-doubling parameter regions exist for the Lorenz system.
For example, fix b = 8/3 and ¢ = 10 and start ~ at 100 to obtain a cycle.
Find a slightly smaller value of 7 that produces a doubling of the period.
Then find a smaller value of r that looks chaotic.

3.70 A system that has properties similar to the Lorenz system is the
Rossler system:

= Y-z

= x+ay,

Zz = br—cz+xz,
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where a, b, and ¢ are positive.

(i) Find the equilibrium points and test their stability.
(ii) Let a = 4, b = .3, and increase c¢ starting at ¢ = 1.4 to find
values of ¢ at which the period doubles and then doubles again.
(iii) Generate an image of the Rossler attractor, using ¢ = 4.449.

3.71 Use a computer to investigate the forced “double well” oscillator
v’ +ry +y* —y=acost.

Fix r = .25 and sample values of a between .18 and .4 to find values of a
and appropriate initial conditions that yield multiple limit cycles, transient
chaos, and chaotic oscillations.

3.72 The system

¥ o= yz,
= 2z,
!

2 = xy

describes the rotational motion of a book tossed into the air (see Bender
and Orszag [5], p. 202).

(i) Locate and classify all equilibria.
(ii) Show that orbits lie on spheres centered at the origin.
(iii) Use a computer to sketch some orbits on the unit sphere 2% +
y?+ 22 =1.



Chapter 4

Perturbation Methods

4.1 Introduction

Even if a differential equation cannot be solved explicitly, we can of-
ten obtain useful information about the solutions by computing functions,
called analytic approximations, that are close to the actual solutions. In
this chapter, we give a brief account of some of the most successful methods
of finding analytic approximations, namely perturbation methods. The idea
is to identify a portion of the problem that is small in relation to the other
parts and to take advantage of the size difference to reduce the original
problem to one or more simpler problems. This fundamental idea has been
a cornerstone of applied mathematics for over a century since it has proven
remarkably successful for attacking an array of challenging and important
problems. In order to introduce some of the basic terminology and to il-
lustrate the idea of perturbation methods, let’s begin with an elementary
example.

Example 4.1 Consider the initial value problem
P4+ rter?=0, x(0)=1.

Here € is a small, positive parameter, and the differential equation is said
to be a small perturbation of the linear equation 2’ + x = 0, which has the
general solution z(t) = Ce!. We expect that one of these solutions of the
linear equation will serve as an analytic approximation of the solution of
our initial value problem.

In order to standardize the procedure, let’s try to compute the solution
of the initial value problem as a perturbation series:

x(tve) = xO(t) + El’l(t) + 621'2(15) 4.

Since € is small, the z((t) will represent the most significant approximation
to z(t,€), the term ex(t) will correct that approximation by an amount
directly related to the size of €, the term e?z(t) will further correct the
approximation by a smaller amount (assuming that € is much smaller than

one), and so forth. The functions xg, x1, --- will be computed by substi-
tuting the perturbation series directly into the initial value problem:
(xh+exh +-- )+ (zo+exy+---)+e(xo+ex; +---)2 = 0,
20(0) + ex1(0) + 22(0) +--- = 1.
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Now we use the familier algebraic procedure of setting the coefficient of
each power of € equal to zero in each equation. Beginning with the terms
that do not involve €, we have

xy+zo = 0,
z0(0) =
The solution of this IVP is
xo(t) = e,

which is the solution of the associated linear equation that satisfies the
initial condition. Next, set the coefficient of € equal to 0:

/ 2 / —2t
ry+x1+25 = 0 or z7+x1+e 7" =0,

z1(0) = 0.
This is a nonhomogeneous linear differential equation that can be solved
by using the variation of constants formula in Chapter 1 or by finding an
integrating factor. The solution is

x1(t) = e et
If we set the coefficient of €2 equal to 0, then we have
rh+ao+2r0x1 = 0 or ah+ o +2e 3 27 =0,
x2(0) = 0.

The solution of this IVP is

zo(t) = =272 fe 73 et
Consequently, our perturbation series is

et el —et)+ (e temt — 27 ) 4.

For this example, we can find out how good this approximation is by
computing the exact solution. We leave it to the reader (Exercise 4.2) to
show, using separation of variables, that the exact solution is

et
z(te) = 1+e(l—et)
[We will denote both the exact solution and the perturbation series by
x(t,€).] We can see immediately that any finite portion of the perturbation
series will not be a good approximation for all ¢ because the exact solution
goes to infinity as ¢ approaches Inf[e/(1 + €)], while the perturbation series
does not have this property!

To investigate further, let’s use the geometric series to write the exact

solution in the form of an infinite series:

zt)=e 1 —c(l—e )+ E(1—e )2 +--),

which is valid if €]l — e~?| < 1. Note that this series is identical to the
portion of the perturbation series that we computed earlier. However, as
noted previously, the exact solution and the perturbation series are not the
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FIGURE 1. Approximations of the exact solution in Ex-
ample 4.1.

same, and we can see that the problem is that the series converges only for
a restricted range of t values.

If we restrict ¢ to be nonnegative, then the series converges, assuming
that € is less than 1. Furthermore, the series is alternating and the terms
are decreasing in magnitude, so we can estimate errors using the alternating
series test. (We could, of course, compute the exact errors here, but that
is not necessary for the conclusions that we wish to draw.) For example,
suppose that we use just the first term e~! in the perturbation series as
our approximation. Then we have the absolute error estimate

lz(t,e) —e | <e(l—e et (t>0)
as well as the estimate of the relative error

B9 ca—ety @ =0

The relative error is important since it determines the number of significant
digits in the approximation. If we want a better approximation, then we
can use the first two terms in the perturbation series and obtain smaller
error estimates:

lz(t,e) —e {1 —e(l —e )| < e t?(1—eh)?,

and
lz(t,e) —e t (1 —e(1—e™t))|

< 62(1 - e_t)Q?
for t > 0. (Strictly speaking, this last estimate is not an estimate of the
relative error, but an estimate of the ratio of the error to the dominant
term in the approximation.) Figure 1 compares the first three terms in the
perturbation series to the exact solution for € = .4. A
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In the last example, we were able to give rather precise error estimates.
Such precision is usually not possible for problems in which the exact so-
lution is not available, so it will be convenient to define a concept that is
commonly used in order of magnitude estimates.

Definition 4.2 If there are constants M and ¢y and a set S so that
u(t, e)] < Mlu(t, )|

for 0 < e < ¢y and t € 5, then we say that u is big oh of v on S as € goes
to 0 and write

u(t,e) = O(v(t,e)) (e—0) (tes).
Using this definition, we have in the preceding example
a(t,) — et = 0(e) (e —0) (t20),
or, more precisely,
z(te) —e " =0(ee™) (e—0) (t>0).
This last expression is usually written in the equivalent form
z(t,e) =e "(1+0() (e—0) (t>0).
If the first two terms in the perturbation series are used, then we have
z(tie) =e (1—e(l—e ) +0(?) (e—0) (t>0).

In order to use perturbation methods, a problem must be changed to
non-dimensional form, so that any small parameters in the problem can be
identified. The next example illustrates the procedure.

Example 4.3 Let y be the distance from the earth’s surface to a rocket
shot straight up into the air. Let R be the radius of the earth, g the
acceleration of gravity at the earth’s surface, and m the mass of the rocket.
If we neglect all forces except the force of gravity, then by Newton’s second
law,

o = MmgR
YT T+ Rr?
y(0) = 0, y'(0)=vo.

We rescale the dependent and independent variables, using
y=ax, t=pr,

where z is the new dependent variable, 7 is the new independent variable,
and « and 3 are scaling constants. Note that we want « to have the same
units as y and 3 to have the same units as ¢, so that the new variables will
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be dimensionless. By the chain rule,

dy  d <dy>
dt? dt \ dt
_d (daxdr)dr
= = < ir E) @t
o« d’z
= @ ok
Substituting into our initial value problem, we have
ma d’x B mgR?
Far - atRP
adr
z(0) = 0, BE(O) = vo,
or
A’z B B2gR?
dr2~  alax+R)?’
dx Bug
z(0) = 0, E(O) =

There are several ways to choose o and (3 to make the problem dimen-
sionless. We take the following approach: First elimate the parameters in
the initial conditions by making o = Bvg. Our problem is now

Pz Bg
P N
dT Vo (Blgox + 1)
dx
= — =1.
#0) = 0, 0)

The choice 5 = vg/g gives [ the units of time, as desired, and results in
the dimensionless equation

d?x 1

a2~ 72 N\2
" G
Now if the square of the initial velocity of the rocket is small compared to
the product of the radius of the earth and the acceleration of gravity, then

the initial value problem contains a small parameter

v

=R
The result of our calculation is a dimensionless problem with a small pa-
rameter:

Pz 1
N T )
20) = 0, Zoy=1. (4.2)

dr
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Note that the process of making the problem dimensionless has reduced
the number of parameters from four to one. A

Now that we have a problem with a small parameter, we can compute
a perturbation series that will provide much useful information about the
solution when € is small.

Example 4.4 We substitute a perturbation series
z(7,€) = 2o(7) + ex1 (1) + E20(7) + - - -
into equations (4.1), (4.2) and get

d2.%‘0 d2$1 2d2$2 1

d’]’2 +€d7—2 +€ dT2 + = _(1+€x0+62$1+"‘)2’
20(0) + ex1(0) + 2x2(0) +--- = 0,

dg dry 5 do

- - —_— o= 1.

dr (0) +e dr (0) +e e (0) +

In order to equate coefficients of like powers of € in the differential equation,
we must first change the right-hand side into a series in powers of . We
can do this quickly by recalling the binomial series:

—1
(1+Z)”:1+nz+ %22+... ,
which converges for |z| < 1. With z = exg + €2z; + ---, the differential
equation becomes
d?zq d*z; S dPx 2
dr2 Te dr2 Te dr2 +-0 = 1+ (-2)(exot ez +0)
—3)(—2
+w(€xo+€2xl +...)2+...].

2!

Equating the terms on each side of each equation that do not involve e
gives us the problem for zq:

d2$0
dr?
dx()

20(0) = 0, Z2(0) =1

The solution can be found by direct integration:

= -1,

7_2

XrTo=T— —/.
2

Next, we equate the coefficients of € on each side of each equation to obtain
d2.’E1 9 9 7'2
_— = €T = T — — 5
dr? 0 2

d.Tl

r1(0) = 0, e

0)=0
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and then integrate to find the solution

S —
xr1 = ? — E
Similarly, the problem for x5 is
d2$2
W = 21’1 — 31’%,
d.%z

0) = 0, —(0)=0,
22(0) ~2(0)
with solution given by
(r) = ! N 1175 1176
T T T 60 360
For brevity, let’s include only terms through € in the perturbation series:

72 3 4 )
T——+e€e|l——— O(e e—0) (0<7<T(e)),
G re(F-5) H0) (=0 0<r=T)
where T'(¢) is the time when the rocket returns to the earth’s surface. Note
that the next term in the series actually involves the expressions €274, €277,
and €279, but the dependence on 7 can be supressed here since 7 varies over
a bounded interval.
In the original variables, the perturbation series is

1/gt\> 1 [gt\* N

3 Vo 12 Vo

The expression vgt — gt?/2 represents the position of the rocket if we as-
sume that the force of gravity is constant throughout the flight. The next
segment of the perturbation series is positive and represents the first-order

correction, revealing (as expected) that the rocket actually flies higher due
to the fact that the force of gravity diminishes with increasing altitude. A

L ”3
t— —gt —
Vo 29 +92R

We saw in Example 4.1 that a perturbation series does not necessarily
yield a valid approximation of the solution, so our discussion for Example
4.4 is incomplete. The most commonly used method of checking an approx-
imation of this type is to generate a numerical approximation for certain
initial and parameter values and test it against the analytic approximation.
Of course, this is only a partial check since we can’t try all possible values.
Here is a theorem that can be used to verify approximations for problems
of the type discussed previously.

Theorem 4.5 Let x be the unique solution of the initial value problem

o= folt,x) +efiltsa) £+ €T fumi(ta) + € fult z6),
.Z’(t()) = A,
where fo, f1, -+, fan_1 are continuous in t and have n continuous deriva-

tives with respect to x in the set S = {(t,x) : |t —to| < h,x € D}, where
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A € D, D is a bounded subset of R™, and f, is continuous on S for
0 < e < ey and bounded on S x (0, €] for some ey > 0. If we substitute
zo(t) +exy(t) + -+ La, 1 (t)
into the initial value problem and compute the coefficient functions
Lo, 1y s Ty
by the method outlined previously, then
z(t,e) — (xo(t) +exi(t) + -+ " o1 (1) = O(€") (e —»0) (tel),
where I is any interval in [to — h,to + h] such that x(t) € D for t € I.

Proof See Velhurst [51], Theorem 9.1. O

In order to apply this theorem, we use Taylor’s formula with the re-
mainder in integral form:

O < VLI JPUS U LT,
Fa = e gy, 1o s

where f is a function with n continuous derivatives on the interval between
0 and z. In Example 4.4, we use this formula with f(z) = (1 + 2z)~2 and
n = 2 to write

(ex — s)
(145)*
Note that the integral remainder is continuous in z for all positive values
of x and e. Furthermore,

ex _ ex

6/ Mdsgfi/ (ex — ) ds = 3e%2?,
o (1+5s) 0

so the remainder is bounded for bounded values of z. Then Theorem 4.5

can be used to conclude that

st - (-G re(F-5)) 0@ (=0 0=r=7@)

The last example of this section examines a completely different type
of perturbation problem.

€T
—(1+ex)_2:—1—|—26x—6/ ds.
0

Example 4.6 The following partial differential equation is often called
Fisher’s equation:

0 0?

a—i = a—xz +y(l—y).
It was proposed by R. A. Fisher [15] (see also Murray [37]) as a simple
model of the propagation of an advantageous gene through a population.
Here y is the relative frequency of the favored gene and x is a single space
variable.
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FIGURE 2. A traveling wave solution of Fisher’s equation.

Let’s assume the equation is in dimensionless form and look for trav-
eling wave solutions:

y(a,t) = a(x — ct) = a(z),

where ¢ is the wave speed. Then (z) satisfies the boundary value problem

d*a da .
1
i(-00) =1, @(0) =3, (o) = 0.

(See Figure 2.) Two of the boundary conditions arise from the assumption
that the frequency of the gene is initially small (ahead of the wave) and that
it approaches 1 (behind the wave) as time increases. Since any translation
of a traveling wave is also a solution, we have made the solution unique by
setting 4(0) = 1/2.

Since it is known that this problem has solutions for large values of
¢, we convert it into a perturbation problem by setting e = 1/¢?, w =
2z, u(w) = ()

d*u L du e ) = 0
dw? T dw T w =5
1
u(—o0) =1, u(0) = 2 u(oo) = 0.

Substituting a perturbation series
u(w, €) = up(w) + euy (w) + - -
into the boundary value problem, we find that ug satisfies
duo

% +U0(1 _UO) = 0,

uo(—o0) = 1, wol0) = &

5 up(o0) = 0.
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-0.1

—0.25

0.5 1

FIGURE 3. A positively invariant region.

The solution is found by separation of variables to be
1
1+ew’

up(w) =

Similarly, we can show that

()= (o o (o)

How close is ug to an actual traveling wave solution? We can answer

this question using phase plane analysis. Let v = 3—3. Then we have the

system

v _
dw
dv 1

Note that in the phase plane the approximation ug corresponds to the
parabola v = u(u — 1) for 0 < u < 1. To show that the desired solution
u(w, €) is near ug(w), we will construct a positively invariant set of the
form

S ={(u,v): Cle)u(u—1) <v < D(e)u(u—1),0 <u <1},
where C'(¢) > 1, D(¢) < 1 are to be determined. (See Figure 3.)
Orbits will flow inward along the upper boundary of S, v = D(e)u(u —

1),0<u<1,if

1 _

0< |v,—(u(u—1) —v)] : [ D(e)(mf 2 } ;

c _
for 0 < uw < 1. Simplifying and using v = Du(u — 1), the inequality is
equivalent to
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for 0 < u < 1. Thus we need
D 1
0<-D?— = 4 ~.
€ €
We can choose

D(e)

-1 1+4
=+27 VIt 0@ (e —0).
€

Similarly, flow will be inward on the lower boundary, v = Cu(u — 1), if

0< |0, %(u(u— 1) —v)] . { C(E)“l* 2u) ] ,

for 0 < u < 1. Equivalently,
1
0<C’2(2u—1)+Z(C’—1) (0<u<1),

SO we require

c 1
0<-C?+——-.
€ €

Choose

C= 127146 =1+4+e+0(2) (e —0),

provided that ¢ < .25. Thus for € < .25 S is a positively invariant region.

We leave it to the reader to show that (1,0) is a saddle point and that

(0,0) is an asymptotically stable equilibrium (see Exercise 4.12). Since S

is positively invariant, there is an orbit (part of the unstable manifold at

(1,0)) that goes to (1,0) as w — —oo and for increasing w remains in S

and goes to (0,0) as w — oo. This is the desired solution u(w, €).
Summing up, we have found constants C(e) and D(e) and a solution

u(w, €) of the boundary value problem such that

Cu(u—1)<u <Du(u—1) (0<u<1),
provided that € < .25. By integrating these inequalities, we have
— < u(w 6) < ;
14 eCw ’ 1+ ebPw
for w > 0. The inequalities are reversed for w < 0. Recall that the
approximation ug(w) satisfies the same inequalities. We can use the mean

value theorem (applied to g(x) = 1/(1 + %)) to obtain an error estimate
for w > 0 (a similar estimate is true for w < 0):

- 1 1
= 14ePw ] 4eCw

z

|u(w, €) — uo(w)|

= ﬁ(C—D) (Dw < z < Cw)
weDw

The estimate shows that the error is O(e) for all w and is exponentially
small as w — Fo00. In Exercise 4.13, the reader is asked to show that no
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traveling wave solution exists if € > .25. See Kelley [29], for extensions of
this method to other equations. A

4.2 Periodic Solutions

In Section 3.6, we discussed a number of ways by which systems of
equations can be shown to have periodic solutions. Now we use perturba-
tion methods to obtain approximations of periodic solutions for three dif-
ferent types of equations. In each case, we will check our approximations
against numerical approximations of the cycles. For a rigorous justification
of perturbation methods for periodic solutions, see Smith [47] or Grimshaw
[16].

Example 4.7 The Hopf bifurcation theorem was used in Example 3.47 to
show that the system
=y
/

y = —r+y—ay’

has a periodic solution that encircles the origin if A is a small positive
number and a is positive. Let the intersection of the periodic solution with
the positive z-axis be denoted (A,0). In order to approximate this cycle,
we write the system as a single second order equation containing a small

parameter:
/3
" _ / u
U t+u=c€l|lu — ? R

with initial conditions u(0) = A, «/(0) = 0. Now substitute u(t,e) =
uo(t) + eur(t) + - - - into the equation
(ug+euf ++- )+ (uoteur+---) = e((upFui+-) = (1/3)(u+euy+---)°%).
Then
ug +ug = 0.
Similarly, substituting the perturbation series into the initial conditions
yields
UO(O) = A, UE)(O) = 0,
S0
ug = Acost.
Next,
uf tur = up— (1/3)up’
A3
= —Asint+ = sin®t.

The solution is

1 A2 A3
uy = Beost+ Csint + 3 (1 — I) Atcost + %Sin3t.
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FIGURE 4. The periodic solution and perturbation ap-
proximation for Example 4.7 with ¢ = .4.

Note that one of the terms making up w; is unbounded for large ¢, so
it does not belong in the approximation of the periodic solution that we
are seeking. Fortunately, it is possible to eliminate this term by choosing
A = 2. Then we have

1
ui(t) = Beost+ Csint + Esini’)t.

Since u; satisfies homogeneous initial conditions at ¢ = 0, we find that
B =0 and C = 1/4. The approximation is then reduced to

u(t,e) = 2cost — isint—i— 1—625in3t+-~- .

In Figure 4, a numerical approximation of the periodic solution and the
perturbation approximation are plotted over one period for ¢ = .4. Since
the periods of the periodic solution and the approximation are slightly
different, their graphs gradually separate if they are plotted over a longer
time interval. Also, the number A where the periodic solution intersects
the positive z-axis is actually a function of € and has a value slightly greater
than 2 for small values of e.

A

Example 4.8 Consider the IVP
d*u L
do?

u(0) =0, u'(0)=0,

where a, b, and € are positive parameters. This problem is a dimensionless

form of the equation of motion (in polar coordinates with u = 1/r) of the

orbit of a planet around the sun. The small nonlinear term is a correction,

resulting from Einstein’s theory of gravitation, to the classical Keplerian
model. (See Smith [47].) In contrast to the preceding example, in which

u:a—|—6u2,
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there was an isolated cycle, this differential equation has a family of periodic
solutions.
We begin, as usual, by trying a series

u(f,€) = uo(0) + eur (0) + - - - :

uf +euf 4+ Fugteuy +-- = a+e(up+euy + )3,
uo(0) + eus (0) +--- = b,
u(0) + euy (0) +--- = 0.

The problem for ug is

uy +uo =a, ug(0)=b, uy(0)=0,
SO

uo(f) = a+ (b —a)cosd.

Next,

uf +up = ud = (a+ (b— a)cos0)?,
with homogeneous initial conditions. The solution is
u1(0) = a*(1 — cosf) + a(b — a)fsin b + (1/3)(b — a)*(2 — cos® 6 — cos ).

Here again, we have among the terms in u; a term that is unbounded. In
this case, we cannot eliminate this unbounded term, except by choosing
a = b, which is not true for the application that motivates the problem.
Consequently, we will use an alternate method, called the method of renor-
malization, to improve our approximation.

Numerical studies of the periodic solutions indicate that in fact the
frequency is a function of e. We can incorporate this fact into our approx-
imation by defining

W:1+w1€+w2€2+-~-
and a new independent variable ¢ = w6, so that
f=wlo=04wet---)o=1—ew +-)o.
Substituting these expressions into the approximations ug and u;, we have
wo = a+t (b—a)cos(® — cwndt--),
up = a*(1—cos(¢—ewip+---))
+ alb—a)(¢p—ewip+---)sin(p —ewip+---)
+ (1/3)(b—a)*(2 — cos®(¢p — ewrp+ - -+ ) — cos(¢p — ewrp + ---)).
From Taylor’s formula,
cos(¢p — ewip+ -+ ) = cos P + ewrpsing + - - -,
Sin(¢ — ewrp+ -+ ) = sing — ewypcosp 4 - - - .
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FIGURE 5. A periodic solution and perturbation approx-
imation for Example 4.8 with a = 1, b = 2, and ¢ = .05.

Using these formulas, our approximation becomes

Ug + €U
= a+ (b—a)(cosd + ew psin @) + ea*(1 — cos ¢)
+ e(b—a)(¢p— ewi¢)sing + €(1/3)(b— a)*(2 — cos® ¢ — cos @) + -+ - .

Note that unbounded terms in the approximation can be eliminated by
choosing w; = —a! Neglecting terms of order €2, we now have the following
approximation of the periodic solution of the initial value problem:

a+(b—a)cos ¢+ ea’(1 —cos¢) + €(1/3)(b — a)*(2 — cos® ¢ — cos B),

where ¢ = (1 — ae)f. In Figure 5, the periodic solution is compared with
this approximation for the case a = 1, b = 2, and ¢ = .05. For the case
of the orbit of the planet Mercury around the sun, the actual parameter

values are approximately a = .98, b = 1.01, and e is on the order of 1077,
VAN

Example 4.9 Mathieu’s equation was examined using Floquet theory in
Exercise 2.61. Here we write it in a form suitable for applying perturbation
methods:

" + (o + 2ecost)u =0,

where a and € are positive and € is small. We know that for certain special
values of a and € (these are curves in the parameter domain) there are
periodic solutions of period 27 or 47, as well as unbounded solutions. These
curves serve as boundaries in the parameter domain for parameter regions
in which the solutions are either unbounded or aperiodic bounded solutions.
Let’s see what information a straightforward perturbation approximation
yields:

u(t,€) = ug(t) + euy (t) + ua(t) + - .
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Substituting this expression into Mathieu’s equation, we find the following
equations for the coefficients:

ug +auy = 0,
ul +aou; = —2ugcost,
uh +aus = —2u; cost.

Then
ug = Acos(vat + 3),
so the equation for u; becomes
u} +au; = —2Acostcos(vat+ 3)
= —Alcos((1+ Va)t + ) + cos((v/a — 1)t + B)].

The solution (neglecting the homogeneous solution, which can be included
in wg) is

u Acos((va+1)t+ ) N Acos((va—1)t+ B)
e 2y/a+1 1-2ya ’

provided that « is not 1/4. Similarly, for us we obtain

A
us 4(2\/&+1)(\/&+1)COS((\/EJFQ)H[?)
At .
m Sll’l(\/at + ﬁ)
A
+ 4(\/571)(2\/571) COS((\/572)t+ﬂ)7
unless @« = 1/4 or a = 1. Higher-order terms can be calculated in a

similar way, and we find that the exceptional cases are in general a = n?/4,
n=123--.

The approximations generated so far do not appear to yield periodic
solutions, so it is reasonable to expect that these solutions occur for small
values of € near the exceptional values v = n? /4. For example, let’s consider
a curve a(e) in the parameter domain that emanates from the point (1/4,0).
First, write

1
ale) = Z+ea1+62a2+~~ ,
and then again substitute
u(t,€) = up(t) + eus(t) + ua(t) 4+ - -

into Mathieu’s equation. This time we have

1 1
uy +-ug = 0,
4
1
uf + = —auo - 2uq cost,
1
uh + Sug = —aquj — agug — 2uq cost.

4
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FI1GURE 6. Comparison of a periodic solution and pertur-
bation approximation for Mathieu’s equation with € = .1
and a = .25 — €.

Now
t
uo(t) = Acos <§ + ﬁ) ;
which has period 47, so

1
" -
uy + 4u1

= —ayAcos(.5t + ) — 2A cos(.5t + ) cost
= —A(a1 +1)cos.btcosfB+ A(ay; — 1) sin .5tsin 3 — A cos(1.5t + 3).

There are exactly two ways we can avoid unbounded terms in w;:
ap=-—1, =0, or alzl,ﬂ:g.
In the first case, we have
uy + iul = —Acos1.5t,
with periodic solutions u; = .5A4 cos 1.5¢, and the approximation is

ug + eus = A(cos .5t + .5ecos 1.5t).

A comparison of this approximation with the actual periodic solution for
A=1,e=.1, and a = .25 — € is plotted in Figure 6 over two periods.
Likewise, in the second case we have the approximation

ug + eup = —A(sin .5t + .5esin 1.5¢).
Consequently, there are two curves
ale) = 25+ e+ O(e%) (e —0)
emanating from (.25,0) (see Figure 7), along which there are solutions of
period 4m. Our calculations also predict that the remaining solutions for

Mathieu’s equation with parameter values on these curves are unbounded
for t > 0.
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FicUrRE 7. Curves in the parameter domain along which
solutions of period 4w exist.

A

The methods we have used in this section have been specialized to the
problem at hand. There are more general methods, called the method of
multiple scales and the method of averaging, that can be applied to large
classes of these problems. See Smith [47], Verhulst [51], and Holmes [25]
for descriptions and examples.

4.3 Singular Perturbations

There is an important class of problems called singular perturbation
problems in which the regular perturbation method fails to provide a valid
approximation on the whole domain. Such problems were first studied in
the field of fluid dynamics in the early 1900s by Ludwig Prandtl [41]. (See
O’Malley [38] for an interesting account of the development of the methods
and applications of singular perturbations during the twentieth century.)
We begin with a simple, but informative, example.

Example 4.10 Consider an object of mass M falling through a fluid, which
resists the motion with a force proportional to the velocity of the object.
At time 0 the object is at height H and at time 1" at height 0. We have
the following boundary value problem for the height y(t) of the object at
time t¢:

My" = -Mg— Ky,
y(0)=H, y(T)=0.
We convert the problem to dimensionless form by defining y = Hzx

and t = T'7. The resulting problem is (with a dot indicating differentiation
with respect to 7)

€ =—1—Q,
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z(0) =1, =z(1)=0,
where e = M/(KT) and Q = M¢gT/(KH) are dimensionless parameters.
We assume € is a small parameter and substitute a perturbation series

x=uwo(T) +ex1(r) + -+

into the differential equation and boundary conditions:

e +eir+-) = —ig—eip— - —Q,
zo(0) + ex1(0) +--- = 1,
zo(1) +err (1) +--- = 0.

Equating the e-independent terms, we find that xg should satisfy the fol-
lowing conditions:

(tO - 7Q,
.’Eo(O) = 1, .%‘0(1) = 0.

Unfortunately, it is impossible for xg to satisfy all these conditions, except
in the unlikely event that @ = 1.

To determine how to compute a valid approximation, we can use a
physical argument. The differential equation shows that the velocity of the
object will approach a terminal velocity of —Q as 7 — oco. See Figure 8 for
a rough graph of the solution for the case @ < 1. This observation suggests
that zo(7) = Q(1 — 7) [this is the solution of the preceding problem for
xo that satisfies the boundary condtion z(1) = 0] should serve as a good
approximation of the solution as long as 7 is not near 0. The region near
7 = 0, where the solution experiences a rapid rate of change is called a
boundary layer, a term originating in the study of fluid velocity near a
boundary. To approximate the solution in this region, we add to the initial
approximation a boundary layer correction ¢:

QL —1) + 6(, ).
Substituting this trial approximation into our boundary value problem, we
find that ¢ satisfies
€= —¢.
In addition, we want our approximation to satisfy the boundary condition
at 7 =0, so
Q+¢(0)=1, or ¢(0)=1-Q.
Then we have
d(re) = (1 - Qe 7",

Finally, the desired approximation is
QU—7)+(1—-Q)e /.

The reader will observe that this approximation does not satisfy the bound-
ary condtion at 7 = 1, but it is very close since the boundary layer correc-
tion is extremely small at 7 = 1 if € is small.
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FIGURE 8. A graph of the solution of the boundary value
problem in Example 4.10

For the sake of comparison, the exact solution of the boundary value
problem is
(1-Q)e ™ +Q(1 —7)—e /e

.’L‘(t,e) = 1 7671/6
The difference between the approximation and the actual solution is
O(e ) for 0 <t <1ase— 0. A

In the following example, we study a nonlinear boundary value prob-
lem that has a number of different types of solutions, depending on the
boundary conditions.

Example 4.11 Consider the boundary value problem
ex” —xax’ —2? =0,
z(0)=A, =z(1) =18,
where we again assume € is a small, positive parameter.
Let’s begin by choosing specific values of A and B, say A = 1 and

B = 2. If we substitute a trial perturbation series xo(t) + ex1(t) + - - - into
the differential equation, we find that

/ 2
roxy + x5 = 0,

SO
zo(t) = Ce™"

for some C. As in the preceding example, ¢ cannot satisfy both boundary
conditions, so we investigate the possibility of a boundary layer. If the
boundary layer occurs at t = 0, then we set zo(1) = 2 to get zg = 2e! %
Then the solution would have the basic shape of the graph in Figure 9.
Note that for certain values of ¢ in the layer, 2’ and —z” are both large
positive numbers while x is of moderate size. For such t, the left-hand side
of the differential equation

ex! —ax' — 2% =0



4.3. SINGULAR PERTURBATIONS 181

3.5

2.5

1.5

0.2 0.4 0.6 0.8 1

F1GURE 9. A boundary layer profile at ¢ = 0.

contains at least one extremely negative term and no balancing positive
term, so it cannot possibly yield 0. We conclude that there is no solution
with boundary layer at ¢ = 0 for these boundary values.

Now let’s choose z4(0) = 1 so that z(t) = e~* and consider a possible
boundary layer at ¢ = 1. Figure 10 indicates that in this case the positive
term ex’” can balance the extremely negative term —zz’ in the layer and
permit the differential equation to be satisfied. As in the previous example,
we need a boundary layer correction 1. Since it will be rapidly changing
near t = 1, we assume it is a function of a fast variable o = (1 —¢)/e® for
some a to be determined. In order to obtain the needed balance between
the two terms in the differential equation, we require

d* e d*y
“arr T 2ado?
to balance
dyp 1 dy
dt  Terdo’
Thus we want €!72¢ = ¢~ ora = 1.
Our trial approximation is

e +Y((1—t)/e) =e‘c —1+1(0),

and, using a dot to indicate differentiation with respect to o, the differential
equation is

2a

i+ ai—ex®=0.

Subsituting, we have
62660'—1 +'(/)+ (eeo—l +,(/)> (eeea—l +,(/)) — ¢ (eea—l +w)2 —0.

We can eliminate the O(e) terms by taking e = 0. Then ¢ is chosen to
satisfy

1L+(e*1 +w)1/} =0,
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F1GUuRrRE 10. A boundary layer profile at t = 1.

as well as 1(r), ¥/(r) — oo as 7 — oo. In order that the approximation
satisfy the boundary condition at ¢ = 1, we also want

P(0)=2—et.
In Exercise 4.23, the reader is asked to show that the solution in implicit
form is

/2—61 dS
o= ———.
» Joe=t +r) dr

The explicit solution is then easily obtained by computing the integrals and
solving for :
2(2 — e 1)e /e
w(U) = —o/c"
2¢e+1—(2e —1)e=c/¢
The resulting approximation,

1y 1=t

— 2(2—e1te eil—t ’

2e+1—(2e—1)e =

is compared to the exact solution in Figure 11 for ¢ = .1. Higher-order
approximations can be computed by similar methods.

Now let’s take A to be an arbitrary positive number and ask for what
values of B can we find an approximation with boundary layer at t = 17
Following the same steps used above, we find that zo(t) = Ae™! and that
the boundary layer correction (o) must solve the problem

U+ (Aet+)W = 0,
w(o) = BfA/ev

as well as the condition that ¢(c) — 0 as 0 — co. The solution in implicit

form 1is
/B—A/e ds /B—A/e dS
o= —_— = T
» JoAe=t+r)ydr  Jy Ae~1s+ s2/2
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FIGURE 11. A comparison of the solution with the ap-
proximation for Example 4.11 with € = .1.

This integral can be computed to obtain ¥ as a monotone function of o,
unless the denominator vanishes for some 0 < s < B — A/e. Thus we must
require B > —A/e. Consequently, this procedure will successfully produce
an approximation of a solution with boundary layer at ¢ = 1 for all A > 0
and B > —A/e.

In Exercise 4.25, we ask the reader to show that in case B < —A/e,
it is possible to construct an approximation with boundary layer at t = 0
for all values of A > 0. This construction also works for the case A < 0,
B <0.

Looking over our discussion, we see there is one more major case to be
considered: A < 0 and B > 0. In this case, it is impossible to construct
approximations of the type computed previously, so we investigate whether
there is an approximation with boundary layers at both ¢t = 0 and t = 1
which follows the trivial solution zy = 0 outside of the layers.

Near t = 1, we again let 0 = (1 —t)/e, so the differential equation with
independent variable o is

i+ zi — ex® = 0.
If ¢(o) denotes the boundary layer correction, then the problem for ¢ is

»(0) = B, lim ¢(o)=0.

g—00

Thus ¢ is given implicity by
/ B ds
o= —_—
¢ Jordr

2B 2B
2+ Bo 2+ B(l-t)/e

and explicity by

¢



184 4. PERTURBATION METHODS

0.5

0.6 0.8 1

-0.5

-1

FIiGURE 12. A solution with twin boundary layers and
the computed approximation for € = .02.

This is an algebraic boundary layer function, and it goes to zero (as o — c0)
much more slowly than the exponential boundary layer functions computed
earlier.

The computation of the boundary layer correction at ¢ = 0 is similar,
and the final approximation (for the case A < 0,B > 0) is

2¢A n 2¢B
2¢ — At 2+ B(1-1t)

Figure 12 shows that this approximation is very accurate in case € = .02,
A=-1,and B=1. A

In addition to the boundary layer phenomena described previously,
singular perturbation problems can exhibit many other types of impulsive
behavior. The following example illustrates the situation in which a solu-
tion undergoes a rapid change in the interior of the interval.

Example 4.12 Consider the boundary value problem
ex! —xx’ —x =0,

z(0) =2, z(1)=-2.

The preceding differential equation is similar to the last one, but the
behavior of the solutions is quite different. Straightforward analysis yields
the approximations zg = 0 and zo = C — t, where C' is arbitrary. Using
arguments similar to those in the preceding example, we can show that it
is not possible to construct an approximation for a solution with one or
two boundary layers for these boundary values.

Let’s look for a solution with an internal (shock) layer that connects
29 = 2—t (which satisfies the left boundary condition) to zyp = —1—t (which
satisfies the right one). Figure 13 shows how the z-shaped shock layer
correction connects the two lines. The point ty where the approximation
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FIGURE 13. A shock layer profile for the solution of Ex-
ample 4.12.

crosses the time axis is unknown and will have to be determined as part of
the calculation.

Let 7 = (t —t9)/¢, and let y(7) denote the shock layer function. Our
approximation will be of the form

2—t—y((t—to)/e) =2 —tg —eT — (7).
Furthermore, we want
Y(r) =0, (1= —0)
so that the approximation will match up with xg = 2 — ¢ on the left side of
the shock and
Y(r) =3, (1 —00)
so that the approximation will match up with g = —1—1 on the right side.
In terms of 7, the differential equation is (with dot indicating differentiation
with respect to 7)
T —ax—ex =0.
Substituting the approximation, we get
—A—-—2—to—er—)(—e—%) —€e(2—tg —eT — ) = 0.
If we neglect all terms involving €, then the equation for ~ is
¥+ (to—2+7)y=0.
The implicit solution is
¥ d 1 _
T= / > = In V(5 = 4to) .
3/2 (2—t0)$—82/2 2—t0 3(4—2t0—’7)
Note that when 7 — —oo0, v — 0, as expected. However, in order that

v — 3 when 7 — 0o, we must choose tg = 1/2. Thus the shock must occur
at the middle of the intervall With this value of ¢y, we have

3 3

T 1ted/2 14e 315/

v
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Consequently, for 0 <t < .5, our approximation is
- 3
1+ e—3(t—5)/(2¢)"

Actually, this approximation is correct for the whole interval [0, 1] since it
converges to the approximation —1 — ¢ for ¢ > .5 when ¢ — 0. A

2—1

These examples may give the reader the mistaken impression that the
successful construction of an asymptotic approximation implies that there
is an actual solution near the approximation. Unfortunately, this conclu-
sion is not true in general. The following example is due to Eckhaus [13].

Example 4.13 Consider the boundary value problem
ex! — 12’ =2 —t,
2(0)=0, =z(1)=0.

Substitution of a perturbation series xg + exy + --- yields z{, = ¢, so
xo =t2/2+ C. If we choose C' = —1/2, then

P —1
2

satisfies both boundary conditions, so appears to be an asymptotic approx-
imation of some solution. On the other hand, the actual solution of the
boundary value problem is

2 -1

X0 (t)

z(t,€) = + €[(1 — t) + (e’ — e'/9))].

At t =0,

20(0) — (0, €) = —e + (et — 1),
which goes to co as € — 0! Not only is xy a bad approximation, but it gets
worse for smaller values of e. A

Other interesting examples of spurious approximations are given by
Eckhaus [13], Carrier and Pearson [6], and Bender and Orszag [5].

In many cases, asymptotic approximations of singular perturbation
problems can be rigorously verified using the contraction mapping theorem
(see Smith [47] or upper and lower solutions (see Howes [26], Chang and
Howes [7] and Kelley [30]). When we study upper and lower solutions
for boundary value problems in Chapter 7, we will give an example that
illustrates how this method can be used to verify formal approximations.

4.4 Exercises

4.1 Find the first two terms in the perturbation series for
'+ 2z +ex® =0, z(0)=3.

4.2 Solve the IVP in Example 4.1.
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4.3 For the system

o +r+er® = 0, (e>0)
z(0) = 1,
(i) Substitute a perturbation series xo(t) + ex1(t) +- - - into the sys-

tem and compute x¢ and x;.

(ii) Expand the exact solution 2(t,e) = e *(1 +¢(1—e2)) /2 in a
series and compare to your answer in part (i).

(iii) For € = .1, compare the exact solution to the computed approx-
imation by graphing, and determine where the approximation
breaks down.

4.4 Carry out the directions in the preceding exercise for the logistic equa-
tion with large carrying capacity:
¥ = z(l—-ex), (¢>0)
z(0) = 1.
In this case, the exact solution is z(¢,€) = e!(1 — € + ee’)~?

4.5 Verify that the following equations are correct:
(1)% t+e =0 (&) (e—0) (t>0)
(i c—el=0(ee!) (e—0) (teR)

i) e
(iif) fi‘“ii“ = O(¢?) (e—0) (1<t<100)
(iv) 1

— Ve _ g 4 e 4 O(2) (e —0)
4.6 Show that the logistic equation with initial condition:

;= ()
y(0) = a

can be reduced to the dimensionless form in Exercise 4.4, where € = a/K.

4.7 Verify that the undamped oscillator problem

my” +ky = 0,
y(0)=a, y'(0) = b
can be transformed into the dimensionless form
r+zx = 0,
z(0)=1, #(0) = e

where ¢ = (b/a)\/m/k.
4.8 Show how to change the damped oscillator

my” +by +ky = 0,
y(0) =1, '(0) 0
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into the dimensionless form
ex+z+x = 0,
#0) =1, §0) = o.

In terms of the original parameters, under what circumstances would € be
a small parameter?

4.9 In Example 4.4, T'(€) represents the time when the rocket returns to
the earth’s surface. Write T'(¢) = Ty + Tie + - - -, and compute Ty and Ty
using the approximation xo(7) + ex1(7) for z(7,€).

4.10 Use Theorem 1.5 to verify that
z(7,€) — (xo(7) + ex1(7) + x5 (7)) = O(®), (¢ = 0) (1<t <T(e)),
where (7, €) is the solution in Example 4.4.

4.11 Work each of the following:
(i) Change the undamped pendulum problem

L0 = —gsind,
0(0)=a, 0'(0) = 0,
to the dimensionless form
e = —sin(ex),
x(0)=1, #(0) = 0,

where ¢ = a is assumed to be small.

(ii) Subsitute z(t,7) = xo(7)+€x1(7) +2w2(T) +- - - into the pertur-
bation problem in part a, and show that z(7) = cos T, z1(7) = 0,
and z2(7) = (cosT — cos37)/192 + (7 sin7)/16.

(iii) Note that the approximation in part (ii) contains the unbounded
term (7sinT7)/16, as 7 — oo. Consequently, the approximation
will not be good for large values of 7. Let ¢ = .1, and deter-
mine by computer how large 7 must be to make the error of
approximation more than .3.

4.12 In Example 4.6, verify that (0,0) is asymptotically stable and that
(1,0) is a saddle point.

4.13 In Example 4.6, show that no traveling wave solution of the desired
type exists if € > .25. [Hint: Consider the nature of the equilibrium (0, 0).]

4.14 Find infinitely many traveling wave solutions of
Uga (T, ) + (2, 1) + 2u(z,t) =0

with speed 1.

4.15 Work each of the following:
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(i) For the special case € = 6/25, show that the perturbation prob-
lem in Example 4.6 has the exact solution

u(w) = (1+ (V2 - 1)65“’/6)72.

(ii) Show that u(w) in part a satisfies the estimates obtained in Ex-
ample 4.6, namely

1

Treon = < rma (0 20)

4.16 Carry out an analysis of the traveling wave solutions of Fisher’s equa-
tion with convection

Ut + Uy = Uy + u(l — u),
similar to that given in Example 4.6.

4.17 One of the classic nonlinear differential equations is van der Pol’s
equation

' +u=ed(1—-u?) (e>0).
It first appeared in the study of nonlinear electric circuits.

(i) Find an approximation of the limit cycle for van der Pol’s equa-
tion by substituting a perturbation series u = wug(t)+euy(t)+-- -,
and computing ug and u;. Be sure that your approximation con-
tains no unbounded terms.

(ii) Compare (by graphing) the approximation that you computed in
part a to a numerical approximation of the limit cycle for e = .5.

4.18 The Duffing equation
u +uteud =0 (e>0),
is fundamental in the study of nonlinear oscillations.

(i) Show that subsitution of the perturbation series u = wug(t) +
eup(t) + - - - results in the following approximation containing an
unbounded term:

3
acos(t+ 3) + 3%@3 cos(3t + 30) — gast sin(t + ).
(ii) Use the method of renormalization to eliminate the unbounded

term and to obtain a better approximation.

4.19 In Exercise 4.11, the undamped pendulum problem is reduced to the
dimensionless form

e = —sin(ex),
z(0) = 1,
z(0) = 0,
and a perturbation series zg 4+ €225 + - - - is computed in which x5 is un-

bounded. Use the method of renormalization to improve the approxima-
tion.
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4.20 Find a two-term perturbation series for
W +u=cu (e >0)
that contains no unbounded terms.
4.21 For the Mathieu equation, let
ale) =1+eas +ag+ -+,

and compute aq, ag, so that there are solutions of period 27 along a(e).
Also, find approximations of the periodic solutions.

4.22 Compute an approximation of the solution of the boundary value
problem
ex’ =22 —4, x(0)=z(1)=0

of the form xo(t) + ¢((1 — t)/e), where ¢ is a boundary layer correction.
Then compare your answer to the exact solution.

4.23 The purpose of this exercise is to solve

d*y 1 dvp 1

- - - = =2 ¢ L

752 + (e +w)d0 0, ¥(0) e
We will also assume 1,7’ — 0 as ¢ — 0.

(i) Let z = %, and show that the differential equation can be writ-
ten in the form j—z +et+y=0.
(ii) Using separation of variables and the conditions on v at infinity,
show that z = — fow(e_1 +7) dr.
(iii) Using separation of variables again and the initial condition, ob-

tain

2—e ! ds
o= —_—
/w Joe=t +r) dr
(iv) Solve the equation in part (iii) for ¢ to obtain the explicit solu-
tion.

4.24 Compute an approximation (xg + boundary layer correction) for
Example 4.11 in case A =4, B=—1.

4.25 Show that in Example 4.11 it is possible to construct an approxima-
tion with boundary layer at t = 0 in case A >0, B < —A/e.

4.26 For the case A < 0, B > 0 in Example 4.11, verify that the boundary
layer correction at ¢ = 0 is 24¢/(2¢ — At).

4.27 Construct an approximation of the form
o(t) + o(t/Ve) + (1 —1)/Ve)
for the boundary value problem

e —exa' —x=—t, z(0)=2, z(1)=0.
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4.28 Find an approximation of the type xy + boundary layer correction
for the problem

e —xzz' —x =0, z(0)=3, z(1)=—1.
4.29 Find an approximation of the type xy + shock layer correction for
the problem

e/ —xx' —x =0, z(0)=2, z(1)=-3/2.

4.30 For what pairs of numbers A, B is it possible to construct an approx-
imation to

e/ —xax' —x =0, z(0)=A, z(1)=B
that features a shock layer correction?
4.31 If in Example 4.10 we assume the retarding force is proportional to
the square of the velocity, then the problem in dimensionless form is

i = i*—Q%
z(0) = 1, =(1)=0,

If 0 < @ < 1, compute an approximation of the form zo(7) + ¢(7, €). [Hint:
¢ should satisfy ep = ¢, ¢(0) =1—-Q, ¢(1)=0.]



Chapter 5

The Self-Adjoint Second-Order
Differential Equation

5.1 Basic Definitions

In this chapter we are concerned with the second-order (formally) self-
adjoint linear differential equation

(p(t)z') + q(t)z = h(t).
We assume throughout that p, ¢, and h are continuous on some given
interval T and p(t) > 0 on I. Let

D := {z: = and pz’ are continuously differentiable on I}.

We then define the linear operator L on D by

La(t) = (p(t)a’(t)" + a(t)(2),

for t € I. Then the self-adjoint equation can be written briefly as Lax = h(¢).
If h(t) = 0, we get the homogeneous self-adjoint differential equation Lz =
0; otherwise we say the differential equation La = h(t) is nonhomogeneous.

Definition 5.1 If x € D and Lx(t) = h(t) for t € I, we say that z is a
solution of Lz = h(t) on the interval I.

Example 5.2 In this example we show that any second-order linear dif-
ferential equation of the form

pa(t)z” +p1(t)z’ + po(t)z = g(t), (5.1)

where we assume that pa(t) # 0 on I and p;, i = 0,1, 2, and g are continuous
on an interval I can be written in self-adjoint form.
Assume z is a solution of (5.1); then

n) o w9

x//(t)+p2(t)x(t)+p2(t) 7p2(t)’

p1(t)
for t € I. Multiplying by the integrating factor el % for the first two
terms, we obtain

of Bty 4 PO o ESay  Pol) pigar ) 9O) f B e
pa(t) pa(t) pa(t)
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(el oL 2 ()Y + po_(t)ef 53—83%;(,5) — ﬂe Phtiydt
p2() p2(t)

Hence we obtain that x is a solution of the self-adjoint equation

(p(D)2') + q(t)z = h(t),

where
p1(t)
p(t) = ef p2(8) dt > 0,
po( ) f Pl(t)dt
q(t) =
h(t) = 9 G
pa(t)

for t € I. Note that p, ¢, and h are continuous on I. Actually p is contin-
uously differentiable on I. In many studies of the self-adjoint differential
equation it is assumed that p is continuously differentiable on I, but we
will only assume p is continuous on I. In this case the self-adjoint equation
Lz = h(t) is more general than the linear differential equation (5.1). A

Example 5.3 Write the differential equation
t?2" + 3ta’ + 6z = t*,

for t € I:=(0,00) in self-adjoint form.
Dividing by t?, we obtain

3 6 9
x + x—i——x—t

Hence
3 <
Gf Sdt 65 logt t3

is an integrating factor for the first two terms. Multiplying by the in-
tegrating factor t* and simplifying, we obtain the self-adjoint differential
equation
(t2") + 6tz = 1°.
VAN

We now state and prove the following existence-uniqueness theorem for the
self-adjoint nonhomogeneous differential equation Lx = h(t).

Theorem 5.4 (Existence-Uniqueness Theorem) Assume that p, q, and h
are continuous on I and p(t) > 0 on I. If a € I, then the initial value
problem (IVP)

Lz = h(t),
z(a) =z, 2'(a) =1,

where xo and 1 are given constants, has a unique solution and this solution
exists on the whole interval I.
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Proof We first write La = h(t) as an equivalent vector equation. Let = be
a solution of Lz = h(t) and let

y(t) = p(t)a'(t).

Then )
a'(t) = ——y(t
) = 2av®
Also, since z is a solution of La = h(t),
y(t) = (b))

= —q(®)z(t) + h(t).

0= o) |,

then z is a solution of the vector equation

2 = A(t)z + b(t),

Hence if we let

where
0 1

a0 = oy 0 | w04 |

Note that the matrix function A4 and the vector function b are continuous
on I. Conversely, it is easy to see that if

x(t
)= [ ygtg ]
defines a solution of the vector equation
2= A(t)z + b(t),
then z is a solution of the scalar equation Lz = h(t) and y(t) = p(t)z’(t).
By Theorem 2.3 there is a unique solution z of the IVP

2= A(t)z + b(t),
o= ]

and this solution is a solution on the whole interval I. But this implies
that there is a unique solution of Lz = h(t) satisfying

x(a) = xo, pla)z’(a) =y,

and this solution exists on the whole interval I. It follows that the initial
value problem

Lz = (p(t)2’) + q(t)z = h(t),
z(a) =z, 2'(a) =m
has a unique solution on /. Some authors (for good reasons) prefer to call

the conditions z(a) = ¢, p(a)z’(a) = y;1 initial conditions, but we will call
the conditions z(a) = xg, 2’(a) = x1 initial conditions. O
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Definition 5.5 Assume z, y are differentiable functions on an interval I;
then we define the Wronskian of = and y by

wlz(t), y(t)] =

o) y(t) |
20 I = st @) - < 0w,
fort e I.

Theorem 5.6 (Lagrange Identity) Assume x,y € D; then

y(t)La(t) — x(t) Ly(t) = {y(t);z(t)},

for t € I, where {y(t);x(t)} is the Lagrange bracket of y and x, which is

defined by
{y();=(t)} == p(Owly(t), z(B)], tel,
where wly(t), z(t)] is the Wronskian of y and .

Proof Let z,y € D and consider

{y(@); (1)} = {y@Op()2'(t) — =(pt)y (1)},
= y(t) (p()2' (1)) + o' (Op(t)a (t) — () (p()y' (1) — &' (Op(t)y' (1),
= y(O{(p(t)2’ (1) + e} —2=(O{(p()y (1) +a(t)y (D)},

y(O) L (t) — 2(t) Ly(t),

for ¢t € I, which is what we wanted to prove. O

Corollary 5.7 (Abel’s Formula) If x, y are solutions of Lx = 0 on I, then
C
wlz(t), y(t)] =

p(t)’
for all t € I, where C' is a constant.

Proof Assume z, y are solutions of Lz = 0 on I. By the Lagrange identity,

w(t) Ly (t) — y(t) La(t) = {x(t);y(1)},

for all ¢ € I. Since = and y are solutions on I,

{z(t);y()} =0,
for all t € I. Hence
{z(t);y()} = C,

where C' is a constant. It follows that

for all t € I, which is Abel’s formula. O

Definition 5.8 If z and y are continuous on [a,b], we define the inner
product of x and y by

b
<ay>— / 2(O)y(t) dt.
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Corollary 5.9 (Green’s Formula) If [a,b] C I and z, y € D, then
<y, Lz > — < Ly,z >= {y(t);2(1)}},
where {F(t)}% := F(b) — F(a).

Proof Let x,y € D; then by the Lagrange identity,

y(t) La(t) — () Ly(t) = {y(t); z (1)},
for all ¢ € I. Integrating from a to b, we get the desired result
<y,Lz>— < Ly,x >= {y(t);z(t)}}.

Corollary 5.10 If u, v are solutions of Lz = 0, then either

(a) wlu(t),v(t)] #0 forallt € I

or

(b) wlu(t),v(t)] =0 for allt € I.

Case (a) occurs iff u, v are linearly independent on I and case (b) occurs
iff u, v are linearly dependent on I.

Proof Assume u, v are solutions of Lx = 0. Then by Abel’s formula
(Corollary 5.7),

wlu(t), (b)) = ]%

for all t € I, where C'is a constant. If C' # 0, then part (a) of this theorem
holds, while if C' = 0, part (b) of this theorem holds. The remainder of the
proof of this corollary is left to the reader (see Exercise 5.5). g

We now show that the differential equation Lz = 0 has two linearly inde-
pendent solutions on I. To see this let a € I and let u be the solution of
the IVP

Lu=0, wu(a)=1, u(a)=0,
and let v be the solution of the IVP
Lv=0, wv(a)=0, v'(a)=1.

Since the Wronskian of these two solutions at a is different from zero, these
two solutions are linearly independent on I by Corollary 5.10.

Theorem 5.11 If z1, xo are linearly independent solutions of Lx = 0 on
I, then

T = C1T1 + C2Zo (52)

is a general solution of Lx = 0. By this we mean every function in this
form is a solution of Lx = 0 and all solutions of Lx = 0 are in this form.
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Proof Assume x1, xo are linearly independent solutions on I of Lx = 0.
Let z be of the form (5.2). Then

Lz = Llciz + coao]
= c¢1Lx1 +caLlay
0,

so x is a solution of Lx = 0.
Conversely, assume that x is a solution of Lx = 0 on I. Let tg € I and let

xo :=x(to), w1 :=1a(to).
Let
y(t) = crz1(t) + coxa(t).
We now show that we can pick constants ¢y, ¢o such that
y(to) = o, y'(to) = x1.
These last two equations are equivalent to the equations
Cl.%‘l(to) + szz(to) = xg,
Cl.%‘/l(to) + szlz(to) = .

The determinant of the coefficients for this system is
wlxy, x2](to) # 0

by Corollary 5.10. Let ¢1, co be the unique solution of this system. Then
Y = 171 + C2%2

is a solution of Lx = 0 satisfying the same initial conditions as = at tg. By
the uniqueness of solutions of IVPs (Theorem 5.4),  and y are the same
solution. Hence we get the desired result

Tr = C1T1 + Coxo.

5.2 An Interesting Example

In this section we indicate how Theorem 5.4 can be used to define
functions and how we can use this to derive properties of these functions.

Definition 5.12 We define s and ¢ to be the solutions of the IVPs
s"+s5=0, s(0)=0, §(0)=1,
d"+e=0, ¢0)=1, (0)=0,

respectively.

Theorem 5.13 (Properties of s and ¢)

(i) s'(t) = c(t), (t) = —s(t)
(i) s%(t) + (1) =1
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(iil) s(—t) = —s(t), c(=t) = c(t)

(iv) s(t+ a) = s(t)e(a) + s(a)e(t), c(t+a) =c(t)e(a) — s(t)s(a)

(v) s(t—a) = s(t)e(a) = s(a)e(t), ot —a) = c(t)e(@) + s(t)s()
fort,aa € R

Proof Since ¢ and s’ solve the same IVP
2 +x=0, x(0)=1, 2'(0)=0,
we get by the uniqueness theorem that
S(t) = (),
for ¢ € R. Similarly, —s and ¢’ solve the same IVP
2 +x=0, z(0)=0, 2/(0)=-1,
and so by the uniqueness theorem
¢(t) = —s(t),
for t € R. By Abel’s theorem the Wronskian of ¢ and s is a constant, so

() S(t)‘ c(0) (0
d(t) st ¢(0) s'(0)

’:1.

It follows that

and hence we obtain
s2(t) 4+ 2 (t) = 1.
Next note that since s(—t) and —s(t) both solve the IVP
2 +x=0, z(0)=0, 2'(0)=-1,
we have by the uniqueness theorem that
s(—t) = —s(t),

for t € R. By a similar argument we get that ¢ is an even function. Since
s(t+ «) and s(t)c(a) + s(a)c(t) both solve the IVP

2 +x=0, x00)=s(a), 2'(0)=c(a),
we have by the uniqueness theorem that
s(t+a) = s(t)e(a) + s(a)e(d),
for t € R. By a similar argument
et + a) = clt)e(a) — s(t)s(a),

for t € R. Finally, using parts (iii) and (iv), we can easily prove part (v). O
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5.3 Cauchy Function and Variation of
Constants Formula

In this section we will derive a variation of constants formula for the
nonhomogeneous second-order self-adjoint differential equation

Lz = (p(t)2') + q(t)x = h(t), (5.3)
where we assume h is a continuous function on I.
Theorem 5.14 If u, v are linearly independent solutions on I of the ho-

mogeneous differential equation Lz = 0 and z is a solution on I of the
nonhomogeneous differential equation Lx = h(t), then

T =C1u+ v + 2,

where ¢ and co are constants, is a general solution of the nonhomogeneous
differential equation Lx = h(t).

Proof Let u, v be linearly independent solutions of the homogeneous dif-
ferential equation Lz = 0, let z be a solution of the nonhomogeneous
differential equation Lx = h(t), and let
T = cCclu—+ v+ z,
where ¢; and ¢y are constants. Then
Lr = cLu+colv+ Lz
h.

Hence for any constants ¢y and ¢z,  := ciu + cov + z is a solution of the
nonhomogeneous differential equation Lz = h(t).

Conversely, assume z is a solution of the nonhomogeneous differential
equation Lz = h(t) and let

Ti=1x0 — 2.
Then
Lx=Lxg—Lz=h—h=0.
Hence x is a solution of the homogeneous differential equation Lz = 0 and
so by Theorem 5.11 there are constants ¢; and ¢y such that
€T = C1u + Cov
and this implies that
Ty = ClUu + cov + Z.
O

Definition 5.15 Define the Cauchy function x(-,-) for Lz = 0 to be the
function x : I x I — R such that for each fixed s € I, z(-, s) is the solution
of the initial value problem

Lz=0, z(s)=0, 2'(s)=—.
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Example 5.16 Find the Cauchy function for (p(t)2’)" = 0.
For each fixed s,

Hence
p()a'(t,s) = a(s).
The condition z’(s, s) = p(ls) implies that a(s) = 1. It follows that
1
p(t)’
Integrating from s to ¢ and using the condition z(s, s) = 0, we get that

x(t,s) = /st %dT

Example 5.17 Find the Cauchy function for
(e_5tx’)/ +6e 5tz = 0.

Expanding this equation out and simplifying, we get the equivalent
equation

2 (t,s) =

a2’ — b’ + 62 = 0.
It follows that the Cauchy function is of the form
z(t,s) = as)e + B(s)e.
The initial conditions

z(s,5) =0, 2'(s,s)=—=c¢

lead to the equations
a(s)e? + B(s)e* = 0,
2a(s)e?* + 36(s)e> e
Solving these simultaneous equations, we get
als) = —e¥,  f(s) = e,
and so
x(t,s) = e3e? — e,
A

Theorem 5.18 If u and v are linearly independent solutions of Lx = 0,
then the Cauchy function for Lx = 0 is given by

u(t) wo(t
z(t,s) = u(s)  wv(s) |’

p(s)

u'(s) v'(s)

fort,sel.
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Proof Since u and v are linearly independent solutions of Lx = 0, the
Wronskian of these two solutions is never zero, by Corollary 5.10, so we
can define

u(s) v(s)
u(t) w(t

u(s) v(s) |’
p(s) w'(s) v'(s) ‘
for t,s € I. Since for each fixed s in I, y(-, s) is a linear combination of u
and v, y(-,s) is a solution of Lz = 0. Also, y(s,s) = 0 and y/(s,s) = Tls)
so we have by the uniqueness of solutions of initial value problems that
y(t,s) = x(t,s) for t € I for each fixed s € I, which gives the desired
result. |

y(t,s) :=

Example 5.19 Use Theorem 5.18 to find the Cauchy function for

(p(t)z") = 0.

Let a € I; then u(t) := 1, v(t) := fj

solutions of (p(t)z’)" = 0. Hence by Theorem 5.18, the Cauchy function is
given by

ﬁdT define linearly independent

x(t,s)

Il
v\w
=
3=

2

Example 5.20 Use Theorem 5.18 to find the Cauchy function for
(e7%%2') 4 6% = 0.
From Example 5.17,
u(t) =e*, wt)=¢e¥, teR

define (linearly independent) solutions of (e*‘r’tx’)/ + 6%z = 0 on R.
Hence by Theorem 5.18, the Cauchy function is given by

625 635
2t 3t
x(t’ S) = 623 3s
6755 9 3
2e7% 3e’®
_ 6375623 €2t€38.
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Theorem 5.21 Assume f(-,-) and the first-order partial derivative fi(-,-)
are continuous real-valued functions on I x I and a € I. Then

d t t
E/ F(t,s) ds:/ it s) ds+ f(t,),
fortel.

Proof Letting x = x(t) and y = y(¢) in the appropriate places and using
the chain rule of differentiation,

%/:f(t,s)ds — %/;f(y,s)ds
([ o) B ([ )

then with x(t) = ¢ and y(t) = t we get

dx “f d t
f(y,w)d——i—/ fy(y,s) dsZ :/ fi(t,s) ds+ f(t,1),
¢, e J,
fortel. O
In the next theorem we derive the important variation of constants formula.

Theorem 5.22 (Variation of Constants Formula) Assume h is continuous
on I and assume a € I. Then the solution of the initial value problem

Lz =h(t), x(a)=0, 2'(a)=0
s given by

z(t) = /t x(t,s)h(s) ds, tel,
where x(-,-) is the Cauchy fu;lzctz'on for Lx = 0.
Proof Let

x(t) == /tx(t,s)h(s) ds,
for t € T and note that z(a) = 0. %Ve will let
2/ (L, 8) == x4 (t, 5).

Then

2 (t) ) ds + x(t,t)h(t)

ds.

\\

Hence z'(a) = 0 and
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It follows that

(p(t)a’ ()" =

/ (p(®)2' (1, 5)) h(s) ds + ()’ (£, ()

(p(t)a' (t,s)) h(s) ds + h(t).

Hence
t
La) = [ {002/ (t.5) + oot 0)} ) ds + it
t
= / Lx(t,s)h(s) ds + h(t)
= h<t)’
for ¢ € I. The uniqueness follows from Theorem 5.4. O

Corollary 5.23 Assume h is continuous on I and assume a € I. The
solution of the initial value problem

Lz = h(t),
z(a) = A, 2'(a) =B,
where A and B are constants, is given by
t
z(t) = u(t) +/ x(t, s)h(s) ds,

fort € I, where u is the solution of the IVP Lu =0, u(a) = A, u/(a) = B,
and x(-,-) is the Cauchy function for Lx = 0.

Proof Let
x(t) := u(t) + /tx(t,s)h(s) ds,
where u, x(-,-), and h are as in the s‘gatement of this theorem. Then
z(t) = u(t) +v(t),

if we let

t
v(t) ::/ x(t, s)h(s) ds.
Then by Theorem 5.22,

It follows that
and

Finally, note that
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fort e I. O

We now give a simple example to illustrate the variation of constants
formula.

Example 5.24 Use the variation of constants formula to solve the IVP
(6_5t.%‘/>/ + 6e %ty — et’
z(0) =0, 2'(0)=0.

By Example 5.17 (or Example 5.20) we get that the Cauchy function
for (6_5t$/>/ +6e 75tz = 0 is given by

l’(t, S) _ 63t62s o e2t635’

for t,s € I. Hence the desired solution is given by

t
o) = /x@QMQ%
0
t
/ (63t625 o 62t635) eSds
0

t t
eSt / eBsds _ eZt / €4sd8
0 0

o ]‘2t ]‘3t 16t
= 19 T3¢ tpe

5.4 Sturm-Liouville Problems

In this section we will be concerned with the Sturm-Liouville differen-
tial equation

(p(t)z") + (Ar(t) + q(t)) z = 0. (5.4)

In addition to the standard assumptions on the coefficient functions p and
q we assume throughout that the coefficient function r is a real-valued
continuous function on I and r(¢) > 0, but is not identically zero, on I.
Note that equation (5.4) can be written in the form

Lz = —X\r(t)z.

In this section we will be concerned with the Sturm-Liouville problem
(SLP)

Lz = —\r(t)x, (5.5)

azx(a) — ' (a) =0, .

yz(b) + 62’ (b) = 0, (5.7)
where «, 3,7, d are constants satisfying

2+62>0, ¥2+6%2>0.
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Definition 5.25 We say \g is an eigenvalue for the SLP (5.5)—(5.7) pro-
vided the SLP (5.5)—(5.7) with A = X\¢ has a nontrivial solution zy (by a
nontrivial solution we mean a solution that is not identically zero). We say
that xg is an eigenfunction corresponding to Ag and we say that Ao, z¢ is
an eigenpair for the SLP (5.5)—(5.7).

Note that if Ag,z¢ is an eigenpair for the SLP (5.5)-(5.7), then if & is
any nonzero constant, Ao, kzo is also an eigenpair of the SLP (5.5)—(5.7).
We say Ao is a simple eigenvalue of the SLP (5.5)—(5.7) provided there is
only one linearly independent eigenfunction corresponding to \g.

Example 5.26 Find eigenpairs for the Sturm-Liouville problem
" = =)z, (5.8)
2(0) =0, z(r)=0. (5.9)
The form for a general solution of (5.8) is different for the cases A < 0,
A =0, and A > 0 so when we try to find eigenpairs for the SLP (5.8), (5.9)
we will consider these three cases separately. First assume A < 0. In this
case let A = —u?, where p > 0. Then a general solution of (5.8) is defined
by
x(t) = c1 cosh(pt) + cosinh(put), t € [0,n].
To satisfy the first boundary condition x(0) = 0 we are forced to take
c¢1 = 0. The second boundary condition gives
x(m) = cgsinh(um) =0,
which implies ¢; = 0 and hence when A < 0 the SLP (5.8), (5.9) has only
the trivial solution. Hence the SLP (5.8), (5.9) has no negative eigenvalues.
Next we check to see if A = 0 is an eigenvalue of the SLP (5.8), (5.9). In
this case a general solution of (5.8) is
x(t) = et + co.
Since
:c(O) = Cy — 0,
we get ¢ = 0. Then the second boundary condition gives
z(m) = =0,

which implies ¢; = 0. Hence when A\ = 0 the only solution of the boundary
value problem (BVP) is the trivial solution and so A = 0 is not an eigen-
value. Finally, assume A > 0; then A = p? > 0, where ¢ > 0 and so a
general solution of (5.8) in this case is given by

x(t) = c1 cos(ut) + casin(ut), t€ [0,
The boundary condition x(0) = 0 implies that ¢; = 0. The boundary
condition z(m) = 0 leads to the equation

cosin(pum) = 0.
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This last equation is true for g = pp, :=n, n =1,2,3,--- . It follows that
the eigenvalues of the SLP (5.8), (5.9) are

ANp=n% n=123-,
and corresponding eigenfunctions are defined by

Tn(t) =sin(nt), n=1,2,3,---,

for t € [0, w]. Hence

Ay =02, z,(t) = sin(nt),
n=1,2,3,--- are eigenpairs for (5.8), (5.9). A

Definition 5.27 Assume that r : [a,b] — R is continuous and r(¢) > 0,
but not identically zero, on [a, b]. We define the inner product with respect
to the weight function r of the continuous functions z and y on [a, b] by

b
<zy >T:/ r(t)x(t)y(t) dt.

We say that x and y are orthogonal with respect to the weight function r
on the interval [a,b] provided

b
<X,y >p= / r(t)x(t)y(t) dt = 0.

Example 5.28 The functions defined by z(t) = t2, y(t) = 4 — 5t for
t € [0,1] are orthogonal with respect to the weight function defined by
r(t) =t on [0, 1].

This is true because

b
<my >, = /r(t)x(t)y(t) dt

1
= /tt2 4 — 5t) dt
0

1
(4t — 5t) d

0
= 0.

VAN
Theorem 5.29 All eigenvalues of the SLP (5.5)~(5.7) are real and sim-
ple. Corresponding to each eigenvalue there is a real-valued eigenfunction.

Eigenfunctions corresponding to distinct eigenvalues of the SLP (5.5)—(5.7)
are orthogonal with respect to the weight function r on |a, b].

Proof Assume A1, x1 and A\g, 29 are eigenpairs for the SLP (5.5)—(5.7). By
the Lagrange identity (Theorem 5.6),

1 (t) Ly (t) — 2 (t) L (1) = {p()w(z1 (1), z2()]},
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for ¢ € [a, b]. Hence

(M = Aa)r(®)z: (Bea(t) = {pywle (1), 22(0]Y
for t € [a,b]. Integrating both sides from a to b, we get

(A1 = Xe) < @1, 2 >r= {p()wle (1), 22(t)]}e.

Using the fact that z; and a2 satisfy the boundary conditions (5.6) and
(5.7), it can be shown (see Exercise 5.19) that

wlz(t), 22(t)](a) = wlz1(t), 22(4)](b) = 0.
Hence we get that
(A — A2) < 21,29 >,= 0. (5.10)
If A1 # A2, then we get that x1, xo are orthogonal with respect to the
weight function 7 on [a, b]. Assume Ao, 7o is an eigenpair for the SLP (5.5)-

(5.7). From Exercise 5.18 we get that Ao, Tg is an eigenpair for the SLP
(5.5)—(5.7). Hence from (5.10) for the eigenpairs Ao, zg and Ao, Tg we get

(Ao — Xo) < 20, Tg >r=0.

It follows that Ao = \g, that is, o is real.

Next assume that )y is an eigenvalue and x;, xo are corresponding
eigenfunctions. Since x1, x satisfy the boundary condition (5.6), we have
by Exercise 5.19 that

wlz (t), z2(t)](a) = 0.
Since we also know that xy, x5 satisfy the same differential equation Lz =
Aor(t)z, we get @1, o are linearly dependent on [a, b]. Hence all eigenvalues
of the SLP (5.5)—(5.7) are simple.

Finally, let \g,x¢9 = u + v, where u, v are real-valued functions on
[a,b], be an eigenpair for the SLP (5.5)—(5.7). Earlier we proved that all
eigenvalues are real, so \g is real. It is easy to see that \g,zo = u + v is
an eigenpair implies that (since at least one of u,v is not identically zero)
either u or v is a real-valued eigenfunction corresponding to Ag. O

In the next example we show how finding nontrivial solutions of a
partial differential equation leads to solving a SLP.

Example 5.30 (Separation of Variables) In this example we use separa-
tion of variables to show how we can get solutions of the two-dimensional
Laplace’s equation

Ugg + Uyy = 0.

We look for solutions of the form

u(z,y) = X(2)Y (y).
From Laplace’s equation we get

X"Y + XY" =0.
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Separating variables and assuming X (z) # 0, Y (y) # 0, we get
X// Y/l

-X Y’
Since the left-hand side of this equation depends only on x and the right-
hand side depends only on y, we get that

X'x) Yy |

—X(x) Y
where A is a constant. This leads to the Sturm-Liouville differential equa-
tions

X" =-)\X, Y=Y (5.11)

It follows that if X is a solution of the first differential equation in (5.11)
and Y is a solution of the second equation in (5.11), then

u(z,y) = X ()Y (y)
is a solution of Laplace’s partial differential equation. Also note that if

we want u(x,y) = X(2)Y(y) to be nontrivial and satisfy the boundary
conditions

aula,y) — Pug(a,y) =0, ~u(b,y)+ du,(b,y) =0,
then we would want X to satisfy the boundary conditions
aX(a)— pX'(a) =0, ~X(b)+6X'(b)=0.
A
Theorem 5.31 If ¢q(t) <0 on [a,b], a8 > 0, and v6 > 0, then all eigen-
values of the SLP (5.5)—~(5.7) are nonnegative.

Proof Assume Ao is an eigenvalue of the SLP (5.5)-(5.7). By Theorem
5.29 there is a real-valued eigenfunction xg corresponding to A\g. Then

(p(t) ()" + (Aor(t) + q(t)) xo(t) =0,
for t € [a,b]. Multiplying both sides by z((t) and integrating from a to b,
we have

b b b
/xo(t) (p(t)xg(t))’dt+/\0/ r(t)zd(t) dt+/ q(t)x3(t) dt = 0.

Since ¢(t) < 0 on [a, b],

b b
Xo / FB)3 (1) dt > — / wo(t)[p(t)zh (1)) dt.

a

Integrating by parts, we get
b b
Yo [ road® dt =~ pOmh @)+ [ ool d

> {p(t)zo(t)a(t)}e. (5.12)
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Now we will use the fact that xo satisfies the boundary condition (5.6) to
show that

p(a)zo(a)zg(a) > 0.
If 5 =0, then z¢(a) = 0 and consequently

p(a)zo(a)zg(a) = 0.
On the other hand, if 8 # 0, then

pla)zo(a)zh(a) = %[xo<a>12 > 0.

Similarly, using x satisfies the boundary condition (5.7) and the fact that
~v6 > 0, it follows that

p(b)zo(b)zy(b) < 0.
It now follows from (5.12) that
Ao > 0.
U

The following example (see page 179, [9]) is important in the study of
the temperatures in an infinite slab, 0 < z < 1, —co < y < oo, where the
left edge at x = 0 is insulated and surface heat transfer takes place at the
the right edge x = 1 into a medium with temperature zero.

Example 5.32 Find eigenpairs for the SLP
X" =-)\X, (5.13)

X'(0) =0, AhX(1)+X'(1)=0, (5.14)

where h is a positive constant.

Since ¢(t) =0 <0on [0,1], ®f =0 >0, and v = h > 0, we have from
Theorem 5.31 that all eigenvalues of the SLP (5.13), (5.14) are nonnegative.
If A =0, then X (z) = c1x + ¢o. Then X’(0) = 0 implies that ¢; = 0. Also,

hX(1) + X'(1) = csh = 0

implies that co = 0 and hence X is the trivial solution. Therefore, zero is
not an eigenvalue of the SLP (5.13), (5.14). Next assume that A = p? > 0,
where p > 0; then a general solution of (5.13) is given by

X(x) = 1 cos(px) + cosin(uz), « €0,1].
Then
X'(0)=con=0
implies that co = 0 and so
X (z) =c1cos(ux), x€][0,1].
It follows that
hX(1)+ X' (1) = cihcos(u) — erpsin(p) = 0.
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Hence we want to choose 1 > 0 so that

h
tan(p) = —.
I
Let 0 < p1 < po < pg < --- be the positive numbers satisfying
h
tan(uyn) = —,
(kn) o
n=1,2/3,---; then
Ap = Ni

are the eigenvalues and
Xn(z) = cos(pnx)
are corresponding eigenfunctions.

A

We can also prove the following theorem. For this result and other
results of this type, sece Sagan [45].

Theorem 5.33 The eigenvalues for the SLP (5.5)—(5.7) satisfy
)\1<)\2</\3<"'

and

lim A, = co.

n—oo
Furthermore, if x,, is an eigenfunction corresponding to the eigenvalue A,
n=1,2,3,---, then x, 41 has exactly n zeros in (a,b).

We end this section by briefly considering the periodic Sturm-Liouville
problem (PSLP)

Lz = —\r(t)z, (5.15)
x(a) = z(b), 2'(a)=2'(b). (5.16)

The following example is important (see Churchill and Brown [9]) in the
study of the heat flow in a circular plate that is insulated on its two faces
and where the initial temperature distribution is such that along each radial
ray eminating from the center of the disk and having polar angle 6, —m <
0 < 7 the temperature is constant.

Example 5.34 Find eigenpairs for the PSLP
u” = —du, (5.17)

u(—m) =u(mr), u'(—m)=u'(m). (5.18)

If A <0, let A\ = —p2, where o > 0. In this case a general solution of
(5.17) is given by

u(f) = ¢y cosh(ub) + ca sinh(ph), 0 € [—m, 7.
The first boundary condition implies

¢1 cosh(um) — cosinh(um) = ¢ cosh(um) + co sinh (),
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which is equivalent to the equation
2¢o sinh(pm) = 0.
This implies that co = 0. Hence u(6) = ¢; cosh(u:0). The second boundary
condition gives
—cypsinh(pr) = ey psinh(pr),

which implies that ¢; = 0. Hence there are no negative eigenvalues. Next
assume A = 0; then a general solution of (5.17) is

u(0) = 10 + co, 0 € [—m, 7.
The first boundary condition gives us
—C1T + Cy = C1T + C2,

which implies that ¢; = 0. Hence u(f)) = co, which satisfies the second
boundary condition. Hence Ao = 0 is an eigenvalue and uo(6) = 1 defines
a corresponding eigenfunction. Finally, consider the case when A > 0. In
this case we let A = p2, where u > 0. A general solution of (5.17) in this
case is

u(0) = c1 cos(uld) + cosin(ub), 6 € [—m, 7.
The first boundary condition gives us
c1 cos(um) — eosin(um) = ¢q cos(um) + co sin(un),
which is equivalent to the equation
co sin(pum) = 0.
Hence the first boundary condition is satisfied if we take
H= 2=,

n=1,2,3,---. It is then easy to check that the second boundary condition
is also satisfied. Hence
A\ = n?,

n=1,2,3,--- are eigenvalues and corresponding to each of these eigenval-
ues are two linearly independent eigenfunctions given by u,,(0) = cos(n#),
v (0) = sin(nd), 6 € [—m, 7). A

Theorem 5.35 Assume p(a) = p(b); then eigenfunctions corresponding to
distinct eigenvalues of the PSLP (5.15), (5.16) are orthogonal with respect
to the weight function r on |a, b].

Proof Assume A1, x1 and Ag, 9 are eigenpairs for the PSLP (5.15), (5.16),
with A; # 2. By the Lagrange identity (Theorem 5.6),

1 () Lo (t) — wo(t) L (1) = {p(Bwlw1 (1), w2(D)]},
for ¢ € [a, b]. It follows that
(M = Ag)r(t)zr (B)a(t) = {p()wlz1 (1), z2(1)]},
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for t € [a,b]. After integrating from a to b, we get
(M = Xa) < @1,z >r= {p(t)wlz (1), z2(t)]}5-

Since
{p)wlz1(t), 22()]}(b) = p(0)[z1(b)a5(b) — z2(b)2} ()]
= pla)z1(a)zy(a) — 22(a)z)(a)]
= Ap()wlz1(t), z2(t)]}(a),
we get that

()\1 — )\2) < xq1,x9 >p=0.
Since \1 # Ao, we get the desired result

< x1,x2 >=0.

5.5 Zeros of Solutions and Disconjugacy

The study of the zeros of nontrivial solutions of Lz = 0 is very impor-
tant, as we will see later in this chapter. We now give some elementary
facts concerning zeros of nontrivial solutions of Lz = 0. First note for any
nonempty subinterval J of I there is a nontrivial solution with a zero in
J. To see this, let ty € J, and let x be the solution of the initial value
problem Lz = 0, z(to) = 0, 2/(to) = 1. If x is a differentiable function sat-
isfying x(to) = 2’ (to) = 0, then we say x has a double zero at ty, whereas
if x(to) =0, a'(to) # 0, we say x has a simple zero at ty. Note that by the
uniqueness theorem there is no nontrivial solution with a double zero at
some point in I. Hence all nontrivial solutions of Lz = 0 have only simple
zeros in I. If we consider the equation 2/ +x = 0 and J C I is an interval
of length less than 7, then no nontrivial solution has two zeros in I. This
leads to the following definition.

Definition 5.36 We say that Lz = 0 is disconjugate on J C I provided
no nontrivial solution of Lx = 0 has two or more zeros in J.

Example 5.37 It is easy to see that the following equations are disconju-
gate on the corresponding intervals J.
(i) 2" +x=0, J=][0,m)
(ii) 2" =0, J=R
(i) 2” = 52" +6x=0, J=R
AN

At the other extreme there are self-adjoint differential equations Lx =
0, where there are nontrivial solutions with infinitely many zeros in I, as
shown in the following example.

Example 5.38
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(i) =(t) := sint defines a nontrivial solution of z” + = = 0 with
infinitely many zeros in R;

(i) #(t) := sin{ defines a nontrivial solution of (t?2')" + z = 0
with infinitely many zeros in the bounded interval J := (0, 1].

This leads to the following definition.

Definition 5.39 We say that a nontrivial solution « of Lz = 0 is oscillatory
on J C I provided x has infinitely many zeros in J. If Lz = 0 has a
nontrivial oscillatory solution on J, then we say the differential equation
Lz = 0 is oscillatory on J. If Lz = 0 has no nontrivial oscillatory solution
on J, then we say the differential equation Lz = 0 is nonoscillatory on J.
If « is a solution of Lx = 0 that does not have infinitely many zeros in J,
we say x is nonoscillatory on J.

Hence #” 4z = 0 is oscillatory on R and (t?z')’ + 5 = 0 is oscillatory

on (0,1].
The next example will motivate the next theorem.

Example 5.40 The self-adjoint differential equation 2/ +x = 0, t €
I := R has the functions defined by x(t) = cost, y(t) = sint as linearly
independent solutions on R. Note that the zeros of these solutions separate
each other in R. A

Theorem 5.41 (Sturm Separation Theorem) If x, y are linearly indepen-
dent solutions on I of the self-adjoint differential equation Lx = 0, then
their zeros separate each other in I. By this we mean that x and y have
no common zeros and between any two consecutive zeros of one of these
solutions there is exactly one zero of the other solution.

Proof Assume that z, y are linearly independent solutions on I of the
self-adjoint differential equation Lx = 0. Then by Corollary 5.10

w(t) = wlxz(t),y(t)] # 0,
for t € I. Assume x and y have a common zero in I; that is, there is a
to € I such that
.’K(to) = y(to) = 0.

But then 0 0

w(tO) - m'(to) y’(to)
which is a contradiction. Next assume x has consecutive zeros at t; < to
in I. We claim that y has a zero in (t1,%2). Assume to the contrary that
y(t) # 0 for t € (t1,t2). Then without loss of generality we can assume that
y(t) > 0 on the closed interval [t1,?2]. Also without loss of generality we
can assume that z(¢) > 0 on (¢1,%2). But then

0 y(t)
2'(t1) Y (t)

)

w(ty) = = —y(t1)a'(t1) <0,
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and

0 y(t2)
z'(t2) y'(t2)
Hence by the intermediate value theorem there is a point t3 € (¢1,t2) such
that

w(tz) =

‘ = —y(tz)l’/(tQ) > 0.

w(ts) =0,
which is a contradiction. By interchanging x and y in the preceding argu-
ment we get that between any two consecutive zeros of y there has to be a
zero of x. It follows that the zeros of x and y have to separate each other
in I. O

Note that it follows from the Sturm separation theorem that either all
nontrivial solutions of Lz = 0 are oscillatory on I or all nontrivial solutions
are nonoscillatory on I.

Definition 5.42 An interval [ is said to be a compact interval provided it
is a closed and bounded interval.

Theorem 5.43 If J is a compact subinterval of I, then Lx = 0 is nonoscil-
latory on J.

Proof To the contrary, assume that Lz = 0 is oscillatory on a compact
subinterval J of I. Then there is a nontrivial solution = of Lz = 0 with
infinitely many zeros in J. It follows that there is a infinite sequence {t,}
of distinct points contained in J such that

x(tn) =0,
forn=1,2,3,--- and
lim ¢, = to,
n—oo
where tg € I. Without loss of generality we can assume that the sequence

{tn} is either strictly increasing or strictly decreasing with

to := lim t, € J.

n—oo

We will only consider the case where the sequence {t,,} is strictly increasing
since the other case is similar. Since

x(tn) = (tns1) =0,
we have by Rolle’s theorem that there is a t], € (t,, tp+1) such that
Z'(t),) = 0.
It follows that
x(tp) = lim z(t,) =0

n—00
and
7' (to) = lim 2/(¢)) = 0.
n—0o0
But by the uniqueness theorem (Theorem 5.4), z(tg) = 0, z'(ty) = 0,
implies that x is the trivial solution which is a contradiction. O
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The following example shows that boundary value problems are not as
nice as initial value problems.

Example 5.44 Consider the conjugate BVP
2 4+ =0,
z(0) =0, z(m)=B.
If B = 0, this BVP has infinitely solutions z(t) = ¢; sint, where ¢; is a
constant. On the other hand, if B # 0, then this BVP has no solutions. A

Theorem 5.45 If Lz = 0 is disconjugate on |a,b] C I, then the conjugate
BVP
Lz = h(t),
z(a) = A, z(b) =B,
where A and B are given constants and h is a given continuous function
on [a,b], has a unique solution.

Proof Let u, v be linearly independent solutions of the homogeneous equa-
tion Lxr = 0 and let z be a solution of the nonhomogeneous equation
Lax = h(t). Then, by Theorem 5.14,

r=ciu—+cov+ 2z

is a general solution of Lxz = h(t). Hence there is a solution of the given
BVP iff there are constants ¢y, co such that

cu(a) + cov(a) = A-—z(a),
cru(b) + cav(b) B — z(b).

Hence our BVP has a unique solution iff

u(a) v(a)
" i | #0
Assume
u(a) v(a) | _
u(d) w(b) |
Then there are constants a1, as, not both zero, such that
aru(a) + agv(a) = 0,

aru(b) + azv(b) 0.

Let = := aju + asv; then x is a nontrivial solution of Lz = 0 satisfying

z(a) = aru(a) + agv(a) = 0,
z(b) = aqu(b) + agv(b) = 0,
which contradicts that Lz = 0 is disconjugate on [a, b]. O

Theorem 5.46 If Lz = 0 has a positive solution on J C I, then Lz =0
is disconjugate on J. Conwversely, if J is a compact subinterval of I and
Lz =0 is disconjugate on J, then Lx =0 has a positive solution on J.
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Proof Assume that Lx = 0 has a positive solution on J C I. It follows
from the Sturm separation theorem that no nontrivial solution can have
two zeros in J. Hence Lz = 0 is disconjugate on J.

Conversely, assume Lz = 0 is disconjugate on a compact subinterval
J of I. Let a < b be the endpoints of J and let u, v be the solutions of
Lz = 0 satisfying the initial conditions

and
v(b) =0, o' (b)=—1,

respectively. Since Lz = 0 is disconjugate on J, we get that

u(t) >0 on (a,b],
and

v(t) >0 on [a,b).
It follows that

Ti=u+v

is a positive solution of Lx =0 on J = [a, b]. O

The following example shows that we cannot remove the word compact
in the preceding theorem.

Example 5.47 The differential equation
2 +x=0

is disconjugate on the interval J = [0,7) but has no positive solution on
[0, ). A

The following example is a simple application of Theorem 5.46.
Example 5.48 Since x(t) = 2!, t € R, defines a positive solution of
2’ — 52’ + 62 =0,
on R, this differential equation is disconjugate on R. A

We will now be concerned with the two self-adjoint equations
(p(®)2) + ez = 0, (5.19)
(p2(t)2) + q2(t) = 0. (5.20)

We always assume that the coefficient functions in these two equations are
continuous on an interval I and p;(t) > 0 on I for i =1,2.
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Theorem 5.49 (Picone Identity) Assume u and v are solutions of (5.19)
and (5.20), respectively, with v(t) # 0 on [a,b] C I. Then

u(t) / o

—= | [ (' (H)o(t) — pa(t)u(t)v’ (B)] (5.21)

u(t) a

Proof Consider

{(49) bt m@)@uw@/

[<><n+mume |
(’mo o - o] (L)
-0 ROWOP 00
ot < ot 2(1)
) - O+ @ - OO
U(ﬁmm%W—mmmsvw’m COORY

)
*(t)
=[qz(t)—q1(t)]u2(t) +p(t) pz(t ()

+p2(t)v2(t) < t)u’ u(t)v'(t)

u

+p2

= [a2(t) — a1 ()] (t) + [p(t) = p2(D][u’ (1)]* + p2()v* (2) l(%) ] ’

for t € [a,b]. Integrating both sides from a to b, we get the Picone identity
(5.21). O

We next use the Picone identity to prove the Sturm comparison theo-
rem, which is a generalization of the Sturm separation theorem.

Theorem 5.50 (Sturm Comparison Theorem) Assume u is a solution of
(5.19) with consecutive zeros at a < b in I and assume that

@(t) = qi(t), 0<p2(t) <pi(t), (5.22)

fort € [a,b]. If v is a solution of (5.20) and if for some t € [a,b] one of
the inequalities in (5.22) is strict or if u and v are linearly independent on
[a,b], then v has a zero in (a,b).
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Proof Assume u is a solution of (5.19) with consecutive zeros at a < b in
I. Assume the conclusion of this theorem is not true. That is, assume v is
a solution of (5.20) with

v(t) #0, te(a,b).

Assume a < ¢ < d < b, then by the Picone identity (5.21) with a replaced
by ¢ and b replaced by d we have

d d
/ (ga(t) — a1 (O]u (1) dt + / pr(8) — PO (D] dt (5.23)

+ [ mne) [(%)

- {(%) [p1(t)u (t)v(t) —p2(t)u(t)v’(t)]}d_

c

dt

Using the inequalities in (5.22) and the fact that either one of the inequal-
ities in (5.22) is strict at some point t € [a,b], or u and v are linearly
independent on [a, b], we get, letting ¢ — a+ and letting d — b—,

d
: u(t) / /
1 — t)u (t)v(t) — p2(t)u(t)v (¢ 0.
ot () w0 - pouee) ) >
We would get a contradiction if the two limits in the preceding inequality
are zero. We will only show this for the right-hand limit at a (see Exercise
5.28 for the other case). Note that if v(a) # 0, then clearly

e { (%) [ (B’ (B)ut) p2<t>u<t>v’<t>1} =0.

Now assume that v(a) = 0; then since v only has simple zeros, v'(a) # 0.
Consider

im u(t) u' (t)v(t) — u(t)v’
Jim {(45) 10w @00 - oyt 0]}
L E R0
t—a+ v(t)
o PRV + 2000 a0 1)
t—a+ v (t)
=0,
where we have used ’'Hopital’s rule O

Corollary 5.51 Assume that

@(t) = qi(t), 0<p2(t) <pi(t), (5.24)

fort e J CI. If (5.20) is disconjugate on J, then (5.19) is disconjugate
on J. If (5.19) is oscillatory on J, then (5.20) is oscillatory on J.
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Proof Assume equation (5.19) is oscillatory on .J. Then there is a nontriv-
ial solution u of equation (5.19) with infinitely many zeros in J. Let v be
a nontrivial solution of equation (5.20). If v and v are linearly dependent
on J, then v has the same zeros as u and it would follow that the differ-
ential equation (5.20) is oscillatory on J. On the other hand, if u and v
are linearly independent on J, then by Theorem 5.50, v has at least one
zero between each pair of consecutive zeros of u and it follows that the
differential equation (5.20) is oscillatory on J. The other part of this proof
is similar (see Exercise 5.30). O

Example 5.52 Show that if
9 1
0<p(t) < and q(t) 2 b> 5,

for t € [1,00), then the self-adjoint equation Lz = 0 is oscillatory on [1, 00).
To see this we use Corollary 5.51. We compare Lx = 0 with the
differential equation

(t2w’)/ + bz = 0.
Expanding this equation out, we get the Euler—Cauchy differential equation
t22" 4 2tz + bx = 0.

By Exercise 5.29 this equation is oscillatory since b > i. Hence by Corollary
5.51 we get that Lz = 0 is oscillatory on [1, 00). AN

5.6 Factorizations and Recessive and
Dominant Solutions

Theorem 5.53 (Polya Factorization) Assume Lx =0 has a positive solu-
tion w on J C I. Then, for x € D,

La(t) = pu(t) {p2 (D) [pr (1)(1)]'}

fort e J, where

forte J
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Proof Assume u is a positive solution of Lx = 0 and assume that x € D;
then by the Lagrange identity,

ut)La(t) = {pwlu(t),z(t)]}’
= {pOlu(t)’(t) — ' ()]}

= {p2(O)[r(B)a()]'},

for ¢t € J, which leads to the desired result. O

We say that the differential equation

pr(t) {pa(B)[pr (D())'} =0
is the Polya factorization of the differential equation Lz = 0. Note that
by the proof of Theorem 5.53 we only need to assume that Lz = 0 has
a solution u without zeros on J to get the factorization, but if u(t) < 0
on J, then pi(t) < 0 on J. When p;(t) > 0 on J for i = 1,2 we call our
factorization a Polya factorization; otherwise we just call it a factorization.

Example 5.54 Find a Polya factorization of the differential equation Lz =
2"+x=0o0nJ = (0,7). Here u(t) = sint, t € J, defines a positive solution
on J = (0, 7). By Theorem 5.53 a Polya factorization is

Lx(t) = ﬁ {sin% {%}/}/ =0,

forx €D, t € (0,m). A

The following example shows that Polya factorizations are not unique,
and we will also indicate how this example motivates Theorem 5.58.

Example 5.55 Find two Polya factorizations for the differential equation

Lx = (6_6tl’/)/ + 8¢ %ty = 0. (5.25)
Expanding this differential equation out and then dividing by e =%, we
get the equivalent equation
2" — 62’ + 8z = 0.

Note that u;(t) := e*! defines a positive solution of the differential equation
(5.25) on R [which implies that the differential equation (5.25) is disconju-
gate on R] and hence from Theorem 5.53 we get the Polya factorization

La(t) = p1(t) {p2(D)[p1 (H)z()]'} = 0,
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for x € D, t € R, where

p1(t) = e M and po(t) = e,

(
for t € R. Note that us(t) := e2! also defines a positive solution of the
differential equation (5.25) and hence from Theorem 5.53 we get the Polya
factorization
!/
La(t) = n() {r20)n@)z@)]'} =0,
for t € R, where

—2t 2t

n(t)=e? and p(t)=e*,

for t € R. Hence we have found two distinct factorizations of equation
(5.25). Note in the first factorization we get

o0 1 o0
/ dt = / e 2t dt < o0,
o pa2t) 0

whereas in the second factorization we get

oo 1 oo
/ dt = / et dt = co.
o 7e(t) 0

In the next theorem we show that under the hypothesis of Theorem 5.53
we can always get a factorization of Lx = 0 (called a Trench factorization),
where the v in the Polya factorization satisfies

b1
dt = 0o
/a Y2 (t)

(usually we will want b = co as in the preceding example). We will see in
Theorem 5.59 why we want this integral to be infinite.

A
We get the following result from Theorem 5.53.

Theorem 5.56 (Reduction of Order) If u is a solution of Lz = 0 without
zeros in J C I and tg € J, then

b
u(t) = u(t)/ ————dr, teJ
to P(T)U?(T)

defines a second linearly independent solution on J.

Proof Assume u is a solution of Lz = 0 without zeros in J C I and ¢ € J.
Then by Theorem 5.53 we have the factorization

Lalt) = o <p<t>u2<t> (%) ) —o,

for t € J. It follows from this that the solution v of the IVP

p()u(t) (ﬁ) —1, o(t) =0
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is a solution of Lz = 0 on J. It follows that

for t € J. Integrating both sides from ¢y to ¢ and solving for v(t), we get
Lo

o(t :ut)/ —————dr, teJ

)=0 ], o

To see that u, v are linearly independent on J, note that

wlu(®), v(t)] = ,Zj((?) ;’((?)‘
R Ry p——
ul(t) ul(t) ftto p(T)?lﬂ('r)dT + P(t)lu(t)
_ u(t) 0
W) s
1
= m#o,

for t € J. Hence u, v are linearly independent solutions of Lz =0on J. 0O

Example 5.57 Given that u(t) = e’ defines a solution, solve the differen-

tial equation
1\ [1+t
<te—2tx) + <—t2€2t> xTr = 0,
tel:=(0,00).

By the reduction of order theorem (Theorem 5.56), a second linearly
independent solution on I = (0, 00) is given by

t
1
v(t) = ul(t —————ds
0 =0 [ o
t 8623
= et/1 or ds
t
= et/ sds
1

Loy 15

= 2t — el

2" ¢ T2

Hence a general solution is given by
1 1
n o= t Zp2pt _ gt
x(t) cre’ +co <2 e —5e
= e’ + ptiel.
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Theorem 5.58 (Trench Factorization) Assume Lz = 0 has a positive
solution on [a,b) C I, where —oco < a < b < oo. Then there are positive
functions v;, i = 1,2 on [a,b) such that for x € D

La(t) = n(t) {0 O=@0)]')

b1
/ dt = 0.
a '72(15)

Proof Assume Lz = 0 has a positive solution on [a,b) C I, where —oco <
a < b < oco. Then by Theorem 5.53 the operator L has a Polya factorization
on [a,b). That is, if z € D, then

La(t) = pi(t) {p2 () [ (D= (1))}

fort € [a,b), and

for t € [a,b). Let

forzx €D, t € [a,b). If

/abon(t) dt = oo

we have a Trench factorization and the proof is complete in this case. Now
assume that

b
/ as(t) dt < oco.

In this case we let

for t € [a,b). Then

b c
/ G dt = tm [ —220 4
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Let x € D and consider

(1) !

{ x(t) }/ _ ai(t)
Aa(t) ftb as(s) ds
S} 0a(s) ds [ 295]"— 2 [—an()

[ftb as(s) ds} ’

JPas(s) ds 28] 4 20 (45 (p)

_al(t)_ al(t)

[ftb as(s) ds] ’

Hence

%0 ) - {/ et ds} {a21<t> {51(f3>]/} * ol
{%@) [5(8)” - [ et {a;(t) [;(3>]}
Finally, we get that
511(15) {521@) {;1((?)}/} - 0111(15) {a21(t) [;1(2)]/}

for t € [a,b).

and so

O

We now can use the Trench factorization to prove the existence of

recessive and dominant solutions at b.

Theorem 5.59 Assume Lz = 0 is nonoscillatory on [a,b) C I, where
—o0 < a < b < oo; then there is a solution u, called a recessive solution
at b, such that if v is any second linearly independent solution, called a

dominant solution at b, then

lim @ =0,
t—b— v(t)

b 1
/to (™ =

and

b 1
/to P OOk



5.6. FACTORIZATIONS AND RECESSIVE AND DOMINANT SOLUTIONS 225

for some ty < b sufficiently close. Furthermore,
pV'(t) _ p)u'(t)
u(t) u(t)

for t < b sufficiently close. Also, the recessive solution is unique up to
multiplication by a nonzero constant.

Proof Since Lz = 0 is nonoscillatory on [a,b), there is a ¢ € [a,b) such
that Lz = 0 has a positive solution on [c,b). It follows that the operator L
has a Trench factorization on [e,b). That is, for any z € D,

La(t) = 7 () {20 @)@}

for t € [e,b), where ;(t) > 0 on [¢,b), i = 1,2 and

b
/ dt = 0.
c '72(15)

Then from the factorization we get that

defines a solution of Lz = 0 that is positive on [¢,b). Let z be the solution
of the IVP

2(t) (m(t)2) =1,
z(e) = 0.

Then from the factorization we get that z is a solution of Lz = 0 that is

given by
1 b1
z(t) = ds,
=55 ] =0

for ¢t € [¢,d). Note that
1

b U gy, RO
. Z(t) . ’Yll(t) fC 721(5) ds
. 1
= hmﬁ f
t—b fc 72_(3)dg

= 0.
Now let v be any solution such that v and v are linearly independent; then

v(t) = cru(t) + c22(t),
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where ¢o # 0. Then
u(t) ) u(t)

lim —— = lim ——2
- o(?) b cru(t) + caz(t)
u(t)
_ =(0)
t=b= ¢y 223 + c2

= 0.

2] _ u®)(t) — =) ()
) 0
wlu(t), z(t)]
u?(t)
C
p(t)u(t)’
where C' is a nonzero constant. Integrating from c to ¢, we get that

AW ) [
() ul(e) (7K P OO

Letting t — b—, we get that

b 1
Ap@wwﬁzw

Next let v be a solution of Lx = 0 such that w and v are linearly indepen-
dent. Pick d € [¢,b) so that v(t) # 0 on [d,b). Then consider

u®)]" e () — u()'(t)
o i
wlo(t), u(t)]

v3(t)

D
P20
where D is a nonzero constant. Integrating from d to ¢, we get that

u(t)  u(d) /t 1

—~——2=D [ ————ds.

o(t)  v(d) a P(s)v*(s)
Letting t — b—, we get that

b 1
Ap@w@“<”

Finally, let u be as before and let v be a second linearly independent solu-
tion. Pick ¢y € [a,b) so that v(t) # 0 on [tg,b). The expression
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is the same if we replace v(t) by —uv(t) so, without loss of generality, we
can assume v(t) > 0 on [tg,b). For t € [tg,b), consider

pv'(t) pd)u'(t) _ pHwlu(d), v(t)]
u(t) u(t) u(t)v(t)
H

u(t)u(t)’
where H is a constant. It remains to show that H > 0. To see this note
that

[@]/ _uv'(t) — v(t)u'(t)
u(t) u?(t)

wlu(t), v(t)]

for t € [to,b). Since

lim = 00,

t—b— u(t)
it follows that H > 0. The proof of the last statement in the statement of
this Theorem is Exercise 5.36. (|

Example 5.60 Find a recessive and dominant solution of
2 =31 +22=0
at oo and show directly that the conclusions of Theorem 5.59 concerning

these two solutions are true.
The self-adjoint form of this equation is

(efstx')/ +2e 3t =0,
so p(t) = e~3" and ¢(t) = 2e73". Two solutions of this differential equation
are e and e2t. Tt follows that our given differential equation is disconjugate
on R, but we want to show directly that if we take u(t) = ef and v(t) = e*

then the conclusions of Theorem 5.59 concerning these two solutions are
true. First note that

Also,

In addition,
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Finally, consider

G0

o) " )

for t € R.

Example 5.61 Find a recessive and dominant solution of
2 +2=0

at m and show directly that the conclusions of Theorem 5.59 concerning
these two solutions are true.
Let u(t) := sint and v(t) := cost; then
u(t

lim —= = lim tant = 0.
t—m— U(t) t—m—

™ 1 us 9
L mdt = /l csct dt = oo.

~—

Also,

In addition,

s 1 s
— 4t = 2t dt < oo.
/i p(t)e2(1) /_ >

4

Finally, consider

————— = —tan co :M
S OR tant > cott OB

for t € (5, 7). A

Theorem 5.62 (Mammana Factorization) Assume Lx =0 has a solution
uw with u(t) #0 on J C I. Then if x € D(J),

Lalt) = [ 5 + )] 0) | = 0(0)] at0),

fort e J, where

p(t) :=

forte J

Proof Let « € D(J) and consider
ERCIECIE ST

dt
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for t € J. Hence

I
—
+
=
—~
~~
~
[
=
—~
~~
~—
8

~
—
~
~—
|
]
—~
~
~—
<
~
—
~~
~
‘

u(t)
rep W (E) 1o T (1)
— La(t),
fort € J. O

Example 5.63 Find a Mammana factorization of the equation Lz = 2" +
x=0onI=(0,7).

Here u(t) = sint is a positive solution on I = (0, 7). By Theorem 5.62
the Mammana factorization is

Lax(t) = {% + cot t] [% — cot t} z(t) = 0,

for t € (0, ). A

5.7 The Riccati Equation

Assume throughout this section that p, ¢ are continuous on an interval
I and that p(t) > 0 on I. We define the Riccati operator R : C*(I) — C(I)
by
1
Rz(t) = 2'(t) + q(t) + —22(¢),
(1) = 2(0)+4(0) + =222(0)

for ¢ € I. The nonlinear (see Exercise 5.38) first-order differential equation

/ 1 2
Rz=2"4+q(t)+ p(t)z =0

is called the Riccati differential equation. This Riccati equation can be
written in the form 2z’ = f(¢, z), where f(¢,z2) := —q(t) — %. Since f(t,z)
and f,(t,z) = —% are continuous on I X R, we have by Theorem 1.3
that solutions of IVPs in I x R for the Riccati equation Rz = 0 exist, are
unique, and have maximal intervals of existence. The following example
shows that solutions of the Riccati equation do not always exist on the
whole interval I. Recall that by Theorem 5.4 solutions of the self-adjoint
differential equation Lx = 0 always exist on the whole interval I.

Example 5.64 The solution of the IVP
Rz=2+1+2>=0, 2(0)=0
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is given by

z(t) = — tant,
for t € (=%, 5). In this example p(t) = ¢(t) = 1 are continuous on R and
p(t) > 0 on R so I =R, but the solution of the preceding IVP only exists
on (—%,%). A

The following theorem gives a relationship between the self-adjoint
operator L and the Riccati operator R.

Theorem 5.65 (Factorization Theorem) Assume x € D(J) and x(t) # 0
on J C I; then if

then
Lx(t) = x(t)Rz(t), teJ

Proof Assume x € D(J), z(t) # 0 on J, and make the Riccati substitution

Then

= (O (1) +q(b)alt)
= Le(t),

for t € J. O

Theorem 5.66 Assume J C I. The self-adjoint differential equation Lx =
0 has a solution x without zeros on J iff the Riccati equation Rz =0 has a
solution z that exists on J. These two solutions satisfy
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Proof Assume that = is a solution of the self-adjoint differential equation
Lz = 0 such that z(t) # 0 on J. Make the Riccati substitution z(t) :=

%ﬂg(ﬁ)’ for t € J; then by Theorem 5.65

x(t)Rz(t) = Lz(t) =0, te ..
It follows that z is a solution of the Riccati equation Rz =0 on J.

Conversely, assume that the Riccati equation Rz = 0 has a solution z
on the interval J. Let = be the solution of the IVP

2t

r =—=x, x(ty) =1,
p(t) (o)
where tg € J. Then x(¢) > 0 on J. Furthermore, since
_ p®)2'(t)

<) = HO0,
we get from Theorem 5.65 that
Laz(t) = z(t)R=z(t) =0, teJ,
and so z is a solution of Lx = 0 without zeros in J. U

Example 5.67 Solve the Riccati differential equation (DE)
2
z/+t—4+t2z2:0, t>0.

Here

q(t) = =4

p(t) = t_27 t4

Hence the corresponding self-adjoint DE is

1\ 2
(t—zw > + aT= 0.
Expanding this equation out we obtain the Euler-Cauchy DE
t22" — 2ta’ 4+ 22 = 0.
A general solution to this equation is
x(t) = At + Bt*.

Therefore,

A 2B
_ et

- At + Bt?
When B = 0 we get the solution
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When B # 0 we can divide the numerator and denominator by t% to get

that
C+2t

2(t) = ——
®) Ct3 + t4’
where C is a constant is a solution. A

Next we state and prove the most famous oscillation result for the
self-adjoint differential equation Lz = 0.

Theorem 5.68 (Fite-Wintner Theorem) Assume I = [a,00). If

/:Oﬁdt/:oq(t)dtoo,

then the self-adjoint differential equation Lz = 0 is oscillatory on [a, 00).

Proof Assume that the differential equation Lz = 0 is nonoscillatory on
[a,00). Then by Theorem 5.59 there is a dominant solution v of Lz = 0
and a number T € [a, 00) such that v(¢) > 0 on [T, 00) and

/ 1l gt<. (5.26)

r p(H)vi(t)
If we make the Riccati substitution

teT,o00),

then by Theorem 5.66, z is a solution of the Riccati equation Rz = 0 on
[T, o0). Hence

< —q(t), tell,o00).

Integrating from 7T to ¢, we get
t
z2(t) — 2(T) < 7/ q(s) ds.
T
It follows that

tlim z(t) = —o0.
Pick T7 > T so that
t)v' (¢
o) = POV o e, o0).

It follows that
V() <0, te[Ty,0),
and therefore v is decreasing on [T7, 00). Then we get that for t > T,

t 1 1 t
/Tl P OLZ DM /T PO

which implies that
/ Tl
——_dt = oo,
7, p(t)v(t)



5.7. THE RiccATI EQUATION 233

which contradicts (5.26). O

o0

Example 5.69 Since fl % dt = 0o, we get from the Fite-Wintner theorem
(Theorem 5.68) that for any positive constant « the differential equation
(tz") + %x =0
is oscillatory on [1, 00). A

The following lemma is important in the calculus of variations, which
we study briefly in Section 5.8.

Lemma 5.70 (Completing the Square Lemma) Assume [a,b] C I and that
7 : [a,b] — R is continuous and assume 1’ is piecewise continuous on [a,b].
If z is a solution of the Riccati equation Rz =0 on [a,b], then

&P @) = {pOW OF - atn*®)}

2

Vo () - ——n()=(t)|
p(t)

for those t € [a,b] where n/'(t) exists.

Proof Assume that 7 is as in the statement of this theorem and z is a
solution of the Riccati equation Rz = 0 on [a,b] C I, and consider

RO = 2O + 20 (1)
= gt - ]%z?(t)w(t) 2 ()t (1)

— (O O — atyP(0)

- {p<t>w<t>]2 ox(tmtn (1) + p—n2<t>z2<t>}
— O OF - a0}

—[Ws)n’(t)— ; n<t>z<t>] ,

for those t € [a, b] where 7/ (t) exists. O

We next define a quadratic functional @) that is very important in the
calculus of variations.

Definition 5.71 First we let A be the set of all functions 7 : [a,b] — R
such that 7 is continuous, 7’ is piecewise continuous on [a,b], and n(a) =
n(b) = 0. Then we define the quadratic functional @ : A — R by

b
Qnl = / {p®W ) = a(t)n?(®)} dt.

We call A the set of admissible functions.
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Definition 5.72 We say that @ is positive definite on A provided @Qn > 0
forallp € A and Qn=0iff n =0.

Theorem 5.73 Let [a,b] C I. Then Lz = 0 is disconjugate on [a,b] iff the
quadratic functional Q is positive definite on A.

Proof Assume Lz = 0 is disconjugate on [a, b]. Then, by Theorem 5.46,
Lz = 0 has a positive solution on [a, b]. It then follows from Theorem 5.66
that the Riccati equation Rz = 0 has a solution z that exists on [a,b]. Let
7 € A; then by the completing the square lemma (Lemma 5.70)

O @®) = {pOW O] —at)n* ()}

- [\/p(t)n’(t) - #nu)z@)] ,
p(t)

for those t € [a, b] where 1/ (t) exists. Integrating from a to b and simplify-
ing, we get

Vo' (t) -

b
a

Qn = [P + /

- / [\/1775)77’(75)— ! n<t>z<t>] dt
> 0.

Also note that @Qn = 0 only if

(8) = %n(t),

for t € [a, b]. Since we also know that n(a) = 0, we get Qn = 0 only if n = 0.
Hence we have that @) is positive definite on A.

Conversely, assume () is positive definite on A. We will show that
Lz = 0 is disconjugate on [a,b]. Assume not; then there is a nontrivial
solution z of Lx = 0 with

z(c) =0 =z(d),
where a < ¢ < d < b. Define the function n by
0, if t € [a,d]

n(t) =< z(t), if t€c,d]
0, if teldb).

Since n € A and n # 0 (the zero function), we get that
Q[n > 0.
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But, using integration by parts,
b
QM = / (PO ()] — a(t)n?(t)} dt
d
— [ ol OF - o) d
d d
= [ptnm @) - / p()n' (1)]'n(t) dt — / q(t)” (1) dt

which is a contradiction. O

Corollary 5.74 Assume (5.19) is disconjugate on J C I and

qi(t) > q2(t) and 0 <pi(t) < paft),

for t € J; then (5.20) is disconjugate on J.

Proof Tt suffices to show that (5.20) is disconjugate on any closed subin-
terval [a,b] C J. Define Q; : A — R by

b
Qi) = / PO OF — P 0)} dt,

for i = 1,2. Assume (5.19) is disconjugate on J C I. Then, by Theorem
5.73, Q1 is positive definite on A. Note that

b

Q2[n] = {200 (0))* = qa()n* (1)} dt
b
> {10 O = au(t)n*(t)} dt
a
= Ql [T/} )
for all n € A. It follows that @5 is positive definite on A and so by Theorem
5.73 the self-adjoint equation (5.20) is disconjugate on [a, b]. O

Similar to the proof of Corollary 5.74, we can prove the following Corol-
lary (see Exercise 5.40).

Corollary 5.75 Assume (5.19) and (5.20) are disconjugate on J C I and
p(t) = Mip1(t) + Aapa(t)  and  q(t) = Aqu(t) + Aaga(t),

for t € J, where A\1, Ao > 0, not both zero; then Lxr = 0 is disconjugate on
J.
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Definition 5.76 Assume Lz = 0 is nonoscillatory on [a,b) C I, where
—o0 < a < b < oo. Wesay z,, is the minimum solution of the corresponding
Riccati differential equation Rz = 0 for ¢ < b, sufficiently close, provided
Zm is a solution of the Riccati equation Rz = 0 for ¢ < b, sufficiently close,
and if z is any solution of the Riccati equation Rz = 0 for ¢ < b, sufficiently
close, then

zm(t) < 2(1),
for all ¢ < b, sufficiently close.

Theorem 5.77 Assume Lz = 0 is nonoscillatory on [a,b) C I, where
—00 < a < b < o0 then the minimum solution z,, of the corresponding
Riccati differential equation Rz = 0 for t < b, sufficiently close, is given by

_ p)u'(t)
m(t) == 0N

where u is a recessive solution of Lr = 0 at b. Assume that the solution
Zm €xists on [to,b); then for any ti € [to,b) the solution z of the IVP

Rz =0, Z(tl):'zlv

where z1 < zm(t1) has right mazimal interval of existence [ti,w), where
w < b and

lim z(t) = —oc.

t—w—

Proof Recall that by Theorem 5.66 if J C I, then the self-adjoint differ-
ential equation Lx = 0 has a solution x without zeros on J iff the Riccati
equation Rz = 0 has a solution z that exists on J and these two solutions
are related by

By Theorem 5.59 the differential equation Lz = 0 has a recessive solution
u at b and for any second linearly independent solution v it follows that

tyu' (¢ t)'(t
oty POV _ POV ()
u(t) v(t)
for t < b sufficiently close. Note that if = is a solution of Lz = 0 that is
linearly dependent of u, then x = ku, where k # 0 and
p)2'(t) _ pOku'(t) _ pt)u'(t) _
= = = zm(t),
x(t) ku(t) u(t)
for ¢ < b sufficiently close (this also shows that no matter what recessive
solution you pick at b the z,, is the same and hence z,, is well defined).

Finally, assume z,, is a solution on [tg,b) and assume z is the solution
of the IVP

Rz = O, Z(tl) =z,
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where z; < z,,,(¢1). From the uniqueness of solutions of IVPs, z(t) < 2z, (¢)
on the right maximal interval of existence [t1,w) of the solution z. It follows
that w < b and, using Theorem 1.3, we get that
lim z(t) = —co. O
t—w—
Example 5.78 Find the minimum solution z,, of the Riccati differential
equation
2
Rz:z’+t—4+t2z2:0

that exists for all sufficiently large ¢.

From Example 5.67, u(t) = t is a recessive solution of the corresponding

self-adjoint differential equation Lx = 0 at co. It follows from Theorem 5.77
that the minimum solution of the Riccati equation for all sufficiently large

tis
_p@u'(t) 1
="

A

Example 5.79 Find the minimum solution z,, of the Riccati differential
equation
Rz=2+1422=0
that exists for all ¢ < 7 sufficiently close.
The corresponding self-adjoint differential equation is z’/ +x = 0. A re-
cessive solution of this equation at 7 is u(t) = sin¢. It follows from Theorem
5.77 that the minimum solution at 7 is

t)u'(t
- 2OV

u(t)
for ¢t € (0, 7). It can be shown that a general solution of this Riccati equation
is given by

= cot t,

z(t) = cot(t — a),
where « is an arbitrary constant. Let t; € (0,7) and let z be the solution
of the IVP
Rz=0, =z(t1)= 2.
Note that if the constant
z1 < zZm(t1) = cot(ty),
then there is an a1 € (—%,0) such that
z(t) = cot(t — aq),
which has right maximal interval of existence [t1, a1 +7). Note that a;+7 <

7 and

lim  z(t) = —o0.
t—(a1+m)— ()

On the other hand, if 21 > 2z,(t1) = cot(t1), then there is an ay € [0, §)
such that
z(t) = cot(t — aa) > zp(t),
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for t < 7 sufficiently close. A

In the next theorem we summarize some of the important results (with
one improvement) in this chapter. Ahlbrandt and Hooker [1] called this
theorem the Reid roundabout theorem to honor W. T. Reid’s work [43], [42]
in this area. There have been numerous research papers written concerning
various versions of this theorem. See, for example, Ahlbrandt and Peterson
(2] for a general discrete Reid roundabout theorem.

Theorem 5.80 (Reid Roundabout Theorem) The following are equivalent:
(i) Lz =0 is disconjugate on [a,b].
(ii) Lz =0 has a positive solution on [a,b].
(iil) Q s positive definite on A.
(iv) The Riccati differential inequality Rw < 0 has a solution that
exists on the whole interval [a, b].

Proof By Theorem 5.46, (i) and (ii) are equivalent. By Theorem 5.73, (i)
and (iii) are equivalent. By Theorem 5.66, we get that (ii) implies (iv). It
remains to prove that (iv) implies (i). To this end, assume that the Riccati
inequality Rw < 0 has a solution w that exists on the whole interval [a, b].
Let

h(t) := Rw(t), t € [a,b];

then h(t) <0, for ¢ € [a, b] and

for t € [a,b], but then from Theorem 5.66 we have that

(p()2") + (q(t) — h(t)) 2 =0

has a solution without zeros in [a, b] and hence is disconjugate on [a, b]. But
since

q(t) = h(t) = (1),
for t € [a,b], we get from the Sturm comparison theorem (Theorem 5.50)
that Lz = 0 is disconjugate on [a, b]. O

We end this section with another oscillation theorem for Lz = 0.

Theorem 5.81 Assume I = [a,0). IffaOC p(l—t)dt = o0 and there is aty > a
and a u € Cttg, 00) such that u(t) >0 on [tg,o0) and

| [0 pt0) (0] e = o

to

then Lz =0 is oscillatory on [a, 00).
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Proof We prove this theorem by contradiction. So assume Lx = 0 is

nonoscillatory on [a, 00). By Theorem 5.59, Lz = 0 has a dominant solution
v at oo such that for ¢t; > a, sufficiently large,

e 1
/tl pi(t)qﬂ(t) dt < o0,

and we can assume that v(t) > 0 on [t;,00). Let o and u be as in the
statement of this theorem. Let 7" = max{to, 1 }; then let

t>1T.
Then by Lemma 5.70, we have for ¢t > T

{20} = pO @ ®) - gt (®)
B { muf(t>“<t>2<f>}

Vp(t
< p(t) (u'(1))? — q(t)u(2),

for t > T. Integrating from 7T to ¢, we get

2(8)u(t) < 2(T)u(T) - / la(02(t) = p(t) (' (0)*] i,

T

~—

t

which implies that
lim z(t)u?(t) = —oo.
t—oo

But then there is a T7 > T such that

for ¢t > Ty. This implies that v'(¢) < 0 for ¢ > T} and hence v is decreasing
for t > T;. But then

i s = 22 R s
/Tl Ok (T”/Tl POLDE

INA
@N)
~
—
8
&
A
3

which is a contradiction. O

Example 5.82 Show that if (a > 0)

/ t%q(t) dt = oo,

where o < 1, then 2" + ¢(t)z = 0 is oscillatory on [a, 00).
We show that this follows from Theorem 5.81. First note that

o0 1 o0
/ ——dt = / 1dt = 0.
o D) a
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Now let

and consider

/m{qu)u?(t) p(0)[u! (D]} di = /{t“ ety ay

since a < 1 implies
/ 272 dt < oo.
Hence 2" + q(t)z = 0 is oscillatory on [a, c0) from Theorem 5.81. A

5.8 Calculus of Variations

In this section we will introduce the calculus of variations and show
how the previous material in this chapter is important in the calculus of
variations.

Let’s look at the following example for motivation.

Example 5.83 The problem is to find the curve z = x(t) joining the

given points (a, z,) and (b, z;) such that x is continuous and =’ and z” are

piecewise continuous on [a, b] and the length of this curve is a minimum.
Using the formula for the length of a curve, we see that we want to

minimize .
2] = / VTP dt
a
subject to
z(a) = xq, x(b) =y,
where z,, x, are given constants and z is continuous and 2z’ and z” are
piecewise continuous on [a, b]. A

We assume throughout this section that f = f(¢,u,v) is a given contin-
uous real-valued function on [a, b] x R? such that f has continuous partial
derivatives up through the third order with respect to each of its variables
on [a,b] x R%. The simplest problem of the calculus of variations is to

extremize .
- / F(tx(t), 2/ (1) dt

xz(a) = x4, x(b) =y,

subject to

where x, and x; are given constants and z is continuous and 2’ and z” are
piecewise continuous on [a, b]. In this section we will let D be the set of all
continuous z : [a,b] — R such that 2’ and 2" are piecewise continuous on
[a,b], with z(a) = x4, x(b) = xp. We define a norm on D by

]| = sup {max{[z(t)], [ (t)], [=" ()} } ,
where the sup is over those t € [a, b], where 2/(t) and z”(t) exist. We then
define the set of admissible variations A to be the set of all continuous
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7 : [a,b] — R such that ' and 1" are piecewise continuous on [a,b] and
n(a) = n(b) = 0. Note that if z € D and n € A, then x + en € D, for any
number e. Also, x,y € D impliesn:=z —y € A.

Definition 5.84 We say that

b
Iuy:/“ﬂamwww»da

subject to x € D has a local minimum at xg provided xy € D and there is
a ¢ > 0 such that if x € D with ||z — 20| < §, then
I[x] > I[xo].

The terms local mazimum, global minimum, and global maximum are de-
fined in the obvious way. We say I has a proper global minimum at xg
provided g € D and

1] = I[wol,
for all x € D and equality holds only if x = xg.
Definition 5.85 Fix x¢p € D and let the function h : R — R be defined by
h(e) == I[zo + en),

where 1 € A. Then we define the first variation Jy of I along x¢ by

Ji[n) = Ji[n; xo] == 1'(0), n €A
The second variation Jo of I along x is defined by

J2[n] = J2[n; zo] := "(0), n €A

Theorem 5.86 Let xg € D; then the first and second variations along xg
are given by

b
J1[77] = / {fu(taxO(t)’xB(t)) - % [fv(t,xO(t)’xi)(t))]} U(t) dt,
and
b

Rl = [ 0 OF - a0} at,
respectively, for n € A, where

p(t) = R(t), q(t)=Q'(t) - P(t), (5.27)
where

P(t) = fuult, o), 20(t),  Qt) = fuu(t, vo(t), z4(t))

and

R(t) = fvv(ta .’ITO(t), $6(t)),
for those t € [a,b] such that x{, and x{ are continuous.
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Proof Fix xg € D, let n € A, and consider the function h : R — R defined
by

b
h(€) :=I[zg +en] = / F(t,xo(t) + en(t), zo(t) + en'(t)) dt.

Then
b
W) = j/ [t z0(t) + en(t), 2 (t) + en’ (1)) (1))
b
+/ﬁn@m@+m@wWH+WMMMﬁ

b
:/ﬁnwm@+m@www«meMﬁ
+ [fo(t,xo(t) + en(t), zh(t) + en (£))n(1)]"

b
~ [ G ltsmnle) + en®)apo) + o ()] ate)

:/juum@+am»%m+aﬂmmwa
b
= [ 5 Uultsmn(e) + entt), o) + e )] (o),

where we have integrated by parts. It follows that

b
il =10) = [ { ulelt) ) = G Lole o) )] ),

for n € A. Differentiating h'(e), we get
b
W) = /fww%®+m®wWH%Wmf@ﬁ
b
+;/f@awmw+mmx%u»+mw»mwﬂwdt

b
+ / [fou(t, @0(t) + en(t), 26(t) + en/ (£)] [ ()] dt.

Hence
b
bM:W@*/ ﬁﬂ/@ (0 de+ [ RO OF b
where
P(t) = fuu(t,xo(t),xé)(t)), Q(t) = fuv(t’xo(t)’xé(t)),
and

R(t) = fvv (ta Zo (t)a .’ﬂ6 (t))
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But

b b
2/“Qumumw>w - /‘me%wrw

b
QU - [ @) d
- - [ @wroa

where we have integrated by parts and used n(a) = n(b) = 0. It follows
that

km=/kmmwwf—wm%nm,
where

p(t) =R(t), q(t)=Q'(t) - P(t),

for those t € [a,b] where z{, and z{ are continuous. O

Lemma 5.87 (Fundamental Lemma of the Calculus of Variations) Assume
that g : [a,b] — R is piecewise continuous and

b
[ stontey de=o
for alln € A; then g(t) = 0 for those t € [a,b] where g is continuous.

Proof Assume that the conclusion of this theorem does not hold. Then
there is a to € (a,b) such that g is continuous at ¢ty and g(tg) # 0. We will
only consider the case where g(tg) > 0 as the other case (see Exercise 5.46)
is similar. Since g is continuous at tg, there is a 0 < § < min{top —a,b—1to}
such that g(¢) > 0 on [tg — 0, to + 0]. Define 1 by

(t) . 0, if te€ [a,to 75) @] (to + 0, b]
= (t —to+ 0)2(t —to — )2, if t € [to—6,t0+ 9.
Then n € A and

b to+9
[ attmyde= [ = t0+520 ~ 1o~ 67g(0) de >0

which is a contradiction. O

Theorem 5.88 (Euler-Lagrange Equation) Assume

b
Ihk:/mﬂtdﬂwﬂﬂdt

subject to x € D has a local extremum at xo. Then xq satisfies the Fuler-
Lagrange equation

fult,z(t), 2" (1)) - % [folt, (1), 2"(2))] = O, (5.28)

for those t € [a,b] where x|, and x{j are continuous.
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Proof Assume

Ila] == /bf(t,a:(t),a;’(t)) d,
subject to « € D has a local e;?tremum at xo. This implies that for each
n € A, h has a local extremum at ¢ = 0 and hence
R'(0) =0,
for each n € A. Hence

b
il = [ {Auttcane)abe) — g 6o eonle) ape)] fute) e =

for all n € A. It follows from Lemma 5.87 that

d
Fult,zo(t), 2o()) — 2 [fu (b, 2o (1), 24 ()] = 0,
for those t € [a, b] where z(, and z{] are continuous. O

Example 5.89 Assume that we are given that

M= [ {ewor - 1220}

subject to x € D, where the boundary conditions are
z(1) =0, =z(e) =1,

has a global minimum at zo and xo € C?[1,¢]. Find z.

In this example
2

ft,u,v) = tv? — UT

and so

fu(t,u,v):—Q%, fv(t,uaU)ZQtU'

It follows that the Euler-Lagrange equation is the self-adjoint equation
1
(tz") + 7= 0.
It follows that xq is the solution of the BVP

1
(tz") + 7T = 0,

Solving this BVP, we get
sin(logt)

Zo (t) =

sin 1

A

Definition 5.90 The Euler-Lagrange equation for the second variation
Jo along xq is called the Jacobi equation for the simplest problem of the
calculus of variations.
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The following theorem shows that the self-adjoint equation is very im-
portant in the calculus of variations.

Theorem 5.91 The Jacobi equation for the simplest problem of the calcu-
lus of variations is a self-adjoint second-order differential equation Lx = 0.

Proof The second variation is given by

b
Rl = [ 00 ©) - a0} dr.
Let F be defined by

F(t,u,v) == p(t)v? — q(t)u?.

Then

F.(t,u,v) = =2q(t)u, F,(t,u,v) = 2p(t)v.
It follows that the Jacobi equation is the self-adjoint equation Lx = 0,
where p and ¢ are given by (5.27). O

Theorem 5.92 (Legendre’s Necessary Condition) Assume the simplest
problem of the calculus of variations has a local extremum at xo. In the
local minimum case

fvv (ta xO(t)’ .%‘6 (t)) =0,

or those t € [a,b] such that x|, and x{ are continuous. In the local maxi-
) 0 0
mum case

Foo(t,zo(t), 2(t)) <0,

for those t € [a,b] such that z{, and x{ are continuous.

Proof Assume

b
I[x) ::/ ft,z(t),2'(¢)) dt,

subject to x € D has a local minimum at zg. Thenifn € Aand h: R — R
is defined as usual by

h(e) == Izo + en],
it follows that h has a local minimum at e = 0. This implies that
h'(0) =0, and A"(0)>0,
for each n € A. Since h”(0) = Ja[n], we have by Theorem 5.86 that

b
sz/ﬁﬁMﬁW*WM%ﬂﬁza
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for all n € A. Now fix an s in (a,b), where x), and x{] are continuous. Let
e > 0 be a constant so that a < s —e€ < s+ € < b, and p is continuous on
[s — €, s + €]. Next define n. by

0, a<t<s—ce

t—s+e€ s—e<t<s

—t+s+e s<t<s+e

0, s+e<t<hb.

ne(t) =

Since 7. € A,

b
Ja[ne] = / {p®)e®)]* — at)nZ ()} dt = 0.

It follows that
s+e s+e
[ swaz [ aweeae

e e
Let M > 0 be a constant such that ¢(t) > —M for all those t € [a, b] such
that af, and z{ are continuous, then, using the mean value theorem from
calculus, we get that

P(E)(2€) = —Me(2e),
where s — e < & < s+ e. It follows that
p(&) > —Mé>.
Letting € — 04, we get that

p(s) > 0.
It then follows that

p(t) = fou(t, z0(t), 25(t)) = 0,

at all t € (a,b), where zf, and z{ are continuous. A similar argument can
be given for t = a and t = b. The proof of the local maximum case is left
to the reader (see Exercise 5.54). O

Example 5.93 Show that

I[z] == /0 [(cost)x?(t) — 3(sint)x(t)a’(t) — (t — 1)(2'(t))?] dt,

for x € D with boundary conditions 2(0) = 1, #(2) = 2 has no local
maximums or local minimums.
Here
f(t,u,v) = (cost)u® — 3(sint)uv — (t — 1)v?,
and hence
Sfoo(tyu,v) = =2(¢ — 1),

which changes sign on [0,2] and hence by Theorem 5.92, I has no local
extrema in D. A
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Theorem 5.94 (Weierstrass Integral Formula) Assume that  is a solution
of Lv =0 on [a,b], n € A, and z = x + n; then

Qlz] = Qlx] + Q[nl.

Proof Assume that « is a solution of Lx = 0 on [a,b], n € A, and z = x+1).
Let h : R — R be defined by

he) == Qo + .
By Taylor’s formula,

h(1) = h(0) + %h’(o) + %h”({), (5.29)
where ¢ € (0,1). We next find 2/(0) and 2" (). First note that
b
h'(e) = 2/ {p(®)[2"(t) + en' O]’ () — a(®)[x(t) + en(t)In(t)} dt.

It follows that

b
W'(0) = 2/ {p@)a"(t)n' (1) — q(O)x()n(t)} dt

b
%Kﬂx%wnﬁﬂigl/ La(t)n(t) dt
:O,

where we have integrated by parts. Next note that

b
h'(e) = 2 / {p(t)[n'(t)]* — q(t)n” ()} dt
2Q[n]

Since h(1) = Qlz], h(0) = Q[z], K'(0) = 0, and A" (&) = 2Q[n], we get from
(5.29) the Weierstrass integral formula

Qlz] = Qlx] + Q[nl. o

Theorem 5.95 Assume Lax =0 is disconjugate on [a,b] and let xo be the
solution of the BVP

Lz =0,
x(a) = x4, x(b) = xp.
Then

b
Qlz] = / {p®)[2" (O] — a(t)2* (1)} dt,

subject to x € D has a proper global minimum at xg.



248 5. THE SELF-ADJOINT SECOND-ORDER DIFFERENTIAL EQUATION

Proof Since Lx = 0 is disconjugate on [a, b], the BVP
Lx =0,
z(a) = x4, x(b) =y,
has a unique solution xy by Theorem 5.45. Let x € D and let
n:=x—= o,

then n € A and & = xg + 7. Hence, by the Weierstrass integral formula
(Theorem 5.94),

Qlz] = Qlzo] + Q[nl.
But Lz = 0 is disconjugate on [a,b] implies (see Theorem 5.73) that Q is
positive definite on A and hence is positive definite on A. Therefore,

Qlz] = Qlzol,

for all x € D and equality holds only if x = zy. Hence @ has a proper
global minimum at xg. O

Example 5.96 Find the minimum value of

Ql] = / (e 0 (D] — de~ 2 (1)} dt

subject to

Here
p(t) = e, q(t) = 4e™%

and so the corresponding self-adjoint equation is

(e ) 4 de 2 = 0.
Expanding this equation out, we get the equivalent differential equation

2 — 42’ + 42 = 0.

Since x(t) = 2! defines a positive solution of this differential equation on
R, we have by Theorem 5.46 that this differential equation is disconjugate

on R and hence on [0,1]. Hence, by Theorem 5.95, @ has a proper global
minimum at xg, where zq is the solution of the BVP

2 — 42 + 42 =0,
z(0)=1, =«(1)=0.
Solving this BVP, we get
zo(t) = e —te?,

Hence, after some routine calculations, we get that the global minimum for
Qon D is

Q[zo] = —1.
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Many calculus of variation problems come from Hamilton’s principle,
which we now briefly discuss. Assume an object has some forces acting on
it. Let T be the object’s kinetic energy and V its potential energy. The
Lagrangian is then defined by

L=T-YV.
In general,
L=L(tz2).
The integral

b
I[x) :/ L(t,z(t),2'(t)) dt

is called the action integral. We now state Hamilton’s principle in the
simple case of rectilinear motion.
Hamilton’s Principle: Let x4(t) be the position of an object under the
influence of various forces on an z-axis at time ¢. If zg(a) = z, and
x0(b) = xp, where z, and x;, are given, then the action integral assumes a
stationary value at xg.

In the next example we apply Hamilton’s principle to a very simple
example.

Example 5.97 Consider the spring problem, where the kinetic energy
function T and the potential energy function V' are given by

1 1
T= §m[x’]2 and V = §k:c2,

respectively. Assume that we know that 2(0) = 0, z(5/%¢) = 1. Then the
action integral is given by

Ia] = /Ow_ {%m[m’(t)]Q - %kzmz(t)} dt.

Applying Theorem 5.95, we get that the displacement z( of the mass is the
solution of the BVP
ma” + kx =0,

T /m
= —\/— ] =1
z(0)=0, =z (2 . )
Solving this BVP, we get

rolt) = sin (ﬁt) .

We end this section by considering the special case of the simplest prob-
lem of the calculus of variations where f(¢,u,v) = f(u,v) is independent
of t. In this case x(t) solves the Euler-Lagrange equation on [a, b] provided

fula(t),2' () — % (fola(®),2'(®)], t€[a,b]. (5.30)

A
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We now show that if x(¢) is a solution of (5.30) on [a, b], then x(¢) solves
the integrated form of the Euler-Lagrange equation

fv(wil)xl - f(xvxl) =C (531)

where C' is a constant. To see this, assume z(¢) is a solution of (5.30) on
[a, b] and consider

d / / /
o o2 (t), 2" (£)2"(2) — f(2(t), 2 (t))]

- % [fula(t).a ()] 2/ () + folw(t),2’ ()" (1)

— (), () () — fola(t), 2 ()" ()
= () [ Fulalt), o (1)) — Fulalt), o' (1)
= 0

for ¢t € [a, b].

We now use the integrated form of the Euler-Lagrange form (5.31) to
solve the following example.

Example 5.98 Find the C! curve x = z(¢) joining the given points (a, z,)
and (b, xp), a < b, £y > 0, 2, > 0 such that the surface area of the surface
of revolution obtained by revolving the curve = z(t), a < t < b about
the z-axis is a minimum. A

Here we want to minimize

b
T[] :/ 2m/T+ @ (D)2 dt

subject to
z(a) = xq, x(b) = xp.

We now solve the integrated form of the Euler—Lagrange equation (5.31).
In this case f(u,v) = 2ruy/1 + 02 so
uv
w(u,v) =21 +02, fo(u,v) = 2r——.
) = 20V TP, ) = 2r—

Hence from (5.31) we get the differential equation

x(a')? . vl
7@ V14 (2)? = A

Simplifying this equation we get

—x = A1+ (2)2.
This can be rewritten in the form
Az’ _1
VE-L
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Integrating we get

t=Aln

Solving this equation we get the catenaries
t—B
t) = Acosh ——.
x(t) cosh —

We then want to find A and B so that the boundary conditions z(a) = z,,
x(b) = xp are satisfied. It can be shown (not routine) that if we fix a,
re > 0, and x, > 0, then as we vary b there is a value by such that if
0 < b < by, then there are two solutions one of which renders a minimum.
For b = by there is a single extremum and it renders a minimum. Finally
if b > by, then there is no extremum.

5.9 Green’s Functions

At the outset of this section we will be concerned with the Green’s func-
tions for a general two-point boundary value problem for the self-adjoint
differential equation Lz = 0. At the end of this section we will consider the
Green’s function for the periodic BVP.

First we consider the homogeneous boundary value problem

Lz = 0, (5.32)
az(a) — Bz’ (a) = 0, (5.33)
yz(b) + 6z’ (b) = 0, (5.34)

where we always assume that [a,b] C I, o® + 32 > 0, and 72 + 62 > 0.

Theorem 5.99 Assume the homogeneous BVP (5.32)—(5.34) has only the
trivial solution. Then the nonhomogeneous BV P

Lu = h(t), (5.35)
aula) — pu'(a) = A, (5.36)
yu(b) +ou'(b) = B, (5.37)

where A and B are constants and h is continuous on [a,b], has a unique
solution.

Proof Assume the BVP (5.32)—(5.34) has only the trivial solution. Let
21,2 be linearly independent solutions of Lz = 0; then
x(t) = c121(t) + cawa(t)

is a general solution of Lz = 0. Note that = satisfies boundary conditions
(5.33) and (5.34) iff ¢1, c2 are constants such that the two equations

erlay () — Bt (a)] + cafaa(a) — B (a)] = O, (5.38)
1l (b) + 62 (8)] + calywa(b) + a4 (b)] = 0 (5.39)
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hold. Since we are assuming that the BVP (5.32)—(5.34) has only the trivial
solution, it follows that the only solution of the system (5.38), (5.39) is
c1 =cy =0.

Therefore, the determinant of the coefficients in the system (5.38), (5.39)
is different than zero; that is,

azi(a) — B (a)  axs(a) — Prs(a)
Y21 (b) + 027 (D)  ywa(b) + w5 (b)
Now we will show that the BVP (5.35)-(5.37) has a unique solution.

Let ug be a fixed solution of Lu = h(t); then a general solution of Lu = h(t)
is given by

£0. (5.40)

u(t) = a1 (t) + agza(t) + uo(t).
It follows that w satisfies the boundary conditions (BCs) (5.36), (5.37) iff
a1, as are constants satisfying the system of equations

arlozy(a) — B24(0)] + mlaza(a) — frb(a)]  (541)
= A — aug(a) + Buy(a),
ax[ya1(b) + 0a' (b)) + az[yz2(b) + 625(D)] (5.42)

= B — yug(a) — dug(a).

Since (5.40) holds, the system (5.41), (5.42) has a unique solution ay, as.
This implies that the BVP (5.35)—(5.37) has a unique solution. O

In the next example we give a BVP of the type (5.32)—(5.34) that does
not have just the trivial solution.

Example 5.100 Find all solutions of the BVP
(p(t)z’)" =0,
2'(a) =0, a'(b)=0.

This BVP is equivalent to a BVP of the form (5.32)—(5.34), where
qit) =0, a = v =0,0 # 0, and § # 0. A general solution of this

differential equation is
b1
z(t) =c1 + 02/ —ds.
a D(5)

The boundary conditions lead to the equations

1 1
2'(a) =co—— =0, 2/(b) =co— =0.
)= 0=
Thus ¢o = 0 and there is no restriction on ¢;. Hence for any constant
c1, 2(t) = ¢1 is a solution of our BVP. In particular, our given BVP has

nontrivial solutions. A

In the next theorem we give a neccessary and sufficient condition for
some boundary value problems of the form (5.32)-(5.34) to have only the
trivial solution. The proof of this theorem is Exercise 5.57. Note that
Theorem 5.101 gives the last statement in Example 5.100 as a special case.
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Theorem 5.101 Let

o [ B, a8
pi= 7/a PO RO

Then the BVP

ax(a) — ' (a) =0, ~z(b) + 62’ (b) = 0,
has only the trivial solution iff p # 0.

The function G(-,-) in the following theorem is called the Green’s func-
tion for the BVP (5.32)-(5.34).

Theorem 5.102 (Green’s Function for General Two-Point BVP) Assume
the homogeneous BVP (5.32)~(5.34) has only the trivial solution. For each
fized s € [a,b], let u(-, s) be the solution of the BVP

Lu = o0, (5.43)
au(a,s) — pu'(a,s) = 0, (5.44)
yu(b, s) + ou'(b,s) = —~x(b,s)—dx'(b,s), (5.45)

where x(-,-) is the Cauchy function for Lz = 0. Define

G(t,s) =

{u@8% fa<t<s<b (5.46)

v(t,s), ifa<s<t<b,

where v(t, s) = u(t, s) + z(t, s), fort,s € [a,b]. Assume h is continuous on
[a,b]; then

b
2(t) = / G(t, s)h(s) ds,

for t € [a,b], defines the unique solution of the monhomogeneous BVP
Lz = h(t), (5.33), (5.34). Furthermore, for each fixred s € [a,b], v(:,s)
is a solution of Lx =0 satisfying the boundary condition (5.34).

Proof The existence and uniqueness of u(t, s) is guaranteed by Theorem
5.99. Since v(t, s) := u(t,s) + x(t, s), we have for each fixed s that v(,s)
is a solution of Lz = 0. Using the boundary condition (5.45), it is easy to
see that for each fixed s, v(-, s) satisfies the boundary condition (5.34). Let
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G(t, s) be as in the statement of this theorem and consider

b
x(t) = /G(t,s)h(s) ds

¢ b
/ G(t, s)h(s) ds+/t G(t,s)h(s) ds

t b

/ v(t, s)h(s) ds+/ u(t, s)h(s) ds
at ' b

_ / [u(t, s) + 2(t, $)]h(s) ds + / u(t, $)h(s) ds
ab , t

= /a u(t, s)h(s) ds—i—/a x(t, s)h(s) ds
b

_ / u(t, s)h(s) ds + =(t),

where, by the variation of constants formula (Theorem 5.22), z(t) :=
fj x(t, s)h(s) ds defines the solution of the IVP

Lz=h(t), z(a)=0, 2'(a)=0.

Hence

Lu(t, s)h(s) ds + Lz(t)

h
8
=
I
T~
o

— ' Lu(t, s)h(s) ds + h(t)

a

(t)-

Thus z is a solution of Lz = h(t). Note that

I
>

b
az(a) — Bz’ (a) = / [au(a, s) — Bu'(a, s)] h(s) ds + az(a) — B2’ (a)

b
= / [au(a, s) — Bu'(a, s)] h(s) ds
a
= 0,
since for each fixed s € [a, ], u(-, s) satisfies the boundary condition (5.44).
Therefore, x satisfies the boundary condition (5.33). It remains to show

that z satisfies the boundary condition (5.34). Earlier in this proof we had
that

b t
x(t) :/ u(t, s)h(s) ds+/ x(t, s)h(s) ds.
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It follows that

a(t)

b

—x(t, s)]h(s) ds —|—/ x(t, s)h(s) ds

b
u(t ) ds f/t x(t, s)h(s) ds

J vt

/b t

/v ds+/b o(t, )h(s) ds
[

v(t, s)h(s) ds + w(t),

where, by the variation of constants formula (Theorem 5.22), w(t) :=
fbt x(t, s)h(s) ds defines the solution of the IVP

Lw = h(t), w(b)=0, w'(b)=0.

Hence

b
yx(b) + 62’ (b) = / [yv(b, s) + 60’ (b, 5)] h(s) ds + yw(b) + 6w’ (D)

b
= / [yv(b,s) + v’ (b, s)] h(s) ds
- 0,

since for each fixed s € [a, b], v(+, s) satisfies the boundary condition (5.34).
Hence z satisfies the boundary condition (5.34). O

We then get the following corollary, whose proof is left as an exercise
(Exercise 5.63).

Corollary 5.103 Assume the BVP (5.32)~(5.34) has only the trivial so-
lution. If h is continuous on [a,b], then the solution of the BVP

Le(t) = hit)
ax(a) — Br'(a) = A,
yz(b) + 62’ (b) = B,

where A and B are constants, is given by
b

x(t) = w(t) +/ G(t, s)h(s) ds,

a

where G is the Green’s function for the BVP (5.32)~(5.34) and w is the
solution of the BVP
Lw =0,
aw(a) — Buw'(a) = A, ~yw(b) + dw'(b) = B.
In the next theorem we give another form of the Green’s function for

the BVP (5.32)-(5.34) and note that the Green’s function is symmetric on
the square [a, b]%.
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Theorem 5.104 Assume that the BVP (5.32)—(5.34) has only the trivial
solution. Let ¢ be the solution of the IVP

L$=0, ¢(a)=p, ¢'(a)=q,
and let ¢ be the solution of the IVP
Then the Green’s function for the BVP (5.32)—(5.34) is given by
_ Jeo®)(s), ifa<t<s<b
G(t,s) := {%¢(5)¢(t)’ fa<s<t<b, (5.47)

where ¢ := p(t)w([p(t), ¥(t)] is a constant. Furthermore, the Green’s func-
tion is symmetric on the square [a,b]?; that is,

G(t,s) = G(s,t),

fort,s € |a,b].

Proof Let ¢, 1, and ¢ be as in the statement of this theorem. By Abel’s
formula (Corollary 5.7), ¢ = p(t)w[p(t),(t)] is a constant. We will use
Theorem 5.102 to prove that G defined by (5.47) is the Green’s function
for the BVP (5.32)—(5.34). Note that

ag(a) — B¢’ (a) = aff — fa =0,
and
Y(b) + 0 (b) = 0 — 5y = 0.
Hence ¢ satisfies the boundary condition (5.33) and ¢ satisfies the bound-

ary condition (5.34).
Let

ultys) = HOV(s),  ol(t,s) = ~o(s)b (),

for t,s € [a,b]. Note that for each fixed s € [a,b], u(-,s) and v(-, s) are
solutions of Lz = 0 on [a, b]. Also, for each fixed s € [a, b],

aula, s) — Bu'(a, s) = %w(s)[o@(a) — B¢/(a)] =0,
and
T0(b,5) + 60/ (b,5) = ~9(s)Pr(b) + 60/ ()] = .

Hence for each fixed s € [a, b], u(-, s) satisfies the boundary condition (5.33)
and v(-, s) satisfies the boundary condition (5.34). Let

k(t,s) :=v(t,s) —u(t,s) = l[<z5(8)1/1(1ﬁ) — ¢()y(s)].

c
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It follows that for each fixed s, k(-, s) is a solution of Lz = 0. Also, k(s, s) =
0 and

K'(s,s) =

Therefore, k(-,-) = z(+,-) is the Cauchy function for Lz = 0 and we have
v(t,s) = u(t,s) + x(t, s).

It remains to prove that for each fixed s, u(:,s) satisfies the boundary
condition (5.45). To see this, consider

yu(b, s) + ou'(b,s) = [yv(b,s)+ dv'(b,s)] — [yz(b,s) + dz' (b, 5)]
= —[ya(bs) +5w’(b,s)].
Hence by Theorem 5.102, G defined by equation (5.47) is the Green’s func-

tion for the BVP (5.32)—(5.34). It follows from (5.47) that the Green’s
function G is symmetric on the square [a, b]%. O

A special case of Theorem 5.102 is when the boundary conditions
(5.33), (5.34) are the conjugate (Dirichlet) boundary conditions

z(a) =0, z(b)=0. (5.48)
In this case we get the following result.

Corollary 5.105 Assume that the homogeneous conjugate BVP Lx = 0,
(5.48), has only the trivial solution. Then the Green’s function for the
conjugate BVP Lx = 0, (5.48), is given by (5.46), where for each s € [a, b),
u(+, 8) is the solution of the BVP Lz =0,

u(a,s) =0, u(b,s)=—z(b,s), (5.49)

andv(t,s) = u(t, s)+xz(t, s), where z(-,-) is the Cauchy function for Lx = 0.
For each fized s € [a,b], v(-, s) is a solution of Lx = 0 satisfying the bound-
ary condition v(b, s) = 0. Furthermore, the Green’s function is symmetric
on the square [a, b]?.

Example 5.106 Using an appropriate Green’s function, we will solve the
BVP

2 +a=t, (5.50)
2(0) =0, = (g) —0. (5.51)

It is easy to check that the homogeneous BVP 2" + x = 0, (5.51) has
only the trivial solution, and hence we can use Corollary 5.105 to find the
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solution of the nonhomogeneous BVP (5.50), (5.51). The Cauchy function
for " +x = 0 is given by
x(t,s) = sin(t — s).
Since for each fixed s € [0, 5], u(-, s) is a solution of 2" +z = 0,
u(t,s) = A(s)cost + B(s)sint.

Using the boundary conditions

u(0,8) =0, u (g,s) =—x (g,s) = —sin (g - s) = — oS S,

we get

Therefore,
u(t,s) = —sint cos s.
Next
v(t,s) = ul(t,s)+xz(t,s)
= —sintcoss+ sin(t — s)
= —sinscost.

Therefore, by Corollary 5.105, the Green’s function for the BVP & +x = 0,
(5.51) is given by

— si i <t<s<ZI
Gt s) = s?ntcoss, ?f 0<t<s<3
—sinscost, if 0<s<t< 73

Hence, by Theorem 5.102, the solution of the BVP (5.50), (5.51) is given
by

b
() = / G(t, 5)h(s) ds
:/2 G(t,s)s ds
0
t Z
:/ G(t,s)s ds+/ G(t,s)s ds
0 t
t 3
:—cost/ ssin s ds—sint/ scoss ds
0 t

71'
= —cost(—tcost +sint) —sint (5 —tsint — cost)

m .
=t — —sint.
2
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Example 5.107 Find the Green’s function for the conjugate BVP

By Example 5.16 (or Example 5.19), we get that the Cauchy function

for (p(t)a') =0 is
t
1
x(t,s) = —dr,
G / p(7)
for t,s € [a,b]. By Corollary 5.105, for each fixed s, u(-, s) solves the BVP
Lu(t,s) =0, wu(a,s)=0, wu(b,s)=—xz(,s).

Since u(-, s) is a solution for each fixed s,

t

u(t,s) =ci(s) -1+ cz(s)/ (LdT.

a P(7)
But u(a, s) = 0 implies that ¢;(s) = 0, so

u(t,s) = 02(5)/ ]%dﬁ

But u(b, s) = —x(b,s) = — fb —L_dr implies that

s p(7)
b
fs p(l'r)dT
02(5) T
fa de

Hence

G(t,s) = u(t,s) = — =2 P
fa de

fora<t<s<hb.
One could use the symmetry (by Theorem 5.104) of the Green’s func-
tion to get the form of the Green’s function for a < s <t < b, but we will
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find G directly now. For a < s <t <b,
G(t,s) = wv(t,s)
= u(t,s)+xz(t,s)

Lodr dr t
_ ity I3 5t +/ 1o
fa Plr dT s p(T)
t 1 b 1 1
D o il M o st o Xl M
f LdT
b 1 1 1
_ _[f st = I st ! st = I st J
f LdT

o il oo el 1 o sl N
f —dT
7ftb ﬁd . p(lr)dT
f; p(lT)dT
In summary, we get that the Green’s function for the BVP
(p(t)z') =0,
z(a) =0, z(b)=0

is given by
t 1
e O ’“‘}’dTlfsd"“)d , ffa<t<s<b
Glt.s) =14 o i'f P,
f”—d” ifa<s<t<b.
a pn 4"
A
Letting p(t) = 1 in Example 5.107, we get the following example.
Example 5.108 The Green’s function for the conjugate BVP
2 = 0,
z(a) =0, x(b)=0
is given by
_Umalbos) - f g <t <s<b
Gt,s) =1 (mln Lot
e — 1fa§s§t§b
A

We will use the following properties of the conjungate Green’s function
later in this chapter and in Chapter 7.



Theorem 5.109 Let G be the Green’s function for the BVP

Then

fort,s € la, b,

fort € la,b], and

fort € la,b].

5.9.

GREEN’S FUNCTIONS

2" =0,
z(a) =0, x(b)=0
(b S 9 < Gt 5) <0,

b—a)?

’ (
/Q\G(t,s)\dsg -2

(b—a)

b
/ |G/ (t,8)] ds < 5

261

Proof 1t is easy to see that G(t,s) <0 for t,s € [a,b]. For a <t < s <b,

G(t,s)

Y]

Y

Similarly, for a < s <t <b,

G(t, s)

Y

v

~ (t—a)(b—s)
ulbys) ===
7(sfa)(bfs)

b—a
(b—a)

T

_ (s—a)b-1)
vlbs) ==
(s—a)(b—5s)

b—a
(b—a)
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Next, for t € [a, b], consider

b t b
/|G(t,s)|ds . /\G(t,s)\der/ IG(t, )| ds
= /\Uts\ds+/|uts\ds

=L%d+/ﬁ%d5

_ t —a) [t
= %?/{l(s—a)ds—i—(za)/t(b—s)ds

(b—1t)(t — a)? N (t—a)(b—t)?
2(b—a) 2(b—a)
(b—1t)(t—a)

(b—a)
T
Finally, for ¢ € [a, ], consider

/ab|G’(t,s)ds = /t|G’(t S)|ds+/ G/ (t,5)| ds

/|vts|ds+/|uts|ds
B (s —a) / (b—s)
N /a b—adjL & b—ads

(t—a3? (-1

2(b—a) 2(b—a)

(b—a)
- 2

<

O

Example 5.110 Find the Green’s function for the right focal BVP
(p(t)a')" =0,

z(a) =0, 2'(b) =0.

Note that from Theorem 5.101, this BVP has only the trivial solution.
By Example 5.16 (or Example 5.19) we get that the Cauchy function for

(') =0 is
b
x(t,s) = ——drT,
= 5
for t,s € I. By Theorem 5.102, for each fixed s, u(-, s) solves the BVP
Lu(t,s) =0, u(a,s) =0, u'(b,s) = —2'(b, s).
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Since for each fixed s, u(-, s) is a solution,

u(t,s) =ci(s) -1+ cz(s)/ ]%dﬁ

But u(a, s) = 0 implies that ¢1(s) = 0, so
t
1
u(t,s) = ca(s —dr.
=l [ 255

But w/(b,s) = —2/(b,s) = —ﬁ implies that ca(s) = —1. Hence
b1
G(t,s) = u(t,s) = f/a p—T)dT,
fora<t<s<b Fora<s<t<hb,
G(t,s) = wv(t,s)
= u(t,s) +x(t,s)

! !

— [ mar [
/a p(7) s p(7)

1

= —/ —dr.
o p(7)
In summary, we have that the Green’s function for the right focal BVP
(p(t)z') =0,

x(a) =0, 2'(b)=0

is given by

Clh e — [y si5dr, ifa<t<s<b
(t,5) := —[FLodr, ifa<s<t<b.

a p(7)
A
Letting p(¢t) = 1 in Example 5.110, we get the following example.
Example 5.111 The Green’s function for the right focal BVP
2" =0
x(a) =0, 2'(b)=0
is given by
—(t — ifa<t<s<b
Gt { W) Hast<s<
—(s—a), fa<s<t<h.
A

Theorem 5.112 If Lz = 0 is disconjugate on [a,b], then the Green’s
function for the conjugate BVP

Lzx=0, z(a)=0, x(0)=0 (5.52)

exists and satisfies
G(t,s) <0,
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fort,s € (a,b).

Proof Since Lz = 0 is disconjugate on [a, b], the BVP (5.52) has only the
trivial solution. Hence Corollary 5.105 gives the existence of the Green’s
function,

G(ts)-— U(t,s), ifa<t<s<b
T \oltys), ifa<s<t<b,

for the conjugate BVP (5.52). For each fixed s € (a,b), u(-, s) is the solution
of Lz = 0 satisfying

u(a,s) =0, wu(b,s)=—xz(b,s) <0,

where the last inequality is true since x(s, s) =0, 2'(s,s) > 0, and Lz =0
is disconjugate on [a, b]. But then it follows that

u(t,s) <0,
for ¢ € (a,b]. Also, for each fixed s € (a,b), v(-, s) is the solution of Lz =0
satisfying

v(b,s) =0, wv(s,s)=u(s,s)+xz(s,s) =u(s,s) <O0.

But then it follows that

v(t,s) <0,
for ¢ € [a,b). Therefore,

G(t,s) <0,
for ¢,s € (a,b). O
Theorem 5.113 (Comparison Theorem for BVPs) Assume that Lz = 0

is disconjugate on [a,b]. If u,v € D satisfy u(a) > v(a), u(b) > v(b) and
Lu(t) < Lo(t) fort € [a,b], then
u(t) > o),

fort € [a,b].

Proof Let z(t) := u(t) — v(t) and let h(t) := Lz(t), for ¢t € [a,b]. Then
h(t) = Lz(t) = Lu(t) — Lu(t) <0,
for ¢ € [a, b]. Also, let

and
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By Corollary 5.103,

b
() = wi(t) + / G(t, s)h(s) ds, (5.53)

where w is a solution of Lz = 0 satisfying w(a) = A > 0, w(b) = B > 0.
Since Lz = 0 is disconjugate on [a,b], w(t) > 0 and since by Theorem
5.112, G(t,s) <0 for t,s € [a, b], it follows from (5.53) that

z(t) = u(t) —v(t) >0,
on [a, b]. O
Theorem 5.114 (Liapunov Inequality) If

b
/ gt (t) dt < 1

“b—ua

: (5.54)
where ¢t (t) :== max{q(t), 0}, then 2" + q(t)z = 0 is disconjugate on |a,b].

Proof Assume the inequality (5.54) holds but 2" + ¢(t)z = 0 is not dis-
conjugate on [a,b]. Then there is a nontrivial solution x such that x has
consecutive zeros satisfying a < t; < to < b. Without loss of generality, we
can assume that

x(t) >0,
on (t1,t2). Since x satisfies the BVP

we get that
to
x(t) = G(t, s) [—q(s)x(s)] ds,
ty
where by Example 5.108 the Green’s function G is given by

U] iy <t <5<ty
G(tvs) = (sfti)(t;*t) f < <
T ltl_S_tth.
Pick tg € (t1,t2) so that

x(tp) = max{z(t) : t1 <t < ta}.
Consider

t(to) = / " Glto, ) [a(s)x(s)] s

t1

IN

/ 2 |G(to, s)|q™ (s)x(s) ds.

t1

If gT(t) = 0 for t € [t1,t2], then q(t) < 0 for t € [t1,t2] and by Exercise
5.26 we have that =" + ¢(t)x = 0 is disconjugate on [t1,t2], but this is a
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contradiction. Hence it is not true that ¢ (¢) = 0 for t € [t1,t2] and it
follows that

to
x(tg) < x(to)/ |G(to, s)|q" (s) ds.
ty
Dividing both sides by x(tp), we get the inequality
ta
1 </ |G(to, s)|q" (s) ds.
t1

Using Theorem 5.109, we get the inequality

to—t1 [
1< 2 1/ gt (t) dt.
i,

But this implies that

b t2 4 4
/q+(t) dtz/ gt (t) dt > >

t tg—tl_b—a’

which contradicts the inequality (5.54). O

Example 5.115 Use Theorem 5.114 to find T so that the differential
equation
2 +tr=0

is disconjugate on [0, 7.
By Theorem 5.114 we want to pick 7" so that

T
4
tdt < —.
fresg

That is, we want

T? 4

< =

2 - T
It follows that " 4 tx = 0 is disconjugate on [0, 2]. A

Example 5.116 Use Theorem 5.114 to show that the differential equation
2 +ksintz=0, k>0

is disconjugate on [a,a + 27] if k < %

Since
a+27 ™
/ qt(t) dt:/ ksint dt = 2k,
a 0

it follows from Theorem 5.114 that if k < %, then 2" 4+ ksint z = 0 is
disconjugate on [a,a + 27]. It is interesting to note that it is known [11]
that every solution of #” + ksint x = 0, k > 0, is oscillatory (this is not
easy to prove). A
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Theorem 5.114 says that if

b
[atwaes ;=

—a

where C' = 4, then 2" +¢q(t)z = 0 is disconjugate on [a, b]. The next example
shows that this result is sharp in the sense that C' = 4 is the largest constant
such that this result is true in general.

Example 5.117 (C = 4 is Sharp) Let 0 < § < 3 and choose z : [0,1] — R
so that x has a continuous second derivative on [0, 1] with

t, if 0<t<i-§
x(t) := 1
1—t, if L4d<t<t,
and x satisfies
2" (t) <0
on [0,1]. Next let

fE”(t) .
o(t) = — 0 if 0<t<1
0, if t=0,1.

Note that ¢ is nonnegative and continuous on [0,1], and « is a nontrivial
solution of 2" + ¢(t)x = 0 with 2(0) = 0, (1) = 0. Hence " + ¢q(t)x = 0
is not disconjugate on [0, 1]. Also, note that

1 146 7.’5”(15)
+ _
/0 g (t)dt = /;,5 x(t) dt

2

I
-
—
—
=
+
(=%}
|
I
PN
o
P
ISH
=

575 276
_ 2 o1 i1
= 1 o5 {x(25)x(2+6)
7 4
o 1-=28

The constant on the right-hand side of this last inequality is larger than
4 and can be made arbitrarily close to 4 by taking ¢ arbitrarily close to
Zero. A

Finally, in this section we consider the nonhomogeneous periodic BVP
Lx = h(t), (5.55)
x(a) = z(b), 2'(a)=2'(b). (5.56)

The next theorem is the reason why the BVP (5.55), (5.56) is called
periodic.

Theorem 5.118 In this theorem, in addition to the standard assumptions
on p, q, and h, assume these three functions are periodic on R with period
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b— a. If the BVP (5.55), (5.56) has a solution x, then it is periodic with
period b — a.

Proof Assume z is a solution of the BVP (5.55), (5.56) and let
yt) ==zt +b—a), tekR

Using the chain rule for differentiation and the periodicity of p, ¢, and h,
it can be shown that y is a solution of (5.55). Also,

y(a) = z(b) = x(a),
and
y'(a) = 2'(b) = 2/(a).
Hence = and y are both solutions of the same IVP. It follows that
2(t) = y(t) = alt + b— a),
for t € R. That is, x is periodic with period b — a. O

Theorem 5.119 Assume that the homogeneous periodic BVP Lz = 0,
(5.56) has only the trivial solution. Then the nonhomogeneous BVP Lx =
h(t),

z(a) —z(b) = A, 2'(a) —2'(b) = B, (5.57)
where A and B are given constants and h is a given continuous function
on [a,b], has a unique solution.

Proof Assume the homogeneous periodic BVP Lz = 0, (5.56), has only
the trivial solution. Let 21, 22 be linearly independent solutions of Lz = 0;
then

z(t) = c1x1(t) + caxa(t)
defines a general solution of Lx = 0. Note that x satisfies the boundary
conditions (5.56) iff ¢, c2 are constants such that the two equations

c1[z1(a) — x1(b)] + ca[za(a) — z2(b)] =0 (5.58)
c1[zy(a) — 24 (D)] + €225 (a) — 25 (b)) = 0 (5.59)
hold. Since we are assuming that the BVP Lz = 0, (5.56) has only the
trivial solution, it follows that the only solution of the system (5.58), (5.59)
is
Cl1 = Cy = 0.
Therefore, the determinant of the coefficients in the system (5.58), (5.59)
is different from zero; that is,
z1(a) —z1(b) x2(a) — x2(b)
#hla)—af(0) whle) —ah(t) |7 (500
Now we will show that the BVP Lz = h(t), (5.57) has a unique solution.
Let ug be a fixed solution of Lu = h(t); then a general solution of Lu = h(t)
is defined by
u(t) = a1z (t) + asxa(t) + up(t).
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It follows that u satisfies the BCs (5.57) iff a1, as are constants satisfying
the system of equations

ar[z1(a) — 1 (b)] + azfza(a) — 22(b)] =
ar[z(a) — 21 (0)] + azlws(a) — 25(b)] =

Since (5.60) holds, the system (5.61), (5.62) has a unique solution ay, as.
This implies that the BVP Lz = h(t), (5.57) has a unique solution.
U

Theorem 5.120 (Green’s Function for Periodic BVP) Assume the homo-
geneous BVP Lz = 0, (5.56) has only the trivial solution. For each fized
s € [a,b], let u(-,s) be the solution of the BVP

Lu = 0, (5.63)
u(a,s) —u(b,s) = x(b,s), (5.64)
u'(a,s) —u'(b,s) = 2'(b,s), (5.65)

where x(-, ) is the Cauchy function for Lz = 0. Define the Green’s function
G for the BVP Lx =0, (5.56) by

{u(t,S), fa<t<s<b (5.66)
v

(t,s), ifa<s<t<b,

for t € [a,b], defines the unique solution x of the nonhomogeneous periodic
BVP Lz = h(t), (5.56). Furthermore, for each fized s € [a,b], v(-,s) is a
solution of Lz =0 and u(a,s) = v(b, s), u'(a,s) =v'(b, s).

Proof The existence and uniqueness of u(-,-) is guaranteed by Theorem
5.119. Since v(t, s) := u(t, s) + «(t, s), we have for each fixed s that v(-,s)
is a solution of Lz = 0. Using the boundary conditions (5.64), (5.65), it
is easy to see that for each fixed s, u(a,s) = v(b, s), v'(a,s) = v'(b, s). Let
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G(t, s) be as in the statement of this theorem and consider

b
x(t) / G(t,s)h(s) ds

t b
/ G(t, s)h(s) ds+/t G(t,s)h(s) ds

/atv(t,S)h(s) ds + /tbu(t,s)h(s) ds

t b
/ [u(t, s) + 2(t, $)]h(s) ds + /t u(t, $)h(s) ds

b t
/ u(t, s)h(s) ds+/ x(t, s)h(s) ds
b
_ / u(t, s)h(s) ds + =(t),

where, by the variation of constants formula (Theorem 5.22), z(t) :=
fat x(t, s)h(s) ds defines the solution of the IVP

Hence

La(t) = / Lu(t, s)h(s) ds + Lz(t)

= Lu(t, s)h(s) ds + h(t)

a

(t).

I
>

Thus z is a solution of Lz = h(t). Note that

b
z(a) = /G(a,s)h(s) ds

/abu(a,s)h(s) ds

= /abv(b,s)h(s) ds

_ / ' Glb.5)h(s) ds
ab).

=
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Similarly,
b
'(a) = / G'(a,s)h(s) ds
b
= / u'(a, s)h(s) ds
a
b
_ / o (b, $)h(s) ds
= / G' (b, s)
Hence z satisfies the periodic boundary conditions (5.56). O
Example 5.121 Using Theorem 5.120, we will solve the periodic BVP
2 + x = sin(2t), (5.67)
2(0) = z(7), 2/(0) =2/ (m). (5.68)

It is easy to show that the homogeneous BVP
2 +x=0, z(0)=z(r), 2'(0)=2(n)

has only the trivial solution and hence we can use Theorem 5.120 to solve
the BVP (5.67), (5.68). The Cauchy function for " + x = 0 is given [see
Exercise 5.10, part (v)] by

x(t,s) = sin(t — s).
By Theorem 5.120, the Green’s function G is given by
t fo<t<s<
Git,s) i { WlE8), HOStss<m (5.69)
v(t,s), f0<s<t<m,

where for each fixed s € [0, 7], u(-, s) is the solution of the BVP

W' +u = 0, (5.70)
u(0,s) —u(m,s) = x(ms), (5.71)
u'(0,8) —u/(m,s) = a'(m,s), (5.72)

where (-, -) is the Cauchy function for Lz = 0 and v(t, s) := u(t, s)+x(t, s).
Using (5.70), we get

u(t,s) = A(s)cost + B(s)sint.
From the boundary conditions (5.71), (5.72), we get
2A(s) = sin(m — s) = sin s,
2B(s) = cos(m — s) = —cos s.
It follows that

1. 1 . 1.
u(t,s) = ismscost - icosssmt =3 sin(t — s).
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Therefore,
1
u(t,s) = u(t,s) + x(t,s) = 3 sin(t — s).
Hence by Theorem 5.120 the solution of the BVP (5.67), (5.68) is given by

b
x(t) / G(t,s)h(s) ds
= /Tf G(t, s)sin(2s) ds
0

t ™
= / v(t, s) sin(2s) ds —|—/ u(t, s) sin(2s) ds
0 ¢
I : 1 :
= = [ sin(t — s)sin(2s) ds — = sin(t — s) sin(2s) ds
2 Jo 2 )i
1 K 1 i
= - sint/ cos ssin(2s) ds — = Cost/ sin(s) sin(2s) ds
2 0 2 0
1. T . 1 T .
~3 smt/ cos ssin(2s) ds + 3 Cost/ sin(s) sin(2s) ds
¢ t

= gl Ly (2t) si (-2 (2t) 42
= 11 1n 1n
5 S. 3 S S 3 COS COS 3

Lcost 4 L costsin(2t) — 2 sint cos(2t)
— — COS — COS 1 Ss1n — — SInt Cos
2 3 3

1 2 1 2
—3 sint {§ + 3 sin(2t) sint + 3 cos(2t) Cost}

1 1 2
+§ cost {§ costsin(2t) + 3 sintcos(Qt)}

1 2
=-3 sin? £ sin(2t) — 3 sint cost cos(2t)
1 2
—3 cos? tsin(2t) + 3 sint cost cos(2t)

1
= —Zsin(2t).
38111( )

The fact that this solution is periodic with period m as guaranteed by
Theorem 5.118. (Note that this simple problem could be solved by the
annihilator method). A

5.10 Exercises

5.1 Write each of the following differential equations in self-adjoint form:
(i) (Legendre’s Equation) (1 —t2)z” — 2ta’ + n(n+ 1)z =0, t€
I:=(-1,1)
(ii) (Chebychevs Equation) (1 —t2)2” —ta’ +n’x =0, tel =
(—=1,1)
(iii) (

Laquerre s Equation) tz” 4+ (1 —t)2’ +ax =0, teI:=(0,00)
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(iv) (Hermite s Equation) "2t +2nx =0, tel:=(—00,00)
(v) =" +3—+tx +(5+t)xf0 tel:=(-3,00)
5.2 Find a homogeneous self-adjoint equation that has the function x de-

fined by z(t) = sin(:), t € I := (0,00), where n is a positive integer as a
solution.

5.3 Prove Abel’s formula directly by taking the derivative of
pt)wlz(t), y(t)].

5.4 Let a € I and let 7(¢t) := fat p(ls) ds, for t € I. Show that this defines
t = t(7). Then show that if z is a solution of Lz = 0, then y(7) := z(¢(7))

defines a solution of y” + Q(7)y = 0, where Q(7) = p(t(7))q(t(7)).
5.5 Complete the proof of Corollary 5.10.

5.6 Show that if x1, 22, -+ , x) are functions that have k — 1 derivatives on
an interval I and if

wlxy, xe, -+, xE](to) # 0,
where ty € I, then x1, 29, -,z are linearly independent functions on I.

5.7 Let x1(t) = t2,259(t) = t|t|, for t € I := R. Show that z, zo are
linearly independent on R but w[x;,z2](0) = 0. Are these two functions
x1, To solutions of the same self-adjoint equation Lz = 0 on R? Are 1, x5
linearly dependent or linearly independent on R* := [0, 00)?

5.8 Show that if z, y € D and they satisfy the boundary conditions az(a)—
Bz'(a) = 0, yz(b) + §2'(b) = 0, where o + 8% > 0, 42 + 62 > 0, then
< Lz,y >=<uz,Ly > .

5.9 Define the functions ch and sh to be the solutions of the differential
equation z'/ — x = 0 satisfying the initial conditions ch(0) = 1, ¢ch’(0) =0
and sh(0) = 0, sh’/(0) = 1, respectively. State and prove a theorem like
Theorem 5.13 giving properties of ch and sh.

5.10 Use the definition of the Cauchy function to find the Cauchy function
for each of the following differential equations:

(i) (e73%a') +2e 3x =0, I=(—00,00)

(i) (e 10%2')" +25e 10ty =0, I = (—o00,0)

(iil (t4x) t%x:O, I=(0,00)

(iv) (e7*a’)' =0, I =(-00,00)

(v) 2" +2=0, I=(—00,00)
In (v) write your answer as a single term.

5.11 Use your answers in Exercise 5.10 and the variation of constants
formula to solve each of the following initial value problems:
(i) (e73ta/) +2e 3tz =e"t, 2(0)=0, 2/(0)=0
(ii) (e710z') +25e 1% =75 z(0)=0, 2/(0)=0
(iii) (L2') + o=t 2(1)=0, 2/(1)=0

tt t6
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(iv) (e7%a')Y =t+2, x(0)=0, 2/(0)=0

(v) 2" 4+x=4, z(0)=0, 2/(0)=0
5.12 Use Theorem 5.18 to find the Cauchy function for each of the differ-
ential equations in Exercise 5.10.
5.13 Use Theorem 5.18 to find the Cauchy function for the differential
equation (%x’)/ +Zx=0,t>0.
5.14 Use Corollary 5.23 to solve the following IVPs:

(i) (wa) +Fe=%, 2(1)=1, 2/(1)=2

(ii) 2" +9z =1, =z(0)=2, 2/(0)=0

5.15 Find the Cauchy function for the differential equation

2\
(1+t) =0

Use this Cauchy function and an appropriate variation of constants formula

to solve the IVP
2\
<1—|—t> =2, 2(0)=2/(0) =0.

5.16 Find eigenpairs for the following Sturm-Liouville problems:
(i) 2" ==Xz, 2(0)=0, 2(F)=0

(i) 2" ==Xz, 2/(0)=0, z(5)=
(ili) (ta")' = -2z, x(1)=0, a(e)=0
(iv) 2" ==Xz, 2/(—m)=0, 2/(m)=0

5.17 Find a constant « so that x(t) = t, y(t
respect to r(t) =t + 1 on [0, 1].

~—

=t + « are orthogonal with

5.18 Prove that if Ay, zo is an eigenpair for the SLP (5.5)(5.7), then Ao, To
is also an eigenpair.

5.19 Show that if x1, zo satisfy the boundary conditions (5.6), then
wlz (t), z2(t)](a) = 0.
5.20 Find all eigenpairs for the periodic Sturm-Liouville problem:
T ™ ™ T
@ xe=0, o (-g)=2(3), #(-5)=+(3)
5.21 Find all eigenpairs for the periodic Sturm-Liouville problem:
2+ xx =0, z(-3)==z(3), 2/(-3)=42'(3).
5.22 What do you get if you cross a hurricane with the Kentucky Derby?

5.23 Use separation of variables to find solutions of each of the following
partial differential equations:

(1) ur = kugy
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(ii) Ytt = kY

(iii) wrr + 2ur + ugy =0
5.24 (Periodic Boundary Conditions) Show that if, in addition to the stan-
dard assumptions on the coefficient functions p, ¢, we assume that these
coefficient functions are periodic on R with period b — a, then any solution
of Lz = 0 satisfying the boundary conditions z(a) = x(b), 2'(a) = 2/(b) is
periodic with period b — a. Because of this fact we say that the boundary
conditions z(a) = z(b), 2'(a) = 2’(b) are periodic boundary conditions.

5.25 (Sturm-Liouville Problem) Assume that I = (a,b], and, in addition
to the standard assumptions on the coefficient functions p, ¢, and r, that
lim; 4 p(t) = 0. Show that eigenfunctions corresponding to distinct eigen-
values for the singular Sturm-Liouville problem

Lx = —\r(t)z,
x, =’ are bounded on I,
yz(b) + 62’ (b) =0

are orthogonal with respect to the weight function r on I.

5.26 Show that if ¢(t) < 0 on an interval I, then =" + ¢(t)z = 0 is discon-
jugate on I.

5.27 Find a self-adjoint equation Lz = 0 and an interval I such that
La = 0 is disconjugate on I but there is no positive solution on I (Hint:
See Theorem 5.46.)

5.28 In the proof of Theorem 5.50, prove

i {(45) 0 @00 - paltyutero ]} =0,

5.29 Show that the Euler-Cauchy differential equation
t22" 4+ 2ta’ + bx =0

is oscillatory on [1,00) if b > 1 and disconjugate on [1,00) if b <

PN

5.30 Complete the proof of Theorem 5.51.

5.31 Find a Polya factorization for each of the following differential equa-
tions on the given intervals J:

(i) (e7%a) +6e 5z =0, J=(—o00,00)

(ii) 2" —2x =0, J=(—00,00)

(iii) t22” —5ta’ +8x =0, J = (0,00)

(iv) 2" — 62"+ 92 =0, J=(—00,0)

5.32 Find a Trench factorization for each of the differential equations in
Exercise 5.31 on the given intervals J.
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5.33 For each of the following show that the given function u is a solution
on the given interval J and solve the given differential equation on that
interval:

! 2t
(1) <1+2t ) (ff—%)zx:o’ JZ(—%,OO), u(t) = e 2
!
(i) <1+t ) (1+t)2$ 0, J=1(0,00), wu(t)=t
)

(i (t2+2t 1)5”') + wrerre =0, J=1[2,00), ut) =1+t
(iv) ta” — (L4 0)2' +2=0, J=(0,00), ult)=e

5.34 Show that u(t) = % defines a nonzero solution of

1
ta') + (t— =
(tz") + < 4t> x =0,
on J = (0,7), and then solve this differential equation.

5.35 Find a recessive and dominant solution on J for each of the following
equations and for these two solutions show directly that the conclusions of
Theorem 5.59 are true:
(i) 2" = 52" +62=0, J=][0,00)
(ii) 22" —5ta’ + 92 =10, J=[1,0)
(i) 2” — 42’ + 42 =0, J=][0,00)

5.36 Prove the last statement in Theorem 5.59.

5.37 Find a Mammana factorization on J for each of the problems in
Exercise 5.31.

5.38 Show that the Riccati operator R : C*(I) — C(I), which is defined
in Section 5.7, is not a linear operator (hence is a nonlinear operator).

5.39 Find a solution of some IVP for the Riccati equation Rz = 2'+22 =0
whose maximal interval of existence is not the whole interval I = R. Give
the maximal interval of existence for the solution you found.

5.40 Prove Corollary 5.75.

5.41 Solve the following Riccati equations:
(i) 2 —3e? +e 222 =0
(i) 2’ +4e 4 4 et22 =0
i) 2/ —++122=0
(iv) 2/ +4+ 22 = 0;
(v) 2/ = —3e~4 — ettz?
) 2" 41678 4 822 =0

5.42 For the Riccati equations in Exercises 5.41 (i), (ii), (iii), (v), and
(vi), find the minimum solution that exists for all ¢ sufficiently large. For
the Riccati equation in (iv), find the minimum solution that exists for all
t < 5, sufficiently close.
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5.43 Show if the following equations are oscillatory or not:
(i) (tlogta’) + tlogtw =0
(ii) " 4 7wz =0

5.44 Show that if I = [2,00), and

> t
————q(t) dt = o0,
/2 gHB t

lo
where 5 > 0, then z” + ¢(t)x = 0 is oscillatory on [2,00). [Hint: Use
¢

Theorem 5.81 with u(t) = —%
log

5.45 Assume that for each of the following, I has a global minimum at z¢
and x¢ is twice continuously differentiable. Find z(t).

= FE R e 0) i a0) =1, a(3) =0
f01{e—3t ] 26_3t 2y dt, x(0)=1, z(1)=2
(iil) f1 { - t—sw t)hdt, x(1)=0, =z(e)=1
5.46 Do the proof of the case where ¢(to) < 0 in the proof of Lemma 5.87.

N 8

i

t

M‘

5.47 Assume that the calculus of variations problem in Example 5.83 has
a global minimum at ¢ and zg € C?[a,b]. Find x¢(t) by solving the ap-
propriate Euler-Lagrange differential equation.

5.48 Assume that I has a global minimum at xzo and zq is twice continu-
ously differentiable. Find z((t), given that

I[x] :/0 [e*‘r’t(x'(t))2 - 6675t1’2(t)] dt, z(0)=0, z(1)=1.

5.49 Show that the function x; defined by z1(t) :==1—1¢, 0 <t <1, 1is
in the set D for the calculus of variations problem considered in Example
5.96 and show directly that Q[z1] > —1.

5.50 Using Theorem 5.92 (Legendre’s necessary condition), state what you
can about the existence of local extrema for each of the simplest problems
of the calculus of variations, where [ is given by

= Jode ta(t)+a? () —Pa()a’ () - (1+82) (@' (1) ?} dt, @ €

D
) I f1 {e~tsin(z(t))—e 2 w(t)a! (t)+(t—1)(/(¢))2} dt, x €
D
(iii) = [y {e @/ (t) — t2x(t)2/ (t) — sin(2t)(a'(t))?} dt, =€ D
5.51 Show that if f(t,u,v) = f(v), then The Euler-Lagrange equation
reduces to
fou(2)a” = 0.
Also show if f(t,u,v) = f(t,v), then the Euler-Lagrange equation leads to
the differential equation
fot,2')=C

where C' is a constant.
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5.52 Solve the Euler-Lagrange equation given that
(i) f(t,u,v)=2u? —v?
. _ JTF?
(ii) f(t,u,v) = =

5.53 Find a possible extremum for the problem:

4
Ia] = [ fa'6) - @(0)) e
0
x(0) =0, «(4)=3.
5.54 Prove Theorem 5.92 for the local maximum case.

5.55 Find the minimum value of

Qlel = [ 4t/ (0)F + 12*(0) .

subject to
z(1) =3, =z(2)=3.
Find Q[3] and compare it to your minimum value.

5.56 Consider the simple pendulum problem considered in Example 3.10.
Find the action integral. Assuming that Hamilton’s principle holds, show
that the angular displacement 6(t) of the pendulum at time ¢ satisfies the
pendulum equation

0" + %sin(‘) =0.
5.57 Prove Theorem 5.101.
5.58 (Boundary Conditions) Define M : Ct[a,b] — R by
Mz = ciz(a) + cox’(a) + czx(b) + a2’ (b),

where ¢;, 1 <1i <4, are given constants. Show that M is a linear operator.
Because of this any boundary condition of the form Mz = A, where A is
a given constant, is called a linear nonhomogeneous boundary condition,
whereas any boundary condition of the form Mz = 0 is called a linear
homogeneous boundary condition. If a boundary condition is not linear it
is called a nonlinear boundary condition. Classify each of the following
boundary conditions:

(i) 2z(a) —32'(a) =0
(ii) x(a) = z(b)
(iii) z(a) =0
(iv) x(a) +6 = x(b)
(v) z(a) +22%(b) =0
5.59 Use Theorem 5.102 to find the Green’s function for the left focal BVP
(p(t)z’)" =0,
2'(a) =0, x(b)=0.
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5.60 Show that if the boundary value problem (5.32)—(5.34) has only the
trivial solution, then the Green’s function for the BVP (5.32)—(5.34) satis-
fies G(s+,s) = G(s—, s) and satisfies the jump condition
1
G'(s+,58) — G'(s—,8) = —,
(s4:9) = G (sm5) = =

for s € (a,b). Here G(s+, s) := lim;— s+ G(t, 8).
5.61 Use Theorem 5.102 to find the Green’s function for the BVP
/=0, z(0)—2'(0)=0, =x(1)+2'(1)=0.

5.62 For each of the following, find an appropriate Green’s function and
solve the given BVP:

(i) 2" =42, 2(0)=0, =2(1)=
(i) (e*2’) =¢*, (0)=0, z(log(2))=0
(iii) (e~a') 4 6e %z =%, 2(0) =0, x(log(2)) =0
5.63 Prove Corollary 5.103.
5.64 Use Corollary 5.103 to solve the BVPs
(i) 2" = 32" +2z=¢€3 2(0)=1, 2/'(log(2)) =2
(i) «” +4x =5e, x(0)=1, 2/(5)=0
(iii) 22" — 6tz’ + 122 = 2t°, x(1) =0, 2/(2) =88
5.65 Using an appropriate Green’s function solve the BVP
2=t z(0)=0, z(1)=1.
5.66 Let G(-,-) be the Green’s function for the right focal BVP
2" =0, xz(a)=2'(b)=0.
Show that
—(b—a) <G(t,s) <0, for a<t,s<b,

< 5 for a<t<b,

and

a
b
/|G’(t,s)|ds§bfa, for a<t<b.

5.67 Find the Green’s function for the BVP
Y\
=0 0) =0, 1)=0.
(t5) =0 =@ =0. =)
Use this Green’s function and an appropriate variation of constants formula

to solve the BVP
2\
() =t «@=0. w0

5.68 In each of the following use Theorem 5.114 to find T as large as
possible so that the given differential equation is disconjugate on [0, 7.
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) @ +t22 =0
) 2"+ (P +1)z=0
(iii) =’ + (3 + 3t2) =0
) "+ %th =0
) 2 +4(t— 1)z =0
In part (iii) use your calculator to solve the inequality in T that you got.

5.69 Use Theorem 5.114 to prove that if ¢ is a continuous function on
[a,00), then there is a Ag, 0 < A9 < oo such that z” + Ag(t)x = 0 is
oscillatory on |a, oo) if )\ > Ao and nonoscillatory on [a,00) if 0 < A < Ag.
Also show that if [T ¢(t) dt = oo, then Ao = 0.

5.70 For each of the following, find an appropriate Green’s function and

solve the given periodic BVP (note that by Theorem 5.118 the solution you
will find is periodic with period b — a):

(i) " +x=4, z(0)=2x(r), 2/(0)=2a

(i) 2" +2 =2, 2(0)=2(3), 2'(0)=2a'

(mg 4+ x= cos(4t) z(0) = 2(%), /(0

(iv) 2"’ —x =sint, x(0)=z(r), 2/(0)= x’(ﬂ')



Chapter 6

Linear Differential Equations of
Order n

6.1 Basic Results

In this chapter we are concerned with the nth-order linear differential
equation

Y™+ P18y 4+ po(t)y = A(t), (6.1)

where we assume p; : I — R is continuous for 0 <¢<n—1,and h: I - R
is continuous, where I is a subinterval of R.

Definition 6.1 Let
C(I):={xz:I — R:xis continuous on I}
and
C™(I) :=={x: I — R: x has n continuous derivatives on I},
and define L,, : C™(I) — C(I) by
Lna(t) = 2 (t) + pna (™D (t) + -+ + po(t)z(t),
fort e I.

Then it can be shown (Exercise 6.1) that L,, is a linear operator. Note
that the differential equation (6.1) can be written in the form L,y = h. If h
is not the trivial function on I, then L,y = h is said to be nonhomogeneous,
whereas the differential equation L,z = 0 is said to be homogeneous.

Theorem 6.2 (Existence-Uniqueness Theorem) Assume p; : I — R are
continuous for 0 < i <n—1, and h : I — R is continuous. Assume that
toe Il and A; € R for 0 <i<mn—1. Then the IVP

Loy =h(t), yD(tg)=A4; 0<i<n-—1, (6.2)

has a unique solution and this solution exists on the whole interval I.

Proof The existence and uniqueness of solutions of the IVP (6.2) follows
from Corollary 8.19. The fact that solutions exist on the whole interval I
follows from Theorem 8.65. ]

W.G. Kelley and A.C. Peterson, The Theory of Differential Equations: 281
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© Springer Science+Business Media, LLC 2010
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Definition 6.3 Assume that xq,z2,-- -, x; are k times differentiable func-
tions on I, then we define the Wronskian determinant of these k functions
by

W(t) = Wlzi(t), x2(t), -, zi(t)]
x1(t) xo(t) xi(t
I ) 4 (1)
SR ORES () 2 ()
fortel.
Theorem 6.4 (Liouville’s Theorem) Suppose 1,2, ..., T, are solutions

of the differential equation L,x =0, and let W (t) be the Wronskian deter-
minant at t of x1,x2,...,Tn. Then

W(t) = e Jo 1Ty, (6.3)
for allt,ty € 1.
Proof Note that
nt) @) 2alt)
24 (t) z5(t) (1)
o (t) = t) - m o (t)
n n n
() wmy () e @ (D)
Using the fact that x1,xs,...,x, are solutions of equation L,z = 0 and
properties of determinants, we get that W’(t) is the determinant
z1(t) 2(t) e Tn(t)
24 (1) z5(t) e (1)
1'(1”_2)(t)1 mgn—2)(t)1 . x%n—2)(t)1
o1V E) —paa @) o @2V (@)

Hence W (t) solves the differential equation
W' = —p,_1(t)W.
Solving this differential equation, we get Liouville’s formula (6.3). O
The proof of the following corollary is Exercise 6.4.

Corollary 6.5 Suppose x1,x2,...,x, are solutions of the differential equa-
tion Lo,z =0 and let W (t) be the Wronskian determinant of x1,a,..., Ty
at t Then either W(t) = 0 for allt € I or W(t) # 0 for all t € I. In the
first case x1,xo,...,x, are linearly dependent on I and in the second case
T1,T,...,T, are linearly independent on I.
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Note that by Exercise 6.6 we know that L,x = 0 has n linearly inde-
pendent solutions on I. With this in mind we state and prove the following
theorem.

Theorem 6.6 If x1,z2, -+ ,x, are n linearly independent solutions of
L,x =0 on I, then

T =121+ T2 + -+ Chp

is a general solution of L,x = 0. If, in addition, yo is a solution of the
nonhomogeneous differential equation L,y = h(t), then

Yy =cix1 + 222 + -+ n&p + Yo
is a general solution of L,y = h(t).

Proof Assume x1,x9,- - ,x, are solutions of L,z = 0, then if x = ¢z +
Coxg + -+ + cpxy, it follows that

Lyx=c1Lpzi +c2Lpwa + -+ + cplpwy, = 0.

Hence any linear combination of solutions is a solution. Now assume that

T1,%2, - , Ty are n linearly independent solutions of L,z = 0, and ¢y €
I. Then by Corollary 6.5, W(tg) # 0, where W(tg) is the Wronskian of
r1,Ta,- - , Ty at tg. Now let u be an arbitrary but fixed solution of L,z = 0
and let
Ui 1= u(i)(to), 0<i<n-—1.

Since W (tg) # 0, there are constants ay,as, - ,a, such that

arz1(to) + a2xa(to) + -+ +anzn(to) = o

a1z} (to) + aszh(to) + - + anxl (to) = 1w

alx(ln_l)(to) + agxgn_l)(to) 4+ anxglnfl)(to) = Up_1.

Set

UV=a1T1 +aT2 + -+ apTy,

then v is a solution of L,x = 0 and v satisfies the same initial conditions
as u at tg. So by the uniqueness theorem (Theorem 6.2)

U=V =a1T1 + a2+ -+ apTy.

The proof of the last statement in this theorem is Exercise 6.7. O

6.2 Variation of Constants Formula

In this section we state and prove the variation of constants formula
(Theorem 6.11) for L, x = h(t). Before we do that we define the Cauchy
function for L,z = 0 and we show how to find this Cauchy function.
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Definition 6.7 We define the Cauchy function = : I x I — R for the linear
differential equation L,x = 0 to be for each fixed s € I the solution of the
IVP L,x =0,

x(i)(s’s):& 0<i<n-—2, x(nfl)(s,s):1

[here we let () (¢, s) denote the ith partial derivative of z(t, s) with respect
to t].

Example 6.8 Note that

(t _ S)n—l
t =
2(t8) = ==
gives the Cauchy function for (™ = 0. A
Theorem 6.9 Assume x1,x2,...,2T, are linearly independent solutions of

the differential equation Ln,x = 0 on I, then the Cauchy function is given
by

x(t,s) = w;é,i;?,
where
zy(s) 7, (s)
W(t,s) = : : 5
7))
x1(t) e Zn (t)

that is, W (t, s) is W (s) with the last row replaced by (x1(t), ..., xn(t)).

Proof Since x1,x2,...,x, are linearly independent solutions of the differ-
ential equation L,z =0 on I, W(t) # 0 on I, and so we can let
W (t, s)
t =
y(t,s) =<5 o)

for t,s € I. Expanding the numerator of y(t,s) along the last row of
W (t,s) we see that for each fixed s, y(f,s) is a linear combination of
x1(t), x2(t), ..., o (t) and hence y(-,s) is a solution of L,z = 0. Also, it is
easy to see that for each fixed s, y(t, s) satisfies the initial conditions

yD(s,5) =0, 0<i<n-—2, y" V(ss)=1.

Hence we see that for each fixed s, y(-, s) and the Cauchy function (-, s)
satisfy the same initial conditions. By the existence-uniqueness theorem
(Theorem 6.2) we get for each fixed s € I,

x(t,s) = y(t,s) =

and since s € [ is arbitrary we are done. O
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Example 6.10 Use Theorem 6.9 to find the Cauchy function for
2" — 22" = 0. (6.4)

Three linearly independent solutions of the differential equation (6.4)
are given by x1(t) = 1, z2(t) = t, 23(t) = €. The Wronskian determinant
of these three solutions is

1t e
W(t)=|0 1 2% 4e?t
0 0 4e*
Also,
1 s e
Wi(t,s)=|0 1 22 |=e* —e*(2t —25+1).
1t e

It follows from Theorem 6.9 that
1
x(t,s) = 1(62(#5) —2t+2s—1).
A

In the following result we will see why the Cauchy function is impor-
tant.

Theorem 6.11 (Variation of Constants) The solution of the IVP
Loy =h(t), yD(te)=0, 0<i<n-—1,

is given by

where x(+,-) is the Cauchy function for L,z = 0.

Proof Let
t
y(t) ::/ x(t,s)h(s) ds, tel,
to
where (-, -) is the Cauchy function for L,z = 0. Then
t

y () = / "0 (1, sYh(s) ds + 26D (¢, D)h(t) = / 2O (¢, s)h(s) ds,

to to
for0<i<n-—1,and
t
s = [ aEshGs) ds+ o 0h()

to

_ / "2 (¢, 5)h(s) ds + h(t).

to

It follows from these equations that

y (o) =0, 0<i<n-—1,
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and

t

Ly(t) = / Lax(t,s)h(s) ds + h(t) = h(t),
to

and the proof is complete. O

Example 6.12 Use the variation of constants formula in Theorem 6.11 to
solve the IVP

y" —2y" =4t y(0) =y'(0) =y"(0) =0. (6.5)
By Example 6.10, the Cauchy function for 2"/ — 22" = 0 is given by

1 ;
x(t,s) = 1(62“_3) —2t+2s—1).

Hence by the variation of constants formula in Theorem 6.11, the solution
x of the IVP (6.5) is given by

y(t) = /Ox(t,s)élsds

¢
= / (5e27%) — 2ts + 25> — 5) ds
0

t t t
= e2t/ se % ds — 2t/ sds —|—/ (25% — 5) ds
0 0 0

1 1 1 2. 1
2t —2t —2t 3 3 2

- e = e S B
e”!( 26 46 +4) +3 >
1, 1, 1, 1, 1

™ B B Sy
¢ 73" Tt TRt

The proof of the following corollary is Exercise 6.12
Corollary 6.13 The solution of the IVP
Loy =h(t), yD(te)=A4;, 0<i<n-—1,
where A;, 0 <1 <n—1, are given constants, is given by

) = ut)+ [ alt (o) ds

to
where x(-,-) is the Cauchy function for L,z =0 and u solves the IVP

Lou=0, u®(t)=4, 0<i<n-—1.
Example 6.14 Use Corollary 6.13 to solve the nonhomogeneous IVP
y" =2y =4, y(0)=5, 3 (0)=5, ¢"(0)=12. (6.6)
By Corollary 6.13 the solution of this IVP is given by

y(t) = u(t) + /0 x(t, s)h(s) ds.
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Since u solves the IVP
o —2u" =0, w0)=5 4(0)=5 u"(0)=12,
we get that
u(t) =2 —t + 3e2.
In Example 6.12 we found that

t t
1 .

= 4 e

/Ox(t,s)h(s) ds /Ox(t,s) sds 1€ 3t 2t 2t 1

Hence

y(t) = u(t)—i—/o x(t, s)h(s) ds

1 1 1 11
= 2t B e A Al -
+ 3e +4e 3 5 5 1
13, 1, 1, 3 7
= Mo 2T
I L L L

6.3 Green’s Functions

In this section we study Green’s functions for various BVPs for the nth-
order linear equation L,z = 0. The comparison theorem (Theorem 6.26)
shows why it is important to know sign conditions on Green’s functions.

Theorem 6.15 (Existence-Uniqueness Theorem) Assume that I = [a, b,
1 <k <n—1 and that the homogeneous (k,n—k) conjugate BVP L,z =0,

tD(@)=0, 0<i<k—-1, z9W®B) =0, 0<j<n—-k—-1 (6.7)

has only the trivial solution. Then the nonhomogeneous (k,n—k) conjugate
BVP L,y = h(t),

yD(a)=4;, 0<i<k-1, y9O®)=B;, 0<j<n-k-1, (6.8)

where A;,B; € R for 0 < i < k—-1,0<j <n—k—1, has a unique
solution.

Proof Let x1,xa,...,2, be n linearly independent solutions on [a,b] of
the homogeneous differential equation L,z = 0. Then a general solution of
L,x =0 is given by

T =CT1+Cxo+ ...+ Chlp.
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Then z satisfies the boundary conditions in (6.7) iff
a:m(a) + 621’2((1) 4+ 4 Cnxn(a)
a1z (a) + cawy(a) + -+ + cnay(a)

C1x§k71)(a) + cmg’“*l)(a) + oo+ epr® Y (a)
C1T1 (b) + ngz(b) 4+ 4 Cnl’n(b)
c12) (b) + cawh(b) + - + e, (b)

(n—k—1) (n—k—1)

1T, (D) + oy (b) + -+ cnx;”"“‘”(b)

We can write this system as the vector equation

Mc=0,
where
21(a) 2 (a) 2n(a)
1 (a) 5(a) 7, (a)
(k—1) (k—1) (k—1)
| @) 2 V) 25D ()
M= 21(b) 2 b) O
1 () 5(b) ,(b)
x(lnfkfl) (b) x(2n7k71) (b) o x%nfkrfl) (b)

Since the homogeneous BVP (6.7) has only the trivial solution, we get that

co=cp=---=¢,=0
is the unique solution of the above linear system. Hence

det M # 0.

h(t). Then a general solution of L,y = h(t) is
y=dix1+doxo+ -+ dpx, +w.

Then the boundary value problem L,y = h(t), (6.8) has a solution iff the

vector equation

Ay —w(a)

Ap_g —w*(a)

Md = Bo — w(b) )

Byog1 = w(®k-D(b)

Cn

(6.9)

Now let w be a solution of the nonhomogeneous differential equation L,y =
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dy
da

where d = ) , has a solution. Using (6.9), we get that this system
dy,

has a unique solution di,ds, - - - ,d, and this completes the proof. O

The function G(-,-) in Theorem 6.16 is called the Green’s function for
the (k,n — k) conjugate BVP L,z =0, (6.7).

Theorem 6.16 Assume I = [a,b], 1 <k <n—1, and that the (k,n — k)
conjugate BVP Lpx =0, (6.7) has only the trivial solution. For each fized
sel, let u(-,s) be the solution of the BVP Lyu =0,

for0<i<k—1,0<j<n—k—1, respectively, where z(-,-) is the Cauchy
function for L,x = 0. Define

G(t,s) =

{u(t,s), ifa<t<s<b (6.11)

u(t,s), ifa<s<t<b,

where v(t, s) := u(t,s) + x(t,s). Assume h is continuous on [a,b], then

b
y(t) = / G(t, s)h(s) ds

is the unique solution of the nonhomogeneous (k,n — k) conjugate BVP
L,y = h(t), (6.7). Furthermore, for each fized s € [a,b], v(-, s) is a solution
of Lz = 0 satisfying the second set of boundary conditions in (6.7).

Proof By Theorem 6.15 the BVP L,,u = 0, (6.10) has, for each fixed s, a
unique solution and hence the u(¢, s) in the statement of this theorem is well
defined. Let G(t,s) be defined by (6.11), where v(t,s) := u(t, s) + x(t, s).
Let
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then

¢ b
G(t,s)h(s) ds +/ G(t,s)h(s) ds

b

(t,s)h(s) ds +/ u(t, s)h(s) ds

t

<

t

u(t, $)h(s) ds + / 2(t, $)h(s) ds.

a

u(t, s)h(s) ds + z(t),

/
/
— /at[u(t, )+ z(t, )| h(s) ds + /tbu(t, s)h(s) ds
/
/

where, by the variation of constants formula (Theorem 6.11),

z(t) ::/ x(t, s)h(s) ds

is the solution of the nonhomogeneous differential equation L,y = h(t)
satisfying the initial conditions z((a) = 0, 0 < i < n — 1. Tt then follows
that

Lny(t)

/ " Lo(t, $)h(s) ds + Lo(t)
ht).

Also,
Yy (a) = / ul(a, s)h(s) ds + 2 (a) = 0,

for 0 < i < k — 1, since for each fixed s, u(t, s) satisfies the first set of
boundary conditions in (6.10). Since v(t, s) = u(t, s) + x(t, s), we have for
each fixed s, v(+,s) is a solution of L,z = 0. Using the fact that wu(t, s)
satisfies the second set of boundary conditions in (6.10), we get that v(¢, s)
satisfies the second set of boundary conditions in (6.7). To see that y
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satisfies the second set of boundary conditions in (6.7), note that
t b
y(t) = / G(t,s)h(s) ds +/t G(t,s)h(s) ds
. b
v(t, s)h(s) ds +/t u(t, s)h(s) ds
b
v(t, s)h(s) ds +/t [v(t,s) — xz(t, s)|h(s) ds
b
v(t, s)h(s) ds —/t x(t, s)h(s) ds
v(t, s)h(s) ds +/b x(t, s)h(s) ds
b
_ / o(t, $)h(s) ds + w(t),

where, by the variation of constants formula (Theorem 6.11),

w(t) ::/b x(t, s)h(s) ds

solves the initial conditions w@) (b) = 0, 0 < j < n — 1. Hence

b
YO (b) = / 09 (b, $)h(s) ds +w® (5) = 0,
for0<j<n-—k-—1. O

In the standard way (see Exercise 6.14) you can prove the following
corollary.

Corollary 6.17 Assume that I = [a,b] and that the (k,n — k) conjugate
BVP L,x =0, (6.7) has only the trivial solution. For each fized s € I, let
u(+, s) be the solution of the BVP Lyu =0,

u(i)(a,s) =0, u(j)(b,s) = —x(j)(b,s), (6.12)
for0 <i<k—-1,0<j<n-—k—1, respectively, where x(-,-) is the
Cauchy function for L,z = 0. Define G(t,s) by (6.11), where v(t,s) :=
u(t,s) + x(t, s). Assume h is continuous on [a,b], then

b

y(t) == w(t) +/ G(t,s)h(s) ds,

a

where w is the unique solution of the BVP L,w = 0,
w@)=4;, 0<i<k-1, W) =B;, 0<j<n—k-1,
is the unique solution of the nonhomogeneous BVP L,y = h(t), (6.8). Fur-

thermore, for each fized s € [a,b], v(-, s) is a solution of Lx = 0 satisfying
the second set of boundary conditions in (6.7).
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Definition 6.18 The solutions xq(+,to), 21 (-, t0), -+, Tn-1(-,t0) of Lpz =
0 satisfying the initial conditions

ﬂﬂgj)(to,to) =0, 0<4,5<n—1,

where d;; is the Kroneker delta function (i.e., d;; = 0if ¢ # j and §;; = 1
if i = j), are called the normalized solutions of L,z =0 at t = tg.

Example 6.19 The normalized solutions of 2™ = 0 at tq are given by

(t —to)

, teR,
7!

xi(t,to) =
0<i<n—1.
A

Theorem 6.20 Assume that I = [a,b] and that the homogeneous (k,n—k)
conjugate BVP L,x = 0, (6.7) has only the trivial solution. Then the
Green’s function for the (k,n — k) conjugate BVP L,x =0, (6.7) is given
by (6.11), where

0 xi(t, a) e ZTn-1(t,a)
1 x(b, s) 2k (b, a) e ZTn—1(b,a)
u(t,s) = ) 2’ (b, s) x5.(b, a) xl_1(b,a) ,
I S Y0 I e (1)

and v(t, s) is the preceding expression for u(t, s) with the 0 in the upper left
hand corner of the determinant replaced by x(t,s) and

D :=Wizk(t,a), vps1(t,a), -, xn_1(t,a)](b).

Proof Since the homogeneous (k,n — k) conjugate BVP L,z = 0, (6.7)
has only the trivial solution we have by Exercise 6.18 that D # 0. Let

0 i (t,a) cee Tpn-1(t,a)

1 z(b, s) z (b, a) T Tp-1(b,a)

’U)(t,S) = 5 ml(bv 5) x;ﬁ,‘(b7 a) x;,l(b,a)
2R (b5 2V ba) - 20D (0,0)

Expanding w(t, s) along the first row, we see that for each fixed s, w(t, s) is a
linear combination of xy (¢, a), 41 (t,a), -+ ,xn—1(t, a) and so we conclude
that for each fixed s, w(-, s) is a solution of L,z = 0 and w® (a, s) = 0 for
0 <i < k—1. Now let z(t,s) to be the expression used to define w(t, s)
with the 0 in the upper left-hand corner of the determinant replaced by
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(t,s). Then
z(t, s)
x(t, s) xi(t, a) Tn-1(t,a)
1 x(b, s) xr(b,a) Zn-1(b,a)
= = 2/ (b, s) x}.(b,a) x),_1(b,a)
D
2N (bs) 2" (ba) P ba)
0 xp(t, a) Tp-1(t,a)
1 x(b, s) xi(b,a) Zp—1(b,a)
= m(t’s)—’_ﬁ 2’ (b, s) x5.(b, a) xl,_1(b,a)
# D (bs) a0 (b a) etV (ba)

It follows that
29 (b,s) = 29 (b,s) + wD(b,s) =0, 0<j<n—k—1.

This implies that

w9 (b, s) = —29) (b, s).
Since for each fixed s, u(t, s) and w(t, s) satisfy the same (k, n—k) conjugate
BVP, we have (using Theorem 6.15) the desired result

u(t, s) = w(t,s)

0 xi(t,a) Tn-1(t,a)

1 z(b, s) z(b, a) e Tp-1(b,a)

= .’t/( ) ) x%(b,a) x;zfl(bv a)
L N e () IR ERRE S G ()

Also,

u(t,s) = x(t, s) +ult, s) = x(t, s) + w(t, s) = z(t, ),
and so v(t, s) has the desired form. O
Example 6.21 Use Theorem 6.20 to find the Green’s function for the
(n —1,1) conjugate BVP

2™ =0, 29 =0, 0<i<n-2 a(b)=0.

First,
0 Tp-1(t,a) (t—a)" tb—s)n !

1
u(t,s)=7 x(bvs) xnfl(bﬂl) - (nil)!(bia)nil .
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Also,
ot 5) = a(t,s) wp_i(tia) | _ (E— st
, Tn-1(ba) | x(bs) wu—1(b,a) (n—1)!
(t=a)" Lo —s)nt
(-G —a)y
Hence
(=) (=) :
G(t,s) = {(t (gzn—_ll)!(b—(at)n—)ln_,1 A ifa<t<s<b
DT T DT onr fa<s<t<bh
A
Example 6.22 Using an appropriate Green’s function, solve the BVP
y" =t y(0)=y(0)=0, y(1)=0.
From Example 6.21 we get that the Green’s function for
"=0, z(0)=42'(0)=0, z(1)=0
is given by
—20os)? ifo<t<s<l1
G(t,s) = (tis)z t2(175)2 n
R B 10§s§t§1
Hence
1
y(t) = / G(t, s) ds:/ G(t,s)s ds
0
(t—s)% t2(1—s)? L7121 —s)?
= — d ———— | sd
/0 < 5 5 s ds —|—/t 5 s ds
2l 1t
= —— (1—5)25d5+—/(t—s)2sds
2 Jo 2 Jo
Lo, 1.4
——1 t*.
24 + 24
A

Definition 6.23 We say L,z = 0 is disconjugate on I provided no non-
trivial solution of L,z = 0 has n (or more) zeros, counting multiplicities,
in 1.

Example 6.24 It is easy to see that (") = 0 is disconjugate on R. A

Theorem 6.25 If L,z = 0 is disconjugate on I = [a,b], then the Green’s
function G(t, s) for the BVP L,x =0, (6.7) satisfies

(~=1)"*G(t,s) 2 0,
fort,s € la,b].

Proof For a proof of this result see Hartman [18]. O
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Consistency of the sign of a Green’s function is very important. The
following theorem is an application of this fact.

Theorem 6.26 (Comparison Theorem) Assume L,x = 0 is disconjugate
on [a,b] and u,v € C™[a,b] satisfy

Lyu(t) > Lyo(t), t€ a,b], (6.13)

and
uD (@) =vP(a), 0<i<k—1, uDO)=090), 0<j<n—k—1
Then

(=) Fu(t) > (1) Fu(t), t€[a,b].
Proof Let

h(t) := Lyu(t) — Lyo(t) >0, ¢ € [a,b],
where we have used (6.13). Then let

w(t) :=u(t) —v(t), tEa,b].

It follows that w is the solution of the (k,n — k) conjugate BVP
Loyw=nh(t), w9@) =0 0<i<k—1, w9(b)=0 0<i<n—k—1.
This implies that

b
(—=1)"w(t) :/ (=1)"*G(t, s)h(s) ds > 0,
a
for t € [a, b]. This implies the desired result
(=1)"Pu(t) > (=1)"*u(t), t€ [a,b].
O

We end this section by stating the analogues of Theorems 6.15, 6.16,
and 6.20 (see Exercises 6.15, 6.16 and 6.17) for the (k,n — k) right-focal
BVP L,z =0,

tD@)=0, 0<i<k-1, zV0)=0, k<j<n—1, (6.14)

where 1 < k < n — 1. In Example 7.16 we are interested in how tall a
vertical thin rod can be before it starts to bend. This problem leads to a
right-focal BVP.

Theorem 6.27 (Existence-Uniqueness Theorem) Assume that I = [a,b],
1 <k < n—1 and that the homogeneous (k,n—k) right-focal BVP L,z = 0,

tD(a)=0, 0<i<k-1, zV0)=0, k<j<n-1, (6.15)

has only the trivial solution. Then the nonhomogeneous (k,n—k) right-focal
BVP L,y = h(t),

yDa)=A4;, 0<i<k-1, yPDO0)=B;, k<j<n—1, (6.16)
where A;, Bj € R for 0 <i<k—1,k<j<n-—1, has a unique solution.
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Theorem 6.28 Assume that I = [a,b], 1 < k < n—1 and that the (k,n—k)
right-focal BVP Lyx = 0, (6.15) has only the trivial solution. For each fized
sel, let u(-,s) be the solution of the BVP Lyu =0,

u(a,s) =0, uD(bs)=—29(b,s), (6.17)
for0<i<k—1,k<j<n-—1, respectively, where x(-,-) is the Cauchy

function for Lox = 0. Define G(t,s) by (6.11), where v(t,s) = u(t,s) +
x(t,s). Assume h is continuous on [a,b]; then

b
y(t) ::/ G(t,s)h(s) ds

is the unique solution of the nonhomogeneous (k,n-k) right-focal BVP Ly =
h(t), (6.15). Furthermore, for each fized s € [a,b], v(-,s) is a solution of
La = 0 satisfying the second set of boundary conditions in (6.15).

Theorem 6.29 Assume I = [a,b] and that the homogeneous (k,n — k)
right-focal BVP Lpx = 0, (6.15) has only the trivial solution. Then the
Green’s function for the (k,n—k) right-focal BVP L,x = 0, (6.15) is given
by (6.11), where

0 (t, a) te L — l(ta a)

1 2 (b, s) (k) (b,a) - (k) 1(b,a)
ult;s) = | 240 (b, 5) )@ﬂ)'“ “1&® )

D (b,s) 2V (ba) - w;’:”(b, a)

and v(t,s) is the preceding expression for u(t,s) with the 0 in the upper
left-hand corner of the determinant replaced by x(t,s) and

D =W (t,a), 2, (ta), ol (¢ )] (0).

y L1

Example 6.30 Use Theorem 6.29 to find the Green’s function for the
(n — 1, 1) right-focal BVP

2™ =0, D@ =0 0<i<n-2, ™ V@E)=o0.
First,

alts) = —| 0 o1 a) o
’ xﬁﬁ”(b, a) 2=1(b, 5) 1,7(1711 )(bv a) (n—1)!
Also
v(t,s) =
1 x(t, s) tnatia) | (t=9)" "t (t—a)m
) RO TR Ll T T T
Hence n—1
Gl - {&%%', N ifa<t<s<b
) (t(nS)l)‘ _ (t(;a_)l)! , ifa<s<t<b.
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A

Example 6.31 Using an appropriate Green’s function, solve the (2,1)
right-focal BVP

y" =t y0)=y(0)=0, y'(1)=0.
From Example 6.30 we get that the Green’s function for
2" =0, x(0)=2(0)=0, 2"(1)=0

is given by
t? :
-5 ifo<t<s<l1
G(t,s) = 2 -
() {(t25>2—§, ifo<s<t<l
Hence

y(t) = /0 Gt 5)h(s) ds = /0 Gt 9)s ds
S [ (e

t2 1 1 t

= f—/ sder—/(tfs)Qsds
2 Jo 2 Jo
1 1

= ——2 4 ¢t
1T

6.4 Factorizations and Principal Solutions

In this section we will derive the Polya and Trench factorizations and

use the Trench factorization to get the existence of “principal solutions” of
L,z =0.

Theorem 6.32 Assume that x1,x2, - ,x, are n linearly independent so-
lutions of Lpx =0 on I. If x € C"[I], then
w[xl(t)v $2(t)7 e 7xn(t)7 l’(t)]

w[.’L‘l(t),.’I}g(t), >xn(t)] '

fort € I, where wzy(t), x2(t), -+, xn(t)] is the Wronskian determinant of

x1(t), xa(t) -+, (t).

Ly[2](t) =

Proof Consider
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Taking po(t) times the first row, p;(t) times the second row, and so forth
until we take p,_1(t) times the second to last row and adding to the last
row we get

x1(t) xa(t) Zn(t) x(t)
_ zy(t)  wy(t) () 2(t)
Lyx1(t) Lpxa(t) -+ Lpxn(t) Lpx(t)
x1(t) wa(t) - xp(t)  x(t)
_ | 2@ as(@) e a(t) ()
0 0 - 0 Ly
= wlz1(t),z2(t), - ,xn(t)] Lpz(t). O
Corollary 6.33 Assume x, 21,29, -+, 2, € C¥[I], k > 2 and

wilt) = wloy (8),2(t), -, wi(6)] £ 0,
fori=k—1k and fort € I; then
{W[xl(t)’xz(t)w- ek (), 2(1)] }/ _ wpa (Qwlza (t), -+ 2k (t), 2 (1))

Wi (t)

fortel.

Proof Define an operator M;, on C*[I] by
t t),2a(t), - axp_1(t), z(t)] )
R NGRS GG
Wh—1 (t) W (t)
for t € I. Expanding out the right-hand side, we get
Mi[2])(t) = 28 (t) + g1 ()2 F =V (8) + - - + go(t)z(2),
where go(t), -, qx—1(t) are defined appropriately. Note that z1, za, -+ , 2
are k linearly independent solutions of Mz = 0. It follows from Theorem
6.32 with n = k that
t ), xa(t), - axp_1(t), z(t)] )
Mgl = 0 (00, 0.0}
Wh—1 (t) W (t)
’lU[.Tl (t)v T ,l’k(t), x(t)}
Wi (t) ’
for t € I, which implies the desired result. O

We now use Corollary 6.33 to prove the Polya factorization theorem.

Theorem 6.34 (Polya Factorization) Assume x1,xa,- - ,x, are solutions
of Lpx = 0 such that wy(t) := w[z1(t),z2(t), - ,25(t)] # 0 for t € I,
1 <k <n. Then for x € C™[I],

Lua(t) = pu(®) {0 - {mo(®2()} -} }
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fort € I, where
wn(t) - w2(t) . 1
Wy 1 (t)’ pi(t) = wkfl(t];wkﬂrl(t)’ polt) = ’

fort eI, 1 <k<n-—1, where wo(t):=1.

Pn (t) =

Proof Since wy(t) # 0, we have by Theorem 6.32 that
’U)[.CL'l(t), xQ(t)? e ,.’I}n(t), .%‘(t)]
wn (t) ,

for t € I. Since wy,—1(t) # 0,w,(t) # 0 for ¢t € I, we get, using Corollary
6.33, that

Lolz)(t) = wh (1) {w[xl (), xn_1(t),z(t)] }

La2](t) =

wn—l(t) w”(t)
B wlzy(t), - zao1(t),2(t)] )]
- m] O b

for t € I. Since wy_2(t) # 0, w,—1(t) # 0 for t € I, we get, using Corollary
6.33, that

w? 1 wlzi(t), -, Ty T Y
Lafd)(t) = %@{ w1 () {[ (t) NO(M}}

Wp—2()wy,(t) wp—1(t)

= pu(t) {pnl(t) {w[xl(t),... ,an(t),x(t)]} } |

’U)n_l(t)

for t € I. Continuing in this fashion (using mathematical induction), we
obtain

LWWQMﬁ)ﬁnﬂ0{~{m@{ggﬁ%%m}}.u} ,

for ¢t € I. Finally, using
a(t) " wlzi(t), z(t)]
t t ! == =
ey = {22} ,
for t € I we get the desired result. U

Example 6.35 Find a Polya factorization for
2" — 22" — 2’ 4+ 22 = 0.
The corresponding characteristic equation is
M o2X2 A +2=A-1)(A-2)A+1) =0,
and hence the characteristic roots are

M=1, XA=2 X=-1,
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and therefore

T = et, Tro = e2t, T3 = e_t,

are solutions. Note that
wy(t) = z1(t) = €', wo(t) = wle!, e?] = &3,
and
w3(t) = wle', e*, e = 6e*.
By Theorem 6.34, we get a Polya factorization where

13t

polt) = e pi(t) =€, pat) = g™y pa(t) = 6e".
Hence
B2 3 12 = pa(D o () po(D2)]Y
= e e e e )Y
- *t{e“[ e ta®)TY = 0
is a Polya factorization. A

Corollary 6.36 If L,x = 0 is disconjugate on I, then L,x = 0 has a
Poyla factorization on I.

Proof We will only give the proof for the case where I = [a, b]. Let ; (¢, a),
0 < i < mn—1 be the normalized solutions of L,z = 0 at a. Then, using
the disconjugacy of L,z = 0 on [a, b], we have, by Exercise 6.18, that

wlzg(t,a), xpt1(t,a), -, xn_1(t,a)] #0,
for t € (a,b], 1 <k <n—1 (why is this also true for k = 07). Next let
ui(t) = (1) api(t, a),
for t € [a,b], 1 < k < n; then it follows that
wlua (t), ua(t), - -, uk(t)] # 0,
for t € (a,b], 1 <k < n. Now let x; . be the solution of the IVP L,z =0,

ne) i+1 & .
Zs(a) ( ]‘) d@] (n*Z)!’

then for e > 0, sufficiently small, we get that

w[xy (1), wa,e(t), -+, xpe(t)] >0,

for t € [a,b], 1 < k < n. The final result then follows from Theorem
6.34. O
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Theorem 6.37 (Trench Factorization) Assume Ln,x = 0 is disconjugate
on I := [a,00); then there exist positive functions v;, 0 < i < n, such that

for x € C™[I]
Lpa(t) =y (t) {yn_l(t) {--{r®z®)} - }}

fort € I, where
<1
/ dt = o0,
a Vi (t)

for1<k<n-—1.

Proof For a proof of this result see Trench [49]. O

Theorem 6.38 (Principal Solutions) Assume Lnz = 0 is disconjugate on

I := [a,00); then there exist solutions u;, 1 <i <n of Lyx =0 such that
uz(t)

)

t—00 U1 (t)

for 1 <i<n-—1. We call u; an ith principal solution of L,z =0 at cc.

Proof Since L,x = 0 is disconjugate on [a,00), we have from Theorem
6.38 that there exist positive functions ; such that the differential equation
L,z = 0 is equivalent to the differential equation

Loz = 3a(®) {1 a(®) {- (o) - }'} =0,

for t € I, where

for 1 <k <n-—1.Let uy(t) := and

(t) = — /t s / : /_ L dsi-dsy d
U/i = ... —si... S s’
i 0@ Jo ) Jo 1202) S uls) 2o

1 <i<n-—1. Then each u;, 1 < ¢ < n is a solution of L,z = 0 and,
applying 'Hopital’s rule ¢ — 1 times, we get

1m = l1im T 1 =
t—00 ui+1(t) t—00 . 7 ds

Example 6.39 Find a Trench factorization for

1"

2" — 22" — 2’ + 22 =0,

and a set of principal solutions.
Note that the Poyla factorization in Example 6.35 is not a Trench
factorization since

o0 1 o0
/ —dt:G/ e 73t dt < oo.
o pa2(t) 0
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This time let

T = e_t, Tro = et, T3 = et

denote three solutions. In this case
wi(t) =a1(t) = et we(t) =wle el =2,
and
w3(t) = wle™", ', e?'] = 6.
By Theorem 6.34, we get a Polya factorization, where

1 2
Yo) =€’y mlt) =3¢ ) =3¢ s(t) =3¢

Hence
" =22 —a' +2x = () {r)Mn ) t)zi) ]}
= 3 Ce e M (at) T
_ th{e_t[e_%(etx(t))/}/}/

is a Polya factorization. Since

o0 1 o0
/ dt:2/ et dt = oo,
o ml(t) 0

dt = —/ et dt = oo,
/0 Y2(t) 2 Jo

this Polya factorization is actually a Trench factorization. A set of principal
solutions is given by

{ug(t) = et ug(t) = et uz(t) = *'}.

and

6.5 Adjoint Equation

In this section we discuss the (formal) adjoint differential equation of
the vector differential equation y' = A(t)y and we use this to motivate
the definition of the (formal) adjoint differential equation of the nth-order
scalar differential equation L,z = 0.

The (formal) adjoint equation of the vector equation y' = A(t)y, where
A (with complex-valued entries) is assumed to be a continuous n x n matrix
function on I, is defined to be the vector differential equation

2= —A*(t)z,
where A*(t) is the conjugate transpose of A(t). Likewise, we say that the
matrix differential equation

Z'=—-A*(t)Z
is the (formal) adjoint of the matrix differential equation Y’ = A(¢)Y.

We say that the vector differential equation y' = A(t)y is (formally) self-
adjoint provided A(t) is skew Hermitian on I [i.e., A(t) = —A*(t), for
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t € I]. Before we prove an important relation between the vector equation
y' = A(t)y and its adjoint 2/ = —A*(t)z, we prove the following important
lemma.

Lemma 6.40 Assume Y is a nonsingular and differentiable matrix func-
tion on the interval I. Then the inverse matriz function Y ' is differen-
tiable on I and

fortel.

Proof Since Y is differentiable and nonsingular, we get from a formula for
calculating the inverse that Y ~! is differentiable. Differentiating both sides
of

for t € I, we get that

YY) +Y () (Y

/

(t) =0,
for t € I. Solving for (Y‘l)/ (t), we get the desired result. O

Theorem 6.41 The matriz function Y is a fundamental matriz for the
vector differential equation v = A(t)y on I iff Z := (Y*)™ ' = (Y‘l)* is a
fundamental matriz for the adjoint equation z' = —A*(t)z on I.

Proof Assume Y is a fundamental matrix for ¢’ = A(t)y. Since Y(t) is

nonsingular on I, Z(t) := (Y*) "' (¢) is well defined and nonsingular on 1.
Also,

Y'(t)=A)Y(t), tel
implies that (using Lemma 6.40)
(Y='@1)) = =Y L)Y ()Y () = —Y L) A(1).
Taking the conjugate transpose of both sides, we get the desired result
Z'(t)y=—-A"(t)Z(t), tel.
The converse follows easily from the fact that the adjoint of 2z’ = —A*(¢)z

isy = A(t)y. O

Theorem 6.42 If Y(t) is a fundamental matriz of the vector equation
y = A(t)y and Z(t) is a fundamental matriz of the adjoint equation z' =
—A*(t)z, then

Y*()Z(t) = C,

fort € I, where C' is a nonsingular n X n constant matrix.
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Proof By the product rule,

Y'()" Z(t) + Y (1) Z' (1)
ABY (1) Z() + Y7 (1) (A" (1) Z(1))
TOAT(6)Z(t) - YT AT (D) Z(1)

Yy mzwy =

I
%A/-\

where C' is an n X n constant matrix. It follows from this last equation
that C' is nonsingular. O

For the remainder of this section we will assume that the coefficient
functions in the equation L,u = 0 are continuous complex-valued functions
on a real interval 7. We now motivate what we call the (formal) adjoint
of Lyu = 0. The equation L,u = 0 is equivalent to the vector equation
y' = A(t)y, where

0 1 0 0
ap=| 0t
—po(t) —pi(t) —p2(t) ... —pn-1(t)

Hence the adjoint of y' = A(t)y is 2’ = —A*(t)z, where

0 0 0 ... pot
-1 0 0 ... p(@
ATt =10 -1 0 ... p()
0 0 0 ... pp_1(t)
Letting 21, 22, -+ , 2z, be the components of z, we get that
21 = po(t)z,
zg = —z1+pi(t)z,
s = —z29+p2(t)zn
Z;L_l = —Zn-2 +pn—2(t)zn

Z;L == —Zn—1 +pn71(t)zn
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It then follows that

Z;l/ = _24171 + (pn—l(t)zn)/
= zZn2 = pa2(t)zn + (Pa_1(t)zs)’
Zn = Zpo = (Pa2(t)zn) 4 (Pn_1(t)zn)”

= —zZn3+Pn3(t)zn — (Pn—20t)2n) + (Pn-1(t)2zn)"

200 = () = O+ G202) o (a1 0)2)
hold. Finally, we get that
2
= O"HE - Gi@z) + GBza)" -+ (e z) "

= (0" @z — i @z0) + o+ (e (D)}

Hence if z is a solution of the adjoint vector equation z’ = —A*(t)z,
then its n-th component v = z,, is a solution of the nth-order linear differ-
ential equation

L*’U — n (n + Z n k mv)(nsz) —0.

The differential equation L}v = 0 is called the (formal) adjoint of the
differential equation L,u = 0. If Lyu = 0 and L}u = 0 are the same
equation, then we say that L,u = 0 is (formally) self-adjoint. An important
relation between the nth-order linear differential equation and its (formal)
adjoint is given by the next theorem.

Theorem 6.43 (Lagrange Identity) Assume u,v have n continuous deriva-
tives on I. Then

v(t) Lnu(t) — u(t) Lyu(t) = {v(t); u(t)},
for t € I, where the Lagrange bracket {v(t); u(t)} is defined by

n k—1

0} = 3 3 (1t (@) (e (0D) .

k=1 j=0

for t € I, where p,(t) = 1.

Proof We leave the proof of this theorem to the reader. We now show the
proof for the special case when n = 2. Assume u, v are twice differentiable
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on I and consider (note that when n =2, po(t) = 1)

@@y = (0w ) - TOu) +p@emue )

fort e I. O

The following result follows immediately from the Lagrange identity.

Corollary 6.44 (Abel’s Formula) If u, v are complez-valued solutions of
Lyu=0 and L} v =0, respectively, on I, then

{ot)ut)} =C, tel,
where C' is a constant.

Definition 6.45 For complex-valued, continuous functions u, v defined on
[a, b], define the inner product of u and v by

<u,v>= /bu(t)v(t) dt.

Theorem 6.46 (Green’s Theorem) If u, v are n times continuously dif-
ferentiable complex-valued functions on I = [a,b], then

< Lopu,v > — < u, Liv >= {v(t); u(t)}°. (6.18)

Proof By the Lagrange identity,
o(t) Lou(t) —u(t) Lio(t) = {o(t); u(t)},

for t € I = [a,b], where {v(t);u(t)} is the Lagrange bracket. Integrating
both sides from a to b then gives Green’s formula (6.18). O

Note that if u,v are n times continuously differentiable functions on
[a, b] satisfying

{o(®);u(t)}; =0,
then
< Lpu,v >=<u,Lv>.
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6.6 Exercises
6.1 Show that the operator L,, defined in Definition 6.1 is a linear operator.

6.2 Show that if in the definition of the linear operator L,,, p,_1 is the zero
function, then the Wronskian determinant of any n solutions of L,z = 0 is
constant on I.

6.3 Use Theorem 2.23 to prove Theorem 6.4.
6.4 Prove Corollary 6.5.
6.5 Prove Theorem 6.4 directly for the special case n = 3.

6.6 Prove that the nth-order linear homogeneous differential equation
L,z = 0 has n linearly independent solutions on I.

6.7 Prove the last statement in Theorem 6.6.

6.8 Find the Cauchy function for each of the following differential equa-
tions:

(1) 2 =)

(i) 2" fx =0
(iii) 2" — 32’ + tzx =0
(iv) a" — %x” + zx =0

6.9 Use Theorem 6.9 and the solutions z;(t) = t*~1, 1 < i < n, to find the
Cauchy function in Example 6.8.

6.10 Use the variation of constants formula in Theorem 6.11 to solve the
following IVPs:

(i) ¥y —y"=2t, y(0)=y'(0)=y"(0) =
(if) y’” —y' = egt, y(O) =y'(0)
(iil) v — 2y + tzy y(1) =y'(1) =0
(iv) y" — fy” + &Y = 5, y(1) = y/(
6.11 Use Theorem 6.11 to solve the IVP
"—22" =2, 2(0)=2'(0) =2"(0) = 0.
6.12 Prove Corollary 6.13.

6.13 (Taylor’s Theorem) Use Corollary 6.13 to prove the following version
of Taylor’s theorem: If f € C”H( ) and tg € I, then

fort e I.

6.14 Prove Corollary 6.17.
6.15 Prove Theorem 6.27.
6.16 Prove Theorem 6.28.
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6.17 Prove Theorem 6.29.

6.18 Show that if the (k,n — k) conjugate BVP L,x = 0, (6.7), has only
the trivial solution, then D # 0, where D is defined in Theorem 6.20.

6.19 Find the normalized solutions {x(t,0)}}_, at zero for the differential
equation 2"/ + x = 0.

6.20 Find the normalized solutions {z(t,0)}2_, at zero for the differential
equation 2’ — z” = 0.

6.21 Find the Green’s functions for each of the following boundary value
problems:
(i) 2@ =0, z(0)=2/(0) =2"(0) =0 = x(1)
(i) 2" +2 =0, 2(0)=0=xz(3)
(iii) 2@ =0, z(0) =2/(0) = 2"(0) =0 = 2""(1)
(iv) 2" +2 =0, z(0)=0=2'(F)
6.22 Use the Green’s functions you found in Exercise 6.21 to solve each of
the following boundary value problems:
(i) yW =24, y(0)=y'(0) =y"(0) = 0=y(1)
(i) ¥ +y=2¢", y(0)=0=y(3)
(i) ¥ =24, y(0) =4'(0) =4"(0) =0 =y"(1)
(iv) y"+y=t y0)=0=y(7)
6.23 Find a Polya factorization of each of the following:
(i) 2 — 62" + 112/ — 62 =0
(i) 2" — 2" — 42’ + 42 =0
(iii) 2”4+ 12" — Za' + Zx =0
(iv) o™ — 42" + 62" — 42’ + 2 =0
6.24 Find a Trench factorization for each of the differential equations in
Exercise 6.23 and find a set of principal solutions.

6.25 Show that y' = A(t)y has a unitary fundamental matrix X on I, i.e.,
X(t)=(X*)"Y¢t) for t € I, iff y = A(t)y is (formally) self-adjoint. In this
case show that if y is a solution of y' = A(t)y, then ||y(¢)|| = ¢, t € I, where
¢ is a constant and || - || is the Euclidean norm.

6.26 Find conditions on py and p; so that Loz = 0 is (formally) self-adjoint.
6.27 Prove Theorem 6.43 for n = 3.

6.28 Assume that u,v € C?[a,b]. Show that if either both u, v satisfy the
boundary conditions z(a) = 0 = x(b), or if both u, v satisfy the boundary
conditions
azx(a) — ' (a) =0, ~z(b) + d2'(b) = 0,
where o + 3% > 0, 4% + 62 > 0, and p1(a) = 0 = py(b), then
< Lou,v >=<u, Liv > .



Chapter 7

BVPs for Nonlinear
Second-Order DEs

7.1 Contraction Mapping Theorem (CMT)

Our discussion of differential equations up to this point has focused
on solutions of initial value problems. We have made good use of the
fact that these problems have unique solutions under mild conditions. We
have also encountered boundary value problems in a couple of chapters.
These problems require the solution or its derivative to have prescribed
values at two or more points. Such problems arise in a natural way when
differential equations are used to model physical problems. An interesting
complication arises in that BVPs may have many solutions or no solution
at all. Consequently, we will present some results on the existence and
uniqueness of solutions of BVPs. A useful device will be the contraction
mapping theorem (Theorem 7.5), which is introduced by the definitions
below. One of the goals of this chapter is to show how the contraction
mapping theorem is commonly used in differential equations.

Definition 7.1 A linear (vector) space X is called a normed linear space
(NLS) provided there is a function || - || : X — R, called a norm, satisfying
(i) JJz|| > 0 for all x € X and ||z|| =0 iff z =0,
(ii) |[Az]| = [All|z|, for all A € R and z € X,
(iii) [l +yll < [lz]l + [ly[l, for all z,y € X.

Definition 7.2 We say that T': X — X is a contraction mapping on a NLS
X provided there is a constant « € (0, 1) such that

[Tz =Ty < allz —yl|,
for all z,y € X. We say T € X is a fized point of T provided TT = T.

Definition 7.3 We say that {x,} C Xis a Cauchy sequence provided given
any € > 0 there is a positive integer N such that ||z, — x| < € for all
n,m > N.

Definition 7.4 We say X is a Banach space provided it is a NLS and every
Cauchy sequence in X converges to an element in X.

Theorem 7.5 (Contraction Mapping Theorem) If T is a contraction map-
ping on a Banach space X with contraction constant o, with 0 < o < 1, then

W.G. Kelley and A.C. Peterson, The Theory of Differential Equations: 309
Classical and Qualitative, Universitext 278, DOI 10.1007/978-1-4419-5783-2 7,
© Springer Science+Business Media, LLC 2010
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T has a unique fized point T in X. Also if xg € X and we set 41 = Txy,
formn >0, then

lim z, =7.
n—oo

Furthermore,

[l — 7| < 1 = oll, (7.1)

1l—«a
forn > 1.

Proof Let xzy € X and define the sequence {x,} of “Picard iterates” by
Tpy1 = Txy, for n > 0. Consider

lZmt1 —Tmll = |Tom — Topm—1]

IN

al|zm — Tm-1|

= o||Tzm-1— Txm—2|

IN

O‘Zmefl |

IN

o[z — o]

Next consider

||$7L+/€ _-TYLH
< Nzntk = Totk—1ll + 1Tntk-1 — Tnpr—2ll + -+ [ Tnr1 — 2|
< (@ 4 a”) [l — o
= a"(I+a+-+a™) 1 — o
< a”(1+a+a2+~~)||x17x0H
a?’L
= 7 Iz =zl

This last inequality implies that {x,} is a Cauchy sequence. Hence there
is an T € X such that
lim z, =T.

Letting k — oo in the last inequality above, we get that (7.1) holds. Since
T is a contraction mapping on X, 7" is uniformly continuous on X and hence
is continuous on X. Therefore,

T= lim z,4; = lim Tz, =T7,
n—oo

and so T is a fixed point of T. Assume T € X is a fixed point of T'. Then

|7 =7 = 177 77 < o |7 -7,

which implies that
(1-a)lz -2 <0,
which implies that = Z, so ¥ is the only fixed point of 7T O
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7.2 Application of the CMT to a Forced
Equation

First we use the contraction mapping theorem to study the forced
second-order self-adjoint equation

[p()a') + q(t)z = f(t), (7.2)

where p, ¢, f are continuous on [a,c0) and p(t) > 0 on [a, 00). In the next
theorem we will give conditions on p, ¢, f that ensure that (7.2) has a zero
tending solution.
Theorem 7.6 Assume
(1) p(t) >0, q(t) >0, for all t € [a, o)
.o oo
(i) f, p(l—t)dt < 00
(iii) [ q(t)P(t) dt < oo, where P(t) := [* p(ls)ds
(iv) [ f(t)dt < oo

hold; then equation (7.2) has a solution that converges to zero as t — 0.

Proof We will use the contraction mapping theorem to prove this theorem.
Since [ q(t)P(t) dt < oo, we can choose b € [a,00) sufficiently large so
that

= / q(T)P(7) dr < 1. (7.3)
b
Let X be the Banach space (see Exercise 7.2) of all continuous functions
x : [b,00) — R that converge to zero as t — oo with the norm || - || defined
by
= ).
||| ax |(t)]

Define an operator 7' on X by

Ta(t) = K(t) + P(t) /b (D)2 (7) dr + /t (D)) P(r) dr,

for t € [b, 00), where

K(t) := / ds, F(t):= f(s)ds, and P(t):= / —ds,
D= e T 1Y D=

for t € [b, 00). Clearly, T'x is continuous on [b, 00). Hence to show 7' : X — X

it remains to show that lim; .., Tz(t) = 0. To show this it suffices to show
that if

then lim; o y(t) = 0. To see this let € > 0 be given. Since lim; . x(t) = 0,
there is a ¢ > b such that

|z(t)] <e for te€ e, 00).
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Since lim; o P(t) = 0, there is a d > ¢ such that

P(t) / g(m)|a(r)] dr < e,

for t > d. Consider for t > d

@] <

IN

IN

<

P0) [ atrfa(r)| dr
P) [ kel dr P [ et dr
e+ eP(t) /:q(T) dr
ete / ") P(r) dr

€+ ea < 2e.

Hence lim; o0 y(t) =0 and so T : X — X.
Next we show that T is a contraction mapping on X. Let xz,y € X,
t > b, and consider

|Tx(t)
< P(t)
b
<
<

t

Ty(t)]

4(Dla(r) — y(r)| dr + / Ty P@la(r) - y(r)| dr

{P(t) /th(T) dr + /too q(T)P(T) dT} |z — ||
{/th(T)P(T) dr + /too q(T)P(T) dT} |z — |

- /b T 4P () drlfz — |

allz —yll,

where we have used the fact that P is decreasing and we have also used
(7.3). Therefore, T is a contraction mapping on X. Hence by the contrac-
tion mapping theorem (Theorem 7.5), T has a unique fixed point « € X.

This implies that

(1) = K(t) + P(1) /b o)z (r) dr + /t T WD P@a(r) dr (714)

for all £ > b. Since z € X

lim «(t) = 0.

t—o0
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It remains to show that x given by (7.4) is a solution of (7.2). Differenti-
ating both sides of (7.4), we get

d(t) = K'(t)+ P(t)q(t)z(t) + P’(t)/b q(T)z(7) dr — q(t) P(t)x(t)
= 7w — L t T\ T T
= 0, e i
and so

and therefore
(p(t)’ ()" = f(t) — q(t)x(t).

So we have z is a solution of the forced equation (7.2). O

7.3 Applications of the CMT to BVPs

We begin our study of the nonlinear BVP
2= f(t,z), z(a)=A, z(b)=B, (7.5)

where we assume a < b and A, B € R, by using the contraction map-
ping theorem to establish the existence of a unique solution for a class of
functions f.

Theorem 7.7 Assume f : [a,b] x R — R is continuous and satisfies a
uniform Lipschitz condition with respect to x on [a,b] x R with Lipschitz
constant K ; that is,

[f(t,x) = f(t,y)] < K|z —yl,
for all (t,z), (t,y) € [a,b] x R. If
2v2
Nie
then the BVP (7.5) has a unique solution.

b—a< (7.6)

Proof Let X be the Banach space of continuous functions on [a, b] with
norm (called the max norm) defined by

lz|| = max {|z(t)] : a <t < b}.

Note that « is a solution of the BVP (7.5) iff x is a solution of the linear,
nonhomogeneous BVP

2 =h(t):= f(t,zt)), =z(a)=A, =x(b)=B. (7.7)
But the BVP (7.7) has a solution iff the integral equation

b
x(t) = z(t) +/ G(t,s)f(s,x(s)) ds
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has a solution, where z is the solution of the BVP
2"'=0, z2(a)=A4, z(0b) =B
and G is the Green’s function for the BVP
2" =0, z(a)=0, z(b)=0.
Define T': X — X by

b
Tz(t) = 2(t) +/ G(t,s)f(s,z(s)) ds,

for t € [a,b]. Hence the BVP (7.5) has a unique solution iff the operator T
has a unique fixed point.

We will use the contraction mapping theorem (Theorem 7.5) to show
that T has a unique fixed point in X. Let z,y € X and consider

b
Te(t) - Ty(t) < / Gt 9)|1F (5, 2(5)) — f(s,9(s))] ds
ab
< / Gt )| K |x(s) — y(s)] ds
b
< K/ G(t,9)] ds 1z — ]
,a2
< k29 _y,

for ¢ € [a, b], where for the last inequality we used Theorem 5.109. It follows
that

[Tz =Ty < allz —yl|,
where from (7.6)

(b—a)?

a =K < 1.

Hence T is a contraction mapping on X, and by the contraction mapping
theorem (Theorem 7.5) we get the desired conclusion. O

In the proof of Theorem 7.7 we used the contraction mapping theorem
to prove the existence of the solution of the BVP (7.7). In this proof the
operator T' was defined by

b
Tz(t) = 2(t) +/ G(t,s)f(s,x(s)) ds,

for t € [a,b]. Hence, in this case, if x( is any continuous function on [a, b],
then recall that the Picard iterates are defined by

Tt (t) = Tan(t),

for t € [a,b],n=10,1,2,--- . Hence
b

Tny1(t) = 2(1) +/ G(t,s)f(s,xn(s)) ds,

a
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for t € [a,b], n = 0,1,2,---. Tt follows from this that the Picard iterate
ZTp41 solves the BVP

Ty = [t za(t)),
xz(a) = A, z(b) =B,
which is usually easy to solve.
Example 7.8 Consider the BVP
2/ =—1—sinx, z(0)=0, z(1)=0. (7.8)
Here f(t,z) = —1 —sin « and so

|fo(t, )] = |cos x| < K :=1.

!

Since /s
2v/2
b—a=1< 2= =22,
VK
we have by Theorem 7.7 that the BVP (7.8) has a unique solution. If we
take as our initial approximation xo(t) = 0, then the first Picard iterate x4

solves the BVP
af = f(t,xo(t)) = f(t,0) = -1,
21(0) =0, (1) =0.
Solving this BVP, we get that the first Picard iterate is given by

z1(t) = f%t(tf 1), telo,1].

Next we want to use (7.1) to see how good an approximation z is to the
actual solution x of the BVP (7.8). Recall in the proof of Theorem 7.7 the

norm || - || was the max norm and the contraction constant « is given by
b—a)* 1
a= K( @) = —.
8 8
Hence by (7.1)
a
_ < _
lo =@l < g llws = oll
-l =
= — | = —.
7T 56

It follows that

— 56 i
and we see that z1(¢) = £¢(1—t) is a very good approximation of the actual
solution z of the BVP (7.8). A

2(t) — 21 (1) < =, te[0,1],
t

Next we see if we use a slightly more complicated norm than in the
proof of Theorem 7.7 we can prove the following theorem, which is a better
theorem in the sense that it allows the length of the interval [a,b] to be
larger. However, since the norm is more complicated it makes the applica-
tion of the inequality (7.1) more complicated.
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Theorem 7.9 Assume f : [a,b] x R — R is continuous and satisfies a

uniform Lipschitz condition with respect to x on [a,b] x R with Lipschitz
constant K ; that is,

[f(t,x) = f(ty)] < Ko —yl,
for all (t,z), (t,y) € [a,b] x R. If

b—a< \/% (7.9)

then the BVP (7.5) has a unique solution.

Proof Let X be the Banach space (see Exercise 7.3) of continuous functions
on [a,b] with norm defined by

wll=max{%:a§tsb},

where p is a positive continuous function on [a, b] that we will choose later.
Note that x is a solution of the BVP (7.5) iff x is a solution of the linear,
nonhomogeneous BVP

2 =h(t):= f(t,zt)), =z(a)=A, x(b)=B. (7.10)

But the BVP (7.10) has a solution iff the integral equation

b
(1) :z(t)+/ G(t, 5)f (s, 2(s)) ds

has a solution, where z is the solution of the BVP

Define T : X — X by

Ta(t) :z(t)+/ Glt, 5)f (s, (s)) ds,

for ¢ € [a,b]. Hence the BVP (7.5) has a unique solution iff the operator T’
has a unique fixed point.
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We will use the contraction mapping theorem (Theorem 7.5) to show
that T has a unique fixed point in X. Let z,y € X and consider

Ta(t) - Ty()] _ /|

p(t) = )1 (s,2(s)) — f(s,y(s))| ds

IN

p(t) /a IG(t, s)|K|z(s) — y(s)]| ds

I NN RO
= ], 16K

b
< % / G(t, 9)lp(s) ds ||z — gl

for ¢ € [a,b]. If we could choose a positive continuous function p such that
there is a constant « for which

1 b
Km/a Gt 8)|p(s) ds < a < 1, (7.11)

for a <t < b, then it would follow that T" is a contraction mapping on X,
and by the contraction mapping theorem (Theorem 7.5) we would get the
desired conclusion. Hence it remains to show that we can pick a positive
continuous function p such that (7.11) holds.

Since b — a < 7/V/K, the function defined by

p(t) = sin(v K/a(t - ¢))
is positive on the interval [a, b], for o < 1 near 1 and ¢ < a near a. Now p
satisfies

p”+§p:0,
o6 = P(b)(t—agjs b—1t) /Gts (——p( )> s

> /:G(t,s) <5p(s)) ds.

Since the Green’s function G(¢,s) < 0, we have

/ G(t, p(s)] ds.

Then (7.11) holds, and the proof is complete. O
The next example shows that Theorem 7.9 is sharp.

Example 7.10 Consider the BVP
'+ Kr=0, xz(a)=0, z(b)=B,

where K is a positive constant.
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By Theorem 7.9, if b —a < f_F the preceding BVP has a unique
solution. Note, however, that if b —a = \/LE’ then the given BVP does not
have a solution if B # 0 and has infinitely many solutions if B = 0. A

Theorem 7.11 Assume f : [a,b] x R? — R is continuous and satisfies the
uniform Lipschitz condition with respect to x and x’,

|f(t,$,$/) - f(t7y7y/)‘ § K|£L' - y‘ + L|£L’/ - y/|7
for (t,z,2'), (t,y,y') € [a,b] x R?, where L > 0, K > 0 are constants. If

(b—a)? b—a
L 1 12
g Tl <1 (7.12)

K

then the BVP
2 = f(t,z,2"), x(a)=A, x(b)=B (7.13)

has a unique solution.

Proof Let X be the Banach space of continuously differentiable functions
on [a,b] with norm || - || defined by

|z]] = max{K|z(t)| + L|2'(t)| : a <t < b}.
Note that x is a solution of the BVP (7.13) iff x is a solution of the BVP
" = h(t) := f(t,z(t),2'(t)), =z(a)=A, z(b)=B. (7.14)

But the BVP (7.14) has a solution iff the integral equation

b
o) = 200+ [ Gl f(s.0(9).'(5) ds
a
has a solution, where z is the solution of the BVP
2" =0, z2(a)=A, =z(b)=B,
and G is the Green’s function for the BVP
2" =0, xz(a)=0, z(b)=0.
Define T : X — X by
b
Talt) = 2(0)+ [ G(t.5)f(s,2(5).0/(9) ds,
for t € [a,b]. Then the BVP (7.13) has a unique solution iff the operator

T has a unique fixed point. We will use the contraction mapping theorem
(Theorem 7.5) to show that 7" has a unique fixed point. Let z,y € X and
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consider

K|Tx(t) — Ty(t)]

b
K/'wu»nvww@xww»—f@w@LyQMds

IN

IN

b
K/ G(t,9)| [K|a(s) —y(s)| + Llz'(s) — y'(s)]] ds

b
< K/"waﬁnwux—m
(b—a)?

< K [ = yll,

for t € [a,b], where we have used Theorem 5.109. Similarly,
L|(Tz)'(t) = (Ty)' (¢)]

L/ |Ge(t, 5)|1f (5, 2(5), 2" (5)) = f(s,9(s), y'(5))| ds

AN

b
< L/ |G, s)| [Ka(s) — y(s)| + Ll2'(s) — /' (s)[] ds
b

IN

L/\@aa»wnx—w
102D ey,

IN

for t € [a,b], where we have used Theorem 5.109. It follows that
[Tz =Ty < allz —yl|,

where ( 2
b—a b—a
L <1
8 * 2
by (7.12). From the contraction mapping theorem (Theorem 7.5) we get
that 7" has a unique fixed point in X. This implies that the BVP (7.13) has

a unique solution. O

a:=K

Theorem 7.12 Assume f : [a,b] x R? — R is continuous and there are
nonnegative continuous functions p, q on [a,b] such that

|f(tz,2") = f(ty, y)| < p)|z =yl + q(t)]" = ¥],
for (t,z,2"), (t,y,y') € [a,b] x R%. Let u be the solution of the IVP

w4+ qt)u +p(t)u=0, wu(a)=0, u(a)=1; (7.15)
then if u/(t) > 0 on [a,b] it follows that the right-focal BVP
2 = ft,x,2"), xz(a)=A4, 2'(b)=m, (7.16)

where A and m are constants, has a unique solution.
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Proof Let X be the Banach space of continuously differentiable functions
on [a,b] with norm || - || defined by

Jall = max{ max ZOL Q) }

tefasb) v(t) "tefab] w(t)

where v, w are positive continuous functions that we will choose later in
this proof. Then X is a Banach space. Define T': X — X by

b
Tar(t) = 2(t) + / G(t, 5)f (s, 2(s), 2/ (s)) ds,

for t € [a,b], where z is the solution of the BVP

Then the BVP (7.16) has a unique solution iff the operator T" has a unique
fixed point. We will use the contraction mapping theorem (Theorem 7.5)
to show that T has a unique fixed point. Let z,y € X and consider

[Ta(t) — Ty(t)]

v(t)
b
o [ 1606, 26) — o6/ 6D
b

<
< % G(t,5)| [p(s)|x(s) = y(s)| + a(s)|2"(s) — /()] ds
R |[z(s) —y(s)| [ (s) —y" ()] 4
< v(t)/a |G(t, s)| [p(s)v(s)iv(s) +q(s)w(s)7w 9 d
1 b
< Wf)/ |G(t,3)| [p(s)v(s) + q(s)w(s)] ds ||z -y,
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for t € [a,b]. Similarly,

[(Tz)'(t) — (Ty)'(1)]

w(t)

1 b ) /
< Wt)/ |Ge(t, s)||f(s,2(s),2"(s)) — f(s,y(s),y'(s))] ds
= / Gi(t, s)| [p(s)]z(s) — y(s)| + q(s)[2(s) — ¥/ (s)[] ds

|[z(s) — y(s)]
< / |G (t, s)|[p(s)v(s) 22 e
a(syu(s)ZE L‘j )4

1 b

< W/a |G (t, )| [p(s)v(s) + q(s)w(s)] ds ||z — y]l,

for t € [a, b]. Thus we see that we want to find positive continuous functions
v,w and a constant « such that

/|Gts Jo(s) + a(s)w(s)) ds < a < 1, (7.17)

and

/\Gtts Jo(s) + g(s)w(s)] ds < a < 1, (7.18)

for t € [a,b]. If we can do this, then T is a contraction mapping on X
and the conclusion of this theorem follows from the contraction mapping
theorem (Theorem 7.5). By hypothesis the solution u of the IVP (7.15)
satisfies «/(t) > 0 on [a, b]. Let v be the solution of the IVP

o = (e +alt], va) = o(@)=1,

where we pick € > 0 sufficient close to zero and a < 1 sufficiently close to
one so that

v(t) >0, o'(t)>0, on [a,b].
Let w(t) := /(). If B :=v'(b) > 0, it follows that v solves the BVP
1
o = lplt +g(p], o) = /() = B. (7.19)
Let z; be the solution of the BVP

A =0, m(a)=e>0, #b)=B>0.
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It follows that z1(t) > 0 and 2{(t) > 0 on [a,b]. Since v solves the BVP
(7.19),

1 b
v(t) — / G(t,s) [p(s)v(s) +q(s)v'(s)ds  (7.20)

. /Gm Jo(s) + g(s)v' (s)] ds
- /mw Yo(s) + a(s)w(s)) ds,

for t € [a,b]. From this we get the desired inequality (7.17), for ¢ € [a, b].
Differentiating both sides of (7.20), we get

mw:ua:<wi/@ww@mwwww@
—/@ts Yos) + q(s)v' ()] ds

5/ |Gi(t, )] [p(s)v(s) + q(s)w(s)] ds,

for t € [a,b], but this gives us the other desired inequality (7.18), for
t € la,bl]. O

Now we deduce some useful information about the linear differential
equation with constant coefficients
v + Lu' + Ku = 0. (7.21)
Definition 7.13 Assume that u is the solution of the IVP (7.21),
uw(0) =0, «(0)=1.

We define p(K, L) as follows: If w/(t) > 0 on [0,00), then p(K, L) := oo
Otherwise p(K, L) is the first point to the right of 0 where v’() is zero.

In Exercise 7.14 you are asked to show that if w is a nontrivial solution
of (7.21) with «(0) = 0, then if «/(¢) # 0 on [0,00), then p(K, L) :=
Otherwise p(K, L) is the first point to the right of 0 where u/(t) is zero.
We will use this fact in the proof of the next theorem.

Theorem 7.14 Assume K, L > 0; then

if L —4K =0, L >0,
——2__ arccosh ), if L2 —4K >0, K >0,

p(K, L) =g VE K

\/ﬁarccos (2 if L2 — 4K <0,
0, FL>0, K=0.

2
T’

N
A gk
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Proof We will only consider the case L? — 4K > 0, K > 0. The other
cases are contained in Exercise 7.15. In the case L? — 4K > 0, a general
solution of (7.21) is

/T2 _ JTZ
Ae~ 5t cosh (ﬂt> + Be~ %tsinh (ﬂt> .

u(t) = 2 2

The boundary condition u(0) = 0 gives us that A = 0 and hence

VIZ = 4Kt>

u(t) = Be~ 7'sinh ( 5

Differentiating, we get
L
u'(t) = —536_%75 sinh (

I —4K 1, VIZ—4K
ﬁe 2" cosh ff .

VIZ = 4Kt>
2

+ B

Setting u'(t) = 0, dividing by Be~ %!, and simplifying, we get

L (x/L2 - 4Kt> _VIPaR (x/LQ - 4Kt>
5 .

5 sin 5 5
Squaring both sides, we get

L? . o (VL?—4K L2 — 4K 5 [ VL? — 4K
Zsmh 5 t] = 1 cosh ft .

Using the identity cosh?# — sinh? 0 = 1 and simplifying, we get
o [(VL? — 4K L?

cosh® | —¢ | = —.

2 4K

Solving for ¢, we get the desired result

2
t = ——— arccosh <
L2 — 4K

wE)
O

Theorem 7.15 Assume f : [a,b] x R? — R is continuous and there are
constants K, L such that

|f(t,x,x') - f(tvyay/)‘ § K|ZL' - y‘ +L|£L’/ - y/|7
for (t,z,2'), (t,y,y') € [a,b] x R2. If

b—a < p(K.L),
then it follows that the right-focal BVP
2 = f(t,z,2'), =z(a)=A, 2(b)=m, (7.22)

where A and m are constants, has a unique solution.
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Proof By Theorem 7.14, the solution of the IVP
V' + Lo+ Kv=0, v(0)=0, ¢(0)=1

satisfies v'(t) > 0 on [0,d], if d < p(K,L). But this implies that u(t) :=
v(t — a) is the solution of the IVP

W'+ Ly + Ku=0, u(a)=0, u(a)=1

and satisfies /() > 0 on [a,b] if b —a < p(K,L). It then follows from
Theorem 7.12 that the BVP (7.22) has a unique solution. O

In the next example we give an interesting application of Theorem 7.15
(see [3]).

Example 7.16 We are interested in how tall a vertical thin rod can be
before it starts to bend (see Figure 1). Assume that a rod has length T
weight W, and constant of flexual rigidity B > 0. Assume that the rod
is constrained to remain vertical at the bottom end of the rod, which is
located at the origin in the st-plane shown in Figure 1. Further, assume
that the rod has uniform material and constant cross section. If we let

z(t) = 9(t), then it turns out that z satisfies the differential equation
WT-—t
"4 = ———x=0. 7.23
o+ T (7.23)

If the rod does not bend, then the BVP (7.23),
z(0)=0, 2(T)=0

has only the trivial solution. If the rod bends, then this BVP has a non-
trivial solution (so solutions of this BVP are not unique). We now apply
Theorem 7.15 to this BVP. Here f(t,z,2') = =% T2 and so

B T
WT—t w
|f3;(t,.’17,.’13/)‘ = ET S K = E,
and
|for(t,z,2")| = 0 =: L.
Since

w
[? —4K = —4—
B<0,

we have by Theorem 7.14,

2 L 71'\/?
K, L) = ———arccos | —— | = =/ —.
L) = e (2\/[() 2V w

Thus if T < 24/ £, then the rod is stable (does not bend). It was pointed

out in [3] that it has been shown that if T < 2.80\/%, then the rod is

stable. Note that the upper bound on 7T is larger if B is larger and smaller
if W is larger, which is what we expect intuitively. A
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Thans

FIGURE 1. Vertical rod.

7.4 Lower and Upper Solutions

In this section, we will take a different approach to the study of BVPs,
namely we will define functions called upper and lower solutions that, not
only imply the existence of a solution of a BVP but also provide bounds
on the location of the solution. The following result is fundamental:

Theorem 7.17 Assume that f : [a,b] x R? — R is continuous and bounded.
Then the BVP
x// = f(t7 x’ x/)’

z(a) = A, z(b) =B,

where A and B are constants, has a solution.

Proof We can give a straightforward and more intuitive proof if we assume
(as in Chapter 3) that f has continuous partials with respect to x and .
Then IVP’s have unique solutions that are continuous functions of their
initial values. For a proof of the more general result, see Hartman [18].

Let |f(t,z,2')| < P, for (t,z,2') € [a,b] x R%. Define ¢(t, A,v) to be
the solution of z’/ = f(t,z,2") satisfying the initial conditions z(a) = A,
a'(a) = v. Then ¢ is continuous.

We first show that for each v, ¢(t, A, v) exists on [a, b]. Since |¢"| < P,
integration yields

‘¢/(thvv) - ¢/(aa A,U)| < P‘t - a‘v
so that
|¢/(t’A’ U)' < P<b - CL) + |U|7
and ¢’ is bounded on the intersection of its maximal interval of existence
with [a,b]. By integrating again, we get that
|6(t, A,v)| < JA]+ P(b— a)® + |v|(b - a),
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50 ¢ is bounded on the same set. It follows from Theorem 3.1 that ¢(¢, A, v)
exists for a <t <b.

To complete the proof, we need to show that there is a w so that
(b, A,w) = B. As in the preceding paragraph, we have

¢ (a, A,v) — ¢'(t, A,v) < P(b—a),
SO
' (t, A,v) > v — P(b—a),

for a <t <b. Choose

B-A
v> + P(b—a).
Then 5.4
'(t, A -
¢ ( ) 71}) > b —a )
and by integrating both sides of the last inequality from a to b, we have
(b, A,v) > B.

Similarly, we can find a value of v for which ¢(b, A,v) < B. The intermedi-
ate value theorem implies the existence of an intermediate value w so that
(b, A,w) = B. O

The method outlined in the previous proof of obtaining a solution of the
BVP by varying the derivative of solutions at the initial point is called the
shooting method and is one of the best ways to find numerical solutions of
BVPs. Otherwise, Theorem 7.17 appears to be a result of little utility since
one rarely deals with differential equations of the form a” = f(t,z,2') in
which the function f is bounded. However, we shall see that this theorem
is very useful indeed. A given equation with an unbounded, continuous
right-hand side can be modified to obtain an equation in which the right-
hand side is bounded and continuous and then Theorem 7.17 is applied to
get a solution of the modified equation. It often happens that the solution
of the modified equation is also a solution of the original equation.

First we define lower and upper solutions of z’ = f(¢,z,z’).

Definition 7.18 We say that « is a lower solution of " = f(t,x,2") on
an interval I provided

o’(t) = f(t,alt), o/ (1)),

for t € I. Similarly, we say (3 is an upper solution of " = f(t,z,2") on an
interval I provided

B(t) < f(t,8(1), B (1)),
fort e I.

In two of the main results (Theorem 7.20 and Theorem 7.34) in this
chapter, we assume that

a(t) < B(t), te€la,b],
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which is the motivation for calling « a lower solution and § an upper
solution.

A very simple motivating example for what follows is given in the next
example.

Example 7.19 Consider the differential equation
"= . (7.24)

Note that a lower solution a of (7.24) satisfies o’ () > 0 and hence
is concave upward, while an upper solution 5 of (7.24) satisfies 8" (t) <
0 and hence is concave downward. To be specific, note that a(t) := t
and B(t) := —t2> + 3 are lower and upper solutions, respectively, of (7.24)
satisfying a(t) < fB(t) on [—1,1]. Assume that A and B are constants
satisfying,

a(-1)=1<A<2=p5(-1), and «a(l)=1<B<2=p(1).
Note that solutions of (7.24) are straight lines so the solution of the BVP
"=0, z(-1)=A4, z(1)=B
satisfies
a(t) < x(t) < B(1),

for t € [-1,1]. (Compare this example to Theorems 7.20 and 7.34.) VAN

We begin with the case that the differential equation does not contain
the first derivative.

Theorem 7.20 Assume f is continuous on [a,b] x R and «, 3 are lower
and upper solutions of x’" = f(t,x), respectively, with a(t) < 3(t) on [a,b)].
If A and B are constants such that a(a) < A < B(a) and a(b) < B < 5(b),
then the BVP

x" = f(t,l’),

has a solution x satisfying

on [a,b).

Proof First we define on [a, b] x R the modification F of f as follows:

F8M) + 5L, if 2> p(t)
F(t,z) =< f(t,z), if a(t) <z < B(¢)
F(ta(t) + 5P, ife < alt).

Note that F' is continuous and bounded on [a,b] x R, and F(t,x) = f(t, ),
if t € [a,b], a(t) <z < B(t). Then by Theorem 7.17 the BVP

2 =F(tx),
xz(a) = A, xz(b) =B,
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has a solution x on [a,b]. We claim that x(t) < 3(¢) on [a,b]. Assume not;
then w(t) := x(t) — B(t) > 0 at some points in [a,b]. Since w(a) < 0
and w(b) < 0, we get that w(¢) has a positive maximum at some point
to € (a,b). Hence

w(to) > 0, wl(to) =0, w”(to) <0.
This implies that
z(to) > B(to), ='(to) = B'(to), =" (to) < B"(to)-

But
z"(to) — 8"(to) > F(to,z(to)) — f(to, B(to))
= (0. Att0)) + T 00, 50
_ x(to) — B(to)
1+ | (to)|
> 0,

which is a contradiction. Hence x(t) < (t) on [a, b]. Tt is left as an exercise
(see Exercise 7.18) to show that a(t) < z(t) on [a, b]. Since

a(t) < x(t) < (D),

for t € [a,b], it follows that x is a solution of 2" = f(¢,x) on [a,b]. O

Example 7.21 By Theorem 7.17 the BVP

2" = —cosz,

z(0) =0==x(1)

has a solution.

We now use Theorem 7.20 to find bounds on a solution of this BVP.
It is easy to check that a(t) := 0 and G(¢) := t(lgt), for t € [0,1] are lower
and upper solutions, respectively, of z’/ = f(t,z,2’) on [0,1] satisfying
the conditions of Theorem 7.20. Hence there is a solution z of this BVP

satisfying

t(1—1t)
2 i
for t € [0, 1]. A

0<uz(t) <

Example 7.22 A BVP that comes up in the study of the viability of
patches of plankton (microscopic plant and animal organisms) is the BVP

1
2 = —rx <1 — ?m> ,

:L'(O) =0, .’K(p) =0,
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where p is the width of the patch of plankton, x(t) is the density of the
plankton ¢ units from one end of the patch of plankton, and r» > 0, K > 0
are constants. It is easy to see that

Bt) = K

is an upper solution on [0, p]. We look for a lower solution of this equation

of the form
a(t) = asin (W—t>
p )

for some constant a. Consider

o’ () + ra(t) {1 - %a(t)}
() (2]
BTN R

Hence if
> r
r o
2
and 0 < ¢ < K is sufficiently small, then «a(t) = asin (%) is a lower

solution of our given differential equation satisfying

a(t) < B(t).
The hypotheses of Theorem 7.20 are satisfied; hence we conclude that if
the width p of the patch of plankton satisfies

>7T
p S

then our given BVP has a solution = satisfying

asin (W—t> <z(t) <K,
p
for t € [0, p]. This implies that if the width of the patch of plankton satisfies

T
D> W’
then the patch is viable. A
Theorem 7.23 (Uniqueness Theorem) Assume that f : [a,b] x R* — R
is continuous and for each fized (t,z') € [a,b] x R, f(t,z,2") is strictly

increasing with respect to x. Then the BVP

.’E” = f(t,.’l?,.’lf/),

z(a)=A4, z(0b)=B
has at most one solution.
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Proof Assume x and y are distinct solutions of the given BVP. Without
loss of generality, we can assume that there are points ¢ € (a,b) such that
x(t) > y(t). Let

w(t) := z(t) —y(t),
for t € [a,b]. Since w(a) = w(b) = 0 and w(t) > 0 at some points in (a,b),

w has a positive maximum at some point d € (a,b). Hence

w(d) >0, w'(d)=0, w’'(d)<O0.

But
U)N(d) _ .%‘N(d) o y// d)
= fld,z(d),2'(d)) — f(d,y(d),y'(d))
= f(d,l‘(d),l’/(d ) - f(d,y(d),l‘/(d))

> 0,

where we have used that for each fixed (¢,2') € [a,b] x R, f(¢,z,2') is
strictly increasing with respect to x. This is a contradiction and the proof
is complete. O

In the next example we show that in Theorem 7.23 you cannot replace
strictly increasing in the statement of Theorem 7.23 by nondecreasing.

Example 7.24 Consider the differential equation
= f(t,xz,2') = |2'|?,

where 0 < p < 1.

Note that f : [~a,a] x R? — R is continuous and for each fixed (¢,2') €
[—a,a] xR, f(t,z,2’) is nondecreasing with respect to x. From Exercise 7.22
there is a solution of this differential equation of the form z(t) = x|t|%, for
some k > 0 and some « > 2. Since all constant functions are also solutions,
we get that there are BVPs that do not have at most one solution. A

The function f(t,z,2’) := |2/|P in Example 7.24 does not satisfy a
Lipschitz condition with respect to 2’ on [—a, a] x R?. The next theorem,
which we state without proof, shows that we do get uniqueness if we assume
f satisfies a Lipschitz condition with respect to z’.

Theorem 7.25 (Uniqueness Theorem) Assume that f : [a,b] x R? — R is
continuous and for each fized (t,x') € [a,b] xR, f(t,z,2") is nondecreasing
with respect to x. Further assume that f satisfies a Lipschitz condition with
respect to 2’ on each compact subset of |a,b] x R?. Then the BVP

.’I?H = f(taxax/)a

z(a) = A, z(b)=B

has at most one solution.
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Theorem 7.26 Assume that f(t,x) is continuous on [a,b] x R and for
each fized t € [a,b], f(t,x) is nondecreasing in x. Then the BVP

x’ = f(t,l’),
z(a)=A4, z(0b)=B

has a unique solution.

Proof Let L be the line segment joining (a, A) and (b, B), and let M and
m be, respectively, the maximum and minimum values of f on L. Since f
is nondecreasing in z, if (¢, ) is above L, then f(t,x) > m, and if (¢, 2) is
below L, then f(t,2) < M. Define

m

M
ﬁ(t) - 9 t2 + D, a(t) - 7t2 +q,

where p is chosen to be large enough that (3 is above L on [a,b] and ¢ is
small enough that « is below L on [a,b]. Then 3(t) > a(t), for a <t < b,
B(a) > A > afa), (b) > B > a(b), and

B(t) =m < f(t,8(t), o'(t) =M = f(t,a(t)),
for a <t < b. We can apply Theorem 7.20 to obtain a solution x of the

BVP so that a(t) < z(t) < f(t), for a <t < b. Uniqueness follows from
Theorem 7.25. (]

Example 7.27 Consider the BVP
2 = c(t)x + d(t)a® + e(t),
z(a) =4, =) =B,

where ¢(t), d(t), and e(t) are continuous on [a,b]. If further ¢(t) > 0 and
d(t) > 0, then by Theorem 7.26 this BVP has a unique solution. A

Example 7.28 The following BVP serves as a simple model in the theory
of combustion (see Williams [54]):

ex! = 2% — 12,

z(-1)=2z(1)=1.

In the differential equation, € is a positive parameter related to the speed of
the reaction, x is a positive variable associated with mass, and ¢t measures
directed distance from the flame. Note that the right-hand side of the
differential equation is increasing in x only for > 0, so that Theorem
7.26 cannot be immediately applied. However, if we observe that o = 0 is
a lower solution, then the proof of Theorem 7.26 yields a positive upper
solution, and we can conclude that the BVP has a unique positive solution.
The uniqueness of this positive solution follows by the proof of Theorem
7.23. A
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Definition 7.29 Assume « and ( are continuous functions on [a, b] with
a(t) < B(t) on [a,b], and assume ¢ > 0 is a given constant; then we say
that F(t,z,a’) is the modification of f(t,x,2’) associated with the triple
a(t), B(t), ¢ provided

gt B(0),2") + ZED it 5> (),
F(t,z,2") =< g(t,z, '), if a(t) <z < (1),

g(t,a(t),2) + 55, ifz < at),

where
flt,xz, ), ifa’>c,
g(t,z,2') = { f(t,z,2'), if [2'| <e
ft,z,—c), ifaz’ <—c.
We leave it to the reader to show that g, F' are continuous on [a, b] x R?,
F is bounded on [a,b] x R?, and
F(t,z,2") = f(t,z,2'),
ift €la,b], a(t) <z < p(t), and 2| <ec.
Theorem 7.30 Assume f is continuous on [a,b] x R? and o, 8 are lower
and upper solutions of ' = f(t,x,a"), respectively, with a(t) < [(t) on
[a,b]. Further assume that solutions of IVPs for x” = f(t,x,z") are unique.
If there is a ty € [a,b] such that
alto) = B(to), a'(to) = B'(to),
then a(t) = B(t) on [a,b].

Proof Assume «, 3, and tg are as in the statement of this theorem and it
is not true that «(t) = (t) on [a,b]. We will only consider the case where
there are points tq,to such that a <ty <ty <ty <b,

a(ty) = B(t), o (t1) = B'(tr),
and

a(t) < B(t), on (ti,ta].
Pick ¢ > 0 so that
() <e, [B®)<ec
for t € [t1,t2]. Let F be the modification of f with respect to the triple «,
B, ¢ for the interval [t1,t2]. By Theorem 7.17, the BVP
2 =F(t,x, "), z(t1)=alt), z(t2)= 2,

where a(tz) < x2 < f(t2) has a solution z. We claim that x(t) < 5(t
[t1,t2]. Assume not; then there is a d € (t1,t2) such that w(t) := z(t) —
has a positive maximum on [t1,t3] at d. It follows that

w(d) >0, w'(d)=0, w'(d) <0,

)

) o
Bt
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and so
o(d)> Bld), #'(d) = Fd), 2"(d) < 5"(a)

But

wid) = ad) - 5'(@)
> F(dsald). ' (d) - f(d: ), (@)
— (5@ 8 @) + S . pa). @)
_ ald) - Bd)
1+ 15

> 0,

which is a contradiction. Hence x(t) < [(t) on [t1, t2]. Similarly, a(t) < x(¢)
on [t1,t2]. Thus

a(t) < x(t) < A1),
on [t1,t2]. Pick t3 € [t1,t2) so that
a(ts) = alts), 2'(t3) = o'(t3),

and

a(t) < z(t),
on (ts,t2]. Since

|2/(ts)| = [/ (t3)] < c,

we can pick t4 € (ts,t2] so that

2’ (t)] < c,
on [ts,t4]. Then z is a solution of " = f(t,z,a’) on [t3,t4] and hence z is
an upper solution of " = f(t,z,2’) on [t3,t4]. Let Fy be the modification
of f with respect to the triple «,x,c for the interval [t3,t4]. Let x4 €
(a(ts), x(ts)), then by Theorem 7.17 the BVP

= F(tx ), x(ts3) =alts), =x(ts) =g,
has a solution y on [t3,t4]. By a similar argument we can show that
a(t) <y(t) < z(b),

on [t3, t4]. Now we can pick t5 € (t3,t4] so that z and y differ at some points
in (ts,t5] and

' ()] <,
for t € [t3,t5]. Then y is a solution of 2" = f(t,z,2") on [t3,t5]. But
now we have that z, y are distinct solutions of the same IVP (same initial
conditions at ¢3), which contradicts the uniqueness of solutions of IVPs. [

Corollary 7.31 Assume that the linear differential equation
2 +pt)r +qt)z =0 (7.25)

has a positive upper solution 5 on [a,b]. Then (7.25) is disconjugate on
[a, b].
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Proof Assume that (7.25) has a positive upper solution 5 on [a, b] but that
(7.25) is not disconjugate on [a, b]. It follows that there is a solution = of
(7.25) and points a < t; < t2 < b such that x(t1) = x(t2) = 0 and x(t) >0
on (t1,t2). But then there is a constant A > 0 so that if a(t) := Az(t), then

a(t) < 6(t)7 (&S [t17t2]7

and a(c) = f(c) for some ¢ € (a,b). It follows that o/(c) = '(¢). Since « is
a solution, it is also a lower solution. Applying Theorem 7.30, we get that
a(t) = B(t) on [t1,t2], which is a contradiction. O

7.5 Nagumo Condition

In this section we would like to extend Theorem 7.20 to the case where
the nonlinear term is of the form f(¢,x,2’); that is, also depends on z’. In
Exercise 7.24 you are asked to show that z(t) := 4 — /4 — t is a solution
of the differential equation z” = 2(2’)3 on [0,4). Note that this solution is
bounded on [0,4), but its derivative is unbounded on [0, 4). This is partly
due to the fact that the nonlinear term f(t,z,2") = 2(2')® grows too fast
with respect to the z’ variable. We now define a Nagumo condition, which
is a growth condition on f(¢,z,2") with respect to z’. In Theorem 7.33 we
will see that this Nagumo condition will give us an a priori bound on the
derivative of solutions of «” = f(¢,x,2’) that satisfy

a(t) < x(t) < A1),
for t € [a,b]. We then will use this result to prove Theorem 7.34, which
extends Theorem 7.20 to the case where f also depends on 2’ but satisfies

a Nagumo condition. We end this section by giving several applications of
Theorem 7.34.

Definition 7.32 We say that f : [a,b] x R?> — R satisfies a Nagumo
condition with respect to the pair «(t), 4(t) on [a, b] provided a, 3 : [a, b] —
R are continuous, a(t) < B(t) on [a, b], and there is a function h : [0, 00) —
(0, 00) such that

|f(t,z,2")| < h(]z']),
for all ¢t € [a,b], a(t) <z < ((t), ' € R with
> sds .
A Ae) ~ 5%, P — mip, alt),

where

_ 18(b) — a(a)| |a(b) — B(a)|
)\.max{ T , b a }

Theorem 7.33 Assume that f : [a,b] x R? — R is continuous and satisfies
a Nagumo condition with respect to «(t), 5(t) on [a,b], where a(t) < B(t)
on [a,b]. Assume x is a solution of " = f(t,x,x") satisfying

a(t) <z(t) < B(t), on [a,b];
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then there exists a constant N > 0, independent of x such that |2'(t)] < N
on la, b].

Proof Let A be as in Definition 7.32. Choose N > A so that

N
sds
— > t) — mi t).
3> 0 = o0
Let x be a solution of ' = f(t,z, ") satisfying
a(t) <z(t) < (1),
for t € [a,b]. Then, using the mean value theorem, it can be shown that
there is a to € (a,b) such that
(b) — x(a)
b—a
We claim that |2/(t)] < N on [a,b]. Assume not; then |2/(¢)] > N
at some points in [a,b]. We will only consider the case where there is a

t1 € [a,to) such that 2'(t1) < —N. (Another case is considered in Exercise
7.27.) Choose t1 < ty < t3 <ty so that

x/(tg) = 7N, xl(tg) = 7)\,

|7’ (to)] = <\

and

OIl [tg, tg],

It follows that
' (t)x" (t)

Ch(=a'(1) T
for t € [to, t3]. Integrating both sides from t5 to t3, we get
s g (t)a" (t)

——————=dt < x(t2) — x(t3).
., Ty < st

This implies that
—a'(t3) —s A g
——ds = / ——ds < x(ta) — x(t3).
[ 7%= 1y 70 )~

It follows that

N

/ ——ds < x(t2) — x(t3) < max [(t) — min «(t),
A

h(s) te(a,b] te[a,b]

which is a contradiction. O
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Theorem 7.34 Assume that f : [a,b] x R> — R is continuous and , 3
are lower and upper solutions, respectively, of ©” = f(t,z,2") on [a,b] with
a(t) < B(t) on [a,b]. Further assume that f satisfies a Nagumo condition
with respect to a(t), B(t) on [a,b]. Assume A, B are constants satisfying

a(a) <A< f(a), ab) < B <p(0b);
then the BVP
2 = f(t,z,2"), x(a)=A, x(b)=B (7.26)
has a solution satisfying
a(t) < xz(t) < (1),
fort € la,b].

Proof Pick N; > 0 sufficiently large so that |o/ ()] < Ny and |5'(t)| < Ny
on [a,b]. Let A be as in Definition 7.32 and pick No > \ sufficiently large
so that

N>
sds

—_— > t) — 1 t).
A Ry Al - min a(t)

Then let N := max{N7, N2} and let F(¢,x,2") be the modification of
f(t,x,2") associated with the triple «(t), 5(t), N. Since F' is continuous
and bounded on [a, b] x R?, we have by Theorem 7.17 that the BVP

2 =F(t,x, 1),

x(a) =A, xz(b)=DB
has a solution x on [a,b]. We claim that x(t) < 3(¢) on [a,b]. Assume not;
then w(t) := x(t) — B(t) > 0 at some points in [a,d]. Since w(a) < 0 and
w(b) < 0, we get that w(t) has a positive maximum at some point £ € (a, b).
Hence
w(§) >0, w'(§) =0, w'(§) <0.

This implies that

z(§) > B(€), 2'(§) =A'(€), «"(§) <B"(6).
Note that |2/(£)| = |8(€)] < N. But

SO - 5O 2 F(E (O, (€) - 1(E 56, 7€)
— 9(6.00.5€) + 5I2 - 1(6,5(60.5/©)
_ =0-59
EFG]
> 0,

which is a contradiction. Hence z(t) < 3(¢) on [a, b]. It is left as an exercise
to show that a(t) < z(t) on [a, b].
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Now if [#/(¢)] < N on [a,b], then = would be our desired solution of the
BVP (7.26). As in the proof of Theorem 7.33, we have by the mean value
theorem that there is a tg € (a,b) such that

z(b) — x(a)

"(ty)] = <A< N
@/ (to)] = | = ———| <A< N,

where A is as in Definition 7.32. We claim |2/(¢)] < N on [a,b]. Assume
not, then there is a maximal interval [tq,¢s] containing to in its interior
such that |2/(t)] < N on [t1,t2], where either t; > a and |2/(t2)] = N or
to < b and |2/(t2)] = N. We then proceed as in the proof of Theorem 7.33
to get a contradiction. O

Example 7.35 Consider the BVP
o =2+ (), x(0)=A4, z(1)=B. (7.27)

Suppose that A, B are positive, and ¢ is a number bigger than both
A and B. Then a(t) := 0, 3(t) := ¢ are lower and upper solutions, re-
spectively, of the differential equation in (7.27) on [0,1] with «a(t) < 5(t)
on [0, 1]. Note that the A in Definition 7.32 is given by A = ¢. Define the
function h by h(s) := ¢ + s* and note that

* 5 o0 s
2 ds = % 4
/A ns)” / Zrst”

T 1 ¢
= — — —arctanc.
4ec  2c

The inequality
< s
——ds>c
/)\ h(s)

T
5~ arctanc > 2¢2.

leads to the inequality

Let cg be the positive solution of
T
5~ arctanc = 2¢2.

Using our calculator, ¢g = .69424. It follows that if A and B are strictly
between 0 and ¢y, the BVP has a solution x satisfying

0<z(t) <cy, te]0,1]

(why can we have strict inequalities here?).

A

As a final example, we show how upper and lower solutions can be used
to verify approximations of solutions of singular perturbation problems of
the type studied in Chapter 4.



338 7. BVPS FOR NONLINEAR SECOND-ORDER DEs

Example 7.36 Let € be a small positive parameter and consider the BVP

e + 22 + 22 =0,
2(0)=3, (1) =1

If we substitute a perturbation series

z(t) = xo(t) + exi(t) + -+,

we obtain
2x( + a3 =0,
which has the family of solutions
2
)= ——.
w(t) =56

As in Chapter 4, we observe that it is consistent to have a solution with
boundary layer at ¢ = 0 since for such a solution, the large positive second
derivative term ez’ will balance the negative first derivative term 2z’ in
the differential equation. Consequently, we impose the condition z¢(1) = 1,
which yields

2
St 1

We will leave it as an exercise (Exercise 7.32) to show that the boundary
layer correction at t = 0 is e~ 2*/¢. Consequently, a formal approximation
of a solution to the BVP is (for small ¢)

zo(t)

2 ¢
A(t,é) = H—]_ +€_2?.

As a first step in verifying the formal approximation, we define a trial
upper solution of the form

2
ﬁ(t’e) = t+—1 + e(—2Fae)t/e + ef(t,e),

where a is a positive constant and f is a nonnegative continuous function
to be determined. Note that

B(t,e) — A(t,e) = e 2t/e (eat — 1) +ef >0,

for t > 0 and ¢ > 0, and the maximum of e~?¥/¢(e? — 1) occurs when
e =2/(2 — ae), so for this value of ¢

as € — 0. It follows that
B(t,e) — A(t,e) = O(e) (e —0)

uniformly for 0 <¢ < 1.
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To check if § is an upper solution for the BVP, we compute
s+ 26+ 2 (7.28)

4 ae — 2)?
= ¢ |:(t+1)5 +( = ) e(as—2)t/s+€f//:|

2 -2
+2 |:_ (t - 1)2 + a€6 e(as—2)t/€ + 6f/:|

92 2
* g e ]

After some simplification, (7.28) reduces to

4 4e
(ae—2)t/e —9 (ae—2)t/e 92
e [a(ac )+t+1+e + Ef}+(t+1)3

+e [ef” +2f + h%f] + 2 f2.
Choose f to be a nonnegative solution of
ef" +2f +4f = -5,
specifically,
f= g [e*W*” - 1} (0<t<1),

where X solves eA? + 2\ + 4 = 0, namely,

/\:7”_46_1:_2_‘_@(6) (e — 0).

€
Returning to our calculation, we have that (7.28) is less than or equal to

4
(ae—2)t/e —9 (ae—2)t/e )
e [a(ae )+t+1+e + 2¢f

4 2
—_— —5].
+e{(t+1)3+ef ]
Choose a = 6 and e small enough that ¢ < 1/6, 2¢f < 1, and ef? < 1.
Then
ef" +26 + 52 <0, (0<t<1),

so (3 is an upper solution.

We leave it to the reader to check that A itself is a lower solution.
It follows from Theorem 7.34 that for positive values of € that are small
enough to satisfy the preceding inequalities, the BVP has a solution z(¢, €)
such that

Aty e) < z(tye) < B(tye), (0<t<1).
Since [(t,€) — A(t,e) = O(e), we also have
0 <zx(te) — At,e) = O(e),

as € — 0, uniformly for 0 < ¢ < 1. VAN
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For a general discussion of the analysis of singular perturbation prob-
lems by the method of upper and lower solutions, see Chang and Howes [7]
and Kelley [30].

7.6 Exercises

7.1 Show that if lim, o 2, = x, in a NLS X, then the sequence {z,} is a
Cauchy sequence.

7.2 Show that if X is the set of all continuous functions on [a, 00) satistying
lim oo z(t) = 0, where || - || is defined by ||z| = max{|z(t)] : a <t < o0},
then X is a Banach space.

7.3 Assume that X is the set of all continuous functions on [a,b] and
assume p is a positive continuous function on [a, b], where || - || is defined

by ||z| = max{% ra<t< b} . Show that X is a Banach space.

7.4 Show that if X is the Banach space of continuous functions on [0, 1]
with the max (sup) norm defined by ||z|| := max{|z(¢)| : t € [0,1]} and the
operator T : X — X is defined by

Tx(t)=1t+ /t sz(s)ds, t€][0,1],
0

then T is a contraction mapping on X.

7.5 Show that if in the contraction mapping theorem (Theorem 7.5), o > 1,
then the theorem is false.

7.6 Find a Banach space X and a mapping T on X such that || Tz — Ty|| <
lx — y|| for all z,y € X, x # y, such that T has no fixed point in X.

7.7 Show that if in the contraction mapping thoerem (Theorem 7.5) we re-
place “T is a contraction mapping” by “there is an integer m > 1 such that
T™ is a contraction mapping,” then the theorem holds with the appropriate
change in the inequality (7.1).

7.8 For what values of n and m can we apply Theorem 7.6 to conclude

that
1

2 -1
has a solution that goes to zero as t — oo?

[tha] + e =

7.9 Show that the hypotheses of Theorem 7.7 concerning the BVP
2 =cosz, x(0)=0, =x(1)=0

hold. Assume that xo(t) = 0 and let {z,} be the corresponding sequence
of Picard iterates as defined in Theorem 7.5. Find the first Picard iterate
21 and use (7.1) to find out how good an approximation it is to the actual
solution of the given BVP.
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7.10 Show that the hypotheses of Theorem 7.7 concerning the BVP
2
Tige”
hold. Assume that your initial guess is z¢(t) = 1 + 2 and let {z,,} be the
corresponding sequence of Picard iterates as defined in Theorem 7.5. Find
the first four Picard iterates. Explain your answers. Next find the first
Picard iterate x1 for the BVP
1
“1re”
where again your initial guess is zo(t) = 1 + 2 and use (7.1) to find out
how good an approximation it is to the actual solution of the given BVP.

1

z(0)=1, z(1)=2

1

7.11 Show that the hypotheses of Theorem 7.7 concerning the BVP

1

2" =—=2sinz, z(0)=0, =z(1)=1

hold. Assume that x((t) = ¢t and let {x,} be the corresponding sequence
of Picard iterates as defined in Theorem 7.5. Find the first Picard iterate
x1 and use (7.1) to find out how good an approximation it is to the actual
solution of the given BVP.

7.12 Use Theorem 7.9 to find L so that if b — a < L, then the BVP

2 =—V322+1, z(a)=A, =z(b)=B
has for each A, B € R a unique solution.

7.13 Use Theorem 7.9 to find L so that if b — a < L, then the BVP
9
"o v
1+
for each A, B € R, has a unique solution.

xz(a) = A, z(b) =B,

7.14 Show that if u is a nontrivial soultion of (7.21) with »(0) = 0, then
if w/(t) # 0 on [0,00), then p(K, L) := co. Otherwise p(K, L) is the first
point to the right of 0 where u/(t) is zero.

7.15 Prove the remaining cases in Theorem 7.14.

7.16 (Forced Pendulum Problem) Find a number B so that if 0 < b < B,
then the BVP
0 + %sin(‘) = F(t), 6(0)=A, 0@b)=m,

where g is the acceleration due to gravity, [ is the length of the pendulum,
and A and m are constants has a unique solution.

7.17 Use Theorem 7.17 and its proof to show that
x
.T” = .%‘2—_’_1, .T(O) = 0, .T(].) =2

has a solution z and to find upper and lower bounds on z’(t).
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7.18 Show, as claimed in the proof of Theorem 7.20, that a(t) < z(t) on
[a, b].

7.19 By adapting the method of Example 7.21, find bounds on a solution
of the BVP

/

2" =sinz —2, z(0)==xz(1)=0.
7.20 Show that the BVP
2 =—z(2—2),

2(0)=0, z(m)=0
has a solution z satisfying sint < x(t) < 2 on [0, 7].
7.21 Show that the BVP

" =z + 2%,

xz(a) = A, x(b)=DB

has a solution x satisfying |z(t)| < C on [a,b], where C := max{|A[, |B|}.

7.22 Consider the differential equation in Example 7.24
= f(t,z,2) = [2'|F,
where 0 < p < 1. Show that there is a solution of this differential equation

of the form x(t) = x[t|* for some x > 0 and some a > 2.

7.23 What, if anything, can you say about uniqueness or existence of
solutions of the given BVPs (give reasons for your answers)?

(i)
2" = cos(t?x?(2)3),
z(a)=A, =z(0b) =B

(i)
A R
x(a) =A, z(b)=DB

(iil)
" = et 1?4 T
xz(a) = A, x(b)=DB

7.24 Show that z(t) := 4 — /4 — t is a solution of the differential equation

2" = 2(2')® that is bounded on [0,4) but whose derivative is unbounded

on [0,4).
7.25 For what numbers a < b, A, B, does the BVP
/

z” = arctanz, x(a)=A, xz(b)=DB

have a unique solution?
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7.26 Show that the equation
= v/2cosh <§)

has two solutions ¢y, ¢o satisfying 0 < ¢; < 2 < ¢ < 14. Use your calculator
to approximate ¢; and co. Show that if ¢ is a solution of ¢ = /2 cosh (i),

then
2(8) = 1o cosh? (f)
0= tos g

is a solution of the BVP
2" =—e", z(0)=0, =z(1)=0.

7.27 In the proof of Theorem 7.33, verify the case where there is a t; €
(to, b] such that a’(t;) < —N.
7.28 Show that the BVP

" = —x+ 2%+ (), xz(a)=A, z(b)=DB,
where 0 < A, B < 1, has a solution z satisfying 0 < x(t) < 1 for ¢ € [a, ]].
7.29 Assume that «, 5 € Cla,b] with «(t) < §(t) on [a,b]. Show that if

ft,x, 2 = e + (sinz)(2")?,
then f satisfies a Nagumo condition with respect to a, § on [a, b].
7.30 Show that if 0 < A, B < %, then the BVP
"=z + (), xz(a)=A, z(0b)=B

has a solution for all sufficiently large b.
7.31 Show that the BVP

= %(sint)x + (2", z(0)=A, z(2)=B,
where —.5 < A < .5, —.5 < B < .5, has a solution x satisfying —.5 <
z(t) < .5 for t € [0,2].

7.32 Verify that the boundary layer correction in Example 7.36 is e ~2/¢.

7.33 In Example 7.36, show that the approximation A is itself a lower
solution.

7.34 Consider the BVP
2 =x+ 2%, 2(0)=z(1) =1,
where € is a small positive parameter. Show that
O(t,e) = e t/e 4 et=1)/e
is an upper solution and find a lower solution. Sketch the solution and
describe any boundary layers.
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7.35 For the singular perturbation problem
ex! +a' +22 =0, 2(0)=3, =z(1)=.5,

compute a formal approximation and verify it by the method of upper and
lower solutions.



Chapter 8

Existence and Uniqueness
Theorems

8.1 Basic Results

In this chapter we are concerned with the first-order vector differential
equation

= f(t,x). (8.1)

We assume throughout this chapter that f: D — R™ is continuous, where
D is an open subset of R x R™.

Definition 8.1 We say x is a solution of (8.1) on an interval I provided
x : I — R™ is differentiable, (¢,2(t)) € D, for t € I and 2/(t) = f(¢,x(t))
fort e I.

Note that if x is a solution of (8.1) on an interval I, then it follows
from 2/(t) = f(t,z(t)), for ¢t € I, that x is continuously differentiable on TI.

In the next example we show that a certain nth-order scalar differential
equation is equivalent to a vector equation of the form (8.1).

Example 8.2 Assume that D is an open subset of R x R” and F': D —
R is continuous. We are concerned with the nth-order scalar differential
equation

u™ = F(t,u, o, umD). (8.2)

In this equation ¢, u, v/, - - - ,u™ denote variables. We say a scalar function
u : I — Ris asolution of the nth-order scalar equation (8.2) on an interval I
provided u is n times differentiable on I, (t,u(t),u'(t),--- ,u"~V(t)) € D,
fort eI, and

uM () = F(t,ut),u' (), ,u"D(1),

for t € I. Note that if u is a solution of (8.2) on an interval I, then it
follows that u is n times continuously differentiable on I. Now assume that
u is a solution of the nth-order scalar equation (8.2) on an interval I. For

W.G. Kelley and A.C. Peterson, The Theory of Differential Equations: 345
Classical and Qualitative, Universitext 278, DOI 10.1007/978-1-4419-5783-2_8,
© Springer Science+Business Media, LLC 2010
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tel, let
z1(t) U/(t)
o(t) = za(t) _ u'(t)
2n(t) w1 (5)
Then
24 1) (1)
o - 0| [0
7, (t) u(™ (t)
u'(t)
) " (0)
F(t,ut), o' (t), - ,u= (1))
= f(t,z(1)),
if we define
Pt ) = flb 1,2, ) = " L 83)

F(t,.Tl,.’I?z,"’ ,.'lfn)

for (t,xz) € D. Note that f : D — R" is continuous. Hence if u is a solution
of the nth-order scalar equation (8.2) on an interval I, then

x1(t) u(t)
xo(t) u’(t)

z(t) = : = : ,
Ty (t) w1 (t)

t € I, is a solution of a vector equation of the form (8.1) with f(¢, z) given
by (8.3). Conversely, it can be shown that if = defined by

X1 (t)
To (t)

T ()
for ¢ € I is a solution of a vector equation of the form (8.1) on an interval
I with f(t,z) given by (8.3); then u(t) := x(t) defines a solution of (8.2)

on the interval I. Because of this we say that the nth-order scalar equation
(8.2) is equivalent to the vector equation (8.1) with f defined by (8.3). A
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Definition 8.3 Let (tg,z) € D. We say that x is a solution of the IVP
¥ = f(t,x), =x(ty) = zo, (8.4)

on an interval I provided tg € I, z is a solution of (8.1) on I, and x(t9) = xo.

Example 8.4 Note that if D =R x R?, then z defined by

(0= ((onr)

for t € R is a solution of the IVP

r_ [ X2 _ (0
(). =)
on I :=R. A
Closely related to the IVP (8.4) is the integral equation

fx0+/fsx (85)

Definition 8.5 We say that = : I — R"™ is a solution of the vector integral
equation (8.5) on an interval I provided ¢, € I, x is continuous on I,
(t,z(t)) € D, for t € I, and (8.5) is satisfied for ¢ € I.

The relationship between the IVP (8.4) and the integral equation (8.5)
is given by the following lemma. Because of this result we say the IVP
(8.4) and the integral equation (8.5) are equivalent.

Lemma 8.6 Assume D is an open subset of R x R™, f : D — R" is
continuous, and (to,xg) € D; then x is a solution of the IVP (8.4) on an
interval I iff x is a solution of the integral equation (8.5) on an interval I.

Proof Assume that x is a solution of the IVP (8.4) on an interval I. Then
to € I, z is differentiable on I (hence is continuous on I), (¢, z(t)) € D, for
tel, x(ty) = xo, and

a'(t) = f(t x(t)),

for t € 1. Integrating this last equation and using z(tg) = xo, we get

x(t) = a0 + ) f(s,z(s)) ds,

for t € I. Thus we have shown that x is a solution of the integral equation
(8.5) on the interval I.

Conversely assume z is a solution of the integral equation (8.5) on an
interval I. Then tg € I, x is continuous on I, (t,z(t)) € D, for ¢t € I, and
(8.5) is satisfied for ¢ € I. Since

o(t) =0+ [ fls,a(s)) ds
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for t € I, x(¢) is differentiable on I, z(ty) = xo, and

a'(t) = f(t,2(1)),
for all ¢ € I. Hence we have shown that z is a solution of the IVP (8.4) on

the interval I. O
8.2 Lipschitz Condition and Picard-Lindelof
Theorem

In this section we first defined what is meant by a vector function
f D — R™ satisfies a uniform Lipschitz condition with respect to x on
the open set D C R x R™. We then state and prove the important Picard-
Lindelof theorem (Theorem 8.13), which is one of the main uniqueness-
existence theorems for solutions of IVPs.

Definition 8.7 A vector function f: D — R™ is said to satisfy a Lipschitz
condition with respect to x on the open set D C R x R” provided for each
rectangle

Q:={(t,z):to <t<to+a,l|z—x] <b}CD

there is a constant K¢ that may depend on the rectangle @ (and on the
norm || - ||) such that

1f(t, ) = f(t 9)ll < Kollz -yl
for all (t,2), (t,y) € Q.
Definition 8.8 A vector function f: D — R" is said to satisfy a uniform

Lipschitz condition with respect to x on D provided there is a constant K
such that

1f @t x) = fEy)ll < Kllz—yl],
for all (t,x), (t,y) € D. The constant K is called a Lipschitz constant for
f(t,x) with respect to x on D.
Definition 8.9 Assume the vector function f : D — R™ where D C
R xR™, is differentiable with respect to components of z. Then the Jacobian
matriz D, f(t,x) of f(t,z) with respect to = at (¢,x) is defined by

o hi(ta) o i)
Dufier) = | ) gt
Aefs) e

Example 8.10 If

t2x‘;’x§ + 13
) = ftonen) = (3,73 1)

then
Dwf(t7 SL’) = <

t2x3ws  At2xdad
211 3x%
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Lemma 8.11 Assume D C R x R™ such that for each fixed t, Dy := {x :
(t,x) € D} is a convex set and f : D — R™ is continuous. If the Jacobian
matriz, D, f(t,x), of f(t,x) with respect to x is continuous on D, then

f(tx) — [t y) = / Do f(t, sz + (1— s)y) ds [z — 3], (8.6)
for all (t,z),(t,y) € D.

Proof Let (t,x),(t,y) € D; then Dy is convex implies that (¢, sz + (1 —
s)y) € D, for 0 < s < 1. Now for (t,z),(t,y) € D, and 0 < s < 1, we can
consider

if(t,sx +(1-1s)y)

ds
fity sz + (1= 8)yr, -, 525 + (1 — 8)yn)
i f2(f78$1+(1*5)y1,"' 35$n+(175)yn)

T ds
fn(tv 521 + (1 - S)Qn)yl, s, 8Ty + (1 - S)yn)

o i) an =)+ g fal )@ — )
52 fo- ) w1 —y1) + -+ 5= fa- - ) (@0 — yn)

2 ful )@ =) o+ g fal )@ — yn)
=D, f(t,sx+ (1 —3s)y)x —yl,
where the functions in the entries in the preceding matrix are evaluated at

(t,sx + (1 — s)y). Integrating both sides with respect to s from s = 0 to
s =1 gives us the desired result (8.6). O

Theorem 8.12 Assume D C R x R"™, f : D — R", and the Jacobian
matriz function D, f(t,x) is continuous on D. If for each fized t, Dy :=
{z : (t,z) € D} is convex, then f(t,x) satisfies a Lipschitz condition with
respect to x on D.

Proof Let || - ||1 be the traffic norm (/; norm) defined in Example 2.47
and let || - || denote the corresponding matrix norm (see Definition 2.53).
Assume that the rectangle
Q:={(t,z): |t —to| <a, ||z —z0ls <b} CD.
Let
K = max{|| Do f(t, 2)|| : (¢, 2) € Q};
then using Lemma 8.11 and Theorem 2.54,

1
1f(ta) - )l = | / Do f(t sz + (1— s)y) ds [z — ]|l
1
< / IDaf(t 52+ (1 — sl ds - 1z — ylls
0
< Klz—ylh,
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for (t,x), (t,y) € Q. Therefore, f(t,x) satisfies a Lipschitz condition with
respect to x on D. O

Theorem 8.13 (Picard-Lindelof Theorem) Assume that f is a continuous
n-dimensional vector function on the rectangle

Q:: {(tvm):to §t§t0+a,”$*l’0” Sb}

and assume that f(t,x) satisfies a uniform Lipschitz condition with respect
tox on Q. Let

M = max{[|f(t, z)] : (t,2) € Q}

o :=min< a i
= ST

Then the initial value problem (8.4) has a unique solution x on [to,to + «.
Furthermore,

and

[(t) = 2ol < b,
for t € [to, to + a].

Proof To prove the existence of a solution of the IVP (8.4) on [to,to + ¢,
it follows from Lemma 8.6 that it suffices to show that the integral equation

x(t) =z + t f(s,z(s)) ds (8.7)

has a solution on [tg, to + «]. We define the sequence of Picard iterates {x}
of the IVP (8.4) on [to, to + o] as follows: Set
xo(t):l’o, te [to,t0+a],

and then let

t
Tpt1(t) = z0 +/ f(s,zk(s)) ds, t € [to,to+ a], (8.8)

to
for k = 0,1,2,---. We show by induction that each Picard iterate xj is

well defined on [tg,tg + @], is continuous on [tg, ¢y + «], and its graph is
in Q. Obviously, zo(t) satisfies these conditions. Assume that zj is well
defined, xy is continuous on [tg,to + «], and

llek(t) — a0l < b, on [to,to + .

It follows that

t

Tp1(t) =z + f(s,z(s)) ds, tE€ [to,to+
to



8.2. LipscHITZ CONDITION AND PICARD-LINDELOF THEOREM 351

is well defined and continuous on [tg, tg + «]. Also,
t

st (t) — o] < |f(s,2x(s))| ds
to
< M(t—to)
< Ma«a
< b,

for t € [to,to + ] and the induction is complete.
Let K be a Lipschitz constant for f(t,z) with respect to  on Q. We
now prove by induction that
MKk(t _ to)k-‘rl
(k4 1)! ’
for k =0,1,2,---. We proved (8.9) when & = 0. Fix &k > 1 and assume

that (8.9) is true when k is replaced by k — 1. Using the Lipschitz condition
and the induction assumption, we get

[k 41(8) = 2R ()] < t € [to, to + al, (8.9)

t

[ze41 () —2e@®) = | t[f(s,xk(s))—f(s,wk—l(s))} ds|
< t £ (s, 2k (s)) — f(s,2r-1(s)) ds
< K t |2k (s) — zr—1(s)| ds
< MK’f/t: (s k!t‘))kds
B MKk(t_tO)k+1

(k+1)! ’

for t € [to,to + ). Hence the proof of (8.9) is complete.
The sequence of partial sums for the infinite series

2o(t) + 3 [Emr1 () — 2 ()] (8.10)
m=0
18 .
{zo(t) + Y [eme1(t) = 2w (B)]} = {an (D)}
m=0

Hence we can show that the sequence of Picard iterates {xj(t)} converges
uniformly on [tg, top + @] by showing that the infinite series (8.10) converges
uniformly on [tg, ¢y + a]. Note that

|Tma1(t) —zm(@®)| < %(KO‘)M

(m+ 1)
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for ¢ € [to, to + o] and

oo Ka m—+1
Z converges.
m + 1

Hence from the Weierstrass M-test we get that the infinite series (8.10)
converges uniformly on [tg, to+a]. Therefore, the sequence of Picard iterates
{z(t)} converges uniformly on [tg, %o + «]. Let

z(t) = lim xx(2),
k—o0
for t € [to, to + a]. It follows that
l2(t) — ol < b,
for t € [to, to + a]. Since
1f(t, 2 (t) — f(t, ()] < Kok (t) — z(t)]]
on [to, to + ],
im f(t,zx(t)) = f(t,2(t))
k—o0
uniformly on [tg, o + a]. Taking the limit of both sides of (8.8), we get

x(t) = x0 + ) f(s,z(s)) ds,

for t € [to, to + ). It follows that x is a solution of the IVP (8.4).

To complete the proof it remains to prove the uniqueness of solutions of
the IVP (8.4). To this end let y be a solution of the IVP (8.4) on [to, to+ 5],
where 0 < 8 < «. It remains to show that y = x. Since y is a solution of
the IVP (8.4) on [tg, to + 5], it follows from Lemma 8.6 that y is a solution

of the integral equation
t
0=+ [ fls.us) ds
to

on [to,to + B]. Similarly we can prove by mathematical induction that

MKk (t _ t())kJrl

t) — 1) < 8.11

lo(6) = au(t)] < S o — (8.11)
for t € [to,to + ], k=0,1,2,--- . It follows that
y(t) = Jim a(t) = (1),

for t € [to,to-‘rﬁ]. O

Corollary 8.14 Assume the assumptions in the Picard-Lindelof theorem
are satisfied and {xy(t)} is the sequence of Picard iterates defined in the
proof of the Picard-Lindelof theorem. If x is the solution of the IVP (8.4),
then

MKk(t _ to)k-‘rl

() ~ (0] < =g (312)
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for t € [to,to + ], where K is a Lipschitz constant for f(t,x) with respect
tox on Q.

Example 8.15 In this example we maximize the « in the Picard-Lindelof
theorem by choosing the appropriate rectangle ) for the initial value prob-
lem

o =a2? 2(0)=1. (8.13)
If
Q={(t,x):0<t<a,|r—1] <b},
then
M = max{|f(t,z)] = 2% : (t,x) € Q} = (1 +b)*
Hence

: b . b
= 1M1n {G,M} = min {a,m} .

Since we can choose a as large as we want, we desire to pick b > 0 so that

ﬁ is a maximum. Using calculus, we get o = i. Hence by the Picard-

Lindelof theorem we know that the solution of the IVP (8.13) exists on

the interval [0, 1]. The IVP (8.13) is so simple that we can solve this IVP

to obtain x(t) = 1. Hence the solution of the IVP (8.13) exists on [0,1)
1

[actually on (—oo,1)]. Note that a = ; is not a very good estimate. A

Example 8.16 Approximate the solution of the IVP
¥ =cosz, x(0)=0 (8.14)

by finding the second Picard iterate 2 (t) and use (8.12) to find how good
an approximation you get.

First we find the first Picard iterate z1(¢). From equation (8.8) with
k=0 we get

X1 (t)

ot [ costeo(s) ds

to

t
/ 1ds
0

= .

From equation (8.8) with &k = 1 we get that the second Picard iterate xo(t)
is given by

o + /t cos(x1(s)) ds

to

t
/ cos s ds
0

sint.

o (t)
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To see how good an approximation xs(t) = sint is for the solution z(t) of
the IVP (8.14), we get, applying (8.12), that

1
|x(t) — sint| < 6t3.
A

Corollary 8.17 Assume D is an open subset of R x R", f : D — R"
is continuous, and the Jacobian matriz D, f(t,x) is also continuous on
D. Then for any (to,zo) € D the IVP (8.4) has a unique solution on an
interval containing to in its interior.

Proof Let (tg,z¢) € D; then there are positive numbers a and b such that
the rectangle

R:={(t,z): [t —to] <a, || —x0ls <b} C D.

In the proof of Theorem 8.12 we proved that f(¢,z) satisfies a uniform
Lipschitz condition with respect to  on R with Lipschitz constant

K = max{||D,f(t,z)| : (t,z) € R},
where || - || is matrix norm corresponding to the traffic norm || - ||; (see Defi-
nition 2.53). Let M = max{[|f(t,2)|| : (t,x) € R} and let o := min{a, 2 }.
Then by the Picard-Lindelof theorem (Theorem 8.13) in the case where we

use the rectangle R instead of @) and we use the [; norm (traffic norm), the
IVP (8.4) has a unique solution on [ty — a, tg + . O

Corollary 8.18 Assume A is a continuous n X n matrix function and h
is a continuous n X 1 vector function on an interval I. If (to,xo) € I X R,
then the IVP

¥ =At)r + h(t), z(to) = xo

has a unique solution.

Proof Let
f(t,x) = A(t)z + h(t);
then
Dy f(t,x) = A(),
and this result follows from Theorem 8.17. (|

In Theorem 8.65, we will show that under the hypotheses of Corollary
8.18 all solutions of 2’ = A(t)x + h(t) exist on the whole interval I. Also,
in Theorem 8.65 a bound on solutions will be given.

Corollary 8.19 Assume D is an open subset of RxR™, the scalar function
F : D — R is continuous, and F(t,xz1,xa, - ,x,) has conlinuous partial
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derivatives with respect to the variables x1,x2, -+ ,xy, on D. Then for any
(th Ug, g, -+~ aun—l) < D the IVP
u™ = F(t,uu, - ulmY), (8.15)
ulto) =ug, W(to)=wr, -, u" V(tg)=u,_1 (8.16)

has a unique solution on an interval containing to in its interior.

Proof In Example 8.2 we proved that the differential equation (8.15) is
equivalent to the vector equation 2’ = f(¢,x), where f is given by (8.3).
Note that f: D — R x R™ and the Jacobian matrix

0 1 o - 0
0 0 1 - 0
D, f(t,x) = : : . . :
0 B ) 1
le(taxla"'axn) Fﬂ?n(taxla"'vxn)
are continuous on D. The initial condition x(tg) = o corresponds to
T (to) U(to) UQ
To (to) Ul(to) Ul
Tn (to) u(nfl)(to) Up—1
and the result follows from Corollary 8.17. O

Example 8.20 In this example we apply Corollary 8.19 to the second-
order scalar equation

o = (sint)e® +u? + (u')%
This equation is of the form u” = F(t,u,u’), where
F(t,z1,25) = (sint)e™ + 22 4 (x2)%
Let D := R3; then D is an open set and F(t,z1,22) is continuous on
D. Also, Fy, (t,z1,22) = (sint)e®™ + 2z and Fy,(t,z1,22) = 2xo are
continuous on D. Hence by Corollary 8.19 we have that every IVP
u” = (sint)e® +u? + (u')?,
u(ty) = uo, u(to) = w1
has a unique solution on an open interval containing t. A

Example 8.21 In this example we apply Corollary 8.19 to the second-
order scalar equation

1
w =wus +3u + e

This equation is of the form u” = F(t,u,u’), where

1
F(t,z1,20) = 7 + 319 + .
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It follows that F, (¢, z1,72) = —» and F,, (¢, z1,72) = 3. If we let D be
3z}

either the open set {(t,z1,22) : t € R, 21 € (0,00), 22 € R} or the open

set {(t,z1,22) : t € R, x1 € (—0,0), 22 € R}, then by Corollary 8.19 we

have that for any (to, ug,u1) € D the IVP

u = us 430+ e, u(t) =uo, u(to) = (8.17)

has a unique solution on an open interval containing ty. Note that if ug = 0,
then Corollary 8.19 does not apply to the IVP (8.17). VAN

8.3 Equicontinuity and the Ascoli-Arzela
Theorem

In this section we define what is meant by an equicontinuous family of
functions and state and prove the very important Ascoli-Arzela theorem
(Theorem 8.26). First we give some preliminary definitions.

Definition 8.22 We say that the sequence of vector functions {z, (¢)}2°_,
is uniformly bounded on an interval I provided there is a constant M such
that

lem @) < M,
for m=1,2,3,---, and for all ¢ € I, where || - || is any norm on R™.

Example 8.23 The sequence of vector functions

m(t) = <si§€:zt)> ’

m=1,2,3,--- is uniformly bounded on the interval I := [0, 1], since
Jm@)lls = 2/£™| + [sin(mt)] < M =3,
forallt € I, and for all m=1,2,3,--- . VAN

Definition 8.24 We say that the family of vector functions {x.(t)}, for «
in some index set A, is equicontinuous on an interval I provided given any
€ > 0 there is a § > 0 such that

[2a(t) — za(T)l] <€
for all &« € A and for all ¢t,7 € I with |t — 7| < 4.

We will use the following lemma in the proof of the Ascoli-Arzela the-
orem (Theorem 8.26).

Lemma 8.25 (Cantor Selection Theorem) Let { fi.} be a uniformly bounded
sequence of vector functions on E C R™. Then if D is a countable subset
of I, there is a subsequence {fy,} of {fx} that converges pointwise on D.
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Proof If D is finite the proof is easy. Assume D is countably infinite; then
D can be written in the form

D - {.’131,-%'2,-7;3,"'}.

Since {fr(x1)} is a bounded sequence of vectors, there is a convergent
subsequence { fix(z1)}. Next consider the sequence { fi5(z2)}. Since this is
a bounded sequence of vectors, there is a convergent subsequence { fa(22)}.
Continuing in this fashion, we get further subsequences such that

fui(z), fia(x), fiz(z), --- converges at
fa1(z), foa(®), faz(x), --- converges at 1, s

f31(x), fsa2(x), fss(x), --- converges at x1, T2, T3

It follows that the diagonal sequence {fix} is a subsequence of {fx} that
converges pointwise on D. O

Theorem 8.26 (Ascoli-Arzela Theorem) Let E be a compact subset of R™
and {fr} be a sequence of n-dimensional vector functions that is uniformly
bounded and equicontinuous on E. Then there is a subsequence { fr;} that
converges uniformly on F.

Proof In this proof we will use the same notation || - || for a norm on R™
and R". If E' is finite the result is obvious. Assume FE is infinite and let

D: {.’El,xQ,x;},"'}

be a countable dense subset of E. By the Cantor selection theorem (Theo-

rem 8.25) there is a subsequence { fz, } that converges pointwise on D. We

claim that {fx,} converges uniformly on E. To see this, let € > 0 be given.

By the equicontinuity of the sequence { fi} on E there is a § > 0 such that
€

Ifee) = Sl < 5

when ||z —y| <6, x,y € E, k > 1. Define the ball about x; with radius ¢
by

(8.18)

B(z;):={z € E: || — x| < 0},
for i = 1,2,3,---. Then {B(z;)} is an open covering of E. Since F is
compact there is an integer J such that

{Bx)}i
covers E. Since { fx;(x)} converges pointwise on the finite set
{xla:EQa e ,.TJ},

there is an integer K such that

iy @) = fon @)l < 5 (8.19)
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when kj, ky, > K, 1 <7< J. Now assume x € E; then
x € B(zi,),
for some 1 < ig < J. Using (8.18) and (8.19), we get
[ fi; (@) = frn (@) < (e (@) = o (i)l
+ s (@io) = From (@io) | + | fr (Ti9) — fr ()]
e,
3 3 3
== 6,

for kj, kp, > K. O

8.4 Cauchy-Peano Theorem

In this section we use the Ascoli-Arzela theorem to prove the Cauchy-
Peano theorem (8.27), which is a very important existence theorem.

Theorem 8.27 (Cauchy-Peano Theorem) Assume tg € R, g € R", and
f is a continuous n-dimensional vector function on the rectangle

Q= {(t;z) : |t —to] < a,[lz —xol| <0}

Then the initial value problem (8.4) has a solution x on [ty — o, to + o with
lx(t) — zol| <O, fort € [to — o, to + ], where

i L
a=minq e, 7

M :=max{|| f(t, )| : (t,z) € Q}.

and

Proof For m a positive integer, subdivide the interval [to, o + «] into 2™
equal parts so that the interval [to,to + ] has the partition points
to <t <tg: - <togm =tg+ .
So .
j .
tj:t0+2—m, 0<j<2m.

For each positive integer m we define the function z,, (see Figure 1 for
the scalar case) recursively with respect to the intervals [¢;,¢;41], 0 < j <
2™ as follows:

T (t) = 20 + f(to, xo)(t —to), to <t <ty
1 = xm(t1), and, for 1 < j < 2™ — 1,
T (t) =@ + [t 25)(t —15), t; <t <tj4,
where

Tip1 = T (tj1)-
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Jo

to 31 to 13

FIGURE 1. Approximate solution x,, (t).

We show by finite mathematical induction with respect to 7, 1 < 57 < 2™,
that 2,,(t) is well defined on [to, t;], and

|lz(t) — zol| < b, for te [to,t;].
First, for t € [to,tl],
T (t) = xo + f(to, z0)(t — to)

is well defined and

1/ (o, o) || (t — to)
Mo
= om

< b

[ (£) = 2ol

for t € [to,t1]. Hence the graph of z,, on the first subinterval [to, ¢1] is in
Q. In particular, z1 = x,,(t1) is well defined with (t1,21) € Q.
Now assume 1 < j < 2™ — 1 and that x,,(t) is well defined on [tg, ¢,]
with
|zm () — x|l < b, on [to,t;].
Since (t;,2;) = (t;, 2m(t;)) € Q,

T (t) = x5 + f(t5,25)(t —t5), t; <t <tj
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is well defined. Also,

[2m () = 2ol = [llzm(®) — 2] + [rj — 2] + -+ [21 = ]|

j—1

< D lwner = @l + lem(t) — o]
k=0
j—1

< ST wn) tarn — Il + 17t )8 — 1)
k=0
Jj—1 a

< ZQ—me(tk,xk)ll+Hf(tj,wj)H(t*fj)
k=0
aj «a

< 2—mM+2—mM

< aM

< b

for t € [t;,t;41]. Hence we have shown that z,,(t) is well defined on [to, to+
«] and
[ (£) = 2ol <
on [to, to+«]. We will show that the sequence {x,,} has a subsequence that
converges uniformly on [tg, to + ] to a vector function z and z is a solution
of the IVP (8.4) on [to, to + a] whose graph on [t, o + ¢ is in Q.
We now claim that for all t, 7 € [tg, to + @]
|Xm () — zm (D)|| < M|t — 7). (8.20)

We will prove this only for the case tp—1 < 7 <t <t <t < t;41 as the
other cases are similar. For this case

[€m () = zm (7)|
-1

= |lem(t) = 2m @]+ Y _[em(tisn) = 2m(t;)] + [2m(te) = zm(D)]]

=k
-1
< Nzm(®) = 2@+ D lem(tia) = 2m )]+ lem(tr) = @m (1)
j=k
-1
< Gl —t) + > 1t )t — )
j=k
+ s =) (B = 7)
< M(t—r7).

Hence (8.20) holds for all t, 7 € [to, to + a].
Since f is continuous on the compact set @, f is uniformly continuous
on ). Hence given any € > 0 there is a § > 0 such that

1 (t,z) = F(m9)ll <e (8.21)
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for all (¢t,z),(7,y) € Q with [t — 7| < 4, ||z — y|| < ¢. Pick m sufficiently

large so that
a Ma <5
max
om’ gm

Then, for t; <t <t;4q,0< 7 < 2™ —1, since

Mo
Jm(®) = 2] < S <&

and
«
[ty — 1] < 5 <6,

we get from (8.21)
1f (s 2m(8)) = f(t5,25)] <,

fort; <t <tj41,0< 5 <2™ —1. Since

T (t) = £ (5, 5),
fort; <t <tjy1,0<5<2™ 1, we get that

1f (& 2m () = 2 (D] <€,

fort; <t <tjr1,0< 5 < 2™ —1. Hence if
for t € [to, to + ], where z, (t) exists, then we have shown that

lim g¢,,(t) =0

m— 00

uniformly on [tg, o + o], except for a countable number of points.
Fix t € [to,to + a]; then there is a j such that ¢; <t <t;;1. Then

Tm(t) —xg = xm(t) — xm(to)
= [xm(t) — am(t Z Ton (i) — Tyn (t—1)]
k=1
= xl (s) ds + " x..(s) ds
I, Z/

t
= /x’m(s) ds
to

for ¢ € [to, to + o. Hence
t
o) =0+ [ £(5,2m(5)) + g (s)] ds, (5.22)
to
for ¢ € [to, to + . Since
[Zm @O < [lzm (&) — ol + llzoll < [[zoll + b,

the sequence {x,,(t)} is uniformly bounded on [to, to+c]. Since the sequence
{zm(t)} is uniformly bounded and by (8.20) equicontinuous on [tg, to + &,
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we get from the Ascoli-Arzela theorem that the sequence {z,,(t)} has a
uniformly convergent subsequence {z,, (t)} on [to,to + «]. Let

z(t) == klim T, (1),
for t € [to, to + a]. It follows that
T f(t, 2, (1)) = £(t,2(1)

uniformly on [tg, %o + «]. Replacing m in equation (8.22) by {m;} and
letting k — oo, we get that z(t) is a solution of the integral equation

z(t) =z + t f(s,2(s)) ds

on [to, to + . It follows that z(t) is a solution of the IVP (8.4) with ||z () —
xo|| < b, for t € [to, to + «]. Similarly, we can show that the IVP (8.4) has
a solution v(t) on [t — a,to] with ||v(t) — zo|| < b, for ¢ € [ty — a, to]. Tt

follows that ® [ |
L v(t), telto— a,tol,
o(t) = { 2(8), tEltoto+a]
is a solution of the IVP (8.4) with
() — zol <b
on [ty — a,tg + a].
U

Under the hypotheses of the Cauchy-Peano theorem we get that IVPs
have solutions, but they need not be unique. To see how bad things can
be, we remark that in Hartman [19], pages 18-23, an example is given of a
scalar equation 2’ = f(t,x), where f : R x R — R, is continuous, where for
every IVP (8.4) there is more than one solution on [tg, to+ €] and [tg — €, to)
for arbitrary € > 0.

Theorem 8.28 Assume D is an open subset of R x R, f: D — R™ is
continuous, and K is a compact subset of D. Then there is an o > 0 such
that for all (to,x0) € K the IVP (8.4) has a solution on [to — a,to + a].

Proof For (t,z),(t,y) € RxR", define the distance from (¢, z) to (¢,y) by

d[<tax)a (Tay)] = ma’X{|t - T|a H‘T - yH}
If the boundary of D, 8D # (0, set p = d(K,dD) > 0. In this case define

K, = {(t,2) : dl(t, ), K] < £},
If 0D = 0, then let
K,={(tz):d|(txz), K] <1}.
Then K, C D and K, is compact. Let
M = max{||f(t,z)| : (t,z) € K,}.
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Let (to,x0) € K; then if ¢ := min{1, §},
Q :={(t,x) : [t —to] <4,]|lz — x| <0} C K,.
Note that
[t 2) | <M, (tz) Q.
Hence by the Cauchy-Peano theorem (Theorem 8.27) the IVP (8.4) has
a solution on [tg — ., to + a], where o := min{§, 54;} if 9D # 0 and
o :=min{l, 17} if 9D = 0. O

8.5 Extendability of Solutions

In this section we will be concerned with proving that each solution of
a’ = f(t,x) can be extended to a maximal interval of existence. First we
define what we mean by the extension of a solution.

Definition 8.29 Assume z is a solution of 2’ = f(¢,2) on an interval I.
We say that a solution y on an interval J is an extension of x provided
J DI and y(t) = «(t), for t € I.

~

FIGURE 2. Impossible solution of scalar equation 2’ =
f(t,x) on [a,b).

The next theorem gives conditions where a solution of ' = f(¢,z) on a
half open interval [a, b) can be extended to a solution on the closed interval
[a,b]. This result implies that there is no solution to the scalar equation
a’ = f(t,z) of the type shown in Figure 2.

Theorem 8.30 Assume that [ is continuous on D C R x R™ and that x
is a solution of ' = f(t,x) on the half-open interval [a,b). Assume there is
an increasing sequence {ty} with limit b and limy_, o x(tg) = xo. Further
assume there are constants M > 0, a > 0, 8 > 0 such that ||f(t,z)|| < M
on DN{(t,x): 0<b—t<a,lz— x| < B} Furthermore, if f(b,zq) can
be defined so that f is continuous on DU{(b,x0)}, then x can be extended
to be a solution on [a,b].
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Proof Pick an integer N sufficiently large so that

0<b—ty<a, Hx(tk)—xo||<§, and 0<bftk§%,
for all Kk > N. We claim
lx(t) — ol < B, for ty <t<b.

Assume not; then there is a first point 7 > tn such that

lx(r) — zo]| = 8
But then
8 154
2~ 73
< () — zoll - la(tw) — 2ol
< (o) - a(tw)]
IR
- , d
l;ﬂsﬂﬂ>s
< M|T—t1v|
5

which is a contradiction and hence our claim holds.
Note that for ¢,7 € [tn,b),

Jott) = = [ @' ash =1 [ 565,060 sl < Mt =7,
It follows that the Cauchy criterion for lim;_,— x(t) is satisfied and hence

li t) =
gL = oo

exists. Define

xz(b) =29 = lim x(t).

t—b—

Now assume that f(b, xo) is defined so that f is continuous on DU{(b, x¢)},
then

lim z'(t) = lim f(t,z(t))

t—b— t—b—

= f(b,z0).
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Hence, using the mean value theorem,

/ _ . .%‘(b) B x(t)
v(b) = tl—lgl— b—t
= tlirgt l’l(gt), t < ft < b,

= f(ba .’L’())
= f(b,z(b)).

Therefore, x is a solution on [a, ].
U

Definition 8.31 Assume D is an open subset of R x R, f : D — R"
is continuous, and z is a solution of @’ = f(t,z) on (a,b). Then we say
(a,b) is a right mazimal interval of existence for x provided there does not
exist a by > b and a solution y such that y is a solution on (a,b;) and
y(t) = x(t) for t € (a,b). Left mazimal interval of existence for x is defined
in the obvious way. Finally, we say (a,b) is a maximal interval of existence
for x provided it is both a right and left maximal interval of existence for
x.

Definition 8.32 Assume D is an open subset of R x R™, f : D — R"
is continuous, and x is a solution of «/ = f(¢,x) on (a,b). We say z(t)
approaches the boundary of D, denoted 0D, as t — b—, write z(t) — 0D
as t — b—, in case either
(i) b= 00

or
(ii) b < oo and for each compact subset K C D there is a tx € (a,b) such
that (t,z(t)) ¢ K for txg <t <b.
Similarly (see Exercise 8.20), we can define x(t) approaches the boundary
of D as t — a+, write z(t) — dD as t — a+.

Theorem 8.33 (Extension Theorem) Assume D is an open subset of R x
R™ f: D — R"™ is continuous, and x is a solution of ' = f(t,x) on
(a,b), —oo < a <b<oo. Then x can be extended to a mazimal interval of
existence (a,w), —o00 < a < w < oo. Furthermore, x(t) — 9D as t — w—
and x(t) — 0D ast — a+.

Proof We will just show that x can be extended to a right maximal interval
of existence (a,w) and z(t) — D as t — w—.

Let {K}} be a sequence of open sets such that the closure of K}, K,
is compact, Ky C K41, and U | K = D (see Exercise 8.21).

If b = oo, we are done, so assume b < co. We consider two cases:

Case 1. Assume for all k > 1 there is a 73 such that for ¢ € (7%, b) we
have that

(t,2(t) & K.
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Assume there is a by > b and a solution y that is an extension of x to the
interval (a, b1). Fix to € (a,b); then
A= {(t,y(t)) : to <t <b}
is a compact subset of D. Pick an interger k¢ sufficiently large so that
{(t,x(t)) : to <t <b} C AC Ky,.

This is a contradiction and hence (a,b) is a right maximal interval of exis-
tence for . Also, it is easy to see that x(t) — 0D ast — b —.

Case 2. There is an integer mg and an increasing sequence {t;} with
limit b such that (t,x(t)) € Ky, for all k& > 1. Since K,,, is compact,
there is a subsequence (y,, z(tx;)) such that

jli,lgo(tkj ) x(tkj )) = (ba xO)

exists and (b, 79) € K,,, C D. By Theorem 8.30 we get that we can extend
the solution x to (a,b] by defining z(b) = xo. By Theorem 8.28 for each
k > 1 there is a 0 > 0 such that for all (t1,21) € Ky the IVP

¥ =f(t,x), x(t1) =1

has a solution on [t; — O, t1 + dx]. Hence the IVP o/ = f(¢, ), 2(b) = xo,
has a solution y on [b, b+ d,,,] and so if we extend the definition of x by

~Jx(t), on (a,b],
=) = {y(t), on (b, -+ Gy,

then z is a solution on (a, b+ 6,,,]. If the point (b+ 0,y £(b+my)) € Ky,
then we repeat the process using a solution of the IVP

2= f(t,x), x(b+dm,)=x(b+ dm,),

to get an extension of the solution x to (a,b + 2dm,], which we also de-
note by x. Since K,,, is compact, there is a first integer j(mg) such that
(b1, 2(b1)) ¢ Ky, where

b1 = b+ j(m0)dm,-
However, (b1,x(b1)) € D and hence there is an my > myg such that

(bl, .%‘(bl)) S Kml-
Therefore, the extension procedure can be repeated using K,,, and the
associated d,,,. Then there is a first integer j(mz) such that (bg, z(b2)) ¢
K., , where

by = b1 + j(m1)dm, -
Continuing in this fashion, we get an infinite sequence {by}. We then define

w = lim by.
k—oo

We claim we have that the solution z has been extended to be a solution of
a’ = f(t,x) on the interval (a,w). To see this, let 7 € (a,w); then there is
a by, such that 7 < by, < w and z is a solution on (a, by, ]. Since 7 € (a,w)
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is arbritary, « is a solution on the interval (a,w). If w = co, we are done.
Assume that w < oo. Note that the interval (a,w) is right maximal, since
(bi;z(br)) & Ko, _,, for each k > 1 (Why?).
We claim that
x(t) = 90D as t—w-—.

To see this, assume not; then there is a compact set H C D and a strictly
increasing sequence {7} with limit w such that

(Ti, (1)) € H, for k>1.

But by the definition of the sets {K,,}, there is a m such that H C Kz
which leads to a contradiction. ]

Theorem 8.34 (Extended Cauchy-Peano Theorem) Assume that D is an
open subset of R x R™ and f : D — R™ is continuous. Let

Q:={(t,z): |t —to| <a, ||z —x0]| < b} C D.

a=min< a i
- ’M )

M = max{[[f(t,2)] : (t,7) € Q}.
Then every solution of the IVP (8.4) exists on [to — o, o + .

Let

where

Proof Assume z is a solution of the IVP (8.4) on [to,to + €], where 0 <
€ < a. Let [to,w) be a right maximal interval of existence for z. Since
x(t) — dD as t — w— and @ C D is compact, there is a 3 > tg such that

x(t) € Q,

for 8 <t < w. Let t; be the first value of t >t such that (¢1,z(t1)) € 0Q.
If t; = to + a, we are done. So assume

|z(t1) — zol| = b.
Note that
b = [lz(t1) — 2ol

t1
= [ [ 2'(s)ds]
to

=1 (s, 2(s)) ds|

< / 1 (s, 2(5))]| ds
< M(t —to).

Solving this inequality for ¢1, we get

b
t12t0+M2to+a.
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The other cases of the proof are left to the reader. O

Corollary 8.35 Assume that f : RxR"™ — R" is continuous and bounded;
then every solution of ' = f(t,x) has the maximal interval of existence
(—00,00).

Proof Since f is bounded on R x R™, there is a M > 0 such that
1f(t2)]| < M,

for (t,z) € R x R™. Assume z; is a solution of 2’ = f(¢,z) with maximal
interval of existence (a1,w1), —00 < a1 < wy < oo. Let tg € (a1, wr) and
let

xo = x1(to).
Then x; is a solution of the IVP (8.4). For arbitrary a > 0, b > 0 we have
by Theorem 8.34 that z7 is a solution on [ty — «, tg + a, where

= min i
o= a,M .

Since M is fixed, we can make « as large as we want by taking a and b
sufficiently large, and the proof is complete. [

Theorem 8.36 (Uniqueness Theorem) Assume tg € R, g € R"™ and the
n-dimensional vector function f is continuous on the rectangle

Q:={(t,z) : to <t <tg+a,lz— x| <b}.
If the dot product
[f(t,@1) = f(t, @2)] - [w1 — 22] <0,
for all (t,z1), (t,z2) € Q, then the IVP (8.4) has a unique solution in Q.

Proof By the Cauchy-Peano theorem (Theorem 8.27), the IVP (8.4) has a
solution. It remains to prove the uniqueness. Assume that x;(¢) and z2(t)
satisfy the IVP (8.4) on the interval [tg,to + €] for some ¢ > 0 and their
graphs are in @ for ¢ € [tg, to + €. Let

h(t) = [la1(t) — 22 ()17, ¢ € [to, to + ],

where | - || is the Euclidean norm. Note that h(t) > 0 on [to,to + €] and
h(to) = 0. Also, since h(t) is given by the dot product,

h(t) = e (t) — 22(8)] - [ (8) — 22(8)],

we get

h'(t) 202 (t) — 25(B)] - [wa () — 22(1))]
= 2[f(t, 2 (t) — [t 22(t))] - [w1(F) — wa(D)]

0

IN
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on [tg,to + €]. Thus A(t) is nonincreasing on [to, to + €]. Since h(ty) = 0 and
h(t) > 0 we get that h(t) = 0 for t € [tg, to + €]. Hence

x1(t) = x2(t)
on [to,to + €]. Hence the IVP (8.4) has only one solution. O

The following corollary follows from Theorem 8.36, and its proof is
Exercise 8.22.

Corollary 8.37 Assume ty € R, g € R and the scalar function f is
continuous on the planar rectangle

Q= {(t,z):to <t <to+a,l|r— a0 <b}.

If for each fized t € [tg,to + al, f(t,x) is nonincreasing in x, then the IVP
(8.4) has a unique solution in Q.

In the next example we give an application of Corollary 8.37, where
the Picard-Lindelof theorem (Theorem 8.13) does not apply.
Example 8.38 Consider the IVP
a = f(tvx)v 1’(0) =0, (823)
where
0, t=0, —0o<z<o00,
Pt a) = 2t, 0<t<1, —c0o<x <O,
T 2t -2 0<t<1,0< <,
—2t, 0<t<1,t?<x<oo.
Tt is easy to see that f is continuous on [0,1] x R and for each fixed
t € [0,1] f(t,z) is nonincreasing with respect to . Hence by Corollary 8.37
the IVP (8.23) has a unique solution. See Exercise 8.23 for more results

concerning this example.
VAN

8.6 Basic Convergence Theorem

In this section we are concerned with proving the basic convergence
theorem (see Hartman’s book [19]). We will see that many results depend
on this basic convergence theorem; for example, the continuous dependence
of solutions on initial conditions, initial points, and parameters.

Theorem 8.39 (Basic Convergence Theorem) Assume that {fi} is a se-
quence of continuous n-dimensional vector functions on an open set D C
R x R™ and assume that

khm fk(tvx) = f(t,(t)
uniformly on each compact subset of D. For each integer k > 1 let xy, be
a solution of the IVP z' = fi(t,x), x(ty) = xok, with (tg,xor) € D, k > 1,

and limy_, o0 (tg, Tor) = (to, 2o) € D and let the solution xj have mazimal
interval of existence (ag,wy), k > 1. Then there is a solution x of the
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limit TVP (8.4) with maximal interval of existence (a,w) and a subsequence
{or, (t)} of {xx(t)} such that given any compact interval [11,T2] C (o, w)

lim g, (t) = 2(t)

j—00
uniformly on [11, 2] in the sense that there is an integer J = J(71,72) such
that for all j > J, [11, 2] C (ag,;,wx;) and

li () = x(t
jﬁéngxh() x(t)

uniformly on |11, T2]. Furthermore,

limsup oy, < a <w < i

infwk]..
j—o0 J—o

Proof We will only prove that there is a solution of the limit IVP (8.4)
with right maximal interval of existence [to,w) and a subsequence {x, (t)}
of {zx(t)} such that for each 7 € (tg,w) there is an integer J = J(7) such
that [to, 7] C (ag;,wx;), for j > J and

I () = a(t
o dim g (1) = (1)

uniformly on [tg, 7]. -
Let {Kj}2, be a sequence of open subsets of D such that Kj is
compact, K C Kjy1, and D = U K. For each k > 1, if 9D # 0 let

H = {(e) € D1 d((t0), Br) < ),

where py, := d(0D, K},), and if 0D = () let

Hy = {(t,l’) eD: d((t,x),?k) < 1}.
Note that Hy, is compact and Kj, C Hy C D, for each k > 1. Let fo(t,z) :=
f(t,z) in the remainder of this proof. Since

uniformly on each compact subset of D, fo(t,x) = f(¢, ) is continuous on
D and for each £ > 1 there is an M}, > 0 such that
[fm(t, z)|| < M) on  Hpg,
for all m > 0. For each k > 1 there is a d; > 0 such that for all m > 0 and
for all (7,y) € K, every solution z of the IVP
= fmtz), z(r)=y
exists on [T — 0y, T + ;] and satisfies (¢,z(t)) € Hy, for t € [T — 0, T + 0k].
Since (tg,zg) € D, there is an integer my > 1 such that (tg, z9) € Ky, . Let
Sk
€ 1= —k, for k>1.
3
Since
lim (tk,.’l,‘ok) = (to,xo),
k—o0
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there is an integer N such that
(ti,xor) € Ky, and  |tg — to| < €my,
for all K > N. Then for k > N,
[to,to + €m,] C (g, wr)
and (t,z(t)) € Hy,, for k > N. This implies that the sequence of func-
tions {x}7° y is uniformly bounded on [to,tg + €,,] and since

T2

ek (r2) —zu(r)ll = |l [ (s) ds]|

| fe(s,21(s)) ds||

T1

Mm1|7—2 - 7_1|7

N

for all 71,7 € [to,to + €m, ], the sequence of functions {x}7° 5 is equicon-
tinuous on [tg, tg+€m, ]. By the Ascoli-Arzela theorem (Theorem 8.26) there
is a subsequence {k1(j)}32; of the sequence {k}pZ y such that

Jim g, ) (1) = (2)

uniformly on [tg, to+ €, ]. This implies that « is a solution of the limit IVP
(84) on [to, to + Eml].
Note that

hm (tO + Emlaxkl(j)(to + 6ml)) - (tO + Gml,.’ﬂ(to + 6ml)) € Hml CD.
j—o0
If (to + €my,x(to + €m,)) € Kp,, then repeat the process and obtain a
subsequence {k2(j)}32, of {k1(j)}32, such that
Jli)rgo Lhy () (t)

exists uniformly on [t; + €m,,t1 + 2€,,,] and call the limit function x as
before. Then x is a solution of the IVP

y' = f(ty), ylto+em,) = (to + €m,)-
It follows that
Jim g, ) (1) = (t)
uniformly on [tg,to + 2€,,]. Continuing in this manner, there is a first

integer j(mj) such that an appropriate subsequence converges uniformly
to an extended z on [to, to + j(m1)€em,| and

(tO +j(m1)6m1,1’(t0 +j(m1)6m1)) ¢ Kml'
Pick mgy > my so that
(tO +j(m1)€m1,w(t0 + j(ml)Gml)) € sz'

We then continue this process in the obvious manner to get the desired
result. ]
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8.7 Continuity of Solutions with Respect to
ICs

In this section we are concerned with the smoothness of solutions with
respect to initial conditions, initial points, and parameters. Two very im-
portant scalar equations that contain a parameter A are Legendre’s equa-
tion

(1 —t2)u" — 2tu' + A\ +1u =0
and Bessel’s equation
2" +tu’ + (12— A2)u = 0.

Theorem 8.40 (Continuity of Solutions with Respect to Initial Conditions
and Parameters) Assume that D is an open subset of R x R™ and A is an
open subset of R™ and f is continuous on D x A with the property that for
each (to,xo, o) € D x A, the IVP

¥ = f(t,x, No), z(to) =m0 (8.24)

has a unique solution denoted by x(t;to,xo, o). Then = is a continuous
function on the set a <t < w, (to, o, o) € D x A.

Proof Assume

lim (tOk:,l'Ok,)\k) = (t(),.fc(),)\()) €D x A.

k—oo
Define
fk(t, x) = f(t, xZ, )\k),
for (t,x) € D, k > 1. Then
lim fk(t, .1‘) = f(t, Z, )\0)
k—o0

uniformly on compact subsets of D. Let xx(t) = x(¢t; tok, Tok, Ak ); then
is the solution of the IVP
x' = fk(t,.’t), l’(tOk) = X0k-

Let (ax,wy) be the maximal interval of existence for xy, for k > 1 and let
x(t; to, o, Ag) be the solution of the limit IVP (8.24) with maximal interval
of existence (o, w). Then by the basic convergence theorem (Theorem 8.39),

lim l’k(t) = lim .’ﬂ(t;tOk,l’Ok,)\k))
k—o00 k—o00
= x(t;to, To, Ao)

uniformly on compact subintervals of («, 3) (see Exercise 8.28). The con-
tinuity of & with respect to its four arguments follows from this. O

Theorem 8.41 (Integral Means) Assume D is an open subset of R x
R™ and f : D — R" is continuous. Then there is a sequence of vector
functions {gi(t,x)}, called integral means, such that g : R x R — R",
along with its first-order partial derivatives with respect to components of x,



8.7. CONTINUITY OF SOLUTIONS WITH RESPECT TO ICS 373

are continuous and gy satisfies a uniform Lipschitz condition with respect
tox on R x R™, for each k =1,2,3,--- . Furthermore,

kllnolc gk(tvw) = f(t,lL')

uniformly on each compact subset of D.

Proof Let {Kj}2, be a sequence of open subsets of D such that K} is
compact, K C Kpy1,and D = Upe; K. By the Tietze-Urysohn extension
theorem [44], for each k& > 1 there is a continuous vector function hy on all
of R x R™ such that

hi [, = 1,
and
max{||hr(t, )| : (t,z) € R x R"} = max{||f(¢t,z)| : (t,x) € fk} =: M.

Let {dx} be a strictly decreasing sequence of positive numbers with limit
0. Then for each k > 1, define the integral mean g by

1 1406k Ty 0
gr(t,x) == / / hie (B, Y1, Y2y -+ 5 Yn) dyp - - - dyn,
(7 ) (26k)n z1—8 S (’ ? 9 n) n
where © = (x1, 22, -+ ,xy), for (t,2) € RxR™. We claim that the sequence

{gr(t,z)} satisfies the following:

(i) gk is continuous on R x R", for each k > 1,

(ii) |lgr(t,2)|| < My on R x R™, for each k > 1,

(iil) gx has continuous first-order partial derivatives with respect to
components of z on R x R", for each k > 1,

(iv) Hg—i’:” < %} on R x R", for 1 <i <n and for each k > 1,

(v) limg—oo g(t,z) = f(t,2) uniformly on each compact subset of
D.

We will only complete the proof for the scalar case (n = 1). In this case
1 z+0g
gr(t,z) = —/ hi(t,y) dy,
26k x_ék

for (t,z) € R x R. We claim that (i) holds for n = 1. To see this, fix
(to, o) € R x R. We will show that gi(t,z) is continuous at (to,xo). Let
e > 0 be given. Since hy(t, z) is continuous on the compact set

Q:={(t,x): |t —to] <o, |z—x0| <201},

hi(t, ) is uniformly continuous on Q. Hence there is a 6 € (0,0;) such
that

€
|h(ta, w2) — hi(tr, 21)| < >

for all (t1,21), (t2,x2) € Q with [t; — to| <6, |x1 — x| < 6.

(8.25)
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For |t — to] < 6, |z — x| < §, consider

lgx(t, ) — gr(to, wo)]

< gr(t @) = gr(to, @)| + |gk(to, z) — gk(to, zo)|
1 z+0p
< o= \hi(t,y) — hi(to,y)| dy
204 bk
1 T40p zo+0
+ 55 / hi(to, y) dy — / hi(to,y) dy
k |Jx—3 zo—0k
€ 1 T+ T—0k
< Stas / hi(to,y) dy—/ hi(to, y) dy
k To+k x0—0k
€ 1 T+ 1 T—0
< stoi|)  Watawldy+ge| [ it dy
2 205, To+0k 20k zo—0k
< S + Mk|l‘ — .’L‘o‘
- 2 Ok
€, oM
2 Ok
where we have used (8.25). Hence, if we further assume § < ;&’1, then we

get that

|9k (t, ©) — gr(to, zo)| < e,

if [t — to] < 6, |x — x| < &. Therefore, g is continuous at (¢g, zp). Since
(to,zp) € R x R and k > 1 are arbritary, we get that (i) holds for n = 1.
To see that (ii) holds for n = 1, consider

L
204

1 z+0p
— hy(t d
250 ) s, |hi(t, )| dy

1 z+0p
< — My d
< g, M

= Mka

z+0g
/ hi(t,y) dy

If(;k

gk (t, 2)| =

<

for all (t,2) € R x R and for all & > 1. To see that (iii) and (iv) hold for
n = 1, note that

g, y_ 1

o (t, ) 99, [hi(t,z + 6) — hi(t, z — )]

is continuous on R x R. Furthermore,

gy 1
Ik < _
o (t,w)’ < 25k[\hk(t’l‘+5k)| + [hk(t, © — k)]

M,

S R
Ok



8.8. KNESER'S THEOREM 375

for all (t,z) € R x R and k > 1. This last inequality implies that gi(t,x)
satisfies a uniform Lipschitz condition with respect to z on R x R.

Finally we show that (v) holds for n = 1. Let H be a compact subset
of D. Then there is an integer mo > 1 such that H C K,,,. Let ¢ > 0 be
given. Fix (to,x0) € H. Let

p:=d(H,0Ky,).

Since f is uniformly continuous on the compact set K ,,,, there is an 7 > 0
such that

|f(t2,$2) - f(tlaxl)‘ <, (826)

if (t1,21), (ta, 72) € K, with [t; —ta| < n, |21 — 22| < 7. Pick an integer
N > my sufficiently large so that ¢, < min{p,n}, for all kK > N. Then for
all k > N,

{(t,z) : |t —to| < Oy |z — 20| < Ik} C Kiny-
Then for all £ > N,

lgr (to, xo) — f(to,zo)|

1 IO“Fék
E/ hi(to,y) dy — f(to, o)

0—0k

1 zo+0k 1 zo+0k
E/ hi(to, y) dy — E/ f(to,wo) dy

0—0k 0—0k

1 zo+0g
< L / 1 (tor ) — f(to,z0)] dy
21 /.

0—0k
< €,

where we have used (8.26) in the last step. Since (tg, o) € H is arbitrary,
we get

|gk(tvx) - f(t,l‘)| <6
for all (t,z) € H, for all Kk > N. Since H is an arbritrary compact subset
of D, we get

kllr{:ogk(t,x) = f(t,x)

uniformly on compact subsets of D. O
8.8 Kneser’s Theorem

In this section we will prove Kneser’s theorem.

Theorem 8.42 (Kneser’s Theorem) Assume D is an open subset of R x R™
and f : D — R™ is continuous. If the compact interval [to,c] is a subset
of the mazimal interval of existence for all solutions of the IVP(8.4), then
the cross-sectional set

S.:={y € R" : y = x(c), where x is a solution of the IVP (8.4) on [to, ]}

is a compact, connected subset of R™.
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Proof To show that S. is compact we will show that S, is closed and
bounded. First we show that S, is a closed set. Let {yx} C S, with
khjgo Yk = Yo,

where yo € R™. Then there are solutions zj, of the IVP (8.4) on [tg, ¢] with
xi(c) =y, k = 1,2,3,--- . By the basic convergence theorem (Theorem
8.39) there is a subsequence {zy, } such that

lim g, () = 2(1)
j—oo

uniformly on [tg, ¢], where x is a solution of the IVP (8.4) on [tg, c]. But
this implies that

yo = lim yi, = lim x4, (c) = z(c) € Se
J—00 J—0o0

and hence S, is closed.
To see that S. is bounded, assume not; then there is a sequence of
points {yx} in S. such that

lim ||yl = oo.
k—oo

In this case there is a sequence of solutions {zj} of the IVP (8.4) such that
zr(¢) =y, k > 1. But, by the basic convergence theorem (Theorem 8.39),
there is a subsequence of solutions {zy,} such that

lim 2, (t) = 2(1)
j—oo

uniformly on [tg, ¢], where z is a solution of the IVP (8.4) on [to, ¢]. But
this implies that
lim 2, (c) = z(c),

J—00

which contradicts
lim 24, (c)| = lim [y, | = oo.
j—oo j—oo

Hence we have proved that S, is a compact set.
We now show that S, is connected. Assume not; then, since S, is
compact, there are disjoint, nonempty, compact sets Ay, As such that

A UA; =S,
Let
0 :=d(Ay,Ag) > 0.
Then let
h(z) :=d(x, A1) — d(z, Az),
for x € R™. Then h : R™ — R is continuous,
h(z) <=0, for xz€ A,

and
h(z) >0, for x€ A,.
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In particular, we have

h(z) # 0
for all z € S.. We will contradict this fact at the end of this proof. Since
f D — R" is continuous, we have by Theorem 8.41 that there is a
sequence of vector functions {g} such that g : R x R" — R is bounded
and continuous and gj satisfies a uniform Lipschitz condition with respect
to x on R x R™, for each k£ = 1,2,3,--- . Furthermore,

k—o0
uniformly on each compact subset of D. Since A; # () for i = 1,2 there are
solutions x;, i = 1,2 of the IVP (8.4) with
ZL’Z(C) € Al
Now define for i = 1,2
gr(t, ) + f(to, zi(to)) — gr(to, zi(to)), t < to,
gie(t,x) == gr(t,z) + f(t,2:(t) — g(t, i(t)), to<t<eg,
gk(tvx) +f(C,ZL’Z(C)) 79/6(6,1'2'(0))7 c< ta
for (t,z) € Rx R", k =1,2,3,---. It follows that g;; is continuous and
bounded on R x R™ and satisfies a uniform Lipschitz condition with respect
to x on R x R™, for each i = 1,2 and k =1,2,3,--- . Furthermore,
klim gik(t,x) = f(t,x)
uniformly on each compact subset of D, for ¢ = 1,2. From the Picard-
Lindelof theorem (Theorem 8.13) we get that each of the IVPs
x = gik(t’x)’ .13(7') =¢
has a unique solution and since each g;i is bounded on R x R™, the maximal
interval of existence of each of these solutions is (—oo, c0). Note that the
unique solution of the IVP
x' = ga(t,x), x(to) = xo
on [to,c] is x; for i =1,2.
Let
pr(t,z, A) == Ag1i(t, ) + (1 — N)gar(t, z),

for (t,x,\) e RxR" xR, k=1,2,3,--- . Note that for each fixed \ € R,

pi is bounded and continuous and satisfies a uniform Lipschitz condition
with respect to x. Furthermore, for each fixed A,

lim pk(taxa )‘) = f(t,.’l))
k—oo
uniformly on each compact subset of D. Let for each fixed A € R, (-, \)
be the unique solution of the IVP
o =pr(t,z,N), x(to) = zo.
It follows that g : R — R, defined by
ar(A) = h(zk(c, A),
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is, by Theorem 8.40, continuous. Since

qk(0) = h(zk(c,0)) = h(z2(c)) = 6,
and

k(1) = h(zx(c, 1)) = h(z1(c)) < =0,

there is, by the intermediate value theorem, a A\p with 0 < Ay < 1 such
that

k(M) = h(zr(c, Ax)) =0,

for k =1,2,3,--- . Since the sequence {\;} C [0, 1], there is a convergent
subsequence {Ax, }. Let

)\0 = hm )\k:j~
J—0o0

It follows that the sequence xy; (¢, A, ) has a subsequence zy, (t, Ax; ) that

converges uniformly on compact subsets of (—o0,00) to Z(t), where T is a
solution of the limit IVP

= f(t,x), x(to) = zo.

It follows that
lim T, (C, /\kh) = f(c) € S..

Hence
lim h(z,, (¢, Ak;,)) = h(Z(c)) =0,

11— 00
which is a contradiction.
O

8.9 Differentiating Solutions with Respect to
ICs

In this section we will be concerned with differentiating solutions with
respect to initial conditions, initial points, and parameters.

Theorem 8.43 (Differentiation with Respect to Initial Conditions and
Initial Points) Assume f is a continuous n dimensional vector function
on an open set D C R x R™ and f has continuous partial derivatives with
respect to the components of x. Then the IVP (8.4), where (to,zo) € D, has
a unique solution, which we denote by x(t;to, xo), with maximal interval of
existence (a,w). Then x(t;to,xo) has continuous partial derivatives with

respect to the components xo;, j =1,2,---,n of xg and with respect to tg
on (a,w). Furthermore, z(t) := %&ZO)

1VP

defines the unique solution of the

2 =Jt)z, =z(to) =ej,
where J(t) is the Jacobian matriz of f with respect to x along x(t;tg, xo),
that is,

J(t) - Dwf(tv x(t; to, -TO))
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and

52]'

€; = . 5

Onj
where 0;; is the Kronecker delta function, for t € (o,w). Also, w(t) =
%too,zo) defines the unique solution of the IVP

w' = J(tw, wlte) = —f(to, o),

fort € (o,w).

Proof Let 7 € (a,w). Then choose an interval [¢1,t2] C (o, w) such that
T, to € (t1,t2). Since
{(t,.’ﬂ(t;to,xo)) 1t e [tl,tg}} cD
is compact and D is open, there exists a 6 > 0 such that
Qs ={(t,7) : [t —t| < 6,[|T — x(t; to, x0))l| <0, fort € [t, 2]}
is contained in D. Let {6;}72, be a sequence of nonzero real numbers with
limg 00 0 = 0. Let a(t) := x(t;to, xo) and let x5 be the solution of the
VP
¥ = f(t,x), x(to) = xo + ke,
where 1 < j < n is fixed. It follows from the basic convergence theorem

(Theorem 8.39) that if (ay,ws) is the maximal interval of existence of xy,
then there is an integer ko so that for all k > ko, [t1, 2] C (ag, 8x) and

() — zr ()] <6

on [t1,t2]. Without loss of generality we can assume that the preceding
properties of {zx} hold for all k& > 1. Since, for t; <t < t3,0< s <1,

lswr() + (1 - s)a(t)] - 2(0)]
— sllan(t) — a()] < 56 <,

it follows that
(t, sz (t) + (1 — s)z(t)) € Qs,
for t1 <t < ty,0<s<1. By Lemma 8.6,

. (t) — 2'(t) [t ze(t)) — f(t2(t))
_ / Dauf(t, san(t) + (1— $)a(t)) ds [ex(t) — (1),

for t1 <t < to. Let

1

zi(t) == a

then z; is a solution of the IVP

o :/0 Do f(t, szi(t) + (1 — s)a(t)) ds 2,  x(to) = e;,

[z () — 2(@)];



380 8. EXISTENCE AND UNIQUENESS THEOREMS

where e; is given in the statement of this theorem. Define hy : (t1,t2) X
R™ — R™ by

hi(t, 2) = / Do f(t soa(t) + (1 — $)z(t)) ds 2,

for (t,z) € (t1,t2) x R™, k> 1. Then hy, : (t1,t2) x R™ — R™