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Preface

In a review of books on the method of averaging, J.A. Murdock [1999] has
written: “The subject of averaging is vast, and it is possible to read four or five
books entirely devoted to averaging and find very little overlap in the material
which they cover.”

One more book on averaging is presented to the reader. It has little in
common with other books devoted to this subject.

Bogoliubov’s small book (Bogoliubov [1945]) laid the foundation of the
theory of averaging on the infinite interval. The further development of the
theory is contained in the books Bogoliubov, N.N., and Mitropolskiy, A.Yu.
[1961] and Malkin I.G. [1956].

In recent years many new results have been obtained, simpler proofs of
known theorems have been found, and new applications of the method of
averaging have been specified.

In this book the author has tried to state rigorously the theory of the
method of averaging on the infinite interval in a modern form and to provide
a better understanding of some results in the application of the theory.

The book has two parts. The first part is devoted to the theory of averaging
of linear differential equations with almost periodic coefficients. The theory
of stability for solutions of linear differential equations with near to constants
coefficients is stated. Shtokalo’s method is described in more exact and mod-
ernized form. The application of the theory to a problem of a parametric
resonance is considered. A separate chapter is devoted to application of ideas
of the method of averaging to construction of asymptotics for linear differ-
ential equations with oscillatory decreasing coefficients. In the last chapter
some properties of solutions of linear singular perturbed differential equations
with almost periodic coefficients are considered.

At the same time in the first part the basis for construction of the nonlinear
theory is laid.

The second part is devoted to nonlinear equations.

In the first four chapters the systems in standard form are considered when
the right-hand side of the system is proportional to a small parameter. The
first chapter is devoted to construction of the theory of averaging on the infi-
nite interval in the first order averaging. In particular, some results are stated
that have been obtained in recent years. In the second chapter we describe the
first applications of theorems on averaging on the infinite interval. The ma-
jority of applied problems considered here are traditional. Use of a method of
averaging allows one to perform a rigorous treatment of all results on existence

Xi



xii

and stability of periodic and almost periodic solutions. In the third chapter
the method of averaging is applied to the study of the stability of equilibri-
ums of various pendulum systems with an oscillating pivot. First, the history
of research related to the problem of stabilization of the upper equilibrium
of a pendulum with an oscillating pivot is stated. Then the stability of the
equilibriums of a pendulum with an almost periodically oscillating pivot are
investigated. Some modern results are stated. For example, the problems of
stabilization of Chelomei’s pendulum and a pendulum with slowly decreasing
oscillations of the pivot are considered. In the fourth chapter the higher order
approximations of the method of averaging are constructed, and the condi-
tions of their justification on the infinite interval in the periodic and almost
periodic cases are established. The existence and stability of the rotary mo-
tions of a pendulum with an oscillating pivot are studied. A critical case of an
autonomous system when the stability of the trivial equilibrium is related to
the bifurcations is considered. In the fifth chapter theorems similar to Banfi’s
theorem are proved: the uniform asymptotic stability of solutions of averaged
equation implies closeness of solutions of exact and averaged equations with
close initial conditions on an infinite interval. The approach to these problems
as proposed by the author is developed. This approach is based on special the-
orems on stability under constantly acting perturbations. Some applications
are considered.

The subsequent three chapters are devoted to systems with rapidly rotating
phase. Here we consider the problems of closeness of solutions of exact and
averaged equations on the infinite interval, existence and stability of resonance
periodic solutions in two-dimensional systems with rapidly rotating phase,
existence and stability of almost periodic solutions in two-dimensional systems
with rapidly rotating phase and slowly varying coefficients.

The book contains a number of exercises. These exercises are located in
chapters that are devoted to applications of theory to problems of theory
oscillations. The exercises should help to develop application technique of the
method of averaging for the study of applied problems.

The book has three appendices. The first appendix contains useful facts
about almost periodic functions. This is the main class of functions that are
used throughout the book. In the second appendix some facts on the stability
theory are stated in the form in which they are used in the book. The third
appendix contains descriptions of some elementary facts of functional analysis.

The book is addressed to the broad audience of mathematicians, physicists,
and engineers who are interested in asymptotic methods of the theory of
nonlinear oscillations. It is accessible to graduate students.

I would like to thank Alex Bourd for invaluable help in the typesetting of
this manuscript.
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Chapter 1

Periodic and Almost Periodic
Functions. Brief Introduction

In this chapter, we describe in brief the main classes of functions that we
shall use in what follows. The functions of these classes are determined for
all t € (—00,00) (we shall write t € R).

1.1  Periodic Functions

We shall associate each periodic function f(¢) with the period T (it is not
necessary that the function be continuous) a Fourier series

fit) ~ag+ ;ak cos %kt + by, sin %kt,

It is often convenient to write the Fourier series in the complex form. Pre-
senting cos 27kt and sin 27 kt in the complex form and assuming ¢, = §(ax —

Zbk), C_p = g(ak — Zbk), we obtain

oo
f(t) ~ Z Ckeiz%kt’
k=—o0
where ¢y = ag. The number aq is determined by the formula

T

ay = % / F(t)dt

0

and is called the mean value of a periodic function. From this point on,
the mean value will be of priority. We emphasize the following property of
a periodic function. Let an indefinite integral of the periodic function f(t)
(accurate within a constant) be

/ F()dt = cot + g(t),
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where ¢(t) is a periodic function. The Fourier series of the function g(t) is
obtained by integrating termwise the Fourier series of the function f(t).
If we introduce the norm

IF @I = max [f(#)],

t€[0,T)

the continuous periodic functions generate a complete normalized linear space
(a Banach space) that we denote by Pr.

Along with continuous periodic functions, we also consider the periodic
functions with a finite number of simple discontinuities (jumps) on a period,
as well as the generalized periodic functions that are the derivatives of such
periodic functions. We shall represent such functions by the Fourier series.
As is known (see Schwartz [1950]), every generalized periodic function f(t) is
a sum of a trigonometric series

ft) = % + nz::l(an cosnt + by, sinnt),

where

™

17 1
an:—/f(t)cosntdt, bn:—/f(t)sinntdt n=0,1,...
T T

—T
The trigonometric series converges, in the generalized sense, if and only if

an by

-0, ——0 n—o0
n

nk
for some integer £ > 0. Hence, we can perform various analytical operations on
the Fourier series. For instance, differentiating a saw-tooth periodic function
f(t) corresponding to the Fourier series

1 > cos 2wkt
F(t) = 2 + Z 2k
k=—o00, k#£0

yields a periodic function (d-periodic function)

i d(t—m)=1+2 i cos 2wkt = i et2mht
k=—o0 k=—o00, k#0 k=—o0

where 6(t) is Dirac’s d-function. Here, the equalities are understood in terms
of the generalized function theory. The sine series (see Antosik, Mikusinski,

Sikorski [1973])
Z sin kt
k=1
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converges, in the generalized sense, to the function %cot t. Therefore, the
series

> sin(2k — 1)t
k=1
1

converges, in the generalized sense, to the function 5—.
Let the T-periodic function f(t) be differentiable everywhere except the
points t, where it has jumps ag. Then, in the generalized sense

F) = {f ()} + awdr(t — to),

where {f(t)} is the classical part of the derivative, and

oo

1 i 2x
or(t) = Y €T

k=—o00

1.2  Almost Periodic Functions

Let a trigonometric polynomial be expressed as

Tn(t) = Z ag cos wit + by sin wit, (11)
k=1

where ay, b, wy are real numbers. It is convenient to write expression (1.1)
in the complex form

n
Tn(t) _ Z Ckeikkt,
k=1

where A\ are real numbers.

There exist the trigonometric polynomials that are not periodic functions.
Consider the polynomial f(t) = e® + ™ for example. Assume that f(t) is
a periodic function having some period w. The identity f(t + w) = f(t) then
takes the form

(eiw _ 1)eit + (eimu _ 1)ei7rt =0.

Because the functions e and e’ are linearly independent, we have
e —1=0, ™ —1=0.

Hence, w = 2km and mw = 2hm, where k and h are integers. These equalities
cannot hold simultaneously.

Definition 1.1. The function f(t) determined for ¢ € R will be called
almost periodic if this function is a limit of uniform convergence on the
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entire real axis of the sequence T, () of the trigonometric polynomials in the
form (1.1). That is, for any € > 0, there is a positive integer N such that for
n>N

sup [f(t) = Tn(t)| <e.

—oo<t<oo

It is evident that any continuous periodic function will be almost periodic
from the standpoint of Definition 1.1. Let us describe the properties of the
further required almost periodic functions.

1) Each almost periodic function is uniformly continuous and bounded on
the entire real axis.

2) If f(t) is an almost periodic function and c¢ is a constant, then cf(¢),
f(t+c¢), f(ct) are almost periodic functions.

3) If f(t) and g(t) are almost periodic functions, then f(¢) + g(¢t) and f(¢) -
g(t) are almost periodic functions.

It follows from 3) that if P(zq,22,...,2) is a polynomial of variables
21,29, ..., 2k, and f1(t), fa(t), ..., fx(t) are almost periodic functions, then
the function F(t) = P(f1, fa,..., fr) are also almost periodic.

4) If f(t) and g(t) are almost periodic functions and sup__ ;. |9(t)| > 0,
then % is an almost periodic function.

5) The limit of a uniformly convergent sequence of almost periodic functions
is an almost periodic function.

Let ®(21, 22, ..., 2n) be a function uniformly continuous on a closed boun-
ded set II in a n-dimensional space. Let fi(¢),..., fn(t) be almost periodic
functions and (f1(¢),..., fo(t) € Il for t € R. Then it follows from 5) that
F(t) = ®(f1(t),..., fn(t) is an almost periodic function.

The following property of an almost periodic function is particularly im-
portant.

6) For an almost periodic function f(t), there exists the limit

a+T
Jim / )t = (f(t))

uniformly with respect to a. The number (f(t)) is independent of the choice
of a and is called the mean value of the almost periodic function f(t).

Let f(t) be a periodic function with the period w. We represent the real
number T as T' = nw + «,,, where n is an integer and «,, obeys the inequality

0<a, <w.

T — oo implies n — co. We calculate the mean value of the function f(¢):

T nw—+ay,

(f(£)) = lim l/f(t)dt: lim —— / F(t)dt =
0

n—oo NW ~+
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(i+1)w nw-+any,

nlgrolom+% Z / ft)dt + / ftyat y =

w Qn 1 w
li ==
n1—>H;O nw + an n/f dt+/f w/f(t)dt
0 0

Thus, the mean value that we introduced for the periodic functions coincides
with an ordinary mean value of a periodic function.

The existence of the mean value allows constructing a Fourier series for an
almost periodic function. Let f(¢) be an almost periodic function. Because
the function e is periodic for any real A, we see that the product f(t)e™ is
an almost periodic function. Therefore, there exists the mean value

a(A) = (f(t)e™).

Of fundamental importance is the fact that the function a(\) may be non-zero
for a countable set of \ at most. The numbers Ay,...,\,,... are called the
Fourier exponent, and the numbers a1, ..., a,,... are the Fourier coefficients
of the function f(¢).

Thus, each almost periodic function f(t) corresponds to the Fourier series:

t) ~ § anemﬂt
n

We can perform formal operations on the Fourier series. Let f(t) and g(t) be
the almost periodic functions and

t) ~ Zanei)\nt _ Za(/\)ei)\t’

A

t)~ > buetnt =3 "h(A)e.
n A

Then:
1) kf(t) ~ 3, kaner"  (k=constant),
A1) S, ane O,

@,

2)
3) f_(tJra) ~> ap,e’ ettt (o € R),
4) f(t) ~ 3, ane” Pt .
5 f(t)+g(t) ~ > \(a ( ) +b(N))e,
6) f(t)-g(t) ~>, cpe™t, where
Cp = Z apby.
AptHg=Vn

If the derivative of an almost periodic function f(¢) is an almost periodic
function, then its Fourier series is obtained from the Fourier series of f(t)
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by a termwise differentiation. If the indefinite integral of an almost periodic
function f(t) is an almost periodic function, then

/f dt~c+z “t)\ £0).

Let us consider in detail the integration of the almost periodic functions.
If f(t) is a periodic function with non-zero mean value, then the following

equality is valid
¢
[ e =n)e-+ gt0),
0

where g(t) is a periodic function. For the almost periodic functions, the
latter equality, generally speaking, does not hold. There exist almost periodic
functions with zero mean value such that their integral is unbounded and thus
is not an almost periodic function, such as
o0
=2

k=1

'L
2

%~

We shall call the almost periodic function f(t) correct if the equality

t

[ e = (n)e-+ 900,

0

where g(t) is an almost periodic function, holds. The function f(t) is correct
if it is a trigonometric polynomial. If the Fourier exponents of an almost
periodic function are separated from zero, A\, > ¢ > 0, then this function will
also be correct.

If there exists a finite set of numbers w1, ws, ..., w,, such that each Fourier
exponent of an almost periodic function is a linear combination of these num-
bers

An = n1wi + - F Ny,

where nq,...,n,, are integers, then this almost periodic function is called
quasi-periodic. The quasi-periodic functions can be obtained from the pe-
riodic functions of many variables. For example, let F(z,y) be a function
periodic in each of its variables with the period 27 and continuous. Then
F(wit,wot) is a quasi-periodic function if the numbers wq,ws are incommen-
surable.

The above properties of the almost periodic functions imply that these
functions generate a linear space. By introducing the norm

IFOI = sup [f({)];

—oo<t<oo
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we make this space into a Banach space (a complete normalized linear space).
This space is denoted by B. It is easy to see that the mean value is a linear
functional on this space, that is, the mean value has the following properties:

1) (cf(t)) = ¢(f(t)) ( c=constant),

2) ((F(t) + (1)) = (£(8)) + {g(2)),

3) If the sequence of the almost periodic functions fi(t),..., fu(t),..., for
t € R, converges uniformly to the almost periodic function f(t), then

Jim (£.,(6) = (£(2).

We defined an almost periodic function as a uniform limit on an infinite
interval of a sequence of trigonometric polynomials. This definition served
the basis in the book of Corduneanu [1989]. Historically, H. Bohr was the
first who defined almost periodic functions but we do not cite his definition
here. Often, the following definition by S. Bohner is convenient.

Definition 1.2. A function f(t) continuous on the real axis is called almost
periodic if from each infinite sequence of functions

Ft+h), fE+ha)y.r FE+hp), ...

it is possible to choose a subsequence such that it converges uniformly on the
entire real azis.

1.3  Vector-Matrix Notation

Later on, we shall use a vector-matrix notation. By y = (y1,...,yn) we
denote a vector, and yi, ..., ¥y, are the components of the vector. If the com-
ponents are the functions of the variable t, then we obtain a vector-function
y(t), which will simply be called a function (a function with values in a n-
dimensional space) unless that causes misunderstanding. We naturally define
the vector-functions as follows

% _ (%,...,%) ,/y(t)dt: (/yl(t)dt,...,/yn(t)dt).

In a set of n-dimensional vectors, we introduce a norm by the formula

n

lyll = lui

i=1

or the formula

[yl =

n

2
E Yi-
i=1
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The norm has the following properties:
lz +yll < llzll +[lyll, lleyll = lelllyll (¢ = const).

Another frequently used inequality is worth mentioning:

b b
[ / y(t)dt]| < / ()] dz.

In what follows, we shall denote the vector norm by |- |. Let A be a square
matrix of order n with the elements a;;. We introduce the norm of the matrix

using the formula
n
1Al =) lagl-

4,j=1
For the norm of a matrix we could have used other definitions, such as, for
example,

[1A]] = max Zlaul

1<i<n

It is easy to see that
A+ BJ| < [|Al[ +[|B]l,

[|cAll = le] - [|A]] - (¢ = const),
| Az[| < [[A]] - ||z (2 — vector),
|ABI[ < || Al - || B]]

Naturally, we introduce the %% A and [ A(t)dt. The inequality

b b
I [ A< [ 11a@a:

holds true. Further, we shall denote the norm of the matrix by | - |.

We shall call the vector-function f(t) = (f1(t),..., fn(t)) almost periodic if
its components f;(t) are the almost periodic functions. It is easy to see that
the almost periodic vector-functions possess all the properties of the scalar
almost periodic functions as described in the previous clause. The almost
periodic vector-functions constitute a Banach space on introduction of the
norm

IOl = sup [f({)];

—oo<t<oo

where |f(t)] is the norm of the vector f(t). We shall denote this space by By,.
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The periodic vector-functions with the period T constitute a Banach space
on introduction of the norm

IFOI = max |f(2)].

0<t<T
We denote this space by Pr.
We shall call the matrix-function almost periodic if its elements are the

almost periodic functions. Finally, the vector-function T'(¢) will be called a
trigonometric polynomial if its components are the trigonometric polynomials.






Chapter 2

Bounded Solutions

2.1 Homogeneous System of Equations with Constant
Coefficients

Consider a system of differential equations
dz

= A 2.1

dt “ 21)

where A is a constant square matrix of order n. Let us recall some properties
of system (2.1), that will be necessary later on. The general solution of system
(2.1) can be written as

z(t) = etz(0),

where x(0) is a vector of initial conditions, the matrix exponent e!* is deter-
mined by the matrix series

oo

m m
tA t A
e = E T
m—0 m:

The behavior of the solutions of system (2.1) as ¢t — oo is entirely determined
by the positioning of eigenvalues of the matrix A. If all eigenvalues of the
matrix A have non-zero real parts, then system (2.1) has no solutions bounded
for all t € R, except zero solutions. If all eigenvalues of the matrix A have
negative real parts, then there exist constants M > 0,4 > 0 such that the
following inequality holds

\etA| < Me M t>0.

If all eigenvalues of the matrix A have positive real parts, then there exist
constants M, > 0 such that the following inequality holds

let4] < Me, t <0.

13
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2.2 Bounded Solutions of Inhomogeneous Systems
Consider a system of inhomogeneous linear differential equations

dx

—=A t 2.2
= Az f(0), (22)
where A is a constant square matrix of order n, f(t) is a vector-function
bounded for all ¢, i.e.

sup  |f(t)| < K < 0.
—oo<t<oco

We shall consider a problem when system (2.2) has a unique solution x(t)
bounded for ¢t € R. Evidently, if system (2.2) has two bounded solutions,
then their difference is a bounded solution of homogeneous equation (2.1).
Hence, the necessary condition for the existence of a unique bounded solution
of system (2.2) at the bounded function f(t) is absence of bounded solutions
of system (2.1) except the trivial ones. Therefore, we shall assume that the
matrix A has no eigenvalues with the zero real part. We shall show that under
this assumption, system (2.2) has a unique bounded solution.
Using a linear transformation

x = Py,
where P is a constant invertible matrix, we transform (2.2) into

dy _

i P~YAPy + Pl f(1). (2.3)

We can choose the matrix P so that the matrix P~' AP has a block-diagonal
form A
1 B 1 0
prap=(40)

where A; is a matrix of order k such that its eigenvalues have negative real
parts, and A, is a matrix of order (n — k) such that its eigenvalues have
positive real parts. Evidently, the function P~!f(t) is bounded. The problem
of the bounded solutions of system (2.2) is equivalent to the problem of the
solutions of system (2.3). Therefore, we assume that the matrix A takes the

form
(A1 O
a=(%4)
In this case, we can rewrite system (2.2) as

& (2.4)
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where = (21,22), 1 and x5 are the k-dimensional and n — k-dimensional
vectors, respectively; fi(t) are the first k components of the vector f(t), and
f2(t) are the last (n — k) components of the vector f(t). The general solution
of system (2.4) can be written as

x1(t) = ety (0) + je(t_s)Alfl(s)ds

[}

f (2.5)
To(t) = etA215(0) + fe (t=5)4z2 £, (5)ds
0

Since the eigenvalues of A; have negative real parts, there exist constants
Mi,~1 > 0 such that the following inequality holds true

et < Mye ™t t>0. (2.6)

We multiply both parts of the first equality of system (2.5) by the matrix
e~ 41 and obtain

t

e Mg (t) = 21(0) + /e_SAlfl(s)ds. (2.7)

0

Assume that z1(t) is a bounded function. Then, we pass on to the limit in
equality (2.7) as t — —oo with allowance for estimate (2.6) and arrive at

— 00

0=21(0)+ / e M f1(s)ds

0
Consequently, if () is a bounded function, then

0

x1(0) = /eiSAlfl(s)ds

Therefore, if 1 (¢) is a bounded function, then it is determined by the formula

t

x1(t) = etz (0) + / et A1 1 (s)ds =

0
0 j t
/e(tfs)Alfl(s)dswL/e(tfs)Alﬁ(s)ds: /e(tis)Alfl(S)dS

e 0 —oo

Once all eigenvalues of the matrix A, have positive real parts, there exist
constants Ms,y2 > 0, such that the inequality below holds true

let42| < Myet, t<0. (2.8)
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Multiplying both parts of the second equality of system (2.5) by e~t42

duces

pro-

t
e 20, (t) = 22(0) + /eiSAQfg(s)ds.
0

On the assumption that xs(t) is a bounded function, we pass on to the limit
as t — oo with allowance for estimate (2.8) and obtain

o0

x2(0) = f/e*SAzfg(s)ds.

0

So, if 25(t) is a bounded function, then

o0

00 t
xo(t) = —/e(t_s)AQfg(s)ds + /e(t_S)A2f2(s)ds = —/e(t_s)AQfg(s)ds.
0 0

t

Hence, if system (2.2) has a bounded solution, then this solution is represented

by the formulas
t

i) = [ =94 fi(s)ds,
o0 (2.9)

xo(t) = — ?e(t’S)Azfz(s)ds.
t

We show that formulas (2.9) indeed determine bounded functions. It follows
from estimates (2.6) and (2.8) that

t

t
a0 < [N as < [ e Cds s A0)] -
—oo<t<oo

My

—  su t)l,
Y1 7oo<tp<oo‘f1( )|
IMMS/W”MW@WSM/WW%8$mIMm=
) ) —oo<t<oo

e T O

V2 —oco<t<oo

Therefore, system (2.2) has a unique bounded solution

x@z%m@»ua»:</e“ﬁ“ﬁwMa—/éF”Mﬁ@MQz

— 00
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= 7 G(t = s)f(s)ds,

where the matrix-function G(t) is determined by the formula

tAq
<60 8) t>0,
G(t) = 0 0 (2.10)
_(Oe“‘2>’ t <O0.

This solution meets the estimate

z(t)] < Mz sup [f(¥)],

—oo<t<oo

where M3 = max (M, @)
Y17 Y2

It is worthy of note that the matrix-function G(¢) is continuous everywhere
except the point ¢ = 0, where it undergoes a simple discontinuity (jump)

Gt+0)-G(t—0)=1I,
where I is an identity matrix. For G(t) the following estimate holds true
|G#)| < Me M teR, (2.11)

where M > 0 and v > 0 are some constants. G(t) is differentiable in all ¢ # 0,
and for the matrix % an estimate of the form (2.10) holds true. The function
G(t) is called the Green’s function for the problem of bounded solutions, or
the Green’s function for the bounded boundary-value problem.

Let us state the obtained result as a theorem.

Theorem 2.1. Let all eigenvalues of the matriz A have non-zero real parts.
Then for each bounded function f(t) there exists a unique bounded solution of
system (2.2) and this solution is determined by the formula

(e}

a(t) = / G(t — s)f(s)ds. (2.12)

— 00

Corollary 2.1. Let f(t) be an almost periodic function. Then the solution
determined by formula (2.12) is almost periodic. If f(t) is a periodic function,
then the corresponding solution is periodic.

Proof. If f(t) is a trigonometric polynomial, then it is easy to verify that
z(t) is a trigonometric polynomial. Now let f,,(¢) be a sequence of trigonomet-
ric polynomials that for all t € R converges uniformly to the almost periodic
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function f(t). Then the sequence x,(t) uniformly converges to the function
x(t) for t € R, which follows from the inequality

[2(t) — 2 (8)] < / Gt — $)[|£(5) — fuls)lds <

SM/e‘V“_s'ds sup |F(E) — ()]

—oo<t<oo

Thus, z(t) is an almost periodic function. If f(¢) is a periodic function with
the period T, then it is easy to see that x(¢) is a periodic function with the
period T

Remark 2.1. If f(¢t) is a T-periodic function, then the requirement that
Theorem 2.1 imposes on the matrix A to have no eigenvalues with zero real
part is unnecessary. A unique T-periodic solution of system (2.2) exists if the
following condition holds true:

the matriz A has neither zero eigenvalue nor purely imaginary eigenvalues
in the form i2 i=rk, where k is an integer.

We shall call this Pi-condition.

In this case the homogeneous system

dx

— = Ax

dt
has no T-periodic solutions, except the zero solution. It is easy to write out
the Green’s function of the T-periodic boundary-value problem

‘Cll_”; — Az + f(t), 2(0) = 2(T).

Apparently, if x(¢) is the solution of the above inhomogeneous system, then
the function z(t+1T') is also its solution. Therefore, the condition of periodic-
ity of the solution x(¢t+T') = x(t) follows from the condition z(0) = z(T) (the
solutions z(t) and z(t+7T') coincide at the initial instant ¢ = 0 and, thus, coin-
cide for all ¢). From the formula for a general solution of the inhomogeneous

system
t

z(t) = ez (0) + [ DA f(s)ds
/

we obtain

T
z(T) = +/6(T DAf(s)ds = x(0).
0
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Hence, the initial condition of the periodic solution takes the form

T

x(0) = (I — eTA)_l eT=9)Af(s)ds = (efTA — I)_l e A f(s)ds,
j j

0

where [ is an identity matrix. Invertibility of the matrix (e_TA -1 ) is a result
of the condition II. Substituting the value x(0) into the formula of the general
solution yields the formula for determining a unique T-periodic solution

() = / Gt — 5)f(s)ds, (2.13)
0

where the periodic Green’s function takes the form

—TA -1 (t—s)A
e -1 + I) e Jif s <t
G(t - S) = (( 21
(e7TA — 1) " elt=o4 if s >t.
Sometimes, instead of representing a T-periodic solution in the form (2.13),
it is convenient to write it as

_ A [,—TA _ " —sA _
z(t) = [e I] e % f(s)ds

~

t+T

/ {e“A [e*TA — I e*tA}i1 fw)du.

It follows from the latter formula that for a unique periodic solution z(t) of
system (2.2) the following inequality holds true

T
2(t)| < K / | () du,
0

where

K= sup sup [{e e TA—TI]e )Y
0<t<T t<T<t+T

is a constant independent of f(¢) and dependent only on T and e'4. Finally,
we wish to present one more T-periodic solution of an inhomogeneous system

T
x(t) = / (e T4~ [)_1 e A f(t + u)du. (2.14)
0
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2.3 The Bogoliubov Lemma

Consider an inhomogeneous system

dx t
W par s, (215)

where f(¢) is an almost periodic function, € > 0 is a small scalar parameter.
Let all eigenvalues of the matrix A have nonzero real parts. Then system
(2.15) for each e, by virtue of Corollary 2.1, has a unique almost periodic
solution x(t,e). We shall be interested in the condition under which |x(t,€)|
as € — 0 tends to zero uniformly with respect to ¢t € R. Such conditions result
from the following lemma that is due to N. N. Bogoliubov. It is convenient
to formulate the lemma in a different way as it is in the books of Bogoliubov
[1945], and Bogoliubov and Mitropolskiy [1961].

The Bogoliubov Lemma. Let the mean value of the function f(t) equal
zero, i.e.

(f) = lim l/f(s)ds =0. (2.16)

Then

lim sup |z(t,e)| =0.
e—0 _co<t<oo

Proof. According to Theorem 2.1, the solution z(t,e) of system (2.15)
takes the form

2(t,e) = /G(t—s)f(g)ds: /G(t—s)f(g)ds+/G(t—s)f(—)ds

We make a change of variables s = ¢ 4+ u and obtain

0
x(t,e) /G <t+u>du+/G (%)du:

/OG(—u)% Tf(g) do—i—]oG(—u)% 7}(%) do.
—00 t 0 t

Integrating each term in the right-hand side by parts yields

0

2t e) = — / e 7uf (%) dor | du-

—00 t
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. O]OdG;u“) 7uf (g) do | du.

When u # 0, inequality (2.11) implies the estimate

40

< M1€*71\“|
du - ’

where M, ~; are positive constants. We denote

sup [ f(?)]

—oo<t<oo

by Ms. Then, for an arbitrary T > 0, we obtain the inequality

=T 00
lz(t,e)] < My My / e_'“‘“||u|du+M1M2/6_71|“‘|u|du+
—00 T
T t+u
_ o
+M1/e 7l /f(—) do| du.
€
-7 i

Assume 1 > 0. The latter inequality, in view of the convergence of the first
two integrals in its right-hand side, implies the existence of 7" > 0 such that

|z (t,e )\<2+ 1leT/f da.

However,

-

o
lim sup /f(—
e=0 ) _s|<T €

Indeed,

SUP|r—s|<T = SUP|r—s|<T

F1(z)ao
,;9 f;f(u)du

(2.17)
< T'supj, g <7

As e — 0, the right-hand side of inequality (2.17) tends to zero as a result
of the fact that condition (2.16) holds and the almost periodic function has a
uniform mean value. Hence, for sufficiently small ¢

2M
! sup /f da < —
M |r—s|<T
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and
lz(t,e)| <n, teTR.

The lemma is proved.

Remark. By changing the time 7 = et, we transform system (2.15) into

d
% =cAz +ef(7).

We could have stated the Bogoliubov lemma for this system.



Chapter 3

Lemmas on Regularity and Stability

3.1 Regular Operators
Consider a differential operator

dx
Lr=— 4+ A(t)x,
o TAM)
where A(t) is an n X n matrix composed of almost periodic functions. The
operator L is defined on the set of differentiable almost periodic functions
with values in n-dimensional space R".

Definition 3.1. We shall call operator L regular, if for every almost peri-
odic function f(t), a system of differential equations

Lo = ()

has a unique almost periodic solution xz(t).

Due to Banach’s Inverse Mapping Theorem (see Appendix C) the regularity
of the operator L implies the existence of a continuous inverse L~

w(t) = L7 f(t)

in the space B,, of almost periodic vector-functions. Theorem 2.1 says that a

system

dx

has a unique solution z(t) € B,, for any given f(t) € B, if all eigenvalues of
the matrix A have non-zero real parts. Thus, if A satisfies this condition, the

operator
dx

Lz = I Az
is regular. The inverse L~ is given by
oo
o)=L (0 = [ Gle—s)s(s)ds,

23



24 Averaging on Infinite Interval

where G(t) is Green’s function for the problem of bounded solutions. Simi-
larly, one can define a regular operator

dx

Lx=— + A(t)x

A,
where A(t) is a matrix whose elements are T-periodic functions. In this case,
one needs to require that for any given T-periodic vector function f(t), the
system

Lz = f(t)

would have a unique T-periodic solution z(t). Using Remark 2.1 we obtain
that the operator

Lr=——-A
r= x

is regular if the condition II is satisfied, i.e., the matrix A has neither zero
nor imaginary eigenvalues of the form i%”k, where k is an integer.

3.2 Lemma on Regularity

We consider a family of differential operators L. of the form

dx
LE.’I} = E — A(t,E)l‘,

that depend on a parameter ¢.
Definition 3.2. We shall call the operator L. uniformly regular if it is

regular for all € € (0,&¢), and there exists a constant K > 0, such that for all
e € (0,&0) the norm of L;l in the space B,, is bounded by the constant K

1L < K.
We consider a family of operators

dx t

that depend on a parameter € € (0,&9). We now obtain a condition of uniform
regularity of operator (3.1) for small .

Lemma on Regularity. Let the operator

d% - Agl', (32)

Lox =
ol’d
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where

T—oo T

T
0

is reqular. Then, for sufficiently small €, operator (3.1) is uniformly regular.

Proof. We have to prove that, for any given function f(t) € B, the system

dx t
o —AC)e = (1 (33)

has a unique solution z(t) € B,, for sufficiently small e. Consider a matrix
t
Ht,e) = / Goft — )AL) ~ Aolds,

where Go(t — s) is Green’s function of the problem of bounded solutions for
the operator Lg, i.e., a matrix-function in

() = / Golt — 5)f(s)ds,

where z(t) is a solution of the system

— — Apz = f(t
dt 0x f( )7
which is bounded in ¢t € R. The matrix H(¢,¢) is a solution, which is bounded
in t € R, of the nonhomogeneous system
dH t
— = AoH + [A(=) — Ao]. 3.4
= AgH + [A(2) - A (3.4
Since the matrix (A(%) — Ag) has zero mean value, Bogoliubov lemma implies
that
lim sup |H(t,e)|=0. (3.5)

e—0 _co<t<oo

We make the following change of variables in system (3.3)

x(t) = y(t) + H(t,e)y(t). (3.6)

Clearly, for sufficiently small e, change (3.6) is invertible, and, y(t) € B,
implies that z(t) € B,. A simple calculation utilizing (3.4) shows that y(¢)
should be defined as an almost periodic solution of a system

% — Aoy + D(t,e)y = [ + H(t,)] ' f (1), (3.7)
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where
D(t,e) =—[I+ H(L‘,»s)r1 {—H(t,s)Ao + [A(g) — AO]H(t,a)} . (3.8)

Limit equality (3.5) implies that
lim sup |D(t,¢)] =0. (3.9)

e—0 _co<ti<oo

The problem of the existence of a unique almost periodic solution of system
(3.3), for sufficiently small e, is equivalent to the problem of the existence
of a unique almost periodic solution of system (3.7). The latter is, in turn,
equivalent to the problem of the existence of a unique solution in B, of a
system of integral equations

y(t) = / Go(t — s)[=D(s,e)y(s) + (I + H(t,e)) * f(s)]ds. (3.10)
We now estimate the B,-norm of the operator
S(e)y = / Golt — 5)D(s, 2)y(s)ds.

Recall that the properties of Green’s function Go(t) imply the existence of
constants M,~ > 0, such that

|Go(t —s)| < Me =3l 00 < 1,5 < 0.
We obtain
oo
15EIll < sup. / |Go(t = s)[|D(s,€)ly(s)|ds <
oo
—(t=5) M
< [e ds sup [D(s,e)lllyll < — sup [D(s,e)lllyll.
—oo<t< 00 YV —co<t<oo

From (3.9) we get that
1S(e)yll < ale)llyll;
where
lim a(e) = 0.
e—0

This implies that, for sufficiently small e, the operator I — S(g) (here I is the
identity operator) has a continuous inverse in B,, that can be represented as
a Neumann’s series (see Appendix C.)

(I-5() " = 5
k=0
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System (3.10) can be written as a nonhomogeneous operator equation in B,

[ =5y = g(b),
where an almost periodic function ¢(t) is defined by

o0

ot) = [ Golt = o)1 + His.2)] " f ()i

— 00

Therefore, for sufficiently small ¢, system (3.10) has a unique solution y(t) €
B,,. Thus, for sufficiently small €, operators L. are regular. To complete
the proof, we ought to show that the norms of operators L-! are uniformly
bounded for small ¢, i.e., there exist constants K and 1 such that

IL-Y| <K, 0<e<e. (3.11)
Indeed,
L' =[L.— Lo+ Lo " = Ly [(Le — Lo)Lg " + 17

Operator L. — Lo has a form
t
L. —Ly= A(g) — Ap.

Therefore, operators D, = (L. —Lg)Ly ! are uniformly bounded which implies
the inequality (3.11).

Remark 3.1. In the process of the proof we had to establish that the
system of differential equations

dx t

— —A(-)x = f(¢ 3.12

A= f0) (312)
for sufficiently small e, has a unique almost periodic solution x(t) for any
given almost periodic function f(¢). We introduce a new time in (3.12) via
7 =L to get the system

p eA(r)x =ef(eT). (3.13)
Thus, the lemma on regularity can be obtained from the fact that the system
(3.13) has a unique almost periodic solution for any almost periodic function
£(7).

We will use Remark 3.1 to prove the lemma on regularity assuming that
the elements of the matrix A(7) are correct almost periodic functions. In this
case Bogoliubov lemma will not be needed. In (3.13) we make a change of
variables

r=y+eY(T)y, (3.14)
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where the almost periodic matrix Y (7) will be defined later. Substituting
(3.14) into (3.13) yields

(I+ EY(T))% + Eill—zy =cA(T)y + 2A(T)Y (1)y + e f(e7). (3.15)

We choose an almost periodic matrix Y (7) with zero mean value using

dy
— =A(1)-A

dr (7) 0

where the constant matrix A is composed of mean values of elements of A(7).
Then, the matrix I 4+ €Y (1) is invertible, for sufficiently small e, and, system
(3.15) can be written as

d
% =cAoy+2(IT+eY (7)) =Y (1) Ao+ A(T)Y (7)|y+ (I +eY (1)) tef(eT).
The remaining proof of the existence of solution of (3.13) in B,, is the same
as the proof of the lemma on regularity.

3.3 Lemma on Regularity for Periodic Operators
We now concentrate on the problem of regularity of operators with periodic

coeflicients. Namely, we consider a family of operators

Lox=% _cA®)z, 1
i (t)x (3.16)

where elements of the matrix A(t) are T-periodic functions of ¢, and € > 0 is
a small parameter. We would like to study the problem of the existence of a
unique T-periodic solution of the system

d
d—f = cA(t)z + f(t) (3.17)
for any given T-periodic vector-function f(t).

Lemma on Regularity, periodic case.

If the matriz Ag
T
/A(s)ds
0

does not have a zero eigenvalue, then operator (3.16) is reqular, for sufficiently
small €.

Ag =

Nl =
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Proof. In system (3.17) we make a change of variables
r=y+eY(t)y,
where Y'(t) is a T-periodic matrix with zero mean value defined by

ay
— = A(t) — Ao.
= A(t) ~ 4g

Then, system (3.17) becomes

Y — Aoy + PRy + (T4 ()10, (3.18)

where

F(t,e) = A)Y (t) =Y () (I + Y ()1 Ap.

If the matrix Ay does not have a zero eigenvalue, then, for sufficiently small
€, the matrix €Ay has neither a zero eigenvalue nor imaginary eigenvalues in
the form i%ﬂkz, where k is an integer. Therefore, the operator

d
j — €A0£C

L().CC = dt

is regular in the space of T-periodic vector-functions Pr. The rest of the proof
is essentially the same as the proof of the lemma on regularity.
We also note that

K
1L F @I < £,

where K is a constant, the norms are taken in the space Ppr. This follows
from the representation

T
1
Lalf = /E[efeAOT — I]flefeA“sgf(t + 8)ds
0

and the limit equality

: —eAoT -1 __ 1 -1
213(1)5[6 — 1 _—TAO :

The last statement is concerned with T-periodic functions that have a fi-
nite number of simple discontinuities (jumps). Assume that the matrix Ay
satisfies the conditions of the lemma on regularity. Clearly, system (3.17) has
a unique T-periodic solution, for sufficiently small ¢ if the elements of the
matrix A(t) and vector-functions f(t) are T-periodic with a finite number of
simple discontinuities (jumps) on period.
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3.4 Lemma on Stability

We have shown above that, for sufficiently small €, the regularity of the
operator L. follows from the regularity of the operator Ly. It turns out that
there is connection between the stability of solutions of the system

dz t
— —A(-)x =0 3.19
A (319)
and the stability of solutions of
dx
— —Apx =0 3.20
a 0T T (3:20)

where the constant matrix Ay is composed of mean values of the elements of
the matrix A(t).

We will make use of a well known lemma on integral inequalities by Gronwall-
Bellman:

Gronwall-Bellman Lemma.
Let a non-negative continuous scalar function u(t) satisfy the integral in-
equality
t
u(t) <c+ a/u(T)dT,

0

where ¢c,ac > 0. Then
u(t) <ce® (t>0).

Lemma on Stability

Let the eigenvalues of the matrix Ay have non-zero real parts. Then, for
sufficiently small €, the trivial solution of system (3.19) is asymptotically sta-
ble if all eigenvalues of Ay have negative real parts. The trivial solution of
system (38.19) is unstable, for sufficiently small e, if matriz Ay has at least
one eigenvalue with a positive real part.

Proof. We make a change of variables (3.6) in system (3.19) to get
— — Aoy + D(t,e)y =0, (3.21)

where matrix D(t,¢) is defined by (3.8). Then, for sufficiently small ¢, the
problems of the stability of the trivial solutions of systems (3.19) and (3.21)
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are equivalent. First, let all eigenvalues of Ay have negative real parts. Then
there exist constants Mi,y; > 0 such that

let4o| < Mye ™t t>0. (3.22)

The solution of system (3.21) satisfies a system of integral equations

t

y(t) = etAOy(O) + /e(t_s)AﬂD(s,E)y(s)ds.
0

Taking into consideration (3.22), we get

t
ly(6)] < Myie™ " [y(0)) +Mlp(E)/efvl(tfs)ly(é’)lds, (3.23)
0

where
pe) = sup [D(t,e)|.
—oo<t<oco

Letting u(t) = e7*|y(t)| and using (3.23) yields the following inequality

u(t) < Maly(0)| + Mip(e /u
0

The Gronwall-Bellman lemma implies that
[y(D)] < My (0)|e 1 HAPE,
We note that, due to (3.9), we have

lim p(e) = 0.

e—0

We choose a sufficiently small e such that M;p(e) < 3. Then

ly(H)] < Mily(0)le= 2, ¢ >o0.

The last inequality shows that, for sufficiently small &, the trivial solution of
the system (3.19) is asymptotically stable.

We now consider a matrix Ay that has at least one eigenvalue with a positive
real part. Without loss of generality, we assume that the matrix Ay has k
eigenvalues with negative real parts and (n — k) eigenvalues with positive real
parts. Again, without loss of generality, we assume that Ay has a block-

diagonal form
(A0
Ag = < 0 A2> , (3.24)
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where A; is a k X k matrix whose eigenvalues have negative real parts, and
As is a (n — k) x (n — k) matrix whose eigenvalues have positive real parts.
We make the change of variables (3.6) in (3.18) to get

— — Agy + D(t,e)y = 0. (3.25)

For system (3.25) we consider the problem of the existence of solutions which
are bounded on the half-axis [0, 00). Thanks to the representation (3.24) this
problem is equivalent to the problem of the existence of solutions, which are
bounded on the half-axis [0, 00), of systems

dy1

pTai Ay + (D(t,€)y) =0, (3.26)
d
=2 = Aaya + (D(t,)y)2 = 0, (3.27)

where y; is a k-dimensional vector, y, is a (n — k)-dimensional vector,
(D(t,e)y)1 are the first k components of the vector D(t,e)y, and (D(t,e)y)2
are the last (n — k) components of the vector D(t,e)y. The properties of
matrices A; and Ay imply the existence of constants My,v;,Mas, v2 > 0 such
that

letAo| < Mye ™t ¢ >0, (3.28)

letA2| < Mye2t, ¢ <0. (3.29)

First, we consider a problem of the existence of solutions, which are bounded
on [0, 00), of the nonhomogeneous system

dyy

T Ay + fi(t), (3.30)
% = Asyo + folt), (3.31)

where f1(¢), fa(t) are bounded on [0, 00). The estimate (3.28) implies that all
solutions of system (3.30) are bounded on [0, 00) and are defined by

t

y1(t) = etAlyl (0) + /e(t*S)Alfl (s)ds.
0

System (3.31) cannot have more than one solution that is bounded on [0, 00)
because the homogeneous system

dy2

22 _ 4
dt 2Y2
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does not have a non-trivial solution, which is bounded on [0, 00), due to (3.29).
The general solution of system (3.31) has the form

t
Y2 (t) = e245(0) + / e(t=9)42 £, (s)ds. (3.32)

0
By multiplying (3.32) by matrix e~*42 and taking a limit for t — co we obtain

that the initial condition of a solution that is bounded on [0, c0) should have
the form

/ e A2 fy (s (3.33)
0

Therefore, a solution that is bounded on [0, c0) should have the representation
ya(t) = — / et=9)4z2 £, (5)ds. (3.34)
t
The estimate (3.29) shows that (3.34) does indeed yield a unique solution,
which is bounded on [0, c0), of system (3.31).

We come back to the problem of the existence of solutions, which are boun-
ded on [0,00), of (3.26) and (3.27). We obtain that solutions, which are
bounded for ¢t > 0, of systems (3.26) and (3.27) are the solutions of systems
of integral equations

y1(t) = e 1y1(0) +/e(t_s)Al(D(3 )y(s))1ds,
0

oo

elt) == [ (D5, )y(s))ads.

Thus, solutions, which are bounded on the positive half-axis, of system (3.25)
are the solutions of a system of integral equations

w0 = (5 ) o) - / () 0) Dlsetsrast

0 0
Jr/ <0 e(t—s)Az > D(S; €)y(s)d5.
t

Let y'(¢) and y2(t) be two solutions of system (3.25), such that yi (0) = y?(0),
[yt ()], |y (t)| < 7o for t > 0. Then, utilizing (3.28) and (3.29) yields

t

ly' (1) — 2 (t)] < Ml/f“(t*s)lyl(S) —y?(s)lds _sup [D(t,e)[+

0<t<oo
0
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o0

My / =yl (s) — y2(s)lds sup |D(t,e)].
) 0<t<0
Therefore,
2M M
|y1<t>y2<t>|§[ 1+—2]p<e> sup [0 — 20, (335)
71 Y2 0<t<oo

where p(e) = supy<; o |D(t,€)| tends to zero as e — 0. We can select an ¢
such that

20, 4t
B! Y2
Then the inequality (3.35) implies that

y'(t) =y (1)

This means that among the solutions of the system (3.35) with fixed y1(0)
(i.e., with fixed first k components of the initial condition) there is no more
than one solution, that is bounded on [0,00), whose norm is less than ry.
Thus, there exist infinitely many initial conditions from any neighborhood
of the origin, such that the corresponding solutions of (3.35) leave the ball
ly| < ro for some ¢ > 0. Thus, the trivial solution of (3.35) is unstable.

}p(e) < %

Remark 3.2. The lemma on stability is often applied to systems (3.19)
that are represented in a different form. Namely, we introduce a new time
t = e7 in (3.19) and obtain a system

d
ﬁ — cA(r)z = 0. (3.36)
The averaged system in time 7 has the form
d
d_i — €A0$ =0.

Evidently, for (3.36) the assertion of the lemma on stability does not change.
If the elements of A(7) are correct almost periodic functions then Bogoliubov
lemma is not needed for the proof of the lemma on stability. To prove this
assertion we would have to make a change of variables in system (3.36)

x=y+eY(1)y,
where an almost periodic matrix Y (7) with zero mean value is defined by
ay
dr
Here the constant matrix Ay is composed of the mean values of the corre-
sponding elements of A(7).

A(T) — Ao.
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Remark 3.3 Using similar arguments we could obtain the lemma on sta-
bility for a more general system

dz

— —cA(r,e)x =0,

dr
where A(7, ) is continuous in € uniformly with respect to t € R and is almost
periodic in t uniformly with respect to e. The matrix Ag is defined by

T
Ag = lim —
Teoo T
0

Remark 3.4. It is easy to see that the lemma on stability takes place if
the elements of the matrix A(t) are T-periodic functions that have a finite
number of simple discontinuities (jumps) on the period.






Chapter 4

Parametric Resonance in Linear
Systems

4.1 Systems with One Degree of Freedom. The Case of
Smooth Parametric Perturbations

As an example of the applications of the lemma on stability, we consider
the problem of parametric resonance for the equation

2z

Tl +ef (M) =0, (4.1)

where w is a real parameter, € > 0 is a small parameter, f(¢) is an almost
periodic or periodic function. If the parameter w is such that the zero solution
of equation (4.1) is unstable, then this equation has unbounded solutions. In
order to find such values of the parameter w, we use the lemma on stability.
We shall assume that f(¢) = Acos At, i.e. we consider the Mathieu equation

d%x

a2 + w?[1 + eAcos M|z = 0. (4.2)
Rewrite equation (4.2) as
d*z
iz T wir = F(t), (4.3)
where F(t) = —ew? Az cos At. By means of a change

x = acosvt + bsinvt,

% = —avsinvt + bv cos vt,

(4.4)

where a, b are new variables, the frequency v being chosen later, we transform
equation (4.3) into the system

da

Gt cosvt + blnl/t =0

—day sin vt —|— 4y cosvt — v (acosvt + bsinvt) = —w?(acosvt + bsinvt)
—ew? A cos \t) (a cosvt + bsinvt).

37
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Solving the latter system with respect to the derivatives %, %, we obtain
‘;—‘Z = (@)(a cos vt sin vt + bsin® vt)4
+ %A cos Mt(a cos vt sin vt + bsin® vt)
o ) : (4.5)
% = —(==%)(acos® vt + bcosvtsinvt)—

- %A cos Mt (a cos® vt + beos vt sin vt).

Assume that v? — w? = ¢h, where h is a constant. Then system (4.5) takes

the form of system (3.36), to which we can apply the lemma on stability.
Letting v = % and averaging the right-hard side of system (4.5) over t yields
the averaged system with constant coefficients

@:€<_1_Aw2)5,

o e (n o a)i (4.6)

dt

The eigenvalues of the matrix of system (4.6) are determined from the equation

h? A%t
2 2 (T AW
s te <41/2 1612 > 0

If the following inequality holds

h? A%t

— _ _ " <0 4.7
4v2 1602 <5 (4.7)

then the eigenvalues of the matrix of the averaged system are real and have
different signs. Therefore, the zero solution of system (4.6) will be unstable.
By virtue of the lemma on stability, for sufficiently small €, the zero solution
of system (4.5) is also unstable, and, thus, for sufficiently small €, the zero
solution of system (4.1) is also unstable. Substituting the value of h into
inequality (4.7), we obtain

or
| Aw?
—_— >

2
We write the latter inequality as

A A
w2(1—|78)<u2<w2<1+¥).

Since 2v = A, we have the following inequality that holds up to the accuracy
of the terms of order e:

2w(1i|€><)\<2w(1+i|€>. (4.8)

|1/2—w2|.
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Thus, if the excitation frequency A is within the interval (4.8), then the system
undergoes a principal resonance with the amplitude of oscillations rising by
an exponential law. This resonance results from the periodic change of one of
the parameters of an oscillating system and is therefore called a parametric
resonance. Inequality (4.8) defines a zone of instability, within which the
equilibrium x = 0 in equation (4.1) is unstable.

Now consider an equation with damping

2
ZTZC + 552—? + w?[1 +eAcos M|z = 0, (4.9)

where § > 0. By making a change

r = acosvt + bsinvt,

‘fl—f = —avsinvt + bv cos vt,

where a, b are the new variables, the frequency v being chosen later, assuming
2u = % and averaging over ¢, we obtain the averaged system

d_525<£_ Aw2)7 gB (4.10)

The eigenvalues of the matrix in system (4.10) are determined from the equa-

tion s? + eds + &2 (% + % - fll;;’;) = 0. The zero solution of system (4.10)

is unstable if the inequality holds
A2t 52 h?
i
1612 4 7 402

Since eh? = 12 — w?, we have the inequality

e2 A%t €252 ( w2>2
> 11 .

44 V2 V2

The latter inequality can be rewritten to the accuracy of the terms of order ¢

[€2A2 4242 20w\ 2 €2A2 4242

By virtue of the lemma on stability, this is just the inequality that defines
the zone of instability of the zero solution = = 0 of equation (4.9).

It is worthy of note that for the existence of an instability zone, the following
additional inequality should hold

e2A?  4e%5?

i e 70
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1
4 2
1 w2

FIGURE 4.1: Zone of Instability.

Therefore, under damping, the instability zone appears at more intense para-
metric excitation.

Figure 4.1 presents the instability zones constructed as per inequalities (4.8)
(the dark and light domains) and (4.11) (the lighter domain).

Exercise 4.1. Find the instability zones for equation (4.1) if f(¢t) =
Aj cost + As cos v/2t.

4.2 Parametric Resonance in Linear Systems with One
Degree of Freedom. Systems with Impacts

We consider a problem of parametric resonance for the equation

2

d
“a Fll+ef (Bl =0, (4.12)

where w is a real parameter, € > 0 is a small parameter, f(¢) is a generalized
periodic function with the zero mean value. The function f(t) is a generalized
derivative of a piecewise continuous periodic function with a finite number of
simple discontinuities (jumps) on the period. By g(¢) we denote this periodic
function, i.e. ¢'(¢t) = f(¢). Transform equation (4.12) into a system of two
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equations. We introduce a variable y by the formula

dz
ik ew?g(t)x. (4.13)

Taking equation (4.12) into account, we obtain

d
d_gz = —wlr +ewlg(t)y — 2wig? (t)a. (4.14)
The system of equations (4.13), (4.14) is equivalent to the initial equation

(4.12). We introduce the new variables a, b as follows:

r = acosvt + bsinvt,
y = —avsinvt + bv cos vt (4.15)
where the frequency v will be chosen later. Substituting (4.15) into system
(4.13), (4.14) yields the system of equations

da

s cosvt + L Sln vt = —Ew2g(t)(a cos vt + bsinvt),

‘ét 4y sin vt + 9y cosvt — v2[acos vt + bsinvt] = —w?[acos vt + bsinvt]+
ew?g(t)(— az/s1n1/t+ bu cosvt) + O(2).

da db

<%, 9 according to the Cramer’s rule, we obtain

Solving the latter system for
the system of equations

da _ 1/27w2

— 2 sin 2vt + bsin® vt] — ew?g(t)[a(cos? vt — sin® vt)
+b sin 2vt] 4+ O(e )

db — v=w? ;“’2 [acos? vt + 2 2 sin 2vt] — ew?g(t)(asin 2vt + b(— cos® vt

+81n vt) + O(g?).

(4.16)

We shall assume that 2 —w? = eh, where h is a constant. Then system (4.16)
takes the form of system (3.35). If the frequency v is commensurate with the
principal frequency of the Fourier series for the function ¢(t), then the right-
hand side of system (4.16) appears to be a periodic vector-function with a
finite number of the first-kind discontinuities on the period. As was noted
in the previous section (Remark 3.4), the lemma on stability is applicable to
such a system as well.

Now, averaging the right-hand side of the obtained system over ¢ implies
the system with constant coefficients. Using this system, we can investigate
the stability of the solutions of system (4.16) for sufficiently small e.

For instance, as the generalized function, we take a d-periodic function
corresponding to the Fourier series

(t) ~ icos(?k -1t
k=1
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Then the function g(¢) conforms to the Fourier series

> sin(2k — 1
o)~ >
k=1

Let v = 251 We average the right-hand side of system (4.16) over ¢, and
the averaged equations have the form

da h w? 7
a — ¢ {(Z + 2(2k—1)) b] )

1 4.17)
db _ h 2 = (
at — ¢ KE - 2(201271) a} .
It follows from the inequality
h? w?
— 4.1
wr Ak 12 <Y (4.18)

that the eigenvalues of the matrix in system (4.17) are real and have different
signs. Hence, the zero solution of system (4.17) is unstable. By virtue of
the lemma on stability, for sufficiently small e, the zero solution of system
(4.16) is also unstable. Therefore, for sufficiently small €, the zero solution
of equation (4.11) will be unstable as well. Substituting the value of h into
inequality (4.18), we arrive at

cw?

2
—w <
w?| 5

v

Up to the accuracy of the terms of order &, we obtain the inequality
2w<1—§)<2k—1<2w(1+%). (4.19)

Thus, if the excitation frequency 2k — 1 is within the interval (4.19), then
the system undergoes a resonance with the oscillation amplitude rising by the
exponential law. Inequality (4.19) defines the instability zone within which
the equilibrium x = 0 in equation (4.12) is unstable.

If excitation is assumed to be the piecewise continuous function f(t) with

the Fourier series
o0

sin(2k — 1)
IO~ 1
k=1
then the instability zone shrinks for £ > 1 and has the form

Qw(lm><2kl<2w<l+m>.

This zone is even smaller for the differentiable function

> sin(2k — 1
f(t):Zﬁ-
k=1
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However, for the zone of the principal resonance (kK = 1), all inequalities
coincide.

The rise of parametric oscillations in the system with damping under the
d-periodic excitation is investigated similarly.

Note that parametric oscillations in the systems with impacts have been
investigated in many works (see, e.g., Babitskii and Krupenin [1978, 2001],
Krupenin [1979, 1981], Nagaev and Khodzhaev [1973]).

4.3 Parametric Resonance in Linear Systems with Two
Degrees of Freedom. Simple and Combination
Resonance

Consider the problem of the parametric resonance in the following system
with two degrees of freedom

dzle + AN2wixy +eX2Axg cos 2t = 0,

2 4+ N2wixy + eA?Bry cos2t = 0,

(4.20)

where € > 0 is a small parameter, A\, wy, wy, A, B are real parameters. Sys-
tem (4.20) demonstrates all features of the parametric resonance in the general
systems with many degrees of freedom. We only note that a linear Hamilto-
nian system with two degrees of freedom corresponding to system (4.20) takes

the form
% _ OH dr;  OH

dt — oz, dt Oy’

with the Hamiltonian

i=1,2 (4.21)

1 1
H= i(yf +93) — 5[/\2(wfxf + w2)a3] — eA2A(cos 2t)xq 2.
System (4.21) is special of system (4.20) with A = B.
In system (4.20), we should distinguish between the two cases - a simple
resonance and a combination resonance.

Simple resonance. The simple resonance corresponds to the closeness of
the natural vibration frequencies Aw; and Aws.
We make a change

1 = ajp Cos lllt + b1 sin 1/1157
T1 = —aivy sinvit + byvy cos vit,
Ty = g COS Vot + by sin 1ot
T9 = —agls sin vat + bols COS Vot

(4.22)
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where ay, by, as, by are the new variables, the frequencies vy, v being chosen
later, and transform system (4.20) into a system of four first-order equations.
Solving the resultant system for a1, by, @z, by by the Cramer’s rule, we obtain
the system
a; = (V2w? — 1) ( 5 sin 2v1t 4 by sin Vlt) +
+eA2 A cos 2t(ag cos vat + by sin vot) sin vy t,
by = (V2 — \2w?) (a1 cos? vt + %1 sin 2vyt) —
—eA2 A cos 2t(ag cos vat + by sin vt) cos vt
as = (\2w3 — v3) (%2 sin 2vat + by sin® vot) +
+eA2B cos 2t(a; cos vit + by sin vy ) sin vot,
by = (V2 — N2w?) (ag cos? vt + %2 sin 2vst) —
—eA2B cos 2t(ay cos vyt + by sinvy) cos vot.

(4.23)

Assuming v = 1o = 1, we transform system (4.23) into

a1 = (N2wf — 1) (% sin 2t + by sin®¢) +
+eX2Acos 2t (“—22 sin 2t + by sin? t) ,
by = (1 — A2w?) (a1 cos t + Y sin2t) —
—eX2A cos 2t (a2 cos? ¢ —|— 2 sin 2t) (4.24)
az = (Nw3 — 1) (% sin2t —|— by sin? t) + ’
+eX?B cos 2t (‘“ sin 2t + by sin t)
by = (1 — Nw )(agcos t+ b sin2t) —

(

—eAX2Bcos2t (aq cos?t + L gin 2t)

Let
1—XNw? =chy, 1—NwZ=chy,

where hp, hy are constants. Then the lemma on stability is applicable to
system (4.24). Averaging system (4.24) yields the averaged system

C.Lll =& [*%51 - )\2%52] )

61 =€ [g—ldl — /\2%62] R

iy = e [ 25, — ABh] (4.25)
7)2 =c [}3—2&2 - )\2%EL1]

The eigenvalues of the matrix in system (4.25) are determined from the equa-
tion

AB B2+ B3 AB 2
st—¢ </\4 < _h Z%) 52 + ()‘4ﬁ - h14h2) = 0. (4.26)

Equation (4.26) has roots lying in the right-hand half-plane of the complex
plane if the following inequality holds

AB  hi+h3
8 4

N > 0. (4.27)
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Allowing for the formulas of the detunings hi, ho, we obtain the inequality

AB - (1= 22w?)2(1 — N\%w3)?

)\4
2 gt

(4.28)
If inequality (4.28) holds, then the zero solution of the averaged system (4.25)
is unstable. By virtue of the lemma on stability, for sufficiently small &, the
zero solution of system (4.23) is unstable, and therefore, for sufficiently small
g, the zero solution of system (4.20) will also be unstable.

We would like to note that inequality (4.28) holds only if the numbers A
and B have the same sign. In particular, it holds for the Hamiltonian system
(4.21). Hence, for this system, there exists an instability zone defined by the
resonance relations Aw; = Aws = 1.

Combination resonance. Return to system (4.20) and again make change
(4.22). The combination resonances are defined by the relations

Awi = A ws + 2. (429)
For the definiteness, we shall assume that the resonance relation
)\((,{)1 + CUQ) =2 (430)

holds. In system (4.23), we suppose 4 = 2 — Aws, V5 = 2 — Aw; and introduce
the detunings

ehy = (2 — dwa)? = Nwi,  chy = (2 — dwi)? — N3,

Now we can apply the lemma on stability to system (4.24). We average system
(4.24), keeping in mind that 11 +v5 = 4— A(w; +wa) = 2. We obtain a system
precisely the same as system (4.25). Therefore, the zero solution of system
(4.20) for sufficiently small € will be unstable provided inequality (4.27) that
under resonance (4.30) takes the form

AB  [(2 = Mw2)? — N2w?2[(2 — dwp)? — A2w2)?

M= >
2 g

(4.31)

It follows from inequality (4.31) that, similarly to the case of the simple res-
onance, the numbers A and B must have the same signs.

Exercise 4.2. Let the resonance relation
)\((,{)1 — CUQ) =2

hold. Show that in this case the parametric resonance takes place if the
numbers A and B have opposite signs. Find the inequality that defines the
instability zone.






Chapter 5

Higher Approximations. The
Shtokalo Method

5.1 Problem Statement

The lemma on stability works if all eigenvalues of the averaged system have
non-zero real parts. We assume that matrix 4 (composed of the mean values
of the corresponding elements of A(t)) has no eigenvalues with positive real
parts, but has eigenvalues with zero real parts. In this case the study of the
stability of the trivial solution of a system

Z—f =cA(t)x
becomes a more complicated task.

In this chapter we present the method developed by I.Z. Shtokalo [1946,
1961] for the investigation of the stability of systems with almost periodic
coefficients that are close to constants.

We consider a problem of the stability of the trivial solution of a system

dr _ <A + iskAk(t) +em TR (t, s)) x, (5.1)

dt
k=1

where € > 0 is a small parameter, A is a constant n x n matrix, Ag(t),
k=1,...,m are n X n matrices that are represented as

Ag(t) = Z Cklei)\lt.
=1

Here C%; are constant matrices, and A; are real numbers. In other words, the
elements of the matrices Ag(t) are trigonometric polynomials with arbitrary
frequencies \;, I =1,...,7.

We shall say that such matrices A (t) belong to the class ¥. The elements
of the matrix F(¢,¢) are functions that are almost periodic in ¢ uniformly with
respect to € and continuous in € uniformly with respect to t € R.

We shall assume that all eigenvalues of the matrix A have non-positive real
parts and there exists at least one eigenvalue with zero real part.

47
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5.2 Transformation of the Basic System

We present an algorithm, that is due to I.Z. Shtokalo, for investigating the
stability of the trivial solution of the system (5.1). It is natural to look for a
change of variables that would transform system (5.1) into

dy k m+1
o <A+ Za By + ™ G(t,e) | v, (5.2)

k=1

where By, are constant matrices and the matrix G(t, €) has the same properties
as F(t,¢).

We shall assume that the matrix A is in Jordan canonical form. Then,
without loss of generality, we can assume that all eigenvalues of A are real.
Indeed, if A has complex eigenvalues, we can make a change of variables in
(5.1)

where R is a diagonal matrix that is composed of imaginary parts of eigenval-
ues of A. This change of variables is bounded in ¢. It transforms matrix A into
matrix (A — i¢R), all of whose eigenvalues are real. Such change of variables
does not affect the stability of the solutions of the system under consideration
and the new matrices Ag(t) also belong to the class 3.

According to the method of Bogoliubov-Shtokalo we should look for a
change of variables that transforms (5.1) into (5.2), of the following form

x = <I + iEkYk(t)> Y, (5.3)

k=1

where I is an identity matrix, Yi(¢) (k = 1,2,...,m) are n X n matrices that
belong to ¥. By substituting (5.3) into (5.1) and replacing % with the right-
hand side of the system (5.2) we get

k=1

k=1 k=1

(if R dYi(t >y — <A+§mjsmk(t)> <I+§:5kYk(t)> y+
k=1 k=1 k=1
+e™ U (t, )y,

where

Ul(t,e) = F(t,¢) (I + iekYk(t)> .
k=1
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Equalizing the coefficients of powers of € we obtain the matrix equations that
determine the matrices B;, Y;(¢) (i = 1,2,...m)

Zd% +Y1A — AY; = Ay (t) — By,

St Y2A — AYs = As(t) — Yi(t)Br + A1(t)Y1(t) — B,

.................................... (5.4)
m—1

D IX’”A — AY, = A (t) = S0 Yook () Bit

+ 30 Ap(t) Yok (t) — B

Consider the first of the matrix equations. We select B; to be the matrix that
is composed of the mean values of the elements of A;(¢). Then the matrix
Y1 (¢) is uniquely determined as a matrix from the class ¥ with zero mean
value. Indeed, we look for Y7 (¢) in the form

T
72 : it
= Dle l,
=1

where A\; # 0 and the matrices D; are determined below. By substituting the
last expression into the matrix equation we get the equations for determining
the matrices Dj:

(i/\lI - A)Dl + DA = Cy. (55)

Since the matrix A has only real eigenvalues the intersection of the spectral of
matrices (iA;I — A) and A is empty. Therefore, the matrix equation (5.5) has
a unique solution (see, for example, Gantmacher [1959], Daleckii and Krein
[1974]). All subsequent matrix equations have the same structure. Matrices
B; (i =2,...,m) can be determined as mean values of the right-hand side of
the corresponding matrix equations. To determine the elements of matrices
Y;(t) that belong to ¥ and have zero mean value, we obtain the matrix equa-
tions in the form (5.5). Thus, the matrices B;, Y;(¢) (i = 1,2,...,m) can be
uniquely determined. It is now easy to show that the change of variables (5.3)
transforms the system (5.1) into (5.2). Substituting (5.3) into (5.1) yields

- dy N RdYi())
<I+;€kYk(t)> a + (Zek—; ) =

<A + zm: ek Ay (t)> <I + i by, (t)) y4emTIU(t,e)y,
k=1

k=1
The last equality can be written as

<I+Zs’% > (dy A—f—Z&:kBk ) -
<A+§:skAk(t)> <I+ésk}’k(t)> y— <§: dek)

k=1
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™ U (t, )y — <I + iekYk(t)> (A + Em:a’“Bk> Y

k=1 k=1

Taking into consideration the matrix equalities (5.4) we obtain

<I+ZekYk ) ( A+Z€k3k ) =M TS(t, )y,

k=1

where S(t,e) has the same properties as F(t,e). Therefore, for sufficiently
small e, using the change of variables (5.3) system (5.1) can be transformed
into

dy k m—+1

= (A-F;E By + ™ G(t,¢e) | v, (5.6)

where

G(t,e) = <I+ iekYk(t)> S(t,e)y.
k=1

5.3 Remark on the Periodic Case

We shall denote by Y the class of n X n matrices whose elements are
continuous T-periodic functions and by X9, the subset of Y7 that consists of
matrices having zero mean value.

If the original system (5.1) has the form

dx k m+1
o (A + Zs Ap(t F(t,s)) x

k=1

where A is a constant matrix, the matrices Ag(t), k = 1,2,...,m belong to
Y, the elements of F'(t,e) are T-periodic in ¢ and continuous in all variables.
Then we could transform system (5.1) into (5.2) using a change of variables
(5.3), where matrices Yy (t), k = 1,2,...,m belong to X7 and have zero mean
value.

In this case we can relax the conditions on the constant matrix A. Namely,
we shall say that A satisfies to condition I' if all eigenvalues of A are such
that \j — Ay # 2L j # k, | = +1,£2,.

The proof given below is due to P.N. Nesterov.
The statement will be proved if we can show that the matrix differential

equation

%JrYA AY = G(b), (5.7)
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has a unique solution Y () € £%, where A is a constant matrix that satisfies
the condition T, and G(t) € £% is a given matrix.

We can assume that A is in Jordan canonical form. Moreover, we first
assume that A is a diagonal matrix. Then the system (5.7) can be considered

as n? scalar equations

Uk = grk(t) (5.8)

and
Ukt + (A — M)y = g (), k#1, (5.9)
where Ag, A; are eigenvalues of A. Clearly, equation (5.8) has a unique T-
periodic solution with zero mean value. The nonhomogeneous equation (5.9)
has a unique T-periodic solution if the homogeneous equation does not have

non-trivial T-periodic solutions. It is easy to see that the homogeneous equa-

tion has this property if

2mwim
T 7

We now consider that case when the Jordan canonical form of A is not a

diagonal matrix. We take, for instance, an eigenvalue \; and assume that it
has the corresponding Jordan block of size 2:

!
= ()

We denote by Y a 2 x 2 matrix with elements yx1, Yr2, Yx+1,1, Ye+1,2. Then
system

Ak — N #

m=£1,42,....

dY;
d—tk + Y — Vi Ji = G,

where Gy, € ¥? is a 2 x 2 matrix can be considered as four scalar equations

Ukl + Yk+1,1 = Gk1,  Uk2 + Yk+1,2 — Yk1 = G2,
Yk+1,1 = Jk+1,15, Yk+1,2 T Yk+1,1 = Gk+1,2-

We can uniquely determine the value yj 1,1 that belongs to % from the third
equation. This allows us to find yx; and yx1 12 (that belong to X9.) using the
first and the fourth equations, respectively. Finally, we determine yg2 € ¥%
using the second equation.

The considered case demonstrates the general approach.

Let the matrix A be composed of Jordan blocks Jy,,Jx,,...,Jy, of sizes
Ny X N1, N2 X Na, ..., Nk X g, respectively. We divide the matrix Y (¢) into the
blocks of sizes n; x n;, i.e.,

nq no ng

A~ o~
Yiin Yiz ... Yip tm

Y(t)=| Yor Y2 ... Yo tna

Ykl Ykg Ykk }nk
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Thus, the block matrix Y;; has the dimensions n; x n;, where i,5 = 1,... k.
We do a similar subdivision for the matrix G(t). Using the well known rules
on operations with block matrices (see, for example, Gantmacher [1959]) we
conclude that the system (5.7) can be replaced with k2 independent systems
which in turn determine matrices Y;;:

Vij + Yijdy, — I\, Yij = Gij(2). (5.10)
This is a system of n;n; scalar equations that determine the coefficients y,(,ij )
of the matrix Y;;, where p = 1,...,n; and s = 1,...,n;. For the sake of
brevity we omit the dependence of the element ¥,; on ¢ and j. Let y,s; be an
element that belongs to the p-th row and the s-th column of the matrix Yj;.

We note that
Iy, =Ndn, + By, l=1,...,k,

where [,,, is an identity n; x n; matrix, and E,, is an n; x n; whose only
non-zero elements are located on a diagonal above the main diagonal. We can
rewrite the system (5.10) as

Yij + (\j = M)Yij + Uy = Gy (1),

where
Uij = Y—ijEnj — En}/;]

i

A simple calculation shows that

—Y2 Y11 — Y22 s Yi(ng—1) T Y2ny
—Y31 Y21 — Y32 <o Y2(ny—1) T Ysny
U = . . .

“Ynil Yni—1)1 — Yni2 - Y(n;—1)(n;—1) — Ynin;
0 Yn;1 cee Yni(n;—1)

Since up,1 = 0 we obtain a scalar equation for determining y,,,; :

Unit + (N = A)Yni1 = fri1(t).

This equation has a solution in %% due to the condition I'. Further, for y,,2
we have

Uni2 + (Aj = Ai)Yni2 = Gny2(t) — Yni1-

Since we have already determined the value y,,1 that belongs to %9, the
function g,,2(t) — yn,1 also belongs to X9.. Using the same arguments we find
all elements of the last row of the matrix Y;;. Now consider the penultimate
row. All components of the (n; —1)-th row of the matrix U;; that have a minus
sign were obtained during the previous step. By moving left to right, we can
subsequently determine all elements of the (n; — 1)-th row of the matrix Y;;.
By moving up a row we subsequently find all elements of the matrix Yj;.
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5.4 Stability of Solutions of Linear Differential
Equations with Near Constant Almost Periodic
Coefficients

Evidently, the problem of the stability of the trivial solutions of systems
(5.1) and (5.6) are equivalent.

It seems natural to think that the asymptotic stability (instability) of the
trivial solution of the system

dy k
dt <A+ZE Bk>y, mo < m
k=1
implies the asymptotic stability (instability) of the trivial solution of system
dy k
dt (A + Z Bk>

This is, however, not always true as demonstrated by the following example
(see Kolesov and Mayorov [1974b]).
Consider a two-dimensional system of differential equations

dz

o A =0, (5.11)
where
- @) () £ (D)
- Ae) = (8(1)) +5<(1)(1)> (5.12)

and, for k > 2, let

Ag( Z ( 0> . (5.13)

We shall denote by A1y and Ao (K =1,2,...) the eigenvalues of the matrices
(5.12) and (5.13), respectively. It is easy to verify that

A1 = Ag1 =€,
and, for k > 2, that

AMr(e) =22 +o0(e), Aarle) = —(—=1)*2e% + o(eh).
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Therefore, the solutions of a differential equation (5.11) are asymptotically
stable for odd k and unstable for even k, for sufficiently small .

This example shows that we ought to impose additional restrictions when
investigating the stability of the trivial solution of systems

d
d—gt” = Am(e)z (5.14)
where A, () = > 1., €Ay, and Ay (k= 1,2,...,m) are constant matrices.

Definition. We shall say that a system of equations (5.14) is strongly
stable (unstable) if for any R > 0 one can find a ¢(R) > 0 such that, for any
0 < e <g(R) > 0, the solutions of each of the systems

d
@ _ A (e)x + ™M Dx

dt
are stable (unstable) for any matrix D, such that ||D|| < R. We shall say that
the algorithm for the investigation of the stability can be completed if there
exists an myg such that the system of differential equations

dx
i Ay (8)x (5.15)
is either strongly stable or strongly unstable.

We note that each of these properties is invariant with respect to the se-
lection of mg. This follows directly from the definitions above. We now state
the main theorem.

Theorem 5.1. Assume that the algorithm for the investigation of the sta-
bility can be completed. Then there exists eg > 0, such that for any 0 < € < gg
the trivial solution of the system of the differential equations (5.1) is asymp-
totically stable or unstable depending on the stability properties of the trivial
solution of the corresponding system of differential equations (5.15).

We conclude by noting that we can use any criterion of the stability of
solution of a system of differential equations with constant coefficients for
determining the strong stability or strong instability of system (5.14). Addi-
tionally, we have to pay attention that the conclusions about strong stability
or strong instability are not changed due to the terms of order (m + 1) with
respect to €.

In case of periodic coefficients, as we have seen above, the condition on
the spectrum of A of system (5.2) can be relaxed. Namely, we do not have to
require that all eigenvalues of A are real. We only need to require the condition
I' defined above. The detailed description of the algorithm of investigating
the stability of the trivial solution of system (5.1) for the case of T-periodic
matrices Ag(t) can be found in Roseau [1966].
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A weak side of the method of I.Z. Shtokalo is the necessity of performing
the change of variables that transforms the original unperturbed matrix A
into a matrix with real eigenvalues. This makes it difficult to generalize for
differential equations with distributed parameters.

Kolesov and Mayorov [1974a] suggested a new efficient algorithm for in-
vestigating the stability of system (5.1). This algorithm does not require
transforming the matrix A into a matrix with real eigenvalues.

5.5 Example. Generalized Hill’s Equation

We consider as an example the equation

Pz dx
+ec—

) g +ef(t,e)z =0, (5.16)

where ¢ is a small positive parameter, c is a positive constant, f(t,e) = q(t) —
ep®. Here, the function ¢(t) = >, _, coswyt is a trigonometric polynomial
with zero mean value, and p? is a positive constant. Consider the problem of
the stability of the trivial solution of equation (5.16), for sufficiently small .

We introduce a parameter p = /¢ and rewrite equation (5.16) as a system

ar — py
i . 5.17
% = —pg(t)e — pPey + pPp*a. (5:17)

We can think of system (5.17) as a system (5.1) with A = 0. Its averaged
system of the first approximation is

i uBz, (5.18)

where the matrix By has the form

By = (8 é) . (5.19)

The matrix By has a zero eigenvalue, so the lemma on stability does not apply.
Instead, we use Shtokalo’s algorithm. For the matrix Y7 (¢) from system (5.4)
we obtain the equation
dYy
— =A(t)— B
dt 1( ) 1

where
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This implies, as we have seen before, that the matrix B; has the form (5.19).
Then the matrix Y7 (t) is

where

T .
. ag sin wyt
ity =y ———.

w
k=1 k

From system (5.4) we obtain that the matrix By can be determined as the
mean value of the matrix

A1 ()Y1(t) + Yi(t)Br + Aa(t),

wo-(00)

is a constant matrix. It is easy to see that By = As(t), because the mean

value of G(t) is zero, and,
01
Pun = (0 —u0> '

where

This matrix also has a zero eigenvalue. Therefore, we have to determine
matrix Bsz. First, we compute the matrix Y5(¢). Because

ALY (t) = <—%(t) 8)

and 1Ya(t)
s ALY (t) + Yi(t) By + Aa(t),
we get
v = (190)
where ;
i) = Bt

Due to (5.4) we obtain that Bz is determined as a mean value of the matrix
As(t) — Ya(t)B1 — Y1(t)Ba + A1 () Ya(t) + A2 ()Y (). (5.20)

It is easy to see that the matrix Ay (¢)Y7(¢) is zero, and the mean values of
the second and the third terms are zeroes as well. Then

0 0
Bs = ,
s (PQ—CIO 0)
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where ¢o = >, % The matrix By + By + p?Bs has the form

(uQ(p2O %) LC> '

This matrix has a negative trace. The eigenvalues of the matrix B; + uBy +
1?2 B3 would have negative real parts if the determinant of this matrix were
positive, i.e., if the following inequality holds

r 2
a
P+ ﬁ > 0. (5.21)
k=1 """k

Therefore, the trivial solution of the system

% = (uB1 + p* By + 1i° Bs)z

is asymptotically stable if (5.21) holds. By computing By we will see that the
additional term of a higher degree appears in the second row of the matrix
By + puBs + p?Bs + p?By. This perturbation does not affect the property of
asymptotic stability. For any subsequent step of the algorithm, the additional
terms can only appear on the second row of the matrix which likewise would
not affect the stability. Thus, the trivial solution of (5.16) is asymptotically
stable, for sufficiently small e, if (5.21) holds, and is unstable if

ro 2
2 ay
—p° + — < 0.
p Z 2“’1%
k=1

Equation (5.16) can also be transformed into a system more naturally, with-
out the introduction of a small parameter p. In this case we obtain the system

dr __

? =Y,

B — —q(t)a — ey + <,
which has the form

T (At ey (1) + 245 (1))z.

dt
01
a=(70)-

and, again, the lemma on stability is not applicable. We obtain a system of
matrix equations for determining B; and Y;(¢):

The matrix A has the form

% +Y1A— AY] = Ay (t) — By.
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The matrix Bj is the mean value of A4 (t):

00
)

To find the elements y;,(¢) of the matrix Y7 (¢) we obtain the differential equa-
tions

Yin—vy21=0, yp+y1=0, v5 +qt)=0, yp+yn =0 (5.22)

Solving these, and choosing the solutions in the form of almost periodic poly-
nomials with zero mean value, we get

q(t) —Q(t)>
Yi(t) = N _ .
0= (250 7
It is now easy to see that the matrix Bs is determined as the mean value of
As(t) + A1 (t)Y1(t) (other terms have zero mean value) or that

0 0
By = .
? (PQQO 0)

The condition for the asymptotic stability of the trivial solution of system

d
d—z =(A+¢eBy + 5282)y

is the same as inequality (5.21).
We note that in the last case it was sufficient to find the second approxi-
mation. However, we had to solve differential equations (5.22).

Exercise 5.1. Investigate the stability of the trivial solution of the system

i+ ofx = 2esinwit,
ij + 03y = 2e cos wat.

Here o1, 09 are real non-zero constants, and € > 0 is a small parameter.

5.6 Exponential Dichotomy

For the next topic we have to introduce a concept that is concerned with the
behavior of solutions of a system of linear homogeneous differential equations
as t — oo.

First, we consider a system with constant coefficients,

dx
— = Az. 2
o T (5.23)
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We assume that all eigenvalues of the matrix A have non-zero real parts, and
A has a block-diagonal form
(AL O
A= ( 0 A2> , (5.24)

where A; is a k X k matrix whose eigenvalues have negative real parts, and
Ay is a (n — k) x (n — k) matrix whose eigenvalues have positive real parts.
Then the n-dimensional space R™ of initial conditions of solutions of (5.23)
can be represented as a direct sum of subspaces

Rn:E++E_

where F, is a k-dimensional space that consists of n-dimensional vectors
whose first k elements are non-zero, and E_ is a (n — k)-dimensional space
that consists of n-dimensional vectors whose last (n — k) elements are non-
zero. The corresponding space of solutions X can be represented as a direct
sum of subspaces

X=X,+X_,

and there exist positive constants M, M_,v;,v—, such that

lz(t)| < Mye "+ 9|z(s)], —oco<s<t<oo (x(t)€ X,), (5.25)
and

lz(t)| < M_e’-(9|z(s)|, —oo<t<s<oo (x(t)eX_). (5.26)

The norms of solutions that belong to X tend to zero as ¢ — oo, while the
norms of solutions that belong to X_ tend to zero as ¢t — —oo. We shall
say that, for solutions of system (5.23), there takes place an exponential
dichotomy of solutions on R. In this definition the inequality (5.26) can
be replaced by

lz(t)]| > M*e=(9)|z(s)|, —oco<s<t<oo (x(t)eX_)

for some positive constants M*,~* . Often a dichotomy is defined not in terms
of inequalities for the solutions, but in terms of inequalities for the norm of
the fundamental matrix of the system, i.e.,

le=) A4 < ML+ (78 oo < s <t < o0, (5.27)
let=9) 42| < M_e7-(79) ) _oo <t <5 < o0. (5.28)
If the matrix A cannot be represented in the block-diagonal form (5.24), and

does not have eigenvalues with a zero real part, then, evidently, system (5.23)
has an exponential dichotomy of solutions. However, the subspaces of initial
conditions F,F_ and the subspaces of solutions X, ,X_ are different from
before. Denote by P, P_(P; + P_ = I) the operators which project R™ onto
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the subspaces in which all the eigenvalues of the matrix A have either positive
or negative real parts, respectively. Then, the inequalities (5.27) and (5.28)
of an exponential dichotomy can be written as

e 4P e A < Mye #0179 oo <5<t < oo, (5.29)

AP e A < M_e-(79) ) —oo <t <5< 0. (5.30)
We also note that in the case of an exponential dichotomy of solutions the
operator Lx = fl—f — Ax is regular.

We now define an exponential dichotomy on R for the solutions of the
system of differential equations

dx
i A(t)z, (5.31)
where elements of matrices A(t) are almost periodic functions.

A more detailed description of the corresponding theory is contained in
Krasnosel’kii, Burd, and Kolesov [1973] or Coppel [1978].

If the space of initial conditions R™ of system (5.31) can be represented as a
direct sum of subspaces E, F_, the space of solutions X can be represented
as a direct sum of subspaces X, X_ so that the initial values of solutions of
system (5.31) belong to E and E_, respectively, and (5.25) as well as (5.26)
hold, then for system (5.31) an exponential dichotomy of solution on R takes
place.

From this definition the fact immediately follows that if subspace X_ is
empty, then the trivial solution of system (5.31) is asymptotically stable. If,
however, X_ is not empty, then the trivial solution of (5.31) is unstable.

It turns out that an exponential dichotomy of solutions of system (5.31)
is equivalent to regularity of the operator Lz = ‘fi—f — A(t)z, and constants
M., M_,y,,~v_ depend only on the norm of the inverse operator L~! in the
space of almost periodic vector-functions and on the norm of the matrix A(t).

To state the definition of a dichotomy in terms of the estimates of the norm
of the fundamental matrix U(t) we would need to consider estimates on the
norms |U(t)P.U~Y(s)| and |U(t)P-U~1(s)| in inequalities (5.29) and (5.30).

Thus, if for system (5.31) an exponential dichotomy takes place, then the
nonhomogeneous system

dx

i Alt)x + f(t)
has a unique almost periodic solution for any almost periodic vector-function
f(t), and that solution is defined by

+oo
2(t) = / G(t, 5)f(s)ds,
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where the matrix function G(¢, s) has the form
JURPLUY(s), t>s,
Gt 5) = {U(t)PU—l(s), t<s.

The matrix function G(¢, s) is called Green’s function for the almost periodic
boundary value problem. This function satisfies

IG(t,s)| < Me P8l —o0 <t 5 < o0,

where M,y are positive constants.

In case we are interested only in the stability properties of solutions, it is
sufficient to consider an exponential dichotomy on a positive half-axis R .
We shall say that system (5.31) has an exponential dichotomy on R if there
exist projections Py, P_ and positive constants M, such that

UBPLU Y s)| < Me "9 ¢ >5>0,
| +

UBP_UYs)| < Me "D s>¢>0.
|

5.7 Stability of Solutions of Systems with a Small
Parameter and an Exponential Dichotomy

Let U(t, ) be a fundamental matrix of the linear system

d
d—”; — A(t, o)z, (5.32)
where the matrix A(t, ) is periodic ( almost periodic ) in ¢t € R uniformly with
respect to a real parameter ¢ € (0,£¢) and is a sufficiently smooth function of
€.

The following definition for a positive half-axis R is contained in Hale and
Pavlu [1983].

Definition. For system (5.32) an exponential dichotomy of order k takes
place if there exist a projection P. that is continuous for £ € (0,¢), positive
constants Ky, K_, and functions o (g) = c1€¥, as(e) = cae¥, c1,¢2 > 0 such
that

|U(t,e) P.U (s,6)| < Kye @19 oo <5<t < o0,

|U(t,e)(I — P)U Y (s,e)| < K_e**®) =8 _o0 <t <5< 0.

The property of an exponential dichotomy of order k is equivalent to the
following estimate of the norm of the inverse operator of

dx

Lsx:%f

A(t,e)x
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in the space of periodic ( almost periodic ) vector-functions
1L < Ce7F,

where C is a positive constant. Clearly, if system (5.32) has an exponential
dichotomy of order k and P. = I, then the trivial solution of system (5.32)
is asymptotically stable. Otherwise, an exponential dichotomy of order k
and P. # I imply that the trivial solution is unstable. We can now restate
Theorem 5.1 in different terms.

Theorem 5.2. Let a linear system of differential equations with constant
coefficients that depend on a parameter €,

d

= =A@ (5.33)
have an exponential dichotomy of order k. Let matriz B(t,e) be almost peri-
odic in t uniformly with respect to € € (0,20). If sup,eg ||B(t,€)|| = O(eN)
for N > k + 1, then the trivial solution of the perturbed system

d
d—f = A(e)x + B(t,e)x (5.34)
s asymptotically stable for P. = I and is unstable for P. # I.

Proof of this theorem is almost the same as the proof of the lemma on sta-
bility. The estimates for matrix exponent is replaced with the corresponding
estimates for the fundamental matrix of system (5.33) which follow from the
properties of an exponential dichotomy of order k. We can also show that
system (5.34) has an exponential dichotomy of order k.

Verification of the conditions of Theorem 5.2 in concrete situations is, usu-
ally, straightforward. To investigate the stability of the system of differential

equations

d
= =(A+eBi+-- +"Bya

we can apply any of the known criteria of the stability for systems with con-
stant coefficients. We must, however, make sure that the higher order terms
(in €) do not affect the stability.

If the matrix A has a simple zero eigenvalue and all its other eigenvalues
have negative real parts, then the matrix A(s) = A+ By +--- + eF By, for
sufficiently small ¢, has a simple real eigenvalue A\(¢) = aje +aze® +.... The
stability properties of the system of differential equations (5.1) depend only
on the sign of the first non-zero coefficient a,, of the eigenvalue A(e) under
the assumption that jo < k (see Krasnosel’skii, Burd, and Kolesov [1973]).

We mention without a proof some sufficient conditions for an exponential
dichotomy of order k < N (see Hale and Pavlu [1983]). These conditions are
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equivalent to the condition of a strong k-hyperbolicity that were introduced
by Murdock and Robinson [1980a] (see also Murdock and Robinson [1980b]).
If all eigenvalues of the matrix A are distinct, and if the eigenvalues A; (), (i =
1,2,...,n) of the matrix A+eBj + ...,V By for an appropriate numbering
satisfy
Rhi(e) < —e®, i=1,2,...r

RNi(e) > e, i=r4+1,....n
for some k < N and some positive constant ¢, then the system of equations

d
d—f:(A+eBl+-~-+ENBN)x

has an exponential dichotomy of order k < N.

5.8 Estimate of Inverse Operator

We concentrate on the estimation in space B, of the inverse operator for

operator
d
L(e)x = d—f — A(e)z,

where the matrix A(e) is an analytic function in €.

Let the matrix A(0) have the eigenvalues with zero real part. All eigen-
values of the matrix A(e), for sufficiently small ¢ > 0, have non-zero real
parts. The operator L(e) has continuous inverse in B,. We will describe the
corresponding result that is due to Yu. S. Kolesov and V.V. Mayorov (see
Mischenko, Yu. Kolesov, A. Kolesov, and Rozov [1994]).

Consider expressions

sup  ||[A(e) +iwl] Y| (5.35)

—oo<w< oo

and ||[L~1(¢)|| as the functions of e. Here i is the imaginary unity, I is an
identity matrix. The point € = 0 is a singularity of the function ||L~1(¢)|| as
the operator L(0) has no inverse. It turns out that the functions (5.35) and
||[L=1(¢)|| have poles of the same order at the e = 0. From this statement
follows that under € > 0 we have estimate

M
1L < =0 M,a>0. (5.36)

To define the order of the pole in estimate (5.36) we need to consider deter-
minant
det[A(e) + iwl]
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and select w so that this determinant had the maximum order in e. We shall
represent determinant in the form

det[A(e) + iwl] = H ) + iw)

where \;(¢) is eigenvalues of matrix A(e). It is enough to consider only those
eigenvalues of the matrix A(e) which have zero real parts at e = 0.
For example, we consider the operator

Ly = 55— Aoy

from 5.5. Here
0 1
Alp) = ,
(1) (uz(q — po) —MC)

where ¢ > 0, q, pp are real numbers. It is easy to see that in this case a = 2
if ¢ — po 0, i.e.,

_ M
17wl < 2



Chapter 6

Linear Differential Equations with
Fast and Slow Time

The data presented in this section can be found in Burd [1979a].

6.1 Generalized Lemmas on Regularity and Stability

Consider a system of differential equations

dx t

— = A(-,t)x, 6.1

® —ac (61)
where ¢ > 0 is a small parameter, A(g,t) is a square matrix of order n.
System (6.1) has two time scales - fast and slow. After changing the time
t = e7, system (6.1) transforms into a system in the standard form

dx

E:

eA(T,eT)z. (6.2)

We shall assume that the elements a;;(t, s) of the matrix A(t, s) are defined for
—o00 < t,s < 0o, are almost periodic in the variable ¢ uniformly with respect
to s and almost periodic in s uniformly with respect to ¢. Then there exists
the mean value of the matrix A(¢, s) over the first variable

T

o1 =

TlgréoT/A(t,s)dth(s).
0

Averaging system (6.2) over the fast time yields the system
— =cA(eT)z,
which, at the initial time, takes the form

dx

e A(t)z. (6.3)

65
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Now the following questions arise. Does the regularity of the operator

_dz -

Lr=— — At
T= (t)x
imply the regularity of the operator
dz t
L.x=— —A(-
el dt (E > t)l‘

for sufficiently small €? Are the properties of the stability of solutions of the
homogeneous equations

dzr t
— = A(-,t
dt (5’ e
and J
T _
A
p (t)x

interrelated? System (6.3) is a system with variable coefficients. However, it
is simpler than the original system (6.1).
First, we bring in the generalized Bogoliubov lemma. Let the operator

dx
Le=—— At
7 )z,

where A(t) is an almost periodic matrix, be regular. Suppose the vector-
function f(¢,¢) is determined for —oco < t < 0o and 0 < € < gg. Let f(¢,¢) be
almost periodic in ¢ for every fixed €. Then the system

Lz = f(t,¢)

will have a unique almost periodic solution z(¢, ). The generalized Bogoliubov
lemma gives conditions under which this solution tends to zero as ¢ — 0
uniformly with respect to t.

We say that f(t,e) as € — 0 converges properly to zero if

t
lim sup /f(T,e)dT =0

eaoltislgT
for each T' > 0 and || f(t,€)||p» < m < oo for 0 < € < &o.

Lemma 6.1. If f(t,e) converges properly to zero, then the almost periodic
solution x(t,e) of the system

dx

— = A(t t
= AW+ f(1,e)
satisfies the limit equality

lim sup |z(t,e)] =0.

e—0 _co<ti<oo
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Proof. As we noted in Section 5.6, the solution z(¢,¢) is determined by

the formula -

x(t,e) = /G(t,s)f(s,s)ds. (6.4)

— 00
Making the change s =t + 7, we transform (6.4) into

oo

x(t,e) = /G(t,t+7’)f(t+7’,€)d7’.

— 00
We rewrite the latter equality

0 t+7 t+7
x(t,e):/Gtt—H' /fcredo' +/Gtt+7‘ /fas

Integrating by parts of each summand in the right-hand side yields

0 Py t+1
x(t,e):—/M /faado dr—
—o0 t

t+71

/3Gtt+7’ /fasdo dr.
t

JU®MPLUY(s), t>s,
Glt.s) = {U(t)PtUl(s), t<s,

we have that for 7 # 0, the estimate is valid

OG(t,t+ 1)
or

Since

<mpe T (o0 < t < o0), (6.5)

where mq,7; are positive constants. It follows from (6.5) and the conditions
imposed on f(¢,) that for an arbitrary T > 0

=T T t+1
|x(t, &) < mmy / e | 7|dr +my /e*V‘Tl /f(a,s)dcr dr+
oo Zr t

oo
+mmg /e_VIT‘TdT.
T
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Assume 1 > 0. The latter inequality implies the existence of T' > 0 such that

|(t€)|<2+7|t SI<T/fO'€ . (66)

It follows from (6.6), in view of the properly convergent f(t,¢), that
|z(t,e)] <n (—o0 <t < o0)
for small € € (0,e0). The lemma is proved.

Lemma 6.2. Let the vector-function f(t,s) be determined for —oo < t,s <
o0, almost periodic in t uniformly with respect to s and almost periodic in s
uniformly with respect to t. Suppose

ﬁ&‘/f“

Then the vector-function

olte) = (1)

3

converges properly to zero for e — 0.

Proof. If the second variable of the vector-function f(£,¢) is fixed, then
assertion of the lemma has already been established in proving the Bogoliubov
lemma. Hence, assertion of the lemma holds true for the vector-function
f(L,A(t)), where A(t) is a piecewise continuous function on an interval with
a length T'. Since f (ﬁ, t) is continuous in the second variable uniformly with
respect to the first variable and is uniformly continuous in the second variable,
we have that this vector-function can be approximated at any accuracy of the
vector-function f(%, A(t)), where A(t) is a piecewise continuous function on
any interval of the length T'.

The lemma can be proved in another way. We approximate the vector-
function f(¢,s) by the vector-function ¢(¢, s) that is a trigonometric polyno-
mial in each variable. For the vector-function, qﬁ(g, t) is directly established
by calculating the respective integral.

We now bring in analogs of the lemmas on regularity and stability for
systems with fast and slow time. We formulate both assertions as one theorem.

Theorem 6.1. Let the operator

dx -
L — — At
v=g AW
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be regular. Then for sufficiently small € the operator

dz t
=~ A(g,t)m
is reqular. If the zero solution of the system
ili—g; = A(t)x (6.7)
is asymptotically stable, then under sufficiently small € the zero solution of
system (6.1) is asymptotically stable. If the zero solution of system (6.7)
is unstable, then the zero solution of system (6.1) for sufficiently small ¢ is

unstable.

L.x

Proof. We determine the matrix-function
H(t,) = / Gt YA 5) — Als)]ds.

By virtue of Lemmas 6.1 and 6.2, as ¢ — 0 the norm of the matrix H(¢,¢)
tends to zero uniformly with respect to ¢ € (—o00, 00). After the change

x=y+ H(t ey,
system (6.1) transforms into the system

dy -
= = A(t F(t

where

F(t,e) = —(I + H(t,e))™ " {H(t,e)A(t) + [A(g,t) - A(t)}H(t,s)} .
Evidently,
lim sup [|F(t,e)] =0.

e—0 _co<t<oo
Further proof is completely similar to the proof of the lemmas on regularity
and stability.

6.2 Example. Parametric Resonance in the Mathieu
Equation with a Slowly Varying Coefficient

As an example to Theorem 6.1, we consider the problem of the parametric
resonance in the Mathieu equation with slowly varying coefficient
d*x

ia? + w?(1 + ep(et) cos \t)x = 0, (6.8)
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where ©(t) is a periodic or almost periodic function with non-zero mean value,
€ > 0is a small parameter; w, \ are real parameters. Transform equation (6.8)
by making a change

xr=acoswt+bsinwt, z' = —awsinwt+ bw coswt
and solve the obtained system relative to the derivatives % and %
% = (S p(et) cos Mt( 5 sin 2wt + bsin® wt)
@ = —(£p(et) cos At(a cos® wt + L sin 2wt).
Assume \ = 2w and average it over the fast time ¢. We arrive at the system
da _ __p(et)7
L =—c b
d I
dj B 75“"?‘5)& . (6.9)
dt dw

Transform system (6.9) in terms of the slow time 7 = et and obtain a system
with almost periodic coefficients, small parameter being eliminated. This
system is integrable. The general solution takes the form

a = agcosh ;5 [ @(s)ds — bysinh ;L [ o(s)ds,
i T ™ (6.10)
b= —agsinh 1= [ ¢(s)ds + bo cosh 1= [ ¢(s)ds,
To 7o
where @(0) = ag, b(0) = bg. Since the mean value of the function ¢(7) is
non-zero, then solution (6.10) is unbounded as t — oco. Therefore, at A = 2w
there occurs a parametric resonance in equation (6.8).

6.3 Higher Approximations and the Problem of
the Stability

Consider the problem of the stability of a zero solution for the following
system of differential equations

N
dx -

o iB.

= = B0+Ze B;(t,7) | . (6.11)

j=1

Here, € > 0 is a small parameter, 7 = et is a slow time, By is a constant
square matrix of order n. We say that the matrix-function A(¢,7) belongs to
the class 3 if its elements are trigonometric polynomials in the variable ¢ and

trigonometric polynomials in the variable 7. Namely, A(t, 7) takes the form

A(t,T) = Z ay, e M),
Al
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where ay,,, are the constant square matrices of order n, and A, p varies over
a finite set of real values.

Further, we shall assume that the matrices B;(¢,7)(j = 1,2,...,N) belong
to the class X;.

It is evident that if all eigenvalues of the matrix By have negative real
parts, or if the matrix By has at least one eigenvalue with positive real part,
then for sufficiently small e, the zero solution of system (6.11) is stable or
unstable, respectively. Therefore, we are going to consider only the critical
case when the matrix By has eigenvalues with non-positive real parts, some
of the eigenvalues having zero real part.

Without loss of generality, we assume that all eigenvalues of the matrix By
are real (see Section 5.2). There exists a change such that stability remains
unaffected and the matrix By has real spectrum. As in section 5.2, we find a
change of variables such that system (6.11) is transformed into the system

— = | Bo+ > _A;(r) | y+ O (6.12)

j=1

with no fast time ¢ in the right-hand side terms up to order £V inclusive. This
change is
N

T=y+ Z skYk(t, 7)Y, (6.13)
k=1

where the matrices A;(7),Y;(¢t,7) (i = 1,2,...,N) are to be determined.
Moreover, the matrices Y;(¢,7) must belong to the class ¥; and have zero
mean value over t. Substituting (6.13) into (6.11) and with (6.12) taken into
account yields

By +ZskAk +Z€ Yi(t,7)Bo + Z e RYL(t, T)Am(T)+
k=1 = k,m=1

N N N
+Y oot + )y a’““&)@&) y= (Bo +) " BoYi(t, 7)+

k=1 k=1 k=1

N N
+Z€kBk(t,7')+ Z ™R BL(t, T Yo (t, 7)) | .

k,m=1

Comparing the coefficients of € in the right-hand and left-hand sides of the
latter equality, we arrive at

oY,

E7B()Y1(t,T)+Y1(t,T):Bl(t,T)fAl(T). (614)
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We seek the matrix Y7 (¢, 7) of the class ¥ in the form

Yi(t,7) =) ba(r)e™,
A

where A\ varies over a finite set of values. As was already noted, the mean
value of the matrix Y3 (¢, 7) over t is assumed to be equal to the zero matrix.
Suppose

Bi(t,7) = Z ax()eM
A

and choose the matrix A;(7) equal to the free term of this system, i.e.

T

1
Al(T) = TIEI;OT/BI(ZE’T)dt
0

Then, to find the matrix by(7), we obtain the equation
iAbx(T) — Bobx(7) 4+ bx(7) By = ax(7).

Now we need the matrix by(7) in the form
ba(T) = Z b7,
o

where v varies over a finite set of values, and by, are the constant square
matrices of order n. The matrix a)(7) is presented as

ax(t) = Zamei”t.
o

To find the matrices by,, we obtain the matrix equation
(Z)\I — BO)b)\,u + b)\;LBo = Axp-

This equation has a unique solution due to non-intersecting spectra of the
matrices t\I — By and By.

Similarly, comparing the coefficients of ¢/ (j = 2,...,N), we obtain the
matrix equation

Y

87153 —Boyj‘(t,T)—F}/j(t,T)Bo ZF(t7T)—Aj(T), (615)
where the matrix F(¢,7) is determined through the matrices By (¢, 7), Yi (¢, 7)
(j =1,...,5 —1). Equation (6.15) has the same form as equation (6.14).
Therefore, the problem of the choice of the matrix A;(7) and existence of the
matrix Y;(t, 7) of the class X; is solved in the same way.
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Evidently, change (6.13) is a change with coefficients bounded for all ¢,7 .
Hence, the problem of the stability of solutions of system (6.11) for sufficiently
small € is reduced to the problem of the stability of solutions of system (6.12)
with slowly varying near-constant coefficients. If we introduce the differential
operator

determined on the space B,,, then we can formulate a theorem of the stability
of solutions of system (6.12). Recall that the regularity of the operator L(¢) is
equivalent to the exponential dichotomy of the solutions of the corresponding
homogeneous equation. We call the operator L(e) stable if the solution of the
corresponding homogeneous equation is stable and unstable if the solution of
the corresponding homogeneous equation is unstable.

Theorem 6.2. Let the operator L(e) be reqular for 0 < € < gy and the
inequality

el < o (6.16)

holds, where C is a constant independent of €. Then, if the operator L(e)
is stable for 0 < e < €, the zero solution of system (6.12) is asymptotically
stable for sufficiently small €. If the operator L(e) is unstable for 0 < & < &,
then the zero solution of system (6.12) is unstable for sufficiently small €.

The proof follows the same scheme as the proof of the lemma on stability.
We only note that inequality (6.16) is equivalent to the exponential dichotomy
of order k (see Section 5.7) of the solutions of the system

L(e)y =0.






Chapter 7

Asymptotic Integration

In this chapter we present results established by Burd and Karakulin [1998].

7.1 Statement of the Problem

The stability and asymptotic behavior of solutions of linear systems of dif-

ferential equations
9 _ vt B

o = Ar+ B(t)z,
where A is a constant matrix, and matrix B(¢) is small in a certain sense when
t — oo has been studied by many researchers (see papers by Levinson [1948],
Hartman and Wintner [1955], Fedoryuk [1966], Harris and Lutz [1974], [1977],
and books by Bellman [1953], Rapoport [1954], Coddington and Levinson
[1955], Naimark [1968], Cesari [1971], and Eastham [1989]).

In Chapter 1.5 we described the results of Shtokalo on the investigation of
the stability of solutions of the system of differential equations

dx
— = Az + eB(t)z, (7.1)
dt
where € > 0 is a small parameter, A is a constant square matrix, and B(t) is
a square matrix whose elements are trigonometric polynomials by (t) (k,l =

1,...,m) in the form
m

bra(t) = Y bhlet,
j=1

where )\ (j = 1,...,m) are arbitrary real numbers. We shall denote by 3 the
class of matrices whose elements are the trigonometric polynomials described
above. The mean of a matrix from ¥ is a constant matrix that consists of the
constant terms (A; = 0) of the elements of the matrix.

As we have seen before, using a change of variables similar to the ones used
by Bogoliubov in the method of averaging, we can transform system (7.1) into
a system with constant coefficients, which depend on a parameter ¢, precisely
up to the terms of any order in e.

(0]
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We also mention that the method of averaging in the first approximation
was utilized in the papers by Samokhin and Fomin [1976, 1981], for study-
ing the asymptotic behavior of solutions of a particular class of systems of
equations with oscillatory decreasing coefficients.

In this chapter we adopt the method of Shtokalo for the problem of asymp-
totic integration of systems of linear differential equations with oscillatory
decreasing coefficients.

We consider the following system of differential equations in n-dimensional
space R"

k
dx 1 1
= =140+ Zl TaAi(t) o1t s Pt (7.2)
j=
Here, Ag is a constant n X n matrix, and A (t), A2(t),..., Ax(t) are n x n

matrices that belong to ¥. We shall assume that matrix Ag is in Jordan
canonical form, a real number o and a positive integer k satisfy 0 < ka <1 <
(k+ 1), 6 > 0, and F'(t) satisfies

IF@)] < C < oo

for tyg <t < 0o, where ||.|| is some matrix norm in R™.
We are concerned with the behavior of solutions of system (7.2) when ¢t —
00.

7.2 Transformation of the Basic System

We want to construct an invertible change of variables (for sufficiently large
t,t > t* > tg) that would transform system (7.2) into

k

== ZtTaAj y+t(TE)G(t)y,s>O,t>t. (7.3)

Here, Ag, A1, .., A are constants square matrices (moreover, Ay is the same
matrix as in (7.2)), and the matrix G(t) has the same properties as the matrix
F(t) in system (7.2).

Without loss of generality, we can assume that all eigenvalues of the matrix
Ag are real. Indeed, if matrix Ay has complex eigenvalues, then we can make
a change of variables in (7.2)

where R is a diagonal matrix composed of the imaginary parts of eigenvalues
of the matrix Ag. This change of variable with coefficients, which are bounded
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in t, t € (—o0,00), transforms the matrix Ay into the matrix Ay — iR, which
only has real eigenvalues.
We shall try to choose an invertible change of variables (for sufficiently large
t), in the form
S
v=9D 5V g, (7.4)

=0

to transform system (7.2) into system (7.3), where Yy(t) = I is the identity
matrix, and, Yi(t),Ya(t), .., Yx(t) are n x n matrices that belong to ¥ and

g . . . d
have zero mean value. By substituting (7.4) into (7.2), and replacing %% by
the right-hand side of (7.3) we obtain

{xh Ot}am)}{z’“ A} y+

1
0 tie
+ b {ho 7 m)}G y+tu+a>w<> +{S Ry = (1)
{sz] L= A0} B0y + Uy,

where
k .
Wi == 5 K0 - (7.6)
and
ko
U(t) = F(t) ZtTan(t) : (7.7)
§=0

Equating the terms that contain t=¢ (j = 1,...,k) in the left-hand and the
right-hand sides of (7.5) yields a system of k linear matrix differential equation
with constant coefficients

d%() AoY;(t) +Y;(t)Ag =

= Y20 A1) = SIS i Ay, (=1, k).

The solvability of system (7.8) was studied in Shtokalo [1961]. We represent
Y;(t) as a finite sum
Zyj zAt

A#£0

(7.8)

where yi are constants n X n matrices, and obtain matrix equations
Ay} — Aoy + Y3 Ao = b

Because all the eigenvalues of A are real, the matrix equations have unique
solutions for A # 0 (see, for instance, Gantmacher [1959], Daleckii and Krein
[1974]). On each of the k steps of the solution process we determine the matrix
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A; from the condition that the right-hand side of (7.8) has a zero mean value.
In particular, for j =1

dYi(t)
dt

— AoYi(t) + Yi(t) Ao = As(t) — Au,

where A; is the mean value of the matrix A;(¢). The following results from
(7.5).

Theorem 7.1. System (7.2), for sufficiently large t, can be transformed
using a change of variables (7.4) into a system

dy k 1A 1 alt
i ZotTaj YT iaTe )y,
j:

where € > 0, and ||G(t)|]| < C1 < o0 .

Proof. Substituting (7.4) into (7.2) yields

&Xo¢mm}@—{%+zjMWAU}QXOQEU}
- {Z?:l P d};t(t) } Y — s Wy + s Uy,

where W (t) and U(t) are defined by (7.6) and (7.7), respectively. The last
relation can be rewritten as

(S0 o a0} {i — {0 pnds} o) =

{AO—FZ] 1 e At )}{Zﬁ 0 Yill )} _{25:1 w'%dizjt(t)}y—
_{Z] o m= Y(t )}{EJ ot}aA} - Wy + ks Uy

Due to (7.8) we get

(S o} - {5y} = (7.9)
= =Sy — s Wy + 7 U (1),

where elements of the matrix S(¢) can be represented as t7%a;(t) (j =

0,...,k), and a;(t) are trigonometric polynomials. Therefore,
1 S(t 1Wt 1Ut— 1Rt 7.10
e~ WO+ sV = e R, (110

where € > 0 and R(t) satisfies

||R(t)|| < CQ < 0.
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The identity (7.9), for sufficiently large ¢, can be rewritten as

-1
k k

dy 1 1 1

Jj=0 J=0

This fact along with (7.10) implies the theorem.

The main part of system (7.3)

k
dy 1
= gy

§=0

does not have oscillating coefficients. This makes it simpler than the orig-
inal system (7.2). In particular, the Fundamental Theorem of Levinson on
asymptotic behavior of solutions of linear systems of differential equations (see
Levinson [1948], Rapoport [1954], Coddington and Levinson [1955], Naimark
[1968], Eastham [1989]) can be used for constructing the asymptotics of the
fundamental matrix of the system (7.3). We state Levinson’s Theorem in a
form that is convenient for our consideration.

Theorem of Levinson. Consider a system

dz

s (A+V(t)+ R(t))x, (7.11)
where A is a constant matriz with distinct eigenvalues, the matriz V (t) tends
to zero matriz as t — oo, and

/\V’(t)\dt <o /|R(t)|dt< .
to to

Denote by A;(t) the eigenvalues of the matriz A(t) = A+ V(). Assume
that none of the differences ReA(t) — Re);(t) changes its sign beginning with
some sufficiently large t. Then the fundamental matriz of system (7.11) has
the following form
t
X(@t)=(P+o(1))exp | A(s)ds, t>t", t— oo,
-

where P is the matriz composed of the eigenvectors of the matriz A, and A(t)
is a diagonal matriz whose elements are eigenvalues of the matriz A+ V (t).

This theorem implies the following theorem for system (7.3).
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Theorem 7.2. Assume that, among matrices A;(j = 0,...,k), the first
non-zero matriz is A; and its eigenvalues are distinct. Then the fundamental
matriz of system (7.8) has the following form

t
X(t)=(P+ 0(1))693])/ A(s)ds, t>t", t— oo,

t*

where P is a matriz composed of the eigenvectors of the matriz A;, and A(t) is
a diagonal matrix whose elements are eigenvalues of the matriz Z?:z t’jaAj.

To prove this theorem we just have to observe that the system of differential
equations
de 1 1
T = t—lAll‘ + Z t_JA]x
j=l+1

can be transformed into

dx 1
= [A
dr  1-1 l+ztﬂl
j=l+1

using the change of variables 7 = ¢!~

7.3 Asymptotic Integration of an Adiabatic Oscillator

As an example we consider an equation of an adiabatic oscillator

d2y

1
) +(1 —|— —sin\t)y = (7.12)

where A, o are real numbers, and 0 < a < 1. The problem of asymptotic inte-
gration of the equation (7.12) has been studied in Harris and Lutz [1974, 1975,
1977], and Wintuner [1946a, 1946b]. In particular, asymptotics of solutions for
% < a < 1 were obtained. The method that we proposed in this chapter can
be used to obtain (in a simple manner) all known results on asymptotics of
solutions of equation (7.12) as well as to establish new results.

We convert equation (7.12) into a system of equations (x = (x1,z3)) using
a change of variables

y = cost + xgsint, y' = —mxysint+ zycost. (7.13)

which yields
dx 1
— = —A(t)x. .14
= AW (714)
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It will be convenient, as we will see below, to rewrite A(t) in complex form as

A(t) = a1 @Ot G IO 4 g iDL G o mIA=DE | iAE L g p—iXE

BYET 11 C1/(0 -2
=g\l i) 27g\li-1) ®7g\l2 0 )

and the matrices a1, aq, a3 are complex conjugates to the matrices a1, as, as,
respectively.

The values of a and A significantly affect the behavior of solutions of system
(7.14). We denote by R(t) a 2 x 2 matrix that satisfies

[|R(t)|] < C3 < 0.

where

for all ¢.
First, assume 3 < o < 1. For A # +2 system (7.3) becomes

dy 1

Therefore, it is easy to see (taking into consideration change (7.13)), that the
fundamental system of solutions of equation (7.12) for % <a<1,A#+2as
t — oo has the form

x1 =cost+o(l), xo=sint+ o(1),

ry = —sint+o(l), x4 =cost+o(1).

We shall represent the fundamental system of solutions of equation (7.12) as
a matrix with rows x1,x9 and z, 5.
Now assume A = 2. More specifically let A = 2. Then system (7.3)

becomes p ) )
Yy _
% = t—aAly + mR(t)y, e > 0.

_ 1/10
a2+(12:A121<0_1).

Theorem 7.2 implies that for ¢ — oo the fundamental matrix of system
(7.14) has the following form

Here

exp (ftt* 4%ds) 0
0 exp (— f: ﬁds)

Therefore, for a = 1, A = 2 we obtain the fundamental system of solutions of
equation (7.12) as

Y(t) = [T+ o(1)].

t1cost t~1sint
—tisint t~1 cost

Jir+o.
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while for 1/2 < a < 1, A =2 for t — o0 we get

tlia tlfa .
cap (st ) cost eop (~sfr=ry ) sint [ +o(1)]
l—«a i~ .

We note that, for A = £2, and % < a < 1, equation (7.12) has unbounded
solutions. Moreover, for o = 1 the solutions have a polynomial growth, while

for a # 1, they grow exponentially.
We now assume % < a < %

transforms (7.14) into

In this case a change of variables (7.4)

1

dy 1 1
— =—Ay+ tz—aAZU + ER(#’)ZJ’ €>0.

dt
If A # +2,+1, then the matrix A; is zero, and matrix As has the form

1 1

As =1 )\—+2(a161 —alal) + P

_ .
(agag — agag) + X((Iga;g — a3a3)

(7.15)
Computing A, yields

g (o)

dy 1

dt 2
can be integrated. We obtain that, for ¢ — oo, the fundamental system of
solutions of equation (7.12) with o = 3, A # £2, %1, has the form

The system

Aoy

cos(t +vInt) sin(t+yInt)
(_ sin(t +77 Int) cos(t + z Int) ) [ +o(1)],

where v = 4(T1—4)' For % <a< %, and A # £2, 41, the fundamental system
of solutions of equation (7.12) has the form

(1-2a . t1-2a
cos (4(172:1)()\274)) SN T 2a)(Z2—9)

. 120 (1-2a ) [I + 0(1)]
—SI{ g2y (=) ) €08 \ 1a—2a) (e =4y

as t — o0.

We now assume o = %, A = 1. In this case A; is zero, and A, is determined
by

. 1 _ _ o o
ZAQ = —§a1a1+§a1a1 —agQ2+a2G2 —a3a3+a3za3+agasz+asaz —a203+ a3as.
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A simple calculation yields

1 /0 -5
Az_ﬂ<—1 o)‘

The corresponding system (7.3) has the following form

dy 1 1
—=-A —R(t)y, > 0.
o~ YT Oy e
By integrating the system
dy _
A
dt n 2Y,

we obtain its fundamental matrix

vio = (L),
V5

where ¢ = ¥7. Then the fundamental system of solutions of equation (7.12)

for a = 2, A =1, and t — o0, has the form

2
te sin(t - ﬂ) t—e Sin(t 4 ﬂ)
(t? cos(t — 3) t=¢ cos(t + 5)) [T+ o(1)],

where

ng, B = arctg\V/5, 0<5<g~ (7.16)

If % <a< % and A = 1 we have the system

dy 1 1
Using Theorem 7.2 we obtain the asymptotics of the fundamental matrix
of this system, and then, using the change (7.13), the asymptotics of the
fundamental system of solutions of equation (7.12) for £ < a < 3, A =1, and
t — oo:

—2« . 1-2a .
exp(g —= ) sin(t — ) exp(—gtliza )sin(t + 3)
1 2c 1—2«
exp(ot= ;

) [ +o(1)],

55) €os(t — ) exp(—0T—5, ) cos(t + [3)

where g are 3 are defined by (7.16). Thus, for a = 1% and A = 1 we observe a
polynomial growth of solutions, while for % < a < 3 and A =1 the solutions
grow exponentially.

Now let a = % and A = 2. Simple calculations show that

1 0) 0 —L
A1:(4 , Ay = 61 ).
0—1 &= 0
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Therefore, we get a system

dy 1 1

—=—A A —R(t 0. 7.17
g = At At (t)y, e> (7.17)
We compute the eigenvalues of the matrix

1 1
—A —A
t% 1+ n 25

integrate them, and, using Theorem 7.2, we obtain the asymptotics of the
fundamental matrix of system (7.17). Next we find the fundamental system
of solutions of equation (7.12) for a = 4, A =2 and t — oo:

( exp(op(t)) cost exp — (¢(t)) sint) [+ o(1)],

—exp(p(t)) sint exp — (p(t)) cost

where ¢(t) = 35[v/2%t — 1 — arctan /25t — 1]. The last formulas give more
precise asymptotics than the corresponding formulas in Harris and Lutz [1977].
For § < a < &, A =2 instead of (7.17) we get a system

dy 1 1
oA A —_R(t
o = A Ay + s Ry,

where ¢ > 0, with the same matrices A;, As. Therefore, it is straightforward
to write the asymptotics of the fundamental system of solutions of equation
(7.12) fo1r%<oz<%1 A=2,and t — oc.

Finally, let « = 2, A # £1, and A\ # +2. Then, it turns out that A; is
zero, and As is deﬁned by (7. 15) Matrix Ag differs from zero only if A = £3.

Assume A= 2 System (7.3) then becomes

dy

1 1
—=A A —R(t
dt fS 2y+ 3y+ t1+8 ( )y7

where € > 0 and the matrices As and Az are defined by
0 —-2 —-2T 9
A2(9 128)7 A3< 1021 o ).
™= 0 0 oo

We compute the eigenvalues of the matrix

1 1

— Ay + —As.

t% 2 t 3
These eigenvalues have zero real parts, for sufficiently large ¢. Further, using
the same scheme as before we find the asymptotics of the fundamental system

of solutions of equation (7.12). We only note that the solutions of equation
(7.12) are bounded for a = %, A= :I:% as t — oo.
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Exercise 7.1. Consider a system of equations

dz L2 acos2t dy L2 bcos 2t
— twiz = — 4 wix =
1 P Y, dt 2 n

x.

Construct the asymptotics of solutions of this system for ¢ — oo, if
a)wi +wy =2,
b) w1 — Wy = 2.

85






Chapter 8

Singularly Perturbed Equations

Consider a singularly perturbed differential operator

dz
L =e——A
(e)x=¢ o x,

where € > 0 is a small parameter, and A is a constant square matrix of order
n. If all eigenvalues of the matrix A have non-zero real parts, then the above
operator is regular in the space B,,, and for the solutions of a homogeneous
system of equations

& Az=0
Edt i

take place an exponential dichotomy holds. This immediately implies that
the space U(e) of this system can be represented as

Ule) =Us(e) + U_(¢).
For the solutions = (t,e) € Uy (g) the inequality
lzy(t,e)] < M+e_7+(t775)|m+(s,5)\, —00 < s<t<oo

holds true, and for the solutions z_(¢,&) € U_(g) the inequality

o (t,e)] < M_e ="

|zy(s,€)], —o0o<t<s<oo

is fulfilled. Here, M, M_,~,,~v_ are positive constants.

Let us show that the same results are valid for singularly perturbed differ-
ential operators with periodic or almost periodic coefficients for sufficiently
small values of parameter €.

Consider a singularly perturbed differential operator

L(e)x = Ed_ac — A(t)x, (8.1)
dt
where £ > 0 is a small parameter, A(¢) is a square matrix of order n with its
elements being almost periodic functions.
We study the problem of the regularity of the operator L(e). We will need
a criterion derived by E. Muhamadiev for the regularity of operators with
almost periodic coefficients (see Krasnosel’skii, Burd, and Kolesov [1973]).
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Let hj j =1,2,... be an arbitrary sequence of real numbers. If f(t) is an
almost periodic function, then from the sequence of almost periodic functions

ft+hy), j=1,2,... (8.2)

we can choose a sub-sequence that uniformly converges on the real axis. We
denote a set of almost periodic functions that involve all functions f(¢ +
h), —o0 < h < oo and the limits of sub-sequences (8.2) by H[f(t)]. A set of
almost periodic matrices H[A(t)] is determined similarly.

Theorem 8.1 (Muhamadiev). The operator

dz
Lr=—+ A(t
T=— + A(t)x
with an almost periodic matriz A(t) is reqular if and only if all homogeneous
equations

%f + ATz =0 (A*(t) € HIA®)),

whose only bounded solution on the entire real axis is zero.

We say that the spectrum of an almost periodic matrix A(t) is separated
from the imaginary axis if for all ¢ € R the matrix eigenvalues lie in a complex
plane section defined by the inequality

I%M >y > 0.

Theorem 8.2. If the spectrum of a matriz A(t) is separated from the
imaginary azxis, then operator (8.1) is uniformly regular for sufficiently small
€.

Proof. Assume that the operator L(e) is not regular for sufficiently small
€. Then, by virtue of Theorem 8.1, there are sequences of the numbers £; — 0
and almost periodic matrices A;(t) € H[A(t)] such that each equation

dx
€jE — Aj(t)a: =0 (83)

has a solution that is normalized of 1 (||z(¢)||s, = 1) and bounded for all
t € R. We assume that at some point t; the inequality |z(¢;)] > 1/2 holds

true. By changing the time ¢t = ¢;7 +t;, we transform equation (8.3) into
dy
% — Aj (€j7' + tj)y =0. (84)

The solution of equation (8.4) is the function y;(7) = z;(¢;7 + t;), where
the norm equals 1, and the derivative is bounded on entire real axis of a
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j-independent constant. Therefore, due to the Arzell-Ascoli’s theorem, the
sequence y;(7) is compact on any finite interval. Without a loss of generality,
we can assume that on each finite interval of change in 7, the sequence of the
matrices A;(e;7+t;) uniformly converge to a constant matrix A from the set
H[A(t)], and the sequence y;(7) converges to some function yo(7). Evidently,
lyo(7T)] = 1 and |yo(0)| > 1/2. The vector-function yo(7) is the solution of the
equation

that has no trivial solutions bounded on the real axis, since the matrix Ag
has no eigenvalues lying on the imaginary axis.

The proof presented is due to V.F. Chaplygin [1973a]. The regularity of
the operator L(e) implies the exponential dichotomy of the solutions of the
homogeneous equation

e A(t)z =0. (8.5)

Let us focus our attention on this problem and describe another proof of
Theorem 8.2 . This proof is due to V.A. Coppel [1967, 1968] and K.W. Chang
[1968] and is based on the following two Lemmas.

Lemma 8.1. Let A(t) be a continuously differentiable n xn matriz-function
bounded in norm for all t(|A(t)| < M), and let A(t) have k eigenvalues with
the real part RA < —pu/2 and (n— k) eigenvalues with the real part RA > /2.
Then there exists a positive constant 8 = (M, n) such that if the inequality

AW <8

holds for all t, then the system of differential equations
dx
— = A(t .
= A (5.6)
has a fundamental matriz U(t) that obeys the inequalities

—p(t—=s)

|[U@t)PU(s)| < Ke 1 t>s

)

)

—p(s—t)

U —P)Us)|<Ke 1, s>t (8.7)

where K is a positive constant dependent only on M and p, and
(10
p_<00)

Lemma 8.2. Let system (8.6) have a fundamental matriz that obeys in-
equalities (8.7). Then there exists a positive constant v = (K, u) such that
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if B(t) is a continuous matriz and |B(t) — A(t)| <~y for allt, then the system
of equations
dy
dt
has a fundamental matriz Y (t) that meets the exponential dichotomy condi-
tions:

B(t)y

—p(t—s)

Y($)PY '(s)| < Le” 5, t>s,

—u(s—t)

Y()(I—-P)Y *s)|<Le” & , s>t

where L is a positive constant dependent on only K and p.

Using these two lemmas, it is easy to prove Theorem 8.2. In system (8.1),
we change the time 7 = ¢t and obtain the system

d

= = Al (8.8)
If the matrix A(t) were differentiable, then the proof of Theorem 8.2 would
immediately follow from Lemma 8.1. This matrix is not assumed to be dif-
ferentiable and it thus is necessary to introduce an additional matrix

T+1

D.(r) = /A(ss)ds

and deduce Theorem 8.2 first for the system with the matrix D.(7) and then
for system (8.8). We emphasize again the importance of the fact that an expo-
nential dichotomy takes place for the solutions of system (8.5) for sufficiently
small e. The space of the solutions U(e) can be represented as

U(e) =Us(e) + U—_(e).

For the solutions z (t,€) € U4 (¢), the inequality

(t—s)
lzy(t,e)| < Mye 7+ E |z4(s,€)], —oco<s<t<oo

holds, and for the solutions z_(¢,e) € U_(g) the inequality

(t—s)
lz_(t,e)| < M_e™ - "7 |zy(s,e)], —o0o<t<s<oo

is satisfied. Here, M, M_,~,,~v_ are positive constants.

Thus, if the spectrum of the matrix A(t) is separated from zero, then, for
sufficiently small ¢, the zero solution of system (8.5) is asymptotically stable
if all eigenvalues of the matrix A(t) have negative real parts, and unstable if
this matrix has eigenvalues with a positive real part.
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Consider two differential expressions

dx

-~ Ay = By, (8.9)
dy
e C(t)x — D(t)y, (8.10)

and, where A(t), D(t) are the square matrices, B(t), C(t) are the rectangular
matrices, € > 0 is a small parameter. The elements of the matrices are the
almost periodic functions. The differential expressions determine the operator
K(e) in the space B,. We introduce one more operator into consideration

Koz = — - [A(t) - Bt)D'(H)C(t)] z.
The operator K (¢) is uniformly regular if the operator Kj is regular and the
spectrum of the matrix D(t) is separated from zero. The proof of this assertion
is similar to the proof of Theorem 8.2 (see Chaplygin [1973b]).

Consider a system of differential equations

& = Alt)r + Bty

el — C(tye + D(t)y . (8.11)

Theorem 8.3. Let the zero solution of the system

d
dit” — [A(t) = B)D~ (1)C(t)] & =0

be asymptotically stable. Let the spectrum of the matriz D(t) lie in the left-
hand half-plane. Then the zero solution of system (8.11) is asymptotically
stable, for sufficiently small €.






Part 11

Averaging of Nonlinear
Systems
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Chapter 9

Systems in Standard Form. First
Approximation

9.1 Problem Statement

Consider a system of differential equations

dz
i eX(t,x), (9.1)
where x is an n-dimensional vector, € > 0 is a small parameter that varies
on (0,e9), the vector-function X (¢,z) is defined for ¢ € R, z € D, where
D is a bounded set in n-dimensional space. The right-hand sides of system
(9.1) are proportional to the small parameter. According to the terminology
introduced by N.N. Bogoliubov such systems are called systems in standard
form. Studies of many applied problems lead to the investigation of systems
in standard form.
If there exists a mean value

T
Jim o [X(0dt =X, ¢eD.
0

then for system (9.1) we can write an averaged system

dg
— =eXp(§). 9.2
= = Xo(e) 92)
Let a system of algebraic equations
Xo(§) =0

have a solution £ = &, which, evidently, is a stationary solution of (9.2).

What are the conditions that guarantee that system (9.1) has a solution
x(t,€) that is close to the solution & = &y of the averaged system (9.2)7 The
answer is given by the following theorem (Bogoliubov [1945]).
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9.2 Theorem of Existence. Almost Periodic Case

To simplify the statement of the theorem we assume that & is a zero vector.

Theorem 9.1. Suppose
1) X (t,z) is almost periodic in t uniformly with respect to x € D;
2) there exists a derivative A(t) = X, (¢,0), and, fort € R, |z1|, |z2] <7 < a

| X (t,21) — X(t,22) — A(t) (21 — 22)| < w(r)|x — 2],

where w(r) — 0 as r — 0;
3) the matriz

T
1
A:Tlgréof//l(s)ds
0
does not have eigenvalues with a zero real part;
4) and
. T
Th_r)n()o ?/X(U,O)do =0.
0

Then there exist ag, €1 > 0 such that for 0 < e < €1 system (9.1) has a
unique almost periodic solution x(t,e) that lies in |x| < ag, for all t, and

lim sup |z(t,e)| =0.

e—0 _co<ti<oo

We now make some remarks about the statement of the theorem. Condi-
tion 2) of Theorem 9.1 is certainly satisfied if the vector-function X (¢, z) has
continuous partial derivatives X,,(¢,x) (i = 1,...,n) in some neighborhood
of x = 0, and these derivatives are continuous in x uniformly with respect
to t € R. Condition 4) just means that the averaged system (9.2) has a sta-
tionary solution & = 0. The most significant is condition 3). The matrix of a
linear system which appears, as a result of linearization of the averaged sys-
tem on the stationary solution, does not have eigenvalues with zero real part.
From this assumption and the lemma on regularity (see Section 3.2 above) it
follows that, for sufficiently small €, the operator

— 84

Logp—_
T €

is regular.
We now prove the theorem.
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Proof. First, we note that, due to the condition 1) of the theorem, the
operator
Fx=X(t,x)

is defined and is continuous on the ball ||z|| < a of the space B,, of almost
periodic vector-functions, and its image belongs to B,,. Due to conditions 1)
and 2), A(t) is an almost periodic matrix.

We write system (9.1) as

fii; =cAr +e[A(t) — Alz +e[X(t,x) — A(t)x],

and introduce a new time 7 = et. This yields

d

% — Az + [A(g)_a}ﬂ [X(g,x)—A(g)x}. (9.3)
The problem of the existence of almost periodic solutions of system (9.3) is
equivalent to the problem of the solvability in B,, of the operator equation

o) = [ Glr— o) [A(2) - A] 2(0)do+
o (9.4)
+ [ G(r—o0) [X(%,x(a)) - A(%)x(a)] do

where G(7) is Green’s function for the problem of bounded solutions of the

system
dx

We now show that the linear operator
T o
D(e)h(r) = hir) — / G(r — o) [A(g) - A} h(o)do

is continuously invertible in B,,, for sufficiently small €. Indeed,

where g(7) € B, implies that z(7) = h(7)—g(7) is an almost periodic solution
of the system

dz T T

@ _qr —{A— —A} .

% = a0y~ [a0) - 4] o)
As we have already observed, due to condition 3) and the lemma on regularity

we get that, for sufficiently small €, the operator

dz T
L.oz=——A(—-
i dr (E)Z
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is regular. Therefore,

T

Il = 1lh—gll = 12 [AC) - 4] gl < N2 gl (95)

where -
sup |A(g) — Al <K.

—o00<LT<00

Inequality (9.5) implies that

18]l = [T (e)gl| < cllgll,

where ¢ is some constant. Thus, for sufficiently small e, all operators I'(¢)
have uniformly bounded inverses I ~1(¢) (||[T~(¢)|| < ¢). This allows us to
consider an equivalent operator equation

satisfies the Lipschitz condition
Iz, e) =y, e)|| < cMw(r)llz =yl (=[] [lyl] <7),
where M is some constant. This, in particular, implies that
[z, )| < eMw(r)l[a]] + |[110,e)[| (=[] < 7).

Let’s estimate the norm of TI(0, ):

10, )] = [T~ /Gr—a 0)do]| < ep(e),
where
pe)= sup |/G@—®Xﬁnmw
—oco0<LT<00 K E

Condition 4) and Bogoliubov lemma (see Section 2.3) imply that

lim p(e) = 0.

e—0
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We choose €1 and ag such that, for 0 < € < g,
cMw(ag) =g <1

and
[[TL(0, e)[| < (1 — g)ao.

Note that, for £, — 0, a sequence ag(g,) can be selected so that ag(e,) — 0.
Operator (9.7) for 0 < € < &1 on the ball ||z|| < ag of B,, satisfies the con-
ditions of the Contraction Mapping Theorem. Therefore, operator equation
(9.6) has a unique solution z(¢,¢) in this ball.
Thus, the theorem is proved.

If X(t,x) is a correct almost periodic function in ¢, then Bogoliubov lemma
is not required for the proof (Remark 3.1).

We also note that the proof of Theorem 9 stated above is close to the proof
outlined in the paper by Zabreiko, Kolesov, and Krasnosel’skii [1969].

9.3 Theorem of Existence. Periodic Case

For systems with periodic coefficients condition 3) of Theorem 9.1 can be
relaxed. The regularity of the corresponding operator follows from the absence
of a zero eigenvalue of the matrix A. We state, for convenience, an analog of
Theorem 9.1 for the periodic case.

Theorem 9.2. Assume that
1) X(t,z) is continuous and periodic in t with a period T > 0;
2) the vector-function X (t,x) has continuous partial derivatives
Xz, (t,z) (i = 1,...,n) in some neighborhood of x = 0, and these derivatives
are continuous in x uniformly with respect to t;

3) A(t) = X,(¢,0), and the matriz
T
/A(s)ds
0

A=

Nl =

does not have a zero eigenvalue;

4)

T

1

T/X(U,O)da =0.
0

Then there exist ag and g1 > 0 such that, for 0 < e < 1, system (9.1) has a
unique T-periodic solution x(t,e) that lies in |x| < ag for all t, and the norm
of this solution tends to zero as e — 0 uniformly with respect to t € [0,T).
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The proof of Theorem 9.2 essentially repeats the proof of Theorem 9.1.
Instead of the lemma on regularity, one needs to use its analog for the periodic
case (see Section 3.3). We also note that, in the periodic case, Bogoliubov
lemma is not required (see Remark 3.1).

In the periodic case we can estimate the order in € of the difference between
the periodic solution of the exact system and the stationary solution of the
averaged system.

We will present another method to prove Theorem 9.2 that employs a
“usual” change of variables from the method of averaging. Such changes
of variables are necessary for constructing the higher approximations in the
method of averaging, and will be described in more detail later.

Consider a system in R"™

dx
dt
where ¢ > 0 is a small parameter. Assume the following: vector-function
X1(t,x) is defined for t € R,z € D C R", and is T-periodic in t; the vector-
function Xy (¢, x,¢) is defined for t € R, x € D C R", and small ¢, and is
T-periodic in t; vector-functions X, X5 are continuous in ¢ and sufficiently
smooth in z € D.
In system (9.8) we make a change of variables

=eXi(t,x) + 2 Xo(t, 2, €), (9.8)

=y +eulty), (9.9)

where u(t,y) is T-periodic in ¢t and is defined as a periodic solution with zero
mean value of the system

% _ X\ (ty) - S(), (9.10)

ot
T
-7 [ x
0
Clearly, equation (9.10) determines u(t,y) uniquely.
Performing the change (9.9) yields

dy ou ou dy

where

’ﬂl’—‘

— =eX 2X .
+ N +e oy dt eXi(t,y +eu) +e*Xa(t,y + cu, €)
Due to (9.10) we get
ou dy 9
I+¢ ay | @ = e[Xa(t,y +eu) — Xqa(t,y) + X(y)] + e Xa(t, y + cu, €).

This implies that, for sufficiently small ¢,

dy
dt

ou

I
[+ dy

} (e[ (g + 2u) — Xa(ty) + S(0)] + 2 Xalt,y + u,0)).
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By representing the expression in square brackets as a power series in € we
get

dy 2 ou ou -1 9
— =cX X(t, ty) — —2 I — Xo(t, L),
o = es)+e [ Xuputts) - 5150+ <gt] 2Xatrene)
that we can write as p

d—z =eX(y) + 2 f(t,y,e). (9.11)

Theorem 9.2A. Assume that the right hand sides of system (9.11) satisfy
the conditions mentioned above, the averaged system

% = eX(2), (9.12)

has a stationary solution xo € D, i.e., X(xg) = 0, and the matriz A = X' (x0)
does not have zero eigenvalues. Then, for sufficiently small €, there exists a
unique solution y*(t,e), which is T-periodic in t, of system (9.11), and

y*(t,e) — xg = O(e).

Proof. In system (9.11) we make a change of variables
Y=o +2

to obtain
% =eX(zg + 2) —|-€2f(t,Io + z,6) =

eAz + g[S(xo + 2) — Az] + 2 f(t, x0 + 2, €). (9-13)
We replace (9.13) with an equivalent integral equation
z =1II(z,¢), (9.14)
where
II(z,¢e) = / eG:(t — 8)[E(xo + 2) — Az + ef(s,x0 + 2,€)],

and G¢(t) is Green’s function for a problem of bounded solutions for the
operator L, = Z—i —eAz. The operator eL; ! is bounded in the space of periodic
vector-functions Pr (see Section 3.3). The vector-function ¥(zg + 2) — Az
satisfies the Lipschitz condition for some constant that depends on the norm of
z, and tends to zero as this norm goes to zero. Therefore, the operator II(z.€)
satisfies the conditions of the Contraction Mapping Theorem in the space Pr,
for sufficiently small e, and, hence, there exists a unique periodic solution

xz*(t,e). We use the method of successive approximations for computing the
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solutions z* of the operator equation (9.14). Choosing zy = 0, yields |z*| =
O(g). This implies, under the conditions mentioned above, that system (9.1)
has a unique T-periodic solution x*(t,¢), and x*(t,e) = 29 + O(e).

Note that we could have assumed that the vector-functions X (¢,z) and
Xo(t,x, ) have a finite number of simple discontinuities (jumps) in ¢ on the
period. After the first step of the method of successive approximations applied
to the operator equation (9.14), we get a vector-function that is continuous
in ¢t.

9.4 Investigation of the Stability of an Almost Periodic
Solution

We shall assume that the conditions of Theorem 9.1 are satisfied. We denote
by xo(t,€) the almost periodic solution of system (9.1) that exists due to the
Theorem 9. We will study the connection between the stability of the solution
xo(t,€) and the stability of the trivial solution of system (9.2).

Theorem 9.3. Assume that the conditions of Theorem 9.1 are satisfied,
and the vector-function X (t,x) has continuous partial derivatives X, (t,x)

(i=1,...,n) in some neighborhood of x = 0, and that these are continuous
in x uniformly with respect to t € R.
Then

1) If all eigenvalues of the matriz A have negative real parts, then, for suffi-
ciently small e, the solution xo(t,e) of system (9.1) is asymptotically stable.
2) If A has at least one eigenvalue with a positive real part, then, the solution
zo(t, ), for sufficiently small €, is unstable.

3) If in the case 1) (¢, to, x0) (¥ (to,to, Zo)) s a solution of the averaged sys-
tem (9.2) that lies (along with its p-neighborhood) in the domain of attraction
of the solution x = 0, then for any «, (0 < a < p) there exist numbers
e1(a) (0 < &1 < €g) and [(a), such that for all 0 < & < &1 the solution
o(t,to, &) of system (9.1) that lies in the domain of attraction of the solution
xo(t,€), for which |xo — &) < B, satisfies

|S0(t5t07§0) - 1/}(t7 th‘TO)l < q, t Z tO-

Proof. In system (9.1) we make a change of variables
z=wo(te) +y

to get
dy

il eX(t,xo+y) —eX(t,x0). (9.15)
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The problem of the stability of the solution z(t,€) of system (9.1) reduces
to the problem of the stability of the trivial solution of system (9.15). We
rewrite system (9.15) in the following form

d
d—i =cA(t,e)y + ew(t,y), (9.16)

where A (t,e) = X, (¢, zo(t,e)) and
w(t,y) = X(z,zo(t,e) +y) — X (¢, zo(t,€)) — A1(t,e)y.

Evidently, w(t,0) = 0. The conditions of the theorem imply that the matrix
Aj(t, ) is almost periodic in ¢ uniformly with respect to ¢,

lim sup |Ai(t,e) — A(t)] =0, (9.17)

e—0 _co<t<oo

and the vector-function w(t,y) satisfies

lw(t,y1) —w(t,y2)l < p(r)lyr —y2l,  (wil; ly2] < 7)), (9.18)

where lim._op(r) = 0. We now make a change of time 7 = &t in system
(9.16). We obtain

dy T T
27 A (= z
dr 1(57€)y+w(€7y)7
that we rewrite as
dy T T T T
2= A+ (0~ Ay +w(C.y) (919)

In system (9.19) we make a change of variables

y(r) = 2(7) + H(7,€)z(7),

where

H(r,e) /GoT—S () Ao}d

and Go(7) is Green’s function of the problem of bounded solutions of the
system

W~ Aet 1)
After the last change, system (9.19) takes the form
d
% Az D(re)z+g(L,2), (9.20)
dr €
where
(I+H(r,e) ™" [- (T €)A AH(T@)

D(me) = Y (2 ) H(me) 4 A1 (,2) — A(D)].
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9(Z.2) = I+ H(r,e)) " w(Z, (I + H(r2)) 2).
Due to Bogoliubov lemma we have that

lim sup |H(7,e)|=0

=0 _co<T<00
which together with (9.17) implies that

lim sup |D(re)|=0.
e—=0 —co<T<0
Further, the vector-function g(Z,z) satisfies the Lipschitz condition (9.18)
with some function ¢(r) for which
lim ¢(r) = 0.

r—0

Clearly, the investigation of the problem of the stability, for sufficiently small
g, of the trivial solutions of systems (9.19) and (9.20) are equivalent. The rest
of the proof is, in essence, the same as the proof of theorems on the stability
in the first approximation (see Appendix B).

First, let all eigenvalues of the matrix A have negative real parts. Each
solution z(7) of system (9.20) is also a solution of the following system of
integral equations

z(1) = eTAz(O) + /B(T_S)AD(S,€)Z(S)CZS + /e(T_s)Ag(g
0 0

,2(8))ds.

The matrix e™ satisfies
le™d| < Mye ™", 7 >0,

where M7, ~; are positive constants. Therefore, for 7 > 0

2(7)| < Mye™"7[2(0)] + p(e) [ Mye™ =) |2(s)|ds+
. 0 (9.21)

+ [ Mye= (=) |g(2, 2(s))|ds,
0

where
p(e)= sup |D(s,e)], limp(e)=0.

—00<T< 00 e—0

Assume that we are given n > 0. We can assume that 7 is so small that

B = Mip(n) + Miq(n) < %

We let § = n/(1 4+ M;) and show that |z(0)] < 6 implies |z(7)| < n for
7 > 0. Indeed, if 7y is the first instant for which |z(7)| = n, then (9.21)
implies, taking into consideration

9C. 2| < aml=(s)] (I=(s)] <),
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that, for 0 < 7 < 79,
12(1)] < Mye=7|2(0)] + 3 / =1 =3 | (s)|ds. (9.22)
0

Due to the Gronwall-Bellman lemma,
0 < Mie= =07 z(0)],
which, in turn, implies that

n
1+ M,;

n < Mle*%lTD <.
We obtained a contradiction.

Therefore, (9.22) is true for all 7 > 0. Also, the Gronwall-Bellman lemma
implies that

|2(T)| < Mie™ Z712(0)] (r 20, |2(0)] < 6).

The first assertion of the theorem is proved.

We shall now assume that matrix A has eigenvalues with positive real part.
Without a loss of generality we can assume that the matrix A can be repre-
sented in a block-diagonal form

(A0
= (0 )

where the matrix A; of order k£ has all eigenvalue with negative real parts,
and the matrix As of order (n— k) has all eigenvalues with positive real parts.
Matrices €741 and €742 yield the estimates

|eTA1| < Mie M7 1 >0, |eTA2| < Mae™ 27 7 <0,
where My, Ms, 71, and 72 are positive constants.

To prove the instability, it is sufficient to establish the existence of r¢ > 0,
such that in any neighborhood of the origin there is an initial condition z(0)
of some solution z(7), (0 < 7 < o0) of system (9.13), that is not contained
completely in the ball |z| < rg, for sufficiently small €. The results described
in Section 3.3 imply that solutions z(7), which are bounded on [0,00), of
system (9.20) are the same as the solutions of the system of nonlinear integral
equations

2(1) =Tz(7), (9.23)

(D))

where
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+/T (e(f_oS)Al 8) (D(s.2)2(5) + 9(Z,2(5)) ) ds—

- 7 (8 e<T—Os>Az ) (D(Sv e)2(s) + g(g, z(s))) ds

T

Let z'(7) and 2%(7) be two such solutions, which are bounded on [0, 00), of
system (9.23), with 2}(0) = 2%(0), i.e., the first k components of their vectors
of initial conditions are the same, and |2(7)], |2%(7)| < ro for 7 > 0. Then
we get

|21(r) = 22(7)| = T2 (1) = T2%(7)| <

<My [1ple) + alralle™ 1 s) ()l ds

0

oo

+Ms[p(e) + q(ro)] /672(7_5)\z1(3) — 22(s)|ds.

T

Therefore,

|z1<7>—z2<7>\g%wwq(ro)] (1—e) sup [2(s) - 22(s)|+

0<s<0
M.
+=2[p(2) + q(ro)] sup |2'(s) — 2%(s)| <
Y2 0<s<00

Y1 Y2 0<s<oo
We choose € and r( so that
M, Mg) 1
— + — €)+q(ro) < z.
(24 2 e gt < 5
Then

) = 2@ < 5 sw 12 s) - )]
2 0<s<00
Therefore, 21 (1) = 2%(7).

Thus, the intersection of the ball |z(0)] < rg with each hyperplane z =
21(0) + v, where v is a vector whose first k£ components are zero and the last
(n—k) components are arbitrary, contains no more than one point from which
the solutions that lie in this ball emanate. In other words, for “almost all”
initial conditions from any neighborhood of the origin, there are corresponding
solutions that leave the ball |z| < rg for some 7 > 0. Therefore, the trivial
solution of system (9.20), for sufficiently small ¢, is unstable.

The assertion 3) follows from Theorem 13.5 (see Remark 13.6).

Thus, the theorem is proved.
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9.5 More General Dependence on a Parameter

We consider a system that is more general than (9.1)

dz

i eX(t,z.€), (9.24)
and the corresponding averaged system
3
I ¢ 9.25
dt € 0(5)7 ( )

where

If we would assume that the vector—functlon X(t,z,¢e) is continuous in & uni-
formly with respect to t € R and « € D (D is some bounded set in R™), and
is almost periodic in ¢t uniformly with respect to z and ¢, then Theorems 9.1
and 9.3 are applicable to systems (9.24) and (9.25). In particular, one system
that satisfies such an assumption is

dr
dat

where X (t, z) satisfies the conditions of Theorems 9.1 and 9.3, X1 (¢, x,¢) is
almost periodic in ¢ uniformly with respect to x and ¢, and is continuous in
all of its variables.

The proofs of the corresponding theorems for system (9.24) can be carried
out using the same approaches as in the proofs of Theorems 9.1 and 9.3. It is
convenient to state this result as a theorem.

=eX(t,x) +e2 X, (t, 2,¢), (9.26)

Theorem 9.4. Assume that
1) X(t,xz,¢e) is almost periodic in t uniformly with respect to x and e, and
X(t,x,€) is continuous in € uniformly with respect tot € R, x € D;
2) the vector-function X (t,x,€) has continuous partial derivatives X, (t, x,€)
(i =1,...,n) in some neighborhood of x = 0, and these derivatives are con-
tinuous in x uniformly with respect to € andt € R. We let A(t) = X,(¢,0,0);

3) the matriz
T

A= lim l/A(s)cls

T—oo T
0
has no eigenvalues with a zero real part;

4)

T—o0

) T
lim /XUOO =0.
0
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Then there exist ag and €1 > 0, such that for 0 < e < g1 system (9.24) has a
unique almost periodic solution x(t,e) that lies in the ball |x| < ag for all t,
and

lim sup |z(t,e)| =0.

e—0 _so<t<oo

a) If all eigenvalues of A have negative real parts, then, for sufficiently small
e, and the solution x(t,e) of system (9.17) is asymptotically stable.

b) If matriz A has at least one eigenvalue with a positive real part, then the
solution x(t, ), for sufficiently small €, is unstable.

¢) If in the case a) (t, to,xo) (V(to, to, To) = o) is a solution of the averaged
system (9.25) that along with its p-neighborhood lies in the domain of attrac-
tion of the solution x = 0, then for any «, (0 < a < p) there exist £1(a),
(0 < &1 < &9), and B(a), such that for any 0 < € < &1 a solution ¢(t,tq,&o)
of system (9.24), which lies in the domain of attraction of the solution x(t,¢),
and, for which |xg — &l < B, satisfies

|@(t7t07€0) - Ql)(t, t0,$0)| < a, t Z t0~

9.6 Almost Periodic Solutions of Quasi-Linear Systems

Consider a system of differential equations

Z—f = Az +ef(t,x,e), x€R", (9.27)
where £ > 0 is a small parameter, A is a constant n X n matrix, the vector-
function f(t,z,e) is almost periodic in ¢ uniformly with respect to ¢ and
x € D, and is sufficiently smooth in z and . Here D is some bounded set
in the space R™. System (9.27) is called a quasi-linear system. For ¢ = 0 it
becomes a linear system with constant coefficients.

If the matrix A does not have eigenvalues with a zero real part, then sys-
tem (9.27) (see Biryuk [1954a]) has a unique almost periodic solution, for
sufficiently small €. A proof of this fact can be easily carried out using the
following scheme. We replace system (9.27) with a system of integral equa-
tions

z(t)=¢ / G(t —s)f(s,z(s),e)ds = II(x, ), (9.28)

where G(t) is Green’s function of the almost periodic boundary value problem
for the system

dx
— = Az. 2
i T (9.29)



Systems in Standard Form. First Approximation 109

The operator II(z, €) acts in the space B,, of almost periodic vector-functions.
If f(t,z,¢e) satisfies the Lipschitz condition in z, then, for sufficiently small
e, the operator II(z,e) is a contraction and is invariant on some ball in
B,,. Therefore, the Contraction Mapping Theorem implies the existence of a
unique solution in this ball.

We now consider the case when all eigenvalues of the matrix A have a
zero real part. We shall assume there exist n eigenvectors corresponding
to the eigenvalues of A. In other words, we can select n linearly independent
solutions of the system (9.29) so that they are periodic vector-functions. Then,
the general solution of system (9.29) is an almost periodic vector-function in
the following form

z(t) = e,

where ¢ is a constant vector. The above assumption means that the Jordan
canonical form of the matrix A is a diagonal matrix composed of its eigen-
values. We shall call such matrix A semi-simple. We make a change of
variables in the system (9.27)

z(t) = ety(t) (9.30)

and obtain
dy
dt
System (9.31) is a system in standard form with almost periodic coefficients,
so it can be averaged. Theorem 9.4 can be applied to system (9.31). Due
to Theorem 9.4 for a stationary solution of the averaged system there is, for
sufficiently small €, a corresponding almost periodic solution y(t, ) of system
(9.31). Then an almost periodic solution of system (9.27) is defined by (9.30).
We now assume that the matrix A has k < n eigenvalues with zero real
parts, and (n — k) eigenvalues with non-zero real parts. Again, we shall
assume that for each eigenvalue with zero real part and multiplicity mq exist
myg linearly independent corresponding eigenvectors.
In system (9.27) we make a change

=ce M f(t, ey, ). (9.31)

x = Py, (9.32)

where P is a constant matrix, such that matrix P~! AP has the block-diagonal

form
A 0
0 Ay /-

Here A; is a k x k matrix whose eigenvalues have zero real parts, As is a
(n—k) x (n—k) matrix whose eigenvalues have non-zero real parts. We denote
by 1 the first k& coordinates of the vector y, and by ys the last (n — k) of its
coordinates. Then after a change of variables (9.32) system (9.27) becomes

= Ayy1 + e f1(t, Py1, Pys,€),

9.33
dr A2y2 +€f2(tapylapy27€)a ( )

R..RQ..
S5
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where f; are the first k coordinates of the vector f, and f, are the last (n—k)
of its coordinates.
We now make a change
yr = etz (9.34)
that yields

dzi

t 591(75721’29275),

9.35
T2 = Apyo +ega(t, 21,12, €), ( )
where
91(t7 21, Y2, E) = e_tAlfl(t7 PetAlzh PZU% E)
and
92(ts 21, 4,) = fo(t, Pe' ™21, Py, e).
For system (9.35) we write the averaged system
dg
=X 9.36
& — 50, (9.36)
where
. T
B(§) = lim - /gl(t,ﬁ,O,O)dt
0

Evidently, system (9.36) is k-dimensional.
Suppose that system (9.36) has a stationary solution £ = &, i.e., & is a
solution of the system of algebraic equations

%(§) = 0.

We would like to find out under what conditions an almost periodic solution
of (9.35) that corresponds to the stationary solution of the averaged system
exists? This problem has been considered by Malkin [1954]. Here, we state a
more general result.

For the sake of simplicity we shall assume that &, is a zero-vector. Then,
the vector-function ¢ (¢,0,0,0) has zero mean value, i.e.,

T
. 1
Tlgréo T /gl(t,O, 0,0)dt = 0.
0
We introduce a matrix

g1 (t,u,0,0) |
au u=0,

and a matrix Ay composed of its mean values

Ao(t) =

T—oo T

Ap = lim —/AO (s)ds = X¢(0).
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Theorem 9.5. Assume that the matriz Ay is semi-simple and all of its
eigenvalues have zero real parts, the eigenvalues of the matriz As have non-
zero real parts, and ¢1(t,0,0,0) is a correct almost periodic vector-function.
We also assume that the eigenvalues of the matriz Ay have non-zero real parts.

Then, for sufficiently small e, system (9.27) has an almost periodic solution
xo(t,e) that becomes an almost periodic solution of the linear system

dx

A

at ~ "
when € = 0. If all eigenvalues of matrices As and Ag have negative real parts,
then the solution xo(t,e) is asymptotically stable, for sufficiently small e. If
either of the matrices As or Ay has an eigenvalue with a positive real part,
then the solution xo(t,€) is unstable, for sufficiently small €.

Proof. We make a change of variables in system (9.35)
z1 =u+ea(t), z9=-ecv, (9.37)

where a(t) is an almost periodic vector-function that has a zero mean value

and satisfies J

a
— =¢1(¢,0,0,0).
dt 91( )

Almost-periodicity of a(t) follows from the fact that g;(¢,0,0,0) is a correct
almost periodic vector-function. We note that f(¢,x,¢) is sufficiently smooth
in z and e. Making the change (9.37), and writing the right-hand sides of the
system as a power series in € yields

= E[gl (t7 u, 07 0) — 01 (t7 Ou 07 0) + €U(t7 u,v, 5)]7

du
t
% = Ayv + [92(t,4,0,0) + eV (¢, u,v,€)]. (9.38)

From system (9.38) we move to the system of operator equations in the space

B,,. We rewrite system (9.38) in the following form

(zl_? - E[AOU + (AO(t) - AO)U + (gl (ta U, Oa O) — 01 (ta Oa 07 0) - A(t)u)+

+eU(t,u,v,€)],
% = A2U + [gQ(t’ 07 07 O) + (92(t7 u, 07 O) - gQ(ta 07 07 O) + €V(t, u,v, E)]
(9.39)
Due to the conditions of the theorem, the operator
du
Llu = E — EA()U

has a continuous inverse in the space By, and the operator

LQ’U = — AQ’U

dt

has a continuous inverse in the space B, _.



112 Averaging on Infinite Interval

Let’s estimate the norm of the operator L;l. The equality

L' = [ Gt = s)p(e)is

implies
111 =50 ocrcoe | [ Ghrelt = s)F(s)ds| <
<Dy [ [Gelt = 5)ldsf]] <
< [ Myemneltlas|fl] < Mg

Therefore,

_ M
LT < =5 Mim >0,

The problem of the existence of almost periodic solutions of system (9.39)
is equivalent to the problem of the existence of solutions of the system of
operator equations

w= [ Gt — s)el(Ao(s) — Ao)u + (g1(5,14,0,0) — g1(s,0,0,0) — Ag(s)u)+

— 00

+eUl(s,u,v,¢)lds,
v= f G2(t - S)[92(5707070) + (92(8au5070)_

—92(8,0,0,0) + eV (s, u,v,¢)]ds.

(9.40)
where G1.(t) and Ga(t) are Green’s functions of the problems of bounded
solutions for the operators L; and Lo, respectively. We show that the linear
operator

I'(e)h=h— / G1(e(t — 9))e[(Ao(s) — Ao)|h(s)ds

is continuously invertible in By, for sufficiently small . Consider an operator
equation in By
I(e)h=yg, g€ By.

This implies that the vector-function z(t) = h(t) — ¢g(¢) is an almost periodic
solution of the system of differential equations

% = eAgz + e[(Ao(t) — Ao)lg(t).

The regularity of the operator L, implies

_ M
2]l = [l = gll = [|L7 e[(Ao(t) — Ao)lgl| < V—EKIIQH,
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where
sup  |Ag(t) — Ao| = K

—oo<t<oo

From the last inequality follows

121l = IT =" (e)gl] < cllgll,

where M
c=1+—1K.
Al

Thus, operators I'(g), for sufficiently small £, have uniformly bounded inverses
L)l < e

We write (9.40) as

u="I" f Gic(t = s))[(g1(t,u,0,0) — g1(¢,0,0,0) — Ag(t)u)+
+6U(t U, v 5)]

0= ] Galt = 9)lan(s0.0.0) + [52(4.0.0.0) + (gt .0,0)
—gg(t 0,0,0) + eV (t,u,v,¢)].

(9.41)

The smoothness of a vector-function f(t,z,e) implies the following. The
vector-function w(t, u) = g1 (¢, u,0,0) — ¢1(¢,0,0,0) — Ao(t)u satisfies

lw(t,ur) — w(t,uz)| < p(r)lur —ual, |u], Jug| <,

where p(r) — 0 as r — 0. The vector-functions U(u,v,€), V(u,v,€) are
bounded in a norm in R™:

|U(u,v,e)| < My, |V(u,v,e)] < My
and satisfy the Lipschitz condition in u,v:

|U(U17U17€) - U(UQ,U2,5)| S Kl[lul - U2| + |U1 - U2|]7
[V (u1,v1,€) = V(ug,v2,8)| < Kaflug — ug| + [v1 — va].

The vector-function ((¢,u) = g2(t,u,0,0) — ga(¢,0,0) satisfies the Lipschitz
condition

IC(t, u1) — C(t,uz)| < Kslup — ugl.

Let’s put ||Ly ]| = My. Using the method of successive approximations we
build sequences u, and v, that converge to a solution of the system (9.41).
Namely, as the zero-th approximations we choose

uy =0, wo = Ly ga(t,0,0,0).
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Further, for p > 1, we choose

Up = EFil(E)[(gl (tv Up, 0, 0) — g1 (t7 0,0, 0) - AO(t)up)+
+eU(t, up—1,vp—1,€)];

UP = L2_1[92<ta 07 07 0) + (gQ(tv upa Oa 0) - gQ(ta 07 07 0)+
+eV (t, up—1,vp—1,€)).

Let’s show that w, and v, remain for all p in ||u|| < a(e), ||v — vol| < b(e),
where a(e), b(e) are some functions of ¢ which tend to zero as ¢ — 0. We
estimate the norms of u, and vp:

lup|| < clp(r)[lup|| + eM],
|lvp — vol| < Mo[Ks|[upl| + eMa].

We choose 7 so that ep(r) < 1/2. Then we get

ecMy

< ——— < 2ecM
||up|| —_ 1 7Cp(’l") eciviy

and
||'Up — ’U()H < €M0[26K3M1 + Mz]

These estimates imply the existence of a(e) and b(¢). We now estimate the
norms ||upy1 — up|| and ||vp11 — vpl| to get

[ups1 — upl| < elp(r)|fups1 — upl| + K1 ([[up — up—1l| + [Jvp — vp-1l])],
[[vp1 — vp|| < Mo[K|[up1 — upl| + Ko (|[up — up—1l| + [|vp — vp-1]])]-

If |Jup — up—1]| < ap and ||v, — vp_1]| < by, then

eKy(ap + bp)

2ce K
T—— < 2ceKq(ap +by)

[up1 —upl| < ¢
and
||Up+1 - Up” <e[(2MoK3cKy + Ks)(ap + bp)]H'

This implies that the sequences u, and v, converge in a norm of B, to an
almost periodic solution of system (9.41). Therefore, the existence of an
almost periodic solution of system (9.27) is proved.

The proof of the second part of the theorem’s assertion (about the stability
of an almost periodic solution) is quite similar to the proof of stability in the
first approximation (see Appendix B), so we omit it.

9.7 Systems with Fast and Slow Time
Consider a system
dx

i eX(t,1,x), (9.42)
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where z € R", ¢ > 0 is a small parameter, and 7 = <t is a slow time. We
shall assume that a vector-function X (¢, 7,z) is almost periodic in the fast
time ¢ uniformly with respect to 7 and x, is periodic in the slow time 7 with
a constant period T, and is continuous in x uniformly with respect to both ¢
and 7. For system (9.42) we write the system, which is averaged in the fast
time ¢,

% =Y (1,y), (9.43)

where

After the change to the slow time, system (9.43) becomes a nonlinear system
with periodic coefficients
dy
— =Y (1,y). 9.44
o =Y (1Y) (9.44)
Let system (9.44) have a periodic solution yo(7).
For system (9.42) one can state theorems that are similar to Theorems 9.1
and 9.3. The main condition is concerned with the linear system with periodic

coefficients

U _ iy, 045

where A(7) = Y, (7,y0(7)). If the operator

dy
Ly = ar A(r)y

T
is regular in the space Pr, or, in other terms (see for example Roseau [1966]),
the characteristic exponent of system (9.45) has non-zero real parts, then the
system has a unique almost periodic solution z(t,¢), for sufficiently small e,
and

lim ||z (t, ) — yo(7)]] = 0.
e—0

The stability properties of this solution are the same as the stability properties
of the trivial solution of system (9.45).

We now give precise statements of these results.

The vector-function X (¢, 7, ) is defined for ¢t,7 € R, x € D, where D is a
bounded set in n-dimensional space. In system (9.42) we make a change to

the slow time 7 to obtain J
x T
— = X(- . 9.46
2 —x(Cma) (9.46)
In system (9.46) we make a change x(7) = z(7) + yo(7) to get

dz T T
= X(E,T,Z +yo(71)) =Y (1,y0(7) = Z(E,T,Z).
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Now, the periodic system averaged in the fast time has a trivial solution. It
will be more convenient to state a theorem of the existence for an almost
periodic solution that is close to the trivial solution of the averaged system.
Therefore, we shall assume that system (9.43) has a trivial solution.

Theorem 9.6. Assume that
1) X (t,T,x) is almost periodic in t uniformly with respect toT € R andx € D,
and, is periodic in T with a constant period T
2) System (9.43) has a trivial solution
3) There ezists a derivative A(t,7) = X, (t,7,0)
4) For t,7 € R,|x1|, |x2| < r < a, the inequality

| X (t,m,21) — X(t,7,22) — A(t, 7) (21 — 22)| S w(r)|z1 — 22

holds, where w(r) — 0 as r — 0;
5) The linear system with periodic coefficients

dy
=4
7 (7)Y,

where
T

1
A(r) = lim = [ A(t,7)dt
(T) T1—r>noo T/ ( ’T) ’

0
does not have characteristic exponents with zero real parts.
Then there exist ag and €1 > 0, such that for 0 < e < g1 system (9.42) has

a unique solution x(t,e) that lies in the ball |x| < ag for all t, and

lim sup |z(t,e)| =0.

e—0 _so<t<oo

Proof. We only present the main steps of the proof since it is similar to
the proof of Theorem 9.1.
We note that, due to condition 1) of the theorem, the operator

Fr=X(z,7,x)

is defined and is continuous on the ball ||z|| < a in the space B,, of almost
periodic vector-functions, and its values belong to B,,. Due to the conditions
1) and 2), the matrix A(¢,7) is almost periodic in ¢ and periodic in 7 with a
period T

We write system (9.42) as

Zij =AMz + [AC, 1) A 2+ [X(Cma) - AC )]
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The problem of the existence of almost periodic solutions of this system is
equivalent to the solvability in the space B,, of the operator equation

o) = | G(r.0) [A(S,0) — A(0)] 2(0)do+
o (9.47)
+ ] Gl [X(2

o

where G(1, s) is Green’s function of the problem of the existence of T-periodic

solutions of the system

d

= A+ f(7). (9.48)
Here f(7) is a T-periodic vector-function. Due to condition 4) of the theorem,

system (9.48) has a unique periodic solution that can be represented as

Green’s function G(7, s) satisfies
|G(7,s)] < Me 7=,

where M,y are positive constants.
Similarly to the proof of Theorem 9.1 we can show that the linear operator

T(e)h(r) = h(r) — / G(r,0) [A(g,a) - A(a)} h(o)do

is continuously invertible in B,,, for sufficiently small €. To prove this state-
ment instead of the lemma on regularity one has to utilize a generalized lemma
on regularity (see Section 6.1).

Therefore, we can replace operator equation (9.47) with the following equiv-
alent equation

o(r) =Tl(w.e) =17(e) [ G(ro) [X(Z.0.2(0) ~ A(

(9.49)
The last step in the proof of the theorem deals with the following. We have
to establish that operator II(z,e) for 0 < € < £; in the ball ||z|| < ag in
B, satisfies the Contraction Mapping Theorem. Condition 3) of the theorem
implies that the operator II(z, ¢) is a contraction. Due to the estimate on the
norm II(0, €) we get that the operator II(z, ) maps a ball in B, of sufficiently
small radius onto itself.
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We shall devote the remainder of this section to investigation of the stability
of an almost periodic solution.

We suppose that the conditions of Theorem 9.6 are met. Denote by z(t, )
the almost periodic solution of system (9.42) that exists. We would like to
study the stability of the solution xy(t,e) depending on the stability of the
trivial solution of system (9.47).

Theorem 9.7. Assume that the conditions of Theorem 9.6 are met, the
vector-function X (t,7,x) has continuous partial derivatives X, (t,7.x), (i =
1,...,n) in some neighborhood of x = 0, and these derivatives are continuous
i x uniformly with respect to t,7 € R.

Then, the following statements hold.

1) If all the characteristic exponents of system (9.45) have a negative real
part, then, for sufficiently small £, the solution xzo(t,e) of system (9.42) is
asymptotically stable.

2) If, however, system (9.45) has at least one characteristic exponent with a
positive real part, then the solution xo(t,e) is unstable, for sufficiently small
€.
3) Assume that in case 1) ¥(t, to, xg,€) is a solution of the averaged system
(9.45) that lies along with its p-neighborhood (p > 0) in the domain of attrac-
tion of the solution y = 0. Then, for any a (0 < a < p) there exist e1(a),
which satisfies 0 < g1 < €g, and B(«), such that, for all0 < e < &1 a solution
o(t, to, &0, €) of system (9.44) which lies in the domain of attraction of the
solution zo(t,e) for which |xo — &o| < B, satisfies

|90(t7t0,£07€) *1/1(t,t0,(£0,€)| <, t2t0~

Proof. In system (9.42) we make a change of variables
z=wo(t,e) +y
to obtain
dy _
dt
The problem of the stability of the solution zg(t,€) of system (9.42) leads to

the problem of the stability of the trivial solution of system (9.50). We write
system (9.50) as

eX(t, T, x0+y) —eX(t, T, x0). (9.50)

d

=it ey +ew(t,y), (9.51)
where

Ay (t,1,e) = X (t, 7, 20(t, 7, 8)),
and

(U(t7’7'7 y) = X(LL', xO(t777 5) + y) - X(ta 7, xO(tu 5)) - Al(t77—7 E)y
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Evidently, w(¢,0) = 0. The conditions of the theorem imply that the matrix
Aq(t,7,¢e) is almost periodic in ¢ uniformly with respect to 7 and ¢, and

lim sup |A(t,7,e) — A(t,7)| = 0.

e=0 _so<t<oo

The rest of the proof of assertions 1) and 2) is the same as the proof of Theorem
9.3, and, in essence, is just a proof of the Theorem on the Stability in the First
Approximation. This, however, utilizes a generalized Bogoliubov lemma and a
generalization of the lemma on stability (see Section 6.1). Assertion 3) follows
from Theorem 13.7 (see Remark 13.8).

We note that some less general results were obtained by Sethna [1967] and
Roseau [1969, 1970] (see also Hale [1969]). These authors considered systems

in the form
dx
pri ef(t,x,e) +eglet,z,e),

where f(t,x,7,¢) is almost periodic in t and g(et, x,€) is periodic in et with
period T

We now describe some generalizations of the obtained results.

Consider a more general system than (9.42)

d
d_atc =eX(t,7,2,6), T=Z¢t. (9.52)

For system (9.52) we write the corresponding averaged system

d
€, 059

where

X(Tf—hm—/Xngo

If we suppose that the vector-function X (¢, 7, x, €) is continuous in € uniformly
with respect to t,7 € R, and x € D, is almost periodic in ¢ uniformly with
respect to 7,z, and ¢, and is periodic in 7 with a constant period, then, the
results of Theorems 9.6 and 9.7 apply to the system (9.52). The proofs can
be carried out using the same ideas.

Finally, we note, that the approach considered above can be used for study-
ing a system
dx

i eX(t,T,x), T =¢t,
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where X (¢, 7, ) is almost periodic in ¢ uniformly with respect to 7 and = and
is almost periodic in 7 uniformly with respect to ¢ and x. In this case the
system averaged in fast time,

dy
_— = Y
o (7, ),

is a system with almost periodic coefficients.

9.8 One Class of Singularly Perturbed Systems
Consider a system of differential equations

C(li—f =eX(t,7,x,¢e), x€R", (9.54)
where ¢ > 0 is a small parameter, and 7 = £t is a slow time. System
(9.54) with time 7 is a singularly perturbed system. We shall assume that
X(t,7,x,¢) is almost periodic in ¢ and 7 uniformly with respect to the re-
maining variables, has continuous partial derivatives in z;, 7 = 1,2,...,n in
some bounded domain D C R"™, and is continuous in € uniformly with respect
to the remaining variables. For system (9.54) we write a system, averaged in
fast time t,

= = eX(r,2), (9.55)

where

The averaged system (9.55) is a singularly perturbed system with almost
periodic coefficients and the time 7:
dz

EE :X(’T,.’f).

The following theorem was obtained by Ukhalov [1997].

Theorem 9.8. Assume the following two conditions
1) There exists a differentiable almost periodic function xo(7), such that

X(1,20(1)) =0
forT eR.
2) The spectrum of the matriz

A(T) = Xo (T, 20(7))
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18 strictly separated from zero; i.e., all of its eigenvalues satisfy
I[RA(T)| > v >0, T€eR.

Then we can find ag and €g, such that, for 0 < & < g, system (9.54) has a
unique almost periodic solution xo(t, ), which lies in the ball ||z —xo(7)|| < ag
m By, and

tim [ zo(t, ) — zo(r)]| = 0.

The solution x(t,e) is asymptotically stable if all eigenvalues of the matriz
A(T) have negative real parts. If A(T) has at least one eigenvalue with a
positive real part, the solution x(t,e) is unstable.

Proof. The proof can be carried out using the same approach as in the
proofs of Theorems 9.1 and 9.3. Here, we only mention the basic steps of the
proof.

Clearly, it is sufficient to prove the existence and the stability of an almost
periodic solution of system (9.54) for the case xo(7) = 0. We can always end
up in this case after making a change of variables z = zo(7) + 2. Thus, we
shall assume that xo(7) = 0. Then we get X(7,0) = 0. Since X (t,7,z,¢) is
continuously differentiable in = in some ball, there exists a matrix

A(t7 T7 6) = Xx(t7 T, 07 6),
such that for t € R, € € (0,e*), |x1|, |z2| < r the following inequality holds
|X(t77-7$176) - X(taTv x27€) - A(t77-7 6)('1:1 - $2)| < UJ(T, 8)|I1 - $2|7 (956)

where w(r,e) — 0 as r — 0 for any € € (0,*). We set A(t,7) = A(t,7,0) and
A(r) = lim —/A t,7) (A(1) = X.(7,0)).

First, we carry out the proof of the existence of an almost periodic solution.
We rewrite system (9.54) in the following form (after we make a preliminary
change of time 7 = £2t)

et = A(r)z+ [A(Z

1) = A+ [X (5 0man0) — A (Zu7) o] +
+ X (&mme) = X (

7
E—Q,T,"E,O) .

(9.57)
Due to the conditions of Theorems 9.8 and 8.2, the operator
dx
Lix=ec——-A
T = (1)x

is uniformly regular in B,,, for sufficiently small . Therefore, there exists
an inverse operator LZ!, [[LZ!|| < N for 0 < & < &1. The problem of the
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existence of almost periodic solutions of system (9.57) is equivalent to the
problem of the solvability in B,, of the operator equation

v = L (A () = Ao 4 [X (Fma.0) = A (57 a] +
+[X (&,7,73,¢) —X(E%,T,x,O)i}

Further, we show that the operator
_ _ -t T -
Leh(r) = h(r) = L7 [A(.7) = AW h(r)

is continuously invertible in B,,, for sufficiently small €. The problem leads to
the problem of the existence and the uniqueness of the solution in B,, of the
operator equation I':h(7) = g(7), where ¢g(7) € B,,. This problem, in turn,
leads to the problem of the regularity of the operator

dy T
K.uy= 65 —A (8—2,7') Y.
The proof of the regularity of the operator K. can be accomplished using the
same approach as in the proof of the lemma on regularity (see Section 3.2).
The proof uses the following analog of Bogoliubov lemma. For a system of
equations

W awyrr(5or),

where A(7) is an almost periodic matrix whose spectrum is strictly separated
from the imaginary axis, the function f(s,7) is almost periodic in s uniformly
with respect to 7, is almost periodic in 7 uniformly with respect to s, and,

T—oo T

. T
lim —/f(s,T)ds:(),
0

there exists a unique almost periodic solution y(t,¢) that satisfies
lim [ly(r, o)l = 0.
e—0

Proof of this statement is quite similar to the proof of Bogoliubov lemma.
After showing the continuous invertibility of the operator I'. we come to the
operator equation
x(r) = (z,e), (9.58)

where

(z,e) =T 1Lt {[X (5%77'79370) —A (E%,T) x} +

+ [X (E%,T,x,e) - X (E%,T,x,O)H.
Using the assumptions of the theorem (hence inequality (9.56)), similarly

to the proof of Theorem 9.1, we establish that the operator Il(z,¢) is, for
sufficiently small ¢, a contraction that maps the ball ||z|| < a(e) from B,, into
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itself. Therefore, the operator equation (9.58) has a unique solution in this
ball. This solution is an almost periodic solution of system (9.54). The first
assertion of the theorem is proved.
We now consider the problem of the stability of the solution zq(¢,e). Make
the change of variables
x=uxo(t,e) +y
in system (9.54) to get
dy
dt
The problem of the stability of the almost periodic solution z(t,€) leads to

the problem of the stability of the trivial solution of system (9.59). We write
system (9.59) as

e[X(t, 1,20 + y, ) — X(t, 7, 20,€)]- (9.59)

% =cAi(t,T,e)y +eP(t,7,y,¢), (9.60)

where

Al(t7 T, 6) = Xx(ta 7, Jjo(t, 6)’ 5),
P(t,T,y,&) = X(t77—a To + y,E) - X(ta 7, I0,5) - Al(t7T7€)y'

Clearly, P(t,7,0,¢) = 0. The conditions of the theorem imply that the matrix
A1 (t,7,¢e) is almost periodic in ¢ uniformly with respect to 7, € and is almost
periodic in 7 uniformly with respect to ¢t and €. Moreover,

lim sup |Ai(t,7,e) — A(t,7)|=0.

=0 _oo<t,r<00
We rewrite (9.60) in the following form

dy _

dt - EA(t7 T)y + 8[‘41 (ta T, 5) - A(ta T)]y + EP(t7 7Y, 5)7 (961)
and make a change of time s = et in system (9.61) to get
dy S S s S
— = A(- A (- — A(- P(- . .62
ds (6765)y+[ 1(676576) (5?58)]y+ (675572475) (96 )

In system (9.62) we make a change
y= 1[I+ H(s,e)lz,

where H(s,e) is an almost periodic matrix defined as an almost periodic
solution of the matrix system

dH s
i A(es)H + A(g,ss) — A(es).
Thus, we obtain a system
dz
— = A(es)z + D(s,e)z + g(s, z,€), (9.63)

ds
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where matrix D(s, ) and function g(s, z, €) satisty the following conditions

tim [|D(s,2)[[ =0, g(s,0,2) = 0.

Moreover, the function ¢(s, z,¢) satisfies the Lipschitz condition in z with a
constant b(r) that tends to zero as r — 0. The proof of the stability and the
instability of the trivial solution of system (9.63) is almost exactly the same
as the proof of the theorems on stability in the first approximation.



Chapter 10

Systems in the Standard Form. First
Examples

10.1 Dynamics of Selection of Genetic Population in a
Varying Environment

As an example, we consider dynamics of a selection of a Mendelian popula-
tion with a genetic pool made up of only two alleles of a single gene. Denote
these alleles by A and a, whereas the fitness of genotypes AA, Aa, aa at the
moment t by

1—ea(t), 1, 1-—ep(¥),
respectively. Here, ¢ > 0 is a small parameter, a(t), 5(t) are the periodic
functions with the period w and positive mean values g, Oy, respectively.
Let p,,(t), gn(t) be the frequencies of the alleles A and a in the generation n,
respectively. The evolution equation has the form (see, for instance, Ewens
[1979]).

B(t) — (a(t) + 5(t))pn
1—e(a(t) + B(6)ps + 28(t)pn — BE)]

Equation (10.1) is an equation in the standard form with periodic coefficients.
The averaged equation

dpn

= (10.1)

= 5pn(1 - pn)

p
dt

epn(1 — pn)(Bo — (a0 + Bo)pn) (10.2)
has three equilibria

Bo
ao+ 00

p_1:07 p_2:1a p_3:

The solutions p1, p2 are unstable. The solution ps is asymptotically stable.
Its domain of attraction is the interval (0,1).

Theorem 9.4 implies that equation (10.1), for sufficiently small e, has two
unstable stationary solutions p = 0,p = 1, and an asymptotically stable
solution with the period w in the neighborhood of the solution p3 of the
averaged equation.

125



126 Averaging on Infinite Interval

Let pp(t,0,20) be the solution of (10.1) and p,(¢,0,&) be the solution of
(10.2), where & > 0, & # afﬁﬁo‘ It follows from assertion c¢) of Theorem 9.4
that for any § > 0, there exists 7(d) such that for the solution p,(¢,0,zq) of

equation (10.1) with the initial conditions meeting the inequality

lzo — &o| < n(d),
the following inequality holds true
|pn(t507$0) _ﬁn(t70a§0| < 6a t ZO

Note that the averaged equation is integrable (as an equation with separable
variables).

Now, let the mean values of g, G be negative. Then the stationary solution
ps of the averaged equation is unstable. Equation (10.1), for sufficiently small
€, has a unique unstable periodic solution. The stationary solutions p = 0,p =
1 of equation (10.2) are asymptotically stable. Their domains of attraction
lie within the intervals (0, %—ﬁﬁ))’ (affﬁo , 1), respectively.

For sufficiently small €, the stationary solutions p = 0,p = 1 of equation
(10.1) is asymptotically stable. If p,(¢,0,&p) is the solution of (10.2) and

0<é < ﬁ, then for any 6 > 0 there exists 7(d) such that the inequality

[pn(t,0,20) — Pn(t,0,&| <6 t>0

holds true. Here, p,(t,0,xo) is the solution of (10.1) with the initial condition
meeting the inequality
|zo — &ol < n(9).

B
J:ﬁo <& < 1.

ap

The same assertion holds when

10.2 Periodic Oscillations of Quasi-Linear Autonomous
Systems with One Degree of Freedom and the Van
der Pol Oscillator

Consider a quasi-linear autonomous equation
&+ k% = ef(x, i, €), (10.3)

where £ > 0 is a small parameter, k is a real constant, f(x,%,¢) is a function
that is sufficiently smooth in x, &, €, and bounded in some limited domain of
x, &, e. Transform equation (10.3) into the system of two equations

b=y, y=-Kaz+ef(z,ice) (10.4)
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and change over to the polar coordinates:
x = pcoskl, y=—kpsinkd. (10.5)
We obtain the system

‘Cil—’; = —72f(pcoskd, —kpsinko,c)sinkd = eHy(p,0,¢),

do f(pcoskO,—kpsinkf,e) coskf __
G =1—c = =1+4+¢Hs(p,0,¢).

(10.6)

We divide the first equation of system (10.6) by the second one and obtain
the first-order differential equation

dp  Hy(p,0,e)

E = Em = Hl(p,g,O) + O(E) = EH(p,97€). (107)

Equation (10.7) is an equation in the standard form. Besides, the right-hand
side of (10.7) is periodic in § with the period 27/k. Let us compare equation
(10.7) with the equation averaged over 6

dp

—— =¢Hq(p 10.8

P — (7). (10.8)

where

=
_ k k
Hulp) = 3 [ 0,000 =~
0

2

3

f(pcoskf, —kpsinkd,0) sin kOdh =

o\ﬂ

1 T
—T/f(pcosu,—kﬁsinu,O) sin udu.
™

By virtue of Theorem 9.4, each stationary solution p = pgy of the equation
Ho(p) =0, Hop(po) #0 (10.9)

corresponds to a 2w /k-periodic solution of equation (10.7); this solution is
asymptotically stable if
Hop(po) <0, (10.10)

and unstable if
Hoz(po) > 0. (10.11)

Let p*(0,€) be a 27 /k-periodic solution of equation (10.7) that corresponds
to the stationary solution py of the averaged equation. We pass on again to
the variable ¢ and consider the functions

x*(t,e) = p*(0,¢) coskl, 1*(t,e) = —kp*(0,¢)sin k.
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Let us show that the obtained functions will also be periodic with the period
that depends on the parameter € and initial conditions. We turn our attention
to the second equation of system (10.6) that defines 6 as a function of t.
Assume that ¢t and 6 simultaneously vanish; in this case

0

do
Ho) = / 1+eHy(p,0,¢)"
0

Hence we obtain that
0+2m /k

10 + 21 /k) — t(0) = /

0

do

_—. 10.12
1+ eHy(p,0,¢) ( )

Since p* (0, ¢) is a 27 /k-periodic function, we see that the derivative of integral
(10.12) equals zero. Therefore,

#(0 + 21 /k) — £(0) = T(e). (10.13)

The period T'(¢) depends only on € and the initial condition. Relation (10.13)
shows that as ¢ changes by T'(¢), the value of 6 varies by 27 /k, and, thus, the
values x*(t,¢) and ©*(t, ) are unaltered. Therefore, x*(t,¢) and ©*(¢,¢) are
the periodic functions with the period T'(¢). We have chosen 6(0) = 0. Thus,
x*(0,e) = p*(0,¢), z*(0,e) = 0.

Consequently, given the satisfied condition (10.9), system (10.3), for suffi-
ciently small ¢, has the periodic solution x*(t,e) with the period T'(¢). At
¢ = 0 this solution transforms into a periodic solution ¢(t) = pg cos kt of the
equation # + k%x = 0. The periodic solution z*(¢,€) can be found as series in
terms of powers of ¢; at that

z*(t,e) = p(t) + O(e). (10.14)
We can also seek the period T'(¢) of the solution z*(¢,¢) as the series

T(e) = 2%(1 +0(e)).

Notice that the function z*(t + h,e) at any real h is also a solution of
equation (10.3). Hence, by the autonomy of equation (10.3), there exists a
one-parameter family of periodic solutions.

We are now coming to the problem of the stability of the solution z*(¢,¢).
Linearizing equation (10.3) on the periodic solution z* (¢, €), we obtain a linear
differential equation with the periodic coefficients

8f(x*,:k*,s) 8f(x*,;'c*,s) .
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Show that equation (10.15) has a periodic solution. Since x*(t,¢) is a periodic
solution of equation (10.3), we have an identity

P4 k22t = ef(a*, 27, €).
Differentiating this identity with respect to t yields

d* (dx* 5 Of(x*, 2% )] da* of (z*,4*,e) d [(dx*\ _
£(5) e ()

oz - oir  dt

Comparing the latter identity and equation (10.15) implies that equation
(10.15) has the periodic solution &*.

To investigate the problem of the stability of a zero solution of equation
(10.15), we employ the theory of second-order equations with periodic coeffi-
cients (see Coddington and Levinson [1955]).

Consider an equation

i+ p(t)y + q(t)y = 0, (10.16)

where p(t), ¢q(t) are the periodic functions with the period w. According to the
Floquet Theory, stability of a zero solution of equation (10.16) is determined
by eigenvalues of a monodromy matrix. Let us calculate the monodromy
matrix. To do this, we take the linearly independent solutions y1(t), y2(t) of
equation (10.16) with the initial conditions

yl(O) = 1, yl(O) = 0, yg(O) = 07 yQ(O) =1.

Along with the functions y; (t), y2(t), the functions y; (t +w), y2(t+w) are the
solutions of equation (10.16). The latter functions are the linear combinations
of the functions 1 (t), y2(t):

Y1t +w) = a1y (t) + azy2(t),
y2(t +w) = biya(t) + bg2y22(t). (10.17)

_ (A D)
=)

is the desired monodromy matrix. Differentiating equalities (10.17) and as-
suming ¢ = 0 in equalities (10.17) and in equalities from the derivatives, we
obtain

The matrix

a1 =y1(w), a2 =1(w),
b =ya2(w), b2 =P2(w).

The monodromy matrix eigenvalues (called multipliers) are determined from
the equation
A —24AN+B =0,
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where
A= %[yl (@) +92(W)], B =y1(w)ja(w) - ya(w)ir ().

The coefficient B equals the Wronski determinant of the solutions y; (¢), y2(t)
at t = w. From the Liouville formula for the Wronski determinant, it follows
that .
Bee é p(t)dt

Let the eigenvalues of the monodromy matrix be distinct. If the eigenvalues of
the monodromy matrix are less than 1 in absolute value, then the zero solution
of equation (10.16) is asymptotically stable. If at least one eigenvalue is larger
than 1 in absolute value, then the zero solution of equation (10.16) is unstable.
We are interested in the case when equation (10.16) has an w-periodic solution.
Let y1(t) be a periodic solution. Then a1 = y;(w) = 1, a2 = g1 (w) = 0. Tt
is easy to see that A\; = 1, A\oa = B in this case. Now it follows from the
Floquet Theory that it is possible to take the functions y;(t) and 7(t) =
ewn|B l4p(t), where 1)(t) is aw-periodic function, as the linearly independent
solutions. Therefore, if |B| < 1, then the zero solution of equation (10.16) is
stable by Lyapunov. If |B| > 1, then the zero solution is unstable.

We now return to equation (10.15). We know that this equation has a
periodic solution, and, hence, one multiplier equals 1. Comparing equation
(10.15) and (10.16) implies that for equation (10.16)

st(z:;;Eq’:* &) dt

oy

oyl
Il
o

Therefore, the condition

8f(x*7 jj*? E:)

o dt <0 (10.18)

o\a_‘?

quarantees the stability by Lyapunov for the zero solution of equation (10.15).
As Andronov and Vitt showed [1933], condition (10.18) guarantees the stabil-
ity by Lyapunov of the periodic solution z*(¢,¢) of equation (10.3). Moreover,
we can assert that each solution of (10.3), which is sufficiently close to the
periodic solution, tends to one of the solutions of the family x*(t + h,e) as
t — o0o. Coddington and Levinson [1955] showed that there exists § > 0 such
that if the solution z(¢, ) of equation (10.3) obeys the inequality

|z(t1,€) — x*(to,e)| < ¢
for some tg and ¢, then there exists a constant ¢ > 0 such that

lim |z(t,e) — 2*(t + ¢,e)| = 0.

t—oo
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The number c is called an asymptotic phase.
Condition (10.18) and representation (10.14) produce the following suffi-
cient condition for the stability of the periodic solution z*(¢,¢) (at small ¢):

¥

df (po cos kt,—kpo sin kt,0) dt —

T
f o

0 (10.19)
% bf Bf(pocosu,a;kposinu,o)du = A <0.

It is easier to solve the problem of the instability of the periodic solution
x*(t,e). If the inequality

8f(x*7 jj*? E:)

% dt >0

O\A_‘?

holds, then the monodromy matrix of equation (10.16) has one multiplier
larger than 1 in absolute value. The theorem of the instability in the first
approximation implies that for sufficiently small e, the solution z*(t,¢) is
unstable. The sufficient condition of instability (for small €) has the form

df (po cos kt,—kpg sin kt,0) dt —
o -

St

(10.20)

df (po cos u,—kpg sin u,0) o
5 du=A>0.

1
k

We can rewrite the obtained stability condition (10.19) (instability condi-
tion (10.20)). Transforming the left-hand side of the equation Hy(p) = 0 that
determines py and integrating it by parts, we obtain

2m
1
Hy(po) = 5 /f(po cos u, —kpo sin u, 0) sin udu =
0

sin u cos udu+

2
_i/[ Of (po cosu, —kpg sinu, 0)
o | PO oz
0

df (po cosu, —kpg sinu, 0)
oz

+kpg cos? udu] =

21
7i/kp08f(p0 cos u, —.kpo sinu, 0) du
27 ot

COSUuU—

0
2
_i/[ Of (po cosu, —kpo sinu, 0)
21 po Jr
0
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Af (po cosu, —kpg sinu, 0)
ox
Thus it follows that the condition of the stability for the periodic solution of

equation (10.3) takes the form

—kpo sin u] sinudu = —kA + Hy,(po) = 0.

H0p<p0) < 07

i.e. coincides with condition (10.10). The condition of instability for this
periodic solution coincides with condition (10.11).

10.3 Van der Pol Quasi-Linear Oscillator

As an example, we consider the well-known Van der Pol equation (see Van
der Pol [1927]):
i+x=e(l—a2%t, (10.21)

where € > 0 is a small parameter. We transform equation (10.21) into the
system by making change (10.5) and arrive at

% = —5p(sin2 6 — p? sin? 6 cos? 9),
@0 =1— £(sin26 + p?sin 46).

The averaged equation takes the form
dp _

a —en(

).

|3,

1
2

Hence, the stationary solutions are determined from the equation

We have two stationary solutions p; = 0, po = 2 with Hoz(p1) > 0 and
Hos(p2) < 0. Consequently, for sufficiently small €, the zero solution of the
Van der Pol equation (10.21) is unstable. Besides, equation (10.21) has a
stable periodic solution with an amplitude close to 2 and a period close to 2.

Exercise 10.1. Investigate the problem of the existence and stability of
periodic solutions of the equation

i+ x=¢e(a; +agz+ asx? + agx® + asz®)i,

where ¢ << 1, a1 > 0, a5 < 0.
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10.4 Resonant Periodic Oscillations of Quasi-Linear
Systems with One Degree of Freedom

Consider a differential equation
i+ ke =ef(t,x,i,e), (10.22)

where ¢ > 0 is a small parameter, k is a number, f(¢,z,%) is a function
periodic in ¢ with the period 27 and sufficiently smooth in the variables z, &, €.
Equation (10.22) is called quasi-linear or weakly nonlinear. It describes a
system with one degree of freedom. This name is related to the fact that for
e = 0, equation (10.22) transforms into the linear differential equation

i+ k2 =0. (10.23)

All solutions of equation (10.23) are periodic with the period 27 /k. These
solutions are called natural vibrations of the system described by equation
(10.22).

A different approach to the theory stated below was described in the book by
Malkin [1956]. This book influenced the contents of this and further sections
of this chapter.

Assume that k either equals n, or k and n are close enough. We shall
assume that the detuning (n? — k?) has an order of smallness €, and

n? —k? = em,

where m is a finite quantity. Then equation (10.22) takes the form
i+ nlr=cF(t x,i,c¢), (10.24)

where
F(t,x,&,e) =ma + f(t,z,,¢). (10.25)

For ¢ = 0, equation (10.24) turns into
i+ nir=0. (10.26)
The general solution of equation (10.26) assumes the form
z(t) = acosnt + bsinnt

(a and b are arbitrary constants). This solution is periodic with the period
27 /n and hence is periodic with the period 2.

Let us find the existence conditions for the 27- periodic solution of equation
(10.24).

Using a change of variables, we transform equation (10.24) in a system of
two differential equations in the standard form. The corresponding change is
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called Van der Pol’s change (Van der Pol [1927]), and the respective variables
are called the Van der Pol variables. This change was already used for linear
equations in chapter 4. We consider two methods of transforming equation
(10.24) in a system in the standard form.

We use a change of variables

x(t) = acosnt + bsinnt, & = —ansinnt 4 bn cosnt, (10.27)

where a(t), b(t) are new variables. We will consider that the solution of equa-
tion (10.24) and its derivative have the same representation as the solution
and the derivative of the solution of the linear equation

F+nr=0

but now a(t),b(t) are the functions. Therefore, the Van der Pol change is
essentially a method of variation of arbitrary constants. The change (10.27)
leads to a system

acosnt + bsinnt = 0,
—nasinnt + nbcosnt = eF (¢, a cosnt + bsinnt, —ansinnt + bn cosnt, €).

We solve the latter system for a(t), b(t), using the Cramer’s rule, and arrive
at the system

a= —€%F(t, acosnt + bsinnt, —ansinnt + bnsinnt, €) sin nt,

. 10.2
b= E%F(t, acosnt + bsinnt, —an sin nt + bn sin nt, €) sin nt) cos nt. (10.28)

System (10.28) is in the standard form. The right-hand side of system (10.28)
is a 2m-periodic function of t. Therefore, we can apply Theorems 9.2A and
9.4 (see Sections 9.3 and 9.5) to system (10.28).

The averaged system takes the form

da -7
jras
where
27
P(a,b) = ﬁ /F(s, acosns + bsinns, —ansinns + bn cosns,0) sinnsds,
0
27
Q(a,b) = % /F(s, acosns + bsinns, —ansinns + bn cos ns, 0) cos nsds.
0

The stationary solutions of system (10.29) are the solutions of the system of

equations
P(a,b) =0, Q(a,b)=0. (10.30)
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From Theorem 9.2A, which is applicable to the system (see Section 9.3), we
arrive at the following result.

Theorem 10.1. Let ag, by be the solution of system (10.30). Let the
determinant of the matriz

or 9P
da b
Aa,b) = | | (10.31)
9Q 9Q
da b

for @ = agy, b= by be non-zero.
Then, for sufficiently small €, system (10.28) has a unique 2m-periodic so-
lution a(t, ), b(t,e) such that a(t,0) = ag, b(t,0) = by.

Difference from zero of the determinant of matrix (10.31) means that the
matrix of an averaged system linearized on the stationary solution (ag, bg) has
no zero eigenvalue.

We say that the solution of system (10.30) is simple if the determinant of
matrix (10.31) is non-zero.

Apparently, if the conditions of Theorem 10.1 hold, then equation (10.24),
for sufficiently small ¢, has the periodic solution

x(t,e) = a(t,e) cosnt + b(t,e) sinnt (10.32)
with the period 27. This solution for € = 0 turns into the periodic solution
ag cos nt + by sin nt (10.33)

of equation (10.26).

It is worth noting that the assertion of Theorem 10.1 can be interpreted
as follows. General solution of equation (10.26) appears to be a family of
periodic solutions that depends on two parameters. According to the assertion
of Theorem 10.1, solution (10.33) corresponding to the periodic solution of
equation (10.26) is singled out from this family and is called a generating
solution.

The problem of the stability of a periodic solution of system (10.28) is solved
with the help of Theorem 9.4. Namely, we obtain the following theorem.

Theorem 10.2. Let the conditions of Theorem 10.1 hold, and the eigen-
values of matriz (10.31) for a = ag, b = by have negative real parts. Then
the solution a(t, ), b(t,€), for sufficiently small e, is asymptotically stable. If
at least one eigenvalue of matriz (10.31) has a positive real part, then this
solution is unstable.

Evidently, solution (10.32) of equation (10.24) has the same properties.
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Note that eigenvalues of the matrix A(a,b) have negative real parts if the
trace of the matrix is negative and the determinant is positive.

Let us bring in another change of variables to transform equation (10.24)
into a system in the standard form. This change is equivalent to the change
(10.27) but is more convenient for use in applications.

The solution of equation (10.26) can be written as

x(t) = acos(nt + ),

where a is an amplitude of oscillations, and v is a phase of the oscillation.
We assume that a and ¢ are the functions of the variables t. Using a change

x =a(t)cos(nt+ (1)), &= —na(t)sin(nt+(t)), (10.34)
we transform equation (10.24) into the system of equations

acos(nt + 1b) — ay sin(nt + ) =0,

—nasin(nt 4+ 1) — nay cos(nt + ) = eF(t, acos(nt + ¥), —nasin(nt + ¥, €).
We shall solve the resultant system for a, v». We arrive at the system

a=—eLF(t,acos(nt + 1), —ansin(nt + v, ) sin(nt + ),

¢ = —e L F(t,acos(nt + ), —ansin(nt + 1, ) cos(nt + ). (10.35)

For system (10.35), we can now state an assertion similar to that of Theorem
2.9. We introduce the functions

2
R(a,) = ﬁ F(s,acos(ns + 1), —ansin(ns + 1, 0) sin(ns + 1)ds,
0
2
S(a,v) = 27r1an /F(s, acos(ns + 1), —ansin(ns + ¢, 0) cos(ns + 1)ds.
0

If @ = ag, ¥ = vy is the solution of the system of equations

R(a,) =0, S(a,)=0 (10.36)
and the determinant of the matrix
oa O
Afa,y) = (10.37)
as as
oa 9P

is non-zero for @ = ag, ¥ = vy, then, for sufficiently small ¢, system (10.35)
has a unique 27-periodic solution a(t, ), ¥(t,e) that for e = 0 becomes the
periodic function agcos(nt + ). This periodic solution is asymptotically
stable if all eigenvalues of matrix (10.37) have negative real parts and unstable
if at least one eigenvalue of the matrix has a positive real part.
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10.5 Subharmonic Solutions

In nonlinear systems under the influence of a periodic perturbing force,
periodic oscillations may arise not only when the perturbing force period T is
close to the period of natural vibrations but also when it is close to nT’, where
n is an integer. In this case, the period of forced oscillations will equal nT.

Let us first consider a linear system described by the equation

&+ 26x + k*x = acoswt. (10.38)

This equation has a unique periodic solution determined by the formula

a 20w
o s W = e

a(t) =

This solution has the same period as the perturbing force. All other solutions
of equation (10.38) approach the periodic solution as ¢ — oo. Therefore,
equation (10.38) cannot have solutions with the period that is a multiple
to the period of perturbations. However if damping equals zero, then for
k = w/n, the general solution of equation (10.38)

n2a

z(t) = Acos(%t +¢) + (D cos wt

is periodic with the period 27n/w. In real life systems described by linear
differential equations of the form (10.38), by virtue of inevitable damping,
there are only periodic solutions with the period of the perturbing force.

The situation is different for nonlinear systems. Here, we observe periodic
oscillations with the period multiple to the period of perturbations if the pe-
riod of natural vibrations equals 27n/w or is close to it. This phenomenon is
called a subharmonic resonance and the respective solution is called subhar-
monic. The exact theory of the subharmonic resonance for weakly nonlinear
systems with one degree of freedom was developed by Mandelstam and Pa-
paleksi [1932].

We consider an equation

i+ k= f(t) +eF(t,x,,¢), (10.39)

where € > 0 is a small parameter, f(t) and F(t,z, 2, ) are periodic in ¢ with
the period 27, F(t,x, 4, ) and sufficiently smooth in the variables x,z,e. We
assume that k either equals 1/n, where n is an integer, or is close to it. Assume
that the detuning

1

S
n2
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has an order of smallness € and

1
— — K =em,
n

where m is a finite quantity. Then equation (10.39) takes the form

L1 .

Z+ 2T = ft) +eg(t,x, &,¢e), (10.40)
where ¢(t,z,,¢) is determined by formula (10.25). For ¢ = 0, equation
(10.39) transforms into the equation

A
The general solution of this equation is
1 1
x(t) = acos —t + bsin —t + p(t),
n n

where ¢(t) is the solution of an inhomogeneous equation corresponding to the
perturbation f(¢). This solution is periodic with the period 27, and, hence,
with the period 27n.

We transform equation (10.40) using a change

z(t) = y(t) + o(t)
into the equation
| .
Yy + ﬁy = Eh(tv Y,Y, €)7

where
h(t,y,9,€) = g(t,y + @(t), 9 + o(t), €).

Using a change of variables
1 1 . 1.1 1 1
x(t) =acos —t + bsin —t, & =—a—sin—t+b—cos—t
n n n n n n
or a change

——— cos(%t o), @ = —%a(t) sin(%t o),

we obtain a system in the standard form such that its right-hand side is
periodic with the period 27n. To study the problem of the existence of a
2mn-periodic solution, we use Theorem 9.2A. Averaging the resultant system
brings us to the problem of solvability of the systems of equations

P*(a,b) =0, Q*(a,b) =0, (10.41)
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where
27mn

- 1 1 1 1 1 1 1
P*(a,b):/h(s,acosfs—l—bsin—s,—a—sinfs+b7cosfs,0)sinfsds,
n n n.on n n n
0

2T
- 1 1 1 1 1 1 1
Q*(a,b) :/h(s,acosferbsinfs,faf sin —s + b— cos —s, 0) cos —sds,
n n no o n n n n
0

or
S*(@,¢) =0, R*(a,v)=0, (10.42)
where
2mn
R*(a,7) = /h(s acos(ls—i—w) —alsin(ls—&—w 0) Sin(ls—&—zb)ds
) - b n ) n n ) n )
0
2mn
S'@ )= [ hls.acos(Ss+v),~apsin( s + 6.0 cos(os +0)d
a,9) =~ s,acos( s ,—a_sin(—s ,0) cos( s s.
0

If system (10.41) has a simple solution (ag,bg), then, for sufficiently small ¢,
equation (10.40) has a periodic solution with the period 27n. Such solution
is called subharmonic. A similar assertion holds true when the problem is
reduced to the consideration of system (10.42).

10.6 Duffing’s Weakly Nonlinear Equation. Forced
Oscillations

Duffing’s equation (see Duffing [1918]) has the form
i+ ki + az® =0, (10.43)

where k and « are real numbers, a being either positive or negative. Duffing’s
equation can be interpreted as an equation that describes oscillations of a
nonlinear spring. If o > 0, then the spring is called rigid, and if a < 0, then
the spring is called soft. Sometimes one refers to the rigid and soft elastic
force, keeping in mind the nonlinear term ax?® in Duffing’s equation.

We consider Duffing’s weakly nonlinear equation, assuming that o = €7,
where 7 is a finite quantity. We study the problem of the resonance oscillations
under the periodic perturbations with a small amplitude.

Consider an equation

i+ k*x = e[Acost — 6& — vy, (10.44)



140 Averaging on Infinite Interval

where A, § > 0 are real numbers. Along with the perturbing force, we intro-
duce a small damping . We assume that

1— k% =em,
where m is a finite quantity. Then equation (10.44) can be be rewritten as
&+ x =e[mx+ Acost — 6& — ya®]. (10.45)

By a change
x=acos(t+v), z=—asin(t+v),
we transform equation (10.45) into the system

a= —e[éam sin2(t + 1) + Acostsin(t + 1) + ad sin?(t + ) —
ffya cos®(t + 1/)) sin(t + 1/))}

10.4
)= —£[m cos?(t + ) + & costcos(t + ) + 30sin2(t + ) — (10.46)
—va? cost(t +1)].
Averaging system (10.46) over the time ¢ yields the averaged system
Aginyg — @
1= el- 2 SInY 5 ) , (10.47)
7%1:5[ 5 — 34 costp + gya’]

We first assume that § = 0. Then the stationary solutions of the averaged
system are determined from the system of equations

A - m A - 3 5
Eblnw—O, E—F%cosw—gya = 0.

From the first equation we obtain 1) = 0. Then the second equation turns
into the equation

F a) = — —_— = =
@=75+3 -3
o 4 4A
@ - g = =0. (10.48)
3y 3y

We shall assume that A > 0. Letting A = A/e and returning to the previous
notation, we arrive at the equation

s 4(1—FK?)_  4)
S N S = U. 1 .4
a 30 % 3, 0 (10.49)

It is well known (see Birkhoff and MacLane [1977]) that the number of real
roots of the cubic equation

2 fpr+q=0 (10.50)
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is determined by the sign of the discriminant of this equation

3 2
p q
p=C T
27 + 4
If D > 0, then equation (10.50) has one real root, and if D < 0, equation
(10.50) has three real roots. Returning to equation (10.49), we obtain

16(1 — k2)3 . A2
903 o?’
Let o > 0. If the detuning is negative, or, if it is positive but does not exceed

some h defined by the inequality
16(1 — k2)3 )2

9a3 a?’

D =

then equation (10.49) has one real root. But if 1 — k% > h, then equation
(10.49) has three real roots. Similarly we consider the case when a < 0.

Let @ = ap be the solution of equation (10.49). The matrix A(a, ) for
a = ap, P = 0 takes the form

0 —c1A
A(ao,O):<_€ﬁ+€%7ao 0 ) (10.51)

The determinant of this matrix is non-zero if the root a = ag of equation
(10.48) is simple, since in this case

A 3
F'(ag) = —5g2 T 7% # 0.
0

The latter expression can be written in the form

m 3
F = — + —~ay.
(ao) 2aq + %
From Theorem 10.1 it follows that, for sufficiently small e, equation (10.45)
has one or three periodic solutions with the period 27. It is easy to see that
if the inequality
e e3> 0 (10.52)
— —va .
2a, ' 4™
holds, the eigenvalues of matrix (10.51) are real and have opposite signs, and
for

m 3
— fe- 0 10.53
62a0+547a0< ) ( )
the eigenvalues of matrix (10.51) are purely imaginary.
Hence, if inequality (10.52) holds, then, for sufficiently small ¢, the periodic
solutions of equation (10.46) are unstable. If inequality (10.53) holds, then
Theorem 10.2 is not applicable.
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Recall that em = 1 — k2, ey = a. Therefore, in the original variables,
inequalities (10.52) and (10.53) can be written as

1_kZJr?) >0 1_k2+3 <0
2ag 4707 T, Tyt s

If equation (10.48) has three real roots, then for the maximum and the min-
imum of the roots, inequality (10.53) holds, and for the root lying between
them inequality (10.52) holds. Hence, in the case when three periodic so-
lutions exist, one of them is unstable, and the stability of the other two is
not determined by Theorem 10.2. If equation (10.48) has one real root, then
the stability of the respective periodic solution is not determined by Theorem
10.2.

We now take damping into account, i.e., assume that § > 0. The stationary
solutions of the averaged system are determined from the system of equations
(we omit the bar above the variables)

A ad m A 3

= ——3gi _—— = \I/ = —-— = — — 2 = .

R(a, ) 5 sin 5 0, (a,v) 5 5 cos + 87a 0
(10.54)

From the first equation, we obtain
ad

Ny = ——. 10.

sin 1 1 (10.55)

This equation has a solution if the right-hand side is less than 1 in absolute
value; at that, there are two solutions. Assume that this condition holds (it
holds if, e.g. @ and A are fixed and § is small, or it holds for small a at fixed A
and 0). Then, substituting (10.55) into the second equation of system (10.54)
yields an equation for finding a

3_ o
m= 270 F A\ 5 52 =0. (10.56)

Under certain conditions, equation (10.56) (e.g. for small §) has one or three

solutions. Assuming a® = z, we obtain a cubic equation with respect to z,

which can be analyzed in the same way as it was done for equation (10.49).
The matrix of the averaged system linearized on the equilibrium ag, ¥y takes

the form " "
s = (G i) Sileny ) o

The trace of this matrix is negative, since

Ra(aa 7/)) + \P¢<a7 I)Z)) = 0.

Therefore, if the determinant

Ra(a,9)Wy(a,¥) = Ry(a,9)¥a(a,¥) (10.58)
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of matrix (10.57) is positive, then, for sufficiently small £, equation (10.55) has
an asymptotically stable periodic solution with the period 27 which conforms
to the stationary solution of the averaged system. If the determinant of matrix
(10.57) is negative, then the respective periodic solution of equation (10.55)
is unstable.

We deduce the condition of the asymptotic stability (see Bogoliubov and
Mitropolskiy [1961]) for equilibrium of an averaged system. Assume that the
variables a and v are the functions of the detuning m. By differentiating
(10.35) with respect to m we obtain

da dvy da dy
R,— v, v
“Im +R¢d =0, a“ g + wdm =0,
therefore,
da
(R, — W Rw)d =V, Ry — R, V. (10.59)
On the other hand,
A 6 1
R¢:—5COS1/J, RmZO, \I/w:—§, \I]m:_i

Therefore, the right-hand side of equality (10.59) can be rewritten (with the
second of equations in (10.54) taken into account):

1, A ma 3
—(-Z =, 2 10.
2( 5 cos 1)) 1 + 167(1 (10.60)

Thus, it follows from (10.59) and (10.60) that

da ma 3
= —— 4+ —'ya

a\II _‘Ila 5
(Ro Wy Rw)dm 4 16

So, it is evident that the condition of asymptotic stability for the equilibrium
of the averaged equation can be presented as
da >0, if —m4 34030,

/A

. . 10.61
4o 0, if -2 4 fvad <. ( )

The conditions obtained for the stability are convenient for graphic rep-
resentation of the relationship between the amplitude a and the frequency
k (the amplitude or resonance curve). Making use of (10.56), we construct
curve (10.56) that in the original variables takes the form

3 242
-k~ ad’ 1/22 252 =0 (10.62)

as well as the so-called “skeleton curve”
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that in the original variables is
3
k> =1- Zaag. (10.63)

Then on the branch of curve (10.62), which lies to the left of (10.63), the
sections where a rises together with k are stable (i.e., corresponding to stable
amplitudes); on the branch to the right of curve (10.63), on the contrary, the
sections where a decreases as k rises are stable.

a
1] 1
0.8
0. 6
0. 4;
0.2 7
Aq V 'éiDl P

0.25 0.50.75 1 1.25 1.5 1.75

FIGURE 10.1: Amplitude Curves I for Harmonically Forced Damped
Dulffing’s Equation.

In the case of three periodic solutions, two of them are asymptotically
stable and one is unstable. If only one periodic solution exists, then it is
asymptotically stable.

Figure 10.1 (for a > 0) shows the amplitude curves (the right-hand graph
conforms to a < 0, and the left-hand graph, to « > 0) of the relationship
between the oscillation amplitude a and k? at e = 0.1, A =6 = 1, o = £1.
These curves allow analyzing of the character of oscillations in the system
under study upon the change of frequency of natural vibrations. For example,
let us consider the right-hand graph. As the frequencies of natural vibrations
increase from small values, the amplitude of forced oscillations first rises along
the curve A1C. At the point C4, there is a breakup; the value of the amplitude
skips to the point E; on the curve C1D; and changes along the curve C1 D,
toward the point D; on the further increase of frequency. If we now decrease
the frequency of natural vibrations, then the amplitude of forced oscillations
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will change along the curve D;C; up to the point of inflection and then skip
to the point Fj of the curve C7 A1, where upon it will change along the curve
C1A;.

We note that while talking about the change of frequency of natural vibra-
tions, we mean a very slow change such that at almost any instant the system
can be regarded as stationary.

0.250.50.75 1 1.251.51.75

FIGURE 10.2: Amplitude Curves II for Harmonically Forced Damped
Duffing’s Equation.

We can write the initial problem as the following equation
i+ x =c[Acosvt — & — ya’].
If we introduce a detuning
1=1v24em
and pass to a system of equations using a change

x=acos(vt+ ), &= —avsin(vt+ p),

then, similarly to the previous case, we can obtain the amplitude curves of the
relationship between the forced oscillations and the frequency of an external
force. These curves are depicted in Figure 10.2, where the left-hand graph
now conforms to the values a < 0, and the right-hand graph, to o > 0.

Exercise 10.2(a). Consider the problem of forced oscillations of Duffing’s
equation in the case when the induced force f(t) is polyharmonic:

f(t) = ay cost + as cos 2t.
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Does the relationship between the amplitudes a1, as play a role?

Exercise 10.2(b). Investigate the problem of the existence and stability
of resonance forced oscillations of the equation

i+x=c(l—2*i+eAcosuwt,

where ¢ << 1 and 1 — w? = ek = O(e).

10.7 Duffing’s Equation. Forced Subharmonic
Oscillations

We again consider Duffing’s equation
&+ 6@ + k*r — 23 = Acost. (10.64)

We study the problem of the existence of subharmonic solutions of order 1/3,
i.e., periodic solutions with the least period %’“ in equation (10.64).
Assume that k is close to 1/3, and let

11
== —e=m.
9 9™

It is convenient for us to change the time: ¢ = 37 and let 9y = g7y, 94 =
A1, 96 = §;. We obtain an equation in terms of the time 7:

&+ x = Ajcos3T +e[mx — 6@ + y27). (10.65)
The periodic solution of the equation
I+ x= Aicos3T

has the form

o(r) = f% cos 37.

In equation (10.65), we make a change

and obtain the equation

j+y=clmy+e)—oy+@) +nly+e)?.

Transform this equation into the system in the standard form by the change
(10.34):
y=acos(t+1), y=—asin(r+ ).
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We arrive at the system

a = —e[m(acos(t + ¢) — £+ cos 31)—
—01(—asin(t +¢) + 3A1 sm 37')
+71(acos(t +¢) — Al cos 37)3] sin(7 + 1),

w = __5[ (a COS(T + ¢) A1 cos 37-)_ (1066)
—d1(—asin(t + ) + 3’;‘1 sm37')—|-
+y1(acos(t + 1) — &L cos 37)3] cos(T + ).

Averaging system (10.66) over the time 7 and taking into account the identity
cos® a = 3/4cosa + 1/4 cos 3o
yields the averaged system

3A1’)/1a Sln 31/) CL51

a=

2’
n 3v1a? 3Aa 3A?’Y (1067)
b= + UL ;3218 cos 3y + 2561}.

The stationary solutions of the averaged system are determined from the
system of equations
R(a,v) = —73‘41611&2 sin 31 — “‘251 =0,

_ _ 2 10.68
U(a,1)) = — [% + 37;3“ -m S’g‘i“ cos 3y + 3351(?1} =0. ( )

First, we consider the case when d; = 0. Then the first equation of system
(10.68) takes the form
3A41v1a® -
% sin 3¢ = 0.
Let 1)y = 7/3 be the solution of this equation. Then the second equation
assumes the form

3na®  3Aima | 3y A}

F a = = . 1 .
(@) =m+ 1 5 128 0 (10.69)
Solutions of this equation are real under the following condition
2142 A2
— — > 0. .
1094 my; >0 (10.70)

Hence, it is necessary that m and 7, have opposite signs. If this condition
holds, then inequality (10.70) holds provided (in the original notation)

1 21-81 1
K — = > A? k2 — = . 10.71
32 o athl (- 5)7>0 (10.71)

This inequality was obtained by Malkin [1956] by the methods of perturbation
theory. Stoker [1950] arrived at the inequality
1 21
2
— >
K 9’ ~ 1024k2

A%y
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using less strict methods.
If inequality (10.71) is fulfilled, then equation (10.69) has two solutions:

_3Aim 634297
6 T 2\/ 1024 3mm

3

The matrix of an averaged system linearized on the stationary solution takes
the form

T 0 _ 9A1V1(a*)2
Ala*,>) = 64 , 10.72
(a 3) (5 (_%’Yla* _ 31?312"/1) 0 ) ( )

where a* is the solution of equation (10.69). It is easy to see that the deter-
minant of this matrix is non-zero if inequality (10.71) is strict. In this case,
equation (10.65), for sufficiently small e, has two subharmonic solutions with
the period 27/3, and, so does equation (10.64). On account of the formulas
for the roots of a1 2, we have the following result. The determinant of matrix
(10.72) is negative if a* = a1 and is positive if a* = as.

Thus, the stationary solution (ai,7/3) of the averaged system is unstable.
Hence, for sufficiently small e, one subharmonic solution is unstable. The
problem of the stability of a subharmonic solution conforming to the station-
ary solution (ag,7/3) cannot be solved with the help of Theorem 10.2.

The stationary solution of the averaged system at 1o = 27/3 results in the
same subharmonic solutions of equation (10.64) as the stationary solutions
(a172, Tl'/g) .

We now return to the case of §; # 0. From the first equation of system
(10.68), we obtain

a12 =

326,

sin 3¢ = 73A1'yla'

This equation has solutions if the right-hand side is less than 1 in absolute
value. Substituting this solution into the second equation yields the equation
for determining a:

=0.

- 37:32 L 34 102462 3A2y,

32 © 9424252 T 128

Let us show the conditions for the stability of the stationary solution of the
averaged system. Doing the same computations as in the previous clause, we
obtain the following (with the arrows above the variables a, ¢ omitted)

da 3 9 L 9
aa_ 2 - 0 A2~a.
dm 4T gMe T g i

Therefore, the condition of the asymptotic stability of equilibrium of the av-
eraged equation can be presented as

(Ra\ij - \IlaRdJ)

>0, if Sma+ Hnad+ 5430 >0,

da
% . 3 9 3 9 2
am < 0, Zf Zma + E’Yla + mAﬂla < 0.
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a

0.6 A1

B:

2
0.30.40.50.60.70.8

FIGURE 10.3: An Amplitude Curve for the Subharmonic of Order 1/3
of Damped Dufling’s Equation.

Figure 10.3 demonstrates the amplitude curve of the relationship between the
amplitude a and the square of eigenfrequency k? of system (10.64); the curve
is determined by the equation

729A2q2
1024

243 A~y
128

K=

1
- _ 82
9 9

+ §c12 +
1 Y
where A=1,v=0.2, § =0.1.

Exercise 10.3(a). Investigate the problem of the existence and the stabil-
ity of a subharmonic of order 1/2 in the equation

&+ edi + eya® = Acost,

where € > 0 is a small parameter, § > 0, v, and A are constants.

Exercise 10.3(b). Consider equation (10.46) with A; = €Ay = O(¢e). Do
subharmonic solutions with the period 27/3 exist in equation (10.46)?
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10.8 Almost Periodic Solutions of the Forced Undamped
Duffing’s Equation

Consider Duffing’s equation
i+ —evr+ 3% = f(t), (10.73)

where € > 0 is a small parameter, v > 0 is a constant, and f(¢) is an almost
periodic function.

We shall be interested in the problem of the existence of an almost periodic
solution of equation (10.73). Let y = ex. Then equation (10.73) can be
rewritten

j+y=clve—a>+ f(t)]. (10.74)
Making a change (10.27):

y =acost+bsint, ¢y = —asint+ bcost

we transform equation (10.74) into the system in the standard form

% = —¢[v(acost +bsint) — (acost + bsint)® + f(t)]sint, (10.75)
& =elv(acost 4 bsint) — (acost + bsint)® + f(t)] cost. '
Averaging the right-hand side of (10.75) yields the averaged system
da _ _|vb _ 3527 _ 3p3 _
dt 5[2 satb—gb f‘)}’ (10.76)

where
fo=(f(t)sint), f1 = (f(t)cost).

The stationary solutions of the averaged system are determined from the
system of equations

(10.77)

Assume that b = 0,fp = 0, and f; > 0. Then from system (10.77) we obtain
the equation
3a® — 4va — f1 = 0. (10.78)

Let us calculate the discriminant of cubic equation (10.78). We obtain that
equation (10.78) has three real roots provided

v (9;1) (10.79)
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Consider one of the roots, e.g. @ = a; < 0. By linearizing the right-hand side
of averaged system (10.76) on the stationary solution (az,0), we obtain the

matrix 5 9
_v 3
A(u 092 2+8a1).
750 0
It is easy to see that eigenvalues of the matrix A are real and have opposite
signs. Therefore, it follows from Theorems 9.1 and 9.3 that for sufficiently
small €, system (10.75) has an unstable almost periodic solution. It is clear
that in the cases of fo < 0, fi =0 and fy = 0, |f1] # 0, we obtain the same
results. Let us formulate these results as applied to Duffing’s equation (10.73).

Theorem 10.3. Let fof1 =0, |fo+ f1| = 1 > 0, and v be any fixed number
that obeys inequality (10.79). Then there exists g = eo(v) > 0 such that for
0 < e < gg equation (10.73) has the unstable almost periodic solution xz(t, ),
for which ex(t,e) — (acost + bsint) — 0 ase — 0. Here a # 0 and b =0 if

f1#0, fo=0,0rb#0,a=0if fo #0, fi =0.

This theorem was deduced by Seifert (see Seifert [1971], [1972], and Fink
[1974]). The problem of the existence of an almost periodic solution of Duff-
ing’s equation without damping was investigated by Moser [1965] using the
methods of KAM theory (see Moser [1973]). He considered the equation

i+ a®(p)r + ba® = pf(t,z, ), (10.80)

where f(t,z,&) is quasi-periodic in ¢ with the basis frequencies wy,...,wn
meeting the usual conditions of KAM theory. It is assumed that f(¢,x,)
is a real analytical function of x,# in some neighborhood of x = & = 0 and
f(=t,z,—2) = f(t,x,4). Under these conditions, there exists a real analytical
function a(p) and an almost periodic solution x = (¢, u) of equation (10.80)
such that a(0) =1, ¢(¢,0) = 0.

10.9 The Forced Van der Pol Equation. Almost Periodic
Solutions in Non-Resonant Case

Consider a differential equation
i+x=e(l—a%)i+ Asinwt + Bsinwyt. (10.81)

Here, £ > 0 is a small parameter, A and B are constants, the quotient wy /ws is
irrational. Assuming A = B = 0, we obtain the known Van der Pol equation
(Van der Pol [1927]) that for all values of the parameter € has a stable periodic
solution (a limit cycle). For small ¢, the period of this solution is close to the
period of natural vibrations, i.e. to 2.
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Similarly to the problem of the periodic perturbance, we shall distinguish
between the resonance and non-resonant cases. We say that a non-resonant
case takes place when the value of the expression m + mjwi + mows is not of
order € while m, mq, mo assume integers with values such that |m| + |mq| +
|ma| < 4, and m # 0.

First we investigate the non-resonant case. For ¢ = 0, equation (10.81)
turns into the linear inhomogeneous equation

I+ x=Asinwit+ Bsinwst
with the general solution in the form

x(t) =acost +bsint + 7 = sinwit + 1= sinwst,

#(t) = —asint + bcost + Awl (10.82)

coswit +

_wg cos wat,

where a, b are arbitrary constants. We shall treat formulas (10.82) as a change
of variables. We take a, b as the new variables instead of x, £ and arrive at
the system of equations

‘fi‘;cost—i— smt—O
98 sint + % cost = g(1 — 2?) %L,

Thus we obtain the standard form system

9o = —¢(1 - 2%)%sint
% =e(l—=x )‘Zl’t’ cost (10.83)

where z,& should be replaced by their expressions from formulas (10.82).
The mean value of the right-hand side of system (10.83) depends on whether
the frequencies 1, wy, wy are resonant or non-resonant. Assuming that the
frequencies as non-resonant leads to the averaged system

da a. b
iy o
where
P(a,b) =a |5 — g(a® +b?) - 4(112@)2 B 4(1]‘315)2
Q@) =b |5~ 3@+ 1) - 52y — mtere

The stationary solutions of averaged system (10.84) are determined from the
system of equations ~ ~

P(a,b) =0, Q(a,b)=0. (10.85)
The system of equations (10.85) has the solution @ = b = 0. If the non-zero
stationary solutions exist, then they fit the equation

A2 B?

O e

=0. (10.86)
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The matrix of the averaged system linearized on the stationary solution takes
the form

C—21a2 —Lagh
A(ao, bo) = (iaéboo i gb%>, (10.87)
4

where

11 . A? B2
C=|=z—=(a2+0b)— —
57 5@ 8 - 55 - )
For the stationary solution ag = by = 0, the determinant of matrix (10.87) is
non-zero, and this stationary solution is asymptotically stable if the inequality

A? B2
> 2 10.88
R E R (10.55)
holds and unstable provided
A? B2
< 2. (10.89)

A—wl)?  (1-w})

Hence, if inequality (10.88) is satisfied, then, for sufficiently small e, equation
(10.81) has an asymptotically stable almost periodic solution that for e = 0
turns into the almost periodic function

A B
| _w:}% coswit + . _wf}% cos wat (10.90)

containing only the frequencies wy and wy. Inequality (10.88) will probably
not hold if both frequencies w; and ws are sufficiently different from 1.
If inequality (10.89) holds, then equation (10.81) for sufficiently small € has
an unstable almost periodic solution that for € = 0 turns into function (10.90).
If inequality (10.89) holds, then equations (10.87) has an infinite set of
solutions lying on the circle
A? B?

T =4- - =0. 10.91
i G-wd) (-wp) " (10.81)

For the stationary solutions of the averaged system that satisfy equation
(10.91), the determinant of matrix (10.87) equals zero and Theorem 10.1 is
not applicable. In this case, in the neighborhood of the family of solutions
(10.91), there exists a stable integral manifold of solutions of equation (10.81)
(see Hale [1969]). We do not consider the problem of the existence of integral
manifolds here and bring in some more elementary reasoning related to the
family of solutions (10.91).
We rewrite system (10.83) as

da — c A(t,a,b)
t s Wy Uy
L~ p(t o) (10.92)
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In this system, we make a standard change of the method of averaging
a=p+eult,p,q), b=q+ev(t,p,q), (10.93)

where the functions u(¢,p, ¢), v(t,p,q) are determined from the equations

= Alt.p,a) = P(p,a),
3712 - B(tapa q) - Q(p7q)’

as the functions with the zero mean value with respect to t. Here, P(p,q),
Q(p,q) are determined by formulas (10.84), where @, b are replaced by p, g,
respectively. After the change (10.93), system (10.92) takes the form

dp _ 2

—t—EP(p’q)—kg Rl(t7p7Qa€)a 10.94

% =eQ(p,q) +€*Ra(t,p, q,€). ( )
Further, in system (10.94), we pass to the polar coordinates

p=Mcosa, q=Msina

and let a =t — 0. As a result, we obtain the system

aM _ 2

Y ER(Z2\4)+€ Q1(t,0,M,¢), (10.95)

G =14+e°Qa(t,0,M,¢),
where 12 )

M 2 2B

R(M)=— (4—-M?* - -
an =" ( e

If inequality (10.89) holds, then the equation R(M) = 0 has the solution
M = My, where

242 2B?
M3 =4- - . 10.96
R (1099
It is easy to see that R'(My) = —1/4M3 < 0. Therefore, the stationary
solution M = My of the equation
dM
“Z —eR(M) (10.97)
dt
is asymptotically stable. The system of the first approximation
dM

do
=R g =t

for system (10.95) has a periodic solution (a limit cycle) that is Lyapunov
stable. Thus, in the first approximation, we have a family of the solutions
M = My, 8 = t + ¢, where ¢ is an arbitrary constant. This solution for
equation (10.81) takes the form

z(t) = Moy cos(t + ¢) + %

sinwit+ ——~
7 1

2
2

sin wat. (10.98)
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Hence, equation (10.81) in the first approximation is a family of almost peri-
odic solutions, for which M, is defined by equality (10.96).

Return to system (10.95). The functions Q1 (¢, 0, M, ¢), Q2(t,0, M, ) are al-
most periodic in ¢, periodic in # and smooth in M. Therefore, these functions
are bounded for ¢ > 0 if the variable M changes in some bounded neighbor-
hood of the point My. Since the solution M = My of equation (10.97) is
asymptotically stable, we see that it is uniformly asymptotically stable. The
Malkin Theorem of the stability under constantly acting perturbations (see
Appendix B) is applicable to the first equation in (10.95). Then, for any 5 > 0,
it is possible to find § > 0 such that for sufficiently small € the inequality

|M(t,e) — Mo| <m, t>0

holds true if

[M(0,e) — Mo| <6,
where M (t,¢) is the solution of the first equation in system (10.95). From the
second equation of system (10.95), we obtain that

O(t,e) = 0(0,¢) + (1 + %p(t,e))t,

where the function ¢(t,¢) is bounded on [0,00). The solution of equation
(10.81) that conforms to the solution M(t,¢),0(t,¢) of system (10.95) takes
the form

x(t,e) = M(t,e)cos(t(1 + &2p(t,e)) + 6(0,¢)) +
+

sinwyt+
1-wi (10.99)

=2 sinwat + ex1(t, ),
where the function (¢, ) is bounded on [0,00). This follows from the for-
mulas which define the functions u(t, p,q), v(t,p,q). Formula (10.99) shows
that the first approximation (10.98) for sufficiently small € gives satisfactory
quantitative and qualitative characteristics of the exact solution.

10.10 The Forced Van der Pol Equation. A Slowly
Varying Force

Consider a differential equation
i+ x=e(l—2%)i+ A(T)sinw t + B(7) sin wat, (10.100)

where 7 = et is a slow time, A(7), B(7) are differentiable periodic functions
of the variable 7 with some period T. Therefore, we assume that the Van
der Pol oscillator is affected by a sum of periodic forces with a slowly varying
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amplitude. The frequencies w1, ws meet the conditions of absence of resonance
described in 10.8.
Using a substitution

xr =acost+ bsmt—l— A(r )2 smwlt—i— ( )2 sin wat,
o A(lr)wl (T)wg (10101)
T = —asmt—l—bcost—i——cosw t+ CcoS wal,
we transform system (10.100) into
Z‘Z cost + smt = ElA (T) sin wq t+ (2) sin wot,
—daging + 4 db cost =g(1 —a?)%x — % coswit — M cos wat.
2

Solving the obtained system for Z‘;, 327 we arrive at the system in the standard

form

do — —e(1—2?)%sint — [ElA () sinwyt + EB (T) smwgt} cos t+

+ {6‘41/_(% coswit + M COSWzt} sint, (10.102)
%:g(l—x )dxcost {1’4(2) sinwit + 5 (2) Slnwzt} sint— .

— {5{7(7;) coswit + & coswgt} cost.

The right-hand sides of the system depend on the fast time ¢ and the slow
time 7. We also notice that in the right-hand sides,  and ‘fi—f are presented
by formulas (10.101). We average the right-hand side of system (10.102) over
the fast time ¢, assuming that the frequencies 1, wy, wo are non-resonant. We
obtain the averaged system

%__% :zg((: ; ;)’)) (10.103)
where
P(a,b) =a |y — 5(@®+b?) - 4(?i5}f’))2 - 4(]13igg))2
Qa,0) =b |3 —5(a +%) - 4(fi(w7§))2 - 4(?i53—§))2

Hence, the averaged system is a system with the 7- periodic coefficients. The
stationary (periodic) solution of the averaged system is @ = b = 0. Linearizing

the averaged equation on the solution a = b = 0, we obtain a system of
decoupled equations that are written in terms of the time 7

B=(5- 4(1{(;5))2 - 5252)2 o (10.104)
If inequality
() |, (B) (10.105)




Systems in the Standard Form. First Examples 157

is met, where (A%(7)), (B?(7)) are the mean values of the periodic functions
A%(7), B%(7), respectively, then the zero solution of system (10.104) is asymp-

totically stable; if

(4%(r)) |, (B(r))

2 10.106

i T <2 (10:100)
then the zero solution of system (10.104) is unstable. It follows from Theorems
9.6 and 9.7 that, for sufficiently small €, system (10.102), in a sufficiently small
neighborhood of zero, has an almost periodic solution that is asymptotically
stable if inequality (10.105) holds and unstable if inequality (10.106) holds.
Thus, equation (10.100) has the almost periodic solution

A B
x(t,e) = a(t,e) cost + b(t,e)sint + 1 (T)2 sinwyt + . (22 sin wot.

1 2

10.11 The Forced Van der Pol Equation. Resonant
Oscillations

Consider only the resonance case when w; differs from 1 by a quantity of
order €.
Let
l=w}—em, A=c\

Then, instead of equation (10.81), we obtain the equation

i+ wx =e(l—2?)i+ema + esinwt + Bsinwat. (10.107)
Now, by change (10.82), we pass to the system of variables a, b
da — —w— [(1—23) % + maq + Asinwt] sinwt,
9 z da (10.108)
@ =5 [(1—2)% + may + Asinwit] coswit,
where,
T1 = acoswy + bsinwqt + e sin wat,
d;tl = —wjasinwit + witcos wltw?ffjg cos wat.

Averaging system (10.108) implies

da mb B? _ a’+b?

Eze 2w1 +2w1 +7(1 (w 70.}2) jlr ):|’

&b o o (10.109)
dt — =€ T 2w, +3 (1 2(w —w2) 4 ):| .

For simplicity, we only consider the case of exact resonance, i.e., m = 0. In
this case, to determine stationary solutions, we obtain the system of equations
A = B? 2+52 o
__+%(1_2(w—w) a4 )_0’
B? +62) _
(1 s —-E—Z——) —0.

i—w3)

(10.110)

(SIS
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System (10.110) has the solution b=0, a = ap, where ag is a root of the cubic
equation

1, (1 B A
_ 1 1 _ A o 10.111
f(a()) 80’0 + <2 4(&)% _ w2)2> ao 2w1 0 ( 0 )

The matrix of the averaged system linearized on the stationary solution (ag,0)

takes the form
f'(ao) 0
A(ag,0) = 2 10.112
(00.0) (0 ooy + (10.112)

where f/(ap) is the derivative of the left-hand side of equation (10.111) and

2
[f'(a0) + % = ﬁao]. If equation (10.111) has one or three real solutions,
then the determinant of matrix (10.112) is non-zero. In this case, equation
(10.107), for sufficiently small & will have one or three almost periodic solutions

that at € = 0 turn into the almost periodic function

B .
ap Cos w1t + —5—— sinwat.
wi — w3

1

Because equation (10.111) cannot have a triple root, we see that there always
exists at least one almost periodic solution. The conditions of the asymptotic
stability of the obtained almost periodic solutions take the form

ag <0, f'(ag) <0.

Hence, those almost periodic solutions will be stable if they correspond to
the negative roots of equation (10.111). Because the free term of equation
(10.111) is negative (A > 0), we have that equation (10.111) always has at
least one negative root. If equation (10.111) has only one negative root, then
f'(ap) < 0 and the corresponding almost periodic solution is asymptotically
stable for sufficiently small . If equation (10.111) has three negative roots,
then almost periodic solutions conforming to the maximum and minimum
roots are asymptotically stable, and the almost periodic solution that con-
forms to the respective mean root is unstable.

10.12 Two Weakly Coupled Van der Pol Oscillators

There have been a good number of publications devoted to the research into
dynamics of two weakly coupled Van der Pol oscillators (see, e.g., Rand and
Holmes [1980], Chakraborty and Rand [1988], Rand [2005], Camacho, Rand,
and Howland [2004], and Qinsheng [2004]).
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Here we consider two Van der Pol oscillators coupled with a weak gyroscopic
link

Lo N = e [(1—a3) L+ ndea]

ddtaéz + )\2332 =¢€ [(1 - xQ)d;tz n%}

(10.113)

where ¢ > 0 is a small parameter, A1,\2, and n are positive constants. System
(10.113) was also used in the paper by Mitropolskii and Samoilenko [1976b].
In this paper, as well as in the paper by Mitropolskii and Samoilenko [1976a],
the method of averaging was used for a versatile analysis of weakly linear
multidimensional systems of the first and second orders. It is assumed that
the frequencies A;, Ay are non-resonant. It is shown that system (10.113) has
a two-dimensional stable invariant torus and two unstable periodic solutions.
Approximate formulas for the solutions were obtained.

Here, we confine ourselves to a more elementary analysis of the problem.

We assume that the numbers A\; and A2 are incommensurable. We transform
system (10.113) by a change of variables

r1 = aqpcos A\t + bysin \it, 21 = —aiAisinAit + by A1 cos A\t
To = a9 COS Aot + by Sin A\ot, Lo = —agAg Sin Aot + by Ao cOs Aot

into the system in the standard form

% — _A%Fl sin \1t,
dbi _ =T cos M\t
g = afcosaal, 10.114
do2 — £ Py sin ot (10-114)
% = /\%FQ cos Aat,
where d d d d
1 T2 2y 022 Tl
F=(1- F=0-z) —na
1 ( 1‘1) dt +n dt 2 ( :C2) dt " dt
Averaging system (10.114) yields the averaged system
% = eP(as, b), % = eQ(a1,by), (10.115)
% :EP(aQ,bQ)a d_tz :EQ(C—L%b?)v
where
P dijh‘) = %@z [1 (a7 + b2>} Q(ZL“B )= %Bl [1 (@ + b2)]
i =1,2.

and an infinite set of equilibria lying on the circles

9 ai+b=4, a+bti=4, 3ar=b =0, a+b=4,
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4) ai +bi =4, ax=1by =0.

In system (2.114), using the change of variables, we separate the averaged
part. Rewrite system (10.114) as

dai dbz

7 =¢cA;(t,a1,a2,b1,b2), E=€Bi(t,a17a27b1,b2), 1=1,2.

We now change over to new variables using the formulas
ai:yi+EUi(t791»y2721a22)7 bi:Zi+€vi(t7ylay27zlu22)7 i:1727

where

8“1 _

Ar(t,y1, 2, 21, 22) — P(y1,92), auQ = As(t,y1, Y2, 21, 22)—
(Zla 2)a

avl = Bi(t,y1,92,21,22) — Qy1,2), %2 = Ba(t,y1, Y2, 21, 22)—
—Q(thz)

Then we obtain the system

dys __

€
By _ _
ddzl c
=£

& _
dt

P(y1,y2) +e*Yi(t, y1, Y2, 21, 22),

P(z1, 22) + €*Ya(t, y1, Y2, 21, 22), (10.116)
Qy1,y2) + 2 Z1(t, Y1, Y2, 21, 22), ’
Q(z1, 22) + €2 Z5(t, y1, Yo, 21, 22).

Again, we introduce new variables using the formulas
yi = M;cosa;, z; = M;sinay, 1=1,2
and let a; = A\t — 6;. As a result, we have the system

d§fz = eRi(M;) + £ Qui(t, 01,05, My, Mo, 2), i =1,2
49 — N\, 4 ¢ 2Q0i(t, 01,05, My, My,e), i=1,2,

(10.117)

where M
#’(4 ~M?), i=1,2.

It is easy to see that the stationary solution M; = M5 = 2 of the system

Ri(M;) =

dM,

T :Rl(Ml)a dt

= Ry(Ms) (10.118)
is asymptotically stable and, therefore, uniformly asymptotically stable. The
stationary solutions M7 = 0, My = 2, and M; = 2, M5 = 0 are unstable. The
system of the first approximation for (10.117) takes the form

amM, o, dM, oy
dt = Ra(M), o a = Bo(My), a0
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The solution My = My = 2, 61 = Mt + 69, 0 = \ot + 69, where 69, 09 are
arbitrary constants, in the initial variables takes the form

z1(t) = 2cos(Mit +60Y),  x2(t) = 2cos( Aot + 69). (10.119)

Hence, system (10.113) in the first approximation has a family of almost
periodic solutions (10.119).

We return to system (10.117). The functions Q1;(¢, 01,02, M1, Ma,€), i =
1,2 are almost periodic in t, periodic in 81, #2 and smooth in M7, Ms. There-
fore, these functions are bounded for ¢ > 0 if the variables M7, M> change
in some bounded neighborhood of the point (2,2). Since the solution M; =
My = 2 of system (10.118) is uniformly asymptotically stable, we see that the
Malkin Theorem on the stability under constantly acting perturbations (see
Appendix B) is applicable to the first two equations of system (10.117). Thus,
for any n > 0, it is possible to find § > 0, such that, for sufficiently small ¢,
for the solutions M;(t,¢), i = 1,2 of system (10.117) the inequalities

|M;(t,e) —2| <n, i=1,2, t>0

hold provided
|M;(0,e) — 2| <6, i=1,2.

From the third and fourth equations of system (10.117), we obtain
0;(t,e) = 0;(0,€) + (1 + 2 (t,e))t, i=1,2,

where the functions ¢;(¢,¢), 4 = 1,2 are bounded on [0,00). The solution
of system (2.113) that conforms to the solution M;(t,¢€),0;(t,e),i = 1,2 of
system (10.117) takes the form

zi(t,e) = Mi(t,e) cos(t(1 + 2pi(t,€)) + 0;(0,€)) +exri(t,e), i=1,2,
(10.120)
where the functions x1,(¢,€), 7 = 1,2 are bounded on [0,00). This follows
from formulas that define the functions u;(t, p, q), vi(¢,p, ¢). Formula (10.120)
shows that the first approximation (10.119) for sufficiently small € provides a
satisfactory characteristic of the exact solution.

10.13 Excitation of Parametric Oscillations by Impacts

As we saw in the first part of the book, a parametric resonance in a linear
system often causes an unstable equilibrium state in a system. The situation is
different in nonlinear systems, where the parametric resonance may generate
stable stationary oscillations.
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Consider a problem of parametric oscillations for the equation

d2
e— +w?[l+ef(t)]z+eyz® =0 10.121
S+ W1+ ef (B + ey =0, (10.121)
where € > 0 is a small parameter, f(t) is a generalized derivative of the
periodic function with a finite number of simple discontinuities (jumps) on
the period, and w, §, v are positive numbers. We introduce a variable y(t)
using the equation

d
E el
where g(t) is a periodic function such that
g'(t) = f(1).

Then, instead of equation (10.121), we obtain an equivalent system of two
first-order differential equations

g—f =y —ew?g(t)z,

= —w?z +ew?g(t)y — edy — eya® + O(e?)’ (10.122)
We now move on to the new variables by means of a change
x=acosvt+bsinvt, y= —avsinvt+ bvcosvt, (10.123)
where the frequency v will be chosen later, and obtain
da cosvt + L sinvt = —ew?q(t)z,
‘fl‘; vsinvt —|— by cosvt — v2[acos vt + bsinvt] = —w?[acos vt + bsin vt]+

(ew?g(t) — 65)[ avsinvt + bv cos vt] — eylacosvt + bsinvt]® + O(e?).

Solving the latter system for d—‘tl, %, we arrive at the system
d o 2
@ — v V“’ [2 sin 2vt —|— bsin? vt]—

isw 2g(t)[a(cos? Vt — sin? vt 4 bsin 2vt]+

+eb[—asin® vt + L sin 21/1?] + eyv[acosvt + bsinvt]? sinvt + O(g?),

b — ‘ﬁ;“[acos vt + 2 sin 201

—ew?g(t)[—asin 2vt + b(cos? vt — sin” vt)]—

—e0[—% sin 2vt + b cos® vt] — eyvlacos vt + bsinvt]? cos vt + O(?).

(10.124)

We shall assume that v? — w? = eh, where h is a constant. Then system
(10.124) has a standard form, and we can use Theorems 9.2 and 9.3 to inves-
tigate the existence and stability of periodic solutions of system (10.124). As
a function f(t), we take a generalized periodic function corresponding to the

Fourier series -
(t) ~ Zcos(?k — 1)t
k=1
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The function g(t) can be represented by the following series:

o(t) ~ Z sin(2k — 1)t'

2k -1
k=1

Let v =221 (k= 1,2...). We fix k and average it over ¢ in the right-hand
side of system (10.124). The averaged system then takes the form

da _ _[(_h _ wi\,_ 6 3y 2
g =gy — ol z0+ b’ el (10.125)
B el 90— b La(a +1?)],
where v = 2’“2—_1 We transform system (10.125) into the polar coordinates
a = pcosp, b= psin p, solve the transformed system for d—’t’, Z—f) and obtain
dp :5[_w_2 in2 — 9
psin2p — 3p),
a M 25, (10.126)

2 =€5 — 50082@— =xp?].

The equilibria (pg, @o) of system (10.126) are determined from the system of
equations
2
5P sin 2¢p — p 0,

% - 4—cos2cp— 3—7p2 0.

(10.127)

Investigate the stability of the equilibria determined by system (10.127). Lin-
earizing averaged system (10.126) on the equilibrium (po, o), vields a linear
system with the matrix

. ( 0 —E‘é’—zpo congoo)
A= 3y wyz : :
—€Llpo €%, sin2pq

It is well known that eigenvalues of the second-order matrix have negative real
parts if the trace of the matrix is negative while the determinant is positive.
In our case, the trace of the matrix A is always negative (the inequality
sin 2¢p < 0 holds true, which follows from the first equality of (10.127)). The
positiveness of the determinant of the matrix A, and thus the stability of the
equilibrium, is determined by the inequality cos 2y < 0. Therefore, in view
of the second equation of system (10.126), we obtain the inequality

- 31 2 <0. (10.128)

4 70 '

Therefore, inequality (10.128) implies the asymptotic stability of the respec-
tive equilibrium of an averaged system. By virtue of Theorems 9.2 and 9.3,
the initial system of equations (10.122) and, therefore, equation (10.121), for
sufﬁciently small €, has an asymptotically stable periodic solution with the
period T' = . Similarly, if the inequality

3
Zpg >0 (10.129)
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holds, then, for sufficiently small € the equation (10.121) has an unstable
periodic solution.

We eliminate the variable ¢ from system (10.127) and obtain the following
relation between the amplitude p and the frequency of modulation v

4 1
p? [V —w?F 3V wt — 4v242]. (10.130)

:%

First, we consider the case when v > 0. The amplitude curve has two
branches. The plus sign corresponds to the branch of asymptotically sta-
ble equilibrium, while the minus sign, to the branch of unstable equilibria. As
the detuning (12 — w?) changes, due to negative values, from large negative
values to positive ones, there are no oscillations until the detuning reaches a
certain magnitude. After that, in the system the asymptotically stable pe-
riodic oscillations will increase in amplitude and then derail, i.e., turn into
unstable oscillations. When the detuning reduces because of large positive
values, the stable oscillations will be excited by a jump (a rigid excitation of
oscillations). As the detuning reduces, they will decrease smoothly in am-
plitude. For v < 0, we obtain a similar picture, but excitation of the stable
oscillations by a jump occurs as the detuning increases.

The following graphs have been constructed for ¢ = 0.1, § = 0.2, v = 1,
v = 0.5, and under the values ¢ = 0.1, § = 0.2, v = —1, v = 0.5, respectively.
On the X-axis, we measure the detuning (v? — w?), and the amplitude of p is
measured on the Y-axis.

0.8 [
0.6 |- B
04

0 | | A | | |

-0.4 -0.2 0 0.2 0.4

FIGURE 10.4: Parametric Oscillations in Duffing’s Equation with v = 1,
v =0.5.

In the first graph, AB is the branch of stable fixed points, and BC' is the
branch of unstable fixed points. In the second graph, BC' is the branch of
stable fixed points, and AB is the branch of unstable fixed points. The pattern
is the same in the graphs, where only the value of the frequency was changed:
we replaced v = 0.5 with v = 1.5.

To define boundaries of the synchronization zone, we need to make the
right-hand side of equality (10.130) come to naught. The resonance zone in
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0.4

FIGURE 10.5: Parametric Oscillations in Duffing’s Equation with v = —1,
v =10.5.

14
12 | B
10 |

O N = O
1

| | |
-10 -5 A 0 C 5 10

FIGURE 10.6: Parametric Oscillations in Duffing’s Equation with v = 1,
v =1.5.

the first approximation will be

1 1
w2 — §sx/w4 — 40252 < 1? < W — 55\/@04 — 4w?H2.

Hence, the width of the resonance zone is

1
A= isw\/uﬂ — 442

Damping reduces the interval of growing parametric resonance.

If f(t) is not a generalized but an ordinary periodic function, then the
resonance zone, generally speaking, is reduced. For example, let the following
Fourier series correspond to the function f(t)

i cos(2k — 1)t
2k—1
k=1

Then the width of the resonance zone is
1
A= st%/l —1662.

We now consider the problem of the rise of parametric oscillations under
the action of a small periodic perturbation in a self-oscillatory system. The
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FIGURE 10.7: Parametric Oscillations in Duffing’s Equation with v = —1,
v=1.5.

respective equation takes the form

Pz dx
a2 +el(0+ 7562)%
where ¢ > 0 is a small parameter, f(t) is a generalized periodic function
that is a derivative of a periodic function with a finite number of simple
discontinuities (jumps ) on the period, and w, §, vy are positive numbers. The
positiveness of § means that in a self-oscillatory system, under the lack of
parametric excitation, there is the asymptotically stable zero equilibrium and
there is no oscillatory regime. We introduce a variable y(t) using the equation

]+ W[l +ef(t)]z =0, (10.131)

d
d—f =y —ew?g(t)z,
where ¢(t) is a periodic function obeying such that
g'(t) = f(t).

Then we move on to a system of differential equations with respect to the
variables x,y similar to system (10.114). We introduce new variables using
formulas (10.133) and assume v? — w? = eh. As the function g(t), we choose

a function with the Fourier series

i sin(2k — 1)t
2k —1
k=1

Let v = 2’“2—_1, (k=1,2...). We fix k and average the respective system over
t in the standard form. By so doing, we arrive at the system

d h 2 5
ﬁ = —sh[gb +22’7b+6 Sa+ Za(a® + b?)],
at = 5[2717 — 1}7‘1 + §b — %b(aQ + b2)]
Now pass to the polar coordinates. The average system takes the form
d 2 . 3
£ = —5[%p+ S psin2¢ + -],
de h w
2

2
7 = €lgy — %5 cos 2.
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We find the equilibrium of the system by equating the right-hand sides of
the latter system to zero. It is easy to see that all equilibria of the averaged
system are asymptotically stable. Therefore, for sufficiently small ¢, equation
(10.131) has asymptotically stable periodic solutions that increase as a result
of parametric excitation. Discarding the variable ¢ from this system yields
the relationship between the amplitude p and the frequency of modulation v:

2 J
p? = ——/2wt —4(v2 — Ww2)2 —4—.
ey Y

The graph of the amplitude curve for the parameters ¢ = 0.1, 6 = 0.2, v =
1, v = 0.5 takes the form (the X-axis depicts the detuning, whereas the Y-axis
illustrates the amplitude p).

0.25 1
0.2 | i
0.15 + i
0.1t i
0.05 | i

0 | | | |
-0.1 -0.05 0 0.05 0.1

FIGURE 10.8: Parametric Oscillations in Van der Pol Equation.






Chapter 11

Pendulum Systems with an
Oscillating Pivot

In this chapter we apply the theorems on the averaging on the infinite interval
that were proved in Chapter 9 to the investigation of the stability of equilibria
of pendulum systems with oscillating pivots. The approach in the application
of Theorems 9.1, 9.3 and 9.4 consists of the following steps. The equations of
motion of a system under investigation are written in Lagrange form. Next, we
go to the Hamiltonian form of writing the equations of motion. We introduce
a small parameter and make a change to a fast time. Thus, we obtain a system
in standard form. The problem of the stability of equilibria is solved using
the averaged equations in the first approximation.

11.1 History and Applications in Physics

The stabilizing effect of the vibration of a pivot of a pendulum became
known as early as 1908. Stephenson [1908] showed that it is possible to
stabilize the upper equilibrium of a pendulum with a vertically oscillating
pivot. He investigated the case of a pendulum whose pivot receives a series
of impulses that support its motion with a constant velocity along the line
that forms a small angle with the rod of the pendulum. Stephenson defined a
“mean” motion that is stable. He also obtained the conditions of the stability
for the upper equilibrium of a pendulum whose pivot does fast vertical simple
harmonic oscillations. Using similar methods Stephenson[1909] determined
the conditions of the stability of two and of three rods that are linked together
end to end and originally in a position of unstable equilibrium, if the pivot
undergoes fast vertical oscillations.

The theory of the Mathieu equation for this problem was used in papers by
Van der Pol [1925] and Strutt [1927]. Van der Pol and Strutt [1928] (see also
Ince [1928]) considered the problem of the stability of solutions of the Mathieu
equation and obtained the diagram of the stability of solutions in the plane
of two parameters. They also discussed the conditions under which the os-
cillating influence can stabilize a system that originally was unstable. Hirsch
[1930] considered the problem of the motion of a pendulum whose pivot under-

169
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goes small high frequency oscillations in the plane of the pendulum. Erdélyi
[1934] conducted a complete investigation of small oscillations of a pendulum
with a periodically oscillating pivot. He took damping into consideration, and
utilized the Floquet theory and the theory of Hill’s equation.

Lowenstern [1932] studied the effect of motions with high frequency and low
amplitude which are applied to one class of dynamical systems and obtained,
for the first time, results of some generality. He determined the equations of
motion for general Lagrange systems that are exposed to fast oscillations, and
the equations for small oscillations near an equilibrium. Lowenstern consid-
ered only periodic excitement.

Kapitsa [1951a, 1951b] investigated the problem of motion of a pendulum
with an oscillating pivot in nonlinear settings. Kapitsa studied the stability
of an inverted pendulum using a concept of an effective potential that he
introduced (see also Landau and Lifchitz [1960, p. 93-95]). He also came up
with an idea to apply a vibrating stabilization to other mechanical objects
that differ from a pendulum, such as, for example, large molecules.

Bogoliubov [1950] obtained a rigorous mathematical proof of the stability
of the upper equilibrium with a vertically oscillating pivot. He assumed that
the amplitude of vibrations is small and their frequency is large. The proof
is based on a very interesting transformation that allows one to obtain the
answer in the first approximation of the method of averaging.

Bogdanoff [1962] generalized the results of Lowenstern on the case of small,
fast quasi-periodic parametric excitements, but his analysis is limited to the
case of linear equations. Bogdanoff and Citron [1965] experimentally demon-
strated various effects in the behavior of a pendulum with an oscillating pivot.

Hemp and Sethna [1968] considered nonlinear dynamical systems with para-
metric excitements. They conducted an analysis of the influence of “fast”
parametric excitements, and investigated the effect of the simultaneous influ-
ence of “fast” and “slow” parametric excitements. In particular, they consid-
ered the case when some of the frequencies of “fast” parametric excitements
are close to each other.

Acheson [1993] investigated the problem of the stabilization of the upper
equilibrium of an N-linked pendulum using small vertical oscillations of its
pivot.

Burd, Zabreiko, Kolesov, and Krasnosel’skii [1969] (see Krasnosel’skii, Burd,
and Kolesov [1973]) studied the problem of bifurcation of almost periodic oscil-
lations from the upper equilibrium of a pendulum with a vertically oscillating
pivot. Burd [1984] investigated the problem of bifurcation of almost periodic
oscillations from the upper and the lower equilibria when the law of motion
of the pivot is an almost periodic function with two frequencies that are close
to each other.

Levi [1988] found a topological proof of the stabilization of the upper equi-
librium of a pendulum with a vertically oscillating pivot. Levi [1998, 1999]
also gave a very simple physical explanation of the stabilization of the upper
equilibria by vibrations of its pivot. The main motif of his papers is an ob-
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servation that behind the procedure of averaging lie some simple geometric
facts. The discovery of stable m-kinks in the sine-Gordon equation under the
influence of a fast oscillating force (see Zharnitsky, Mitkov, and Levi [1998])
is based on the same idea.

The concept of levitation of charged particles in an oscillating electrical
field “Paul’s trap” was introduced in 1958 (see Osberghaus, Paul, and Fischer
[1958], and Paul [1990]). This work earned Paul a Nobel prize in 1989. The
discovery of Paul’s trap was preceded by the idea of a strong focusing in
synchrotrons. (see Courant, Livingston, Snayder, and Blewett [1953]).

Recently Saito and Ueda [2003] suggested a new application of such mecha-
nisms of stabilization to the production of bright solitons in two-dimensional
Bose-Einstein condensate (here, a “bright” soliton means a stable solitary
wave whose density is greater than the density of the background).

We also mention the works in which authors investigated the influence of
high frequency vibrations on the presence of convection in fluids (Zenkovskaya
and Simonenko [1966], Zenkovskaya and Shleikel [2002a, 2002b]).

Blekhman [1994] devoted his book to the description of amazing phenom-
ena that take place under the action of vibrations in the nonlinear mechanical
systems. These include the change of the state of a system under the influ-
ence of fast vibrations, the change of physical and mechanical properties and
characteristics under the action of vibrations comparing to the slow actions,
transformation of equilibria, particularly, their stabilization and destabiliza~
tion under the action of vibrations, the change of frequencies of free oscilla-
tions in the system due to vibration, support of rotations by vibration, and
self-synchronization of unbalanced rotors. Blekhman suggested a general ap-
proach to the studying of the aforementioned phenomena which he calls a
“vibrational mechanics”.

In recent years, interest has been renewed in the use of high frequency vibra-
tions for control of low frequency properties of structures, i.e., their equilibria,
stability, effective natural frequencies and amplitudes of vibrations (Champ-
neys and Frazer [2000], Feeny and Moon [2000], Fidlin [2000], Fidlin and
Thomsen [2001], Sudor and Bishop [1999], Thomsen and Tcherniak [1998],
and Tcherniak [1999]).

We also mention the works of Yudovich [1997, 1998] on the vibro-dynamics
of systems with constraints and a book by Strizhak [1981] that is devoted to
the methods of investigation of pendulum systems.
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11.2 Equation of Motion of a Simple Pendulum with a
Vertically Oscillating Pivot

We consider one of the simplest oscillating systems: a material point of mass
m, coupled via a massless rigid rod of length [ (which is called the length of a
pendulum) to the fixed pivot. Clearly, the trajectory of motion of the material
point is an arc. We can also think of a pendulum in the form of a rigid body
that can rotate in some vertical plane around its pivot.

mg

FIGURE 11.1: Simple Pendulum.

We shall assume that the environment in which the pendulum moves pro-
vides some damping that is proportional to the velocity of the motion and
that a pivot is oscillating periodically or almost periodically.

First, we suppose that the pivot can move only along a vertical axis. It will
be convenient to write the equation of motion of a pendulum in Hamiltonian
form. We shall use the following notation: m is the mass of the pendulum, [ is
its length, c is a coefficient of damping, g is the gravitational constant, ¢ is the
angular displacement of the pendulum relative to the vertical axis, function
f(@) describes the law of motion of the pivot, and the Cartesian coordinates
of the pendulum are x = lsing, y = lcosq + f(t). The kinetic energy of the
pendulum is defined by

1 1 . .
T= §m(x'2 +92) = §m[l242 +2lGfsing + f?],

where &, ¢, ¢, f are derivatives of the functions z(t), y(t), q(t), f(t), respec-
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tively, while the potential energy is
V(q) = —mgl cos q.
The dissipative function has the following form
R(q) = cl??.

The equation of motion in Lagrange form is written as

Thus, the equation of motion of the pendulum is

945 sing=o0. (11.1)

. 2c,
q+—q+
m l l

We transform this equation into Hamiltonian form. The generalized kinetic
moment is defined by

P=5 = m(I®G+1fsing),

which can be rewritten as

1

. /.
¢ = —5p— 7 sing (11.2)

Taking a derivative in (11.2) and utilizing (11.1) yields

. 2c 2c . . f f2 .
p = mi? —Wp—i—mfsmq—i—ﬁpcosq—l—zschosq .

Finally, we obtain the desired system of the equation

dg _ _1 L
gt = mpp— 7sing, . . (11.3)
L = —2p 4 [2csing + 2 cosq|f — mglsing — 2 f?sin 2q.

11.3 Introduction of a Small Parameter and
Transformation into Standard Form

We shall consider forced movements f(t) of a pivot which are described by
three different laws.
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First, we consider f(t) that is defined as a trigonometric polynomial

N
f(t) = Z ay, cos vt + By sin vt (11.4)
k=1
where ay, Ok, vg (k = 1,2,...,N) are real numbers. We shall assume that

amplitudes oy, [y are sufficiently small, and frequencies vy are sufficiently
large in the following sense. There exists a small positive parameter ¢, such
that

Wk
a = gay, By = by, vy = —

where ag, by, wi (k = 1,2,...,N) are of order O(1) in e. Then f(¢) can be

written as
N

t t t
t)=¢ CcoS wi— + by, si - =ce¢p(-).
f(t) ];ak WkEJF R SILWg ¢(5)

Second, we consider f(t) that is defined by a periodic function

f(t) = kz_l ﬁa sin(2k — 1)vt. (11.5)

We introduce a small parameter € by letting a = ea and v = 2. Then f(¢)
can be written as

o}

ft) =<

k=1

1
m& Sln(2k — 1)w£ = Ed)(é)

Third, f(t) can be defined by
f(t) = asinvt. (11.6)

Letting o = €a and v = %, we get
£(#) = casin 2t = e6(5)
=easin —t = ep(-).
€ €

We note that in the case when f(t) is defined by (11.5), the acceleration of
the forced movement is a generalized periodic function f(t) that corresponds
to the Fourier series

fty ==Y sin(2k - 1)t.
k=1

Therefore, equation (11.1) contains a generalized periodic function as a coeffi-
cient. However, system (11.3) contains only the function f(¢) that is piecewise
continuous and periodic.
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We make a change to the fast time 7 in (11.2) using e7 = ¢ and denote the
operation of differentiating in 7 by a dot. We get

g=e¢ (mll?p — 16(7) Sinq) :
p=c¢ {—mgl sing — 2p + (2clsing + 2 cosq) d(1) — m?(r) cos g sin q} .
(11.7)

Thus, under the assumptions described above the system of equations of mo-
tion has the standard form.

11.4 Investigation of the Stability of Equilibria

The averaged system has the following form

§=cnpm,
n= €[lmgl sin€ — 26 — ™ ($2(7)) sin 2¢], (11.8)

where

(@2(r)) = lim */qﬁ?

T—»oo T

System (11.8) has three stationary solutions

I1:(0,0), II:(m0), III:(—arccos (— <¢2g(l7_)>) ,0).

The latter stationary solution exists only if
gl < (7)) (11.9)

System (11.8) also has stationary solutions I and II that correspond to the
lower and the upper equilibria of a pendulum, respectively.

We investigate the stability of stationary solutions of system (11.8). For
solution I the linearized system is

Y =enp, _
¢ = e[—mgly — 2o — m(¢?(1))¥], (11.10)

while for solution IT (letting o = £ — 7) the linearized system is

O’ = 5ml25
= e[mglo — 25 — m(¢?(7))o].

It is easy to see that the matrix of system (11.10) has a negative trace and a
positive determinant. Therefore, the zero equilibrium of the averaged system

(11.11)
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is asymptotically stable. Theorem 9.3 implies that, for sufficiently small e,
the lower equilibrium of a pendulum is asymptotically stable.

The matrix of system (11.11) has a negative trace and a positive determi-
nant if

gl < ($*(7))

Therefore, under this condition the equilibrium (0, 7) of the averaged system
is asymptotically stable. Theorem 9.3 implies that, for sufficiently small ¢,
the upper equilibrium of a pendulum is asymptotically stable.

We note that the inequality that determines the stability of the upper equi-
librium has the following form in original time ¢

gl < (f?).

For the almost periodic law of motion of a pivot (11.4) we get

N 1 N
S (et + et = 5 ok + oD

k=1

. 1
(F() = 5

For a periodic function (11.5) we have

_ 2,27
Za 2k—1 “Y 16

while for function (11.6) we have

() =

Therefore, the upper equilibrium of a pendulum is asymptotically stable when

N
> ok + BR)vi > 29 (11.12)
k=1

for function (11.4), when
2
a2w2% > 291 (11.13)
for function (11.5), and when

a’w? > 2gl (11.14)

for function (11.6).

Comparison of inequalities (11.13) and (11.14) shows that the domain of
the stability of the upper equilibrium of a pendulum when the law of vibration
of pivot is defined by (11.5) is wider in comparison with the case when the
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law is defined by sine function. Inequality (11.14) in original variables has the
form
a?v? > 2gl. (11.15)

Inequality (11.15), as a condition of the stabilization of the upper equilib-
rium of a pendulum, was obtained by various methods by several authors (see
Stephenson [1908], Erdélyi [1934], Kapitsa [1951a, 1951b], Bogoliubov [1950]).
It is known that, in absence of vibrations of a pivot, the lower equilibrium is
stable while the upper equilibrium is unstable. The preceding analysis leads
us to the following result. If a pivot is vibrating according to the sine func-
tion law, the frequency of vibrations is sufficiently large, and the amplitude
is sufficiently small, then the upper equilibrium of a pendulum can become
stable. This result has been verified by numerous experiments.

Recall that this result was established by Stephenson as early as 1908,
and its rigorous foundation using the method of averaging was laid by N.N.
Bogoliubov. Here we considered more general laws of motion of a pivot and
we obtained similar results.

For the stationary solution IIT of the averaged system that exists when
inequality (11.9) holds, the linearized system has the form

b= ek, |
Y = g[(—mgl cos & — m(p?(7)) cos 2&0)p — %ﬁj 1,
where

gl

(9%(7))
Clearly, the trivial solution of this system is unstable when inequality (11.9)
holds. Theorems 9.1 and 9.3 imply that, for sufficiently small €, an unstable
almost periodic or periodic solution of system (11.7) corresponds to the sta-
tionary solution IIT of the averaged system (this depends on the selection of
the law of motion of a pivot).

We now make some remarks about the problem considered above. The
averaged system (11.8) can be written as a single differential equation of the
second order. This equation in original time ¢ has the following form (for the
sine law of vibrations of a pivot)

0sp = —

. 2. 2,2

§+£§+ [%+%cosf} siné = 0. (11.16)
Bogoliubov and Mitropolskiy [1961] observed that equation (11.6) describes
an oscillating system that is similar to a pendulum with a fixed pivot, however

the restoring force is proportional not to sin ¢, but to [{ 0‘2252 cos&]sin&. The
2

frequency of small oscillations ignoring the damping is ¢ +

o’y
2102

Exercise 11.1. Let the law of motion of a pivot be defined by

f(t) = easin gt,
€
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where ¢ << 1. In equation (11.1) of the motion of a pendulum, make a change
of time t = 7/¢ to get the equation (in time 7) :

2 2
ij+5—cq+ 29 4 sing = 0.
m l l
Linearize this equation on the equilibrium ¢ = 7 and investigate the stability
of the trivial solution of the linearized equation. (Hint: Use the method of
Shtokalo (see Section 5.4)).

11.5 Stability of the Upper Equilibrium of a Rod with
Distributed Mass

We now consider a pendulum whose mass is distributed along its rod. We
denote the length of the rod by L, and its density by p(y), where 0 < y < L.
The product of the mass m by the distance to the center of mass of the rod is

L
ml = / pydy,
0
and the inertial moment is
L
_ 2
J = / py“dy.
0

The kinetic energy of the pendulum up to the terms that do not contain ¢
and ¢, is defined by

L L
<2
g .
T = E/prderqfsmq/pydy,
0 0

while the potential energy is

L
V= —gcosq/pydy.
0

Taking into consideration a dissipation, we get an equation of a pendulum in
the Lagrange form

('j—i—C(j—I—*y[g—i—f']sinq:O,
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where

L

[ pydy
0
v=7—.
[ py2dy
0

This equation differs from equation (11.1) in that the coefficient of singq is
multiplied by 7. Therefore, if the function f(¢) describes the law of forced
movements of a pivot, then the condition that guarantees the stability of the
upper equilibrium is

g7 < ().

We shall assume that the rod of length L is solid and has uniform density.
The linear density is p = mL~!. In this case

L

d
bfpyy 5
7:7:—_

L
[ py2dy
0

The condition on the stability of the upper equilibrium of the rod takes the
form

2

“gl < (f?).
J9L < {f7)
This inequality implies that it is easier to stabilize a rod of length L with
uniform density than a pendulum which has the mass concentrated at the
endpoint.

Exercise 11.2. Assume that we have a conical rod. Consider two cases: a)
the rod is fixed at the vertex of the cone; b) the pivot is located at the base of
the cone. Find the conditions for stability of the upper equilibrium assuming
that the law of vibration of a pivot is f(t) = easin ¢, ¢ << 1. Which of the
cases is easier to stabilize?

11.6 Planar Vibrations of a Pivot

We now consider a pendulum with an oscillating pivot under more general
assumptions about the motion of the pivot. Let the pivot oscillate simultane-
ously in horizontal and vertical directions according to



180 Averaging on Infinite Interval

Consider the case when a pivot makes sine-like harmonic oscillations, which
have an amplitude « and a frequency v, and which occur along the line that
forms an angle 6 with the y-axis. Then we have

s(t) = asinvtsin,
r(t) = asinvt cos 6.

Cartesian coordinates of a pendulum are x = I'sing+ s(t), y = —lcos g+ r(t).
The kinetic energy is defined by

1
T = 5m(@® +§?) = ZP¢ +20d(5cos g + Fsing) + 5 +77,
while the potential energy is V(¢) = —mglsing, and dissipative function is
R(4) = cl?¢?. The equations of motion in Lagrange form are

g—i-i} sinq—l—fcosq:O.

L2
O !

As in section 11.2, we rewrite the system in Hamiltonian form

9= _L1p—3%cosq— sing
L =—2p+ (2clcosq— Esing)s + (2clsing + £ cos q)i+ (11.17)
+%(é2 — 12) sin 2q — mé7r cos 2g — mgl sin q.

We assume that there exists a small positive parameter ¢ for which a = €a,
v = %. Then, we have

s(t) = easin u—jtsine, r(t) = casint cos .
€ €

By changing to the fast time e7 = ¢t and denoting the differentiation in 7 as a
dot above, we get

g=c¢ #p— #cosq— @sinq} ,
p=c|-%p+5(r)(2clcosq — Esing) +7(7)(2cl sing + § cos q)+ (11.18)
+2(5%(7) — 72(7)) sin 2¢ — m3(7)7(7) cos 2¢ — mglsing] .
The averaged system takes the following form
£=emp,
0 =e|—2n - mglsin€ + 2((52(7)) — (72())) sin 26 — (11.19)
—m{(3(7)7(7)) cos 2¢] .
Evidently,
2,2 2,2 2.2
(3(r)) = a;" sin2f = Y sin?0,  (72(r)) = 0‘2” cos? 0,
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0[21/2
(3(r)i(r)) = = sin 2.

System (11.19) can have multiple stationary solutions. For example, it has
a stationary solution ( 0) if

a?v?

sin 20 = gl. (11.20)
The linearized system on this equilibrium is

é: ml2 Uk
n = e(m cos26 — =°n).

Therefore, equilibrium (7, 0) is asymptotically stable when

cos 26 < 0. (11.21)

Theorems 9.1 and 9.3 imply that, for sufficiently small e, and, under conditions
(11.20) and (11.21), system (11.18) has an asymptotically stable periodic so-
lution that lies in a small neighborhood of (7,0), i.e., the pendulum has stable
periodic oscillations in the neighborhood of its horizontal state.

If the law of motion of the pivot is defined by

where
sin( 2k; -1) %

then the averaged equation has a stationary solution (%,0) when
a’w?n?sin 20 = 32¢l.
This solution is asymptotically stable when inequality (11.21) holds.

Exercise 11.3. Investigate the conditions for the existence and the stability
of equilibria (0, 7/4) and (0, 7/3) of system (11.19) and corresponding periodic
solutions of system (11.18).

11.7 Pendulum with a Pivot Whose Oscillations Vanish
in Time

Recall the main result about the stability of the upper equilibrium with a

vibrating pivot. We suppose that a pivot of a mathematical pendulum can
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move freely along a vertical axis and the law of motion of the pivot is defined
by
f(t) = asinwt.

If the amplitude a of oscillations of the pivot is sufficiently small and their
frequency w is sufficiently large, then the upper equilibrium of the pendulum
is stable, provided

a?w? > 24, (11.22)

where [ is the length of the pendulum, and g is the gravitational constant.
In this section we consider the problem of the stability of the upper equilib-
rium of a pendulum in the case when the law of motion of a pivot is defined
by
a .
f) = P wt®, (11.23)

where a, w, o are constants, and « > 1, i.e., the amplitude of motion of a
pivot tends to zero as t — oo (see Burd [1999], Ganina [1998], and Ganina,
and Kolesov [2000]).

As we have already observed, the equation of motion of a pendulum with
a pivot, which itself moves along a vertical axis, has the form

2 1
i+ g+ (24 >f)sing=0, (11.24)
m L1

where m is the mass of a pendulum, ¢ is the damping coefficient, ¢(t) is the
angular displacement of a pendulum relative to the vertical axis, and f(t) is
the law of motion of the pivot. It is, again, convenient to write the equation
of motion in Hamiltonian form. The corresponding system of equations has
the form

Q= mpp = 1fsing, : . (11.25)
p= f%er [2clsing + ¥ cosq] f — mglsing — %fQ sin 2q.

System (11.25) has two stationary solutions (0,0) and (w,0) which are the
lower and the upper equilibria of a pendulum, respectively.

We investigate the stability of the upper equilibrium. By linearizing system
(11.25) on the equilibrium (7, 0) we get the linear system

i1 = gpar + o : . (11.26)
Lo = —%xz + [—2clzy + %xg]f + mglz, — %f%cl.

We would like to study the behavior of solutions of this system when t — oc.
Introduce a new time 7 using

T =1t

and take into consideration that, in time 7,

df (1-a)a .
— = Qaw COS WT + ———— SIN WT.
T

dt
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As a result we get (with z = (21, z2))

dz 1

g e Ai(T)z + —TQ_BF(T)Z, (11.27)
where 3 = é < 1, and
aw ﬂ
& coswT L
A _ l mil2
1(7) <—2awcl coswT + mglf — ma” cos” wr 6552 @ ——2;6 4 dwcoser ]

while the concrete form of the matrix F(7) is insignificant for further con-
sideration. We ought to emphasize that the elements of the matrix F(7) are
bounded for 0 < 79 < 7 < 0.

First, we suppose that o > 2. Then, 1 — 3 > % In system (11.27) make a
change of variables

1
Z:y+7_1—_ﬂY1(’T)y, (1128)

where the matrix Y7(7) is defined as a matrix whose elements are periodic
functions with a zero mean value, and

v,

? :Al(T) 7B1, (1129)

where B; is a constant matrix to be defined later. Clearly, the matrix By
should be composed of mean values of elements of the matrix A;(7), i.e.,

L 04
1= mglﬂ _ mgzﬁw2 _% :
After the change (11.28) system (11.27) becomes, for sufficiently large T,

@_1

1
=——2B —=G 11.30
dr 15 1y + 7220 (T)yv ( )

where elements of the matrix G(7) are bounded for 0 < 79 < 7 < co. In the
original time ¢ system (11.30) has the form

dy @
- =By + o G(t)y. (11.31)

Due to Levinson’s Theorem (Levinson [1948], see also Section 7.2), linearly
independent solutions of system (11.31) when ¢t — co can be represented as

yit) = (pr+o(1), 1alt) = M (p2 o), (11.32)

where A\; and Ay are the eigenvalues of the matrix aBj, and py, py are the
corresponding eigenvectors. It is easy to see that if

291 < &?a’*w?, (11.33)
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the eigenvalues of the matrix aB; have negative real parts. Therefore, if
inequality (11.33) holds, then the trivial solution of system (11.31) is asymp-
totically stable due to (11.32). Consequently, the trivial solution of system
(11.27) is also asymptotically stable. This implies that if inequality (11.33)
holds, then the trivial solution of system (11.26) is asymptotically stable. Due
to the Theorem on Stability in the First Approximation, the upper equilib-
rium of the pendulum is asymptotically stable, provided that « > 2 and that
inequality (11.33) holds.

If % < a < 2, then % <1-p< % In this case, in order to transform the
system into a form to which we can apply Levinson’s Theorem, in place of
change (11.28) we should make the change

1 1
zZ=Y + BY ( )y + mYE(T)% (1134)

where the matrix Y;(7) is defined by the same equation (11.29), the matrix
Y>(7) and the constant matrix By are determined from the equation

avy

dT = Al(T)Yl(T) — BQ.

Moreover, the elements of the matrix Y2(7) are periodic functions with a zero

mean value. The change (11.34) transforms system (11.27) into the system

dy _
dr

1 1 1
17ﬁBly+ T272632y+ 3— SﬁL( )y) (1135)

where elements of the matrix L(7) are bounded functions for 79 < 7 < oo.
A simple calculation shows that By = 0 and, therefore, for linearly indepen-
dent solutions of system (11.35) in time ¢ asymptotic formulas (11.32) hold.
Therefore, if % < a < 2 and inequality (11.33) holds, then the trivial solution
of system (11.26) is asymptotically stable. If 1 < o < %, the asymptotic for-
mulas (11.32) might be different. However, the main asymptotic term would
have the same form as in (11.32). The exponent « influences the speed of
convergence of solutions to the equilibrium.

Thus, when a pivot of a mathematical pendulum moves along the verti-
cal axis according to (11.23) the upper equilibrium is asymptotically stable
provided inequality (11.33) holds.

Exercise 11.4(a). Linearize equation (11.24) on the equilibrium ¢ = 7.
Investigate the stability of the trivial solution of the linearized system using
the method described in section 7.

Exercise 11.4(b). Investigate the stability of the upper equilibrium of a
pendulum if the law of motion of its pivot is given by

f(t) = ae tsinel.
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11.8 Multifrequent Oscillations of a Pivot of
a Pendulum

In this section we suppose that the law of motion of a pivot of a pendulum is
a trigonometric polynomial, and some frequencies of this polynomial are close
to each other. Hemp and Sethna [1968] considered the case of two frequencies.

As before, it is convenient to write the equation of motion of a pendulum
in Hamiltonian form. This way we get (see Section 11.3)

= P — Tsing, 11.36)
dp __ 2c 2l si P ¢ L si m £2 .: ( :
G = — P+ [ clsimgq + Tcosq] f—mg smq—7f sin 2q.

The forced motion of a pivot is defined by

N
f(t) = Z g cos Vgt + B sin v t,
k=1
where ag, Bk, vik(k =1,2,..., N) are real numbers. We shall assume that the

amplitudes oy, 3y are sufficiently small, while the frequencies vy are sufficiently
large in the following sense. There exists a small parameter ¢, such that
w
ak =cap, Pp=cbp, vp=—,
€
where ag, b, wg, (k = 1,...,N) are of order O(1) in e. Then f(¢) can be

written as
N

t . t t
ft) = E;ak COs Wi _ + by, sinwy_ = 5{(5).

We shall say that the law of motion of a pivot is monofrequent if differences
(wk —wj) for all j # k are of order O(1) in e. If some of these differences are of
order O(e) in €, we shall say that the law of motion of a pivot is multifrequent.

In this section we consider the case when the law of motion of a pivot is
multifrequent.

In the monofrequent case (see Section 11.3) the method of averaging allows
us to obtain well-known results on the stability of equilibria g =0 and g =7
of system (11.36), for sufficiently small . The lower equilibrium ¢ = 0 is
always stable, the upper equilibrium ¢ = 7 is stable if

T

M(¢(r)) = lim 1 / ¢ (r)dr > gl.

0

This follows from the analysis of averaged equations and the corresponding
theorems on averaging.
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The averaged equations have the following form

q:sﬁp,
p=c|—mglsing— %p — ZM((*(7))sin2q| .

In the multifrequent case the averaged equations are, in general, equations
with almost periodic coefficients.

We shall limit our considerations to the case when two frequencies w; and
wo are connected by

we —wp =, A>0,A=0(1). (11.37)

For simplicity we let
t t
fity=¢ {al coswlg + as coswg} =&l < >
From (11.37) we obtain
t t t
5((2) =c [al coswy — + @z cos (w1 +€A) E] . (11.38)

We introduce the fast time 7 using ¢t = 7, and denote by the prime symbol
differentiation in 7. Then from (11.36) we obtain the following system in
standard form:

/

¢ =¢(7zp— 1¢/(7)sing)
p=c [fmglsmqf @er ( cosq+2cls1nq) ¢(1)— (11.39)
—m("? (1) cosgsing| .

Taking into consideration (11.38) we get in the right-hand side of (11.39) the
terms that contain the fast time 7 and the slow time 7. We average system
(11.39) in the fast time 7 to obtain the averaged system

¢ =c—m 12 b,

p fsT mglsing — %pf 2h(7) Sin2q] , (11.40)
where b(1) = w?(a? + a3 + 2a1az cos AT). The averaged system (11.40) can
be written as an equation of the second order in variable q. This equation in
terms of the time ¢ has the form

2¢ b( )

i+ i+ sing+ g

where b(t) = vZ(a? +a3+2a1 a9 cos At). Theorems 9.6 and 9.7 imply that the

problem of the stability of the lower equilibrium of a pendulum, for sufficiently

small €, can be studied by investigating the stability of the trivial solution of
the equation

sin2¢ = 0, (11.41)

29l +b(t)) g = 0. (11.42)

..+2 R
q q 9272
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For the upper equilibrium of a pendulum we get

q+2—q+ (—2g1 +b(t)) g = 0. (11.43)

1
202
Analysis of equation (11.43) shows that the motion of a pivot of a pendulum
according to the law defined by (11.38) can lead to destabilization of the upper
equilibrium, which would be stable if the frequencies were not close. Bogdanoff
and Citron [1965] demonstrated experimentally that such destabilizing effects
of fast parametric excitements, whose frequencies are close to each other,
actually take place.

We also note that the analysis of the equation (11.42) shows that the prox-
imity of the two frequencies can destabilize the lower equilibrium.

Therefore, the oscillations of a pivot of a pendulum under the influence
of two periodic forces with close frequencies can lead to new effects in the
behavior of a pendulum.

We now assume that, instead of (11.37), the frequencies are related by

wo — 2wy = eA. (11.44)

The relation (11.44) has no influence on the equations in the first approxima-

tion. Therefore, it can affect the stability properties of the equilibria if the

problem of the stability cannot be solved using the first approximation alone.
Let the law of motion of a pivot in time 7 be defined by

¢(T) = a1 cosw1T + ag cOSwaT + as coswsT

and
wl—w2:€A1, wl—w;),:&‘AQ.

Then, the problem of the stability of the lower and the upper equilibria, for
sufficiently small e, reduced to the investigation of the stability of the trivial
solution for equations (11.42) and (11.43), respectively. In this case, b(t) is
an almost periodic function.

We now assume that

wy —wy =e2A (A = const, A > 0) (11.45)

and
ft)y=¢|a coswlé + ag cos(wy + 52A) t} =¢( < > (11.46)

Again, we make a change to the fast time 7 = ¢/ in (11.36). We obtain a
system in standard form that in time 7; = €27 becomes a singularly perturbed
system. Such systems were considered in Section 9.8. We average system
(11.36) in the fast time 7 to obtain a singularly perturbed system in the time
T1:

5(] = lzp,
ep’ = r mglsing — 2p — ™b(r)sin 2q] , (11.47)
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where )

b(r) = §wf(a% + a2) + ajaw? cos Aty).
The degenerate system (we assume € = 0 in (11.47))

1,
P =0,
—mglsing — %p — Gtb(71)sin2q =0
has four solutions
g =0, p1 =0, 2)ga=m, p2 =0,
3,4) g3 4 = L arccos (m) , p3.a=0.

The two latter solutions exist only if the following inequality holds

inf  b(m) > gl. (11.48)

—oo<T1 <00

It is easy to see that

1.2
. Lo2(a1 — a2)?, ajas >0
inf_ b(r) = 3 ’
oco< 11 <00 ( 1) { ilwgz((al —+ CLQ)) ajag < 07
] ] w3 a1 + as ala2>07
SUP_ o< 7y <00 D(T1) = { %w%(al —as)?, aras <0,

We linearize the averaged system on the equilibria 1), 2) of the degenerate
system to obtain systems

qu 12 p1, 9
evh = [“mglay — Zpy — 2h(r)ai]
and
/o 1
€4y = 2P2 )
Ephy = [—mglqg — 2ipa + %b(ﬁ)%} )
respectively. Analysis of these systems along with Theorem 16.1 implies that,

for sufficiently small ¢, the lower equilibrium of a pendulum is asymptotically
stable. The upper equilibrium is asymptotically stable provided

inf  b(m) > gl

—oo<T1 <00

and is unstable provided

sup  b(m) < gl.

—00< 71 <00
This result was established by Ukhalov [1997].
Exercise 11.5. Show that, for sufficiently small e, there exist two unstable

almost periodic solutions of system (11.36) which tend to the solutions 3,4)
of the degenerate system provided inequality (11.48) holds.
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11.9 System Pendulum-Washer with a Vibrating Base
(Chelomei’s Pendulum)

Chelomei’s pendulum (see Chelomei [1983]) is a system that consists of
a rod that can rotate around a certain axis (“axis of support”) and a rigid
body (“washer”) that can move along the rod.

FIGURE 11.2: Chelomei’s Pendulum.

V.N. Chelomei [1983] discovered experimentally that, due to a vertical vi-
bration of the axis of support, the upper state of the rod can become stable
under some conditions. In this case, the washer takes some fixed position on
the rod. Chelomei’s paper drew significant attention and several papers that
dealt with this system have appeared. Menialov and Movchan [1984] studied
the behavior of Chelomei’s pendulum using the method of averaging. They
assumed that the axis of support is vibrating in both horizontal and vertical
directions. Blekhman and Malakhova [1986] using the same assumptions con-
sidered the behavior of the washer on a rigid rod, as well as an elastic rod that
is vibrating in the regime of a standing wave. Ragulskis and Naginyavichus
[1986] also studied the behavior of the washer on a vibrating elastic rod.
Kirgetov [1986] obtained the conditions of the stability of the washer in the
upper state of the rod using an alternative analytical method. In all these
papers the authors showed that the stabilization of the upper equilibrium is
achieved as a result of the horizontal component of vibrations of a support
point. Thomsen and Tcherniak [2001] made a new attempt to explain the
results of Chelomei’s experiments. They showed that a small defect that vio-
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lates the symmetry, such as a small deviation from a vertical excitement, can
provide a mechanism for creation of stationary vibrations of an elastic rod.

To investigate Chelomei’s pendulum we utilize the same method as we have
used for studying a simple pendulum.

Consider a physical pendulum in the form of a non-uniform rod of mass
M that is fixed at one end by a joint. Assume that the pendulum moves
in a vertical plane around the support point. We also assume that a washer
of mass m is put on the rod and can freely move along the rod. The inner
diameter of the washer is the same as the thickness of the rod (see Figure 11.2).
The support point of the pendulum makes high frequency periodic oscillations
that have horizontal and vertical components. The equation of motion of the
described system has the form (see Menialov and Movchan [1984]):

(Io+ I + m?;Q)gb + 2maip 4 kip — (ML +mz) (g + fi(t)) sin o+
(ML +maz)fa(t) cosp =0, ) (11.49)
F—xp? + kot + (g + f1(t)) cos p + fa(t)sing = 0.

Here, a dot denotes differentiation in time ¢, Iy is the inertial moment of the
rod without the washer relative to its axis of rotation, I; +ma? is the inertial
moment of the washer, I; is the proper inertial moment of the washer, x is the
current coordinate of the washer along the rod, ¢ is the current angle formed
by the oscillating rod with a vertical axis, L is the distance from the center of
mass of the rod to the support point, g is the gravitational constant, ky¢ is
the frictional moment created by the motion of the entire system, k4 is the
friction force between the washer and the rod, f1(¢) is the vertical component
of oscillations of the support point, fo(t) is their horizontal component. We
are not concerned with the exact form of functions fi(t), f2(t) for the moment.
We let p(z) = Iy + I; + ma?, r(x) = ML + mz, and replace system (11.49)
with a system of four equations of the first order. We make the change of
variables

b= 5t pa i) sing — fa(t) cos ¢, (11.50)
=& — f1(t) cosp — fasing.
The change (11.50) introduces two new variables ¢ and &, and is, in essence,

a change that allows us to write system (11.49) in Hamiltonian form. Due to
the first formula of (11.50) we get

S (p()9) = ()3 + i = (6 + r(@) f(t) singg — r(2) fo(t) cos ).
Substituting the last expression into the first equation of system (11.49) and
taking into consideration the second formula of (11.50) yields

7/) - p(ac) [(mf + h J)C)) sing + 7’(?);1’ oS SD} fl( )=
(i 58t + ] a0 + - 55
B0 sinpeosp — fE(t)singpcosp — fi(t) fa(t) cos 2] + r(x)gsinp.
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By substituting the second formula of (11.50) into the second equation of
system (11.49) we obtain

—k § [W (1 - Qi(rgc)) sin ¢ — ky cos cp} fi(t)—
) 2;?5;;)) cos ¢ — kg sin ga} f2(t)—
s (1 ar ””)) [f2(t) sin2 o+

+f3(t) cos® <p—f1(t)f2( ) sin 2¢] —9C05¢+Izﬂw—(jv)'

Therefore, we get a system of four equations

w—(— L1 (t)sing — fo(t) cos ],
)= p(x) [(mf + klr(f)) sin @ + 7;52;" cos @} fi(t)—

(o ] 0+ (- 25)-
. {f%( )sin g cos @ — —fz( )sinp cos @ — fl( )f2(t)COS2QP} +r(x)gsinep.
i =¢&— fi(t)cosp — fosing
=k [ (1= 5257 s~ hacosie] (-

— [— Ep ( 2$(T(”)”)) cos ¢ — kg sin ga} fa(t)—
r ( xr(ac)) (t) sm §0+
+f2( cos p—
2
—f1(t) fo(t) sin 2¢] —gcosgo—i—a?pzw—(z).
(11.51)
We shall assume that the functions fi(t) and f2(t) are defined by
N N
) = Z ay cos vt + P sinvgt,  fo(t) Z Yk COS Vit + O sin v t,
k=1 k=1
where ag, Bk, Yk, 0k, and vi (k = 1,..., N) are real numbers. Further, we

shall assume that the amplitudes oy, Ok, V&, 0x are sufficiently small while
the frequencies vy, are sufficiently large in the following sense. There exists a
small positive parameter ¢, such that

W
ap = €ay, PBr = by, Vi = ec, O = edy, v, = —

where ag, by, ¢k, di, wg, (k = 1,...,N) are of order O(1) in e. Then, the
functions fi(t), f2(t) can be written as

f1(t) —Ezk | @k COS Wy 2 +bksmw§ =eq(
fa(t) —€Zk ldkcoswk —&-dksmwﬁ = egs(

);
)-

o |0 |



192 Averaging on Infinite Interval

We make a change to the fast time ¢ = e7 in system (11.51) and denote
differentiation in 7 by the ”prime” symbol. We obtain the system

'=a[() 5 (g4 (7)sinp — gy() cos )|,
Y = { (mf + k;fj)ﬁ)) sin ¢ + 252;’[) cos @} g1 (7)—
— ( mé + k” ) cos © + T(m) smg@} g5(T)+

+{m- Tp(—(::))> [91 (T )51H<PCOS<P — g2 (1) sinpcos o — ¢4 (1)gh(T) cos 2] +
+r(x)gsinp},

' = e[§ — g1(7) cos p — g5(7) sin ],

¢ = { kot — [ (1= %5 sin — hacoso] g ()~

- [5t (1= 588 cosp — hasinee] a4 ()~

2 (1 - 2 (g (r) sin® o + 68 (7) cos? o — g} (r)gh () sim 2]~

—gcosgp—l—xpg—(m)}.

(11.52)
System (11.52) has a standard form. We average it and keep the same notation
for its variables. This yields

")
@' = Epa)

’_ kY
W =e{-B% 4 P, (11.53)
7' = e,

5/ = {71{325 - Q(l', 90)}3
where
P(z,¢) = (m = S8 [((g2(7)) — (g8(7))) sinp cos o — (g (7)gh (7)) cos 2]
+r(x)gsin @,
Q. 0) = 2 (1 - ZE) [(g2(7)) sin® o + (g(7)) cos? o
—~(91(r)ga(7)) sin2¢] + g cos

is the mean value of the function g(7). We note that the averaged

)
system (11.53) can be written as two equations of the second order:

and (g(7)
(1
p(x)” + 2maz’’ + k1’ — e2P(x, ) = 0,

2 —xp"? + ekox’ + 2Q(z, ) = 0. (11.54)

The equilibria of the averaged system (11.54) are defined from the system of
equations
Pz, 9) =0, Q(, ¢)=0. (11.55)

System (11.55) has many solutions. We investigate the conditions that guar-
antee the existence and the stability of the solution ¢ = 0, i.e., the upper
equilibrium of the pendulum. Due to the first equation of system (11.55) we
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obtain that for the existence of the solution ¢ = 0 the following inequality
must hold

(91(T)ga(7)) =0,

while using the second equation of the system (11.55) we get the condition

(g5*(1)) # 0.

The last inequality means that the averaged system has an equilibrium ¢ = 0,
if the horizontal component of vibrations of the support point of a pendulum
is non-zero.

We now find an equilibrium z = xg of the averaged system, such that
x = xg, p = 0 is a stable equilibrium of system (11.55). We note that

PLP(I’(),O) = Qﬂ(Io,O) =0.

The characteristic equation of the system, which is obtained by linearizing
system (11.55) on the equilibrium (zg, 0), has the form

2 k1 _Pq;(xo,()) 2 . T _
()\ +p($)/\ (@) )(/\ + ko)X — Qu(x0,0)) = 0.

Hence, the conditions of the stability of the equilibrium (g, 0) are

P,(20,0) <0, Qz(x0,0) <0.

The equation for finding the equilibrium = = x( for ¢ =0 is

-1 (1 28 2y (11.56)

p(x) p(x)

Equation (11.56) can be also written as

(ML + mx)(MLx —I)

(I + ma?)?) (g7(m)) = 9. (11.57)
where I = Iy + I;. Finally, if we let
C_MLe o wl o MLEE()
I ’ H ]\42‘[/27 gI 9

then equation (11.57) can be written as

®(¢) = Areo-1) _1 (11.58)

T+u®? o

Depending on the value of o (and, therefore, the value of (g%(7))), equation
(11.58) may have one or two solutions, or have no solutions. We also observe
that (11.58) implies that the following inequality holds

¢>1. (11.59)
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The extremum ¢ = ¢* of the function ®(¢) for fixed p is defined from equation
P23 —2¢0) — pu(3¢* —6¢ +1) +1=0; (11.60)

moreover, we have to take (11.59) into consideration. Equation (11.60) in
has no solutions if { < 3/2, and has a unique positive solution if { > 3/2. If

- < C*7
o
then equation (11.58) has two solutions (3, (2, and

®'(C1) >0, P'(¢2) <O.

Since )
Q.0 =)~

we obtain

Qc(¢1) >0, Q¢(¢)<0.

This implies that equilibrium (zg1,0), where z¢; = J{/[Ci, is unstable. Equilib-
rium (292, 0)), where gy = I—%, is stable if the inequality

 M2L% 4+ 2MLagy — ml
I+ mad,

Pp(z02,0) = ({g2(7)) — (95" (T))+

—|—(ML + ml‘oz)g <0

holds. This, in turn, requires that the vertical component of the amplitude of
oscillations of the support point be greater than its horizontal component.

Thus, under substantial additional conditions (we ought to say that for the
rod of the finite length L we must have 0 < z < L) the rod with the washer
can be stabilized.



Chapter 12

Higher Approximations of the
Method of Averaging

12.1 Formalism of the Method of Averaging for Systems
in Standard Form

. Consider a system of differential equations in a standard form

c(li_at: =eX(t,z,¢), (12.1)
where x is an n-dimensional vector, € > 0 is a small parameter, the vector-
function X(¢,z,¢) is defined for ¢ € R, z € D and small e, where D is a
bounded set in R"™. We assume that the right-hand sides e X (¢, z,¢) in (12.1)
can be expanded in powers of the small parameter ¢:

eX(t,x,e) =eXi(t,x) + 2 Xo(t,z) + 3 Xa(t, ) +....

Further, we suppose that the vector-functions X;(¢,z), j = 1,2, ... are almost
periodic in ¢ uniformly with respect to x € D. However, essential limitations
need to be imposed on the character of almost periodicity of these vector-
functions. The thing is that to construct higher approximations of the method
of averaging we use a close to identical, nonlinear transformation. Then we
shall need to find almost periodic solutions of a system of differential equations
with right-hand sides almost periodically dependent on t. It is possible to find
these solutions if the right-hand sides of the system are the correct almost
periodic functions. Recall that the almost periodic function f(t) with the

Fourier series '
f(t) ~ Z ayewt
is called correct if the following formula is valid

/' F()dt = agt + g(0),

where ag is the mean value of the function f(t), and g(t) is an almost periodic
function with the Fourier series
Z Qv givt
v

v#0

195
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Evidently, any periodic function, any trigonometric polynomial with an ar-
bitrary set of frequencies, a sum of a periodic function and a trigonometric
polynomial can serve as examples of the correct almost periodic functions.
We note that in constructing higher approximations it is necessary to per-
form algebraic operations over the respective functions so as to remain within
the function class under study. In what follows, we shall assume that we deal
with one of the above classes of the correct almost periodic functions.
Hence, X(t,z) allow for the expansion into the Fourier series

X;(t,x) ~ Xjo(x) + Y Xjp(x)e™, j=1,2,....
v#0

Since only the real vector-functions X (¢, z) are under study, we see that the
above expansion into the complex Fourier series is equivalent to the expansion
into the real Fourier series

?0 + Z(aj” cos vt + by, sinvt).
v#0

At the same time, the Fourier coefficients will be complex conjugate, i.e.,

- a
Xjn =X 5 = X0, ap =X+ Xjcys bjy = i(Xu = Xj).
System (12.1) contains a slow variable czj(dac ~ ¢) and a fast variable t.
N.N. Bogoliubov showed that we can change the variables so that to elim-
inate the fast variable ¢ in the right-hand sides of system (12.1) at any order
of accuracy with respect to €. Let us describe this method.

We shall find a change of the variables

r=E4eup(t, &) + 2un(t, &) + 5. .., (12.2)
where € = {&,...,&,} is a new unknown vector-function that satisfies the
averaged system

3 2 3
o =eX1(§) +eX2() +¢e°. .., (12.3)

which does not explicitly contain the time ¢, and u;(¢,£) are some vec-
tor-functions that are almost periodic in t. We need to determine the unknown
vector-functions u;(t,£), i = 1,2, ... that are the coefficients of transformation
(12.2), and, also, the vector-functions ¥;(£), ¢ = 1,2,... in the right-hand
sides of the averaged system (12.3). Using change (12.2), we transform system
(12.1) into

d§ 8ul (ta 5) df a’u/l (tv 5) 2 auQ (t7 6) df 2 auQ (tv 5) 3
e @ T T @t T TC

eX1(t, & +eur(t, &) + ®ua(t,&) +&3...) + 2 Xo(t, & + euy (¢, &)+
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+e2us(t,€) + 3. ) + 5.

(')u.b

We emphasize that derivatives of the type ¢ are understood as matrices.

In the latter equality, replacing the derlvatlve E by the right-hand side of
system (12.3) yields

dui(t,€) 4 0us(t,€)

621<£)+522<s)+52%§’%1@)+5 (0 | Bl
5X1(t75)+€28X18<§t’€)ul(t,f)+sX2(t,g)+g3

Equating the coefficients with the same power of € in the left-hand and right-
hand sides of the latter equality, we obtain an infinite system of equations.
Let us write out the first two of them.

m(e) + 21—y (12.4)
Sa(€) + %ﬁ’f)zl(f) + 6u2£’€) - an(;’g) ui(t,€) + Xo(t,€).  (12.5)

We successively determine the vector-functions 1 (£),22(€) and (¢, €),
us(t, &) from identities (12.4) and (12.5). We write (12.4) as

8u1 (t, f)
ot

The vector-function w; (¢, &) can be determined as almost periodic in ¢ if the
mean value of the almost periodic vector-function in the right-hand side of
system (12.6) equals zero (of course, it is assumed that X (¢,€) is a correct
almost periodic vector-function of the variable t). Hence, the vector-function
31 (§) is unambiguously defined as the mean value of the almost periodic
function X;(¢,€):

— X,(t,€) - £1(0)- (12.6)

El :lﬂof/Xltf

Further, integrating the system of differential equations (12.6), we find the

vector-function u; (¢, ) at the accuracy up to an arbitrary vector-function of
the variable £ as follows

wn(1.6) = / X1 (1,€) — S0(€)] df + usol€).
0

Note that the following Fourier series conforms to the vector-function u; (¢, €)

ZXIV

v#0

zz/t

+ u10(§).
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By substituting the vector-functions ¥ (£), us (¢, ) into identity
(12.5) we obtain

Qua(t,€)  0X:(t,€)
o 0

w(,€) + X (t,€) — %ﬁ’@zl@ CS(e). (127)

Then, to define wus(t,€) as the almost periodic vector-function of ¢, we need
to select ¥5(§) such that the mean value of the right-hand side of system
(12.7) vanishes (it is again assumed that the right-hand side of system (12.7)
is a correct almost periodic vector-function of ¢). It should be pointed out
that ¥9(&) is no longer defined unambiguously. After that we find the
vector-function us(t,€). Continuing with the determination of the functions
3i(8), ui(t, &) at the k-th step, we arrive at the system

at :F(tagvul(t>€)7"'7uk71<t7§))_Zk(§)7

where F(t,&,uq(t,€),...,ux—1(¢,€)) is the already known correct almost pe-
riodic in ¢ vector-function. The vector-function ¥ (€) is determined from the
condition that the mean value of the right-hand side of the latter equality is
equal to zero. Then we determine the vector-function ug(t,€) that is almost
periodic in t.

Thus, we have shown that there exists a change of variables of the form
(12.2) with the almost periodic coefficients that transforms system (12.1) into
system (12.3). The truncated change

T :§+5u1(t7§) +52’U,2(t,€)+~-- +Ekuk(tu€) (128)
transforms system (12.1) into the system

% =eX1(§) +eBa(&) + -+ ") + M4, € o),

where the vector-function ¥y (¢, &, €) is almost periodic in t.

12.2 Theorem of Higher Approximations in the Periodic
Case

Consider a system of differential equations in the space R"

d

= =cftae), (12.9)
where € > 0 is a small parameter, the vector-function f(¢,z,¢) is defined for
t € R,z € R" and small ¢, is periodic in ¢ with the period T independent
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of (z,¢), and is sufficiently smooth in  and €. Assume that system (12.9) is
representable as

dx
= =chto)+ Efat,x) + -+ eNfntx) + N vt x,e), (12.10)
where each vector-function f;(t,z),i=1,...,N, fn41(t, z,€) is periodic in ¢

with the period T.

Using a change of the form (12.8) with the T-periodic coefficients, we elim-
inate the variable ¢ from the first N terms in the right-hand side of system
(12.10) and obtain the system

% =efiy) + -+ fnly) + VT f(ty,e), (12.11)

where f(t,y,e) has the same properties as fyi1(t,z,€). If there exists a
constant vector yo such that f(yp) = 0, and the matrix

A=5(m) (12.12)

has no eigenvalues with the zero real part, then, as it follows from Theorems
9.2 and 9.3, system (10.11), for sufficiently small ¢, has a unique T-periodic
solution z*(¢,e) with its properties of stability coinciding with the properties
of stability of the stationary solution y = y in the averaged system of the

first approximation
)
— =c .
o 1y

We now consider a more general situation (see Murdock and Robinson [1980a],
Hale and Pavlu [1983], Burd [1983], Murdock [1988]).

We assume that the matrix A has eigenvalues with the zero real part but
has no zero eigenvalue. Then for sufficiently small e, system (12.11) has a
unique T-periodic solution but the problem on the stability of this solution
cannot be solved in the first approximation. Consider the system

d
o =eF(y,9), (12.13)
where F(y,e) = fi(y) +---+e¥ "1 fn(y), and write the initial system (12.11)

in the form p
W cr(ye) 4 e 0,0, (1214
Theorem 12.1. Let there exist yo such that F(yo,0) = 0 and the ma-
triz A defined by formula (12.12) has no zero eigenvalue. Then there exists
€1 > 0 and the vector-functions yn(e) and y*(t,e) such that yn(e) is the
equilibrium of system (12.18), y*(t,e) is the T-periodic solution of system
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(12.14), yn(0) = y*(¢,0) = yo and |y*(t,e) — yn(e)| = O(eV). Besides, the
properties of stability of the solutions yn(g) and y*(t,e) are the same (the
asymptotic stability of the equilibrium yy () of system (12.13) implies, for
sufficiently small €, the asymptotic stability of the periodic solution y*(t,€) of
(12.14), and the instability of yn () implies the instability of y*(t,e) for suf-
ficiently small €). To put it more precisely, if the equations linearized on the
equilibrium yn () of (12.13) have an exponential dichotomy of order k < N,
then the equations linearized on the solution y*(t,e) of system (12.14) have
an exponential dichotomy of the same order.

Proof. If there exists yo such that F(yo,0) = 0 and the matrix A =
(0F /0y)(yo,0) is non-singular, then, as per the theorem of implicit function,
for sufficiently small €, there exists a unique vector-function yy(¢) such that
yn(0) = yo and F(yn(e),e) = 0. Hence, yn(e) is the equilibrium of au-
tonomous system (12.13). We transform system (12.14) by a change

y=yn(e)+z
into the system

& — cP(yn(e) + 2,8) + eN L F(tyn(e) + 2,6) =

8%—5(yN(8), €)z + Gz, e) + NTLE(t, yn(€) + 2, ), (12.15)

where G(0,¢) =0, (0G/9z)(0,e) = 0. System (12.15) can be rewritten as
% = cA(e)z 4 €[G(z,e) + N f(t,yn(e) + z,¢)], (12.16)
where A(e) = %—5@]\;(5),5) = %—5@0,5) + eF(e) = A+ ¢F(¢). The problem

on the existence of a periodic solution of system (12.16) is reduced to the
problem on the existence of the solution to the operator equation

z=1II(z,¢e) =
t+T
—1 ~
[ elemt@m - 1] ARG ) + N s o) + )l (12.0)
t

The operator in the right-hand side of system (12.17) acts in the space Pr of
continuous T-periodic vector-functions. The linear operator

t+T 1
K = [ 2o ] o

t

is bounded in the space Pr. Therefore, we show, almost word for word as
in the proof of Theorem 9.1, that the operator II(z,¢) is a contraction for



Higher Approzimations of the Method of Averaging 201

sufficiently small € on some ball in the space Pr. Hence, for sufficiently small
g, there exists a unique periodic solution z* (¢, e) with the period T'. Using the
method of successive approximations with the initial approximation zg = 0,
we obtain |2*(t,e)| < KeV, where K is a constant. Taking into account the
change formula, we obtain that there exists a T-periodic solution y*(t, ) of
system (12.14), y*(¢,0) = yn(0) + 2*(¢,0) = yo for which ||y*(t,e) —yn(e)|| =
O(eN).

The equations linearized on the solution y*(¢, ) of system (12.14) take the
form

du _ OF N1 Of _
dt _an (y (t7€)7€)u+€ 8y(t’y (t7€)7€)u_
8_F N N+18_f: * _
o (G m(ee) 40 )t e 2,2, =
OF
Ea—y(yN(s),E)u+O(5N+1).

Thus, the equations linearized on the solution yn(e) of system (12.13) and
the equations linearized on the solution y*(t,¢) of system (12.14) coincide up
to the order N. This implies the last assertion of the theorem.

Note that in the case when the matrix A has a zero eigenvalue, the situation
with the problem on the existence and stability of periodic solutions is more
complicated as can be seen from the example in Section 5.4 (see also Murdock
and Robinson [1980a]). Here we do not consider this case.

12.3 Theorem of Higher Approximations in the Almost
Periodic Case

Consider a system of differential equations

% =eX(t,z,¢), (12.18)
where z € R", ¢ > 0 is a small parameter, X (¢,z,¢) is a vector-function de-
termined for t € R, = € D (D is a bounded domain in R") and sufficiently
smooth in x and e. The components X (¢, x,¢) are trigonometric polynomi-
als in t with the frequencies independent of x,e. We can assume an even
more general t-dependence of the right-hand side of system (12.18). The only
requirement is the possibility to construct equations of higher approximations.
We shall compare system (12.18) with the averaged system

— =Y (y), (12.19)
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where

Yi(y) = lim —/Xty,

T—oo T

Let system (12.19) have the stationary solution y = yo and the matrix Ay =
Byl . (o) have eigenvalues with the zero real part but no zero eigenvalue. We
construct an averaged system of N-th approximations for system (12.18). We
make a standard change of the method of averaging

N
z=y+Y cuilty) (12.20)

i=1
that transforms (12.18) into

N
= eYi(y) + NGty 9). (12.21)

i=1

dy
dt

A system of N-th approximation is called the shortened system

dy a i
dt = 25 Yi(y).

i=1

Let
N

Hy,e) = 3 Yiy).
i=1
By virtue of the assumed invertibility of the matrix Ay and the theorem of
implicit function, there exist €9 > 0 and a smooth vector-function yy(g)
defined for 0 < € < €g, yn(0) = yo that is the equilibrium solution of a system
of N-th approximation:
H(yn(g),e) =0.

We introduce the matrix A(e) = Hy(yn(e),e) and the operator

- Ale)y

acting in the space B,,.

Theorem 12.2. Let for 0 < ¢ < &g there exist an operator L™*(g) that is
inverse of the operator L(e) and the norm of the operator obeys the inequality

M
—1
L= @ < (12.22)

where k obeys the inequality 2k < N.
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Then, for sufficiently small £, system (12.21) has a unique almost periodic
solution yo(t,e) (yo(t,0) = yo) in the ball ||y — yn(e)|| < r(e) of the space
B,,. This solution will be asymptotically stable, for sufficiently small €, if
all eigenvalues of the matriz A(e) have negative real parts, and unstable, for
sufficiently small e, if the matriz A(e) has at least one eigenvalue with a
positive real part.

Proof. We make a change y = yn(g) + z and transform system (12.21)
into the system

d

d—j =cH(yn(e) + z,6) + N T1G 1 (¢, 2, ), (12.23)
where G1(t,z,¢) = G(t,yn(e) + z,€). The initial problem is reduced to the
problem of the existence of the almost periodic solution z(¢,e) of system

(12.23) such that
liH(l) [|z(t,€)|| = 0.
£—

We write system (12.23) as

dz

dt
where F(z,e) = H(yny + 2,¢) — A(€)z. In system (12.24), we pass to the slow
time 7 = et and obtain the system

cA(e)z +eF(z,¢) + eNTIG (¢, 2, ¢), (12.24)

d
s = A(e)z + F(z,¢) +ENG1(Z,Z7E). (12.25)
dr €
Transform system (12.25) by using the change z = *u, into the system
d
% = A(e)u + e "F(ku,e) + EN_kGl(g, eku, ). (12.26)

The problem of the existence of an almost periodic solution of system (12.26)
is equivalent to the problem of solvability of the following operator equation
in the space B,

u=L"Ye)[e *F(c"u,e) + 5N*kG1(g, eku, e)].

Since the expansion of the components of the vector-function F'(z,e) starts
with the terms of no lower than the second order over the variable z, we obtain
that

e *F(Pu, ) = e*®(u,e),

wherein, ®;(0,¢) = ®;,(0,¢) =0,i=1,...,n.
We show that the operator

I(u,e) = Lil(e)[ekq)(u, g)+ EN*kGl(; ek, e)]
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satisfies the conditions of the principle of contraction mappings on a ball with
a sufficiently small radius in the space B,. Evidently, the vector-function
®(u,e) obeys the inequality

|P(ug,e) — P(ug,e)| <w(re)|ug —uzl|, |uil,|us] <,

where w(r,e) — 0 as r — 0. The vector-function G;(7/e,u,e) satisfies the
Lipschitz condition in u with some constant K. In view of inequality (12.22),
we obtain

I (ur, €) — Muz, €)]] < Mw(r,e) + K™ |lur — usl.
Then, we get

[[11(0, &)|| = |\L_1(€)€N_kG1(;0,€)|| < MK N2,

where K1 > [|G1(Z,0,¢)[|. It is easy to infer from the latter two inequalities
that the operator II(u, €) meets the conditions of the principle of contraction
mappings on a ball in B,,. Hence, in this ball, system (12.26), for sufficiently
small e, has a unique almost periodic solution ug(t,e). Therefore, system
(12.21), for sufficiently small &, has a unique almost periodic solution yo(¢,£) =
yN(E) + €kuO(t, E).

To prove the assertions of the stability for the solution yq (¢, €), it is sufficient
to prove the similar assertions of the stability for the solution zy(7, €) of system
(12.25). By a change of the variable

y = zo(7,€) + 2,
we transform system (12.25) into
% = A(e)z+ [H(z0 + 2z,¢) — H(z0,¢) — A(e)z] + e™[G(7 /e, 20 + 2,8)—
-
—Gl(T/E,ZQ,E)].

Consider this linear system

Z—j = A(e)=. (12.27)

For sufficiently small €, the matrix A(e) has no eigenvalues with a zero real
part. It follows from estimation of the operator L™!(¢) that system (12.27)
has an exponential dichotomy of order k. We represent a space of the solutions
U(e) of system (12.27) as

Ule) =Us(e) + U—(¢).
For the solutions z; (7,¢) € Uy (¢g), the inequality

|24 (1,€)| < |24 (s,€)|[My exp[—y1(e)(T = 5)], —00<s<T <00
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holds, and for the solutions z_(7,e) € U_(¢), the inequality
|z_(7,e)| < |z—(s,e)|M_ exp[—v—(e)(T — 8)], —c0<T <8<

holds, where v, (¢) = c1€", YE) = cae®, e1, 0 > 0.

The final part of the proof of the theorem is almost word-for-word coincident
with the proof of the theorems of the stability and instability of the first
approximation (see Appendix B).

12.4 General Theorem of Higher Approximations in the
Almost Periodic Case

If the matrix Ay has a zero eigenvalue, then the problem of the existence of
almost periodic solutions of system (12.18) is more complicated. The book by
Krasnosel’skii, Burd, Kolesov [1973] presents the case when the matrix Ay has
a simple zero eigenvalue with all the other eigenvalues having non-zero real
parts. It was additionally assumed that system (12.18) had the stationary so-
lution x(t) = yo. They investigated the problem of the existence and stability
of the non-stationary almost periodic solutions. In Ukhalov’s thesis [1997],
there was investigated the case when the matrix Ay had a zero eigenvalue of
arbitrary multiplicity. Under additional assumptions, the conditions for the
existence and stability of the almost periodic solutions were established.

We again turn to system (12.18) and consider it under the same assumptions
as in the previous clause.

We shall compare system (12.18) with averaged system (12.19). Let system
(12.19) have the stationary solution y = yo and the matrix Ay = %—?(yo) have

eigenvalues with a zero real part. The change (12.20) transforms (12.20) into
system (12.18)

m

dy )
== iy; LGt ) 12.2
7 ;:1 eYi(y) +e™ TGt y, ) (12.28)

We again assume
m

H(y,e) =Y ¢ Yi(y).
i=1
Let the equation
H(y,e) =0 (12.29)

for 0 < € < g have the bounded solution yo(g), and the matrix A(e) =
Hy(yo(e),€), for € = 0, have eigenvalues with a zero real part. We introduce
differential operator

_dy

L)y = S — Ale)y
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that is defined on a set of continuously differentiable almost periodic vector-
functions.

Theorem 12.3 (Ukhalov [1997]). Let
1) for 0 < & < &7 there exists an operator L~(e) that is inverse of the operator
L(g) and the norm of this operator satisfies the inequality
M
el a>o
2) for 0 < e < e1, |ly1 —yo(e)| < r(e), |y2 — yole)] < r(e) the following
inequality holds

|H(y1,€) — H(y2,€) — A(e)(y1 — y2)| < Kor(e)lyr — vl
where r(g) = coe", ¢y = const, Ky = const, n > «;
|G(t7y178)_G(t7y27€)| SKl‘yl_yZL Kl = const,

3)m>a+n.

Then, for sufficiently small €, system (12.21) has a unique almost periodic
solution yo(t,e) in the ball U(yo(e),r(¢)) (|ly — vo(e)|| < r(e). This solution
will be asymptotically stable, for sufficiently small, € if all eigenvalues of the
matriz A(e) have negative real parts, and, unstable, for sufficiently small €, if
the matriz A(e) has at least one eigenvalue with a positive real part.

Proof. In system (12.28) we change over to the slow time 7 = et and obtain
the system

% = H(y,e) +e"G(7/c,y,¢). (12.30)
Rewrite (12.30) as
Z—i = A(e)y + [H(y,e) — Ale)y] + ™ G(7/e,y,¢). (12.31)

The problem of the existence of an almost periodic solution of system (12.31)
is equivalent to the problem of solvability of the following operator equation
in B,

y =1y, e), (12.32)

where
(y,e) = L™ (e)[H(y, ) — A(e)y] + ™ L™ ()G (7 /e, y,¢).

Let us estimate the norm ||[TI(y1,e) — II(ya, €)||, where y1, y2 € U(yo(e),7(€)).
We obtain
||H(y1,€) - H(QQ,E)H S

<L EH (g1, €) — H(ya, ) — Ale)(y1 — yo) 1+
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+|ILTH )G (T /e y1,) = Glr /e, 2, €)|| <

MK, MK
< —2r(@) v — ol |+ —=<"ly1 — ol
e £
Finally, we arrive at
IM(y1, ) — M(y2, €)|| < (A1(e)) + Az(e))llyr — y2)ll, (12.33)

where Aj(e) = O(e" %), Az(e) = 0™ *),undere - 0, n—a >0, m—a >
0. Let y € U(yo(e),r(e)). Then

(y,e) = L7 (e)[H(y.€) — Ale)y] + "L (e)G(r/e,y) =

—L7H(e)A(e)yo(e) + L1 (e)[H (y,€) — Ale)(y — yo(e)] + ™ LT (€)G(r /e, y).
It follows from the definition of the operator L~!(¢) that

L7 (e)Ae)yo(e) = —yo(e)-

Hence,
II(y,€) — yo(e) =

= L7(e)[H(y.¢) = H(yo,e) — Ale)(y — yo)l + ™ L7 ()G(7/e,y).
Condition 2) of the theorem implies the validity of the estimate

Ty, €) — yo(e)l] < As(e) + Aule),

where Az(e) = O(e?7179), Ay(e) = O(e™ ) ase - 0;2n —a >n, m—a >
n. Since we have that r(e) = cpe”, we have that for sufficiently small e,
it follows from y € U(yo(e),r(¢)) that II(y,e) € U(yo(e),r(e)). It means
that, for sufficiently small €, the operator II(y, ) maps the ball U(yo(e),7(¢))
onto itself. This and estimate (12.33) imply that the operator II(y,e), for
sufficiently small e, is a contraction on the ball U(yg(),r(¢)). Therefore, by
virtue of the principle of contracting mappings, operator equation (12.32), for
sufficiently small ¢, in the ball U(yo(g),r(¢)) has a unique almost periodic
solution y = zo(7, €).

Thus, the existence of the almost periodic solution yg(¢, €) for system (12.21)
is proved.

The proof of the assertions of the stability is similar to the respective proof
in Theorem 12.2.

Remark 12.1.

It was assumed in the above proved theorems that the stationary solution
x(g) of an averaged system is bounded on ¢ as ¢ — 0. C. Holmes and P.
Holmes [1981] studied the behavior of the solutions of Duffing’s equation in
the following form

& — x4 a3 =ycoswt — 0&
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in the neighborhood of a periodic solution. Application of the method of
perturbations resulted in the problem on the existence and stability of sub-
harmonic solutions of the Mathieu nonlinear equation with quadratic and
cubic nonlinearities. In the first approximation of the method of averaging, a
nonlinear system of equations was obtained. In the second approximation, a
nonlinear system that had the stationary solution z(e) with the asymptotic
z(e) ~ 1/4/e as ¢ — 0 was obtained. In this situation, the results of this
chapter are not applicable.

12.5 Higher Approximations for Systems with Fast and
Slow Time

We briefly describe the results gained in substantiating the validity of higher
approximations for systems with fast and slow time. Consider a system of
differential equations

dx
i eX(t,T,x,e), T =c¢t, (12.34)
where z € R™, ¢ > 0 is a small parameter, the vector-function X (¢, 7,z,¢)
is almost periodic in ¢ uniformly with respect to 7,¢, periodic in 7 with the
period T', and sufficiently smooth in 7, x, €.

We compare system (12.34) with the following system averaged over the

fast time ¢

d
dit’ = eYi(r,y), (12.35)

where
T

Yi(ry) = lim [ X(t,7,y,0)dt.
0

Let system (12.35) have the T-periodic solution yo(7). The case when the
linear periodic system
dy
dr
where A(7) = Yi,(7,y0(7)), has no characteristic exponents with a zero real
part was investigated in Section 9.7 (Theorem 9.6).
We now assume that system (12.36) has characteristic exponents with a
zero real part. Using a change

A(r)y, (12.36)

m
T=2z+ Zskuk(t, T,2),
k=1
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where the vector-functions wuy (¢, 7, z) are almost periodic in ¢ and T-periodic
in 7, system (12.34) can be transformed into

d m
d_'; =Y Vi(r,y) + "G T, 2 )5 (12.37)
k=1

i.e., we eliminate the fast variable ¢ in the right-hand side of the system with
the accuracy up to the terms of order €™. The system of k-th approximations
is

dz U &
=) i(ry)
k=1
that at the time 7 takes the form

== e Ya(ny). (12.38)

This is a system with the T-periodic coefficients. Let system (12.38) have the
T-periodic solution y*(7,¢), and y*(7,0) = yo(r). We introduce the linear
system

A(T, )y,

% =
where

A(r,e) =) " Wiy (1,57 (7, €)).

If the operator

is invertible in the space B,, of almost periodic vector-functions and the inverse
operator satisfies the estimate

S

||L_1H§_7 Maa>07
o

we have that under some additional assumptions, it is possible to prove an
analog of Theorem 12.3 for system (12.37) (see Ukhalov [1997], [1998]).

12.6 Rotary Regimes of a Pendulum with an Oscillating
Pivot

As an application of Theorem 12.2, we consider the problem of the sta-
tionary rotations of a physical pendulum with a vertically oscillating pivot.



210 Averaging on Infinite Interval

It turns out that the pendulum may synchronously rotate at an angular ve-
locity w (w is the frequency of harmonic vibrations of a pivot) and overcome
resistances if they do not exceed a certain magnitude.

This problem was investigated by Bogoliubov [1950], Coughey [1960], Bo-
goliubov and Mitropolskiy [1961], Blekhman [1954, 1971].

We study this problem on the assumption that a pivot moves under the
action of a quasi-periodic force.

Reduction of the System to Standard form. As is already known, in
an environment with damping proportional to the velocity, the equation of
motion of a pendulum with a pivot oscillating along a vertical axis takes the

form 20 0 0
. t) .
g T At wsin @ + > sing =0, (12.39)
where 6 is the off-vertical deviation angle of a pendulum, A is a damping

factor, l is the length of a pendulum, w3 = ¥, g is the acceleration of gravity,

¢(t) = dt2 , and £(t) is the law of motion of a pivot. We investigate the case
when the law of motion of a pivot is a sum of two harmonic functions

&(t) = aq cos vyt + ap cos vat.

We introduce a small parameter into the equation of motion of a pendulum.
We shall assume that the amplitudes o1, as are sufficiently small and the
frequencies 11, v, are sufficiently large in the following sense. There exists a
small positive parameter € such that

vy =—, Vl_?7 a1 = €&aq, Qg = €a2,

and w1, wa, a1, ag are the quantities of order O(1) with respect to €.

We consider the problem of the existence of regimes that are close to the
fast uniform rotation 0 = wt+ ¢, where w = %, ¢ = const. In equation (12.39),
we make a change § = wt + ¢, 7 = wt and arrive at the equation

d? Ad

LT SN )

dr w dr lw
In view of the formulas expressing oy, as, v1, Vs via ay, as, wi, wa, €, We ob-
tain

sin(r + ) =

d2
Tf + ddi} +ed +efwgsin(T + ) +eg(r)sin(r +¢) =0, (12.40)
where
g9(1) = 7 [a1wF coswiT + asw3 coswar].

From scalar equation (12.40), we go on to the system by introduction of a
new variable ¢ using the formula

dy
E*\/ESD-
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For convenience, let u = /. Then we obtain the system

- Mpa
) 12.41
L _ " g sin(r +9) — g — s +). 024D

Study of System (12.41).
According to the Bogoliubov method, we make a change of variables

Y =&+ pun (1, 6,m) + pPua(r,€,n),
o =n+pvi(1,&n) + pPua(r, &, n)

and transform system (12.41) into the system

&= pALEm) + 1P As(&,m) + 1P As (7, €., )
7= uB1(&n) + 1’ Ba(&,m) + 1 By(,€,1,€).

To find the functions A;(&,n), B;(&,n), ui(7,&,n), u;(1,&,n) (i = 1,2), we ob-
tain the following system of equations

A+ g)ul =n DB+ %2_1 = — (T) SiH(T+€)7 Aq + 6u2 = V1, (12 42)
By + G A+ G4 By + G2 = A — g(r)ui (7 &, )COS(T+§)o '
From system (12.42), we arrive at
Al = n, up = 0, Ay = 0, (12 43)

By = X —{g(m)sin(t +&)), Bs= —Mn.

Recall that (g(7) sin(7 + &)) is the mean value of the almost periodic function
g(7)sin(7+&). For w; = 1, the averaged equations of the first approximations
take the form

dg dn
= L= — 12.44
il U S ne 57 - sin . (12.44)
For wy = 1, they are
dg dn _
—= = = —uA —= 12.45
il U +u21 sin . (12.45)
The stationary solutions are determined from the equations
2l
noi =0, sinép; = , 1=1,2. (12.46)
a;

Solution of the second of the equations exists if the inequality

2l

a;

<1, i=1,2 (12.47)
holds. Under condition (12.47), we obtain two solutions

v
S <& <

e
O<£éi<§7 2
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The matrix linearized on the stationary solution (£};), (i = 1,2) takes the

form
0 1
Ao = (%cosféi 0> '

For &£}, one eigenvalue of the matrix Ay is positive and the other is negative.
It follows from Theorems 9.1 and 9.3 that, for sufficiently small €, equation
(12.40) has the solution

¢Z(7—) = fél + Efi(t75)7 (12‘48)

where f;(t,€) is the almost periodic function of ¢, and this solution is unstable.
For the stationary solution £3;, the eigenvalues of Ay are purely imaginary.
Thus, in this case, we need to investigate the equations of higher approxi-
mations. It follows from formulas (12.43) that the equations of the second
approximation for w; = 1(i = 1,2) take the form

d§ dn

o
- il Y “gin€ — w2\ i =1,2. 12.4
il U PA+ pgrsing — g, i=1, (12.49)

Equation (12.49) has the same stationary solutions as (12.44) and (12.45).

The matrix
Ao+ pAq = ( 0 1 )
0T HAl 2 cos €3, —pA

linearized on £3; has both eigenvalues with negative real parts. It is easy to see
that the conditions of Theorem 12.2 hold. To formulate the obtained result,
we note that inequality (12.47) can be written as

Q;V;

21

If inequality (12.50) holds, the averaged equations have the stationary solu-
tions &};, €3;, whereas the regime &}, is unstable and the regime £2; is asymp-
totically stable.

A= <1, i=1,2 (12.50)

Theorem 12.4. Let inequalities (12.50) hold. Then equation (12.41), for
sufficiently small €, has four solutions of the form

W =& +eflte), i=1,2 j=1,2,

where fl-j(t,e) are the almost periodic functions. The solutions ¥}, (i = 1,2)
are unstable and ¥? (i = 1,2) are asymptotically stable.

Hence, equation (12.41) has four solutions
0 =vit + &, + fl(t,e) i=1,2; j=1,2. (12.51)

We shall call the solutions of the form (12.51) quasi-stationary rotary regimes.
We say that the quasi-stationary rotary regime is stable (unstable) if the
solution 1] has the respective property.



Higher Approzimations of the Method of Averaging 213

Similarly to the previous case, we can show that there exist four quasi-
stationary rotary regimes at the rotation of a pendulum to the opposite side
(in formulas (12.51) v; should be replaced by —v;).

Recall (see Bogoliubov and Mitropolskiy [1961]) the mechanical interpreta-
tion of inequality (12.51), that is the power spent to overcome forces resisting
pendulum rotation at the angular velocity v;, must not attain the limit value
1%, where I is the moment of inertia of a pendulum.

Study the problem on the existence of sub-rotary quasi-stationary rotary
regimes, i.e. regimes with a uniform rotation frequency w = 2+5%2 wwhere
m, s, are integers. Additionally, we shall assume that the damping factor A
is of order O(¢), namely

A=¢gy, v=0(1). (12.52)

To find the sub-rotary regimes, we need to construct averaged equations of
the fourth approximation. We make a change

,(/J = f + Huq (T7 6) 77) + :’-}’211/2(7—?5’ 77) + IU/S’U'?)(T’ 57 77) + M4U4(T, 6) 77)7
© =04 pvi(7, &) + pPua(7, &) + pPus(,€,n) + plos2(r, €, n)

and obtain the averaged equations

%L = pAL (&) + 12 Az(E,m) + 1B As(€,m) + p Aa(E,m),
W = uB1(&,n) + p?Ba(&,m) + pBs(&,n) + p* Ba(€,m).

For this case, the formulas, which define the coefficients A;, B; (i = 1,2, 3,4),
take the form

A =n, A =0(i = 2,3,4), B; = —{g(r)sin(r + )>&An
Bs = —(g(7)ua(7,&, ) cos(t + )> wp (sin(7 +€)) —
By = —yn — (g(t)us(r,&,n) cos(T + £)).

First, we note that equality (12.52) implies that inequality (12.47) holds for
small €. Therefore, there exist four quasi-stationary rotary regimes with the
frequencies v, vo; at that, all regimes are unstable, since the respective sta-
tionary regimes obey the inequalities

0<g < g (i,j = 1,2).
Now let w; # 1 (i = 1,2). Then By = 0. If one of the relations w; —wy = 2 or
w1 + we = 2 hold, then

ay agw%wg

By = —y 4 2412
8 A2(1 — w;)?

sin2¢, DBy = —vyn.

The averaged equations of the fourth approximation take the form

aq agwfwg

=, n=-p (7 TR )2 " 25) — ptym. (12.53)
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Let n = pz. Then system (12.53) can be written as

2,2
& =¢ez, Z=¢ ('7 - % sin 25) — ez (12.54)
so that it takes the same form as system (12.49). Hence, the complete sys-
tem will differ from system (12.49) by the terms of order o(g). We can make
use of Theorem 12.2. We obtain the conditions for the existence of station-
ary regimes with the frequency “5*2 (in view of the formulas that define

ai, as, wi, wa, A via aq, ag, vy, Vg, ¥, w = £ 1) as the inequality

)\l2 _ 2
(1 V2)(12/12+V2) <1 (12.55)
201 000v7 V5

and with the frequency % as the inequality

)\l2(l/1 — 1/2)2(1/1 + 1/2)

2,2
201 000v715

<1 (12.56)

If inequalities (12.55) and (12.56) hold, the averaged equations have four sta-
tionary solutions

S5t 5w
4 4

3

J o
0<& < 5

Ted<lr<d< <& <

) =1,2
2 j =

7
44
where the first and the third solutions are unstable, whereas the second and
the fourth are asymptotically stable.

Using Theorem 12.2; we obtain that for equation (12.40), provided inequal-
ity (12.55) holds (it is easy to see that inequality (12.56) follows from inequal-
ity (12.55)), for sufficiently small €, there exist four quasi-stationary rotary
regimes with the frequency 1 Y2 and four quasi-stationary rotary regimes
with the frequency ””'”2 Among these eight regimes, four are asymptot-
ically stable and four are unstable. If a pendulum rotates in the opposite
direction, there exist eight more regimes of the same type.

The existence of quasi-stationary rotary regimes of other types requires
additional assumptions on the smallness of damping factor with respect to e.
Let us briefly describe the case when

A=¢ey, y=0(1).

Under this condition, we construct averaged equations of the sixth approxi-
mation and obtain the conditions for the existence of quasi-stationary rotary
regimes with the frequencies % and 2 due to the force of gravity. Namely,

for w; =2 (i = 1,2) the averaged equatlons take the form

E=pn, = ( v+ @azw- sin2£) — 1Oy,
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The problem of the existence of sub-rotary regimes in the case of harmonic
vibrations of a pivot was investigated in the work of Bogoliubov (Jr.) and
Sadovnikov [1961], where, however, a computational error was made.

The problem under study was investigated in detail in the articles by
the author [1983, 1996a].

Exercise 12.1. Study the problem of the existence of quasi-rotary regimes

with the frequencies %' and % in equation (12.39).

12.7 Critical Case Stability of a Pair of Purely Imaginary
Roots for a Two-Dimensional Autonomous System

We consider a two-dimensional autonomous system

@ =Q(z,y) = bz + ¥(x,y).

Here, b is a real number, ¢(x,y) and ¢(x,y) are the series in x and y that
converge in some neighborhood of the origin start with the terms no less than
to the second power. Therefore, we can write

p(r,y) = Pa(z,y) + Ps(z,9) + ...,

Y(z,y) = Qa(z,y) + Qs(x,y) + ...,

where P;(z,y), Qi(z,y) (i = 2,3,...) are the homogeneous polynomials in
x, y of the power i. System (12.57) has a zero solution. To study the problem
on the stability of this solution, we cannot use theorems of the stability of the
first approximation, because the matrix of the linear system

d_itr = _by7
& =bx
dt

has purely imaginary eigenvalues +:b.

This case is called a critical case of stability. The problem under study was
solved by Lyapunov (reprinted in [1992]).

To study this problem, we use the method of averaging.

We transform system (12.57), by making a change = pcosf, y = psind,
(i.e. introducing polar coordinates) and arrive at the system

2L = p(pcosh, psinf)cosf + (pcosb, psinf) sin b,
(Cile —b_ w(pcos0,psin0)psin9;ap(cos9,psin9)pcos0 (1258)
t P :
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We reduce the right-hand sides of the resultant system by p for p # 0 and
then complete definition by continuity for p = 0. The right-hand side of the
first equation will take the form

@(pcost, psind)cosf + Y(pcosh, psinf) sin@ = p>Ra(0) + p3R3(0) + -+ +
+p*Ri(0) + ..,

where
Ry(0) = [Pr(cosb,sinf) cos + Qx(cosb,sinf)sinb], k=1,2,....

It should be recorded that Ry () is a polynomial in sin 6, cosf. Each term of
this polynomial takes the form

Cpq sinP(0) cos?(8), (12.59)

where ¢, is a real number, p+qg =k + 1.
The right-hand side of the second equation becomes

h— w(pcosO,psine)psinQp;Lp(CQSG,psiné)pcosa —bh— pS2(0) _ p253(9)
7kak(6) T

where
Sk(0) = [Pr(cosd,sinf)sin@ — Qx(cosf,sinfh)cosb], k=1,2,....

It is evident that Sk () is a polynomial in sin @, cos with its terms taking
the form of (12.59).

We are interested in the behavior of the solutions of system (12.57) in the
neighborhood of a zero equilibrium, thus, we introduce a small parameter
€ > 0 (scaling parameter), assuming that p = er.

Then we obtain the system

% =er?Ry(0) + e?r3Rs(0) + - + eF 1P Ry (0) + .. (12.60)
i b— ETSQ(H) — 527“253((9) — = s’“_lr’“‘lsk(H) — ... '
Dividing the first equation of system (12.60) by the second one and expanding
the right-hand side in terms of powers of € yields the first-order equation in
the standard form

% =er?A1(0) + %3 Ay (0) + O(e?), (12.61)
where
Ar(0) = %32(9), A(0) = %ng) + bizRQ(e)sQ(e). (12.62)

The right-hand side of system (12.61) are the 27w-periodic functions of 6.
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Prior to applying the method of averaging we state the following.

Lemma. The mean value of the periodic function sin? 0 cos? 6 equals zero
if p+ q is an odd number.

We find averaged equations of the first approximation for (12.61). To do
this, we average A1(f). By virtue of the formula that defines A;(6) and the
lemma, it follows that the mean value of A;(#) equals zero. Hence, we need
to construct an averaged equation of second approximation.

By L; we denote the mean value of the function As(6), i.e.

2m

h:i/@@m

2T
0

The number L; is called the first Lyapunov quantity.
In equation (12.61) we make a standard change of the method of averaging

r =1y 4 euy (0)y? + 2ua(0)y>.
Then we arrive at the equation

(14 2eui(Q)y + 352u2(9)y2)% + edd%yQ + eQ%yf‘ =
eA1(0)y? +e2(2u1(0)A1(0) + A2(0))y® + O(&3).

Let
d d
éngﬂ&, éngﬂw+z%wmﬂm—LL

After this change, equation (12.61) assumes the following form (we should
take into account that the mean value of the function A;(0)u;(0) equals zero,
since this function is a derivative of the periodic function)

dy

y _ o2y 3 3
0 -° Liy® + O(e°). (12.63)

Hence, the averaged equation of the second approximation is

% =27 (12.64)
It is possible to examine stability of zero solution (12.64) based directly on
the fact that the equation is integrable. It is convenient to come to this result,
using the Lyapunov function (see Appendix B or Krasovskii [1963], and Malkin
[1966]). As the Lyapunov function, we take the function V(7) = $L;72. In
view of equation (12.64), the derivative V(7) takes the form

V=2 epz
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Both functions V and V are of positive definite. If L; > 0, the functions V
and V have the same sign and, therefore, by virtue of the Chetaev Theorem,
the solution r = 0 is unstable. For L; < 0, the functions V and V have
opposite signs and, therefore, by virtue of the Lyapunov Theorem, the zero
solution of equation (12.59) is asymptotically stable.

Turning to equation (12.63), we obtain that if we take the function V(r) =
%L1r2 as the Lyapunov function for this equation, then, for sufficiently small
e, the functions V and V take the same signs at L; > 0 and different signs
at L1 < 0. Hence, the zero solution of equation (12.63), for sufficiently small
€, is asymptotically stable if L; < 0 and unstable if L; > 0. This assertion
will hold true for equation (12.61) as well and, hence, for system (12.57). We
formulate this result as a theorem.

Theorem 12.5. If the first Lyapunov quantity Ly < 0, then the zero
solution of system (12.57) is asymptotically stable. If Ly < 0, then the zero
solution of system (12.57) is unstable.

If L1 = 0, we need to calculate the second Lyapunov quantity Lo. We shall
not dwell on the calculation of Lo and only note that the averaged equation
in this case has the form pu

d—g = &' Ly, (12.65)
As in the case with L; # 0, we obtain that the solution of equation (12.65) is
asymptotically stable for Ly < 0 and unstable for Ly > 0. The same assertion
also holds true for system (12.57), since after the averaging change, the initial

system takes the form
dy 4 5
—Z =t Lyy® + O(eP).
a0 2Y (€)
If Ly = 0, it is necessary to calculate the third Lyapunov quantity Ls. Gen-

erally, if

Li=Ly=-=Lk1=0,
the averaged equation
dr oy okt
— = 2N LRt
do i

This fact in a somewhat different form was noted by Lyapunov (reprinted in
[1992]). As an example, we consider the equation

&4 = fa? + i + dxi?, (12.66)
where (3, 7, § are some constants. Making a change

r=rcosf, &= —rsinb,
we arrive at the system

dr — _F(r,6)siné,

% =1—7r"1F(r,0)cosb,
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where

F(r,0) = Br? cos? 0 — yr®sin® § + 613 cosf sin? 6.
Let us find Ay(6). By virtue of formula (12.62), the function As(6) takes the
form

Ay(#) = ysin? 6 — 6 cos O sin® @ — 52 cos® Asin 6 + 35 cos* O sin? H—
— 38 cos 0 sin? 6 — §2 sin® 6 cos® 6.

Calculating the mean value of A5(f) yields Ly = 2v. Hence, if 7 < 0, then
the zero solution of equation (12.66) is asymptotically stable, and if v > 0,
then the zero solution of equation (12.66) is unstable.

12.8 Bifurcation of Cycle (the Andronov-Hopf
Bifurcation)

It might be well to mention how the names of Andronov and Hopf are
related to bifurcation of cycle. In the two-dimensional case, this bifurcation
was discovered by Andronov in 1931. Hopf investigated the multidimensional
case in 1942 (see Marsden and McCracken [1976] concerning the history of
the problem).

Consider a two-dimensional autonomous system

% = A(a)z + F(z,0), z€ R? (12.67)

where a € (—ag, ap) is a real parameter, A(«) is a square matrix of order 2;

z = (x,y), F(0,a) = 0 and the components of the vector-function F(z, a) are

the power series of x,y that converge in some neighborhood of the origin and

start with the terms no less than the second power. We shall assume that the

right-hand sides of system (12.67) depend smoothly on the parameter a.
The eigenvalues of the matrix A(«) have the form

A2(o) =atiw(a), w(0)#0. (12.68)

For o = 0, the eigenvalues of the matrix A(«) are purely imaginary. Suppose
that the matrix A(«) has a canonical form, i.e.,

Then system (12.67) is transformed into

z=ax—w(a)y+ ZJOZQ Aj(z,y, @),

. 12.69
y=w(a)z+ay+> 72, Bi(z,y,a). ( )
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Here, Aj(z,y,a), B;(x,y,a) are the homogeneous polynomials in the vari-
ables x,y of order j.
For a = 0, system (12.69) turns into the system

. o0
&= w0y + 2 jop 4@y, 0), (12.70)
y=w(0)z+ Zj=2 Bj(z,y,0).
In Section 12.7, we investigated the problem of the stability of a zero solution
for system (12.70). Here, the governing part belongs to the Lyapunov quanti-
ties L;, i = 1,2,.... In particular, if L; < 0, then the zero solution of system
(12.70) is asymptotically stable. If Ly > 0, then the zero solution of system
(12.70) is unstable.

It turns out that the Lyapunov quantities also play a decisive role in study-
ing the Andronov-Hopf bifurcation.

By making a change of the variables © = rcosf, y = rsinf, we convert
system (12.69) into the polar coordinates

= ar +7r2C5(0,0) +r°Cy(0,a) + ..., (12.71)
0 = w(a) +rD3(0, ) + 12Dy (0, ), .

where

C;(8,a) = (cos0)Aj_1(cosb,sinf,a) + (sin@)B;_1(cos #,sin b, a),
D;(8,a) = (cos8)Bj_1(cosb,sinb, o) — (sinf)A;_1(cosb,sin b, o).

Note that C; and D; are the homogeneous polynomials to the power j in
(cos,sin6).

Our task is to find periodic solutions of system (12.71) for & — 0 such that
r — 0. We introduce a small parameter £ > 0 and assume

r=e¢ery, a=c¢cqag,

where a new variable r; is considered in the neighborhood of some number rg,
which will be chosen later together with a; to be the function of . System
(12.71) will be written as

1 = elarry +1r7C3(0)] + 2[r{Ca(0 + arr? C5(0)] + O(?), (12.72)
0 = w(0) + e[’ (0) + r1D3(0)] + O(£?), '
where C;(0) = C;(0,0), i = 3,4, C1(0) = (8/0a)C5(0,0), D3(8) = D3(6,0).
We divide the first equation of system (12.72) by the second equation and
obtain the first-order equations in the standard form with 27-periodic coeffi-
cients:

dri _ elanrs +77C3(0)] + 2[rPCu(0) + nriC3(0)] + O(£*)

o~ w(0) + elarw'(0) + 11 D3(0)] + O(2) . (1273)
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To find the periodic solution of equation (12.73), assume that «; = . Then
equation (12.73) takes the form

% . 87‘%03(9) + 82[7"1 + 7“;’04(9)} + 0(53)
i~ 201 06)

(12.74)

The numerator in the right-hand side of equation (12.74) differs from that in
the right-hand side of equation (12.61) in Section 12.7 in only the additional
summand £2r;. Therefore, calculating similarly, after a change

r =y +eur (0)y* + 2ua(0)y?
yields the equation

d
=5 = %(0) [y +y°Li] + O(),

where L; is the first Lyapunov quantity determined by the formula
1 2m
Ly = B /[04(9,0) —wH(0)C3(6,0)D3(6,0)]d6b. (12.75)
s
0

So, the averaged equation of the second approximation has the form

% =e’w(0) "'y + y°L1]. (12.76)
If L; < 0, then equation (12.76) has two non-negative stationary solutions
71 = 0 and 7, = (—L;)~'/2. The solution ¢, is unstable, and the solution
72 is asymptotically stable. Hence, on account of Theorem 12.1, equilibrium
of §o corresponds to the asymptotically stable 27-periodic solution 7(8,¢€) of
equation (12.75). Passing to the variable ¢, we find x(t,¢) and y(t,e) that
conform to the respective 2m-periodic function r(6,e). The functions thus
produced will also be periodic but the period will depend on the parameter
¢ and the initial conditions. To show this, we turn to the second equation of
system (12.72), which defines 6 as the function of . We assume that ¢ and 0
simultaneously vanish. In this case

0427
w(0)[t(0 + 27) — t(0)] =
0

db
1+0(e)’

Since (0, ¢) is a 2m-periodic function, we see that the derivative of the integral
equals zero. Therefore

w(0)[t(0 + 27) — 1(0)] = T'(<). (12.77)
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The value T'(¢) depends only on € and the initial condition. Relation (12.77)
shows that if ¢ changes by T'(¢), the value of 6 changes by 2, and, conse-
quently, the functions z(¢,&) and y(t,e) are unaltered, and there are the pe-
riodic functions with the period T'(¢) (T'(0) = 27/w(0)). We chose 6(0) = 0.
Hence, x(0,¢) = r(0,¢),y(0) = 0.

In that way, we have proved the existence of a limit cycle in a small neigh-
borhood of zero equilibrium for system (12.67) if L < 0.

When L; > 0, we obtain the existence of the cycle on the assumption
a = —e. In this case, the averaged equation of the second approximation
takes the form .

25 = WO 7+ L.
The stationary solution g; = 0 is asymptotically stable, and the stationary
solution g, = L~/2 is unstable.

It remains to show that in a sufficiently small neighborhood of zero equi-
librium, there are no other periodic solutions, except those obtained by the
above method. The proof is presented in the article of Chow and Mallet-Paret
[1977], where they also considered the multidimensional case. It is possible
to study the stability of the limit cycle using various methods (see Hassard,
Kazarinoff, and Wan [1981]), in particular, the method considered in Section
10.2. We only note that the cycle is stable when L; < 0 and unstable when
L, > 0.

A cycle bifurcation is said to take place in system (12.67) when the param-
eter o changes. If the first Lyapunov quantity L is negative, then the zero
equilibrium loses stability, and a stable limit cycle forms when o changes from
negative to positive values. If the first Lyapunov quantity L; is positive, then
the zero equilibrium becomes stable, and an unstable limit cycle forms when
the parameter a changes from positive to negative values.

Let us focus our attention on calculating the amplitude of the limit cycle.
Let L1 < 0. Owing to the choice of parameters, € = y/a. Averaged equation
(12.76) is rewritten as

dy
do
Then it follows from Theorem 9.2A that

= aw(0) "7 + 7 La].

y=(=L1)""? + O(«).

Hence,

The constant
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is called the amplitude of the limit cycle. The period of oscillations is deter-
mined by the formula
2 1
T(a) = —=[1+ O(a2)].
(@) = Sy 11+ Oled)]

For simplicity, we assumed the eigenvalues of the matrix A(a) to be pre-
sented in the form (12.68). In the general case, the eigenvalues of the matrix
A(a) take the form

A2(a) = fla) £iw(a),
where f(0) = 0 and f'(0) = v # 0 which transforms averaged equation (12.75)
into

N
U _ fleay+ 2471 =

cavy + 2y Ly = [xvy + 52 L], + = —sgn (vL1),
where & = —sgn (vLq)e. The amplitude of the cycle is defined by the formula

As an example, we consider the equation
i —2ai+x = (1 —a)[fz? + ~vi® + dxi?], (12.78)

where « is a real parameter, and (3, v, § are some constants. For o = 0,
we obtain equation (12.66) from the previous section. As was shown there,
the first Lyapunov quantity L; is negative if v < 0 and positive if v > 0.
Therefore, if the parameter « changes from negative to positive values at
v < 0 in the equation under study, the bifurcation of the stable limit cycle
occurs. When the parameter a changes from positive to negative values at
~ > 0, the unstable limit cycle is formed.

As the second example, we consider the Josephson autonomous equation
(see Sanders [1983])

Bip + (14 v cos )i + sinth = a, (12.79)

where 3 > 0, v, a are real parameters. We shall assume that 0 < a < 1.
Equation (12.79) has two stationary solutions sin; o = «, where

0 < < m/2, /2 < 1P < m. Linearizing equation (12.79) on equilibria
produces the linear equation

B + (1 + 7y costhy 2)w + weos 2 = 0.

It is evident that the stationary solution 5 is always unstable. The stability of
the stationary solution 1, depends on the sign in the expression (14 cos ).

For 1
= — 12.80
¥ pr— ( )
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we obtain the critical case of stability (a pair of purely imaginary roots).
Consider the problem on bifurcation of a periodic solution when the pa-
rameter vy passes the critical value (12.80).
Calculate the first Lyapunov quantity. Transform equation (12.79) into the
system of equations

h=—y, = %[Sind;—a—l—(l—k’ycosw)y]. (12.81)

Assume 1 = 91 + = and expand the right-hand side of system (12.81) in
terms of powers of x until the third-order terms. We shall discard the terms
of higher order and let v = v*. Thereby, we arrive at the system

‘f:_yv

. . . 12.82
§= %[zcoswl — ga?sinyy — gad costpy — ””277’ — y*xysiny;. ( )

We introduce the notation
9 CosY

B
and make the change y = wz. In this case, instead of system (12.82), we
obtain the system

22siny; 23w yrazsinyg; 2%z
26w 6 15 26"

By going to the polar coordinates and supposing x = rcosf, z = rsinf in
system (12.83), we get the system

(12.83)

dr _ _r®cos®@sin@siny; v r?cosfsin®fOsinys  rPwcos®d 13 cos®Osin? 0
dt = 2fw , B 6 28

o __ _rcos®fsinyy _ y"rcos” Osinfsiny 2

a — ¥ 28w B +0(r?).

Calculating L; from formula (12.75) yields

()2

160
Hence, as the parameter  passes the critical value v*, the equilibrium loses
stability, and the stable periodic solution is formed.

Because f'(v+) = v = cos /28, we have that the amplitude of the cycle
is

L, = <0.

A=22(1+ 'ycoswl)cos3/2 1.

Using the method of averaging, it is possible to study a wide range of
bifurcation problems. For example, we can consider a system of equations
dz
— = Ala)z+ g(t, 2z, a),
dt
where the matrix A(«) is of the same form as that in system (12.67), g(t, z, @)
is almost periodic in ¢ uniformly with respect to z,a, and g = (|z]?).



Chapter 13

Averaging and Stability

In this chapter, we investigate the problem of closeness of non-stationary so-
lutions of the exact and averaged equations on an infinite time interval. We
believe, the first theorems of this type were proved in the works of Banfi [1967],
and Sethna [1970]. Here, we infer the corresponding assertions based on spe-
cial theorems of stability under constantly acting perturbations (obtained by
the author [1977, 1979b, 1986]).

13.1 Basic Notation and Auxiliary Assertions

We shall use the following notation: |z| is the norm of the element x € R™, I
is the interval [0,00), By(K) = {z : z € R", |z| < K}, G = I x B,(K).
Consider a vector-function f(¢,x) that is defined on G with values in R",
bounded in norm, continuous in x uniformly with respect to ¢ and has no
more than a finite number of jump discontinuities in ¢ on each finite interval.
We denote this function as
to

S.(f)=sup f(s,z)ds|, =€ By(K).

[t2—t1|<1
i
Lemma 13.1. For f(t,x) defined on G the following inequality holds:

/f(s,a:(s))ds <(T+1) sup /fs x(s))ds|, t,ti,ta € [to,to + T,

[ta—t1|<1

where x(t) is the function defined on [to,to + 1] with values in By (K), and
the vector-function f(t,xz(t)) is integrable on [to,to + T].

Proof. The lemma follows from the evident inequality

to+1 to+2
/fs:r ds</fsx ds—l—/fsx )ds| + -
o+1

225
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/t f(s,x(s))ds| < ([ +1)  sup / f(s,2(s))ds|

‘tz t1|<1
where ([t] is an integer part of ¢).

Lemma 13.2. Let the vector-function f(t,z) be defined on G and contin-
wous in x uniformly with respect to t € I. Let the vector-function x(t) be
continuous and its values belong to B, (K).

Then for any n > 0 it is possible to specify an € such that

sup /f(s,x(s))ds <mn, (t1,t2) €[0,T], 0<t< o

‘tz*tl‘gl
t1

if Su(f) <e

Proof. By the lemma conditions, for any n > 0 it is possible to specify § > 0
such that |f(t,x1) — f(t,x2)| < n/2 at |1 — z2| < §. Denote by z°(¢) a step
vector-function with values in B, (K) such that |z(t) — 20(¢)| < §, t € [0,T].
At that, in each interval no longer than a unity, the function x°(¢) possesses
no more than k different values, the number k£ depending only upon §. Let
z;(j = 1,...,k) be the values of z(¢) in the interval |t; — t5] < 1. Assume
¢ =n/2k. Then we have

/f(svx(S))dS < /[f(s,z(S)) f(s,2%(s))lds| +
to k| t2
+ /f(s,xo(s))ds §g+; /f(s,xj)ds Sg—l—%k:n

The latter inequality is valid for any ¢1, to satisfying the inequality |ta—t1] <
1, which proves the lemma.
We introduce one more vector-function

oo

w(t,z) = —/e(t_s)f(s,x)ds

t

where f(t,z) € G and |f(t,z)] < M < oo.
Lemma 13.3. For any n > 0 it is possible to specify an € such that

w(t, x)] <n

if Sz(f) <e
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Proof. In the expression

w(t,z) = —/e(t_s)f(s,x)ds,
t

we make a change s =t + 7 and obtain

w(t,z) = —/efo(t + 7, 2)dr.
0

The latter equality can be written as

00 t+T
w(t,x) = 7/677% /f(a,x)da
0 t
Integrating it by parts yields
oo t+7
w(t,z) = /e_T / flo,x)do| dr.
0 t
Now, assertion of the lemma results from the equality
o k1 t+7
w(t,z) = Z / e " / flo,x)do| dr.
=0} t

13.2 Stability under Constantly Acting Perturbations

We consider a system of differential equations in R™

d
d—f = X(t,2) + R(t,z), (13.1)
where the vector-functions X (¢, ) and R(t, z) are defined on G and continuous
in t.
Along with equation (13.1), we study an unperturbed system of differential
equations
dy
— = X(t,y). 13.2
o = X(6y) (13.2)
Assume that system (13.2) has the solution (¢, to, &) ((¢(to,to,&0) = &o)
such that it is determined for all ¢ > ¢y > 0 and, together with its p-
neighborhood (p > 0), belongs to set G.
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We shall now use such concepts as the uniform asymptotic stability and uni-
form asymptotic stability with respect to a part of the variables (see Appendix
B, Definitions B.4 and B.6). We only make the following remark.

Remark 13.1.

Note that later on, we shall use a non classical definition of asymptotic
stability with respect to a part of the variables. Namely, in the definition of
asymptotic stability with respect to a part of the variables, it is sufficient to
assume that the initial conditions are close on some coordinates: =1,...,k <
n rather than on all coordinates.

Theorem 13.1. Let a vector-function X (t,x) be bounded on the set G and
satisfies the Lipschitz condition with some constant L:

|X(t7l'1) 7X(t,l‘2)| < L|I’1 — l‘2|, x1,To € Bap(K) (133)

Let R(t,x) be continuous in x uniformly with respect to t € I and bounded on
the set G. Let the solution (t,to,&o) of system (15.2) be uniformly asymp-
totically stable.

Then for any € > 0(0 < & < p) it is possible to specify m(€), n2(g) such
that for all solutions x(t,tg, zo) € By(K) (x(to, to, xo) = xg) of (13.1), which
are defined for t > tg and have initial conditions obeying the inequality

|zo — ol < m(e),
and for all R(t,x) meeting the inequality
S(R) < ma(e),
for all t > tg, the following inequality is valid

|$(t,t0,5€0) - ¢(tat0350)| < €. (134)

Proof. Let y(t, tg, o) be the solution of system (13.2) with initial condition
identical to that of the solution (¢, to,zo) of system (13.1). These solutions
satisfy the integral equations

t
y(t,to,l'o) = 2o + /X(Say(satﬂax()))dsa

to

t
x(t, to,x0) = zo + /[X(s,x(s,to,xo)) + R(s,z(s,to,z0))]ds.
to
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This implies
t
|x(t,to, zo) — y(t,to, xo)| < f | X (s, 2(s,to,x0)) — X (s,y(s,to,z0))| ds+
to

¢
+ | [ R(s,x(s,to,x0))ds

to

Using condition (13.3) of the theorem, we arrive at the inequality

t
@ (t, to, 20) — y(t, o, 20)| < L / [2(s, to, 20) — y(s, to, @o)|ds + F(1),
to

where
t

ft) = /R(s,z(s,tg,xo))ds .

to
From the known integral inequality (see, e.g., Barbashin [1967]) we obtain

t

|z (t, to, x0) — y(t, to, z0)| < f(t) +L/6L(t*3)f(s)ds.

to
It follows from Lemma 13.1 that for tg <t <tg+ T
|l‘(t, to, ‘TO) - y(t,t(),(to)‘ <

13.5
< (T+1) (1+ LTe) supyy, 4,11 1

to
J R(s,z(s,to,x0))ds]| .
ty

By virtue of the uniform asymptotic stability of the solution (t,tq,&o) of
equation (13.2), there exist the numbers 6 < ¢ and Ty > 0 such that the
inequality |xg — &o| < ¢ implies

|y(t,t0,.’£0) - ¢(t7t07£0)| < %a t> th

13.6
ly(to + To, to, xo) — ¥(to + To, to, &o)| < §. (13.6)

It follows from Lemma 13.2 that it is possible to select the number n2(g) so
that to satisfy the inequality

é
|x(t,t0,x0) — y(t,to,x0)| < 5, to <t<tyg+T. (137)
Then we have

e 0
‘x(t7t0ax0) 7w(t7t07£0)‘ < 5 + 5 <g, tO S t S tO +T.
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Further, from (13.6) and (13.7) (for T' < Tp) we have
|z(to + T, to, x0) — P(to + T, to, )| < 0.

Thus, within the time interval [to, o + T, the solution z(t, to, z¢) will not go
beyond the limits of the e-neighborhood of the solution ¥ (t, t, &) and will lie
in the d-neighborhood of ¥ (¢, tg, &) at the time instant ¢t = to+7. Let us take
the time instant ¢t = ¢ty + 71" as the initial time and perform a similar reasoning.
We check that the solution z(t,tg,z¢) does not go beyond the limits of e-
neighborhood of the solution (¢, tg,&y) for tg+T < t < to+ 27T and, besides,
x(to+ 2T, tg, zo) lies in d-neighborhood of the solution ¢ (¢, ¢y, &y). Proceeding
with the reasoning, we obtain |z(t,tg, To) — (¢, to, &o)| < € for to+(n—1)T <
t <to+nT and, besides, |z(to + nT, to,xo) — ¥ (to + nT,to,&0)| < J, which is
the proof of the theorem.

Note that the last part of the proof follows the reasoning for Lemma 6.3
from the book by Barbashin [1967].

Remark 13.2. In proving Theorem 13.1, we assumed that the solution
z(t,to,&p) is defined for all ¢ > ty3. However, if the conditions of local theo-
rem for the existence of solutions of equation (13.1) are fulfilled and S, (R)
is sufficiently small for x € B,(K), then the solution x(t,tg,xo) with the
initial condition close enough in norm to the initial condition of the solution
P(t,to, T4, ) of equation (13.2) is defined for all ¢ > ¢y, which is easily concluded
from inequality (13.5).

Remark 13.3. Theorem 13.1 remains valid on the assumption that the
vector-functions X (¢,2) and R(t,x) have no more than the finite number of
simple discontinuities (jumps) in ¢ on each finite interval.

Remark 13.4. If the solution (¢, tg,&) of system (13.2) is uniformly
asymptotically stable only with respect to a part of the variables ¥4, ..., ¥,
k < n, then, the reasoning similar to that in Theorem 13.1, implies a theorem
asserted in the following way:
for any € > 0(0 < € < p) it is possible to specify the numbers 7 (), n2(g)
such that for all solutions x(¢, g, zg) € B (K) (x(to,to, o) = xg) of equation
(13.1), which are defined for ¢ > to and have initial data obeying the inequality

|zio — &oil <mi(e), i=1,2,...,k <n,
and for all R(t,x) meeting the inequality
S(R) < nae),
the following inequality is valid for all t > ¢

|{Ei(t,t0,$0)—’lbi(t,to,&)” <e, i=1,....k<n.
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Theorem 13.1 is the theorem of stability under constantly acting perturba-
tions. It differs from the theorems by Malkin and Krasovskii-Germaidze (see
Appendix B, Definitions B.4, B.5, and Theorem B.6) in a more general as-
sumption on the “smallness” of the perturbation R(t,z). It is precisely these
conditions of smallness of the perturbation R(¢,z) in terms of the theorems
by Malkin or Krasovskii-Germaidze that imply the smallness of S(R). The
function sint/e presents an example of a perturbation such that S(sin(¢/¢))
is small for small € but the quantities

t t
| sin —|, /|Sin—|dt
€ €

are not small for this function. Theorem 13.1 allows quickly oscillating func-
tions to be included into the constantly acting perturbations.

It is assumed in Theorem 13.1 that the solution of system (13.1) belongs to
the set By (K).

We bring in another theorem on stability under constantly acting pertur-
bations that is free from this assumption.

For the vector-function f(t,z) defined on G and bounded in norm by the
constant:

fta) < M

we write f(t,x) € M(G).

Theorem 13.2. Let X(t,x) € M(G) satisfy the Lipschitz condition with
some constant in the spatial variable x . Let R(t,z) € M1(G) and Ry, (t, ) €
My(G),i=1,2,...,n. Assume that system (13.2) has the solution 1 (t, to, &) ((¥(to,tc
&o) that is defined for all t > ty > 0 and, together with its p-neighborhood
(p > 0), belongs to the set G. Let this solution be uniformly asymptotically
stable.
Then for any € > 0(0 < & < p) it is possible to specify the numbers
m(e), n2(e), n3(e) such that the solution x(t,to, xo) (x(to, to, o) = o) of sys-
tem (18.1) with the initial conditions obeying the inequality

[zo — &ol < m(e)
and for R(t,x) meeting the inequalities
S(R) < ma(e), S(Rg) <ms(e),i=1,...,n
at x| < e, for all t > to, fulfills the inequality

|£E(t,t0,l‘0) - ¢(tat0360)| < €. (138)

Proof. By a change
x=z+4w(t,z),
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where
oo

w(t, z) = —/e(t_s)R(s,z)ds,
t

we transform system (13.1) into

(z ; g_w) O bw=X(tz 4w 2) + Rz b w(2). (189)

Select n3(e) such that the matrix I + %—Z’ is invertible (by virtue of Lemma
13.3 ‘g_;i‘ <mn3(e),i=1,...,n). Then (13.9) can be rewritten as (on account
of 2% = w+ R(t,2))

G5 e [T+ 3] X(2)-
—dX(t2) + (X(t, 2 +w) — X(t,2)) + (R(t,z + w) — R(t,2))] ,
% = X(t,z) + [Hg—ﬂ [H(t,z,w) é;—Z’X(t, ", (13.10)
where

H(t, z,w) = —w+ (X(t,z + w) — X(¢,2)) + (R(t, z + w) — R(t, 2)).

To complete the proof of the theorem, it is sufficient to apply the Malkin
Theorem of stability under constantly acting perturbations (see Appendix B,
Theorem B.6) to system (13.10), since H(t, z, w) can be made arbitrarily small
together with w.

Remark 13.5. When the solution of equation (13.2) is uniformly asymp-
totically stable with respect to a part of the variables, it is possible to deduce
an analog of Theorem 13.2, where inequality (13.8) will be replaced with the
inequality

|$i(t7t0,l‘0)—’lﬂi(t,to,foﬂ <eg, izl,...,k<n.

13.3 Integral Convergence and Closeness of Solutions on
an Infinite Interval

We apply Theorems 13.1 and 13.2 to the problem of averaging on an infinite
interval. Provisionally, we introduce the concept of integral convergence of
the right-hand sides of differential equations and determine the relationship
between the convergence and closeness of solutions on an infinite interval.
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Consider a system of equations

d

d—f = X(t,z,e), (13.11)
where € > 0 is a small parameter, and (¢,z) € G. Let G. = (0,¢0] x G. We
say that X (¢, z,e) converges integrally to X (¢, z) if

ta

lim sup /[X(s,x,s)—X(s,x)] ds| =0

e—0 [ta—t1|<1 ;
1

for each © € B, (K). Theorem 13.1 immediately has the following implication.

Theorem 13.3. Let
1) the vector-function X (t,z,€) be defined for (t,x,¢) € Ge, have no more
than a finite number of simple discontinuities (jumps) in t on each finite in-
terval and be continuous in x uniformly with respect to t,e;
2) | X(t,x,e)| < My, (t,z,e)€ Ge;
3) the vector-function X (t, z, €) integrally converge to the vector-function X (t, x)
that is continuous in all variables and bounded in norm by some constant M
on the set G;
4) X (t,x) satisfy the Lipschitz condition with some constant L:

|X(t,l‘1) —X(t,xg)‘ < L‘l‘l —33‘2‘, xr1,To € Bw(K), te I;

5) the system
d _ X(t,y) (13.12)
at ~ Y '
have the uniformly asymptotically stable solution y = (t,to,&o) (uniformly
asymptotically stable with respect to a part of the variables yi,...,yx, k <mn)
that together with its p-neighborhood (p > 0) belongs to the set G.

Then for any o (0 < o < p) there exist 1(a) (0 < g1 < g9) and (o) such
that for all 0 < € < €1, the solution x(t,tg,x9) € By(K) of system (5.2.11),
which is defined for t > to and |zo — &o| < B(a) (|xoi — &oil < Bla), i =
1,...,k), obeys the inequality

‘Q/J(t,to,go) - $(t,t0, .730)| <aq, t> Z‘:O

(|’Ll)i(t,to,§())*xi(t,to,fﬂgﬂ<Ol, iil,...,k<n, tZto)
Theorem 13.3 directly ensues from Theorem 13.1, Remarks 13.3 and 13.4 if
system (13.11) is rewritten as

= X(t2) + Rlt.,0),
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where R(t,z,e) = X(t,x,e) — X(t,x).
Theorem 13.3 implies the following result.

Theorem 13.4. Let
1) for each € the vector-functions X (t,x,¢), Xy, (t,x,€), i = 1,...,n be de-
fined on G and continuous in all variables, and X, (t,x,€) be continuous in
x uniformly with respect to t, €;
2)1X(t,x,e)| < My, | Xy, (t,z,6)| < Mo, i =1,...,n on Ge;

3) the vector-functions X (t,x,¢), X, (t,z,€) integrally converge to X (t,x),
Xz, (t, ), respectively;

4) the system

i X(t, x)

have the uniformly asymptotically stable solution y = ¥(t,tg, &) (uniformly
asymptotically stable with respect to a part of the variables yi,...,yx, k <n)
that together with its p-neighborhood (p > 0) belongs to the set G.

Then for any o (0 < o < p) there exist 1(a) (0 < g1 < g9) and (o) such
that for all 0 < & < €1 the solution x(t,to,zq) € B.(K) of system (13.11)
defined for t > tg, for which |xo—&o| < B(a) (Jxoi —&oi| < B(a), i =1,...,k),
satisfies the inequality

‘qu(ta to,fo) - SC(t, th IO)l <q, t> tO

(W)i(tat(),gO)7xi(tat03x0)|<a7 iil,...,k<n, tZto)

13.4 Theorems of Averaging

Theorems 13.3 and 13.4 contain some results on averaging on an infinite
interval for differential equations in standard form. Consider a system of
differential equations

d
d—j =eX(t,z,e), xzeR", (13.13)
where X (¢, z,¢) is defined for (¢,z,¢) € G..

Theorem 13.5. Let
1) in each of the variables x,e, the vector-function X (t,,x,€) be continuous
uniformly with respect to the other variables;
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2) | X(t,x,e)| < My, (t,z,e) € Ge;
3) there exist the limit uniformly with respect to t € 1

t+T

.1 o
Th_r}rgof /X(t,sc,O)dt—X(x)
t

for each (t,z,€) € G. and X (x) be bounded in norm by some constant My on
B, (f{)y
4) X (x) meet the Lipschitz condition with some constant L:

|X(I1)*X(l‘2)| SL‘$17I2|, Il,IQGBm(K)

5) the system

dx -

— =X 13.14
have the uniformly asymptotically stable solution ) (t,ty, &o) (uniformly asymp-
totically stable with respect to a part of the variables x1,...,xx, k < n) that

together with its p-neighborhood (p > 0) belongs to the set G.

Then for any o (0 < o < p) there exist 1(a) (0 < g1 < g9) and [(a) such
that for all 0 < € < g1 the solution ¢(t,to, zo) € By (K) of system (13.13), for
which |zo — &o| < B(a) (|zoi — &oi| < B(a), i =1,...,k) obeys the inequality

|¢(t7t07£0) - Qﬁ(t,to,xo)‘ <q, t> tO

(‘wi(t7t07£0)_Spi(tathxO” < a, i:17'-~7k<n; tZtO)

In order to show that Theorem 13.5 ensues from Theorem 13.3, we need to
check that condition 3) of Theorem 13.5 implies the fulfillment of condition
3) of Theorem 13.3. The integral convergence here means (on transition to
the slow time 7 = &t in system (13.13)) that

ta

lim sup /[X(E,x,g)—)?(m)] dr|=1lim(e) =0, =z € B,(K).

Eﬁo\tg—tﬂgl ; e—0

We show that for any § > 0 at sufficiently small €
T(e) < 6. (13.15)
Evidently, due to the continuity of X(Z,x,¢) in the third variable uniformly
with respect to the other variables for sufficiently small e

ta

H(e) < sup /[X(Z,x,o)—)_((x) dr —l—g.

|t2—t1‘§1 €
t1
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Let us take arbitrary numbers ¢, o that satisfy the condition |t; — ta] < 1
and prove that, for sufficiently small

/ {X(g,x,O) —X(x)} dr| < g

t1 t1
€

where T'= 22— — o0 as € — 0.
From this and condition 3) follows the theorem.

Remark 13.6. Theorem 13.5 implies assertion of 3) in Theorem 9.3. In-
deed, let xo(t,e) be an almost periodic solution of the system

dx

% = SX(t,.’ﬂ)

that is close to the stationary solution y = yq of the averaged system

dy

g =Y W)

The stationary solution y, is asymptotically stable and, consequently, uni-
formly asymptotically stable. The solutions of the averaged system that lie
within the domain of attraction of the stationary solution yq are also uniformly
asymptotically stable. Therefore, solutions of the original system with the ini-
tial conditions that are sufficiently close to the initial condition of solution of
the averaged system that lies in the domain of attraction of the solution g
will be close on an infinite interval as is stated by Theorem 13.5.

Theorem 13.4 implies the following theorem of averaging for the system

d
d—;” =eX(t,,¢). (13.16)

Theorem 13.6. Let
1) X(t,z,€), Xy, (t,z,€) be defined on G, continuous in all variables and
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bounded;

2) the functions X (t,x,¢€), Xy, (t,z,€) be continuous in each of the variables
x, € uniformly with respect to the other variables;

3) there exist the limit uniformly with respect to t

T

1 _

lim — [ X =X

Jim / (t,x,0)dt (x)
0

in the considered domain of variables;

4) the system
dx

Y X0

= X(2,0)
have the uniformly asymptotically stable solution 1 (t,to, &y) (uniformly asymp-
totically stable with respect to a part of the variables x1,...,xk, k < n) that

together with its p-neighborhood belongs to the set G.

Then for any o (0 < a < p) there exist 1(a) (0 < g1 < g9) and (o) such
that for all 0 < € < &1 the solution o(t, to,xo) € B(K) of system (13.16), for
which |xg — &o| < B(a) (|xo: — &oi| < Bla), i =1,...,k), obeys the inequality

|w(tvt07§0) - @(t,to,ﬁo)‘ < a, t 2 tO

(‘wi(t,tmfo)—@i(t,to,fﬂo” < «, i:1,...7k<n, tZto).

Proof of Theorem 13.6 is similar to the proof of Theorem 13.5.
An analogous theorem to Theorems 13.5 and 13.6 was proved in the paper
by Banfi [1967] (see also Filatov [1971], and Mitropolskii and Homa [1983]).

Remark 13.7. If we replace the requirement for uniform asymptotic stabil-
ity of the solution of an averaged system with the requirement of asymptotic
stability, then Theorem 13.6, generally speaking, is not correct. The following
example illustrates this fact. Let us consider a scalar differential equation

dzr
— =ex? +ef(t), (13.17)
dt
where € > 0 is a small parameter, and f(t) is a periodic function with zero
mean value. The averaged equation

dz 9

— =e&x

dt
has the asymptotically stable solution z(¢) with the initial condition 2(0) = —1
that is not uniformly asymptotically stable. The solution x(t) tends to zero
as t — oo together with all solutions with negative initial conditions, whereas
the solutions with positive initial conditions tend to infinity as ¢t — oo. If
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Theorem 13.6 was applied in this case, then equation (13.17) would have,
for sufficiently small €, a bounded solution with the initial condition close
to the initial condition of the solution z(t). It follows from the Massera
Theorem (see Pliss [1966]) that equation (13.17) has a periodic solution. But
equation (13.17) cannot have periodic solutions. Substituting the periodic
solution into equation (13.17) yields a zero mean value of the left-hand side
and a positive mean value of the right-hand side. Hence, equation (13.17) has
no bounded solutions although the averaged equation has an asymptotically
stable bounded solution.

13.5 Systems with Fast and Slow Time

Theorems 13.5 and 13.6 are generalized over the system of differential equa-
tions with fast and slow time. We briefly describe the respective results.
Consider a system with fast and slow time
dx
=
dt
where X (¢, 7,x,¢) is defined for (¢,z,¢) € G..

X(t,1,2,6), T=¢et, z€R", (13.18)

Theorem 13.7. Let
1) the function X (t,T,x,) be continuous in each of the variables T,x,e uni-
formly with respect to the other variables;
2) | X(t,T,x,e)| < My, (t,x,e) € Ge;
3) there exist the limit uniformly with respect to t € I
t+T

1 _
lim T /X(t,T,x,O)dt:X(T,x)
t

for each (t,x) € G and X (7,z) be bounded in norm by some constant My on
G;

4) the function X (7, ) meet the Lipschitz condition with some constant L:
|X(T,z1) — X(1, x2)| < Llxy —xa|, 1,20 € Bx(K), 71

and be continuous in T uniformly with respect to x;
5) the system

dx -

— =X(n,x

dT ( ) )
have the uniformly asymptotically stable solution 1 (t, to,&o) (uniformly asymp-
totically stable with respect to a part of the variables x1,...,xp, k < n) that

together with its p-neighborhood (p > 0) belongs to the set G.
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Then for any o (0 < o < p) there exist 1(a) (0 < €1 < g9) and [(x) such
that for all 0 < & < €1 the solution (t,to,x0) € By (K) of system (13.18), for
which |zg — &o| < B(a)(Jzo; — €oi|l < Ba), i =1,...,k), obeys the inequality

|¢(t7t0750) - Qﬁ(t,to,xo)‘ <q, t> tO

(| (t, to, &0) — @ilt,to, o) <, i=1,....,k<n, t>tg).

As in the proof of Theorem 13.5, we only need to check whether condition
3) of Theorem 13.7 entails the fulfillment of condition 3) in Theorem 13.3.
The integral convergence here means (on transition to the slow time 7 = et
in equation (13.18)) that

ty

lim sup / [X(I,T,LE,E) — X(r,x)| dr| =1lim () =0, =z € B,(K).
£=0 1)1 ; € €0

We show that II(e) is small for small €. Evidently, by virtue of the continuity
of X(Z,7,z,¢) in the fourth variable, uniformly with respect to the other
variables, it is sufficient to show that

ta

II(e) = sup / |:X(Z,T,.’L'70) - X(r, x)} dr

[ta—t1]|<1 €

t1

tends to zero as € — 0. This assertion takes place if we fix the second variable

7 in the vector-function X (Z,7,2,0) and, respectively, the variable 7 in the

vector-function X (7, z), i.e., on the assumption that 7 = 79 = const. Hence,

II(e) — 0 as ¢ — 0 if, with respect to this variable, the vector-functions

X(Z,7,2,0) and X(7,z) are the step functions in the interval [t1,?]. The

continuity of the vector-functions X (Z,7,,0) and X (7, ) in the variable 7
uniformly with respect to the other variables implies the limit equality

lim IT; (¢) = 0.

e—0

Theorem 13.7 generalizes the result established in the work of Sethna [1970].

Remark 13.8. Theorem 13.7 implies the assertion 3) of Theorem 9.7.
Indeed, let zo(t,€) be an almost periodic solution of the system

d
d—f =eX(t,T,2)
and be close to the periodic solution yy(t,€) of the averaged system
d
Y= ey (r,y).

dt
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The periodic solution yo(t,e) is asymptotically stable and, therefore, uni-
formly asymptotically stable. The solutions of the averaged system that lie
in the domain of attraction of the periodic solution yy(t,€) are also uniformly
asymptotically stable. Thus, solutions of the original system with the initial
conditions close enough to the initial condition of the solution of the averaged
system lying in the domain of attraction of the solution yo(t,e) will be close
on an infinite interval.
Also, we can generalize Theorem 13.6 for the case (13.18).

Theorem 13.8. Let
1) X(t,7,2,¢), Xy, (t,7,2,€) be defined on G, continuous in all variables and
bounded;
2) in each of variables T, x, ¢ the functions X (t,7,x,¢), Xz, (t,7,2,€) be con-
tinuous in each of the variables uniformly with respect to the other variables;
3) there exist the limit uniformly with respect to t

T—oo T

T
1 _
lim —/X(t,T,x,O)dt = X(7,z)
0

in the studied domain of variables;
4) the system

d _

= =X(ra)
have the uniformly asymptotically stable solution 1 (t,to, &y) (uniformly asymp-
totically stable with respect to a part of the variables x1,...,xk, k < n) that

which together with its p-neighborhood belongs to the set G.

Then for any o (0 < o < p) there exist 1(a) (0 < g1 < g9) and (o) such
that for all 0 < & < 1 the solution ¢(t,tg,xo9) € B,(K) of system (13.18),
for which the |zg — &o| < B(a) (|xoi — &oil < B(a), i = 1,...,k), obeys the
iequality

|¢(t>t07£0) - go(t,ﬁo,wo)‘ <a, t=to

(‘wi(t7t07£0)_Spi(tathxO” < a, i:17'-~7k<n; tZtO)

Proof of Theorem 13.8 is similar to the proof of Theorem 13.7.

13.6 Closeness of Slow Variables on an Infinite Interval
in Systems with a Rapidly Rotating Phase

The presented method allows study of the problem on closeness of the exact
and averaged equations on an infinite interval for equations with the so-called
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rapidly rotating phase. Such equations will be investigated in detail in the
following chapters.
Consider a system of differential equations

= EX(I7 y7 5)7

dx
t 13.19
b @) + <Y (2.2, (15.19)
where x is the n-dimensional vector, y is a scalar variable, € > 0 is a small pa-
rameter. The system contains slow variables z1, o, ..., z, and a fast variable

Y.
We assume that the functions X (z,y,¢) and Y (z,y,e) are periodic in the
fast variable y with the period 27. We bring in a theorem that ensues from

Theorem 13.5.

Theorem 13.9. Let
1) the functions X (z,y,¢), Y(x,y,¢€) be defined for x € B,(K), y € (—00,0),
e € (0,e0], continuous in the variables x, € uniformly with respect to y and
have no more than a finite number of simple discontinuities (jumps) in y on
every finite interval;
2) the function w(xz) meet the Lipschitz condition with some wvariable L for
2 € B, (K) and the inequality

w(z) >c>0,

hold, where ¢ is a constant;
3) there exist a constant M such that

| X (z,y,e)| <M, |Y(z,y,6)| <M, x€B,(K),ye (—00,00), ¢ € [0,e0];

4) the vector-function

27

X(z) = %/X(x,y,())dy
0

meet the Lipschitz condition with some constant L;
5) the system

de

= X(x) (13.20)
have the uniformly asymptotically stable solution (T, 19,&) that together with
its p-neighborhood (p > 0) belongs to the domain By (K).

Then for the slow variables x of the solution of system (13.19) the assertion
of Theorem 13.5 holds true; i.e. for any a (0 < a < p) there exist e1(a) (0 <
g1 < g9) and () such that for all0 < e < &7 the solution x(t,ty,xo) € By (K)
of system (18.19), for which the |xg — &| < B(«), obeys the inequality

|1/J(t7t07§0) - .’L'(t,to,l‘o” < a, t Z t0~
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Proof. We make a change 7 = et, & = ey and transform system (13.19)
into the system
= X(Z, %7 5);
=w(z)+eY(x,g¢)

s e

dz
ar (13.21)
dar

Conditions 2) and 3) of the theorem imply that, for sufficiently small ¢, the

function a(7) is monotonic and, therefore, o can be taken as an independent
variable instead of 7. System (13.21) is rewritten as

dz _ L)((x, %,5) + EXl(.’E,Oé,E)7

do w(z) 1
ar — o T eVila,a.e), (13.22)

where X (z,a,¢),Yi(z,a,¢) have the same properties as X (z, £, ¢),

Y (z,2,¢), respectively. It is easy to see that the right-hand sides of system
(13.22), for € — 0, integrally converge to the right-hand sides of the system

dx 1 v
&L = X(x
o~ wlo) (@) (13.23)
da w(z)?
that at the initial time 7 takes the form
dx v
& _ X (o)
T 13.24
% = w(x). ( )

The solution of system (13.23) is in correspondence to the solution (7, 79, &)
of system (13.24), uniformly asymptotically stable in the variable z, and the
respective solution of system (13.23) has the same property. Applying The-
orem 13.5 to system (13.22) and taking into account the fact that transition
from the time 7 to the time « is in one-to-one to ways differentiable mapping of
some neighborhood of the solution of system (13.23) into some neighborhood
of the solution of system (13.24), for sufficiently small ¢, yields the assertion
of the theorem.

Now consider the following system of differential equations

= EX(Ta957il/»5);

=w(x) +eY (1, z,y,¢), (13.25)

dx

&

dt

where z is the n-dimensional vector, y is a scalar variable, € is a small param-

eter varying within the interval (0,e¢],7 = et is the slow time. We assume

that the functions X (7, z,y,e) and Y (7, x,y,e) are periodic in the variable

y with the period 2w. Then, the following theorem is proved in exactly the
same way as Theorem 13.9.

Theorem 13.10. Let
1) the vector-functions X (1,2,y,¢), Y(7,2,y,€) be defined for x € B,(K),
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y € (—00,00), € € (0,&0], T € I, continuous in the variables T, x, € uniformly
with respect to y, and have no more than a finite number of simple disconti-
nuities (jumps) in y on each finite interval;

2) the function w(x) meet the Lipschitz condition with some constant L for
x € B,(K) and the inequality

w(z) > e >0,

holds, where c is a constant;
3) there exist a constant M such that

(X(r,2,y,6)| <M, |[Y(r,2,y,e)| <M, z€ By(K),y € (—00,00),
e €[0,e0], T € I;

4) the vector-function

27
1
X(T7ZL') = 2—/X(’T,£L',y,0)dy

™
0

meet the Lipschitz condition with some constant L1 in the variable x and be
continuous in 7 uniformly with respect to x;
5) the system
E = X(Tv .’E)
have the uniformly asymptotically stable solution (7,7, &y) that together with
its p-neighborhood (p > 0) belongs to the domain B, (K).

Then for the slow variables x of the solution of system (13.25), the assertion
of Theorem 13.9 holds true.






Chapter 14

Systems with a Rapidly Rotating
Phase

When a system of ordinary differential equations involves a small parameter,
the variables can be subdivided into fast and slow ones. The principle of
averaging allows fast variables to be eliminated and equations to be written
with only slow variables. The major part in all the problems related to the
principle of averaging belongs to the changes of variables. The changes make
it possible to eliminate fast variables from equations of motion within the
given accuracy and thus separate slow motion from the fast one.

We shall consider equations called the equations with a rapidly rotating
phase. Such equations arise, for example, when describing the motion of
conservative systems with one degree of freedom and subject to small pertur-
bations.

14.1 Near Conservative Systems with One Degree of
Freedom

Consider a near conservative differential equation
4+ f(2) = eG(z, 2), (14.1)

where € is a small parameter. We shall assume that for an unperturbed
equation
Z4+ f(2) =0, (14.2)

the general solution (also called general integral) is known and can be written
as

z = qo(x,t +tp), (14.3)

where z and t( are arbitrary constants. Besides, we shall suppose that f(0) =
0 and consider a domain in the phase plane of the variables z, Z such that all
solutions of unperturbed equation (14.2) are the periodic functions of time.
Hence, the function go(x,t + to) will be the periodic function of ¢ with the
period T' dependent upon z (in the general case). Now, instead of the variable

245
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t, we introduce a new variable in order to obtain a periodic solution with a
constant period. Let
y = w(@)(t +1o).

Here, the factor w(x) is selected so that the function

q(x,y) = qo(x,t +to)

is periodic with the period 2w. This condition defines unambiguously the
quantity w(z) that is a normalizing factor. By analogy with the linear case,
we take x to denote amplitude, w(z) to denote frequency and the variable y
to denote phase.

The function ¢(z,y) identically satisfies equation (14.2), i.e.

i+ f(z) = W (@)ayy(z,y) + fa(z,y)) = 0. (14.4)

Now, from equation (14.1), we go on to a system of differential equations using
the method of variation of arbitrary constants. This transition to the system
is similar to the transition to the system in standard form from the equation
of second-order. In the theory of oscillations, this method is referred to as the
Van der Pol method.

We introduce new variables I and y, where the variable I is the function of
the variable x. We shall show this dependence later. Now, we make a change

z=q(l,y), (14.5)

z=w(x)gy,(I,y), (14.6)

where I,y are new variables, differentiate (14.5) and equate the obtained
expression with (14.6). Thus, the first relation derived is

qre + quy = way. (14.7)

This equation is the condition for consistency formulas of the change (14.5),
(14.6). Substituting (14.6) in equation (14.1) yields the second relation

(W' (2)ay + w(@)qry) ] + w(@)ay,y = —f(q) + £G(q,w(z)gy), (14.8)

where w'(z) = 22 Tt is convenient to write equation (14.8) as

— (W' (®)ay + w(@)ary) ] — w(@)qyyy = fa) — eG(q,w(x)qy).- (14.9)

System (14.7), (14.9) is the system of two differential equations in I, y. At
the same time, with respect to the derivatives I, g, this system is the linear
algebraic system of equations. The determinant of this system is

A(l) = —(W'(z)qy j—w(m)th) —w(z)qyy |
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We select I based on the condition
A(I) =1.
Computing the determinant results in the equation

—w(®)qrqyy + (W' (2)q, + w(@)qry)gy = 1. (14.10)

The left-hand side of (14.10) is the periodic function of the variable y with the
period 27. We calculate the mean value of both sides of (14.10) and obtain

27
1

7 /[—w(x)qmyy + W' (2)q; + w(@)qryqyldy =1 (14.11)
0

We write an integral to be corresponding to the first term of the left-hand
side

27
- /w(w)qfqyydy-
0

Having integrated the latter integral by parts, we obtain

27

—w(x)qray |57 +/w(ﬂf)q1yqydy-
0

The non-integral term equals zero, since grq, - 27 is a periodic function.
Equation (14.11) will be written as

27

1

Py /[Qw(:c)quqy + w/(x)qi]dy =1. (14.12)
0

The left-hand side of (14.12) can be represented as

27 27
1 [d oo, d |1 )
g/ﬁ(w(af)qy)dy— i 27r/w(x)qydy
0 0

Therefore, (14.12) will hold true on the assumption

2

I= 2i /w(x)qjdy. (14.13)
™

0

The variable I is called the action variable.
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Note that the action variable can be calculated from the formula
27

1
idz. (14.14)

T o
0

1

We solve system (14.7) - (14.9) relative to I, 3 using Cramer’s rule. We
calculate two determinants. For the first one, we obtain:

sy

flg) — G —w(x)qyy | — ~w’ayayy — f(@)gy +Gay = eGay,

since
f(Q) = _WZny-

For the second one, we obtain:

AZ _ ’ qr wW(y

_ o /2 2 _
e e 1) | =00 —eC P, =

wl—wqrgyy + w'qj + wqryqy] — eGqr = wA(I) —eGqr = w — eGyy.

Thus, we have the required system of equations

4 = eG(q,way)q
n ) y )4y
% = w(I) — eG(q,wqy)qr, (14.15)

where w(I) = w(z(I)). The initial system in the neighborhood of the periodic
solution is said to be written in the action-angle variables. System (14.15) is
called a system with a fast phase, or a system with a rapidly rotating phase.

The action variable is a slowly varying variable, since 4 ~ ¢, and the angle

dt
(phase) variable changes rapidly, (% ~ w(I) = w(z(I))).

The periodic solution of unperturbed equation (14.2) in the action-angle
variables takes the form

dI
_:0’

4y _ 1
2 =w().

Hence, on the periodic orbit I = Iy = const, ¢ = w(lp)t.

14.2 Action-Angle Variables for a Hamiltonian System
with One Degree of Freedom

Unperturbed equation (14.2) can be written as a Hamiltonian system with
one degree of freedom
dg OH dp OH

a5 -5 (14.16)
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with the Hamiltonian

5 q
Hg.p) =" - [ 1

where z = ¢q, 2 = p.

The action-angle variables can be introduced for the Hamiltonian system
with one degree of freedom. Our statement of this problem follows the book
by Markeev [1999]. The phase space of this system is a plane of the variables
q, p- There exist periodic solutions of two types. In motions of the first type,
the functions p(t) and ¢(t) are periodic with the same period. Such motions
are called oscillatory. In motions of the second type, ¢(¢) is not periodic but
when it increases or decreases by some ¢y, the configuration of the system
does not change. Such motions are called rotary.

The action-angle variables are introduced in the following way. From equa-
tion H(q,p) = h we find the function p = p(q,h). Then we calculate the
action variable as a function of h by the formula

1
I=— h)d
2ﬂj{p(q, )dq,

where the integral is taken over the complete cycle of ¢ variation (a cycle
of oscillations or rotations, depending on the type of motion defined by the
equation H(q,p) = h). Transformation of the function I = I(h) gives h =
h(I). The generating function that assigns a canonical change of the variables
q,p — I,y has the form

V@D:/mwwmm

Implicitly, the change of ¢,p — I,y is given by the formulas

ov ov
p= 3_(]’ Yy = W
The new Hamiltonian function is
H = h(I).
In terms of the action-angle variables, equations of motion take the form
% =0, % =w(I).

Note that when the variable ¢ fulfills the complete cycle of variation, the
variable of angle y grows by 27. Denoting the increment of the angle variable
during the complete cycle of ¢ variation as Ay, we obtain

By 82V o [V oV
Wag=¢ S dg=2 ¢ 2 ag="2" (2x1) = 2.
ag ™! a1q %= a1 P 9g %= pr ) =27

Ay =
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14.3 Autonomous Perturbations of a Hamiltonian
System with One Degree of Freedom

Consider a perturbed Hamiltonian system

d: OH
d_;: = oy +5f(1'7y)7
dy _ _ 9H

(14.17)
dt — ~ Oz +€g($,y)7

where the Hamiltonian function H and the functions f(z,y), g(x,y) are suf-
ficiently smooth in the variables z, y in some domain G C R%?. We assume
that the unperturbed system has a domain Dy C G filled with oscillatory or
rotary motions.

In system (14.17), we pass from the variables z,y to the variables action-
angle I, 0 using the canonical transformation

v=U(L,0), y=V(I0),

where U(I,0), V(I,0) are the periodic functions in 6 with the period 27. After
the transformation we obtain the system

U If(U.V)5Y + g(U. V)Y
) ! ’ 14.18

b — o)+ =10,V g, V)28 (14.18)
Let us introduce the notation

oV oUu ov oUu
X(1,0) = [f(U, V)@ +9(U,V)%], Y(1,0) = [f(U, V)W - g(U, V)W]'
Then system (14.18) will be written as

% =eX(1,0), % =w(l)+eY(1,0). (14.19)

The right-hand sides of system (14.19) are the periodic functions of the phase
6. We shall assume that the functions X (7,0), Y(I,6) are bounded in mag-
nitude in some bounded domain of the plane R2. Then, for sufficiently small
€, the sign of the right-hand side of the second equation in system (14.19)
coincides with the sign of the function w(I) that is non-zero as the frequency
of the periodic solution of the unperturbed system. Hence, the variable 6, for
sufficiently small ¢, is a monotonic function of the variable ¢ and can be taken
as a new independent variable. Dividing the first equation of system (14.19)
by the second one yields the first-order differential equation

I X(I,6)

a9~ “w(l) +ev(1,0) (14.20)
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We average the right-hand side of (14.20) over # and obtain the averaged
equation of the first approximation

Z—; = Sf((I{))’ (14.21)
where
27
X(I) = % / X(1,)d6. (14.22)
0
If the algebraic equation
X()=0 (14.23)

has the solution I = Iy, then this solution is a stationary solution of the
averaged equation. Besides, if the inequality

X;(Io) #£0 (14.24)

holds (i.e. the root I = Iy of equation (14.22) is simple), then, by virtue
of Theorem 9.2, equation (14.21), for sufficiently small e, has the periodic
solution I(0,¢) with the period 27 and 1(0,0) = Iy. It follows from Theorem
9.3 that the obtained periodic solution is asymptotically stable if

Xi(Ip) <0 (14.25)

and unstable if
X;(Ip) > 0. (14.26)

The solution I(f, €) corresponds to the limit cycle (isolated closed phase curve)
x(t,€),y(t,e) of system (14.17). Then we proceed with the reasoning as it is
in Section 10.2. In order to obtain the solution I(t, ), (¢, ) of system (14.19)
from I(6,¢), we need to know 6 as the function of t. Therefore, we have to
solve the equation

0 =w(I(6,e)) +eY(I(0,e),0). (14.27)

The period of the function I(t,¢) is also determined from this solution. It
is necessary to find the solution (t,e) of equation (14.27) with the initial
condition §(0,e) = 0 and choose T = T'(¢) such that 6(T,e) = 2w. Then T'(¢)
is just the period in ¢ of the function 6(¢,e) and the corresponding solution of
system (14.17), since

0(t+T(e)),e) =0(t,e) + 2.

The limit cycle z(t, ), y(¢, €) is stable if inequality (14.25) holds and unstable
if inequality (14.26) holds.

It is convenient to formulate this result as a theorem as applied to system
(14.17).
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Theorem 14.1. Let a perturbed conservative system in terms of action-
angle variables have the form (14.19). Let the function X (I) be defined by
formula (14.22) and equation (14.23) have the solution Iy obeying inequality
(14.24).

Then system (14.17), for sufficiently small €, in some neighborhood of
U(Loy) of the periodic or rotary solution Lo of an unperturbed system has
a unique limit cycle (a closed orbit) L., and L. — Lo as € — 0. The limit
cycle L. is stable if inequality (14.25) holds and unstable if inequality (14.26)
holds.

Theorem 14.1 in different terms was obtained by Pontrjagin [1934] (see also
Andronov, Leontovich, Gordon, and Maier [1971]). We bring in the respective
formulation.

Theorem 14.2. Let Lg be a closed orbit of unperturbed Hamiltonian system
(14.16) and g = ¢(t), p = ¥(t) be the respective motion. Let T be the period
of the functions ©(t) and (t). If

1= [ lg, () w() + Filils), w5l 0,

0

then there exist the numbers p > 0 and 6 > 0 such that

a) for any €, |e| < 8, system (14.17) in the neighborhood of Ly has one and
only one closed orbit L., and L. — Ly as € — 0;

b) this orbit is stable if el < 0 and unstable if el > 0.

The phase space of system (14.19) appears to be a direct product of the
interval A = (I1,I3) € R! and the circle S'. Assume that in this domain the
system has no equilibria. Then, the following theorem holds.

Theorem 14.3. Let the equation

X(I)=0

on the interval A have only simple roots. Then, for sufficiently small €, each
of such roots corresponds to the limit cycle of system (14.17). The stable and
unstable cycles alternate.

The detailed research into the autonomously perturbed Hamiltonian sys-
tems is presented in the book by Morozov [1998].
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14.4 Action-Angle Variables for a Simple Pendulum

As an example, we find action-angle variables for the equation of a pendu-
lum
i+ Qsine =0, (14.28)

where Q2 = 4 (g is the gravitational acceleration, [ is the pendulum length).
The solution of equation (14.28) is expressed by the elliptic Jacobian functions.
Then we follow Appel [1909]). The required knowledge of the elliptic Jacobian
functions is given in the reference guide by Gradstein and Ryzhik [1965]). We
present some standard notation and formulas that will be of further use. By
k(0 < k < 1) we denote the modulus of elliptical function, K(k), E(k) are
the complete elliptic integrals of the first and second kinds, respectively:

/2 1

K(k) - f \/1 k251n %) ‘Of\/(l x2)(1 k222)’
7r/2
[ V1 —k2sin® pdp = f i xzdx

k' = v/1 —k? is an additional modulus, K'(k) is an additional elliptic first-
kind integral defined by the formula K'(k) = K (k). For three elliptic Jaco-
bian functions, we shall use the standard notation sn wu, cn u, dn u. Recall
some known relations

snPu+enPu=1, Ksn?u+dn®u=1, d—snu:cn udn u,
U
d 2
—cnu=—snudnu, —dnu=—k*sn udn u.
du du

Return to equation (14.28). The integral of energy for equation (14.28) can
be written as

L.EQ
@—cosxzh, h = const,
. : 20) | ()
T N A v (U . 2 2(0
0p T = =g I

Depending on the value of h*, i.e. choice of initial conditions, we obtain the
oscillatory or rotary motions of a pendulum. Consider the case of the oscil-
latory motions first. This case corresponds to h* that satisfies the inequality
0 < h* < 1. If 2(0) = 0, then this inequality means that 22(0) < 4Q2. Taking
into account that the velocity of the pendulum motion v = [%, we obtain the
inequality v2(0) < 412Q2, or v(0) < 4lg. Let h* = sin®2. Then « is the
maximum angle of the off-vertical deviation of a pendulum: |z| < o. We have

i? = 40°(sin® % sin? §)
2 2
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If the pendulum rises, then

= Qdt.

2 me%—sl 2

N8

Integrating yields
xr

d
/ Y = Q(t + to).
2, /sin? in?

« 3
0 578111 )

Hence, the general solution of equation (14.28) is
z(t) = 2arcsin ksn Q(t + o).
On the assumption that z(0) = 0, the solution is
x(t) = 2arcsin ksn . (14.29)

Formula (14.29) presents an expression for the oscillatory motions of a pendu-
lum, at that k = sin 5. The period and frequency of oscillations of a pendulum
are determined by the formulas

AK(K) @0

T= 9) s W—W

In equation (14.28) we pass to the action-angle variables (I,6) using the for-
mulas

2K (k
x = 2arcsin ksn [()9} = X1(1,0), (14.30)
T
2K (k
z = 2kQcn [()0} =Y1(1,0), (14.31)
™
where 6 = Qt The action variable is determined by the formula

27 27 2
1 1 Q
I =— /a':da: = —/ 402h* — 402 sin? Eda: = —/ k2 — sin? Edx.
2T 2 2 ™ 2
0 0 0

During complete oscillation, x runs twice the interval [—«, «], therefore

Lo /.
s1n2§—sm da:——/ sin? ——bln —da:

Making a change sin § = usin §, we obtain

1
SQk2 / VA u2
T J Vv1-— k:2u2
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The latter integral is readily represented as

80

s

I [E(k) — K*K (k)]

Let us calculate the derivative I with respect to k. With allowance for the
formulas of differentiation of the elliptic integrals with respect to modulus

dE _ E(k) - K(k)  dK _ E(k) - K*K(k)

dk k ok k ’

we obtain FTRYS

— = —kK(k).

dk 0 (k)
Since I is a monotonic function of k, then I(k) has the inverse function k(I)
and

dk s

dl — 8QkK (k)

Manipulation over (14.30) and (14.31) yields the system

dr_ . db_ 0
dt 7 dt  2K(k)

Let us consider the rotary motions of a pendulum. We assume that h* > 1 in
the energy integral. If 2(0) = 0, then the inequality #2(0) > 4Q? or v(0) > 4lg
holds. We write the energy integral as

.2

1
i? = 402h* — 402 sin? g — 40%h* <1 — e sin 2>

and suppose k% = 1/h*. We get

de 2—492h*(1—k2sin2§)
dt ) 27

Thus,
d% Q
2 = “dt.

2 k
+/1—k2sin 5

The general solution of equation (14.28) takes the form

. Q
x(t) = £2arcsin sn E(t + to),

or

z(t) = £2arcsin sn %t
if (0) = 0. Evidently,
Q. Q
£(t) = £2—dn —t.
(t) L an
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The plus sign stands for the anticlockwise rotation of a pendulum, while the
minus sign denotes the clockwise rotation. The action variable is determined
by the formula

27 2T

1 Q x 40
I=_— [dde=—— [ /1—k2sin® Zde = ——F(k).
QW/II k‘ﬂ/ S 4 k‘ﬂ'()
0 0
Then, we get
al _4K(k:)Q
dk 2%
Consequently, there exists the inverse function
% _ k2m
dl — 4K(k)Q

Changing over the action-angle variables (I, 6) by the formulas
K(k
x(t) = £2arcsin sn (LG) = Xo(1,0),
™
2Q K(k
(1) = = dn K

we obtain the system

o) = va(1,6),

ar_ - do_ _x0
dt 7 dt  kK(k)

14.5 Quasi-Conservative Vibro-Impact Oscillator

Here, we follow the work by Babitskii, Kovaleva, and Krupenin [1982] and
the book by Babitskii and Krupenin [2001] (see also Babitskii [1998]).
Consider a linear oscillation system with an equation of motion

P+ Q% =0

that describes harmonic oscillations of a unit mass body fixed on a spring
with a rigidity Q2. The phase portrait of this system are the ellipses

1
H(z,&) = 5(.’[72 +Q%2%) = E = const.

At the point z = A, we arrange an immovable limiter and assume that once
the coordinate x reaches the value A, an instant elastic impact occurs in the
system so that if x = A at the time instant ¢, then the relation

i(tq — 0) = —i(ts + 0) (14.32)
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holds.

On the presence of a gap, when A > 0, the ellipses, which conform to the
linear system are “cut” by a vertical line x = A and their left-hand parts
correspond to their true trajectories. If the energy level in the linear system
is insufficient to attain the level x = A, then linear oscillations with the
frequency ) take place. Under collisions, the oscillation frequency w > €2 and
rises with energy but no greater than the value 22 so that

Q<w<29, A>0. (14.33)
Under pull A < 0, the oscillation frequency w obeys the inequality
20 <w< oo, A<O. (14.34)

At A = 0 we have an ellipse cut in half. Therefore, for all values of en-
ergy, the image point passes any phase trajectory for the same time with the
doubled velocity 2£2 so

w=2Q, A=0. (14.35)

Similarly, we study the case when there are two symmetric limiters in the
system (see Babitskii and Krupenin [2001]).

Condition (14.33) suggests that variation of the impulse @y in the neigh-
borhood of the impact instant ¢, takes the form

J=d_—iy =20, i_>0,

where &, = @(t, F0).
The resultant force becomes local at t = t,. Hence

D |t=t, = JI(t — ta) (14.36)
and
ta+0
/ Dodt = J.
ta—0

Impacts occur periodically when t, = ty + o7, where « is an integer, and
T is the period between impacts calculated by the equality 7 = 27w ™! and
(14.33)-(14.34). Thus, for co < ¢t < 0o, we obtain a T-periodic continuation
of (14.36)

By = Jop(t — to),

where d7(t) - T is the periodic §-function.
Solution of the equation

i+ Q% + Og(x,4) =0 (14.37)
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is understood as the T-periodic function z(t) such that its substitution into
this equation transforms it into a correct equality (from the viewpoint of the
theory of distributions) of the form

i+ Q% + Jor(t — to) =0,
where t( is an arbitrary constant, and for all o = 0,41, ...
x(to+aT)=A, J=2i_(to+aT).
At the same time, the restrictions
z(t) <A, >0 (14.38)

are fulfilled, and the periods of oscillations, depending on the sign of A, fit
the frequency ranges of (14.33)-(14.35).

To describe the solution analytically, we assume ¢ty = 0. In this case, for
0 <t < Ty, the solution of equation (14.37) has the form

z(t) = —Jklwo(J)(t —to),wo(J)],

Q(t—To/2
R(t w) = o BE Tl J(wp) = —20A tan 22, J > 0,

and the third relation here determines the smooth dependence wq(J) at A # 0,
whereas wg = 20 at A = 0.

The representation found should be continued with respect to periodicity.
We arrive at

o0
(t, wo) wo wo cos kwot
k(t,wy) = —= + — —_.
o 2102w Pt 02 — k2w?

Geometric conditions of an impact often result in frequency intervals (14.33)-
(14.35). Note that when A = 0, the solution z(¢) for 0 < ¢t < 7/Q takes the
form

z(t) = —% sin Qt,

where J is a frequency-independent arbitrary constant.
Now consider a perturbed vibro-impact oscillator

i+ Q%x + Oz, 3) = eg(t,z, 1), (14.39)

where € is a small parameter. We call such oscillators quasi-conservative. We
assume 1 = wpt and transform equation (14.39) into the system in terms of
the variables J, v (impulse-phase), by making a change

z = —Jk[,wod],

& = —Jwo (T ths wo ], (14.40)
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Change (14.40) is not smooth; at 1 = 2lw, where [ is an integer, the function
kq has finite discontinuities, thus, in new variables, impacts occur when ¢ =
2lw. Making the substitution (14.40), we arrive at the system (see Babitskii
and Krupenin [2001])

aj _ Ny
il dewog(t, =Tk, —Jwoky ) Ky, (14.41)
dt

= wo(J) — dewoJ ~tg(t, — Ik, —Jwyky)(—JK) .
This is a system with a rapidly rotating phase, where the right-hand sides are

periodic in ¢ and have finite discontinuities (ky) at the points 1 = 2iw. The
dependencies wp(J) have the form

Q

J

wO(J):WQ/@QA)P A>0, Q<uwy<29,
wo(J) = —7arctan[’}/(mm], A<0, 20<uwy< o,
wg = 2Q = const, A =0.

Now let the perturbation be independent of ¢, i.e., be autonomous. Assume
that

g(w, @) = (a - fz?)i.
The oscillatory system
4+ Q%2 + O (z, 1) = (o — fr?)i

is called autoresonance. Changing over to the impulse-phase variables and
averaging the first equation over the fast variable yields
- J in QT J%(1 — sin 2QT/2QT
X()) = —r—r [a(l—sm )—ﬁ ( s /207)
2sin“(1/2wT) Qr 1692 sin“(1/2wT
Here, we should take into account that J = —2QAtan(1/2Q7T) and 7/Q <

T < 27/Q for A > 0. To find stationary solutions of the averaged equation,
we obtain the transcendental equation

X(J) =0.

It follows from Theorem 14.1 that each simple root Jy of this equation corre-
sponds to the periodic solution of the autoresonance. Stability of this periodic
solution is determined by the sign of the number X ;(.Jp).

14.6 Formal Scheme of Averaging for the Systems with
a Rapidly Rotating Phase

Consider a system
, = €X(x7 1/}’ 5)7

da
%—% =w(z) +e¥(z,,e). (14.42)
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Here, z is the n-dimensional vector; ¢ is a scalar, € > 0 is a small parameter,
the scalar function w(x) in the range of variables x; obeys the inequality

lw(z)] > ¢ > 0.

Assume that the right-hand sides of system (14.42) are expandable in terms
of the parameter ¢

92 — e Xy (z,9) + 2 Xa(x, ) + O(e3),

31@ ( ) + 6\111( ,¢) + 62\112(1‘,1/)) + 0(63), (14.43)

where O(g3) are the terms of order €% as ¢ — 0. Then, we suppose that all
functions X;(x, ), ¥;(x,1) are periodic in ¢ with the period 2. In system
(14.43), the variables z; change slowly (their rate of change is proportional to
the small parameter ¢), and the phase ¢ changes relatively fast, as, 1/1 ~ 1.
Let us describe the formal scheme of averaging of system (14.43). We shall
analyze the solution of system (14.43) that meets the initial conditions z(tg) =
Zo, P(to) = 1o on an asymptotically large period of time t of order 1/e. The
slow variables x;, within At ~ 1/¢, will acquire some limited increments, and
the fast phase ¢ may acquire a great increment during this time. The problem
in averaging of system (14.43) consists in getting a simpler averaged system,
where the slow variables x; and the fast phase ¢ will be separated. Besides,
the fast phase 1) must be eliminated from the right-hand sides of the averaged
system.

To obtain an averaged system as well as to separate the fast and slow
variables, we make a change of the variables

x =&+ eui(€,n) +2ua(E,m) + O(e3),
Yv=n+evi(&n) +e2 Uz(ﬁ, n) + O(e?). (14.44)

It is naturally assumed that at € = 0 the variables z, 1) and the new variables
&, n coincide, respectively. The variables £ and 7 are to be separated in the
averaged system, thus, we find the averaged system in the form

d—§ =eX1(&) +e%252(8) + 0(e?),
% :w(€)+5¢)1(€)—|—52(1>2(§) —|—O(€3)7 (14.45)

where %;(€), ®;(£) are to be defined.

Averaged system (14.45) is substantially simpler than original system
(14.42), since in (14.45) the system of the slow variables of motion is inte-
grated independently of the fast variable n, and after determination of the
slow variables &;, the fast variable 7 can be found by squaring.

We differentiate the formulas of the change of variables (14.44) in terms of
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system (14.45) and obtain

dg du1(&,m) d¢ Jui(§m) d 29uz(§,m) d¢ 20uz(§m) d
zTE édg G e G et T G e 287] G+ O0(e 3) =

eXq (& +eur(€,n) + e2uz(&,n) + O(E%), n+evi(&,n)+
+52U2(£a 77) + 0(53)) + +62X2(£ + Eul(é-?n) + 52“’2(5777) + 0(53)7 77"’
+av1(€ n) 4+ e2va(&,m) + O(e?)) + O(e%),

+ Eam(ﬁ n) d£ + Eavl(i n) dn + &2 8v2(£ n) d€ + g2 6vz(§ ,1) dn + O( )

(€+€u1(§ n)+€ U2(§ 77)+0( ))+6‘111(£+6u1(€ 77)

+e2uz(€,m) ++0(e%)), n+evi(&,n)+
+e2va(&,m) + O(e?)) + 2Wa (€ + eur (&, m) + 2ua(€,m) + O(3)), n+
+ev1(€,m) + 202(&,n) + O(e?)) + O(e%),

(14.46)

where the expressions of the form 8“18(5”7) = {8“:19(5’")} and the analogous
J

ones (containing the first derivatives) should be understood as matrices. In
(14.46), we replace the derivatives f , 1) with the right-hand sides of averaged
system (14.45) and expand all functions as power series of . Equating the
coefficients at € to the same power in the left-hand and right-hand sides of
the derived equality results in a recurrent system of equations for determining
the unknown functions w;(&,n), vi(§,n), 2:(§), ®:i(§), i = 1,2,.... We write
the first two equations obtained by equating the coefficients at ¢ to the first

power:
219+ 28 u(6) ~ i), (14.47
219+ 25 - 2y 6+ wilen), (14.48)

Note that (14.47) is an equation in the n-dimensional space, and (14.48) is a
scalar equation. We determine the vector-functions 31 (§) and uq (€, 7). Recall
that the vector-function X;(&,n) is periodic in n with the period 27. For the
2m-periodic function f(€), Fourier series expansion is written as

o0
> e

n=—oo

Consider a differential equation

Evidently, this equation has periodic solutions only when the mean value of

the periodic function f(n)
2m
fo= 5= [ fd
0= 57 nyan
0
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equals zero; at that, the periodic solution is determined accurately up to an
arbitrary constant and has the form

x(n) ~ Z {—;ei’”’ + const.
n#0

We turn to equation (14.47). Let us try to determine the vector-function
u1(&,n) as a 2m-periodic vector-function of the variable . We rewrite (14.47)

P = Xiln) - £a(6). (14.49)
On the assumption
1 27
0

the mean value of the periodic vector-function in the right-hand side of sys-
tem (14.49) equals zero. Therefore, if equality (14.50) is valid, then the
vector-function u;(&,7n) is determined as the 2m-periodic vector-function of
the variable 1. Note that it is determined accurately up to an arbitrary
vector-function of the variable ¢:

fal€) ™
= . 14.51
u(§,m) Z in w(@) + u10(§) ( )
n#0
Thus, formula (14.50) unambiguously determines the vector-function 3 (§),
and formula (14.51) ambiguously determines the vector-function uq (&, 7).
Now, recast (14.48) as

dvi(§,m Ow(§
Pu€m) ey = 990D e my 1w (e, m) — B (6). (14.52)
on dé
Equation (14.52) has the same form as (14.49). The right-hand side of the
system is the known 27-periodic function of the variable 7, since the vector-
function wy (&, n) is already determined. Therefore, on the assumption

27T
‘I)l(f):%/ [au;f)ul(&n)%l’l(&n) dn,
0

the function v1(€,n) will be determined as the 2w-periodic function n. Note
that the functions ®4(£) and v1(&,7n) are determined ambiguously. To cal-
culate 3;(£), ®;(£), ui(&,n), vi(€,1),i > 2 we obtain the equations similar to
systems (14.49) and (14.52):

Pt ute) = e - 59, P55l = Gileon) - 24(6)
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where the vector-functions F;(€,n) and the functions G;(£,n) depend on the
functions X (€), ®x (&) and ug(€,n), ve(€,n), where k =1,2,...,i — 1. Thus,
the vector-functions ¥;(€) and the functions ®;(§) are determined as the mean
values of F;(&,n) and G,(€,n), respectively. Thereby, we sequentially deter-
mine the coefficients in the formula of the change of variables (14.44) and the
coefficients of the averaged system at any accuracy with respect to the small
parameter €.

Note that in practice, it is normally possible to calculate only the coefficients
at € to the first and second power.

Consider averaged system (14.45). The system of a k-th approximation will
be called the following system for the slow variables

d"c’“ Zg (&), (14.53)

which was obtained by casting out the terms of order e¥*1 and higher in the
averaged system for the slow variables. Since we integrate system (14.53) on
the time interval ¢ ~ 1/e, then, generally speaking, (¢ — &) ~ *. Hence,
the solution & (t,e) of system (14.53) gives the k-th approximation for the
solution & of averaged system (14.45). Finding approximate values of the slow
variables & (t,e) provides the possibility of determining approximately the
fast variable 1 from the second equation of the averaged system. We arrived

at

n=nmno+ /[W(fk) + ey (&) + 2Dy (&) + .. ]dt. (14.54)

Since & — & ~ ¥, then w(§) — w(&) ~ €. Integration is on the interval
t ~ 1/e. Therefore, the fast phase is determined from equation (14.54) with
an error ~ £"~1 whereas the slow variables (¢, ) are determined with an
error €*. The computation accuracy for the fast variable is an order lower
than that for the slow variables. However, in particular cases, for example,
w = const, the fast and slow variables are calculated at the same accuracy.
Thus, it is natural to regard an averaged system of the k-th approximation

as the system comprising system (14.53) and the equation

dnk 1
bt +Za<1>l (&)- (14.55)

In view of their importance, let us write the system of the first approximation

d.
© e 1436)

and the system of the second approximation

L2 — %) (&) + €280(&a),

ﬁh = w(&) +eP1(&2). (14.57)
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Knowing the averaged values & and 75_1, we can find the respective approx-
imations for the original variables x; and ¥4

k—
ap =&+ ) €lkul(§k, Me—1),
-2
Vo1 = Mk—1 + Yy €0 (& me—1)-

Keeping the required accuracy, these equations can be written as

k_
oh =&+ S0, Elkul(fk—la Mh—1),
c—2
Vr—1 = Mk—1 + Y1y €01 (Ekmi—1: Mh—1-1)-

Consider the problem on setting initial conditions for the solutions of the
averaged equations. Assume that the initial conditions are expandable in
power series of the parameter ¢, i.e.

z(tg,e) = 2§ + exl + 223 + O(e?)
3

W(to,e) = 0 + et 4 e2h2 + O(e (14.58)

)
).
Using expansions (14.58), it is possible to find the equations for determining
initial values for the k-th approximation averaged system through substituting
the formula of the change of variables (14.44) at ¢t = to into the left-hand sides
of expression (14.56) and equating the coefficients at ¢ to the same power. In
particular, equations of the first approximation should be solved at the initial
conditions & (tg, &) = .

Introducing the slow time 7 = et transforms the equation of first approxi-
mation (14.56) into

d&

o = ¥1(&)- (14.59)

This equation should be solved on the interval A7 ~ 1. The parameter ¢
is thus eliminated from the first-approximation equations, and integration of
(14.59) on the finite interval A7 ~ 1 is simpler than integration of equa-
tions (14.56) on the interval At ~ 1/s. We can find the solution of the k-th
approximation equations in the form

k-1
k=8 + 2615&-
=1

In this case, to determine the corrections d¢; ,we obtain linear inhomogeneous
systems of equations.

The formal scheme of averaging is more comprehensively presented in the
book by Volosov and Morgunov [1971].



Chapter 15

Systems with a Fast Phase.
Resonant Periodic Oscillations

Consider a system of differential equations

= 5X(t73€’¢75)7

=w(x) +e¥(t,x,,¢), (15.1)

dx

&

dt
where x is a scalar variable, v is a rapidly rotating phase, € > 0 is a small
parameter, t € R.

We shall assume that the functions X (¢, z, v, ¢) and ¥(¢, x, 1, ) are periodic
in the phase v with the period 27 and periodic in the variable ¢t with the period
T = 27 /v. System (15.1) contains one slow variable x and two fast variables
1) and t. The presence of the two fast variables substantially complicates
the study of system (15.1) (see Morozov [1998]), since it is possible that the
frequencies w and v are commensurable.

Definition of Resonance. We say that a resonance takes place in system
(15.1) if

wiz) = Lu, (15.2)
b
where p, ¢ are prime integers.

For system (15.1), the condition of resonance (15.2) entails commensurabil-
ity of the natural vibration period 7 (the period of unperturbed motion) and
the period of perturbation:

p 2T

T==—.

q Vv
Condition (15.2) with the fixed p and ¢ can be considered as an equation with
respect to z. We denote its solution by x,,. The solution z = z,, is called a
resonance level. In this case, condition (15.2) singles out the resonance curves
among the closed phase curves of an unperturbed system. We shall call the
resonance level x = x,, non-degenerate if %(qu) # 0.

The behavior of the solutions of system (15.1) in the neighborhood of the
resonance levels is described in Morozov [1998], where non-degenerate pass-
able, partly passable and non-passable resonance levels, as well as degenerate
resonance levels are under consideration. Also, the topology of resonance
zones, existence of periodic solutions, nontrivial hyperbolic sets, and transi-
tion from the exact resonance to a non-resonance level are studied. The main
emphasis is placed on the global behavior of the solutions.

265
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In addition, we want to note the paper by Murdock [1975]. Here, the
following differential equation was considered

é: E:f(t7 07 é)?

where ¢ << 1 and f(¢,6, 9) is periodic in t and 6 with the period 27. This
equation can be written as the system

6=uw, w=c¢ef(t6,w).

Classification of the numbers w is presented with respect to various types of
resonance levels, and the local and global behavior of the solutions.

In this book, we only investigate the problem of the existence and stability
of periodic solutions in the neighborhood of a non-degenerate resonance level.
Essential is the fact that analysis of the problem requires averaged second-
approximation equations to be constructed.

15.1 Transformation of the Main System

To examine the qualitative behavior of the solutions of system (15.1) in the
1 = y/e-neighborhood of an individual resonance level
T = Tpq

Up=A{(z,¢) i apg—cp <z <azpg+cu, 0<¢@<2m, c=const>0,}

transform equation (15.1) into a more convenient form. We make a change
Y=g+ lut
p
and arrive at the system

& = eX(t,x, 0+ Lvt,e),

42 = w(z) — Ty +el(t, o, ¢+ Ivte).

Again make a change
T = Xpg + (2

and expand the right-hand side of the transformed system into a series in
terms of the powers of the parameter u:

% = UX(tapra<P + %l/t,()) +N2Xx(t71'pqa§0 + %l/t,())z + O(ﬂg)a

. 15.3
Cil_f = pwy(Tpg)2 + %/izwxx(mpq)ZQ + NQ\I’(taquv w+ %Vta 0) + O(u?). ( )

System (15.3) is the standard form of the system that contains only one fast
variable ¢. The right-hand sides of system (15.3) are periodic in ¢ with the
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least period 2%73. We now make a standard transformation of the method of
averaging in order to eliminate the fast variable ¢ from the right-hand sides of
system (15.3) with the accuracy up the terms of order p?. We shall find this
transformation in the following form

z=E+ pun(t,n) + 1Pus(t,n)€, o =n+ pPua(t,n), (15.4)

where wuy(t,n), ua(t,n), va(t,n) are defined as the periodic functions of the

variable ¢ with the period 22” and a zero mean value from the equations

aautl = X(t, xpg,n + %Vt70) — Xo(n),
B2 = Xu(t,xpg,n + 20t,0) = G, (2p9) — X1 (n),
% = V(t, 2pg,n + %Vt,()) - %Wr(qu) — Uo(n).

The functions Xo(n), X1(n) and ¥y(n) are determined from the formulas

27p
Xo(n) = % X(t, 2pg,n + gut,())dt, (15.5)
0
211'Tp
i) = g [ Kaltapgn+ ot 0)de
27p 2
0
2:p
Uo(n) = —— [ U(t,2pg,n+ Lut,0)dt.
27p ) D

Note that the functions Xo(n), X1(n) and ¥o(n) are periodic in 1 with the
least period 27”. For definiteness, we show that by the example of Xy (7).

Calculation of the integral in formula (15.5) reduces to calculation of the
integrals in the following form

27p 27p
) q . ) g
Qg = / ezm(n—l-pl/t)ezkl/tdt — 'mn / ez(mp+k)ytdt'
0 0

Evidently, au,, = 0if m2 +k = 0. Since m and k are integers, we see that the
latter equality takes place only when m = rp, where r is an integer. Therefore,
e = P and, consequently, the least period of the function X¢(n) in 7
equals 27’7. The change (15.4) results in the system

%:uXo(n)+u2X1(n)£+0(u3)7 (156
G = pwa (xpg)€ + Vo (1) + 312waa (2pg)E% + O(1®).
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15.2 Behavior of Solutions in the Neighborhood of a
Non-Degenerate Resonance Level

Assume that there exists a number 79 (0 < 19 < 27“) such that
Xo(no) =0, (15.7)

and 7 is a simple root of equation (15.7), i.e.,

Xoy(no) # 0.
In this case, the averaged system of the first approximation
dg dn
g = Ao, = pwa(pg)€ (15.8)
has the solution
£=0, n=nmo. (15.9)

Linearizing the right-hand side of system (15.8) on solution (15.9) yields the
matrix (m0)
0 pXoy(no )
A = i .
o(w) (uwm(qu) 0

Given the satisfied inequality
Xon(m0) - wa(Tpg) > 0, (15.10)

the matrix Ag(u) has real eigenvalues of opposite signs. Then Theorem 9.4
has the following implications.

Theorem 15.1. Let there exist a number ng such that it obeys equality
(15.7) and inequality (15.10). Then in the \/e-neighborhood of a resonance
point Tpq, for sufficiently small €, there exists a unique unstable periodic so-
lution of system (15.1) with the period 2%.

We now assume that instead of inequality (15.10) the opposite inequality

Xon(no) - wa(xpg) <0 (15.11)

holds. In this case, the eigenvalues of the matrix Ag(u) are purely imaginary.
To investigate the problem of the existence and stability of the periodic so-
lutions of system (15.1) in the neighborhood of the resonance point x,,, we
need to have the second-approximation equations in the following form

s 2
o = 1Xo(n) + 2 X1 ()€, 1519
% = luwi(qu)g + :LLQ\IIO(U) + %N2www(qu)§2. ( 5. )
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It follows from conditions (15.7), and (15.11) and the theorem of implicit
function that, for sufficiently small p, there exists a unique function w(u) =
(&(p),mo) such that £(0) = 0 and w(p) is the equilibrium state of system
(15.12). The system linearized on this equilibrium will have the following

matrix 2%, (o) (o)
12 X1(n0) 1 Xon(no )
A = K .
1) <ﬂwﬂ: (Tpq) N2‘I’0n(770)
It is easy to see that the eigenvalues of the matrix A;(p), for sufficiently small
1, have negative real parts if the inequality

X1(no) + Poy(no) <0 (15.13)

holds, and positive real parts if the inequality
X1(no) + oy (no) >0 (15.14)

holds. It follows from Theorem 12.1 that, for sufficiently small p, there exists
a unique periodic solution w(t, p) = (£(¢, 1), n(t, p)) of system (15.6) with the
period Q”Tp; this solution is asymptotically stable if inequality (15.13) holds
and unstable if inequality (15.14) holds, at that, |[w(t, ) — w(u)|| = O(u3).
We formulate the obtained result as applied to system (15.1).

Theorem 15.2. Let 1y meet equality (15.7) and inequality (15.11). Let
the inequality
X1(no) + Woy(mo) # 0

hold true. Then, for sufficiently small e, system (15.1) has a unique periodic
solution with the period = 272 i, the e-neighborhood of the resonance point p,.
This solution is asymptotzcally stable if inequality (15.13) holds and unstable
if inequality (15.14) holds.

15.3 Forced Oscillations and Rotations of a Simple
Pendulum

Forced resonance oscillations and rotations of a simple (mathematical) pen-
dulum are described by the equation

&+ evyi + Q?sinaz = ea cos vt, (15.15)

where € > 0 is a small parameter. Here, Q% = g/l (see Section 14.4), v > 0
is a damping coefficient, a, v are real numbers. Recall (see Section 14.4) that
the unperturbed equation of a pendulum

F4+0%sinz =0
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has the solution
x(t) = 2arcsinksn Qt, x(0)=0

and in terms of the action-angle variables (I,6) takes the form
dr_, d_ o
dt 7 dt  2K(k)

We now transform perturbed equation (15.15) into a system of equations using
the action-angle variables

2K (k 2K (k
x = 2arcsin ksn {AG} =X(I1,0), z=2kQcn [ ( )0} =Y(,90),
T T
where 0 = %Qt. We obtain the system
dl _ ; 2K (k) 20X
L = e asinvt — 29kQen 0|+ &,
i =<{ 28] | 53 15.16)

b — #?k) —¢€ {asinvt — 29kSQen 2K(k)9} } T

We say that a resonance takes place in system (15.16) provided

7 r

2K(k(D) 5 (15.17)

where r, s are coprime integers. Denote the value of I at which equality (15.17)
holds by I,s. By making a change

0=p+ fmf,
5
we transform system (15.16) into

dt

af — ¢ {asm vt — 2vkQen [2K(k) (p+ 11/15)] } Xo(I, o+ Tuvt),
do — y(I)—¢ {a sin vt — 2vkQen [QK(k) (p+ %Vt)} } Xr(I, o+ Zvt),

dt

(15.18)
where QO
0 r
I = - -
) = S5 5
Then we make a change
I=1s+ puz

and expand the right-hand side of the transformed system into a series in
terms of the powers of the parameter u:

@ =/ {a sin vt — 2vkQen [ 2Kk (p + yt)] } [(Xo(Irs, o + Svt)+

+/¢X91(L~3780 + tvt)z] + O(u )7

22 = pwr(Irs)z + $pPwir(L) 22+

+u? {a sin vt — 2vkQen {QK(k) (p+Z mf)} } X1 (Ins, @ + Zvt) + O ().
(15.19)
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The right-hand side of system (15.19) is periodic in ¢ with the period T = =&2
The averaged second-approximation system has the form

% = pXo(n) + 12 X1 ()€ + O(1),

15.20
o (e 12U () + 32 () €2 + O(), (15.20)

where X (n) is the mean value over ¢ of the first summand of the first equation
in the right-hand side of system (15.19), X;(n)¢ is the mean value over t of
the second summand of the first equation in the right-hand side of system
(15.19), ¥y(n) is the mean value over t of the third summand of the second
equation in the right-hand side of system (15.19).

Now, to investigate system (15.19) in the neighborhood of the resonance
point I, we make use of Theorems 15.1 and 15.2.

Calculate the derivative of the function w(I) at the resonance point I,

’ d ’/TQ 7T2 /
d=w'(Iys) = a7 <m> l1=1,, = D) [E(k) — K?K(k)] .

Hence, d < 0, since E(k)—k"?K (k) > 0 for 0 < k < 1. Now calculate the mean
value over t for the right-hand side of the first summand in the first equation
of system (15.19). Expansion of the function X (I, #) into the Fourier series

for the case of oscillatory motion of a pendulum takes the form (see Gradstein
and Ryzhik [1965])

19—82

sm (2n +1)0,

where

K’(k) qn+1/2
q = exp (—W 0 ) , o an(q) = Trgnit

The function %—§ is expanded into the Fourier series as follows

— =38 Zan cos(2n +1)0 = 4k[;(k) cn [QK(k) 9} ,

™

whereas the function %—)I( has the following expansion

X X 3 x©  n+l/2 1— 2n+1

O ~ Ok dI ~ AKSK2K3(k (1 + ¢2n+1)2
Note that we have utilized the formula

d K'(k) _ ™
dk K(k)  2k2k2K2(k)
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Further on, we get

—27kSen FK;TU“) 9} Xo(1,0) = —%81@21{(1@)907@2 {—ﬂi(k)a}
and
VT 2K () L
oo e |7 =-—— enudu = — k" )
27r0/ [ 77 9} W= ik k) O/ i = ey (B — KK ()]

We calculate the mean value for the right-hand side of the first equation of
system (15.19). It is apparent that this mean value can only be non-zero when
r=1,s=2n+1(n=0,1,...). If r =1, s = 2n + 1, the mean value equals

1 .
flp) = _iaan(q) sin[(2n + 1)p] — Y1 5.
In calculating the mean value, we took into account the following formula

8OK?

s

I [E(k) — KK (k).

Hence, equation (15.7) takes the form

2915

aan(e) "

sin[(2n + 1)p] =

Thus we obtain (4n + 2) different values of the number ¢q (19 in (15.7))

l (—1)l arccos A
= — l=1,...,4 2. 15.21
Yol 2n+17r om+ 1 ) s 4N + (5 )

The solution of equation (15.21) exists if
|4 < 1. (15.22)

At large n, inequality (15.22) is invalid, since

lim a,(q) =0.

n—oo

Whether (15.22) holds also depends on the value . The derivative of f() at
the point q; equals

b= folpor) = —(—1)l2n—2+1an(q)a\/ 1— A2

If [ is even, then
bd = w[(-[rs)ftp(@ﬂl) > 0.
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The conditions of Theorem 15.1 are satisfied. Therefore, in the \/z-neighbor-
hood of the resonance point I; 2,41 in system (15.15), for sufficiently small e,
there exists an unstable solution periodic in ¢ with the period 27” If [ is odd,
then

bd < 0.

In this case, we should consider the second approximation equations. Calcu-
late the functions X;(n) and Wy(n). It is easy to reveal that the mean value
is

2K (k) 1
2k t)| X7 (1ps, t)) = 0.
(2kyen (sa+2n+1l/) 1(Irss ¢ + 5= vh) =0
Therefore,
. 1
Xl(n) = <aSlDVtX9](I7~37T]+ om + 1Vt)> )

. 1
Uo(n) = —(asinvtXrg(Ls,n + ml/t».

Hence,
X1 (eor) + Yo(por) = —.

It is convenient to formulate the implications of Theorems 15.1 and 15.2 as a
theorem.
Theorem 15.3. Let I1 2,41 be a resonance point, i.e.,

us 1
2K(k([172n+1)) 2n+ 1

Let inequality (15.22) hold. Then, for sufficiently small €, equation (15.15)
has (2n + 1) unstable resonance periodic solutions in the +/e-neighborhood
of the resonance point and (2n + 1) asymptotically stable resonance periodic
solutions in the e-neighborhood of the resonance point. For € = 0, these
periodic solutions become periodic solutions of the unperturbed equation.

We also note that in view of the inequality

7
2K (k)

<Q (K(k) > g k> 0),

not all resonance points exist. For example, the main resonance point I; ;
exists if ¥ < 2 and does not exist if v > Q.

Consider the case of rotary motions of an unperturbed pendulum. We
choose the same perturbation

f(t) =asinvt
and, using the action-angle variables, obtain the system of equations

% =¢e[f(t) =Y (I,0)]Xa(1,0),
G = Trgy — () =Y (1,0)]X(1,6),
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where

2 = X(I,0) = 2arcsin sn {Kff) 0] C E=Y(I1,0) = %dn {@9} .

The resonance points are determined from the equation

() r

KE(R) s
After the change 0 = ¢ + Zvt, we obtain the system

L —e[f(t) =Y (I, 0+ Lvt)| Xo(I, 0 + Lut),

¢ . , . 15.23
de — (D) —elf() =Y (Lo + D)X L+ tvt),  (152)

where w(I) = #?k) — Zv. The derivative w([) at the resonance point equals

72 E(k)

= 2K

W' (Is)

For further calculations note that the following expansions into the Fourier
series take place

oo !
q .
X(I,0) :9+4272l5m19,
poet (1+¢q

LCMECH)

s ™

oo !
q
Xo(I,0)=1+4 E ————; coslf =
— (I+g

a0 E (- )
X(1,0)=— in 6.
I( ) ) k’2K3(/€)Q; (1+q2l)2 S
The mean value of the first summand in the first equation of system (15.23)
is non-zero only at r = 1, s = n. The equation for determining the number
o takes the form
’YIl,n

i = — = 15.24
s ne 2abn(q) ) ( )
where b, (q) = %{;n. For |B| < 1, equation (15.24) has 2n solutions
! —1)! arcsin B
g = T S aresinB o
n n

The derivative Xo,(n0) (in notation of Theorem 15.1) equals

Xon(mo) = *(fl)lQanbn(q)m

and, therefore, the number Xy, (1) is positive when [ is odd and negative
when [ is even. The further calculations are similar to those we performed in
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the case of oscillatory motions of an unperturbed pendulum. We arrive at the
following theorem.

Theorem 15.4. Let I ,, be a resonance point, i.e.,

T 1

k(Lo)K k(L) n

Let inequality (15.22) hold. Then, for sufficiently small €, equation (15.15)
has n unstable resonance periodic solutions in the +/e-neighborhood of the
resonance point and n asymptotically stable resonance periodic solutions in
the e-neighborhood of the resonance point. At € = 0, these periodic solutions
become rotary motions of the unperturbed equation.

We introduce an additional summand (instance) in the right-hand side of
the equation of a pendulum

&4 evi+ Q2 sinz = easinvt + e M,

where M is a constant. During oscillatory motions of an unperturbed pendu-

lum, the constant M has no influence on the existence of resonance periodic

solutions. When an unperturbed pendulum rotates, then a new summand

arises in calculating the number ¢y . The number ¢ is determined from the

equation

’VIl,n -M
2ab,(q)

It follows from equation (15.25) that when M > 0, the small M contributes to
the rise of the resonance solutions. If M is large, then there are no resonant
solutions. This feature of the rotary motions was pointed out by Chernousko
[1963].

The forced oscillations and rotations of a pendulum were investigated from
a different standpoint in the work of Markeev and Churkina [1985].

sinng = — (15.25)

15.4 Resonance Oscillations in Systems with Impacts
The results we gained are applicable to a quasi-conservative system with
impacts
2+ Qx4+ B(x,2') = eg(t, x,2),
where ®(x, 2’) is the operator of impact interaction, the function g(¢, z,z’) is
periodic in ¢ with the period 27“
Introduce the impulse-phase variables J, 1 using the formulas

r=—Ix(w), o =—Juo(Dxu(®), (15.26)
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where the functions x(¢), wo(J) are determined earlier in Section 14.3. After
this change, we obtain the system

iij_}] = _45W0(J)g(t’ _JX(w)a —on(J)Xw)(¢)Xw (¢)a
G = wo(J) — dewo(J)J g (t, =T x (), —Jwo (J)xw) () (=T x (1)) s

that has the form of system (15.1). Therefore, we can use Theorems 15.1
and 15.2 to investigate resonant solutions . The respective calculations were
performed in the work of Burd and Krupenin [1999].

As an example, consider an equation

(15.27)

2" 4+ Q% + ®(z,2') = elasin(vt + §) — y2'], (15.28)

where v > 0, Q, a,v, § are real constants. Transformation of (15.26) results
in the system

3L — —dewy(J)[asin(vt + 8) + vJwo () xw (W) xe (¥),
28 = wo(J) — dewo (J)JHasin(vt + 8) + yJwo () xw (V)] (=T x (V)1

(15.29)
Let J,q be the solution of the equation

wo(Jpg) = 2%l/.

By making a change ¢ = ¢ + %Vt, we transform system (15.26) into

& = —dewo(J)[asin(wt + ) + yJwo(S)xy (¢ + Lvt)lxy (e + Lvt) + Lut),

‘fi—f =wo(J) — Iv — dewo(J)J " tasin(vt + §)+
+yJwo(J)xy (e + Tvt)|(=Ix(e + tvt))s.
(15.30)
Again, make a change

J = Jpg + pz
and expand the right-hand side of the transformed system into a series power
of u. Then we find the averaged equations. To calculate Xy(n), which is

the first term of the first equation in the averaged system (15.6), we need to
average the sum of two terms. The first term is

—dwo(Jpg)[asin(vt + 6)]xu (e + %m). (15.31)

Since

1 X ksink(p + 1vt)

q — _
Xu (@ + ~vt) = —wo(Jpq) = Z 02 _ 2 Qo = Qfwo(Jpq] g
p 0

™
k=1

we have to average summands in the form

sin(vt + 0) sin k(e + g1/t), kE=1,2,....
p
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It is easy to see that the mean value of function (15.31) will be non-zero if
andonlyifg=1,p=n(n=12,...). For ¢ =1, p=n it equals

2a12

m COS(n’I] — 6)

The mean value of the second summand
q q
_47Jpqwg(‘]pq)xw(%0 + ]—)W)Xw(@ + 5”“/)

equals

402 A2
_’Y'];Dq (1 + 5 > .
2 vES

In calculating the mean value, we used the following equality
sin~2mQy = 1+ 4J2Q%A2,
Consequently, the number 7y is determined as the solution of the equation

VYIpg™ , o 402 A2
—0) =2 (Q° - 1+ =A,. 15.32
cos(ni = 9) 4av? ( V%) ( Joq e

Since A,, — oo as n — oo, we see that equation (15.32) can have solutions
only for a finite number of the values of n. If equation (15.32) has solutions
for the given value n, then these solutions are determined by the following

formulas 5 4 o
oy = — £ S8 L ZT 0,1
n n n

Calculating the derivative of the function Xg(n) at the points 7q; yields

2a1>

Xoy(not) = iiw(m 7 V1- A2, (15.33)

and, therefore, (15.33) has a positive sign at n points and a negative sign at
n points.
Simple computations show that X (no;) + Yo, (7o) < 0. Theorems 15.1 and
15.2 have the following implications.
If the resonance point J,; is the solution of the equation
v
w(Jp1) = o’
then, for sufficiently small €, equation (15.28) has n unstable resonance peri-
odic solutions with the period 2”7" in the y/e-neighborhood of the resonance
point J,; and n asymptotically stable resonance periodic solutions with the
period 2”7" in the e-neighborhood of the resonance point J,,;.






Chapter 16

Systems with Slowly Varying
Parameters

16.1 Problem Statement. Transformation of the Main
System

The formalism of the method of averaging for investigating resonant so-
lutions in systems with slowly varying coefficients was evolved by Mitropol-
skii [1964]. Periodic perturbations of two-dimensional systems with a rapidly
rotating phase and slowly varying coefficients were considered by Morrison
[1968]. He deduced equations of the second approximation and obtained the
conditions for the closeness of solutions of the exact and averaged equations
on a finite asymptotically large time interval.

In this chapter (see Burd [1996b, 1997]), we consider almost periodic per-
turbed two-dimensional systems with a rapidly rotating phase and slowly
varying coefficients. We investigate the conditions of the existence and sta-
bility for stationary resonant almost periodic solutions.

Consider a system of differential equations

dr =ef(z,p,0,¢), o =w(x,7) +eg(z, p, 0, T,€). (16.1)
dt dt
Here, ¢ > 0 is a small parameter, 7 = et is a slow time, z(t), p(t), ¥(t) are
scalar functions, and
dy

dt

We shall assume that the functions f(z,¢,¥,¢€), g(z, v, ¥, 7,€) are suffi-

ciently smooth in x, ¢, e, and the function w(x, 7) is sufficiently smooth in x.
Besides, the functions

Q(r).

f('r7§071/)7€)7 g($7 <p)¢77—’€)’ w(x77-)

are almost periodic in the variables v, 7 uniformly with respect to the other
variables. The function Q(7) is the correct almost periodic function of 7 and
is separated from zero for all 7

inf  |Q(7)] #0.

—o00<LT<00

279
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(Recall that the almost periodic function f(¢) is called correct if the integral
of this function is representable in the form

/tf Ht+ fi(t),

where f1(t) is the almost periodic function.)

System (16.1) is a system with two slow variables x, 7 and two fast variables
, 1. We will investigate the case of resonance; there exists an almost periodic
function xo(7) such that

w(zo(r),7) = 0.

Assume that the resonance is non-degenerate, i.e.,

inf |ww(a:o(7'),7)| £ 0.
—oo<T<
We shall study the behavior of solutions of system (16.1) in the p = /e-
neighborhood of the resonance point xo(7). We make a change

x =xo(T) + pz

and expand the right-hand side of system (16.1) in terms of the powers of u.
As a result, we obtain the system

% H [f(xO(T)v(Paw7Ta 0) dwo] + fm(l'o( ) QO,'L/),T, ())z+
T+ F(Z»%waﬂu),
C(lif = /’wa(wo(T)’T)Z + %/’L2w1$($0(7-)7 T)ZQ + /’(’2g($0(7—)7 %1%7'7 O)+

+12G(z, 0,0, 7, ).

(16.2)

System (16.2) contains only one fast variable ). We now make the standard
change of the method of averaging in order to eliminate the fast variable in
the right-hand side of system (16.2) to the accuracy of the terms of order u?.
We find the change in the form

z =&+ pur(n, ¥, 7) + pPus(n, ¥, 7)€ @ =0+ pPua(n, P, 7),

where the functions w;(n, ¥, 7), (i = 1,2), va(n,,7) are almost periodic in
1, 7. The change results in the system

%~ [foln7) = %] + 210,76 + 1 FAE . 0,7, ),
d_? = sz(xo, 7_)5 + 2/1’ wmﬂ?(wO? )52 + M290(777 T) + /1‘3G1(£7 777 1;[}; Ta :U’)v
(16.3)
where fy, f1, go are determined as the mean values over v:

f0(7777—) = <f(.’£0(7'),(p777/1,7‘, 0)>v fz(ﬂaT) = <fx(x0(7—)7@7¢a7_7 0)>v
90(77’7—) = g(l‘o(T), 0,9, T, 0)>
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The functions u;(n, ¥, 1), (i = 1,2), va(n, ¥, 7) are determined as almost pe-
riodic solutions in v with the zero mean value from the equations

Q(T)% = f(I'O(T)vspvvav 0) - fo(an)v
Q(T)%iz,2 = fﬂc(IO(T)’907¢aTaO) - uln(na¢37)wx(z077) - f1(77,7’)7
Q(T)%_l;/f = g($0(T),<,0,¢,T, O) - Wx(%ﬂ')ul(nﬂ/)ﬂ') - 90(7777-)'

In so doing, it is assumed that the functions

f(l‘O(T),QO,’(/hT, 0)7 fw($0(7)7Wa1/)77'7 0)7 g(x0(7)7@awa7—a 0)7 U1(77,¢>7'>

are the correct almost periodic functions of . System (16.3) at the time 7 is
a singularly perturbed system of the following form

ug_f_ = [f0(77,7) - dd%} + Nfl(n77—)§ + M2F1(§,77’¢’T7 M)’ (]_64)
:udirt] = wa:(x07 T)f + %/wax(l'o, T)€2 + :ugo(’r]’ 7—) + IU’2G1 (gv 7, 1/’7 T, H)

16.2 Existence and Stability of Almost
Periodic Solutions

Let there exist an almost periodic function 79 (7) such that

- d$0
Codr
In this case, the degenerate system derived from (16.4) at u = 0 has the
solution

Jo(n,7) (16.5)

=0, n=no(r). (16.6)
Linearizing the right-hand side of system (16.4) at x = 0 on solution (16.6)

yields the matrix
_ 0 fop(no,7)
Ao(7) = <wm(x0,7) 0 '

If
wz (2o, T) fon (Mo, 7) > 00 >0, T € (—00,00), (16.7)

where oy is a constant, then the eigenvalues of the matrix Ay(7) are real and
have different signs. Then it follows from the results of Chapter 8 that the

operator
dz 1
L = — — —A =
(17 = = 2 Aolr)z (== (€m)
for sufficiently small y, is uniformly regular in the space Bs of two-dimensional
almost periodic functions. Hence, an inhomogeneous system

dz

B = Aolr)z + (7).
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where f(7) € Ba, has a unique almost periodic solution z(7, ;) determined by
the formula

2rop) = L () f = % [ Ks s
Here,
\K (7,5, 1)] < M exp (-%h - s> (—00 < 7,5 < 00), (16.8)

and M, v are positive constants.
We also note that the zero solution of the system

dz
— 16.
s Ao(T)z (16.9)

is unstable, since the eigenvalues of the matrix Ay(7) have opposite signs.
We transform system (16.4) using a change

u=1n—1n0(T)

and write the obtained system in the vector form (z = (£, u)) with separating
the matrix Ag(7):

peo = Ao(T)z+ H(z, 0,1, ). (16.10)

The components H(z,, T, 1) have the form

fo(u‘f‘ﬁoﬁ) - % - fon(no,T)U+/Lf1(U+770,7')6+/1,2F1(§,u+7]0,’l/),7',ﬂ),
_'uu(lii‘l? + %Mwww(l'O,T)éQ + IU/gO(u + 77077—) + /.I/2G1(£,U/ + n07wa7—a /j/)

Evidently, the following inequality is valid

[H (0,9, 7, 1) < p(p), (16.11)

where p(p) — 0 as p — 0. Then, by virtue of the smoothness of H(z, 1, T, i)
in z for |z1|, |z2| < r, the following inequality holds

|H(Zla/¢77-7 /1') - H<Z27w77-a M)l < p1<7'7 M)lZl - zZla (1612)

where py(r, ) 0 as 7 — 0.
The problem of almost periodic solutions of system (16.10) is equivalent to
the problem of solvability of the operator equation

oo

(T, p) = i / K(r,s,u)H (2,0, s, u)ds = (z, p) (16.13)

— 00
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in the space Bs. Let us show that the operator II(z, 1) satisfies the conditions
of the principle of contraction mappings in some ball ||z|| < ag(p) in the space
Bs. According to inequalities (16.8) and (16.12)

2M
MGz, p) = TGz ll < —=pa(rs )z = 22l lall, flell <

Therefore, in particular, inequality (16.11) implies that

oM 2M oM
[[TI(2, )| < Tpl(r, ) + ([0, p)|| < Tpl(Ta 1) +p(u)7-

We now choose the numbers ag(p) and p; so that for 0 < p < p; the inequal-
ities oM
7pl(ao,u) =q¢ <1, [0, <1 —gao

hold. Thus, the operator II(z, ) for 0 < p < w1 on the ball ||z|| < ap in the
space Bs satisfies the conditions of the principle of contraction mappings. Note
that as g — 0, it is possible to choose the sequence ag(p) so that ag(u) — 0.

Thus, the operator equation (16.13) in the ball ||z|| < ag(p) has a unique
solution z. (7, ) such that as p — 0 it tends to (0,0) uniformly with respect
to 7. Hence, system (16.10), for sufficiently small p, has a unique almost
periodic solution z, (7, ). In its turn, system (16.4), for sufficiently small p,
has a unique almost periodic solution such that as p — 0 tends to (0,1(7))
uniformly with respect to 7. Therefore, system (16.3), for sufficiently small
u, has a unique almost periodic solution.

To investigate the stability of the almost periodic solution z, (7, u) of system
(16.10), we make a change z = z,(7, pt) + y(7, 1) and obtain the system

d
u% = Ao(T)y + Hi(y, ¥, 7, 1), (16.14)
where

Hl(y’waTv /’L) = H(Z*(T’ :U/) +y(7—a /'L)7¢7Ta /J/) - H(Z*(Ta M)7w77-7 :U/)

The problem of the stability of the almost periodic solution z (7, i) is reduced
to the problem of the stability of the zero solution of system (16.14). Taking
into account the exponential estimates on the solutions of system (16.9) (see
Chapter 8), based on the theorem of the stability in first approximation, we
obtain that, for sufficiently small u, the zero solution of system (16.14) is
unstable. Hence, the almost periodic solution z.(7,u) of system (16.10) is
unstable.
We shall state this result as a theorem as applied to system (16.2).

Theorem 16.1. Let xo(7) be an almost periodic function such that

w(xo(T),7) =0, inf  |wg(xo(r),7)| #0.

—ooLT<0o0
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Let f(xo(7),¢,%,7,0) be a correct almost periodic function 1, and Q(1) be a
correct almost periodic function T and

inf  |Q(7)] #0.

—oo<T<00
Let there exist an almost periodic function no(T) such that

dxo

foln(r),7) = —
and inequality (16.7) holds:
we (20, 7) fon (M0, 7) > 09 >0, 7€ (—00,00), 0o = const.

In this case, system (16.2), for sufficiently small p, has a unique unstable
almost periodic solution.

Hence, given the satisfied conditions of Theorem 16.1 in the p-neighbor-
hood of the resonance point xo(7), there exists a unique unstable almost
periodic solution.

Now let, instead of inequality (16.7), the contrary inequality hold

we (20, 7) fon (1m0, 7) < 01 <0, —00<T <00, 01=const. (16.15)

If inequality (16.15) holds, the eigenvalues of the matrix Ag(7) for all T are
purely imaginary. Now we need to consider averaged equations of higher
approximations (we used only the first approximation in satisfying inequality
(16.7)). First, we write system (16.2) in more detail (with the accuracy up to
the terms of order u?)

o(7), ¢,¢,7,0) - dm”]*—u fo(@o(7), 0,0, 7,0)2+
12 fo(x0(7), 0,9, 7, 0) + 2u 3 faa (w0, 0,9, 7,0)2% + O(u*),
o\T

% = mwa(20(7),7)2 + 3w (30(7),7)2% + 12g(0(7), 0, 9,7, 0)+
/1'3990 (1’0(7-)7 0,9, T, 0) + §/~L3wxmm (1'0(7_)7 7—)23 + O(M4)
(16.16).
Now, we consider a narrower neighborhood of the resonance point z(7). Let
Z = py.
System (16.16) by a change
@ =mno(7) + pp

is transformed into

C;t f(xOﬂ?vaaT 0) d:co +Mf¢($0a77071/)77 0)5+
2;“’ f«p¢(x037707w,7—7 0)/62 + +N fs(l’o,ﬂoﬂ/fﬁ 0) + szm(x(),nOadjaTa 0)+
+0(i?),
% - Mwm(fo, )+/j/ |:g(x07770)w77—? 0) dn0:| +p f@(x07n05w77— 0) O(Mg)
(16.17)
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We make the change of the method of averaging in the following form

Y= 5 + 50(7—) + ZO(w, T) + puy (1/% 7)77 + /142“2(/‘/)7 T, Ea 77)7 (16 18)
B =n+poi(y, 1) + pPva (¥, ), '

where the functions &(7), zo(¢, 7) will be chosen later. Substituting (16.18)
into (16.17) yields

& TG+ GEUT) + P G 4 p G+ (9, 7) G
HEGRO(r) + P GG + P GRG + O() =

f(ﬂfoﬂloﬂ/)ﬂ'y 0) - ddi-,—o + Mfcp(%aﬁ&%ﬂ 0)77 + %Mthptp(:L'Oanﬂava7 0)772+
+#2ftp(x07n0a 1/})7_7 0)”1(1/1;7) + #Qfm(x()an()a 1/})7_7 0)(5 + 50(7_) + ZO(va))—’_
jMQfe(-rO?nOa w77’ 0) + O(/’L?))a

G nGFUT) + P GRQTI + 2, T) G =

pwz (zo, T)(E + &o(T) + 20(¥, 7)) + pg(zo, Mo, ¥, 7,0)+

1129, (0, M0, 1, 7, 0)1 — & + 2w, (o, Tur (¥, 7)1 + O(1®).

Thus, we obtain equations for determining the functions

ZO(waT)7 ul(w77—)a vl(waT):
%_2?9(7) = f($0an07¢77-7 O) - %a

aqul Q(T) = ftp(x()anOawaT7 O) - <fg0(x0a77071/)77-5 O)>7
%Q(T) = wx(‘r()vT)ZO(’l/)?T) + g(x07n071/}5 7, O) + wx(‘r()vT)gO - (ZLTO-

Here, 29(1, 7) is defined as the almost periodic function 1 with the zero mean
value ({f(xo,n0,%,7,0)) = %). Recall that f(zg,n0,,7,0) is the correct
almost periodic function t. The function w; (), 7) is also defined as the al-
most periodic function in ¢ with the zero mean value (f,(zo, 70,1, 7,0) is the
correct almost periodic function ). To calculate vy (), T), we first define the
almost periodic function &y(7) by the equality

d
wx(x(b T)fo - % = 7<g(£)§0, Mo, wa T, O)>
Then for vy (v, ) we obtain the equation

%Q(T) = wy (w0, 7)20 (1, 7) + g(x0, M0, ¥, 7,0) — (g0, 1m0, ¥, T, 0)).

It is convenient to determine v; (1), 7) with the formula

Ul(waT) = ’U('I/J,’T) + ’lU(’T),

where v(1), 7) is the almost periodic function 3 with the zero mean value, and
w(7) is the almost periodic function 7 that we shall choose later. To find the
functions us (&€, 1,1, 7), we obtain the equation

((?)_ZEQ(T) + % + %_2? + u1<w77)wx($05 T)EO(T) = f@(w07n0>wa T, O)U(¢7T)+

f(p(x()vnOa Q/Ja T, O)U}(’T) + %f@w($0»7707¢77'7 0)772—'_
+fa:(x0a77071/)77-5 O)(€ + €0(T) + 20(¢)) + fs(x07770) Qﬁ’ T, 0)
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We select w(7) from the equality

w(7)<ftp($0an037/)77_7 0)> - dfq? - <f<,a(5”077707¢,7, 0)’”(1/%7»*
_<fx(x07770a1/]u7_7 0))(50 + 20(1/),’7') + <fs($077707¢77—7 0)>

This can be done, since, as follows from condition (16.15),
(fo(zo,m0,,7,0)) = fon(no, ) # 0. If we represent us(&,n,,7) as

U,Q(f, m, ¢a T) = p2(w) 7')5 =+ QQ(% 7')772 + T2(wa T)7

then to determine the functions po (¥, 7), g2(%, 7), r2(¥, 7) we obtain the equa-
tions

( ) = _wz(xO;T)/U(q/}aT) + fx($0a7707¢77'a 0) - <f$(x07n0717[}a7-a 0)>7
%_%Q(T) = %fg&cp(xﬂano,w,’ra O) - %<f¢¢($07770,¢,7a O)>7
%_IZQ(T) = [60 + ZO(Ta T)]fz(aj07770’¢77-7 O) - % - %J’_
+[U<1/J77') + w(T)]fgo(ann07va? O) + fa(l‘()a 770a¢77-7 0)

By virtue of the choice of the function of w(7), the mean value over ¢ in
the right-hand side of the latter equation equals zero. Therefore, ro(1), 7) is
determined as the almost periodic function ¢ with the zero mean value (it is
naturally assumed that the functions

fw(x(); 770a¢77-7 O)Zo(w77—)a f&p(x07n0awa7—7 O)U(¢77)7 fa($0a77071/)77'7 O)

are the correct almost periodic functions of ¢). From the first and second
equations, the functions ps (¢, 7), g2(¥, 7) are determined as the almost peri-
odic functions of ¢ with the zero mean value (v(¢, T), fpu(x0,n0,%,T,0) are
the correct almost periodic functions of v). To find the functions of vy (1), 7),
we obtain the equation

6’02
%Q(T) = —Wa;(xo, T)’U(,(/)v T) + gga(an 7o, wv T, O) - <g¢(x0a Mo, T, O)>
If g,(x0,m0,%,7,0) is a correct almost periodic function v, then vo(9,7) is
determined as an almost periodic function of ¢ with the zero mean value.
Therefore, all the functions involved in the change formula are found.
The change transforms the system into

& = pa(r)n + p2b(r)E + o(r)n?] + 1B Fa (&m0, 7, 1), (16.19)
D = pd(T)E + pPe(T)n + p3Ga(&,n, ¥, 7, ),
where

= (fo(x0,m0, 7,0)), b(7) = (fa(z0, M0, 7,0)),
<ftp<p(I077707 T, 0)>a d(T) = ww(!IIQ,T), 6(7—) = <f<p($077707 T, 0)>
(16.20)
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Condition (16.16) in new notation takes the form
a(t)d(T) < o1 < 0.

As was noted, it follows from this condition that the eigenvalues of the first-
approximation matrix are purely imaginary for all 7. We reduce system
(16.19) to “standard form”, i.e., to the form where the first-approximation

matrix is zero. Assume
d(7) 1/2
o(r)y=|——F%
a(r)
and introduce the function

T

/(—a(s)d(s))1/2ds.

0

1

X(7) =~

I

Let a(7)d(T) be a correct almost periodic function. We now go on to the new
variables using the formulas

6: (ACOSX+BSiHX)+/1R(A,B,T,X) (16 21)
n=20(7)(Bcosx — Asinx) + pR(A, B, 7, X), )
where the functions R(A, B, T, x), S(A, B, T, x) will be found as periodic in x
with the period 27, and equations for the variables A, B will take the form

WP(A BT+ 0), =2 B+ 0. (16.22)

dA
dt
Substituting (16.21) into (16.19) and taking (16.22) into account yields the

equations

a(T) (5(7‘)2—1; — 8| 4+ (Pcosy + Qsinx) = b(r)(Acos x + Bsin ),

a(T) % +d(T)R| = [6(7’) - %} (Bcosx — Asiny) + Pcosx — @sinx.
(16.23)
Elimination of R(A, B, T, x) from equations (16.23) gives
2
a(T [M —l—S} —2(Pcosx + Qsiny) =
) |55 ( (16.24)

= [br) + e(r) = 53] (Acos x + Bsinx).

In order for S(A, B, T, x) to be periodic, it is necessary that equation (16.24)
have no items with cosy and sin x. Hence we obtain

P(A,B,7.x) = A [b(r) + e(7) - 5] |

Q(A,B,7,x) = 1B |b(7) + e(7) - 53
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In this case, the solution of the equation (16.24) takes the form
S(A,B,1,x) = C1(A, B, 7)cosx + Ca(A, B, 7)sin x.

Now, from the first equation of system (16.23), we derive

R(A,B,1,x) = 26(1((77)) {b(’l‘) +e(r)— %I((:))] (Bcosy — Asin x)+

%(Cl(A,B,T) siny — Co(A, B, 7)sin x).

Evidently, we can assume Cy(A,B,7) = C3(A,B,7) = 0. Therefore, the
change

&= (Acosx + Bsiny) + u% [[b(T) +e(7) — %/((:))} (Bcosyx — Asiny),
n=0(r)(Bcosx — Asin)

transforms system (16.19) into the system

% = MZ% b(T) + 6(7') - (ES((:)) + IU/2f1<Aa Ba X?T) + O(,LL3)7 16 25
2B (16.25)
2

a8 b(T) +e(T) — %((:)) + 12 fa(A, B, x,7) + O(p?),

where the functions f1(A, B, x,7), fo(A, B, x,7) contain the terms with re-
spect to A, B no lower than square. Transition to the time 7 transforms
system (16.25) into the system

42 = 3 |b(r) +e(r) = 5| A+ 1A B x,7) + O(n), 626
§'(r :
9B = 1 |b(r) +e(r) = 55| B+ fo(A, B, x,7) + O(n),
By M (7) we denote the diagonal matrix
5/
M(r) = |b(r) + e(r) - 5((:)) I,
where [ is an identity matrix.
The system
T M) (:=(4,B)
— =M(1)z, (2=
dr ’ ’
determines a continuously invertible operator Lz = g—j — M (7)z in the space

Bs if the mean value of the almost periodic function b(7) + e(7) — ‘2'((:)) and,

consequently, the mean value of the almost periodic function b(7) + e(7) is
non-zero (the mean value of the almost periodic function §'(7)/6(7) equals
zero). So, if (b(7) + e(7)) # 0, then

Llf = / G(7,5)f(s)ds,
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where
|G(7,5)| < Mexp(—y|T —s]), —oco<T,5<o00, M,~v>0.

We write system (16.26) in the vector form

dz

= M)z + Fa(e, ) + pFa(e 7). (16.27)
The problem of the almost periodic solutions of system (16.27) is equivalent
to the problem of the solvability in the space By for the operator equation

oo

2(r) =1(z,p) = / G(7,8)[F1(z,x, 8) + uFs(z, x, s, i)]ds. (16.28)

— 00

Evidently, the following inequalities hold

|F1(0,x,7) + pF2(0, x, 7, )| < wi(p),
|F1(21, X, 7) — Fi(22,x,7)| S wa(r)|21 — 22|, |21, |22] <7,

where wq () — 0 as p — 0, and wa(r) — 0 as r — 0. These inequalities,
similarly to the proof of Theorem 16.1, imply that the operator II(z, ), for
sufficiently small pu, satisfies the conditions of the principle of contraction
mappings in a ball of the radius a(p) in the space By. Therefore, operator
equation (16.28) in this ball has a unique almost periodic solution z. (T, y).
The problem on the stability of this solution is investigated with the help of
theorems of the stability in the first approximation. If (b(7) +e(7)) < 0, then
the solution z, (7, ), for sufficiently small p, is asymptotically stable, and if
(b(t) + e(7)) > 0, then the solution z.(7, ) is unstable. We formulate the
result obtained as a theorem.

Theorem 16.2. Let a resonance function xo(7) meet the conditions of
Theorem 16.1. Let the inequality

a(T)d(T) <01 <0, € (—00,00).
hold. Suppose

f($07770»1/}; T, 0)7 fm(x077707w77—; 0)7 fs(x077707w77—; 0)»9(530,W07¢7T» O)

are correct almost periodic functions of 1. Besides, some other functions
arising in changing (16.18) are correct almost periodic functions of 1. Let the
function Q(7) meet the conditions of Theorem 16.1. Let a(7)6(T) be correct
almost periodic function and, finally, the inequality

{b(7) +e(7)) # 0
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hold. Then system (16.2) in the e-neighborhood of the resonance point, for
sufficiently small €, has a unique almost periodic solution such that is asymp-
totically stable if

(b(r) +e(r)) <0

and unstable if
(b(r) +e(r)) > 0.

16.3 Forced Oscillations and Rotations of a Simple
Pendulum. The Action of a Double-Frequency
Perturbation

As an example, consider a problem of forced oscillations and rotations of a
mathematical pendulum under the action of a double-frequency perturbation,
with the frequencies differing between one another by terms of order . The
corresponding equation has the form

&+ i+ Q%2 = ay sinwt + ag sin(wt + eAt), (16.29)

where Q, v, a1, as, w, A are real positive numbers. The perturbation function
f(t) = a1 sinwt + ag sin(wt + €At) can be presented as

ft,7) = E(1)sin(wt + (7)), 7 =¢t, (16.30)

where

E(1) = \/a? — 2a1az cos AT + a2, cosd(T) = 7a1+‘§(i‘35A7,

sind(7) = %.

Function (16.30) is periodic in ¢ with the period 27 /w and in 7 with the period
2 /A, at that, E(7) is strictly positive if a; # ag, which will be assumed.

As is shown in Section 15.3, in the case of oscillatory motions of an unper-
turbed pendulum, by making a change

2K (k)

2K (k)

0] = X(I,0), & =2kQen [ 0] = Y(I,0),

(16.31)
where 6 = #(,C)Qt, we can transform equation (16.29) into a system with a
fast phase

T = 2arcsin ksn {

b — ¢ {f(t,T) — 2vkQen [@9} %—iﬁ,

(16.32)
‘Lii_f = —2?&) —€ {f(t, T) — 2vkQen —ZKF(k) 9} } %—)I(.
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Here, the function X (I,0) is determined in Section 15.3, and K (k) is a com-
plete elliptic integral of the first kind.
We say that a resonance takes place in system (16.32) under condition of
the satisfied equality
sy r

= —V

2K (k(I)) s

(16.33)

where 7, s are coprime integers. We denote the value of I, at which equality
(16.33) holds, by I,s. By a change

0=p+ Cut,
s
we transform system (16.32) into the system
45 = {1(6.7) —2vkS2en |2 (o + o) |} Xo(L o+ 2o)
% = (D) = {f(t.7) — 2kQen 2 (o + £t)] | X (10 + 20),
(16.34)
where

) r
w(I)_QK(k) v
Note that I, is independent of 7. Therefore, d(7) = d is independent of 7
and d < 0, similarly to 15.3. We calculate the mean value over ¢ for the
right-hand side of the first equation in system (16.34). This mean value can
only be non-zero when r =1, s =2n+1(n=0,1,...). fr=1, s =2n+ 1,
then the mean value equals

£(6,7) = 5 B(r)an(a) sinld(r) — (20 -+ 1)g] — 7Ly

Recall (see Section 15.3) that

K1) oyt = 1o

1= (~r = T

The function ¢g(7) is determined from the equation

2915

sinfd(r) = @n+ el = o

= A, (7).

The solution exists if
[An(T)] < 1. (16.35)

At large n the inequality does not hold, since

lim ay(g) =0.

n—oo
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The possibility of inequality (16.35) holding also depends on the value of +.
If inequality (14.35) is satisfied, then we obtain (4n + 2) various values of the
function ¢g(7) (the function ny(7) in notation (16.5))

1

p— p— J— — l 1 =
_2n+1(5(7) Im—(—1) arcsin A, (7), (=0,...,4n+ 1.

vor(7)

The derivative of the function f(p,7) with respect to ¢ at the point g (7)
equals

a(r) = Fo(pa(m), ) = ~(-1) 2 Lan (@) B(r) VT~ A2(7).

If [ is even, then
a(t)d(t) >0, 7€ (—o0,00).

The conditions of Theorem 16.1 are satisfied. Therefore, in the y/e-neighbor-
hood of the resonance point I7 2,41, system (16.33), for sufficiently small ¢,
has an unstable almost periodic solution.
If [ is odd, then
a(T)d(t) <0, 7€ (—00,00).

Now we need to calculate the mean value of the function b(7) + e(7). It is
easy to calculate that

(2kyen {2[(7?(143)0} Xi(I,0))y=0 (0=¢p+ o+ 1wt).
Therefore,
b(r) = (f(t,7)Xo1(1,0)) — 1,
e(r) = —(f(t,7)X19(L,0)).
Hence,

b(r) +e(r) = —7.

The conditions of Theorem 16.2 are satisfied. Therefore, in the e-neighbor-
hood of the resonance point I 2,11, system (16.34), for sufficiently small e,
has an asymptotically stable almost periodic solution.

We could also assume that + is not a constant but an almost periodic
function «(7) with a positive mean value. The functions E(7) and §(7) can
be supposed to be periodic as well.

The rotary motions of an unperturbed pendulum is studied similarly. In
this case, 2n resonance points can exist.

Analogously, a more general pendulum equation can be investigated

&+ (1) sinx = [y(1)d 4+ E(7)sin(v + 4(7))]. (16.36)
Here, (1) is a correct almost periodic function such that it satisfies the
conditions described in the beginning of the chapter, % = w(r), w(r) is a
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correct almost periodic function separated from zero, () is a correct almost
periodic function with a positive mean value.
Consider solutions of the equation

&+ Q% (1)sinz =0

within a sub-domain of the domain of oscillatory motions for all 7, the bound-
ary of this sub-domain being independent of 7. Transform equation (16.36)
into a system using change (16.31). The resonance points I, are determined
from the equation

)= Lutr),

2K (k(I.5)) s

where r, s are coprime integers. Making the change 6 = ¢ + (r/s)v in the
respective system and calculating the mean values over v in the right-hand
sides, we obtain that the function fo(¢,7) can only be non-zero at r =1, s =
2n + 1. The equation for determining ¢o(7) assumes the form

2% + 29(7)15(T)
E(7)an(q)

Calculation of the coefficients a(7), b(7), ¢(7) and d(7) yields the same results
as in the previous case. Thus, for equation (16.36), the assertions are the same
as those for equation (16.34).

The above scheme is also applicable to investigation of the resonance solu-
tions of a pendulum with a vertically or horizontally oscillating pivot, accord-
ing to the law

sin(0(7) — (2n+1)p) =

& =eE(7r)sin(v + 6(1)), % = w(T),

where E(7), 6(7),w(T) are periodic or almost periodic functions.
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Appendix A

Almost Periodic Functions

In this section we describe the basic properties of almost periodic functions
used throughout this book in more detail than in Section 1.2. The theory
of almost periodic functions is comprehensively covered in many books (e.g.,
Levitan [1953], Fink [1974], Corduneanu [1989]).

The functions of this class are defined for all ¢ € (—o0,00) (we shall write
teR).

Let the following expression be the trigonometric polynomial

T.(t) = Z ay, cos wit + by, sin wyt, (A.1)
k=1

where a, by, wy, are real numbers. It is convenient to write expression (A.1)
in the complex form

n
T,(t) = Z cre™,
k=1

where )\, are real numbers.

There exist the trigonometric polynomials that differ from the periodic
function. Indeed, let us take the polynomial f(t) = e + e!™. Assume that
f(t) is the periodic function with some period w. The identity f(t+w) = f(¢)
takes the form 4 4 , .

(ezw _ 1)67,16 + (em’w _ 1)67,71'1‘, =0.

Since the functions e and €™ are linearly independent, we have that
e —1=0,¢e™ —-1=0.

Hence, w = 2k7m and mw = 2h7, where k and h are integers. These equalities
cannot hold simultaneously.

Definition A.1. The function f(¢) defined for ¢ € R will be called almost
periodic if it can be represented as a limit of the uniform convergence on the
entire real axis of the sequence T),(¢) of the trigonometric polynomials in the
form (A.1). That is, for any € > 0 there can be found a natural number N
such that when n > N

sup | f(t) = T. ()| < e.

—oo<t<oo
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Evidently, any continuous periodic function will be almost periodic in terms
of Definition A.1. Now let us describe the properties of almost periodic func-
tions.

Theorem A.1l. Every almost periodic function is continuous and bounded
forteR.

Proof. Since the polynomials T,,(t), n = 1,2,... are continuous, we see
that their uniform limit on R is a continuous function. Let us show that the
almost periodic function f(¢) is bounded. Assume that T (¢) is a trigonometric
polynomial such that

sup  [f(t) = Tu(t)] < 1.

—oo<t<oo

Let SUp_ o csc00 |T1(¢)| = M, then
IF@OI < [f(t) = Ta@®)] + T ()] < M +1

and, therefore,
sup |f(t)| <M +1.

—oo<t<oo

Theorem A.2. Every almost periodic function f(t) is uniformly continu-
ous.

Proof. Evidently, for any t;, to € R and the trigonometric polynomial
T,(t), the following inequality holds true

[f(t1) = F(2)] < |f(t1) = To(ta)| + [Tn(tr) = To(t2) |+ |Th(t2) — f(t2)]- (A2)

Let € > 0. Choose n such that the inequalities
€

) = Tult)] < 5, 1f(t) = Tulta)] < 3

3

hold. Since T, (¢) is uniformly continuous, we have that there exists § > 0
such that for |t; — t2] < § the inequality

Talt2) = Tut2)] < 5

is satisfied. It follows from (A.2) that for |t; —t2| < ¢ the following inequality
is valid

If(t1) — f(t2)| <€

Theorem A.3. If f(t) is an almost periodic function and c is a constant,
then cf(t), f(t+¢), f(ct) are the almost periodic functions.
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The proof is evident.

Theorem A.4. If f(t) and g(t) are the almost periodic functions, then
f(&) £ g(t) and f(t) - g(t) are the almost periodic functions.

Proof. We shall show that f(¢) + g(¢) is an almost periodic function. Let
e >0 and T.(¢), R.(t) be the trigonometric polynomials such that

|f(t) = T(t)] < g lg(t) — R(t)] < g
In this case,
[f(t) +g(t) = [T(t) + Re(t)| < [£(2) = T=(t)] + |g(t) — R=(2)]- (A.3)

The required assertion follows from (A.3). Now let T.(¢t) and R.(t) be the
trigonometric polynomials such that

uvwfwn<ﬂj§5,m®*RN”<zﬁiﬂ’

where M is a constant, for which the following inequalities hold
lfO)] < M, |g(t)] < M.

Then
IT.()] < ITo(t) — ()] + @) < .

We obtain

[f(0)g(t) = Te() R ()| < [g(D)I1f () — Te(t)] + [T=(t)llg(t) — Re ()] < e.

The latter inequality implies the almost periodicity of f(t), g(t).

Corollary A.1. If P(z1,z29,...,2;) i a polynomial of variables
21,22y« -y 2k and f1(t), f2(t),. .., fr(t) are the almost periodic functions, then
F(t) = P(f1, f2y---, fx) is an almost periodic function.

Theorem A.5. The limit of a uniformly convergent sequence of almost
periodic functions is an almost periodic function.

Proof. Let fi(t), k = 1,2,... be a sequence of the almost periodic func-
tions that uniformly converge to the function g(¢). Show that g(¢) is an almost
periodic function. Using defined ¢ > 0, we can specify K such that for k > K
(by virtue of the uniform convergence)

lg(t) — fu(t)] < g teR.
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For the almost periodic function fi(t), it is possible to define the trigonometric
polynomial T (¢) such that

fet) = T(t)] < £

=, teR.
2

Then for all ¢ the inequality

l9(t) = T())] < lg(t) = fe(®) + [fr(t) = Tu(t)| <€

holds true. Therefore, the function g(¢) can be uniformly approximated by
the trigonometric polynomials.

Theorem A.6. Let the function ®(z1,2a,...,2;) be uniformly continuous
on a closed bounded set M in a k-dimensional space. Let f1(t),f2(t),...,fx(t)
be the almost periodic functions and
(f1(t), f2(t),..., fx(t)) € M for allt € R. Then
F(t) = ®(f1(t), f2(t),..., fr(t)) is an almost periodic function.

Proof. By virtue of the Weierstrass Theorem on the approximation of
continuous functions with polynomials, for any € > 0 there exists a polynomial
P.(z1, #2,..., z) of variables 21, z,..., 2 such that

|D(21, 22,....2k) — Pe(21, 22,..., 21)| < e (A.4)

The function P.(f1(t),..., fr(t)) is almost periodic by virtue of the corollary
to Theorem A.4. Assertion of the theorem results from inequality (A.4) and
Theorem A.5.

Corollary A.2. Let f(t), g(t) be the almost periodic functions and

—oolgtf<oo |g(t)| >0

then f(t)/g(t) is an almost periodic function.

Proof. Tt is sufficient to show that 1/¢(¢) is an almost periodic function.
The conditions of the corollary and boundedness of the function g(t) imply
that 0 < m < g(t) < M. It is evident that the function ®(z) = 1/z is
uniformly continuous on the set m < |z| < M. Therefore, Theorem A.6
implies that 1/¢(t) is the almost periodic function.

We consider the function f(¢,z1, 2,...,2%) that depends on the vector
parameter x = (z1,...,x)) varying in the bounded set M € RF.

Definition A.2. The function f(¢,z) is called almost periodic in ¢ and
uniform with respect to x € M if for any € > 0 it is possible to specify a
natural number N such that for n > N

n

sup  |f(t,2) =) alz)e™| <e,

—oo<t<oo -1
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with the functions ¢;(x) being continuous on M.

It is possible to show that the function f(¢,z) is almost periodic in ¢ uni-
formly with respect to x if it is almost periodic in t for every fixed = and
continuous in z € M uniformly with respect to t € R.

Theorem A.8. If the function f(t,x) is almost periodic in t uniformly with
respect to x € M and z;(t), (i = 1,...,k) are the almost periodic functions
with

(z1(t), z2(t), ..., zx(t)) € M

fort € R, then f(t, x1(t),..., xx(t)) is an almost periodic function.

Proof. Without loss of generality, we assume that the set M is bounded.
Then the functions ¢;(x), i = 1,...,k are uniformly continuous on M. By
virtue of Theorems A.6 and A.4, the function

n

ch(ﬂh(t), o ,xk(t»ei/\lt

=1

is almost periodic. Therefore, Theorem A.5 implies that
f@t, z1(t),...,2(t)) is the almost periodic function.

The continuous function f(t) is called the normal function if the family of
the functions {f(t + h)}(—oco < h < oo) has the following property: on any
infinite sequence of the functions

ft+ha), f(t+ha),...

it is possible to choose a sub-sequence that uniformly converges at all ¢.
Theorem A.9. The almost periodic function f(t) is a normal function.

This theorem is proved in the following manner (see Corduneanu [1989)]).
It is easy to see that the function e** is normal. It is then proved that a
trigonometric polynomial is a normal function, then, using Definition A.1,
the property of the normal arbitrary almost periodic function is determined.

S. Bochner showed that the property of the normality of a function is a
necessary and sufficient condition of the almost periodicity of the function.

Theorem A.10. Let f(t) be an almost periodic function and its derivative
f'(t) be uniformly continuous on the entire real axis. Then f'(t) is an almost

periodic function.

Proof. Consider the functions
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Using the mean-value theorem, we get

O

or(t) = f'(t+ k), 0<0,<1.

For k — oo, the sequence of the almost periodic functions g (¢) uniformly
converges for ¢ € R to the function f’(¢). Thus, f'(t) is the almost periodic
function.

Consider the problem of the integrability of an almost periodic function
later. The following property of an almost periodic function is especially

important to us.

Theorem A.11. For an almost periodic function f(t) there exists a limit

that is uniform with respect to a. The number (f(t)) is independent of the
choice of a and is called the mean value of the almost periodic function f(t).

Proof. Let f(t) = T, (¢t) be a trigonometric polynomial:

n
t)=co+ E cret
=1

where \; are non-zero real numbers. In this case,

) zAL (a+T) i)\La
TlE»I;oT / dt—CO+ZClT.

This implies the inequality
a+T n
C

1 2
T/Tnu)dt—co <2y
a

A’
=117

which, in turns, it follows that

a+T

lim 1 / T, (t)dt = co.

T—oo T
a

For an arbitrary almost periodic function f(t), we take a trigonometric poly-
nomial T, (t) such that

O -Tu®] <5 teR,



Almost Periodic Functions 303

where ¢ > 0. Since for T,,(t) there exists a mean value, we see that it is
possible to specify T'(e) such that for 11, T» > T'(¢)

1 a+T1 1 a+T5
€
— T,(t)dt — — T,(t)dt| < —.
r [ - [ T <
Consequently,
1 a+T1 a+Ts a+T1
— dt — — )dt| < — t) — T, (t)|dt
w [ o / < [ 110 - Tl
a+Th a+Tsz a+T;

1
+—/ dt——/ dt< +— / |f(t) (t)|dt < e
T

for T, To > T'(e). The latter inequality shows that, uniformly with respect
to a, there exists the limit

We show that this limit is independent of a:

a+T T
3 ] s & o

Since |f(t)| < M < oo, we have that for a > 0, T > 0

a+T atT
/f dt—/f /f dt—/f dt<2aTM

This implies the desired equality.

Let f(t) be a periodic function with the period w. We present the real
number 7" in the form T = nw + a,,, where n is an integer and «a,, meets the
inequality

0<a, <w.

If T — oo, then n — oco. We calculate the mean value of the function f(t):

T nw+oy,
@) = tim = [ ()t = Tim #/0 F(t)dt =

T—oo T Jq n—oo NW + Qi
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1 n—1 (i4+1)w nw+any
li SEE— t)dt t)dt p =

=0

nlggonw—i-ozn{ / f() dt+/ f@t) dt} /wa(t)dt

Thus, the mean value introduced for the periodic functions coincides with the
ordinary mean value of a periodic function.

The existence of the mean value allows a Fourier series to be constructed
for an almost periodic function. Let f(t) be an almost periodic function. Since
the function e is periodic for any real A, we obtain that the product f(t)e**
is an almost periodic function. Hence, there exists the mean value

a(A) = (f(t)e™).

Of fundamental importance is the fact that the function a(A\) may be non-
zero for only countable set of A, at most. The numbers Ai,...,\,,... are
called the Fourier exponents, and the numbers a,...,a,,... are the Fourier
coefficients of the function f(t).

Thus, for any almost periodic {(t), we can associate a Fourier series:

t) ~ E anernt
n

The Fourier series allow for formal operations. Let f(t) and g(t) be the almost
periodic functions and

t) ~ Zane”‘"t = Za(/\)ei)‘t,

A

t)~ > buetnt =3 " b(A)e.
n A

Then:
1) kf(t) ~ >, kane*t (k= constant),
2) Mtf(t) ~ Zn anei(An+>\)t’
3) ft+a)~3, ap,e’ ettt (o € R),
9 F(1) ~ 5 e, |
) f(£) +g(t) ~ 225 (a(N) +b(N))e™,
) f(@t)-g(t) ~ 3, cne™nt, where

Cp = Z apby.

Aptig=vn

6

If the derivative of the almost periodic function f(t) is an almost periodic func-
tion, then its Fourier series ensues from the Fourier series {(t) using a termwise
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differentiation. If an indefinite integral of the almost periodic function f(t) is
an almost periodic function, then

/f dt~c+z et (N, #0).

Consider the integration of the almost periodic functions. If f(t) is a periodic
function with a non-zero mean value, then the following equality is valid

/ F(t)dt = ()t + g(t),

where g(t) is a periodic function. Generally speaking, the latter equality does
not hold for the almost periodic functions. There exist the almost periodic
functions with a non-zero mean value such that their integral is unbounded
and is, thus, not an almost periodic function. An example of such a function

is the function
t) - Z ﬁ@z k2
k=1

We shall call the almost periodic function f(¢) correct if the following equality
is satisfied

/f ()t + g(t)

where ¢(t) is an almost periodic function. The function f(¢) is correct if it is
a trigonometric polynomial. If the Fourier exponents of a periodic function
are separated from zero \,, > § > 0, then this function is also correct.

If there exists a finite set of the numbers wy,ws,...,w,, such that each
Fourier exponent of the almost periodic function is a linear combination of
these numbers

An = n1w1 + -+ N,

where ny,...,n,, are integers, then this almost periodic function is called
quasi-periodic. The quasi-periodic functions can be obtained from the func-
tions of several variables. For instance, let F'(x,y) be a function periodic in
each variable with the period 27. In this case, F(wit,wst) is a quasi-periodic
function if the numbers w1, w> are incommensurable.

It follows from the above properties of the almost periodic functions that
they generate a linear space. If we introduce the norm

If@I = sup |f(®)],

—oo<t<oo

then this space forms a Banach space (a complete normalized linear space).
This space is denoted as B. It is easy to see that the mean value is a linear
functional on this space, i.e. the mean value has the following properties:

1) (cf(¥)) = ¢(f(t)) (c=constant),
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2) ((f() +9(1))) = (f()) + {9(2)),
3) If the sequence of the almost periodic functions fi(¢),..., f,(t),... uni-
formly converges for ¢t € R to the almost periodic function f(t), then

lim (f,,(t)) = (f(t)).

n—oo



Appendix B

Stability of the Solutions of
Differential Equations

In this book we place high emphasis on the method of averaging on an infinite
interval as applied to the research into stability of the solutions of differential
equations. For this reason we provide some definitions and results of the
Lyapunov Stability Theory, that we use in this book. A more detailed account
of the theory of stability is presented in Krasovskii [1963], Malkin [1966], Hahn
[1963], and Rumiantsev, and Oziraner [1987].

B.1 Basic Definitions

Consider a system of differential equations

dx

pri X(t,x), (B.1)
where the vector-function X (¢,x) is defined for ¢ € [0,00), € D, and the D
is a domain of the n-dimensional Euclidean space R". We assume that for sys-
tem (B.1) the conditions of the local theorem of the existence and uniqueness
solutions of the initial problem are fulfilled. Let (¢, to, 20) (¢(to, to, o) = o)
be the solutions of system (B.1) defined for t >ty > 0.

Definition B.1. The solution ¢(t,tg,xo) is stable in the sense of Lyapunov
(hereinafter, Lyapunov stable) if for any e > 0 it is possible to specify 6 > 0
such that for the solution ¥(t,to,&) of system (B.1) the following inequality
holds

|’(/)(t7t0a§) - @(t,to,.’lﬁo)' <e

fort >ty only if
€0 — wo| < 6.

Unless the conditions of the definition hold, the solution y(t, tg, zo) is un-
stable.

307
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Definition B.2. The solution ¢(t,tg, zo) of system (B.1) is asymptotically
stable if it is Lyapunov stable and if there exists o > 0 such that

tliglo W}(tathg) - @(tvthJ:O)‘ = 07 (32)

|£—£E0| < 0.

The domain G, C R"™ in the space of initial conditions is called the domain
of attraction of the solution ¢(t,to, zo) if for the solutions of system (B.1),
which originate in the G, the limit equality (B.2) holds.

Definition B.3. The solution ¢(t,tg,xo) of system (B.1) is uniformly
asymptotically stable if it is asymptotically stable and if for any n > 0 it is
possible to specify T(n) such that the inequality

|¢(t7t07£) - gO(t, th .730)| <n

holds for t > to + T(n) and for any initial time to and coordinate of initial
perturbations & in the domain of attraction of the solution ¢(t,to,xo).

We present an example of the asymptotically stable but not a uniformly
asymptotically stable solution. Consider an equation

i = a2 (B.3)

The solution x = 0 of this equation is unstable, since solutions with positive
initial data increase monotonically. Solutions with negative initial condition
also increase and tend to zero as ¢ — oo. Therefore, every solution with a
negative initial condition is asymptotically stable. But each such solution
will not be uniformly asymptotically stable. At sufficiently large ¢, in the
small neighborhood of this solution there will be the points with positive
x-coordinates.

If the equilibrium state x = a of an autonomous system is asymptotically
stable, then it is uniformly asymptotically stable. If the periodic solution of
a system of differential equations with periodic coefficients is asymptotically
stable, then this periodic solution is uniformly asymptotically stable.

Along with system (B.1), we consider the perturbed system
dx

i X(t,z) + R(t, x), (B.4)

where the vector-function R(t,z) describes constantly acting perturbations.

We shall assume that system (B.4) satisfies the conditions of local theorem of
the existence and uniqueness.
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Definition B.4. The solution ¢(t,tg,x0) of unperturbed system (B.1) is
called stable under constantly acting perturbations if for any € > 0 there exist
two other numbers m (€) > 0 and n2(g) > 0 such that every solution z(t, 1o, &)
of system (B.4) with the initial condition & meeting the inequality

|§ — xo| < m1(e)

under an arbitrary perturbation R(t,x), which in the domain t > to, |z| < €
meets the inequality

[R(t, )| < n2(e)

under all t > to, meets the inequality

|$(t7t0a§) - @(t7t07$0| <e.

This definition belongs to Malkin (see Malkin [1966]). It is worth noting
that the stability under constantly acting perturbations is also referred to as
a total stability (see Hahn [1963]).

The above definition assumes that constantly acting perturbations are small
for all time values t. Krasovskii and Germaidze (see Krasovskii [1963]) consid-
ered the case when perturbations may be large at the particular time moments
but small on average. They introduced the following definition.

Definition B.5. The solution ¢(t,tg, o) of unperturbed system (B.1) is
called stable under constantly acting perturbations bounded on average
if for any pair of the numbers e > 0 and T > 0 it is possible to specify two
numbers § > 0 and n > 0 such that provided the satisfied inequality

t+T

[ vty <

where Y(t) is a continuous function meeting the condition

|R(t, )] < 9(t)

for x| < g, every solution x(t,to,§) of system (B.4) with the initial condition
meeting the inequality

€ — 20| <6
for all t > tg, obeys the inequality

|£C(t,t0,£) - (,O(t,t071'0| <Eé&.
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We state a few more definitions related to the concept of the stability with
respect to a part of the variables (see Rumiantsev, and Oziraner [1987], and
Vorotnikov [1997]).

Definition B.6. The solution p(t,to,xo) of system (B.1) is referred to as:
a) stable with respect to a part of the variables x1,xs, ..., xg, k < n if for any
e > 0 it is possible to specify § > 0 such that for the solution ¥(t,tg,&) of
system (B.1) the inequality

|wi(t;t07€)_@i(tat0ax0)‘ <e¢g, i:1727"'7k

holds for t > tg only if

€0 — wo| < 6;
b) asymptotically stable with respect to a part of the variables x1,xa, ..., xk,
k < n if it is stable with respect to a part of the variables x1,xa, ..., Tk, k< n

and if there exists o > 0 such that for |€ — xo| < o the limit equality

thm |’¢)1‘(t,to,§) — gﬁi(t,to,xo)‘ =0, 1=12,...,k<n

holds true;
¢) uniformly asymptotically stable with respect to a part of the variables
T1,%2,..., Tk, k < n if it is asymptotically stable with respect to a part of

the variables and if for any n > 0 it is possible to specify T(n) such that the
inequality

|'¢1i(t,t0,£)—(pi(t,to,$o)|<77, i:172,...,k<n

holds for t > to + T(n) and for any the initial time instant ty and coordinate
of initial perturbations & in the domain |£ — xo| < 0.

B.2 Theorems of the Stability in the First
Approximation

We shall assume that f(¢,z) is continuously differentiable with respect to
the spatial variable z in the neighborhood of the solution ¢(t) whose stability
is under study. The problem of the stability of the solution ¢(t) of system
(B.1) can be reduced to the problem of the stability of the zero solution if we
make a change

z=y+ ().
After the change, we arrive at the system
dy
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that can be written as

dy

dt
where W(t, y) = f(tay + 90) - f(ta 90) - A(t)y and A(t) = fm(ta 90) EVidentlY7
w(t,0) = 0. Hence, the problem is reduced to the problem of the stability of
the zero solution to system (B.5). Evidently, w(t,y) contains only members
of order of smallness higher than the first order over the spatial variable y in
the neighborhood of zero. This condition can be written as

A(t)y +w(t,y), (B.5)

w(t, )] < q(r)fx] (=] <7), (B.6)

where ¢(r) is monotonic and

lim g(r) = 0.
The system of linear equations
dx
— = A(t B.
= Al (B.7)

is called the system of the first approximation for system (B.5). It is natural
to find the conditions such that the stability of the zero solution of system
(B.7) implies the stability of the zero solution of system (B.5). The respective
theorems are called the theorems of the stability in the first approximation.
These theorems hold true under rather general assumptions on elements of
the matrix A(t) and the exponential dichotomy of the solutions of system
(B.6).

Assume that the matrix A(¢t) = A is constant and prove two theorems of
the stability in the first approximation. The scheme of proving these theorems
is used repeatedly in this book for various situations.

Consider the following system of equations

dx
Y _ Azt B.
g x4 w(t,x), (B.8)

where A is a constant matrix, the vector-function w(t, z), w(t,0) = 0 is defined
and continuous in a set of variables for 0 < ¢ < oo and x from some ball
|x| < 7. Besides, we assume that w(t, x) satisfies inequality (B.6).

Theorem B.1. Let all eigenvalues of the matrixz A have negative real parts.
Then the zero solution of system (B.8) is asymptotically stable.

Proof. Every solution z(t) of system (B.8) is simultaneously a solution of
the system of integral equations

x(t) = e x(0) + / =94y (s, 2(s))ds. (B.9)
0
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The conditions of the theorem result in an estimation
letA| < Me™7t (t>0),

where M, v are positive constants. Therefore, for ¢ > 0 the inequality
t
lz(t)] < Me™z(0)] + /Me_'y(t_s)|w(s,x(s))|ds (B.10)
0

holds true. Let ¢ be a sufficiently small number such that 3 = Mq(e) < 3.

Assume § = ¢/(1 + M). First we shall show that the inequality |z(0)] < §
implies the inequality |z(¢)| < e for ¢ > 0. Indeed, if ¢ is the first time instant
when |z(to)| = €, then (B.10) implies that for 0 < ¢ < ¢,

l2(t)| < Me™"z(0)| + 5/Me*7<t76>|x(s)|ds. (B.11)
0

By virtue of the Gronwall-Bellman lemma (see Section 3.4)
j(to)| = £ < Me™ O~ (0)],

whence it follows that
g €

0
e< Me 2 - — <e&.
M

We have arrived at a contradiction.
Hence, inequality (B.11) holds true under all ¢ > 0. It follows from the
Gronwall-Bellmann lemma, that
z(t)] < Me™ 2" |2(0)], t>0, |2(0) <4

The theorem is proved.

Consider now the theorem of the instability in the first approximation. We
shall assume that w(¢, ) satisfies the Lipschitz condition in the following form

w(t,z) —w(t,y)| <p(r)le =yl |z], [y] <7,
where p(r) — 0 as r — 0.

Theorem B.2. Let the matrixz A have at least one eigenvalue with positive
real part.
Then the zero solution of system (B.8) is unstable.

Proof. To prove the theorem, it is sufficient to determine the existence of
ro > 0 such that in any neighborhood of the origin of coordinates there is the



Stability of the Solutions of Differential Equations 313

initial value z(0) of some solution z(t) (0 <t < 00) of system (B.8), which is
not fully contained within the ball |z| < rg.

Without loss of generality, we can assume that the matrix A has no eigen-
values with the zero real part. If there are such eigenvalues, then the change
x = eMy, where A > 0 is selected small so that the matrix A— \I has eigenval-
ues with positive real parts, results in the system with the linear part matrix
having no eigenvalues that lie on the imaginary axis.

For definiteness, we suppose that the matrix A has k eigenvalues with neg-
ative real parts and (n — k) eigenvalues with positive real parts. Without loss
of generality, we assume that the matrix A has a block-diagonal form

(A0
=(04)

where A; is a matrix of order k such that its eigenvalues have negative real
parts, and As is a matrix of order (n — k) such that its eigenvalues have
positive real parts. For system (B.8) we consider the problem of the existence
of solutions bounded on the half axis [0,00). As was shown in section 3.4,
this problem is equivalent to the problem of the existence of solutions for the
system of integral equations

t

o= (5 0 Juor+ [ (70 ) s atonast

0

N 7 (8 e(t*(l)Az ) w(s, x(s))ds.

Let x'(t) and 22%(t) be two solutions of system (B.8) such that z1(0) = 2%(0),
|21 (t)|,|2%(t)| < 7o for t > 0. Here, 21(0), 22(0) are used to denote the first k
coordinates of the vector of the initial conditions. Then

2(1) - 22(t) = / (0 etonrt 6D — o (o)as

Hence,
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and, consequently,

|2t () — 2*(t)| < Mp(?"o)%@ —e ) JSup 2! (s) — 2*(s)]. (B.12)

We choose rg such that the inequality 2Mp(ro) < « holds. Then it follows
from inequality (B.12) that 2'(t) = 22(t).

Thus, among the solutions of system (B.8) with the fixed x1(0) (i.e. fixed
first k£ components of the vector of the initial conditions), there is no more than
one solution bounded on [0, 00), with the norm not higher than ro. Therefore,
there exist infinitely many initial values in any neighborhood of the origin of
coordinates, that correspond to the solutions of system (B.8) such that for
some t > 0 go beyond the bounds of the ball |z| < rg. Therefore, the zero
solution of system (B.8) is unstable.

The theorem is proved.

B.3 The Lyapunov Functions

For the cases when the theorems of the stability in the first approximation
do not work, Lyapunov suggested the method called the Lyapunov Function
Method.

Consider a scalar function v(z1,xs,...,2,) defined in a domain D C R"
that involves the origin of coordinates 0 = (0,0,...,0). We shall assume
that in the domain D the function v(x) is continuous and has continuous
partial derivatives g—; (i=1,2,...,n), and v(0) = 0. Later on, the functions
v(z) meeting the above conditions shall be referred to as the Lyapunov
Functions.

The function v(z) will be called positive in the domain D if v(xz) > 0 at
all points of this domain, negative if v(z) < 0 for € D. If one of these
inequalities hold, then the function v(x) is the function of constant sign. The
function v(z) will be called positive definite in the domain D if v(z) > 0
for z # 0 and negative definite if v(x) < 0 for = # 0. In both cases, the
function v(x) is called definite. Finally, the function v(z) is called alternating
in the domain D if it possesses values of different signs in this domain.

Let us bring in some examples. The function v(z) = 2% + 23 + 23 is positive
definite in R?, the function v(x) = 22 + 22 is positive in R3, and the function
v(z) = 23 + 23 — 23 is alternating in R3.

Up until now, we have considered the Lyapunov functions without relat-
ing them differential equations. Now let us define an autonomous system of
differential equations

dx "
i flx), xzeR™ (B.13)
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According to system (B.13), the total derivative of the function v(z) wiil

be called the derivative Lv(p(t)), where z = ¢(t) is the solution of system

(B.13). It is evident that

d " Ov dp; R~ 0
Z0(p() = 3 5= = 3 o f(p(1)). (B.14)
i=1 " i=1 "

We denote this derivative by v. We introduce a vector

grad v = (31} ,ﬁ)

O’ Oxy,

Then © is a scalar product of the vectors grad v and f

o(p(t)) = (gradv, f(p(t)).

It follows from (B.14) that in order to calculate the total derivative © at the
point ¢t = tg, it is not necessary to know the solution ¢(t) of system (B.13),
and only its value ¢(tg) = a is required. In this case

it) = 2 fila) = {gradu(a), f(p(a)).

ox;
i=1 ¢

Thus, the sign in the right-hand side of the latter equality at all the points of
some domain guarantees the sign of ¥(¢) on all the solutions of system (B.13)
in this domain. This fact is the basis of theorems that allow studying the
properties of the stability of the solutions to system (B.13) by the properties
of the Lyapunov functions and their derivatives by virtue of the system.

We shall assume that system (B.13) has the zero solution.

Theorem B.3 (The Lyapunov Theorem of Stability). If in the do-
main D, for system (B.13), there exists a definite function v(x) such that its
total derivative, by virtue of system (B.13), is a function of a constant sign
and the sign of this function is opposite to the sign of the function v(x), then
the solution x = 0 is stable in the Lyapunov sense.

Theorem B.4 (The Lyapunov Theorem of Asymptotic Stability).
If in the domain D, there exists a definite function v(x) such that its deriva-
tive, by virtue of system (B.13), is also definite and opposite to the sign of
v(x), then the solution x = 0 is asymptotically stable.

Consider the problem of the conditions for instability of the zero solution
of system (B.13). To find the instability of a solution, it is sufficient to find
in the arbitrarily small neighborhood of the point z = 0 at least one solution
that goes beyond the boundaries of the ball T, with the radius ¢ for some
€ > 0. We present an assertion of instability by Chetaev.
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Let the Lyapunov function v(z) be defined in the ball T),, p > 0. The
domain of positivity of the function v(z) is called the set of the points z € T},
such that

v(z) > 0.

The surface V(z) = 0 is the boundary of the domain of positivity of (V(0) =
0). For example, for the function v(xy,73) = x1 — 3, the boundary of the
domain of positivity will be the parabola x; = x3. If the function v(x) is
positive, then its domain of positivity coincides with the full neighborhood of

the point z = 0.

Theorem B.5. If for system (B.13) it is possible to find a function v(x)
such that in the arbitrarily small neighborhood of the point x = 0, there ex-
ists a domain of positivity and the derivative v(x) of this function, by virtue
of system (B.13), is positive at all points of the domain of positivity of the
function V (x), then the solution © = 0 is unstable.

As an example, we consider a scalar differential equation
i =F(x) = g2™ + gmox™ T+, (B.15)

where m > 2, ¢, gmy1,... are some constants and the series F'(z) converges
for sufficiently small . We investigate the stability of the zero solution of
equation (B.15) using the Lyapunov functions.

If m is an odd number, then we let

v(z) = —gz”.

For o(x), we have

=g’ 4 g gma™ T4
Both functions v(z) and ©(x) are definite for sufficiently small . If g > 0, then
the functions v(z) and v(x) are of the same sign and, therefore, by virtue of the
Chetaev Theorem, the solution x = 0 is unstable. If g < 0, then the functions
v(x) and ©(z) have opposite signs for sufficiently small = and, therefore, by
virtue of the Lyapunov Theorem, the zero solution is asymptotically stable.
For even m, we assume
v(z) = x.

In this case, the function ©(z) is definite, and the function v(z) itself, regard-
less of the sign of g, can have the values of the same sign as o(z). Hence, both
for g > 0 and for g < 0, the conditions of the Chetaev Theorem hold, thus,
the solution x = 0 is unstable.

The Lyapunov functions are also used to prove the theorems of the stability
under constantly acting perturbations. We formulate the following theorem.
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Theorem B.6. If the solution x(t,tg,zo) of system (B.1) is uniformly
asymptotically stable, then
1) x(t, to, xo) is stable under constantly acting perturbations;
2) x(t,to, xqg) is stable under constantly acting perturbations bounded on av-
erage.






Appendix C

Some Elementary Facts from the
Functional Analysis

C.1 Banach Spaces

A linear space is defined as a nonempty set L such that each pair of its
elements f, g is associated with an element f + g € L called a sum of the
elements f, g. The summation has the following properties:

(i) f+g=9+1,

(i) f+(g+h)=(f+9)+h [f.gheL

(iil) there exists a unique element 0 (called zero in L) such that f+0= f
for all f e L,

(iv) for each f € L there exists a unique element (—f) € L such that
f+(=f)=0.

Elements of a linear space can be multiplied by scalars. As scalars, real or
complex numbers are used. Each scalar a and each element f € L make up a
new element af € L, and for any two scalars «, 8 the following relations hold
true:

(v) a(f +9) = af +ag,

(Vi) (a+B)f =af + 8/,

(vii) (aB)f = a(B)f,

(viii) 1- f = f.

Hence, L is called a real linear space if the scalars are real numbers and
a complex linear space if the scalars are complex numbers. The elements
f, g, h,... of the space L are called points or vectors. Of the most interest are
the linear spaces, where elements are functions. Normally, some restrictions
are imposed upon the class of functions that generate a linear space. For
example, a linear space can be generated by continuous periodic functions
with some fixed period 7' > 0. Continuous periodic vector-functions with the
period T also constitute a linear space.

A subset L of the space L is a linear space, which has the same rules of
procedure as in L, and is called a subspace. For example, a family of all
continuous periodic functions with the period T" and the zero mean value, is
called a subspace of the space of all continuous 7T-periodic functions.

319
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Linear space is a purely algebraic concept. To perform an analysis in this
space, we should introduce the concept of distance between the elements.
The distance can be introduced for the elements of an arbitrary set X as
follows. For any two elements f, g € X, we introduce a number d(f,g) with
the following properties:

(i) d(f,9) =0 — f = g and, vice versa, if f = g, then d(f,g) =0,

(i) d(f,g9) = d(g, f),

(iil) d(f,g) = d(f,h) + d(h,g) (inequality of triangle).

The function d(f, g)
called a metric space.

We are only interested in the metric spaces that are the linear spaces at the
same time. We can introduce a metrics in a linear space using the concept of
the norm.

The norm in the linear space L is introduced as follows. Each element f € L
corresponds to the number || f|| (norm of the element) that has the following
properties:

(i) If]l = 0 and ||f|| = 0 if and only if f =0,

(ii) [|af]| = [al[|f]| for any number a,

(ii) |1 + gll < 171l + llgl| ~ (inequality of triangle).

The linear space with the norm is called the normalized linear space. This
space is a metric space. It is easy to see that the metrics can be determined
by the formula

is called a metrics, and the set X with this metrics is

d(f,g) = IIf — 4ll-

In the normalized linear space L, we introduce a convergence. Let f,, (n =
1,2,...) be a sequence of elements of L. This sequence converges to the
element f € L if ||f, — f|| — 0 as n — oo. It follows from the inequality of
triangle that the sequence has a unique limit.

The sequence f; (j = 1,2,...) is called fundamental if for any ¢ > 0 it
is possible to specify a positive integer N(g) such that for m,n > N(e) the
following inequality holds

I fn = fmll <e.

The Cauchy principle asserts that a fundamental sequence of real numbers
converges to a real number. In an arbitrary normalized linear space, the
Cauchy principle does not hold.

Let us bring in some examples. In a set of rational numbers, we take a
modulus of a rational number as the norm. Then the set of the rational num-
bers with this norm generates a normalized linear space r. The fundamental
sequence of the rational numbers converges but its limit can also be a real
number, which is not an element of the space r. As the second example, we
take a family of polynomials defined on the interval [0,1]. We introduce the
norm:

P.(t)|| = Py(t
|| Pe(1)]] g%§\u>u
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where |Py(t)] is a modulus of the polynomial Pj(t). We obtain a normalized
linear space. The properties of the norm result from the properties of the
modulus. Convergence on this space coincides with the uniform convergence
of the sequence of polynomials on the interval [0,1] though the sequence of
polynomials on [0, 1] can uniformly converge to an arbitrary continuous func-
tion rather than to a polynomial.

A normalized linear space, where every fundamental sequence converges to
an element of this space, is called a complete normalized linear space or a
Banach space.

C.2 Linear Operators

Let £, and E, be the normalized linear spaces. If each element x € E,
corresponds to an element y € F, by a certain rule, then we say that an
operator A is defined. The space E, is called the domain of definition of the
operator A, and E) is the range of values of the operator A. We write Az = y.
The operator can also act in one space. Then its domain of definition and
the range of values lie within the same space and may not coincide with the
whole space. The operator A is called linear if the following two conditions
hold for any x,y

(i) Az +y) = Az + Ay,

(ii) A(ax) = aAx for any scalar « from the collection of scalars of the given
space F,.

We bring in an example of a linear operator. Consider one of the most fre-
quently used Banach spaces. By C[0, 1] we denote a linear space of continuous
function determined on the interval [0, 1] with the norm

1) = t)].
[l2(®)]] = max |z(2)]

We show that this space is a Banach space. Let x,(t) € C[0,1], n =1,2,...
be a sequence such that

lZn(t) = zm()]] — 0

for m,n — oo. It means that for the sequence x,,(t), the Cauchy condition of
the uniform convergence on [0, 1] holds. Let x(¢) be the limit of the sequence
Zn(t). As a limit of the uniformly convergent sequence, the function x(t)
is continuous. Hence, z((t) € C[0,1] and ||z, (t) — zo(t)]| — 0. Therefore,
C[0,1] is a Banach space. We determine the operator in the space C[0, 1] by

the formula )

y= o= [ K(t.s)a(s)ds, (c)

0
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where the function K (¢, s) is continuous in the family of variables in the square
0<t<1,0<s <1 Evidently, if z(t) € C[0,1], then y(¢) € C[0,1]. The
operator A maps the space C[0, 1] onto itself. It is easy to verify that the
operator A is linear.

The second example is the operator

t

y= Bz = /x(s)ds (C.2)

0

in the space C[0,1]. The domain of definition of the operator B is the whole
space. The range of values consists of continuously differentiable functions
y(t), which meet the condition y(0) = 0, since the continuous function integral
with a varying upper limit is continuously differentiable. Linearity of the
operator B is directly testable.

The linear operator A is continuous if ||Ax, — Az|| — 0 as ||z, — z|| — 0.
It is easy to verify that operators (C.1), (C.2) are continuous.

The operator A is called bounded if there exists a constant M > 0 such
that ||Az|| < M||z|| for x € E,.

It turns out that the operator A is continuous if and only if it is bounded.

Norm of an Operator Let A be a linear bounded operator. The least
constant M that obeys the inequality

|| Az|| < M||=|

is called the norm of the operator A and is denoted by ||A]|.
Hence, by definition, the number || A|| has the following properties:
a) for any = € E, the following inequality holds true

[|Az|| < [[A[[l]]],
b) for any £ > 0 there exists an element z. such that
| Az || > (|| A]] = &)lz<]|-
The norm of the operator A is determined by the formula

1Al = sup [|Az]]. (C.3)
llal]<1

Let us show that this formula holds true. If ||z|| < 1, then
[ Az]] < ||A[ll]«]] < Al
Hence,

sup |[Az|| < ||Al]. (C.4)
[lzl[<1
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We take the element z. from property b) of the operator norm. Let

_ .’L'E
A
Then
||Az|| = |[Az.|| > (Al = e)llze|| = [|All —e.

[zl sll

Since ||z:||=1, we have

[ze]l EH

sup ||Az[| > [[Az[| > [|A]| —e.

[lzf|<1

Thus,
sup [|Aal| > [|A]| (C:5)
llzll<1
Inequalities (C.4) and (C.5) imply that (C.3) is valid.
For the operator A determined by (C.1), it is easy to give an upper estimate
for the norm. Indeed,

1
|Az|| = max,cpo,1) | [ K(t, s)x(s)ds| <
0

1 1
< maxye(o,1 Ik |K (t,s)|ds max,c(o,1) |#(t)] = max,cpo,1) K (t,s)|ds||z(t)]].
0 0

Hence,

Al < [ [K(Z, 5)lds. (C.6)
/

A more sophisticated reasoning shows that inequality (C.6) can be an equality.
In applications, it is often sufficient to give an upper estimate of the norm
of an operator.

C.3 Inverse Operators

For the linear operator A in the space F, an inverse operator is an operator
B such that
AB =BA=1,

where I is a unit operator. We write B = A~!. The concept of the inverse
operator is related to the problems of the existence and uniqueness of solutions
to the operator equation

Az =y, (C.7)
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where y is a defined element of the space E, and x is the desired element
of the space E. The linear algebraic equations, linear differential equations,
linear integral equations etc. relate to the equations of the form (C.7) If there
exists an operator A%, then the operator equation (C.7) has the solution

z=A"ly

obtained by a direct substitution of the latter equation into (C.7). Let z1 be
another solution of equation (C.7), i.e.

Axi =y.

Then, applying the operator A~! to both sides of the latter equation, we
arrive at
A YAz =21 = A7y = .

Consequently, the solution x = A~y is unique.

It is easy to verify that the operator A~! is linear if A is a linear operator.
At the same time, the continuity of A does not imply the continuity of the
inverse operator in the general case. It may turn out that the operator A is
unbounded, while the inverse operator is bounded.

Let us bring in a few theorems that assign the existence conditions for an
inverse linear bounded operator. The operator A maps its domain of definition
onto the range of values. If this mapping is one-to-one, then there exists an
inverse linear operator A~!.

Theorem C.1. Let the operator A determined on the space E for any
x € E meet the condition

|Az|| = mll«|],  m >0, (C.8)

where m is a constant. Then there exists the linear bounded operator A~".

Proof. It follows from condition (C.8) that the operator A is one-to-one.
If Ax; =y and Axg =y, then A(xy —x1) = 0 and, as per (C.8)

mlfzy — wof| < [|A(z1 —21)]| = 0,

whence it follows that x1 = xo. Therefore, there exists the inverse linear
operator A~1. Boundedness of the operator A~! follows from inequality (C.8):

_ 1 _ 1
A7yl < —||AA™ Yyl = —[lyl].
m m

The latter inequality also implies that ||A7Y|| <

1
Theorem C.2. Let A be a linear bounded operator in the Banach space E.

If
1Al <q <1,
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then the inverse of operator (I — A) is inverse bounded and

1
IT-A N < —.
I =47 < 7=

Proof. Consider an operator series

T+A+A% 4. A .

This series is dominated by the convergent numerical series (we keep in mind
that [[I]] =1, [|A™[| < [[A[|")

L+ A+ AP+ + A"+ S 14 q+ @+ 4"+ =

Therefore, the series converges to some operator denoted by B. We have

BI-A)=I+A+A%+ - 4+ A"+..)I—-A) =
=T +A+A2+ + A"+ )= (A+ A2+ AL ) =1

and, similarly, (I — A)B = I. Hence, B= (I — A)~! and ||(I — A)7!|| < qu.

The following theorem is the Banach Theorem on Inverse Operator, which
is not presented here in its full generality. The unbounded linear operator A
is not continuous. Generally speaking, the fact that the sequence x,, — xg
by the norm does not imply that the sequence Az, tends to some limit.
However, some unbounded linear operators have a weaker property that partly
substitutes for the continuity.

Let A be a linear operator with a domain of definition D(A). If the condi-
tions x,, € D(A), x, — xo, Ax, — yo imply that o € D(A) and Azy = yo,
then A is called a closed operator.

Theorem C.3. Let A be a closed linear operator such that its range of
values coincides with the whole space. If it is one-to-one, then the existing
inverse operator A™' is bounded.

Thus, if for the closed linear operator A in the Banach space E the operator
equation
Ax =y

for any y € F has a unique solution 2 € D(A), then there exists the continuous
inverse operator A~1.

As an example to the Banach Theorem, we consider the differential operator
Ax = ‘é—f in the space C]0, 1] the operator being determined on the functions

that meet the condition

2(0) = 0. (C.9)
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Hence, the domain D(A) of definition of the operator A in the space C|0, 1]
consists of continuously differentiable functions satisfying condition (C.9).

The operator A is unbounded. To prove this, we consider a sequence of
functions

1
xn(t) = \/ﬁsmnt, n=12,....
All functions of this sequence lie within the domain of definition of the op-
erator A, and the sequence by the norm uniformly converges to z((t) = 0,
whereas the sequence Ax,, = v/n cosnt is unbounded in the norm.

The operator A is closed. If x,, — zg and Ax,, — vy, then, in terms of anal-
ysis, it means that the sequence of the continuous functions z,(¢) uniformly
converges to the function z((t), and the sequence of the derivatives «/ (t) uni-
formly converges to the function y(t). By virtue of the known theorem of
analysis, a],(t) converges to the function x{(¢), which implies the closeness of
the operator.

The range of values of the operator coincides with the whole space. This
results from the fact that the problem

dz
i z(t) z(0)=0

for any z € C[0,1] has a unique solution

x(t) = /z(s)ds. (C.10)

Hence, Theorem C.3 implies that the operator A has a continuous inverse
operator determined by formula (C.10).

C.4 Principle of Contraction Mappings

The method of successive approximations is well known and is widely used
to prove the existence of the solutions to algebraic, differential, integral equa-
tions and to construct approximate solutions. Within the functional analysis,
this method follows a general scheme and results in the principle of contraction
mappings.

Theorem C.4. Let the Banach space E enclose the operator A that maps
the points from E back onto the points of this space and for all x,y € E

[[A(z) = AWl < qllz — yll, (C.11)
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where ¢ < 1 is independent of x and y. Then exists there one and only one
point xg € E such that A(xzo) = xo.

The point xg is called a fixed point of the operator A. If the operator A
satisfies inequality (C.11), then it is called a contracting operator in the space
E.

Proof. Take an arbitrary element x € E and construct a sequence

x1 = Ax), v2a = A(z1), ..., 20 = Al®n—1),. ...
Let us show that x,, is the Cauchy sequence. To do this, note that

21 = @2l = || A(2) = Alz1)]] < gllz = 2:1]] = gl| — A(2)I],
| = [[A(z1) = A(z2)[| < gllzr — 2a|| < ¢z — A(2)]],

B
3
I
5
3
+
=
IN
Q
=
E)
I
=
5
=

Then
|20 = Tngml|| < 2o — Trgal|+
||xn+17xn+2||+"'+||xn+m—1*xn—i-mH < 12
<"+ T | — A)]| = (C.12)
n__ n+m
= =z — A(@)]|-

Since g < 1, we obtain

n

l2n = Znimll < |lz — A(2)]l.

l—q
Hence, ||z, — Tpitm|| — 0 as n — oo, m > 0. Consequently, the sequence x,,
converges to some element zo € E. We shall prove that A(xzg) = zo. We have
the inequality

[|lzo — A(wo)[| < [lwo — @n + [Jen — A(zo)l| =
= [lzo = @n|| + [|A(zn—1 = Azo)|| <
< lzo — 2nll + gllen—1 — wol|-

For any € > 0, and sufficiently large n, the following inequalities hold
€

koo — wall < ;

€
5’ [|Tn—1 — wol| <
Hence,

||$0 — A(.Z‘())H < €.

Since € > 0 is arbitrary, we see that ||xg — A(zo)|| = 0, i.e. A(zg) = 0. It
remains to show that the operator A(z) has a unique fixed point. Assume
there are two such points:

A(zo) = x0, A(yo) = yo,
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then
llz0 — yol| = || A(x0) — A(yo)| < qllzo — yoll-

Since ¢ < 1, we have xg = yq.

Remark C.1. Changing over to a limit in formula (C.12) as m — oo allows
estimation of the n-th approximation

n

q

(1-9q)

|lzn — || <

||z — A(2)]].

Remark C.2. Successive approximations of x, can be constructed for any
element x € E. The choice of the element will only affect the speed of the
convergence of x,, to the fixed point xg.

Remark C.3. Suppose in the Banach space E there exists a closed ball
with the center at the point a € F and radius > 0. This ball is called the set
S(a,r) composed of the points x € E satisfying the inequality ||z — al| < r.
We often have to consider an operator A such that it is contracting on the
ball S(a,r). Then the principle of contraction mappings can be applied under
one additional condition that the operator A maps this ball onto itself, and
the successive approximations do not go outside this ball. For example, let,
additionally to inequality (C.11), the inequality

lla —Afa)l < (1 = g)r
hold. Then, if z € S(a,r), so A(x) € S(a,r). Indeed,
lla = A(z)[| < [|A(z) — A(a)[| +[|A(a) = a|| < gllz — al| + (1 — g)r <

<gr+(1—-gqr=r.
The operator A will have the single fixed point in the ball S(a,r).
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mean value, 6
quasi-periodic, 8

Bifurcation of cycle, 219

Contraction mappings
principle of, 326

Detuning, 133

Equation
autonomous, 126
Duffing’s, 139
evolution, 125
Hill’s generalized, 55
Josephson, 223
Mathieu, 37, 69
Exponential dichotomy
definition, 59
of order k, 61

Green’s function, 17

Lemma

Bogoliubov, 20

on regularity, 24

on stability, 30
Lyapunov functions, 314
Lyapunov’s quantity, 217

Norm
of a matrix, 10
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of a vector, 9
of an operator, 322

Operator
regular, 23
singularly perturbed, 87
uniformly regular, 24
Oscillator
adiabatic, 80
forced Van der Pol, 155
Van der Pol, 132
vibro-impact, 258
weakly coupled Van der Pol,
158

Parametric oscillations, 162
Pendulum
Chelomei’s, 189
rotary regimes, 209
with vertically oscillating pivot,
172

Resonance
combination, 45
in a system with rapidly rotat-
ing phase, 265
parametric, 37
simple, 43

Shtokalo’s method, 48
Slow time, 65
Space
B,, 10
Pr, 4
Stability
asymptotic, 308
critical case, 215
in the first approximation, 311



index

in the sense of Lyapunov, 307
under constantly acting per-
turbations, 309
uniformly asymptotic, 308
with respect to a part of vari-
ables, 310
Subharmonic oscillations, 137
System
Hamiltonian, 248
in standard form, 95
of N-th approximation, 202
strongly stable(unstable), 54
with rapidly rotating phase, 245
System
with a rapidly rotating phase,
240

Theorem
Banach inverse operator, 325
Levinson, 79
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