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The IUTAM Symposium on High Velocity Deformation of Solids 

(August 24-27, 1977) was held at Science Council of Japan, 

under the sponsorship of IUTAM, Science Council of Japan, 

The Japan Society for Aeronautical and Space Sciences, 

Japan Society for the Promotion of Science, and The Com

memorative Association for the Japan World Exposition 

(1970). The proposal of the symposium was accepted by 

the General Assembly of IUTAM in 1974, and the scientists 

mentioned below were appointed by the Bureau of IUTAM to 

serve as member of the Scientific Committee. The Sym

posium had as its theme High Velocity Deformation of 

Solids. The scope of the subjects were theory, experi

ment, and instrumentation, in macro- and micro-mechanics 

(from continuum to dislocation dynamics) concerning high 

velocity deformation of solids including metals, polymers 

and composite materials. These research fields were 

covered by 39 invited papers presented from 22 invited 

speakers and 16 invited discussers, in 9 scientific 

sessions chaired by the specialists invited shown in the 

programme. In Contents the full scientific programme is 

listed. Asterisk (*) shows the invited speech and non 
asterisk ( ) shows the invited discussion. Participants, 

numbered 91, came from 9 countries (Egypt, France, Japan, 

Poland, Saudi Arabia, Sweden, UK, USA, and USSR). 

The topics discussed dealt mainly with: Micromechanical 

study of wave propagation behaviour, deformation and 

fracture of materials under dynamic loading, mainly of 

metals and composite materials (session 1, 2, 3 and 4), 

crack propagation problem (session 5), macro-mechanical 

analyses of high velocity deformation and fracture be

haviours such as spalling, cratering, compression, analy

sis methods such as finite element method, etc. (session 
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6), various problems such as wave propagation in aniso

tropic media, combined dynamic stress effect, penetration, 

ricochet, supersonic and transonic impact, continuum theo

ry of dislocation, etc. (session 7), high velocity defor

mation in structure, structural element and lamination 

forming (session 8 and 9). It is a great feature of the 

symposium that it were clarified that micro-mechanical 

treatments were necessary and powerful frequently for full 

understanding of various macroscopic behaviours of high 

velocity d0formation and fracture. 

With the advices and suggestions provided by the Local 

Organizing Committee, Organizing Executive Committee was 

responsible for the planning of the meeting, for the 

social activities, and for the editing of the Proceedings. 

The organizations of International Scientific Committee, 

Local Organizing Committee, and Organizing Executive Com

mittee are listed below. Not in the last place owing to 

these committees, we may look back upon a very successful 

and enjoyable symposium. 

We appreciate the contributions made by the following 

organizations in Japan: Science Council of Japan, The 

Japan Society for Aeronautical and Space Sciences, Japan 

Society for the Promotion of Science, and The Commemo-

rative Association for the Japan World Exposition (1970). 
I express my sincere thanks to the IUTAM Officers: Prof. 

H. Gartler, Prof. W. T. Koiter, Prof. D. C. Drucker, and 

Prof. F. I. Niordson, for their valuable guidance and co

operation, to the Representatives of The National Committee 

for Theoretical and Applied Mechanics of The Science Council 

of Japan: Prof. I. Tani, Prof. I. Imai, and Prof. M. Yoshiki, 

for their valuable guidance and arrangement, to the members 

of the Scientific Committee, the Local Organizing Committee, 
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and the Organizing Executive Committee, to all participants, 

for their hearty cooperation, and to the Springer Verlag 

for setting the scientific progress made by the symposium. 

I do hope future IUTAM symposiums would be utilized actively 

and successfully as well as the one on High Velocity Defor

mation of Solids. 

Tokyo, December 1977 

S. Fukui 
Chairman 
Scientific Committee 
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Analyses of High Velocity Tension of Bars of Finite Length 
of BCC and FCC Metals with Their Own Constitutive 
Equations 

K. KAWATA, S. HASHIMOTO AND K. KUROKAWA 
Institute of Space and Aeronautical Science, 
University of Tokyo, 4-6-1, Komaba, Meguro-ku, 
Tokyo 153, Japan 

Summary 

The concepts of high velocity ductility and high velocity 
brittleness are defined and it is stated that these pheno
mena are ruled by the crystal lattice system. The consti
tutive equations modelling high strength Al alloys are 
derived on the basis of thermal activated motion of dislo
cation. For a mild steel and high strength Al alloys, the 
behaviours of bars of finite length in high velocity ten
sion are analysed basing upon their constitutive equations 
by finite element method. The difference and similarity 
between these two cases such as the existence and non
existence of sharp stress peak in wave front, are clarified. 

1. Introduction 

As suggested in the effect of crystal lattice systems on 
the relation of breaking elongation of thin bars of finite 

length vs. tensile velocity, it is considered necessary 

for the understanding of macromechanical behaviours in 
high velocity tension to introduce their own constitutive 

equations based upon their own crystal lattice systems. 
From this necessity the constitutive equations modelling 
high strength Al alloys are derived. The behaviours in 

high velocity tension of bars of finite length of a mild 

steel and Al alloys analysed by finite element method are 

known to show the interesting difference and similarity. 
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2. High Velocity Ductility and High Velocity Brittleness 

The results of a series of high velocity tension test 

(Kawata et al. 1968) [1] indicate the existence of the 

lattice systems effect on the relation of breaking elonga

tion Eb vs. tensile velocity VI for pure metals and alloys 

especially in their annealed states as shown in Fig. 1. 

The tests cover the tensile velocity ranging from 10-sms- 1 

to 200 ms- 1 (equivalent strain rate: 2 xlO- 4 s- 1 to 

4 x 103 S-1). The experimental values of S show remarkably 

clear tendencies as shown in Table 1. 

Table 1. Crystal Lattice Systems Effect in High 
Velocity Breaking Elongation 

Crystal Ratio of max. variation in 
lattice Material Eb to corresponding static 
system breaking elongation Ebs' S (%) 

9/1 Cu-Zn +20.0 

FCC Cu +11.3 

Al +41. 9 

Al 2S +53.2 

BCC Fe -40.1 

Mo -56.6 

Hep Ti +25.9 

Zn -93.2 

The terms of high velocity ductility or high velocity 

brittleness are defined as to express positive or negative 

values of S respectively. Table 1 shows that high veloc

ity ductility appears for FCC materials, high velocity 

brittleness for BCC materials, and both high velocity 

ductility and brittleness for HCP materials. The fact 

that S is negative for Zn in contrast to positive S for 

Ti seems closely connected with the fact that axial ratio 

is 1.856 for Zn although it is 1.60 very close to FCC 

materials for Ti. Anyway, it is necessary to consider 
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micromechanical behaviour connected with crystal lattice 

system, to understand macromechanical behaviour of metallic 

materials. 

80r----------.----------.---------~ 

.... 
~ • -

o 

x Mo 

100 15C 
VI (m/s) 

Fig. 1. Typical breaking elongation Ebvs . tensile 
velocity VI relation in high velocity tension 
of annealed pure metals and alloys 

3. On the Constitutive Equations Modelling FCC 
Metallic Materials Especially High-Strength 
Al Alloys and Their Characteristics 

3.1 Derivation of the Constitutive Equations Modelling 
High-Strength Al Alloys [2] [9] 

As shown in Fig. 2, general tendency of stress-strain dia

grams in quasi static tension for high strength Al alloys 

[3] would be expressed approximately by elastic-linearly 

work hardening plastic type and be characterized with E: 

Young's modulus, Ep: tangent modulus in plastic region, 

and 0y: yield stress. Known facts [4] ~ [8] are summarized 

for the strain rate dependence of the flow stress in Al and 

some Al alloys in the strain rate range from 10- 3 to 103 S -1 

as follows: (1) Strain rate dependence of flow stress of Al 

and some Al alloys in O-temper can be rationalized with 

simple theory for thermally activated motion of disloca

tions. (2) Principal effect of increased alloying is to 

increase athermal stress component. (3) Activation barriers 
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are probably forest dislocations. Constitutive equations 

modelling FCC metallic materials especially high strength 

Al alloys are derived basing upon the above mentioned. 

3.2 Elastic-Perfectly Plastic Type 

When Seeger's [5] flow rate with constant activation volume 
is adopted directly as plastic strain rate and zero ather

mal stress term is assumed, Eq. (1) is obtained, that gives 
elastic-perfectly plastic stress-strain relations as shown 

in Fig. 3, for the constants: E=7,190 kg/mm2, C3 =4.5xI012S- 1 • 

Uo = 30.3 X 10- 18 kg.mm, 00 = 19.42 kg/mm 2, k: Boltzmann's 

constant, T = 300 0 K. Eq. (1 ') gives practically the same 
behaviour when C 1 = 2.32 x lOll (kg/mm2) - 1 s - 1 is taken 

although the form of pre-exponential term is different . 
. 
o 

E - E exp { -~~(l .2...) } 
00 

. . 
where 0 is tensile stress, 0 stress rate, and E strain 

( 1) 

(1') 

rate; E is Young's modulus, C3 frequency constant, Uo 

activation energy, k Boltzmann's constant, T temperatul'e, 

00 constant related to activation volume, and C1 another 

constant related to frequency constant. 

3.3 Elastic-Linearly Work Hardening Plastic Type 

Eqs. (1), (1') are not enough to model high strength Al 
alloys. Such constitutive equations that give elastic
linearly work hardening plastic stress strain relations 
should be searched for. For this purpose constitutive 

Eqs. (2) '\, (2") are considered, in which work hardening 
coefficient Hand athermal stress term Og are introduced. 

. 
• 0 
E - E exp {-~~(l _ 0 - 0g )} 

o 0 (1 + H ( E -]-) ) 

(2) 
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Fig.2 

50 

10 

Quasi-static stress-strain 
relation of high strength 
AI alloys, characterized by 
0y and Ep' 

f.1D' 
10' 
10' 
10 
1 
01 

°O~----~5------~10~----~15 
E(',,) 

Fig.4 Elastic-linearly work 
hardening stress-strain 
relation given by Eq. 
(2) for H = 5 

40 

30 HoO 

°0L-----~------~10~----~15 
E (',,) 

Fi g. 3 Elastic-perfectly plastic 
stress-strain relation 
given by Eq. (1) 

40 

10 

°0~----~------~10~----~1'5 
E(",) 

Fi g. 5 Elastic-linearly work 
hardening stress-strain 
relation given by Eq. 
(2) for H = 10 

5 
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. 
exp { -¥f(l - 0-0 } . 0 C10 g ) (2' ) E - E 

00 (1 + H(E - E)) 
. 

exp { -¥f(l -
o - 0g 

) } (2") 
. 0 C3 E - E o - 0 

00 (1 + H (E -~) ) 
. . 

where 0, 0, E, E, C3 , C1 , Uo , k, T, and 00 are the same 

with Eqs. (1), (1') respectively, andog is athermal stress, 

and H work hardening coefficient. 

Eq. (2) gives the stress-strain diagrams as shown in Figs. 

4 and 5 for H = 5 and 10 respectively for example. Eq. (2') 

gives practically the same behaviour. About Eq. (2") refer 

Fig. 13 and 5 (3). 

The effect of introduction of athermal term Og to stress 

term in the numerator in Eqs. (2), (2') is to shift the 

curves in plastic region upward by 0g' as shown in Fig. 4 
for example. These constitutive equations are the searched 

elastic- linearly work hardening ones. 

3.4 Relation between Micromechanical Constants 
and Macromechanical Constants 

The process to determine the values of unknown micromecha

nical constants 0g and H from given macromechanical con

stants 0y and Ep is considered. 

In all plastic range of linearly hardening material, 

Ep 

olE = ~ 

where Ep: plastic strain. 

Using these conditions, 

(1- Ep/E)s = C3 exp [-~(l- Oy - og)] 
kT 00 

1 -:------:- = H Oy_Og 
} 

( 3) 

(4 ) 

(5) 



Assuming Ep/E «1, 

{ kT 8} H = Ep/ 00 (1 + Do In'C;) ) 
When the constants: Uo/kT= 71.709,00 =19.42 kg/mm2 , 

Cg = 4.5xl0 12 S- 1 are taken, 

H 

. 
0y - 11.530 - 0.6236 log E 

Ep/(11.530 + 0.6236 log £) } 
Calculated examples are shown in Table 2. 

( 6) 

(7) 

Table 2. Macromechanical and Micromechanical 
Constants of Ten High Strength Al Alloys 

* 
** 

4. 

Material o * Ep* o ** Y. 
(kg7mm 2 ) (kg/mm 2 ) (kgl'mm2) 

2014 0 10 50.56 1 
T6 42 61.95 33 

2024 0 8 55.56 -1 
T3 35 78.65 26 

7075 0 11 73.62 2 
T6 51 64.81 42 

7178 0 11 78.43 2 
5052 0 9 46.22 0 

H38 26 58.82 17 
5056 0 15 43.10 6 

Experimentally determined (E: = 10-4S-1). 

Calculated from Eq. (7), using 0y and Ep' 

H** 

5.60 
6.86 
6.15 
8.70 
8.15 
7.17 
8.68 
5.12 
6.51 
4.77 

Behaviours in High Velocity Tension of Bars of 
Finite Length for BCC Metallic Material 12] 

For the constitutive equation of mild steel of Johnston

Gilman type already shown in previous papers 110], IllJ: 
Eq. (8), the behaviours in high velocity tension of bars 

of finite length are studied, by finite element method 

combined with Newmark 1/6 S method [12] ~ [14], laying 

7 
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emphasis on the ones after the reflections at the fixed 

ends. 

a 

where b= 2.5xlO- 7 mm, v*=3.2xl06 mm/s, No= 3.75xl0 4mm- z , 

M= 10 9 mm- 2, D= 200 kg/mm2, H= 10666 kg/mm2, 

E= 2.l5xl04 kg/mm2 

Examples are shown in Figs. 6 'V 8. The remarkable charac

teristic of this Bee case is the existence of sharp stress 

peak at the stress wave front, after the reflection at the 

fixed ends of bars similarly with before the reflection, 

although its decay is observed of course. 

5. Behaviours in High Velocity Tension of Bars of 
Finite Length for Fee Metallic Materials 

For the constitutive equations modelling high strength Al 

alloys, the behaviours in high velocity tension of bars of 

finite length are analysed paying attention to both before 

and after the reflection of stress wave front at the fixed 

ends. 

(1) a, Ep Distributions before the Reflection 
at the Fixed End 

Two examples treating the cases for two pre-exponential 

forms and zero ag are shown in Figs. 9 and 10. Two sig

nificant characteristics of FCC materials are observed. 

The first is the non-existence of sharp stress peak at 

stress wave front, forming a striking contrast to mild 

steel. The second is the increasing formation of plateau 

in stress and plastic strain distributions with increasing 

work hardening coefficient H, showing a similar tendency 

with mild steel. There is practically no difference in 

behaviours between the two pre-exponential forms, that is, 

C3 and C1 a. 
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Fig.6-' High velocity ten
sion of bar of 
finite length of 
a mild steel 
(V = 20 rnls) 

Fig. 6- 2 High velocity ten
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finite length of 
a mild steel 
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Fi g. 8 Example of E:p-t relation in 
high velocity tension of bar 
of finite length of a mild 
steel (V= 10 rnls) 
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4.0 H=O· 

b 

4· 
...! 
t.. 
a. 

w 
2. 

1·0 

20~~, 

2·0 3·0 4·0 5·0mm 

Fig. 9 High velocity ten
sion of bar of 
finite length of 
material given by 
Eq. (2). 

Fig.10 High velocity 
tension of bar 
of finite length 
of material 
given by Eq. (2') 

(2) a, €p Distributions after the Reflections at the 
Ends 

As shown in Figs. 11 and 12, no essential difference occurs 

by the reflections. It is interesting that when time varia

tions of stress and plastic strain are observed for three 

different points in the bar both stress and plastic strain 

tend to be equalize respectively. 

(3) The effect of athermal stress term Og 

As seen in the plot of a - a g (Fig. 13), its behaviours near 

wave front are nearly equal but in plastic strain growing 

region some differences are observed. This means that a 
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Fig. 11 Example of o-t 
relation in high 
velocity tension 
of bar of finite 
length of mate
rial given by 
Eq. (2) 

Fi g. 12 Example of sp-t 
relation in high 
velocity tension 
of bar of finite 
length of mate
rial given by 
Eq. (2) 
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Fi g. 13 High velocity tension 
of bar of finite length 
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Comparison of Eq. (2) and 
constant constitutive 
equation 
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plot is shifted upward by Gg near stress wave front and by 

a value a little smaller than Gg for the region where plas

tic strain grows. The difference between the behaviours 

given by Eq. (2) and Eq. (2") are little as seen in Fig. 

13 and it is considered practically the same for these 

cases. 

6. Some Discussions on the Applicability of Strain 
Rate Independent Theory 

For the case of FCC type constitutive equation (2) with 

the constants: H = 100, bar length = 100 mm, tensile velo

city = 20 mis, comparison of Karman theory [15] is made as 

shown in Fig. 14. The constants for the strain rate 
independent theory are shown in the figure. For this case, 

the strain rate independent theory gives approximate values 

simulating general tendencies of the behaviours given by 

Eq. (2), although details of the stress profiles are not 

reproduced. So, the strain rate independent theory gives 

approximate values simulating general tendencies of correct 

behaviours, when a suitable stress-strain diagram of an 

selected E is taken as constant constitutive equation. 

7. Conclusion 

(1) The concepts of high velocity ductility and high veloc

ity brittleness are de find and their relations with crystal 

lattice systems are discussed. The importance of consider

ing the crystal lattice system is emphasized for the study 

of high velocity deformation behaviour of metals. 

(2) Constitutive equations modelling FCC materials 

especially high strength Al alloys are derived, based 

upon the experimental data in the strain rate range up to 

the order of 103 S -1. 
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(3) The mechanical behaviours in high velocity tension 

of bars of finite length are calculated for a mild steel 

and high strength Al alloys by finite element method, and 

the difference and similarity between BCC and FCC metallic 

materials are clarified. 

(4) The existence and non-existence of sharp stress peak 

in the stress wave front in BCC and FCC materials respec

tively, seems to be connected with high velocity brittle

ness and high velocity ductility of these materials. 
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Introduction 

Computerized analysis of materials and structures under explosive 

loadings has lead to the development of finite difference and finite 

element codes which are capable of treating nonlinear materials with 

a variety of dissipative mechanisms, such as thermal energy depen

dence, and hysteretic behavior in load-unload cycles in both shear 

and dilatation. Incremental plasticity theory is widely used for 

this purpose and a significant factor in this choice is the accom

panying uniqueness - stability theory. The object of this paper is 

to review and illustrate this methodology for modeling nonlinear 

hysteretic materials and for analyzing the behavior under shock load

ings of nonlinear media and structures embedded in such media. 

Incremental Plasticity Theory 

Classical incremental plasticity theory (e.g. see Ref. [1], p. 346 f.) 

provides a sound mathematical basis for the development of constitu

tive equations to represent diverse material behavior. Specifically, 

the plastic strain increment, €~" is related to the stress through 
1J 

a "flow rule" of the form 

(1) 

where G" is the stress tensor, f is a specified function of the 
1J 

stresses (and possibly other parameters), and A is a non-negative 

function which must be determined as part of the solution of the 

problem. The equation 

(2) 
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called the yield condition, defines a surface in stress space and 

the yield surface is required to be everywhere convex in this space. 

Any portion of the yield surface may remain fixed (perfect plasti

city), or move outward whenever the stress point is on that portion 

(work - hardening), or move inward so long as the stress point is 

not on that portion (e.g. kinematic hardening). In any case, work

softening is prohibited. 

A plasticity model which satisfies the preceding guidelines is 

stable*) in the sense of Drucker, Ref. [2]. That is the constitutive 

equations together with the standard continuum mechanics equations 

(conservation of mass, momentum and energy) are properly posed so 

that solutions exist, are unique, and depend continuously on the 

initial and boundary data. These abstract mathematical properties 

are of considerable practical significance in the analysis of con

tinuum problems. For example, if the solution does not depend 

continuously on the initial data, then small numerical errors 

(e.g. due to approximation or computer round-off) might propagate 

in such a manner as to make the entire solution worthless at a 

later point in time. Similarly, one would want to avoid problems 

with several solutions, or no solution, since the results may not 

correspond to a physical situation. 

Cap Models 

The cap model, Refs. [5] - [11], falls into the category of an 

incremental plasticity theory based upon the principles stated above, 

It is routinely used in finite element and finite difference calcu-

*) 
The use of the same function f in Eqs. (1) and (2) is referred to as 
an associated flow rule. Although non-associated flow rules are 
discussed in the literature, Refs. [3] and [4], their general use 
is not advised since stability proofs are difficult, often impossible, 
to obtain. 

In this context, it is worth noting that constitutive equations 
based on endochronic theory have recently been shown to have non
unique solutions and are deemed unsuitable for use in general 
dynamic problems, Ref. [24]. 
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lations to simulate the behavior of geological materials and buried 

structures subjected explosive loadings. Work has also been done to 

apply the cap model to earthquake problems. Various types of 

material behavior have been modeled with the cap model, including 

both the high and low pressure response of a number of geological 

materials such as sands, clays, and rocks. Anisotropy, strain rate 

effects in rocks, and temperature dependent effects have all been 

considered. The model developed in Ref. [11] is applicable from 

pressures of several bars to several megabars, and has been gene

ralized to account for the observed increase in shear strength which 

occurs in the kilobar range. 

For simplicity consider the (isotropic) cap model, Refs. [5] and 

[6], which employs a yield surface which is a function of only two 

invariants of the stress tensor. A typical yield surface is shown 

in Fig. 1 in which the coordinates are the pressure, p, and the 

square root of the second invariant of the deviatoric stress tensor 

IJ; , i.e. 

(3) 

(4) 

where the a. are the principal stresses. Three different modes of 
1 

behavior are possible for this model: elastic, failure and cap. 

Elastic behavior occurs when the stress point is within the yield 

surface which has two portions labeled failure envelope and cap. 

References [5] and [6] use a linearly elastic model inside the yield 

surface although various types of nonlinearly elastic or visco

elastic behavior can be modeled if warranted by test data. 

During the failure mode of behavior, the stress point lies on the 

failure envelope which may be a movable (hardening) yield surface. 

In Refs. [5] and [6], the failure envelope is assumed to be fixed 

and is represented by a yield condition of the form 
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.; J; - A + C exp (-3Bp) = 0 (5) 

where A, Band C are material constants. 

The cap mode of behavior occurs when the stress point lies on the 

movable cap and pushes it outward. The cap position and shape are 

related to the plastic strain history of the material through a 

hardening rule. In Refs. [5] and [6], the hardening rule is assumed 

to be of the form 

W[l - exp(-3Dp)] (6) 

where Wand D are material constants and for simplicity the shape of 

the cap is chosen as an ellipse. The cap does not move during purely 

elastic behavior. However, the behavior of the cap when the stress 

point lies on the failure envelope depends on whether the rock model 

or soil model is used. This distinction is made in order to model 

a phenomenon called dilatancy which is an inelastic volume change 

which appears in triaxial compression tests in rocks and some very 

dense sands, but is generally not present in most soils. When the 

stress point is on the failure envelope, the associated flow rule 

requires that the plastic strain increment be directed upward and to 

the left (see Fig. 1). Hence, the plastic strain increment during 

failure has a volumetric, or dilatant, component (as well as a shear 

component). For the rock model the cap position depends solely on 

the plastic strain generated when the stress point is on the cap; 

therefore the cap is stationary in this model when the stress point 

is on the failure envelope. This allows dilatancy to continue for 

as long as the stress point remains at failure. For the soil model, 

all plastic strain is included in EP , so that the dilatancy 
v 

associated with failure leads to a decrease in EP resulting in 
v 

inward movement of the cap. This cap movement is halted if and when 

the cap reaches the stress point on the failure envelope. When this 

occurs the associated flow rule requires that the plastic strain 

increment lie between the outward drawn normals at the corner, 

Ref. [2]; the amount of dilatancy is then automatically controlled 
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so that the stress point does not lie outside the cap. 

Tensile Behavior of Materials 

Compressive states of stress appear to be adequately represented, 

both theoretically and practically, by the use of cap models. How

ever, the state of the art in tensile modeling does not appear to 

have reached the same status. 

Tensile failure of solids is typically associated with a phenomenon 

which is characterized as brittle. There may be ductile - like tran

sitions but ultimately there appears a sudden relaxation from a 

measurable tensile stress to a zero stress. This relaxation frequent

ly occurs in a time which appears instantaneous. As a result, tensile 

failure is often represented by some form of rate-independent stress

strain model. For example, the maximum principal tensile stress is 

monitored and set to zero whenever it reaches a specific value. 

Other, similar approaches involving the pressure and deviators have 

been used. 

Little experimental information is available on the behavior of most 

solids after tensile failure, but what little there is indicates 

that these approaches are inadequate. A more important point is 

that these kinds of models violate the mathematical property of 

continuity and are thus potentially dangerous to use in calculations. 

In fact, simple one-dimensional numerical calculations have shown 

this danger to be quite real, Ref. [12]. In particular, extremely 

small changes in time step can be shown to lead to significant 

changes in calculated results. 

An approach to tension modeling which appears both theoretically 

and practically acceptable is to use a rate-dependent theory. 

Tension models based on crack propagation concepts have been devel

oped by several investigators. One such approach has been developed 

by the Stanfard Research Insitute, Refs. [13] and [14]. Work is 

currently under way, Refs. [15] and [16], to adapt such models for 
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use in wave propagation studies. 

Soil-Island Calculations 

Current methods for calculating the response of buried structures to 

explosive loadings sometimes employ a technique referred to as the 

soil-island approach, Fig. 2. In this method the ground response is 

first calculated as if the structure is absent (sometimes called a 

free-field calculation), and ground motions at the boundary of a region 

which contains the structure's location are saved. These boundary 

motions are then used in a second (usually more detailed) computation 

in which the structure is embedded in the ground. If the structure 

is at a considerable distance from the explosion and the boundary is 

placed at a reasonable distance from the structure, this can be an 

effective technique for reducing the interaction calculation to an 

acceptable size (Ref. [17]). This approach is particularly effective 

when a three-dimensional analysis is involved. For example, in 

vulnerability studies of protective structures subjected to high ex

plosive or nuclear weapons, it is usual to model the ground as a 

series of layers (each of which is represented by a cap model) and 

to use a two-dimensional axisymmetric code (e.g. LAYER, Ref. [18]) 

to calculate the ground response in the vicinity of the structure. 

A local three-dimensional calculation is then performed with a 

three-dimensional code, such as TRANAL, Ref. [19]. 

Calculational Techniques 

With the publication of several papers in the 1940's, John von 

Neumann laid the groundwork for both the current generation of digi

tal computers and wave propagation calculations. Since then there 

has been continued evolution of computer capabilities so that it is 

now relatively easy to develop (or obtain) computer codes for dynamic 

calculations of various types. One and two dimensional calculations 

which were unthinkable a generation ago are now considered routine, 

and three dimensional calculations are becoming practical. Hence, the 

emphasis of this paper has been on how to model more complicated 

situations, rather than on how to integrate the equations of motion. 
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Nonetheless, a brief review of this part of the methodology is in 

order here. 

In a review just two years ago, Ref. [20], nine specialized computer 

codes for doing three dimensional transient nonlinear calculations 

were briefly summarized. (Not included there were general purpose 

structural codes such as ANSYS, ASKA, NASTRAN, etc.) Codes for one 

and two dimensional wave propagation calculations have been adequate

ly reviewed in Ref. [21]. Reference [22] has become a classic in 

this field and should not be overlooked. 

Generally speaking, all of these codes integrate forward in time and 

permit different types of materials. The most commonly used time 

integration method for nonlinear wave propagation calculations is 

the explicit, central difference method with the artificial viscosity 

method of von Newmann and Richtmyer (see Ref. [23]). Other methods 

(e.g. implicit time integration) are sometimes used for structural 

problems but, for the high velocity motions and history dependent 

stress paths induced by explosive loadings, the traditional method 

appears to be the most economical. The TRANAL code, Ref. [20], is 

noted as an example of this methodology for calculating three dimen

sional problems. TRANAL is a finite element code which incorporates 

the cap model and which integrates the equations of motion using the 

central difference method. A calculation with 6,156 elements (21,480 

degrees of freedom) and 660 time steps was performed in less than 32 

minutes of computer time on the CDC (Control Data Corporation) 7600 

with this code. 

Concluding Remarks 

Recent advances in computerized analysis of materials and structures 

under explosive loadings has been summarized. The use of incremental 

plasticity theory and the importance of stable material models has 

been emphasized. With the improvement of computer technology, three 

dimensional dynamic calculations involving complex material behavior 

are quickly becoming common place. 
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Deformation Maps in the Region of High Dislocation 
Velocity 
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Summary 

The form of the deformation map, as introduced by Ashby, is con
sidered with emphasis on the region of high dislocation velocity 
(high stress). Of particular concern is the transition at high 
strain rates from a thermally activated to a linear viscous mode 
of deformation. New experimental data on aluminum and copper over 
a wide range in temperature and strain rates to 105 s-l are pre
sented. No evidence of the linear viscous mode was observed in 
these tests. Other data in the literature show a transition at 
strain rates on the order of 103 s-l. 

Introduction 

Inelastic deformation of metals may occur by means of a number of 

distinct mechanisms. To describe the deformation process in terms 

of a constitutive equation, or set of equations, requires pre

knowledge of the operating mechanism(s) for the particular range 

of the relevant operative loading variables (stress, temperature, 

rate of deformation). Thus, both the form of the constitutive 

equation and the range of its applicability must be defined for 

each alloy of interest. Deformation maps, as introduced by 

Ashby [1], are a useful means of presenting this information 

graphically. 

In this paper, we will examine the form of the deformation map in 

the region of high dislocation velocity, high strain-rate or high 

stress; these three being essentially equivalent. The maps are 

developed from a combination of analytical modeling of dislocation 

processes and of empirical data generation. We will proceed from 

some general considerations to specific quantitative data on 

aluminum and copper with particular emphasis on the transition 



from thermal activation to linear viscous drag as the dominant 

rate controlling processes at high velocity. 

Generalized Deformation Maps 

Metals and other crystalline solids can deform plastically by 
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means of a relatively large number of different mechanisms. The 

rate of plastic deformation is dependent, therefore, on the 

operative mechanism, or mechanisms if more than one is operative 

simultaneously, as well as the applied stress field and the tem

perature. When we are interested in a wide range of the pertinent 

variables, stress, temperature and strain rate, we can expect sig

nificant changes in the functional form of the constitutive relation 

at transition regions between operative mechanisms. Ashby [1] 

has introduced the deformation map, with axes of stress and tem

perature, for the purpose of delineating boundaries of those 

regions where specific mechanisms are dominant. The map may be 

accompanied by analytical or empirical constitutive relations to 

define the behavior within each region. The emphasis of Ashby's 

maps has been on the low stress or creep regions. Our purpose 

here is to concentrate on the regions of high stress which occur 

either at low temperature or at high strain rates. 

The generalized form of the deformation map is given in Figures 1 

and 2. Figure 1 is given in the Ashby form of stress vs. tem

perature with contours representing constant dislocation velocity 

or strain rate. Figure 2 presents an alternate form, more familiar 

to those working in high strain-rate effects, of stress vs. dis

location velocity (strain rate) with contour lines of constant 

temperature. In these figures, the stress is normalized by the 

shear modulus ~ and the dislocation velocity by the elastic shear 

wave velocity, cs ' Conversion of dislocation velocity to strain 

rate is made by the usual kinematic relation, y = pbv. The 

dimensional scales on Figures 1 and 2 are based on nominal prop-
10 -2 

erties for aluminum with a dislocation density p = 10 cm 

Major regions on these maps can be delineated based on four basic 

deformation mechanisms [2]. At the lowest stress levels, defor

mation occurs by diffusion controlled creep mechanisms. Significant 
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Figure 1. Generalized deformation 
map for high deformation rate 
region. 

Figure 2. Generalized deforma
tion map in terms of dislocation 
velocity (strain rate). 

creep rates generally require temperatures above 0.5 Tm and for 

constant creep rate the stress drops rapidly with increasing tem

perature. Further subdivision of the creep range can be made 

based upon the type of diffusion controlled process involved 

[1, 2], but will not be discussed further here. 

As the stress is increased by reducing the temperature or increas

ing the rate of deformation, for most metals there will occur a 

plateau or region where the flow stress is nearly independent of 

temperature variation over some range. At this athermal stress 

level, Ta' the glide dislocations are held up at long range bar

riers which may be overcome only by further increases in the ap

plied stress; i.e., the intrinsic barrier free energy is very 

large compared with kT so that random thermal fluctuation is not 

able to assist dislocation motion. 

Upon further increase in applied stress, the principal resistance 

to dislocation motion is the interaction with short range barriers 

whose intrinsic free energy is comparable with kT. Therefore, 

these barriers may be overcome by random thermal fluction and 

thermal activation becomes the rate controlling mechanism. We 

again have a region where deformation rate may be strongly de

pendent on stress and temperature. In its simplest form, the 



relationship between stress, T, temperature, T, and strain rate, 

y, in the thermal activation region is 

(1) 

where Yo' To and v* are constants. This simple model assumes that 

the activation barrier has a constant amplitude, TO' and constant 

width in the direction of dislocation motion proportional to the 

activation volume, v*. These assumptions correspond to the Seeger 

model for intersection of glide dislocations with stationary 
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forest dislocations. There are other types of localized barriers 

such as Peierls stress, cross-slip, solute atom stress fields, etc. 

for which the variation in activation energy with stress amplitude 

may be nonlinear [3); however, the Arhenius form of Equation (1) is 

retained. In the thermal activation region, stress increases with 

decreasing temperature and increasing dislocation velocity or 

strain rate. At T = 0 or y = y , the applied stress equals the 
o 

barrier strength TO. The parameters TO' 

region of thermal activation. 

y form bounds for the 
o 

If the applied stress exceeds TO' the dislocations may overcome all 

local barriers without assistance of the available thermal energy. 

At this point, viscous drag mechanisms (which are always present) 

become rate controlling. Several specific mechanisms have been 

proposed (see Ref. 2 for review), all of which result in a 

Newtonian viscosity and the drag force on the moving dislocation is 

given by 

Tb = Bv (2) 

where b is the Burger's victor and B is a drag coefficient. 

Alternately, Equation 2 can be expressed in terms of strain rate 

as 

T = a y (3) 

2 
where a = B/pb. The coefficients B or a are such that viscous 

drag becomes effectively rate controlling only at very high 
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dislocation velocity or strain rate. Experimental evidence to be 

discussed later indicates that viscous drag may become dominant at 
3 4-1 

strain rates of the order of 10 to 10 s Such a transition 

is important because of the change from a comparatively weak 

(logarithmic) dependence on strain rate to a much stronger (linear) 

dependence. As shown in Figure 2, the slope of stress vs. strain 

rate turns up sharply in the viscous region, T > To' There may 

also be some weak dependence of the drag coefficient, B or a, on 

temperature. 

The final limiting stress shown on Figures 1 and 2 is the theoret

ical strength,Tm, which is taken to be approximately Tm ~ ~/20. 

The behavior in the neighborhood of the theoretical strength or 

the problem of relativistic effects as dislocation velocities 

approach the shear wave velocity will not be discussed in this 

paper. 

The generalized deformation maps shown need further refinement and 

definition, but are presented to illustrate the general transi

tions occurring and to help guide the development of constitutive 

theory. The following experimental work is intended to verify 

certain regions of the map and specifically explore the transi

tion region between thermal activation and viscous drag. 

Experimental Procedure 

Compression tests were performed on two metals, aluminum (1100-0), 

and copper (99.999% pure). Strain rate was varied over a wide 
-4 -1 5 1 range from 10 s to 10 s- and temperature was varied from 

approximately 70K to 700K. 

For strain rates below 100 s-l all compression tests were per

formed on a hydraulic testing machine. At rates from 100 s-l to 
-1 3000 s ,a conventional split Hopkinson pressure bar of 1.25 cm 

diameter was used. These test techniques have previously been 

reviewed by Lindholm [4]. To achieve higher strain rates in order 

to define the potential transition into the viscous drag region, 

a split pressure bar system was modified as follows. The ef

fective strain rate produced by the pressure bar technique is 



proportional to the maximum elastic particle velocity in the bars 

and to the length of the compression specimen. Using maraging 
2 

steel alloy bars with yield strengths in excess of 2,500 MN/m , 

the maximum particle velocity could be increased by nearly a 

factor of 10. Also, the specimen was reduced in size to 4 mm in 

diameter by 4 mm length, a dimension equal to approximately five 

times the maximum grain diameter in the polycrystalline test speci

mens. In reducing the specimen size (by approximately 1/3), it 

was also essential to correspondingly reduce the diameter of the 

pressure bars to assure that the area mismatch between bar and 

specimen is minimal and the interface remains planar during wave 

reflection. This reduced bar diameter also minimizes geometrical 

dispersion of the large amplitude pulses in the pressure bars. 

The actual pressure bar dimensions were 4.7 mm diameter by 300 mm 

length. Stress pulses were generated by axial impact from a bar 

of the same diameter. Other than the bar geometry and material 

properties, the test procedure was similar to the conventional 

Hopkinson pressure bar method [4]. Using this miniature pressure 

bar system and specimen, strain rates to 6xl04 s-l were achieved. 

Results for Aluminum and Copper 

Two alternate plots of typical data using the test procedures 

described are given in Figures 3 and 4 for 1100-0 aluminum. 

These are in the same form as the deformation maps although di-

mensional coordinates are used. Figure 3 shows compressive stress 

as a function of temperature for three widely different strain 

rates. The data points are taken from continuous stress-strain 

curves at a constant strain amplitude of E = 10%. The plotting 

of other constant strain amplitudes results in similar curves. 

Figure 4 shows the alternate plot of stress vs. strain rate at 

constant temperature. 

It is apparent that two distinct modes of deformation are in

volved, both correlated by the simple thermal activation model 

given in Equation 1. The modes are defined based on the em

pirical data only and for reference purposes will be designated 
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Figure 3. Flow stress for 1100-0 aluminum 
vs. temperature. 

Figure 4. Flow stress for 1100-0 aluminum 
vs. strain rate. 

by numerals 1 and 2, Mode 1 occurring at the higher stresses. The 

solid lines in Figures 3 and 4 are based on the following sets of 

constants from Equation 1. 

Mode 1 Mode 2 

v* -22 3 3.76xlO-21 3 6.44xlO cm cm 
8 -1 

1.73xlO12 -1 
Yo 1. 73xlO s s 

T 
0 

234.4 MN/m 
2 

147.5 MN/m 
2 

The Mode 2 deformation occurs in a range usually attributed to the 

dislocation intersection model of Seeger [5]. The mechanism as

sociated with Mode 1 is uncertain. A possible mechanism is the 



nucleation of cross-slip as the temperature is decreased and the 

stress increased. This low temperature mode is also apparent in 

the low strain rate tensile data of Trozera, Sherby and Darn [6] 

for pure aluminum. See particularly Figure 10 of Reference 6 

which is contained in written discussion by Wiedersich. 

If we now observe Figure 4, we see the same mode transition oc

curring with increasing strain rate. At ambient temperature 
3 -1 

(295K), the change in slope occurs at roughly 10 s Similar 

observations on strain rate effect in aluminum have led others 

[7] to conclude that this slope change was evidence of a trans i-

tion to the viscous drag mechanism. However, in the present case, 

the low temperature, low strain rate data show that the transition 

is only to another thermally activated mode. The correlation of 

temperature effect and strain rate effect on flow stress over such 

a wide range is strong evidence of the thermal activation process. 

Test results for copper obtained at 77K and 295K are shown in 

Figure 5 for two levels of compressive strain, 10% and 20%. 

These results show a lower strain rate and temperature sensitivity 
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Figure 5. Flow stress for 99.999% copper. 

than the aluminum and no change in mode over the wide range 

covered. The greater scatter in the data at the very highest 

rates can be attributed to the accuracy of the experimental tech

nique in this region. Nevertheless, increases in stress of the 
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type that would accompany linear viscous damping are not present. 

Reducing the test temperature to 78K increased the stress level 

by less than 20% above the 295K data over the entire strain-rate 

range. Unfortunately, enough temperature data was not taken to 

compute all the activation parameters; however, the low sensitivity 

to temperature correlates with the low strain-rate sensitivity. 

Also, the present data does not indicate the presence of a second 

thermally activated mode in copper, either at low temperature or 

high strain rate. 

It should be pointed out that other investigators [8, 9, 10], also 

using pressure bar techniques, have measured a sharp increase in 
3 -1 

flow stress at strain rates in the order of 10 s • This increase 

has been attributed to viscous drag controlled deformation. Drag 

coefficients of the order 4-10 kNsm-2 for copper at room temper

ature have been reported [10]. 

Conclusions 

The construction of deformation maps is helpful in obtaining a 

consistent and complete picture of the deformation behavior for 

a given metal or alloy. They also assist in defining the range of 

applicability of the associated constitutive theory. For high 

velocity deformation, the deformation map and deformation mechan

isms are not as well established as in the quasi-static or creep 

range. Thermal activation and viscous drag are relatively well 

established as the dominant mechanisms in this range. However, 

experimental mapping of the transition between these two mechan

isms needs further work since there remains apparent inconsis

tencies among the reported results. This additional data is 

required in a region which is not available to simple experimental 

determination. The Hopkinson bar methods, which are widely used, 

must come under careful scrutiny when used for strain rates above 
4 -1 about 10 s • The limiting assumptions concerning uniaxial stress 

state, stress homogeneity and boundary constraint all become 

critical at these rates. However, improved alternate techniques 

are not yet available for large plastic deformation. 
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Dislocation Configurations Due to Plate Impact 

R. J. CLIFTON and P. KUHAR 
Division of Engineering, Brown University 
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Sunmary 

Plate impact recovery experiments are described in which single 
crystals of LiF are impacted by a thin flyer plate. Provisions 
are made to prevent reloading of the crystal by reflected waves or 
repeated impact. As a result, the crystal remains in position for 
subsequent removal to examine the dislocation configurations pro
duced by a known stress pulse. Observation of dislocations by an 
etch pit technique shows large increases in dislocation density with 
closely spaced, long glide bands emanating from both front and rear 
surfaces. Comparatively short, widely spaced interior glide bands 
have lengths comparable to those predicted by applying the linear 
drag model of ultrasonic attenuation studies to the stress levels 
of the plate impact experiments. 

Introduction 

Plate impact experiments on single crystals provide a means 

for probing the dynamics of high speed dislocations as well as the 

nucleation and multiplication of dislocations. Early experiments 

of this type [1] focussed attention on the spatial attenuation of 

the stress amplitude at the leading wave front and the relation of 

this so-called "elastic precursor decay" to the dynamics of dis

locations at the wave front. The general conclusion from these ex

periments is that the precursor decay is much greater than pre

dicted from theory, provided that the decay is assumed to be due 

to movement of the initial dislocations at speeds less than elastic 

wave speeds. Various possible explanations of this discrepancy have 

been considered, including dislocation multiplication in the wave

front [2], front surface effects [3] and heterogeneous nucleation 

of dislocations [4]. Differentiation between these mechanisms, as 

well as such other possibilities as supersonic dislocations [5] and 
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dislocation breakdown into multiple dislocations at dislocation ve

locities approaching elastic wave speeds [6], should be facilitated 

by examination of dislocation configurations before and after impact. 

Preliminary plate impact experiments intended to reveal post

impact dislocation configurations in LiF crystals have been reported 

by Flinn et al [7] for low velocity impacts (drop heights of less 

than 1 meter). These experiments show that marked increases in dis

location density can occur, even for the relatively low impact ve

locities imposed. However, detailed quantitative interpretation of 

these experiments is not possible because the wave profile was not 

monitored and reloading by reflected waves was not prevented. A 

more comprehensive series of plate impact recovery experiments on 

LiF crystals is being carried out by the authors [8,9]. Typical 

results and overall insights obtained from these experiments are re

ported in the following sections. 

Experimental Setup and Procedure 

A schematic of the plate impact recovery experiment is shown 

in Fig. 1. The objective of the experiment is to subject the single 

crystal specimen to a single, one-dimensional plane pulse with a 

duration of 0.25 ~sec or less. Prevention of reloading by reflected 

waves is a primary requirement of the experiment because differences 

between dislocation configurations before and after impact are to be 

interpreted as due to the one-dimensional plane pulse. The specimen 

is impacted in a vacuum chamber by a thin aluminum flyer plate 

mounted in front of a projectile that is accelerated in a launching 

tube with a bore diameter of 6.35 cm. The velocity of the projec

tile is measured to an accuracy of better than 1% by recording the 

times at which 5 wire pins of known separation are contacted by the 

steel projectile plate at the front of the projectile. The flyer 

plate is separated from the steel projectile plate by a stiff foam 

spacer. The acoustic impedance of the foam is less than 0.5% of 

that of the aluminum flyer so that reflection of the initial com

pression wave at the aluminum-foam interface is essentially the 

same as reflection at a free surface. The duration of the initial 

pulse propagated into the specimen is equal to the round-trip transit 
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Fig. 1. Schematic of Single Crystal Recovery Experiment. 

time for a longitudinal elastic wave in the flyer plate, provided 

that the acoustic impedance of the flyer is less than or equal to 

that of the specimen,and the yield strength of the flyer is high 

enough that yielding does not occur under the impact velocities em

ployed. Both of the latter requirements are met for impact of high 

purity LiF crystals at projectile velocities less than 0.07 mm/ 

~sec by using 6061-T6 aluminum flyer plates for which the acoustic 

impedance agrees with that of LiF to within 1%. The flyer plate 

has an eight-pointed star shape in order to prevent lateral release 

waves from influencing significantly the stress history in a central 

region of the crystal [10]. 

The single crystal specimen is a square plate of 99.9999% pur

ity LiF, oriented for wave propagation along <100>. The specimen 

is backed by an impedance matching, unbonded, longitudinal momen-

tum trap. As a result, the compression pulse generated by the flyer

specimen impact propagates into the momentum trap, reflects from the 
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free rear surface as a tensile pulse, and causes separation from the 

specimen when the reflected tensile pulse arrives at the unbonded 

interface. Under ideal conditions in which all plate faces are flat 

and parallel, all pieces are acoustically matched, and all pieces 

respond elastically, the specimen would be left at rest and unstress

ed. Subsequent, late impact of the specimen is prevented by stopping 

the projectile through impact of the projectile plate with the steel 

anvil. Thus, under ideal conditions the specimen remains in place 

and can be removed for examination of changes in dislocation config

urations due to passage of the single pulse. 

The ideal conditions listed here are, of course, not fully re

alized in actual experiments. However, actual experiments allow one 

to retain the principal feature of subjecting the specimen to a known 

pulse that leaves the crystal in place for subsequent examination of 

changes in dislocation configurations. Faces of the flyer, specimen, 

and momentum trap are made flat by lapping with a 3 micron alumina 

powder in a mineral oil. Periodic checking of the surfaces with a 

monochromatic light source and an optical flat allows production of 

surfaces with a flatness of approximately 1 light band per cm. The 

surface roughness is approximately 0.25 microns. Alignment of the 

impact faces by means of an optical technique [llJ yields a parallel

ityat impact of better than 1 x 10-3 radians. This angular mis

alignment at impact is obtained from recorded times of contact of 

the flyer with conducting tabs of aluminum deposited on the impact 

face of the specimen [8J. The surface flatness and parallelity 

achieved are generally adequate for these deviations from ideal con

ditions to cause negligible adverse effects. 

Deviations from ideal conditions that have the most effect on 

the experiments are those associated with inelastic deformation of 

the specimen and with stress wave transmission through the unbonded 

interface. The former is an inevitable consequence if the experi

ment is to be used to study the motion and generation of disloc

ations. However, the influence of dislocation motion on the pulse 

shape can be reduced by using crystals with low dislocation density 

and by using low amplitude, short duration pulses. To this end, in

itial dislocation densities are generally kept less than 5 x 104/cm2 



40 

and the pulse amplitudes and durations are generally kept in a range 

where negligible decay is observed in non-recovery experiments on 

similar crystals. In addition, the pulse is monitored by means of 

a laser displacement interferometer [12] so that deviations between 

the actual pulse and the one predicted for ideal, elastic behavior 

are known. 

The problem of achieving high fidelity stress wave transmission 

through the unbonded interface has proved to be difficult. One ap

proach has been to lap the mating surfaces, ring them together, 

check the separation by observing Newton's rings due to interference 

of light reflected from the two surfaces, and bond the two pieces 

together with small drops of glue or foam at the corners. This ap

proach has the drawback that an initial gap is left between the two 

faces. As a result, part of the compression pulse is reflected 

from the interface before the gap closes. This reflected wave then 

makes a round trip in the crystal and thereby subjects the crystal 

to a more complicated loading history than intended originally. How

ever, once the gap closes and the reflected wave completes the round 

trip, essentially the entire pulse is transmitted to the momentum 

trap. 

A second approach has been to put a thin layer of low viscosity 

(5 cp) silicone oil between the specimen and the momentum trap and 

assemble the pieces in a vacuum chamber at a pressure greater than 

the vapor pressure of the oil (-10 microns). (Again the assembled 

pieces are bonded at the edges by small drops of glue or foam to fac

ilitate handling and maintain relative positions of the two pieces 

prior to impact.) This approach has the advantage that the leading 

part of the initial pulse is largely transmitted to the momentum 

trap so that the wave reflected back into the crystal has much small

er amplitude than for the case of a vacuum gap at the interface. How

ever, it also has the disadvantage that the thickness and rheological 

properties of the oil are introduced as additional factors influenc

ing the loading imposed on the specimen and the determination of that 

loading from the recorded motion of the free surface of the momentum 

trap. Examples of pulses obtained using both approaches are pre

sented in the next section. 
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Plate Impact Results 

The series of plate impact experiments on LiF crystals annealed 

at 6000 c. consists largely of three types of experiments: (i) non

recovery, (ii) recovery--with a vacuum gap between specimen and momen

tum trap and (iii) recovery--with silicone oil between specimen and 

momentum trap. The non-recovery experiments differ from the recovery 

experiments in that no momentum trap is used and the motion of the 

specimen rear surface is monitored directly. Also, the flyer plates 

are generally circular and thicker (-3 mm) than for recovery experi

ments. Wave profiles for a series of experiments at different im

pact velocities are shown in Fig. 2. For linear elastic behavior of 

the flyer and the specimen the velocity of the free surface should 

jump to the projectile velocity and remain constant thereafter. Thus, 
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Fig. 2. Velocity-Time Profiles at Rear Surfaces of 
Specimens in Non-Recovery Experiments. 
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from Fig. 2 it appears that for impact velocities less than 0.03 mml 

~sec and pulse durations less than 0.5 ~sec the wave profiles show 

only minor deviations from those predicted for the linear elastic 

case. For impact velocities of 0.04 mrn/~sec and larger there are 

clear signs of inelastic wave phenomena. On the basis of these ex

periments, the recovery experiments were designed for impact veloc

ities less than 0.025 mrn/~sec. 

A typical velocity-time profile for a recovery shot without a 

substance between the specimen and momentum trap is shown in Fig. 3. 

The thickness of the flyer is such that the expected pulse duration 

is 250 nsec. However, because of an initial gap between the speci

men and momentum trap, approximately 110 nsec of the pulse is re

flected at the interface and only the remaining 140 nsec of the 

pulse appears in the main transmitted pulse. The remainder makes 

a round trip in the specimen and arrives at t = 1452. The tail fol

lowing the main pulse and the second part of the reflected pulse in

crease nonli~early with increasing projectile velocity and appear 

to be related to plastic deformation of the specimen. The longi

tudinal momentum transmitted to the momentum trap is equal to the 

area under the curve in Fig. 3 from t = 896 to t = 1765 times 

(pcl/2) where pCl is the acoustic impedance of aluminum. Measure

ment of this area indicates that the transmitted momentum is approxi

mately 3.8% greater than the initial momentum of the flyer plate. 

This comparison provides a rough check of the measured velocity-time 

profiles and also indicates that the longitudinal momentum trap has 

effectively trapped nearly all of the longitudinal momentum. 

A velocity-time profile for a recovery shot with silicone oil 

(5 centipoise viscosity) between the specimen and momentum trap is 

shown in Fig. 4 for the case of a projectile velocity comparable to 

that of Fig. 3. In Fig. 4 the duration of the initial pulse is ap

proximately equal to the round trip transit time in the specimen. 

However, the amplitude of this pulse is approximately 15% less than 

expected from elastic wave theory. Another important difference 

between the velocity-time profile of Figs. 3 and 4 is the reduced 

amplitude and duration in Fig. 4 of the first part of the reflected 
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pulse that arrives after a round trip in the specimen. This dif

ference is of course due to more of the leading part of the initial 

pulse being transmitted through the oil layer to the momentum trap. 

Measurement of the area under the velocity-time profile in Fig. 4 

from t = 907 to t = 1850 indicates that the momentum transmitted 

to the momentum trap is approximately 1.5% less than the initial 

momentum of the flyer plate. Thus, the LiF-Oil-At configuration 

also allows nearly all of the momentum to be transferred to the 

momentum trap. 

Dislocation Configurations Produced 

In recovery experiments the specimen generally remains in pos

ition, supported by drops of glue or foam at the corners. Often, 

and especially at relatively high impact velocities, the specimen 

has a number (say 1-5) of cracks on (100) planes perpendicular to 

the impact face. In most cases when these cracks are present the 

specimen is separated into several pieces by cracks extending either 

all the way through the crystal or until they intersect another 

crack at right angles. The most common crack planes are the mid

planes coinciding with lines joining opposing re-entrant corners of 

the star. Thus, when cracks develop they generally expose (100) 

planes in the central region of the crystal where dislocations are 

to be observed. If such planes are not exposed as a result of the 

impact experiment, then they are exposed afterwards by cleaving with 

a sharp chisel. In either case, dislocations produced during frac

ture remain near the fracture surface and are removed by using a 

2% NH40H solution to dissolve a 5-10 ~m thick surface layer. 

Etch pits [13] marking the intersection of dislocations with an 

(001) face perpendicular to the impact face are shown schematically 

in Fig. 5. A schematic representation is used in order to enhance 

contrast for the photographic reproduction used for this book. How

ever, the glide bands shown are the same as those in a particular 

experiment, except that individual etch pits in glide bands are not 

shown and the number of glide bands near the surfaces is reduced to 

keep the picture from appearing uniformly dark in these regions. 
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Interpretation of these glide bands is facilitated by noting that the 

primary slip systems in LiF consist of the six slip systems with 

{110} slip planes and <110> slip directions. In the central part 

of the crystal loaded by waves of one dimensional strain the two 

families of slip planes perpendicular to the impact face are un

stressed whereas the other four slip systems are stressed equally. 

Evidence of glide band formation on all stressed slip systems is 

shown in Fig. 5, whereas there is no evidence of slip on the un

stressed slip planes which intersect the surface shown along lines 

perpendicular to the impact face. Glide bands parallel, and at 45 0 , 

to the impact face correspond, respectively, to the intersection of 

screw and edge dislocation segments with the observed surface. 

The dislocation configurations in Fig. 5 are characterized by 

long glide bands emanating from the boundaries and compaf'atively 

short glide bands in the interior. Furthermore, the lengths of in

terior edge and screw bands are approximately the same. In addition, 

there are a large number of individual dislocations that do not appear 

to be part of any glide band structure. Overall, the diSlocation 

density in the middle third of the crystal is approximately 106/cm2 

and increases to greater than 107/cm2 at the impact and rear sur

faces. This is a marked increase in dislocation density from an in

itial density of 5 x 104/cm~ except within 50 ~m of the lapped sur-
7 2 

faces where the density \vas greater than 5 x 10 /cm • 

The long glide bands can often be traced to regions of the im

pact and rear surfaces where scratches and/or foreign particles have 

contributed to glide band initiation. The lengths of these glide 

bands are frequently greater than the distance a dislocation could 

move if driven at sub-sonic velocities for the duration of the ap

plied pulse. Furthermore, the lengths of bands emanating from front 

and rear surfaces are nearly the same even though forward moving 

dislocations emanating from the front surface remain under the driv

ing force of the initial pulse significantly longer than backward 

moving dislocations emanating from the rear surface. For these 

reasons it is believed that the long glide bands are initiated to 
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Fig. 5. Schematic of Etch Pits on (100) Face Per
pendicular to Impact Face. (Recovery Ex
periment with Vacuum Gap; Vo = 0.0223 mml 
~sec; Pulse Duration of 0.248 usec) 

accommodate geometric imcompatiblility of mating surfaces and that 

these glide bands continue to extend after the applied stress is re

moved due to the repulsive force between dislocations of like sign. 

Resistance to ejection of the dislocations at the boundary is pro

vided by the opposing force resulting from the intersection of glide 

bands. The length of the long glide bands presumably increases with 

the number of dislocations necessary to accommodate the given incom

patibility. It should also decrease with increasing yield stress, due 

to arrest of dislocations at higher stress levels. Partial confirm

ation of the latter hypothesis comes from experiments on hard irrad

iated crystals which have a much higher yield stress (more than ten

fold) and resulted in much shorter glide bands (less than one tenth) 

emanating from the boundary even though the surface preparation was 
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the same as for annealed specimens and the recorded wave profiles were 

also similar to those for annealed specimens. 

The interior glide bands contain, on the average, approximately 

20 etch pits. If the outermost etch pits in the longer interior 

bands are viewed as marking the limits of the region swept out by 

the leading dislocation loop (circular loop in view of the equality 

of lengths of edge and screw bands), then the average velocity of 

the leading dislocation can be estimated by dividing the half-length 

of the glide band by the duration of the pulse. For this calculation 

it appears reasonable to take the pulse duration to be that of the 

initial pulse because of the relatively small amplitude and duration 

of the reflected pulses. Also, the reversal of sign of the resolved 

shear stress that occurs during reflection from the free front sur

face of the specimen tends to nullify the effect of reflected pulses 

on final loop diameter. For a glide band length of 0.23 mm and a 

pulse duration of 0.25 ~sec the estimated average dislocation veloc

ity is 0.46 mm/~sec or approximately 7% of the longitudinal elastic 

wave speed. Thus, the average dislocation velocities in these exper

iments appear to be small relative to those at which breakdown and rel

ativistic effects are expected to play important roles. 

An interesting insight into the rate controlling mechanism for 

dislocation motion in high purity LiF crystals at the stress levels 

of the experiments is obtained by substituting the experimentally 

determined dislocation velocity and resolved shear stress into the 

model for'linear drag on a dislocation: 

Tb = Bv (1) 

where T is the resolved shear stress (approximately 0.6 Kbar for the 

initial pulse in the experiment corresponding to Fig. 5), b is the 

Burgers vector (b = 2.84 x 10-8 cm fo LiF), v is the dislocation 

velocity and B is the drag coefficient. The resulting value of 

the drag coefficient is B = 3.7 x 10-4 dyne-sec/cm2, which is com

parable to values obtained in ultrasonic attenuation experiments 

[14-16J. This suggests that the dominant mechanism controlling the 

motion of dislocations in the plate impact recovery experiments is 
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the intrinsic resistance of the clear lattice, as in the case of the 

small amplitude vibration of dislocations in ultrasonic attenuation 

studies. More detailed interpretation of the recovery experiments 

awaits the development of constitutive models that incorporate the 

main features of the dislocation configurations shown in Fig. 5. 

In particular, more realistic models of the behavior of groups of 

dislocations appear to be required. These models should relate 

the dislocation line length per unit volume to the density of loop 

centers and the diameters of lOops. The dislocation density at any 

position should include contributions from expanding loops nucleated 

in other regions. Furthermore, the modelling of the interaction of 

dislocation loops through their long range stress fields appears 

important for an adequate description of glide band formation. The 

wave profiles and dislocation configurations obtained in plate impact 

recovery experiments comprise a rich data base for excluding un

satisfactory constitutive models. 
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Summary 

Two experimental works concerning the behaviour of dislo
cations at high rates of strain in polycrystalline OFHC 
copper are reported. The first work is time resolved 
measurements of the ultrasonic attenuation and velocity 
in specimens undergoing dynamic deformation. The highest 
strain rate imposed was about 80 Isec. From the ultra
sonic data the density of the mobile dislocations was es
timated as a function of the strain rate. The second 
work is measurements of the flow stress in a strain rate 
range from 1 x 10 3 to 2.5 X 10 4 Isec and at 293°, 573° and 
773° K. A sharp increase in the strain rate sensitivity 
which means a transition in the rate controlling mecha
nism appeared at a strain rate of about 1 x 10 4 Isec. The 
behaviour of dislocations in this transition range is dis
cussed. 

Introduction 

In fcc metals such as copper and aluminium, the intrinsic 

drag on dislocations is given in a linear form [1]: 

v == TblB , (1) 

where v is the velocity of a dislocation, T is the re

solved shear stress, b is the Burgers vector, and B is 

the dislocation damping constant. Since the value of B 

is very small, in the strain rate range lower than about 



51 

10 3 /sec, the dominant rate controlling mechanism for 

dislocation motion is not the above drag but a thermally 

aided cutting of localized extrinsic obstacles. At least 

in case of pure metals, the dominant obstacles may be the 

forest dislocations. A simplified analysis given by 

Seeger [2] interprets the existing experimental results 

[3,4] fairly well. However, there is a possibility that 

the actual process is more complicated. The experimental 

results by Edington [5] indicate that the cell structure 

of dislocations should be considered. On the other hand, 

when the strain rate is higher than about 10 3 /sec, it 

has been reported very often that the strain-rate sensi

tivity of the flow stress increases rapidly. Many inves

tigators have attributed it to an explicit appearance of 

the intrinsic drag [4], while a question has been raised 

by Lindholm [6] concerning the experimental technique in 

such a very high strain rate range. 

In this paper, two experimental works are presented. The 

first one is time resolved measurements of the ultrasonic 

attenuation and velocity in polycrystalline OFHC copper 

specimens undergoing dynamic deformation. The second one 

is measurements of the flow stress in the strain-rate 

range where the transition in the rate controlling mech

anism is expected to appear. The material of specimens 

was again polycrystalline OFHC copper, and measurements 

were made at widely different temperatures. 

Ultrasonic Experiment 

1. Experimental 

In order to develop a more direct method of detecting the 

behaviour of dislocations than the flow stress measure

ment, two of the present authors [7] have tried time re

solved measurements of the ultrasonic attenuation and 

velocity changes in specimens undergoing dynamic defor-
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mation. However, the analysis of the experimental results 

given in the previous papers was not necessarily satis

factory. In this paper, a somewhat detailed discussion 

will be presented together with an outline of the method 

and results of the experiment. 

The devised ultrasonic apparatus has a resolution time of 

about 10 wsec. Set-up around the specimen is shown in 

Fig.l. The ultrasonic frequency was 11 MHz. Measure

ments were made on pOlycrystalline OFHC copper vacuum 

annealed at 700 0 C for 3 hr. The highest strain rate im

posed was 83 /sec. The results on the ultrasonic atten

uation and velocity changes induced by deformation are 

shown in Fig.2, and summarized as follows: 
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and 6V/V respectively, against strain E and time after 
deformation. 
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(i) during deformation, the attenuation change LA is 

strain-rate sensitive, whereas the velocity change 

liV/V is not; 

(ii) after dynamic deformation, LA rapidly falls near to 

the value under static deformation, whereas LV/V 

shows no remarkable change; 

further, from (i) and (ii) 

(iii) LA and LV/V after deformation are insensitive to tehe 

previous strain rate; 

(iv) LA and LV/V can be divided into rate sensitive and 

rate insensitive parts, but the rate sensitive part 

of LV/V is negligibly small. 

The above rate sensitivities of LA and liV/V "lere confirm

ed by changing the strain rate £ stepwise [7]. 

2. Discussion 

Edington [5] reported that the cell structure of dislo

cations was formed in dynamic deformation as well as in 

static deformation. The foregoing summary (iii) of the 

experimental results corresponds with the above Edington's 

result. In the following analysis, formation of the cell 

structure in dynamic deformation will be postulated. In 

the present experiment the strain is small, but Gottler 

[8] pointed out formation of the cell structure from a 

very early stage of deformation. 

Fig.3. Cell structure. 

Mobile dislocations 
---- Cell wall dislocations 
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Under the cell structure, as shown in Fig.3, plastic de

formation is caused by the glide motion of the mobile 

dislocation loops, which bow out from the cell wall and 

move across the interior of the cell until they are ab

sorbed again into the cell wall. The strain rate in this 

deformation process is given by 

(2 ) 

where n is the emission rate of mobile dislocation loops 

from the cell wall, ac is the cross-sectional area of the 

cell. The emission of mobile dislocation loops may be 

thermally aided process. 

The rate controlling mechanism in the glide motion of 

mobile dislocation loops may be the intrinsic drag given 

by (1). Therefore, the lifetime of mobile dislocation 

loops, the time required for crossing the cell interior, 

may depend upon the stress. However, in case of fcc 

metals, the strain rate dependence of the flow stress in 

the strain rate range lower than about 10 3 /sec is very 

small, and, accordingly, the lifetime of mobile disloca

tion loops will depend upon the strain rate very weakly. 

On the contrary, as is given by (2), the emission rate 

of mobile dislocation loops, n, should be proportional 

to the strain rate. Thus, the instantaneous density of 

mobile dislocation loops may be nearly proportional to 

the strain rate. Now, by putting together the foregoing 

summary (iv) of the experimental results with the above 

consideration, it may be concluded that the rate sensi

tive parts of 6\ and 6V/V are the contribution of the 

mobile dislocation loops while the rate insensitive parts 

are that of the cell wall dislocations. 

In Granato-Lucke's theory [9], a dislocation is simulated 

by an elastic string. In case of the cell wall disloca

tions, the loop length between adjacent tangle nodes is 

very small. Accordingly, the contribution of the cell 
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wall dislocations to 6\ and 6VIV can be given by the low 

frequency approximation of Granato-Lucke's theory; 

(3) 

where A and L are the density and mean loop length of 

dislocations, respectively; w is the circular frequency 

of the ultrasonic wave; tl and t2 are constants deter

mined by the distribution function of the loop length; ~ 

is a factor determined by the orientation of the slip , 
system; Band C (= iGh2) are the damping constant and 

line tension of a dislocation, respectively, and G is 

the modulus of rigidity. 

In case of the mobile dislocation loops the motion due 

to the ultrasonic stress is superimposed upon the main 

motion. For simplicity, the following assumptions are 

made: 

(a) the lifetime of the mobile dislocation loops is suf

ficiently longer than the ultrasonic period; 

(b) the intrinsic drag which is the rate controlling 

mechanism of the mobile dislocation loops is linear 

as is given by (1). 

On the above assumptions, Granato-Lucke's theory may be 

applicable in its original form. Though the mobile dis

location loops are not necessarily long enough, their 

natural frequency at the critical position for bowing 

out (Fig.3) is zero, and after the critical position is 

passed the frequency turns imaginary. Thus, for the 

contribution of the mobile dislocation loops the high fre

quency approximation of Granato-Lucke's theory may hold; 

6\ = 1TrlACIBw 6V Iv = 0 (4) 

Gottler [8] pointed out that the cell wall dislocations 

are distributed over all the slip systems nearly equally 

while the mobile loops belong mostly to the primary slip 

system. On these conditions, the orientation factor ~ 

is derived as follows: 
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for cell wall dislocations 

rl = (E/15G) (1- 2v)/(1 - v 2 ) , 

for mobile dislocation loops 

rl = (3E/32G) (1- 2v)/(1- v 2 ) , 

(5) 

(6) 

where E is Young's modulus and v is Poisson's ratio. The 

above derivation was made for polycrystalline materials 

by taking an average with respect to the orientation of 

the grains. The Schmid factor of the primary slip system 

with respect to the main compression axis was assumed to 

be 0.5, and the direction of the ultrasonic wave trans

mission shown in Fig.l was taken into account. 

Table 1. Density and mean loop length of cell wall dis
locations and density of mobile dislocation 
loops. (strain £ = 0.01) 

Cell wall dislocations Mobile dislocation loops 

strain rate /sec A /cm2 

A=1.2xl0 9 /cm 2 32 2.3 x 10 7 

52 2.9 x 10 7 

L=2.0 X 10- 5 cm 
83 4.0 x 10 7 

The density and mean loop length of the cell wall dislo

cations can be evaluated by substituting (5) and the ex

perimental data of the rate insensitive parts of ~A and 

~V/V into (3). Similarly, the density of the mobile dis

location loops is obtained from (4), (6) and the experi

mental data of the rate sensitive parts of ~A and ~V/V. 

The experimental fact that the rate sensitive part of 

~V/v is negligibly small [summary (iv) of experimental 

results] coincides with the second equation of (4). Some 

of the results are shown in Table 1. For the constants and 

moduli the following values were used: B = 7 X 10- 4 dyn· 

sec/cm 2 [1], tl = 120 and t2 = 6 [9], v = 0.35, E = 1.23 X 1012 

dyn/cm 2, G = 0.4 X 10 12 dyn/cm2. The values of the density 

and mean loop length of the cell wall dislocations and 

the density of the mobile dislocation loops seem accept-
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able. In Fig.4, the density and mean loop length of the 

cell wall dislocations in the static deformation and af

ter the dynamic deformation are plotted against strain. 

The strain dependencies of the density and mean loop 

length are also reasonable. 
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Fig.4. Density and mean loop length of cell wall disloca
tions against strain E. Density A and loop length L are 
shown in non-dimensional forms. 

The above analysis of the data was made postulating the 

formation of the dislocation cell structure. On the 

other hand, if this is not the case, the mobile disloca

tions should cut through an array of the forest disloca

tions with the aid of thermal activation. If the density 

of the dislocations is not so low, the lifetime of the 

mobile dislocation loops, the time required for one jump 

motion, may be negligibly short compared with the ultra

sonic period. In this case, ~A and ~VIV may be given by 

dh 
'TfQG(-d ) a-b 

~A - T T=T 0 J ~ V IV = 0 (7) 
w 

where n is the rate at which a thermally aided jump of 

the mobile dislocation loops occurs per unit volume, aj 

is the area swept by a mobile dislocation loop in one 
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jump, To is the resolved shear stress due to the main 

compression. It must be noted that ~V/V is again zero. 

Equations (4) and (7) represent two extreme cases. In 

order to identify the actual process further experiments 

especially at different ultrasonic frequencies and tem

peratures seem necessary. 

Flow Stress Measurement 

1. Experimental 

Flow stress measurements over a strain rate range from 

1 x 10 3 to 2.5 X 10 4 /sec were performed on polycrystal

line OFHC copper at 293 0 , 573 0 and 773 0 K with the split 

Hopkinson pressure bar method. Small specimens, 2 mm 

both in diameter and length, were used. The above size 

and diameter-length ratio were adopted to minimize the 

effects of the inertia and the end surface friction. A 

schematic diagram of the apparatus is shown in Fig.5. 

The pressure bars were made of maraging steel and their 

diameter was 10 mm. Specimens were vacuum annealed at 

650 0 C for 3 hr after machining. 

10 

Q6. Vo-

Fig.5. Schematic diagram of the split Hopkinson pressure 
bar apparatus. 

1. Impact bar. 2. Incident bar. 
4. Specimen. 5. Position sensors. 
7,8. Strain gauges. 9,10. Digital 
common quartz controlled time base. 

3. Transmitter bar. 
6. Electronic counteL 
memories with a 

11. Pen recorder. 
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In tests at very high strain rates, the effect of the ge

ometrical dispersion of elastic waves in the pressure bars 

becomes significant. Miklowitz [10] showed that when a 

step velocity S(t)Y o or a step pressure S(t)P o is imposed 

upon one end of a circular elastic bar, where S(t) is the 

Heaviside function, the axial strain Ezz(t) at a long dis

tance z from the end can be approximated by essentially 

the same form, 

where 

cot] 
a or 

F[~J c~t] =~+ f: Ai(-Ud~ J 

EZZ(t) "~F[£ cot] 
E a J a 

(8) 

Ai( ) is the Airy function, Co is the velocity of the lon

gitudinal wave in a thin bar, 2a is the diameter of the 

bar, E and v are respectively Young's modulus and Poisson's 

ratio. Further, Kennedy and Jones [11] pointed out that 

the effect of the non-uniformity in the pressure distrib

ution on the end surface is not so significant when z/a > 

40 (the dynamic Saint-Venant's principle). 

In the split Hopkinson pressure bar apparatus, if the in

ertia of the specimen is neglected 

(9) 

where E is the strain of the specimen, EIS ' ERS and ETS 

are respectively the strain amplitudes of the incident, 

reflected and transmitted pulses at the specimen side 

ends of the pressure bars and lo is the length of the 

specimen. From (8) 

Vo zi 
EIS(t)=-2- F [-

Co a J 

cot] 
a 

(11) 

where Vo is the impact bar velocity and zi is the length 

of the incident bar. If the flow stress of the specimen 

is given by 
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(12) 

the output of the transmitter bar strain gauge, ET(t), 

to be obtained experimentally is derived utilizing (8) in 

the form of the Duhamel integral 

J
t Zn co(t-t 1 ) 

E (t) = F [,,--,,- -
T a, a 

o 

ETS(t) =~I [dt), Utj] [1 + dt)] 
EA 

(13) 

where Zo is the distance from the specimen end to the 

transmitter bar gauge and Ao and A are respectively the 

cross-sectional areas of the specimen and the transmitter 

bar. For determining I(E, t), evaluation of ETS(t) from 

measured ET(t), i.e. inversion of the first equation of 

(13), becomes necessary. In actual practice, by assuming 

I(E, t) in the form of 

a = I(E, EJ = KU:)/E (14) 

K(t) was determined by fitting ET(t) calculated utilizing 

from (9) to (14) to the experimental ET(t). In the above 

procedure, K(t) was considered a function of the nominal 

strain rate, and the following time lags were taken into 

account. The first one is due to the inertia effect of 

the specimen, and was assumed equal to lo/cos. where cos 

is the longitudinal wave velocity in the specimen. The 

second one is the effect of the local temperature rise of 

the pressure bars in the high temperature tests. The 

amount of this lag was evaluated comparing the results of 

the test impacts at the room and elevated temperatures. 

A further lag was observed, which is roughly inversely

proportional to the impact velocity Vo. Its amount was 

about 0.5 llsec for Vo = 52.17 m/sec. Presumably, this lag 

is due to imperfect contact at the specimen and pressure 

bar interfaces. 

The above method based upon (14) gives a first approxima-
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tion to f(E , E) . A second approximation was obtained by 

evaluating directly ETS(t) from the experimental ET(t) 

utilizing the relationship between ETS(t) and ET(t) calcu

lated with the first approximation to f(E , t) . However, 

the difference between the obtained results was not so 

significant, and this implies that (14) is a fairly good 

assumption at least for copper. 

In Fig.6, the incident and the first reflected waves in 

the incident bar under free end condition are plotted in 

1.5 - Experiment - ---- Theory 

;: 1.0 
,..; 
;;: 

.5 
4 { Zd5 em 

Va' 2 .69 m/s 45 

42 . 92 {~~ 
0. 2 0 2 4 6 8 10 12 

Vo - 4-. 18 11./5 

60 .sec 

V,-S2. 1'T Is 

EXpenmenl 

Fig.6. Experimental and 
theoretical F [Z, TJ. 

Z =!!. T = ~c..! 
a , a 

UO'3 3.62 1II/S 

£,.. I _10'" 

Fig.7. Examples of the 
output of the transmitter 
bar strain gauge, ET(t) . 
Calculated curves are 
also shown. 
(293 0 K) 
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the form of F[~ cot] for two different impact velocities. 
a, a 

The broken curve is a theoretical one given by (8). In the 

data analysis, an experimentally determined function was 

used. From these measurements, Co in the pressure bar 

was also determined. 

Examples of the experimental sT(tJ are shown in Fig.7. 

In Fig.8, the experimental values of the flow stress 0 at 

s= 0.20 obtained through the foregoing data analysis pro

cedure are plotted against the strain rate E. The strain 

rate sensitivity of the flow stress changes abruptly at a 

strain rate of about lxl04 /sec. 

50 

10 o • e Experiment 
Calculation 

Fig.B. Flow stress 0 against strain rate t. 

2. Discussion 

(s=0.20) 

In Fig.7, in order to examine the function of the appara

tus together with the validity of the data analysis pro

cedure, sT(tJ calculated utilizing from (9) to (14) is 

compared with the experimental one. In this figure t = 0 

indicates the time when the non-dispersive wave front 

would arrive, where the foregoing time lags are taken 

into account. In this calculation, K(sJ in (14) was 



regarded as a function of the instantaneous strain rate 

instead of the nominal strain rate and determined from 

the experimental flow stress at E = 0.20 shown in Fig.S. 

63 

A slight systematic deviation presumably caused by the 

assumed strain dependence of the nominal flow stress, 

/("(1 + E), is observed. It was recognized from the cal

culation that the wavy shape of ET(tJ seen in cases of 

very high strain rate is due to the shape of the disper

sion function F[ ]. In spite of a large area mismatch 

between the specimen and the pressure bars in the present 

experiment, ET(tJ calculated with F[ ] for no area mis

match follows the wavy shape of the experimental ET(tJ 

fairly closely. 

Kumar and Kumble [12] derived the average velocity of a 

dislocation moving across a forest of dislocations in the 

form of 
aZ- 1 

v = ----:---------"-'--"------------
V-I exp [(U 0 - lb 2,*) /kT] + aBZ- 1 /,**b 

(15) 

where Z is the distance between the forest dislocation, a 

is the area swept by a dislocation loop after cutting a 

forest dislocation, v is the frequency factor, Uo is the 

activation energy, k is Boltzmann's constant, T is the 

absolute temperature, and T* and T** are shear stresses. 

The first term in the denominator is the time necessary 

for a thermally aided cutting of a forest dislocation, 

and the second is the time required for one jump under 

the control of the intrinsic drag (1). When the strain 

rate is very high, there is a possibility that a thermal

ly aided cutting at one intersection point successively 

causes an athermal cutting at the adjacent intersection 

points and thus a long free loop is formed as a result 

of one thermal event. Further, when such a long loop 

intersects a forest dislocation during its motion, there 

is also a possibility that the forest one is cut ather

mally and therefore such a long loop has a large free 
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path length. If the length of such a loop and that of 
1 

free path are respectively given by nZ and 2nZ, the 

shear strain rate becomes 

~N(nl)2 b 
Y = ~-...,.-.----"------:--:-------:-------

(nv)-lexp[ (Ua - Zb 2 Te )/kT] + nZB/2Teb 
(16) 

where Te = T - Te , T is the flow stress, Te is the long 

range back stress and NnZ is the density of the mobile 

dislocations. The thermal activation term should be put 

equal to zero when Ua - Zb 2 T < 0, but since the frequency e 
factor v is very large (~1013 /sec) , (16) holds mathe-

matically through the whole range of T e > O. Equation (16) 

can describe the transition in the rate controlling mech

anism according as 

(17) 

Kumar and Kumble considered T* and T** in (15) assuming 

the thermal and phonon damping components of stress to be 

additive, while, in the present treatment, it was assumed 

that the same force Teb acts per unit length of a mobile 

dislocation whether it is captured by the forest disloca

tions or moving freely. 

The calculated curves shown in Fig.8 are obtained from 

(16) by putting Ua( ~}eb3) =40 kcal/mol, Z=2.5xlO- 6 cm, 

n=20,B=7xlO- 4 dyn.sec/cm 2 [1], b=2.5xlO- 8 ern, Nnl= 

2.7 x 10 7 /cm 2 , Te = 0, y = 2E: and 0 = 2T. A fairly good 

agreement with the experimental results is seen, but fur

ther work seems necessary to attribute conclusively the 

experimentally observed change in the strain rate sensi

tivity to the explicit appearance of the intrinsic drag. 

In the above analysis, after Kumar and Kumble~ treatment, 

a distributed array of the forest dislocations was assum

ed. The possibility of the formation of the dislocation 

cell structure and its effects, if it is formed, in the 

very high strain rate range are important subjects to be 

studied. 
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Conclusions 

1. The ultrasonic wave method can provide time-resolved 

information on dislocation behaviour under dynamic defor

mation. Experimental results on copper in the strain 

rate range up to about 1 X10 2 /sec seem to suggest a pos

sibility of the formation of the cell structure. Assum

ing the cell structure formation, the following conclu

sion was drawn from the ultrasonic data: the density of 

the cell wall dislocations does not depend upon the strain 

rate, while that of mobile dislocation loops increases 

with an increase in the strain rate. In order to obtain 

more decisive information, measurements over a wide range 

of ultrasonic frequency seem necessary. 

2. The results of the flow stress measurements on copper 

at 293 0 , 573 0 and 773 0 K show an abrupt change in the 

rate sensitivity at a strain rate of about 1 x 10 4 /sec. 

An analysis based upon the mobile dislocation motion con

trolled alternately by the thermally aided cutting of the 

forest dislocations and the intrinsic drag during jumping 

motions seems to account for the experimental strain rate 

sensitivity in the above transition region. However, it 

is difficult to say that a conclusion has been reached 

concerning the identification of the rate controlling 

mechanisms. 

Figures 1 and 2 are reproduced from Ref.[7J by courtesy 

of Institute of Physics. 
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Dislocation Concepts in the Mechanics of Rapid 
Deformation of Metals 

R.I.NIGMATULIN and N.N.KHOLIN 
Institute of Mechanics 
Moscow University, USSR 

Summary 
Inelastic behaviour of metals and alloys has been in
vestigated in a wide range of variation of strain rates. 
An equation has been proposed for the rate of formation 
of dislocations in which all possible mechanisms for 
the production and annigilation of dislocations have 
been taken into account. The possibility for a common 
description of static and dynamic experiments on the 
basis of certain mechanism of propagation and multipli
cation of dislocations has been examined. The problems 
of quasi-static compression in short rods at a constant 
strain rate, propagation of Luders front in rods, pro
pagation of elastoplastic waves in rods and plates have 
been numerically solved. Using the models developed, 
two stages in the creep and superplastic deformation in 
metals and alloys of fine-grain structure have been 
studied. 

Governing relationships 
We shall consider the case of uniaxial-stressed and un
iaxial-strained states. Let loading be applied along 
the axis denoted by I, and let the axes 2 and 3 be mu
tually perpendicular. We shall take 6~~ ~~ , and 

C ~ :: [:; ,where 6 ~ and <0., are the components of 
the stress tensor, E~ and [, are the components of 
the total strain tensor. We shall assume that 

e P (. :: E, + t. ~ = i ,~)3 (1.1) 
/.. It v, ' 
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where [~are the components of elastic strain tensor, 
p 

[~ are the components of plastic strain tensor. The 
elastic strain tensor is related to the stress tensor 
by the Hooke low: 

6"1:;(.A+21)C~+Z)'[/~) ~2.=JE'1 +2,(-Ar~)E; (1.2) 
where j and f~ are the Lame coefficients. By virtue 
of plastic incompressibility of the material from the 
equations (1.1) and (1.2), we obtain the following go
verning relationship for uniaxial-stressed and uniaxial
strained states: 

o 

6'c::6:,=0) b 1=E(t 1-4[jl3); t=-(()1/Z (1.3) 

E: := (.~ = 0 1 6', =(J.t2~) c 1- 8f~[fj3) 't ~ J~( t'1-2Et) (1.4) 

where t/:: (cf.- t'f)/g" . These relationships have an 
obvious physical meaning: stress increases with increa
sing total strain, and relaxes owing to plastic strain. 
The properties of a particular material should be given 
due consideration in selecting the physical model for 
Furthermore, we shall suppose that the plastic shearing 
rats [ f depends on the dislocation flow density: 

iF :gYLlL(t,n) (1.5) 

where ~ is the Burgers vector, 11 is the dislocation 
densi ty, U(t,nJts the mean dislocation rate. In the pa
per /1/ it has been shown that the static description 
of the behaviour of dislocation clusters can be replaced 
by the description of a certain averaged dislocation 
loop. The mean rate of an isolated dislocation depends 
on the maximum shearing stress ~ 12/. In order to ac
count for the closing action of dislocations we shall 
assume that 

JJ,(?; )1)= UO(t) tp(n) (1.6) 

where iLO(t) is the rate of an isolated dislocation 
without an account of the interactions, ~(n) is a fun
ction accounting for the closing action of adjacent dis-
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location, Lf{f!L)~i for fl,(tt)!- ,and q)(n) «1 
for t'L »+1* ,where n-* is the strengtheninge con-
stant. The value 1/ {"VC; characterizes the critical 
distance between dislocations at which they are closed • . "--
For sufficiently large (, ,we may use the approxima-
tion suggested in /2/: 

i,{ .•. /~s e-xp( -'r;:/7:) ~(n) ') V{n)= e1.p~ Ift-I 11 ») (I.7) 

where Us is the shearing elastic velocity of sound, 
."v 

C~ is a constant of the material. The relation (1.7) 
satisfactorily approximates the experimental data in 
the range of ,t values where the dislocation slip 
rate is controlled by the viscous retardation mechanism 
/3/. For sufficiently small 'c ,the dislocation rate 
is controlled mainly by the thermofluctuation mechanism 
in which the time of slip from one obstacle to another 
depends largely on the time of retention before an ob
stacle, but not on the time of displacement from one 
active barrier to the other. In this range of ~ values 
the dislocation rate is satisfactorily approximated by 
the exponential relationship: 

i{('t)·= Il)i(( i:. -i)K (1.8) 

where {L~ and k ale constant parameters, t J.j is the 
Peierls-Nabarro stress. In the superplastic flow, the 
dislocation rate is controlled by the thermoactive slip 
of granular dislocations as in the case of creepage of 
screw dislocations with steps. In this case the rate of 
an individual dislocation is of the form /4/: 

UO=tLA<~~(~/1:i) (1.9) 

where Wf and 7:* are constant parameters. 
With due regard for the possible mechanism of 

production and annihilation of dislocations, we write 
the kinetic equation for the total rate of dislocation 

formation as /5/: 
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(1. 10) 

where the first term on the right-hand side of the equ
ation (1.10) describes the production of dislocations 
as a result of multiple slip, cP"'(c:-) is the produc
tion of dislocations at Franck-Ryde type sources, and 
the function y(fl) accounts for the inhibiting ac
tion of adjacent dislocations at the source and is sim
ilar to the function ~(n) ('v(n) ~ i . for 11 ~ n)( 
and 1(11) ~<.. i for n» n~ ). The term d-(7:)Yif desc
ribes the annihilation of dislocations due to pairwise 
interaction of dislocations of opposite signs. For 
small grain sizes (c/., { 10 microns) the coefficient 
admits negative values. For large grain sizes (d ~ 
100 microns) the Franck-Ryde source is not so effectiv 
as the multiplication of dislocations as a result of 
multiple slip /6/. In this case the relation (I.IC) 
can be rewritten as 

h :tngn'[,L°~ -,d'/.~) ·m(cL) '> 0 (I.II) 

For sufficiently small fL , the relation (1.11) can 
be expressed in the form: 

ti ;: rn ~.YLu,O~::: tnt} (1.12) 

After integrating (1.12), we obtain 
t1::t1.c+·m,[p (1.13) 

where no is the initial dislocation density. Forcoarse 
grain materials the relation (1.13) is corroborated by 
the experimental results. If during deformation the pa
rameter n attains such a high value, that ·n»·n.)( 
say as in the creepage of metals, then the relation 
(1.11) has to be applied. In the deformation of metals 
of fine-grain superplastic structure, strengthening of 
metal does not take place at all, i.e. ft,~<ft#. In 
this case the pairwise interaction of dislocations can 
be discarded and the relation (I.IO) rewritten as 
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(1.14) 

In the steady stage of superplastic flow and in the 
second steady creep stage the exeess of generated dis
locations is compensated by their annihilation, so that . n=o . Applying the equations (1.11) and (1.14) for 
these stages, we obtain an expression for the function 
rJv (~) and cPU (i) 

dv (t)-= 111,b£((1:) ~(nc) / flc (1.15) 

c.b0(r) ~ - mbfls~(,(t) ~(n~) /t(n:;) (1. 16) 

where ,ne('t) and ftd 1(;) are the limiting values of 
dislocation density in creepage and in superplasticity 
corresponding to maximum shearing stress (; attained 
at the moment when the balance n~o is established. 
Substituting the relations (1.15) and (I.I6) into the 
right-hand part of the equation (1.10) we find 

ft: 'mE /) r 1 - 11. ~(flJ - t1sJ n .:::<,n (LI7) 
L rtc W n ) 11·) S c 

Under certain specific range of variation of the cha
racteristic grain size ~ , a combined action of the 
dislocation mechanisms determining the deformation of 
coars-grain and fine-grain materials is possibles. In 
this case the relation (1.17) has to be used. 

Quasi-static and dynamic deformation in uniaxial-stral
ned and uniaxial-stressed states 

We shall now examine a case where the strain rate 
is not great, and the stresses are uniform along the 
rod. We shall assume such conditions of uniformity for 
the stress along the rod that are applicable to suffi
ciently short specimens. Let the law governing the 
strain be given in the form of constant strain rate, 
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i.e.Ei~const. Using the relations (1.3),(1.5),(1.7) and 
(1.12) we shall write a closed system of equations des
cribing the quasi-static deformation in short rods at 
a constant strain rate: 

(2.1) 
EF ~ ~nu- , i~[ (i: j'- 4 [1/3 )/Z) it =: mt: P 
tl·::,usBXp( -'t:*/,r) ) q)(11):elXp(~n/nt) 

with the initial condltionst=O [t =cf..::o) fl-:::.n o < 

The solutions of the system (2.1~, derived with the 
help of a computer, were compared with the correspon
ding experimental data obtained by Marsh and Campbell 
/8/ for the quasi-static compression of short rods 
made of low-carbon steels of different granularities 
(346,495,773,2033 mm- 2). A method has been developed 
for determining the kinetic parameters from the solu
tion of the inverse problem 17/ • Fig. I shows the de
pendenee of the kinetic parameters on the granularity. 
The following values were taken for the constants of 
low-carbon steel: E = 2,1x106 bar, Jl = 1,096x106 bar, 

j'4 = 0,906xI06 bar, U~ = 3,2x105 cm/sec, 6 = 2,5x 
10-8 cm. 

109 1Il, ffl.,XW12 cm~ X 'fl.*) , 

~ 9 r-rr-,t-) I("'ll'""&d,-r----,. f~.5 1 L ~ 

33 6 t j.2-

~v. ~,.5 l.t 
re.*,-

~j 7" ~ 1.0 
:t50 500 1000 2. ) rtl 11ft 

Pig. I 

By varying the initial dislocation density the effect 
affinitial dislocation density on the upper creep limit 
was studied. For a granularity of 2033 mm- 2, the calcu-
lated data (solid line), and for the sake of compari

son also the data reported in /8/ are shown in Fig.2. , 
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there is satisfactory agreement between t~e calculated 
and the experimental results. For small £.1 ' close to 
the statio ~alue, the theory gives a lower Si ,because 
for small ti ,and consequently, for small t , the 
viscous mechanism of dislocation slip predominates over 
the thermo1luetuation mechanism, and therefore the appro
ximation applied gives a higher value to the dislocation 
rate. 

The kinetic effects deseribed above are also exhi
bited in the propagation of shock waves in metals. We 
shall express the system of equations of a one-dimensi
onal plane motion of the medium in Lagrangian variables 
as follows: 

ael. -1Jl:. ~ d1r ,_ (jG l dGi)_Gn~ (2.2) 
~t - ~~ ) -0 df - ·"1if 'Jf- , 

In order that the system (2.2) may be closed, we have to 
use a governing relationship in the form of (1.3) if we 
are considering the head-on collison of rods, or in the 
form of (1.4) for the head-on collison of plates. 

We shall now consider the two-dimensional collison 
of a plate of thickness 1 (impinging body) on a plane 
target of thickness L. The initial conditions are 
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t :. 0 ~ -= ~o /r: -=. 0 ) G ,j ~ 0 , E 1= [ 1..= 0 

11'('0)0)= 'lY" .for - e. ~l ~ 0 ')1r(~)O)-=O (2.3) 
~ . 

fot 0 < 1· ~ L 
and the boundary condition are bt(--eJ)=G,t(LJ}::.O. 
In solving this problem the kinetic parameters were ta
ken to be of the values given elsewhere for solving the 
quasi-static problem on the deformation of short rods 
at a constant strain ranee Fig.) shows the calculated 
values (solid line) for the dependence of the mass ve
locity of the substance in front of an elastic forerun
Der 1~l on the coordinatet in the target for two im
pinging velocities of 100 and 150 m/sec. The results ob
tained in experiments /9,10/ for low-carbon steel and 
Armco iron are shown in the same figure for the sake of 
comparison. 

20 8 

Thecr- dlita, steen 
1 - lOLl un / sec 
'/.. - L I)){ lOll cm /sec 

o 0 - txeer daJc(, (armco) 
) • - _,#-'/1 - (sieel) 

o § 

40 r}lnm 

Fig.) 

lig.4 shows the 6'i - C 1 dependence for a fixed cross
section of the target. It is obvious that stress relaxa
tion takes place almost elastically though there is a 
small amount of plastic deformation in the dynamic yield 
point range. 

Satisfactory agreement between the experimental 
and theoretical results demonstrates that the reGulta 
derived in the calculations of quasi-static deformation 
in rods (uniform plastic deformation) can be used for 



predicting the dynamic behaviour of materials. 
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Propagation of Luders front (quasi-static plasticity 

~ 
During elongation of long rods the uniformity of 

plastic deformation along the rod length is disrupted 
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as is indicated by the generation of Luders fronts near 
the target. The cross-section, where the Luders wave 
has not still reached, undergoes elastic deformation, 
but those section, where the wave has already reached, 
exist in a plastic state. A boundary value problem has 
to be formulated for investigating such a process. The 
situation is analogous to the case of flame propagation. 
The problem of flame propagation is solved with the 
help of the equations of state and the reaction kinetic 
with due regard for the transfer of heat to the layers 
before the flame front. We shall now formulate this 
problem in a coordinate system moving with the front. 
The system of equations describing the propagation of 
Luders front along the rod is of the form: 

I>-Je t JelX:.: d1!/clx) t~~n/Jx= trY/fLU, - d0lc~x 
6'1= Zt:::: cm~~t, J [ = [(O + 4 Ef/3 ) [1= (fl - ~c')/m 

0.1) 

Unlike in the case of (1.5), here we have a flow of dis
locations along the rod due to cross slip /6/. ~ong 
various possible lows for ~ ,we ahall consider the 
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law ~=-~(to~)i) dn/dx. , where t(Cm~eC)iS 
the cross slip factor. It can be shown that such a law 
for 91 admits a unique solution for the rate and struc
ture of the quasi-static plasticity wave. The bOUDdary 
conditions for (3.I) are 

1 

X-=-0<2 ) E~:='[IC'=-(Q1/E) Ef=C\fI=Yl.o,li:~~ 
o . 0.2) a>+ ~ .,E./-=:[,tlG;) j ci d(Elt -C·(;)/I.!)n=ne ;7t-= V'e 

where ~ determines the plasticitY,wave velocity, and 
tiE: (G'1) is the static diagram ( t~·--7' 0 ) for the 

elongation of the specimen. The value of V-o ' as in 
the theory of flame propagation, is determined from the 
condition for the passage of the integral curve through 
two points corresponding to the initial and final 
states. In order that a solution may exist, it is neces
sary that these states be stationary ( tP ~ 0 ). In 
order that these states may be stationary, it is necess 
sary to correct the relationship (1.5) near these states 
assuming that t.L -::0 • Similar truncation of the kine
tics is also used in combustion problems. 

Creepage and superplasticity 
Creepage and superplasticity of metals and alloys 

exhibit certain common features which make it possible 
to investigate them theoretically. The first two stages 
in creepage (logarithmic and stationary stages) are 
characterized by a change in the internal structural 
dislocations, and the third stage by external destruc
tion of the material. Therefore, only the first two 
stages in creepage can be described by means of the lo
cally uniform model developed in the previous pages.To 
describe the third stage we have to introduce an addi
tional parameter characterizing the destruction of the 
material. The logarithmic state of creepage is charac-
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ter1sed by multiplication and closing of dislocation 
which ultimately lead to a decrease in the creep rate. 
Using the relations (1.5) and (I.7), Gilman /ZI inves
tigated the thir~stage i~ LiP single crystals. The se
cond stationary stage in creepage is characterized by 
intensive annihilation of dislocations of opposite signs 
in adjacent slip planes when closing of dislocations 
gives rise to energy conditions for the diffusion of 
dislocations over short distances. Similarly a balance 
is established between the annihilated and generated 
dislocations during superplastic deformation at the sta
tionary stage, so that 

• n:o (4.I) 

Unlike in the case of creepage, noticeable increase in 
the dislocation density is not observed during super
plastiC deformation, and therefore in the equation (1.6) 
we can take that 

Il(fl.s)~ r(ft~)~ i (4.2) 

from the relation (1.5) when 't =const., the following 
expression is obtained for the strain rate at the sta
tionary superplastic state: 

(4.3) i: ,e:. fns (r) u '*~o{ (?; /T ~) 
The i ~ (~) dependence is determined from experiments. A 

comparison of (4.2) with the experimental data 1111 makes 
it pose1ble to express fis ((;') in the following form: 

)f (0 e 
11 s (t),~ l1s "C /7: *) 

where fl.: and .f are constant parameters. 
(4.4) into (4.3) we obtain: (4.2) and 

o'/rw\ 3 P -*(tt)t }t.P 17:) 
c~ [, r= '4 b'VLs '7;;*. U M\, Lr;;o~ 

Subs1;i tuUng 

(4.5) 
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~ f'v~ JII:l1 JI): 
The parameters { ,& and 1Le'~ , can be determi 
ned trom the experimental dependence C1l1:) at three 
characteristic points. The values of the kinetic para-

111; . :if 
meters , ~s and 1t ,or the values of the coeffici-
ent m oan be determined only from comparison of the 
numerical solution of the problems for the nonstatlona-
ry stage where h > 0 • Consider the elongation of 
rods made of superplastic alloy Zn-22%AI at a constant 
rate of movement of end faces 1fo ,so that 

n i 1 =- 1/,J (el Va i ) 
where c,;) is the ini tial rod length. A comparison of 
the expression (4.5) and corresponding experimental de
pendence obtained for this alloy haTing a grain size of 
1.8 microns at ~=523cK /11/ gives '&¥ =0.308 kbar, 

e =1.5, gn~-lLt. =4.05xIO-3 sec, and the Burgers vec
tor was taken~to be equal t. 2.5xIO-8 cm. We shall write 
the closed system of equations for supperplastic defor
mation of rods as 

This system is closed by the equation (1.9) and the 
initial oonditions t=O, fL=t1.c ,[~=f/=O ;, '1:'=0,.. 
Prom a comparison of the numerical solution of the 
problem of the nonstationary stage of superplastici
ty with the experimental data, we obtain the following 
values for the kinetic parameters: 

I" J( 1 J; . 09 -~ >f -z. 8 .-~ 
ns~1.'1 x1 em J if., -=~)Gx'iO Gm/sec; 1'n~-IO on 

The upper limit for the creep at the initial stage of 
plastic deformation depends on the preliminary heat 
treatment given to the material. In the model deve-
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loped here this situation is accounted for by the fact 
that the calculations for the initial stage of superplas* . tic deformation leads to a redistribution of ns'u', de-
termined for the stationary stage, between the parameters 

11: and 1,L* • lPig.5 shows the experimental and cal-
culated data (dotted line). Different curves correspond 
to different strain rates at the initial deformation 
stage: 1- 2xIO-4sec-I • 2- 2xIo-2sec·I ; 3- 2xIO·Iseo·I • 
The kinetic parameters were determined from the condi
tion that the calculated curve may fit with the experi
mental curve for E;j = 2xIO-2sec-I • The other two 
plots were used as a check for the calculations. 

()1. MH/m/--
) r-:---------. 

30 " j~_ 
IvO ~ 
10 .~Z , " 

"' --~ 
Fig.5 

Unlike the superplasticity, annihilation of die
locations during the creep takes place at a very high 
dislocation density n »,n. . We shall write the 
closed system of equations for creep of rods as 

n =- m, U [ 1. - .t'l .1illJ ] '1>- C(tY!6t 
YL" ~(n) ) 

[r:: 0nU(t,ft) ) 11e::: COf1,\t 
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The initial cond1 tions t=O, 11.:: no and t -r=' (f~O com
plete the system (4.7). The kinetic parameters -U j and 

K were determined from the solution of the inverse 
problem for the first creepage stage without an account 
of the term (t fl..2. in (I. II); moreover, the values of 

tn and 1/.,* were taken from the solution of the 
problem of quasi-static deformation of short rods made 
of low-carbon steel. A comparison of the numerical solu
tion of the system (4.7) with the experimental data for 
the nonstationary creepage stage makes it possible to 
determine the kinetic parameter -~C. 
The values found for the kinetic parameters are as fol
lows: 

The values of tH was taken to be equal to IO-3~. 
Fig.6 shows the experimental /12/ and calculated data 
(dotted line). 

Pig.6 
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Some Results on the Dynamic Deformation of Copper 
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Summary. 

The influence of strain rate and strain rate history on the mechani
cal behaviour of copper single crystals has been studied br means 
of compression tests. The shear stram. rate range 10-4s - - . 
8 103s - 1 has been investigated. DynamIc tests were performed wIth 
an Hopkinson bar. 
Th~ strain rate behaviour can be divided into 2 regions. Above 
lOJ s-1 a linear relationship between shear stress and shear strain 
rates is observed. This can be explained by a viscous damping of 
dislocations. Static curves are sometimes over the dynamic ones 
depending of the strain rate. 
Tests performed with change of strain rate have shown that strain 
rate history memory is never lost. 
Results are compared with those obtained by tensile tests. 

I - Introduction. 

It is now well established that strain rate has an effect on metals 

and alloys mechanical behaviours. A great deal of experiments 

have been performed to measure strain rate effect and try to give 

satisfactory explanations to this phenomenon. Three zones have 

been clearly determined /1/ : at low strain rates a zone of very 

weak influence of strain rate, at medium strain rates (up to 103s-1) 

a region more sensitive to this parameter and finally at higher 

strain rates (above 103 or 104 s -1) a field where the influence of 

strain rate is very pronounced. This behaviour has been particu

larly studied for f. c. c. metals. Though copper was one of the 

most studied material there is still some lack in our knowledge. 

Many authors have performed tests to clear up the copper beha -

viour at high strain rates. Among others, Hopkinson bar tests 

have been used in compression /2-5/ or torsi on /6-9/ and have 

shown unambiguously the influence of strain rate and also of mecha

nical history on the behaviour of that metal. 
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We have thought that studies on single crystals would be of interest 

to get more informations on copper behavior. So we have perfor

med compression tests on single crystals of different orientations. 

We have particularly studied single crystals of < 112> axe on which 

interrupted tests have been realized. This work follows and com

pletes one on the tensile behaviour of copper single crystals /10/. 

II - Specimens. 

Specimens are obtained from 99.99 % copper by a method derived 

from Bridgman method. We put a short (10 mm) single crystal of 

choosen orientation at the bottom of the graphite mold and grow the 

specimen from this nucleus which can be used many times to get 

single crystals of the same orientation. 

Single crystals, about 100 mm long, are cut by spark machining so 

as to obtain specimens 5 or 8 mm hi gh for compression tests. For 

tension tests, samples have been shaped directly. Impact faces for 

compression samples are polished flat and parallel and a 24 h ther

mal annealing at 1000°C is performed to lower dislocation density. 

Finally specimens undergo a chemical and electropolishing. Dis

location density estimated by electron microscopy was about 106 

per cm2 /11/. 

III - Experimental procedure. 

At low strain-rates tensile tests were carried out with a standard 
° Instron tensiometer, at medium strain-rates (1( = 10- 2 to 10 s-l) 

with an hydraulic Schenck Machine. High strain rates tests were 

performed in compression on a Hopkinson-bar and in tension on a 

specially built machine that we named Arbalete (Cross-Bow) /12/. 

Hopkinson bar principle is well known. Projectile, measure bars 

and impulse bar are in steel with a diameter of 12 mm and a length 

of 1 m. Strain gauges are sticked to measure bars near the speci

men and strain-time curves are recorded on a magnetic record 

Biomation - Impact speed was limited to 20 m/s to avoid plastic 

deformation of measure bars. End faces near specimen were lu

bricated. 
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The dynamic tensile testing machine consists of two parallel guid

rails between which moves a projectile propelled by rubber bands. 

The speed range varies from 3 to 60 m s -1. The specimen, posi

tioned between the rails, is fixed at one end on a long fixed rod 

acting as a dynamometer and at the other end on a head which is hit 

by the projectile. Strain gauges attached to the dynamometer re

cord load as a function of time. In a first approximation head speed 

is supposed constant which allows to derive stress -strain curves. 

Following Bell /13/ we have transformed these curves in shear 

stress - shear strain curves assuming a single system of slip during 

the whole test. For tension tests, we have used classical formulas 

and for compression tests those proposed by Taylor /14/. 

IV - Compression tests. 

Constant strain-rate tests. 

Two types of specimens were used. The first one was an orthocy

linder 8 mm in diameter and 8 mm high and the second one a paral

lelepiped with a section of 4 x 5 mm2 and a height of 5 mm. The pa

rallelepipedic specimens had their axe in the close vicinity of the 

< ll2 > direction and faces were of ( ll1) and ( llO) types. These 

orientations were chosen to give a symmetrical mode of deformation 

and to present two planes of great interest in the deformation study 

by microscopy. 

Tests results are given on fig. 1. to 4 . 

.. 

LJ 
001 011 

I. " .. " " 
Figure 1 Figure 2 
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We can see that for samples 10 and 11 (which were cylindricaDthe 

dynamic curves obtained with mean shear strain-rates of 1.8 103s- 1 

and 8 102 s -1 respectively are always below the static ones. This 

behaviour has soon been reported by Nagata and Yoshida on alumi

nium and copper single crystals /15-16/ and by Larrecq on alumi

nium single crystals /17/. They have shown that, depending on the 

initial orientation of the specimens the dynamic curves can be below 

or above the static curves. Dynamic curves for orientation 10 are 

not similar to those found by Edington /3/ for an adjoining orienta-

'ion. 1- LJ 
1 ." 011 

10 " Figure 3 

so 

10 10 Log 

Figure 4 

For the < 112) orientation, as expected the static curve shows only 

two stages. The linear stage II extends up to a shear strain of about 

10 to 12 % and then begins the paraboli:: stage Ill. The three dyna-

mic mean curves have the same shape: they are all curved upwards. 

They are also nearly parallel and the higher the strain rate, the 

higher the shear stress. We can see that the curve obtained at 

6 = 2 103s- 1 is over the static one (~ = 4.5 1O-4s- 1) up to 8 %, 

under up to about 25 % and then is still over. We must note that 

these dynamic tests were performed at higher shear strain rates 

than with cylindrical specimens. 
o 

In the (C; , In Q) diagram we can separate two fields (fig.4). The 

first spreads up to about 103s -1. For a given shear strain the 
~ 5 -2-1 shear stress varies very little; stress levels for () = 4. 10 s 

are always somewhat under those for ~ = 4.5 10-4 s - 1 or for 

i = 2 103s -1 producing a minimum on the curves. In the second 

field, strain rate has a great influence on shear stress ; there 
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exists a linear relation between shear stress and strain rate for 

each strain level (fig. 5). 

0.05 

0.02 

10 20 30 

Figure 5 Figure 6 

We can define a strain rate sensitivity parameter as follows /9/ 
B = ( __ d ...;;,6--,' 0"- ) ::::

d In ~ 

4z. 

Below ~ = 103 s -1 this parameter has a very low val ue, possibly 

negative. Over 103s -1 this parameter takes values of the order of 

16 to 30 MPa (fig.6). Between fr = 2 103s- 1 and 5 103s- 1 the para

meter increases with strain but between 5 103s -1 and 8 103s -1 it 

remains constant. 

Incremental strain-rate tests. 

For this type of tests we have only worked with the parallelepipe

dic specimens. 

Two methods can be used (fig. 7) 

o 

5 
5 

Fi gure 7 
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- deform statically the specimen up to a given strain and then make 

a dynamic test. 

- deform dynamically the specimen then statically. 

Due to the apparatus used we cannot change the strain rate sudden

ly. We are obliged to discharge the specimen after the first part of 

the test, to place it in the other apparatus and to reload at the new 

strain rate. Thus tests are not conducted in the same way as other 

workers did with an instantaneous jump of strain rate. It is possible 

that, due to our method, the specimen microstructure would be 

changed and that we do not study only the influence of a strain rate 

change but also of a structure change. But we think that the struc

ture change effect would be very weak for this metal and would in

fluence the beginning of the test after the strain rate change. By 

the way we cannot get the beginning of the curves because stress 

and strain are still inhomogeneous along the sample and because la

teral inertia introduces oscillations which are important at the just 

test beginning /18/. It is then expected that the interruption of 

tests has no influence on results. 

Two sets of tests have been performed; in each the static shear 

strain rate was 4.5 10-4 s -1 but the dynamic strain rates were 

2 103s- 1 or 8 103s- 1. For each curve, we have performed one or 

two tests. 

Upward changes. 

- from ~ = 4.5 10-4 s-1 to ,;- = 2 103s- 1 (fig.8 and 9). Results 

for prestrained specimens are entangled with the purely static or 

dynamic ones at low strain but they are located between the two 

after a shear stress of 30 %. They never come again under the 

static curve as do the dynamic curve between 8 and 25 %. 
o 4 1 0 3 -1 

- from i5 = 4.510- s- to 8' = 8 10 s Cfig.1O). All the cur-

ves are located between the static and dynamic ones. They do 

not trend to reach the purely dynamic curve. Curves with 25 % 
and 50 % prestrain have not the same behaviour than others at 

high shear strains. 
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Figure 10 

Downward changes (fig. 11 and 12). 
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Figure 9 

Irrespective of the initial strain rate, the curves are situated upon 

the static curve and are very near from one another at least for low 

deformations. 

.... ,ri'r 

,. .. .. .. 
Figure 11 Figure 12 
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v - Discussion. 

Constant strain-rate tests. 

The diagram of fig.4 shows that two fields can be distinguished in 

the behaviour of copper single crystals between 6' = 104s - 1 up to 

3' = 1a4s -1. This has previously been establ ished on copper sin

gle crystals by Edington /3/ or Dusek et al /4/ in compression or 

Dormeval et al /10/ in tension. The transition between these two 

areas is situated about 6 = 103s -1. 

Similar results have been found for polycrystals or single crystals 

of f. c. c. metals /1/ and the two fields are related to two different 

deformation mechanisms. At strain-rates below 103s -1 the deforma

tion is thermally activated. At higher strain rates, deformation is 

controlled by the viscous damping of dislocations /19/. In this case 

strain rate and stress are related by : 

G = Zb + a <S-

a can be expressed in function of mobile dislocation density and 

viscous damping parameter B by 

B 
a 

(b is the dislocations Burgers vector). 

It is obvious that in each field a single phenomenon does not occur 

but that the two mechanisms compete /20/. This competition is spe

cially noticeable in the transition zone around 103s - 1. 

Values of a have been calculated from fig. 5. The mean value 

4.5 103 Fa. s., is quite in good agreement with values of other au

thors /3,4,16,10/. Values of B are in the range 1 to 810- 5 Fa.s. 

/4 - 21 to 24/. From these values one can calculate the mobile dis

location density. We have found values ranging from 4 106 per cm2 

to 3 107 per cm 2 . These low densities are however in accordance 

with those found in dynamic tension tests /10/ : from 2 106 to 107 

per cm 2 . They require high dislocation speeds ranging about 300 
o 

to 3000 m/ s according to the relation 6' = F b V and thus need 

high stresses. This is especially true in tension tests where an 

initial stress peak can be noticed on dynamic curves /10/. 



90 

We can also note that the value of a does not change noticeably up 

to a shear strain of 40 % which in turn means that the mobile dis

location density does not vary very much in this strain range. 

Concerning the curves for 6 below 103s -1 and specially the fact 

that curves for if = 10-4 - 10- 3s -1 are over curves for ~ = 102 -

103 s -1, it would be interesting to study, for different initial orien

tations, the behavior all over the range 10-4 - 103s- 1. It is possi

ble, as suggested by fig. 4, that a minimum exists on the curve 

("6 , ln ~ ) for some value of ;f'. 

Incremental strain-rate tests. 

As shown on fig. 7, we can define four parameters to describe the 

behavior in the two sets of incremental strain-rate tests. They are 

relative to the influence of the previous history which is supposed 

to be divided in two terms : one representing the strain rate effect 

for the "same" structure (E ~) and the other the effect of the dif

ference of history for the same strain rate (6 S T) . 

The strain rate effect parameter 6 ~ has a similar behaviour for 

the two sets of tests (fig. 13 and 14) except for static tests realized 

after a dynamic prestrain at i' = 2 103 s -1 for which this parame

ter is sometimes negative. A plateau is reached between 10 to 20 % 
of shear strain. The level of this plateau is not far from the value 

which can be determined by the intersection of the linear elastic 

part of the stress-strain curve and the tangent to the initial plastic 

portion of this curve. After the plateau 5 3' rises, as it does for 

61 
MP, 

'0 

30 

20 20 

10 ----~ 10 

10 10 20 30 

Figure 13 Figure 14 



high values of prestrain. Plateau levels are identical for tests 

between 5 = 8 103s- 1 and cS' = 4.5 1O-4 s- 1 irrespective of the 

initial value of k . These values are about 10 MPa. For tests 

91 

at 5 = 2 103 s -1 after a static prestrain the plateau levels are low 

(2.5 MPa) which must be connected with results obtained at constant 

strain-rates. 

This strain-rate effect parameter may be connected with the activa

tion volume derived from the thermal activation strain rate analysis, 

only suitable in the low strain rate range. We have attempted this 

connection for the tests with prestrain at J' = 4.5 1O-4 s -1 and de

formation at 6' = 2 103s -1 the lowest dY)lamic strain rate studied. 

We have used the relation v = kT (~ dn 1)) which is similar to that 

*" derived by Klepaczko /9/. For low shear strains v is constant 

(--- 29 10- 27m 3) due to the plateau of 8 ~ after decreases when 

increases. For ?f = 40 % we obtain v = 6 1O-27m~ value which is net 

far from that which can be extrapoleted from Klepaczko's work. The 

decrease of v with 0 was also found by this author. We are fully 

aware of the limitations of our results : we have not performed 
Q 

incremental tests by rapid variations of ~ , we are not sure to be 

in the thermal activation field but the similitude of the results is 

noticeable. This may be fortuitous and once again it would be ne

cessary to perform tests at lower strain-rate first to define the li

mit of strain rate for which thermal activation analysis may be used 

and second to study the influence of higher low strain rate that is 

to say to limit the jump height. Thus it would be possible to define 

unambiguously the domain of validity of thermal activation analysis 

and then the activation volume and to use this analysis to derive 

more informations on the deformation mechanism and dislocations 

density. 

For tests between ~ = 4.5 10-4 s -1 and 8 103s -1 the parameter 

8 ~ may be considered partly as the contribution due to phonon 

damping of dislocations. We are not informed of a theory which can 

be used to explain the results. 

The other parameter 8 S T may describe history influence on the 

structure that is to say, for example, the difference in mobile dis

location density between samples tested at low or high strain rates. 
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Its variations are plotted on fig. 15 to 18. The main point is that 

8 ST never vanishes except for results obtained with incremental 

tests finished at r = 2 103s -1. So single crystals never forget 

the strain-rate history contrary to what happens for polycrystalline 

copper /6- 7/. Studies by electron microscopy are carried on to ex

plain this behaviour. 

F or dynamically prestrained specimens, values of 8 STare close, 

to 15 to 20 MFa so that the ratio 8 S T / 8 ~ is about 2 between 

o = 10 and 25 %, value very close to that found by Glenn and 

Bradley for similar tests on polycrystalline copper /2/. 

20 

.---------
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Figure 17 

Comparison with tension tests. 
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Figure 18 

We shall recall some results obtained in tension /10/ before com

paring tension and compression tests. 

F or all orientations tested (fig. 19), stres s - time curves have the 



93 

same general features (fig. 20). It is possible to distinguish four 

zones more or less pronounced according to specimen orientation 

and test conditions : at the beginning of the test, a stress peak is 

reached between 40 and 100 ]Js. After relaxation, stress rises 

again strongly then more slowly. After a maximum value stress de

creases up to rupture by a chisel pOint mechanism. 

tl . . 07 
17 

03 o~ 

Figure 19 

02 
16 M 

01. 
TIME 

Figure 20 

Stress-time curves have been transformed in shear stress-shear 

strain curves with a single glide hypothesis. In all cases dynamic 

shear stresses are greater than the static ones for the same shear 

stres s. Stres s variations with strain rate are reported on fig. 21. 

Figure 21 
Below about 102s -1, stress levels are nearly constant; on the 

other hand we can note a rapid rise over 5 102s -1, stress cur

ves for a given strain are linear functions of strain rate. The coef

ficient a of the relation 6 = '6 B + a ~ is about 7 103 Pa. s., 

value near those found in compression and by other authors. 
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Interrupted tests have also been performed with only static pre

strains (it is not possible to stop a dynamic test). The initial peak 

is always very high (fig. 22), over the stres s for the same strain in 

the pure dynamic test. The flow shear stress is weaker for inter

rupted tests than for dynamic tests but stronger than for static tests. 

We have not realized enough tests to generalize but it seems that 

there does not either exist a fading memory effect in tension. 

(pO. 

STATIC PRESTRAIN 

Figure 22 

So we have obtained similar results in tension and compression, 

the only great difference is that in tension the dynamic shear stress 

shear strain curve is always over the static one contrary to that 

found in compression. 

We think that this difference is due to the facts that for most of the 

orientations specimen axis rotation is not the same in tension and 

compression and that microscopical structure is certainly unlike. 

A study by electron microscopy would be necessary to elucidate 

this behavior. 

Conclusions. 

Compression tests performed on copper Single crystals with strain 

rates ranging from 10-4 s -1 to 8 103 s -1 have shown that : 

- the strain rate behaviour can be divided into 2 regions. Above 

103s -1 a linear relationship between shear stress and shear 

strain rate is observed of the type 
o 

G = 0 B + a ?S 
with a = 4.5 103 Fa. s. This behaviour must be related to viscous 



damping mechanism on dislocations and a mobile dislocation den

sity of about 107 per cm2 may be calculated. 
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- low strain-rate curves are over curves obtained for a strain rate 

of 103s- 1 indicating that a minimum must exist in the stress-strain

rate diagram. 

Tests performed with strain-rate changes either to lower strain 

rate or to greater strain rate have given the following results : 

- incremental test curves never trend toward the purely dynamic 

or static curves. The fading memory effect which has been dis

play for copper polycrystals is not observed for single crystals. 

- the parameter 6 0 describing the strain-rate effect for the 
?f 

"same" structure is equal to about 10 MPa for tests performed 

between * = 8 103 s -1 and '§' = 4.5 10-4 s -1 irrespective of 

the initial strain rate value. 

- for dynamically prestrained specimens values of the parameter 

6 S T showing the effect of a difference of history for the same 

strain-rate are close to 15 to 20 MPa. 

- the ratio 6 S T / 6"; is about 2 between t = 10 % and 25 % for 

dynamically prestrained specimens. 

- a slighty different behaviour is observed for samples statically 

prestrained in stage II or III of the single crystal stress - strain 

curve. 

- observations by electron microscopy seem necessary to explain 

the variations of SST' 

Comparison with tensile tests shows a similar value of a at high 

strain rates. Incremental tensile tests indicate that there does not 

exist a fading memory effect. 
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Summary 

Continuous compression tests and incremental strain rate change 
tests of four kinds of titanium alloys and four kinds of alumi
nium alloys are carried out within the strain rate range of 104 
~lo3/s and the temperature range of -195°~450oC. The experi
mental results reveal the effects of the strain rate and thetem
perature on the flow stress at 5% strain. The strain rate sen
sitivity obtained by the continuous tests or the incremental 
tests is also revealed. The thermal and the athermal components 
of stress are presumed and the relation between the activation 
volume and the thermal component of stress is discussed. 

Introduction 

It is very important to clarify the mechanical properties of ma

terials at high strain rate. A succession of techniques for car

ring out high strain rate tests have been developed and the ex

perimental results have been discussed from both macroscopic and 

microscopic aspects. Progress in this field has been described 

in recent reviews [1, 2], including the experimental results for 

titanium alloys and aluminium alloys. 

This paper presents the experimental results for titanium alloys 

and aluminium alloys obtained by continuous compression tests 

and incremental strain rate change tests in a strain rate range 

of 104~103/s (low and medium strain rate ranges) and a tempera

ture range of -195°~450oC. 

The split Hopkinson bar technique [3] has been applied in inves-



tigating the dynamic strength of various materials [4~6]. This 

technique has also been used in obtaining our experimental re

sults [7]. 

The investigation of the mechanical properties of materials from a 

microscopic aspect [S, 9] is also significant. The clarification 

of the interrelation of microscopic and macroscopic phenomena has 

been a problem of long-standing [10]. History effect [11,12] 

and force barrier shape [13] are treated recently. 

Test materials and specimens 

The eight kinds of materials listed in table 1 were tested. The 

chemical composition, heat treatment and Vickers hardness after 

the treatment are also shown in the table. 

The diameter and the height of the cylindrical specimen are shown 

in table 1. 

Table 1. Materials 

99 

Chemical 
composition 

Heat treatment 
Vickers Ref. 
hardness Specimen no. Material 

Ti Annealed at 650°C for 150 
2 hours 

Ti-5Al 5.07%Al 2.29%Sn Annealed at SOOoC for 330 
0.32%Fe 2 hours 

Ti-6Al 5.99%Al 4.14%v Annealed at 700°C for 435 
0.22%Fe 2 hours 

Ti-Mo 14.S%Mo 5.09%Zr Annealed at SOOoC for 330 
0.04%Fe 2 hours 

Al 99.997%Al Annealed at 500°C for 20 

AI-Mg 

AI-Cu 

1.OS%Mg 
0.06%Si 

4.01%Cu 

1 hour 

O.Ol%Cu Annealed at 500°C for 
O.Ol%Fe 1 hour 

Solution treated at 
530°C for 1 hour 
Quenched in ice water 
Aged at 350°C for 
36 hours 

A3B2 (Duralumin) Solution treated at 
500°C for 1 hour 
Quenched in ice water 
Aged at 350°C for 

(2017) 

2 hours 

35 

34 

67 

5¢X7 [14] 

5¢x7 [15] 

[17] 
[IS] 

[16] 
[17] 
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Test method 

Continuous compression tests (constant temperature and constant 

strain rate) and incremental strain rate change tests (constant 

temperature, but the constant 

strain rate being abruptly 

80 
TI 

60 - 1 ~5 'C --_ . 
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Figure 1. Effect of strain 
rate on the flow stress of 
four titanium alloys. 

Figure 2. Effect of strain 
rate on the flow stress of 
four aluminium alloys. 



changed to another strain rate) were carried out. The strain at 

which the strain rate was changed abruptly was 5%. 
The strain rate was within the range of l04~103/s. An Instron 

testing machine was used for the static (low strain rate) tests, 

and a split Hopkinson bar apparatus was used for the dynamic (me

dium strain rate) tests. The incremental tests in the dynamic re-

gion were car-

ried out with 

a stepped 

striker bar 

[19]. A hy-

draulic test-

ing machine was 

used to test 

aluminium al-

loys at a 

strain rate of 

about lis [20J. 

The temperature 

range in which 

the tests were 

performed was 

-195°~450oC. 

Test results 

The relation 

between the 

flow stress at 

5% strain and 

the strain rate 

at various tem-

peratures is 

illustrated in 

figure 1 for 

titanium al.-

ao,---.--~----,-----,Q20 roo 
Ti 

--j---j20 

-I-----'l--"<-- j_-+-.--..,. S 

\ 

~~~'r-j_-_+--+-~__l~ 

1 501---'H ",,"+---I---j'Q2 

~ L-_--'-__ "-_-"'-_----J 0 

.. " '-S·(. r T .. -(l)S 

'0 

.s 

'0 

'-. 
L-~~200~~-~L-~-~~-~~·0 

Tt ' KI 
200 

Figure 3. Effect of temperature on the flow 
stress and the temperature sensitivity. 
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loys, and in figure 

2 for aluminium al

loys. The stress is 

the true stress and 

the strain is the 

true strain. Figure 

3 illustrates the 

relation between the 

flow stress and the 

temperature. Super

scripts Sand D 

written on the left

hand side of the 

symbols denote the 

static value (E~lx 

104/s) and the dy

namic value (t~2xl02 

Is). 
The temperature sen

sitivity, aO/aT, 

is also shown in 

figure 3. Figure 4 
shows the strain 

Figure 4. Effect of temperature on the 
strain rate sensitivity. 

rate sensitivity, aO/alogE. Superscripts C and I on the right-

hand side indicate the value calculated from the slope of the 

curve in figure 1 and the value obtained experimentally by the in

cremental tests. In regard to the incremental tests, the strain 

rate was abruptly increased 10 times in the static tests and twice 

in the dynamic tests. In the case of aluminium, it has been 

proved that the amount of an abruptly increased strain rate has 

little effect on the static strain rate sensitivity [20]. 

Consideration 

The strain rate £ of thermally activated flow is expressed as 

E=Aexp[-(Ho-jV*dO*)/kT]. (1) 



A is a parameter proportional to the number and distribution of 

activation site and to the freqency of vibration of the disloca

tion segment, Ho, the total activation energy, and a*, the ther

mal component of stress, being expressed by 

o*=o-aG, (2) 

where aG is the athermal component of stress. v* is the activa

tion volume, k Boltzmann's constant and T 

lCi --~ 
= TI 
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the temperature. In the case where the 

activation energy is given by Ho-va*, the 

following relation exists [21] : 

=-= TI - 5 ... -----+---1 =-= TI-SAI 
= Ti - Wo 

v*=v+a*(av/aa*)T 

Equation (1) is written as 

kT(ln£-lnA)=-(Ho-!V*da*). (1 ') 

It is assumed that Ho is constant, v* is a ,dL-~~ __ ~ __ ~ __ __ 

function of 0*, and A and 0* are functions 

of E and T. Differentiating equation (1') 

with respect to a*, the following is ob

tained. 

v*=kT[ (alnE:;aa*) T- (alnA/aa*) T] (3) 

It can be considered that A and 0G do not 

change their values at an abrupt change of 

strain rate. Therefore, equation (3) be-

comes 

V*=kT(alnE/aa*);=kT(alnE/va);. 

(3 ') 

The relation between v* and T is illus-

Table 2. Numerical values 

Material S(T ) oK 
c 

D(r ) oK 
c 

10 
Ti 540 D( *) _S( *) 

V T=565- V T=400 0.86 

Ti-5Al 580 D( *) _S( *) V T=400- V T=160 
10 

0.92 

Al 290 D( *) _S( *) 
V T=290- V T=75 

10 
0.46 

340, 
14 

A3B2 130 300, 275 0.25 

0200400 600 
1('.1 

Figure 5. Effect of 
temperature on the 
activation volume. 

InA H~ eV Ho eV 

15 20 
1.65 

1.09 1.33 

15 20 2.45 
1.17 1.42 

12 14 
0.66 

0.51 0.56 

16 18 0.29 
0.27 0.30 
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trated in figure 5. Differentiating equation (I') with respect to 

T, 

(dO*/dT)E=k[lnS-lnA-T(dlnA/dT)Sl/v* (4) 

is obtained. With the assumption that (dlnA/dT)s can be neglected, 

it follows 

(dO*/dT)s=k(ln£-lnA)/v*=(lnS-lnA)/[T(dlnE/dO)~l. (4') 

Integration of this equation gives O*(T). The boundary condition 

that 0*=0 at temperature 

T is used. T is the 
c c 

temperature at which the 

o-T curve changes its 

slope remarkably. The 

temperatures in static 
S case (T) for four mate

c 
rials and that in dynamic 

case D(T ) for A3B2 are 
c 

listed in table 2. Be-

cause D(T ) is generally 
c 

difficult to decide on 

the o-T curve, the inte

gration was carried out 

with the condition 0*= 

S(O*)T=S(T) at T=D(T), 
D 

where S(V*)T=S(T)= (V*)T 
=D(T) (table 2). This 

assumption means that v* 

is a single valued func

tion of 0*. Correspond

ing to the given numeri

cal values of InA, the 
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Figure 6. Effect of t emperature on the 
thermal and the athermal components of 
stress 

o*-T relation is obtained and then the 0G-T relation can be de

cided. These relations are illustrated in figure 6. It seems rea

sonable to suppose that 0* and 0G increase with the decrease of the 

temperature and that the values in dynamic tests are higher than 

those in static tests. From this point of view, the values of InA 

of four materials in table 2 are less than 18, 11, 10 and 15, re-



spectively. 

Putting a*=O in equation (1'), the total activation energy Ho is 

given as 

Ho=k S(T ) [lnA_lnS(£) J. 
c 

The values thus obtained are listed in table 2. 
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On the other hand, the activation energy H is given as 

H=kT2[-(aln€/aa*)g(aa*/aT)~+(alnA/aa*)T(aa*/aT)~-(alnA/aT)t J 

=kT2[-(aln€/aa*)~(aa*/aT)IJ. (6) 

Assuming lnA=const. and putting a*=o at T=Tc' the total activation 

energy Ho is expressed as 

Ho=kT~[-(alnE/aa*)~(aa*/aT)~JT=Tc' 
, 

The approximate values, Ho, defined as 

Ho~H~=kT~[-(aln€/aa)g(aalaT)~JT=Tc (6 ') 

are also written in table 2. Figure 7 shows the v*-a* relation. 

It seems that the curves in the static range are almost continu

ous with those in the 

dynamic range for alu

minium alloys, but it 

is not easy to say the 

same for titanium al-

loys. 

Conclusions 

1. Flow stress of Ti, 

Ti-5Al and Al increaseE 

steadily with the in

crease of the strain 

rate and the decrease 

of the temperature. 

Ti-6Al, AI-Mg, Al-Cu 

and A3B2 have the tem-

,0' ------, ,a, 

To ' ( V ' ) 1 Ti - 5A) l 
~v ,.,.../0 

;:::~ 

Figure 7. Activation volume against 
thermal component of stress. 

perature range where the stress is independent of the temperature 

or decreases with the increase of the strain rate. Ti-Mo shows 

rather complicated behaviour. 

2. The strain rate sensitivity calculated on the basis of con-
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tinuous test results does not coincide generally with that ob

tained by incremental strain rate change tests, except in the case 

of Ti-5Al. The value of the former tends to be smaller in the 

cases of titanium alloys and larger in the cases of aluminium al

loys comparing with the latter value. 

3. Assuming that static deformation and dynamic deformation are 

controlled by the same single thermally activated process and lnA 

is constant, thermal and athermal components of stress are pre

sumed. In the case of titanium alloys, the thermal and athermal 

components of stress are the same order, but, in the case of alu

minium alloys, the former is far smaller than the latter. 

4. The relation between the thermal component of stress and the 

activation volume in static range corresponds with that in dynamic 

range for aluminium alloys, but the correspondence is not so good 

for titanium alloys. 
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Summary 

At strain rates from 10-3 to 10 2 and temperature above 
0.5 Tm, the flow behaviours of various metallic materials 
are classified into alminum type and copper type. The 
former has dynamic recovery as a Restoration process and 
the latter dynamic recrystallization. Copper type mate
rials show smallest in the magnitude of temperature de
pendence and strain rate sensitivity exponent "m" value. 
Steady State flow Stress can be expressed as functions of 
product of strain rate and the reciprocal of the Arrhen
ius term of temperature dependence, and the values of 
stress exponent "n" value in it well correlates to the 
restoration processes of materials. It has been clarifi
ed from the observation of deformed microstructure that 
dynamic recrystallization as restoration process is oc
cured soon after passing of the peak in flow curves. Fi
nally, there has been good correlation between the defor
mation condition parameter and dynamically recrystallized 
grain diameters or dynamically recovered ones. 

Introduction 

Hot working an important process in which materials are 

applied the largest reduction and given a high strain 

rate deformation, among the various working operations un

dergone in the process from ingots to products. Results 

of the investigation to be presented hereafter, are on the 

analysis of the hot working process of various metallic 

materials mainly by mean of hot torsional deformation. 

The recent reports of other type of deformation in our 

country are also reviewed. 
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one of the purpose of the present investigation is to sup

ply the basic data useful for hot working of metals by in

quiring critically, the interrelation of flow stress, 

strain rate and temperature during a steady state defor

mation at the view point of mechanical approach. Special 

notice is taken on the fact that the characteristic of 

high temperature deformation of metals during hot working 

is the occurence of steady state deformation in which 

work hardening due to deformation equilibrates with dynam

ic restoration process as a thermal softening effects. 

Secondly, to consider the behaviours of deformation and 

restoration of metals at elevated temperature inclusively, 

the dynamic restoration process which contributes to the 

occurence of steady state deformation is investigated met

allographically. 

Steady State Deformation Behaviours 

When metals are deformed at high temperature above 0.5Tm, 

where Tm is melting temperature in degree Kelvin, with 
mr------,-------r------or------,------,20 
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Fig. 1 Characteristic steady state deformation curves of Al, Cu, 
austenitic stainless steel and low carbon steel both in a and y 
ranges, at 0.7 Tm or 0.6 Tm and shear strain rate of 0.12 sec-l. Flow 
stress is expressed as the ratio of shear stress to shear modulus 
at the temperature of deformation. Shear modulus compensated flow 
stress of austenitic stainless steel is to be read in the right scale. 
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constant strain rates, the flow stress is constant in the 

larger strains, although it increases with strains during 

initial hardening region. Phenomenon of the steady state 

deformation occurrs also in the secondary creep, and has 

been studied extensively. 

The characteristic shapes of the stress-strain curves for 

steady state deformation are shown in Fig.l for typical 
1 2) metals at temperature of about 0.7 Tm' . These steady 

state deformation curves were roughly classified into alu

minum type and copper type, in term of the approaching fea

tures to steady state. It would be considered that the 

reason of the changes of shapes of flow curves is due to 

the difference in the controlling mechanism of dynamic re

storation process associated with deformation. 

In aluminum in which dislocation climb is rapid, the ini

tially work hardened structure is modified into a partial

ly polygonized structure by the time the maximum stress 

is reached and further deformation leads to a sharpening 

of the sub-boundaries, followed by a migration of grains 

boundary when boundary angle is large enough. Since re

storation is rapid, only a small maximum in the stress

strain curve, if any, is observed. While, in copper, dis

location climb is slower and sufficient strain energy is 

available to initiate the recrystallization as a restara

tion process. Therefore, copper softens during work hard

ening so as to exhibit a maximum in the stress-strain 

curve and fall into the steady state level. Thus, the 

materials belonging the copper type have a peaked stress

strain curve and those of alminum type show the stress

strain curve having no peak. 

Temperature and strain Rate Dependence of Flow Stress 

The magnitude of Temperature dependence of shere modulus 

compensated flow stress, flow stress divided by the shere 

modulus at the deformation temperature, was smaller below 



Table 1. Temperature 
up to large strain3). 

and strain rate dependences of flow stress 

Material 

Al 
Cu 

SUS 304 0 

aFe 
yFe 

0.4 
0.55 

0.6 

0.4 

0.4 
0.4 

0.5 

0.4 

Oder of 
magnitude of 
temperature 
dependence 

2 
4 

smallest 
3 

1 
1 

largest 

Order of Strain rate 
magnitude of dependence 

T/~T "m" value 

3 0.23(0.8Tm) 
2 O.16(0.8Tm) 
1 0.20(0.8Tm) largest 
4 0.15(0.6Tm) 
4 0.16(0.8Tm) 

smallest 
°JIS (18-8 stainless steel) 

s 
0.25 -~ --~-.. ---- ------~-l 

c ., • Aluminium 
c 0.20 8. r\ .. Copper 
>< 
<li 

0.1°1 
! 
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Fig. 2 Variation of strain rate sensitivity "m" value with homo
logous temperature in AI, Cu, and austenitic stainless steel. Black 
circles are obtained from strain rate dependence of 200 % strain or 
maximum flow stress, open circles from differential tests at strain 
of 100 % and before softening in the case of Cu. 
0.5 or 0.6 Tm and became larger above ones. Thus, a tran-

sition which was shown as a knee in the relation between 

flow stress and temperature occurred at some temperature, 

Th • The larger the strain, the lower became the transi

tion temperature Th which was about 0.6 Tmfor strain of 

0.2 % and 0.5 Tm the strain of 200 %. 

Temperature and strain rate dependence of flow stress 

could be summarised as in Table 1 where the transition 

temperature Th for flow stress at 10 % strain maximum flow 

stress,strain rate hardening exponent "m" and oder of mag

nitude of shear modulus compensated flow stress T/yT are 
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given for four materilas3). The dependence of strain rate 

hardening exponent for steady state deformation on temper

ature are shown in Fig. 23). The exponent Om" increased 

as temperature increased until the characteristic temper

ature was reached, above which Om" remained nearly con

stant except in stainless steel in which the exponent con

tinued increase. The magnitude m was largest for alminum, 

i.e. dynamic recovery type material, and smallest for cop

per and low carbon steel, i. e. dynamic recrystallization 

one. 

Interdependence of Flow Stress, Temperature and Strain 

Rate during steady State Deformation 

The mechanical equation of state representing the interde

pendence of flow stress, temperature and strain rate in 

hot working are as follows: 
Power law £=A20nexp(-Q/RT) at low ° (1) 

Exponential law £=A3exp (So)exp (-Q/RT) at high ° (2) 

Hyperbolic sine law £=Al[sinh(aO)]n'exp(-Q/RT) at all 0 (3) 

£=f(o)exp(-Q/RT) (4) 

f(o)=Z=£exp(Q/RT) (5), 
where £ is strain rate, 0 flow stress, T temperature, ° 
activation energy, Z Zener-Hollomon parameter, R gas con

stant, and Al, A2, A3' n, n' and S=an are constants. Com

monly used equations are (1), (2) and (3), however, none 

of these mathematical relationship have a strict theoreti

cal foundation. The most convienient one which was pro

posed and widely used by sellers and Tegart is the power 

hyperbolic sine stress relationship, (3)4-7~ This rela

tionship is a development of the one proposed for creep 

by Garofalo 8), into the hot working condition region. 

The activation energy, Q, is approximately to that for 

creep or self diffusion. Further, at low stress (ao<O.8) 

the equation (3) reduces the power law relationship of 

equation (1). which is used well in creep. At high stress 

(ao>1.2), equation (3) is convertable to the exponential 
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Table 2 Constnts in equation (3) for heat resisting materials. 

Alloy In A n a Q na Q/na 
kca1 kg 

sec-1 (kg/mm2)-1 kca1/mo1 (kg/mm2)-1 mm2 mol 

17 Cr 57.35 6.9 0.117 142.0 0.60 175 
2.25Cr 1Mo 30.98 3.24 0.188 93.0 0.61 152 
SUS 304 36.39 5.53 0.088 103.1 0.49 211 
SUS 321 43.35 5.85 0.104 126.8 0.61 209 
SUS 347 37.11 3.73 0.135 111.7 0.50 222 
SUS 316 38.43 5.45 0.094 113.1 0.51 220 
SUS 316M 37.85 4.92 0.106 115.7 0.52 221 
SUS 3171 35.90 5.24 0.079 104.2 0.42 249 
SUS 310 42.01 4.55 0.129 128.9 0.59 220 
HK 40 130.2 0.52 249 
Inco1oy 802 97.4 0.38 260 
Inco1oy 800 26.37 2.95 0.108 78.9 0.32 247 
Incone1 600 30.87 4.03 0.061 85.9 0.24 358 
Haste110y X 119.0 0.34 350 
R 4286 139.0 0.34 408 
Incone1 617 167.8 0.34 494 
SSS 410 170.9 0.33 513 
SSS 113M 118.2 0.20 513 

relationship of equation (2), where the constants a and n 

are related by S=an so that Sand n can be determined 

from experimental data for high and low stress, respec

tively. 

Tamura, Kamemura and Ichinose recently presented the sell

ers' constants for various heat resisting steels and al

loys, which are tabulated in Table 2 9 ,10). They reported 

that those values can be used successfully in predicting 

the deformation resistances in hot extrusion of such al-

10Ys. 
The steady state flow stress can also be expressed as the 

product of the strain rate and the reciprocal of the 

Arrhenius term of temperature dependence, namely Eexp(Q/ 

RT), and this product is called the temperature compen

sated strain rate parameter, Z or the deformation condi

tion parameter. This value is maintained constant during 

hot working test and value of Z increases either with 

increasing strain rate or decreasing temperature. For 
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Microstructure during High Temperature Deformation 

The microstructure during high temperature deformation 



are most important factors which determine flow stress 

and were widely investigated by Sakui and satoll ), and 

recently by Sakui and Sakai12 ) with using specimens de

formed by an elegant tensile machine. 
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The reason why the large strain can be imposed to materi

als in hot working condition, is due to the approximately 

absent work hardening. In other words, the work harden

ing cannot be observed apparently, because of the dynamic 

equilibrium between the work hardening and the thermal 

softening process during deformation. The behaviours of 

metals in hot working remain unsolved, the reason of this, 

as mentioned above, is due to the complexity of the hot 

working mechanisms because of the superimposed effect of 

mechanical process due to deformation and microstructural 

evolution by the operation of dynamic restoration pro

cesses. Therefore, the microscopical features of the 

structure obtained by high temperature deformation, have 

the interest of variety. And then, the observation of 

the structure during hot working is one of the useful 

methods in consideration of plastic behaviours of metal

lic materials. 

According to the results of the observations of quenched

in structure during hot working in various metals and al

loys, the deformed microstructures are able to be classi

fied into two groups. The first group contains Al, Al 

alloys, commercial purity a iron, ferritic iron alloys 

and austenitic stainless steels, and the second one Cu, 

Cu alloys, Ni, Ni alloys, y range steels and high purity 

airon. In the materials belonging to the first group, 

the sub-grains are deformed at the instance of quenching 

after deformation in spite of the degree of given strain 

whether large or small, and so-called polygonization phe

nomenon is observed. The characteristics of the second 

group materials are the development of substructures in

terior of strained grains during small strain in hot de-
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formation, and the genaration of the eqiaxed recrystal

lized grains at large strains in steady state region. In 

the case of generation of the recryatallized grains, the 

peaked stress-strain curves can be obtained. 

Fig. 4 Typical stress-strain curve and quenched-in microstructure 
of the each point on the curve, for 0.10 % C, 0.02 % Nb steel at 1000oC. 

Fig. 4 illustrates quenched-in microstructures at the 

strain given at each point on the stress-strain curve for 

low carbon steel containing small amount of Nb deformed 

at 1000 c. 13 ) In the initial hardening range, austenitic 

grains became fine under the operation of dynamic recov

ery, and soon after passing the peak microstructure be

gins to change to recrystallized grains and dynamic re

crystallization structure is well attained in the steady 

state of deformation. The same behaviour also are report

ed by Ohuchi 14) for such materials in the study relating 

controlled rolling. In these investigations, dynamically 

recrystallized grain structure cannot be observed at all, 

when peaked stress-strain curves are not obtained under 

the condition of high strain rate for the same material 

and same deformation temperature of Fig. 4. Therefore, 

it is concluded that the peaked flow curves are certainly 

appeared with occurrence of dynamic recrystallization. 

Fig. 5 illustrates the quenched-in microstructures of the 

each point on the plots representing the relations be

tween the steady state flow stress andparameter Z. This 

plots have a knee point at the vicinity of Z=1012sec- l , 
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and at values of Z below the knee the equiaxed recrystal

lized grain structure was observed. It could be under

stood that the recrystallized grain size decreases with 

increasing the flow stress and the Z value up to the 

range of Z<1012sec- l . At the condition of Z>1012 sec-l 

althouth the recrystallized grains nucreate at grain 

boundaries. The large enough strain to cover the whole 
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Fig. 5 Representation of proceedings of the dynamic recrystal
lisation on the plot of steady state flow stress with parameter Z. 
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structure, cannot be attained. Fig.6 illustrates the 

quantative relation between the deformation condition 

parameter Z and recrystallized grain size as shown in the 

previous figure, for the condition Z<1012sec- l . The good 

correlation which is shown in the figure, justified that 

the mechanism of deformation is thermally activated and 

resultant dynamically recrystallized grain size depends 

on the numbers of thermally activated events which are 

inversely proportional to parameter Z and also determine 

the hot working stress though relation shown in Fig.5. 

This fact considered as the same as the existence of the 

constant relation between the sub-grain size, parameter 

Z and flow stress in the dynamically recovery type mate

rials. 
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Sunnnary 

Experimental studies of centrally impacted (0-900 lay
up) fiberglass-epoxy plates have revealed a sequential 
delamination mechanism, which appears to be a signifi
cant factor in the energy absorption at impact speeds 
below the speed required for perforation of the plate by 
a small rigid impactor. A linear relationship is found 
between impactor kinetic energy and total delamination 
area in this impact speed range (above a threshold spee~ 
when the delamination does not extend to the edge of the 
plate. 

Introduction 

Because of their high strength-to-weight ratio as com
pared with conventional metal components, fiber-rein
forced composite materials have become important for 

use in some parts of aircraft and space vehicles. Re
search on impact failure mechanisms has been motivated 

by the fact that their relatively poor impact resist
ance has limited applications of these composites where 
impact is a design consideration, for example in the 
compressor blades of jet engines. During take-off and 
flight, ingestion of stones, ice balls, birds and other 
objects may lead to impact loading of the blades [1]. 
Small hard impactors produce an effect similar to the 
effect on a stationary plate by a projectile fired from 
an air gun as in the experiments reported here. Bal
listic perforation studies on fiberglass-epoxy plates 

were published by Gupta and Davids [2] in 1966. Askins 
and Schwartz [3] reported that a two-stage failure mode 
of heavy delamination followed by tensile loading of 
individual laminas increased energy absorption in com
posite backup panels for armor. They believed that the 
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tensile loading stage was the major energy absorber but 

that the delamination served to spread the deformation, 

involving more of the panel in the energy absorption. 

Additional references as well as experimental details of 

the investigation may be found in [3-10]. 

The impact perforation resistance of continuous fiber

reinforced plates is affected by many factors, including 

composite constituents, geometrical arrangement of the 

fibers, and fiber spacing. In examining the results of 

a study [4) of the effect of varying several of these 

factors it was noted in some 00 -900 layup fiberglass

epoxy plates, each with a total of 15 layers of fibers, 

that the number of fiber layers in each unidirectional 

lamina had a surprising effect on the results. It had 

been supposed that the alternating crossply arrangement 

would have greater perforation resistance than an ar

rangement with 5 laminas each containing 3 layers of 

fibers oriented in the same direction [referred to as a 

3-3-3-3-3 arrangement) or a plate with three 5-layer la

minas [5-5-5). It turned out that both the 3-3-3-3-3 

and the 5-5-5 plates showed somewhat better perforation 

resistance to normal impacts with O.0143-kg blunt-ended 

steel cylinder impactors 9.7 mm in diameter by 25.4 mm 

long. Examination of some perforated and some partly 
penetrated plates led to the description of a sequential 

delamination mechanism [5), which appears to account for 
the good performance of the plates with multilayer la

minas. 
Sequential Delamination Mechanism 

Delamination areas are clearly seen in the semitrans

parent epoxy matrix plates when a bright light is 

placed behind the plate as in the photograph of Fig. 1, 

which shows two delamination areas in a 3-lamina 5-5-5 

plate. Fig.2 is a schematic diagram with three dela

mination areas, marked AI, A2' A3 . In impacts by a 
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blunt-ended cylinder of diameter D on plates with multi

layer laminas, at moderate speeds such that the shear 

cut-out of a circular plug does not extend all the way 

through the first lamina, the sequential delamination 

is begun when a strip of width D of the first lamina 

(parallel to the fibers) is pushed forward by the pene

trator. This "generator strip" loads transversely the 

second lamina and initiates a separation between the 

first two laminas. 

The generator strip from the first lamina is bounded by 

two through-the-thickness shear cracks, marked AA and 

BB in Fig. 2. This generator strip lengthens and the 

delamination area Al enlarges until the available energy 

is insufficient to continue the propagation of the dela

mination. A new generator strip may be formed in the 

second lamina (perpendicular to the first one in the 00 -

900 layup plates), which initiates the area A2 between 

the second and third laminas, and the process is then 

repeated with each subsequent delamination covering a 

larger area than the one before it. 

Fig.l. Generator 
Strip and two dela
mination areas in 
Type 5-5-5 plate. 

In very high-speed impacts plugging may extend all the 

way through the plate with almost no delamination, al-
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Fig.2.Schema
tic of three 
sequential de
laminations. 
First genera
tor strip is 
bounded by 
AA and BB. 

though the hole enlarges so that the last laminas per

forated show more tensile breaking and less clean shear 

cut-off. It can now be understood why in the first 

series of tests [4] at moderate speeds the delamination 

mechanism was more fully developed in plates with multi

layer laminas than in the crossply arrangement with only 

one layer of fibers to the laminas. At these speeds 

the penetrator cuts through a single layer before there 

is time for a generator strip to form and initiate the 

sequential delamination. It was concluded [5] that the 

better perforation resistance of the plates with multi

layer laminas could be attributed to the greater de

lamination, which involves a larger volume of the plate 

in the process. Fig.3, from a subsequent extensive 

series of tests [8], shows first generator strip length 

versus impact speed for three symmetrical layering ar

rangements, all with the same impactor and the same 

total of 15 layers of fibers in the 6.7-mm thick plates. 

All three show initially a monotonic increase of gener

ator strip length with impact speed [at approximately 

the same slope], but for speeds above about 80 mls the 

strips in the crossply plates are shorter because of 

the rapid perforation of the single layer. At the 

highest speeds the strip length of the 5-5-5 plate also 
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showed a drop, which may be associated with the fact 

that the dehmination areas had reached the boundaries 

of the l50-rom square clamped plate. The point marked 

with a triangle is for the 300-rom square type 3-3-3-3-3 

plate. Since it falls near the line of the l50-rom 

square type 3-3-3-3-3 plate, boundary interaction appears 

not to have affected the results. 

Delaminated Area Versus Impactor Kinetic Energy 

Some energy is absorbed by the delamination process it

self and some by tensile breaking of the fibers and by 

matrix breakup. Details of the energy transformation 

from kinetic energy of the impactor to elastic strain 

energy of bending and stretching and kinetic energy in 

the dynamically deforming plate and final absorption by 

such dissipative processes as delamination and tensile 

breaking are not known. 

Fig.4 shows a plot of the total delamination area versus 

impactor kinetic energy at speeds below the speed re

quired for complete perforation in the 3-3-3-3-3 and 

5-5-5 plate types [8]. The results for both agree well 

with the same straight line. At the higher speeds the 

experimental points for the 5-5-5 plates fall below the 

line because the delaminated areas have extended to the 

clamped boundaries. 

The point for the 300-rom square type 3-3-3-3-3 plate 

falls near the line fitted to the l50-rom square plates, 

again indicating negligible boundary influence in the 

type 3-3-3-3-3 plates at these speeds where the delami

nation did not extend to the boundaries. The equation 

of the fitted line in Fig. 4 is 

K ~ 3.5 + O.3l5A (1) 

for area A in cm2 and kinetic energy K in joules. The 

implication of this result is that for one fixed type 

of impactor and plate, above a threshold impact speed, 

the total delamination area is a linear function of im-
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Fig.3.Generator Strip 
length L versus im
pact speed Vo for 
three symmetrical 
layering arrange
ments. Point marked 
with triangle is for 
the 300 mm square 
3-3-3-3-3 plate. 

Fig.4. Total delami
nation area versus 
impactor kinetic 
energy for 3-3-3-3-3 
plates (circle and 
triangle points and 
fitted line). Points 
and fitted line). 
Points marked with 
squares are for 5-5-5 
plates. 
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pactor kinetic energy. The apparent fracture surface 

energy is constant at 1580 J/m2 [or 0.158 J/cm2 , half 

the coefficient 0.315 in Eq. (1) since two surfaces are 

formed). This is an order of magnitude higher than the 

fracture surface energies measured in static tests on 

pure epoxy double cantilever beam specimens [11). It 

may be noted that several investigators have reported 

higher values of fracture surface energy in dynamic 

crack propagation than in static tests [12,13,14), as 

much as an order of magnitude higher in PMMA (Plexiglas) 

[13). 

The details of the delamination crack propagation are 

not known, but the dynamic loading before delamination 

appears to involve mainly a flexural wave. The stress 

field around the delamination crack, which is caused by 

a combination of interlaminar flexural shear stress and 

the crack-opening loading from the generator strip, may 

be quite different from the stress field in the double 

cantilever beam specimens. Moreover the delamination 

proceeds along the interface between a fiber layer and 

the matrix, which may give different fracture surface 

energies from those of pure epoxy. Some reported static 

double cantilever beam tests on cleavage at the inter

face between E-glass fabric/epoxy laminates have shown 
fracture surface energies at least double those reported 

for unfilled epoxy specimens [15). 

Continuing Studies 

Current and planned studies include observation and 

analysis of the elastic flexural wave before delamina

tion, and experiments designed to document the time 

history of the sequential delamination. Some calcula

tions of the elastic response to a simulated impact 

loading applied as a pyramidal shaped pressure distri

bution over a square area at the center of the plate, 

were made with the DEPROP computer code [16). The pres-



sure was assumed instantaneously applied and then de

creased to zero linearly with time to give a loading 
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time and total impulse comparable to the impact experi

ments. The code uses classical laminated plate theory 

neglecting shear strain. The transverse shear and inter

laminar shear stresses were, however, estimated by inte

grating the equations of motion, neglecting inplane 

shear stresses and inplane inertia forces, so that 

aTxz/dZ = -dOxx /3x and dTYZ/dZ = -aoyy/ay (2) 

Values of normal stresses a and a were taken from xx yy 
the classical plate theory solution. Then the shear 

stresses TXZ and Tyz were determined by integrating in 

the z-direction (thickness) and using the stress free 

boundary conditions. The maximum interlaminar shear 

stress in a symmetric 3-lamina plate was estimated by 

this analysis to be 23.25 MFa [3370 psi] in a simulated 

impact at 107 m/s and 33.6 MFa [4780 psi] at 153 m/s 

impact speed. This compares with a static interlaminar 

single shear strength of 4100 psi quoted in the 3M spec

ification sheet for crossplied Scotchply 1002 epoxy

glass composites. The calculation takes no account of 

delamination, and the simulated loading by a pyramidal 

pressure distribution does not reproduce the stress con
centration at the edge of the blunt impactor. Thus de
tails of the elastic stress distribution near the impact 
point are not given by the calculations. 

Planned observations of the flexural wave include Moire 

and strain gage techniques. A few strain gage records 

have been obtained, which verify that the primary de
formation mode appears to be a flexural wave, in agree

ment with results recently reported by Daniel and 

Liber [17] for impacts on boron/epoxy and graphite/epoxy 

laminates. Muldary [18], however, has reported some 

impacts on glass-epoxy plates where membrane-type defor

mation was dominant. 
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Planned observations of the delamination history in

clude fabrication of plates with conducting paths in 

them to be broken by the propagating delamination. This 

technique has been used successfully in our laboratory 

on some wedge loaded fracture specimens. It can also 

be used on plate specimens. Most of the plates fabri

cated in our laboratory have been fabricated by fila

ment winding and matrix impregnation. Fabrication from 

prepreg tape should make it easier to build in the con

ducting paths. A few tests have been made of 00 -90 0 

fiberglass/epoxy plates fabricated from prepreg tapes 

using an autoclave, e.g. Fig.l. These showed the same 

type of delamination patterns as the filament wound 

plates but at somewhat higher impact speeds. The thres

hold speed for delamination was about 2.5 times that of 

the filament wound plates. This may be attributed to 

the slightly higher volume fraction of fibers in the 

prepreg specimens. 

A few plates were tested with an impactor having twice 

the length and mass of the impactors previously used. 

The threshold speed for delamination appeared to be of 

the same order of magnitude although slightly higher. 

The fracture surface energy also appears to be somewhat 

higher with the heavier impactor. Additional tests 
varying the mass and size of the impactor will be made, 

as well as static and dynamic three-point bend tests to 

measure delamination energies in flexural shear. 

Conclusions 
The superior perforation resistance of the multilayer 

lamina plates as compared to the crossply single-layer 

arrangement in the 00 -900 glass/epoxy plates is attri

buted to the sequential delamination mechanism, which 

spreads the deformation to a larger volume of the 

plate. Initiation of this mechanism requires the first 

lamina to resist perforation long enough for the gene

rator strip to form, and, in the composite systems 



studied, this requires multilayer laminas. It may be 

that the same effect could be achieved with a single 
layer of stronger fibers, but this has not been dem

onstrated. 
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The linearity of the relationship between the total de
lamination area and impactor kinetic energy above a 
threshold impact speed seems to imply that delamina
tion is the principal energy absorbing mechanism at 
subperforation speeds in this composite system. This 
requires the dynamic delamination fracture surface 
energy to be an order of magnitude larger than the fra

cture surface energies measured in static double canti
lever beam tests of pure epoxy specimens. This dif

ference does not seem too unlikely in view of the re
ported differences between static and dynamic fracture 
surface energies in other materials [12,13,14], but the 
energy relationships need further investigation in other 

loading situations. 
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Summary 

The number of dislocations emitted from the source under 
constant applied stress has been obtained in terms of 
simple and analytical formula by computer simulation on 
dislocation groups dynamics. 

Based on this simulation and the previous one, yield 
model in bcc metals is proposed and the results are 
applied to the problem of the delay to the yield 
initiation under rapidly applied constant stress and of 
initial yield under constant rate of stress application 
in mild steel. The theoretical results are in good 
agreement with the experimental data on the temperature 
and the applied stress dependences of yield delay time 
and on the temperature and the stress rate dependences of 
upper yield stress in the mild steel using the same 
parameters, respectively. 

Introduction 

In previous papers [1] [2] [3] computer simulation was 

carried out for the problems of the same sign dislocation 

groups and of the positive and negative dislocation 

groups emission from a source and their movements under 

constant stress rate using the stress-velocity relation 

V= M Tefr. Thus the number of dislocations emitted until 

any time has been given by simple analytical formula [1) [2] [3] . 

Onthe other hand, Rosenfield and Hahn [4] studied 

dislocation groups dynamics under constant stress using 
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stress-veloci ty relation v = K exp (B 'leff 1, but the analytical 

estimation of the dynamic behavior of dislocation groups 

and the number of dislocations emitted remain difficult. 

Furthermore, experimental equation of isolated dislocation 

velocity may be more reasonably represented by power 

relation such as v = M "Cefl'. Therefore, in this paper, 

the computer simulation for the problems of the same sign 

dislocation groups emission from a source and their 

movements under constant stress was carried out by using 

stress-veloci ty equation v = M ~ff . 
Dynamic behaviour of the positive and negative 

dislocation groups moving is shown to be represented in 
good approximation by that of the same sign dislocation 

groups dynamics [3]. Thus, based on these results 

and the previous results, also the application has been 

made to the problem of delayed yield and the upper yield 

stress in mild steel 

Simulation model and basic equations 

The power relation between stress 1:"' and velocity v was 

assumed for each individual dislocation in a linear array 

of parallel co-planar dislocations similar as in the 

previous paper [l - 3] . 

where ,.,.. 
\..effd the effective stress on individual 

dislocation in terms of applied shear stress. 

m material constant 

M va (l/Tt r 
* 

(1) 

~a: a material constant representing the 

stress required to give a dislocation velocity va = lcm/s 

i: the index number of the dislocation in 

order of emission from the source. 'reff. i is given as 
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follows: 

N 
= Lq, + A r. 

J=:.I 
iAj 

(2) 

where A is G bl 211 (l-)J) for edge dislocation, G bl 211 for 

screw dislocation. G: shear modulus) )): Poisson's 

ratio, b: the Burgers vector,~: applied shear stress 

An initial condition is that at t = 0, n = 1 and xl = 0, 

that is, at t = 0 one dislocation is at the source. On 

the other hand, the effective stress exerted on a source, 

,..,.. is written as: leff,s 

(3) 

Simulation model and method of computation is similar as 

in the previous paper [1 - 3]. In this paper calculation 

is carried out both for fcc metal and bcc metal. 

Therefore, experimental data [5 - 8] are used as material 

constant of this computation. Equations was programed 

and computed by NEAC2200-MODEL 700 computer, Computer 

Center, Tohoku University. In carrying out calculation, 

it is convenient to rewrite Eqns. (1)-(3) non-dimensional 

form; thus let us take 

metal, 

the specified applied stress, lKg/mm 2 

-2 
the specified length, say, 10 mm for 

- 1 
10 mm for fcc metal 

bcc 

to: the time which is required for an isolated 

dislocation to run the distance,junder specified applied 

stress 'To. 
then 

to (4) 

Let us use variables in the terms of the non-dimensional 

form 



e 

Si = xiii 

Using eqns (4) ,(5) and (6), then eqn. (1) redues to 

=[ ~ 1 N 
+A-Z 

?oR J:=/ 
t=fj 

1 '1 m 

Si - Sj) 

The flow chart for this analysis is shown in Fig.l. 

Results of calculation 

3.1 Dynamic behavior of individual dislocation in 
dislocation groups. 
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(6) 

(7) 

Under constant applied stress, for pure iron, the ratio of 

the position of the lead dislocation in the array to that 

of an isolated dislocation is shown in Fig. 2. From Fig.2 

it can be seen that the ratio of the position is 

determined only by the factor ®c = (TI?;)4 t/to as far 

as ~ and t is concerned, and represented by a function 

of @c. It is also valid not only for the ratio of the position 

of the individual dislocation in the array to that of an isolated 

dislocation but also for the ratio of the velocity of and the 

effective stress on the individual dislocation to those of an isolated 

dislocation.Result in Fig.2 is similar to those for 

constant rate of stress application [1 - 3), except that 

the maximum value being slightly larger than the latter case. 

The results of calculations of other materials show that 

the dynamic behavior, such as the ratio of the position 

of, the effective stress on, and the velocity of the 

individual dislocation to those of an isolated 

dislocation is determined only by the dynamic factor 

®c = ('Z'""/'(o) m+l t I to or "7.c= 1"" m+1 t as far as 7: ,t 
and material constant is concerned. For instance, the 
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Fig .1. Flow chart by the simulation. 

1.0 ~-..l-.----'2"---""'3 -----'4--..... 5 ----'-6------"7"----':-8-----'.9 

Dynamic factor. ®c 
Fig.2. The ratio of the position of the lead 
dislocation to that of an isolated dislocation as a 
function of ® c. Solid circles are values calculated 
by computer. 
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't/'to 5.0 10.0 

<8\ N 

12.50 IS 1.80 1.80 

19.80 20 1.74 1.74 

27.90 25 1.71 1.71 

~ 55 
~ 

Tho 5.0 10.0 

®C N 

12.50 IS 1.01 1.01 

19.80 20 1.14 1.14 

27.90 25 1.21 1.21 

~ 510 
~ 

7:/ro 5.0 10.0 

®C N 

12.50 15 0.357 0.357 

19.80 20 0.624 0.624 

27.90 25 ,0.787 0.7 87 

v, 
Viso 

5.0 10.0 

1.66 1.66 

1.62 1,62 

1.59 1.59 

~ 
Viso 

5.0 10.0 

1.32 1.32 

1.37 1.37 

1.39 1.39 

V'O 
v:;;-

5.0 10.0 

0.934 0.934 

1.12 1.12 

1.20 1.20 

t.tt" 
7'50 

5.0 10.0 

1.14 1.14 

1.13 1.13 

1.12 1.12 

7.tt.5 
~ 

5.0 10.0 

1.07 1.07 

1.08 1.08 

1.09 1.09 

7.tt,10 

~ 

5,0 10.0 

0.983 0.983 

1.03 1.03 

1.05 1.05 
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Table 1. The 
dynamic behavior 
of the lead, 
fifth and tenth 
dislocation in 
the array (for 
w238-2) , (N is 
the number of 
dislocations 
emitted. ) 

Table 2. The maximum values of ~/I /7;50 , Vi /VjSQ ' 
and X, /XiSQ for various metals. 

'" C'e~f" } 
( ~;5)max (~) m To ko/mm2 7 '50 max Xi50max 

At -5 

edge 1 8.5 x 10 1.376 1.376 1.397 

Fe 3 6.10 1.198 1.7 J 8 1.900 edge 

W238-2 
, 

edge 
4 55.9 1.163 1.831 2.110 

W 

edge 4.8 31.4 1.145 1.916 2.271 

Mo 6.4 5.5 1.119 2.056 2.586 
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Fig.4. The relation between the number of dislocations 
emitted from a source and the dynamic factor for 
tungsten (w238-2). Solid circles are values 
calculated by computer. 



dynamic behavior 

of the lead 

dislocation, the 
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and the ten th 

dislocation in 

the array for 

tungsten ( m = 
11( 

4.0, To = 55.9 

kg/mm 2 ) are 

shown as a 

function of ® C 

in Table 1. 

In Table 2 it 
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E 

E 
o 
~ 

5 CD 

CD leo (m)=3.90 m-O.644 

@ Tel (m)=2.448m-O.8654 

0.7 '----'-____ ---J __ .J.-__ 

0.6 5 10 
m 

Fig. 5. The value of 4Co(m) and Yet (m) . 

Table 3. The dynamic factor ~c and the approximated 
formula for the number of dislocations emitted for 
various metals. 

m ?c for smaller N for larqer N 

Al 
't2 t 

1 
6.456 xl0s ?!(N)6) edge 1 1850 'po (N<6) 

c; 

Fe 3 
edge 3 ,[4 t 16.08 1"5 (N:S20) 

0.8 

c; 13.75 1c (N)20) 

W 238-2 
"'(5 t 4 5 

edge 4.0 0.006216 1 T(5<Ns30) 0.0006581 16(N~30) 
c c 

W 4.8 t5.8t 
4.8 5.8 

0.002591 7 T.8 (5<NSJO) 0.0003143 \ 6.W (N~30) 
c 

Mo 6.4 ,[Vo t 604 
0.03172 lii (N~30) 0.09984 '1 T.4 (1O<NS 30) 

c; c 
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that the maximum value of ~ftl/1T$O becomes larger as 

m decreases, whereas the maximum values of (vI / viso ) 

and (xl / Xiso) become larger as m increases. The effect 

of the value r/ on (1.effil/'lfso) , (VdViso) and (sl/Siso) 
is small. These results are similar to the results for 

constant rate of stress application [1 - 3] except the 

value being slightly larger than the latter one. The 

configuration of the inverse pile-up of moving 

dislocations is shown in Fig.3, which is similar to the 

case under constant rate of stress application, but not so 

much conspicuous as for the latter case. 

3.2 The number of dislocations emitted 

The calculated value N, the number of dislocations emitted 

until any time t for tungsten is shown in Fig.4. Furthere, 

it was shown in general N is also determined by the 

dynamic factor QDe or ~c and represented by the 

following simple formula in good approximation: 

(i) for small N: 

N 

(9) 

where Ycc(m) and Yc,em) is represented by the following 

formula respectively. (Fig.5) 

reo = 3. 90m - O.61+1j. 

ret = 2. 45m ~.8G5'" 
(11) 
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For instance, for tungsten the line CD in Fig. 4 is the 

theoretical one by Eqn. (9), and line <V is obtained by 

Eqn. (10). The good approximation formula for the computer 

calculated relations between N and ~c for various metals 

is shown in Table 3. Eqn.(9) and Eqn. (10) are similar 

form to equations of the number of dislocations emitted 

under constant stress rate, except the coefficients (co(m) 

and '( q (m) being different from to (m) and r (m) 

respectively. 

The ratio of the number of dislocations emitted under 

constant stress rate up to time t to that under constant 

stress is shown in Table 4. It shows that the ratio is 

about 24",,87% for smaller N, 20",,57% for larger N, and it 

increases with increase of m. 

Table 4. The value of N~a1t / N-r=const 

m 1 2.6 3 4 4.8 6.4 

for smaller N 0.867 0.446 0.403 0.33 0.291 0.238 

for larger N 0.570 0.326 0.3 0.25 0.228 0.193 

In the model described above, Eqn.(l) is used as the 

empirical formula. That is, the model does not require 

that the velocity of an isolated dislocation should be 

given by a thermally activated process. Next, let us 

consider the case in which the velocity v of an isolated 

dislocation is given by a thermally activated process. 

By the similar calculation as in the previous paper [2], 

the number N of dislocations emitted up to time t for 

larger N is represented by the following equation: 
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N 2. 45m -0.8654 t m+l O~oc» 

~ r>-) m+1 m:F2 HkMl ?-. Al t (d m+2 \.((. 
bG exp 

4kT 

(12) 

where the velocity of an isolated dislocation V=AJ exp (-H!kT) , 

1 () 16 1P 0 , ')- 0 ")-
H=Hk, (1+ 4 A:n 1r r)i.), Hk = k~nd energy, (00= e 4 (16 /II1?p , (f' 0 

~peierls stress at OaK. m = Hk/4kT, ?;K= Coo (A1/vO ) -Ifm. 
_'- -- is the effectj ve stress. , 
For usual mater~als such as pure ~ron (m=3 at room 

temperature) in the range between -100 and O°C the value 

of (m+l)/(m+2) becomes from 0.85 to 0.80, and for pure 

aluminum (m=l at room temperature) in the range between 0 

and 300°C, (m+l)/(m+2) is from 0.67 to 0.60, which are 

practically not dependent on temperature. On the other 

hand, the change of the value of the logarithm of YCl(m) 

with temperature change is neglectff as c~ared with the 

value of the logarithm of (b/tAl)~ (~G)iii+~ in Eqn. (12) 

in the range 573°K ~ T ~ 273°K for pure iron. Thus Eqn. (12) 

shows an equation of Arrehenius type. It is to be noted 

that the number N of dislocations emitted from the source 

up to time t from the instant of application of constant 

stress is expressed in terms of an apparent single rate 

process, and the apparent activation energy is (m+l)/(m+2) 

times the activation energy for the motion of an isolated 

dislocation, although the dislocation groups movement is 

not a single rate process, but consists of composite rate 

processes. For smaller number of N, using Eqn. (9) we 

obtain 

N = 3.90 x m -0,644 
Al t ~ m+2 -iii+2 Hk,{.ln \ Td 7 ~ {m II {'roo ~ 

bG exp 4kT 

( 13) 

It can be seen that the argument made on Eqn. (12) also 

holds on Eqn. (13) . 
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Application to the yield delay under rapidly applied 
constant stress and the yield stress of mild steel under 
constant stress rate. 

Dislocation dynamics theory for yielding of steel by 

Johnston-Gilman and Hahn [9] is based on the equation of 

motion of an isolated dislocation, and does not consider 

moving of dislocation groups especialy with emission. In 

this paper, by using the results obtained in the present 

paper and the previous ones [1-3] on dislocation groups 

dynamics with emission, the stress and temperature 

dependences of the yield delay and the stress rate and 

temperature dependences of yield points were studied. 

4.1 The yield delay 

Let us denote No as the number of dislocations emitted 

from a source up to time t under constant stress, and f 
as grown in dislocation density per unit volume. It may 

be assumed that when the total dislocation number ~No 

emitted from sources per unit volume up to the time t 

increases and amounts to the certain specified value of 

Nt, yielding will occur. Then the yield criterion is 

represented by 

pNo (14) 

Now, No can be obtained by the simulation mentioned 

above and by the previous results [1 - 3]. Further, if 

the dislocation motion is subject to thermally activated 

process, then we can use the following relations. 

_11m 
(0* = ~(AI/VO) , m=Hk/4kT, 

m = 10"-' 30 (for steel), :: i = 1.03 ..... 1.09 : 1.06 

(15) 

Thus the delay time under rapidly applied constant stress 

is obtained as follows: 
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(i) for smaller No: 

t =(N~/jl)I'I(~)O.7084 
3.9 4kT 

For the value of m=lO "V30, m+l~m is valid, and then 

Hk 

t =(N~/.P _\ l'I(~)O'70B4 
3.9) 4kT 

bG (~)-4kT 
Al 7';0 2 ~ 

(ii) for larger No 

Hk 
t =(N~/.?) I.06! ~)O'917 (~)f---,§L\ -(4kT+ 1) 

2.45 \4kT 'Coo A I \2 700) 

For the value of m=lO "",30, since m+l~ m is valid, 

Hk 
t =(N~/ P )l.06(~)O'917 ~(~) -4kT 

\'2.45 4kT Coo Al 270; 

(16a) 

(16b) 

(17 a) 

(17b) 

It is interesting that Eqns. (16)to (17) are apparently 

quite the same type as Eqn. (18) obtained [11] based on 

the cottrell-Bilby locking mechanism. 

1 

t = to(-~J-nkT (18) 

For mild steel, m=lO being assumed under room temperature, 

the comparison of the theory with the experimental data 

[10] are shown in Fig.7. It shows the agreement is good. 

4.2 The yielding under constant stress rate 

Let us denote No as the number of dislocations emitted 

up to time t under constant stress rate [1-3]. If the 

dislocation motion is subject to thermally activated 

process, then substituting the value of No in to Eqn. 

(14), the following relation is obtained; 

(i) for smaller No: 
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{ 
*j ( 1.34}4kT( ~~ 1 ~ = 2t ~ ~ Hk Gb\CHkkT+ 2) 

3.38 4kT) 2Al(;O . 
(19a) 

For the value of m = 10 ""'30, since m+2~m+l is valid 

4kT • 1 

2 to(N~/.P (~1'34)H"k ( Gbci 2' (4e:T+1) 
3.38 4kT) 2Al 'Coo) ~= (19b) 

(ii) for larger No: 
1 1 

Ot = 2~[N~jf (Hk)I.45} (Hk 11/Gb0- 1 (-4~~12) (20a) 
~ OOl1.396 4kT 4kT ~2Al?;, 

For the value of m = 10 N30, since m+2:::::m+l is valid 

(20b) 

It is interesting that Eqns.(19) to (20) are apparently 

quite the same type as Eqn. (21) obtained [11] based on 

the Cottrell-Bilby locking mechanism. 

1 

d = ci (!.!L &' )<_1 +1) 
~ -0 nkT ~ nkT 

(21 ) 

The comparison with the experimental data [10] is shown 

in Fig.8. The agreement is in fairly good. 

4.3 Discussion 

In fcc metal '!': and m is small. * When 70 and m 

becomes small, the delay time and the stress rate effect 

becomes small as can be seen respectively by Eqns. (17a) 

and (20a) using Eqn. (9) or (10). Further N~ may be much 

smaller in fcc metal. These might explain that delayed 

and sharp yield can be obserbed in b c c metals only. 
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Conclusion 

By computer simulation of dislocation groups dynamics 

under constant stress application, the following 

conclusions are obtained. 

1) All dynamic behaviors of dislocation groups and 

the number N of dislocations emitted up to time 

t are determined only by the dynamic factor @ c 

(;:. ( '( /'70) m+l -t / -to) as far as stress and 

time are concerned. 

2) The number N of dislocations emitted up to time t 

is obtained by the simple and good approximation 

formulas. 

Based on the present results and the previous ones, the 

application has been made to the yield problems of mild 

steel under rapidly applied constant stress and under 

constant stress rate, combined with new model of yield 

by dislocation groups dynamics. The following conclusions 

are obtained. 

3) The theory proposed for yielding is in good 

agreement with the experimental data in literature. 

4) The formulas of delay time and the upper yield 

stress are apparently quite the same type as 

obtained as based on the Cottrell-Bilby locking 

mechanism. 

Literature 

1. Yokobori,T., Yokobori,A.T.Jr. and Kamei,A., Phil. 
Mag., 30 (1974), 367 

2. Tokobori,A.T.Jr., Yokobori,T. and Kamei,A., J.Appl. 
Phys., Vo1.46 (1975), 3720 

3. Yokobori,A.T.Jr., Yokobori,T. and Kamei,A. Trans. 
Japan Soc. Mech. Engrs. Vol.42 (1976) 1652 

4. Rosenfield,A.R. and Hahn,G.T., Dislocation Dynamics, 
edited by Rosen field,A.R. Hahn,G.T., Bemet,A.L. and 
Jaffee,R.J., 1968 (McGraw-Hill) 255 



148 

5. Chaudhuri, A.R.,Patel.,J.R. and Rubin,L.F., J. Appl. 
Phys, 33 (1962), 2736 

6. Turner,A.P.L. and Vreeland,T.Jr., Acta Metallurg., 
18 (1970), 1225 

7. Schadler, H.W., Acta Metallurg., 12, (1964), 861 

8. Prekel,H.L., Lawler,A. and Conrad,H., Acta Metallurg., 
16, (1968), 337 

9. Hahn,G.T., Acta Metallurg., 10 (1962), 727 

10. HedsicKson,J.A. and Wood.D.S., Trans.Affier.Soc. Met. 
50 (1958) 498 

11. Yokobori,T., J. Appl. Phys. 25 (1954) 593; Yokobori, 
T., Kolloid Zeitschrift. 166 (1959) 20 

12. Cottrell, A.H. and Bilby, B.A., Proc. Phys. Soc. Lond. 
A62 (1949) 49 



Computer Modeling of Microscopic Failure Processes 
Under Dynamic Loads 

D. A. SHOCKEY, D. R. CURRAN AND L. SEAMAN 
SRI International, Menlo Park, California 

Abstract 

High rate failure of structural materials takes place 
by rate processes occurring on the microlevel and in
volving nucleation, growth, and coalescence of voids, 
cracks, or shear bands. We have constructed computa
tional models describing these processes and have used 
these models to predict macroscopic failure behavior in 
many materials under compressive, tensile, a'ld shear 
loading conditions. This paper reviews the microphenom
enology of dynamic failure, describes the approach used 
to obtain equations for the rate processes, and indicates 
the success of the resulting computer models in predict
ing dynamic failure behavior. 

Introduction 

Depending on material and loading conditions, high rate 

failure of solid materials occurs by the nucleation, 

growth, and coalescence of cracks, voids, or shear 

bands. [1] Under short-lived ten s i 1 e pulses, 

materials such as Armco iron, beryllium, polycarbonate, 
and quartzite rock develop numerous planar, roughly cir

cular microcracks, whereas materials such as commercial 
purity aluminum and copper, and structural aluminum, 

steel, and titanium alloys develop numerous roughly 

spherical voids. Under high rate com pre s s i v e 

loads, these materials may deform and fail by developing 

a profusion of surfaces of intense shear strain. We have 

constructed computational models describing the develop

ment of these micro features and have used them to calcu

late the macrobehavior of failing specimens. This paper 

describes the approach used to obtain these models and 

presents examples of their application. 
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Brittle Tensile Failure 

When subjected to high rate loads from impact, in-contact 

explosive, or intense radiation, Armco iron undergoes 

relatively brittle failure from nucleation, growth, and 

coalescence of planar cracks. [2] The fracture mor

phology is apparent from the cleavage facets on fracture 

surfaces, and from polished cross sections that show the 

traces of cracks at stages in their development before 

coalescence, Figure 1. The phenomenology of brittle 

Figure 1. Polished Cross 
Section in Shock Loaded 
Armco Iron Revealing 
Internal Cleavage Cracks 

tensile failure is even more clearly indicated in trans

parent materials such as the polycarbonate specimen 

shown in Figure 2. [3] Here, the internal penny-shaped 

cracks produced under planar impact are easily studied. 

The cracks are largely circular and have distinctive 

centers or starting points, suggesting that crack nuclea

tion occurs at preferred sites in the material (some of 

which have been identified as inclusions and pores), and 

that crack growth occurs radially outward from the ini

tiation site in a symmetric manner. The various fracture 

surface markings provide information about the growth 

history. 
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Figure 2. Internal 
Cracks in Poly
carbonate Produced By 
A Short-Lived Tensile 
Pulse 

The distribution in crack sizes suggests that nucleation 

occurs continually during the stress pulse life, the 

larger cracks being nucleated earlier than the smaller 

ones. Finally, the random location of the cracks reflects 

the nonuniform distribution in the material of inclusions 

and flaws. These observations suggest that to be physi

cally realistic, any computational model of brittle ten

sile failure must include equations describing the nuclea

tion, growth, and coalescence of penny-shaped cracks. 

To obtain equations for microcrack nucleation and growth, 

we subjected specimens to simple, well-defined pulse loads 

to produce populations of cracks in various stages of de

velopment. The crack populations were quantitatively 

assessed and correlated with computed stress histories to 
obtain relationships for nucleation and growth rates. 

The procedure is now illustrated for Armco iron. 

Armco iron flyer plates mounted on the leading edges of 

projectiles were accelerated in a light gas gun, Figure 

3, to produce short tensile pulses in specimen plates of 

Armco iron under uniaxial strain conditions (Figure 3). 
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Figure 3. Schematic Diagram of Gas Gun Impact Facility 
Used To Produce Dynamic Fracture Damage in 
Materials Under Uniaxial Strain Conditions 

The amplitudes and durations of the tensile pulses were 

controlled by the impact velocities and plate thicknesses, 

respectively; the pulse shapes were either measured or 

computed. 

To reveal the internal fracture damage, we sectioned the 

specimens through the thickness, polished the surfaces, 

and examined them with a microscope (see Figure 1). The 

crack size distributions were determined by counting and 

measuring as a function of location the crack traces on 
the sectioned surface and converting these surface data to 

volume data with a statistical transformation code [4]. 
Figure 4 shows the crack size distributions for an Armco 

iron specimen. The curves are approximated by the equa

tion 

Ng(R) = No exp (-R/Rl ) (1) 

where Ng is the cumulative number of cracks per cubic 

centimeter with radii greater than R, No is the total num

ber per cubic centimeter, and Rl is the characteristic 

size of the distribution. 
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The stress histories at various depths in the specimens 

were computed using PUFF, a one-dimensional, finite
difference wave propagation code. [5) The constitutive 

relation included yielding and work hardening and (after 

the equations for microcrack development were established) 

the stress relaxation arising from fracture damage. Mi

crocrack nucleation and growth laws were deduced from 

iterative correlations of the measured microcrack size 

distributions and the computed stress histories. The 

measured microcrack distributions were best expressed by 

the following equations: 

a - a no 
(2 ) 

a - ago 
4n R (3) 
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where Nand R are time rate of crack nucleation and 

growth, respectively, cr is the instantaneous tensile 

stress, and R is the radius of a penny-shaped crack. 

The remaining symbols are dynamic fracture parameters 

that are determined empirically by fitting the data. 

Figure 5 shows the agreement that was obtained between 

computed and measured distributions of damage in an im

pacted plate specimen of Armco iron. The dynamic fracture 

parameters for beryllium [6], polycarbonate [3], and 

quartzite [7] produced similar agreement between observed 

and computed damage. 
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Figure 5. Com
parison of 
M.easured and 
Computed Crack 
Densities in a 
Shock Loaded 
Plate of Armco 
Iron 

The nucleation and growth model has been extended to in

clude the fragmentation that occurs in some materials such 

as ceramics and rock [8]. Growing cracks are allowed to 



155 

coalesce when the sum of the volumes of their magnified 

stress fields fills the volume of a computational cell. 

The fragment size distribution is computed from the crack 

size distribution at coalescence. 

The fracture and fragmentation parameters obtained in 

simple one-dimensional strain experiments apply to other 

less simple loading situations. For example, experiments 

were performed in which a column of high explosive was 

detonated on the surface of a block of quartzite, and the 

fracture damage was assessed quantitatively [9]. A two

dimensional (axisymmetric) simulation using the fracture/ 

fragmentation model developed from the one-dimensional 

plate impact procedure gave good agreement between com

puted and measured crater dimensions, subsurface fracture 

damage, and ejecta size distribution, Figure 6, although 

the spatial and velocity distributions of the ejecta were 

not closely predicted. Similar results were obtained from 

experiments and computer simulations for the case of right 

cylindrical rods impacting the rock surface. Finally, the 

extent of fracture damage produced by the explosion of 20 

tons of liquid nitromethane buried in basalt was reason

ably well predicted in a computational simulation [9]. 

Ductile Tensile Failure 

In contrast to the planar cracks acquired by Armco iron 

under dynamic loads (Figure 1), polished cross sections 

of impacted plates of 1145 aluminum exhibit roughly 

spherical voids (Figure 7). This mode is also exhibited 

in structural alloys of iron [10,11], aluminum [2], and 

titanium [12] and is responsible for their good fracture 

toughness properties. 

The equations for modeling ductile tensile failure of 

1145 aluminum and OFHC copper were obtained by the plate 

impact t~chnique described earlier for Armco iron. 
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The nucleation and growth expressions (1), (2) and (3) 

were found to also describe ductile void development. 

Agreement between observed and computed damage in 1145 

aluminum is shown in Figure 8. 

Shear Failure 

Under high rate compressive loading conditions, where ten

sile failure is suppressed, solid materials often fail in 
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Figure 8. Comparison of Computed and Measured Fracture 
Damage in Shock Loaded 1145 Aluminum 

shear by developing surfaces of intense plastic strain. 

This behavior, known as shear banding, is commonly ob

served in ballistic penetration of plates, exploding 

cylinders, impact forging, and in high-speed machining, 

and occurs according to the following mechanism [13]. 

Plastic flow first occurs at a number of discrete sites 
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where inhomogeneities raise the local stress above the 

yield stress, and local thermal softening overwhelms the 

work hardening, resulting in the propagation of a thin 

surface of high deformation into the material. 

Local temperatures may rise so high that phase transfor

mations result in some materials. In steels the austenite 

transitions temperature is often exceeded, and a thin band 

of white-etching martensite is formed when the cold ma

terial immediately adjacent to the shear band rapidly 

quenches the austenite. Thus shear bands in steel often 

appear as a network of white bands, Figure 9. 

Figure 9. Network of White
Etching Shear Bands and 
Associated Cracks Near a 
Ballistic Performation in 
ESR 4340 Steel 

Shear banding not only governs the deformation response of 

materials but may also strongly influence the fracture 

behavior. Shear bands are preferred sites for subsequent 

cracking, Figure 10, possibly because of residual tensile 

stresses or the embrittled state of quenched material. 

To construct a computational model for the nucleation and 

growth of shear bands, we used an exploding cylinder tech

nique [14,15], that allowed experimental and quantitative 

studies of shear bands in early stages of development. 

Cylinders of the specimen material were filled with 

chemical explosive of chosen density and power and en

closed by a thick-walled iron cylinder to stop the 
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expansion when the explosive was detonated. A series of 

experiments were designed to produce various levels of 

shear band activity. The numbers and sizes of shear bands 

on polished sections were correlated with stress and 

strain histories to help establish the laws describing 

shear band nucleation and growth. The nucleation rate 

was found proportional to the square of the rate of plas

tic strain energy increase and directly proportional to 

the plastic strain rate. The shear band growth rate was 

found proportional to the plastic strain rate and the size 

of the band. Coalescence and fragmentation of the speci

men were assumed to occur in a computational cell when the 

total volume of shear bands equaled the cell volume. 

We used this computational model to calculate the frag

ment size distribution from unconstrained exploding 

cylinders with varying diameters and wall thickness. A 

two-dimensional wave propagation code, TROTT, was used 

to simulate the running detonation and the subsequent ex

pansion of the cylinder. The measured and computed frag

ment size distributions for two different steels (Figure 

10) show good agreement. 

Discussion 

The dynamic failure models have been applied to a wide 
variety of materials and loading conditions and appear 

to be quite general. The values of the dynamic failure 

parameters in the models depend on microstructure [16] 

and temperature [17] and therefore behave as material 

properties. The models are based on detailed quantitative 

measurements of individual micro fractures and shear bands 

observed in shock-loaded material, but these failure data 

appear in the model as statistical distribution functions 

and are treated as internal state variables in the con

tinuum constitutive relations for the material. Thus the 

failure rate equations act as a link between microscopic 

and continuum behavior. 
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Calculation of Spall Damage Accumulation in Ductile 
Metals 
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Summary 

In this article we review a theory of viscoplastic flow with spall 
damage accumulation, and describe its incorporation into a computer 
code for solving problems of propagation of plane waves of uniaxial 
strain. Solutions for plate-impact problems covering the range of 
sample thickness and impact velocity normally encountered in experi
mental investigations are discussed and shown to be in qualitative 
accord with observation. Calculated results are successfully inter
preted in terms of existing spall criteria, indicating again the 
qualitative agreement of the new results with prior experience. 
These comparisons provide an indication of the range of validity of 
the simpler criteria. 

1. Introduction 

Spall damage is a type of fracture produced when large tensile stres

ses develop in material bodies through the interaction of stress 

waves. When present at low levels in ductile materials, this dam

age takes the form of a diffuse distribution of small rounded voids 

and may be characterized by the number density (typically lo4/mm3) 

and average volume (typically IO-6/mm3) of the voids. As the damage 

accumulates, it affects the gross mechanical properties of the mate

rial and thus interacts with the stress wave. 

The deformation of a spalling ductile body comprises viscoplastic 

flow, the nucleation and growth of voids, and thermoelastic strain

ing. Numerous investigations, both theoretical and experimental, of 

each of these phenomena have been conducted. On the basis of the 

knowledge thus gained, it seems most appropriate to describe the un

derlying response of the material using viscoplastic flow equations 

based on dislocation mechanics. Equations that have been proposed 
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for the nucleation and growth of spall voids are similarly motivated, 

or follow from experimental observations. Elastic behavior can be 

calculated in the usual manner, but with corrections introduced to 

account for the reduction in stiffness resulting from the presence 

of the voids. An interna1-state-variab1e theory is an appropriate 

vehicle for combining these results, and a description of spalla

tion has recently been developed on this basis [lJ. The equations 

of this theory are complicated enough to necessitate resort to num

erical solution for problems of practical interest, so a computer 

program implementing such calculations has been developed. 

In Sec. 2 we give a brief review of the theory and describe the com

puter program in which it is implemented. We discuss a group of 

solutions covering the range of conditions most commonly encountered 

in experimental investigations of spall phenomena in Sec. 3. In 

Sec. 4 we compare the present results with previous work. 

2. Theory and Computational Method 

Our theory of e1astic-viscop1astic deformation with spall-damage ac

cumulation has been described in detail in Ref. 1. In that article 

the general theory was specialized to the case of uniaxial strain. 

This one-dimensional version of the theory forms the basis for the 

analysis presented here. In this section we briefly review the the

ory and its incorporation into a computer code. More detail on the 

latter topic is presented in a report by Kipp and stevens [2J. 

One-dimensional motions of uniaxial strain can be described by the 

equation 

~ = (X1,x2,i3(X3,t)) (2.1) 

giving the present c~rtesian position x of each material point ~ of 

the body. As is customary, we identify each material point ~ with 

its position in a fixed homogeneous reference configuration in which 

it has the mass density PRo The deformation gradient tensor asso

ciated with this motion is diagonal and, with F = oi3/oX3, can be 

written 

E = diag(l,l,F) (2.2) 



The momentum-balance equation has its usual one-dimensional form 
2A 

oton = p 0 x3 
---I.J. _ (2.3) 
oX3 R ot2 

where t33 is the normal component of the Cauchy stress tensor on 

planes perpendicular to the direction of wave propagation. The 

principle of conservation of mass is represented by the equation 

P = PR/F, where p is the mass density of the deformed material. 
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Our description of material behavior is based on the assumption that 

the deformation gradient tensor is composed of a part ~ associated 

with the viscoplastic flow, a part ~ representing the dilatation re

sulting from the nucleation and growth of spall voids, and a part ~ 

arising as a result of thermoelastic deformation: 

F = EM P (2.4) 
The part ~ of this deformation gradient is a pure dilatation, and so 

has the form 

(2.5) 

where ~, the spall damage, is the volume fraction of voids at a 

point in the material. The rates of nucleation and growth of voids 

have been studied by Barbee, et al. [3J in a pioneering series of 

experiments leading to the equation 

~ = [f 1.1 + [3A/~/(1-~)J}(1-~)2 (2.6) 
o 

for the damage accumulation rate at a material point. In this equa-

tion f and A' are functions of the spherical part of the stress and 

1.10 ' a material constant, is the nucleate-void volume. Since Eq. (2.6) 

has the form of an evolutionary equation for an internal state var

iable, we have incorporated ~ into the theory on this basis. 

Because of the symmetry of the uniaxial strain problem the part P of 

the deformation gradient is of the form ~ = diag(Pll,Pll,P33) and, 

since the plastic flow is assumed to be isochoric, 
2 

det ~ = P33Pll = 1 

Our calculation of P is based on a dislocation-mechanical model ac

cording to which the rate of change of the longitudinal component is 

given by 
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(2.8) 

The quantity B in this equation is the length of Burgers' vector, a 

material constant, while D(T) is the density of dislocations, f(m) 

is the fraction of these dislocations that is mobile, and V is the 

average velocity of the mobile dislocations. The quantities D(T) 

and f(m) are regarded as internal state variables, so their values 

are determined from evolutionary equations. The dislocation velocity 

V is a function of the excess of the maximum resolved shear stress 

T = ~ (t33-tll)(1-~)-2/3 over a threshold value. This threshold 

value, T(A)' called the back stress, controls the onset of yielding. 

In order to incorporate strain hardening into the theory, we allow 

T(A) to evolve as an additional internal state variable. On the 

basis of this brief description we see that,to determine the part 

E of the deformation gradient,we must solve a coupled set of first

order ordinary differential equations for the values of P33' D(T)' 

f(m)' and T(A) at each point in the body. 

In order to calculate the changes in temperature, 9, that occur in 

the body as a result of compression or dissipation we must solve an 

additional first-order ordinary differential equation representing 

the balance of energy at each material point. 

Integration of the evolutionary and energy equations, and determina

tion of Pll from Eq. (2.7), yields values for P and M so that E can 

be determined from the equation 

In problems analyzed in this article the thermoelastic deformations 

are quite small, so we use the linear stress relation 

t ij = [(K - } ~)ekk - 3aK(9-9R)Joij + 2~eij (2.10) 

where ~ = ~ (~~T)-1 is the infinitesimal strain tensor, K is the 

bulk modulus, ~ is the shear modulus, and a is the coefficient of 

thermal expansion. The elastic moduli are allowed to decrease lin

early with damage, according to established formulae, so stress re

lief can occur as the spall begins to develop. 

The theory outlined above has been incorporated into a computer code 

called WONDY [3J that solves second-order finite-difference analogs 
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of the balance and constitutive equations. This code accommodates 

several layers of material (each with its own constitutive equations) 

and permits imposition of a variety of boundary and initial condi

tions. Shock waves are treated by the method of artificial viscosity. 

Starting with the body in its specified initial state, the solution 

is advanced by increments of time (typically 10-8 s in the calcula

tions reported here) that are related to the spacing of the material 

mesh by a numerical stability constraint. To advance the solution 

by one time step, the code progresses through the mesh substituting 

the stress calculated during the previous step into the difference 

analog of Eq. (2.3) and solving for the new positions of the mesh 

points. Compatibility requirements then yield the deformation gra

dient and particle velocity. Completion of this step of the solu

tion requires determination of an updated value of the stress. This 

calculation entails integration of the evolutionary and energy equa

tions to obtain ~, P33 , 8, and three dislocation parameters. The 

solutions of these equations frequently change so rapidly that they 

cannot be integrated using the relatively long time increments nor

mally used for the momentum balance calculation, so they are solved 

on a subcycle basis using a standard integration subroutine. 

Completion of the sub cycle integration in each zone, and determina

tion of Pll from Eq. (2.7), yields values for £ and ~ so that ~ can 

be evaluated using Eq. (2.9). Substitution of E and 8 into Eq. 

(2.10) yields an updated value of the stress in each zone and thus 

completes the computational step. 

As many of these steps are taken as may be necessary to advance the 

solution over the desired time interval. A typical calculation of 

the sort discussed in the next section involves a 2 mm-thick impac

tor striking a 4 mm-thick target. In this case the 6 mm thickness 

of material was dissected into 120 zones and the computation was 

run for 450 time steps. This advanced the solution 3 ~s (about 9 

wave transits through the flyer). Obtaining this solution with a 

CDC 7600 computer required the use of about 100,0008 words of stor

age and occupied the central processor for about 65 seconds. 
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3. Computational Results 

Experimental investigations of spallation usually involve impacting 

a thin slab of the material of interest against a thicker slab of 

the same material (a thickness ratio of 2 is common). A simplified 

(X,t)-diagram of the waves produced in this case is shawn in Fig. 1. 

Fig. 1. When the thin impactor 
collides with the thicker target 
plate compression waves produced 
at the interface propagate into 
each plate. These waves reflect 
from the free surfaces as stress 
release waves. Interaction of the 
stress-release waves in the cen
ter of the target produces a regior 
of tension in which spall damage 
(indicated by dots) may develop. 
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Examination of this figure shows how the wave interactions that occur 

during this impact experiment can produce a region of tension in the 

interior of the thicker slab. It is in this region that damage may 

develop. The plane of maxinrum damage is called the spall plane. The 

detailed numerical solution of a problem essentially like that dis

cussed above has been presented in Ref. 1. 

In this article we consider a number of aspects of spallation that 

involve comparison of one solution to another as some of the para

meters of the problem are varied. In order to permit this compari

son, we have analyzed a series of cases involving impact of slabs 

of thickness 1, 2, 5 and 10 mm on targets that were, in each case, 

twice as thick as the impactor. The target and impactor were of 

aluminum, as characterized by the material constants used in our 

previous work. For each thickness, calculations were made for im

pact velocities covering the range necessary to produce damage up 

to peak void fractions of about 0.3. 

The curves of Fig. 2 show the maximum damage level produced in the 

target as a function of the flyer velocity (or impact stress) for 

each of the four thickness combinations. The cross-hatched regions 



Fig. 2. The damage accumulated at 
the spall plane in a given impact 
increases with increasing thickness 
of the impactor plate (i.e. with in
creasing duration of load applica
tion) and with increasing impact 
velocity or stress. The shaded re
gions indicate cases where recompac
tion occurs from a peak level at 
the upper boundary to a final level 
at the lower boundary. The dashed 
lines are fit to the data using the 
criterion of Tuler and Butcher, as 
discussed in Sec. 4. 
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are those for which some recompression of the voids is produced by 

wave interactions subsequent to the one initiating the spall. The 

top border of the region gives the maximum value of ~ predicted to 

occur during the course of an experiment, and the bottom edge gives 

the final value after recompression. Recompression also occurs along 

the lower parts of the straight lines, but the regions involved are 

too narrow to show on the graph. Further examination of the calcu

lations shows that high levels of damage accumulate in stages. Us

ually a void fraction distribution having a peak at about 0.15 would 

develop during the ~irst tensile phase. Damage accumulation would 

cease during the subsequent recompression, but resume during the 

next tensile phase of the stress history. Some typical histories 

of damage accumulation are shown in Fig. 3. 

Since the earliest investigations of spallation, it has been known 

that the stress required to produce a given level o~ damage in

creased as the duration of load application decreased. Much of the 

subsequent research on the subject has been directed toward obtain

ing a quantitative description of this ef~ect. In experimental in

vestigations it is customary to plot the velocity that an impactor 

must have to produce a given level of damage as a function of the 
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Fig. 3. Histories of damage ac
cumulation at the spall plane for 
2-mm thick impactors colliding with 
4-mm thick targets at various rela
tive velocities. The rate of damage ! 
accumulation increases with increas
ing impact velocity. When the dam
age is below about 0.15 the subse
quent recompression wave is strong 
enough to produce some recompaction. 
Above this level no recompaction oc
curs and additional damage is pro
duced during the second tensile 
phase. 
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thickness of the impactor. Such a plot is essentially one of the 

impact stress required to produce a spall as a function of the dura

tion of the compression pulse. When our calculated values are plot

ted in this manner we arrive at the result shown on Fig. 4. We see 

that the material withstands impulses of short duration much better 

than those of longer duration, but that the effects become less pro

nounced when pulses of very long duration are being compared. On 

the other hand, it is also clear that the damage produced by a thick 

impactor depends in a very sensitive way on its velocity. All of 

these results are in qualitative accord with experimental observa

tions. 

Fig. 4. Conditions of impactor 
thickness and velocity calcu
lated to produce three given 
levels of damage. The resis
tance of the material to dam
age increases as the dura-
tion of load application is 
decreased. Failure occurs at 
a well defined stress level 
if the duration of load appli-
cation is long. The dots 
represent thresholds calcu
lated by Taylor's criterion, 
as discussed in Sec. 4. 

4 6 10 
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A somewhat different view of the effect of stress pulse duration is 

presented in Fig. 5, which shows the increasing level of damage pro

duced by impactors of fixed velocity but increasing thickness. 



Fig. 5. Damage distributions 
produced by 150 mls (stress of 
1.1 GPa) collision of impac
tors of various thicknesses L 
with targets of twice this 
thickness. The short-duration 
impacts produce broad, low
level damage distributions 
while those of longer dura
tion produce high levels of 
damage and sharply defined 
spall planes. 

4. Spall Criteria 
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In this section we interpret earlier work on the problem of spalla

tion in terms of the present theory. Two specific items are con

sidered: (1) criteria for predicting spallation on the basis of 

wave-propagation calculations not incorporating damage accumulation 

and (2) methods for interpreting spall experiments by examination 

of free-surface velocity histories. 

Spall Criteria for Use in Calculation. A spall criterion is simply 

a formal method for deciding whether or not some critical amount of 

material damage will occur under given conditions. Spall criteria 

are evaluated in terms of field variables calculated on the assump

tion that no damage is present. 

The first spall criterion to have been considered is one of criti-

cal tensile stress--failure will occur on a plane at the instant the 

tensile stress first exceeds a critical value called the spall stress. 

Our calculations show that significant stress relief occurs as damage 

begins to accumulate and that the value calculated on the assumption 

that no damage develops will not accurately reflect the real situa

tion. Nevertheless, we see from Fig. 4 that when compressive pulses 

of sufficiently long duration are introduced into the sample, damage 
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is produced at a critical level of impact velocity (equivalently, 

stress) and develops to high levels at impact velocities only slight

ly above the threshold value. Under this condition the critical 

stress criterion seems quite satisfactory. The curves of Fig. 4 
also show, however, that the material is capable of resisting much 

higher velocity impacts if the duration of the stress pulse produced 

is short enough (less than about 1 ~ in the present case). In this 

short-pulse regime large variations in impact stress produce only 

small variations in damage, so the critical-stress criterion is of 

limited utility. 

A variety of spall criteria have been proposed to account for the in

creasing apparent strength of material when it is subjected to stress 

pulses of decreasing duration. Among these is the criterion of Tuler 

and Butcher [4J. According to a continuous-damage generalization of 

this criterion, a rectangular compression pulse of amplitude It331 > 

t > 0 and duration ~t will produce a peak damage level ~ given by 
s 

= (It331 - tS)A ~t = (It331 - tS)A 2L 
~ t 'f t U'f 

s s 
(4.1) 

where t, 'f, and A (usually A = 2 is chos en) are ma. teria1 constants. 

In deriving the second of these equations we have used the approxi

mate relation ~t = 2L/U, where L is the thickness of the impactor 

plate and U is the wavespeed. When the parameter values U,. = 6 nun, 

t = 0.69 GPa, and A = 2 are chosen we obtain, for each of the four 
s 

flyer thicknesses we have been considering, the dashed curves on Fig. 

2. Except at very low damage levels, the fit to the more elaborate 

calculations presented in this paper is accurate enough to be quite 

usefUl. This agreement can easily be improved if attention is re

stricted to a specific damage level ~s as was originally intended by 

Tuler and Butcher. It also seems possible to improve the fit by 

changing the form of the stress-dependent factor in the criterion. 

We must remember, however, that no spall criterion can be expected 

to reproduce the results of a fUlly coupled theory over a broad range 

of conditions because it does not model all of the interactions ac

tually taking place. 



173 

Spall Criteria for Use in Interpreting Experiments. Experimental in

vestigations have often been conducted to determine the amplitude of 

a stress pulse that is just sufficient to initiate a spall. This has 

usually required conducting tests at various impact velocities until 

the critical degree of damage has been produced in a target plate. 

Taylor [5J has suggested an alternate procedure based on measurement 

of the velocity history of the stress-free back surface of a target 

plate impacted at a velocity comfortably above the expected threshold. 

A typical measurement produces a record like the calculated history 

shown in Fig. 6. The acceleration of the free surface beginning at 

the time tB is attributable to the arrival of a tension-release wave 

Fig. 6. A typical free-surface velo
city history recorded experimentally 
corresponds closely to this history 
calculated for the case of a 2-mm
thick impactor colliding with a 
4-mm-thick target at 175 m/s. E 
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that is initiated at the spall plane when fracture occurs. Accord

ing to Taylor's analysis, the stress at which a spall develops is 

given approximately by 

t33 = PRUt:.i/2 (4.2) 

where 6X = x (tA) - x (tB) is the pull-back velocity taken from the s s s 
experimental record and U is the wavespeed. The advantage of Tay-

lor's method lies in the fact that a spall threshold can be deter

mined from a single test. It has the disadvantage that it fails to 

provide any direct indication of the degree of damage associated 

with the derived value of threshold stress. To determine this degree 

of damage, we have analyzed the free-surface velocity histories ob

tained in each of our calculations using Eq. (4.2). For the I-mm, 

2-mm, and 5-mm thick impactors the spall thresholds determined were, 

respectively, 1.03, 0.98, and 0.93 GPa. The variation over the range 
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of projectile velocities considered was less than ~ 2% in each case. 

All of these stresses exceed the nucleation threshold of 0.80 GPa 

used in the calculations, but are entirely consistent with the usual 

interpretation"of a spall stress. The impact velocity associated 

with each of these cases is shown by a dot on Fig. 4. The associated 

damage levels are seen to vary somewhat, but all fall in the range 

usually characterized as incipient spall. The method of interpreta

tion breaks down when applied to the calculations for the thickest 

(10 mm) flyer. In this case the indicated spall strength decreased 

markedly with increasing impact velocity from a maximum of 0.97 GPa 

to a minimum of 0.69 GPa. The larger value is somewhat in excess of 

what one would expect on the basis of other evidence, and the lower 

value is clearly in error, as it lies below the nucleation threshold 

used in our calculation. The reason for the difficulty in interpret

ing the thick impactor calculations by Taylor's analysis has not been 

established. 

As a final item, we consider the recent suggestion of Cochran 

and Banner [7J to the effect that the relative amplitude 

(4.4) 

of the first and second peaks in the free surface velocity history 

(see Fig. 6) is a measure of the level of damage sustained in an ex

periment. We evaluated this ratio for each of our calculations, and 

obtained the curves of R versus flyer velocity shown on Fig. 7. The 

curves are of similar appearance to those Cochran end Banner ob

tained experimentally for uranium. 

Comparison of the R values with 

the damage level for each of our 

calculations confirms the 

Fig. 7. When Cochran and Banner's 
damage estimate R is evaluated from 
calculated free-surface velocity 
histories results indicated by the 
solid curves are obtained. The 
dashed curves connect points on 
the solid curves at which the peak 
of the damage distribution is 0.1 
and 0.2, respectively. 
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association of increasing values of R with increasing levels of damage 

(at the peak of its distribution) for a fixed thickness of impactor. 

However, comparison of results for different impactors indicates that 

a given value of R corresponds to smaller and smaller amounts of dam

age as the impactor thickness is increased. The dashed curves of Fig. 

7 indicate conditions producing the fixed damage levels ~ = 0.1 and 

0.2. A better correlation of R to damage might be obtained if some 

other definition of damage than the value of the void fraction at the 

peak of its distiibution were adopted. One caution we note is that 

the value of R cannot accurately estimate damage in cases where it de

velops in stages to a final value, or where the final value is influ

enced by recompression. Ihis is because the damage distribution is 

still evolving after t B, the last time at which information contribut

ing to the value of R is obtained. 
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Summary 

Flash X-ray diffraction patterns of LiF single crystal 
during shock-compression have been successfully obtained 
up to 50 GPa. Some anomalous phenomena different from 
isotropic compression have been observed; the single 
crystal transforms to the imperfect one like a mosaic 
crystal, and the unit cell volume obtained from (200) 
interplanar spacing by FXD appears systematically 
smaller than the Hugoniot. 

Introduction 

The flash X-ray diffraction (FXD) technique is an usefull 

method to elucidate the microscopic structure of solids 

during shock-compression and release process because 

the FXD pattern brings some informations concerning the 

atomic arrangement. In traditional shock-wave studies, 
there has been a lack of understanding of disruptive 

forces within a shock-front and the effect of shock-

wave passage on crystalline order. Moreover, volume and 

pressure under shock-compression are estimated by Rankin

Hugoniot relations based on the significant assumption 

that materials behave as the completely relaxed fuluid 

above the yield point. 

The present authors intended that crystallography during 

shock-compression could be performed in the usual ex-
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perimental room by using the following FXD system. We 

have constructed the FX generator l ) similar to Q. Johnson 

et al.'s and developed an X-ray detector by using an image 

intensifier (I.I.)2). This equipment has sufficient 

intensity and sensitivity to obtaine good diffraction 

patterns of polycrystalline LiF, NaCl, Si and Si02 etc. 

for molybdenum and copper Ka radiation under atmospheric 

pressure. The system has been combined with a small 

type of double stage light-gas gun for application to 

shock-wave studies3). 

Experimental Procedure 

Schematic diagram of the experimental arrangement is 

shown in Fig. 1. The FX generator is combined with the 

gas gun at an angle of 80° to the projectile flight 

direction. The detector-assembly is placed on a precise 

mounting holder in the instrumentation chamber. The 

distances from the center of the back-surface of a 

specimen to the fluorescent screen of the detector and 

D 
1 1 i 

2 3 L. 5 6 7 B 

Fig. 1 Schematic diagram of the experimental arrangement. 
1. Anode 2. Cathod 3. Collimator 4. Specimen 
5. Trigger pin 6. Fluorescent screen 7. Image intensi
fier 8. Emulsion film 9. Projectile 10. Metal impactor 
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to the cathod plate are 80 mm, respectively. The 

detector can cover diffracted X-rays in the 2 8 range 

10° to 30°. The diffracted X-rays from the specimen 

are approximately focused on the fluorescent screen at 

20° 2 8. Since reproducibility of the angle on the 

film is good, changes of the Bragg angle can be deter

mind with a distance between recorded lines and a 

standard point marked on the film without a known line 

of normal condition to be compared to them. The error 

due to the above treatment is less than ±O.lo in 2 8. 

The <lOO>-oriented crystal of LiF was shaped into a 

pellet of 15 mm in diameter. The surface was perpendi

cular to the shock direction. The crystal was cut and 

polished to the thickness calculated from G. E. Hauver 

and A. Melani's Hugonior4) of LiF single crystal in 

order to synchronize the X-ray irradiation with the 

arrival of the shock-front at the back-surface of the 

specimen. 

Results and Discussion 

Figure 2 shows microphotometer tracings of typical 

diffraction records on LiF single crystal taken before 

705111 
LiF 

20' 
, , I I 

25' 
I 

Fig. 2 Density pattern of FXD records by a microphotometer. 



and during shock-conditions. These were taken using 

unfiltered molybdenum radiation. The projectile with 

a copper plate impacted the crystal at 1.831±0.013 mm/ 

~sec parallel to (200) plane. The shock-pressure 

estimated is 24.0±0.3 GPa using G. E. Hauver and 
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A. Melani's Hugoniot of LiF 4). The (200) Ka and KS 

lines can be seen in the normal condition and the 

additional line corresponding to the shock-compressed 

state can be seen at the higher angle position. The 

X-rays were irradiated at a few 10 nsec earlier than 

the shock arrival at the back surface of the specimen. 

Peak densities of the normal state during and before 

shock are equal to about 2.5. Although the density of 

the additional peak of the shock-compressed state is 

slightly lower and broader than that of the normal 

state, the difference is very small. Judging from the 

peak height and shape, the interplanar spacing of the 

crystal lattice is uniformly contracted, and then it is 

reconfirmed as pointed out by Q. Johnson et al. 5 ) that 

the shock compression is hydrostatic, and that crystal 

orientation can be preserved. 

However, a remarkable increase of the back-ground 

diffraction exists around the peak compared to the 

pattern before shock and indicates that the direction 

of <100> crystal axis is distributed at several degree 

around the peak. It might be better to call it the 

broad peak indicating the distribution of the arrange

ments of crystallites rather than the back-ground. 

Since both the sharp and the broad peaks are much higher 

than those of the polycrystal diffraction records which 

are shown elsewhere, the disorder extent of each 

crystallite is not so random as polycrystal. It is, 

therefore, interpreted that the single crystal of LiF 

transforms to the imperfect one like a mosaic crystal 

which has a large disorder in the range of several 

degrees. 
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The peak of (200) Ku shock indicates 21.92±0.11o in 2 8, 

thus the ratio of d to do results in 0.929±0.004, where 

d and do are the interplanar spacing corresponding to 

the shock and the normal states, respectively. Supposing 

hydrostatic compression and preservation of cubic 

symmetry, the change of the unit cell volume should be 

expressed by the cube of (dido)' Then, the volume 

change is estimated to be 0.801± 0.011. The data includ

ing the other pressure ranges indicate the significant 

results; the unit cell volume obtained from the (200) 

interplanar spacing which is measured by these FXD 

experiments appears systematically smaller than the 

Hugoniot volume. This indicates certainly the microscopic 

structure of the lattice during shock-compression or 

uniaxial-compression effect because we can observe only 

the perpendicular plane to the shock direction by FXD. 
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Summary 

The propagation of shock waves in solid bodies is ob
served. The equipment and methods of measuring dynamic 
properties in wide temperature /up to l200°C/ and strain 
rate /t = 10" sec-I/ intervals are worked out. 
Changes of the deformation mechanism with increasing t 
are investigated on the model materials of copper and 
magnesium alloy. 
It is established that with increasing strain rate up to 
dynamic loads /E = 10" sec- I and morel the transition to 
a multiple slip occurs. In plastic flow takes place as 
a result of slip in a great number of slip planes of the 
{Ill} <110> system, in the magnesium alloy alongside with 
basal slip a non-basal one in the (lOIO) , (1011) systems 
occurs. 
In the magnesium alloy twinning is also activated. Under 
the conditions of dynamic loading twinning occurs in many 
systems simultaneously. 
Taking into account the deformation characteristics of 
the materials: A dislocation type, stacking-fault energy, 
it is possible to describe changes in the deformation 
mechanism with increasing strain rates. 
The change of a dislocation structure has been studied at 
increasing strain rates. Dislocation density increases 
2-3 times as much at increasing strain rate by 6-7 orders 
of magnitude. The given result points at the fact that 
a high-rate deformation accomplishes at the expense of 
the increase in strain rates rather than in their number. 
The obtained results allow to give a structural explana
tion of the dynamic properties of the material and to ex
plain an effect of stronger hardening of materials after 
impulsive loading. 
The change of dynamic properties of the materials and 
their influence on the effect of stress concentration in 
real constructions are analyzed. The role of stress con
centrators depending on a strain rate changes non
monotonously. At the calculation of details working at 
dynamic loading it is necessary to take into account both 
changes of properties and structure of materials and of 
the role of stress concentrators with strain rates. 



On the Behaviour of the Process Region at a Fast 
Running Crack Tip 
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Abstract 

The energy dissipation at fast crack growth is studied. 
Whereas in the low velocity range the size of the pro
cess region (i.e. the region where micro-separations 
occur) is given by intrinsic dimensions of the material 
it is governed by the strength of the surrounding stress
strain field in the high velocity range. Therefore the 
energy dissipation per unit of crack growth is fairly 
independent of the crack tip velocity in the low velo
city range but increases at least in proportion to the 
crack tip velocity in the high velocity range. At very 
high velocities the increase is strongly accelerated. 
The cause is to be sought in the changes of the near-
tip stress field and in the associated changes of the 
micro-separation morphology. 

Introduction 

Recent experiments [1], [2], [3], [4J (see also [5J) have 
shown that the energy dissipation per unit of crack 

growth is extremely sensitive to the crack tip velo

city in the high velocity range, see Fig. 1. 

Basic Considerations of the High Velocity Range 

The concept of damage region will be introduced, i.e. 

the region around the crack-tip where irreversible mecha

nisms work - plastic flow, micro-crack formation and 

growth, etc. Very small scale yielding and steady crack 

growth in the high velocity range is regarded. 
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A v v 
0) b) 

Fig. 1. Principle character of the relation between ener
gy dissipation per unit of crack growth, r, and crack tip 
velocity, ~ at small scale yielding. c is the propaga
tion velocity of Rayleigh waves. In b)Sthe r-V-curve pos
sesses a minimum at the point B. For stability reasons 
therefore the part AB cannot be definitely given, and the 
part BC can be definitely given only for decelerating 
cracks. 

Two different crack-tip velocities (in one and the same ma

terial), VI and V2 (cases 1 and 2), will now be compared. 

It is known from dynamic analysis [6] that the near-tip 

stress-strain field changes with the crack-tip velocity 

even if the stress intensity factor is constant. However, 

for simplicity, such changes are disregarded in this sec

tion. Thus the near-tip stress-strain field is supposed 

to be uniquely described by an amplitude factor, only. 

Then the following statement can be made: If the damage 

region is known for case 1 it is also known for case 2, 

and if the stress intensity factor at case 1 is Kl then it 

is K2=(V2/Vl )±Kl at case 2. This follows immediately from 

a study of Fig. 2. Obviously a material particle of case 

2 at the distance Y2=(V2/Vl )b from the x-axis experiences 

exactly the same time history as a material particle of 

case 1 at the distance Yl=b from the x-axis if K2= 

(V2/v l )1Kl . Consequently the same damage is produced at 

Y=Y2 in case 2 as at y=Yl in case 1. The energy dissipa

tion per unit of crack growth is thus proportional to the 

velocity V of the crack-tip. This statement, which will 

be referred to as the simiZarity argument, will later 
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Fig. 2. Damage region in case 1 (Fig. 2a) and case 2 
(Fig. 2b). V is the crack tip velocity and K is the stress 
intensity factor. Coordinate directions x and yare shown. 
The sectioned regions are the damage regions, i.e. the 
regions where damage occurs. The dotted regions are the 
wakes of the damage region where no changes in the damage 
occur. 

on be modified when the assumption made of stress-strain 

field similarity is removed. 

Considerations of the Low Velocity Range 

Near the crack tip there is a process region where micro

separations occur. The physical nature of these is not 

essential for the discussion in the following. However, it 

is helpful to make the specific assumption of hole growth 

starting from inclusions (dimple formation). The energy 

dissipation per unit of crack growth cannot be less than 

the energy needed to create a hole and to make it grow 

until coalescence with the main crack divided by the spa

cing between the holes. This will be called the minimum 

energy requirement, which implies that the results of the 

preceding section cannot be extrapolated to very low crack 

tip velocities, since they point towards zero energy dis

sipation at very slow crack growth. 

The number of holes opened at very slow crack growth can

not considerably exceed the minimum number required for 

coalescence. The reason is simply that slow hole growth 

occurs under decreasing forces. This implies unloading 
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at neighbouring micro-separation kernels (here the in

clusions), thus an impediment to hole formation at these 

sites. A comparison can be made with the fact, that only 

one necking occurs in a tensile bar at low loading veloci

ties. 

A simple but reasonably adequate model for slow crack 

growth consists of an unbroken sucession of cubic cells, 

PLASTIC 
REGION 

Fig. 3. Model for the process region at slow crack growth. 
In the originally cubic cells holes are opened at inclu
sions. At the innermost cell (the cell adjacent to the 
crack tip) coalescence between the hole and the main 
crack is about to take place. 

each containing a micro-separation kernel, see Fig. 3. The 

(originally) cubic cells are extended in the y-direction 

under the action of increasing forces before hole forma

tion, but afterwards (i.e. during hole growth) the exten

sion occurs under decreasing forces [7] . 

The size of the plastic region as well as the energy dis

Sipation in this region is completely determined by the 

minimum en eY'gy .Y'equiY'ement , which in the model is inter

preted as the energy needed to extend a cell until coa

lescence can take place. At very slow crack growth, there

fore the total energy dissipation per unit of crack growth 
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is fairly independent of the crack tip velocity. However, 

already at surprisingly small crack tip velocities, chan

ges of the plastic region are likely to take place due to 

rate effects [8J. Suppose, tentatively, that the remote 

stress required to propagate the crack at, say, the velo

city 10 m/s is about the same as the one required for very 

slow crack growth. Then a lower energy dissipation than at 

very slow crack growth is expected in the plastic region 

due to its smallness (generally less than a few millime

ters), which implies very short loading times. Thus surp

lus energy is available and also needed since cell exten

sion to coalescence is likely to demand more energy at the 

higher velocity. Then, if the available energy is just 

what is needed the tentative assumption of unchanged re

mote stress is justified. The total energy dissipation is 

unchanged but the part due to micro-separation has increa

sed and the part due to ordinary plastic flow has decrea

sed. This result should be modified as the assumption of 

unchanged remote stress is removed. First one recalls 

that the cell size is fixed (by intrinsic dimensions of 

the material). Therefore the maximum amount of energy 

that can be consumed in a cell cannot be expected to be 

much larger than the energy consumption at very slow crack 

growth. This indicates that the total energy dissipation 

per unit of crack growth ought to decrease or to increase 

only moderately with increasing velocity as long as (es

sentially) no other micro-separations occur than those 

directly involved in coalescence with the main crack. 

Transition Between the Low and the High Velocity Range 

At crack tip velocities that are not very small compared 

to the propagation velocities of waves in the plastic re

gion, more holes can be opened than those directly invol

ved in coalescence with the main crack. The reason is 

simply that the unloading of the region surrounding a 
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growing hole propagates in a wave manner and, therefore, 

acts with a delay on neighbouring kernels of hole forma

tion. (Compare high velocity elongation of bars where 

necking can take place at more than one site). The model 

in Fig. 3. should therefore be exchanged by the one shown 

in Fig. 4. The more the velocity increases the larger 

PLASTIC 
REGION 

Fig. 4. Model for the process region at fast crack 
growth. 

will the number of (activated) cells per unit of crack 

growth be. 

At a sufficiently fast crack growth the dominating role 

of the cells in the plane of the crack disappears and 

the total number of cells becomes large enough for apply

ing continuum mechanics on the region of micro-separa

tions. The size of this region will no longer be tied to 

intrinsic dimensions of the material but instead to the 

strength of the surrounding stress-strain field. Then the 

high velocity range, previously schematically considered, 

is reached. 

The same arguments as used for the low velocity range in

dicate that the relative part of the total energy dissi

pation that is due to plastic flow outside the cells 

should decrease with increasing velocity also in the 
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transition region. However, one additional mechanism must 

now be considered. An increased resistance to energy flow 

through the plastic region to the cells is expected be

cause of the low propagation velocities of equivoluminal 

waves in a plastic region. The significance of this effect 

has been analysed in two previous investigations [8r, [9] . 

The results indicate that the energy flow to the region 

of micro-separations is, in fact, impeded by the presence 

of low sound velocities, but only to a fairly low extent. 

Therefore it seems most probable that the fraction of the 

total energy dissipation that is due to ordinary plastic 

flow does not increase with the velocity in the transi

tion range. In the high velocity range, the simple model 

previously considered, indicates that this fraction is 

independent of the velocity. This range will now be sub

ject to a more detailed study. 

Detailed Considerations of the High Velocity Range 

The assumption previously made that the near-tip stress

strain field in the high velocity range is described uni

quely by an amplitude factor, will now be removed. 

In Fig. 5. curves of constant principal stress (the lar

gest one) near a crack tip are shown for different tip 
velocities. If the linear scale is proportional to l/V 

(thus different for the different curves) then it can 

be expected that micro-separation is initiated at appro

ximately the same point in the figure for all V (say 

at the point marked x), because then the cells in the 

plane of the crack will experience approximately the 

same time history. But then the damage region (not shown 

in the figure) ought to increase faster in the y-direc

tion than in proportion to V. This effect will be refer

red to as the effect of the widening Of the stress fieZd. 
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Fig. 5. Curves of 
constant principal 
stress (the largest 
one). The figures 
refer to the non
dimensional crack
tip velocity 
S=V/cd where cd is 
the propagation 
velocity of irrota
tional waves. 

It was tacitly assumed that the largest principle stress 

could serve as a guide to the changes of the damage re

gion with the velocity. However, also the stress compo

sition changes. In the static elastic case 

° = ° (1) x y 
just in front of the crack tip. Considerations of plas-

tic flow [lOJ modify this relation to 

° "'" 0.60 (2) x y 

In the dynamic elastic case [6J 

Ox 2S2(1-k2) (2k 2-S 2 ) 

0y 4k3(1_S2)±(k2_S2)±_(2k2_S2)2-1 
(3) 

2 
where S=v/cd and k =cr/cd ' c r and cd being the 
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propagation velocities of equivoluminal and irrotational 

waves. Assuming the crack-tip velocity to be about 70 per

cent of the Rayleigh wave velocity gives for Poisson's 

ratio 0.35 approximately 

Ox ~ 1.8 oy (4) 

Consideration of (1) and, especially, of the more accu

rate relation (2), shows that the stress state at slow 

crack growth is such as to favour growth of the material 

separations towards coalescence with the main crack (cf. 

[7]), see Fig. 6. On the other hand, at fast crack growth, 

0 0 
0 

0 0 0 

?= ~OO 0 0 
00 0 

0 0 

0) b) 

Fig. 6. a) Shape of holes shown to be such as to favour 
coalescence with the main crack at low crack-tip veloci
ties. b) Shape of holes at very fast crack growth. 

as indicated by (4), material separations should tend 

to grow essentially transversely to the crack path, see 

Fig. 6b. The ultimate 'goal', the final coalescence of 

holes with the main crack, therefore ought to require 

comparatively more energy at high than at low velocities. 

Thus the tendency towards an increase of the energy 

dissipation per unit of crack growth faster than in pro

portion to the crack tip velocity (as indicated already 

by a study of the angular extension of the highly stres

sed region) is further accentuated. This effect will be 

referred to as the cha ng ed micro-separ ati on morpho lo gy . 

Besides its effect on the energy dissipation the change 

of the morphology of micro-separation implies increasing 

probability of coalescence involving off-side holes 



as the crack tip velocity increases. This could explain why 

very rough fracture surfaces appear in the high velocity 

range. 

In the discussion of the transition range the resistan

ce to energy flow through the plastic region to the re

gion of micro-separations caused by the low propagation 

velocities of equivoluminal plastic waves was mentioned. 

The same kind of effect-and perhaps much stronger -

should prevail for the energy flow through the periphe

ral parts of micro-separations where irrotational waves 

can be much slower than in a homogeneous plastic region. 

Thus all propagation velocities can be much smaller than 

the elastic ones. Therefore the transfer of energy to the 

very neighbourhood of the crack-tip could be very much 

impeded. Still, as should be noted, such an effect would 

not influence the result arrived at when the simplified 

model (shown in Fig. 2.) was discussed, but could do so 

when coupled to the two superposed effects, the widening 

of the stpess field and the changed micpo-sepapation mop

phology. However, this opinion is rather speculative. 

The effect will be referred to as the bappiep effect. 

Conclusions 
The investigation in the preceding sections enables a 

schematic construction of the relation between the ener

gy dissipation per unit of crack growth and the crack 

tip velocity. Fig. 7. shows the composition in principle 

of the energy dissipation. The relative significance of 

the different sources naturally varies from one material 

to another. For example, rate effects on the plastic 

flow ought to be much more pronounced in materials ex

hibiting delayed yielding than in other ones and the 

change of micro-separation morphology may have another 

significance for micro-cracks (opened through cleavage) 

than for holes (opened at inclusions). 
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r 
SIMILARITY, 
PLASTIC FLOW 
PART 

SIMILARITY, 
MICROSEPARATION 
PART 

~~~~~~--------~--------4-V 
Cs 

\ 
HIGH VELOCITY 

\ 
/ TRANSITATION RANGE 

LOW VELOCITY RANGE 
RANGE 

Fig. 7. Schematical construction of the energy dissipa
tion per unit of crack growth, r, as a function of the 
crack tip velocity V. The different curves show how r 
is composed. 'Min. energy', 'Similarity', 'Widening', 
'Morphology' and 'Barrier' stand for the concepts in
troduced in the text: 'Minimum energy requirement', 
'Similarity argument', 'Widening of the stress field', 
'Changed micro-separation morphology' and 'Barrier 
effect', respectively. 

At some velocity branching seems to be inevitable, accor

ding to experiments. Its nucleation is probably favoured 

by the changes of the micro-separation morphology. More

over sustained branching is unlikely to occur at low 

velocities because then any small initial length diffe

rence between the branches will lead to rapid arrest of 

the shorter one [lll. 
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The anticipated strong influence of the character of 

the near-tip stress field ought to imply a rather high 

sensitivity of the total energy dissipation to the scale 

of yielding. Recent experiments also show such a sensi

tivity [2]. 
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Crack propagation and the stress intensity at the tip of a crack re
sulting from impact loading were determined experimentally in narrow 
bars of polymethyl methacrylate and polycarbonate. Stress wave pas
sage was monitored by strain gages mounted on the specimens. A 24-
frame Cranz-Schardin camera recorded crack position and the stress 
intensity factor at its tip, the latter by means of a shadowgraphic 
technique known as the method of caustics, developed by Manogg [lJ 
and Theocaris [2J. Static and dynamic stress intensity factors are 
obtained as functions of the assumed uniform stress at the crack sec
tion; the latter is based on the time-shifted strain measurement, the 
instantaneous intact specimen width and a dynamic Young's modulus ob
tained from measured propagation velocity and specimen density. 

Introduction 

During the last two decades, an enormous body of literature has been 

accumulated on the subject of crack propagation in brittle materials. 

The complexities of the dynamics of crack motion due to acceleration 

or, alternatively, kinetic energy are so great that a reasonably ac

curate analysis accounting for the separate effects of rapid crack 
opening, material motion, waves generated as the result of crack prop
agation, and non-uniform stress distribution, while slowly emerging 
[3-7J, cannot be currently anticipated. Consequently, a wide variety 
of experimental techniques have been employed in an attempt to obtain 
an adequate understanding of dynamic fracture problems [8J. Stress 
intensity factors have been determined either by interferometric 
measurement of crack opening displacements [9J or by a shadowgraphic 
technique known as the method of caustics, which transforms a stress 
singularity into a corresponding optical singularity represented by a 

locus of concentration of light rays. This procedure was first used 
by Manogg [lJ for transmitted light and subsequently expanded and 
more fully exploited by Theocaris and co-workers [2J, [10-12J for 
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both transmitted and reflected light. Two recent contributions [13-

14J utilizing a double cantilever beam specimen and a Charpy-type 

sample have evaluated the stress intensity factor obtained by the 

method of caustics under dynamic conditions. 

This investigation involved an experimental study of the propagation 

of opening mode (Type I) edge cracks in flat specimens of two types 
of polymers due to the action of tensile components generated upon 
successive reflections from the free ends of initial compressive pul
ses generated by the impact of pneumatically propelled steel spheres. 

Although a large number of samples were tested, the sequel is limited 
to the presentation of static and dynamic results for a single geome

try of each of the two materials. A more complete account of the re
sults of the inquiry will be presented elsewhere. 

Experimental Arrangement and Procedure 

Notched flat rectangular specimens of polymethyl methacrylate (Plexi

glas) and polycarbonate of bisphenol (Lexan) were tested in static 

tension in a standard commercial machine and were also subjected to 

longitudinal impact by 10 mm diameter steel spheres. Samples of 

about 3 mm thickness, 40 mm depth and lengths of 304-305 mm were 
edge-cut by a saw to produce rectangular notches of 5, 7 or 8 mm ini

tial depths and thicknesses of 0.31-0.35 mm. One Plexiglas sample 
was also supplied with two 1.5 mm diameter holes on the centerline 
10 mm on either side of the cut. Dynamic test specimens were mounted 
in two Styrofoam holders with the longer axis of symmetry horizontal 
and the shorter vertical. An aluminum disk about 4 mm thick was at
tached at the impact point to minimize chipping. Post-mortem photo
graphs were taken of all reassembled specimens. 

A single BLH-type FAE-12-12-12S9L foil strain gage with a resistance 
of 120~ and a specified gage factor of 2.03 was cemented longitudi

nally to each of the dynamic test samples at distances of 14.5 and 
74 mm ahead of the crack for the Plexiglas and Lexan bars, respec
tively. The gages were placed in a potentiometric circuit with one 
similar dummy gage and activated by a nominal 12 V car battery whose 
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output was ascertained for each shot. Signals were recorded and pho

tographed on Tektronix storage oscilloscopes with a frequency re

sponse well into the MHz range. 

The crack region was photographed with the aid of a 24-spark Cranz

Schardin camera capable of providing any desired uniform interframe 
time using an external oscillator. An internal control also permit
ted selection of constant interframe magnitudes in each of 5 groups 
of consecutive pictures that could be varied relative to each other 
by a binary factor. The light path from each spark was reflected by 

a concave mirror of about 5 m focal length, passing through the spec
imen ahead of the reference plane and thence through 24 individual 

apertures to a single film plate. The unit was triggered by a suit

ably delayed signal initiated by the sweep of the strain gage oscil
loscope which, in turn, was activated by the voltage generated by 

shear in a barium titanate crystal pressed against the specimen near 
the impact point. A He-Ne laser served as the light source for the 
shadowgraphs in the static tests with a lens producing diverging 
rays. 

An initial series of impact tests was conducted on a 466.5 x 11.0 x 

10.95 mm PMMA and a 466.1 x 10.7 x 9.31 mm Lexan bar without notches 
to determine propagation velocity and pulse attenuation. Here, the 

swing of a 10 kp hammer of a Charpy impact tester (with a weight of 
290 g) producing a velocity of about 3 m/s was utilized as well as 
ball impact. The latter were initially blown through a tube at ve
locities of 10-16 m/s, while a compressed gas gun capable of achiev
ing speeds of 50-150 m/s was employed in later tests. Initial and 
rebound velocities were ascertained from oscilloscopically recorded 

signals generated by the interruption of two laser beams focussed on 
two light-sensitive elements 50 mm apart. 

A schematic of the experimental arrangement is presented in Fig. 1. 

Results and Discussion 

The pulse propagation and attenuation tests served to establish the 
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value of the dynamic Young's modulus for the two substances; PMMA is 

generally regarded as strain-rate sensitive, whereas Lexan is con

sidered to be nearly rate-independent [15-16J. The rod wave speed 
for Plexiglas was found to be c = 2.11 + i % km/s within the ranges 

-3 • 0 - 1 -
E = 0.2-2.0 x 10 and E = 10-50 s ,produced by ball velocities of 
about 13 m/s or hammer drops through a fall height of 0.5 m. At 
sphere impact velocities of 120 mis, where E = 19 x 10-3 and E = 
712 s-l and fracture of the sample occurred, the propagation velocity 

increased to Co = 2.3 km/s. On the other hand, the speed for Lexan 
for these conditions involving ranges of E = 0.2-40 x 10-3 and E = 

-1 10-1000 s was found to be Co = 1.505 ± 1.3 % km/s, nearly constant. 
These speeds yield values of the dynamic moduli of 5240 MPa and 2800 

MPa for PMMA and polycarbonate, respectively, based on measured den

sities of 1.18 and 1.23 for the two substances (c.f. [5J, [16-17J). 
The static modulus for PMMA was selected as 3240 MPa [13][16], while 
that for polycarbonate was chosen as the dynamic value. 

The attenuation of the stress amplitude 0 of the wave was found as a 
function of travel distance x (in cm) in the domain of interest as: 

(a) 0, MPa = 10.14 exp (-0.0028x), 20? 0 ~ 3 for PMMA 

(b) 0, MPa = 8.83 exp (-0.00156x), 15 ? 0 ? 4 for Lexan 
(1) 

This result was used to adjust the wave amplitude from that at the 
gage position to both that at the impact point and that at the crack. 

The stress intensity factor Kr is determined here from the transverse 
dimension of the brightly illuminated envelope, or caustic, that sur
rounds the dark zone created by the shadow method and that delineates 
the constrained circular plastic region around the crack extremity 
[1-2]. The light deviation produced in the high strain zone trans
forms the circular region in the specimen plane into a generalized 
epicycloid in the reference plane consisting of an outer, nearly cir
cular envelope and an inner apple-shaped trace. For a tensile load, 
the outer pattern predominates; for compression, only the internal 
epicycloid is manifested when a stress nonuniformity exists. For 
tensile loads and non-parallel illumination, KI is given by [10] 
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(2) 

Here Zo is the distance between specimen and reference plane, t is 
the sample thickness, Ct is the photoelastic constant for transmitted 
light, M the magnification, D~ the actual transverse diameter of the 
caustic, and 0 is the ratio of the transverse diameter of the outer 
envelope to the radius of the generating circle of the epicycloid, 
which has a value of 3.16 for an optically isotropic material. If zl 

is the distance from the focus to the specimen plane for diverging 

light and the distance from the reference plane to the focus for con

verging light, the magnification M = (zl + zo)/zl or its inverse for 

the two cases, respectively. The value of D~ is the product of M and 
the transverse caustic diameter scaled from the photo. 

The value of Ct for the two materials are not established with any 
degree of certainty, particularly for dynamic loading, due both to 

strain-rate and batch-to-batch material variations. The static value 
-10 2 of Ct for PMt~ was here chosen as 1.05 x 10 m /N as an average of 

the range of 0.99-1.08 x 10-10 used previously [2J[10-13J, while a 
dynamic value of 0.53 x 10- 10 m2/N was determined experimentally for 
the conditions of the present tests. The latter corresponds to the 
data of [16J extrapolated to rise times in the domain of 10-100 vs. 
The corresponding values for Lexan were chosen from [16J as 1.44 x 
10- 10 (for a loading time of 1 s) and 1.66 x 10- 10 m2/N, differing 
from [15J; however, there the justification for the use of the tech
nique of caustics in the case of viscoelastic materials is presented. 

Static tension tests were conducted on two 305 x 39.9 x 3 mm Plexi
glas specimens with central rectangular edge cracks of 5.1 x 0.34 mm 
and 7.1 x 0.315 mm, respectively. The fracture stresses for the two 
samples based on the crack cross section were found to be 11.53 and 
10.0 MPa (or strains of 3.9 x 10-3 and 3.09 x 10- 3) for the shorter 
and longer cracks, respectively. The stress intensity factor varied 
linearly with applied stress 0 at the crack according to 

(a) KI , MN/ml .5 = 0.1 0 (in MPa) o ~ 0 ~ 11.53 (3) 



(b) KI , MN/ml .5 = 0.096 a (in MPa) o ~ a ~ 10.0 (4) 

for these two cases. These are slightly higher than the relation 

KI , MN/ml . 5 = 0.082 a (in MPa) (5) 

obtained from [2J. The scatter of the present data relative to (3,4) 
is well within experimental error; the discrepancy with respect to 

the results of [2J may be due to either material dissimilarities or 

differences in crack tip geometry that appears to strongly affect 
the magnitude of the stress intensity factor [14J. 

The critical values KIc = 1.133 and 1.01 MN/ml .5 found here for spec

imens with crack length to width ratios c/b = 0.128 and 0.178, re
spectively, are within the ranges of 0.89-1.32 and 0.88-1.92 cited by 

[18J and [19J and close to that of 1.18-1.67 given by [20J. This 
parameter is apparently a function of c/b, crack velocity and loading 

rate for identical materials; no relation has been suggested for a 
variation of K1c with kinematic parameters. The theoretical value 
for this quantity [20J translates into magnitudes of 1.42 and 1.37 
MN/ml .5 for the two cases, respectively. The lower measured magni
tudes may be due to violations of the ideal case assumed in the anal
ysis and to the relatively small sample width employed. No static 

tests were conducted on Lexan; [21J cites a range for the static val
ue of K1c of 3-3.6 MN/ml . 5 

Fig. 2 reproduces the strain gage data, and Fig. 3 presents a typical 
shadowgraph frame for a notched Plexiglas and Lexan bar struck longi
tudinally by a 10 mm diameter steel sphere at velocities of 16.83 and 
90.4 mis, resulting in rebound speeds of 3.96 and 14 mis, respec
tively. The strain gage for the PMMA bar was located 14.5 mm ahead 
of the crack near the bottom edge; that for the Lexan sample was 
mounted centrally 74 mm ahead of the crack. In both tests, the crack 
moved, to failure in the first instance, while arrest ensued in the 

Lexan. The particular wave velocities for these two cases were de
termined as 2.29 and 1.55 km/s, respectively, from the strain data. 
The pulses were translated backwards to the impact point for an eval-
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Fig. 2. Strain Gage Data from 
the Impact of 10 mm Diameter 
Steel Spheres 

(a) 304 x 40 x 3.09 mm Plexiglas 
Bar with Central 7.3 x 0.315 mm 
Edge Crack at l6.B3 m/s. Strain 
Scale: E = 1.57 x 10- 3/div. 
Time Scale: 100 ~s/div. 

(b) 304 x 40 x 3.0 mm Lexan Bar 
with Centra 1 B. 0 x 0.35 mm Edge 
Crack Struck at 90.4 m~s . Strain 
Scale: E = 7.97 x 10- /div. 
Time Scale: 100 us/div. 

Po lycarbona te 

Fi g. 3. 

Typical 
Caustics 
Corresponding 
to the Data of 
Fi g. 2. 

uation of the impulse-momentum balance, and also projected forward 
to the crack position to determine the relation between stress and 
K1. The first process required only an amplitude adjustment in ac
cordance with (1), while the second additionally required a time 
shift due to wave transit and spark unit initiation delay as well as 
a correction accounting for the changing width of the specimen at the 
notch (during crack propagation) relative to that of the gage. The 
travel time was determined using average values for the wave speed 
(obtained from many tests) of Co = 2.2 and 1.505 km/s for PMMA and 
Lexan, respectively, for purposes of uniformity; this involved a 
shifting error of no more than 2 ~s. The variation in width was 

treated on the basis that the same stress was produced by a given 
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strain magnitude of the pulse at all longitudinal cross sections. 

The fracture locus was a straight line for both samples; for PMMA, 
the bar exhibited two plateaus of crack arrest before the onset of 
catastrophic failure involving the passage of three consecutive ten
sile pulse components. The crack was permanently arrested in the 
Lexan specimen before complete penetration to the distal edge ensued; 
the absence of catastrophic failure is attributable to the lower am
plitudes of subsequent tensile pulses resulting from higher material 
damping properties. A small bifurcation and a distinct plastic zone 
were discernable at the arrested crack tip. The propagation features 
for the two samples are presented in Fig. 4. 
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The present tests were not designed for a precise determination of 
the crack velocities as the photographic intervals were primarily 
selected to permit evaluation of K1. A more accurate crack speed can 
be obtained either by more closely spaced frames during propagation 
or else by other techniques [18J. However, from these and other 
tests on PMMA, the crack velocity ranged from 625-700 mis, with the 
preponderance of the data near the higher of these values when cata
strophic failure occurred as the result of a single tensile pulse 
passage. This is in good correspondence with the peak crack veloc
ities found by other investigators [5J[17-18J. For stepwise propa
gation, on the other hand, the observed velocity was substantially 
lower, ranging from 250-340 m/s; this is in accord with the values 
found in Charpy tests [18J where the strain rates were much smaller 
than in the present sphere impact experiments. Literature refer
ences attribute the variability of the crack speed in PMMA to its de
pendence on loading rate and load amplitude as related to the amount 
of elastic energy stored [13J as well as to different conditions of 
slow crack growth, initiation and maintenance of unstable propaga
tion. The crack speed for Lexan varied from 435-495 mis, regardless 
of whether or not crack arrest occurred or catastrophic failure re
sulted from passage of one or more tensile pulses. 

A reasonable impulse-momentum check was found when the static Young's 
modulus for the two materials was used in converting strain to force. 
For PMMA, the impulse was 0.0787 N-s and the momentum change was 
0.0844 N-s when the strain was increased by 4% to account for the 
shift to the impact position. The corresponding values for Lexan 
were found to be 0.416 N-s and 0.426 N-s, respectively. 

The dynamic stress intensity factor for the two materials is plotted 
in Fig. 5 as a function of crack position stress, determined as de
scribed above by multiplying crack strain and dynamic Young's modu
lus magnitudes cited earlier. Discrepancies due to finite interframe 
times occasionally required a single frame shift to match the maximum 
diameter of the caustic with peak strain. The trend shown exhibits a 
concave downward curve; however, in other tests the data appear to be 
distributed fairly evenly about a straight line. Only tensile com-



~ .. 
E 

"' z 
::E 

... 
:II:: 

6.0 

5.0 

4.0 

3.0 

2.0 

1.0 

205 

/ ......... L 

V 
/ 

~~~~~~~~~iTE POLYt,;ARBONATE c- A" 
./'" e (P) x ( Ll X CIMENSIONS IN mm 

/' 0 1 

~J:~ 
151.5 

/ fa; 152.5 
- Y x 

~ 40 40 
f-----.- -~--a-

/ c 7.3 
0.315 0.35 ~ yX ~f-~~ 3 -

- .- P ~r---'Q--,:---- 10 
x / 
/ r- / 

/ X / e/ 
- / / 
Ix/ 
"III 1 

4 8 

o 20 40 

~.-- L 14.5 77.5 

,/" 
/' V r-0l --+-02 --i 

/e I" ".83 oY' --'- ~ j~ , II~ (L) 9.09 'D--a-~ /t:-+l1--

I 

STRAIN GAGE 

I 1 1 I I I I 1 I 
12 16 20 24 28 

POLY METHYL METHACRYLATE (P) 
1 1 1 I 1 

60 80 100 120 140 
POLYCARBONATE (L) 

I 

-i 1-' 

I I I I I 
32 36 40 

1 1 I 
160 180 200 

CT, NOMINAL STRESS, MPa (FORCE /CURRENT SPECIMEN AREA AT CRACK) 

Fig. 5. Dynamic Kr vs. Stress at Crack Cross Section 

ponents are examined here; the presence of stress irregularities un
der compressive stress is due to the finite width of the crack, at 
least in its initial configuration. The fracture strains for the two 
runs were of the order of 3.22 and 31.9 mE, respectively; the asso
ciated values of stress are 16.9 and 89.3 MPa that correspond to 
maximum dynamic stress intensity factors of 2.83 and 6.03 MN/ml . 5 as 
determined from (2). These represent increases in Kr due to dynamic 
loading by factors of about 2.5 and 2, and may be compared to criti
cal values K1c = 1.36 MN/ml .5 and K1c = 0.82 MN/ml .5 for unstable 
propagation and transition to crack arrest, respectively [17]. 

The shadowgraphic patterns for the hole do not indicate a completely 
uniaxial stress distribution where the major axis of the nearly el
liptical dark zone (representing the outer envelope of a generalized 
epicycloid) would be in or perpendicular to the direction of loading 
for tension or compression, respectively. The axes are inclined to 
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the horizontal centerline indicating biaxial and probably non-uniform 

stress conditions. However, the stress calculated from the optical 

analysis of the light deviation [1][11] using the maximum diameter of 
the caustic obtained in tension of 14.1 MPa is not far from the value 

of 15.9 MPa based on a transposed strain 3.02 x 10- 3 and the dynamic 

Young's modulus, although this close agreement was not observed in 

most of the tests. There, either the conditions for the use of the 
expression converting D~ to stress were not achieved or the value of 
Ct does not apply. The maximum diameter of the caustic appeared to 
be nearly proportional to the tensile strain at the crack as derived 
by translation from the gage measurement. 
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Loads and Crack Velocities During Dynamic Fracture 

Akira Kobayashi and Nobuo Ohtani 
Institute of Space and Aeronautical Science, 
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Tokyo, 153, JAPAN 

Summary 

Behaviors of loads and crack velocities observed during 
dynamic fracture in metals and viscoelastic solids, 
especially viscoelastic features such as the initial slow 
crack growth and the strain rate dependent crack propaga
tion velocity profiles, are presented in connection with 
the applied strain rates and temperatures. The newly 
devised velocity gauge method to measure the very initial 
slow crack growth in viscoelastic solids is also briefly 
described. 

Introduction 

As a discusser's paper, the present authors would like to 

call attention to the viscoelastic features observed in 

the load and crack propagation velocity history during 

dynamic fracture. First, the initial slow crack growth 

behavior observed in both viscoelastic solids and metals, 
together with the newly devised modified gage method, is 
discussed. Then the strain rate dependent crack propaga
tion velocity profiles in viscoelastic solids is pre
sented. 

Initial Slow Crack Growth Behavior 

1) Viscoelastic Case 

As is well-known, several techniques to measure the 

crack velocity are achieved [1], and the velocity gage 
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such as shown in Fig.l is mostly used for viscoelastic 

case. However, this is not effective to measure the 

very initial transient portion of crack velocity profile 

Fig.l Conventional velocity gage 

since the conductive wires are intermittently deposited. 

Then the modified velocity gage was devised by the pre

sent authors to scrutinize the initial part [2] as shown 

in Fig.2, in which the conductive silver coating materi-

contact 

Conductive 
silver coating 
material 

(unit:mm) 

Fig.2 Modified velocity gage 
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als are deposited like a strip, so that the very initial 

portion of crack propagation can be measured continu

ously. The specimen size is shown in Fig.3, and the 

opening mode tension was applied. The load was measured 

by a load cell. Test results for PMMA(Polymethyl meth

acrylate)are shown in Fig.4. What we call the initial 

slow crack growth does not appear yet at 22°C, and it 

does at 53°C. So the temperature is a dominant fractor 
for a strain rate s = 1.67 x 10- 4 /sec, where s=cross

head speed/specimen gage length. Further going to much 

slower strain rate of 1.67 x 10- 6 /sec, the slow crack 

growth is observed even at the room temperature of 22°C. 

So the strain rate is influential this time. 

2) Metallic Case 

The conventional electric potential method was employed 

for velocity measurement. [3] Ti-6Al-4V alloys were 

tested. This alloy is rather supposed to be brittle at 

the room temperature, however, the initial slow crack 

growth is observed a little bit as shown in Fig.S. At 

the lower strain rate, the initial slow crack growth 

region is getting longer as shown in Fig.6. The crack 

velocity is also getting lower throughout as compared 
to Fig.S. 

Strain Rate Dependent Crack Propagation Velocity Profile 

In Fig.7, two dotted lines denote the boundary theoret
ical crack velocities calculated by the Berry's formula 

[4], and as the applied strain rates become lower, the 

obtained velocities are also getting lower. The con

ventional velocity gage method was employed. 

In conclusion, the present authors would like to point 

out those viscoelastic features related to the applied 
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strain rates and/or temperatures observed during dynamic 
fracture. 
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Approximate Calculations of Spall and Cratering in High 
Speed Impact 

DANIEL c. DRUCKER 
University of Illinois at Urbana-Champaign 

Abstract 

Highly simplified pictures are presented of the state of stress and 
the response of ductile materials for spall of plates in uniaxial 
strain and for cratering of a half-space caused by the high speed 
impact of small particles or drops of water. Crater volumes are 
determined by an earlier analysis of Goodier modified to take the 
kinetic energy transfer ratio into account. Approximate solutions 
are proposed for speeds of impact from a fraction of the speed of 
sound in the target material to several times the speed of sound. 
For spall, the stress-separation relation is assumed to be given by 
a quasi-static plasticity solution. The ratio of the limit stress 
to the yield strength in shear is given by the ratio of interparti
cle distances to the diameters of those particles whose fracture or 
separation from the matrix material dominates the geometry of sepa
ration. A spall criterion is derived for high velocity impact which 
appears fairly insensitive to the fine details of separation on the 
microscale. 

Introduction 

Spall under uniaxial strain conditions and cratering due to impact 
of a particle or water drop on a half-space are among the most ele
mentary of the complex problems of high velocity deformation of 
ductile solids. Yet realistic analytic solutions are not feasible, 
and even a truncated solution by computer is extremely time-consum
ing, and expensive with the simplest of assumed material behavior. 
Experimental studies also are difficult, time-consuming, and expen

sive. 
It may well be that such problems are so complex that sufficient un

derstanding to permit rational prediction and design can be achieved 

only through the most comprehensive set of computer solutions and 

experimental studies. Certainly, preliminary tests and as full a 
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computation as possible are desirable before going to the great ex

pense of fabricating an elaborate new structure with a new material. 

However, the hope in all difficult problems is that a highly simpli

fied approach containing the essence of the response will provide 

fundamental insight and incisive understanding of the controlling 

parameters. With a coherent set of principles as a guide, it is 

possible to move on to the far more complicated problems of practi

cal importance, to guide the experimental work that will be needed, 

to be sure that computer sollltions give meaningful results, and most 

important of all to choose appropriate materials and configurations 

for preliminary design purposes. 

It is the purpose of this paper to present one such highly approxi

mate approach for spall and another for cratering as illustrative 

examples. Space limitations do not permit more than an outline of 

the calculations but the reader should have no difficulty filling in 

the omitted steps and improving upon the crude approximations sug

gested. 

The Simplified View of Spall 

The problem of spall under conditions of uniaxial strain (plate im

pact or explosive tests) involves a wide variety of material and 

mechanics parameters. When cleavage is ruled out, the process of 

fracture is ductile on the micro scale and involves complex details 

of hole growth and coalescence as described by McClintock. A sim
ple, highly approximate, approach is suggested here based on geom

etry, plastic limit load, and elementary plane wave propagation 

pictures. 
Fracture is considered to start from holes generated by the fracture 
of the larger inclusions (diameter d) or their separation from the 
matrix at the high tensile stress levels imposed. A very thin layer 

of thickness h, Figure 1, above and below a wavy surface joining 

holes or cracks lying in the vicinity of a single plane is supposed 

to deform plastically in tension. Spall follows the reduction of 

the net load-carrying area to zero. 
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The average triaxial stress state, of' of - °0 , of - °0 shown in 
Figure 2, at which this plastic deformation begins is given closely 

enough by an upper and lower bound plastic limit analysis of the 

geometric configuration of holes of spacing D. 
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m 

2 3 4 2~/d 

Figure 2. Average stress Os on surface of separation 
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Lateral spread of the holes is very rapid because volume remains 

constant during plastic deformation at limit load. All of the rela
tively large volume increase (2~)D2 represented by the small separa

tion 2~ of order d goes into increasing the volume of the hole. The 

rapid drop in the average stress Os from the initial limit value of 

to zero, Figure 2, reflects the combination of the large reduction 
in load-carrying area and the decreasing lateral constraint as the 

holes coalesce. When ~ is a small multiple of d, ~ = ~* = md/2 with 

m = 3, separation is essentially complete and Os is close to zero. 
If the loading were static, the process would be highly unstable. 

Complete separation would follow immediately upon reaching the lim

it stress of. Under dynamic loading, however, the stress level must 
be maintained for same time for incipient spall to be observable 

metallographically and for a longer time to actually result in a 
spall. This is quite apart from a rate effect which exists but 
is ignored at this level of approximation. 
Wave transmission across the surface of incipient separation is 

affected by the continuously changing thickness and properties in 

the zone which is pulling apart. All of this complexity is con
densed here to the stress-separation curve of Figure 2 and the as

sumption of a single plane of separation instead of a zone. 

An upper bound on the limit stress of can be obtained in terms of 
Did from the layer picture of Figure 1 and a modification of the 

radial velocity field suitable for a circular cylinder of diameter 

D. 40 
With h = d in Figure 1, Of ~ 30 (tn £ + ~d +~) . 
A lower bound is given by the spherical hole solution Of ~ 200 tnD/d 
For a ratio of interparticle spacing to diameter of particle D/d=5, 
a reasonable estimate for the limit stress Of is 40 where ° is a o 0 
large offset yield strength (say ° at 0.01 strain). A value of 

700 seems appropriate for a rather clean material, Did = 10, with 

few micron size inclusions. 

Ignoring the very appreciable loss of lateral constraint, the stress 
on the surface of separation is given by: 
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a s 
(1) 

The guess, or recommendation, indicated in Figure 2 is to choose 
m = 3. 

The drop in tensile stress from the incident tensile stress a to 

the carrying capacity as is equivalent to adding a compressive pulse 
a - as at the surface of incipient separation. Each side of this 
interface then moves outward with respect to the mean velocity of 
th f 1 · 1" a - a d" e two sur aces at a re atlve ve OClty ov = ___ s, a lrect car-

pc 
ryover of the form a = pcv for an incident pulse. 

dlI (a - as) 
The velocity of separation then is 20v = 2 dt = 2 pc with 
the stress as a function of ~ in accord with Figure 2. This form 
for the relative velocity does not depend upon the shape of the 

incident tensile wave. It is determined solely by the instanta
neous compression a - as which must be added to the tensile stress 
a to give a on the surface of separation. As long as a > a for s s 
the current value of ~, a may be any function of time. 

The wave shape does affect the time available for I separation be
cause the subsequent reflections from the free surface can terminate 

the process before the time of passage of the wave; T = L/c for the 

square wave of Figure 3. Therefore, the picture labelled as a lim

iting case in Figure 3 does require some modification for other 
pulse shapes. In general, the maximum tension and the associated 

plane of separation will not be located at L/2 from the free sur
face, nor will the time available for separation be L/c. However, 
the major separation activity occurs during the incidence of the 
higher stress levels and is not greatly affected by low stresses 
present in the rise and drop-off of the incident wave. 
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T c 
L 

lI2 

I 
I 
I T 

IJ-tts v - -----pc . IJ 

OJ 
IJ - as a: v. - - s pc 

Separat ion l 
Ve locity I 

_ (IJ-OS) I 
-2 pc I 

I 

1 
L 

1 

Limiting 
Case 

Complete 
separation just 
prior to arrival 
of compressive 
wove 

Figure 3. Idealized waves 
Square entering pulse , single plane o f separation f o r 
lowe r set of picture s, no separation or attenuation in 
uppe r set 

A Spall Criterion 

The criterion for spall which results from all of these idealiza-

tions and crude simplifications is just that the stress 0 (a func

tion of time) be high enough and applied for a long enough time to 
enable a critical separation 26* of about 3d to be reached or ex

ceeded. 
. . d6 0 - Os . 

Numerical solution and IntegratIon of dt = --pc-- as an equatIon 

in 6 (or ° ) will determine whether or not 6* is exceeded. Formal-s 
ly, with T = L/c for a square pulse, separation occurs when 

pc6 

T 

J (0 - °s)dt ~ pcmd/2 ~ i pcd 

o 

(2) 
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The Simplified View of Cratering 

The formation of a crater by the high velocity normal impact of a 

water drop or other particle on the flat surface of a semi-infinite 
target is, in one sense, on the opposite end of the spectrum from 

spall. Spall is governed by the behavior of the material in tension 

under the great lateral constraint of overall or average uniaxial 

strain, while cratering depends upon the response of the material to 

compression with far less lateral constraint in bulk and the pres

ence of a free surface. However, both involve the enormous uncer

tainties of propagation of very high intensity stress waves through 
very disturbed regions of material. Both need a simple approximate 

means of solution to serve as a guide to the development of clear 

and appropriate basic premises or assessment of the usefulness and 

validity of any time or space truncated analytical or computer so

lutions presented for consideration. 

There is a long history of attempts to provide this understanding 

for penetration and cratering under hypervelocity impact conditions 

with a wide variety of target and projectile materials. Interest

ing approximations have been suggested by many able and distin

guished investigators. These range from the analysis by Birkoff, 

MacDougall, Pugh, and Taylor of the penetration P of a jet based 

on a simple hydrodynamic model P = 2.~t where 2. and p. are 
J J J J 

the length and mass density of the jet and Pt the mass density of 

the target, to the plastic punching-out model of Goodier for parti

cle impact with speed vp which equates work to create the crater 
to the kinetic energy of the particle 

Crater volume = ~p v 2 (particle volume)/ot 
p p 

(3) 

at' the punching-out stress given by Hill, is % 0y (1 + 2n ;~ ) + 

Y 
~;2 Etan where 0y is the initial yield strength of the target E 

its Young's modulus and Etan its tangent modulus in the plastic 

range. 

The essential concept proposed here is a simple modification of 

Goodier's approach; the volume of the crater is determined not by 



the kinetic energy of the impacting particle but by the consider

ably smaller kinetic energy contained or trapped in that region of 

the target which then displaces to form the crater. 

The lower the impact speed v for a given diameter d of water drop 
p 

or any particle behaving as a "soft" impactor, the longer the time 
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of impact and the larger the diameter of the target region in which 

there are outward radiating waves. Consequently, as is intuitively 

obvious and can be made reasonably quantitative, at the low end of 

the range of high velocity impact the kinetic energy available is 

a very small fraction of the energy of the incoming particle. Al

though momentum is conserved, energy transfer is inefficient because 

the particle has relatively small mass compared to the much larger 

mass of the region of the target that is in outward motion at the 

time the impact is essentially over. Furthermore, at the beginning 

of this range and below it, much of the kinetic energy that is de

posited in the target lies outside the region of crater formation 

and simply continues to radiate out from the region of impact with 

acoustic speed Ct. On the contrary, at hypervelocity impact, vp 
above ct ' the energy transfer is much more efficient for all parti

cles and most of the kinetic energy deposited is available for cra

ter formation. Vaporization of material and the complexity of flow 

at the rim of the expanding crater at the free surface will be ig

nored. 

The well-understood situation for one-dimensional plane strain or 
plane stress impact serves as a reminder that over the high velocity 

range of interest, there is little need to distinguish between the 

impact of a liquid and a solid particle. The contact stress is of 
magnitude p (v - U.)2 or pvc or p ct where subscript prefers p p 1 ppp P 
to the particle, t to the target, u. is the speed of the target 

1 

material at the surface of impact and c is the speed of acoustic 

or shock waves. Impact stresses therefore are about E ( t ) 2 or 

and become enormous compared to particle strength once v 
p 

exceeds ~ the speed of sound in the particle. 
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An Elementary Analysis of Cratering 

Enormous impact stresses are far less troublesome conceptually for 

a ductile half-space target, Fig. 4, than for the impacting parti

cle. Although comparable to the binding atomic forces and orders 

of magnitude above conventional yield stresses, the needed lateral 

constraint can be mobilized. The region immediately below the im

pactor goes into a state close to three-dimensional hydrostatic com

pression. It is not too unreasonable therefore for the purpose of 

estimating kinetic energy transfer to the target to replace the ac

tual situation which is so much more complex with a uniform pres

sure pulse on a hemispherical surface of radius r i = d/2 during a 

time interval somewhat less than the time of impact t. ~ d/(v - u.) 
1 P 1 

-1d~ 

~ 
-.J2ri ~ 

Ulp-~ __________ -. 

Figure 4. Impact of Spherical Particle 
(with modified half-space target) 
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The spherical waves shown radiating out to a hemispherical surface 

at a distance 

c* d 
c* t ~ ~ ~ r 

st I v - u. 0 P 1. 

(4) 

are another crude approximation because the large vertical displace

ments of the free surface of the target disturb. the radial symmetry 

appreciably and the average shock wave speed c*st is between the 

initial shock speed Cst = ct + ktui , with kt about 1.5 or Z.O, and 

the acoustic speed Ct' 

Nevertheless, fair estimates of the total kinetic energy in the tar
get should be obtained with the spherical wave picture until the 

impact speed is so high (say vp/ct > 3) that the dominant motion is 

more a jet-like forward tunneling action of the particle. 

If the modified target were to behave as an incompressible fluid, a 

steady radial outward velocity u. at the hemisphere radius r. would 
1. 1. 

give rise to a radial velocity ut = u. (r. 2/r2 ) at each larger ra-
1. 1. 

dius r. Were the appreciable compressibility of the target material 

to be taken into account there would be still more rapid attenuation 

with r of the high values of ut . 

With these many oversimplifications, RKE the kinetic energy transfer 

ratio from particle to target can be calculated to be Zr./r = d/r 
1. 0 0 

multiplied by the value ui/vp for one-dimensional impact or 

Zr. u. v - u. u. v 1 - u./v u. 
~=--2:. ...!.=~ ...!.=--E 1. P ...!. 

ro vp c st vp ct c*st/Ct vp 
(5) 

with 1 ~ c*st/Ct ~ 1 + kt(ui/vp) (vp/ct ) 

As for one-dimensional impact it is approximately true that the con

tact stress 01 PtCstUi pt(ct + ktui)ui = pp(vp- ui )2 

so that 

~~ [:; :; + Z] 1 - [:; kt - l][~~r (6) 
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This quadratic equation can be solved explicity for u./v but the 
1 p 

approximate result 

1 (7) 

is more informative. 

At low speeds of impact v «Ct ' ui/vp = ppvp/PtCt ; RKE is 

~ [ ~ ]2; and the total Pkinetic energy transferred, RKE (J,ppVp2), 
Pt ct 

varies as Vp4. In hypervelocity impact, RKE is close to ui/vp which 

in turn, as vpincreases, approaches 1/(1 + Iktpt!pp) or about 1/3 
for a water drop on aluminum or a glass sphere on steel. At vp ct 
RKE is somewhat more than 1/10. 

If all the kinetic energy in the target were converted to the punch

ing-out of a spherical cavity, the crater volume would be given 

by Goodier's form (3) multiplied by the kinetic energy transfer 

ratio 

(8) 

where 0t is the applied pressure needed to create a cavity or cra

ter. 

The static pressure needed at the free surface of a half-space, 

Fig. 5, of perfectly plastic (non strain-hardening) material of 
yield strength ° is almost 3o. The pressure needed to continue o 0 
the deformation is larger still. 

The proposal here is to compromise crudely between the punching-out 

and the free surface value and to take 0t = 400 where 00 is the 
yield or flow strength at strains of order unity at the high rates 

of strain associated with the crater formation which occurs main

ly after the major portion of the impulse is over. 
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Figure 5. Limit Stress at 

The result (8) can be rewritten as 

crater volume 
particle volume 

1 - U./V 
1 p 

Limit Pressure 
on A 
Half Space 

Punching - out 
Pressure 
For A 
Spherical 
Cavity 
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x 1 + kt (U./V )(V /Ct ) 
1 p p 

(9) 

with a further approximation for RKE (5) and use of E = PtCt2. 
This form (9) when coupled with (7) does predict the v4 variation 

p 
reported for erosion at low to moderate speeds of impact, gives 

the v; variation.at the highest speeds and provides a smooth tran-
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sition over the entire range. In the neighborhood of vp/ct = 1, the 

transition from a v4 to a v2 variation will be close to v 3 which 
P P P 

also is sometimes reported for erosion. 

An interesting but far from accurate result given by (9) and (7) 

for the impact of a water drop on a structural aluminum target is 

that the volume of the crater is about equal to the volume of the 

drop at vp/ct = 1 
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Fracture and Void Development in Hemi-Spherical Ended 
Perspex Rods Due to Stress Waves from Detonators 
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Cambridge, England 

Summary 

The paper mainly present results pertaining to fracture 
and void development in hemi-spherical ended rods of 
Perspex due to stress waves initiated by explosively load
ing one end of a rod with a detonator. The order in time, 
at which cracks or voids occur is examined using high 
speed photography; the crack and void locations are dis
cussed in terms of stress optics. The different natures 
of the damaged zones created are illustrated and an expla
nation of resulting terminal fracture patterns is attempted. 
Previous related work on spheres is referred to. 

Introduction 

The phenomenon of the distal end spalling of long rods of 
fairly brittle material when subjected to an impulsive 

load at the other end is well known and has long been 

studied, see for instance the references and examples in 

Ref. (1). The results of subjecting spheres (typically of 

Perspex and plaster of Paris) to point explosive loads are 

less well known and have only relatively recently been 

published, see Refs. (2) to (6). Also, the examination of 

deformation and fracture in spheres, for comparative and 

other purposes, of ductile as well as brittle materials in 

quasi-static diametral compression is discussed in Refs. 

(7) and (8). Examinations of metal and acrylic thick 

spherical shells under impact load are described in Refs. 
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(9) and (10), and reference to work on fracture in explo

sively loaded bars containing transverse bores when end

shock loaded is given in Ref. (11). 

The occurrence of spalls and fractures in rods due to 

shock loading is of obvious engineering importance in so 

far as bars and the like (e.g. thick plates which suffer 

scabbingl) are conventional constructional shapes for many 

engineering structures. The study of the break-up of 

spheres under impulsive attack is useful for appreciating 

shot behaviour in peening, ricochet, comminution and pro

jectile fragmentation generally. 

In the present work we have in a sense brought together 

the sphere and the long cylindrical rod and studied frac

ture at the distal-end due to near-end loading by a deto

nator, when the far end of the rod has a solid hemi-spher

ical (as opposed to a flat) termination. The interest of 

this Kind of long bar for mechanical design is obvious. 

Essentially the experimental set-up used is shown in Fig. 

1; an exploded detonator generates a predominantly plane 

compressive pulse (designated the P-wave) of considerable 

intensity which approaches the end hemi-spherical free 

surface and is there reflected. It is considered that 

two reflected waves are generated; one is another P-wave 
and the other an S-wave. Both the latter reflected pulses 

are focussed or concentrated on the rod axis, each causing 
its own separate caustic curve or envelope and resulting 

in a well defined focus and fracture regions. In Fig. 2(a) 

we show a set of three calculated caustics and foci from 

Ref. (3) and in Fig. 3, the result of exploding a detonat

or (at A) on a Perspex sphere, which somewhat verifies 

them. (In Fig. 2(b), 0 is the centre of the sphere and xl 

Xz are the distances from 0 of the foci on a polar dia

meter. ) 
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x 

H 

Spall Plane 

Detonator 

Fig. 1 A diametral cross-section of a solid Perspex hemi
spherical ended rod showing the detonator position
ing and the reflection of a ray. 
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Detonator 

Fig. 3 An outside view showing the shape and locations of 
fractures in a solid Perspex sphere 

Experimental Work 

The circular section rods used as test specimens had whol

ly or plane-truncated hemi-spherical ends or plane ends. 

They were machined from Perspex acrylic stock the proper
ties of which are described in Ref. (11). The dilatation

al speed for this material is Cd = 2010 m/sec and the 

transverse wave speed CT = 965 m/sec. The rod diameters 

were 25.4 mm and their length, 1 0 , varied from 51 to 102 

mm. A few Perspex specimens of diameter 19 mm were also 

investigated. 
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The impulsive loading was obtained by exploding I.C.I. No. 

6 electrical detonators bonded to the flat end of each rod 

and placed on its axis of symmetry, see Fig. 1. 

For purposes of comparison a few Perspex and plaster of 

Paris specimens (d = 25.4 mm and 10 = 37.5 mm) with hemi
spherical and truncated ends were statically compressed 

(without lubrication) through diametrically opposed rigid, 

smooth, parallel platens in an universal testing machine. 

The various fragments of the tested specimens were col

lected carefully and recombined; the terminal fracture 

results of these tests are shown in Fig. 4. 

To photograph the evolution of the various internal frac

tures high-speed photography was employed; the set-up for 

photographic recording - at about 400,000 frames/sec - is 

similar to that described in Ref. (3). 

To obtain information about the shape, actual size and 

location of the internal fractures, the rods, after deto
nation, were very carefully sliced along two planes paral

lel to a diametral one through the rod axis. These slices 

(about 4 mm thick) were polished carefully and then using 

a microscope the fractures were enlarged and photographed, 

see Figs. 5 and 6. 

Fracture Location 

In Fig. 1, a plane wave (supposedly due to a detonation at 
pole A) is considered to travel along the axis to the cir

cular section rod and is shown incident on the distal hemi 

-spherical end; ray PC, is incident on the spherical sur

face at C with angle of incidence e and angle of reflec

tion.. The reflected ray, CF, intersects the axis of the 

rod through AB at F and for various positions of C, CF de

fines an envelope. For an homogeneous elastic sphere, 
sine/sin. = 1 if the rays PC and CF refer to incident and 

reflected dilatational waves, P-P (or incident and 
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~ 
d 

/ Cone 

1 

t PI aster 0 

~ _______ ( _a~) ______ ~~~ ________ _ ( b) 

x 

R.ng -c racks 

Merid ional -cracks 

Perspex 

(c) (d 

Fig. 4 Terminal fracture patterns in hemi-spherical 
truncated ended rods statically compressed. 
(a) A schematic diagram showing the position of 

the applied load and the fracture pattern in 
section. 

(b) Inside view for a plaster of Paris specimen. 
(c) Outside top view and (d) inside (x-x) view 

for a Perspex specimen. 



I) He ISp encal _ 

en ded rods 

(II) Trunca ed herrl

spherical - ended 
rods 

II i) Flat-ended rods 

Spall 

Fi g. 5 Terminal fracture patterns in Perspex hemi
spherical, truncated and flat-ended rods of an 
initial diameter 2S.4mm and various initial 
lengths; sliced specimens 4mm thick. 
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F 1 (x 80) 

( a ) 

~-

, 

F2(x80) 

(c) 

--~ 
~ 

- -

F 2 ( x 80) 

( b) 

Fig. 6 

Enlargement of fracture 
(diametral cross-sec
tion) . 
(a) and (b) Hemi-spher
ical ended rod (d=2S.4 
mm, 9.. 0 = 7Smm) . 
(c) Hemi-spherical 
truncated ended rod 
(d=2S.4mm, 9.. 0 = 74mm) , 
after explosive load
ing. 
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reflected shear waves,S-S). If PC is an incident dilata

tional ray (P) and CF a reflected shear ray (S) and to

gether denoted by P-S, (i.e. there is mode - conversion 

at C) then sin8/sin¢ = Cd/CT = n, say. (For the combina

tion S-P we would have sin8/sin¢ = CT/Cd = lin; 8 and ¢ 

are also supposed not to attain certain critical angles)4. 

The reflected rays thus give the caustic curves whose 

cusps or foci lie on centre-line AB, compare Fig. 2(a), 

and their position is easily found; each is associated 

with the limit when C approaches B. We have, see Fig. 1, 

x8'" (a - x) ¢ or x/a'" 1/(1 + 8/¢). (1) 

When 8=¢, (P-P and S-S combinations), x/a = O.S and 

thus a first fracture F1 is expected at O.Sa below the 

anti-pole, B. 

For 8/¢ = n, a P-S combination, 

x/a 1/(1 + n) = 0.32, for Perspex. (2) 

A fracture, F2, is thus expected at 0.68a below the anti

pole. If there was an S-P combination, 

Resu1 ts 

8/¢ = lin and x/a = n/(n + 1) '" 0.67, for Perspex. 
(3) 

1. Number of Fractures 

Only two fractures i.e. F1 and F2 were found, unlike the 

case of the sphere. This is probably to be expected in 

view of the predominantly compressive nature of the frac

ture initiating pulse, P. 

2. Fracture Detection 

In the case shown as Fig. 7(e), an F2 fracture was de

tected, but no F1; but both fractures are found to occur 
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for the next shorter rod, (d). We suppose the reason for 
this is that an S-type mode .of particle movement more 

easily generates visible damage than does a P-type, for 

this material with this geometry*. 

3. Fracture Location 

In the Table 1 the calculated lor theoret1cal) locations 

for the cusps of fractures (and voids), i. e. as from (1) 

and (2) above, are compared with the values measured using 
a travelling microscope; the lowest point on the axis is 

assumed to be the focus or identifying point for Fl and FZ. 
Refer to the enlarged views of the F1 and F2 regions in 

Fig. 6. The former overestimates the latter; this is as 

might be expected since the pulse is not plane, but slight

ly spherical. (For point shock-loading with a sphere, 

x/a = 1/3.) 

4. Times to Fracture Initiation 

The high-speed photographs of Figs. 8 and 9 show Fl appear
ing after about 3S ~sec. (The times marked in the photo

graphs were calculated from assuming the camera framing 

speed to be 400,000 frames/sec, filming being initiated by 
the detonation.) The time for a P-pulse to travel from 
the detonator to the opposite end the thence to Fl would 

be expected to be (~o + a/2)/Cd = (74 + 6.3)/2010 x 103 sec 
= 40 ~sec. The discrepancy is probably due to lack of 
precision in ~he knowledge of the framing speed. 

The fracture F2, appears about 12 ~sec after it; this 
seems excessive if we consider it to be solely an effect 

due to the P-wave reflection as (in par~ an S-wave. 

* Kolsky, in Ref. (12) observes that, "As far as is known 
the reflected shear wave does not, in general, influ
ence fracture phenomena in brittle solids". 
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Fig. 8 Showing the development of internal fractures in 
a Perspex hemi-spherical ended rod of an initial 
diameter 2S.4mm and an initial length 74mm, 
(speed 400,000 frames/sec). 
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Showing the development of internal fractures in 
a Perspex hemi-spherical truncated ended rod of 
an initial diameter 25.4mm and an initial length 
74mm, (speed 400,000 frames/sec). 
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s. Results for Truncated Hemi-Spherical Ended Rods 

The fracture and void formation in respect of location, 
times and physical appearance are substantially similar 

to those for the wholly hemi-spherical-ends; the foci 

positions are very slightly modified (as would be ex

pected) and the F2 fracture planes appear to be more 

curved when we compare Figs. 8(b) and (c). 

6. Fracture Plane Growth 

The growth of F2, into a large crack transverse to the 

rod axis is very notable, compare Figs. 7(c), (d) and 

(e) . 

7. Fracture Form 

In Fig. 6 enlarged views of the two fracture regions are 

shown. Their specific characters are similar to those 

found in an explosively loaded sphere with planes of frac

ture, or successions of small voids, variously orientated 

for FI and relatively large parallel planes perpendicular 

to the axis for F2. 

8. A Spall Plane at the Detonation End of the Rod 

A conspicuous feature of the terminal fracture patterns, 
see Figs. 5 and 7, is the appearance of a transverse spall 

plane at a constant distance from the detonator where 

P,o - 9,) is about 2.5 to 3 time the radius of the rod. 

9. Quasi-Static Compression of Round Ended Rods 

The resulting terminal fracture patterns as shown in Fig. 

4 have little or nothing in common with these explosively 

loaded rods. This was also found to apply in the case of 

solid Perspex spheres. 
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Conclusions 

The fracture sites which occur at the distal round end of 
circular section rods whose length exceeds a few times 
their diameter, when end-loaded by a detonator, have sim
ilarities to those found for spheres. The stress wave ini

tiated has a nearly plane front and this on reflection 

from the curved free surface causes two fractures - as 
opposed to three in the case of the sphere - at reasonably 
accurately calculable distances from the anti-pole. The 
time of emergence of the FI fracture is reasonably pre

dictable but the F2 fracture or void occurs later than 

expected. The physical damage caused at the FI and F2 
sites are similar to those found for the sphere. 
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Spallation Resulting from High-Velocity Impacts 

Ray Kinslow 
Tennessee Technological University 
Cookeville, Tennessee, U. s. A. 

A high-velocity projectile impact generally creates a 

crater in the target, driving a strong shock wave into 

the material. If the target is sufficiently thin, a 
puncture will result. If the target is relatively thick, 

the shock wave will rapidly decay into a spherical ela

stic stress wave. When such a pressure wave encounters 

a free surface, it is reflected as a tensile wave. 

The amplitude of the reflected waves may be of sufficient 

magnitude to produce fractures near and approximately 
parallel to the surface. The portion of the target mate

rial between the fracture and the rear surface is known 

as the "spall." The energy trapped in this spall may cause 

a rear surface bulge; or, if sufficiently great, the mate

rial may become detached from the target creating a shrap

nel effect. 

The fracture will be formed if the tensile stress reaches 
the critical dynamic strength Ca c ) of the target material. 
This fracture acts as a new free surface from which the 
tail of the pressure pulse is reflected. The tensile 
stress produced by this reflection may again reach the 

critical value, at which time a second fracture will be 

formed parallel to the first. The tail of the pulse is 

now reflected from this newly formed free surface and, if 

of sufficient magnitude, will produce additional fractures. 

As an example, a sawtooth wave profile is assumed for both 

the simplicity of the calculations and because it may 



roughly approximate an average pressure pulse. It has a 
length A and a maximum amplitude of 00 which is greater 
than the critical tensile strength 0c of the material. 
From the geometry of the pulse, it may be seen that a 

fracture will be located at a distance ~ = (oc/oo) (A/Z) 
from the rear surface. In this case of the sawtooth pulse, 

other fractures also will be the distance ~ apart. If the 

pulse profile is not linear as assumed in this example, the 

distance between fractures will not be equal. By section
ing a damaged target and measuring the fracture location, 

one can determine the actual pulse profile. 

The material velocity Vs can be determined by equating the 
impulse of the trapped part of the wave to the momentum of 

that portion of the material. The velocity of any.spall 

resulting from this pressure pulse is Vsn = [Zoo 

- (Zn - l)oc]/pc where n denotes the spall numb~r. 

Another form often used to represent the pulse resulting 

from impact is the decaying exponential pulse 

a = 0oexp(-at) where a and t are the decay constant and 

time, respectively. The thickness of the first spall re
sulting from the reflection for a free surface is: 

~ = -(c/Za)ln(l-oc/oo) and the spall velocity is 
Vs = -Zoe/pc In(l-oc/oo) = 0c/pa~. 

Similar results can be determined for any pressure wave 
which will depend upon impact conditions and target mate
rial. 



Micro-Dynamical Effects in High Speed Loading 
of Porous Metals 

E. H. LEE and R. L. MALLETT 
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Summary 

When porous metal is loaded in compression, after initial elas
tic deformation early plastic flow sets in due to stress con
centration around the pores. Plastic pore collapse causes a 
stiffening of the stress-strain curve as the material approaches 
the compacted state. When the loading is rapid, the closing of 
the pores and associated reduction in their perimeters causes 
acceleration of mater.ial in the neighborhood of each cavity even 
for constant strain-rate loading, and the associated inertia 
forces result in an effective rate-effect. This is a system 
effect due to the micro-dynamics of the porous material, and 
will be superposed on any material rate-effect. Specific examples 
of pore collapse and the associated rate effect are presented for 
an aluminum alloy, based on finite-element evaluations of the 
process. 

Introduction 

Porous ductile metals constitute ideal media for the absorption 

of mechanical energy on impact. The free surfaces of the pores 

permit plastic flow to occur with local stresses of the order of 

the yield stress in simple compression. If the porosity is such 

that the pore volume comprises a significant part of the total 

volume, then the externally applied tractions required to generate 

plastic flow will also be of the order of the yield stress. Ex

ternal tractions which can generate plastic flow include the case 

of pure hydrostatic compression which produces plastic flow with 

volume compression of the porous medium because the pores col

lapse. This comprises a degree of freedom not available in homo

geneous ductile metal. As the pores close up the porosity de

creases and the external compressive traction needed to maintain 
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plastic flow increases. The averaged or macroscopic constitutive 

relation for the porous medium as a whole, modeled as a continuum, 

then exhibits the characteristics of a locking material, for which 

the yield stress increases with a concave upward stress-strain 

curve. If the external pressure is sufficient to close the pores 

completely, then no additional plastic flow can occur under in

creasing hydrostatic pressure and the bulk modulus will corres

pond to elastic response. 

The decreasing surface area of the cavities as they collapse leads 

to a continuously increasing local collapse velocity because of 

the effectively incompressible nature of plastic deformation. 

For constant averaged or macroscopic rate of volumetric strain, 

new volume occupied by metal must replace pore volume the material 

being transported across the instantaneous pore surface of ever

decreasing area. Thus the local pore collapse accelerates, and if 

inertia forces are included, this acceleration demands larger 

compressive stresses to drive the system. If the whole process is 

carried out with a higher average applied strain-rate the iner

tia forces will be magnified and an apparent strain rate effect 

will be exhibited even if the response of the bulk metal is es

sentially rate independent, which is the case for many aluminum 

alloys for example. 

The Analytical Model 

The averaged, overall, stress-strain relation, expressing the 

response of a material element containing many pores, is termed 

the mac r 0 s cop i c stress-strain relation. This is de

duced by analyzing the m i c r 0 s cop i c motion in a 

single cell surrounding a pore cavity. 

In a porous medium the pores are usually distributed randomly, 

and under load the stress fields around them will interact with 

neighboring fields to an extent depending on the porosity of 

the medium. Because of the randomness of the configuration it 

is virtually impossible to evaluate a precise load deformation 

relation, so that in order to include such interaction effects, 

we analyze a particular global distribution of pares - one 
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periodic on a square space mesh. Our first calculation is based 

on a two-dimensional array of circular cylindrical cavities as 

illustrated in Fig. 1. 
We consider a problem of uniform one-dimensional compression 

set for an infinite porous medium as shown in Fig. 1, initial

ly undeformed and moving with the initial velocity distribution 

o (2.1) 

where vi is the particle velocity. This prescribes the ini

tial rate of strain 

av lax = - k 
1 1 

(2.2) 

to be a constant throughout the material. Because of the boun

dary conditions at the pore surfaces of freedom from traction, 

this uniform strain rate will change to a non-homogeneous dis

tribution as time progresses, but each square cell surrounding 

a pore will deform like every other cell since its initial mo

tion consists of uniform compression superimposed on the uni

form velocity 

-kx 1 
(2.3) 

where is the coordinate of the center of any particular 

cavity under study. Superimposing the constant velocity 

k xl on the entire body brings to rest the centers of cavities 

initially at xl = xl without affecting the equations of mo

tion, so that these cavities will deform just as does the one 

centered at the origin in Fig. 1, and similarly for all other 

cavities. Moreover, anti-symmetry in the xl direction of 

the modified initial velocity field about the cavity centers, 

xl = xl' dictates that they remain at rest in the subsequent 

motion, which implies moving with constant velocity - kXl for 

the prescribed initial velocity field (2.1). By a similar 

argument of superposing a constant velocity field vI = kXl ' 



where now corresponds to cell boundaries parallel to the 

X2 axis, it is clear that in the subsequent motion each of 

these boundaries moves with constant velocity - kXl and that 

they remain straight and parallel to their initial directions. 

By symmetry for the infinite medium, the cell boundaries para

llel to the Xl axis remain at rest. Also by symmetry, there 

are no shear tractions on any of the cell boundaries. This 

lack of r.e.straint permits motion along the boundaries of the 

material particles defining the boundaries. The initial zero 

velocity component v3 ' symmetry about the xl' x2 plane and 

the considered unlimited extent of the body in the x3 direc

tion, determine the motion to be plane strain with no dis

placement in the x3 direction. 

The discussion above demonstrates thatthe.deformation for any 

of the cells surrounding the cavities can be analyzed by sol

ving for the motion of a single two-dimensiDnalcell in plane 

strain with the boundary conditions shown in Fig. 2a: 

BC and AD 

AB and DC 

Xl = :!:. a, IX21.~a, VI + ka, 0 12 
x2 = :!:. a, Xl .:s.a, v2 = 0, 0 12 

o 
o (2.4) 

where the upper sign is associated with the first boundary 

listed, and vice versa. On the cavity surface the traction is 

zero, hence the normal and shear components of the stress there 

are zero. 

Symmetry and anti-symmetry of the geometry and boundary condi

tions for the single cell, Fig. 2a, determines that it is neces

sary only to solve the quarter cell problem shown in Fig. 2b in 

order to evaluate the stress and deformation distributions in 

the whole cell. 

Since pore collapse must be investigated a theory valid for 

finite deformation is needed so that plastic flow and associated 

change in geometry of the cell and deformation of the cavity 

must be considered. To obtain complete stress information, elas

tic-plastic theory must be adopted [1], and the complexity of 
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the geometry requires a numerical evaluation using a finite

element procedure. 

The elastic-plastic theory used in this study [2,3] assumes 

isotropic work-hardening based on the tensile. Kirchhoff stress 

versus logarithmic plastic strain curve shown in Fig. 3. 

80 

so 
1:$ = 80 ksl 

y = 4-5 kst 

N = 59.4-

Y\ ,. 0.222 

soo 

400 

~L-~L--O~.t~~--~Q~~~-L--~~~6--~--O~.B~-L--~I.O 

f!' 

Figure 3 Stress-strain curve for aluminum alloy 

This curve is intended to be typical of altnninum alloys at 

ambient temperatures and it represents the following analytic 

expression 

(2.5) 

suggested by Hockett and Sherby [4] for large strain of poly

crystalline metals at low temperature. Y and TS designate 

the yield stress and steady-state saturation flow stress re

spectively and nand N designate dimensionless material 

constants which control the shape of the curve. Some large 

strain torsion experiments led to the adoption of the following 

values for these four parameters: 



y = 45 ksi 

T = 80 ksi 
s 

(2.6) n = 0.222 

N 39.4 

An incremental finite-element procedure based on the large defor

mation formulation of McMeeking and Rice [2] was adopted. The 

basic finite element employed was a four noded quadrilateral 

constructed from four constant strain triangles formed by the 

quadrilateral's diagonals. This element avoids the well known 

difficulties connected with the nearly incompressible deforma

tions associated with plastic flow and has been discussed by 

Nagtegaal, Parks and Rice [5]. 

The history of stress and deformation for one-dimensional com

pression of the two dimensional porous media model was deter

mined for three different values of porosity (defined as the 

ratio of pore volume to total volume) p = n/32, 2n/32, 4n/32, 

corresponding to the following initial pore radius to cell half 

width ratios: r /a = 0.5/12 , 0.5 ,0.512 The finite-
o 

element network was obtained in each case by mapping an 

n x m rectangular array of quadrilateral elements onto the 

quarter cell (Fig. 2b) so that nand m denote the number 

of elements along the radial and circumferential edges ·of the 

quarter cell respectively. Specifically, 11 x 16, 8 x 16 

and 5 x 16 networks were used respectively for the three 

porosities. The radial dimension of the elements was chosen 

to increase with radial position so that the four edges of 

each element would initially be approximately equal. The 

solution obtained with the 8 x 16 network was compared with 

solutions using 4 x 8 and 6 x 12 networks in order to 

establish that a sufficiently refined finite-element mesh was 

being used. Fig. 4 shows the undeformed 8 x 16 finite-ele

ment network used for the r /a = 0.5 case (p = 2n/32). 
o 
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Figure 4. Undeformed finite-element network (r fa 0.5) 
o 

Stress and Deformation Distributions 

The finite element evaluation of the stress and deformation dis

tributions was first carried out for quasi-static motion in 

which inertia forces were neglected. The porosities considered 

were not sufficiently close to unity to produce buckling of the 

cavity walls due to the compressive loading, as would, for 

example, have been the case with honeycomb material made of alu

minum sheets. 

Since the compressive deformation was initiated by the constant 

velocity motion of the right hand cell boundary in Figs. 2b 

and 4, as restrained by the fixed vertical line of symmetry 

Xl = 0 (the left hand boundary in Figs. 2b and 4), plastic flow 

developed initially in the elements at the top of the cavity 

boundary. The region of plastic flow then gradually spread to 

include all the material above the cavity and eventually to 

include all material except for an elastic region occupying 

the lower right hand corner of the quarter cell in Fig. 2b. 
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Figure 5. Deformed finite-element network (r fa 
o 

0.5) . 

Fig,S shows the deformed finite-element network for the r fa 
o 

0.5 case after the cell width had been reduced by 16% and the 

cavity size had been reduced by about 76%. This amount of com

pression required 159 incremental steps of the computation. 

It is interesting to note that the cavity deforms into an ap-

proximately elliptical shape with its major axis parallel to 

the direction of compression. This feature can be understood 

by envisaging a cell defined by boundaries parallel to the xl 

axis in Fig. 1 passing through the centers of adjacent cavities. 

The cell then has the configuration of a notched specimen in 

compression so that plastic flow in the neck of the notch tending 

to increase its cross-section corresponds to narrowing the cavity 

perpendicularly to the direction of compression. 

The solution for the stress distribution over the cell, Fig. 2a, 

determines the micro-stress component all (~a, x2,t). Avera

ging this over the boundaries Be or AD (the distribution 
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being the same by symmetry) gives the macro-stress Gll(t), 

associated with the average nominal compressive strain across 

the cell 2 kat/2a = kt : the compressive macro-strain Ell' 

The resulting macro-stress macro-strain relations for the three 

initial porosities considered are shown in Fig. 6. The stress 

has been non-dimensionalized with respect to the initial yield 

st=ess Y. The initial elastic response is evident, followed 

by macroscopic "hardening" uf the porous material as the cavi

ties close up. 
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Figure 6. Computed macro-stress versus macro-strain curves 
for three values of pore radius to cell half-width 
ratio, r /a 

o 

A detailed description of the quasi-static solution has been 

presented since such analyses can be shown to be valid for the 

investigation of many impact problems which arise in practice. 

For high strain rates, however, the influence of inertia forces 

can become significant, but wave propagation effects will still 

not appreciably influence the micro-motion in a single cell, as 



shown in [6]. A method of computation was devised [6] which 

incorporated inertia effects but eliminated the consideration 

of wave propagation. This was necessary to ensure satisfactory 

accuracy without excessive computational costs. 

In order to evaluate the effective strain rate influence arising 

from the inertia of accelerating material near the cavity boun

daries, dynamic solutions were obtained for several values of 

the applied straining velocity, vI = ka, Fig. 2, or equiva

lently of the macroscopic compressive strain rate k = vIla. 

For quasi-static analysis in which inertia forces are neglected, 

the stress and strain solutions are independent of cell size 

and rate of compression if the progress of the motion is ex

pressed by a representative strain magnitude, such as the macro-

scopic nominal strain kt This follows from the fact that the 

plasticity law, (2.5), is rate independent. However incorpora

tion of inertia terms introduces time scale effects. Dimen-

sional analysis shows that although solutions for different 

cell sizes are geometrically similar, the applied strain rate 

must be scaled. We evaluated the solutions for a standard 

medium with cell dimension a = I", and for several values of 

the macroscopic nominal strain rate k. If the cell dimension 

in the medium is changed by a factor b , then the solution 

evaluated for the standard medium will correspond to a nominal 

strain rate k/b in the actual medium. Thus for a cell dimen-
-3 sion a = 10 in, the solution evaluated for nominal macroscopic 

strain rate k will correspond to a strain rate 103k in the 

porous medium. 

Fig. 7 shows the macroscopic stress-strain relations for the 

standard medium computed for different values of the average 

strain rate, vIla = k , for initial porosity corresponding 

to r la = 0.555 The compressive stress is averaged over 
o 

the width of the cell so that the stress-strain relations corres-

pond to one-dimensional strain of the bulk porous medium. 

These calculations were carried out [6] using the measured 

stress-strain curve introduced numerically into the program 
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Figure 7. Computed macro-stress versus macro-strain 
curves for different applied strain rates, 
k = vIla sec-I. 

and not through eq. (2.5). Since only small strains were gener

ated this did not involve any discrepancy. Finite elements 

in the form of constant strain triangles were used rather than 

the four-noded quadrilaterals described in connect'ion with the 

other calculations. However, it was ascertained that for this 

problem of compaction of a porous medium, the increase in the 

applied force is sufficiently rapid to cause an increase in 

elastic volumetric strain which eliminates the incompressi

bility constraint often encountered with elastic-plastic prob

lems. 

Fig. 7 indicates that there is a negligible effective strain 

rate influence for the standard medium unless the macroscopic 

rate of strain, k, exceeds 10 sec-l For higher strain 

rates, as described earlier, the inertia associated with the 

collapsing pores demanded an increased compressive force which 



constitutes a system rate effect, even though the matrix material 

was assumed to obey a rate-independent plasticity law. Herrmann, 

[7], has shown using shock-wave propagation experiments that for 

the aluminum alloy 606l-T6 rate of strain influences are not ob

served below a strain rate of 104 sec-I. Accepting these meas

urements and the porous medium calculations to be typical of an 

aluminum alloy, the microscopic configuration of the porous medi

um thus generates a system rate effect comparable with the mate

rial rate effect for pore separations of the order 10-3 in. 

Courser porous media will exhibit a greater system rate effect 

and for finer porous media material rate properties will dominata 

Discussion 

The analyses of the response of a porous medium to compressive 

straining, based on the initial configuration of Fig. 1, incor

porates the corresponding specific interaction effect between 

the pores. Earlier research on continuum models of porous media 

have incorporated simpler pore-interaction models such as the 

"composite spheres assemblage" of Hashin [8] which considers 

the body to be filled with spherical annuli having constant poro

sity and varying radii having no lower limit. Loading is limi

ted to hydrostatic pressure and a hydro-dynamic continuum model 

is deduced. Carroll and Holt [9] developed an analogous model 

but utilized only one spherical annulus which generated a con

tinuum model using the concept of a self-consistent body, such 

that under hydrostatic pressure deformation of the continuum was 

compatible with that of the embedded spherical annulus. Defor

mation local to the cavity was evaluated, leading to inertia 

effects similar to those discussed in the previous section. The 

advantage of analyzing a specific configuration, such as Fig. 1, 

is that interactions for other than hydrostatic pressure loading 

can be investigated. For example, one-dimensional strain para

llel to the direction xl = Xz would generate a different mode 

of interaction between pores. 

Studies of the type presented in this paper would enable a 

continuum model to be formulated which would represent the 

261 
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response of a porous medium. This could then be combined with 

the usual equations of motion to determine macroscopic stress 

and strain distributions. Inertia terms would appear and lead 

to wave propagation or vibration effects, but this would be 

associated with the macro-motion. The micro-motion on the scale 

of the individual cells would have been incorporated into the 

continuum model along with micro-inertia influences which are 

embodied in the strain-rate characteristics of the continuum 

model. Such influences would, for example, have an important 

bearing on the analysis of the propagation of shock waves 

through a porous body. The system rate influence would spread 

the shock wave profile and interact with the steepening of the 

profile associated with the concave upward characteristic of 

the macroscopic stress-strain curve already described. Thus 

the effect of inhomogeneitie~ in the porous medium would exert 

an influence on wave propagation through the mechanism of a 

more complex homogeneous continuum model. 
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Summary 

A method is proposed for describing the constitu
tive equation which is convenient to the experimental 
determination of characteristic parameters representing 
the mechanical behavior as well as the execution of nu
merical analysis. It is based on the mechanical model 
of generalized Voigt type comprising elastic, plastic, 
and rate-dependent viscoelastic components being con
nected in series. The relation for the general three 
dimensional case is derived first and the implications 
of relevant terms are discussed in detail by considering 
the uniaxial stress field. Numerical example of the ap
plication of the proposed method concerns with the solu
tion of one demensional viscoelstic wave propagation by 
the finite difference and finite element methods. 

Mechanical Model Approach 

The mechanical model on which the present formula
tion is based is essentially a series combination of the 
simple Maxwell, plastic, and simple Voigt (or Kelvin) 
elements as shown in Fig.l. 
stress analysis, the thermal 
The total strain-rate {~} is 

For convenience of thermal 
component is also 
then given by 
• P ·8 • 

+ {£ } + {£ } + L{£.} 
1 

included. 

(1) 

The elasic and creep strain-rates of the simple Maxwell 

model are given by 

(2) 
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simple Maxwell 
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yield (unction, ( 
plastic potential, g 
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I 
I 

Fig.1 Generalized 
Voigt model 

~CieJ [1/;] 

simple Voigt 
element 

{ ;.c} [ ]-1{} 
c. = ng 0 (3) 

and the strain-rate {E i } of a generic simple Voigt ele

ment is 
• -1 -1 e 

{E.} = [n.] {a} - [n.] [D. HE.} (4) 
1 1 1 1 1 

where [C e], [D. e], [n ] and [n.] represent the flexibi1-
g 1 g 1 

ity, stiffness, and viscosity matrices respectively. 

The plastic component is assumed to be derivable 

from the plastic potential g(o .. ) as 
1J 

Here the equivalent 
strain-rate ~P are 

plastic 

and 

{£p} = ~{ag/ao} (5) 
-stress 0 and 

introduced as 

work-rate wP 

o=f(o .. ) 
1J 

equivalent 
follows 

= LO J {sP} 

plastic 

-~p 
OE (6) 

(7) 

Usually 0 is defined such that it assumes the value which 

is equal to that of the yield function f evaluated from 

the current stress {a}. Substituting fEP} form Eq. (5) 

into Eq. (6), we have 
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c = a (8) laj{ag/aa} 

The strain-hardening hypothesis which we adopt in the 

present formulation states that 

a = f(a .. ) = f(fiPdt, T) 
1] 

(9) 

Eq. (9) incorporates the effect of temperatuTe T on the 

equivalent stress cr. The differential form of Eq. (9) is 

where H' represents the strain-hardening rate 

H' = ao/a"EP 

From Eqs. (8) and (10) 

L at/aa J {cr} - (acrldT)T 
c H' 

Substituting A from Eq. (12) into Eq. (5) 
. . 

(11) 

(12) 

{~p} = c l at/aa J{ak, - (acr/aT)T {aglda} (13) 

It is worth pointing out that the effect of plastic 

equivalent strain-rate ~P on cr can be allowed for in the 

similar way as that of temperature T is included in Eqs. 

(10), (12), and (13). 
Summing up the contributions from Eqs. (2), (3), (4) 

and (13) to Eq. (1) 

{~} ([Cge ] + cLaf/aaA~ag/aa}){cr} + C[ng]-l + E[ni]-l){a} 

- L[n.]-l[D.e){E.} + {~e} _ cCaO/J,T)T {ag/aa} 
1 1 1 

(14) 

By adopting the von Mises condition for the yield cri

terion f as well as for the plastic potential g, Eq. (14) 

assumes the following form in case of the isotropic 
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viscoelastic plastic material 

. 
E, , 

IJ 

1 1 
+ -32:6, '(-T -

IJ Gi 
1 

TKi ) (Ekk)i 

(15) 

where 

B = 1 + E __ l__ B = 1 + E __ l__ (16) 
G nGg nGi' k nKg nKi 

C and n denote the elastic compliance and the coeffi
cient of viscosity, with subscripts G and K which refer 

to the shear and bulk components respectively. TGi and 

Tki represent the retardation time for a generic simple 

Voigt element TG' = CG,nG' and TK' = CK,nK,. For sim-
I 1 1 1 1.1 

plicity, terms connected with thermal effects have been 

omitted in Eq. (15). 

Eq. (15) can be written for the uniaxial stress field 

Ox as the following by using the conventional notation 

and assuming that the coefficient of viscosity nK for 
bulk deformation IS infinite 

. 
( 1 1 • C __ l __ 1 2 1 E = E + IF )ox + + E--) ° -E-CE - Ey)i x nEg nEi x 3 TGi x g 

(17) 
v 1 • 1: C __ l __ 1 1 1 E (-~ - 2H')ox - + E-)o + -E-(E E ), y 2 nEg nEi x 3 TGi x Y 1 

where 

(18 ) 

E and v are the Young's modulus and Poisson's ratio re-
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spectively. 

Eq. (17) features the inclusion of plasticity in 
terms of strain-hardening rate H' defined by Eq. (11). 

Further, it should be pointed out that characteristic 

parameters Eg , nEg' nEi'" can be variable, though they 
are regarded as constants in linear viscoelasticity. For 

example, the rate-dependent constitutive equation of 

Malvern type [1] . 
o + k[o - feE)] (19) 

is considered to be a special case of Eq. (17). In fact, 

Eq. (19) is obtainable from Eq. (17) by assuming nonlinear 

dashpot having a property 

k[l - f(£)/o] 
E (20) 

More definitely, Eq. (14) or (15) is a generalization of 

the following constitutive equation of Perzyna [2,3] 

. 
e .. 

1J 
+ 2...<1 

2n 
k -->s .. 

IJ.: 1J 
2 

(21) 

The Johnston-Gillman's postulate [4] can also be included 
in Eq.(14) or (15) by introducing approproiate nonlinear 
coefficient of viscosity as well as retardation time. 

Eq. (14) and its isotropic version of Eq. (15) are 
convenient to determine the characteristic material pa
rameters from the test data obtainable at simple stress 

conditions. However, for the purpose of numerical anal

ysis, particularly by the finite element method, inverted 

type of expression of Eq.(14) is preferable. Inversion 

can be effected [5] by an indirect procedure recapitu

lated in the following. In essence, it is to have an ex-
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pression of ~ in terms of {~}, which in Eq.(12) is given 
as a function of {cr}. 

We first have from Eqs. (1) through (5) 

1 -1 -1 e 
+ ([n]- + L[n.] Ha} - L[n·] [D. ]{£.} 

g 1. 1. 1. 1. 

(22) 
Premu1tip1ying Eq. (22) by [D e] 

g 
[C e]-l and rearranging, 

g 
we have 

. e·· -9 • e . 
{a} = [Dg ]{£ - £ } - A[Dg ]{ag/aa} - {A} (23) 

where 
-1 e -1 e 

+ L[n i ] ){a} - [Dg ]L[ni] [Di ]{£i} 

(24) 

Substituting {a} from Eq. (23) into Eq. (12) and solving 
o 

for A 

Ldf/aaJ([Dge]{~ - ~6} - {A}) - (acriaT)! 

HV' 
(25) 

where 

HV' = H'/c + Ldf/aaJ [Dge]{ag/aa} (26) 

Introduction of ~ from Eq. (25) to Eq. (23) leads to 

o p 0 08 c 0 0a 
{a} = [DV HE - £ } - [DV HA} - {a } (27) 

where 

[D c][D e] 
V g 

(28) 

°a {a } = -
[D e] {dg/aa} 

g H ' (aa/dT)T 
-V 

(29) 

Eq.(27) is an extension of the e1astic-p1actic con-
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stitutive equation [6,7] to the material having rate
dependent component. It can be shown [5] that Eq.(27) 

covers the relation from the creep potential theory which 

is frequently employed in the elastic-plastic creep anal
ysis of structural component. 

One Dimensional Viscoelastic Wave Propagation 

Although Eq. (14) and its inverted form given by Eq. 
(27) are quite general and applicable to the wide classes 

of continuum mechanics, we consider here the one dimen

sional case of viscoelastic wave propagation. Assuming 

isotropic material property along with the infinite co

efficient of viscosity nK for bulk deformation, relevant 
constitutive equation are from Eqs.(17) and (4) 

where 

(_1_ 
nEg 

and notation TEi 

+ E_1_)o
nEi 

is 

. 
E· 

l. 

used here 
For the simple Maxwell model, 

. 

. 
cr + 

Eg 

Ei 
TEi 

for TGi 
Eq. (30) 

defined 

reduces 

. 
+ EE. 

l. 
(30) 

(31) 

by Eq. (18). 

to 

nE.& 0- + cr cr = E £ 0- T = (32) E = 
Eg 

or - TEg g , Eg E nEg g 

In practical application, it is often advantageous 
to derive appropriate finite difference formulas from 
differential relations of Eq&(30) and (32). A relation 
which assumes the linear variation of £ in time interval 
~t of intergration has been described by Yamada [8] for 

the case of Eq. (30). An alternative is to assume the 

linear change of both £ and a. In this case, we have 

from Eq. (32), for example, the following finite differ
ence formula 



6.0 
E 

1 + 6.t7C2T )6.£ Eg 
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(33) 

Yamada and Nagai [9] have employed successfully the 
finite difference relation of the type given by Eq. (33) 

in their analysis of one-dimensional viscoelasic stress 

wave propagation. In the computation, the integration 

scheme of Newmark with S = 1/6 is used. The choise of 

this value for S is equivalent to the assumtion of linear 

variation of particle acceleration during interval 6.t and 

considered to be consistent with that made for ~ and cr in 

deriving Eq. (33). Fig.2 depicts the finite element solu

tion for one dimensional elastic wave in comparison to 

the analytical one. It can be seen that the finite ele
ment method gives completely accurate answer with the use 

of consistent mass matrix and the correct ratio of time 

step 6.t to element length 6.£, i.e. 6.t/6.£ = lie, where c 

represents the velocity of elastic wave propagation. 

~ 

~ 
E 
E 

~ 

~ 
0 ·u 

'" 
0 
q; 
~ 

!: 
~ .. a 

0 

v =/ mm/ms 

+r; -------------5~fie_ 
-- analytical solution 
00 0 finite element method 

t=O.OBm. 

consistent mass matrix 
Ii m e step l!. t = l!.l/c 

O/~------~/~/------~2~/-----~J~/-------~~/~~~~5~/ 

node number 

Fig.2 Elastic wave propagation with 
discontinuous wave front 
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o 

T'= 1 

o 

o 

2 

-P~' =i0/'{T(T~lMHIT'-!) 

T'=2 

- analytical solution 

00 Q finit • • I.m.nt m.thod 

J E _ 20 000 kg!/mm2 f r-0.02 mHc, T'=YT 

J 

Fig.3 Viscoelastic wave propagation, 
simple Maxwell model 

5 

Fig.3 is an example showing the propagation of decaying 

wave in viscoelastic material. A simple Maxwell material 

is selected in this example. Again the agreement with 

the analytical solution [10] is satisfactory, not only in 

the stress wave form but also the magnitude of stress dis

continuities sR at wave front 

-sR/pcv = exp(-,'/2), " = tiT (34 ) 

where p and v denote respectively the density and con

stant impact velocity, and " is a nondimensiona1 measure 
defined by the ratio of natural time t to relaxation time 

T = nEg/Eg of the simple Maxwell model. 

In the finite difference solution, the constitutive 

relations such as Eq. (30) or (32) is directly combined 

with the equation of motion 

p av/at - as/ax o 0 
o ( 35) 
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and an additional diffential relation 

av/ax - ae/at = 0 (36) o 

where v denotes particle velocity. For convenience, we 
have used conventional stress s and strain e, material 

density p before deformation, and convected coordinate 
o 

x in the above expressions. o 

Eqs.(3S) and (36), together with the constitutive 

equation, lead to a system of differential relations 

along the characteristics of hyperbolic partial differen

tial equation. For completeness of the finite difference 

computational scheme, we should further establish the 

Hugoniot type equation which refers to the momentum 

change at the discontinuous wave front. Yamada and 

Sawada [9] obtained the pertinent finite difference rela

tions for the simple Maxwell material and applied them to 

the solution of wave propagation in the bar of finite as 

well as infinite length. Further, they extended the sim

ilar computational scheme on finite difference method to 
the generalized Voigt material which is composed of up to 

five elements (three elastic and two viscous elements) 

[10] . 

In this symposium, viscoelastic wave will be dis
cussed by Nakagawa et a1. [13]. Rate-dependent material 
having Malvern and/or Johnston-Gilman type of constitu
tive equation will be the topic of paper by Kawata et al. 
[14]. Besides these two symposium papers from Japan on 

rate dependent material, a work has been published by 
Yokoyama and Tsuzuki [IS] on the wave propagation in a 

bar of pure copper characterized by Malvern's type of 

constitutive equation. Numerical experiments by the 

finite element method on Malvern and Johnston-Gilman ma

terials have also been carried out by Nakagiri [16]. 



274 

Concluding Remarks 

Constitutive equations based on the mechanical model 

of the generalized Voigt type are summarized. The equa

tions which are originally written for three dimensional 

case are considered to provide the necessary degree of 

sophistication for inelastic analyses and feature the 

easiness of experimental assessment of parameters char

acterizing the material properties. Parameters are not 

necessarily to be constant but can exhibit nonlinear be

havior in the incremental expression of constitutive 

equations. It should be pointed out that the proposed 

equations incorporate plasticity effects, and therefore 

include the one used by Fukuoka [17] in the analysis of 

combined tension-torsion waves in elastic-plastic tubes. 

The author hopes the constitutive equations that have 

been proved to have many useful applications in qua

sistatic nonlinear analysis will be examined extensively 

in the field of dynamics. 
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Summ.ary 

The propagation of plane waves of combined longitudinal and trans
verse motion through a rock mass containing a major set of regularly 
spaced parallel joints is discussed. The continuum description 
adopted supposes that wavelengths are large compared with joint 
spacing, and joint slip is small compared with joint spacing. 
Elastic intact rock is assumed and joint motion is restricted to 
tangential slip governed by a Coulomb failure criterion and sub
sequent ideal slip, dilatancy is excluded to simplify the descrip
tion and predictions. Plane strain in a plane containing the 
propagation direction and inclined joint normal normal is assumed. 
The mathematical constitutive description is equivalent to an an
isotropic elastic-plastic theory with non-associated flow rule, 
even when the intact rock is isotropic, so the present wave results 
extend those of the classical isotropic model with associated flow 
rule. In the case of isotropic intact rock the three physical 
parameters governing the material response are the ratio of the 
bulk and shear elastic moduli of the rock, the joint friction co
efficient, and the joint inclination. Detailed results are pre
sented for this case. 

Conditions for real characteristics (wave speeds) in both elastic 
and slip regions are obtained, and also conditions for the inter
leaving of the slip shear wave speed, elastic shear wave speed, 
slip longitudinal wave speed, and elastic longitudinal wave speed, 
which always occurs in the classical theory with associated flow 
rule. In the interleaving case it is shown that the ten types 
of wave interaction at a continuous interface between elastic and 
slip regions are correctly matched, but for non-interleaving some 
interactions are undertermined and some overdetermined. With the 
non-associated flow rule of this model, non-interleaving occurs 
for reasonable ranges of the three parameters, suggesting that non
associated flow rules are not acceptable. 
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As final illustration the five possible single-interface wave pat
terns initiated by a monotonic increasing normal pressure over a 
plane boundary are analysed, and it is found that only one type 
gives a non-trivial valid solution, restricted to particular ranges 
of the three parameters. 

The detailed theory and illustrations are presented in Morland [1]. 
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Abstracts 

The paper is concerned with the experiment on the multi
axial stress-strain relations in time dependent materials. 
In order to examine the dynamic behavior of solid materi
als under combined stresses, a testing machine for apply
ing the impulsive torque and tension simultaneously to 
the specimen has been desined. Experiments are performed 
with various ratios of torque to axial force by the e
quipment. During the loading process, the load ratios 
are kept constant, and we can obtain almost proportional 
loading. Equivalent strain rates are about 30 sec-I to 
50 sec-I. The dynamic yield surfaces in the (J - 'Z plane 
are ellipse like Von Mises's yield surface in static 
loading, but the radii are larger than the static one and 
time dependent property is found clearly in biaxial load
ing too. The flow lure can be expressed by the Perzyna 
type formula. 

Introduction 

The behavior of the materials subjected to the dynamic 
plastic deformation depends on various factors e.g. 

strain rate, strain history, temperature, grain size and 

so on. Many investigations on the effect of those fac

tors have been performed mainly under uniaxial stress 

state because of the simplicity of the theoretical analy

sis and the easiness of the experiment l . Recently, the 
theoretical researches2 ,3,4,5 on the dynamic behavior of 
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materials under combined stresses have been worked out by 

some investigators, but it seems that few experimental 

studies on the constitutive relation under multiaxial 

dynamic stresses has been reported yet 6,7. In the 

present paper, the yield surface and the flow rule of an

nealed aluminum under impulsive biaxial loading are ob

tained experimentally. 

Testing Machine 

Test equipment for applying the impulsive torque and ten

sion simultaneously to the specimen is a torsion bar type 

device 8,9 as shown in Fig.l. AB is a striker bar of 

Fig.l 

1<----600----ojo. 

STRAIN 
METER 

OSCILLO
SCOPE 

BAR 

D 

Schematic view of testing machine. 

steel which is clamped at one end B and is twisted and 

pulled at the other end A to store the torque and axial 

force in the part AB. BC is a specimen of aluminum of 

thin walled cylinder. CD is an output bar which is used 

to measure the torque and the axial force applied to the 

specimen. Those three parts are pasted face to face 
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collinearly by the cement Bond E39Y6. The striker bar is 

made of carbon steel S45C which has a sufficiently higher 

yield stress than that of aluminum test specimen. Its 

dimension is 800 mm long with circular cross section of 

10 mm diameter, and the clamped part of the bar about 10 

mm long from the end B has been treated by the high fre

quency hardening in order to avoid the plastic deformation 

due to the clamping force. Copper tube is used as the 

output bar. Its dimensions are 830 mm in length, 10 mm 

in outside diameter and 1 mm of wall thickness. As the 

test specimen, commercially available pure aluminum 

purity; 99.7 % ) is used. The shape and size of the 

specimens are shown in Fig.2. They have hut shaped ends 

----1----

I I 
I -&-&-& 

-H-- --+I- cD 0) ~ 

I 

O.5-j F 

Fig.2 Specimen. Fig.3 Clamp mechanism. 

so that they can be bound well to the striker or the out
put bar. They were annealed before testing by keeping 

them at 400°C for 1.5 hours. Wire strain gauges are 
mounted on the specimen, one in the direction parallel 

to the axis and the other in the direction inclined to 

the axis by 45°, to measure the axial and shearing strains 

of the specimen, respectively. On the output bar, strain 

gauges are mounted in the same way as on the specimen, to 

measure the axial force and the torque applied to the 

specimen. 
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Having the strain energy stored in the part AB, if we 
release the clamp at B in an instant, the torque and the 

axial force will be applied to the specimen and the stress 
wave will be transmitted to the output bar. Applied 
forces were adjusted not to exceed the elastic limit of 

the output bar so that we could obtain the stresses in 

the bar by measuring its elastic strains. We assumed 

that the stress waves passing through the test specimen 

of aluminum had the same value as those of the output 
bar. Strains in the test specimen were obtained directly 

by the strain gauges ( KFC-I-Cl-ll ) on it. 
Fig.3 shows the schematic view of the clamp mechanism. CD 
and ~ are the rest stand to support the specimen. If we 
pull the metal band (5) in the direction of the arrow, the 
sector plate QD holds the specimen firmly by the friction 

and the rotation of the specimen is restricted. The 

axial movement of the sector plate is also restrained by 

the stand block ~ and so the axial force F of the specimen 
is supported by the stand (2) through the sector plate ® . 
If the tension of the belt (5) is released in an instant by 

cutting the notch of the bar (Q) with a chisel or by a 

brittle fracture of the notch, the torque and the axial 
force propagate simultaneously along the specimen BC and 

the bar CD. 

Experimental Results and Discussions 

The performance test of the equipment was done first in 
elastic range. The oscillogram obtained in the pure 
torsion impact test is shown in Fig.4. Beams (i) and 

(ii) show the outputs from strain gauges axially and sym

metrically mounted on the output bar in the direction 

parallel to its axis. Beams (iii) and (iv) are the out

puts from strain gauges mounted in the direction inclined 

to the axis by 45°. Comparing beam (i) or (ii) with beam 

(iii) or (iv), we find that the ratio of the former to 
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Oscillogram of pure torsion impact test. 

the latter is about 10-2 • We find also that beams (iii) 
and (iv) are in good agreement with each other. They 

show that we can obtain almost pure plane waves by our 

device. The rise time of the impulsive load is about 

100 ~ sec. 
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Experiments were performed at the room temperature with 

several kinds of ratio of the torque to the tension. 

Figure 5 shows one of the osillograms obtained in our 

test. Beams (1) and (ii) in the figure show the outputs 

from strain gauges on the output bar, from which we can 

find the axial and shearing stress variations of the a

luminum specimen with time. Beams (iii) and (iv) are the 

(iii 
(iv 
( i 

(11 

Fig.5 Oscillogram of impact test under biaxial 
loading. 
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outputs from strain gauges on the specimen, from which we 

can find its axial and shearing strain variations with 

time. The scales of the ordinate per dividion are 73 x 10-6 

for beams (i) and (ii), and 2900 x 10-6 for beams (iii) and 

(iv). The time scale is 100}lsec per division, and after 

320p.sec, all the beams are affected by the reflective 

wave from the end of the striker bar. 

Stress paths in the specimen, obtained from beams (i) and 

(ii), are shown with thick solid lines in Fig.6. They 

3·0 equivalMt plastic strain (010) 

Fig.6 Yield surfaces in dynamic and static test. 

show that the specimen is almost proportionally loaded 

during the loading process. The marks of X in the figure 

mean the yield points under static test, and the thin 

chain line is the initial yield surface of the material 

under static test. Thin solid lines in the figure show 

the yield surfaces under the dynamic loading, which are 

defined as contour lines passing through the equal equiv

alent strain points. The ratio between the major axis 

( tension stress axis ) and the minor axis ( shear stress 

axis) in the yield surface is about 1.51 except the e

quivalent plastic strain line of 0.1 per cent. Consider

ing that the value of the ratio in Mises'yield surface is 
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13, its deviation is about 13 percent. But it should be 

noted that equivalent plastic strain rates in our experiment 
are about 30 sec-I to 50 sec l , and their values at each 

points in the figure differ from each other. The correction 

to the strain rate effect will be shown later. Thin broken 

lines in the figure are those obtained from the static tests 
of about 1. 0 X 10-S sec-I plastic strain rate. Those lines 

correspond to the equivalent strains of 0.1, 0.2, 0.4 and 

0.6 %. Comparing the dynamic yield surfaces with static 

ones, the former is larger than the latter. This means that 

aluminum is rate dependent in the combined torsion-tension 

dynamic loading as in the one-dimensional dynamic test. 

If we assume the Mises' yield function as a plastic poten

tial F ((Jii), the flow rule will be expressed by 

aa :; ~ of/aOlj =-l <rq (1) 

where E~i means the plastic strain rate and <J.:~.the devia

toric stress. According to the generalized Malvern's 

hypothesis, in which plastic strain rate is assumed to be 

a function of the over stress, sa is expressed as follows. 

!=-~(~-..b-) (2) 
OS 0-

When the function ~ is linear, the flow rule is 

~~i ::: 12 ( ~s - ~) (ri~ (3) 

where 0' is the dynamic equivalent stress, o-s is the static 
one and ~ is a material constant. In order to examine 
the validity of the rule under high velocity deformation, 

the material constant ~ was calculated from our experimental 
results. Table 1 shows the value of ~ taken every 25 ft sec 
from our experiment in Fig.6. Characters a~e in the table 

mean the stress paths shown in the figure and the stress 

ratios of 7/~ are 2.30, 1.05, 0.80, 0.44 and 0.25 respec

tively. The mean value of P<- is 174 sec-I and the deviation 

from its mean value is less than 12 %. This suggests that 

the hypothesis holds approximately under dynamic combined 

stresses. 
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time 
(ps) a b c d e 

50 180 150 180 170 120 

75 160 180 170 170 160 

100 160 180 180 170 180 

125 180 190 180 200 180 

150 170 180 200 180 

mean 170 175 178 182 164 

Table 1 Values of k (sec-I) 

In the case of proportional loading, the ratio a-..:;!f is 

constant, and so, we have the following relation from 

equat ion (3) 
, pI' P 

(Jil' =: OS ( i":i + *J') == ~ ( i.;i-r Cq) (4) 

or denoting the deviatoric stress corresponding to the 
.~ ?t 

strain rate E~oi by (J;:l ' we have 

1'l 1>1. Cfs(''I1. '1M.) ( ) tr;.°i := Cft°j ;- ~ E£j - Cii 5 

By using eq. (5), the deviatoric stress ~1 under the strain 
, ')t ..... 

rate Eli can be estimated from the experimental datum ~iunder 

the strain rate t~~. Figure 7 shows the corrected yield 

equivalent plaat10 .train. 0.'1 S 

a. 

IJ 1.0 

Fig.7 Corrected yield surface under dynamic loading 
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surface for 0.1 % equivalent strain. Broken line in the 

figure is Mises' yield surface in the static test and solid 

line is also an yield ellipse 1.43 times larger than the 

static one. The estimated stresses for the strain rate of 

50 sec-I , ploted in the figure, are almost on the solid 

line, and so, Mises' criterion holds even in the high 

velocity deformation. 

Equation (1) means that the strain path should be normal to 

Mises' yield surface and the material obeys Prandtl-Reuss 

flow law. In our experiments, we have only two kinds of 

strain, axial strain Ell and shearing strain £'2' and so, 

the orthogonality condition becomes as follows. 

-fr.,' = (t~, \ If E~) = (6) 
<Til )I \ (J'j2 

~ was also obtained from our experiments. Table 2 shows 
I 

the values of ~ taken every 25;U. sec. Total mean value 

of ~' is 1.05. It suggests that the orthogonality condition 

holds approximately even in the dynamic loading, and the 
constitutive equation (3) of Perzyna type is valid under 

combined dynamic stresses. 

time a b d (.as) c e 

50 1.3 0.8 1.4 0.8 1.4 

75 1.1 1.1 1.4 0.8 0.8 
100 1.1 1.0 1.2 0.8 0.9 
125 1.2 0.9 1.2 0.9 1.3 
150 1.3 0.9 1.2 0.8 1.1 

mean 1. 20 0.94 1. 28 0.82 1. 02 

Table 2 Values of kl' 

Summary of Experimental Results 

We have designed a testing machine which is used for ap

plying the impulsive torque and tension simultaneously to 

the specimen and some experiments were performed for the 
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strain rate effect on the yield surface of aluminum under 

biaxial strains less than 0.6 %. In our experiments, dif

ferent stress paths showed different strain rate histories 

during deformation, and so, stress values for any definite 

strain rate were estimated from our experimental data, which 

were used to obtain the yield surface corresponding to the 

definite strain rate. Experimental results showed that the 

dynamic yield surface thus obtained was in good agreement 

with Mises' criterion and the flow law for annealed aluminum 

could be expressed in Perzyna type formula by generalized 

Malvern's hyposesis. 
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An Analysis of Elastic-Plastic Waves by the Continuum 
Theory of Dislocations 

T. JIMMA and T. MASUDA 
Department of Mechanical Engineering, 
Tokyo Institute of Technology, Ookayama, Meguro-ku, Tokyo, Japan 

Summary 

Using the fact that stresses and plastic strains are dis

continuous across a plane of continuously distributed 

moving dislocations, longitudinal and torsional waves in 

a linearly work- hardening material are studied. 

1. Stress Field due to Moving Dislocations 

Consider a uniform distribution of edge dislocations a zx 
moving in the x direction as shown in Fig.l. The total 

Burgers vectors per unit length parallel to the y axis 

are b (dislocation density). Then, the dislocation stress 

may be constructed from the summation of a single dis
location, weertman l ), as follows: 

jJbV2 V2 
T ± --I (1 - - ), c 2 = 1]1 / P , (1) 
xy 2C22 C2 2 

where upper signs are in x<Vt, lower signs in x>Vt. 
Consider another uniform distribution a zy moving in the 

x direction as shown in Fig.2. The dislocation density 
is b, too. Then, following Chow and Mura 2), we have the 

dislocation stress as follows: 

y ..1... Y I-
..1... V l- V 
..1...'-' I- ---+ 

..1.. I-

..1.. X l- X 

..1.. 

b 
I- b 'It ..1... 'It l-
I-

Moving Dislocations a zx Moving Dislocations a 
Fig.l Fig.2 zy 
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a = 
x 

a = 
y 

1 
± ]Jb(- -

I-v 

y2 
- - ), 

C 1 2 

y2 )/(1 

Cl 2 

y2 
- - ) 

2 ' ci 

a = v(a + a ), cI= 1(A+2]J)/p, z x y 

(2) 

where upper signs are in x<Yt, lower signs in x>Yt. 

Not only stresses but also plastic strains are discontin
uous across the planes of uniformly distributed disloca-

tions in Fig.l and 2. If we assume null plastic strains 

in x>Vt, the plastic strains in x<Yt are as follows: 

yP = b for Fig.l, xy 
Ep = -E P = b EP = 0 for FlOg 2 x y' z . . 

(3) 

2. Torsional Step Loading in a Semi- Infinite Material 

Consider the case when the surface of a semi-infinite 

material(x>O) is suddenly given a shear stress Txy= TI 
and a shear strain Y = YI at time t= O. xy 
The material is assumed to be a linearly work-hardening 
solid as shown in Fig.3, which satisfies the Tresca yield 

condition. Txy= ]JYe+ F(yxy-Ye ) (4) 
? 

I'e 

Then, the elastic wave front 
and the plastic wave front 

propagates by the speed C2 and 
Y respectively as shown in Fig. 
4. If we assume the uniform 
distribution of moving dislo-

Fig.3 cations a zx on the plastic wave 
front, the dislocation stresses are given by (1). 

Superposing the stress of elastic wave front on the dis

location stress, and more adding a uniform stress on them 

in order to eliminate the stress in x>c2t where the elas

tic wave front does not reach, we have the stresses at 

time t as follows: 



T xy 
IIbV2/ (1 _ V2 ) 
c 22 C2 2 

TXY IIYe = k for C2t>X>Vt, 

= Tl for Vt>x>O, 

o 
The plastic strain y P l is equal to b, and we have: 

yPl= b = (1 - £)(Yl- Ye)· 
II 

Moreover, from (4) we have: 

(5) 

(6) 

Tl= IIY e + P(Yl- Ye ). (7) 
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Prom (5), (6) and (7), the propagation speed of plastic 
wave front is obtained as 

V = Ip/ p , (8) 

which coincides with the usual solution. 

3. Longitudinal Step Loading in a Semi-Infinite Material 

Consider the case when the surface of a semi-infinite 
materia1(x>0) is suddenly given a tensile stress 0 = 01 

X 

at time t= O. Since 0 > 0 = ° and E = E = 0, the maximum x y z y z 
shear stress and strain are expressed by 

T = (ox - 0y) /2, Y EX. (9) 

If the material is the 

linear work-hardening 
solid as shown in Pig.3, 

7xy V 
r C2 

I r 
(1 k 

X 

(Xzx = b 

unstressed 

Torsional Step Loading 
Pig.4 

X 

CXyz = b 

! / 
I

-I- -
U\ I- Uo 

- (J..zy = b 

unstressed 

Longitudinal Step Loading 
Pig.5 
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(4) is transformed into 
0-0 y 

x y = __ + F(£ _ 
2 2 x 

y 
--) , 
2~ 

where Y= 2k is a tensile yield stress. 

(10) 

The elastic wave front and the plastic wave front prop
agates by the speed cI and V respectively as shown in 

Fig.5. 
(i) Elastic Wave Front( clt>X>Vt ) 

Using the relations of £y= E Z= 0 and 0y= 0z' Hooke's 
law is reduced to 

o = (H 2~)£ , 
x x 

o = 0 = A£ • Y z x 
(11) 

Hence, the propagation speed of elastic wave front is 

(12) 

The elastic wave preceding the plastic wave front must 

satisfy the yield condition so that the stress and the 

strain in the elastic wave are: 
1- v v 

o = ----- Y = 00, 0 = 0 = 00, 
x 1- 2v Y z 1- v 

(ii) Plastic Wave( Vt>x>O ) 

£ = 
X 

Y 
(13) 

If we assume two uniform distributions of moving dis
locations - u zy uyz = b on the plastic wave front as 

shown in Fig.5, the dislocation stresses become 

o = ± 2~bV2/(I _ V2 ), 
X C12 C1 2 

l+v V2 V2 
o = 0 = ± ~ b (- - -- ) / (1 - -- ) , 
y z I-v Cl 2 C12 

(14 ) 

where upper signs are in x<Vt, and lower signs in x>Vt. 

Superposing (13) on (14), and more adding a uniform 
stress in order to eliminate the stress in the region 

of x> CIt, we have 

4~bV2/(1 V2 
0 = 0'0+ - -- ), X 

Cl 2 Cl 2 

2~b(1+v V2 ) I (1 V2 (IS) 
v 0 = 0 = 00 + -- ). 

y z I-v I-v Cl 2 CI 2 
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The strains in the plastic region are: 
£p + e 2b + [a - 2va ]/E, £ = £ X X X X Y 

(16 ) 
£p + e -b + [(l-v)o -va ]/E o. £ = £ 

Y Y Y Y x 
Solving (10) and (16), we have: 

E 4F 2 £) , o = + -]£ + -Y(l x 3(1-2v 3 x 3 Jl 
E 2F ] £ ~Y(l £), 

(17) 
o = y 3(1-2v 3 x 3 Jl 

£p 2b = 2 F .L) . (18) -(1- -) (£ -x 3 x 2Jl Jl 

Substituting (15) and (18) into (10), we have the prop
agation speed of plastic wave: 

V2= [4F + E ] I p • 

3 3(1-2Jl) 

(19) 

(19) coincides with the solution obtained by using the 
relation of V= I(ao la£ )/p from (17). x x 

4. Interaction of Longitudinal Waves 

4.1 Interaction of Plastic Waves 
Consider the interaction of plastic waves 01 and 02 as 
shown in Fig.6. Let the corresponding strain £x be £1 

and £2. Then, the dislocation densities b I and b 2 are 
given from (18) as 

b 1,2= .!.(l- £)(£1'2- .L). (20) 
3 Jl 2Jl 

The stresses at time tI in the region of II and III are 
obtained by substituting b I or b2 in place of b in (15). 
At time t2 after interaction, we can assume that two dis
locations b 1 and b2 pass each other as shown in Fig.6. 

Then, the stresses in region IV can be obtained by sub
stituting (b 1+ b2) in place of b in (15). 

03= 01+ 02 - 00 (21) 
The plastic strains in the region of II and III are: 
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EPX= 2b1 ,2, EPy= EPZ= -b 1 ,2· (22) 

The plastic strains in region IV are: 

EP = 2(b 1 + b 2 ), £P = EP = -(b 1+ b 2 ). x y z (23) 

(21) may be obtained from momentum considerations. 

4.2 Interaction of Plastic Wave and Unloading Wave 
We can solve the interaction in a similar way in which 

a part of dislocations stop moving at the intersection 

plane but the remains continue moving. In the case of 

weak plastic waves, it will be assumed that all the dis-

locations stop moving at the 

tz 

t, 

(j, t-
t-

OO b, 

v-

(j, -t 

60 ~ 6'z 

CD b2@ 

I-
~ t- o'z 

Interaction of Plastic Waves 
Fig.6 

intersection plane. 

We may extend this method 
to the analysis of the 

combined longitudinal and 
torsional step loading of 
a semi-infinite thin wall 
tube. 
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Recent Results in Micromechanics 
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Summary 

The elastic and plastic fields (displacement, stress, 
plastic strain) are investigated for a uniformly moving 
inclusion and a dislocation loop. From the results of 
analysis a new concept of essential distributions of dis
locations is proposed. Finally, the enerqy release rate of 
a moving crack is given by the J integral and dislocation 
density tensors. 

Introduction 
Eshelby's inclusion problem [1] is extended to a dynamic 

case where an ellipsoidal inclusion is moving with a con

stant velocity. Since the stress field inside the inclu
sion becomes constant, the equivalent inclusion method 

[1] can be applied to the corresponding inhomogeneity 
problem. High velocity motion of interstitial atoms, 

vacancies, and neutrons during nuclear fission can be 

considered as an application. Another application is to 
estimate the stress concentration at the tip of a moving 

crack of paraboloidal shape, which is a special case of 
an ellipsoid. 

A uniformly moving dislocation loop is considered 
with aim of application to high speed punching problems, 
where displacement discontinuity surface is created at 
the punch edge and propagates to the direction of punch
ing. The surface condition for the semi-infinite block 
is approximately satisfied by considering two disloca

tions moving opposite directions. 

A new concept of the essential dislocations is in
troduced which provides a convenient method to estimate 

This research was partially supported by U.S. Army 
Grant No. DAAG 29-77-G-0092 to Northwestern University. 
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associated plastic strains from a given statically deter

minate stress field. 

Finally, the energy release rate for a crack propa

gation is considered in connection with J integral and 
dislocation distribution. It is found that the energy 

release rate is the sum of J integrals and the total in

tegration of Peach-Koehler force acting on dislocations. 

Uniformly Moving Inclusions 

When an infinitely extended homogeneous material develops 

a uniformly distributed eigenstrain (phase transformation 

strain, stress free strain, thermal expansion strain, 

plastic strain, etc.) in a domain ~, an eigenstress (in

ternal stress, self-equilibrium stress, residual stress, 

thermal stress, etc.) is induced in both inside ~ (inc1u-
sion) and outside ~ (matrix). The stress inside ~ becomes 

constant when ~ is ellipsoidal. 

It will be shown that this stress uniformity inside 

~ is also valid even when ~ is uniformly moving. 
The displacement field ui(~,t) in an infinitely ex

tended homogeneous elastic medium caused by eigenstrain 

E~, (x,t) is expressed as (e.g. [2]) 
1J -

exp{i§· (?C -?C') + iw(t - t') }dl;dwdx' dt' 

(1) 

where C, n are the elastic moduli,d~ = dl;l d~2d1;3 ,d?C' = dxi dx~dx3' J",mn 
D the determinant of the matrix with ij element 

(C, , I; ~ - pw 26 <J' ) , 
~PJq P q • 

Nij a cofactor of this matrix, p the density of the mat-
erial, and 

0ij is the Kronecker delta. 
* When the distribution of Enm is moving with a con-

stant velocity V, (1) can be written as 
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° -3f""f * -1 -~(27T) ~nC on E (y)Nio (~.-~·V)D (~.-~·V) 
-'» '" J",mn run - J - - - - --

(2) 

and the associated stres~components are 

apq(~) = (27T)-3 Cpqmn ££[~n~Jl.CkJl.ijEji(~)Nkm(~'-~'Y)D-1(~._~.y) 

- E* (y)]exp{i~'(i - X)}d~dy (3) 
run- -- --

where ~ = ~ 
fined in an 

- Vt. Furthermore, if E W is uniformly de-- nrn 
ellipsoidal domain n, and only the point in 

n is considered, (2) becomes 
- -1 * - -

ui(~) = (47T) CjJl.mnErun~GijkJl. (4) 
with 

GijkJl. = ~2 Nij(~·-~·Y)D-1(~'_~·Y)~k~Jl.dS(~). (5) 

In the above expression, S2 is a unit sphere ~.~ = I 

and dS(~) is the surface element of the unit sphere. -
The vectors ~and (; are unit vectors related by 

r,/r" ~2 = r,2!r,· 
-

r,3 !r, r,1 r,3 

r,1 a1~1' r,2 = a2~2' r,3 a3~3 

r, (r,2 + r,2 + r(2)1/2 
1 2 3 

(6) 

where aI' a 2 , a3 are the principal axes of the ellipsoid. 
The integrals (5) can be easily evaluated nurnerically[3]. 

An interesting result obtained from (4) is that the 
stress components inside the inclusion are uniform (con
stant). Therefore, the equivalent inclusion method [1] 
can be easily applied to a uniformly moving inhomogeneity 
particle under a constant applied stress. The inhomo

geneity particle has different elastic moduli than those 
of the matrix. The stress disturbance of the applied 
stress due to the inhomogeneity can be simulated by the 
eigenstress by choosing proper eigenstrains. 

The stress just outside n can be evaluated from the 

stress field in n which is easily obtained from (4). 

The stress concentration at the tip of a moving para

boloidal crack, therefore, can be obtained as a special 
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case. The paraboloid is obtained from an ellipsoid 

by takingal~ 00 , where the distance between a focus and 
the tip of the ellipsoid is kept constant. 

Uniformly Moving Dislocations 

When dislocations are continuously distributed in a 

space, the dislocation density at an arbitrary point 

is expressed by Kroner's formula [4]: 
CI. - £ S* hi - - hR.k ki,R. (7 ) 

* where £hR.k is the permutation tensor and Ski is the plas-
tic distortion. The plastic strain (eigenstrain) is 

£~i = (1/2)(S~i + S~k)' (8) 

Cl.hi is the density of the dislocations whose direction 

vector and Burgers vector are in the directions of the 

xh and xi axes, respectively. 

When the dislocation distribution is moving with a 
constant velocity ~, the time rate of the plastic distor
tion is given by [5] 

s* - £ V CI. j i - - jnh n hi' (9 ) 

The displacement field in an infinite medium is 

also expressed by (2). If it is expressed in terms of 

Cl.hi instead of £nm, by using (12) and (13) we have 
00 

u (x) = -(2TI)-3IIc,.o' ,£, hCl.h,(¥)N k(~'-~'V)D-l(~,_~.V) 
m - -PO 1VV1J In 1 m - - - - -_ 

(10) 

The plastic distortion is obtained as 
00 

sji (~) = (2TI)-3II£jnhCl.hi (;Y)Vn(i~.y)-lexp{i~· (~- ;y)}d~dl' 

and the stress field becomes (11) 

cr (x) = i(2TI)-3C 7J[~oc,.o' ,£ 'hCl. ,(y)Nlan(~'-~'V) 
pq - pqmn -PO "1VV1J nJ n1 - - --

(12) 



All the above results can be directly applied 

to a dislocation loop when we write 
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(13) 

where y, Q are the tangential unit vector along the 

dislocation loop L and the Burgers vector, respectively, 

and di is the line element of the dislocation. More 

explicit form was reported in [2] for a circular dis
location loop. The result will be applied to the high 

speed punching problems in plastic fubrication. The 
static solution can be obtained by taking V + 0 in (10), 
(11), and (12). 

Dislocations and Plasticity 

Since Mura's work [6] on the relation between the con

tinuum plasticity and dislocation theory, several papers 
[7-11] on the related subjects have been published. How
ever, no major breakthrough seems to be made for its ap

plications. One of the difficulties is that equation (7) 

is not expressed in terms of £*. As the present author 
ron 

pointed out earlier [12], the anti-symmetric plastic dis-

tortion (S;n= -s:m) provides the impotent distribution 
of dislocations which has no displacement and no stress 
fields. This fact can be easily seen from (2) and (3) 
since E~ = O. Recently we have developed further class
ification of dislocation distributions. We write 

Ui,j = Sji + Sji 

where 

is the elastic strain. 

we have 
Cl.hi = £hikSki,i 

or 

(14) 

(15) 

When (7) is substituted from (14), 

(16) 

(17) 
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where 

(18) 

The second term in (17) may be called Nye's dislocation 

density tensor [4] since it does not produce any stress 

field but displacement field by rotation. It is easily 

proved for the static case by using the property of 
-1 

Green's function: Ck~ijS~ SjNkmD 

ahi = Eh~kwki,~ is substituted into 

= 8. . Namely, when 
~m 

(12) for y = 0, 

becomes zero whenever wki = -wik. A new proposal here 

is to write 

ahi = Eh~keki,~ (19) 

since Nye's dislocations do not contribute to any stress 

field. Let us call the dislocations defined by (19) the 

essential distribution of dislocations. Since the elas
tic strain is related to the stress components by 

-1 
eki = CkipqOpq 

(20) 
-1 

where C. are the elastic compliances, (19) states that 

the ess~~~~al distribution of dislocations is uniquely 

determined when the stress field is given. An example is 
shown in Fig. 1 for the tip of a crack in the plane 
strain state. Since the slip line theory provides the 

CRACK 

Fig. 1 
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stress state in the neighborhood of the crack tip for 
the perfectly elasto-plastic solid, (19) and (20) give 

the distribution of essential dislocations in the fan

shaped plastic domains as shown in Fig. 1. No disloca

tion distribution is found in the triangle plastic do

mains. The strength of the dislocations is obtained as 

2(1-v)k/~r, where v is Poisson's ratio, k the yield 

shear stress, ~ the shear modulus and r is the distance 

from the tip of the crack. The importance of the exam

ple is that a statically determined stress field provides 

information about the plastic deformation through distri

butions of dislocations. The plastic strain is not 

uniquely determined but it is reasonably constructed 
from a dislocation distribution. For an instance, we 
have 

co 

Eji(~) = (2TI)-3£!(1/2){Ejnhahi (l) + Einhahj(l)} 

(21) 

which has been obtained from (11) by taking V + 0 and 

V IV40v Iv. The unit vector v is arbitrarily given. n _ n_ 
The physical meaning of v is the direction of motion by 

which the dislocation has been brought to the present 

state from the infinite points in the space. It should 
be emphasized that the disloca_tion density is a state 

quantity while the plastic strain is not. 

J Integrals 

Equation (9) has an interesting application to fracture 

mechanics. Let us consider a system where A is a crack, 
S the boundary of material, and F is the applied force. 
The displacement, stress, plastic strain at an instant 

are denoted by u" 0ij' and Elj. 
f-'. 

are 

of 

When the crack A grows by oA these field quantities 

* changed by ~ui' OOij' and 

integration leads to 
f F .ou.dS = f 0 •• ou i .dV -
S 1 1 V 1J ,J 

OEij. The Gauss theorem 

f 0 •. n.ou.dS 
OA 1J J 1 

(22) 
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where the following conditions have been used: 

O"ijnj = Fi on S 

O"ijDj = 0 on A 

O"ij ,j = 0 in V 
(23 ) 

where n is the normal vector on the surfaces and V is the 

domain of the material. There are relations: 

* e: ij (1/2) (ui,j + uj ,i) = eij + e:ij 

(1/2)(ou. . + ou. i) 
1,J J, 

(24) 

Equations (22) and (24) give 

f F.ou.dS - f O".joei·dV = f O"ijoe:~J.dV -
S11 V 1 J V 

f O"ijn.ouidS. 
OA J 

It has been shown by Eshelby 

- f O"i·n.ou.dS = J~o~~ 

(25) 

[13] and Rice [14] that 

OA JJ 1 
(26) . 

where o~ is the displacement of the crack tip during the 
crack increase oA, that is, o~ = oA. J~ is so called J 

integral defined by 

J~ = -f O"i.ui ~n.dS + f Wn~dS 
S J ,J S (27) 

where 
e: ij 

W = I 0" •• de: ij o 1J 
(28) 

If dislocations in the neighborhood of the crack tip 
are displaced with the same amount as the displacement of 
the crack tip (assumption), (9) can be written as 

OS;i = -e:j~ho~~ahi· 

Then (25) can be written as 

aG/a~~ = -f O"i.e:.~hahidV + J~ 
V J J 

(29) 

(30) 
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where 

(31) 

Equation (30) means that the energy release rate is equal 
to the sum of the total Peach-Koehler force acting on the 
dislocations and the J integral. G is the minus of mech
anical potential energy. 6G is equal to the energy dis
sipated or the energy released. 
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On Supersonic and Transonic Impact of Solids* 

T. c. T. TING 
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Introduction 

Consider a one-dimensional wave such as longitudinal wave in a semi

infinite rod or plane strain wave in a half-space which occupies x~O. 

Let the longitudinal stress 0 be a given function of the longitudinal 
strain E. Moreover, let the 0 - E curve be concave downward to the E:

axis. Figure 1 shows an example of the 0 - E: curve for a commercially 

pure aluminum. If the wave is generated by a compressive load which 
is a step function in time t applied at x = 0, it is well-known that 

the solution to the problem is a simple wave solution in which 0, E: 

and the particle velocity v are constants along tIle straight lines: 

x = ct, (1) 

where c is the characteristic wave speed given by 

'" co. 

.... 
c::> 

8 

4 

2 

Fig. 1 Stress-strain 
curve for commercially 
pure aluminum 

~----~----~----~----~~ E: 

0.5 1.0 1.5 2.0% 

*This work is supported by the U.S.Army Research Office-Durham under 
Grant DAAG 29-G-0l21 to the University of Illinois at Chicago Circle. 
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c = .; dol pdE: , (2) 

in which p is the mass density. Moreover, 

o E: 

V=-f~~ =- fCdE: 
o 0 

(3) 

and the particle veloci ty along any characteristic x = ct can be 

determined once 0 or E: along that characteristic is obtained from (1) 

and (2). In particular, the impact velocity at x = 0 can be obtained 

in terms of the applied stress at x = 0 by using (3). 

o 
b 

Fig. 2 

x 

Let c1 be the wave speed at 0 = O. 

The disturbance at x = 0 is propagated 

at the speed c1 . In the x - t plane, 

the region below x = cIt is at rest, 

Fig. 2. This is irrespective of the 

impact velocity at x = O. However, 

the impact velocity obtained from (3) 

for a given impact load may exceed 

the wave speed c1 . Thus, at a super

sonic impact, the particle at x = 0 

moves faster than the speed of dis-

turbance c1 as shown by the dotted 

line oa in Fig. 2. This creates a physically unacceptable pheno

menon in which the particle at x = 0 moves through other particles at 

xt-O such as the particle at b whose traj ectory in the x - t plane is 

bd. 

What went wrong? For the 0 - E: curve shown in Fig. 1, c1 = 16,500 ft/ 

sec and an impact velocity of this magnitude may not be easy to pro

duce in experiments. However, the problem starts way before the 

impact velocity is supersonic. At a transonic impact in which the 

impact velocity at x = 0 is less than c1 but larger than the smallest 

wave speed in the simple wave region, the particle at x = 0 still 

moves through other particles at x r 0 such as the path oe in Fig. 2. 

For the 0 - E: curve shown in Fig. 1, the transonic impact starts at 

the velocity 1850 ft/sec. This magnitude is not difficult to 

produce in experiments. 
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Again, what went wrong? By consider

ing the rate effect does not explain 

the problem. By limiting the absolute 

value of E to be less than unity does 
not solve the problem either because 

in the 0 - E curve shown in Fig. I the 

transonic impact starts at -E = 0.675. 

By allowing the 0 - E curve to consist 
of one concave downward segment and 

one concave upward segment as shown 

in Fig. 3 still cannot explain the 

problem although it is a mone realis

tic 0 - E curve and is a step toward 
explaining the paradox. 

Correct Analysis 

Let the particle which is at the position X at time t = 0 move to 

the position x at time t. Hence, 

x=x(X,t) (4) 

The strain can be defined in terms of the deformation gradient 

ax/ax. Of several possible definitions for E, we will define 

_ ax 
E-ax-l. (5) 

Since any finite length of material cannot be compressed to zero, 

ax 1 + E = ax > O. (6) 

At E = -1, the material is compressed to zero length. This implies 
that an infinite stress is required. Hence we assume that the 0 - E 

curve be given by Fig. 3 in which point b is an inflection point. 

Let 0, E and v be functions of x and t. The equation of motion for 

the finite deformation is 

o p(v t + vv ) ,x , ,x (7) 
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where P is the mass density at any time t and is related to the 

initial mass density Po by 

Combining (7) and (8), we obtain 

d<1 e: Po 
a£ ,x '" 1+e: (v,t + vV,x) 

The material continuity is 

which, in tenns of the independent variables x and t, becomes 

e: t + ve: '" v (1 +e:) • , ,x ,x 

(8) 

(9) 

(10) 

(11) 

Equations (9) and (11) form a system of differential equations for e: 
and v. The boundary condition for this system is 

v '" constant'" vo ' say, on x '" vot • (12) 

It is not difficult to show that the solution of (9), (11) and (12) 
is a simple wave solution in which v and e: (and hence (1) are 
constants along the straight lines 

x '" c*t , 

c* '" v + (l+e:)c , 

(13) 

(14) 

where v and c are given by (2) and (3). Notice that c* is the true 
wave speed which, in'view of (6), is always larger than the particle 
velocity v. However, the particle velocity v at X"'O can still be 
larger than cl • We will explain this by an example later on. 

Alternate Analysis 
In writing the equations of motion and the continuity, we could have 

used X and t as the independent variables. We then have 

(15) 

(16) 
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The solution of (15) and (16) subjected to a step load at X = 0 is 

a simple wave solution in which a, e and v are constants along 

X = ct , (17) 

where c and v are given by (2) and (3). To obtain x(X,t), we 
integrate the velocity function: 

t 
x(X,t) - X = f v(X/t') dt' 

o 
= X f \(C') 

cl 
we have 

d(l/c') . (18) 

Integrating by parts and using (3), 

x(X,t) = t{v(X/t) + (1 + e(X/t))X/t} (19) 

This is identical to (13) and (14). Thus, the characteristics in the 
X - t plane (17) is transfonned into the characteristics in the x _ t 

plane (13). For a given initial and boundary value problem, it is 

in general simpler to solve (15) and (16) than (9) and (11). 

However, the solution in the X - t plane has to be transfonned to the 

~~----------------x 
Fig. 4 a(O,t)=a:fI(t) 

, 
, / 

~~------------~x 

Fig. 5 a(O,t)=aeH(t) 

x - t plane for physical interpreta
tions such as the wave speed. 

Examples 
Figures 4 to 6 show the simple wave 

solutions in the x - t plane when the 

applied load at X = 0 corresponds to 

the stress at point f, e and d 
(Fig. 3), respectively. The parti
cle trajectories at X = 0 and X f 0 
obtained from (19) are shown by the 
dotted lines. For the case shown 
in Fig. 5, a shock wave speed 

(20) 

is generated. However, this speed 

is referred to the X - t plane. In 

the x - t plane, the true shock wave 

speed c~ is 
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'" 
c* = v + (l+E)c s s . (21) 

v ". 
". 

'" .... .-
1 [7" .... .... ". For the case shown in Fig. 6, the 

". .... 
shock wave speed .... .-

". .-.... 

X Y °d Cs = Po Ed (22) 
Fig. 6 0(0, t) = ° dH(t) 

exceeds the speed of disturbance 

cl . Again, the true shock wave 

speed c~ should be given by (21). It should be pointed out that 
although v and E are discontinuous across a shock wave, v + ECS is 
continuous. Hence, (21) can be applied to either side of a shock 

wave. For Fig. 6, v and E are zero on the lower side of the shock 

wave and hence c~ = Cs for Fig. 6. 

Concluding Remarks 

The relation between c* and c given by (14) could have been obtained 
without the presence of a simple wave solution. In fact, (14) is a 

kinematical relation and is independent of material properties. To 
see this, we start with (4) and let X be a function of time t such 

that differentiation of the latter with respect to t yields the wave 

speed c in the X - t plane. With this stipulation, differentiation 
of (4) with respect to t is 

dx . ax . 
c* = (If = x + ax X (23) 

which is identical to (14). 

The three-dimensional counterpart of (14) can be shown to be 

:* = ~ + ~: ' F = xV • (24) 

Equation (24) can be applied to the case when: is the normal wave 
speed or to the case when c is the characteristic ray velocity. 
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Summary 
The stress distributions in an elastic-viscoelastic bar 
system subjected to the impact loading are analyzed by 
the Laplace transform method. Examples are given to the 
Maxwell, VOigt, and 4-parameter models. 
Further the identification of dynamic properties of visco
elastic materials is treated by comparing the analytical 
results with experimental results. The method of identifi
cation is based on the iterative method. Dynamic proper
ties of viscoelastic materials under consideration of the 
dependence on frequencies are identified. 

Introduction 
The behavier of material under high rates of deformation 

is a subject that has recieved considerable attention in 
recent years. Some methods have been used in order to 
obtain the dynamic properties of materials. For example 
Sackman et al:) gave the analytical bases for the direct 
determinat10n of the creep and relaxation funct10ns of 
linear visooelastic media for very short times. Authors 
have analyzed the wave propagation in semi-infinite and 
finite bars of viscoelastic materials2)3). 

In this paper the wave propagat1on in an elastic-visco
elastic bar system subjected to the impact loading is 
analyzed by the Laplace transform method. Viscoelastic 
materials are assumed to be represented by the Maxwell, 
Voigt and 4-parameter models. This system is used to de
termine the dynamic properties of materials and can be 

extended to the split-Hopkinson pressure bar. Further the 
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identification of the dynamic properties of viscoelastic 

materials is treated. It is generally known that mechan

ical properties of viscoelastic materials depend on the 

frequency in testing and the values of these properties 

used in the past are not unified. However those properties 
under consideration of the dependence on frequencies can 

be identified here, because the impact loading obtained 
by the experiment contains many frequencies and this load

ing is used directly as the incident wave. 

Analysis of Wave Propagation 

Thin elastic and viscoelastic bars with the same cross

sectional areas touch at x=l each other as shown in Fig.l. 

STRIKER 
B<IR 

500 

II-CiDENT 
Pf£SSl.R B<IR 

Fig.l. Arrangement of 
• pressure bar experi

ment 

Incident waves in the elastic bar are partly reflected 
at the interface (x=l) and partly tr,ansmitted into the 

viscoelastic bar. Boundary conditions to the viscoelastic 
bar depend on the material properties of the both sides 
of the interface and vary with the time. Hence this pro

blem is complicated. The equation of motion is well known 
aa a2 u a2 a a2 € ax = P"'§t"T ~ P"'§t"T (l ) 

The constitutive equation to the viscoelastic material is 

where 

From 

_ n ai 
P- E aiW 

i=O . 
m ri 

, Q= E bjW 
j=O 

Eqs.(l) and (2) 

a2 la 2 
"'§t"T(Pcr)=paxz(Qcr) 

(2) 

(3 ) 



Boundary conditions are 

0'''0'1 +O'R 

V-~O'I -~) 
0'=0 

( x=l) 

( x=l) 
(X=oo) 

(4) 

(5) 

(6) 
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Where subscripts I and R indicate the incident wave and 

the reflected wave respectively. The incident wave is 

assumed to be a step wave as follows 

aI = ~H(t) • 

The Laplace transform of Eq.(3) gives 

P(s)cr=Q(S)~2~ 1 
aX p 

where n i+2 
P(s)=La.s , 

1=0 1 

and f indicates the Laplace transform of f(x,t). 

The general solution of Eq.(8) is given by 

(8) 

- rPm [1PfS)] () a=c l exP[-4QTS)x]+C2exp JQtstx . 9 

Using the boundary conditions(4)-(6), we obtain 

- 2crI [ !PTSY] (10) a- Eo 1 7P'tsjexp -.jQrSfx . 
1 +co pstQ[S) 

Inversion of Laplace Transform 
When the viscoelastic solids are represented by simpler 
model (composed of spring and dashpot in series or para
llel), the inversion of Eq.(IO) is easily obtained. In 
the case of multi-parameter models, the analytical inver
sion becomes complicated, so 
of the Laplace transform is 
The Fourier expansion of the 

N terms leads 

where 

N 
fN(t)=e ct 1; a ~ (~) 

n=O n n 

that the numerical inversion 

used as follows. 
function f(t) by the first 

(ll) 

~ (t)=e- t/2L (t) 
n n (n=0,l,2,"') 

(12 ) 
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and Ln(t) is the Laguerre function. If gN(s) is the 

Laplace transform of fN(t), 

00 ( ) -st (13) gN(s)=fofN t edt. 

Using both the nature that the Laplace transform of Lag

uerre 

where 

function is possible and Perseval theory, we obtain 
1 N 

aO=N+l~o h( e j) 

2 N 
an=N+l~ h(e.)oosn6 j J=O J 

1 i e i e 
h(e)=(2T+2TPot2)g(c+2Tcot2) 

e =(2j+l)2!. 
j N+l 2 

(14) 

(15) 

From Eqs.(11),(14) and (15) we can obtain the numerical 

inversion of fN(t). 

Stress Distribution in the Viscoelastic Bar 

The stress distributions in the viscoelastic bar are indi

cated in Fig.2 to the Maxwell model. The stress distribu

tions by the finite difference method are consistent with 

those by the Laplace transform. Broken lines indicate the 

approximate solution by the wave-front expansion. Results 

to the Voigt model are shown in Fig.3. These results are 
compared with the results obtained by Lee et al~) under 
the conditions of constant stress and velocity. 

04 

a 1. 2. 

- Laplace transform 

---- Wave-front expansion 

3. 

Fig.2. Stress dis
tribution in the 
viscoelastic bar 
(Maxwell model) 



IS 

w 

- Laplace transform 
(Exact solution) 

---Finite difference method 
(a )-·-Constant stres s 
(b )---- Constant velocity 
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Fig.3. Stress dis
tribution in the 
viscoelastic bar 
(Voigt model) 

'1n1te d.ifterence method 

0.5 ..... Laplace and Fourier method 

~ 
~ LfrJ ... 

0.1 

,=6 
O~~~~ __ ~ __ ~ __ ~~~ ______ _ 
o I. 2. 3. 5. 6. 

• 

Fig.4. Stress distribution in the viscoelastic bar (4-
parameter model) 

The stress distributions in the case of 4-parameter model 
are indicated in Fig.4. 

Identification of Dynamic Properties of Viscoelastic Bars 

The wave measured by strain gage B at x=O is 

(Fig.l) 

O"B( 0, t) =0"1 (0, t) =0"10 ( t) 

O"B( 0, t) =0"10 ( t) -0"10 ( t-21/c.) +2 

(O~t~21/c. ) (16) 

-1 e-2s1/co 0: (s) 
L [ Eo 1 )P~ s ) ] 

1+-- ~ c. ps Q\s, 
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and then 
-2s1/co - ( , 

L-l[ecrro s'-J=!( crs(0,t)-crllJ (t)-CL(t-21/c.) ). 
1 +§.o L j P ( s ) 2 -rw 

Co ps Q('S) (2l/co ::i t) (17) 
If pes) and Q(s) are the same values as those of real mate
rial, Eq.(17) is valid. In order to get better pes) and 

Q(s) we use the optimization technique by the Davies
Swann-Campey method. The objective function is 

1 -1 e-21s /c;,crlO (s) 2 

F=[2"{crl!!{0,t)-crro(t)-cr/ID(t-21/co)}-L [ E.l /P(S) JJ. 
l+e. p s Q('S) 

(18 ) 
Hence parameters a. and b. which minimize the value of F 

l l 

are searched. Parameter identification was done to Acryl 
resin. Results of parameter identification are shown in 

Table 1 to the typical data obtained by the experiments. 

Table 1. Resulte of parameter identification 

ao al a2 Do 15 1 02 
xl04 xlO- 1 xlO s xl04 xlO- s 
S-1 Kg/mm Kg/mm Kg/mms 

Maxwell 0.02 1. 00 O. O. 2.00 O. 
Voigt 1. 20 O. O. 1. 44 1. 20 O. 
4-parameter 411. 197. 2.32 O. 0.21 4.88 

The authors acknowledge the grant from the Japanese Mini

stry of Education for their support of this study. 
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Summary 

Relevant literature concerning the ricochet of projectiles 
off water, sand and clay is first reviewed. Experimental 
findings for the single ricochet of solid spheres, dumb
bell shaped and hemi-spherical ended cylinders, from fine 
sand and clay when fired at up to 400 m/sec are reported 
and summarised. Results are presented for small angles of 
impact of, (i) plough development with time, (ii) the 
variation of exit speed and angle with entry speed and 
angle, (iii) rates and directions of spin after impact for 
the elongated projectiles, when the impact and attitude 
angle are equal, (iv) crater volume and dimensions as a 
function of impact speed and (v) the variation of the 
critical angle of ricochet with speed. 

Notation 

A 

d 

k, k', c 

L 

£, 

m 

cross-sectional area of projectile 

diameter of projectile 

cons tan ts 

trajectory length 

inter-sphere distance of a dumb-bell shaped 
proj ectile 

length of an hemi-spherical end projectile 

projectile mass 
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n 

t 

v 

p, p' 

Introduction 

velocity exponent 

time 
entry, instantaneous and exit speed 

longitudinal position of projectile in a 
Cartesian system of coordinates established 
at the point of impact 

mean speed during impact 
density of projectile and impacted medium 
respectively 

impact and exit angle respectively 
critical angle of ricochet, velocity inde
pendent and velocity dependent, respectively 

volume 

horizontal component of retardation 

The oblique impact of a projectile against a massive solid 

or liquid target with the possibility of subsequent rico
chet is of especial interest to engineers and ballisticans. 
Early methodical testing in the subject of ricochet dates 

back to the late 18th and early 19th century when Douglas l 

and de Jonquieres 2 studied the ricochet of cannon balls 

off sea water and observed the existence of critical an
gles; multiple ricochet and the number of grazes made for 
various shapes and angle were also reported. In the early 
part of the 20th century, the subject received renewed 
attention in connection with the forces associated with 
the landing of sea-planes and the launching of air-to
water torpedoes and missiles. Detailed experimental work 
on the subject was carried out by Birkhoff et a1 3 and by 
Richardson 4 during the Second World War. In the Birkhoff 

et al 3 studies, full size bombs were dropped from an air

plane into a lake to impinge at different angles and 

speeds and the critical angle of ricochet, exit velocity 

and shape and dimension effects were measured. Richardson 4 

determined the impact forces on a sphere during vertical 
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and oblique impact into water and discussed the mechanism 
and forces involved. An extensive literature review and 

study of the ricochet of spheres off water has recently 

been given by Johnson and Reid5 . A simple empirical for

mula for critical angle of ricochet, 8c ' originally due to 
Birkhoff et al gives 8c = 18/1CY degrees where a is the 

ratio of the specific gravity of the solid ricocheting 

sphere to that of the liquid. 

Theoretical work on impact between a solid and a liquid is 
much concerned with the forces developed at the early 

stages of entry. These forces are due both to compressi

bility effects and the motion of the solid through the 

liquid12 ; the compressibility forces arise at high veloc

ities and are of short duration. They are of great impor

tance for engineering design, but are beyond the scope of 

the present survey. Hydrodynamic forces are generated in 

any fluid flow situation, but even for the simplest shapes, 

a mathematical analysis to determine the magnitude of 
these forces is very difficult. Continuous changes in the 

flow pattern, disturbances to the shape of the free sur

face, splash formation and the effects of viscosity and a 

trailing cavity constitute great obstacles. Almost all 
the analyses proposed so far have either assumed a two

dimensional fluid flow or a steady flow pattern. Viscos

ity and cavity formation particularly are neglected in 

most of these works. 

The following feature generally applies to any unsteady 
fluid motion problem; it is frequently adopted for the 
particular case of solid-liquid impact and demonstrates 

one of the difficulties very clearly. 

The equation of the free motion of a solid in an ideal 

fluid may be written as eM + m)v = Mvo where M and Vo are 
the mass and the initial velocity of the projectile and 

v and m are the instantaneous velocity and the virtual 

mass. Virtual mass is related to the flow pattern of the 



320 

fluid and for the (unsteady) entry of a solid into a 

liquid is a variable; for a well-immersed sphere it is 

equal to one half of the mass of an equal volume of water. 

In 1929 von Karman 6 in his fundamental paper on the land

ing of sea-planes drew attention to the importance of 

virtual mass and the use of the momentum conservation 

principle. In considering landing, the floats were treat

ed as a two dimensional case of a growing flat plate. 

Shiffman and Spencer? analysed the vertical entry of a 

sphere into water and calculated the pressure and decel

erations. The monograph by M. Kornhauser23 should also 

be referred to. The oblique entry into water of a sphere 

was analysed by Trilling8 , but the effects of splash and 

cavity were not included. Trilling's analysis was extend

ed by Dergarabedian 9 to include compressibility effects. 

Refs. QO) to Q7) give a list of some of the other relevant 

theoretical work on the subject. A survey of hydrodynamic 

impact up to 1959 has been given by Szebehly18. 

The effects of the cavity, growing impact area, and non

uniform pressure distribution over the leading surface of 

the projectile were dealt with by Birkhoff et a1 3 in a 

simple analysis; the contact area and the pressure dis

tribution over it are somewhat arbitrary. They assumed 

the wetted surface to lie in front of the projectile and 

below the water surface and assumed the local pressure 

p = p(v COSB)2j2, where v denotes the current velocity of 

the projectile and B the angle between the normal to the 

surface element and the instantaneous velocity. Most of 

the salient features of the ricochet phenomenon are pre

dicted by this simple analysis. In a similar approach, 

Hutchings 19 applied Rayleigh's pressure formula, original

ly obtained for the oblique steady motion of a long plate 

in an infinite liquid, to the ricochet situation and, 

among other things, obtained a relationship which included 

the effect of projectile spin on critical ricochet angle. 
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Most of the experimental work on water entry by projec

tiles has so far been confined to acquiring test informa
tion about actual or model bombs of complicated shape and 

uneven mass distribution. Tests have often been conducted 
in open lakes with observation posts stationed nearby. 

Whip, deceleration rates and forces and coefficients of 

drag and lift have been calculated for deriving empirical 

formulae. A number of relevant pUblications on the plan
ing of non-spherical shapes is listed in Refs. (21) to 

(23) . 

The splash profiles from the vertical and oblique impact 
of a sphere against water have been photographed by 

White 24 ; stainless steel balls 2 in. in diameter were 

used, fired at 20 ft/sec. His photographs clearly demon
strate changes in the shape of the free surface in front 

of and behind the sphere. 

Critical angles of ricochet for steel and aluminium 

spheres off water and sand have been reported by Soliman, 

Reid and Johnson 25 for speeds of up to 250 ft/sec at en

try; exit velocities and angles were also measured, an 

emphasis in that work being on the velocity dependance of 

cri tical angle. 

The ricochet of spherical and dumb-bell shaped* projec
tiles off sand has been studied by Daneshi and Johnson26 ,27. 

Plough development, retardation and rotation were measured 
by photographing the target area at a number of pre-set 
time intervals of about 10- 5 sec, especially during the 
penetration phase of ricochet. 

The work described below is a summary of some recent ex
perimental results obtained by the authors. 

* Two equal spheres separated by a light rigid rod between 
their centres. 
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Equipment 

Spherical, d.s.* and o.s.** projectiles were fired into a 
fine grain sand (150-300 V or 50-100 Tyler mesh) and into 

a modelling clay at between 19° and 21°C, (Plasticine), 
from a specially adapted gun and caused to ricochet. 

Tests were carried out in a dark room and the projec
tile's passage through the target area was photographed 
at pre-determined moments. Details of the equipment and 
the experimental procedure are given in Refs. (26) and 

(27). The design and the dimensions of the projectiles 

are given in Fig. 1 and in Table 1 respectively. 

Results 

Plough development and retardation 

The interaction forces between a projectile and the im

pact medium were studied through observations of the 
plough development with time. A high speed rotating 

camera in conjunction with a spark-flash unit was used 

to photograph the passage of a projectile at six pre

determined intervals. A typical photograph for the rico
chet of a 1/2 in. diameter sphere from clay is given in 

Fig. 2. The spacings between the images represents the 
time interval between successive flashes, each mm cor

responding to 20 micro-seconds. 

Curves of plough progress with time for five d.s. projec
tiles (d.s. 1 to 5) in sand and five d.s. projectiles 
(d.s. 6 to 10) in clay are shown in Fig. 3. Curves of 
velocity and retardation variation with time have been 

determined by differentiating the x(t) and vet) curves, 

see Ref. (28). 

*d.s.: dumb-bell shaped 
**o.s.: hemispherical-end projectile 
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Aluminium tube 

t=O·8mm. 

1 

Variable mass 
tail piece 

Fig. 1 Arrangement for a dumb-bell shaped and a hemi
spherical-end cylindrical projectile. 
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Fig. 2 Plough development after specific intervals of time 
for a 12.7 mm dia. sphere in Plasticine at 80 = S° 
and Vo = 144 m/sec. 
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Three distinct phases can be distinguished ln each plough

ing operation: 

I: The Entry Phase in which the material piles-up in 

front of the projectile: retardation rates are 

comparatively small and velocity changes negligible. 

II: The Plough Phase in which material pile-up is com

plete: retardation rates are at their greatest, as 

are the rates of velocity decrease. 

III: The Exit Phase in which the projectile is ascending: 

retardation rates have reduced considerably and the 

speed is almost constant and equal to the exit speed. 

For d.s. projectiles ricocheting off sand or off clay, the 

entry phase occupies approximately one quarter of the 

plough length. The plough phase, which occurs in the 

neighbourhood of the point of maximum depth, occupies 

approximately 1/3 to 1/2 of the total crater length. 

In general, the Forces of Ricochet are dependent on the 

impact speed and the shape and the geometry of the projec

tile. Tests using a Plasticine target have shown that when 

everything else is constant, the maximum drag force on our 

o.s. projectiles is not significantly different from that 

on a d.s. projectile and both of them are almost twice 

that of a single sphere whose diameter is equal to the 

maximum cross-section presented. Aside from the shape of 

the impact face, the geometry of the remainder of the d.s. 

or the o.s. projectile and the position of the centre of 

gravity appear to have little role, in determining the 

ricochet behavior; tests on five d.s. and three O.s. pro

jectiles sustain this observation. For all the projec

tiles tested, the maximum drag force in terms of the 

impact speed seems to fit an equation Fx(max) = kV02. 

At 8 0 = 10° for a 12.7 mm sphere, k = 0.1 N.sec 2 /m 2 and 

for the d.s. and o.s. projectiles tested, (see Table 1), 

k = 0.2 N.sec 2 /m 2 • Details of these tests and the 
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experimental results concerning forces of ricochet are 

given in Ref. (28). 

Exi t speed* 

A search of the available literature shows that no sys

tematic work on the velocity loss of a ricocheting projec
tile has yet been carried out and published. A scatter 

of tests by Birkhoff et a1 3 and others 4 ,25 was not carried 

out on the same projectiles or at the same entry angle. 

These tests, however, showed that the velocity loss in 
water is a function of projectile geometry, density and 

impact angle. 

Experiments were carried out by us on five d.s. projec
tiles, two spheres and three o.s. projectiles ricocheting 

off clay. The spherical projectiles were 12.7 mm and 

25.4 mm in diameter and weighed 8 and 64 grams respective
ly. The d.s. projectiles were made up of two 12.7 mm 

spheres separated by a light weight rod of length i, 

12.7 < i < 63.5 mm and weighing between 16.36 and 21.90 

grams. The o.s. projectiles were composed of a 12.7 mm 
hemispherical head and a hollow cylindrical tail and 

weighed between 23.6 and 23.73 grams**. Details of all 

the projectiles are given in Fig. 1. Curves of velocity 

loss for these projectiles are shown in Fig. 4 and indi
cate that, 

(i) At 80 = S°, the ratio of the exit to the entry speed, 
vl/vo ' is approximately the same for all the spher
ical, d.s. and o.s. projectiles tested. 

(ii) At 80 = 10° and at less than approximately 130 m/sec, 
the vl/vo ratio is the same for all these projectiles 

* All angles and speeds quoted for d.s. and o.s. projec
tiles are specified with respect to the centre of mass 
and axis of symmetry. 

** Obtained by changing the mass of the tailpiece, see 
Fig. 1. 
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and above 130 m/sec it is the same for spherical 
and d.s. projectiles only. 

(iii) At 80 = 100 and in excess of 130 m/sec the vl/vo ratio 
for spherical and d.s. projectiles decreases quickly 

and the exit speed becomes insensitive to the impact 

speed. 

The insensitivity of the vI/va ratio to the projectile 
shape and its mass suggests that the trajectory length 

should be proportional to Fx (where Fx is the resistance 

and m the projectile mass). It is shown, in Ref. (28), 

that the maximum resistance to the d.s. and o.s. projec

tiles tested was approximately equal to each other and 

almost twice that for a 12.7 mm spherical projectile. 

Measurements of the crater length L against m/A (where A 

is the maximum cross-sectional area of the specimen normal 

to the direction of motion) for two spherical, five d.s. 

and three o.s. projectiles give, 

for spherical projectiles, 

and 

L d • 5 • or 0.5. 
1.4 L for the d. s., o. s. and 

5 spherical projectiles tested. 

The calculated maximum drag forces, Fd • s . or o.s. = 2 Fs ' 

and the measured projectile masses, as shown in Table 1, 

substantiate these results satisfactorily. 

The variation of vI with va for spherical and d.s. projec
tiles ricocheting off clay are of special interest. At 

less than approximately 130 m/sec, vI = kvo and above it, 

vI is rather insensitive to large changes in va. Measure

ments of the crater dimensions for 40 < va < 260 m/sec 

show that the crater length is almost proportional to the 

impact speed. Crater width and depth do not show similar 

trends, see the Section on crater volume. The insensitiv

ity of vI to changes in va may, therefore, be due to the 
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existence of high impact forces in the early stages of 

entry or to changes in the physical properties of clay. 

Photographic data on the early stages of the vertical en
try of the d.s. and o.s. projectiles into clay did not 

reveal excessive retardations. 

Exit angle 

Experimental results concerning the relationship between 

the exit and the impact angles of projectiles ricocheting 

off Plasticine or clay are shown in Fig. 5. For the 

spherical projectiles the exit angle is always larger 

than the entry angle; the 81/8 0 ratio decreases with in

creasing impact speeds and at each speed the 81/80 ratio 

is larger at 80 = 10° than at 80 = 5°. Richardson 4 , 

Birkhoff et a1 3 and Soliman, Reid and Johnson 2S reported 

that in the ricochet of spherical projectiles off water 

81 < 80 , It is also important to note that in clay and 

near to the critical angle of ricochet, 81 »8 0 , This 

phenomenon will be referred to again later. 

d.s. and o.s. projectiles behave differently. At 5° and 

at high speeds, 81/8 0 is greater than unity. As speed 

reduces, 81/80 reduces and in some cases becomes less 

than unity. At 80 = 10° and at high speeds, 81/8 0 is 
greater than unity, reducing continuously until the im

pact velocity is approximately 100 m/sec; in some cases 

81/80 becomes less than unity. Below 100 m/sec, 81/80 

increases again and in a few cases becomes greater than 

unity again. Unlike the case of spheres, 81/80 for d.s. 

and o.s. projectiles at each impact speed at 80 = 5° is 

higher than at 80 = 10°. 

Experimental results on d.s. projectiles ricocheting off 

sand have shown both 81 > 80 and 81 < 8 0 ; in most of our 

tests the measurements provide 0.9 < 81/8 0 < 1.5. 
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Exit spin 

Tests on the three types of projectiles employed showed 

that during the plough these projectiles acquire rotation 

and leave the target spinning in the vertical plane. 

Spherical projectiles show occasional spin about both 

their lateral and longitudinal axes; d.s. and o.s. pro

jectiles spin about their lateral axis only. 

Fig. 6 shows the spinning of a 2.5 in. long d.s. projec

tile at various entry speeds. At low entry speeds the 

projectile spins backwards and between 110 and 210 m/sec 

it spins forwards whilst above 210 m/sec it again spins 

backwards. Tests on other d.s. and o.s. projectiles show 

the same type of trend, though backward rotations are not 

observed in every case. 

Variation of the angular velocity of five d.s. projectiles 
at between 40 and 240 m/sec are shown in Fig. 7. The 

Birkhoff et a1 3 results on model bombs ricocheting from 

water and the results of the authors· 26 ,27 tests on d.s. 

projectiles ricocheting off sand are similar to those pre

sented here. 

The direction of the rotation of a projectile may not re

main the same during a ploughing operation. Qualitative, 

photographic tests for the entry phase, in clay and sand, 

showed that in the beginning all d.s. and o.s. projectiles 

rotate backwards. In some cases the backward rotations 
are followed by the impact of the rear end of the projec

tile into the ricocheting medium and the formation of a 

second crater inside the main crater. Second craters may 

be formed whether the exit spin is forwards or backwards, 

see Ref. (28). 

Tests on d.s. and o.s. projectiles ricocheting off clay 

show that the ratio of the exit to the impact angle, 

8 1/8 0 , is related to the projectile spin. When the pro

jectile is spinning forwards*, 81/80 is generally larger 

* anti-clockwise for motion to the left. 
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(0) 
Vo =32 m/see. 

(b) 
Vo=69 m/see. 

(e) Vo=91.4 m/sec. (d) Vo =144 m/sec. 

(e) 
Vo =151 m/sec. 

(f ) 
Vo=200m/sec. 

Fig. 6 Photograph of the impact and subsequent rotation of 
the d.s. 10 projectile in Plasticine: (a) reflec
tion: no plume, clockwise rotation (-ve), (b), (c) 
clockwise rotation (-ve), (d), (e) anticlockwise 
rotation (+ve) , (f) clockwise rotation (-ve). 
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than unity, whilst when the projectile is spinning back

wards, it is generally less than unity. Results in Ref. (3) 

for model bombs show similar trends also, though in these 

the backward rotation was followed by a sinking of the 

projectile. 

Crater dimensions and volume 

A study of the craters produced by projectiles ricochet

ing off sand and clay reveals that the dimensions of the 

crater produced by a 1 in. spherical projectile are almost 

twice those produced by a 1/2 in. projectile. In general, 

the shape, mass and initial velocity of the projectile and 

the density of the impacted medium determine the length of 

a crater, L. We can write 

L = m fv~v 

where F = k"p'v 2f(8) is the instantaneous force of the 

fluid resistance and m and v are the mass and the instan

taneous velocity of the projectile. 

The dependence of the crater dimensions on the value of 

the impact speed is not easily understood. All its dimen

sions depend on the speed but the proportionality factors 

for length, width and depth, for small changes in speed, 

are not the same. The width and the depth of a crater 

increase with speed and approach a critical value asympto

tically. The critical depth for ricochet for spherical 

projectiles is generally agreed to be about 2d. 

The volume of a crater, defined as the volume of the ma

terial removed from beneath the original surface of the 

impacted medium, is found experimentally to be represented 

by a relation of the form V = c.m.von f(8 0 )' where V is 

the volume of the crater and va and 80 are the initial 

speed and the impact angle of the projectile. Tests using 

two spherical and five d.s. projectiles in sand and two 
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spherical, five d.s. and three o.s. projectiles in clay 

have shown that the proportionality coefficient C, the 
impact angle function f(8 0 ) and the impact velocity expo

nent n are almost the same for all projectiles which have 
the same basic shape and dimensions. The value of the 

velocity exponent, n, depends on the physical properties 

of the impacted medium. Tests in sand, as shown in Fig. 8, 

give n ~ 1, i.e. the crater volume is almost directly pro
portional to the initial momentum of the projectile; in 

clay and below approximately 200 m/sec, n ~ 2, i.e. the 

crater volume is proportional to the initial kinetic en

ergy of the projectile and at Vo > 200 m/sec, n ~ 4, see 

Fig. 8(c). At 80 = 5° for all the projectiles, and at 

80 = 10° for the spherical projectiles, n ~ 2, see Figs. 
8(b) and 8(d). Experimental results from Finnie 29 and 

Hutchings, Winter and Fie1d30- 32 using ductile metals 

struck by quartz projectiles give 2 < n < 2.4. 

Critical angle of ricochet 

The critical angle of ricochet, 8c , is an angle above 

which ricochet does not occur. The well-known empirical 

relationship for the value of 8c for spherical projec

tiles, is 8c = 18/JPlP' where p and p' are the densities 
of the projectile and the impacted medium respectively. 

According to this relationship the critical angle of ric
ochet is independent of the entry speed. This is not al
ways true. Tests using clay and sand, as shown in Fig. 9 
clearly demonstrate that the critical angle depends not 
only on the impact speed but also on the projectile size. 

Both in sand and in clay and at each impact speed, the 

critical angle for a 1 in. sphere seems to be smaller 

than that of a 1/2 in. sphere. 

In clay the critical angle increases from 8c = 10° at 

400 m/sec to 8c = 23° at 60 m/sec, see Fig. 9(b); the 
tendency of projectiles to ref1ect* off clay at low speeds 

* ricochet without causing "fracture" - i.e. plastic de-
formation only; note Fig. 6(a), 
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makes these results the more plausible. 

critical angle of ricochet changes from 

to 18° at 375 m/sec. 

In sand, the 

20° at 100 m/sec 

Effects of speed have been included in a simple analysis 

by Soliman, Reid and Johnson 2S , according to whom the 

critical angle is given by 8g = 8 e - (2dg/v2), where 8g 

is the critical angle at a given speed and (in radians) 

8e = 0.3l8~. The experimental results in sand and 

in clay reported above support this analysis qualitativel~ 

A special phenomenon associated with the critical angle 
of ricochet 

Tests in clay have shown that in the neighbourhood of the 

critical angle of ricochet the exit angle of the projec

tile increases suddenly and becomes very large, the exit 

speed reducing sharply and becoming very small. Data for 

a typical test, as shown in Fig. 10, are: Vo 

8 0 = 13 1/2°, vI = 6.8 m/sec and 81 = 68.5 0 

Conclusions 

162 m/sec, 

Through this and other papers there has now been presented 

a large amount of experimental information about the sin

gle ricochet of projectiles having a spherical leading 

surface. Thus the validity of the theories of Birkhoff 

et aI, Finnie, Hutchings and others should be better ca

pable of being tested and compared; this should be able 

to be done in the near future. There is now, in our 

opinion, a need for, and the possibility of a reliable 

and general theory of the ricochet of curved rigid bodies 

from fluid, powder-like and plastically deformable media. 
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Projectile 

Fig. 10 Demonstrating the large angle of exit near the 
critical angle exit at 6.8 m/sec and about 68.5° 
after impact at 162 m/sec and 13.5°. (Barrier 
inserted to prevent ejected material from ob
scuring flight of projectile at exit.) 
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Summary 

Problems on the penetration of rigid projectiles into 
epoxy resin targets are studied experimentally. A light 
gas gun, a drop weight apparatus and an Instron type 
loading machine are used as the high speed, middle speed 
and low speed penetration devices, respectively. The 
test results are discussed in terms of the resistance 
force to the projectile in the target material relating 
to the velocity and the temperature. In the high speed 
region, the proportional relation between the force and 
the velocity is deduced, while in the middle and low 
speed tests, the force becomes proportional to the loga
rithm of the velocity, which is explained as the activa
tion process in the target material. 

1 Introduction 

The problems on the penetration of solids has been one 

of the important theses in the engineering fields. Ex

periments under various conditions of the projectile 
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and target have been reported [1-5]. 
In this paper, the experiments on the penetration of steel 

balls into epoxy resins varying the penetration velocity 
widely using three kinds of devices are reported. 

2 Experimental Procedure 

2.1 Specimens The target materials used in the exper-

iments are epoxy resins the composition and the curing 

condition of which are shown in Ref.6. The mechanical 
properties of the resins are largely dependent on the 

temperature which is exhibited by the creep modulus (30 

sec) against temperature curve in Fig.l. The projectiles 
are sphere balls of steel with the diameter of 3 mm, 5 mm 

and 7 mm. 
2.2 High Speed Impact Tests The high speed penetra-

tion tests were performed by the use of a two-stage light 
gas (Helium) gun with the caliber of 7.6 mm. The tests 

were carried out at the room temperature up to 2,440 mls 

impact velocity. Figure 2 shows the relation between 

the impact velocity and the penetration depth obtained 
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tests. 



Fig.3. Target specimens after impact tests 
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in the tests. The target specimens after the tests are 

shown in Fig.3. 

2.3 Middle and Low Speed Tests A drop weight appara-
tus (3 . 5 m height) was used for the middle speed penetra

tion tests (several meters per second). The projectile 

is pushed into the target block by a thin supporting rod 

fixed to the drop weight which is taken sufficiently large 

compared with the presumed penetration load in order to 

ensure a constant speed penetration. The low speed pene

tration test (O.l rom/min-IOO rom/min), which is also a 

constant speed test, was conducted by the use of an Ins

tron type loading machine. In these tests, the temper

ature was controlled. Figure 4 shows the obtained pene

tration resistance force versus the penetration velocity 
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in the logarithmic scale. 

3 Discussions 

In the case of the high speed impact of hard solids such 

as metal targets, it is known that in most cases, both 

the projectile and the target suffer the deformation or 

sometimes melting, and a large semi-sphere crator is pro

duced on the target surface. There have been reports on 

the relation between the radius of the crator and the im

pact velocity or the kinetic energy of the projectile [1]. 

However, in the present experiments on the epoxy targets, 

in stead of a large crator, a slender opaque trace or oc

casionally no trace is formed behind the projectile and 

cracks spread in the target specimen are often observed 

in the high speed tests (more than about 1,300 m/s impact 

velocity) (Fig.3). Further, considering the similarity 

of the photoelastic fringe patterns of the target after 

the tests among the different impact velocity tests, it 

may seem better that the problem of the penetration into 

the epoxy resins is treated in the aspect of the rela

tion between the resistance force to the projectile mo

tion and the projectile penetration velocity in the tar

get. The proportional relation between the impact ve

locity and the penetration depth for the same diameter 

projectiles seen in Fig.2 can be deduced by assuming the 

proportional relation between the penetration velocity 

and the resistance force. The results of other experi

ments in which the velocities in the targets were mea

sured directly from the cut time intervals of the elec

tric wires cast in the target specimens have reinforced 

this relation between the force and the velocity. The 

fact that the relation is not distorted remarkably at 

the tangential sound velocity in the target (875 m/s) 

may be interpreted that the shear resistance of the tar-
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get material is negligible at the high speed penetration 

process. 

The resistance force measured in the middle and low speed 

tests is not consistent with the extrapolation of the high 

speed tests, but, the proportional relation between the 

resistance force and the logarithm of the velocity is seen 

in Fig.4. This relation suggests that the penetration 

mechanism in the middle and low speed region is controlled 

by the activation process, such as, 

v = Aexp { - (U - AP)/RT } (1) 

where v, P, R, T, Uare the penetration velocity, the pen

etration resistance force, the gas constant, the temper

ature and the activation energy, respectively and A and A 

are constants. 

Determining the constants in Eq. (1) (exhibited as the 

straight lines in Fig.4) so as to fit the experimental 

data, 77 Cal/mol is obtained as the value of the activa

tion energy, U. This value seems to be nearer to the 

energy value of the bond breaking process than to that 

of the chain slips in the polymers. If the bond break

ing process is considered to control the penetration re

sistance in the epoxy resins, the opaque traces behind 

the projectile which are composed of small fragments of 

the target materials may be playing an important role in 

the penetration process. 

The transition from the logarithmic to the proportional 

in the resistance force versus velocity relation has not 

been cleared in the present experiments, however, it would 

seem natural that as the penetration velocity increases, 

the dynamic pressure in front of the projectile becomes 

larger, and the problem can be regarded as the fluid im

pact penetration. 

The effect of the projectile size in the experiments ap

pears such that the resistance force is proportional to 

the square of the projectile length throughout all the 
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three type tests. 

The penetration mode at the temperature higher than 50°C 

(the target material is in the rubber state) in the low 

speed tests seems rather elastic and brittle in the sense 

that a large elastic distortion on the target surface 

occurs followed by a sudden penetration accompanying a 

sharp conical crack with the vertical angle of 40-50°. 

The authors wish to thank Mr. S. Hashimoto for his co

operation in the experimental works. 
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On the Transient Response of Long Beams Subjected 
to High Velocity Transverse Impact 
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Sunnnary 
This paper deals with the plastic deformation of long 
beams subjected to high velocity transverse impact. The 
effects of rotary inertia, shear force and strain-rate on 
the transient response are discussed from the theoretical 
and experimental results for pure aluminum. 
It is shown that the deflection curves calculated by the 
strain-rate dependent traveling-wave theory are in much 
better agreement with the experimental results than those 
obtained by the elementary theory. In this computation, 
the linearized constitutive equations by Malvern are used. 
The values of the strain-rate constants used in the com
putation were obtained from the high velocity compression 
and high angular velocity torsional tests on the same 
material. 

1. Introduction 

The behavior of beams under transverse impact in plastic 

range has been studied by many investigators, since the 

problem was reported in 1950 by Duwez ,Clark and Bo1:menblust 

[1]. Their approach is constructed by modifying Boussinesq 
's solution for elastic beams so that a plastic material 
can be handled. The experimental results in their paper 
are compared with the calculated deflection curves, but 
the numerical agreement is not good in the case of the 
copper beam. Other attempts using the rigid-plastic a
nalysis are given by Conroy[2], Lee and Symonds [3] , and 

Parks [4], employing the concept of idealized plastic hinge 

formation. These efforts in the problem have been direct

ed towards the analyses based on the elementary beam the

ory with the static relation between bending moment and 

curvature, that is, elastic-plastic or rigid-plastic. 

For high velocity transverse impact loading, it is 
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required that the traveling-wave theory is applied to pre
dict seriously the transient behavior of beams. As point

ed out by Flugge[S], the effects of rotary inertia and 

transverse shear deformation must be taken into account 
in application of traveling-wave theory because waves pro

pagate with infinite velocity. In addition, the strain

rate effects become increasingly important. The numerical 

traveling-wave solution of this type of problem consider

ing the effects of strain-rate has previously been presented 

in reference[6], in which the strain-rate law of Malvern 

type[7,8] was used and the flow constants of strain-rate 

law for both bending stress and shear stress were assumed 

to be equal. The strain-rate effects as well as the effects 

of rotary inertia and transverse shear deformation, how

ever, have not as yet been clearly evaluated for an actual 

transverse impact problem. 

In this paper, the author describes the results of 

the experimental and theoretical investigation for the 

transient deformation of an annealed pure aluminum beam 

under high velocity impact loading. In order to study 

the effects of rotary inertia, transverse shear deforma

tion and strain-rate, experimental results are compared 

with the theoretical results. The theoretical analysis 

is made by means of the traveling-wave theory and the 
strain-rate law of Malvern type is assumed for both bend
ing stress and shear stress. In the numerical calcula

tion, the values of flow constant[9,lO] are used, which 

have been obtained from the experiments of tl~ annealed 

pure aluminum bars subjected to longitudinal and torsion

al impact loading. 

In the experiment, a long beam of pure aluminum 

(purity; 99.73%) with square cross section is fixed at 

one end and is suddenly set into constant velocity motion 

transversely at the free end by the firing of a steel 

piston from a compressed air gun. The beam motion is 

photographed with a high speed camera. 
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2. Experiment 

(1) Specimens 

The specimens used in the experiment were pure aluminum 

(purity; 99.73%) extruded beam, which had a square cross 

section and the dimensions of the specimens were; length, 

l,250 rum; width, 10 rum; depth, 10 rum. The length of the 

specimens was so chosen that no reflected waves returned 

to the measuring stations during the time of interest. 

So, it was possible to compare the experimental results 

with the theoretical ones for the infinite beam. All spe

cimens were annealed for 1 hr. at 350°C. The composition 

and static tensile properties of the specimens are given 

in Table 1. 

Composition ("10) Tensile test I 
Material I pr~(r5~ I ~\~~!~JEI()19:1t;()11 CU Si Fe 

----- ("'An')II"/m~t -I"'~ l 
99.73"10 AI. 0.01 0.06 0.20 3.117.3 ;52.5 

Table 1. Composition and tensile properties for specimens 

The static bending moment-curvature curve is shown 

in Fig. 1. The stress-strain curve was obtained experi

mentally for the specimens. The bending moment-curvature 

curve was computed for a beam 10 mm wide and 10 mm deep. 

~ 0.5' 

~ 

I /K~ 

Ook""~--~~~~Od\;--5 ~~~--'-~'---110~·· 
Curvature (mnf) 

Fig. 1. Static bending 
moment-curvature curve 
for annealed aluminum 
beam 
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The approximate static bending moment-curvature om~e taken 

for the numerical computation consists of two straight 

lines as shown in Fig. 1, where Me and Ke are the bending 

moment and the curvature at the elastic limit, respective
ly. In the plastic range, the curve makes an angle: EIa 2 

with the horizontal axis, where a is a constant which in

dicates the degree of strain-hardening , and its value a 

is equal to 0.11 for the specimens. 

(2) Equipment 

The experiments were carried out by the impact air gun . 

Experimental arrangement and instrumentation are shown in 

Fig. 2 . This equipment consists of : (1) high compressed 

air source (150 Kg/cm2), (2) reservoir tank, (3) firing 

device, (4) acceleration barrel, (5) stopping anvil and (6) 

measuring instrument and specimen. 

-
Fig. 2. Air gun impact machine 

Tests were carried out on the cantilever beams. A strik

er piston is 27 mm in diameter, 250 mm in length and made 

of the quenched Ni . -Cr. steel. The steel piston was 

fired by the compressed air gun and the beam was struck 
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camera. These pictures are replotted as deflection curves 

at any time. 

4 Discussion 

(1) Impact velcity 

As an example, the transverse displacement-time diagram 

is shown in Fig. 3. The slope of the curve gives the de

flection velocity of the impact end of specimens. It may 
be seen that the transverse velocity at the free end re

mains approximately constant within 1.0 millisecond. 
In present experiments, the impact velocity was varied 

from 30 to 100 m/sec and the beams must be deformed plas
tically. 

31·1m/s 

o 0·5 1·0 1·5 
nme(ms) 

(2) Transient deflection curves 

Fig. 3. Transverse 
displacement-time 
diagram at the im
pact end 

The theoretical deflection curves are plotted, together 
with one experimental curve in Fig. 4. It can be seen 
that there is a considerable discrepancy quantitatively 
between the experimental curve and the calculated one by 

the theory [1], in which the approximate bending moment

curvature curve for aluminum beam (given in Fig. 1) is 

used. Then, in order to study the dependency of deflec

tion on the strain-rate, two cases were calculated with 

the traveling-wave theory. These results are also shown 

in Fig. 4. The one is the deflection curve computed by 

taking account of the strain-rate effects ( -----). The 
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transversely at the point, 5 rum from the tip. 

The transient motion of the beam and the reference scale 

were photographed with a high speed camera, Dynafax model 

350 (Maximum framing rate; 35,000 pictures per sec.) at the 

any framing rate. The framing rate was measured with an 

electronic counter and the rate was used as the scale of 

time axis for deformation. The framing rate 35POO pic

tures per sec. was corresponded to the time interval of 

each picture being about 30 microsecond. 

Upper limit of impact velocity was about 100 m/sec. with 

this equipment and the 250 mm length steel piston. For 

the specimens above mentioned, the experiments were per

formed with the impact velocities, 31.1, 52.6 and 90.5 

m/sec. 

3. Experimental Results 

The typical record with the high speed camera is shown 

in Photo. 1. The steel piston moved downward with the 

beam after impact. Photo. 1 shows the motion of the beam 

of which the portion is 25 cm in length from the tip. As 

mentioned before, the time interval of each picture can 

be found from measuring the framing rate of the high speed 

Photo. 1. Typical photographical record of beam deformation 
(impact velocity: 3l.lm/s, framing rate: 62.5~sec. per picture) 
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strain-rate law of Malvern type is used for both the bend

ing stress and the shear stress. In the numerical calcu

lation, Kc=5. 0 x 106 and Ks=5. 5 x 106 l.Isec were used as the 

values of flow constant. These values were obtained from 
the longitudinal and the torsional tests, respectively. 

The other is the curve computed by the use of strain-rate 

independent theory (Kc=Ks=O,--·--·_). It is evident that 

the result by traveling-wave theory considering the strain

rate effects is in much better agreement with the experi

ment than those by the elementary theory and the travel

ing wave theory neglecting the strain-rate effects. 

~ 
~05 c 
o 

ImpQ(:t ..... OClty Va90.Sm/ s ' 
Duration of Impoc t T:=; 400» SK ! 

--- EI..-n.nlory Ihpory 

TrnviI!'llng - 'WOVf' the-or 'i 
_._. - Sirain - rate mdppendenl 

-- Sirain - ratt' d~p~ndf'nt 

Fig. 4. Deflection curves for annealed-aluminum beam 

5 Conclusions 

An experimental study has been made in which the deflec
tion curves of long cantilever beams have been obtained 
during impact. The transient deflection of the pure alu
minum beams under high constant velocity transverse im
pact was compared with three theoretical results. The 
first theoretical computation was performed by use of the 
elementary theory. The last ones were made by the strain
rate dependent and independent traveling-wave theories, 
respectively. 

(1) The constants (Kc,Ks) which determine the strain-rate 

dependency in bending and shear are available from 

the experimental data which were obtained from the 
compression and the torsional tests. 

(2) The deflection curves obtained by the strain-rate 
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dependent theory are in much better agreement with the 
experimental ones than the curves obtained by the strain

rate independent theory. 
(3) The effect of shear force on the transverse displace

ment cannot be neglected, but the effect is smaller 
than the strain-rate effect. 
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7 Appendix 

(1) Strain-rate dependent traveling-wave theory [6,12,131 
The propagation of plastic wave is governed by the follow

ing partial differential equations: 

EI~ at 

ClM ax - Q = 

~~ + Kc (M M) 

Clw 
plat 

ClQ Clv 
ax pAat 

C3k C3w 
at ax 

C3y ~+w at C3x 

1 (ma'eria1 behav'or) (A-l) 

l 
(equation of motion of 
the element as shown (A-2) 
Fig. A-I) 

} (equa"Oo of oon"nu',y) (A-3) 



360 

where 

M and M: dynamic and static bending moment 

Q and Q: dynamic and static shear force 

Kc and Ks: flow constants for bending stress and 

shear stress 

A and As: area and effective area 

I: cross-sectional moment of inertia 

W: angular velocity of 

v: transverse velocity, 

y: shear strain, 

E: Young's modulus, 

the cross section 

k: curvature 

P: density 

G: shear modulus 

Fig. A-I, Deflection of a beam 
due to transverse 
impact 

The above equations can be integrated numerically by means 

of the method of characteristics under appropriate boun

dary conditions. The characteristics are integrals of the 

following differential equations: 

dx 0 (twice) 

dx + CMdt 0 (A-4) 

dx + CQdt 0 

where 

CM = JE/p , ~ CQ = [)A (A-5) 

The families of characteristics in the x-t plane are shmm 

in Fig.A-2 (a). The following equations hold respectively 

along these characteristics; 
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(a) (b) 
Fig. A-2. Characteristics in x-t plane 

dM Eldk -Kc(M - M)dt along dx 0 
dQ GAsdy -Ks(Q - Q)dt along dx 0 (A-6) 
dM + pICMdw= ±CMQ - Kc (M-M)dt along dx +" CMdt 0 
dQ +" pACQdv= pACQw - Ks (Q-Q) dt along dx +" CQdt = 0 

Among these six variables, there exists the following re
lations: 

llM 

llQ 
(A-7) 

just behind the leading wave fronts X=CMt and x=CQt res
pectively. 

From the Eqs. (A-6) and (A-7) , the following relations are 
obtained: 

f M_....:d::=M~l _ 

110 Kc (M-M) 
1 t 
2 

f
Q dQ 

QoKs(Q-Q) 

1 
t (A-B) 

2 

where Mo=-pICMWo and Qo=-pACQvo are the bending moment 
and the shear force at x=O and t=O, respectively. 

(2) The numerical integration for the constant-velocity 

impact 

Eq. (A-6) can be integrated approximately by replacing the 

finite difference equations. The numerical computation 
may be performed to determine the six variables in the 

x-t plane as shown in Fig.A-2. (b). The computation can 
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~---.-----------------x 

Fig. A-3, Element (P,A,B,C) 

containing shear discontinuity 

be carried out successively for an element in the x-t plane 

bounded by the characteristics, dX+CMdt=O (solid lines). 
The boundary conditions are M(O,t)=O and v(O,t)=vo 

for the constant velocity impact. From the Eq.(A-8), the 
values of M and Q are obtained by the numerical integra
tion along the x-CMt=O and x-CQt=O, respectively. For the 
constant velocity impact, a shear discontinuity is present, 
which propagates along the characteristics x-CQt=O. In 
our computation, it is assumed that, for the case as shown 
in Fig.A-3, the values of Q, v and y at the P point are 
obtained by superposing their values given by the second 
equations of Eq.A-7 and Eq.A-8. And also, the following 
assumptions are used in our computation: 
(1) The static values of M and Q depend only upon k and y 

respectively. 
(2) The loading conditions are ~k/~t > 0 or ~y/~t > 0, in

dependently each other. 
The constants used in the computation for the pure aluminum 
specimens are as follows; 

h depth of section 
w width of section 
A 100 mm2 

I 833.3 mm4 

G 2700 Kg/mm2 

Me= 900 Kg mm 
kc= 5.0 xl0 6 l/sec 
a. = 0.11 

10 mm 
10 mm 

As= 
E 

p 

Qe= 
k s= 

(2/3)A = 66.67 mm2 

7200 Kg/mm2 
-10 2 4 2.754 x 10 Kg sec /mm 

207 Kg 
5.5 x 106 l/sec 



High Speed Deformation of Shells 
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Introduction 

In general thin elastic shells subject to a dominantly 

compressive membrane 

buckle explosively. 

stress state show a tendency to 

The shell will then deform with 

considerable speed so that it can only be observed 

using a high speed camera. Furthermore, the loss of 

stability occurs at loads far below the exact branching 

loads predicted theoretically. 1 It was not until the 

pioneering work of von Karman and Koiter that this pro

blem became reasonably understood!-12 This was achieved 

by considering the nonlinear problem of the shell post 

buckling behaviour. The complimentary character of von 

Karman's large deflection approach and Koiter's initial 

post buckling theory was realised in recent years. 

A short account and criticism of both approaches can be 

found in Refs. 2,9. Thus, in the last two decades or 
so, the overwhelming research activity was drawn in the 

direction of the classical idea of calculating the post 

buckling path derivatives as accurately as possible and 

determining the imperfection sensitivity. On the other 

hand, new interest recently arose in another radically 

different and very simple approach which treats shell 

buckling from the stand point of the isometric bending 

theory~3-31 The various reasons for initiating this 

geometrical approach were discussed in Refs. 11, 22, 23. 

However, the main motive was, in fact, a general feeling 

that stability analysis of shell structures was becoming 

incredibly complicated. At the crutial preliminary 
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design stage, it is more important for the engineer to 

be able to estimate the critical loads rather than to 

make an exact calculation of the stability limit of a 

new shell structure and, consequently, be able to keep 

his head clear for conceptional thinking~3 In the fol

lowing, a few applications of the isometric theory to 

statical and dynamical buckling of shells will be con

sidered. A general treatment for doubly curved shells 

under external pressure will also be discussed. 

The axially compressed plate 

As a first example we will consider the case of coinci

dental isometric bifurcation, that is to say the upper 

and lower point of stability coinciding. Consider a 

rectangular plate with the wall thickness t and the 

dimension £ and b in the x and y directions respectively. 

The plate is supposed to be simply supported and com

pressed along b by a uniform axial pressure p. It is 

helpful to imagine the plate to be composed of longi

tudinal (y) and transversal (x) elements. The bending 

and torsion rigidity of the longitudinal elements thus 

provides an elastic support for the transversal elements. 

The larger the buckling wave length in y direction, the 

smaller the elastic support will be. Thus, a buckling 

configuration with a one half sinuous wave will be con

sidered which corresponds to the case where £ is small 

compared with b. We now imagine a part of the middle 

of the plate as isolated which has the breadth unity, 

the length £ and the moment of inertia t 3 /12 and rests 

on an elastic medium formed by beams of the length b 

and moment of inertia t 3 /12. From the geometry of a 

flat plate with these boundary conditions, we see that 

there exists no developable surface except the unde

flected shape. Therefore, only very small bending de

formation can be tolerated without stretching the 

middle surface of the plate. Consequently, the lower 
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stability limit is identical to the upper or branching 

limit. When buckling starts in the direction of com

pression, the longitudinal elements will not only bend 

but will aslo twist and thus activated stabilizing 

lateral forces which act as a stabilizing elastic medium. 

The problem now is to determine the two constants of 

this elastic support due to bending and torsional rigid

ity of the longitudinal elements. Considering the half 

sin wave deflection form 

W (x;y) = w(x) sin ~ y (1) 

these proportionality constants are easily found to be 

Et 3 

C~= l2(1-v 2 ) (~/b)4 

for bending and 

Et 3 

G,Q,= 6(1-v 2 ) (~/b)2 

(2) 

(3) 

for torsion. The total potential energy functional is, 

therefore, 

J,Q, Et 3 ,,2 1 ,2 1 l' :2 

V = 0 ( 2 4 ( 1- v 2) W + 2" G ~ w + 2" C,Q, if - 2" Pw ) dx (4) 

The first two terms in this very simple functional re

present the total energy functional of a simple Euler 
strut while the third and fourth terms resemble the 

energy due to a fictitious supporting elastic medium. 

Expanding the deflection in the following Fourier 

series 
\ . i~ 

w = ~ a i Sln T x 
1 ( 5) 

and inserting this in the quadratic form, minimising 

with respect to ai the generalized co-ordinates and 

then with respect to i, the smallest critical pressure 

is immediately found to be 

c 
p. 
mln 

(6) 
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I~---- Membrane energy is a 
t maximum 

Classical branching foE.-v"",---. 

load (upper 
stability limit) 

<.-___ Extensional path 

L<::wer stability 
_---I----limit. 

~J_~------~~~~---~a minimum. 

Isometric branching 

DEFLECTION 

FIG. 1 - Isometric approximation of the lower stability limit. 

<;, 

FIG. 2 

Convexed shell with 
attenuated local dirrple, 
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This is identical to the well known exact critical value. 
Once more, it is important to emphasize that the plate 
exhibits a symmetric stable type of branching point, as 

a rigorous nonlinear analysis would reveal. That is the 
reason why the minimum of the post buckling curve is 

identical to the branching load itself. 

Statical buckling of an axially compressed cylinder 

As an example of the general case where the branching 

point does not coincide with the lower stability limit, 
a cylindrical shell will be considered. The cylinder 

is supposed to be of the length ~, the radius r and the 

wall thickness t and subject to axial dead load P. 

Pogorelov considered this problem from the stand point 
of geometrical bending and proved the existence of a 

buckled configuration isometric to the original unbuckl
ed cylinder!5-l7 The remaining main problem is to write 

down, for the isometric deformed surface, an expression 
for the corresponding energy density. A linear eigen

value analysis based upon this energy expression will 

thus yield a pseudo branching load which is almost equal 
to the minimum of the post buckling curve of the shell~8-23 
In other words, the lower stability limit which can be 

used as a reasonable estimate for the actual buckling 
load of a shell can be obtained using linear analysis 
and without calculating the whole post buckling path (see 
Fig. 1). The reason for this is that the isometric sur
face is, in fact, the ultimate ideal shape of the post 
buckling configuration of a shell. This fact can be 
argued in different ways on the basis of the Gauss prin
CiPl~4 or the principle of minimum potential energJ~-25 
Excluding any extensional deformation of the shell, it 

is easy to show that the differential equation corre
sponding to the isometric energy functional i~9-2l 

"" " W + (cr/E) K1 W + K2 W = 0 (7) 
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where 
K 1 = 1-\)2720r2 

b 4 

K2 

W is the radial deflection and b is the isometric half 

waves length in the circumference. For an overall trans

formation of the shell surface, the isometric branching 

load is easily found to be 

aC• = 0.187 Et/r mIn 

which is remarkably close to the result obtained from a 

full nonlinear analysis. For a local transformation, 

the buckling load is even considerably lower. 

General theory of doubly curved shells in the post 
critical range 
In the following we investigate a post critical isomet

ric bending of general nature. We will consider a doubly 

curved thin elastic shell of arbitrary shape assuming, 

however, that the Gaussian curvature is positive. As 

the shell surface is a two dimensional Riemann space, the 
integrability conditions are given by Peterson-Mainardi

Godazzi and Gauss equations 

( 8) 

(9) 

where LaB and REaBy are the second fundamental tensor 
and the Riemann curvature tensor respectively. In the 
immediate vicinity of any point it can be shown that 

these equations are approximately satisfied. Consequent

ly, a small part of a materialized surface can be re

garded as quasi-developable. Thus, there exists a one

to-one mapping of the original convex surface on to the 

concave buckled surface, under which the metric of cor

responding curves is preserved. The local deformation 
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will, therefore, be quasi-geometric bending. Thus, in 
accordance with the Hamiltonian principle, the deforma

tion will be dominated by isometric energy at least in 
24 

the advanced post buckling range. N. Kilchevesky et al 

recently gave an analytical proof of this on the basis 

of the Gauss principle. In this connection it might be 

mentioned that H. Weyl was the first to prove the ex

istence of a convexed polyder with fixed matrix in the 

case of positive Gaussian curvature. Under the same 

assumption, E. Levi was able to prove that in a suf

ficient vicinity of any point on an analytical convexed 

surface, continuous pure bending is geometrically admis

sable. It should be noted, however, that the condition 

of positive Gaussian curvature is vital here since W. 

Efimov proved (for the general case) the existence of 

certain points where such bending is not permissable. 

We now consider a shallow region of the shell with the 

principal radii rl and r2. Again it is helpful to 

imagine the shell region to be composed of several 

strips in one of the principle directions Sl, elastical

ly supported by imaginary strips in the perpendicular 

direction S2. However, in the present case the strips 

in both directions are weakly curved beams. This sug

gests an analysis along very similar lines to that used 
in the preceding sections. Following Ref. 21, equation 

No. 10 of that work as well as equation No. 7 of the 

present work can be generalised to 

.... c .. 
W + ( 0 1 / E) II W + .!..2 W = 0 (10) 

where C)= ~t), <PI is the angular co-ordinate in Sl 

direction, W is the radial displacement, o~=pcrl/2t is 

the membrane stress in Sl direction, ~l =720r:(1-v 2 )/b 4 

and K2 = 'fT3t2l20rib8. A Galerkin solution associated 

wi th W = ~ai sin i¢ 1 yields, in this case, the critical 
1 

pressure 
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(11) 

where E has been changed to ~ in order to account for 

plasticity effects. For rl=r2=r and perfect elastic 
behaviour, the above formula gives an excellently close 

result to that obtained by von Karman. Following Ref. 
21, the same differential equation can be used for the 

case of an attenua~ed local dimple (see Fig. 2) if Al 
and A2 are replaced by the modified Pogorelov-Kirste 

coefficients for which 

The critical value associated with the attenuated 

local buckling mode 

-ks l 

(12) 

W = a e (cos kS I + sin ksd ; SI =¢I rl (13) 

as a Galerkin function is p~ =/0.325 EEtt~/(rlr2). mln 
In the case of a spherical shell, this formula yields 
a lower stability limit which is in fairly good agree

ment with the experimental results. 

Dhnamical buckling of an axially compressed cylindrical 
s ell 

In all the preceding analysis the inextensional defor
mation was a,special feature of the post buckling range. 
In the following, however, we will consider an interest
ing, completely inextensional buckling mode of a shell 
which is a characteristic of the initial buckling be
haviour. This rather surprising phenomena arises in 

the dynamical buckling of a cylindrical shell under non

conservative tangential axial pressure. To show this we 

start from the differential equation 

W" + (Et/2r2) 24 (1- v 2 )W+p12 (1-v 2)W+ (l!.) 24 (1-v 2);:0 
Et 3 Et3 2 Et 3 

(14) 



where (') = ~£2 * _ dO ( ) - <IT' T is the time and lJ is 

the mass density of the cylinder. Assuming 

eiAT W(x;T)=W(x) (15) 

where A is the frequency and i = y:lL, we find that 

~'~12p(1_\)2)W" + W (Et 24(1-\)2)_I2AlJ(1-\)~=O (16) 
Et 3 2r2 Et 3 Et 3 

The boundary conditions are 

-, 
W = W = 0 x = 0 (a) 

and (17) 
-II 

..... If' 

W = W 0 x = £ (b) 
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Writing down the general solution of this differential 

equation and substituting it into the boundary conditions 

leads to a system of four linear homogeneous algebraic 

equations for the unknown constants of integration. A 

nontrivial solution of this system is only possible if 

the determinant of the coefficients vanish. Expanding 

this determinant, the frequency equation is obtained. 

Now for buckling to be triggered, the real part of the 

frequency equation must vanish. This is analytically 

equivalent to the vanishing of the discriminant of the 

frequency equation. Omitting the details of the lengthy 

standard procedure, the critical pressure is found to be 

pc = (1. 67) E (t/ £)2 
(1-\)2) 

(18 ) 

The critical value of the rotating nonconservative axial 

pressure is, therefore, independent of the radius of the 

shell and considerably smaller than the well known clas

sical critical pressure ~= O.6Et 2/r. This rather sur

prising result is due to the fact that this particular 

dynamical buckling mode is fully isometric. As far as 

the author is aware, the fact that the buckling load of 

a cylindrical shell under certain types of external 
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pressure approach zero as the length tends towards in

finity was never pointed out in the literature before and 

seems to deserve some careful consideration. 

Conclusion 

Unstable post buckling of a shell structure is marked by 

the existence of a surface which is noncongruent and iso

metric to the undeflected shell. This surface is the 

ultimate post buckling shape of the shell. Based on this 

idea, a geometrical buckling theory is developed which 

is sufficiently simple and intuitive to open, for the de

signer, the path to developing his intuition towards 

shell buckling. The work, as viewed by the author, is by 

no means an alternative theory to that of Koiter or von 

Karman. It is only meant to be complimentary to them. 

It is thought that the three theories together present a 

reasonably complete tool for dealing with shell instabil

ities. The present method is thought to be especially 

valuable in obtaining fairly accurate estimations for the 

buckling loads of complicated structures where other 

methods might fail. It is seen here that having solved 

the membrane stress state problem of a convexed doubly 

curved shell with a positive Gaussian curvature under ex

ternal pressure, the problem of estimating the lower 

stability limit is rendered more or less trivial. There 

are many indications for the correctness of the postulates 

of the isometric buckling theory. These are based on 

several experiments filmed by high speed camera and the 

numerical results reported here which are in reasonable 

agreement with those obtained from a nonlinear post buckl

ing analysis. There is also the paradoxical behaviour of 

oval cylindrical shells under axial pressur~2 which can 

be quite well explained by the isometric theory. Using 
31 

a simple model, the complimentary character of Koiter's 

initial post buckling theory and von Karman's large de

flection approach is confirmed for the oval cylindrical 
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shell. In conclusion, the profound role of isometric 

deformation in shell buckling is illustrated by a simple 

but rather surprising dynamical problem. It is found 

that a fully isometric mode exists for which the buckling 

load of a cylindrical shell approaches zero as the shell 

length approaches infinity. Finally, we might note that 

for reasons which are not explained here, the isometric 

transformation is most pronounced when the shell is sub

ject to impact loading~6 Curiously enough, this compli

cated problem is described by this simple theory much 

better than in the simple statical loading case. 

References 

1. Hoff, N.J. Some recent studies of the buckling of 
thin shells. The Aeronautical Journal of the Royal 
Aeronautical Society, vol. 3, December (1969), 1057. 

2. El Naschie, M.S. A branching solution for the local 
buckling of a circumferentially cracked cylindrical 
shell. Int. J. Mech. Sci., vol. 16 (1974), 689-697 
and Applied Mechanics Review, Nr. 7900, September 
(1976) . 

3. Koiter, W.T. Over de stabiliteit van het elastisch 
Evenwicht. Dr. Thesis Delft Technical University, 
H.J. Paris, Amsterdam, Holland (1945). 

4. Thompson, J.M.T. and Hunt, G.W. A general theory of 
elastic stability, John Wiley, London (1973). 

5. El Naschie, M.S. Thermal initial post buckling of 
the extensional elastica. Int. J. Mech. Sci., vol. 
18 (1976), p. 321-324. 

6. El Naschie, M.S. Der Einfluss von Schubverformung auf 
die Stabilitat von axial gedruckten Staben im 
uberkritischen Bereich, Der Stahlbau, 2, (1977), 
p. 52-54. 

7. Esslinger, M. and Geier, B. Gerechnete Nachbeullasten 
als untere Grenze der experimentellen axialen 
Beullasten von Kreiszylindern. Der Stahlbau, 41, H12 
(1972), p. 353. 

8. Hoff, N.H., Madson, W.R. and Mayers, J. Post buckl
ing equilibrium of axially compressed circular cyl
indrical shells. AIAA Journal, 4 (1966), p. 126. 



374 

9. El Naschie, M.S. Durchschlagahnliches Stabili
tatsverhalten von Rahmentragwerken. To appear in 
Der Stahlbau. 

10. Thorn, R. Structural stability and morphogensis. 
Translated from French edition by D.H. Fowler, 
(Addison-Wesley) (1974). 

11. El Naschie, M.S. Edlund, B., Wood, J.G.M. and 
Kaoulla, P. Local post buckling of compressed 
cylindrical shells (discussion). Proc. Instn. 
Civil Engs., Part 2,61, June (1976), p. 483-488. 

12. Hutchinson, J.W. Buckling and initial post buckling 
behaviour of oval cylindrical shells under axial 
compression. J. Appl. Mech., 3~, (1968), p. 66. 

13. Yoshimura, Y. On the mechanism of buckling of 
circular cylindrical shells under end compression. 
NACA TM, 1390 (1974), p. 1-46. 

14. Kirste, L. Abwi£kelbare Verformung dlinnwandiger 
Kreiszylinder. Osterr. Ingenieur-Archiv, 8 (1954), 
p. 149. 

15. Pogorelov, A.V. 
elliptic space. 

Topics in the theory of surfaces in 
Gordon and Breach, New York (1961). 

16. Pogorelov, A.V. Die Eindeutige Bestimmung Allgemeiner 
Konvexer Fl~chen, Akademie-Verlag-Berlin (1956). 

17. Pogorelov, A.V. Geometrical methods in the nonlinear 
theory of elastic shells (in Russian), Moscow (1967). 

18. El Naschie, M.S. Localised diamond shaped buckling 
patterns of axially compressed cylindrical shells. 
AIAA Journal, vol. 13, June (1975), p. 837-838. Also 
in Applied Mechanics Review No. 2073, March (1977). 
See also reply to P. Kaoulla, AIAA Journal, March 
(1977), p. 757-759. 

19. El Naschie, M.S. An estimation of the lower sta
bility limit of the free edge orthotropic cylindrical 
shell in axial compression. J. of Appl. Math. and 
Mech. (ZAMM) , vol. 55 (1975), p. 694. 

20. El Naschie, M.S. Abschatzung der untere Stabili
tatsgrenze einer ortlich ausgebeulten Zylinderschen 
Schale unter axial druck. Die Bautechnik, No.5, 
(1976), p. 163. 

21. El Naschie, M.S. Estimation of the lower stability 
limit of locally buckled spherical shells. J. of 
Spacecraft and Rockets, vol. 14, No.3, March (1977), 
p. 189-191. 



22. El Naschie, M.S. Imperfection sensitivity and 
isoperimetric variational problems in stability 
theory. J. of Spacecraft and Rockets, vol. 13, 
No. 12, (1976), p. 761-763. 

23. El Naschie, M.S. Nonlinear isometric bifurcation 
and shell buckling. J. of Appl. Math. and Mech. 
(ZAMM) , 57, 46, p. 293 - 296 ( 19 77) . 

375 

24. Kilchevsky, N.A. and Nikulinskaya, S.N. Substantia
tion of the theory of stability of cylindrical 
shells on the basis of the Gauss principle. Proc. 
IUTAM Symp. Instability of Continuous Systems. 
Herrenalb, Springer-Verlag, Editor H. Leipholz 
(1969) . 

25. Fung, Y.C. and Wittrick, W.H. A boundary layer 
phenomenon in the large deflection of thin plates. 
Quart. J. Mech. and Appl. Math., vol. VIII, Part 2, 
(1955), p. 191- 210. 

26. Coppa, A.P. Inextensional buckling configuration 
of conical shells. AlAA Journal, April (1967), 
p. 750-754. 

27. Wolmir, A.S. Flexible shells and plates. Berlin 
BEB Verlag fur Bauwesen. (German title 'Biegsame 
platten und schalen', translated to German from 
Russian), (1962). 

28. Edlund, B.L.O. Thin-walled cylindrical shells under 
axial compression, prebuckling, buckling and post 
buckling behaviour. Monte Carlo Simulation of the 
scatter in load carrying capacity. DSC Thesis, 
Chalmers Tekniska Hogskola, Gotenborg, Sweden, 
(1974) . 

29. Soden, P.D., Al-Hassani, S.T.S. and Johnson, W. 
The crumpling of polyvinylchloride tubes under 
static and dynamic axial loads. Institute of Physics 
Conf. Ser. No. 21. 

30. Miura, K. Inextensional buckling deformations of 
general cylindrical shells. AIAA Journal, vol. 6, 
No.5, Ma y ( 1 96 8), p. 966 - 9 6 8 . 

31. Miura, K. Proposition of pseudo-cylindrical concave 
polyhedral shells. A.I.S.S. Symposium on folded 
plates and prismatic structures. Vienna, (1970). 

32. Basar, Y. and Kratzing, W. Structure konsistenten 
Grundgleichungen fur Beul-und Nachbeulverhalten 
allgemeiner Flachentragwerke. Der Stahlbau, 5, 
(1977), p. 138. 



376 

33. Croll, J.G.A. Towards simple estimates of shell 
buckling loads. Der Stahlbau, vol. 44, No.8 (1975), 
p. 243. 

Acknowledgement: 

The author is deeply indebted to Prof. S. Athel for his 

continuous encouragement as well as to the University of 

Riyadh for the generous financial help which made this 

work possible. 



Shock and Vibration Characteristic of Solid Rocket 
Vehicles 
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Summary 

In order to acquire the knowledge on the dynamic char

acteristics of the solid propellant launch vehicle and 

to assess the dynamic environment of the satellite or 

installed electronics, two kinds of study have been 

carried out. The one is measurement of the response 

of the actual vehicle in flight and the other is an an

alytical and experimental approach to the shock and vi

bration characteristics of small test rocket segments 

containing solid propellant. 

1. Introduction 

In order to prevent the aeroelastic instability or the 

structural failure of the launch vehicle with solid 

propellant motors and also to assess the flight envir

onment of the installed electronics or satellite, the 

knowledges on the dynamic characteristics of the vehi

cle in flight are fundamental one. 
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The authors have been engaged in the development of the 

solid propellant launch vehicles for scientific satel

lite, and here, the results of two research works on the 

dynamic characteristics of the vehicle body are present

ed. 

2. An Example of Dynamic Environment of a Solid Pro

pellant Vehicle 

Shock and vibration environment of a three stage solid 

propellant vehicle Mu-3H-l has been measured. 

Mu-3H-l, and newly designed vehicle, was launched in 

February 1977 and put in orbit the test satellite "Tan

sei 3" in the medium earth orbit. Figure 1 shows the 

vehicle just before launch, and Figure 2 shows the lo

cation of sensors for dynamic measurement of the upper 

stages. 

Five accelerometers, five vibration meters and one sound 

level gage were installed. 

Figure 3 shows the acceleration response at launch. 

Bending vibrations of the body (5 HZ, 13 HZ, and 22 Hz) 

were excited, and lateral vibration of 3.1 G and base 

of the spacecraft is the biggest one thoughout its life

time. Separation of sub-boosters excited vibration of 

1 G. 

The acceleration caused by the shock and vibration dur

ing the second and third stages are not so significant 

as in the first stage. 

Vibration records were obtained by the peizo type vi

bration meters, whose overall response being flat up to 

2 kHz. 

Figure 4 is an overall vibration recorded by pen-oscil

lograph in the first stage powered flight. At ignition, 

the effect of the exhausted gas reflecting at the base 

ground is significant. The vibration amplitude in the 

following phase is roughly proportional to the dynamic 



pressure of the vehicle, and so, these vibration seem 

to be generated by the acoustic excitation induced by 

the turbulent airsteam. The response at the base of 

the spacecraft is moderate. 

Figure 5 is an acceleration and acoustic noise sensed 

at the wall of the nose fairing. It can be seen that 

the levels at ignition are quite large. 

3. Longitudinal Dynamic Characteristics of the Solid 

Rocket Models 
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To understand the effect of the solid propellant on the 

vehicle, the longitudinal response displacements and 

accelerations developed within the propellant and motor 

cases under impulsive or vibrational axial loads have 

been investigated employing small test models. 

Figure 6 shows the test models. Polybutadien and am

monium perchrolate are the main components of the pro

pellant and the motor case is a steel cylinder with end 

plates. Two models having the length of 1000 rom and 

300 rom have been used. 

In this analysis, the axial displacement is assumed to 

be presented by 
/II.,. ,..j... 

where 

Ur(y,x,t)=Uo{X,t)+L't'1(r) U;(X,t:) (1) 
i" I 

u: axial displacement at r,;( point, t: time 

Y: radial axis, x..: longitudinal axis 

Uo: axial displacement of the case 

Ui: generalized coordinate of the ith mode 

¢i: ith natural mode of the propellant, moving 

axisyrometrically clamped at the motor case. 

The stress-strain relationships are 

()'; _ E d U" 
c. - c ~x. 

....... E oU~ v,,= p-
"'3.:( 

z: - £. 'Ux. 
J - ~l~ 'P'" (2) 
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(3) 

where 

c: motor case, p: propellant, 2a: diameter of 

the cylinder. 

The complex moduli of the propellant were obtained by 

exciting a rectangular column under the boundary condi

tions of clamp-free ends. 

Figure 7 and 8 show the frequency response of the two 

test models comparing with the analytical values. It 

can be seen that the motor have several resonant peak 

and notches, and the experimental results seem to coin

cide with the analytical value up to the second reso

nance mode. 

Figure 9 shows the similar results for another test 

model treated two years ago. It can be seen that the 

present analysis is also valid in describing the test, 

but the old FEM analysis could not follow the second 

resonance mode in which the shear motion of the propel

lant plays a dominant role. 

In addition, the longitudinal impact test has been car

ried out (Figure 10). A small steel ball hunged by a 

string strikes against one end plate of the test motor 

and acceleration response of the case was measured at 

ten points. 

Figure 11 shows the typical response of the motor case 

under a half sinusoidal impulsive force. Decrease of 

acceleration amplitude along with the propagation of 

the impulsive wave is significant. 

Figure 12 shows an example of comparison between the 

test and analysis on the propagation of shock along 

the test motor. 

These results show the adequacy of the employed analyt

ical method, and this method can be applied to estimate 

the overall longitudinal dynamic response of the total 

Vehicle under dynamic loads such as ignition and burn

ing of the motor, or separation of stages. 
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Some Phenomena at the Interface in Hypervelocity 
Impact of Metals and Its Application to Lamination 
of Metal Plates 
K. KIYOTA Yatsushiro College of Technology and 
M. FUJITA Faculty of Engineering, Kumamoto University 

Summary 

When two metal plates collide obliquely with a high 
velocity, the contact surfaces are cleaned by jet form
ation and they are bonded by a high pressure owing to a 
high velocity collision. The authors are successfully in
vestigating a weld forming process by shock wave in 
water using this effect. 

Introduction 

When two metal plates collide obliquely with a high 
velocity, metal jet is formed by Munroe Effect at the 

collision pOint, because thin layers of contact surfaces 

of both plates behave as fluid under extremely high pres-
d b hi h 1 . tIl· . (I) F· 1 . sure cause y a g ve OCl y co lSlon. 19. lS a 

flyer plate 

\ 

t 
parent plate 

Fig.l.Generation of metal jet 
between two metal plates by 
oblique collision with high 
velocity 

photograph of the jet formation taken by a pulse ~-ray 

radiation. When the jet is formed, the contact surfaces 

of both plates are scarfed or cleaned near the collision 

point. Succeedingly the two metal plates are forced to 

bond metallurgically by the extremely high pressure. 

Since a proper quantity of jet is necessary for good 

bonding, it is necessary for values of the collision 
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angle and velocity to be held within required ranges 

throughout all bonded area. Colliding under the required 

condition produces the wave-like bonded interface which 

is the typical phenomenon of the explosive welding, and 

the wave formation depends on the collision conditiod~) 
The authors recently have been investigating an explosive 

weld-forming process by shock wave in water. The differ

ences of this process from the conventional explosive 

clad method are the followings: A flyer plate is accel

erated by shock wave pressure in water caused by an un

derwater explosion of explosive, but not by the direct 

explosion pressure; and also the forming process of the 

composite plate, succeeded in the welding process, into 

the required shape is achieved by the rest of the kinetic 

energy of the flyer plate and the pressure energy in 

water during a shot of the underwater explosion. By means 

of this process, end plates of small scale have been made 

of mild steel plates, whose inner face is lined by a cop

per plate during the same shot. 

Method of experiment 

An equipment for explosive weld-forming process by shock 

wave in water is shown in Fig.2. This process has been 

designed as an improvement of an explosive forming tech
nique using an auxiliary platJ~ the auxiliary plate plays 

Guide 

Vessel 

FI yer -fl-f----f==-." 
plate 

Water 
chamber 

Explosive 
charge 
Cutter 

Die 

Parent 
plate 

~------~~toVacuum 
line 

Fig. 2. Equipment of 
explosive weld-forming 
process by shock wave 
in water 
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the role as a flyer plate of the clad plate in this pro-

cess. 

A circular steel parent plate, 6 mm in thickness and 140 

mm in diameter, is placed on the top of a die on which 

the plate is pressed by gather forming technique. A cop

per flyer plate, 0.5 mm in thickness, is placed on a cut

ter put on a circular die. An explosive is set in water a 

little apart from the flyer plate. The explosive used in 

this investigation was sheet explosive (SEP),whose deto

nation velocity is about 6,500 mis, and the charge weight 

was constantly 30 gramms in every experiment. In the 

experiments, a shock wave in water and a deforming process 

of a flyer plate were photographed by a high speed camera 

and a bonded interface of a product was observed by a 

microscope. 

Elementary experiments 

Photographs of the deforming in three case are shown in 

Fig.3, each of which is a frame of successive high speed 

photographs: A spherical explosive has been used in (A), 

a circular flat explosive in (B) and a conical shock wave 

generator in (C). 

(A) In case of 
using a spherical 
explosive 

(B) In case of 
using a circular 
flat explosive 

(C) In case of 
using a conical 
shock wave gene
rator 

Fig. 3. Deformed shapes of flyer plate 

And in Fig.4, wave amplitudes and wave lengths of bonded 

interfaces are plotted in radial position. (Dis the result 

in the case of using a spherical explosive (the diameter 

Of the explosive is 35 mm and the stand-off of explosion 
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position is 30 mm from the surface of the flyer plate),GD 
is the result in the case of using a circular flat explo
sive ( the diameter of the explosive is 90 mm and the 
thickness is 5 mm and the explosion position is 20 mm 

from the surface of the flyer plate ) and ® is the result 

in the case of using 
top of the explosive 

..c E _ E 
Cl 

.! Olt 

The following phenomena are found from the results of (A) 

and (B) in Fig.3 and CD and GD in Fig.4 (the results of 
(C) in Fig.3 and ® in Fig.4 will be discussed in the 

following chapter): Since a shock wave starting from a 

spherical explosive propagates as a spherically diverging 
wave, a flyer plate becomes roundish by its action. There
fore, the collision angle between the flyer plate and the 

parent plate increase as the collision point progresses 
outward. As the result the wave of the bonded interface 
changes remarkably with the radial position; In the case 
of a circular flat explosive since the flyer plate is 

flat at the central part, the bonding cannot be achieved. 

The appearance of the wavy interface is therefore limited 

within a small area responding to the periphery of the 

explosive and the outer part except the area is not well 

bonded, because the collision velocity is too low. 
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Experiment using a conical shock wave generator 

To get good bonding over whole area, a conical shock wave 

generator has been designed, which is shown in Fig.5. At 
the central part, an explosive is formed into a conical 

shell shape, and is pasted on a reflector made of mild 

steel block. And at the outer part except the projection 

area of the explosive, an outside reflecting wall inclin

ing forward is added to the reflector in order to increase 

the shock wave energy there. The deformed shape of the 

Rei lector made of steel 

134~ 

Fig.5. A conical shock wave generator 

flyer plate in process of the forming is shown in Fig.3 

(C). The flyer plate becomes gradually a conical shell 
shape, as the shock wave starting from the generator 
moves outward on the surface of the flyer plate with a 

Copper __ 

Steel -

Radial 

, _ t. _ .... ~ 

_ ~ • .a-4. ........... 1 .... ,:':4 

Position - Center 

30 nun ~O nun 

10 nun 20 nun 

50 nun 60 nun 

Fig. 6. Microscopic photographs of bonded interface 
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nearly constant velocity. And microscopic photographs of 

the bonded interface are shown in Fig.6. The curveGD in 
Fig.4 shows the changes of wave amplitude and wave length 
of the bonded interface in radial positions on the flyer 

plate. Waves continue at almost all area, though the in

terface is nearly flat at the small areas of the center 
and the periphery. 

Discussions and conclusions 

In order to obtain good bonding, the collision between 

two metal plates should be done under the required condi

tions. Such colliding conditions can be produced also by 
an action of shock pressure in water. In this investi

gation, the good bonding over almost all area has been 
obtained by the use of a conical shock wave generator 

newly designed; especially at the outer part except the 

projection area of an explosive, the shock wave energy 
has been increase by adding the reflected shock from the 

outside wall of the reflector. Lastly, we wish to empha

size also the following merits on our process: The sur

face of the flyer plate is not damaged by the heat of 

explosion at all; both explosion noise and several dam
ages caused by flying substance such as fragments are 

extremely reduced in comparison with the conventional 
method in which the explosions is done in air. 
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Introduction 

Hayashil ) analytically clarified the property of pressure re

sponse in brain to head impact by using one dimensional model on 

the assumption of a rigid skull. However, neurosurgeons require 

mechanical analysis on a model more close to human head itself in 

order to study and protect the head injury. The finite element 

method will be only one technique to find a solution for this 

problem. In the present paper an axi-symmetric impact of an axi

symmetric elastic shell model filled with a soft elastic continuum 

is treated in order to overcome a difficulty in application of the 

finite element method to this problem and to disclose the essential 

property of the impact response of the skull and brain combined 
system. Recently two papers2),3) have been presented for the head 

impact analysis by the finite element method in the United States. 
These papers lUlve employed the reduced integration technique in 
evaluating the element stiffness matrix for nearly incompressible 

materials. Now in the present paper a different treatment is 

employed. The present paper is only a part of our study. 

Formulation by Finite Element Method 

The shear modulus G of the brain is extremely smaller than its 

bUlk modulus K as shown in Table 1. Then Poisson's ratio v calcu

lated from G and K using the formula 

K = 2G ( 1 + v ) / [ 3 ( 1 - 2v ) (1) 

is very close to 0.5. Namely the brain is a neary incompressible 

material. In this case the standard displacement method in the 
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finite element method yields erroneous results as shown in Table 2. 

The equation of equilibrium for displacement ui in three dimension is 

Gt:.ui + 1 ~ 2\1 ~~. + Fi = 0 (i = 1 - 3) (2) 
1. 

Where e is a dilatation. In the case of \I = 0.5 the second term 
becomes an indeterminate form of 0/0, because e ~ 0 and ( 1 - 2\1 

~ O. This is the reason why the displacement method yields erro

neous results. In order to overcome this difficulty a stress 
parameter H defined by4) 

30 
H = 2G ( 1 + \I (-+H= 1: 2\1 ) (3) 

where 0 is the mean stress at a point, is introduced as an independ
ent function and Herrmann's variational principleS) is used in the 

finite element formulation in the present paper. 
An axi -symmetric triangular element as shown in Fig.1, is used 

for brain. A displacement f = [ u, w ] T in the element is expressed 

by the nodal displacement ,l = [ up wi' uj ' wj ' ~, wk ] T as 

:If=[N]ll (4) , N = [Ni 0 Nj 0 Nk 0] 

o Ni 0 Nj 0 Nk 

N. = ( a· + b.r + c·z )/2~ 
1. 1. 1. 1. 

where ~ is the area of a triangle i j k and 

in cyclic for i, j and k. Substituting:lf into the formula of 
strain in cylindrical coordinates, we get the expression 

£ = [ £r' £6' £z' Yzr ]T = [ Bi' Bj' ~ ] ue 

where 
T_ 

[ B.] - [0 b. a./r + b. + c.z/r c· ] 1. 1. 1. 1. 1. 1. 

ci 0 0 bi 

(5) 

(6) 

(7) 

(8) 

(9) 

The expression of strain energy in Herrmann's variational principle 
is 



1 T 1 Z l\I ( It, H ) = TI: [ Cll] It + H [ C12] I: +ZH [Czz] (10) 

[ Cll] = ZG 1 0 0 0 [ ClZ]T = [v v v 0] (11) 

1 0 0 

sym 1 0 

l/Z 
[ CZZ] = -v ( 1 - Zv ) 

The stress parameter H is expressed as 

(lZ) 

391 

where he = [Hi Hj Hk ] T is the values at the three nodes. Using 
Herrmann's variational principle, we get the equation of equilibrium 

for an element : 

where 

[ kUU] fffye[ B ]T[ Cll] [B ] rdrd8dz 

[ kuH] fffye[ B ]T[ C12] [~] rdrd8dz 

[ 1<m ] = fffye[ ~ ]T[ CZZ] [~] rdrd8dz 

[ nu ] = J J {,e [ N ] T p [ N ] rdrd8dz 

(13) 

(14) 

For the skull an axi-symmetric truncated conical shell element 
is used. The formulation is shown in the text book of Zienckiewicz~) 

In the present paper we use the condition of perfect connection 
between the skull and the brain without a slip and a gap. Then 
their displacements are connected at the nodes in the finite element 
method. Superposing the element stiffness and mass matrices, we get 

the equation of motion of the system in the following fOnD : 

I Kuu KuH 1 ) U} + [M 0 1 {02u/Ot2 } = {R(t) l 
~ KmI l1h 0 0 oitvOtZ 0 ( 

(15) 
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Impact Problem and Method of Calculation 

An example problem is that a ball having a velocity V =30 m/sec 

strikes a head. The model of skull is a spherical shell. The 

material constants of the skull and brain are shown in Table 1. The 
ball is analytically modeled as a mass-spring system of which weight 

m x g is l40gr and spring constant k is 30 kg/mm as shown in Fig.2. 

Fig.2 shows element divisions. 

If the head is rigid, the impact load is a half sine calculated 
by the following formula : 

F (t) = Fmaxsinwt, o 2. t 2. Tf/w 

F max = kV/w, w = I( kim )[ 1 + (m/~ )] 
(16) 

where mh is the mass of head. However, in the present calculation 

we treated the ball as a node during the contact between the ball 

and the head. The impact load is calculated by 

(17) 

where UCI is the axial displacement of the impact point on the shell. 

The numerical integration by time was carried out by Wilson's 

a-method7) with a = 1.4. In the calculation we took a time interval 
~t = 1 x lO-Ssec and displayed the output in each 20 x ~t sec. 

Results and Discussion 

The figure 3 shows the impact load and the axial displacements 
U of the impact point, i.e. node 1, and the counter pole, i.e. node 
17. The response of an empty skull is also shown for comparison. 
There is not much difference between the load of the elestic, elastic
empty and rigid models. The difference in the velocity of displace
ment is explained as the effect of the brain mass. A time lag is 

observed for the displacement of the counter pole. 
The figure 4 shows membrane and bending stresses in the merid

ional direction of the closest shell element to the impact point, 

i.e. element 1. The stresses of the empty skull, which are also 

shown for comparison, are lower than those of the skull-brain system, 

because the response velocity of the empty skull is higher. The 

magnitude of the stresses in the shell element not close to the 
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impact point is very small. Namely high stresses in the skull are 

localized in the vicinity of the impact point. 

The solid lines in Fig.5 show the pressure response of the 

representative three elements in the brain. The figure 6 shows 
equi-pressure contours at 0.8 m sec. For comparison the pressure 

response in a rigid spherical skull is also calculated and is shown 

by dashed lines in Fig.5. The figure 7 shows the pressure distribu

tion along symmetric axis in the case of the rigid skull at 0.2 m 

sec and 1.0 m sec. In the rigid spherical model of skull the pres
sure response property is very simple and is similar to Hayashi's 
result. At the element 29 a negative pressure appears immediately 

after the impact. On the other hand the response property of the 

elastic model is very complicated depending on the elastic deforma

tion of the skull. 

For comparison the figure 8 shows the pressure response of the 

brain in an elastic cylindrical skull model of which length and 

diameter are 150 rom and thickness is 5 rom. At the element 91 a 

negative pressure does not appear during the time when the impact 

load is being applied. It is considered that this property is due 

to the flexibility of the end circular plates. 

In the case where the spring constant of the ball is one 
hundred times as hard as the original one and velocity is one-tenth 

times as high as the original one, we get the impact load and pres

sure response shown in Fig.9. The maximum load is about one-thirds 
and the impact duration is about three times of the values calculated 
from Eq.(16). This property is due to the fact that the elastic 
skull is more flexible than the hardened spring. Very high pressure 
is observed at the element 1 immediately after the impact. The 

pressure response is very complicated. On the other hand, in the 
case where the spring constant of the ball is one-hundredth times 

as hard as the origin and the velocity is ten times as high as the 

origin, we get a very simple pressure response as shown in Fig. 10. 

The shear strain was also calculated, but not displayed, 

because it was so small as about 3 x 10-2• In the real head the 

shape of skull and the load are not axi-symmetric and the brain is 

not homogeneous. Therefore the shear strain may be an important item 

for the head injury. Clarifying this property is a future problem. 
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Conclusion 

The followings will be concluded by the present study. 

1) If Herrmann's variational principle is used, the finite element 
method yields a powerful technique to analyse the impact response of 
the head. 

2) The coupling response property of the skull and brain combined 
system is disclosed. 

Table 1. Material constants of skull and brain 

skull brain 

K kg/mm2 --- 250 

G kg/mm2 7.50 x 10- 4 

E kg/mm2 570 2.25 x 10- 3 

V 0.22 0.4999985 
p kg sec2/mm4 1.44 x 10- 10 1.02 X 10- 10 

Table 2. Fundamental natural frequency ofaxi-symmetric vibration 
of elastic continuum in rigid cylindrical container 

displacement Herrmann's K kg/mm2 v method method 

0.3 3. 781Hz 3. 775Hz 8.02 x 10- 5 

0.49 6.256 6.083 1.84 x 10- 3 

0.499 8.192 6.746 1.85 x 10- 2 

0.49999 43.75 6.854 1.85 

0.4999999 431.5 6.858 185 

0.5 6.875 00 

* diameter 155llm, length 28lllm, shear modulus G = 3.70 x lO-5kg/nm2 

zlw) 

Fig. 1 Fig. 2 
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Summary 

Behavior of elastic/viscoplastic cylindrical specimen 
with strain hardening under axial impact is considered. 
As governing equation of the axisymmetric problem is of 
nonlinear type, difference method by means of bicharac
teristics is employed. Numerical results for distribution 
of strain are compared with experiment carried out for 
mild steel and observed by high speed camera. 

Introduction 

Previously, we had carried out axial impact test of mild 

steel cylindrical specimen and observed the process of 

deformation by high speed camera having the capacity of 

200,000 frames per second and compared the result with 

one dimensional analysis for rigid-viscoplastic model ClJ. 
This time, we assume elastic/viscoplastic constitutive 

relation with strain hardening and solved the impact of 

the cylinder as two dimensional axisymmetric problem by 

means of the integration method developed by Clifton [2J. 

Theory 

The problem is a normal 

impact of a finite rod 

on a rigid wall as is 

shown in Fig.I. 

-1 -Vo 

~Yf~--+·Z 
2=0 2=L 

Fig.l 
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Constitutive equation of Perzyna type are used: 

s .. s .. 
e .. = 2.1 + r ~ (F) I}; lJ 2\1 

for F>O 

s .. . 2.1 e .. = 
lJ 2\1 

for F<O 

. . °kk 
Ekk = 3K (2 ) 

where \1,K,r,o .. ,s .. ,E .. ,e .. ,J2 and F are rigidity, bulk 
lJ lJ lJ lJ 

modulus, viscous coefficient, stress tensor, stress de-

viator tensor, strain rate tensor, strain rate deviator 

tensor, the second invariant of stress deviator and the 

yield function, respectively. To take account of strain 

hardening effect as well as strain rate sensitivi~y, we 

employ three kinds of function ~(F) as follows: 

C-l: 
IJ 2 

~(F)=(~ - 1/, k=/{(05 +2HW p )/3} 

C-2: 
IJ 2 

- l)P, k=(Oo+HE P )113 ( 3) HF)=(~ eq 

C-3 : 
IJ 2- k 

)p, k=(oo+HEP )113 ~(F) = ( 00 713 eq 

where oo,k,W ,H,P and EP are initial yield stress in 
p eq 

tension, yield stress in shear, plastic work, hardening 

coefficient, material constant and equivalent plastic 

strain, respectively. With (r,e,z) cylindrical coordi

nate.and using Clifton's notation in which demensionless 

independent variables are defined by means of their di

mensional counterparts denoted with hat symbol and the 

radius of the cylinder R by 

t=(cl/R)~, r;~/R, z=2/R 

and dimensionless velocities and stresses are defined by 
2 

u=vr/c l , v=vz/c l , p=(or+o e}/2pc l , 

q=(o -Oe)/2Pc1
2 , s=o I pc 1

2 , T=T I pc 1
2 

r z· rz 
222 J 2={(p-q) +3(q +T )}/3 
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and 

y=(R/cl)r, a=cl /c 2 , cl='{4~+3K)/3p}, c2='(~/P)' 
then, the governing equation for the problems considered 

can be written in the following form. 

L(w)=Atwt+Arw +Azw -B=O 
~ - - ~ - ~r - -z ~ N 

(4 ) 

where subscript notation for independent variable denotes 

partial differentiation and in which wand B denote 

tors and At, Ar and AZ denote symmetric mat;ices: ..., - .., 

W...,= [;qU~], B- (n~:)-(2/3)<D>(P-S~ -- -(u/r)-2<D>q , 
(2/3)<D>(p-s) 
-2<D>T 

~ ~ ~ ~J Art~ rr~ ~-lio o 1 0 0 ' - -1 0 0 0 0 0 ' 
Q 0 N 0 000 0 0 0 
o 0 0 a 0-1 0 0 0 0 

AZ=[~ ~ ~ ~-~-~] 
- 0 0 000 0 ' 

0-1 0 0 0 0 
-1 0 0 0 0 0 

where M=a4/(3a2_4), N=a 2(a2_1)/(3a 2_4), 
222 

vec-

Q=a (2-a )/(3a -4). and y~(F)/'J2 for F~O 
<D>={O for F<O. 

Numerical computation 

Integration of the system of partial differential equa

tion (4) is carried out by integrating difference equa

tion along bicharacteristics which was developed by 

Clifton for plane elastodynamic problem. This method 

was applied to plane elastic/viscoplastic problem by 

Bejda [3]. The differnce equations are derived for com

puting the solution at a mesh point (t ,r ,Z ) from 
000 

known data at neighboring mesh points on the plane 



400 

t=t -k. If we write the increment of variable as 
o 

ow=~(t ,r ,z )-~(t -k,r ,z ) 
~ 000 000 

then, finally we obtain six equations for six unknown 

increments within the order of k 3 as follows. 

k ou-- oq r o 

( 5) 

in which subscript ° denotes the value evaluated at the 

point (t -k,r ,z ) and superscripted quantity DO denotes 
o 0 0 

the value of D at the point (t ,r ,z ) and symbol <> 
000 

for D is omitted for economy of space. As (5) includes 

unknown quantity DO, the system is solved by successive 
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approximation. For point on cylinder axis, computation 

is carried out same as for inner point if we notice that 

oU=oq=OT=O on the axis because of symmetry. For point on 

the boundary or at the corner we can make use of boundary 

conditions instead of lost relations along bicharacteris

tics which are out of region. Data used for computation 

are: Young's modulus=2.1 xl0 6kg/cm2 , Poisson's ratio=0.29, 
-5 2 4 2 4 2 p=O.BOxlO kgos /cm , 0 0 =1560 kg/cm , H=1.9xlO kg/cm , 

r=35 lis and P=5 [4]. Ratio of dimensionless time inter

val k to dimensionless spatial interval is 0.25. Accuracy 

of computation is evaluated by comparing energy imparted 

to the specimen Eo=2nff(sv+Tu)rdtdr with total energy of 

specimen at any instant E=2nff~(u2+v2)rdrdz+2nff~(MP2+NS2 
2 2 2 2 2 222 +2Qps+a q +a T )rdrdz+2nfff{3(P-s) +2(q +T )}<D>rdtdrdz. 

Relative errors (E-Eo)/Eo are within O.B % for this case. 

Results and conclusion 

Results are shown in Figs.2 to 5. The constitutive rela

tion which employs the type C-3 of (3) agrees best with 

experiment. Although elastic and viscoplastic boundary 

varies in complicated way, it is found that one dimen

sional rigid-viscoplastic analysis [1] gave fairly well 

feature. 
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Dynamic Frictional Effects as Measured from the Split 
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Summary 
This paper presents the results of a simplified theoretical analysis 
to estimate both the effects of friction and inertia durting fast com
pression of a cylinder. The solution enables to eliminate stress 
errors developed in experiment due to presence of friction and inertia. 
Using this analysis it was attempted to estimate the static and dynamic 
coefficient of friction by compression of aluminum specimens of ten 
height-to-diameter ratios in the range from O. 1 to 1. O. It is conclu
ded that the dynamic coefficient of friction, as estimated from expe
riments with the split Hopki.'1son bar /lubrication by the MoS2 powder/, 
is a bit larger than that estimated from the quasi-static experiments. 

Introduction 

The split Hopkinson pressure bar technique is presently a very useful 

and popular tool to obtain stress-strain properties of metals within 

the high strain rate region. However, during data reduction there is 

a problem how to deal with both friction and lateral or axial inertia. 

In spite of some previous analyses by different authors there is no 

simple relation which takes into consideration these effects. Such an 

estimation is needed to evaluate frictional and inertial errors in the 

measured stress during dynamic compression of the wafer specimen. 
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The main topic of this paper is to derive such relation-ship 

and to estimate on this basis the dynamic coefficient of friction 

as measured from the fast compression performed with the aid of the 

split Hopkinson pressure bar. 

The early papers, in which only the interface friction during 

plastic compression of a cylindrical specimen was taken into consi-

deration are those by Sibel [1] , Cook and Larke [2] , Schroeder 

and Webster [3J , also by Van Rooyen and Backofen [4] 

Recently, many additional papers have been published on this subject, 

especially with the aid of the finite elements technique. 

On the other side, some papers have been published in which 

only inertial effects at the fast upsetting are taken into consideration, 

for example, Kolsky [5J , Haddow 

Klepaczko [8J , Samanta [9] , 

Recently, Bertholf and Karnes 

[6J , Davies and Hunter [7J , 

and others. 

nOJ performed the compre-

hensive two-dimensional numerical analysis of the split Hopkinson bar 

technique, and they were able to describe quantitatively both the 

effects of realistic friction and inertia. However, their analysis is not 

very useful in the labora1ory practice since computation of each case 

for assumed specimen geometry and interface friction needs relatively 

long time for the CDC 7000 series computer. 

In description of the frictional effects in the classical manner, 

as it was done in paper [1J , the equation of equilibrium is integra

ted together with Tresca yield condition, taking into account in addition 

a proper boundary condition. The solution for the mean axial true stress 

o z takes the form 

0.= 
Ild 
h /1/ 

where 00 is the true one-dimensional flow stress, Il denotes 

the coefficent of Coulomb friction, d and h denote respectively 

the current diameter and height of a compressed disc. 
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This paper represents the energy approach which enables to consider 

both friction and inertia. 

The energy approach 

The shadowed area in Fig. 1 demonstrates the additional work for 

the unit of specimen volume, which is lost for friction and inertia 

during a small increment of strain !::,. E • Curve a of Fig. 1 is the 

Fig. 1. Stress- strain diagram, 
a-one dimensional stress po(e); 
b-inertial effects added; c - both 
friction and inertia effects - the 
curve pz (e) , this curve is mea
sured experimentally. 

one-dimensional strain hardening curve Po( E). Curve b in the same 

Fig. 1 is adequate to an apparent one when longitudinal and radial 

inertia effects are taken into consideration. Curve c represents the 

measured response when both effects are present. The energy 
r z 

increments !::,. EK and !::"EK may be positive or negative within 

some strain regions mainly due to changes in the axial strain rate 

E (t ) and in the axial acceleration "i (t ) • The total increment 

of energy which is lost for a small increment of strain !::,.E is equal 

r 
!::,.E + /2/ 

where is the energy increment due to frictional effects which 

are present between specimen interfaces and plattens, and 
r 

!::,.EK denotes respectively radical and axial increment of the kinetic 
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energy. Assuming, as it is shown in Fig. 2, that the distributions 

of axial and radial velocities are linear, i. e. 

v 
z 

zV 

h 
v 

r 
r V 
2h /3/ 

The following expressions can be derived to obtain components of 

the kinetic energy E r and E z K K 

Tth2a 4 2 r 1 
16 9 V l(-h---f:,.-h....,.) ..... ~1-

f:,.V 
9 rr-' /4/ 

2 
Ttha I1h 

3 /5/ 

f:,.h is the increment of height, 9 is the mass density of a 

specimen and V denotes the velocity of upsetting for z = h • Expre-

ssion for the frictional energy 11 ET which is dissipated at two inter

faces of a specimen has been derived earlier [llJ • This expre-

ssion was derived under assumption that the deformation of the disc 

is uniform and the distribution of shear stress 't at the interfa-

ces is constant, 't (r) 

f:,.E T 
2 3 

--3- Tta Il [(h 

where and PzR 

at the interfaces for z 

con st. , then 

1 
h -- f:,.h 

) "2 
1J (PzL + PZR) /6/ 

h 

denotes respectively the average pressures 

and z = 0, see Fig. 2. 

Fig. 2. Specimen configura
tion between Hopkinson bars 
together with velocity field 
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The total increment of energy llE is simply the increment of 

the height II h times the increment of the force llP caused by 

friction and inertia, 

llE 
2 

Tta /::;h (p 
zL /7/ 

After introduction /4/ ' /5/ , /6/ ' and /7/ into eq. /2/ one 

yields the balance of energy relationship for the unit volume 

/8/ 

Multiplying eq. /8/ by h/ II h and for II £ - 0 or llh -0 one 

yields finally the limiting case 

+ 

+ 

2 2 
--L (~+~) dV + 

h 8 3 dt 

2 
3 9 a 
16 /9/ 

From the equation of equilibrium and for the linear velocity field, 

which is shown in Fig. 2, the relationship between the averaged 

pressures at the contact surfaces left and right, i. e. for z = h 

and z = 0, is as follows 

+ 
gh 

2 
dV 
dt /10/ 

Taking into account eq. /10/, and having in mind that the one-

dimensional flow stress °0 = - Po eq. /8/ can be rewritten 

in the form 
2 

3ga 
16 

When one introduces strain rate and strain accelerat ion terms 

£ = 
V 
h 

.. 
e:= -(! dV 

dt 

Eq. /11/ can be rewritten once again as follows 
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2 231 a) _ (~ 
2 2 

h )" (a +-E>t-12 16 
2 h )·2 12 E 

/12/ 
Relationship /12/ is also correct for the case when the convective 

term is taken into consideration assuming the axial velocity field 

= _ ( u +z;- ) ~z 
in the form • However, when eq. /10/ is ~ 

z 
used and f5 0 depends exclusively upon PzR ,i. e. PzL is elimi-

nated, in relationship /12/ the convective part will be present, and 

u also u will enter the equation. 

11 = ° and when the term at 
.2 
e: is small For non-frictional case, i. e. 

·2 
i. e. E ~ 0, the eq. /12/ reduces to the relationship derived by 

Davies and Hunter [ 7 ]. On the other hand, where inter1i.al effects 

are small and can be neglected, eq. /12/ reduces to the following 

form 

where Pz = PzL = PzL 

interfaces. 

_ (1_ 2 fJ. a ) 
Pz 3h 

is the average pressure at the 

/13/ 

The above analysis was done by the energy balance approach. 

The estimation of frictional effects can also be performed via analy

sis by the power balance, as it has been dealt with inertial effects 

by Davies and Hunter [7J and also Samanta [9J • For the 

power balance approach the time derivative of the frictional energy 

ET must be introduced as follows 

V dr 
r 

3 
n:a V ( 

= ~I.l.PzL 

where and tR are the shear stresses at the interfaces. 

Experimental investigation of the quasi-st3.tic co-efficent of friction 

Assuming the definition of engineering strain e:=(h -h) /h 
o 0 

from eq. /13/ ' the coefficent of friction can be obtained as 

follows 



3 

~ = 3 So ( 1- E:)""2 

where So is the initial height -to-diameter ratio, So 

Pressures p and p ,which enter into eq. 
z 0 /15/ ' 
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/15/ 

= h /d o 0 

must be obtained 

experimentally for the current value of strain. Relationship p (E:) 
o 

is adequate for the axial one-dimensional true stress 6' as a func
o 

tion of strain, and can be obtained for example by the Cooke and 

Larke method. This method is based on the plot extrapolation 

p (e:) 
o 

lim 
s-OJ 

p (e:) at particular values of 
z 

for the family of 
o 

experimental curves p (e:) 
z 

obtained at several values of s 
o 

Analysis provided in the paper [11] makes possible to calculate 

for a particular strain E: from the formula 

n-l 

2: 
i=1 soi - ( n-l ) son 

n-l 
s . 

,~( ) 
s 

on 
L - n-l 

i =1 Pzi Pzn 

where the average pressures 

E: = const. /16/ 

•••• Pzn must be obtained 

experimentally by compression tests p,,,rformed for n different values 

of height-to-diameter ratios from s 1 to s • Relationship 
o on /16/ 

may be derived by solving according to p the following set of equations 
o 

+ 
/17/ 

where u. is the specimen volume. Set of equations like /17/ 
1 

denotes n ponts on the experimental curve p z ( so) , E: = const. 

In order to solve set /17/ in respect to p ,the relationship for 
o 

has been used, assuming that value of ~ does not depend 

As it has been shown in the paper [11] , for the 

experimental data which show a low scatter, values of p obtained 
o 

from the Cook and Larke method and those obtained from eq. /16/ 

are very close. 
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In order to estimate the coefficent of friction for the quasi-static 

case, function p (e::, s ) 
Z 0 

was obtained from the series of com-

pression tests. Specimens of different height -to-diameter ratio, i. e. 

ten different s o 
, 0.1; 0.125; 0.162; 0.2; 0.25; 0.33; 0.4; 0.5; 0.667; 

1.0, prepared carefully from polycrystalline aluminum and annealed, 

were compressed in the special device [12J. The initial diameter of 

all specimens was 14 mm • Specimen faces before each test were 

lubricated by the molybdmun disulphide powder. Strain rate in all tests, 
-4 -1 

independently on the specimen height, was kept constant - 8 x 10 s • 

The obtained experimental results are shown in Fig. 3 

PI ., 
100 --""'"' 

10 

:-... '--".... I~DJO 
~ 
~ -..:: ..... e·O,OS 

......... e·o,03 

~ ~ 1.....0.. e-o.G1 

10 

40 

20 
o o.z IL4 G,I G,I VI s. 

Fig. 3 Axial stress p as 
measured in quasi-stalic tests 
for different height-to-diameter 
ra tio s, and for particular 
strain Pevels, p (S)e:: • 

Z 0 

These results are the cross-sections p (s ) e:: = const, 
zoe:: 

of the surface p (e::, s) for constant strains: 0.03; 0.05; 0.10; z 0 

0.15. Values of the coefficent of friction IJ. , obtained numer ically 

from eq. /15/ 

function of strain 

for slow loading conditions, are shown as a 

e:: in Fig. 4. 

)J. ,---,--..,---,---, 

CL04 0.0' 0.12 e 

Fig. 4 • Coefficient of friction Il 
calculated from eq. / 15/ on 
the basis of experimental data 
for quasi- static tests. 
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These values were calculated independently for five specimen geo-

metries and do show similar trends, i. e. diminishes as 

strain increases. However, as it was demonstrated by Van Rooyen 

and Backofen [4J , changes of Jl may strongly depend on a 

specimen material, its quality of surfaces, preparation of plattens 

and used lubricant A similar result for Jl{ e:) was obrained for 

aluminum with molybdemun disulphate lubricant by Van Rooyen and 

Backofen [4J. 

Dynamic coefficent of friction 

The fundamental question arises as to whether in equation /12/ ' 
in the estimation of the error devolped by the ineria1 effects an 

friction, the same values of the friction coefficent Jl may be used 

as for the quaSi-static situations. To clarify this point a series of 

experiments were performed with the modified split Hopkinson pressu

re bar. Similarly, as in the quasi-static tests, dynamic compression 

test was performed for ten height -to-diameter ratios, i. e. O. 1 ~ So ~ 1. 

Specimen material was the same as for the quasi-static tests poly

crystalline annealed aluminum as well as the same initied diameter 

of specimen do = 14 mm. To compensate the length influence of 

individual specimen geometry, in keeping the strain rate constant, a 

different velocities of the striker bar was applied. For all tests 
2 -1 performed the strain rate values were within the range 5 x 10 s ~ 

3 -1 
~ E: ~ 1.5 x 10 s • For each specimen geometry three good 

tests were performed and next, after data reduction / oscillograms/ , 

a set of Pz (so) curves were obtained. 

In Fig. 5a, b, and c three oscillograms are shown for three 

...... 

I 1\ - ....... 

~--

/. 
..-

rJ 

.... ..,..1 
fll" 

'-... 

......... 

Fig. 5 a. Transmitted / upper 
trace/, incident and reflected 
/lower trace/ pulses recorded 
for aluminum specimen from 
the modified Hopkinson appara-

tus for So = O. 1. 



412 

... .... 
I 

r 
r -/ 

J. tt~ fr 
"",.r 

-~ 10-

... , 

~Il 

"-

~ 

Fig. 5b. Transmitted / upper 
trace/, incident and reflected 
flower trace/ pulses recorded 
for aluminum specimens from 
the modified Hopkinson apparatus 
for s = 0.33. 

o 

Fig. 5c. Transmitted tupper trace/, 
incident and reflected flower trace, 
pulses recorded for aluminum spe
cimens from the modified Hopkin
son apparatus for s = 1.0 

o 

different values of s , minimal s = O. I, medium s = O. 33, and 
000 

maximal s = 1. O. On each of them three pulses are visible, incident 
o 

e: r (t) reflected e: R (t ) ,/lower channel/, and 

transmitted e: T ( t) tupper channel/. It is clearly visible that the 

transmitted pulse, which is basically proportional to the average pressu-

re in a specimen p (t ) ,is larger, as expected, for shorter spe-
z 

cimens. A more detailed description of the split Hopkinson bar technique 

can be found, for example, in [13] 

In tIE data reduction, to ob tain a pressure-strain curve p (e:) 
z 

the computer program was emp loyed and p ( t ) 
z 

e:( t ) 

and E ( e:) da ta were calculated and plotted. The simpli-

fied expressions for e: ( t ) and p (t) 
z 

were used 
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2CoE t 
E (t) J ER ( t) dt, 

ho 0 

P (t) E 
D2 

[l-E(t)][- (t )J -2- ET z 
do 

when CoE and E are respecively the longitudinal ware speed and 

Young modulus of the Hopkinson bars, D is the bar diameter, h 
o 

and d are the initial specimen height and specimen diameter 
o 

re spectively. 

Fig. 6 is the final result, where by the solid lines Pz (sO)E 

E" const curves for the high strain rat deformation are shown 

Fig. 6. Dynamic axial stress 
I solid linesl and quasi- static 
I dashed linesl as measured 
respectively from the split 
Hopkinson bar and at a slow 
loading. 

at two strain levels, E" 0.03 and 0.08. in order to compare 

these results with the quasi- staic data, p (s ) 
ZoE 

E" const. curves 

for the same two strain levels were also shown in Fig. 6 by the 

dashed lines. Besides the influence of the lengh -to-diameter ratio, 

the strain rate effect is also visible. It may be first concluded that 

the strain rate sensitivity can be measured with a high reliability 

for s larger than O. 5. 
o 

It has been concluded on the basis of eq. 1121 that for the 

measured changes in strain rate e:( t) , met in those experiments, for 

strain levels 0.03 and 0.08 the inertial effects are less than 1 % of the flow 
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stress, and they can be neglected. Thus, the dynamic coefficent of 

friction was calculated from eq. /15/ making use of Fig. 6 data, 

and results are shown in Fig. 7. The results are presented in the 

~'----'----'----'----~.,.~.---. 

-S-IOI~I.S."" 
---...,--

~~--7H~~,"---+--~1---~ 

0.2 0.' ~. ',' So 

Fig. 7. Dynamic and static 
coefficients of Coulomb friction 
estimated for the MoS powdered 
lubricant; the pOlycryslalline 
annealed aluminum specimen 
and the silicon steel bar. 

form of plots 11 (s) for both quasi- static and dynamic conditions 
o 

of deformation. The comparison shows that, for the applied lubri

cation- powdered MoS2, and for applied aluminum, the dynamic coe-
. 3 -1) fficent of Coulomb friction at (at e: z 10 s shows larger 

values than that measured by the Cook and Larke method at quasi

static tests (e:z8x10- 4 s-1) Butthedifferencesin 11 are 

not so large. The largest differences in static and dynamic values of 

iJ. are observed for So :::: O. 3 , but the order of 11, can be 

fairly said, is the same. 

Discussion and conclusions 

Derived in the present paper relation /12/ makes possible to 
take into account both ineartia and friction influences in the dynamic 

compression test. Equation /8/, which was the basic one for eq./12/, 

is the conservation of energy principle for a finite increment of strain 

!J.e: 

Relationship /16/, derived from the set of equations /17/, and 

from the frictional energy relation /6/, makes possible to estimate, 

for a particular strain e: , value of one dimensional stress 00 • 

Experimental in put to the eq. /16/ 
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sional stress °0 estimated from eq. /16/ for slow loading tests 

are in agreement with values of °0 obtained from the Cook and Larke 

method. However, even for the last method there are some inaccu

racies because in reality some quantites change along radius of 

the interfaces, i. e. Il (r) Pz (r) and 1: (r) Usually 

coefficent of friction is assumed constant. In this paper 1: is 

assumed to be independent of the interface radius. It has been 

observed experimentally [4J that and Il and 1: diminish 

in the direction of the specimen axis. 

As it was mentioned above ,calculations of the dynamic coeffi

cent of friction resulted in the variation of Il as a function of 

height -to-diameter ratio So • Fig. 7. In the range 0.10 ~ So 

~ 0.25 the dynamic coefficient of friction for two considered 

strain levels shows diminishing tendency as the length-to-diameter 

ratio is lowered, which may be well developed by increasing unit 

pressures P ( s) for shorter specimens, see Fig. 6. Whereas zoe: 
in the range of larger values of height -to-diameter ratio O. 25 ~ s 

o 
~ 1.0 , variation in the coefficient of friction is less pronounced 

and may be developed by inherent features of the split Hopkinson 

bar technique, e. g. wave processes in specimen and bars. 

Generally, the results of this simplified analysis are in quali

tative agreement with two dimensional more exact numerical ana

lysis of the split Hopkinson pressure bar system 10 • In view 

of t hat the derived here formulas can find a practical application in 

designing and stress error estimation in dynamic compression tests. 

However, much experimental work is needed toward measurements 

of the dynamic coefficient of friction for different situations, especially 

when there is a contact between elastic and plastically deforming 

material at the interface. 



416 

References 

1 Siebel, E.; Grundlagen zur Berechnung des Kraft und Ar
beitdorf vei Schmieden und Walzen, Stahl u. Eisen. 
Dusseldorf, 43 /1923/ 1295. 

2 Cook, M., Larke, E. C.; Resistance of copper and copper 
alloys to homogeneous deformation in compression, I. Inst. 
Metals, 71/1945/371. 

3 Schroeder, W., Webster, D. A.; Press-forging thin sections: 
effect of friction, area, and thickness on pressures required, 
J.Appl. Mech., 16/1949 289. 

4 Van Rooyen, G. T., Backofen, W.A.; A study of interface 
friction in plastic compression, Int. J. Mech. Sciences 1, /1960/ 1. 

5. Kolsky, M.; An investigation of the mechanical properties of 
materials of very high rates of loading, Prcx:.. Phys. Soc., 
B62 /1949/ 676. 

6. Haddow, J. B.; On the compression of a thin disk, Int. J. Mech. 
Sciences., 7/1965 / 657. 

7. Davies, E. D. and Hunter, S. C.; The dynamic compression testing 
of solids by the m.ethod of the Split-Hopkinson pressure bar, 
J. Mech. Phys. Solids, 11/1963/ 155 

8. Klepaczko, J.; Lateral inertia effects in the compression 
impact experiments, Inst. Fund. Tech. Res. Report 17 /1969/. 

9 Samanta, S. K.; Dynamic deformation of aluminum and copper 
at elevated temperatures, J.Mech.Phys.Solids 19 /1971/117 

10 Bertholf, L. D. and Karnes, C. H.; Two-dimensional analysis 
of the split Hopkinson pressure bar, J. Mech. Phys. Solids 23 
/1975/, 1. 

11 Malinowski, Z.; On a method of friction analysis in plastically 
compressed cylindrical specimens, Theoretical and Applied 
Mechanics, 14/1976/347, lin POlish/. 

12 Malinowski, Z., Klepaczko, J.; Estimation of the coefficient 
of friction on the interfaces of the plastically deformed cylin
drical specimen, Theorectical and Applied Mechanics, 10/1972/ 
561 / in POlish/. 

13 Lindholm, U. S.; High strain rate tests, in Measurement of 
Mechanical Properties, Part 1, ed. R. F. Bunshah, Interscience 
Publ. /1971/. 



Activities of the Research Committee of Shock-Resistant 
Structures for Automobile 

TSUYOSHI HAYASHI 
Department of Mathematics, Faculty of Science and 
Engineering, Chuo University, 1-13-27 Kasuga, 
Bunkyo-ku, Tokyo 112, Japan 

Summary 
The Research Committee of Shock-Resistant Structures 
for Automobile, consisting of twelve members* from 
Universities and Institutes, has been organized in 1976 
under the sponsorship of the Japan Automobile Research 
Institute (JARI). 
The scope of the Committee is to study the impact pro
perties of the main structural components of car and 
the structural characteristics as a system of car and 
then to find the feasible shock-resistant configura
tions. 

In 1976, all of members have cooperated in the survey 
and review of the published literatures concerned and 
every member has promoted the study for the prearranged 
projects. 
As to the individual study, Prof. K. Kawata presented 
an impact analysis of an elasto-plastic one-dimensional 
structure, taking into consideration of the effect of 
decreasing mass. Prof. T. Sato analyzed the load-cont
raction behaviors of a rectangular tubler steel plate 
structure with the assumption of plastic hinge and 
carried out the impact tests and obtained a good agree
ment between theory and experiments. Prof. K. Takehi 
carried out the compression tests on steel conical 
shells and studied their compressive strength and load
deformation properties. 
Prof. T. Hayashi derived a correlation law between 
structural weight and gross weight for similar car 
structures, and analyzed quantitatively the effective
ness of weight reduction of a structure for impact. 
He has also discussed a structure having a shock ab
sorbing element with rigid-plastic type compressive 
behavior, taking into account the Human Tolerance 
Limit for impact. 
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Prof. M. Uemura has been studying the impact behavior 
of structural components by using a falling weight 
tower. 
Dr. S. Shimamura has been conducting the collision tests 
of full scale cars with Glass Reinforced Plastics body. 
The other members are also extending their contributions. 

*Committee Members: 
T. Hayashi (Prof., Chuo Univ.; Chairman) 
T. Sato (Prof., Dept. of Me~h. Engng., Keio Univ.) 
M. Uemura (Prof., ISAS, Univ. of Tokyo) 
K. Kawata (Prof., ISAS, Univ. of Tokyo) 
S. Shimamura 

(Dr., Div. Chief, Mech. Engng. Labo., MITI) 
T. Hirata (Prof., Agricultural Engng. Univ.) 
K. Takehi (Prof., Dept. of Mech. Engng., Tamagawa Univ.) 
Y. Takeishi(Prof., Chiba Industrial Univ.) 
H. Kobayashi 

(Prof., Dept. of Mech. Engng., Univ. of 
Tokyo) 

Y. Okami (Director, JARI) 
H. Ishikawa(Research Engnr., JARI) 
F. Matsukawa 

(Research Engnr., JAR!) 



Discussion 

1-1 

W. Goldsmith: If this model is to be compared to experi

ment to check its validity, impact and wave processes must 

be used to attain a strain rate of £ = 100/s or greater. 

Now there is a drastic variations of stress, strain and 

strain rate at each section of the bar that rapidly change 

wi th time. How. does one measure this, and what value of 

£ would be used to compare model and test data? If the 

final strain distribution is used, it may not be unique. 

If the split Hopkinson is used, this problem does not a

rise. 

K. Kawata: The problem of high velocity tension of bars 
of finite length arises very frequently in the practical 

problems of structures under high velocity loading. The 

high velocity tension of bars of finite length is the most 

fundamental and also the simplest at first sight, but in

trinsic nature is rather complicated. We think the be

haviours of bars of finite length under high velocity 

tension should be clarified using the constitutive equa
tions based upon microscopic standpoint, for this reason. 
The first object of our study is to know the difference of 
the behaviours of Bee materials from of Fee materials in 
high velocity tension of bar of finite length. 

In the present paper, the stress-strain relations at vari

ous constant strain rates are also calculated basing upon 

the constitutive equations deduced, and these would be 

convenient to compare directly with the split Hopkinson 

bar data. 



420 

1-2 

E. H. Lee: You emphasized the advantage of using computa

tional methods which eliminate the generation of disconti

nuities in solutions in order to obtain ease of computation 

and accuracy. What about problems in which discontinuities 

do arise in the physical problem, such as shock waves? 

Surely an accurate analysis must then incorporate these 

phenomena in the computational approach utilized. 

J. P. Wright: By authors Wright and Baron (also I. 

Sandler, of the same office). The types of discontinuities 

which should be eliminated are those which correspond to 

major changes in the solution when minor changes are made 

in the problem definition. In the solution to a given 

problem, temporal and spatial discontinuities in stress 

and velocity (i.e., shocks) may arise, but these should be 

of a stable kind and should not be drastically altered if 

the problem specification is only slightly changed. If we 

symbolically denote the solution as S (x; t; P) where S is 

the solution (stresses or velocities), x denotes position, 

t is time and P represents the set of parameters that de

fines the problem (loading and support conditions, material 

properties, geometric configuration, etc.) then S may be 
discontinuous in x and t (so long as it satisfies the ap

propriate jump conditions), but it should depend continu
ously on P. 

D. C. Drucker: Would you comment on the likely differences 
to be found in the solutions that would be obtained with 

other less realistic cap shapes as, for example, the 

spherical cap that Gibson, Henkel, and I proposed original

ly as a crude approximation to reality, or the planar cap 

proposed by Shield as a great mathematical simplification? 
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J. P. Wright: By authors Wright and Baron (also I. 
Sandler, of the same office). The differences in behavior 

which arise between models using elliptical caps and 

spherical or planar caps occur most significantly in the 

stress paths associated with given strain histories; the 

modeling of the cap shape is consequently most important 

for problems in which residual stresses are to be de

termined. In general, the importance of this particular 

aspect of the cap model depends strongly on the problems 

at hand. It should be noted that for problems solved by 

numerical methods on the computer, the use of a planar or 

spherical cap does not result in any significant simpli

fication, as might be the case when analytic methods are 

employed. 

W. Goldsmith: How do the predictions of the cap model 

compare with those of a two-phase system (voids and core, 

with the possibility of no voids), particularly under dy

namic conditions (wave propagation)? 

J. P. Wright: By authors Wright and Baron (also I. 

Sandler, of the same office). The cap model is not intend

ed to represent true two-phase phenomena such as void or 

pore water migration, but is instead intended to describe 
the behavior of materials in situations where time scales 

are so short that such effects are unimportant. The non

migratory effects of pore fluid pressure can easily be in

corporated in the cap model by an effective stress ap

proach. 
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2-1 

R. J. Clifton: Do you have a mechanism in mind to which 

you would ascribe the reported thermally activated defor

mation at low temperatures? In particular, is it possible 

that the apparent change in mechanism at high stresses and 

low temperatures is related to a change in the kinetics of 

dislocation generation instead of in the mechanism govern

ing the mobility of dislocations? 

U. S. Lindholm: In the paper it is suggested that thermal

ly activated cross slip may become controlling as the 

stress is increased, either by reducing the temperature or 

increasing the strain rate. Your suggestion that nuclea

tion kinetics may be involved is also a possibility. 

However, the mobile dislocation density is included in the 

preexponential term, Yo' It is generally found that this 

value is relatively constant, with inference, thereby, that 

mobile density is also constant. 

T. Mura: This is a complementary comment to the question 

of Dr. H. Suzuki addressed to Dr. U. S. Lindholm, asking 

the effect of inclusions to the macroscopic mechanical pro

perties of material. The inclusions usually give a back 

stress to the matrix of material. If the matrix, for 

instance, is perfectly plastic, the hard inclusions pro
vides macroscopically a work-hardening behavior of the 

composite. If the matrix is a Newtonian flow, the hard 

particles give Kelvin's solid as a whole. 

U. S. Lindholm: Strengthening by hard precipitate in

clusions is common in alloys since these inclusions form 

strong barriers to dislocation mobility. The Newtonian 

linear viscous behavior of dislocations relates only to 

their motion through the uniform lattice. The combination 

of viscous drag and interaction with local barriers occurr

ing simultaneously is discussed in Reference 2 of this paper. 
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J. R. Klepaczko: How would you describe the plastic 

strain-rate in terms of the Orowan equation, i.e., 

Y = XNbv (*) 

423 

where X is an orientation factor, N is the mobile dislo

cation density, b is the Burgers' vector and v is the 

average velocity of dislocations. 

R. J. Clifton: This equation applies directly for slip on 

a single family of slip planes in a single slip direction, 

provided that the deformation is sufficiently uniform for 

the macroscopic plastic strain-rate to be described ade

quately by parameters characterizing the average motion of 

dislocations. In the plate impact experiments, under 

ideal conditions, the rate of shearing is the same on the 

four active slip systems. Then, the plastic shear strain

rate associated with each of the slip systems is given by 

(*) with X = I and the plastic strain-rate slIP in the 

direction of wave propagation is 

P -b 
Ell =:z (4N)v 

where N is the line length, per unit volume, of mobile 

dislocations on each of the four active slip systems and 

v is the average velocity of these dislocations. From the 
equivoluminal character of plastic deformation, the plastic 

strain rates in the other two principal directions are 
. P . P EZZ P E33 =-E ll /Z. 
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2-3 

U. S. Lindholm: In your experiments the transition from 

thermally activated to a viscous drag mechanism appears to 

occur at nearly constant strain rate. In the absence of a 

coupled analytical model, I would expect the transition to 

occur more nearly at a constant stress level. 

Do you think there are any significant effects of the large 

area miss-match between specimen and pressure bar in your 

experiments? 

J. Shioiri: 

(1) Theoretical estimation of the strain rate or the 

stress at which the transition in the rate controll

ing mechanism will occur seems to require such an a

nalysis as equation (16) of the text, because the 

transition should appear in the region where two 

mechanisms are simultaneously operative. Results ob

tained from equation (16) indicate that the transition 

will appear rather at a nearly constant strain rate 

when the temperature is changed [figure 8 of the text]. 

(2) I think, in our experiment, the effect of the area 
mismatch upon the output of the transmitter bar gauge 

will be not so significant. This is due to the 

following reasons: 

(i) Since the dispersion effect in the incident bar 

makes the front shape of the incident pulse gentle, 

the higher order oscillations caused in the trans

mitter bar by a large area mismatch will be not so 

strong; mathematically this implies that the high 

frequency components in the response function to a 

step load concentrated near the center are averaged 

in the process of the Duhamel integral [equation (13) 

of the text]; 
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Cii) the dynamic Saint Venant's effect [reference 

[11] of the text] seems to weaken the effect of the 

area mismatch, since in our experiment the ratio 

zo/a (distance from the specimen to the gauge/radius 
of the pressure bar) is as high as 60. 

S. Tanimura: Is there any relation between that one cannot 

observe any stress peak during compression tests for single 

crystals and that a large error is usually accompanied to 

observe stress-strain relation at the beginning of deforma

tion by the split Hopkinson bar method? 

M. SteHy: In the compressive experiments performed with 

the split Hopkinson pressure bar, there exists non uni

formities in the spatial stress and strain distribution in 
the specimen at the beginning of the test. Thus it would 

be erroneous to determine stress-strain Curves during the 

first microseconds of the test. Nevertheless, it is 

possible to know the stresses behavior versus time at each 

specimen's end, although the stress levels are not always 

the same. So, if a peak existed, we would be able to ob

serve it on the recordings. 

In the case of dynamic tensile tests, many anterior experi
ments have shown that copper specimens take a long time to 
reach an homogeneous state of deformation. Despite this 

fact, a very pronounced peak is observed at the beginning 
of the deformation of copper single crystals, deformed at 

a loading rate similar to compressive tests. 
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J. Klepaczko: It is good that the incremental experiments 

have been performed on monocrystals. They do clarify some 

doubts on the role of grain boundary relaxation in the 

strain rate history effects observed previously on poly
crystalline copper* and other metals. It would be also 

interesting to compare your results with those obtained 

for polycrystalline copper at Brown University with the 

aid of split Hopkinson torsional bar. 

* J. KLEPACZKO - Strain Rate Incremental Tests on Copper, 

Brown University Report, NSF - GK - 40213/6 (1974). 

M. Stelly: Results obtained during incremental strain 

rate experiments are recent and supplementary tests would 

be useful for a good understanding of the phenomenon. 

Especially, it would be necessary to determine the upper 

bound of the domain where thermal activation is prevalent. 

However, we have compared some of our results on copper 

single crystals with those obtained on polycrystals and 

we discuss about it in the written text. In summary, the 

following points may be noted: 

h · b 10- 4 -1 2.l0 3 s- 1 In t e straln rate range etween s to , 
where the deformation mechanism still seems to be 

thermal activation, the activation volume and its vari

ations with strain are not very different from those 
found in Klepaczko's works. 

But a difference appears in the mechanical behavior of 

single crystals for which there is no fading memory ef

fect as observed on polycrystals. This difference can 

be due to experimental procedure and studies are now in 

progress to perform incremental dynamic compressive 

tests with rapid change of strain rate and no unloading. 
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3-2 

J. Klepaczko: Would you like to comment why in the case 

of incremental experiments some alloys you tested show 

the maxima of rate sensitivity at higher temperatures? 

K. Tanaka: When a deformation is controlled by a thermal

ly activated process, the relation between the stress and 

the temperature is illustrated schematically in the 

following figure. The difference of the thermal com

ponents of stress, 02*-0]*, is zero at OaK and increases 

with the increase of the temperature. It has a maximum 

value at or around (Tc )]' Therefore, it is reasonable to 

show the maxima of strain rate sensitivity. The temper

ature Tc increases with the increase of the strain rate. 

In Al alloys, the maxima appear at rather low temperatures. 

The maxima observed at high temperatures are caused by the 

interactions between mobile dislocations and solute ele

ments such as Mg and Cu. 

b 
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3-3 

T. Mura: This is not a question but a comment. As you 

will see in my talk in the latter session, there are two 

types of dislocations namely Nye's dislocations and the 

essential dislocations. Nye's dislocations are related 

to recrystallization and polygonization, on the other 

hand, the essential dislocations play an important role 

for work-hardening. The competition between the re

crystallization and work-hardening as Prof. T. Nakamura 

mentioned may be interpreted by the competition between 

the two types of dislocations above mentioned. 

T. Nakamura: I appreciate Professor Mura's comment. 

Certainly, the two competing phenomena occur during high 

temperatures. For example, in such a material as aluminum, 

the rearrangement of dislocations to form Nye's type con

figuration is predominant, thus, resulting in dynamic re

covery in ordinary cases. The opposite case is for the 

low stacking fault energy materials, making Nye's rear

rangement difficult. In other words, the two competing 

dislocation rearrangements can be discussed in terms of 

dislocation core structures. 

4-1 

R. J. Clifton: If the surface energy required for fracture 

is believed to be dependent on crack velocity, would you 

still expect a linear relationship between kinetic energy 

absorbed and fracture surface area? 

L. E. Malvern: It could be that the major part of the dy

namic delamination takes place at approximately constant 

crack propagation speed, high compared to the speeds in 

static loading tests, although this has not been demon

strated experimentally. 
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D. C. Drucker: Have you had the time yet to examine the 

effect of the shape of the impactor? What would happen 

with a conical point, a chisel point, or a spherical 

shape? 

L. E. Malvern: Up to now we have used only blunt-ended 

impactors. I would expect a rounded end to produce a less 

sharply defined generator strip, but would still expect to 

see sequential delamination in the multilayer lamina 0-90° 

layup plates. We expect to explore this question in future 

experiments. 

4-2 

D. C. Drucker: You have shown excellent agreement between 

theory and experiment at lower temperatures. The agreement 

at the higher temperatures of test was not as good. What 

additional features are needed in the theory for those 

higher temperatures? 

A. T. Yokobori, Jr.: It is very nice question. The trend 

is similar in the case of applying l )2)Cottrell-Bilby 

dislocation locking mechanism. Concerning this point, one 

of the author (T. Yokobori) made a modification by taking 
into account of frictional stress Ti and using effective 

stress T-Ti instead of T, applied stress for the case of 

dislocation locking mechanism, and the theory is in better 
agreement with the experimental data. l )2) We believe simi

lar modification by taking into account of frictional 

stress will improve the agreement. 

1) Yokobori, T., J. Appl. Phys., Vol. 25 (1954), 593. 

2) Yokobori, T., Kolloid - Z., Band 166, (1959), 20. 
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R. J. Clifton: I have both a comment and a question. 

The comment is that I am pleased to see the attention you 

are giving to dislocation group dynamics with emission of 

dislocations as opposed to the motion of isolated dislo
cations. The question is "What is the criterion used for 

emission of a dislocation?" 

A. T. Yokobori, Jr: We have analysed the problem of the 

instability of dislocation emission from the crack tip, 

from the force and the energy balance requisites, re
spectively.3)4) As a result it is concluded that a dislo

cation will spontaneously be emitted if stress intensity 

factor is larger than a specific or critical value, which 
is very small. 3)4) In such case as the present paper, 

dislocation will probably be emitted from within the 

specimen, and applied stress may be used instead of stress 

intensity factor. However, in this case also a disloca

tion will be spontaneously emitted if applied stress is 

larger than a specific or critical value, which is very 

small. 

3) Yokobori, T., Yokobori, A.T., Jr. and Kamei, A., Int. 

J. Fracture, Vol. 11 (1975) 781; Vol. 12 (1976) 519. 

4) Yokobori, T., Konosu, S. and Yokobori, A.T., Jr., 
Fracture, Vol. 1 (1977) 665, Univ. of Waterloo, Proc. 

4th Int. Conf. Fracture. 

4-3 

U. S. Lindholm: In your modeling of adiabatic shear band 

formation, what is your criteria for nucleation? 

D. A. Shockey: In the present model, the shear bands are 

nucleated when both an empirically-determined critical 

strain and a critical strain rate are exceeded. Typical 

values used for steels are a critical strain of 0.15 to 

0.3 and a critical strain rate of 103 S -1. However, we are 



currently developing a different nucleation criterion 

based on localization of plastic strain resulting when 
the local plastic wave velocity is too small to allow 

local perturbations in strain to propagate away. This 
criterion is similar to that developed by von Karman, 
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G.!. Taylor, and others to explain localization of plastic 

strain in wires subjected to tensile impact. For quasi 

static loads, the criterion reduces to the usual one for 

plastic instability, namely that the work hardening modu

lus be zero or negative. 

M. Stelly: You have developed a general model to describe 

fracture. Have you been interested by the initiation of 

cracks and especially by its relation with metal micro

structures. 

D. A. Shockey: We have been very interested in identify

ing the microstructural features responsible for micro
failure initiation,16) and in relating the size distribu

tions of these features to crack and void size distribu

tions. We found that different microstructural features 

served as the dominant nucleating defect in different 

materials. Manganese sulfide inclusions are the main 
nucleation defects in many steels,lS) grain boundary triple 
points in a-titanium,lZ)trapped spherical bubbles in poly
carbonate,3)and intergranular flaws in a fine-grained 
quartzite rock, 7,S)!n the latter case, we measured the 

inherent flaw size distribution and made use of it in the 
fracture model to calculate the number of activated cracks. 
We are currently using the inclusion size distribution we 

measured in AS33B steel to calculate the failure behavior 

of a tensile bar. 

IS) D. A. Shockey, L. Seaman, K. C. Dao, and D. R. Curran, 

"A Computational Model for Fracture of Pressure Vessel 

Steel Derived from Experimental Data," Paper No. 7S

PVP-92, The Amer. Soc. of Mech. Engrs., New York 1978. 
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4-4 

D. A. Shockey: You mentioned that you computed temper

ature increases of about 20 0 e in the midplane zone of 
impacted aluminum plates. This implies very high local 

temperatures near expanding voids. Do you account for 

the effects of the high temperatures on the constitutive 

equations? Do the void surfaces melt? 

Lee Davison: The average temperature in the damaged 

region of a spalling body is greater than it would be if 

damage were suppressed. In the specific example mention

ed (see Fig. 6 of Ref. 1) the temperature increased from 

300 K to almost 320 K during the formation of voids e

ventually comprising 6 1/2% of the volume of the central 

region of the sample. If we were to suppose that the 

internal energy associated with a 20 K increase in aver

age temperature were actually stored in a volume of ma

terial comparable to that of the voids, then the average 

temperature increase of this small volume of material 

would be about 300 K enough to alter the mechanical 

properties markedly but not quite sufficient to cause 

melting. In cases where larger amounts of damage are 

produced more rapidly we have calculated overall in
creases in temperature of almost 100 K. A calculation 

similar to that suggested above results in temperatures 
very close to the melting point and we belive that melting 

could occur. The crudeness of the local temperature esti
mate, neglect of melting kinetics, etc. leave the situa

tion so uncertain that the question remains open. 

None of the effects of localized heating are incorporated 

into the present theory, although some shortcomings could 

be removed on an ad hoc basis. A more careful treatment ---
of the problem would necessitate taking account of local-

ized inertia and other microstructural effects as well as 

the heating, and seriously complicate the theory. 
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A. Kobayashi: Do you think that the crack velocity is 
predominantly affected by the plastic region ahead of 

a running crack? 
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K. B. Broberg: At small scale yielding the crack tip 

velocity is governed by a balance condition: The energy 

flow to the dissipative region (the process region and 

the plastic. region) equals the energy "demanded", i. e. 

the energy irrecoverably trapped near the crack tip. 

The energy flow can be calculated very accurately at 

small scale yieldning from a purely elasto-dynamic model, 

since the dissipative region is very small. The energy 

irrecoverably trapped near the tip (material deteriora

tion in the process region, plastic flow, and to some 

very small extent residual elastic strain energy) depends 

on the material and on the tip velocity, as explained in 

the paper. Thus the crack tip velocity depends on the 

amount of plastic flow, but since the energy flow depends 

strongly on the crack length it would perhaps be mislead

ing to say that the crack tip velocity is predominantly 

affected by the plastic region. 

At large scale yielding the balance condition should re
gard the energy flow to the process region, only, and the 
energy consumption of the process region, because the 

process region can almost always be assumed to be very 
small. 

H. G. Suzuki: Can we extend your argument to the crack 

tip configuration of brittle fracture? When the area of 

the region where plastic deformation occurs at the crack 

tip is narrow, usually brittle fracture does occur. If 

it is broad, then ductile fracture yields. If so, how 

can we adjust between ductile and brittle fracture? 
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K. B. Broberg: I avoid nowadays the term '~rittle 

fracture", because it seems to mean so many different 
things. For the theoretical case of perfect cleavage 

without plastic deformation, especially in the weak di
rection at the strong anisotropy, one could perhaps as
sume that the minimum energy argument holds up to the 

Rayleigh wave velocity. However, real materials, glass, 

PMMA, etc. certainly exhibit plastic flow type energy 

dissipation and isolated micro-separations. Thus, I 

think, the ideas expressed in the paper are pertiment to 

practically seen all materials, except very ductile ones, 

where small scale yielding does not occur on normal la
boratory or structural scales. 

M. Stelly: 

(1) In your model you have supposed that, for fast moving 
crack tip, many micro-separations are created ahead 

of the crack tip and out of its plane. Have you ex
perimental evidence to support this model? 

(2) You explain existence and influence of the micro
separations by the fact that interactions between 

them are impeded by the short times involved. I ask 

if, due to the high sound speed and little distance 
between microseparations, there are not rather many 
interactions creating a complex stress state ahead 
of the crack tip? 

(3) Crack tip velocity may attain sound speed but it is 
known that plastic deformation deplacement velocities 

are about on order smaller than sound speed. How do 

you correlate these two facts? 
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K. B. Broberg: 

(1) There exists a lot of evidence that the fracture 
surfaces become more and more rough as the crack tip 

velocity increases. Also so called parabolic marks 
(in, for instance, PMMA) increase in number when the 

tip velocity increases. See, for instance, Carlsson, 

J., Dahlberg, L., and Nilsson, F.: "Experimental 
studies of the unstable phase of crack propagation 

in metals and polymers", (Proceedings of an inter

national conference on) Dynamic Crack Propagation, 

edited by George C. Sih, Noordhoff International 

Publ., 1973. 

(2) In the plastic region the sound velocities may be 

even lower than the velocity of a very fast running 

crack tip. This means that the interaction between 

microseparations becomes impeded. It is certainly 

correct that the stress state between the micro

separations becomes highly complex. 

(3) The Rayleigh wave velocity is the theoretical limiting 
speed for mode I cracks. In practice about 70 per 
cent of this velocity is frequently obtained. This 

is, certainly, higher than the sound velocities in 
the plastic region. The implications of this fact 
was studied in refs. 8 and 9. 

5- 2 

A. Kobayashi: 

(1) Did you observe preceding strain disturbances ahead 
of the running crack? 

(2) Was your experiment done at room temperature? 
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W. Goldsmith: 
(1) It is assumed that the question refers to waves re

leased at the crack tip as the result of energy con

version at that point. Although it is well-known 

that such waves are generated there (cf. the work by 

J. Miklowitz, JAM, ~, 122 (1952); J. W. Phillips, 

Int. J. Sol. Struc., ~, 1403 (1971); References 3-7 

of the paper; various photoelastic studies by A. S. 

Kobayashi and associates (1970-1976), etc.) and such 

waves were undoubtedly present in the current experi

ments, it had not been intended to examine this 

particular aspect of the phenomenon. In consequence, 

the optical and strain gage equipment employed was 

not appropriately arranged and, further, its sensi

tivity may not have been sufficient to permit detec

tion of these transients. 

(2) Yes. 

D. A. Shockey: 

(1) Theoreticians have analyzed the situation of a high 

rate load striking a stationary crack and find that, 

at early times, the crack tip intensity rises para

bolically with time, overshoots the equilibrium 
static stress intensity, and attains the static 

value after a few damped oscillations. Were you 
able to observe in your experiments corresponding 

behavior of the caustic? 

(2) You report a single value for the dynamic crack tip 

stress intensity, implying crack speed independence. 

Other workers report a pronounced increase in crack 

tip stress intensity with crack speed in polymers. 

Could you comment on this apparent discrepancy? 
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w. Goldsmith: 

(1) The- variations in the crack intensity factor upon in

itiation of crack propagation as well as those recent
ly found to occur upon crack arrest (Ref. 13 of the 

paper) involved loading conditions substantially 

different from those of the present investigation. 

In the case of crack initiation, loading consisted of 

an idealized ramp or step function, whereas the study 

involving crack arrest utilized the force produced by 

driving a wedge into the preexisting crack of a 

double cantilever beam specimen. In the present 

tests, the loading produced by the longitudinally 

striking sphere could be approximated by a sine

squared function, traversing the length of the speci

men alternatingly as a compression and tension wave. 
Thus, no quasi-dynamic equilibrium state was ever 

attained during the process, particularly not during 

crack propagation. In consequence, the results of 

the present tests can not be compared with those 

cited, particularly with respect to the behavior of 

the dynamic stress intensity factor relative to the 

static value. In any event, no oscillations in the 

size of the caustic were observed when identical or 
nearly identical strain levels existed at the crack 
cross section; in view of the timing of the film 

exposures, such a situation would occur only by 
accident. 

(2) There is no discrepancy, apparent or otherwise, in 
the values reported for the stress intensity factor. 

It should be borne in mind that all the data were 

obtained under conditions of unstable (or catastro

phic) crack propagation. For PMMA, the crack speeds 

were found to differ by a factor of approximately 2 

depending upon whether or not complete failure of 

the specimen occurred in a single tensile wave 

passage or as the result of two or three such 
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5-3 

passages. Slight differences were found in the 

values of the critical stress intensity factor for 

these two cases, although well within experimental 

error. In fact, for all runs involving both PMMA 

and Lexan, variations in both the intensity factor 

and the critical stress resulting in fracture in

itiation were considered to be within the measure

ment limitations of the experiment. This result is 

due to the fact that all data were obtained for in

itial strain rates varying by less than one decade, 

a small band compared to the rates ranging from 10- 6 

to more than 10 3 utilized by other investigators. 

Thus, the rates employed in these other tests encom

pass the domains from extremely slow, stable propa

gation to catastrophic failure, where surely some 

rate dependence can be expected; in the present 

investigation, only unstable crack propagation was 

examined. 

U. S. Lindholm: How did you determine the strain rate 

you employed? 

A. Kobayashi: The strain rate I employed is based on the 

crosshead speed divided by the specimen gage length, V/L. 

Especially for higher strain rate of 48/sec, a strain gage 

was placed and the strain rate was also measured, obtain

ing almost the same strain rate value as obtained from 

V/L. 
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6-1 

W. Goldsmith: Would you expect your estimate of crater 

volume to apply also to a rock target or other granular 
material where the substance would fracture, pulverize, 

comminute and/or produce grain fracture or fracturing of 

intergranular bonds? 

D. C. Drucker: The cratering of a brittle or granular 

target was, in fact, the original impetus for the study 

reported here. A few truncated computer solutions and a 

few experimental results had just become available for 

small particles impacting a graphite composite target. 

As a first step toward answering some of the questions 

raised, the approximate response of a ductile target was 

found. The statement was made in the unpublished report 

from which this paper is abstracted that the zone of high 

plastic strain extending out from the crater in a ductile 

target would be a shattered or powdered zone in a friable 
material. The very crude estimate was that the crater 

radius therefore would be about twice the radius for a 

ductile target when the shear strength of the friable ma
terial and the flow strength of the ductile material are 

equal under the extremely high hydrostatic pressures and 
strain rates of the problem. Consequently the crater 

volume would be 8 times larger for a friable target ma
terial with the same 0t as a ductile target. 

6-2 

T. C. T. Ting: The three fractures in the sphere which 

you called Fl, F2, and F3 occurred at the location of the 

caustics. Theoretically, after the occurrence of the 

first fracture at the caustic Fl, the subsequent wave 

motion is altered because of the presence of the fracture 

at Fl. In particular, the location and the shape of the 

caustic at F2 will be affected. In your analysis, you 



seem to ignore this effect; and yet you obtain a very good 

agreement with the experimental observation. Do you have 

any physical explanations for the good agreement? 

W. Johnson: We agree Prof. Ting's comments and observa

tions. We believe that the effect on F2 (or F3) of 

fracture at FI is too small to significantly affect its 

position. There are many assumptions in our explanations 

and only further investigations by us and other will re

veal the degree to which they are acceptable. 

S. Tanimura: It is very interesting that some patterns of 

fracture and void development in hemi-spherical ended 

bodies are shown. Isn't it better to explain the patterns 

to take account of all the dilatational and the distor

tional waves reflected at free surface by the each wave? 

W. Johnson: We considered the patterns made by both the P 

and S-waves but on this occasions could find no void to 

correlate with the focus to the P-wave. In previous work 

(on spheres, see the references) we have noted 3 inde

pendent void zones. 

6-4 

K. Asada: Perforated plates (porous metals) is used at 

heat exchangers and steam generaters. So static macro 

equivalent O-E relations was made for design of perforat

ed plates. But there was no dynamic macro equivalent O-E 

relations. (These relations are important for explosive 

loadings) Are you planning to make the dynamic equivalent 

O-E relations by changing the ligament efficiency? 
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E. H. Lee: The application you suggest to perforated 

plates of heat exchangers is an interesting one. The 

problem would presumably be modeled as plane stress, or 

perhaps some average between plane stress and plane 

strain depending on the thickness of the plate relative 

to the tubes size. The problem you suggested could 

certainly be carried out, but we have not attempted it. 

R. J. Clifton: Since finite element techniques are used 

in the computations you can presumably obtain correspond

ing results for holes with initially elliptical shape. 

Have you examined such cases to determine the effect of 

the aspect ratio of the holes on the macroscopic strain 

rate effect that would be observed? 

E. H. Lee: It would be feasible to consider initially 

elliptical pores, but we have not carried out such calcu

lations. We have not pursued the matter in greater detail 

since for most cases the calculation cannot be more than 

qualitative since pores would probably be much closer to 

spheres than cylinders, and the problem of treating 

spherical holes on a cubical network poses a much more 

difficult finite-element problem. 

6-5 

E. H. Lee: You mention the use of several stress measures 

in analysing elastic plastic problems and the selection of 
a particular stress measure, such as the Euler stress, for 

particular types of problems. On what basis do you selec

tion a particular stress measure for a particular type of 

problem? 

Y. Yamada: The choice of stress measure is closely relat

ed to the use of stress rate in the constitutive equations 

in the updated formulation adopted here. The author bases 

his choice on the rotation of the principal stress axes 
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direction rather than that of the material element. There 

are a number of problems, e.g. steady flow of metals in 

material processing and diffuse neck in stability in 
tensile specimen, which validate the use of the Jaumann 
rate of Kirchhoff or Euler stress associated with the spin 

of material element. However, for the problem where the 

spin of the element does not necessarily accompany the 

rotation of the principal stress axes, it is considered 
the intrinsic rate of Kirchhoff or Euler stress would be 

more appropriate. The torsion of thin walled tube is such 

an example and more details on this problem are discussed 

in the following paper: 

Y. Yamada, T. Hirakawa, and A. S. Wifi, Analysis of Large 

Deformation and Bifurcation in Plasticity Problems by the 

Finite Element Method, A paper to appear in Finite Elements 
in Nonlinear Solid and Structural Mechanics, Tapir 

Publishers, Trondheim, Norway, 1978. 

7-2 

U. S. Lindholm: Subsequent to the work you referenced, we 

have performed high strain rate «lOS-l) biaxial tests on 

AI, Ti, Be and steel. The results of these tests also 
confirm that the expansion of the yield surface is iso
tropic with increasing strain rate under proportional 

stress loading, and that the yield criteria is of the 
Mises type. 

T. Hayashi: The authors are interested in two problems. 

One is the yield surface under dynamic combined stresses 

to which we had the same results as you had shown in your 

papers. The other is the flow rule, namely the relations 

between the increments of each strain components and stress 

state in the plastic region under dynamic forces. Our 

experiments showed that Prandtl-Reuss flow rule holds even in 

the dynamic loading. 
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R. J. Clifton: I would like to join Drs. Malvern and 

Lindholm in complimenting you on this significant ex~ 
tension of dynamic testing methods to cases of combined 

tension and torsion. As a comment I would like to 
underscore the importance of investigating cases of non

proportional loading in order to interpret experimental 

results for combined longitudinal and torsional plastic 

waves. Our experimental results for longitudinal impact 

of pre-torqued tubes indicate that the slow plastic wave 

arrives much earlier than predicted by an isotropic 

hardening model of the type you are inferring from pro

portional loading experiments. Better agreement in the 

arrival time of the slow plastic wave is obtained with a 

theory based on a self-consistent slip model of the 

plastic deformation. The important new feature of the 

latter model is the relatively smaller change in stiffness 

that occurs when the loading path is changed from a di

rection essentially tangent to an isotropic yield surface 

to a direction perpendicular to such a yield surface. 

This smaller change in stiffness corresponds to a smaller 

change in wave speed with the result that the slow plastic 

wave follows immediately behind the fast plastic wave, in 
better agreement with experiments. 

T. Hayashi: We would like to perform the experiments on 
the flow rule under non-proportional loading. But in order 
to observe the difference clearly between the behavior 
under proportional loading and non-proportional loading, 
it is desirable that the change of the loading path is as 
clear and sharp as possible. It is very difficult techni

cally and we have not succeeded yet to make such a suitable 

device for our use. 
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R. J. Clifton: Why are you modelling the plastic wave as 

a discontinuous wave when experiments indicate that 
plastic waves are generally continuous? 

T. Jimma: Because, the analysis of a discontinuous plastic 

wave is a good example of dislocation theory. In our 

paper, the material is assumed to be a linearly work

hardening solid so that the plastic wave becomes the dis

continuous wave. We can analyze a continuous plastic wave 

in a similar way by assuming that the moving dislocations 

are distributed continuously behind the plastic wave front. 

7-6 

W. Goldsmith: The experimental set-up shown in the slide 

indicates the impact of a flat-ended striker on a flat
ended bar. This is impossible to achieve; there is an 

angular impact with contact indentation that strongly 

influence the wave parameters, and hence the parameters to 

be identified experimentally. How is this problem resolved? 

N. Nakagawa: In the experimental set-up, the incident 
pressure bar contacts initially with the specimen at x=l. 
On the other hand, the end of the striker is rounded with 

a radius of about 100 mm, because of the difficulty to 
achieve the impact of a flat-ended striker on a flat-ended 
bar. We consider that the incident waves propagate in one 
dimension, through the incident bar, since the length of 

the incident pressure bar is sufficiently long in compari

son with its diameter. Hence, it would be possible to use 

the results of our analysis in order to identify the dy

namic properties of viscoelastic bars. 
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7-7 

K. Asada: You arranged your experimental results of the 

crater depth by the velocity of the projectiles. But if 

the weights of the projectiles change, then we must ar

range it by the energy of the projectiles. Though I have 

never found such energy arranged experimental results, 

have you ever arranged it by the energy? 

W. Johnson: All tests were conducted by impacting against 

semi-infinite targets. However the plot of crater volume 

is against the logarithm of the velocity; the volume then 

turns out to be proportional to the square of the velocity 

in most cases so that with a constant mass projectile, 

volume is proportional to energy. (Workers have frequent

ly found volume to correlate better with momentum than 

energy in high speed impact work, so that the choice of a 

linear abscissae is understandable.) 

8-1 

W. Goldsmith: If the solution was to demonstrate the ef

fect of strain-rate sensitivity, why was aluminum used 

for the specimen which has one of the lowest rate-sensi 
tivities known, rather than steel, which has much higher 
sensitivity? 

s. Kawashima: The agreement between the experimental re

sult and the calculated one presented in a paper by 

Duwez, Clark, and Bohnenblust is not good in the case of 

the copper beam. This paper deals with the same problem 

and the effects of rotary inertia, shear force and strain

rate on the transient response are discussed from the 

theoretical and experimental results for pure aluminum. 
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8-2 

K. Miura: In case of the circular cylindrical shell, the 
experimentally observed post-buckling deformation can be 
certainly approximated by the isometric transferred 

surface. It seems that the author's approach depends on 

this fact. 

This is not necessarily the case, however, with the oval 

cylindrical shell. That is, the observed deformation can 

not be approximated by a complete surface built up with 

the tessellation of diamond patterns. Instead, it is the 

complex surface composed of diamond patterns of different 

sizes and irregularly deformed zones, which necessarily 

accompany the considerable amount of extensional deforma

tion. 

I would like to ask the author about the matter. 

M. S. EI Naschie: I do agree completely with Prof. Miura 

that it is not possible to construct an overall isometric 

surface to that of an oval cylindrical shell. Incidental
ly, this does not violate the theory of isometric buckling. 

On the contrary, it confirms it. As I mentioned previous
ly in my talk, the non-existence of an overall isometric 

surface is an indication of a stable post buckling path. 
On the other hand, Kempner showed some time ago that on 
the whole, the oval cylindrical shell possesses a stable 
post buckling path for an assumed overall buckling form. 
However, it should be remembered that my paper mainly 

deals with a special form of isometric transformation, 

namely a localised one. This is based on the assumption 

that buckling is first triggered locally in a very small 

shallow region and then spreads dynamically, with high 

speed, over a large portion of the shell surface. The 

corresponding buckling formula is considered to be an 

absolute lower stability limit estimation. In the 



absence of measurements for an oval cylindrical shell, 

the usefulness of this formula could not be directly 

verified. 

8-3 

D. A. Shockey: Are the amplitudes of the vibrations 
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caused by the burning propellant sufficient to cause 
fracture of the propellant or debonding of the propellant 

from the motor casing? What is the propellant composition? 

D. Mori: In the case of small soudnig rockets, we have 

experi:enced some relatively great amplitudes of vibration 
of solid propellant motor which caused some problems with 

installed equipment or fracture of structural elements, 
however, we think we have never experienced a fracture of 

the solid propellant or debonding. 

Our study is not concerned with the investigation of the 

fracture of the propellant but aimed to understand the 

effect of solid propellant on the overall dynamic charac
teristics of rockets. 

The composition of the solid propellant we used in the 
experiment is CTPB (binder), NH~ClO~ and Aluminum powder. 

9-1 

W. Johnson: 

(1) Can you say what is the standoff distance and how is 

the best distance decided upon. 

(2) What is the pressure developed against the flyer 

plate? 
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K. Kiyota: 
(1) The best stand-off distance, which is the distance 

between the top of the conical explosive and the 

flyer plate, was 5 millimeters for 0.5 millimeter 
thickness of the flyer copper plate in this experi

ment. As the distance becomes large, the unwelded 

area spreads at the central part, because the shock 

front becomes roundish. When it is too small, the 

central part of the flyer plate is torn by partially 

too high pressure. 

(2) The pressure developed against the flyer plate was 

not measured directly. Usually the shock pressure 

propagating in fluid can be obtained from the veloci

ty of shock front. It was about 5 kilobars, obtained 

from the high speed photographs of the shock front, 

though its accuracy was not good on account of small 

pictures on the film. However it is not the pressure 

developed against the flyer plate. In order to ob

tain the pressure, the structure of flow in the shock 

wave and its relative motion to the flyer plate 

should be observed. The accurate observations of 

them are difficult in this case. 

9-2 

W. Goldsmith: 
(1) Experiment, closed form solution and finite element 

analysis for axisymmetric head impact problem corre
lated well and was not disturbed by the incompressi

bility of the fluid, for radial impact on a uniform 

elastic shell. 

(2) Loading approximation on shell is much better-given 

by a sine-squared load function F = Fa sin 2 TIt than 
T 

by a sinusoidal loading. 
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(3) Head injury model only good for 2-3 passages of the 

wave (~400~s) because flow the constraining effects 

of the neck must be considered. 

(4) There is a tremendous difference on the stress 

distribution in certain critical regions when a point 

load as opposed to an areal load is used. The latter 

must be used here. 

S. Kobayashi: 
(1) As far as the intracranial pressure response caused 

by axisymmetric impact is concerned, we know the re

sults stated in your comment. However, we have an 

opinion that in the case where a shear strain is pre

dominant in causing brain injury the brain should be 

treated as a nearly imcompressible material and the 

usual displacement method in the finite element 

method yields erroneous results. 

(2) We know that a real loading pattern is rather a sine

squared function because the load-displacement re

lation of the ball is nonlinear. However, in the 

present numerical example we have not focused our 

attention on the effect of the loading pattern. We 
have considered that we should treat the ball as an 

element without giving a loading function, and as the 

first and simplest example we have used a linear 

spring, although the calculation can be easily 

carried out in the case of a nonlinear spring. 

(3) As the head model and load are axisymmetric in the 

present framework of the computer program of the 

finite element method, we cannot treat the effect of 

neck. The final purpose of our study is to treat 

the real head including neck subjected to arbitrary 

impact load by using a generalized three dimensional 

finite element. The present paper is only a funda
mental study. 
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(4) The comment is a matter of course. The main purpose 

of the present study is to clarify the response pro

perty of the intracranial pressure and shear strains 
in the brain. Although the stresses in the skull 

have also been calculated and displayed in our paper, 

they are nothing but the representation for your 

information. If we focus our calculation on the skull 

stresses, we have to divide it into more fine elements 

in the critical region and employ an areal load as 
your comment. 

W. Johnson: 
(1) I would like to support Prof. Goldsmith in saying that 

for a real head impact problem, the effect of tensing 

the neck muscles soon becomes important. 

(2) Have you tried to correlate your results with the 
notion of the GADD seventy index as used to assess 
liability to serious head injury in motor car acci-

dents? 

(3') A very important loading system is that of tangential 

loading ; this is similar is the "hook" in boxing 

and is the cause of death in this sport. (see 
UNTERSCHARNSCHEIDT's papers). Can the model be 
usefully used to deal with this real head impact 
problem? (The skull would rotate and "leave behind" 
the brain - due to inertia - so that bridging veins 
are stretched and ruptured.) 

S. Kobayashi: 

(1) The answer has been dealt with in the reply to Dr. 

Goldsmith's third comment. 

(2) We are sorry we have not tried so, because unfortu

nately we have no information of such a literature. 
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(3) The present computer program cannot deal with the 
tangential loading as it is suitable only for 
axisymmetric load. We know that the tangential load 
is a very important factor in head injury problem. 
This mechanism was first suggested by Holbourn, and 
analytical model was proposed by, e.g., Hayashi*. 

However, it is a future problem for us as stated in 

the reply to Dr. Goldsmith's third comment. 

* 

9-3 

T. Hayashi: Brain Shear Theory of Head Injury due 

to Rotational Impact. Jour. Fac. Engng., Univ. of 

Tokyo, Vol. 3D, No.4 (1970), p. 307. 

S. Tanimura: Is it not necessary for a comparison between 

the high velocity impact test results and the theoretical 

results to deal with the boundary of impact face as the 

impact of a deformable elastic body and an elastic-visco
plastic body? 

H. Fukuoka: In case the specimen and the target have same 

diameters and same elastic properties, the particLe veloci

ty of the impact face of the specimen after impact is half 
of the impact velocity. But if the target material has 

much higher yield stress than the specimen, we can model 
this case as an impact of elastic-viscoplastic specimen on 
the elastic target. Then, a typical numerical example 
shows that the particle velocity of the impact face of the 
specimen after impact is less than the impact velocity by 

only a few percent. Therefore, if we take the consider

ation that the target wall has much larger area than that 

of the specimen into account, we can equate the particle 

velocity of the impact face of the spcimen to the impact 

velocity and thus the assumption of the rigid target wall 

is justified. 



452 

9-4 

U. S. Lindholm: Have you investigated other types of 

lubricants than MoS 2 or non-lubricated surfaces? 

J. Klepaczko: Yes, we performed experiments on lead 

specimens lubricated with a silicon oil; see results on 

the attached figure. Besides, we used other limited data 

by some authors li.e. PZISc/plotsl to calculate dynamic 

coefficient of friction with our computer program. 

Generally, obtained from dynamic compression tests shows 

the same order as from quasi-static tests. 

-----
~~I~·1,I5·IO-.. -, 
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