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1. I n t r o d u c t i o n  

In t h i s  s e t  o f  t e c t u r e  n o t e s ,  we p r e s e n t  a c u l m i n a t i o n  o f  

r e s u l t s  on i n f i n i t e  m a t r i c e s  which  were e v o l v e d  by t h e  members o f  t h e  

Katowice  Branch o f  t h e  Mathemat ics  I n s t i t u t e  o f  t he  P o l i s h  Academy o f  

S c i e n c e s .  In the  e a r l y  h i s t o r y  o f  f u n c t i o n a l  a n a l y s i s  " s l i d i n g  hump" 

methods were used e x t e n s i v e l y  t o  e s t a b l i s h  some o f  the  e a r l y  a b s t r a c t  

r e s u l t s  in  f u n c t i o n a l  a n a l y s i s .  For  example,  t he  f i r s t  p r o o f s  o f  

v e r s i o n s  o f  t he  Uniform Boundedness P r i n c i p l e  by Hahn and Banach and 

H i l d e b r a n d  u t i l i z e d  s l i d i n g  hump methods ( [ 1 8 ] ,  [ 39 ] ,  [ 42 ] ,  [ 3 5 ] ) .  

S i n c e  Banach and S t e i n h a u s  gave a p r o o f  o f  t h e  Uniform Boundedness  

P r i n c i p l e  based  on t h e  B a i r e  C a t e g o r y  Theorem, c a t e g o r y  methods have 

proven t o  be v e r y  p o p u l a r  in  t r e a t i n g  v a r i o u s  t o p i c s  in f u n c t i o n a l  

a n a l y s i s  [191.  In r e c e n t  t i m e s ,  t h e r e  has been a r e t u r n  t o  " s l i d i n g  

hump" methods in t r e a t i n g  v a r i o u s  t o p i c s  in f u n c t i o n a l  a n a l y s i s  and 

measure t h e o r y .  For  example,  in [34] D i e s t e l  and Uhl use a lemma o f  

Rosen tha l  ( [ 6 4 ] )  as  an a b s t r a c t  s l i d i n g  hump method to  t r e a t  a 

v a r i e t y  o f  t o p i c s  in  v e c t o r  measure t h e o r y .  

In a somewhat s i m i l a r  f a s h i o n ,  the  A n t o s i k - M i k u s i n s k i  Diagona l  

Theorem ( [ 5 3 ] ,  [ 2 ] ,  [ 3 ] ,  [ 9 ] )  can be c o n s i d e r e d  t o  be an a b s t r a c t  

s l i d i n g  hump method and has  been employed t o  t r e a t  a wide v a r i e t y  

o f  t o p i c s  in  f u n c t i o n a l  a n a l y s i s  and measure  t h e o r y  ( [ 4 ] ,  [ 5 ] ,  [ 6 ] ,  

[9], [ 1 2 ] ,  [ 5 3 ] ,  [ $ 4 ] ,  [S61, [ 5 7 ] ) .  The A n t o s i k - M i k u s i n s k i  Diagona l  

Theorem i s  a r e s u l t  c o n c e r n i n g  i n f i n i t e  m a t r i c e s  and has proven to  be 

q u i t e  e f f e c t i v e  in t r e a t i n g  v a r i o u s  t o p i c s  t h a t  were p r e v i o u s l y  

t r e a t e d  by B a i r e  c a t e g o r y  methods ( see  in p a r t i c u l a r  t he  t e x t s  [12 ] ,  

I 5 6 ] ) .  These n o t e s  p r e s e n t  a r e s u l t  c o n c e r n i n g  i n f i n i t e  m a t r i c e s  

which i s  o f  an even s i m p l e r  and more e l e m e n t a r y  c h a r a c t e r  t han  t h e  

Diagona l  Theorem, and which can s t i l l  be used t o  t r e a t  a wide v a r i e t y  

o f  t o p i c s  in  f u n c t i o n a l  a n a l y s i s  and measure  t h e o r y  ( [ 1 6 ] ) .  



In  s e c t i o n  2, we p r e s e n t  t h e  two b a s i c  m a t r i x  r e s u l t s  e v o l v e d  by 

P. A n t o s i k  in  r e f e r e n c e s  [6] - [ I 1 1 ,  and then  in subsequen t  s e c t i o n s  

we p r e s e n t  v a r i o u s  a p p l i c a t i o n s  o f  t he  m a t r i x  r e s u l t s  t o  t o p i c s  in 

f u n c t i o n a l  a n a l y s i s  and measure t h e o r y .  A f t e r  the  b a s i c  m a t e r i a l  has  

been p r e s e n t e d  in  s e c t i o n s  2 and 3, t h e r e  has been an a t t emp t  t o  make 

t he  subsequen t  c h a p t e r s  on a p p l i c a t i o n s  independen t  o f  one a n o t h e r .  

Thus, t h e r e  i s  some r e p e t i t i o n  in some o f  t he  c h a p t e r s ;  f o r  example,  

summabi l i t y  i s  ment ioned  in bo th  s e c t i o n s  S and 8 and o t h e r  t o p i c s  

a r e  r e p e a t e d .  

In s e c t i o n  3, we i n t r o d u c e  and s t u d y  t he  n o t i o n s  o f  ~ c o n v e r -  

gence  and K boundedness  which were a l s o  d i s c o v e r e d  and s t u d i e d  by 

the  Katowice  m a t h e m a t i c i a n s  ( [6 ]  - [ 1 1 ] ) .  An e q u i v a l e n t  form o f  

c o n v e r g e n c e  was i n t r o d u c e d  by S. Mazur and W. O r l i c z  in [52] and a l s o  

s t u d i e d  by A. A l e x i e w i c z  in [ 1 ] .  The idea  was r e d i s c o v e r e d  in the  

seminar  o f  P. A n t o s i k  and J .  M i k u s i n s k i .  In subsequen t  s e c t i o n s  t he  

n o t i o n s  o f  K c o n v e r g e n c e  and ~ boundedness  w i l l  be shown t o  be 

e f f e c t i v e  s u b s t i t u t e s  f o r  c o m p l e t e n e s s  and b a r r e l l e d n e s s  assump- 

t i o n s  in many o f  the  c l a s s i c a l  r e s u l t s  o f  f u n c t i o n a l  a n a l y s i s .  For  

example,  in  s e c t i o n  4, we t r e a t  t he  U n i f o r n  Boundedness P r i n c i p l e .  

The c l a s s i c a l  Uniform Boundedness  P r i n c i p l e  i s  wel l -known t o  be f a l s e  

in t he  absence  o f  completeness or  b a r r e l l e d n e s s  a s s u m p t i o n s ,  but  we 

p r e s e n t  a v e r s i o n  o f  the  Uniform Boundedness P r i n c i p l e  in Theorem 4 .2  

which i s  v a l i d  in t he  absence  o f  any c o m p l e t e n e s s  a s sumpt ion  and 

which c o n t a i n s  t he  c l a s s i c a l  Uniform Boundedness Theorem f o r  F - s p a c e s  

as  a s p e c i a l  c a s e .  To i l l u s t r a t e  t he  u t i l i t y  o f  our  g e n e r a l  Uniform 

Boundedness P r i n c i p l e  in the  absence  o f  c o m p l e t e n e s s ,  we g i v e  a 

d e r i v a t i o n  o f  t he  Nikodym Boundedness Theorem based on t he  g e n e r a l  

Uniform Boundedness  P r i n c i p l e .  

In s e c t i o n  5, we d i s c u s s  a c l a s s i c a l  r e s u l t  on t he  c o n v e r g e n c e  

o f  o p e r a t o r s  which i s  sometimes a t t r i b u t e d  t o  Banach and S t e i n h a u s .  

Th i s  r e s u l t ,  l i k e  t h e  Uniform Boundedness P r i n c i p l e ,  i s  known to  be 



false without completeness or barrelledness assumptions. Neverthe- 

less, using the notion of K convergence, we present a version of 

this theorem which is valid without any completeness assumptions. As 

an application of the general result in the absence of completeness, 

we use it to derive the Nikodym Convergence Theorem, the Brooks- 

Jewett Theorem, and a result of Hahn, Schur and Toeplitz on 

summability. 

In section 6, we treat bilinear maps using our matrix methods. 

We derive the classical result of Mazur and Orlicz on the joint 

continuity of separately continuous bilinear maps and also, using the 

notion of ~ convergence, present several hypocontinuity type of 

results which are valid without completeness assumptions. Our 

hypocontinuity results generalize results of Bourbaki. 

In section 7, we treat various 0rlicz-Pettis type results on 

subseries convergent series by matrix methods. We derive the 

classical Orlicz-Pettis Theorem as well as Orlicz-Pettis results for 

compact operators and the topology of pointwise convergence on 

certain well-known function spaces. 

In section 8, we give generalizations of the classical lemmas of 

Schur and Phillips to the group-valued case. We show that these gen- 

eral results contain the classical lemmas of Schur and Phillips as 

special cases. A result of Hahn and Schur on summability is also 

obtained from the general results. 

In section 9, we present a version of the Schur lemma for 

bounded multiplier convergent series in a metric linear space. This 

version for bounded multiplier convergent series is motivated by a 

sharper conclusion of the classical Schur lemma for B-spaces which 

is obtained in Corollary 8.4. Some general remarks on the vector 

versions of the summability results of Schur and Hahn are also 

included. 



In s e c t i o n  I0 ,  we c o n s i d e r  t h e  problem o f  imbedding c o and ~ 

i n t o  a B - s p a c e .  Using t he  b a s i c  m a t r i x  lemma o f  s e c t i o n  2, we 

o b t a i n  t he  c l a s s i c a l  r e s u l t s  o f  B e s s a g a - P e l c z y n s k i  and D i e s t e l - F a i r e s  

on imbedding c o and £~ i n t o  B - s p a c e s .  We a l s o  i n d i c a t e  a p p l i -  

c a t i o n s  t o  a l a r g e  number o f  wel l -known r e s u l t s  in Banach space  

t h e o r y .  The r e s u l t s  and method o f  p r o o f  a re  v e r y  a n a l o g o u s  t o  t h o s e  

o f  D i e s t e l  and Uhl ( [34]  1 .4)  excep t  t h a t  t h e  b a s i c  m a t r i x  lemma i s  

employed i n s t e a d  o f  t he  Rosen tha l  lemma. 

There  a r e  two themes which p r e v a i l  t h r o u g h o u t  t h e s e  n o t e s .  The 

f i r s t  i s  t h a t  t he  m a t r i x  r e s u l t s  p r e s e n t e d  he re ,  a l t h o u g h  be ing  ve ry  

e l e m e n t a r y  in c h a r a c t e r ,  a r e  e x t r e m e l y  e f f e c t i v e  in  t r e a t i n g  v a r i o u s  

t o p i c s  in measure t h e o r y  and f u n c t i o n a l  a n a l y s i s  which have been 

t r a d i t i o n a l l y  t r e a t e d  by B a i r e  c a t e g o r y  methods.  The o t h e r  theme i s  

t h a t  t h e  idea  o f  R c o n v e r g e n c e  can be used as an e f f e c t i v e  s u b s t i -  

t u t e  f o r  c o m p l e t e n e s s  a s sum pt ions  in many c l a s s i c a l  r e s u l t s  in 

f u n c t i o n a l  a n a l y s i s .  For  example,  we p r e s e n t  v e r s i o n s  o f  t he  Uniform 

Boundedness  P r i n c i p l e ,  t he  B a n a c h - S t e i n h a u s  Theorem and c l a s s i c a l  

h y p o c o n t i n u i t y  r e s u l t s  which a r e  v a l i d  w i t h  no c o m p l e t e n e s s  assump- 

t i o n s  wha teve r  be ing  p r e s e n t .  A p p l i c a t i o n s  o f  t h e s e  g e n e r a l  r e s u l t s  

in the  absence  o f  c o m p l e t e n e s s  a r e  i n d i c a t e d .  

Many o f  the  t o p i c s  t r e a t e d  in  t h e s e  n o t e s  a r e  s t a n d a r d  t o p i c s  in  

f u n c t i o n a l  a n a l y s i s  which a r e  t r e a t e d  in a g r e a t  number o f  t he  f u n c -  

t i o n a l  a n a l y s i s  t e x t s  by v a r i o u s  means i n c l u d i n g  the  popu l a r  B a i r e  

c a t e g o r y  methods .  The m a t r i x  methods employed in t h e s e  n o t e s  a r e  o f  

a v e r y  e l e m e n t a r y  c h a r a c t e r  and can be p r e s e n t e d  w i t h o u t  r e q u i r i n g  a 

g r e a t  dea l  o f  ma thema t i ca l  background on t he  p a r t  o f  the  r e a d e r .  For  

t h i s  r e a s o n  t h e s e  m a t r i x  methods would seem to  be q u i t e  a p p r o p r i a t e  

f o r  p r e s e n t a t i o n  o f  some o f  t h e  c l a s s i c a l  f u n c t i o n a l  a n a l y s i s  t o p i c s  

t o  r e a d e r s  w i t h  modest ma thema t i ca l  backgrounds .  I t  i s  t he  a u t h o r s "  

hope t h a t  t he  m a t r i x  methods p r e s e n t e d  he re  w i l l  f i n d  t h e i r  way i n t o  

t he  f u t u r e  f u n c t i o n a l  a n a l y s i s  t e x t s .  



We c o n c l u d e  t h i s  i n t r o d u c t i o n  by f i x i n g  t he  n o t a t i o n  which w i l l  

be used in  t he  s e q u e l .  

Throughout  t he  r emainder  o f  t h e s e  n o t e s ,  u n l e s s  e x p l i c i t l y  

s t a t e d  o t h e r w i s e ,  E, F and G w i l l  d e n o t e  normed g roups .  That i s ,  

E i s  assumed t o  be an Abe l i an  t o p o l o g i c a l  g roup  whose t o p o l o g y  i s  

g e n e r a t e d  by a q u a s i - n o r m  ]I : E ÷ R+. ( [ I  i s  a q u a s i - n o r m  i f  

]01 = 0, l -x]  = Ix[ and Ix+y] ( Ix[ + ]Yl; a q u a s i - n o r m  g e n e r a t e s  a 

metric topology on E via the translation invariant metric 

d(x,y) = lx-yl.) 

Recall that the topology of any topological group is always gen- 

erated by a family of quasi-norms ([27]). Thus, many of the results 

are actually valid for arbitrary topological groups. We present the 

results for normed groups only for the sake of simplicity of exposi- 

tion. 

Similarly, X, Y and Z will denote metric linear spaces whose 

topologies are generated by a quasi-norm ll- (For convenience, all 

vector spaces will be assumed to be real; most of the results are 

valid for complex vector spaces with obvious modifications.) If it 

is further assumed that X is a normed space, we write II II for 

the norm on X. 

The space of all continuous linear operators from X into Y 

will be denoted by L(X,Y). If X and Y are normed spaces, the 

operator norm of an element T E L(X,Y) is defined by 

I ITl l  = s u p { l l T x l l  : I lx l l  ~ I } .  

I f  X and Y a r e  two v e c t o r  spaces  in d u a l i t y  w i t h  one a n o t h e r  

by the  b i l i n e a r  p a i r i n g  <, >, t he  weakest  t o p o l o g y  on X such  t h a t  

t he  l i n e a r  maps x ÷ <x, y> a r e  c o n t i n u o u s  f o r  a l l  y E Y i s  

deno ted  by o (X,Y) ,  o{X,Y) i s  r e f e r r e d  t o  as  t he  weak t o p o l o g y  on 

X induced  by Y ( [79]  8 . 2 ) .  

Other  n o t a t i o n s  and t e r m i n o l o g y  employed in t he  n o t e s  i s  

s t a n d a r d .  S p e c i f i c a l l y ,  we f o l l o w  [381 f o r  t he  most p a r t .  



F i n a l l y ,  f o r  l a t e r  u s e ,  we r e c o r d  a lemma o f  Drewnowski ( [ 3 6 ] )  

which  w i l l  be  used  a t  s e v e r a l  j u n c t u r e s  in  t h e  t e x t .  

Le t  E be an a l g e b r a  o f  s u b s e t s  o f  a s e t  S. I f  g : E ÷ G 

i s  a f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n ,  t hen  g i s  s a i d  t o  be s t r o n g l y  

a d d i t i v e  ( e x h a u s t i v e  o r  s t r o n g l y  bounded)  i f  l im g(E i )  = 0 f o r  e a c h  

d i s j o i n t  s equence  {E i} f rom E . We have  t h e  f o l l o w i n g  r e s u l t  due 

t o  Drewnowski .  

Lemma 1. Le t  E be a o - a l g e b r a .  I f  ~i  : E * G i s  a s equence  o f  

s t r o n g l y  a d d i t i v e  s e t  f u n c t i o n s  and {Ej} i s  a d i s j o i n t  s equence  

f rom E , t h e n  t h e r e  i s  a s u b s e q u e n c e  {Ekj} o f  {Ej)  such  t h a t  

~i  i s  c o u n t a b l y  a d d i t i v e  on t h e  a - a l g e b r a  g e n e r a t e d  by {Ekj} .  

Drewnowski s t a t e s  t h i s  r e s u l t  f o r  a s i n g l e  s t r o n g l y  a d d i t i v e  

measure  in  [36] ( s e e  a l s o  D i e s t e l  and Uhl [34] 1 . 6 ) ,  but  t h e  lemma 

above  can  be d e r i v e d  f rom D r e w n o w s k i ' s  r e s u l t  in  t h e  f o l l o w i n g  way: 

l e t  G ~N be t h e  s p a c e  o f  a l l  G - v a l u e d  s e q u e n c e s .  Equ ip  G ~N w i t h  

t h e  q u a s i - n o r m  [ ] d e f i n e d  by 

Ig[ = E [ g i l / ( l  + [ g i [ ) 2  i 
i=1 

where  g = ( g 1 '  g2 . . . .  ) and I g i l  i s  t h e  "norm" o f  gi  in  G . 

Now d e f i n e  ~ : E * G ~ by ~(E)  = ( ~ I ( E ) ,  g2(E)  . . . .  ) Then ~ i s  

s t r o n g l y  a d d i t i v e  so  by D r e w n o w s k i ' s  lemma, t h e r e  i s  a s u b s e q u e n c e  

{Ekj} o f  {Ej} such  t h a t  ~ i s  c o u n t a b l y  a d d i t i v e  on t h e  a - a l g e b r a ,  

E0 ' g e n e r a t e d  by {Ek j ) .  Then e a c h  ~ i  i s  c l e a r l y  c o u n t a b l y  a d d i -  

t i v e  on t h e  o - a l g e b r a  E 0 . 



2. B a s i c  M a t r i x  Resu l t s  

In  t h i s  s e c t i o n  we e s t a b l i s h  t h e  two b a s i c  r e s u l t s  on i n f i n i t e  

m a t r i c e s  which  w i l l  be used  t h r o u g h o u t  t h e  s e q u e l .  The f i r s t  r e s u l t  

i s  a v e r y  s i m p l e  and e l e m e n t a r y  r e s u l t  on m a t r i c e s  o f  n o n - n e g a t i v e  

r e a l  numbers .  T h i s  r e s u l t  i s  t h e n  used  t o  e s t a b l i s h  a c o n v e r g e n c e  

t y p e  r e s u l t  f o r  m a t r i c e s  w i t h  e l e m e n t s  in  a t o p o l o g i c a l  g roup .  Both  

r e s u l t s  a r e  o f  an e l e m e n t a r y  c h a r a c t e r  and r e q u i r e  o n l y  e l e m e n t a r y  

t e c h n i q u e s  in  t h e i r  p r o o f s .  

Lemma 1. Le t  x i j  ~ 0 and e i j  > 0 f o r  i , j  E N. I f  l i m  x i j  = 0 
1 

f o r  e a c h  j and l im  x i j  = 0 f o r  e a c h  i ,  t h e n  t h e r e  i s  a s u b s e -  
3 

quence  {m i )  o f  p o s i t i v e  i n t e g e r s  such  t h a t  Xmimj < e i j  f o r  i ~ j .  

P r o o f :  Put  m I = I .  The re  i s  an m 2 > m I such  t h a t  xml m < e l 2  

and xmm I < e21 f o r  m ) m 2.  Then t h e r e  i s  an m 3 > m 2 such  t h a t  

xml m ~ e13,  xm2 m < e23,  xmm I < e31 and xmm 2 < e32 f o r  m ) m 3. 

An e a s y  i n d u c t i o n  c o m p l e t e s  t h e  p r o o f .  

Lemma 1 w i l l  be  used  d i r e c t l y  in  s e v e r a l  l a t e r  r e s u l t s  but  t h e  

p r i n c i p l e  a p p l i c a t i o n  o f  Lemma 1 w i l l  be t o  e s t a b l i s h  t h e  b a s i c  

m a t r i x  c o n v e r g e n c e  r e s u l t  be low.  

B a s i c  M a t r i x  Theorem 2. Le t  E be a normed g r o u p  and x i j  E E 

i , j  E N. Suppose  

( I )  l i m  x i j  = x j  e x i s t s  f o r  e a c h  j and 
1 

f o r  



( I I )  f o r  each  subsequence  (m3) t h e r e  i s  a subsequence {nj )  o f  

{m3} such t h a t  { ~ Xin j} i s  Cauchy. 
j=1 

Then l im x i j  = x3 u n i f o r m l y  w i t h  r e s p e c t  to  j .  
i 

In p a r t i c u l a r ,  l im x i i  -- O. 
i 

P roof :  I f  t he  c o n c l u s i o n  f a i l s ,  t h e r e  i s  a 6 • 0 and a subsequence  

(k i} such t h a t  sup {Xki j - x3[ • 6. For  n o t a t i o n a l  conven ience  as -  
J 

sume k i = i .  Set  i I = 1 and p ick  J l  such t h a t  {x i l j  I - x31{ > 6. 

By ( I )  t h e r e  i s  i 2 • i I such t h a t  {XilJ l  - x i2J l{  • 6 and 

{xij  - x j{ < 6 f o r  i • i 2 and 1 ~ j ~ J l "  Now p ick  J2 such t h a t  

{xi2J2-  x j2  { • 6 and no te  t h a t  J2 • J1" Con t inu ing  by i n d u c t i o n ,  

we o b t a i n  subsequences  {i k} and {jk } such t h a t  

[ XikJk - Xik+lJk { • 6. Set  Zk£ = XikJt  " - Xik+lJ£ and no te  

( I )  [ Zkk [ • 6. 

Consider the matrix [{Zk£ [] = Z. By (1), the columns of this 

matrix converge to 0. By (II), the rows of the matrix [xij] con- 

verge to 0 so the same holds for the matrix Z. Let eij • 0 be 

such that ~ eij < ~. By Lemma i, there is a subsequence {m k} such 
13 

that ]Zmkm£ [ < ekZ for k # £. 

By (If) there is a subsequence {n k) of (m k} such that 

lim £=I~ Znkn£ = 0. (2) 

Then 

(3) [ Znknk{ ~ [ )- + [ )- Znknz[ < ~- e nkn~ " A#k Znknj~ { £=i Z#k 
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~=1 Znkng~ [ " 

Now the  f i r s t  te rm on t h e  r i g h t  hand s i d e  o f  (3) goes  t o  0 as  k ÷ 

by the  c o n v e r g e n c e  o f  t he  s e r i e s  ~" ek~ " and the  second term goes  t o  0 

by (2 ) .  But t h i s  c o n t r a d i c t s  (1) and e s t a b l i s h e s  t he  f i r s t  p a r t  o f  the  

c o n c l u s i o n .  

The un i fo rm c o n v e r g e n c e  o f  t h e  l i m i t ,  l im x i j  = x j  and t he  f a c t  
1 

t h a t  limj x i j  = 0 f o r  each  i i m p l i e s  t h a t  t he  doub le  l i m i t  limij x i j  

e x i s t s  and i s  equal  t o  O. In p a r t i c u l a r ,  t h i s  i m p l i e s  

l im = O. i x i i  

This  m a t r i x  r e s u l t  w i l l  be t he  b a s i c  t o o l  used t h r o u g h o u t  the  

s e q u e l .  A m a t r i x  [ x i j ]  which s a t i s f i e s  c o n d i t i o n s  ( I )  and ( I I )  o f  

Theorem 2 w i l l  be c a l l e d  a R m a t r i x  ( t h e  r e a s o n  f o r  t he  use  o f  t h i s  

t e r m i n o l o g y  w i l l  be i n d i c a t e d  in t he  next  s e c t i o n ) .  

The Bas i c  Mat r ix  Theorem 2 has a v e r y  d i f f e r e n t  c h a r a c t e r  than  the  

A n t o s i k - M i k u s i n s k i  Diagona l  Theorem in t h a t  t he  h y p o t h e s i s  and t he  con-  

c l u s i o n s  have v e r y  d i f f e r e n t  forms ( [ 2 ] ,  [ 5 3 ] ) .  However, Theorem 2 can 

a l s o  be viewed as a d i a g o n a l  theorem in the  sense  t h a t  t he  h y p o t h e s e s  

o f  Theorem 2 imply t h a t  t he  d i a g o n a l  s e q u e n c e  { x i i }  c o n v e r g e s  t o  

z e r o .  In f a c t ,  i f  one f i r s t  shows o n l y  t h a t  t he  d i a g o n a l  sequence  

c o n v e r g e s  t o  z e r o ,  t hen  i t  i s  not  d i f f i c u l t  t o  use  t h i s  t o  show t h a t  in 

f a c t  t he  columns o f  t he  m a t r i x  a r e  u n i f o r m l y  c o n v e r g e n t .  

Mat r ix  r e s u l t s  o f  a v e r y  s i m i l a r  n a t u r e  t o  Theorem 2 have been 

e s t a b l i s h e d  in [6] - [11] and [ 7 3 ] .  The m a t r i x  r e s u l t s  o f  t h e s e  pape r s  

have been used t o  t r e a t  a wide v a r i e t y  o f  t o p i c s  in  b o t h  measure  t h e o r y  

and f u n c t i o n a l  a n a l y s i s .  Much o f  t h e  c o n t e n t  o f  t h e s e  pape r s  w i l l  be 

t r e a t e d  in c h a p t e r s  4, 5, 8 and 9. 

I t  shou ld  be p o i n t e d  out  t h a t  t he  f u n c t i o n a l  a n a l y s i s  t e x t  o f  
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E. Pap ( [ 5 6 ] )  u s e s  t h e  A n t o s i k - M i k u s i n s k i  D i a g o n a l  Theorem in  a 

s y s t e m a t i c  manner t o  t r e a t  a v a r i e t y  o f  c l a s s i c a l  t o p i c s  in  f u n c t i o n -  

a l  a n a l y s i s  and i n  t h i s  s e n s e  i s  v e r y  much i n  t h e  s p i r i t  o f  t h e s e  

n o t e s  e x c e p t  t h a t  we s y s t e m a t i c a l l y  employ t h e  B a s i c  M a t r i x  Lemma. 



3. ~ C o n v e r g e n c e  

In t h i s  s e c t i o n  we i n t r o d u c e  t h e  n o t i o n  o f  a ~ c o n v e r g e n t  s e -  

quence .  T h i s  n o t i o n  was i n t r o d u c e d  by P. A n t o s i k  in  [6] and was 

f u r t h e r  e x p l o r e d  in  [71 - [ 1 1 ] ;  f u r t h e r  a p p l i c a t i o n s  t o  t h e  Uni fo rm 

Boundedness  P r i n c i p l e  and b i l i n e a r  maps a r e  g i v e n  in  [14] and [751.  

The " K " i n  t h e  d e s c r i p t i o n  be low i s  i n  honor  o f  t h e  members o f  t h e  

K a t o w i c e  Branch  o f  t h e  M a t h e m a t i c s  I n s t i t u t e  o f  t h e  P o l i s h  Academy o f  

Sciences who have extensively studied and developed many of the 

results pertainin 8 to X convergent sequences. 

As a historical note, it should be pointed out that S. Mazur and 

W. Orlicz introduced a concept very closely related to that of a 

convergent sequence in [52), Axiom If,  p. 169. They essentially 

introduced the notion of a ~ (metric linear) space which is defined 

below and noted that the classical Uniform Boundedness Principle 

holds in such spaces. A. Alexiewicz also studied consequences of 

this notion in convergence spaces ([i] axiom A½ , p. 203). It 

should also be noted however that the notion of a ~ convergent 

s e q u e n c e  and t h a t  o f  a K bounded s e t  p e r m i t s  t h e  f o r m u l a t i o n  o f  

v e r s i o n s  o f  t h e  Uni fo rm Boundedness  P r i n c i p l e  in  a r b i t r a r y  m e t r i c  

l i n e a r  s p a c e s  (Theorem 4 . 2  be low)  i n  c o n t r a s t  t o  t h e  s i t u a t i o n  

e n c o u n t e r e d  in  t h e  c l a s s i c a l  Uni fo rm Boundedness  P r i n c i p l e .  

D e f i n i t i o n  1. Le t  (E,T)  be a t o p o l o g i c a l  g r o u p .  A s e q u e n c e  {x i} 

i n  E i s  a T- R c o n v e r g e n t  s e q u e n c e  i f  e a c h  s u b s e q u e n c e  o f  {x i )  

has  a s u b s e q u e n c e  { . } such  t h a t  t h e  s e r i e s  E . i s  r - c o n v e r -  
Xxk k Xxk 

gent to an element x E E. 

I f  t h e  t o p o l o g y  • i s  u n d e r s t o o d ,  we d r o p  t h e  r i n  t h e  d e s c r i p -  

t i o n  o f  r -  ~ c o n v e r g e n c e .  
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Note  t h a t  any v -  R c o n v e r g e n t  s equence  (x i } i s  v - c o n v e r g e n t  

t o  0 by t h e  Urysohn p r o p e r t y ,  i . e . ,  any s u b s e q u e n c e  o f  {x i } has  a 

s u b s e q u e n c e  which  c o n v e r g e s  t o  0.  In  c o m p l e t e  s p a c e s  t h e  c o n v e r s e  

h o l d s .  

N o t i c e  in  t h e  B a s i c  M a t r i x  Theorem 2 . 2 ,  a s s u m p t i o n  ( I I )  i m p l i e s  

t h a t  t h e  rows o f  t h e  m a t r i x  a r e  K c o n v e r g e n t  ( i n  some u n i f o r m  

s e n s e ) .  T h i s  i s  t h e  r e a s o n  f o r  t h e  t e r m i n o l o g y :  R m a t r i x .  

Example 2. Le t  E be a c o m p l e t e  normed g roup  and {x i } c o n v e r g e  t o  

0 in  E. Then any s u b s e q u e n c e  o f  {x i } has  a s u b s e q u e n c e  {Xik} 

such  t h a t  H k [Xik[ < ~" The c o m p l e t e n e s s  i m p l i e s  t h a t  t h e  s e r i e s  

Xlk. c o n v e r g e s  in  E. Thus,  in  c o m p l e t e  s p a c e s  a s equence  i s  ~ 

c o n v e r g e n t  i f f  i t  c o n v e r g e s  t o  0. 

In  g e n e r a l  t h e  s t a t e m e n t  in  Example  2 i s  f a l s e  a s  t h e  f o l l o w i n g  

example  shows.  

Example 3. Le t  Coo be t h e  v e c t o r  s p a c e  o f  a l l  r e a l  s e q u e n c e s  { t j }  

such  t h a t  t j  = 0 e v e n t u a l l y .  Equ ip  Coo w i t h  t h e  sup-norm.  L e t  

e k be t h e  s equence  in  Coo which  has  a 1 in  t h e  k t h  c o o r d i n a t e  

and O e l s e w h e r e .  C o n s i d e r  t h e  s equence  { ( 1 / j ) e j }  in  Coo. T h i s  

s equence  c o n v e r g e s  t o  0 in  Coo but  no s u b s e r i e s  o f  t h e  s e r i e s  

~ ( l / j ) e j  c o n v e r g e s  t o  an e l e m e n t  o f  Coo. That  i s ,  t h i s  s equence  

c o n v e r g e s  t o  0 but  i s  not  K c o n v e r g e n t .  

Examples  2 and 3 might  s u g g e s t  t h a t  a (normed) s p a c e  i s  c o m p l e t e  

i f f  i t  ha s  t h e  p r o p e r t y  t h a t  e v e r y  s equ ence  which  c o n v e r g e s  t o  0 i s  

g c o n v e r g e n t .  The re  a r e ,  however ,  normed s p a c e s  which  have  t h i s  

p r o p e r t y  bu t  a r e  not  c o m p l e t e .  A t o p o l o g i c a l  g r o u p  which  h a s  t h e  

p r o p e r t y  t h a t  any s equence  which  c o n v e r g e s  t o  0 i s  X c o n v e r g e n t  

i s  c a l l e d  a K s p a c e .  K l i s  ( [ 4 5 ] )  has  g i v e n  an example  o f  a normed 
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space which is a ~ space but is not complete. (See also [261, 

Theorem 2 and [48] Theorem I . )  The example given by Klis is fa i r ly  

involved and we do not present it here since it is not needed in the 

sequel. 

The notion of a K space was originally introduced in another 

equivalent form by S. Mazur and W. Orlicz in [52], Axiom II ,  p. 169, 

where it  was observed that the classical Uniform Boundedness Princi- 

ple holds for such spaces. A. Alexiewicz also studied this notion in 

I l l ,  Axiom A½ , p. 203. 

We record here several other interesting properties of 

spaces and give references to the literature where these results can 

be found. We do not present the results here since they are not 

germane to the theme of these lecture notes. 

First ,  any metric group which is a ~ space is also a Baire 

space ([26] Theorem 2). More generally, any Frechet topological 

group is also a Baire space ([26] Theorem 2). Second, there exist 

Baire spaces which are not K spaces. Indeed, Burzyk, Klis and 

Lipecki have shown that any infinite dimensional F-space contains a 

subspace which is a Baire space but is not a ~ space ([26] Theorem 

3). 

Recall that a subset B of a topological vector space is 

bounded i f f  for each sequence (xj} c B and each sequence of scalars 

( t j )  which converges to 0, the sequence (tjxj} converges to 0. 

Using this cr i ter ia  and the notion of X convergence) we can intro- 

duce the concept of a X bounded set. 

Definition 4. Let (E,T) be a topological vector space. A subset 

B c E is T- ~ bounded i f f  for each sequence {xj} c B and each 

sequence of real numbers {tj) such that lim t j  = 0, the sequence 

(tjxj} is T- ~ convergent. 
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S i n c e  a K c o n v e r g e n t  s equence  c o n v e r g e s  t o  0,  any K 

bounded s e t  i s  a l w a y s  bounded.  The c o n v e r s e  i s  f a l s e ;  c o n s i d e r  t h e  

s equence  {e j}  in  Example  3. T h i s  s eq uence  i s  bounded i w  Coo but  

i s  not  ~ bounded (by  t h e  a rgument  in  Example  3 ) .  By t h e  o b s e r v a t i o n  

in  Example 2, i f  f o l l o w s  t h a t  in  an F - s p a c e  a s u b s e t  i s  bounded i f f  

i t  i s  ~ bounded.  

As w i l l  be n o t e d  l a t e r  t h e  n o t i o n  o f  K boundedness  i s  q u i t e  

u s e f u l ,  p a r t i c u l a r l y  in  r e f o r m u l a t i n g  t h e  c l a s s i c a l  u n i f o r m  bounded-  

h e s s  p r i n c i p l e  ( C o r o l l a r y  4 . 4 ) .  The re  a r e ,  however ,  some annoy ing  

d i f f i c u l t i e s  a s s o c i a t e d  w i t h  t h e  n o t i o n  o f  ~ boundednes s .  A 

c o n v e r g e n t  s equence  in  a t o p o l o g i c a l  v e c t o r  s p a c e  i s  a lways  bounded;  

however ,  a K c o n v e r g e n t  s equence  n e e d n ' t  be ~ bounded.  We 

p r e s e n t  an example  o f  t h i s  phenomena in  t h e  example  be low.  

Example  5. Le t  m o be t h e  s p a c e  o f  a l l  r e a l  s e q u e n c e s  ( t j }  such  

t h a t  { t j  : j E ~} i s  f i n i t e .  P i c k  {~k } E ~1 w i t h  ~k $ 0 f o r  

e a c h  k.  D e f i n e  a norm ( i n d u c e d  by {~k }) on m o by 

{{(tj}[{ = H { ~ j t j { .  C o n s i d e r  t h e  s equence  ( e j )  in  m o.  The 
J 

s e r i e s  Z e j  i s  {{ { { - s u b s e r i e s  c o n v e r g e n t  in  m 0 ( b e c a u s e  

n 
[I Z e k - C{k j j = n + l l ~ k j  j=l  j : j E ~){{ = Z { ÷ 0 

f o r  e a c h  s u b s e q u e n c e ,  where  C E d e n o t e s  t h e  c h a r a c t e r i s t i c  f u n c t i o n  

o f  E) ,  and ,  t h e r e f o r e ,  {ej}  i s  I{ ] I -  ~ c o n v e r g e n t  in  m o. I f  

{ s j}  E c o and t h e  ( s j  : j E ~} a r e  d i s t i n c t ,  t h e n  no s u b s e r i e s  

e o  

)" s e i s  {{ { { - c o n v e r g e n t  t o  an e l e m e n t  o f  m o ( i n d e e d  
j=l  kj kj 

¢O 

Z s k e k c o n v e r g e s  c o o r d i n a t e w i s e  t o  an e l e m e n t  o f  ~ \ mo)- 
j=t 

Hence,  ( e  j}  i s  [{ {[ -  ~K c o n v e r g e n t  but  not  {{ {{- ~K bounded.  
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The construction in Example 5 can be generalized to give a large 

number of examples of ~ convergent sequences which are not 

bounded. Let E be a o-algebra of subsets of a set S. Let 

v : H ÷ R be a positive, bounded, f ini tely additive set function. 

If  S(H) is the space of all E-simple functions, then v induces a 

semi-norm on S(E) by II~II v = I 1 ~ 1 1  = ~}~Idv. Let (Ej) be any 

disjoint sequence from [ and consider the sequence (CE } in S(H), 
3 

where C E denotes the characteristic function of E. By Drewnowski's 

Lemma 1.1, any subsequence of (Ej} has a subsequence (Ejk} such 

that v is countably additive on the o-algebra generated by {Ejk}. 

n 
Thus, (CEj}__ is II II- ~ convergent (since II Z CE. - CUE i [I ÷ 0 

K=i Jk ~k 

by countable additivity). However, if (tj} £ c O and the (tj : j E ~} 

are distinct, then no subseries of ~ tic E is il II- ~ convergent to 
J 

an element of S(H). Thus, (~ } is II II- ~ convergent but not 
J 

I] II- ~ bounded. 

This construction actually shows that the Drewnowski Lemma can 

be viewed as a result concerning ~ convergence. Namely, if {Ej} 

is a disjoint sequence from E, then the sequence 

(CE } is II II v- ~ convergent for any v. More generally, if 
J 

v i is a sequence of positive, bounded, finitely additive measures on 

H and T is the metric topology on Z(H) induced by the sequence 

IVl. } is T- ~ convergent. of semi-norms ( II I }, then (CE3 

In the remainder of this section we collect some miscellaneous 

results concerning ~ convergence which, hopefully, will illustrate 

some of the applications of the notion of K convergence. 

First, it is well known that in the dual of a normed space X, 
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a s e t  may be weak ~ bounded but  not  norm bounded.  For  example ,  in t h e  

dua l ,  ~1, o f  Coo, t h e  sequence  ( j e j )  i s  weak X bounded but  not  

norm bounded.  However,  f o r  weak )(- R bounded s e t s  we have t h e  f o l -  

lowing r e s u l t .  

t 

Theorem 6. Le t  X be a normed space .  I f  B c X i s  weak ~-  

bounded,  t h e n  B i s  norm bounded (and,  hence ,  norm- ~ bounded s i n c e  

X i s  c o m p l e t e ) .  

P r o o f :  Le t  ( x j )  c B and { t j }  be a sequence  o f  s c a l a r s  which 

c o n v e r g e s  t o  O. For  e ach  j p i ck  x j  E X such t h a t  I l x j I I  = 1 
, t 

and l<xj,xj>l ) llxjll - l / j .  C o n s i d e r  the  m a t r i x  
i 

[ z i j l  = [ < V l t j l x j ,  4 J t i l x i > ] .  S i n c e  J l t i l x  i ÷ 0 in  norm and 
I 

( 4 l t j [ x j }  i s  weak t~- K c o n v e r g e n t ,  t he  m a t r i x  [ z i j l  i s  a ~ m a t r i x .  

By t he  Bas i c  Ma t r i x  Theorem, 

l im z i i  = l im [ t i ] < x i , x i >  = 0 so t h a t  
i i 

Thus,  B i s  norm bounded.  

l im ] t i ]  ] ] x i l J  = O. 
i 

The p r o o f  above a l s o  shows t h a t  t h e  ( u n d e s i r a b l e )  phenomenon d i s -  

p l a y e d  in  Example 5 does  not  occu r  in weak ~ t o p o l o g i e s .  That  i s ,  t h e  
0 

p r o o f  above shows t h a t  a weak ~-  ~ c o n v e r g e n t  sequence  {x j )  i s  norm 
0 

bounded and s i n c e  X i s  c o m p l e t e ,  t he  sequence  {x j )  i s  a l s o  norm- 

bounded and,  t h e r e f o r e ,  weak ~-  ~ bounded.  

Ano the r  i n t e r e s t i n g  p r o p e r t y  o f  ~ c o n v e r g e n c e  c o n c e r n s  t h e  

weak t o p o l o g y  in  a normed space .  Again i t  i s  we l l  known t h a t  in  

i n f i n i t e  d i m e n s i o n a l  normed space s  a s equence  which c o n v e r g e s  t o  0 

weakly  w i l l  g e n e r a l l y  not  be norm c o n v e r g e n t .  (£1 i s  an i n t e r e s t i n g  

exception to th is  statement.) For example, the sequence {e j )  in 

c o is weakly convergent to 0 but is cer ta in ly  not norm convergent. 

For weak- ~ convergent sequences, we, however, have 
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Theorem 7. Le t  X be a normed space .  I f  ( x j }  ~ X i s  weak- X 

c o n v e r g e n t ,  t hen  {x j )  c o n v e r g e s  t o  0 in  norm. 

P r o o f :  By r e p l a c i n g  X by t h e  c l o s e d  l i n e a r  subspace  g e n e r a t e d  by 

t h e  { x j ) ,  we may assume t h a t  X i s  s e p a r a b l e .  For  e a c h  j p i c k  

* e e 

xj  fi X such  t h a t  { I x j l l  = 1 and < x j , x j >  = } { x j l { .  By t h e  Banach-  

e ) 

Alaogu Theorem, {xj}  has  a subsequence  {Xkj} which  c o n v e r g e s  weak ~ 

e e e 

t o  an e l emen t  x E X . C o n s i d e r  t h e  m a t r i x  [ z i j ]  = [<Xki,Xkj>]. .  

e 

By t h e  weak ~ c o n v e r g e n c e  o f  {Xkj} and t h e  weak- ~ c o n v e r g e n c e  o f  

{ x j t ,  [ z i j ]  i s  a R m a t r i x .  By t h e  Ba s i c  M a t r i x  Theorem, 

l im z i i  = l im [ [Xki [ [  = 0. S i n c e  t h e  same argument can  be a p p l i e d  

t o  any subsequence  o f  {x i} ,  t h e  Urysohn p r o p e r t y  i m p l i e s  t h a t  

l im llxill ffi O. 

A c t u a l l y ,  Theorem 7 can be improved t o  c o n c l u d e  t h a t  a sequence  

in  a normed space  i s  weak- ~ c o n v e r g e n t  i f f  i t  i s  norm- ~ c o n v e r g e n t .  

That  i s ,  we have 

C o r o l l a r y  8. Le t  X be a normed space .  Then a sequence  in X i s  

weak- ~ c o n v e r g e n t  i f f  i t  i s  norm- ~ c o n v e r g e n t .  

P r o o f :  C l e a r l y  norm- ~ convergence i m p l i e s  weak- ~ c o n v e r g e n c e .  

Suppose {x n} i s  weak- ~ c o n v e r g e n t .  By Theorem 7, {x n} i s  

norm c o n v e r g e n t  t o  0. Le t  {yn } be a subsequence  o f  {x n} such  

t h a t  {{yn{ { ~ I / 2  n. Next ,  l e t  {z n} be a subsequence o f  {yn } and 

z E X be such that 

(1)  ~ z n = z ,  
n=l 

where t he  c o n v e r g e n c e  i s  in  t h e  weak t o p o l o g y .  But ,  
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n n 
Z I lz i l l  ~ Z 1 /2  i 
i=m i=m 

so t he  s e r i e s  Zz i i s  norm Cauchy.  C o n s e q u e n t l y ,  (1) h o l d s  w i t h  

r e s p e c t  t o  t he  norm t o p o l o g y .  

We i n d i c a t e  an a p p l i c a t i o n  o f  Theorem 7 by u s i n g  Theorem 7 t o  

d e r i v e  t h e  c l a s s i c a l  O r l i c z - P e t t i s  Theorem. R e c a l l  t h a t  a s e r i e s  

Zx i in  a normed space  X i s  norm (weakly)  s u b s e r i e s  c o n v e r g e n t  i f  

each  s u b s e r i e s  EXk. i s  norm (weakly)  c o n v e r g e n t  in  X. The 
i 

r emarkab l e  O r l i c z - P e t t i s  Theorem ( [551 ,  [59 ] )  i s  g i v e n  by 

Theorem 9. Let  X be a normed space .  I f  Zx i i s  weak s u b s e r i e s  

c o n v e r g e n t  in X, then  Ex i i s  norm s u b s e r i e s  c o n v e r g e n t .  

P r o o f :  I t  s u f f i c e s  t o  show t h a t  [[xill ÷ 0 (See Theorem 7.1 or  

[30] IV. 1 .1 ;  O r l i c z - P e t t i s  r e s u l t s  a r e  d i s c u s s e d  a t  some l e n g t h  in 

l e n g t h  in s e c t i o n  7) .  But Ix i} i s  c l e a r l y  weak- K c o n v e r g e n t  so 

Theorem 7 g i v e s  the  r e s u l t .  

Note t h a t  t he  ana logue  o f  Theorem 7 i s  f a l s e  f o r  the  weak ~ t o p o -  

logy .  For  example,  t he  sequence  {ej} i s  weak ~-  K c o n v e r g e n t  in £~ 

but i s  c e r t a i n l y  not  norm c o n v e r g e n t .  Conce rn ing  t he  weak ~ t o p o l o g y ,  

we do, however ,  have 

Theorem 10. Suppose X i s  a normed space  which c o n t a i n s  no subspace  
0 i 

i somorph ic  ( t o p o l o g i c a l l y )  t o  g l .  I f  {xj} _c X i s  weak ~-  ~ c o n -  

v e r g e n t ,  t hen  ( x j )  c o n v e r g e s  t o  0 in norm. 

0 

P r o o f :  P i ck  ×j 6 X such t h a t  I Ixjl l  = 1 and < x j , x j >  + ( I / j )  > 

i 

l l x j l [ .  S i n c e  X c o n t a i n s  no subspace  i somorph ic  t o  £1, t he  s e -  
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quence  ( x j }  c o n t a i n s  a s u b s e q u e n c e  (Xkj} which  i s  weak Cauchy 

( [49]  2 . e . S ) .  C o n s i d e r  t h e  m a t r i x  z i j  = <Xk ,Xk.>.  From t h e  f a c t s  
j 1 

e 

t h a t  (Xk.}  i s  weak Cauchy and {xj}  i s  weak ~ -  ~ c o n v e r g e n t ,  i t  
J 

f o l l o w s  t h a t  [ z i i ]  i s  a ~ m a t r i x .  The B a s i c  M a t r i x  Theorem im- 
e 

p l i e s  t h a t  limi z i i  = 0 so  t h a t  l im  I ] X k i l l  = 0. S i n c e  t h e  same 

t 

argument  can be a p p l i e d  t o  any s u b s e q u e n c e  o f  ( x i ) ,  t h e  Urysohn 
w 

p r o p e r t y  i m p l i e s  t h a t  l im  { ix i ]  I = 0. 

T h i s  r e s u l t  i s  somewhat a n a l a g o u s  t o  t h e  D i e s t e l - F a i r e s  Theorem 

on weak ~ s u b s e r i e s  c o n v e r g e n c e  ( [33]  or  Theorem 1 0 . 1 0 ) .  

I t  i s  not  known i f  t h e  c o n v e r s e  o f  Theorem 10 h o l d s .  

We conclude this section by establishing a result due to E. Pap 

concerning the boundedness of adjoint operators (private communica- 

tion). Recall that i f  X and Y are normed spaces and T is a 

linear operator with domain, D(T), a dense subspace of X and range 
e 

in Y, then the adjoint operator T is defined by the following: 
i t e ~ ~ 0 

the domain, D(T ), of T is D(T ) = (y 6 Y : y T is 
~ t 0 r  

continuous on D(T)} and T : D(T ) ÷ X is defined by T y is 

the unique continuous extension of y T to X. (I t  is necessary 

that D(T) be dense in X for this definition to make sense.) 

Thus, for x 6 D(T), y 6 D(T ), we have <T y ,x> = <y ,Tx> ; this 

formula agrees with the usual definition of the adjoint of a bounded 

linear operator. It can happen, when T is not continuous, that 
e 

D(T ) consists of only the 0 vector; however, i f  T is a closed 

operator, then D(T °) is weak ~ dense in Y'. Concerning the adjoint 

operator, we have the following interesting result of E. Pap. 

Theorem 11. Le t  X be a ~ - s p a c e  and T : X ÷ Y be l i n e a r .  
| I 

Then T i s  a bounded l i n e a r  o p e r a t o r  on D(T ).  
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P r o o f :  I t  s u f f i c e s  t o  show t h a t  i f  {Yi } ~ D(T ) and []Yi I] ~ I ,  
0 u 

t h e n  {T Yi } i s  bounded.  P ick  x i E X such  t h a t  ] I x i [  I = 1 and 
, ! ! ! 

J]T Yi II ~ <T Yi ' x i >  + i .  Thus,  i t  s u f f i c e s  t o  show t h a t  
, l 

{<T Yi ' x i>}  i s  bounded.  For  t h i s ,  i t  s u f f i c e s  t o  show t h a t  i f  

{ t  i } i s  a p o s i t i v e  sequence  o f  s c a l a r s  which c o n v e r g e s  t o  O, t h e n  

{t i <T Yi ' xi>} c o n v e r g e s  t o  O. 
g i 0 

z i j  : T Yi ' × j > ( :  <J iYi ' We show 

t h a t  [ z i j ]  i s  a ~ - m a t r i x .  F i r s t  f o r  each  i ,  
, 0 

l im z i j  = l im <4~iT Yi , 4 ~ x j >  = 0 s i n c e  J ~  x j  ÷ O. Next ,  f o r  e a c h  
J J 

j ,  l im z i j  = l im <d~'iy i , T ( d ~ x j ) >  = 0 s i n c e  tV~iy i * O. Now 
i i 

4t-~ix j * 0 and X i s  a K - space  so t h e r e  i s  a subsequence  {kj} 

such  t h a t  t h e  s u b s e r i e s  ~j J~kkjXkj c o n v e r g e s  in  norm t o  an e l emen t  

x E X. Then,  

• - -  T' ' 4tkkjXkj> )-j Z ik j  = )- < J t i  Yi 

t i 

= <J~ii T Yi'X> 

t 

= <dt-~iy i ,Tx> ÷ 0 

s i n c e  Jt-~ly i * 0 . Thus,  [ z i j ]  i s  a K - m a t r i x .  



4. The Un i fo rm Boundedness  P r i n c i p l e  

In  t h i s  s e c t i o n  we d i s c u s s  t h e  we l l -known  Uni fo rm Boundedness  

P r i n c i p l e  (UBP). We g i v e  a p r o o f  o f  t h e  UBP based  on t h e  B a s i c  Ma- 

t r i x  Theorem ( 2 . 2 )  i n s t e a d  o f  t h e  f a m i l i a r  B a i r e  C a t e g o r y  p r o o f  which  

i s  so  o f t e n  g i v e n  ( c f .  f o r  exam p l e ,  [ 1 9 ] ,  [38] I I . 1 . 1 1 ) .  By e m p l o y -  

ing  m a t r i x  methods  we a r e  a c t u a l l y  a b l e  t o  e s t a b l i s h  a v e r s i o n  o f  t h e  

UBP which  i s  v a l i d  w i t h  n_qocompleteness  a s s u m p t i o n s  and which  y i e l d s  

t h e  c l a s s i c a l  UBP f o r  F - s p a c e s  a s  an immed ia t e  c o r o l l a r y .  In  o r d e r  

t o  i n d i c a t e  how t h e  g e n e r a l  UBP can  be used  in  t h e  a b s e n c e  o f  com- 

p l e t e n e s s ,  we d e r i v e  a v e r s i o n  o f  t h e  Nikodym Boundedness  Theorem o f  

measu re  t h e o r y  f rom t h e  g e n e r a l  UBP. 

We f i r s t  s t a t e  t h e  c l a s s i c a l  UBP f o r  normed s p a c e s  in  o r d e r  t o  

m o t i v a t e  t h e  d i s c u s s i o n  o f  t h e  g e n e r a l  UBP. 

Theorem I .  Le t  X be a B - s p a c e .  I f  {T i} c L(X,Y) i s  p o i n t w i s e  

bounded on X, t h e n  {T i} i s  u n i f o r m l y  bounded on t h e  ]] ] ] - b o u n d e d  

subsets o f  X. 

The c o n c l u s i o n  o f  t h e  norm v e r s i o n  o f  t h e  U~P i s  u s u a l l y  w r i t t e n  

in  t h e  fo rm : { l ] T i l  I} i s  bounded,  where I ] T I I  i s  t h e  o p e r a t o r  

norm o f  T. T h i s  c o n c l u s i o n  c l e a r l y  i m p l i e s  t h e  c o n c l u s i o n  in  Theo-  

rem 1 s i n c e  i f  B c X i s  bounded,  t h e n  

llTixll ~ sup llTill sup llxll 
i B 

f o r  e a c h  i and x 6 B. 

I t  i s  w e l l - k n o w n  t h a t  t h e  c o n c l u s i o n  in  Theorem 1 i s  f a l s e  i f  

the completeness a s s u m p t i o n  on X i s  d r o p p e d .  Fo r  example, t h e  s e -  

quence  o f  l i n e a r  f u n c t i o n a l s  { f i  ) d e f i n e d  on Coo by < f i '  { t j }  > 

= i t  i i s  p o i n t w i s e  bounded bu t  not  u n i f o r m l y  bounded on t h e  bounded 
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s u b s e t  {e j  : j E N) o f  c o o .  

Thus,  i f  one i s  t o  s e e k  a v e r s i o n  o f  t h e  UBP which  i s  v a l i d  f o r  

a r b i t r a r y  normed s p a c e s  X, t h e  f a m i l y  o f  bounded s u b s e t s  o f  X i s  

t o o  l a r g e  t o  i n s u r e  t h a t  a p o i n t w i s e  bounded s equence  o f  o p e r a t o r s  i s  

u n i f o r m l y  bounded on e a c h  member o f  t h e  f a m i l y .  I t  would be d e s i r -  

a b l e  t o  have  a f a m i l y  o f  s u b s e t s  o f  X w i t h  t h e  p r o p e r t y  t h a t  a 

p o i n t w i s e  bounded s equence  o f  o p e r a t o r s  i s  u n i f o r m l y  bounded on e a c h  

member o f  t h e  f a m i l y .  In o r d e r  t o  be  i n t e r e s t i n g  t h i s  f a m i l y  s h o u l d  

be as  l a r g e  as  p o s s i b l e ,  and i t  would be o f  i n t e r e s t  t o  f i n d  a f a m i l y  

o f  s e t s  which  c o i n c i d e s  w i t h  t h e  f a m i l y  o f  bounded ~ e t s  when t h e  

s p a c e  X i s  c o m p l e t e .  I t  i s  shown in  C o r o l l a r y  4 t h a t  t h e  f a m i l y  o f  

bounded s e t s  has  t h i s  p r o p e r t y .  

We f i r s t  e s t a b l i s h  our  g e n e r a l  UBP. I f  F ~ L(X,Y) ,  l e t  T(F) 

be t h e  w e a k e s t  t o p o l o g y  on X such t h a t  e a c h  member o f  F i s  c o n -  

t i n u o u s ;  t h u s ,  a s equence  {xj}  in  X c o n v e r g e s  t o  0 in  T(F) i f  

and o n l y  i f  Txj * 0 f o r  e a c h  T fi F. In o r d e r  t o  s h o r t e n  t h e  n o t a -  

t i o n  we w r i t e  F-  K bounded (F-  ~ c o n v e r g e n t }  f o r  T ( F ) -  R bounded 

( T ( F ) -  ~ c o n v e r g e n t ) .  

Theorem 2. Le t  X,Y be m e t r i c  l i n e a r  s p a c e s  and l e t  T i E L(X,Y) 

be such  t h a t  {Tix} i s  bounded f o r  e a c h  x E X. Then 

( i )  {T i )  i s  u n i f o r m l y  bounded on { T i } -  ~ c o n v e r g e n t  s e q u e n c e s  

and 

( i i )  {T i} i s  u n i f o r m l y  bounded on { T i } -  K bounded s e t s .  

P r o o f :  I f  ( i )  i s  f a l s e ,  t h e r e  i s  a b a l a n c e d  n e i g h b o r h o o d  U o f  0 

in  Y and a ( T i } -  K c o n v e r g e n t  s e q u e n c e  (x j}  such  t h a t  {Tix j )  i s  

not  a b s o r b e d  by U. Thus,  t h e r e  e x i s t s  p o s i t i v e  i n t e g e r s  m 1 and n 1 

such  t h a t  TmlXnl ~ U. Se t  k 1 = 1. Then by t h e  p g i n t w i s e  bounded-  

h e s s  and t h e  f a c t  t h a t  l im T ix  j = 0 f o r  e a c h  i ,  t h e r e  e x i s t s  
J 
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k 2 > k I s u c h  t h a t  { T i x  j : 1 ( i 6 m I ,  1 ( j < - }  U {T ix  j : 1 ( i < 

~, 1 ~ j ~ n I} c k 2 U. By assumption, there exist m 2 and n 2 

such that Tm2Xn2~ k 2 U. Note that m 2 • m I and n 2 • n I. Continu- 

ing this construction produces subsequences {mi}, {n i} and {k i) 

such that Tmixni ~ kiU. If t i = I/k i, then {t i) 6 c o . 

Now consider the matrix [tiT m x n ]. By the pointwise bounded- 
ij 

ness assumption and the {Ti}- ~ convergence of the sequence {xj), 

this is a K matrix. Hence, by Theorem 2.2, liml tiTmiXni = O. 

Thus, t i TmiXni 6 U for large i. This contradicts the construction 

and establishes (i). 

For (ii), let B be {Ti}- X bounded. To show {TiB} is 

bounded, as in part (i), it suffices to show {Tix i} is bounded for 

each {x i} c B. Let {t i) 6 c o . Then {41til x i} is {Ti}- 

convergent so part (i) implies {Ti(JItil xi)} is bounded. Hence, 

lim Jltil Ti(41til x i) = lim ItiITix i = 0 so that {Tix i} is bounded. 
i i 

Note that the conclusion in Theorem 2 is much sharper than the 

conclusion of the classical UBP in the sense that the family of sub- 

sets of X where the given sequence {T i } is uniformly bounded 

depends very much on the particular sequence {Ti}. Indeed, given a 

sequence {Ti}, the family of {Ti}- X convergent sequences ({Ti}- 

bounded sets) may even contain subsets of X which are not norm- 

b o u n d e d .  ( I t  i s  e a s y  t o  c h e c k  t h a t  i f  a f a m i l y  o f  s u b s e t s  o f  a 

normed s p a c e  X h a s  t h e  p r o p e r t y  t h a t  any  p o i n t w i s e  b o u n d e d  s e q u e n c e  

o f  c o n t i n u o u s  l i n e a r  f u n c t i o n a l s  on X i s  u n i f o r m l y  b o u n d e d  on e a c h  

member o f  t h e  f a m i l y ,  t h e n  e a c h  member o f  t h e  f a m i l y  i s  a b o u n d e d  

s e t .  I n d e e d ,  i f  {x i } i s  an u n b o u n d e d  s e q u e n c e  i n  a normed s p a c e  
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e o t o 

X, p i c k  x i 6 X such  t h a t  < x i '  x i>  = [ [ × i l [  and [ Ix  i l l  = 1. Then 
I 

(x i} i s  u n i f o r m l y  bounded on bounded s u b s e t s  o f  X but  i s  not  u n i -  

f o r m l y  bounded on t h e  s equence  {x i} .  ) For  example ,  t h e  s equence  

I 

{i e 2 i }  in  £1 = (Coo) i s  p o i n t w i s e  bounded on Coo and i s  a l s o  

u n i f o r m l y  bounded on t h e  unbounded s u b s e t  {j e 2 j + l  : j £ ~} o f  

C o o "  

In  o r d e r  t o  o b t a i n  t h e  l a r g e s t  p o s s i b l e  f a m i l y  ~9 w i t h  t h e  p r o -  

p e r r y  t h a t  e a c h  p o i n t w i s e  bounded sequence  o f  o p e r a t o r s  i s  u n i f o r m l y  

bounded on e a c h  member o f  ~,  we use  t h e  T(L(X,Y))  t o p o l o g y  o f  X. 

C o r o l l a r y  3. L e t  {T i } c L(X,Y) be p o i n t w i s e  bounded.  Then 

( i )  {T i} i s  u n i f o r m l y  bounded on L(X,Y) -  K c o n v e r g e n t  s e -  

quences  and 

( i i )  {T i} i s  u n i f e ~ m l y  bounded on L(X,Y) -  [ bounded s e t s .  

I t  i s  w o r t h w h i l e  n o t i n g  t h a t  t h e  f a m i l i e s  o f  K c o n v e r g e n t  s e -  

quences  ( ~ bounded s e t s )  in  Theorem 2 and C o r o l l a r y  3 a r e  in  g e n e r a l  

not  t h e  same. Tha t  i s ,  f o r  c e r t a i n  t o p o l o g i e s  t h e s e  f a m i l i e s  can  be 

d i f f e r e n t .  For  example ,  in  m o t h e  seque~ce  {e i} i s  {ui }- ~ c o n -  

v e r g e n t  f o r  any g i v e n  s equence  {v i} in  ba = m o by D r e w n o w s k i ' s  

Lemma. However ,  {e i } i s  not  b a -  K c o n v e r g e n t  s i n c e  g i v e n  any s u b -  

s equence  {n k} o f  p o s i t i v e  i n t e g e r s ,  t h e r e  e x i s t s  a f i n i t e l y  a d d i -  

t i v e  measu re  g on t h e  power s e t  ? o f  ~ such  t h a t  ~ (~{nk})  = 1 

and g ( { n k } )  = 0 f o r  e~ch k. (The e x i s t e n c e  o f  such  a measu re  

can be shown as  f o l l o w s :  Le t  f be t h e  o n e - o n e  map k ÷ n k f rom 

o n t o  (n k : k £ ~)  = R. L e t  o be a 0 - 1 f i n i t e l y  a d d i t i v e  measure  

on P ( [41]  p. 358,  20. 38 ) .  D e f i n e  g by g(A) = o ( f - l ( A ) ) .  Then 

g(R)  = 1 but  g ( ( n k } )  = 0 f o r  each  k . )  Thus,  t h e  f a m i l y  o f  ( T i } -  

c o n v e r g e n t  s e q u e n c e s  in  Theorem 2 i s ,  in  g e n e r a l ,  l a r g e r  t h a n  t h e  

f a m i l y  o f  L (X , Y) -  K c o n v e r g e n t  s equence  in  C o r o l l a r y  3. 
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S ince  t he  T(L(X,Y))  t o p o l o g y  o f  X 

t o p o l o g y  o f  X, we o b t a i n  immed ia t e ly .  

i s  weaker than  t he  n a t u r a l  

C o r o l l a r y  4. Let  {T i } ~ L(X,Y) be p o i n t w i s e  bounded.  Then 

( i )  {T i } i s  u n i f o r m l y  bounded on I I -  ~ c o n v e r g e n t  s equences  

and 

( i i )  {T i} i s  u n i f o r m l y  bounded on I I -  K bounded s e t s .  

S i n c e  t he  f a m i l i e s  o f  norm bounded s e t s  and K bounded s e t s  c o -  

i n c i d e  in  B - s p a c e s ,  C o r o l l a r y  4 in p a r t i c u l a r  c o n t a i n s  t he  UBP f o r  

B - s p a c e s  g i v e n  in Theorem 1 as a C o r o l l a r y .  More g e n e r a l l y ,  C o r o l -  

l a r y  4 y i e l d s  t he  UBP f o r  ~ spaces  as  p r e s e n t e d  by Mazur and 

O r l i c z  ( [ 5 2 ] ,  p. 169) ( r e c a l l  t h a t  a m e t r i c  l i n e a r  space  i s  a K 

space  i f  e v e r y  sequence  which c o n v e r g e s  t o  0 i s  a ~ s e q u e n c e ) .  

Again i t  shou ld  be no ted  t h a t  t he  n o t i o n s  o f  X c o n v e r g e n t  sequence  

and ~ bounded s e t  a l l ow  one t o  f o r m u l a t e  v e r s i o n s  o f  t he  UBP which 

a re  v a l i d  in a r b i t r a r y  m e t r i c  l i n e a r  s p a c e s .  This  shou ld  be c o n -  

t r a s t e d  w i t h  the  c l a s s i c a l  UBP as wel l  as t he  v e r s i o n  o f  the  UBP 

g iven  by Mazur and O r l i c z  in  [52 ] .  

C o r o l l a r y  4 now y i e l d s  immedia te ly  the  c l a s s i c a l  UBP f o r  F-  

s p a c e s .  

C o r o l l a r y  5. Let  X be an F - s p a c e  and l e t  {T i ) ~ L(X,Y) be p o i n t -  

wise  bounded.  Then 

( i )  {T i} i s  u n i f o r m l y  bounded on l l - bounded  s u b s e t s  o f  X and 

( i i )  {T i} i s  e q u i c o n t i n u o u s .  

P r o o f :  C o n c l u s i o n  ( i )  f o l l o w s  from C o r o l l a r y  4 ( i i )  s i n c e  in  a 

c o m p l e t e  space  t he  f a m i l i e s  o f  bounded s e t s  and K bounded s e t s  

c o i n c i d e .  

To e s t a b l i s h  ( i i ) ,  i t  s u f f i c e s  t o  show t h a t  Ti× i ÷ 0 whenever  
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x i ÷ 0 in X. Let x i ÷ 0 in X and pick a sequence of positive 

scalars {t i} such that t i * ~ and t ix i * 0. By ( i ) ,  {Ti(tixi)} 

is bounded. Consequently, ( I / t  i) T i (fix i) = Tix i ÷ 0 since 

{ l l t  i } £ c o.  

The c o n c l u s i o n  in  ( i i )  i s  t he  c o n c l u s i o n  in t he  usua l  s t a t e m e n t  

o f  t he  c l a s s i c a l  UBP f o r  F - s p a c e s  ( c f .  [38] I I . 1 . 1 1 ) .  

To i n d i c a t e  an a p p l i c a t i o n  o f  t he  g e n e r a l  UBP in Theorem 2, we 

d e r i v e  a v e r s i o n  o f  the  Nikodym Boundedness Theorem. The c l a s s i c a l  

Nikodym Boundedness  Theorem i s  g i v e n  in t he  f o l l o w i n g  s t a t e m e n t :  

Theorem 6. Let  E be a u - a l g e b r a  o f  s u b s e t s  o f  a s e t  S and l e t  

~i  : Z ÷ R be c o u n t a b l y  a d d i t i v e .  I f  {~i (E)}  i s  bounded f o r  each  

E E Z, then  {g i (E)  : i C N, E E E} i s  bounded. 

This result is called "a striking improvement of the UBP" for 

the space ca(Z) by Dunford and Schwartz ([38] I I I . l . 5 ) .  We recast 

this theorem in a form which is more analogous to the usual statement 

in the UBP and then indicate why the result does not follow from the 

classical UBP. 

Let S(Z) be the space of all  E-simple functions equipped with 

the sup-norm. Each ~i induces a continuous linear functional f i  on 

S(Z) via integration, <f i '  y> = ~Yd~i" The dual norm of f is the 

variation of ~i '  [~i I '  on S, i .e .  , l l f i ]  I = l~i](S). This vari-  
I 

ation norm is, however, equivalent to the norm ll~ill  = 

sup{[~i(E) I : E E Z}. In this notation, Theorem 6 takes the familiar 

form: i f  {fi } is pointwise bounded cn S(Z), then { l l f i l  [] is 

bounded. 

Note that this result is not obtainable from Theorem 1 since the 

space S(Z) is not complete (or even 2nd category [66]). We will 

derive Theorem 6 from the general UBP given in Theorem 2. 
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Actually, Darst ([34]) has shown that Theorem 6 is even valid for 

bounded, f i n i t e l y  additive set functions, and, furthermore, i t  is 

known t h a t  Theorem 6 i s  a l s o  v a l i d  f o r  c e r t a i n  a l g e b r a s  o f  s e t s  which 

a r e  not a - a l g e b r a s  ( [ 6 7 ] ;  see  a l s o  Theorem 5 . 1 2 ) .  We w i l l  d e r i v e  a 

v e r s i o n  o f  t he  Nikodym Boundedness  Theorem f o r  bounded f i n i t e l y  a d d i -  

t i v e  s e t  f u n c t i o n s  on a - a l g e b r a s .  

For  t he  p r o o f  o f  the  Nikodym Boundedness Theorem, we r e q u i r e  t he  

f o l l o w i n g  "wel l -known" lemma ( [ 3 7 ] ) .  

Lemma 7. Let  ~ be an a l g e b r a  o f  s u b s e t s  o f  a s e t  S and l e t  

g i  : ~ ~ R be bounded and f i n i t e l y  a d d i t i v e .  Then {g i (E)  : i E ~, 

E E ~} i s  bounded i f  and o n l y  i f  { g i ( E j )  : i ,  j E N} i s  bounded 

f o r  each  d i s j o i n t  sequence  {E i} E ~. 

Proof: Suppose sup { l~i(E) : i 6 ~, E 6 ~} = ~. Note that for 

each M > 0 there is a par t i t ion (E,F) of S and an integer i 

such that min { l~i(E) [, l~i(F) ] ) > M. (This follows since 

I ~i (E) I > M + sup { I ~i(S) [ : i E ~} implies I ~i( S \ E) I 

] ~i (E) I - [ ~i(S) ] > M.) Hence, there exist i I and a par t i t ion  

(EI,F I) of S such that min{ I ~il(E I) ], [ ~ii(F I) ] } > i .  

Now ei ther  sup ( l ~i (H N E l ) ] : H 6 ~, i 6 ~} = ~ or sup { I 

~i(H N F I) I : H 6 ~, i 6 ~} = ~. Pick whichever of E l or F I 

sa t i s f i e s  this condition and label i t  B 1 and set A 1 = S \ B I. Now 

t reat  B 1 as S above to obtain a par t i t ion (A2,B 2) of B 1 and 

an i 2 > i I sat isfying I ~i2(A 2) ] > 2 and sup { ] ~i (H N B 2) : 

H 6 h, i 6 ~} = ~. Proceeding by induction produces a subsequence 

{ij} and a dis joint  sequence {Aj} such that ] ~ij(Aj) [ > j .  

This establishes the sufficiency; the necessity is clear.  
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The Nikodym Boundedness  Theorem f o r  f i n i t e l y  a d d i t i v e  s e t  f u n c -  

t i o n s  i s  g i v e n  by 

Theorem 8. Le t  E be a o - a l g e b r a  and l e t  gi  : E * R be bounded 

and finitely additive. If {gi(E)) is bounded for each E 6 K, 

then (vilE) : i 6 ~, E 6 K) is bound~d. 

Proof: By Lemma 7, i t  suffices to show that {gi(Ej) : i, j £ N} is 

bounded for each disjoint sequence {Ej} E Z. Let {Ej} be a dis- 

joint sequence from K. 

Let S(Z) be the space of E-simple functions equipped with the 

sup-norm. Each gi induces a continuous linear functional fi on 

I , S(H) via integration, <fi' ¢> = Cdgi" Consider the sequence {CEj 

in S(E), where C E denotes the characteristic function of E. By 

Drewnowski's Lemma I . I ,  any subsequence of {Ej} has a subsequence 

{Fj} such that each {gi } is countably additive on the o-algebra 

g e n e r a t e d  by ( F j } .  That  i s ,  (CEj)  i s  { f i  1- ~ c o n v e r g e n t  in S (Z) .  

By Theorem 2 ( i ) ,  { f i ( C E j ) )  = ( ~ i ( E j ) }  i s  bounded,  and t h e  r e s u l t  

i s  e s t a b l i s h e d .  

Theorem 8 i s  a l s o  v a l i d  f o r  measures  w i t h  v a l u e s  in  l o c a l l y  

convex  s p a c e s ,  and t h e  v e c t o r  v e r s i o n  o f  Theorem 8 can e a s i l y  be 

o b t a i n e d  f rom Theorem 8 by employ ing  t h e  c l a s s i c a l  UBP ( [34]  1 . 3 . 1 ) .  

The Nikodym Boundedness  Theorem i s  a l s o  v a l i d  f o r  measures  

d e f i n e d  on c e r t a i n  a l g e b r a s  t h a t  a r e  not  n e c e s s a r i l y  o - a l g e b r a s .  For  

example ,  s ee  [67] and t h e  remarks  f o l l o w i n g  Theorem 5 .1 0 .  

In c o n c l u s i o n ,  i t  shou ld  a l s o  be n o t e d  t h a t  C o r o l l a r y  4 canno t  

be used in  t h e  p r o o f  o f  Theorem 8 g i v e n  above s i n c e  t h e  s equence  

(CEj} i s  c l e a r l y  not  {] 11- X c o n v e r g e n t .  



5. C o n v e r g e n c e  o f  O p e r a t o r s  

In t h i s  s e c t i o n  we c o n s i d e r  two c l a s s i c a l  r e s u l t s  c o n c e r n i n g  

c o n v e r g e n t  s e q u e n c e s  o f  o p e r a t o r s  which  a r e  u s u a l l y  a t t r i b u t e d  t o  

Banach and S t e i n h a u s .  We f i r s t  n o t e  t h a t  one o f  t h e  r e s u l t s ,  u s u a l l y  

r e f e r r e d  t o  a s  t h e  B a n a c h - S t e i n h a u s  Theorem, f o l l o w s  i m m e d i a t e l y  f rom 

t h e  r e s u l t s  on t h e  UBP i n  s e c t i o n  4.  

Theorem 1. ( B a n a c h - S t e i n h a u s )  Le t  X be an F - s p a c e  and l e t  

{T i}  ~ L(X,Y) .  I f  l im  T ix  = Tx e x i s t s  f o r  e a c h  x,  t h e n  T : X ~ Y 
i 

i s  c o n t i n u o u s  and l i n e a r .  

P r o o f :  From C o r o l l a r y  4 . 5 ,  t h e  s e q u e n c e  {T i}  i s  e q u i c o n t i n u o u s .  

Le t  {xj}  c o n v e r g e  t o  0 in  X. Then, f rom t h e  e q u i c o n t i n u i t y ,  we 

have  l im  Tx; J = l im  l im  T i x ;  J = l im  l im  T i x ;  J = 0.  Hence,  T i s  
j j i i j 

continuous. 

We nex t  c o n s i d e r  a n o t h e r  r e s u l t  which  i s  somet imes  a t t r i b u t e d  t o  

Banach and S t e i n h a u s  ( [47]  3 9 . 5 ) .  T h i s  r e s u l t  a l s o  p e r t a i n s  t o  c o n -  

v e r g e n t  s e q u e n c e s  o f  o p e r a t o r s  and i s  u s u a l l y  p r e s e n t e d  under  e i t h e r  

b a r r e l l e d n e s s  o r  c o m p l e t e n e s s  a s s u m p t i o n s  on t h e  domain s p a c e .  We 

p r e s e n t  a v e r s i o n  o f  t h e  r e s u l t  which  i s  v a l i d  w i t h o u t  any c o m p l e t e -  

n e s s  a s s u m p t i o n s ;  t h e  p r o o f  i s  a g a i n  b a s e d  on t h e  B a s i c  M a t r i x  

Theorem i n s t e a d  o f  t h e  f a m i l i a r  B a i r e  c a t e g o r y  me thods .  Our g e n e r a l  

r e s u l t  y i e l d s  t h e  c l a s s i c a l  r e s u l t  o f  B a n a c h - S t e i n h a u s  f o r  F - s p a c e s  

a s  an i m m e d i a t e  c o r o l l a r y .  To i n d i c a t e  an a p p l i c a t i o n  o f - ~ u r  g e n e r a l  

r e s u l t ,  we u s e  i t  t o  d e r i v e  a v e r s i o n  o f  t h e  Nikodym C o n v e r g e n c e  

Theorem and a l s o  c o n s i d e r  two c l a s s i c a l  r e s u l t s  i n  s u m m a b i l i t y  due t o  

Hahn and S c h u r .  

We b e g i n  by g i v i n g  a s t a t e m e n t  o f  t h e  c l a s s i c a l  r e s u l t  f o r  
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F - s p a c e s .  The r e s u l t  i s  sometimes g i v e n  f o r  b a r r e l l e d  spaces  as wel l  

(t47] 39.5). 

Theorem 2. ( B a n a c h - S t e i n h a u s )  Let  X be an F - s p a c e .  I f  {T i } 

c L(X,Y) i s  such t h a t  l im Tix = Tx e x i s t s  f o r  each  x 6 X, then  
- i 

T i s  c o n t i n u o u s  and l im Tix = Tx c o n v e r g e s  u n i f o r m l y  f o r  x 
i 

b e l o n g i n g  t o  any compact  s u b s e t  o f  X. 

Again i t  i s  wel l -known t h a t  t h i s  r e s u l t  i s  f a l s e  i f  t he  com- 

p l e t e n e s s  a s sumpt ion  i s  d ropped .  For  example,  t he  sequence  { i2e i  } 
I m 

in ~ = (coo)  c o n v e r g e s  p o i n t w i s e  t o  0 on coo but t he  c o n v e r -  

gence  i s  not un i fo rm on the  r e l a t i v e l y  compact sequence  { ( l l j ) e j }  

coo.  Using the  n o t i o n  o f  ~ c o n v e r g e n c e ,  we f o r m u l a t e  a v e r s i o n  o f  

Theorem 2 which i s  v a l i d  in  t he  absence  o f  c o m p l e t e n e s s  and which 

c o n t a i n s  Theorem 2 as  an immediate  c o r o l l a r y .  We w i l l  r e f e r  t o  

Theorem 3 below as t he  Genera l  B a n a c h - S t e i n h a u s  Theorem. 

Theorem 3. (Genera l  B a n a c h - S t e i n h a u s  Theorem) Let  T i 6 L(X,Y).  I f  

l im Tix = Tx e x i s t s  f o r  each  x 6 X, then  l im Tix = Tx u n i f o r m l y  
i i 

f o r  x b e l o n g i n g  t o  any {Ti}-  K c o n v e r g e n t  sequence  {xj} in  X. 

(T i s  not  assumed t o  be long  t o  L(X,Y) . )  

Proof: Let {xj} be (Ti}- ~ convergent. Consider the matrix 

[Tixj]. By the pointwise convergence of (T i} and the {Ti)- ~ con- 

vergence of {xj}, this is a ~ matrix. The Basic Matrix Theorem 2.2 

implies lim Tix j = Txj uniformly in j and establishes the result. 
i 

One can also introduce the notion of " ~ compactness" or " 

relative compactness" and give a formulation of Theorem 3 which is 

more analogous to the classical statement in Theorem 2. If (E,T) 
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i s  a t o p o l o g i c a l  g roup ,  then  a subse t  A o f  E i s  s a i d  t o  be T - 

compact (¢ - ~ r e l a t i v e l y  compact)  i f  e v e r y  sequence  in A has a 

subsequence  {Xni) which i s  T - [ c o n v e r g e n t  t o  an e lement  

x E Alx E E).  Using t he  n o t i o n  o f  ~ compac tnes s ,  t he  c o n c l u s i o n  o f  

Theorem 3 can be sha rpened  t o  s t a t e :  

l im Tix = Tx u n i f o r m l y  f o r  x b e l o n g i n g  t o  T({Ti})  - K r e l a t i v e l y  

compact s u b s e t s  o f  X . 

Using Theorem 3 we can e s t a b l i s h  Theorem 2 as an immediate  

c o r o l l a r y .  

P r o o f  o f  Theorem 2: I t  s u f f i c e s  t o  c o n s i d e r  t he  c a s e  when the  com- 

pac t  s u b s e t  o f  X i s  a sequence  {xj} .  From the  compac tnes s ,  i t  

s u f f i c e s  t o  c o n s i d e r  the  case  when t he  sequence  {x j )  c o n v e r g e s  t o  

some x E X. The sequence  {x j -x}  i s  I I -  ~ c o n v e r g e n t  by t he  com- 

p l e t e n e s s  o f  X so Theorem 3 imp l i e s  t h a t  l im T i (x  j -  x) = T ( x j -  x) 
1 

u n i f o r m l y  in j .  S ince  tim Tix = Tx, t h i s  means l im Tix j = Txj 
i i 

u n i f o r m l y  in j ,  and t he  p r o o f  o f  Theorem 2 i s  comple t e .  

S ince  any sequence  {xj} c X which i s  I I -  ~ c o n v e r g e n t  in X 

i s  {Ti}-  ~ c o n v e r g e n t ,  Theorem 3 a l s o  has the  f o l l o w i n g  c o r o l l a r y  

which i s  pe rhaps  more ana logous  t o  the  s t a t e m e n t  in Theorem 2. 

C o r o l l a r y  4. Let  {T i} E L(X,Y).  I f  l im Tix = Tx e x i s t s  f o r  
i 

each  x E X, then  l im Tix j = Txj u n i f o r m l y  in j f o r  any {{- 
1 

c o n v e r g e n t  sequence  {xj} in  X. 

Remark S. N o t i c e  t h a t  n e i t h e r  t he  s c a l a r  m u l t i p l i c a t i o n  in X and 

Y or  the  homogene i ty  o f  the  o p e r a t o r s  T i was used in t he  s t a t e -  

ments or  p r o o f s  above.  Thus, t he  r e s u l t s  above a re  a c t u a l l y  v a l i d  
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f o r  a d d i t i v e  maps T i between two normed g roups  X and Y. I t  i s  

not  known i f  t h e  g e n e r a l  v e r s i o n s  o f  t h e  r e s u l t s  above f o r  normed 

g roups  have any u s e f u l  a p p l i c a t i o n s .  

In o r d e r  t o  i l l u s t r a t e  the  u t i l i t y  o f  Theorem 3 we g i v e  an 

a p p l i c a t i o n  t o  a s i t u a t i o n  where c o m p l e t e n e s s  i s  not  p r e s e n t .  In 

p a r t i c u l a r ,  we c o n s i d e r  a c l a s s i c a l  r e s u l t  o f  Nikodym on c o n v e r g e n t  

s equences  o f  measures  ( [38]  I I I . 7 . 4 ) .  Th i s  r e s u l t  o f  Nikodym, some- 

t imes  r e f e r r e d  t o  as  t he  Nikodym Convergence  Theorem, i s  one o f  t h e  

most u s e f u l  r e s u l t s  in measure  t h e o r y ,  and the  o r i g i n a l  r e s u l t  f o r  

s c a l a r  measures  has been g e n e r a l i z e d  in s e v e r a l  d i r e c t i o n s .  For  

example,  t he  r e s u l t  has been g e n e r a l i z e d  t o  v e c t o r - v a l u e d  measures  

and a l s o  t o  c e r t a i n  f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n s .  We f i r s t  con -  

s i d e r  one o f  t h e s e  g e n e r a l i z a t i o n s ,  sometimes r e f e r r e d  t o  as  t he  

B r o o k s - J e w e t t  Theorem ( [ 2 4 ] ,  [ 3 6 ] ) ,  t o  c e r t a i n  v e c t o r - v a l u e d  f i n i t e l y  

a d d i t i v e  s e t  f u n c t i o n s .  

Let  E be an a l g e b r a  o f  s u b s e t s  o f  a se t  S and l e t  Y be a 

l o c a l l y  convex m e t r i c  l i n e a r  space .  A f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n  

: ~ ~ Y i s  s a i d  t o  be s t r o n g l y  a d d i t i v e  ( s t r o n g l y  bounded or  

e x h a u s t i v e )  i f  l im ~ (E j )  = 0 f o r  each  d i s j o i n t  sequence  {Ej} c E. 

A sequence  {~i} o f  a d d i t i v e  s e t  f u n c t i o n s  i s  s a i d  t o  be u n i f o r m l y  

s t r o n g l y  a d d i t i v e  i f  l im ~ i ( E j )  = 0 u n i f o r m l y  in i f o r  e a c h  
J 

d i s j o i n t  sequence  {Ej}.  A c o u n t a b l y  a d d i t i v e  v e c t o r  measure on a 

o - a l g e b r a  i s  c l e a r l y  s t r o n g l y  a d d i t i v e ,  and a u n i f o r m l y  c o u n t a b l y  

a d d i t i v e  sequence  o f  v e c t o r  measures  d e f i n e d  on a o - a l g e b r a  i s  a l s o  

u n i f o r m l y  s t r o n g l y  a d d i t i v e .  The Nikodym Convergence  Theorem has  

been g e n e r a l i z e d  t o  s t r o n g l y  a d d i t i v e  s e t  f u n c t i o n s  by Brooks  and 

J e w e t t  ( [ 2 4 ] ,  [361) ;  we f i r s t  c o n s i d e r  t h i s  g e n e r a l i z a t i o n .  

Theorem 6. Let  E be a o - a l g e b r a .  Let  ~i : E ÷ Y be s t r o n g l y  
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additive. If  lim gi(E) = g(E) exists for each E E ~, 
i 

( i )  ~ i s  s t r o n g l y  a d d i t i v e  and 

( i i )  {gi } i s  u n i f o r m l y  s t r o n g l y  a d d i t i v e .  

then 

P r o o f :  Le t  Z(Z) be t h e  s p a c e  o f  Z - s i m p l e  f u n c t i o n s  e q u i p p e d  w i t h  

t h e  sup -norm.  S i n c e  e a c h  ~i  i s  bounded,  each  ~i  i n d u c e s  a c o n -  

t i n u o u s  l i n e a r  o p e r a t o r  T i : S(Z)  ÷ Y by i n t e g r a t i o n ,  Ti~ = Js~d~i. 

(Note  t h a t  even  t hough  Y i s  not  assumed t o  be c o m p l e t e  t h e r e  i s  no 

e l a b o r a t e  i n t e g r a t i o n  t h e o r y  r e q u i r e d  h e r e  s i n c e  o n l y  s i m p l e  f u n c -  

t i o n s  a r e  b e i n g  i n t e g r a t e d . )  Le t  {Ej)  be a d i s j o i n t  s equence  f rom 

~.  C o n s i d e r  t h e  s equence  {CEj) in  Z ( Z ) ,  where  C E d e n o t e s  t h e  

c h a r a c t e r i s t i c  f u n c t i o n  o f  E. By D r e w n o w s k i ' s  Lemma 1 .1 ,  t h i s  

s equence  i s  {T i} -  ~ c o n v e r g e n t .  By Theorem 2, 

l im T i (C  E ) = l im g i ( E j )  = g ( E j )  u n i f o r m l y  in j .  S i n c e  
i j i 

l im T i ( C E j )  = l im ~ i ( E j )  = 0 f o r  each  i ,  we have  l im ~ i ( E j )  = 0 
J 3 J 

u n i f o r m l y  in  i .  Th i s  e s t a b l i s h e s  ( i i ) .  

For  ( i ) ,  n o t e  t h a t  f rom t h e  u n i f o r m  c o n v e r g e n c e ,  

l im ~ ( E j )  = l im l im ~ i ( E j )  = l im l im ~ i ( E j )  = 0 so t h a t  g i s  
j j i i j 

strongly additive. 

Remark 7. Note  t h a t  Theorem 6 can be e s t a b l i s h e d  d i r e c t l y  f rom t h e  

B a s i c  M a t r i x  Theorem w i t h o u t  r e f e r r i n g  t o  Theorem 2 by c o n s i d e r i n g  

the matrix [gi(Ej)l and invoking the Drewnowski Lemma. The 

original version of the Brooks-Jewett Theorem was established for 

B-spaces whereas the version above does not assume completeness and 

is valid for locally convex metric linear spaces (see also [36]). 

We now e s t a b l i s h  t h e  u sua l  v e r s i o n  o f  t h e  Nikodym Conve rgence  
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Theorem f o r  v e c t o r - v a l u e d  measures .  A sequence {gi ) o f  c o u n t a b l y  

a d d i t i v e  Y-valued  measures ,  g i  : [ ~ Y' i s  s a i d  t o  be u n i f o r m l y  

c o u n t a b l y  a d d i t i v e  i f  l im ~ ~ i ( E j )  = 0 u n i f o r m l y  in  i f o r  each  
n j=n 

d i s j o i n t  sequence  {Ej ) .  For  t he  Nikodym Convergence Theorem, we 

r e q u i r e  t h e  f o l l o w i n g  c r i t e r i a  f o r  un i fo rm c o u n t a b l e  a d d i t i v i t y .  

Lemma 8. Le t  E be a o - a l g e b r a .  Let  ~i : E ~ Y be c o u n t a b l y  

a d d i t i v e .  The f o l l o w i n g  a re  e q u i v a l e n t :  

( i )  [g i}  i s  u n i f o r m l y  c o u n t a b l y  a d d i t i v e  

( i i )  f o r  each  d e c r e a s i n g  sequence {Ej} from Z w i t h  

n Ej = ~, l im g i ( E j )  = 0 u n i f o r m l y  in i .  
J 

( i i i )  {g i )  i s  u n i f o r m l y  s t r o n g l y  a d d i t i v e .  

P roof :  ( i )  and ( i i )  a re  c l e a r l y  e q u i v a l e n t  f o r  c o u n t a b l y  a d d i t i v e  

measures  and ( i )  c l e a r l y  imp l i e s  ( i i i ) .  

Suppose ( i i i )  ho lds  and ( i i )  f a i l s  t o  ho ld .  Then we may assume 

(by p a s s i n g  to  a subsequence  i f  n e c e s s a r y )  t h a t  t h e r e  e x i s t  a 

d e c r e a s i n g  sequence {Fj} w i t h  N Fj  = ~ and a 5 > 0 such t h a t  

I g i ( F i  ) I > 6 f o r  each  i .  There e x i s t s  k I such t h a t  

I g 1 (F k l )  I < 6 / 2 .  Then t h e r e  e x i s t s  a k 2 > k I such  t h a t  

I ~k l (Fk2  ) I < 6 /2 .  C o n t i n u i n g  by i n d u c t i o n  produces  a subsequence  

(F k ) I < 6 /2 .  I f  Ej = Fkj  \ F k , (k j}  such t h a t  I gk j  j+ l  j+ l  

then  {Ej)  i s  a d i s j o i n t  sequence from Z w i t h  

I g k j ( E j )  I ~ I g k j ( F k j )  I - Ig k +i)  I > 512. But t h i s  means 

t h a t  {~i } i s  not  u n i f o r m l y  s t r o n g l y  a d d i t i v e .  

We now o b t a i n  immedia te ly  t he  Nikodym Convergence Theorem f o r  

v e c t o r - v a l u e d  measures  ([38] I I I . 7 . 4 ) .  
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Theoz~a 9. Let  E be a o - a l g e b r a .  Let  g i  : E ÷ Y be c o u n t a b l y  

a d d i t i v e .  I f  l im ~ i (E)  = g(E)  e x i s t s  f o r  each  E 6 E, then  
i 

( i )  ~ i s  c o u n t a b l y  a d d i t i v e  and 

( i i )  {gi } i s  u n i f o r m l y  c o u n t a b l y  a d d i t i v e .  

P r o o f :  ( i i )  f o l l o w s  from Theorem 6 ( i i )  and Lemma 8. 

For  ( i ) ,  l e t  {Ej} be a d i s j o i n t  sequence  from ~. Then 

from t h e  u n i f o r m  c o u n t a b l e  a d d i t i v i t y  in ( i i ) ,  we have 

n n 

~( U E j )  = l im g i (  ~ E j )  = l im l im K g i ( E j )  = l im g( U Ej )  
j= l  i j= l  i n j= l  n j= l  

so t h a t  ( i )  h o l d s .  

We now show t h a t  a v e r s i o n  o f  the  c l a s s i c a l  V i t a l i - H a h n - S a k s  

Theorem (VHS) can be o b t a i n e d  from the  r e s u l t s  above.  I f  

X : ~ ~ [o ,~]  i s  a n o n - n e g a t i v e  ( p o s s i b l y  i n f i n i t e )  s e t  f u n c t i o n  and 

: Z ÷ Y, we say t h a t  g i s  a b s o l u t e l y  c o n t i n u o u s  w i t h  r e s p e c t  t o  

k (written g < < k) i f  for each e > 0 there ex is t s  6 • 0 

such t h a t  [ ~(E) [ < e whenever E 6 ~ and X(E) < 6. (That  i s ,  

we use t he  e -6  n o t i o n  o f  a b s o l u t e  c o n t i n u i t y . )  I f  {gi } i s  a 

sequence  o f  Y-va lued  s e t  f u n c t i o n s ,  {~i } i s  s a i d  t o  u n i f o r m l y  

a b s o l u t e l y  c o n t i n u o u s  w i t h  r e s p e c t  t o  X i f  t he  5 in the  d e f i n i -  

t i o n  above works f o r  each  g i "  Using Theorem 9 we o b t a i n  a v e r s i o n  

o f  the  VHS Theorem f o r  c o u n t a b l y  a d d i t i v e  measures  from Theorem 9 

( [38]  I I I . 7 . 2 ) .  

Theorem 10. Let  ~ be a o - a l g e b r a .  Let  ~i : K ) Y be c o u n t a b l y  

a d d i t i v e  and l e t  k : Z ) [o ,~]  be c o u n t a b l y  a d d i t i v e .  I f  

~i < < k f o r  each  i and i f  l im ~ i (E )  = ~(E) e x i s t s  f o r  each  
i 

E 6 ~, t h e n  

( i )  ~ < < k 

( i i )  {~i } i s  u n i f o r m l y  a b s o l u t e l y  c o n t i n u o u s  w i t h  
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Proof: First note that i f  {Ej} is a decreasing sequence from E 

with E = n Ej and X(E) = O, then l~m gi(Ej) = 0 uniformly in i. 

For {Ej \ E} is a decreasing sequence with empty intersection so 

Theorem 9 and Lemma 8 imply that 

lim gi(Ej \ E) = lim (gi(Ej) - ~i(E)) = lim gi(Ej) = 0 
J J J 

uniformly in i. 

Now suppose that ( i i )  fa i l s  to hold. Then there is an 6 > 0 

such that for each 6 > 0 there exist a positive integer k and 

F 6 E such that [ gk(F) [ ) e and X(F) < 5. Put 61 = i, k I = 1 

and F I = ~. Then we may inductively define a subsequence {k j}  and 

sequences {Fj} c E and (Sj} c R+ such tha t  

5j÷ 1 < 5 j /2 ,  [ ~kj+l(Fj+ 1) I ~ e, X(Fj÷ 1) < 5j72 

and [ gkj+l(E) [ < e/2 whenever X(E) < 5j+ I. 

Then, by the countable subadditivity, 

~t Ej = ~ F k- 
k=j 

so tha t  gkj÷l(Ej+ 1 \ Fj÷ 1) < e/2.  But [ ~kj+l(Fj÷ 1) [ = 

[ ~kj÷l(Ej+ 1) - ~kj+l(Ej÷ 1 \ Fj+ I) [ > • so that 

(2) [ gkj(Ej) [ ~ •/2. 

But {Ej} is decreasing and i f  E = fl Ej, then X(E) = 0 by ( i ) .  

By the observation in the f i r s t  paragraph lim gi(Ej) = 0 uniformly 
J 

in i .  But this contradicts (2} and ( i i )  follows. 

Condition (i) follows immediately from ( i i ) .  

(i) 

X(Ej \ Fj)  ~ XIEj+ 1) ~ E X(F k) < E 5k/2 < r 5 j /2  k- j+l= 5j 
k=j+l k=j k=j 
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The Nikodym C o n v e r g e n c e  Theorem, t h e  V i t a l i - H a h n - S a k s  Theorem 

and t h e  N i k o d y m B o u n d e d n e s s  Theorem have  a l s o  been  g e n e r a l i z e d  t o  s e t  

f u n c t i o n s  w i t h  domains  which  a r e  not  n e c e s s a r i l y  o - a l g e b r a s .  In 

S c h a c h e r m a y e r ' s  t r e a t i s e  ([671) t h e s e  r e s u l t s  (and o t h e r s )  a r e  

t r e a t e d  in  d e t a i l ,  and we r e f e r  t h e  r e a d e r  t o  [671 f o r  more c o m p l e t e  

d e t a i l s .  To g i v e  a f u r t h e r  a p p l i c a t i o n  o f  our  m a t r i x  methods  we show 

t h a t  t h e  B r o o k s - d e w e t t  Theorem 6 i s  v a l i d  f o r  bounded,  f i n i t e l y  

a d d i t i v e  s c a l a r  s e t  f u n c t i o n s  which  a r e  d e f i n e d  on q u a s i - o - a l g e b r a s .  

( I n  [671,  S c h a c h e r m a y e r  r e f e r s  t o  t h e  c o n c l u s i o n  o f  Theorem 6 as  t h e  

V i t a l i - H a h n - S a k s  p r o p e r t y  i n s t e a d  o f  as  t h e  B r o o k s - d e w e t t  p r o p e r t y . )  

D e f i n i t i o n  11. A f a m i l y  A o f  s u b s e t s  o f  a s e t  S i s  c a l l e d  a 

~ u a s i - o - a l g e b r a  i f  ~ i s  an a l g e b r a  o f  s e t s  such  t h a t  e a c h  d i s j o i n t  

s equence  {Aj} f rom A has  a s u b s e q u e n c e  {Ak.} 
J 

such  t h a t  U Akj fi R ( [ 2 8 ] ) .  

T h i s  p r o p e r t y  ( f o r  Boo lean  a l g e b r a s )  i s  a l s o  c o n s i d e r e d  in  [40] 

under  t h e  name, s u b s e q u e n t i a l  c o m p l e t e n e s s  p r o p e r t y ;  a s l i g h t l y  

weaker  fo rm o f  t h i s  p r o p e r t y  i s  r e f e r r e d  t o  in  [671 a s  p r o p e r t y  (E) 

([67] 4.2). 

Theorem 12. Le t  A be a q u a s i - o - a l g e b r a  and l e t  ~i  : A ÷ R be a 

bounded,  f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n  f o r  each  i E ~. I f  

l im ~ i (A)  = ~(A) e x i s t s  f o r  e a c h  A E A, t h e n  {~i ) i s  u n i f o r m l y  

s t r o n g l y  a d d i t i v e .  

P r o o f :  F i r s t  assume t h a t  e ach  g i  i s  c o u n t a b l y  a d d i t i v e .  C o n s i d e r  

t h e  m a t r i x  Z = [ ~ i ( A j ) ] ,  where  {Aj) i s  a d i s j o i n t  s equence  f rom 

~. From t h e  a s s u m p t i o n  t h a t  A i s  a q u a s i - o - a l g e b r a  and t h e  c o u n t -  

a b l e  a d d i t i v i t y  o f  t h e  {~i }, i t  f o l l o w s  t h a t  Z i s  a [ - m a t r i x .  

Hence ,  f rom t h e  B a s i c  M a t r i x  Theorem, l im  ~ i ( E j )  = 0 u n i f o r m l y  f o r  
J 
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i 6 ~, and t h e  r e s u l t  i s  e s t a b l i s h e d  f o r  t h i s  c a s e .  

C o n s i d e r  t he  c a s e  when t he  g i  a r e  o n l y  f i n i t e l y  a d d i t i v e .  I f  

t he  c o n c l u s i o n  f a i l s ,  we may assume {by p a s s i n g  t o  a subsequence  i f  

n e c e s s a r y )  t h a t  t h e r e  e x i s t  e > 0 and a d i s j o i n t  sequence  {Aj} 

from ~ such t h a t  

(3) { ~i(Ai) { > e.  

Let Z be the o-algebra generated by ~. Extend each Ri to a 

bounded, finitely additive set function ~i on [. By Drewnowski's 

Lemma there is a subsequence (Ak.) of {Aj} such that each ~i is 
J 

countably additive on the o-algebra, Z o, generated by the (Akj). 

By the quasi-o-algebra assumption, we may also assume that 

Akj £ ~. 
j=l 

Put ~A = (B N A : B 6 A}. Then ~o = ~A fl Eo is a quasi- 

o - a l g e b r a  o f  s u b s e t s  o f  A. Each ~i i s  c o u n t a b l y  a d d i t i v e  on ~o 

and l im ~ i (B)  = g(B) e x i s t s  f o r  each  B E Ao. T h e r e f o r e ,  by the  

f i r s t  p a r t ,  l im g i ( A k . )  = 0 u n i f o r m l y  in i .  Th i s  c o n t r a d i c t s  (3 ) .  
J a 

In t he  t e r m i n o l o g y  o f  [671, any q u a s i - o - a l g e b r a  has t he  V i t a l i -  

Hahn-Saks p r o p e r t y  (compare w i t h  [67] 4 . 3 ) .  Theorem 12 a l s o  g i v e s  an 

improvement o f  P r o p o s i t i o n  1.B o f  [401 f o r  q u a s i - o - a l g e b r a s  o f  s e t s .  

In an e n t i r e l y  s i m i l a r  f a s h i o n ,  t he  Nikodym Boundedness Theorem 

can a l s o  be shown t o  ho ld  f o r  q u a s i - o - a l g e b r a s  ( s ee  [28] Theorem 

1 . 7 ) .  In [67] i t  i s  shown t h a t  the  V i t a l i - H a h n - S a k s  p r o p e r t y  a lways  

i m p l i e s  t he  Nikodym Boundedness  P r o p e r t y ,  so we do not  g i v e  t h e  p r o o f  

([671 2.5). 

To f u r t h e r  i l l u s t r a t e  the  a p p l i c a b i l i t y  o f  t he  Genera l  Banach-  

S t e i n h a u s  Theorem we c o n s i d e r  a r e s u l t  in  c l a s s i c a l  summab i l i t y  due 

t o  Schur  ( I50]  7 . 1 . 6 )  Let  A = [ a i j l  be an i n f i n i t e  m a t r i x  o f  r e a l  

numbers. The m a t r i x  A i s  s a i d  t o  be o f  c l a s s  ( £ ~ , c )  i f  
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{ j=IE a i j  x j}  i i s  a c o n v e r g e n t  sequence  f o r  each  sequence  

x = {xj} E ~ .  That  i s ,  i f  c i s  t he  space  o f  a l l  r e a l  s equences  

which c o n v e r g e ,  t h e  fo rmal  m a t r i x  p roduc t  Ax p roduces  a sequence  in 

c f o r  each  sequence  x E ~ .  The c l a s s i c  Schur  Theorem o f  summabil-  

i t y  g i v e s  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  a m a t r i x  A to  be 

o f  c l a s s  ( E ~ , c ) .  In h i s  t r e a t m e n t  o f  t h e  Schur  Theorem, Maddox 

makes t he  remark t h a t  h i s  p r o o f  i s  " c l a s s i c a l "  and t h a t  no f u n c t i o n a l  

a n a l y t i c  p r o o f  o f  t he  theorem seems t o  be known ( [ 5 0 ] ,  p. 168).  We 

w i l l  g i v e  a p r o o f  below (o f  a more g e n e r a l  summabi l i t y  r e s u l t  due t o  

Hahn [ 3 9 ] ,  [68 ] )  based on t he  Genera l  B a n a c h - S t e i n h a u s  Theorem; in 

the  t e r m i n o l o g y  o f  Maddox t h i s  might  be c o n s i d e r e d  a " f u n c t i o n a l  

a n a l y t i c  p r o o f " .  

R e c a l l  t h a t  me i s  t he  subspace  o f  ~ c o n s i s t i n g  o f  t h o s e  

sequences  w i t h  f i n i t e  r ange .  We say t h a t  a m a t r i x  A i s  o f  c l a s s  

(me,C) i f  Ax E c f o r  each  x E me. We g i v e  a c h a r a c t e r i z a t i o n  o f  

m a t r i c e s  A o f  c l a s s  (me,C).  

We f i r s t  r e q u i r e  a lemma. Note t h a t  a sequence  o f  r e a l  s e r i e s  

I a i j  c o n v e r g e s  u n i f o r m l y  in i i f  and o n l y  i f  f o r  each  e > 0 
J 

there exlsts N such that { 

with mino ~> N and each i. 

tion above is satisfied, then 
j=N 

([61] 1 . i .2 . ) . ) .  

Lemma 13. 

H [ < e f o r  each  f i n i t e  s e t  o 
jEo aij 

(This  i s  immediate  s i n c e  i f  t he  c o n d i -  

I aij I ~ 2 e  f o r  each i 

I a i j  I do not  c o n v e r g e  u n i f o r m l y  in i ,  
J 

d i s j o i n t  sequence  o f  f i n i t e  s e t s  {o i } and a subsequence  (k i } 

such t h a t  ] H [ > e f o r  each  i .  
jEa i a k i J  

Let  H ] a i j  I < ~ f o r  each  i .  
j= l  

I f  t he  s e r i e s  

t h e r e  e x i s t  e > O, 
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] z 
jEo 2 ak2J 

P r o o f :  By t h e  o b s e r v a t i o n  c o n c e r n i n g  u n i f o r m  c o n v e r g e n c e  a b o v e ,  i f  

t a i j  ] d o e s n ' t  c o n v e r g e  u n i f o r m l y  i n  i ,  t h e r e  e x i s t s  e > 0 s u c h  
J 

t h a t  f o r  e a c h  i t h e r e  a r e  f i n i t e  a i E ~ and a p o s i t i v e  i n t e g e r  k i 

w i t h  min a i ~ i and ] E I ~ e 
j E a  i a k i J  

A p p l y i n g  t h e  o b s e r v a t i o n  a b o v e  t o  i 1 = 1 i m p l i e s  t h a t  t h e r e  

e x i s t  a p o s i t i v e  i n t e g e r  k 1 and a f i n i t e  s e t  a 1 s u c h  t h a t  

I E I > e T h e r e  e x i s t s  J l  s u c h  t h a t  
jEo  1 a k l J  

(4 )  E I a i j  I < e f o r  1 ( i ~ k 1 . 
J = J l  

A p p l y i n g  t h e  o b s e r v a t i o n  i n  t h e  p a r a g r a p h  a b o v e  t o  t h e  i n t e g e r  

max{max o 1 + 1, j l  } = i 2 i m p l i e s  t h a t  t h e r e  e x i s t  a p o s i t i v e  i n t e g e r  

k 2 and a f i n i t e  s e t  a 2 w i t h  min a 2 > i 2 s u c h  t h a t  

I ) e .  No te  t h a t  o 1 and 0 2 a r e  d i s j o i n t  and by 

( 4 ) ,  k 2 > k 1. 

I n d u c t i o n  t h e n  p r o d u c e s  t h e  s e q u e n c e s  in  t h e  c o n c l u s i o n  o f  t h e  

lemma. 

We now e s t a b l i s h  t h e  s u m m a b i l i t y  r e s u l t  o f  Hahn. 

Theorem 14. A E {mo,C) i f  and only i f  

( i )  K I a i I c o n v e r g e  u n i f o r m l y  i n  i j J 

( i i )  l im  a i j  = a j  e x i s t s  f o r  e a c h  j .  
1 

Proof: We prove f i r s t  that conditions (i) and (i i)  imply that 

A E ( E ~ , c )  so  t h a t  i n  p a r t i c u l a r ,  A E ( m o , c ) .  L e t  {x j}  E ~ , 

where  we may assume I x j l  ~ 1 f o r  e a c h  j .  Le t  e > 0 .  By ( i ) ,  

m 

t h e r e  e x i s t s  N s u c h  t h a t  m ~ n ) N i m p l i e s  ] E I < e j=n  a i j x j  
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m 

Thus ,  by ( i i ) ,  I Z a j x ;  [ ( e so  t h a t  t h e  s e r i e s  Z a . x .  c o n -  
j=n  J j = l  J J 

v e r g e s .  We now have ,  

(5) I Z a i , x .  - E a . x .  I ~ r I a~-~.j a~j I + I E (a  i . -  a~)xjl.t j=l  J J j=l  J J j=l  j=N J 

N-I ( } -  
j = l  

I a i j  - a j  I + 2e 

S i n c e  t h e  f i r s t  t e r m  on t h e  r i g h t  hand s i d e  o f  (5)  can  be made l e s s  

t h a t  e f o r  i l a r g e ,  t h i s  shows t h a t  

lim Z ai.x. = Z ajxj , i.e., A E (Z~,c) . 
i j=l a a j=l 

If A E (m,,c), then (ii) holds by taking x = ej E m o- 

Suppose that A E (mo,C) and that (i) fails. Let the notation 

be as in Lemma 13 and consider the sequence {Coj} in mo. Each row 

{aij}j= 1 of A induces a continuous linear functional R i on mo by 

Rix = j=l~ aij xj, where x = {xj}, and limi Rix = Rx exists. The 

sequence {Coj} is £1_ X convergent in the duality between ~1 and 

m o. Therefore, by the General Banach-Steinhaus Theorem 3, 

lim Ri(Caj) = lim Z = R(Coj i " i kEoj  a i k  ) = kEojZ a k u n i f o r m l y  in  j .  T h i s  

i m p l i e s  l im  Z a i k  = 0 u n i f o r m l y  in  i and c o n t r a d i c t s  t h e  c o n -  
j l~oj 

clusion in Lemma 13. 

Theorem 14 hag as a n  immediate corollary the summability result 

of Schur, i.e., A E (£¢,c) if and only if (i) and (ii) hold. We 

record these equivalences for later reference ([68]). 

C o r o l l a r y  15. The f o l l o w i n g  a r e  e q u i v a l e n t :  

(a )  A E  ( ~ , c )  

(b) A fi (mo,c) 
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( c )  ( i )  and ( i i )  o f  Theorem 14 h o l d .  

A c o n s e q u e n c e  o f  t h e  H a h n - S c h u r  s u m m a b i l i t y  r e s u l t  i s  a n o t h e r  

r e s u l t  due  t o  S c h u r  w h i c h  s t a t e s  t h a t  a s e q u e n c e  i n  ~1 i s  norm c o n -  

v e r g e n t  i f  and o n l y  i f  i t  c o n v e r g e s  i n  t h e  weak t o p o l o g y  o f  ~i  ([SO] 

p. 170 ) .  Theorem 14 c a n  be used  t o  g i v e  an improved  v e r s i o n  o f  t h i s  

r e s u l t :  a s e q u e n c e  i n  ~1 c o n v e r g e s  in  norm i f  and o n l y  i f  i t  i s  a 

Cauchy  s e q u e n c e  w i t h  r e s p e c t  t o  t h e  weak t o p o l o g y  o ( ~ l , m o )  i n d u c e d  

by t h e  s u b s p a c e  mo o f  ~ 

To s e e  t h a t  Theorem 14 y i e l d s  t h i s  r e s u l t ,  l e t  x i = ( a l l } i =  1 

be a s e q u e n c e  i n  £1.  Note  t h a t  t h e  s e q u e n c e  {x i } i s  a Cauchy  

i n  t h e  weak t o p o l o g y  o ( i l , m o )  i f f  t h e  m a t r i x  [ a i i ]  = A s e q u e n c e  

b e l o n g s  t o  (mo ,C) .  Thus ,  i f  t h e  s e q u e n c e  (x  i}  i s  o ( ~ l , m o )  - 

Cauchy ,  t h e  m a t r i x  A s a t i s f i e s  c o n d i t i o n s  ( i )  and ( i i )  o f  Theorem 

14. L e t  x = { a j }  be t h e  s e q u e n c e  g i v e n  by ( i i ) .  We c l a i m  t h a t  x 

b e l o n g s  t o  ~1 and nx i - xa I ÷ 0 .  L e t  e > 0.  By ( i ) ,  t h e r e  

e x i s t s  N s u c h  t h a t  E ] a i j ]  < • f o r  a l l  i E ~. Then f r o m  ( i i )  
j=N 

P 
i t  f o l l o w s  t h a t  f o r  P > N, JE=N l a j t  ~ e and ,  h e n c e ,  JE=N i a j ]  ~ • .  

In  p a r t i c u l a r ,  t h i s  shows t h a t  x = {a j}  b e l o n g s  t o  ~1. Now, f rom 

( i i ) ,  t h e r e  e x i s t s  M s u c h  t h a t  ] a i j  - a j )  < e I N f o r  i ) M and 

1 ( j ( N - 1. Hence ,  i f  i ) M, we have  

j~l laij - ajl ~ j=l ~ l a i j  - ajl + j=NZ ]a i j l  ÷ j=NZ l ajl < 3 e, 

and ,  t h e r e f o r e ,  x i ~ x i n  i l - n o r m .  Of c o u r s e ,  any norm c o n v e r g e n t  

s e q u e n c e  c o n v e r g e s  w i t h  r e s p e c t  t o  o ( z l , m o ) .  

In  C h a p t e r  8,  Theorem 1, we e s t a b l i s h  a v e r s i o n  o f  t h i s  r e s u l t  

f o r  g r o u p - v a l u e d  s e q u e n c e s  and show t h a t  t h e  a b s t r a c t  g r o u p  v e r s i o n  

y i e l d s  t h e  r e s u l t  a b o v e  ( C o r o l l a r y  8 . 2 ) .  

In  C h a p t e r  8 ,  we a l s o  c o n s i d e r  and e s t a b l i s h  v e r s i o n s  o f  t h e  

s u m m a b i l i t y  r e s u l t s  o f  S c h u r  and Hahn f o r  m a t r i c e s  whose  e n t r i e s  a r e  
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e l e m e n t s  o f  a B a n a c h  s p a c e  ( T h e o r e m  8 . 5 ) .  A n o t h e r  v e c t o r  v e r s i o n  o f  

t h e  s u m m a b i l i t y  r e s u l t  o f  S c h u r  i s  g i v e n  i n  C o r o l l a r y  9 . S A r o r  b o u n d e d  

m u l t i p l i e r  s e r i e s  i n  an  F - s p a c e .  

We c o n c l u d e  t h i s  s e c t i o n  by  i n d i c a t i n g  t h a t  a n o t h e r  c l a s s i c a l  

r e s u l t  i n  s u m m a b i l i t y  d u e  t o  T o e p l i t z  c a n  a l s o  be  d e r i v e d  f r o m  t h e  

G e n e r a l i z e d  B a n a c h - S t e i n h a u s  Theo rem.  A m a t r i x  A = [ a i j l  i s  s a i d  

t o  be  o f  c l a s s  ( c , c )  i f  Ax E c f o r  e v e r y  x E c , and  A i s  s a i d  

t o  be  r e g u l a r  i f  A i s  c o n v e r g e n c e  p r e s e r v i n g ,  i . e . ,  

l i m  x i = l i m  Z a i . x .  f o r  x = {x i}  E c . The r e s u l t  o f  T o e p l i t z  
i i j = l  J j 

g i v e s  n e c e s s a r y  c o n d i t i o n s  f o r  a m a t r i x  A t o  be  r e g u l a r  ( [50}  

7 . 1 . 3 ) ;  t h e  n e c e s s a r y  c o n d i t i o n s  a r e  a l s o  s u f f i c i e n t  ( S i l v e r m a n ) .  

Theorem 16. The matrix A = {a i j ]  

conditions hold: 

( i )  

( i i )  

( i i i )  

i s  r e g u l a r  i f f  t h e  f o l l o w i n g  

s u p  Z [ a i j  [ < ® 
i j = l  

l i m  a i j  = 0 f o r  e a c h  j E 
1 

l i m  Z a i . = 1 
i j= l  J 

Proof: The suf f ic iency of ( i )  - ( i i i ) ,  due to Siverman, are class- 

ica l ,  and we do not repeat the proof (see [50] 7.1.3). 

The necessity of  ( i i )  and ( i i i )  are easi ly  obtained by putt ing 

x = ej and x = (1,1 . . . .  ). We show how the necessity of ( i )  can 

be established by u t i l i z i n g  the Generalized Banach-Steinhaus Theorem. 

Suppose that ( i )  does not hold. Then there exists a sequence, (o i } ,  

o f  f i n i t e  s u b s e t s  o f  ~ s u c h  t h a t  max o i < min o i +  1 and 

(6) sup I z I = 
i J E o i  a i j  

Now e a c h  row { a i j } j =  1 o f  A i n d u c e s  a c o n t i n u o u s  l i n e a r  f u n c t i o n a l  
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R i on c by Rix = ~ a i.x., where x = {xj} E c, and lim Rix = Rx 
j=l J J i 

exists for each x E c . The sequence {Coj } is 61 - X convergent 

in the duality between ~1 and c so by the General Banach-Steinhaus 

T h e o r e m  3, 

lim Ri(Caj) = lim E = R(Coj) = ~ a k 
i " i kEo~ ik " kEaj 

uniformly in j. Since l i m  U a = 0 , we h a v e  l i m  U a k = 0 , 
j k E o j  i k  i kEo  i 

and this contradicts (6). 



6. B i l i n e a r  Maps and H y p o c o n t i n u i t y  

In t h i s  s e c t i o n  we c o n s i d e r  b i l i n e a r  maps and use  t h e  B a s i c  

M a t r i x  Theorem t o  d e r i v e  a c l a s s i c a l  r e s u l t  o f  Mazur and O r l i c z  on 

t h e  j o i n t  c o n t i n u i t y  o f  s e p a r a t e l y  c o n t i n u o u s  b i l i n e a r  maps.  We a l s o  

p r e s e n t  some r e s u l t s  p e r t a i n i n g  t o  t h e  h y p o c o n t i n u i t y  o f  b i l i n e a r  

maps. Our i n i t i a l  r e s u l t s  do not  u se  t h e  v e c t o r  s p a c e  s t r u c t u r e  o f  

t h e  s p a c e s  i n v o l v e d  and so a r e  v a l i d  f o r  normed g r o u p s .  Many o f  t h e  

r e s u l t s  in  t h i s  s e c t i o n  a r e  c o n t a i n e d  in  [ 7 5 ] ,  but  t h e  r e s u l t s  p r e -  

s e n t e d  h e r e  a r e  s l i g h t l y  more g e n e r a l .  

Le t  E , F  and G be normed g r o u p s  and l e t  b : E x F ÷ G be a 

b i a d d i t i v e  map ( i . e . ,  t h e  f u n c t i o n s  b ( x , . )  : F ÷ G, b ( x , . ) ( y )  

= b ( x , y ) ,  and b ( - , y )  : E ÷ G, b ( . , y ) ( x )  = b ( x , y ) ,  a r e  a d d i t i v e  f o r  

e a c h  x and y ) .  

F o r  b i l i n e a r  maps be tween  t o p o l o g i c a l  v e c t o r  s p a c e s ,  B o u r b a k i  

has  i n t r o d u c e d  t h e  n o t i o n  o f  h y p o c o n t i n u i t y  which  l i e s  be tween  s e p a -  

r a t e  c o n t i n u i t y  and j o i n t  c o n t i n u i t y  f o r  b i l i n e a r  maps.  We d e f i n e  an 

a n a l o g o u s  n o t i o n  f o r  b i a d d i t i v e  maps be tween  t o p o l o g i c a l  g r o u p s  a n d  

e s t a b l i s h  some r e s u l t s  on t h e  h y p o c o n t i n u i t y  o f  such  maps.  

I f  R i s  a f a m i l y  o f  s u b s e t s  o f  F ,  b i s  s a i d  t o  be 

K - h y p o c o n t i n u o u s  i f  f o r  e ach  n e i g h b o r h o o d  V o f  0 in  G and e a c h  

N E R, t h e r e  i s  a n e i g h b o r h o o d  U of  0 i n  E such  t h a t  

b(U,N) c V. S i n c e  t h e  g r o u p s  i n v o l v e d  a r e  m e t r i z a b l e ,  t h i s  i s  

e q u i v a l e n t  t o  t h e  f o l l o w i n g  c o n d i t i o n :  i f  x i ÷ 0 i n  E and N E R, 

t h e n  l i m  b ( x i , Y )  = 0 u n i f o r m l y  f o r  y E N. 

Le t  o ( E , F )  be t h e  w e a k e s t  t o p o l o g y  on E such  t h a t  e a c h  a d d i -  

t i v e  map b ( . , y ) ,  y E F ,  i s  c o n t i n u o u s .  (The t o p o l o g y  a ( E , F )  a l s o  

d e p e n d s  upon G and b,  bu t  t h i s  i s  s u p p r e s s e d  in  t h e  n o t a t i o n  and 

s h o u l d  c a u s e  no d i f f i c u l t i e s . )  o ( F , E )  i s  d e f i n e d  s i m i l a r l y .  The 

f a m i l y  o f  a l l  o ( E , F ) -  ~ c o n v e r g e n t  s e q u e n c e s  in  E i s  d e n o t e d  by 
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X(E,F) (K(F,E) is defined similarly). 

We now s t a t e  ou r  f i r s t  r e s u l t ;  i t  i s  e s s e n t i a l l y  a r e s t a t e m e n t  

o f  Theorem 5 . 3  f o r  t h i s  p a r t i c u l a r  s e t t i n g .  

Theorem 1. Le t  b be s e p a r a t e l y  c o n t i n u o u s .  I f  x i ~ 0 in  o ( E , F )  

and { y j }  i s  o ( F , E ) -  X c o n v e r g e n t ,  t h e n  l im b ( x i , Y  J )  = 0 
i 

u n i f o r m l y  in  j .  

P r o o f :  C o n s i d e r  t h e  m a t r i x  [ b ( x i , Y j ) ] .  From t h e  f a c t s  t h a t  b i s  

s e p a r a t e l y  c o n t i n u o u s ,  x i * 0 in  o ( E , F )  and {yj}  i s  o ( F , E ) -  K 

c o n v e r g e n t ,  i t  f o l l o w s  t h a t  t h i s  m a t r i x  i s  a K m a t r i x .  The B a s i c  

M a t r i x  Theorem 2 . 2  g i v e s  t h e  r e s u l t .  

We now p r e s e n t  s e v e r a l  h y p o c o n t i n u i t y - t y p e  c o r o l l a r i e s  o f  

Theorem 1. 

C o r o l l a r y  2. Le t  b be s e p a r a t e l y  c o n t i n u o u s .  Then b i s  

~ ( F , E ) - h y p o c o n t i n u o u s .  

P r o o f :  T h i s  f o l l o w s  i m m e d i a t e l y  f rom Theorem 1 s i n c e  i f  x i * 0 

in  E, t h e n  x i ÷ 0 in  o ( E , F ) .  

Le t  X(F) be t h e  f a m i l y  o f  a l l  ~ c o n v e r g e n t  s e q u e n c e s  in  F 

( w i t h  r e s p e c t  t o  t h e  o r i g i n a l  t o p o l o g y  o f  F ) .  S i n c e  t h e  m e t r i c  

t o p o l o g y  o f  F i s  s t r o n g e r  t h a n  o ( F , E ) ,  K(F) E K ( F , E ) ,  and we have  

C o r o l l a r y  3. Le t  b be s e p a r a t e l y  c o n t i n u o u s .  Then b i s  

K ( F ) - h y p o c o n t i n u o u s .  

C o r o l l a r y  3, which  i s  a r e s u l t  c o n c e r n i n g  o n l y  t h e  o r i g i n a l  

t o p o l o g i e s  on E and F, now y i e l d s  t h e  f o l l o w i n g  v e r y  i n t e r e s t i n g  

g e n e r a l i z a t i o n  o f  a c l a s s i c a l  r e s u l t  on j o i n t  c o n t i n u i t y .  
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C o r o l l a r y  4.  Le t  b be  s e p a r a t e l y  c o n t i n u o u s  and l e t  F be com- 

p l e t e .  Then  b i s  c o n t i n u o u s  ( i . e . ,  j o i n t l y  c o n t i n u o u s ) .  

Proof: Let x i ÷ 0 (Yi ÷ 0) in E (F). Since F is  complete, (yi } 

is  K convergent. By Corollary 3, lim b(xi,Y j)  = 0 uniformly in 
i 

j .  In par t icular ,  lim b(xi,Y i)  = 0, i . e . ,  b is  continuous. 
i 

For the case of metric l inear spaces, Corollary 4 seems to be 

or ig ina l ly  due to Mazur and Orlicz ([51]). The result  seems to have 

been rediscovered many times and is sometimes at t r ibuted to Bourbaki 

([22] 15.14) although the Bourbaki version requires the completeness 

of both of the (metric l inear) spaces E and F. Baire category 

methods are usually u t i l i zed  in the proofs of Corollary 4 found in 

the l i t e r a tu re  (cf I22] 15.14) as contrasted with the matrix methods 

used above. In the absence of completeness there do not appear to be 

any hypocontinuous-type of resul ts  of the nature of Corollaries 2 and 

3. Of course, i t  should also be noted that the resul ts  above are 

valid for normed groups whereas the c lass ica l  resul ts  pertaining to 

bi l inear  maps in the l i t e r a tu re  consider the case of (complete) 

metric linear spaces. 

As an interest ing application of Corollary 4, we consider the 

defini t ion of a metrizable l inear space due to Banach ([20], [46] 

15.13). Banach developes a theory of metrizable linear spaces under 

the following set of axioms which (formally) appear to be weaker than 

those for a metric l inear space. Let X be a vector space with a 

t ranslat ion invariant metric d defined on X which s a t i s f i e s  the 

following properties: 

( a )  tnX * 0 f o r  e a c h  x E X i f  t n * 0 

(b)  t x  n * 0 f o r  e a c h  s c a l a r  t i f  x n * 0 

( c )  X i s  c o m p l e t e  w i t h  r e s p e c t  t o  t h e  t r a n s l a t i o n  i n v a r i a n t  

m e t r i c  d .  
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I t  can  be shown t h a t  t h e  v e c t o r  space  X under  t he  t o p o l o g y  

induced  by d i s  a c t u a l l y  a t o p o l o g i c a l  v e c t o r  space  ( [46]  15 .13)  i f  

axioms (a)  - (c )  a r e  s a t i s f i e d .  Using C o r o l l a r y  4, i t  f o l l o w s  

immedia t e ly  t h a t  i f  X s a t i s f i e s  o n l y  axioms (a)  and (b ) ,  then  X 

i s  a t o p l o g i c a l  v e c t o r  space ,  i . e . ,  t h e  c o m p l e t e n e s s  in (c )  i s  not  

n e c e s s a r y .  The p r o o f  o f  t he  f a c t  t h a t  X i s  a t o p o l o g i c a l  v e c t o r  

space  g i v e n  in  [46] u ses  t h e  B a i r e  C a t e g o r y  Theorem and,  t h e r e f o r e ,  

w i l l  not  y i e l d  t he  r e s u l t  in  t he  absence  o f  axiom ( c ) .  

A somewhat s i m i l a r  d i s c u s s i o n  c o n c e r n i n g  quas i -no rmed  spaces  i s  

c a r r i e d  out  in  [80] 1 .2 .  I f  X i s  a v e c t o r  space ,  a q u a s i - n o r m  on 

X i s  a n o n - n e g a t i v e  f u n c t i o n  II III on X s a t i s f y i n g :  

(1) II x II ) 0 and II x Ill = 0 i f f  x : 0 

(2~ 11 x + y  I1 ~ II x I1 + II y 11 

( 3 ~  I I  - x I1 = I I  x I I  

and (a)  and ( b ) .  I t  i s  shown in [80] 1 . 2 . 2 ,  t h a t  any quas i -no rmed  

space  i s  a t o p o l o g i c a l  v e c t o r  space .  The method o f  p r o o f  in [80] 

r e l i e s  on r e s u l t s  o f  measure t h e o r y  and shou ld  be c o n t r a s t e d  w i t h  t he  

e l e m e n t a r y  m a t r i x  methods employed above.  

We now c o n s i d e r  t h e  c a s e  when t h e  spaces  E, F and G a r e  t o p -  

o l o g i c a l  v e c t o r  s p a c e s ,  i . e . ,  in  our  c a s e  m e t r i c  l i n e a r  s p a c e s .  In 

t h i s  c a s e ,  t he  a n a l o g u e s  o f  C o r o l l a r i e s  2 and 3 a r e  v a l i d  f o r  t h e  

f a m i l y  o f  K bounded s e t s .  We l e t  b : E x F ÷ G be a b i l i n e a r  

map and r e t a i n  t h e  p r e v i o u s  t o p o l o g i c a l  n o t a t i o n .  F u r t h e r ,  l e t  

K~(E,F) be t he  f a m i l y  o f  a l l  a ( E , F ) -  K bounded s u b s e t s  o f  E 

(similarly for K~(F,E)), and let ~(E) be the family of all X 

bounded subsets of E (similarly for ~(F)). We then have the 

following analogue of Corollary 2 for ~ bounded sets. 

C o r o l l a r y  5. Let  b be s e p a r a t e l y  c o n t i n u o u s .  Then b is 

X~(F,E)-hypocontinuous. 
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Proof :  Le t  x j  * 0 in  E. I t  s u f f i c e s  t o  show t h a t  l im b (x i ,Y  j )  = 0 
i 

u n i f o r m l y  in  j f o r  each  o ( F , E ) -  X bounded sequence  {yj} ~ F. 

I f  t h i s  c o n d i t i o n  f a i l s  t o  ho ld ,  t h e r e  e x i s t  a o ( F , E ) - . ~  

bounded sequence  (y j}  and an e > 0 such t h a t  f o r  each  i t h e r e  

e x i s t  k i > i ,  J i  w i t h  Ib(Xki,  y j i ) [  > e .  In p a r t i c u l a r ,  i f  

i I = 1, t h e r e  e x i s t  k I and J l  w i t h  [b(Xkl,  y j l ) l  • e.  Now s i n c e  

l im b (x i ,Y  j )  = 0 f o r  each  j ,  t h e r e  e x i s t s  i 2 such  t h a t  
i 

I b ( x i , Y j )  I < e f o r  i ) i 2 and 1 ~ j ( J l "  For  i 2 t h e r e  e x i s t  

k 2 • i 2 and J2 such t h a t  Ib(Xk2, y j 2 ) l  • e .  Thus J2 • 31" 

This  c o n s t r u c t i o n  can be c o n t i n u e d  to  produce subsequences (k i )  and 

{ j i  ) such t h a t  Ib(Xki,  YJ i ) I  • e.  Thus, i t  s u f f i c e s  to  show t h a t  

l im b (x i ,Y  i )  = 0 f o r  each  sequence x i * 0 in  E and each  o ( F , E ) - ~  

bounded sequence  (y i  }. 

P ick  a sequence  o f  p o s i t i v e  s c a l a r s  {t i} such  t h a t  t i * = 

and t i x  i * 0. Then ( ( 1 / t i ) Y  i} i s  o ( F , E ) -  ~ convergent so C o r o l -  

l a r y  2 i m p l i e s  t h a t  l im b ( t i x i ,  ( i / t i ) Y  i )  = l im b (x i ,Y  i )  = 0, and 

the  r e s u l t  i s  e s t a b l i s h e d .  

S ince  ~ ( F )  ~ ~ ( F , E ) ,  C o r o l l a r y  5 has t h e  f o l l o w i n g  c o r o l l a r y  

f o r  t he  o r i g i n a l  t o p o l o g i e s  o f  E and F. 

C o r o l l a r y  6. Le t  b be s e p a r a t e l y  c o n t i n u o u s .  Then b i s  

~ ( F ) - h y p o c o n t i n u o u s .  

In p a r t i c u l a r ,  i f  F i s  comple te ,  C o r o l l a r y  5 i m p l i e s  t h a t  b 

i s  ~ ( F ) - h y p o c o n t i n u o u s  when ~(F) i s  t he  f a m i l y  o f  a l l  bounded 

subsets of  F ( [ 2 2 ] ,  [ 4 7 ] ) .  

Note t ha t  t he re  are no completeness or b a r r e l l e d n e s s  assumptions 

in  e i t h e r  C o r o l l a r y  fi o r  6. The t y p i c a l  r e s u l t  in  t h e  l i t e r a t u r e  
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a s s e r t i n g  some t y p e  o f  h y p o c o n t i n u i t y  has some s o r t  o f  c o m p l e t e n e s s  

or  b a r r e l l e d n e s s  a s sumpt ion  on t he  spaces  i n v o l v e d  ( f o r  example,  [47] 

4 0 . 2 ) .  

We next  c o n s i d e r  some r e s u l t s  f o r  s equences  o f  b i l i n e a r  mappings 

on the  t o p o l o g i c a l  v e c t o r  spaces  E and F. Our r e s u l t s  g i v e  a gen-  

e r a l i z a t i o n  o f  a r e s u l t  o f  Bourbaki  f o r  e q u i c o n t i n u o u s  f a m i l i e s  o f  

b i l i n e a r  maps ( [22]  1 5 . 1 4 . 3 ) .  

Theorem 7. Let  {b i ) be a sequence  o f  s e p a r a t e l y  c o n t i n u o u s  b i l i n -  

e a r  maps from E x F i n t o  G such  t h a t  { b i ( x , y )  : i )  i s  bounded 

f o r  each  ( x , y )  E E x F. Then (b i} i s  u n i f o r m l y  bounded on e a c h  

p roduc t  A x B c E x F when 

( i )  A (B) i s  t he  r ange  o f  a R c o n v e r g e n t  sequence  in  E (F) .  

( i i )  A (B) i s  a K bounded s u b s e t  o f  E (F) .  

P r o o f :  C o n s i d e r  ( i ) .  Let  {x i} ,  {yi } be K c o n v e r g e n t  s equences  

in E and F, r e s p e c t i v e l y .  

F ix  y E F and c o n s i d e r  b i ( . , y )  : E * C. This  sequence  o f  

c o n t i n u o u s  l i n e a r  o p e r a t o r s  i s  p o i n t w i s e  bounded and, t h e r e f o r e ,  

u n i f o r m l y  bounded on ~ c o n v e r g e n t  s equences  in E ( C o r o l l a r y  4 . 4 ) .  

Hence,  ( b i ( x j , y )  : i , j )  i s  bounded f o r  each  y E F, i . e . ,  t h e  

f a m i l y  o f  o p e r a t o r s  {b i (x  j ,  . )  : i , j )  i s  p o i n t w i s e  bounded on F. 

By C o r o l l a r y  4 . 4 ,  t h i s  f a m i l y  i s  u n i f o r m l y  bounded on K c o n v e r g e n t  

s equences  in  F. Thus,  ( b i ( x j , y  k) : i ,  j ,  k} i s  bounded.  Th i s  

e s t a b l i s h e s  ( i ) .  

C o n d i t i o n  ( i i )  i s  e s t a b l i s h e d  in a s i m i l a r  f a s h i o n  u s i n g  

C o r o l l a r y  4 .4  ( i i ) .  

Theorem 7 can be viewed as a v e r s i o n  o f  the  G e n e r a l i z e d  Uniform 

Boundedness  P r i n c i p l e  (Theorem 4 .2 )  f o r  sequences  o f  s e p a r a t e l y  con-  

t i n u o u s  b i l i n e a r  maps. ( I n  t h i s  r e g a r d  a l s o  see  C o r o l l a r y  15 be low. )  

For  comple t e  s p a c e s  we have t he  f o l l o w i n g  
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C o r o l l a r y  8. Le t  {b i } be as  in  Theorem 7. I f  E and F a r e  

c o m p l e t e ,  t h e n  (b  i} i s  u n i f o r m l y  bounded on p r o d u c t s  o f  bounded 

s u b s e t s  o f  E and F. 

P r o o f :  The c o r o l l a r y  f o l l o w s  i m m e d i a t e l y  f rom Theorem 7 s i n c e  in  

c o m p l e t e  s p a c e s  a s e t  i s  J~ bounded i f f  i t  i s  bounded.  

Compare C o r o l l a r y  8 w i t h  4 0 . 4 . 9  o f  [ 4 7 ] .  

I f  E, F and G a r e  normed s p a c e s ,  t h e  c o n c l u s i o n  in  C o r o l l a r y  

8 i m p l i e s  t h a t  t h e  s e q u e n c e  {b i } i s  e q u i c o n t i n u o u s  s i n c e  i t  i s  u n i -  

f o r m l y  bounded on t h e  p r o d u c t  o f  t h e  u n i t  b a i l s  in  E and F, and,  

t h u s ,  in  t h e  c a s e  o f  normed s p a c e s ,  C o r o l l a r y  8 g i v e s  t h e  Bourbak i  

r e s u l t  in  [22] 1 5 . 1 4 . 3 .  

We p r e s e n t  an example  which shows t h a t  t h e  c o m p l e t e n e s s  a s sump-  

t i o n  in  C o r o l l a r y  8 canno t  be c o m p l e t e l y  d ropped .  

i 
Example 9. D e f i n e  b i : ~ x Coo ~ R by b i ( x , y )  =jE=lxjy 3 

where  x = ( x i ) ,  y = ( y i  }. Then e a c h  b i i s  s e p a r a t e l y  c o n t i n u o u s ,  

and t h e  s equence  (b i } i s  p o i n t w i s e  bounded on ~ x Coo. I f  e E ~= 

i s  t h e  c o n s t a n t  s equence  w i t h  a i in  e a c h  c o o r d i n a t e ,  t hen  

i 
b i ( e , f  i )  = i ,  where  f i  = E e j ,  so  t h a t  t h e  s equence  (b i} i s  not  

j= l  

bounded on t h e  p r o d u c t  (e} x ( f i  : i E ~{}. 

We n e x t  p r e s e n t  a n o t h e r  c o r o l l a r y  which  g i v e s  t h e  g e n e r a l  fo rm 

o f  t h e  Bourbak i  r e s u l t  g i v e n  in  [22] 1 5 . 1 4 . 3 .  

C o r o l l a r y  I 0 .  Le t  (b  i } be  as  in  Theorem 7. I f  E i s  c o m p l e t e ,  

t h e n  l im  b i ( x j , y  j )  = 0 u n i f o r m l y  in  i f o r  e a c h  s equence  ( x j )  in  
J 

E which  c o n v e r g e s  t o  0 and e a c h  s equence  { y j )  in  F which  i s  

c o n v e r g e n t .  
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P r o o f :  I f  t h e  c o n c l u s i o n  f a i l s ,  t h e r e  e x i s t s  a n e i g h b o rh o o d  U o f  0 

in  G such  t h a t  f o r  e a c h  i t h e r e  a r e  p o s i t i v e  i n t e g e r s  m i ,  n i ) i 

w i t h  bmi (Xni ,Yni )  ~ U. 

For  i 1 = 1 t h e r e  e x i s t  m 1, n 1 such  t h a t  b ml (x n l ,  Ynl) ~ U. 

By C o r o l l a r y  3 t h e r e  e x i s t s  i 2 > n 1 such t h a t  j ~ i 2 i m p l i e s  

b i ( x j , y  j )  fi U f o r  1 ~ i ~ m 1. Now t h e r e  e x i s t  n 2 > i 2 and m 2 

such t h a t  bm2(Xn2,Yn2) ~ U. Note t h a t  m 2 > m 1 and n 2 > n 1. 

Thus t h i s  c o n s t r u c t i o n  can be c o n t i n u e d  t o  p roduce  two subsequences  

{m i} and {n i} such  t h a t  bmi (Xni ,Yni )  ~ U. 

P i c k  a s equence  o f  p o s i t i v e  s c a l a r s  {t i} such  t h a t  t i X n i  * 0 

and t i ÷ ~. The sequence  { t iXn i}  i s  K c o n v e r g e n t  by t h e  c o m p l e t e -  

ness  o f  E so by Theorem 7, { b m i ( t i X n i , Y n i ) }  i s  bounded.  Thus,  

( 1 / t i ) b m i ( t i X n i , Y n i  } = bmi(Xni ,Yni )  ÷ 0 c o n t r a d i c t i n g  t h e  c o n s t r u c -  

t i o n  above .  

C o r o l l a r y  10 now y i e l d s  t he  Bourbaki  r e s u l t  ( [22]  1 5 . 1 4 . 3 )  in  

i t s  f u l l  g e n e r a l i t y  as  an immedia te  c o r o l l a r y .  

Corol la~-y I1 .  Le t  {b i } be as  in  Theorem 7. I f  E and F a r e  

c o m p l e t e ,  {b i} i s  e q u i c o n t i n u o u s .  

P r o o f :  Le t  x i * 0 in  E and Yi * 0 in  F. By t h e  c o m p l e t e n e s s ,  

{y i}  i s  K c o n v e r g e n t .  By C o r o l l a r y  10, l im b i ( x j , y  j )  = 0 u n i f o r m l y  
J 

in i ,  i . e . ,  {b i} i s  e q u i c o n t i n u o u s .  

The example p r e s e n t e d  in  Example 9 a g a i n  shows t h a t  t h e  com- 

p l e t e n e s s  a s sumpt ion  in  C o r o l l a r y  11 canno t  be c o m p l e t e l y  d ropped .  

(The c a l c u l a t i o n s  g i v e n  below in Example 13 show t h a t  t h e  sequence  

{b i} i s  not  e q u i c o n t i n u o u s . )  
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C o r o l l a r y  I0  a l s o  y i e l d s  an a n a l o g u e  o f  t h e  B a n a c h - S t e i n h a u s  

Theorem f o r  b i l i n e a r  maps ( s e e  4 . 5  and 5 . 1 ) .  

C o r o l l a r y  12. L e t  {b i } be  s e p a r a t e l y  c o n t i n u o u s  and such  t h a t  

l im b i ( x , y )  = b ( x , y )  e x i s t s  f o r  e a c h  ( x , y )  E E x F. I f  E and F 
i 

a r e  c o m p l e t e ,  t h e n  {b i} i s  e q u i c o n t i n u o u s  and b i s  c o n t i n u o u s .  

P r o o f :  The e q u i c o n t i n u i t y  f o l l o w s  f rom C o r o l l a r y  I1 .  I f  x j  * 0 in 

E and y j  * 0 in  F, t h e n  { y j )  i s  K c o n v e r g e n t  by t h e  c o m p l e t e -  

n e s s  o f  F so  C o r o l l a r y  10 i m p l i e s  t h a t  

l im b(x~,y;)j j  = l im l im bi(x~,y~)jj  = O, and b i s  c o n t i n u o u s .  
j j i 

The s equen ce  in  Example g shows t h a t  t h e  c o m p l e t e n e s s  assump-  

t i o n s  c a n n o t  be c o m p l e t e l y  d r o p p e d .  

We now c o n s i d e r  some r e s u l t s  on s e p a r a t e  e q u i c o n t i n u i t y  f o r  b i -  

l i n e a r  maps.  I f  {b i )  i s  a s equence  o f  b i l i n e a r  maps f rom 

E x F * G, t h e n  (b i} i s  r i g h t  ( l e f t )  e q u i c o n t i n u o u s  i f  t h e  f a m i l y  

o f  l i n e a r  maps { b i ( x , - )  : i} ( { b i ( . , y }  : i } )  i s  an e q u i c o n t i n u o u s  

f a m i l y  o f  l i n e a r  maps f rom F i n t o  fi (E i n t o  G) f o r  e a c h  x E E 

(y E F ) .  The s equence  i s  s e p a r a t e l y  e q u i c o n t i n u o u s  i f  i t  i s  b o t h  

r i g h t  and l e f t  e q u i c o n t i n u o u s .  

We g i v e  an example  o f  a s equence  o f  b i l i n e a r  maps which i s  l e f t  

e q u i c o n t i n u o u s  but  not  s e p a r a t e l y  e q u i c o n t i n u o u s .  

Example  13. Le t  {b i } be as  in  Example  9. F i x  y = {yj}  E Coo and 

n 

assume t h a t  y j  = 0 f o r  j ~ n. Then f o r  i i> n b i ( x , y )  = ~" x~y;  
j= l  J J  

n 
for x = {x j} E t. =° so that {{bi(-,y){{ ~< E [yj{ and, therefore,  

j=l 

{bi( . ,y)} is equicontinuous. Hence, {b i) is l e f t  equicontinuous. 

If  e E ~=o is the constant sequence with a 1 in each coordinate, 
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then ]{bi(e,.)]{ = i so that {bi(e,-)} is not equicontinuous. 

That is,  {b i } is not right equicontinuous and, therefore, not 

separately equicontinuous. 

We next  obse rve  t h a t  a l e f t  equ icon t inuous  sequence o f  b i l i n e a r  

maps i s  po in twi se  bounded. 

Proposition 14. Let b i : E x F ÷ G be lef t  equicontinuous. Then 

{b i} is pointwise bounded. 

Proof: Let (x,y) @ E x F and {t i} 6 c o . Then t i x ÷  0 in E so 

that t ib i (x ,y)  = bi(tix,Y) ~ O. Hence, {bi(x,y)} is bounded. 

From Proposition 14, i t  follows that the conclusions of Theorem 

7 and Corollaries 8, i0 and ii  hold for sequences of separately con- 

tinuous, lef t  equicontinuous bilinear maps. 

Note that i t  follows from Corollary 4 .5 . ( i i )  that i f  {b i} is a 

pointwise bounded sequence of separately continuous bilinear maps and 

i f  E is complete, then {b i] is lef t  equicontinuous. Combining 

this observation with Proposition 14 gives the following corollary. 

C o r o l l a r y  15. Let  {b i )  be s e p a r a t e l y  con t inuous .  

p l e t e ,  the  fo l l owing  a re  e q u i v a l e n t :  

( i )  {b i} i s  l e f t  equ icon t inuous  

( i i )  {b i} i s  po in twise  bounded. 

If E is com- 

The sequence in Example 13 shows that the completeness assump- 

tion on E in Corollary 15 cannot be dropped. (Reverse the spaces 

Coo and Z ~ in Example 13). 

Corollary 15 can be viewed as a version of the Uniform Bounded- 

ness Principle for sequences of separately continuous bilinear maps. 

(See Corollary 4.5.(ii).) 
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We now e s t a b l i s h  a g e n e r a l i z e d  v e r s i o n  o f  4 0 . 2 . 2  o f  [47] f o r  

F - s p a c e s .  S i n c e  a l e f t  e q u i c o n t i n u o u s  sequence  o f  s e p a r a t e l y  c o n t i n -  

uous b i l i n e a r  f u n c t i o n s  i s  p o i n t w i s e  bounded,  t h e  c o r o l l a r y  below 

f o l l o w s  im m ed ia t e ly  from C o r o l l a r y  11. However,  we g i v e  a d i r e c t  

p r o o f  based  o n l y  on t h e  Bas i c  Ma t r i x  Theorem. 

C o r o l l a r y  16. Le t  b i : E x F ~ G be s e p a r a t e l y  c o n t i n u o u s  and l e f t  

e q u i c o n t i n u o u s .  I f  E and F a r e  c o m p l e t e ,  t h e n  {b i} i s  e q u i c o n -  

t i n u o u s .  

P r o o f :  Le t  {xj} and {yj}  c o n v e r g e  t o  0 in  E and F,  r e s p e c -  

t i v e l y .  

C o n s i d e r  t h e  m a t r i x  [ z i j ]  = [ b i ( x i , Y j ) ] .  By t h e  l e f t  e q u i c o n -  

t i n u i t y  l im z i j  = 0 f o r  e a c h  j .  I f  {mj} i s  any i n c r e a s i n g  
i 

sequence  o f  p o s i t i v e  i n t e g e r s ,  by t he  c o m p l e t e n e s s  o f  F {mj} has  a 

subsequence  {nj} such t h a t  t h e  s e r i e s  ~ Ynj i s  c o n v e r g e n t .  By 

t h e  s e p a r a t e  c o n t i n u i t y ,  Zj Zin j = b i ( x i ,  yn. ) , j  and t h e  l e f t  

e q u i c o n t i n u i t y  t h e n  i m p l i e s  t h a t  l im ~ Z in j  = 0. That  i s ,  t h e  m a t r i x  
1 J 

[ z i j ]  i s  a K m a t r i x .  By t h e  Bas i c  Ma t r ix  Theorem, 

l im z i i  = l im b i ( x i , Y  i )  = 0, and t he  r e s u l t  f o l l o w s .  
i 

For  t h e  c a s e  o f  comp le t e  m e t r i c  l i n e a r  s p a c e s ,  C o r o l l a r y  16 

g i v e s  a g e n e r a l i z a t i o n  o f  4 0 . 2 . 2  o f  [47] where  i t  i s  shown t h a t  any 

s e p a r a t e l y  e q u i c o n t i n u o u s  s equence  i s  e q u i c o n t i n u o u s .  Note t h a t  t h e  

r e s u l t  above u se s  o n l y  t h e  e q u i c o n t i n u i t y  in  one o f  t h e  v a r i a b l e s .  

The sequence  in  Example 13 shows t h a t  t h e  c o m p l e t e n e s s  a s sumpt ion  

canno t  be c o m p l e t e l y  e l i m i n a t e d .  

F i n a l l y ,  we c o n c l u d e  t h i s  s e c t i o n  by c o n s i d e r i n g  a r e s u l t  on 

u n i f o r m  h y p o c o n t i n u i t y  o f  b i l i n e a r  maps. Le t  {b i} be a s equence  o f  

b i l i n e a r  maps f rom E x F i n t o  G and l e t  ~ be a f a m i l y  o f  sub -  
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s e t s  o f  F.  The sequence  {b i} i s  s a i d  t o  be ~ - e q u i h y p o c o n t i a u o u s  

i f  g iven  any ne ighborhood  U o f  0 in  G and any N E K, t h e r e  i s  

a ne ighborhood  V o f  0 in E such  t h a t  b i (V,N)  E U f o r  a l l  i .  

We now e s t a b l i s h  t h e  a n a l o g u e s  o f  C o r o l l a r i e s  3 and S f o r  

s e q u e n c e s  o f  b i l i n e a r  maps. 

Theorem 17. Le t  b i : E x F ÷ G be s e p a r a t e l y  c o n t i n u o u s  and 

l e f t  e q u i c o n t i n u o u s .  Then {b i} i s  

( i )  K ( F ) - e q u i h y p o c o n t i n u o u s  and 

( i i )  ~ ( F ) - e q u i h y p o c o n t i n u o u s  

P r o o f :  For  ( i ) ,  i t  s u f f i c e s  t o  show t h a t  l im b i ( x i , Y  j )  = 0 u n i -  
i 

f o rmly  in  j when x i ~ 0 in E and {yj}  i s  K c o n v e r g e n t  in  F. 

C o n s i d e r  t he  m a t r i x  [ z i j ]  = [ b i ( x  i ,  y j ) ] .  I f  {mj} i s  any s u b s e -  

quence ,  t hen  by t h e  K c o n v e r g e n c e  o f  {y j}  t h e r e  i s  a s u b s e q u e n c e  

{nj} o f  {mj} such  t h a t  ~ Ynj c o n v e r g e s  t o  an e lement  y o f  F.  

By t he  s e p a r a t e  c o n t i n u i t y  ~j Zin j c o n v e r g e s  and 

liml ~J Z in j  = liml b i ( x i '  y) e x i s t s  by t he  l e f t  e q u i c o n t i n u i t y .  S ince  

l im z i j =  0 f o r  each  j by t he  l e f t  e q u i c o n t i n u i t y ,  [ z i j ]  i s  a 
1 

m a t r i x .  By t he  B a s i c  Mat r ix  Theorem, l im b i { x i ,  y j )  = 0 u n i f o r m l y  
i 

in j .  

For  ( i i ) ,  i t  s u f f i c e s  t o  show t h a t  l im b i ( x i , Y  j )  = 0 u n i f o r m -  
i 

in  j when x i * 0 in  E and {yj}  i s  ~ bounded.  I f  t h i s  c o n d i -  

t i o n  f a i l s  t o  ho ld ,  t h e n ,  as  in  t h e  p r o o f  o f  C o r o l l a r y  10, t h e r e  

e x i s t  a ne ighborhood  U o f  0 in G and s u b s e q u e n c e s  {mi}, {n i} 

such  t h a t  bmi(Xmi,Yni)  ~ U. P ick  a sequence  o f  p o s i t i v e  s c a l a r s  

{t i} such  t h a t  t i * ~ and tlXmi. * O. Then { (1 / t i )Yn l} .  i s  K 
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c o n v e r g e n t  SO by t h e  f i r s t  p a r t ,  

limi b m i ( t i x m i '  ( I / t i ) Y n i )  = limi bm1(" xmi 'Yn i )  = 0.  

T h i s  g i v e s  t h e  d e s i r e d  c o n t r a d i c t i o n .  

For  t h e  c a s e  when F i s  a complete m e t r i c  l i n e a r  space ,  Theorem 

17 y i e l d s  4 0 . 2 . 3 ( b )  o f  [47] (o r  P r o p o s i t i o n  I I I . 4 . 1 4  o f  [22] )  as  an 

immedia te  c o r o l l a r y .  That  i s ,  i f  F i s  c o m p l e t e ,  t h e n  {b i )  i s  

e q u i h y p o c o n t i n u o u s  w i t h  r e s p e c t  t o  t he  f a m i l y  o f  bounded s u b s e t s  o f  

F. Note t h a t  o n l y  t h e  e q u i c o n t i n u i t y  in  one o f  t h e  v a r i a b l e s  i s  used 

in t h i s  r e s u l t .  I t  i s  a l s o  w o r t h w h i l e  n o t i n g  t h a t  Theorem 17 i s  

v a l i d  w i t h  no c o m p l e t e n e s s  o r  b a r r e l l e d n e s s  a s s u m p t i o n s ,  and a l s o  

t h a t  t h e  n o n - l o c a l l y  convex  c a s e  i s  c o v e r e d  in  Theorem 17. 

F i n a l l y ,  n o t e  t h a t  i f  b o t h  E and F a r e  c o m p l e t e  and {b i } 

i s  a s equence  o f  p o i n t w i s e  bounded,  s e p a r a t e l y  c o n t i n u o u s  b i l i n e a r  

maps, t h e n  C o r o l l a r y  1S and Theorem 17 imply t h a t  {b i } i s  e q u i h y -  

p o c o n t i n u o u s  w i t h  r e s p e c t  t o  t h e  f a m i l y  o f  bounded s u b s e t s  o f  F. 

(Compare w i t h  E x e r c i s e  4 0 . 8 . c  o f  [ 2 2 ] . )  



7. O r l i c z - P e t t i s  Theorems 

In t h i s  s e c t i o n  we c o n s i d e r  t he  a p p l i c a t i o n  o f  m a t r i x  methods 

t o  O r l i c z - P e t t i s  t y p e  theorems .  The c l a s s i c a l  O r l i c z - P e t t i s  Theorem 

f o r  normed spaces  has been c o n s i d e r e d  in s e c t i o n  3 as an a p p l i c a t i o n  

o f  a r e s u l t  on K c o n v e r g e n t  sequences  {3 .7 ) .  The c l a s s i c a l  O r l i c z -  

P e t t i s  Theorem g u a r a n t e e s  t h a t  any s e r i e s  in  a normed space  which i s  

s u b s e r i e s  c o n v e r g e n t  f o r  t h e  weak t o p o l o g y  i s  a c t u a l l y  s u b s e r i e s  

c o n v e r g e n t  f o r  t h e  s t r o n g e r  norm t o p o l o g y .  Th i s  r e s u l t  was o r i g i n a l -  

ly  p roven  by O r l i c z  f o r  s e q u e n t i a l l y  weakly  comple t e  spaces  ( [ 5 5 ] } ,  

and t he  f i r s t  p r o o f  o f  t he  r e s u l t  f o r  g e n e r a l  normed spaces  which was 

a v a i l a b l e  t o  n o n - P o l i s h  speak ing  m a t h e m a t i c i a n s  was g iven  by P e t t i s  

( [ 5 9 1 ) .  An O r l i c z - P e t t i s  t y p e  o f  r e s u l t  i s  a theorem t h a t  a s s e r t s  

t h a t  a s e r i e s  which  i s  s u b s e r i e s  c o n v e r g e n t  in  some t o p o l o g y  i s  

a c t u a l l y  s u b s e r i e s  c o n v e r g e n t  in  some s t r o n g e r  t o p o l o g y .  The l i t e r -  

a t u r e  abounds w i t h  such O r l i c z - P e t t i s  t y p e  r e s u l t s .  We w i l l  p r e s e n t  

s e v e r a l  such r e s u l t s  which can be o b t a i n e d  by m a t r i x  methods ,  but  no 

a t t emp t  w i l l  be made t o  g i v e  a comple te  su rvey  o f  such O r l i c z - P e t t i s  

t y p e  r e s u l t s .  For  h i s t o r i c a l  remarks  and e x t e n s i v e  r e f e r e n c e s  t o  

O r l i c z - P e t t i s  r e s u l t s ,  t h e  r e a d e r  i s  r e f e r r e d  t o  [34] 1 .6  o r  [ 3 1 ] .  

R e c a l l  t h a t  a s e r i e s  Zxj in t h e  t o p o l o g i c a l  g roup  E i s  

s u b s e r i e s  c o n v e r g e n t  i f  f o r  each  subsequence  {Xk.}, t he  s u b s e r i e s  
J 

Zx,. c o n v e r g e s  in E. When t h e r e  i s  more than  one g roup  t o p o l o g y  

on E, we have t h e  f o l l o w i n g  c r i t e r i a  f o r  s u b s e r i e s  c o n v e r g e n c e  in 

bo th  t o p o l o g i e s .  

Theorem 1. Let  o be a g roup  t o p o l o g y  on 

the  o r i g i n a l  t o p o l o g y  o f  E and such t h a t  

which c o n s i s t s  o f  s e t s  which a r e  c l o s e d  f o r  

E which i s  weaker than  

E has a b a s i s  a t  0 

o .  I f  each  s e r i e s  Hx: 
1 
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in E which i s  s u b s e r i e s  c o n v e r g e n t  f o r  o s a t i s f i e s  l i m [ x i [  = O, 

then  each  s e r i e s  in  E which i s  s u b s e r i e s  c o n v e r g e n t  f o r  o i s  a l s o  

s u b s e r i e s  c o n v e r g e n t  f o r  the  o r i g i n a l  t o p o l o g y .  

For  t he  p r o o f  o f  Theorem 1, see  [77 ] ,  I I . 1  or  [30 ] ,  I V . I . 1 .  

We f i r s t  c o n s i d e r  t he  c l a s s i c a l  O r l i c z - P e t t i s  Theorem. Th i s  

r e s u l t  was d e r i v e d  in 3 .8  as  a c o r o l l a r y  o f  a r e s u l t  on X c o n v e r -  

gence ;  he re  we g i v e  a s imple  d i r e c t  p r o o f  based on t he  Bas ic  Mat r ix  

Theorem. 

Theorem 2. ( O r l i c z - P e t t i s )  Let  X be a normed space  and l e t  Zx i 

be s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  the  weak t o p o l o g y .  Then Ex i 

i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  the  norm t o p o l o g y .  

P r o o f :  By r e p l a c i n g  X by t he  c l o s e d  subspace  spanned by the  {xi} ,  

we may assume t h a t  X i s  s e p a r a b l e .  

i 
Let  {Xn'}l be a subsequence  o f  {x i} and s e t  s i  = k=lZ xnk. 

We claim that {s i} is a norm Cauchy sequence. For th is ,  let  {pi ) 

be an i n c r e a s i n g  sequence  o f  p o s i t i v e  i n t e g e r s  and 

Pi÷l  
z i - = Z , and no te  t h a t  i t  s u f f i c e s  t o  show = Spi+l SP i k=Pi+IXnk 

I I i 

that [ Izi l  I ÷ 0. For each i ,  pick z i 6 X such that l lz i l  I = l 
I 

and < z i , z i  > = [ [ z i [  1. S ince  X i s  s e p a r a b l e ,  by t he  Banach -Alaog lu  
0 J 

Theorem, {z i} has a subsequence  {Zki} which c o n v e r g e s  weak ~ t o  an 

I I 

element  z E X . 
i 

C o n s i d e r  the  m a t r i x  [ z i j ]  = [ < Z k i , Z k . > l .  By the  weak ~ c o n v e r -  
J 

g 

gence  o f  {Zki } and the  weak s u b s e r i e s  c o n v e r g e n c e  o f  Zz i ,  t h e  

matrix [zij]  is a ~ matrix. The Basic hiatrix Theorem implies 

that lim zi i  : lim llZki[l = O. Since the same argument can be 



60 

a p p l i e d  t o  e a c h  s u b s e q u e n c e  o f  {z i )  , t h i s  shows t h a t  J l z i l l  * 0. 

S i n c e  {s i} i s  norm Cauchy and weak ly  c o n v e r g e n t ,  i t  f o l l o w s  

t h a t  Ex i i s  norm s u b s e r i e s  c o n v e r g e n t .  

The l o c a l l y  convex  v e r s i o n  o f  t h e  0 r l i c z - P e t t i s  Theorem f o l l o w s  

d i r e c t l y  f rom Theorem 2 by s i m p l y  a p p l y i n g  Theorem 2 t o  e a c h  c o n t i n -  

uous  s e m i - n o r m  on t h e  s p a c e .  That  i s ,  i f  X i s  a l o c a l l y  convex  

s p a c e  and i f  t h e  s e r i e s  Ex i i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  

t h e  weak t o p o l o g y  o f  X, t h e n  t h e  s e r i e s  i s  a l s o  s u b s e r i e s  c o n -  

v e r g e n t  w i t h  r e s p e c t  t o  t h e  Mackey t o p o l o g y  o f  X. In  [ 7 8 ] ,  Tweddle  

has  e s t a b l i s h e d  a v e r y  g e n e r a l  fo rm o f  t h e  O r l i c z - P e t t i s  t o p o l o g y  f o r  

l o c a l l y  convex  s p a c e s .  We now g i v e  a r e s u l t  o f  somewhat t h e  same 

n a t u r e  a s  T w e d d l e ' s  r e s u l t  which  can  be d e r i v e d  f rom t h e  B a s i c  M a t r i x  

Theorem. 

Le t  E be a l o c a l l y  convex  s p a c e  and l e t  J be t h e  f a m i l y  o f  
I 

a l l  s e r i e s  in  E which  a r e  weak s u b s e r i e s  c o n v e r g e n t .  Le t  G be 

t h e  v e c t o r  s p a c e  o f  a l l  l i n e a r  f u n c t i o n a l s  y on E such  t h a t  
$ w I I 

<y , Exi> = E <y , x i >  f o r  a l l  Ex i E J .  C l e a r l y  E c O . With 
i i 

0 

r e s p e c t  t o  t h e  n a t u r a l  d u a l i t y  be tween E and fi , we have  t h e  

f o l l o w i n g  O r l i c z - P e t t i s  t y p e  r e s u l t .  

Theorem 3. I f  Zx i i s  weak s u b s e r i e s  c o n v e r g e n t  in  t h e  l o c a l l y  c o n -  

vex s p a c e  E, t h e n  Ex i i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  t h e  
0 I 

t o p o l o g y  o f  u n i f o r m  c o n v e r g e n c e  on o(G ,E ) -Cauchy  s e q u e n c e s  in  G . 

P r o o f :  Le t  {y j}  ~ G be o(G , E ) - C a u c h y .  C o n s i d e r  t h e  m a t r i x  
J I s 

[ z i j ]  = [ < Y i , x j > l .  Now l im z i j  e x i s t s  s i n c e  ( y j }  i s  o(G , E ) -  
1 

Cauchy.  Fo r  any s u b s e q u e n c e  { k j ) ,  t h e  s equence  {Zj Zik  j}  = 

{<Yi '  Ej Xkj>. } c o n v e r g e s  s i n c e  {yi } i s  o lG , E ) - C a u c h y .  Thus,  

[ z i j ]  i s  a K m a t r i x .  The B a s i c  M a t r i x  Theorem i m p l i e s  t h a t  
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lim zi j  = 0 uniformly in i ,  i . e . ,  lim xj = 0 in the topology of 
J J 

uniform convergence on a(G ,E)-Cauchy sequences. Theorem 1 now 

gives the result .  

Tweddle's Orlicz-Pettis  result is somewhat different than 

Theorem 3 and in some sense is the strongest type of Orlicz-Pett is  

result that can be obtained for locally convex spaces. Tweddle shows 

that i f  Ex i is weak subseries convergent, then Ex i is subseries 

convergent with respect to the Mackey topology T(E,G ). Moreover, 
I 

he shows that T(E,G ) is the strongest locally convex topology on 

E such that every element of 3 is subseries convergent. 

Although Tweddle's result is more comprehensive than Theorem 3, 

Theorem 3 is general enough to have some interesting consequences. 

At this point we present an application of Theorem 3 to the scalar 

version of the Nikodym Convergence Theorem for countably additive 

measures .  That i s ,  we show t h a t  t he  Nikodym Convergence  Theorem can 

be viewed as an O r l i c z - P e t t i s  r e s u l t .  Let  E be a o - a l g e b r a  o f  sub-  

s e t s  o f  a s e t  S and l e t  ~i : E * R be c o u n t a b l y  a d d i t i v e  f o r  each  

i E ~. Assume t h a t  l im ~ i (E )  = ~(E) e x i s t s  f o r  each  E E E. Let  
i 

S(E) be t he  v e c t o r  space  o f  a l l  E - s i m p l e  f u n c t i o n s  and l e t  ca (E)  be 

a l l  c o u n t a b l y  a d d i t i v e  measures  on E. Equip  S(E) w i t h  t he  weak 

t o p o l o g y  o ( S ( E ) ,  c a ( E ) )  = o from t h e  n a t u r a l  d u a l i t y  between S(E) 

and c a ( E ) .  I f  {Ej} i s  a d i s j o i n t  sequence  from E, t h e  s e r i e s  

E C E i s  o - s u b s e r i e s  c o n v e r g e n t  in  S (E) .  By Theorem 3, t he  s e r i e s  
J J 

i s  s u b s e r i e s  c o n v e r g e n t  in t he  t o p l o g y  o f  un i fo rm c o n v e r g e n c e  on 

o ( c a ( Z ) ,  $ ( E ) )  - Cauchy s e q u e n c e s .  But ,  t h e  sequence  {gi } i s  

o ( c a ( E ) ,  S (E) )  Cauchy by h y p o t h e s i s .  Th i s  means t h a t  t he  s e r i e s  

g i ( E j )  c o n v e r g e  u n i f o r m l y  in i ,  i . e . ,  t h e  {~i } a r e  u n i f o r m l y  
3 

c o u n t a b l y  a d d i t i v e .  Th i s  i s  p a r t  o f  t he  c o n c l u s i o n  in  the  Nikodym 

Convergence  Theorem (Theorem S.9  ( i i ) ) .  The o t h e r  p a r t  o f  t he  con-  

c l u s i o n  (Theorem 5 .9  ( i ) )  f o l l o w s  from t h i s .  
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N o t i c e  t h a t  t h e  a n a l o g u e  o f  Theorem 2 f o r  t h e  weak ~ t o p o l o g y  i s  

in  g e n e r a l  f a l s e .  For  example ,  t h e  s e r i e s  Ze j  in  ~ i s  weak ~ 

s u b s e r i e s  c o n v e r g e n t  bu t  c e r t a i n l y  not  norm s u b s e r i e s  c o n v e r g e n t .  

D i e s t e l  and F a i r e s  have  g i v e n  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  

an O r l i c z - P e t t i s  r e s u l t  t o  h o l d  r e l a t i v e  t o  t h e  weak ~ and norm t o p o -  

l o g i e s  ( [ 3 3 ] ) .  We d e r i v e  t h e  D i e s t e l - F a i r e s  r e s u l t  in  i t s  f u l l  

g e n e r a l i t y  in  s e c t i o n  10. At t h e  p r e s e n t  t i m e  we d e r i v e  a somewhat 

l e s s  g e n e r a l  r e s u l t  t h a t  f o l l o w s  q u i c k l y  f rom t h e  m a t r i x  methods  

employed up t o  t h i s  p o i n t .  

Theorem 4.  Le t  X be a normed s p a c e  such  t h a t  X c o n t a i n s  no s u b -  
e 

space isomorphic (topologically) to £I If Ex i is weak ~ subseries 
~ t 

c o n v e r g e n t  in  X , t h e n  Zx i i s  norm s u b s e r i e s  c o n v e r g e n t .  

P r o o f :  For  e a c h  i p i c k  x i E X such  t h a t  [ [ x i [  [ = 1 -and 
e 

<x i ,  x i>  + ( 1 / i )  > [ [ x i [  ]. By a r e s u l t  o f  R o s e n t h a l  ( [49]  2 . e . 5 ) ,  

{x i} has  a s u b s e q u e n c e  {Xki} which  i s  weak Cauchy.  C o n s i d e r  t h e  

w 

m a t r i x  [ z i j ]  = [<Xkj ,  Xki>] .  S i n c e  {x i} i s  weak Cauchy and t h e  

s e r i e s  Exj  i s  weak ~ s u b s e r i e s  c o n v e r g e n t ,  [ z i j ]  i s  a X m a t r i x .  

The B a s i c  M a t r i x  Theorem i m p l i e s  t h a t  l im  z i i  = 0 so  t h a t  
i 

l i m  [ [ x i [  [ = O. Theorem 1 now g i v e s  t h e  r e s u l t .  

The D i e s t e l - F a i r e s  r e s u l t  m e n t i o n e d  above  r e p l a c e s  t h e  c o n d i t i o n  

t h a t  X c o n t a i n s  no s u b s p a c e  i s o m o r p h i c  t o  £1 by t h e  more g e n e r a l  
e 

c o n d i t i o n  t h a t  X c o n t a i n s  no s u b s p a c e  i s o m o r p h i c  t o  £~. We c o n -  

s i d e r  t h i s  more g e n e r a l  r e s u l t  in  s e c t i o n  10. 

We nex t  c o n s i d e r  an O r l i c z - P e t t i s  r e s u l t  f o r  compact  o p e r a t o r s  

which  i s  due t o  K a l t o n  ( [ 4 4 ] ) .  I f  X and Y a r e  normed s p a c e s ,  l e t  

K(X,Y) be t h e  s p a c e  o f  compact  o p e r a t o r s  f rom X i n t o  Y. R e c a l l  

t h a t  t h e  weak o p e r a t o r  t o p o l o g y  on K(X,Y) i s  g e n e r a t e d  by t h e  s e m i -  
! , $ 

norms T * [ <y , Tx > [,  x fi X, y E Y ( [ 3 8 1 V I .  1 . 3 ) .  K a l t o n ' s  
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r e s u l t  is g i v e n  in  

Theorem 5. Le t  E T i be s u b s e r i e s  c o n v e r g e n t  in  K(X,Y) w i t h  r e -  

s p e c t  t o  t h e  weak o p e r a t o r  t o p o l o g y .  I f  X c o n t a i n s  no subspace  

i somorph ic  t o  ~ ,  t hen  E T i i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  

t o  t h e  norm t o p o l o g y  o f  K(X,Y). 

P r o o f :  F i r s t  n o t e  t h a t  s i n c e  each  T i i s  compact)  i t  has s e p a r a b l e  

r ange .  T h e r e f o r e ,  by r e p l a c i n g  Y by t h e  c l o s e d  subspace  spanned by 

t h e  r a n g e s  o f  t h e  { T i ) ,  we may assume t h a t  Y i s  s e p a r a b l e .  

Next ,  o b s e r v e  t h a t  t h e  s u b s e r i e s  c o n v e r g e n c e  o f  E Tj in  t h e  

T' ' weak o p e r a t o r  t o p o l o g y  i m p l i e s  t h a t  t he  s e r i e s  E j y  = E y T j  i s  

weak ~ s u b s ) t i e s  c o n v e r g e n t  in  X' f o r  each  y '  E Y ' .  S i n c e  X con-  
I I  

rains no copy of ~ , the series E Tjy is actually norm subs)ties 

convergent ([33] 1.2 or I0. i0) .  
0 ° 0 

For each j pick yj E Y such  that [[yj[[ = 1 and 

T' ' ' II j Y j [ I  + ( l / j ) )  I IT j l l  = I I T j l I .  S i n c e  V i s  s e p a r a b l e ,  t h e  
e ) 

Banach-Alaog lu  Theorem i m p l i e s  t h a t  ( y j }  has a subsequence  {Ykj} 

) o 

which c o n v e r g e s  weak ~ t o  an e l emen t  y C Y . To a v o i d  n o t a t i o n a l  

d i f f i c u l t i e s  l a t e r ,  we assume k i = i .  
' '  

NOw c o n s i d e r  t he  m a t r i x  [ z i j ]  = [T jy  i]  = [ y . T j ] .  For  e a c h  j ,  

= T '  ' l im z i j  l im jYi e x i s t s  in  norm by t h e  compac tness  o f  Tj 
i 1 

( [38]  VI. 5 . 6 ) .  I f  {mj} i s  any subsequence ,  t h e  s e r i e s  
| I 

E Zim j = E TmjY i c o n v e r g e s  in  norm f o r  each  i .  Moreover ,  
J J 

limi Ej Zim j = limi Zj Yi Tmj = limi Yi Ej Tmj = limi (Ej Tmj) Yi 

e x i s t s  in norm by t h e  compac tness  o f  Zj Tmj ( [38]  Vl.  5 . 6 ) .  Hence,  

[ z i j ]  i s  a ~ m a t r i x .  By t he  Bas i c  Ma t r i x  Theorem, 

l im [ [ z i i [ [  = l im [ [T iYi [  [ = 0 so l im [ [T i [  [ = l im [ [ T i [ [  = 0,  
i i i i 
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and Theorem 1 g i v e s  t he  r e s u l t .  

There  a r e  s e v e r a l  o b s e r v a t i o n s  c o n c e r n i n g  Theorem S t h a t  shou ld  

be made. F i r s t ,  Theorem 5 i s  b a s i c a l l y  o n l y  v a l i d  f o r  compact  o p e r a -  

t o r s ,  such a r e s u l t  w i l l  not  g e n e r a l l y  ho ld  f o r  L(X,Y) u n l e s s  

L(X,Y) = K(X,Y). For  example,  l e t  X be a B- space  w i t h  an u n c o n d i -  

t i o n a l  Schauder  b a s i s  { x i , f  i} (where f i  i s  t he  c o e f f i c i e n t  

f u n c t i o n a l  w i t h  r e s p e c t  t o  x i ) .  Now suppose  X has t he  p r o p e r t y  

t h a t  in t he  space  L(X,Y) any s e r i e s  which i s  s u b s e r i e s  c o n v e r g e n t  

in  t h e  weak o p e r a t o r  t o p o l o g y  i s  s u b s e r i e s  c o n v e r g e n t  f o r  t h e  norm 

t o p o l o g y .  Let  Pk be t he  p r o j e c t i o n  Pk x = < f k '  X>Xk' Then f o r  any 

T E L(X,Y),  t he  s e r i e s  H TP k i s  s u b s e r i e s  c o n v e r g e n t  f o r  t he  
k 

s t r o n g  o p e r a t o r  t o p o l o g y  and,  t h e r e f o r e ,  f o r  t he  weak o p e r a t o r  t o p o -  

l ogy .  I f  t h i s  s e r i e s  i s  norm s u b s e r i e s  c o n v e r g e n t ,  t he  sequence  o f  

i 
compact  o p e r a t o r s  { ~ TP k} i s  norm c o n v e r g e n t  t o  T so t h a t  

k=l 

T 6 K(X,Y). That i s ,  L(X,Y) = K(X,Y). In p a r t i c u l a r ,  i f  X = Y 

and X has  the  p r o p e r t y  above ,  L(X,X) = K(X,X), and X must be 

finite dimensional. 

Next note that the assumption that X contains no subspace 

isomorphic to Z~ is actually necessary in the following sense. If 

the conclusion of Theorem 5 holds for all normed spaces Y, it must 

hold for the scalar field R. But the weak operator topology of 
e m 

K(X,R) = X iS just the weak ~ topology of X . Therefore, if the 

conclusion of the theorem holds, weak M subseries convergent series 

must be norm subseries convergent. By the Diestel-Faires result 
I 

( [ 3 3 ] ) ,  X canno t  c o n t a i n  a subspace  i somorph ic  t o  Z ~ . A more 

comple t e  s t u d y  o f  t h i s  s i t u a t i o n  i s  g i v e n  in  [ 3 2 ] .  

We next  c o n s i d e r  r e s u l t s  c o n c e r n i n g  the  t o p o l o g y  o f  p o i n t w i s e  

c o n v e r g e n c e  in s e v e r a l  o f  t he  c l a s s i c a l  f u n c t i o n  s p a c e s .  Let  S be 

a c o m p a c t  H a u s d o r f f  space  and l e t  CG(S) be t h e  space  o f  a l l  c o n t i n -  

uous f u n c t i o n s  from S i n t o  G, where G i s  a normed g roup .  The 
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t o p o l o g y  o f  p o i n t w i s e  convergence  on CG(S) i s  t h e  t o p o l o g y  induced 

by t h e  f a m i l y  o f  quas i -no rms ,  f ÷ I f ( t ) [ ,  where t E S and [[ i s  

t h e  quasi=norm which g e n e r a t e s  t he  t opo l o g y  o f  G. The t o p o l o g y  o f  

un i fo rm convergence  on CG(S) i s  g e n e r a t e d  by t h e  quas i -no rm 

If[  = s u p { I f ( t ) [  : t E S) .  Concern ing  the  f u n c t i o n  space CG(S), we 

have the  f o l l o w i n g  O r l i c z - P e t t i s  r e s u l t .  

Theorem 6. Le t  ( f i  } ~CG(S) .  I f  Ef  i i s  s u b s e r i e s  conve rgen t  w i t h  

r e s p e c t  t o  t he  t opo logy  of  p o i n t w i s e  convergence ,  then  Zf  i i s  

s u b s e r i e s  conve rgen t  w i t h  r e s p e c t  t o  t he  t o p o l o g y  o f  un i fo rm c o n v e r -  

gence .  

P roof :  From Theorem I ,  i t  s u f f i c e s  t o  show t h a t  ( f i )  converges  t o  

0 in  norm. For  each  i p i ck  t i E S i such t h a t  

[ f i ( t i ) ]  = sup { [ f i ( t i ) [  : t E S} = I f i l .  

We make the  f o l l o w i n g  c l a im:  t h e r e  e x i s t  a subsequence  ( tmj} 

o f  {t i} and a t E S such t h a t  limi f . ( t j  mi) = f j ( t )  f o r  each  

j E B .  

For t h i s ,  l e t  G !1 be t h e  space  o f  a l l  G-va lued  sequences  

equipped w i t h  t he  quas i -no rm 

ig l  = ~ Ig i l  /2  i (1 + I g i l )  , 
i = l  

where g = ( g l , g  2 . . . .  ) E G ~. De f ine  F : S ~ G ~ by 

F ( s )  = ( f l ( s ) , f 2 ( s )  . . . .  ).  Note t h a t  F i s  c o n t i n u o u s  s i n c e  each  f i  

i s  c o n t i n u o u s .  The s e t  F(S) i s  compact and,  moreover ,  s i n c e  G [q 

i s  a m e t r i c  group,  t h i s  s e t  i s  s e q u e n t i a l l y  compact .  Thus,  t h e r e  i s  

a subsequence  {F(tmi} o f  { F ( t i ) }  and an e lement  F ( t )  E F(S) such 

t h a t  F ( t m i )  ~ F ( t )  o r ,  e q u i v a l e n t l y ,  l imx f j ( t m i )  = f j ( t )  f o r  each  

j .  This  e s t a b l i s h e s  t he  c l a i m  above. 
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Now suppose t h a t  { [ f i [ }  d o e s n ' t  conve rge  to  Oo Then we may 

assume t h a t  t h e r e  e x i s t s  e > 0 such t h a t  [ f i  [ ~ e f o r  each  i .  By 

t h e  c l a i m  above t h e r e  e x i s t  a subsequence  {tmi} o f  {t i} and t E S 

such t h a t  liml f j ( t m i }  = f j ( t )  f o r  each  j .  To avo id  s u b s c r i p t s  

assume t h a t  m i = i .  Note t h a t  f j ( t )  ÷ 0 by t h e  p o i n t w i s e  s u b s e r -  

i e s  c o n v e r g e n c e .  Cons ide r  t h e  m a t r i x  Z = [ z i j ]  = [ f j ( t  i )  - f j ( t ) ] .  

Note t h a t  t h e  rows and columns o f  Z bo th  converge  to  0. Choose 

e i j  > 0 such t h a t  ~ e i j  < =" By L e n a  2 .1 ,  t h e r e  i s  an i n c r e a s i n g  
1) j  

sequence  o f  p o s i t i v e  i n t e g e r s  {pi} such t h a t  [ZpiPj [ < e i j  f o r  

i # j .  Let  f E CG(S) be such t h a t  ~ f p  (s} = f ( s )  f o r  s E S. 
j= l  j 

In p a r t i c u l a r ,  j=lZ f p j ( t p i )  = f ( t p i )  f o r  each  i .  By the  c l a im  above,  

t h e r e  e x i s t  a subsequence  {qi} of  {pi } and an x E S -such  t h a t  

liml f p j ( t q i )  = fp j (X)  f o r  each  j and f ( t q i )  ÷ f ( x ) .  Moreover ,  

limi fPj(" t q i )  = f p j ( t ) .  Hence,  fp j (X)  = f p j ( t )  f o r  each  j ,  and, 

t h e r e f o r e ,  

If(x) - f(t)[ = [ ~j fpj(X) - ~3 fpj(t)[ < ~O [fpj(X) - fpj(t}] = O. 

By the triangle inequality, we have 

[fqi(tqi) - fqi(t)[ ~ j#i[fqj(tqjZ ) - fqj(t)[ + [f(tqi) - f(t)[ 

Z e. - + If(  ) - f ( x ) [  + [ f ( x )  - f ( t ) [  
j= l  l J  t q i  

= j=IZ e..13 + [ f ( t q i )  - f ( x ) [  

Thus, [ fq l  (" t q i )  - f q i ( t ) [  ÷ 0 and s i n c e  f q i ( t )  ÷ 0, we have 
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I f q i ( t q i ) l  ÷ 0 which  c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  [ f i  [ ~ e.  

Hence ,  [ f i  I ÷ 0 and t h e  t h e o r e m  i s  e s t a b l i s h e d .  

The t h e o r e m  above  was e s t a b l i s h e d  by Thomas f o r  t h e  c a s e  when G 

i s  a normed s p a c e  ( [77]  I I . 4 ) .  Note  t h a t  t h e  m a t r i x  methods  above  

e a s i l y  h a n d l e  t h e  g r o u p  c a s e .  The g r o u p  c a s e  o f  t h e  r e s u l t  above  was 

e s t a b l i s h e d  in  [70] by u s i n g  t h e  A n t o s i k - M i k u s i n s k i  D i a g o n a l  Theorem. 

In  t h e  c a s e  when S i s  m e t r i z a b l e ,  Thomas a l s o  shows t h a t  i f  a 

s e r i e s  E f i  in  CG(S) i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  t h e  

t o p o l o g y  o f  p o i n t w i s e  c o n v e r g e n c e  on a d e n s e  s u b s e t  D o f  S, t h e n  

i t  i s  a l s o  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  t h e  t o p o l o g y  o f  u n i -  

form c o n v e r g e n c e .  The m a t r i x  method employed in t h e  p r o o f  o f  Theorem 

6 a l s o  y i e l d s  t h i s  r e s u l t .  

Le t  D be a d e n s e  s u b s e t  o f  S. The t o p o l o g y  o f  p o i n t w i s e  

c o n v e r g e n c e  on D i s  t h e  t o p o l o g y  g e n e r a t e d  by t h e  f a m i l y  o f  q u a s i -  

norms,  f ÷ I f ( t ) [ ,  t E D. C o n c e r n i n g  t h i s  t o p o l o g y ,  we have  t h e  

O r l i c z - P e t t i s  r e s u l t  o f  Thomas ( [ 7 7 ] ) .  

Theorem 7. Le t  S be  m e t r i z a b l e  and l e t  D be a dense  s u b s e t  o f  

S. I f  Z f  i i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  t h e  t o p o l o g y  o f  

p o i n t - w i s e  c o n v e r g e n c e  on D, t h e n  Xf i  i s  s u b s e r i e s  c o n v e r g e n t  

w i t h  r e s p e c t  t o  t h e  t o p o l o g y  o f  u n i f o r m  c o n v e r g e n c e .  

P r o o f :  For  e a c h  i ,  p i c k  t i E D such  t h a t  [ f i ( t i ) l  + ( l / i )  > 

[ f i [ .  By t h e  m e t r i z a b i l i t y ,  {t  i} has  a s u b s e q u e n c e  { t k i }  which  

c o n v e r g e s  t o  a p o i n t  t E S. I t  i s  e a s i l y  checked  t h a t  t h e  m a t r i x  

[ z i j ]  = [ f k j ( t k i ) ]  i s  a X m a t r i x ,  and t h e  p r o o f  i s  c o m p l e t e d  as  in  

Theorem 6. 

I t  s hou ld  a l s o  be no t ed  t h a t  t h e  g e n e r a l  c a s e  o f  Theorem 6 can  

be d e r i v e d  f rom t h e  m e t r i c  c a s e  e s t a b l i s h e d  above  in Theorem 7 by 

u s i n g  a method o f  Thomas in  [7"7], p. 183 ( s e e  a l s o  [38 ] ,  V I . 7 . 6 ) .  
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S i n c e  t h e  m e t r i c  c a s e  o f  t h e  theorem i s  v e r y  e a s i l y  e s t a b l i s h e d ,  t h i s  

method o f  Thomas r e p r e s e n t s  an i n t e r e s t i n g  c o n t r a s t  t o  t he  p r o o f  o f  

Theorem 6 g iven  above.  

I t  i s  a l s o  wor th  n o t i n g  t h a t  t he  s c a l a r  c a s e  o f  Theorem 6 con-  

t a i n s  t he  c l a s s i c a l  O r l i c z - P e t t i s  Theorem (Theorem 2) as a s p e c i a l  

c a s e .  Let  X be a normed space  and l e t  Hx i be s u b s e r i e s  c o n v e r -  

gen t  in t h e  weak t o p o l o g y .  Let  S be t he  u n i t  b a l l  o f  X equ ipped  

w i t h  t he  weak ~ t o p o l o g y .  Then S i s  compact and each  x i i s  a c o n -  

t i n u o u s  f u n c t i o n  on S. The s e r i e s  Hx i i s  s u b s e r i e s  c o n v e r g e n t  

w i t h  r e s p e c t  t o  the  t o p o l o g y  o f  p o i n t w i s e  c o n v e r g e n c e  in C(S) ,  and, 

t h e r e f o r e ,  Hx i i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  t he  t o p o l o g y  

o f  un i fo rm c o n v e r g e n c e  in C(S) .  This  i m p l i e s  t h a t  Zx i i s  s u b s e r -  

i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  t h e  norm t o p o l o g y .  

I t  i s  o f  i n t e r e s t  t o  n o t e  t h a t  t h e  a n a l o g u e  o f  Theorem 6 i s  

f a l s e  f o r  t he  space  o f  bounded measu rab le  f u n c t i o n s ;  t h a t  i s ,  t h e  

c o n t i n u i t y  o f  the  f u n c t i o n s  in Theorem 6 i s  i m p o r t a n t .  (The c o n t i n -  

u i t y  was c e r t a i n l y  u t i l i z e d  in t he  p r o o f s  o f  Theorems 6 and 7 . )  For  

l e t  H be a a - a l g e b r a  o f  s u b s e t s  o f  a se t  S and l e t  B(S,H) be 

t he  B space  o f  a l l  bounded r e a l - v a l u e d  f u n c t i o n s  on S which a re  

E - m e a s u r a b l e  equ ipped  w i t h  t he  sup-norm.  I f  

sequence  o f  s e t s  from H, t h e  s e r i e s  HCE. 
J 

c o n v e r g e n t  but  not  norm s u b s e r i e s  c o n v e r g e n t .  

{Ej} is a disjoint 

is pointwise subseries 

In p a r t i c u l a r ,  t h i s  

h o l d s  f o r  the  space  £~. For  the  space  B(S,Z) we have the  f o l l o w -  

ing r e s u l t  f o r  t he  t o p o l o g y  o f  p o i n t w i s e  c o n v e r g e n c e .  

Theorem 8. I f  [ f i  is subseries convergent in B(S,H) with respect 

to the topology of pointwise convergence, then Zf i is subseries 

convergent with respect to the Mackey topology T(B(S,H), ca(E)). 

Proof: I f  a is an inf ini te  subset of ~, we write K f i  for the 
iEa 
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( p o i n t w i s e )  sum o f  t h e  s u b s e r i e s  Ef  m , where o i s  o r d e r e d  as  t h e  
J J 

subsequence  {mj}. I f  o i s  f i n i t e ,  t h e  meaning o f  E f i  i s  c l e a r .  
iEo 

D e f i n e  a f a m i l y  o f  c o u n t a b l y  a d d i t i v e  s c a l a r  measures  {gt : t E S} 

on t h e  power s e t  7 o f  [q by /Lt(o) -- ( E f i ) ( t ) .  S i n c e  each  
i Eo 

E f i  E B ( S , E ) ,  t h i s  f a m i l y  o f  measures  i s  p o i n t - w i s e  bounded on 7 .  
l e o  

By t h e  Nikodym Boundedness  Theorem the  f a m i l y  i s  u n i f o r m l y  bounded.  

That  i s ,  t h e  f a m i l y  {i E f i E o  : 0 ~ ]~) i s  u n i f o r m l y  bounded in  

B(S,E). 

If {mj ) is any increasing sequence of positive integers, the 

k 
p a r t i a l  sums { E f } a r e  u n i f o r m l y  bounded,  so i f  v i s  a c o u n t -  

j = l  mj 
a b l y  a d d i t i v e  measure  on E, t h e  Bounded Convergence  Theorem i m p l i e s  

t h a t  <v, E fmj> = E <v, fm >" That  i s ,  t h e  s e r i e s  E f j  i s  s u b s e r i e s  
j • j J 

c o n v e r g e n t  w i t h  r e s p e c t  t o  t h e  t o p o l o g y  o ( B ( S , Z ) ,  c a ( E ) ) .  By t h e  

v e r s i o n  o f  t h e  O r l i c z - P e t t i s  Theorem f o r  l o c a l l y  convex  s p a c e s ,  E f i  

i s  s u b s e r i e s  c o n v e r g e n t  f o r  t h e  Mackey t o p o l o g y  v ( B ( S , E ) ,  c a ( E ) )  

( [ 7 7 ] ) .  

The r e s u l t s  in  [71] g i v e  a more d e t a i l e d  s t u d y  o f  t h i s  s i t u a t i o n  

and,  in  a c e r t a i n  s e n s e ,  show t h a t  Theorem 8 i s  t h e  b e s t  r e s u l t  p o s -  

s i b l e  f o r  t h e  space  B ( S , E ) .  

We nex t  c o n s i d e r  t h e  ana logue  o f  Theorem 6 f o r  t h e  ~ P - s p a c e s .  

Le t  0 < p < ~. The space  £P{G) i s  t h e  space  o f  a l l  s e q u e n c e s  

f : N ÷ G such  t h a t  E i { f ( i ) [  p < ~. For  1 ~ p < ~, {f{p = 

(Z I f ( i ) I P )  l i p  d e f i n e s  a q u a s i - n o r m  on ~P(G),  and f o r  0 < p < 1, 

I f ] p  = E ] f { i ) J  p d e f i n e s  a q u a s i - n o r m  on ~P(G).  

The t o p o l o g y  o f  p o i n t w i s e  c o n v e r g e n c e  on £P(G) i s  t h e  t o p o l o g y  

g e n e r a t e d  by t h e  q u a s i - n o r m s ,  f ÷ I f ( i ) l  f o r  i E ~. C o n c e r n i n g  

t h i s  t o p o l o g y  we have t h e  a n a l o g u e  o f  Theorem 6 f o r  AP(G). 
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Theorem 9. Le t  Z f i  be s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  t h e  

t o p o l o g y  o f  p o i n t w i s e  c o n v e r g e n c e .  Then Z f i  i s  s u b s e r i e s  c o n v e r -  

g e n t  w i t h  r e s p e c t  t o  t h e  t o p o l o g y  g e n e r a t e d  by l i p .  

P r o o f :  C o n s i d e r  t h e  m a t r i x  z i j  = ( f i ( 1 )  

f j ( i ) ,  O, 0 . . . .  ) E ~P(G) .  F i r s t  l im z i j  = f j  in  ~P(G) s i n c e  
l 

f j  E t ,P(G).  Next l e t  {mj} be an i n c r e a s i n g  s equence  o f  p o s i t i v e  

~ f  i n t e g e r s  and l e t  ~ r e p r e s e n t  t h e  s u b s e r i e s  sum w i t h  r e s p e c t  t o  
j = l  mj 

the topology of pointwise convergence. Now 

j=lX j = (j=l"- fmj (i)' j=IX mj(i)' O, ) by the pointwise 

and lim ~- z.. = { ~lfm (k)}k=1 in ~P(G) since convergence 
i j:l Ij j: j 

)- fmj 6 ~P(G). Thus, [zij] is a )[ matrix. By the Basic Matrix 

Theorem, limj limi Izijlp = limj Ifjlp = O. Theorem 1 gives the 

result. 

For  t h e  c a s e  when G i s  a normed s p a c e ,  Theorem 9 i s  due t o  

Thomas ( [77]  I I . 4  and I I . 8 ) .  The g r o u p  c a s e  was e s t a b l i s h e d  in  [70] 

by e m p l o y i n g  t h e  A n t o s i k - M i k u s i n s k i  D i a g o n a l  Theorem. 

Theorem 9 m o t i v a t e s  t h e  f o l l o w i n g  a b s t r a c t  O r l i c z - P e t t i s  t y p e  

r e s u l t  which  i s  a p p l i c a b l e  t o  s e v e r a l  o f  t h e  c l a s s i c a l  s e q u e n c e  

s p a c e s  a s  w e l l  as  c e r t a i n  s p a c e s  h a v i n g  a Schauder  b a s i s  ( [ 7 4 ] ) .  

Theorem 10. Le t  X be a m e t r i c  l i n e a r  s p a c e  w i t h  a v e c t o r  t o p o -  

logy  a t h a t  i s  weaker  t h a n  t h e  o r i g i n a l  m e t r i c  t o p o l o g y .  Suppose  

t h e r e  e x i s t s  a s equence  o f  l i n e a r  o p e r a t o r s  T i : X ÷ X such  t h a t  

( i )  e a c h  T i i s  o - 1[ c o n t i n u o u s  

( i i )  l im  Tix  = x f o r  e a c h  x E X ( i . e . ,  {T i} c o n v e r g e s  t o  t h e  

i d e n t i t y  o p e r a t o r  in  t h e  s t r o n g  o p e r a t o r  t o p o l o g y ) .  I f  t h e  s e r i e s  
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Zx i i s  o - s u b s e r i e s  c o n v e r g e n t ,  t h e n  Zx i i s  [ [ - s u b s e r i e s  

c o n v e r g e n t .  

Proof: Consider the matrix [zij] = [Tixj]. From (ii), it follows 

t h a t  l im  z i j  = x j  f o r  e a c h  j .  From ( i ) ,  i t  f o l l o w s  t h a t  f o r  any 
1 

i n c r e a s i n g  s equence  o f  p o s i t i v e  i n t e g e r s  {mj}, ~j Zim j c o n v e r g e s  t o  

Ti( ~, Xmj) (where ~j Xmj is the o-limit of the subseries). Hence, 

(ii) implies that limij Z Zimj = Zj Xmj exists. Thus, [zi;]j is a 

m a t r i x .  The B a s i c  M a t r i x  Theorem i m p l i e s  t h a t  

l im  l im  T ix  j = l im x j  = 0 ( i n  t h e  m e t r i c  t o p o l o g y ) .  Theorem 1 now 
j i j 

y i e l d s  t h e  r e s u l t .  

I t  i s  e a s y  t o  s e e  t h a t  t h e  t o p o l o g i c a l  v e c t o r  s p a c e  v e r s i o n  o f  

Theorem 9 i s  a c o r o l l a r y  o f  Theorem 10 by t a k i n g  o t o  be t h e  t o p o -  

l ogy  o f  p o i n t w i s e  c o n v e r g e n c e  and by d e f i n i n g  T i : zP (x )  ~ zP (x )  

by T i ( x  1, x 2 . . . .  ) = (x I . . . .  x i ,  0 . . . .  ) .  The t o p o l o g y  o f  p o i n t -  

w i se  c o n v e r g e n c e  on t h e  s equence  s p a c e s  Co(X) and c(X) can  be 

t r e a t e d  in  a s i m i l a r  f a s h i o n .  

A B - s p a c e  w i t h  a Schauder  b a s i s  can  a l s o  be t r e a t e d  by u s i n g  

Theorem 10. Le t  X be a B - s p a c e  w i t h  a Schauder  b a s i s  {x i ,  f i  } 

( f i  i s  t h e  c o o r d i n a t e  f u n c t i o n a l  r e l a t i v e  t o  x i ) .  L e t  F be  t h e  
e 

s u b s p a c e  o f  X spanned  by t h e  { f i  } and l e t  o be t h e  weak t o p o -  

l o g y  o ( X , F ) .  In  t h e  c a s e  o f  zP, c o o r  c ,  t h i s  t o p o l o g y  i s  j u s t  

t h e  t o p o l o g y  o f  p o i n t w i s e  c o n v e r g e n c e .  

i 
D e f i n e  T i : X ÷ X by T ix  = E <fu ,  x> x k. Then e a c h  T i i s  

k=1 

o - I[ II c o n t i n u o u s  and {T i} c o n v e r g e s  t o  t h e  i d e n t i t y  o p e r a t o r  in  

t h e  s t r o n g  o p e r a t o r  t o p o l o g y .  By Theorem 10 any s e r i e s  ~ Yi in  X 

which  i s  o - s u b s e r i e s  c o n v e r g e n t  i s  a l s o  n o r m - s u b s e r i e s  c o n v e r g e n t .  

We c o n c l u d e  t h i s  s e c t i o n  by e s t a b l i s h i n g  an a b s t r a c t  t y p e  o f  
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O r l i c z - P e t t i s  r e s u l t  which was p r e s e n t e d  in  [70 ] .  Le t  E, F and G 

be normed groups  and l e t  b : E x F ~ G be a b i a d d i t i v e  map. As in  

s e c t i o n  6,  we l e t  o ( E , F )  be t h e  weakes t  t o p o l o g y  on E such  t h a t  

e ach  o f  t h e  a d d i t i v e  maps { b ( . , y )  : y E F} i s  c o n t i n u o u s .  (The 

t o p o l o g y  o ( F , E )  i s  d e f i n e d  s i m i l a r l y . )  Again t h e  t o p o l o g y  o ( E , F )  

a l s o  depends  on t h e  space  G and t h e  map b, but  t h e  n o t a t i o n  shou ld  

c a u s e  no difficulties. 

Let C F be the family of all o(F,E)-Cauchy sequences in F. 

We let C(E,F) be the topology on E of uniform convergence on ele- 

ments of the family C F of o(F,E)-Cauchy sequences in F, i.e., a 

net {x v) in E converges to 0 in the topology ~(E,F) iff 

lim b(xv,f i) = 0 uniformly in i for each [fi ) 6 C F. The topology 

C(E,F) is generated by the quasi-norms {X{a = sup{b(x,fi){, where 

a = {fi } ranges over the family of all o(F,E)-Cauchy sequences. 

Concerning these topologies, we have the following Orlicz- 

Pettis result. 

Theorem 11. I f  E x i i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  

o ( E , F ) ,  t h e n  E x i i s  s u b s e r i e s  c o n v e r g e n t  w i t h  r e s p e c t  t o  C ( E , F ) .  

P r o o f :  Le t  { f i  ) be o ( F , E ) - C a u c h y .  C o n s i d e r  t h e  m a t r i x  

[ z i j ]  = [ b ( x j , f i ) ] .  S i n c e  { f i  } i s  a ( F , E ) - C a u c h y ,  l im z i j  e x i s t s .  
I 

I f  {mj) i s  an i n c r e a s i n g  sequence  o f  p o s i t i v e  i n t e g e r s ,  t h e n  

Ej Zim j = b(Exj mj' fi ), where EXmj is the o(E,F)-sum of the sub- 

series. Thus, liml ~J Zim j exists since {fi } is o(F,EkzCauchy. 

Hence, [zij] is a ~ matrix. The Basic Matrix Theorem implies that 

lim b(xj,f i) = 0 uniformly in i, i.e., xj ~ 0 in C(E,F). 
J 

Theorem 1 now gives the result. 

Theorem II is established in [70] by employing the Antosik- 
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Mikus insk i  Diagona l  Theorem, and i t  i s  shown in  [701 t h a t  a l a r g e  

number o f  known O r l i c z - P e t t i s  r e s u l t s  can be d e r i v e d  from Theorem 11 

as  c o r o l l a r i e s .  For  example,  Theorems 6 and 9 can be o b t a i n e d  

d i r e c t l y  from Theorem 11. We r e f e r  t he  r e a d e r  t o  [70] f o r  d e t a i l s .  



8. The Schur  and P h i l l i p s  Lemma 

In t h i s  s e c t i o n  we d i s c u s s  the  c l a s s i c a l  lemmas o f  Schur  and 

P h i l l i p s  and show how t h e s e  r e s u l t s  can be t r e a t e d  by t he  m a t r i x  

methods d e v e l o p e d  in  s e c t i o n  2. One v e r s i o n  o f  t he  c l a s s i c a l  Schur  

lemma a s s e r t s  t h a t  a sequence  in  ~1 c o n v e r g e s  weakly  i f f  i t  c o n -  

v e r g e s  s t r o n g l y .  Th i s  r e s u l t  and some o f  i t s  more g e n e r a l  forms have 

found many a p p l i c a t i o n s  in f u n c t i o n a l  a n a l y s i s ;  f o r  example,  many o f  

t he  p r o o f s  o f  the  O r l i c z - P e t t i s  Theorem, i n c l u d i n g  t he  o r i g i n a l  p r o o f  

o f  P e t t i s  ( [ 5 9 ] } ,  use  t he  Schur  lemma in  some form.  S i m i l a r l y ,  

P h i l l i p s '  lemma has  many a p p l i c a t i o n s  in  b o t h  measure  t h e o r y  and 

f u n c t i o n a l  a n a l y s i s ;  f o r  example,  t he  o r i g i n a l  a p p l i c a t i o n  o f  

P h i l l i p s  showed t h a t  t h e r e  i s  no c o n t i n u o u s  p r o j e c t i o n  o f  ~" o n t o  

c o ( [60]  1 4 . 4 . 0 ) .  Both  o f  t h e s e  r e s u l t s  have been g e n e r a l i z e d  t o  

v a r i o u s  a b s t r a c t  s e t t i n g s .  For  example,  Brooks has  g i v e n  Banach 

space  v e r s i o n s  f o r  b o t h  t h e  Schur  and P h i l l i p s "  lemmas ( [ 2 3 ] )  and 

R o b e r t s o n  has g i v e n  a g roup  v e r s i o n  o f  t he  Schur lemma ( [ 6 2 ] } .  In 

t h i s  s e c t i o n  we p r e s e n t  g r o u p - v a l u e d  v e r s i o n s  o f  bo th  the  Schur  and 

P h i l l i p s  lemmas. As an a p p l i c a t i o n  o f  our  g e n e r a l  Schur  Iemma, we 

g i v e  a g e n e r a l i z a t i o n  o f  a n o t h e r  c l a s s i c a l  r e s u l t  in  summab i l i t y  

t h e o r y  which i s  a l s o  due t o  Schur .  

We f i r s t  e s t a b l i s h  our  g e n e r a l i z a t i o n  o f  t he  Schur  lemma and 

then  i n d i c a t e  how t h i s  r e s u l t  can be l e g i t i m a t e l y  viewed as a g e n e r -  

a l i z a t i o n  o f  t he  c l a s s i c a l  Schur  lemma. 

Throughout  t h i s  s e c t i o n ,  G w i l l  d e n o t e  a normed g roup .  I f  a 

i s  an i n f i n i t e  s u b s e t  o f  N and i f  Zx. i s  s u b s e r i e s  c o n v e r g e n t  in j J  

G, we w r i t e  Z xj f o r  t he  sum o f  t he  s e r i e s  ~ x , where the  
jEo j= l  nj 

e l e m e n t s  o f  o a r e  a r r a n g e d  in t he  subsequence  {n j} .  I f  a c ~ i s  

f i n i t e ,  t h e  meaning o f  E xj  i s  c l e a r .  
jEo 
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Theorem 1. Le t  x i j  E G f o r  i , j  E ~. Assume t h a t  t h e  rows o f  t h e  

m a t r i x  [ x i j ]  a r e  s u b s e r i e s  c o n v e r g e n t  and l im x i j  = x j  e x i s t s  f o r  
1 

each  j .  I f  { ~ x i j }  i s  c o n v e r g e n t  in  G f o r  e a c h  o E ~, t h e n  
jEo 

( i )  t he  s e r i e s  Exj i s  s u b s e r i e s  c o n v e r g e n t  and 

( i i )  l im E x i .  = Z x j  u n i f o r m l y  f o r  o c ~. 
i jEo J jEo 

P r o o f :  F i r s t  we show t h a t  t he  sequence  ( Z x i j }  s a t i s f i e s  a Cauchy 
jEo 

c o n d i t i o n  u n i f o r m l y  w i t h  r e s p e c t  t o  o ~ ~. I f  t h i s  i s  not  t h e  c a s e ,  

t h e r e  i s  a 6 > 0 and a subsequence  {n i} such t h a t  

(I) sup I [ (x n ;-x n ;) I > 6. 
0 jEo i+l J i J 

Set Zij = Xni+l j - Xni j and m I = I. By (I) there exists a finite 

o I such that lJEolZml j Z  I > 6. Set N I = max o I. Since the columns 

of {zij) go to 0, there is an m 2 > m I such that 

N 1 
Z I zij I < 6/2 for i ) m 2. Again by (1), there is a finite 0 2 
j=l 

such that I Z z m ;I > 6. Set T 1 = o I and T 2 = 0 2 \ {j:I~j~NI}. 
jEo 2 2 J 

Note T 1 and T 2 are disjoint with 

N 1 

max T 1 < minr 2 and IOET2Z Zm_jlz ) [JEo2Z Zm2 o.l -j=l [ IZm2Jl • 6/2. 

Continuing this construction produces a subsequence (m i} and 

disjoint finite sets {T i} satisfying 

(2) lj~riZmiJl • 6/2. 

= The columns of NOW c o n s i d e r  t he  m a t r i x  [Yi j ]  ~[uc~rjZmik]" 
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{Yij} go to O, and if {pj} is any subsequence, ~ yin is a 
ji=l vj 

subseries of the series E Zmi ~ Thus, the matrix {yil)j is a X 
J 

matrix. Hence, lim Yii = O. But this contradicts (2). 
i 

We now establish ( i )  and also 

(3) 

for any subsequence 

established, there exists an N such that 

(4) l j~o(xi j-Xkj)[  < El3 for i ,k  ~ N. 

M 
Hence, for each M and k > N, [j=l )- (Xnj-Xknj)l ( E/3. 

• x_ = lim~ x. , 
j=l nj i j=l ,nj 

{n j). Let E > O. By what we have just 

Thus 

M ~ M 

{5) I E X. -E x- [ ( I E ix n -Xknj) I + I E ix,.. -XN. )l 
j=l " j  j=l Icnj j=1 j j=M÷I " " j  " j  

+ [ ~ x- [ < 2E13 + I ~ XNnj[ 
j=M+INnj j=M÷I 

and the last term on the right hand side of iS) is small for M 

large. This establishes (3). 

From (3) and the uniform Cauchy condition {4}, it follows that 

lim Z xi: = E xj uniformly for a c ~ and the proof is complete. 
i jEo J jEa 

Theorem I generalizes the version of the Schur lemma for B- 

spaces as given by Brooks in [231, Corollary 2. Brooks methods do 

not generalize to non-locally convex spaces or groups since they 

depend upon duality methods. Robertson has established a (more gen- 

eral) form of Theorem 1 in [62]; his methods are quite different than 

the matrix methods employed above and depend heavily on Baire cate- 

gory methods. 
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We now d e r i v e  t h e  c l a s s i c a l  Schur  lemma f rom Theorem 1 t h u s  i n -  

d i c a t i n g  t h a t  Theorem 1 can  be v iewed as  a l e g i t i m a t e  g e n e r a l i z a t i o n  

o f  t h e  c l a s s i c a l  Schur  lemma. 

C o r o l l a r y  2. (Schur )  Le t  [ t i j ]  

e x i s t s  f o r  e a c h  o E ~ and i f  

and lim Z - t j l  = O. 
i j=l Itij 

be a r e a l  m a t r i x .  I f  l im Z t i :  
i jEo J 

t j  = lim t i j ,  then ( t j )  E C1 
I 

P r o o f :  Le t  e • O. By Theorem 1, f o r  l a r g e  i ,  

I Z ( t i j - t j ) l  < e for o c ~. But then for such i ,  
jEo 

[ [ (2e ({61] 1 1.2) j=l tij-tj " " 

The u s u a l  s t a t e m e n t  o f  t h e  Schur  lemma has  t j  = 0 in  C o r o l l a r y  

2 ( [79]  1 . 3 . 1 ) .  T h i s  s ) i g h t l y  more g e n e r a l  fo rm has  been  g i v e n  by 

Brooks  and M i k u s i n s k i  in  [25 ] .  The f u n c t i o n  s p a c e  i n t e r p r e t a t i o n  o f  

C o r o l l a r y  2 i s  t h e  f o l l o w i n g .  L e t  x i = { t i j }  E C1 f o r  e a c h  i and 

l e t  m o be t h e  s u b s p a c e  o f  C~ which  c o n s i s t s  o f  t h e  s e q u e n c e s  w i t h  

f i n i t e  r a n g e .  The h y p o t h e s i s  in  C o r o l l a r y  2 i s  j u s t  t h a t  t h e  

s equence  {x i } i s  a Cauchy sequence  in  t h e  t o p o l o g y  o ( ~ l , m o ) .  The 

c o n c l u s i o n  i s  t h e n  t h a t  t h e  s equence  {x i ) i s  a c t u a l l y  norm c o n v e r -  

g e n t  in  C1. In  p a r t i c u l a r ,  t h i s  i m p l i e s  t h a t  any weak ly  c o n v e r g e n t  

s equence  in  C1 i s  norm c o n v e r g e n t ;  t h i s  i s  one way t h a t  t h e  Schur  

lemma i s  some t imes  s t a t e d  ( [79]  1 4 . 4 . 7 ) .  

For  use  in  s e c t i o n  g we a l s o  n o t e  t h a t  t h e  c o n c l u s i o n  in  Theorem 

1 can  be s t r e n g t h e n e d  somewhat when t h e  m a t r i x  has  v a l u e s  in  a Banach 

s p a c e .  R e c a l l  t h a t  a s e r i e s  Zx i in  a t o p o l o g i c a l  v e c t o r  s p a c e  i s  

s a i d  t o  be  bounded m u l t i p ! i e r  c o n v e r g e n t  i f  f o r  e a c h  s equence  { t j )  

o f  bounded s c a l a r s ,  t h e  s e r i e s  Z t i x  i i s  c o n v e r g e n t .  In a B - s p a c e  



78 

s u b s e r i e s  c o n v e r g e n c e  and bounded m u l t i p l i e r  c o n v e r g e n c e  a r e  e q u i v a -  

l e n t  ( [63]  I I I . 6 . 5 ) .  For  s e r i e s  in  B - s p a c e s  which  s a t i s f y  t h e  

c o n d i t i o n s  in  Theorem i ,  we have  t h e  f o l l o w i n g  u n i f o r m  bounded 

multiplier result. 

C o r o l l a r y , 3 .  Le t  X be a B - s p a c e  and x i j  E X s a t i s f y  t h e  

h y p o t h e s i s  o f  Theorem 1. Then 

limi j=l ~ tj.x ij --j=l ~ tj.x.j uniformly for {tj) E ~,~ with l l(tj)ll ( I. 

P r o o f :  Le t  e > O. By Theorem 1, t h e r e  e x i s t s  N such  t h a t  i ) N 
g 

i m p l i e s  [I Z ( x i j - x j ) [ l  < e f o r  o c ~.  Thus,  f o r  x fi X and 
jEo 

i e 

I[ x II ( i, I Z < x > I < e for i ) N and o c ~. This jEo 'xij-xj 

implies that 

) 

(6) j=l~ [ < x ,xij - xj > [ ( 2e for i ) N, 

([611 1.1.2). Now for {tj} E £~ with [tj[ ( 1, 

) 

llx II ~ 1 

we have from (6) 

II ~ t . ( x i , - x . ) l l  = sup{I < x '  ~ t j ( x i j - x j )  > I : I I x ' l l  ( 1 }  
j=l J a J 'j=l 

sup{j=1 ~ I t j l  I < x' ,  x i j -x  j > I : I l x ' l l  ( 1 )  ( 2e 

for i ) N. 

Corollary 3 has the following interesting operator interpreta- 

tion. Each subseries convergent series E×.. induces a bounded j ij 

l i n e a r  o p e r a t o r  T i : £~ ÷ X by T i { t  j )  = Z t j x i j .  The h y p o t h e s i s  
3 

o f  Theorem 1 i m p l i e s  t h a t  t h e  s equence  {Ti} i s  a Cauchy s e q u e n c e  

f o r  t h e  t o p o l o g y  o f  p o i n t w i s e  c o n v e r g e n c e  on t h e  s u b s p a c e  m o o f  £®. 

The c o n c l u s i o n  o f  C o r o l l a r y  3 i s  t hen  t h a t  t h e r e  e x i s t s  a bounded 
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l i n e a r  o p e r a t o r  T which is induced by t h e  s u b s e r i e s  c o n v e r g e n t  

s e r i e s  Zxj and t h e  sequence  {T i} a c t u a l l y  c o n v e r g e s  t o  T in  t he  

un i fo rm  o p e r a t o r  o r  norm t o p o l o g y  o f  L ( ~ , X ) .  With t h i s  i n t e r p r e -  

t a t i o n ,  C o r o l l a r y  3 can be viewed as  a v e c t o r  v e r s i o n  o f  t h e  

c l a s s i c a l  Schur  lemma ( C o r o l l a r y  2 ) .  

We next  use  Theorem 1 t o  d e r i v e  a g e n e r a l i z a t i o n  o f  a c l a s s i c a l  

summab i l i t y  r e s u l t  which i s  a l s o  due t o  Schur  ( see  C o r o l l a r y  5 . 1 3 ) .  

R e c a l l  t h a t  a s c a l a r  m a t r i x  A = [ a i j ]  i s  s a i d  t o  be o f  c l a s s  

( ~ , c )  ( (mo,C))  i f  f o r  each  x = { t j }  E ~ ( { t j }  E mo), t he  s e -  

quence  {~ a i j t j }  i i s  c o n v e r g e n t ,  i . e . ,  i f  f o r  each  x E ~= (x E mo), 
J 

t he  formal  m a t r i x  p roduc t  Ax i s  w e l l - d e f i n e d  and p roduces  a 

sequence  b e l o n g i n g  to  c (§ 5 o r  [50] § 7) .  The c l a s s i c a l  summa- 

b i l i t y  r e s u l t  o f  Hahn and Schur  g i v e s  n e c e s s a r y  and s u f f i f f i e n t  

c o n d i t i o n s  f o r  a m a t r i x  A to  be o f  c l a s s  (~= ,c )  or  (mo,C) (Cot .  

5 .15 ,  [68] o r  [50] 7 . 6 ) .  We use  Theorem 1 t o  g i v e  a g e n e r a l i z a t i o n  

o f  t h i s  s u f f i c i e n t  c o n d i t i o n  t o  m a t r i c e s  w i t h  v a l u e s  in a g roup .  

Namely, we have t h e  f o l l o w i n g  c o r o l l a r y  t o  Theorem I .  

C o r o l l a r y  4. Let  x i j  be as  in Theorem 1. Then t he  s e r i e s  Ex i • j a 

a r e  u n o r d e r e d  u n i f o r m l y  c o n v e r g e n t  in t he  s ense  t h a t  i f  e > 0, t h e r e  

e x i s t s  N such  t h a t  I Z x i I < e f o r  a l l  i when min a ~ N. 
j co  j 

Proof: By the uniform Cauchy condition of Theorem I, there is an M 

such  t h a t  ] H ( [ < e / 2  f o r  i , k  > M and o c ~. S i n c e  each  j6o xij-Xkj) 

x i j  i s  s u b s e r i e s  c o n v e r g e n t ,  t h e r e  i s  an N such t h a t  
J 

I j ~ a x i j  I < e /2  whenever  1 ~ i ~ M and min o ~ N. Hence, f o r  

min o ) N and i ) M, lj6oZ x ij] ( lj6oZ (xi.-XM.)Ij j + lj~oXMjl < e 
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For scalar matrices A = [aij], the conclusion of Corollary 4 

is equivalent to the sufficient condition (i) in Theorem 5.14. For, 

if the conclusion of Corollary 4 holds for A, then ~ ]a i ] ~ 2e 
j )N J 

([61] I.I.2) and this is just condition 5.14 (i) in the classical 

Schur summability result. Thus, Theorem 1 and Corollary 4 yield 

another proof of the ~hur summability result given in 5.15. 

We can also use the results  in Theorem 1 and Corollaries 3 and 4 

to consider a vector version of the classical  summability results  

above. Let X be a B-space and let c(X) be the space of all  X- 

valued sequences (xj} which are convergent. I f  A = [xij ] is an 

inf ini te  matrix with values in X, then A is said to be in the 

class (mo,c(X)) ( (~ ,c(X)))  i f  for each y = {tj} E m O ({tj} E ~ ) ,  

the sequence { ~ t jx i j}  i belongs to c(X), i . e . ,  i f  theformal 
3 

matrix product Ay is well-defined for each y E m o (y E ~ )  and 

produces a sequence in c(X). Using the results above, we have the 

following vector summability result which gives a vector version of 

the classical  Hahn-Schur summability results (5.15). 

Theorem S. Let A = [xij] be an inf ini te  matrix whose rows are 

subseries convergent. The following are equivalent: 

(a) A E ( ~ ,  c(X)) 

(b) A E (m o, c(X)) 

(c) (i) the series ~x. are unordered uniformly convergent j l j  

(see Cot. 4) and 

(ii) lim xij = xj exists for each j. 
i 

(d) lim Z x.. = Z xj uniformly for a c ~. 
i jEa ij jEo 
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P r o o f :  That  (a)  i m p l i e s  (b) i s  c l e a r  and (b)  i m p l i e s  (a)  by 

C o r o l l a r y  3. C o r o l l a r y  4 shows t h a t  (b) i m p l i e s  ( c ) ( i )  and c l e a r l y  

(b) i m p l i e s  ( c ) ( i i )  by c o n s i d e r i n g  e j  6 m o. 

We next  show (c )  i m p l i e s  (d ) .  

e x i s t s  N such  t h a t  llj~xijll < e f o r  a l l  

Let  o ~ ~ and l e t  o ( n )  = o fl ( j  : j ~ n}. 

Let  e > O. By ( i )  t h e r e  

i and min o ) N. 

I f  

o = (n i : n i < ni+ 1, i E ~} and i f  q > p ) N, then  
q 

U.Z Xn.U ( e  
1=p i 

by ( i i ) .  Hence, s i n c e  X i s  a B - s p a c e ,  t he  s u b s e r i e s  ZXmi  c o n -  

v e r g e s .  That  i s ,  t h e  s e r i e s  Zx i 

sum Z x i e x i s t s .  Then 
l eo  

i s  s u b s e r i e s  c o n v e r g e n t ,  and the  

N 
II z ( x i j - x j ) l l  ( z I1× i I + II z x i , l l + l l  z x . l l  < 3e 

jEo j=l j - x j ]  jEo(N) J jEo(N) J 

f o r  i ~ M. Hence (d) h o l d s .  

That  (d) i m p l i e s  (b) i s  c l e a r .  

In a v e r y  s i m i l a r  f a s h i o n ,  one can f o r m u l a t e  and c o n s i d e r  ana -  

l ogues  o f  t he  c l a s s i c a l  summabi l i t y  r e s u l t s  o f  Hahn and Schur  f o r  

m a t r i c e s  whose e n t r i e s  a r e  bounded l i n e a r  o p e r a t o r s  between m e t r i c  

l i n e a r  s p a c e s .  Such a n a l o g u e s  o f  t he  c l a s s i c a l  summab i l i t y  r e s u l t s  

a r e  o b t a i n e d  in  [76] and a r e  based on t h e  m a t r i x  methods o f  t h e s e  

n o t e s .  

We c o n c l u d e  t h i s  s e c t i o n  w i t h  a d i s c u s s i o n  o f  the  P h i l l i p s  

lemma. F i r s t ,  we g i v e  a s t a t e m e n t  o f  the  c l a s s i c a l  s c a l a r  v e r s i o n  o f  

t h e  P h i l l i p s  lemma ( [ 6 0 ] ,  [79] 1 4 . 4 . 4 ) .  

Theorem 6. ( P h i l l i p s  [601) Let  Y be the  power s e t  o f  ~ and l e t  
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/~i : ~ ~" • be bounded and f in i t e ly  additive. I f  lim p.i(E) = ~t(E) 
i 

exists for each E c_ ~, then lim ~ Igi( j )  - ~(J)l = O. 
i j=1 

Theorem 6 is often stated in this form with ~(E) = 0 ([60], 

[ 791 ).  

Theorem 6 has  t h e  f o l l o w i n g  f u n c t i o n  s p a c e  i n t e r p r e t a t i o n .  The 

dua l  o f  £~ i s  t h e  s p a c e ,  ba ,  o f  a l l  bounded,  f i n i t e l y  a d d i t i v e  s e t  

f u n c t i o n s  on ~ w i t h  t h e  t o t a l  v a r i a t i o n  norm. For  e a c h  u E ba ,  

t h e  s e r i e s  Z u ( j )  i s  a b s o l u t e l y  c o n v e r g e n t ,  and u ÷ { u ( j ) }  
J 

d e f i n e s  a p r o j e c t i o n  P f rom ba o n t o  t. 1. Theorem 6 t h e n  a s s e r t s  

t h a t  i f  t h e  s e q u e n c e  (~ i}  in  ba i s  Cauchy in  t h e  t o p o l o g y  

o ( b a ,  mo),  t h e n  t h e  s equence  {P~i} i s  norm c o n v e r g e n t  in  £1. In 

p a r t i c u l a r ,  t h e  p r o j e c t i o n  P i s  s e q u e n t i a l l y  c o n t i n u o u s  w i t h  

r e s p e c t  t o  t h e  o ( b a ,  m o)  and norm t o p o l o g i e s .  

We now g i v e  a g e n e r a l i z a t i o n  o f  Theorem 6 t o  g r o u p - v a l u e d  

m e a s u r e s .  R e c a l l  t h a t  i f  )- i s  a o - a l g e b r a  o f  s u b s e t s  o f  a s e t  S, 

t hen  ~ : :r ~, G i s  s t r o n g l y  a d d i t i v e  i f f  l im ~(E i )  = 0 f o r  e a c h  

d i s j o i n t  s equence  {E i} f rom )- ( §5 ) .  I f  G i s  c o m p l e t e ,  a 

f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n  /~ i s  s t r o n g l y  a d d i t i v e  i f f  t h e  

s e r i e s  Z/~(E i )  c o n v e r g e s  f o r  e a c h  d i s j o i n t  s equence  (E i} ( [34]  

1 . 1 . 1 8 ) .  

Theorem 7. Le t  G be s e q u e n t i a l l y  c o m p l e t e  and l e t  ~i  : -Z  ) G be 

s t r o n g l y  a d d i t i v e .  I f  l im  ~ i ( E )  = ~(E)  e x i s t s  f o r  e a c h  E E Z, 

t h e n  f o r  e a c h  d i s j o i n t  s equence  {Ej} f rom 

l im Z ~ i ( E j )  = Z g ( E j )  u n i f o r m l y  f o r  o c ~. ( I n  p a r t i c u l a r ,  
i jEo jEo 

is strongly additive.) 

Proof: By Theorem i,  i t  suffices to show that lim Z gi(Ei) exists 
i jEo 

for each o E ~. First  consider the case when ~ = 0. We cl~aim that 
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i n  t h i s  c a s e  l i m  )- ~ i ( E ; )  = 0 f o r  e a c h  o .  I f  t h i s  i s  n o t  t h e  c a s e ,  
i j e o  J 

{ 0  

t h e r e  i s  a d i s j o i n t  s e q u e n c e  ( E j )  s u c h  t h a t  ( ]r ~ t i (E~)}  i d o e s n ' t  
j = l  J 

c o n v e r g e  t o  0 .  T h u s ,  t h e r e  e x i s t  5 > 0 and  a s u b s e q u e n c e  {k i } 

¢¢J 

s u c h  t h a t  ] E gk  ( E j ) ]  • 5 .  F o r  c o n v e n i e n c e  a s s u m e  k i = i .  Now 
j = l  i 

n 1 
t h e r e  e x i s t s  n 1,  s u c h  t h a t  I E g l ( E ~ ) l  • 5 .  T h e r e  e x i s t s  m 1 s u c h  

j=l J 

n 1 
t h a t  )- [ g i ( E ; ) [ j  < 5 / 2  f o r  i ) m 1. T h e r e  e x i s t s  n 2 > n 1 s u c h  t h a t  

j = l  

n 2 n 2 n 2 

[.)- ~m (Ej)[ > 5. H e n c e ,  [ ~" +~iml(Ej)[ ) [ Z gm (E~)[ - 
3=1 1 j = n  1 j = l  1 u 

n 1 

)- lgml(Ej) [ > 5 / 2 .  
j = l  

C o n t i n u i n g  t h i s  c o n s t r u c t i o n  p r o d u c e s  s u b s e q u e n c e s  {m i } and  {n i } 

ni+l ni+l 
such that ] 7" gm (E~)[ • 6/2. Put F i = U Ej. Then (Fj} 

J=ni+l i J J=ni+l 

is a disjoint sequence in E with [~mi(Fi) [ • 6/2. 

Consider the matrix [zij] = [~tmi(Fj)]. By Drewnowski's Lemma, 

[zij] is a J[ matrix. Hence, by the Basic Matrix Theorem, 

zii ÷ O. But ]zii I = [gmi(Fi) I ) 6/2. This contradiction establishes 

t h e  r e s u l t  i n  t h e  c a s e  when g = 0 .  

I f  g # 0 and l i m  ~ ~i(E;) f a i l s  t o  e x i s t  f o r  some d i s j o i n t  
i j=l J 

s e q u e n c e  { E j } ,  t h e r e  e x i s t  5 > 0 and a s u b s e q u e n c e  {k i } s u c h  

that { Z (gk 
j=1 i+l 

(Ej) - gk (Ej)){ > 5. Applying the f i rs t  part to the 
i 
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sequence u i = ~ki+l - ~k i gives the desired contradiction. 

We now show that the classical  Phill ips lemma (Theorem 6) fo l -  

lows as a corollary of Theorem 7. 

P r o o f  o f  Theorem 6:  Le t  • > O. By Theorem 7,  

{ E (~i(j) - ~(j)){ < e for i large. But then 
jEo 

]~i(J) - ~(J)l ~ 2e for large i ([56] 1.1.2). 
j=l 

Theorem 7 can also be derived from Theorem I by employing the 

Brooks-Jewett resul t .  Theorem S.6 (see [14]). Most of this  section 

is taken from [14]. 



9. The Schur  Lemma For  Bounded M u l t i p l i e r  Convergen t  S e r i e s  

In this section we consider bounded multiplier convergent series 

in a metric linear space and present a version of the Schur lemma for 

such series. Our result is based on the strengthened version of the 

Schur lemma for Banach spaces which was given in Corollary 8.3. 

Throughout this section X will denote a metric linear space. 

A series ~x i in X is said to be bounded multiplier convergent if  

the series ~tix i is convergent in X for each bounded sequence of 

scalars (ti}. A series Hx i which is bounded multiplier convergent 

is clearly subseries convergent (take t i = 0 or I),  but, in gen- 

eral, the converse of this statement is false. In a normed space it  

i s  e a s y  t o  g i v e  an example  o f  a s e r i e s  which i s  s u b s e r i e s  convergent  

but  not  bounded m u l t i p l i e r  c o n v e r g e n t  by u s i n g  t h e  normed space  in  

Example 3 .S .  That  i s ,  p i c k  {~k } E ~1 such  t h a t  ~k # 0 f o r  e a c h  

k. Then d e f i n e  a norm on m o by [ [ ( t i } [ [  = E [ t i ~ i [ .  The s e r i e s  

~ej i s  [[ [ [ - s u b s e r i e s  c o n v e r g e n t  but  i s  not  bounded m u l t i p l i e r  

c o n v e r g e n t  s i n c e ,  in  p a r t i c u l a r ,  t h e  s e r i e s  E ( 1 / j ) e j  d o e s n ' t  c o n -  

v e r g e  t o  an e l emen t  o f  m o.  Ro lewicz  g i v e s  an example  o f  a s e r i e s  in  

an ( n o n - l o c a l l y  convex)  F - s p a c e  which i s  s u b s e r i e s  c o n v e r g e n t  bu t  not  

bounded m u l t i p l i e r  c o n v e r g e n t  ( [63]  I I I . 6 . 9 ) .  In a l o c a l l y  convex  

F-space a series is subseries convergent i f f  it is bounded multiplier 

convergent ([63] I I I .6 .5) .  

We f i r s t  establish two preliminary lemmas. The f i r s t  is an 

elementary property of the scalar multiplication in a metric linear 

space which is an immediate corollary of 6.6. 

Lemma 1. I f  l im xj  = 0 in  X, t hen  l im I t x j l  = 0 
J J 

Itl ~ 1 .  

uniformly for 
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See a l s o  [80] 1 . 2 . 2  f o r  a p r o o f .  

The nex t  lemma i s  a s p e c i a l  c a s e  o f  t h e  g e n e r a l  Schur  lemma 

which  w i l l  be  e s t a b l i s h e d  in  Theorem 3. 

Lemma 2. Le t  x i j  6 X f o r  i , j  fi [q be such  t h a t  ]Zx i • i s  bounded 
j J 

cm 

m u l t i p l i e r  c o n v e r g e n t  f o r  e a c h  i .  I f  l im ~" t . x  i .  = 0 f o r  e a c h  
i j=l J J 

mo 

{tj} fi 9. ~, then lim )- t .x i .  = 0 uniformly for ll{tj}[l ~ I. 
i j=l J J 

Proof: If the conclusion fa i ls  to hold, we may assume (by passing to 

a subsequence if  necessary) that there is a 6 • 0 such that 

s u p { ] j ~ l t j X i j )  : ] t j l  ~ I )  > 6 f o r  e a c h  i .  Se t  i I = 1. Then t h e r e  

exists a I = {tlj} E ~ such that llall I ~ 1 and ]j=l X tl'Xij 1j-I > 6. 

M 1 
There exists M I such that I X tl.X. I • 6. Since lim xij = 0 for 

j= l  J llJ i -- 

each j ,  by the observation in Lemma 1 above there exists i 2 • i 1 

M I 
such  t h a t  i ) i 2 i m p l i e s  Z I < 6 / 2  f o r  I ~ 1 j=l]tjxij [ t j  . 

Now t h e r e  e x i s t s  a 2 = { t 2 j )  £ ~ such  t h a t  ]]a21 ] ~ I and 

M 2 M 2 
t2'x i - I  • 6 I X t2;x; ;I • 6. There exists M 2 > M I, such that lj=1 j 2j 

j=l J "2 J 

Note IJ=MI+IZ t2jxi2Jl ) [j=IZ t2.x i j  2 3"[ -j=IZ It2jxi2jl • 6/2. 

Continuing this construction inductively gives subsequences 

{i k} and {M k) of positive integers such that 
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(I) 

where M_ = O. 
0 

M k 
{ E t k jX ikJ{  • 6 /2  f o r  a l l  k, 
J=Mk_l+l 

Mp 

Now c o n s i d e r  t he  m a t r i x  [ Zkp] =[ Z 1. S i n c e  
j=Mp_ l+ l t p iX ip j  

limj x j i  = 0 f o r  each  i ,  l imk ZkP = 0 f o r  each  p s i n c e  I t p i  { ~ 1. 

We c l a i m  t h a t  [Zkp] i s  a K m a t r i x .  Let  o ~ ~. D e f i n e  a sequence  

{s j}  6 £~ by s j  = t p j  i f  Mp_ 1 + 1 ~ i ~ Mp and j 6 o and s j  = 0 

o t h e r w i s e .  Then p~oZkp = ~ s . x  i . c o n v e r g e s  t o  0 as  k * ~ by 
j=l J k J 

hypothesis. Thus, the matrix [Zkp] is a K matrix and the Basic 

Matrix Theorem implies that lim Zkk = 0. But this contradicts (I) .  
k 

We now p r e s e n t  our  S c h u r - t y p e  lemma f o r  bounded m u l t i p l i e r  

convergent series. Note that conclusion (ii) in the theorem below is 

just the conclusion of the Schur lemma for B-spaces given in 8.3. 

Theorem 3. Let xij  £ X for i , j  6 ~ be such that Ex i .  is j a  

bounded multiplier convergent for each i. Assume that lim E t 
i j=l jxij 

exists for each (tj} E ~ .  If lim xij : xj, then 
i 

(i) the series Exj is bounded multiplier convergent and 

( i i )  lim ~ t .x  i .  = E t .x .  uniformly for {{{tj}{{ ( I. 
i j = l  J J j = i J J  

Proof: First we claim that the sequence { )- t x i } satisfies a 
j=l a a 

Cauchy condition uniformly for {{{tj}]] ( I. If this is not the 

case, there exist a subsequence {i k} and a 5 • 0 such that 



88 

CO 

( 2 )  s u p { I  z t ,  - I : I I { t j l l l  < 1) > 6. j= l  J (Xik+lJ  XikJ} 

C o n s i d e r  t h e  s e r i e s  H(x i . -x  i .) Th i s  s equence  o f  s e r i e s  s a t i s -  
j k+l J k J • 

CO 

f i e s  t h e  h y p o t h e s i s  o f  Lemma 2 so t h a t  l im )- t . (x .  ) = 0 
k j= l  J Zk+l j -Xik  j 

u n i f o r m l y  f o r  I ] { t j } l l  < 1. Th i s  c o n t r a d i c t s  (2)  and e s t a b l i s h e s  

t h e  c l a i m .  

(3) 

Let £ > O. 

N such t h a t  

a ~ ~. Hence,  f o r  e v e r y  M and 

Thus,  f o r  i ) N, 

(4)  

We now e s t a b l i s h  ( i )  and a l s o  

limi j= l  ~ t ' x i "  J J =j=l  ~ t j x j  f o r  e a c h  { t j }  E ~co. 

By what has  been e s t a b l i s h e d  above,  t h e r e  e x i s t s  an 

i , k  ) N i m p l i e s  I E t .  )1 < 6 f o r  j6o j ( x i j - X k j  

M 
i ) N I Z t , ( x i j - x j ) l  ~ 6. 

j=l J 

M ~ M 
[ Z t ~ x ;  - ~ t . x i .  ] ~ I Z t ~ ( x j - x i j ) ]  
j= l  J J j= l  J J j= l  J 

CO 

+ I ~ t j ( x N j - X  i )[ + I Z I < 26 ÷ I ~ 1 j=M+I J j=M+I t j x N j  j=M+ltjXNj 

The l a s t  t e rm on t h e  r i g h t  hand s i d e  o f  (4)  goes  t o  0 as M ÷ co 

f o r  N f i x e d .  C o n d i t i o n  ( i )  and (3) f o l l o w  from t h i s  e s t i m a t e .  

C o n d i t i o n  ( i i )  f o l l o w s  by a p p l y i n g  Lemma 2 t o  t h e  s e r i e s  

~ ( x i j - x j ) .  
J 

Theorem 3 has  as  a c o r o l l a r y  a g e n e r a l i z a t i o n  o f  a n o t h e r  r e s u l t  

o f  Schur  on summab i i i t y  which was d i s c u s s e d  p r e v i o u s l y  in  5 . 1 5 ,  8 .4  

and 8 . 5 .  Le t  A = [ a i j ]  be a r e a l  m a t r i x  such t h a t  t h e  s equence  
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( ~ t . a  i . )  i s  c o n v e r g e n t  f o r  e a c h  ( t  j )  E g= i . e .  A i s  o f  c l a s s  
j = l  j J ' ' 

(Ao~ c). The ~hur summability result then asserts that the series 

Z {a i j  { c o n v e r g e  u n i f o r m l y  in  i ( C o r o l l a r y  5 .1 5  o r  [SO] 7 . 6 ) .  
J 

Th i s  c o n d i t i o n  ( f o r  r e a l  s e r i e s )  c l e a r l y  i m p l i e s  t h a t  t h e  s e r i e s  

) - t . a . .  a r e  u n i f o r m l y  c o n v e r g e n t  f o r  I I { t j } l l  ( 1 and i E i~. 
j J IJ 

Using Theorem 3 we obtain the analogous result for bounded multi- 

p l i e r  c o n v e r g e n t  s e r i e s  in  X. 

C o r o l l a r y  4. Le t  x i j  s a t i s f y  t h e  h y ~ t h e s i s  o f  Theorem 3. Then 

t h e  s e r i e s  Z t . x  i .  c o n v e r g e  u n i f o r m l y  f o r  I I { t j } l l  ( 1 and i E ~. 
j J  J 

P r o o f :  F i r s t  n o t e  t h a t  i f  t h e  s e r i e s  Yx. i s  bounded m u l t i p l i e r  
j J  

c o n v e r g e n t ,  t hen  t h e  s e r i e s  ~ t j x j  c o n v e r g e  u n i f o r m l y  f o r  
J 

I I { t j } t l  ( 1. (Th i s  f o l l o w s  from Theorem 3 but  i s  a l s o  e a s i l y  

checked  d i r e c t l y .  ) 

Le t  6 > O. By Theorem 3, t h e r e  e x i s t s  N such t h a t  i ) N 

i m p l i e s  I ~- t ~ ( x i ~ - x ~ ) l  < E f o r  
j= l  J J J 

above ,  t h e r e  e x i s t s  M such t h a t  

{ ~- t . x  i . {  < E, { )" t . x . {  < E f o r  
j=m j J j=m j j 

Hence,  m ) M i m p l i e s  

f o r  

) ) ( t j } ) )  ( 1. By t h e  o b s e r v a t i o n  

m ) M i m p l i e s  

1 < i ( N ,  I I ( t j ) l )  ( 1. 

I ~ t.xi.l ( l ~ t~(xij-xj)l + I ~ t~x;l < 2~E 
j=m j J j=m j j=m j J 

i ) N, l l(tj)ll ( 1, and t h e  r e s u l t  f o l l o w s .  

C o r o l l a r y  4 can be used t o  o b t a i n  a c h a r a c t e r i z a t i o n  o f  

m a t r i c e s  o f  c l a s s  (~=, c (X) )  when X i s  a m e t r i c  l i n e a r  space  ( s e e  
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8.5). R e c a l l  t h e  m a t r i x  A = I x i j ]  i s  o f  c l a s s  (£co,c(X))((mo,c(X))) 

if the sequence { ~ tjxij} is convergent in X for each sequence 
J 

(tj} £ £co ({tj} fi mo). From Corollary 4 we have the following vector 

version of the Schur summability theorem for metric linear spaces. 

C o r o l l a r y  5. 

bounded m u l t i p l i e r  c o v e r g e n t .  

(a) A £ (£®,c(X)) 

(b) (i) 

(ii) 

Let the matrix A = [xij] be such that the rows are 

The following are equivalent: 

the series Yt .x i • converge uniformly for jJ J 

and I I { t j } l {  < 1 

limi x i j  = x j  e x i s t s  f o r  e a c h  j .  

c o  

(c )  l im ~ t . x . .  e x i s t s  u n i f o r m l y  f o r  ll(tjlll ~ I .  
i j=l J 1J 

P r o o f :  That  (a )  i m p l i e s  (b)  ( i )  f o l l o w s  from C o r o l l a r y  4. That  (a )  

i m p l i e s  (b)  ( i i )  f o l l o w s  by s e t t i n g  { t j }  = e j .  

Suppose (b)  h o l d s .  Le t  e > 0. By ( i )  t h e r e  e x i s t s  N such  

co  

t h a t  I Z t.xi.l < e f o r  i 6 ~ and {t j{ ~ i .  Then ( i i )  i m p l i e s  
j=N J J 

t h a t  { g t.x.l < e f o r  ltjl ( I .  By ( i i )  and Lemma 1 t h e r e  e x i s t s  
j=N J J 

M > 0 such  t h a t  
N-1 

z ) l  < ~ fo r  I t j l  ~ 1 j = l l t j ( x i j - x j  and i ) M. 

Thus f o r  i ) M and ltjl ~ 1, 

I ~ t . ( x . . - x . ) l  
j = l  j 1j j 

N - 1  ¢o co  

j = l  }- { t j ( x i j - x j ) {  + I j=NZ t~x~ -,~1 + I j=NZ t . x .  I j  j < 3e, 

and (c )  holds.  
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That (c )  i m p l i e s  (a)  i s  c l e a r .  

Th i s  r e s u l t  a l o n g  w i t h  t he  c o n c l u s i o n  o f  Theorem 8 .5  s u g g e s t s  

t he  f o l l o w i n g  q u e s t i o n .  I f  t h e  m a t r i x  A i s  o f  c l a s s  ( m o , c ( X ) ) ,  i s  

A a l s o  o f  c l a s s  ( ~ , c ( X ) ) ?  I f  X i s  a B - s p a c e ,  t h i s  i s  t h e  c a s e  

(Theorem 8 . 5 ) .  We show t h a t  t h i s  i s  not  t he  c a s e  f o r  m e t r i c  l i n e a r  

s p a c e s .  Of c o u r s e ,  i f  t he  rows o f  t he  m a t r i x  a r e  o n l y  s u b s e r i e s  con -  

v e r g e n t  and not  bounded m u l t i p l i e r  c o n v e r g e n t ,  t he  m a t r i x  c o u l d  not  

be o f  c l a s s  (~®,c (X) ) ,  but  we g i v e  an example o f  a m a t r i x  whose 

rows a r e  bounded m u l t i p l i e r  c o n v e r g e n t  and which b e l o n g s  t o  

(mo,c(X)) but not (~,c(X)). 

Let X be a metric linear space containing a series Hxj which 

is subseries convergent but not bounded multiplier convergent. (For 

an example in a normed space, see the example given in the introduc- 

tion to this section; for an example in a complete metric linear 

space see [63] III.6.9.) Set 

xij = xj if 1 ~ j ~ i and xij = 0 if j • i. Then Hx.. j ij 

is subseries convergent, and for each i, the sequence {xij}j= 1 

lies in a finite dimensional subspace of X so that Hx.. is 
j *J 

bounded multiplier convergent. By the subseries convergence of 

Ex., we have lim E x i. = Z xj for each o c N; that is, 
j J i jEo J j~o - 

A = [xij] is of class (mo,c(X)). But, since Ex. is not 
jJ 

bounded multiplier convergent, condition (i) of Theorem 3 fails to 

hold; that is, A is not of class (~,c(X)). 

Actually, Theorem 8.5 and its proof shows that A belongs to 

(mo,c(X)) iff condition (c) or (d) of Theorem 8.S holds. This 

observation along with Corollary S give characterizations of the 

classes (~,c(X)) and (mo,c(X)) in the case when X is a metric 

linear space. 

The example given above also shows that the hypothesis in 
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Theorem 3 c a n n o t  be r e p l a c e d  by t h e  weaker  h y p o t h e s i s  t h a t  l im  Z x. 
i jEo l j  

e x i s t s  f o r  e a c h  o c ~. 

Ano the r  i n t e r e s t i n g  t y p e  o f  s e r i e s  g e n e r a t e d  by m u l t i p l y i n g  a 

g i v e n  s e r i e s  by c e r t a i n  s e q u e n c e s  o f  s c a l a r s  i s  a l s o  d i s c u s s e d  by 

Ro lewicz  in  [63 ] .  R o l ewi cz  c a l l s  a s e r i e s  Zxj  i n  a m e t r i c  l i n e a r  

s p a c e  X a C - s e r i e s  i f  t h e  s e r i e s  Z t i x  i c o n v e r g e s  in  X f o r  e a c h  

s c a l a r  s e q u e n c e  {t i} E c o . ( T h i s  i s  a s l i g h t  d e p a r t u r e  f rom t h e  

t e r m i n o l o g y  o f  R o l e w i c z  ( [63]  I I I . 8 ) . )  These  s e r i e s  have  been s t u d -  

i ed  in  d e t a i l  in  t h e  c a s e  o f  normed s p a c e s  and i t  i s  known t h a t  a 

Banach s p a c e  X has  t h e  p r o p e r t y  t h a t  e v e r y  C - s e r i e s  i s  ( s u b s e r i e s )  

c o n v e r g e n t  i f f  X c o n t a i n s  no s u b s p a c e  ( t o p o l o g i c a l l y )  i s o m o r p h i c  t o  

c o ( [ 2 1 ] )  (The s e r i e s  Ze i in  c o i s  C - c o n v e r g e n t  but  not  

c o n v e r g e n t . )  A n a t u r a l  q u e s t i o n  t h a t  a r i s e s  in  t h e  l i g h t  o f  Theorem 

3 i s  w h e t h e r  t h e  a n a l o g u e  o f  Theorem 3 i s  v a l i d  f o r  C - c o n v e r g e n t  

s e r i e s .  We f i r s t  n o t e  t h a t  t h e  a n a l o g u e  o f  Theorem 3 ( i )  i s  i ndeed  

v a l i d  f o r  C - c o n v e r g e n t  s e r i e s .  

P r o p o s i t i o n  6.  Le t  x i j  E X be such  t h a t  Zx.j l j  i s  C - c o n v e r g e n t  

for each i .  Assume t h a t  l im Z t j x i j  
i j = l  

e x i s t s  f o r  e a c h  ( t j }  E c o . 

I f  x j  = l im  x i j ,  t h e n  t h e  s e r i e s  Zxj  i s  C - c o n v e r g e n t .  

i 

Proof: Let {tj} E c o . Note that for each {sj} E ~=, the sequence 

{s j t j )  E c o . Therefore, Theorem 3 can be applied to the series 

Et.x. • and condition (i) implies that the series Ztjxj is convergent. j j Ij' 

Whereas t h e  a n a l o g u e  o f  Theorem 3 ( i )  does  ho ld  f o r  C - c o n v e r g e n t  

s e r i e s ,  i t  i s  e a s y  t o  s ee  t h a t  t h e  a n a l o g u e  o f  Theorem 3 ( i i )  does  

not  ho ld  f o r  such  s e r i e s .  For  an example ,  l e t  e k be t h e  u n i t  
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v e c t o r  i n  c o . S e t  e i j  = e j  f o r  1 ~ j ~ i and  e i j  = 0 f o r  

j > i .  Then e a c h  s e r i e s  E e . .  i s  C - c o n v e r g e n t .  F o r  { t j }  E c o , j l j  

i = 
J im ~ t . e  i .  = l i m  E t . e .  = Z t . e .  b u t  t h e  c o n v e r g e n c e  i s  n o t  u n i f o r m  

i j = l  J J i jffil J J j = l  J J ' 

f o r  I I { t j } l l  ( 1. Note a lso tha t  the analogue o f  the conc lus ion in  

C o r o l l a r y  8 . 4  i s  f a l s e  f o r  t h i s  p a r t i c u l a r  e x a m p l e .  

Much o f  t h e  m a t e r i a l  f r o m  t h i s  s e c t i o n  i s  c o n t a i n e d  i n  [ 7 3 ] .  



10.  I m b e d d i n g  c o and  ~ 

I n  t h i s  s e c t i o n  we c o n s i d e r  i m b e d d i n g  t h e  c l a s s i c a l  s e q u e n c e  

s p a c e s  c o and  ~ i n  a g i v e n  B a n a c h  s p a c e  X. In  T he o re m 3 we 

e s t a b l i s h  a g e n e r a l  r e s u l t  w h i c h  g i v e s  a s u f f i c i e n t  c o n d i t i o n  f o r  a 

B a n a c h  s p a c e  t o  c o n t a i n  a s u b s p a c e  i s o m o r p h i c  t o  c o . T h i s  g e n e r a l  

r e s u l t  i s  t h e n  e m p l o y e d  t o  g i v e  t h e  B e s s a g a - P e l c z y n s k i  c h a r a c t e r -  

i z a t i o n  o f  B - s p a c e s  w h i c h  c o n t a i n  s u b s p a c e s  i s o m o r p h i c  t o  c o ,  a 

r e s u l t  o f  D i e s t e l  on  v e c t o r  m e a s u r e s  and  a r e s u l t  o f  P e l c z y n s k i  on 

u n c o n d i t i o n a l l y  c o n v e r g i n g  o p e r a t o r s .  I n  Theorem 7 we g i v e  a s u f f i -  

c i e n t  c o n d i t i o n  f o r  a B - s p a c e  t o  c o n t a i n  a s u b s p a c e  i s o m o r p h i c  t o  

g~ .  As a c o r o l l a r y  o f  Theorem 7 we o b t a i n  t h e  D i e s t e l - F a i r e s  c h a r -  

a c t e r i z a t i o n  o f  B - s p a c e s  c c t ~ t a i n i n ~  a s u b s p a c e  i s o m o r p h i c  t o  ~ a s  

w e l l  a s  a r e s u l t  o f  R o s e n t h a l  on b o u n d e d  l i n e a r  o p e r a t o r s  on ~ .  

The r e s u l t s  and  s t y l e  o f  p r o o f  a r e  v e r y  s i m i l a r  t o  t h o s e  o f  s e c t i o n  

1 .4  o f  D i e s t e l  and  Uhl ( [ 2 9 ] ) .  W h e r e a s  D i e s t e l  and  Uhl e m p l o y  

R o s e n t h a l ' s  lemma, we u s e  t h e  B a s i c  M a t r i x  Lemma. 

T h r o u g h o u t  t h i s  s e c t i o n  X w i l l  d e n o t e  a B a n a c h  s p a c e .  A s e r -  

i e s  ~x i i n  X i s  s a i d  t o  be  "~v__eakly u n c o n d i t i o n a l l y  Cauchy  ( w . u . c . )  
I m ! 

i f  ~ I< x ,x  i >I < ~ f o r  e a c h  x 6 X ( s u c h  s e r i e s  a r e  s o m e t i m e s  

c a l l e d  w e a k l y  u n c o n d i t i o n a l l y  c o n v e r g e n t  ( [ 2 1 ] ) ) .  Such  s e r i e s  may 

n o t  be  c o n v e r g e n t  i n  X; f o r  e x a m p l e ,  c o n s i d e r  t h e  s e r i e s  Ze i i n  

c o . The f o l l o w i n g  r e s u l t  g i v e s  s e v e r a l  c h a r a c t e r i z a t i o n s  o f  w . u . c .  

s e r i e s  w h i c h  w i l l  be  n e e d e d  l a t e r .  

P r o p o s i t i o n  I .  L e t  {x i } ~ X. The f o l l o w i n g  a r e  e q u i v a l e n t :  

(i) Zx i i s  w . u . c .  

( i i )  {Z x i : o c ~ f i n i t e }  i s  ( no rm)  b o u n d e d  
leo 

(iii) for each {t i} E c o , Ztix i converges 



( i v )  

(v) 
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sup{ ~ I < x , x i > I : I l x ' l l  ~ 1 }  -- M < - and 
i = l  

CO 

I l iZ__l t iXi l l  ~< M l l ( t i l I I  f o r  e a c h  I t  i}  E c o . 

n 

U ~- t~x~U ~ M | ( t i } D  f o r  e a c h  { t  i}  6 c o and n 6 1~. 
i = l  " * 

P r o o f :  Assume ( i )  and l e t  J be t h e  f i n i t e  s u b s e t s  o f  ~.  Then f o r  

m i t co i 

x £X ,{ <x, Zxi > I ~Z { <x , xi > 1 
i60 i = l  

f o r  e a c h  o 6 J .  Hence ,  t h e  s e t  { Z x i : o 6 J}  i s  w e a k l y  bounded  
i 6 o  

and ,  t h u s ,  norm bounded .  Tha t  i s ,  ( i i )  h o l d s .  

Assume ( i i ) .  L e t  M > 0 be s u c h  t h a t  }I Z xi}  I ~ M f o r  
i 6 o  

, t 

o 6 J .  I f  {Ix {{ ~ i ,  { ~ < x ,x i > { ~ M f o r  o 6 J so  t h a t  
i 6 o  

I < x ,x  i > ] ~ 2M ( [ 5 6 ]  1 . 1 . 2 ) .  I f  { t  i}  6 c o and 
i 6 o  

n n , , 
n > m, I{  [ t i x  i l l  = sup{ I Z t i < x , x  i > } : { I x  {{ '~ 1} 

i=m i=m o 

2M sup{Itil : m ~ i ~ n} and (iii) holds. 

Assume ( i i i ) .  Fo r  {t  i}  E c o , we have  

(I) I I  x t . x .  I I  = sup{ X t i < x , x i >  : I I x  11 ~ 1)  < 
i = l  , I i = l  

Thus ,  f o r  e a c h  x 6 X , [ I x  l I ( I ,  

i n  £ I ,  and ( i )  i m p l i e s  t h a t  t h e  s e t  

t 

t h e  s e q u e n c e  {< x , x i>}  i s  

0 

B = {{<x , x i > )  E ~I : {Ix II ( I}  

i s  w e a k ~ - b o u n d e d  i n  ~ I .  Hence ,  B i s  norm bounded  in  Z1, i . e . ,  
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w 0 

sup( ~" I<x ,xi>l  : IIx II ~ 1}  = M < - .  
i = l  

For  {t  i} £ c o , (1)  i m p l i e s  t h a t  {} ~ t . x . } {  ~ M { { { t i l } {  o r  ( i v )  
i= l  i i 

h o l d s .  

Tha t  ( i v )  i m p l i e s  ( i )  and (v )  i s  c l e a r .  

Thus ,  ( i )  - ( i v )  a r e  e q u i v a l e n t  and s i n c e  ( i v )  i m p l i e s  ( v ) ,  i t  

s u f f i c e s  t o  show t h a t  (v)  i m p l i e s  ( i i i ) .  

Assume t h a t  (v)  h o l d s .  D e f i n e  t h e  l i n e a r  o p e r a t o r  T on t h e  

l i n e a r  s u b s p a c e  Coo o f  c o c o n s i s t i n g  o f  t h e  f i n i t e l y  n o n - z e r o  

s e q u e n c e s  by T { t i )  = i -El t iXi  . Then (v)  i m p l i e s  t h a t  T i s  a 

bounded l i n e a r  o p e r a t o r  on Coo and,  t h e r e f o r e ,  has  a bounded l i n e a r  

e x t e n s i o n ,  s t i l l  d e n o t e d  by T, t o  c o w i t h  norm l e s s  t h a n  o r  e q u a l  

t o  M. Thus ,  i f  {t i} 6 c o , we have  T{t  i} = Z t i x  i ,  and ( i i i )  
i= l  

h o l d s .  

These  p r o p e r t i e s  o f  w . u . c ,  s e r i e s  a r e  we l l -known  and most o f  

them a r e  g i v e n  in [21] 5 . 2 .  

We nex t  d e r i v e  t h e  b a s i c  m a t r i x  r e s u l t  which  w i l l  be employed t o  

o b t a i n  t h e  main r e s u l t s  o f  t h i s  s e c t i o n .  T h i s  r e s u l t  i s  ba sed  on t h e  

b a s i c  m a t r i x  Lemma 2.1 and i s  a s i m p l e  c o n s e q u e n c e  o f  Lemma 2 . 1 .  

Lemma 2.  L e t  x i j  6 X be such  t h a t  limi x i j  = 0 f o r  e a c h  j and 

li.m x i j  = O f o r  e a c h  i .  G iven  e > 0 t h e r e  e x i s t s  a s u b s e q u e n c e  
J 

{m i} such  t h a t  ~ )- I I II  < e .  
i= l  j # i  Xmimj 

j = l  

P r o o f :  P i c k  e i j  > 0 such  t h a t  

e i j  = e / 2 i + j + l ) .  Le t  

)- eij < e (for example, 
i,j 

(m i) be the subsequence given by the matrix 
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L e n a  2 .1  ( a p p l i e d  t o  [ ] x i j [ [ ) .  Then [[Xm m ][ < e i j  f o r  i # j 
i j  

and t h e  r e s u l t  f o l l o w s  e a s i l y .  

U s i n g  Lemma 2 we now e s t a b l i s h  o u r  main  r e s u l t  c o n c e r n i n g  t h e  

i m b e d d i n g  o f  c o i n  X. 

Theorem 3.  S u p p o s e  t h a t  X c o n t a i n s  a w . u . c ,  s e r i e s  Ex i w h i c h  i s  

s u c h  t h a t  l l x i ] l  ) 6 > 0 f o r  e a c h  i .  Then t h e r e  e x i s t s  a s u b s e -  

q u e n c e  {m i } s u c h  t h a t  f o r  any  s u b s e q u e n c e  {n i}  o f  

{m i}  T{t  i}  = ~ t i x  n d e f i n e s  a t o p o l o g i c a l  i s o m o r p h i s m  T o f  c o 
i=l i 

i n t o  X. 

P r o o f :  By r e p l a c i n g  X by t h e  c l o s e d  s u b s p a c e  g e n e r a t e d - b y  t h e  
g I 

{ x i } ,  we may assume t h a t  X i s  s e p a r a b l e .  For  e a c h  i p i c k  x i 6 X 
, J 

such that [[xi[ [ = 1 and <xi,xi > = [[xil I. By the Banach-AIaoglu 
I 

Theorem {x i}  has  a s u b s e q u e n c e  w h i c h  c o n v e r g e s  weak ~ t o  an e l e m e n t  
~ 0 t a 

x 6 X . To a v o i d  cumbersome n o t a t i o n  l a t e r ,  assume t h a t  x i * x 
I l ! 

weak ~.  Now [<x i - x , x i > [  ) 5 - [<x , x i > [  ) 5 / 2  f o r  l a r g e  i 

since lim <x ,xi> = O. Again to avoid cumbersome notation, assume 
0 0 

t h a t  [<x i - x , x i > [  > 6 / 2  f o r  a l l  i .  

The m a t r i x  [<x i - x , x j > ]  s a t i s f i e s  t h e  c o n d i t i o n  o f  ~he Mat -  

r i x  L e n a  2 .  L e t  {m i}  be t h e  s u b s e q u e n c e  g i v e n  by t h e  c o n c l u s i o n  

o f  lemma 2 w i t h  e = 6 / 4 .  

Now d e f i n e  a bounded  l i n e a r  o p e r a t o r  T : c o * X by 

c O  

T ( t  i } =,~:ltixmi..= ( N o t e  t h i s  map i s  w e l l - d e f i n e d  and i s  c o n t i n u o u s  

| J 0 

by Proposition I. ) If z i -- Xmi - x , then, using the conclusion 

o f  Lemma 2,  
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2 1 1 T [ t i } l t  ) I < z i ,  T [ t j }  > I ) It i <zi,Xml>l. - j # ~ i l t j l  l<z i ,xmj>l  

) I t i l S / 2  - I I ( t j } [ ] 5 / 4 .  Taking t h e  supremum o v e r  i g i v e s  

2 1 1 T { t j } l l  ) l l { t j } l l 6 / 4  which i m p l i e s  t h a t  T has  a bounded 

i n v e r s e .  

The same c o m p u t a t i o n  h o l d s  f o r  any subsequence  {n i} o f  (m i} -  

Th i s  r e s u l t  was d e r i v e d  in  [69] by u s i n g  a form o f  t h e  A n t o s i k -  

Mikus insk i  Diagona l  Theorem. (See  a l s o  [ 1 3 ] . )  The p r o o f  g i v e n  h e r e  i s  

somewhat s i m p l e r  and i s  based  on Lemma 2 which i s  a more e l e m e n t a r y  

r e s u l t  t han  t h e  Diagonal  Theorem. 

We now g i v e  s e v e r a l  a p p l i c a t i o n s  o f  Theorem 3. F i r s t  we d e r i v e  

a c l a s s i c  r e s u l t  o f  Bessaga  and P e l c z y n s k i  on w . u . c ,  s e r i e s  [ [ 2 1 ] ) .  

C o r o l l a r y  4. The B- space  X i s  such t h a t  e v e r y  w . u . c ,  s e r i e s  in  X 

i s  s u b s e r i e s  c o n v e r g e n t  (norm) i f f  X c o n t a i n s  no subspace  i somor -  

ph ic  t o  c o . 

P r o o f :  Suppose X c o n t a i n s  a s e r i e s  ~x i which i s  w . u . c ,  but  not  

s u b s e r i e s  c o n v e r g e n t .  Then t h e r e  i s  a s u b s e r i e s  HXni which  does  

not  c o n v e r g e .  Hence,  t h e r e  i s  a 5 > 0 and an i n c r e a s i n g  sequence  

{pj} in  ~ such  t h a t  I I z j l l  > 5 f o r  e a c h  j ,  where 

P j+l  
z j  = i=pj+lxniZ . By P r o p o s i t i o n  1 ( i i ) ,  t h e  s e r i e s  Zzj  i s  w . u . c .  

and s a t i s f i e s  t h e  h y p o t h e s i s  o f  Theorem 3. By Theorem 3, X c o n t a i n s  

a subspace  i somorph ic  t o  c o . 

The o t h e r  i m p l i c a t i o n  i s  obv ious  s i n c e  c o c o n t a i n s  a s e r i e s  

which i s  w . u . c ,  but  not  s u b s e r i e s  c o n v e r g e n t  [namely ,  Z e j ) .  

Bessaga  and P e t c z y n s k i  d e r i v e  C o r o l l a r y  4 from r e s u l t s  on b a s i c  

s equ ences  in  B - s p a c e s  ( [ 2 1 ] ) ;  D i e s t e l  and Uhl g i v e  a p r o o f  o f  C o r o l -  

l a r y  4 based  on a r e s u l t  o f  R o s e n t h a l  ( [34]  1 . 4 . 5 ) .  The methods 

employed in  t h e  p r o o f  g iven  above shou ld  be c o n t r a s t e d  w i t h  t h o s e  o f  
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D i e s t e l  and  Uhl ( [ 3 4 1 )  w h e r e  t h e  R o s e n t h a l  lemma i s  u s e d .  

We n e x t  d e r i v e  a r e s u l t  o f  D i e s t e l  on v e c t o r  m e a s u r e s  f r o m  

Theorem 3 ( [ 3 4 ]  1 . 4 . 2 ) .  

C o r o l l a r y  S.  L e t  A be  an a l g e b r a  o f  s u b s e t s  o f  a s e t  S .  I f  

m : ~ ÷ X i s  a b o u n d e d ,  f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n  w h i c h  i s  n o t  

s t r o n g l y  a d d i t i v e ,  t h e n  X c o n t a i n s  a s u b s p a c e  i s o m o r p h i c  t o  c o . 

P r o o f :  I f  m i s  n o t  s t r o n g l y  a d d i t i v e ,  t h e r e  i s  a d i s j o i n t  s e q u e n c e  

{A i }  i n  ~ and  a 6 > 0 s u c h  t h a t  ] l m ( A i ) [ [  > 5 f o r  e a c h  i .  
0 

( S e e  c h a p t e r s  1 o r  4 . )  F o r  x E X , t h e  ~ s c a l a r  s e t  f u n c t i o n  
l 

x m i s  b o u n d e d  and  f i n i t e l y  a d d i t i v e  a n d ,  t h e r e f o r e ,  h a s  b o u n d e d  
w 

v a r i a t i o n .  H e n c e ,  E [<x , m ( A j ) > [  < ~ .  T h a t  i s ,  t h e  s e r i e s  Zm(Aj )  

i s  w . u . c .  Theorem 3 now g i v e s  t h e  r e s u l t .  

A p r o o f  o f  C o r o l l a r y  5 i s  g i v e n  by  D i e s t e l  and  Uhl i n  [34]  and  

i s  b a s e d  on R o s e n t h a l ' s  Lemma. 

F i n a l l y  we u s e  Theorem 3 t o  d e r i v e  a r e s u l t  o f  P e l c z y n s k i  on u n -  

c o n d i t i o n a l l y  c o n v e r g i n g  o p e r a t o r s .  A b o u n d e d  l i n e a r  o p e r a t o r  T 

f r o m  a B - s p a c e  X i n t o  a B - s p a c e  Y i s  an u n c o n d i t i o n a l l y  c o n v e r g -  

i n g  o p e r a t o r  i f  T c a r r i e s  w . u . c ,  s e r i e s  i n  X i n t o  s u b s e r i e s  

c o n v e r g e n t  s e r i e s  i n  Y ( [ 5 8 ] ) .  A w e a k l y  c o m p a c t  o p e r a t o r  i s  u n c o n -  

d i t i o n a l l y  c o n v e r g i n g  and  i n  c e r t a i n  B - s p a c e s  t h e  c o n v e r s e  i s  a l s o  

t r u e  ( [ 5 8 ] ) .  The i d e n t i t y  o p e r a t o r  on CI g i v e s  an e x a m p l e  o f  an  

o p e r a t o r  w h i c h  i s  u n c o n d i t i o n a l l y  c o n v e r g i n g  b u t  n o t  w e a k l y  c o m p a c t .  

We h a v e  t h e  f o l l o w i n g  i n t e r e s t i n g  r e s u l t  o f  P e l c z y n s k i  o n m a n c o n d i -  

t i o n a l l y  c o n v e r g i n g  o p e r a t o r s  ( [ 5 8 ] ) .  

C o r o l l a r y  6.  L e t  T : X ~ Y be a b o u n d e d  l i n e a r  o p e r a t o r  w h i c h  i s  

n o t  u n c o n d i t i o n a l l y  c o n v e r g i n g .  Then t h e r e  e x i s t  i s o m o r p h i s m s  

I 1 : c o ÷ X and 12 : c o ÷ Y s u c h  t h a t  TI 1 = 12 ( i . e . ,  T h a s  a 
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bounded i n v e r s e  on a s u b s p a c e  i s o m o r p h i c  t o  Co).  

P r o o f :  By h y p o t h e s i s  t h e r e  e x i s t s  a w . u . c ,  s e r i e s  ~x i in  X such  

t h a t  ZTx i i s  w . u . c ,  but  not  s u b s e r i e s  c o n v e r g e n t .  S i n c e  z-'rx i 

c o n t a i n s  a s u b s e r i e s  which  i s  not  c o n v e r g e n t ,  we may as  w e l l  assume 

t h a t  Z-Tx i i s  not  c o n v e r g e n t .  Thus,  t h e r e  e x i s t  6 • 0 and a s u b -  

s equence  {pi } such  t h a t  I l z j [ I  • 5, where  z j  = Tuj and 

P j+I  
uj  = ~ x i .  By P r o p o s i t i o n  1 ( i i ) ,  t h e  s e r i e s  k'Tuj i s  w . u . c .  

i = p j + l  

S i n c e  [ [ x [ ]  ) l[ Tx[ l  / ] [T[ [  f o r  e a c h  x E X, t h e  s e r i e s  ~uj  i s  

w . u . c ,  in  Y by P r o p o s i t i o n  1 ( i i )  and,  m o r e o v e r ,  

l l u j l l  • 6 / I I T I I .  App l y i ng  Theorem 3 t o  t h e  s e r i e s  Zuj  and Z-Tuj 

t h e r e  i s  a s u b s e q u e n c e  (m i} such  t h a t  I i ( t  j} = Zt jUmj and 

I 2 { t  j} = ~ t jTumj  d e f i n e  i somorph i sms  I 1 and 12 f rom c o i n t o  

X and Y, r e s p e c t i v e l y .  E v i d e n t l y  TI 1 = 12. 

P e l c z y n s k i  d e r i v e s  C o r o l l a r y  6 by u s i n g  a deep  t heo rem o f  [21] 

on t h e  e x i s t e n c e  o f  b a s i c  s e q u e n c e s  ( [ 5 8 ] ) .  C o r o l l a r y  6 i s  e s t a b -  

l i s h e d  in  [69] by e m p l o y i n g  t h e  A n t o s i k - M i k u s i n s k i  D iagona l  Theorem. 

The p r o o f  above  i s  o f  a much more e l e m e n t a r y  c h a r a c t e r .  

The c o n v e r s e  o f  C o r o l l a r y  6 h o l d s  and f u r n i s h e s  an i n t e r e s t i n g  

c h a r a c t e r i z a t i o n  o f  u n c o n d i t i o n a l l y  c o n v e r g i n g  o p e r a t o r s  ( [ 4 3 ] ) .  

We now c o n s i d e r  t h e  p rob lem o f  imbedding Z = in  X. 

In  what f o l l o w s ,  l e t  P be t h e  power s e t  o f  ~. I f  

J E N, £=(d )  w i l l  d e n o t e  t h e  s u b s p a c e  o f  £= which  c o n s i s t s  o f  

t h o s e  s e q u e n c e s  which  v a n i s h  o u t s i d e  o f  J .  We e s t a b l i s h  t h e  a n a -  

logue  o f  Theorem 3 f o r  m e a s u r e s .  

Theorem 7. Let ~ : ~ ÷ X be bounded and f i n i t e l y  addi t ive .  I f  

{~(j)} doesn' t  converge to O, then there ex i s t s  a subsequence 
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{n i} such that for any subsequence {pi } of {ni}, T~ = Ij~d~ 

defines a topological isomorphism T : ~=(J) ÷ X, where 

J = {pj : j E ~}. 

P r o o f :  We may assume (by  p a s s i n g  t o  a s u b s e q u e n c e  i f  n e c e s s a r y )  t h a t  

there exists a 6 > 0 such that llplj)ll > 6 for each j. Pick 
, 0 I I 

xj E X such that IIxjll = 1 and <xj,g(j)> = II~(J)II. Let X o 
| * 

be t h e  c l o s e d  s u b s p a c e  spanned  by { g ( j )  : j E N}. L e t  z j  be x j  
0 

restricted to the subspace X o. Since X o is separable, {zj} is 
w 

O(Xo,X o) relatively sequentially compact and, therefore, has a 
w t ! 

s u b s e q u e n c e  which  i s  O(Xo,X o) c o n v e r g e n t  t o  an e l e m e n t  z E X o 
I ! 

with, llz II ~ I. For convenience, of notation,, assume that, {z~} is 

O(Xo,X o} c o n v e r g e n t  t o  z . Ex tend  z t o  an e l emen t  x E X 
I 

w i t h  I l x  II ~ 1. Thus ,  we have  

, w 

(21 lim. <xj - x , g(i)> = 0 for each i. 
J 

I I 

Consider t h e  matrix [Yij] = [<x i - x , ~(j)>]. Now 
0 , 

[Yii  [ > 5 - [<x , g ( i ) > [  > 5 / 2  f o r  l a r g e  i s i n c e  x g i s  s t r o n g l y  

a d d i t i v e  so ,  a g a i n  f o r  c o n v e n i e n c e  o f  n o t a t i o n ,  assume t h a t  

(3) ]Yi i  ] > 6 / 2  for a l l  i .  

o 

By (2)  and t h e  s t r o n g  a d d i t i v i t y  o f  e a c h  (x i - x )g ,  we have  

l im Yi j  = 0 f o r  e a c h  j and l im  Yi j  = 0 f o r  e a c h  i .  
i j 

T h e r e f o r e ,  we may a p p l y  Lemma 2 and o b t a i n  a s u b s e q u e n c e  {m i } such  

that 

(4) ~ lYmlmj I < 6 / 4 .  
i=l j#i ' ' 

, m 

Since each (x i - x )~ is strongly additive, Drewnowski's 

Lemma implies that {m i} has a subsequence {n i} such that each 
w 0 

(Xmi - x )~ is countably additive on the o-algebra ~enerated by 
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{ n i l .  Put  J = {n i : i E N).  D e f i n e  a bounded l i n e a r  o p e r a t o r  

T : ~ ( J )  * X by T$ = ~ j~d~.  

From t h e  c o u n t a b l e  a d d i t i v i t y ,  (3)  and ( 4 ) ,  we have  

(5) 2][T~]] * ]<Xni-X , ] = [ d(Xni-X )~] = 

[ j=l ~ tnj<xni-x ,~(nj) > { ~ [tnl [. {Ynlnl { .  . - 

j$iZ [ t n j [  lYnin j [  > [tnl [ 5 / 2  - [ [ ¢ ] [ 5 / 4 ,  

where  ~ = { t j ) .  Tak ing  t h e  supremum o v e r  i in  (5)  i m p l i e s  

[ ]T~[[  ~ ] [ ~ ] [ 6 / 8 ,  o r  T has  a bounded i n v e r s e .  

The same c a l c u l a t i o n  h o l d s  f o r  any s u b s e q u e n c e  o f  {n i} .  

T h i s  r e s u l t  i s  e s t a b l i s h e d  in  [13] by means o f  a n o t h e r  

m a t r i x  t y p e  r e s u l t .  (See  a l s o  [ 7 2 ] . )  

Theorem 7 has  an immed ia t e  c o r o l l a r y  t h e  f o l l o w i n g  r e s u l t  

o f  D i e s t e l  and F a i r e s  ( [33]  1 . 4 . 2 ,  [ 3 4 ] ) .  

C o r o l l a r y  8. Le t  Z be a o - a l g e b r a  o f  s u b s e t s  o f  a s e t  S and l e t  

m : Z * X be bounded,  f i n i t e l y  a d d i t i v e  but  not  s t r o n g l y  a d d i t i v e .  

Then X c o n t a i n s  a s u b s p a c e  i s o m o r p h i c  t o  ~ .  

P r o o f :  I f  m i s  not  s t r o n g l y  a d d i t i v e ,  t h e r e  a r e  a d i s j o i n t  

s e q u e n c e  {Ej} ~ E and a 5 ~ 0 such  t h a t  I [ m ( E j ) [ I  ~ 5.  D e f i n e  

: F * X by g(A) = m( U E~) .  Then ~ s a t i s f i e s  t h e  c o n d i t i o n s  
jEA J 

o f  Theorem 7 and t h e  r e s u l t  i s  i m m e d i a t e .  

Note  t h a t  t h e  c o n v e r s e  o f  C o r o l l a r y  8 a l s o  h o l d s  and,  t h e r e f o r e ,  

g i v e s  an i n t e r e s t i n g  c h a r a c t e r i z a t i o n  o f  B - s p a c e s  c o n t a i n i n g  s u b -  

s p a c e s  i s o m o r p h i c  t o  ~ .  (The s e t  f u n c t i o n  ~ : 2 * ~ d e f i n e d  by 

~ ( o )  = E e i i s  bounded,  f i n i t e l y  a d d i t i v e  but  not  s t r o n g l y  a d d i t i v e . )  
iEo 
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C o r o l l a r y  8 has a number o f  i n t e r e s t i n g  a p p l i c a t i o n s  ( s e e  [33] 

1 . 4 ) .  We p r e s e n t  two such  a p p l i c a t i o n s .  F i r s t  we c o n s i d e r  t h e  f o l -  

lowing r e s u l t  due t o  Bessaga  and P e l c z y n s k i  ( [ 2 1 ] ) .  

C o r o l l a r y  9. I f  X c o n t a i n s  no subspace  i somorph ic  t o  £~, t h e n  

X c o n t a i n s  no subspace  i somorph ic  t o  c o.  

I 

P r o o f :  Let  Zx i be a w . u . c ,  s e r i e s  in X . Then, in p a r t i c u l a r ,  
w w 

Zl<xi,x>l < - f o r  each  x 6 X. Thus, t he  s e r i e s  Zx i i s  weak ~ 

s u b s e r i e s  c o n v e r g e n t .  Now d e f i n e  a bounded, f i n i t e l y  a d d i t i v e  s e t  

f u n c t i o n  g : P ÷ X by g ( o )  x I .  By C o r o l l a r y  8, ~ i s  
i 

s t r o n g l y  a d d i t i v e .  Hence, f o r  any subsequence  {mi}, 
w 

l im [ [ ~ ( m i ) [ [  = l im [[Xmil[  = O. Theorem 7.1 i m p l i e s  t h a t  t he  s e r i e s  

I 

Ex i i s  norm s u b s e r i e s  c o n v e r g e n t .  C o r o l l a r y  4 g i v e s  t he  r e s u l t .  

As a second a p p l i c a t i o n ,  we e s t a b l i s h  t he  r e s u l t  o f  D i e s , e l  and 

F a i r e s  on weak ~ s u b s e r i e s  c o n v e r g e n t  s e r i e s  which was r e f e r r e d  t o  

e a r l i e r  in s e c t i o n s  3 and 7. 

C o r o l l a r y  I0 .  Let  X c o n t a i n  no subspace  i somorph ic  t o  Z~. 

Zx i i s  weak ~ s u b s e r i e s  c o n v e r g e n t  in X , t hen  Ex i i s  norm 

s u b s e r i e s  c o n v e r g e n t .  

If 

P r o o f :  D e f i n e  a bounded,  f i n i t e l y  a d d i t i v e  s e t  f u n c t i o n  ~ : ~ ÷ X 
! 

by g ( o )  = i ~ o x i .  By C o r o l l a r y  8 g i s  s t r o n g l y  a d d i t i v e .  Hence,  f o r  

) 

any subsequence {mi}, lim ~(m i) = lim Xmi = 0 in norm. Theorem 7.1 

w 

implies that the series ~x i is norm subseries convergent. 

The c o n v e r s e  o f  C o r o l l a r y  i0 a l s o  h o l d s  and g i v e s  an i n t e r e s t i n g  

c h a r a c t e r i z a t i o n  o f  dual  spaces  c o n t a i n i n g  c o p i e s  o f  ~ ( see  [33] 
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C o r o l l a r y  1 .2  f o r  t he  p r o o f ) .  

F i n a l l y ,  we o b t a i n  as  a c o r o I I a r y  o f  Theorem 7 t h e  f o l l o w i n g  

r e s u l t  o f  R o s e n t h a l  ( [ 6 5 ] ) .  

C o r o l l a r y  I I .  ( R o s e n t h a l )  Let  T : £~ * X be bounded and l i n e a r .  

I f  t h e r e  i s  an i n f i n i t e  I E N such t h a t  T r e s t r i c t e d  t o  Co( I )  

i s  an i somorphism,  then  t h e r e  i s  an i n f i n i t e  J ~ I such t h a t  T 

r e s t r i c t e d  t o  ~ ( J )  i s  an i somorphism.  

P r o o f :  De f ine  g : P * X by ~(A) = T(CA), where C A d e n o t e s  t h e  

c h a r a c t e r i s t i c  f u n c t i o n  o f  A. Then g i s  bounded,  f i n i t e l y  a d d i t i v e  

and Tf = f fdg .  By h y p o t h e s e s  t h e r e  i s  a 6 > 0 such  t h a t  

l l ~ ( i ) ] l  = I [ T C { i } I I  ~ 6 f o r  i 6 I .  Thus,  Theorem 7 g i v e s  t he  r e s u l t .  

R o s e n t h a l  a c t u a l l y  o b t a i n s  a more g e n e r a l  r e s u l t  than  C o r o l l a r y  

11 in P r o p o s i t i o n  1 .2  o f  [65 ] .  For  t he  c o u n t a b l e  c a s e  o f  h i s  r e s u l t  

which i s  g i v e n  in C o r o l l a r y  11 our  methods a re  much s i m p l e r .  
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