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Preface

Classical econometrics — which plunges its roots in economic theory
with simultaneous equations models (SEM) as offshoots — and time series
econometrics — which stems from economic data with vector autoregres-
sive (VAR) models as offsprings — scour, like the Janus’s facing heads, the
flowing of economic variables so as to bring to the fore their autonomous
and non-autonomous dynamics. It is up to the so-called final form of a dy-
namic SEM, on the one hand, and to the so-called representation theorems
of (unit-root) VAR models, on the other, to provide informative closed
form expressions for the trajectories, or time paths, of the economic vari-
ables of interest.

Should we look at the issues just put forward from a mathematical
standpoint, the emblematic models of both classical and time series
econometrics would turn out to be difference equation systems with ad hoc
characteristics, whose solutions are attained via a final form or a represen-
tation theorem approach. The final form solution — algebraic technicalities
apart — arises in the wake of classical difference equation theory, display-
ing besides a transitory autonomous component, an exogenous one along
with a stochastic nuisance term. This follows from a properly defined ma-
trix function inversion admitting a Taylor expansion in the lag operator be-
cause of the assumptions regarding the roots of a determinant equation pe-
culiar to SEM specifications.

Such was the state of the art when, after Granger’s seminal work, time
series econometrics came into the limelight and (co)integration burst onto
the stage. While opening up new horizons to the modelling of economic
dynamics, this nevertheless demanded a somewhat sophisticated analytical
apparatus to bridge the unit-root gap between SEM and VAR models.

Over the past two decades econometric literature has by and large given
preferential treatment to the rdle and content of time series econometrics as
such and as compared with classical econometrics. Meanwhile, a fascinat-
ing — although at time cumbersome — algebraic toolkit has taken shape in a
sort of osmotic relationship with (co)integration theory advancements.

The picture just outlined, where lights and shadows — although not ex-
plicitly mentioned — still share out the scene, spurs us on to seek a deeper
insight into several facets of dynamic model analysis, whence the idea of
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this monograph devoted to representation theorems and their analytical
foundations.

The book is organised as follows.

Chapter 1 is designed to provide the reader with a self-contained treat-
ment of matrix theory aimed at paving the way to a rigorous derivation of
representation theorems later on. It brings together several results on gen-
eralized inverses, orthogonal complements, partitioned inversion rules
(some of them new) and investigates the issue of matrix polynomial inver-
sion about a pole (in its relationships with difference equation theory) via
Laurent expansions in matrix form, with the notion of Schur complement
and a newly found partitioned inversion formula playing a crucial role in
the determination of coefficients.

Chapter 2 deals with statistical setting problems tailored to the special
needs of this monograph . In particular, it covers the basic concepts on sto-
chastic processes — both stationary and integrated — with a glimpse at
cointegration in view of a deeper insight to be provided in the next chapter.

Chapter 3, after outlining a common frame of reference for classical and
time series econometrics bridging the unit-root gap between structural and
vector autoregressive models, tackles the issue of VAR specification and
resulting processes, with the integration orders of the latters drawn from
the rank characteristics of the formers. Having outlined the general setting,
the central topic of representation theorems is dealt with, in the wake of
time series econometrics tradition named after Granger and Johansen (to
quote only the forerunner and the leading figure par excellence), and fur-
ther developed along innovating directions thanks to the effective analyti-
cal toolkit set forth in Chapter 1.

The book is obviously not free from external influences and acknowl-
edgement must be given to the authors, quoted in the reference list, whose
works have inspired and stimulated the writing of this book.

We should like to express our gratitude to Siegfried Schaible for his en-
couragement about the publication of this monograph.

Our greatest debt is to Giorgio Pederzoli, who read the whole manu-
script and made detailed comments and insightful suggestions.

We are also indebted to Wendy Farrar for her peerless checking of the
text.

Finally we would like to thank Daniele Clarizia for his painstaking typ-
ing of the manuscript.

Milan, March 2005
Mario Faliva and Maria Grazia Zoia
Istituto di Econometria e Matematica
Universita Cattolica, Milano
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1 The Algebraic Framework of Unit-Root
Econometrics

Time series econometrics is centred around the representation theorems
from which one can evict the integration and cointegration characteristics
of the solutions for the vector autoregressive (VAR) models.

Such theorems, along the path established by Engle and Granger and by
Johansen and his school, have promoted the parallel development of an
“ad hoc” analytical implement — although not always fully settled.

The present chapter, by reworking and expanding some recent contribu-
tions due to Faliva and Zoia, provides in an organic fashion an algebraic
setting based upon several interesting results on inversion by parts and on
Laurent series expansion for the reciprocal of a matrix polynomial in a de-
leted neighbourhood of a unitary root. Rigorous and efficient, such a tech-
nique allows for a quick and new reformulation of the representation theo-
rems as it will become clear in Chapter 3.

1.1 Generalized Inverses and Orthogonal Complements

We begin by giving some definitions and theorems on generalized in-
verses. For these and related results see Rao and Mitra (1971), Pringle and
Rayner (1971), S.R. Searle (1982).

Definition 1

A generalized inverse of a matrix A of order m X n is a matrix A™ of or-
der n X m such that

AA A=A ey

The matrix A™ is not unique unless A is a square non-singular matrix.

We will adopt the following conventions
B=A" 2)

to indicate that B is a generalized inverse of A;
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A =B 3)

to indicate that one possible choice for the generalized inverse of A is
given by the matrix B.

Definiton 2

The Moore-Penrose generalized inverse of a matrix A of order m X n is a
matrix A® of order n x m such that

AA*A=A )
ATA Af = A° (5)
(A A=A A* (6)
(A*AY =A‘A )

where A’ stands for the transpose of A. The matrix A® is unique.

Definition 3

A right inverse of a matrix A of order m X n and full row-rank is a ma-
trix A of order n X m such that

AA=I ®)

Theorem 1
The general expression of A~ is
A’ =H (AH')" )]
where H is an arbitrary matrix of order m X n such that

det (AH') #0 (10)

Proof
For a proof see Rao and Mitra (1971, Theorem 2.1.1).
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Remark
By taking H = A, we obtain
A=A’ (AA)'= AY, (11)
a particularly useful form of right inverse.
Definition 4

A left inverse of a matrix A of order m X n and full column-rank is a ma-
trix A; of order n X m such that

AA=I (12)

Theorem 2

The general expression of A, is

A" = (KAY'K’ (13)
where K is an arbitrary matrix of order m X n such that
det (K’'A)#0 (14)
Proof
For a proof see Rao and Mitra (1971, Theorem 2.1.1).
O
Remark
By letting K = A, we obtain
A =AA)TA =A° (15

a particularly useful form of left inverse.

We will now introduce the notion of rank factorization.

Theorem 3

Any matrix A of order m X n and rank r may be factored as follows

A=BC (16)
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where B is of order m X r, C is of order n X r, and both B and C have rank
equal to r.
Such a representation is known as a rank factorization of A.

Proof
For a proof see Searle (1982, p. 194).

Theorem 4

Let a matrix A of order m X n and rank r be factored as in (16). Then A™
can be factored as

A= (C), B a7
with the noteworthy relationship
CAB=1] (18)

as a by-product.
In particular, the Moore-Penrose inverse A° can be factored as

A*=(CYB*=C(CCY' (BB B’ (19)

Proof

The proofs of both (17) and (18) are simple and are omitted. For a proof
of (19) see Greville (1960).
O
We shall now introduce some further definitions and establish several
results on orthogonal complements. For these and related results see Thrall
and Tornheim (1957), Lancaster and Tismenetsky (1985), Liitkepohl
(1996) and the already quoted references.

Definition 5

The row kernel, or null row space, of a matrix A of order m X n and rank
r is the space of dimension (m - r) of all solutions x of x" A" = ¢".
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Definition 6

An orthogonal complement of a matrix A of order m X n and full col-
umn-rank is a matrix A, of order m X (m —n) and full column-rank such
that

AA=0 (20)

Remark

The matrix A, is not unique. Indeed the columns of A, form not only a
spanning set, but even a basis for the row kernel of A and the other way
around. In light of the foregoing, a general representation of the orthogonal
complement of a matrix A is given by

A=AV @n
where A is a particular orthogonal complement of A and V is an arbitrary
square non-singular matrix connecting the reference basis (namely, the
m —n columns of A) to an another (namely, the m —n columns of AV) .
The matrix V is usually referred to as a transition matrix between bases
(cf. Lancaster and Tismenetsky, 1985, p. 98).

We shall adopt the following conventions:

A=A, (22)

to indicate that A is an orthogonal complement of A;

to indicate that one possible choice for the orthogonal complement of A is

given by the matrix A.
The equality

A)L=4 (24)
reads accordingly.

We now prove the following invariance theorem

Theorem 5

The expressions

AL(HA)' (25)
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C. (B KC) "B, (26)

and the rank of the partitioned matrix

J B
27
c, 0
are invariant for any choice of A,, B, and C,, where A, B and C are full

column-rank matrices of order m X n, H is an arbitrary full column-rank
matrix of order m X (m — n) such that

det (HA)#0 (28)
and both J and K, of order m, are arbitrary matrices, except that

det (B, KC,) 20 (29)

Proof
To prove the invariance of the matrix (25) we check that
A, (HA)'-A,HA,'=0 30)

where A, and A, are two choices of the orthogonal complement of A.
After the arguments put forward to arrive at (21), the matrices A, and
A, are linked by the relation

A,=4,V 3D

for a suitable choice of the transition matrix V.
Substituting A,, Vfor A, in the left-hand side of (30) yields

A, (H,Au)_l -4, V(H,Auv)gl = A, (H,Au)_l

LA (32)
~-A,VV'(HA,)" =0

which proves the asserted invariance.

The proof of the invariance of the matrix (26) follows along the same
lines as above by repeating for B, and C, the reasoning used for A ;.

The proof of the invariance of the rank of the matrix (27) follows upon
noticing that
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[Lj B,,D[M BOVD
Lo el oo vl %)

where V, and V,are suitable choices of transition matrices.

(33)

a
The following theorem provides explicit expressions for orthogonal
complements of matrix products, which find considerable use in the text.

Theorem 6

Let A and B be full column-rank matrices of order / X m and m X n re-
spectively. Then the orthogonal complement of the matrix product AB can
be expressed as

(AB), =[(A")' B, A|] (34)
In particular if / = m, then the following holds
(AB),=(A")" B, (35
Moreover, if C is any non-singular matrix of order m, then we can write
(BO) =B, (36)
Proof
Observe that
(AB) [(A")' B1,A11=0 (37
and that the block matrix
[(A) By, A, AB] (38)

is square and of full rank. Hence the matrix [(A")* B,, A ] provides an ex-
plicit expression for the orthogonal complement of AB, according to Defi-
nition 6 (see also Faliva and Zoia, 2003).

The result (35) is established by straightforward computation.

The result (36) is easily proved and rests on the arguments underlying
the representation (21) of orthogonal complements.

O
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The next three theorems provide expressions for generalized and regular
inverses of block matrices and related results of major interest for our analysis.

Theorem 7

Suppose that A and B are as in Theorem 6. Then

B:A
[(A) B, A= (39)
AL
, (A B,y
@Y BuLAr=| " (40)

Proof
The results follow from Definitions 1 and 2 by applying Theorems 3.1
and 3.4, Corollary 4, in Pringle and Rayner (1971) p. 38.
O
Theorem 8
The inverse of the composite matrix [A4, A, ] can be written as follows
o |A®
[A,A,]" = [Af 41)
which, in turns, leads to the noteworthy identity

AA*+A AP =1 42)

Proof

The proof is a by-product of Theorem 3.4, Corollary 4, in Pringle and
Rayner (1971), and the identity (42) ensues from the commutative property
of the inverse.

0

The following theorem provides a useful generalization of the identity
(42).
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Theorem 9

Let A and B be full column-rank matrices of order m X n and m X (m —n)
respectively, such that the composite matrix [A, B] is non singular. Then,
the following identity

A(BA'B +B(AB'A, =1 (43)

holds true.

Proof

Observe that insofar as the square matrix [A, B] is non-singular, both
B’ A and A’ B are non-singular matrices also.
Furthermore, verify that
(BA)'B’ I, 0
1 1 [A’ B] - (44)
(AB)'A] LU

(B A)"B|
This shows that is the inverse of [A, B]. Hence the iden-
4B A
tity (43) follows from the commutative property of the inverse.
O
Let us now quote a few identities which can easily be proved because of
Theorems 4 and 8

AA*=BB* (45)

AA=(C)C (46)

I,-AA*=I -BB'=B, B,y =(B,) B, A7)
I-A'A=I-(CY C =(C)YC, =C/(C (48)

where A, B and C are as in Theorem 3.

To conclude this section, let us observe that an alternative definition of
orthogonal complement — which differs slightly from that of Definition 6 —
may be more conveniently adopted for square singular matrices as indi-
cated in the next definition.
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Definition 7

Let A be a square matrix of order » and rank r < n. A left-orthogonal
complement of A is a square matrix of order n and rank n — r, denoted by

A", such that

AtA=0 (49)

r((A,AD=n (50)

Analogously, a right-orthogonal complement of A is a square matrix of
order n and rank n — r, denoted by Arl , such that

AA =0 (51)

r((A, A D=n (52)

Suitable choices for the matrices A;" and A turn out to be the idempo-
tent matrices (see, e.g., Rao, 1973)

Al =1-AA* (53)

Ar=T1-AA (54)

which will henceforth simply be denoted by A; and A’

r 9

respectively,
unless otherwise stated.

1.2 Partitioned Inversion: Classical and Newly Found Results

This section, after recalling classic results on partitioned inversion, pre-
sents newly found (see, in this regard, Faliva and Zoia, 2002a) inversion
formulas which, like Pandora’s box, provide the keys to an elegant and
rigorous approach to unit-root econometrics main theorems, as shown in
Chapter 3.

To begin with we recall the following classical result:

Theorem 1

Let A and D be square matrices of order m and n, respectively, and let B
and C be full column-rank matrices of order m X n.
Consider the partitioned matrix
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A B
Pz{ } (D
C D

Then anyone of the following sets of conditions is sufficient for the ex-
istence of P!
a) Both A and its Schur complement E =D — C'’A™B are non-singular ma-
trices.
b) Both D and its Schur complement F =A — BD'C’ are non-singular ma-
trices.
Moreover the results listed below hold true:
i) Under a), the partitioned inverse of P can be written as

A"+A"BE'CA® -A"BE"
P'= )
-E'CA* E*
ii) Under b), the partitioned inverse of P can be written as

1 F* -F'BD*
P = (3)
-D'CF* D'+D'CF'BD"

Proof
The matrix P exists insofar as (see Rao, 1973, p.- 32)
det(A)det(E) # 0, under a)
det(P) = 4)
det(D)det(F) #0, under b)

The partitioned inversion formulas (2) and (3), under the assumptions a)
and b), respectively, are standard results of the algebraic tool-kit of econo-
metricians (see, e.g., Goldberger, 1964; Theil, 1971; Faliva, 1987).

O

We shall now establish the main result (see also Faliva and Zoia,
2002 a).

Theorem 2

Consider the block matrix
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A B
P=
C 0
where A, B and C are as in Theorem 1.
The condition

det (B, AC))#0

is necessary and sufficient for the existence of P'.
Further, the following representations of P hold

P H (I-HAXC')®
) B(I-AH) B*(AHA-A)(C')*

where
H=C(BAC))"B]
and
i [ H K(CK)" }
(KB)Y'K' —(K'B)' KAK(C'K)"

where

K=(A"B)),

K=@cy,
Proof

&)

(6)

@)

®

&)

(10)

(11

Condition (6) follows from the rank identity (see Marsaglia and Styan,

1974, Theorem 19)

rP)=rB)+r(C)+r[(I-BBHA (I-(CY C)]
=n+n+r[(B B ,AC(C)|=2n+r(B AC))

where use has been made of the identities (47) and (48) of Section 1.1.

To prove (7), let the inverse of P be

Fl_r: Pz}
P, P,

12)

(13)
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where the blocks in P are of the same order as the corresponding blocks
in P. Then, in order to express the blocks of the former in terms of the
blocks of the latter, write PP =1 and PP = I in partitioned form

P, Pz} {A B| [I, 0]
= (14)

P, P||C 0] |0 I]

A B} {Pl P [I, 0]
= (15)

c o|lp, P| |0 I,

and equate block to block as follows
PA+PC'=1, (16)
PB=0 17
< PA+PC' =0 (18)
PB=I, (19)
AP, +BP,=1, (16"
AP, +BP,=0 (17
< CP =0 (189
CP,=1, (19)
From (16) and (16") we get

P,=(CY-P ACY=I-PA) Y (20
P,=B°—B°AP = B* (I - AP) (1)

respectively.
From (17’), in light of (20) we can write

P,=-BAP,=-B°A[(CY-PA (C')]=B°[APA - A)(C')’ (22)
Consider now the equation (17). Solving for P, gives
P =VB, (23)

for some V. Substituting the right-hand side of (23) for P, in (16) and
postmultiplying both sides by C, we get
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VBiACJ_ = C_{_ (24)
which solved for V yields
V=C,(B,AC))" (25)

in view of (6).
Substituting the right-hand side of (25) for V in (23) we obtain

P =C, (B,AC))"B, (26)

Hence, substituting the right-hand side of (26) for P, in (20), (21) and
(22) the expressions of the other blocks are easily found.

The proof of (9) follows as a by-product of (7), in light of identity (43)
of Section 1.1, upon noticing that, on the one hand

I-AH=1-(AC)) (B_(AC)" B,=B ((AC,),) B"(AC,),

- - 27
=B(K'B)'K’
whereas, on the other hand,
I-HA=K(CK)'C (28)
O

The following corollaries provide further results whose usefulness will
soon become apparent.
Corollary 2.1

Should both assumptions a) and b) of Theorem 1 hold, then the follow-
ing equality

A-BD'CY'=A"+A'B(D-CA'B)Y'C’A™ (29)

€nsues.

Proof

Result (29) arises from equating the upper diagonal blocks of the right-
hand sides of (2) and (3).

O

Corollary 2.2

Should both assumption a) of Theorem 1 with D = 0, and assumption (6)
of Theorem 2 hold, then the equality
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C.(BAC)'B, =A'-A"B(CA'By'C'A” (30)

€nsucs.

Proof

Result (30) arises from equating the upper diagonal blocks of the right-
hand sides of (2) and (7) for D = 0.

O

Corollary 2.3

By taking D = - Al, let both assumption b) of Theorem 1 in a deleted
neighbourhood of A =0, and assumption (6) of Theorem 2 hold. Then the
following equality

C.(B.AC.)"B, = lim{)04+BC)"} 31)

A0

ensues as A — 0.

Proof

To prove (31) observe that A (AA+ BC”) plays the réle of Schur com-
plement of D = — Al in the partitioned matrix

A B
(32)
C -M
whence
A BTI
{r0a+BCHY '} =1 0] (33)
C M| o
Taking the limit as A — 0 of both sides of (33) yields
. A B|'[rI
lim{» A 4+BC)"} = [1, 0] (34)
A0 c oo

which eventually leads to (31) in view of (7).
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1.3 Matrix Polynomials: Preliminaries
We start by introducing the following definitions

Definition 1

A matrix polynomial of degree K in the scalar argument z is an expres-
sion of the form

K
A= ZAk z, A #0 (D
k=0
In the following we assume, unless otherwise stated, that A, A, ..., A,

are square matrices of order n.
When K = 1 the matrix polynomial is said to be linear.

Definition 2

The scalar polynomial
T (z) =det A (2) (2

is referred to as the characteristic polynomial of A (z).

Definition 3

The algebraic equation
m(z)=0 3)

is referred to as the characteristic equation of the matrix polynomial A (z).

Expanding the matrix polynomial A(z) about z = 1 yields

A@ =AM+ Y (1-2) (- 1)%&”(1) )
where
® _ dkA(Z) _ & (T

The dot matrix notation A (), A (z), A(z) will be adopted for
k=1,2,3. For simplicity of notation, A, A, A, A will henceforth be
written instead of A (1), A (1), A (1), A (1).
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The following truncated expansions of (4)

A@=4+(1-220@® )
A@Q=A-(1-2) A+(1-20¥(@©) @)

where
Q@)= Z<1 2 (= Df A(’"(l) Q()=-4A (8)

k=1

Y2 =) (1-27 (- 1) A(k)(l) ¥(H)=-0() =

k=2

®)

1\)|»—n

are of special interest for the subsequent analysis.
We prove the following classical result.
Theorem 1

The characteristic polynomial det A (z) has a possibly multiple unit-root
z=1if and only if

detA=0 (10)

Proof

According to (6) the characteristic equation (3) can be exhibited in the form

det[(1-2Q (@) +A]=0 (1)
which for z = 1 entails
det(A)=0=>r(A)<n (12)

and the other way around.
O
The next result sheds more light on the characteristic polynomial roots.

Theorem 2

We distinguish two possibilities
i) z=1 is a simple root of the characteristic polynomial der A(z) if and
only if

det A =0 (13)
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r(A(1HA)=0 (14)

where A"(1) denotes the adjoint matrix A'(z) of A (z) evaluatedatz = 1;

ii)z=1 is a root of multiplicity two of the characteristic polynomial
det A () if and only if

detA =0 (15)
tr(A'(HA)=0 (16)
tr(A" (DA +A(HA)#0 (17)

where A* (1) denotes the derivative of A (z) with respect to z evaluated at
z=1.
Proof
Expanding det A (z) about z = 1 yields
dzz

detA (z)=det A — (1 —2) {dde;zA(z)} N (1—2){‘12 detA(z)}

+ terms of higher powers of (1 —2) (18)
=detA-(1-2)trA (DAY +(1 -2V or (A" (DA+ @A)

+ terms of higher powers of (1 - 2)

by virtue of

[ ddet A(z)} _ { ddet A(z) } dvecA(z)
dz dvec A(2) dz (19)

={vec(A+(z))’f vecA(z) =tr (A"(2) A (2)}

[d djztzA (Z)}= dtr{A;z(Z)A(Z)h r(A* QA" @Q+A@WAR)  (20)

where use has been made of matrix differentiation rules and vec vs. trace

relationships (see, e.g., Faliva, 1975, 1987; Magnus and Neudecker, 1999).
In view of (18) both statements i) and ii) clearly hold true.

O
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1.4 Matrix Polynomial Inversion by Laurent Expansion

In this section the reader will find the essentials of matrix polynomial
inversion about a pole, a topic whose technicalities will extend over the
forthcoming sections, to duly cover analytical demands of dynamic model
econometrics in Chapter 3.

Theorem 1

Let the roots of the characteristic polynomial
Tt (z) = det A(2) (D

lie either outside or on the unit circle and, in the latter case, be equal to
one. Then the inverse of the matrix polynomial A(z) admits the Laurent
expansion

K -
AQ= gy N r2lIM @
j=t i=0
principal part regular part

in a deleted neighbourhood of z =1, where the coefficient matrices M, of
the regular part consist of exponentially decreasing entries, and the coeffi-
cient matrices NV, of the principal part vanish if A is of full rank.

Proof

The statement of the theorem can be read as a matrix extension of clas-
sical results of Laurent series theory (see, e.g., Jeffrey, 1992; Markusce-
vich, 1965). A deeper insight into the subject will be gained through Theo-
rem 4 at the end of this section.

O

For further analysis we will need the following

Definition 1

An isolated point z, of a (matrix) function A"'(2) such that the Euclidian
norm "A’1 (z)” — o0 as z = z, is called a pole of A'(2).

If z = z, is not a pole of A™(z), the function A™(z) is olomorphic (analyti-
cal) in a neighbourhood of the point z,,.
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Definition 2

The point z, is a pole of order H of the (matrix) function A™(z) if and
only if the principal part of the Laurent expansion of A™(z) about z, con-
tains a finite number of terms forming a polynomial of degree H in (z,~2z)",
i.e. if and only if A"'(z) admits the Laurent expansion

A=),

j=1

1 SO
-N.+ Y7 M, N #0
e Z o Ny 3)

in a deleted neighbourhood of z,.

When H = 1 the pole located at z, is referred to as a simple pole.

Observe that, if (3) holds true, then both the matrix function (z, - 2)"A™(2)
and its derivatives have finite limits as z tends to z,, the former N, being a
non null matrix.

Definition 3

The point z, is a zero of order H of the matrix polynomial A(z) if and
only if z, is a pole of order H of the meromorphic matrix function A™(z)
(see also Theorem 2 of Section 1.3).

The simplest form of the Laurent expansion (2) is

A 1
A= N+ M(z) )
(1-2)
which corresponds to the case of a simple pole at z = 1 where
N,=lim [(1-2) A7(2)] 5)
z—1
-1
M(1) = -lim 41724 @) (6)

z—1 dZ

and M (z) stands for 32’ M,

i=0

Theorem 2

The matrix N is singular.
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Proof

Since the equalities

ADA' @ =To[(1-200) +AJ[(T1Z)N1+ M@ =1 D

A QAQ =1 [(—Ii—Z;Nﬁ M@I[(1-2) Q) +Al=1 @)

hold true in a deleted neighbourhood of z =1, the term containing the
negative power of (1 —z) in the left-hand sides of (7) and (8) must vanish.
This occurs as long as N, satisfies the twin conditions

AN, =0 ©)

NA=0 (10)

which, in turn, entails the singularity of N, (we rule out the case of a null
A).
O
Another case of the Laurent expansion (2) which turns out to be of
prominent interest is

2

| 1
AO= 25

M) (11)

which corresponds to a second order pole at z = 1, where

N, = 1lim[(1 -2’ A™(2)] (12)

. d[(1-2)’ A" (2)]

N, =—lim ————==
=~lim - (13)
M(1) = - tim 4109”47 Q)] (14)

2 z—1 d22

In this connection we have the following

Theorem 3

The matrix N, is singular
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Proof
Since the equalities
AQA (=1

S(1-2"PQ-(1-A +A][(1_1Z)2 N+ 1Z N+M@ =1

T (1-2)

A QAR =1
1 1 .
+ N+MDI[(1-9¥@-(1-2)A+A]=1
(12 T @11 @-(
hold true in a deleted neighbourhood of z =1, the terms containing the
negative powers of (1 —z) in the left-hand sides of (15) and (16) must van-
ish. This occurs provided N, and N satisfy the following set of conditions

(16)

=3 N,

AN,=0 (17)
N,A=0 (18)
AN, =AN, (19)
N,A=NA (20)

Equalities (17) and (18), in turn, entail the singularity of N,.
O

Finally, the next result leads to a deeper insight as far as the algebraic
premises of expansion (2) are concerned.

Theorem 4

Under the assumptions of Theorem 1 about the roots of the characteris-
tic polynomial det A(z), in a deleted neighbourhood of z=1 the matrix
function A™'(z) admits the expansion

A@= YN MO e

j=1
where H is a non negative integer and
M(2) = Zzi M, (22)
=0

with the entries of the coefficient matrices M, decreasing exponentially.



1.4 Matrix Polynomial Inversion by Laurent Expansion 23

Proof
First of all observe that, on the one hand, the factorization
det A(7)=k(1-2)"'TI(1 - -Z—) (23)
Z;
holds for det A(z), where o is a non negative integer, the z;s denote the
roots lying outside the unit circle ( Iz i ‘ > 1) and & is a suitably chosen sca-
lar. On the other hand, the partial fraction expansion

1 1
SO,

(- <7z (24)

Z;

(detA @) = Y0,

holds for the reciprocal of der A(z) accordingly, where the A’ s and the u'js
are properly chosen coefficients, under the assumption that the roots z;s

are real and simple for algebraic convenience. Should some roots be com-
plex and/or repeated, the expansion still holds with the addition of rational
terms whose numerators are linear in z whereas the denominators are
higher order polynomials in z (see, e.g. Jeffrey, 1992, p. 382). This, apart
from algebraic burdening, does not ultimately affect the conclusions drawn
in the theorem.

Insofar as | z; | > 1, a power expansion of the form

[1-—J z<z )t (25)

]

holds for | z| < 1.

This together with (24) lead to the conclusion that {det A(z)}" can be
written in the form

{det AR} -Zx Zu Z(z)

= 27“ Zm

(26)

where the 1 s are exponentially decreasing weights depending on the p’s

and the 2)s.
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Now, provided A”'(z) exists in a deleted neighbourhood of z = 1, it can
be expressed in the form

A'(2) = {det A} " A'(2) 27
where the adjoint matrix A*(z) can be expanded about z = 1 yielding
A'(R) =A'(1) = A* (1) (1 —2) + terms of higher powers of (1 -z)  (28)

Substituting the right-hand sides of (26) and (28) for {det A(z)}"' and
A’(z) respectively into (27), we can eventually express A™'(z) in the form
(21), where the exponentially decay property of the regular part matrices
M, is a by-product of the aforesaid property of the coefficients 1, s.

1.5 Matrix Polynomials and Difference Equation Systems

Insofar as the algebra of polynomial functions of the complex variable z
and the algebra of polynomial functions of the lag operator L are isomor-
phic (see, e.g., Dhrymes, 1971, p. 23), the arguments developed in the pre-
vious sections provide an analytical tool-kit paving the way to find elegant
closed-form solutions to finite difference equation systems which are of
prominent interest in econometrics.

Indeed, a non homogeneous linear system of difference equations with
constant coefficients can be conveniently written in operator form as fol-
lows

ALy =g, (D

where g, is a given real valued function commonly called forcing function
in mathematical physics (see, e.g., Vladimirov, 1984, p. 38), L is the lag
operator defined by the relations

Lytzyr-l’ Loyt:yt, LKytzyz—K (2)

with K denoting an arbitrary integer and A(L) is a matrix polynomial in the
argument L, defined as

K
A(Z) = ZAk Lk (3)
k=0
where A, A,, ..., A are matrices of constant coefficients.

By replacing g, by 0 we obtain the homogeneous equation correspond-
ing to (1), otherwise known as reduced equation.
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Any solution of the nonhomogeneous equation (1) will be referred to as
a particular solution, whereas the general solution of the reduced equation
will be referred to as the complementary solution. The latter turns out to
depend on the roots z, of the characteristic equation

detA(z)=0 4
via the solutions A, of the generalized eigenvector problem
A@Z)h,=0 )]

Before further investigating the issue of how to handle equation (1)
some special purpose analytical tooling is needed.

As pointed out in Section 1.4, the following Laurent expansions hold for
the meromorphic matrix function A”(z) in a deleted neighbourhood of
z=1

R 1
A'@= =N ME ©6)

. 1 1
A = N
©= 0 M 0o

under the case of a simple pole and a second order pole, located at z =1,
respectively.

Thanks to the said isomorphism, by replacing 1 by the identity operator
I and z by the lag operator L, we obtain the counterparts of the expansions
(6) and (7) in operator form, namely

N+M(2) @)

U |
A'W= T NM WD) ®)

1 2 N2+ 1 Nl
(I-L) (I-L)

AL = +M(L) )

Let us now introduce a few operators related to L which play a crucial
role in the study of the difference equations we are primarily interested in.
For these and related results see Elaydi (1996) and Mickens (1990).

Definition 1 — Backward difference operator

The backward difference operator, denoted by V, is defined by the rela-
tion

V=I-L (10)
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Higher order operators V" are defined as follows:
Vi=(I-Lf, K=2,3... (11)

whereas V° = 1.

Definition 2 — Antidifference or indefinite sum operator

The antidifference operator, denoted by V™' — otherwise known as in-
definite sum operator and written as X — is defined as the operator such that
the identity

(I-L)yV'x =x, (12)

holds true for arbitrary x, which is tantamount to saying that V™' acts as a
right inverse of I — L.
Higher order operators, V™, are defined accordingly, i.e.

(I-LV*=1 (13)

In light of the identities (12) and (13), insofar as a K-order difference
operator annihilates a (K — 1)-degree polynomial, the following hold

Vio=c (14)

Vi0=ct+d 5)
where ¢ and d are arbitrary.

We now state without proof the well-known result of

Theorem 1

The general solution of the nonhomogeneous equation (1) consists of
the sum of any particular solution of the given equation and of the com-
plementary solution.

Because of the foregoing arguments, we are able to establish the follow-
ing elegant results.
Theorem 2

A particular solution of the nonhomogeneous equation (1) can be ex-
pressed in operator form as

y,=4"Wg, (16)

In particular, the following hold true
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i) y,=N, Vg +ML)g,=N, > g +MLg, (17

Tt
if z =1 is a simple pole of A™'(z);
ii) y,=N,V’g +N V'g + M(L)g,

=N, 228 +N D g +MLg, (18)

o<t 1<% 1<t

=N, D (t+1-1)g.+N, D g +M(L)g,

=<t =<t

if z = 1 is a second order pole of A™'(z).

Proof

Clearly, the right-hand side of (16) is a solution provided A™(L) is a
meaningful operator. Indeed, this is the case for A™(L) as defined in (8)
and in (9) for a simple and a second order pole at z = 1, respectively.

To prove the second part of the theorem observe first that in view of
Definitions 1 and 2, the following operator identities hold

1 9 1
e Tad A D il 19)

<t

1 . 1
TR 2 R R DI (20)

o<t 1<

where x, is arbitrary. Further, simple sum-calculus rules show that

sz:= Z(t+1—‘l:)x1= Z(“‘l)xm 2n

o<t 1<% <t 120

Thus, in view of expansions (8) and (9) and the foregoing identities,
statements i) and ii) are easily established.
O

Theorem 3

The solution of the reduced equation
ALz, =0 (22)

corresponding to the unit root z = 1 can be written in operator form as
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z,=A" ()0 (23)

where the operator A (L) is defined as in (8) or in (9), depending upon the
order (first vs. second, respectively) of the pole of A™(z) at z = 1.
Finally, the following closed-form expressions of the solution hold

z,=N¢ (24)

z,=Ngct+Nd+Ng¢ (25)

for a first and a second order pole respectively, with ¢ and d arbitrary vec-
tors.

Proof

The proof follows from arguments similar to those of Theorem 2 by
making use of results (14) and (15) above.

O

Theorem 4
The solution of the reduced equation
AL)z,=0 (26)

corresponding to unit-roots is a polynomial of the same degree as the or-
der, reduced by one, of the pole of A™ (z) at z = 1.

Proof

Should z =1 be either a simple or a second order pole of A™ (), then
Theorem 3 trivially applies. The proof for a higher order pole follows
along the same lines.

D

Two additional results, whose role will become apparent later on, are
worth stating.

Theorem 5
Let z = 1 be a simple pole of A™' (z) and
N, =FG 27
a rank factorization of N,. Then the following hold

Fly=FM(g, (28)
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Flz,=0 (29)

where y, and z, are as determined by (17) and (24) of Theorems 2 and 3, re-
spectively.

Proof

The proof is simple and is omitted.

g
Theorem 6
Let z = 1 be a second order pole of A™(z) and

N,=HK’ (30)

a rank factorization of N,. Then the following hold
Hy=HN Y g+ HML)yg, (31

st

H.z= H N¢ (32)

where y, and z, are as determined by (18) and (25) of Theorem 2 and 3, re-
spectively.
Besides, should [N,, N|] not be of full row-rank and

[N,, N,]=JL’ (33)

represent a rank factorization of the same, then the following hold
Jiy,=JT MULeg, (34
J.z,=0 (35)

where y, and z, are as above.

Proof

The proof is simple and is omitted.
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1.6 Matrix Coefficient Rank Properties vs. Pole Order in
Matrix Polynomial Inversion

This section will be devoted to presenting several relationships between
rank characteristics of the matrices in the Taylor expansion of a matrix
polynomial, A(z), about z =1, and the order of the poles inherent in the
Laurent expansion of its inverse, A™'(z), in a deleted neighbourhood of
z=1.

Basically, references will be made to Sections 1.3 and 1.4 for notational
purposes as well as for relevant expansions.

Theorem 1

The inverse A™'(z) of the matrix polynomial A(z) is an analytical (ma-
trix) function about z = 1 if and only if

detA#0 (1)

Under (1), the point z = 1 is neither a pole of A™(z) nor a zero of A(z).

Proof

The theorem mirrors the concluding remark of the statement in Theo-
rem 1 of Section 1.4. See also Theorem 1 of Section 1.3.
0

Theorem 2

The inverse, A™'(z), of the matrix polynomial A(z) has a simple pole at
z = 1 provided the following conditions are satisfied

i) detA =0, A#0 (2)
-A B

ii) det #0 3)
c 0

where B and C are full column-rank matrices obtained by rank factoriza-
tion of A, i.e.

A=BC, r(A)=rB)=r(C) 4
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Proof
From (6) of Section 1.3 and (4) above, it follows that
1 1
A= ——[(1 - +BC’ 5
- (2) - (1-20() ] (5)

where @ (z) is as defined in (8) of Section 1.3.
We notice now that the right-hand side of (5) corresponds to the Schur
complement of the lower diagonal block, (z — 1) I, in the partitioned matrix

0z B
P(»= , 6)
C (z-a
Hence, by (3) of Theorem 1 of Section 1.2, the following holds

1 0 B ][I
1-229A" @@= 0][ :l { } €))

C  (z-nI 0

provided det P (z) # 0.

By virtue of condition ii), by taking the limit of both sides of (7) as z
tends to 1, the outcome would be

SRR T P
lim[(1-2)A"@)]=[I 0] =[I 0] (8)
72—l C, 0 0 C, 0 0

which, in view of Definition (2), together with (5), of Section 1.4 leads to
conclude that z = 1 is a simple pole of A™'(z).

Corollary 2.1
The following statements are equivalent to condition ii)

a) det(B,AC)#0 ©)

A A
b) rﬂ D=n+r(A) (10)
A 0
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Proof

Equivalence of ii) and a) follows from Theorem 2 of Section 1.2.
Equivalence of ii) and b) is easily proved upon noticing that

-A B -A B
det #0&r =n+r({C)y=n+r(A) (11)
{C' 0} [{C' OH

Indeed the following hold

[[—A BD [[—1 0}[—/1 B}[I 0 ” HA An

r =r =r

cC 0 0 B|cC o|o -cC A0 (12)
= r(A) + r (A) + (I - AA) A (I - A*A)) = r (A) + r (B)

+r(B,AC)=r(A)+rB)+rB)=r(A) +n

in light of Theorem 19 in Marsaglia and Styan, 1974, and identities (47)
and (48) of Section 1.1.

O

Theorem 3

The inverse A7(z) of the matrix polynomial A (z) has a second order
pole at z = 1 provided the following conditions are satisfied

i) detA=0, A#0 (13)
ii) det(B,AC)=0, B,AC.#0 (14)

where B and C are full column-rank matrices obtained by rank factoriza-
tion (4) of A.

A (B,R),
iii) det #0 (15)
LCLSL)’l 0 }

where R and § are full column-rank matrices obtained by rank factoriza-
tion of B, AC,, i.e.

B,AC.=RS’, r(B,AC)=r(S)=r(R) (16)

and A is the matrix
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1

A= EA-AAgA (17)

Proof
From (7) of Section 1.3 and (4) above, it follows that
1 1 2 -
ARQ=——[1-2¥(2)-(1-20A + BC"] 18
where W (2) is as defined in (9) of Section 1.3.
Pre and postmultiplying A by (BB’ + (BB, =I and by
C (C) + C, (Cy)* =1I(cf. identity (42) of Section 1.1) yields
A= (B YB, AC.(C)*+ (BB, A(C’YC’ +BB°A
=(B)*RS'(C*+(I-BB)A(CYC +BB‘A

(19)

where use has been made of (16) above.
Substituting the right-hand side of (19) for A into (18) and putting

S'(C,)
F=[(B.YR, B, A(C)], G=| C (20)
B¢A

(1-21I 0 0
Vo= 0 -I-(1-2B*AC'Y (1-2)I Q1)

0 (1-2I 0

(1-21 0 0
AR =(1-2V'@)= 0 0 (1-21 (22)

0 (-1 (1-2)B°AC'Y¥+I
we can rewrite (18) in the form

1 1 ) )
——— A= s [l -2)P(@)-FV () G
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We notice that the right-hand side of (23) corresponds to the Schur
complement of the lower diagonal block, A(z), of the partitioned matrix

Yz F
P(z)= (24)
G A®
Hence, by (3) of Theorem 1 in Section 1.2, the following holds

. Yz F (I
(1-2)A @)= 0] (25)

G A |0

provided det P (z) # 0.

Further, observe that

®¥(1) (B)YR B @ AC)*]
S'Cé 0 0 0
w1 F
P()= = 0 0 : 0
G A
| B*A 0 0 : I | (26)
1. e ]
—2-A (BR), ' A
_|(€.8), 0 0
| B’A o i I |

in light of (9) of Section 1.3 and equalities
[(B.YR, Bl=(B.Ry). @27)

[(C))S, Cl=(CS). (28)

as per Theorem 6, recalling Theorem 5, of Section 1.1.
Now, since the matrix

A @R, _{f“‘"f

[B°A 0] (29)
0

(C.S), 0
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_ %A—AAgA (B,R)),
(G 0
corresponds to the Schur complement of the lower diagonal block I of the
partitioned matrix on the right-hand side of (26), it follows that
det (P (1)) = det (J) det (I) = det (J) (30)
which, in turn, entails that
det (P (1))#0 3D

by virtue of assumption iii).
In view of the foregoing, should we take the limit of both sides of (25)
as z tends to 1, we would obtain

-1

1 e I_
lim[(1-2’A'@)]=[I 0] EA F
-1 G' A(l) 0_
1. C L, g—_l
EA (B.R), :@ AC) W (32)
_ [I 0 0] (C,8), 0 : 0 0
0
| (B¥A o i I |

whence, in view of (3) of Theoreml1 in Section 1.2, we get

I
lim[(1 -2 A" @)1= 01J" (J

Lo ' (33)
i1 o gA-A%A BR), H

(C.S.), 0 0

This, in view of Definition 2 together with (12) of Section 1.4, leads to
conclude that z = 1 is a second order pole of A™(z).
O
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Corollary 3.1
The following statements are equivalent to condition 1ii)
a) det (R, B, AC,S))#0 (34)
A AlAAM + A .
b) r ] =n+rA)+r (A A A) 3%
AfAAY +A 0

where A;" and A" are as defined in (53) and (54) of Section 1.1.

Proof

Equivalence of iii) and a) follows from Theorem 2 of Section 1.2 given
that Theorem 5 of Section 1.1 applies, bearing in mind (24) of Section 1.1.

Equivalence of iii) and b) is easily proved following an argument simi-
lar to that of Corollary 2.1, by observing that

A  (BR), A  (BR),
det 2077
€Sy, 0 €Sy, 0 (36)

=n+r (C_]_S_L)J_
Indeed, the following hold:

A  (BR),
r H n= r(C.S)+r(BRy),
.S, )'l 0

+r{I-(B.R), (B,R)1A[I-((C.S))(CS), 1}
=r(CS), +r(BR), +r(R, B, AC.S)
=r(CS)L+rBR), +r(BRR)=r(CiS) +n

in light of Theorem 19 in Marsaglia and Styan, 1974, identities (47) and
(48) of Section 1.1;

r(Ci8)L=r((BR)L(C,S,), )=r((B YRS C{+A)
=r(A'A A +A)=r (A" A AY) +r(A)

in light of (16), (27) and (28) above, (47), (48), (53) and (54) of Section
1.1 together with Theorem 14 in Marsaglia and Styan, 1974, and

(37

(38)
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A (B,R),
.
(C,S,), 0

I 0 A BR)|I 0 }
=7r
0 (BR) J[(CS), 0 [0 (CS)

_ { i (B.R,),(C.S, >1} 59
(B.R)) (C,S), 0
A (B,*RS'C: + A
- LBL)“’RS’C{ +A 0 }
A AFAAM + A
- L,lAAf A0 }
whence (35), because of (37) and (38).

O

1.7 Closed-Forms of Laurent Expansion Coefficient
Matrices

In this section closed-form expressions for the matrices of Laurent ex-
pansions of matrix polynomial inverse about a simple and a second order
pole, are derived.

We also present a collection of useful properties and worthwhile rela-
tionships, as by-products of the main results, which pave the way to ob-
taining special expansions with either truncated or annihilated principal
parts via pole order-reduction or removal.

Notation and matrix qualifications of the previous section apply unless
otherwise stated.

The simple pole case is dealt with in the following theorem

Theorem 1

Let the inverse, A™'(z), of the matrix polynomial

A@Q=(1-20@@+A (D
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have a simple pole at the point z = 1, as per Theorem 2 of Section 1.6, and
suppose the Laurent expansion

1 1
A (@)=
@) (

TN M@ 2

holds accordingly, in a deleted neighbourhood of z = 1.
Then the following closed-form representations hold for N, and M (1)
respectively:

N =P =-C(B,AC)'B, ?3)

M(1) = —%PIA'PI +P,P, =—%N1AN1+ (I+NAYAT+AN) (4

where
R P] [-4 B]
= &)
P, P (O /]
Proof
In view of (5) of Section 1.4, the matrix NV, is given by
ZV1 = lim [(1 - Z) AAl(Z)] (6)

z-1

which, by virtue of (8) of Section 1.6, can be written as

-A B]'[I
N =1 0] =P, ©)

whence, according to the partitioned inversion (7) of Theorem 2, Section
1.2, the elegant closed-form solution

N, =-C(B,AC)'B, 6

ensues.
In view of (6) of Section 1.4 the matrix M (1) is given by

M (1) = —lim 3(1=247@)]
-1 dz

which, in light of (7) of Section 1.6 can be rewritten as

€))
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M()y=-lm—|[I 0] (10)
1 dz C (z-DI| |0

Differentiating, taking the limit as z tends to 1 and making use of the
aforementioned partitioned inversion formula, simple computations lead to

MQ)=

= —lim [[—-I 0|2® B } {Q(z) O}F(f) B } HJ
721 L C (Z——I)I 0 1 C (Z_I)I 0

- . -1 1. I - ~1

-A B| |_24 ¢oll-4 B| |1
=[I 0] 2

_C' 0 0 IJ_CI 0 0

14 o 'PI} (n
2

o 1I|LB

=[P, P]

—l . ]v1
=[N, (I+N,A)C)] zA 0 ,
0 1||B°U+AN)

=-%N1AN1+(I+N1A)AE I+AN)

which completes the proof.

Corollary 1.1

The following results are true for the n X n matrix N,
i) r(N)=n-r (12)
where r is written instead of r (4) for notational convenience.

i) The null row-space of N, is spanned by the r linearly independent col-
umns of the matrix C of the rank factorization A = BC’.
As a by-product of ii) we have the following pole free expansion

CA(2)=CM (2) (13)
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Proof

The proof of i) rests on the rank equalities
riN)=r(C)=n-r(C)=n-r@A)=n—-r (14)

which ensue from rank factorization and orthogonal complement rank
properties.

To prove ii) observe that, in view of (8), the null row-spaces of N, and
C, are the same. Hence, insofar as the r columns of C form a basis for the
null row-space of C|, they span the null row-space of N, as claimed.

Finally, expansion (13) follows by premultiplying the right-hand side of
(2) by C’, in light of (8). Given that C’ is orthogonal to N, the term in (1 -z)"'
vanishes, thus removing the pole once located at z=1, and the matrix
function C’A™'(z) is analytical about z = 1.

O
Corollary 1.2
The following statements hold
i) tr(NlA)zr—n (15)
ii) N, AN,=-N,= A=-N; (16)
_ M()B =(I+N,A)C’) =P,
iii) . an
CM(1)=B*(I+AN) =P,
iv) AM(DA=A=>M(1)=A" (18)
Proof
Proof of 1) follows by checking that
tr(NA)=-tr(C(B,AC))"'B, A) 19)

=—tr((B,AC)(B,AC))=—tr(I,_)=r—n

Proof of ii) follows from (3) by simple computation and from Definition
1 of Section 1.1.

Proof of iii) follows from (4) by simple computation in view of (19) of
Section 1.1.
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Proof of iv) follows from (4), in view of (3), by straightforward compu-
tations.
O
The next theorem deals with the case of a second order pole.
Theorem 2
Let the inverse, A"'(z), of the matrix polynomial
ARQ=(1-2Y¥@-(1-A+A (20)
have a second order pole at the point z = 1, as per Theorem 3 of Section

1.6, and assume that the Laurent expansion

A'@@)=

1 1
N N +M
et a™Mt @) 02y

holds accordingly, in a deleted neighbourhood of z = 1.
Then, the following closed-form representations hold for N, and N,

N,=P,=C,S(R,B,AC.S))'R, B, 22)

N =P AP+PUB AP +P A(CYU,P,-PUUP,

- | A AA® N, (23)
=[N, I-N,A} . _ N
A*A —C (B AC,yB,||I-AN,
where
A= %A'— AA*A (24)
A= é}{—AAgAAgA 25)
-~ -1
P P A (B,R))
|: 1 2:|={ 150 J_} (26)
P, P | |(C.S), 0

Here (B,R)), and (C.S,), stand for [(B,)R, B] and [(C})‘S, C],
rspectively, and
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1 0
UF{} UF{}Uu @7
0 1

are selection matrices such that

(B.R). U, =(B))YR, (BIR).U,=B (28)

Proof

In view of (12) of Section 1.4, the matrix N, is given by

N, = lim[(1 -2)'A"'(2)] (29)

-1

which , in light of (33) of Section 1.6, can be expressed as

1

L iaes Y
N,=1 g |24 A4A BR), H (30)
(C,S,), 0 0

whence, according to the partitioned inversion formula (7), Theorem 2,
Section 1.2, the elegant closed form

N,=C,S.(R,B,AC.S))'R, B, €}0)

ensues.
In view of (13) of Section 1.4, the matrix N, is given by:

2 4-1
N, = —lim J0-0’ 4" @)
z—l dZ
which, in light of (23) and (25) of Section 1.6, can be written as

N, =—lim d[(1~z)2‘1’(z)— FV() GT'
z-1 Z

al Yo F I (33)
=—lim —<[I 0]
1 dz G A®| |0

(32)
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Before differentiating and taking the limit, some notational short cuts
are introduced in order to simplify the computations. In particular, by de-
noting [(B) )R, B] and [(C})’S, C] by (B.R)), and (C.S,), respec-
tively, with U, and U, as defined in (27), the matrix in the right-hand side
of (33) can be written as follows

16! (B.R), i ACYy |
I (34)
=[I 0 : 01/(C,S,), A-UU, : (1-2)U, 0
......... 0
7 1-2U; i 6@ |
where
@) =(1-2)B°AC)Y +1 (35)

and the dotted lines indicate convenient partitionings of the matrices
above.

Since ©(z) is non-singular in a neighbourhood of z = 1, partitioned in-
version formula (3) of Theorem 1, Section 1.2, applies and, referring to
(25) of Section 1.6, it follows that

{ ¥(z) (B,R), }
(1-2A"@=[ 0]
(C.,S,)), 1-UU,

AC)* , I
- o' [BA 1-2U]
0 (36)

1-2U,
I

-1

= 01{Q@+(1-2Q@+(1-2)Q@}"

)

= 01Q'()

where



44 1 The Algebraic Framework of Unit-Root Econometrics

Q=@ +(1-2Q@+(1-2"Q) 37
W()-AC)'©'()B*A (B,R)), |
Q)= (38)
(.8, 0
I 0 ~AC)O ' QU] ]|
Q,(2) = . (39)
-U,07"(B*A vy
0 0
Q2) = (40)
0 -U0"' @)U,

In particular, we have

A (BR)
QH=Q )= { , K L} @
(C.S), 0
Differentiating both sides of (36) yields
1-7)*A™ o RL
dA=2°A G__1; ga'0amae } 42)
dz 0
Now, observe that
Q@)= Qo(z) -Q@)+termsin(1-z)e(1- 2)’ (43)
and therefore by simple computations it follows that
. . Y QR V(o0 4 /4
am=em-om=| " (44)
UBA -UU,
because of
Y(1)= é;{ (45)
O'(H=-0'LeMe'1l)=-06()=BA ) (46)

where the symbols Qo(l), ¥ (1), ©(1) indicate the derivative of the ma-
trices Q(2), ¥ (z) and © (z) evaluated at z = 1.
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Combining (32) with (42) and making use of (41) and (44), the matrix
N, turns out to be expressible in the following way

{ i @®R)]| i acoyy
N =[I 0] .
(C,S,), 0 UBA -UU
B . @7
A (B,R), H
esy, o 0
Now, one can verify that
{ A (BLRl)l] .
I 0 ) =[N, {-N,A)(C, S )*]
(C,S,), 0 48)
I 0
=[N, I-N,A]
0 (CS)¢
{ A (BlRl)l] H { N, }
(C,S,), 0 0 (B,R))S(I-AN,) 49)

N,
I-AN,

in view of the partitioned inversion formula (7) of Theorem 2, Section 1.2.
Besides, by virtue of (40) of Section 1.1, the following results are easy to
verify

[1 0
0 (BR):

((C.8,),)U,=(CY, U, (B,R)] =B (50)

((C,S,), YU U; (B,R,))] = (8" C) (B,YR) (51

Indeed, the matrix (8’ C?)*, bearing in mind (42) of Section 1.1, can be
expressed as
(§'CY =(C SIS’ CE(CST'
=C(C.C)'S[S(C.C)'ST (52)
=C.[(S)S"+ 8. SEI(C . C'S[S(C C)'ST!
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= C.(S)'+ C.S. S (C.C)'S [S(C,.CL) ST

and (( B} )*R) can be likewise expressed as

((B)Rf=R'B, +[R(B.B)'RI'R(B,B)'R R B, (52)
This together with
(I-N,A)C.S, =0 (53)
yield the equality
T-N,A)(S'C:) =T-N,A) C (S (54)

as well as the equality
(BYRY (I~ AN)=R'B, (I~ AN,) (55)

In view of the foregoing, after proper substitutions and some computa-
tions, the following closed-form expression for N, is obtained

~

~ | A AA* N,
N, =[N, I-N,A]l - (56)
A*A —C (S)R*B, || I-AN,

which eventually leads to the right-hand side of (23), upon noting that
C.(SYR'B,=C,(RS’¥B, =C.(B, AC\\B, (57)
by (19) of Section 1.1 and (16) of Section 1.6. The preceding closed-form

of N, can be drawn from (47) in light of (26).
O

Corollary 2.1

The following results hold for the n matrix N,

i) r(N)=n-r—r, (58)
where r, and r, are written instead of r (A) and r (B, A C) respectively,
for notational convenience.

ii) The row-kernel of N, is spanned by the r, + r, linearly independent col-
umns of an arbitrary orthogonal complement of C.S), say
(CS)L=[C))S, (]
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As a by-product of ii) the following expansion about the simple pole
z =1 can be obtained

CS)A'D= 1= €SN+ €SN MO (59)

Proof
The proof of i) rests on the rank equalities
r(N)=r(CS)=rS)=r(C)-r(B, ACL)=n—rl—r2 (60)

after a reasoning similar to that in the proof of Corollary 1.1.
To prove ii) observe that, in view of (31), the r, + r, columns of (C.S,),
form a basis for the null row-space of N,, and as long as [( C Y8, Clisa

possible choice of (C.Sy),, its columns span the row-kernel of N, as
claimed.

Finally, expansion (59) follows by premultiplying the right-hand side of
(21) by (C,S,), in light of (31). Given that (C,S,), is orthogonal to N,,
the term in (1 —z)” of (C,S,), A"'(z) vanishes, a pole order-reduction oc-
curs and the matrix function (C,S, ), A™(z) exhibits a simple pole at z = 1.

g

Corollary 2.2

The following results hold
i) rIN,Nl=n—-r+r, (61)
where r, stands for r (B’A C.S)) to simplify the notation, and r, is as in
Corollary 2.1.
ii) Should
r<r (62)

hold true and
VW =B*AC.S,,r(V)=r(W)=r, (63)

be a rank factorization of B°A C.S 1, then the row-kernel of [N, N|] is
spanned by the r, — r, columns of the matrix CV,.
Under ii) we have the following pole free expansion

V.CA' ()= V.CM (2) (64)
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Proof

The proof of i) rests on several rank relationships given here below,
which can be established by applying onward and backward, in turn, Theo-
rem 19 of Marsaglia and Styan, 1974.

First, observe that, by onward application of the said theorem, we can
write

rIN,N]=r(N)+r(I-N,A)N) (65)

upon noting that Aisa generalized inverse of N, as a straightforward
computation shows.
Next, refer to (56) and check that

N - | A AA® N,
(I-N,A)N,=[0, I-N,A] . -
A*A C,(S)R‘B,| I-AN,| (66)
=(I-N,A)K
where
K=A*AN,+C,(SYR°B,(I-AN,) (67)

This and (65), by backward application of the said theorem, yield
rIN,Nl1=r(N)+r(I-N,A)N)=r(N,K]) (68)
Now, refer to (31) and observe that
I-AN,=I-AC,S,(R.B,AC,S))'R, B,
= (B.R).{[AC,S,I,(B,R)), Y'[ACS,],

in view of (43) of Section 1.1.
When Theorem 6 of Section 1.1 is applied to the right-hand side of (69),
we can choose

(69)

(B.R), =[(B, YR, B] (70)

which, after proper substitutions in (67) and some simple computations,
yields

K=A*AC.S,T+[C.(S), 010 (71)

where

T=(R,B,ACS) 'R, B, (72)
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9= {[AC,S,T.(B,R), }'[ACS,T, (73)

are full row-rank matrices.
In turn, this together with (68) lead to the relations below

r[N,N]=r(C.S.T,A*A C,S,T +[Ci(S), 0] B])
=r(C.S,,A*AC.S,, [CS'Y, 011 H)
=r ([CJ_SLa A*AC.S,, CL(S,)g]) (74)
=r([C.[SL, S (5'S)", A*A C.S.])
=r([C,A*ACS1E)=r([C,,A*A C.:S.])

where

H=|0 T (75)

[1]

[[sl, S(S’S)™] 0}
= (76)

0 I

are full row-rank matrices.
In light of what we have seen so far, by onward application of the above
mentioned theorem once more, we eventually arrive at

r(N,N)=r([C,A*AC,S,))
=r(C)+r([I-(C.C5)A*AC,S)

. . an
=r( C)+r(A*ACS)=n-rA)+r(A°*AC.S)
=n-r@A)+r B ACS)
by taking into account that
(I-C.CE)A=A® (78)

in view of (48) of Section 1.1.
To prove ii) observe that, by (17) and (19) of Section 1.4, the following
hold

C'N,=0 (79)

C'N,=B'BCN,=BAN,=B'AN, (80)

whence
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r(CN)=r(B AN) @8
together with the rank factorization (63) as a by-product, under the rank

condition (62).
The foregoing, in turn, entails that

V/C'[N,N]=10,0] (82)

which is tantamount to saying that the r, — r, columns of CV form a span-
ning set, and more precisely a basis, for the row kernel of the block matrix
[N, N1

Because of (82) the terms in (1 —z)" and in (1 —z)” of V[ C’A”'(z) van-
ish, thus removing the pole located at z = 1 and making the matrix function
V, C’A"'(z) analytical about z = 1.

O
Corollary 2.3
The following statements hold true
i) tr(N,A)=0 (83)
ii) N,AN,=N, = A=N; (84)
i) (C,S,Y,N(BR), =-UU, (85)

where U, is as defined in (27) and (C.$,); and (B R,), denote
[(C))S, Cland [(B;)R, B]respectively.

iv) ANA=0 (86)
V) AM(1)A=A+ AN,A (87)
vi) AM(1)-N,N:N)A=A=M(1)-N,NiN,=A (88)
Proof

Point i): the proof follows by checking that
tr(N,A)=tr (C.S.(R,B,ACS)'R, B, A
=wr((R,B,ACS))'R, B, AC.S))

(89)
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=tr((R, B, ACS))'R,RS'S)=tr (0)=0

in light of (16) of Section 1.6 ( cf. also Theorem 2 of Section 1.3).

Point ii): the proof ensues from (31) after elementary computations. The
implication concerning the generalized inverse is trivial.

Point iii): the result follows from (47) upon noting that

, A (B,R),
(€, S), I 01=[0 I} (90)
(C.S)), 0
I A (BR), ||0
(BIR), = €3]
0 (C.S), 0 1

Point iv): the result is obvious in view of (18) and (19) of Section 1.4.
To prove the result v), first observe that the following identity

AQA'QDA@=4©1 92)

is trivially satisfied in a deleted neighbourhood of z = 1.

Then, substituting the right-hand side of (20) and (21) for A (z) and
A”'(2) in (92), making use of (17), (18) , (19) and (20) of Section 1.4 to-
gether with (86) above , after simple computations we obtain

A N, A +AM (2) A + terms in positive powers of (1 - z)

: 2 93)
=A-(1-20A+(1-2¥®
Expanding M (z) about z = 1, that is to say
M (z) =M (1) + terms in positive powers of (1 - 2) 94)

and substituting the right-hand side of (94) for M (z) in (93), collecting like
powers and equating term by term, we at the end get for the constant terms
the equality

~AN,A +AM(1)A=A 95)

Point vi): Because of (19) and (20) of Section 1.4, identity (87) can be
restated as follows

AM (1) A=A+ AN,N!N,A =A + AN, N:NA (96)

which, rearranging terms, eventually leads to (88).



2 The Statistical Setting

This chapter introduces the basic notions regarding the multivariate sto-
chastic processes. In particular, the reader will find the definitions of sta-
tionarity and of integration which are of special interest for the subsequent
developments. The second part deals with principle stationary processes.
The third section shows the way to integrated processes and takes a glance
at cointegration. The last section deals with integrated and cointegrated
processes and related topics of major interest. An appendix on the role of
cointegration completes this chapter.

2.1 Stochastic Processes: Preliminaries

The notion of stochastic process is a dynamic extension of the notion of
random variable. Broadly speaking a random process is a process running
along in time and controlled by probabilistic laws. It can be properly de-

fined as a family, an ordered sequence, of random variables y,, where the

order is given by the (discrete) time variable 7.

As a mirror image of the foregoing reading key, we can look at a sto-
chastic process as a complex of like mechanisms, whose outcomes — to be
identified with the notion of time series — exhibit distinguishing features
and discrepancies which can be explained on a statistical basis.

By a multivariate stochastic process we mean a random vector, say

Yo =D Yo - Yl (1)

(1, n)

whose elements are scalar random processes.

In order to properly specify a stochastic process, the distribution func-
tions of its elements, pairs of elements, ..., k-ples of elements, for any k,
should be given and satisfy the so-called symmetry and compatibility con-
ditions (see, e.g., Yaglom, 1962).

In practise, a short cut simplification is usually adopted and reference is
made to the lower-order moments of the process, basically the mean and
autocovariance functions that we are going to introduce.
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Denoting by E the averaging operator, otherwise known as expectation
operator, the (unconditional) mean vector of the process is defined as

E(y) (2)
while the autocovariance matrices are defined as
E{y,-EG)0.-EQ)))} 3)

It is evident that formula (3) describes a family of functions when the
pair of indices ¢ and T varies.

Restricting the attention to the principal moments, namely the mean
vector and the autocovariance matrices, paves the way to the various no-
tions of stationarity which enjoy prominent interest in econometrics.

In this connection, let us give the following definitions

Definition 1

A stochastic process is called stationary insofar as — at least to some ex-
tent — it exhibits characteristics of permanence and satisfies statistical
properties which are not affected by a shift in the time origin, which in tum
grants some sort of temporal homogeneity (see, e.g., Blanc-Lapierre and
Fortet, 1953; Papoulis, 1965).

The notion of stationary can actually assumes a plurality of facets: the
ones reported below are of particular interest for the subsequent analysis.

Definition 2
A process y, is said to be stationary in mean if
E(y)=W “4)
where [l is a time-invariant vector.
Remark

If a process y, is stationary in mean, the difference process Vy, is itself a
stationary process, whose mean is a null vector and vice versa.

Definition 3

A process y, is said to be covariance stationary if (3) depends only on
the temporal lag T - ¢ of the argument processes.
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Definition 4

A process y, is said to be stationary in the wide sense, or weakly station-
ary, when both stationary in mean and in covariance.
For a covariance stationary n-dimensional process the matrix

FM=E{0,-W0,.,-W} &)

represents the autocovariance matrix of order h. It easy to see that for real
processes the following holds

Fn=Th (6)

The autocorrelation matrix P (h) of order h is the matrix defined as fol-
lows

P(hy=D"'T(nD" Q)

where D is the diagonal matrix

V¥ (0) 0 0 0
0 Y10 0 0

D= )
0 0 0

0 0 0 7.0

whose diagonal entries are the standard error of the elements of the vector

R

The foregoing covers what really matters about stationarity for our pur-
poses. Moving to non stationary processes, we are mainly interested in the
class of so-called integrated processes, which we are going to define.

Definition 5

An integrated process of order d — written as I (d) —- where d is a posi-

tive integer, is a process {, such that it must be differenced d times in order
to recover stationarity.
As a by-product of the operator identity

V=1 ©))

a process I (0) is trivially stationary.
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2.2 Principal Multivariate Stationary Processes

This section displays the outline of principle stochastic processes and
derives the closed-forms of their first and second moments.
We give the following definitions

Definition 1

A white noise of dimension n, written as WN_, is a process € with

(n)?

E®)=0 (1)

E(g €)=08,_Z (2)

where X denotes a positive definite time-invariant dispersion matrix, and §,
is the (discrete) unitary function, that is to say

{8v=1 if v=0

0,=0 otherwise

3)

The autocovariance matrices of the process turn out to be given by
Te(h)=0Z 4

with the corollary that the following noteworthy relation holds for the auto-
covariance matrix of composite vectors (cf. Faliva and Zoia, 1999, p. 23)

E= . [8:+h’ 8:—1+h’ “ees 8:—q+h] = Dh ®X &)

WL A

where D, is a matrix given by

I

g+l

J"  if 1Sh<g
D, = 6
UM i ~qshs-1 ©

0. if|H>q

if h=0
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Here J denotes the first unitary super diagonal matrix (of order g + 1),
defined as

1 ifm=n+l

J =[] withj = 7
iy b {o ifm#n+l ”

while J" and (J*)", stand for, respectively, the unitary super and sub diago-
nal matrices of order =1, 2, ....
Definition 2

A vector moving-average process of order ¢, denoted by VMA (g), is a
multivariate process specified as follows

q
Y=+ D> Me , g~WN, (8)
(n0) j=0
where L and M, M, ..., Mq are, respectively, a constant vector and con-

stant matrices.
In operator form this process can be expressed as

y=u+MULe, M(L)=> ML (9)

where L is the lag operator.
A VMA(q) process is weakly stationary, as the following formulas show

EGy)=u (10)
q
YMEIM, if h=0
j=0
q-h
DMEIM,, if 1<h<g
=13 (11)
qn|
M EZM; if -q<hs-1
j=0
0 if |r>q

The proof of (10) is straightforward in view of the properties of the ex-
pectation operator and of (1) above.
The proof of (11) can easily be obtained upon noting that
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et
st—l
y=u+M,M, ...,Mq] i (12)
L& ]
which in view of (5) and (6) leads to
[ [, | M ]
8t—l , , , Mll
I'h)y=E<M, M, .., Mq] o | [€ns € s - €]
&, ] _M;_
i €, ] —M(')_
et—l , , , Ml,
=M, M, ... M]ES|  |[€.,€ 14> € 4] ) (13)
_et‘q_. \_M‘:_
_M(',_
M;
=M, M, ..M] (D, ®%)
M ]

whence (11).

It is also worth mentioning the staked version of the autocovariance ma-
trix of order zero, namely

vecT(©)= (M, ® M) vecs (14)

ji=0

The first and second differences of a white noise process happen to play

some rOle in time series econometrics and as such are worth mentioning
here.
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Actually, such processes can be viewed as special cases of VMA proc-
esses, and enjoy the weak stationarity property accordingly, as the follow-
ing definitions show.

Definition 3

Let the process y, be specified as a VMA(1) as follows

y,=Mg, - Mg, _, (15)
or, equivalently, as a first difference of a WN,, process, namely
y,=MVg, (16)
The following hold for the first and second moments of y,
E@)=0 (17

CMEM' ifh=0
C(=-MZM |if|h=1 (18)
0 otherwise

as a by-product of (10) and (11) above.
Such a process can be referred to as an I (— 1) process upon the operator
identity

V=v* (19)

Definition 4

Let the process y, be specified as a VMA(2) as follows

y,=Me -2Me,  + Mg, _, 20)
or, equivalently, as a second difference of a WN,, process, namely
y,= MV, @1

The following hold for the first and second moments of y,
E@)=0 (22)
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6MEIM'  if h=0

—4MIM’ if |n|=1
I'(h)= (23)
MM’ if|n=2

0 otherwise

again as a by-product of (10) and (11) above.
Such a process can be read as an I (— 2) process upon the operator iden-
tity

Vi=y (24)

Remark

Should g tends to o, the VMA(gq) process as defined by (8) is referred to
as an infinite causal — i.e. unidirectional from the present backward to the
past — moving average, (10) and (14) are still meaningful expressions, and

q
stationarity is maintained accordingly provided both limZM . and

7% =0

q
limZM . ® M, exist as matrices with finite entries.

g0 i=0

Definition 5

A vector autoregressive process of order p, written as VAR (p), is a
multivariate process y, specified as follows
3 (25)
Yy, =N+ Ay, +¢&, g~WN,

(nD) =l

wherenand A, A, ..., A, are a constant vector and constant matrices, re-
spectively.
Such a process can be rewritten in operator form as follows
4 . 26
ALy =n+g, AL)=I-> AL (26)

j=1

and it turns out to be stationary provided all roots of the characteristic
equation
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det A(2) =0 (X))

lie outside the unit circle (see, e.g., Liitkepohl, 1991). In this circumstance,
the polynomial matrix A™'(z) is an analytical (matrix) function about z = 1
according to Theorem 1 of Section 1.6, and the process admits a causal
VMA (o) representation, namely

y=0+C g, (28)

=0

where the matrices C are polynomials in the matrices A, and the vector ®

depends on both the vector 1 and the matrices C,. Indeed the following
hold

AWw=cw=Ycr 29)

=0

®=A"L) n=(3.C.)n (30)

=0

and the expressions of the matrices C; can be obtained, by virtue of the
isomorphism between polynomials in the lag operator L and in a complex
variable z, from the identity

I=(C,+Cz+CZ+..)I-Az+...-A2)

=C,+(C,~CA)z+(C,~CA,~CA)Z ...+ Gb
which implies the relashionship
I1=C,
0=C, -C,A
) (32
0=C,~-CA -C,A,
The following recursive equations ensue as a by-product
Co=2.C. A, (33)
j=t

The case p = 1, which we are going to examine in some details, is of
special interest not so much in itself but because of the isomorphic rela-
tionship between polynomial matrices and companion matrices (see, e.g.,
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Banjeree et al., 1993; Lancaster and Tismenesky, 1985) which paves the
way to bringing a VAR model of arbitrary order back to an equivalent first
order VAR model, after a proper reparametrization.

With this premise, consider a first order VAR model specified as fol-
lows

)’,=T|+Ay,71+ex £:‘1NVVN(n) (34)

where A stands for A .
The stationarity condition in this case entails that the matrix A is stable,
i.e. all its eigenvalues lie inside the unit circle.

The noteworthy expansion (see, e.g., Faliva, 1987, p. 77)
I-A)y' =1+ A (35)
h=1

holds accordingly, and the related expansions

A-A)' =TI+ S A s A-AL' =1+ Y A" L' 36)
h=1 h=1
[In2 -A ®A]_1 = In2 + iAh ®A" 37

h=1

where |z | < 1, ensue as by-products.
By virtue of (36) the VMA (=) representation of the process (34) takes
the form

y=0+g+ ) A€ (38)
t=1
where
o=I-A)"n (39)

and the principle moments of the process may be derived accordingly. For
what concerns the mean vector, taking expectations of both sides of (38)
yields

E (yt) =0 (40)

As far as the autocovariances are concerned, observe first that the fol-
lowing remarkable staked form of the autocovariance of order zero
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vecU (O)=(1, -A ®A) ' vecX 41

holds true because of (37) as a special case of (14) once M is replaced by
I, and M is replaced by A’ respectively, and we let g tend to oo,

Bearing in mind (11) and letting g tend to e, simple computations lead
to find the following expressions for the higher order autocovariance ma-
trices

' (h) =T 0)A)" forh>0 (42)
T(h=A""T© forh<0 43)

whence the recursive formulas
Fw=Ith-1DHA" forh>0 44)
Ckh)=AT"(h-1) forh<0 45)

follow as a by-product.

The extensions of the conclusions just drawn to higher order VAR proc-
esses, rest on the aforementioned companion-form analogue.

The stationary condition on the roots of the characteristic polynomial
quoted for a VAR model has a mirror image in the so-called invertibility
condition of a VMA model. In this connection we give the following defi-
nition

Definition 6

A VMA process is invertible if all roots of the characteristic equation
detM (2)=0 (46)

lie outside the unit circle. In this case the matrix M '(z) is an analytical ma-
trix function about z =1 by Theorem 1 of Section 1.6, and therefore the
process admits a (unique) representation as a function of its past, in the
form of a VAR model.

Emblematic examples of non invertible VMA processes are given in
Definitions 3 and 4 above.

One should be aware of the fact that it is immaterial to draw a distinc-
tion between invertible and non invertible processes for what concerns sta-
tionarity.

The property of invertibility is clearly related to the possibility of mak-
ing predictions since it allows the process y, to be specified as a convergent
function of past random variables.
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Should a VMA process be invertible according to Definition 6 above,
the following VMA vs. VAR representation holds

yt=u+Zq:Mj g ,=>G L)y =Vv+g (47

where
v=M'(L)pn (48)
G(L)= Y GL =ML (49)

=0

The matrices G; may be obtained through the recursive equations

-1
G.=M.- > G_ M, G=M,=I (50)
j=1
which are the mirror image of the recursive equations (33) and can be ob-

tained in a similar manner.
Taking g = 1 in formula (8) yields a VMA (1) model specified as

Yy, =W+Me_ +g, € ~WN,

(n, 1)

where M stands for M.
The following hold for the first and second moments in light of (10)
and (11)

(5D

E(y)=u (52)
T+MIM ifh=0
M’ if h=1

I NOER (53)
Mz if h=—~1
0 if h>1

The invertibilty condition in this case entails that the matrix M is stable,
that is to say all its eigenvalues lie inside the unit circle.
The following noteworthy expansions
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d+My' =1+ i(—l)’M‘ (54)

=1

I+M)' =1+ (I M'Z & T+ML' =1+ Y (~1)M'L (55

=1 =1

where |z ‘ <1, hold for the same arguments as (35) and (36) above.
As a consequence of (55), the VAR representation of the process (51)
takes the form

Y+ DMy, =V+e, (56)

=1

where

v=(+M'p 57)

Let us now introduce VARMA models which engender processes com-
bining the characteristics of both VMA and VAR specifications.

Definition 7

A vector autoregressive moving-average process of orders p and g
(where p is the order of the autoregressive component and g is the order of
the moving-average component) — written as VARMA(p, ¢g) — is a multi-
variate process y, specified as follows

y4 q
Y =N+ DAy + D> Me , g~WN, (58)

(n,1) j=1 j=0

where 1, A, and M, are a constant vector and constant matrices, respec-
tively.
In operator form the process can be written as follows

ALy =n+ML)e, AL)=I - ijAj L, M(L)= Zq:M,» L (59

The process is stationary if all roots of the characteristic equation of its
autoregressive part, i.e.

detA(z)=0 (60)
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lie outside the unit circle. When this is the case, the matrix A™'(z) is an ana-
lytical function in a neighbourhood of z =1 by Theorem 1 in Section 1.6
and the process admits a causal VMA (o) representation, namely

y=0+ Y Cg _, 61)
=0

where the matrices C; are polynomials in the matrices A, and M, while the
vector @ depends on both the vector 1} and the matrices Aj.. Indeed, the fol-
lowing hold

0=A(L)n (62)
Ch=YCL=A DML (63)

which, in turn, leads to the recursive formulas

Cr:Mt'*'ZA'C C0=M0:I (64)

Jg
j=l1

As far as the invertibility property is concerned, reference must be made
to the VMA component of the process. The process is invertible if all roots
of the characteristic equation

detM (2)=0 (65)

lie outside the unit circle. Then again the matrix M (L) is an analytical
function in a neighbourhood of z =1 by Theorem 1 in Section 1.6, and the
VARMA process admits a VAR (e0) representation such as

G(L)y=v+g (66)

where
v=M'D)n 67
GW=YG L=M"D)A L) (68)

and the matrices G, may be computed through the recursive equations

-1
G.=M.+A,-) M_ G, G=M,=I (69)

i=1
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Taking p = g=1 in formula (58) yields a VARMA (1,1) specified in
this way

A#-M 70

where A and M stand for A, and M, respectively, and the parameter re-
quirement A # — M is introduced in order to rule out the degenerate case of
a first order dynamic model collapsing into that of order zero.

In this case the stationary condition is equivalent to assuming that the
matrix A is stable whereas the invertibilty condition requires the stability
of matrix M.

Under stationarity, the following holds

y,=N+Ay,  +€+Me

-1

y=A-AY'n+d+ S ALY I+ ML, a1

=1

which tallies with the VMA (=) representation (61) once we put

o=+ iAT n (72)
I if =0
C.={A+M if 1=1 (73)

ATA+M) if 1>1

Under invertibility, the following holds

d+MLY'(y,-Ay, )= +M)'n+¢g, (74)
which tallies with the VAR(ee) representation (66) once we put
v = (HZ(—D’MtJn (75)
1=l
1 if =0
G.={-M-A if =1 (76)

—=D)"'MTI M+ A) if t>1

In order to derive the autocovariance matrices of a general n-di-
mensional VARMA (p, g) one may transform the model in a n (p + ¢)-di-
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mensional VAR (1) by virtue of the already mentioned companion form
analogue.

So far we have considered only VAR and VARMA models, whose
characteristic polynomial roots lie outside the unit circle.

Nevertheless, the case of a possibly repeated unit-root is worth consider-
ing also. As a matter of fact, this proves to stand as a gateway bridging the
gap between stationarity and integrated processes as the next section will
clarify.

2.3 The Source of Integration and the Seeds of
Cointegration

In this section we set out two theorems which bring to the fore the link
between the unit-roots of a VAR model and the integration order of the
engendered process and disclose the two-faced nature of the model solu-
tion with cointegration finally appearing on stage.

Theorem 1
The order of integration of the process y, generated by a VAR model

ALy =m+¢g (D

whose characteristic polynomial has a possibly repeated unit-root, is the
same as the degree of the principal part, i.e. the order of the pole, in the
Laurent expansion for A'(z) in a deleted neighbourhood of z = 1.

Proof
A particular solution of the operational equation (1) is given by

=A'(L) (g,+ M) (2)

By virtue of the isomorphism existing between the polynomials in the
lag operator L and in a complex variable z (see, e.g., Dhrymes, 1971, p.
23), the following holds

Al e A L) (3

and the paired expansions

(1 ]+;Li M, )
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where K stands for the order of the pole of A™(z) at z = 1, are also true.
Because of (4) and by making use of sum-calculus identities such as

(I-L)Y'=V’ j=0,1,2,... )
where

vi= Z Vi= Z Z (6)

1<t ¥y 1<

the right-hand side of (2) can be given the informative expression

ADE+N=OV'+NV'+. .. +NV*+ iM S LE+m)
ji=0

=N e +N,> e +...+ iMj g, +N DM )
j=0

Tt DES I 34, 1<t

+N,D +1-Dn+... + iM,-ﬂ

1<t ji=0

By inspection of (7) the conclusion is easily drawn that the process en-
gendered by the VAR model (1) is composed — stationary components
apart — of integrated processes of progressive order.

Hence, the overall effect is that the solution y, turns out to be an inte-
grated process itself, whose order is the same as the order of the pole of
A"'(z), that is to say

¥, ~1(K) ®)
g

Theorem 2

Let z=1 be a possibly repeated root of the characteristic polynomial
det A (2) of the VAR model

AL)y,=n+eg, ®

and its solution y, be, correspondingly, an integrated process, say y, ~ I (d)
for some d > 0.
Furthermore, let

A =BC (10)

be a rank factorization of the singular matrix A (1) = A.
Then the following decomposition holds
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4 ’
y, = (C)) Cy, + (CHC, (11
maintained integrated degenerate integrated
component component

where the maintained and degenerate components enjoy the integration
properties

(CL¥ Cly, ~1(d) (12)

(€Y Cy ~1®), d<d-1 (13)

respectively.
The notion of cointegration fits with the process y, accordingly.

Proof

In light of (6) of Section 1.3 and of isomorphism between polynomials
in a complex variable z and in the lag operator L, the VAR model (9) can
be rewritten in the more convenient form

O (L)Vy +BCy,=n+¢, (14)
where @ (z) is as defined by (8) of Section 1.3, and B and C are defined in

(10).
Upon noting that

y~1d)=>Vy ~1(d-1)=0L)Vy ~1(),0<d-1 (15)
the conclusion
Cy~1®) = C)Cy~I1) (16)
is easily drawn, given that
BCy,=-Q (L)Vy,+n+¢ o Cy =-B Q (L)Vy, + B + B¢, a7
by (14) and the integration order of — B* Q (L)Vy, + B’n + B’ is at most
that of Q@ (L)Vy, namely 6 <d - 1.
Insofar as a drop of integration order occurs when moving from the par-

ent process y, to its component (C’)* C’y,, the latter is a degenerate process
with respect to the former.

The analysis of the degenerate component (C’)°C’y, being accom-
plished, let us examine the complementary component (C’)* Cy.

To this end, observe that by virtue of (42) of Section 1.1, the following
identity
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I=(Cy C.+(CYC (18)

holds true and, in turn, leads us to split y, into two components, as shown
in (11).
Since the following integration properties

y.~1(d) 19)
(€Y Cy,~1d) (20)

hold in light of the foregoing, the conclusion that the component
(C,)* Cy, maintains the integration order inherent in the parent process y,
that is to say

(CLF Cly,~1(d) 3y

is eventually drawn.

Finally, in light of (20) and (21), with (19) as a benchmark, the seeds of
the concept of cointegration — whose notion and r6le will come to the fore
in the next section and in Chapter 3 — are sown.

u

2.4 A Glance at Integrated and Cointegrated Processes

We will introduce the basic notions concerning both integrated and
cointegrated processes along with some related results.

Definition 1

A n-dimensional random-walk is a multivariate I (1) process € defined
after the property

VE =¢ €~ WN,,

(n, 1)

()
The following representations

E.a, = Ze‘r 2)

1<t

= Z’;O + Z_:ET (2/)
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hold accordingly, where & stands for an initial condition vector, independ-
ent from €, ¢ > 0, and assumed to have zero mean and finite second mo-
ments (see, e.g., Hatanaka, 1996).

The process, while stationary in mean, namely

EE)=0 (3)
is not covariance stationary, because of
EEE)=E@EE)+I(0)¢ @

as a simple computation shows.

Definition 2

A random walk with drift is a multivariate I (1) process &, defined as fol-
lows

VE=p+e €~WN, &)

where W is a drift vector.
The following representations

E=ku+pr+ e, ©)

<t

=G+ D (6)

1=1

hold true, where k and &, are a scalar and a random vector, respectively,
depending on the initial condition and independent from €, ¢ > 0. More-
over, §0 1s assumed to have finite first and second moments.

The process is neither stationary in mean nor covariance stationary, as
simple computations show. In fact

E®)=E&)+w )
VE)=V(E)+T0)¢ (8

where V stands for covariance matrix.

The notion of random walk can be generalized to cover processes whose
k-order difference, k > 1, leads back to a white noise process.

In this connection, we give the following definition (see also Hansen
and Johansen, 1998, p. 110).



2.4 A Glance at Integrated and Cointegrated Processes 73

Definition 3

By a cumulated random walk we mean a multivariate 7 (2) process de-
fined after the property
V% =€ €~WN, ©)
The following representations

L= 2 (10)

9t 1S9

= Z(Hl—t)sT (107

1<t

= > (t+Deg, _, (10%)

T<0

hold true, and the analysis of the process can be carried out along the same
line as in Definition 1.

Cumulated random walks with drift can be likewise defined along the
lines traced in Definition 2.

Inasmuch as an analogue signal vs. noise (in system theory) and trend
vs. disturbances (in time series analysis) is established and noise as well as
disturbances stand for non systematic nuisance components, the term sig-
nal or trend fits in with any component which exhibits either a regular time
path or evolving stochastic swings. Whence the notions of deterministic
and stochastic trends which follow.

Definition 4

The term deterministic trend will be henceforth used to indicate poly-
nomial functions in the time variable, namely

f=at+bt+...+df (11)

where r is a positive integer and a, b ..., d denote parameters.

Linear and quadratic deterministic trends turn out to be of major interest
for time series econometrics owing to their connection with random walks
with drifts.

Definition 5

By a stochastic trend we mean a vector @, defined as follows
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¢,= )€, g~WN, (12)
T=1

Upon noting that
V(p =g (13)

! t

the notion of stochastic trend turns out to mirror that of random walk.

Remark

If reference is made to a cumulated random walk, as specified by (9),
we can analogously define a second order stochastic trend in this manner

t b
Q= Z ZST ’ erWN(m (14)

%=1 1=1

Should a drift enter the underlying random-walk specification, a trend
mixing stochastic and deterministic features would occur.

The foregoing offers a first glance at integrated processes and related
topics.

A deeper insight into the subject matter, resting on VAR models with
unit-roots, will be gained in next chapter, especially Sections 3.4 and 3.5
which are devoted to the so-called representation theorems.

When dealing with several integrated processes, the question may be
raised as to whether it would be possible to recover stationarity — besides
trivially differencing the said processes — by some sort of a clearing-house-like
mechanism, able to lead non stationarities to balance each others out, at
least to some extent.

This idea is at the root of cointegration theory which looks for those lin-
ear forms of stochastic processes with preassigned integration orders
which turn out to be more stationary — possibly, stationary tout court —
than the original ones.

Here below we will give a few basic notions about cointegration, post-
poning a closer scrutiny of this fascinating topic to Chapter 3.

Definition 6

The components of a multivariate integrated process y, form a cointe-
grated system of order (d, b) — with d and b non negative integer numbers
such that d > b — and we write

y,~Cl(d,b) (15)
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if the following conditions are fulfilled
i) the n scalar random processes which represent the elements of the vec-
tor y, are integrated of order d, which is tantamount to saying that

(n, 1)

i} there exist one or more (linearly independent) vectors o neither null nor
proportional to an elementary vector, such that the linear form

x, =0y, a7

I8}
is integrated of order d — b, i.e.
x,~1(d-b) (18)

The vectors o are called cointegration vectors. The number of cointe-
gration vectors, which are linearly independent, identifies the so-called
cointegration rank for the process y,.

The basic idea of cointegration is that of describing the stable relations
of the economy through linear relations which are more stationary than the
variables under consideration.

Observe, in particular, that the class of CI (1, 1) processes is that of 7 (1)
processes which by cointegration give rise to stationary processes.

Definition (6) can be extended to the case of a possibly different order
of integration for the components of the vector y (see, e.g., Charenza and
Deadman, 1992).

In practice, conditions i) and ii) can be reformulated in this way
i) the variables y,, y,, ..., y,, which represent the elements of the vector y,

are integrated of (possibly) different orders d, (h=1,2, ..., K), with

d >d, ...,>d 2 b, and these orders are, at least, equal pairwise. By de-

fining the integration order of a vector as the highest integration order of

its components, we will simply write

y~1(d) (19)

i) For every subset of (two or more) elements of the vector y, integrated of
the same order, there exists al least one cointegration vector by which
we obtain — through a linear combination of the previous ones — a vari-
able that is integrated of an order corresponding to that of another subset
of (two or more) elements of y..

As a result there will exist one or more linearly independent vectors o

(encompassing the weights of the said linear combinations), neither null

nor proportional to an elementary vector, such that the linear form
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7.
X, = (xyt
LD

(20)

is integrated of order d, - b, i.e.
x,~1(d - b) @2n

Let us finally introduce the notion of polynomial cointegration (see, e.g.,
Johansen, 1995).

Definition 7

The components of a multivariate stochastic process y, integrated of or-
der d = 2 form a polynomially cointegrated system of order (d, b), where b
is a non negative integer satisfying the condition b < d, and we write

y,~ PCI (d, b) 22)

if there exist vectors o and B, (1 <k <d - b + 1) — at least one of them, be-
sides o, neither null nor proportional to an elementary vector — such that
the linear form in levels and differences
d—b+1
z =y, + > B, VY, (23)
k=1

wy
is an integrated process of order d - b, i.e.
z,~1(d-b) 24)

Observe, in particular, that the class of PCI (2, 2) processes is that of
I (2) processes which by polynomial cointegration give rise to stationary
processes.

Cointegration is actually a cornerstone of time series eeconometrics as
the next chapter will show. A quick glance at the role of cointegration, in
connection with the notion of stochastic trends, will be cast in the appendix
of this chapter.
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Appendix. Integrated Processes, Stochastic Trends and
Rdéle of Cointegration

Let
g = (2| -1
r T - (Al)
@ &2
be a bivariate process integrated of order 1, specified as follows
§ =48 +n, (A2)

where 19, is a vector of stochastic trends

13[ = ZEI ’ et = WN(2> (A3)

@D =i

and 7, is a bivariate process which is covariance stationary with a null
mean, which is tantamount to saying that

2.1

Let us suppose that the matrix A = [a,] is such that a, #0 for i,j=1, 2
and let us assume this matrix to be singular, i.e.

r(A)=1 (AS)

Then it follows that

i) the matrix has a null eigenvalue associated with a (left) eigenvector p’
such that

PA=0 (A6)

ii) the matrix can be factored into two non—null vectors, in terms of the rep-
resentation

A= > C,,b,b?‘—'o,c’c;éo (A7)

@D ,2)
Now, according to (A7), formula (A2) can be rewritten as
E =bc9 +n, (A8)

where



78 2 The Statistical Setting

Y ~1(1) (A9)
Then, by premultiplying both sides of (A8) by p” we get
PE=pbc’d, +pM,=pm,~1(0) (A10)
since from formulas (A6) and (A7) it follows that
pPb=0=pbc’3,=0 (A11)
Finally, by virtue of (A1) and (A10) the conclusion that
E~CI(1, 1) (A12)

is easily drawn.
Considering the above results we realize that

i) the process &, is integrated of first order owing to the presence of a sto-
chastic trend via the process ¢, which plays the role of a common
trend (cf. Stock and Watson, 1988) and turns out to influence both the
components of & through the (non-null) elements of b;

ii) the vector p (left eigenvector associated with the null eigenvalue of the
matrix A) is a cointegration vector for & since p’€, is stationary;

iii) the cointegrability of & relies crucially on the annihilation of (common)
trends, according to (A11) above.
The very meaning of cointegration is thus that of making immaterial or

at least weakening the role of the non stationary components.



3 Econometric Dynamic Models: from Classical
Econometrics to Time Series Econometrics

3.1 Macroeconometric Structural Models Versus VAR
Models

According to the so-called time series econometrics, the typical assump-
tion of classical econometrics about the determinant rdle played by eco-
nomic theory in model specification is refuted. Therefore, the core of
econometric modelling rests crucially on VAR specifications with the ad-
dition of integration and cointegration analysis to overcome the problem of
non stationary variables and detect possibly stable economic relationships
from available data.

This implies that the conceptual frame based upon the interaction among
economic theory, mathematics and empirical evidence — provided with the
pertinent statistical reading key — which characterizes classical economet-
rics, leads to a mirror reinterpretation within the time series econometrics.
The implication is essentially an overturning between the specific role of
empirical evidence and the guide réle of economic theory.

Thus, whereas the empirical evidence plays a complementary réle in
comparison with economic theory within classical econometrics — about
which a iuris tantum presumption of a priori reliability does indeed exist,
although not explicitly expressed — in time series econometrics the per-
spective is in a certain way overturned. Here are the data — that is the em-
pirical evidence — to outline the frame of reference, while economic theory
intervenes with an ancillary réle to check a posteriori the coherence of the
results obtained through statistical methods, according to principles ac-
cepted by economic theory.

In light of these brief considerations, it is possible to single out the
common aspects as well as the distinctive features of the above mentioned
approaches to econometric modelling. One could then understand the mo-
dus operandi of econometric research within both perspectives, when the
common denominators are provided by economic theory and by empirical
evidence, even though with different hierarchical rdles.
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Given these preliminaries, the reader will find in this section a compari-
son — restricted to the essentials features — between the dynamic specifica-
tion in the context of VAR modelling and in that of structural economet-
rics, with a characterization which rests on the assumption that the roots of
the characteristic polynomial associated with the model lie inside or on the
unitary circle, and with the reduced form as a unifying frame of reference.

Whereas, on the one hand, the reference to the reduced form (as an ele-
ment of connection) could lead to a restrictive reading key of VAR mod-
els, in subordinate terms with respect to structural models, this meaning is
no longer applicable when the comparison is made about the nature and
the role of the roots of the relative characteristic polynomial.

As a starting point it may be convenient to consider the following gen-
eral primary form for the model

Y, =r.)’t+r*(L))’t+A*(L) X;+ & (1)
(n,1)
where
X k
(L) =ZFk L )
k=1
and
R
A¥Ly=> AL 3)
r=0

The notation reflects the one currently used in econometric literature
(see, e.g., Faliva, 1987). Here the vectors y and x denote the endogenous
and the exogenous variables respectively, £ represents a white noise vector
of disturbances, whereas I', I', and A stand for matrices of parameters.

Next, we consider first the point of view of classical econometrics and
then that of time series econometrics.

The distinctive features of structural models are
i) I'sI=0, “)

where the symbol * denotes the Hadamard product for matrices (see,
e.g., Faliva, 1987, p.86).

L (k=1,2,...,K)and A (r=0, 1, ..., R) are sparse matrices, speci-
fied according to the economic theory, ex ante with respect to model es-
timation and validation.
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While formula (1) expresses the so-called structural form of the model,
which arises from the transposition of the economic theory into a model,
the secondary (reduced) form of the model is given by

y=PW@L)y +II(L)x + &)
where
w=>I-T), ©)
K
P(L)=)YPL %)
k=1
R
Imi)= ZH, L (8)
r=0
with
P=(~-D)'T,k=1,2,...K 9)
n=I-"A,r=0,1,..,R (10)
In a more compact form model (5) may be written as follows
ALy, =IT(L)x +, (11
with A(L) defined as
AL =1-P(L) (12)
The spectrum of the characteristic polynomial
|AGx)|=det [I- P (2)] (13)

plays a crucial role in the analysis. As a matter of fact, the assumption that
all its roots lie outside the unitary circle is indeed a main feature of struc-
tural models.

Starting from the reduced form in formula (11), it is possible to obtain,
through suitable computations (cf. Faliva, 1987, p. 167), the so—called final
form of the model, namely

y,=HA" +[A (L)1 TT(L) x,+[A (L)] " p, (14)

Here A denotes the vector
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X,
X,
A0 = (15)

(nK, 1)

t
}\’nK_

whose elements are the r-th powers of the solutions A, A,, ..., A, (which
are all assumed to be distinct, in order to simplify the formulas) of the
equation
K
det (A" I - Z?\.Kmk P)=0 (16)

k=1

and H is a matrix whose columns A, are the non trivial solutions of the ho-
mogeneous systems

(MI-N4P — . ~AP_ ~P)h=0 i=12 .. nK (17)

The term HA", in the right side of (14), reflects the dynamics of the en-
dogenous variables of inside origin (so—called autonomous component),
not due to exogenous or casual factors, which corresponds to the general
solution of the homogeneous equation

A(L)y,=0 (18)

The last two terms in the second member of (14) represent a particular
solution of the non-homogeneous equation (11).
The term

AQI'TWx=3YKx,. (19)

=0

reflects the deterministic dynamics, due to exogenous factors (so-called
exogenous component), while the term

ADI'=ScCu, . (20)

reflects the dynamics induced by casual factors (so-called stochastic com-
ponent), which assumes the form of a causal moving average VMA (=<) of a
multivariate white noise, namely a stationary process.

The complete reading key of (14) is illustrated in the following scheme
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y=H\"+ I-POI" L) x, + I-P L]y,

autonomous exogeneous VMA component

component component (stationary process)
—> | € > | < >

21
comsp;tleurgg:tary particular solution ( )
‘ ’ gl -
- »
general solution of the non-homogeneous equation

-l [
<% >

It is worth mentioning that, in this context, the autonomous component
assumes a transitory character which is uninfluential in the long run. This
is because the scalars A, A,, ..., A, are the reciprocals of the roots of the
characteristic polynomial (13) and as such lie inside the unit circle. As a
result, the component HA” may be neglected when ¢ is quite high, leading
to a more concise representation

y=U-POI'IIL)x, + I-PDT'w,
(22)

exogeneous
component

VMA component
(stationary process)

< >

What we have seen so far are the salient points in the analysis of linear
dynamic models from the viewpoint of classical econometrics.

As far as time series econometrics is concerned, the distinctive features
of the VAR model are

i) Fr=0=T,=P,, k=1,2,..K (23)

i)I', k=1, 2, ..., K), are full matrices, in absence of an economic informa-
tive theory, ex ante with respect to model estimation and validation.
ii1) A¥(L)y=0=A =11 =0, r=0,1,..,R (24)

As long as the distinction between endogenous and exogenous variables
is no longer drawn, all relevant variables — de facto — turn out to be treated
as endogenous.

Here the primary and secondary forms are the same: the model in fact is
automatically specified in reduced form, in light of (23) and of (24), i.e.

y =Py +¢

(n, 1)

(25)

where
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P(L)y=T*(L) (26)
with the further qualification
ML)=A*L)=0 27

The specification of the VAR model, according to (25) and in view of
(7), assumes the form

K
y,= 2. Py,  +¢ (28)

k=1
According to (12) the following representation holds
ALy, =¢, (29)

The solution of the operational equation (29) — which is the counterpart
to the notion of final form of classical econometrics — is the object of the
so-called representation theorems, and can be given a form such as

y,=HA’ +k,+kt+N,) (t+1-D)e +N, D e +Y Mg, (30)

T$t st i=0

whose rationale will become clear from the subsequent Sections 3.4 and
3.5, which are concerned with specifications of prominent interest for
econometrics involving processes integrated up to the second order.

In formula (30) the term HA”, analogously to what was pointed out for
(14), represents the autonomous component which is of transitory charac-
ter and corresponds to the solution of the homogeneous equation

ALy =0 (31)

inherent to the roots of the characteristic polynomial which lie outside the
unitary circle. Conversely, the term k,+ k¢ represents the autonomous
component (so-called deterministic trend) which has permanent character
insofar as it is inherent to unitary roots.

The other terms represent a particular solution of the non- homogeneous

equation (29). Specifically, the term ZM .€,; 1s a causal moving-average
i=0
process — whose analogy with (20) is evident —associated with the regular
part of Laurent expansion of A™'(z) in a deleted neighbourhood of z = 1.
The term
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N, (t+1-T)e +N, D¢,

st 1<t

(32)

on the other hand, reflects the (random) dynamics, i.e. the stochastic trend
or integrated component associated with the principal part of the Laurent
expansion of A'(z) in a deleted neighbourhood of z=1, where z=1 is
meant to be a second order pole of A™(z).

As it will become evident in Sections 3.4 and 3.5, the cointegration rela-
tions of the model turn out to be associated with the left eigenvectors cor-
responding to the null eigenvalues of N, and N .

The complete reading key of (30) is illustrated in the following scheme

HA® +k, +kt +leeT +N22(t+1—r)teT +2M8t—i

i=0

Y=

Tt k397

A

autonomous | autonomous integrated component: VMA
transitory | permanent stochastic trend component ( 3 3)
component | component: tati
determinist (stationary
trend process)
> < » | ——>»
complen]entary particular solution
solution
< L.
» < »
general solution of the non-homogeneous equation

3.2 Basic VAR Specifications and Engendered Processes

The validity of VAR specifications to actually grasp the dynamics of
economic variables rests on ad hoc rank qualifications of the parameter
matrices in the reference model.

Before going into the matter in due depth and eventually tackling the ma-
jor issues of representation theorems content and meaning, let us get an in-
sight into the general setting of unit-root econometrics.

Definition 1

A vector autoregressive (VAR) model

All) y, =& +m, g~WN, (1)

(n,n) (n,1) (n, h (n. 1)

where 1 is a vector of constants (drift vector) and
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K
AL)=Y AL, A=LA#0 2)

k=0
is a matrix polynomial whose characteristic polynomial
T (z) =det A (2) (3)
can be factored as
T@=>1-2"% () 4)

where o020 is a non negative integer and T (z) has all roots outside the
unit circle, will be referred to as a basic VAR model of order K and dimen-
sion .

Definition 2

VAR models can also be specified in terms of both levels and differ-
ences by resorting to representations such as

QL) Vy +Ay =g +1 )

W (L) Vy,-AVy +Ay =€+ (6)

where the symbols have the same meaning as in (8) and (9) of Section 1.3.
Such representations are referred to as error-correction models (ECM ).

The following propositions summarize the fundamental features of
VAR-based econometric modelling. Here the proofs, when not derived as
by-products of the results presented in Chapters 1 and 2, are justified by
material to be found in later sections.

Proposition 1

A basic VAR model, as per Definition 1, engenders a stationary process,
ie.

Y, ~1(0) €
whenever

rA)=n (8)
or, otherwise stated, whenever

o=0 9
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Proof

The proposition ensues from Theorem 1 of Section 1.6 together with
Theorem 1 of Section 2.3, after the arguments developed therein.
Thereafter the matrix A, even if singular, will always be assumed to be
non null.
O

Proposition 2

A basic VAR model, as per Definition 1, engenders an integrated proc-
ess, i.e.

y,~1(d) (10
where d is a positive integer, whenever
r(Ad)<n (1)
or, otherwise stated, whenever
a>0 (12)

Proof

The proof follows the same line as the proof of Proposition 1.

Proposition 3

A basic VAR model, as per Definition 1, engenders a first order inte-
grated process, i.e.

y.~1(1) (13)

if
det (A)=0 (14)
det (B, AC)#0 (15)

where B, and C, denote the orthogonal complements of the matrices B
and C of the rank factorization

A=BC (16)
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Proof

The statement ensues jointly from Theorem 2, in view of Corollary 2.1,
of Section 1.6 as well as Theorem 1 of Section 2.3, after the arguments de-
veloped therein.

0

Proposition 4

Under the assumptions of Proposition 3, the twin processes C)y, and
C'y, are integrated of first order and stationary respectively, i.e.

Cly,~I() 17
Cy, ~1(0) (18)

which, in turn, entails the cointegration property
¥, ~CI(1, 1) (19)

to hold true for the processy,.

Proof

The proposition mirrors the twin statements (12) and (13) of Theorem 2
in Section 2.3 once we take d=1 and 6 =d -1 =0. Indeed, writing the
VAR model in the ECM form (5), making use of (16) and rearranging
term, we get

BC'y,=¢+n-Q(L)Vy, (20)
Insofar as y, ~ I (1), the following holds true
Q (L) Vy,~1(0) 2D

which, in turn, entails
BC'y,~1(0)=Cy, ~1(0) (22)

in view of (20).

For what concerns (17), the result is an outcome of the representation
theorem for I(1) processes to which Section 3.4 will thereinafter be de-
voted. After (17) and (18), the conclusion about the cointegrated nature of
¥, as per (19), is trivially drawn.

U
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Proposition 5

A basic VAR model, as per Definition 1, engenders a second order inte-
grated process, i.e.

y,~1(2) (23)
if
det (A) =0 (24)
det (B, AC)=0,(B,AC)#0 (25)
det (R, B, AC,S,)#0 (26)

where the matrices B, and C, have the same meaning as in Proposition 3,
the matrices R, and S, denote the orthogonal complements of R and § in
the rank factorization

B, AC.=RS’ 1)
and the matrix A is given by

1

A’:EA—AAEA (28)
Proof

The proposition ensues jointly from Theorem 3, in view of Corollary
3.1, of Section 1.6 and Theorem 1 of Section 2.3, in accordance with the
arguments developed therein.

0
Proposition 6

Under the assumptions of Proposition 5, the twin processes S, C|y, and
(C,S,), y,are integrated of the second and first order, respectively, i.e.

S Cly,~1(2) (29)

(CJ_S_L)lyt ~1 (1) (30)

which in turn entails the cointegration property
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y~CI2, 1) 3D

to hold true for the process y,.
The stronger cointegration property

y.~CI(2,0) 32)

may also holds true, under the circumstances of Corollary 2.2 of Section
1.7.

Proof

An analogy - although partial — between this proposition and Theorem 2
in Section 2.3 can be drawn bearing in mind the representation (28), Sec-
tion 1.6, of the orthogonal complement of the product C;S,.

Actually, results (29) and (30) are spin-offs of the representation theo-
rem for / (2) processes to which Section 3.5 will thereinafter be devoted.

After (29) and (30), the conclusion about the cointegrated nature of y,, as
per (31), is trivially drawn. The proof of the second part of the theorem
rests on the Corollary 2.2 of Section 1.7 as well as the arguments of the
subsequent Section 3.5.

g

3.3 A Sequential Rank Criterion for the Integration Order
of a VAR Solution

The following theorem provides a chain rule for the integration order of
a process generated by a VAR model on the basis of the rank characteris-
tics of its matrix coefficients.

Theorem 1
Consider a basic VAR model, as per Definition 1 of Section 3.2
A(l)y=¢ €~WN, 0y

where the symbols have the same meaning as in the said section, the ma-
trices I, T" and A are defined as follows

L 4 1
T=[A'A A* A], T = 4,44
=14 . ; = 4 )]
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A=(I-TTHAUI-T*T) (3)

and A" and A" are as in Definition 7 of Section 1.1.
The following results hold true

i) if
r(A)=n “)
then
y,~1(0) 5)
whereas if
r(A)<n (6)
then
y~I1(d, d>0 @)
ii) Under rank condition (6), if
r((A,AD=n (®)
then
y~I1(d), d=1 C)]
whereas if
r((A,AD<n (10)
then
y~1d), d=2 an
iii)Under rank condition (8), if
r()=n (12)
then
y~1(D) (13)
whereas if
r(0)<n (14)
then
y~1@, d>1 (15)

iv)Under rank condition (14), if
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r(lA,Th=n (16)
then
y~I1d), d=2 17
whereas if
r((A,Th<n (18)
then
y~1(), d=3 (19)
v) Under rank condition (16) if
r(A, TD=n (20)
then
¥y ~1(2) 2D
whereas if
r(fA, Th<n (22)
then
y~1d), d>2 (23)
Proof

To prove i) refer back to Theorem 1 of Section 1.6 and Theorem 1 of
Section 2.3 (compare also with Propositions 1 and 2 of the foregoing sec-
tion).

To prove point ii) refer back to Theorem 2 and 3, as well as to Corollary
2.1 of Section 1.6, and also to Theorem 1 of Section 2.3 (compare also
with Propositions 3 and 5 of the foregoing section). Then, observe that

(2 0 )

whence

-A B A A .
r([ D=n+r(A)<:>rM D=n+r(A):>r([A’A])=” (25)
c 0 A 0
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but not necessarily the other way around.

Hence, d is possibly equal to one, as per (9), under (8), whereas this is
no longer possible, as per (11), under (10).

The proof of iii) rests on Theorems 14 and 19 in Marsaglia and Styan
(1974), Definition 7 of Section 1.1, yielding the rank equalities

2207

=r(A) +r(A) + r (I -AA% A (I - A*A))
=r(A)+rA)+r(A'AA ) =r (A) +r (D)

Hence, after (12) the following holds

-A B
r H D =n+r(A) 27
Cc' 0

and (13) follows accordingly, in view of the theorems quoted in proving
ii), whereas the circumstance (15) occurs under (14).

To prove iv) refer, on the one hand, back to Theorem 3 — along with its
corollary — of Section 1.6 and Theorem 1 of Section 2.3 (compare also
with Proposition 5 of the foregoing section) and, on the other hand, to the
proof of ii), by replacing

-1 0| |-A B|[I o0
e e
0 B||C o| |0 ~C

I 0 0 A (B)R B|[I 0 0

with

0 (B)R 0[,|S(C,)* 0 0,0 SC,) 0 (29)
0o o0 B|| C o ollo o C

respectively, after the equalities

(B.R), =[(B_)R, B] (30)
(C S =1[( Ci )'S, Cl 3D

(B, YRS'(CL)" = A AA} (32)
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because of (27) and (28) of Section 1.6 and the pairs (47)-(53) and (48)-(54)
of Section 1.1.
Next observe that

{ A (BLRJL}
CsS)y, 0
I o0 o] A (BYR B[I o0 0
=r(|0 (B)*R 0|SC)Y 0 0|0 SC)y 0 (33)
o o B| C 0o oo o C

whence

H i (BLRL)LH
r =n+r(CS)) &

(€8, 0
34

AT ~
e =n+r((CSH)=>r(A Th=n
r o
but not necessarily the other way around, given that
r@=r@)=rC.S): (35)

Hence d is possibly equal to two, as per (17), under (16) whereas this is no
longer possible, as per (19) under (18).
The proof of point v) proceeds along the same lines as the proof of point iii)

by replacing A*, A, A, A respectively, with I — T* '), A, I -IT%), T.
In this connection, observe that

[ A (BlRl)l} F r}
r =r
(C.S,), 0 r o (36)

=rM+rM+r(@-TTHAJ-T*T))
=r(M+r(A T

Hence, after (20) the following holds
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A (B,R)),
r =n+r(CS1)1 37
(C.8,), 0

and (21) ensues accordingly, in view of the theorems quoted in proving
iv), whereas the circumstances (23) occurs under (22).

0

The sequential procedure for integration order identification inherent in
the theorem can be given an enlightening visualization via the decision
chart of the next page.
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Py =7 (A)
I
CiPelom>
e no
p,=r (4, 4]
=
p,=r(I) Y

no

<

p=r([A,T])




3.4 Representation Theorems for Processes I (1) 97

3.4 Representation Theorems for Processes /(1)

Representation theorems — whose rdle in unit-root econometrics mirrors
that of the final form for the dynamic models of structural econometrics —
are concerned with the closed form solutions of VAR models in presence
of unit-roots, with the inherent reading keys in terms of integrated vs. sta-
tionary components of the solutions and cointegration effects as possible
offsprings. Such theorems, after Granger’s seminal work and the major
contributions due to the school named after Johansen, stand as a milestone
of the so-called time series econometrics.

Even if the way is, by and large, paved, the underlying analytical setting
still presents some subtle facets, which have actually hindered, in some re-
spects, a fully satisfactory treatment of the whole matter.

The remaining of this chapter will be expressly devoted to representa-
tion theorems with the aim of shedding proper light on the subject after the
arguments developed so far. The clarity of the statements and the fluent
structure of the proofs are indebted to the innovative as well as rigorous
algebraic apparatus drawn up in the first chapter. Hence, an elegant reap-
praisal of classical results is combined with original contributions, widen-
ing and enriching both the content and the significance of the theorems
presented.

This section concentrates on I (1) processes, while the next covers 7 (2)
processes.

Theorem 1
Consider a VAR model specified as follows

ALy ,=¢+m, €~WN,

(n,n)

(D
where 1 is a drift vector and
P .
A=Y AL A=LA,7+0 @
j=0

is a matrix polynomial whose characteristic polynomial der A(z) is as-
sumed to have a possibly repeated unit-root with all other roots lying out-
side the unit circle.

Let
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det z0 3)

' 0
where B and C are defined as per the rank factorization
A=BC 4)
of the singular matrix A (1) = A # 0.

Moreover define
P P [-A B]
= )
P, P Cc' 0

Then, the following representation holds for the process engendered by
the model (1) above

y=k,+kt+N > e +M(L)e,

(6)
where

N =P =-C(B,AC)"'B, (7N
M@Ly=YML, M1=) M, (8)

i=0 i=0

1 . 1 ..

M(1)=—-£P1AP1+PZP3=—5N1AN1 ©)

+I+N,A)YA'U+ AN)
k,=Nv+MD)n=C,V+M (1) (10)
k =Nm (1
M, M, ..., are coefficient matrices whose entries decrease at an exponen-

tial rate, and both v and V denote arbitrary vectors.

Solution (6) represents an integrated process which is inherently cointe-
grated. Indeed, the following results hold true

i) y,~I1(1)= Vy,~1(0) (12)
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i) Cy~1(0)=>y ~CI(1,1) (13)

Proof

The relationship (1) is nothing but a linear difference equation whose
general solution can be represented as (see Theorem 1, Section 1.5)

(14)

_ ) complementary particular solution of the
Y= solution + 9 non-homogeneous equation

As far as the complementary solution, i.e. the (general) solution of the
reduced equation

ALy =0 (15)

is concerned, we have to distinguish between a permanent component as-
sociated with a (possibly repeated) unit-root and a transitory component
associated with the other roots of the characteristic polynomial

|A ()| =det A (2) (16)

By referring back to Theorem 3 of Section 1.5, the permanent compo-
nent can be expressed as follows

=Ny (17
or, in view of (7), as
=C,V (18)
by taking
V=-(B, AC)'B,v (19)

The transitory component of the complementary solution can be ex-
pressed as follows

g,=HL" (20)

where the symbols have the same meaning as in (14)-(17) of Section 3.1
and reference should be made to all roots of the characteristic equation

detA (2)=0 @2n

except for the unit-roots.
Given that the elements of A” decrease at an exponential rate, the con-

tribution of component z, turns out to be ultimately immaterial, and as
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such it is ignored by the closed-form solution of equation (1) in the right-
hand side of (6).

As far as the search for a particular solution for the non-homogeneous
equation (1) in the statement of the theorem is concerned, we can refer
back to the proof of Theorem 1 of Section 2.3 and write

y, =AM +¢e) (22)

accordingly.

Since, by virtue of hypothesis (3), A '(z) has a simple pole in z = 1 (see
Theorem 2 of Section 1.6), in light of (4) of Section 1.4 and of the isomor-
phism between matrix polynomials in a complex variable z and in the lag
operator L, the following Laurent expansion holds

1

AL = D

N .+ M (L) (23)
which implies

1
y.= FL)-NI Mm+e)+ML)(M+¢g) (24)

with N, given by (3) in Theorem 1 of Section 1.7.
Because of the formal relationships (see (5) and (6) of Section 2.3)

1 .
= V'=
(I-L Z (25)
we derive from (24) the elegant closed-form solution
y=MON+NN+NYe +> Me, (26)
T<t j=0

where M (1) is given by (4) in Theorem 1 of Section 1.7.

Combining the particular solution, in the right-hand side of (26) of the
non-homogeneous equation (1) with the permanent component in the right-
hand sides of either (17) or (18), of the complementary solution, we even-
tually get for the process y, the representation

y=C+MMDM+Nn+N e +> M e, @27)
1<t j=0

which tallies with (6), by virtue of (10) and (11).

With respect to results i) and ii), their proofs rest on the following con-
siderations.
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Result §) — By inspection of (6) we deduce that y, is the resultant of a
drift component k, of a deterministic linear trend component k., of a first
order stochastic trend component N, Zet , and of a VMA (o) component

Tt
in the white noise argument €. Therefore, the solution y, displays the con-
notation of a first order integrated process, and consequently Vy qualifies
as a stationary process.

Result ii) — It ensues from (6), in view of (7), through premultiplication
of both sides by C’. Because of the orthogonality of C* with N, and in view
of (11), the terms of C’y, involving both deterministic and stochastic
trends, namely C’k ¢t and C’N, ZaT , disappear. The non stationary terms
being annihilated, the resulting process C’y, turns out to be stationary.

Aslong asy,~ I (1) and also C’y, ~ I (0), the solution process y, turns out
to be cointegrated and we can write y, ~ CI (1, 1), accordingly.

O

The following corollaries highlight some interesting results about the
stationary processes Vy, and C’y, associated with the integrated process y,

i.e. the solution of the VAR model (1). To pave the way to deriving the in-
tended results, we will first define the partitioned matrices

N {sz) Pzﬂ {Q@ B:|_1
P(2)= = (28)

Pz PG| | C o0
{sz) I1,(z) {Q(z) B }
()= = 29)
M,z II,(2) C -(1-I

Both (28) and (29) are meaningful expressions and the matrix func-

tions P(z) and I1 () are matrix polynomials themselves thanks to the
Cayley-Hamilton theorem (see, e.g., Rao and Mitra, 1971) provided the
inverses in the right-hand sides of (28) and (29) exist, which actually oc-
curs in a neighbourhood of z=1 under the assumptions of Theorem 1
above,

Now, let us prove the following
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Lemma

The following relation holds among the blocks of the matrices I1 (z) and
P2

{Hl(z) I,(2)

I,z (2

(30)
_ [PI(Z)+(1—Z)P2(Z)[I ~(1=2)P ()" P,(2) P,(D)I-(1-2)P,()]"
(I-(1-2)P,(2)]" P,(2) [[-(1-2)P, ()] P,(2)
In particular, we have
()= P() (31)
Proof
Upon noting that
0(2) B 0 B 0
= - |A=21]0, I (32)
C -QA-I C 0 I

straightforward application of result (29) of Section 1.2 implies that

- ~ 0] 1 _ [o])” -
IIz)=P@)+ P(2) ! —ITZ—I—[O, I]P(Z) ! [0, Il P(2) (33)

which is tantamount to saying that

MG I,
II,z) IL®

P(z) P(2)
P(2) P(2)

(34)
F,(2) 1
+(1-2) { } {I-(1-2P ()} [P(2), P2)]
P,(2)
Now, a simple computation shows that
() =P +(1-2) P - (1-2) P(D]"P(2) (35)

=P+ {(I-U-(1-2 P,@NI-(1-2 PI'P)
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=P+ I -(1-2PI'P()-P2)=[I-(1-2) P P(2)

and, in a similar fashion, that

M,(z) =P2) I - (1 -2) P(2)]" (36)

N@=I-(1-2P@I P)=P@U-(1-2)P@] (37
The expression for the leading diagonal block

M()=P2)+(1-2)P2) I~ (1-2) P)]'PS2) (38)

is easily obtained.
Then, in light of the foregoing, equality (30) is verified.
Proof of (31) is trivial.

O
We now present the aforementioned corollaries.
Corollary 1.1
Alternative VMA representations of the stationary process Vy, are
Vy,=II(L)ym+€)=Nn+IL(L)e, 39
=0+Z(L)eg, (39"

where IT (L) is obtained from the leading diagonal block of (29) by replac-
ing z with L, while 8 and E (L) are given by

§=Nn (40)
E(L)=YEL=MIL)V+N, (41)
j=0
The operator relationship
M L)V=II(L)-N, (42)

holds accordingly.
Furthermore the following statements are true

i) the matrix polynomial E (z) has a simple zero at z = 1;
ii) Vy, is a non invertible VMA process;

iii) E(Vy)=Nn (43)
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Proof

From (7) of Section 1.6, because of the isomorphism between matrix
polynomials in a complex variables z and in the lag operator L, this note-
worthy relationship holds true

e ol
AT(V=1, 0 (44)
c -VI| |0

whence, in view of (22) and by virtue of (29), the following VMA repre-
sentation of Vy,

oL B I
Vy, =, 0] M+¢e)=TL(L) M +e) 45)
¢ -vI| |0
=Nn+II(L)e,
is obtained in a straightforward manner, upon noting that
(=N, (46)

according to (31).

The VMA representation (39") follows from (6) by elementary computa-
tions.

The equality (42) is shown to be true by comparing the right-hand sides
of (39) and (39’) in light of (41).

For what concerns results i)-iii), their proofs rest on the following con-
siderations:

Result 1) — The matrix polynomial
E@=01-29M @) +N, 47

has a simple zero at z = 1, according to Definition 3 of Section 1.4 and by
virtue of Theorem 2, along with Corollary 2.1, of Section 1.6. Indeed the
following hold

E()=N,=detE(1)=0 (48)

E(H)=-M() (49)

[x

, -E1) D
det(Diaa)EL);eo@de{ }eo (50)
E 0
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recalling (18) of Section 1.7, and taking

D =-C, E =B (G2))

where D and E are defined as per a rank factorization of NV, namely
N,=DE’ (52)
D=-C,(B,AC)"', E=B, (53)

Result ii) — The conclusion is easily drawn by inspection of (39") be-
cause of i) above.
Result iii) ~ The proof is straightforward by taking the expected value of

both sides of (39") in light of (40).
il
Corollary 1.2

Alternative VMA and VARMA representations, respectively, of the sta-
tionary process

Y,=C"y, 54)

are
a) Y=L M+e)=P()n+IL(L)e (55)
=CM(I)n+CM(L)e (55"
b) ~PIL)V+Dy=P()n+P(L)e, (56)

where, IL(L), P(L) and P (L) stand for the homologous blocks of (28) and
(29) with z replaced by L.
The following relationships

P()=C'M(1) (37

P(L)=C'M (L) (58)

hold as by-products.
Furthermore, one can establish the equality

E{y}=CM\)n=BI+ AN)n (59)

Proof

Proof of a) — Because of



106 3 Dynamic Models: from Classical to Time Series Econometrics

C’'i1, 01=10, Il

L) B
Y |

} +VI[0, I] (60)

the following conclusion

% ]
C’A(L)V=CTI, 0] =

¢ -vI| |0
61)
1

=M(L) V= CA(L)=T1(L)

{Q(L) B }
=VI|[0, I}

cC -VI

0

is easily drawn in light of (44) and (29). Hence, the VMA representation
(55) follows, also bearing in mind (31).

The VMA representation (55’) follows from (6) by elementary compu-
tations in view of the orthogonality of C* with NV,.

Proof of b) — In view of (35), by replacing z with L and (1 — z) with V as
usual, the VMA representation (54) can be rewritten as

Y,={I-PLV}'PL) (M +€) (62)

Then, premultiplying both sides of (62) by the operator I - P(L) V the
desired representation (56) is easily established.

Eventually, equalities (57) and (58) are proven to be true by comparing
the right-hand sides of (55) and (55").

Finally, as far as (5§9) is concerned, the proof is straightforward by tak-
ing the expected value of both sides of (55°) and by making use of (17) of
Sectionl.7.

0

What is claimed in Theorem 1 and in its corollaries, both reflect and ex-
tend the content of the basic representation theorem of time series econo-
metrics.

This theorem can likewise be given a dual version (see, e.g., Banjeree et
al. 1993; Johansen, 1995), which originates from a VMA model for the
difference process Vy, which in turn underlies a VAR model for the parent
process y, whose integration and cointegration properties can be eventually
gathered.
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Theorem 2

Consider two stochastic processes € and y, being the former defined as
the finite difference of the latter, i.e.

& =Wy, (63)

(n.1)
Let & be stationary and assume a VMA(e0) representation such as

E=E@ (+g) (64)
whose parent matrix polynomial Z (z) = &, +ZE . Z in the complex argu-
i=1

ment z is characterized by a first order zero at z = 1 and by coefficient ma-
trices Z, with exponentially decreasing entries.
Then the companion process y, admits a VAR generating model, namely

ADy=m+E¢, (65)

whose parent matrix polynomial A (z) in the complex argument z has a
first order zero at z =1 and whose characteristic polynomial det A(z) has,
besides a (possibly multiple) unit-root, all other roots lying outside the unit
circle.

The engendered process y, enjoys the integration and cointegration
properties

y.~Id)

C,yt~1(0)}:>y,~c1(1, ) (66)

where C’ is defined as per a rank factorization of A = A (1), such as
A=BC 67

Proof

In view of (6) and (8) of Section 1.3 and of the isomorphism between
polynomials in a complex variable z and in the lag operator L, we obtain
the paired expansions

E=0@(l-+E() s EWL)=DLV+E(D) (68)

where
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&)=Y (-1 (1- )’” '“<*>(1)<:><I>(L) > E(l)V“ (69)

k21 k=1

®(1)=-2(1) (70

Then, in light of Definition 3 of Section 1.4 and by virtue of Theorem 2
and Corollary 2.1 of Section 1.6, the following hold true

det=(1)=0 (71)

~

[{m :(l) E]] & :
det 20 det (BE1)C)#0 (72)
¢ o0

where B and C are defined by a rank factorization of = (1), namely
E()=BC (73)

Given this premise, expansion (4) of Section 1.4 holds for Z'(z) in a de-
leted neighbourhood of the simple pole z =1 and we can accordingly write

2@ = rlz) N+¥ @ e E'@)= N,V'+ # 1) (74)

where

~ ~

N =-C, (B,

e, (75)

[I]-

M) = —% NEON+T+N EZW)EWD T+ E(N) (76)

in view of Theorem 1 of Section 1.7.
Applying the operator Z'(L) to both sides of (64) yields

E'LDE=n+e=>AL)y =n+E¢, (7
namely the VAR representation (65), whose parent matrix polynomial
A@=E'@1-9=(1-2M @+ N, (78)

turns out to have a first order zero at z = 1.
This is because of

) A= N=detA=0 (79)
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whence the rank factorization

A =BC’ (80)
where B and C can conveniently be chosen as
B=-C (BEWC,), C=B, (81)
i1) The matrices B, and C|, in light of (81), can therefore be chosen as
BJ_= 6, CJ_=E (82)
iii) A=— M(1) (83)
. -A B
iv) det (B, AC))# 0 det #0 (84)
C 0

upon noting that, according to (82) and (83) above and (18) of Section 1.7,
the following identity holds

B, AC,=-C MMW)B =-1 (85)

The proof of what has been claimed about the roots of the characteristic
polynomial det A(z) rests on the arguments of Theorem 4 of Section 1.4.

Finally, insofar as A (z) has a first order zero at z = 1 in light of (79) and
(84) above, A"'(z) has a first order pole at z = 1.

Hence, by Theorem 1 of Section 2.3 the VAR model (65) engenders an
integrated process y, of the first order, i.e. y, ~ I (1).

Indeed, according to (78), the following Laurent expansions holds

L1 . i - -
A(L)_—(I_L)N]+M(L)__(L)V E)+BL (86

(I-L)
Then, in light of (65), (73) and (86) the following holds true
y=AL) M+e)=[EMV'+dL)]M+e)
=>®,e +BC Ye +BCn+k 87)

TSt

3

=1

i=

where k is a drift vector.
Moreover, because of representation (87), the matrix B = C plays the
r6le of matrix of the cointegration vectors since
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By =Cy,~1(0) (88)

Finally, the cointegration property, y, ~ CI (1, 1), holds as a by-product.
0

3.5 Representation Theorems for Processes /(2)

Following the same lines of reasoning as in the previous section, we will
provide a neat and rigorous formulation of the representation theorem for
I (2) processes, to be followed - as corollaries — by some noteworthy re-
lated results.

To conclude we will show how to derive the dual form of this theorem.

Theorem 1

Consider a VAR model specified as follows

A(L)y,=¢+m, €~WN_

(n,n)

(D
where 1) is a drift vector and
P N
A=Y AL, A=LA=#0 @
j=0

is a matrix polynomial whose characteristic polynomial det A (z) is as-
sumed to have a multiple unit-root with all other roots lying outside the
unit circle.

Let

-A B
a) det =0 3)
c 0
where B and C are defined as per the rank factorization
A =BC’ €))
of the singular matrix A (1) =A # 0;

A (B.R)),
b) det #0 (5)
I:(C_I_Si. )L 0 }
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where
A= %A—AAgA (6)
and R and § are defined as per the rank factorization
B, AC =RS )
of the singular matrix l}i A C, #0 with (B,R)), and (C.S)). standing for

[(B.)YR, Bland [(C)'S, C], respectively.
Further, define

J A BR),|
= (8)
J, J, (C.8), 0
i %A’ : (B,R), A(C)H®
P P
= 9
P, P] sy 0 S0
| B*A 0 : I |

Then, the following representation holds for the process engendered by
the model (1) above

vk tki+kf +NYe +N,Y(+1-0e,+ SMe, (0
e i=0
where
N,=P, (11)
=J =C,S(R,B,ACS)'R, B, (117
1

M=ga1ﬂ+gxﬂ (12)
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| A AA¥ N,
:[Nz’ I_NZA] . . ~
A*A  -C, (B AC):B,||I-AN,
where
A=A)-A(0)
1

Z:EK—AMAMA

M@D=3SML M()=3M,

i=0 i=0

k,=Ny+Nw+M()n
1
k=Nn+N,(v+ En)

1
k2=5 N

(129

13)

(14)

(15)

(16)

7

(18)

A(z) is as defined in (22) of Section 1.6, M, M, ..., are coefficient matri-
ces whose entries decrease at an exponential rate, v and w are arbitrary

vectors.

The solution (10) represents an integrated process which is inherently

cointegrated. Indeed, the following results hold true

i) y,~1(2)= Vy,~1(0)
ii) (C.S) y,~I(H)=y~CI21)
iii) B°A(C)C. Vy,-Cy,~1(0)=y ~PCI(2,2)
iv) V.Cy ~1(0)=y ~CI(2,2)
provided that

r(BPAC.S)<r(B

with the rank factorization

(19)
(20)
@D

(22)

(23)
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BACS =VW 24
as a by-product.

Proof

The structure of the proof mirrors that of the representation theorem
stated in the previous section.

Once again relationship (1) reads as a linear difference equation, whose
general solution can be partitioned as (see Theorem 1 of Section 1.5).

(25)

_ | complementary particular solution of the
Y. = solution + non-homogeneous equation
As usual, for what concerns the complementary solution, i.e. the (gen-
eral) solution of the reduced equation

ALy =0 (26)

we have to distinguish between a permanent component associated with
the unit-roots and a transitory component associated with the roots of the
characteristic polynomial

detA (2)=0 27

lying outside the unit circle.
According to Theorem 3 of Section 1.5, the permanent component turns
out to take the form

E=Ny+Nw+Npyt (28)

where v and w are arbitrary vectors, whereas the transitory component
takes the same form as in formula (20) of Section 3.4 and is likewise ig-
nored by the closed-form solution of equation (1) in the right-hand side of
(10).

When searching for a particular solution for the non-homogeneous
equation (1) in the statement of the theorem, by resorting to Theorem 1 of
Section 2.3 we get

y,=A"(L)(n+e) (29)

Since, by virtue of the hypotheses (3) and (5), A"'(z) has a second order
pole in z =1 (see Theorem 3, together with Corollary 3.1, of Section 1.6),
in light of (3) and (11) of Section 1.4 and of the isomorphism between ma-
trix polynomials in a complex variable z and in the lag operator L, the fol-
lowing Laurent expansion holds
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! N, +
(I-Ly (I-L)

AT = N +M(L) 30)

which implies the solution

Y= N, +E)+

1
(I-Ly a-L

For what concerns the expressions of the coefficient matrices N, and N,
as given by (11)-(11") and (12)-(12") respectively, their rationale rests on
the following arguments.

Equality (11) follows from (32) of Section 1.6 in light of (29) of Section
1.7 because of (9) above, whereas equality (11°) mirrors (22) in Theorem 2
of Section 1.7 with J, written for P,.

To prove equality (12) reference must be made, on the one hand, to (33)
of Section 1.7 and, on the other, to result (49) of the lemma hereinafter es-
tablished, bearing in mind (9) above as well as (42), (43) and (47) below.

Conversely, equality (12") tallies with (23) in Theorem 2 of Section 1.7.

By virtue of sum-calculus identities (see (5) and (6) of Section 2.3)

1 -
R Y L) Vs L2= 2y (32)

91 1<t

NM+e)+M(L)M+eg) (31)

T<t

we get from (30) the elegant closed-form solution

1 1
y=M({m+ @, + —2-N2)nt +—2-N2T|t2 +N, Y€,

Tt

- (33)
+N,Y (t+1-De + D Mg,

Tt i=0

Combining the particular solution in the right-hand side of (33) of the
non-homogeneous equation (1), with the permanent component in the
right-hand side of (28) of the complementary solution, we eventually get
for the process y, the representation

=5 +M()n+ (N +—1—N)nt+ —1—N1']t2+N €
t 1 2 2 2 2 1 T

TSt

- (34)
+N,> (t+1-D)e + > Mg _,

T<r i=0

which tallies with (10), in view of (16), (17) and (18).
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As far as results i)-iv) are concerned, their proofs rest on the following
considerations.

Result i) — By inspection of (10) we deduce that y, is the resultant of a
drift component k, of deterministic linear and quadratic trend components,
kt and k" respectively, of first and second order stochastic trend compo-
nents, N, Zst and N2Z(t+1—r) €, respectively, and of a VMA(e)

T<t TSt
component in the white noise argument €. The overall effect is that of a
second order integrated process y, whence V’y, qualifies as a stationary
process as a by-product.

Result ii) — It ensues from (10), in view of (11"), through premultiplica-
tion on both sides by (C S,), . Because of the orthogonality of (C,S, ),
with N, and in view of (18), the terms of (C,S,)’ y, involving quadratic de-
terministic as well as second order stochastic trends, namely kzt2 and
N, Z(t +1-1)€_, cancel out. The higher order non stationary components
being annihilated, the integration order of the resulting process lessens,
thatis (C,S,),y,~1(1).

Since y,~1(2) and (C,S,),y,~1(1), the cointegration property
y,~ CI (2, 1) holds true.

Result iii) — To prove (21) observe that
a) on the one hand, premultiplying both sides of (10) by C’ yields

Cy =Ck,+CNnt+CNV'e +CM(L)g, (35)

because of the orthogonality of C” with N, and in view of (17) and (18).
b) On the other hand, differencing both sides of (10) gives

Vy =k -k,+Nnt+Ng +N,V'e + M (L) Vg, (36)

By inspection of the right-hand sides of (35) and (36) it is apparent that
both C’y and Vy, are I (1) processes, since both expressions contains first
order stochastic as well as deterministic trends. This suggests the possibil-
ity of arriving at a stationary process by a linear combination of the said
processes whose non stationary component balance out.

Now, let D be a matrix of the same dimension as C” and consider the
linear form

C’y,+ DVy = (C'N,+ DN) W+ (C'N,+ DN,) Vg,

+ drifts and stationary components 37
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The deterministic and stochastic trends in the right side of (37) vanish
provided the following equality holds

C'N,+DN,=0 (38)
which occurs, in light of (80) of Section 1.7, if
D=-B‘A (39)
or likewise if
D=-B'A(C,)C, (40)
thanks to the identity
(C¥C,N,=N, 41

Hence both C’y - B°A Vy, and C’y,— B*A (C,)*C, Vy, are free of non
stationary components, iii) holds accordingly and the parent process y, so-
lution of the VAR model (1), turns out to be polynomially cointegrated.

Result iv) — This can be deduced from (10) through a premultiplication
of both sides by V| C’, under the rank condition (23), after the arguments

put forward in Corollary 2.2 of Section 1.7.

Insofar as V] C’ turns out to be orthogonal with both N, and N, as per
(82) of Section 1.7, the terms of V| C’y, involving both deterministic and
stochastic trends of second as well as first order, namely kt, k.t
sz(”'l"c) € and N, ZST disappear. The non stationary terms being

annihilated, the resulting process V/ C’y, turns out to be stationary.

Thus, on the one hand, we have y ~7(2), on the other, under the rank
condition (23) and the rank factorization (24), we get V; C’y, ~I (0). Hence
the sharper cointegration property y, ~ CI (2, 2) holds true.

a

The corollaries which follow provide an insight into the stationary proc-
esses obtained either by differencing or cointegrating the solution of the

VAR model (1) of Theorem 1.
Let us first introduce the partitioned matrices

P(z) P2 F’(z) F }
= (42)
P(z) P(2) G AQ

P(x)=
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Mz I,(2)
IM,(z) I,(2)

where W (2), F, G and A () are as defined by (9) of Section 1.3 and by
(20) and (22) of Section 1.6.
Both (42) and (43) are meaningful expressions and the matrix functions

¥ F
()= = { } (43)

G A®

P (2) and 1 (z) are matrix polynomials themselves thanks to the Cayley-

Hamilton theorem (see, e.g., Rao and Mitra, 1971) provided the inverses in

the right-hand sides of (42) and (43) exist, which actually occurs in a

neighbourhood of z = 1 on the basis of the arguments of Theorem 1 above.
Further, matrix A (z) can be expressed as follows

AR@Q=A)-(1-2A (44

where A is as defined by (13), and enjoys the properties
det A(0)=0 45)
det (A)#0 (46)

as simple computations show.
The following lemma proves useful in paving the way to the representa-
tion theorem we are interested in.

Lemma

The following relation holds among the blocks of the matrices IT (z) and
P@)

{Hl(z) I1,(z)

IM,(z) II,(2) -
{Pl(z)me(z)K[I—Mz(z)X]“I%(z) Ii(z)[l—mz(z)]l] @7

[I-\P,()AT"' P,(2) P, (I -)AP,(2)]"

where A is written for 1 - z.
In particular we have

()= Pq) (48)
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. 1 _
II ()= EPI(I)API(I)—Pz(l)Al’a(l) (49)
where Hl (1) denotes the derivative of IT (z), evaluated at z = 1

Proof

The proof of (47) follows along the same lines as the proof of (30) of
Section 3.4, upon noting that

{‘I’(z) F } [‘I’(z) F } H _
- -l la=pA[0 N (50)
G A® G AD| |1

In view of (46) and of the non singularity of P(z)ina neighbourhood of
z =1, inversion formula (29) of Section 1.2 applies and we can therefore
write

_ o co
Ho=Pa+Pol (1_) ‘—o I]P(z) [0 NP@ (51

whence in particular, by simple computation, we get

=P +(1-2)PAUI-(1-2)P)A]'P(2) (52)

N()=P@D+(1-2PQAI-1-2)P)AT'P(2)
=P@Q+{I-U-(1-2P@QANI-(1-2)PATP) (53)
=P@+[I-(1-2)P (A ]“P3(z) -P(2)
=[I-(1-2) P2 A]'P,(2)

In a similar fashion, we get the expressions for the remaining blocks, i.e.

L) =P I-(1-2) AP (54)

) =I-(1-2)PAI'P2)=P)I-(1-2) AP} (55

The proof of (48) is straightforward in light of (47).
For what concerns (49), taking the derivative with respect to z of both
sides of (52) yields

,(=B@-PAI-(1-2PA]'P) (56)
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_p dr@RI-0-2P@RI P}
dz

which eventually leads to (49) by replacing z with 1, given that

+(1

dr(a F } 1
. G Ad I
P ()= 0] M { }
dz 0
Yz F

d
F(z) P2<z)} [G' A(IJ {R(z) Pz(ﬂ H (57)
=—[1 0) L= A

P2 P2 dz P2 P(2)]||0

1o F(z) P [¥w@ 0 {Ii(z) PZ(@} H
P(z) P(2) 0 0| Pk P 0
=-P()¥ () P(2)
and that
¥(l)= -é- A (58)
according to (45) of Section 1.7.
O
We will now establish the aforementioned corollaries.
Corollary 1.1
Alternative VMA representations of the stationary process V’y, are
Vy =IL(L)(n+&)=Nn+IL(L) g (59)
=8+E(L)e (599

where IT (L) is obtained from the leading diagonal block of (43) by replac-
ing z with L, while 8 and E (L) are given by

§=Nn (60)

E(L)=YE =ML V'+NV +N, 61)

i=0
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Moreover, the operator relationship
ML)V’ =TI(L)-NV -N, (62)
holds.
Furthermore, the following statements are true
i) the matrix polynomial Z (L) has a second order zero at z = 1;

i1) sz, is a non invertible VMA process;
1) E (sz,) =Nn

Proof

The proof is similar to that of Corollary 1.1 of Section 3.4.

Thanks to (25) of Section 1.6 and by virtue of the isomorphism between
polynomials in a complex variable z and in the lag operator L, the follow-
ing equality proves to be true

" ol ]
AV =1 0] (63)
G AW |0

This, in view of (29) and by virtue of (43), leads to the intended repre-
sentation for V’y, namely

] ¥y F |'[rI
Vy=II 0] M +e)=IL(IL) (n +¢) 64
G AL |0 (64)
=Nn+II(L)e,
upon noting that
I ()=N, (65)

in light of (29) of Section 1.7.

The VMA representation (59°), as well as (60) and (61), follows from
(10) by elementary computations.

The equality (62) proves true by comparing the right-hand sides of (59)
and (59") in view of (61).

As far as statements 1)-iii), are concerned, their proofs rest on the argu-
ments developed here below.

Result i) — The matrix polynomial

E@=(1-2'M@)+(1-2)N, +N, (66)
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has a second order zero at z = 1, according to Definition 3 of Section 1.4
and by virtue of Theorem 3, along with Corollary 3.1, of Section 1.6. In-
deed the following hold

E()=N,=detE(1)=0 (67)
EW)=-N, ED=M, (68)
. {—i(l) D}
det (D, E(1) E)) =0 der =0 (69)
E 0
det (U, D, E(1)E.U)#0 (70)

where
a) the matrices D and E are defined as per a rank factorization of X (1),
namely

E(1)=N,=DE’, D=C,S,(R,B,AC.S,)", E=B.R, (71)
and thus the matrices D| and E | can be chosen as
D, =(C.S)., E. (B\R)), (72)
b) The matrix U is defined as per a rank factorization of D S()E,,
namely
D ZE()E, =UU (73)
In light of (85) of Corollary 2.3, Section 1.7, the matrix U coincides

with the selection matrix U, of (27) of the same section, whence the fol-
lowing holds

DJ_U_L=C, EJ_UJ_=B (74)
by virtue of (28) of Section 1.7.

¢) The matrix 2 is defined as follows

= % E()- E(1)E(1) E(1)=M (1)-N,N:N, (75)

[

and consequently

DU, EMEU =CM1)-N,NN)B=I (76)
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by virtue of (88) of Section 1.7.

Result ii) — The assertion simply follows from representation (59"), tak-
ing into account i) above.

Result iii) - The proof is straightforward, taking the expected value of
both sides of (59”) in light of (60).
W

Corollary 1.2

VMA and VARMA representations, respectively, of the stationary proc-
ess

SCiV
Y= | BFAC) CIV-C' |y, (77)
CcvV
are given by
a) Yv=ILL) M+e)=P()n+II(L)g (78)
b) ~PL)AV+Dy=P,()n+P(L)g (79)
where, I1,(L), P,(L) and P (L) stand for the homologous blocks of (42) and
(43) with z replaced by L.
Further, we have
E{y}=P()n (80)

Proof

The proof is analogous to the proof of Corollary 1.2 of the previous sec-
tion.

To begin with, observe how the claimed stationarity of the process 7, as
defined by (77) is nothing but a by-product of what has been pointed out in
Theorem 1 about the integration and cointegration properties of the proc-
ess y, (see statements i) and if) with (C,S;), replaced by [(C})’S, C).

Proof of a) — Since

Yz F
GI[I 01=[0 I

}-"A(Z) [0 1] 81
G AQ@
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the following result is easily established — thanks to the isomorphism be-
tween matrix polynomials in z and in L - in view of (63) and (43) above
and by virtue of (22) of Section 1.6

e ol
GA LV =G [I 0]

G AL |0
wiy F |'[1 (82)
=AW n|
G AW |0

=— A TIL) = V(L) A (L) =TI(L)

Hence, the VMA representation (78) is easily established by recalling
(48) and observing that

Y=V L) Gy, (83)

Proof of (b) — In light of (53), by replacing z with L and (1 - z) with V
as usual, the VMA representation (78) can be rewritten as

Y,={I-P(LYAV}'P(L)(n+¢) (84)

whence, premultiplying both sides by the operator I —P4(L)XV, the in-
tended representation (79) is easily established.

The proof of (80) is trivial because of (78).

il

Also for the representation theorem established in this section there ex-
ists a dual version. It originates from a specification of a stationary second
difference process V’y, through a VMA model characterized so as to be the
mirror image of a VAR model whose solution is the parent process y,
which enjoys particular integration and cointegration properties.

Theorem 2

Consider two stochastic processes &, and y, the former being defined as
the second difference of the latter, 1.e.

§ =V, (85)

(n. 1)
Let &, be stationary and assume a VMA(e) representation such as

E=E@)M+¢) (86)
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whose parent matrix polynomial E (z) = E,+ Y E, ' in the complex argu-
i=1
ment z is characterized by a second order zero at z=1 and by coefficient
matrices =, with exponentially decreasing entries.
Then the companion process y, admits a VAR generating model, namely

ALy =n+Eg, (87)

whose parent matrix polynomial A (z) in the complex argument z has a
second order zero at z =1 and whose characteristic polynomial det A ()
has, besides a repeated unit-root, all other roots lying outside the unit cir-
cle.

The engendered process y, enjoys the following major integration and
cointegration properties

Y. ~1(2)
(CJ_SJ_ )1 Y.~ 1(1)

where C and S are defined through rank factorizations of A (1) = A and
B’ A C| respectively, namely

} =y ~CI(2,1) (88)

A=BC (89)

B, AC. =RS (90)

Proof

In light of (7) and (9) of Section 1.3 together with the isomorphism be-
tween polynomials in a complex variable z and in the lag operator L, we
obtain the paired expansions

EQ=¥ @1 -2~E(1X1-)+EN)=ED =% OV-ZO)V+1) ©OD
where

@)= (1 (1- z)“%E‘k)(l) o

k=2

X7 k 1—(k k-2
e YL =)(- e )V

k22

92)

with
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F()y==E() (93)

=

Then, in view of Definition 3 of Section 1.4 and by virtue of Theorem 3
and Corollary 3.1 of Section 1.6, the following hold true

det Z(1) =0 (94)
-E1) B I
det || =0 det (B, E(1)C,)=0 (95)

[

(EJ—E—L)-L DD = O
der|| 0o der (R B EE §H=0  (96)
(C.S)), 0

where B and C , on the one hand, and R and S on the other, are defined
through rank factorizations of Z (1) and Ei = (1)6‘ ., respectively, that is

to say

E)=BC 97
B EW)C,=RS (98)
and where
= 1 = - —g e
= =5.:(1)—.:(1):.(1):(1) 99)

Given this premise, expansion (11) of Section 1.4 holds for Z'(z) in a
deleted neighbourhood of the second order pole z=1 and hence we can
write

_1 | 1 & =
2 (z)= N, + N+M()e
-2 * (- (100)
©E(L)=N,V'+ N, V'+ M (L)
where
N,=C, S {R B EC,§}'R B, (101)
N =[N, I-N,E]- (102)
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[
1

~

2

) E(D) { )
EMEQ) -C,BEMC)YB |I-

[

[1n

1 . . .
= EM-[EMEMIED (103)

in view of Theorem 2 of Section 1.7.
Applying the operator E ‘(L) to both sides of (86) yields

EWLE=n+g=>A(L)y,=1+E, (104)
that is the VAR representation (87), whose parent matrix polynomial
A@=8'@1-2=(1-2M@+1-N+ N, (105)

is characterized by a second-order zero at z = 1.
Indeed, the following results hold true:

i) A= N,=>detA=0 (106)

whence the rank factorization (89), with B and C which can be conven-
iently chosen as

B=C,S{R BECS ), C=B R, (107)
ii) The matrices B, and C, can be accordingly chosen as

B, =(C,8).=[(C,¥S, Cl, C.,=(B, R).,=[(B, ¥R, B] (108)

iit) A=-N, (109)

whence, in light of (108) and (109) and by virtue of (85) of Section 1.7, the
following proves to be true

B, AC =(CS) N (B R) =UU (110)

where U, is as defined in (27) of Section 1.7.

iv) In light of (110) the matrix B’ A C| is singular, whence the rank fac-
torization (90) occurs with R =§ = U, and we can choose R =8, = U, ac-
cordingly, where U, is as defined in (27) of Section 1.7.

V) A=2M(1) (111)
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Z:%A-AA*’A = M(1)- N, N: N, (112)

because of (105), (106) and (109).
vi) The matrix R| B A C.S, is non-singular. In fact the following holds

R B, ACS,
=U,(C,§)(M1)- N, N:N,)(B,R). U, (113)
=C'(M(1)- N, N*N)B =1

in view of (28) and (88) of Section 1.7.
The proof of what has been claimed about the roots of the characteristic
polynomial det A (z) relies upon the arguments of Theorem 4 of Section 1.4.
Now, note that, insofar as A (z) has a second order zero at z=1, A™(z)
has a second order pole at z = 1. According to (105) the following Laurent
expansions holds

N+M@L)=EL)V*
Sa-rLy (114)

=P @)-E V' +EQV?
Then, from (87) and (114) it follows that
y, =AW (g +M=(F D) - EMV'+E1) V) E+n)
=ky+ kt+ BC k,7-E() e,

Tt

+BC Y (t+1-1e, + i‘f’i €,

<t i=0

(115)

where EO , El and 1;2 are vectors of constants.

Looking at (115) it is easy to realize that premultiplication by Ei leads

to the elimination of both quadratic deterministic trends and cumulated
random walks, which is tantamount to saying that

By~1()=y~CI21) (116)

with B, =(C U),=(C,S,), playing the role of matrix of the cointegrating
vectors.
U
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3.6 A Unified Representation Theorem

By following the path already established in the foregoing sections we
proceed now to establish a unified representation theorem which will shed
extra light on VAR modelling offsprings, by bridging the virtual gap be-
tween representation theorems tatlored on 7 (1) and 7 (2) processes, respec-
tively.

Theorem
Let
A(L)y,=m +¢, (1)

(n.n)
be a VAR model whose characteristic polynomial has all roots lying out-
side the unit circle, except possibly for one or more unit-roots, and whose
parametric specification is based upon the following rank factorizations
and properties

A=BC,A#0 2
B, AC,=RS (3)
B'ACS, =VW 4)
r{RiBi(—;—A—AA"A)CLSL}=n—r(A)—r(BiACl) (5)
Then the solution y, of model (1) enjoys the integration property

y~1(d), 0<d<2 (6)

where
a) d=0 ifdetA%0 )
b) d=1 ifdetA=0 butdet(B, AC)#0 (8)
c) d=2 ifdet(B, AC)=0 9)

The process y, enjoys the cointegration properties

i) C’y,~1(d - 1) under (b) and (c) (10)
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ii) §’C%y, ~I(1) under (c) (11)
iii) (B*A (CYC,V -C"y, ~1(0) under (c) (12)
iv) V| C’y, ~ 1 (0) under (c) (13)
Finally, y, engendered by the VAR model (1) has the representation
y=k+kt+kf+NYe +N,> (t+1-Tk, +iM,. £, (14)
TSt T<t i=0
with

C,S,(RB.AC.S,)'R.B, under(c) (15)

N2 - 11 154 11 151
0 otherwise (15")
—C,(B,AC,)*B, +K(N,) under(c) (16)
N,=:{-C,(B,AC))'B, under (b) (16"
0 under (a) (16”)

and

K(N)=N,AN,+(I-N,A)A*AN,+ N, AAI- AN,
+N,AC(B, AC\)'B,+C.(B,AC\)'B, AN, a7
-N,AC(B,AC,)"' B, AN,

with 4 and A as defined in (24) and (25) of Section 1.7.

Proof

The proof of a) rests on Theorem 1 of Section 1.6, from the algebraic
standpoint, on a by-product of Theorem 1 of Section 2.3 and eventually on
Proposition 1 of Section 3.2, from the econometric standpoint.

The proof of b) rests on Theorem 2, along with the Corollary 2.1, of
Section 1.6, from the algebraic standpoint, and on Theorem 1 of Section
2.3 as well as Proposition 3 of Section 3.2, from the econometric stand-
point.

The proof of c), bearing the rank hypothesis (5) in mind, rests on Theo-
rem 3, along with Corollary 3.1, of Section 1.6, from the algebraic stand-
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point, and on Theorem 1 of Section 2.3 and eventually Proposition 5 of

Section 3.2, from the econometric standpoint.

As far as the proofs of statements 1)-iv) are concerned, we will proceed
in this way.

To prove (10), first refer back, to one hand, to Result ii) in Corollary 1.1
and to Result ii) in Corollary 2.1 of Section 1.7 for the algebraic rationale;
and then refer to Propositions 4 and 6 of Section 3.2 for the econometric
reading key we are primarily interested in.

To prove (11), reference must be made again to Result ii) in Corollary
2.1 of Section 1.7, on the one hand, and to Proposition 6 of Section 3.2 on
the other.

Statements (12) and (13) coincide with statements (21) and (22) in
Theorem 1 of Section 3.5 and are proved accordingly.

Moving to representation (14) its proof hinges on Theorems 2 and 3 of
Section 1.5 and follows the lines traced in establishing (10) in Theorem 1
of the previous section.

For what concerns the two-fold form of NV,, notice how the closed-form
(15) mirrors (22) of Section 1.7 as well as (11°) of Section 3.5 and its va-
lidity relies upon the reasoning put forward therein under the condition (5).
Here N, becomes a null matrix, according to (15°), under the circumstances
b) and a) insofar as either the pair R, S, or both the pairs B, C, and
R, S, respectively, turn out to be made of empty matrices (see the Appen-
dix at the end of the chapter in this connection). References to Theorems 1
and 2 of Section 1.6 as well as to their econometric mirror images repre-
sented by Propositions 1 and 3 of Section 3.2, can likewise be appropriate
in this connection.

Finally, for the three-fold form of N, observe that
— The closed-form (16) is nothing but an algebraic rearrangement of (23)

in Section 1.7, as well as of (12”) in Section 3.5, and its validity rests on

the arguments advanced therein under the condition (5).

— The closed-form (16”) mirrors (3) in Section 1.7, as well as (7) in Sec-
tion 3.4, its validity being supported by the arguments developed therein
under the assumption (3). Indeed, the expression (16”) reads as a special
form of (16) occurring insofar as the pair R,, S, is made up of empty
matrices, N, becomes a null matrix accordingly, and Bi AC ' 1S non-

singular, whence the identity
(B ACY=(B AC)" (18)
— The matrix N, degenerates to a null matrix under the circumstance a) in-

sofar as both the pairs R, S, and B, C, turn out to be made up of
empty matrices.
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References to Theorems 1 and 2 of Section 1.6, as well to their econo-
metric counterparts given by Propositions 1 and 3 of Section 3.2, are like-
wise appropriate in this connection.

O

Appendix. Empty Matrices

By an empty matrix we mean a matrix whose number of rows or of col-
umns is equal to zero (see, €.g., Chipman and Rao, 1964).

Some formal rules proves useful when operating with empty matrices.

Let B and C be empty matrices of order n X 0 and 0 X p, respectively,
and A be a matrix of order m X n.

We then assume the following formal rules of calculus

i) AB = ( :)0 - namely an empty matrix (A1)
i) BC = (n?p), namely a null matrix (A2)
iii) B'B=(BBY = (0?0) , namely the empty null matrix (A3)
iv) B'=F (A4)
v) rB)=0 (AS5)

The notion of empty matrix paves the way to some noteworthy exten-
sions of the algebra of orthogonal complement.

Let B be an empty matrix of order n X 0 and A be a non-singular matrix
of order n. Then, we will agree upon the following formal relationships

a) B, = A, namely an arbitrary non-singular matrix (A6)

b) A = B, namely an empty matrix. (A7)
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Notational Conventions, Symbols and Acronyms

The following notational conventions will be used throughout the text:

Bold lower case letters (Roman or Greek) indicate vectors.
Bold upper case letters (Roman or Greek) indicate matrices.
Both notations [A B] and [A , B] will be used, depending on conven-

ience, for column-wise partitioned matrices

A B A:B
— Both notations and will be used, depending on

C D cC:D

convenience, for block matrices
Symbols and Acronyms
Meaning Section

A generalized inverse of A 1.1 (Definition 1)
A’ transpose of A 1.1
A® Moore-Penrose inverse of A 1.1 (Definition 2)
A right inverse of A 1.1 (Definition 3)
A left inverse of A 1.1 (Definition 4)
det (A) determinant of A 1.1
r{A) rank of A 1.1
A orthogonal complement of A 1.1 (Definition 6)
Af left orthogonal complement of A 1.1 (Definition 7)
Af right orthogonal complement of A 1.1 (ibid.)
A (2) matrix polynomial in the scalar 1.3 (Definition 1)

A(2), A(z), A(2)
AA A A

trA
A+
vec A

L

argument g
dot notation for derivatives

short notation for
A, AQ), A(D), A(D)
trace of A

adjoint of A

staked form of A
lag operator

13
1.3

1.3
1.3
1.3
1.5
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A% backward difference operator 1.5 (Definition 1)

v antidifference operator 1.5 (Definition 2)

3 indefinite sum operator 1.5 (ibid.)

E expectation operator 2.1

T (W) autocovariance matrix of order 2 2.1

1 (d) integrated process of order d 2.1 (Definition 5)
(d positive integer)

1(0) stationary process 2.1

WN,, n-dimensional white noise 2.2 (Definition 1)

g~ WN g, is a white noise

3, discrete unitary function 2.2

® Kronecker matrix product 2.2

VMA (q) vector moving average process 2.2 (Definition 2)
of order ¢

VAR (p) vector autoregressive process of 2.2 (Definition 5)
order p

VARMA (p, q) vector autoregressive moving av- 2.2 (Definition 7)
erage process of order (p, q)

Cl(d,b) cointegrated system of order 2.4 (Definition 6)
(d, b)

PCI (d, b) polynomially cointegrated sys- 2.4 (Definition 7)

tem of order (d, b)
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