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Preface



JeanLemaitre,FrenchMechanicianandEngineer,isoneofthefoundersofmoderndamagemechanics.
Sometimes,hestartshisbookscongratulatingthereaderforopeningthem.Asthisbookisindebtedin
manywaystohisworkandideas,wewouldliketostartlikewise.So,please,readthenextparagraph
withaJacquesCousteauaccent.

Bravo,dearreader,youhavehadthecouragetoopenthismanuscript!Andyouwererightbecause
youhaveearnedsomeexplanations:

(WesuggestthatfromnowonyouchangeyourreadingaccenttothatofSofiaVergaraorRubenBlades)
Thisisabookonthestructuralanalysisofframes.
Manycivilengineeringstructuressuchasbuildings,bridges,orcranesaremodeledasframes.Thus,

frameanalysishasalwaysbeenoneofthemostimportantthemesinstructuralandearthquakeengineer-
ing.Thereisalargenumberoftextbooksonthesubject,mostofthemconsideronlyelasticframes.A
morereduced,butstillsignificant,numberofbooksdealwithelasto-plasticframes.

Fracturemechanicsisalsoanimportantbranchofengineeringmechanics.Manytextbooksformany
differentmaterials,metals,concrete,rocks,havebeenwrittenonthesubjecttoo.Allofthem,probably,
considerthepointofviewofcontinuummechanics.Damagemechanicsisamorerecentbranchofthe
engineeringmechanics;fewerbooksonthesubjectcanbefound,but,again, theyarewritteninthe
frameworkofcontinuummechanics.

Frameanalysisintheframeworkoffractureanddamagemechanicsisalogicaldevelopmentofboth
subjects.Itisalsothemostrecentmajorextensionfrombothpointsofview.Paradoxically,evenifthis
isthelatestdevelopmentofdamagemechanics,thestateoftheartonthesubjectisthemorematurefor
industrialapplications.

Theprimarygoalofthisbookistodescribethestructuralanalysisofframesfromthepointofview
ofdamageandfracturemechanics;itisintendedtobealinkbetweenbasicknowledgeandpractical
applications,asynthesisbetweenexperimentalandtheoreticalresults.

However,damagemechanicsgrewoutoffracturemechanics,elasticity,andplasticityandincludes
themasparticularcases.Thus,thisbookalsopresentsacoherentandcomprehensiveviewoftheelastic
andplasticanalysisofframedstructures.

Asinanyothercontemporaryengineeringfield,thecomputationalimplementationofthedamage
modelsisapriority.Someacademicsoftwarefortheanalysisofdamagedframesisalreadyavailable;
however,atthetimewhenthisbookwaswritten,reliableanduser-friendlyindustrialsoftwareisstill
lacking.

Thisbookisalsointendedasareferencemanualforthosereaderswhowanttodevelopcomputer
programsonthesubject.
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Wehaveassumedthatthereadersofthisbookhaveatleastagoodknowledgeofstrengthofmaterials,
calculus,matrixanalysis,andcomputerprogramming,astheyaretaughtinstandardcoursesforunder-
graduateengineeringstudents.Additionalcoursesonstructuralanalysis,reinforcedconcrete,theoryof
elasticity(oradvancedstrengthofmaterials),anddesignofsteelstructureswouldalsobeveryuseful.

Thisbookgrewoutofcourses in theMaster’sandDoctoralprogramsonAppliedMechanicsor
StructuralEngineeringattheUniversityofLosAndesandtheLisandroAlvaradoUniversityinVen-
ezuela.Manyoftheresultsthatareincludedinthebookweredevelopedintheframeworkofthesesat
theseuniversities.

HISTORICAL SKETCH

Theneedtoanalyzeandpredictthefailureofstructureshasbeenacommonpreoccupationofhumanity
sinceimmemorialtimes.However,thefirstworksofstructuralengineeringinthemodernsenseofthe
wordareprobablyduetotheItalianscientistGalileoGalilei(1564-1642).Heinvestigatedthestrength
ofrodsintensionaswellasincantileverbeams.

TheEnglishscientistRobertHooke(1635-1703)establishedthefoundationsoflinearelasticitywhen
hediscoveredthatformanymaterialsdisplacementunderaloadisproportionaltoforce.Hookedidnot
usemathematicallanguagetoformulatehislawbutenunciateditinLatin:“Ut tension sic vis.”Edne
Mariotte(1620-1684)inFrancepublishedsimilardiscoveriesin1680andappliedthisconcepttothe
analysisofbeamssubjectedtobending;heremarkedthatsomefibersinthebeamelongatewhileothers
shorten.Heconcludedthatthelimitbetweenbotheffectscorrespondstothemiddleofthecross-section.
ThecontributionsofSirIssacNewton(1642-1727)changedthehistoryofthesciencebystatingthelaws
ofmotionandestablishingthebasisofinfinitesimalcalculusinhisbookPrincipia.

ThetheoryofbeamsdiscussedinthetextbooksofstrengthofmaterialsisduetotheworksofJames
Bernoulli (1654-1795), Daniel Bernoulli (1700-1782), members of a distinguished family of Swiss
mechaniciansandmathematicians,andLeonhardEuler(1707-1783).Otherimportantcontributions,the
equationsfornormalstressesinabeamsubjectedtobending,areduetotheFrenchscientistsCharles
AgustineCoulomb(1736-1806)andLouisMarieHenriNavier.BarredeSaintVenant (1797-1886)
analyzedtheshearstressdistributioninbeamssubjectedtobendingandalsoformulatedageneraltheory
oftorsionthatincludedelementsofnon-circularcross-sections.Thetheoryofbeamswasperfectedby
theUkrainianengineerStephenTimoshenko(1878-1972);thisimprovedtheorypermittedtheanalysis
ofshortbeams,whichwerenotcorrectlydescribedbytheclassicone.

ThetheoryofindeterminatestructuresstartedwiththeworkoftheScottishphysicistJamesClerk
Maxwell(1830-1879)andtheGermanengineerOttoMohr(1835-1918);intheirprocedure,thatboth
ofthemproposedindependently,theproblemconsistedinthesolutionofasystemofequations;these
equationsdescribethegeometricalcompatibilityofdisplacementsintermsofreactionsandinternal
stresses.TheItalianengineerAlbertoCastigliano(1847-1884)andtheGermanprofessorHeinrichMül-
lerBreslau(1851-1925)improvedandgeneralizedtheresultspresentedbyMaxwellandMohr.TheUS
structuralengineerHardyCross(1885-1959)developedthemomentdistributionmethodthatallowedfor
thefirsttimetheanalysisoflargestructures.In1969,theUSprofessorH.G.Powellproposedageneral
formulationfornonlinearelasticframesthatisalsoamendabletothegeneralinelasticcase.Withthe
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adventofcheapandpowerfuldigitalcomputers,theanalysisofframedstructuresbecametheanalysis
bythefiniteelementmethod.Itsdevelopmentstartedinthe1950swiththeworksofM.J.Turner,R.W.
Clough,H.C.Martin,andL.J.ToppintheUnitedStates,andbyJ.H.ArgyrisandS.KelseyinBritain.

ThegeneraltheoryoftridimensionalelasticityisbasedontheworkoftheFrenchmathematician
AugustinLouisCauchy(1789-1857).Withinthisframework,G.Kirshobtainedin1898thestressdis-
tributioninalargeplatewithacircularholesubjectedtotractionsfarfromthehole.Heshowedthat
themaximumnormalstressinthiscaseisequaltothreetimesthenominalvalue,exposingforthefirst
timetheso-calledstressconcentrationphenomenon.Later,theRussianmathematicianG.Kolosov(in
1907)andtheBritishengineerCharlesInglis(in1914)extendedtheseresultstothecaseofelliptical
holes.Theyshowedthatthemaximumnormalstressaugmentswhentherelationshipbetweentheminor
andmayoraxisdecreases.Areaswithlargestressconcentrationfactorsarepronetothedevelopmentof
cracks.ThesolutionofaplatewithanellipticalholewasusedbytheBritishaeronauticalengineerAlan
ArnoldGriffith(1893-1963)todevelopatheoryofcrackgrowththatconstitutesthebasisoffracture
mechanics.OtherscientistswithsignificantcontributionstothistheoryaretheUSengineerGeorgeR.
Irwin(1907-1998)andtheUSmechanicianJamesRobertRice.

Thetheoryofplasticityhasahistoryasoldasthatofelasticity.Asearlyas1773,Coulombenunciated
theconditionsforyieldingofsoilsundernormalandshearstresses.Thefirstpracticalapplicationsof
thetheoryofplasticityareattributedtotheFrenchengineerJeanVictorPoncelot(1788-1867)andthe
ScottishengineerWilliamJohnMacquornRankine(1820-1872).TheFrenchengineerHenryEdouard
Tresca (1814-1885) studied the conditions forplasticyielding inmetals.An improvedcriterion for
plasticityinmetalswasproposedbytheAustrianmathematicianRichardvonMises(1883-1953).The
mathematicaltheoryofplasticityisduetothecontributionsofLudwigPrandtl(1875-1953),Heinrich
Hencky(1885-1951),DanielC.Drucker(1918-2001),WilliamPrager(1903-1980),andRodneyHill.

Rupture,fromthepointofviewofthefracturemechanicsandthetheoryofplasticity,isconsidered
asatwo-stateprocess,failureornofailure,relatedtocriticalvaluesofload,stress,strain,ornumber
ofcycles.A.Palmgreein1924proposedforthefirsttimetheuseofavariablerelatedtotheprogres-
sivedeteriorationofthematerialprecedingtofailure.Twodecadeslater,A.M.Minerpopularizedthis
approachasapracticaltoolfordesign.Butitwasin1958thattheRussianscientistL.M.Kachanov
publishedaveryfamouspaperthatisconsideredthecornerstoneofdamagemechanics.Asecondsig-
nificantcontributionondamagemechanics,theeffectivestressconcept,appearedadecadelaterdueto
theRussianscientistY.N.Rabotnov.Duringthe1970s,damagemechanicsreceivedavigorousimpulse
thankstotheworksoftheFrenchengineerJeanLemaitrewhointroducedtheideaofequivalencein
strainandseveralexperimentalproceduresformeasuringdamage.

ORGANIZATION OF THE BOOK

Thechaptersareorganizedasfollows:first,therelevantconceptsonthesubjectofthechapterarepre-
sented;then,asummaryoftheequationsarelistedsothattheycanbelocatedeasilywhenreadingthe
followingchaptersandforsolvingexercises;someexamplesaresolvednexttoillustratewithsimple
academiccasestheconceptsintroducedinthechapter.Evenifalltheexamplesarepresentedtogether
inthisspecialsection,wesuggestthereaderlookatthemwhentheyarereferredtointhebodyofthe
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chapter;someunsolvedproblemsareproposednext;thosereaderswhowouldliketotesttheircompre-
hensionofthechaptershouldsolvethem;finally,someprojectsareproposed;thepurposeistoguidethe
readerinterestedinthenumericalimplementationinwritinghis/herowncomputerprograms;theprojects
arerelatedtothemselves,sotheymaybecomeasophisticatedsoftwareifallofthemarecarriedout.

Chapter1isanintroductiontostructuralmechanics.
Chapter2containsacompendiumoftherelevantconceptsofthestrengthofmaterialsforthesubjects

treatedinthebook.
Chapters3and4presentthetheoryofelasticframes.Theyincludenotonlytheclassictheoryofthe

structuresbutalsoapresentationoftheanalysisofdualsystem.Thesechaptersintroduceanewnotation
fortheanalysisofstructures.Itdiffersfromtheoneusedintheclassicbooksofstructuralanalysis,but
itsignificantlysimplifiesthedescriptionoftheinelasticmodels.

Chapter5introducesthefundamentalconceptsofthetheoryofplasticity.Chapters6to8describe
thetheoryofelasto-plasticframesanddualsystems.

Chapter9resumesthefundamentalconceptsoffractureanddamagemechanics,whileChapters10
to12presentthetheoryoflumpeddamagemechanicsforreinforcedconcretestructures.

Chapter13showshowthesemathematicalmodelscanbeusedinsomeindustrialapplications.
Finally,Chapter14describeslumpeddamagemechanicsfortubularsteelstructures.

Julio Flórez-López 
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ABSTRACT

Foreign visitors discovering a new country usually start by looking at a map of the place; they identify its 
regions and their characteristics; they try to acquire a mental chart of the new country. Naturally, they 
have to choose a city or cities in which they are going to spend long stays. Only in those specific places, 
the visitors will try to learn about the specifics: street names, places of interests, public transportation 
network, convenience stores, and so on. In this chapter, a general map of the structural mechanics (the 
“country” in which the reader of this book is going to “reside”) is first presented. Next, the theory of 
frames (the “city” that the reader of the book is going to know very well) is placed in this general con-
text. After reading the chapter, the reader will slowly improve his/her knowledge of the specific topic 
until becoming an expert in the theme. It is fair to say that the theory of frames is equivalent to a Rio de 
Janeiro in Brazil or a Paris in France or a Saint Petersburg in Russia.

1.1 STRUCTURAL MECHANICS, ITS GOALS, AND WAYS

The goal of structural engineering is to certify the structural integrity of machines, buildings and other 
solids during its normal operation and, also, during possible accidents or overloads. Structural engineering 
can be divided into two different but connected sub fields: structural design and structural mechanics. 
The former consists in the development and application of guidelines and rules that allow for the design 
of safe structures for a specific use. The latter has as a goal determining how the external forces and ac-
tions are distributed among the structural components of an object when its dimensions and properties 
are known. It is evident that it is not possible to design a structural component if the loads that it has 
to withstand are unknown. On the other hand, usually, the dimensions and properties of the structural 
components are not known if the structure has not been designed previously. Thus, in many cases, the 
process of structural certification is an iterative one where the techniques of the structural design and 
the structural mechanics are applied successively.

The present is a book on structural mechanics exclusively.

Introduction to Structural 
Mechanics
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Structural mechanics can also be used as a tool for the “diagnosis” of existing structures, in the 
same way as medical imagenology techniques, such as computerized tomography, are used to diagnose 
a human patient (see Figure 1). This diagnose is sometimes called structural vulnerability assessment.

In the engineering practice, structural mechanics concepts are usually applied through structural 
analysis programs. This field has two aspects. The first one is about the mathematical models or equa-
tions that describe the behavior of structures under mechanical loading; the second one is about the 
numerical procedures used to solve these equations. This book deals mainly with the former aspect 
although the basic notions of the latter are also considered. Table 1 presents a summary of the models 
used in the structural analysis.

A structural analysis is normally composed choosing one item of every column; for instance, a plastic 
plate can be analyzed assuming small strains and under dynamic loadings; or a fracture mechanics analysis 
can be carried out in a solid under a quasi-static loading; any combination is possible. The meaning of 
each element of the table is explained in the following sections.

Figure 1. “Diagnose” of (a, b) A human patient, (c, d) A structure
1a. MRI-Philips.JPG. (n.d.). Retrieved April 13, 2014 from http://en.wikipedia.org/wiki/File:MRI-Philips.JPG
1b PET-image.jpg. (n.d.). Retrieved April 13, 2014 from http://commons.wikimedia.org/wiki/File:PET-image.jpg
1c Skyscrapercity.com. (n.d.). Retrieved July 25, 2010 from http://www.skyscrapercity.com/showthread.php?t=321267&page=17

Table 1. Summary of structural mechanics models 

Representation of the 
Structure

Representation of the Material Representation of the 
Deformation

Representation of the 
Loading

Solid theory Theory of elasticity Small strains and deformations Quasi-static loadings

Beam and arc theory Theory of plasticity Large strain and deformations Dynamic loadings

Plate and shell theory Fracture Mechanics

Frame theory Damage Mechanics
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1.2 APPROACHES FOR THE GEOMETRICAL 
REPRESENTATION OF A STRUCTURE

1.2.1 Theory of Solids

A structure is always assumed to be the assemblage of a set of basic structural components. The type of 
the basic unit distinguishes the theories of the first column in Table 1. In the theory of solids, the basic 
structural component is the solid differential element that is identical to the differential volume element 
that is introduced in calculus (see Figure 2).

Each solid element is identified using its coordinates X, Y, Z in a known initial configuration, often 
this is the blueprint of the structure. Then, some variables for each element are introduced. These are 
classified into two categories: kinematic variables and dynamic variables. The former define the move-
ment of the solid element (the displacement vector) and its deformation (the strain tensor). The dynam-
ics variables are used to characterize external forces (body or surface vector forces) and the “share” of 
the external loading that each solid differential element has to withstand (the stress tensor). All these 
variables depend on the three spatial coordinates that identify each element and, possibly, time.

The analysis of a solid is formulated by introducing three sets of equations; the first one is the ki-
nematic equations that relate the strain field with the displacements, the second one is the equilibrium 
equation between the external forces and the stress field. The last one is the constitutive equation that 
relates stresses and strains (see Figure 3). In the general case, those are partial differential equations of 
the three spatial variables and time.

Figure 2. Basic structural component in theory of solids: the solid differential element
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1.2.2 Theory of Beams

The basic structural component in this case is the beam differential element (see Figure 4). Any structure 
that can be considered as the assemblage of beam elements linked together by an axis, denoted neutral 
axis, could be analyzed as a beam. Only one independent variable is needed to identify each beam ele-
ment; this is the distance between the element and the origin of the axis in the initial configuration. In 
theories of beam, the structural behavior in the cross-section is assumed to be known, thus only variables 
of the neutral axis are unknowns of the problem. Beam theories are the core of the strength of materials 
courses and textbooks.

There are several beam theories; the type of behavior of the cross-section differentiates them. In the 
context of this book, two of them are especially important: the one based on the Euler-Bernoulli hypoth-
esis and another based on the Timoshenko hypothesis. The latter states that a cross-section moves as a 
rigid body (see Figure 5a); the former indicates that the cross-section not only behaves as a rigid body 
but that it remains perpendicular to the neutral axis too (see Figure 5b).

The variables in the beam theory can also be grouped as kinematic (deflections or curvatures for 
instance) and dynamic (moments, axial forces, shear forces, and so on). All these variables depend on 
the only spatial variable x and, in some cases, time. The same three set of equations: kinematic, equilib-
rium and constitutive laws are introduced in order to formulate the beam problem too; but in this case 
they are ordinary differential equations in simple cases. The scheme shown in Figure 3 is still valid with 
little modifications.

1.2.3 Plate and Shell Theories

The basic structural component of the plate theory, the plate differential element, is shown in Figure 6. 
Any structure that can be considered as the assemblage of these filaments linked together by a plane, 
denoted neutral plane, can be analyzed as a plate. Two independent variables are needed to identify 
each plate element. In this case, the behavior of each filament element is known and only variables of 
the neutral plane are introduced.

This book is not concerned with plate theory.

Figure 3. Summary of variables and equations for solids
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Figure 4. Basic structural component in the theory of beams: the beam differential element
4 Michael_Schumacher_Ferrari_2004.jpg. (n.d) Retrieved April 13, 2014 from http://commons.wikimedia.org/wiki/File:Michael_
Schumacher_Ferrari_2004.jpg

Figure 5. Behavior of the cross-section in two beam theories a) Timoshenko theory b) Euler-Bernoulli 
theory



6

Introduction to Structural Mechanics
 

1.2.4 Frame Theories

The basic structural component of a frame is the frame element with finite dimensions shown in Figure 
7. Only natural numbers are needed to identify each element. Beam and frame theories can be unified 
in the elastic case, but they are completely different in the inelastic ones: frame theories are based on 
the concept of plastic hinge, beam theories on the so called multilayer approach.

The goal of this book is to present a general theory of frames.

Figure 6. Basic structural component in the theory of plates: the plate differential element

Figure 7. Basic structural component in the theory of frames
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1.3 APPROACHES FOR MATERIAL MODELING

Material behavior (second column in Table 1) is characterized through the constitutive equations that 
relate stresses and strains. The simplest model is the elastic one that assumes a one to one relationship 
between stress and strain. A classic example is the Hooke’s law that postulates a linear relationship 
between these variables (see Figure 8a). Elastic models assume that the material response is invariable 
no matter how high are the forces applied on the structure; they do not consider that the material may 
degrade or the structure bends permanently. Thus, they are used only to analyze structures under service 
conditions or for design purposes.

Consider now a paper clip; if it is used to hold together a limited number of paper sheets, the clip 
will recover its original form as soon as the pages are removed: it is then said that its behavior is basi-
cally elastic. The paper clip can be used in this way for a big number of cycles. However, if it is used 
with a large number of pages, the clip will not recover its initial form once the sheets are removed: the 
two parts of the clip will remain partially open. It is then said that this structure has experienced plastic 
or permanent deformations. The theory of plasticity, the second item in the second column of Table 1, 
has as a goal the determination of the structure state when plastic deformations have taken place. As in 
the example of the paper clip, plasticity theory is often used to evaluate the effect of overloads in the 
structures. The simplest approach in this case is the model of perfect plasticity that is shown in Figure 8b.

Fracture and damage mechanics deal with the propagation of cracks and structural defects under 
mechanical loadings. The former theory studies the conditions for the propagation of a single or a small 
number of cracks as in the case of the structure shown in Figure 9a, the latter considers massive or gen-
eralized arrays of meso or micro cracks and defects (Figure 9b).

The most noticeable consequences of these processes are the degradation of strength and stiffness 
observed in the stress-strain relationships as shown in Figure 8c. The term “stiffness degradation” means 
reduction of the elastic modulus; “strength degradation” is the term used to indicate that the maximum 
of the curve strain vs. stress has been over passed.

This book describes the behavior of framed structures from the point of view of all these theories and 
it is organized following the order indicated in the second column of Table 1: the theory of elastic frames 
is the object of chapters 2-4, plastic frames are considered in chapters 5-8, models based on fracture and 
damage mechanics for framed structures are described in chapters 9-14.

Figure 8. Stress –strain relationships for different material models a) Elastic behavior b) Perfect elastic 
plastic behavior c) Typical damage mechanics behavior
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1.4 SMALL AND LARGE DEFORMATIONS, QUASI-
STATIC AND DYNAMIC LOADINGS

Consider a simply supported beam as the one shown in Figure 10a. The forces applied on the beam 
produce the deformation indicated in Figure 10b. The equilibrium of moments gives the maximum 
flexural moment:

M
P L

N
max max

.
.= +

2
δ  (1.1)

This mathematical operation is not immediate since the value of the deflectionδ
max

 must be com-
puted first and the deflection of the beam depends on the flexural moment distribution on it.

A much simpler analysis can be carried out if the deflections of the beam are so small that the term
N .

max
δ  can be neglected when compared with

P L.
2

 

in Equation (1). In that case, the computation of the maximum moment of the beam becomes immediate:

M
P L

max

.
≅

2
. 

It can be noticed that this result is obtained if the equilibrium of moments is considered in the initial 
configuration of the beam (Figure 10a).

Figure 9. a) Single crack propagation in a floor slab b) Schematic representation of generalized crack-
ing based on Larrylawson (2005) 
9b Larrylawson (2005) Retrieved January 17, 2013 from http://www.larrylawson.net/pix5/Fig5.jpg
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The latter approach, application of the equilibrium equations in the initial configuration, is called 
geometrically-linear and corresponds to the first item in the third column of Table 1. The more exact but 
more complex procedure of considering the deformed configuration corresponds to the second item of 
column three; in the latter case, the equilibrium equation may become nonlinear. The kinematic equa-
tion can also be linear or nonlinear if, respectively, small or large deformations are chosen. This book 
describes the both cases of equilibrium and kinematic equations for framed structures.

Finally, the last column of Table 1 is also related to the equilibrium equation. In the quasi static case, 
the inertia forces are neglected. These are the forces that are felt in a bus when it accelerates brusquely. In 
some cases, earthquake loadings for instance, they are the most significant input and cannot be ignored; 
this is the dynamic loading case indicated in the second row of column four. This book also considers 
both forms of the equilibrium equation for framed structures.
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ABSTRACT

This chapter presents the concepts of strength of materials that are relevant to the analysis of frames. 
These are the modified Timoshenko theory of elastic beams (Sections 2.1-2.3) and the Euler-Bernoulli 
one (Section 2.4). These concepts are not presented as in the conventional textbooks of strength of 
materials. Instead, the formulations are described using the scheme that is customary in the theory of 
elasticity and that was described in Chapter 1 (Section 1.1.1) (i.e. in terms of kinematics, statics, and 
constitutive equations). Kinematics is the branch of mechanics that studies the movement of solids and 
structures without considering its causes. Statics studies the equilibrium of forces; the basic tool for this 
analysis is the principle of virtual work. The constitutive model that describes a one-to-one relationship 
between stresses and deformations completes the formulation of the elastic beam problem. Finally, in 
Section 2.5, some concepts of the elementary theory of torsion needed for the formulation of tridimen-
sional frames are recalled.

2.1 KINEMATICS OF TIMOSHENKO BEAMS

2.1.1 Generalized Displacements of Planar Beams

Consider a beam that displaces only in the plane X-Z as shown in Figure 1. The axis X is chosen so that 
it passes through the centroid of the beam’s cross-section; i.e. X coincides with the centroidal axis of 
the beam. The fundamental hypothesis of the theory of beams states that a cross-section of the beam 
moves only as a rigid body.

The movement of a cross-section at a distance x of the origin is defined by the matrix of generalized 
displacements {U(x)}:

Fundamental Concepts of 
Strength of Materials
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{ ( )}

( )

( )

( )

U x

u x

w x

x

=



















β
 (2.1.1)

where u(x) is the displacement in the direction of the axis X of the particle in the centroid of the cross-
section; w(x) is the displacement of the same point in the direction of the axis Z and β(x) is the rotation 
of the cross-section.

2.1.2 Generalized Deformations of Planar Beams

Consider now a beam differential element as the one shown in Figure 1; the modification of its shape is 
characterized by the following matrix of generalized deformations{ ( )}ε x :

{ ( )}

( )

( )

( )

ε x

x

x

x

n

=





















ε
χ
γ

 (2.1.2)

where εn is the normal strain of the fiber in the centroidal axis; χ is the curvature and γ the distortion or 
angular strain (see Figure 2). Notice that the curvature χ measures the amount by which the centroidal 

Figure 1. Graphical representation of the fundamental hypothesis of the theory of beams
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axis deviates from being straight; the normal strain εn is related to the elongation of that axis; and the 
distortion γ measures the modifications in the angle between the centroidal axis and the transversal fibers 
of the beam differential element.

2.1.3 Kinematic Equations

Generalized deformations and displacements are related by a set of expressions called kinematic equations.
Consider an infinitesimal increment of the displacement du as shown in Figure 3a; notice that as a 

result, there is an elongation of the centroidal axis; however, it continues being a straight line, i.e. there 
is no modification in the curvature; and the vertical and horizontal fibers of the cross-section remain 
perpendicular, i.e. there is no increment of the distortion:

ε χ γ
n

dx du dx

dx
du
dx

=
+ −

= = =
( )

; ;0 0  (2.1.3)

Consider now an increment of the displacement dw as indicated in Figure 3b; notice that the length 
of the centroidal axis does not change; the cross-sections of both sides of the beam differential element 
are still parallel (no curvature); but, the vertical and horizontal fibers of the differential element are no 
longer perpendicular:

ε χ γ
n

dw
dx

= = = −0 0; ;  (2.1.4)

Figure 2. Generalized deformations in a beam a) Normal strain b) Curvature c) Angular 
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Notice that a rotation β, even if it is the same in both sides of the differential element (Figure 3c), 
produces an angular deformation; however, the cross-sections are again parallel:

ε χ γ β
n
= = = −0 0; ;  (2.1.5)

Finally, if there is an increment of rotation dβ, then the cross-sections of the beam differential element 
are no longer parallel, i.e. dβ modifies the curvature:

ε χ
β
γ

n

d
dx

= = − =0 0; ;  (2.1.6)

In the general case, that is considering all displacements simultaneously, the kinematic equation is 
obtained by adding all the aforementioned contributions:

Figure 3. Graphical representation of the kinematic equations a) Deformations due to a displacement 
du b) Deformations due to a displacement dw c) Deformations due to a rotation β d) Deformations due 
to an increment of rotation dβ 
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ε χ
β
γ β

n
x

du
dx

x
d
dx

x
dw
dx

( ) ; ( ) ; ( )= = − = − −  (2.1.7)

Additionally, it is also useful to measure the normal strain ε of any fiber of the beam differential ele-
ment (and not only that of the centroidal axis) as a function of the generalized deformations. According 
to Figures 3a and 3d, the normal strain is:

ε
β

ε χ=
+ −

+
+ −

= −
( ) ( . )

.
dx du dx

dx
dx d z dx

dx
z

n
 (2.1.8)

where z is the coordinate of the fiber under consideration.
Notice that the angular strain or distortion of any solid differential element of the beam element is 

constant and equal to γ.

2.2 STATICS OF TIMOSHENKO BEAMS

2.2.1 Principle of Virtual Work

Consider a particle subjected to a set of concurrent forces as the one shown in Figure 4. Newton’s second 
law states that the particle is in dynamic equilibrium if:

{ } { } { } ..... { }
� � � �
F F F A

b
Mass= + + =∑ 1 2

 (2.2.1)

where Mass is, evidently, the mass of the particle and { }
�
A is its acceleration. A scalar multiplication of 

this vector equation for any arbitrary infinitesimal displacement{ }*
�
U , called virtual displacement, results 

in:

{ } { } { } { } { }* * *
� � � � �
U F U A Ut

b
tMass= ∀∑ ;  (2.2.2)

The left hand term of (2.2.2) is denoted virtual work of the external forces or external work and the 
right hand term is the virtual work of the inertial forces or inertial work. Therefore, Newton’s second 
law leads to the following theorem; the virtual external work is always equal to the virtual inertial work 
in a particle in dynamic equilibrium:

W W
ext ine
* * *{ }= ∀

�
U  (2.2.3)

Alternatively, a state of dynamic equilibrium can be defined by postulating the expression (2.2.3) as 
a principle (i.e. without need of demonstration) and developing expression (2.2.1) as a theorem. This 
is the procedure that is followed in this book to define the dynamic equilibrium of a beam or a frame.
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A difference between a particle and a structure is that the elements in the latter can experience defor-
mations; thus an additional term, that is denoted deformation work, appears in the work equation. The 
principle of virtual work for a deformable structure is stated as follows:

W W W
def ine ext
* * * *{ }+ = ∀ U  (2.2.4)

where W
def
* is the virtual deformation work of the structure, W

ine
* is the inertial work W

ext
* is the external 

work and { }*U is the matrix of generalized virtual infinitesimal displacements. A structure is said to be 
in a state of quasi-static equilibrium if the inertial work is negligible with respect to any of the two 
other terms in the work equation.

2.2.2 Generalized Stresses of Planar Beams

The deformation work of a planar beam is defined as:

W dx x

N x

M x

V x
def

t
L

= =




















∫ { } { } { ( )}

( )

( )

( )

ε σ
0

; where; σ



 (2.2.5)

The matrix {σ} is called matrix of generalized stresses. The term N represents the axial force, M is 
the bending moment and V is the shear force (see Figure 5).

Generalized stresses can also be defined in terms of the stress components of the fibers or solid dif-
ferential elements of a beam element (see Figure 6): 

Figure 4. Particle subjected to a set of forces in dynamic equilibrium
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Figure 5. Generalized stresses in a beam a) Axial force b) Bending moment c) Shear force

Figure 6. Generalized stresses as functions of stress components a) Axial force b) Bending moment c) 
Shear force



17

Fundamental Concepts of Strength of Materials
 

N dA M z dAV dA
A A A

= = − =∫∫ ∫∫ ∫∫σ σ τ. ; . . ; .  (2.2.6)

where A is the area of the cross-section of the beam. Therefore, the axial force N is the sum of the con-
tributions of each longitudinal fiber (σ.dA ) in the direction of centroidal axis. The bending moment M 
is computed integrating the moment produced by these infinitesimal forces with respect to the centroi-
dal axis (σ. .z dA ). Finally the shear force V is the sum of all the transversal forces ( τ.dA ) in the cross-
section.

2.2.3 Quasi-Static Equilibrium Equations of a Planar Beam

Consider the external forces on a beam represented in Figure 7; they are the concentrated external 
forces { } ( , )

,
P p p mt

u w
t

0 0 0 0
= and { } ( , )

,
P p p m

L
t

uL wL L
t= applied at both ends of the beam and a distrib-

uted force Q(x) in the direction of axis Z. The external work corresponding to these forces is:

W U P U L P wQ dx
ext

t t
L

L

= + + ∫{ ( )} { } { ( )} { } . .0
0 0

 (2.2.7)

If the inertial term is neglected, the principle of virtual work leads to:

W Ndx Mdx Vdx u p w p
def n

L L L

u w
* * * * * *. . . ( ). ( ).= + + = +

+

∫ ∫ ∫ε χ γ

β
0 0 0 0 0

0 0

** * * * * *( ). ( ). ( ). ( ). . .0
0 0

m u L p w L p L m w Q dx W
uL wL L

L

ext
++ + + + =∫β

 (2.2.8)

Substitution of the kinematic equations (2.1.7) into (2.2.8) and application of the integration by parts 
rule on the left part term gives:

Figure 7. External forces on a beam
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M
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( ).( ( )) ( ).( ( )) ( ).( ( ))* * *

0

β == ∀0; , ,* * *u w β

 (2.2.9)

This expression must be verified for any set of virtual displacements; the only way that this can be 
accomplished is if every parenthesis in (2.2.9) is nil; in mathematical textbooks, this is called the fun-
damental lemma of calculus of variations. Therefore, the following quasi-static equilibrium equations 
derive from the principle of virtual work:

dN
dx

dM
dx

V
dV
dx

Q= − = − =0 0 0; ;  (2.2.10)

With the boundary conditions:

N p V p M m N L p V L p M L m
u w uL wL L

( ) ; ( ) ; ( ) ; ( ) ; ( ) ; ( )0 0 0
0 0 0

= − = − = = = = −  (2.2.11)

Notice that Equations (2.2.10) are the conventional relationship between load, shear force and bend-
ing moment defined in the textbooks of statics. In the general case, for any kind of solid or structure, the 
equilibrium equations represent a relationship between external forces and internal stresses.

2.3 CONSTITUTIVE EQUATIONS OF TIMOSHENKO BEAMS

It is assumed in this section that the beam is elastic and that the normal stress obeys the Hooke’s law 
σ ε= E. ; therefore, the combination of (2.2.6) and (2.1.8) leads to:

N dA E dA E z dA E dA E z dA
A A nA n A A

= = = − = −∫∫ ∫∫ ∫∫ ∫∫ ∫∫σ ε ε χ ε χ. . . .( . ). . . . .  (2.3.1)

The axis X was chosen so that it intersects the beam’s cross-section at its centroid, therefore the 
second integral at the right hand term of Equation (2.3.1) is equal to zero if the beam is homogeneous. 
The constitutive equation for the axial force is:

N EA EA
du
dxn

= =.ε  (2.3.2)

The constitutive equation of the bending moment is obtained in the same way:

M z dA E z dA E z z dA E z dA
A A nA A

= − = − = − − =∫∫ ∫∫ ∫∫ ∫∫σ ε ε χ χ. . . . . .( . ). . . . 2  (2.3.3)
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Thus

M EI EI
d
dx

= = −.χ
β  (2.3.4)

where I is the moment of inertia of the cross-section: I z dA
A

= ∫∫ 2 .

Finally, the constitutive equation of the shear force is obtained by assuming that shear stress and 
strain are related by the elastic relationship τ γ=G. , where G is the transverse elastic modulus, thus:

V dA G dA G dA
A A A

= = =∫∫ ∫∫ ∫∫τ γ γ. . . .  (2.3.5)

Notice that shear stresses in the cross-section are constant. Again, if the beam is homogeneous the 
constitutive equation for the shear force is:

V GA GA
dw
dx

= = − +










.γ β  (2.3.6)

The analysis of a beam using the modified Timoshenko model is described in section 2.7.1.

2.4 EULER-BERNOULLI BEAM THEORY

2.4.1 Planar Beams

The Euler-Bernoulli beam theory is based on the hypothesis that cross-sections move as rigid bodies 
and remain perpendicular to the centroidal axis (see Figure 8).

Rotation β is no longer an independent variable but depends on the deflection w exclusively:

β = −
dw

dx
 (2.4.1)

According to the kinematic Equations (2.1.6) the angular strain γ is always equal to zero. It is then 
said that the Euler-Bernoulli beam theory neglects shear deformations. This hypothesis is accurate for 
slender beams with high length/height ratio (see the examples in section 2.7); this relationship is also 
called “aspect ratio”. The kinematic equations are in this case:

ε χ γ
n

x
du
dx

x
d w

dx
x( ) ; ( ) ; ( )= = =

2

2
0  (2.4.2)

The shear force can be eliminated from the equilibrium Equations (2.2.10) that can now be rewritten as:
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dN
dx

d M

dx
Q= =0

2

2
;  (2.4.3)

The constitutive equations become:

N EA EA
du
dx
M EI EI

d w

dxn
= = = =. ; .ε χ

2

2
 (2.4.4)

The analysis of a beam using Euler-Bernoulli model is described in section 2.7.2.

2.4.2 Tridimensional Beams

Consider now a beam whose external forces and displacements are not restricted to the X Z plane. The 
coordinate axes of the beam are chosen so that X still matches the centroidal axis. Y and Z coincide 
with the principal axes of the cross-section; in most practical cases, they are the symmetry axes of the 
section (see Figure 9).

The problem can now be decomposed into several simpler cases. The first one corresponds to the beam 
subjected to forces and displacements along the axial axe; this case is characterized by the equations:

dN
dx

N EA
du

dx
= =0;  (2.4.5)

The second problem is that of bending around the axis Y; this case was already treated in the prec-
edent section:

Figure 8. Graphical representation of the Euler-Bernoulli’s hypothesis
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d M

dx
Q M EI

d w

dx
y

z y y

2

2

2

2
= =;  (2.4.6)

where My and Iy are the bending moment and the moment of inertia of the cross-section around the axis 
Y: I z dA

y A
= ∫∫ 2 .

The third problem corresponds to bending around the axis Z:

d M

dx
Q M EI

d v

dx
z

y z z

2

2

2

2
0+ = = −;  (2.4.7)

where Mz and Iz are the bending moment and the moment of inertia of the cross-section around the axis 
Z: I y dA

z A
= ∫∫ 2 .

The fourth and last problem corresponds to a beam subjected to torsion that is discussed in the next 
section.

2.5 TORSION

Consider a frame element of circular cross-section subjected to torsion. Let ϕx be the relative rotation 
between the ends of the element, or angle of twist. The term mx represents the torque. The fundamental 
hypothesis of the theory of beams, i.e. the cross-section of the beam moves as a rigid body, is still ac-
cepted (see Figure 10).

The element can be considered conformed of concentric rings of infinitesimal width. The angular 
strain of the solid differential elements that constitute a ring is given by (see Figure 11).

γ
φ

= x
r

L
 (2.5.1)

The torque mx can be related to the resulting shear stresses and subsequently with the angle of twist as:

Figure 9. Tridimensional beam
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m r dA G r dA
G

L
r dA m

GJ
Lx A A

x

A x x
= = = =∫∫ ∫∫ ∫∫τ γ

φ
φ. . . . . 2 , i.e.  (2.5.2)

where J is the polar moment of inertia: J r dA
A

= ∫∫ 2 .

If the cross-section is not circular, the beam hypothesis is no longer valid; however Equation (2.5.2b) 
can still be used. In that case, the term GJ is called torsional rigidity but J is not anymore the polar mo-
ment of inertia. For instance, in the case of a rectangular cross-section, J is equal to:

Figure 10. Angle of twist and torque in a frame element of circular cross-section

Figure 11. a) Concentric ring of infinitesimal width b) Distortion of a solid element of the ring
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J db
b
d

b

d
d b= − −
























≥3

4

4

1
3

0 21 1
12

.  (2.5.3)

where d and b are the dimensions of the cross-section.

2.6. SUMMARY AND EQUATIONS QUICK REFERENCE

The theory of beams is the main subject of the strength of materials. In the beams theory, variables 
can be classified into two sets: kinematic and static. The former, is composed by variables that define 
the movement (longitudinal displacements, deflections and rotations) and deformations (normal strain, 
curvature, distortion, angle of twist); the set of static variables includes the external forces (concentrate 
forces, distributed forces) and generalized stresses (axial force, bending moment, shear force, torque). 
Displacements and deformations are related by kinematic equations, generalized stresses and external 
forces by equilibrium equations; the constitutive equations link the generalized deformations with stresses.

Two beam theories were discussed in this chapter. The first one, denoted Euller-Bernoulli theory of 
beams, was introduced in the planar case and the tridimensional one. The second one, the Timoshenko 
theory was discussed only the planar case. The difference between both theories is that the former ne-
glects shear deformations. Mathematically, only the constitutive equations are different in both theories 
(See Table 1).

Table 1.  

KINEMATICS OF TIMOSHENKO BEAMS

Generalized Displacements of Planar Beams

Matrix of generalized displacements 

{ ( )}

( )

( )

( )

U x

u x

w x

x

=



















β

 (2.1.1)

u(x) = displacement in the direction X of the particle in the centroid of the cross-section 
w(x) = displacement of the same point in the direction of the axis Z 
β(x) = rotation of the cross-section

Generalized Deformations of Planar Beams

Matrix of generalized deformations 

{ ( )}

( )

( )

( )

ε x

x

x

x

n

=





















ε
χ
γ

 (2.1.2)

εn(x) = normal strain of the neutral fiber in the cross-section. 
χ(x) = curvature 
γ(x) = distortion or angular strain

continued on following page
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Kinematic Equations

Kinematic equations 

ε χ
β
γ β

n
x

du
dx

x
d
dx

x
dw
dx

( ) ; ( ) ; ( )= = − = − −  (2.1.7)

ε ε χ= −
n

z.  (2.1.8)
ε = normal strain 
z = coordinate of the fiber under consideration

STATICS OF TIMOSHENKO BEAMS

Generalized Stresses of Planar Beams

Matrix of generalized stresses 

{ ( )}

( )

( )

( )

σ x

N x

M x

V x

=





















 (2.2.5)

N = axial force 
M = bending moment 
V = shear force

Quasi Static Equilibrium Equations of a Planar Beam

Quasi static equilibrium equations 

dN
dx

dM
dx

V
dV
dx

Q= − = − =0 0 0; ;  (2.2.10)

CONSTITUTIVE EQUATIONS OF TIMOSHENKO BEAMS

Constitutive Equation for the Axial Force 

N EA EA
du
dxn

= =.ε
 (2.3.2)

Constitutive equation of the bending moment 

M EI EI
d
dx

= = −.χ
β

 (2.3.4)

I: cross-section’s moment of inertia: 
I z dA

A
= ∫∫ 2

Constitutive equation for the shear force 

V GA GA
dw
dx

= = − +










.γ β
 (2.3.6)

A: area of the cross-section of the beam 
G: transverse elastic modulus

EULER-BERNOULLI BEAM THEORY

Planar Beams

Rotation β 

β = −
dw
dx  (2.4.1)

continued on following page

Table 1. Continued
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Kinematic equations 

ε χ γ
n

x
du
dx

x
d w

dx
x( ) ; ( ) ; ( )= = =

2

2
0

 (2.4.2)

Equilibrium equations 

dN
dx

d M

dx
Q= =0

2

2
;

 (2.4.3)

Constitutive equations 

N EA EA
du
dx
M EI EI

d w

dxn
= = = =. ; .ε χ

2

2
 (2.4.4)

Tridimensional Beams

Beam subjected to axial forces and displacements 

dN
dx

N EA
du
dx

= =0;
 (2.4.5)

Beam subjected to bending around the axis Y 

d M

dx
Q M EI

d w

dx
y

z y y

2

2

2

2
= =;

 (2.4.6)
My:bending moment around the axis Y 
Iy: cross-section’s moment of inertia around the axis Y: 

I z dA
y A
= ∫∫ 2

Beam subjected to bending around the axis Z 

d M

dx
Q M EI

d v

dx
z

y z z

2

2

2

2
0+ = = −;

 (2.4.7)
 
Mz: bending moment around the axis Z 
Iz:cross-section’s moment of inertia around the axis Z 

I y dA
z A
= ∫∫ 2

TORSION

Angular strain γ

γ
φ

= x
r

L (2.5.1)

Torque mx

m
GJ
Lx x

= φ
 (2.5.2)

J: moment of inertia: 
J r dA

A
= ∫∫ 2

    GJ: torsional rigidity

Table 1. Continued

continued on following page
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2.7 EXAMPLES

2.7.1 Determination of the Maximum Deflection in 
a Simply Supported Timoshenko Beam

Consider the beam shown in Figure 12a. The beam supports a distributed force Q = -f that produces the 
deformation that is indicated in Figure 12b.

Under the load condition, the maximum deflection occurs in the middle of the span as can be ap-
preciated in the Figure 12b. The boundary conditions are: m0 = mL = 0 and wo = wL = 0.

The expressions for the shear force and bending moment are obtained by the integration of the equi-
librium Equations (2.2.10). The resultant expressions are the following:

V x fx C( )= − + 1  (2.7.1)

M x
f

x C x C( )= − + +
2

1 22  (2.7.2)

C1 y C2 are obtained using the boundary conditions m0 = mL = 0:

C
fL

C1
2

2 0= =;  (2.7.3)

For rectangular cross-section 

J db
b
d

b

d
d b= − −

























≥3
4

4

1
3

0 21 1
12

.

d and b are the dimensions of the cross-section

Table 1. Continued

Figure 12. Simply-supported beam subjected to vertical loading a) Initial configuration b) Deformed 
configuration
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Using the Timoshenko theory, the expression of the rotation β is obtained by the integration of the 
Equation (2.3.4):

β( )x
EI

f
x

fL
x C= − − + +











1
6 4

33 2  (2.7.4)

Finally, the expression of the deflection along the beam’s length is obtained by the substitution of the 
rotation β into the constitutive equation of the shear force Equation (2.3.6) and integrating,

w x
GA

f
x

fL
x

EI
f
x

fL
x C x( )= −










+ − + +










1
2 2

1
24 12

32 4 3 
+C 4  (2.7.5)

C3 y C4 are obtained using the boundary conditions wo = wL = 0:

C
fL

C3
24

4 0
3

= − =;  (2.7.6)

The deflection at the middle of the span is obtained when the Equation (2.7.5) is evaluated at x = L/2.

w x
L

GA
fL

EI
fL

( )= = − −
2

1
8

1 5
384

2 4

 (2.7.7)

2.7.2 Determination of the Maximum Deflection in a 
Simply Supported Euler-Bernoulli Beam

The same beam shown in Figure 12 is solved now using the Euler-Bernoulli theory. Taking into ac-
count that the equilibrium equations are the same in both theories, Timoshenko and Euler-Bernoulli, 
the expressions for the shear force and bending moment are also identical (Equations 2.7.1 and 2.7.2).

The expression for the deflection along the beam length is obtained by the introduction of the Equa-
tion (2.7.2) into the constitutive equation of the bending moment Equation (2.4.4b),

d w

dx EI
f
x

fL
x

2

2

21
2 2

= − +










 (2.7.8)

Integrating twice it is obtained the expression for the deflection along the beam length,

w x
EI

f
x

fL
x C x C( )= − + + +











1
24 12

1 24 3  (2.7.9)
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C1 y C2 are obtained using the boundary conditions w0 = wL = 0:

C
fL
EI
C1

24
2 0

3

= − =;  (2.7.10)

when the Equation (2.7.9) is evaluated at x = L/2 it is obtained the deflection at the middle of the span, 
resulting

w x L
fL
EI

( / )= = −2
5

384

4

 (2.7.11)

Notice that this expression is identical to the second term of the Equation (2.7.7). The only difference 
between both results (Equations 2.7.7 and 2.7.11) is the first term of (2.7.7).

2.7.3 Analysis of the Maximum Deflection as a 
Function of the Beam Aspect Ratio

Consider now the particular case of a beam with rectangular cross-section. Let be b the base of the 
cross-section and h the height:

A bh I
bh

= =;
3

12
 (2.7.12)

The aspect ratio of this element is defined as L/h. If the material is isotropic,

G
E

=
+2 1( )ν

 (2.7.13)

where ν is the Poisson’s ratio that is a material property. The maximum deflection according to the 
Timoshenko theory can be written as

w x L
fL
EI L h

( / )
( )

( / )
= = − +

+









2
5

384
1

8
5

14

2

ν  (2.7.14)

Notice that this expression is the maximum deflection of the Euler-Bernoulli theory multiplied by 
an amplifying factor

1
8
5

1
2

+
+









( )

( / )

ν
L h

. 
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Figure 13 shows a graph of the amplifying factor in function of the aspect ratio (L/h) for a Poisson’s 
constant of 0.20.

For reinforced concrete elements, a beam with aspect ratio larger than 6.5 is called slender; the mag-
nifying factor in this case varies between 1 and 1.05. If the beam has an aspect ratio between 2.5 and 6.5 
is called intermediate and the magnifying factor varies between 1.05 and 1.31. Finally, for aspect ratios 
less than 2.5 the element is called squat and the magnifying factor increases exponentially; for instance, 
if the aspect ratio is equal to 1, then the magnifying factor is 2.92.

Notice that in the case of slender beams, the Euler-Bernoulli theory gives almost the same result 
than the Timoshenko theory; for squat elements, the Euler-Bernoulli theory should not be used since it 
underestimates significantly the deflection value. For intermediate beams the error is not that large but 
the Euler-Bernoulli theory is still inappropriate for the analysis.

Figure 13. Graph of Amplifying factor vs. Aspect ratio
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2.8. PROBLEMS

2.8.1 Cantilever Beam Subjected to a Concentrated Force

Consider the beam shown in Figure 14a. With the help of an algebraic manipulation program do the 
following: a) Determine the maximum deflection using the Timoshenko theory and Euler-Bernoulli 
theory, b) Compute the amplifying factor c) Plot the amplifying factor for aspect ratios between 1 to 10.

2.8.2 Simply Supported Beam Subjected to a Linearly Distributed Force

Solve the problem 2.8.1 considering the beam shown in Figure 14b.
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Figure 14. a) Cantilever beam subjected to a concentrated force b) Simply supported beam subjected a 
linearly distributed force
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ABSTRACT

This chapter describes the mathematical models for the analysis of elastic frames. Again, these theories 
are not presented as in the conventional textbooks of structural analysis but using the scheme of continuum 
mechanics and the theory of elasticity that was described in Chapter 1 (Section 1.1.1). The reason is 
that the conventional presentation is not suitable for generalization of the case of inelastic structures, 
specifically for fracture and damage mechanics of frames. Several classes of elastic frames are described 
in this chapter: planar (Sections 3.1-3.4), tridimensional (Section 3.5), linear, nonlinear, based on the 
Euler-Bernoulli beam theory (Section 3.3), based on the formulation of Timoshenko (Section 3.4), and 
under quasi-static or dynamic forces.

3.1 KINEMATICS OF PLANAR FRAMES

3.1.1 Tridimensional and Planar Frames

A frame is defined as a set of m beam-column elements connected by n nodes. For instance, a chair 
like the one shown in Figure 1a can be represented by the tridimensional frame with 26 elements and 
20 nodes as indicated in Figure 1b. In the general case, the nodes of the frame can have displacement 
components in any direction.

However, another possibility is the decomposition of structures like this into several two-dimensional 
frames as shown in Figure 1c; those two-dimensional structures are also called planar frames. It is as-
sumed that this kind of structures can move only in their own plane. Thus, some aspects of the behavior 
are neglected, for instance torsion effects; but the analysis is considerably simpler. Both kinds of formu-
lations are considered in this book, first the planar frame case, then the general one.

3.1.2 Generalized Displacements of a Planar Frame

Consider a planar frame as the one shown in Figure 2. A set of coordinate axis X Z is introduced. Its 
initial configuration, i.e. the coordinates of the nodes and the table that indicates how they are con-

Elastic Frames
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nected by beam column elements, is known. Each node and each element of the frame is labeled using 
natural numbers as shown in Figure 2. Consider now a node i of the frame. The movement of this node 
is characterized by the displacements ui in the direction X, the displacement wi in the direction Z and the 
rotation θi as shown in Figure 2. Clockwise rotations of a node are positive, positive displacements fol-
low the conventional rule. The generalized displacement matrix of the frame { }U includes the displace-
ment of all the nodes of the frame:

{ }U =









































u

w

u

w
n

n

1

1

1

2

θ

θ

�

�

 (3.1.1)

Figure 1. a) A chair as a structure b) Tridimensional frame representation c) Planar frames representation
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The elements of the frame are also labeled using natural numbers as shown in Figure 2. The general-
ized displacement matrix of a frame element b between nodes i and j is defined as follows:

{ }q
b

i

i

i

j

j

j

u

w

u

w

=

































θ

θ

 (3.1.2)

One of the goals of a structural analysis is the determination of the generalized displacements as a 
function of time and the external loading; its computation allows the graphical representation of the 
frame movement.

Some of the components of this matrix are not computed but must be defined by the analyst in order 
to formulate a problem with a unique solution. The components of the matrix { }U with known values 
are called restricted displacements; the remaining ones are denoted free displacements. The nodes that 
have one or more restricted displacements are called supports of the frame. The restricted displacements 
must be chosen so that arbitrary rigid body movements of the frame are impossible. It is customary to 
represent graphically the supports and their displacements as shown in the Table 1. Often, the restricted 
displacements are equal to zero; it is then assumed that the foundations of the structure are rigid. How-
ever, this is not always the case; non-nil values are sometimes chosen in order to represent settlement of 
supports or seismic effects on the structure.

Figure 2. Planar frame and generalized displacements of node
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3.1.3 Generalized Deformation Matrix

The generalized displacement matrix does not characterize shape modifications of the frame. A second 
set of variables, denoted generalized deformation matrices, is then needed. Consider a frame element b 
between nodes i and j as shown in Figure 3a. The generalized deformation matrix of the frame element 
b is defined as:

Φ{ } =




















b

i
b

j
b

b

φ

φ
δ

 (3.1.3)

Notice that the deformation φ
i
b is the angle between the cord i-j and the normal to the cross-section 

at the end i; i.e. φ
i
b is the relative rotation of this cross-section with respect to the cord. Positive relative 

rotations go clockwise.. The deformation φ
j
b corresponds to a relative rotation at the end j with the same 

sign convention. The deformations φ
i
b and φ

j
b are closely related with the concept of story drift ratio. 

This concept is introduced in structural design textbooks and is discussed in section 3.1.5. Finally, the 
deformation δb is the elongation of the cord.

The matrix Φ{ }
b
is nil for a rigid body movement of the frame element and vice versa: zero deforma-

tions indicate that the element displaces as a rigid body. If the terms φ
i
b and φ

j
b have the same sign, then 

the frame element shows a “snake-like” deformed shape (see Figures 3.3b and 3.3c); if those deforma-
tions have different sign, the element presents a “hammock-like” final form (see Figure 3d).

The theory of structural design considers that large drift ratios and structural damage are related ef-
fects; therefore, a second goal of a structural analysis is the computation of the m deformation matrices, 
one for each element of the frame. The kinematics of the structure is completely determined when the 
free displacements and the deformation matrices have been computed.

Table 1. Graphic representation of frame supports 
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3.1.4 Kinematic Equations

A relationship between deformations and displacements can be established by simple geometrical con-
siderations. This expression is called kinematic equation. Consider a frame element b between nodes i 
and j. In its initial configuration, the element forms an angle α

b
0 with respect the axis X and the length 

of the cord is L
b
0 . Cord angle and length vary with the displacements when the frame moves: α α

b b
= ( )q , 

L L
b b
= ( )q .
A set of local coordinate axes X’b Z’b is also introduced; its origin is fixed at the end i of the element 

and the axis X’b is “glued” to the cord i-j (see Figure 4).
The nodal  displacements  can also be expressed in local  coordinate axes: 

{ '} ( ' , ' , ' , ' , ' , ' )q
b
t

i i i j j j
u w u w= θ θ (see Figure 4a). Both sets of displacements, { '}q

b
and { }q

b
are re-

lated by the following expressions:

u u w u w
i i b i b i i b i b i i
' cos sin ; ' sin cos ; '= + = − + =α α ω α α θ θ ;  

u u w u w
j j b j b j j b j b j j
' cos sin ; ' sin cos ; '= + = − + =α α ω α α θ θ  (3.1.4)

Figure 3. a) Generalized deformations of a frame element b) Element shape for positive relative rotations 
c) Element shape for negative relative rotations d) Element shape for relative rotations of different signs



36

Elastic Frames
 

Equation (3.1.4) is based on the well-known relationship between the components of a vector in two 
different coordinate systems. In matrix notation, Equation (3.1.4) can be written as:

{ '} { } ;

cos sin

sin cos

q q
b b b b

b b

b b

T T= 






 =

−
α α
α α

0 0 0 0

0 0 0 0

0 00 1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0 0 1

cos sin

sin cos

α α
α α
b b

b b
−

































 (3.1.5)

[T] is called geometrical transformation matrix.
The relationships between displacements and deformations are easily obtained in the local-coordinate 

axes. Consider an infinitesimal increment of displacement of the node i in the direction of the axis X’, 
du

i
' , as indicated in Figure 5a. Notice that there are no increments of relative rotations, only modifica-

tion of the cord length. Therefore, the following infinitesimal deformations are obtained from this dis-
placement:

d d d du
i
b

j
b

b i
φ φ δ= = = −0 0; ; '  (3.1.6)

An infinitesimal displacement dw
i
' (Figure 5b) produces relative rotations of the cross-sections at i 

and j with respect to the cord but no modification of its length; thus, the corresponding deformations 
are:

d d
dw

L
d

i
b

j
b i

b
b

φ φ δ= = − =
'

; 0  (3.1.7)

Figure 4. a) Local coordinate axes b) Displacements in the local coordinate axes
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An infinitesimal rotation d
i
θ ' (Figure 5c) produces only an increment of the relative rotation at the 

end i of the element:

d d d d
i
b

i j
b

b
φ θ φ δ= = =' ; ;0 0  (3.1.8)

Considering infinitesimal displacements du
i
' , dw

i
' and d

i
θ' too (Figures 5d, 5e, 5f) and adding all the 

deformation terms, it is obtained the following kinematic relationships:

d
dw

L
d

dw

Li
b i

b
i

j

b

φ θ= − + +
'

'
'

 

d
dw

L

dw

L
d

j
b i

b

j

b
j

φ θ= − + +
' '

'  (3.1.9)

d du du
b i j
δ = − +' '  

Substitution of (3.1.4) into (3.1.9) gives the kinematic equations in the global coordinate axes; these 
equations can be expressed in matrix form:

Figure 5. Increment of deformations due to infinitesimal displacements at the node i and j a) Displace-
ment of node i in the X’b axis b) Displacement of node i in the Z’b axis c) Rotation of node i d) Displace-
ment of node j in the X’b direction e) Displacement of node j in the Z’b direction f) Rotation of node j.
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{ } [ ]{ };[ ]
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d d
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b

b

b

b
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b

Φ = =

− −
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α α α α
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αα α α α
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b b b b

L L L L
− −

− −








cos sin cos

cos sin cos sin

0 1

0 0



























 (3.1.10)

The matrix [ ]B
b
is called kinematic transformation matrix of the element b. Equation (3.1.10) is 

nonlinear in the general case; however in many engineering problems, the structure is so rigid that the 
modifications of length and orientation of the elements during the frame movement are small and can 
be neglected when computing the transformation matrix. In these cases, the kinematic relationship can 
be approximated by the following linear expression:

α α
b b b b b b b

L L≅ ≅ { } ≅   { }
0 0 0; ; Φ B q  (3.1.11)

where B0


b is the kinematic transformation matrix in the initial configuration of the frame.

The kinematic equation can also be written in terms of the displacement matrix of the frame instead 
of the element displacements:

d d
b E b b E b

Φ{ } ≅  
 { } { } ≅   { }B U U B U( ) ; or Φ 0  (3.1.12)

Where [ ( )]B q
E b

is denoted enlarged transformation matrix and it is built by adding columns of zeros in 
the positions that do not correspond to the displacements of the element, i.e.:

[ ]

....
sin cos

....
sin cos

....

B (q)
E b

b

b

b

b

b

b

b

b
L L L L

=

− −0 0 1 0 0

0 0

α α α α

.....
sin cos

....
sin cos

....

.... cos

α α α α

α

b

b

b

b

b

b

b

b

b

L L L L
− −

−

0 0 1

0 0 −−































sin .... cos sin ....α α α
b b b

u w

0 0 0

1 1
  .....  .... ....

1
u w u u w

i i i i j j j
θ θ

+

 (3.1.13)

Equation (3.1.12) is used for a formal presentation of the equilibrium equations (section 3.2) and the 
direct stiffness method (section 4.1). An example of application of the kinematic equations is presented 
in the section 3.7.1.
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3.1.5 Simplified Analysis of Deformations: Story Drift Ratio

Consider a frame composed exclusively of horizontal beams and vertical columns as the one shown in 
Figure 6a. Assume that beams are very rigid (they often are linked to plates) so that their deformation can 
be neglected; axial deformations of the columns are also neglected; then movement of the frame under 
lateral loadings (that represent, for instance, earthquake loads) is similar to the one shown in Fig 6b.

The generalized deformation matrices of all the columns in a single floor are equal and can be ob-
tained by the kinematic equation (3.1.11b) with αb = π/2, Lb=Lcol, wi = wj = θI = θj =0, ui=ubotton, uj=utop. 
It is then obtained the following expression:

Φ{ } =





















=

−

col

botton
col

top
col

b

top botton

co

u u

Lφ

φ
δ

( )

ll

top botton

col

u u

L

( )−

































0

 (3.1.14)

The deformation ∆ = −φ φ
botton
col

top
col in Equation (3.1.14) is called story drift ratio. It is used in a 

failure criterion for frame columns: the column deformation or drift ratio must not exceed some norma-
tive limit, otherwise severe damage of the columns or the other components of the structure such as brick 
walls can be expected; typical values of maximum allowed drift ratio for reinforced concrete columns 
varies between 0.010 and 0.025 depending on the use and type of the structure.

If the frame is not regular or the beams are not stiff enough, the drift notion must be substituted by 
the more general concept of generalized deformation.

Figure 6. a) Regular frame b) Movement under lateral loading
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3.2 DYNAMICS OF PLANAR FRAMES

3.2.1 Deformation Work of a Frame and Generalized 
Stress Matrix of a Frame Element

According to the principle of virtual work formulated in chapter 2 (section 2.2.1), a structure in dynamic 
equilibrium verifies the equation:

W W W
def ine ext
* * * *{ }+ = ∀ U  (3.2.1)

Taking into account the characteristics of the deformation matrix Φ{ }
b
, the following generalized 

stress matrix { }M
b
is introduced in order to obtain the expression of the deformation work of a frame 

element:

{ }M
b

i
b

j
b

b

m

m

n

=





















 (3.2.2)

where m
i

b is the bending moment at the i end of the element, m
j

b is the bending moment at the end j and 
nb is average axial force on the element, as shown in Figure 7. In the continuum mechanics literature, it 
is said that stresses and deformations are conjugated variables; where the stresses are the driving force 
of the element deformations.

The deformation work of a frame is then given by:

Figure 7. Generalized stresses on a frame element
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W
def b

t
b

b

m
* *{ } { }=

=
∑ Φ M

1

 (3.2.3)

where { }*Φ
b

is a virtual, i.e. arbitrary and infinitesimal, deformation matrix.
As in the case of generalized deformations, the stress components are also used in failure criteria. In 

the engineering practice, the failure criterion of a beam column element is usually presented in graphi-
cal form: the interaction diagram. An interaction diagram describes a surface in the moment axial force 
space (see for instance Figure 8) and depends on the element material (reinforced concrete, steel, etc.) 
and cross-section. If any of the two points that represent the stress state of the element at each end, i.e. 
( , )m n

i
b

b
and ( , )m n

j
b

b
, are outside the surface, failure of the element can be expected.

The determination of interaction diagrams is described in chapter 6.

3.2.2 Inertia Work of a Frame and Matrix of Masses

Let Massb be the mass of the element b of a frame. The matrix of masses of the element is defined as 
follows:

[ ]Mass
b

b

b

b

b

Mass

Mass

Mass

Mass

=

2
0 0 0 0 0

0
2

0 0 0 0

0 0 0 0 0 0

0 0 0
2

0 0

0 0 0 0
2

0

00 0 0 0 0 0









































 (3.2.4)

Figure 8. Interaction diagram for a reinforced concrete column with a rectangular cross-section
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The inertia force on an element b of the frame is given by [ ] { }Mass q
b
�� , where { }��q

q
=












d

dt

2

2
is the 

generalized acceleration matrix of the element. Alternatively, the inertial work of the element can be 
expressed as a function of the generalized acceleration matrix of the frame by using the enlarged mass 
matrix of the element: [ ] { }Mass U

E b
�� . This matrix is built adding rows and columns of zeros in the po-

sitions that do not correspond to the displacements of the element, in the same way as the enlarged 
transformation matrix described in section 3.1.4.

The inertial work is now defined in the following way:

W
ine

t
E

b

m
t* * *{ } [ ] { } { } [ ]{ }= =

=
∑U Mass U U Mass Ub

�� ��
1

 (3.2.5)

where [ ] [ ]Mass Mass b=
=
∑ E
b

m

1

is the matrix of masses of the frame. The mass of each element of the 

frame must be included in the data of the problem.

3.2.3 External work of a Frame and Matrix of Generalized External Forces

In the engineering practice, two kinds of external forces are considered. The first one corresponds to 
forces or moments directly applied on the nodes, the second class represents forces distributed over the 
elements (see Figure 9).

On the other hand, the movement of the frame is characterized by the matrix { }U that includes only 
nodal displacements; therefore, forces distributed on the elements must be taken into account through 
equivalent nodal forces. The external work is then defined as follows:

W
ext

t* *{ } { }= U P  (3.2.6)

where { }P is the matrix of generalized external forces:

{ }P =








































p

p

p

p

p

p

u

w

u

wn

n

1

1

1

2

θ

θ

�

�



 (3.2.7)

The term pui is the force that corresponds to the displacement ui, i.e. a force on the node i and in the 
X direction, pθi is the moment on the node i, and so on.
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The external forces applied on the nodes can be classified into two categories. Those that correspond 
to the free displacements of the frame are data that must be supplied by the analyst. The forces that cor-
respond to the restricted displacements are called reactions and are computed during the analysis (see 
the example 3.7.2).

The forces applied on the nodes of the frame can be included directly in the matrix of external forces. 
The nodal static forces equivalent of the distributed forces are obtained using the expressions indicated 
in Table 2.

Therefore, the matrix of external forces can be split into two terms; one with the forces applied directly 
on the nodes and another with the equivalent forces:

{ } { } { }P P P= +n eq  (3.2.8)

The last variables that must be computed during an elastic analysis are the reaction forces and reac-
tion moments.

Figure 9. External forces on a frame



44

Elastic Frames
 

3.2.4 Dynamic and Quasi-Static Equilibrium Equations

The principle of virtual work (3.2.1) states that:

{ } { } { } [ ]{ } { } { } { }* * * *Φ
b
t

b
b

m
t tM U Mass U U P U

=
∑ + = ∀

1

��  (3.2.9)

Taking into account the kinematic equation (3.1.12), the principle of virtual work leads to:

{ } [ ] { } [ ]{ } { } { }* *U B M Mass U P Ut
E b

t
b

b

m

=
∑ + −









= ∀

1

0��  (3.2.10)

Considering that this expression is verified for any virtual displacement matrix, then the term into 
the parenthesis must be again nil, and the following dynamic equilibrium equation is obtained:

[ ] { } [ ]{ } { }B M Mass U P
E b

t
b

b

m

=
∑ + =

1

��  (3.2.11)

This equation depends on the actual displacements of the structure as the kinematic transformation 
matrices [ ]B

E b
t so do. If displacements are small, the current transformation matrices can be substituted 

by the initial ones and the following linear expression is obtained:

[ ] { } [ ]{ } { }B M Mass U P
E b

t
b

b

m
0

1=
∑ + =��  (3.2.12)

Table 2. Nodal equivalent forces for some cases of forces distributed on the elements 
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If inertial forces are neglected (quasi-static analysis) the equilibrium equations for, respectively linear 
and nonlinear cases, become:

[ ] { } { }B M P
E b

t
b

b

m
0

1=
∑ =  (3.2.13)

[ ] { } { }B M P
E b

t
b

b

m

=
∑ =

1

 (3.2.14)

An application example of the equilibrium equations is presented in section 3.7.2.

3.3 CONSTITUTIVE EQUATIONS FOR A SLENDER FRAME MEMBER

3.3.1 Summary of Variables and Equations in an Elastic Analysis

As aforementioned, the variables and equations of the elastic problem can be summarized as shown in 
Figure 10.

There are 6n (n number of nodes in the frame) plus 6m variables (m number of elements); i.e. 3n 
displacements, 3n external forces, 3m deformations and 3m stresses. 3n of these variables are part of 
the data of the problem (the restricted displacements and known external forces); the remaining 3n (free 
displacements and reaction forces) and 6m variables are unknowns of the problem.

So far, 3m kinematic equations (represented by the descending arrow in Figure 10) and 3m equilib-
rium equations (represented by the ascending arrow in Figure 10) have been defined. The former group 
allows the computation of the deformations from displacements, the latter permits the calculation of 
the external forces from stresses and, if the problem is nonlinear, displacements. Clearly, there is still 
a deficit of 3m equations; these relate deformations and stresses and are called constitutive equations. 
They are represented by the horizontal double arrow in Figure 10.

Figure 10. Summary of variables and equations for an elastic structure
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3.3.2 Constitutive Equations Based on the Theory of Euler-Bernoulli Beams

The nonlinear terms in the kinematic and equilibrium equations can be, in some practical problems (tall 
buildings for instance), very important. This is not the case of the elastic constitutive equations which 
have nonlinear terms that are, in almost all cases of practical interest, very small. Therefore, only the 
linear cases are analyzed in this chapter. It is also assumed that the material of the cross-section and 
properties are constant along the element.

Consider a frame element b between nodes i and j. Again, the local set of local coordinate axes X’b 
Z’b is introduced (See Figure 11).

According to the Euler-Bernoulli beam theory (see section 2.4), the behavior of a frame element is 
defined by the following equations:

a) 
d M x

dx
Q xb b

b

b b

2

2

( )
( )= ; b) 

d x

dx

M x

EI
b b

b

b b

b

2

2

ω ( ) ( )
= ; c) n EA

du x

dxb b
b b

b

=
( )

 (3.3.1)

Where Mb(xb) is the bending moment distribution on the element, Qb(xb) represents the distributed ex-
ternal forces, ωb(xb) is the deflection, EIb is the elasticity modulus multiplied by the inertia moment of 
the cross-section, nb is the axial force, Ab is the area of the cross-section and ub(xb) is the displacement 
in the direction of the cord. The cross-section and material properties (EIb and Ab) are considered data 
of the problem. The bending and axial effects are assumed uncoupled. The Euler-Bernoulli beam theory 
does not take into account shear deformations, which makes it only valid for slender frame members 
where those deformations are indeed small.

The general solution of (3.3.1a) is:

M x Q x C x C Q x Q x dxdx
b b b b b b

xx

( ) ( ) ( ) ( )= + + = ∫∫2 2
1 2

00

; where  (3.3.2)

If stresses { }M
b
are applied, the constants C1 and C2 can be computed by the boundary conditions:

m M
i
b

b
= ( )0 and m M L

j
b

b b
= − ( ) . The general solution to (3.3.1b) is: 

Figure 11. Forces and deflections on an element b in the coordinate axes
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EI x Q x C
x

C
x

C x C Q x Q x d
b b b

b b

b b b
ω( ) ( ) ( ) ( )= + + + + =4

6 2
4

1

3

2

2

3 4
; where xxdxdxdx

xxxx

0000

∫∫∫∫  (3.3.3)

The constants C3 and C4 can be computed by the boundary conditions ω( )0 0= and ω( )L
b
= 0 . The 

constitutive equation for the deformation φ
i
b is then given by:

φ
ω

φ
i
b b

b

b

b
i
b b

b
j
b

i

d

dx

L

EI
m

L

EI
m= − = − +

( )0

3 6
0 ; where  (3.3.4)

φ
i
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b b b

b

b
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LQ LQ L
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Q L
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= ∫∫∫

; ( )
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3
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 (3.3.5)

The constitutive equation for the deformation φ
j
b is:

φ
ω

φ
j
b b b

b

b

b
i
b b

b
j
b

j

d L

dx

L

EI
m

L

EI
m= − = − + +

( )

6 3
0 ; where  (3.3.6)

φ
j

b

b b b
b

b

b

b
EI

LQ LQ L
Q L

Q
L

Q L

L
0 1 2 0

6

2

3
3

4 0 4
= + − − +










( ) ( )
( )

( ) ( )
 (3.3.7)

The resolution of the differential equation (3.3.1c) with the boundary conditions u
b
( )0 0= and 

u L
b b b
( )= δ gives the constitutive equation for the axial force:

n
AE

Lb
b

b
b

= δ  (3.3.8)

Writing the constitutive equations in matrix form gives:

{ } [ ] { } { }Φ Φ
b f b b b f b

b

b

b

b

b

L

EI

L

EI
L

EI
= + 



 =

−

−F M F0

3 6
0

6
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bb

b

b

b

b

b

i

j

L

EI
L

AE

3
0

0 0
0

0

0

0

































{ } =




; Φ
φ

φ
















 (3.3.9)
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[ ]F
f b

is denoted flexibility matrix of the element b and { }Φ0
b
is the matrix of initial deformations. 

Alternatively, the constitutive equation can be expressed in terms of stresses as a function of deforma-
tions:

{ } [ ] { } { }M E M
b b b b
= +Φ 0 ; where  (3.3.10)

E F


 =



 =








−

b f b

b

b

b

b

b

b

b

b

b

b

EI

L

EI

L
EI

L

EI

L
AE

L

1

4 2
0

2 4
0

0 0



























= −and { } [ ] { }M E0 0
b b b

Φ  (3.3.11)

[ ]E
b
is called elasticity matrix of the element b and { }M0

b
is the matrix of initial stresses. Table 3 

shows the expressions of the initial stresses and deformations computed with Equations (3.3.5-3.3.7 and 
3.3.11, for the most common cases.

An example of application of these constitutive equations is presented in section 3.7.3.

3.4 CONSTITUTIVE EQUATIONS FOR FRAME 
MEMBERS OF ANY ASPECT RATIO

3.4.1 Dual Structures

In chapter 2, it was shown (see example 2.7.3) that Euler-Bernoulli beam theory is not valid for squat 
structural elements. In that case, shear deformations are significant and are not taken into account in 
this theory.

In the engineering practice, it is common the use of dual structures, as the one represented in Figure 
12, that include slender frame elements and walls sometimes connected by very short beams.

The constitutive equations formulated in the previous section do not represent adequately the behav-
ior of the walls and the short elements. A more general constitutive equation valid for all the elements, 
no matter its aspect ratio, is then needed. The new constitutive equations are based on the modified 
Timoshenko beam theory instead of Euler-Bernoulli beam theory. This is the subject of the next section.

3.4.2 Constitutive Equations Based on the Theory 
of Modified Timoshenko Beams

Consider again a frame element b between nodes i and j. It is introduced the same local set of coordinate 
axes X’b-Z’b (see Figure 11).

According to the modified Timoshenko beam theory, the behavior of a frame element is defined by 
the following equations:
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Table 3. Initial stresses and deformations for some cases of forces on the elements 
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dV x

dx
Q x

dM x

dx
V xb b

b
b b

b b

b
b b
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( );

( )
( )= = ;  (3.4.1)

M x EI
d x

dx
V x GA x

d x

dxb b b
b b

b
b b b b b

b b

b

( )
( )

; ( ) ( )
( )

= = −








β

β
ω


 (3.4.2)

Figure 12. Dual structures
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n EA
du x

dxb b
b b

b

=
( )

 (3.4.3)

where Vb is the shear force on the element, βb is the rotation of the cross-section and G is the transverse 
elastic modulus. The remaining variables have the meaning indicated in the previous section.

The solution of the differential equations 3.4.1 is:

V x Q x C Q x Q x dx
b b b b b

x

( ) ( ) ( ) ( )= + = ∫1 1
1

0

; where ; 

M x Q x C x C
b b b b
( ) ( )= + +2

1 2
 (3.4.4)

The constants C1 and C2 can be computed by the same boundary conditions indicated in the previous 
section (m M

i
b

b
= ( )0  and m M L

j
b

b b
= − ( ) ). The general solutions of the differential equations (3.4.2) 

are:

EI x Q x C
x

C x C
b b b b

b
b

β ( ) ( )= + + +3
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2 3
;  (3.4.5)
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2 4
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+C

4
 (3.4.6)

Constants C3 and C4 can be computed, again, by the boundary conditions indicated in the previous 
section (ω( )0 0=  and ω( )L

b
= 0 ). The constitutive equation for deformations φ

i
b and φ

j
b are then given 

by:

φ β
i
b

b
b

b
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b b

b
j
b i
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L

EI
m

m

LGA

m

L
= − = −










+ +( )0

3 6 GGA
b

i












+ φ0 ; 
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b

b b
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b
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b b

b
j
b i

b

b b
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b

L
L

EI
m

L

EI
m

m

LGA

m
= − = − +










+ +( )

6 3 LLGA
b b

j












+ φ0  (3.4.7)

where the initial deformations φ
i
0 and φ

j
0 have the same expressions of the previous section, i.e. Equa-

tions (3.3.5) and (3.3.7). The constitutive equation for the elongation is the same in both theories, that 
is, Equation (3.3.8). Writing the constitutive equations in matrix form gives:
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{ } ([ ] [ ] ){ } { }Φ Φ
b f b s b b b
= + +F F M 0 ; where  (3.4.8)
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 (3.4.9)

Notice that the matrix [ ]F
f b

has the same expression obtained in the previous section for the flexibil-
ity matrix, Equation (3.3.9). Thus, the only difference between the constitutive equation based on the 
Euler-Bernoulli theory and the one derived from the modified Timoshenko theory is the shear flexibil-
ity matrix [ ]F

s b
. For slender frame elements, that is with large aspect ratios, the shear flexibility matrix 

[ ]F
s b

becomes very small with respect to the flexure flexibility term [ ]F
f b

and the additional shear defor-
mations [ ] { }F M

s b b
can indeed be neglected. For short or squat elements this is not the case and both 

flexibility matrices should be taken into account.
Again, the constitutive equation can also be expressed in terms of stresses as a function of deformations:

{ } [ ] { } { }M E M
b b b b
= +Φ 0 ; where  (3.4.10)
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 (3.4.11)

{ } [ ] { }M E0 0
b b b
= − Φ  (3.4.12)

Notice that even if the initial deformations are the same for both theories, the initial stresses may be 
different. Table 4 shows the expressions of the initial stresses for some frequent cases.

An example of application of these constitutive equations is presented in example 3.7.4.
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Table 4. Initial stresses for some cases of forces on the elements 
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3.5 TRIDIMENSIONAL ELASTIC FRAMES

3.5.1 Kinematic of Tridimensional Frames

As mentioned in section 3.1.1, structures can be analyzed as two-dimensional or tridimensional frames. 
The former option, although simpler, neglects some significant effects. In some important practical 
cases, such as irregular buildings or structures, the tridimensional effects should not be ignored. This is 
the subject of the present section.

Consider a tridimensional frame as the one shown in Figure 13. It is introduced a set of coordinate 
axes X Y Z. The movement of a node i of the frame is now characterized by six values. They are the 
displacements ui, vi, wi in the directions of the three coordinate axes and the corresponding rotations φi, 
θi y ζi. The matrix of generalized displacements of an element b is now:

{ } ( , , , , , , , , , , , )q
b
t

i i i i i i j j j j j j
u v w u v w= ϕ θ ζ ϕ θ ζ  (3.5.1)

The matrix of generalized displacements of the frame is also obtained including the displacements 
and rotations of all nodes; thus, it has now 6n components.

In order to define the matrix of generalized deformations of a tridimensional element, a set of lo-
cal coordinate axes X’b, Y´b, Z´b is also introduced; the origin of the local axes is fixed on the node i of 
the element and the axis X´b remains adhered to the element’s cord; the axes Y´b, Z´b coincide with the 
principal axes of the cross-section.

The matrix of generalized deformations of a tridimensional frame element is:

{ } ( , , , , , )Φ
b
t

iy
b

jy
b

b iz
b

jz
b

x
b= φ φ δ φ φ φ  (3.5.2)

Figure 13. Generalized displacements of a node in a tridimensional frame
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where φ
iy
b and φ

jy
b are the rotations relative to the cord around the local axis Y’b, i.e. the same as in the 

two dimensional case; δb is again the cord’s elongation; φ
iz
b and φ

jz
b are the relative rotations around the 

local axis Z’b; finally, φ
x
b is the torsion deformation of the element, see Figure 14.

The kinematic equation has the same general form, but with the following kinematic transformation 
matrix:

{ } [ ] { }d d
b b b

Φ = B q  (3.5.3)

[ ]B
b

x
b

b

y
b

b

z
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=
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 (3.5.4)

Figure 14. Generalized deformations in a tridimensional frame element



56

Elastic Frames
 

where { } ( , , )t
b
t

x
b

y
b

z
bt t t= , { } ( , , )n

b
t

x
b

y
b

z
bn n n= ;{ } ( , , )m

b
t

x
b

y
b

z
bm m m=  are, respectively, unit vectors in the 

directions of the local coordinate axes X’b, Y’b, Z’b; the components of these vectors are expressed with 
respect to the coordinate global axes. The demonstration of (3.5.4) is given in the next section.

3.5.2 Kinematic Transformation Matrix in the Tridimensional Case

Consider a frame element in the local coordinates as shown in Figure 15. Let { '}q
b

be the matrix of 
generalized displacements with respect to the local coordinate system:

{ '} ( ' , ' , ' , ' , ' , ' , ' , ' , ' , ' , ' , ' )q
b
t

i i i i i i j j j j j j
u v w u v w= ϕ θ ζ ϕ θ ζ  (3.5.5)

The generalized displacements in the local coordinates and the global coordinates are related by the 
following expressions:

{ '} [ ] { } [q T q T]

t 0 0 0

0 t 0 0

0 0 t 0

0 0 0 t

b b b b

b

b

b

b

= =

















; where 

































= =; ;t 0
b

x y z

x y z

x y z

t t t

n n n

m m m

0 0 0

0 0 0

0 0 0

















 (3.5.6)

Again, Equation (3.5.6) is based on the well-known relationship between the components of a vector 
in two different coordinate systems.

The kinematic equations for the generalized deformations in the coordinate local axes can be obtained 
by simple inspection of the diagrams included in Figure 15; they are:

d
dw

L

dw

L
d d

dw

L

dw

L
d d d

iy
b i

b

j

b
i jy

b i

b

j

b
j b

φ θ φ θ δ= − + + = − + + = −
' '

' ;
' '

' ; uu du
i j
' '+ ;  

d
dv

L

dv

L
d d

dv

L

dv

L
d d d

iz
b i

b

j

b
i iz

b i

b

j

b
i x

bφ ζ φ ζ φ ϕ= − + = − + = −
' '

' ;
' '

' ; '' '
i j

d+ ϕ  (3.5.7)

In matrix notation, the kinematic equations are written as:

{ } [ '] { '}d d
b b b

Φ = B q ; 
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Figure 15. Kinematic equations in local coordinates: a-b) Displacement of node i and j in the X’b local 
axis. c-d) Displacement in the Z’b local axis and relative rotation around the Y’b local axis of node i. e-f) 
Displacement in the Z’b direction and relative rotation around the Y’b local axis of node j. g-h) Displace-
ment in the Y’b local axis and relative rotation around the Z’b local axis of node i. i-j) Displacement in 
the Y’b direction and relative rotation around the Z’b local axis of node j. k-l) Relative rotation around 
the X’ b local axis of node i and j
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[ ']B
b

b b

b b

b

L L

L L

L

=

−

−

−

0 0
1

0 1 0 0 0
1

0 0 0

0 0
1
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−

−
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 L

L L

b
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 (3.5.8)

The substitution of (3.5.6) into (3.5.8) leads to the kinematic Equation (3.5.3) with [ ] [ '] [ ] ;B B T
b b b
=

it can be verified that the latter equation gives, indeed, expression (3.5.4).

3.5.3 Dynamic of Tridimensional Frames

The matrix of generalized stresses conjugated to the deformations introduced in the previous section is:

{ } ( , , , , , )M
b
t

iy
b

jy
b

b iz
b

jz
b

x
bm m n m m m=  (3.5.9)

where m
iy
b and m

jy
b are the flexural moments around the local axis Y’b, i.e. the same of the two dimen-

sional case; nb is again the average axial force; m
iz
b and m

jz
b are the flexural moments around the local 

axis Z’b; mx
b is the average torque (see Figure 16).

Figure 16. Generalized stresses in a tridimensional frame element
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The matrix of generalized external forces is composed, as in the planar case, with forces and moments 
that correspond to the generalized displacements introduced in the previous section:

{ } ( , , , , , , ....., , )P t = p p p p p p p p
u v w n n1 1 1 1 1 1ϕ θ ζ θ ζ  (3.5.10)

Thus, the general form of the equilibrium equation does not change:

[ ] { } [ ]{ } { }B M Mass U P
E b

t
b

b

m

=
∑ + =

1

��  (3.5.11)

Where the mass matrix has now the following expression:

[ ] [ ]Mass T
b b

t

Mass
b

Mass
b

Mass
b

=

2
0 0 0 0 0 0 0 0 0 0 0

0
2

0 0 0 0 0 0 0 0 0 0

0 0
2

0 0 0 00 0 0 0 0 0

0 0 0
2
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0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0

Mass
b
J
b

A

Maass
b

Mass
b

Mass
b

Mass

2
0 0 0 0 0

0 0 0 0 0 0 0
2

0 0 0 0

0 0 0 0 0 0 0 0
2

0 0 0

0 0 0 0 0 0 0 0 0 bb
J
b

A2
0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0













































































[ ]T
b

 

(3.5.12)

where Jb is the polar moment of inertia and [ ]T
b
t is the geometric transformation matrix of the element 

b (3.5.6).

3.5.4 Constitutive Equations for Tridimensional Frame Element

The procedure for the determination of the constitutive equations does not change in the tridimensional 
case. For instance if the shear deformations are neglected, the constitutive equation is:

{ } { } [ ] { }M M E
b b b b
= +

0
Φ  (3.5.13)



60

Elastic Frames
 

With

[ ]E =

4 2
0 0 0 0

2 4
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0 0 0
4

EI

L

EI

L
EI

L

EI

L
AE

L
EI

y
b

b

y
b

b

y
b

b

y
b

b

b

b

z
b

LL

EI

L
EI

L

EI

L
GJ

L

b

z
b

b

z
b

b

z
b

b

b

b

2
0

0 0 0
2 4

0

0 0 0 0 0

























































 (3.5.14)

where I
y
b is the moment of inertia of the element’s cross-section around the local axis Y’b; Iz

b is the mo-
ment of inertia around the axis Y’b; GJ

b
is torsional rigidity of the cross-section.

3.6. SUMMARY AND EQUATIONS QUICK REFERENCE

The kinematic of frames is defined by the matrix of displacements and m deformation matrices, one for 
each element of the frame. Statics of frames is described by the external forces matrix and m generalized 
stresses matrices. There is a kinematic equation for each frame element that relates the corresponding 
deformation matrix with displacements. The equilibrium equation permits the computation of the external 
forces from the generalized stresses. Finally, the elastic constitutive equation relates stresses with defor-
mation or vice versa. All these equations have been defined for planar frames, tridimensional frames and 
dual systems. External forces can be applied directly on the nodes or along the elements. The algorithms 
for including both kind of external actions are discussed in the chapter. Set of external displacements 
have to be imposed in the analysis in order to ensure the stability of the structure (See Table 5).
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Table 5.  

KINEMATICS OF PLANAR FRAMES

Generalized Displacements of a Planar Frame

Generalized displacement matrix of the frame 

{ }U =









































u

w

u

u

w
n

n

n

1

1

1

2

θ

θ

�
 (3.1.1)

u1 = displacement in the direction X of the node 1. 
w1 = displacement in the direction Z of the node 1. 
θ1 = rotation of the node 1. 
�
un = displacement in the direction X of the node n. 
wn = displacement in the direction Z of the node n. 
θn = rotation of the node n.

Generalized displacement matrix of a frame element b between nodes i and j 

{ }q
b

i

i

i

j

j

j

u

w

u

w

=

































θ

θ

 (3.1.2)

                    ui = displacement in the direction X of the node i. 
                    wi = displacement in the direction Z of the node i. 
                    θi = rotation of the node i. 
                    uj = displacement in the direction X of the node j. 
                    wj = displacement in the direction Z of the node j. 
                    θj = rotation of the node j.

Generalized Deformation Matrix

Generalized deformation matrix of the frame element b 

Φ{ } =




















b

i
b

j
b

b

φ

φ
δ

 (3.1.3)

  φ
i
b = angle between the cord i-j and the normal to the cross-section at the end i.

  φ
j
b  = angle between the cord i-j and the normal to the cross-section at the end j.

  δb = elongation of the cord.

continued on following page
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Kinematic Equations

Nodal displacement in local coordinate axes 
{ '} ( ' , ' , ' , ' , ' , ' )q

b
t

i i i j j j
u w u w= θ θ

Relationship between 
{ '}q

b and 
{ }q

b

{ '} { } ;q q
b b b

T= 

 (3.1.5)

T
b

b b

b b

b b




 =

−
cos sin

sin cos

cos sin

α α
α α

α α

0 0 0 0

0 0 0 0

0 0 1 0 0 0

0 0 0 0

00 0 0 0

0 0 0 0 0 1

−

































sin cosα αb b

  [T]b: geometrical transformation matrix

Kinematic equations 

For 
α α

b b
= ( )q

, 
L L

b b
= ( )q

{ } [ ]{ };[ ]

sin cos sin cos

sin
d d

L L L L
b

b

b

b

b

b

b

b

Φ = =

− −

B(q) q B(q)

α α α α
1 0

αα α α α

α α α α
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b

b

b

b

b

b

b

b b b b

L L L L
− −

− −








cos sin cos

cos sin cos sin

0 1

0 0

























 ; (3.1.10)

[ ]B
b is called kinematic transformation matrix of the element b

For 
α α

b b b b b b b
L L≅ ≅ { } ≅   { }

0 0 0; ; Φ B q
(3.1.11)

B0


b is the kinematic transformation matrix

d d
b E b b E b

Φ Φ{ } ≅  
 { } { } ≅   { }B U U B U( ) ; or 0

; (3.1.12)

[ ( )]B q
E b  is denoted enlarged transformation matrix

Table 5. Continued

continued on following page
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[ ]
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sin cos
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=
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(3.1.13)

Simplified Analysis of Deformations: Story Drift Ratio

Kinematic equation 

Φ{ } =
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 (3.1.14)

                                    
∆ = =φ φ

botton
col

top
col

: story drift ratio

DYNAMICS OF PLANAR FRAMES

Deformation Work of a Frame and Generalized Stress Matrix of a Frame Element

A structure in dynamic equilibrium verifies the equation: 

W W W
def ine ext
* * * *{ }+ = ∀            U

 (3.2.1)

Generalized stress matrix: 

{ }M
b

i
b

j
b

b

m

m

n

=





















 (3.2.2)

                                
m

i

b

: bending moment at the i end of the element b,

                                
m

j

b

: bending moment at the end j
                                nb:average axial force on the element b

Deformation work of a frame: 

W
def b

t
b

b

m
* *{ } { }=

=
∑ Φ M

1  (3.2.3)

{ }*Φ
b : a virtual, i.e. arbitrary and infinitesimal, deformation matrix

Table 5. Continued

continued on following page
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Inertia Work of a Frame and Matrix of Masses

The matrix of masses of the element b 

[ ]Mass
b

b

b

b

b

Mass

Mass

Mass

Mass

=

2
0 0 0 0 0

0
2

0 0 0 0

0 0 0 0 0 0

0 0 0
2

0 0

0 0 0 0
2

0

00 0 0 0 0 0







































  (3.2.4)

                Massb: mass of the element b 

[ ] { }Mass q
b
��

: inertia force on an element b

 

{ }��q
q

=












d

dt

2

2

: generalized acceleration matrix of element b the

Inertia work 

W
ine

t
E

b

m
t* * *{ } [ ] { } { } [ ]{ }= =

=
∑U Mass U U Mass Ub

�� ��
1  (3.2.5)

[ ] [ ]Mass Mass b=
=
∑ E
b

m

1  is the matrix of masses of the frame

External Work of a Frame and Matrix of Generalized External Forces

External work: 

W
ext

t* *{ } { }= U P
 (3.2.6)

Generalized external forces matrix of a frame: 

 

{ }P =








































p

p

p

p

p

p

u

w

u

wn

n

1

1

1

2

θ

θ

�

�

 (3.2.7)
                    Pu1 = external force in direction X on the node 1. 
                    Pw1 = external force in direction Z on the node 1. 
                    Pθ1 = external bending moment on the node 1. 
�
                    P wn = external force in direction Z on the node n. 
                    Pθn = external bending moment on the node n.

Table 5. Continued

continued on following page
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Matrix of external forces
{ } { } { }P P P= +n eq

(3.2.8)

Dynamic and Quasi Static Equilibrium Equations

The principle of virtual work (3.2.1) states that: 

{ } { } { } [ ]{ } { } { } { }* * * *Φ
b
t

b
b

m
t tM U Mass U U P U

=
∑ + = ∀

1

��

 (3.2.9)

The principle of virtual work leads to: 

{ } [ ] { } [ ]{ } { } { }* *U B M Mass U P Ut
E b

t
b

b

m

=
∑ + −









= ∀

1

0��

 (3.2.10)

Dynamic equilibrium equation 

For 
α α

b b b b
L L= =( ); ( )q q

; 

[ ] { } [ ]{ } { }B M Mass U P
E b

t
b

b

m

=
∑ + =

1

��

(3.2.11)
 

For 
α α

b b b b
L L≅ ≅0 0;

;

[ ] { } [ ]{ } { }B M Mass U P
E b

t
b

b

m
0

1=
∑ + =��

 (3.2.12)

Quasi static equilibrium equations 

For 
α α

b b b b
L L= =( ); ( )q q

; 

[ ] { } { }B M P
E b

t
b

b

m
0

1=
∑ =

(3.2.13)

For 
α α

b b b b
L L≅ ≅0 0;

;

[ ] { } { }B M P
E b

t
b

b

m

=
∑ =

1  (3.2.14)

CONSTITUTIVE EQUATIONS FOR A SLENDER FRAME MEMBER

Summary of Variables and Equations in an Elastic Analysis

Table 5. Continued

continued on following page
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Constitutive Equations Based on the Theory of Euler-Bernoulli Beams

Constitutive equations 

 

d M x

dx
Q xb b

b

b b

2

2

( )
( )=

; 

d x

dx

M x

EI
b b

b

b b

b

2

2

ω ( ) ( )
=

; 

n EA
du x

dxb b
b b

b

=
( )

(3.3.1)
  Mb(xb): bending moment distribution on the element Qb(xb): distributed external forces, 
  ωb(xb): deflection 
  EIb: elasticity modulus multiplied by the inertia moment of the cross-section 
  nb: axial force 
  Ab: area of the cross-section 
  ub(xb): displacement in the direction of the cord

The general solution of (3.3.1a) is: 

M x Q x C x C
b b b b
( ) ( )= + +2

1 2 ; where 

Q x Q x dxdx
b b

xx

2
00

( ) ( )= ∫∫
(3.3.2)

The constants C1 and C2 can be computed by the boundary conditions: 
m M

i
b

b
= ( )0

and 
m M L

j
b

b b
= − ( )

.

The general solution to (3.3.1b) is: 

EI x Q x C
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C
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b b b
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6 21
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3 4
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Q x Q x dxdxdxdx
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xxxx

4
0000

( ) ( )= ∫∫∫∫
(3.3.3) 

The constants C3 and C4 can be computed by the boundary conditions ω( )0 0= and 
ω( )L

b
= 0

.

The constitutive equation for the deformation 
φ

i
b

is then given by:

φ
ω

φ
i
b b
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b
i
b b

b
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EI
m

L

EI
m= − = − +
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3 6
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(3.3.5) 

The constitutive equation for the deformation 
φ

j
b

is:

φ
ω

φ
j
b b b

b

b

b
i
b b

b
j
b

j

d L

dx

L

EI
m

L

EI
m= − = − + +
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6 3
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; (3.3.6)
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6
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( ) ( )
( )
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 (3.3.7)

The constitutive equation for the axial force: 

n
AE

Lb
b

b
b

= δ
 (3.3.8)

Table 5. Continued
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Constitutive equations in matrix form 

{ } [ ] { } { }Φ Φ
b f b b b
= +F M 0

 where 

F
f b
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b
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 ; (3.3.9)

Φ0
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0

0
{ } =





















b

i

j

φ

φ

  
[ ]F

f b : flexibility matrix of the element b

  
{ }Φ0

b : matrix of initial deformations

Constitutive equations, expressed in terms of stresses as a function of deformations, in matrix form: 

{ } [ ] { } { }M E M
b b b b
= +Φ 0

 (3.3.10)

E F
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 =
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b f b

b

b

b

b

b

b

b

b

b

b

EI

L

EI

L
EI

L

EI

L
AE

L

1

4 2
0

2 4
0

0 0

























 and 

{ } [ ] { }M E0 0
b b b
= − Φ

(3.3.11)

  
[ ]E

b : elasticity matrix of the element b

  
{ }M0

b : matrix of initial stresses.

CONSTITUTIVE EQUATIONS FOR FRAME MEMBERS OF ANY ASPECT RATIO

Constitutive Equations Based on the Theory of Modified Timoshenko Beams

Constitutive equations: 

dV x

dx
Q x

dM x

dx
V xb b

b
b b

b b

b
b b

( )
( );

( )
( )= =

; (3.4.1)

M x EI
d x

dx
V x GA x

d x

dxb b b
b b

b
b b b b b

b b

b

( )
( )

; ( ) ( )
( )

= = −








β

β
ω


 (3.4.2)

n EA
du x

dxb b
b b

b

=
( )

 (3.4.3)
  Vb: shear force on the element 
  βb: rotation of the cross-section 
  G:transverse elastic modulus
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V x Q x C
b b b
( ) ( )= +1

1 ; where 

Q x Q x dx
b b

x

1
0

( ) ( )= ∫
(3.4.4) 

M x Q x C x C
b b b b
( ) ( )= + +2

1 2

The general solutions of the differential equations (3.4.2) are: 

EI x Q x C
x

C x C
b b b b

b
b

β ( ) ( )= + + +3
21

2

2 3
; (3.4.5) 

GA x Q x C x
GA

EI
Q x C

x
C
x

C x
b b b b b

b

b
b

b b
b

ω ( ) ( ) ( )= − − + + + +




2 4
6 21 1

3

2

2

3






+C

4

(3.4.6)

The constitutive equation for deformations 
φ

i
b

and 
φ

j
b

are:

φ β
i
b

b
b

b
i
b b

b
j
b i

b

b b

j
b

b

L

EI
m

L

EI
m

m

LGA

m

L
= − = −










+ +( )0

3 6 GGA
b

i












+ φ0

;
(3.4.7) 

φ β
j
b

b b
b

b
i
b b

b
j
b i

b

b b

j
b

L
L

EI
m

L

EI
m

m

LGA

m
= − = − +










+ +( )

6 3 LLGA
b b

j












+ φ0

Constitutive equations in matrix form 

{ } ([ ] [ ] ){ } { }Φ Φ
b f b s b b b
= + +F F M 0

 (3.4.8)
where 

F
f b

b

b

b

b

b

b

b

b

b

b

L

EI

L

EI
L

EI

L

EI
L

AE




 =

−

−

















3 6
0

6 3
0

0 0




















 =








; F
s b

b b b b

b b b b

LGA LGA

LGA LGA

1 1
0

1 1
0

0 0 0

























 (3.4.9)

              
[ ]F

f b : flexibility matrix of the element b

              
[ ]F

s b : shear flexibility matrix of the element b

Constitutive equations in matrix form: 
 

{ } [ ] { } { }M E M
b b b b
= +Φ 0

 (3.4.10)
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E F F


 =




 +



( ) =

+

−

b f b s b

b b b b

b b

LGA EI EI

L LGA
1

2

2

4 3( )

(
bb b

b b b b

b b b b

b b b

EI

LGA EI EI

L LGA EI
LGA EI E

+

−

+
−

12

2 6

12
0

2 6

2

2

2

)

( )

( )
( ) II

L LGA EI

LGA EI EI

L LGA EI
AE

b

b b b b

b b b b

b b b b

b

( )

( )

( )2

2

212

4 3

12
0

0 0

+

+

+

LL
b

































(3.4.11)

{ } [ ] { }M E0 0
b b b
= − Φ

 (3.4.12)
 

  
{ }M0

b  = matrix of initial stresses by modified Timoshenko beam theory.

TRIDIMENSIONAL ELASTIC FRAMES

Kinematic of Tridimensional Frames

Generalized displacement matrix of a frame element b 

{ } ( , , , , , , , , , , , )q
b
t

i i i i i i j j j j j j
u v w u v w= ϕ θ ζ ϕ θ ζ

 (3.5.1)
  ui, vi, wi = displacements in directions X, Y, Z at the end i. 
  φi, θi, ζi = rotations around the X, Y, Z axes at the end i. 
  uj, vj, wj = displacements in directions X, Y, Z at the end j. 
  φj, θj, ζj = rotation around the X, Y, Z axes at the end j.

Generalized deformation matrix of a frame element b 

{ } ( , , , , , )Φ
b
t

iy
b

jy
b

b iz
b

jz
b

x
b= φ φ δ φ φ φ

 3.5.2)

φ
iy
b

, 
φ

jy
b

= relative rotations to the cord around the local axis Y’b.
              δb = cord’s elongation. 

φ
iz
b

, 
φ

jz
b

= relative rotations to the cord around the local axis Z’b.

              
φ

x
b

 = torsion deformation.
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Kinematic equation 

{ } [ ] { }d d
b b b

Φ = B q
 (3.5.3)

[ ]B
b

x
b

b

y
b

b

z
b

b
x
b

y
b

z
b x

b

b

y
b

b

z
b

b

x
b

b

m

L

m

L

m

L
n n n

m

L

m

L

m

L

m

L

m

=

− − −

− −

0 0 0

yy
b

b

z
b

b

x
b

b

y
b

b

z
b

b
x
b

y
b

z
b

x
b

y
b

z
b

x
b

y

L

m

L

m

L

m

L

m

L
n n n

t t t t t

−

− − −

0 0 0

0 0 0 bb
z
b

x
b

b

y
b

b

z
b

b
x
b

y
b

z
b x

b

y
b

b

z
b

b

x
b

b

t

n

L

n

L

n

L
m m m

n

L

n

L

n

L

n

L

n

0 0 0

0 0 0− − −

yy
b

b

z
b

b

x
b

b

y
b

b

z
b

b
x
b

y
b

z
b

x
b

y
b

z
b

L

n

L

n

L

n

L

n

L
m m m

t t t

0 0 0

0 0 0 0 0 0

− − −

− − − tt t t
x
b

y
b

z
b



















































(3.5.4) 

  
{ } ( , , )t

b
t

x
b

y
b

z
bt t t=

= unit vector in the direction of the local coordinate axe X’b.

  
{ } ( , , )n

b
t

x
b

y
b

z
bn n n=

= unit vector in the direction of the local coordinate axe Y’b.

  
{ } ( , , )m

b
t

x
b

y
b

z
bm m m=

 = unit vector in the direction of the local coordinate axe Z’b.

Kinematic Transformation Matrix in the Tridimensional Case

Matrix of generalized displacements with respect to the local coordinate system 

{ '} ( ' , ' , ' , ' , ' , ' , ' , ' , ' , ' , ' , ' )q
b
t

i i i i i i j j j j j j
u v w u v w= ϕ θ ζ ϕ θ ζ

 (3.5.5)

Relationship between 
{ '}q

b and 
{ }q

b

{ '} [ ] { }q T q
b b b
=

;where 

[T]

t 0 0 0
0 t 0 0
0 0 t 0
0 0 0 t

b

b

b

b

b

=

























; 

t
b

x y z

x y z

x y z

t t t

n n n

m m m

=





















(3.5.6)

0 =





















0 0 0

0 0 0

0 0 0

Kinematic equations for the generalized deformations in the local coordinate axes: 

d
dw

L

dw

L
d

iy
b i

b

j

b
i

φ θ= − + +
' '

'
; 

d
dw

L

dw

L
d

jy
b i

b

j

b
j

φ θ= − + +
' '

'
; 
d du du

b i j
δ = − +' '

(3.5.7) 

d
dv

L

dv

L
d

iz
b i

b

j

b
i

φ ζ= − +
' '

'
 

d
dv

L

dv

L
d

iz
b i

b

j

b
i

φ ζ= − +
' '

'
; 
d d d

x
b

i j
φ ϕ ϕ= − +' '
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Constitutive equations in matrix form 

{ } [ '] { '}d d
b b b

Φ = B q
; (3.5.8)

[ ']B
b

b b

b b

b

L L

L L

L

=

−

−

−

0 0
1

0 1 0 0 0
1

0 0 0

0 0
1

0 0 0 0 0
1

0 1 0

1 0 0 0 0 0 1 0 0 0 0 0

0
1

0 00 0 1 0
1

0 0 0 0

0
1

0 0 0 0 0
1

0 0 0 1

0 0 0 1 0 0 0 0 0 1 0 0

−

−

−

















 L

L L

b

b b






























Dynamic of Tridimensional Frames

Generalized stress matrix of a frame element b 

{ } ( , , , , , )M
b
t

iy
b

jy
b

b iz
b

jz
b

x
bm m n m m m=

 (3.5.9)

m
iy
b

, 
m

jy
b

= flexural moments around the local axis Y’b.
                    nb = average axial force. 

m
iz
b

, 
m

jz
b

= flexural moment around the local axis Z’b.

                    
m

x
b

 = average torsion moment.

Generalized external forces matrix 

{ } ( , , , , , , ....., , )P t = p p p p p p p p
u v w n n1 1 1 1 1 1ϕ θ ζ θ ζ  (3.5.10)

Pu1, Pv1, Pw1 = external forces in direction X, Y, Z global axes on the node 1. 
Pφ1, Pθ1, Pζ1 = external bending moments around of X, Y, Z global axes on the node 1. 
 
Pu1, Pv1, Pw1 = external forces in direction of X, Y, Z global axes on the node n. 
Pφ1, Pθ1, Pζ1 = external bending moments around of X, Y, Z global axes on the node n.
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Equilibrium equation 

[ ] { } [ ]{ } { }B M Mass U P
E b

t
b

b

m

=
∑ + =

1

��

 (3.5.11)

[ ] [ ]Mass T
b b

t

b

b

b

Mass

Mass

Mass

=

2
0 0 0 0 0 0 0 0 0 0 0

0
2

0 0 0 0 0 0 0 0 0 0

0 0
2

0 0 0 00 0 0 0 0 0

0 0 0
2

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0

Mass J
A

M

b b

aass

Mass

Mass

Mass

b

b

b

2
0 0 0 0 0

0 0 0 0 0 0 0
2

0 0 0 0

0 0 0 0 0 0 0 0
2

0 0 0

0 0 0 0 0 0 0 0 0 bb b
J

A2
0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0











































































[ ]T b

(3.5.12) 
Jb: polar moment of inertia

[ ]T
b
t

 is the geometric transformation matrix of the element b

Constitutive Equations for Tridimensional Frame Element

Constitutive equations 

{ } { } [ ] { }M M E
b b b b
= +

0
Φ

 (3.5.13)

[ ]E =

4 2
0 0 0 0

2 4
0 0 0 0

0 0 0 0 0

0 0 0
4

EI

L

EI

L
EI

L

EI

L
AE

L
EI

y
b

b

y
b

b

y
b

b

y
b

b

b

b

z
b

LL

EI

L
EI

L

EI

L
GJ

L

b

z
b

b

z
b

b

z
b

b

b

b

2
0

0 0 0
2 4

0

0 0 0 0 0

























































I
y
b

 = moment of inertia of the element’s cross-section around the local axis Y’b.

I
z
b

= moment of inertia of the element’s cross-section around the local axis Z’b.

J
b  = polar moment of inertia of the cross-section.
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3.7. EXAMPLES

3.7.1 Kinematic Equations of a Two Span Continuous Beam

In this example, the kinematic equations for the beam shown in Figure 17 are written considering small 
displacements.

The structure has only 2 elements and 3 free displacements: the horizontal displacement (u2), the 
vertical one (w2) and the rotation (θ2) at the node 2. The remaining six displacements are all restricted 
and correspond to the fixed supports at nodes 1 and 3.

For the element 1 between nodes 1 and 2 (L = 0.75 m and α = 0), the linear kinematic equation 
{ } [ ] { }Φ

1
0

1 1
= B q can be written as:

φ

φ
δ

1
1

2
1

1

0 1 333 1 0 1 333 0

0 1 333 0 0 1 333 1

1 0 0 1





















=
−
−

−

. .

. .

00 0

0

0

0

2

2

2





















































u

ω
θ

 (3.7.1)

i.e.:

φ φ θ δ
1
1

2 2
1

2 2 1 2
1 333 1 333= = + =. ; . ;w w u  (3.7.2)

For the element 2 between nodes 2 and 3 (L = 5 m and α = 0), the kinematic equation { } [ ] { }Φ
2

0
2 2

= B q
can be written as:

Figure 17. Two span beam
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φ

φ
δ

2
2

3
2

2

0 0 20 1 0 0 20 0

0 0 20 0 0 0 20 1

1 0 0 1 0 0





















=
−
−

−





. .

. .
















































u2

2

2

0

0

0

ω
θ

 (3.7.3)

That is:

φ θ φ δ
2
2

2 2 3
2

2 2 2
0 2 0 20= − + = = −. ; . ;w w u  (3.7.4)

3.7.2 Equilibrium Equations of a Two Span Continuous Beam

Consider again the structure in Figure 17; in the case of quasi-static analysis, the equilibrium equation 
is written as:

[ ] { } [ ] { } { }B M B M P
E

t
E

t0
1 1

0
2 2

+ =  (3.7.5)

where the generalized external forces matrix is (see Figure 18):

{ }P = −





































R

R

R

R

R

R

u

w

u

w

1

1

1

3

3

3

0

200

0

θ

θ












 (3.7.6)

Figure 18. External nodal forces
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For the element 1, the enlarged transformation matrix is obtained from the expression (3.7.1):

B
E



 =

−
−

−





1

0 1 333 1 0 1 333 0 0 0 0

0 1 333 0 0 1 333 1 0 0 0

1 0 0 1 0 0 0 0 0

. .

. .
















 (3.7.7)

And the generalized stress matrix is:

{ }M
1

1
1

2
1

1

=





















m

m

n

 (3.7.8)

For element 2, the enlarged transformation matrix is obtained from the expression (3.7.3):

B
E



 =

−
−

−

















2

0 0 0 0 0 2 1 0 0 2 0

0 0 0 0 0 2 0 0 0 2 1

0 0 0 1 0 0 1 0 0

. .

. . 




 (3.7.9)

And the generalized stress matrix is:

{ }M
2

2
2

3
2

2

=





















m

m

n

 (3.7.10)

In explicit form, Eq. (3.7.5) gives the following equilibrium equations:

R n R m m R m
u w1 1 11 11 21 11

1 333= − = − + =; . ( ); ;θ  

n n m m m m m m
1 2 11 21 22 32 21 22

1 333 0 20 200= + − + = − = −; . ( ) . ( ) ;  

R n R m m R m
u w3 3 32 22 32 32

0 20= = + =; . ( ); θ  (3.7.11)
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3.7.3 Constitutive Equations of a Two Span Continuous 
Beam using Euler-Bernoulli Theory

Consider again the beam that is shown in Figure 17. The initial stresses and deformations in the consti-
tutive equation (3.3.10) for this case are nil because there are not forces on the two elements: 
{ } [ ] { }M E

b b b
= Φ for b=1, 2.

The elasticity matrices for elements 1 and 2 obtained from Eq. (3.3.11), with an elasticity modulus 
of 2.39x104 MPa, are:

E

 =1

8 8

8 8

9

3 983 10 1 992 10 0

1 992 10 3 983 10 0

0 0 4 780 10

. .

. .

.

x x

x x

x





















 (3.7.12)

E

 =2

7 7

7 7

8

5 975 10 2 988 10 0

2 988 10 5 975 10 0

0 0 7 170 10

. .

. .

.

x x

x x

x





















 (3.7.13)

Then the expressions of generalized stresses, in function of the generalized deformations, are for 
element 1:

m x x m x x
1
1 8

1
1 8

2
1

2
1 8

1
1 8

2
3 983 10 1 992 10 1 992 10 3 983 10= + = +. . ; . .φ φ φ φ11

1
9

1
4 780 10; .n x= δ  

(3.7.14)

and for element 2:

m x x m x x
2
2 7

2
2 7

3
2

3
2 7

2
2 7

3
5 975 10 2 988 10 2 988 10 5 975 10= + = +. . ; . .φ φ φ σ22

2
8

2
7 170 10; .n x= δ  

(3.7.15)

3.7.4 Constitutive Equations of a Two Span Continuous 
Beam using Modified Timoshenko Theory

In this case, the constitutive equations for the elements of the beam shown in Figure 17 are obtained 
using the Eq. (3.3.10) with the elasticity matrices given in (3.4.11) and considering ν = 0.20.

E

 =1

8 7

7 8

9

2 441 10 4 497 10 0

4 497 10 2 441 10 0

0 0 4 780 10

. .

. .

.

x x

x x

x





















 (3.7.16)
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E

 =2

7 7

7 7

8

5 870 10 2 882 10 0

2 882 10 5 870 10 0

0 0 7 170 10

. .

. .

.

x x

x x

x





















 (3.7.17)

Therefore, the expressions of generalized stresses, in function of the generalized deformations, for 
element 1 are:

m x x m x x
1
1 8

1
1 7

2
1

2
1 7

1
1 8

2
2 441 10 4 497 10 4 497 10 2 441 10= + = +. . ; . .φ φ φ φ11

1
9

1
4 780 10; .n x= δ  

(3.7.18)

and for element 2, they are:

m x x m x x
2
2 7

2
2 7

3
2

3
2 7

2
2 7

3
5 870 10 2 882 10 2 882 10 5 870 10= + = +. . ; . .φ φ φ φ22

2
8

2
7 170 10; .n x= δ  

(3.7.19)

Notice that there is a small difference between in the elasticity matrices (3.7.13) and (3.7.17) corre-
sponding to the largest element and there is a big difference between the matrices (3.7.12) and (3.7.16).

3.7.5 Initial Deformations and Initial Stresses Computations for a 
Fixed Beam under Constant Loading using Euler-Bernoulli Theory

The initial deformations for the beam shown in Figure 19 are determined using Equations (3.3.5 and 
3.3.7 that are, respectively,

φ
i

b

b b

b b
EI

LQ LQ L
Q

Q
L

Q L
L

0 1 2 0

3

2

6
3 0

4 0 4
= − − − − +









( ) ( )

( )
( ) ( )


 

φ
j

b

b b b
b

b b
EI

LQ LQ L
Q L

Q
L

Q L
L

0 1 2 0

6

2

3
3

4 0 4
= + − − +









( ) ( )

( )
( ) ( )

 

For the beam shown in Figure 19 the load can be written as:

Q x Q
b

( )= −  (3.7.20)

Then,

Q x
Qx

Q x
Qx

Q x
Qx

b b b
2

2
3

6
4

24

2 3 4

( ) , ( ) ( )= − = − = −, and  (3.7.21)
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The following expressions of initial deformations are obtained after the evaluation of these integrals 
for x = 0 and x L= :

φ φ
i

b
j

b

QL
EI

QL
EI

0
3

0
3

24 24
= = −;  (3.7.22)

Therefore, the initial deformation matrix is:

Φ0

3

3

24

24
0

{ } = −































b

b

b

QL
EI
QL
EI

 (3.7.23)

The initial stresses are computed using Eq. (3.3.11): { } [ ] { }M E0 0
b b b
= − Φ . Then, the initial stresses 

are obtained multiplying the elasticity matrix (3.3.11) and the computed initial deformations (3.7.23).

m
QL

m
QL

i j
0

2
0

2

12 12
= − =;  (3.7.24)

Thus, the initial stresses matrix is:

M0

2

2
12

12
0

{ } =

−




























b

QL

QL  (3.7.25)

Figure 19. Fixed beam subjected to a uniform load
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3.7.6 Initial Stresses Computation for a Fixed Beam under 
Constant Loading using Modified Timoshenko Theory

The initial deformations are the same in both theories; then, the expressions obtained in the former 
example are valid in this case too. The initial stresses are computed using again the expression (3.4.12) 
but this time, the expression for the elasticity matrix (3.4.11).

The initial stresses are obtained by the multiplication of the elasticity matrix and the initial deformations,

m
QL

m
QL

i j
0

2
0

2

12 12
= − =;  (3.7.26)

Notice that these expressions are identical to the ones computed in the former example.

3.7.7 Initial deformations and Initial Stresses Computations for a Fixed 
Beam under a Partial Constant Loading using Euler-Bernoulli Theory

The initial deformations for the beam shown in Figure 20 are determined using Equations (3.3.5 and 
3.3.7 in the same way as in the example 3.7.5,

For the beam shown in Figure 20, the load can be expressed as:

Q x
Q a

b
( )=

− ≤






 if x

 otherwise0
 (3.7.27)

A Heaviside step function is used in order to obtain only one expression to define the load along the 
beam. This function is defined as:

Heaviside x( )=
<
=

>










0 0

0

1 0

if x

undefined if x

if x

 (3.7.28)

Figure 20. Fixed beam subjected to a partial uniform load
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Then, the load expression is:

Q x Q QHeaviside x a
b

( ) ( )= − + −  (3.7.29)

Using an algebraic manipulating program in order to obtain the terms indicated in (3.3.2b), (3.3.5b), 
(3.3.3b) give

Q Q L Qa
a

L Q Q L Qa Qa L QaL

Q

2 0 0 2
2

3 0 0 3
1
6

1
2

1
2

3 2 2( ) ; ( ) ( ); ( ) ; ( )= = − = = − + −

44 0 0 4
1
24

1
6

1
4

1
6

4 3 2 2 3( ) ; ( )= = − + −Q L Qa Qa L Qa L QaL
 (3.7.30)

Finally the substitution of (3.7.30) in (3.3.5a and 3.3.7a), gives:

φ φ
i j

Qa aL L a
LEI

QL a Qa
LEI

0
2 2 2

0
2 2 44 4

24
2

24
=

− + +
= −

−( )
;  (3.7.31)

Therefore, the initial deformation matrix is:

Φ0

2 2 2

2 2 4

4 4
24

2
24

0

{ } =

− + +

−
−



















b

Qa aL L a
LEI

QL a Qa
LEI

( )









 (3.7.32)

The initial stresses matrix is obtained by the multiplication of the elasticity matrix (3.3.11) and the 
initial deformation matrix (3.7.32):

M0

2 2 2

2

3

2

8 6 3

12
4 3

12
0

{ } =

−
− + +

−






















b

Qa aL L a

L
Qa L a

L

( )

( )











 (3.7.33)
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3.7.8 Initial Stresses Computation for a Fixed Beam under a Partial 
Constant Loading using Modified Timoshenko Theory

In this case, the initial stresses are defined by the multiplication of the elasticity matrix (3.4.11) and the 
initial deformation matrix (3.7.32). Thus, the initial stresses matrix is:

M0

2 2 3 2

2

8 6 3 24 36

12 12

{ } =

−
− + + − +

+

b

Qa LGAa LGA LGAa EIa LEI

L LGA EI

( )

( )
QQa LGAa LGAa EIa LEI

L LGA EI

2 2 2

2

4 3 24 36

12 12
0

( )

( )

− − +
+































 (3.7.34)

Notice that if the loading is not symmetric, the initial stresses are different in the two theories.

3.8. PROBLEMS

3.8.1 Define the Kinematic, Equilibrium and Constitutive Equations for the Planar Frame Shown 
in Figure 21 Using Modified Timoshenko Theory and Euler-Bernoulli Theory

3.8.2 Compute Initial Deformations and Initial Stresses for the Beam Shown in Figure 22 Using 
Euler-Bernoulli Theory and Modified Timoshenko Theory

Figure 21. Planar frame
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3.8.3 Compute the Initial Deformations and Stresses for the Beam Shown in Figure 23 Using Euler-
Bernoulli Theory and Modified Timoshenko Theory

3.8.4 Demonstrate That Both Theories Give Different the Initial Stresses If the Loading on a Beam 
Is Unsymmetrical

3.8.5 In Section 3.4.2, the Constitutive Equations Were Developed for the Case of a Planar Element 
with Any Aspect Ratio

Generalize the formulation to the case of a tridimensional frame element.

Figure 22. Fixed beam subjected to a triangular central load

Figure 23. A fixed beam subjected to a triangular load
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Chapter  4
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ABSTRACT

The formulation of a mathematical model that describes some physical phenomenon is just a first step; 
a second one, equally important, is the development of numerical procedures that transform this model 
into a potentially predictive tool with practical engineering applications; no computer software can be 
developed without robust numerical algorithms. This chapter describes some of these procedures in the 
case of elastic frames. First, it considers the direct stiffness method that permits the analysis of linear 
elastic and quasi static structures (Section 4.1); then, the procedure is extended to the more complex 
cases of nonlinear structures (Section 4.2) and dynamic loading (Section 4.3).

4.1 THE DIRECT STIFFNESS METHOD

4.1.1 Stiffness Matrix of a Frame and Matrix of Total Forces

Consider the particular case of a structure under quasi-static loading; assume that nonlinear terms can 
be neglected. Then, the problem is formulated as follows:

1.  Compute: The free displacements, reaction forces, deformations and stresses.
2.  With the Following Data: the initial configuration of the structure, the restricted displacements, 

the external forces corresponding to the free displacements and those applied over the elements; 
finally, the material and cross-section properties (E, ν, I, A).

3.  Such that they verify:
a.  The Kinematic Equation: { } [ ] { }Φ

b E b
= B U0

b.  The Equilibrium Equation: [ ] { } { } { }B M P P
E b

t
b

b

m
n eq0

1=
∑ = + (4.1.1)

c.  The Constitutive Equation: { } [ ] { } { }M E M
b b b b
= +Φ 0

The problem can now be resolved as follows; the combination of Equations (4.1.1) leads to:

Analysis of Elastic Frames
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[ ]{ } { }K U F=  (4.1.2)

where

[ ] [ ] [ ] [ ] ; [ ] [ ] ;[ ] [ ]K B E B K k k B= = =
= =
∑ ∑E b

t
b E b

b

m

E b
b

m

E b E b
t0 0

1 1

0or [[ ] [ ]E B
b E b

0 ;  (4.1.3)

{ } { { };{ } { [ ] { }F P P P P B M= + =
=
∑n e e eq

E b
t

b
b

m

} }  - 0 0

1

 (4.1.4)

The matrix [ ]K is called stiffness matrix of the structure; [ ]k
E b

is denoted expanded stiffness matrix 
of element b. The elasticity matrix [ ]E

b
used for the computation of the stiffness matrix of the element 

b can be based on the Euler-Bernoulli beam theory (Equation 3.3.11), if the element is slender, or on 
the Timoshenko theory (Equation 3.4.11) in all cases.

The term { }F is called matrix of total forces. It is decomposed into two terms; the first one, { }Pn , 
includes external forces applied directly on the nodes; the second matrix, { }Pe , depends exclusively on 
the external forces distributed over the element. The terms {Pn} and {Peq } were defined in the previous 
chapter (section 3.2.3).

Notice that (4.1.2) is again an equilibrium equation but this time it is expressed in function of dis-
placements instead of stresses; the left hand term gives the internal forces, the right hand one includes 
the external forces.

The resolution of the linear equation (4.1.2), by any conventional method, gives the values of the 
unknown displacements and reaction forces. Then, element deformations can be computed by the kine-
matic equation (4.1.1a), finally the element stresses are calculated by the constitutive law (4.1.1c); (see 
examples 4.4.1 and 4.4.2).

4.1.2 Assemblage of the Stiffness Matrix of the Structure.

The expanded stiffness matrices are square, symmetric and of the same size as the frame’s stiffness 
matrix, however they are mainly composed of zeros; for instance in a planar frame, the expanded stiff-
ness matrices are 3n*3n (n is the number of nodes) but only 6*6 terms can be no nil. In academic ex-
amples with few elements the use of expanded matrices is the best option; they define clearly the total 
stiffness of the structure as the sum of the contributions of each element. In the engineering practice, 
with structures that may have hundreds or thousands of elements, these matrices are not computed; in-
stead, the non-expanded stiffness matrices [ ]k

b
are calculated:

[ ] [ ] [ ] [ ]k B E B
b b

t
b b

= 0 0  (4.1.5)

Notice the use of the non-expanded transformation matrix instead of the expanded in (4.1.5). The 
terms [ ]k

b
include all the possibly non nil components of the expanded stiffness matrices; its dimensions 
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are 6*6 for planar frames and 12*12 for tridimensional ones. As opposed to the expanded stiffness 
matrices, they cannot be added directly since they are related to different generalized displacements; 
instead they are processed using the so called assemblage algorithm that is shown in Figure 2 (see ex-
ample 4.4.3 too).

In the assemblage algorithm, the stiffness matrix of an element is decomposed into four blocks as 
shown in Figure 1 for the case of planar frames. The block 1 is constituted by positions with rows and 
columns corresponding to node i; the block 2 includes positions whose rows still correspond to node i 
but the columns are related to node j and so forth.

Let (fL, cL) be the position of a component of the stiffness matrix [ ]k
b
of the element; if this position 

corresponds to one of the block 1 (node i-node i), then this component must be added to the component 
in the position (fG, cG) of the structure stiffness matrix [ ]K , where:

f i f c i c
G L G L
= + − = + −3 3 3 3( ); ( ) ;  (4.1.6)

For the positions of block 2 (node i-node j):

f i f c j c
G L G L
= + − = + −3 3 3 6( ); ( ) ;  (4.1.7)

In the block 3 (node j-node i):

f j f c i c
G L G L
= + − = + −3 6 3 3( ); ( ) ;  (4.1.8)

Figure 1. Decomposition of the stiffness matrix of an element
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Figure 2. Assemblage algorithm for the stiffness matrix for a planar frame
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Finally, for the block 4 (node j-node j):

f j f c j c
G L G L
= + − = + −3 6 3 6( ); ( )  (4.1.9)

Notice that it is not necessary the assemblage of the entire matrix, specially the block 3, since stiff-
ness matrices are symmetric. The stiffness matrix of the structure has also a special configuration: it is 
a band matrix; this means that the non-zero components of the matrix are confined to a diagonal band. 
Thus, it is not necessary neither the computation nor the storage of all its values, only those within the 
upper part of the band. In general finite element analysis, where structures with millions of elements are 
not uncommon, the consideration of these properties is very important; in framed structures, where tens 
of thousands elements are rare, this aspect of the numerical implementation is not so crucial.

4.1.3 Assemblage of the Matrix of Total Forces

Consider a frame element in the local coordinate system of reference as shown in Figure 3. Let { ' }p e
b

be the non-expanded contribution of this element to the matrix of total forces in the local system of 
reference:

{ } { [ ] { }′ = ′ ′ =

′
′
′
′
′
′










p p B Me
b

eq
b b

t
b

ui

wi

i

uj

wj

j

p

p

p

p

p

p

} - 0 0 θ

θ

























 (4.1.10)

Figure 3. Frame element subjected to distributed forces
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The components of the matrix { }′p e can be pre-computed for the most frequent types of distributed 
forces; they are included in Table 1 for the particular case of planar frames.

As aforementioned, the forces and moments in { ' }p e
b
are expressed in the local system of reference; 

in the global system, they are given by:

Table 1. Contributions to the total force matrix for typical cases of distributed forces on an element in 
a planar frame 
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{ } [ ] { ' }p T pe
b b

t e
b

=  (4.1.11)

where [ ]T
b

is the geometrical transformation matrix introduced in chapter 3: Equation(3.1.5) for the 
planar case and Equation (3.5.6) for the tridimensional one.

This local contribution can be included into the matrix of total forces using the algorithm indicated in 
Figure 5 (see also example 4.5.4); in it, the matrix of the element forces is decomposed into two blocks, 
the first one includes the forces on node i, the second block those applied on node j (see Figure 4).

Let NL be the position of a component of the matrix { }pe
b
; if this position corresponds to one of the 

block 1 (node i), then this component must be added to the component NG of the matrix of total forces 
{ }F , where:

NG i NL= + −3 3( )  (4.1.12)

For the positions of block 2 (node j):

NG j NL= + −3 6( )  (4.1.13)

4.1.4 Penalization Algorithm

In the conventional numerical analysis, there are several methods to solve linear system of equations in 
the form [ ]{ } { }A X B= if all the unknown are in the matrix { }X . However the equations obtained by 
the direct stiffness method are not in this form since both, the matrix of generalized displacements and 
the matrix of generalized forces, include unknowns: respectively the free displacements and the reaction 
forces. In order to use the standards algorithms and routines to solve the frame problem, it is therefore 
necessary to transform the equilibrium equation [ ]{ } { }K U F= into the standard form. The simplest 
method to do so is the penalization algorithm.

Figure 4. Decomposition of the matrix of forces of an element
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Be G a very large number and u
i

the imposed displacement in a support. This algorithm consists in 
modifying the stiffness matrix and force matrix in the following form:

Figure 5. Assemblage algorithm for the external forces
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 (4.1.14)

This manipulation of the system must be repeated for each one of the restricted displacements. Now, 
solving u

i
when G tends to infinite gives:

u Lim
u G K u K

K G
u

i G

i i il l

ii
i

=
− − −

+
=

→∞

1 1
… θ

 (4.1.15)

In practice it is sufficient to choose a value for G very large, typically G K
ii

= −104 10 .
Once the unknown displacements have been obtained, the reactions can be computed with the un-

modified equilibrium equation.

4.2 STATIC ANALYSIS OF NONLINEAR ELASTIC FRAMES

4.2.1 Step by Step Procedures

Structures are subjected to external actions that are not constant in time. For instance, a building may be 
subjected first to service loads, then to the actions of an unusually strong wind and after that, to seismic 
forces.

In this section, the problem is again formulated in terms of the same variables but, unlike section 4.1, 
they are now considered as functions of time; in this way it is possible to consider the variations of the 
external actions in a single analysis. The variables are defined in a time interval that is arbitrarily fixed 
between zero and a final instant T:

{ } { ( )};{ } { ( )} ;{ } { ( )};{ } { ( )} ;

;

U U P P M M= = = =

≤ ≤

t t t t

t T
b b b b

Φ Φ

for 0 {{ } { ( )}Φ Φ
b b

t=
 (4.2.1)

It is postulated that the values of the free displacements, deformations, reaction forces and stresses 
are known at the time t = 0.

The kinematic equations, equilibrium equations and constitutive law are now written in the more 
general nonlinear form:

{ } [ ( )] { }d d
b E b

Φ = B U U  
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[ ( ) ] { } { }B U M P
E b

t
b

b

m

=
∑ =

1

 

{ } [ ] { } { }M E M
b b b b
= +Φ 0  (4.2.2)

This problem can be solved using a step by step procedure; this means that the continuum time inter-
val [0,T] is substituted by a set of particular instants chosen by the analyst: (0, t1, t2, …., tr, … T). Then, 
instead of computing the functions (4.2.1), only the values of the variables for these particular instants 
are calculated. This algorithm is called step by step because the values are computed sequentially; that is, 
the unknowns are first calculated at the instant t1, then at t2 and so on until that the final time T is reached.

The kinematic equation (4.2.2a) is discretized using a finite difference scheme, i.e. this differential 
equation is substituted by the following algebraic one:

{ } { } [ ( )] { }∆ ∆Φ Φ Φ
b t t t t E t t br r r
= − ≅= = =−1

B U U  (4.2.3)

In this expression the terms at the instant tr-1 are known, they were computed at the precedent step, 
and only the values at the instant tr have to be calculated. Notice that the kinematic transformation matrix 
is not known since it depends on the unknown displacements; in the numerical analysis textbooks, this 
kind of procedure is called implicit.

Notice that the approximation (4.2.3) improves as the size of the time step (∆t t t
r r

= − −1
) de-

creases; i.e. for tiny time steps, the differential equation (4.2.2a) and the algebraic one (4.2.3) give almost 
the same results; on the other hand, large time steps may produce significant differences between both 
expressions. The analyst must find a satisfactory compromise between precision and computer cost for 
each specific application.

4.2.2 The Nonlinear Incremental Equilibrium Equation in Displacements

In most practical applications, distributed forces on the elements represent the so called service loads; 
they are used to characterize the dead weight and the live loads of the structure. Exceptional overloads 
such as earthquake forces (in the static equivalent method), settlement of foundations, explosions, wind 
loads, and so on, are frequently represented as nodal forces or displacements. Usually, a structure un-
der service loads only does not need nonlinear analysis; on the other hand, overloads may represent a 
significant demand on the structure that may require not only nonlinear but inelastic analyses as well.

Starting from this section and in the rest of the book, the distributed forces are assumed to be relatively 
small, applied in the first step and kept constant throughout the rest of the analysis. For the subsequent 
steps, the constitutive law (4.2.2c) can be written as:

{ } { } [ ] { } [ ] [ ( )] { }; r∆ ∆ ∆M M M E E B U U
b t t t t b b b E t t br r r
= − ≅ ≅= = =−1

Φ for >> 1  (4.2.4)

Substitution of (4.2.4) into (4.2.2b) gives:
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[ ( )]{ } { ( )}K U U F U
t t t tr r= ==∆ ∆  (4.2.5)

where

[ ( )] [ ( ) ] [ ] [ ( ) ] ;{ } {K U B U E B U F P
t t t t E b

t
b t t E b

b

m

t tr r r r= = =
=

== =∑
1

∆ }   - [ ( ) ] { }B U M
t t E b

t
t t b

b

m

r r= =
=

−
∑

1
1

; 

Notice that Equation (4.2.5) is quite similar to its equivalent in the direct stiffness method except that 
the stiffness matrix and the increment of total forces cannot be computed directly since they depend on 
the unknown displacements.

4.2.3 Resolution of the Nonlinear Equilibrium 
Equation by the Direct Iteration Method

The direct iteration method is a well-known algorithm for solving nonlinear equations. First, a provi-
sional or trial solution { }U

P
is chosen by some adequate criterion. Then, approximations of the stiffness 

matrices and the increment of total forces are computed using the same assemblage algorithms described 
in section (4.1). Next, an improved solution { }U

I
is obtained by solving the following linear approxima-

tion of (4.2.5):

[ ( )]{ } { ( )}K U U U F U
p I t t pr

− == −1
∆  (4.2.6)

This process must be repeated using as provisional solution the improved solution of the previous 
iteration. The process can be stopped when improved and provisional solutions are indistinguishable; 
when this happens, it is said that the process has converged. Possible convergence criteria can be:

{ } { } ; [ ( )]{ } { ( )}U U K U U U F U
I P I I t t Ir
− ≅ − − ≅= −

0 0
1

and/or ∆ ;  (4.2.7)

The left hand term in the second expression in (4.2.7) is called residual forces and corresponds to 
the difference between internal and external forces. The exact solution has been found when the residual 
forces are equal to zero. Again, the acceptable difference between both solutions in (4.2.7a) and/or the 
tolerable values in the residual forces (4.2.7b) must be decided by the user for each specific application.

A flux diagram of this algorithm is shown in Figure 7. See also example 4.5.5.
A graphical interpretation in the case of a structure with only one displacement and without distrib-

uted forces is included in Figure 6. In this figure two iterations are presented. In the first one (Figure 6a) 
a trial displacement Up far away from the solution is chosen, then the slope K(Up) is computed and the 
improved displacement UI is obtained. Notice that the improved displacement is closer to the solution 
than the trial displacement. In the second iteration (Figure 6b), the new trial displacement is the improved 
one obtained in the precedent iteration. A new slope is computed and a new improved displacement is 
obtained and so on.
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This procedure is not always convergent; i.e. not always “improved” displacements are closer to the 
solution than the provisional ones. This may be the case if the size of the time steps (tr-tr-1) is too large. 
Thus, the analyst must establish a maximum number of iterations in order to avoid an infinite loop. If this 
limit is reached, it is necessary to restart the process with a smaller time step. Instead of asking the user 

Figure 7. Flux diagram of the direct iteration method

Figure 6. Graphical interpretation of the direct iteration method
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for a new time step, computer programs for nonlinear analysis of structures should have implemented 
this process automatically. That is, if the iteration process fails to converge, then the program should 
reduce automatically the time step and it should try to solve the incremental equilibrium equation again. 
The user can control this process by fixing the reduction percentage of the time step. This process of 
time step reduction must be repeated until convergence is achieved. Again, the analyst must establish a 
maximum number of time step reductions in order to avoid another infinite loop; if that limit is reached 
the program should renounce solving the problem and so inform the analyst. Very often failure of con-
vergence is due to errors in the data of the problem.

If the algorithm converges adequately after a time step reduction, then the program should auto-
matically augment progressively the step sizes until the original value chosen by the analyst is reached. 
An algorithm of time steps adjustment is shown in Figure 8. In this figure, fact is the factor of increment 
or reduction of the time increment step; naturally fact > 1 . ∆t

max
and ∆t

min
are the limits established 

by the user for admissible time step sizes.

4.2.4 Criteria for Selecting Provisional Solutions

Notice that the first action in the flux diagram of Figure 7b is choosing the first provisional solution; 
there are several possibilities for that. The simplest criterion is to choose the last convergent solution; 
i.e. let r be the current time step, then: { } { }U U

P t tr
= = −1

.

A better option is to use a quadratic predictor from the three last steps. Let w
i
p be any component of 

the first provisional solution at the instant tr, then:

Figure 8. Flux diagram of time steps adjustments
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w a t b t c
i
p

r r
= + +. .2  (4.2.8)

where the parameters a, b, and c are computed by the resolution of the following system of linear equations:

w t a t b t c

w t a t b t c

w t

i r r r

i r r r

i r

( ) . .

( ) . .
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− − −

− − −

−

= + +

= + +
1 1
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 (4.2.9)

Remember that the precedent values of displacement at times tr-1, tr-2 and tr-3 are already known when 
the first provisional solution { }U

P
at time tr is needed. In the three first steps of the analysis, where three 

previous values of displacements are not available, a linear predictor or the last result can be used.

4.2.5 The Newton-Raphson method

The Newton-Raphson method is another well-known iterative algorithm for solving nonlinear equations. 
Consider again the equilibrium equation at the instant tr:

{ ( )} { } { ( )} [ ( ) ] { (L U P L U B U M U
t t t t t t t t E b

t
t tr r r r r= = = = == =; where ))}

b
b

m

=
∑

1

 (4.2.10)

Notice that, as shown in the precedent sections, the internal forces { ( )}L U in the left hand term of 
(4.2.10) can be expressed as a function of the displacements. In the Newton-Raphson method, the in-
ternal forces { ( )}L U are linearized around the provisional solution; i.e. they are approximated by the 
closest linear function of displacements:

{ ( )} { }L U
L
U

U U≅
∂
∂










 −
=U U

P

p

 (4.2.11)

Then the improved solution { }U
I

is obtained by solving the linear approximation of Equation (4.2.10):

{ ( )} { } { } { }L U
L
U

U U P U
L
U

≅
∂
∂










 − = ⇒ =

∂
∂












= =

−

U U
I P I

U Up p

1

{{ } { }P U+
P

 (4.2.12)

The term ∂
∂











L
U

is the tangent stiffness matrix of the structure and its computation is described in the 

next section; in mathematics textbook, this kind of matrix is called the Jacobian of the operator { ( )}L U . 
Notice that in the linear case, the Jacobian is equal to the stiffness matrix [ ]K . A flux diagram of this 
algorithm is shown in Figure 9 and a graphical interpretation in Figure 10.
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4.2.6 Computation of the Tangent Stiffness Matrix

The contribution of a single element to the internal forces { ( )}L U in the non-expanded form is given 
by:

{ ( )} [ ( )] { ( )}Q q B q M q
b b

t
b

=  (4.2.13)

Figure 9. Flux diagram of the NewtonRaphson method
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where the column matrix { ( )}Q q
b
has six components for a planar frame member and twelve for a tri-

dimensional one. Therefore, the contribution of the element to the Jacobian in non-expanded form is: 
∂
∂











Q
q

b

. This matrix is called tangent stiffness matrix of element b. The simplest procedure for its com-

putation is to use a finite difference approximation; let Qui be any component of the matrix { ( )}Q q
b
and 

wj any displacement of the matrix { }q
b
, then:

∂

∂
≅

+ −Q

w

Q u w w Q

w
ui

j

ui i j ui
( ,....., , ...) ( )∆

∆

q
 (4.2.14)

where Δw is any “small” increment of displacement. Good values for Δw are 10-3 or 10-4 times any 
typical displacement of the frame.

Once the local tangent stiffness matrix has been computed, it can be assembled into the Jacobian 
using the algorithm described in section 4.1.2.

The local tangent stiffness matrix can also be determined in an exact way by carrying out analyti-

cally the derivatives ∂
∂











Q
q

b

.

4.3 DYNAMIC ANALYSIS OF ELASTIC FRAMES

In the case of structures subjected to earthquake loadings, impacts or explosions on a structure, the 
external actions are of dynamical nature; this means that the inertial forces are no longer negligible and 
must also be taken into consideration. In this case the problem is formulated as follows:

Figure 10. Graphical interpretation of the NewtonRaphson method
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{ } [ ( )] { }d d
b E b

Φ = B U U  

[ ] { } [ ]{ } { }B M Mass U P
E b

t
b

b

m

=
∑ + =

1

��  

{ } [ ] { } { }M E M
b b b b
= +Φ 0  (4.3.1)

The problem is solved using again a step by step procedure. The kinematic equation is also discretized 
as described in section 4.2.1 (Equation 4.2.3); but now the equilibrium equation includes the generalized 
acceleration matrix { }��U . This equation can be discretized using the Constant Average Acceleration 
algorithm that is described next.

Consider a component ��u of the generalized acceleration matrix; the history of acceleration is ap-
proximate by a piecewise constant function as shown in Figure 11. Each value of the function is com-
puted as the average of the values at the ends of the actual acceleration function:

��
�� ��

u t
u u

t t t
t t t t

r r
r r( ) ;≅
+

< <= =

−
−1

2 1
  (4.3.2)

Thus, the velocity and displacement at the end of the interval t t t
r r− < <

1
can be computed after 

integration in time of (4.3.2) by:

Figure 11. Approximation of an acceleration history by a piecewise constant function



101

Analysis of Elastic Frames
 

� � �� ��u u
t

u u t t t u
t t t t t t t t r r t

r r r r
= = = = − =
≅ + + = −

− −1 12 1

∆
∆( ); where ;

tt t t t t

t t t t

r r r

r r

u t u

t
u u

≅ +

+ +

= =

= =

− −

−

1 1

1

2

4

∆

∆

�

�� ��( )

 (4.3.3)

The acceleration at the end of the interval can be obtained from the second equation of (4.3.3):

��
�

��u
t

u u
u

t
u

t t t t t t

t t

t tr r r

r

r= = =

=

=≅ − − −
−

−

−

4 4
2 1

1

1∆ ∆
( )  (4.3.4)

Taking into account the nature of the step by step procedure, all the quantities at the instant of time 
tr-1 have already been computed when the structure is analyzed at the instant tr; thus, the acceleration 
matrix at that instant can be expressed as a function of the displacement at tr by the use of (4.3.4) for 
each component of the matrix. Therefore, the discretized form of the equilibrium equation does not 
depend on the acceleration but only on the displacements, stresses and external forces at the instant tr:

{ ( )} { } { ( )} [ ( ) ] { ( )L U P L U B U M U
t t t t t t t t E b

t
t tr r r r r= = = = == = where }} [ ]{ ( )}

b
b

m

t tr
=

=∑ +
1

Mass U U��  (4.3.5)

Notice that the left hand term of (4.3.5) corresponds now to the internal plus the inertia forces. This 
nonlinear equation can be solved using the Newton-Raphson method again; the Jacobian matrix does 
not correspond to the tangent stiffness in this case because an additional term related to the inertia forces 
has to be included. This supplementary term is a diagonal matrix whose components can be computed 
easily by the analytical determination of the corresponding derivatives.

Notice that the intervals [tr-1, tr] should be chosen sufficiently small because of the approximations 
made to discretize the kinematic and equilibrium equations.

4.4 SUMMARY AND EQUATIONS QUICK REFERENCE

The method of the direct stiffness is obtained by the combination of the linear versions of the kinematic, 
equilibrium and constitutive equations. As a result, it is obtained a stiffness matrix and a external forces 
matrix. The generalized displacements and reactions can be computed by the resolution of this linear 
matrix equation.

A more precise analysis derives from the use of the nonlinear version of kinematic and equilibrium 
equations. If such is the case, some numerical algorithm such as the direct iteration or the Newton-
Raphson methods have to be used.

In the case of nonlinear dynamic analysis, a step by step procedure is needed. Then, accelerations 
are approximated using values of displacements at the beginning and the end of each step. Again the 
Newton-Raphson method is needed to solve the problem (See Table 2).
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Table 2.  

THE DIRECT STIFFNESS METHOD

Stiffness Matrix of a Frame and Matrix of Total Forces

Kinematic equation 

{ } [ ] { }Φ
b E b
= B U0  (4.1.1 a)

Equilibrium equation 

[ ] { } { } { }B M P P
E b

t
b

b

m
n eq0

1=
∑ = +  (4.1.1 b)

Constitutive equation 

{ } [ ] { } { }M E M
b b b b
= +Φ 0  (4.1.1 c)

Problem to solve: 
{ }U : displacements matrix
[ ]K : stiffness matrix of the structure

[ ]k
E b

: stiffness matrix of element b

[ ]E
b

: elasticity matrix of the element b

{ }F : matrix of total forces

{ }Pn : external forces applied directly on the 
nodes; 

{ }Pe : external forces distributed over the 
element

[ ]{ } { }K U F= (4.1.2)

[ ] [ ] [ ] [ ] [ ]K B E B k= =
= =
∑ ∑E b

t
b E b

b

m

E b
b

m
0 0

1 1

 (4.1.3 a -b)

[ ] [ ] [ ] [ ]k B E B
E b E b

t
b E b

= 0 0  (4.1.3 c)

{ } { { }F P P= +n e}  (4.1.4 a)

{ } { [ ] { }P P B Me eq
E b

t
b

b

m

=
=
∑}  - 0 0

1

 (4.1.4 b)

The terms {Pn} and {Peq} were defined in the previous chapter (section 
3.2.3)

Assemblage of the Stiffness Matrix of the Structure

[ ]k
b

: non-expanded stiffness matrix

[ ] [ ] [ ] [ ]k B E B
b b

t
b b

= 0 0  (4.1.5)

Assemblage of the Matrix of Total Forces

{ ' }p e
b

: non-expanded contribution of this 
element to the matrix of total forces in the local 
system of reference 

{ }pe
b

: non-expanded contribution of this element 
to the matrix of total forces in the global system of 
reference 

[ ]T
b

: geometry transformation matrix

{ } { [ ] { }′ = ′ ′ =

′
′
′
′
′
′










p p B Me
b

eq
b b

t
b

ui

wi

i

uj

wj

j

p

p

p

p

p

p

} - 0 0 θ

θ

























(4.1.10)

{ } [ ] { ' }p T pe
b b

t e
b

=  (4.1.11)

continued on following page
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STATIC ANALYSIS OF NONLINEAR ELASTIC FRAME

Step by Step Procedures

Variables expressed as functions of time 

{ } { ( )}U U= t ; 
{ } { ( )}Φ Φ

b b
t=

(4.2.1) 

{ } { ( )}P P= t ; 
{ } { ( )}M M

b b
t=

for 0 ≤ ≤t T

Kinematic equation 

{ } [ ( )] { }d d
b E b

Φ = B U U
 (4.2.2 a)

Equilibrium equation 

[ ( ) ] { } { }B U M P
E b

t
b

b

m

=
∑ =

1  (4.2.2 b)

Constitutive Law 

{ } [ ] { } { }M E M
b b b b
= +Φ 0

 (4.2.2 c)

Kinematic equation discretized using a finite difference scheme 

{ } { } [ ( )] { }∆ ∆Φ Φ Φ
b t t t t E t t br r r
= − ≅= = =−1

B U U
 (4.2.3)

The Nonlinear Incremental Equilibrium Equation in Displacements 

Constitutive law 

{ } { } [ ] { } [ ] [ ( )] { }∆ ∆ ∆M M M E E B U U
b t t t t b b b E t t br r r
= − ≅ ≅= = =−1

Φ
; for r > 1 (4.2.4)

Equation to solve 

[ ( )]{ } { ( )}K U U F U
t t t tr r= ==∆ ∆

 (4.2.5)
where: 

[ ( )] [ ( ) ] [ ] [ ( ) ] ;{ } {K U B U E B U F P
t t t t E b

t
b t t E b

b

m

t tr r r r= = =
=

== =∑
1

∆ }   - [ ( ) ] { }B U M
t t E b

t
t t b

b

m

r r= =
=

−
∑

1
1 ;

Resolution of the Nonlinear Equilibrium Equation by The Direct Iteration Method

4) Choose a provisional solution 
{ }U

P . Compute 
approximations of stiffness matrices and total 
forces. 

5) Determination of an improved solution 
{ }U

I

solving: 
6) Repeat this procedure using the convergence 
criteria:

[ ( )]{ } { ( )}K U U U F U
p I t t pr

− == −1
∆

(4.2.6)

[ ( )]{ } { ( )}K U U U F U
I I t t Ir

− − ≅= −1
0∆

 (4.2.7b)

{ } { }U U
I P
− ≅ 0

 (4.2.7a)

Criteria for Selecting Provisional Solutions

          Criterion 1: Choose a first trial solution to use the last convergent solution 

          
{ } { }U U

P t tr
= = −1

          Criterion 2: Use a quadratic predictor from the three last steps.

continued on following page

Table 2. Continued
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w
i
p

= any component of the first provisional solution at the instant tr

          
w a t b t c

i
p

r r
= + +. .2

 (4.2.8)

The parameters a, b, and c are computed by the resolution of: 

w t a t b t c

w t a t b t c

w t

i r r r

i r r r

i r

( ) . .

( ) . .

( )

− − −

− − −

−

= + +

= + +
1 1

2
1

2 2
2

2

3
== + +





















=

− −

− −

−

a t b t c

a

b

c

t t

t

r r

r r

r

. .
3

2
3

1
2

1

2
2

1

; i.e. tt

t t

w t

w t

w t
r

r r

i r

i r

i r

−

− −

−

−

−

−

























2

3
2

3

1

1

2

3

1

1

( )

( )

( )

















          (4.2.9) 
tr-1, tr-2 and tr-3 are known

The Newton-Raphson Method

          Equilibrium equation at the instant tr

{ ( )} { } { ( )} [ ( ) ] { (L U P L U B U M U
t t t t t t t t E b

t
t tr r r r r= = = = == =; where ))}

b
b

m

=
∑

1 ; (4.2.10)

Internal Forces 

{ ( )} { }L U
L
U

U U≅
∂
∂










 −
=U U

P

p  (4.2.11)

{ ( )} { } { } { }L U
L
U

U U P U
L
U

≅
∂
∂










 − = ⇒ =

∂
∂












= =

−

U U
I P I

U Up p

1

{{ } { }P U+
P

;(4.2.12)

{ }U
I : Improved solution 

∂
∂











L
U

: tangent stiffness matrix

Computation of the Tangent Stiffness Matrix

          Internal forces in the non-expanded form 

{ ( )} [ ( )] { ( )}Q q B q M q
b b

t
b

=
 (4.2.13)

∂

∂
≅

+ −Q

w

Q u w w Q

w
ui

j

ui i j ui
( ,....., , ...) ( )∆

∆

q

(4.2.14)

Qui = any component of matrix 
{ ( )}Q q

b

wj = any displacement of matrix 
{ }q

b

                Δw = any small increment of displacement (10-3 or
                10-4 times any typical displacement of the frame).

∂
∂











L
U

 is obtained by the assemblage of 

∂
∂











Q
q

b

∂
∂











Q
q

b : Tangent stiffness matrix of element b (contribution of the element b to the jacobian in non-expanded form)

continued on following page
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4.5 EXAMPLES

4.5.1 Analysis of a Two Span Continuous Euler-Bernoulli Beam 
Shown in Figure 12 using the Direct Stiffness Method

The matrices of generalized displacements and nodal forces are, respectively,

DYNAMIC ANALYSIS OF ELASTIC FRAMES

Kinematic equation formulated in the nonlinear form 

{ } [ ( )] { }d d
b E b

Φ = B U U

[ ] { } [ ]{ } { }B M Mass U P
E b

t
b

b

m

=
∑ + =

1

��

 (4.3.1)

{ } [ ] { } { }M E M
b b b b
= +Φ 0

Inertial forces = [ ]{ }Mass U�� ;

{ }��U = generalized acceleration matrix

Discretization using the Constant Average Acceleration algorithm 

��
�� ��

u t
u u

t t t tr r( ) ≅
+

= = −1

2 ; 
t t t
r r− < <

1 (4.3.2)

Velocity and displacement at the end of the interval 
t t t
r r− < <

1

� � �� ��u u
t

u u t t t u
t t t t t t t t r r

r r r r
= = = = −
≅ + + = −

− −1 12 1

∆
∆( ) ;; where 

tt t t t t t t t t t
r r r r r

u t u
t

u u
= = = = =
≅ + + +

− − −1 1 1

2

4
∆

∆
� �� ��( )

(4.3.3)

Acceleration at the end of the interval 

��
�

��u
t

u u
u

t
u

t t t t t t

t t

t tr r r

r

r= = =

=

=≅ − − −
−

−

−

4 4
2 1

1

1∆ ∆
( )

 (4.3.4)

  The problem is solve by a step by step procedure: 
  All the quantities at the instant tr-1 are known when the structure is analyzed at the instant tr.
Discretized form of the equilibrium equation: 

{ ( )} { }L U P
t t t tr r= ==

(4.3.5) 

{ ( )} [ ( ) ] { ( )} [ ]{ ( )L U B U M U Mass U U
t t t t E b

t
t t b

b

m

t tr r r r= = =
=

== +∑
1

�� }}

Table 2. Continued
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 (4.5.1)

where u2, w2 are the horizontal and vertical displacements at the node 2 and θ2 is the rotation of the same 
node; Ru1, Rw1, Rθ1, Ru3, Rw3 and Rθ3 are the reaction forces at the ends 1 and 3. Notice that in this case 
there are no forces over the element, then { } .F P= { }n

For element 1 between nodes 1 and 2, the expanded transformation matrix is computed by Equation 
(3.1.13):

B
E
0

1

0 1 333 1 0 1 333 0 0 0 0

0 1 333 0 0 1 333 1 0 0 0

1 0 0 1 0 0 0 0 0




 =

−
−

−

 . .

. .



















 (4.5.2)

Figure 12. Two-span beam
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And the elasticity matrix is calculated using Equation (3.3.11):

E

 =1

8 8

8 8

9

3 983 10 1 992 10 0

1 992 10 3 983 10 0

0 0 4 780 10

. .

. .

.

x x

x x

x





















 (4.5.3)

Using Equation (4.1.3c): [ ] [ ] [ ] [ ]k B E B
E b E b

t
b E b

= 0 0 , it is obtained the expanded stiffness matrix for 
element 1

k
E

x

x x x




 =

− −

1

9 8

0 0 0 0 0 0 0

0 2 12 10 7 97 10 0 2 12

4.78x10 -4.78 109 9

. . . 110 7 97 10 0 0 0

0 7 97 10 0 7 97 10 1 99 10 0 0 0

9 8

8 8 8

−

−

.

. . .

x

x x x3.98x10

-4.7

8

88 10 4.78 109 90 0 0 0 0 0 0

0 2 12 10 7 97 10 0 2 12 10 7 97 10 0 09 8 9

x

x x x x− . . . . 00

0 7 97 10 1 99 10 0 7 97 10 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

8 8 8− . . .x x x 3.98x108

00 0 0 0 0 0 0 0 0















































(4.5.4)

For element 2 between nodes 2 and 3, the expanded transformation matrix is:

B
E
0

2

0 0 0 0 0 2 1 0 0 2 0

0 0 0 0 0 2 0 0 0 2 1

0 0 0 1 0 0 1 0 0




 =

−
−

−















. .

. .






 (4.5.5)

And the elasticity matrix is:

E

 =2

7 7

7 7

8

5 975 10 2 988 10 0

2 988 10 5 975 10 0

0 0 7 170 10

. .

. .

.

x x

x x

x





















 (4.5.6)

Using Equation (4.1.3c), it is obtained the expanded stiffness matrix of the element 2:
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k
E



 =

−

2

0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0

0 0

0

0 7.17 10 7.17 108 8 00

0 0 0 0 1 79 10 0 1 79 10

0 0 0 0 1 79 10

7 7

7

7.17 10 -7.17 10

5.9

6 6− −

−

. .

.

x x

x 77x10

7.17 10 7.17 10

-7.17 1

7

8 8

0 1 79 10 2 99 10

0 0 0 0 0 0 0

0 0 0 0

7 7. .x x

−

00 7.17 106 61 79 10 0 1 79 10

0 0 0 0 1 79 10 2 99 10 0 1 79 10

7 7

7 7 7

. .

. . .

x x

x x x− 55.97x107















































(4.5.7)

The stiffness matrix of the structure is obtained as the sum of [kE]1 and [kE]2,

K[ ] =

− − −

4.78x10 -4.78 10
9 9

0 0 0 0 0 0 0

0 2 12 10 7 97 10 0 2 12 10 7
9 8 9

. . .x x x ..

. . .

97 10 0 0 0

0 7 97 10 0 7 97 10 1 99 10 0 0 0

8

8 8 8

x

x x x− 3.98x10

-4.78 10

8

9
00 0 0 0 7 17 10 0 0

0 2 12 10 7 97 10 0 2 13 10 7 79 10

8

9 8 9 8

5.5 10
9

−

−

.

. . . .

x

x x x x 00 7 17 10 1 79 10

0 7 97 10 1 99 10 0 7 79 10 0 1

6 7

8 8 8

− −

−

. .

. . . .

x x

x x x 4.58x10
8

779 10 2 99 10

0 0 0 7 17 10 0 0 7 17 10 0 0

0 0 0 0 7 17 10 1 79 1

7 7

8 8

6

x x

x x

x x

.

. .

. .

−
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0 0 0 0 1 79 10 2 99 10 0 1 79 10 5 98 10
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x x
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(4.5.8)

Free displacements and reactions forces are obtained solving Equation (4.1.2) [ ]{ } { }K U F=

u w x x
2 2

4
2

30 9 9040 10 1 6837 10= = − =− −, . m, . rad   θ  

R R x R x
u w1 1

5
1

50 7 6272 10 4 5369 10= = = −   ,  , . N, . N.mθ  

    R R x R x
u w3 3

4
3

40 3 7281 10 6 8053 10= = =, . N, . N.mθ  (4.5.9)

Now, the generalized deformation matrices are computed using Equation (3.1.12):{ } [ ] { }Φ
b E b
= B U0

and the generalized stress matrices by Equation (3.3.10): { } [ ] { }M E
b b b
= Φ :
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{ }

.

. { }

.

.Φ
1 1

50 001320

0 00036

0

4 5369 10

1=

−

=

−

−





















;

  

M

x

11835 10

0

0 00188

0 00020

0

5

2
  ;x




































={ }

.

.Φ 























=;  { }M
2

5

5

1 1835 10

0 6805 10

0

.  x 

.  x  (4.5.10)

In Figure 13, it is shown the vertical displacement along the beam length. In Figure 14a, it is shown 
the moment diagram which is drawn in the side of the beam subjected to tension and in Figure 14b, the 
shear forces diagram. The shear forces are computed by considering static equilibrium of the element 
subjected to moments m

i
b and m

j
b .

V V V
m m

Li
b

j
b b i

b
j
b

b

= = =
+

 (4.5.11)

4.5.2 Analysis of a Two Span Continuous Timoshenko Beam 
Shown in Figure 12 using the Direct Stiffness Method

The matrices of the generalized displacements and nodal forces matrices are the same of the previous 
example (see Equation 4.5.1). The expanded transformation matrices of elements 1 and 2, B

E
0

1




 and 

B
E
0

2




 , are the ones shown in Equations (4.5.2) and (4.5.5).

For element 1, the elasticity matrix is computed using Equation (3.4.11):

Figure 13. Vertical displacements (along the beam length)
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E

 =1

8 7

7 8

9

2 441 10 4 497 10 0

4 497 10 2 441 10 0

0 0 4 780 10

. .

. .

.

x x

x x

x





















 (4.5.12)

The expanded stiffness matrix is obtained by the Equation (4.1.3c) using the expanded transforma-
tion matrix (4.5.2)

k
E

x x x

  =

− −

1

9 8

0 0 0 0 0 0 0

0 1 03 10 3 85 10 0 1 03 1

4.78x10 -4.78 109 9

. . . 00 3 85 10 0 0 0

0 3 85 10 0 3 85 10 4 50 10 0 0 0

9 8

8 8 7

−

−

.

. . .

x

x x x2.44x10

-4.78

8

  10 4.78 109 90 0 0 0 0 0 0

0 1 03 10 3 85 10 0 1 03 10 3 85 10 0 0 09 8 9 8− . . . .x x x x
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 (4.5.13)

For element 2, the elasticity matrix is:

E

 =



2

8 7

7 8

8

5 870 10 2 882 10 0

2 882 10 5 870 10 0

0 0 7 17 10

. .

. .

.

x x

x x

x

















 (4.5.14)

And the expanded stiffness matrix is obtained from Equation (4.1.3c) using the expanded transfor-
mation matrix (4.5.5)

Figure 14. (aMoment diagram (b) Shear forces diagram
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 (4.5.15)

Then, the stiffness matrix of the structure is K k k


 =




 +




   

E E1 2
:

K[ ] =

− − −

4.78x10 -4.78 10
9 9

0 0 0 0 0 0 0

0 1 03 10 3 85 10 0 1 03 10 3
9 8 9

. . .x x x ..

. . .
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0 3 85 10 0 3 85 10 4 50 10 0 0 0

8

8 8 7

x

x x x− 2,44x10
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8
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00 0 0 0 7 17 10 0 0

0 1 03 10 3 85 10 0 1 03 10 3 68 10
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5.5 10
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. . . .

x

x x x x 00 7 00 10 1 75 10

0 3 85 10 4 50 10 0 3 68 10 0 1
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x x

x x x 3.03x10
8
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0 0 0 0 7 00 10 1 75 1

7 7

8 8
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x x

x x
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.

. .

. .
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− 00 0 7 00 10 1 75 10

0 0 0 0 1 75 10 2 88 10 0 1 75 10 5 87 10
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(4.5.16)

Solving Equation (4.1.2): [ ]{ } { }K U F= the displacements and reaction forces are obtained:

u w x x
2 2

3
2

30 1 361 10 1 6537 10= = − =− −, . m, . rad       θ  

R R x R x
u w1 1

5
1

50 7 6152 10 4 5025 10= = = −   , . N, . N.mθ  

R R x R x
u w3 3

4
3

40 3 8476 10 7 1490 10= = =   , . N, . N.mθ  (4.5.17)

The matrices of generalized deformations and generalized stresses are:
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{ }

.

. { }

.

.Φ
1 1

50 00181

0 00016

0

4 5025 10

1=

−

− =

−

−





















;

  

M

x

22089 10

0

0 00193

0 00027

0

5

2
  ;x




































={ }

.

.Φ 























=;

  

   { }M
2

5

5

1 2089 10

0 7149 10

0

. x

. x  (4.5.18)

In Figure 15 it is shown the vertical displacement along the beam length, in Figure 16a the diagram 
of moments and in Figure 16b the corresponding shear force one.

Notice that the vertical displacement of node 2 is larger with the Timoshenko model (37%). However, 
the differences in the diagrams of moments and shear forces do not exceed 1%.

4.5.3 Assemblage of the Stiffness Matrix for the Frame 
Shown in Figure 17 using Timoshenko Theory

For element 1 between nodes 1 and 3 the non-expanded transformation matrix is:

[ ]

. . . .

. . . .

. . .

B0
1

0 16 0 12 1 0 16 0 12 0

0 16 0 12 0 0 16 0 12 1

0 6 0 8 0 0 6

=
− −
− −

− − 00 8 0.





















 (4.5.19)

The elasticity matrix is computed using Equation (3.4.11):

E

 =







1

7 7

7 7

8

5 84 10 2 88 10 0

2 88 10 5 84 10 0

0 0 7 16 10

. .

. .

.

x x

x x

x













 (4.5.20)

Figure 15. Vertical displacements (w) along the beam length
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The stiffness matrix is:

k

 =

− −

1

8 8 7 8 82 62 10 3 41 10 1 40 10 2 62 10 3 41 10 1 40 10. . . . . .x x x x x x 77

8 8 7 8 8 73 41 10 4 62 10 1 05 10 3 41 10 4 62 10 1 05 10

1 40

. . . . . .

.

x x x x x x− − − −

xx x x x x x

x

10 1 05 10 5 87 10 1 40 10 1 05 10 2 88 10

2 62 10 3

7 7 7 7 7 7

8

− −

− −

. . . . .

. .. . . . .

. .

41 10 1 40 10 2 62 10 3 41 10 1 40 10

3 41 10 4 62 1

8 7 8 8 7

8

x x x x x

x x

− −

− − 00 1 05 10 3 41 10 4 62 10 1 05 10

1 40 10 1 05 10 2 88 1

8 7 8 8 7

7 7

. . . .

. . .

x x x x

x x x− 00 1 40 10 1 05 10 5 87 107 7 7 7−

































. . .x x x

 (4.5.21)

The assemblage of the matrix k

1 in the stiffness matrix of the structure K


 results in:

Figure 16. a) Moment diagram; (b) Shear forces diagram

Figure 17. Planar Frame subjected to several external loads
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K[ ] =

− −2 62 10 3 41 10 1 40 10 0 0 0 2 62 10 3 41 10 1 40 10 0
8 8 7 8 8 7

. . . . . .x x x x x x 00 0

3 41 10 4 62 10 1 05 10 0 0 0 3 41 10 4 62 10 1 05 10
8 8 7 8 8 7
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7 7 7 7 7 7
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8 8
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 (4.5.22)

For element 2 between nodes 2 and 4 the transformation matrix is:

[ ]

. .

. .B0
2

0 5 0 1 0 5 0 0

0 5 0 0 0 5 0 1

0 1 0 0 1 0

=
−
−

−





















 (4.5.23)

The elasticity matrix is computed using Equation (3.4.11):

E

 =







2

8 7

7 8

9

1 35 10 6 00 10 0

6 00 10 1 35 10 0

0 0 1 79 10

. .

. .

.

x x

x x

x













 (4.5.24)

The stiffness matrix is:

k

 =

−

−

2

7 7 7 7

9

9 76 10 0 9 75 10 9 76 10 0 9 75 10

0 1 79 10 0 0 1

. . . .

. .

x x x x

x 779 10 0

9 75 10 0 1 35 10 9 75 10 0 6 01 10

9 76 10 0 9 75

9

7 8 7 7

7

x

x x x x

x

. . . .

. .

−

− − xx x x

x x

x x

10 9 76 10 0 9 75 10

0 1 79 10 0 0 1 79 10 0

9 75 10 0 6 01

7 7 7

9 9

7

. .

. .

. .

−

−

110 9 75 10 0 1 35 107 7 8−

































. .x x

 (4.5.25)

The assemblage of the matrix k

2 in the stiffness matrix of the structure K


 results in (See Box 1):

For element 3 between nodes 3 and 4 the transformation matrix is:
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 (4.5.27)

The elasticity matrix is:

E

 =
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 (4.5.28)

The stiffness matrix is:

k
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− −
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 (4.5.29)

The assemblage of the matrix k

3 in the stiffness matrix of the structure K


 results in (See Box 2):

4.5.4 Analysis of the Frame Shown in Figure 17 using 
Timoshenko Theory and the Direct Stiffness Method

The matrices of generalized displacements and nodal forces for the frame are, respectively,
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 (4.5.31)
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Note that there are distributed-loads along the elements 1 and 3 thus, it is necessary the computation 
of equivalent nodal forces and moments. The nodal equivalent forces in local coordinates are calculated 
using Table 1, then for element 1 between nodes 1 and 3 it is obtained:

{ ' }

.

.

.

.

p e
1

0

112 793

125 732

0

262 207

186 768

=

−

−
−

































 (4.5.32)

To transform { ' }p e
1
to the global coordinate system, it is used the Equation (4.1.11). The geometri-

cal transformation matrix for this element is computed using Equation (3.1.5):

T

 =

−

−

1

0 6 0 8 0 0 0 0

0 8 0 6 0 0 0 0

0 0 1 0 0 0

0 0 0 0 6 0 8 0

0 0 0 0 8 0 6 0

0

. .

. .

. .

. .

00 0 0 0 1

































 (4.5.33)

Then, the equivalent nodal forces expressed in global coordinates are:
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−
−

































 (4.5.34)

The expanded equivalent nodal forces matrix is:



119

Analysis of Elastic Frames
 

{ }

.

.

.

.

.

.

Pe
1

90 234

67 676

125 732

0

0

0

209 766

157 324

186 768

0

0

0

=

−

−
−



























































 (4.5.35)

For element 3, between nodes 3 and 4 the equivalent nodal forces are:
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 (4.5.36)

The expanded equivalent nodal forces matrix is:
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 (4.5.37)
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For this element, the local coordinate system coincides with the global one, thus: { } { }'p pe e
3 3
=

The nodal forces { }F are:

{ } { } { } { }

.

.

.

F P P P= + + =

+
−
+

n e e

u

w

u

w

R

R

R

R

R

1 3

1

1

1

2

2

90 234

67 676

125 732θ

RRθ2
209 766

357 324

53 434

200

200

133 333

.

.

.

.

−
−

−
−



























































 (4.5.38)

Solving Equation (4.1.2): [ ]{ } { }K U F= , where [ ]K has the expression (4.4.31), the following dis-
placements and reaction forces are obtained:

u x w x x
3

6
3

6
3

77 4616 10 6 0237 10 8 9667 10= = − = −− − −. m, . m, . rad  θ , 

u x w x x
4

6
4

7
4

67 1372 10 1 7376 10 2 1006 10= = − =− − −. m, . m, . rad  θ  

R R R
u w1 1 1

9 336 313 5388 319 3363= − = = −. N , . N, . N.m   ,θ  

      R R R
u w2 2 2

490 6639 311 4611 569 1077= − = = −. N , . N, . N.mθ  (4.5.39)

Now, the generalized deformation matrices are computed using Equation (3.1.11): { } [ ] { }Φ = B q0
b b

, 
where [ ] , [ ] , [ ]B B B0

1
0

2
0

3
  have, respectively, the expressions (4.5.19), (4.5.23) and (4.5.27); { } ,{ } ,{ }q q q

1 2 3

are the displacement matrices for elements 1, 2 and 3.
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 (4.5.40)
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The matrices of generalized stresses are obtained by Equation (3.3.10): { } [ ] { }M E
b b
= Φ where 

[ ] , [ ] [ ]E E E
1 2 3

 , have, respectively, the expressions (4.5.20), (4.5.24) and (4.5.28):
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  (4.5.41)

In Figure 18 it is shown the deformed shape of the frame.
In Figure 19 it is shown the shear forces diagram and in Figure 20 the moment diagram.

4.5.5 Analysis of the Cantilever Column Shown in Figure 21 
Including Nonlinear Effects using the Direct Iteration Method

The problem is solved using two steps with increments of force equal to 50 KN each one. It is supposed 
that at t = 0 the free displacements, deformations, reaction forces and stresses are nil.

In the first step, the increments of the generalized displacements and nodal forces of the element 
are, respectively,

Figure 18. Deformed frame
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Figure 19. Shear forces diagram

Figure 20. Moment diagram
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∆
∆
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 (4.5.42)

It is chosen the provisional solution:

Figure 21. Cantilever column
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{ }U
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p

p

p
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w
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=















0

0
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0

0

0

0

0

0θ



















;  (4.5.43)

In order to consider the nonlinear effects, the element length and the sine and cosine are computed as:

L u w
w

L

u

Lp p

p p= + + = =
+

= = =2 25 5
5

1 0( ) : sin ; cosα α  (4.5.44)

Then, the transformation matrix is:

B U( )

. .

. .
t 1

0 2 0 1 0 2 0 0

0 2 0 0 0 2 0 1

0 1 0 0 1 0






=

−
−

−





















 (4.5.45)

And the elasticity matrix using Euler-Bernoulli theory is:

E

 =

5 97500 10 2 98750 10 0

2 98750 10 5 97500 10 0

0 0 7

7 7

7 7

. .

. .

.

x x

x x

117000 108x





















 (4.5.46)

The stiffness matrix of the structure is computed as [ ( )] [ ( )] [ ][ ( )]K U B U E B U
t t

t
t1 1 1

= (See Box 3)

The displacements and reaction forces are obtained solving Equation (4.2.5) [ ( )]{ } { ( )}K U U F U
t t1 1
∆ ∆= , 

where { ( )}∆F U
t1

is (4.5.42b).

∆ ∆ ∆u w= = − =0 027894 0 00006973 0 008368. m, . m, . radθ  

R R R
ut w t t1 1 1

50000 50000 250000= − = = −    N , N, N.mθ  (4.5.48)

The actualization of the displacements gives:
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U U U
t t

t

t

t

u

w

1 0

1

1

1

0

0

0

0

0

{ } = { }+ { } =

































=∆

θ

00

0

0

0

0

0

0

0 02789

0 00006973

0 008

































+

−
.

.

. 3368

0

0

0

0 02789

0 00006973

0 0083

































=

−
.

.

. 668

































 (4.5.49)

The convergence criterion used is:

u u

u

w w

w
t p

t

t p

t

t p

t

−
≤

−
≤

−
≤− − −10 10 103 3 3;  and 

θ θ

θ
 (4.5.50)

In this first iteration, it is obtained 
u u

u

w w

w
t p

t

t p

t

t p

t

1

1

1

1

1

1

1 00 10 3
−

=
−

=
−

= > −
θ θ

θ
. .

All these values are larger than the tolerance; then, it is necessary continue with the iterations in 
order to obtain an accurate result. For the second iteration, it is chosen as provisional solution the values 
obtained in the first one, thus:

{ }
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.

.

U
P
=

−
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 (4.5.51)

Box 3. 

[ ( )]

. . . .

.

K U
t

x x x x

1

0 7172 10 0 0 1793 10 0 7172 10 0 0 1793 10

0 0 717

7 8 7 8

=

−

00 10 0 0 0 7170 10 0
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9 9
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x x

x x x
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−

.

. . . . 88 10
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7 8 7 8

x

x x x x− − −
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. . . .

. 00 10 0 0 0 7170 10 0
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8 8 8

x x

x x x

.

. . . .− xx108



































 

 
(4.5.47)
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For this iteration:

L = 5.000008 m, sinα= 0.99998, cosα= 0.005578  (4.5.52)

with the new values for L, sinα and cosα , the transformation matrix is:

[ ( )]

. . . . .

.B U
t

x x x x

x
1

2 00 10 1 11 10 1 00 2 00 10 1 11 10 0

2 00 1

1 3 1 3

=

− −− − − −

00 1 11 10 0 2 00 10 1 11 10 1 00

5 58 10 1 00 0 5 58

1 3 1 3

3

− − − −

−

− −

− −

. . . .

. . .

x x x

x xx10 1 00 03−



















.

 (4.5.53)

The stiffness matrix of the structure is:

[ ( )]

. . . . .

K U
t

x x x x x

1

0 7192 10 0 3960 10 0 1792 10 0 7192 10 0 3960
7 7 8 7

=

− − 110 0 1792 10

0 3960 10 0 7170 10 9 9999 10 0 3960 10 0

7 8

7 9 4 7

.

. . . .

x

x x x x− − − .. .

. . . .

7170 10 9 9999 10

0 1792 10 9 9999 10 0 5975 10 0 179

9 4

8 4 8

x x

x x x

−

− − 22 10 9 9999 10 0 2988 10

0 7192 10 0 3960 10 0 1792 10

8 4 8

7 7

x x x

x x x

. .

. . .− − −
88 7 7 8

7 9

0 7192 10 0 3960 10 0 1792 10

0 3960 10 0 7170 10 9 9

. . .

. . .

x x x

x x

−

− − 9999 10 0 3960 10 0 7170 10 9 9999 10

0 1792 10 9 9999 10

4 7 9 4

8

x x x x

x x

. . .

. .−
44 8 8 4 8

0 2988 10 0 1792 10 9 9999 10 0 5975 10. . . .x x x x−







































 (4.5.54)

The following displacements and reaction forces are obtained solving Equation (4.2.5):

∆ ∆ ∆u w= = − =0 02804845076 0 0002258248590 0 008414768649. m, . m, . raθ dd  

R R R
ut w t t1 1 1

50000 50000 251391 2134= − = = −    N , N, . N.mθ  (4.5.55)

The resultant displacements are:

U U U
t t

t

t
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=
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.

.







 (4.5.56)

The convergence criterion checking, gives:
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u u

u
x

w w

w
t p

t

- t p

t

- t p

t

1

1

1

1

1

1

5 51 10 10 0 69 10 0 53 3 3
−

= >
−

= >
−

=−. ; . ; .
θ θ

θ
55 10 102 3x − −<  (4.5.57)

Thus, the iterations must continue. For the third iteration, it is chosen as provisional solution the 
values obtained in the second one,

U
p{ } =

−
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0
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.

.

.
























 (4.5.58)

In this case:

L = 4.99985 m, sinα  = 0.999984, cosα= 0.0056099  (4.5.59)

The transformation matrix is:

[ ( )]

. . . . .

.B U
t

x x x x

x
1

2 00 10 1 12 10 1 00 2 00 10 1 11 10 0

2 00 1

1 3 1 3

=

− −− − − −

00 1 12 10 0 2 00 10 1 11 10 1 00

5 61 10 1 00 0 5 61

1 3 1 3

3

− − − −

−

− −

− −

. . . .

. . .

x x x

x xx10 1 00 03−



















.

 (4.5.60)

The stiffness matrix is:

[ ( )]

. . . . .

K U
t

x x x x x

1

0 7193 10 0 3982 10 0 1792 10 0 7193 10 0 3982
7 7 8 7

=

− − 110 0 1792 10

0 3982 10 0 7170 10 10 0560 10 0 3982 10

7 8

7 9 4 7

.

. . . .

x

x x x x− − −00 7170 10 10 0560 10

0 1792 10 10 0560 10 0 5975 10 0

9 4

8 4 8

. .

. . . .

x x

x x x

−

− − 11792 10 10 0560 10 0 2988 10

0 7193 10 0 3982 10 0 179

8 4 8

7 7

x x x

x x

. .

. . .− − − 22 10 0 7193 10 0 3982 10 0 1792 10

0 3982 10 0 7170 10

8 7 7 8

7

x x x x

x x

. . .

. .

−

− −
99 4 7 9 4

8

10 0560 10 0 3982 10 0 7170 10 10 0560 10

0 1793 10 10

. . . .

. .

x x x x

x − 00560 10 0 2988 10 0 1792 10 10 0560 10 0 5975 10
4 8 8 4 8

x x x x x. . . .−







































 (4.5.61)

Solving Equation (4.2.5), the following displacements and reaction forces are obtained:
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∆ ∆ ∆u w= = − =0 0280 0 0002267 0 008415. m, . m, . radθ  

R R R
ut w t t1 1 1

50000 50000 251391 1317= − = = −   N , N, . N.mθ  (4.5.62)

Then,

U U U
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t
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u
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 (4.5.63)

The convergence criterion checking, gives:

u u

u
x

w w

w
x

t p

t

- t p

t

- t p

t

1

1

1

1

13 16 10 10 3 81 10 105 3 3 3
−

= <
−

= >
−

− −. ; . ;
θ θ

θ
11

3 25 10 107 3= − <− −. x  (4.5.64)

In order to improve the value of the vertical displacement, the process is repeated once again. For 
the fourth iteration, the provisional solution is:

{ }
.

.

.

U
P
=

−
































0

0

0

0 02805

0 0002267

0 008415 

 (4.5.65)

In this case

L = 4.99985 m, sinα= 0.999984, cosα= 0.0056097  (4.5.66)

The transformation matrix is:

[ ( )]

. . . . .

.B U
t

x x x x

x
1

2 00 10 1 12 10 1 00 2 00 10 1 12 10 0

2 00 1

1 3 1 3

=

− −− − − −

00 1 12 10 0 2 00 10 1 12 10 1 00

5 61 10 1 00 0 5 61

1 3 1 3
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− − − −

−

− −

− −

. . . .

. . .

x x x

x xx10 1 00 03−



















.

 (4.5.67)
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The stiffness matrix of the structure:

[ ( )]

. . . . .

K U
t

x x x x x

1

0 7193 10 0 3982 10 0 1792 10 0 7193 10 0 3982
7 7 8 7

=

− − 110 0 1792 10

0 3982 10 0 7170 10 10 0560 10 0 3982 10

7 8

7 9 4 7

.

. . . .

x

x x x x− − −00 7170 10 10 0560 10

0 1792 10 10 0560 10 0 5975 10 0

9 4

8 4 8

. .

. . . .

x x

x x x
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− − 11792 10 10 0560 10 0 2988 10

0 7193 10 0 3982 10 0 179

8 4 8

7 7

x x x

x x

. .

. . .− − − 22 10 0 7193 10 0 3982 10 0 1792 10

0 3982 10 0 7170 10

8 7 7 8

7

x x x x

x x

. . .

. .

−

− −
99 4 7 9 4

8

10 0560 10 0 3982 10 0 7170 10 10 0560 10
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. . . .

. .

x x x x

x − 00560 10 0 2988 10 0 1792 10 10 0560 10 0 5975 10
4 8 8 4 8

x x x x x. . . .−







































 (4.5.68)

Solving Equation (4.2.5), the following displacements and reaction forces are obtained:

∆ ∆ ∆u w= = − =0 02804754924 0 0002266840291 0 008414762972. m, . m, . raθ dd  

R R R
ut w t t1 1 1

50000 50000 251391 0438= − = = −    N , N, . N.mθ  (4.5.69)

The resultant displacements are:

U U U
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 (4.5.70)

The convergence criterion is checked again:

u u

u
x

w w

w
x

t p

t

- t p

t

- t p

t

1

1

1

1

15 22 10 10 2 21 10 107 3 5 3
−

= <
−

= <
−

− −. ; . ;
θ θ

θ
11

3 50 10 107 3= − <− −. x  (4.5.71)

It is not necessary to continue with the process since the three displacements satisfy the convergence 
criterion.

The displacements and reactions at the final of the first step are:
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{ } { }
.

.

.

U U U
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 (4.5.72)

The deformations and stresses at the final of the step are:

{ } [ ( )]

.

.

.

Φ
t t t1 1 1
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0 00280492
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= { } =
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−
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0 00000
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 (4.5.73)

In the second step, the increments of the generalized displacements and nodal forces of the element 
are, respectively,
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0 00000
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 (4.5.74)

As provisional solution it is chosen the displacements obtained at the final of the step 1.

{ }
.

.

.

U
p
=

−
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0

0

0 02804754924

0 0002266840291

0 008414762972
























 (4.5.75)

In this case

L = 4.99985 m, sinα= 0.999984, cosα= 0.0056097  (4.5.76)

The transformation matrix is:
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[ ( )]

. . . . .

.B U
t

x x x x

x
2

2 00 10 1 12 10 1 00 2 00 10 1 12 10 0

2 00 1

1 3 1 3

=

− −− − − −

00 1 12 10 0 2 00 10 1 12 10 1 00

5 61 10 1 00 0 5 61

1 3 1 3

3

− − − −

−

− −

− −

. . . .

. . .

x x x

x xx10 1 00 03−



















.

 (4.5.77)

The stiffness matrix of the structure is computed as [ ( )] [ ( )] [ ][ ( )]K U B U E B U
t t

t
t2 2 2

=

[ ( )]

. . . . .

K U
t

x x x x x

2

0 7193 10 0 3982 10 0 1792 10 0 7193 10 0 3982
7 7 8 7

=

− − 110 0 1792 10

0 3982 10 0 7170 10 10 0560 10 0 3982 10

7 8

7 9 4 7

.

. . . .

x

x x x x− − −00 7170 10 10 0560 10

0 1792 10 10 0560 10 0 5975 10 0

9 4

8 4 8

. .

. . . .

x x

x x x

−

− − 11792 10 10 0560 10 0 2988 10

0 7193 10 0 3982 10 0 179

8 4 8

7 7

x x x

x x

. .

. . .− − − 22 10 0 7193 10 0 3982 10 0 1792 10

0 3982 10 0 7170 10

8 7 7 8

7

x x x x

x x

. . .

. .

−

− −
99 4 7 9 4

8

10 0560 10 0 3982 10 0 7170 10 10 0560 10

0 1793 10 10

. . . .

. .

x x x x

x − 00560 10 0 2988 10 0 1792 10 10 0560 10 0 5975 10
4 8 8 4 8

x x x x x. . . .−







































 

(4.5.78)

and the increment of the forces ∆F{ }  is

∆F P B U M{ } { } { }
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 (4.5.79)

The following displacements and reaction forces are obtained with the resolution of Equation (4.2.5):

∆ ∆ ∆u w= = − =0 02804754917 0 0002266839468 0 008414762941. m; . m; . raθ dd  

R R R
ut w t t2 2 2

100000 100000 502782 0867= − = = −N, N, . N.mθ  (4.5.80)

The displacements are:
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 (4.5.81)

The convergence criterion checking, gives:

u u

u

w w

w

t p

t

- t p

t
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t
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1

1

1

0 49999 10 0 49999 10 03 3
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= >
−

= >
−

=. ; . ; .
θ θ

θ
449999 10 3> −  (4.5.82)

Thus, it is necessary to continue with the iterations. Taking the final displacements of the first itera-
tion as provisional solution:
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P
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0 00006973500697

0 008368200837

























 (4.5.83)

The new length, sinα and cosα are computed:

L = 4.999861317 m, sinα= 0.9999370613, cosα= 0.01121933087  (4.5.84)

With these values, the transformation matrix is:

[ ( )]

. . . . .

.B U
t

x x x x

x
2

2 00 10 2 24 10 1 00 2 00 10 2 24 10 0

2 00 1

1 3 1 3

=

− −− − − −

00 2 24 10 0 2 00 10 2 24 10 1 00
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1 3 1 3

2

− − − −
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− −

− −

. . . .

. . .

x x x

x xx10 1 00 02−



















.

 (4.5.85)

The stiffness matrix of the structure is:
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[ ( )]

. . . . .

K U
t

x x x x x

2

0 7260 10 0 7963 10 0 1792 10 0 7260 10 0 7963
7 7 8 7
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− − 110 0 1792 10
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7 8

7 9 4 7

.

. . . .

x
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9 4

8 4 8

. .

. . . .

x x

x x x

−

− − 11792 10 20 1112 10 0 2988 10
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8 4 8
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x x x

x x

. .
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x x x x
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99 4 7 9 4

8

20 1112 10 0 7963 10 0 7169 10 20 1112 10

0 1792 10 20

. . . .

. .

x x x x
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(4.5.86)

The increments of the forces are:

∆F{ } =

+

−

+

R

R

R
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50279 70366

251391 0438

50281

.

.

.θ

..
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 (4.5.87)

Solving Equation (4.2.5), the following displacements and reaction forces are obtained:

∆ ∆ ∆u w= = − =0 02835628328 0 0003867166206 0 008507887161. m, . m, . raθ dd  

R R R
ut w t t2 2 2

100000 100000 505564 1727= − = = −N, N, . N.mθ  (4.5.88)

The resultant displacements are:

U U U
t t2 1

0

0

0

0 05640383252

0 0006134006497

0 0169226

{ } = { }+ { } =
−

∆
.

.

. 55013

































 (4.5.89)

The convergence criterion checking, gives:
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u u
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w w
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1

1

1

1
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5 474 10 10 0 2609 103 3 3
−

= >
−

= >
−
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θ θ

θ
00 5503 10 102 3. x − −<  (4.5.90)

Therefore, it is required to continue with the iterations again. For the third iteration, it is chosen as 
provisional solution the values obtained in the second one, then

U
p{ } =

−
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 (4.5.91)

The new length, sinα and cosα are computed:

L = 4.999704767 m, sinα= 0.9999363626, cosα= 0.01128143263  (4.5.92)

With these values, the transformation matrix is:

[ ( )]

. . . . .

.B U
t

x x x x

x
2

2 00 10 2 23 10 1 00 2 00 10 2 23 10 0

2 00 1

1 3 1 3

=

− −− − − −

00 2 23 10 0 2 00 10 2 23 10 1 00

1 12 10 1 00 0 1 13

1 3 1 3

2

− − − −

−

− −

− −

. . . .

. . .

x x x

x xx10 1 00 02−



















.

 (4.5.93)

The stiffness matrix of the structure is:

[ ( )]

. . . . .

K U
t

x x x x x

2

0 7261 10 0 8007 10 0 1792 10 0 7261 10 0 8007
7 7 8 7

=

− − 110 0 1792 10

0 8007 10 0 7169 10 20 2231 10 0 8007 10

7 8

7 9 4 7

.

. . . .

x

x x x x− − −00 7169 10 20 2231 10

0 1792 10 20 2231 10 0 5975 10 0

9 4
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. .

. . . .

x x

x x x
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− − 11792 10 20 2231 10 0 2988 10
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(4.5.94)

The increments of the forces are:
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∆F{ } =

+

−

+

R

R

R
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 (4.5.95)

Solving Equation (4.2.5), the following displacements and reaction forces are obtained:

∆ ∆ ∆u w= = − =0 02835703041 0 0003884776480 0 008508384923. m, . m, . raθ dd  

R R R
ut w t t2 2 2

100000 100000 505579 0434= − = = −N, N, . N.mθ  (4.5.96)

The resultant displacements are:

U U U
t t2 1

0

0

0

0 05640457965

0 0006151616771

0 0169231

{ } = { }+ { } =
−
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.
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 (4.5.97)

The convergence criterion checking, gives:

u u

u
x

w w

w
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t p

t

- t p

t

- t p
1

1

1

1

11 325 10 10 2 863 10 105 3 3 3
−

= >
−

= >
−

− −. ; . ;
θ θ

θθt
x

1

2 941 10 105 3= <− −.  (4.5.98)

In order to improve the vertical displacement, other iteration is required. Again, it is chosen as pro-
visional solution, the values obtained in the former iteration, thus
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U
p{ } =
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 (4.5.99)

The new length, sinα and cosα are computed:

L = 4.999703015 m, sinα= 0.9999363608, cosα= 0.01128158602  (4.5.100)

With these values, the transformation matrix is:

[ ( )]

. . . . .

.B U
t

x x x x

x
2

2 00 10 2 26 10 1 00 2 00 10 2 26 10 0

2 00 1

1 3 1 3

=

− −− − − −

00 2 26 10 0 2 00 10 2 26 10 1 00

1 13 10 1 00 0 1 13

1 3 1 3

2

− − − −

−

− −

− −

. . . .

. . .

x x x

x xx10 1 00 02−



















.

 (4.5.101)

Figure 22. Planar frame
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The stiffness matrix of the structure is:

[ ( )]

. . . . .

K U
t

x x x x x
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=
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The increments of the forces are:

∆F{ } =

+

−

+
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 (4.5.103)

Figure 23. Planar frame
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Solving Equation (4.2.5), the following displacements and reaction forces are obtained:

∆ ∆ ∆u w= = − =0 02835700909 0 0003884817364 0 008508381520. m, . m, . raθ dd  

R R R
ut w t t2 2 2

100000 100000 505579 0434= − = = −N, N, . N.mθ  (4.5.104)

The resultant displacements are:

U U U
t t2 1

0

0

0

0 05640455833

0 0006151657655

0 0169231

{ } = { }+ { } =
−
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 (4.5.105)

The convergence criterion checking, gives:

u u
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(4.5.106)

Therefore, the final displacements and nodal forces are:
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 (4.5.107)

And the final deformations and stresses are:
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 (4.5.108)

As shown, the bending moment at the free end has a value of -13.9432 with is negligible compared 
with 505592.8849.
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4.6 PROBLEMS

4.6.1 Planar Frame Subjected to Several Force

Solve the frame shown in Figure 22 using Timoshenko theory and the direct stiffness method.

4.6.2 Assemblage of the Stiffness and the Total Forces Matrices

For the frame shown in Figure 22, assemble the stiffness matrix and total forces.

4.6.3 Analysis of a Cantilever Column

Solve the cantilever column shown in Figure 19 using the Newton-Raphson method.

4.6.4 Analysis of a Planar Frame Considering Nonlinear Effects

Solve the frame shown in Figure 23 by the direct iteration method, using any algebraic manipulation 
program.

4.6.5 Analysis of a Planar Frame Considering Nonlinear Effects

Solve the frame shown in Figure 23 by the Newton-Raphson method using any algebraic manipula-
tion program.

4.6.6 Tridimensional Stiffness Matrix

Deduce the stiffness matrix corresponding to the tridimensional case using any algebraic manipula-
tion program.

4.6.7 Algorithms of Assemblage

Generalize the algorithms for the assemblage of the stiffness and total forces matrices (sections: 4.1.2 
and 4.1.3) to the tridimensional case.

4.7 PROJECTS

4.7.1 Write a Program Based on the Direct Stiffness Algorithm Using Any Computer Programming 
Language (Fortran, Visual Basic, Matlab, Maple, Pascal, Python, Etc.)

4.7.2 Generalize the Program Written in Section 4.7.1 including the Analysis of Nonlinear Frames 
Using the Direct Iteration Method

4.7.3 Generalize the Program Written in Section 4.7.1 including the Analysis of Nonlinear Frames 
Using the Newton-Raphson Method

4.7.4 Generalize the Program Written in Section 4.7.3 to the Tridimensional Case
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ABSTRACT

This chapter introduces some fundamental concepts of plasticity that are used in Chapter 6 to formulate 
the concept of plastic hinge and in Chapter 7 to describe elasto-plastic models for frames; in the pres-
ent one, only the uniaxial behavior of the material is considered. In this chapter, the key concepts of 
perfect plasticity, yield function, and plastic hardening are introduced. The two alternative formulations 
for plastic hardening, isotropic and kinematic, are discussed in detail. Plasticity is presented as a way 
to mathematically represent the experimental behavior of ductile materials; the limits of plasticity for 
describing reality are also established.

5.1 EXPERIMENTAL BEHAVIOR OF DUCTILE MATERIALS

Consider again the example of the paper clip used in chapter 1. The loading process consists in imposed 
displacements that represent the actions of the paper sheets on the clip (see Figure 1). If a limited number 
of pages is used, the clip recovers its initial form once they are removed. If the clip is used with an exces-
sive number of sheets, it will not recuperate its original shape. It is evident that a computer analysis that 
does not predict structural modifications or deterioration of the clip, no matter how many paper sheets 
are used, is not very useful. That would be the case if only elastic analyses of the paper clip are carried 
out: no permanent deformations can be predicted in that case.

Elastic models as the ones described in chapter 3 should be used with extreme precautions and always 
with some elastic limit criterion at hand. If that limit is exceeded, then more sophisticated models are 
needed. This chapter describes a step in that direction; the elasto-plastic models differ from the elastic 
ones because they consider the possibility of permanent deformations, as the ones that occur when an 
excessive number of pages are held together.

Figure 2 shows the experimental response of a metallic specimen during a tension test with unloading: 
the specimen is stretched in a testing machine so that the material is subjected to the strain history shown 

Fundamental Concepts 
of Plasticity
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in Figure 2a. This kind of tests is called mono-sign traction test in this book. Notice that the number and 
the instant of the unloadings are arbitrarily fixed by the experimenter. The behavior of metallic materials 
observed in these tests is summarized in table 1.

Notice that during the test, the material behavior changes with the loading: first, it is elastic and then 
permanent strains appear; this is called plastic behavior. The strength to plasticity grows with permanent 
strains and then decreases; the material stiffness is first constant and then starts to decrease with large 
plastic strains.

Figure 1. Paper clip as a structure

Figure 2. Experimental behavior of a metallic specimen in a mono-sign test
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The goal of plasticity theory is to model some of these behaviors, specifically phenomena “a” to “e”. 
The rest of them are taken into account in the framework of the theory of damage mechanics described 
in chapter 9.

5.2 ELASTO-PERFECT PLASTIC CONSTITUTIVE MODEL

5.2.1 Idealization of the Mono-Sign Test

The elasto-perfect plastic model idealizes the behavior of metallic specimens in mono sign tests as shown 
in Figure 3. This idealization takes into account only phenomena “a”, “b”, “c” and “e” in Table 1.

In this model, there is a zone of elastic behavior while the stress does not reach the elastic limit σy; i.e. 
strains are reversible in that case. When the stress reaches the elastic limit σy, the material starts yielding 
with constant stress; i.e. permanent strains appear. The value σy is called yield stress.

During any elastic unloading, stress and strain decrease following straight lines of slope E. The remain-
ing strain for a σ equal to zero is the plastic strain value εp. If a reloading process follows the unloading, 

Table 1. Phenomena observed during mono-sign tests

a) Existence of a zone that can be characterized as linear elastic

b) Presence of plastic strains; i.e. strains that do not disappear after unloading if a limit in stress is reached

c) Zone of constant elasticity modulus

d) Zone of plastic hardening, which is an increase in the elastic limit with plastic strain

e) Existence of an ultimate or maximum stress

f) Zone of plastic softening or strength degradation; i.e. a decrease in the elastic limit with plastic strain

g) Zone of stiffness degradation; i.e. a decrease of the elastic modulus with plastic strain

h) Existence of a maximum or failure strain

Figure 3. Elasto-perfect plastic model
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the strain stress points continue in the same straight line until the elastic limit σy is reached again, then 
the material starts yielding once more.

5.2.2 Elasticity Law

It is now necessary to express the behavior represented in Figure 3 in mathematical language. Notice 
that a single mathematical relationship such as σ σ ε= ( ) cannot describe it since an indefinite number 
of stresses can correspond to a given strain value: one for each elastic unloading. As aforementioned, 
during a mono-sign test, the number and occurrence of elastic unloadings is arbitrary; therefore, in 
plasticity, stress does not depend on the current strain value exclusively (as in elasticity) but on the his-
tory of strain. An elasto-plastic constitutive equation must describe this relationship.

In this chapter, a general procedure called “method of the local state” is used to describe constitutive 
equations that involve strain or deformation histories. This method assumes that the effects of the history 
of strains on the material can be registered in a set of additional parameters, called internal variables; 
these are a record of the modifications experienced by the material. The values of the internal variables 
indicate how the material will react to future loading. The state of the material is characterized by the 
current values of the strain and the internal variables. Thus, instead of using the history of strain, the 
constitutive equations are written in terms of the current values of stress, strain, internal variables, and 
its increments.

A first step in the method of the local state is the introduction of the internal variables that define 
unambiguously the current value of stress; i.e. the set conformed by strain and the internal variables 
must be related to a unique value of stress. The equation that relates those variables is called elasticity 
law. The elasticity law describes the equation of the branches of unloading/reloading shown in Figure 3.

In order to characterize a straight line, only two parameters are needed, one is the slope of the line 
which in this case is the constant elastic modulus; the second one is its intersection with the horizontal 
axis which in this case is variable: the plastic strain. Plastic strain is, therefore, the first internal variable 
in plasticity and the corresponding elasticity law is:

σ ε ε= −E
p

( )  (5.2.1)

However, the elasticity law does not represent by itself a constitutive equation since the current val-
ues of the internal variables are not a priori known. New equations that complement the elasticity law 
are thus needed; they are called evolution laws of internal variables and, usually, they are expressed as 
differential equations.

5.2.3 Plastic Strain Evolution Law and Yield Function

The perfectly plastic model states that there is no plastic strain if the stress is less than the yield stress. 
In mathematical language this can be expressed as:

d (

f(
p

p

ε σ
σ ε
= <
= ≠
0 0

0 0

 if   f  (elastic behavior)   

 if  d  (p

)

) llastic behavior)  








 (5.2.2)
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where

f(
y

σ σ σ)= − ≤ 0  (5.2.3)

Equation (5.2.2) is the plastic strain evolution law, the term f(σ) in (5.2.3) is called yield function. 
The yield function can only be negative or nil since the stress value cannot exceed the yield stress in 
the perfectly plastic model. The first line in Equation (5.2.2) indicates that there is no increment of the 
plastic strain if the absolute value of the stress is less than the yield stress; the absolute value of the stress 
is used because plasticity can appear in compression as well as in traction. This first line corresponds to 
an elastic behavior of the material. The second line in (5.2.2) states that stress, in absolute value, has to 
be equal to the yield stress if there are increments of the plastic strain; this line corresponds to a plastic 
behavior of the material.

The elasticity law (5.2.1), the plastic strain evolution law (5.2.2) and the yield function (5.2.3) form 
the constitutive equations of the perfectly plastic model; i.e. this set of equations defines a unique re-
lationship between the stress value and the history of strain. The elastic modulus and yield stress are 
properties of the material and are considered data of the problem.

5.2.4 Example

Consider the strain history that is shown in Figure 4; it can be considered as a loading history chosen 
by an experimenter for the test. The goal of this example is to obtain the corresponding stress history 
according to the perfectly plastic constitutive equations.

The strain history consists, first, in a loading with constant strain velocity m up to the time t1; the 
instant ta corresponds to the first time when the material experiences plasticity; then an elastic unload-
ing, at constant velocity m too, is carried out until zero stress is reached at the instant tb; a second and 
final loading, with the same velocity, ends at the instant t2; during this interval, the material experiences 
plasticity again at some instant tc.

The analysis is carried out step by step. The first step corresponds to the time interval 0 t t
a

≤ < . In 
this step, the material behaves elastically; thus, the first line of Equation (5.2.2) applies:

d
p p
ε ε= ⇒ =0 0  (5.2.4)

The elasticity law (5.2.1) gives now the value of the stress:

σ ε= =E Emt  (5.2.5)

The behavior remains elastic while the yield function is negative. Thus, this step ends when:

f( t
E my a

yσ σ σ
σ

)
.

= − ==0 for t=t ; therefore 
a

;  (5.2.6)
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The histories of stress and plastic strain defined by expressions (5.2.4) and (5.2.5) are shown in 
Figure 5a.

The second step corresponds to the intervalt t t
a
≤ <

1
. It is assumed that the behavior in this step 

is plastic; thus the second line in the evolution law (5.2.2) applies:

f(
y

σ σ σ)= ⇒ =0  (5.2.7)

The elasticity law (5.2.1) can now be used to compute the plastic strain:

ε ε
σ σ

p

y

E
mt

E
= − = −  (5.2.8)

The histories of stress and plastic strain of the first and second steps are shown in Figure 5b.
The third step corresponds to the interval t t t

b1
≤ < . Since this is an unloading, it is assumed that 

the behavior in this step is elastic; thus the first line in the evolution law (5.2.2) applies:

d mt
Ep p

yε ε
σ

= ⇒ = −0
1

 (5.2.9)

And the elasticity law (5.2.1) can be used to compute the stress:

Figure 4. History of strain
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Figure 5. a) History of strains, stresses and plastic strains for 0 ≤ <t t
a

b) History of strains, stresses 
and plastic strains for 0

1
≤ <t t c) Total history of strains, stresses and plastic strains
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σ ε ε ε
σ

= − = − + +E E mt
Ep

y( ) ( )
1

 (5.2.10)

The third step ends with the total unloading of the specimen (σ = 0); thus, the instant tb is:

σ ε
σ ε σ

= − + + = = = +E mt
E

t t t
m E m

y

b b

y( )
.1

10 for ; therefore ;  (5.2.11)

The histories of stress and plastic strain (5.2.9) and (5.2.10) are shown in Figure 5c.
The fourth step (t t t

b c
≤ < ) corresponds to the elastic reloading, thus the first line of the evolution 

law and the elasticity law give again:

d m t
E

E E m t
p p

y

p y
ε ε

σ
σ ε ε ε σ= ⇒ = − = − = − −0

1 1
. ; ( ) ( . )  (5.2.12)

This elastic part of the reloading ends when the yield function is equal to zero:

f( t t t
m E my c c

yσ σ σ
ε σ

)
.

= − = = = +0
2

1 for ; therefore,  (5.2.13)

The histories of strains, stresses and plastic strains in this interval are shown in Figure 5c.
The last step is the plastic part of the reloading (t t t

c
≤ <

2
); the second line of the evolution law 

and the elasticity law lead to:

f(
E

mt
Ey p

yσ σ σ ε ε
σ σ

) ;= ⇒ = = − = −0 3  (5.2.14)

At time t2 the history of the variables ends.
Notice that the adequate choice of the evolution law line allows for the computation of one variable: 

the plastic strain if the behavior is elastic or the stress if the behavior is plastic; the elasticity law gives 
the remaining variable. The set composed by the elasticity law (5.2.1), evolution law of the plastic strain 
(5.2.2) and the yield function (5.2.3) represent, indeed, a constitutive equation.

The combination of the strain and stress histories shown in Figures 5c permits the construction of 
the stress as a function of strain curve that is shown in Figure 6; notice that, in fact, it corresponds to 
the perfect plastic idealization.
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5.3 ELASTO-PLASTIC MODEL WITH LINEAR ISOTROPIC HARDENING

5.3.1 Idealization of the Mono-Sign Test

As aforementioned, the perfect plasticity model considers only some of the phenomena listed in Table 
1. In this section, a new plasticity model that takes into account the plastic hardening effect is presented. 
In the case of the so called linear hardening, the experimental behavior in a mono-sign test is idealized 
as shown in Figure 7.

5.3.2 Constitutive Equations

Notice that this new model does not change the representation of branches of the elastic unloading/
reloading; therefore the same elasticity law applies in this case. The general form of the plastic strain 
evolution law is also kept unmodified. However in the perfect plastic model, the elastic limit is constant 
and equal to the yield stress. This cannot be the case anymore; in the new model the elastic limit aug-
ments with the plastic strain. As the transition from the elastic behavior to the plastic one depends on 
the yield function, this has to be modified. The new model has the following general form:

σ ε ε
ε σ
σ

= −
= <
=

E
d f( p

f( pp
p( );

, )

, )

0 0

0

 if  (elastic behavior)   

 iif   (plastic behavior)  d
p
ε ≠






 0

 (5.3.1)

with the yield function:

f p c p
y

( , ) ( . )σ σ σ= − + ≤ 0  (5.3.2)

Figure 6. Stress as a function of strain in the example



150

Fundamental Concepts of Plasticity
 

In this yield function, the elastic limit corresponds to the term ( . )σ
y

c p+ where c is a material pa-
rameter (as it is the yield stress or the elastic modulus) constant and positive; and p is a variable that 
measures the total amount of plasticity experienced by the material. The variable p can be defined in 
two different ways. The first one is the accumulated plastic strain that can be interpreted as a “plastic 
odometer”. The new evolution law for p is in this case:

dp d
p

= ε  (5.3.3)

Notice the variable p always increases with plasticity no matter the sign of the plastic strain, in the 
same way as the mileage in an odometer can only increase regardless driving northward or southward.

A second alternative is the use of the maximum plastic strain; the corresponding evolution law for 
p is in this case:

dp p

p dp
p Maxp

p
p

= <

= ≠








=
0

0

 if  

 if 
; or 

ε

ε
ε  (5.3.4)

Equation (5.3.4a) indicates that the variable p does not increase if the plastic strain is less than the 
current value of p; and p cannot be less than the plastic strain. A much simpler way to describe this evo-
lution law is indicated in Equation (5.3.4b): the variable p at a time t is equal to the maximum absolute 
value of the plastic strain during its history up to that instant.

The variable p has to be always positive since in uniaxial compression as well as in uniaxial tension 
tests, the hardening represents an increase in the elastic limit.

Figure 7. Elasto-plastic model with linear hardening
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Thus, in this model, a new internal variable was introduced: the accumulated plastic strain or the 
maximum plastic strain. Although p is not included in the elasticity law, it is an internal variable since 
it is necessary to define the nature of the material behavior: elastic or plastic.

Notice that even if the stress can now have larger values than the yield stress, the yield function is 
still negative or nil.

Consider, as an example, a monotonic loading; i.e. a history of constantly increasing values of strains 
from zero to some final value and no unloading. During the elastic part of the behavior:

ε σ ε
p

E= =0 and  (5.3.5)

In the plastic part:

p c
E

c E
E c

E

E cp y p p

y= ⇒ = + = − ⇒ =
+

+
+

ε σ σ ε ε ε
σ

σ ε
σ

. ;
. .

 (5.3.6)

Equations (5.3.5-5.3.6) give the stress as a function of strain that is represented in Figure 8; this curve 
is called envelope of the model. The model (5.3.1)-(5.3.2) is indeed a mathematical representation of 
the idealization of Figure 7. The model is said to have linear isotropic hardening because the strength 
increment over the yield stress, i.e. the hardening term Q(p)=c.p, is a linear function of p.

5.4 ELASTO-PLASTIC MODEL WITH NONLINEAR ISOTROPIC HARDENING

5.4.1 Constitutive Equations

On one hand, the model described in the previous section represents an improvement with respect to 
the perfect plastic one because it takes into account plastic hardening; on the other hand, it loses the 
capacity to establish an ultimate stress value: the plastic branch increases the stress indefinitely. The 
goal of the model in this section is to improve the preceding ones taking into account phenomena “a”, 
“b”, “c”, “d” and “e” of Table 1 simultaneously; i.e. it will include plastic hardening and the existence 
of an ultimate stress resistance as well.

In this model the same elasticity law (5.3.1a), the same two internal variables (εp and p) and internal 
variable evolution laws (5.3.1.b and 5.3.3 or 5.3.4) are used; however the yield function is now modified 
in the following way:

f p Q p Q p e
y u y

p( , ) ( ) ( ) ( )( )σ σ σ σ σ α= − +( ) ≤ = − − −0 1 where  (5.4.1)

The new elastic limit is the term σ σ σ α
y u y

pe+ − −( )−( )( )1 ; where σ
u

and α are constant and positive 

material parameters, specifically σ
u

is the ultimate stress or last strength of the material.
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5.4.2 Identification of the Material Parameters

Notice that the elastic limit in this model is equal to the yield stress at the beginning of a plasticity pro-
cess (p = 0) and tends exponentially to the ultimate stress σ

u
when the plastic strain tends to infinity. 

The rapidity of the transition between σ
y
and σ

u
depends on the value of parameter α. The envelope of 

this model is shown in Figure 9a.
Another interpretation of the parameter α can be given as follows. Consider the part of a monotonic 

loading with plastic deformation, then:

f e e
y u y

u

u y

p p= − + − −( ) = ⇒
−

−
=− −σ σ σ σ

σ σ
σ σ

αε αε
( )( )1 0  (5.4.2)

Taking logarithms in both sides of Equation (5.4.2b) leads to:

ln( ) ln( )σ σ αε σ σ
u p u y
− = − + −  (5.4.3)

Therefore, the parameter α is the slope of the resulting line in a graph of ln( )σ σ
u
− vs. ε

p
as shown 

in Figure 9b.
The material parameters can be easily identified in a mono-sign test. Notice that the parameter α is 

related to the hardening velocity as it is shown in Figure 10.
The example 5.9.1 shows how to plot a curve strain vs. stress using this model and a spreadsheet.

Figure 8. Envelope of the elasto-plastic model with linear isotropic hardening
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5.5 ELASTO-PLASTIC MODEL WITH LINEAR KINEMATIC HARDENING

5.5.1 The Bauschinger Effect

Reversal of loading often has a devastating effect on structures as, for example, in earthquakes; thus the 
study of the behavior of materials under such conditions is very important. The most significant test 
for this purpose is the cyclic test in which the specimens are subjected to traction and compression suc-
cessively, usually the maximum and minimum strain of each cycle increases. Figure 11 shows a typical 
result for a metallic specimen in a cyclic test.

In the first cycle, as in mono-sign tests, a zone of plastic behavior with hardening follows to an elastic 
one; when the load is reversed and stress changes the sign, the same sequence is observed but the elastic 
limit appears to be significantly lower. Then, the process of plastic hardening restarts and the elastic limit 
recovers its initial value and even increases it. If the loading is reversed again, the same events repeat: 
elastic unloading, elastic reloading and plastic behavior with hardening; but once more, the elastic limit 
is much lower than the previous one. This phenomenon: decrease of elastic limit in compression when 
there has been a plastic hardening in traction, and vice versa, is called Bauschinger effect.

The perfect plastic model cannot describe this effect since the elastic limit is always constant; nor can 
the models with isotropic hardening because once the elastic limit increases in traction the same effect 
appears in compression and vice versa (see Figure 12).

5.5.2 The Elastic Domain

The elastic domain of a material is defined as the set of stress values such that the material behavior is 
elastic. In mathematical language this is written as:

σ | f < 0  (5.5.1)

Figure 9. a) Envelope of the elasto-plastic model with nonlinear isotropic hardening b) ln( )σ σ
u
− vs. 

ε
p
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Equation (5.5.1) is read as follows: the elastic domain is the set of stress values so that the yield 
function is strictly negative.

In the theory of plasticity, it is said that the elastic domain is always an open convex set. In the uniaxial 
case, this means that the elastic domain can be expressed as a single open interval in the stress axis, i.e.:

σ σ| L L
inf sup
< <  (5.5.2)

where Linf is the inferior limit of the elastic interval and Lsup is the superior limit. For instance, in the 
perfect plastic model the elastic domain is given by:σ σ σ σ|− < <

y y
 since for any stress value great-

er than minus the yield stress and less than the yield stress, the yield function is negative.
In the case of perfect plasticity, the elastic domain is invariant; that is its inferior and superior limits 

are unvarying because the yield stress is constant.
In the models with isotropic hardening the elastic domain is: σ σ σ σ| ( ) ( )− +( ) < < +( )y y

Q p Q p ; 

where Q p c p( ) .= in the case of linear hardening and Q p e
u y

p( ) ( )( )= − − −σ σ α1 for nonlinear harden-
ing. In this case, the elastic domain is not invariant: it depends on the amount of plasticity experienced 
by the material, but the interval can only increase its boundaries.

The size of the elastic domain Sz, is defined as the difference between the maximum and minimum 
limits of the elastic domain:

Sz  L -L
sup inf

=  (5.5.3)

Figure 10. Increase of hardening velocity with parameter α 
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Figure 11. Stress vs. strain in a cyclic test on a steel specimen

Figure 12. a) Simulation of a cyclic test with the perfect plastic model b) Simulation of a cyclic test with 
the model of plasticity with nonlinear isotropic hardening
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For instance, in the perfectly plastic model, the size of the elastic domain is: Sz = 2.σ
y

, which is con-
stant. In models with isotropic hardening, the size of the elastic domain is not constant and it can only 
increase: Sz = +( )2. ( )σ

y
Q p .

The center of the elastic domain, Ct, corresponds to the mid-point of the interval: σ σ/ L L
inf sup
< <

and it is given by:

Ct
L L

2
sup inf=
+

 (5.5.4)

In all the models described so far the center of the elastic domain is always constant and equal to 
zero: Ct = 0 ; i.e. even if the elastic domain is growing up, its center does not move across the stress 
axis.

The Bauschinger effect can now be explained in a very simple way: it corresponds to displacements 
(instead of growth) of the elastic domain in the stress space; when the elastic domain moves in the posi-
tive direction of the stress axis, there is an increment in the tensile elastic limit and simultaneously a 
reduction of the compression one; if the elastic domain displaces in the negative direction, the opposite 
effects are observed.

The goal of the models with kinematic hardening is the characterization of this movement.

5.5.3 Constitutive Equations

The elasticity law is not related with the characteristics of the elastic domain, only with the elastic branches 
of unloading/reloading; thus, the expression (5.2.1) is still used. The general form of the evolution law 
of the plastic strain is also the same, except that the yield function depends now on the plastic strain 
directly, instead of the variable p:

σ ε ε
ε σ ε
σ ε

= −
= <

E
d f(

f(p
p p

p

( );
, )

, )

0 0 if   (elastic behavior)   

== ≠






 0 0 if  (plastic behavior)  d

p
ε

 (5.5.5)

with the following expression for the yield function:

f( c
p p y

σ ε σ ε σ, ) .= − − ≤ 0  (5.5.6)

where c is a material parameter as in the model of isotropic hardening.
Notice that the new elastic domain is now given by: σ σ ε σ σ ε| . .− + < < +

y p y p
c c ; its size is 

Sz = 2.σ
y

, as in the perfectly plastic model, but its center is not longer equal to zero: Ct = c
p

.ε . There-
fore, for positive plastic strains, the elastic domain displaces in the positive direction of the stress axis 
and vice-versa. The simulation of a cyclic test with this model is presented in Figure 13.
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Notice that isotropic hardening is obtained by including a term Q outside the absolute value in the 
yield function; for kinematic hardening, the additional term is placed inside the absolute value; i.e. an 
additional term within the absolute value modifies the position of the elastic domain center; an outside 
term changes its size.

5.6 ELASTO-PLASTIC MODEL WITH NONLINEAR KINEMATIC HARDENING

The drawback of the model described in the previous section is the same as in the model with linear 
isotropic hardening: it loses the description of the effect “e” in table 1 (the ultimate stress resistance). 
A model that includes the phenomena “a” to “e” and the Bauschinger effect is:

σ ε ε
ε σ
σ

= −
= <
=

E
d f( x

f( xp
p( );

, )

, )

0 0

0

 if   (elastic behavior)   

  if   (plastic behavior)  d
p
ε ≠






 0

 (5.6.1)

where

f( x
y

σ σ σ)= − − ≤ 0  (5.6.2)

The new internal variable x is called kinematic hardening stress or back stress. The evolution law of 
the back stress is given by:

dx d x d
u y p p

= − −( )α σ σ ε ε( ) .  (5.6.3)

Notice that for x equal to zero, the position of the elastic domain center displaces in the positive di-
rection of the stress axis if the plastic strain increments are positive and vice versa. For positive plastic 
strain augmentations, the back stress increments tend to zero as this variable tends to ( )σ σ

u y
− ; there-

fore the total stress σ can never be greater than σ
u

. For negative plastic strain, the back stress increments 
tend to zero as x tends to − −( )σ σ

u y
, therefore the stress σ can never be less than −σ

u
.

A cycle using the plastic model with nonlinear kinematic hardening gives the behavior indicated in 
Figure 14.

The improvement in the representation of the material behavior requires an increment of the com-
plexity of the models as can be noticed comparing Figures 14 and 13 with 11.

The example 5.9.2 shows how to plot a curve strain vs. stress using an algebraic manipulation pro-
gram and a spreadsheet.

An analogy between mathematical modeling of physical phenomena and art can also be noticed; 
the models can be seen as “paintings” of the material behavior observed in the experimental tests. In 
structural analysis, mathematical language is used to describe a physical phenomenon in a way not too 
different as painting or sculpture is used to represent a person, landscape or object. A model is just a 
representation and never an exact explanation of the actual phenomenon which is infinitely complex.
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5.7 ELASTO-PLASTIC SHEAR STRESS-STRAIN RELATIONSHIP

Consider a thin walled cylindrical tube of average radio, R and thickness e subjected to torsion as shown 
in Figure 15. This can be considered as an isostatic problem; i.e. its stress distribution does not depend 
on the material behavior. The shear stress in the structure is approximately constant and can be computed 
by considering equilibrium of moments around the axis of the tube; the angular shear strain in the solid 
elements of the tube is also constant and can be determined from kinematic considerations (see section 
2.5). They can be computed as a function of the moment and torsion rotation as:

Figure 13. Material behavior according to the elasto-plastic model with linear kinematic hardening

Figure 14. Material behavior according to the elasto-plastic model with nonlinear kinematic hardening
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Figure 16. Shear stress vs. angular shear strain in aluminum

Figure 15. Thin walled cylindrical tube subjected to torque force T
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τ
π

γ
φ

= =
T

e R

R
L2 2

;  (5.7.1)

where τ is the shear stress, γ is the angular shear strain or distortion; T is the torque, ϕ is the angle of 
twist and L is the length of the element (see Figure 15).

Thus, the experimental behavior of a material subjected to shear effects can be observed and mea-
sured in a test with this kind of specimens. Figure 16 shows the experimental results corresponding to 
an aluminum specimen represented in a graph of distortion vs. shear stress.

Notice that this is the same kind of behavior observed in the tension tests; thus, similar models can 
be used to describe the behavior under shear stresses:

τ γ γ
γ τ

= −
= <

G
d f ( p x

fp
p s( );

, , )0 0  if    (elastic behavior)   
s s

ss p
( p x dτ γ, , )

s s
  if   (plastic behavior)  = ≠






 0 0

 (5.7.2)

where γp is the plastic angular strain and G is again the transverse elastic modulus. The shear yield func-
tion fs may have isotropic and/or kinematic hardening terms:

f p x x Q p
s s s s y s
( , , ) ( )τ τ τ= − − +( ) ≤ 0  (5.7.3)

where τy is the yield shear stress, that is assumed to be a material property and the hardening terms xs 
and Q(ps) may have the linear or nonlinear expressions already defined. The material parameters have 
not the same values in the σ-ε relationship than in the τ−γ one.

5.8 SUMMARY AND EQUATIONS QUICK REFERENCE

The most important inelastic phenomena in ductile materials can be identified in uniaxial tests. Those 
are: presence of permanent strains, plastic hardening, stiffness degradation and plastic softening or 
strength degradation.

In order to model the inelastic behavior, the equations relate histories of displacements and general-
ized deformations with histories of external forces and generalized stresses. The simplest way to describe 
this kind of relationship is introducing internal variables that describe the modification of the state of 
the material. Next, the constitutive equations are divided into two sets of relationships: the elasticity law 
and the evolution law of the internal variables.

The simplest model is called perfectly plastic. In this model only one internal variable is introduced: 
the plastic strain. The evolution law is defined using a yield function. The perfectly plastic model is 
characterized by a maximum constant stress.

In order to describe those inelastic phenomena two concepts were introduced: the size of the elastic 
domain and its position. The subsequent models describe the hardening process. They are denoted as 
elasto-plastic models with isotropic and kinematic hardening. In the first one the size of the elastic 
domain increases with plastic strains. The kinematic hardening model displaces of the elastic domain.

Finally, the elasto-plastic shear stress-strain relationship is presented (See Table 2).
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Table 2.  

ELASTO-PERFECT PLASTIC CONSTITUTIVE MODEL

Idealization of the Mono Sign Test

Elasticity law σ ε ε= −E
p

( ) (5.2.1)

Plastic Strain Evolution Law and Yield Function

Plastic strain evolution law 

d f(

f( d
p

p

ε σ
σ ε
= <
= ≠
0 0

0 0

 if  (elastic behavior)

 if  (plastic

)

)   behavior)








 (5.2.2)

Yield function 

f(
y

σ σ σ)= − ≤ 0  (5.2.3)

ELASTO-PLASTIC MODEL WITH LINEAR ISOTROPIC HARDENING

Idealization of the Mono Sign Test

Constitutive Equations

Elasticity law 

σ ε ε= −E
p

( )  (5.3.1a)

Plastic strain evolution law 

d f( p

f( p d
p

p

ε σ
σ ε
= <
= ≠
0 0

0 0

 if  (elastic behavior)

 if  (pla

, )

, ) sstic behavior)








 (5.3.1b)

Yield function 

f p c p
y

( , ) ( . )σ σ σ= − + ≤ 0  (5.3.2)

Evolution law for p, the accumulated plastic strain

dp d
p

= ε  (5.3.3)

Evolution law for p, the maximum plastic strain

dp p

p dp
p Maxp

p
p

= <

= ≠








=
0

0

 if     

  if        
or  

ε

ε
ε  (5.3.4)

Envelope of the elasto-plastic model with linear isotropic hardening with a monotonic loading: 
During the elastic part of the behavior 

ε
p
= 0  and σ ε= E (5.3.5)

In the plastic part 

p c
E

c E
E c

E

E cp y p p

y= ⇒ = + = − ⇒ =
+

+
+

ε σ σ ε ε ε
σ

σ ε
σ

. ;
. .

 (5.3.6)

continued on following page
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ELASTO-PLASTIC MODEL WITH NONLINEAR ISOTROPIC HARDENING

Constitutive Equations

Elasticity law 

σ ε ε= −E
p

( )
 (5.2.1, 5.3.1a)

Plastic strain evolution law 

d f( p

f( p d
p

p

ε σ
σ ε
= <
= ≠
0 0

0 0

 if  (elastic behavior)

 if  (pla

, )

, ) sstic behavior)






  (5.3.1b)

Evolution law for p, the accumulated plastic strain

dp d
p

= ε
 (5.3.3)

Evolution law for p, the maximum plastic strain

dp p

p dp
p Maxp

p
p

= <

= ≠








=
0

0

 if     

  if       
or  

ε

ε
ε

 (5.3.4)

Yield function 

f p Q p
y

( , ) ( )σ σ σ= − +( ) ≤ 0
 
Q p e

u y
p( ) ( )( )= − − −σ σ α1

(5.4.1)

Identification of the Material Parameters

The rapidity of the transition between 
σ

y and 
σ

u depends on the value of parameter α.
From the yield function 

f e e
y u y

u

u y

p p= − + − −( ) = ⇒
−

−
=− −σ σ σ σ

σ σ
σ σ

αε αε
( )( )1 0

 (5.4.2)

ln( ) ln( )σ σ αε σ σ
u p u y
− = − + −

 (5.4.3)
Parameter α is the slope of the resulting line in a graph of

ln( )σ σ
u
−

vs. 
ε

p .

Elasto-plastic model with kinematic hardening
The Bauschinger effect can be explained in a very simple way: when the elastic domain moves in the positive direction of the stress 
axis, the elastic limit increases in traction and, simultaneously, decreases in compression; if the elastic domain displaces in the negative 
direction the opposite effects are observed.

The Elastic Domain

Elastic domain of a material 
σ |  f < 0  (5.5.1)

σ σ|  L L
inf sup
< <

 (5.5.2)
    Linf: inferior limit of the elastic interval
    Lsup is the superior limit

Size of the elastic domain, Sz 

Sz  L -L
sup inf

=
 (5.5.3)

Table 2. Continued

continued on following page
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Center of the elastic domain, Ct 

Ct  
L L

2
sup inf=
+

 (5.5.4)

Constitutive Equations

Elasticity law 

σ ε ε= −E
p

( )
 (5.5.5 a)

Plastic strain evolution law 

d f(

f( d
p p

p p

ε σ ε
σ ε ε
= <
= ≠

0 0

0 0

 if  (elastic behavior)

 if  (p

, )

, ) llastic behavior)






  (5.5.5 b)

Yield function 

f( c
p p y

σ ε σ ε σ, ) .= − − ≤ 0
 (5.5.6)

c: material parameter

ELASTO-PLASTIC MODEL WITH NONLINEAR KINEMATIC HARDENING

Elasticity law 

σ ε ε= −E
p

( )
 (5.6.1 a)

Plastic strain evolution law 

d f( x

f( x d
p

p

ε σ
σ ε
= <
= ≠
0 0

0 0

 if  (elastic behavior)

 if  (pla

, )

, ) sstic behavior)






  (5.6.1 b)

Yield function 

f( x
y

σ σ σ)= − − ≤ 0
 (5.6.2)

  x: kinematic hardening stress or back stress

The back stress evolution law 

dx d x d
u y p p

= − −( )α σ σ ε ε( ) .
 (5.6.3)

ELASTO-PLASTIC SHEAR STRESS STRAIN RELATIONSHIP

Shear stress (τ) 

τ
π

=
T

e R2 2
 (5.7.1a)

Angular shear strain (γ) 

γ
φ

=
R
L  (5.7.1)

Elasticity law of elasto-plastic shear model 

τ γ γ= −G
p

( )
 (5.7.2 a)

        G:transverse elastic modulus
        γp: plastic angular strain

Table 2. Continued

continued on following page
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5.9 EXAMPLES

5.9.1 Plot the Stress Strain Curve for a Material with Nonlinear 
Isotropic Hardening Using an Elastic Modulus E = 100000 MPa, 
Yield Stress σy = 900 MPa, Ultimate Stress σu = 1200 MPa and 
α = 100, for a Monotonic Loading Using a Spreadsheet

The best way to solve this problem is to choose the plastic strain as the independent variable. In Figure 
17 it is shown the way as this problem is programmed in a spreadsheet. In column A several values for 
the plastic strain were chosen, then the variable p is computed using Equation (5.3.3), the hardening term 
is determined using Equation (5.4.1). The stress is obtained making the yield function equal to zero and 
the strain is computed by the elasticity law (5.2.1).

In Figure 18 the values obtained for the example are shown and Figure 19 presents the resulting stress 
strain curve. Notice that first there is an elastic behavior and then a plastic one.

Plastic angular strain evolution law 

d f ( p x

f ( p x
p s

s

γ τ
τ
= <

=
0 0 if    (elastic behavior)   

s s

s s

, , )

, , ) 00 0 if   (plastic behavior)  d
p
γ ≠






  (5.7.2 b)
 fs: shear yield function

Shear yield function with isotropic and kinematic hardening 

f p x x Q p
s s s s y s
( , , ) ( )τ τ τ= − − +( ) ≤ 0

 (5.7.3)
 τy is the yield shear stress

Table 2. Continued

Figure 17. Equations programmed in the spreadsheet
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Figure 18. Stresses and strains computed with the spreadsheet

Figure 19. Stress strain curve
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5.9.2 Plot the Stress Strain Curve for a Material with Nonlinear 
Kinematic Hardening for the Loading Path That Is Shown in Figure 20 
with E = 100000 Mpa, , Yield Stress σy = 900 MPa, Ultimate Stress σu = 
1200 and α =100, Using an Algebraic Manipulation Program to Solve 
the Differential Equation and a Spreadsheet to Plot the Curve.

The problem is solved using a step by step procedure. The first step corresponds to the interval 0 ≤ <t t
a

where the material behaves elastically; the strain is computed using the elasticity law with plastic strain 
equal to zero. The strain at the last elastic point is:

σ ε ε ε= − ⇒ = =E
p

( ) .
900

100000
0 009  (5.9.1)

Therefore, the corresponding point ( , )ε σ in the stress strain curve is (0.009, 900).
The second step corresponds to the interval t t t

a b
≤ < where it is assumed that the material behaves 

plastically; thus the second line of the evolution law (5.6.1b) applies:

f( x
y

σ σ σ) ;= ⇒ = +0   (5.9.2)

In order to obtain the expression for the hardening term x, the Equation (5.6.3) is integrated, using 
an algebraic manipulation program. It is considered that the hardening term, x is nil for a plastic strain 
equal to zero. The procedure is shown in Figure 21.

Figure 20. Strain history
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This expression for x is used to compute the stress using the Equation (5.9.2). This computation was 
performed using a spreadsheet as it is shown in Figure 22.

The values obtained are shown in Figure 23.
This step ends at tb that corresponds to a strain equal to 0.05. Notice that an approximate value of 

0.049932888 was obtained for a stress equal to 1193.2887668. (See Figure 26).
The third step corresponds to the unloading in the intervalt t t

b c
≤ < . It is assumed that the behavior 

in this step is elastic; thus the first line in the evolution law (5.2.2) applies. In this step the plastic strain 

Figure 21. Computation of the hardening term, for the first positive yielding, using an algebraic ma-
nipulation program

Figure 22. Equations programmed in spreadsheet for the first positive yielding of the material

Figure 23. Stresses and strains computed for the first positive yielding of the material
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Figure 26. Stresses and strains computed for the negative yielding of the material

Figure 24. Hardening term computation for the negative yielding using an algebraic manipulation program

Figure 25. Equations programmed in spreadsheet for the negative yielding of the material
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is constant and equal to the value at tb, i.e. ε
p
= 0 038. . tc corresponds to the beginning of the plastic 

behavior of the material (see Figure 26).
The fourth step ( )t t t

c d
≤ < corresponds to a negative yielding of the material. Again, the yield 

function is equal to zero and the stress is computed by Equation (5.5.8):

f( x
y

σ σ σ) ;= ⇒ = −0  (5.9.3)

The hardening term x, is obtained through the integration of Equation (5.6.3) considering that the 
hardening term x is equal to 293.2887684 for a plastic strain equal to 0.038. The equations are shown 
in Figure 24.

The expression of the hardening term is used to compute the stress using Equation (5.9.3). This 
calculation is shown in Figure 25.

The corresponding values are shown in Figure 26.
This step ends at td that corresponds to a strain equal to -0.05.
The fifth step( )t t t

d e
≤ <  corresponds to the elastic reloading; thus, the plastic strain is kept constant 

and equal to -0.039 (see Figure 29). This step finishes at te when the positive yielding initiates (sixth 

Figure 27. Hardening term computation for the second positive yielding using an algebraic manipula-
tion program

Figure 28. Equations programmed in spreadsheet for the second positive yielding of the material
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Figure 29. Stresses and strains computed for the second positive yielding of the material

Figure 30. Stress strain curve
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step, ( )t t t
e f
≤ < ). In order to determine te, the yield function is made equal to zero and the stress is 

computed using again Equation (5.9.2), i.e. σ σ= +
y

x.For the determination of the hardening term 
the Equation (5.6.3) is integrated considering x equal to -299.7313427 for a plastic strain equal to -0.039. 
(See Figure 27). The formulation is shown in Figure 28 and the corresponding values in Figure 29.

Figure 30 shows the resulting stress-strain curve.

5.10 PROBLEMS

5.10.1 Repeat the Example 5.2.4 Using the Strain History That Is Indicated in the Example 5.9.2
5.10.2 Propose a Plasticity Model with Both, Linear Isotropic and Kinematic Hardening
5.10.3 Plot the Stress-Strain Curve of the Model Proposed in the Problem 5.10.2 Using the History 

of Strain of the Problem 5.2.4
5.10.4 Plot the Stress-Strain Curve of the Model Proposed in the Problem 5.10.2 Using the History 

of Strain of the Problem 5.9.2
5.10.5 Propose a Model with Both, Nonlinear Isotropic and Kinematic Hardening
5.10.6 Plot the Stress-Strain Curve of the Model Proposed in the Problem 5.10.5 Using the History 

of Strain of the Problem 5.2.4
5.10.7 Plot the Stress-Strain Curve of the Model Proposed in the Problem 5.10.5 Using the History 

of Strain of the Problem 5.9.2
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ABSTRACT

The plastic hinge is a key concept of the theory of frames that differentiates this theory from the remaining 
models for structural analysis. This chapter is exclusively dedicated to define this concept and describe 
the different models of plastic hinges. It also discusses the differences of implementation between plastic 
hinges in steel frames (Sections 6.1-6.4) and those in reinforced concrete structures (Sections 6.5-6.6). 
This chapter is based on the ideas presented in Chapter 5 and it allows formulating the models for 
elasto-plastic frames that are introduced in the next chapter.

6.1 ELASTO-PLASTIC MOMENT VS. CURVATURE RELATIONSHIP

Consider a simply supported beam, as the one shown in Figure 1a, subjected to a concentrated force at 
its mid-section; the force is monotonically increased until total collapse of the structure. The beam has a 
symmetric cross-section of height h, it is homogeneous and its material follows the elasto-perfect plastic 
constitutive model described in section 5.2. The bending moment distribution along the beam and the 
stress and strain distributions in the mid-section B (the most loaded) are shown in Figures 1b, 1c and 1d.

According to the fundamental hypothesis of the beam theory, the strain distribution in the cross-
section is always linear, even if the behavior is not elastic:

ε χ= .z  (6.1.1)

where χ is the curvature and z is the coordinate of the fiber under consideration as shown Figure 1b (see 
chapter 2). The elastic relationship between moment and curvature is:

m EI= χ  (6.1.2)

This last expression does not apply if the behavior is elasto-plastic. Elastic behavior in the beam ends 
when the maximum stress at the mid-section is equal to the yield stress as shown in Figure 1b. The 
normal stress distribution is still linear at this instant, and according to the Hooke’s law, it is propor-

The Plastic Hinge
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tional to the strain values: σ χ= E z. . .The bending moment in the section corresponding to this load is 
called first plastic moment Mp:

M S S
I
hp y

= =. ;σ where 
2  (6.1.3)

S is called elastic section modulus. For larger values of the force (Figure 1c), some of the fibers in the 
cross-section begin yielding at constant stress. As the force and curvature increase, more and more fibers 
yield. As the curvature tends to infinity the bending moment tends to the ultimate bending strength of 
the section; this value is called ultimate moment Mu and can be computed assuming that all the fibers 
in the cross-section have plastic behavior (Figure 1d):

M H H b z z dz
u y f f

h

= = ∫σ ; ( )
/

where 2
0

2

 (6.1.4)

Figure 1. a) Simply supported beam; Flexural moment distribution along the beam, strain distribution 
in the mid-cross-section and stress distribution at: b) Last elastic stress, c) Elasto-plastic stress, d) 
Ultimate stress
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Hf is called plastic section modulus. Examples of computation of the first plastic moment and the ultimate 
one for different cross-sections are presented in section 6.8.

The moment curvature relationship in the mid-section of the beam is shown in Figure 2.
The mid-section of the beam is not the only one that may experience plastic strains. According to the 

moment-curvature relationship depicted in Figure 2, any section subjected to bending moments larger than 
Mp is partially plasticized (Figure 3b); the curvature distribution along the beam is indicated in Figure 3c.

Notice that the maximum curvature value in Figure 3c rapidly tends to infinite as the load tends to 
2M

L
u .

6.2 THE PERFECT PLASTIC HINGE

The structure analyzed in the previous section is one of the simplest examples of a problem in plasticity 
solved in the framework of the beam theory; in more complex cases, hyperstatic beams for instance, the 
analyses have to be carried out using structural analysis computer programs. The determination of the 
plastic zone requires the discretization of the beam in short fibers, in two or three dimensions. In large 
frames, this is a process complex, time consuming and unnecessary. The goal of this section is to introduce 
the fundamental concept for a simplified analysis in plasticity of beams and frames: the plastic hinge.

Consider again the moment-curvature relationship indicated in Figure 2, the first step for a simplified 
analysis is the substitution of the exact solution by an approximate one that has the two branches of the 
elastic perfect plastic model such as it is shown in Figure 4.

The value My is called yield moment. The yield moment can be made equal to the ultimate moment 
of the cross-section Mu or, for a more conservative analysis, it can be chosen equal to the first plastic 
moment Mp.

Assume that My is the ultimate moment and consider again the simply supported beam of Figure 1a; 
suppose now that the moment at the mid-section has reached its ultimate value as it is shown in Figure 
1d; the perfectly plastic approximation (Figure 4) would result in the curvature distribution indicated 
in Figure 5 b.

Figure 2. Moment-curvature relationship at the mid-section of the beam
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Figure 3. a) Distribution of bending moment along the beam b) Plastic zone in the beam c) Curvature 
distribution along the beam

Figure 4. Elasto-perfect plastic idealization of the moment curvature relationship
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The curvature in all the sections of the beam, except the mid-one, is equal to M/EI, as in the elastic 
curvature distribution. In the mid-section there is a discontinuity; at this point the curvature is indeter-
minate. In mathematical language, it is said that the curvature at the unique plasticized section of the 
beam can be represented by a Dirac delta function multiplied by a term denoted plastic rotation ϕp. The 
plastic rotation is the value of the hatched area in the exact curvature distribution that is indicated in 
Figure 5a. The mathematical expressions of the bending moment distribution that is shown in Figure 1d 
and the curvature distribution that is shown in Figure 5b are:

m M
x

L

M

EI

x

L
Dirac x

y

y= −











⇒ = −












+1 1χ ( )ϕϕp  (6.2.1)

where the Dirac delta function is defined as (see a textbook on theory of distributions, for instance the 
one included in the bibliography of this chapter):

Dirac x
x

x
Dirac x dx( ) ; ( )=

+∞ =
≠








=
−∞

∞

∫
if

if

0

0 0
1  (6.2.2)

As aforementioned in section 2.3, the kinematic equation of the beam theory that relates curvature 
and rotation is:

Figure 5. Curvature distribution along a simply supported beam a) Exact distribution b) Approximate 
distribution
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χ
β

= −
d
dx

 (6.2.3)

Integration of Equation (6.2.3), considering Equation (6.2.1b), gives the relative rotation between 
both ends of the beam β

i j− .

β χ φ
i j x L

x L
y

x L

x L
pdx

M

EI

x

L
dx Dir− =−

=

=−

=
= − = − −












−∫ ∫ 1 aac x dx

x L

x L

( )
=−

=

∫  (6.2.4)

Taking into account that Dirac x dx
L

L

( )
−∫ = 1 , it is obtained:

β φ
i j

y p
M L

EI− = − −  (6.2.5)

A physical interpretation of the plastic rotation can be given by considering the structure as repre-
sented by two elastic elements connected by a sort of flexural plastic spring, as shown in Figure 6a. This 
rotational spring is called plastic hinge and, initially, it has zero length. The angle between both ends of 
the plastic hinge is the plastic rotation (φp ). The first term in Equation (6.2.5) is the relative rotation 
due to the elastic bending of the two elements adjacent to the plastic hinge. The behavior of the plastic 
hinge is characterized in terms of moment vs. plastic rotation as indicated in Figure 6b.

A plastic hinge can be imagined as a rusty hinge of a door. If the door is pushed just slightly, a mo-
ment on the hinge is generated but the door will not open. The door has to be pushed hard enough so 
that the moment on the hinge equals the yield moment My. At this point, the door will open at a uniform 
rate as far as the moment is kept constant; if the force decreases, the hinge will lock again and the door 
would not open or close anymore.

In mathematical terms, the constitutive equation of the perfect plastic hinge has the same general 
form of the evolution law of the plastic strain that is described in chapter 5.

Figure 6. a) Plastic hinge connecting two elastic elements b) Moment vs. plastic rotation in a perfect 
plastic hinge
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d f(m

f(m d

p

p

φ

φ

= <

= ≠

0 0

0 0

 if  (locked  hinge)

 if  (active hing

)

) ee)








 (6.2.6)

where

f m m M
y

( )= − ≤ 0  (6.2.7)

The term f(m) is the yield function of the plastic hinge. An example of the analysis of a hyperstatic 
beam using plastic hinges is analyzed in chapter 8.

The plastic hinge approximation is a good one if the loads applied on the structure are mainly due 
to concentrated forces. In this case, the plastic zones have small areas compared with the dimensions 
of the structure. Otherwise, the procedure based on beam theory has to be used; however this is a more 
cumbersome and time-consuming alternative.

6.3 PLASTIC HINGE WITH HARDENING

6.3.1 Plastic Hinge with Isotropic Hardening

A better approximation to the exact solution can be obtained by introducing hardening terms into the yield 
function of the plastic hinge. For instance, a plastic hinge with isotropic hardening is characterized by:

d f(m p

f(m p d

p

p

φ

φ

= <

= ≠

0 0

0 0

 if   (locked  hinge)   

 if   (ac

, )

, ) ttive hinge)  








= − +( ) ≤; , ) ( )f(m p m M Q p
p

0  (6.3.1)

where p can be the accumulated plastic rotation:

dp d p= φ  (6.3.2)

or the maximum plastic rotation:

p Max p= φ  (6.3.3)

The isotropic term can be linear (see Figure 7a):

Q p c p( ) .=  (6.3.4)

where c is, again, a member-dependent constant. The isotropic term can also be nonlinear (see Figure 7b):
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Q p M M e
u p

p( ) ( )( )= − − −1 α  (6.3.5)

where α is also a member-dependent parameter that characterizes the transition from the first plastic 
moment to the ultimate moment of the cross-section.

This approximation represents a behavior that is very close to the exact one (Figure 2) because, un-
like the perfect plastic hinge, it includes the first plastic moment and ultimate moment in the behavior; 
additionally, it is much simpler to compute than the exact approach.

Another kind of nonlinear hardening that is frequently used in practice is the so-called “multi-linear” 
models; in this case, the behavior is approximated by several straight lines as shown in Figure 7c. For 
instance, in the case of two plastic segments, the model is given by:

Q p

M M
p p

M M p

u p

u
p u

p

u p u
p

( )

( )

=

−
≤ ≤

− >










φ
φ

φ

 if 

 if  

0
 (6.3.6)

The constant φ
u
p is a member-dependent property that is denoted ultimate plastic rotation; notice that 

it has the same role of α in Equation (6.3.5), i.e. it is related to the velocity of the transition between the 
first plastic moment and the ultimate moment.

6.3.2 Plastic Hinge with Kinematic Hardening

The Bauschinger effect is also observed in the case of cyclic loading on a beam or column; plastic hinges 
with kinematic hardening can represent this phenomenon; they are defined by the evolution law:

d f(m x

f(m x d

p

p

φ

φ

= <

= ≠

0 0

0 0

 if   (locked hinge)

 if   (activ

, )

, ) ee hinge)








= − − ≤; , )f(m x m x M
p

0  (6.3.7)

Figure 7. Moment vs. plastic rotation in plastic hinge with isotropic hardening a) Linear hardening b) 
Nonlinear hardening c) Multi-linear hardening with two plastic segments
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Where the kinematic hardening term or back moment x can be a linear function or a nonlinear function 
of the plastic rotation. In the linear kinematic hardening case (see Figure 8a):

x c p= .φ  (6.3.8)

The evolution law of nonlinear kinematic hardening is defined by:

dx M M d x d
u p

p p= − −( )α φ φ( ) .  (6.3.9)

and the resulting response is indicated in Figure 8b. Alternatively, nonlinear kinematic hardening can 
also be given by the following multi-linear model (see Figure 8c):

dx

M M
d m M

m M

u p

u
p

p
u

u

=

−
<

=










( )

φ
φ  if  

0 if

 (6.3.10)

6.3.3 Kinematic and Isotropic Nonlinear Hardening Simultaneously

In most cases, particularly in reinforced concrete and steel frame elements, displacement and growth 
of the elastic domain are observed simultaneously. This behavior can be modeled by introducing both 
hardening variables into the yield function:

f m x M Q
p

= − − + ≤( ) 0  (6.3.11)

Figure 8. Moment vs. plastic rotation in a plastic hinge with kinematic hardening: a) Linear hardening 
b) Nonlinear hardening c) Multi linear hardening with two segments
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As aforementioned, the total amount of hardening is: Mu-Mp. This quantity must be split into the two 
mechanisms. Assuming that there is a constant ratio between isotropic hardening and kinematic harden-
ing, the corresponding evolution laws are given by:

Q r M M e dx r M M d x d r
u p

p
u p

p p= − − − = − −( ) ≤ ≤−( )( )( ); ( ) . ;1 1 0 1α α φ φ  (6.3.12)

The value r = 0 represents isotropic hardening only, r = 1 kinematic hardening exclusively; intermedi-
ate values give combined hardening. The parameter r must be chosen so that the best approximation of 
experimental results is observed; for instance, in the case of reinforced concrete elements r takes values 
around 0.7. The same approach can be followed in the formulation of a plastic hinge with kinematic and 
isotropic hardening that could be linear or multi-linear.

6.4 PERFECTLY PLASTIC HINGE SUBJECTED 
TO BENDING AND AXIAL FORCES

6.4.1 Simply Supported Beam-Column Subjected to Bending and Axial Force

Consider a simply supported beam-column with a rectangular cross-section of height h and base b as the 
one shown in Figure 9; the beam-column is subjected to a concentrated force P at its mid-section and 
an axial force n. Its material follows the elastic-perfectly plastic model that is described in section 5.2.

The elastic stress distribution at the mid-section is obtained by adding the one resulting from bending 
plus the other that depends on the axial force. Notice that there is an arbitrary number of stress distribution 
that reach the elastic limit, unlike the example presented in section 6.1, there is an arbitrary number of 
stress distributions that reach the elastic limit; all these distributions depend on the distance, z0, between 
the fibers with zero stress (neutral axis) and the centroid of the cross-section (centroidal axis) (see Figure 
10a). Similarly, the cross-section can be fully plasticized in an infinity number of ways; each one of 
them is in equilibrium with a different combination of bending moment and axial force (see Figure 10c). 
These values can be expressed as a function of z0 decomposing the stress distribution into two parts, 
one that only generates axial force and another related to the bending moment as shown in Figure 10c.

In a beam theory analysis, the cross-section shows a gradual evolution from an elastic stress distribu-
tion to a fully plastic one passing through intermediate states such as the one shown in Figure 10b. In a 
frame analysis with perfectly plastic hinges, this process will be ignored and it is assumed that the cross-
section becomes fully plastic without passing through any intermediate state. In the beam analysis there 
is a plastic zone that covers not only the mid-section but also the adjacent ones. In the frame analysis, a 
plastic hinge is generated in the mid-section and the rest of the structure remains elastic as in the case 
of the beam without axial force; however, the behavior of the plastic hinge is not exactly the same. As 
shown in Figure 11b, the plastic hinge presents now two different deformations: a plastic rotation φp

and a plastic elongation δ
p

.
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Figure 9. a) Simply supported beam subjected to bending and axial forces b) Bending moment distribu-
tion c) Axial force distribution

Figure 10. Stress distributions in a beam subjected to bending and axial force a) First elasto-plastic 
stress distribution b) Intermediate elasto-plastic stress distribution c) Fully plastic stress distribution
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6.4.2 Yield Function of a Plastic Hinge Subjected to Bending and Axial Force

According to the stress distribution shown in Figure 10c, the moment and the axial forces are given by:

m z bdz b
h z

n b dz b
y z

h

y
o

y y
o

= = −











= =∫2 2

8 2
2 2

2 2 2

σ σ σ σ. . ; . ..z
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0∫  (6.4.1)

Obtaining the expression of zo from Equation (6.4.1b) and introducing it into (6.4.1a) gives:
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σ

σ
.

; .  (6.4.2)

Notice that My is the yield moment of the cross-section without axial forces and Ny produces the total 
plasticization of the element when there is no bending moments. Equation (6.4.2) describes a surface (see 
Figure 12) in the m-n space that encloses the elastic domain of the plastic hinge; i.e. any combination of 
axial force and bending moment that represents a stress point inside the surface, corresponds to an elastic 
state. A plastic hinge appears or becomes active only if the stress point lies on the surface; a stress point 
outside the surface cannot be withstood by the beam according to the perfectly plastic model. The yield 
function of a perfectly plastic hinge corresponding to a rectangular cross-section is therefore given by:

f m n
m

M
n
N

y y

( , )= +











− ≤

2

1 0  (6.4.3)

Figure 11. a) Plastic hinge subjected to bending b) Plastic hinge subjected to bending and axial force
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The elastic domain is defined as:

( , )m n f < 0  (6.4.4)

The border of the elastic domain is also called yield surface; in the reinforced concrete structures and 
steel structures textbooks it is named interaction diagram.

The yield functions, f f m n= ≤( , ) 0 , of different cross-sections can be obtained using the same 
procedure.

Alternatively, approximate expressions of the yield function are postulated instead of computed 
exactly; this is often the procedure followed for the design of steel structural frames. For instance, an 
empirical expression for any symmetric cross-section is:

f m n
n
N

m
M

y y

( , )=











+











−

ν ν1 2

1  (6.4.5)

Often the coefficients ν1 and ν2 are chosen equal to 2 and the elastic domain becomes an ellipse in 
the m-n space.

6.4.3 The Normality Rule

The yield function (6.4.3) indicates again if the plastic hinge is locked or active; however it does not 
determines which plastic state is happening in the hinge. As opposed to the case of bending only, now 

Figure 12. Yield surface, elastic domain and normality rule for a rectangular cross-section
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plasticity is represented by two different components as shown in Figure 11b: plastic rotation and plastic 
elongation; the yield function does not establish their relative contributions. Intuition suggests that in an 
element with large axial forces and low bending moments, the plastic elongation should be dominant in 
the hinge and vice-versa, small axial forces and large bending moments should lead to relatively larger 
plastic rotations. This general idea can be formulated precisely by introducing an additional equation 
called normality rule. This expression completes the mathematical description of the behavior of a plastic 
hinge. The normality rule is stated as follows:

d d
f
m

d d
f
n

p
p

φ λ δ λ=
∂
∂

=
∂
∂

;  (6.4.6)

The new variable λ is called plastic multiplier and it is defined as:
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In the case of a perfect plastic hinge in a rectangular cross-section, the normality rule can be formally 
proved. According to the yield function (6.4.3), the normality rule gives:
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The elimination of the plastic multiplier by combining expressions (6.4.8) gives:

d sign m z d
p o

pδ φ= ( )  (6.4.9)

It can be verified by inspection of Figure 11b that this is indeed the relationship between the plastic 
rotation and the plastic elongation in the hinge.

The normality rule cannot be proved in the general case of cross-sections of arbitrary shape and 
elasto-plastic constitutive equations with hardening; however, it is assumed that expressions (6.4.5) are 
always valid: the normality rule becomes the normality law.

Equations (6.4.5) are called normality rule or normality law because similar expressions correspond 
to the components of a vector normal to a surface; i.e. be f(x,y)=0 a curve in the x - y plane, a vector of 

components ∂
∂
∂
∂
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, is perpendicular to the curve at the point of coordinates (x,y) (see any calculus 
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, is not a vector (the components do not even have the same 

units), the plastic deformation matrix ( , )d dp
p

φ δ can be imagined, by analogy, as a vector normal to the 
yield surface at the point (m,n) that activates the plastic hinge (see Figure 12). The rapport between the 
derivatives gives the direction of this plastic “vector”. For instance, in the case of a rectangular cross-
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section, this vector is horizontal if there is no axial force; i.e. there is no plastic elongation of the hinge 
only rotation; for negative axial forces, the normal vector is inclined downward: the plastic elongation 
component is negative, and so on. The plastic multiplier is related to the “size” of the plastic “vector”; 
that is, it characterizes the amount of deformation experienced by the plastic hinge. Note that the plastic 
multiplier can only be positive and always increases when the plastic hinge is active.

6.4.4 Perfect Plastic Hinge Subjected to Biaxial 
Bending Moments and Axial Force

Consider now a tridimensional frame element. Be Y and Z the principal axes of the cross-section; a 
plastic hinge in this case presents three plastic deformations:

( , , )φ φ δ
y
p

z
p

p
 (6.4.10)

where φ
y
p is the plastic rotation around the local axis Y and φ

z
p is the component around the local axis Z. 

The behavior of a plastic hinge in this condition can be easily generalized from the case discussed in the 
precedent sections; the normality law is:
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In practical cases, the explicit form of the yield function is postulated instead of computed exactly 
for each particular cross-section; for instance, the expression (6.4.5) can be generalized as:
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Again ν1, ν2 and ν3 can be chosen equal to 2 and the elastic domain becomes an ellipsoid.

6.5 PLASTIC HINGES IN REINFORCED CONCRETE ELEMENTS

6.5.1 Typical Geometry of a Reinforced Concrete Cross-Section

In the previous sections only structures composed by a unique material were considered; for instance, 
this is the case of steel frames. In the civil engineering practice, reinforced concrete (RC) structures 
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are a very important construction alternative. In these structures, the elements are composed by two 
materials: concrete and steel bars.

Rectangular shapes are the most common cross-sections used in the design of reinforced concrete 
elements. The sections are reinforced with at least two layers of longitudinal steel. They are placed very 
near the opposite faces of the sections as it is shown in Figure 13; As and A´s are the areas of reinforce-
ment at the opposed faces of the cross-section. The longitudinal steel is kept in place through transversal 
reinforcement. The design hypothesis states that compression forces are mainly supported by concrete, the 
longitudinal reinforcement is in charge of tension stresses and the transversal one resists the shear forces.

6.5.2 Behavior of the Materials

The compressive strength of concrete is obtained experimentally; for this purpose, cylinders with a 
specific height/diameter ratio, made and cured in accordance with standardized procedures, are sub-
jected to longitudinal loads at a slow strain rate until they reach the maximum stress in a compression 
testing machine. The compressive strength is obtained by the division of the failure load over the cross-
section area and reported in units of megapascals (MPa) in SI units or pound force per square inch (psi) 
in the US customary units. A test result is the average of at least two specimens made from the same 
concrete and tested at the same age. The strength of concrete at an age of 28 days is denoted f

c
' . This 

value can vary from 17 MPa (2500 psi) to 28 MPa (4000 psi). The strength can even reach and exceed 
70 MPa (10000 psi) for some special applications.

It is assumed that the concrete behavior is described by a nonlinear elastic model; one of the most 
cited was proposed by Hognestad and it is shown in Figure 14. In this figure f

c
= −σ is the compression 

stress in the concrete and ε ε
c
= − is the compression strain. f

c
'' is the maximum stress reached in the 

concrete; .in this model, it is assumed that this value may differ from the cylinder strength f
c
' because 

of the difference in size and shape of the compressed concrete; f
c

'' may be taken as 0 85. 'f
c

. The be-
havior is almost linear until half the concrete resistance and then it is assumed parabolic. The strain 

Figure 13. Typical cross-section of a RC element
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corresponding to the maximum stress is called εo; unlike the strength, this value is approximately constant 
for any kind of concrete; many codes state that this strain is equal to 0.002. The failure deformation of 
the concrete fibers is denoted εcu and can vary from 0.003 to 0.004 depending on the concrete resistance, 
for lower values of strength, larger εcu can be observed; as a result, the peak of the curve is relatively 
sharp for high resistance concrete and plane for low resistance one.

The modulus of elasticity, i.e. the slope of the initial straight part in the curve of stress vs. strain 
increases with the concrete strength. The ACI (American Concrete Institute) proposes the following 
empirical expressions:

E w f w f
c c c
= =1 5 1 533 0 043. ' . '.(psi) (MPa)  (6.5.1)

for concretes of unit weight w between 90 and 160 lb/ft3 and, for normal weight concrete, the modulus 
of elasticity can be taken as

E f f
c c c
= =57000 4700' '(psi) (MPa)  (6.5.2)

In practice, the concrete is confined by lateral reinforcement. The uniaxial behavior of the concrete 
is different in the confined and non confined cases. For confined concretes, many researchers have 
proposed a modification of the Hognestad model. One of the most used curves is the model proposed 
by Kent and Park that is shown in Figure 15. Notice that in this model the maximum stress reached by 
the concrete does correspond to f

c
' . The concrete resistance in tension is neglected

Figure 14. Stress-Strain curve proposed by Hognestad
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The steel bars used as longitudinal reinforcement for the concrete elements have an elasto-plastic 
behavior with nonlinear hardening as the one shown in Figure 16.

In the RC theory, the yield stress of the reinforcement is denoted as fy and the ultimate one fsu; the 
strain that corresponds to the yield stress is called yield strain εy..

6.5.3 Plastic Hinge in RC Planar Frame Elements

All the models described in sections 6.2 and 6.3 can be used for reinforced concrete elements. However, 
in this case, the plastic elongations are usually neglected; therefore, unlike steel frames, these models 
can be used even in the presence of high compressive axial forces. The only modification of the model 
presented in those sections is that the properties Mp, Mu and φ

u
p are functions of the axial force. For in-

stance, a plastic hinge in a reinforced concrete element subjected to planar forces may be characterized 
by the following expressions:

Figure 15. Stress vs. Strain curve proposed by Kent and Park (1971).

Figure 16. Behavior curve of steel bar
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d f

f d

p

p

φ

φ

= <

= ≠




0 0

0 0

 if   (locked hinge)

 if   (active hinge)






= − − ≤ =; ( ) ;f m x M n
p

p0 0δ  (6.5.3)

dx

M n M n

n
d m M n

m M n

u p

u
p

p
u

u

=

−
<

=










( ( ) ( ))

( )
( )

( )
φ

φ  if  

0 if

 (6.5.4)

The functions Mu(n), Mp(n) and φ
u
p n( ) are usually presented graphically and this representation is 

denoted interaction diagrams.

6.5.4 Computation of the Interaction Diagram for the 
First Plastic Moment Mp of a RC Cross-Section

An interaction diagram is defined by at least the following conditions:

1.  Pure compression
2.  Pure tension
3.  Pure bending
4.  Maximum bending resistance, which is called, balanced condition.

The interaction diagram can have as many additional points as decided by the analyst. All these points 
may be joined by straight lines as shown in Figure 17.

Pure Compression Point

The axial force in the pure compression condition is computed as it is illustrated in the Figure 18. Notice 
that there is a constant strain distribution across the section equal to the yield strain ε

y
; therefore the 

axial force is:

N C C C C f A C

f b h A A C
p s c s s y s c

c s s s

≅ + + = − =

− − − = −

' ' ' ,

( * ' )

, where 

 and ff A
y s

 (6.5.5)

f
c
is the maximum stress in the concrete. For this point of the iteration diagram, it is assumed that rein-

forcement bars yield in compression at the same time as concrete reaches its maximum strength.

Pure Tension Point

In this case, the axial force in plastic condition is shown in the Figure 19. Note that it is assumed that 
the strain at the reinforcement bars is ε

y
; therefore the axial force is equal to:
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N T T T f A T f A
p s s s y s s y s
≅ + = =' ' ', where  and  (6.5.6)

Notice that, as aforementioned, the strength of the concrete in tension is neglected.

Pure Bending Point

The general theory of bending for reinforced concrete sections is based on the Euler- Bernoulli theory 
that is described in section 2.4. This assumption implies a linear distribution of the strain.

In the case of pure bending (see Figure 20), the following equilibrium equation must be satisfied in 
order to determine the location of the neutral axis assuming that the strain in the tension reinforcement is εy:

Figure 17. Interaction diagram

Figure 18. Strain and Stress distributions in a RC cross-section subjected axial force of pure compres-
sion for plastic condition
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N C C T C f A C b f dz T f A
p s c s s s s c c

z

s y

NA

= + + = = − = − =∫' ' ' ,0
0

, where  and 
ss

 (6.5.7)

Mp is determined computing the moment around the centroidal axis of the cross-section as:

M C
h

z z C
h

d T d
h

p c NA C s sC
= − −










+ − + −

2 2 2
( ) ' ( ) ( )'  (6.5.8)

where z
CC

is the location of the force in the concrete (see Figure 20).

Maximum Bending Resistance Point (Balanced Condition)

In this case, it is assumed that the tension and compression reinforcements yield simultaneously (see 
Figure 21); thus, the neutral axis depth is obtained as:

Figure 19. Strain and concentrated loads distributions in a RC cross-section subjected to pure tension 
for plastic condition

Figure 20. Strain and Stress distributions in a RC cross-section subjected pure bending for plastic condition
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z
d d

NA
=
+ '

2
 (6.5.9)

Therefore, the strain at the extreme compression fiber can be determined and the loads C’s, Cc and T
s

computed. The balanced load N
p
is obtained by the equilibrium equation:

N C C T C f A C b f dz T A f
p s c s s y s c c

z

s s y

NA

= + + = − = − =∫' ' ', where ,  and 
0

 (6.5.10)

f
c
is the stress in the extreme compression fiber on the concrete. The bending moment is:

M C
h

z z C
h

d T d
h

p c NA C s sC
= − −










+ − + −

2 2 2
( ) ' ( ) ( )'  (6.5.11)

An example of the computation of interaction diagram of Mp is presented in section 6.8. For unsym-
metrically reinforced elements, the procedure so far described has to be slightly modified as indicated 
in the bibliography indicated at the final of the chapter.

6.5.5 Computation of the Interaction Diagram for the 
Ultimate Moment of a RC Cross-Section

For the ultimate condition, the interaction diagram points can be computed as:
Pure compression point: In this condition, it is assumed that the ultimate axial force and the first 

plastic axial force are approximately the same (see Figure 22):

Figure 21. Strain and Stress distributions in a RC cross-section subjected to bending and axial force in 
an element subjected to the maximum bending resistance (balanced condition)



194

The Plastic Hinge
 

N N C C C C f A
C f b h A A

u p s c s s y s

c c s s

≅ = + + =−
=− − −

' '
( * )

'

'

, where , 
 and CC f As y s=−

 (6.5.12)

f
c
is the maximum stress in the concrete.
Pure tension point: In this case it is taken into account the hardening of the steel reinforcement bars; 

thus, the ultimate tension resistance is given by (see Figure 23):

N T T T f A T f A
u s s s su s s su s
≅ + = =' ' ', where  and  (6.5.13).

Pure bending point: In the case of pure bending, it is assumed that the strain in the extreme compression 
fiber is equal to εcu; thus, the following equilibrium equation gives the location of the neutral axis ZNA: 

Figure 22. Strain and Stress distributions in a RC cross-section subjected axial force of pure compres-
sion for ultimate condition

Figure 23. Strain and Concentrate loads distribution in a RC cross-section subjected axial force of pure 
tension for ultimate condition
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N C C T C A f

C b f dz T A

u s c s s s s

c c

z

s

NA

= + + = =−

=− =∫

' ' ' '0

0

, where , 

 and ss sf
 (6.5.14)

The moment for pure bending condition can be computed as:

M C
h

z z C
h

d T d
h

u c NA C s sC
= − −










+ − + −

2 2 2
( ) ' ( ) ( )'  (6.5.15)

where z
CC

is the location of the force in the concrete (see Figure 24).

Maximum bending resistance point (balanced condition): For balanced condition point, it is consid-
ered that the strain in the extreme compression fiber is equal to εcu and the strain in the reinforcement 
steel in tension is equal to εy (see Figure 25). The neutral axis depth is obtained as:

z d
NA

cu

cu y

=
+

ε
ε ε

 (6.5.16)

Now, the strain at the extreme compression fiber can be determined and the loads C’s, Cc, and T
s

computed. The ultimate load N
u

is obtained by the equilibrium equation:

N C C T C A f C b f dz T A f
u s c s s s s c c

z

s s y

NA

= + + = − = − =∫' ' ' ' ,, where  and 
0

 (6.5.17)

Then, the bending moment for this case can be computed as:

M C
h

z z C
h

d T d
h

u c NA C s sC
= − −










+ − + −

2 2 2
( ) ' ( ) ( )'  (6.5.18)

An example of the computation of the interaction diagram of Mu is presented in section 6.8. As 
aforementioned, for an unsymmetrically reinforced element all the moments must be computed around 
plastic centroid of the cross-section.

6.5.6 Computation of the Interaction Diagram for the 
Ultimate Plastic Rotation of a RC Cross-Section

The ultimate plastic rotation can be defined as:
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φ χ χ χ
ε

χ
ε

u
p

u p p u
cu

NA
p

y

NA

n n L n
z n

n
d z n

= − = =
−

( ( ) ( )) ; ( )
( )

; ( )
( )

 (6.5.19)

where χ
u

is the ultimate curvature and χ
p

is the plastic curvature (see Figures 24, 25, 20 and 21). The 
term ( )χ χ

u p
− is called ultimate plastic curvature.

Lp is called “plastic hinge length” in the reinforced concrete literature and it represents a measure 
of the zone where the reinforcement bars that are subjected to plastic deformations. Usually, the plastic 
hinge length is computed using empirical expressions; the simplest of them is:

L d x
p cs
= +0 5 0 05. .  (6.5.20)

x
cs

is the distance from the critical section to the point of inflection. The interaction diagram of the ul-
timate plastic rotation can be computed as:

Figure 24. Strain and Stress distributions in a RC cross-section subjected pure bending ultimate condition

Figure 25. Strain and Stress distributions in a RC cross-section subjected to bending and axial force for 
an element subjected to the ultimate moment (balanced condition)
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1.  For pure compression and pure tension conditions the curvatures are nil; thus, for these two points 
only the axial forces are computed.

2.  For the pure bending and balanced conditions, the ultimate plastic rotation are determined with 
Equation (6.5.19) using the corresponding curvatures as it is shown in the example 6.8.4.

The interaction diagram of the ultimate plastic rotation has the shape shown in Figure 26. An ex-
ample of the computation of the φ

u
p interaction diagram is presented in section 6.8.

6.5.7 Plastic Hinges in RC Frame Elements Subject to Biaxial Bending

Consider again a tridimensional beam-column. Neglecting plastic elongations as customary in reinforced 
concrete elements, the deformations of the plastic hinge are given by

d d
f

m
d d

f
my

p

y
z
p

z
p

φ λ φ λ δ=
∂
∂

=
∂
∂

≅; ; 0  (6.5.21)

The evolution law of the plastic multiplier remains unchanged.

d f

f d

λ
λ

= <
= >

0 0

0 0

 if   (locked hinge)   

 if   (active hinge)   








 (6.5.22)

An expression of the yield function for a RC plastic hinge is:

Figure 26. Typical ultimate plastic rotation interaction diagram
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f
m

M n

m

M n
y

uy

z

uz

= + − ≤
( ) ( )

2 2

1 0  (6.5.23)

Muy and Muz are the ultimate resistant moments with respect to the principal axes of the cross-section. 
These properties can be computed using twice the same procedure described in section 6.5.5. It is also 
possible the introduction of hardening terms into the yield function. For example:

f
m x

M n

m x

M n
y y

py

z z

pz

=
−

+
−

− ≤
( ) ( )

2 2

1 0  (6.5.24)

where Mpy and Mpz are first plastic moments with respect to the principal axes of the cross-section. These 
properties can also be computed using twice the same procedure describe in section 6.5.4. xy and xz are 
the components of the back moment. The corresponding evolution laws are:

dx

M n M n

n
d m M n

m M n
y

uy py

uy
p y

p
y uy

y uy

=

−
<

=





 ( ) ( )
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( )

φ
φ  if  

0 if







=

−
<

;
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M n M n
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d m M n
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uz pz

uz
p z

p
z uzφ

φ  if  

0  if mm M n
z uz
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 ( )

 (6.5.25)

6.6 PLASTIC HINGE WITH PINCHING EFFECT DUE TO SLIP

6.6.1 Slip of Steel Reinforcement in a RC Beam-Column Joint

The inelastic response of RC structures to cyclic loading, like during an earthquake, is a very complex 
phenomenon that is influenced by many parameters of the material and the structure. Besides the Baus-
chinger effect, another phenomenon that may appear is the pinching of the load-deformation hysteretic 
loops (see Figure 27b); the so called pinching is the constriction of the cycles observed in that figure. 
This effect is mainly due to cyclic bond deterioration between reinforcing steel and concrete. This type 
of behavior is not always present in RC structures but it is typical in connections of wide-beam to col-
umn (Figure 27a).

In these connections a significant part of the longitudinal reinforcement of the beam passes outside 
the column core thus originating bond condition poorer than for normal beam connections.

Figure 28 depicts an interior joint between a wide-beam and a column with a low level of axial load 
on the column and a high level of lateral load. In this case, the lower reinforcement is subjected to trac-
tions on the right hand side and to compressions on the left one. In this situation, for low values of the 
beam bending moment, the compression stresses on the interface between concrete and reinforcement 
in the beam are very low and so is the slip resistance. Additionally, the beam hoops are not contribut-
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ing yet to the confinement of the concrete due to the little volumetric strains in the material; therefore, 
small traction forces can produce slip of the reinforcement. For higher values of the moment, the hoops 
start to confine the concrete around the reinforcement and the compression stresses on the interface 
increase rapidly. The slip resistance grows faster than the tractions on the reinforcement and eventually, 
slip stops. Notice that in the case of an interior connection of a wide beam and a column, the parts of the 
beam at the sides of the column do not have the column axial compression at all; thus, the phenomenon 
described above applies entirely.

The hypothesis of plastic hinge can be used again to model bond deterioration between concrete 
and steel reinforcement. This particular kind of plastic hinge is called slip hinge. A slip hinge permits 

Figure 27. a) Connection of an interior wide-beam to a column. b) Experimental behavior curve of 
interior joint of reinforced concrete

Figure 28. Stress distribution in a connection of an interior wide-beam and a column subjected to lateral 
load
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only permanent deformations by slipping between concrete and steel reinforcement. Beams can present 
permanent strains by steel yielding and by slipping between both materials, while the columns can only 
present permanent strains by yielding of the steel (Figure 29).

6.6.2 Interfaces with Coulomb Friction Plasticity

Consider an interface between two different continua as shown in the Figure 30a. Let σ and τ be the 
normal and shear stresses on the interface. If the surface is characterized by a Coulomb friction criterion, 
the relative horizontal displacement h between the blocks obeys the following law:

dh

dh

> − =

= − <








0 0

0 0

 if 

 if 
slip

slip

τ τ σ

τ τ σ

( )

( )
 (6.6.1)

where the term τslip is the slip resistance that depends on the normal stress: larger values of σ implies 
higher slip resistances. The domain of non-slip, assuming an arbitrary resistance, is represented as a 
shaded area in the Figure 30b; slip occurs when the shear stress reaches the value of the slip resistance.

Figure 29. a) Interior wide-beam and a column with slipping real zone. b) Model of slip hinges

Figure 30. a) Interface between two media b) Non-slip domain
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The Coulomb theory can be used to describe the behavior of the interface between concrete and 
reinforcing steel in RC elements (see Figure 31). The term Tslip in that figure represents the force needed 
to produce slip in the bar.

6.6.3 Slip Function of a Plastic Hinge

A slip hinge is defined as follows:

f m k
d f

slip
slip

p slip

= − ≤
= <

0
0 0

;
φ  if  (no slip: locked hinge)    

 if  (slip: active hinge)  f(m x d p, )= ≠






 0 0φ

 (6.6.2)

The expression (6.6.2) must be interpreted as follows: there are increments of the plastic rotations 
due to slip of the reinforcement if the moment in the hinge reaches the critical value kslip, otherwise these 
increments are nil.

In the case of plasticity of Coulomb friction, it is accepted that the slip critical value depends on the 
normal stress on the interface. For a slip hinge it is assumed that the critical value, kslip, corresponds to 
a hardening function. An appropriate expression for kslip is:

k M e
slip

sign m p

=
0

( ( ) )ηφ  (6.6.3)

An exponential function of the plastic rotation has been chosen so that the typical pinched curves 
are obtained when slip is present in the hinge. The term Mo is called “slip resistance” and it is a con-
cept similar to the yield moment in plasticity, i.e., Mo is the moment that produces slip when no plastic 
rotations have occurred yet; the parameter η characterizes the recovery velocity of the slip resistance. 
The computation of the parameters Mo and η is discussed in, respectively, sections 6.6.5 and 6.6.6. The 
behavior of this slip hinge is shown in the Figure 32.

Figure 31. Contact interface between concrete and the reinforcement steel bar
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6.6.4 The Plasticity Criterion in a Plastic Hinge with Slip or Yielding

A yield function with kinematic hardening, such as Equation (6.5.3), describes the plasticity criterion of 
a plastic hinge whose physical mechanism is the yield of the reinforcement. The slip function (Equations 
6.6.2 and 6.6.3) corresponds to a plasticity criterion of a plastic hinge whose rotations are due to slipping 
reinforcement. However, in a RC element both mechanisms are possible and may occur one after the 
other (the physical evidence indicates that they do not occur at the same time); therefore, the following 
evolution law for the rotations of a plastic hinge that integrates both phenomena is:

d f

f d
f Max f f

p

p
y slip

φ

φ

= <

= ≠








=
0

0 0

 if  0

 if  
; where ( , )  (6.6.4)

Note that the new criterion of plasticity determines what mechanism of plastic rotations is active, 
yield or slip, by the evaluation of the maximum value of both inelastic functions. If the maximum value 
is that of the yielding function f y , the plastic behavior will obey the kinematic hardening function de-
fined by Equation(6.5.3 and 6.5.4. On the other hand, if the maximum value is that of the slip function 
f slip, the behavior will follow the exponential hardening function Equation(6.6.3). This criterion auto-
matically changes from one mechanism to the other as a function of the value of the moment, the plas-
tic rotation and the specific properties of the cross-section. Figure 33 shows the behavior of a plastic 
hinge changing from slip to yielding.

6.6.5 Determination of the Slip Resistance Mo

Consider again the beam-column joint of Figure 28. The strain distribution in the cross-section of the 
beam is assumed to follow the conventional linear one. The stress distribution also follows the usual 
parabolic diagram. Assuming that the reinforcement in tension is subjected for the first time to the force 
Tslip that produces slip and that no previous yielding has happened, the following equilibrium equation 
gives the location of the neutral axis (z

NA
):

Figure 32. Behavior of a slip hinge
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C C T
c s slip
+ − =' 0  (6.6.5)

where C b f dz
c c

zNA

= ∫
0

, C’s is the compression force in A’s and Tslip is the maximum load by sliding of the 

steel bars that depends on the average bond stress and contact area. Tslip can be computed as:

T d
slip

slip

bar
bar

nb

=
=
∑

τ π.�

2 1

 (6.6.6)

where τslip is the average slip stress, nb is the number of bars, dbar is the diameter of the bar and l the slip 
length. The slip resistance Mo can now be computed by the following expression:

M T d
h

C
h
z z C

h
d

o slip c NA C sC
= − + − + + −( ) ( ) ' ( ')

2 2 2
 (6.6.7)

where z
CC

is the location of the force in the concrete. An example of computation of Mo is presented in 

section 6.7.

6.6.6 Determination of Parameter η

The other parameter of the slip model is η. This parameter determines the point of intersection between 
the curves of slip (Equation 6.6.2) and yielding (Equation 6.5.3), see Figure 33.

f fy slip= = 0  (6.6.8)

Figure 33. Behavior of an inelastic hinge with slip and yielding
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As a result, the term η can be obtained from Equation (6.6.8):

η
φ

=

− +










ln
r M r M M

M

r

slip
u

slip
p p

o

slip
u
p

 (6.6.9)

where rslip is again a parameter that can take values between 0 and 1; a good value for rslip is 0.4. A 
hysteretic loop of an inelastic hinge with slip and yielding effects is shown in the Figure 34.

Figure 35 shows hysteresis loops for several ratios Mo/Mp with rslip equal to 0.40. Notice that the 
pinching effect decreases when Mo tends to Mp. If Mo is greater than Mp then there is no pinching at all.

An example of computation of η is presented in section 6.8.

Figure 34. Hysteretic loop of an inelastic hinge with slip and yielding

Figure 35. Hysteresis loops of an inelastic hinge with slip and yielding
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6.7 SUMMARY AND EQUATIONS QUICK REFERENCE

The concepts of plasticity that were presented in the previous chapters can be used for the analysis of 
frame structures in two different ways. The first one characterizes the theory of elasto-plastic beams 
and combines the plasticity concepts with the fundamental hypothesis of beams. The second alternative 
is based on the concept of plastic hinge and characterizes the theory of elasto-plastic frames. A plastic 
hinge represents an approximation of the moment-curvature relationship. It can be shown that plastic 
hinge requires the introduction of the concept of the plastic rotation. A plastic hinge is defined by the 
yield function and the evolution law of the plastic rotation. Several kinds of plastic rotations can be 
defined: perfectly plastic, and with kinematic or isotropic hardening.

In the case of steel columns, axial forces generate plastic contractions that cannot be neglected. There-
fore the concept of plastic hinge is generalized including a second deformation: the plastic elongation. In 
this case the plastic hinge is defined by the yield function, the normality rule and the plastic multiplier 
evolution law. The normality law establishes that plastic deformations represent a vector that is normal 
to the elastic domain in the space of bending moments and axial forces.

For RC structures the same concepts of plastic hinge can be used. However the determination of 
the elastic domain for interaction curves requires the use of special techniques: the classic RC theory.

Plastic hinges in tridimensional frames need the introduction of an additional deformation. Plastic 
rotation has components in the two principal planes of the frame element. Mathematically, the plastic 
hinge is defined in the same way; i.e. with a yield function, normality rules and evolution laws of the 
plastic multipliers.

RC wide-beams constitute a particular case. Plastic rotations can be produced by two different mecha-
nisms: yield or slip of the reinforcement. This phenomenon is taken into account by a modification of 
the yield function of the plastic hinge (See Table 1).
Table 1.  

ELASTIC PLASTIC MOMENT VS. CURVATURE RELATIONSHIP

The strain distribution in the cross-section 
ε χ= .z  (6.1.1)
  χ: curvature
  Z: coordinate of the fiber under consideration

The elastic relationship m vs. χ
m EI= χ  (6.1.2)

First plastic moment Mp

M S S
I
hp y

= =σ ;
2

 (6.1.3)

  S: elastic section modulus

Ultimate moment Mu

M H H b z z dz
u y f f

h

= = ∫σ ; ( )
/

2
0

2

 (6.1.4)

  Hf: plastic section modulus

continued on following page
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The Perfect Plastic Hinge

Evolution law of the plastic rotation φp

d f(m

f(m d

p

p

φ

φ

= <

= ≠

0 0

0 0

 if   (locked hinge)   

 if   (active

)

)   hinge)  








(6.2.6)

Yield function f(m)
f(m m M

y
)= − ≤ 0 (6.2.7)

  My: yield moment of the section

Plastic Hinge with Hardening

Plastic Hinge with Isotropic Hardening

Evolution law of the plastic rotation φp
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f(m p d

p

p

φ
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 if  (locked hinge)

 if  (active 
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( )= − + ≤; , ) ( )f(m p m M Q p
p

0 (6.3.1)

Cumulated plastic rotation p

dp d p= φ  (6.3.2)

Maximum plastic rotation p

p Max p= φ  (6.3.3)

Linear isotropic term 
Q p c p( ) .=  (6.3.4)
c: member dependent constant

Nonlinear isotropic term 

Q p M M e
u p

p( ) ( )( )= − − −1 α

 (6.3.5)
  α: member dependent parameter

Multilinear isotropic term 

Q p

M M
p p

M M p

u p

u
p u

p

u p u
p

( )

( )

=

−
≤ ≤

− >










φ
φ

φ

 if 

  if  

0

 (6.3.6)

  
φ

u
p

 is a member dependent property

continued on following page
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Plastic Hinge with Kinematic Hardening

Evolution law of the plastic rotation 

d f(m x

f(m x d

p

p

φ

φ

= <

= ≠

0 0

0 0

 if   (locked hinge)

 if  (active

, )

, )   hinge)








= − − ≤; , )f(m x m x M
p

0

 (6.3.7)

Linear kinematic term 

x c p= .φ  (6.3.8)

Nonlinear kinematic term 

dx M M d x d
u p

p p= −( ) −( )α φ φ
 (6.3.9)

Multi-linear kinematic term 

dx

M M
d m M

m M

u p

u
p

p
u

u

=

−
<

=










( )

φ
φ  if  

0 if
 (6.3.10)

φ
u
p

: ultimate plastic rotation (member dependent property)

Kinematic and Isotropic Nonlinear Hardening Simultaneously

Yield function f(m)

f(m m x M Q
p

) ( )= − − + ≤ 0
 (6.3.11)

Evolution laws of x and p

Q r M M e dx r M M d x d r
u p

p
u p

p p= − − − = − −( ) ≤ ≤−( )( )( ); ( ) . ;1 1 0 1α α φ φ
 (6.3.12)

  If r=0 represents isotropic hardening only, r=1 kinematic hardening exclusively. The r value can be 0.70 for RC elements.

Perfect Plastic Hinge Subjected to Bending and Axial Forces

Plastic deformations 

φp

: plastic rotation; 
δ

p : plastic elongation

Yield Function of a Plastic Hinge Subjected to Bending and Axial Force

Moment and axial force (rectangular cross-section) 

m z bdz b
h z

n b dz b
y z

h

y
o

y y
o

= = −











= =∫2 2

8 2
2 2

2 2 2

σ σ σ σ. . ; . ..z
o

zo

0∫
 (6.4.1)

Elastic domain of the plastic hinge 

m

M
n
N

M
b h

N b h
y y

y

y

y y
+











− = = =

2 2

1 0
4

;
.

; .
σ

σ

(6.4.2)
  My: yield moment of the cross-section without axial forces
  Ny: axial force that produces the total plasticization of the element when there is no bending moments

continued on following page
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continued on following page

Table 1. Continued

Yield function corresponding to a rectangular cross-section 

f m n
m

M
n
N

y y

( , )= +











− ≤

2

1 0

 (6.4.3)

Elastic domain 

( , )m n f ≤ 0
 (6.4.4)

Yield function for any symmetric cross-section 

f m n
n
N

m
M

y y

( , )=











+











−

ν ν1 2

1

 (6.4.5)
Often the coefficients ν1 and ν2 are chosen equal to 2

The Normality Rule

Normality rule 

d d
f
m

d d
f
n

p
p

φ λ δ λ=
∂
∂

=
∂
∂

;
 (6.4.6)

λ: plastic multiplier

Plastic multiplier λ evolution law 

d f(m n

f(m n d

λ
λ

= <
= ≠

0 0

0 0

 if   (locked hinge)   

 if   (acti

, )

, ) vve hinge)  






  (6.4.7)

Normality rule of a perfect plastic hinge in a rectangular cross-section 

d d
sign m
M

d
sign m

b h
d d

n

N
d

z

b h
p

y y

p

y y

φ λ λ
σ

δ λ λ
σ

= = = =
1 4 4

2 2
0

2

. ( ) . ( )

.
;

.
 (6.4.8)

d sign m z d
p o

pδ φ= ( )
 (6.4.9)

Perfect Plastic Hinge Subjected to Biaxial Bending Moments and Axial Force

Plastic deformations

  
φ

y
p

: plastic rotation around the local axis Y

φ
z
p

: plastic rotation around the local axis Z (6.4.10)

  
δ

p : plastic elongation

Normality rule 

d d
f

m
d d

f
m

d d
f
ny

p

y
z
p

z
p

φ λ φ λ δ λ=
∂
∂

=
∂
∂

=
∂
∂

; ;

(6.4.11)

Evolution law of plastic multiplier λ 

d f(m m n

f(m m n d
y z

y z

λ
λ

= <
=

0 0

0

 if   (locked hinge)   

 if  

, , )

, , ) >>






 0 (active hinge)  

 (6.4.12)
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Yield function 

f m m n
n
N

m

M

m

My z
u

y

uy

z

uz

( , , )=









+











+
ν ν1 2








−

ν3

1

 (6.4.13)
ν1, ν2 and ν3 can be chosen equal to 2

Plastic Hinges in Reinforced Concrete Elements

Behavior of the Materials

Modulus of elasticity of the concrete for concretes of unit weight w between 90 and 160 lb/ft3

E w f w f
c c c
= =1 5 1 533 0 043. ' . '.(psi) (MPa)

 (6.5.1)
Modulus of elasticity of the concrete for normal weight concrete 

E f f
c c c
= =57000 4700' '(psi) (MPa)

 (6.5.2)

Plastic Hinge in RC Planar Frame Elements

Plastic deformations
φp

is the plastic rotation; 
δ

p
= 0

Properties of element                 Mp(n): first plastic moment
                Mu(n): ultimate moment

                
φ

u
p

(n): ultimate plastic rotation

Plastic deformation evolution law 

d f

f d

p

p

φ

φ

= <

= ≠



 0 0

0 0

if   (locked hinge)

if   (active hinge)





= − − ≤; ( )f m x M n
p

0

 (6.5.3)

Kinematic hardening term evolution law 

dx

M n M n

n
d m M n

m M n

u p

u
p

p
u

u

=

−
<

=










( ( ) ( ))

( )
( )

( )
φ

φ  if  

0 if  (6.5.4)

Table 1. Continued

continued on following page
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Table 1. Continued

continued on following page

Computation of the Interaction Diagram for the First Plastic Moment (Mp) of a RC Cross-Section

e) Pure compression point 

N C C C C f A C f b h A A C
p s c s s y s c c s s s
≅ + + = − = − − − = −' ' ' , ( * ' ), where  and ff A

y s  (6.5.5)

  
f
c : maximum stress in the concrete

  fy: yield stress of steel bars

M
p
= 0

f) Pure tension point 

N T T T f A T f A
p s s s y s s y s
≅ + = =' ' ', where  and 

 (6.5.6)

M
p
= 0

g) Pure bending point:

Location of the neutral axis 

N C C T C f A C b f dz T f A
p s c s s s s c c

z

s y

NA

= + + = = − = − =∫' ' ' ,0
0

, where  and 
ss

 (6.5.7)

  
f
s : stress in the compression reinforcement

  
f
c : stress in the extreme compression fiber on the concrete
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Plastic moment 

M C
h

z z C
h

d T d
h

p c NA C s sC
= − −










+ − + −

2 2 2
( ) ' ( ) ( )'

 (6.5.8)

  
z

CC  is the location of the force in the concrete

h) Maximum bending resistance point (balanced condition)

Neutral axis depth 
z

d d
NA
=
+ '

2 (6.5.9)

Balanced load 
N

p

N C C T C f A C b f dz T A f
p s c s s y s c c

z

s s y

NA

= + + = − = − =∫' ' ' ,, where  and 
0 (6.5.10)

f
c : stress in the extreme compression fiber on the concrete

fy: yield stress of steel bars

Bending moment 

M C
h

z z C
h

d T d
h

p c NA C s sC
= − −










+ − + −

2 2 2
( ) ' ( ) ( )'

 (6.5.11)

Computation of the Interaction Diagram for the Ultimate Moment of a RC Cross-Section

Table 1. Continued

continued on following page
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Table 1. Continued

continued on following page

a) Pure compression point 

N N C C C C f A
u p s c s s y s
≅ = + + = −' , ' ' where 

 (6.5.12)

C f b h A A C f A
c c s s s y s
= − − − = −( * )' , and 

  
f
c : maximum stress in the concrete

  
f
y : yield stress of steel bars

M
u
= 0

b) Pure tension point: 

N T T T f A T f A
u s s s su s s su s
≅ + = =' , ' ' where  and 

 (6.5.13)
  fsu: ultimate stress of reinforcement steel

M
u
= 0

c) Pure bending point: 
Location of the neutral axis ZNA

N C C T C A f C b f dz T A
u s c s s s s c c

z

s s

NA

= + + = = − = − =∫' ' ' ' ,0
0

, where  and ff
s

 (6.5.14)

Ultimate moment 

M C
h

z z C
h

d T d
h

u c NA C s sC
= − −










+ − + −

2 2 2
( ) ' ( ) ( )'

 (6.5.15)

  
z

CC  is the location of the force in the concrete

d) Maximum bending resistance point (balanced condition): 
Location of the neutral axis depth 

z d
NA

cu

cu y

=
+

ε
ε ε

 (6.5.16)

Ultimate load 

N C C T C A f C b f dz T A f
u s c s s s s c c

z

s s

NA

= + + = − = − =∫' ' ' ' ,, where   and 
0

yy

 (6.5.17)

Ultimate bending moment 

M C
h

z z C
h

d T d
h

u c NA C s sC
= − −










+ − + −

2 2 2
( ) ' ( ) ( )'

 (6.5.18)
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Computation of the Interaction Diagram for the Ultimate Plastic Rotation of a RC Cross-Section

Ultimate plastic rotation 

φ χ χ χ
ε

χ
ε

u
p

u p p u
cu

NA
p

y

NA

n n L n
z n

n
d z n

= − = =
−

( ( ) ( )) ; ( )
( )

; ( )
( )

 (6.5.19)

      
χ

u : ultimate curvature

      
χ

p : plastic curvature (see Figures 6.24, 6.25, 6.20 and 6.21).

      
( )χ χ

u p
−

:ultimate plastic curvature.
      Lp: plastic hinge length

Plastic hinge length 

L d x
p cs
= +0 5 0 05. .

 (6.5.20)

x
cs : distance from the critical section to the point of inflection

c) Pure compression point 
Axial load 

N N C C C C f A C f b h A A C
u p s c s s y s c c s s
≅ = + + = − = − − −' ' , ( * )' ', where  and 

ss y s
f A= −

(6.5.12)

  
f
c : maximum stress in the concrete

  
f
y : yield stress of steel bars

Ultimate plastic rotation 
φ

u
p = 0

          d) Pure tension point 
Axial load 

N T T T f A T f A
u s s s su s s su s
≅ + = =' ' ', where  and 

 (6.5.13)
  fsu: ultimate stress of reinforcement steel

Ultimate plastic rotation 
φ

u
p = 0

Table 1. Continued

continued on following page
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Table 1. Continued

continued on following page

c) Pure bending point

Axial load 
N

u
= 0

Ultimate plastic rotation 

φ χ χ χ
ε

χ
ε

u
p

u p p u
cu

NA
p

y

NA

n n L n
z n

n
d z n

= − = =
−

( ( ) ( )) ; ( )
( )

; ( )
( )

 (6.5.19)

  
χ

u : ultimate curvature

  
χ

p : plastic curvature (see Figures 6.24, 6.25, 6.20 and 6.21).

  
( )χ χ

u p
−

:ultimate plastic curvature.
  Lp: plastic hinge length
Plastic hinge length 

L d x
p cs
= +0 5 0 05. .

 (6.5.20)

x
cs : distance from the critical section to the point of inflection

e) Balanced condition point 
Neutral axis depth 

z d
NA

cu

cu y

=
+

ε
ε ε

 (6.5.16)

Ultimate load 

N C C T C A f C b f dz T A f
u s c s s s s c c

z

s s y

NA

= + + = − = − =∫' ' ' ' ,, where  and 
0  (6.5.17)

Ultimate curvature 

φ χ χ χ
ε

χ
ε

u
p

u p p u
cu

NA
p

y

NA

n n L n
z n

n
d z n

= − = =
−

( ( ) ( )) ; ( )
( )

; ( )
( )

 (6.5.19)

      
χ

u : ultimate curvature

      
χ

p : plastic curvature (see Figures 6.24, 6.25, 6.20 and 6.21).

      
( )χ χ

u p
−

: ultimate plastic curvature.
      Lp: plastic hinge length

Plastic hinge length 

L d x
p cs
= +0 5 0 05. .

 (6.5.20)

  
x

cs : distance from the critical section to the point of inflection
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Plastic Hinges in RC Frame Elements Subject to Biaxial Bending

Deformations in the plastic hinge 

d d
f

m
d d

f
my

p

y
z
p

z
p

φ λ φ λ δ=
∂
∂

=
∂
∂

≅; ; 0

 (6.5.21)

Plastic multiplier evolution law 

d f

f d

λ
λ

= <
= >

0 0

0 0

 if   (locked hinge)   

 if   (active hinge)   






  (6.5.22)

Yield function of perfect plastic hinge 

f
m

M n

m

M n
y

uy

z

uz

= + − ≤
( ) ( )

2 2

1 0

 (6.5.23)
  Muy and Muz: ultimate resistant moments with respect to the principal axes of the cross-section.

Yield function of plastic hinge with multi linear kinematic hardening 

f
m x

M n

m x

M n
y y

py

z z

pz

=
−

+
−

− ≤
( ) ( )

2 2

1 0

 (6.5.24)
Mpy and Mpz:first plastic moments with respect to the principal axes of the cross-section.
  xy and xz: components of the back moment

Evolution laws 

dx

M n M n

n
d m M n

m M n
y

uy py

uy
p y

p
y uy

y uy

=

−
<

=





 ( ) ( )

( )
( )

( )

φ
φ  if  

0 if







dx

M n M n

n
d m M n

m M n
z

uz pz

uz
p z

p
z uz

z uz

=

−
<

=





 ( ) ( )

( )
( )

( )
φ

φ  if  

0 if




 (6.5.25)

Plastic Hinge with Pinching Effect due to Slip

Interfaces with Coulomb Friction Plasticity (τ: Shear Stress)

Evolution law relative displacement between two blocks 

dh

dh

> − =

= − <








0 0

0 0

 if 

 if 
slip

slip

τ τ σ

τ τ σ

( )

( )
; τslip: slip resistance (6.6.1)

Slip Function of a Plastic Hinge

Slip function 

f m kslip
slip

= − ≤ 0
 

d f

f(m x

p slipφ = <

=

0 0

0

 if    (no slip: locked hinge)   

 if  , ) dd pφ ≠






 0 (slip: active hinge)  

(6.6.2)

Table 1. Continued

continued on following page
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Table 1. Continued

Slip critical value 

k M e
slip

sign m p

=
0

( ( ) )ηϕ

 (6.6.3)
  Mo and η are parameters of cross-section of element
  Mo is slip resistance
  η characterizes the recovery velocity of the slip resistance

The Plasticity Criterion in an in a Plastic Hinge with Slip or Yielding

Evolution law of plastic hinge with slip or yielding 

d f

f d
f Max f f

p

p
y slip

φ

φ

= <

= ≠








=
0

0 0

 if 0

 if 
, where ( , )

 (6.6.4)

Determination of the Slip Resistance Mo

Location of the neutral axis 
z

NA

C C T
c s slip
+ − =' 0

εc < εo and εs < εy (6.6.5)

where 

C b f dz
c c

zNA

= ∫
0 , C’s:compression force in A’s

Tslip: maximum load by sliding of the steel bars

The maximum load by sliding 

T d
slip

slip

bar
bar

n

=
=
∑

τ π.�

2 1  (6.6.6)
    τslip is the average slip stress
    n is the number of bars
    dbar is the diameter of the bar
    l the slip length

Slip resistance Mo

M T d
h

C
h
z z C

h
d

o slip c NA C sC
= − + − + + −( ) ( ) ' ( ')

2 2 2  (6.6.7)

where 
z

CC is the location of the force in the concrete

Determination of Parameter η

Point of intersection between the slip and yielding curves η

f fy slip= = 0  (6.6.8)

Parameter η

η
φ

=

− +










ln
r M r M M

M

r

slip
u

slip
p p

o

slip
u
p

; (6.6.9)

0 1≤ ≤rslip ; a good value for r
slip

is 0.4
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6.8 EXAMPLES

6.8.1 Compute the Expressions of the First Plastic and Ultimate Moments for 
the H-Shaped Cross-Section with Respect to the Horizontal Axis (Figure 36)

The first plastic moment can be computed using Equation (6.1.3a); since the cross-section is symmetric, 
the locations of the elastic and plastic neutral axes correspond to the symmetry axis of the cross-section. 
The elastic section modulus is given by:

S
I
h

=
2  (6.8.1)

The expression of moment of inertia I is:

I
b t b t h

b t h
t h t h t

t h t
t t

f f f f

f f

w w f

w f

w f= + − + − + −
2

3 2 12 2

2

3

3 2

2

3 2

2

3

 (6.8.2)

The first plastic moment is (see Figure 37a):

M
b t b t h b t h t h t h t t h t t t

hp

f f f f f f w w f w f w f=
+ − + − + −8 6 12 6 12 8

6

3 2 2 3 2 2 3

σ
yy

 (6.8.3)

The ultimate moment is computed as the moment produced by the forces on the flanges and web 
(see Figure 37b), thus:

M b t
h t

t
h

t
u y f f

f

w f
= −












+ −





















σ 2

2 2 2

2




 (6.8.4)

Figure 36. Homogeneous H-shape cross-section
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6.8.2 Compute the Expressions of the First Plastic and Ultimate Moments with 
Respect to the Horizontal Axis of the Hollow Circular Cross-Section (Figure 38)

In this case, the location of the elastic and plastic neutral axes corresponds to the symmetry axis of the 
cross-section. The moment of inertia for this cross-section is:

I
R r

=
−π( )4 4

4
 (6.8.5)

The first plastic moment is obtained with the Equations (6.1.3) (see Figure 39a):

M
R r

Rp

y=
−1

4

4 4σ π( )
 (6.8.6)

The semi area of the cross-section is:

A
R r

2
1
2

2 2= −π( )  (6.8.7)

Figure 37. a) Stress distribution for the first plastic moment b) Stress distribution for the ultimate moment
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Figure 38. Homogeneous hollow circular cross-section

Figure 39. a) Stress distribution for the first plastic moment b) Stress distribution for the ultimate moment
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And the centroid of this semi area is:

z
R Rr r

R rA
2

2 24
3

=
+ +
+( )π

 (6.8.8)

Then the ultimate moment is:

M
R r

u y
= −











σ
4
3

4
3

3 3

 (6.8.9)

6.8.3 Compute the Expressions of the First Plastic and Ultimate Moments 
with Respect to the Horizontal Axis of the T Cross-Section (Figure 40)

In this case, the cross-section is asymmetric; therefore, neither the elastic nor plastic neutral axis are 

located at h
2

. The location of the elastic neutral axis corresponds to the centroid of the cross-section 

(see Figure 41a) which is:

z

b t h
t t h t

b t t h tc

f f
f w f

f f w f

=

−











+

−

+ −

2 2

2( )

( )
 (6.8.10)

The moment of inertia is (Box 1):
As shown in Figure 41a the first fibers that reach the yield stress are the bottom ones. The elastic 

section modulus is:

Box 1. 

I
b t

b t h
t

b t h
t t h t

b t t

f f

f f

f

f f

f w f

f f

= + − −

− +
−

+









3

2

12 2

2 2

( )

ww f

w f

w f

h t

t h t
t h t

( )

( )
( )

−
+

−
+ −













2

3

12

bb t h
t t h t

b t t h t

h tf f

f w f

f f w f

f

− +
−

+ −
− +















 2 2

2 2

2

( )

( )









2

 
(6.8.11)



221

The Plastic Hinge
 

Figure 40. Homogeneous T cross-section

Figure 41. a) Stress distribution for the first plastic moment b) Stress distribution for the ultimate moment
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S
I
z
c

=  (6.8.12)

and the first plastic moment can be computed as:

M S
p y
= σ  (6.8.13)

The plastic neutral axis does not coincide with the elastic one as can be observed in Figure 41a; this 
axis divides the cross-section in two equal areas. Assuming that the plastic neutral axis is located in the 
web of the beam:

b t t h t z t z z
b t t h t t

tf f w f p w p p

f f w w f

w

+ − − = =
+ −

( ) , therefore 
2

 (6.8.14)

The ultimate moment is computed as (see Figure 41b)

M C h
t

z C
h t z

T
z

u f

f

p w

f p

w

p= − − +
− −










+( )

2 2 2
 (6.8.15)

6.8.4 Compute the Interaction Diagram for the First Plastic Moment for 
the Cross-Section Shown in Figure 42; Consider Unconfined Concrete

For the first plastic moment, four points corresponding to the pure compression, pure tension, pure 
bending and balanced conditions are computed.

1.  For the case of pure compression, it is used Equation (6.5.5) in order to obtain the axial force. Thus,

N f b h A A f A A
p c s s y s s
≅ − − − − +0 85. ( * ) ( )' ' '

N
p
≅ − − − − +0 85 2070 30 60 18 00 18 00 40000 18 00 18 00. * * ( * . . ) * ( . . )  

N
p
≅ −4543 76. KN  (6.8.16)

2.  For the case of pure tension, it is used Equation (6.5.6):

N f A A
p y s s
≅ + = +( ) * ( . . )' 40000 18 00 18 00 N

p
≅ 1440 00. KN  (6.8.17)

3.  For pure bending, an iterative procedure has to be carried out in order to obtain the neutral axis 
location. Thus, the strain in the tension reinforcement level is fixed to εy = 0.002 and the equilib-
rium of forces is satisfied when the neutral axis is located at 19.10 cm from the most compressed 
fiber; the resulting forces in the concrete and steel are:
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C ;C T
c
= = =456 24 263 76 720 00. KN . KN . KN

s
;  (6.8.18)

The position of the force in the concrete is z
CC

= 12.37 cm from the neutral axis. Then, the bending 

moment computed with the Equation (6.5.8) results in:

M C
h

z z C
h

d T d
h

p c NA C sC
= − −










+ − + − =

2 2 2
( ) ( ) ( )' 33735688.944  = 337 36. KN.m  

(6.8.19)

4.  For the balanced condition, it is necessary to carry out an iterative procedure, but in this case the 
strains at the level of both steel areas (As and A’s) are fixed to a value εy. Thus, in order to satisfy 
the equilibrium of forces the neutral axis must be located at a depth z

NA
= 29.88 cm. The resulting 

forces are:

C C T N
c s p
= = = ⇒ =1154.44 ; 712.79 ;KN KN KN . KN720 1147 23  (6.8.20)

The location of the compression force in the concrete is z
CC

= 18.13 cm from the neutral axis. The 

bending moment is computed using Equation (6.5.10):

M C
h

z z C
h

d T d
h

p c NA C s
C

= − − + − + − =








2 2 2

( ) ( ) ( )' 54731936.400 N . cm . KN.m= 547 32  (6.8.21)

The resulting interaction diagram is shown in Figure 43.

Figure 42. Unconfined typical concrete cross-section
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6.8.5 Compute the Interaction Diagram of the Ultimate Moment for the 
Cross-Section Shown in Figure 42; Consider Unconfined Concrete

The following points are computed:

1.  The first point, i.e. pure compression, is the same of the first plastic moment. Thus, the axial force 
is equal to:

N
u
≅− 4543 76. KN  (6.8.22)

2.  For the case of pure tension, it is used Equation (6.5.12):

N f A A N
u su s s u
≅ + = + ≅( ) * ( . . ); KN' 60000 18 00 18 00 2160.00  (6.8.23)

3.  For the pure bending condition, the strain in the extreme compression fiber is fixed to εcu = 0.0038. 
The neutral axis is located at 8.77 cm from the extreme compression fiber; the resulting forces in 
the concrete and steel are:

C C T
c
= = =365 44 354 56 720 00. KN . KN . KN; ;

s
 (6.8.24)

Figure 43. Interaction diagram for plastic and ultimate moment
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The location of the force in the concrete is z
CC

= 5.03 cm from the neutral axis. Thus, the bending 

moment computed with Equation (6.5.14) results in:

M C
h

z z C
h

d T d
h

u c NA C s s
C

= − − + − + − =








2 2 2

34848205( ) ( ) ( ) .' 110 348 48N . cm . KN. m=  (6.8.25)

4.  As aforementioned, for the balanced condition the strain in the most compressed fiber is equal to 
εcu and the strain in the reinforcement steel in tension is equal to εy. Thus, to satisfy the equilibrium 
of forces, the neutral axis must be located at a depth z

NA
= 35.05 cm. The resulting forces are:

C C T N
c u
= = = ⇒ =1459 76 720 00 720 00 1459 76. KN . KN . KN . KN; ;

s
 (6.8.26)

The location of the compression force in the concrete is z
CC

= 20.11 cm from the neutral axis. The 

bending moment is computed using Equation (6.5.16):

M C
h

z z C
h

d T d
h

u c NA C s
C

= − − + − + − = =( ( ) ( ) ( ) N . cm .'

2 2 2
558 155818409.76 88 KN.m  (6.8.27)

5.  Additional points can be computed considering that the strain in the most compressed fiber is equal 
to εcu and that the axial force takes different values larger than the balanced one. For example, 
considering N .

u
=1100 00 KN the neutral axis is located at 26.41 cm from the extreme compres-

sion fiber and the forces in the concrete and steel are:

C . C . T .
c
= = =1100 00 720 00 720 00KN KN KN; ;

s
 (6.8.28)

The location of compression force in the concrete is z
CC

= 15.15 cm from the neutral axis. The cor-

responding bending moment is:

M C
h

z z C
h

d T d
h

u c NA C sC
= − −










+ − + − =

2 2 2
544 52( ) ( ) ( ) .' KN.m  (6.8.29)

The interaction diagram is presented in Figure 43.
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6.8.6. Compute the Interaction Diagram of the Ultimate Plastic Curvature 
for the Cross-Section Shown in Figure 42; Consider Unconfined Concrete

The ultimate plastic curvature is determined by( ),χ χ
u p
−  where χ

ε
u

cu

x
= and χ

ε
p

y

d x
=
−

(Equations 

6.5.19b y c). For pure compression and pure tension the curvatures are nil; the ultimate and plastic 
curvatures for pure bending condition are shown in Box 2.

For the balanced condition they are shown in Box 3.
The interaction diagram is shown in Figure 44.

Box 2. 
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=
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=
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88 77
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 1/  

then  1/χ χ
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(6.8.30)

Box 3. 

χ
ε

χ
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x
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−
=

−
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335 04
1 08 10
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4
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− = =

−

−
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L
x
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p

p

 1/  

then  1/χ χ
φ

(6.8.31)

Figure 44. Interaction diagram for ultimate plastic curvature
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6.8.7. Compute the Plastic Length of the Hinge for the Bending Moment 
Diagram Shown in the Figure 45 and the Cross-Section Presented in Figure 42

From the Figure 45 it is obtained x
CS

that is the distance from the critical section to the point of inflec-
tion.

x
L

CS
=

3
5

 (6.8.32)

The plastic hinge length Lp is computed with the Equation (6.5.20)

L d x
L

L
p cs
= + = +










= +0 5 0 05 0 5 53 5 0 05

3
5

26 75 0 03. . . ( . ) . . .  (6.8.33)

6.8.8. Compute the Slip Resistance Mo and the Parameter 
η for the Beam-Column Joint Shown in Figure 46

Following the same procedure used in the previous examples, the properties of the wide-beam shown 
in Figure 46 are obtained. The properties for pure bending condition are:

M M .
p u
= =219 68 227 62. KN.m KN.m; ;  (6.8.34)

For this joint, l = slip length = column width = 40 cm, τslip = the average slip stress = 303.60 N/cm2, 
d

bar
= 3/4”≈1.905 cm, thus:

Figure 45. Bending moment diagram
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T d
slip

slip

bar
bar

n

= = =
=
∑

τ π π. .�

2
303 82

1

   . 40
2

8 (1.905) 290925..10 290.93N KN=  (6.8.35)

Solving Equation (6.6.5) C C T
c s slip
+ − = 0 , it is obtained the neutral axis depth z

NA
= 7.98 cm 

and the location of compression force in the concrete z
CC

= 5.29 cm. Then, the slip resistance Mo is 

computed as:

M T d
h

C
h
z z C

h
d

o slip c NA C sC
= − + − + + −( ) ( ) ( ')

2 2 2
 

M
o
= − + + +( )2 27 15 214514 3390925.10 (15-7.98 5.29) 76200.11(15-3). == 7046173 92. N . cm

M
o
= 70 46. KN.m  (6.8.36)

The parameter η is computed with a value of r = 0.4 as:

η
φ

=

− +










=

−
ln ln

. . . .rM rM M

M

r

x x
u p p

o

u
p

0 4 227 68 0 4 219 68 ++










=

219 68

70 46

0 4

2 88

.

.

.

.

φ φ
u
p

u
p

 (6.8.37)

Figure 46. RC wide-beam-column joint; wide-beam cross-section
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6.9 PROBLEMS

6.9.1 Plot the Elastic Domains and Develop the Normality Rules for a Rectangular Cross-Section 
Using the Exact Solution Equation (6.4.5) and the Approximated One Equation (6.4.13) with 
ν1 = ν2 = 2 and ν1 = ν2 = 2/2

6.9.2 Compute the First Plastic and Ultimate Moments for a Homogeneous T Cross-Section As-
suming That the Plastic Neutral Axis Is Located in the Flange of the Beam

6.9.3 Compute the First Plastic and Ultimate Moments for a Homogeneous Equilateral Triangle 
Cross-Section

6.9.4 For the Column Shown in Figure 47 Compute the Properties Considering the Biaxial Effects.
6.9.5 Propose a Model for a RC Plastic Hinge with Multi-Linear Isotropic Hardening
6.9.6 Propose a Model for a RC Plastic Hinge with Multi-Linear Kinematic and Isotropic Hardening

Figure 47. RC Column element



230

The Plastic Hinge
 

REFERENCES

Chen, W. F., & Sohal, I. (1995). Plastic design and second-order analysis of steel frames. New York, 
NY: Springer-Verlag. doi:10.1007/978-1-4613-8428-1

Friedlander, F. G., & Joshi, M. S. (1998). Introduction to the theory of distributions. Cambridge, UK: 
University Press.

Hsu, T. C., & Mo, Y. L. (2010). Unified theory of concrete structures. West Sussex, UK: John Wiley 
and Sons. doi:10.1002/9780470688892

Kent, D. C., & Park, R. (1971). Flexural members with confined concrete. Journal of the Structural 
Division, 97, 1960–1990.

Li, G. Q., & Li, J. J. (2007). Advanced analysis and design of steel frames. John Wiley & Sons. 
doi:10.1002/9780470319949

Park, R., & Paulay, T. (1975). Reinforced concrete structures. New York, NY: John Wiley and Sons. 
doi:10.1002/9780470172834

Picon-Rodriguez, R., Quintero-Febres, C., & Florez-Lopez, J. (2007). Modeling of cyclic bond de-
terioration in RC beam-column connections. Structural Engineering & Mechanics, 26(5), 569–589. 
doi:10.12989/sem.2007.26.5.569

http://dx.doi.org/10.1007/978-1-4613-8428-1
http://dx.doi.org/10.1002/9780470688892
http://dx.doi.org/10.1002/9780470319949
http://dx.doi.org/10.1002/9780470172834
http://dx.doi.org/10.12989/sem.2007.26.5.569


231

Copyright © 2015, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global is prohibited.

Chapter  7
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ABSTRACT

The goal of this chapter is to describe how the concepts presented in Chapters 5 and 6 can be included 
in the mathematical models for the elastic plastic analysis of frame structures. The numerical imple-
mentation of such an analysis is described in Chapter 8. The models presented in this chapter cover 
applications for reinforced concrete frames, shear walls, wide beams, and dual systems, as well as steel 
structures. Both cases, planar and tridimensional analyses, are considered. However, this chapter does 
not yet describe the numerical and computational analysis of elasto-plastic structures; this is the subject 
of the next chapter.

7.1 ELASTO-PLASTIC CONSTITUTIVE MODEL FOR A 
SLENDER ELEMENT OF A PLANAR FRAME

Buildings in seismic zones must be designed so that there is no structural damage at all under service 
loads or earthquakes of small intensity; the latter are defined as those events that may occur frequently 
during the life time of the structure. In mathematical terms, no structural damage means that the struc-
tures must behave elastically under such conditions. In the case of earthquakes of intermediate intensity, 
i.e. those that are expected to occur at most once or twice during the life time of the structure, it is al-
lowed some structural damage provided that it is repairable. In mathematical terms, repairable structural 
damage means a limited amount of plastic deformations or, the formation of a small number of plastic 
hinges in the structure. Taking into account that an earthquake of intermediate intensity is considered 
an event of high probability during the expected life time of the structure, a plastic analysis of such kind 
of structures should be mandatory.

Earthquake loading is the main cause of structural damage in the practice; however, frame structures 
may also enter into the plastic range in the case of other kind of overloads. For instance, those due to 
displacements of its supports (because of the failure of the soil underneath) or impacts or explosions.

Elasto-Plastic Frames
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7.1.1 Lumped Plasticity Model

As mentioned in Chapter 4, distributed forces on the elements are used to characterize service loads; 
they are assumed to be small compared with exceptional overloads such as earthquake forces, settlement 
of foundations, explosions or others; these exceptional overloads can be represented as nodal forces or 
displacements. As aforementioned, a structure only under service loads does not need inelastic analysis; 
it is therefore assumed that nodal forces are the main cause of plastic deformations in the elements. Typi-
cally, the moment distribution in these cases (small distributed forces and relatively large nodal forces) 
presents maximums at the ends of the elements such as indicated in Figure 1.

The simplest way to consider the presence of plasticity in a frame structure under these conditions is 
the lumped plasticity model that consists in assuming that a slender frame element can be represented 
as the assemblage of an elastic beam-column and two plastic hinges at the ends i and j such as shown 
in Figure 2.

In the lumped plasticity model, the deformations of a frame member can be decomposed into two terms:

{ } { } { }Φ Φ Φ
b

bc
b

p
b

= +  (7.1.1)

where { }Φbc
b

is the matrix of generalized deformations of the elastic beam-column and { }Φp
b

is called 
matrix of plastic deformations; the latter contains the rotations and elongations of the plastic hinges:

Φp

b

i
p

j
p

p

{ } =




















φ

φ

δ

 (7.1.2)

Figure 1. Typical distribution of moments in a frame with large nodal forces and small distributed forces 
on the elements

Figure 2. Lumped plasticity model of a slender frame member
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The terms φ φ
i
p

j
p, correspond, respectively, to the rotation of plastic hinges i and j; δp is the plastic 

elongation of the element chord; the latter is equal to the sum of the plastic elongations of each hinge:

δ δ δp
i
p

j
p= +  (7.1.3)

7.1.2 Elasticity law

The lumped plasticity model is the basis of all the models for slender frame elements that are presented in 
this chapter. The elasticity law of an elasto-plastic frame element can be obtained as follows. Introducing 
the constitutive equation of the elastic beam-column (Equation 3.3.9a) into (7.1.1) gives:

{ } [ ] { } { } { }Φ Φ Φ
b f b b b

p
b

= + +F M 0  (7.1.4)

The terms [ ] , { } , { }F M
f b b b

Φ0 are, of course, the flexibility matrix, the generalized stresses and the 
initial deformations such as defined in chapter 3 (Equations 3.3.9b, 3.2.2 and Table 3 in Chapter 3); 
Equation (7.1.4) can also be written as:

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0  (7.1.5)

where [ ] [ ]E F
b f b
= −1 is the same elasticity matrix defined in chapter 3 and { } [ ] { }M E0 0

b b b
= − Φ is the 

matrix of initial stresses (Equation 3.3.11b and Table 3 in Chapter 3). The expression (7.1.5), or (7.1.4), 
is the elasticity law of a slender elasto-plastic frame element.

The constitutive equations of this kind of elements can now be defined by combining this elasticity 
law with one of the plastic hinges introduced in chapter 6. The sections 7.1.4-7 describe the different 
models obtained in this way.

7.1.3 Selection of the Rigidity Term EI in the Elasticity Law

For frame elements made of homogenous materials, like aluminum or steel, the moment of inertia of the 
cross-section is computed as is presented in the textbooks of strength of materials; the elastic modulus 
is identified in a simple tension test, as the slope of the initial linear part of the stress-strain curve.

In the case of reinforced concrete elements, the issue is more complicated due to the presence of two 
materials and the nonlinear behavior of the concrete. In compression, the initial behavior of the concrete 
is approximately linear elastic but it changes to a parabolic relation rapidly. Thus, it is not easy to identify 
a unique slope for the initial stress-strain curve. The ACI (American Concrete Institute) has proposed 
empirical expressions for the elastic modulus (Equations 6.5.1 and 6.5.2) for the initial linear stage but 
the use of these values conduces to a stiffness much larger than the values observed in experimental 
tests on RC elements. The simplest solution to obtain results near the values observed experimentally 
is the use of the following expression:
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E
f

c
c=
’

ε
0

 (7.1.6)

where ε
0

0 002= . is the strain in the concrete when the stress is equal to f
c
’ . For this material the mo-

ment of inertia is computed using the total area of the cross-section, making no deductions for the pres-
ence of the steel bars.

7.1.4 Elastic Perfectly Plastic Constitutive Model

In the case of perfect plasticity, the evolution laws of the plastic deformations are obtained by introduc-
ing the constitutive equations of the plastic hinges i and j, such as defined in the section 6.2. Let fi and 
fj be the yield functions of, respectively, plastic hinges at the ends i and j:

f f m n f f m n
i i i j j j
= ≤ = ≤( , ) ; ( , )0 0  (7.1.7)

The model of a slender elastic perfectly plastic frame element is given by the elasticity law (7.1.5) 
or (7.1.4), the normality rule:
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∂
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; ;  (7.1.8)

and the plastic multipliers evolution laws:
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 (7.1.9)

λ
i
and λ

j
are the plastic multipliers of hinges i and j. The yield functions f (m n

i i
, )and f (m n

j j
, )depend, 

of course, on the cross-section of the element and may be computed by any of the procedures described 
in the precedent chapter.

7.1.5 Elastic Perfectly Plastic Constitutive Model 
Neglecting Plastic Elongations

In the cases where plastic elongations can be neglected, typically in reinforced concrete frames, the 
constitutive equation is composed by the same elasticity law (7.1.5) or (7.1.4) and the following simpli-
fied evolution laws:
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δ
p
= 0  

d f (m j

f (m d
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f (m m M
j j j yj








= − ≤; ) 0 ;  (7.1.10)

Notice that, for the sake of generality, different yield moments Myi and Myj are introduced in the model; 
this might be the case of RC frame elements since the reinforcement can be dissimilar at its ends. The 
ultimate moment of the cross-section Mu, or the first plastic one Mp, can be used as yield moments in 
(7.1.10). Frequently, the yield moment is assumed to be constant; however, a better model is obtained 
if a function of the axial force is selected such as described in the previous chapter.

7.1.6 Elasto-Plastic Constitutive Model with Hardening

A more accurate model that includes both values, Mp and Mu, can be obtained by using plastic hinges 
with hardening. In this case, the same elasticity law (7.1.5) or (7.1.4) is combined with the plastic de-
formation evolution laws derived from the yield functions presented in section 6.3.3:
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 (7.1.11)

f (m p x m x M Q p f (m p x m x M Q
i i i i i i pi i j j j j j j pj

, , ) ( ) ; , , ) (= − − + ≤ = − − +( ) 0 pp
j
)( ) ≤ 0  (7.1.12)

where pi and pj can be the accumulated plastic rotations of, respectively, hinges i and j as defined in the 
Equation (6.3.2) of the precedent chapter:

dp d dp d
i i

p
j j

p= =φ φ and  (7.1.13)

Alternatively, pi and pj may represent the maximum plastic rotations as in (6.3.3):

p Max p Max
i i

p
j j

p= =φ φ and  (7.1.14)
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The isotropic hardening term Q can be nonlinear (7.1.15a), multilinear (7.1.15b) or linear (7.1.15c):
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with the same choices for the kinematic hardening term:
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i i i

p= φ  (7.1.16)

The values of r were discussed in section 6.3.3. The expressions for the isotropic and kinematic harden-
ing terms corresponding to the hinge j can be written in the same way changing only the subscript i by j.

7.1.7 Constitutive Equations for Inelastic Hinges with 
Slip in RC Wide Beam-Column Connections

As discussed in section 6.6, some RC structures subjected to cyclic loads can show pinching of the 
loops. The pinching is mainly due to cyclic bond deterioration between longitudinal reinforcing steel 
and concrete. This type of behavior is typical in wide beam-to-column connections but it is not always 
relevant in RC structures.

A model with slip hinge includes the “slip resistance”, Mo. This model combines the elasticity law 
(7.1.5) or (7.1.4) with the plastic deformation evolution laws derived from slip functions presented in 
the section 6.6.3:
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where the parameters ηi and ηj can be computed using the Equation (6.6.9) of precedent chapter:
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A more complex model that combines the slip and yielding mechanisms can be obtained by the same 
elasticity laws (7.1.5) or (7.1.4), the plastic deformation evolution laws (7.1.11) and (7.1.17). Both mecha-
nisms are possible and may occur one after the other in RC structures. Then, the following evolution laws 
for the plastic deformations in plastic hinges with yielding and slip for RC elements can be written as:
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 (7.1.20)

f Max f f f Max f f
i i

y
i
slip

j j
y

j
slip= =( , ); ( , )  (7.1.21)

where f
i
y and f

j
y are respectively, the yield functions in the hinges i and j (Equations 7.1.12a and 7.1.12b). 

f
i
slip and f

j
slip are respectively, the slip functions in the hinges i and j (Equations 7.1.18a and 7.1.18b). A 

behavior curve that represents this complex model is shown in Figure 3.
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7.2 ELASTO-PLASTIC CONSTITUTIVE MODEL FOR SQUAT RC ELEMENTS

7.2.1 Elasticity Law

In chapter 4, slender frame elements were defined as those with high aspect ratio; in these cases, deforma-
tions due to shear forces are negligible when compared with the bending ones. Under this condition, the 
constitutive law derived from the Euler-Bernoulli theory of beams is accurate enough and a considerably 
simpler alternative. Plasticity in slender frame elements is only due to bending and can be lumped at 
plastic hinges as discussed in the precedent section.

On the other hand, squat reinforced concrete elements are defined as those with a very low aspect ratio. 
These elements need elasticity equations based on the Timoshenko beam theory as the one introduced 
in section 3.4. Examples of squat elements are RC walls and very short columns.

As in the previous section, it is assumed that distributed forces on the element are small compared 
with the nodal forces. Shear forces and distortions are, therefore, approximately constants along the ele-
ment as shown in Figure 4a. Assume that the state of plastic deformation in a squat element under this 
condition is represented as in Figure 4b.

Mathematically, this state of deformation is characterized by the following matrix of plastic defor-
mations:

γ p

b

b
p

b
p{ } =




















γ

γ
0

 (7.2.1)

Figure 3. Plastic behavior curve of a inelastic hinge with slip and yielding
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The elasticity law for a squat element with plasticity can be obtained by modification of the constitu-
tive equation (3.4.8): the total deformations are now obtained adding the plastic deformation matrix to 
this equation:

{ } ([ ] [ ] ){ } { } { }Φ Φ
b f b s b b b

p
b

= + + +F F M 0 γ  (7.2.2)

where the flexibility matrices [ ]F
f b

and [ ]F
s b

are the same that were introduced in section 3.4.2 (Equation 
3.4.9). Alternatively, the elasticity law can also be written as:

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ γ 0  (7.2.3)

where [ ]E
b
and { }M0

b
are the same elasticity matrix and initial stresses introduced in section 3.3.2 (Equa-

tions 3.3.11a and 3.3.11b).

7.2.2 Evolution Law of Plastic Distortion

The same evolution law of plastic distortion introduced in section 5.7 (Equation 5.7.2) can be used in this 
case; the integration of the yield function over the cross-section of the element completes the evolution law:

d f (V p x

f (V p x

p

s

s

γ = <

=

0 0

0

 if  (elastic behavior)

 if 
s s

s s

, , )

, , ) dd
f V p x V x V Q p

p s s s s pγ ≠
= − − +






 0 (plastic behavior)

; ( , , ) (
ss
)( ) ≤ 0  (7.2.4)

Figure 4. a) Distribution of shear forces in a squat element under low distributed forces b) Approximate 
plastic deformation state in a squat element under low distributed forces
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where the shear force V is approximated as:

V
m m

L
i
b

j
b

b

≅
+

 (7.2.5)

Again, there are at least two options for the variable ps, the accumulated plastic distortion as defined 
in (7.2.6a) or the maximum plastic distortion as in (7.2.6b):

dp d p Max
s

p
s

p= =γ γ or   (7.2.6)

As in the previous case, the shear yield function fs can have isotropic and/or kinematic hardening 
terms; those terms can be nonlinear, multilinear or linear:

Q p r V V e
s s u p

ps s( ) ( )( )( )= − − − −1 1 α  

Q p

r V V
p p

r V V p
s

s u p

u
p s s u

p

s u p s

( )

( )( )

( )(

=

− −
≤ ≤

− − >

1
0

1
γ

γ

γ

 if 

) if  
uu
p










 

Q p r c p
s s s s

( ) ( )= −1  (7.2.7)

dx r V V d x d
s s u p

p
s

p= − −( )α γ γ( ) .  

dx

r V V
d x r V V

x r V V
s

s u p

u
p

p
s s u p

s s u p

=

−
< −

= −





 ( )
(

( )
γ

γ   if ) 

0  if






 

x r c
s s s

p= . .γ  (7.2.8)

In the case of shear plasticity in RC elements, the recommended value of rs is 0.6.

7.3 SHEAR PROPERTIES OF RC ELEMENTS

Consider the squat RC elements shown in Figure 5; in it, the geometrical characteristics, the longitudinal 
and transversal reinforcement are detailed.
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The shear properties of a squat RC element needed for the elasto-plastic analysis of squat element are 
the first plastic shear force, the ultimate shear force and the ultimate plastic distortion that are indicated 
in Figure 6.

The first plastic shear force Vp is defined as the level of force that initiates yielding of the stirrups or 
ties in the element. This parameter can be computed using a simplified design method called “Strut-and-
Tie Model”. The description of this method is outside the scope of this book and the interested reader 
should consult, for instance, the references indicated in the bibliography of this chapter. A simple equa-
tion that gives the value of the plastic shear force is:

V k
A f cot sen

s
d

p p

sh yh
=

( )+ ( )



 ( )θ β βcot  

 (7.3.1)

where Ash is the area of stirrups, fyh is the yield strength of the stirrups and the meaning of the terms s 
and d is indicated in Figure 5. β is the angle between the transversal and longitudinal reinforcement. θ 
is the angle of inclination of the compression strut in the concrete that can be computed approximately 
assuming cracking patterns as the ones shown in Figure 7. kp is a dimensionless coefficient that consid-
ers the efficiency of transversal reinforcement; it takes values between 0.40 for β = 90� and 0.70 for 
β = 45� . As it can be observed in this figure, in the case of a beam-column element θ = 45� and for a 
wall element this angle can be computed as:

cot
a
d

θ( ) =  (7.3.2)

where a is the shear span, i.e., for a cantilever element a L= and for a doubled fixed element a L
=

2
. 

For the most frequent case, β = 90°, the plastic shear force becomes:

V k
A f cot

s
d

p p

sh yh
=

( )



θ  

  (7.3.3)

A possibility for obtaining the ultimate shear force consists in using the following semi-empirical 
expression:

V k
A f d

s
k

f

a d
n

f A
u u

sh yh

u
c

c

=
⋅ ⋅

+ +












0 5
1

0 5
0 8

.

/ .
.

'

'
 AA  (7.3.4)

Ku is a dimensionless coefficient that takes the value of 1 for elements with aspect ratio less than 5 
and 0.7 otherwise. Notice that, in (7.2.12), the ultimate shear force depends on the axial force n and the 
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aspect ratio a/d; f’c is, as usual, the strength of the concrete cylinder in compression in MPa; notice that 

the term 0 5. 'f
c

is expressed in terms of force over area, i.e. 0.5 is not dimensionless; A is the total area 
of the cross-section.

The ultimate plastic shear distortion can be computed by the expression:

Figure 5. Reinforcement and geometrical details in squat elements: a) wall b) beam-column

Figure 6. Shear force vs. angular deformation
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γ
ε

θ ρ θu
P

ps

suh

s

cu

sh

s

c

d
L

f

E

E

E
= +










− +




sin sin2 2

1 2

























f A

E b s
yh sh

s
  

 (7.3.5)

where L
ps

is a coefficient that can take values between 0.1L to L; a simple rule to choose an adequate 
value is using L

ps
= 0.25L for high aspect ratios (i.e. larger than 5) and L

ps
=L for low aspect ratios. fsuh 

is the ultimate strength of the transversal reinforcement; Es and Ec are, respectively, the elasticity mod-
ulus of steel and concrete; ε

cu
is the ultimate strain in the concrete ( ε

cu
 = 0.004 for non-confined concrete 

and ε
cu

= 0.0084 for confined concrete), ρsh is the volumetric ratio between transversal reinforcement 
and the concrete (see examples 7.7.1 and 7.7.2).

7.4 AN ELASTO-PLASTIC CONSTITUTIVE MODEL 
FOR ELEMENTS OF ANY ASPECT RATIO

RC elements with an aspect ratio less than 2.5 can be classified as squat; for aspect ratios larger than 6.5 
they are slender; between those limits, plastic hinges and shear plasticity may appear simultaneously. In 
this section it is presented a model that includes the previous ones as particular cases.

The elasticity law is now obtained on the basis of the lumped/distributed plasticity model shown in 
Figure 8. The frame element is therefore assumed to be the assemblage of an elasto-plastic component 
with shear plasticity and two plastic hinges at the ends of the element.

The frame deformations can be decomposed as:

{ } { } { }Φ Φ Φ
b

bcw
b

p
b

= +  (7.4.1)

Figure 7. Inclination of the compression strut in the concrete for: a) a wall element b) a beam-column 
element
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where { }Φbcw
b
is the matrix of generalized deformations of the elasto-plastic component and { }Φp

b
is 

the matrix of rotations of the plastic hinges neglecting plastic elongation. In the lumped/distributed 
plasticity model, the elasto-plastic component obeys the Equation (7.2.2); thus, the elasticity law derived 
from (7.3.1) is:

{ } ([ ] [ ] ){ } { } { } { }Φ Φ Φ
b f b s b b b

p
b

p
b

= + + + +F F M 0 γ  (7.4.2)

Alternatively:

{ } [ ] { } { } ; [ ] ([ ] [ ] )M E M E F F
b b

p p
b b b f b s b

= − − + = + −Φ Φ γ 0 1 where  (7.4.3)

The evolution laws of the plastic deformations, those of the hinges and the one due to shear, are exactly 
the same that were introduced in the two previous sections, that is (7.1.9-16) and (7.2.4-8).

The behavior described by this constitutive equation is shown in the examples 7.6.4 and 7.6.5.

7.5 TRIDIMENSIONAL ELASTO-PLASTIC FRAMES

7.5.1 Constitutive Equations

Consider a tridimensional frame composed by slender elements; the generalized deformations and stresses 
are now defined as in (3.5.2) and (3.5.9):

{ } ( , , , , , );{ } ( , , ,Φ
b
t

iy
b

jy
b

b iz
b

jz
b

x
b

b
t

iy
b

jy
b

b iz
m m n m= =φ φ δ φ φ φ M bb

jz
b

x
bm m, , )  (7.5.1)

The elasticity law in this case is based on a lumped/distributed model similar to the one used in sec-
tion 7.3 except that in this case, it is the plastic deformation due to torsion the one that is assumed as 
uniformly distributed along the element. A consequence of this simplifying assumption is the uncoupling 
between torsion and bending.

The elasticity law is now given by:

{ } [ ] { } { } ; { } ( , , , , , )M E M
b b

p
b b

p
b
t

iy
p

jy
p

p iz
p

jz
p

x
p= − + =Φ Φ Φ0 φ φ δ φ φ φ  (7.5.2)

Figure 8. Lumped/distributed plasticity model
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Where the elasticity matrix [ ]E
b
has the same expression introduced in chapter 3 (3.5.14). The evolution 

laws of the plastic deformations are based again on three yield functions, one for plastic hinge i:
f (m m n
i yi

b
zi
b

b
, , )≤ 0 , another for plastic hinge j: f (m m n

j yj
b

zj
b

b
, , )≤ 0 and a third one for plastic torsion: 

f (m
x x

b )≤ 0 . The yield functions of the plastic hinges may have the same expressions introduced in sec-
tions 6.4.4 or 6.5.7. The simplest form of the yield function for plastic torsion is:

f m m M
x x x ux
( )= − ≤ 0  (7.5.3)

where Mux is the ultimate torque of the cross-section of the element.
The evolution laws of plastic deformations are now formulated as described in chapter 6:

d d
f

m
d d

f

m
d d

f

m
d d

yi
p

i
i

yi
yj
p

j

j

yj
zi
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zi
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pφ λ φ λ φ λ φ=

∂

∂
=

∂

∂
=

∂

∂
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∂

∂
 

d d
f
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np i
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jδ λ λ=
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∂
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∂

∂
 

d f (m n

f (m n d
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i i i
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λ
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=0 0
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 if  
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f
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x
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;
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<
= >








= <

0

0 0

0 0

 if  

 if   

λ

φ

xx x x
p(m d)= >






 0 0 if φ

 (7.5.4)

Every one of the already described variations is, of course, possible. For instance, in the case of RC 
elements, plastic elongations can be neglected; the three yield functions can also be modified including 
isotropic and kinematic terms.

7.5.2 Computation of the Ultimate Plastic Torque 
for Thin-Walled Steel Elements

In section 5.7 it was indicated that thin-walled tubes with hollow circular shapes subjected to torsion 
can be considered as an isostatic problem. In fact, any thin-walled tube no matter the form of the cross-

Figure 9. Lumped/distributed model of a tridimensional frame element
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section can also be considered as isostatic; shear stresses are approximately constant across the walls 
and they point in the direction tangent to them as shown in Figure 10.

The magnitude of the shear stresses can now be computed considering an equilibrium equation be-
tween torque and shear stress. It is thus obtained:

τ =
T
Ae2

 (7.5.5)

where e is in this case the wall width and A is the mean of the areas enclosed by the outer and the inner 
boundaries of the cross-section of the tube (see Figure 10). If the steel hardening is considered, the ul-
timate torque T

u
can be computed as:

T Ae
u u
= 2τ  (7.5.6)

where τ
u

is the ultimate shear stress that can be experimentally identify as is shown in Figure 16 in 

Chapter 5. Alternatively τ
u

can be computed as: τ
σ

u
u=
3

.

7.5.3 Computation of the Ultimate Torque for Reinforced Concrete Elements

Figure 11 a shows a concrete element with rectangular cross-section subjected to a torque T.
The ultimate torque of a rectangular cross-section can be calculated based on the strut-and-tie model:

T A
Af

p

A f

su

l yl s yh=
∑

2
0

 (7.5.7)

where A
o

is the area enclosed by the line connecting the longitudinal corner bars (b d
o o

), p is the pe-

rimeter of A
o

(2 2b d
o o
+ ), s is the spacing of hoops (stirrups or ties), A f

s yh
is the yield force of one 

hoop, Af
l yl∑ is the yield force of all longitudinal steel in a symmetrically reinforced section.

Figure 10. Shear stresses in a thin-walled tube
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7.6 SUMMARY AND EQUATIONS QUICK REFERENCE

Plasticity models for frame elements are based on the lumped plasticity hypothesis that consist in as-
suming that a slender frame element can be represented as the assemblage of an elastic beam-column 
and two plastic hinges at the ends of the element. A family of models can be obtained combining the 
lumped plasticity model with the plastic hinges described in chapter 6.

In dual systems, the elastic beam-column is substituted by an elasto-plastic component based on the 
theory of Timoshenko.

Models for tridimensional frame elements are obtained in the same way except that the elasto-plastic 
component describe torsion plasticity instead of shear plasticity (See Table 1).

Figure 11. a) RC member subjected to a torque T. b) Definition of A
o

Table 1.  

ELASTO-PLASTIC CONSTITUTIVE MODEL FOR A SLENDER ELEMENT OF A PLANAR FRAME

Lumped Plasticity Model

Deformations of a frame member 

{ } { } { }Φ Φ Φ
b

bc
b

p
b

= +  (7.1.1)

{ }Φbc
b

: matrix of generalized deformations of the elastic beam-column

{ }Φp
b

: matrix of plastic deformations

Matrix of plastic deformations 

Φp

b

i
p

j
p

p

{ } =




















φ

φ

δ

 (7.1.2)

    φ
i
p : rotation of plastic hinges i

    φ
j
p : rotation of plastic hinges j

    δp :plastic elongation of the element chord

continued on following page
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continued on following page

Plastic elongation of the element 

δ δ δp
i
p

j
p= +  (7.1.3)

Elasticity Law

{ } [ ] { } { } { }Φ Φ Φ
b f b b b

p
b

= + +F M 0 (7.1.4)

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0  (7.1.5)

  [ ]F
f b

: flexibility matrix

   { }M
b

: generalized stresses matrix

  { }Φ0
b

: initial deformations matrix

  [ ] [ ]E F
b f b
= −1 : elasticity matrix

  { } [ ] { }M E0 0
b b b
= − Φ :matrix of initial stresses

Selection of the Rigidity Term EI in the Elasticity Law

Elastic modulus of concrete 

E
f

c
c=
’

ε
0

 (7.1.6)

f
c
’ : maximum strength of concrete

ε
0

0 002= . : strain in the concrete when the stress is f
c
’

Perfectly Plastic Constitutive Model

Elasticity law 

{ } [ ] { } { } { }Φ Φ Φ
b f b b b

p
b

= + +F M 0

 (7.1.4)

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0

 (7.1.5)

Yield functions plastic hinges at the ends i and j

f f m n f f m n
i i i j j j
= ≤ = ≤( , ) ; ( , )0 0

 (7.1.7)

Normality rule 

d d
f

m
d d

f

m
d d

f

n
d

f

ni
p

i
i

i
j
p

j

j

j
p i

i
j

jφ λ φ λ δ λ λ=
∂

∂
=

∂

∂
=

∂

∂
+

∂

∂
; ;

 (7.1.8)

Plastic multipliers evolution laws 

d f (m n i

f (m n d
i i i

i i i

λ
λ

= <
= ≠

0 0

0 0

 if  (hinge  is locked)

 if 

, )

, )   (hinge  is active)

 if 

i

d f (m n

f (m n
j j j

j j








= <
=

;
, )

, )

λ 0 0

0  if d
j
λ ≠






 0

 (7.1.9)

where
λ

i  and 
λ

j are plastic multipliers of hinges i and j

Table 1. Continued
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continued on following page

Elastic Perfect Plastic Constitutive Model Neglecting Plastic Elongations

Elasticity law 

{ } [ ] { } { } { }Φ Φ Φ
b f b b b

p
b

= + +F M 0

 (7.1.4)

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0

 (7.1.5)

Evolution law 

d f (m i

f (m d
i
p

i i

i i i
p

φ

φ

= <

= ≠

0 0

0 0

 if  (hinge  locked)

 if  (hin

)

) gge  active)i
f (m m M
i i i yi








= − ≤; ) 0

δ
p
= 0

 

d f (m j

f (m d
j
p

j j

j j j
p

φ

φ

= <

= ≠

0 0

0 0

 if  (hinge  locked)

 if  (hin

)

) gge  active)j
f (m m M
j j j yj








= − ≤; ) 0

(7.1.10)

Elasto-Plastic Constitutive Model with Hardening

Elasticity law 

{ } [ ] { } { } { }Φ Φ Φ
b f b b b

p
b

= + +F M 0

 (7.1.4)

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0

 (7.1.5)

Evolution laws 

d f (m p x i

f (m p x
i
p

i i i i

i i i i

φ = <

=

0 0

0

 if  (hinge  locked)   , , )

, , )   if  (hinge  active)  d i
i
pφ ≠






 0

δ
p
= 0

 

d f (m p x j

f (m p x
j
p

j j j j

j j j j

φ = <

=

0 0

0

 if  (hinge  locked)   , , )

, , )   if  (hinge  active)  d j
j
pφ ≠






 0

(7.1.11)

Yield functions 

f (m p x m x M Q p f (m p x m x M Q
i i i i i i pi i j j j j j j pj

, , ) ( ) ; , , ) (= − − + ≤ = − − +( ) 0 pp
j
)( ) ≤ 0

(7.1.12)
  pi and pj: accumulated plastic rotations or maximum plastic rotations

The accumulated plastic rotations 

dp d dp d
i i

p
j j

p= =φ φ;
 (7.1.13)

Maximum plastic rotations 

p Max p Max
i i

p
i i

p= =φ φ;
 (7.1.14)

Isotropic hardening terms 

Nonlinear: 
Q p r M M e

i ui pi

pi i( ) ( )( )( )= − − − −1 1 α

Multilinear: 

Q p

r M M
p p

r M M
i

ui pi

ui
p i i ui

p

ui pi

( )

( )( )

( )(

=

− −
≤ ≤

− −

1
0

1
φ

φ if 

) if  pp
i ui

p>








 φ

(7.1.15)

Linear: 
Q p r c p

i i i
( ) ( ) .= −1

Table 1. Continued



250

Elasto-Plastic Frames
 

Kinematic hardening terms 

Nonlinear: 
dx r M M d x d

i ui pi i
p

i i
p= − −( )α φ φ( )

Multilinear: 

dx

r M M
d m M

m M
i

ui pi
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p i

p
i ui

i ui

=

−
<

=










( )

φ
φ  if  

0 if
(7.1.16)

Linear: 
x r c

i i i
p= φ

Constitutive Equations for Inelastic Hinges with Slip in RC Wide Beam-Column Connection

Model with Slip Hinges

Elasticity law 

{ } [ ] { } { } { }Φ Φ Φ
b f b b b

p
b

= + +F M 0

 (7.1.4)

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0

 (7.1.5)

Evolution laws 

d f i

f d
i
p

i
slip

i
slip

i
p

φ

φ

= <

= ≠

0 0

0 0

 if  (hinge  locked)

 if  (hingge  active)i








δ
p
= 0

d f j

f d
j
p

j
slip

j
slip

j
p

φ

φ

= <

= ≠

0 0

0 0

 if  (hinge  locked)

 if  (hingge  active)j






  (7.1.17)

Slip functions 

f m M e f m M e
i
slip

i oi

sign m

j
slip

j oj

sign mi i i
p

j j j= − ≤ = −( )( ) ( )
;

η φ η φ
0

pp( ) ≤ 0
 (7.1.18)

Parameters ηi and ηj

η
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 (7.1.19)

Model that combines the slip and yielding mechanisms

Elasticity law 

{ } [ ] { } { } { }Φ Φ Φ
b f b b b

p
b

= + +F M 0

 (7.1.4)

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0

 (7.1.5)

continued on following page

Table 1. Continued
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Evolution laws 

d f i

f d i
i
p

i

i i
p

φ

φ

= <

= ≠

0 0

0 0

 if  (hinge  locked)

 if  (hinge  actiive)








δ
p
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d f j

f d j
j
p

j

j j
p

φ

φ
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= ≠

0 0

0 0

 if  (hinge  locked)

 if  (hinge  actiive)






 (7.1.20)

Inelastic functions 

f Max f f f Max f f
i i

y
i
slip

j j
y

j
slip= =( , ); ( , )

 (7.1.21)

f
i
y

 and 
f
j
y

: yield functions in the hinges i and j

f
i
slip

and 
f
j
slip

: slip functions in the hinges i and j

ELASTO-PLASTIC CONSTITUTIVE MODEL FOR SQUAT RC ELEMENTS

Elasticity Law

Matrix of plastic deformations 

γ p

b

b
p

b
p{ } =




















γ

γ
0

 (7.2.1)

    
γ

b
p

: plastic distortion or plastic angular strain

Elasticity law 

{ } ([ ] [ ] ){ } { } { }Φ Φ
b f b s b b b

p
b

= + + +F F M 0 γ
 (7.2.2)

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ γ 0

 (7.2.3)

[ ]F
f b : flexure flexibility matrix

[ ]F
s b : shear flexibility matrix

{ }Φ0
b : matrix of initial deformations

[ ]E
b :elasticity matrix

  
{ }M0

b : matrix of initial stresses

Table 1. Continued
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continued on following page

Table 1. Continued

Evolution Law of Plastic Distortion

Evolution law 

d f (V p x

f (V p x
p s

s

γ = <
=

0 0 if    (elastic behavior)   
s s

s s

, , )

, , ) 00 0 if   (plastic behavior)  d
p
γ ≠








f V p x V x V Q p
s s s s p s
( , , ) ( )= − − +( ) ≤ 0

 (7.2.4)

Shear force 

V
m m

L
i
b

j
b

b

≅
+

 (7.2.5)

Accumulated plastic distortion 

dp d
s

p= γ
 (7.2.6a)

Maximum plastic distortion 

p Max
s

p= γ
 (7.2.6b)

Isotropic hardening terms 

Nonlinear: 
Q p r V V e

s s u p

ps s( ) ( )( )( )= − − − −1 1 α

Multilinear: 

Q p

r V V
p p

r V V p
s

s u p

u
p s s u

p

s u p s u

( )

( )( )

( )

=

− −
≤ ≤

− − >

1
0

1
γ

γ

γ

 if  

 if  pp








 (7.2.7)

Linear: 
Q p r c p

s s s s
( ) ( )= −1

Kinematic hardening terms 

Nonlinear: 
dx r V V d x d

s s u p
p

s
p= − −( )α γ γ( ) .

Multilinear: 

dx

r V V
d x r V V

x r V V
s

s u p

u
p

p
s s u p

s s u p

=

−
< −

= −






( )

(

( )
γ

γ  if ) 

0 if
 (7.2.8)

Linear: 
x r c

s s s
p= . .γ

  The recommended value of rs is 0.6
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continued on following page

SHEAR PROPERTIES OF RC ELEMENTS

First plastic shear 

   
V k

A f cot sen

s
d

p p

sh yh
=

( )+ ( )



 ( )θ β βcot  

 (7.3.1)
Ash: area of stirrups
fyh.: yield strength of the stirrups
s: center-to-center spacing of transverse reinforcement
d: distance from extreme compression fiber to
centroid of longitudinal tension reinforcement 
β is the angle between the transversal and longitudinal reinforcement

kp: dimensionless coefficient = 0.40 for β = 90� and 0.70 for β = 45� .

θ: of inclination of the compression strut in the concrete. For a beam-column element θ = 45� , for a wall element:

cot
a
d

θ( ) =
 (7.3.2)

If β = 90° 
V k

A f cot

s
d

p p

sh yh
=

( )



θ  

 
(7.3.3)

Ultimate shear 

V k
A f d

s
k

f

a d
n

f A
u u

sh yh

u
c

c

=
⋅ ⋅

+ +












0 5
1

0 5
0

.

/ .
.

'

'
  88A

 (7.3.4)
A : total area of the cross-section
a/d: aspect ratio
Ku: dimensionless coefficient = 1 for elements with a/d < 5 and 0.7 otherwise.
f’c: strength of the concrete cylinder in compression in MPa
n: axial force.

The ultimate plastic shear distortion 

γ
ε

θ ρ θu
P

ps

suh

s

cu

sh

s

c

d
L

f

E

E

E
= +










− +




sin sin2 2

1 2

























f A

E b s
yh sh

s
  

 (7.3.5)

L
ps : coefficient that can take values between 0.1L to L.

(
L

ps = 0.25L for a / d   5≥ , 
L

ps =L for a/d < 5).
fsuh: ultimate strength of the transversal reinforcement
Es: elasticity modulus of steel
Ec: elasticity modulus of the concrete
ρsh: volumetric ratio between transversal reinforcement and the concrete

ε
cu : ultimate strain in the concrete

(
ε

cu  = 0.004 for non-confined concrete)

(
ε

cu  = 0.0084 for confined concrete)

Table 1. Continued
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Table 1. Continued

AN ELASTO-PLASTIC CONSTITUTIVE MODEL FOR ELEMENTS OF ANY ASPECT RATIO

Lumped/Distributed Plasticity Model

Frame deformations 

{ } { } { }Φ Φ Φ
b

bcw
b

p
b

= +
 (7.4.1)

{ }Φbcw
b : matrix of generalized deformations of the elastic beam-column-wall

{ }Φp
b : matrix of rotations of the plastic hinges neglecting plastic elongation

Elasticity law 

{ } ([ ] [ ] ){ } { } { } { }Φ Φ Φ
b f b s b b b

p
b

p
b

= + + + +F F M 0 γ
 (7.4.2)

{ } [ ] { } { }M E M
b b

p p
b b

= − − +Φ Φ γ 0

 (7.4.3)

[ ] ([ ] [ ] )E F F
b f b s b
= + −1

TRIDIMENSIONAL ELASTO-PLASTIC FRAMES

Constitutive Equations

Generalized deformations 

{ } ( , , , , , )Φ
b
t

iy
b

jy
b

b iz
b

jz
b

x
b= φ φ δ φ φ φ

 7.5.1a)

Generalized stress 

{ } ( , , , , , )M
b
t

iy
b

jy
b

b iz
b

jz
b

x
bm m n m m m=

 (7.5.1b)

Elasticity law 

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0

 (7.5.2a)

Generalized plastic deformations 

{ } ( , , , , , )Φp
b
t

iy
p

jy
p

p iz
p

jz
p

x
p= φ φ δ φ φ φ

 (7.5.2b)

Yield function for plastic hinge i

f (m m n
i yi

b
zi
b

b
, , )≤ 0

 (see chapter 6)

Yield function for plastic hinge j

f (m m n
j yj

b
zj
b

b
, , )≤ 0

 (see chapter 6)

The yield function for plastic torsion 

f m m M
x x x ux
( )= − ≤ 0

 (7.5.3)
Mux: ultimate torque of the element cross-section
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Table 1. Continued

The plastic deformation evolution laws 

d d
f

myi
p

i
i

yi

φ λ=
∂

∂
 

d d
f

myj
p

j

j

yj

φ λ=
∂

∂
; 

d d
f

mzi
p

i
i

zi

φ λ=
∂

∂ d d
f

mzj
p

j

j

zj

φ λ=
∂

∂

d d
f

n
d

f

np i
i

j

jδ λ λ=
∂

∂
+

∂

∂ (7.5.4)

d f (m n

f (m n d
i i i

i i i

λ
λ

= <
= >








0 0

0 0

 if    

 if   

, )

, )
; 

d f (m n

f (m n d
j j j

j j j

λ
λ

= <
= >








0 0

0 0

 if 

 if 

, )

, )

d f (m

f (m d
x
p

x x

x x x
p

φ

φ

= <

= >








0 0

0 0

 if 

 if 

)

)

Computation of the Ultimate Plastic Torque for Thin-Walled Steel Elements

Shear stress 

τ =
T
Ae2  (7.5.5)

e: wall width
A:mean of the areas enclosed by the outer and the inner boundaries of the cross-section of the tube

Ultimate torque 
T

u

T Ae
u u
= 2τ

(7.5.6)

τ
u : ultimate shear stress

( It can be experimentally identify or computed as: 

τ
σ

u
u=
3 )

Computation of the Ultimate Torque for Reinforced Concrete Elements

Ultimate torque of a rectangular section 

T A
Af

p

A f

su

l yl s yh=
∑

2
0

 (7.5.7)

A
o : area enclosed by the line connecting the longitudinal corner bars (

b d
o o )

p : perimeter of 
A

o (
2 2b d

o o
+

)
s : spacing of hoops (stirrups or ties)

A f
s yh : yield force of one hoop

Af
l yl∑ : yield force of all longitudinal steel in a symmetrically reinforced section
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7.7 EXAMPLES

7.7.1 Compute the Shear Properties of the Element Shown 
in Figure 12. Consider an Aspect Ratio Equal to 1.26, a 
Non-Confined Concrete and Nil Axial Force.

The first plastic shear is computed using Equation (7.2.11). The aspect ratio is a d/ cot( ) .= =θ 1 26 , 

k
p
= 0 4. and as it can be observed in the Figure 12, A x

sh
= −1 42 10 4. m2 , s = 0 30. m , and 

d = 0 475. m , thus,

V k
A f cot

s
d

p p

sh yh
=

( )



 =
θ  

 46 673. KN  (7.7.1)

The ultimate shear force is computed by Equation (7.2.12) with A b h x= = =. . . . m20 5 0 125 0 0625 , 

k
u
= 1and n = 0 . Therefore:

V k
A f d

s
k

f

a d
n

f A
u u

sh yh c

c

=
⋅ ⋅

+ +












0 5
1

0 5
0 8

.

/ .
.

'

'
  AA= 172 906. KN  (7.7.2)

The last shear property is the ultimate plastic shear distortion. It can be computed using Equation 
(7.2.13), where ε

cu
=0 004. for non-confined concrete, θ = ( )=−tan / . rad1 0 671d a , the volumetric 

ratio between transversal reinforcement and concrete is computed as:

Figure 12. RC wall element
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ρ
sh

s

c

sh stirrupVol

Vol

A x L

b h s

x x

x x
= = =

−/ . .

. . .

2 0 71 10 1 154

0 125 0 5 0

4

330
0 00437= .  (7.7.3)

where L
stirrups

= −



 + −



 =2 0 125 2 0 012 2 0 5 2 0 012 1 154. ( . ) . ( . ) . m Therefore:

γ
ε

θ ρ θu
P

ps

suh

s

cu

sh

s

c

d
L

f

E

E

E
= +










− +




sin sin2 2

1 2
























=

f A

E b s
yh sh

s
  

0 00827612. rad  (7.7.4)

where L L a x
ps
= = = =1 26 0 475 0 5985. . . m

7.7.2 Compute the Shear Properties of the Element Shown in Figure 13. 
Consider an Aspect Ratio Equal to 7.11, Confined Concrete and Nil Axial Force.

Again, the first plastic shear is computed using Equation (7.2.11), but in the case, θ = 45� because it is 
a slender element, A x

sh
= −1 42 10 4. m2 , k

p
= 0 4. , s = 0 08. m and d = 0 225. m , then,

V k
A f cot

s
d

p p

sh yh
=

( )



 =
θ  

 65 798. KN  (7.7.5)

Figure 13. RC beam-column element
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The ultimate shear force is computed by Equation (7.2.12), where A b h x= = =. . . . m20 25 0 25 0 0625 , 

k
u
= 0 7. and n = 0 .

V k
A f d

s
k

f

a d
n

f A
u u

sh yh

u
c

c

=
⋅ ⋅

+ +












0 5
1

0 5
0

.

/ .
.

'

'
  88 128 870A= . KN  (7.7.6)

The ultimate plastic shear distortion can be computed using Equation (7.2.13), where ε
cu
=0 008.

for confined concrete, θ π
=










=−tan . rad1

4
0 7854 ; the volumetric ratio between transversal reinforce-

ment and concrete is computed as:

ρ
sh

s

c

sh stirrupVol

Vol

A x L

b h s

x x

x x
= = =

−/ . .

. . .

2 0 71 10 0 904

0 25 0 25 0

4

008
0 01284= .  (7.7.7)

where L
stirrups

= − =4 0 25 2 0 012 0 904( . ( . )) . m

γ
ε

θ ρ θu
P

ps

suh

s

cu

sh

s

c

d
L

f

E

E

E
= +










− +




sin sin2 2

1 2
























= −

f A

E b s
Eyh sh

s
  

9 539 03. rad  (7.7.8)

where L L a x x
ps
= = = =0 25 0 25 0 25 7 11 0 225 0 3999375. . . ( . . ) . m

7.7.3 Compute the Ultimate Plastic Torque for the Element Shown in Figure 13

In this case, b
o

= d
o

= 0.1912 m, A
o
= 0 0366. m2 , A x x

l
= =− −8 1 979 10 15 832 104 4( . ) . m2 , 

A x
s
= −0 713 10 4. m2 , f f x

yl yh
= = 411 88 106. N/ m2 , p = 0 7648. m and s = 0 08. m . Thus,

T A
Af

p

A f

su o

l yl s yh= 2  

T
x x x x x x

u
=

− −

2 0 0366
15 832 10 411 88 10

0 7648

0 713 10 411 884 6 4

( . )
. .

.

. . 110

0 08
40952 04

6

.
. Nm=  (7.7.9)
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7.7.4 Obtain the Force-Displacement Curve for the RC Wall Element 
Shown in Figure 12 using the Multi-Linear Elasto-Plastic Model 
Described in Section 7.3. Neglect Kinematic Hardening, Consider 
Aspect Ratios a/d Equal to 1.26, 1.68 and 2.11 and nil axial force.

First, the bending properties Mp, Mu and φ
u
p are computed according to the procedures described in sec-

tion 6.5.4; next, the shear ones, Vp, Vu and γ
u
P , are determined as it is described in section 7.2.3. These 

values are presented in Table 2.
The problem is then solved considering a monotonic lateral load that increase from 0 to Vu, each 1.25 

KN. For any load level, the corresponding displacement (u) is computed as:

u a
i

= φ  (7.7.10)

φ
i
is calculated with the first term of the elasticity law (7.3.2), where φ

i

0 is equal to zero because 

there are no loads along the element. Thus,

φ γ φ
i

b

b b b
i

p
i
pL

EI LGA
m= +











+ +
3

1  (7.7.11)

where L a
b
= , I

x
b
= =

0 125 0 5

12
0 00130208

3. .
. m4 , A x

b
= =0 125 0 5 0 0625. . . m2 and m Va

i
= .

The plastic rotation φ
i
p is computed with the plastic deformation evolution laws (7.1.1), the yield 

function (7.1.12), the isotropic hardening term (7.1.15) and the maximum plastic rotation (7.1.14) with-
out considering the kinematic hardening term:

d f (m p i

f (m p d
i
p

i i i

i i i i
p

φ

φ

= <

= ≠

0 0

0

 if  (hinge  locked)

 if 

, )

, ) 00
0

 (hinge  active)i
f (m p m M Q p
i i i i pi i








= − +( ) ≤; , ) ( ) ; 

Q p

M M
p p

M M p
i

ui pi

ui
p i i ui

p

ui pi i ui
p

( )

( )

=

−
≤ ≤

− >






φ

φ

φ

 if 

 if  

0




=;p Max
i i

pφ ;  (7.7.12)

Table 2. Bending and shear properties for the walls with aspect ratios a/d equal to 1.26, 1.68 and 2.11. 

a/d Mp (KN m) Mu (KN m) φ
u
p Vp (KN) Vu (KN) γ

u
P

1.26 208.00 212.00 0.046 46.673 172.906 8.276E-03

1.68 208.00 212.00 0.046 62.230 152.831 8.869E-03

2.11 208.00 212.00 0.046 78.158 140.557 9.857 E-03
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The plastic distortion γ p is computed with the shear distortion evolution laws (7.2.4), the isotropic 
hardening term (7.2.7b) and the maximum plastic distortion as in (7.2.6b); again, it is not considered 
the kinematic hardening term:

d f (V p

f (V p d
p s

s p

γ
γ

= <
= ≠

0 0

0

 if   (elastic behavior)

 if  
s

s

, )

, ) 00
0

 (plastic behavior)








= − +( ) ≤; ( , ) ( )f V p V V Q p
s s p s

; 

f V p V V Q p
s s p s
( , ) ( )= − +( ) ≤ 0  

Q p

V V
p p

V V p
s

u p

u
p s s u

p

u p s u
p

( )

( )

;=

−
≤ ≤

− >










γ
γ

γ

 if 

 if  

0
pp Max

s
p= γ  (7.7.13)

Tables 3, 4 and 5 show the spreadsheet used for the solution with an aspect ratio equal to 1.26. Column 
A presents the chosen lateral loads. Columns B and C show respectively, the computed maximum plastic 
shear distortion and the maximum plastic rotation. In columns D and E, the shear and bending yield 
functions are presented. In column F and G, the rotation and the resultant displacement are shown. Notice 
that in the first steps, while both yield functions are negative, the maximum plastic shear distortion and 
maximum plastic rotation are nil and the rotation is computed with the first term of the Equation (7.6.11).

This procedure continues until the shear yield function become positive for a V = 47.50 KN (see 
Table 4). After that, the maximum plastic distortion ps is computed as follows:

f V p V V Q p Q p
V V

p p
s s p s s

u p

u

p s s
( , ) ( ) ; ( )

( )
= − + = =

−
=( ) 0

γ
γ; resulting pp p u

p

u p

V V

V V
=

−

−

( ) γ
( )

 (7.7.14)

Thus, the rotation is computed with Equation (7.6.11) and the displacement with Equation (7.6.10).
This procedure continues until Vu is reached (see Table 5). Then the behavior is represented by a 

horizontal line as it is shown in Figure 14.
The force displacement curves corresponding to aspect radios equal to 1.68 and 2.11 were computed 

following the same procedure. Table 6 shows the first steps of the computation with an aspect ratio 
equal to 1.68.

The shear yield function become positive, for a V = 62.23 KN; from this instant, the maximum plastic 
distortion ps is computed with Equation (7.6.13) as it is shown in Table 7.

Table 8. includes the steps when Vu is reached.
Table 9 presents the first steps of the computation with an aspect ratio equal to 2.11.
The shear yield function become positive, for a V = 78.16 KN and, again, from this instant, the 

maximum plastic distortion ps is computed with Equation (7.6.13) as it is shown in Table 10.
Table 11 includes the steps when Vu is reached.
Figure 14. shows the force-displacement curves for the three aspect ratios. Figure 15 presents the 

plastic distortion and plastic rotation evolution for the three aspect ratios.
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7.7.5 Obtain the Force- Displacement Curve for the RC Element 
Shown in Figure 13 Using the Multi-Linear Elasto-Plastic Model 
Described in Section 7.3. Neglect Kinematic Hardening and 
Consider Aspect Ratios a/d Equal to 1.78, 3.55 and 7.11.

First, the bending properties Mp, Mu and φ
u
p are computed according to the procedures described in sec-

tion 6.5.4; the shear ones, Vp, Vu and γ
u
P , are determined as described in section 7.2.3. These values are 

presented in Table 12.
In the present case, the problem is solved in a similar way than in the former example using Equations 

(7.7.10 to 7.7.13) again; a monotonic lateral loading is applied with increments of 1.25 KN.

Table 3. First steps of the solution of the wall with an aspect ratio equal to 1.26 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

0.000 0.000 0.000 -46.670 -208.000 0.000E+00 0.000E+00

1.250 0.000 0.000 -45.420 -207.252 1.791E-05 1.072E-05

2.500 0.000 0.000 -44.170 -206.504 3.581E-05 2.143E-05

Table 4. Steps near the instant when the shear yield function becomes zero with an aspect ratio equal 
to 1.26 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

45.000 0.000E+00 0.000 -1.670 -181.068 6.446E-04 3.858E-04

46.250 0.000E+00 0.000 -0.420 -180.319 6.625E-04 3.965E-04

47.500 5.442E-05 0.000 0.000 -179.571 7.347E-04 4.397E-04

48.750 1.364E-04 0.000 0.000 -178.823 8.344E-04 4.994E-04

Table 5. Final part of the solution with an aspect ratio equal to 1.26 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

171.250 8.168E-03 0.000 0.000 -109.507 1.062E-02 6.356E-03

172.500 8.250E-03 0.000 0.000 -108.759 1.072E-02 6.416E-03

172.906 8.276E-03 0.000 0.000 -108.516 1.075E-02 6.436E-03

172.906 1.423E-02 0.000 0.000 -108.516 1.671E-02 1.000E-02
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Figure 14. Force-displacement curves with aspect ratios equal to 1.26, 1.68 and 2.11

Table 6. First steps of the solution with an aspect ratio equal to 1.68 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

0.000 0.000 0.000 -62.230 -208.000 0.000E+00 0.000E+00

1.250 0.000 0.000 -60.980 -207.003 2.879E-05 2.298E-05

2.500 0.000 0.000 -59.730 -206.005 5.759E-05 4.595E-05

Table 7. Steps when the shear yield function becomes zero with an aspect ratio equal to 1.68 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

60.000 0.000 0.000 -2.230 -160.120 1.382E-03 1.103E-03

61.250 0.000 0.000 -0.980 -159.123 1.411E-03 1.126E-03

62.500 2.643E-05 0.000 0.000 -158.125 1.466E-03 1.170E-03

63.750 1.488E-04 0.000 0.000 -157.128 1.617E-03 1.291E-03
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Table 8. Final part of the solution with an aspect ratio equal to 1.68 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

151.250 8.714E-03 0.000 0.000 -87.303 1.220E-02 9.734E-03

152.500 8.837E-03 0.000 0.000 -86.305 1.235E-02 9.855E-03

152.830 8.869E-03 0.000 0.000 -86.041 1.239E-02 9.887E-03

152.830 1.653E-02 0.000 0.000 -86.041 2.005E-02 1.600E-02

Table 9. First steps of the solution with an aspect ratio equal to 2.11 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

0.000 0.000 0.000 -78.158 -208.000 0.000E+00 0.000E+00

1.250 0.000 0.000 -76.908 -206.747 4.316E-05 4.326E-05

2.500 0.000 0.000 -75.658 -205.494 8.633E-05 8.652E-05

Table 10. Steps when the shear yield function becomes zero with an aspect ratio equal to 2.11 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

76.250 0.000 0.000 -1.908 -131.578 2.633E-03 2.639E-03

77.500 0.000 0.000 -0.658 -130.326 2.676E-03 2.682E-03

78.750 9.352E-05 0.000 0.000 -129.073 2.813E-03 2.819E-03

80.000 2.910E-04 0.000 0.000 -127.820 3.053E-03 3.060E-03

Table 11. Final part of the solution with an aspect ratio equal to 2.11 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

138.750 9.571E-03 0.000 0.000 -68.938 1.436E-02 1.439E-02

140.000 9.769E-03 0.000 0.000 -67.685 1.460E-02 1.464E-02

140.560 9.857E-03 0.000 0.000 -67.127 1.471E-02 1.474E-02

140.560 1.510E-02 0.000 0.000 -67.127 1.996E-02 2.000E-02
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Tables 13 to 15 present the solution with an aspect ratio equal to 1.78. In the first steps, the bending 
and shear yield function are negative and the γ p and φ

i
p are nil, thus the behavior is elastic.

This procedure continues until the shear yield function become positive, for a V = 65.798 KN. From 
this instant, the maximum plastic distortion ps is computed with Equation (7.7.13), the rotation with 
Equation (7.7.11) and the corresponding displacement with Equation (7.7.10). Table 14 shows the steps 
near the instant when the shear yield function becomes equal to zero.

When the bending yield function changes to zero, the plastic rotation starts to evolve. Notice that the 
plastic shear distortion keeps increasing; see Table 15.

Finally, Table 16 presents the steps when Vu is reached. Notice that the element failed by shear be-
cause Vu is less than Mu/a:

V
M

a
KN Vu

u
= = > =220 474 169 965. . KN  (7.7.15)

Tables 17 to 19 present the solution for the element with an aspect ratio equal to 3.55 and Tables 19 
to 21 show the results corresponding to an aspect ratio equal to 7.11.

Notice that this element failed by bending effect because the force that corresponds to Mu is smaller 

than Vu, i.e.,V
M

a
KN Vu

u
= = < =110 548 142 633. . KN .

Figure 15. Plastic distortion and plastic rotation evolution with aspect ratios equal to 1.26, 1.68 and 2.11
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Table 12. Bending and shear properties for the beam-column with aspect ratios a/d equal to 1.78, 3.55 
and 7.11 

a/d Mp (KN m) Mu (KN m) φ
u
p Vp (KN) Vu (KN) γ

u
P

1.78 53.400 88.300 8.010E-02 65.798 169.965 9.525E-03

3.55 53.400 88.300 8.010E-02 65.798 142.633 4.776E-03

7.11 53.400 88.300 8.010E-02 65.798 128.870 9.539E-03

Table 13. First steps of the solution with an aspect ratio equal to 1.78 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

0.000 0.000E+00 0.000E+00 -65.798 -53.400 0.000E+00 0.000E+00

1.250 0.000E+00 0.000E+00 -64.548 -52.899 1.497E-04 5.996E-05

2.500 0.000E+00 0.000E+00 -63.298 -52.399 2.994E-04 1.199E-04

Table 15. Steps when the bending yield function becomes nil for the element with an aspect ratio equal 
to 1.78 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

131.250 5.985E-03 0.000E+00 0.000 -0.834 2.171E-02 8.693E-03

132.500 6.100E-03 0.000E+00 0.000 -0.334 2.197E-02 8.799E-03

133.750 6.214E-03 3.830E-04 0.000 0.000 2.262E-02 9.058E-03

135.000 6.328E-03 1.532E-03 0.000 0.000 2.403E-02 9.624E-03

Table 14. Steps near the instant when the shear yield function becomes equal to zero with an aspect 
ratio equal to 1.78 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

63.750 0.000E+00 0.000E+00 -2.048 -27.868 7.636E-03 3.058E-03

65.000 0.000E+00 0.000E+00 -0.798 -27.368 7.786E-03 3.118E-03

66.250 4.135E-05 0.000E+00 0.000 -26.867 7.977E-03 3.195E-03

67.500 1.557E-04 0.000E+00 0.000 -26.366 8.241E-03 3.300E-03
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Again this element failed by bending effects. Figure 16 shows the force-displacement curves for the 
three aspect ratios. Figure 17 presents the plastic distortion and plastic rotation evolution for the three 
aspect ratios.

7.7.6 Obtain the Force Displacement Curve for the RC Element Shown in 
Figure 18a. Consider the Variable Axial Loading Presented in Figure 18b. 
Use the Multi-Linear Elasto-Plastic Model Described in Section 7.4. Neglect 
Kinematic Hardening. The Interaction Diagrams are Indicated in Figure 18c.

According to section 7.4, if the aspect ratio a/d is equal to 8 bending dominates the behavior; therefore 
in the solution of the problem, shear effects are going to be neglected. The bending properties Mp, Mu 
and φ

u
p of the element for the different levels of axial force are shown in Table 23; they were obtained 

from Figure 18c.
In this case, a monotonic lateral load is applied with increments of 1.00 KN. The Equations (7.7.10 to 

7.7.12) are used for the solution (see Tables 24 to 27). Column A shows the lateral loads. Columns B and 
C present, respectively, the plastic rotation and maximum plastic rotation. Column D includes bending 
yield function. Column E presents the rotation and finally, column F shows the resultant displacement. 
Initially the axial force is equal to zero, then, the first line of the Table 22 is used for the analysis.

Table 16. Instant when Vu is reached for the element with an aspect ratio equal to 1.78 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

167.500 9.300E-03 3.141E-02 0.000 0.000 6.077E-02 2.434E-02

168.750 9.414E-03 3.255E-02 0.000 0.000 6.218E-02 2.490E-02

169.965 9.525E-03 3.367E-02 0.000 0.000 6.356E-02 2.545E-02

169.965 3.205E-01 3.367E-02 0.000 0.000 3.745E-01 1.500E-01

Table 17. First steps of the solution for the element with an aspect ratio equal to 3.55 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

0.000 0.000E+00 0.000E+00 -65.798 -53.400 0.000E+00 0.000E+00

1.250 0.000E+00 0.000E+00 -64.548 -52.402 5.354E-04 4.277E-04

2.500 0.000E+00 0.000E+00 -63.298 -51.403 1.071E-03 8.553E-04
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Table 19. Steps near the instant when Vu is reached for an aspect ratio equal to 3.55 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

108.750 2.670E-03 9.589E-02 0.000 0.000 1.451E-01 1.159E-01

110.000 2.748E-03 9.875E-02 0.000 0.000 1.486E-01 1.187E-01

110.548 2.782E-03 1.000E-01 0.000 0.000 1.501E-01 1.199E-01

110.548 2.782E-03 2.629E-01 0.000 0.000 3.130E-01 2.500E-01

Table 18. Steps when the shear and bending yield functions become equal to zero for an aspect ratio 
equal to 3.55 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

63.750 0.000E+00 0.000E+00 -2.048 -2.480 2.731E-02 2.181E-02

65.000 0.000E+00 0.000E+00 -0.798 -1.481 2.784E-02 2.224E-02

66.250 2.811E-05 0.000E+00 0.000 -0.483 2.841E-02 2.269E-02

67.500 1.058E-04 1.477E-03 0.000 0.000 3.050E-02 2.436E-02

68.750 1.835E-04 4.338E-03 0.000 0.000 3.397E-02 2.713E-02

Figure 16. Force-displacement curves for aspect ratios equal to 1.78, 3.55 and 7.11
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Table 21. Steps near the bending yield function becomes equal to zero for an aspect ratio equal to 7.11 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

31.250 0.000E+00 0.000E+00 -34.548 -3.408 5.217E-02 8.346E-02

32.500 0.000E+00 0.000E+00 -33.298 -1.408 5.426E-02 8.680E-02

33.750 0.000E+00 1.985E-03 -32.048 0.000 5.833E-02 9.332E-02

35.000 0.000E+00 8.694E-03 -30.798 0.000 6.713E-02 1.074E-01

Table 20. First steps of the solution for an aspect ratio equal to 7.11 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN m) φ

i
u (m)

0.000 0.000E+00 0.000E+00 -65.798 -53.400 0.000E+00 0.000E+00

1.250 0.000E+00 0.000E+00 -64.548 -51.400 2.087E-03 3.339E-03

2.500 0.000E+00 0.000E+00 -63.298 -49.401 4.174E-03 6.677E-03

Figure 17. a)Plastic distortion and b) plastic rotation evolution for aspect ratios equal to 1.78, 3.55 
and 7.11

Table 22. Steps when Vu is reached for an aspect ratio equal to 7.11 

A B C D E F G

V (KN) γ p φ
i
p fs (KN) fi (KN-m) φ

i
u (m)

53.750 0.000E+00 1.093E-01 -12.048 0.000 1.991E-01 3.185E-01

55.000 0.000E+00 1.160E-01 -10.798 0.000 2.079E-01 3.325E-01

55.196 0.000E+00 1.171E-01 -10.602 0.000 2.093E-01 3.348E-01

55.196 0.000E+00 1.579E-01 -10.602 0.000 2.500E-01 4.000E-01
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The plastic moment is reached for a V = 42.315 KN and the yield function become zero; from this 
instant, the plastic rotation starts to evolve (see Table 23).

When the displacement reaches the value of 0.05 m the axial load changes to -300 KN and the pa-
rameters must be modified in the Equation (7.7.12) to the corresponding values presented in Table 22. 
As it can be observed, once the parameters change, the yield function becomes negative again and the 
plastic rotation evolution, stops. When the force takes the value of 54.949 KN the plasticization process 
continues as it can be observed in Table 26.

The force continues evolving until the displacement is equal to 0.10 m; then the parameters must be 
modified again because the axial load changes to -600 KN. After that, the evolution of the plastic rota-
tion stops, until the force reaches the value of 67.583 KN; when that force is reached, the plasticization 
initiates once again as it can be noticed in Table 27.

When the displacement reaches the value of 0.15 m with a force of 79.33 KN, the parameters are 
changed for the corresponding to an axial force of -800 KN. As it can be noticed in Table 28, the plastic 
rotation continues evolving despite the new parameters until the final displacement of 0.20 m is reached.

Notice that the ultimate moment is reached for a displacement of 1.898E-01 m; then, displacement 
evolution does not produce increments of the lateral force. Figure 19 presents all force-displacement 
curves for constant axial forces (0 KN, -300 KN, -600 KN and -800 KN) and variable ones.

Figure 20 and Figure 21 show, respectively, the plastic rotation and displacement evolution during 
the analysis.

Figure 18. a) RC beam-column element, b) Displacement-axial load path, c) Interaction diagrams of 
plastic and ultimate moments and ultimate plastic rotation
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Table 23. Bending properties 

n(KN) Mp (KN m) Mu (KN m) φ
u
p

0.00 62.626 91.603 0.067

-300.00 81.325 106.099 0.051

-600.00 100.024 120.595 0.035

-800.00 112.489 130.259 0.024

Table 24. First steps of the analysis 

A B C D E F

V (KN) φ
i
p

p fi (KN m) φ
i u (m)

0.000 0.000E+00 0.000E+00 -62.626 0.000E+00 0.000E+00

1.000 0.000E+00 0.000E+00 -61.146 2.804E-04 4.149E-04

2.000 0.000E+00 0.000E+00 -59.666 5.607E-04 8.299E-04

Table 25. Steps near the instant when the plastic rotation starts to evolve 

A B C D E F

V (KN) φ
i
p p fi (KN m) φ

i
u (m)

41.000 0.000E+00 0.000E+00 -1.946 1.150E-02 1.701E-02

42.000 0.000E+00 0.000E+00 -0.466 1.178E-02 1.743E-02

43.000 2.641E-03 2.641E-03 0.000 1.440E-02 2.131E-02

44.000 5.754E-03 5.754E-03 0.000 1.809E-02 2.677E-02

Table 26. Steps near the instant when plastic rotation evolution stops and starts again 

A B C D E F

V (KN) φ
i
p p fi (KN m) φ

i
u (m)

48.247 2.026E-02 2.026E-02 0 3.378E-02 5.000E-02

49.247 0.000E+00 2.026E-02 -8.44E+00 3.406E-02 5.041E-02

50.247 0.000E+00 2.026E-02 -6.96E+00 3.434E-02 5.083E-02

51.247 0.000E+00 2.026E-02 -5.48E+00 3.462E-02 5.124E-02

52.247 0.000E+00 2.026E-02 -4.00E+00 3.491E-02 5.166E-02

53.247 0.000E+00 2.026E-02 -2.52E+00 3.519E-02 5.207E-02

54.247 0.000E+00 2.026E-02 -1.04E+00 3.547E-02 5.249E-02

55.247 9.067E-04 2.116E-02 0.00E+00 3.665E-02 5.425E-02

56.247 3.951E-03 2.421E-02 0.00E+00 3.998E-02 5.917E-02
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7.8. PROBLEMS

7.8.1. Compute and Plot the Force-Displacement Curve for the Thin Walled Steel Beam Shown in 
Figure 22. Consider an Elasto-Plastic Model with Nonlinear Isotropic Hardening.

7.8.2. Compute and Plot the Torque-Twist Angle Curve for the RC Element Shown in Figure 23
7.8.3. Compute and Plot the Force-Displacement Curve for the Element Shown in Figure 12 Con-

sidering an Axial Force Equal to 100 KN
7.8.4. Compute and Plot the Force-Displacement Curve for the Element Shown in Figure 12 Con-

sidering the Axial Loading Path Shown in Figure 24
7.8.5. Compute and Plot the Force-Displacement Curve for the Element Shown in Figure 13. Consider 

Axial Loads Equal to 0.25Pb, 0.5Pb and the Variable Axial Load History Shown in Figure 25

Table 27. Steps when plastic rotation evolution stops and starts again 

A B C D E F

V (KN) φ
i
p p fi (KN m) φ

i
u (m)

64.546 2.921E-02 4.947E-02 0.00E+00 6.757E-02 1.000E-01

65.546 0.000E+00 4.947E-02 -3.02E+00 6.785E-02 1.004E-01

66.546 0.000E+00 4.947E-02 -1.54E+00 6.813E-02 1.008E-01

67.546 0.000E+00 4.947E-02 -5.62E-02 6.841E-02 1.012E-01

68.546 2.427E-03 5.190E-02 0.00E+00 7.111E-02 1.052E-01

69.546 4.949E-03 5.442E-02 0.00E+00 7.392E-02 1.094E-01

Table 28. Final part of the analysis 

A B C D E F

V (KN) φ
i
p p fi (KN m) φ

i
u (m)

79.334 2.964E-02 7.911E-02 0.00E+00 1.014E-01 1.500E-01

80.334 8.816E-03 8.792E-02 0.00E+00 1.104E-01 1.635E-01

81.334 1.085E-02 8.996E-02 0.00E+00 1.128E-01 1.669E-01

82.334 1.289E-02 9.200E-02 0.00E+00 1.151E-01 1.703E-01

83.334 1.493E-02 9.404E-02 0.00E+00 1.174E-01 1.738E-01

84.334 1.697E-02 9.607E-02 0.00E+00 1.197E-01 1.772E-01

85.334 1.900E-02 9.811E-02 0.00E+00 1.220E-01 1.806E-01

86.334 2.104E-02 1.001E-01 0.00E+00 1.244E-01 1.840E-01

87.334 2.308E-02 1.022E-01 0.00E+00 1.267E-01 1.875E-01

88.013 2.446E-02 1.036E-01 0.00E+00 1.282E-01 1.898E-01

88.013 1.105E-01 1.105E-01 0.000E+00 1.351E-01 2.000E-01
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Figure 19. Force-displacement curve

Figure 20. Plastic rotation evolution
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Figure 21. Displacement evolution

Figure 22. Thin walled steel beam
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Figure 23. RC element subjected to torsion effect

Figure 24. Axial loading path

Figure 25. Axial loading path
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ABSTRACT

This chapter, as well as Chapter 4, deals with the algorithms for the analysis of frames; specifically, it 
shows how the models for elasto-plastic elements presented in Chapter 7 can be used in a structural 
analysis. In the first section, a particularly efficient algorithm is presented: the hinge-by-hinge method; 
in this case, the analysis of an elasto-plastic frame can be treated as a sequence of linear problems; 
this analysis also allows for an estimation of the ultimate resistance forces of the structure; on the other 
hand, the hinge-by-hinge procedure can only be used in very particular cases. A general procedure for 
the analysis of any kind of elasto-plastic frames under quasi-static forces is presented in Sections 8.2 
and 8.3; this method is based on an algorithm called elastic predictor-plastic corrector that is a key 
concept for most of the inelastic structural analyses, even for the damage and fracture models that are 
described in the next chapters. The same algorithm can also be used for the dynamic analysis of elasto-
plastic frames as discussed in Section 8.3.4.

8.1 THE HINGE-BY-HINGE METHOD FOR PERFECTLY PLASTIC FRAMES

8.1.1 Formulation of the Problem

Consider a perfectly plastic two dimensional frame, the generalized deformation and generalized stress 
measures are thus given by (3.1.3) and (3.2.2); the elements of the frame are slender, the plastic elonga-
tions are neglected and nonlinear geometrical effects are not considered.

The structure is subjected to the following loading system: first, a set of distributed loads is applied 
for a time t that is arbitrarily defined as zero; it is assumed that these loads do not produce plastic de-
formations of the frame elements and, as it is usual, that they remain constant for the subsequent steps; 
these forces generate the matrix { }Peq . Then, a second set of concentrated loads on the frame nodes is 
applied; it is assumed that these forces can be written as: l t

ref
( ){ }P ; where { }P

ref
is a matrix of reference 

forces and l(t) is a loading parameter; the reference forces matrix may have non zero terms only in the 
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locations corresponding to the free displacements and these terms are constant during the entire analy-
sis. The term l(t) represents a monotonically increasing function of time; that is: for a t2 > t1 then l(t2) > 
l(t1); the loading parameter takes the value zero for t = 0; next, it increases until collapse of the structure 
is achieved. All these external forces produce reactions that will be grouped into a matrix denoted { }R .

Therefore, the problem to be solved can be defined as:

1.  Compute: the free displacements, reaction forces, generalized deformations, plastic rotations and 
stresses.

2.  With the Following Data: the initial configuration of the structure, the restricted displacements, 
the reference forces { }P

ref
and those applied over the elements { }Peq and, finally, the material and 

cross-section properties (E, I, A, My).
3.  Such that they verify:

a.  The linear kinematic equation: { } [ ] { }Φ
b E b
= B U0

b.  The linear equilibrium equation: [ ] { } { } { } { }B M P P R
E b
t

b
b

m
eq

ref
l0

1=
∑ = + +

c.  The elasticity law: 

{ } [ ] { } { }Φ Φ Φ− = +p
b f b b b
F M 0  (8.1.1)

d.  The plast ic  rota t ions  evolut ion laws:  
d f (m

f (m d
i
p

i i

i i i
p

φ

φ

= <

= ≠

0 0

0 0

 if  (hinge locked)

 if  (activ

)

) ee hinge)








d f (m

f (m d
j
p

j j

j j j
p

φ

φ

= <

= ≠

0 0

0 0

 if  (hinge locked)

 if  (activ

)

) ee hinge)








e.  The yield functions: f (m m M f (m m M
i i i iy j j j jy

) ; )= − ≤ = − ≤0 0 ;

8.1.2 Formulation of the Problem in Incremental Form

As in the case of the nonlinear elastic problems, the analysis of elasto-plastic frames is carried out 
incrementally; however in the former case, the size of each step is fixed and the instants t1, t2,…, T are 
chosen by the analyst; in the hinge-by-hinge method the end of each step, after the first one, is not fixed; 
it corresponds to the appearance of a new plastic hinge.

The first step determines the state of the structure after the application of the distributed forces on the 
elements; as this problem is linear and elastic, it can be solved by the direct stiffness method described 
in chapter 4 (section 4.1). For the subsequent steps, the increments of the variables can be expressed as:

{ } [ ] { }∆ ∆Φ
b E b
= B U0  (8.1.2)

[ ] { } { }; { } { } { }B M P P P R
E b
t

b
b

m
R R

ref
l

l
0

1

1
∆ ∆

∆
∆

=
∑ = = +where  (8.1.3)
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{ } [ ] { }∆ ∆ ∆Φ Φ− =p
b f b b
F M  

∆

∆

φ
i
p

i
b

i

m i
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=



 0

0
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 if hinge  is active
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 (8.1.4)

Once a plastic hinge has been formed, it remains active since only increasing of external forces are 
considered. Thus, the evolution laws of the plastic rotations (8.1.4b-c) can be written in this particular 
case as:

φ φ
i
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i
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i
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i
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 if 
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∆
; yy
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j
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jy
m m M∆ = =








0 if  
 (8.1.5)

8.1.3 Tangent Elasticity Matrix of a Frame Element

The elasticity law (8.1.4a) in explicit form is:

∆ ∆ ∆ ∆φ φ
i
b

i
P b

b
i
b b

b
j
bL

EI
m

L

EI
m− = −

3 6
 

∆ ∆ ∆ ∆φ φ
j
b

j
P b

b
i
b b

b
j
bL

EI
m

L

EI
m− = − +

6 3
 

∆ ∆δ
b

b

b
b

L

EA
n=  (8.1.6)

In an element with two plastic hinges (∆m
i
b = 0 ,∆m

j
b = 0 ), the elasticity law (8.1.6) becomes:
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b= =  (8.1.7)

If there is only one plastic hinge at the end i of the element (∆m
i
b = 0 ,φ

j
p = 0 ), the Equations (8.1.6) 

give:
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If there is one plastic hinge, but this time at the end j (∆m
j
b = 0 ,φ

i
p = 0 ), then:
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Finally, if there are no plastic hinges,
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Equations (8.1.7-10) can be summarized as:

{ } [ ] { }∆ ∆M S
b b b
= Φ  (8.1.11)

Where the tangent elasticity matrix [ ]S
b
is equal to:
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 (8.1.12)



280

Analysis of Elasto-Plastic Frames
 

8.1.4 The Hinge-by-Hinge Algorithm

The combination of Equation (8.1.2-3) and Equation (8.1.11) gives the following expression:

[ ] [ ] [ ] / { }B S B U P
E b
t

b E b
b

m
Rl0 0

1=
∑








{ } =∆ ∆  (8.1.13)

This expression can be written in a similar way to the direct stiffness Equation (4.1.2):
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∆
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l
U  (8.1.14)

Thus, the assemblage algorithm described in sections 4.1.2 and 4.1.3 can also be used.
As aforementioned, the known components of the matrix { }PR remain constant during the entire 

analysis; on the other hand, the tangent stiffness matrix Kt

 changes at each step.

The hinge-by-hinge algorithm is described in Figure 1. The first step consists in the determination 
of the state of the structure under the distributed forces. This state is defined by: U U{ } = { }

=t 0 0
, 

Φ Φ{ } = { }
=t 0 0

, M M{ } = { }
=t 0 0

 with l(0) = 0.
In the second step, the equation (8.1.14) is solved by the direct stiffness method. The tangent stiffness 

matrix Kt

 is computed considering that there are no plastic hinges in the structure. Displacements, 

strains and stresses in this step are given by:

U U V
1 0 1 1{ } = { }+ { }∆l ; 

Φ Φ
1 0 1

0
1{ } = { } + { }

b b E b
l∆ [ ]B V  

M M S B V{ } = { } + { }=b t b b E b
l

0
0

1
∆ [ ] [ ]  (8.1.15)

This second step ends with the appearance of the first plastic hinge. The location of the first plastic 
hinge to become active is determined subtracting the yield moment from the corresponding absolute value 
of the moment on all the hinges of the structure and searching for their maximum; when this value is 
equal to zero, this plastic hinge is unlocked. The value of the loading parameter at the end of the second 
step is computed solving the Equation (8.1.16):

Max m l M
k ky

( ( ) )∆ − = 0  (8.1.16)
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Figure 1. Hinge-by-hinge algorithm
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In the third step, the Equation (8.1.14) is solved again taking into account the plastic hinge, or hinges, 
that appeared at the end of the second step. In the fourth step, there are at least two plastic hinges and 
so on for any subsequent step s.

Notice that the global tangent stiffness of the structure decreases with each step; eventually, the dis-
placements tend to infinite: this is a mathematical definition of structural collapse.

The example 8.5.1 shows a practical application of hinge-by-hinge method.

8.1.5 Tangent Stiffness Matrix of a Frame Element

Each step of the hinge-by-hinge method can be solved by the direct stiffness method; only the tangent 
stiffness matrix has to be changed. It is therefore convenient to precompute the four possible expressions 
for the tangent stiffness matrix of an element; that is:

k B S Bt
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b b
 (8.1.17)

where [ ]B0
b
is the non expanded kinematic transformation matrix defined in section 3.1.4.

For [ ] [ ]S S
b b
=

0
, the tangent stiffness matrix is:
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where s b
= sin α and c

b
= cos α ; α

b
is the angle of the chord with respect the global axis X.

For [ ] [ ]S S
b i b
=

1
:
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For [ ] [ ]S S
b j b
=

1
:
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Finally, for [ ] [ ]S S
b b
=

2
:
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 (8.1.21)

8.2 ELASTIC PREDICTOR - PLASTIC CORRECTOR ALGORITHM

8.2.1 Formulation of the Problem

In more general cases, the hinge-by-hinge algorithm is no longer valid; more complex procedures are 
needed. As an example, consider the case of an elastic perfectly plastic structure, still geometrically 
linear, but including plastic elongations. Therefore, the problem is now defined as:

1.  Compute: the free displacements, reaction forces, deformations, plastic deformations and stresses.
2.  With the following data: the initial configuration of the structure, the restricted displacements, 

the nodal forces corresponding to the free displacements and those applied over the elements, the 
material and cross-section properties and yield functions.

3.  Such that they verify:
a.  The linear kinematic equation: { } [ ] { }Φ

b E b
= B U0

b.  The linear equilibrium equation: 

[ ] { } { }B M P
E b

t
b

b

m
0

1=
∑ =  (8.2.1)

c.  The elasticity law: { } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0

d.  The normality laws: d d
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8.2.2 Global and Local Problems

The analysis is still carried out step by step, however as in the case of nonlinear elastic frames, and un-
like the hinge-by-hinge algorithm, the size of the steps is chosen by the analyst.
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At any time tr, the equations (8.2.1) are separated into two groups, the kinematic and constitutive 
equations on one hand and the equilibrium equation on the other. These two sets of equations will be 
solved separately; the equilibrium equation and its boundary conditions are called “global problem” 
because it involves all the elements of the frame; the kinematic and constitutive equations are called 
“local problem for the element b” because they relate variables of only one element b.

Specifically, a local problem is formulated as follows:

1.  Compute: the generalized deformations, plastic deformations and stresses of an element b at the 
time tr.

2.  With the following data: the displacements of the element and the forces applied over the elements 
at the time tr; the material and cross-section properties and yield functions.

3.  Such that they verify:
a.  The linear kinematic equation: { } [ ] { }Φ

t tr b E b t tr= == B U0

b.  The elasticity law: { } [ ] { } { }M E M
t tr b b t tr

p
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∆

∆

∆

λ

λ

λ

i i t tr

i t tr i

j

f

f

= <

= ≠








=

=

=

0 0

0 0

0

 if    

 if   

 if 

;

      

 if    

f

f
j t tr

j t tr j

=

=

<

= ≠








0

0 0∆λ

 (8.2.2)

Notice that, implicitly, the resolution of the local problems relates the stresses at the end of the step 
with the displacements: { } { ( )}M M U

t tr b t tr b= == , therefore the equilibrium equation can be written as 
in the case of nonlinear elastic frames:

{ ( )} { };{ ( )} [ ( ) ] { ( )}L U P L U B U M U
t tr t tr t tr t tr E b

t
t tr b

b

m

= = = = =
=

= =
1
∑∑  (8.2.3)

This is the global problem that can be solved using the Newton-Raphson algorithm that is described 
in section 4.2.5. For each iteration of the Newton-Raphson procedure, it is needed the resolution of the 
m local problems, one for each element of the frame. An algorithm for solving the local problems is 
described in the next section.

8.2.3 Numerical Resolution of the Local Problem

The local problem may be solved using an algorithm called elastic predictor - plastic corrector that is 
shown in Figure 2(a-e).
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The main difficulty for solving the local problem is to know which one plastic hinge is active. It is 
first assumed that none is active: this is the elastic predictor phase of the algorithm; therefore a provi-
sional stress matrix { }Mprov

b
is given by:

{ } [ ] { };{ } [ ] { } { }Φ Φ Φ
t tr b E b t tr

prov
b b t tr

p
t tr b= = = = −= = − +B U M E M0

1
0

bb
 (8.2.4)

Notice that the provisional stresses at the end of the step are computed using the plastic deformations 
at the end of the precedent step. The elastic assumption can now be verified; this is carried out comput-
ing the provisional value of the yield functions with the provisional stress matrix:

f f m n f f m n
i
prov

i i
prov prov

j
prov

j j
prov prov= =( , ); ( , )  (8.2.5)

If both yield functions are negative or zero, then the local problem is indeed elastic and the provisional 
stresses are the solution of the local problem:

{ } { }M M
t tr b

prov
b= =  (8.2.6)

If one or all yield functions are positive then a plastic correction is needed (remember that yield 
functions are negative or nil by definition). There are three different kinds of plastic corrections possible: 
one with the plastic hinge i active, another with the plastic hinge j active and, finally, a plastic correction 

Figure 2a. Elastic predictor - plastic corrector algorithm



287

Analysis of Elasto-Plastic Frames
 

where both plastic hinges are active. The appropriate plastic correction is chosen considering the sign 
of the values of the functions. For instance, if f

i
prov > 0 and f

j
prov ≤ 0 then, a new provisional stress 

matrix is obtained solving:
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 (8.2.7)

This new provisional solution should also be verified. This is carried out by computing the new 
value of the yield function j and the increment of the plastic multiplier i. If they are, respectively, nega-
tive and positive ( f

j
prov ≤ 0  and ∆λ

i prov
≥ 0 ) then, the new provisional stresses are indeed the solution 

of the local problem.
The second possible correction consists in assuming an active plastic hinge at the end j; this is the 

case if f
i
prov ≤ 0 and f

j
prov > 0 , therefore:
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 (8.2.8)

And the corresponding verification is: f
i
prov ≤ 0 and ∆λ

j prov
≥ 0 .

The last possible plastic correction consists in assuming that both plastic hinges are active:
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 (8.2.9)

In this case, the verification is: ∆ ∆λ λ
i prov j prov

≥ ≥0 0 and .

Notice that plastic corrections are, in most cases, nonlinear problems; they can be solved by any 
conventional method; for instance, the Newton-Raphson method but at the local level. The verifications 
can be carried out after convergence of the plastic correction or even after a local iteration. An example 
of resolution of a local problem using this algorithm is presented in the section 8.5.2.
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Figure 2b. Elastic predictor - plastic corrector algorithm: elastic behavior

Figure 2c. Elastic predictor - plastic corrector algorithm: inelastic behavior at hinge i
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Figure 2d. Elastic predictor - plastic corrector algorithm: inelastic behavior at hinge j

Figure 2e. Elastic predictor - plastic corrector algorithm: inelastic behavior at hinges i and j
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8.3 GENERAL ANALYSIS OF ELASTO-PLASTIC FRAMES

8.3.1 Formulation of the Quasi-Static Problem

Consider now a more general case that includes geometrically nonlinear effects and/or plastic harden-
ing. The problem is solved, again, step by step using a generalized form of the elastic predictor - plastic 
corrector algorithm. The kinematic and equilibrium equations at a time tr are:

{ } [ ( )] { };

{ ( )} { };{ ( )} [ (

∆ ∆Φ
b E t tr b

t tr t tr t tr t
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L U P L U B U == =
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∑ tr E b

t
t tr b

b

m

) ] { ( )}M U
1

 (8.3.1)

The constitutive equations will now be written in a somewhat abstract way that has the advantage of 
including, as particular cases, all the models presented in chapter 7, as well as the tridimensional ones 
and those with shear plasticity. The variables of the local problems will be grouped into four sets: the 
generalized deformations { }Φ

t tr b= , the stresses { }M
t tr b= , a set of internal variables with yield functions 

that are denoted VWf
t tr1 =

, VWf
t tr2 =

,…,VWf
k t tr=

, and a matrix of internal variables without yield 

functions { }VWo
t tr b= ; the examples 8.5.3 and 8.5.4 show how specific plasticity models fit into this 

general framework. The elasticity law is presented in abstract way as:

{ ( , , ,..., , )}EL M VWoΦ VWf VWf
k t tr1

0
=
=  (8.3.2)

The yield functions are:

Yf VWf VWf Yf VWf VWf
k t tr k k1 1 1

0( , ,..., , ) ( , , ..., ,M VWo M V
=
≤   ...  WWo)

t tr=
≤ 0  (8.3.3)

Finally, the normality laws and remaining equations of the model are written as:

{ ( , ,..., , )}RM M VWoVWf VWf
k t tr1

0
=
=  (8.3.4)

8.3.2 Elastic Predictor and Plastic Correctors

The global problem is again defined by the nonlinear equilibrium equation and it is solved by the Newton 
method. The elastic predictor - plastic corrector algorithm is generalized as follows:

Elastic predictor phase:
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 (8.3.5)
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The plastic correction phase:
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8.3.3 Verification Phase

The verifications depend on which line of (8.3.6b) is being actually used. If the increment of the internal 
variable VWf

k
is zero, then it must be verified that the corresponding yield function is indeed negative:

If  verify ∆ ∆VWf VWf Yf VWf VWf
k k k t tr1 1

0 0,..., ( , ,..., , )= ≤
=

M VWo  (8.3.7)

Notice that the set of variables VWf
k

includes plastic multipliers and/or isolated plastic rotations. In 
the former case, i.e., VWf

k
is a plastic multiplier; its increments have to be positive since the plastic 

vector is always pointing outward the elastic domain (see Figure 12 in Chapter 6):

If  verify ∆ ∆λ λ
k k
≠ >0 0  (8.3.8)

Consider now the case of an isolated plastic rotation as for instance a plastic hinge without plastic 
elongation or shear plasticity. The elastic domain is in that case an open interval (see Figure 3). Notice 
that, according to the normality law, if the generalized stress point lies on the right end of the interval, 
then the increment of the corresponding plastic deformation has to be positive; if it is on the left one the 
increment should be negative; thus:

If  verify 

If  verify 

∆ ∆

∆ ∆

φ φ

γ γ
k
p

k k k
p

p
s

p

m x

V x

≠ − >

≠ − >

0 0

0 0

( ) ;

( )
 (8.3.9)

Figure 3. Elastic domain and plastic increments in the case of a single plastic deformation according 
to the normality law
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8.3.4 Dynamic Analysis of Elasto-Plastic Frames

If the inertia forces cannot be neglected, the constant average acceleration method described in section 
4.3 can be used for the discretization of the equilibrium equation; therefore, the global problem can be 
written as in the case of nonlinear elastic frames subjected to dynamic forces:

{ ( )} { } { ( )} [ ( ) ] { ( )L U P L U B U M U
t tr t tr t tr t tr E b

t

t tr= = = = =
= = where }} [ ]{ ( )}

b
b

m

t tr
=

=∑ +
1

Mass U U��  (8.3.10)

The global problem can also be solved by the Newton method; the local problems remain unmodified.

8.4 SUMMARY AND EQUATIONS QUICK REFERENCE

This chapter presents two methods for the elasto-plastic analysis of frame structures. The first one is 
called hinge-by-hinge method. It consists in the resolution of a sequence of linear problems; however, 
it can only be used in the simplest case of plasticity. The second one is based on the elastic predictor 
– plastic corrector algorithm. In this case, the equations are separated into two groups. These two sets 
of equations are solved separately: the global problem and the local problem; both of them could be 
nonlinear. Therefore, they are solved using an iterative method. The local problem requires also the use 
of the elastic predictor – plastic corrector algorithm. This algorithm represents a systematic procedure 
to determine which plastic hinges are active at any step (See Table 1).

Table 1.  

THE HINGE-BY-HINGE METHOD FOR PERFECT PLASTIC FRAMES

Formulation of the Problem

Variables to determine: 
• Free displacements 
• Reaction forces 
• Generalized deformations 
• Plastic rotations 
• Stresses

Data: 
• Initial configuration of the structure 
• Restricted displacements 

Reference forces { }P
ref

Forces applied over the elements { }Peq

• Material and cross-section properties (E, I, A, My)

The structure is subjected to: 

Set of distributed loads that not produce plastic deformations:{ }Pe

Set of concentrated loads on the frame: l t
ref

( ){ }P
• l(t): loading parameter (monotonically strict increasing function of time)

• { }P
ref

: references forces that remain constant during the entire analysis
•

continued on following page
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Linear kinematic equation 

{ } [ ] { }Φ
b E b
= B U0  (8.1.1 a)

Linear equilibrium equation 

[ ] { } { } { } { }B M P P R
E b
t

b
b

m
eq

ref
l0

1=
∑ = + +  (8.1.1 b)

Elasticity law 

{ } [ ] { } { }Φ Φ Φ− = +p
b f b b b
F M 0  (8.1.1 c)

Plastic rotations evolution laws 

d f (m

f (m d
i
p

i i

i i i
p

φ

φ

= <

= ≠

0 0

0 0

 if  (hinge locked)

 if  (activ

)

) ee hinge)

 if  (hinge locked)








= <

;

)

)

d f (m

f (m
j
p

j j

j j

φ 0 0

== ≠






 0 0 if  (active hinge)d

j
pφ

 (8.1.1 d)

Yield functions 

f (m m M f (m m M
i i i iy j j j jy

) ; )= − ≤ = − ≤0 0  (8.1.1 e)

Formulation of the Problem in Incremental Form

Linear kinematic equation 

{ } [ ] { }∆ ∆Φ
b E b
= B U0  (8.1.2)

Linear equilibrium equation 

[ ] { } { }; { } { } { }B M P P P R
E b
t

b
b

m
R R

ref
l

l
0

1

1
∆ ∆

∆
∆

=
∑ = = + where 

 (8.1.3)

Elasticity law 

{ } [ ] { }∆ ∆ ∆Φ Φ− =p
b f b b
F M

 (8.1.4 a)

∆

∆

φ
i
p

i
b

i

m i

=

=




0

0

 if  hinge  is locked

 if  hinge  is active






=

=
;
∆

∆

φ
j
p

j
b

j

m j

0

0

 if hinge  is locked

 if hinge  is acctive








Plastic rotations evolution laws 

φ φ
i
p

i
b

iy

i
b

i
b

iy

j
p

j
b

j
m M

m m M

m M= <

= =








= <0

0

0 if 

 if 

 if 

∆
; yy

j
b

j
b

jy
m m M∆ = =








0 if  
 (8.1.5)

Table 1. Continued
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Table 1. Continued

Tangent Elasticity Matrix of a Frame Element

Elasticity law 

∆ ∆ ∆ ∆φ φ
i
b

i
P b

b
i
b b

b
j
bL

EI
m

L

EI
m− = −

3 6

∆ ∆ ∆ ∆φ φ
j
b

j
P b

b
i
b b

b
j
bL

EI
m

L

EI
m− = − +

6 3

∆ ∆δ
b

b

b
b

L

AE
n=

 (8.1.6)

Element with two plastic hinges (
∆m

i
b = 0

, 
∆m

j
b = 0

)

{ } [ ] { } ;[ ]∆ ∆M S S
b b b b

b

b

AE

L

= =





























2 2

0 0 0

0 0 0

0 0

Φ ;; ;∆ ∆ ∆ ∆φ φ φ φ
i
P

i
b

j
P

j
b= =

 (8.1.7)

Element with plastic hinge at the end i (
∆m

i
b = 0

, 
φ

j
p = 0

)

{ } [ ] { } ;[ ]∆ ∆M S S
b i b b i b

b

b

b

b

EI

L
AE

L

= =





















1 1

0 0 0

0
3

0

0 0

Φ













= + =; ;∆ ∆ ∆φ φ φ φ
i
P

i
b

j
b

j
P1

2
0

 (8.1.8)

Element with plastic hinge at the end j (
∆m

j
b = 0

, 
φ

i
p = 0

)

{ } [ ] { } ;[ ]∆ ∆M S S
b j b b j b

b

b

b

b

EI

L

AE

L

= =






















1 1

3
0 0

0 0 0

0 0

Φ








= + =; ;∆ ∆ ∆φ φ φ φ
j
P

j
b

i
b

i
P1

2
0

 (8.1.9)
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Element without plastic hinges 

{ } [ ] { } ;[ ]∆ ∆M S S
b b b b

b

b

b

b

b

b

b

b

b

b

EI

L

EI

L
EI

L

EI

L
AE

L

= =





0 0

4 2
0

2 4
0

0 0

Φ





























= =; ;φ φ
i
P

j
P0 0

 (8.1.10)

Equations (8.1.7-10) can be summarized as: 

{ } [ ] { }∆ ∆M S
b b b
= Φ

 (8.1.11)

S b

S
S

b

i b[ ] =

[ ]
[ ]

0

1

if there are no plastic hinges
if there is aa plastic hinge at the end i

if there is a plasticS j b1    hinge at the end j

if there are two plastic hingesS
b2[ ]













 (8.1.12)

The Hinge-by-Hinge Algorithm

Stiffness matrix 

[ ] [ ] [ ] / { }B S B U P
E b
t

b E b
b

m
Rl0 0

1=
∑








{ } =∆ ∆

 (8.1.13)

K V P K B S B Vt t



 { } = 



 = {

=
∑{ }; [ ] [ ] [ ] ;R

E b
t

b E b
b

m

 where 0 0

1

}} = { }1
∆
∆

l
U

 (8.1.14)

Displacements, strains and stresses 

U U V{ } = { } + { }
=t

l
0
∆

Φ Φ{ } = { } + { }=b t b E b
l

0
0∆ [ ]B V

 (8.1.15)

M M S B V{ } = { } + { }=b t b b E b
l

0
0∆ [ ] [ ]

Resolution of the hinge-by-hinge method 
First step: Determination of the state of the structure under the distributed forces 

U U{ } = { }
=t 0 0 , 

Φ Φ{ } = { }
=t 0 0 , 

M M{ } = { }
=t 0 0 with l(0) = 0

Second step: equation 
K V Pt



 { } = { }R

is solved by the direct stiffness method

K B S Bt



 =

=
∑ [ ] [ ] [ ]

E b
t

b E b
b

m
0

0
0

1 ; 
V U{ } = { }1

∆
∆

l
Plastic hinge is unlocked, second step is therefore computed solving 

Max m M
k ky

( )− = 0
 (8.1.16)
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Tangent Stiffness Matrix of a Frame Element

Tangent stiffness matrix of an element 

k B S Bt



 = [ ] [ ] [ ]0 0

b
t

b b  (8.1.17)

[ ]B0
b : non expanded kinematic transformation matrix

For 
[ ] [ ]S S

b b
=

0 : tangent stiffness matrix
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s
b

= sin α
 ; 
c

b
= cos α

; 
α

b is the angle with respect the global axis X
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For 
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For 
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 (8.1.21)

ELASTIC PREDICTOR - PLASTIC CORRECTOR ALGORITHM

Formulation of the Problem

Variables to determine: 
• Free displacements, 
• Reaction forces 
• Generalized deformations 
• Plastic rotations 
• Stresses

Data: 
   • Initial configuration of the structure 
   • Restricted displacements 

Forces applied over the elements { }Peq

   • Material and cross-section properties (E, I, A, My)
   • Yield functions

Linear kinematic equation 

{ } [ ] { }Φ
b E b
= B U0

 (8.2.1 a)

Linear equilibrium equation 

[ ] { } { }B M P
E b

t
b

b

m
0

1=
∑ =

 (8.2.1 b)
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Elasticity law 

{ } [ ] { } { }M E M
b b

p
b b

= − +Φ Φ 0

 (8.2.1 c)

The normality laws 

d d
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 (8.2.1 d)

Evolution laws of plastic multipliers 
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0 0λ
 (8.2.1 e)

Global and Local Problems

Global Problem: Resolution of the equilibrium equation and its boundary conditions (it involves all the elements of the frame)
Local Problem: Resolution of the kinematic and constitutive equations (they relate variables of only one element b)

Formulation of the Local Problem (At Any Time tr,)

Variables to determine: 
• Generalized deformations 
• Plastic rotations 
• Stresses

Data: 
• Displacements of the element 
• Forces applied over the elements at time tr
• Material and cross-section properties (E, I, A, My)
• Yield functions

Linear kinematic equation 

{ } [ ] { }Φ
t tr b E b t tr= == B U0

 (8.2.2 a)

Elasticity law 

{ } [ ] { } { }M E M
t tr b b t tr

p
t tr b b= = == − +Φ Φ 0

 (8.2.2 b)

Normality laws 
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Plastic multipliers evolution laws 
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Formulation of the Global Problem (At Any Time tr,)

Equilibrium equation 
Newton-Raphson algorithm 

{ ( )} { };{ ( )} [ ( ) ] { ( )}L U P L U B U M U
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t
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= = = = =
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 (8.2.3)

Numerical Resolution of the Local Problem

Provisional stress matrix 

{ } [ ] { };{ } [ ] { } { }Φ Φ Φ
t tr b E b t tr

prov
b b t tr

p
t tr b= = = = −= = − +B U M E M0

1
0

bb  (8.2.4)
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Yield functions 
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 (8.2.5)
If both yield functions are negative or zero 
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The corresponding verification is: 
f
i
prov ≤ 0

and 
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j prov
≥ 0
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The verification is: 
∆λ

i prov
≥ 0

and 
∆λ

j prov
≥ 0

.

GENERAL ANALYSIS OF ELASTIC PLASTIC FRAMES

Formulation of the Quasi-Static Problem

Variables
Generalized deformations 

{ }Φ
t tr b=

Generalized stresses 
{ }M

t tr b=

• Set of internal variables with yield functions: 

VWf
t tr1 = , 

VWf
t tr2 = ,…,

VWf
k t tr=

• A matrix of internal variables without yield function 

{ }VWo
t tr b=
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Linear kinematic equation 
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Elasticity law is presented in abstract way 
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 (8.3.2)

Yield functions 
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Normality laws 
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 (8.3.4)

Elastic Predictor and Plastic Correctors

Elastic predictor phase 
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Verification Phase

Yield functions 

If  verify∆ ∆VWf VWf Yf VWf VWf
k k k t tr1 1

0 0,..., ( , ,..., , )= ≤
=

M VWo
 (8.3.7)

Plastic multiplier 

If  verify ∆ ∆λ λ
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 (8.3.8)

Elastic domain 

If  verify If  verify ∆ ∆ ∆ ∆φ φ γ γ
k
p

k k k
p p

s
pm x V x≠ − > ≠ − >0 0 0 0( ) ; ( )

 (8.3.9)

Dynamic Analysis of Elasto-Plastic Frames

Equilibrium equation 

{ ( )} { } { ( )} [ ( ) ] { ( )L U P L U B U M U
t tr t tr t tr t tr E b

t

t tr= = = = =
= = where }} [ ]{ ( )}

b
b

m

t tr
=

=∑ +
1

Mass U U��

(8.3.10)

Table 1. Continued
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8.5 EXAMPLES

8.5.1. Analyze the Frame Shown in Figure 4 Using the Hinge-by-Hinge Method

The structure is analyzed following the procedure presented in section 8.1.4.

• First Step: (state of the structure after the application of the distributed forces on the elements) 
s = 0, l(0)=0.
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 (8.5.1)

Figure 4. RC frame subjected to horizontal and vertical loads
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Computation of the tangent elasticity matrices:
Element 1 between nodes 1 and 2:
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Element 2 between nodes 2 and 3:

B
E
0

2

0 0 0 0 33 0 1 0 33 0 0 0 0 0 0 0 0

0 0 0 0 33 0 0 0 33 0 1 0 0 0 0 0 0

0 0 0




 =

−
−

. .

. .

00 1 0 0 1 0 0 0 0 0 0 0−





















 (8.5.5)



303

Analysis of Elasto-Plastic Frames
 

S
0 2

5

3472 00 1736 00 0

1736 00 3472 00 0

0 0 1 667 10




 =











. .

. .

. x











 (8.5.6)

k
t E





=

2

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 00 1157 33 0 1736 00 1157 33 0 1736 00 0 0 0 0 0 0

0 0 0 0 1 67 10 0 0 1 67
5

. . . .

. .

−

−x xx10 0 0 0 0 0 0 0

0 0 0 1736 00 0 3472 00 1736 00 0 1736 00 0 0 0 0 0 0

0 0 0 11

5

. . . .−

− 557 33 0 1736 00 1157 33 0 1736 00 0 0 0 0 0 0

0 0 0 0 1 67 10 0 0 1 67 1
5

. . . .

. .

− −

− x x 00 0 0 0 0 0 0 0

0 0 0 1736 00 0 1736 00 1736 00 0 3472 00 0 0 0 0 0 0

0 0 0 0 0 0 0 0

5

. . . .−

00 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 00 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0









































































(8.5.7)

Element 3 between nodes 3 and 4:
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Element 4 between nodes 4 and 5:

B
E
0

4

0 0 0 0 0 0 0 0 0 0 33 0 1 0 33 0 0

0 0 0 0 0 0 0 0 0 0 33 0 0 0 33 0 1

0 0 0




 =

−
−

. .

. .

00 0 0 0 0 0 0 1 0 0 1 0−





















 (8.5.11)

S
0 4

5

3472 00 1736 00 0

1736 00 3472 00 0

0 0 1 67 10




 =











. .

. .

. x 







 (8.5.12)



305

Analysis of Elasto-Plastic Frames
 

ktE






=

4

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

00 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 00 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1157 33 0 00 173. . − 66 00 1157 33 0 00 1736 00

0 0 0 0 0 0 0 0 0 0 00 1 67 10 0 00 0 00 1 6
5

. . . .

. . . . .

− −

−x 77 10 0 00

0 0 0 0 0 0 0 0 0 1736 00 0 00 3472 00 1736 00 0 00 1736 00

0 0

5
x .

. . . . . .−

00 0 0 0 0 0 0 1157 33 0 00 1736 00 1157 33 0 00 1736 00

0 0 0 0 0 0 0 0 0 0 00

− . . . . . .

. −−

−

1 67 10 0 00 0 00 1 67 10 0 00

0 0 0 0 0 0 0 0 0 1736 00 0 00 1736 00

5 5
. . . . .

. . .

x x

11736 00 0 00 3472 00. . .







































































  

(8.5.13)

The tangent stiffness matrix of the structure is (See Box 1): K k k k kt t t t t



 =





+ 



+ 



+ 


0 1 2 3 4

E E E E

The structure is solved by the direct stiffness method; therefore, solving the expression
[ ] { } { } { }K U F P Rt

e
0 0 0

= = +{ } , the free displacements and reaction forces are obtained:
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  (8.5.15)

The generalized deformation matrices are computed by Φ0
0

0{ } = { }
b E b

[ ]B U and the generalized 

stress matrices by M S B U
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• Second Step: s = 1

In this step, the following equation is solved:

K V Pt



 { } =`

{ }
1 1 1

R  (8.5.17)

where K Kt t



 =



1 0

assuming that there are no active plastic hinges in the structure,

V U
1

1
1

1{ } = { }
∆

∆
l

 (8.5.18)
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After the resolution, the following increments of the displacements and reactions are obtained:
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The stresses in the elements are computed by:

M M S B V
1 0 1 0

0
1{ } = { } + { }

b b b E b
l∆ [ ] [ ]  (8.5.21)

∆l
1
is obtained from the maximum moment that occurs in the hinge j of the element 4; therefore, this 

is the location of the first plastic hinge that becomes active. For this element:
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Then, ∆l
1
is computed solving Equation (8.1.16): Max m M

k ky
( )− = 0 , resulting:

0 166 3 958 62 0 15 707 15 623
1 1 1

. . . .− − = ⇒ = = −∆ ∆ ∆l l l or  (8.5.23)

The positive value is chosen. The maximum moment is not always easy to determine; therefore, it 
could be easier the computation of the expression (8.5.23) for all hinges and the selection of the small-
est value of ∆l . At the end of the second step, the stresses in the elements are:
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and the displacements:
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The loading parameter is:

l l l( ) ( ) .1 0 15 701
1

= + =∆  (8.5.26)

Figure 5 shows the structural configuration after the first plastic hinge and the plot of horizontal 
displacements at nodes 4 vs. loading parameter.

The new tangent stiffness matrix of the structure for the next step is computed changing the matrix 

corresponding to the element 4 that now must be calculated as k B S BtE E

t

j E




= 







4

0

4 1 4
0

4
[ ] ,where:

Figure 5. a) Location of the first plastic hinge in the RC frame; b) Plot of horizontal displacements at 
nodes 4 vs. loading parameter
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then,
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(8.5.28)

and the tangent stiffness matrix of the structure for the next step is (Box 2):

• Third Step: s = 2

This analysis starts with solving the expression:

K V Pt



 { } =
2 2 2

{ }R  (8.5.30)

where, as aforementioned, Kt

2 considers that the hinge j of the element 4 is active,
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and
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Once Equation (8.5.30) is solved, the increments of the displacements and reactions can be written as:
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 (8.5.33)

∆l
2
is computed from the maximum moment of the structure. It occurs in the hinge i of the element 1; 

therefore, this is the location of the second plastic hinge that becomes active. For this element:
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then, ∆l
2
is computed by solving:
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It is chosen again the positive value. At the end of the third step, the stresses in the elements are:
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and the displacements:
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The loading parameter is:

l l l( ) ( ) .2 1 21 787
2

= + =∆  (8.5.38)
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Figure 6 shows the location of the plastic hinges in the frame and the plot of horizontal displacements 
at nodes 4 vs. loading parameter.

The tangent stiffness matrix of the structure is computed after changing the matrix corresponding to 

the element 1. It must be computed as k B S BtE E
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Figure 6. a) Location of the plastic hinges in the RC frame; b) Horizontal displacements at nodes 4 vs. 
loading parameter graph
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and the tangent stiffness matrix of the structure is (Box 3):

• Fourth step: s = 3

This step starts solving the expression:

K V Pt



 { } =
3 3 3

{ }R  (8.5.42)

where Kt

3 considers that the hinge i of the element 1 and the hinge j of the element 4 are active.
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 (8.5.44)

After solving Equation (8.5.42), the increments of the displacements and reactions are:



317

Analysis of Elasto-Plastic Frames
 

Bo
x 

3.
 

K
t
[
]
=

−

−

3

5
5

28
9

33
0

0
28

9
33

0
86

8
00

0
0

0
0

0
0

0
0

0

0
1

67
10

0
0

1
67

10
0

.
.

.

.
.

x
x

00
0

0
0

0
0

0
0

0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0

28
9

33
0

0
14

46
67

0
86

8
00

11
57

33
0

1
−

−
.

.
.

.
773

6
00

0
0

0
0

0
0

0
1

67
10

0
0

3
33

10
0

0
1

67
10

0
0

0
0

0
0

0

86
8

00
0

5
5

5

.

.
.

.

.

−
−

x
x

x

00
86

8
00

0
60

76
00

17
36

00
0

17
36

00
0

0
0

0
0

0

0
0

0
11

57
33

0
17

36
00

.
.

.
.

.
.

−

−
−

88
45

10
0

17
36

00
8

33
10

0
0

0
0

0

0
0

0
0

1
67

10
0

0
1

67
10

43

4
4

5
5

.
.

.

.
.

x
x

x
x

−
−

−
−

44
00

0
14

4
67

43
4

00
0

0
0

0
0

0
17

36
00

0
17

36
00

17
36

00
43

4
00

52

.
.

.

.
.

.
.

−
−

−
−

008
00

0
43

4
00

86
8

00
0

0
0

0
0

0
0

0
0

8
33

10
0

0
8

33
10

0
86

8
00

28
4

4

.
.

.

.
.

.
−

−
−

x
x

99
33

0
0

0
0

0
0

0
0

0
14

4
67

43
4

00
0

1
67

10
43

4
00

0
1

67
10

0

0
0

0
0

0

5
5

.

.
.

.
.

.
−

−
x

x

00
0

43
4

00
86

8
00

86
8

00
43

4
00

43
40

00
86

8
00

0
0

0
0

0
0

0
0

0
0

0
28

9

−
− −

.
.

.
.

.
.

.33
3

0
86

8
00

28
9

33
0

0

0
0

0
0

0
0

0
0

0
0

1
67

10
0

0
1

67
10

0

0
0

0
0

0
0

0
0

0
0

5
5

.
.

.
.

−
x

x

00
0

0
0

0

                                  

                                  

(8
.5

.4
1)



318

Analysis of Elasto-Plastic Frames
 

∆

∆

∆

∆

U
3

2
3

6
3

3
3

2

0

0

0

1 305 10

8 935 10

3 224 10

1 769 10

{ } =

−

−

−

−

.

.

.

.

x l

x l

x l

x ∆∆

∆

∆

∆

∆

l

x l

x l

x l

x l

3
5

3
4

3
2

3
6

3

1 787 10

1 200 10

1 767 10

8 935 10

.

.

.

.

−

−

−

−

−

−

33 560 10

0

0

0

3
3

. x l−
















































∆



























{ } =

−
−

;

.

.

∆

∆
∆

R
3

3

3

0 978

1 489

0

0

0

0

0

0

0

l

l

00

0

0

2 022

1 489

0

3

3

−











































.

.

∆
∆
l

l






























 (8.5.45)

The maximum moments occur simultaneously at the hinge j of the element 3 and hinge i of element 
4; therefore, these are the locations of the third and fourth plastic hinges that become active. For these 
elements:
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∆l
3
is computed by solving:
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At the end of the fourth step, the stresses in the elements are:
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and the displacements are:
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 (8.5.49)

The loading parameter is:

l l l( ) ( ) .3 2 22 504
3

= + =∆  (8.5.50)

Figure 7 shows the location of the plastic hinges in the frame and the plot of horizontal displacements 
at nodes 4 vs. loading parameter.

Figure 7. a) Location of the plastic hinges in the RC frame; b) Plot of horizontal displacement at node 
4 vs. loading parameter
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The tangent stiffness matrix of the structure is computed after changing the matrices corresponding 
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so,
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And the tangent stiffness matrix of the structure is (Box 4):

• Fifth step: s = 4

This step starts solving the expression:

K V Pt



 { } =
4 4 4

{ }R  (8.5.56)

where Kt

4 was computed considering that the hinge i of the element 1, the hinge j of the element 3 

and the hinges i and j of the element 4 are active.
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and
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The increments of the displacements and reactions are:
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 (8.5.59) 

The maximum moments occur simultaneously in the hinge j of the element 2 and in the hinge i of 
the element 3; therefore, these are the locations of the fifth and sixth plastic hinges that become active. 
For these elements:
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∆l
4
is computed by solving:
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At the end of the fifth step, the stresses in the elements are:
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and the displacements are:
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The loading parameter is:

l l l( ) ( ) .4 3 24 800
4

= + =∆  (8.5.64)
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In Figure 8a it is shown the localization of the plastic hinges in the frame and in Figure 8b the plot 
horizontal displacement of the node 4 vs. the loading parameter. In the later, it can be observed the 
change of the tangent stiffness with the progressive plasticization of the frame.

8.5.2. Solve the Local Problem for the Column Shown in Figure 
6a Considering the Interaction Diagram of Figure 6b

The displacement matrix of the element is:
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Based on Figure 6b the yield function is defined as:For
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• Elastic predictor phase: It is assumed that none of the plastic hinges is active. The generalized 
deformations are obtained by the kinematic equation:
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The provisional stress matrix is computed as:
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In order to verify the elastic assumption, the yield functions (8.5.66) are computed:
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(8.5.69)

As the yield function at node 2 is positive, a plastic correction is needed.

• Plastic correction

The provisional plastic deformation matrix is:

Figure 8. a) Location of then plastic hinges in the RC frame; b) Plot of horizontal displacement at node 
4 vs. loading parameter

Figure 9. a) RC element subjected to displacements; b) Elastic domain of the element cross-section
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and the provisional stress matrix is:
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The provisional yield functions are defined as:
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And the provisional normality rule is:
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Solving the set of equations conformed by Equation (8.5.73) and (8.5.74), it is obtained the follow-
ing solution:
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The necessary verifications are:
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Therefore, it can be concluded that the provisional values obtained in the plastic correction are the 
definitive ones.

8.5.3. Adjust the Model for Elements of any Aspect Ratio of Section 7.4 
to the General Formulation for the Analysis of Elasto-Plastic Frames

1.  The variables are:

a.  Generalized displacements: { }U
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8.5.4. Adjust the Tridimensional Model of Section 7.5 to the General 
Formulation for the Analysis of Elasto-Plastic Frames

1.  The variables are:
a.  Generalized displacements: { } ( , , , , , , ..., , , , , , )U
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iii.  Remaining equations:
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8.6 PROBLEMS

8.6.1 Analyze the Frame Shown in Figure 10 Using the Hinge-by-Hinge Method
8.6.2 Solve the Local and Global Problems for the Column Shown in Figure 11 Using the Displace-

ment History and Constant Axial Load
8.6.3 Adjust the Model for Elements of Any Aspect Ratio to the General Formulation. Consider 

Multi-Linear Isotropic and Kinematic Terms.

Figure 10. Beam subjected to transversal loads
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8.7 PROJECTS

8.7.1 Generalize the Program Written in Project 4.7.1 including a Hinge-by-Hinge Analysis
8.7.2 Generalize the Program Written in Project 4.7.3 to the Case of Elasto-Plastic Frames
8.7.3 Generalize the Program Written in Project 4.7.4 to the Case of Elasto-Plastic Frames
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ABSTRACT

Some fundamental concepts of fracture mechanics, those needed for the description of concrete cracking 
in framed structures, are presented in a simplified way in the first section of this chapter. The second 
section introduces the fundamentals of continuum damage mechanics. The third section describes a 
physical phenomenon called localization; this is a very important effect during the process of structural 
collapse. In this section, it is shown that damage mechanics can lead to ill-posed mathematical problems. 
Finally, the relationship between localization and ill-posedness is discussed. In this chapter, fracture 
and damage mechanics or localization concepts are not yet applied to the analysis of framed structures; 
that is the subject of the following chapters.

9.1 GRIFFITH CRITERION AND FRACTURE MECHANICS

In the theories of elasticity and plasticity, it is assumed that the boundaries of the solid are fixed and 
non-modifiable; they cannot be changed during an analysis. This simplifying hypothesis eliminates the 
possibility of representing crack propagation in solids; however, this phenomenon is one of the main 
causes of structural failure. Fracture mechanics differs from the aforementioned theories because it does 
not discard the possibility of modifications in the boundaries of a solid due to cracks propagation. Spe-
cifically, the primary goal of fracture mechanics is the determination of conditions for crack propagation 
in elastic or elasto-plastic solids.

Fundamental Concepts of 
Fracture and Continuum 

Damage Mechanics
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9.1.1 Stress Concentration Factors in Solids

It is often necessary to drill holes in structural components. When the structural modifications occur in 
this way (see Figure 1), the local stresses are increased. The ratio of the local maximum stress and the 
average stress in the structure is called “stress concentration factors” SCF:

SCF SCF
avg

avg
= =
σ
σ

σ σmax
max

,  i.e.  (9.1.1)

An important subject of the theories of elasticity and strength of materials is the determination of these 
factors for changes in the cross-section, structures with holes and other discontinuities. A particularly 
relevant case in fracture mechanics is the one shown in Fig 1: Consider an infinite plate of thickness t 
with an elliptic hole of mayor diameter 2a and minor diameter 2b in its center; the plate is subjected to 
constant stresses σavg far away from the hole as shown in Figure 1. It can be shown that the stress con-
centration factor in a linear elastic case is given by:

SCF
avg

=
σ
σ

max  (9.1.2)

Mathematically, a crack can be defined as an infinitesimally narrow ellipse; notice that the local 
maximum stress tends to infinite when the shorter semi-axis b tends to zero, regardless of the magnitude 
of the tensile force applied to the plate. It can also be shown that this is always the case at any crack tip 
for any kind of structure.

Figure 1. Infinite plate with elliptical hole
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Therefore, even if the stress concentration factors are a common and useful concept in the design of 
structural components, they cannot be used as a condition for crack propagation. Furthermore, it must 
now be explained why there are cracks in brittle solids that do not propagate at all if elastic stresses at 
the crack tips tend to infinite; the answer to this question can be found in an energy balance as presented 
in the following sections.

9.1.2 Energy Balance in a Cracked Structure

The potential energy PE of a force P is given by:

PE P= − ∆  (9.1.3)

where Δ is the displacement of the force. Consider, for instance, a rigid solid of mass M; the gravita-
tional force of the solid is: -M.g (positive direction upwards), where g is the acceleration of gravity; if 
the body is elevated a distance Δ the potential energy is given by: M g Δ; that is PE P= −  ∆ .

Consider now an elastic solid of stiffness S subjected to the force P. This force induce elongations 
in the solid denoted by Δ:

P S= .∆  (9.1.4)

The total work done to deform the structure is stored in the solid; this new term of energy is called 
the “deformation energy” U (see Figure 2):

U Pd S P= = =∫ ∆ ∆ ∆
∆

0

21
2

1
2

. .  (9.1.5)

Another area can be appreciated in the curve of force vs. elongation of Figure 2; this corresponds to 
the so called “complementary deformation energy” W:

W dP
S

P FP
P

= = =∫ ∆
0

2 21
2

1
2

 (9.1.6)

where F
S

=
1 is the flexibility of the solid. In a linear elastic solid, the two energy terms are equal.

The total energy TE in an elastic solid is now defined as the sum of the potential energy plus the 
deformation energy:

TE U PE= +  (9.1.7)
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Consider an elastic solid with a crack area equal to 4a.t; a new energy term must now be considered; 
this is called the surface energy SE and it is assumed to be proportional to the surface of the crack; thus, 
the surface energy increases with crack propagation:

SE a t
sup

= 4Γ .  (9.1.8)

where Γ
sup

is the surface energy per unit area.
The total energy of an elastic solid with a crack is therefore given by:

TE U PE SE= + +  (9.1.9)

9.1.3 The Energy Release Rate and the Griffith Criterion

Consider again the infinite plate of section 9.1.1; it can be shown that the total energy is given by:

TE U PE SE U
E

a aavg

sup
= + + = − +

0

2

2 4
πσ

Γ  (9.1.10)

where U0 is the deformation energy of a similar plate but without the crack. Notice that the curve of 
total energy vs. crack length corresponds to a concave parabola (see Figure 3). This curve explains why 
there are cracks that do not propagate, even if the stress concentration factor tends to infinite. Consider 
the case of a “small crack” a0, i.e. a crack whose length is at the left of the peak in the curve in Figure 3. 
Suppose that this crack propagates, that is, its length increases from a0 to a0+da. The total energy should 
also increase; however, this process is physically impossible since the external forces represented by the 
term σavg are constant in this analysis. Therefore, no additional work is being added to the structure; no 
matter how high the stress concentration factor is, crack propagation cannot occur under such conditions.

Figure 2. Deformation energy in a solid subjected to a force P
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Consider now the case of a “large crack” acr, i.e. a crack whose length corresponds to the peak of 
the curve. If the crack propagates, and its length increases to acr+da, then the total energy decreases 
this time. This process is physically possible; the excess of energy can be transformed, for instance, into 
kinetic energy as the structure breaks. If crack propagation is energetically possible, then it will occur 
since the stress concentration factor tends to infinite.

This analysis indicates that there is a critical crack length for each set of the external forces: shorter 
cracks do not grow up; larger cracks propagate

If the structure is not an infinite plate or if the loading is not the indicated in section 9.1.1, then Equa-
tion (9.1.10) is no longer valid; however, the reasoning is still applicable; the total energy is a concave 
function of the crack length and it presents a maximum for a critical value. Thus, in the general case, 
crack propagation is possible only if the derivative of the total energy with respect to the crack length 
is equal to zero:

G R G
d
da

U PE R
d
da

SE= = − + =; ( ) ( ) where  and  (9.1.11)

The term G is called “energy release rate” or “crack driving force” and R is denoted “crack resistance”. 
If the crack driving force is less than the crack resistance, the crack cannot propagate; the propagation 
can occur only if Equation (9.1.11) holds; this is the “Griffith criterion”. The energy release rate can be 
computed in a structural analysis; the crack resistance can be measured in the course of an experimental 
analysis.

9.1.4 Energy Release Rate Expression in Terms of Stiffness or Flexibility

Consider a structure with a crack subjected to an external force P (see Figure 4a). The flexibility of the 
structure depends on the crack length and, therefore, the resulting displacement too. The energy release 
rate is in this case:

G
d
da

U PE
d
da

P a P a
dF a
da

P= − + = − −









=( ) ( ) ( )

( )1
2

1
2

2∆ ∆  (9.1.12)

If the structure is subjected to an imposed displacement (see Figure 4b), then:

Figure 3. Total energy as a function of the crack length



337

Fundamental Concepts of Fracture and Continuum Damage Mechanics
 

G
d
da

U PE
d
da

P a
dS a
da

= − + = −
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2

1
2

2∆ ∆  (9.1.13)

Notice that both expressions of the energy release rate are equivalent: the substitution of F = 1/S and 
Equation (9.1.4) into (9.1.12) leads to (9.1.13) and vice versa. These equations show that the energy 
release rate can be computed if the dependence of the structural stiffness, or flexibility, on the crack 
length is known.

Chapters 10, 11 and 12 present simple expressions for the energy release rate and crack resistance 
for RC frame members.

9.2 UNIAXIAL DAMAGE MECHANICS MODELS

Fracture mechanics is a powerful tool for structural vulnerability assessment; however, it presents some 
limitations. Fracture mechanics analyses are computationally expensive; therefore, its methods are not 
convenient in the cases of massive distributions of cracks propagating simultaneously. Additionally, even 
if it describes global structural degradation by modification of boundaries, it still assumes an elastic or 
elasto-plastic behavior of the material; however, it has been observed that an extensive local degradation 
usually precedes crack propagation; this local degradation is not considered in elasticity or plasticity. 
Continuum damage mechanics is a different theory that deals in a very efficient way with these two issues.

Figure 4. a) Structure subjected to a concentrated force b) Structure subjected to a displacement Δ
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9.2.1 The Damage Variable

The mechanical degradation of materials takes the form of micro cracks and/or micro voids. The goal of 
continuum damage mechanics is to describe the evolution of these micro defects in structures subjected 
to thermo-mechanical loadings, which was not considered at all in the analysis of section 9.1 or in the 
elastic, neither the elastic plastic models of chapters 2 and 5.

Consider a damaged element as the one shown in Figure 5. Be A de total cross-section area of the 
element and Ad the area of micro defects. The damage of the bar is defined as:

ω =
A

A
d  (9.2.1)

Notice that ω can take values between zero (intact material) and one (a broken bar).

9.2.2 The Equivalent Stress and the Hypothesis of Equivalence in Deformation

In order to carry out the computation of the damage, it is necessary the introduction of this variable into 
the constitutive equations. One of simplest and most effective ways to do so is the use of an additional 
stress measure called “equivalent stress”. Consider again the damaged bar subjected to an axial force P 
as shown in Figure 5; the average normal stress σ in the bar is given by: σ = P A/ . The effective stress 
σ in the bar is defined as:

σ =
−
P

A A
d

 (9.2.2)

Figure 5. Damaged bar



339

Fundamental Concepts of Fracture and Continuum Damage Mechanics
 

Notice that in the computation of the effective stress, the effective resistance area A A A
d

= − is used 
instead of the total area.

A relationship between the effective stress and the conventional normal stress is obtained by intro-
ducing the damage definition (9.2.1) into (9.2.2):

σ
ω

σ
ω

=
−

=
−

P
A A 1

 (9.2.3)

Notice that the effective stress is equal to the normal stress for an intact material and that it tends to 
infinite when the damage tends to one.

The hypothesis of equivalence in strains states that the behavior of a damaged material can be de-
scribed by the same equations of the intact one, if the normal stress measure σ is substituted by the ef-
fective one σ . Therefore, according to the hypothesis of equivalence in deformations, the elasticity law 
for a damage material is given by:

σ ε σ ω ε= ⇒ = −E E( )1  (9.2.4)

Notice that damage decreases the effective stiffness E E= −( )1 ω of the material.
The elasticity law (9.2.4) can be written also in terms of flexibility:

ε
ω
σ=

−
1

1( )E
 (9.2.5)

An alternative way of writing the elasticity law (9.2.5) is described next; this alternative is very use-
ful in the formulation of models for frame members. The strain ε is split into two terms, an elastic one 
and an additional damage related term defined as follows:

ε ε ε ε σ ε
ω
ω
σ= + = =

−
e e d

E E
d, where  and 

1
1( )

 (9.2.6)

Notice that (9.2.5) and (9.2.6) are indeed equivalent. The elasticity law can now be interpreted as 
follows: the material presents an initial flexibility 1/E; the degradation process induces an increase in 

the flexibility of the material ω
ωE( )1−

that results in an additional strain term εd denoted “damage 

strain”.
If the material is elasto-plastic, as in metallic materials, the elasticity law is:

σ ε ε σ ω ε ε= − ⇒ = − −E Ep p( ( ) () )1  (9.2.7)

or in terms of flexibility:
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ε ε ε ε ε σ ε
ω
ω
σ= + + = =

−
e e d

E E
d p  where  and 

1
1

;
( )

 (9.2.8)

That is, the total strain can be decomposed into an elastic term that obeys the Hooke law, a damage 
strain and the plastic one.

The yield functions can also be modified in the same way, for instance an elastic perfectly plastic 
yield function becomes:

f
y y

= − =
−

− ≤σ σ
σ
ω

σ
1

0  (9.2.9)

9.2.3 Brittle Damage Model

In brittle materials, the damage takes the form of micro cracks, therefore, the elasticity law (9.2.4) or 
(9.2.7) can be accompanied by a damage evolution law derived from the Griffith criterion introduced 
in section 9.1.

Consider again a solid differential element subjected to a normal stress σ. The strain energy of the 
element is defined as:

U =
1
2
σε  (9.2.10)

According to the elasticity law (9.2.4), the strain energy of a damaged material is given by:

U E= = −
1
2

1
2

1 2σ ε ω ε( )  (9.2.11)

A generalized form of the Griffith criterion is:

G R G
dU
d

E
m m m
− ≤ = − =0

1
2

2;  where 
ω

ε  (9.2.12)

G
m

is the energy release rate of a damaged element and R
m

is the “damage resistance function”. 
Notice that the energy release rate of a damaged element can also be expressed in an alternative way. 
Be W the complementary strain energy defined as:

W
E

= =
−

1
2

1
2 1

2

σ ε
σ
ω

.
( )

 (9.2.13)



341

Fundamental Concepts of Fracture and Continuum Damage Mechanics
 

where the elasticity law is expressed in terms of flexibility, i.e. Equation (9.2.5), instead of stiffness. 
Thus, as in the case of fracture mechanics:

G
W U

E
E

m
=
∂
∂
= −
∂
∂
=

−
=

ω ω
σ
ω

ε
1
2 1

1
2

2

2

2

( )
 (9.2.14)

9.2.4 A Damage Mechanics Model for Concrete

As described in section 6.5.2, the strength of the concrete fibers in tension can be neglected and, in 
compression, the behavior can be represented by a second-degree parabola. This kind of behavior can 
be described by the following elasticity law:

σ ω ε= −
−

( )1 E  (9.2.15)

where the term ε
−

is called “negative part of the strain” and it is defined as:

ε
ε ε

−
=

≤






if 

otherwise

0

0
 (9.2.16)

The hypothesis of zero tension strength can be specified using the negative part of the strain; i.e., 
for any positive value of the strain, the stress is equal to zero according to the elasticity law (9.2.15).

Damage evolution in compression is described by the Griffith criterion:

d G R

G R d
m m

m m

ω
ω

= <
= >








0

0

 if 

 if 
 (9.2.17)

The term R
m

is a constant in perfect brittle materials, but other models can be derived assuming that 
the micro-crack resistance is a function of the damage. For instance a second-degree parabola in the 
stress strain curve is obtained using the following crack resistance function:

R
f

Em
c=
′8 2

2( )
ω  (9.2.18)

where ′f
c

is the concrete resistance in compression. This model gives the behavior shown in Figure 6.

The stress vs. strain curve reaches a maximum for a strain value of 
2 ′f

E
c and this stress is indeed equal 

to ′f
c

; the demonstration is given in the example 9.5.1. For larger values of strain, the stress decreases 
and tends to zero; this is called the softening stage of the material behavior.
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9.2.5 Ductile Damage Model

Consider now an elasto-plastic material; as aforementioned, the elasticity law is in this case given by:

σ ω ε ε= − −( ) (1 E p )  (9.2.19)

If plastic hardening effects are neglected, the plastic strain evolution law is:

d f

f d
fp

p
y

ε
ε

σ
ω

σ
= <
= ≠








=
−

− ≤
0 0

0 0 1
0

 if  

 if  
;  (9.2.20)

In metallic materials, micro-defects consist, mainly, in micro-voids that may reproduce and grow; 
therefore the Griffith criterion is not an adequate approach in this case. It has been observed experi-
mentally that micro-voids or damage evolution depends on the plastic strain; therefore, a simple and 
effective model is given by:

ω κ= −
+

p p
cr

 (9.2.21)

where κ and pcr are material constants, the term p
+

is called “the positive part of the variable p” and 

it is defined as:

p
p p

+
=

≥






if

otherwise

0

0
 (9.2.22)

Figure 6. A damage mechanics model for concrete
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The variable p is, again, the accumulated plastic strain as defined in section 5.3:

dp d
p

= ε  (9.2.23)

pcr represents a critical value of the plastic strain that triggers the damage evolution. The behavior 
described by this model is shown in Figure 7 (see also example 9.5.2).

Consider again Table 1 of chapter 5; notice that with this damage model all these phenomena, with 
the exception of effect d, are represented, at least qualitatively. The plastic hardening can, of course, also 
be included by modifying the yield function, for instance:

f( x dx d x d
y u y p p

σ
σ
ω

σ α σ σ ε ε) ; ( ) .=
−
− − ≤ = − −( )

1
0  (9.2.24)

In this way, all the phenomena listed in chapter 5 are described in this last model.

9.2.6 Unilateral Damage

Consider again a brittle material, but this time subjected to cyclic loading; two sets of independent 
micro-cracks appear in the element; one of them emerges under traction stresses, the other is associ-
ated to compressions (see Figure 8). When the load is reversed, say from compression to traction, the 
cracks of compression tend to close while new traction cracks appear; thus, as most of them are closed, 
compression cracks do not have a significant influence in the material behavior in traction; the opposite 
effect occurs when the load changes its sign from traction to compression. This phenomenon is called 
“unilateral behavior” because a particular kind of micro-cracks has an influence on the material behavior 
only for loadings of a specific sign.

In order to model unilateral behavior, two different damage variables are introduced: ω+ and ω− . 
The former variable represents micro-defects due to positive stresses (tractions) and the latter is related 
to damage due to negative (compression) stresses. The variable ω+ is called “positive damage” and the 
term ω− is the “negative damage”. The effective stress can now be generalized as follows:

Figure 7. A damage mechanics model for ductile materials
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σ

σ
ω

σ

σ
σ
ω

σ

=
−

>

=

−
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+

−

1
0

0 0

1
0

if

if

if

 (9.2.25)

The application of the hypothesis of equivalence in strain for a brittle material gives the following 
elasticity law:

ε
σ

ε
σ

ω

σ

ω
= =

−
+

−
+
+

−
−E E E

,
( ) ( )

 i.e. 
1 1

 (9.2.26)

where the terms σ
+

and σ
−

are, respectively, the positive and negative part of the normal stress. 

Notice that for a positive stress, the negative part of sigma is zero and the elastic modulus is reduced 
only by the positive damage and vice versa.

The complementary strain energy is given by:

W
E E E E

= =
−

+
−

=
−

++
+

−
−

+
+

−1
2

1
2 1

1
2 1

1
2 1

1
2

2 2

σ ε σ ω
σ σ

ω

σ σ

ω

σ

ω

σ
. ( , )

( ) ( ) ( ) (( )1− −ω
 (9.2.27)

Figure 8. Unilateral cracks
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Two different energy release rates can now be defined: the energy release rate for positive damage 
and the energy release rate for negative damage:

G
W

E
G

W

Em m
+

+
+
+

−
−

−
−

=
∂
∂

=
−

=
∂
∂

=
−ω

σ

ω ω

σ

ω
1
2 1

1
2 1

2

2

2

2( )
;

( )
 (9.2.28)

Two damage evolution laws are needed in this case, they are given by:

d G R

G R d

d G R
m m

m m

m m
ω

ω

ω+ + +

+ + +

− − −= <

= >








= <0

0

0 if 

 if 

 if 
;

  

G R d
m m

  

 if       − − −= >






 ω 0

 (9.2.29)

where R
m
+ and R

m
− are, respectively, the resistance function for positive and negative damage.

A better model for concrete can be obtained by using different damage resistance functions for posi-
tive and negative damage:

R
f

E
R

A

Bm
c

m
− − +

+
=

′ ( ) =
−

8 2
2

2

( )
;

( )
ω

ω
 (9.2.30)

where A and B are material parameters. This model gives the curve stress vs. strain that is shown in 
Figure 9 (see also the example 9.5.4).

The constants A and B can be computed so that positive damage and the softening behavior start 
simultaneously for a tension strength f

t
; and the stress tends to zero for a given strain value ε

u
(see the 

demonstration in the example 9.5.3):

A
E f

E f
B

E

E f
t u

u t

u

u t

=
−

=
−

( )

( )
;

2 2

22

ε

ε

ε

ε
 (9.2.31)

9.3 STRAIN AND DAMAGE LOCALIZATION

As any other theory, continuum damage mechanics also presents limitations and drawbacks; an espe-
cially serious one is that it may lead to ill-posed mathematical problems, i.e. in some cases, an infinite 
number of solutions may verify the equations of the damage mechanics theory; paradoxically, in practical 
terms this means that the problem has not yet been fully solved: new concepts and ideas are needed in 
order to choose the right solution. This mathematical feature is related to a physical phenomenon called 
localization. Strain localization is another important failure mechanism in materials and structures. It 
has been observed that previous to total structural collapse, often, strains tend to concentrate in some 
narrow bands; this process accelerates structural failure.
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Consider a bar divided into two elements of the same cross-section A and same material but with 
lengths L1 and L2 as shown in Figure 10. The lower end of the structure is blocked and the upper one is 
subjected to a displacement Δ that is a linear function of time as shown in the same figure.

The material behavior of the elements is described by the damage model presented in section 9.2.4. 
The equilibrium equations give:

σ σ
1 2
= =

n
A

 (9.3.1)

where σ
1
and σ

2
are the normal stress in the first and second element respectively; n is the axial force 

which is constant along the bar. The kinematic equations of the two elements give:

ε ε
1 1 2 2
L L+ = ∆  (9.3.2)

where ε
1
and ε

2
are the strains in the first and second element respectively. The equilibrium and consti-

tutive equations of this problem are represented in Figure 11; the former is the horizontal line that indi-
cates equal stresses in both elements, the latter are two parabolas as indicated in section 9.2.4. Thus, the 
state of the structure at an instant t is represented by two points on both parabolas that lie on the same 
horizontal line.

Suppose that the points at the beginning of a step are at the left of the peak as shown in Figure 12a. 
Consider an increment of the displacement so that the strain in the first element follows the loading 
branch of the constitutive law. In that case, only one solution verifies the constitutive equation of the 
second element and the equilibrium equation of the bar at the same time, and this solution imposes a strain 
equal to that of the first element. This case shows identical stresses, strains and damage in both elements.

Figure 9. A model of unilateral damage for concrete
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Suppose now that the points at the beginning of the step are at the peak of the constitutive curves 
or at its right (see Figure 12 b and c). Consider again an increment of displacement with an increment 
in the strain of the first element too. As this element is entering in the softening phase there must be a 
reduction in the stress of the second element as well. Notice that now there are two ways to verify the 
equilibrium equation; in the first one, the state in both elements follows the loading branch with damage 
increment (see Figure 12b). In this solution, strains and damage in both elements are still the same; this 
is called “homogeneous solution”. In the second one (see Figure 12c), the point of the second element 
follows the elastic unloading branch. In this alternative solution there is a reduction of the strain of the 
second element even if the total displacement of the bar is increased. This second option is called “local-
ized solution” because strain and damage tend to concentrate only in a part of the bar (element 1) while 
there is an elastic unloading in the remaining fraction (element 2).

Figure 10. a) Bar divided into two elements subjected to an imposed displacement b) Displacement history

Figure 11. Equilibrium and constitutive equations
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The curve force P vs. displacement Δ for both solutions is shown in Figure 13. Observe that in the 

homogeneous solution the displacement tends to a maximum value of 
4 ′f

E
Lc while in the localized solu-

tion this last displacement is 
4

1

′f

E
Lc . Notice too, that the lengths of the elements are arbitrary; the bar 

can be divided into two elements of any length as long as their sum is equal to L. Thus, for each value 
of L1 a different localized solution is obtained; the problem presents an infinite number of different 
solutions. The real solution, the one that effectively is observed experimentally, is always a localized 
one with a given length L1 that depends on the material. This length is called “width of the localization 
band”. This phenomenon, the localization, appears not only in uniaxial problems but in any kind of 
structure. Figure 14 shows the appearance of a localization bands in a sand specimen subjected to a plane 
strain state.

When damage mechanics models are used to predict structural collapse, it is therefore necessary to 
choose some criterion that allows selecting the most significant solution from the physical point of view. 
The model of damage presented in chapter 10 assumes that the width of localization bands in a frame 
element subjected to bending is so small, as compared to the length of the element, so that the damage 
can be concentrated in the plastic hinges with zero length. This is the regularization criterion used in 
the case of damage models for framed structures.

Figure 12. a) Unique solution before the peak b) Homogeneous solution after the peak c) Localized 
solution after the peak
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9.4 SUMMARY AND EQUATIONS QUICK REFERENCE

The fundamental goal of fracture mechanics is the determination of conditions for crack propagation. 
The Griffith criterion is one of these conditions and is based on an energy balance. This criterion in-
troduces two essential concepts: the energy release rate (or crack driving force) and crack resistance. 
The energy release rate can be computed as a function of the derivative of stiffness or flexibility with 
respect to the crack length. The crack resistance might be a function of the crack extension and must be 
identified from experimental results.

Continuum damage mechanics is a theory that describes the evolution of micro-defects in a material. 
This theory is based on the introduction of four concepts: the continuum damage variable, the effective 
stress, the hypothesis of equivalence in deformations and the unilateral damage. Within this framework 
it is possible to develop model of damage for many kinds of materials; specifically, this chapter describes 
models for concrete and steel.

The term localization may refer to a mathematical condition related to damage models and to a physi-
cal phenomenon. In the first case, it corresponds to the emergence of an infinite number of solutions 
for the problem. In the second case, it refers to the appearance of a band where strain and damage are 

Figure 13. Force vs. displacement curves

Figure 14. Schematic representation of a triaxial test a) Before the localization, b) After the localization
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concentrated while the rest of the solid unloads elastically. In fact, both, infinite solutions and concentra-
tion of damage are related. After localization, the damage analysis of a solid requires the introduction of 
some regularization procedure. Plastic hinges are used to regularize damage problems in the following 
chapters (See Table 1).

Table 1.  

GRIFFITH CRITERION AND FRACTURE MECHANICS

Stress Concentration Factors in Solids

Stress concentration factors 

SCF
avg

=
σ
σ

max  i.e. σ σ
max
= SCF

avg
(9.1.1)

Stress concentration factor in a linear elastic case 

SCF
avg

=
σ
σ

max  (9.1.2)

Energy Balance in a Cracked Structure

Potential energy of a force 
PE P= − ∆  (9.1.3)
  P: force
  Δ: displacement of the force

Stiffness of an elastic solid 
P S= .∆  (9.1.4)
  S: stiffness of an elastic solid

Deformation energy U

U pd S P= = =∫ δ
0

21
2

1
2

∆

∆ ∆. .  (9.1.5)

Complementary deformation energy W

W dp
S

P FP
P

= = =∫ δ
0

2 21
2

1
2

 (9.1.6)

    F
S

=
1

:flexibility of the solid

Total energy 
TE U PE= +  (9.1.7)

Surface energy 

SE a t
sup

= 4Γ .  (9.1.8)

  Γ
sup

: surface energy per unit area
  4a.t: crack area

continued on following page
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Total energy of an elastic solid with a crack 
TE U PE SE= + +  (9.1.9)

The Energy Release Rate and the Griffith Criterion

Total energy of infinite plate 

TE U PE SE U
E

a aavg

sup
= + + = − +

0

2

2 4
πσ

Γ  (9.1.10)

  U0: deformation energy

Energy release rate G and crack resistance R
G R=

G
d

da
U PE= − +( )

R
d
da

SE= ( )
 (9.1.11)

Energy Release Rate Expression in Terms of Stiffness or Flexibility

Energy release rate 

G
d
da

U PE
d
da

P a P a
dF a
da

P= − + = − −









=( ) ( ) ( )

( )1
2

1
2

2∆ ∆
 (9.1.12)

G
d
da

U PE
d
da

P a
dS a
da

= − + = −









=( ) ( )

( )1
2

1
2
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 (9.1.13)

UNIAXIAL DAMAGE MECHANICS MODELS

The Damage Variable

Damage ω

ω =
A

A
d

(9.2.1)
A: Total Area
Ad: Area of micro defects

The Equivalent Stress and the Hypothesis of Equivalence in Deformation

Effective stress σ

σ =
−
P

A A
d (9.2.2)

σ
ω

σ
ω

=
−

=
−

P
A A 1  (9.2.3)

Elasticity law for a damage material 
σ ε σ ω ε= ⇒ = −E E      ( )1  (9.2.4)

Elasticity law in terms of flexibility 

ε
ω
σ=

−
1

1( )E  (9.2.5)

Table 2. Continued

continued on following page
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Strain ε 

ε ε ε ε σ ε σ= + = =e e e

E E
d; ;

1 1

 (9.2.6)

     ε
e

:elastic strain

     ε
d

: damage related term

Elastic plastic material 

σ ε ε σ ω ε ε= − ⇒ = − −E Ep p( ( ) () )1  (9.2.7)

Strain ε in elastic plastic material 

ε ε ε ε ε σ ε
ω
ω
σ= + + = =

−
e e d

E E
d p; ;

( )
1

1  (9.2.8)

Elastic perfect plastic yield function 

f
y y

= − =
−

− ≤σ σ
σ
ω

σ
1

0
 (9.2.9)

Brittle Damage Model

Strain energy of the element U

U =
1
2
σε

 (9.2.10)

U E= = −
1

2
1
2

1 2σ ε ω ε( )
 (9.2.11)

Generalized Griffith criterion 

G R G
dU
d

E
m m m
− ≤ = − =0

1
2

2;
ω

ε
 (9.2.12)

    
G

m : Energy release rate

    
R

m : Damage resistance function

Complementary strain energy 

W
E

= =
−

1
2

1
2 1

2

σ ε
σ
ω

.
( )  (9.2.13)

Energy release rate 

G
W U

E
E

m
=
∂
∂
= −
∂
∂
=

−
=

ω ω
σ
ω

ε
1
2 1

1
2

2

2

2

( )
 (9.2.14)

A Damage Mechanics Model for Concrete

Elasticity law 

σ ω ε= −
−

( )1 E
 (9.2.15)

ε
ε ε

−
=

≤






if

otherwise

0

0
 (9.2.16)

Table 2. Continued

continued on following page
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Damage evolution in compression 

d G R  

G R d
m m

m m

ω
ω

= <
= >








0

0

 if   

 if        
 (9.2.17)

    
R

m : crack resistance function

Crack resistance function 

R
f

Em
c=
′8 2

2( )
ω

 (9.2.18)

    
′f

c  is the strength resistance in compression

Ductile Damage Model

Elasticity law 

σ ω ε ε= − −( ) (1 E p )  (9.2.19)

Plastic strain evolution law 

d f

f d
fp

p
y

ε
ε

σ
ω

σ
= <
= ≠

=
−

− ≤







0 0

0 0 1
0

 if 

 if 
;

; (9.2.20)

Damage evolution 

ω κ= −
+

p p
cr  (9.2.21)

p
p p

+
=

≥






if

otherwise

0

0
 (9.2.22)

    κ, pcr: material constants

    
p
+ : positive part of the variable p

Cumulated plastic strain 

dp d
p

= ε
 (9.2.23)

Yied function 

f( x dx d x d
y u y p p

σ
σ
ω

σ α σ σ ε ε) ; ( ) .=
−
− − ≤ = − −( )

1
0

 (9.2.24)

Unilateral Damage

Effective stress 

σ

σ
ω

σ

σ
σ
ω

σ

=
−

>

=

−
<











+

−

1
0

0 0

1
0

if

if

if
 (9.2.25)

Table 2. Continued

continued on following page
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Elasticity law 

ε
σ
ε

σ

ω

σ

ω
= =

−
+

−
+
+

−
−E E E

;
( ) ( )1 1

 (9.2.26)

    
σ
+ : positive part of the normal stress

    
σ
− : negative part of the normal stress

Complementary strain energy 

W
E E E E

= =
−

+
−

=
−

++
+

−
−

+
+

−1
2

1
2 1

1
2 1

1
2 1

1
2

2 2

σ ε σ ω
σ σ

ω

σ σ

ω

σ

ω

σ
. ( , )

( ) ( ) ( ) (( )1− −ω
 (9.2.27)

Energy release rate for positive damage 

G
W

Em
+

+
+
+

=
∂
∂

=
−ω

σ

ω
1
2 1

2

2( )
 (9.2.28a)

Energy release rate for negative damage 

G
W

Em
−

−
−
−

=
∂
∂

=
−ω

σ

ω
1
2 1

2

2( )
 (9.2.28b)

Damage evolution law: (9.2.29) 

d G R

G R d

d G R
m m

m m

m
ω

ω

ω+ + +

+ + +

− −= <

= >








= <0

0

0 if 

 if 

 if   
; mm

m m

 

G R d

−

− − −= >








  

 if        ω 0
 (9.2.29)

R
m
+

: resistance function for positive damage

R
m
−

: resistance function for negative damage

Crack resistances for concrete 

R
f

E
R

A

Bm
c

m
− − +

+
=

′ ( ) =
−

8 2
2

2

( )
;

( )
ω

ω
 (9.2.30)

A and B are material parameters

A
E f

E f
B

E

E f
t u

u t

u

u t

=
−

=
−

( )

( )
,

2 2

22

ε

ε

ε

ε
 (9.2.31)

Table 2. Continued
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9.5 EXAMPLES

9.5.1. Plot Stress as a Function of the Strain for the Model Described in 
Section 9.2.4. Consider ′ =f

c
30MPa and E = 28000MPa

The energy release rate is defined by Equation (9.2.12): G E
m
=

1
2

2ε . Considering the crack resistance 

proposed by Equation (9.2.18): R
f

Em
c=
′8 2

2( )
ω , the Griffith criterion results in:

G R
E f

Em m
c− = −
′

=
ε

ω
2 2

2

2

8
0

( )
 (9.5.1)

The expression of the damage variable is obtained from (9.5.1):

ω
ε

ω
ε

=
′

= −
′

E
f

E
f

c c
4 4

 and  (9.5.2)

(9.5.2b) is chosen since damage is always positive and ε is negative. Substituting ω in the elasticity 
law (9.2.15), the relationship between stresses and strains is:

σ
ε
ε= +

′











1
4
E
f

E
c

 (9.5.3)

Plotting this expression, the curve shown in Figure 15 is obtained.

As aforementioned, the maximum stress corresponds to a strain equal to 
2 ′f

E
c since:

d
d

E E f

f

f

E
c

c

cσ
ε

ε
ε= −

− ′

′
= ⇒ =

′( )2

2
0

2
 (9.5.4)

9.5.2. Plot Stress as a Function of the Strain for the Model Described in 
Section 9.2.5. Consider σ

y
= 420 MPa , E = 210000MPa , p

cr
= 0 005. and κ = 130

The behavior of a ductile material is described considering three phases; first, an elastic behavior, then 
a plastic one and finally a damage phase. The elastic part is defined by Equation (9.2.19) with 
ω ε= =0 0 and p thus:

σ ε ε= =E 210000  (9.5.5)



356

Fundamental Concepts of Fracture and Continuum Damage Mechanics
 

This part finishes when the yield function is equal to zero (Equation 9.2.20b) and the plastic strain 
starts growing; at this instant:

σ σ= =
y

420 MPa  (9.5.6)

The plastic stage lasts until the plastic strain reaches the critical value p
cr

. At this time, the value of 
the total strain can be computed with Equation (9.2.19) considering still ω = 0 and 

ε ε
σ

p
cr cr

yp p
E

= = + =: .0 007  (9.5.7)

After this instant, damage starts evolving. The introduction of Equations (9.2.21).and (9.5.7) into 
the yield function (Equation 9.2.20b) gives the relationship between stress and strain for the last part 
of the behavior:

σ κσ ε σ κ
σ

ε= − + + +























= − +

y y

y

crE
p1 54600 8802 2.  (9.5.8)

Finally, the behavior for a ductile material can be described as:

σ ε ε
σ

= ≤ ≤E
E

y for 0  

Figure 15. Stress vs. strain curve for a brittle material
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σ σ
σ

ε
σ

= ≤ ≤ +
y

y y

crE E
p for  

σ κσ ε σ κ
σ

ε
σ

= − + + +























≥

y y

y

cr

y

E
p1  for 

EE
p

cr
+  (9.5.9)

Expression (9.5.9) is plotted in Figure 16.

9.5.3 Deduct the Expressions (9.2.31)

The tension branch σ
−
=( )0 can be described considering two phases: first, an elastic behavior, then, 

a damaged phase. The elastic part is defined by Equation (9.2.26) with ω+ = 0 thus:

σ ε
+
= E  (9.5.10)

This part finishes when the material reaches the tension strength f
t
, thus, the strain is:

ε
t

t
f

E
=  (9.5.11)

At this instant, the damage in the material starts evolving. The stress tends to zero for a strain value 
of ε

u
. The equation of the line that describes this behavior is:

Figure 16. Stress vs. strain curve for a ductile material
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σ
ε

ε
+
= −

−

−






















f
f

E

f

Et

u
t

t1
1  (9.5.12)

Introducing Equation (9.2.26) ε
σ

ω
=

−
+
+E( )1

 into (9.5.12), it is obtained the stress:

σ
ε

ε ω

=

+
−

+
−( ) − +

f
f E

f E

f

f E E

t
t

u t

t

u t

2

1
1

/

/

/ ( )

 (9.5.13)

Substituting (9.5.13) into the energy release rate (9.2.28a) and applying the Griffith criterion:

G
E f

E f
E

E f

R
m

u t

u t
u

u t

m
+

+

+=

−
−

−










=
ε

ε
ε
ε

ω

2 2

2

2

2( )
( )

 (9.5.14)

Or:

R  
A

B
A

E f

E f
B

E

E fm
t u

u t

u

u t

+

+
=

−( )
=

−
=

−ω

ε

ε

ε

ε2

2 2

22
, where 

( )

( )
;  (9.5.15)

9.5.4 Plot Stress as a Function of Strain for the Model Described in Section 
9.2.6. Consider ′ =f

c
30 MPa , f

t
= 3 MPa , ε

u
= 0 002. and E = 28000 MPa

The negative phase was described in example (9.5.1). As aforementioned, the tension part has two phases. 
The elastic part is described with Equation (9.5.10) resulting in:

σ ε= 28000  (9.5.16)

The last point of this phase corresponds to a stress equal to f
t
= 3 MPa and to a strain equal to:

ε = = =
f

E
t 3

28000
0 00010714.  (9.5.17)

The damage phase is described by Equation (9.5.12)
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σ
ε

ε= −

−

−






















=f
f

E

f

Et

u
t

t1
1

3.. .17 1584 93− ε  (9.5.18)

Figure 17 shows the unilateral behavior.

9.6 PROBLEMS

9.6.1 Plot Stress as a Function of the Strain for the Model Described by the Equations

 ◦ Elasticity Law:  σ ω ε= −( )1 E

 ◦ Energy Release Rate: G
Em

=
−

1
2 1

2

2

σ
ω( )

 ◦ Crack Resistance: R A
m
=

−
1
2 1( )ω

Consider that the behavior can be described considering two phases: first, an elastic one, then, a dam-

aged phase that starts at the point 
f

E
ft
t

,










. Use the following numerical values f
t
= 5 MPa  and 

E = 5000 MPa .

Figure 17. Stress vs. strain curve for a ductile material
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9.6.2 Plot Stress as a Function of the Strain for the Model Described by the Equations

 ◦ Elasticity Law: σ ω ε ε= − −( ) (1 E p )

 ◦ Plastic Strain Evolution Law: 
d f

f d
fp

p
y

ε
ε

σ
ω

= <
= ≠








=
−

− ≤
0 0

0 0 1
0

 if 

 if 
; Ã

 ◦ Damage Evolution: ω ε= − =
≥







=
− −

+

+1
0

0
e p

p p
dp d

c p p

p
cr ; ;

if

otherwise

Consider p c E
cr y
= = = =0 005 5 420 210000. , , MPa, MPa   and σ .

9.6.3 Plot the Force vs. Displacement Curve for the Two-Bar Structure Shown in Figure 18. Use 
the Constitutive Law Described in Section 9.2.4. Consider E = 28000MPa , 
′ =f

c
30 MPa ,A

1
0 05= . m2 , L L

1 2
1 0= = . m . Discuss What Happens When α Tends to 

Zero.
9.6.4 Plot the Force vs. Displacement Curve for the Two-Bar Structure Shown in Figure 18. Use 

the Constitutive Law Described in Section 9.2.5. Considerσ
y
= 420MPa , E = 210000MPa;

p
cr
= 0 005. , κ = 130 , A x

1
418 65 10= −. m2 and L L

1 2
1 0= = . m .

Figure 18. Two-bar element (α > 0)
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ABSTRACT

As aforementioned, buildings in seismic zones must be designed to behave elastically under service 
loads or earthquakes of small intensity, and they can enter in the plastic range for events of intermedi-
ate intensity. Severe earthquakes are defined as those that are improbable but not impossible to happen 
during the lifetime of the structure. In these cases, structural damage, even damage that cannot be re-
paired, is allowed as long as there is no structural collapse. In order to design or certify safe structures, 
it is necessary to have computational tools that allow for the quantification of structural damage and 
that are able to describe structural behavior accurately near collapse. The elasto-plastic models pres-
ent serious limitations in this sense. Damage and fracture mechanics represent a more rational option. 
The goal of this chapter is to describe how the concepts presented in Chapter 9 can be included in the 
mathematical models for the analysis of framed structures and its numerical implementation in structural 
analysis programs.

10.1 THE LUMPED DAMAGE MODEL

Consider a slender RC frame element in the planar case. It is assumed that not only yielding of the re-
inforcement, but concrete cracks are also localized at the extremes of the element. The lumped plastic-
ity model that is described in section 7.1.1 is modified by assuming that concrete cracks can be lumped 
at the plastic hinges as well: plastic hinges become inelastic hinges and the “lumped plasticity model” 
develops into the “lumped damage model”. In this and the following chapters, the terms “inelastic hinge” 
or “plastic hinge with damage” are used indistinctly. In order to represent the appearance and propaga-
tion of these cracks, a new set of internal variables( ) ( , )D

b i j
d d=  is introduced. The term( )D

b
 is de-

noted “damage array” of the element b. The variables di and dj are damage parameters that take values 
between zero and one; however, they represent densities of macroscopic cracks, as in fracture mechan-
ics, instead of micro defects (see Figure 1a). The first variable in ( )D

b
characterizes the crack density 

that can be lumped at the inelastic hinge i while the second one is related to cracking lumped at inelas-
tic hinge j (see Figure 1b). 

Lumped Damage Mechanics: 
Reinforced Concrete Frames
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The hypothesis of equivalence in deformation described in section 9.2.2, Equation (9.2.8) can be 
written in the case of a frame element as:

{ } { } { } { }Φ Φ Φ Φ
b

bc
b

p
b

d
b

= + +  (10.1.1) 

where { }Φbc
b

is, again, the matrix of generalized deformations of the elastic beam-column. { }Φp
b

is the 
matrix of plastic deformations; the plastic elongations are neglected as it is usual in RC elements, thus 
{ } ( , , )Φp

b
t

i
p

j
p= φ φ 0 . The last matrix, { }Φd

b
, contains the damage rotations; i.e. the additional rotations 

due to concrete cracking.
The deformations of the elastic beam-column can be expressed as a function of the generalized 

stresses using (Equation 3.3.9):

{ } [ ] { } { }Φ Φbc
b f b b b
= +F M 0  (10.1.2) 

The terms [ ] , { } , { }F M
f b b b

Φ0 are, again, the flexibility matrix of a slender element, the generalized 
stresses and the initial deformations such as defined in chapter 3 (Equation 3.3.9, 3.2.2 and Table 3). 

According to the hypothesis of equivalence in deformations (Equation 9.2.8c), the damage deforma-
tion matrix can be written as:

{ } [ ( )] { } ; [ ( )]Φd
b b b b

i

i

e

j

j

e

d

d
F

d

d
F= =

−

−
C D M C D where 

1
0 0

0
1

0

0

11

22

00 0

































 (10.1.3) 

The term [ ( )]C D
b

is a matrix of additional flexibility due to concrete cracking and F
ij
e represents the 

(i,j) component of the elastic flexibility matrix. Substitution of (10.1.2-3) into (10.1.1) gives the elastic-
ity law, in terms of flexibility, of a damaged frame element:

Figure 1. a) Cracks at the end of a frame member b) Lumped damage model
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{ } [ ( )] { } { } [ ( )] [ ] [ ( )]Φ Φ Φ− = + = + =

−

p

b b b b f

eF

d

F D M F D F C D0

11

1
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e

e

e

j
e

F

F
F

d

F

12
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22

33

0

1
0

0 0

−

































 (10.1.4)

[ ( )]F D is the flexibility matrix of a damaged frame member. Notice that there is no additional flex-
ibility if there is no concrete cracking, and that the diagonal components of the flexibility matrix tend 
to infinity if the damage parameters tend to one.

The elasticity law in terms of stiffness is:

{ } [ ( )] { } { ( )}M E D M D
b b

p
b b

= − +Φ Φ 0  (10.1.5) 

where [ ( )] [ ( )]E D F D
b b
= −1 is the elasticity matrix of a damaged frame element:

[ ( )]

( ) ( )( )

( )( ) ( )E D
b

i i j

i j j

b

k

d d d

d d d

EA

=

− − −

− − −

12 1 6 1 1 0

6 1 1 12 1 0

0 0
kkL

k
d d

EI

L

b

i j

b

b





























=
− − −

;
( )( )

{

1

4 1 1

0

 

and M (DD) E(D)} [ ] { }
b b b
= − Φ0

 (10.1.6)

Notice that the matrix { }M (D)0
b

tends to zero as the damage variables tend to one. As the distrib-
uted forces are assumed small compared with the nodal forces, even for the uncracked stiffness, this 
term can be neglected in many applications of structural analysis. 

10.2 GENERALIZED GRIFFITH CRITERION FOR AN INELASTIC HINGE

As indicated in the previous section, damage in a RC element characterizes cracks in the concrete. 
Thus, damage evolution can be described using the Griffith criterion presented in sections 9.1.3-4 of 
the previous chapter. The complementary deformation energy of a damaged frame element is given by:

W
b b

t p
b b

t
b b

t
b

= − = +
1
2

1
2

1
2

0{ } { } { } [ ( )] { } { } { }M M F D M MΦ Φ Φ  (10.2.1) 

Therefore, the energy release rates, or “damage driving moments”, Gi and Gj of, respectively, hinges 
i and j are defined as:
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G
W
d

F m

d
G

W
d

F m

di
i

i

i

j
j

j

j

= =
−

= =
−

∂
∂

∂
∂

11
0 2

2

22
0 2

22 1 2 1( )
;

( )
 (10.2.2) 

And the damage evolution laws based on the Griffith criterion are:

∆

∆

∆d  G R

G R d

d G R
i i i

i i i

j j j
= <

= >








= <0

0

0 if  

 if   

 if   
;

GG R d
j j j
= >






  if   ∆ 0

 (10.2.3) 

The terms Ri and Rj are the crack resistance functions of, respectively, inelastic hinges i and j.

10.3 CRACK RESISTANCE FUNCTION OF AN INELASTIC HINGE

10.3.1 Experimental Measure of the Damage in a Plastic Hinge

As indicated in the previous chapter (section 9.1.3), the crack resistance function must be identified with 
an experimental analysis. Fracture mechanics introduces a straightforward variable: the crack length; 
therefore its measurement is a direct procedure; the damage in a plastic hinge is a more ambiguous 
concept. In this section it is described a method for the experimental determination of the damage of a 
plastic hinge; this procedure is called “method of the stiffness variation” .

The specimen shown in Figure 2b represents a beam-column joint subjected to bending. Mono-sign 
displacements are imposed to the column as it is indicated in Figure 2c. The experimental response of 
the specimen is represented in the curve of force vs. displacement (see Figure 3d).

Consider now the mechanical representation of the test that is shown in Figure 2e. The specimen is 
modeled as a two-element structure. A symmetric behavior is assumed, at least up the peak of the curve 
of force vs. displacement. The second line of the elasticity law (Equation 10.1.4) for the first element is:

φ φ
2 2 1

2
26 3 1

− = − +
−

p L
EI
m

L
EI d

m
( )

 (10.3.1) 

The equilibrium and boundary conditions give:

m m
P L

1 2
0

2
= =;

.  (10.3.2) 

and the kinematic equation (Equation 3.1.11):

φ
2
=

t
L

 (10.3.3) 
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The combination of Equation (10.3.1-3) lead to:

P Z d t t d d Z d d Z Z
EI

L
t L

p p
p= − = = − = =( )( ); ; ( ) ( ) ; where  and 

2 0 0 3 2
1

6
φ  (10.3.4) 

Figure 2. a) Planar frame b) Specimen representing a beam-column joint c) Loading history d) Experi-
mental response e) Mechanical representation of the test
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Notice that this expression represents a straight line in the force-displacement space; the line has a 
slope Z(d) and crosses the horizontal axis for t = tp. Thus, this equation is a mathematical representation 
of any elastic unloading/re-loadings shown in Figure 3a. The initial (undamaged) slope corresponds 
to the value Z0. Therefore this constant can be measured experimentally as shown in Figure 3a. The 
experimental results indicate a reduction in the stiffness of the structure that can be appreciated in the 
successive elastic unloading/re-loadings. The value of the damaged slopes Z(d) can also be measured 
experimentally (see Figure 3b).

Therefore, the value of damage that corresponds to the force P, or moment m2, that is reached just 
before the start of the elastic unloading, can be obtained as:

d
Z d
Z

= −1
0

( )  (10.3.5) 

10.3.2 Experimental Identification of the Crack Resistance Function

The plot of energy release rate vs. damage of Figure 4 can be obtained with the values of damage and 
moments measured experimentally using the procedures described in the previous section.

Figure 3. a) Measurement of Z0 b) Measurement of Z(d)
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The energy release rates are computed with values of force during a stage of damage propagation; 
thus, according to the Griffith criterion, they are equal to the values of the crack resistance function 
R. Therefore, the graph of Figure 4 is also a plot of R vs. d; this graph allows choosing a mathemati-
cal expression that describes approximately these results. This approach to obtain the crack resistance 
function is sometimes called “phenomenological”. A good alternative for the crack resistance function 
consists in using the following expression:

R d R q
d

d
( )

ln( )
= +

−
−0

1
1

 (10.3.6) 

where R0 and q are parameters that depend on the characteristics of the element. Note that this function 
includes an initial crack resistance R0 (for d = 0) and a hardening term (q d dln( ) / (1 1− − )). Physi-
cally, hardening in the crack resistance is due to presence of the steel reinforcement that blocks crack 
propagation in the concrete; thus, significant increments of moment are needed in order to pursue crack-
ing evolution in the plastic hinge region.

10.3.3 Computation of the parameters R0 and q

One advantage of the elasto-plastic models is that their parameters have a well-defined meaning in the 
conventional theory of reinforced concrete theory; this is not the case of R0 and q. This section describes 

Figure 4. Energy release rate as a function of damage in a RC specimen
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a procedure that permits the computation of these terms as a function of the first cracking moment Mcr 
and the ultimate moment Mu. These parameters are well established concepts in the RC theory.

Consider a monotonic loading on a RC element; during damage propagation the Griffith criterion 
states that:

G R
F m

d
R q

d
d

=
−

= +
−
−

, i.e. 
0 2

2 02 1

1
1( )

ln( )  (10.3.7) 

Thus, Equation (10.3.7) relates moment and damage (see also Figure 5):

m
d

F
R

q

F
d d2

2

0 0 0

2 1 2
1 1=

−
+ − −

( )
( ) ln( )  (10.3.8) 

According to the conventional RC theory, cracking starts when the moment reaches a value called 
first cracking moment (see next section), thus:

M
F

R
cr
2

0 0

2
=  (10.3.9) 

This equation allows for the computation of the initial crack resistance R0. The RC theory establishes 
that the first cracking moment depends on the axial force on the element; thus R0 is in fact a function of 
this force too. Therefore, the analysis of damaged RC columns requires the interaction diagram of the 
first cracking moment.

Figure 5. Moment as a function of damage as stated in the Griffith criterion
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As shown in Figure 5, the moment reaches a maximum for a specific value of damage, du, called 
“ultimate damage” because it corresponds to the ultimate moment Mu (and not because it is the largest 
possible value of damage). The computation of the ultimate moment of a RC cross-section is described 
in section 6.5.5. When the variable d takes the value of the ultimate damage, the derivative of Equation 
(10.3.6) with respect to the damage is equal to zero:

2 1 1 1 0
0

R d q d
u u

( ) (ln( ) )− + − + =  (10.3.10) 

For d equal to du, the moment is equal to the ultimate moment Mu, thus:
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The expressions (10.3.10-11) constitute a system of two equations with two unknown variables whose 
resolution gives the values of q and du. Thus, the computation of the parameter q for a RC column requires 
an interaction diagram of the ultimate moment too.

An example of application of these procedures is presented in the section 10.9.1.
It is important to underline that the value of du varies in a small interval for common RC cross-sections: 

in the majority of applications du is within the interval [0.6 - 0.65].

10.3.4 Computation of the Interaction Diagram for the First Cracking Moment

As in the case of the interaction diagram for the first plastic moment (see section 6.5), the interaction 
diagram of the first cracking moment can be defined by the pure compression, pure tension, pure bend-
ing and balanced conditions. The transformed section concept, well known in the strength of materials 
theory, is used. This notion consists in the substitution of the steel area into an equivalent concrete one 
(see Figure 6).

Figure 6. Transformed section, strain and stress distributions in pure compression condition for first 
cracking
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Pure compression point: The axial force is computed as indicated in Figure 6. Notice that there is a 
constant strain and stress distributions across the section. As it was described in section 6.5.2, it is sup-
posed that the concrete behavior is almost linear until near the half of the concrete resistance. Assuming 
that this lost of linearity is due to concrete cracking, the corresponding axial force is:

N A f
cr ts c
= − ′* .0 45  (10.3.12)

where A
ts

is the area of the transformed section.
Pure tension point: In this case, the axial force is computed as shown in Figure 7; notice that there 

are constant distributions of strain and stress again. Assuming that cracking starts when the stress 
reaches the value of the tension strength f

t
, the corresponding axial force is equal to:

Figure 7. Transformed section, strain and stress distributions in pure tension condition for first cracking

Figure 8. Transformed section, strain and stress distributions in pure bending condition for first cracking
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N A f
cr ts t
= *  (10.3.13)

Pure bending point: It is used the Euler-Bernoulli theory that is described in section 2.4; therefore, 
linear distributions of stress and strain are assumed (see Figure 8).

The first cracking bending moment is obtained considering that maximum tension stress is equal to 
f
t
:

f
M z

I
M

f I

zt

cr ca

ts
cr

t ts

ca

= ⇒ =  (10.3.14) 

where zca is the distance between the extreme tension fiber and the centroidal axis, I
ts

is the moment of 
inertia of the transformed section.

Balanced condition point: In this case, it is assumed that a compression stress of 0 45. ′f
c

and a tension 
stress equal to f

t
are reached simultaneously at the extreme fibers as shown in Figure 9.

This linear stress distribution is described by Equation (10.3.15):

f
M z

I

N

A
cr

ts

cr

ts

= +  (10.3.15) 

where z is the distance between the centroidal axis and the fiber under consideration. 
The bending moment and the axial force are computed taking into account that the maximum com-

pressive stress is equal to ′f
c

and the maximum tension stress is equal to f
t
.

Figure 9. Transformed section, strain and stress distributions in the balanced condition for first cracking 



373

Lumped Damage Mechanics
 

0 45.
( )

′ =
−

+

= −

f
M h z

I

N

A

f
M z

I

N

A

c

cr ca

ts

cr

ts

t

cr ca

ts

cr

ts

 (10.3.16)

Solving the system of equations for the bending moment and the axial force gives:
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10.4 YIELD FUNCTION OF A DAMAGED PLASTIC HINGE

10.4.1 Plastic Deformation Evolution Law

An evolution law for the plastic deformation must be added in order to complete the damage model. 
Again, it is used the hypothesis of equivalence in deformation. The equivalent moment on a plastic hinge 
i can be defined as:

m
m

di
i

i

=
−1

 (10.4.1) 

The yield function of a damaged plastic hinge can now be obtained after modification of a function 
with linear kinematic hardening via the hypothesis of equivalence in deformations:
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where ci and k0i are parameters that depends on the characteristics of the element. Therefore, the plastic 
deformation evolution laws are:
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10.4.2 Computation of the Parameters c and k0

Consider again a monotonic loading on a RC element; thus, Equation (10.3.11) relates the moment on 
a plastic hinge i with its damage. It is assumed that the first plastic moment Mp is larger than the first 
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cracking moment Mcr; thus the value of damage dp that corresponds to the former moment can be com-
puted by the resolution of the following equation:
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The value dp represents the cracking state that corresponds to the first yielding of the reinforcement. 
In most applications, this value is in the interval (0.3 – 0.4). 

At this stage, the yield function is equal to zero with nil plastic rotation; thus, the parameter k0 is in 
fact the effective plastic moment:
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The yield function is also equal to zero when the moment reaches its ultimate value, thus, the last 
parameter c can be computed as:
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where φ
u
p is the ultimate plastic rotation that is introduced in chapter 6 (section 6.5.6). Notice that c is 

equal to the difference between effective moments divided by the ultimate plastic rotation.
The use of concepts of fracture and damage mechanics in the analysis of framed structures does not 

require the use of very advanced concepts of the theory of reinforced concrete; just the conventional 
procedures for the computation of the first cracking moment, first plastic moment, ultimate moment and 
ultimate plastic rotation are sufficient in any application.

10.5 SOME NUMERICAL SIMULATIONS WITH THE DAMAGE MODEL

10.5.1 Numerical Simulation of the Test that is Shown in 
Figure 10 Using Experimentally Measured Parameters

This section presents the results of two simulations of the identification test shown in Figure 10. 
This section presents the results of two simulations of the identification test that is shown in Figure 10. 
The first simulation is carried out with the elasto-plastic constitutive equations presented in section 

(7.1.6). In the second simulation, it is used the damage model described in this chapter. The following 
values of the parameters are taken from the experimental results: EI =1025.373 KN.m2, Mcr= 4.004 
KN.m, Mp = 24.220 KN.m, Mu = 29.034 KN.m and φ

u
p = 0.095. The experimental and the numerical 

results with the elasto-plastic model are presented in Figure 11a; and the ones using the damage model 
in Figure 11b.
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As the parameters were chosen to give the best results, the differences between theoretical and ex-
perimental results are due only to deficiencies of the model. The examples 10.10.2 and 10.10.3 show 
the procedures used to obtain the curve that was plotted in Figure 11b. 

Notice that the damage model used for the simulation presented in Figure 11b is essentially the elasto-
plastic of Figure 11a modified by the hypothesis of equivalence in deformations, adding the Griffith 
criterion. There are no significant differences in the envelopes of both simulations, only a slight improve-
ment with the damage model. The main difference lays in the description of the stiffness degradation 
and in the fact that the later model gives a rational measure of structural damage as well.

Figure 10. RC beam tested and material properties 

Figure 11. a) Comparison of the elasto-plastic model with experimental results b) Comparison of the 
damage model with experimental results
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Plastic models can also be modified including empirical rules of stiffness degradation as a function 
of the plastic rotation in the hinges and adding the so called “damage indexes”. The latter are parameters 
computed by postprocessors (that is, after the simulation was concluded without considering damage) 
as a function of the plastic rotations again, the expressions for the determination of the damage indexes 
are of semi empirical nature as well. The bibliography of this chapter includes some important refer-
ences in this field.

10.5.2 Numerical Simulation of the Test Described in 
Figure 10 with Parameters Calculated Analytically

In a standard engineering application, the model parameters cannot be measured from experimental 
results; they must be computed using RC theory. Thus, additionally to the deficiencies of the model, the 
errors due to the simplifying assumptions of that theory must be added. In the simulations presented in 
this section, the analysis was carried out as follows. First, the parameters are computed using the pro-
cedures described in the sections 10.3.4, 6.5 and the properties for concrete and steel presented in Figure 
10; the following values were obtained: EI = 1765.80 KN.m2, Mcr= 6.288 KN.m, Mp= 23.250 KN.m, 
Mu= 29.626 KN.m and φ

u
p = 0.0771; next, the analytical determination of the response is obtained using 

the procedures described in the examples 10.10.2 and 10.10.3. The results are shown in Figure 12.
Notice that the main difference between the computed values and the best ones lies in the stiffness 

modulus EI. The RC theory predicts a beam seventy two percent stiffer than the experimentally measured 
value. The computed value of the ultimate plastic rotation is only eighty one percent of the observed 
one. On the other hand, the theory gave very good estimates of the first plastic moment and ultimate 
moment for this example.

10.5.3 Behavior of a RC Element under Different Axial Forces

Consider again the column in cantilever (Figure 10a) subjected to axial loads and lateral displacements, as 
it is shown in Figure 13a. The interaction diagrams are presented in Figures 13b-c. Five loading histories 
are considered; in four of the simulations, the loadings are applied in two steps: first (interval 0 - t1) a 
monotonic axial load is imposed and then (interval t1 – t2) a monotonic lateral displacement according 

Figure 12. a) Comparison of the elasto-plastic model with experimental results b) Comparison of the 
damage model with experimental results
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to the histories shown in Figure 14a. In the last simulation, axial force and lateral displacement histories 
are applied simultaneously as it is shown in Figure 14b. The behaviors of the column are presented in 
Figure 14c. The histories of damage of the five simulations are shown in Figure 14d.

Notice that the history of axial forces modifies in a significant way the behavior of the column. This 
is consequence of changes in ductility and strength at the critical sections. This phenomenon has been 
observed experimentally and its consideration is fundamental for any realistic representation of the 
behavior of frames subjected to severe lateral forces since they imply variations of the axial forces in 
the columns.

Figure 13. a) Column subjected to an axial load and a lateral displacement b) Interaction diagram of 
moments c) Interaction diagram of the ultimate plastic rotation
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Figure 14. a) Loading histories in two steps: axial forces and lateral displacements b) Loading histories in 
one step: axial forces and lateral displacements c) Force vs. displacement responses d) Damage histories
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10.6 A MODEL OF DAMAGE FOR RC ELEMENTS CONSIDERING 
ULTRA-LOW CYCLE FATIGUE EFFECTS

10.6.1 The Ultra-Low Cycle Fatigue Effect

Consider again a specimen like the one used for the numerical identification of the crack resistance 
function (Figure 2b); but now a different kind of mono-sign loading was applied (see Figure 15a and 
compare with Figure 2c); imposed displacements are chosen but, unlike the test in Figure 2, the maximum 
displacement of each cycle remains constant. It can be observed in the experimental response (Figure 
15b) that even without increments of the loading, the stiffness and strength of the specimen decreases 
after each cycle. In section 10.1.3 it is explained that these stiffness and strength degradations are caused 
by crack propagation; therefore, there is damage evolution during each cycle even without increasing 
their maximum solicitation. This phenomenon is called “ultra-low cycle fatigue effect”. 

It has been observed experimentally that the ultra-low cycle fatigue effect is magnified by the current 
state of damage: for reduced cracking, the fatigue effect can hardly be appreciated; for high cracking 
densities, the damage increment after each cycle is considerable. 

10.6.2 Modified Griffith Criterion

The Griffith criterion is unable to represent the ultra-low-cycle fatigue effects; in this criterion, cracking 
extension is assumed to be a function of the maximum value of the energy release rate. Thus, in fatigue 
tests with constant maximum force or displacement, the damage keeps the value reached at the end of 
the first cycle.

This section describes a modification of the Griffith criterion that presents the following characteristics:

1.  No additional variables are introduced.
2.  The model relates damage evolution to energy release rate.
3.  During a monotonic loading it gives the same response as the classic Griffith criterion.
4.  It includes the Griffith criterion (without fatigue effects) as a particular case.

Figure 15. a) Ultra-low cycle fatigue loading in displacements b) Force vs. displacement curve
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5.  It assumes that there is no damage evolution during elastic unloading.
6.  The damage increment is possible during loading phases even if the energy release rate is less than 

the actual crack resistance; i.e. the damage evolution due to fatigue effects is described.
7.  It includes only one additional parameter.

Consider the Griffith criterion during a phase of crack propagation:

if or  for ∆d G R d G R d
i i i i i
> = = ≥+ +0 01 1; ( ); ( )α α α  (10.6.1) 

The differentiation of (10.6.1b) gives the modified Griffith criterion:
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where α is the additional parameter.
During a monotonic loading, this evolution law and the Griffith criterion (10.2.3) predict the same 

behavior regardless what value of α is used. In other cases, both laws may differ since with the modified 
law, there is evolution of the damage even if the energy release rate has not yet reached the crack resis-

tance. Notice that the fatigue law tends to the Griffith criterion for high values of α; the term 
G

R
i













α

tends to zero when α tends to infinite, unless G R
i
= ; in that case both evolution laws give identical 

results. The constant α can be considered as a “fatigue brake”, the maximum effect of fatigue is obtained 
for α = 0 and there is no fatigue, at all, for α = ∞ . The experimental results show that a value of α = 
2 is a good choice for any RC element. Figure 16 shows the numerical simulation of the test described 
in section 10.6.1.

10.7 ANALYSIS OF DAMAGED FRAMES

10.7.1 Formulation of the problem

Consider a planar frame subjected to a mono-sign loading. The problem is defined as:

•	 Compute: The free displacements, reaction forces, stresses, deformations, plastic deformations 
and damages. 

•	 With the Following Data: The initial configuration of the structure, the restricted displacements, 
the nodal forces corresponding to the free displacements and those applied over the elements, the 
material properties, cross-section properties and the yield functions. 

•	 Such that they verify the nonlinear kinematic and equilibrium equations:
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•	 And the damage evolution laws:

Figure 16. Numerical simulation of the experimental test described in section 10.6.1 
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Notice that the damage constitutive law can be included in the framework described in section 8.3.1 

with:
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Therefore the numerical algorithm in that section for elasto-plastic models can also be used with 
the damage model. The problem can be analyzed step-by-step and at each step, it can be decomposed 
in a global problem and local problems for each element; both kinds of problems are solved using the 
Newton method. However, damage problems present a higher degree of nonlinearity as compared with 
elasto-plastic ones and more serious convergence difficulties. The algorithms described in section 8.3.1 
can be improved using the procedure that is described in the next section.

10.7.2 The Multi-Steps Version of the Step-By-Step Algorithm

The main drawback of the damage models in practical applications is the heavy computational costs 
that they imply. This cost is due to convergence requirements that often impose tiny time steps during 
the step-by-step resolution. Occasionally, the programs simply do not converge without apparent causes.

The conventional step-by-step algorithm can be modified and the performances of the programs be 
improved noticeably; this modification is called “multi-steps version”. The idea of the multi-steps pro-
cedure is very simple: the step size of the global problem and those of the local ones do not necessarily 
have to be the same.

As aforementioned, the global problem and local problems using damage models does not differ of 
those formulated with elasto-plastic or nonlinear elastic ones; the global problem in the quasi-static case is:

{ ( )} { }L U P
t tr t tr= ==  (10.7.3) 

where { ( )}L U
t tr= is the matrix of internal forces and { }P

t tr= are the external nodal forces for the global 
problem. The local problems can be formulated as

{ } { ( )}M M U
b t tr b
= = for b = 1 to m (10.7.4) 

Therefore, there is a total of m + 1 nonlinear problems to be solved by the Newton method, where m 
is the number of elements of the structure. The convergence of the algorithm depends on “how close” 
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is the first provisional displacement matrix {Up} with respect to the exact solution. As indicated in sec-
tion 4.2.4, the provisional displacement matrix is derived from the displacements at the precedent step. 
Therefore, the convergence of the method depends, amongst other things, on the size of the global step.

In the standard procedure, the global step is also used for the local problem. Thus this step must 
satisfy the convergence requirements of the global problem and the m local problems. Therefore, if any 
one of these m+1 problems fails to converge, the size of the time step must be reduced for all of them. 

The conventional method would be optimum if the local problems had similar or softer convergence 
requirements than the global one. However, for the damage models this is not the case. In general, the local 
problems can be classified into two groups. The first one corresponds to the elements whose behavior 
is elastic or inelastic but with convergence requirements equal or less strict than the global problem. In 
the cases of severe overloads this group has 70%-95% of the local problems. The second group includes 
the elements where damage effects concentrate. It has been observed that for these local problems, the 
convergence requirements can be much stricter than that of the global problem. Often, they are needed 
time steps 10, 100, 1000 or even 10000 times smaller than that of the minimum needed for the global 
problem. With the conventional algorithm, all the m+1 problems for a given instant, tr, must be solved 
with the smaller step needed: that of the most difficult problem. Therefore, it appears that the standard 
algorithm is highly inefficient.

One possible modification of the step-by-step procedure is shown in Figure 17. In this algorithm, 
the initial local step of any element is chosen equal to the global step. If the local problem is success-
fully solved then the program continues with the next local problem. If the Newton procedure fails to 
find the solution, the local step size is divided by two, this is simply done by reducing accordingly of 
the total deformation matrix of the element. An intermediate local problem is subsequently solved, if 
convergence is still not achieved, the local step is halved again. This process is repeated until a local time 
step is found so that an intermediate problem can be solved or until that some limit fixed by the user is 
reached; in the latter case, there is no choice but reduce the global time step and to try again. If finally 
an intermediate local problem is successfully solved, then the final local problem, i.e. the stresses at the 
time tr, is again try by using as initial provisional solution the one corresponding to the intermediate 
problem; this is because the possibility of convergence has increased since the intermediate solution is 
closer to the final one. Of course, convergence is not guaranteed even using an intermediate solution as 
a starting point; if, in spite of the more favorable conditions, there is no success, a second intermediate 
problem between the first one and the final local problem is attempted. This sequence of intermediate 
local problems/ final local problems can be repeated as many times as allowed by the programmer.

Two simulations, one static and other dynamic, of a RC tridimensional building were carried out 
in order to show the advantages of the use of multi-step modification. The building has four frames 
of six levels in each orthogonal direction as it is shown in Figure 18. The geometry of the elements is 
presented in the figure. Rigid diaphragms were considered at each story. The structure was analyzed 
using the tridimensional damage model that is described in Chapter 12. Each simulation was performed 
twice; one using the multi-step modification and the second one allowing changes only in the sizes of 
the global steps.

For the static simulations, a displacement of 70 cms in the direction X was applied at the top of 
the building. When the multi-step modification was used, only 32 of the 456 elements of the structure 
required changes of its local size due to convergence problems.
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Figure 17. The multi-step version of the step-by-step algorithm
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Figure 18. a) Plan view b) Frames A, B, C, D, 1, 2, 3, 4 c) Cross-section of all elements and material 
properties d) Acceleration record: El Centro earthquake 

Table 1. Comparison of computational effort for solving two damage problems 

Simulation Type Step Algorithm CPU Time Sec. Number of 
Steps

Total Number of 
Iterations 

Global Problems

Max Number of 
Iterations in a Step

Static Multi 230 10 28 3

Static Unique 962 66 109 4

Dynamic Multi 4413 524 1012 7

Dynamic Unique 20376 3664 4127 3
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For the dynamic analyses an acceleration record corresponding to the El Centro earthquake was 
imposed in the base of the building (see Figure 18d). The first dynamic analysis was developed satis-
factorily but when only changes of global sizes were considered, the structure could be analyzed only 
in the first 7 sec of the record due to convergence problems.

In Table 1 it is presented the comparison of the computational effort required for the solutions of 
the static analyses and the first 7 sec of the dynamic analyses. As it can be appreciated, the CPU times 
required for the static and dynamics analyses are, respectively, 24% and 22% smaller when the multi-
step modification is used.

Figure 19. a) Two stories frame b) Displacement histories applied to the frame

Figure 20. Experimental and numerical force-displacement curves a) at level 1 b) at level 2 
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Figure 21. Experimental and numerical test results
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In almost all the applications, the multi-step modification improves the efficiency of the program. 
It is important to underline that in some situations, the global problem has no possible solution be-

cause the external forces {P} are higher than the maximum possible internal forces that the structure 
can generate. If that is the case, no algorithm can, of course, converge. This absence of solution can be 
interpreted as structural collapse.

10.7.3 Numerical Simulation of a Two Stories Framed Structure

The two stories frame that is shown in Figure 19a was experimentally tested and analyzed with the 
described procedure. The frame was subjected to the displacement histories shown in Figure 19b. As 
it can be appreciated in this figure, at the first level the frame was pushed and at the second one it was 
pulled with mono-signs displacements. In Figure 20 are shown the experimental and numerical force-
displacement curves corresponding to the points where the loading was applied.

Figure 21 shows the damage in the frame at the final of the test and the damage map of the numerical 
simulation. It can be appreciated how the size and color of the balls in the damage map clearly represent 
the magnitude of the damage experimented by the elements of the frame.

10.8 LIMITATIONS OF THE DAMAGE MECHANICS MODEL

The model presented in this chapter describes in a simplified way three phenomena taking place in a 
RC element: elastic deformations, plastic rotations due to yielding of the longitudinal reinforcement and 
concrete cracking. The model also describes some interactions between these effects. The quantitative 
accuracy of the model when compared with the experimental curves of force vs. displacement is quite 
good for engineering applications.

However, some significant phenomena were not taken into account. One of them is that the model 
only considers one kind of damage: bending cracking that may be lumped at the plastic hinges. In some 
important engineering applications, a second damage mechanism, shear cracking, is a significant phe-
nomenon. This effect is considered in the next chapter. 

Another damage mechanism that has not been taken into account is the buckling of the longitudinal 
reinforcement. This phenomenon can be observed when there is a so severe state of cracking that lumps 
of concrete fall down leaving the longitudinal reinforced without any confinement; consequently, steel 
bars buckle when they are subjected to compression (see Figure 22). 

This effect accelerates the stiffness and strength degradation of the element and, of course, cannot be 
described by the Griffith criterion. It has been observed that this phenomenon does not yet occur when 
the moment on the plastic hinges reaches its ultimate value Mu; thus for values of damage less than or 
equal to du this effect has not yet started. As aforementioned, du is slightly larger than 0.6 in any com-
mon application. The experimental observations indicate that the model can be used for damage values 
up to 0.65, after that, it may underestimate significantly the damage state of the plastic hinge. Modeling 
of damage for buckling of the reinforcement is not considered in this book and probably is not very 
important from the point of view of engineering applications.
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10.9 SUMMARY AND EQUATIONS QUICK REFERENCE

This chapter describes how the concepts of fracture and damage mechanics can be used for modeling 
the behavior of RC structures. It is introduced a new internal variable for each hinge: the damage. Thus, 
plastic hinges become inelastic hinges; the plastic rotations are not the only deformation on the hinge, 
a second term related to concrete cracking is introduced. The elasticity and plasticity laws are obtained 
based on the hypothesis of equivalence on deformations. The damage law is a generalized Griffith cri-
terion. It is deduced the energy release rate of an inelastic hinge and the crack resistance function of an 
RC element is obtained experimentally. The parameters of the model can be computed using concepts of 
the conventional RC theory. Griffith criterion can be modified to include ultra-low cycle fatigue effect. 
The numerical analysis of damaged structures is similar to the one used for elasto-plastic structures. 
However, as degree of nonlinearity of the problem increases one modification was introduced: the muti-
step algorithm. Essentially, it consists in using different time steps for the local and global problems 
(See Table 2).

Figure 22. Buckling of the longitudinal reinforcement in a RC element (Courtesy of NISEE-PEER, 
University of California, Berkeley)
10.22 Steinbrugge, Karl V. (1960) Retrieved January, 29 2014 from http://nisee.berkeley.edu/elibrary/Image/S1686 .
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Table 2.  

THE LUMPED DAMAGE MODEL

Hypothesis of equivalence in deformation 

{ } { } { } { }Φ Φ Φ Φ
b

bc
b

p
b

d
b

= + +  (10.1.1)

  { }Φbc
b

: matrix of generalized deformations of the elastic beam column.

  { }Φp : matrix of plastic deformations.

  { }Φd
b

: damage rotations matrix.

Matrix of generalized deformations of the elastic beam column: 

{ } [ ] { } { }Φ Φbc
b f b b b
= +F M 0  (10.1.2)

[ ] :F
f b

flexibility matrix of a slender element.

{ } :M
b

 generalized stresses matrix.

{ } :Φ0
b

 the initial deformations matrix.

Damage deformation matrix 

{ } [ ( )] { }Φd
b b b
= C D M  (10.1.3)

[ ( )]C D
b

i

i

e

j

j

e

d

d
F

d

d
F=

−

−






























1
0 0

0
1

0

0 0 0

11

22





  [ ( )]C D
b

: matrix of additional flexibility due to concrete cracking.

  F
ij
e  represents the (i,j) component of the elastic flexibility matrix.
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Elasticity law in terms of flexibility 

{ } [ ( )] { } { }Φ Φ Φ− = +p
b b b b
F D M 0

 (10.1.4)
[ ( )]F D : flexibility matrix of a damaged frame member.

[ ( )] [ ] [ ( )]F D F C D= + =

−

−











f

e

i

e

e
e

j
e

F

d
F

F
F

d

F

11
12

21
22

33

1
0

1
0

0 0
























Elasticity law in terms of stiffness 

{ } [ ( )] { } { ( )}M E D M D
b b

p
b b

= − +Φ Φ 0

 (10.1.5)

  
[ ( )] [ ( )]E D F D

b b
= −1

: elasticity matrix of a damaged frame element.

  
{ } [ ] { }M (D) E(D)0 0

b b b
= − Φ

Elasticity matrix of a damaged frame element. 

[ ( )]

( ) ( )( )

( )( ) ( )E D
b

i i j

i j j

b

k

d d d

d d d

EA

=
− − −

− − −
12 1 6 1 1 0

6 1 1 12 1 0

0 0
kkL

b





























 (10.1.6) 

k
d d

EI

L
i j

b

b

=
− − −

1
4 1 1( )( )

GENERALIZED GRIFFITH CRITERION FOR AN INELASTIC HINGE

Complementary Deformation Energy of a Damaged Frame Element

W
b b

t p
b b

t
b b

t
b

= − = +
1
2

1
2

1
2

0{ } { } { } [ ( )] { } { } { }M M F D M MΦ Φ Φ
(10.2.1)

Energy release rates of hinges i and j

G
W
d

F m

di
i

i

i

= =
−

∂
∂

11
0 2

22 1( )
;

G
W
d

F m

dj
j

j

j

= =
−

∂
∂

22
0 2

22 1( )
 (10.2.2)

  Gi and Gj : energy release rates, or “damage driving 
  moments”

continued on following page

Table 2. Continued
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Damage evolution laws 

∆

∆

d  G R

G R d
i i i

i i i

= <

= >








0

0

 if  

 if   
; 

∆

∆

d G R

G R d
j j j

j j j

= <

= >








0

0

 if   

 if   
(10.2.3)

  Ri and Rj are the crack resistance functions of, respectively, inelastic hinges i and j.

CRACK RESISTANCE FUNCTION OF AN INELASTIC HINGE

Experimental Measure of the Damage in a Plastic Hinge

Experimental damage 

d
Z d
Z

= −1
0

( )

 (10.3.5)
  Z(d): slope of an elastic unloading/re-loading
  Z0: initial undamaged slope.

Experimental Identification of the Crack Resistance Function

Crack resistance function 

R d R q
d

d
( )

ln( )
= +

−
−0

1
1  (10.3.6)

  R0, q: member dependent parameters

Determination of R0

M
F

R
cr
2

0 0

2
=

 (10.3.9)

  
M

cr
:

 first cracking moment

Determination of q and du: (solving the system of equations)

2 1 1 1 0
0

R d q d
u u

( ) (ln( ) )− + − + =
 (10.3.10)

M
d

F
R

q

F
d d

u
u

u u
2

2

0 0 0

2 1 2
1 1=

−
+ − −

( )
( ) ln( )

 (10.3.11)

Table 2. Continued

continued on following page
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Computation of the Interaction Diagram for the First Cracking Moment

Pure compression point 

N A f
cr ts c
= − ′* .0 45

 (10.3.12)

  
A

ts
:

 area of the transformed section

Pure tension point 

N A f
cr ts t
= *

(10.3.13)

  
f
t
:

 tension strength

Pure bending point:  

M
f I

zcr
t ts

ca

=
(10.3.14)

  zca: distance between the extreme tension fiber and the centroidal axis.

  
I
ts

:
 moment of inertia of the transformed section.

Table 2. Continued

continued on following page
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Balanced condition point 

N
z f f h f

h
A

cr

ca c t t

ts
=

′+ −( . )0 45

(10.3.17) 

M
f f

h
I

cr
c t

ts
=

′+0 45.

YIELD FUNCTION OF A DAMAGED PLASTIC HINGE

Plastic Deformation Evolution Law

Equivalent moment on a plastic hinge i

m
m

di
i

i

=
−1

 (10.4.1)

Yield function of a damaged plastic hinge: 

f m c k
m

d
c k

i i i i
p

i
i

i
i i

p
i

= − − =
−
− − ≤φ φ

0 01
0

 (10.4.2)
  ci, k0i: member dependent parameters

Plastic deformation evolution laws 

d f

f d
i
p

i

i i
p

φ

φ

= <

= ≠








0 0

0 0

 if    

 if   
; 

d f

f d
j
p

j

j j
p

φ

φ

= <

= ≠








0 0

0 0

 if    

 if   
; 

f
m

d
c k

j

j

j
j j

p
j

=
−

− − ≤
1

0
0

φ

(10.4.3)

Computation of the Parameters c and k0

First plastic moment Mp

M
d

F
R

q

F
d d

p

p

p p
2

2

0 0 0

2 1 2
1 1=

−
+ − −

( )
( ) ln( )

 (10.4.4)

  
M

p : first plastic moment.

d
p : value of damage that corresponds to 

M
p

Effective plastic moment 
k

0

k
M

d
Mp

p
p0 1

=
−

=
(10.4.5)

Parameter c

c
M

d
k

M M

u
p

u

u

u p

u
p

=
−

−









=

−1
1 0φ φ

 (10.4.6)

  
φ

u
p

: the ultimate plastic rotation 

Table 2. Continued
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Table 2. Continued

A MODEL OF DAMAGE FOR RC ELEMENTS CONSIDERING ULTRA-LOW-CYCLE FATIGUE EFFECTS

Modified Griffith Criterion

Griffith criterion during a phase of cracking propagation: 

if  or  for ∆d G R d G R d
i i i i i
> = = ≥+ +0 01 1; ( ) ( )α α α

 (10.6.1)

Modified Griffith criterion: 

∆

∆ ∆

d G R

d
R d

G

R
G

i i

i
i

i
i

= <

=
∂ ∂



















+

0
0

 if 

1
otherwise

α




  (10.6.2)
  α: constant

ANALYSIS OF DAMAGED FRAMES

Formulation of the Problem

Variables to determine:  
     •	Free	displacements, 
     •	Reaction	forces 
     •	Generalized	deformations 
     •	Plastic	rotations	 
     •	Stresses 
     •	Damages

Data: 
     •	Initial	configuration	of	the	structure	 
     •	Restricted	displacements 
     •	Nodal	forces	 
     •	Forces	applied	over	the	elements	 
     •	Material	and	cross-section	properties	 
     •	Yield	functions.

Equations to verify: (10.7.1) 
     •	The	nonlinear	kinematic	equation 

{ } [ ( )] { }∆ ∆Φ
b E t tr b
= =B U U

     •	The	equilibrium	equations 

{ } { };{ } [ ( ) ] { }L P L B U M
t tr t tr t tr t tr E b

t
t tr b

b

m

= = = = =
=

= = ∑
1

     •	The	elasticity	law 

{ } [ ( )] { } { }M E D M
b b

p
b b

= − +Φ Φ
0

     •	The	plastic	deformation	evolution	laws 

d f

f d

d f

f
i
p

i

i i
p

j
p

j

j

φ

φ

φ= <

= ≠








= <0 0

0 0

0 0 if 

 if 

 if     
;
== ≠






 0 0 if   d

j
pφ

 
     •	The	yield	functions 

f
m

d
c k f

m

d
c k

i
i

i
i i

p
i j

j

j
j j

p
j

=
−
− − ≤ =

−
− − ≤

1
0

1
0

0 0
φ φ;

 
     •	The	damage	evolution	laws 

∆

∆ ∆

d G R

d
R d

G

R
G

i i i

i
i i

i

i
i

= <

=
∂ ∂











 +

0
0

2

 if 

1
otherwise









 ; 

∆

∆ ∆

d G R

d
R d

G

R
G

j j j

j
j j

j

j
j

= <

=
∂ ∂











 +

0
0

2

 if 

1
otherwisee
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10.10 EXAMPLES

10.10.1 Determination of the Interaction Diagram of the First 
Cracking Moment for the Following Cross-Section

For the first cracking moment, four points corresponding to the pure compression, pure tension, pure 
bending and balanced conditions are computed.

1.  For the case of pure compression, it is used Equation (10.3.12): N A f
cr ts c
= − ′* .0 45 . Thus,

A bh n A A n
E

Ets s s
s

c

= + − + ⇒ =( )( )'1  (10.10.1) 

E
f

n
E

Ec
c s

c

=
′
= = ⇒ = =

ε
0

2070
0 002

1035000 19 3237
.

N/ cm .2  (10.10.2) 

A bh n A A
ts s s
= + − + = + − + =( )( ) ( ) ( . )( . . ) .'1 30 60 19 3237 1 28 90 55 29 3342 667 cm2  (10.10.3) 

N A f x
cr ts c
= − ′ = − = − = −* . * . * . * . N .0 45 3342 67 0 45 2070 3113 697 10 31133 6697 KN  (10.10.4) 

Figure 23. Unconfined typical concrete cross-section
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2.  For the case of pure tension it is used Equation (10.3.13):

N A f x
cr ts t
= = = =* . * . N . KN3342 67 207 691 933 10 691 9333  (10.10.5) 

3.  For pure bending, the first cracking moment is computed using Equation (10.3.14)

z

bh
n A h rec n A rec

A

z

ca

s s

ts

ca

=
+ − − + −

=
+

2

2

2
1 1

30 60

2
19 3

( ) ( ) ( ) ( )
;

*
( .

'

2237 1 28 90 60 6 5 19 3237 1 55 29 6 5

3342 67
26 600

− − + −
=

) * . *( . ) ( . ) * . * .

.
. 44 cm

 

(10.10.6) 

I
bh

bh
h
z n A h rec z n A z rec

ts ca s ca s ca
= + − + − − − + − −

3
2 2

12 2
1 1( ) ( ) ( ) ( ) (' )) ;

*
* * ( . ) ( . ) * . *(

2

3
230 60

12
30 60

60

2
26 6004 19 3237 1 28 90 6I

ts
= + − + − 00 6 5 26 6004

19 3237 1 55 29 26 6004 6 5 1353308

2

2

− −

+ − − =

. . )

( . ) * . * ( . . ) cmm4

 (10.10.7)

M
f I

zcr
t ts

ca

= = = =
207 135308

26 6004
10531223 44 105 312

*
.

. N.cm . KN.m  (10.10.8) 

4.  For the balanced condition, the axial force and bending moment are obtaining using Equation 
(10.3.17):

P
z f f h f

h
A

cr

ca c t t

ts
= −

′+ −

= −
+ −

( . )

. * ( . * ) *

0 45

26 6004 0 45 2070 207 60 2007

60
3342 67 995255 22 995 26. . N . KN= − = −

 (10.10.9)

M
f f

h
I

cr

c t

ts
=

′+
=

+
= =

0 45 0 45 2070 207

60
1353308 25670019 3 2

. * . *
. N cm 556 79. KN . m  (10.10.10) 

The resulting interaction diagram is shown in Figure 24.
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10.10.2 Obtain the Equations for the Numerical 
Simulation Presented in Figure 11a

The numerical simulation corresponds to the cantilever beam that in Figure 10. The element is subjected 
to a history of mono-sign lateral force.

The problem is simulated using the elasto-plastic constitutive model with a multi-linear isotropic 
hardening that is described in section 7.1.

The section properties Mp, Mu and φ
u
p are obtained from the experimental curve presented in Figure 

11a. 
Using kinematic equation (3.1.12), { } [ ( )]{ }d q dΦ = B q , it is obtained:

Figure 24. Interaction diagram of the first cracking moment
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 (10.10.11) 

Resulting:

φ φ θ δ ω
1

2
2

2
2 2

= − = − + =
u

L

u

L
b b

; ;  (10.10.12) 

Applying the equilibrium equation (3.2.13), [ ] { } { }B M P
E b

t
b

b

m
0

1=
∑ = , it is obtained:

P

P

P

P P

P

P

L L
u

w

u

w

b1

1

1

2

2

2

0

0

1 1

θ

θ

=
=
=

































=

/ /
bb

b b
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0

0 0 1

1 0 0

1 1 0

0 0 1

0 1 0

1

2

−

− −
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 (10.10.13) 

That is:

P n P m P P
m

L

P
m

L

m

L

m

L
P n

u
b

u
b b b

ω θ

ω

2 2 2 2
1

1
1 2 1

1

0 0

0

= = = = = = −

= − + = − = − =

; ; ;

; ;;P mθ1 1
=

 (10.10.14)

The elasticity law for the elasto-plastic element is:

φ
φ
δ

1

2

3 6
0

6 3
0

0 0





















=

−

−
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L

EI
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L
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p

p

p
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2

1
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φ
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 (10.10.15)
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Resulting:

φ φ
1 1 13
= +
L

EI
mb

b

p  (10.10.16) 

Introducing (10.10.12a) and (10.10.14c) into (10.10.16) it is obtained a relation between the force P 
and the lateral displacement t:

P Z t t Z
EI

L
t u

t

Lp
b

b

i
p p

b

= − = = = −
0 0 3 2

3
( ); ; ;where  φ  (10.10.17) 

In the plastic phase of the element behavior, the plastic rotation evolution law gives:

P
M M t

L

M

L
P

M

L

P
M

L

u p

u
p

p p u

p

=
−

− <

=











φ 2 2
 if 

 otherwise

 (10.10.18) 

Combination of Equation (10.10.17-18) gives:

P
Z M M

L Z M M
t

Z M L

L Z M M
u p

b u
p

u p

p b u
p

b u
p

u p

=
−

+ −
+

+ −
0

2
0

0

2
0

( )

φ

φ

φ
 (10.10.19) 

Plotting this equation it is obtained the curve:

10.10.3 Plot the Curve Force vs. Displacement Using the Damage Model 
for the Cantilever Beam that is Shown in Figure 10 and a Spreadsheet

The first step is the computation of the model parameters R0, q, c and k0 using the procedures described 
in sections 10.3.3 and 10.4.2. Considering the experimental values: EI =1025.373 KN.m2, Mcr= 4.004 
KN.m, Mp = 24.220 KN.m, Mu = 29.034 KN.m and ϕ

u
p = 0.09, the parameters R0 =0.003648, q=- 0.52, 

c =459.31 and k0 = 34.88 were obtained.
The analysis starts assuming several damage values between 0 and a value slightly higher than 

d
u
≈ 0 64. . With these damage values, the bending moment mi is computed with the Griffith criterion 

(10.3.8) (see Table 3).

m
d

F
R

q

F
d d

1
2 1

2

0 0 0 1 1

2 1 2
1 1=

−
+ − −

( )
( ) ln( )  (10.10.20) 
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The damage values and the corresponding bending moments are used to compute the plastic rotation 

with the yield function (10.4.2): f m c k
m

d
c kp p

1 1 1 0
1

1
1 01

0= − − =
−

− − ≤φ φ .

Then, the total deformations are determined with the elasticity law (Equation 10.1.4):

φ φ
1

1

1
13 1

=
−

+
L

EI

m

d
b

b

p

( )
 (10.10.21) 

The displacement in the node 2 is computed with the kinematic Equation (3.1.1): 

φ
1 2
= − =

t
L

t u
b

 for  (10.10.22) 

Finally the force P is obtained with the equilibrium Equation (3.2.13):

Table 3. Force vs. displacement curve values in the case of imposed damage values 

d1 m1 (KN m)
φ

1
p φ

1

t (m) P (KN)

0.00 0.0000 0.0000 0.0000 0.0000 0.0000

0.00 4.0039 0.0000 0.0018 0.0026 2.8599

0.05 11.2169 0.0000 0.0054 0.0075 8.0121

0.10 15.1548 0.0000 0.0077 0.0107 10.8249

0.15 18.0901 0.0000 0.0097 0.0136 12.9215

0.20 20.4496 0.0000 0.0116 0.0163 14.6069

0.25 22.4066 0.0000 0.0136 0.0190 16.0047

0.30 24.0496 0.0000 0.0156 0.0219 17.1783

0.35 25.4288 0.0092 0.0270 0.0379 18.1634

0.40 26.5734 0.0205 0.0406 0.0569 18.9810

0.45 27.4994 0.0329 0.0557 0.0779 19.6424

0.50 28.2129 0.0469 0.0726 0.1016 20.1521

0.55 28.7115 0.0630 0.0920 0.1288 20.5082

0.60 28.9844 0.0818 0.1148 0.1607 20.7031

0.65 29.0103 0.1045 0.1422 0.1991 20.7217
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P
m

L
b

= − 1  (10.10.23) 

The resulting curve is shown in Figure 26.

10.10.4 Solve Problem 10.10.3 Imposing Forces Instead of Damage

The values of force are increased until the ultimate moment is reached. Using the equilibrium Equation 
(3.2.13), the bending moment is computed as:

m PL
b1

= −  (10.10.24) 

With the Griffith criterion (Equation 10.3.8), the corresponding damage values are obtained:

F m

d
R q

d

d

0
1
2

1
2 0

1

12 1

1

1( )

ln( )

−
= +

−

−
 (10.10.25) 

As in the former example, the plastic deformation is computed with the yield function (Equation 
10.4.2), the total deformations with the elasticity law (Equation 10.1.4) and the displacement at the node 2 
with the kinematic Equation (3.1.1). The resultant curve of force vs. displacement is shown in Figure 27.

Figure 25. Force vs. displacement curve 
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Figure 26. Force vs. displacement curve

Figure 27. Force vs. displacement curve
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10.10.5 Develop a Model for a Frame Member Made out 
of a Brittle Material without Plastic Deformation

In this case the elasticity law is written as:

{ } [ ( )] { } { }Φ Φ
b b b b
= +F D M 0  (10.10.26) 

where [ ( )]F D is the flexibility matrix of a damaged frame member (Equation 10.1.4), { }M
b
and { }Φ0

b

are the generalized stresses and the initial deformations such as defined in chapter 3 (Equation 3.2.2 and 
Table 3). 

As it can be observed, this equation do not consider the plastic deformation term. Therefore, no yield 
function is needed.

The Griffith criterion (G(d) = R(d)) can be used as damage evolution law. The energy release rates 
Gi and Gj can be written like in Equation (10.2.2) and the crack resistance is a function of damage R(d).
Therefore, damage evolution is express as in Equation (10.2.3).

Therefore, a model for a frame member made out of a brittle material is composed by: 

1.  The Kinematic Equation:  { } [ ] { }Φ
b E b
= B U0

2.  The Equilibrium Equation: 

[ ] { } { } { }B M P P
E b

t
b

b

m
n eq0

1=
∑ = +  (10.10.27)

3.  The Constitutive Equation: { } [ ( )] { } { }Φ Φ
b b b b
= +F D M 0

4.  Damage Evolution Laws: 

∆

∆

∆

d G R

G R d

d G R

G R

i i i

i i i

j j j

j j

= <

= >








= <

=

0

0

0

 if 

 if  

 if 

;

  if  ∆d
j
>






 0

10.10.6 Obtain a Crack Resistance Function for the Model of 
the Example 10.10.4 so that there is a Parabolic Relationship 
between Moment and Damage as Shown in Figure 28

In order to obtain a parabolic relationship between moment and damage, it is proposed the following 
equation:

M a b d c d= + +* * 2  (10.10.28) 



405

Lumped Damage Mechanics
 

where a, b and c are parameters that are computed with the element properties M
cr

and M
u
. by the 

consideration of the following conditions:

1.  For M M d
cr

= =, 0
2.  For 

M M d d
u u

= =,  (10.10.29)

3.  For M M
dM
ddu

= =; 0

4.  For d M= =1 0,

The resultants expressions of the parameters are:

a M b M M M M M

c M M M M M du
b

cr cr u u u cr

cr u u u cr

= = − − − −( )
= − − − =

−

; ( ) ;

( );

2

2 2
2cc

M M M M M

M M M M M
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 (10.10.30) 

Applying the Griffith criterion, the crack resistant function results in:

R d
a b d c d F

d
( )

( * * ) *

( )
=

+ +
−

1
2 1

2 2 0

2
 (10.10.31) 

Figure 28. Lateral load vs. displacement curve
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The curve of force vs. displacement for a cantilever beam element made out of a brittle material with 
M KNm

cr
= 3 92. , L m= 1 , EI KNm= 5 23 2. and M KNm

u
. . ,= 11 77 is:

10.10.7 Plot the Curve Force vs. Displacement Using the Damage 
Model of Section 10.6 for the Cantilever Beam That Is Shown in Figure 
29a and a Spreadsheet. Consider α Values of 2, 0.5 and 10.

For this problem were chosen the parameters: R0 =0.003648, q=- 0.52, c =459.31 and k0 = 34.88, com-
puted from experimental results (section 10.10.3). The beam is subjected to the displacement history 
that is shown in Figure 29b. The analysis is done considering three phases: the first one, where the beam 
is subjected to a monotonic displacement; the second one where the specimen is unloaded and the last 
phase where the beam is reloaded to the same displacement of the first step. In order to observe the 
ultra-low cycle fatigue effect, the second and third phases are repeated several times. The procedure used 
for the computation of the first cycle considering α = 2 is described below and the values needed for 
the curve of force vs. displacement are presented in Table 4.

The monotonic phase is solved in the same way that the problem 10.10.3. Then an elastic unload 
is applied (phase 2). In this stage, the damage value and the plastic rotation remain constant and a dis-
placement equal to 0.06 is imposed (see displacement history). The total deformation is computed by 
the kinematic equation (10.10.22): 

φ
1
= −

t
L

b

 

for t u=
2
and the bending moment with the elasticity law (10.10.21):

m
EI

L
dp b

b
1 1 1 1

3
1= −( ) −φ φ ( ) .  

Figure 29. a) Beam subjected to ultra-low cycle fatigue analysis b) Displacement history 
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Finally the force P is obtained with the equilibrium equation (10.10.23): 

P
m

L
b

= − 1 . 

In the last phase of the first cycle, the displacement is increased from 0.06 to 0.078 m in three steps. 
The total deformation and the bending moment are computed again, respectively, with the kinematic 
equation (10.10.22) and elasticity law (10.10.21). The damage is computed with the modified Griffith 
criterion (10.6.2) (See Table 5):

∆ ∆d
R d

G

R
G

i
i

i
i

=
∂ ∂











 +

1
α

. 

Table 4. Force vs. displacement curve values in the case of imposed forces 

P (KN) m1 (KN m) d1 φ
1
p φ

1

t (m)

0.0000 0.0000 0.00 0.0000 0.0000 0.0000

1.0000 1.4000 0.00 0.0000 0.0006 0.0009

2.0000 2.8000 0.00 0.0000 0.0013 0.0018

3.0000 4.2000 0.00 0.0000 0.0019 0.0027

5.0000 7.0000 0.01 0.0000 0.0032 0.0045

7.0000 9.8000 0.04 0.0000 0.0046 0.0065

9.0000 12.6000 0.07 0.0000 0.0061 0.0086

11.0000 15.4000 0.10 0.0000 0.0078 0.0109

13.0000 18.2000 0.15 0.0000 0.0098 0.0137

15.0000 21.0000 0.21 0.0000 0.0121 0.0170

17.0000 23.8000 0.29 0.0000 0.0153 0.0214

19.0000 26.6000 0.40 0.0208 0.0410 0.0574

20.0000 28.0000 0.48 0.0420 0.0667 0.0934

20.3300 28.4620 0.52 0.0537 0.0808 0.1131

20.6600 28.9240 0.58 0.0753 0.1069 0.1497

20.7387 29.0342 0.63 0.0950 0.1307 0.1830
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Another eight cycles were computed following the described procedure and the resultant force vs. 
displacement curve is shown in Figure 30. As it can be observe, even if the maximum displacement is 
kept constant, there is evolution of the damage.

The curve of force vs. displacement corresponding, respectively, to α = 0 5. and α = 10 , are pre-
sented in Figure 31a and b. 

Notice that the lower values of the parameter α accelerates the strength degradation.

10.11 PROBLEMS

10.11.1 For the Structure Shown in Figure 32 Compute the Properties of the Cross-Section and 
Carry out the Numerical Simulation. Neglect the Influence of the Axial Load. 

Table 5. First cycle of the curve of force vs. displacement values considering ultra-low cycle fatigue with 
α = 2

d1 m1 (KN m)
φ

1
p φ

1

t (m) P (KN) Phase

0.000 0.000 0.000 0.000 0.000 0.000 1

0.000 4.004 0.000 0.002 0.003 2.860 1

0.050 11.218 0.000 0.005 0.008 8.013 1

0.100 15.156 0.000 0.008 0.011 10.826 1

0.150 18.092 0.000 0.010 0.014 12.923 1

0.200 20.452 0.000 0.012 0.016 14.608 1

0.250 22.409 0.000 0.014 0.019 16.006 1

0.300 24.052 0.000 0.016 0.022 17.180 1

0.350 25.431 0.009 0.027 0.038 18.165 1

0.400 26.576 0.020 0.041 0.057 18.983 1

0.450 27.502 0.033 0.056 0.078 19.644 1

0.450 11.964 0.033 0.043 0.060 8.546 2

0.456 16.965 0.033 0.047 0.066 12.118 3

0.473 21.385 0.033 0.051 0.072 15.275 3

0.505 24.764 0.033 0.056 0.078 17.689 3
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10.12 PROJECTS

10.12.1 Write a Program for the Analysis of RC Elements Using the Lumped Damage Model. i.e. 
Generalize the Program Written in Project 8.7.2 including Damage Effects

10.12.2 Include the Ultra-Low Cycle Fatigue Effects in the Project 10.12.1
10.12.3 Generalize the Program Written in Project 8.7.3 including Damage Effects

Figure 30. Force vs. displacement curve for α = 2

Figure 31. Force vs. displacement curves for a)α = 0 5.  b) α = 10
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ABSTRACT

This chapter begins with the presentation of some experimental results on RC specimens using a special 
technique called “digital image correlation.” Then, it describes a damage model for RC walls. Next, 
the model is generalized to include elements with any aspect ratio; finally, the analysis of dual system is 
described and some numerical simulations are presented. Notice that Section 3.4 described the elastic 
behavior of dual systems; in section 7.3 that model was extended to include plastic deformations. The 
goal of this chapter is to generalize that model, including cracking propagation described by the Griffith 
criterion or its modified version.

11.1 EXPERIMENTAL ANALYSIS OF RC ELEMENTS 
OF VARIOUS ASPECT RATIOS

Dual systems are reinforced concrete structures composed by slender elements and walls. These systems 
are often used as a good structural alternative for buildings and facilities in earthquake-prone areas. 
Even in framed structures, short or intermediate columns and beams and, in general, RC elements of any 
aspect ratio may appear as a result of inadequate disposition of masonry walls or other non-structural 
components (see Figure 1).

11.1.1 Digital Image Correlation

In the digital image correlation technique (DIC), the surface of the specimen to be tested is prepared in 
order to create a random texture. A first digital photo of reference is taken before the test (see Figure 
2a). Next, further pictures are taking during the experiment while the chosen external forces are applied 
(see Figure 2b). A computer program analyzes first the reference digital image; the software divides this 
photo in small portions that may be imagined as small “finger prints”; subsequently, it identifies each 

Damage Mechanics 
of Dual Systems
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Figure 1. Failure of a short column in a RC structure (Courtesy of Dr. Jürg Hammer, DRM Disaster 
Risk Management Switzerland SA)
11.1 Hammer, J. (2001). Retrieved February 28, 2014 from http://www.drmonline.net/drmlibrary/peru_photos.htm DRM 
Disaster Risk Management Switzerland SA.

Figure 2. Representation of a displacement measurement with DIC a) Reference picture b) Deformed 
configuration
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of them. Then, the program processes the following picture, looking for the same “finger prints” and 
determines their new position in the photo. This procedure gives the average displacement vector of each 
specific portion. The same procedure is followed sequentially with each digital photograph of the test.

With the displacements, the program computes the strain field using the conventional expressions. 
Cracks in the concrete appear as concentrations of strains.

11.1.2 Experimental Analysis of Beams with Different Aspect Ratios

Four specimens that represent RC beams in cantilever with different aspect ratios are shown in Figure 
3a and Table 1. The variation of the aspect ratio is achieved changing the height of the applied lateral 
force. The specimen labeled B4 in Figure 4 is a slender beam with an aspect ratio of 7.11 (see Figure13 
in Chapter 2 for a classification of beams in terms of the aspect ratio); the specimen B1 is a very short 
beam (aspect ratio 1.78); the specimens B2 and B3 represent intermediate beams with, respectively, 
aspect ratios of 3.56 and 5.36. The specimens are subjected to the mono-sign solicitation that is shown 
in Figure 3b. Figure 4 presents the results of the tests that show the variation of the cracking patterns 
and of the quantity of diagonal tension by shear with the aspect ratio.

Horizontal cracks in the lowest part of the specimens can be appreciated in the four beams. They 
are called flexural cracks because are located in the zone of the maximum bending moment. Diagonal 
cracks along the entire element appear in specimens B1 and B2. They are called diagonal tension cracks 
or shear cracks and are the result of the shear forces that in these tests are constant along the elements. 
Notice that DIC not only indicates the appearance of each kind of cracks but also indicates its intensity.

In slender beams, for instance specimen B4, only flexural cracks are concentrated in the plastic hinge 
zone. In squat beams, for instance specimen B1, diagonal tension cracks along the entire element are 
dominant. Notice that intermediate beams exhibit mixed cracking patterns. The transition from flexural 
dominant to shear dominant cracking with the aspect ratio appears to be progressive.

Figure 3. RC beam a) Geometry b) Loading history
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It is important to underline that structural failure due to shear cracking is a much more brittle and 
dangerous process than bending collapse. Therefore having a model that can differentiate and quantify 
the two cracking processes is very important for the structural safety assessment.

11.1.3 Experimental Analysis of RC Walls

Figure 5 shows a RC wall with an aspect ratio of 1.26. The longitudinal reinforcement is over dimen-
sioned with the purpose of minimizing flexural damage as much as possible. The wall is subjected to a 
mono-sign loading without.

Figure 6 shows the evolution of the cracking pattern in the wall. Figure 6a presents the first manifesta-
tion of diagonal tension at the peak of the first cycle of the loading. In Figure 6b it is appreciated many 
shear cracks along the wall in the fifth cycle of loading. Finally Figure 6c shows the cracking pattern 
corresponding to the ultimate force of the wall. Notice that flexural cracks are not appreciated in the wall.

Table 1. Properties of RC Beams 

Figure 4. Cracking patterns in beams with different aspect ratios and quantification of the diagonal tension
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Figure 7 shows a RC wall with an aspect ratio equal to 1.26 subjected to lateral mono-sign loading 
and axial force. An axial force equal to 314 KN is first applied and then kept constant while sequence 
of lateral loading is applied. The axial force was applied using a post-tensioning technique.

Figure 8 presents evolution of the cracking pattern of the wall of Figure 7. Notice that the presence 
of axial force on the specimen does not modify significantly the cracking pattern, just alters slightly the 
orientation of the shear cracks.

11.1.4 Cracking Pattern in Short Columns

Figure 9 shows the reinforcement of a RC short column. Two levels of constant axial force (180 KN 
and 420 KN) are applied. Again the axial force is first applied and kept constant while it is applied the 
mono-sign lateral loading. Figure 10 shows the cracking pattern of the column subjected to 180 KN of 
axial force and Figure 11, the corresponding to the axial force equal to 420 KN.

Notice that in these cases flexural cracks appear simultaneously with the shear ones. The diagonal 
cracking pattern that is shown in Figure 10c is very similar to the one presented in Figure11c; again, 
only the orientation of the shear cracks changes slightly.

Figure 5. RC wall a) Geometry b) Loading history
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Figure 6. Cracking evolution in a wall subjected to lateral loading
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11.2 ELASTICITY LAW FOR FRAME MEMBERS OF ANY ASPECT RATIO

The experimental analysis described in the previous section indicates that the cracking pattern in RC 
elements can be schematized as follows:

1.  There are two distinct sets of cracks that may be assumed to propagate independently.
2.  One of them can be lumped at the plastic hinges because they are concentrated at the ends of the 

element; they are called flexural cracks; they are assumed to be the result of bending moments 
because they are present in specimens with high aspect ratios; i.e. with high levels of bending mo-
ments and relatively low values of shear forces.

3.  The second one corresponds to the, so called, diagonal tension cracks or shear cracks. In squat ele-
ments, shear cracks almost cross the entire length of the element. They are assumed to be caused 
by shear forces because they are characteristic of elements with intermediate or low aspect ratios; 
i.e. with high levels of shear forces with respect to the bending moments.

4.  In slender elements, shear cracks are scarce or non-existent.
5.  The density of the shear cracking increases and may become predominant with respect to flexural 

cracking as the aspect ratio of the element is reduced.

The observations a-c can be represented in mathematical terms by choosing an adequate expression 
of the elasticity law; the remarks d-e can be characterized with the damage evolution laws that are the 
subject of the next section.

The physical phenomena that may take place in a RC element subjected to lateral loads can be sum-
marized as follows:

Figure 7. a) RC wall specimen with aspect ratio equal to 1.26 subjected to lateral loads and axial force 
b) Lateral loading history
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Figure 8. Cracking evolution in a wall subjected to lateral loading and axial force
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•	 Yield of the longitudinal reinforcement; this effect is represented by the matrix of plastic deforma-
tions { }Φp

b
that was introduced in chapter 7.

•	 Yield of the transverse reinforcement; this effect is represented by the plastic distortion γ p that 
was introduced in the same chapter.

•	 Flexural cracks that can be lumped at the plastic hinges. They are represented by the damage set 
( )D

b
that was introduced in chapter 10.

•	 Finally, shear cracks along the element. A new damage variable (i.e. that takes values between 
zero and one) denoted d

s
is now introduced in order to represent this last inelastic phenomenon.

The lumped/ distributed plasticity model introduced in section 7.4 is used again as a basis for the 
formulation of the elasticity law but, this time, damage is also included. Thus a frame element is as-
sumed to be the assemblage of an inelastic element with any aspect ratio and two plastic hinges with 
damage (see Figure 12).

Total deformations are again decomposed into a term corresponding to the elasto-plastic component 
{ }Φbcw

b
and the deformations of the inelastic hinges { }Φh

b
; the former term can be decomposed once 

more into an elastic deformation, a plastic one and a damage related to distortion; the term correspond-
ing to the inelastic hinges can be decomposed, again, into a plastic deformations matrix and a damage 
matrix:

Figure 9. Short column
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Figure 10. Cracking evolution in a short column with axial force equal to 180 KN
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Figure 11. Cracking evolution in a short column with axial force equal to 420 KN
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Notice that all these terms, with the exception of the damage related to distortion { }γd
b
, were intro-

duced in precedent chapters: Equation (3.4.8) for the elastic deformations, Equation (7.2.1) for the 
plastic distortions { } ( , , )γp

b
t p p= γ γ 0 and Equation (7.1.2) for the plastic rotations { } ( , , )Φp

b
t

i
p

j
p= φ φ 0 . 

The damage deformations lumped at the inelastic hinges can be expressed as in section 10.1: 
{ } [ ( )] { }Φd

b b b
= C D M . The application of the hypothesis of equivalence in deformation gives the fol-

lowing expression for the damage related to distortion:
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The combination of all these equations gives the elasticity law in terms of flexibility:
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Figure 12. Lumped/distributed inelasticity model
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The elasticity law can also be presented as:

{ } }  where 
b

M E D E D F D= ( )



 − − ( )



 = ( ), { ; , ,d d d

s
p p

b s s
Φ Φ γ 



−1

 (11.2.5)

The term E D,d
s( )



 is the elasticity matrix of a RC element of any aspect ratio that may be experi-

encing flexural and shear cracking simultaneously.

11.3 DAMAGE EVOLUTION LAWS

11.3.1 Energy Release Rates

The complementary deformation energy of a damaged frame element with flexural and shear cracking 
is given by:

W d
b b

t p p
b b

t
s b b

= − − =
1
2

1
2

{ } { } { } [ ( , )] { }M M F D MΦ Φ γ  (11.3.1)

Therefore, the energy release rates corresponding to flexural cracking at the plastic hinge i, plastic hinge 
j and shear cracking are:

W d
b b

t p p
b b

t
s b b

= − − =
1
2

1
2

{ } { } { } [ ( , )] { }M M F D MΦ Φ γ   (11.3.2)

Notice that according to the Griffith theory, the flexural energy release rate depends indeed on the 
bending moment while the shear damage driving force depends on the shear force.

If any interaction between flexural and shear cracks is neglected, all damage evolution can be de-
scribed by the successive application of the Griffith criterion:
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with the same flexural crack resistance function that was presented in section 10.3; the shear crack 
resistance expression is discussed in the next section.
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11.3.2 Experimental Measurement of the Shear Damage ds

The method of the stiffness variation described in section 10.3.1 can be used again for the experimental 
identification of the shear crack resistance function. The experimental results chosen for this identifica-
tion correspond to the wall with a very low aspect ratio of section 11.3 (Figure 6). The cracking pattern 
obtained using DIC shows that flexural cracking in that test is minimal. Figure 13 shows the experimental 
results of that test in a curve of lateral force vs. deflection.

This test can be modeled using a single element in cantilever that is subjected to the displacements 
history of Figure 14.

Assume that flexural cracks are negligible and that the longitudinal reinforcement does not yield; 
then, the first line of the elasticity law (11.2.3) for this element is:
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The boundary conditions, the equilibrium equations and the kinematic equations for this problem are:

m P L m
t
L1 2 1

0= = =. ; ;φ  (11.3.5)

Figure 13. Experimental force vs. lateral displacement curve of the wall with aspect ratio equal to 1.26
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where P and t are, respectively, the force and lateral displacement on the node 2. The combination of 
(11.3.4-5) gives:
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Notice that Equation (11.3.6) is quite similar to the expression (10.2.7); only the equation for the slope 
Z is modified. Therefore, Equation (11.3.6a) represents again the straight lines of the elastic unloading/
reloading in Figure 13. An expression for the determination of the shear damage variable ds as a func-
tion of the dimensions of the specimen, the material properties and the slopes of the elastic unloading/
reloading can be obtained from (11.3.6c):
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− −
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3

3

3( )
 (11.3.7)

As the slope Z can be measured experimentally and the properties of the specimen can be determined 
with a reasonable degree of precision, the Equation (11.3.7) permits the quantification of the shear crack-
ing density; it has been observed that the values of shear damage obtained in this way agrees, at least 
qualitatively, with the experimental observations via DIC. The values of the shear damage computed 
with Equation (11.3.7) can be compared with the cracking state determined via DIC in Figure 6.

11.3.3 Shear Crack Resistance Function

Figure 15. shows the plot of energy release rate, or shear crack resistance, as a function the damage 
variable obtained with the procedures described in the previous section.

Figure 14. Modeling of the test presented in Figure 5
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The same general expression of the flexural crack resistance function presented in section 10.3.2 
can be used to describe to experimental results of Figure 15; of course, with others element dependent 
parameters:

R d R q
d
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 (11.3.8)

It appears that Equation (11.3.8) can be considered as a general expression for the crack resistance 
function in any of its manifestations: so far, shear cracks or flexural cracks.

11.3.4 Computation of the Parameters R0s and qs

The computation of the parameters can be carried out using a procedure similar to the one described in 
section 10.3.3; but in this case the parameters are determined as a function of the first shear cracking 
force, Vcr and the ultimate shear force, Vu. The Griffith criterion states that:
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Figure 15. Shear crack resistance as a function of shear damage in a RC specimen
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The condition of cracking initiation (ds =0) for the first shear cracking force in (11.3.9) gives the 
value of the initial crack resistance function:

LV GAR R
LV

GAcr s s
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2

2
2

= =;  i.e.  (11.3.10)

As in the case of flexural damage, the curve of shear force as a function of damage also presents a 
maximum; thus, it is necessary to take the derivative of the Equation (11.3.9b) with respect to shear 
damage. Then, it is made equal to zero:
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The relation between the ultimate shear force and the ultimate shear damage gives a second equation:
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The numerical resolution of (11.3.11-12) gives the values of the ultimate shear damage and the 
parameter qs. Again, only conventional concepts of the theory of reinforced concrete are needed for the 
prediction of the propagation of shear cracks: the ultimate shear force that was presented in section 7.3 
and the first cracking shear force that is described in the next section.

11.3.5 Computation of the First Cracking Shear Force

The first cracking shear force Vcr is defined as the least value of shear force that produces inclined crack-
ing in the element. For members subjected to shear, bending and axial force, the first cracking shear 
force can be computed with the following expression:

V
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f A
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g
c g
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0 17 1

14
. '  (11.3.13)

where N is the axial force in N, Ag is the gross area of the concrete section in mm2 and f
c
' is the strength 

of concrete in MPa.

11.3.6 Modified Griffith Criterion

The substitution of the damage evolution laws (11.3.3) by the modified Griffith criterion described in 
section 10.6, allows for the consideration of the ultra-low cycle fatigue effects.
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11.4 PLASTIC DEFORMATIONS EVOLUTION LAWS

Assuming again the uncoupling of inelasticity by shear and bending, the evolution laws of the plastic 
rotations corresponding to the inelastic hinges remain as presented in section 10.4.1:
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The computation of the parameters ci, cj, k0i and k0j is carried out using the same procedure presented 
in section 10.4.2.

The plastic distortion evolution law can be obtained with a similar process. First, the effective shear 
force can be defined as:
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Next, the application of the hypothesis of equivalence in deformations is used to modify a yield func-
tion for plastic distortion with linear kinematic hardening:
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The plastic distortion evolution law has the usual expression:
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The computation of the member dependent parameters, cs and k0s, is also similar to the one described 
in section 10.4.2 for bending effects as discussed in the following paragraphs.

Consider a monotonic loading on a RC element; The Equation (11.3.12) relates the shear force with 
shear damage. The value of damage dsp that corresponds to the first plastic force is given by the follow-
ing equation:
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The yield function is equal to zero for the plastic damage value dsp with no plastic distortion; thus, 
the parameter, k0s, is the effective plastic shear force:
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The yield function is also equal to zero when the shear force reaches its ultimate value, thus, the last 
parameter, cs, can be computed as:
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where γ
u
p is the ultimate plastic distortion (see section 7.3).

11.5 ANALYSIS OF DUAL SYSTEMS

11.5.1 Formulation of the Problem

Consider a planar frame subjected to an arbitrary mono-sign loading. The problem is defined as:

•	 Compute: the free displacements, reaction forces, stresses, deformations, plastic deformations and 
damages.

•	 With the following data: the initial configuration of the structure, the restricted displacements, 
the nodal forces corresponding to the free displacements and those applied over the elements, the 
material and cross-section properties and yield functions.

•	 Such that they verify the nonlinear kinematic and equilibrium equations:
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•	 The Plastic Deformation Evolution Laws:
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These damage evolution laws can also be included in the framework described in section 8.3.1 with:
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= = = =φ φ γ; ; ;{ } { , , }VWo  (11.5.2)

Therefore the conventional numerical algorithms can also be used to analyze dual systems. The 
problem can be solved with the multi-step version of the step-by-step method.

11.5.2 Numerical Simulation of the Tests Described in Section 11.1.2

The Figure 16a-b shows the experimental results and the numerical simulation of the slender column 
(specimen B4 of Figure 3-4) in a graph of deflection vs. lateral force; notice that the numerical results 
are very good. The Figure 16c indicates the histories of damage; the DIC analysis validates the large 
value of flexural damage (0.58) and the negligible shear damage (0.03) obtained in the simulation.
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The Figure 17b shows the numerical simulation of the longer intermediate beam (specimen B3 in 
Figure 3-4). The results of the numerical simulation are also very good. The histories of damage now 
are different (Figure 17c); the final value of flexural damage is also very large (0.74) but shear damage 
is now not negligible (0.33). Again, DIC seems to validate this result (See specimen B3 in Figure 4).

The results for the shortest intermediate beam (specimen B2) are shown in Figure 18. The numerical 
simulation is good and now the relationship between flexural damage and shear damage are reversed, 
final values of 0.48 and 0.84 respectively. This is again true according to the DIC analysis (See speci-
men B2 in Figure 3-4).

The Figure 19 shows the results of the short beam (specimen B1). The numerical simulation is also 
good, with low flexural damage (final value of 0.31) and high shear damage (final value of 0.85). The 
DIC analysis perhaps indicates a more severe flexural damage than the one given by the model, but the 
mechanism of failure appears to be clearly one of shear.

11.5.3 Numerical Simulation of the Tests Described in Section 11.1.3

The Figure 20 and 21 show the numerical simulations of the shear walls subjected to mono-sign lateral 
loading and axial force equal to, respectively, 0 and 314 KN (Figure 5-8). In these walls, shear damage 
is the main mechanism of failure while flexural damage is small or even negligible.

Figure 16. Behavior of a slender RC beam in cantilever a) Experimental deflection vs. lateral force b) 
Numerical deflection vs. lateral force c) Damage evolution
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Figure 18. Behavior of an intermediate RC beam in cantilever a) Experimental deflection vs. lateral 
force b) Numerical deflection vs. lateral force c) Damage evolution

Figure 17. Behavior of an intermediate RC beam in cantilever a) Experimental deflection vs. lateral 
force b) Numerical deflection vs. lateral force c) Damage evolution
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Figure 19. Behavior of a short RC beam in cantilever a) Experimental deflection vs. lateral force b) 
Numerical deflection vs. lateral force c) Damage evolution

Figure 20. Behavior of a RC wall in cantilever subjected to lateral load without axial force a) Experi-
mental deflection vs. lateral force b) Numerical deflection vs. lateral force c) Damage evolution
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11.5.4 Numerical Simulation of the Tests Described in Section 11.1.4

The Figure 22 and 23 show the numerical simulations of RC short columns subjected to axial force 
equal to, respectively, 180 KN and 420 KN (Figure 9-11). It is important to underline that the axial 
force changes the values of the characteristic moments and shear forces: for first cracking, first yield and 
ultimate. Thus, although the model is the same, the procedure for the computation of its parameters is 
modified by the presence of the axial force. In the numerical simulation, the two damages reached very 
high values simultaneously.

11.5.5 Numerical Simulation of a Test on a Dual Structure

The last validation was carried out using the structure shown in Figure 24. This is a continuous beam 
of two elements, one short and one slender, separated by a chunk that represents a column; the beam is 
embedded at its ends in two heavy RC blocks that represent fixed supports A mono-sign loading was 
applied at the column. The goal of this test is to reproduce the short element effect that is shown in 
Figure 1; and then to test the ability of the model to simulate it and recognize the different patterns of 
cracking in the structure.

Figure 21. Behavior of a RC wall in cantilever subjected to lateral load and an axial force equal to 340 KN 
a) Experimental deflection vs. lateral force b) Numerical deflection vs. lateral force c) Damage evolution
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Figure 22. Behavior of a short RC column in cantilever subjected to lateral loads and axial force equal 
to 180 KN a) Experimental deflection vs. lateral force b) Numerical deflection vs. lateral force c) Dam-
age evolution

Figure 23. Behavior of a short RC column in cantilever subjected to lateral loads and axial force equal 
to 420 KN a) Experimental deflection vs. lateral force b) Numerical deflection vs. lateral force c) Dam-
age evolution
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As expected, the experimental results show moderate flexural damage in the plastic hinge regions of 
both elements and severe shear damage in the short beam. The quality of the numerical simulation can 
be evaluated in the graph of deflection vs. force for the column shown in Figure 25.

The histories of damage obtained numerically are presented in Figure 26. They can be compared 
with the cracking patterns observed in the test. Notice that the simulation is good and that the computed 
damage values seem to agree with the observed fracture state.

Figure 25. Deflection vs. force a) Experimental analysis b) Numerical simulation

Figure 24. Continuous two element beam
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11.6 SUMMARY AND EQUATIONS QUICK REFERENCE

In this chapter, lumped damage mechanics was extended to the case of dual systems and, in general, RC 
structures with elements that have any aspect ratio. An experimental analysis using indicates that two 
different sets of cracks appear in walls, squat elements or intermediate elements: one due to bending 
moments and another due to shear forces; the former were considered in the previous chapter.

It is important to underline that structural failure due to shear cracking is a much more brittle and 
dangerous process than bending collapse. Therefore having a model that can differentiate and quantify 
the two cracking processes is very important for the structural safety assessment.

The generalization of the damage model was carried out by using the lumped/distributed plasticity 
assumption of chapter 7 with the techniques presented in chapter 10. The numerical simulations of test 
on elements with different aspect ratios prove that the new model describes the physical phenomena 
(See Table 2).

Figure 26. Cracking evolution in the continuous beam a) Short element and corresponding damage his-
tory b) Slender element and corresponding damage history
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Table 2.   

ELASTICITY LAW FOR FRAME MEMBERS OF ANY ASPECT RATIO

Lumped/distributed inelasticity model:

Elasticity law for frame members of any aspect ratio 
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Elasticity law in terms of flexibility 
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Elasticity law in terms of stiffness 
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 : elasticity matrix of a RC element of any aspect ratio

continued on following page
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continued on following page

Table 2. Continued

DAMAGE EVOLUTION LAWS

Energy Release Rates

Complementary deformation energy 
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The energy release rates 
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Experimental Measurement of the Shear Damage ds

First line of the elasticity law (11.2.3) 
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Boundary conditions 
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P: lateral force on node 2
t: lateral displacement on the node 2
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Shear damage 
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Shear Crack Resistance Function

General expression for the crack resistance function 
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Computation of the Parameters R0s and qs
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Parameter R0s
The condition of cracking initiation (ds =0):
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Parameter qs
The numerical resolution of (11.3.11-12) gives: qs and dsu
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Computation of The First Cracking Shear Force

Cracking shear force 
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    N: Axial Load in N.
    Ag: gross area of the concrete section in mm2.

    
f
c
'

: strength of concrete in MPa.

Table 2. Continued

continued on following page
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Table 2. Continued

continued on following page

Modified Griffith Criteria

Modified Griffith criterion 
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PLASTIC DEFORMATIONS EVOLUTION LAWS

The evolution laws of the plastic rotations corresponding to the inelastic hinges 
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Plastic distortion evolution law 
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cs and k0s: parameters obtained using the same procedure presented in section 10.4.2.
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ANALYSIS OF DUAL SYSTEMS

Formulation of the problem
  - Compute: the free displacements, reaction forces, stresses, deformations, plastic deformations and damages. 
  - With the following data: the initial configuration of the structure, the restricted displacements, the nodal forces corresponding to the 
free displacements and those applied over the elements, the material and cross-section properties and yield functions.

  Such that they verify the following equations (11.5.1):
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11.7 PROJECTS

11.7.1. Generalize the Program Developed in the Project 10.12.1 including the Case of RC Ele-
ments with Any Ratio Aspect
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ABSTRACT

One of the main applications of the lumped damage mechanics or the damage mechanics of dual systems 
is the earthquake vulnerability assessment of structures. This means not only the consideration of the 
inertia forces but, mainly, the adequate description of crack propagation under general cyclic loading. 
Chapter 9 described the concept of unilateral damage (i.e. the appearance of distinct and independent 
sets of cracks after loading reversals). This phenomenon can also be observed in RC structures, and the 
models presented in Chapters 10 and 11 do not describe it; thus, they should be used only in the cases of 
mono sign loadings. The first goal of this chapter is the generalization of the damage models, including 
unilateral effects; the next one consists of the development of lumped damage models for tridimensional 
analysis of RC frames. Finally, some guidelines for the use of the damage models in industrial applica-
tions are presented.

12.1 ELASTICITY LAW UNDER CYCLIC LOADING

12.1.1 Unilateral Damage in Reinforced Concrete Elements

Figure 1 shows the sequence of cracking patterns in a slender RC specimen subjected to cyclic loading. 
The two images of the figure show the cracking pattern corresponding to external forces of different 
sign. It can be observed clearly the two distinct set of cracks.

Figure 2 shows the same phenomenon in a wall, the two sets of shear cracks can also be appreciated.
These damage mechanisms can be characterized using unilateral damage arrays as in continuum 

damage mechanics (see section 9.2.6): ( ) ( , )D+ + +=
b i j

d d , d
s
+  and ( ) ( , )D− − −=

b i j
d d , d

s
− ; the damage 

parameters d
i
+  and d

j
+  represent crack density due to positive bending moments. The variable d

s
+  

measures shear cracking caused by positive shear forces. The damage parameters d
i
− , d

j
−  and d

s
−  rep-

resent, respectively, damage at plastic hinge i due to negative bending moments, flexure negative cracks 
lumped at plastic hinges j and shear crack density caused by negative shear forces (see Figure 3).

Unilateral Damage in 
Reinforced Concrete Frames
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12.1.2 Elasticity Law of a RC Element with Unilateral Damage

Consider again the elasticity law in the case of mono-sign loadings only (see section 11.2): 
{ } { } { ,Φ Φ

b
p

b
p

b s
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F D M . The development of this matrix equation gives:
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where V
m m

L
i j

b

=
+

 is the shear force.

Figure 1. a) Cracking pattern in a slender frame element under negative lateral forces b) Cracking pat-
tern after load reversal
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Figure 2. a) Shear cracks under positive, nil and negative lateral forces b) Shear cracks after of several 
cyclic loads

Figure 3. Unilateral damage in a RC frame element of any aspect ratio under a) positive actions b) 
negative actions
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Following the same procedure described in section 9.2.6, the elasticity law of a damaged RC element 
of any aspect ratio under general cyclic loading is obtained by modifying (12.1.1) as follows:
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In matrix notation, the equations (12.1.2) can be written as:
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The Equation (12.1.2) is again based on the assumption that negative cracks are completely closed 
under positive stresses; thus, they have no influence at all on the behavior of the element and vice versa.

In the case of slender elements, where the shear terms can be neglected, the elasticity law becomes 
a much simpler expression:
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12.2 INTERNAL VARIABLES EVOLUTION LAWS UNDER CYCLIC LOADING

12.2.1 Damage Evolution Laws

The same procedure used in chapters 9, 10 and 11 can also be followed in this case; i.e. the complemen-
tary deformation energy is given by:
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now the energy release rates can be obtained for the six different arrays of cracks defined so far:
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Assuming again that there is no coupling between the different cracking mechanisms, the damage 
evolution laws can be defined using six independent Griffith criteria, or their modified versions:
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for the classic version, or
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for the modified one.
The parameters of the six functions of crack resistance can be computed by the repeated application 

of the procedures indicated in sections 10.3 and 11.3.; consequently, it is possible to introduce into the 
analysis different ultimate moments, under positive and negative actions. This is important in the case 
of beams, which often have an asymmetric cross-section or an asymmetric reinforcement distribution 
(see example 12.9.1).
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12.2.2 Plastic Deformations Evolution Laws

Consider again the yield function of a plastic hinge in the case of mono-sign loadings only (Equation 
10.4.2). Notice that the absolute value of a variable “Y” can also be written in a more cumbersome but 
completely equivalent way by choosing the maximum between Y and -Y; i.e. in mathematical notation: 
Y Max Y Y= −( , ) ; therefore, the yield function (10.4.2) can also be written as:
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This expression can be modified so that unilateral damage is included in the following way:
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The computation of the four parameters c k
i i
+ − + −/ /,

0
 can be carried out by applying twice the procedure 

described in section 10.4.2. Again, these different parameters allow for the consideration of beams with 
asymmetric cross section and different resistances under positive and negative bending moments.

Finally, in the Equation (12.2.6) only kinematic hardening is considered. However in section 7.1.6, 
it was indicated that there are two hardening mechanism: kinematic and isotropic. In a monotonic load-
ing, any kind of hardening describes the same behavior; in a cyclic one, it is important establishing the 
percentages that correspond to each effect. In section 6.3.3, it was indicated that in the case of bending, 
about seventy percent can be assigned to kinematic hardening and the remaining thirty to the isotropic 
one; the proportion is sixty / forty for shear. Therefore, the yield function of a plastic hinge with damage 
and general cyclic moments is:

f Max

m

d
c k c p

m

d
c k

i

i

i

i i
p

i i i

i

i

i i
p

=
−

− − −

−
−

+ −

+
+ + +

−
−

1
0 7 0 3

1
0 7

0

0

. .

.

φ

φ
ii i i

i i
p

c p
p Max

− −−











≤ =
0 3

0
.

; φ  (12.2.7)

Unlike cracking patterns, the number of plastic rotations does not change in the case of cyclic loading, 
there are still three of them: the plastic rotation of hinges i and j and the plastic distortion. Therefore, 
only three yield functions and evolution laws are needed:
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with yield functions for inelastic hinge j and shear similar to Equation (12.2.7):
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12.3 NUMERICAL SIMULATIONS OF THE BEHAVIOR OF 
RC ELEMENTS OF DIFFERENT ASPECT RATIOS

12.3.1 Analysis of Frames with Unilateral Damage

The damage model is therefore composed by the elasticity law (12.1.2), the six damage evolution laws 
(12.2.3) or (12.2.4) and the three plastic rotations evolution laws (12.2.7-10). This model also fits into 
the scheme described in section 8.3. If the modified Griffith criterion is used, the variables of the model 
are distributed as follows:
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t

i i j j s s
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Therefore the step-by-step algorithm applied in plasticity, with the multi-step modification, can be 
used again in the numerical simulations. In the following sections, it is presented the comparison between 
model and some experimental results.

12.3.2 Numerical Simulation of a Wall Element

Figure 4 shows a wall with an aspect ratio equal to 1.27. The reinforcement and cross-section corresponds 
to typical configurations for this kind of element (see Figure 4a). The wall is subjected to the deflection 
history presented in Figure 4b. The graph of lateral displacement vs. force obtained experimentally is 
presented in Figure 5a and the corresponding numerical simulation in Figure 5b.

The histories of shear and flexural damages obtained in the analysis are presented in Figure 6a and 6b.
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Figure 4. a) RC wall cross-section and reinforcement b) Deflection history

Figure 5. Deflection vs. lateral force in a RC wall a) experimental results b) numerical simulation

Figure 6. a) History of negative damages b) History of positive damages
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12.3.3 Numerical Simulation of a Slender Column

Figure 7a shows a slender column with an aspect ratio equal to 7.11. The specimen was first subjected 
to an axial force of 250 KN and then to the cyclic lateral deflections history presented in Figure 7b; the 
axial force was kept constant during the second part of the test. The experimentally curve of deflection 
vs. lateral force obtained is indicated in Figure 8a and the numerical simulation in Figure 8b.

The histories of shear and flexural damages are shown in Figure 9. As expected, small values of shear 
damage and very large flexural damages were obtained with the model.

12.3.4 Numerical Simulation of a RC Frame

The one span RC frame that is shown in Figure 10a was subjected to the lateral displacement history 
presented in Figure 10b.

The graph of displacement vs. lateral force obtained experimentally is shown in Figure11a and the 
numerical simulation in Figure 11b.

The damage distribution at the final of the test is presented in Figure 12.

12.3.5 Numerical Simulation of a Four-Story RC Frame

Figure 13 shows a full-scale building that was subjected to pseudo-dynamic tests. The building con-
sisted of three frames of two spans in the two orthogonal directions and four storeys (Figure 14); it was 
designed according to Eurocode 8.

Figure 7. a) RC slender column cross-section and reinforcement b) Deflection history
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The geometry of the structure and the reinforcement details of the elements are presented in Figures 
14, 15, and 16.

The pseudo-dynamic tests were performed using an artificial accelerogram derived from the 1976 
Friuli earthquake. The signal was generated to fit the elastic response spectrum of the Eurocode 8 with 
a peak acceleration of 0.3g. Two tests were performed; in the first one, called low level pseudo-dynamic 
test, it was used the reference signal multiplied by a factor of 0.4 and in the second one, the high level 
test, an intensity factor of 1.5 was used. The peak ground accelerations were then, respectively, 0.4 x 
0.3 = 0.12 g and 1.5 x 0.3 = 0.45 g. The resulting displacements of each level for the low and high level 
tests are shown, respectively, in Figures 17 and 18.

The numerical simulations of the tests were performed using the model described in sections 12.1 
and 12.2. Figure 19 shows the experimental and numerical histories of the base shear obtained for the 
low level test and Figure 20 the corresponding to the high level test.

The experimental and numerical base shear vs. top displacement diagrams for the low and high level 
tests are presented, respectively, in Figures 21 and 22.

Figure 8. Deflection vs. lateral force curves a) Experimental b) Numerical simulation

Figure 9. a) History of negative damages b) History of positive damages
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Figure 10. a) RC frame b) Lateral displacement history

Figure 11. Displacement vs. lateral force curves a) Experimental b) Numerical simulation



456

Unilateral Damage in Reinforced Concrete Frames
 

Figure 12. Damage distribution at the final of the test

Figure 13. RC building tested at the ELSA Laboratory of the Joint Research Centre (copyright © Eu-
ropean Union)
12.13. Negro, P.; Verzeletti, G.; Magonette, G.E., & Pinto, A.V. (1994). Retrieved January, 29 2014 from https://lh4.ggpht.com/
TMiJ0so-NTHNeqdUKkFYuD21qdm5ULIuxKnM-1eY_gxPPmtBqKU60LENYnYjkPiZs8s9Uw=s130.
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Figure 14. a) Geometry of the structure b) Reinforcement details of the elements

Figure 15. Longitudinal steel bar in columns of a) Frame B and b) Frames A and C
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Figure 16. Longitudinal steel bar in beams of: a) Frame B and b) Frames A and C

Figure 17. Displacement history applied at each level for the low level test
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Figure 18. Displacement history applied at each level for the high level test

Figure 19. Low level test: base shear histories a) Experimental b) Numerical

Figure 20. High level test: base shear histories a) Experimental b) Numerical
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The damage distribution at the final of the low level test is presented in Figure 23 and the results for 
the high level test in Figure 24.

12.4 DAMAGE IN A RC WIDE BEAM-COLUMN JOINT

12.4.1 Constitutive Equations

Consider again the case of wide beams discussed in sections 6.6 and 7.1.7. In those previous sections 
only two inelastic phenomena were taken into account: yield and slip of the longitudinal reinforcement. 
In this section, the model presented in section 7.1.7 is generalized including of concrete cracking using 
the damage concepts already discussed.

The elasticity law of an element representing a wide beam is given by (12.1.5); i.e. shear deforma-
tions are neglected in this case. The damage evolution laws are also defined by the classic or modified 
Griffith’s criteria (12.2.3) or (12.2.4).

The yield functions of hinges i and j are the ones described in section 7.1.7 except that they are modi-
fied using the hypotheses of equivalence in deformations and of unilateral damage:

Figure 21. Low level test: base shear vs. top displacement diagrams: a) Experimental b) Numerical

Figure 22. High level test: base shear vs. top displacement diagrams: a) Experimental b) Numerical
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f Max f f f Max f f
i i

y
i
slip

j j
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j
slip= =( , ); ( , )  (12.4.1)

The yield functions f
i
y  and f

j
y  are identical to those presented in (12.2.7) and (12.2.9); and the slip 

functions with damage are derived from Equation (7.1.18) using again the concept of effective moment:

Figure 23. Damage distribution at the final of the low level test a) Frame B b) Frames A and C

Figure 24. Damage distribution at the final of the high level test a) Frame B b) Frames A and C
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The four parameters η
i j/

/+ −  are determined assuming that concrete cracking evolution restarts only 
when the reinforcement no longer slips and starts yielding again. In mathematical terms, this hypothesis 
is stated as follows:

f fy slip= = 0 for G R d= ( )  (12.4.3)

This condition leads to the following expression:
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The parameter η  determines the point of intersection between the slipping curve and the yielding: 
high values of η  produce a more stiff behavior because slipping of the reinforcement stops faster (see 
Figure 25a). On the other hand, η  decreases with damage (see Figure 25b); thus, according to the 
model, cracking of concrete produces an internal slipping of the reinforcement. That is, a slip hinge with 
damage shows a slower recovery of the slip resistance during the process of confinement of the rein-
forcement.

Figure 25. a) Behavior of an inelastic hinge with slip and yielding b) Influence of the parameter η  and 
d
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12.4.2 Numerical Simulations of Interior Wide Beam-Column Connections

Figure 26 shows the geometry of two interior wide beam column joints called WB-1 and WB-4; the 
dimensions of the elements and the reinforcement are presented in Table 1. The boundary conditions 
and the applied drifts history are shown, respectively, in Figures 26b-c. Notice that the only difference 
between WB-1 and WB-4 is the beam width.

In Figure 27 are shown the experimental and numerical simulation drift vs. load curves of the joint 
WB-1 and the results of the WB-2 are presented in Figure 28. The damage distributions are presented 
in Figure 29.

12.4.3 Numerical Simulations of Interior Normal Beam-Column Connection

Figure 30 shows an interior beam-column connection. Notice that the beam has typical cross-section 
dimensions.

The experimental and numerical results of the test are presented in Figure 31. The damage distribu-
tion at the final of the test is shown in Figure 32.

Figure 26. a) Geometry of the wide beam-column connections b) Boundary conditions c) Applied drifts 
history
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Figure 27. Drift vs. load curves of joint WB-1 a) Experimental b) Numerical

Figure 28. Drift vs. load curves of joint WB-2 a) Experimental b) Numerical

Figure 29. Damage distributions
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Figure 30. a) Geometry of the normal beam-column connection. All dimensions are in cm. b) Boundary 
conditions c) Applied drifts history

Figure 31. Drift vs. load curves of the normal beam-column connection a) Experimental b) Numerical
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12.4.4 Numerical Simulations of Exterior Wide Beam-Column Connection

Figure 33a shows the geometry of an exterior wide beam-column joint. Figure 33b shows reinforcement 
details and in Figure 34 is presented the boundary conditions and the applied drifts history.

In Figure 35 are shown the experimental and numerical simulation drift vs. load curves and the dam-
age distribution are presented in Figure 36.

12.5 TORSION DAMAGE

12.5.1 Experimental Behavior of a RC Element under Mono-Sign Torsion

Figure 37 shows a square RC column built in cantilever and subjected to pure torsion. At the top of the 
column was built a rigid beam where the torque, shown in Figure 38, was applied. Notice that the pure 
torsion was generated by the application of opposite forces with the same magnitude on this beam.

Figure 39 shows the cracking pattern at the final of the test. Note that cracks with an inclination of 
45 degrees are spread along the specimen in a uniform way. 

Figure 32. Damage distribution

Table 1. Dimensions and reinforcement of interior joints WB-1 and WB-2 

Label Column Wide Beam Wide Beam Rebars Column Rebars

bc (cm) hc (cm) bb (cm) hb (cm) Long. (mm) Trans. (mm) Long. 
(mm)

Trans. 
(mm)

WB-1 20.00 20.00 17.60 12.50 4–D10 2-D4@50 20–D10 2–D6

WB-4 71.94 12.50 16–D10 8-D4@50
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12.5.2 Constitutive Equations for Mono-Sign Torsion

Following the conventional damage mechanics procedure, the angle of twist can be expressed as:

φ φ φ
x x x

d
x
pm

L
GJ

= + +  (12.5.1)

Figure 33. a) Geometry of the wide beam-column connections b) Reinforcement details. (All dimensions 
are in cm.)

Figure 34. a) Boundary conditions b) Applied drifts history
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where m L
GJx

 is the elastic rotation (see section 2.5), φ
x
p  is the plastic twist due to reinforcement yield-

ing and φ
x
d  is the additional twist due to concrete cracking. If the distributed damage model is used and 

according to the hypothesis of equivalence in deformations, the latter term can be written as:

φ
x
d x

x
x

d L

d GJ
m=

−( )1
 (12.5.2)

where dx is the torsion damage. This variable takes values between zero and one as usual and represents 
concrete cracking that is assumed to be evenly distributed along the element. The elasticity law of a 
damaged RC element subjected to torsion only is therefore given by:

Figure 35. Drift vs. force curves a) Experimental b) Numerical simulation

Figure 36. Damage distribution
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The deformation energy due to torsion is, therefore, given by:

W m
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d GJx x x
p x

x

= − =
−

1
2

1
2 1

2

( )
( )

φ φ  (12.5.4)

Figure 37. Square RC column built in cantilever and subjected to pure torsion

Figure 38. a) Loading application scheme b) loading paths
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and the energy release rate due to torsion is:

G
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The Griffith criterion for torsion cracks is then:

G R d
x x
≤ ( )  (12.5.6)

where R(dx) is, again, the crack resistance to torsion. Notice that the elasticity law (12.4.3) and the rela-
tionship between force and deflection in a simply supported beam subjected to a concentrated load (see 
section 10.3) are similar; therefore the method of stiffness variation can be used without modification. 
The resulting graph of crack resistance against damage is presented in Figure 40.

Notice that these experimental results are also similar to those obtained in bending and shear; there-
fore, the same general expression of the crack resistance can be used once more:

R d R q
d

dx 0x x
x

x

( )
ln( )

= +
−

−

1

1
 (12.5.7)

Figure 39. Cracking pattern at the final of the test
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The yield function in torsion obtained from the hypothesis of equivalence in deformation is:

f m c k
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The parameters of the model (R0x, qx, cx and k0x) can also be computed with the same procedures 
described in the cases of bending and shear (see sections 10.3.3 and 10.4.2); therefore, the values of the 
first cracking torque Mcrx, ultimate torque Mux, first plastic torque Mpx torque and ultimate plastic rotation 
φ

ux
p  in torsion are needed.

The analysis of the ultimate plastic torque was already discussed in section 7.4.3. The determination 
of the interaction diagrams for the remaining properties of the cross-section is described in next sections

12.5.3 Determination of the First Cracking Torque

The first cracking torque Mcrx is assumed to occur when the principal tensile stress reaches the value 
f
c
' . For members subjected to torsion and axial force, the first cracking shear force can be computed 

with the following expression:

M f
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p
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A f
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cp g c
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0 33

2

.
.

N.mm'

'
 (12.5.9)

Figure 40. Torsion damage vs. Energy release rate
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where N is the axial force in N, A
cp

 is the area enclosed by outside perimeter of concrete cross-section 
in mm2, p

cp
 is the outside perimeter of concrete cross section in mm, Ag is the gross area of the concrete 

section in mm2 and f
c
'  is the strength of concrete in MPa.

12.5.4 Determination of the First Plastic Torque

The first plastic torque is defined as the level of torque that initiates yielding of the stirrups or ties in the 
element can be computed with the expression:

M x y f
px c
= Ω 2 ' N .mm  (12.5.10)

where x and y are the dimensions of the cross-section (for x y≤ ), and Ω  varies from 0.166 for y x/ = 1  
to 0.249 for y x/ = ∞ .

12.5.5 Determination of the Ultimate Plastic Twist

The ultimate plastic twist φ
ux
p  is computed as:
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where ( )GC
u

 is the ultimate torsional rigidity, GJ is the initial torsional rigidity, E
s

 is the modulus of 
elasticity of steel, A

cp
 is the area enclosed by outside perimeter of concrete cross-section, A

0
 is the area 

enclosed by the centerline of shear flow zone, p
0
 is the perimeter of the centerline of the shear flow 

zone, n E E
s c

= / , t
d
 is the thickness of shear flow zone, ρ

l l cp
A A= /  is the total volumetric ratio of 

longitudinal steel, ρ
t s p cp

At A s= /  is the volumetric ratio of transverse hoop steel, θ
ux
p  is the ultimate 

plastic unitary twist, θ
ux

 is the ultimate unitary twist and θ
ex

 is the elastic unitary twist.

12.5.6 Experimental Behavior of a RC Element under Cyclic Loading

The column shown in Figure 37 was subjected to cyclic torsion loads. The loading path is presented in 
Figure 41.
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Figure 42 shows the cracking pattern at the final of the test. Notice that the cracks with an inclination 
of 45 degrees are distributed along the specimen in both directions. 

12.5.7 General Constitutive Equations for Torsion Damage

The cracking patterns described in the previous section indicate the presence of the unilateral damage 
phenomenon; thus the conventional damage mechanics procedure can be used again. Therefore, the 
elasticity law with unilateral damage becomes:
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The energy release rates and the crack resistance functions for unilateral torsion cracks are:
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The yield function is also similar to those used in bending and shear:
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12.5.8 Numerical Simulations

The tests described in sections 12.4.1 and 12.4.7 were simulated using the described model. In Figure 
43 are shown the experimental and corresponding numerical simulation of the specimen subjected to 
mono-sign loads and in Figure 44 the results of the column subjected to cyclic loads.

12.6 DAMAGE MODEL FOR TRIDIMENSIONAL FRAMES

12.6.1 Constitutive Equations

The tridimensional elasto-plastic model described in section 7.5 is generalized including concrete crack-
ing. Consider a slender element; the same lumped/distributed inelasticity model introduced in that sec-
tion is used again. Unilateral damage in the element can be characterized by the introduction of two sets 
of damage for the element: ( )/D+ −

b
 as in the planar case. Each set includes a torsion damage variable 

and two bending damage measures for every plastic hinge; one due to moments around the local axis Yb 
and the other related to bending around the axis Zb:
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( ) ( , , , , )/ / / / / /D+ − + − + − + − + − + −=
b iy jy iz jz x b

d d d d d  (12.6.1)

where d
iy
+ −/  represents concrete cracking densities lumped at the plastic hinge i due to positive/negative 

bending moments around the local axis Yb. The variables d d d
jy iz jz
+ − + − + −/ / /, ,  must be interpreted likewise 

(see Figure 45) and d
x
+ −/  are, again, torsion damages.

The elasticity law (12.1.5) may also be used to represent unilateral damage in this case, but with the 
stress and deformation variables employed in section 7.5 and the following flexibility matrices:
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Figure 41. Loading path
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Figure 42. Cracking pattern in a square element subjected to cyclic loads

Figure 43. Torque vs. Angle of twist corresponding to the mono-sign loads a) Experimental b) Numeri-
cal simulation
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Figure 44. Torque vs. Angle of twist corresponding to the cyclic loads a) Experimental b) Numerical 
simulation

Figure 45. Damage variables in a tridimensional element
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The yield function of an inelastic hinge in a tridimensional frame is obtained by modifying the yield 
function (6.5.24) with the unilateral damage concept and the hypothesis of equivalence in deformations, 
therefore:
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The Griffith criteria for a tridimensional inelastic hinge are:
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where the energy release rates, or “damage driving moments” are:

G
W

d

L m

EI d
G

iy jy

iy jy

b iy jy

b iy jy

iz/
/

/
/

/ /

/
/ /( )

;+ −
+ −

+ −

+ −
= =

−
∂
∂

2

26 1 jjz

iz jz

b iz jz

b iz jz

W

d

L m

EI d
+ −

+ −

+ −

+ −
= =

−
/

/
/

/ /

/
/( )

∂
∂

2

26 1
 (12.6.5)

And the crack resistance functions:
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The torsion and bending effects can be assumed to be uncoupled.

12.6.2 Numerical Simulations

Figure 46 shows a square RC column built in cantilever. The specimen was subjected to displacement 
controlled in the Y-direction and force controlled in the Z-direction at the Joint Research Center in Ispra, 
Italy. The constant level of Z-force is gradually increased, while in the orthogonal direction the same 
set of three deflection cycles with linearly increasing amplitude is applied for each level of the Y-force. 
The loading path is indicated in Figure 47a.
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Figure 46. Schematic representation of a RC column subjected to biaxial bending tested at the Joint 
Research Center in Ispra, Italy

Figure 47. a) Loading path applied in Y-direction and Z-direction b) Numerical curves in the Y and Z 
directions
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In Figure 47b are presented the numerical responses. The experimental results can be found in the 
seventh reference of the bibliography included at the final of the chapter.

The second example consists in the numerical simulation of a test carried out at the University of 
California, Berkeley. The two-story framed structure represented in the Figure 48 was subjected several 
times to ground displacements histories derived from the Taft earthquake record. The structure was 
placed with an angle of 25o with respect to the axis of the shaking table motion. Thus, the structure was 
subjected to biaxial solicitations. First two low intensity shakes, with peak acceleration amplitude of 
0.06 g, were applied on the structure. The goal of this loading was to induce minor cracking in the virgin 
frame to replicate the condition of a real structure which has seen service loading. Then the structure 
was subjected to a severe shaking with a peak acceleration of 0.685 g.

The beams and columns of the structure were represented with the model described in this section. 
Standard elastic plate elements (Kirchoff theory) were used to represent the first and second floor slabs. 
The numerical results obtained after the severe shake are shown in Figures 49 and 12.50. In the Figure 
49, the experimental and computed displacements of the first floor are presented. Figure 50 shows the 
computed and observed local behavior of one of the columns of the first floor.

The damage state after the first low intensity shake can be observed in the Figure 51a. In this figure, the 
maximum values of damage of each hinge (there are four values per hinge) are shown. It can be noticed 
that no value exceeded 0.26. This corresponds indeed to minor cracking that does not need reparation. 
The Figure 51b indicates the final state of damage after the numerical simulation.

Figure 48. Frame structure subjected to earthquake loading Courtesy of NISEE-PEER, University of 
California, Berkeley
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Figure 50. Local behavior of a first floor column: a) longitudinal axes, experimental b) longitudinal 
axes, numerical c) transversal axes, experimental d) transversal axes, numerical

Figure 49. Displacements of the first floor: a) longitudinal direction, experimental b) longitudinal axes, 
numerical c) transversal axes, experimental d) transversal axes, numerical



481

Unilateral Damage in Reinforced Concrete Frames
 

12.7 SUMMARY AND EQUATIONS QUICK REFERENCE

In this chapter, the unilateral damage concept was added to the procedures presented in chapters 10 and 
11 in order to model the cyclic behavior of RC structures. As a result, models for planar frames, dual 
systems, torsion and tridimensional frames were developed. The numerical implementation of those 
models is the same to the one presented in sections 10.7 and 11.5 (See Table 2).

Figure 51. Damage distribution in the frame: a) after a low intensity shake b) after a severe shake

Table 2.  

ELASTICITY LAW UNDER CYCLIC LOADING

Unilateral Damage in Reinforced Concrete Elements

continued on following page
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Elasticity law in the case of mono sign loadingsφ φ γ
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Elasticity law of a damaged RC element of any aspect ratio under general cyclic loading 
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Elasticity law of a damaged RC element of any aspect ratio under general cyclic loading 
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Elasticity law of slender RC elements 
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INTERNAL VARIABLES EVOLUTION LAWS UNDER CYCLIC LOADING

Damage Evolution Laws

Complementary deformation energy 
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The energy release rates 
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Damage evolution laws 
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for the modified one

Plastic Deformations Evolution Laws

Yield function for mono sign loadings 
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Yield function with unilateral damage 

f Max
m

d
c k

m

d
c k

i
i

i

i i
p

i
i

i

i i
p

i
=

−
− − −

−
+ −











+
+ +

−
− −

1 10 0
φ φ, 

≤ 0

 (12.2.6)

Yield function of a plastic hinge with damage and general cyclic moments 
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Evolution laws in the case of cyclic loadings 
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Yield functions and evolution laws with plastic rotation of hinges i and j and the plastic distortion
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NUMERICAL SIMULATIONS OF THE BEHAVIOR OF RC ELEMENTS OF DIFFERENT ASPECT RATIOS

Analysis of Frames with Unilateral Damage

Variables of the model 
 

VWf
i
p

1
= φ

; 
( ) ( , )D+ + +=

b i j
d d

; 

d
s
+ ; 

VWf p
j4

=
; 
VWf

s
p

5
= γ

 
VWf p

s6
=

{ } ( , , , , , )VWo
b
t

i i j j s s
d d d d d d= + − + − + −

(12.3.1)

DAMAGE IN A RC WIDE BEAM COLUMN JOINT

Constitutive Equations

Yield functions of hinges i and j by yield and slip effects
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 (12.4.1)
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 and 
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y

 are presented in (12.2.7) and (12.2.9)
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Determination of parameters 
η

i j/
/+ −

f fy slip= = 0
 for G R d= ( )  (12.4.3)

η
i j i j

i j i j

i j

i j
d

c d
R d

m
/
/

/
/

/
/

/
/ /

/

/
/

( )

( ) ln
( )

+ − + −

+ − + −
+ −

+ −

=

−

1
2

1 2

0(( )













−
−

+ − + −
+

2
0

2

0

2 1

F

R d d

F
ki j i j

yi j

( )( )
/
/

/
/

/
/−− + − + −+d k

i j yi j/
/

/
/

 (12.4.4)

continued on following page

Table 2. Continued



485

Unilateral Damage in Reinforced Concrete Frames
 

TORSION DAMAGE

Constitutive Equations for Mono Sign Torsion

Angle of twist 

φ φ φ
x x x

d
x
pm

L
GJ

= + +
 (12.5.1)

m
L

GJx
: elastic rotation

φ
x
p

: plastic twist due to reinforcement yielding

φ
x
d

: additional twist due to concrete cracking

Additional twist due to concrete cracking 

φ
x
d x

x
x

d L

d GJ
m=

−( )1
 (12.5.2)

dx: torsion damage

Elasticity law of a damaged RC element subjected to torsion only 

φ φ
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x
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L
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 (12.5.3)

Deformation energy due to torsion 
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Energy release rate due to torsion 
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=
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 (12.5.5)

Griffith criterion for torsion cracks 

G
x
≤ R d

x
( )

 (12.5.6)
R(dx): crack resistance to torsion

Crack resistance for torsion cracks 

R d R q
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x

x
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 (12.5.7)

Yield function in torsion 
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x
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x
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p
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− − ≤φ φ
0 01

0

 (12.5.8)
R0x, qx, cx and k0x can be computed with the same procedures described in the cases of bending and shear (see section 10.3.3 and 10.4.2.
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Table 2. Continued

continued on following page

Determination of the First Cracking Torque

First cracking torque 

M f
A

p
N

A f
crx c

cp

cp g c

=











+0 33 1

0 33

2

.
.

'

'
N.mm

 (12.5.9)
N: Axial force in N

A
cp : area enclosed by outside perimeter of concrete cross section in mm2

p
cp : outside perimeter of concrete cross section in mm

Ag: gross area of the concrete section in mm2

f
c
'

: strength of concrete in MPa.

Determination of the First Plastic Torque

First plastic torque

M x y f
px c
= Ω 2 'N.mm

 (12.5.10)

x and y: dimensions of the cross-section (for x y≤ )

Ω  varies from 0.166 for y x/ = 1  and 0.249 for y x/ = ∞

Determination of the Ultimate Plastic Twist

Ultimate plastic twist 
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ρ ρ
 (12.5.11)

GJ: initial torsional rigidity

E
s : modulus of elasticity of steel

A
cp : area enclosed by outside perimeter of concrete cross section

A
o : area enclosed by the centerline of shear flow zone

p
0 : perimeter of the centerline of the shear flow zone

n E E
s c

= /

t
d : thickness of shear flow zone

ρ
l l cp
A A= /

: total volumetric ratio of longitudinal steel

ρ
t s p cp

At A s= /
: volumetric ratio of transverse hoop steel

General Constitutive Equations for Torsion Damage

Elasticity law with unilateral damage 
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Energy release rates and crack resistance functions for unilateral torsion cracks 
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Yield function 
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DAMAGE MODEL FOR TRIDIMENSIONAL FRAMES

Unilateral damage 
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b iy jy iz jz x b

d d d d d
 (12.6.1)

d d
iy jy
+ − + −/ /,

: Concrete cracking densities lumped at the plastic hinge i and j due to positive/negative bending moments around the local 
axis Yb.

d d
iz jz
+ − + −/ /,

: Concrete cracking densities lumped at the plastic hinge i and j due to positive/negative bending moments around the local 
axis Zb.
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: torsion damages.
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12.8 EXAMPLES

12.8.1 For the Structure That Is Shown in Figure 52 Carry out the 
Numerical Simulation Using the Unilateral Damage Model

The aspect ratio of the element is:

a
d
= = >

600
53 5

11 21 6 5
.

. .  (12.8.1)

This beam can be classified as slender (see Chapter 2, section 2.7.3) then, shear effects are neglected.
Section properties M

cr
+ −/ , M

p
+ −/ ,M

u
+ −/ , and φ

u

p+ −/  are computed following the procedures described, 
respectively, in sections 10.3.4, 6.5.4, 6.5.5 and 6.5.6. As the beam is asymmetrically reinforced, these 
values are different for ends 1 and 2. These values are presented in Table 3. Positive properties at end 1 
and negative at end 2 are computed considering A

s
=5 7. cm2  and A

s
' . cm2=8 55 ; the negative prop-

erties at end 1 and positive at end 2 are computed considering A
s
=8 55. cm2  and A

s
' . cm2=5 7 . The 

plastic hinge length is obtained with Equation (6.5.20) resulting a value L
p
= 60 cm .

The yield functions on hinges i and j:
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The Griffith criteria for the tridimensional model 
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where the energy release rates: 
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The crack resistance functions 
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With these properties, model parameters R
0
+ −/ , q+ −/ , c+ −/  and k

0
+ −/  are computed using the proce-

dures described in sections 10.3.3 and 10.4.2. The model parameters are presented in Table 4.
The generalized displacements and nodal forces matrices for the beam are, respectively,
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 (12.8.2)

Figure 52. a) Structure geometry, section of element and material properties b) Displacement history 
applied at the free end of the beam (node 2)
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The matrix of total deformation and stresses are:
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The stresses are divided into a positive and a negative part. In an algebraic manipulation program 
this can be carried out in the following way:
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 (12.8.4)

Table 3. Section properties of the cross-section 

M M
cr cr1 2
+ −= = 4.62x106 N.cm M M

cr cr2 1
+ −= = 4.81x106 N.cm

M M
p p1 2
+ −= = 1.11x107 N.cm M M

p p2 1
+ −= = 1.64 x107 N.cm

M M
u u1 2
+ −= = 1.17 x107 N.cm M M

u u2 1
+ −= = 1.71 x107 N.cm

χ χ
p p1 2

+ −= = 4.87x10-5 rad/cm χ χ
p p2 1

+ −= = 5.26x10-5 rad/cm

χ χ
u u1 2

+ −= = 6.12x10-4 rad/cm χ χ
u u2 1

+ −= = 5.28 x10-4 rad/cm

φ φ
u

p

u

p

1 2

+ −= = 3.38E-02 φ φ
u

p

u

p

2 1

+ −= = 2.85 E-02

Table 4. Model parameters 

R R
01 02
+ −= = 3022.77652 R R

02 01
+ −= = 3272.56988

q q
1 2
+ −= = -51549.7798 q q

2 1
+ −= = -111167.51

c c
1 2
+ −= = 571404636 c c

2 1
+ −= = 1019721538

k k
01 02
+ −= = 19446406.2 k k

02 01
+ −= = 30484928.9
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The plastic deformation is given by:

Φp

p

t

{ } =
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 (12.8.5)

Two damages values are defined, d
t1
+  and d

t1
− , for the hinge at the end 1.
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The kinematic equation (3.1.12b) with α = 0 , L = 600 cm: is
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The equilibrium equation (3.2.13) results in:
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The elasticity law (12.1.5) is
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where from Equation (10.1.4)
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then
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The problem is solved using a step-by-step procedure. Then, the solution is divided into 8 stages 
according to the type of structural behavior.

Stage 1: Interval: 0 1≤ ≤t , elastic behavior ⇒  φ
11

0
t

p = , d d
t t1 1

0+ −= =

This phase is completed in only one step and finishes when the cracking moment M
cr1
+  is reached.

Solving Equations (12.8.9), (12.8.11) and (12.8.15):
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At the end of this interval at t = 1 , m M x
cr11 1

6

1
10= =+ 4.62  N.cm  and the displacement at the 

end 2 is:

w
21
=  0.7844 cm  (12.8.17)

The resulting force vs. displacement curve is presented in Figure 53a.

Stage 2: Interval:1 9< ≤t , inelastic behavior ⇒  φ
11

0
t

p = , d d
t t1 1

0 0+ −> =,

As the behavior is nonlinear, this phase is carried out in several steps and finishes when the first 
plastic moment M

p1
+  is reached. Solving Equations (12.8.9), (12.8.11) and (12.8.15) (See Table 5).

Notice that at the final of this interval at t = 9, m M
p11 11

= =+ 1.11x10  7 N.cm  and the displace-

ment at the end 2 is:

w
21
= 3.18 cm  (12.8.18)

The force vs. displacement curve is presented in Figure 53b.

Stage 3: Interval:9 20< ≤t , inelastic behavior ⇒  φ
11

0
t

p > , d d
t t1 1

0 0+ −> =,

The structure behavior is still nonlinear, so this phase is carried out in several steps and finishes 
before the moment M

u1
+  is reached. Solving Equations (12.8.9), (12.8.11) and (12.8.15) at each step 

gives (See Table 6).

Figure 53. Force vs. Displacement a) Stage 1: 0 1≤ ≤t  b) Stage 2: 1 9< ≤t
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Notice that at the final of this interval at t = 20, m
111
=   1.15x107 N cm and the displacement at 

the end 2 is:

w
21
=  7.58 cm  (12.8.19)

Table 5. First plastic movement is reached 

t
w

t2
θ

2t
R

w t1
R

tθ1
R

w t2
φ

11t
φ

12t
m

t11
d

t1
+

cm Rad N N.cm N N.cm

2 1.08 -2.67x10-3 -1.01x104 6.08x106 10126.80 1.81x10-3 -8.59x10-4 6.08x106 4.95x10-2

3 1.38 -3.34 x10-3 -1.22x104 7.30x106 12173.00 2.31x10-3 -1.03x10-3 7.30x106 1.05x10-1

4 1.68 -3.98x10-3 -1.39x104 8.32x106 13860.00 2.81x10-3 -1.18x10-3 8.32x106 1.62x10-1

5 1.98 -4.60x10-3 -1.52x104 9.13x106 15225.70 3.31x10-3 -1.29x10-3 9.13x106 2.19x10-1

6 2.28 -5.19x10-3 -1.63x104 9.79x106 16315.90 3.81x10-3 -1.38x10-3 9.79x106 2.73x10-1

7 2.58 -5.76x10-3 -1.72x104 1.03x107 17176.20 4.31x10-3 -1.46x10-3 1.03x107 3.24x10-1

8 2.88 -6.32x10-3 -1.78x104 1.07x107 17847.30 4.81x10-3 -1.51x10-3 1.07x107 3.70x10-1

9 3.18 -6.86x10-3 -1.84x104 1.10x107 18364.10 5.31x10-3 -1.56x10-3 1.11x107 4.13x10-1

Table 6.  

T
w

t2
θ

2t
R

w t1
R

tθ1
R

w t2
φ

11t
φ

12t
m

t11
d

t1
+ φ

11t

p

cm Rad N N.cm N N.cm

10 3.58 -7.55x10-3 -18579.20 1.11x107 18579.20 5.97x10-3 -1.58x10-3 1.11x107 0.43 4.10x10-4

11 3.98 -8.22x10-3 -18649.30 1.12x107 18649.30 6.64x10-3 -1.58x10-3 1.12x107 0.44 9.84x10-4

12 4.38 -8.89x10-3 -18715.80 1.12x107 18715.80 7.31x10-3 -1.59x10-3 1.12x107 0.45 1.56x10-3

13 4.78 -9.57x10-3 -18778.70 1.13x107 18778.70 7.97x10-3 -1.59x10-3 1.13x107 0.45 2.13x10-3

14 5.18 -1.02x10-2 -18838.10 1.13x107 18838.10 8.64x10-3 -1.60x10-3 1.13x107 0.46 2.71x10-3

15 5.58 -1.09x10-2 -18894.20 1.13x107 18894.20 9.31x10-3 -1.60x10-3 1.13x107 0.47 3.28x10-3

16 5.98 -1.16x10-2 -18947.20 1.14x107 18947.20 9.97x10-3 -1.61x10-3 1.14x107 0.47 3.85x10-3

17 6.38 -1.23x10-2 -18997.00 1.14x107 18997.00 1.06x10-2 -1.61x10-3 1.14x107 0.48 4.43x10-3

18 6.78 -1.29x10-2 -19044.00 1.14x107 19044.00 1.13x10-2 -1.62x10-3 1.14x107 0.49 5.00x10-3

19 7.18 -1.36x10-2 -19088.00 1.15x107 19088.00 1.20x10-2 -1.62x10-3 1.15x107 0.49 5.57x10-3

20 7.58 -1.43x10-2 -19129.40 1.15x107 19129.40 1.26x10-2 -1.62x10-3 1.15x107 0.50 6.15x10-3
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The force vs. displacement curve is presented in Figure 54.

Stage 4: Interval:20 21< ≤t , corresponds to an unloading and the behavior is elastic, then
φ φ

11 1121 20

p p= = 1.26x10-2 ,  d d
1 1121 20

+ += = 0.5 ,  d d
1 121 20

0− −= =

This phase is completed in only one step and finishes when the force at end 1 is nil, i.e., R
w221

0= .

Solving Equations (12.8.9), (12.8.11) and (12.8.15) (See Table 7).
The force vs. displacement curve is presented in Figure 54.

Stage 5: Interval: 21 22< ≤t , elastic behavior ⇒  φ φ
11 1122 21

p p= = 6.15E-03 , d d
1 1121 20

+ += = 0.5 , 

d d
1 121 20

0− −= =

Solving Equations (12.8.9), (12.8.11) and (12.8.15):

Figure 54. Force vs. Displacement a) Stage 3: 9 20< ≤t  b) Stage 4: 20 21< ≤t

Table 7.  

t
w

t2
θ

2t
R

w t1
R

tθ1
R

w t2
φ

11t
φ

12t
m

t11
d

t1
+ φ

11t

p

cm Rad N N.cm N N.cm

21 3.69 -6.15x10-3 0.00 0.00 0.00 6.15x10-3 0.00 0.00 0.50 6.15x10-3
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This phase is completed in only one step and finishes when the cracking moment Mcr1
−  is reached. 

At the end of this interval, at t = 22 , m x w x M
t cr11

7
2

8
11

0 5895 10 0 2175 10= − = = −−. . 4.81x10 N.cm6  

and the resultant displacement at the end 2 is:

w
21
= 2.87 cm  (12.8.21)

The resulting force vs. displacement curve is presented in Figure 55a.
Solving Equations (12.8.9), (12.8.11) and (12.8.15) (See Table 8).
The force vs. displacement curve is presented in Figure 55b.

Stage 6: Interval: 22 32< ≤t , inelastic behavior ⇒ φ φ
11 1122 21

p p= = 6.15x10-3 , d d
1 1121 20

+ += = 0.5 ,

d
t1

0− >

Figure 55. Force vs. Displacement a) Stage 5: 21 22< ≤t  b) Stage 6: 22 32< ≤t
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As the behavior is nonlinear, this phase is carried out in several steps and finishes when the first 
plastic moment M

p1
−  is reached. Solving Equations (12.8.9), (12.8.11) and (12.8.15) at each step gives 

(See Table 9).
Notice that at the final of this interval at t = 23, m

111
= 1.50 x10  N.cm7  That is very close to  M

p1
− . 

The corresponding displacement at the end 2 is:

w
21
=  -0.13 cm  (12.8.22)

The force vs. displacement curve is presented in Figure 55b.

Stage 7: Interval: 32 60< ≤t , inelastic behavior ⇒  φ
11

0
t

p > , d d
t t1 1

0 0+ −> >,

Table 8. 

t
w

t2
θ

2t
R

w t1
R

tθ1
R

w t2
φ

11t
φ

12t
m

t11
d

t1
+ φ

11t

p

cm Rad N N.cm N N.cm

22 2.87 -4.11x10-3 

x10-4

8019.05 -4.81x106 -8019.05 4.79x10-3 6.80x10-4 -4.81x106 0.50 6.15x10-3

Table 9.  

t
w

t2
θ

2t
R

w t1
R

tθ1
R

w t2
φ

11t
φ

12t
m

t11
d

t1
+ φ

11t

p d
t1
−

cm Rad N N.cm N N.cm

23 2.57 -3.38x10-3 10695.90 -6.42x106 -10695.90 4.29x10-3 9.07x10-4 -6.42x106 0.50 6.15x10-3 0.02

24 2.27 -2.67x10-3 13156.60 -7.89x106 -13156.60 3.79x10-3 1.12x10-3 -7.89x106 0.50 6.15x10-3 0.05

25 1.97 -1.98x10-3 15381.30 -9.23x106 -15381.30 3.29x10-3 1.30x10-3 -9.23x106 0.50 6.15x10-3 0.09

26 1.67 -1.32x10-3 17365.10 -1.04x107 -17365.10 2.79x10-3 1.47x10-3 -1.04x107 0.50 6.15x10-3 0.12

27 1.37 -6.68x10-4 19114.40 -1.15x107 -19114.40 2.29x10-3 1.62x10-3 -1.15x107 0.50 6.15x10-3 0.16

28 1.07 -3.80x10-5 20643.00 -1.24x107 -20643.00 1.79x10-3 1.75x10-3 -1.24x107 0.50 6.15x10-3 0.20

29 0.77 5.74x10-4 21968.80 -1.32x107 -21968.80 1.29x10-3 1.86x10-3 -1.32x107 0.50 6.15x10-3 0.23

30 0.47 1.17x10-3 23111.40 -1.39x107 -23111.40 7.89x10-4 1.96x10-3 -1.39x107 0.50 6.15x10-3 0.27

31 0.17 1.75x10-3 24090.80 -1.45x107 -24090.80 2.89x10-4 2.04x10-3 -1.45x107 0.50 6.15x10-3 0.30

32 -0.13 2.33x10-3 24925.90 -1.50x107 -24925.90 -2.11x10-4 2.11x10-3 -1.50x107 0.50 6.15x10-3 0.34
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Table 10.  

t
w

t2
θ

2t
R

w t1
R

tθ1
R

w t2
φ

11t
φ

12t
m

t11
d

t1
+ φ

11t

p d
t1
−

cm Rad N N.cm N N.cm

33 -0.43 2.88x10-3 25619.80 -1.54x107 -25619.80 -7.11x10-4 2.17x10-3 -1.54x107 0.50 6.14x10-3 0.37

34 -0.73 3.40x10-3 25763.20 -1.55x107 -25763.20 -1.21x10-3 2.19x10-3 -1.55x107 0.50 5.75x10-3 0.37

35 -1.03 3.91x10-3 25901.10 -1.55x107 -25901.10 -1.71x10-3 2.20x10-3 -1.55x107 0.50 5.36x10-3 0.38

36 -1.33 4.42x10-3 26033.80 -1.56x107 -26033.80 -2.21x10-3 2.21x10-3 -1.56x107 0.50 4.97x10-3 0.39

37 -1.63 4.93x10-3 26161.40 -1.57x107 -26161.40 -2.71x10-3 2.22x10-3 -1.57x107 0.50 4.59x10-3 0.39

38 -1.93 5.44x10-3 26284.00 -1.58x107 -26284.00 -3.21x10-3 2.23x10-3 -1.58x107 0.50 4.20x10-3 0.40

39 -2.23 5.95x10-3 26401.90 -1.58x107 -26401.90 -3.71x10-3 2.24x10-3 -1.58x107 0.50 3.81x10-3 0.40

40 -2.53 6.46x10-3 26515.20 -1.59x107 -26515.20 -4.21x10-3 2.25x10-3 -1.59x107 0.50 3.42x10-3 0.41

41 -2.83 6.97x10-3 26623.90 -1.60x107 -26623.90 -4.71x10-3 2.26x10-3 -1.60x107 0.50 3.03x10-3 0.42

42 -3.13 7.48x10-3 26728.30 -1.60x107 -26728.30 -5.21x10-3 2.27x10-3 -1.60x107 0.50 2.65x10-3 0.42

43 -3.43 7.99x10-3 26828.50 -1.61x107 -26828.50 -5.71x10-3 2.28x10-3 -1.61x107 0.50 2.26x10-3 0.43

44 -3.73 8.49x10-3 26924.60 -1.62x107 -26924.60 -6.21x10-3 2.28x10-3 -1.62x107 0.50 1.87x10-3 0.43

45 -4.03 9.00x10-3 27016.70 -1.62x107 -27016.70 -6.71x10-3 2.29x10-3 -1.62x107 0.50 1.48x10-3 0.44

46 -4.33 9.51x10-3 27105.00 -1.63x107 -27105.00 -7.21x10-3 2.30x10-3 -1.63x107 0.50 1.09x10-3 0.45

47 -4.63 1.00x10-2 27189.50 -1.63x107 -27189.50 -7.71x10-3 2.31x10-3 -1.63x107 0.50 7.05x10-4 0.45

48 -4.93 1.05x10-2 27270.40 -1.64x107 -27270.40 -8.21x10-3 2.31x10-3 -1.64x107 0.50 3.17x10-4 0.46

49 -5.23 1.10x10-2 27347.80 -1.64x107 -27347.80 -8.71x10-3 2.32x10-3 -1.64x107 0.50 -7.15x10-5 0.46

50 -5.53 1.15x10-2 27421.80 -1.65x107 -27421.80 -9.21x10-3 2.33x10-3 -1.65x107 0.50 -4.60x10-4 0.47

51 -5.83 1.20x10-2 27492.50 -1.65x107 -27492.50 -9.71x10-3 2.33x10-3 -1.65x107 0.50 -8.48x10-4 0.47

52 -6.13 1.25x10-2 27560.10 -1.65x107 -27560.10 -1.02x10-2 2.34x10-3 -1.65x107 0.50 -1.24x10-3 0.48

53 -6.43 1.31x10-2 27624.50 -1.66x107 -27624.50 -1.07x10-2 2.34x10-3 -1.66x107 0.50 -1.62x10-3 0.48

54 -6.73 1.36x10-2 27685.90 -1.66x107 -27685.90 -1.12x10-2 2.35x10-3 -1.66x107 0.50 -2.01x10-3 0.49

55 -7.03 1.41x10-2 27744.40 -1.66x107 -27744.40 -1.17x10-2 2.35x10-3 -1.66x107 0.50 -2.40x10-3 0.49

56 -7.33 1.46x10-2 27800.10 -1.67x107 -27800.10 -1.22x10-2 2.36x10-3 -1.67x107 0.50 -2.79x10-3 0.50

57 -7.63 1.51x10-2 27853.00 -1.67x107 -27853.00 -1.27x10-2 2.36x10-3 -1.67x107 0.50 -3.18x10-3 0.50

58 -7.93 1.56x10-2 27903.30 -1.67x107 -27903.30 -1.32x10-2 2.37x10-3 -1.67x107 0.50 -3.56x10-3 0.51

59 -8.23 1.61x10-2 27951.00 -1.68x107 -27951.00 -1.37x10-2 2.37x10-3 -1.68x107 0.50 -3.95x10-3 0.51

60 -8.53 1.66x10-2 27996.30 -1.68x107 -27996.30 -1.42x10-2 2.37x10-3 -1.68x107 0.50 -4.34x10-3 0.52
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The structure behavior is nonlinear and so this phase is carried out in several steps and finishes at an 
instant close to the moment M

u1
−  is reached. Solving Equations (12.8.9), (12.8.11) and (12.8.15) at each 

step gives (See Table 10).
Notice that at the final of this interval at t = 60, m

111
=   -1.68 x107 N cm and the displacement at 

the end 2 is:

w
21
=  -8.53 cm  (12.8.23)

The force vs. displacement curve is presented in Figure 56a.

Stage 8: Interval: 60 61< ≤t , corresponds to an unloading and the behavior is elastic, then 
φ φ

11 1121 20

p p= = -4.34x10-3 ,d d
1 1121 20

+ += = 0.5 , d d
1 121 20

− −= = 0.52

This phase is completed in only one step and finishes when the force at end 1 is nil, i.e., R
w221

0= .

Solving Equations (12.8.9), (12.8.11) and (12.8.15) (See Table 11):
The force vs. displacement curve at the final of the displacement history is presented in Figure 56b.

Figure 56. Force vs. Displacement a) Stage 7: 32 60< ≤t  b) Stage 8: 60 61< ≤t

Table 11.  

t
w

t2
θ

2t
R

w t1
R

tθ1
R

w t2
φ

11t
φ

12t
m

t11
d

t1
+ φ

11t

p d
t1
−

cm Rad N N.cm N N.cm

61 -2.60 4.34x10-3 0 0 0 -4.34x10-3 0 0 0.50 -4.34x10-3 0.52
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12.9 PROJECTS

12.9.1 Generalize the Damage Model Developed in Project 10.12.1 including Unilateral Effects.
12.9.2 Generalize the Damage Model Developed in Project 10.12.2 including Unilateral Effects.
12.9.3 Generalize the Damage Model Developed in Project 11.7.1 including Unilateral Effects.
12.9.4 Generalize the Damage Model of Project 10.12.3 including Unilateral Flexural and Torsional 

Effects.
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ABSTRACT

The application of structural analysis techniques to solve real engineering problems is an entirely inde-
pendent discipline by itself that cannot be properly presented in a book of structural mechanics. However, 
it is important to give an overview of how mathematical models can help make engineering decisions. 
This is the subject of the current chapter. The context of the presentation is that of earthquake safety 
assessment. Of course, this is not the only industrial application of the fracture and damage mechan-
ics of frames, but it is a very representative one and a good example of it. The chapter is organized as 
follows. First, the problem is presented and a protocol to solve it is described in Section 13.1. Then, an 
academic software that can be accessed via Internet is described in Section 13.2. This program is used 
to solve some examples of real structures in the last section of the chapter.

13.1 ANALYSIS AND DIAGNOSIS OF VULNERABLE STRUCTURES

Any structure, for instance a building, can be evaluated using static or dynamic analyses. Besides, any 
of these studies may be performed considering linear or nonlinear behavior. The models, based on 
Damage and Fracture Mechanics, described in the former chapter may be used with any of the currently 
established nonlinear procedures for seismic structural assessment.

This chapter presents some industrial applications using nonlinear dynamic analysis. For this purpose, 
a mathematical model of a structure is subjected to an earthquake shaking represented by ground mo-
tion time histories corresponding to an earthquake hazard. Commonly seismic hazard is assessed from 
instrumental, historical and geological records. It varies from place to place because depends on the 
magnitudes of likely earthquakes, how often they occur and the properties of the soil through which the 
earthquake waves travel. In this chapter, three hazard levels are stated (see Table 1). They are defined 
through the probability of exceeding a certain amount of ground shaking in 50 years, how often they 
occurs (Mean Return Period) and a corresponding peak ground acceleration (PGA) that is defined as 
the maximum acceleration experienced by a particle during the course of the earthquake motion. PGA 
is expressed as a percentage of the acceleration of gravity (g). The greater an earthquake magnitude, 
stronger is the ground motion it generates.

Industrial Applications
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Since the calculated response can be highly sensitive to the characteristic of the ground motion, it 
is recommendable the use of several ground motion records trying to cover all the potential shaking 
movements in the zone. When several real ground motions are not available, simulated time history data 
can be used. These records should have an equivalent duration and a spectral content corresponding 
to the zone where the structure is placed. These simulated time history data can be obtained from the 
general response spectrum, that is a plot of the peak acceleration, velocity or displacement of a series 
of oscillators of different natural frequency that are forced to move by the same base vibration. The 
description of the procedure for the calculation of simulated ground motions is out of the scope of this 
book but it can be easily found related information in the technical literature, some of them are cited in 
the references of this chapter. The analyses presented in the next sections were performed using only 
one simulated time history data.

Once the structures are analyzed, the results are checked using acceptance criteria. These conditions 
are stated using levels of damage that are indicative of the building condition after the event as it is 
described in Table 2.

In general, for the seismic vulnerability assessments, the following methodology can be used:

•	 The first step is the data collection. For this purpose it is necessary to determine the configuration 
of the structural system, type, detailing, the uniaxial behaviors of the materials, etc. This data can 
be obtained from the available drawings, specifications and any other documents. It would be very 
convenient the verification of this information by on-site investigations including non-destructive 
testing of the building materials. In order to determine the gravity loads and the lateral ones, it is 
necessary to determine the actual use of the building (residential, commercial, educational, etc.), 
the type and arrangement of existing structural elements and components. It is also very important 
to know the foundation configuration, soil characterization and geotechnical information.

Table 1. Earthquake Hazard Levels 

Earthquake Probability of Exceedance (50 
Years)

Mean Return Period (Years) Percentage of Peak Ground 
Acceleration (% PGA)

Frequent 50% 72 0.4

Severe 20% 225 0.8

Rare 10% 474 1.0

Table 2. Performance Level for flexural damage 

Performance 
Level

Max Expected 
Damage in 

Beams

Max Expected 
Damage in 
Columns

Description

1 0.30 ≈ dp 0.10 The elements do not require any intervention after the event.

2 0.40 0.30 ≈ dp Some minor repairs may be needed.

3 0.50 0.40 The element requires reparation at reasonably costs.

4 0.6 ≈ du 0.5 The structure requires a major rehabilitation process.

5 > 0.7 > 0.6 ≈ du Inacceptable structural behavior.
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•	 The second step corresponds to the digitalization of the structure and loading, i.e., the construc-
tion of the input file to be analyzed with the Finite Element (FE) program. This file contains the 
geometry of the structure, the properties and parameters for each element according to the model 
to use, the service loads and lateral ones to apply.

•	 The third step consists in the construction of the Dynamic Capacity Curve that is obtained by the 
following procedure:
 ◦ Perform the dynamic analyses of the structure varying the peak ground acceleration (PGA) 

from zero up to the level corresponding to the no convergence of the analysis that is an indi-
cation of structural collapse.

 ◦ For each level of acceleration, the maximum damage in beams and columns are plotted 
against the corresponding acceleration. An example of a Dynamic Capacity Curve is shown 
in Figure 1.

•	 Once the Dynamic Capacity Curve is obtained, the vulnerability of the structure can be assessed 
via the performance levels.

As it can be appreciated in Table 1, for each hazard level, a percentage of the PGA is specified. For 
each of these values, corresponding to frequent, severe or rare earthquakes, maximum damages in beams 
and columns can be determined from the Dynamic Capacity Curve. These values are used to determine 
the performance level of the structure according to Table 2. If the analyzed building corresponds, for 

Figure 1. Dynamic Capacity Curve
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example, to a residential use, for a rare earthquake it is expected a performance level of 4 or less; for a 
severe one, a performance level of 3 can be reasonable and for a frequent earthquake a level of 1 or 2 may 
be adequate. On the other hand, for an essential structure, considering the same hazards, performance 
levels of respectively, 3, 2 and 1 should be expected.

For example, consider the Dynamic Capacity Curve presented in Figure 1. For a frequent earthquake 
corresponding to a maximum acceleration of 0.4 PGA, damages values in respectively, beams and col-
umns, of 0.32 and 0.30 are obtained. According to the Table 2, these results correspond to a performance 
level of 2. For a severe earthquake (0.8 PGA), the maximum damage in beams is 0.40 and in columns is 
0.38. These results corresponds to a performance level of 3 and finally for a rare earthquake (1 PGA), a 
performance level of 4 is obtained with damage values in beams of 0.45 and 0.44 in columns. These per-
formances are adequate for a residential building but are not satisfactory for a building with essential use.

13.2 PORTAL OF DAMAGE

Portal of damage is a web-based dynamic nonlinear finite element program where the model described 
in section 12.1 for slender elements has been implemented. The portal can be accessed in the address 
http://portalofdamage.ula.ve using any commercial browser. It allows to:

1.  Create an account in a server.
2.  Make use of a semi-graphic pre-processor to create an input file with a digitized version of the 

structure.
3.  Run a dynamic finite element program and monitor the state of the process
4.  Download or upload input and output files in text format
5.  Make use of a graphic post-processor.

The system has a data base, where the user has to register in the first visit. After registration, the 
user has access to the five links of the system: pre-processor, processor, post-processor, user manual 
and theory manual (see Figure 2).

Within the pre-processor, the user has different menus for the description of the frame geometry, the 
boundary conditions, the dimensions of the elements’ cross-sections (only rectangular cross-sections are 
included so far), the amount and location of the longitudinal and transversal reinforcement, the uniaxial 
behavior of the concrete and the reinforcement and, finally, the loading. The user can impose distributed 
forces on the elements, and displacements, accelerations and/or forces on the nodes.

However, as indicated in section 6.5, the model needs interaction diagrams of the first cracking 
moment, first plastic moment, ultimate moment and ultimate plastic rotation. All these diagrams are 
computed by a Fortran program embedded into the pre-processor called diagram generator. The diagram 
generator uses as input the uniaxial behavior of the materials, the dimensions of the cross-section and 
the amount of the reinforcement. This process is carried out by using standard methods of the classic 
reinforced concrete theory for confined (Kent and Park model) or non-confined elements (Hognestad 
model). The details of these procedures were presented in sections 6.5 and 10.3. The user instructs the 
portal to perform the generation of the interaction diagrams in one of the menus of the pre-processor. 
The results of these computations are shown, graphically, in the portal (see Figure 3). Notice that a table 
with the coordinates of the diagrams is also created. The user can modify these values. This is useful 
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for some special applications. Some errors can be expected in the diagrams calculated with the classical 
theory of reinforced concrete. In the case of very important structures, it can be convenient the execution 
of experimental tests on some typical elements of the frame. The experimental results can be inserted 
directly in the analysis by the modification of the diagram tables. Numerical results for single elements 
of other programs or procedures can also be used in this same way.

Two different kinds of data files are generated by the pre-processor. The first one has the raw data 
of the frame including the uniaxial behavior of the materials and details of the cross-section. A second 
data file is also generated; it has the values of the interaction diagrams of the model parameters instead 
of the element details. Only the second kind of data files can be processed by the FE program.

The second link of the portal gives access to a page called processor. In this page, the user may select 
a data file in her/his account and process it with the FE program. The user may also abort the analysis 
or monitor the process (see Figure 4).

When the process is successfully finished (see Figure 5), the user may download the results file 
in text format or may proceed to visualize them graphically with the third main link of the portal: the 
post-processor.

With the post-processor (see Figure 6), the user may plot histories of element variables (damage, 
generalized stresses or strains, plastic rotations) or node variables (forces, displacements, velocities, 
accelerations) and graphs of variable vs. variable . Damage distribution over the frame at any instant of 
the loading can also be plotted.

Figure 2. Main page of the Portal of Damage
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Figure 3. Diagrams of interaction computed by the pre-processor

Figure 4. Analysis of a file in the portal
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13.3 INDUSTRIAL APPLICATIONS

In this section two analyses are presented. The first one corresponds to a residential building and the 
second one to a structure of a school. For both structures, the dimensions of cross-sections of beams and 
columns are expressed in cm and the longitudinal reinforcement in cm2. The diameters of the transversal 
reinforcements are reported in mm and the separation in m.

13.3.1 Residential Building

Figures 7 to 31 show the geometry and details of a seven-story residential building. The frames of the 
building were digitized and analyzed using the Portal of Damage. The loads applied on the frames are 
indicated in Tables 3 and 4; they were subjected to the artificial earthquake presented in Figure 32a and 
that was derived from the response spectrum of the Figure 32b.

As it can be appreciated in Figure 30b, the peak acceleration of the ground motion used in the analy-
ses is 0.30g. This acceleration corresponds to a zone with high seismic risk. The damage distributions 
at the end of the event are presented in Figures 31 to 37.

Figure 5. Monitoring of an analysis in the portal
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Figure 6. Graphic post-processor
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Figure 7. Residential building, floor geometry at level 0.00

Figure 8. Residential building, geometry and reinforcement of frame 1 a) columns b) beams
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Figure 9. Residential building, geometry and reinforcement of frame 2 a) columns b) beams

Figure 10. Residential building, geometry and reinforcement in columns of the frame 3
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Figure 11. Residential building, geometry and reinforcement in beams of the frame 3

Figure 12. Residential building, geometry and reinforcement in columns of the frame 4
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Figure 13. Residential building, geometry and reinforcement in beams of the frame 4

Figure 14. Residential building, geometry and reinforcement in columns of the frame 5
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Figure 15. Residential building, geometry and reinforcement in beams of the frame 5

Figure 16. Residential building, geometry and reinforcement in columns of the frame 6
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Figure 17. Residential building, geometry and reinforcement in beams of the frame 6

Figure 18. Residential building, geometry and reinforcement in columns of the frame 7
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Figure 19. Residential building, geometry and reinforcement in beams of the frame 7

Figure 20. Residential building, geometry and reinforcement in columns of the frame 8
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Figure 22. Residential building, geometry and reinforcement in columns of the frame A = frame B

Figure 21. Residential building, geometry and reinforcement in beams of the frame 8
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Figure 23. Residential building, geometry and reinforcement in beams of the frame A = frame B

Figure 24. Residential building, geometry and reinforcement in columns of the frame C
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Figure 25. Residential building, geometry and reinforcement in beams of the frame C

Figure 26. Residential building, geometry and reinforcement in columns of the frame D
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Figure 27. Residential building, geometry and reinforcement in beams of the frame D

Figure 28. Residential building, geometry and reinforcement of the frame E a) columns b) beams
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Table 3. Loads applied over the elements of frames 1 to 8 

Frame Level Load on Span (KN/m)

A - B B - C C - D D – E E - F

1 1 – 7 - - 40.18 40.18 -

Roof - - 31.85 31.85 -

2 1 - - 36.26 7.84 -

2 – 6 - - 36.26 - -

7 - - 31.26 - -

3 1 – 6 38.22 38.22 38.22 38.22 -

7 36.26 36.26 36.26 36.26 -

Roof - - 29.40 29.40 -

4 1 – 6 38.22 38.22 38.22 38.22 -

7 38.22 33.32 38.22 38.22 -

Roof 33.32 - 30.38 30.38 -

5 1 – 6 41.16 41.16 41.16 41.16 41.16

7 37.24 37.24 37.24 37.24 37.24

8 / Roof 34.30 - 33.32 33.32 -

9 36.26 - - - -

6 1 – 7 39.20 39.20 39.20 39.20 39.20

8 34.30 34.30 34.30 34.30 34.30

9 36.26 36.26 36.26 36.26 36.26

7 1 – 6 39.20 39.20 39.20 39.20 39.20

7 35.28 35.28 35.28 35.28 35.28

8 1 35.28 35.28 35.28 35.28 35.28

2 – 6 35.28 - - 35.28 35.28

7 31.36 - - 31.36 31.36

Figure 29. Residential building, geometry and reinforcement of the frame F a) columns b) beams
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Figure 30. a) Response spectrum used for the ground motion derivation b) Artificial earthquake used 
for the analysis

Table 4. Loads applied over the elements of frames A to F 

Frame Level Load on Span (KN/m)

1-2 2-3 3-4 4-5 5-6 6-7 7-8

A=B 1 - 4 - 44.10 44.10 44.10 44.10 44.10 44.10

5 - 6 - 43.12 43.12 43.12 43.12 43.12 43.12

7 - 5.10 5.10 5.10 5.10 5.10 5.10

Roof - - 1.47 4.410 1.47 1.47 -

C 1 - 6 41.16 41.16 41.16 41.16 41.16 41.16 -

7 35.28 35.28 41.16 35.28 41.16 41.16 -

Roof - - 1.47 - 1.47 1.47 -

D 1 – 4 40.18 40.18 40.18 40.18 40.18 40.18 40.18

5 – 7 39.20 39.20 39.20 39.20 39.20 39.20 39.20

Roof 0.98 0.98 0.98 0.98 1.47 1.47 -

E 1 – 6 38.22 38.22 38.22 - - - -

7 32.34 32.34 32.34 - - - -

Roof - - 29.40 - - - -

F 1 – 6 - - - - 37.24 37.24 37.24

7 - - - - 32.34 32.34 32.34

Roof - - - - 1.96 1.96 -
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Figure 32. Damage distributions at the final of the event Frame 3 

Figure 31. Damage distributions at the final of the event a) Frame 1 b) Frame 2
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Figure 33. Damage distributions at the final of the event a) Frame 4 b) Frame 5

Figure 34. Damage distributions at the final of the event a) Frame 6 b) Frame 7

Figure 35. Damage distributions at the final of the event a) Frame 8 b) Frame A = B
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As it can be appreciated the maximum damages occurred in the beams. This is in accordance with 
the recommendations prescribed in the standards of earthquake engineering. Frames 7 and A = B pre-
sented the largest damage values. The Dynamic Capacity Curve of the frame 7 is presented in Figure 38.

As can be appreciated in Figure 38 for a frequent earthquake (0.4 PGA) the maximum damage in 
beams and columns are, respectively, 0.263 and 0.32 that correspond to a performance level of 2. For 
a severe earthquake (0.8 PGA) are obtained damages in beams and columns of respectively, 0.422 and 
0.497. This corresponds to a performance level of 3 and finally for a rare earthquake (1 PGA), the maxi-
mum damages obtained are 0.53 and 0.549 that corresponds to a performance level of 4. These results 
indicate that the structural behavior of the building is adequate.

13.3.2 Educational Facility

In Figure 39, it is presented the geometry of a typical edification built in Venezuela in the 60s. In Figures 
40 to 58 it is presented the geometry and reinforcements details of beams and columns.

The loads applied on the frames are indicated in Tables 5 and 6; they were subjected to the artificial 
earthquake presented in Figure 59a that was derived from the response spectrum of the Figure 59b.

In this case (see Figure 59b), the peak acceleration of the ground motion is 0.40g. This acceleration 
corresponds to a zone with very high seismic risk. The frames were analyzed using the Portal of Dam-
ages but all the analyses stopped before finishing the earthquake record. The damage distributions at 
the end of each analysis are presented in Figures 60 to 65.

As it can be appreciated in Figures 60 to 65, the values of the damages in columns were between a 
value of 0.51 and 0.81 and in beams between 0.22 and 0.75, which are very high. In fact, collapse of 
frames A, C, D and F could be expected. This behavior is not acceptable for any edification especially 
for an essential one. This structure does not satisfy the criteria prescribed in the actual seismic codes.

After Cariaco Earthquake (Venezuela) in 1997, a school with this geometry collapsed as it is shown 
in Figure 56. As evidenced by the results presented, even when the influence of the masonry was not 
considered in the analyses, resulting behavior is similar to the real case.

Figure 36. Damage distributions at the final of the event a) Frame C b) Frame D
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Figure 37. Damage distributions at the final of the event a) Frame E b) Frame F

Figure 38. Dynamic Capacity Curve of the frame 7
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Figure 39. Educational facility, geometry of floor at level 0.00

Figure 40. Educational facility, geometry and reinforcement in columns of Frame A = Frame B

Figure 41. Educational facility, geometry and reinforcement in beams of Frame A = Frame B
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Figure 42. Educational facility, geometry and reinforcement in columns of Frame B = Frame E

Figure 43. Educational facility, geometry and reinforcement in beams of Frame B = Frame E

Figure 44. Educational facility, geometry and reinforcement of the Frame C (1-3)= Frame D (1-3) a) 
columns b) beams

Figure 45. Educational facility, geometry and reinforcement of the Frame C (5-7)= Frame D (5-7) a) 
columns b) beams
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Figure 46. Educational facility, geometry and reinforcement in columns of the Frame 1

Figure 47. Educational facility, geometry and reinforcement in beams of the Frame 1

Figure 48. Educational facility, geometry and reinforcement in columns of the Frame 2

Figure 49. Educational facility, geometry and reinforcement in beams of the Frame 2
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Figure 50. Educational facility, geometry and reinforcement in columns of the Frame 3

Figure 51. Educational facility, geometry and reinforcement in beams of the Frame 3

Figure 52. Educational facility, geometry and reinforcement of the Frame 4 (A-B)= Frame 4 (E-F) a) 
columns b) beams

Figure 53. Educational facility, geometry and reinforcement in columns of the Frame 5
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Figure 54. Educational facility, geometry and reinforcement in beams of the Frame 5

Figure 55. Educational facility, geometry and reinforcement in columns of the Frame 6

Figure 56. Educational facility, geometry and reinforcement in beams of the Frame 6

Figure 57. Educational facility, geometry and reinforcement in columns of the Frame 7
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13.4 SUMMARY

This chapter proposes a protocol for the seismic assessment of frame structures. The protocol is resumed 
in Tables 1, 2 and the concept of dynamic capacity curve. The first table summarizes the possible de-
mands on the structure in terms of the peak ground acceleration or PGA; the second table characterizes 
the expected repairability state of the frame in terms of the damage values. The dynamic capacity curve 

Table 5. Loads applied over the elements of frames 1 to 7 

Frame Level Load on Span (KN/m)

A – B B – C C – D D – E E – F

1 = 2 = 3 1 – 2 5.20 5.20 5.20 5.20 5.20

4 1 – 3 5.20 - - - 5.20

5 = 6 =7 1 – 3 5.20 5.20 5.20 5.20 5.20

Figure 58. Educational facility, geometry and reinforcement in beams of the Frame 7

Figure 59. a) Response spectrum used for the ground motion derivation b) Artificial earthquake used 
for the analysis
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Table 6. Loads applied over the elements of frames A to F 

Frame Level Load on Span (KN/m)

1 – 2 2 – 3 3 - 4 4 – 5 5 – 6 6 – 7

A = F 1 – 2 32.56 32.56 32.56 32.56 32.56 32.56

3 - - - 27.46 27.46 27.46

B = E 1 45.82 45.82 45.82 45.82 45.82 45.82

2 36.50 36.50 36.50 45.82 45.82 45.82

3 - - - 36.50 36.50 36.50

D 1 45.82 45.82 - - 45.82 45.82

2 36.50 36.50 - 45.82 45.82

3 - - - - 36.50 36.50

Figure 60. Damage distributions at the final of the event a) Frame 1 b) Frame 2

Figure 61. Damage distributions at the final of the event a) Frame 3 b) Frame 4(A-B)= 4(E-F)
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Figure 62. Damage distributions at the final of the event a) Frame 5 b) Frame 6

Figure 63. Damage distributions at the final of the event a) Frame 7 b) Frame A = F

Figure 64. Damage distributions at the final of the event a) Frame C = D (1-3) b) Frame C = D (5-7)
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is a plot of the maximum value of damage for beams and columns as a function of PGA. Thus, this curve 
is the link between the two tables; through dynamic capacity curve, it is possible to establish what will 
be the final state of a frame for a given loading and vice versa.

Figure 65. Damage distributions at the final of the event a) Frame B = E

Figure 66. Raimundo Martínez Centeno high school, collapsed during Cariaco Earthquake (Venezuela) 
in 1997
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In order to obtain the dynamic capacity curve some computational tool is needed. Ideally, the one 
developed through the sequence of projects that were suggested in the book. Alternatively, a program 
named Portal of Damage can be used.
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ABSTRACT

This chapter, the last of the book, describes how to use the concepts of damage mechanics for the de-
scription of the behavior of tubular frame structures. In the first section of this chapter, the concept of 
damage of a plastic hinge is used to describe local buckling evolution. It also shows that the technique 
of the variation of the elastic stiffness, described in Chapter 10, can be utilized to measure the degree of 
local buckling in the metallic elements. This first section is restricted to the analysis of frames subjected 
to mono-sign loadings. The second one deals with the behavior of the structures under general loadings 
in the plane. It shows that in the case of cyclic loadings with reversal of sign a new phenomenon appears: 
“counter-buckling”; in metaphoric terms, counter-buckling can be described as “ironing the wrinkles.” 
In this section, this effect is characterized and modeled introducing the concept of “local buckling driving 
rotation.” Finally, in the third section of the chapter, the analysis of tridimensional frames is addressed.

14.1 LOCAL BUCKLING DAMAGE MODEL FOR 
PLANAR MONO-SIGN LOADINGS

The steel frame structure is the other major alternative in the civil engineering construction industry. 
During test on both, tubular steel elements and RC frame members, the same phenomena: degradation 
of stiffness and strength are observed when the specimens are subjected to overloads; however, their 
fundamental causes are radically different in each case. As it has been discussed at length in the previ-
ous chapters, cracking is the phenomenon responsible for these effects in reinforced concrete structures; 
this is not the case of steel structures. Tubular steel elements are usually built with relatively thin walls; 
overloads on these components generate the appearance of small waves or wrinkles (see Figure 1a) that 
do not disappear after unloading the element; this phenomenon is called local buckling. For instance, 
Figure 1b shows the damage in a crane of the port of Kobe resulting from the 1995 great earthquake. In 
the picture it can be clearly appreciated the presence of local buckling in its columns.

Lumped Damage Mechanics:
Tubular Steel Structures
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Therefore, it must be concluded that the use of the Griffith criterion and the concepts of fracture 
mechanics should not be used in the modeling of the behavior of tubular frame members since crack 
propagation is not the main cause of structural degradation in this case. However, some of the other 
ideas described in chapter 9 still apply.

14.1.1 Experimental Analysis of a Steel Tubular Element

Figure 2 shows the setup of a test on a tube of circular cross-section subjected to a mono-sign loading. 
The structural response of the element is presented in Figure 3, first in the form of a curve of deflection 
against force (Figure 3a). From this plot, the curve of plastic deflection vs. stiffness presented in Figure 
3b can be built.

The curve 14.3a can be divided into three stages. The first one corresponds to an elastic phase of the 
behavior. In this stage, the behavior is fully reversible and permanent deflections cannot be appreciated 
after unloading. If a metallic framed structure is not loaded beyond this phase, the models and techniques 
described in chapters 3 and 4 are sufficient for the analysis of the structure.

In the second stage, the element exhibits a behavior that can be characterized as elasto-plastic with 
hardening. Plastic hardening fully develops and large plastic deformations evolve under approximately 
constant forces. It can be noticed in Figure 3b, that the stiffness of the element is still constant in this phase. 
Structures that enter this second stage can be modeled using the methods presented in chapters 6 to 8.

The third phase is characterized by significant degradation of the stiffness and strength. The begin-
ning of this last stage is triggered by the appearance of local buckling in the plastic hinge region. The 
degradation of these mechanical properties increases with the evolution of local buckling. For instance, 
in the structure shown in the Figure 1b, the columns of the frame have gone through all those phases 
and their mechanical properties were severely compromised after the seismic event. It is clear that the 
theory of elasto-plastic frames cannot be used to simulate the behavior of such a structure.

Figure 1. a) Local buckling in a tubular steel member of square cross-section b) Buckled crane legs 
after the 1995 Kobe earthquake Port Crane legs buckled due to soil spreading (UCB-EERC 1995/01) 
Courtesy of NISEE-PEER, University of California, Berkeley
14.1b Crane legs buckled due to spreading. (1995). Kobe Geotechnical Collection, Japan. University of California, EERC 
1995/01 Aug. 1995: 39. Retrieved February 28, 2014 from http://nisee.berkeley.edu/elibrary/Image/K0127 .
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It is important to note that not all metallic tubes are able to develop the three stages in the case of 
overloads. Those that do, are said to have a “compact cross-section”. If the walls of the tube are too 
thin with respect to the dimensions of the cross-section, the plastic phase without local buckling is not 
fully developed or not present at all and local buckling appears more rapidly. Of course, elements with 
non-compact cross-sections should not be used in the principal elements of any structure; but does not 
necessarily mean that this is never done.

14.1.2 Elasticity Law of a Tubular Frame Element with Local Buckling

The fact that local buckling reduces the elastic limit of the tubular elements (see Figure 3a) as well as 
the slope of the loading/reloading branches (see Figure 3b) suggests that the concept of plastic hinge 
with damage can be used for its modeling. Therefore, a tubular frame element can be represented using 

Figure 2. Test on a tube of circular cross-section a) Set up of the test b) Deflection history

Figure 3. a) Deflection vs. force in the test of Figure 2 b) Plastic deflection vs. Slope
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the same lumped damage model that is described in section 10.1; however, in this case, the damage ar-
ray ( ) ( , )D

b i j
d d= measures the degree of local buckling at the ends of the tube instead of crack densi-

ties as illustrated in Figure 4.
Thus, the elasticity law presented in section 10.1, in any of its forms (Equations 10.1.4 or 10.1.5-6), 

can also be used in this case:
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The matrix { }Φ0
b
has, again, the initial deformations defined in Table 3 of Chapter 3.

Figure 4. Characterization of local buckling in a tubular element using the lumped damage model
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14.1.3 Yield Function of a Plastic Hinge with Local Buckling

The second stage of the behavior, assuming that the section is compact, can be described using a yield 
function with perfect plasticity (Equation 6.2.7) or nonlinear plastic hardening; that is Equations 6.3.1, 
6.3.3 and 6.3.5 or 6.3.6 if axial deformations are neglected. If they are not, the perfectly plastic model 
is defined by the expression (6.4.5).

The third phase, with strength degradation, can be represented assuming again the hypothesis of 
equivalence in deformations. For instance, the plastic deformation evolution law derived from the yield 
function (6.2.7) is:
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where Mu is, as usual, the ultimate moment of the cross-section as defined in chapter 6. If the more 
sophisticated model with plastic hardening is chosen, the yield functions become:
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where Mp is the first plastic moment and α is the plastic hardening parameter as defined in chapter 6. 
The terms pi and pj represent in this case the accumulated plastic deformations:

dp d
i i

p= φ and dp d
j j

p= φ  (14.1.4)

The plastic deformation evolution laws remain the same.
Plastic elongations can be included in the model if desired, by introducing the following yield functions:
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With the normality rules:
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and the plastic multipliers evolution laws:
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λ
i
and λ

j
are the plastic multipliers of hinges i and j. 

Notice that in the last model, the influence of local buckling on the permanent elongation is not fully 
taken into account; thus it should be used only when axial loads are relatively small with respect to the 
bending moments.

14.1.4 Local Buckling Evolution Law

The experimental procedure to measure damage in a hinge presented in section 10.3.1 can also be used to 
quantify the degree of local buckling in a tubular element. The curve of plastic rotation vs. local buckling 
damage corresponding to the test of Figure 2 can be built from the data presented in the Figure 3a and 
is shown in Figure 5; in that curve, the variables are computed as:

φp p
t

L
= ;d Z d

Z
= −1

0

( )  (14.1.8)

As usual, φp is the plastic rotation, t
p

the plastic deflection, Z
0
is the initial slope (without local 

buckling) and Z d( ) the damaged ones.
The simplest expression describing these results is:

d p p
i m i cr
= −κ  (14.1.9)
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where pcr is the critical plastic rotation that initiates local buckling and κm is the slope of the line as 
indicated in Figure 5. Notice that this evolution law is similar to the one proposed for ductile materials 
in the uniaxial case discussed in section 9.2.5.

The parameters pcr and κm can be identified from the moment vs. rotation graph as it is shown in 
Figure 6.

14.1.5 Numerical Simulations

The model introduced in this section is defined by the elasticity law (14.1.1), the plastic deformation 
evolution law (14.1.2) with the yield functions (14.1.2-7) and the local buckling evolution law (14.1.9). 
The test of Figure 2 was simulated with the model using the parameter values pcr = 0.152 rad and κ = 
2.05 obtained in the former section. The experimental and numerical deflection vs. force curves are 
shown in Figure 7.

The test that is shown in Figure 8a was simulated using the described model too. The element has a 
120 mm square cross-section, 4 mm thickness and is subjected to the loading path presented in Figure 
8b. The model parameters pcr and κ were identified from the rotation vs. bending moment curve as it is 
shown in Figure 9.

The experimental and numerical Displacement vs. force curves are shown in Figure 10.
In Figure 10b are indicated the damage values at the beginning of some elastic unloading.

Figure 5. Plastic rotation vs. local buckling damage in the test of Figure 2
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14.2 THE COUNTER-BUCKLING EFFECT AND A 
MODEL FOR GENERAL PLANAR LOADINGS

14.2.1 Experimental Analysis of the Behavior of 
Steel Tubes Subjected to Cyclic Loading

Consider the same experimental test presented in Figure 2. If a cyclic loading is applied (see Figure 11a), 
the response of the element in a curve of deflection vs. force is the one shown in Figure 11b. For large 
values of displacements, the local buckling phenomenon appears again but this time in a more complex 
form. As it can be appreciated in Figure 12 two distinct “wrinkled” zones emerge in the plastic hinge zone.

Figure 6. Parameter determination in test of Figure 2

Figure 7. Deflection vs. force curves of the test of Figure 2 a) Experimental b) Numerical simulation
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One of the wrinkled surfaces on the plastic hinge zone is produced by positive bending moments; 
while the other, on the opposite face, is the result of the action of negative bending moments; those 
wrinkled regions will be called, respectively, “positive local buckling” and “negative local buckling”.

Figure 13 shows only the isolated unloading branches of the graph of Figure 11b; this is a plot of 
the absolute value of deflection vs. the absolute value of force during the unloading of the tube from 
positive and negative forces.

Figure 8. Test on a tube of square cross-section a) Set up of the test b) Deflection history

Figure 9. Parameter determination in test of Figure 8
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The unloading branches under positive forces are called ‘‘positive’’; if the force is negative the 
unloading will be called ‘‘negative’’. The unloading curves are labeled by pairs. One curve of the pair 
corresponds to a positive unloading and the other to a negative one; in this way the elastic stiffness of 
the tube under positive and negative forces can be compared.

Local buckling in the tube appeared after the occurrence of the unloading branches marked as number 
2; the progressive loss of stiffness can be appreciated in the remaining pairs. On the other hand, notice 
that the slope is the same in both branches of each pair regardless of the sign of the unloading. However, 
physically, the phenomenon is not completely symmetric; i.e. positive local buckling appears or grows 
first and the negative local buckling does the same but latter in the cycle. Thus, the positive unloading 
branches occur with only the maximum positive local buckling of the cycle while each negative unload-
ing happens with both maximum degrees of local buckling, positive as well as negative. Therefore, it 
appears that negative local buckling has little effects on the stiffness under positive forces. This obser-
vation allows concluding that the unilateral hypothesis presented in chapter 9 (section 9.2.6) and that is 
used for the modeling of the behavior of reinforced concrete elements (chapter 12) can also be utilized 
in the case of steel tubes with local buckling.

Figure 10. Displacement vs. force curves in the test of Figure 8 a) Experimental b) Numerical simulation

Figure 11. a) History of displacements in a cyclic test b) Deflection vs. force in a cyclic test
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Figure 12. Local buckling in a cyclic test

Figure 13. Absolute value of force against the absolute value of deflection during the unloading branches 
in a cyclic test
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14.2.2 Unilateral Elasticity Law for Steel Frame 
Elements with Hollow Cross-Sections

The experimental results described in the previous section show that the unilateral elasticity law can be 
used to describe the behavior of steel tubes. Thus, two sets of local buckling damage ( ) ( , )D+ + +=

b i j
d d

and ( ) ( , )D− − −=
b i j

d d are introduced; they characterize the state of local buckling in the element as is 
represented in Figure 14.

Then, the unilateral elasticity law of a frame element of hollow cross-section is:
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{ }Φ
b

and { }Φp
b

represent, respectively, the deformation and plastic deformation matrices in the 

planar case, of course; the terms M
b

+
and M

b

−
correspond to the positive and negative parts of the 

stress matrix, such as is defined in chapter 12.

14.2.3 Unilateral Yield Function

In order to evaluate the validity of the unilateral hypothesis on the yield function, a different type of 
test is carried out. Again, the same set up of Figure 2 is used; but this time the loading is not mono-sign 
or cyclic but a combination of both. It consists first in a mono-sign loading that produces a significant 

Figure 14. Representation of the local buckling state in tubular frame element using damage variables
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amount of positive local buckling; then the load is reversed so the negative local buckling is achieved; 
the test is finished with a cyclic loading. This kind of loading is called “mixed”. The results of this mixed 
test on a tube of circular cross-section are presented in Figure 15.

Notice that the value of the force corresponding to the formation of positive local buckling (the first 
one) is 5.30 KN. Then, the loading reversal produced negative local buckling with a value of 5.41 KN. 
Thus, when the negative local buckling occurs, positive local buckling had already been formed and yet 
the strength of the element has been not been modified. This result validates the hypothesis of unilat-
erality, not only at the level of stiffness degradation, but also for strength degradation. Of course, this 
assumption, as any other one, has a limit of validity. For very high values of local buckling there seems 
to be some degree of coupling between negative local buckling and positive strength and vice versa. 
Therefore, the corresponding unilateral yield function derived from (14.1.2) is:
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With, of course, the same plastic deformation evolution laws (14.1.2); i.e.:
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Figure 15. Deflection vs. force in a mixed test
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The previous yield function neglects the plastic hardening and the Bauschinger effect observed during 
the cyclic tests (see Figure 12b); however for most practical applications, this model should give good-
enough precision with engineering purposes. If desired, a more sophisticated, but much more complex, 
model can be obtained by using unilateral the yield functions with nonlinear isotropic and kinematic 
hardening described in chapter 7 (section 7.1.6):

f (m p x Max
m

d
x M Q p

m

d
x M Q p

i i i i
i

i

i p i
i

i

i p i
, , ) ( ( )); ( (=

−
− − + −

−
+ − +

+ −1 1
)))












≤ 0  (14.2.4)

where xi is the kinematic hardening term, Q(pi) the isotropic hardening term and Mp the yield moment 
of the cross-section.

The plastic deformation evolution law (14.2.3) remains unchanged. All the options for the evolution 
of the hardening parameters xi and Q(pi)presented in section 7.1.6 can also be used unmodified; i.e. 
nonlinear Equations (7.1.15a and 7.1.16a) or multilinear (7.1.15b and 7.1.16b).

14.2.4 The Local Buckling Driving Rotation and 
the Local Buckling Evolution Laws

As aforementioned, during a cyclic loading occurs a new phenomenon denoted “counter-buckling” that 
can be described as follows: in the process of local buckling, a wrinkle is formed on the compression 
side of the tube in the plastic hinge region. When the load is reversed, that wrinkle is subjected to tension 
stresses; metaphorically speaking, it can be said that these tractions tend to “iron” the wrinkle. Of course, 
simultaneously the compression stresses resulting from the same bending moment create or increase 
the wrinkle on the opposite side of the plastic hinge zone. This “ironing” process on the tension side 
is the counter-buckling effect. Figure 12 shows the plastic hinge region of a tube with local buckling 
produced by positive and negative bending moments of the same intensity; in the figure both buckled 
surfaces can be appreciated; the result of the counter-buckling process on one of them, the upper part, 
can also be noticed.

In order to model the counter-buckling process, new variables, called local buckling driving rotations, 
are introduced. These variables are defined for positive and negative local buckling as:
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The term CBf is denoted counter-buckling factor and can take values between zero and one. A value 
of CBf that can be used in many applications is:

CBf = 0 7.  (14.2.6)

Notice that both local buckling driving rotations are always positive. b
i
+ increases with positive incre-

ments of the plastic rotation and decreases with the negative one. The opposite occurs with b
i
− ; that is, 

it increases with negative increments of the plastic rotation and decreases with the positive one. The 
counter-buckling process occurs slower that the buckling one by a factor 0.7.

Notice also that in the case of a mono-sign loading, for example, a positive one, one of the local 
buckling driving rotation becomes the accumulated plastic rotation while the other is equal to zero: 
b p

i i
+ = , b

i
− = 0 .

Figure 16 shows a plot of the slope of the elastic unloading branches vs. the local buckling driving 
rotation in two tests, one corresponding to a mono-sign loading, the other to a cyclic one. Notice that, 
indeed, the loss of elastic stiffness can be correlated by the local buckling driving rotation.

Then, the local buckling evolution law can be written as:
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Figure 16. Local buckling driving rotation, with CBf = 0.7 vs. elastic stiffness
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where R d
i

( )/+ − is, this time, the local buckling resistance function. This resistance function can be iden-
tified using the results presented in Figure 16 by computing the local buckling damage again as indi-
cated in section 14.1.4. A graph of damage vs. driving rotation is presented in Figure 17.

From this graph, two expressions can be proposed for the local buckling resistance function. The 
simplest one generalizes the evolution law for mono-sign loadings presented in section 14.1.4 to the case 
of cyclic loading with counter-buckling:

R d p
d

i j cr

i j

m
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/
/ /

/

+ −

+ −
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κ

 (14.2.8)

A more accurate alternative for large values of damage consists in the use of logarithmic function:
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 (14.2.9)

Figure 18 shows the incorporation of the expressions (14.2.8) and (14.2.9) in the Figure 17 and 5. 
The parameters pcr and κm were identified in section 14.1.4 and a value of κc = 2.60 is estimated from 
the experimental results.

Figure 17. Local buckling damage vs. local buckling driving rotation
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In this figure it can be appreciated that the expression (14.2.9) represents in a better way the results 
for the cyclic test.

14.2.5 Numerical Simulations

In this section the numerical simulations corresponding to the cyclic test presented in Figure 11 and the 
mixed test of Figure 15 are presented. The experimental curves are shown again in order to facilitate 
the comparison of the results. In the first case, the curve deflection vs. force is shown in Figure 19 and 
for the second one, in Figure 20. The values of the constants used in these simulations are: pcr = 0.152 
rad and κc = 2.60.

14.3 DAMAGE MODEL FOR TRIDIMENSIONAL STEEL FRAMES

14.3.1 Experimental Analysis of a Steel Tubular 
Element Subjected to Biaxial Loadings

Consider the experimental set up that is shown in Figure 21a. Notice that it is a tube fixed at its base but 
subjected to two perpendicular lateral forces. The specimens consisted in steel hollow structural elements 

Figure 18. Local buckling resistance functions



555

Lumped Damage Mechanics
 

with 120 mm square cross-section, 4 mm thickness and a free length of 1.28 m. The loading history of 
controlled displacement for the test is presented in Figure 21b. Notice that this experiment has many 
aspects in common with the mono-sign test discussed in section 14.1.1, except that the displacements 
in the Y and Z directions are applied sequentially; at the end of each cycle the corresponding force is 
carried to zero.

The response of the element is presented in Figure 22 in the form of two graphs of displacement vs. 
force, one in each direction. The aspect of the plastic hinge region of the tube at the end of the test is 
shown in Figure 23.

Notice that again two distinct wrinkles can be appreciated in the element; but this time they are not 
in opposite faces of the tube, as in the cyclic test of section 14.2.1, but in two adjacent ones.

Figure 19. Deflection vs. force curves corresponding to a circular element subjected to the cyclic load-
ing path of Figure 11a a) Experimental curve b) Numerical simulation

Figure 20. Deflection vs. force curves corresponding to a circular element subjected to mixed loading 
a) Experimental curve b) Numerical simulation
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14.3.2 Elasticity Law for a Tubular Element in Tridimensional Frame

In order to model a behavior such as the one described in the previous section it is necessary to con-
sider the tridimensional case. The matrix of damage that was defined in section 14.1.2 is extended to 
( ) ( , , , )D

b iy iz jy jz
d d d d= ; where diy characterizes the local buckling resulting from the bending moment 

around the local axis Y at the end i of the element, diy is the local buckling damage due to bending mo-
ments around the local axis Z at the same extreme; djy and djz represent the two damage variables at the 
end j (see Figure 24).

Figure 22. a) Deflection vs. force in the Y direction b) Deflection vs. force in the Z direction

Figure 21. a) Experimental set up for biaxial loading b) Loading history
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The elasticity law has the same general form (Equation 14.1.1) but now all its terms correspond to 
the tridimensional case:

{ } [ ( )] { } { }Φ Φ Φ− = +p
b b b b
F D M 0 ; 
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The initial deformations are computed by using twice Table 3 from Chapter 3. The flexibility matrix 
is given by:

Figure 23. Local buckling in a biaxial test
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Notice that this elasticity law does not take into account unilateral behavior (or torsion damage). It 
is possible to inverse the relationship and to compute the elasticity matrix:

{ } [ ( )] { } { ( )}M E D M D
b b

p
b b

= − +Φ Φ 0  (14.3.4)

Figure 24. Representation of local buckling in the biaxial case using damage variables
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14.3.3 Yield Functions

The yield functions with damage can be obtained by using the hypothesis of equivalence in deformation 
and the expression introduced for biaxial plasticity (Equation 6.4.13) without damage:
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The parameters ν1, ν2 and ν3 can be taken equal to 2. The usual normality laws and plastic multiplier 
evolution laws accompanying these yield functions allow for the description of the plastic state of the 
element:
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14.3.4 Local Buckling Damage Function and Evolution Laws

A new concept, similar to the yield function, is now introduced: the local buckling damage function 
for the inelastic hinge i, gi. This function depends on two accumulated plastic rotations and the local 
buckling damages:

g g p p d d
i i iy iz iy iz
= ≤( , , , ) 0  (14.3.8)

where these accumulated plastic rotations are defined as follows:

dp d
iy iy

p= φ and dp d
iz iz

p= φ  (14.3.9)

The local buckling evolution of an inelastic hinge i is now determined assuming that local buckling 
also obeys a normality law:
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The variable μ is the damage multiplier whose evolution law is:
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14.3.5 Experimental Identification of the Local Buckling 
Damage Function for a Tube of Square Cross-Section

Consider again the experimental set up shown in Figure 21. The determination of the damage function 
for a tube of square cross-section is carried out by subjecting several elements of this characteristic to 
the set of biaxial loadings defined in Figure 25.

Notice that these are displacement controlled loadings that are represented by straight lines in the 
displacement space. These four lines form different angles with the horizontal axis: zero degrees, fifteen 
degrees, thirty degrees and forty five degrees and they are denoted SBH-0o, SBH-15o, SBH-30o and 
SBH-45o. The results of those tests are presented in Figures 26 in two graphs of deflection vs. force, 
one for each local axis

As aforementioned, softening in these curves initiates with local buckling. The values of the plastic 
deflection at the instant of local buckling initiation can be measured using the elastic stiffness identified 
at the beginning of the tests and the total deflection corresponding to the point of maximum force. The 
pairs of plastic deflection in the Y and Z directions at the moment of local buckling initiation for a tube 
of square cross-section are represented in the plot of Figure 27.
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This graph shows that the domain of no local buckling forms a square region in the space. After lo-
cal buckling initiation in any of the local axes, this domain experiences a hardening process; i.e. larger 
plastic rotations are needed in order to generate local buckling evolution. A generalization of the damage 
evolution law presented in section 14.1.4 is obtained with the no buckling domain presented in Figure 28.

Notice that the normality and evolution laws (Equation 14.3.10-11) with the no local buckling do-
main of Figure 28 give the following relationship between damages and accumulated plastic rotations:

d p p
iy iy cr
= −κ ;d p p

iz iz cr
= −κ  (14.3.12)

Figure 25. Loading paths in the displacement space

Figure 26. Displacement vs. force in the SHB-0o, SHB-15 o, SHB-30 o and SHB-45o tests a) in the Z 
direction b) in the Y direction
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14.3.6 Numerical Simulations

This section presents numerical simulations of tests carried out on square beams subjected to several 
loading paths. The first one corresponds to the test presented in Figure 21. As it can be appreciated in 
Figure 21b, uniaxial displacements in pairs of linearly increasing amplitude were alternatively applied 

Figure 27. Experimental determination of the local buckling function

Figure 28. Elastic domain of no local buckling for a tube of square cross-section
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in the two transverse directions. The model parameters pcr and κ
m

were identified from the rotation vs. 
flexural moment curve that is shown in Figure 29. In Figure 30a the experimental deflection vs. force 
curves are presented again and in Figure 30b the corresponding numerical simulations. The values of 
damage computed at the beginning of some elastic unloadings are indicated in later figure.

The second and third numerical simulations correspond to square beams subjected to the loading 
histories presented in Figures 31a-b. In the square shaped loading path, displacements of the same 
magnitude were sequentially applied in the two orthogonal directions; then, the specimen was unloaded 
to zero force in the same sequence. In the triangular-shaped loading path, displacements of the same 
magnitude were sequentially applied in the two orthogonal directions but the specimen was unloaded 
simultaneously to zero force.

In Figures 32a is presented the experimental force Z vs. force Y curves corresponding to the square-
shaped loading path and in Figure 32b the corresponding numerical simulation.

In Figures 33a is presented the experimental deflection vs. force curves in the Y direction correspond-
ing to the square-shaped loading path and in Figure 33b the numerical simulation. Values of damage 
computed at the beginning of some elastic unloadings are indicated in the numerical simulation curve.

Finally in Figure 34 are shown the curves corresponding to Z direction.
The results of the simulation corresponding to the triangular-shaped loading path are presented in 

Figure 35 b. The set of experimental curves are shown in Figure 35 a.

14.3.7 Experimental Identification of the Local Buckling Damage 
Function for a Tube of Rectangular Cross-Section

Figures 36-39 show the results of the identification tests described in the previous section in the case of 
a tube of 120 mm x 60 mm cross-section, 2.5 mm thickness and a free length of 1.28 m.

Notice that this time, the no local buckling domain can be represented by a rectangular area. Now, the 
normality and evolution laws (Equation 14.3.10-11) with the no local buckling domain of Figure 40 give:

d p p
iy y iy cry
= −κ ; d p p

iz z iz crz
= −κ  (14.3.13)

Figure 29. Parameter determination in test of Figure 21
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14.3.8 Numerical Simulations

Same rectangular specimens were subjected to the square-shaped and triangular shaped loading paths 
shown in Figure 41. Values of damage at the beginning of some elastic unloadings are indicated in the 
numerical simulation curves.

In Figures 42a is presented the experimental force Z vs. force Y curves corresponding to the square-
shaped loading path and in Figure 42b the numerical simulation.

Figure 30. Deflection vs. force curves in the test shown in Figure 21 a) Experimental b) Numerical 
simulation 
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Figure 31. Loading paths applied to 120 mm square beams a) Square-shaped b) Triangular-shaped

Figure 32. Beam subjected to square-shaped loading path a) Experimental force Z vs. force Y b) Nu-
merical simulation

Figure 33. Beam subjected to square-shaped loading path a) Experimental deflection vs. force in the Y 
direction b) Numerical simulation



566

Lumped Damage Mechanics
 

In Figures 43a is presented the experimental deflection vs. force curve in the Y direction correspond-
ing to the square-shaped loading path and in Figure 43b the numerical simulation. Values of damage 
computed at the beginning of the last elastic unloading are indicated in the numerical simulation curve.

In Figure 44 are presented the results corresponding to the Z direction.
The results of the simulation corresponding to the triangular-shaped loading path are presented in 

Figure 45 b. The experimental curve is shown in Figure 45 a.

14.3.9 Local Buckling Damage Function for a Tube of Circular Cross-Section

Consider now a tubular element of circular cross-section; assuming a perfect radial symmetry in the 
tube, the initial no local buckling domain is also a circle. In the particular case of an element subjected 
only to actions in the local axes directions Y and Z, the circumference may become an ellipse with the 
damage hardening process. The local buckling damage function is in this case:
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The representation of the no local buckling domain is shown in Figure 46.

14.3.10 Numerical Simulations

Circular specimens with 120 mm external diameter and 3 mm thickness were subjected to the loading 
paths of the Figure 47.

The experimental results of the L-shaped loading path of Figure 47a are presented in the Figure 48a 
and in Figure 48b the corresponding numerical simulations.

Figure 34. Beam subjected to square-shaped loading path a) Experimental deflection vs. force in the Z 
direction b) Numerical simulation
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The experimental results of the square-shaped loading path of Figure 47b are presented in the Figure 
49a and in Figure 49b the corresponding numerical simulations.

The experimental results of the triangular-shaped loading path of Figure 47c are presented in the 
Figure 50a and in Figure 50b the corresponding numerical simulations.

Figure 35. Responses of square beam subjected to the triangular-shaped loading path a) Experimental 
b) Numerical simulation
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Figure 36. Loading paths

Figure 37. Deflection vs. force in the Y direction
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Figure 39. Experimental determination of the local buckling function

Figure 38. Deflection vs. force in the Z direction
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14.4 ANALYSIS OF STEEL FRAMES WITH LOCAL BUCKLING

14.4.1 Planar Frame Subjected to Mono-Sign Loading

The steel frame of two levels and two spans shown in Figure 51 is subjected to a mono-sign loading. 
The elements had rectangular hollow cross-section and were welded at the joints. The frame is simulated 
using the model described in section 14.1. Single elements of the frame were tested in order to identify 
the parameters of the model and are presented in Table 1. The Figure 52 shows the comparison between 
model and experimental results in the case of a frame. For the sake of clarity, only four of the elastic 
unloadings are represented in the simulation.

The Figure 53 indicates the state of damage at the end of the four unloading. The numbers beside the 
hinges represent the damage values. The first distribution presents six plastic hinges with no damage, 
i.e. without local buckling. It can be noticed that this state corresponds to the plastic hardening phase of 
the test. The maximum resistance of the frame is reached between the first and second elastic unloading 
of the simulation where a sudden change of the tangent slope can be appreciated. In the simulation, this 
modification of the tangent stiffness is due to the appearance of local buckling in the same six plastic 
hinges. Four new plastic hinges appear in the frame without local buckling while damage continues to 
evolve in the first six hinges. After the third unloading, local buckling appears also in the four remaining 
hinges. In the simulation, a slight additional modification in the tangent stiffness can be appreciated when 
that happens. The test was stopped after the fourth unloading and the computed final state of damage is 
shown in the last of Figure 53.

Figure 40. Elastic domain of no local buckling for a tube of rectangular cross-section
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14.4.2 Planar Frame Subjected to Cyclic Loading

The simulation of the frame, shown in Figure 51, subjected to cyclic loading is presented in this section. 
This time it is used the model described in section 14.2 considering the parameters κ

c
= 1 45. , CBf = 

0.60. In Figures 54 are presented the experimental and numerical force vs. deflection curves.
It can be appreciated that the predicted and observed levels of force in Figure 54 are very close. The 

damage distribution at the end of the simulation is presented in the Figure 55. Local buckling could be 
observed in the specimen in the locations predicted by the analysis.

Figure 41. Loading paths applied rectangular cross-section beams
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Figure 42. Rectangular beam subjected to square-shaped loading path a) Experimental force Z vs. force 
Y b) Numerical simulation

Figure 43. Deflection Y vs. force Y curves corresponding to the square-shaped loading path of Figure 
41a a) Experimental b) Numerical simulation

Figure 44. Deflection Z vs. force Z curves corresponding to the square-shaped loading path of Figure 
41a a) Experimental b) Numerical simulation
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14.4.3 Tridimensional Frames Subjected to Mono-Sign Loading

The tridimensional frame presented in Figure 56a is subjected to the loading path of the Figure 56b.
The frame was built with steel hollow elements of 120 mm square cross-section and 4 mm thickness. 

The geometry of the structure is shown in Figure 57. The displacements were imposed in the middle of 
this structure through a steel device specially designed for this purpose as can be appreciated in Figure 
56a. The response was obtained in the displacement application point.

Figure 45. Responses of rectangular beam subjected to the triangular-shaped loading path a) Experi-
mental b) Numerical simulation
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Figure 46. Elastic domain of no local buckling for a tube of circular cross-section

Figure 47. Loading paths applied to elements of circular cross-section

Table 1. Parameters of the elements 

Element
κ

m

pcr Mp (kgf-cm.) Mu (kgf-cm.) Α

Beams 1.45 0.190 669.30 850.73 19.50

Columns 1.45 0.195 674.21 833.57 19.25
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Figure 48. Responses of a circular beam subjected to the L-shaped loading path a) Experimental b) 
Numerical simulation
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Figure 49. Responses of a circular beam subjected to the square-shaped loading path a) Experimental 
b) Numerical simulation
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Figure 50. Responses of circular beam subjected to the triangular-shaped loading path a) Experimental 
b) Numerical simulation
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For the numerical simulation of the test, beams and columns of the structure were represented by the 
finite element, described in section 14.3, one element for frame member (a total of eight elements). The 
slab was represented by multiple elastic elements with high stiffness to asses a uniform distribution of 
the displacements in the tridimensional frame.

Figure 51. Steel frame subjected to mono-sign loading

Figure 52. Force vs. displacement curve



579

Lumped Damage Mechanics
 

Figure 53. Damage distribution in the frame a) End 1st unloading b) End 2nd unloading c) End 3th 
unloading d) End 4th unloading

Figure 54. Deflection vs. force curves a) Experimental b) Numerical
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In Figure 58a it is shown the experimental force Z vs. force Y curve and in Figure 58b the correspond-
ing numerical simulation. The experimental displacements vs. force curves are presented in Figures 58c 
and 58e and the corresponding numerical simulations in Figures 58d and 58f.

The damage values and the local buckling aspect in the most damaged column at the end of the test 
are shown in Figure 59.

14.5 SUMMARY AND EQUATIONS QUICK REFERENCE

This chapter describes how the concepts of fracture and damage mechanics can be used for modeling 
the behavior of tubular frame structures. Tubular steel elements are usually built with relatively thin 
walls; overloads on these components generate the appearance of small waves or wrinkles that do not 

Figure 55. Damage distribution in the frame a) Positive Local Buckling b) Negative Local Buckling

Figure 56. a) Tridimensional Steel frame and b) the loading path



581

Lumped Damage Mechanics
 

disappear after unloading the element; this phenomenon is called local buckling. This phenomenon is 
the responsible for the degradation of stiffness and strength in structures built with tubular elements 
when are subjected to severe overloads.

Experimental tests on tubular columns subjected to mono-sign displacements shown that the buckling 
reduces the elastic limit of the elements as well as the slope of the loading/reloading branches. This fact 
allows using the concept of plastic hinge with damage for its modeling. In this case the damage variable 
measures the degree of local buckling at the ends of the tube.

The elasticity and plasticity laws are obtained based on the hypothesis of equivalence on deforma-
tions as in the model for RC elements. It can be used a yield function with perfect plasticity or nonlinear 
plastic hardening.

Figure 57. Geometry of the tridimensional frame
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Figure 58. Tridimensional frame structure: test and simulation. a) Experimental force Y vs. force Z curve. 
b) Numerical simulation. c) Experimental displacements vs. force curve in Y direction. d) Numerical 
simulation. e) Experimental displacements vs. force curve in Z direction. f) Numerical simulation.
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A new concept, the counter-buckling, is introduced in order to represent the behavior of this kind 
of structures when are subjected to cyclic loading with reversal of sign. Metaphorically, the counter-
buckling effect can be described as the ironing of the wrinkles. This effect is characterized and modeled 
introducing the concept of “local buckling driving rotation” (See Table 2).

Figure 59. Damage values and local buckling aspect at the end of the test

Table 2.  

LOCAL BUCKLING DAMAGE MODEL FOR PLANAR MONO-SIGN LOADINGS

Elasticity Law of a Tubular Frame Element with Local Buckling

continued on following page
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Elasticity law 

{ } [ ( )] { } { }Φ Φ Φ− = +p
b b b b
F D M 0 ; [ ( )]

( )

( )
F D =

−
−

−
−








L

d EI

L

EI
L

EI

L

d EI
L

AE

b

i b

b

b

b

b

b

i b

b

b

3 1 6
0

6 3 1
0

0 0



























(14.1.1) 

or { } [ ( )] { } { ( )}M E D M D
b b

p
b b

= − +Φ Φ 0

[ ( )]

( ) ( )( )

( )( ) ( )E D
b

i i j

i j j

b

k

d d d

d d d

EA

=
− − −

− − −
12 1 6 1 1 0

6 1 1 12 1 0

0 0
kkL

b





























; k
d d

EI

L
i j

b

b

=
− − −

1
4 1 1( )( )

;

{ } [ ] { }M (D) E(D)0 0
b b b
= − Φ

{ }Φ0
b

: initial deformations defined in Table 3 of Chapter 3

Yield Function of a Plastic Hinge with Local Buckling

Plastic deformation evolution law and yield function 
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Mu: ultimate moment of the cross-section

Yield functions with hardening 
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 (14.1.3)
  Mp: first plastic moment
  α:plastic hardening parameter 
  pi and pj: accumulated plastic deformations

Accumulated plastic deformations 

dp d
i i

p= φ
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dp d

j j
p= φ

(14.1.4)
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Yield functions 
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Normality rules 
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Plastic multipliers evolution laws 

d f i

f d i
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i i

λ
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 if  (hinge  iss active)






 ; 
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λ
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 if  (hinge is locked)

 if  (hinge  is aactive)






 (14.1.7)

λ
i , 
λ

j : plastic multipliers of hinges i and j.

Local Buckling Evolution Law

Plastic rotation and damage 

φp p
t

L
=

;

d
Z d
Z

= −1
0

( )

 (14.1.8)

  
t
p :plastic deflection

  
Z

0 :initial, un-buckled, slope of the deflection vs. force curve (Figure 3a)

  Z d( )  the damaged slopes

Damage 

d p p
i m i cr
= −κ

 (14.1.9)
pcr:critical plastic rotation that initiates local buckling
  κm: slope of the line as indicated in Figure 5.
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Table 2. Continued

continued on following page

THE COUNTER-BUCKLING EFFECT AND A MODEL FOR GENERAL PLANAR LOADINGS

Unilateral Elasticity Law for Steel Frame Elements with Hollow Cross-Sections

Local buckling damages: 
( ) ( , )D+ + +=

b i j
d d

and 
( ) ( , )D− − −=

b i j
d d

Unilateral elasticity law 
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{ }Φ

b : deformation matrix

  
{ }Φp

b : plastic deformation matrix

M
b

+

, 
M

b

−

: positive and negative parts of the stress matrix.

Unilateral Yield Function

Unilateral yield function 
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Plastic deformation evolution laws 
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  (14.2.3)

Yield functions with nonlinear isotropic and kinematic hardening 
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≤ 0

 (14.2.4)
  xi: kinematic hardening term
  Q(pi): isotropic hardening term
  Mp: yield moment of the cross-section.

The Local Buckling Driving Rotation and the Local Buckling Evolution Laws

Local buckling driving rotations
db d CBf d b db

i i
p

i
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i i
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i i
−

− +

− −= − − ≥ =φ φ ; ; if otherwise0 0
 (14.2.5)

  CBf: counter-buckling factor (Can take values between 0 and 1). Good value: 0.7

Local buckling evolution law 
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(14.2.7)

  
R d

i
( )/+ −

: local buckling resistance function

Local buckling resistance function 
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 (14.2.8)
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i/ j
/
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/
/+ −

+ −

= − −












1
1

0 9κ
 (14.2.9)

  κc = 2.60 is estimated from the experimental results.
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Table 2. Continued

continued on following page

Damage Model for Tridimensional Steel Frames

Matrix of Damage 

( ) ( , , , )D
b iy iz jy jz

d d d d=

  diy: local buckling damage due to bending moment around the local axis Y at the end i
  diy: local buckling damage due to bending moments around the local axis Z at the end i
  djy: local buckling damage due to bending moment around the local axis Y at the end j
  djz: local buckling damage due to bending moments around the local axis Z at the end j
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Table 2. Continued

continued on following page

Elasticity law 
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Yield Functions

Yield functions 
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 (14.3.6)
  Parameters ν1, ν2 and ν3 can be taken equal to 2.

Normality laws and plastic multiplier evolution laws 
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(14.3.7)

Local Buckling Damage Function and Evolution Laws

Local buckling damage function for the inelastic hinge i
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 (14.3.8)

Accumulated plastic rotations 
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Local buckling evolution of an inelastic hinge i
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  μ: damage multiplier

Damage multiplier whose evolution law 
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Experimental Identification of the Local Buckling Damage Function for a Tube of Square Cross-Section

No local buckling domain 
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(14.3.12)

Experimental Identification of the Local Buckling Damage Function for a Tube of Rectangular Cross-Section

No local buckling domain 
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(14.3.13)

Local Buckling Damage Function for a Tube of Circular Cross-Section

Local buckling damage function 
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