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Chapter 1
TRIGONOMETRIC FUNCTIONS

Section 1.1: Angles

1. Answers will vary.
2. 1°represents 3—é0 of a rotation. Therefore, 45° represents 34750 = % of a complete rotation.

3. Let x= the measure of the angle. 6. 60°
If the angle is its own complement, then we (a) 90°—60°=30°
have the following. (b) 180°—60° =120°

x+x=90
2x=90 7. 45°
x=45 (a) 90°-45°=45°
A 45° angle is its own complement. (b) 180°—45°=135°
4. Let x = the measure of the angle. 8. 18°
If the angle is its own supplement, then we (a) 90°—18°="72°

have the following. (b) 180°—18°=162°

x+x=180
2x=180 o
=90, 9. 54

(a) 90°-54°=36°
(b) 180°—54°=126°

A 90° angle is its own supplement.

5. 30°
(a) 90°-30°=60° 10. 89°
(b) 180°-30°=150° (a) 90°—89°=1°°
(b) 180°—-89°=91°
11. 25m?nutes: o £(360):25(6):150°
60 minutes  360°

" 60

12. Since the minute hand is 3 the way around, the hour hand is 2 of the way between the 1 and 2. Thus,

the hour hand is located 8.75 minutes past 12. The minute hand is 15 minutes before the 12. The
smaller angle formed by the hands of the clock can be found by solving the proportion
(15+8.75) minutes x

60 minutes ~ 360°
15+8.75) minutes
( )minutes __x__ 2375 =X =275 (360) = 23.75(6) = 142.5°
60 minutes 360° 60 360 60

13. The two angles form a straight angle.
Tx+11x=180=>18x=180=>x =10

The measures of the two angles are (7x)° = [7(10)]O =70° and (11x)°= [11(10)]O =110°.



2 Chapter 1: Trigonometric Functions

14. The two angles form a right angle.
4y+2y=90=6y=90=y=15

The two angles have measures of 4y [4 15 J =60° and 2y [2 15 J =30°.

15. The two angles form a right angle.
(5k+5)+(3k+5)=90=8k+10=90=8k =80 =k =10

The measures of the two angles are (5k +5)° [5 10 +5] (50+5)°=55° and
(3k+5)°=[3(10)+5]° =(30+5)° =35°.

16. The sum of the measures of two supplementary angles is 180°.
(10m+7)+(7m+3)=180=17m+10=180 =17m =170 = m =10

Since (10m+7)°=[10(10)+7]°=(100+7)°=107° and (7m+3)°=[7(10)+3]°=(70+3)°="73°,

the angle measures are 107° and 73°.

17. The sum of the measures of two supplementary angles is 180°.

(6x—4)+(8x—12)=180=14x—16=180=14x =196 = x =14
Since (6x—4)°=[6(14)—4]°=(84-4)°=80° and (8x—12)°=[8(14)-12]° =(112-12)°=100°,
the angle measures are 80° and 100°.

18. The sum of the measures of two complementary angles is 90°.
(9z+6)+3z=90:>12z+6:90:>12z =84=z=7

Since 92 +6 [9 +6} 63+6) =69° and [3 J =21°, the angle measures are
69° and 21°.

19. If an angle measures x degrees and two angles are complementary if their sum is 90°, then the
complement of an angle of x° is (90 — x ).

20. If an angle measures x degrees and two angles are supplementary if their sum is 180°, then the
supplement of an angle of x° is (180 — x)°.

21. The first negative angle coterminal with x between 0° and 60° is (x —360)° .

22. The first positive angle coterminal with x between 0° and —60° is (x +360)°.

23. 62°1% 25. 71°18'—47°29"=70°78 —47°29’
+21° 41 70° 78"
83° 59 —47° 29
) 23° 49’
24. 75°15
+ 83° 32

158° 47



26.

27.

28.

29.

30.

31.

32,

33.

40.

41.

42,

43.

Section 1.1: Angles

47° 23 ~73° 48 =—(73° 48" 47°23)

73° 48’
Since —47° 23’ , we have 47°23'—73° 48’ =—(73° 48— 47° 23') = —26° 25",
26° 25’
90°—51° 28’ =89° 60'—51° 28’ 34, 34° 51357 =34+ 3104 350
89° 60’ ~34°+ 8500°+.0097°
—51°28 = 34.860°
38732 35 274°18'59" = 274° 4 o4 0.0
180°—124°51" =179° 60'—124° 51’ = 274%+.3000°+.0164
~274316°
179° 60/
—124°51 36. 165° 51" 9" =165°+3104 2 0
550 o — 165°+.8500° +.0025°
—165.853°

90°—72°58"11"=89°59" 60" —72°58"11"
37. 31.4296° =31°+.4296° =31°+.4296(60")

89°59” 60" , i g
_720 58'11” :31 +25776 :31 +25 +776
170 1/ 49// =31 +25 +776(60 )

=31°2546.56"~31°25'47"

90°—36°18"47" =89°59'60" —36°18"47"
38. 59.0854° =59°+.0854° = 59°+.0854 (60")

89739"60’ 59°4+5.124"=59°+5 + 124
—36°18'47" =Y Ao Ls =0T A
— =59°+5+.124(60)
53°4113

=59°57.44"=59°5"7"
20°54" = 20°+2+° = 20°+.900° = 20.900°

* 39. 89.9004° = 89°+.9004° = 89° +.9004 (60")
38° 42" = 389 +2° = 38.700° =89°+54.024" = 89° + 54" +.024
=89°+54"+.024(60”)
91°35'54” =91°+ 350 4 3.0 =89°54'1.44" =89°54'1”

=~91°+.5833°+.0150° = 91.598°

102.3771° =102°+.3771° =102°+.3771(60") = 102° + 22.626" =102°+ 22" +.626’
=120°+22"+.626(60") =102° 22" 37.56" =~ 102° 22" 38"

178.5994° =178°+.5994° = 178° +.5994(60") = 178° +35.964" = 178°+ 35" +.964’
=178°+35"+.964(60") =178°35'57.84" = 178°35’58"

122.6853° =122°+.6853° =122°+.6853(60") =122°+41.118 =122°+41'+.118’
=122°+41'+.118(60") =122°41'7.08" =~ 122° 41" 7"

Answers will vary.

3



4 Chapter 1: Trigonometric Functions

44.

45.

46.

47.

48.

49.

50.

51.

52,

53.

54.

5S.

56.

57.

58.

1.21hr =1hr+ .21 hr = 1 hr+.21(60 min) =1 hr + 12.6 min

=1hr+ 12 min + .6 min =1 hr + 12 min + .6(60 sec)

=1 hr, 12 min, 36 sec

Additional answers will vary.

—40° is coterminal with 360°+(—-40°) = 320°.
—98° is coterminal with 360°+(-98°) = 262°.
—125° is coterminal with 360°+ (—125°) = 235°.

—203° is coterminal with 360°+(-203°) =157°.

539° is coterminal with 539° — 360° = 179°.

699° is coterminal with 699° — 360° = 339°.

850° is coterminal with 850° — 2(360°) = 850° — 720° = 130°.

1000° is coterminal with 1000°—2-360° =1000°—720° = 280°.

30°

A coterminal angle can be obtained
adding an integer multiple of 360°.
30°+n-360°

45°

A coterminal angle can be obtained
adding an integer multiple of 360°.
45°+n-360°

135°

A coterminal angle can be obtained
adding an integer multiple of 360°.
135°+n-360°

270°

A coterminal angle can be obtained
adding an integer multiple of 360°.
270°+n-360°

-90°

A coterminal angle can be obtained
adding an integer multiple of 360°.
—90°+n-360°

—-135°

A coterminal angle can be obtained
adding integer multiple of 360°.
—135°+n-360°

by

by

by

by

by

by

59. The answers to Exercises 56 and 57 give the
same set of angles since —90° is coterminal
with —90°+360° =270°.

60.

A.

360°+r° is coterminal with r° because
you are adding an integer multiple of
360° to r°, r°+1-360°.

r°—=360° is coterminal with r° because
you are adding an integer multiple of
360° to r°, r°+(—1)-360°.

360°—r°is not coterminal with r°
because you are not adding an integer
multiple of 360° to r°.
360°—r°#r°+n-360° for an integer
value n.

r°+180° is not coterminal with r°
because you are not adding an integer
multiple of 360° to r°.

r°+180°# r°+n-360° for an integer

value n. You are adding £(360°).

Choices C and D are not coterminal with »°.



Section 1.1: Angles §

For Exercises 61 — 68, angles other than those given are possible.

61. y
A

75°

435°; -285°;
quadrant I

62. y

89°

449°; -271°;
quadrant I

63. y

§=£1_>x

534°; -186°;
quadrant II

64. y
A

234°

/0\ >x

594°; -126°;
quadrant ITI

65. y

300°

660°; —60°;
quadrant IV

75° is coterminal with 75° + 360° = 435°
and 75° — 360° = —285°. These angles are in
quadrant I.

89° is coterminal with 89°+360° =449°
and 89°-360° =-271°. These angles are
in quadrant L.

174° is coterminal with 174° + 360° = 534°
and 174° — 360° = -186°. These angles are
in quadrant IIL.

234° is coterminal with 234°+360° = 594°
and 234°-360° =—-126°. These angles are
in quadrant III.

300° is coterminal with 300° + 360° = 660°
and 300° — 360° = —60°. These angles are in
quadrant I'V.
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66. y 512° is coterminal with 512°-360° =152°
and 512°-2-360°=-208°. These angles
are in quadrant II.

L
>

512°
R\
o>
152°; -208°;
quadrant II
67. y —61° is coterminal with —61°+360° =299°
A and —61°—-360° =—-421°. These angles are
in quadrant I'V.
> X
0 _610

299°; —421°;

quadrant IV
68. y —159° is coterminal with —159°+360° =201°
and —159°-360°=-519°. These angles
are in quadrant III.
0 >x
-159°

201°; -519°;
quadrant ITI

Points: (0,0) and (-3,-3)
r=(-3-0)" +(-=3-0)’
R
=49+9
=+/18
-9.2

=32

Points: (0,0) and (-5,2)
r=y(=5-0) +(2-0)’
=(-5)" +2
=/25+4
=29




Section 1.1: Angles

71. Points: (0,0) and (-3,-5)

r=(-3-0)" +(-5-0)’
- (_3)2+(_5)2
=34

72. s Points: (0,0) and (v/3,1)
105 r=(V3-0) +(1-0)
) > x _ (@)Zﬂz
T 3+1

=J4=2
Points: (0,0) and (~2,2v/3)
r=(-2-0)* +(243-0)
(-2) +(23)

=J4+12
=16=4

Points: (0,0) and ( \/g,—4)

=48 +1
=64 =8

@)}

3

2 reyolution per sec=2 revolution per sec

75. 45 revolutions per min = 3

6()

A turntable will make % revolution in 1 sec.

76. 90 revolutions per min =2 revolutions per sec= 1.5 revolutions per sec

A windmill will make 1.5 revolutions in 1 sec.

77. 600 rotations per min =%

=5(360°) per £ sec =1800° per L sec

rotations per sec = 10 rotations per sec = 5 rotations per 1 sec

A point on the edge of the tire will move 1800° in 1 sec.

7
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78.

79.

80.

81.

82.

If the propeller rotates 1000 times per minute, then it rotates 1% =163 times per sec. Each rotation is

360°, so the total number of degrees a point rotates in 1 sec is (360°)(16%) =6000°.
75° per min = 75°(60) per hr = 4500° per hr = 4% rotations per hr =12.5 rotations per hr

The pulley makes 12.5 rotations in 1 hr.

First, convert 74.25° to degrees and minutes. Find the difference between this measurement and
74°20'.
74° 20
74.25°=74°+.25(60")=74°15" and -74°15
5

Next, convert 74°20” to decimal degrees. Find the difference between this measurement and 74.25°,

rounded to the nearest hundredth of a degree.
74.333°

74°20"=74°+2°~74333° and —74.250°
.083° = .08°
The difference in measurements is 5 to the nearest minute or .08° to the nearest hundredth of a degree.

The earth rotates 360° in 24 hr. 360° is equal to 360(60") = 21,600".
24 hr X 24 24

5= => X = hr =
21,600" 1 21,600 21,600
It should take the motor 4 sec to rotate the telescope through an angle of 1 min.

(60 min) = L min = i(60 sec) =4 sec
15 15

Since we have five central angles that comprise a full circle, we find have the following.
5(26) =360° =100 = 360° = 6 = 36°

The angle of each point of the five-pointed star measures 36°.

Section 1.2: Angle Relationships and Similar Triangles

1.

2.

In geometry, opposite angles are called vertical angles.

In Figure 14, since we have two parallel lines and a transversal, the measures of angles 1, 4, 5 and 8
are all the same. Also, the measures of angles 2, 3, 6, and 7 are the same. If you know one of the
angles, say angle 1, then you also know the measures of angles 4, 5, and 8. Since angles 1 and 2 form
a straight angle, you know that the sum of their measures is 180°. Thus, you can determine the
measure of angle 2. Since the measure of angle 2 is the same as measures of angles 3, 6, and 8, you
know the measures of all eight angles.

The two indicated angles are vertical angles. Hence, their measures are equal.
5x-129=2x-21=3x-129=-21=3x=108 = x =36

Since 5x—-129=5(36)—-129=180-129 =51 and 2x-21=2(36)—-21=72-21=51, both angles

measure 51°.

The two indicated angles are vertical angles. Hence, their measures are equal.
11x-37=7x+27=4x-37=27T=4x=64=>x=16

Since 11x-37 = 11(16)—37 =176-37=139 and 7x+27 :7(16)+27 =112+427 =139, both angles
measure 139°.



10.

11.

12.

13.

Section 1.2: Angle Relationships and Similar Triangles

The three angles are the interior angles of a triangle. Hence, the sum of their measures is 180°.
x+(x+20)+(210-3x) =180= —x+230 =180 = —x =50 = x = 50

Since x+20=50+20=70 and 210-3x= 210—3(50) =210-150 =60, the three angles measure
50°, 70°, and 60°.

The three angles are the interior angles of a triangle. Hence, the sum of their measures is 180°.
(10x=20)+(x+15)+(x+5)=180=12x =180 = x =15

Since 10x—-20=10(15)-20=150-20=130, x+15=15+15=30, and x+5=15+5=20, the three

angles measure 130°, 30°, and 20°.

The three angles are the interior angles of a triangle. Hence, the sum of their measures is 180°.

(x=30)+(2x-120)+ (4 x+15)=180 = Zx-135=180 = Zx =315 = x =2(315) =90
Since x—-30=90-30=60,1x+15=1(90)+15=45+15=60, and 2x—-120= 2(90)-120=
180—120 =60, all three angles measure 60°.

The three angles are the interior angles of a triangle. Hence, the sum of their measures is 180°.
x+x+x=180=3x=180= x =60
All three angles measure 60°.

The two angles are supplementary since they form a straight angle. Hence, their sum is 180°.
(3x+5)+(5x+15) =180 = 8x+20=180 = 8x=160= x =20

Since 3x+5=3(20)+5=60+5=65 and 5x+15=>5(20)+15=100+15=115, the two angles

measure 65° and 115°.
The two angles are complementary since they form a right angle. Hence, the sum of their measures is
90°.
(5x-1)+2x=90=7x-1=90=7x=91=x=13
Since 5x—1=5(13)—1=65—-1=64 and 2x =2(13) =26, the two angles measure 64° and 26°.

Since the two angles are alternate interior angles, their measures are equal.
2x=5=x+22=x-5=22=x=27

Since 2x-5= 2(27) —5=54-5=49 and x+22 =27+ 22 =49, both angles measure 49°.

Since the two angles are alternate exterior angles, their measures are equal.
2x+61=6x-51=61=4x-51=112=4x=28=x

Since 2x+61=2(28)+61=56+61=117 and 6x—51=6(28)-51=168—-51=117, both angles

measure 117°

Since the two angles are interior angles on the same side of the transversal, the sum of their measures
is 180°.

(x+1)+(4x-56) =180 = 5x—55=180= 5x =235 = x =47

Since x+1=47+1=48 and 4x—-56 = 4(47)—56 =188—-56 =132, the angles measure 48° and 132°.

9
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14.

15.

16.

17.

21.

22,

23.

Chapter 1: Trigonometric Functions

Since the two angles are alternate exterior angles, their measures are equal.
10x+11=15x-54=11=5x-54 = 65=5x=13=x

Since 10x+11= 10(13)+11 =130+11=141and 15x—54 = 15(13)—54 =195-54 =141, both angles
measure 141°.

Let x = the measure of the third angle. 18. Let x = the measure of the third angle.
37°4+57°+x=180° x+136°50'+41°38'=180°
89°+x =180° x+178°28"'=180°
x=091° x=180°-178°28'
The third angle of the triangle measures x=179°60'-178°28'
91°. Y =1°32"
Let x = the measure of the third angle. T?SZ ,t hird angle of the triangle measures
x+29°+104°=180°
x+133°=180° 19. Letx = the measure of the third angle.
x=47° 74.2°+80.4°+ x =180°
The third angle of the triangle measures 154.6°+x =180°
47, x=254°
Let x = the measure of the third angle. 1;;6 4Ot hird ‘angle of the triangle measures
147°12'+30°19'+ x =180°
177°31'+x =180° 20. Letx = the measure of the third angle.
x=180°-177°31" 29.6°+49.7° + x =180°
x=179°60"-177°31" 79.34+x=180°
x=2°29' x=100.7°
The third angle of the triangle measures The third angle of the triangle measures
2°29". 100.7°.

A triangle cannot have angles of measures 85° and 100°. The sum of the measures of these two
angles is 85° + 100° =185°, which exceeds 180°.

A triangle cannot have two obtuse angles. Since an obtuse angle measures between 90° and 180°, the
sum of two obtuse angles would be between 180° and 360°, which exceeds 180°.

Angle 1 and the 55° angle are vertical angles, which have the same measure, so angle 1 measures 55°.
Angle 5 and the 120° angle are interior angles on the same side of transversal, which means they are
supplements. Thus, the measure of angle 5 is 180°—120°=60°. Since angles 3 and 5 are vertical
angles, the measure of angle 3 is also 60°. Since angles 1, 2, and 3 form a line, the sum of their
measures is 180°.

measure angle 1 + measure angle 2 + measure angle 3 =180°
55°+4 measure angle 2 + 60° =180°
115°+ measure angle 2 =180°

measure angle 2 = 65°

Since angles 2 and 4 are vertical angles, the measure of angle 4 is 65°. Angle 6 and the 120° angle are
vertical angles, so the measure of angle 6 is 120°. Angles 6 and 8 are supplements, so the sum of their
measures is 180°.

Continued on next page



23.

24,

25.

26.

27.

28.

29.

30.

31.

32,

33.

34.

Section 1.2: Angle Relationships and Similar Triangles 11

(continued)
measure angle 6 + measure angle 8 =180°

120°+ measure angle 8 =180°
measure angle 8 = 60°
Since angles 7 and 8 are vertical angles, the measure of angle 7 is 60°.
Thus, the angle measurements given in numerical order (angle 1, angle 2, etc.) are as follows.
55°, 65°, 60°, 65°, 60°, 120°, 60°, 60°, 55°, and 55°.

The sum of the measures of the two angles is 180°. Thus, we have the following.
(x+2y)+11x=180=12x+2y =180 = 6x+y =90 (1)
Since it is given that x+ y =40, we can solve this equation for y (or x) and substitute into equation 1.
y=40-x (2)
6x+y=90=6x+(40-x)=90=5x+40=90=5x=50=x=10

Substitute 10 for x in equation 1 in order to solve for y.
y=40-x=y=40-10=30
Using the values of x and y, we can find the measure of the two angles.
Since x+2y =10+ 2(30) =10+60=70 and 11x =1 1(10) =110, the measure of the angles are 70° and
110°.

The triangle has a right angle, but each side 35. The triangle has three acute angles and two
has a different measure. The triangle is a equal sides, so it is acute and isosceles.
right triangle and a scalene triangle.

36. This triangle has a right angle with three
The triangle has one obtuse angle and three unequal sides, so it is right and scalene.
unequal sides, so it is obtuse and scalene.

37.-39. Answers will vary.

The triangle has three acute angles and three

equal sides, so it is acute and equilateral. 40. Connect the right end of the semi-circle to
the point where the arc crosses the semi-

The triangle has two equal sides and all circle. Since the setting of the compass has

angles are acute, so it is acute and isosceles. never changed, the triangle is equilateral.

Therefore, each of its angles measures 60°.

The triangle has a right angle and three

unequal sides, so it is right and scalene. 41. Corresponding angles are A and P, B and Q,
C and R; Corresponding sides are AC and

The triangle has one obtuse angle and two PR, BC and OR, AB and PQ

equal sides, so it is obtuse and isosceles.
42. Corresponding angles are A and P, C and R,

The triangle has a right angle and two equal B and Q; Corresponding sides are AC and

sides, so it is right and isosceles. PR, CB and RQ, AB and PQ

The triangle has a right angle with three 43. Corresponding angles are A and C, E and D,

unequal sides, so it is right and scalene. ABE and CBD; Corresponding sides are EB
and DB, AB and CB, AE and CD

The triangle has one obtuse angle and three

unequal sides, so it is obtuse and scalene. 44. Corresponding angles are H and F, K and E,
HGK and FGE; Corresponding sides are HK

This triangle has three equal sides and all and FE, GK and GE, HG and FG

angles are acute, so it is acute and
equilateral.
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45.

46.

47.

48.

49.
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Since angle Q corresponds to angle A, the measure of angle Q is 42°.

Since angles A, B, and C are interior angles of a triangle, the sum of their measures is 180°.
measure angle A + measure angle B + measure angle C =180°
42°+ measure angle B + 90° =180°
132°+ measure angle B =180°

measure angle B = 48°

Since angle R corresponds to angle B, the measure of angle R is 48°.

Since angle M corresponds to angle B, the measure of angle M is 46°. Since angle P corresponds to

angle C, the measure of angle P is 78°.

Since angles A, B, and C are interior angles of a triangle, the sum of their measures is 180°.
measure angle A + measure angle B + measure angle C =180°
measure angle A +46°+78° =180°
measure angle A +124° =180°

measure angle A = 56°

Since angle N corresponds to angle A, the measure of angle N is 56°.

Since angle B corresponds to angle K, the measure of angle B is 106°.
Since angles A, B, and C are interior angles of a triangle, the sum of their measures is 180°.
measure angle A + measure angle B + measure angle C =180°
measure angle A+106°+30°=180°
measure angle A +136°=180°
measure angle A = 44°

Since angle M corresponds to angle A, the measure of angle M is 44°.

Since angle Y corresponds to angle V, the measure of angle Y is 28°.
Since angle T corresponds to angle X, the measure of angle T is 74°.

Since angles X, Y, and Z are interior angles of a triangle, the sum of their measures is 180°.
measure angle X + measure angle Y + measure angle Z =180°
74° 4 28° + measure angle Z =180°
102°+ measure angle Z =180°

measure angle Z = 78°

Since angle W corresponds to angle Z, the measure of angle Wis 78°.

Since angles X, Y, and Z are interior angles of a triangle, the sum of their measures is 180°.
measure angle X + measure angle Y + measure angle Z =180°
measure angle X +90°+38°+ =180°
measure angle X +128°=180°

measure angle X =52°

Since angle M corresponds to angle X, the measure of angle M is 52°.
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50. Since angle T corresponds to angle P, the measure of angle T is 20°.
Since angle V corresponds to angle Q, the measure of angle V is 64°.
Since angles P, Q, and R are interior angles of a triangle, the sum of their measures is 180°.

measure angle P + measure angle Q + measure angle R =180°
20°+ 64° + measure angle R =180°
84° 4+ measure angle R =180°

measure angle R = 96°

Since angle U corresponds to angle R, the measure of angle U is 96°.

In Exercises 51-56, corresponding sides of similar triangles are proportional. Other proportions are
possible in solving these exercises.

51 22909 L 5g)=2a=40=2a=20=a
10 8 2 8
Db b s(e)=m=30=2=15=0
10 6 2 6
10 25 10 1 20 25 20 1
6 a

53, —=L=6(12)=12a=>72=12a=6=a
2 12
Ll s wm=15mp=L071
15 2 2 2
a 3 a 1

54 —===-—-=-=3a=6(1)=>3a=6=>a=2
6 9 6 3

s5. S22 X3 o c43)m =122 06
46 4 2

s6. Lo M3 n=12(3) > 2m=36=m=18
2 14 12 2

57. Let x = the height of the tree.
The triangle formed by the tree and its
shadow is similar to the triangle formed by
the stick and its shadow.

x 45
2 3
x 15
2 1
x=30
The tree is 30 m high. _~J2m [
3m 45m

13
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58.

59.

60.

61.

62.
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Let x = the height of the tower.

The triangle formed by the lookout tower
and its shadow is similar to the triangle
formed by the truck and its shadow.

X 9 x 3

_ == — ==

180 15 180 5 N
5x=180(3)35x=5403x=108

The height of the tower is 108 ft.

9t
15 ft 180 ft

Let x = the middle side of the actual triangle (in meters);
y = the longest side of the actual triangle (in meters).
The triangles in the photograph and the piece of land are similar. The shortest side on the land
corresponds to the shortest side on the photograph. We can set up the following proportions. Notice
in each proportion, the units of the variable will be meters.
400m _ x 100 x 400m _ y 100

= 2 —500=x and =-—=2=700=y
4cm  Scm 1 5 4cm 7cm 1 7

The other two sides are 500 m and 700 m long.

Let x = the height of the lighthouse.
X2 35c=175(28) > 3.5x=49 = x =14
1.75 3.5

The lighthouse is 14 m tall.

Let x = the height of the building.

The triangle formed by the house and its shadow is similar to the triangle formed by the building and
its shadow.

— st
40 ft
300 ft
15 X
e 15(300) =40x = 4500=40x=112.5=x
40 300

The height of the building is 112.5 ft.

Let x = the distance between Phoenix and Tucson (in km);

y = the distance between Tucson and Yuma (in km).
The triangles in the map and on land are similar. The distance between Phoenix and Tucson on land
corresponds to the distance between Phoenix and Tucson on the map. We can set up the following
proportions. Notice in each proportion, the units of the variable will be km.

r 20K =8(230) = 12v=1840 = x = 1533
8cm 12cm
y _230km

=12y= 17(230) =12y=3910= y =325.8
17cm 12 cm

The distance from Phoenix to Tucson is about 153.3 km. The distance from Tucson to Yuma is about
325.8 km.
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x 100+120 x 220 x 11
= — =

63. = — e L 0 5¢=550=>x=110
50 100 50 100 50 5

64, L0 > _ 40 v 1 5 60my=12
60 40+160 60 200 60 5

c 10+90 c 100 c 10
= = — =

1000

_ 1280 256

65. < = =P € 210 902100(10) = 9 =1000 = c == = 111.1
100 90 100 90 100 9 9

66. ML=t _m _80_m 16 s =80(16)= 15m=1280 = m
80 75 80 75 80 15

o2 853
15 3

15

67. In these two similar quadrilaterals, the largest of the three shortest sides of the first quadrilateral (32
cm) corresponds to the smaller of the two longest sides of the second quadrilateral (48 cm). The

following diagram is not drawn to scale.

24 cm
X

18 cm

e 60 cm

32cm 48 cm

Let a = the length of the longest side of the first quadrilateral;
x = the length of the shortest side of the second quadrilateral;
y = the other unknown length.

Corresponding sides are in proportion.

e_32 a2
60 48 60 3
24 32 24 2
—_—— —

y 48 vy
18_32 18 2
x 48 X

68. Let x = length of the entire body carved into the mountain.

Abraham Lincoln’s body would be 5062 ft tall.

=>—=-=3a=60(2)=>3a=120=>a =40 cm
=3=24(3)=2y=2y="2=y=36cm

25318(3)=2x:2x:543x:27 cm
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69. Since the two triangles are similar, the corresponding sides are in proportion.

XS5 XS S xS S 15 3 - 152152 3x =30 = 1 =10
15 10+5 15 15 15 3
x—2y 5 x—=2y 5
= = = —
(x=2y)+(x+y) 10+5 2x-y 15
x-=2y 1

=—=3(x-2y)=2x-y=>3x-6y=2x—y=x=35y
2x—y 3

Substituting 10 for x we have, x=5y =>10=5y = y=2.
Therefore, x = 10 and y = 2.

70. Since the two triangles are similar, the corresponding angles have the same measure. Note: The angle
that measures (10y+8)° and the angle that measures 58° are also vertical angles.

10y+8=58=10y=50= y=5
Since the two triangles are similar, the corresponding sides are in proportion.
x—y_ 6 _ x—y
x+y 18 x+y

=%:>3(x—y)=x+y33x—3y=x+y:>2x=4y:>x=2y

Substituting 5 for y we have, x =2y = x=2(5) =10
Therefore, x=10and y =5

31

71. (a) Thumb covers about 2 arc degrees or about 120 arc minutes. This would be 5; or approximately

+ of the thumb would cover the moon

(b) 20 + 10 =30 arc degrees

72. (a) Let D, be the Mars-Sun Distance, and d, the diameter of the sun, D, the Mars-Phobos distance,
and d,, the diameter of the Phobos. Then, by similar triangles

D, d, D.d,  142,000,000x17.4
= - Dm = =
D, d d, 865,000

m m

= 2856 mi
(b) No. Phobos does not come close enough to the surface of Mars.

73. (a) Let D, be the Jupiter-Sun distance, and d, the diameter of the sun, D, the Jupiter-Ganymede

distance, and d,, the diameter of the Ganymede. Then, by similar triangles

D d Dd 484,000,000x3270
=D, =—"=D, =
D d d 865,000

m m s

= 1,830,000 mi

(b) Yes; Ganymede is usually less than half this distance from Jupiter.
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1.
3.
5. (-3.4)
x=-3,y=dand r=yx’+y> = |(-3) +4’ =9+16 =/25=5
51119:1:i Sec&:i:i:_é
ro5 x -3 3
cosg=X=3-_3 cscg=l =3
tanﬁzlzi:——
x -3 3
c0t¢9=£:_—3:—é
y 4
6. (-4,-3)
x=-4,y=-3,and r =[x’ +y’ =/(4) +(=3)* =16+9 =/25 =5
sin9=l=_—3=—§ cotﬁ:ﬁz__é":i
r 5 5 y -3
cos&zﬁz_—“:—i Secg:izi:—i
r S 5 x -4 4
'[211’19222——32é Cscﬁ:L:i:—é
x -4 y -3 3
7. (0.2)
x=0,y=2,and r=+/x’+y> =v0? +2° =J0+4 =/4 =2
sin@zl—gzl Cotezizgzo
r 2 y 2
cosﬂ—x—O—O =" 2
=—=—= secl=—=— i
r 2 X 0 undefined
2
tanl9=%=6 undefined csc¢9=£=g=1
y 2

17
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10.

11.

(4.0)
x=—4,y=2,and r=4x’ =J(-4)" +0* =\16+0=16 =4
sin6=l=9=0 cot6=£=_—4undefined
r 4 y 0
x_—4 r 4
cosf=—=—=-1 sec=—=—=-1
ro 4 x -4
0
anf=>=—=0 csct9:L:i undefined
x -4 y 0
(1)
x=1,y=3, and r=+/x’ +y° =1/12+(\E)2 =JI+3=+4=2
dng—2 33 corg=foL_1 V3 _\3
ro2 y V3 33 3
cos49=£=l secH—LZE—Z
ro 2 x 1
tané?:X:ﬁ:\/g cscH:L:i:i.ﬁz_z\/g
x y V3 333
(2659
x==23, y=-2, and r=+/x*+)° ( ) ) =J12+4=\16=4
. -2 1
sinf=2="2=_- cot@=2 = 2\/52\/5
r 4 2 y _
cosﬁ—ﬁz%Z—g sechL=—4 :_i:__%/_
r 5 X 3 X —2\/5 \/§ 3
y _
tan0=—=—=_=_ r 4
X _2\/5 \/5 3 CSCQZ;:_—zz—Z
(=2,0)
x=-2, y=0, and r =[x +y? = /(-2 +0* =J4+0 =4 =2
y 0 _ _x 2
smé’-:-E—O cotﬁ—;—F undefined
Cose_iz__zz_l sec&zizi:—l
r 2 X -2
y_0 2
tanf==—=—=0 _r
x -2 cscf="=7 undefined
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12. (3,-4)
x=3, y=—4, and r=+/x" +y’ =«[32+(—4)2 =J9+16=+/25=5
sinﬁzlz_—“z—i
r 5 5
cos6’=£=E
r 5
tanﬁzlz_—‘lz—i
x 3 3

13. Answers will vary.

cot6=£=i=—g
y —4 4
secezizé
x 3
cscﬁzlziz—é
y -4

19

For any nonquadrantal angle @, a point on the terminal side of @ will be of the form (x,y) where

x,y#0. Now sin@ = 2 and csc@=-_L both exist and are simply reciprocals of each other, and hence

r y
will have the same sign.

14. Answers will vary.

For any point on the terminal side of a nonquadrantal 6, a right triangle can be formed by connecting
the point to the origin and connecting the point to the x-axis. The value of r can be interpreted as the

length of the hypotenuse of this right triangle.

15. Since the cot @ is undefined, and cot@ = ﬁ, where (x, y) is a point on the terminal side of 8, y =0

y

and x can be any nonzero number. Therefore, tan 6 = 0.

16. If a point on the terminal side of € lies in quadrant III, it will be of the form (x,y) where

x<0andy<0.
follows.
. negative .
sin@ =2 = g— = negative
r  positive
X negative .
cosf@=—= g— = negative
r  positive
negative ..
tanf=2= g— = positive
X negative

In Exercises 17-24, r=+/x” +y*, which is positive.

. . x .
17. In quadrant II, x is negative, so — is
r

negative.

18. In quadrant III, y is negative, so Y is
r

negative.

19. In quadrant IV, x is positive and y is

negative, so Yis negative.
X

X negative ..
cotd =—=—="——= positive

y negative

r ositive .
secld=—= p— = negative

X negative

r ositive .
csc@ =L =L negative

Yy  negative

20. In quadrant IV, x is positive and y is

. X . .
negative, so — 1S negative.
y
21. In quadrantII, y is positive so, Yis
r
positive.

22. In quadrant III, x is negative so, X is
r

negative.

Since r >0, the signs of the six trigonometric function values of @ will be as
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23. In quadrant IV, x is positive so, L s 24. In quadrant IV, y is negative so, RN
r

positive. positive.

25. Since x > 0, the graph of the line 2x+ y =0 is shown to the right of the y-axis. A point on this line is

(1,-2) since 2(1)+(~2)=0. The corresponding value of ris 7=~/ +(=2)* =v1+4 = 5.
y

2x+y=0,x20

6
} 0i,.>x
2+ \(1,-2)
ingoY_2__ 2 5_ 25 cotg=X— L __1
r 5 5 5 5 y 2 2
cosg=to L _ L5 V5 wcol-B_ g5
r s 545 5 x 1
tanl9=l=_—2=—2 Cscezlzﬁz__s
x 1 y 2 2

26. Since x > 0, the graph of the line 3x+5y =0 is shown to the right of the y-axis. A point on this graph

is (5,-3) since3(5)+5(-3)=0. The corresponding value of ris r=4/5"+ (—3)2 =25+9 =+/34.

x+5y=0,x=>20
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27. Since x < 0, the graph of the line —6x—y =0 is shown to the left of the y-axis. A point on this graph is

(-1,6) since —6(—1)—6=0. The corresponding value of ris 7 =+/(=1)* +6* =V1+36 = J37.

cot9=£=_—1=—l

y 6 6
sec&zizﬁz—\/ﬁ

x -1

r 37
csc¢9=—=T

28. Since x < 0, the graph of the line —5x—3y =0 is shown to the left of the y-axis. A point on this line is

(-3,5) since —=5(-3)—3(5)=0. The corresponding value of ris r = ,l(—3)2 +5% =/9+25 =/34.

29. Since x <0, the graph of the line —4x+ 7y =0 is shown to the left of the y-axis. A point on this line is
(=7,-4) since —4(—7)+7(-4)=0. The corresponding value of r is

r=J(=7)* +(—4)? =/49+16 = /65.

“4x+T7y=0,x<0

Continued on next page
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29. (continued)

ingoY_ 5 _ 5 3 ales

ro\34 B34 34 65

x -3 3 V34 7es
cosf@=—= =— . =-

ro 34 34 f34 65
'[ané?zlz_—“:i

x =7 17

cot6=£=_—7=Z

y -4 4
r /65 V65
secl=—=—=——
x =7 7
V65 V65
cscl=—=——-=——
y -4 4

30. Since x =0, the graph of the line 6x—5y = 0is shown to the right of the y-axis. A point on this line is

(5,6) since 6(5)—5(6)=0. The corresponding value of ris r =+/5* +6> =~/25+36 =~/61.

ingod_ 6 _ 6 6l _6J6l
r Je1 el Je1 61
cosf=2= > = > ~\/a=5\/a
r 61 /61 61 61
tanezlzé
x 5

6x-5y=0,x=>0

cot6=£=§
y 6
r el
sec=—=——
X 5
r el
cscl=—=——
y 6

31. The quadrantal angle 8 =450° is coterminal with 450°—360°=90°. A point on the terminal side of

0 is of the form (0, y), where y is a positive real number. The corresponding value of r is

r=4J0>+y* =y. The six trigonometric function values of @ are as follows.

sing=2=2=1
ry
cos9=—=9=0
y
tan@zlzl undefined
x 0

cot6=£=9=0

y oy
sec&zizl undefined

x 0
cscé?:L:lzl

y oy
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32. To find the point on the line x+2y =0, where x =0, we can first use the fact that a circle centered at

the origin with radius 1 has the equation x* +y* =1. (1)

Solving x+2y =0 for x we have, x=-2y. In order for x>0, we must have y <0. Substituting
—2y for x in equation 1 and solving for y, we have the following.

x2+y2=1:>(—2y)2+y2=1:>4y2+y2=135y2=13y2=%

y=-

Substituting y = —g into x =—2y we have, x= —2(——

A point on the terminal side of € which intersects the circle of radius 1 is [

y=—\/g since y <0

1 5 V5

FTEETTS

25

5

g

5

, Where y is a

25 5
55

negative real number. The corresponding value of ris 1. The six trigonometric function values of 6

are as follows.

=

[\
o))
9]

The six trigonometric function values are the same as those obtained in Example 3.

For Exercises 33 — 42, all angles are quadrantal angles. For 0° we will choose the point (1,0), NY)

x=1,y=0, and r =1. For 90° we will choose the point (0,1), so x=0, y=1, and r=1. For 180° we

will choose the point (—1,0), so x=-1,y=0, and r=1. Finally, for 270° we will choose the point

(0,-1), so x=0,y=-1, and r=1.

33. c0s90°+3sin270°

cos90°=£=9=0
r 1

sin270°=2=""=—1
r

c0890°+3sin270°=0+3(-1)=-3

34. tan0°—6sin90°

tan0°=X=9=O
x 1

sinooe =2 =1}
r 1

tan 0°—6sin90° =0—-6(1) =—6
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35.

36.

37.

38.

39.

40.

41.

42,
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3sec 180°—5tan 360°

seclSO°=L=L=—1 and tan360°=tan0°=l=
X - X

3sec 180°—5tan 360°=3(-1)-5(0)=-3-0=-3

9 o
1

4¢sc270°+3cos180°
csc270°=L=L=—1 and coslSO°=£=_—1=—1
y -1 r 1

4¢sc270°+3c0s180° =4(—1)+3(-1) =—4+(-3)=-7

tan 360° + 4 sin 180°+ 5cos* 180°

tan 360° = tan 0° =l=%=0, sin180° =

X

0

S <

—0, and coslsoozfz_T:—l

"
tan 360° +4sin 180°+5cos> 180° = 0+ 4(0) +5(~1)" =0+0+5(1) =5

2sec0°+ 4 cot® 90° + cos 360°
0

secO°:£:l:1, cot90°:£:—:0, and cosS6O°zcosO°:£:1:1
x 1 y 1 ro1

25ec0°+4cot> 90°+c0os360° = 2(1)+4(0)’ +1=2+4(0)+1=2+0+1=3

sin® 180° + cos® 180°

sin180°= 2 = % =0 and cos180°= X = =
r 1 r 1

sin® 180°+cos> 180° = 0° +(~1)* =0+1=1

sin® 360° + cos” 360°
sin360°=sin0°=l=%=0 and cos360°=cosO°=£=%=l
r r

sin” 360°+cos” 360° = 0> +1° =0+1=1

sec? 180°—3sin? 360°+ 2 cos180°
sec180° =" =L 1 sin360°=sin0°=2 =220, and cos180°=F =1 =1
x -1 r 1 r 1

sec’ 180° —3sin” 360°+2cos 180° = (=1)* =3(0)+2(~1) = 1-0-2 =1

5sin® 90° + 2 cos® 270° — 7 tan” 360°

§in90° =2 =L 1, c0s270°= X =90, and tan360° = tan0° = . =
r 1 r 1 X

=0

— o

2

5sin® 90° + 2 cos® 270° — 7 tan> 360° = 5(1)" +2(0)* =7(0)

=5(1)+2(0)-7(0)=5+0-0=5
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44.

45.

46.

47.

48.

49.

50.
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cos[(2n +1)- 90°]
This angle is a quadrantal angle whose terminal side lies on either the positive part of the y-axis or the
negative part of the y-axis. Any point on these terminal sides would have the form (O, k), where k is

any real number, k # 0.

cos[[(2n+1)-90°] =X =2 0 _0_p

rJo e e W

sin[n-180°]
This angle is a quadrantal angle whose terminal side lies on either the positive part of the x-axis or the
negative part of the x-axis. Any point on these terminal sides would have the form (k,0), where k is

any real number, k # 0.

sin[n~180°]:Z=L= 9 o

0
roJoe ket ke |K
tan[n-180°]
The angle is a quadrantal angle whose terminal side lies on either the positive part of the x-axis or the

negative part of the x-axis. Any point on these terminal sides would have the form (k, 0), where k is any
real number, k # 0.

tan[n-180°]=l=%=o
X

tan[ (2n+1)-90°]
This angle is a quadrantal angle whose terminal side lies on either the positive part of the y-axis or the
negative part of the y-axis. Any point on these terminal sides would have the form (0,k), where k is

any real number, k # 0.

tan[ (2n+1)-90°]=2 =~ undefined
X

o=

Using a calculator, sin 15° = .258819045 and cos 75° = .258819045. We can conjecture that the sines
and cosines of complementary angles are equal. Trying another pair of complementary angles we
obtain sin30° =cos60° =.5. Therefore, our conjecture appears to be true.

Using a calculator, tan 25° = .466307658 and cot 65° = .466307658. We can conjecture that the
tangent and cotangent of complementary angles are equal. Trying another pair of complementary
angles we obtain tan45°=.cot45° =1. Therefore, our conjecture appears to be true.

Using a calculator, sin 10° = .173648178 and sin(—10°) = —.173648178. We can conjecture that the
sines of an angle and its negative are opposites of each other. Using a circle, an angle 6 having the
point (x, y) on its terminal side has a corresponding angle —€ with a point (x, —y) on its terminal side.

From the definition of sine, sin(—6) = -2 and sin 8= 2. The sines are negatives of each other.
r r r

Using a calculator, cos 20° = .93969262 and cos (-20°) = .93969262. We can conjecture that the
cosines of an angle and its negative are equal. Using a circle, and angle @ having the point (x, y) on its
terminal side has a corresponding angle —@ with point (x, —y) on its terminal side. From the definition

. X X .
of cosine, cos(—6) == and cos@ == The cosines are equal.
r r
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51. When sin@=cosé, then B A
r

which occurs when 6 =45° and 6 =225°.

X
r

As a result, the two values of € must lie along the line y=x,

52. When tand =1, we have Yo 1 or y=x. The two values of & must lie along the line y =x, which

X

occurs, so @ =45° and @ =225°.

53. Since cos@=.8 occurs when x = .8 and r = 1 and @ =3687°, cos@=-8 occurs when x=-.8 and

r=1. Asaresult, 8 =180°—-36.87°=143.13° and 8 =180°+36.87° =

54. Since sin@=8 occurs when y = .8 andr =1 and 6=53.13°,
306.87° and @ =180°+53.13°=

r=1. Asaresult, =180°-53.13°=

216.87°.

sinf=-8 occurs when y=-.8 and
233.13°.

In Exercises 55 — 60, make sure your calculator is in the modes indicated in the instructions.

Sci Eng
9123456?89
adian
B = -:_ O

Flotl Flakz Flot:
~miTBooscTo
YirB=incT2
“HET S

55. Use the TRACE feature to move around the
circle in quadrant I to find 7' =20. We see
that cos 20° is about .940, and sin 20° is
about .342.

H1T=c¢?r§n

T=zn J
n=.9z869z62 1Y=.zhz0z0lY

56. Use the TRACE feature to move around the

circle in quadrant 1. We see that
cos 40° = 766 so, T = 40°.

H1T:c¢? 1;€:n

T=H1 I\_

=.7EEMHYYY 1Y=.B4E7 B AL

57. Use the TRACE feature to move around the

circle in quadrant I We see that
sin 35° = .574, so T =35°.

H1T-c¢?r,-\n:n

58. Use the TRACE feature to move around the
circle in quadrant 1. We see that
cos 45° = sin 45°, so T = 45°.

wir=cos(T) 1?T1

¥=.7071067E

/N

HE
FO710E7E

T
H

59. As T increases from 0° to 90°, the cosine decreases and the sine increases.

60. As T increases from 90° to 180°, the cosine decreases and the sine decreases.
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61. The area of a triangle is %bh . The area of one of the six equilateral triangles is the following.
1, (3 1,3
—(x)| —=x|=| =X || =
2 2 2 2
V3
2 _\3

Since sin@ = :7, we can substitute sin@ for - in the area of a triangle, which gives
X

%xz sin@. Thus, the area of the hexagon is 6(%x2 sin 9) =3x%siné.

62. (a) From the figure in the text and the definition of tané, we can see that tané = X
X
(b) Solving for x we have, tan @ =l:> xtanfd=y—=x= Y .
X tan @

Section 1.4: Using the Definitions of the Trigonometric Functions

1. 1 is its own reciprocal. 1 1 7 7
sin@=cscf=1 6. secd= ‘9:_\/_:__._:_\/7
sin 90° = ¢sc 90° =1 cos ——7 T NT
Therefore, 8 =90°. 7

2. -1isits own reciprocal. 7. sinf= 1 _ 1 _ 1 \/E - 15
cos@=secl=-1 ) cscld /15 15 15 15
cos 180° =sec 180° =-1
Therefore, 6 =180°. 1 1 3

8. tanf= = =——
X cot - J5
3. cosf= =——=-4
secd -2.5 =_i.£__2
5 <5 5
4. cotf= ! =L=—5 1 1
tanf —+ 9., sinf= =.70069071

csc 142716327

1 1
secd 9.80425133

=.10199657

1
cscé 5 10. cosf=

. . 1 e . . .
11. No. Since sm6=—6, if sin@ >0 then its reciprocal, cscd, must also be greater than zero.
csc

12. Since —1<cos@ <1, it is not possible to have cos 8 = %
13. Since tan90° is undefined, it does not have a reciprocal.

14. Since tan@ = +€ , multiply both sides by cot 8 to obtain tan&cotf =1. Now divide both sides by
co

tan @ to obtain cotf =

tan@
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P _1t_ 1 I 1 3 33
tan = Y 18. tané@= —— =2 -2 N_ /3
cotd -3 3 coL0 ? \/§ NG
1 1
tan@z = — _ l B 1 3
cotd 2 19. tanH—COtH_Z_z,s
1 12
tan @ = = =—— 1 1
Jo 20. tanf= - =_100
cotd L J6 cotd -.01
J6 6 6
1
tan (360 —4°) = ——— = tan (360 —4°) = tan (56 - 8°
( ) cot (560 -8°) ( ) ( )

The second equation is true if 39 —4° =560 -8°, so solving this equation will give a value (but not the
only value) for which the given equation is true.
30-4°=50-8°=4°=20=0=2°

1

sec(260+6°)cos(50+3°) =1=> cos(50+3°) = m

= cos(56 +3°) =cos(28 +6°)

The third equation is true if 560+3°=260+6° so solving this equation will give a value (but not the
only value) for which the given equation is true.

50+3°=20+6°=30=3°=0=1°

1

Sin(40+2O)CSC(30+50) =1= Sin(4(9+2°) = m

= sin (46 +2°) =sin (360 +5°)

The third equation is true if 46+2°=36+5° so solving this equation will give a value (but not the
only value) for which the given equation is true.

40+2°=30+5°=60=3°

1

6A+5)=—
cos( ) sec(4A+15°)

= cos(6A+5°) =cos(4A+15°)

The second equation is true if 6A+5°=4A+15° so solving this equation will give a value (but not
the only value) for which the given equation is true.
6A+5°=4A+15°=2A=10°= A=5°

In quadrant II, the cosine is negative and the sine is positive.

An angle of 1294° must lie in quadrant III since the sine is negative and the tangent is positive.

sin@ >0 implies @ is in quadrant [ or II. cos@ <0 implies @ is in quadrant II or III. Thus, 6 must
be in quadrant II.

cos@ >0 implies € is in quadrant [ or IV. tan@ >0 implies @ is in quadrant I or III. Thus, 8 must
be in quadrant I.

tan @ >0 implies € is in quadrant [ or III. coté >0 also implies @ is in quadrant I or III. Thus, & is
in quadrant I or III.
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tan @ < 0 implies @ is in quadrant II or I'V. 36. 183° is in quadrant III.
cot@ <0 also implies @ is in quadrant II or sin183°:—,cos183°: —, tan183°: +
IV. Thus, @ is in quadrant IT or I'V.

37. Since 406°—-360° =46°, 406°is in
cosd <0 implies @ is in quadrant II or III. quadrant I

o o sin 406° : +,cos 406° : +, tan 406° : +
tan @ >0 implies @ is in quadrant I or III.

38. Since 412°-360°=52° 412° isin

74° is in quadrant I.
quadrant I.
sin74°: +,CoS 74° +, tan 74°: + sin 52°: +,cos 520 +, tan 5204+
298° is in quadrant IV 39. Since —82°+360°=278°, —82°1is in
sin 298°: —,c0s298°: +, tan 298°: — quadrant IV.
sin(—82°): —,cos(—82°): +, tan (—82°) : —
129° is in quadrant II.
$in129°: +,c0s129°: —, tan129°: — 40. Since —121°+360° =239°,-121°is in
quadrant II1.
sin74°:—,cos74°: —, tan 74° : +
tan 30° = sin 30
cos30°

sin 30°

cos 30°< 1, so tan30° = -> sin 30°; that is, tan 30° is greater than sin30°.

Cos

sin 21° > sin 20°
sin@ increases as @ increases from 0° to 90°, so sin 21° is greater than sin 20°.

sec33°= ; since cos 33°< 1,

cos33° cos
sin 33° < cos 33° < sec33°.
Therefore, sec 33° is greater than sin 33°.

~>cos 33°,

cos5°< 1 so (cosS")2 = cos’ 5°< cos5°

Therefore, cos5° is greater than cos? 5°.

€c0826°>cos27°

cos@ decreases as @ goes from 0° to 90°, so cos26° is greater than cos27°.

cos2°
cot2°=——
sin2°
o

2
> c0s2° by multiplying both sides by

20

- >1. Since cos2°>0, we have —
sin 2° sin
cos 2°. Thus, cot2° > cos?2°.

sin 2° < 1, so

Since —1<sin@ <1 for all 8 and 2 is not in this range, sin@ =2 is impossible.
Since —1<cos@ <1 forall 8 and —1.001 is not in this range, cos& =—1.001 is impossible.

tan @ can take on all values. Thus, tan 6 =.92 is possible.
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cot@ can take on all values. Thus, cot@ =—12.1 is possible.
secf =1 is possible since secd <-1 or secd > 1.
tan @ can take on all values. Thus, tan @ =1 is possible.

sinf = l is possible because —1<sin8 <1. Furthermore, when sin @ = l, cscl=— ! = l =2.
2 2 siné §

sin@ :% and cscf =2 is possible.

tan@ =2 is possible, but when tan8 =2, cotf = ! =
tan @

. tan@=2 and cotd =% is impossible.

N | =

Find tan@ is secf =3, with @ in quadrant IV.
Start with the identity tan” & +1 = sec’ o, and replace secf with 3.

tan’ o +1=3" = tan’ a+1=9=tan’ =8 = tana:i\/gziZ\/E
Since @ is in quadrant IV, tand <0, so tané = —Zﬁ.
. . . I .
Find sin @, if cosé =_Z , with @ in quadrant II.
Start with the identity sin® @+cos® @ =1 Replace cos@ with —% .
2
sin® @+ L =1:>sin26+i=13sin26=£:>sin6=i‘/E =i£
4 16 16 16 4

J15

Since @ is in quadrant II, sin@ >0, so sinf = T

Find csc@, if cot@ = —% and @ is in quadrant I'V.
Start with the identity 1+cot> @ =csc’ 6. Replace cotd with —%.
2
csc? @ = 1+[—1j =csc? o =1+l:> csc? 6=§:> csc&=i\/E =i£
2 4 4 4 2

NG

Since @ is in quadrant IV, csc8 <0, so cscd = 5

Find sec@, if tan@ = ?, and @is in quadrant III.

N

Start with the identity tan* @+1=sec’ . Replace tan@ with R
2
sec’ @ = ﬁ +1:>sec2021+2:>seczt9:E:> secé?:i\/E:ii
3 9 9 9 9 3

Since @ is in quadrant III, secd <0, so secd = —% .
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Find cos @, if cscd=—4 with 8 in quadrant III.

. We have sin8 = ! = 1 = —l. Now use the identity
cscé cscd —4 4

Start with the identity sin =

. . . 1
sin® @+cos’ @ =1 and replace sin & with T

2 /
—l +cosz621:>i+cosz621:>c052€:£:>cos€:i/EziL5
4 16 16 16 4

Since @ is in quadrant III, cos@ <0, so cosf = —g.

Find sin @, if sec@ =2, with @ in quadrant IV.

Start with the identity cos@ = We have cosé = ! = l Now use the identity
sec @ secd 2

1
sin® @+cos” @ =1 and replace cos & with 5

2
sin” 6+ l :1:>sin20+l:1:>sin20:§:>sin0:i Eziﬁ
2 4 4 \ 4 2

3

Since @ is in quadrant IV, sin @ < 0; therefore, sinf = —7 .

Find cot @, if csc@ = -3.5891420, with @ in quadrant III.
Start with the identity 1+cot® @ =csc® 6. Replace csc@ with —3.5891420.

1+cot? @ = (—3.5891420)> = 1 +cot” 8 =~ 12.8819403
cot’ @ =11.8819403 = cot & = £3.44701905
Since @ is in quadrant III, cot 8 > O; therefore, cot 6 = 3.44701905.

Find tan @, if sin@= .49268329, with 8 in quadrant II.
Start with the identity sin* @+cos® @ =1. Replace sin@ with .49268329.

(.49268329)2 +cos?@=1=.24273682+cos* 6 =1
cos® 6 =.75726318 = cos & = +.87020870

Since @ is in quadrant II, cos@ <O0; therefore, cos@ =—-.87020870. Since tan & :ﬂ, we have

COS
49268329

tanf ~= —
-.87020870

=~ —.56616682.

We need to check if sin*@+cos’@=1. Substituting —.6 for cos® and .8 for sin@ we have the

following.
sin’ @+cos’ 6 =1
(.8)>+(—6)* =1

64+.36=1
1=1 True

Yes, there is an angle € for which cosé = -.6and sinf = 8.

31
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For Exercises 64—71, remember that r is always positive.

3 3
64. cos@= e with @ in quadrant III

cos @ =% and @ in quadrant III, so let x = -3, r = 5.
Xy =r
(-3) +y* =5
94 y* =25
y* =16
y=+16

y=14
@ is in quadrant III, so y = 4.

sin¢9=z=_—4=——
r 5 5

cosﬁziz_—3=——
r 5

tan49=l=_—4=i
x =3 3

65. tan@= —% = l—z, with € in quadrant II

L]

tan @ = B and @ is in quadrant IT, so let y = 15 and x = -8.

X
x4 y2 =7
(-8)" +15° =1
64+225=1
289 =17

r=17, since r is positive

sin6’=l=E
r 17
cosﬁzi—_—gz—8
ro 17 17
tan49=1=£=—E
x -8 8

cJCD

-4 f
(=3,-9)
c0t¢9=£=_—3=é
y -4 4
secH=£=i=—§
x =3 3
csct9=£=i=—§
y -4
y
A
(-8,15)
15 17\0
8 |0 >
cot¢9=£= 8=—§
y 15 15
se06=£=£=—£
x -8 8
cscH=L=£
y 15
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66. tan9=\/_=¥

tan@ =2
X
x2 +y2 =r2
(-1 +(—V3) =7
1+3=/7

4=r

r=72, since r is positive

Singzl:__\/g:_ﬁ
r 2 2
cos49=£=_—1=—l
ro 2 2
tanﬁzlzﬁzx/g
x -1
5 .
67 sm6=7, with € in quadrant I
sin@ =2 and @ in quadrant I, so let y
r
x2+y2=r2
x2+(x/§)2—72
x*+5=49
X’ =44
x=ix/ﬂ
x=+2411
@ is in quadrant I, so x=211.
sinﬁzlzﬁ
r 7
x 2411
cosf=—=——
r 7
anp=t o V5 _ V5 IS5
x 211 2VIn VIT o 22

=x/§,r=7.

and @ is in quadrant III, so let y=—/3 and x =-1.

-3
2
(-1,-3)
x -1 1 1 3 3
cotf=—=——=—=—. = -~
y 3 3 BB O3
seceziziz—z
x -1
roo2 2 3 23
CSCe:—:—:———:__
y 3 33 3
y
(2411 ,45)
7
\5
9 X
0 2411
Drawing not to scale
cotg = = V11 _ 2411 N5 _ 255
v 5 55 s
secd __r _ 7 £_7‘/ﬁ
PN TRENTRNTREY
r 7 71 5 75
cscB:—:—:__:_
y 5 55

33
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2 .
68. cscfd=2= T with & in quadrant II

cscl = L and @ inquadrant I, solety =1, r=2.

y
X +y =r b
Xl =2? (-3, 1)
X +1=4 2
=3 1 \9
X
x=1/3 -3 0

@ is in quadrant II, so x = 3.

. 1 _
sinf=2=— cot6=£=£=—\/§
r 2 y 1
cos9=£=—_\/§=—£ r 2 2 \3 2\3
r 2 2 secl=—=—z=—F7—=—"—
x =3 3 V3 3
ang=2e o L VB__3 >
x 3 NERNE) 3 cs09=;=T=2
69. cot&z%, with @ in quadrant I
cot6=£and @ in quadrant I, so let x=\/§,y: 8.
y
X +y =r 4
(\/5)2+82—r2 (+43,8)
V67
3+64=r" 8
0
67=r" S 5 x
r=+/67, since r is positive
Drawing not to scale
oy 8 8 o1 867 x 3
sinf =—= = . = cot=—=—
r 61 o1 o1 67 y 8
cos49=£=\/§=\/§.\/6—7=“201 sec&—i—\/6_7—\/6_7.£—\/201
r o1 o1 o1 67 x 3 3 3 3
angoY_ 8 _8 V3 _8S3 cegol 67
X 3 343 3 y 8
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1.49586

70. cotd =-1.49586=

, with @ in quadrant IV

cot@= = and @ is in quadrant IV, let x = 1.49586 and y = —1.
y

]

)Cz + y2 = V2
(1.49586)" +(-1)" = 1
2.23760+1~ r?
3.23760 =

r=1.79933, since r is positive

he 1.49586

7093 R (1.49586, 1)

4R

1

sinf=2~—— _ ~_555762 cotg = 149386 _ | 1956
r o 1.79933 y -1
cos@ =X = 149386 _ ¢a1a43 eco=l 179933 50087
r 179933 x  1.49586
y -1 o 1.79933
tanf=2~— ~—668512 _r LSS
< 149536 cscd ) 1 1.79933
. 164215
71. sin@=.164215= , with 8 in quadrant II
sin @ —Y and @ isin quadrant IT, let y = .164215 and r = 1.
r
X +y =r i
2 + ( 164215)2 — 12 (-.986425, .164215)
x%+.026966 =1 1 o
164215
¥ = 973034 I ]
- 0
x ~+4.973034 986425
x =~ +.986425
0 is in quadrant II, so, x = —.986425.

Drawing not to scale

164215 986425

sin@=2 =222 _ 164215 cotf == 20722 600691
r 1 y .164215
cosﬁzizﬂz—.986425 sec&ziz—l ~-1.01376
r x —.986425
y .164215
tanf==—=-—"—=-.166475 r
cscd=—=——=6.08958

2 2 2 2 2 2 2 2 2 2
+
72. x2+y2=r2:>x 2y =r—2:>x—2+y—2=r—2:>(£] +1=[Lj :>1+(£] =(Lj
y y y y y y y y y

Since cot& =2 and cscl=-, we have 1+(cot 6)2 =(csc 6’)2 or 1+cot* @ =csc’ 6.

73, . S
Ra r
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74. The statement is false. For example, sin30°+cos30° =.5+.8660 =1.3660 # 1.

75. The statement is false since —1 <sin@ <1 for all 6.

76. Let h = the height of the tree.

cos70° =ﬂ = hcos70°=50=h= 20 =l =~ 146 feet
h cos70° 0.3420

77. (@) r’ =5 +12" = r* =25+144 = r* =169 = r = /169 =13 prism diopters

5
b) tanf=—
(b) D
78. 90°< 6 <180°=180°<268<360° so 26 lies in quadrants IIT and IV. Thus, sin26 is negative.
o o o .. . o . .
79. 90°<0<180°=45°< E <90°, so E lies in quadrant I. Thus, tanE 1s positive.

80. 90°< 6 <180°= 270°<#+180°<360° so §+180° lies in quadrant IV. Thus, cot(6+180°) is

negative.

81. 90°<8<180°=-90°>-6>-180° = —180° < -6 <-90°, so —@ lies in quadrant IIT (—-180° is

coterminal with 180° and —90° is coterminal with 270°.). Thus, cos(—6) is negative.
82. Answers will vary.

Chapter 1: Review Exercises

1. The complement of 35° is 90°—35° =55°. The supplement of 35° is 180°—35° =145°.
2. —51° is coterminal with 360°+(-51°) =309°.

3. —174°+360° =186°

4. 792°is coterminal with 792° - 2(360°) = 72°

5. Letn represent any integer. Any angle coterminal with 270° would be 270° 4+ -360°.

6. 320 rotations per min =3X rotations per sec =& rotations per sec

=2 rotations per 2 sec =32(360°) per 2 sec =1280° per 2 sec

A point on the edge of the pulley will move 1280° in % sec.

650

7. 650 rotations per min =<

=26(360°) per 2.4 sec =9360° per 2.4 sec

rotations per sec =< rotations per sec = 26 rotations per 2.4 sec

A point on the edge of the propeller will rotate 9360° in 2.4 sec.

8. 47°25'11"=47°+2°4+-L-°=47°+ 4167°+.0031° = 47.420°

60 3600
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119°8'3"=119°+&°+2-° = 119°+.1333°+.0008° ~ 119.134°

3600

—61.5034° = —(61.5034°) = —[ 61°+.5034(60") | = =[61°+30.204']
=—[61°+30"+.204"] = =[61°+30"+.204(60")]
=—[61°+30"+12.24"] =—61°30"12.24" = —61°30' 12"

275.1005° =275°+.1005(60") = 275°+6.03' = 275°+6"+.03'
=275°+6"+.03(60") =275°6'1.8" = 275°6'2"

The two indicated angles are vertical angles. Hence, their measures are equal.

Ix+4=12x-14
4=3x-14
18=3x
6=x

Since 9x+4=9(6)+4=54+4=58 and 12x—14=12(6)—-14=72-14=58, both angles measure
58°.

The three angles are the interior angles of a triangle. Hence, the sum of their measures is 180°.
4x+6x+8x=180°=18x=180°= x =10°

Since 4x=4(10)=40, 6x=6(10)=60, and 8x =8(10) =80, the three angles measure 40°, 60°, and
80°.
Since a line has 180°, the angle supplementary to £ is 180 — f. The sum of the angles of a triangle is
180°, so

0+0a+(180-3)=180°=6=180°-a-180°+ = O=—-a+ = 60=LF-c.

Assuming PQ and BA are parallel, APCQ is similar to AACB since the measure of angle PCQ is equal
to the measure of ACB (vertical angles). Since corresponding sides of similar triangles are

proportional, we can write % = P— Thus, we have the following.
Q-E: 1.25mm _ 150mm
BA AC BA 30km

Solving for BA, we have %:@jgz%: 1.25=5BA= BA:%:.ZSkm.

30 BA

Since angle Z corresponds to angle 7, the measure of angle Z is 32°.
Since angle V corresponds to angle X, the measure of angle Vis 41°.
Since angles X, Y, and Z are interior angles of a triangle, the sum of their measures is 180°.

measure angle X + measure angle Y + measure angle Z =180°
41°+ measure angle Y +32° =180°
73° + measure angle Y =180°

measure angle Y =107°

Since angle U corresponds to angle Y, the measure of angle U is 107°.
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Since angle R corresponds to angle P, the measure of angle R is 82°.
Since angle M corresponds to angle S, the measure of angle M is 86°.
Since angle N corresponds to angle O, the measure of angle N is 12°.

Note: 12°+82°+86° =180°.

m_E m 3

—=—o—=—=2m=90=>m=45

30 50 30 2

B3 0n=120= 1260

40 50 40 2

Since the large triangle is equilateral, the small triangle is also equilateral. Thus, p=¢g=7.

E= 7 :>§=l:>7r=108:>r=@215.4
ro 11+7 r 18 7

k_ 1249 k21

—3 —_—
6 9 6 9

:ézz:Sk:M:k:M
6 3

If two triangles are similar, their corresponding sides are proportional and the measures of their
corresponding angles are equal.

Let x = the shadow of the 30-ft tree.

2030 05 30 5o 60m x=12f
8 X 2 x

24. x=-3,y=-3 and r=+/x> +y* = (-3)" +(-3)’ =\O+9 =18 =32
ingoto_ 3 __ 1L N2_\2 cotp=2=22
ro W2 22 2 y -3
gt B 112 2 o=l -N2__
ro32 2 2 V2 2 x -3
tan¢9=l=_—3=1 CSC9=L=—3\/§:—\/E
. Z -3
25. x=1, y=—/3 and r=+/x* + =1/12+(—\E)2 =J1+3=/4=2
ing=Y -3 _ 3 cotgeto L 1L B\
) 2 y =3 3J3 3
x 1
cos49=—=5 secg="=-2_»
r x 1
tangzlzﬂz_\/g gl 2 2 V3_ 23
x 1 y 3 B B3
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28.
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For the quadrantal angle, 180°, we will choose the point (—1,0), so x=—1,y=0, and r =1.

sin180°=2 =2 — ¢ cot180° =5 ==L | defined
ro1 y 0
o1 r 1
cos180°=—==-1 sec180°=—=—=—1
x -1
S ,
tan 180° = x - =0 csc180° = 370 undefined
(3.-4)
x=3,y=—4and r=43+(4) =/0+16=25=5
_ x 3 3
sin6=l=—4=—i COte—_—_=_Z
r 5 5 Yoo
5
_x_3 secf=L=2
C086—7—§ X 3
5 5
y -4 4 cscf=L=2-_2
tanf=—=—=——
x 3 3 y =4 4
9.-2)
x=9,y=-2, and r =/9° +(=2)> =/81+4 = /85
ingod o 2 2 85 _ 2485 cotg=r=2__2
r V85 85 85 85 y 2 2
gk 9 9 A5 9& gl B
r V85 85 85 x 9
tan@ = lz_—ZZ—g Cscﬂ=L=—85=__85
x 9 9 y 2 2
(~8.15)
x=-8,y=15, and r =/(-8)’ +15> =/64+225 = /289 =17
sin¢9:l:E Cotg_f__i
r 17 y 15
cosg=*-_3 eco= LM _ 17
r 17 x -8 8
t21119=l—£——E cscﬂ=L=£
x =8 8 y 15

39
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32.

33.

Chapter 1: Trigonometric Functions

(1L-5)
x=1,y==5 and r =V’ +5° =/1+26 =26

SinB:l: -5 =— 5 .\/%:_5\/% Cot@_ﬁ__l
r 26 V26 V26 26 y 5
cosg=F—_1 L 32 \/_ sec&:L:@:\/%
R TR T PR
y_-5 r 26 26
tanf=—=—=-5 csc=—=—"—"=—~""
X 1 y — 5
(6v3.-6)
x=6y3,y=—6, andr= (6J§f+(—6f==Jum+36=\n44=12
. y -6 1 63
6:—:—:—— _ﬁ__ _
M= "7 cotﬁ—y_ " J3
cosg=2 =000 wepro2_2_2 3 2
v x 63 3 333
tanﬁ:l_ m = 1 —_L £=_£ r 12
x 63 3 3 3 3 CSCHZ;—_—6 -2
(-2v2, 242)
=22, y=22.a0d r=[(-242) +(242) =JB+8 =6 =4
SiI'16=l=£=£ cot@:ﬁz—_zﬁ:_l
r 4 2 y 2\/5
cos6=f=—2\/§=_£ Secgziziz_i:_i.ﬁz_ﬁ
o4 2 x 242 JE V2 2
tanﬁ:l:%:—l cscﬁ:L—_ ﬁ:ﬁ
e y 2 f NG

If the terminal side of a quadrantal angle lies along the y-axis, a point on the terminal side would be of
the form (0, k), where k is a real number, k # 0.

sing=2 =K coto=2=229
ror y k
x_0 ror
cosf=—=—=0 sec @ = — =—, undefined
ror x 0
_)’_k r o r
tan @ = = =—, undefined csc=—=—

The tangent and secant are undefined.
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34. Since the terminal side of the angle is defined by 5x —3y =0,x >0, a point on this terminal side would

e (3,5) since 5(3)—3(5)=0. The corresponding value of ris r =3’ +5> =4/9+25 = J34.

:5*/3—4 cotﬁ’——=E
34 y 5
_3\@ secﬁziz—\/s—4
34 x 3
cs09=1=@

y 5

36. Using the point (1, 5), the corresponding value of ris r =+/(-=1)? +(5)> =~/1+25 =/26.
y 5 5 26 526

S
MO T e Vas Va6 26
-1 1 \/ V26
cos@ = -
\/2 \/ 26 26
tan @ Z—i=—5
x -1

For Exercises 37 — 38, all angles are quadrantal angles. For 90° we will choose the point (0,1), so
x=0, y=1, and r=1. For 180° we will choose the point (—1,0), so x=-1, y=0, and r =1. Finally,
for 270° we will choose the point (0,—1), so x=0, y=-1, and r =1.

37. 4sec 180°—2sin’*270°

sec180°= L =L = 1 and sin270° = l—_le—l
r

x -1

4sec 180°—2sin>270° = 4(~1)-2(-1)’ =—4-2(1) = —4-2=—6

38. —cot?90°+4sin270° — 3 tan 180°

cot90°=X =920 §in270°=2 ==L 1 and an180°=2 =L —¢
y 1 ro 1 x -1
—cot’ 90°+4sin 270°~3tan 180° = —(07 )+ 4(=1)=3(0) =0+ (—4)-0=—4

2
39. (a) For any angle 6, secd >1 or secd <—1. Therefore, secd = —3 is impossible.

(b) tané@ can take on all values. Therefore, tan 8 =1.4 is possible.

(c) For any angle 6, csc6 =1 or cscd <—1. Therefore, csc@ =35 is possible.
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40.

41.

42,

3

sin6=? and cos@ <O0.

sinezl, so let y:x/g,r=5.
r

x2+y2=r2:>x2+(x/§)2=52:>x2+3=25:>x2=22:>x=i\/5

cos@ <0, so x=—x/§.

sinﬁzlzﬁ

r 5

x N2 V2
cosf=—=——=———

r 5 5
tan@=2 = 3 =— 3 ~\/ﬁ=

x 22 22 V22

5 =5 . .
cosf = —gz—, with @ in quadrant IIT

cos@=> and @ in quadrant III, so let x = -5, r= 8.
.

X +y =7 :(—5)2+y2

@ is in quadrant III, so y = —/39.

sin@ = Y- _\/_ \/_
r 8 8
cos9=£=—§
r 8
[anﬁ:l:ﬁ:@
X -5 5

-2 .
tana=2= —1, with ¢ in quadrant III.

tana=l, solet y=-2 and x =-1.
X

[S)

CHyi=rr=(-1) +

: y 2 2 5 25
sng=2+=—%2-_<2 N2 __2NJ

r 5 s
Cosa—ﬁz_—lz—i.ﬁz_ﬁ

r 5 S s
ana=2="2-2

x -1

=8 =25+’ =64= y> =39 = y=+39

x_—22_ V22 3 _ 66
cotfd =—= ——

v B 3

r 5 5v22
secfd=—= -

x V2 2 V2 2

5 5 43
cscl=—=—4==——

y B B
cotB—i— > ) . 5\/@

y =39 39 39 39
sec¢9=L=—=—§

x -5 5
csct9—L—L——i

y =39 39

8 39 8

NN

(—2)2 =’ = 1+4=r>=5=r> = r=+/5, since r is positive

x -1 1
cotdx=—=—=—

y -2 2
secot—i—ﬁ:—\/g

x -1

r N5 A5
csco=—=—=———

y =2 2
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43. secf=-5= £i, with § in quadrant II.

secﬂ:L, solet r=+/5 andx=—1.
x

x2+y2:rz:(—1)2+y2=(x/§)2:1+y2=52y2:4:y:i2

pisin quadrant I, so y=2.

ro5 J5500S y 22
- 5
COSﬁ:ﬁ:_lz_L.ﬁz__S secﬂ=1=£=_\/§
ro A5 NE x }
y_2 r 5
tanf===—=-2 cscff=—=—
P x -1 y 2

44. sinf@= —% = _?2 , with @ in quadrant III.

sin9=l, soletr=5and y=-2.
r

x2+y2=r2:x2+(—2)2252:x2+4=25:x2=21:x=i\/ﬁ

@ is in quadrant III, so x = —J/21.

43

. y -2 2 _
s1n¢9=—=?=—g cot0=£=—21——21
r y =2 2
cosezﬁ—_—\/ﬁ: @ secﬁ—i— 5 _ 5 \/i__Sx/ﬁ
roos > x 21 V2l V2l 2
x 21 21 21 21 cscez;:_—zz—z

45. seca = %, with @ in quadrant I'V.

’
secak=—, soletr=5and x=4.
X

Xy = =24+ =5 =16+’ =25=y"=90= y=13
o isin quadrant IV, so y=-3.

. y 3 3 x 4
smoa&=—=—=—— cotag=—=—=——
r 5 5 y =3 3
COSO(Z%Z% Seca:i:%
X
tanazlz_—?’:—é Csca:L:i:—é
X 4 y -3 3

46. The sine is negative in quadrants III and IV. The cosine is positive in quadrants I and IV. Since

sind <0 and cos@ >0, lies in quadrant IV. Since tan8 = sin 6 and sin@ <0 and cos@ >0, the
cos
sign of tan @ is negative.
47. Since cotf = ! , use the calculator to find ; or 1.6778490"". The result would be
tan & 1.6778490

.5960011.
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48. 360° 9 deg 9 (60) min _ 54 min 54(60)& 648

" - = = — == =—— sec/ yr =50 sec/yr
26,000 yr 650 yr 650 yr 13 yr 13 yr 13

49. Let x be the depth of the crater Autolycus . We can set up and solve the following proportion.
Y 5e=13(11,000) = 1.5x=14,300 = x = 12390 9509
11,000 1.5 1.5

The depth of the crater Autolycus is about 9500 ft.

50. Letx be the height of Bradley. We can set up and solve the following proportion.
8 8r=1.8(21,000) = 2.8x = 37,800 = x = 200
21,000 2.8

Bradley is 13,500 ft tall.

=13,500

Chapter 1: Test

1. 74°17'54" =74°+ 104 320~ 74°4 2833°+.0150° = 74.2983°

60 3600
2. 360°+(-157°) =203°

450

3. 450 rotations per min =X rotations per sec =% rotations per sec =£(360°) per sec = 2700° per sec

A point on the edge of the tire will move 2700° in 1 sec.

4. The sum of the measures of the interior angles of a triangle is 180° .
60°+ y+90°=180°=150°+ y =180° = y =30°
Also, since the measures of x and y sum to be the third angle of a triangle, we have the following.
30°+(x+y)+90°=180°
Substitute 30° for y and solve for x.
30°+ (x+y)+90° =180° = 30°+ (x +30°) +90° =180° = x +150° = 180° = x = 30°
Thus, x =y =30°.

5. Since we have similar triangles, we can set up and solve the following proportion.
@ X
30 100-x

The lifeguard will enter the water 40 yd east of his original position.

= 20(100—x) =30x = 2000 —20x = 30x = 2000 = 50x = x =40

6. (2,-5)

x=2,y=—5,andr=ﬂx2+y2=1I22+(—5)2=\/4+25=\/E
-5 5 V29 5429

sin@=2 = =-— . =—

roJ29 29 V29 29

x 2 2 V29 2429
cosf=—= = . =

roA29 29 V29 29
tanﬁ—lz_—sz—é

X
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If cos@ <0, then @ is in quadrant IT or III. If cot &> 0, then @ is in quadrant I or IIl. Therefore, 8
terminates in quadrant III.

cosf = %, with @ in quadrant IV

X
cosf=— soletx=4,r=S5.
r

Xy = =24+ =5 =16+’ =25=y"=90= y=13
@ is in quadrant IV, so y = -3.

cos&zﬁz% cot€:£:—3:——
r y —
X
':21.116:1:__3:_i Cscezizi:—é
x 4 4 y -3

. . sin @
Noj; when sin 8 and cos 6 are both negative for the same value of 6, tan8 =
cos

is positive.

(a) If @ is in the interval (90°,180°), then 90° < @ <180° = 45°< g <90°. Thus, g lies in

quadrant I and cosg is positive.

(b) If @ is in the interval (900,1800) then 90° < @ <180° = -90° < #—-180°<0°. Thus, 8-180°
lies in quadrant IV and cot(6—180°) is negative.

L:—i or —.1

cosf = =
secd -10 10

1 1 _l;sinﬁ_ cos® cosd

cotd =

tan@ tan@ ¢  cos@  sin@ sinf’

cosé

l+cot?@=csc’* @ = cot> @=csc?* @—1= cot @ ==2+/csc? -1

Chapter 1: Quantitative Reasoning

Step 1: The ratios of corresponding sides of similar triangles CAG and HAD are equal and HD =1.
Step 2: The ratios of corresponding sides of similar triangles AGE and ADB are equal.
Step 3: EF =BD =1
A E E
Step 4: From Steps 1 — 3, CG=—G=—G=—G=EG.
AD EF 1

The height of the tree (in feet) is (approximately) the number of paces.






Chapter 2
ACUTE ANGLES AND RIGHT TRIANGLES

Section 2.1: Trigonometric Functions of Acute Angles

L sinA= side opposite _ 21 3. sinA= side opposite _n
hypotenuse 29 hypotenuse  p

cos A = side adjacent _ 20 os A= side adjacent _m
hypotenuse 29 hypotenuse ~ p
tan A = s%de OPPOSite _21 tan A = side opposite _ n

side adjacent 20 side adjacent m

2. sinA= side opposite _ 45 4 sinA= side opposite _ k
hypotenuse 53 hypotenuse  z

COs A= side adjacent = 28 oS A = side adjacent _y
hypotenuse 53 hypotenuse  z

side opposite 45 : .

tmA=—-———=— tan A = side opposite _ k

side adjacent 28 side adjacent y

For Exercises 5-10, refer to the Function Values of Special Angles chart on page 50 of your text.

5. GC;sin 30° =% 7. B;tan 45°=1
o \/5 8. G;sec 60°= ! :l:2
6. H, cos 45 :T ’ cos 60° %

1 1 2
9. E;csc60°= =— .
sin 60° ? BB

w

o A3
10. A:cot 300030 % N3 2_ g
sin30° 1 2 1
11. a=5,b=12
C=d b = =5+12 =" =25+144 = * =169 = c =13
sin B = side opposite _ b _ 12 ot B = s%de adJace.nt _a_ 5
hypotenuse ¢ 13 side opposite b 12
cosB = side adjacent _a_ 5 secB = ?ypote?nuse _c_ 13
hypotenuse ¢ 13 side adjacent a 5
tan B = s¥de opPos1te _ b _ 12 cscB = 1.1ypotenus.e _C_ 13
side adjacent a 5 side opposite b 12
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13.

14.

15.

Chapter 2: Acute Angles and Right Triangles

a=3,b=5
F=d b =P =3 45 =2 =9+425 P =34 c=4/34
sin B = side opposite _ b _ 5 cot B = s%de ad]ace.nt _a_ 3
hypotenuse ¢ /34 side opposite b 5
5 34 534 hypotenuse ¢ J34
= . = secB=—"———"—=—=—+
34 34 34 side adjacent a 3
cos p = S1de adjacent _a _ 3 cse p = Dypotenuse _ e _ 34
hypotenuse ¢ /34 side opposite b 5
_ 3 34 334
NeTRNCT oY
tan B = s¥de opPos1te _ b _ 5
side adjacent a 3
a=6,c=7

=+ =T =6 +b: =>49=36+b> = b* =13=b=/13

side opposite _ b _ J13 cot B = side adjacent _ a _

6
side opposite b J13

sin B =
hypotenuse ¢ 7
side adjacent _a 6 _ 6 J13 _ 6v/13
cosB=———=—=— = =
hypotenuse ¢ 7 Vi3 V1313
tan = Side opposite _ b _ V13 ec B = upotenUse _c 7
side adjacent a 6 side adjacent a 6
cscB = hypotenuse _¢_ 7
side opposite b J13
_ 7 Ji3_713
Vi3 V313
b=T7,¢c=12
F=d+h =12 =a+7 > 144=a’+49 = a* =95 = a =95
sinB=w=é=l CotB:sideadjacentzgzx/%
hypotenuse ¢ 12 side opposite b 7
side adjacent _ a J95 hypotenuse ¢ 12
osB = =—= SeCB:—' - ==
hypotenuse 12 side adjacent J95
tan B = s%de opPosite =2= 7 _ 12 \/% _ 124/95
side adjacent a J95 J95 95 95
7 95 795 hypotenuse ¢ 12
= : = cscB=—"—"—"—=—=—
Jo5 o5 95 side opposite b 7
sin@ = cos (90°—6); cos @ =sin (90° - 6); 16. cot 73° =tan (90°—73°) = tan17°

tan @ = cot(90°—6); cot @ = tan (90°—6);

sec 8 =csc(90°—8); csc @ = sec(90°— 6) 17. sec39°=csc(90°—-39°) =csc51°
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23.

24,

25.

26.

217.

28.

29.

Section 2.1: Trigonometric Functions of Acute Angles 49

cos(@+20°) =sin[ 90°—(+20°) | 20. tan 25.4° =cot (90° —25.4°) = cot 64.6°
=sin(90° - o —20°) '
_sin(70°— @) 21. sin38.7° =cos(90°—38.7°) =cos51.3

cot(6-10°) = tan[ 90°—(6-10°) |
= tan (90° - 8 +10°)
= tan (100° - 6)

Using A =50°, 102°, 248°, and —26°, we see that sin (90°—A) and cos A yield the same values.
Sint9E-5E) SintIE-16022 Sint9E-=248) Sint9E--Z60

B4 Z27ETERST -. 2B731 169688 - Sra4eaE593d . S9E7I4B4E3
CosoE cosC1lBE2) cosC248) CoOst 26D
« B4 Z2FETERST - 2B79116988 - 3r4eRE5934 . 298748463

tan = cot(a +10°)

Since tangent and cotangent are cofunctions, this equation is true if the sum of the angles is 90°.
a+(a+10°)=90°= 2 +10°=90° = 2r =80° = r = 40°

cosf =sin26
Since sine and cosine are cofunctions, this equation is true if the sum of the angles is 90°.
0+260=90°=30=90°= 6=30°

sin(26+10°) = cos (36 —20°)
Since sine and cosine are cofunctions, this equation is true if the sum of the angles is 90°.
(26+10°)+(360—-20°) =90° = 50 —10° = 90° = 50 =100° = 6 = 20°

sec(f+10°) =csc(25+20°)
Since secant and cosecant are cofunctions, this equation is true if the sum of the angles is 90°.
(B+10°)+(24+20°)=90°= 35 +30°=90° =34 =60°= [ =20°

tan (3B +4°) = cot (5B-10°)

Since tangent and cotangent are cofunctions, this equation is true if the sum of the angles is 90°.
(3B+4°)+(5B—10°)=90° = 8B —6°=90° =8B =96° = B =12°

cot (50 +2°) = tan (26 +4°)

Since tangent and cotangent are cofunctions, this equation is true if the sum of the angles is 90°.

(50+2°)+(20+4°)=90°=760+6°=90° =76 =84°= § =12°
sin 50° > sin 40°
In the interval from 0° to 90°, as the angle increases, so does the sine of the angle, so

sin 50° > sin 40° is true.
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33.

34.

Chapter 2: Acute Angles and Right Triangles

tan 28° < tan 40°
tan @ increases as @ increases from 0° to 90°. Since 40°>28°, tan 40° > tan 28°. Therefore, the given

statement is true.

sin46° < cos46°
sin@ increases as @ increases from 0° to 90°. Since 46° >44°, sin46° >sin44° and sin44° = cos46°,

we have sin46° > cos46°. Thus, the statement is false.

c0s28° < sin 28°
cos@ decreases as @ increases from 0° to 90°. Since 28° < 62°, cos28° > co0s62° and

€0s62° =sin 28°, we have cos28° >sin28°. Thus, the statement is false.

tan41°<cot41°
tan @ increases as @ increases from 0° to 90°. Since 49°>41°, tan49° > tan41°. Since

tan49° =cot41°, we have cot41° > tan41°. Therefore, the statement is true.

cot30° < tan40°
tan(90° —30°) = tan 60° = cot 30°
In the interval from 0° to 90°, the tangent increases so, tan 60° > tan40°. Therefore,

cot30° > tan 40°, and the statement is false.

For Exercises 35 — 40, refer to the following figure (Figure 6 from page 49 of your text).

35.

36.

37.

30°
3 2
60°
1
o side opposite 1 ; ;

tan 30° = "—M—— = — 38, c0s30° = side adjacent :ﬁ

side adjacent 3 hypotenuse B

_ 1L V33
BB 39, sec30e = _potEnUSE _ 2
side adjacent 3

cop 300 = Side adjacent _ V3 _ _2 3 23

side opposite 1 3B 3
sin30° = Side opposite _ 1 40. csc 300 = Dypotenuse 2,

hypotenuse 2 side opposite 1
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For Exercises 41 — 44, refer to the following figure (Figure 7 from page 50 of your text).

hypotenuse J2 o _ side adjacent _ 1
41. csc d45°0=—2 " N2 h 43. cos45°=—T"TF"T" = —
side opposite 1 hypotenuse /2
_ L2 2
2 N2 2
42. sec 45°= _hypotenuse \/_ =2 V2 V2
side adJacent 1
44, cotdse = s?de ad]ace.nt =£:1
side opposite /2
45.
255

46. sin45°= :>y 4sin45°=4-—=2
4 2

Yy
A
P
cos45°=1:>x=4cos45°=4-£=2ﬁ
\ A | |

47. The legs of the right triangle provide the coordinates of P. P is (2«/5, 22 )

y

N

sin 60° = 2:>y 2 sin 60° = \/_ x/gandcos60°—5:>x 2cos 60°= 25=1

48.

The legs of the right triangle provide the coordinates of P. P is (1, NG )
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49.

51.

52,

53.

54.

55.

Chapter 2: Acute Angles and Right Triangles

Yi is sinx and Y is tan x. 50. Y iscosxandY; iscsc x.
sin0°=0 tan 0°=0 cos0°=1 csc0°: undefined
sin30°=.5 tan 30° = .57735 c0s30° =~ .86603 csc30°=2
sin45°=.70711 tan45°=1 c0s45°=.70711 csc45°=1.4142
sin 60° = .86603  tan 60° =1.7321 cos60°=.5 csc60° =1.1547
sin90° =1 tan 90°: undefined c0s90° =0 csc90° =1

o 3 .
Since sin 60° = 7 and 60° is between 0° and 90°, A = 60°.

7071067812 is a rational approximation for the exact value 72 (an irrational value).
The point of intersection is (.70710678, .70710678). This corresponds to the point (%, %J
Flokl Flokz Flaks WIHOOL
~N B Bmin=-1.8
BT ol-mEs mmax=1.3
~r= necl=1
“Miy= Mmin=-1.2
wMe= Ymax=1.2
S wscl=1 Inksrsechion
~e= nres=1 H=ForLiGrE lv=.rorLo6RE

These coordinates are the sine and cosine of 45°.

‘r The line passes through (0,0) and (l,x@ )
The slope is change in y over the change in

1,v3 NE)
x. Thus, m =—=+/3 and the equation of

Vi 1
60° — the line is y = J3x.
. >
y

The line passes through (0, 0) and (\/5, 1).

The slope is change in y over the change in

1 1 3 B

x. Thus, m=—

2 A o3 B B3

30° l i . . .
3 ek equation of the line is y =

and the

w| &

X.
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0,0). Let (x,y) be any other point on this line. Then,

B

, but also, by the definition of tangent, tan & :T.

56. One point on the line y = T3x, is the origin

—

(e

by the definition of slope, m = Yyl _Y_
X

x=0
NG

Because tan30°= 5 the line y =gx makes a 30° angle with the positive x-axis. (See Exercise

w |

55).

57. One point on the line y = 3x is the origin (0,0). Let (x, y) be any other point on this line. Then,

y—0 =2 \/5 , but also, by the definition of tangent, tan @ = \/5

x—-0 x

Because tan 60° = \/5 , the line y= \/Ex makes a 60° angle with the positive x-axis (See Exercise 54).

by the definition of slope, m =

58. (a) The diagonal forms two isosceles right triangles. Each angle formed by a side of the square and
the diagonal measures 45°.
k
45° L]

45°

45°

] 45°
k

(b) By the Pythagorean theorem, k> +k*> =c¢> =2k’ =¢* = c =2k’ =>c= k~/2. The length of the
diagonal is k2.

o

k

(c) Ina 45°—45° right triangle, the hypotenuse has a length that is V2 times as long as either leg.
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59. (a) Each of angles of the equilateral triangle has measure of 1 (180°) = 60°.

2k
(b) The perpendicular bisects the opposite side so the length of each side opposite each 30° angle is k.

(c) Let x equal the length of the perpendicular and apply the Pythagorean theorem.
Ak =(2k) > Pk =4 = =3k = x=k3

The length of the perpendicular is k3.

k

(d) In a 30° - 60° right triangle, the hypotenuse is always 2 times as long as the shorter leg, and the
longer leg has a length that is V3 times as long as that of the shorter leg. Also, the shorter leg is
opposite the 30° angle, and the longer leg is opposite the 60° angle.

60. Apply the relationships between the lengths of the sides of a 30°—60° right triangle first to the triangle
on the left to find the values of a and b. In the 30°—60° right triangle, the side opposite the 30° angle

is § the length of the hypotenuse. The longer leg is /3 times the shorter leg.

a=%(24)=12 and b= a3 =123

Apply the relationships between the lengths of the sides of a 45°—45° right triangle next to the
triangle on the right to find the values of d and c. In the 45°—45° right triangle, the sides opposite the

45° angles measure the same. The hypotenuse is 2 times the measure of a leg.

d=b=12{3 and c =d2 =(123)(V2) =126
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Apply the relationships between the lengths of the sides of a 30°—60° right triangle first to the triangle

on the left to find the values of y and x, and then to the triangle on the right to find the values of z and

L

w. In the 30°—60° right triangle, the side opposite the 30° angle is ;

the length of the hypotenuse.

The longer leg is /3 times the shorter leg.

Thus, we have the following.

y=%(9)=% and x:y\f:?
Yy

y=243,80 z="== =%=£,andw=2z, sow=2 ﬁ =3\/§
BoBo6 2 2

|N\~o

Apply the relationships between the lengths of the sides of a 30°—60° right triangle first to the triangle
on the right to find the values of m and a. In the 30°—-60° right triangle, the side opposite the 60°

angle is V3 times as long as the side opposite to the 30° angle. The length of the hypotenuse is 2
times as long as the shorter leg (opposite the 30° angle).

Thus, we have the following.

7=m\/§:>m=

7 71 3 18 73 1443
—=——=—— anda=2m=a=2| — |=——

NERENCIRVE R 3 3

Apply the relationships between the lengths of the sides of a 45°—45° right triangle next to the
triangle on the left to find the values of n and g. In the 45°—45° right triangle, the sides opposite the
45° angles measure the same. The hypotenuse is 2 times the measure of a leg.

Thus, we have the following.

n:a:14;/§ and q:nﬁ=[14;/§J\/§=14‘/€

3




56

63.

64.

65.

66.

67.

Chapter 2: Acute Angles and Right Triangles

Apply the relationships between the lengths of the sides of a 45°—45° right triangle to the triangle on
the left to find the values of p and r. In the 45°—45° right triangle, the sides opposite the 45° angles

measure the same. The hypotenuse is V2 times the measure of a leg.

Thus, we have the following.
p=15and r= pJ2 =152

Apply the relationships between the lengths of the sides of a 30°—60° right triangle next to the triangle
on the right to find the values of g and . In the 30°—60° right triangle, the side opposite the 60°

angle is V3 times as long as the side opposite to the 30° angle. The length of the hypotenuse is 2
times as long as the shorter leg (opposite the 30° angle).

Thus, we have the following.

rzqﬁ:qzéz%z%-%zﬁ/gand r=2¢=2(5J6)=10J6

Let i be the height of the equilateral triangle. & bisects the base, s, and forms two 30°-60° right
triangles.

30°130

60° 60°

s s
2 2

1
The formula for the area of a triangle is A = Ebh. In this triangle, b = s. The height & of the triangle is

the side opposite the 60° angle in either 30°-60° right triangle. The side opposite the 30° angle is % .

w3 | [ﬁ}ﬁ

2

s
The height is \/55 = N So the area of the entire triangle is A = Es 2

2

1 1
Since Azzbh, we have A= .S.SZESZ or A:%

1
2

Yes, the third angle can be found by subtracting the given acute angle from 90°, and the remaining two
sides can be found using a trigonometric function involving the known angle and side.

Answers will vary.
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1.

C; 180°—98° =82°

(98° is in quadrant II)

F; 212°—180° = 32°
(212° is in quadrant IIT)

A; —135°+360° =225° and
225°-180° =45°

(225° is in quadrant IIT)

4. B; —60°+360°=300° and

360°—300° = 60°

(300° is in quadrant I'V)

5. D; 750°-2-360°=30°
(30° is in quadrant I)

6. B; 480°—-360°=120° and

180°-120° = 60°

(120° is in quadrant IT)

57

2 is a good choice for r because in a 30°—60° right triangle, the hypotenuse is twice the length of the
shorter side (the side opposite to the 30° angle). By choosing 2, one avoids introducing a fraction (or

decimal) when determining the length of the shorter side. Choosing any even positive integer for r
would have this result; however, 2 is the most convenient value.

8.-9. Answers will vary.

10.

11.

12.

13.

14.

15.

16.

17.

o sin @ cos @ tan @ cot@ sec @ csc @
30° 1 V3 V3 NG 23 >
2 2 3 3
45° ﬁ ﬁ 1 1 2 5

2 2
60° ' . N V3 2 23
2 2 3 3
cos 120° cot 120° o
sec120°
== 60° =—cot 60°
120° ﬁ oo -3 =—sec 60° &
2 7 B
tan 135° cot135°
135° V2 2 =—tan45° | =-cot45° -2 V2
2 2
sir% 150° cot 150° sec 15030O
150° =i _ﬁ _ﬁ ——cot30° | = % )
-1 2 3 N 2B
2 - 3
cos210° sec210°
=—cos 30° =—sec30°
210° L V3 V3 -2
2 _ 3 3 23
2 3
an2400 | 246000
240° B _1 —tan60° | D) B3
2 2 _f 3 3
3
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18. To find the reference angle for 300°, sketch this angle in standard position.

19.

y

N
N e

The reference angle is 360°—300°=60°.
Since 300° lies in quadrant IV, the sine,
tangent, cotangent, and cosecant are
negative.

3

sin 300° = —sin 60° = —7

c0s300° =cos60° = %

tan 300° = — tan 60° = —/3

3

cot300° = —cot 60° = _T

sec300° =sec60° =2

¢sc300° = —csc60° = —?

To find the reference angle for 315°, sketch this angle in standard position.

|

315°

A
N

A 4

The reference angle is 360°—315°=45°.
Since 315° lies in quadrant IV, the sine,
tangent, cotangent, and cosecant are
negative.

y

45°

v

405°

The reference angle for 405° s
405°-360°=45°. Because 405° lies in
quadrant I, the values of all of its
trigonometric functions will be positive, so
these values will be identical to the
trigonometric function values for 45°. See
the Function Values of Special Angles table
that follows Example 5 in Section 2.1 on
page 50.)

NG
2

NG

cos315°=cos45°=——

sin315° = —sin45°=—

tan315°=—tan45°=—1
cot315°=—cot45°=-1
sec315° =sec45° =2
csc315° = —cscd5° =2

20. To find the reference angle for 405°, sketch this angle in standard position.

sin 405° =sin 45° =

cos 405° =cos 45° =

SIS

tan 405° =tan 45° =1
cot 405°=cot45°=1

sec 405° =sec45° = \/E
csc405° =csc45° = x/§
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21. To find the reference angle for —300°, sketch this angle in standard position.

y

" U
X
0
- 300°\/

The reference angle for —-300° is
—300°+360° = 60°. Because —300° lies in
quadrant I, the values of all of its
trigonometric functions will be positive, so
these values will be identical to the
trigonometric function values for 60°. See
the Function Values of Special Angles table
that follows Example 5 in Section 2.1 on
page 50.)

ol

sin ( —300°) =sin 60° = —

cos ( —300°

tan ( —300°

sec( —300°

cse( —300°

22. To find the reference angle for 420°, sketch this angle in standard position.

y

60°

.
1 -

420°

The reference angle for 420° s
420°-360°=60°. Because 420° lies in
quadrant I, the values of all of its
trigonometric functions will be positive, so
these values will be identical to the
trigonometric function values for 60°. See
the Function Values of Special Angles table
that follows Example 5 in Section 2.1 on
page 50.)

sin420° =sin 60° =

c0s420° =cos60° =

tan420° = tan 60° =

cot420° =cot60° =

sec420° =sec60° =

csc420° =csc60° =

23. To find the reference angle for 480°, sketch this angle in standard position.

480° is coterminal with 480°—360° =120°.
The reference angle is 180°—-120°=60°.
Since 480° lies in quadrant II, the cosine,
tangent, cotangent, and secant are negative.

1

2
tan 60° = \/_

NE}

)=
)=

cot ( —300°) = cot 60° =
)=
)=

csc 60°=

¥l 1 el

cos 60°=

i

W

2f

sin 480° = sin 60° = —

c0s 480° = cos 60° =

tan 480° = tan 60° =

B
2

3
B3
3

cot480° =cot 60° = ——

sec 480° =sec 60° =

csc480° =csc 60° =

2
N
3

59
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24. To find the reference angle for 495°, sketch this angle in standard position.

45°

v

\

495° is coterminal with 495°—-360° =135°.
The reference angle is 180°—-135°=45°.
Since 495° lies in quadrant II, the cosine,
tangent, cotangent, and secant are negative.

V2

sin 495° =sin 45° = T

V2

c0s495° = —cos45°=—
tan 495° = —tan 45°=-1
cot 495°=—cot45°=-1
sec 495°=—sec45° = —\/5
csc495° =csc45° = \/5

25. To find the reference angle for 570°, sketch this angle in standard position.

30°

570° is coterminal with 570°—360° = 210°.
The reference angle is 210°—-180°=30°.
Since 570° lies in quadrant III, the sine,
cosine, secant, and cosecant are negative.

sin 570° = —sin 30° = _%

cos 570° =—cos30° = —g
V3
3

tan 570° = tan30° =

cot 570°=cot30° = \/5

23
3
csc 570°=—csc30°=-2

sec 570° =—sec 30°=—

26. To find the reference angle for 750°, sketch this angle in standard position.

y

30°

4 :
750&.%

750° is coterminal with 30° because
750°—-2-360° =750°-720° = 30°. Since
750° lies in quadrant I, the values of all of
its trigonometric functions will be positive,
so these values will be identical to the
trigonometric function values for 30°.

sin 750° =sin 30° =

cos 750° =cos 30° =

tan 750° = tan 30° =

Bl ol 1

cot 750° =cot 30° =

23

sec 750° =sec30° = T

csc750° =csc30°=2



217.

28.

29.

30.

31.

Section 2.2: Trigonometric Functions of Non-Acute Angles 61

1305° is coterminal with 1305°—-3-360° =1305°—-1080° = 225°. This angle lies in quadrant III and
the reference angle is 225°—180° =45°. Since 1305° lies in quadrant III, the sine, cosine, secant, and
cosecant are negative.

\/5 cot 1305° =cot45° =1
B3 sec 1305°=—sec45°=—\/§
csc 1305° =—csc45° = —\/E

sin1305° = —sin45° =—

c0s1305° = —cos45°=—

(V)
w &

tan1305°=tan45°=1

1500° is coterminal with 1500°—4-360° =1500°—-1440° = 60°. Because 420° lies in quadrant I, the
values of all of its trigonometric functions will be positive, so these values will be identical to the
trigonometric function values for 60°.

V3 V3

sin 1500° =sin 60° = 7 cot 1500° = cot 60° = ?
sec 1500° =sec60° =2

23

csc 1500° = csc60° = T

cos 1500° = cos60° = %

tan 1500° = tan 60° = /3

2670°is coterminal with 2670°—7-360°=2670°—-2520° =150°. The reference angle is
180°—150°=30°. Since 2670° lies in quadrant II, the cosine, tangent, cotangent, and secant are
negative.

. e
sin 2670° = sin 30 =E COt267OO=—COt3002—\/§

c082670° = —co0s30° = —g sec2670° =—sec30° = —%
NE]
3

csc2670°=csc30°=2
tan 2670° = —tan 30° = ——

—390° is coterminal with —390°+2-360°=-390°+720°=330°. The reference angle is
360°—-330°=30°. Since —390° lies in quadrant IV, the sine, tangent, cotangent, and cosecant are
negative.

sin (_390°) =—sin30° = —% COt(_39OO) =—cot30°=—3
ﬁ sec(—-390°) =sec30° =¥

cos(—390°) = cos30° = 5

csc(=390°) = —csc30° = -2

3
3

tan (-390°) = —tan 30° = —

—510° is coterminal with —=510°+2-360°=-510°+720°=210°. The reference angle is
210°-180°=30°. Since —510° lies in quadrant III, the sine, cosine, and secant and cosecant are
negative.

sin(—510°)=—sin30°=—% cot (=510°) = cot 30° =3
NE) sec(—510°):—sec30°:—&

cos(—510°)=—cos3O°=—7 3
csc(—=510°) = —csc30°=-2
G )

tan (—510°) = tan 30° =
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—1020° is coterminal with —1020°+3-360° = —-1020°+1080° = 60°. Because —1020° lies in quadrant
I, the values of all of its trigonometric functions will be positive, so these values will be identical to the
trigonometric function values for 60°.

sin(—10200)=sin60°=§ cot(—1020°)=cot60°=§
1 sec(—1020°) =sec60° =2
23

cos(—1020°) = cos 60° = 5
o o 3
tan (=1020°) = tan 60° =~/3 ese(—-1020%) =ese60° ===

—1290° is coterminal with —1290°+4-360° =—-1290°+1440°=150°. This angle lies in quadrant II
and the reference angle is 180°—150°=30°. Since —1290° lies in quadrant II, the cosine, tangent,
cotangent, and secant are negative.

cot (=1290°) = —cot 30° = —/3

243
3

sin(—1290°) =sin 30° =%
sec(—1290°) = —sec30° =—

St

cos(—1290°) = —cos30° = —
csc(—1290°) = csc30° =2

B3

tan (—1290°) = —tan 30° = -5

Since 1305° is coterminal with an angle of 1305°—3-360° =1305°—-1080° = 225°, it lies in quadrant
III. TIts reference angle is 225°—180°=45°  Since the sine is negative in quadrant III, we have

sin1305° =—sin45° = —ﬁ.

2
Since —510° is coterminal with an angle of —510°+2-360° =—-510°+720° = 210°, it lies in quadrant
III. TIts reference angle is 210°—180°=30°. Since the cosine is negative in quadrant III, we have

B

cos (-510°) = —cos 30° = -

Since —1020° is coterminal with an angle of —1020°+3-360°=-1020°+1080°=60°, it lies in
quadrant I. Because —1020° lies in quadrant I, the values of all of its trigonometric functions will be

positive, so tan (—1020°) = tan 60° = N

Since 1500° is coterminal with an angle of 1500°—4-360° =1500°—-1440° = 60°, it lies in quadrant I.
Because 1500° lies in quadrant I, the values of all of its trigonometric functions will be positive, so

B

sin 1500° = sin 60° = 7

?
sin30° +sin 60°=sin (30°+ 60°)
Evaluate each side to determine whether this statement is true or false.

1 B 1443

sin30°+s8in 60° = —+—=
2 2 2

and sin (30°+60°) =sin90° =1

Since

#1, the given statement is false.
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sin (30°+60°) =sin 30°- cos 60° +sin 60° - cos 30°

Evaluate each side to determine whether this equation is true or false.

sin (30°+60°) =sin90°=1 and sin30°-cos 60°+sin 60°-cos 30° =
Since, 1 = 1, the statement is true.

c0s60°=2cos>30°—1
Evaluate each side to determine whether this statement is true or false.

1 BY 3 1
c0s60°=— and 2cos’30°—1=2| — | —1=2| = |-1==-1=—
2 2 4 2

. 1 1 .
Since 5 = 5, the statement is true.

c0s60°=2cos 30°
Evaluate each side to determine whether this statement is true or false.

1
cos60° = 3 and 2cos30° = 2(?) =3
Since %7& \/g , the statement is false.

sin 120°=sin 150° — sin 30°
Evaluate each side to determine whether this statement is true or false.
1

sin120°:£ and sin150°—sin30°=l——=0
2 2 2

. 3 .
Since 7 #0, the statement is false.

sin 120°=sin 180° - cos 60° — sin 60° - cos 180°
Evaluate each side to determine whether this statement is true or false.

sinl20°:£ and sin1800-00560°—sin60°-cos180°=0(1)— ﬁ (—1)=0— —ﬁ =£
2 2 2 2 2
V3B

Since 7 = 7 , the statement is true.

225° is in quadrant I11, so the reference angle is 225°—180° = 45°.

cos45°:£:>x:rcos45°=10-%=5\/§ andsin45° =2 = y:rsin45°:10-%=5\/§
r r

63

Since 225° is in quadrant III, both the x and y coordinate will be negative. The coordinates of P are:

(-542.-52).

150° is in quadrant III, so the reference angle is 180°—150° =30°.
3

cos30°=f:>x=rcos30°=6-7=3J§ and sin30°=l:>y=rsin30°=6%=3
r r

Since 150° is in quadrant II, x will be negative and y will be positive. The coordinated of P are:

(-3v3.3).
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For every angle 6, sin® @+cos’ @#=1. Since (—.8)2 +(.6)2 =.64+.36 =1, there is an angle 6 for

which cos@=.6 and sinf=-8. Since cos@ >0 and sin@ <0, it is an angle that lies in quadrant I'V.

2)2_2+i_145
3) 1609 144

2
For every angle 6, sin® @+cos> #=1. Since (%) +(— —— # 1, there is no angle 6 for

which cosé’:g and sinﬁzg.
3 4

If 0 is in the interval (90°180°), then 49. If 0 is in the interval (90°,180°), then
o 0 o 0

90°< 8 <180°=45°< 2 <90°.  Thus, ) 90°< 8 <180°=45°< 2 <90°.  Thus, 3

. . 0. . . o . .

is a quadrant I angle and smz is positive. is a quadrant I angle and COSE is positive.

If 6 is in the interval (90°,180°), then 90° <6 <180° = 270° < 8+180° <360°. Thus, 6+180° is a

quadrant IV angle and cot (6+180°) is negative.

If 6 is in the interval (90°,180°), then 90° < 6 <180° = 270° < 8+180° <360°. Thus, 6+180° is a
quadrant IV angle and sec(€+180°) is positive.

If 0 is in the interval (900, 1800) , then 90° <6 <180°= -90°>-6>—-180°= —180° < -0 < -90°.
Since —180° is coterminal with —180°+360°=180° and -90° is coterminal with
—90°+360° =270°, —@ is a quadrant III angle and cos (—6) is negative.

If 0 is in the interval (90°,180°), then 90°< 6 <180° = —-90° > -6 > -180° = —180° < -6 < —90°.
Since —180° is coterminal with —180°+360°=180° and -90° is coterminal with
—90°+360° =270°, —6 is a quadrant III angle and sin (—6) is negative.

@ and 0+ n-360° are coterminal angles, so the sine of each of these will result in the same value.
@ and 0+ n-360° are coterminal angles, so the cosine of each of these will result in the same value.

The reference angle for 115° is 180°—115°=65°. Since 115° is in quadrant II the cosine is negative.
Cos 6 decreases on the interval (900, 1800) from O to —1. Therefore, cos115° is closest to —.4.

The reference angle for 115° is 180°—115°=65°. Since 115° is in quadrant II the sine is positive.
Sin 6 decreases on the interval (90°, 180°) from 1 to 0. Therefore, sin115°is closest to .9.

2
When 6 = 45°,sin¢9:cos¢9:T. Sine and cosine are opposites in quadrants II and IV. Thus,

180°—8 = 180°—45°=135° in quadrant II and 360°—8 = 360°—45°=315° in quadrant IV.

2
When 6 = 45°,sin@ =cos @ = - Sine and cosine are both positive in quadrant I and both negative in

quadrant III. Since 6+180°=45°+180°=225° 45° is the quadrant I angle and 225° is the quadrant
IIT angle.
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_ (92 - 91 ) s?
200(h+S tan @)
(a) Substitute h=1.9 ft, ¢ =.9°, 6, =-.3° 6, =4°, and S =336 ft.
_ [4-(-3)]336°
200(1.9+336tan.9°)
(b) Substitute h=1.9 ft, #=1.5° 6, =-.3° 6, =4°, and S =336 ft.

= 550ft

[4-(-3)]336

- ~ 3691t
200(1.9+336tan1.5°)

(c) Answers will vary.

sin6=l
2

Since sin@ is positive, & must lie in quadrants I or II. Since one angle, namely 30°, lies in quadrant
I, that angle is also the reference angle, &' The angle in quadrant II will be
180°—6"=180°-30° =150°.

cos9=£

Since cos@ is positive, € must lie in quadrants I or IV. Since one angle, namely 30°, lies in quadrant
I, that angle is also the reference angle, &’ The angle in quadrant IV will be
360°— 6" =360°—30° = 330°.

tan 6 =—/3

Since tan @ is negative, & must lie in quadrants IT or IV. Since the absolute value of tané is \/§ , the
reference angle, 8 must be 60°. The quadrant Il angle 6 equals 180°—68"=180°—60°=120°, and
the quadrant IV angle € equals 360°— 6" = 360°—60° = 300°.

secd=—2

Since sec@ is negative, & must lie in quadrants II or III. Since the absolute value of sec@ is JE , the
reference angle, 8 must be 45°. The quadrant Il angle 6 equals 180°—8"=180°—45°=135°, and
the quadrant III angle 6 equals 180°+ & =180°+45°=225°.

cos6=£

Since cos@ is positive, € must lie in quadrants I or IV. Since one angle, namely 45°, lies in quadrant
I, that angle is also the reference angle, & The angle in quadrant IV will be
360°— 6" =360°—45°=315°.

J3

cotfd=——
3

Since cot@ is negative, & must lie in quadrants II or IV. Since the absolute value of coté is T,

the reference angle, 6’ must be 60°. The quadrant Il angle & equals 180°—8"=180°-60°=120°,
and the quadrant IV angle 6 equals 360°— 6" = 360°—60° = 300°.
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Section 2.3: Finding Trigonometric Function Values Using a Calculator

1. The CAUTION at the beginning of this section verifying that a calculator is in degree mode by finding
sin 90°. If the calculator is in degree mode, the display should be 1.

2. When a scientific or graphing calculator is used to find a trigonometric function value, in most cases
the result is an approximate value.

3. To find values of the cotangent, secant, and cosecant functions with a calculator, it is necessary to find
the reciprocal of the reciprocal function value.

4. The reciprocal is used before the inverse function key when finding the angle, but after the function
key when finding the trigonometric function value.

For Exercises 5 — 21, be sure your calculator is in degree mode. If your calculator accepts angles in
degrees, minutes, and seconds, it is not necessary to change angles to decimal degrees. Keystroke
sequences may vary on the type and/or model of calculator being used. Screens shown will be from a TI-
83 Plus calculator. To obtain the degree (°) and (") symbols, go to the ANGLE menu (2™ APPS).

For Exercises 5 — 15, the calculation for decimal degrees is indicated for calculators that do not accept
degree, minutes, and seconds.

5. sin38°42"~.6252427 7. sec13°15" ~1.0273488
Sin(38242') cos(13215')
- BES242E563 ang 7733792385
g
1.B27348787
38°42" = (38+£)°=38.7° 13°15" = (13+£2)°=13.25°
6. cot41°24’~1.1342773 8. cscl45°45"~1.7768146
tan(41224') Sin(145°45' )
- 8816185924 - SEZEA4927T
An=- An=-
1. 134277349 1.7FE214578

42°24" = (41+2)°=41.4° 145°45" = (145+£)° =145.75°
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9. cot183°48"~15.055723

tant133948"'
AEEG 199267
A=l
15. 85572272

183°48 = (183+%)° =183.8°

10. cos421°30" =~ .4771588

cost42123@' 2
471537 eA3

421°30" = (421+2)° = 421.5°

11. sec312°12" =1.4887142

cosC312212'
BV 1725393

An=-
1.423871423

312°12" = (312+12)°=312.2°

12. tan(-80°6") =~ —5.7297416

tand 286"
“D. 729741647

~80°6" = —(80+%5)° = —80.1°

60

13. sin(-317°36") =.6743024

SinC-317e3Ee' D
 BP43RZZETE

~317°36"=— (317 +%)°=-317.6°

14.

15.

16.

17.

18.

67

cot (=512°20") = 1.9074147

tand -S12°*z28'>
. 24 ZEQE2E2
Anz=-1

1.987414744

60

-512°20" =— (512+ ﬂ) ° =-512.3333333°

cos (~15") =.9999905

cosC-E* 1S )
< 9999042307

’

~15'=-%"=-25°

60

————=cos 14.8° =.9668234
sec14.8°

cosil4,.89)
 FEESZIZERE

————=tan23.4°= 4327386
cot23.4°

tant23.42
- EEATAEE422

sin 33°
cos 33°

tanc3E3
« E494E7IRE2

= tan 33° =.6494076
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19.

20.

21.

22,

23.

24,
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cos 77°

sin 77°

cos(90

=cot 77° =.2308682

tancyra
4.331475874
A=l
- 23AERE1911

°—3.69°) =5in(3.69°) = .0643581

sind3.690
 BE43521381

cot(90°—4.72°) = tan 4.72° = .0825664

sin 8 =.84802194

tantd. 722
- BE25eE4E11

Simc1C. 24802194 )
T L= P e |

0= 57.997172°

tan €=

1.4739716

tan1Cl. 4739716
25. 84549629

6 = 55.845496°

tan 6 = 6.4358841

tan g, 4338841 2
21. 16887334

6 =81.168073°

25.

sinf =.27843196

sin 10, 278431960
16. 16664145

0 =16.166641°

26. sec 8=1.1606249

1-1.16B624%9
SE1EE42131

cos"1CHRs2
20.582742845

6 = 30.502748°

27. cot @=1.2575516

1-1.253735516
« r AT 1959953
tan1CARns2
32.49157974

6 = 38.491580°

28. csc 0=1.3861147

1-1.3861147
. r2ldd1a817E
=in1CARs?
46, 17358285

6 = 46.173582°

29. sec 0=2.7496222

172, 7496222
s SEFEEEIZTI

cos"1(ARs 2
&2, 67V 32486

0~ 68.673241°



30.

31.

32,

33.

34.

38.

39.

Section 2.3: Finding Trigonometric Function Values Using a Calculator

A common mistake is to have the calculator in radian mode, when it should be in degree mode (and

vice verse).

SinC3E)
- 9eeR318241

69

If the calculator allowed an angle 8 where 0° < 6 <360°, then one would need to find an angle within
this interval that is coterminal with 2000° by subtracting a multiple of 360°, i.e.
2000°—5-360° =2000°-1800° = 200°. If the calculator had a higher restriction on evaluating angles
(such as 0 <8 <90°) then one would need to use reference angles.

tan A = 1.482560969 35. co0s100°cos80°—sin100°sin80° = —1
Find the arctan of 1.482560969. cos 18y cos C2E) -
a1, 62560063 Sl S
2
S6. HAAEEAA 1
tancaal
1.482568959
A~56° 36. c0s75°29 cos14°31"—sin75°29sin14°31" =0
CoOs(7ya?29' dcoscl
. 1 4Rl -2 ikl TS
sin” A=22 Yaisinc14eE1
Find the sine of 22°.
Sinc2E
. srdEAES9T
=in ¢, IP4IRE5934
21. 38146236 37. sin28°14’cos61°46' +cos 28°14’sin 61°46' = 1
Sinc28% 14" rcosdi
1245 d+co=23° 14

A =.3746065934°

sin35°c0s55°+c0s35°sin55° =1

SintISrcos iS5 +c
R EATR TR Y STt

'Isincal?4e’

For Auto A, calculate 70-cos10° = 68.94. Auto A’s reading is approximately 68.94 mph.

For Auto B, calculate 70-cos20° = 65.78. Auto B’s reading is approximately 65.78 mph.

The figure for this exercise indicates a right triangle. Because we are not considering the time
involved in detecting the speed of the car, we will consider the speeds as sides of the right triangle.

Given angle 8, cos@ = L Thus, the speed that the radar detects is r =acos6.

a
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40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.
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9

c0s40°=2c0s20°
Using a calculator gives cos40° =.76604444 and 2cos20° =1.87938524. Thus, the statement is false.

sin10°+ sin 10°=sin 20°
Using a calculator gives sin10°+sin10° =.34729636 and sin 20° =.34202014 . Thus, the statement is
false.

2
c0s70°=2cos*>35°—1

Using a calculator gives cos70° =.34202014 and 2cos?35°—1~.34202014. Thus, the statement is
true.

9

sin 50°=2sin 25°cos 25°

Using a calculator gives sin50° =.76604444 and 2sin25°cos25° =.76604444. Thus, the statement is
true.

208 38°22"'=cos 76°44"

Using a calculator gives 2c0s38°22'=1.56810939 and cos76°44'=.22948353. Thus, the statement
is false.

?
cos40°=1-2sin” 80°

Using a calculator gives cos40°=.76604444 and 1- 25in% 80° ~ —.93969262. Thus, the statement is
false.

9
15in40°=sin1(40°)

Using a calculator gives 1sin40°=.32139380and sini(40°)~.34202014 Thus, the statement is
false.
?
sin39°48'+ cos39°48'=1
Using a calculator gives sin39°48'+cos39°48'=1.40839322 # 1. Thus, the statement is false.

F=Wsin@
F =2400 sin (—2.40) ~-100.51b

F is negative because the car is traveling downhill.

F=Wsin@
F =2100sin1.8°=65.96 1b

F=Wsin@
—145
sin(—3°)

—145=W sin(-3°) = =W =W =27711b



Section 2.3: Finding Trigonometric Function Values Using a Calculator

51. F=Wsin@

—130=2600sin & = %38 =sinf = —-.05=sinf = H=sin"" (-.05)=-2.87°

52. F=Wsinf
F =2200sin2° = 76.77889275 1b
F =2000sin2.2° = 76.77561818 1b
The 2200-1b car on a 2° uphill grade has the greater grade resistance.

53. F=Wsin®

150 = 3000sin 8 = % =sinf = .05=sin@ = & =sin .05~ 2.87°

70
180
0° [ .0000 | .0000 [ .0000
5° | 0087 | .0087 | .0087
1° | o175 | 0175 | 0175
1.5° | L0262 [ .0262 | .0262
2° | 0349 | 0349 | .0349
2.5° | 0436 | .0437 | .0436
3° [ 0523 | 0524 | .0524
3.5° | 0610 [ .0612 | 0611
4 | 0698 | .0699 | .0698

54. o sin & tan @

(a) From the table we see that if @ is small, sinf =tan@ = % .

(b) FstinHthanHzW—ﬂ-e
180

(© tanf=—=04
100

F =W tan 6 = 2000(.04) = 80Ib

@) Use F="V"0
180

from part (b)

Let 8 =3.75 and W =1800.

18007 (3.75)
180

=117.811b

V2
g (f+tan®)
(a) Since 45 mph = 66 ft/sec, V =66 , € =3° g =322, and f =.14, we have the following.

55. R

v? 66>

R= - ~703 ft
g(f+tan@) 322(.14+tan3°)

Continued on next page

71
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55. (continued)

(b) Since there are 5280 ft in one mile and 3600 sec in one min, we have the following.

70 mph =70 mph -1 hr/ 3600 sec - 5280 ft/1 mi = 102% ft per sec = 102.67 ft per sec

Since V =102.67 , §=3°, g=32.2, and f =.14, we have the following.

2 2
R= \%4 B 102.67 ~1701 ft
g(f+tand) 322(.14+tan3°)

(c) Intuitively, increasing €@ would make it easier to negotiate the curve at a higher speed much like is
done at a race track. Mathematically, a larger value of @ (acute) will lead to a larger value for
tan 8. If tan @ increases, then the ratio determining R will decrease. Thus, the radius can be
smaller and the curve sharper if 8 is increased.

2 2 2 2

R= 4 = 66 ~644 ftand R = 14 = 102.67 =~ 1559 ft

g (f + tan 6) 322 ( 14 +tan 4°) g (f +tan 0) 322 ( 14 +tan 4°)
As predicted, both values are less.
V2
56. From Exercise 55, R=—————. Solving for V we have the following.
g(f +tan®)
V2

— 2: =
_g(f-i-tanﬁ)jv Rg(f+tanf)=V = /Rg(f +tan0)

Since R=1150, =2.1° g =322, and f =.14, we have the following.

V= [Rg(f +tan@) =[1150(32.2)(.14 +1an2.1°) = 80.9 ft/sec
Since 80.9 ft/sec - 3600 sec/hr - 1 mi/5280 ft =55 mph, it should have a 55 mph speed limit.

57. (a) 6, =46° 6, =31° ¢ =3x10% m per sec

i i 3x10%)(sin31°
i=sm01:>6 =clsm¢92:>62=( .)‘(mo )zZXIOS
sin

Sincecy is only given to one significant digit, ¢, can only be given to one significant digit. The

: 2 :
¢, sinb, sin 6,

speed of light in the second medium is about 2 X 10° m per sec.
(b) 6,=39°6,=28°%c¢ = 3x10® m per sec

. . 3x10% ) (sin28°
¢ _sing = ¢, 8in6, =c, :(.)#:ZXIOS
sin

Since ¢ is only given to one significant digit, ¢, can only be given to one significant digit. The

. 2 .
¢, siné, sin 6,

speed of light in the second medium is about 2 X 10° m per sec.

58. (a) 6,=40%¢c, = 1.5x10° m per sec, and ¢ = 3x10° m per sec

; ; 1.5x10% ) (sin 40° 1.5x10%) (sin 40°
G_sin6 :>sin6’2:—czsmelz>sin92:( )(8 ):>92=snf1 ( )(8 ) ~19°
¢, siné, q 3x10 3x10

(b) 6, =62° ¢, =2.6x10° m per sec and ¢; =3 x10® m per sec

; ; 2.6x10%)(sin62° 2.6x10% ) (sin62°

C—lzmjsin@zmjsin@:( )( ):>02=sin’1 ( )( ) =50°

¢, sin, ¢ 3x10°8 3x10°
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59. 6,=90° ¢, =3x10° m per sec, and ¢, =2.254x10°

< s‘1n¢91 — §ing, = ¢, 8in G
¢, siné, G
2.254x10%)(sin90°)  2.254%10% (1
sin 6, = ( )EE )_ . 1) _225 6, =sin”' [ﬁj ~48.7°
3x10 3x10 3

60. 6, =90°—29.6°=60.4° ¢, =3x10° m per sec, and ¢5 = 2.254x10® ¢; =3 x10® m per sec

< _ sin 6, e sind = ¢, sin g,
¢, sin6, : q
(2254x10%) (sin60.4°) 954

sin @, = (sin60.4°) = 6, =sin”' (2'235 4 (sin 60.4°)j ~40.8°

3x10%

Light from the object is refracted at an angle of 40.8° from the vertical. Light from the horizon is
refracted at an angle of 48.7° from the vertical. Therefore, the fish thinks the object lies at an angle of
48.7° — 40.8° = 7.9° above the horizon.

61. (a) Let V; =55 mph =55 mph-1hr/ 3600 sec - 5280 ft/1 mi = 80% ft per sec = 80.67 ft per sec,
and V,=30 mph =30 mph -1 hr/ 3600 sec - 5280 ft/1 mi = 44 ft per sec. Also, let § =3.5°,

K, =.4, and K, =.02.
1.05(v*-vy?) 1.05(80.67> —44% )

_ - ~155 ft
64.4(K, + K, +sin@)  64.4(4+.02+sin3.5°)

(b) Let V| =80.67ft per sec, V, =44 ftpersec, §=-2° K, =.4, and K, =.02.

105V -vy?) 1.05(80.67> —44% )
D= <= ~194 ft
64.4(K, + K, +sin8)  64.4[ 4+.02+sin(-2°)]

62. Using the values for K| and K, from Exercise 61, determine V, when D =200, 8 =-3.5°,
V,=90 mph = 30 mph -1 hr/ 3600 sec - 5280 ft/1 mi =132 ft per sec.

1.05(v? -v,?) 1.05(1327 -V,
T 6a(K +Kytsing) 64.4[ 4+.02+sin(-3.5°) |

1.05(1327)-1.05V;”
23.12

200 = = 200(23.12) =18,295.2-1.05V,” = 4624 = 18,295.2 - 1.05V,”

~13,671.2=-105V," = V,’ = %

V, =114ft/sec - 3600 sec/hr - 1 mi/5280 ft = 78 mph

=V, =13020.19048 =V, ~114.106
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Section 2.4: Solving Right Triangles

Connections (page 72)
Steps 1 and 2 compare to his second step. The first part of Step 3 (solving the equation) compares to his
third step, and the last part of Step 3 (checking) compares to his fourth step.

Exercises
1. 20,385.5t020,386.5 Answer will vary.
It would be cumbersome to write 2 as 2.00
2. 28,999.5 to 29,000.5 or 2.000, for example, if the measurements
had 3 or 4 significant digits (depending on
3. 8958.5to 8959.5 the problem). In the formula, it is
understood that 2 is an exact value. Since
4. Answers will vary. the radius measurement, 54.98 cm, has four
No; the number of points scored will be a significant digits, an appropriate answer
whole number. would be 345.4 cm.
6. 23.0 ft indicates 3 significant digits and 23.00 ft indicates four significant digits.
7. If his the actual height of a building and the height is measured as 58.6 ft, then |h —58.6| < .05.
8. If wis the actual weight of a car and the weight is measured as 15.00x10” 1b, then| w—1500 | <.
9. A=36°20", c =964 m
B
964 m
a
[ ]
C b A
A+B=90°= B=90°- A = B =90°-36°20"=89°60"-36°20" = 53°40’
sin A = £ = sin 36°20" = 9% — a=9645in36°20" = 571m (rounded to three significant digits)
c
cos A= b = c0s36°20" = % = b =964c0s36°20" =777 m (rounded to three significant digits)
c
10. A=31°40", a=35.9 km

35.9 km

| |
A
b C

A+B=90°= B=90°—-A= B=90°-31°40"=89°60"—31°40" = 58°20"

35.9 35.9
=

sin A=2 = 5in31°40" = c= _
sin 31°40

C C

= 68.4 km (rounded to three significant digits)

35.9 35.9
=b= ~
tan 31°40

tan A = % = tan31°40" = = 58.2 km (rounded to three significant digits)



11.

12.

13.
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N=512°m=124m

u N
P 124 m

M+N=90°=M =90°-N = M =90°-51.2°=38.8°

tan N =~ = tan 51.2° = é = n=124tan51.2° =154 m (rounded to three significant digits)

m
cosN =" = cos51.2°= 124 =>p= 128 =198 m (rounded to three significant digits)
)4 )4 cos51.2°
X=47.8°2z=89.6cm
Y
89.6 cm X
47.8° ]
X y V4

Y+X=90°=Y=90°-X =Y =90°-47.8°=42.2°

sin X =2 = sin47.8° = & = x=89.65in47.8° = 66.4 cm (rounded to three significant digits)

Z
cos X =2 = cos 47.8° = & = y=289.6c0s47.8°=60.2 cm (rounded to three significant digits)
Z .

B =42.0892°, b=56.851cm

A
56.851 cm
%42.0892°
P C

A+B=90°= A=90°-B = A =90°-42.0892° = 47.9108°
sin B= b = sin 42.0892° = 56.851 =>c= 6851 84.816 cm (rounded to five significant

c c sin 42.0892°
digits)
tan B = b = tan 42.0892° = 56.851 =a= S6.851 62.942 cm (rounded to five significant

a a tan 42.0892°

digits)

75
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14.

15.

16.

17.

18.

19.
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B =68.5142°, ¢ =3579.42m

B 68.5142°
3579.42 m
a
C b A

A+B=90°= A=90°-B = A=90°-68.5142° = 21.4858°

sin B = 2 = sin 68.5142° = L = b =3579.42 sin68.5142° = 3330.68 m (rounded to six
c 3579.42

significant digits)

= a=3579.42 c0s68.5142° =1311.04 m (rounded to six

cosB=£:>cos68.5142°= a
c 3579.42

significant digits)
No; You need to have at least one side to solve the triangle.

If we are given an acute angle and a side in a right triangle, the unknown part of the triangle requiring
the least work to find is the other acute angle. It may be found by subtracting the given acute angle
from 90°.

Answers will vary.

If you know one acute angle, the other acute angle may be found by subtracting the given acute angle
from 90°. If you know one of the sides, then choose two of the trigonometric ratios involving sine,
cosine or tangent that involve the known side in order to find the two unknown sides.

Answers will vary.

If you know the lengths of two sides, you can set up a trigonometric ratio to solve for one of the acute
angles. The other acute angle may be found by subtracting the calculated acute angle from 90°. With
either of the two acute angles that have been determined, you can set up a trigonometric ratio along
with one of the known sides to solve for the missing side.

A=28.00°%c=174ft
B

17.4 ft
a
90°  28.00°
c b A

A+B=90°= B=90°-A = B=90°-28.00° = 62.00°

sin A= = §in28.00° = —%— = q =17.4sin 28.00° = 8.17 ft (rounded to three significant digits)
C

cos A= b = c0s28.00° = b = b=17.4c0s28.00° =15.4 ft (rounded to three significant digits)

c
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20. B=46.00°,¢=29.7m

29.7m /46.00°|a

90°
A b C

A+B=90°= A=90°-B = A=90°-46.00° = 44.00°

cos B =2 = c0s 46.00° = 2;—7 = a=29.7c0s46.00°=20.6 m (rounded to three significant digits)

c
. b . b . N .
sin B =— = sin 46.00° = 307 = b=29.7sin 46.00° = 21.4 m (rounded to three significant digits)
c .

21. Solve the right triangle with B = 73.00°, b = 128 in. and C = 90°

B
£—73.00°|a
A b=128im.  C
A+B=90°= A=90°-B = A=90°-73.00°=17.00°
b 128 128 . L .
tan B°=—= tan73.00°= — = a = ———— = a =39.1 in (rounded to three significant digits)
a a tan 73.00°
sin B® = b =sin73.00° = 128 =>c= 128 = ¢ =134 in (rounded to three significant digits)

c c sin 73.00°

22. A=61.00°, h =392 cm

61.00° 90|
A 392m C

A+B=90°= B=90°-A= B=90°-61.00°=29.00°

tan A = % = tan61.00° = 3;—2 = a=39.2tan61.00 = 70.7 cm (rounded to three significant digits)

cosA= b = €0s61.00° = 392 =c= 39.2
c c c0s61.00°

= 80.9 cm (rounded to three significant digits)
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23. a=764yd, b=39.3yd

76.4 yd ¢

90°
C393yd A

C=d+b = c=\Ja’ +b =,/(76.4) +(39.3)° =+/5836.96+1544.49 = /738145 ~85.9 yd

(rounded to three significant digits)
We will determine the measurements of both A and B by using the sides of the right triangle. In
practice, once you find one of the measurements, subtract it from 90° to find the other.

tan A= % = tan A= % ~1.944020356 = A ~ tan™" (1.944020356) = 62.8° = 62°50'

tan B = b =tanB = 32—2 ~.5143979058 = B ~ tan”' (.5143979058) =27.2°=27°10
a .
24. a =958 m, b =489 m
B
c 958m
90°|
A 489m C

c=a+b=>c= \/a2 +b* = \/9582 +489% = \/917,764+ 239,121 = \/1,156,885 =1075.565887

If we round to three significant digits, then ¢ =1080 m.

We will determine the measurements of both A and B by using the sides of the right triangle. In
practice, once you find one of the measurements, subtract it from 90° to find the other.

tan A= % =tanA= % ~1.959100204 = A = tan™' (1.959100204) =~ 63.0° =~ 63°00

tan B = L2 =tanB = % ~.5104384134 = B = tan”' (.5104384134) =~ 27.0° = 27°00

a



25.

26.

217.
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a=18.9 cm, c =46.3 cm

C=a*+b = -a’ = =>b=c*-a®> =>b= (46.3)2—(18.9)2

b= \/2143.69 —-357.21 = \/1786.48 =42.3 cm (rounded to three significant digits)

sinA=< = sin A=% ~ 4082073434 = A=sin"" (.4082073434) =24.1°=24°10'
c .

cosB = a =cosB= % ~ 4082073434 = B =cos"! (.4082073434) =~ 65.9° = 65°50'

c

b=219m, c=647 m

90°]
A219m C

A= +b =P - =a’ s a=\c* -b* =a=,/(647) —(219)’

b= \/418, 609-47,961 = \/370, 648 =609 m (rounded to three significant digits)

COSA= 2 = COosA= % ~.3384853168 = A=cos " (.3384853168) ~70.2° = 70°10'
c

sin B = b =sinB :% ~.3384853168 = B =sin"! (.3384853168) = 19.8° =19°50"
c

A=53°24", ¢ =387.11t

A+B=90°= B=90°— A= B=90°-53°24"'=89°60"—53°24° = 36°36’

sinAd=2 = 5in53°24'=—% _ — 4 =387.1sin53°24' = 310.8 ft (rounded to four significant digits)
c

b

79

CosA= b = c0s53°24'= 3871 = b=387.1c0s53°24" = 230.8 ft (rounded to four significant digits)

c
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28.

29.

30.

31.

32.

33.

Chapter 2: Acute Angles and Right Triangles

A=13°47", c=1285m

B
1285m
a
13°47° 90°
A b C

A+B=90°= B=90°- A= B=90°—13°47"'=89°60"-13°47"'=76°13'

sinA=2 = sin13°47' = —2— = 4 =12855in13°47' = a =~ 306.2 m (rounded to four significant
c

digits)

CosA= b =cosl13°47'= b = b=1285c0s13°47"' =1248 m (rounded to four significant digits)
C

B=39°9", ¢=.6231m

39° 9" .6231m

90°
C b A
A+B=90°= A=90°-B = A=90°-39°9'=89°60"-39°9"'=50°51"

cosB=2=c0s39°9'=—% = 4 =.6231c0s39°9" ~ 4832 m (rounded to four significant digits)

c

sinB = b =sin39°9' = b = b =.6231sin39°9'=.3934 m (rounded to four significant digits)

c
B =82°51", c=4.825 cm
B
A b [
A+B=90°= A=90°- B = B=90°-82°51'=89°60"—82°51"'=7°9"
sinB = b = sin82°51'= % = b =4.8255in82°51"'=4.787 cm (rounded to three significant digits)
c .
cosB=2 = c0s82°51'=—%— = ¢ = 4.825¢0$82°51" = .6006 cm (rounded to three significant
c
digits)

The angle of elevation from X to Y is 90° whenever Y is directly above X.

The angle of elevation from X to Y is the acute angle formed by ray XY and a horizontal ray with

endpoint at X. Therefore, the angle of elevation cannot be more than 90°.

Answers will vary.

The angle of elevation and the angle of depression are measured between the line of sight and a
horizontal line. So, in the diagram, lines AD and CB are both horizontal. Hence, they are parallel. The
line formed by AB is a transversal and angles DAB and ABC are alternate interior angle and thus have
the same measure.
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34. The angle of depression is measured between the line of sight and a horizontal line. This angle is
measured between the line of sight and a vertical line.

35. sin43°50'= % = d =13.55in 43°50" = 9.3496000

The ladder goes up the wall 9.35 m. (rounded to three significant digits)

36. T=32°10" and S =57°50

R T
Since S+T = 32° 10"+ 57°50" =89°60"=90°, triangle RST is a right triangle. Thus, we have

tan 32°10" = %Sl = RS =53.1tan 32°10" = 33.395727.

The distance across the lake is 33.4 m. (rounded to three significant digits)

37. Let x represent the horizontal distance between the two buildings and y represent the height of the
portion of the building across the street that is higher than the window.

4

50.0° ]

20.0° [

30.0 ft 30.0 ft
X
We have the following.
tan 20.0° = 300 =>x= 303 82.4

X tan 20.0°

an50.0°=2 = y = xtan 50.0° = [ —2C_ | tan 50.0°
X tan 20.0°

30.0

height = y+30.0 = | —00__
=y (tan 20.0°

j tan 50.0°+30.0 = 128.2295

The height of the building across the street is about 128 ft. (rounded to three significant digits)
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38.

39.

40.

Chapter 2: Acute Angles and Right Triangles

Let x = the diameter of the sun.

Earth

Since the included angle is 32’, %(32’) =16". We will use this angle, d, and half of the diameter to set
up the following equation.

1

— 2% _{an16’ = x=2(92.919,800) (tan 16") = 864,943.0189
92,919,800

The diameter of the sun is about 865,000 mi. (rounded to three significant digits)

The altitude of an isosceles triangle bisects the base as well as the angle opposite the base. The two
right triangles formed have interior angles, which have the same measure angle. The lengths of the
corresponding sides also have the same measure. Since the altitude bisects the base, each leg (base) of
the right triangles is 423 =21.18 in.

Let x = the length of each of the two equal sides of the isosceles triangle.

38.12° ] 38.12°
le——21.18 —sta——2].18 —>]

42.36

21.18 = xco0s38.12°=21.18 = x=&z 26.921918

by c0s38.12°
The length of each of the two equal sides of the triangle is 26.92 in. (rounded to four significant digits)

co0s38.12°=

The altitude of an isosceles triangle bisects the base as well as the angle opposite the base. The two
right triangles formed have interior angles, which have the same measure angle. The lengths of the
corresponding sides also have the same measure. Since the altitude bisects the base, each leg (base) of

the right triangles are 182 =92.10 cm. Each angle opposite to the base of the right triangles measures

%(68°44') =34°22'.
Let A = the altitude.

In triangle ABC, tan34°22" = ? = htan34°22'=92.10=>h = _ 9210 ~134.67667.

tan 34°22
The altitude of the triangle is 134.7 cm. (rounded to four significant digits)
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41. In order to find the angle of elevation, 8, we need to first find the length of the diagonal of the square

base. The diagonal forms two isosceles right triangles. Each angle formed by a side of the square and
the diagonal measures 45°.

700 ft
45° L]
45°
d
700 ft 700 ft
45°
[ 45°
700 ft

By the Pythagorean theorem, 700 +700° =d* =2-700° =d’ = d =~/2-700° = d = 700+/2. Thus,

length of the diagonal is 700/2 ft. To to find the angle, €, we consider the following isosceles
triangle.

|

|

: 200 ft 200 fit

1 0 [ ]

700472 ft 35042 ft

The height of the pyramid bisects the base of this triangle and forms two right triangles. We can use
one of these triangles to find the angle of elevation, 8.

200

tan 6 = 5 ~.4040610178 = 6 = tan™' (.4040610178) = 22.0017

Rounding this figure to two significant digits, we have 6 = 22°.

42. Lety = the height of the spotlight (this measurement starts 6 feet above ground)

We have the following.

tan30.0° = —2—
1000 y

vy =1000-tan 30.0° = 577.3502

. . L 30.0°
Rounding this figure to three significant “ .

digits, we have y =577. ) 1000 ft

However, the observer’s eye-height is 6 feet from the ground, so the cloud ceiling is 577 + 6 = 583 ft.

43. Let h represent the height of the tower.
In triangle ABC we have the following.

tan 34.6° = L

40.6
h=40.6tan34.6° = 28.0081

The height of the tower is 28.0 m. (rounded
to three significant digits) h
34.6° ]

H_/
40.6 m
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44.
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Let d = the distance from the top B of the building to the point on the ground A.

252

sin32°30
The distance from the top of the building to the point on the ground is 469 m. (rounded to three
significant digits)

252

In triangle ABC, sin 32°3(0) = 7 =d =469.0121.

45. Let x = the length of the shadow cast by Diane Carr.
tan23.4° = ﬂ
X
xtan23.4°=5.75
5.75 ft
x=L50z13.2875 23.4°
tan23.4 ¢ .

The length of the shadow cast by Diane Carr is 13.3 ft. (rounded to three significant digits)

46. Let x = the horizontal distance that the plan must fly to be directly over the tree.

13°50'
y: X
9 — —
10,500 f¢ R 10,500 ft
n T
10,500 10,500

tan13°50"= ——
X

= xtan13°50"=10,500 = x =

tan

~=42,641.2351

13°50

The horizontal distance that the plan must fly to be directly over the tree is 42,600 ft. (rounded to three
significant digits)

47. Let x = the height of the taller building;
h = the difference in height between the shorter and taller buildings;
d = the distance between the buildings along the ground.

28.0

tan14°10’
(We hold on to these digits for the intermediate steps.)
To find A, we solve the following.

g =tan 46°40" = h = d tan 46°40’ = (l 10.9262493 )tan 46°40" = 117.5749

28

7'0 =tan14°10'=28.0=d tan14°10' = d = =~110.9262493 m

Thus, the value of 4 rounded to three significant digits is 118 m.
Since x =h+28.0=118+28.0 =146 m, the height of the taller building is 146 m.
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48. Let 6 = the angle of depression.

49. (a)

(b)

\ Ve

e
7

Al’lgCOf ///

Depression e
1% s 39.82 ft

e [
51.74 ft

tan 6 = % ~.7696173174 = 6 = tan”' (.7696173174) = 6 =~ 37.58° =~ 37°35’

Let x = the height of the peak above 14,545 ft.

14,545

Since the diagonal of the right triangle formed is in miles, we must first convert this measurement
to feet. Since there are 5280 ft in one mile, we have the length of the diagonal is

27.0134(5280) = 142,630.752. To find the value of x, we solve the following.

sin5.820= — > s x =142,630.752 sin 5.82° ~ 14,463.2674
142,630.752
Thus, the value of x rounded to five significant digits is 14,463 ft. Thus, the total height is about
14,545 + 14,463 = 29,008 ft.

The curvature of the earth would make the peak appear shorter than it actually is. Initially the
surveyors did not think Mt. Everest was the tallest peak in the Himalayas. It did not look like the
tallest peak because it was farther away than the other large peaks.

50. Letx = the distance from the assigned target.

0°0°30"

B
A X
234,000mi C

In triangle ABC, we have the following.

@an0°030"= —>— = x= 234,000 tan 0°0"30” ~ 34.0339
234,000

The distance from the assigned target is 34.0 mi. (rounded to three significant digits)
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Section 2.5: Further Applications of Right Triangles

1.

It should be shown as an angle measured
clockwise from due north.

It should be shown measured from north (or
south) in the east (or west) direction.

A sketch is important to show the
relationships among the given data and the
unknowns.

The angle of elevation (or depression) from
X to Y is measured from the horizontal line

through X to the ray XY.
(=4.0)
N
4,0 °F
w: E
270°
S

The bearing of the airplane measured in a
clockwise direction from due north is 270°.
The bearing can also be expressed as N 90°
W, or S 90° W.

(=3,-3)

WIIIIIIIIIIIIIE

-3.-9) ‘é 225°

S

The bearing of the airplane measured in a
clockwise direction from due north is 225°.
The bearing can also be expressed as S 45°
Ww.

(=5.5)

(-5, 5)

45°

315°

S

The bearing of the airplane measured in a
clockwise direction from due north is 315°.
The bearing can also be expressed as N 45°
Ww.

(0.-2)

180°

wl L1111 L1111l E

H\_ynlll:z

0,-2)

\

M

The bearing of the airplane measured in a
clockwise direction from due north is 180°.
The bearing can also be expressed as S 0° E
orS 0°W.
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10.
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All points whose bearing from the origin is 240° lie in quadrant III.

y
[

303 \ .
o | e

-v3.-1)

The reference angle, 8', is 30°. For any point, (x,y), on the ray ﬁz—cos 6’ and Y- —sin @',
r r

where r is the distance the point is from the origin. If we let » =2, then we have the following.

A

ﬁ:—c0s¢9'3x:—rcosﬁ':—200530"=—2'#:—\/§
;

2= _sin@'= y=—rsin@ =—2sin30°=—-2-L =1
.

Thus, a point on the ray is (—\/3 ,—1). Since the ray contains the origin, the equation is of the form

y =mx. Substituting the point (—\/g,—l), we have —1 :m(—\/g) =>m :% f%:@ Thus,
Ne

the equation of the ray is y =-3-x, x <0 since the ray lies in quadrant I1I.

All points whose bearing from the origin is 150° lie in quadrant I'V.

A

\150*’

600

30°

(1,-v3)

The reference angle, @', is 60°. For any point, (x, y) , on the ray X cos@ and Y- —sin &', where
r r

r is the distance the point is from the origin. If we let r =2, then we have the following.

i:cos¢9':)c:rcosé":2cos60°:2-%:1
,

L= §in@'= y=—rsin@ =-2sin60°=-2-L=—3
-

Thus, a point on the ray is (1,—\/5 ) Since the ray contains the origin, the equation is of the form

y =mx. Substituting the point (1, —\/g), we have —/3 = m(l)=>m= —/3. Thus, the equation of the

rayis y= —3x, x>0 since the ray lies in quadrant I'V.
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11.

12.

13.
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Let x = the distance the plane is from its starting point.
In the figure, the measure of angle ACB is 40°+(180°— 1300) =40°4+50°=90°. Therefore, triangle

ACB is aright triangle.
N

130°

40°

A x B
Since d =rt, the distance traveled in 1.5 hr is (1.5 hr)(110 mph) = 165 mi. The distance traveled in
1.3 hris (1.3 hr)(110 mph) = 143 mi.
Using the Pythagorean theorem, we have the following.

X’ =165 +143" = x* =27,225+20,449 = x* = 47,674 = x = 218.3438

The plane is 220 mi from its starting point. (rounded to two significant digits)

Let x = the distance from the starting point.
In the figure, the measure of angle ACB is 27°+(180°—1 17°) =27°4+ 63°=90°. Therefore, triangle

ACB is aright triangle.

Applying the Pythagorean theorem, we have the following.
x* =50" +140> = x* =2500+19,600 = x* = 22,100 = x = /22,100 = 148.6607

The distance of the end of the trip from the starting point is 150 km. (rounded to two significant digits)

Let x = distance the ships are apart.

In the figure, the measure of angle CAB is 130°—40°=90°. Therefore, triangle CAB is a right
triangle.
N
€718 knots

40°

130°

B %ls
26 knots
Since d = rt, the distance traveled by the first ship in 1.5 hr is (1.5 hr)(18 knots) = 27 nautical mi and
the second ship is (1.5hr)(26 knots) = 39 nautical mi.
Applying the Pythagorean theorem, we have the following.
x*=27"+39" = x* =729+1521 = x* = 2250 = x =+/2250 =~ 47.4342

The ships are 47 nautical mi apart. (rounded to 2 significant digits)
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15.

16.
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Let C = the location of the ship;
¢ = the distance between the lighthouses.

The measure of angle BAC is 180°—129°43" =179°60"-129°43" = 50°17".
Since 50°17"+39°43 =89°60"=90°, we have a right triangle and can get set up and solve the
following equation.

6in39°43 = 3742 3742

= ¢sin39°43=3742 = ¢ =—— = 5856.1020
c sin 39°43

The distance between the lighthouses is 5856 m. (rounded to four significant digits)

Draw triangle WDG with W representing Winston-Salem, D representing Danville, and G representing
Goldsboro. Name any point X on the line due south from D.

N
D
483
42°
w G
*x
s

Since the bearing from W to D is 42° (equivalent to N 42° E), angle WDX measures 42°. Since angle
XDG measures 48°, the measure of angle D is 42° + 48° = 90°. Thus, triangle WDG is a right triangle.
Using d = rt and the Pythagorean theorem, we have the following.

WG = /(WD) +(DGY = \/[60(1)]2 +[60(1.8)]
WG =/60% +108> = /3600 +11,664 = /15,264 ~123.5476

The distance from Winston-Salem to Goldsboro is 120 mi. (rounded to two significant digits)

Let x = the distance from Atlanta to Augusta.
Atlanta X Augusta

S Macon
The line from Atlanta to Macon makes an angle of 27° + 63°=90°, with the line from Macon to

Augusta. Since d =rt, the distance from Atlanta to Macon is 60(1%) =75 mi. The distance from
Macon to Augusta is 60(1%) =105 mi.
Use the Pythagorean theorem to find x, we have the following.

x* =75 +105 = x* =5635+11,025 = x* =16,650 = 129.0349

The distance from Atlanta to Augusta is 130 mi. (rounded to two significant digits)
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17. Let x = distance between the two ships.

First ship

A

Second ship

The angle between the bearings of the ships
is  180°—(28°10" + 61°50") = 90°. The
triangle formed is a right triangle. The
distance traveled at 24.0 mph is (4 hr) (24.0

mph) = 96 mi. The distance traveled at 28.0
mph is (4 hr)(28.0 mph) = 112 mi.

Applying the Pythagorean theorem we have the following.

X' =96 +112° = x* =9216+12,544 = x* = 21,760 = x = /21,760 = 147.5127
The ships are 148 mi apart. (rounded to three significant digits)

18. Let C = the location of the transmitter;

a = the distance of the transmitter from B.
Transmitter

B

The measure of angle CBA is 90° —53°40" = 89°60"—53°40" = 36°20".
The measure of angle CAB 90° —36°20" = 89°60"—36°20" = 53°40".
Since A + B =90°, so C=90°. Thus, we have the following.

sin A =—2— = §in53°40" = —% = 4 = 2.50 sin 53°40’ = 2.0140
2.50 2.50

The distance of the transmitter from B is 2.01 mi. (rounded to 3 significant digits)

19. Solve the equation ax =b+cx for x in terms of a, b, c.

ax=b+cx3ax—cx=b:x(a—c)zb:xz

a—c¢

20. Suppose we have a line that has x-intercept a and y-intercept b. Assume for the following diagram that
a and b are both positive. This is not a necessary condition, but it makes the visualization easier.

y

™

Now tan6 =—tan(180°—6). This is
because the angle represented by 180°—8
terminates in quadrant IT if 0°<6<90°. If
90°< @ <180° then the angle represented
by 180°—86 terminates in quadrant I. Thus,
tand and tan(180°—@) are opposite in
sign.

Clearly, the slope of the line is m =—% . and
tan 6 =—tan (180°—6)=—tan ' = —L.

Thus, m=—%=—tan@.

a

The point-slope form of the equation of a line is y—y, = m()c—x1 ) Substituting —tan € for m into

y—y,=m(x—x), we have y-y =(tan8)(x—x,).
therefore have y—0=(tan8)(x—a) or y=(tan8)(x-

If the line passes through (a,0), then

a).
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21. Using the equation y=(tan8)(x—a) where (a,0) is a point on the line and @ is the angle the line
makes with the x-axis, y =(tan35°)(x—25).

22. Using the equation y=(tan8)(x—a) where (a,0) is a point on the line and @ is the angle the line
makes with the x-axis, y=(tan15°)(x—5).

For Exercises 23 and 24, we will provide both the algebraic and graphing calculator solutions.

23. Algebraic Solution:
Let x = the side adjacent to 49.2° in the smaller triangle.

29.5° 49.2°
— 392 ft —— x —+

= h=(392+x)tan29.5°.

In the larger right triangle, we have tan29.5° =

+Xx

In the smaller right triangle, we have tan49.2° = h = h=xtan49.2°.
X

Substitute the first expression for 4 in this equation, and solve for x.
(392 + x)tan 29.5° = x tan 49.2°
392tan29.5° + x tan 29.5° = x tan49.2°
392tan29.5° = xtan 49.2° — x tan 29.5°
392tan29.5 = x(tan49.2° — tan 29.5°)
392tan29.5°
tan 49.2° —tan 29.5°
Then substitute this value for x in the equation for the smaller triangle to obtain the following.
392tan29.5°
tan 49.2° — tan 29.5°

h=xtan49.2° = tan49.2° = 433.4762

Graphing Calculator Solution:
The first line considered is y = (tan29.5°) x and the second is y = (tan49.2°)(x—392).

Yy
A

29.5° 49.2° x
F—392 ft— o
Flakl Flakz Flak: W IHOOL
“MiBtan(29.50% B“min=g
“NMeBlhancdQ, 28— | Bmax=18606
I92a necl=180
“Ma= Ymin=8
“My= Ymax=500
~iE= wscl=186 Interseckion
“Me= Ares=1 H=PB6.LEEAE JYSYIZYPE2E .

The height of the triangle is 433 ft. (rounded to three significant digits)
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24. Algebraic Solution:
Let x = the side adjacent to 52.5° in the smaller triangle.

41.00/52.5°
| | |
168 m N

h
168+ x

In the larger triangle, we have tan41.2° = = h=(168+x)tan41.2°.

In the smaller triangle, we have tan52.5° = ﬁ = h=x tan52.5°.
X

Substitute for £ in this equation and solve for x.
(168+x)tan41.2° = x tan 52.5°
168tan41.2° + xtan41.2° = xtan 52.5°
168tan41.2° = xtan 52.5°— x tan41.2°
168tan41.2° = x(tan52.5° — tan41.2°)
168tan41.2° _
tan52.5°—tan41.2°
Substituting for x in the equation for the smaller triangle, we have the following.
_168tan41.2°tan 52.5°
 tan52.5°—tan41.2°

h=xtan52.5°=h = 448.0432

Graphing Calculator Solution:
The first line considered is y =(tan41.2°)x and the second is y = (tan52.5°)(x—168).

168 m

Flokl Flatz Flot: WIHDOW
SMiBtancdl.2E ABmin=8
“MeBLanc3Z2. S CH-] | Emax=8EE
1652 Hecl=188

0]
0]

“Me= Ymin=8

“My= Ymax=568

wHES wscl=18@ Interseckion

“Me= Ares=1 HzCid FOERP LY=yNB.OYEZY .

The height of the triangle is approximately 448 m. (rounded to three significant digits)
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25. Let x = the distance from the closer point on the ground to the base of height % of the pyramid.

35° 30— 21° 10°—

x 135 ft

In the larger right triangle, we have tan21°10'= " = h=(135+x)tan21°10".

35+x
In the smaller right triangle, we have tan35°30'= h = h=xtan35°30".
X

Substitute for £ in this equation, and solve for x to obtain the following.
(135+x)tan21°10" = x tan 35°30"
135tan21°10'+ x tan 21°10" = x tan 35°30'
135tan21°10'= xtan35°30'- x tan 21°10"
135tan21°10' = x(tan35°30'— tan 21°10")
135tan21°10'
tan35°30'~ tan 21°10"
Substitute for x in the equation for the smaller triangle.
_ 135tan21°10'
© tan35°30"- tan 21°10’
The height of the pyramid is 114 ft. (rounded to three significant digits)

tan35°30" =~ 114.3427

26. Let x = the distance traveled by the whale as it approaches the tower;
y = the distance from the tower to the whale as it turns.

15°50'

68.7m
15°50'

— —

y X
8.7 _ tan35°40" = 68.7y tan 35°40" = y = ﬁ,
y tan35°40
and
. , , 68.7
=tan15°50"= 68.7 = (x+ y)tan15°50' = x+ y = ———
x+y tan15°50
. 68.7 oy x= 68.7 _ 68.7 - 146.5190
tan 15°50 tan15°50" tan35°40

The whale traveled 147 m as it approached the lighthouse. (rounded to three significant digits)

93
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27. Let x = the height of the antenna;
h = the height of the house.

18°10'

27°10'—"

28m

In the smaller right triangle, we have tan18°10"= % = h=28tan18°10".

In the larger right triangle, we have the following.

x+h

tan27°10" = 53 = x+h=28tan27°10"= x =28tan27°10" -k

x=28tan27°10"—28tan18°10" = 5.1816
The height of the antenna is 5.18 m. (rounded to three significant digits)

28. Let x = the height of Mt. Whitney above the level of the road;
y = the distance shown in the figure below.

A

X \ 10°50°
40 I [—

Cp—y—F—7.00km—i8

In triangle ADC, tan22°40' = = ytan22°40' = x = y=———_ (1)
y tan 22°40'

In triangle ABC, we have the following.

tan10°50' =

= (y+7.00)tan10°50' = x
y+7.00

ytan10°50'+7.00tan 10°50" = x = y = *—:001an10°30

(2)

tan10°50'
Setting equations 1 and 2 equal to each other, we have the following.
X _ x—7.00tan10°50"

tan22°40'  tan10°50"
xtan10°50" = x tan 22°40'~7.00(tan 10°50") (tan 22°40")

7.00(tan10°50") (tan 22°40') = x tan 22°40'— x tan 10°50"
7.00(tan10°50") (tan 22°40") = x tan 22°40'~ tan 10°50")
7.00(tan10°50") (tan 22°40")

@n22°40'— @an10°50'
x=2.4725.

The height of the top of Mt. Whitney above road level is 2.47 km. (rounded to three significant digits)




Section 2.5: Further Applications of Right Triangles

29. (a) From the figure in the text, d = gcotg+écot£ =d= g[cotg+cot£j.

(b) Using the result of part a, let & =37'48", #=42'3", and b = 2.000.

dzé cotg-kcotﬁ :>d:g cot37 48 +cot42 3
2 2 2 2 2 2

d = cot.315°+co0t.3504166667° =

1
+
tan.315° tan.3504166667°

=345.3951

The distance between the two points P and Q is 345.3951 cm. (rounded)

30. Let 2 = the minimum height above the surface of the earth so a pilot at A can see an object on the
horizon at C.

Using the Pythagorean theorem, we have the following.
2 2
(4.00x10°+h) =(4.00x10°)" +125°
(4000+1)” = 4000 +125°
(4000+%)” =16,000,000+15,625
(4000+1)" =16,015,625

4000+ h = /16,015,625
h=4/16,015,625 —4000 = 4001.9526 —4000 = 1.9526

95

The minimum height above the surface of the earth would be 1.95 mi. (rounded to 3 significant digits)

31. Let x = the minimum distance that a plant needing full sun can be placed from the fence.

Fence
4.65 ft
23° 20"

X

Plant

tan23°20" = 4.65 = xtan23°20'=4.65= x = i =~10.7799
X tan 23°20

The minimum distance is 10.8 ft. (rounded to three significant digits)

32, tanA= % ~ 7261944649 = A =~ tan™' (.7261944649) =~ 35.987° =~ 35°59.2 =~ 35°59'10"
tan B = 1.4923

7 ~1.377041617 = B = tan™' (1.377041617) =~ 54.013° =~ 54°00.8" = 54°00"50"
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]

33. (a) If §=37°, then gz 3; ~18.5°,

C

To find the distance between P and Q, d, we first note that angle QPC is a right angle. Hence,
triangle QPC is a right triangle and we can solve the following.

tan18.5° =%: d =965tan18.5° ~ 322.8845

The distance between P and Q, is 323 ft. (rounded to three significant digits)

(b) Since we are dealing with a circle, the distance between M and Cis R. If we let x be the distance
from N to M, then the distance from C to N will be R — x.

Since triangle CNP is a right triangle, we can set up the following equation.

cosgz—x:RcoszzR—x:x:R—Rcosgzx:R l—cosg
2 R 2 2 2

34. Let y = the common hypotenuse of the two right triangles.

90°
198.4 198.4
=>y= v
y co0s30°50
To find x, first find the angle opposite x in the right triangle by find the following.
52°20"=30°50"=51°80"—30°50" = 21°30/

52°20'

c0s30°50"= =231.0571948

sin21°30 = X = §in21°30' ~ ——— — x ~231.0571948 sin 21°30’ ~ 84.6827
y 231.0571948

The length x is approximate 84.7 m. (rounded)



35. (a) 4

5735 57.3(336)

R

600

Chapter 2: Review Exercises

d= R(l—cosgj =600(1 —cosl6.044°) =23.3702 ft

The distance is 23.4 ft. (rounded to three significant digits)

(b) 5735 573(489)

4

R

600

d= R(l—cosgj = 600(1 —c0523.15875°) =~ 48.3488

The distance is 48.3 ft. (rounded to three significant digits)

(c) The faster the speed, the more land needs to be cleared on the inside of the curve.

Chapter 2: Review Exercises

side opposite _ 60

61

61

11

_ side opposite _ 40 _ 20

58 29

_ side adjacent _ 42 _ 21

58 29

1. sinA=
hypotenuse
cos A = side adjacent _ 11
hypotenuse
tan A = s?de opP051te _ 60
side adjacent
2. sinA
hypotenuse
0s A
hypotenuse
tan A

side adjacent

3. sind4f=cos5p

_ side opposite _ 40 _ 20

42 21

_side adjacent _ 11

COtA=— —=—
side opposite 60
sec A= ?ypote.nuse _ 61
side adjacent 11
csc A= hypotenuse _ 61

side opposite 60

_ side adjacent _ 42 _ 21

cotA
side opposite 40 20
sec A= bypotffnuse _ 58 :g
side adjacent 42 21
csc A= hypotenuse :ﬁ_ 29

side opposite 40 T 20

Since sine and cosine are cofunctions, we have the following.

4B+5B8=90°=98=90°= B=10°

4. sec(260+10°) =csc(460+20°)

Since secant and cosecant are cofunctions, we have the following.

(20+10°)+(46+20°) =90° = 66 +30° =90° = 66 = 60° = 6 =10°

5. tan(5x+11°) =cot(6x+2°)

Since tangent and cotangent are cofunctions, we have the following.

(5x+11°)+(6x+2°)=90° = 11x+13°=90° = 1 1x = 77° = x = 7°

97
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10.

11.

12.

Chapter 2: Acute Angles and Right Triangles

cos £+11° =sin E+4OO
5 10

Since sine and cosine are cofunctions, we have the following.
ﬁ+11° + E+4O° :9O°:@+E+51° =90°:£¢9+51° =90°
5 10 10 10 10
E49=39°:> 9=£(39°) =30°
10 13

sin46° < sin 58°
Sin@ increases as € increases from 0° to 90°.  Since 58°>46°, we have sin58°is greater than
sin46° . Thus, the statement is true.

c0s47° < cos 58°
Cos @ decreases as @ increases from 0° to 90°. Since 47°<58°, we have cos47°is greater than
c0s58°. Thus, the statement is false.

sec48° = cos42°
Since 48° and 42° are in quadrant I, sec48° and cos42° are both positive. Since 0<sin42°<],

=csc42°>1. Moreover, 0<cos42°<1. Thus, sec48°>cos42° and the statement is true.

sin42°

sin 22° > csc 68°
Since 22° and 68° are in quadrant I, sin22° and csc68° are both positive. Since 0<sin68°<1,

=csc68°>1. Moreover, 0<sin22°<1. Thus, sin22°<csc68° and the statement is false.

sin 68°

The measures of angles A and B sum to be 90°, and are complementary angles. Since sine and cosine

are cofunctions, we have sin B = cos (90° — B) =cos A.

A
bm
C a B

120°
This angle lies in quadrant II, so the reference angle is 180° — 120° = 60°. Since 120° is in quadrant II,
the cosine, tangent, cotangent and secant are negative.

3

sin120° =sin 60° = 7 cot120° = —cot60° = —

V3

cosl20°:—cos60°:—l sec120° = —sec60°=-2
2 2\/?

tan 120° = — tan 60° = —/3 csc120° = csc 60 =—3



13.

14.

15.

16.

17.

18.
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300°
This angle lies in quadrant IV, so the reference angle is 360° — 300° = 60°. Since 300° is in quadrant
IV, the sine, tangent, cotangent and cosecant are negative.

V3 V3

sin 300° = —sin 60° = —7 cot300° = —cot 60° = —?

05300° = cos 60° = 1 sec300° =sec60° =2

2 23
tan300° = — tan 60° = —/3 ese 3007 =—escblm=-—=

-225°
—225° is coterminal with —225° 4+ 360° = 135°. This angle lies in quadrant II. The reference angle is
180°—135°=45°.  Since —225° is in quadrant II, the cosine, tangent, cotangent, and secant are

negative.

\/E cot(—225°) =—cot45°=-1
sin(—225°) =sin45°=—
2 sec(—225°%) =—sec45° = —\/5
N2 e5c(~225%) = csc45° =2

c08(—225°) = —cos45°=— >

tan(—225°) = —tan45°=-1

—390° is coterminal with —390° +2-360° = —-390°+720° =330°. This angle lies in quadrant IV. The
reference angle is 360°—330°=30°. Since —390° is in quadrant IV, the sine, tangent, cotangent, and
cosecant are negative.

Sin(-390°) = —sin30° =+ c0t(=390°) = ~cot30° = —3
2

23

sec(—390°) =sec30°=——
c0s(—390°) = cos 30° = ﬁ 3
2 csc(—390°) = —csc30°=-2

tan(—390°) = —tan 30° = —g

sinﬁ’:—l
2

Since sin@ is negative, & must lie in quadrants III or IV. Since the absolute value of sin@ is %, the

reference angle, 8, must be 30°. The angle in quadrant IIT will be 180°+ 8’ =180°+30°=210°.
The angle in quadrant IV will be 360°— 6" =360°—30° = 330°.

cosf = —l
2

Since cosé is negative, & must lie in quadrants II or III. Since the absolute value of cos@ is %, the

reference angle, &', must be 60°. The quadrant IT angle € equals 180°—8"=180°-60°=120°, and
the quadrant I1I angle & equals 180°+ 8" =180°+ 60° = 240°.

cotd =—1

Since cot@ is negative, & must lie in quadrants II or IV. Since the absolute value of cot@ is 1, the
reference angle, &', must be 45°. The quadrant Il angle & equals 180°—6"=180°-45°=135°, and
the quadrant IV angle € equals 360°— 68" =360°—45° =315°.
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19.

20.

<

21.

22,

23.

23

secld=———
3

Since sec @ is negative, & must lie in quadrants II or III. Since the absolute value of sec @ is

-30°=150°,

the reference angle, €', mus

and the quadrant III angle 6 equals 180°+ 6

2
l :l.}.z l
2 2 4

2
tan? 120° - 2 cot 240° = (—ﬁ) —2(%} =3-

c0s60°+ 2 sin’ 30°=%+2(

sec?300°—2cos?150° + tan45° = 2% — 2[

@ (-3.-3)

t be 30°. The quadrant II angle 6 equals 180°—8"=180°

"=180°+30°=210°.

l+ll
2 2

23

3

3

2
—ﬁ +1=4-2 3 +l=4-—=+1=—
2 4 2 2

7

Given the point (x, y). we need to determine the distance from the origin, r.

A\
v

(b) (1.—3)

=Xty
) r=y(=3) +(-3)’
r=+9+9
r=+/18
r=3x/§
_ L2 o x_3 1 142
2 2 2’ ro3W2 o 2 2 2
tan¢9:l:_—3:1
x -3

Given the point (x, y), we need to determine the distance from the origin, r.

_ [xz +y2

?

1
[N\
r

23
3

bl
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For the remainder of the exercises in this section, be sure your calculator is in degree mode. If your
calculator accepts angles in degrees, minutes, and seconds, it is not necessary to change angles to decimal
degrees. Keystroke sequences may vary on the type and/or model of calculator being used. Screens shown
will be from a TI-83 Plus calculator. To obtain the degree (°) and (') symbols, go to the ANGLE menu

(2" APPS).

For Exercises 24, 25, and 27, the calculation for decimal degrees is indicated for calculators that do not
accept degree, minutes, and seconds.

csc78°21"=1.0210339

sin(FE*21"' >
L AF9E467F
Anz=-1

1. 821833983

24. sin 72°30"=.95371695

Sipcy2238 2
- ASEF169587

217.

72°30'=(72+2)°=72.5° 78°21"=(78+25)°="78.35°

60

25, sec 222°30 = —1.3563417 28. 5ec58.9041° ~1.9362132
o= (2227581 RNCI
frg T ITETTI3ES Anz-T
mE 356341705 1.936213182

222°30"=(222+22)°=222.5° 29. tan 11.7689° ~ 20834446
tantll, rES9)
26. cot 305.6° = —.71592968 . 2ESZ444614
Lanta8g, 69
-1. 39678522
Ans-1
-. 7159296231

30.

If 9=135° 6 =45°.
If 6=45°, 6=45°.
If 6 =300° 6=060°.
If 6 =140°, 6=40°.

Of these reference angles, 40° is the only one which is not a special angle, so D, tan 140°, is the only

one which cannot be determined exactly using the methods of this chapter.
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31. sin@=.8254121

sin 1. E25841210
20.673EY

6 = 55.673870°

32. cot8d=1.1249386

1-1. 1249326
- 28893 74A51
tar 1 ARs2
41.635689214

8= 41.635092°

33. cos@=.97540415

cos 10, IrS4a4130
12. 73393833

60~ 12.733938°

37. sin@=.73254290

Sin 10, TI254290 )
47 . 108866 1

38. tand=1.3865342

tan1cl. 38653420
2d . 280EEAE 1

34. secf=1.2637891

1-1.2637591

Al ZF1IZES]
cos1CHRs2

Ir. 69352761

6 = 37.695528

35. tan@=1.9633124

tan1Cl. 95351240
&5, BEg28638

6 = 63.008286°

36. cscf =9.5670466

1-9.5&7A4E5E
. « 18452534656
=in1CARNS
D, F99227F 299

6= 5.9998273°

Since sin 6 is positive, there will be one angle in
quadrant I and one angle in quadrant II. If & is
the reference angle, then the two angles are &’
and 180° —@&'. Thus, the quadrant I angle is
approximately equal to 47.1°, and the quadrant
IT angle is 180° —47.1°=132.9°.

Since tan 6 is positive, there will be one angle in
quadrant I and one angle in quadrant III. If 8 is
the reference angle, then the two angles are &
and 180° +&". Thus, the quadrant I angle is
approximately equal to 54.2°, and the quadrant
IIT angle is 180° +54.2° =234.2°.



39.

40.

41.

42,

43.

44.

46.
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9

sin 50° + sin 40° =sin 90°

SinCaEY+=sinc4@n
1. 4038

32653
SinC9E .

Since sin50°+sin40° =1.408832053 and sin90° =1, the statement is false.

9

cos210° —cosl 80°-c0s30° —sin180°-sin 30°

Since c0s210°=—-co0s30° = —@ and cos180°-cos30°—sin180°-sin30° = (—1)(@) —(0)(%) = —g,

the statement is true.
2
sin 240°=2sin120°cos120°
Since sin 240° = ~sin60° =~ and 2sin120°c0s120° = 2(sin 60°) (~cos60°) = 2(L) (4) ==&
2 2 )\2 2
the statement is true.

2

sin 42° + sin 42° =sin 84°

SincdZ2r+sincgd2n
] 1.338261213
Sincad)
9945218954

Using a calculator, we have sin42°+sin42°=1.338261213 and sin84° =.9945218954. Thus, the
statement is false.

No, cot25°= # tan ! 25°.
tan 25°
0=2976° 45. 0=1997°
CosCZI7E] cosC19972
- 18452846353 - 9SEEE4 T 5E
SinC29762 =inC19372
3945218954 - 22EFLVR4Y
Since cosine is negative and sine is positive, Since sine and cosine are both negative, the
the angle 6 is in quadrant II. angle @ is in quadrant I1I.
6 =4000°
cos CAEEE )
» reEEddd443]
sincdBEa
B4 Z2TETEETT

Since sine and cosine are both positive, the angle 0 is in quadrant I.
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47.

48.

49.

50.

A= 58 30/, c=748

A+B=90°= B=90°— A= B =90°—5830"=89°60'— 58°30' = 31°30'

sinA=2 = sin58°30 = 7% = a =748sin58°30’ = 638 (rounded to three significant digits)
C

CosA= b = c0s58°30" = b = b =748c0s58°30" = 391 (rounded to three significant digits)

c

a=129.70, b =368.10

tan A=12270 _ 3573499049 = A = tan™! (.3523499049) ~19.41° ~ 19°25'
368.10 4, R
anB =" = 2838087895 = B = tan (2.838087895) = 70.59° =~ 70°35

Note: A + B=90°

c=~a? +b? =~/129.702 +368.10% =4/16,822.00+135,497.61 =+/152,319.7 = 390.28 (rounded to
five significant digits)

A=39.72° b=3897m

A+B=90°= B=90°-A= B=90°-39.72°=50.28°

tan A= % —tan39.72° = —% = 4 =38.97tan39.72° ~ 3238 m (rounded to four significant digits)

COosA= 4 = c0s39.72° = 38.97 =¢c0s39.72°=3897=c = _ 3897 =~50.66 m (rounded to five
c c c0s39.72°
significant digits)
B =47°53", b=298.6 m
B
c a

A 298.6m C
A+B=90°= A=90°-B = A=90°—-47°53"=89°60"—-47°53"' = 42°7"

tan B = > = tan47°53'= 298.6 298.6

= atan47°53'=298.6 >a=—————=270.0 m (rounded to four
a a tan47°53'
significant digits)
sin B = 2 =5sin47°53"' = 2986 = ¢sin47°53'=298.6 => c= ﬂ =~402.5m (rounded to four
c c sin47°53'

significant digits)
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51. Let x = height of the tower.

tan 38°20" = ——
93.2

tower

* x =93.2tan 38°20’
38°20' x =73.6930

93.2 ft
The height of the tower is 73.7 ft. (rounded to three significant digits)

52. Let i = height of the tower.

1205° an29.5°= 1
.~ 36.0
tower S h =36.0tan 29.5°
h AN h =20.3678
2955~
36.0m

The height of the tower is 20.4 m. (rounded to three significant digits)

53. Letx = length of the diagonal.

R cos35.65° =122
N x X
N . x€0835.65°=15.24
35.65° Y o 1524
15.24 cm c0s35.65°
x ~18.7548

The length of the diagonal of the rectangle is 18.75 cm. (rounded to three significant digits)
54. Letx = the length of the equal sides of an isosceles triangle.

Divide the isosceles triangle into two congruent right triangles.

s/ 6
58.746°
49.28m 7—‘

d= %(49.28 )=24.64 and 6 = %(58.746“) =29.373°

and

24.64 =in29.373° = 24.64

s s
24.64

* = §in29.373°

= 5sin29.373° =24.64

sin@ = i =5sin29.373° =
S
= 5=50.2352

Each side is 50.24 m long. (rounded to 4 significant digits)
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55. Draw triangle ABC and extend the north-south lines to a point X south of A and S to a point Y, north of
C.

Angle ACB = 344° — 254° = 90°, so ABC is a
right triangle.

Angle BAX = 32° since it is an alternate interior
angle to 32°.

Angle YCA = 360° — 344° = 16°

Angle XAC = 16° since it is an alternate interior
angle to angle YCA.

Angle BAC = 32° + 16° = 48°.

780

80

=~1165.6917.

In triangle ABC, cosA= £ = c0s48° = @ = ABco0s48°=780= AB =
AB AB cos

The distance from A to B is 1200 m. (rounded to two significant digits)

56. Draw triangle ABC and extend north-south lines from points A and B. Angle ABX is 55° (alternate
interior angles of parallel lines cut by a transversal have the same measure) so Angle ABC is
55°+35°=90°.

Since angle ABC is a right angle, use the Pythagorean theorem to find the distance from A to C.
(AC)’ =80% +74> = (AC)" = 6400+5476 = (AC)’ =11,876 = AC = /11,876 ~108.9771
Itis 110 km from A to C. (rounded to two significant digits)

57. Suppose A is the car heading south at 55 mph, B is the car heading west, and point C is the intersection
from which they start. After two hours by d = rt, AC = 55(2) = 110. Since angle ACB is a right angle,
triangle ACB is a right triangle. Since the bearing of A from B is 324°, angle CAB = 360° — 324° = 36°.

B Cc

W
we

°1110

bA

A 4
S

110 110

cosCAB :£ = c0836°=——= ABc0s36°=110= AB = ~135.9675
AB AB

]

cos
There are 140 mi apart. (rounded to two significant digits)
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58. Let x = the leg opposite angle A.

b

k

tanA:%:x:ktanA and tanB:hkﬂ:x:ktanB—h

Therefore, we have the following.

ktanA=ktanB—h=h=ktanB—ktanA= h=k(tan B—tan A)

59. - 60. Answers will vary.

1
61. h=R| ——-1
[cos(m;”) J

(a) Let R =3955mi, T =25 min, P = 140 min.
1 1
h=R| ————-1|= h=3955| ————1(=715.9424
cos (%) cos ()
The height of the satellite is approximately 716 mi.
(b) Let R =3955 mi, T =30 min, P = 140 min.

h=R ;—1 = h=3955 ;—1 ~1103.6349
cos () cos ()

The height of the satellite is approximately 1104 mi.

Xo = Xp

62. (a) From the figure we see that, sin 8 = = x, =X, +dsin 6. Similarly, we have

cosf = Yo=Y

=y, = yptdcosé.

Xo=Xp

[
P(xp, yp)

(b) Let (x5, v,)=(123.62,337.95), 9=17° 19’ 22”, and d =193 86.
X, =X, +dsin@ = x, =123.62+193.86sin17°19'22" = 181.3427

Yo =Yp+dcosf ==337.95+193.86cos 17°19722" = 523.0170
The coordinates of Q are (181.34, 523.02). (rounded to five significant digits)

107
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Chapter 2: Test

1.

_ side opposite _ 12 _ side adjacent _ 5

sin A ot A
hypotenuse 13 side opposite 12
os A= side adjacent _ 5 sec A= ?ypote?nuse :E
hypotenuse 13 side adjacent 5
tan A = s?de opposr[e =2 cse A= ?ypotenus.e :E
side adjacent 5 side opposite 12

Apply the relationships between the lengths of the sides of a 30°—60° right triangle first to the triangle
on the right to find the values of y and w. In the 30°—60° right triangle, the side opposite the 60°

angle is V3 times as long as the side opposite to the 30° angle. The length of the hypotenuse is 2
times as long as the shorter leg (opposite the 30° angle).
z w

45° 30°
X y

Thus, we have the following.

y=4/3 andw=2(4)=8
Apply the relationships between the lengths of the sides of a 45°—45° right triangle next to the
triangle on the left to find the values of x and z. In the 45°—45° right triangle, the sides opposite the
45° angles measure the same. The hypotenuse is 2 times the measure of a leg.

Thus, we have the following.
x=4and z=42

sin(B+15°):cos(ZB+30°) 4. sinf=.27843196

Since sine and cosine are cofunctions, the sin1c, 278
equation is true when the following holds. -

(B+15°)+(2B+30°) =90°
3B+45°=90°
3B =45°
B=15° 0= 16.16664145°
This is one solution; others are possible.

2

cosf=———
2

Since cos@ is negative, & must lie in quadrants II or III. Since the absolute value of cos@ is %, the

reference angle, &', must be 45°. The quadrant IT angle € equals 180°—8"=180°-45°=135° and
the quadrant Il angle & equals 180°+ 8" =180°+45° =225°.

tan @ =1.6778490

. -1 1-1.67732498
Since coté = =(tan@) *, we can use .S96AEL 1596
tan® 1.67734398
division or the inverse key (multiplicative < S95HA1 139G
inverse).

cotd =.5960011896
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7. (a) sin24°<sin48°
Sine increases from O to 1 in the interval 0° <@ <90°. Therefore, sin24° is less than sin48° and
the statement is true.

(b) co0s24° < cos48°
Cosine decreases from 1 to 0 in the interval 0°< 8 <90° Therefore, cos24° is not less than

cos48° and the statement is false.

(¢) tan?24°< tan48°
Tangent increases in the interval 0°<6<90°. Therefore, tan24° is less than tan48° and the

statement is true.

8. cot(-750°)
—750° is coterminal with —750°43-360°=-750°+1080°=330° which is in quadrant IV. The
cotangent is negative in quadrant IV and the reference angle is 360° —330° =30°.
cot(=750°) = —cot 30° = —/3

9. (a) sin78°21'=.97939940

sincyaez1'a
»IPRE94EE

78°21'=(78+2)°="78.35°

60

(b) tan117.689° = —1.9056082 (¢) sec 58.9041°=1.9362132
tantlly.e89n cosCa8. 9841 )
-1.96568215 LS1E472A544
An=
1.936213182

10. A=58°30", a =748

A
c 58° 30’
B
a=748 c
A+B=90°= B=90°- A= B =90°-58°30"=89°60"-58°30"'=31°30"
tan A=< = tan58°30' = 748 = btan58°30'=748 = b = _ 748 ~ 458 (rounded to three
b b tan 58°30'
significant digits)
sinA= = §in58°30" = 748 = ¢sin58°30'=748 = c = A ~ 877 (rounded to three
c c sin 58°30'

significant digits)
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11. Let 8= the measure of the angle that the guy wire makes with the ground.

wire
774 m
antenna
713 m

51n9=7;—4~9211886305:>0~sm (.9211886305) =61.1° = 61°10’

/J x
32010

24.7 ft

12. Let x = the height of the flagpole.

tan32°10 :% = x=24.7tan32°10" = 15.5344

The flagpole is approximately 15.5 ft high. (rounded to three significant digits)

13. Draw triangle ACB and extend north-south lines from points A and C. Angle ACD is 62° (alternate
interior angles of parallel lines cut by a transversal have the same measure), so Angle ACB is
62° + 28° =90°.

N
A
bD %
. 280
pier
A | =4
J 62°,1/ &
75
62° 79 k,
" e
A 4
S

Since angle ACB is a right angle, use the Pythagorean theorem to find the distance from A to B.
(AB)" =75 +53 = (AB)’ =5625+2809 = (AB)’ = 8434 = AB = /8434 =~ 91.8368

It is 92 km from the pier to the boat. (rounded to two significant digits)

14. Let x = the side adjacent to 52.5° in the smaller triangle.

41.00/52.5°
| | |
168 m N

In the larger triangle, we have tan41.2° = = h=(168+x)tan41.2°.

68+ x

In the smaller triangle, we have tan52.5° = ﬁ = h=x tan52.5°.
X

Continued on next page
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14. (continued)
Substitute for £ in this equation and solve for x.
(168+ x)tan41.2° = xtan52.5°
168tan41.2°+ xtan41.2° = x tan 52.5°
168tan41.2° = xtan 52.5°— xtan 41.2°
168tan41.2° = x(tan52.5°— tan41.2°)
168tan41.2°
tan52.5°—tan41.2°
Substituting for x in the equation for the smaller triangle, we have the following.
168tan41.2°tan52.5°

h=xtan52.5°= h= =~ 448.0432
tan 52.5°—tan41.2°

The height of the triangle is approximately 448 m. (rounded to three significant digits)

Chapter 2: Quantitative Reasoning

v?sin@cos @ +vcos B,/(vsin 49)2 +64h
32

All answers are rounded to four significant digits.

447 sin G cos 6 + 44 cos 9\/(44sin 6)" +64-7
1. Since v =44ft per sec and h =7 ft, we have D = .

32
19365sin40cos40 + 44 cos 40 (44sin40)2+448
If 6=40°, D= =~ 67.00 ft.
32
1936sin42cos42 + 44 cos42 (44sin42)2+448
If 6=42°, D= =~ 67.14 ft.
32
1936sin45cos45+ 44 cos45 (44sin45)2+448
If 6=45°, D= =~ 66.84 ft.

32
As @ increases, D increases and then decreases.

v?sin42cos42+vcos42,/(vsin 42)2 +64h
2. Since h=7ft and 8 =42°, we have D = .

32
43% sin42 cos 42 +43cos 42,/(43sin 42)2 +448
If v=43, D= = 64.40 ft.
32
447 sin42cos 42 + 44 cos 42,/(44sin 42)2 +448
If v=44, D= =67.14 ft.
32
45’ sin42cos 42 +45co0s 42,/(45sin 42)2 +448
If v=45, D= 2 ~69.93 ft.

As v increases, D increases.

3. The velocity affects the distance more. The shot-putter should concentrate on achieving as large a
value of v as possible.






Chapter 3
RADIAN MEASURE AND CIRCULAR FUNCTIONS

Section 3.1: Radian Measure

1. Since 8 is in quadrant I, 0< @< % Since %z 1.57, 1 is the only integer value in the interval. Thus,

the radian measure of @ is 1 radian.

2. Sinced is in quadrant II, %< @ <. Since % =1.57 and 7 = 3.14, 2 and 3 are the only integers in the

interval. Since @ is closer to 3, the radian measure of @ is 2 radians.

3. Sinced is in quadrant II, 3 <@<rx. Since E =1.57 and 7 = 3.14, 2 and 3 are the only integers in the

interval. Since @ is closer to 7, the radian measure of @ is 3 radians.

4. Since @ is an angle in quadrant IV drawn in a clockwise direction, —% <@<0. Also —% =-1.57,

and —1 is the only integer in the interval. Thus, the radian measure of € is —1 radian.

5. 60°=60 T tadian |=Z radians 10. 270°=270| —— radian :3—7[ radians
180 3 180 2
6. 30°=30| - radian | = radians 11. 300° = 300| —radian _z radians
180 6 180 3
T . T .
7. 90°=90| — radian |=— radians 12. 315°=315 " radian 7_7[ radians
180 2 180 4
8. 120°=120 Lradian :2—” radians 13. 450° =450 G radian :5_7[ radians
180 3 180 2
9. 150°=150 T tadian :5—7[ radians 14. 480° =480 " iadian :8_7[ radians
180 6 180 3

15. Multiply the degree measure by % radian and reduce. Your answer will be in radians. Leave the

answer as a multiple of 7, unless otherwise directed.

o

16. Multiply the radian measure by 180 and reduce. Your answer will be in degrees.

17. - 20. Answers will vary.

21, EoF[1807) oo 2. 37 _87(180°)_ 1epe
3 3\ «x 3 3 T

113
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23.

24,

25.

26.

27.

28.

29.

30.

39.

40.

41.

42,

43.

44.

45.

7_”:7_”£_1800j:3150 31, A _4m(180°) _ e

4 4\ 15 15\ 7

2_”:2_”[1800):1200 3 17 _T7(180°) _

3 3\~ "2 20\ 7

1z 117 (180° . .

?ZT[—}%O 33, Uz 7o 180755

r 20 200 7z

15_”:15_”[@):6750 34 llz _ 1lz(180° — 66°

4 4 30 30 x

_T__m(180°) e -

6 6\ 7 | 35. 39°=39| — radian | = .68 radian
180

87  8r(180° o

?:?( % jzzgg 36. 74° =74 - radian |=1.29 radians
180

i 771'[180")

o T0 =126° 37. 42.5°=42.5| " radian | = 742 radians

10 10\ =« 180

11z 11z (180° o

F:F[ P j:m 38. 264.90:264.9[% radianj

= 4.623 radians

139°10' = (139 +2)° ~ 139.1666667 (% radianj ~2.43 radians

60

60

174°50" = (174 +2)° = 174.8333333(% radianj ~3.05 radians
64.29° = 64.29| —— radian |~ 1.122 radians

180
85.04° = 85.04| — radian |=1.484 radians

180

’ T . .

56°25"=(56+23)° = 56.41666667 (@ radlanj ~.9847 radian
122°37 = (122+31)° = 122.6 166667 [& radianj ~ 2,140 radians

47.6925° = 47.6925 (% radianj ~ 832391 radian



46.

47.

49.

50.

51.

52.

53.

54.

5S.

56.

23.0143°=23.0143 [E radlanj =~.401675 radian

180°
V4

2 radians = 2(

=114°+.591559(60')
~114°+35.49354' ~114°35’

180°
V4

1.74 radians = 1.74(

180°
V4

3.06 radians =3.06 (

180°
V4

3417 radian =.3417 (

180°
V4
~564°+13.658232" ~ 564°14

9.84763 radians = 9.84763[

o

5.01095 radians = 5.01095( 180
T

=287°+6.377184" = 287°6'

180°
V4

—3.47189 radians = —3.47189(

~—[198°+55.478634"] =~ —~198°55

)z114.591559° 48.

Section 3.1: Radian Measure 115

5 radians = 5( 180
V.4

=286°+.4788976(60")
~286°+28.733856' ~ 286°29’

) 564.2276372° = 564°+.2276372(60)

j 287.1062864° = 287°+.1062864 (60")

) ~—198.9246439° = [ 198° +.9246439(60') |

Without the degree symbol on the 30, it is assumed that 30 is measured in radians.

approximate value of sin30 is —98803, not 4

Answers will vary.

In Exercises 57 — 74, we will start by substituting 180° for 7 as is done in Example 3.

57.

58.

59.

60.

V3
2

sinZ = sin [l- 180°j — §in60° =
3 3

ol

cosZ = cos(l- 180") =c0s30°=—
6 6

tan£=tan l-180O =tan45°=1 63.
4 4

cot£=cot l-1800 =cot60°=£ 64.
3 3 3

61.

62.

secZ =sec (l 180°j =sec30°=
6 6

j = 286.4788976°

j 99.69465635° = 99° +.69465635(60") = 99°+41.679381" = 99°42’
j ~175.3250853° =175° +.3250853(60") =175°+19.505118" = 175°20"

) 19.57796786° = 99°+.57796786(60") = 99° + 34.678072" = 19°35

Thus, the

23
3

csc——csc(— 180°j—csc45° \/5

1
sm—= —
2

CSC— =CSC (

w|~

80°) =sin90° =1

-180°j =csc90° =1
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65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

tan— = tan G : 180°) = tan 300° = — tan 60° = —/3

cot—=Cot %-180"):c0t120°:—cot60°—g
5 . .

s1n—= g 180° |=5sin150° =sin30°=—

tan——ta (%-1800]:tan150":—tan30"=—g

cos 37 = cos(3-180°) = cos 540° = cos (540 —360°) = cos (180°) = —
secr =secl180°=—

sin (—8?”) =sin (—%-180") = sin (—480°) = sin (—480° +2-360°) = sin (240°) = —sin (60°) = _g

cot —2—” =cot —2 180° 120°) \/g
3 3 3

sin —7— = —Z 180° 210°
6 6

cos(—%} = cos[—%- ISOOJ =cos(—30°) = ﬁ

NI»—

2

We begin the calculations with the blank next to 30°, and then proceed counterclockwise from there.

30°=30 z radian - radian; z radian - 180 =45°;

180 6 4 4\
60° =60 z radian _ radians; 2—” radians :2—” 180 =120°;

180 3 3 3 T
3—” radians = — 3z & =135°; 150° =150 z radian =5—” radians;
4 4 180 6

. r .

180° =180 — radian | = x radians; 210°=210| — radian | = — radians;

( J ngo J-%
225°=225| — radla =5—” radians; 4—7[ radians =— 180 =240°;

4 3 3 T

5—” radians = 180 =300°; 315°=315| — radian :7_15 radians;
3 180 4

330° = 330(— radian j =— radlans



76.

77.

78.

79.
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9 & T
(@ — =
10 180 200

(b) For degrees we have, 3.5x.9°=3.15°. For radians we have, 3.5x% =~.055 radian.

(a) In 24 hr, the hour hand will rotate twice around the clock. Since one complete rotation measures
27 radians, the two rotations will measure 2 (27[) =4 radians.

(b) In 4 hr, the hour hand will rotate %:é of the way around the clock, which will measure
l(271') = 2Tﬂradians.

In each rotation, the pulley would rotate 27 radians.

(a) In 8 rotations, the pulley would turn 8(27) =167 radians.

(b) In 30 rotations, the pulley would turn 30(27) =607z radians

In each rotation around earth, the space vehicle would rotate 2z radians.

(a) In 2.5 orbits, the space vehicle travels 2.5(27) =57 radians

(b) In % of an orbit, the space vehicle travels %(2”) = 8?7[ radians.

Section 3.2: Applications of Radian Measure

Connections (page 102)
Answers will vary.
The longitude at Greenwich is 0°.

Exercises
1. r=40="
2
4l F =
2
2. r=12,0=2

3
s=rf= 12[%) A

3. s=6r,0="C
4
S=r9:>r=i=6—ﬂ-=6ﬂ'i=8
6 3z
4. s=3r,0=2
2
s=r6:>r=i=3—7[=3ﬂ~—=6
0 7

r=3,s=3
s=r9:>6=—=§=1

r 3
s=6,r=4
s=r9:>9:—:§:§0r15

r 4 2
r=123cm, H—Tﬂ- radians
s:r¢9:123( )827rz25.80m

11z .
r=.892cm, 6= 0 radians

s=rf= 892[111(;[) 981277 cm ~3.08 cm
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10.

11.

12.

r=4.82m, 8=060°
Converting @ to radians, we have € =60°= 60(@ rad1an) zgradians.

4.827

Thus, the arcis s =rf=4. 82(:) =5.05 m. (rounded to three significant digits)

r=719cm, 6 =135°

Converting 6 to radians, we have € =135°=135 (% radian) = %radians.

215.7x

Thus, the arcis s=rf="71. 9(3‘?} cm= cm =169 cm. (rounded to three significant digits)

The formula for arc length is s =r@. Substituting 2r for r we obtain s = (2r) 0= 2(r0). The length
of the arc is doubled.

Recall that 7 radians = 180°. If @ is measured in degrees, then the formula becomes the following.

7rf
=5=—
180 180

For Exercises 13 — 18, note that since 6400 has two significant digits and the angles are given to the nearest
degree, we can have only two significant digits in the answers.

13.

14.

15.

16.

17.

9°N, 40° N
T . 31 31z
6 =40°-9°=31°=31| — radian |=—— radian and s = r@ = 6400 — | = 3500 km
180 180 180

36° N, 49°N
T 137 137

6 =49°-36°=13°=13| — radian |=—— radian and s =r@ =6400] — | = 1500 km
180 180 180

41°N, 12°S
12°S=-12°N

0 =41°—(—12°) = 53°= 53| ~ radian | = 2>% radian and s = r = 6400 2% | ~ 5900 km
180 180 180

45°N, 34° S
34°S = _34°N

0 =45°—(-34°)=79°=79| — radian |= ﬂ radians and s = r@ = 6400 —— or =~ 8800 km
180 180 180

r= 6400 km, s = 1200 km
1200 3

s=r0 =1200=64000 > =——=—
6400 16

T

The north-south distance between the two cities is 11°.
Let x = the latitude of Madison.

Converting % radian to degrees we have, 6 = %( 180 j =~11°,

x=33°=11°=x=44°N
The latitude of Madison is 44° N.



18.

19.

20.

21.

22,

Section 3.2: Applications of Radian Measure 119

r=6400 km, s = 1100 km

s=r6:>1100=64009:>6=@=£
6400 64
Converting é—i radian to degrees we have € = 11180 =10°.
/4

The north-south distance between the two cities is 10°.
Let x = the latitude of Toronto.

x—33°=10°=x=43°N
The latitude of Toronto is 43° N

(a) The number of inches lifted is the arc length in a circle with » = 9.27 in. and €= 71°50".

71°50'=(71+%)(1;o

The weight will rise 11.6 in. (rounded to three significant digits)

j and s =r6=> s =9.27(71+%)£ij ~11.6221
180°

(b) When the weight is raised 6 in., we have the following.
6 (180°
9.27

radian =

s=r0=6=9270= 0= 5 627 j ~37.0846° = 37°+.0846(60") = 37°5

V4
The pulley must be rotated through 37°5".
To find the radius of the pulley, first convert 51.6° to radians.
0=51.6°=51.6| — radians | = sLoz radians
180 180
Now substitute this value of 8 and s = 11.4 cm into the equation s =r€ and solve for r.

s=r@=>114=r sLoz = r:11.4-ﬂ:12.6584
180 51.6z

The radius of the pulley is 12.7 cm. (rounded to three significant digits)

A rotation of 8 = 60.0(% radianj =% radians on the smaller wheel moves through an arc length of

s=r8=5.23 (%) =5.4768 cm. (holding on to more digits for the intermediate steps)

Since both wheels move together, the larger wheel moves 5.48 cm, which rotates it through an angle 9,

where 5.4768 =8.160 = 6 = 54768 180
8.16 V4

=.671 radian = .671( j = 38.5°.

The larger wheel rotates through 38.5°.

The arc length s represents the distance traveled by a point on the rim of a wheel. Since the two wheels
rotate together, s will be the same for both wheels.

For the smaller wheel, 8 =80° = 80(%) = 47” radians and s=r@=11.7 (%) =~16.3363 cm.

For the larger wheel, 8 =50°=50 (% radian) = % radian. Thus, we can solve the following.

s=rf0 =16.3363=r R =r= 16.3363-£ ~18.720
18 S

The radius of the larger wheel is 18.7 cm. (rounded to 3 significant digits)
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23.

24.

25.

26.

A rotation of 6 :180(% radian):ﬂ radians. The chain moves a distance equal to half the arc

length of the larger gear. So, for the large gear and pedal, s=rf = 4.72x. Thus, the chain moves
4.727 in. The small gear rotates through an angle as follows.

4.72x

0=3—=0= . ~3.427

r

6 for the wheel and € for the small gear are the same, or 3.42z. So, for the wheel, we have the
following.

s=r0=r=13.6(3.427) = 146.12

The bicycle will move 146 in. (rounded to three significant digits)

(a) In one hour, the truck travels 55 mi. Since the radius is given in in., convert 55 mi to in.
s=55mi=55 (5280) ft =290,400 ft =290, 400(12) in. = 3,484,800 in.
Solving for the radius, we have the following.
s=r0 = 3,484,800 in. = (14 in.) 0=0= w =~ 248,914.29 radians
Each rotation is 2z radians. Thus, we have the following.
6 248,914.29
2r 2

Thus, the number of rotations is 39,616. (rounded to the nearest whole rotation)

=39,615.94

(b) Find s for the 16-in. wheel.
s=r@=>s= (16 in.)(248,914.29) =3,982,628.64 in.
(3, 982,628.64 in.) (1ft/12in)(1 mi/5280 ft) =~62.9 mi

The truck with the 16-in. tires has gone 62.9 mi in one hour, so its speed is 62.9 mph. Yes, the
driver deserves a ticket.

Let ¢ = the length of the train.
t is approximately the arc length subtended by 3° 20’. First convert 8 =3°20" to radians.

9=3°20'=(3+%)°=3%°:(3§) 2 radian |= 10 Z_ radian | == radian
180 3 )L180 54

The length of the trainis t=rf =t = 3.5[%) =.20 km long. (rounded to two significant digits)

Let r = the distance of the boat.
The height of the mast, 32 ft, is approximately the arc length subtended by 2° 10". First convert

6 =2°10" to radians.

0=2°10"=(2+8)°=2L°=(21) 7 cadian |=[ 2| = radian | =% radian
180 6 )\ 1 1080

We must now find the radius, r.

32 _ 32-1103ﬁz 846.2146

Bz
1080 T

s
s=r6:>r=53r=

The boat is about 850 ft away. (rounded to two significant digits)
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27. r=6,0=2=
3
A=%r26:>A=%(6)2 [£j=l(36)(£j=675

3) 2 3

28. r=8,0=

NN

A:%rzez A:%(S)z [%j :%(64)(%j — 167

29. A=3squnits, r=2

A=%r2933=%(2)29232%(4)9:3226:62%:1.5 radians

30. A=8squnits, r=4

A=%r29:>8=%(4)249:>8=%(16)6:>8=86:>49=1radian

In Exercises 31 — 38, we will be rounding to the nearest tenth.

31. r=292m, €= 5?” radians

a=Lrg=a=L(202y (5—”j = l(852.64)(5—”j ~1116.1032
2 2 6) 2 6

The area of the sector is 1116.1 m*. (1120 m* rounded to three significant digits)

32. r=59.8km,6 =%” radians

A=1r0= a=L(508)( 2 )= L (3576.04)[ 22 | = 3744.8203
2 2 3) 2 3

The area of the sector is 3744.8km’. (3740 km® rounded to three significant digits)
T
33. r=30.0ft, 6= E radians
A=1r0= a=L 300y [ Z|=L(900) Z | = 2257 = 706.8583
2 2 2) 2 2
The area of the sector is 706.9 ft>. (707 ft* rounded to three significant digits)

34. r=900yd, = 5?7[ radians

A:%rzﬁ = A =%(9o.0)2 (%”) =%(8100)(2T”j =33757 =10,602.8752

The area of the sector is 10,602.9 yd2. (10,600 yd* rounded to three significant digits)

121
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35.

36.

37.

38.

39.

40.

41.

r=127cm, 6=81°

The formula A =%r29 requires that @ be measured in radians. Converting 81° to radians, we have
V4 . o . . Iz o
0 =81| — radian |=== radians.  Since A——(12 7) (161 29)| — |=114.0092, the
180 20 2 20 2 20
area of the sector is 114.0 cm®. (114 cm® rounded to three significant digits)

r=183m, 6=125°

The formula A =%r29 requires that € be measured in radians. Converting 125° to radians, we have

6=125 7 radian |= 2% radians.  Since A——(18 3y 2F (334 89)[ 227 | = 365.3083,
180 36 36 36

the area of the sector is 365.3m’. (365 m’ rounded to three significant digits)

r=40.0 mi, =135°

The formula A =%r29 requires that € be measured in radians. Converting 135° to radians, we have
V4 . r . . 3r) 1 3

0 =135 — radian |= = radians. Since A= (40 0) —(1600)| = | = 6007 ~1884.9556,
180 4 2 4) 2 4

the area of the sector is 1885.0 mi>. (1880 mi* rounded to three significant digits)

r=90.0 km, 6=270°

The formula A =%r26 requires that € be measured in radians. Converting 270° to radians, we have
V4 . 3z . .

6=270 (@ radlanj == radians. Since A= —(90 0)’ (3; j (8100)(3; j 60757 = 19,085.1754,

the area of the sector is 19,085.2 km*. (19,100 km® rounded to three significant digits)

A=16in%, r=3.0in.
1, 1 9 2 R0
A=Er 9316=E(3) 6316=—6:>49—16 §=?~3 .6 radians (rounded to two significant

digits)

A=64 m’, 62% radian

A=trosea=L(Zoea=Z i nroeal2 o 2278 Ll 1798 16 m (rounded to
2 2 6 12 V4 V4 V4
two significant digits)
) 360° Lo . )
(a) The central angle in degrees measures 7 =133°. Converting to radians, we have the

following.

134°=(131) T radian | = 22[ - radian | = 2% radian
’ 7180 3 JL180 27

(b) Since C=2zr, and r =76 ft, we have C = 271'(76) =152 =477.5221. The circumference is 480

ft. (rounded to two significant digits)
Continued on next page
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41. (continued)

(¢) Since r=76ftand 8= i—’; we have s=r@= 76(2—”j =% ~17.6860. Thus, the length of

27
the arc is 17.7 ft. (rounded to three significant digits)

Note: If this measurement is approximated to be %, then the approximated value would be 17.8

ft, rounded to three significant digits.
. 2r
(d) Area of sector with r =76 ft and 8 = 27 is as follows.

1
2

(5776) 2% = 37767
27

A=Lroma=L(76) 22 ~ 672.0681 = 672 ft*
2 ALY

42. The area cleaned is the area of the sector “wiped” by the total area and blade minus the area “wiped” by
the arm only. We must first convert 95° to radians.

95° = (95) z radian :19—” radians
180 36

Since 10 — 7 =3, the arm was 3 in. long. Thus, we have the following.

A\rmonly = l(3)2 [19”) :l(g)Klg_ﬂ-\J :lgTﬂ- =~7.4613 in.z

277 36 ) 2 36
and
1 2( 197 1 197 4757 . 2
=—(10) | =— |=—(100)| == |=———=82.9031 in.
Aarmandblade 2( ) ( 36 ) 2( )[ 36 j 18 n

Since 82.9031—-7.4613="75.4418, the area of the region cleaned was about 75.4 in.’.

43. (a)

The triangle formed by the central angle and the chord is isosceles. Therefore, the bisector of the
central angle is also the perpendicular bisector of the chord.

sin21°=&:>r= ‘50 - =140 ft

r sin21

50

b) r=
() sin21°

.6 =42°

Converting 6 to radians, we have 42 (% radianj = ;—g radian. Solving for the arc length, we

50 Tzx _ 35w
sin21° 30 3sin21°
Continued on next page

have s=rf0 = s = =102 ft.
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43. (continued)
(c)
2
3

42°

The area of the portion of the circle can be found by subtracting the area of the triangle from the

area of the sector. From the figure in part (a), we have tan21°= 20 so h= . 5210.
an

A =— 29:Am_;( ST j ( j 7135 ft *
s1n

and
1 1
Atriangle == 2 bh = Anangle == 2 = 6513 ft

The area bounded by the arc and the chord is 7135 — 6513 = 622 2.

44. (a) Since the area of a circle is A =7zr?, we have the following.

950,000 = 71" = 1’ = 950,000 =>r= /—950’ 000 _ 549.9040
V1 V1

Thus, the radius is 550 m. (rounded to two significant digits)

(b) Converting € =35° to radians, we have 35 (% radianj = 2_76[ radian.

Since the area of a sector is A :%rzﬁ, we have the following.

a=11262950,000= L[ 77| = 950,000 = [ 77 | = —9500002
2 2" (36 7 I

;> - 08,400,000 /68,400,000 _ s o
T r

Thus, the radius is 1800 m. (rounded to two significant digits)

45. Use the Pythagorean theorem to find the hypotenuse of the triangle, which is also the radius of the
sector of the circle.

r*=30% +40" = r >=900+1600 = r *= 2500 = r = 50

The total area of the lot is the sum of the areas of the triangle and the sector.

Converting 8 =60° to radians, we have 60 (% radianj zg radians.

Aiangte = %bh :%(30)(40) =600 yd’
and
1, 1 o 7 1 7\ 1250 .,
=—r0=—(50)"| = |==(2500)| = |=——— yd
A= 378 =3 (507 (5] =3 2500) 1) 2%

12507z

Total area Apge T Acer =000+ ~1908.9969 or 1900 yd*, rounded to two significant digits.



46.

47.

48.

49.

50.

51.

52,

53.

54.
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Converting 8=1"= (&)" to radians, we have %(% radianj -7 radian. Solving for the arc

)

length, we have s=r0 = s = 3963-@ = % =1.1519. Thus, there are approximately 1.15 statute

miles in 1 nautical mile. (rounded to two decimal places)

Converting 6 =7°12"=(7+4)°=7.2° to radians, we have 7.2 Z_ radian |= Jozm _ 7 radian.
180 180 25
Solving for the radius with the arc length formula, we have the following.
s=r0=496=r 2= = r=496-§=mz3947.0426
25 V4 V4

Thus, the radius is approximately 3947 mi. (rounded to the nearest mile)

Using this approximate radius, we can find the circumference of the Earth. Since C =27zr, we have
C= 271'(3947) =~24,799.7324. Thus, the approximate circumference is 24,800 mi. (rounded to three
significant digits)

The central angle in degrees measures .517°. Converting to radians, we have the following.

S17°= (.517)[% radianj = 511870” radian

s=r@=s= 238,900[%) =~2155.6788

Recall, from page 105 of your text (above Exercises 25 — 26), for very small central angles, there is
little difference between the arc and the inscribed chord. Thus, the diameter of the moon is
approximately 2156 mi. (rounded to four significant digits)

Since L is the arc length, we have L=r6@. Thus, r= %

Since cosgzﬁ, h=rcos—.
2 r 2

d=r—h3d=r—rcos§:>d=r[1—cos§j

Since r=£, we have d =r l—cosg :>d=£ l—cosg .
o0 2 o 2

If we let #/=2r, then A, =1(r’)29=1(2r)29=l(4r2)9=4 L,26). Thus, the area, ~ 126, is
2 2 2 2 2
quadrupled.
1, L 1,6 =6 ..
.. =—r"6@, where @ is in radians. Thus, =—r —= , @ 1sin degrees.
Aseclor 2 Aseclor 2 1 8 0 3 6 0 g



126 Chapter 3: Radian Measure and Circular Functions

2
=%r29. Thus, the volume is V =%r29h orv=_ Oh

55. The base area is A, , where @ is in radians.

ector

56. To find the base area, we need to find the area of the outer sector and subtract from it the area of the
inner sector (the “missing” sector).

outer sector nner sector

1 1
A :5;’126 and A 25}’226

1 1
}’129—5}’229259(}’12 _rzz)

outer sector Anner sector 2

Thus, the volume is V = %6(;’12 - rzz)h, where @ is in radians.

Section 3.3: The Unit Circle and Circular Functions

Connections (page 113)
PO=y == sind; 00 = x - cos@; AB =£=£=l= tan @ (by similar triangles)
1 1 1 A0 «x

Exercises

1. An angle of 9=""radians intersects the 4. An angle of € =3x radians intersects the

unit circle at the point (—1,0).
unit circle at the point (0,1).

(a) sinf=y=1 (a) sinf=y=0

(b) cosf=x=0 (b) cos@=x=-1
y_1 (c) tan9=l=£=0

© ta119=;=a;undefined P

5. An angle of 8 =—x radians intersects the

2. Anangle of 8 =7 radians intersects the unit unit circle at the point (~1,0).

circle at the point (-1,0).

(a) sin@ 0 (@) sinf=y=0
sinf@=vy=
(b) o ; 1 (b) cos@=x=-1
cosfd=x=-—
y O
(c) tanHZ—:—:()
(o) tan9=l=£=0 ==

x -1

An angle of @ =2z radians intersects the
unit circle at the point (1,0).

An angle of 6= —377[ radians intersects the

unit circle at the point (0,1).

(a) sinfd=y=0 (a) sinf@=y=1
(b) cosf=x=1 (b) cos@=x=0
_y_0_
(¢) tanf= L1 =0 (¢) tan® :l:%;undefined
x
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For Exercises 7 — 22, use the following copy of Figure 12 on page 109 of your text.

7. Find sin%.

. T . . .1 7 L
Since ?ﬂ is in quadrant III, the reference angle is ?”—ﬂ' = ?ﬁ—% = % In quadrant II1, the sine is
. . . T 1
negative. Thus, sin— =—-sin—=——.
6 6 2

127

Converting 7?” to degrees we have, 7?7[ = %(1800) =210°. The reference angle is 210°—180° =30°.

Thus, sin% =sin210° =-sin30° = —%.

8. Find coss?”.

. Skt . ) St 6w Sm &
Since 3 is in quadrant IV, the reference angle is 27 _?:T_?:E. In quadrant IV, the
ine i itive. Thus, cos 7 cosZ !
cosine is positive. S, ——=COS—=—.
postiive. Hu 3 3 2
. Smw St 5 o o . o o o
Converting 3 to degrees we have, 3 = 5(180 ) =300°. The reference angle is 360°—300° = 60°.
Thus, coss—n =c0s300° = cos60° = %
9. Find tan3—”.
4
. . . 4
Since % is in quadrant II, the reference angle is 7 —% = Tﬁ—%[ = % In quadrant II, the tangent
is negative. Thus, tan:iT” =— tan% =-1.

3

Converting % to degrees we have, %[ = 2(1800) =135° The reference angle is 180°—135° =45°.

Thus, tan?jTﬂ- =tan135°=—tan45°=-1.
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10.

11.

12.

13.

Find seczT”.

. 2 . . . 2 2 .
Since ?ﬂ is in quadrant II, the reference angle is 7 _Tﬁ = 3?” _Tﬁ = % In quadrant II, the secant is

negative. Thus, seczT” = —sec% =-2,

Converting 2?7[ to degrees we have, 27” = %(180°) =120°. The reference angle is 180°—120° = 60°.

Thus, seczTﬂ- =sec120°=—-sec60° =-2.

. 11
Find CSCTH.

. 11z . . . 11z 127 1lm =«
Since o is in quadrant IV, the reference angle is 27 N = o 6 = rE In quadrant IV, the
. . 11
cosecant is negative. Thus, CSCTE = —csc% =-2.

Converting 11?” to degrees we have, % = 1—61(180°) =330°. The reference angle is

360°—-330°=30° Thus, csc% =csc330° =—csc30°=-2.

Find cots—ﬂ-.
6

Since 5?” is in quadrant II, the reference angle is 71'—5?”=6—7[—5—”=£. In quadrant II, the

6 6 6
cotangent is negative. Thus, cot% = —cot% =—3.

Converting 5?7[ to degrees we have, 5?7[ = %(1800) =150°. The reference angle is 180°—150° =30°.

Thus, cot%E =cot150°=—cot30° = —\/g.

Find cos(—%[j.

ar . . . 4z dr 61 27 . 27 ..
——— is coterminal with ———+27=——+—=—. Since — is in quadrant II, the reference
3 3 3 3 3 3
. 27 3w 2% & . . .
angle is 7-——=——-——=— In quadrant II, the cosine is negative. Thus,

3 3 3 3

4r 2r V4 1
CoOS| ——— |=cos—=—cos—=——.
( 3 j 3 3 2
. 2z 2r 2 .
Converting 3 to degrees we have, 3 = 5(180°) =120°. The reference angle is 180°—120° = 60°.

Thus, cos —4—” :cosz—ﬂ-2005120":—005600:—1.
3 3 2



14.

15.

16.

17.
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Find tan”—ﬂ-.
3
177 . . 1Tz 177 177 12n 5« . o
Tﬂ is coterminal with T—2(2ﬂ) =T_4ﬂ =3 3 3 Since 5?7[ is in quadrant IV,
. St 6w St & . .
the reference angle is 2Z#——=——-—=—. In quadrant IV, the tangent is negative. Thus,

3 3 3 3

177 S V4
tan—— = tan — = — tan — = —/3.
3 3 3
. Sw St 5 .
Converting 3 to degrees we have, 3 = 5(180") =300°. The reference angle is 360°—300° = 60°.

Thus, tans?” =tan 300° = —tan 60° = —\/5.

Find cos7—ﬂ-
4

. .. , T 8t In &
Since vy is in quadrant IV, the reference angle is 27 ———=—————=—. In quadrant IV, the

4 4 4 4
.. .. r 7T 2
cosine is positive. Thus, cosT=cos—=—.

4 2
. Iz T 7 5 o . o o o
Converting e to degrees we have, e = 2(180 ) =315°. The reference angle is 360°—315° =45°.

V2

Thus, cos% =co0s315° =cos45° :T.

Find secS—”

Since ST” is in quadrant III, the reference angle is %—ﬂ' = %[—% = % In quadrant III, the secant
is negative. Thus, sec%[ = —sec% = —\/E.

. Smw Sk 5 o o . o o o
Converting 7 to degrees we have, 7 = 2(180 ) =225° The reference angle is 225°—180° =45°.

Thus, sec%[ =sec225°=—sec45° = —\/E.

Find sin (—%rj

4 . . 4z dr 6rm 21w ) 2 . .
——— is coterminal with ———+27=——+—=——. Since — is in quadrant II, the reference
3 3 3 3 3 3
. 2 2 . . o
angle is -z =3—”——”=£. In quadrant 1II, the sine 1is positive. Thus,
3 33 3
/4 2r V4 3
sin| —— |=sin—=sin—=—.
3 32

Converting 2% to degrees we have, 27” = %(1800) =120°. The reference angle is 180°—-120° =60°.

\/5 .

Thus, sin —4—” = sinz—” =sin120° =sin60° = —
3 3 2
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18.

19.

20.

21.

Find sin (—S—EJ
6

57 . . Y Sw V27 _Tm o Tmo. .
—=— is coterminal with ——+27 =——+——=—_ Since — is in quadrant III, the reference
6 6 6 6 6 6
angle is 7—”—71' :7—”—6—”25. In quadrant III, the sine is negative. Thus,
6 6 6 6
V4

Converting 7?” to degrees we have, 7?” = %(1800) =210°. The reference angle is 210°—180° =30°.

Thus, sin| =27 | = sin 2% = sin 210° = —sin 30° = — -
6 6 2

Find 56023—”.
6
237 . . .. 23 237 12n 11z . 11z . .
T is coterminal with T —-2r= T - T = T Since T is in quadrant IV, the reference

. 1z 127 1z « . ..
angle is 27 e = o 6 = s In quadrant IV, the secant is positive. Thus,

Converting UT” to degrees we have, % = %(1800) =330°. The reference angle is

23

360°—-330°=30° Thus, secstﬂ = secllT” =sec330°=sec30° = T

Find CSCBT”.

137” is coterminal with BT” -2(27)= BT” —4r = Bz 1oz _ 7 Since % is in quadrant I, we

3 3
23

137 T
have csc—— =csc—=
3 3 3

2.3
=5

Converting % to degrees, we have %= %(180°) =60°. Thus, csc% =csc60° =

Find tan 5—”
6

Since 5?7[ is in quadrant II, the reference angle is 7 —5?7[ = o _5m = % In quadrant II, the tangent

6 6
T_ 3

is negative. Thus, tans—” =—tan—=———.
6 6 3

Converting 5?” to degrees we have, 5?” = %(180“) =150°. The reference angle is 180°—150° =30°.

Thus, tans?ﬂ- =tan150° = —tan30° = —g.
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22. Find cos%Tﬂ-.

. .. . 4 L
Since %[ is in quadrant II, the reference angle is 7 — %[ = Tﬂ - %[ = % In quadrant II, the cosine is
. 2
negative. Thus, coss—ﬁ =— cosz =— £
4 4 2
.3z Iz 3 o o . o o o
Converting 7 to degrees we have, 7 = 2(180 ) =135°. The reference angle is 180°—135° =45°.

D
>

Thus, tan%Tﬂ- =c08135°=—-c0s45°=—

For Exercises 23 — 34, 49 — 54, and 61 — 70, your calculator must be set in radian mode. Keystroke
sequences may vary based on the type and/or model of calculator being used. As in Example 3, we will set
the calculator to show four decimal digits.

W Sci End
oat @127E5e7E9

23. sin.6109 =.5736 26. Cos(_s,zgzs)z,5397
S L= Co=l 5. ZHen )

24. sin.8203=.7314
Sind. 228350

27. tan4.0203 =1.2065t

Tanid, 02037

-7314 1.2065
25. cos(-1.1519) ~ 4068 28. tan6.4752 ~.1944
co=t-1.15197 tants, 47527

L 4mEE . 1944
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29.

30.

31.

35.

36.

37.

38.

39.

40.

41.

csc(=9.4946) = 14.3338 32. sec(-8.3429)=-2.1291
sint -9.49460 coss -8, 34290
« BEQS - 49T
Anzs-1 Anzs-1
14,3338 -2.1291
csc1.3875=1.0170 33. cot6.0301 = -3.8665
sincl. 38750 tance.@B3E1 0
232 - 2086
Anzs-1 Anzs-1
1.8176 3. 266D
sec2.8440 = —1.0460 34. cot3.8426~=1.1848
tanc3. 84260
cn5i2.844l3:1.956@ 8448
Ans-1 Ans-1
-1.8468 1.1848
cos .8 =.7
sin4 =~ -.75
x = —.65 when @ =4 radians.

y =—-.95 when 6 = 4.4 radians.

cos?2

V4
%z 1.57 and 7 =3.14, so 5 <2<7. Thus, an angle of 2 radians is in quadrant II. (The figure for

Exercises 35 — 38 also shows that 2 radians is in quadrant II.) Because values of the cosine function
are negative in quadrant II, cos 2 is negative.

sin(-1)

V4
—% =—1.57, so —5< —1<0. Thus, an angle of —1 radian is in quadrant IV. Because values of the
sine function are negative in quadrant IV, sin (—1) is negative.

sin5

3
37” =471 and 27 =6.28, so o <5<27. Thus, an angle of 5 radians is in quadrant IV. (The figure

for Exercises 35 — 38 also shows that 5 radians is in quadrant IV.) Because values of the sine function
are negative in quadrant I'V, sin 5 is negative.



42,

43.

44.

45.

46.

47.
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cos6

R4
377[~4 71 and so 7< 6<27. Thus, an angle of 6 radians is in quadrant IV. (The figure for

Exercises 35 — 38 also shows that 6 radians is in quadrant IV.) Because values of the cosine function
are positive in quadrant I'V, cos 6 is positive.

tan 6.29

47r£57z

V1 Sz : . . )
27 =6.28 and 27r+3 = 7+ = EN =~7.85, so 27 <6.29< - Notice that 27 is coterminal with

0 and 57” is coterminal with % Thus, an angle of 6.29 radians is in quadrant I. Because values of

the tangent function are positive in quadrant I, tan6.29 is positive.

tan (—6.29)
Y4
—27r—£=—4”—£=—5—”~—7 85 and 27 =-6.28, so 2 629<-27. Notice that R is
2 2 2 2 2 2

coterminal with 37” and 27 is coterminal with 0. Thus, an angle of —6.29 is in quadrant IV.

Because values of the tangent function are negative in quadrant IV, tan (—6.29) is negative.

. 2 2
sm6=y=§ cote—i—%zl
5 ]
2
cos¢9=x=7 se06=l=L=i=i'£=\/§
2 CETRTR
——:z:
o= ol L 2 22 g
: Ve TR R
_15
sin6=y=i cotg=X-—m__LI7)_ 15
17 y & 1708 8
cos6=x=—E 1 1 17
17 secl=—=—p=——
3 X 7 15
ang=2=1 -8 17)_ 8 1 1 17
x -3 17 15 15 cscf=—=—=—
Y 17 8
5
sin¢9:y=—£ Cotg_ﬁ_izi By__5
13 y —2il12) 12
(:05(9—x—i 1 1 13
13 secl=—=—=—"
. X % 5
@ng=2-_1__12(13) 12 11 13
x5 1305 5 csch=—=—>=-—
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48.

49.

50.

51.

55.

1

sinf=y=——

Y 2
cos6’=x=—£

2
1

y - 1 2
tanf=—=—==——| ——

- 2[ ﬁj

1 _ 1B

V3B B3
tans =.2126 52.
tan 1. 21260
s =~.2095
coss =.7826 53.
cos 10, FE2ED

ET2E
s =.6720
sins =.9918 54.
Sim 1. 991380
1.4426

s ~1.4426

T . 1
—, T |;sIns =—
[2 } 2

Recall that sin% :% and in quadrant II, sin s is positive.

thus. s S
us, S=—-.
6

_B
cotf=2= T=—££—Ej=\/§
1 1 2
6:—:_:—_
sec . _g NG
__ 2323
3 V3 3
csc¢9=l=L1= -(—Ej=—2
y -2 1
cots =.2994
1-.2994
3. 3488
t.an- 1 ANR=2
1.2799
s=1.2799
sec s =1.0806
11,8805
« 2254
cos"1 AR
A
s =~.3887
cscs =1.0219
1-1.8219
] . A7EE
sin1IAR=2
1.3634
s =1.3634

Therefore, sin| 7 L sins—ﬂ- = l and
6 6 2



56.

57.

58.

59.

60.

61.
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V.4 1
—,7 |, COo8s =——
2 2
2 1

Recall that cos% :% and in quadrant II, cos s is negative. Therefore, cos (7[ —%) = COST = —E,

27
and thus, s=—.

3
‘:ﬂ', 377[}, tans = \/5

Recall that tan% =+/3 and in quadrant III, tan s is positive. Therefore, tan (ﬂ' + %) = tan%[ = \/§ s

iy
and thus, s= T

37| . 1

T, — |;sins=——

2 2
r 1

Recall that sin% = % and in quadrant III, sin s is negative. Therefore, sin (7[ +%j = sin? = _E’

d th s—7—”
and thus, 6
{3—7[, 271'} tans =-—1
2

. . . 7
Recall that tan% =1 and in quadrant I'V, tan s is negative. Therefore, tan (275 —%) = tanTH =—1,

r
and thus, s= T

3 \/5
—, 21 |;coss =—
2 2

1z 3

Recall that cos% = 73 and in quadrant IV, cos s is positive. Therefore, cos (2;: - zj = COST =

b}

11z
and thus, s= T

s = the length of an arc on the unit circle = 2.5

X=CO0S § = x=cos 2.5 cosC2. 52
-.2a11

y=sin s = y =sin 2.5 SindZ. 52
3985

(—.8011, .5985)
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62.

63.

64.

65.

66.

69.

s = the length of an arc on the unit circle = 3.4

X=co0s s = x=co0s3.4
y=sin s = y=sin 3.4

(~.9668, —.2555)

s=-7.4

x=cos s = x =cos(-7.4)
y=sin s = y=sin (-7.4)
(4385, - .8987)

s=-3.9

x=cos s = x =cos(-3.9)
y=sin s = y=sin (-3.9)

(~.7259, .6878)

s=51
cosCSll

. rd22
sincala

ETEZ

Since cosine and sine are both positive, an
angle of 51 radians lies in quadrant I.

s =49
CcosCgdan

. SEEE
sincgd9l

-. 9538

Since cosine is positive and sine is negative,
an angle of 49 radians lies in quadrant I'V.

67.

68.

cosCa. 40
- QERE
Sinc3. 42
-, 2555
Ccost -F.dl
4325
sint -7F.42
- 29a7
cosg -3, 92
. r2e9
Sing -3.92
.GEYE
s=65
CosCES)
SLOBEZ25D
sinceSl
. 22ES

Since cosine is negative and sine is positive,
an angle of 65 radians lies in quadrant II.

s=179
COsSC7aD

-. S9E0
sincyal

“.ddd]

Since cosine and sine are both negative, an
angle of 79 radians lies in quadrant III.

Since x = cos s, coss =.55319149. Also, since y = sin s, sins =.83305413.

Cos L. 553191497
_ L9545

=in ¢, 533054137
9545

5= .9846



70.

71.

72.

73.
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Since x = cos s, coss =—.9361702.
Also, since y = sin s, sins=.35154709. To determine s using sine, we must subtract

sin™' (.35154709) from 7z because s lies in quadrant I1.

cos 1 - 9361 7FEZ )
2.ra2d

:I-_;I:—E- im0, 35154 7E9
2.7824

§s=2.782

To solve this problem make sure your calculator is in radian mode; 23.44° = .4091radians and
44.88° = 7833 radians.

The shortest day can be found as follows. The longest day can be found as follows.
cos(.1309H ) =—tan Dtan L cos(.1309H ) =—tan D tan L
cos(.1309H ) = —tan (—.4091) tan (.7833) cos(.1309H ) = —tan (.4091) tan (.7833)
cos(.1309H ) = 4317 cos(.1309H ) = —.4317
1309H =cos™' (:4317) 1309H =2.0172
1309H =1.1244 H =154 hr
H =8.6 hr

(a) New Orleans has a latitude of L =30° or .5236 radians. Since the day and time have not changed,
D =—1425 and w = .7854

sin @ = cos D cos Lcos @+ sin Dsin L
sin @ = cos (—.1425)cos (.5236) cos (.7854 ) +sin (—.1425)sin (.5236)
sin @ =.5352

Thus, 6 =sin™! (.5352) =.5647 radians or 32.4°.

(b) Answers will vary.
£ = 60 — 30 cos 2
6
(a) January: x = 0; t=60—3OCOSUT”=6O—3OCOSO=60—30(1)=6O—30=30°
. 3 T
(b) April: x = 3; t=60—30005?=6O—30cos3=60—30(0)=6O—O=6O°
4z 2r 1
(¢) May: x=4; l=60—30005?=60—3OCOST=60—30 _E =60+15=75°

3

(d) June: x =5; t=60—30c085?ﬂ-=60—30(—7J=60+15\/§z86°

3

(e) August: x=7; t:60—30cos7?”=60—30[—7J=6O+15x/§:86°

(f) October: x=9; r= 60—30C0S9?” = 60—3000537” = 60—30(0) =60-0=60°
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74. T (x)=37sin| 22 (x—101)|+25
365
(a) March 1 (day 60)
T(60)=37sin{%(60—101)}+25z1°F
(b) April 1 (day 91)
T(91)=37sin| 22 (91-101) |+25 = 19°F
365
(¢) Day 150
T(ISO)=37sin{%(150—101)}r25z53°F
(d) June 15 is day 166 (31+28+31+30+31+15=166).
T(166)=37sin{%(166—101)}r25z58°F
(e) September 1 is day 244 (31+28+31+30+31+30+31+31+1=244).
T(244)=37sin{%(244—101)}r25z48°F
(f) October 31 is day 304 (31+28+31+30+31+30+31+31+30+31=304).

T(304)=37 sin{%(304—101)}r 25~12°F

Section 3:4: Linear and Angular Speed

1. The circumference of the unit circle is 27.
w=1 radian per sec, § =2z radians

o 2
w=—=1=—=1t=2xsec
t t

2. The circumference of the unit circle is 27.
v =1 unit per sec, s =27 units
K 2w

v=—1=—=1t=27 sec
t t

3. r=20cm, w= % radian per sec, t = 6 sec

(a) w=§:>%=%:>9=6~%=£ radians

(b) s=r9:>s=20%=10;zcm

ré 202 10r 5«
() v=—=v=—+==——=— cm per sec
6 6 3



10.

11.

12.

13.

.4 .
r=30cm, o= E radian per sec, t =4 sec

(a) a)=§:>%=§:> 0:4~%:2?” radians

(b) s=r¢9:>s:30-2—”:127r cm

ré 30-2 127
() v=—>v= 2 :T:3ﬂ'cmpersec
t

2 .
= =3 radians per sec, t = 3 sec

w=£:>2—”=£:>49=2ﬂ radians
t 3 3

o0 =%[ radians, t = 8 sec

: 3 48 32 radian per sec

o :2?” radians, = 10 sec

Z 2r 1
w=—=0="=— —
1 5 10

V4 .
=— radian per sec
t 25

0= 2?7[ radian, w= Z—” radian per min

_0_ St ¥ _Sm_ 2«

t 27 t 27 9t

0= S radians, @ = 7 radian per min
8 24

6 &7 ¥ =&
w=—=—=>4==
t 24 ¢t 24

0 =3.871142 radians, t=21.4693sec
o _3.871142

0=—=0

=.180311 radian per sec
t 21.4693

@=.90674 radian per min,  =11.876 min
o o

=>—=—>=45mt=5%r=>t=
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T . .
w= Z radian per min, =5

a)=£:>£=£:>9=5 z =5—7[ radians
t 4 5 4 4
=— min

5

=3—”:>8ﬂ'l=72ﬂ':>t=72—7[=9 min
8t 8

w="=.90674=—— = 0=(.90674)(11.876) ~ 10.768 radians
‘ 11.876

r=12m, o= 2% radians per sec

V=rao=v :12(2Tﬂj =87 m per sec

14. r=8cm, w= 9?” radians per sec

O\ T2&w
v=ro=v=_§ =5 :T cm per sec
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15.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

V=9 m per sec, r=5m 16. v =18 ft per sec, r =3 ft

9 . v=r@®=18=3w= w=06 radians per sec
v=ro=9=50= a):g radians per sec

v =107.692 m per sec, r = 58.7413 m

v=rw=>107.692=58.7413w0 = w= 107.692 =~1.83333 radians per sec

58.7413

r=24.93215 cm, w= .372914 radian per sec
v=ro=yv=(24.93215)(.372914) = 9.29755 cm per sec

T .
r=6cm, w= E radians per sec, t =9 sec

s= ra)t:>s=6(%)( 9)=187rcm

r=9yd, w:%z radians per sec, t = 12 sec

s=ra)t:>s=9£2?ﬁj(12)=¥ yd

V4 .
s=6rcm,r=2cm, @= P radian per sec

s=rot=6mr=2 z t=>6r= z t=>t=6r E =12 sec
4 2 T

127 3 2r .
§s=——m, r == m, ®=— radians per sec
5 2 5

127 3(2x 127 3 12z ( 5
sS=rot=>—=—| — |[t=D>—=|— |t=>t=——| — | =4 sec
5 205 5 5 5 \3r

s=%km,r=2km,t=4sec

s=ra)t:>3—”=2(a))4:>3—”:8a):>a):3—”-l:3—”radianpersec
4 4 4 8 32
87 4
S=— m, r=—m,t=12sec
9 3
s=rwt:>8—”=i(w)12:>8—”=16w:>w=8—”~i=£radianpersec
9 3 9 9 16 18

The hour hand of a clock moves through an angle of 2z radians (one complete revolution) in 12 hours,
0 2% & .
S0 @®=—=——=— radian per hr.
12
The line makes 300 revolutions per minute. Each revolution is 2z radians, so we have the following.

w=2r (300) = 6007 radians per min



217.

28.

29.

30.

31.

32.

33.

34.

35.

36.
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The minute hand makes one revolution per hour. Each revolution is 2z radians. Thus, we have

w=2rx (1) =27 radians per hr. Since there are 60 minin 1 hr, w= é—g = 37[—0 radian per min.

The second hand of a clock makes one revolution per minute. Each revolution is 2z radians, so

w= 27[(1) =27 radians per min. Since there are 60 sec in 1 min, @= é—g = 37[—0 radian per sec.

The minute hand of a clock moves through an angle of 2z radians in 60 min, and at the tip of the
minute hand, » = 7 cm, so we have the following.
ré 1(27) 77
v=—=v=

V= =—— cm per min
t 60 30

The second hand makes one revolution per minute. Each revolution is 2z radians, and at the tip of the
second hand, r = 28 mm, so we have v=ro=v= 28(27[) =567 mm per min. Since there are 60 sec

S56r l4rm
=——— mm per SsecC.

in 1l min, y=—-—=
60 15

The flywheel making 42 rotations per min turns through an angle 42(27[) =84 radians in 1 min with

r=2m. Thus, we have the following.

VZTi\/:

=168z m per min

The point on the tread of the tire is rotating 35 times per min. Each rotation is 2z radians. Thus, we
have @=35(27) =70z radians per min. Since v =r®, we have v=18(707)=12607 cm per min.

At 500 rotations per min, the propeller turns through an angle of 8 = 500(27) = 1000z radians in 1 min

1.5(1000
with r:%:1.5 m, we have v:ﬁ:v:M
t

=15007z m per min.

The point on the edge of the gyroscope is rotating 680 times per min. Each rotation is 2z radians.
Since @=680(27)=13607 radians per min, we have the following.

v=ro=v=_83(13607)=112,8807 cm per min

At 200 revolutions per minute, the bicycle tire is moving 200 (27) = 4007z radians per min. This is the
angular velocity @. The linear velocity of the bicycle is v=rw= 13(4007[ )=52007 in. per min. To

convert this to miles per hour, we find the following.

,_5200zin. 60min 1ft _1mi
min  hr 12in. 5280 ft

=15.5 mph

Mars will make one full rotation (of 2z radians) during the course of one day. Thus, we have the
following.

1hr

—————— |=24.62hr
0.2552 radian

27 radians (
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= L(27[) _2r radian
365

. 7]
37. (a) 365

2w 2r 1 V.4
b) @w=— radian per day = ——-— radian per hr = radian per hr
b o=2 pet P 4380 P

365 24

(¢) v=ro=v=(93,000,000) L 66,700 mph
4380

38. (a) The earth completes one revolution per day, so it turns through @ =27z radians in time
t =1 day = 24 hr. Thus, we have the following.

w= 9 > o= 2z =27 radians per day = @ = 2—”radiam per hr = 2 radian per hr
t 1 24 12
(b) At the poles, r=0,s0 v=rw=0.
(c) At the equator, r = 6400 km. Thus, we have the following.

12,800
4

V==ro=v= 6400(27[) =12,8007 km per day = km per hr = 5337 km per hr

(d) Salem rotates about the axis in a circle of radius r at an angular velocity w= 2z radians per day.

Equator

South Pole

B

sin45° = —— = r = 6400sin 45° = 6400| = | = 32002 km
6400 2

and
VE=ro=v= 3200x/§(2ﬂ') = 90507 km per day = 28,000 km per day
V= 9025;)” km per hr =377z km per hr = 1200 km per hr

39. (a) Since the 56 cm belt goes around in 18 sec, we have the following.

28
v=rw3&=(12.96)w:>§=(12.96)w: w=—2
18 9 12.96

= .24 radian per sec

(b) Since s = 56 cm of belt go around in 7 = 18 sec, the linear velocity is as follows.

s 56 28
v=—=v=—=—=3.11 cm per sec
t 18 9
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40. The larger pulley rotates 25 times in 36 sec or % times per sec. Thus, its angular velocity is

25 257 ) . ) . .
= %(271' ) = ETE radians per sec. The linear velocity of the belt is the following.
257\ 1257
v=ra)3v:15w = cm per sec

To find the angular velocity of the smaller pulley, use v = 1257 cm per sec and r = 8 cm.

1257 125z (1Y 125m% .
v==ro=>——=80=>w= —|= radians per sec
6 6 \8 48

41. @ =(152)(27) = 3047 radians per min = 3047 dians per sec = 716—5” radians per sec

v=rw=594=r 76—7[ =>r=54 i =373 cm
15 761

42. Let s = the length of the track on the arc.

First, converting 40° to radians, we have 40° =40 (% radianj = %tradian.

The length of track, s, is the arc length when 6 = 2?7[ and r = 1800 ft.

s=r@=s =1800(%”) — 4007 ft

Expressing the velocity v = 30 mph in ft per sec, we have the following.

30 . (30)5280
v =30 mph = —— mi per sec =———— ft per sec =44 ft per sec
3600 3600
. 30 . (30)5280 _
Since v =30 mph =—— mi per sec = ————— ft per sec =44 ft per sec, we have the following.
3600 3600
v=S 2 aa =0 gy — 000 = = 2007 1007 o e
t t 44 11

43. In one minute, the propeller makes 5000 revolutions. Each revolution is 2z radians, so we have
5000(27) = 10,0007 radians per min. Since there are 60 sec in a minute, we have the following.

0= % = % =~ 523.6 radians per sec

44. r=>5ft; =25 radians per sec

v=ro=v=>5(25)=125 ftper sec
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Chapter 3: Review Exercises

1. Anangleof 1° is % of the way around a circle. 1 radian is the measurement of an angle who vertex
is at the center of a circle and intercepts an arc equal in length to the radius of the circle. 1 radian is
1 L . 1 1 L
py of the way around this circle. Since %<2—, the angular measurement of 1 radian is larger
V4

T
than 1°.

T
2. (a) Since % =~1.57 and & = 3.14, we have E <3< 7. Thus, the terminal side is in quadrant II.
. 3 3T . .
(b) Since 7 =3.14 and 7 =4.71, we have 1 <4< 7 Thus, the terminal side is in quadrant III.

(¢) Since —%:—1.57 and — 7 =-3.14, we have —%>—2>—7z. Thus, the terminal side is in
quadrant III.

(d) Since 27 =6.28 and 57” ~7.85. wehave 2r <7< 57” Thus, the terminal side is in quadrant I.

3. To find a coterminal angle, add or subtract multiples of 2z. Three of the many possible answers are
1+27x, 1+4x, and 1+6x.

4. To find a coterminal angle, add or subtract multiples of 2z. Since n represents any integer, the

. T . . T .
expression g—k 2n7 would generate all coterminal angles with an angle of r3 radian.

5. 45°=45| " radian | = Z radian 1, (1807 s
180 4 R
6. 120°=120 —radla _ 27 dians 12, 27 97 (180°) 0o
3 0 100 7
7. 175°=175 —rad1a 35—ﬂ-radmns 13. 8—”:8” 180 =480°
3 3 T
8. 330°=330 —radl :—rad1ans 14, 57 __67(180°) 5 0
5 5 T
9. 800°=800 —radla :40—ﬂ-rad1ans 15. —M 11” 180 =-110°
9 18 18 «
10. 1020° =1020( % radian | = % radians 16, 27 217 (1807) g
180 3 5 5«

17. Since 151 rotation, we have 8 = l(271') =
60 4 4

DN

. Thus, s:r0:>s:2(%):7zin.

18. Since 201 rotation, we have (9:1(271'):2—”. Thus, s=r@ =>s=2 2z _ar in.
60 3 3 3 3 3



19.

20.

21.

22,

24,

25.

26.

217.

28.

Chapter 3: Review Exercises 145

Since @ =3(27)=6x, we have s=r0 = s=2(6x)=127 in.
Since 6 = 10.5(27z) =21x, wehave s=rf = s = 2(217[) =427 in.

r=152cm, 9=%Tﬂ- 23. r=8.973 cm, 8 =49.06°

3 First convert 8 =49.06° to radians.
s=rf0 = s=15. 2( 1 )—11.4ﬂz35.8 cm

0 = 49.06° = 49,06 - | = 22067
180) 180
r=11.4 cm, 8=.769 o . 49 067 .
s=r0=s=(11.4)(.769) ~8.77 cm §=rf=s=8973 =7.683 cm

r=28.60,0 =%
4

A=lr29:>A_—(2869) (77[} (8231161)( j22631n
2 4) 2 4

r=38.0m, 8 =21°40’
First convert € =21°40" to radians.

65 137
0=21°40 = (21+2) Z_|=(212)[ X 13z
( 60)(180) ( 3)(180 3(180) 108

A=1r26:>A_—(380) (13”j 1(444)[13”j 273m’
2 108) 2 108

Because the central angle is very small, the arc length is approximately equal to the length of the
inscribed chord. (See directions for Exercises 25-26 in Section 3.2.)

Let & = height of tree, r = 2000, and € =1°10".
First, convert @ =1°10" to radians.

T( x r
0=1°10"=(1+L)°=(11)°==| —radian |= ——radian

Thus, we have the following.
B~ 0= h=2000] 7|~ 41 yd
1080
28°N, 12°S
12°N =-12°S
0=28°—(—12°)=40°= 40[ 180 radlan) = % radian and s = r@ = 6400( 29”) 4500km (rounded to
two significant digits)

72°E, 35°W
35°W =-35°E

0 =75°—(=35°)=110° =110 %~ radian | = radian and s = 6 = 6400 - | = 12,000km
180 18 18

(rounded to two significant digits)
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29.

30.

31.

32,

33.

34.

s=1.5r=2
s=r6’:>1.5=2(93(9=£=é
2 4
A=lr26:>A—— 2(3 l — =§ or 1.5 sq units
2 4 2 2

s=4,r=8
s=rf@=4= 8(9:>(9—i=l

8 2
A:%rZH:A— ( j [ j—16squn1ts
(a) The hour hand of a clock moves through an angle of 2z radians in 12 hr, so we have the following.

=2—7[=£ radian per hr
12 6

Since w= ﬁ = 0 =tw, in 2 hr the angle would be 2(%) or % radians.
t

(b) The distance s the tip of the hour hand travels during the time period from 1 o’clock to 3 o’clock,

is the arc length when & :% and r = 6in. Thus, s=rf0=s= 6(%) =27 in.

Answers will vary.

tan%=\/§

Converting % to degrees we have, %: §(180°) =60°.

tan% =tan60° = \/§

Find coszTﬂ-.

2 2 2 .
Since ?ﬂ is in quadrant II, the reference angle is 71'—?” = 3?7[ 37[ = % In quadrant II, the cosine
. . 2 /4 1
is negative. Thus, cos— =—cos—=——.
3 3 2

Converting 2?” to degrees, we have ZT” =%(180°) =120°. The reference angle is 180°—120° = 60°.

Thus, coszT” =¢0s120°=—cos60° = —%.



35.

36.

37.

38.
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Find sin [— 5—”) .
6

RY/4 S 127 I
—5% is coterminal with —?+27Z=——+—=—

6 6 6 Since iz is in quadrant III, the reference

. 7 7 . . .
angle is ?ﬂ—ﬂ'=—”—6—”=£ In quadrant III, the sine is negative. Thus,

6 6 6
. Y4 . Iz . 1
s —— |[=SiIN——=—S1IMN—=——.
6 6 6 2

Converting 7?7[ to degrees, we have 7?” = %(180") =210°. The reference angle is 210°—180° =30°.

Thus, sin —5—7[ =sin7—7[=sinZlO°=—sin30°=—l
6 6 2

Find tan (— %{j .

T . . . r r r 12m S« ) o
~ 17 s coterminal with ———+ 2(27)=——+4r=—-—+——="_ Since R is in quadrant IV,
3 3 3 3 3 3 3
the reference angle is 27 —5?” = %[—5?” = % In quadrant IV, the tangent is negative. Thus,

r S5 T
tan| —— =tan—=—tan—=—\/§.
( 3) 3 3

Converting 5?7[ to degrees, we have 5?7[ = %(ISOC’) =300°. The reference angle is 360°—300° = 60°.

Thus, tan(—%} = tans?ﬂ- =tan 300° = —tan 60° = —\/5.

Find csc —M .
6

1z . . . 117z iz 1272 _n . & . .
ra is coterminal with —?+27Z =—T+T=€. Since — is in quadrant I, we have

Converting % to degrees, we have %= %(1800) =30°. Thus, csc(—%) = csc% =csc30°=2.

Find cot (— ”Tﬂ) .

177 177 1z 187 «
—”T” is coterminal with —T+3(27Z')=—T+6ﬂ=—T+T=§. Since % is in quadrant I,
177 V4 3
we have cot| ——— |=cot—=—.
3 3 3

177 \3

Converting z to degrees, we have L. l(180") =60°. Thus, cot| ——— |= cotZ = cot 60° =
3 3 3 3 3 3
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39.

40.

41.

42,

43.

44.

45.

46.

. T . .. . .. . T
Since 0<1< E , sin 1 and cos 1 are both positive. Thus, tan 1 is positive. Also, since E <2<r,

sin 2 is positive but cos 2 is negative. Thus, tan 2 is negative. Therefore, tan 1 > tan 2.

Since 0<1< % , sin 1 and cos 1 are both positive. Also, cosl<1= >1. Since sinl>0, we

cosl

. . sinl . .
-sinl>1-sinl = ——>sinl = tanl >sinl.
cosl cosl

have

Since 3 <2<, sin 2 is positive and cos 2 is negative. Thus, sin 2 > cos 2.

Since sin0=0, cos(sin0)=cosO=1. Also, since cos0=1,sin(cos0)=sinl. Since 0<1< %

O<sinl<1. Thus, cos(sin0)>sin(cos0).

sin1.0472 = .8660 47. sec7.3159=1.9513
=incl.B4722 CosCF. 31590
. BEEE 5125
An=
1.9513
tan 1.2275=2.7976 48. csc4.8386 ~—1.0080
tancl. 22752 sincd. 83862
2. 7976 - FRZA
An=
-1. 0888
cos(—.2443) = .9703 49. coss=.9250
Cos( . 24437 EeERSoE el
La7ET . 339
s =~.3898
cot3.0543 = —11.4266
et T 85430 50. tans=4.0112
- BEFS tan 14,8112
An=-1 .
-11. 4266

s =1.3265



51.

52,

5S.

56.

57.

58.
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sin s = .4924 53. cots=.5022
Sin 1. 49242 1.-.5822
.al4s 1.9912
t.an- 1 ANR=2
1. 1654
s=.5148 s =1.1054
cscs =1.2361 54. secs=4.5600
1-.1.2361
ey 0P 174.3588 a3
=in1AnNs cos- 1 ARsD
2424 1.3497
s =.9424 s =1.3497

\S)

T V4 2 .
Because coss =——, the reference angle for s must be r since COSZ = - For s to be in the

[\

interval {O,E} , s must be the reference angle. Therefore s = % .

l:z, ﬂ'i|, tans = —\/g
2
Because tans =—\/§, the reference angle for s must be % since tan %=\/§ For s to be in the

. [z T 2z
interval E, 7[}, we must subtract the reference angle from z. Therefore, s =7 — E = T

T, —|,secs=———

2 | 3

37 ] 23
[ y

2~/3 T T .
Because secs = —T\f, the reference angle for s must be g since secz = T For s to be in the

. [ 37 T I
interval | 7, 7} we must add the reference angle to z. Therefore, s=7 +€ =—.

6
3—”,27[ ,sins:—l
2 2

. T 1
Because sins = —%, the reference angle for s must be % since s1n€= —E. For s to be in the
. 37, 7 1z
interval 7’ 7| , we must subtract the reference angle from 2. Therefore, s =27 — g = T .
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59. = 5—”, 0= 8z radians per sec
12 9

Sm
wzgzg—ﬂzizg—”:5—”:96m:457z:t:—45”:Esec
t 9 t 9 12 967 32
60. t=12 sec, w= 9 radians per sec
0 0

w=—=9=—= 0 =108 radians
t 12

61. r=8sec, 6 :2?7[ radians

0 Z op(1\ #m .
w=—=@=—=—|— |=— radian per sec
t 8 518) 20
62. 5= f =3 fi,1=15 sec
25 5

s P 12x(1) 127
vy y=22 = | — =

t 15 25\15) 375
127 3 5(12x 4r .

V=ro=——=—0= W=—| —— |=—— radian per sec

375 5 3\ 375 75

63. r=11.46cm, @=4.283 radians per sec, t =5.813 sec
s=rl@=rar= (11.46)(4.283)(5.813) =~285.3cm

64. The flywheel is rotating 90 times per sec or 90(27[) =180 radians per sec. Since =7 cm, we have

the following.
v=rw=v=7(1807)=12607z cm per sec

RIS
6 30

V4 .
=— radian per sec.
36

o

65. Since t= 30secand 6= 5?”, radians we have @ = ? =>w=

66. F(1)= %(1 —cost)

N | =
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67. (a) Because alternate interior angles of parallel lines with transversal have the same measure, the
measure of angle ABC is equal to the measure of angle BCD (the angle of elevation). Moreover,

triangle BAC is a right triangle and we can write the relation sin@ =—.

s
; 1
1 s
I //
hy d,~
1 s
Angle of P
Elevation | Ve
B
C D

=d =hcscé.

Solving for d we have, sin¢9=§:>dsim9=h =d=h-
sin

(b) Since d =hcsc, we substitute 24 for d and solve.

2h=hCSC922=CSC€2Sin9=%29=%

d is double & when the sun is % radians (30°) above the horizon.

23

T T
Z=1and csc—=——=1.15
(¢) csc an 3 3

When the sun is lower in the sky (9 = %} sunlight is filtered by more atmosphere. There is less

ultraviolet light reaching the earth’s surface, and therefore, there is less likelihood of becoming
sunburned. In this case, sunlight passes through 15% more atmosphere.

68. (a) sinf=—2—= y=2.625sin8
2.625

u

(b) cos@=——=u=2.625cosf
2.625

(c) cosa:L: s=10.5cosx
10.5

d x=u+s=x=2.625cos8+10.5cosx

(e) The maximum velocity of 21.6 mph occurs when 6 =4.94 radians.

Floktl Flokz Floks W T KOO
SME-Z2.e25%sincE| | Bmin=A
YO ltcosCEYATCLS] | Bmax=6
+LCosS O ST | Kecl=1
168, 1010124528 | Ymin=-25
(5 Ymax=25
wEs wsCl=3 Haxirun
wMr= #res=1 FETE-LTE y=z1.E7EY
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Chapter 3: Test

1. 120° =120 - radian |= 2% radians g, 31807 a5
180 3 4 4\ 7z
2. —45°=—-45| " radian |= -~ radian 5, JE__TER(IBO°) e
180 4 6 6\ «
3. 5°=5| 2 radian | =~ ~ .09 radian 6. 4=4[18%) 229180
180 36 7

7. r=150cm, s =200 cm

(a) s—r¢93200—150¢9:¢9—

(b) A=%r29:>A— (150) [

8. r=l in., s=11n.
2

s=r931:%€:€:2radians

For Exercises 9 — 14, use the following copy of the figure on pages 109 and 123 of your text.

9. Find sin%[.

Since % is in quadrant II, the reference angle is 71'—% :4—”— 3 —E. In quadrant II, the sine is

4 4 4
nf

positive. Thus, sin 3—” =sin—=—
4 4 2

Converting %[ to degrees, we have %[ = %(1800) =135° The reference angle is 180°—135° =45°.

2
-

Thus, sins—” =sin135°=sin45° =
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10. Find cos[—%).

11.

12.

13.

15.

16.

r 12n S«
_ =

r
—7?” is coterminal with —?+27Z =- Since Sz is in quadrant II, the reference

6 6 6
. St _6r S & . . .
angle is 7-——=—-—-——=—. In quadrant II, the cosine is negative. Thus,
6 6 6 6
V4 V4 3
cos| —— |=cos—=—cos—=——
6 6 2

Converting 5?” to degrees, we have 5?” = %(180") =150°. The reference angle is 180°—150° =30°.

3

Thus, cos —7—” = coss—ﬂ- =c0s8150°=—-c0s30°=——.
6 6 2
3 . .
tan 7 =tan270° is undefined.

Find secg?”

87 . . . 87 8z 6om 27 . 2m . . .

Y is coterminal with ?—275 = EREEY =?. Since 5 is in quadrant II, the reference angle is

T 2z = 3z 27 = E. In quadrant II, the secant is negative. Thus, secg—” = secz—ﬂ- = —secE =-2.
3 3 3 3 3 3 3

Converting 2?7[ to degrees, we have 27” = %(1800) =120°. The reference angle is 180°—120° = 60°.

Thus, secg?ﬂ = seczTﬂ- =sec120° =—sec60° =-2.

tanzz =tan180°=0 14. cos%[ =c0s270°=0
ks
§=—
6
. Tz . . .7 7 .
Since ~Z s in quadrant III, the reference angle is ?ﬂ— = ?ﬁ —6?” = % In quadrant III, the sine
and cosine are negative.
. T 1
sin— =—sin—=——
6 2
V.4 3
COS— =—COS—=———
6 2
T 3
tan—=tan—=—
6 3
. . 1 .
For any point, (x, y), on the unit circle, we have tans = 2 and sec s =—. Thus, for any point on the
X X

unit circle where x =0, these two functions will be undefined. This occurs at the following.

St 3t _x & 3msm

ceey N e

2 27 2727272

Therefore, the domains of the tangent and secant functions are {s |s#(2n+1)%, where n is any integer}.

PP
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17. (a) sins=.8258
Sin 1. 22580

(b) Since cosZzl and OSESZ,
3 2 3 2

ra-)

T
s=—.
3

s=.9716

18. (a) The speed of ray OP is w= % radian per sec. Since W= ?, then in 8 sec we have the following.

[ T 6 8t 2rx .
W=—=>-—=—=0=—=""radians
t 12 8 12 3

(b) From part (a), P generates an angle of ZT” radians in 8 sec. The distance traveled by P along the

circle is s=rf = s =60 [%”j — 407 cm.

(c) vzizmTﬂ-:Sn cm per sec.
t

19. r=483,600,000 mi
In 11.64 years, Jupiter travels 2z radians.
0 2
D=—=>0=——
t 11.64

v=rw=v=483,600,000 (%) =261,043,678.2 miles per year

Next, convert this to miles per second.

261,043,678.2 miles 1 year 1 day 1 hour 1 minute .
V= - =~ 8.278 mi per sec
year 365 days )\ 24 hours /\ 60 minutes /\ 60 seconds

20. (a) Suppose the person takes a seat at point A. When they travel % radians, they are 50 ft above the

ground. When they travel r3 more radians, we can let x be the additional vertical distance

traveled.

sinzzi:x:505in£=50-l=25
50 6 2

Thus, an additional 25 ft above ground it traveled, for a total of 75 ft above ground.

person loads here

(b) Ferris wheel goes ZT” radians per 30 sec or z—g radian per sec.
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Chapter 3: Quantitative Reasoning
1. Triangle RQP is similar to triangle RMO because angle R = angle R and angle Q = angle M.
r < r ¢ c?
2. — =l =—=r=—
c b ¢ 2b 2b
2 2
3. a®+b*=c?: Thus, we have r="2 b .
2b
2 2
4. In the diagram, a =1.4in. and b=.2in. Since r= T we have the following.
L (14) +(2)°  1.96+.04 200
2(2) 4
Thus, the radius is 5 in.

5
4






Chapter 4
GRAPHS OF THE CIRCULAR FUNCTIONS

Section 4.1: Graphs of the Sine and Cosine Functions

Connections (page 140)

1. X =-0.4161468, Y =0.90929743, X is cos2 and Y is sin2
Flobl Flotz Floks HersT YErecosiT)
Al BoosCT)
YirBsincT2
T Beos(T)
zr Bcios
= l\._|_,rrr \:d‘«.__r"f
Yar= T=z
SENT S M=z Y= -.4161460
2. X =1.9,Y =0.94630009; 3. X =1.9,Y=-0.3232896;
sin1.9 =0.94630009 cos 1.9 =-0.3232896
j::la_:i:zl Mr=siniT) ?F\ YErecosiT)
l:;l:rr l:;l:rr
W=-3z3zEO6 W=.AuEZ0008 H=1.8 Y= -.323EA06
Exercises
1. y= sin x s. y= sin 2x
The graph is a sinusoidal curve with The graph is a sinusoidal curve with a period
amplitude 1 and period 27. O.f T and. an amphtu.de of 1. .
Since sin 0 = 0, the point (0,0) is on the Since sin(2-0)=sin0=0, the point (0,0)
graph. This matches with graph G. is on the graph. This matches with graph B.
2. y=cosx 6. y=cos2x
The graph is a sinusoidal curve with The graph is a sinusoidal curve with an
amplitude 1 and period 27 amplitude of 1 and a period of 7.
Since cos0=1, the point (0,1) is on the Since cos(2:0)=cos0=1, the point (0,1)
graph. This matches with graph A. is on the graph. This matches with graph H.
3. y=—sinx 7. y=2sinx
The graph is a sinusoidal curve with The .graph is a .sinusoidal curve with
amplitude 1 and period 27. amplitude 2 and period 27.
Because a = —1, the graph is a reflection of Since 2sin0=2-0=0, the point (0,0) is
y = sin x in the x-axis. This matches with on the graph. This matches with graph F.
graph E.
4., y=-cosx

The graph is a sinusoidal curve with
amplitude 1 and period 27.

Because a = -1, the graph is a reflection of
y = cos x in the x-axis. This matches with
graph D.

157
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8. y=2cosx
The graph is a sinusoidal curve with period 2z and amplitude 2. Since 2cos0=2-1=2, the point

(O, 2) is on the graph. This matches with graph C.

9. y=2cosx
Amplitude: |2| =2
X 0 z T £ 2r
2 2
coSs x 1 0 -1 0 1
2cosx 2 0 -2 0 2
This table gives five values for graphing one
period of the function. Repeat this cycle for
the interval [-27,0].
10. y=3sinx
Amplitude: |3 | =3
X 0 z T 3z 2r
2 2
sin x 0 1 0 -1 0
3 sinx 0 3 0 -3 0
This table gives five values for graphing one
period of y = 3 sin x. Repeat this cycle for
the interval [-27,0].
11. y= Esin X
3
] 2| 2
Amplitude: 3 ‘ = 3
X 0 z T 3z 2r
2 2
sin x 0 1 0 -1 0
%sinx 0 %z.7 0 —%z—.7 0
3 3 3

This table gives five values for graphing one

period of y= %sin x. Repeat this cycle for

the interval [-27,0].




Section 4.1: Graphs of the Sine and Cosine Functions 159

12 = écos b
.y 4
N A )
Amplitude: i
X 0 z T 3z 2r
2 2
cOS X 1 0 -1 0 1
3 coS X 3 0 _3 0 3
4 4 4 4
This table gives five values for graphing one
period of y= %cos x. Repeat this cycle for
the interval [-27,0].
13. y=-cosx
Amplitude: |-1]=1
X 0 z T 3z 2w
2 2
coSs x 1 0 -1 0 1
—Cos x -1 0 1 0 -1
This table gives five values for graphing one y
period of y =—cosx. Repeat this cycle for
the interval [—27[, O]. = —Cos X
14. y=-sinx
Amplitude: |-1]=1
X 0 z T 3z 2w
2 2
sin x 0 1 0 -1 0
—sinx 0 -1 0 1 0

This table gives five values for graphing one
period of y=—sinx. Repeat this cycle for

the interval [-27,0].
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15. y=-2sinx
Amplitude: | -2 | =2
X 0 z T 3z 2r
2 2
sin x 0 1 0 -1 0
—2sinx | 0 -2 0 2 0

This table gives five values for graphing one
period of y=-2sin x. Repeat this cycle for

the interval [—27[, O] .

16. y=-3cosx
Amplitude: | -3 | =3
X 0 z T 3z 2n
2 2
coS x 1 0 -1 0 1
—3cosx | -3 0 3 0 -3

This table gives five values for graphing one
period of y=-3cosx. Repeat this cycle

for the interval [—27[, O].

!
17. =sin—x
YIS

Period: ZT” =4z and Amplitude: |1|=1
2
Divide the interval [0,47] into four equal parts to get x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [-47,0].

X 0 T 27 37 V¥4
l X 0 z T 3—” 2w
2 2 2
L1
sin —x 0 1 0 -1 0
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18 —singx
.y 3

Period: ZT” = 27t% =37z and Amplitude: | 1 | =1

3

Divide the interval [O, 37[] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [-37,0].

3 4

x 0o || 3ZE N2
4 2 4

gx 0 z T 3—” 2w

3 2 2

sin%x 0 1 0 -1 0

19 —cosix
-y 4

. 2
Period: T”
Py

27t-i = 8z and Amplitude: | 1 | =1
3 3
Divide the interval [0, 8?7[} into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [— 8?” , 0}.

R I T
3 3 3
ix 0 z T 3—” 27
2 2
cosix 1 0 -1 0 1
20 —coslx
.y 3

Period: ZT” =2r

3
! 1

=67 and Amplitude: |1]=1
Divide the interval [O, 67[] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [-67,0].

X 0 3—” 3 9—” (/4
2 2
1, o | Z | 7z | Z|
3 2 2
COS—X 1 0 -1 0 1
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21. y=sin3x

Period: 2% and Amplitude: |1]=1

Divide the interval [O, 2—”} into four equal parts to get the x-values that will yield minimum and

. . . . . 2
maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—?”,0}.

.4 V.4 T 2
x 0 — — — —
6 3 2 3
3x 0 z T 3—” 2w
2 2
sin3x 0 1 0 -1 0
22. y=cos 2x

Lo 27 .
Period: 5 r and Amplitude: | 1 | =1

Divide the interval [0,7] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—7[, 0].

w

T

X 0 z r = T
4 2 4
2x 0 z T 3—” 27
2 2
cos 2x 1 0 -1 0 1

1
23. y=2sin—x
Y 4

Period: ZT” =2r-

4

=8z and Amplitude: |2]=2

Divide the interval [0,87] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—87[, 0].

X 0 27 V¥ s 6m 8
l X 0 z T 3—” 2w
4 2 2
sin — x 0 1 0 -1 0
4
!
2sin Z X 0 2 0 -2 0




24. y=3sin2x

o2 .
Period: 3 7 and Amplitude: |3]=3
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Divide the interval [0,7] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—7[, 0].

T T 3
X 0 — = = .4
4 2 4
2x 0 z T 3—” 2w
2 2
sin 2x 0 1 0 -1 0
3sin2x 0 3 0 -3 0

25. y=-2cos 3x

o2 .
Period: EY and Amplitude: | -2 |=2

Divide the interval {0, 2?7[} into four equal parts to get the x-values that will yield minimum and

. . . . . 2
maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—?”,0}.

T .4 2
x 0 Z |z i ==
6 3 2 3
3x 0 z T 3—7[ 2w
2 2
cos 3x -1 0 1 0 -1
—2cos3x -2 0 2 0 -2

26. y=-5cos 2x

oo 27 .
Period: 5" 7 and Amplitude: | -5 | =5

Divide the interval [0,7] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [-7,0].

0 V1 V1 kY4 . y
* 4 2 4 y =-5cos 2x
2x 0 z T 3—” 27
2 2 x
cos 2x 1 0 -1 0 1
-S5cos2x | -5 0 5 0 -5
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27. y=cosmx

Period: 27 _ 2 and Amplitude: |1]=1

T

Divide the interval [0,2] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—2, 0].

X l 1 é 2
2 2
X z T 3—” 27
2 2
COSTTX 0 -1 0 1

28. y=-sinzx

Period: 27 _ 2 and Amplitude: |-1|=1

T

Divide the interval [0,2] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—2, 0].

1
X — 1 é 2
2 2
X z T 3—” 27
2 2
sin x 1 -1
—sinzx -1 1

29, y=-2sin27xx

Period: i—” =1and Amplitude: |-2|=2

T

Divide the interval [O, 1] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [-1,0].

1 1 3
X — — — 1
4 2 4
27X z T 3—” 2w
2 2
sin 27 x 1 -1
—2sin 27w x -2 2

y ==2sin2mx




Section 4.1: Graphs of the Sine and Cosine Functions 165

30. y=3cos2mx
Period: i—” =1 and Amplitude: |3| =3
V4

Divide the interval [0,1] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—1, O].

0 1 1 3 | y
X 4 P 4 y =3 cos 2mx
27X 0 z T 3—” 2w
2 2 x
cos 27 x 0 -1 0 1
3cos2zx 3 0 -3 0 3
1 T
31. y=—cos—x
Y73
Period: 2z = 271'-2 =4 and Amplitude: 1 = 1
% T 21 2

Divide the interval [0,4] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—4, 0].

X 0 1 2 3 4
zx 0 z T 3—” 2
2 2 2
cosZx | 1] 0 | 1] o] 1
2
lcoszx 1 0 1 0 1
2 2 2 2 2

32, y= —%sin%x

Period: 27” =2r- 4 =8 and Amplitude:
z V4
4

22
313

Divide the interval [0,8] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [—8, 0].

X 0 2 4 6 8
£)c 0 z T 3—” 2
4 2 2
sinZx 0| 1] o |-1]o0
4
——sin—x 0 _% 0 % 0
3 3
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33.

34.

35.

36.

37.

(a)
(b)
(c)
(d)

(a)

(b)

(a)

(b)

(a)

(b)

The highest temperature is 80°; the lowest is 50°.
1 1

The amplitude is 5(800 -50°) = 5(300) =15°.

The period is about 35,000 yr.

The trend of the temperature now is downward.

1 1
The amplitude is 5(120—80) = 5(40) =20.
1
Since the period is .8 sec, there are 5= 1.25 beats per sec and the pulse rate is 60(1.25) =75

beats per min.

The latest time that the animals begin their evening activity is 8:00 P.M., the earliest time is 4:00
P.M. So, 4:00 <y < 8:00. Since there is a difference of 4 hr in these times, the amplitude is

1
—(4)=2hr.
TOREL

The length of this period is 1 yr.

. 1 ... 3 ) 2r 3 4 L
The amplitude of the graph is 5; the period is X Since 725, k ZT. The equation is
—lsin—47”
y 3 3

3
It takes B sec for a complete movement of the arm.

E =5 cos 120zr

(a)

(b)

(c)

Amplitude: |5| =5 and Period: 2—” = L sec
120 60

Since the period is %, one cycle is completed in 6_10 sec. Therefore, in 1 sec, 60 cycles are

completed.
t=0, E=5c0s1207(0)=5cos0=5(1)=5

t=.03, E=5c0s12077(.03) =5cos3.67 =~ 1.545
1=.06, E=5c0s12077(.06) =5cos 7.27r =~ —4.045
t=.09, E= 500812072'(.09) =5¢c0s10.870 = —4.045
t=.12, E=5c0s812077(.12) =5cos14.47 =~ 1.545

E = 5 cos 1207t



38. E=

(a)

(b)
(c)

(d)

39. (a)

(b)

Section 4.1: Graphs of the Sine and Cosine Functions 167

3.8 cos 40t

Amplitude: 3.8 and P 'd'2—”—L
mplitude: 3.8 an er10.40” 20

Frequency = = number of cycles per second = 20

period
t=.02, E=3.8cos407(.02) =3.8cos.87 = -3.074
t=.04, E=3.8cos407(.04)=3.8cos1.67r ~1.174
t=.08, E=3.8cos 4071'(.08) =3.8cos3.27 = -3.074
t=.12, E=3.8cos 4071'(.12) =3.8cos4.87 = -3.074
t=.14, E=3.8cos407(.14)=3.8cos5.6r =1.174

E = 3.8 cos 407t

The graph has a general upward trend along with small annual oscillations.

Flokl Flokz Flok LW I KOG
S BLEZZE R, S5E+] | Emin=
EIEtE.SEiHiEHKb Bmax=35

~Ne= necl=5
“Mr= Ymin=323
“My= Yrmax=3830
“Mo= e
“Me= Ares=1

The seasonal variations are caused by the term 3.5sin27zx. The maximums will occur when
2rx = §+ 2nm, where n is an integer. Since x cannot be negative, n cannot be negative. This is
equivalent to the following.

2ﬂx=§+2nﬂ', n=0,1,2..= 2x=%+2n, n=0,1,2,.= x=%+n, n=0,1,2,.

,n=0,1, 2,...:>x=l,§,2,...
4 4 4

dn+1
X =

. o 1 . .
Since x is in years, x=Z corresponds to April when the seasonal carbon dioxide levels are

maximum.
. . 3 . . .
The minimums will occur when 27rx:7+2n7r, where n is an integer. Since x cannot be

negative, n cannot be negative. This is equivalent to the following.

27zx=37”+2n7z, n=0,1, 2,...32x=%+2n, n=0,1, 2,...:x=%+n, n=0,1,2,..

x=4n+3, n=0,1, 2,...:x=§,z,E
4 4

i

1
This is 5 yr later, which corresponds to October.
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40.

41.

42,

(a) The graph of C has a general upward trend similar to L (in Exercise 39) except that both the
carbon dioxide levels and the seasonal oscillations are larger for C than L.

Flokl Flatz Flot: WIHDOW
MR BdRE L BA+EE] | Kmin=32
B+7.Ssinc2msE Bmax=25
~Ne= necl=5
“Mr= Ymin=328
“My= Ymax=320
“Mo= Vecl=18
“Me= Ares=1

(b) Answers will vary.

(¢) To solve this problem, horizontally translate the graph of C a distance of 1970 units to the right.
The new C function can be written as the following.

C(x)=.04(x-1970)" +.6(x—~1970)+330+7.5sin [ 27 (x~1970)], where x is the actual year

This function would now be valid for 1970 < x < 1995.

T(x)=37 sin[z—”(x—ml)}+25
365
(a) March 1 (day 60)
T (60)=37sin {2—7[(60—101)}&5 =~1.001°=1°
365
(b) April 1 (day 91)
T (91)=37sin [2—7[(91—101)} +25=18.662°=19°
365
(c¢) Day 150
T (150)=37sin [32?72(150—101)} +25=52.638° = 53°
(d) June 15 is day 166. (31+28+31+30+31+15=166)
T (166) =37sin [32?72(166—101)} +25 = 58.286° = 58°
(e) September 1 is day 244. (31+28+31+30+31+30+31+31+1=244)
T (244)=37sin [32?7[5(244—101)} +25=48.264° = 48°
(f) October 31 is day 304. (31+28+31+30+314+30+31+31+30+31=304)

T(304)=37 sin[%(304— 101)}25 ~12.212°~12°

[27(825-N)
AS =.034(1367) sin| —————

365.25

27(82.5-80)

(a) N =80, AS =.034(1367)sin
365.25

} =1.998 watts per m”.

27(82.5-1268)

(b) N =1268, AS =.034(1367)sin
365.25

} ~—46.461 watts per m”.

Continued on next page



42,

43.

44.

45.

46.

47.

51.

52,

53.
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(continued)
(c) Since the greatest value the sine function can be is 1, the maximum of
2 (82.5 -N )

AS =.034(1367) sin
365.25

} is.034(1367) = 46.478 watts per m”.

[27(825-N) [2z(825-N)
(d) AS=.034(1367)sin| ———— |=0 when sin| ———=

}:0. This can occur when

365.25 365.25
27(82.5-N) . .
W= 0 or N =82.5. Other answers are possible. Since N represents a day number,
which should be a natural number, we might interpret day 82.5 as noon on the 82™ day.
The graph repeats each day, so the period is 48. The high tide occurred at 2 A.M. + 1:18, or
24 hours. 3:18 A.M.; the height was approximately
26-2=241t
1 1
Approximatcly (2.6~ 2) = (24) =12 ©. 1<y
2 2 — =
Amplitude: 1
prproximately 6 P.M., approximately 0.2 Period: 8 squares =8(30°) =240° or 4?”
eet.
The low tide occurred at 6 P.M. + 1:19, or 50. -1<y<1
7:19 P.M., the height was approximately Amplitude: 1
2-2=0ft. . 2
Period: 4 squares =4(30°) =120° or 3
Approximately 2 A.M.; approximately 2.6

feet.
. . . . . .2
No, we can’t say sinbx=bsinx. If b is not zero, then the period of y=sinbx is ﬁ and the
amplitude is 1. The period of y =bsinx is 27 and the amplitude is |b|
. . .2
No, we can’t say cosbx=bcosx. If b is not zero, then the period of y=cosbx is ﬁ and the
amplitude is 1. The period of y =bcosx is 27 and the amplitude is |b|
The functions are graphed in the following window.
WIMHDOW
Amin=g
AMENSE. 2831855
#ecl=1.57A7VIe3..
Ymin=-1.5
Yrax=1.3
Yezl=.5
Ares=1
y =sin (3x) shows 3 cycles  y=sin(4x) shows 4 cycles y =sin (5x) shows 5 cycles
Y1=singEH) Y1=sinil) Y1=5inCER)
W= Ayitme? Y=-1.z71E-9 W=Z.iyitmz? Y=1.640HE-3 W= Ayitmz? Y=-z.0E1E-3

Continued on next page
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53.

(continued)

=sin [l xj shows l cycle
y > > ¥

¥1=5inl. 50

n=3.14188z7 V=1

=sin [E xj shows g cycles
y > > ¥

~
N/

n=3.141i88z7 Y=-1

¥1=5inl1.5H)

Section 4.2: Translations of the Graphs of the Sine and Cosine Functions

1.

10.

=sin x—E
Y 4

The graph is a sinusoidal curve y = sin x
V4
shifted " units to the right. This matches

graph D.

ool )l {5

The graph is a sinusoidal curve y = sin x

shifted % units to the left. This matches

graph G.

= COS X—E
Y 4

The graph is a sinusoidal curve y=cosx

shifted % units to the right. This matches

graph H.

y=3sin (2x—4)=3sin[2(x~2)]

o ymeo o (-1

The graph is a sinusoidal curve y =cos x

shifted % units to the left. This matches

graph A.

5. y=1+sinx
The graph is a sinusoidal curve y = sin x
translated vertically 1 unit up. This matches
graph B.

6. y=-1+sinx
The graph is a sinusoidal curve y = sin x
translated vertically 1 unit down. This
matches graph E.

7. y=l+cosx
The graph is a sinusoidal curve y = cos x
translated vertically 1 unit up. This matches
graph F.

8. y=-l+4cosx
The graph is a sinusoidal curve y = cos x
translated vertically 1 unit down. This
matches graph C.

2r
The amplitude = |3| =3, period = > =7 , and phase shift = 2. This matches choice B.

y :2sin(3x—4):2sin{3[x—%ﬂ

2 4
The amplitude = |2| =2, period = —,—, and phase shift = 7 - This matches choice D.

3 bl

3



11.

p—

12.

13.

14.

15.

16.

17.

Section 4.2: Translations of the Graphs of the Sine and Cosine Functions 171

y :4sin(3x—2):45in{3[x_gﬂ

2r 2
The amplitude = |4| =4, period = ——, and phase shift = —- This matches choice C.

3 3
. . 3
y =2sin(4x—3)=2sin| 4 x=7
) . 2r & . 3 . .
The amplitude = |2| =2, period = e = ER and phase shift = 1 This matches choice A.

If the graph of y =cos x is translated % units horizontally to the right, it will coincide with the graph

of y=sinux.

If the graph of y =sinx is translated % units horizontally to the left, it will coincide with the graph

of y=cosx.

y=2sin(x—7) 18. y:—cowr(x—éj

. . 2
amplitude: | 2 | =2; period: — =27, 0r
1 amplitude: | -1 | =1; period: — =2
There is no vertical translation. ) ) ) T
The phase shift is 7 units to the right. There is no vertical translation.

2 . [ ﬂ'j 2 . ( ﬂ'j
y==sin| x+= |==sin| x—| —=
3 2 3 2

The phase shift is % unit to the right.

1
2 - 2 I
amplitude: | —|= % ; period: BN =2r; 19. y=3cos 2 [x 2)
There is no vertical translation. amplitude: | 3 | =3;
e T . . 2r 2
The phase shift is 3 units to the left. period: == =27 -==4;
z V.4
2
There is no vertical translation.
-4 X T -4 1 1
y =cos E+E =¥ Cos E[x _(_7[)] The phase shift is > unit to the right.

amplitude: | 4 | =4,

. 2 2 20 — l ; (f j — l ; l _(—
eriod: =—— =27-==4r; - Y= s 47 | =—sn [x ( 2”)]
P : 1 272 272
There is no vertical translation.

The phase shift is 7 units to the left. amplitude:

. 2
period: T” =2r-
2
There is no vertical translation.
The phase shift is 27 units to the left.
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21. y=2-sin 3x- L= sin3| x-Z |42 22. y:—1+lcos(2x—37r)
5 15 2
2 1 3z
amplitude: |—1|=1;peri0d: T; —Ecos2 x—7 -1
The vertical translation is 2 units up. 1 1 T
amplitude: 5 = 5 ; period: 7 =T,

T
The phase shift is — unit to the right.
15 The vertical translation is 1 unit down.

r
The phase shift is Y units to the right.

.4
23. y=cos| x——
g [ 2)

Step 1  Find the interval whose length is 277[

0<x-F<ors0+fcx<oamifaler<”
2 2 272 2

Step 2 Divide the period into four equal parts to get the following x-values.

V4 3z kY4
- T, —, 27[7 -
2 2 2
Step 3 Evaluate the function for each of the five x-values.
V4 3z 5w
X — |\ | = | 2 | =
2 2 2
V4 V4 3z
xX—— 0| — T - | 27
2 2 2

cos x—Z 1 0 1 0 1
2

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the right, we obtain the following graph.

y The amplitude is 1.
A The period is 27.
There is no vertical translation.

14
e T . .
—W—»x Z
_7;1__£ 57 o The phase shift is > units to the right.

2 2 2
= -7
y—cos(x 2)

.4
24. y=sin| x——
' [ 4)

Step 1  Find the interval whose length is 27”

0<x-F<orm0+ZcxcoamiF ol
4 4 47 4 4

Continued on next page
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24. (continued)

Step 2 Divide the period into four equal parts to get the following x-values.
z 3 5w In 9z
47 4747 4° 4

Step 3 Evaluate the function for each of the five x-values

. z | 3% | 5% | x| 97

4 a | 4| 2| 4

x—= A A I =
4 2 2

sin x=Z o | 1| o 1] o
4

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the right, we obtain the following graph.

y The amplitude is 1.
A The period is 27.
There is no vertical translation.

HA 3 -
quﬁm:x The phase shift is y unit to the right.

T
25. y=sin| x+—
' ( 4)

Step 1  Find the interval whose length is 27”

O<x+Zl<oar=0-T<y<oar-Fo Fe ™
4 4 47 4 4

Step 2 Divide the period into four equal parts to get the following x-values.
T 7w 3r Swm Ix
a4 44
Step 3 Evaluate the function for each of the five x-values.

x _Z | 7|3 | 57| I

4 4 4 4 4

x-i—Z 0 z T 3—” 2
4 2 2

. V.4
sin (x+zj 0 1 0 -1 0

Continued on next page



174 Chapter 4: Graphs of the Circular Functions

25. (continued)

Steps 4 and 5  Plot the points found in the table and join then with a sinusoidal curve. By graphing
an additional period to the right, we obtain the following graph.

The amplitude is 1.
The period is 27.

There is no vertical translation.

V4
The phase shift is 7 unit to the left.

2 —cos(x—zj
6. Y 3

Step 1  Find the interval whose length is 27”

3
3
Step 2 Divide the period into four equal parts to get the following x-values.

0<x-Z<or=0+Z<x<um+f=% <<
3 3 373

z ox 4r . Tm

36 3 6 3
Step 3 Evaluate the function for each of the five x-values.

. |z|m || ne |

306 | 3| 6 | 3

x—= ol Z | 2 | 3% | o
3 2 2

o

-1 0 1

cos x—l 1
3

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the right, we obtain the following graph.

y The amplitude is 1.
The period is 27.

There is no vertical translation.

1_

V4
] " A .
19%%435» The phase shift is 3 units to the right.

27. y =2cos[x—%j

Step 1  Find the interval whose length is 27”

OSx—%S27[30+%Sx£2ﬂ'+£:>££x£7—”

3
Continued on next page
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27. (continued)

Step 2 Divide the period into four equal parts to get the following x-values.

n St 4r 1lrx 7_7:

]

] >

]

36 3 6 3
Step 3 Evaluate the function for each of the five x-values.
. 7|57 | 4n | x| Tx
3 6 3 6 3
- 0 z V4 3 2
3 2 2
V4
cos (x - —j 1 0 -1 0 1
3
V4
2cos (x - Ej 2 0 -2 0 2

Steps 4 and 5

an additional period to the right, we obtain the following graph.

A

2\ 3N\ 3
X
e \Jm\Jix

[ 37[}
28. y=23sin X_T

Step 1  Find the interval whose length is 27”

0Sx—%£27r:>0+%z£xs2ﬂ+37”:>—<x<

The amplitude is 2.
The period is 27.

There is no vertical translation.

V4
The phase shift is 3 units to the right.

sw_ In

2

Step 2 Divide the period into four equal parts to get the following x-values.

3_” s 27T 5_” s 3 s 7_7[
2 2 2
Step 3 Evaluate the function for each of the five x-values.
2 2 2
_3_” 0 l V4 3_” 27
2 2 2
. 3
sin| x—— 0 1 0 -1 0
2
3sin [x - 37”) 0 3 0 -3 0

Continued on next page
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Plot the points found in the table and join them with a sinusoidal curve. By graphing
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28. (continued)

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the right, we obtain the following graph.

The amplitude is 3.
The period is 27.

There is no vertical translation.

3
The phase shift is B units to the right.

29. y zisinZ +Z
2 4
. . . 27
Step 1  Find the interval whose length is 7

0<2[x+Z |<or=0<x+Z<F so<xtBenm-Fcr<E
4 42 4 4 4

Step 2 Divide the period into four equal parts to get the following x-values.

T T T 3w

T
Step 3 Evaluate the function for each of the five x-values

T .4 T 3

X =10 | =] = | =

4 4 2 4

2[x+£j o | Zlxz |3 | 2
4 2 2

. T
sm2[x+zj 0 1 0 -1 0

3. T 3 3
—sin2| x+— 0 = 0 -= 0
2 (x 4}

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.

The amplitude is % .

The period is 277[, which is 7.

There is no vertical translation.

V4
The phase shift is 1 unit to the left.
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30. y= —10054 X
2 2
. . . 27
Step 1  Find the interval whose length is >

0<d|x+Z|<r=0sx+l<l50-Tax<Z 2o Zcico
2 2 2 2 2 2 2
Step 2 Divide the period into four equal parts to get the following x-values.
T 3¢ & &

Ty T T T T T T T T T 0
2 8 4 8
Step 3 Evaluate the function for each of the five x-values.

2 8 4 8
4 [x + 1) o | Z |z |Z |

2 2 2

V4
cos4 [x + Ej 1 0 -1 0 1

—10054[x+£j _1L 0 1 0 1
2 2 2 2 2

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.

The amplitude is ! , which is 5

... 27 ... T

The period is —, which is —.
4 2

There is no vertical translation.

V4
The phase shift is 5 units to the left.

31. y=—4sin(2x—7)=—4sin 2[x—%j
. . . 2z
Step 1  Find the interval whose length is >

0<2(x-ZFlcor=0<x-ZF< so<x-FensFar<
2 272 2 2 2

Step 2 Divide the period into four equal parts to get the following x-values.
x o Smow

’ 3”3
2 4 4 2

Continued on next page

177
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31. (continued)
Step 3 Evaluate the function for each of the five x-values

.4 3 R4 3
X | =\ | = | =
2 4 4 2
2 (x - fj ol Z |z| | o
2 2 2

. V.4
s1n2(x—5j 0 1 0 -1 0

—4sin2[x—§j 0|l 4]0l a ] o0

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.
The amplitude is | —4 |, which is 4.
The period is 27”, which is 7.
There is no vertical translation.

V4
The phase shift is 5 units to the right.

y=-4sin(2x-m)

32. y=3cos(4x+7) :3cos4[x+%j

Step 1  Find the interval whose length is 27”

04| x+Z <= 0sx+E< s 0- Ly 2 Ty <2
4 472 4 2 4 4 4

Step 2 Divide the period into four equal parts to get the following x-values.
T T 7

__7 __7 7_7

47 8778 4

Step 3 Evaluate the function for each of the five x-values.

T T T T

X -=— 1 -=10 — | =

4 8 8 4

4(x+£j 0 r V4 3 2r
4 2 2

(e}
L
(e}
—

cos4(x+£j 1
4

30054[x+%j 3 0 | 3| 0 | 3

Continued on next page
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32. (continued)
Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.

y The amplitude is 3.
... 2 L.
34 The period is —, whichis .
[ 4 2
There is no vertical translation.

V4
The phase shift is 7 unit to the left.

y

y =3 cos (4x + )

1 1 ) 1 1 /4
33. y=—cos| —x—— |=—cos—| x——
2 2 4) 2 2 2

Step 1  Find the interval whose length is 27”

os%[x_gjszﬂ:ogx_ggmggxé_fuz:&xﬁ_ﬁ

2 2 2 2

Step 2 Divide the period into four equal parts to get the following x-values.

z Uz o 19m on
2 ’ 4 9 9 4 b 2
Step 3 Evaluate the function for each of the five x-values.
r | 1z 9z | 97
X = — | r | — | =—
2 4 4 2
1
—(x —fj o| Z x| E | »
2 2 2 2
1 T
cos—| x—— 1 0 -1 0 1
2 2
l cos l X— z l 0 - l 0 l
2 2 2 2 2 2

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.
1

The amplitude is 5

The period is 22, which is 47.

2
This is no vertical translation.

V4
The phase shift is 5 units to the right.

179
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1. (3 V3 1.3 T
34, y=——sin| —x+— |=——sin—| x+—
4 4 8 4 4 6

Step 1  Find the interval whose length is 27”

OS%()H-%jS27[:>0Sx+%£%3—££x£16—”—£3—£<xS15—7[

6 6 6 6 6
Step 2 Divide the period into four equal parts to get the following x-values.

r &m 1z 1lr 157
6276 6 6
Step 3 Evaluate the function for each of the five x-values.
Iz | Uz | 157

T

6| 216 | 6 | 6
T
2

T - 2r

1.3 ( ﬂ'j 1 1

——sin—| x+— 0 - 0 — 0
4 4 6 4 4

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.
i 1
The amplitude is 4l which is 1
1 = _l i (é E)
y g Sinlgx+ g

.. 2 ... 8r
The period is ——, which is —.
T 3
This is no vertical translation.

V4
The phase shift if r units to the left.

35. y=-3+2sinx
Step 1  The period is 27.
Step 2 Divide the period into four equal parts to get the following x-values.

0, Z,fr, 3—”, 2
2 2

Step 3 Evaluate the function for each of the five x-values.

X o | 2|z |3 |2
2 2
sin x 0 1 0 -1 0
2sin x 0 2 0 -2 0
—3+2sinx | -3 | -1 | -3 -5 -3

Steps 4 and 5 Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

1y=_3+2sinx The amplitude is | 2|, which is 2.
2 - 0JAF e T

P The vertical translation is 3 units down.
— f— 3 — ——
% There is no phase shift.
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36. y=2-3cosx
Step 1  The period is 27.

Step 2 Divide the period into four equal parts to get the following x-values.

0, z T, 3—” , 21
2

Step 3 Evaluate the function for each of the five x-values.

by 0 z T 3—” 2
2 2
COS X 1 0 -1 0 1

—3cosx 310 3 0 -3
2-3cosx | -1 | 2 5 2 -1

181

Steps 4 and 5 Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

37. y=—-1-2cos5x

Step 1  Find the interval whose length is 27”

2r

The amplitude is | -3 |, which is 3.

The vertical translation is 2 units up.
There is no phase shift..

Step 2 Divide the period into four equal parts to get the following x-values.

L

10757107
Step 3 Evaluate the function for each of the five x-values.

5

T T RY/4 2
x 0 — | = | = | —

10 5 10 5
5x o | Z |z || o

2 2

cos5Sx 1 0 -1 0 1
—2cos5x -2 0 2 0 -2
—1-2cos5x | -3 | -1 1 -1 -3

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

y =-1-2cos 5x

oL 27
The period is 5

The amplitude is |~ 2|, which is 2.

The vertical translation is 1 unit down.
There is no phase shift.
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38 —l—gsinix
.y 3%y

Step 1  Find the interval whose length is 27”

0S%x£2ﬂ:>0£x<%~27r:>0£x£8?”

Step 2 Divide the period into four equal parts to get the following x-values.

0, 2% 4 5, 8m
33 3
Step 3 Evaluate the function for each of the five x-values.
ol |
3 3 3
—X 0 z V3 £ 2
2 2

sinéx 0 1 0 -1 0
4

Zanlx ol 221 o
304 3

1

W | W

l—%sinix 1 — 1
3 4

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

3

2
The amplitude is ‘, which is 3
Lo 2 ...
The period is Tﬂ , which is ?
b
The vertical translation is 1 unit up.

There is no phase shift.
1
39, y=1-2cos—x
2
. . . 2z
Step 1  Find the interval whose length is >

0S%x£27r:0£x£47r

Step 2 Divide the period into four equal parts to get the following x-values.
0, 7,27, 37, 4

Continued on next page
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39. (continued)

Step 3 Evaluate the function for each of the five x-values.

X 0 7T | 27 | 37 | 4rx
l)c 0 z T 3—” 2r
2 2 2
CcoS — X 1 0 -1 0 1
2
1
—2cos—x 210 2 0 -2
2
1
1—2COSEX -1 1 3 1 -1

183

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

40, y=-34+3 sin%x

Step 1  Find the interval whose length is 27”

1

0<—x<27r=0<x<4rn

2

The amplitude is |~ 2|, which is 2.

The period is 22 which is 47.

2

The vertical translation is 1 unit up.
There is no phase shift.

Step 2 Divide the period into four equal parts to get the following x-values.
0, #,2x, 37, 4

Step 3 Evaluate the function for each of the five x-values.

X 0 T | 2m | 37 | 4x
1y o | Z | 2z | % |
2 2 2

1

sin— x 0 1 0 -1 0
2
1

3sin—x 0 3 0 -3 0
2
o1

—3+3sin—x | 3| 0 -3 -6 | 3

Continued on next page
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40. (continued)

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

y The amplitude is | 3|, which is 3.

. Y 4 L.
y=-3+3sin %x The period is —— , which is 47.

—47 g

The vertical translation is 3 units down.

There is no phase shift.

41. y= —2+lsin3x
2
. . . 2r
Step 1  Find the interval whose length is 7

os3x32;z:os;cs%”

Step 2 Divide the period into four equal parts to get the following x-values.
T T r 2

§ 32

Step 3 Evaluate the function for each of the five x-values.

0

V.4 T T 2
X 0 — — = | —
6 3 2 3
3x o | 2l x| |
2 2
sin 3x 0 1 0 -1 0
l sin 3x 0 l 0 - l 0
2 2 2
-2+ ! sin3x | -2 | — i -2 | - i -2
2 2 2

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

1
, whichis —.

The amplitude is 5

-== The period is ZT”

The vertical translation is 2 units down.

y=-2+ %Sin 3x There is no phase shift.
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42. y= l+gcoslx
32
. . . 2z
Step 1  Find the interval whose length is >

0S%x£27r:0£x£47r

Step 2 Divide the period into four equal parts to get the following x-values.
0, 7,27, 37, 4

Step 3 Evaluate the function for each of the five x-values.

X 0 T 21 37 | 4x
l)c 0 z T 3—” 21
2 2 2

1
CcoS — X 1 0 -1 0 1

2
_Coslx g O _g 0 2
3 2 3 3 3
l+%coslx é 1 l 1 2
3 2 3 3 3

185

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing

an additional period to the left, we obtain the following graph.

3

The amplitude is 3

The period is 47.

There is no phase shift.

= 2 c0s L
y—1+3c0s 7

43,y =—3+2sin(x+§j

Step 1  Find the interval whose length is 27”

0<xtZ<oromo-Lexcoar-Fo Fer<™
2 2 2 7 2

2
Step 2 Divide the period into four equal parts to get the following x-values.

L

Continued on next page

> whichis -

The vertical translation is 1 unit up.
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43. (continued)
Step 3 Evaluate the function for each of the five x-values

V.4 V.4 3
X -— 0 — 4 —
2 2 2
x+£ 0 £ T 3—” 2
2 2 2
. V4
sin| x+— 0 1 0 -1 0
)
. V4
2 sin [x+3j 0 2 0 -2 0
—3+2sin [x+§] 3 | =1 |-3] -5 | =3

Steps 4 and 5 Plot the points found in the table and join them with a sinusoidal curve.

The amplitude is | 2|, which is 2.
The period is 27.

The vertical translation is 3 units down.

V4
The phase shift iSE units to the left.

y=—3+25in(x+%)

44. y=4-3cos(x—1x)
. . . 2z
Step 1  Find the interval whose length is >

0<x-7m<2r=>rm<x<3rxw
Step 2 Divide the period into four equal parts to get the following x-values.
T, 3—” L2, 5—” , 31
2 2

Step 3 Evaluate the function for each of the five x-values.

X T 3—” 2 5—” 3

2 2
X—7 0 z T 3—” 2

2 2
cos (x—7) 1 0 -1 0 1
—3cos(x—1) -3 0 3 0 -3
4-3cos(x—7) | 1 | 4 | 7 | 4 1

Continued on next page
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44. (continued)
Steps 4 and 5  Plot the points found in the table and join then with a sinusoidal curve.
y The amplitude is | -3, which is 3.
y=4-3cos (x —m) The period is 27.
The vertical translation is 4 units up.
The phase shift is 7 units to the right.

45. y=Ltigin2[x+Z
2 4
. . . 2z
Step 1  Find the interval whose length is >

0<2[x+Z |<or=0<x+Z<F mo<xtZenm-Fer<®
4 42 4 4

4
Step 2 Divide the period into four equal parts to get the following x-values.

V4 T r 37w

cOT Ty

Step 3 Evaluate the function for each of the five x-values.

.4 .4 T RY/4

X -= 10| =] = | =

4 4 2 4

2[x+£j o |Z| |3 | 2
4 2 2

. T
sm2[x+zj 0 1 0 -1 0

l+sin2 x+£ l i l —l l
2 4

2 2 |2 2 2

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.

y The amplitude is | 1], which is 1.

y= %+sin2(x+ E)

4 The period is 277[, which is 7.

1
The vertical translation is 5 unit up.

The phase shift is % units to the left.

187
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46. y :—%+cos3£x—%j

Step 1  Find the interval whose length is 27”

0<3(x-ZlcormocxEcE P E T T
6 6- 3 6 6 6 6 6

Step 2 Divide the period into four equal parts to get the following x-values.

s s s s

6 3 2 3 6

Step 3 Evaluate the function for each of the five x-values.

. z |z | x| 5m
6 3 2 3 6
3[x—fj o | Z | 7z | | o
6 2 2
T
cosS(x——j 1 0 -1 0 1
6
—§+cos3£x—£j —é —2 —Z —2 —é
2 6 2 2 2 2 2

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.

The amplitude is | 1], which is 1.

The period is 2?”

. . . 5 .
'% V_ S—p— The vertical translation is 5 units down.

-4 y=—§+cos3(x—z) T
2 6 The phase shift is r3 units to the right.

47. (a) Let January correspond to x = 1, February to x = 2, ... , and December of the second year to
x =24. Yes, the data appears to outline the graph of a translated sine graph.
L1 Lz [L3 z| i Lz [L3 z| i Lz [L3 ]
i . 7 gy iz B
E 1. g [ 1k o
) iz g Ep ic iz
q 48 10 £i) 16 48
2 o8 I
? a 13 £l 19 r—
LeiI=36 Lz =6 Lzi19y =64
L1 Lz L: g| (WIHDOW )
18 EB “min=1 : Bn O
ig Y HEMax=20 % o % o
) a2 Hacl=5 o .
iz Eq ﬁmir'F%g .| -
£x Ma= . s @ .
L Y=o l=5 " -
Lzizhn =349 Hres=l1

Continued on next page
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47. (continued)

(b)

(c)

(d)

(e)

The sine graph is vertically centered around the line y = 50. This line represents the average
yearly temperature in Vancouver of 50°F. (This is also the actual average yearly temperature.)

Flake Flak= .
~N BSE : On Hq
~Ne= . " n % n
wMar=
=My= e o
-\_l.l.I5= .o o o o
~ME= E] o
wNe=

The amplitude of the sine graph is approximately 14 since the average monthly high is 64, the
1 1
average monthly low is 36, and 5(64—36) = 5(28) =14. The period is 12 since the temperature

cycles every twelve months. Let b= % = % One way to determine the phase shift is to use the

following technique. The minimum temperature occurs in January. Thus, when x = 1, b(x — d)

must equal (—Ej+27zn, where n is an integer, since the sine function is minimum at these

values. Solving for d, we have the following.

%(l—d)=—%:l—d=g(—%j:1—d=—3:>—d=—4:d=4
T

This can be used as a first approximation.

Let fix) = a sin b(x — d) + c. Since the amplitude is 14, let a = 14. The period is equal to 1 yr or 12
mo, so b= % The average of the maximum and minimum temperatures is as follows.
L64+36) =1 (100) =50
2 2
Let the vertical translation be ¢ = 50.

Since the phase shift is approximately 4, it can be adjusted slightly to give a better visual fit. Try

4.2. Since the phase shift is 4.2, let d = 4.2. Thus, f (x)=14sin [g(x—4.2)}+50.

Plotting the data with f (x)=14sin [%(x —4.2)} +50 on the same coordinate axes gives a good

fit.

AL Flotz Flots
SMBldsincnsaCE—
. +

4,223+5A
“Mz=
“Mr=
“My=
“Mo=
“Me= .. . . . .
Sci Eng EDIT E@g! TESTS | |5inRe3
cat. B1E34587E9] [FtiyartEea g=gFsintbx+ci+d
edroo S:linRegada+bxl z=13.21
ar Pol Seq| |2:LnREeg =52
""" Dot B:ExFREe9 c=-2.1%
Simul| |H:Purkeg =49, 68
A== =tk retEi | [BiLogistic
"M Horiz G-T MSinkeg

From the sine regression we get the following.

y=13.21sin(.52x—2.18)+49.68 = 13.21sin[ .52 (x—4.19) |+ 49.68
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48. (a) We can predict the average yearly temperature by finding the mean of the average monthly

51+55+63+67+77+86+50+90+84+71+59+52 845 o . .
=—2 =70.4°F, which is

temperatures:

12
very close to the actual value of 70°F.
(b) Let January correspond to x = 1, February to x = 2, ... , and December of the second year to x =
24.
L1 Lz |L3 | [Li Lz [ z| [Li Lz I )
i [C1 | 7 a0 | iz £l
E EE B By 1k EE
) E: g By it E:
iy &7 10 | 1E &7
;& e Eo|g
7 gn iz 1 19 o
Lzit=51 Lzivy =30 Lzi18) =30
L1 Lz Lz g (WIMDCW . - -
18 BE smin=1 .om g 0 g
19 g BMax=23 *oa o
= o #scl1=3 :
£l a4 i - o o
S i Ymin=43 LT =
2 - — Ymax=93 : o o
5 Mecl=5 L og” o
Lz =52 ares=1

1 1 V4
(¢) Let the amplitude a be 5(90—51)=E(39)=19.5. Since the period is 12, let b=g. Let

1
c=3 (90+51) = > (141)=70.5. The minimum temperature occurs in January. Thus, when

x=1, b(x — d) must equal an odd multiple of 7 since the cosine function is minimum at these
values. Solving for d, we have the following.

6

%(1—d)=—rc:1—d =2(-n)=>l-d=-6=-d=-T=d=1
V4

d can be adjusted slightly to give a better visual fit. Try d =7.2. Thus, we have the following.

() =acosb(x—d)+c=19.5005{%(x—7.2)}+70.5

(d) Plotting the data with f (x)=19.5cos {%(x—7.2)}+70.5 on the same coordinate axes give a

good fit.
AFE Flakz Flok:
~M1B19, ScosCnsEl
HB=F.2004+7E. S
“Mz=
“Mr=
“My=
“Mo=
“Me= .. . .
(e) W Sci Eng_ | [EOIT TESTS | [SinReg
o5t AlE3456739] [FTeuartEeg =z inChx+c+d
EFly Dedres SiLinkEegdathxa a=19.72
ar- Pal Ses] [2iLnEe3 b=.52
""" Dot H:ExFRE=d c=-2.17
Simul| |[HE:PwrEeg d=vd. 47
Il 5+ba. re™gi | [BiLodistic
G-T MHsinkEea

From the sine regression we get the following.

y =19.72sin (.52x~2.17) +70.47 =19.72sin[ 52 (x~ 4.17) ] +70.47
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Section 4.3: Graphs of the Other Circular Functions

1.

y=-—cscx
The graph is the reflection of the graph of y = csc x about the x-axis. This matches with graph B.

y=-—secx
The graph is the reflection of the graph of y = sec x about the x-axis. This matches with graph C.

y=-—tanx
The graph is the reflection of the graph of y = tan x about the x-axis. This matches with graph E.

y=-—cotx
The graph is the reflection of the graph of y = cot x about the x-axis. This matches with graph A.

y =tan(x—£)
4

V4
The graph is the graph of y = tan x shifted " units to the right. This matches with graph D.

=cot x—Z
Y 4

/4
The graph is the graph of y = cot x shifted 7 units to the right. This matches with graph F.

1
=3sec—x
Y 4

Step 1

Step 2

Step 3

Graph the corresponding reciprocal function y = 3cos%x. The period is 2T” =2r-—=8r

4

4
1

and its amplitude is |3| =3. One period is in the interval 0 <x <8z . Dividing the interval
into four equal parts gives us the following key points.

(0,1), (27,0), (47,-1), (67,0), (87,1)

. 1 . 1 .
The vertical asymptotes of y=sech are at the x-intercepts of y=cos—x, which are

x =2z and x =67z. Continuing this pattern to the left, we also have a vertical asymptote of
x=-2r.

Sketch the graph.
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8. y= —ZSeC%x

Step 1

Step 2

Step 3

Graph the corresponding reciprocal function y =—-2 cos%x. The period is 277[ = 27[-% =4r

2
and its amplitude is |—2| =2. One period is in the interval 0 <x <4 . Dividing the interval

into four equal parts gives us the following key points.

(0,-2), (7,0), (27,2), (37,0), (47,-2)

. 1 . 1 .
The vertical asymptotes of y =-2 seczx are at the x-intercepts of y =—2cos—x, which are

x=sm and x =37. Continuing this pattern to the left, we also have a vertical asymptote of
X=-T.

Sketch the graph.

o)
9. y=—Ecsc x+5

Step 1

Step 2

Step 3

Graph the corresponding reciprocal function y = —%sin[x +%) The period is 27 and its

amplitude is

—%‘ 23. One period is in the interval —% <x S%. Dividing the interval

into four equal parts gives us the following key points.
_£90 5 Os_l ) Eso 5 ﬂsl 5 3_7[30
2 2 2 2 2

The vertical asymptotes of y:—%csc[x+%j are at the x-intercepts of

y:—lsin x+£ , which are x:—l, x:£,andx:3—”.
2 2 2

2 2
Sketch the graph.
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10. y= %csc[x—%j

Step 1  Graph the corresponding reciprocal function y = %sin(x—%j. The period is 27 and its

amplitude is

%‘ = % One period is in the interval %S x< 57” Dividing the interval into

four equal parts us the following key points.
£70 5 ”sl 5 3_7[90 ) 2”7_1 5 5_7[50
2 2 2 2 2

Step 2 The vertical asymptotes of y = %csc(x—%j are at the x-intercepts of y= %sin [x —%j,

which are x:%, x:%r, andxzs—ﬂ-.

Step 3 Sketch the graph.

<

=cse| x-Z
11. Y 4

. V4
Step 1  Graph the corresponding reciprocal function Y = Sln(X—Zj The period is 27z and its

amplitude is |1| =1. One period is in the interval % <x< %T” . Dividing the interval into four

equal parts gives us the following key points.

(0] () (59} (2] (359

Step 2 The vertical asymptotes of y = csc(x—%] are at the x-intercepts of y =sin [x —%j, which

L4 kY4

24
are x=—, x=—,and x =—.
4 4

Step 3 Sketch the graph.
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)
12. Yy =sec x+T

Step 1

Step 2

Step 3

3
Graph the corresponding reciprocal function Y = cos[x +Tj The period is 27 and its

amplitude is |1| =1. One period is in the interval —37” <x< %r . Dividing the interval into

four equal parts gives us the following key points.
_3_7[91 5 _E’O 5 Es_l ) 3_7[50 ) 5_7[51
4 4 4 4 4
. 3z . 3z
The vertical asymptotes of y=sec| x +T are at the x-intercepts of y=cos| x+ )

. V4 3z o . . .
which are x = 7 and x=——. Continuing this pattern to the right, we also have a vertical

r
asymptote of x = e

Sketch the graph.

=sec| x+ 2%
13. Y 4

Step 1

Step 2

Step 3

V4
Graph the corresponding reciprocal function Y :cos[x +zj The period is 27 and its

amplitude is |1| =1. One period is in the interval —% <x< % Dividing the interval into

four equal parts gives us the following key points.
Zal (Zol (P2 [2Zo), (724
4 4 4 4 4
. T . T .
The vertical asymptotes of y =sec [x+z) are at the x-intercepts of y = cos [x +Zj’ which

V4 Sz o . . .
are x = 2 and x = o Continuing this pattern to the right, we also have a vertical asymptote

of x=9—”.

Sketch the graph.
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=cse| x+ 2
14. Y 3

. V4
Step 1  Graph the corresponding reciprocal function Y = sm[x +§j The period is 27 and its

amplitude is 1. One period is in the interval —% <x< STH Dividing the interval into four
equal parts gives us the following key points.
_E’O 5 Esl 5 2_7[70 5 7_7[5_1 5 5_7[90
3 6 3 6 3

Step 2 The vertical asymptotes of y = csc(er%j are at the x-intercepts of y =sin [x +§j, which

27

T T
are x=——, x=—,and x=—.
3 3

Step 3 Sketch the graph.

15. y=sec

7N\

1 T 1 21
—x+— |=sec—| x+—
2 3j 2[ 3 j

1 2r
Step 1 Graph the corresponding reciprocal function y=0055[x+?j' The period is

2
! 1

1| 1 L . 2 1
E‘=E One period is in the interval —T”Sxﬁﬂ.

=4 and its amplitude is 3

2
Dividing the interval into four equal parts gives us the following key points.

R T A T (e O I AP B
3 9 2 o 3 9 9 3 9 2 9 3 b o 3 ’ 2
. 1 2 . 1 2r
Step 2 The vertical asymptotes of y = seca[x+?j are at the x-intercepts of y = cosE[x+?j,

. V4 r L . . .
which are x :E and x :?. Continuing this pattern to the right, we also have a vertical

137
asymptote of x = =5

Step 3 Sketch the graph.




196 Chapter 4: Graphs of the Circular Functions

16. y=csc lx—Z =cscl x_f
2 4 2 2

Step 1

Step 2

Step 3

1 V4
Graph the corresponding reciprocal function Y :smg(x _E) The period is

ZTE = 27[-% =4z and its amplitude is |1| =1. One period is in the interval % <x< 97” .
2
Dividing the interval into four equal parts gives us the following key points.

(5o) (50) (5o) (5)- (5]

. 1 . !
The vertical asymptotes of y = CSCE(“%} are at the x-intercepts of y = s1n5[x—§j,

which are x=%, x=57”, andx=9—7[.

Sketch the graph.

17. y :2+35ec(2x—7z):2+3se02(x—§)

Step 1

Step 2

Step 3

/4
Graph the corresponding reciprocal function ¥ =2+ 30052[35 - Ej The period is 7 and its

amplitude is |3| =3. One period is in the interval % <x< 37” . Dividing the interval into four

equal parts gives us the following key points.
175 > 3_7[72 > (7[7_1)7 5_”72 > 3_”75
2 4 4 2
The vertical asymptotes of y =2+3sec?2 (x - %) are at the x-intercepts of y =3cos 2[x - %)
. 3z Sn o . .
which are x = y and x = e Continuing this pattern to the left, we also have a vertical

V4
asymptote of x = 1

Sketch the graph.
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18. V= 1—2050(x+£j
2
. V4
Step 1 Graph the corresponding reciprocal function ¥ =1- 25111[35 + Ej The period is 27z and its

amplitude is |—2| =2. One period is in the interval —% <x< 377[ . Dividing the interval into

four equal parts gives us the following key points.

1o} o (51 o (5

Step 2 The vertical asymptotes of y=1—-2csc [x +§j are at the x-intercepts of y =—2sin [x +§j,

which are x=—£, x=£, andx=3—”.
2 2 2

Step 3 Sketch the graph.

w
——+—+——
|

|
—+—

1941 —

|
_NA
E |
=
o —N
gl 1
_Nléf-_
y!
=

19 —l—lcsc x—3—”
- 2 4

I . L4
Step 1~ Graph the corresponding reciprocal function ¥ =1- Esm [x —Tj The period is 27 and its

. .1 o . 11 o . .
amplitude is 7 One period is in the interval 37” <x< Tﬂ Dividing the interval into four

equal parts gives us the following key points.
st) (= 1) (Ix ) (9% 3) (ux,
4 b b 4 b 2 b 4 2 b 4 b 2 b 4 b
. 1 3z .
Step 2 The vertical asymptotes of y= I—Ecsc x Y are at the x-intercepts of
y= —lsin x—3—ﬂ- , which are x:3—”, X :7—”, andx:M.
2 4 4 4 4

Step 3 Sketch the graph.
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20. y:2+lsec lx—ir :2+lsecl(x—27z)
4 2 4 2

1 1
Step 1 Graph the corresponding reciprocal function y=2 +ZCOS E(x— 2m).  The period is
2r 2 . . 11 I .
——=27-—=4r and its amplitude is 7 = i One period is in the interval 27 < x <67 .
2
Dividing the interval into four equal parts gives us the following key points.
9 7 9
2r,— |, (37,2), |4n,—|, (57.2), |67~
4 4 4
. 1 1 .
Step 2 The vertical asymptotes of y=2+ 1 sec > (x - 271') are at the x-intercepts of
1 1 . o .
y= ZCOS E(x— 2r), which are x=37 andx=57z. Continuing this pattern to the left, we
also have a vertical asymptote of x =—7.
Step 3 Sketch the graph. ]‘1
I ¥ |
I F I
I, F | I
+2E R
[US
y=2+ %sec (%x—'rr)
21. y=tandx
Step 1  Find the period and locate the vertical asymptotes. The period of tangent is %, so the period
. .. V4 V4
for this function is i Tangent has asymptotes of the form bx = — 2 and bx = >
Therefore, the asymptotes for y =tan4x are as follows.
4x:—£:x:—£ and 4x:£:x:£.
2 8 2 8
Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
N W
8" 167 16 8
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.

Step 5

(o oo

Join the points with a smooth curve.
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1
22. y=tan—x
Y=

Step 1  Find the period and locate the vertical asymptotes. The period of tangent is %, so the period
. Lo V4 V4
for this function is 27z. Tangent has asymptotes of the form bx = Y and bx = >
1
Therefore, the asymptotes for y = tan 3 x are as follows.
1 V4 1 V4
—x=——=x=—rxand —x=—=x=7T
2 2 2
Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
—T,— E > 07 l T
22
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.
_17_1 > (070)7 £’1
2 2
Step 5 Join the points with a smooth curve.
23. y=2tanx
Step 1  Find the period and locate the vertical asymptotes. The period of tangent is %, so the period
. Lo V4 V4
for this function is 7. Tangent has asymptotes of the form bx = — > and bx = 3
V4 V4
Therefore, the asymptotes for y =2tan x are X = Y and x = 5
Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
T \ET
24 42
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.
_£9_2 5 (030)9 Esz
4 4
Step 5 Join the points with a smooth curve.

The graph is “stretched” because
a=2and |2|>1.

= e <
e g

Y

&

1
|
— _N— —

-y — — — —

y=2tanx
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24, y=2cotx

Step 1  Find the period and locate the vertical asymptotes. The period of cotangent is %, so the

period for this function is 7. Cotangent has asymptotes of the formbx =0 and bx =7 .
The asymptotes fory =2 cotxarex=0 and x = 7.
Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
T T 37
T
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.

£} 20) (5

Step 5 Join the points with a smooth curve. y
The graph is “stretched” because |
a=2and|2|>1. :
2 |
D > X
242\,
|
=2cotx

1
25. y=2tan—x
Y 4
Step 1  Find the period and locate the vertical asymptotes. The period of tangent is %, so the period
. Lo V4 V4
for this function is 47. Tangent has asymptotes of the form bx = Y and bx = 5

1
Therefore, the asymptotes for y =2 tan N x are as follows.

lx=—£3x=—2ﬂ' andlx:Z:x:ZJZ
4 2 4 2
Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
—2r,—m,0,7m,27r
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.
(-7,-2), (0,0), (7,2)

Step 5 Join the points with a smooth curve.




26.

217.
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= l cotx
>
Step 1  Find the period and locate the vertical asymptotes. The period of cotangent is %, so the
period for this function is 7. Cotangent has asymptotes of the formbx=0 and bx =7 .
1
The asymptotes for y = ECOt x arex=0 and x=7.
Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
07 E b l b 3_” b ﬂ.
4 2 4
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.
z 1) (2] (37 L
4 ’ 2 b 2 9 b 4 b 2
Step 5 Join the points with a smooth curve. A
The graph is “compressed” because |
|
1 1
=— —|<1. |
a > and > 1 |
0L 7\ N
T2\
|
y= % cot x
y =cot3x
Step 1  Find the period and locate the vertical asymptotes. The period of cotangent is %, so the
period for this function is%. Cotangent has asymptotes of the formbx =0 and bx=7r .
The asymptotes for y =cot3x are as follows.
3x=0=x=0 and 3x:7z:x:%
Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
rzrrrz
12767473
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.
£ > 1 > l 70 > E > -1
12 6 4
Step 5 Join the points with a smooth curve.
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1
28. =—cot—x
Y 2

Step 1  Find the period and locate the vertical asymptotes. The period of cotangent is %, so the
period for this function is 27z . Cotangent has asymptotes of the form bx =0 and bx =7 .

1
The asymptotes for y = —CO'EEX are as follows.

%x=0:>x=0and %x=7r:>x=27r

Step 2 Sketch the two vertical asymptotes found in Step 1.

Step 3 Divide the interval into four equal parts.
O,E,ﬂ,3—”,27r
2 2

Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.

o) . 3

Step 5 Join the points with a smooth curve.
The graph is the reflection of the

1
graph of y=COtEx about the

X-axis.

1
29, y=-2tan—x
4
Step 1  Find the period and locate the vertical asymptotes. The period of tangent is %, so the period
for this function is 47z . Tangent has asymptotes of the form bx = — > and bx = bR

Therefore, the asymptotes for y =—2tan i x are as follows.

lx=—£:>x=—2ﬂ' and lx=£:x=27r.
4 2 4 2
Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
—2r,—r,0,7,27x
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.
(-7.2), (0,0), (7,-2)

Step 5 Join the points with a smooth curve.
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1
30. y=3tan—x
Y 2
Step 1  Find the period and locate the vertical asymptotes. The period of tangent is %, so the period
. L V4 V4
for this function is 27z . Tangent has asymptotes of the form bx = — > and bx = 3

1
Therefore, the asymptotes for y =3tan 3 x are as follows.

1 V.4 1 V.4
—x=——=x=—7xand —x=—=x=7.
2 2 2 2

Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.

—T,— E > 07 l T
22
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.

(5o o 5

Step 5 Join the points with a smooth curve.

1
31. y=—cotdx
'
Step 1  Find the period and locate the vertical asymptotes. The period of cotangent is %, so the

period for this function is%. Cotangent has asymptotes of the formbx =0 and bx=7r .
1
The asymptotes for y = ECOt 4x are as follows.

4x=0=>x=0 and4x=7r:>x=%

Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
T w3t ”w
168716 4

Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.

1)y [z (37 _1
16’2) (87 ) 167 2

Continued on next page
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31. (continued)
Step 5 Join the points with a smooth curve.

32, y= —%cot 2x

Step 1  Find the period and locate the vertical asymptotes. The period of cotangent is %, so the

period for this function is%. Cotangent has asymptotes of the form bx =0 and bx=r .
1
The asymptotes for y = _ECOt 2x are as follows.

2x=0:>x=0and2x=ﬂ'3x=%

Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
T w3t rx
T4

Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.

5 ol

Step 5 Join the points with a smooth curve.

=-1
y=-3 cot 2x
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33. y=tan(2x-7)= tanZ(x—gj

Period T T
eriod: —=—
b 2
Vertical translation: none
Phase shift (horizontal translation): > units to the right

Because the function is to be graphed over a two-period interval, locate three adjacent vertical

asymptotes. Because asymptotes of the graph y =tanx occur at —%, %, and 37”, the following

equations can be solved to locate asymptotes.

2[x_£)=_£, 2(x_£)=£,and z(x_zjﬁ_”
2 2 2 2 2 2

Solve each of these equations.

2
2[x—£)=3—”3 x—
2 2

Divide the interval (%,%) into four equal parts to obtain the following key x-values.

first-quarter value: 3?” middle value: %;third—quarter value: 5?7[

Evaluating the given function at these three key x-values gives the following points.

5 G (5
Connect these points with a smooth curve and continue to graph to approach the asymptote x =% and
x= %to complete one period of the graph. Sketch the identical curve between the asymptotes

xX= %[ and x= %[ to complete a second period of the graph.

y

y=tan 2x - )
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34. y=tan §+7zj:tan%(x+27z)

Period: rT_Z_ 21

N\—-lﬁ

Vertical translation: none
Phase shift (horizontal translation): 27 units to the left

Because the function is to be graphed over a two-period interval, locate three adjacent vertical

asymptotes. Because asymptotes of the graph y =tan x occur at %, 3—7[, and 5—”, the following
equations can be solved to locate asymptotes.

1 1 1

Yoo =%, Yavon) =¥ ana Lixs20)= 2

2 22 2 2 2

Solve each of these equations.

%(x+27r):§:>x+27r:7r:>x:—7r
%(x+27z)=37”:>x+27r=3ﬂ':>x=ﬂ'

%(x+27r):57”:>x+27r:57z:>x:37r

Divide the interval (ﬂ', 37[) into four equal parts to obtain the following key x-values.

first-quarter value: 37”; middle value: 27 ; third-quarter value: 577[

Evaluating the given function at these three key x-values gives the following points.

(37”,-1} (27.0), (57”1)

Connect these points with a smooth curve and continue to graph to approach the asymptote x =7z and
x=3x to complete one period of the graph. Sketch the identical curve between the asymptotes
x=-x and x =7 to complete a second period of the graph.
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35. y=cot 3x+£ =cot3 x+£
4 12
V4

Period: — ==
€110 b 3

Vertical translation: none

Phase shift (horizontal translation): % unit to the left

Because the function is to be graphed over a two-period interval, locate three adjacent vertical
asymptotes. Because asymptotes of the graph y=cotx occur at multiples of 7, the following
equations can be solved to locate asymptotes.

3| x+Z|=0, 3| x+-= |=7, and 3| x+Z |=27
12 12 12
Solve each of these equations.

3 x+l :0:>x+£=0:>x=——
12 12 12

T T T T T T
3(x+5j=ﬂ':>x+—= SX=————=—

12 3 3 12 4
T T 2 2r 1 I
lx+— =212 x+—=—DX=——-"—"2Dx=—
12 3 3 12 12

Divide the interval (%,Z—Z’j into four equal parts to obtain the following key x-values.

first-quarter value: %; middle value: ?—72[ ; third-quarter value: z

Evaluating the given function at these three key x-values gives the following points.

5} b
Connect these points with a smooth curve and continue to graph to approach the asymptote x =% and
X = o to complete one period of the graph. Sketch the identical curve between the asymptotes

xX= —% and x =% to complete a second period of the graph.

= o
y—cot(3x+ 4)
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36. y=cot 2x—3—” =cot?2 x—3—ﬂ-
2 4

P 'd” T
eriod: —=—
b 2

Vertical translation: none
. . . . . .
Phase shift (horizontal translation): — units to the right

Because the function is to be graphed over a two-period interval, locate three adjacent vertical
asymptotes. Because asymptotes of the graph y=cotx occur at multiples of 7, the following

equations can be solved to locate asymptotes.

2 x—3—ﬂ- =-r, 2 x—3—” =0, and 2 x—3—” =
4 4 4

Solve each of these equations.

( 37:] ir 7w T 3T T
2 x—T =—7r:>x—T=——:>x=——+—:>x=—

2 2 4 4
2[ =% =0 x—3—”=0 x=3—”
4 4
V4 T 3w 5w
2l x—|l=gox— =" =24 =
2 2 4 4

Divide the interval (%,%) into four equal parts to obtain the following key x-values.

first-quarter value: 3?”; middle value: %; third-quarter value: 5?”

Evaluating the given function at these three key x-values gives the following points.

0 (Zo) [
8 2 8
Connect these points with a smooth curve and continue to graph to approach the asymptote x :% and

x=T”to complete one period of the graph. Sketch the identical curve between the asymptotes

xX= % and x= %&' to complete a second period of the graph.

y
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37. y=1+tanx

This is the graph of y = tan x translated
vertically 1 unit up.

39. y=1-cotx
This is the graph of y = cot x reflected about

the x-axis and then translated vertically 1
unit up.

38. y=I1-tanx

This is the graph of y = tan x, reflected over 40. y = —2 —cotx
the x-axis and then translated vertically 1 This is the graph of y = cot x reflected about
unit up. the x-axis and then translated vertically 2

units down.

41. y=-1+2tanx
This is the graph of y = 2 tan x translated vertically 1 unit down.

y=-1+2tanx
1
42. y=3+5tanx

1
This is the graph of y = Etan X translated vertically 3 units up.
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43. y :—1+%cot(2x—37r) = —1+%cot2(x—37”j

T
Perlod.b >

Vertical translation: 1 unit down

Phase shift (horizontal translation): 37” units to the right

Because the function is to be graphed over a two-period interval, locate three adjacent vertical
asymptotes. Because asymptotes of the graph y=cotx occur at multiples of 7, the following

equations can be solved to locate asymptotes.

2 x—3—7[ =2 2 x—s—” =—m, and 2 x—s—” =0
2 2 2

Solve each of these equations.

3 3z I 7«
2l x—— |=2T=>x——=T"T=>X=-T+—=—
2 2 2

2
3 3 T T 3r 2r
2l x—— =TT x——=—-—DX=——F+—DX=—=T
2 2 2 2 2
2 x—3—ﬂ- =0 —3—”—0 x=3—”
2 2

Divide the interval (%,ﬂ') into four equal parts to obtain the following key x-values.

first-quarter value: 5?”; middle value: 37” ; third-quarter value: 7?”

Evaluating the given function at these three key x-values gives the following points.

x 1) 3z ) (7% 3
8925 45 ) 892

. . . V4
Connect these points with a smooth curve and continue to graph to approach the asymptote x = PY and
x =7 to complete one period of the graph. Sketch the identical curve between the asymptotes x =7

and x = 37” to complete a second period of the graph.

y=-1+7cot (2x - 3m)
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44. y :—2+3tan(4x+7z):—2+3tan4(x+%)

period: Z=Z
erlo.b 4

Vertical translation: 2 units down
. . . T .
Phase shift (horizontal translation): Z unit to the left

Because the function is to be graphed over a two-period interval, locate three adjacent vertical

T

asymptotes. Because asymptotes of the graph y =tanx occur at —%, > and 37”, the following

equations can be solved to locate asymptotes.

( 71') 3z

4l x+=|=—— x+—=—">>x=—"—

4 8 8
T T
4l x+—|=—=2x+—=—>D>x=——
%) :
( ﬁj 3z T 3r T
4 x+—|=— +t—=—=x=—
4 8

Divide the interval [—3?”, —%) into four equal parts to obtain the following key x-values.

first-quarter value: —?—76[; middle value: —% ; third-quarter value: _3z

Evaluating the given function at these three key x-values gives the following points.

o )
Connect these points with a smooth curve and continue to graph to approach the asymptote x = —3?7[
and x= —% to complete one period of the graph. Sketch the identical curve between the asymptotes

xX= —% and x =§ to complete a second period of the graph.

=-2+3tan (4x + )
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45. y=1—200t2[x+%)

Period: r_z
b 2

Vertical translation: 1 unit up
Phase shift (horizontal translation): — unit to the left

Because the function is to be graphed over a two-period interval, locate three adjacent vertical
asymptotes. Because asymptotes of the graph y=cotx occur at multiples of 7, the following

equations can be solved to locate asymptotes.

o x+Z =0 2( x+Z =7 and 2| x+Z |=27
2 2 2

Solve each of these equations.

2| x+Z =O:>x+£=0:>x20—£=—£
2 2 2 2
2 x+l ez x+ == 220
2 2
2(x+£)=27r:>x+£=7[:>x=7[——=%

Divide the interval (0, %) into four equal parts to obtain the following key x-values.

first-quarter value: %; middle value: %; third-quarter value: 3?”

Evaluating the given function at these three key x-values gives the following points.

g ) -1 5 g ) 1 ) 3_” 5 3
8 4 8
Connect these points with a smooth curve and continue to graph to approach the asymptote x =0 and

xz% to complete one period of the graph. Sketch the identical curve between the asymptotes

X = —% and x =0 to complete a second period of the graph.
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46. y =§tan %x—n)—Z =-2 +%tan%£x—4?ﬂj

. .. T

Period is — =
b

Vertical translation: 2 units down

. . . 4 . .
Phase shift (horizontal translation): ?ﬁ units to the right

Because the function is to be graphed over a two-period interval, locate three adjacent vertical
V4

asymptotes. Because asymptotes of the graph y = tan x occur at —%, 2 and 377[, the following
equations can be solved to locate asymptotes.
3 4r T 3 4r
—| - ==, = x——|=
4 3 2 4 3

Solve each of these equations.

3 iy T 4 27 27
— X | =—— —_ X=—
4 3 2 3 3 3
3 4r .4 dr 2mw
| x—-——1|== —= =>x=2r
4 2 3

Divide the interval (ZT”,ZEJ into four equal parts to obtain the following key x-values.

first-quarter value: 7; middle value: 4%; third-quarter value: 5—7[

Evaluating the given function at these three key x-values gives the following points.

(S

. . . 2
Connect these points with a smooth curve and continue to graph to approach the asymptote x = 3
and x =27 to complete one period of the graph. Sketch the identical curve between the asymptotes

x=2x and x = IOT” to complete a second period of the graph.
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47.

48.

49.

50.

51.

52.

53.

54.

5S.

sin —
T . . T . .
True; E is the smallest positive value where COSE =0. Since tan—= , — 1s the smallest

COS

positive value where the tangent function is undefined. Thus, k = > is the smallest positive value for

which x =k is an asymptote for the tangent function.

T
2 0 .
False; cot—= =—=0. The smallest such number is 7.

m x

. S
True; since tanx =

1
and sec x =—— | the tangent and secant functions will be undefined at the
cosx cosx

same values.

. 7 . .
False; secant values are undefined when x=3+nﬂ' , while cosecant values are undefined when
X=nr.

_sin(—x) —sinx

False; tan(—x) =—tanx (since sin x is odd and cos x is even) for all x in the

B cos(—x) cosx
domain. Moreover, if tan (—x) = tan x, then the graph would be symmetric about the y-axis, which it is
not.

1
cos(—x) B cos(x)

True; sec(—x) = =sec(x) (since cos x is even) for all x in the domain. Moreover, if

sec (—x) =sec x, then the graph would be symmetric about the y-axis, which it is.

The function tan x has a period of 7, so it repeats four times over the interval (—27[, 27[]. Since its

range is (—eo, o), tan x = ¢ has four solutions for every value of c.

None; cos x < 1 for all x, so >1and secx =1. Since sec x > 1, sec x has no values in the

COS X
interval (—1,1).

.4 . .
The domain of the tangent function, y=tanx, is {x X # E+ nr, where n is any mteger} , and the

range is (—oo,0). For the function f (x)=-4tan(2x+7)=—4tan 2(x+5j, the period is Ex

T . .
Therefore, the domain is {X x¢z+3n, wherenis any 1nteger}' This can also be written as

s

X # (2}’[ + 1)%, where n is any integer}. The range remains (—oo, oo) .
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57.

58.

59.

60.

61.
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The domain of the cosecant function, y = csc x, is {x | x # nrx, where n is any integer} , and the range

T
is (=eo, —1]U[L, o). For the function g(x)=-2csc(4x+7) :—2csc4(x+%j, the period is >

nw . .
Therefore, the domain is {x X # o where n is any lnteger} The range becomes (—oo, — 2] U[2, oo)

since a = 2.

d=4tan2nt
(a) d=4tan27(1)=4tan27 =4(0)=0m

(b) d=4tan27(4)=4tan.87 ~4(-7265)~-2.9 m
(©) d=4tan27(8)=4tanl.67 ~4(-3.0777)~-12.3 m
() d=4tan27(1.2)=4tan2.47~4(3.0777)~12.3 m

V4
(e) t=.25leads to tan 5, which is undefined.

a=4|sec2ﬂ't|

(@ =0

a=4|sec0|=4[1|=4(1)=4m
(b) =86

a=4]sec27(.86)|~4|1.5688|=4(1.5688) ~ 6.3 m
(© =124

a=4|sec2r(1.24)|=4[15.9260| = 4(15.9260) = 63.7 m

Answers will vary.

Flotl Flakz Flotz W IHDOL
“MiBhancs amin=-1
=Mz B Amax=1
WA= necl=.1
wMy= Ymin=-1
M= Ymax=1
“ME= Yeol=.1
M= ares=1

Answers will vary.

No, these portions are not actually parabolas.

Graph the functions.

WIHDOW Flokl Flatz Flot:
min=-6.283185..( |~"Y1Bsintka
Bmax=e, 2831853 Y eBsinc2ED
recl=1.57a7ae3. | |~ BY1+Y:

Ymin=-3 “My=
Ymax=3 “Mo=
Yecl=1 “Mg=
Ares=1 “Mep=

Continued on next page
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61. (continued)
Notice that Y, (£)+Y, (Z) =.5+.8660254 =1.3660254 = Y, (£) = (Y,+Y,)(Z).

6

T1=5inCk) YE=EinCZHY TEEWIYE

Frg N Frg
g A g

W= b2 zE0E7E V=K n=LezE0ERE IY=.BREDZEY W= 2 ZE0E7E IY=1.26E025Y

62. Graph the functions.

Flakl Flakz Flak: W IHOO
=M Bcos CE AMin="6. 283185
SMeBCcos CED a0 AMax=h. 22931353

~rRY Y AECl=1.57VE7 53
=My= Ymin=-4

=Me= “Ymax=d

=ME= Yacl=1

=M= #res=1

Notice that Y, (£)+Y, (£) =.8660254 +1.1547005 = 2.0207259 = Y, (£)

I

W= 2 zE0E7E IY=.BEE02EY = LezEOERE IY=1.1587 00k W= 2 ZE0E7E IY=2.pe)Pets

Il
—_
g

+
<
N—
—
ol
N

63. w

V4 V4

64, T=x——=>x=71+—=—
4 4
. . Sz o

65. The vertical asymptotes in general occur at x = T+ nr, where n is an integer.

66. The function y=-2 —cot(x —%j is graphed in the window [—71', 27[] with scale % (with respect to x).

Using the zero feature of the graphing calculator, we see that the smallest positive x-intercept is
approximately .3217505544.

Flakl Flakz Flak: W IHOO
SMB-Z2-1stanc -m| | Bmin=-3.0 141592
0 Emax=h. 2831353

M= Ascl=1.5FE7FIE3...

wMr= Ymin=-4 K

=My= “Ymax=d

wHes= Y=o l1=1 Cl

=ME= #res=1 #=.3ZA7E0EE ¥ ¥=0

67. 3217505544 + =~ 3.463343208

68. {x | x =.3217505544 + nzr, where n is an integer}
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Summary Exercises on Graphing Circular Functions
1. y=2sinzx

Period: 27 _ 2 and Amplitude: |2 |=2
4

Divide the interval [0, 2] into four equal parts to get the x-values that will yield minimum and
maximum points and x-intercepts. Then make a table.

X 0 l 1 2 2
2 2
TX 0 r T 3—” 2w
2 2
sin Tx 0 1 0 -1 0
2sin rx 0 2 -2

2. y=4cos(l.5x)=y :4005(%xj

Period: = 27[-5 = 4% and Amplitude: |4 |=4

Divide the interval |0, 4?7[} into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table.

T 2r ar
X 0 — — V4 —
3 3 3
—X 0 z T 3—” 2w
2 2
COoS— X 1 0 -1 0 1
2
3 y =4 cos I.5x
4 cos E X 4 0 —4 0 4

3. y= 2+.5c08 L x
4
. . .2
Step 1  To find the interval whose length is >

OS%xSZﬂ'30£xS8

Step 2 Divide the period into four equal parts to get the following x-values.
0,2,4,6,8
Continued on next page
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3. (continued)

Step 3 Evaluate the function for each of the five x-values.

Steps 4 and 5 Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

X 0 2 4 6 8
Zy 0o | Z |z |22 ] 2
4 2 2
cos % x Lo 1] o] 1
4
lcoszx l 0 —l 0 l
2 2 2 2
—2+lcos£x 3 -2 3 -2 3
2 4 2 2 2

y=—2+.5cos%x

X
4. =3sec—
Y 2

Step I  Graph the corresponding reciprocal function y = 3005% The period is 2z =2r

Step 2

Step 3

and its amplitude is |3| =3. One period is in the interval 0 < x <4 . Dividing the interval into

The amplitude is | 5 | = ‘

The period is 8.

The vertical translation is 2 units down.

There is no phase shift.

four equal parts gives us the following key points.

(0,3), (1,0), (2.-3). (3,0), (4.3)

. X . X .
The vertical asymptotes of y = 35607 are at the x-intercepts of y =3cos——, which are

x=1and x=3. Continuing this pattern to the left, we also have a vertical asymptote of

x=-1.

Sketch the graph.

1
» whichis —.
‘ww 152
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5. y=-4csc.5x :—4csclx
2

Step 1

Step 2

Step 3

Graph the corresponding reciprocal function y =—-4 sin%x The period is 2T” =2r-—=4r

2
3 1
and its amplitude is |—4| =4. One period is in the interval 0 < x <47z . Dividing the interval

into four equal parts gives us the following key points.
(0,0), (7,—4), (27,0), (37,4), (47.0)

. 1 . 1 .
The vertical asymptotes of y=—4 cscEx are at the x-intercepts of y =—4sin Ex, which are

x=0, x=2x, and x = 4r.

Sketch the graph.
y

y = -4 csc.5x

6. v =3tan[%+7z’j=3tan%(x+2)

Step 1

Step 2
Step 3

Step 4

Step 5

Find the period and locate the vertical asymptotes. The period of tangent is %, so the period
. .. T 2 V4 V4
for this function is =A== 2 . Tangent has asymptotes of the form bx = 5 and bx = 5
2

The asymptotes for y =3tan E(x+ 2) are as follows.

%(x+2)=—§3x+2=—1:x=—3 and %(x+2)=%:x+2=1:x=—1

Continuing this pattern we see that x =1 is also a vertical asymptote.
Sketch the vertical asymptotes, x =—1 and x=1.
Divide the interval into four equal parts.
_1’ - l > 0’ l 5 1
2 2

Finding the first-quarter point, midpoint, and third-quarter point, we have the following.

R

Join the points with a smooth curve.
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X
=-5sin—
7. Y 3

Period: 27” =27->=6x and Amplitude: |-5|=5

3

3
1

Divide the interval [0,67] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [-67,0].

X 0 3—” 3 9—” 6
2 2

il 0 z T 3—” 27

3 2 2

sin> | 0 | 1 0 | -1 | 0
3

—SSing ol 5| 0|5 0

8. y=10cos L =IOCOSl(x+2ﬂ')
4 2 4
. . . 2z
Step 1  Find the interval whose length is >

OSi(x+27z)S27r:0£x+27r£87z:—27z£x£67z

Step 2 Divide the period into four equal parts to get the following x-values.
27,0, 2x, 4, 67

Step 3 Evaluate the function for each of the five x-values.

X =2r 0 2 drr | 61
L(xvon) o | Z| 2z | |2z
4 2 2

cosi(x+2ﬂ') 1 0 -1 0 1

10c05%(x+2ﬂ') 10 0o | -10 0 10

Steps 4 and 5 Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

The amplitude is 10.
The period is 87 .
There is no vertical translation.

The phase shift is 27z units to the left.
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9. y :3—4sin(2.5x+7z):3—4sin(§x+7z’j:3—4sin%(x+2?ﬂj

Step 1  Find the interval whose length is 27”

0<2 x4+ copmocxs B 2m 27
277 s 55 5 5

Step 2 Divide the period into four equal parts to get the following x-values.

2 V.4 T 2r
) — s Yy T T

5 5 25

Step 3 Evaluate the function for each of the five x-values

2 T T 2
X -— | ——= 10 - | —
5 5 5 5
§[x+2_7[} 0 E V4 3_7[ 27
2 5 2 2
sinz x+2—” 0 1 0 1 0
2 5
5 2r
—4sin—| x+— 0 -4 0 4 0
(%)
3—dsin>| x4+ 27 3 | -1 3] 7| 3
2 5

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the right, we obtain the following graph.

The amplitude is | -4 | , Which is 4.

The period is ZT”, which is 4—”
5 5
The vertical translation is 3 units up.

2r
The phase shift is 5 units to the left.

10. y=2-sec|[7(x-3)]

Step 1  Graph the corresponding reciprocal function y =2-—cos [ﬂ'(x—3)] The period is 2 and its

amplitude is |—1| =1. One period is in the interval %S x< 7 Dividing the interval into four

;

equal parts gives us the following key points.

23) o0 i) oo

NN

Continued on next page
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10. (continued)

Step 2 The vertical asymptotes of y:2—sec[7r(x—3)} are at the x-intercepts of

3
=— —3)|, which =—,
y=—cos [lz(x )] which are x

xZE’ and x = Continuing this pattern to the

D= o

. 1
left, we also have a vertical asymptote of x = 3 and x =—

Step 3 Sketch the graph.

y =2 -sec[m(x -3)]

Section 4.4: Harmonic Motion
1. 5(0)=2in;P=.5sec
(a) Given s(r)=acos o, the period is 2z and the amplitude is |d].
®

P=.5 sec:.5=2—”:l=2_ﬂ-:a):4ﬂ
0] 2 w
S(0)=2=acos[a)(0)]:2:a0050:2=a(1):a:2

Thus, s(7)=2cos47t.

(b) Since s(1)=2cos [47[(1)] =2cos4r=2(1)=2, the weight is neither moving upward nor
downward. At z=1, the motion of the weight is changing from up to down.

2. s(0)=5in;P=1.5sec
(a) Given s(r)=acos o, the period is 2z and the amplitude is |a|.
[0

P=15 sec:1.5=2—”:§=2—”:3w:47z:a):4—”
@ 2 w

s(O)zSzacos[a)(O)]:5:a0050:5=a(1):a=5

Thus, s(1)=5 cos%[t.

(b) Since s(1)=5cos {4?”(1)} =5cos 4?” =5 (—%j = —% =-2.5, the weight is moving upward.
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5(0)=-31in.; P=.8 sec
(a) Given s(r)=acos o, the period is 2z and the amplitude is |d].
®

Pegsecm 8=F 4 27 L 4w—tor = w0="% 251
w 5 w 4

s(O):—Szacos[a)(O)] =-3=acos0=>-3=a(l)=>a=-3
Thus, s(r)=-3cos2.57t.

(b) Since s(1)= —300s[2.57r(1)} = —300557” =-3(0)=0, the weight is moving upward.

5(0)=—4in; P=1.2sec
(a) Given s(7)=acos o, the period is 2z and the amplitude is |d].
®

P=12 sec:>1.2=2—”:>§=2—”:>6a)=107r:> a):lo—”:S—”
@ 5 w 6 3

5(0)=—4=acos[w(0)|= -4=acos0O=—-4=a(l)=>a=—4

Thus, s()=—4cos S?Et.

(b) Since s(1)=—4cos {5?7[(1)} =—4 coss?” =—4 (%) =-2, the weight is moving downward.

Since frequency is 22, we have 27.5=-2 — w=557. Since s (0)=.21, 21= acos[a)(O)} =
V3

2

2l=acos0=.21=a(l)=a=.21. Thus, s(t)=.21cos557t.

Flokl Flotz Flot: WIHOOW

ML Z2lcos CS5mE “min=a

Amax=.H 5

wMe= necl=.81

“Mr= Ymin=-.3 EH

“My= “Ymax=.

“Mo= VYecl=,

“Me= Ares=1
. . w w .
Since frequency is —, we have 110=—= @=2207x. Since  5(0)

27 27

Al=acos[@(0)|=.11=acos0=.11=a(1)=a=.11. Thus, s(r)=.11cos 2207t.

Flakl Flatz Flot: WIHOOW

B LlcosCZ228nE] | Emin=a

2 Hmax=. 05

~Ne= necl=.81

M= Ymin=-.3

sMy= Vmax=.3

“Me= VYecl=.1

~NE= Ares=1

=.11,
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7. Since frequency is 22, we have 55=-2— w=1107. Since 5(0)=.14, .14=acos[w(0)}:>
T

2
d4=acos0=.14=a(l)=a=.14. Thus, s(t)=.14cos1107z.

Flokl Flotz Flot: W IO
;»'1’1 B. ldcosCl1@ms ﬁmih=l3a5

MaX=.
s iecl=.al TANNA
“Ma= min=-.
“My= “Ymax=.3 U ]"'u"lr U
“Mo= Yecl=,1
“Me= Ares=1

8. Since frequency is 22 we have 220=-2 = @=4407. Since s (0)=.06, .06=a cos[a)(O)] =
z

27
06=acos0=.06=a(l)=a=.06. Thus, 5(t)=.06cos4407r.
Flakl Flakz Flok WIHOOW
ML BGcosCd44B8nE] | Emin=a
2 Hmax=. 05
~Ne= necl=.81
M= Ymin=-.3
Ny = Vmax=.3
o= Vacl=.1
“NE= Ares=1

9. (a) Since the object is pulled down 4 units, s (0) =—4. Thus, we have the following.
5(0)=—4=acos[w(0)]= -4=acos0O=—-4=a(l)=>a=—4
Since the time it takes to complete one oscillation is 3 sec, P =3 sec.

P=3 sec:>3=2—”:>3=2—”:>3a)=2ﬂ':w=2—”
@ @ 3

Therefore, s (1) =—4cos 2?” .

) s(1)= —4005{2—”(1.25)} =—4cos 2_71'(2] = —40055—7[ =4 —ﬁ =23 =~3.46 units
3 314 6 2
(rounded to three significant digits)

(c) The frequency is the reciprocal of the period, or %

10. (a) Since the object is pulled down 6 units, s(0)=—-6. Thus, we have the following.
s(O):—6:acos[a)(0)} =>-6=acos0=>—-6=a(l)=>a=-6
Since the time it takes to complete one oscillation is 4 sec, P =4 sec.
27 2w

P=4 sec:>4=2—7[:>4=—:>4a):27z:>a):—:Z
@ 0] 4 2

Therefore, s (1) =—6cos % 1.

(b) s(1)=-6cos [%(1.25)} =—-6c0s {% (%H = —6cos5?” ~2.30 units (rounded to three significant
digits)

(¢) The frequency is the reciprocal of the period, or i



11.

12.

13.

14.

15.
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@ a=2,w=2
s(t)=asinwt = s(t)=2sin2s
. . 2r 2r o 1
amplitude :|a|:|2|:2; period :;:7:7z; frequency Ry
(b) a=2, w=4
s(t)=asinwt = s(t)=2sin 4z
amplitude :|a| :|2| =2 period :%:%Tﬂzg; frequency :%:%:%

P= 27[/L L—1 ft
32
é 1 =«
The period is P =2r, |— :>P 27| = =2m,|— g Z sec.

The frequency is the reciprocal of the period, or —

Since P =21 /i, 1:27z4/£:>L=1/£:>;=£:>L=£:>£=L
32 32 2m \N32 (27;)2 32 477 32 4n°

s(t)=asin\/zt; k=4; P=1sec
m

A period of 1 sec is produced when 2—7]: =1. Since k =4, we solve the following.
i

=i:>4ﬂ'm 4:m—L

——1:>2ﬂ' \/7:475
TR " .

s (1) =—4cos 8t

(a) The maximum of s (t) =—4cos8rxt is |—4| =4 in.

(b) In order for s (t) =—4cos 8zt to reach its maximum, y =cos8z¢ needs to be at a minimum. This

7 1
occurs after 87t =7 =t =—=— sec.
87 8

(c) Since s(r)=—4cos8xt and s(t)=acoswr, @=38x. Therefore, frequency = o 8 _ 4

o 2w

cycles per sec. The period is the reciprocal of the frequency, or 2 sec.
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16. k=2, m=1

. o 1 . 1 :
(a) Since the spring is stretched 5 ft, amplitude =a=5. From Exercise 14 we have,

s(t)=asin \/zt. Thus, s(t)=asin \/%t —asin~/2t. Since s (t)=asin@t, we have w= V2.
m
This yields the following.

2r  2rm N2 w 2
iod =—=—7==A<27T =—=—
period @ 5 and frequency r o

(b) s(t):asinwt:s(t):%sinx/zt

17. s(t)=-5cosdznt, a=|-5|=5 w=4x
(a) maximum height = amplitude = a = |—5| =5in.
2r

w
(b) frequency = E = ;—Z =2 cycles per sec; period = Z = 5 sec

(c) s(t)=—500s4m=5:>cos4m=—1:>4m=7r31=i

1
The weight first reaches its maximum height after 1 sec.

(d) Since s(1.3)=-5cos [471'(1.3)} =-5c0s 5.2 = 4, after 1.3 sec, the weight is about 4 in. above

the equilibrium position.

18. s(1)=—4cosl0t, a=—-4, ®=10
(a) maximum height = amplitude =a = |—4| =4in.
w 10 5 2r 2w

. V4
(b) frequency = Py = Py = = cycles per sec; period = > = 10 = 5 sec

(c) s(t)=—4colel=4:>colet=—1:>10t=ﬂ:>t=%

The weight first reaches its maximum height after 10 sec.

(d) 5(1.466) = —4cos (10-1.466) = —4 cos (14.66) = 2

After 1.466 sec, the weight is about 2 in. above the equilibrium position.

19. a=-3
(a) We will use a model of the form s(¢) = a cos wt with a = -3.
Since s (0)=-3 cos[a)(O)] =—-3cos0=-3(1)=-3,

Using a cosine function rather than a sine function will avoid the need for a phase shift.

Since the frequency = s cycles per sec, by definition, 22 = s > or=12r = w=12.
V4 T T

Therefore, a model for the position of the weight at time 7 seconds is s(t) = —3cos12z.

T

(b) The period is the reciprocal of the frequency, or 6 Sec
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20. a=-2
(a) period: 2—7r=l:>67r=a)
w 3
s(t)=acoswt = s(t)=—-2cos bt
w _6n

(b) frequency =—=— =3 cycles per sec
2r 2w

For Exercises 21 — 22, we have the following.

Flotl Flotz Flotz [ { X uTa]]
SMyBe il - asinCE “min=a
Hmax=3. 1415926,
sMeBe™ =k necl=1.57A7FIE3..
xR el —ED Ymin=-.5
“My= Ymax=.5
“Mo= Yecl=,1
“Me= Ares=1

21. Since ¢ #0, we have ¢ sinf=0=sint=0=17=0, 7. The x-intercepts of Y; are the same as
these of sin x.

. P - . T . . . .
22. Since Y, =Y, > e sint=¢" 3s1nt=1:>t=3, the intersection occurs when sin¢ is at a

. . T . . . ) T
maximum, that is, when ¢ =5 Thus, the point of intersection is (5’6 ’”zj

. oo - . 3z . . o
Since Y, =Y, > e sint=—¢"' =>sinr=-1= x=7, the intersection occurs when sinf is at a

minimum but the minimum, value of sin # does not occur in [0, 7].

Chapter 4: Review Exercises

2r
1. B; The amplitude is |4| =4 and period is BN =7.

2. D; The amplitude is |—3| =3, but the period is ZTE =4r. All other statements are true.
2

3. The range for sin x and cos x is [~1,1]. The range for tan x and cot x is (—es,0). Since % falls in

1

these intervals, those trigonometric functions can attain the value 3

4. The range for sec x and csc x is (—oo,—l] U[1,e0) . The range for tan x and cot x is (—oo,c). Since 2

falls in these intervals, those trigonometric functions can attain the value 2.

S. y=2sinx 6. y=tan3x
Amplitude: 2 Amplitude: not applicable
Period: 27
Vertical translation: none
Phase shift: none

Period: —
eriod: —
)

Vertical translation: none
Phase shift: none
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1 1 ) 1 V4
7. y=-——cos3x =—csc| 2x—— |=—csc2| x——
2 B ( 4] 2 ( 8)
I
2

Period: T Vertical translation: none

Amplitude: Amplitude: not applicable

N | =

. 2w
Period: 7 =

Vertical translation: none

Phase shift: none Phase shift: P unit to the right

8. y=2sin5x 14. y=2sec(mx—27)=y=2secz(x—2)
Amplitude: |2| =2 Amplitude: not applicable
2r 2
Period: — Period: 7 2
5 V.4
Vertical translation: none Vertical translation: none
Phase shift: none Phase shift: 2 units to the right
1
9. y=l+2sin—x =ltan a-Z =ltan3 ==
4 15, F73 3)73 9
Amplitude: [2] =2 Amplitude: not applicable
.2 V4
Period: - =8r Period: 3
4
Vertical translation: up 1 unit Vertical translation: none

Phase shift: none

V4
Phase shift: 9 units to the right

1l 1 16. y=cot(£+3—”j=cotl[x+3—”j
Amplitude: _Z‘:Z 2 4 2 2

2 —cotl X— —3—”
Period: - = 3 B 2 2

3 . .
’ Amplitude: not applicabl
Vertical translation: up 3 units fpltuce: ot applcable

Phase shift: none Period: % =2r

10 —3—lcos%x
P YTITLOS

2

1. y=3cos (x +%) _ 3005|:x ~ [_%ﬂ Vertical translation: none

3
Phase shift: — units to the left
Amplitude: |3| =3 2
Period: 27w 17
Vertical translation: none

V.4
Phase shift: E units to the left

. The tangent function has a period of 7 and
x-intercepts at integral multiples of 7.

18. The sine function has a period of 2z and
passes through the origin.

12. VY= —sm(x _Tj 19. The cosine function has a period of 27 and
oo _ V4
Amplitude: |—1| =1 has the value 0 when x=—.
. . 2
Period: 27

Vertical translation: none . .
20. The cosecant function has a period of 27

Phase shift: 3 units to the right and is not defined at integral multiples of 7.
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21. The cotangent function has a period of 7 and decreases on the interval (0, 7[)

22. The secant function has a period of 27 and vertical asymptotes at odd multiples of %; that is, at

x=(2n+1) z , where n is an integer.
2

23. - 24. Answers will vary.

25. y=3sinx
Period: 27 and Amplitude: |3|=3

Divide the interval [0,27] into four equal parts to get the x-values that will yield minimum and
maximum points and x-intercepts. Then make a table.

X 0 z T 3—” 2
2 2
sin x 0 1 0 -1 0
3sin x 0 3 0 -3 0

26. y= %secx

Step 1

Step 2

Step 3

Graph the corresponding reciprocal function y = %cosx The period is 27 and its amplitude

1

is —‘ :5. One period is in the interval 0<x <27 . Dividing the interval into four equal

2
parts gives us the following key points.

o2} (o} (2] (2] o2

. 1 . 1 .
The vertical asymptotes of y=Esecx are at the x-intercepts of y=Ecosx, which are

X :% and x :37”. Continuing this pattern to the left, we also have a vertical asymptote of
V4

xX=——.
2

Sketch the graph.

@“

i

<
—N|=l-— =

W

_m
2 2
| |
|
y= L secx

(8]
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27.

28.

29.

30.

y=—tanx is a reflection of the graph of
y=tanx over the x-axis. The period is 7

. V4
and has vertical asymptotes of x = Yy and

T
x=—.
2

y=-2cosx is a reflection of the graph of
y=cosx over the x-axis and has an
amplitude of |—2|:2. The period is 27
and points on the graph are (0,-2),

[%,oj, (7,2), (37”,0), and (27,-2).

y=2+cotx is a vertical translation of the
graph of y=cotx up 2 units. The period is

7 and has vertical asymptotes of
x=0 and x=7.

y=-—1+cscx is a vertical translation of the graph of y =cscx down 1 unit. The period is 27 and

has vertical asymptotes of x=0, x=7x, and x=27.

Step 1  Graph the corresponding reciprocal function y=-1+sinx The period is 2z and its
amplitude is |1| =1. One period is in the interval 0< x <27 . Dividing the interval into four

equal parts gives us the following key points.
V4 Iz
0,-1), |—=.-1], (7-1), | —,-2]|, (27,1
0. (Z1). o, (Z2) 2mo
Step 2 The vertical asymptotes of y=—1+cscx are at the x-intercepts of y=sinx, which are

x=0, x=m, and x =271.

Step 3 Sketch the graph.

=-1+cscx
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31. y=sin2x

Period: 27” =7 and Amplitude: |[1|=1

Divide the interval [0,7] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table.

V4 V4 3
X 0 — - | — V4
4 2 4
V4 3z
2x 0 = T — | 2z
2 2
sin2x 0 1 0 -1 0
32. y=tan3x
Step 1  Find the period and locate the vertical asymptotes. The period of tangent is %, so the period
. .. T V4 V4
for this function is 3 Tangent has asymptotes of the form bx = Y and bx = >
The asymptotes for y =tan3x are as follows.
3x:—£:>x:—Z and 3»)c:£:>x:Z
2 6 2 6
Step 2 Sketch the vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
L
67 12771276
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.
_17_1 5 (030)3 lsl
12 12
Step 5 Join the points with a smooth y
curve. I
i
nH1
NN
o > x
Y (s
6|16
I : y = tan 3x
33. y=3cos2x

Period: 277[ =7 and Amplitude: |3|=3

Divide the interval [0,7] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table.

.4 .4 3
0 — - | — V2
4 2 4
2x o | 2|z |3 o
2 2
cos2x 0 -1 0 1
3cos2x 3 0 -3 0 3
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34.

35.

1
=—cot3x
Y7
Step 1  Find the period and locate the vertical asymptotes. The period of cotangent is %, so the
period for this function is % Cotangent has asymptotes of the formbx =0 and bx =7 .

1
The asymptotes for y = ECOt 3x arex=0 and x = %

Step 2 Sketch the two vertical asymptotes found in Step 1.
Step 3 Divide the interval into four equal parts.
T T TR
12767473
Step 4  Finding the first-quarter point, midpoint, and third-quarter point, we have the following.

(F3) (50) (53

Step 5 Join the points with a smooth curve.
The graph is “shrunk” because

<l1.

1
a=— and
2

=COS .X'_£
Y 4

Step 1  Find the interval whose length is 27”

0<x-L<r=0+Z<x<mr+ T <x<
4 4 474

-l>|§

Step 2 Divide the period into four equal parts to get the following x-values.
V4 3 o
— T, —, 2”3 -
4 2 4

Step 3 Evaluate the function for each of the five x-values.

x| 3 | sr| 7 | o
" Al 4 |24 | 4| a
x—Z 0 z T 3—” 27
4 2 2
_r

cos(x 4) 1 0 -1 0 1

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.
The amplitude is 1.
The period is 27.

There is no vertical translation.

The phase shift is % units to the right.




36.

37.
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y :tan[x—zj
2

Period: &

Vertical translation: none
Phase shift (horizontal translation): > units to the right

Because the function is to be graphed over a two-period interval, locate three adjacent vertical
V4 V4 .
asymptotes. Because asymptotes of the graph y=tanx occur at 5 and > the following

equations can be solved to locate asymptotes.

T T T
x——=—-—=x=0and x——=—=x=7
2 2 2 2

Divide the interval (O,ﬂ') into four equal parts to obtain the following key x-values.

first-quarter value: %; middle value: %; third-quarter value: %Z

Evaluating the given function at these three
key x-values gives the following points.

(1) (o) (5

Connect these points with a smooth curve
and continue to graph to approach the
asymptote x=0 and x =7 to complete one
period of the graph.

y =sec(2x+£j =sec2(x+£]
3 6

Step 1  Graph the corresponding reciprocal function cos2(x+%). The period is 27”=ﬂ' and its

amplitude is |2| =2. One period is in the interval % <x< % . Dividing the interval into

four equal parts gives us the following key points.

E’O > 17_1 > 7_7[70 > 5_”71 5 13—”’0
12 3 12 6 12

Step 2 The vertical asymptotes of y= secZ(x +%) are at the x-intercepts of y= cosZ(x +%),

which are x:l, x:7—”, and x :13—”.
12 12
Step 3 Sketch the graph. y

Al | |
T |V|
| | |

Ha = 70~ 137

12 31 12

—t+—t—+—+—+>x

0 | | 37 |
-1 I 6 |
Iml |
TI | |
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38. y=sin 3»x+Z =sin3 o+
2 6

Step 1  Find the interval whose length is 277[

0<3 )c+Z S27r:>OSx+£S2—”:>—£SxS£
6 6 3 6

Step 2 Divide the period into four equal parts to get the following x-values.

L S
6~ "6 32
Step 3 Evaluate the function for each of the five x-values
N T,z 7|z
6 6 3 2
3(x+£) 0o |2z |3 |2
6 2 2

. V4
s1n3(x+€j 0 1 0 -1 0

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve.

_‘V The amplitude isl.
\

y =sin (3x + %) The period is 2%

There is no vertical translation.

V4
The phase shift is 3 unit to the left.

39. y=1+2cos3x

Step 1  Find the interval whose length is 277[

os3x52n:>03xs%”

Step 2 Divide the period into four equal parts to get the following x-values.
T T T 2r
67372 3
Step 3 Evaluate the function for each of the five x-values.

T T T 2r
X 0| — | — — | —
6 3 2 3
3x ol Z |z | Z | 2
2 2
cos3x 110 -1 0 1
2cos3x 210 -2 0 2
1+2cos3x 1 -1 1

Continued on next page
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39. (continued)

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

.o 27
The period is ER

The amplitude is |2 | , which is 2.

The vertical translation is 1 unit up.
There is no phase shift.

y=1+2cos3x

40. y=-1-3sin2x
. . . 2z
Step 1  Find the interval whose length is >

0<2xL2r=>0<x<nmw

Step 2 Divide the period into four equal parts to get the following x-values.

L3
b 4 ’ 2 ’ 4 b
Step 3 Evaluate the function for each of the five x-values.
4 2 4
V4 3z
2x 0| =| 7 |— |2
2 2
sin2x 0 1 0 -1 0
—3sin2x 0 |-3]0 3 0
—1-3sin2x | -1 | 4 | -1 2 -1

Steps 4 and 5  Plot the points found in the table and join them with a sinusoidal curve. By graphing
an additional period to the left, we obtain the following graph.

The amplitude is |- 3|, which is 3.
The period is 27” =7.

The vertical translation is 1 unit down.
There is no phase shift.
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41. y=2sinzx
. 2 .
Period: — =2 and Amplitude: |2|=2
V1
Divide the interval [0, 2] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table.

X 0 l 1 i 2
2 2
X 0 z T 3—” 2r
2 2
sin rx 0 1 0 -1 0
2sin rx 0 2 0 -2 0

4. y= —%cos(nx—n) = —ECOSﬂ'(x—l)

Step 1  Find the interval whose length is 277[

0<7(x-1)<27=0<x-1<2=1<x<3

Step 2 Divide the period into four equal parts to get the following x-values.

L2223
2 2
Step 3 Evaluate the function for each of the five x-values.
3
X 1 — 2 &l 3
2 2
V4 3
m(x-1) o |27z |2 22
2 2
cos(x—1) 1 0[-1] 0 1
—lCOSﬂ'(x—l) _1 0 1 0 1
2 2 2 2
Steps 4 and 5  Plot the points found in the table and join then with a sinusoidal curve.
y
1 1| 1
y = - cos(mx —m) The amplitude is |~ > = 3
The period is 27 , which is 2.

T
This is no vertical translation.
The phase shift is 1 unit to the right.

43. — 44. Answers will vary.
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45. (a) The shorter leg of the right triangle has length hy — h;. Thus, we have the following.

cotd =

=d=(h,—h)cot

2 1

(b) When iy =55 and by =5, d =(55-5)cot@=>50cot 6.
V4
The period is 7, but the graph wanted is d for 0< 6 < ER The asymptote is the line 8=0. Also,

when 6=%,d =5000t%=50(1) = 50.

d
50
00 = = )
4 2
d =50 cot 6

46. (a) Since 27—-14.7=12.3 and 14.7-2.4=12.3, the time between high tides is 12.3 hr.
(b) Since 2.6—-1.4=1.2, the difference in water levels between high tide and low tide is 1.2 ft.

(¢) Since f(x)= .6005[.51 1(x- 2.4)] +2, we have the following.
£(10)=.6cos[ .511(10-2.4) |+2 = .6cos(3.8836)+2 ~1.56 ft

47. t:60—30005%
(a) For January, x=0. Thus, t=6O—30cosoTﬁ=60—3OcosO=60—30(1)=60—30=3O°.
. 3 .4
(b) For April, x=3. Thus, t:60—30cos?=60—300055260—30(0)260—02600.
ar 2r 1
(¢) For May, x=4. Thus, t=60—30cos?=60—30cos?=60—30 _E =60+15="75°.

B3

(d) For June, x=5. Thus, t:60—300055?ﬂ-=60—30(—7J=60+15x/§z86°.

V3

(e) For August, x="7. Thus, t:60—30cos7?”=60—30[—7j=60+15\/§:86°.

(f) For October, x=9. Thus, t=6O—3000s9?7[=60—3000s37”=60—30(0)=60—O=60°.

48. (a) Let January correspond to x = 1, February to x = 2, ... , and December of the second year to
x=24.

L1 Lz I | [Li Lz [ z| [Li Lz I )
i F ______ 7 R iz iE
E zg B 75 1k zd
= B g 1] it B
L | 4H 10 £L 16 4H
| i l
7 4 1z 43 18 E-

Lzit=25 Lzivy =74 Lzi19r =7 d

Continued on next page
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48. (a)

(b)

(c)
(d)

(e)

(continued)
L1 Lz L gl [WIMDOW ' o™= ot®
18 7z mmin=1 : a o
i3 74 Hmax=25 . o o
2|z naci=s ST
) EE Em1n=%g = L
cx max= . o a o
2Y ﬁﬂ- vecl=18 ‘o o o
Leizwr =25 Mres=1 : :
The amplitude of the sine graph is approximately 25 since the average monthly high is 75, the

1 1
average monthly low is 25, and 5(75 -25)= 5(50) =25. The period is 12 since the temperature

2 . o
cycles every twelve months. Let b= % = % One way to determine the phase shift is to use the

following technique. The minimum temperature occurs in January. Thus, when x = 1, b(x — d)
must equal (—3J+2ﬂn, where n is an integer, since the sine function is minimum at these
values. Solving for d, we have the following.

Td)y=—Fo1-q=2
6 2

(—Ej:l—d:—Sz—d:—4:>d:4
T 2

This can be used as a first approximation.
Let fix) = a sin b(x — d) + c. Since the amplitude is 25, let a = 25. The period is equal to 1 yr or

12 mo, so b= rE The average of the maximum and minimum temperatures is as follows.

1 1
—(754+25)=—=(100) =50
(75+25)=(100)

Let the vertical translation be ¢ = 50.
Since the phase shift is approximately 4, it can be adjusted slightly to give a better visual fit. Try

4.2. Since the phase shift is 4.2, let d =4.2. Thus, f (x)=25 s1n{ . (x—4. 2)} +50.

See part b.

Plotting the data with f (x)=25 sin[%(x —4.2)} +50 on the same coordinate axes gives an

excellent fit.

FFEE Flakz Flok:
SYMEZ2SsinmsalE—
g4, 212+508
“Me=
wMar=
wMy=
=Ne=
~NE= T . .
E@Eﬁ%ﬂ Sci Eng EOIT TESTS | |SinRed
B1EZ456739)] [P THuar-tEea =gz inChx+c+d
EaEY Degres SiLinkEegdathxa a=23.7r
ar Fol Ses| |9:iLnRe9 =.52
""" Dot H:ExFRE=d c=-2.19
Simul| [A:PwurReg d=5H. 57
5H=1 atbh. re™el =H Ln915t1c
"8 Horiz G-T MHsinkEea

From the sine regression we get the following.

y=25.77sin(.52x-2.19)+50.57 or y =25.77 sin[.52(x—4.21)]+50.57
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49. P(1) :7(1—cos27zt)(t+10)+100e'2‘
(a) January 1, base year 1 =0
P(0)=7(1-cos0)(10)+ 100e° = 7(1-1)(10)+100(1)=7(0)(10)+100 = 0+100 = 100
(b) July 1, base year t = .5
P(.5)=7(1-cosx)(. 5+10)+100e"”

=7[1-(~1)](10.5)+100e" =7(2)(10.5)+100¢" =147 +100¢" = 258

(¢) January 1, following year ¢ = 1
P(1)=7(1-cos27z)(1+10)+100e”
=7(1-1)(1+10)+100e” = 7(0)(11)+100e* = 0+100e? =100 =122

(d) July 1, following year t = 1.5
P(1.5)=7(1-cos37)(1.5+10)+100e*"

=7[1-(-1)](11.5)+100e* = 7(2)(11.5)+100e* = 161++100e" ~ 296

50. (a) From the graph, one period is about 20 yr.
(b) The population of hares fluctuates between a maximum of about 150,000 and a minimum of about

5000.
51. s(r)=4sinzt 52. s(r)=3cos2s

a=4,w=nx a=3 =2
amplitude =|a | =4 amplitude = |a| =

_ 2r 2w od _2r _2m _
period = L 2 perio > 2
frequenc :ﬁ:i:l frequency =—=i=i

WY Tor T2 2 w2 oz

53. The frequency is the number of cycles in one unit of time.

s(1.5):4sin1.57z':4sin37ﬂ-:4(—1):—4; 5(2)=4sin27=4(0)=0

5(3.25) =4sin3.257 = 4sin137” = 4sin57” = 4(—%} =22

54. The period is the time to complete one cycle. The amplitude is the maximum distance (on either side)
from the initial point.

Chapter 4: Test

1. y=3—6sin| 2x+ 2 |=3-6sin2| x+ 2% |=3—6sin2| x| -
2 4 4

(b) 6

() 7 on
2 (© [-3.9]

(d) The y-intercept occurs when x =0.

-6 sin(2~0+§j+3=—6 sin(0+§]+3=—6 sin(§j+3=—6(1)+3=—6+3=—3

V.4 . T
(e) 7 unit to the left (that 18,-zj
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2. y=-cos2x
.2z .
Period: 7=ﬂ' and Amplitude: |—1|=1
Divide the interval [0,7] into four equal parts to get the x-values that will yield minimum and

maximum points and x-intercepts. Then make a table. Repeat this cycle for the interval [-7,0].

T T 3
x 0 = = — V4
4 2 4
2x o | Z | 2z |3E| »
2 2
cos 2x 1 0 -1 0 1
—cos2x | -1 0 1 0 -1

3. y=-csc2x

Step 1  Graph the corresponding reciprocal function y=-sin2x The period is T 7 and its

amplitude is |—1| =1. One period is in the interval 0 < x <z . Dividing the interval into four

equal parts gives us the following key points.

3
(070)7 Ev_l > 170 > _7[71 > (”70)
2 2 4
Step 2 The vertical asymptotes of y=—csc2x are at the x-intercepts of y =-—sin2x, which are

V4 - . . .
sz,sz,andx:ﬂ'. Continuing this pattern to the right, we also have a vertical

asymptotes of x = 37” and x =2r7.

Step 3 Sketch the graph.

y = —csc2x

T
4. =tan| x ——
' [ zj

Period: &

Vertical translation: none
. . . V3 . .
Phase shift (horizontal translation): 3 units to the right

Because the function is to be graphed over a two-period interval, locate three adjacent vertical

asymptotes. Because asymptotes of the graph y=tanx occur at —%, and %, the following

equations can be solved to locate asymptotes.
V4

V4 T T
x——=——=x=0and x——=—=>x=7
2 2 2 2

Continued on next page



Chapter 4: Test 241

(continued)

Divide the interval (O,ﬂ') into four equal parts to obtain the following key x-values.

first-quarter value: %; middle value: %; third-quarter value: %

Evaluating the given function at these three key x-values gives the following points.

() (3o (5

Connect these points with a smooth curve and continue to graph to approach the asymptote x =0 and
x =7 to complete one period of the graph. Repeat this cycle for the interval [—ﬂ', O].

-3)

y=tan(
|

y=—1+2sin(x+7)

Step 1  Find the interval whose length is 27”

0<x+7m<2r=>=-w<x<rx
Step 2 Divide the period into four equal parts to get the following x-values.
V4 V4

-, ——, 07 -
2 2
Step 3 Evaluate the function for each of the five x-values
X — Z _Z 0 Z V.4
2 2 2
X+ 0 z V4 3 2r
2 2
sin (x+7) 0 1 |0 |-1]0
2sin(x+7) 0 2 10| =210
—1+2sin(x+7) | -1 1 | -1] 3| -1

Steps 4 and 5 Plot the points found in the table and join them with a sinusoidal curve. Repeat this
cycle for the interval [—ﬂ', O].

The amplitude is | 2|, which is 2.

The period is 27.
The vertical translation is 1 unit down.

The phase shift is 7 units to the left.
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6. y =—2—cot[x—%)

eriod: —=—=
T

Vertical translation: 2 units down

Phase shift (horizontal translation): % units to the right

Because the function is to be graphed over a two-period interval, locate three adjacent vertical
asymptotes. Because asymptotes of the graph y=cotx occur at multiples of 7, the following
equations can be solved to locate asymptotes.

x—£=—75, x—£=0, and x—£=ﬂ'
2 2 2

Solve each of these equations.

X——=—-JT=>x=——
-Zo0=a=2

2 2

.4 3
X——=T=>XxX=—

2 2

Divide the interval (—%,%) into four equal parts to obtain the following key x-values.

first-quarter value: —%; middle value: O ; third-quarter value: %

Evaluating the given function at these three key x-values gives the following points.
_£9_3 5 (05_2)9 £5_1
4 4
Connect these points with a smooth curve and continue to graph to approach the asymptote x = r

and x =§to complete one period of the graph. Sketch the identical curve between the asymptotes

by :% and x = 37” to complete a second period of the graph.
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7. y=3cscmx
Step 1  Graph the corresponding reciprocal function y =3sinzx. The period is 2—”:2 and its
V4

amplitude is |3| =3. One period is in the interval 0< x <2 . Dividing the interval into four

equal parts gives us the following key points.

1 3
(0,0), (5,1j . (L0), (5,—1) (2,0)
Step 2 The vertical asymptotes of y=3csczx are at the x-intercepts of y =3sinzx, which are
x=0,x=1,and x =2.
Step 3 Sketch the graph. Repeat this cycle for the interval [-2,0].

Period: 2

Amplitude: Not applicable
Phase shift: None

Vertical translation: None

|
—_——_——t -
|
—_——— — —

8. (a) f(x)=17.5sin{%(x—4)}r67.5

Flakl Flakz Flok: WIHOOW
Y117V .S inins5E Aamin=1
H=d 1 1+E67.5 Amax=25
wMe= necl=5
Mr= Ymin=45
=Ny= “max=24
=Ne= Y=cl=18
~NE= Ares=1

. . 27 6
(b) Amplitude: 17.5; Period: — =27-—=12;
z T
6

Phase shift: 4 units to the right; Vertical translation: 67.5 units up
(¢) For the month of December, x =12.

3

f(12)= 17.55in[%(12—4)}+67.5 = 17.55in[4T”j+67.5 = 17.5[—7}%7.5 ~52°

(d) A minimum of 50 occurring at x =13=12+1 implies 50°F in January.

Haximum Haxiriun
nesanaogiy Y=gt . .| [H=1Bagognl  Y=B%

(e) Approximately 67.5° would be an average yearly temperature. This is the vertical translation.



244 Chapter 4: Graphs of the Circular Functions

9.

10.

s(t)=—4cos8xt , a :|—4| =4, w=8x

(a) maximum height = amplitude = a = |—4| =4in.

(b) s(t):—4005871'1:4200587zt:—1287rt=7r:t=%

1
The weight first reaches its maximum height after 3 sec.

o 8r .
(c) frequency =—— =—=4 cycles per sec; period =—
2r 2

The function y=sinx and y =cosx both have all real numbers as their domains.
sin x

f(x)=tanx=——and f(x)=secx=
cosx

Therefore, both the tangent and secant functions have the same restrictions on their domains.

The functions y=sinx and y =cosx both have all real numbers as their domains.

COos X

= tx =
f(x)=cotx e

both the cotangent and cosecant functions have the same restrictions on their domains.

1

COS X

Chapter 4: Quantitative Reasoning

1.

both have

2r 2nm 1
= =— sec

w_g 4

y=cosx in

1 L . .
and f (x) =cscx =—— both have y =sinx in their denominators. Therefore,
sin

E@Eﬁ%ﬂ Sci Endg EDIT TESTS | |2inke3,
o5t AlE3456739] [FTeuartEeg g=gksinChex+c 2+
EEEY O gilLinRegca+hbxd a=23.45
Qi LnReg b=.52
H:ExFRE=d c=-2.6H
A:Purkeg d=419. 34
B:lLodistic
(S inkeg
Flakz FlatbZ LW IO
~MMIE25.4551in0 .52 [ Rmin=sLa] 8
At -2 eE2+49, 94 Hmax=13
wMe= necl=]
wNe= Yrmin=Zd
“Ny= Yrax=35
wNe= Yecl=5 o
~NE= wees=1l LT
!Wl Sci Endg EDIT TESTS | [SinEe3
o5t AlE3456739] [FTeuartEeg =sksinChx+c+d
EEIEY O=drce gilLinRegca+hbxd a5=11.36
d Fap FPol Sesy| [95LnREed b=.43
""" Dot H:ExFRE=d c=1.22
Simul| |[HE:PwrEeg d=12.59
BN Stk reEi | |BiLogistic
PIgl Horiz G-T (S inkeg
Flakz FlakZ LW IO
~HMiE1l.36sing . 48 min=-
HHl.220+12.69 Hmax=13 o
wMe= necl=1
wNe= Yrin=-2
“My= Wrax=38 s
wNe= Yecl=5 ? ]
~NE= nres=]

Answers will vary.

The functions

denominators.

The functions




Chapter 5
TRIGONOMETRIC IDENTITIES

Section 5.1: Fundamental Identities

1. By a negative-angle identity, tan(—x)=—tanx. Since tan x = 2.6, tan(—x)=—tanx=-2.6. Thus,

we have the following.
If tan x=2.6, then tan(—x)=-2.6.

2. By a negative angle identity, cos(—x)=cosx. Since cos x =—.65, cos(—x)=cosx=-.65. Thus, we

have the following.
If cos x=—.65, then cos(—x)=—.65.

Since tanx=1.6, cotx = =.625. Thus, we have the

3. By a reciprocal identity, cotx= . €
tan x 1.6

following.
If tanx=1.6, then cotx =.625.

4. By a quotient identity, tanx = Y Since cos x = .8 and sin x = .6, tanx = L £ =.75. Also by
cos x cosx .8
a negative angle identity, tan(—x) = —tan x, so tan(—x) =—.75. Thus, we have the following.
If cosx=.8 and sinx=.6, then tan(—x)=-.75.
3.

5. coss= 1 s 1s in quadrant L.

An identity that relates sine and cosine is sin® s +cos* s =1.

2
sin s+cos” s = 1= sin’ s+ > | =1=>sin® s+—=1=sin’ s=1———= L= sins=iﬁ
4 16 16 16 4

Since s is in quadrant I, sins= 7

1
6. cots= —3S in quadrant IV

We will use the identity 1+cot” s =csc® s since sins =

CSCs§

E‘

1y 1 1
1+cot? s = csc? s:>1+[—§j = csc? s31+§=csc2 s:;0=csc2 s:>cscs=iT

Since s is in quadrant IV, csc s <0, so csc s = —@. Thus, we have the following.

3 3 410 3410

1
cscs \/ﬁ_ \/E\/E_ 10

sin s =

245
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7. cos(—s):?s, tans <0

NG

Since cos (—s) = ?5, we have cos s = = by a negative angle identity.

An identity that relates sine and cosine is sin’ s +cos® s =1.
’ 5 1
sin2s+coszs=1:>sin2s+[?] =1:>sin2s+2—=1:>sin2s+g=1

2 2 5 25

. 1 4
smzszl—gz =sins=t—==+—- —:i

NN AN
25

Since tan s < 0 and cos s > 0, s is in quadrant IV, so sin s < 0. Thus, sins= —T-

7
8. tans——— secs >0

Vit

7 11
tan® s +1 = sec’ s:>£ j +1=seczs:>Z+1=seczs:>Z=seczs:>secs=iT

Since secs >0, secs—£. Also, since cos s = ! ,coss:L:i.
2 secs 11 \/ﬁ
2
Now, using the identity sin” s+cos” s =1, we have the following
2
sin® s+ Sl sin? s+ =1 Ssin? s= -4 =L
J11 11 1 11
SlnS:i l:iﬁ:iﬁl:ii
1 11 /11 1

Since tan s < 0 and sec s > 0, s is in quadrant IV, so sin s < 0. Thus, sins =-— 17—1 = —% .

11
9. secs=?,tans<0

Since coss =

,COS§=—= 14—1 Using the identity sin” s +cos” s =1, we have the following.

Sec s

—_

- ) - 4y ., 16
sin“ s+cos” s=1=sin"s+| — | =l=sin" s+—=1
11 121

.2 16 . 2 105 . 105
sin“s=1-—=sin"s=—=sins=t——
121 1 11

~105

Since tan s < 0 and sec s > 0, s is in quadrant IV, so sin s < 0. Thus, sins =—

11
10. cscs= —% 11. The quadrants are given so that one can
. s determine which sign (+or—) sins will
Since sin s = ,sins=——=——,
cscs 8 8 take. Since sins = , the sign of sins
5 cscs

will be the same as csc s.
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12. sin(—x)=—sinx 14. cos(—x)=cosx
13. Since f(-x)=sin(—x)=-sinx=—f(x), 15. Since f(—x)=cos(—x)=cosx= f(x),
f (x)=sinx is odd. f(x)=cosx iseven

17.

18.

19.

20.

21.

16. tan(—x)=—tanx

Since f(-x)=tan(—x)=—tanx=—f(x), f(x)=tanx isodd.

This is the graph of f(x)=secx. It is symmetric about the y-axis. = Moreover, since
1 1
—x)=sec(—x)= = =secx=f(x), -x)=f(x).
Fler)msee(oa)= s = mseer= 1), £ (1) =7 ()
This is the graph of f(x)=cscx. It is symmetric about the origin. = Moreover, since

f(=x)=csc(-x)=— R =—cscx=—f(x), f(-x)==f(x).

sin(—x) —sinx

This is the graph of f(x)=cotx. Itis symmetric about the origin. Moreover, since

f(—x):cot(—x)zcos(_x)= cos x ——Cosx:—cotx:—f(x), F(x)=—F ().

sin(-x) —sinx  sinx

. 2 .
sin@ = 3 6 in quadrant IT
Since 6 is in quadrant II, the sine and cosecant function values are positive. The cosine, tangent,
cotangent, and secant function values are negative.

2
sin? @+ cos? @ =1= cos’ @ =1—sin* 9=1—(§j =1—g=§:>cost9=—£, since cos@ <0

2
sinf 3 2 2 50 25
tan 6 = =2 —-_ - -__ - X __~¥-
cos & _ﬁ J5 5 5 5
3
cotf = ! =;=——5
tand 2 2
J5
1 1 3 3 V5 35
secd = e S
cos @ 5 s 5 5 5
3
cscf = .1 =—=
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22,

23.

1
cosf = rE € in quadrant I

Since @ is in quadrant I, all the function values are positive.

2
sin’> @+cos’ @=1=sin’ @=1-cos’ =1- 1 =1—L=ﬁ
5 25 25
sinezgzz\/g,since sin@ >0
25 5
26
tan0=M=L=2x/g
cosd 1
5
1 1 1 Jo 6
cotl = = = —=—
tand 26 26 J6 12
secd = ! =l=5
cos@ 1
5
gl 1 _ 5 5 Jo_5V6
sin@ 26 246 246 J6 12
5

1
tan 6 = e € in quadrant IV

Since @ is in quadrant IV, the cosine and secant function values are positive.

cotangent, and cosecant function values are negative.

2

se02¢9=1+tan29=1+£—lj =1+i=£:>secﬁ=ﬁ, since secd>0
4 16 16 4

4 17 417

cos @ = = = =

1

1 4
sec® 17 17 17 17 17

N

16 1
sin@=1-—=—=sinf=— =— =— , since sin@<0
17 7 7 7
1 1
cscl= = =17
sin@ 1
17
cotl = ! =L=—4
tan @

The sine, tangent,



24,

25.
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5
csc = ——2, 6 in quadrant III

Since @ is in quadrant III, the tangent, and cotangent function values are positive. The sine, cosine,
cosecant, and secant function values are negative.

sin @ = ! =L
cscd 5 5
2

2
cos? @ =1-sin? 6=1—[—gj =1—i=%:>cos6=—g, since cos@ <0

2
g Siné _ 5 _ 2 _ 2 hi_2a
cos® 21 21 21 V21 21
5
cotf = ! L =\/ﬁ
tand 2 2
J21
wego Lo 1 5 5 a5y
cos @ 21 \/ﬁ \/ﬁ \/ﬁ 21

coth%,sin¢9>0

Since cot >0 and sin 8> 0, @ is in quadrant I, so all the function values are positive.

1 1 3
tan = =—=—
cotd 4 4
3
2
sec’@=1+tan* O =1+ E :1+2:£:sec¢9:§, since secd >0
4 16 16 4
cos = ! =i=i
secd 5 5
4
2
sin29:1—00520:1—[£] zl—Ezizsinezg,since sind >0
5 25 25 5
cscf= ! =l=§
sin@ 3 3
5
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26. sin&z—%,cos¢9<0

Since sin@ <0 and cos <0, € is in quadrant III. Since & is in quadrant III, the tangent, and
cotangent function values are positive. The cosecant and secant function values are negative.

2
cos® @ =1—sin? 6=1—[—ij =1—£=22>C089=—§, since cos@ <0

5 25 25
_4
tan6=sme=—5=i
cos¢ 3 3
5
cotd = ! =l=§
tand 4 4
3
secl = ! =L=—§
cos6 3 3
5
csc = ! =L=—§
sin@ 4 4
5

27. sec6=%,sin6<0

Since secd >0 and sin@<0, @ is in quadrant IV. Since € is in quadrant IV, the cosine function
value is positive. The tangent, cotangent, and cosecant function values are negative.

cosf = ! =i=i
secd 4 4
3
2
sin* @=1-cos’> @=1— 3 =1—2=l:>sin6=——7, since sin &< 0
4 16 16 4
1
tan9=M=_4= NT
cosd 3 3
4
1 3 V7 37
cotf = - —_ - N __ V'
tan J7 7 7 7
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. cosBz—%,sin¢9>0

Since cos@ <0and sin@>0, @ is in quadrant II. Since @ is in quadrant II, the cosecant function
value is positive. The tangent, cotangent, and secant function values are negative.

29.

30.

31.

32,

33.

34.

3s.

36.

37.

38.

1

2
sin® @ =1—cos” 921—(—%) :1——:%:sin0=§, since sin@ <0

. COS X
Since

Since

16

sin x

sin x
tan x =

COS X

Gl
3\

= cot x, choose expression B.

, choose expression D.

Since cos(—x) = cos x, choose expression E.

Since tan® x+1=sec’ x, choose expression C.

Since

Since

Since

Since

Since

Since

.2 2 .
1=sin" x+cos” x, choose expression A.

—tan xcos x =—

sin x

-COS X =—sin x =sin (—x) , choose expression C.
COS X

2
n x

si
2 2 .
sec” x—1=tan” x =———, choose expression A.

S€CX _ cosx _

1

COS™ X

sin x

CSC X

sin x

1

= tan x, choose expression E.
CcOS X

l+sin® x= (0502 x—cot? x) +sin® x, choose expression D.

COS2 X =

secC” X

2

, choose expression B.
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39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

It is incorrect to state 1+cot” =csc>. Cotangent and cosecant are functions of some variable such as

6, x,ort. An acceptable statement would be 1+ cot® 8 = csc” 6.

In general, it is false that \/x* +y® =x+y. Stating sin® @+cos’ =1 implies sin@+cos@=1 is a

false statement.

Find sin @ if cos@ =——
x+1

Since sin2 o+ cos2 =1 and cosf = Ll’ we have the following.

X+
2 2 22 2 2
Gin” @ = 1 —cos 9:1_[_) X 2:(x+1) 2x _x +2x+12 X 2x+12
x+1 (x+1) (x+1) (x+1) (x+1)
+’
Thus, sin6=ﬂ_
x+1
p+4

Find tan« if secaa=——.

P
+4
Since tan® a+1=sec’ & and seca:p—, we have the following.
P
+4)° *48p+16 p> 8p+l6  4(2p+4
tan2a=secza—1=(p 2) —1=2 f _p_2= p2 - (p2 )
p p p p p

+2./2p+4

p

Thus, tan o =

2 2

x=1-cos? x = sin x = +y1—cos? x

+y/1-sin? x
cot? x+1=csc’> x=> cot> x=csc’> x—1= cot x = \/csc x—1=
sin’ x

sin x

sin? x+cos> x=1=> sin

tan” x+1=sec’ x = tan> x =sec’ x—1= tanx:i\/secz—l

cot’ x+1=csc? x = cot> x =csc? x—1=> cot x = +y/csc’—1
1 +1 \/1 cos® x +\/1—coszx
csCxX=——=>CsCx = >
s x i\/l—coszx \/1 cos? x \/1 cos? x I-cos™ x
1 1 \/1 sin? x +\/1—sin2x
secx = =secx = —
cos x i\/l—sinzx +\/1—sm X \/1 sin’ x I—sin” x

COteSin6=C?Se'Sin6=Cose 50. sec&cotfsinf = 1 cosd sing
sin¢ cos¢9 s1n¢9 1

_sinfcos @ _

cos @sin @



51.

52,

53.

54.

5S.

56.

57.

58.

59.

60.

61.

62.

63.

64.

Section 5.1: Fundamental Identities

1 cos®

cosBcscl =cosb- =cotéd

sin@ sin @

2 2
cot? 6’(1+tan2 9) = c052 4 (sec2 6) = COSZ 0[ 12 j= 12 =csc’ @
sin” @ sin” @ \ cos” @ sin” @

sin? @

=-————sin’ @ =1-sin’ 6 =cos’ 6
sin” @

sin’ 6(csc2 6—1)=sin2 49( . 12 —1]
sin” @

(secd—1)(sec@+1)=sec’ §—1=tan’ &

(I1—cos 8)(1+sec @) =1+sec & —cos & —cos 49sec¢9=1+sec¢9—cos€—cos49( ! 0]
cos
=1+sec@—cos@—1=sec@—cosf

cos@+sinf cosf siné

- =— — =cotfd+1
sin @ sin@ sin@
2 <2 2 =2 .
cos” @—sin” @ cos” @ sin” @ cos@ sinéd
- =— —— =—- =cot@—tan 8
sin @ cos @ sin@cos@ sinfcos@ sinf cos

1-sin* @ cos’ @ cos’ 6

=sin’ Ocos’ 0

l+cot? @ csct@ 1
sin*
2 _ 2 .2 .
sec@—cosf = —cosf = ! _Lo8 6:1 cos 9:sm ezsme-sinﬁztanﬁsinH
cos @ cos@ cosé cos @ cos@ cosé

(sec€+csc¢9)(cos¢9—sin¢9):[ ! +— )(cos&—sinﬁ)

cos@ sind

= cos@)— sin @) + cos @) — sin 8

cose( ) cose( ) sine( ) sinﬁ( )

sind cosé@

=1 —]l=—tan@+cot @ =cot & —tan &

cos@ siné@

sin @ (csc @ —sin @) =sin @ csc @ —sin’ & =sin §- —sin® @ =1-sin* @ =cos” @

sin 8
1
1+ tan’ 20 cos’@ 1 sin’ in’
an2¢9=sec2€=cos 0 _ : sin 9=S1n29=tan249
l1+cot® @ csc’ @ 1 cos’ 9 1 cos” @
sin® 6

sin® @+ tan* 6 +cos* 8 =(sin2 6+ cos’ 6’)+tan2 6 =1+tan’ @ =sec’* 0

tan(—0) —tané sin@ cosé@ .
= =— . =—sin @

sec @ 1 cos@ 1
cos @
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65. Since cos x =—, which is positive, x is in quadrant I or quadrant I'V.

5
2
sinx=+vl-cos’ x =+ 1—(1) =+ 24 \/_ ﬁ
5 \/25 5 5
26

cos X 1
5
secx = = l =5
cosx 1
5
Quadrant I:
secx—tanx _5-2v6 _25-106 _25-10V6 /6 _ 25660

sin x 2J6 26 26 Yo 12

5

Quadrant I'V:
secx—tanx 5~(2Y6) 2511006 25+1046 =6 _-25J6-60
sin x 26 26 2J6 -6 12

5

Since csc x = -3, which is negative, x is in quadrant III or quadrant IV.

Quadrant III:
2
sinx = ! :—%:cosx:—\ll—sinzx:—/1—(—%} :—"l—é:—\/gz——

66.

csc x
sec x = L
cOs X 212
1 242
sinx+cosx 3 3 _[-1-242 _2\/5 24248
sec x 3 3 3 9
22
Quadrant IV:
2
sinx = ! =—ljcosx=\/1—sin2x= 1—(—lj =,/1—l=\/§=&
cscx 3 3 9 9 3
secx—i
22
1,22
sinx+cosx 3 3 [—1+2v2)(242) -242+8
sec x 3 3 3 9
202

67. y=sin(—2x)= y=—sin(2x) 69. y=cos(—4x)= y=cos(4x)

68. It is the negative of sin (2x). 70. Itis the same function.
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71. (a) y=sin(—4x)= y=—sin(4x)
(b) y=cos(-2x)= y=cos(2x)
() y=-5sin(-3x)= y=-5[-sin(3x)]= y =5sin(3x)

In Exercises 72 — 76, the functions are graphed in the following window.

MEMOEY W IHOOW
f2Box Amin=-6, 132285,
2 2o00m IR Bmax=a, 1522856,
SiZoon Out recl=1.57E7I83..
4:Z0ecimal Ymin=-4
S 2Square Yraw=4
&1 25t andard Yacl=1
M Tria Ares=1

72. The equation cos 2x =1—2sin” x is an identity.

Flotl FlotZ Flakz
~MNMiECosC2ED
WMeBl-ZisintHaae

Fad Fad
wMa= WS lkf o

~My=
“Me=
~NE=

73. The equation 2sin s =sin2s is not an identity.

:}-:-taizﬂ-g-tzl:;;;w [/(\/\
=YEZs1n

WMNMeBsinc2ED

x$3= m\.

wNy=

“Me= w

“Me=
Ne=

74. The equation sin x =~/l—cos’ x is not an identity.

Flakl Flakz Flok:
“MBsincE
;?EEIﬂl-ﬁEDEﬁE??
M=

sMy=

“Me=

~NE=

———————r—

75. The equation cos 2x = cos” x—sin” x is an identity.

Flokl Flokz Flotz

Jiletal
o Cos -LZ
intmaae AN i
= hat l hat

~My=
“Me=
~NE=
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76. Does cos(x—y)=cosx—cosy?
If it does, then the graphs of Y, =cos(x—y) and Y, =cosx—cosy for specific values of y will

overlap. We will graph 3 cases: y = %, y= % and y= 7.

Flokl Flokz Flokz
“MiBoos CH-mod
sNMeBoos(El—cosin
fﬁ) A £
LY E=

y= \\\:—3";’ \\\:—3";’
M=
“Me=

Flokl Flakz Flot:
“NMiBoos CH-mo 2
;E§5505£E}—cn5in

“Na= w
nly=
M=
=ME=

Flokl Flokz Flotz
~MiBoosCH-ma

sMeBoos(E)—cosin
) Nerd

The equation cos(x—y)=cosx—cos y isnot an identity.

Section 5.2: Verifying Trigonometric Identities

sins [ coss 1
1. cotf+ =cot 6+ tan 6 3. tans (cots+cscs) = =
cot@ coss\sins sins
cosf@ sinéd 1
T =1+
sin@ cos@ oS §
_cos® @+sin’ @ =1+secs
sin @ cos @
1 4. cosf(sec f+cscfB)
=———or csclsecd
sin @ cos @ 1 1
=cos +—
cosff sinf3
! ! =l+cotf
SeECX CSCx i
2. + _cosx , sinx
cSCXx  Secx 1 1 !
a2 29
sinx cosx 5. =sin”@+cos’ =1

—t
csc? @ sec’ @

sinx cosx
+ .
cosx sinx
sin” x+cos® x
sin x cos x
1

=——— 0r cscxsecs
S x COS x



10.

11.

12.

13.

14.

15.

16.

Section 5.2: Verifying Trigonometric Identities

1 1 sinar+1 sinor—1 (sina+1)—(sinex—1)

sina—l_sina+1:(sina—l)(sina+l)_(sina—l)(sina+1)_ (sinar—1)(sina+1)
sina+1-sina+1 2 2 2
= - = =— or —2sec” o
(sin—1)(sina+1) sin® -1 cos’

cosx sinx cosx sinx CcOS X . sin x 2 . 2
+ = + =COoSX| —— |+sinx =cos” x+sin” x=1
SecX CSsCx 1 1 1 1

cosx sinx

cos@  sin@ _cos@(I+cosf)  sin@-sind

sin@ l1+cos@ sin O(1+cos@) sin@(1+cos8)

_ cos@+cos’ 0 N sin@ _ cos@+cos’ O+sin’ 6
sin@(1+cos @) sin 6 (1+cos ) sin 6 (1+cos 0)

_cos9+(cos2 @ +sin’ 49)_ cos @ +1 1

— = = or csc@
sin 6 (1+cos 0) sin@(1+cos@) sinf

. 2 . .
(I+sint)” +cos’ t=1+2sins+sin’ 1 +cos’ 1

=1+251nt+(sin2 t+cos® t)=1+25int+1=2+2sint
(lthans)2 —2tans=1+2tans+tan’ s—2tan s =1+tan’ s =sec’ s

1 1 1—cos x 1+cos x (l—cosx)—(1+cosx)

l+cosx 1—cosx - (1+cosx)(1—cos x) _(1+cos x)(1-cosx)  (l+cosx)(1-cosx)

_I-cosx—1-cosx  2cosx

1—cos® x sin® x
2cos x 2cos x COS X 1
—— S = —=-2| — - =-2cot xcscx
sin” x sin xsin x sin x /\ sin x

. 2 . . . . .
(sm a—cosa) =sin’ ¢ —2sin@cosx+cos* o = (sm2 o+cos’ 0() —2sinxcosax=1-2sinxcos

sin” @—1=(sin@+1)(sin @—1)
sec’ @ —1=(secO+1)(sec-1)

(sinx+ 1)2 —(sinx—l)2 = [(sinx+1)+ (sinx—l)}[(sinx+l)—(sinx—1)]

=(sinx+1+sinx—1)(sinx+1-sinx+1)=(2sinx)(2)=4sinx

(tanx+c0tx)2 —(tanx—cotx)2 = [(tanx+cotx) +(tanx—cotx)][(tanx+cotx)—(tanx—cotx)]

= (tan x + cot x + tan x —cot x ) (tan x +cot x — tan x +cot x)

=(2tanx)(2cotx =4.s1nx.cosx=4
( )( )

cosx sinx
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17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

29.

30.

2sin2 x+3sinx+1
Let a = sin x.

2sin® x+3sinx+1=2a" +3a+1=(2a+1)(a+1)=(2sinx+1)(sin x+1)

4 tan> P+tanf -3
Let a =tan .
4tan’® f+tan f-3=4a’ +a—3=(4a-3)(a+1)=(4tan f-3)(tan B +1)

cos4 X+ 2cos2 x+1
2
Let cos”“ x=a.

cos* x+2cos* x+1=a" +2a+1=(a+1)2 =(0052 )chl)2

cot* x+3cot’ x+2
Let cot’ x=a.
cot' x+3cot’ x+2=a’+3a+2=(a+2)(a+1)

= (cot2 x+2)(cot2 x+1) = (cot2 x+2) (0502 x) =csc? x(cot2 x+2)

sin3 x—cos3 X
Let sinx =a and cosx =b.

sin® x—cos® x=a* - b’ =(a—b)(a2 +ab+bz)=(sinx—cosx)(sin2 X +sin x cos x+ cos? x)
= (sin x —cos x) [(sin2 x4+ cos? x)+sin XCOs x} = (sin x—cos x) (1+sin x cos x)

sin3 o+ cos3 o
Let sinx =a and cosx =b.

sin® x+cos® x=a* +b* =(a+b)(a2 —ab+b2)=(sin )chcosx)(sin2 x—sin xcos x + cos’ x)

= (sin x +cos x) [(sin2 x+cos? x)—sin XCOS x] = (sin x+ cos x) (1—sin x cos x)

sin @ . sin [ tan
tan @ cos @ = cos@ =sin @ 27. M=tanﬂtanﬂ=tanzﬂ
cosd cos B
. coso . 1 1
cotasiny=——-—-sinx=cos I
sinor )8, € fsectd _sinh cosé
) cot @ cos @
Secrcosr = -cosr=1 sin @
cosr ! 1 sin@
. sin@ cos@ cos@
cost sint
cotttant = ——- =1 2
sint cost = 7 - —Sec 0
cos” 8
) 1 1 cos’x l—cos’x sin’x )
sec” x—1= —-1= T —— = > = =tan~ x
cos” x cos“ x cos” x cos” x cos” x

csc2 t—1= cotzt



31.

32.

33.

34.

37.

38.

39.

40.

41.

Section 5.2: Verifying Trigonometric Identities

sin’

X . _ 2 . _ 2 _ 2
+smxcscx=tan” x+Smn x-— =tan” x+1=sec” x

COoS™ X S x

cosa sino

+cotartan o = cot® o + =cot’ a+1=csc’

tan’ o sina coso
.. cotd 1—sin®
Verify ——=cos#. 35. Verify Izsin B _ cos f3.
cscé cos 3
cos @
cotd sing cosf sinf 1-sin> B cos’ B
=S =cos @ = =cos f
cscd sin@ 1 cos 3 cos 3
sin @
2
.. tan” a+1
. tanor . 36. Verify ——— =seco .
Verify ——=sina. sec
sec o ) )
; tan" a+1 sec” o
sin o = =seca
tan o sin @ . seco sec o
=Lose _ -cosa =sinx
seco 1 cos o
cos o

Verify cos” O(tan® 0 +1)=1.

. 2
cos® @(tan® 8 +1) = cos’ 9( sz o +1]
cos” @

.2 2 < 2 2
=cos’ @ s1n26+c0526 =cos’ @ w =cos29( 12 j=1
cos~ @ cos @ cos” @ cos” @

Verify sin’ P+ cot? P =1.

1
) 2 2 2 p_ a2 A, _
sin® B(l+cot” ) =sin" fesc” f=sin” f-——=1
sin®

Verify cot s+ tan s =sec s cscs.

coss sins
cots+tans =— —_—

sins coss

cos’ s sin” s cos’ s+sin’ s 1 1

=— +— = - = — = -——— =SecsCcscs
sinscoss sinscoss cos ssin s cosssins coss sins

Verify sin® &+ tan® a +cos” o = sec’ a.

sin® o+ tan® o +cos®* o = (sin2 o +cos’ 0{)+tan2 o =1+tan* o =sec’

.. cosa sina
Verify ——+——=sec’ a—tan’ a.
seca  cscol

cosa sin@ cosa  sino 5 . 2
+ = =cos  a+sin“a=1.

Working with the left side, we have =
seca  csco 1 1

cos sino

Working with the right side, we have sec’ o —tan’ oz =1.
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cosa sino
+

Since =1=sec’ ¢—tan® @, the statement has been verified.

seca csco

2

42. Verify S Y —secO—cos .
cos @
sin®@ 1-cos® @ 1 cos’ @
= = - =secd—cosd
cos @ cos @ cos@ cosé

43. Verify sin* 09— cos* =2sin” 0-1.
sin* @—cos* 9 = (sin2 6 + cos’ 6)(sin2 6 —cos’ 0) = 1-(sin2 6 —cos® 6) =sin* @ —cos’

=sin® 6—(1—sin2 H)zsin2 6 —1+sin® 8 =2sin> 6 -1

44, Verity —89 .
sin@cot &
cosd  cosf  cos@
sin@cotd . cos@ cosé@
sin @+

sin @
45. Verify (1 —cos’ 0() (l +cos’ a) =2sin” a—sin* a.

(l—cos2 0()(1+cos2 a) =sin? 0((1+cos2 a) =sin® 0{(2—sin2 a) =2sin’* ¢—sin* &

46. Verify tan® asin® @ = tan” o +cos” o —1.
Work with the left side.

tan® o/ sin® o = tan® 0{(1—(:052 a) =tan’ o—tan® rcos’ & = tan® ¢ —sin* &

Now work with the right side.
tan® o+ cos® ¢ —1=tan’ 0{—(1—(:052 a) =tan” o —sin’ o

Since tan® @ +cos® r—1=tan”> o —sin® o = tan”> o+ cos® o —1, the statement has been verified.

cos@+1  cosd

47 Verity tan>@ secO—1
Work with the left side.
cos@+1 cos@+1  cos@+1
tan’ 6 sec’ -1 1 1
cos’ 6
(cos@+1)cos’ @  cos® O(cosb+1) cos’ @ (cos @ +1) cos? @
_( 12 —ljcoszﬁ_ 1—cos’ @ _(1+cos€)(1—cos¢9)_1—cos¢9
cos” @
Now work with the right side.
cosf  cos@  cos@ cosb cos’ @
secO-1 1 1 "1 cos@ l-cosé
cos @ cos @
cosf+1 cos’ @ _ cosé

Since

5 = = , the statement has been verified.
tan - @ 1—-cos@ secf-1
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(sec@—tan 6)” +1 2 tan @
) = an .
48. Verify sec @csc @ — tan O csc 6

(secﬁ—tan&)z +1 sec’ §—2sec@tan @ +tan’ 6+1
sec @ csc @ —tan O csc @ csc O (sec @ —tan 6)

sec’ 6—2sec @ tan 19+(tan2 €+1) sec? @—2sec O tan O +sec’
- csc O (sec & —tan 6) - csc O (sec @ —tan 6)
_ 2sec’ @-2secHtan @ _ 2secH(sec & —tan §)

csc O (sec @ —tan 6) B csc O (sec & —tan 6)
_ 2secd _5. sin 6

= =2tan @
csc @ cos @
49. Verif ! + ! =2sec’* 8
) erly1—sin¢9 1+sin@ '
1 1 1+siné 1—siné
. + . = . . + . .
1-sin@ 1+sin@ (1+sinf)(1-sinf) (1+sind)(1-sinb)
_ (1+sin@)+(1-sin@)  1+sin@+1-sind 2

2 2
(I+sin6)(1-sing) (L+sind)(I-sin@) l-sin’8 cos’d

1
50. Verify ————=seca+tana.
seca —tan
1 1 seca+tan _ seca+tan

seca—tanr seca—tana seca+tana  sec’ a—tan’ o

seco+tan @ _ seca+tana_ seca+tana_ seco+tan @

— = — = > =sec+tan o
1 sin” o 1-sin” o cos” o 1
cos’a cos’« cos’ cos’ o
. tan s sin §
51. Verify + = cots +secscscs.
14+coss 1-coss
tan s sin s tans(1—coss) sins(1+coss)

l+coss l-coss (L+coss)(1—coss) (1+coss)(l—coss)

B tans(1—coss)+sins(1+coss)
- (1+coss)(1—-coss)

_ tans—sins+sins+sinscoss

2
1-cos” s
_tans+sinscoss _ tans  sinscoss

sin® s sins  sin’s

1 COS §
=tans- +

sin®s  sins
_sins

3 +cots

coss sin” s

1 1
= '.—+COtS
COSss sins

=secscscs+cots
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.. 1l—cosx 5
52. Verify ————=(cotx—cscx)”.
I+cosx
Work with the left side.
l-cosx _(1-cosx)(l-cosx) 1-2cosx+cos’x 1—2cosx+cos’ x
I+cosx (1+cosx)(l—cosx) 1—cos® x sin® x
Work with the right side.

2 COS X 1Y
(cotx—cscx) = -

2
cosx—1)" _cos’ x—2cosx+1
sinx sinx

sin x sin? x

. l-cosx cos’x—2cosx+1 2 .
Since = — = (cot x—cscx)”, the statement has been verified.
1+cosx sin” x
. cota+1 l+tana
53. Verify = .
cota—1 l1-tanco
cos o +1 cos o
COtO{+1_Sina _SiIlO( sin @
cotg—1 cosa |, cosa_| sina
sin & sin &
1 cosa sino
. . +
_cosa+sinea _ Cosa+SIN& cosa _ cos o Cosa_1+tan0(
cosa—sinoe cosa—sina 1 cos sina  1-tana
cosa cosa cosa
. 1 1
54. Verify + =-2tano .
tana—seca tano+seco
1 1 tan o +sec @ tan @ —sec o

+ = +
tanor—secor tana+secar (tana+seca)(tanar—secer) (tana+secar)(tano—sec o)

tan & +sec & + tan @ —sec @ 2tano

a tano+seco)(tana —seca _tanza—secza
( )( )

2tan 2tan 2tan
=— 5 =— > = =-2tano
tan’ ¢—(tan’ +1) tan’@—tan’a-1 -1
55. Verify sin® o sec” o+ sin® aresc 2 a=sec’ .
. . . . 1 sin® o
sin® arsec’® +sin® arese’ @ =sin’ - ——+sin’ - ——=——+1=tan’ a+1=sec’ &
cos” o sin“a  cos” &
. cscB+cotd
56. Verify ——————=cotéfcscl .
tan @ +sin @
1 Jr0056 1+cos@
cscfd+cotl  ging sinf _ sin @ sinfcos &
tan@+sin® sinf . sin@cos @
——+sinf  siné +1
cos@ cos @

~ (1+cos8)cos 8 _cosf _ 1 cos6

=—— =—F—== —— =cscHcotf
sin?@(1+cos@) sin’@ sind sind
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57. Verify sect x—sec? x=tan* x + tan” x .
Simplify left side.

sec* x —sec? x = sec’ x(5602 x— 1) =sec’ xtan® x = tan® xsec® x
Simplify right side.
tan® x + tan” x = tan® x(tan2 X+ 1) =tan® xsec’ x

Since sec* x —sec® x = tan® xsec® x = tan* x + tan® x, the statement has been verified.

1-—sin@
1+sin @
Working with the right side, we have the following.

1 _. 1 ' sin@ sin’ @ _ 1-2sin@+sin* &
cos* @ cos@ cos@ cos’ @ cos’ @

_(1-sin6)" _ (1-sing)’ 1-sin &

58. Verify =sec’ §—2secHtanf+tan’ G .

sec’ @—2secHtan O+ tan’ 6 =

1-sin’@  (1+sin@)(1—sin@) 1+sind

59. Verify sin@+cosf = sin 0 COS. 9 .
1508 g | sin o
sin @ cos @
Working with the right side, we have the following.
sin @ cosd  sinf sind cosd cosf _ sin” @ cos’ @
1_0089 _siné _I_COSgisinH l_ﬂ'cose_sinﬁ—cosﬁ cos@—sin @
sin @ cos@ sin @ cosé
_ sin® @ cos’ @ _ sin® @ B cos’ @
 sinf-cos@ —(siné’—cos&)_sinﬁ—cosﬁ sin@ —cos @
_ s1r.12 6—cos’* @ _ (sin 49+c.os 6)(sin6—cos ) G104 cosd
sin @ —cos @ sin @ —cos @
. sin & sin @ cos 8 )
60. Verify l-cos@ l+cos® CSCQ(1+COS 0) '

sin@  sinfcos®  sinO(1+cosb) sin@cos@(1—cosb)

l—cosf® 1+cos@ _(1+cos€)(1—cos¢9) (1+cos@)(1—cos8)

B sin@(1+cos@)—sin@cos B (1—cosb)
- (I1+cos@)(1—cosb)

_sin@+sinfcos 6 —sinPcos O +sinHcos’ &
- 1-cos’ @
_sin@+sinHcos’ §

- sin® @

_ l+cos’ @

~ sin@

= si11149 (1+cos2 9)

= csc6(1+cos2 49)
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4 4
.. Ssec s—tan' s
61. Verify ———————=sec’s—tan’s .

sec’ s+tan’ s

2 2 2 2
4 4 —
sect s—tan* s (sec s+tan s)(sec s—tan s) ) )
= =sec”s—tan" s

sec’ s+tan’ s sec’ s+tan’ s

ot?r—1

. cC )
62. Verify —=1-2sin’¢.
1+cot™ ¢t
2 2
cos’ cos’
co?t-1 gy b a7 L in?s *t—sin’t
— Sln t — Sln t .Sln :COS Sln
1+cot*¢ cos’ t cos’t sin’t sin®t+cos’ ¢
I+— I+—
sin’ ¢ sin’ ¢

_ cos® t—sin* ¢

1 :coszt—sinzt:(l—sin2t)—sinztzl—Zsinzt

tan’7—1 _ tant—cott

63. Verify = .
sec” 1 tanz+cot?
Working with the right side, we have the following.
tanz — L tanf———
tanf—cot? tant _ tan; tan? tan’t—1 tan’7—1

- 1 1 - 2 - 2
tant+cott tans+ tans+ tant tan"t+1 sec” t

tanz? tant

64. Verify (1+sin x + cos x)2 =2(1 +sin x)(1+ cosx).
Working with the right side, we have the following.

2(1+sinx)(1+cosx) =2(1+sin x+cosx+sinxcos.x)
=2+2sinx+2cosx+2sin xcosx

Working with the left side, we have the following.
. 2 . . . . .
(1+sinx+cosx) =1+sinx+cosx+sinx+sin’ x +sinxcosx +cosx +sin xcos x +cos’ x

=2+2sinx+2cosx+2sin xcos x
. . 2 . . .
Since (1+sinx+cosx) =2+2sinx+2cosx+2sinxcosx =2(1+sinx)(l1+cosx), the statement has

been verified.

1+cosx 1-cosx

65. Verify =4cotxcscx .
l—cosx 1+cosx
I+cosx 1-cosx _ (1+cosx)2 ~ (1—cosx)2
l-cosx I+cosx (I+cosx)(l—cosx) (I+cosx)(l1-cosx)
14+2cos x+cos’ x 1-2cosx+cos x

B (I+cosx)(1-cosx) (I+cosx)(1-cosx)

_ 14+2cosx+cos’ x—1+2cos x—cos’ x
(1+cosx)(1-cosx)

cosx 1
. . =4cotxcscx

_ 4cosx _ 4cosx —4
- 2 ) - . .
l-cos“x sin”x sinx sinx
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67.

68.

69.

70.
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. 2 l-sina
Verify (seca—tanar) = —
1+sinax
. .2
2 2 2 1 1 sin sin” o
(seca—tanr) =sec’ @—2secatan+tan’ ¢ = ————2- . +—
cos & cosa cosoa Ccos™ o
. . . 2 . 2 .
_1-2sina+sin’ o (1-sin)”  (1-sina) _l-sinx
cos’ o l-siner  (1-sine)(l+sine) 1+sina

Verify (seca+csca)(cosa—siner)=cotar—taner |

1
+ .
cosa sino

(seca+csca)(cosa—sina)=[ j(cosa—sina)

cosa sin@ cosa sinoa
= — + - =]l—-tana+cota—1=cotx—tan o

cosa cosa sina sinoa

. sin*a—cos* &
sin” ¢ —cos” &
sin® a—cos* ar (sin2 a+cos’ a) (sin2 a—cos’ 0() L, ,
= =sin“a+cos" =1

sin> ¢ —cos® & sin® ¢ —cos’ &

One example does not verify a statement to be true. However, if you find one example where it shows
the statement is false, then that one example is enough to state that the statement is false. For example,

if the student let 6=45° (or £ radians), then the student would have observed

-%?+:€§:2j§;:J§¢1

cos 45°+sin45° = This would show that cos@+sin@=1 is not an

identity.

Answers will vary.
No, if an equation has an infinite number of solutions then it does not necessarily imply that one has an
identity. An example of this is the equation sin x =cosx. There are infinitely many values of x in

which this statement is true, but it does not imply that sin x = cos x is an identity.

In Exercises 71 — 78, the functions are graphed in the following window.

71.

MEMORY WIMDCW
03 smin=-6. 152285
2 coom Ihn AMax=6. 1522856...
31 Zoom Out wecl=1.57A7I53..
4:2Dec1mal W= -4
S 254y “Ymax=d4
5l EStandan Yecol=1
ETria Ares=1
(secO+tan8)(1—sin @) appears to be equivalent to cos 6.
Flakl Flakz Flak:
~WMMiECLACos ORI
nLRIICl—=sintE2
“Me=
Mr=
=Ny=
=Ne=
~NE=

(sec¢9+tan¢9)(1—sin¢9):[ ! +smej(l—sinﬁ):(“_Smej(l—sinﬁ)
cos@ cosé cos@

1+sin@)(1-sin@ —sin? 2
=( sin@)(1-sin )=1 sin®6 _cos’0 _ o
cos @ cos @ cos@
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72. (csc@+cot)(sec@—1) appears to be equivalent to tan 6.

Flakl Flakz Flak:
SYMIRClAsincEY LS
ta?EH))EIKGDEEH)

“Me=
=Mr=
=Ny=
=Nes_

(cscO+cotb)(secOd—1)= _1 +C989 ! -1|= 1+‘COS€ 1-cosf
sin@d sin@ )\ cos@ sin @ cos@

_1-cos’@  sin’@ _ sin€ _
sinfdcos@ sinfcosd cosél

tan &

73. ﬂ appears to be equivalent to cot .
sin @+ tan @
Flokl Flokz Flokz
SMWHECCosCEIEL ]
SinCEI+tanCEl D
wMe=
¥ \ \l \ \
wMy=
“Me=
~ME=
cos@+1  l+cos@ 1+cos@
sin @+ tan @ sinf+ sin@ sin€(1+ j
cos @ cos@
_ l+cos# .cosﬁ_(1+COSl9)COS€_cost9_Cote
sin6(1+ 1 J cos® sinf(cosf+1) sind
cos@

74. tan@sinf+cos@ appears to be equivalent to sec 6.

Flokl Flokz Flok
SMBLancRisinciEy
+Cios ()
WMe=
wWMa=
“My=
“Me=
~MeE=
. sin . sin? cos’ sin® @+ cos? 1
tan @sin @+ cos @ = €-s1n6’+cos¢9= 49+ €= 4 0= =secé
cos @ cosd cosé cos @ cos@
2+ 5coss
75. Is ——— =2cscs+ Scots an identity?
sin §
Flokl Flokz Flok
SNARCEHICos CH I DS
SintEd
WMNMeB2osintHI DAL
ancEl
wWMa=
“My=
“Me=
2+ 5cosx . .
The graphs of y=————— and y =2cscx + 5Scotx appear to be the same. The given equation may
sin x

2+5coss 2 5coss . . . .
= + =2cscs+5cots, the given statement is an identity.

be an identity. Since - - -
sin s sins  sins
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sec’ s

76. Is 1+cot’ s = an identity?

Flakl Flakz Flak:
;¥1El+lfﬂtahEH}) {_j {Hj[kuj k_J

sec’s—1

sMeBOl cosCEIIEs

CLlscosC®ide—12

nMr=

wNy=

~NE=

2
The graphs of y=1+cot’ x and y = sezc al appear to be the same. The given equation may be an
sec” x—
sec’ s _ sec’ s 1 cos’ s 1

identity. Since — =— ——=csc’s=1+cot’s, the given statement is
sec’s—1 tan’s cos’s sin’s sin’s

an identity.

tans—cots .2 . .
77. Is ——————=2sin" s an identity?
tans+cots
Flokl Flakz Flobz
“MiECtantE)-1-1a
nCRI I SChantni+1s
tanikll
sMeB2osindRane
wMr=
wNy=
~Me=
tan x —cot x .2 . .
The graphs of y=———————— and y=2sin" x are not the same. The given statement is not an
tan x +cot x
identity.
1 1 2 . .
78. 1 + =sec” s an identity?

S ; ;
l1+sins 1-sins

Flokl Fletz Flots
ARl ClEsintRa J U ‘l\)f U E
+lACl-sintEal

x?inIIGDEiKb)E

The graphs of y = and y=sec’ x are not the same. The given statement is not an

I+sinx 1-sinx
identity.
79. Show that sin(cscs)=1 is not an identity.

We need to find only one value for which the statement is false. Lets=2. Use a calculator to find that
sin (csc 2) ~.891094, which is not equal to 1.

sin (csc s) =1 does not hold true for all real numbers s. Thus, it is not an identity.
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80.

81.

82.

83.

84.

8s.

86.

Show that v/cos* s =coss is not an identity.

2
{ f 2
Let S=£. We have cosZzl and coszE: l = l:l But let S=—”. We have,
3 3 2 3 2 4 2 3
1 [ Lom 1Y 11
coss=——and ,[cos" — =,[| —— | =,/—=—.
2 3 2 4 2

\cos* s =coss does not hold true for all real numbers s. Thus, it is not an identity.

Show that csct =+/1+cot’¢ is not an identity.

Let t:%. We have csc%:\/zand 1+cot2%:«/1+12 =J1+1=+2. Butlet t:—%. We have,

csc—%=—\/§ and ’1+cot2 (—%) =./1+(—1)2 =J1+1=+2.

csct=+/1+cot’ ¢ does not hold true for all real numbers s. Thus, it is not an identity.

Show that cost=+/1-sin*¢ is not an identity.

2
Let t=£. We have cos£=l and /1—sin2£= 1- ﬁ =,/1—i=\/z=l. But let t=2—”.
3 3 2 3 2 4 4 2 3
2
Wehave,.cosz—”:—l and fl—sinzz—”: 1- ﬁ = /l—éz l:l
3 2 3 2 4 4 2

cost =+/1—sin*z does not hold true for all real numbers s. Thus, it is not an identity.

. 2 . .
sinx =+ 1—cos” x 1is a true statement when sin x > 0.

(@) I=kcos’6=k(1-sin’6)

(b) For 8 =2zn for all integers n, cos® @ =1, its maximum value and 7 attains a maximum value of k.

(@) P=ky’ and y=4cos(27t)
P =ky* =k[ 4cos (2m1) | =k[16c0s* (271) | =16k cos® (271)

(b) P=16kcos’ (27zt) =16k[ 1-sin’ (271)]

(a) The sum of L and C equals 3.

Flakl Flakz Flak: WIHOOW
YRS Ccos(6AAEEA| | ¥min=A
Bea2az nmax=le-g
=VeE3CsindeaAEEA| | Hscl=1g-¥
Bxaae

‘Ymin=-1
=AY +Y': “max=d4
=Ny= Y=cl=1
Ne= Ares=1

Continued on next page
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86. (continued)
(b) Let Y, =L(r),Y,=C(r), and Y, = E(t) Y, =3 for all inputs.

k) Nz e
0 0 3
iE-7 | 95846 | 3
E-7 |EZE0El |3
FE-7 | 2B4EL | 3
HE-7 | 1zeBEE | 3
cE-7 | .6EgRy | 3
GE-7 | EBPY? | 3
VzEY1+Y:

(¢) E(t)=L(t)+C(t)
= 3cos? (6,000,000¢ ) + 3sin (6,000,000¢)
=3[ cos® (6,000,000¢) +sin’ (6,000,000¢) |
=3.1=3

Section 5.3: Sum and Difference Identities for Cosine

1. Since cos (x+ y) =cos xcos y—sin xsin y, the correct choice is F.
2. Since cos (x— y) =cos xcos y+sin xsin y, the correct choice is A.

3. Since cos(90°—x)=cos90°cos x —sin 90°sin x = (0) cos x+ (1) sin x = 0+sin x = sin x, the correct

choice is E. Also, cosine is the cofunction of sine; hence, cos (90° - x) =sin x.

4. Since cosine is the cofunction of sine, sin (90° - x) = cos x. the correct choice is B.

NN AR

5. cos 75° = cos (30°+45°) = cos 30° cos 45° — sin 30°sin 45° = —- ———- — =

2 2 2 2 4 4 4

6. cos(—lS")=cos(30°—45°)=cos30°cos45"+sin30°sin45°=£~£+l-—2=—6+£=\/6+\/5
2 2 2 2 4 4 4

7. (:05105":(:05(60"+45°):cos60°cos45°—sin6O°sin45°:%-g—g-g:g—gz\/EZ\/8

8. cos(—105°) = cos[ -60°+(—45°) | = cos (—60°) cos (—45°) — sin (—60°) sin (~45°)

142 [_\BJE ﬁJzﬂ_ﬁzﬁ—\E

2 2 2 2 4 4 4
(77[) (47[ 37[] (7[ nj
9. cos| — |=cos| —+— |=cos| —+—
12 12 12 3 4
=c0S—Ccos——sin—sin—=————-—=— ——— =
3 4 3 4 2 2 2 2 4 4 4
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10. cos (—zj =cos (2—”—3—”j = (ﬂ- j
12 12 12
V3

T 7 T .
= €0S—Cos —+sin—sin —=—-
4 2

2

2

“[5

wl»—

ls
i
EY
&

~

11. cos 40° cos 50°—sin 40°sin 50° = cos (40°+50°) = cos 90° =0
r 2 . In . 21 T 2@

12. cos—cos——sin—sin— =cos| —+— |=cosw =—1
9 9 9 9 9 9

13. The answer to Exercise 11 is 0. Using a calculator to evaluate cos40°cos50°—sin40°sin50° also
gives a value of 0.

cos (4l cosiSHY -5
intdAr=incSA) =

14. The answer to Exercise 12 is —1. Using a calculator to evaluate cos%[cos%[—sin%[sin%[ also

gives a value of —I.

; Sci Eng COsCPm-"9cos C2ns
I 123455739 [Qr—=sintPa-<93=int
Oedres 2mS30
ar Pol Seqy -1
""" Dot
Simul
CEN atb. et
"8 Horiz G-T
T (T Y 4
15. tan 87° = cot(90° — 87°) = cot 3° 17. COSTo =S| =15 | =S~

16. sin15° = cos(90° — 15°)= cos75°
. 27 T 2r T
18. sin—=cos| ——— |=cos—
5 2 5

19. csc(—14°24") =sec [900—(—14024 ')] =sec (90°+14°24") = sec104°24"

20. sin142°14"=cos (90°~142°14") = cos | - (142°14'-90°) | = cos (-52°14")

. 5z [7[ 57[) [47[ 57[) ( ﬂ'j
21. sin=—=cos| =—== |=cos| — == |=cos| - =
8 2 8 8 8 8

o [7[ 97[) [57[ 97[) [ 47[) [ 27[]
22, cot—=tan| =——— |=tan| ——= |=tan| —— | =tan| — —
10 10 10 5

10 2 10
23. sec146°42" =csc(90°—-146°42") = csc [— (146°42'— 900)] = csc(—56°42")



24,

25.

26.

27.

28.

29.

30.

31.

32,

33.

34.
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tan 174°3’ = cot (90° —174°3") = cot [ - (174°3"° = 90) | = cot (—84°3")
cot 176.9814° = tan (90°~176.9814°) = tan [ - (176.9814° - 90°) | = tan (~86.9814°)

sin 98.0142° = cos (90° —98.0142°) = cos | —(98.0142°~90°) | = cos (-8.0142°)

Since 90°—-57° =33°, sin 57° = cos 33°.

sin 57° = cos33°

Since 90° — 18° =72°, cot 18° =tan 72°.
tan72° = cot 18°

Since 90° — 70° = 20° and sin x = ! , cos70°= ! .
cscx csc 20°
cos70° = I
csc20°
Since 90° — 24° = 66° and cot x = , tan24° = ! .
tan x tan 66°
tan 24° = !
tan66°

tan 8 = cot (45° + 26)
Since tan @ = cot(90° — ), 90°— 6 =45°+26 = 90° =45°+30 = 30 =45° = 6 =15°.

sin 8= cos(26—10°)

Since sin 8= cos(90° -8), 90° -0 =26-10°=90°=36-10°= 30 =100°= 0 = 1030 .
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35.secd =csc (g + 20°j

36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

By a cofunction identity, sec = csc(90°—6). Thus, csc [g + ZOOJ =csc(90°—6) and we can solve
the following.

csc(§+20°)=csc(90°—¢9):>§+20°=90°—t9:§+20°=90°:?=70°:(9=§(70°)=ﬂ

cos @ =sin (36 +10°)

By a cofunction identity, cos § =sin(90°—6). Thus, sin(90°—8)=sin(36+10°) and we can solve

the following.
sin (90°—6) =sin (36 +10°) = 90°— 6 =30 +10° = 90° = 460 +10° = 46 = 80° = 6 = 20°

sin (36 —15°) = cos (6 +25°)
Since sin 8= cos(90° — @), we have the following.
sin (30 —-15°) = cos [900 -(36- 15°)J = c0s (90°—-360+15°) = cos (105° - 30)
We can next solve the equation cos (105°—36) = cos (6 +25°).
cos (1050—39) =cos (9+ 250) =105°-30=60+25°=105°=40+25°= 460 =80°= 6 =20°
cot(@—10°) = tan(26 + 20°)
Since cot &= tan(90° — 8), we have the following.
cot (6—10°) = tan[ 90° - (8—10°) | = tan (90° — #+10°) = tan (100° - 6)

We can next solve the equation tan (100°—6) = tan (26 +20°).

tan (100° - @) = tan (26 +20°) = 100° - 6 = 26+ 20° = 100° =36+ 20° = 36 =80° = 6 = 83

cos (0°—8) = cos 0°cos & +sin @sin 0° = (1) cos @ +(0) sin & = cos 6 +0 = cos &

08 (90°— @) = cos 90° cos & +sin 90°sin & = (0) cos &+ (1) sin & = 0+sin & =sin &

cos (180°—8) = cos 180° cos 8 +sin 180°sin @ = (—1) cos 8+ (0) sin & = —cos 6+ 0 = —cos &
c0s (270°—6) = cos 270° cos 8 +sin 270° sin @ = (0) cos &+ (—1) sin & =0—sin & = —sin &
cos (0°+8) = cos 0° cos & —sin Osin 0° = (1) cos & —(0) sin @ = cos & —0 = cos &

08 (90°+8) = cos 90° cos & —sin 90°sin & = (0) cos & — (1) sin @ = 0—sin & = —sin

cos (180°+8) = cos 180° cos & —sin 180° sin @ = (—1) cos & —(0) sin & = —cos & —0 = —cos &

cos (270°+8) = cos 270° cos § —sin 270° sin @ = (0) cos  —(—1) sin & = 0+sin & = sin &



47.

48.
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1
cos s = 73 and sint = %, s and t are in quadrant II.

Since coss = i, we have coss = —% :_?1. Thus, we let x=—1and r=35. Substituting into the
r

Pythagorean theorem, we get the following.
(_1)2 +y =5 =1+y" =25=y"=24= y:«/ﬁ, sincesin s >0

Thus, sin s :l:ﬁ.
r 5

Since sint = X, we have sint = % Thus, we let y=3 and r =5. Substituting into the Pythagorean
r

theorem, we get the following.
X +3 =5 =2x49=25=x=16= x=—4, sincecost <0
—4 4

Thus, cost=2="-_2
r 5 5

o (1}( 4} {Jﬁ](ﬂ 4 324 4 66 4-6V6
cos(s+1)=cosscost—sinssint = S0\75)71 5 s ===

25 25 25 25 25
cos(s—1)=cosscost+sinssint = (—%)(—%)+(@J(

3|4 324 _arele
5) 25
sins = 3 and sint = —%, s is in quadrant IT and ¢ is in quadrant IV

25 25

Since sin s = l, we have sins = % Thus, we let y=2 and r =3. Substituting into the Pythagorean
r

theorem, we get the following.

X422 =3 = +4=9=x*=5=x=—/5, sincecos s <0
Thus, cosszfzﬁz—ﬁ.
r 3 3
Since sintzl, we have sint:—éz_?l. Thus, we let y=-1and r=3. Substituting into the
r

Pythagorean theorem, we get the following.
P +(-1) =3 =2 +1=9= x> =8 = x=+/8 =242, sincecos’ >0

x_2\/§

Thus, cost=—=
r 3
. V5242 [2)[ 1j 2J10 2 -2J10+2
cos(s+1)=cosscost—sinssint=| —— || == || = || == |= +Z=
3 3 3 3 9 9 9
. Y(242) (2) 1) 210 2 —2J10-2
cos(s—r)=cosscost+sinssint=| —— || —— |+| = || —= |= -Z=
3 3 3 3 9 9 9
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. 3 12
49. sins= 5 and sint =— 1—3 , s is in quadrant I and ¢ is in quadrant III

Since sin s = X, we have sin s = % Thus, we let y =3 and r =5. Substituting into the Pythagorean
r

theorem, we get the following.
P43 =5 =x"+9=25=1x"=16= x=4, sincecos s >0
Thus, cosszfzi.
r 5
y 12 -12

Since sint ==, we have sint = _E = F Thus, we let y=—12 and r=13. Substituting into the
r

Pythagorean theorem, we get the following.
x° +(—12)2 =13 = x* +144 =169 = x* =25= x=-5, sincecost <0

S_5
13 13’

. . (4)( 5 j [3}[ 12) 20 36 16
cos(s+r)=cosscost—sinssint=| — || —= |-| = || ——= |=——+—==—
5 13 5 13 65 65 65

L (4)( 5) (3)[ 12} 20 36 56
cos(s—t):cosscost+s1nssmt: -zl ——=|mF——=—===
5 13 65 65 65

X
Thus, cost=—=
r

8
50. coss= 17 and cost = —%, s and ¢ are in quadrant III

Since cos s = f, we have coss = —% = % Thus, we let x=-8 and r =17. Substituting into the
r

Pythagorean theorem, we get the following.
(—8)2 +y =17 = 64+ y* =289 = y* =225= y=-15, sincesins <0
y_ ZI5__ 15

Thus, sins=—= = .
r 17 17

Since cost =£, we have cost =—§=_?3. Thus, we let x=-3and r =5. Substituting into the
r

Pythagorean theorem, we get the following.
(-3) +y* =5 =29+y* =25=y* =16 = y =4, sincesins <0
-4 4

Thus, sins=l= -
r 5 5

. . 8 3 15 4\ 24 60 36
cos(s+t)=cosscost—sinssint=|—— || ——|—-| —— || —— |=———=——
17 5 17 5 85 85 85

L 8 3 15 4) 24 60 84
cos(s—t)=cosscost+sinssint=|—-— || —=|+| —— || = |=—+—=—
8 8 85
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52,

53.
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sin s = and sint =

5 J6
7 8

, s and 7 are in quadrant 1.

Since sinszl, we have sinszTS. Thus, we let y:\/g and r=7. Substituting into the
r

Pythagorean theorem, we get the following.

x2+(\/§)2 =7 = x> +5=49 = x> =44 = x =44, sincecos s >0

N

X
Thus, coss =—=——.
r 7

Since sint :l, we have sint :?6. Thus, we let y =/6 and r =38. Substituting into the
r

Pythagorean theorem, we get the following.

X +(J€)2 =8 =’ +6=64= x’ =58 = x=+/58, sincecost >0

Thus, cost :f:ﬁ_
r 8
. Jaa (58 (N5 )(Ve) 24638 N30 24638 /30
cos(s+1)=cosscost—sinssins=| — || — |-| — || — |= - =
7 8 7 8 56 56 56
. VA (58 (5)[V6) 2638 30 24638 ++/30
cos(s—1)=cosscost+sinssins=| — || — |+| — || — |= + =
7 8 7 8 56 56 56
Ccoss = g and sint = —?5, s and ¢ are in quadrant IV.

. X 2 L .
Since coss=—, we have coss =—4 . Thus, we let x=\/§ and r=4. Substituting into the
r

Pythagorean theorem, we get the following.

(V2) +y* =42 224> =16 = y* =14 = y =14, since sins <0

Thus’ Sins =Z =ﬁ = _ﬁ‘
r 4 4

Since sint = X, we have sint = —g = % Thus, we let y =—/5 and r =6. Substituting into the
r

Pythagorean theorem, we get the following.

X +(—\/§)2 =6 =’ +5=36= x> =31 = x =~/31, sincecost >0

Thus, costzizi.
r 6
. V2 )31 14 5) Vo2 V70 Je2-70
cos(s+1)=cosscost—sinssins=| — || — |-| ——— || —— |= - =
4 6 4 6 24 24 24
. V2 )31 14 5) Vo2 70 62 +70
cos(s—r)=cosscost+sinssins=| — || — [+| ——— || —— |= + =
4 6 4 6 24 24 24

True or false: cos 42° = cos (30°+12°)

Since 42° = 30° +12°, the given statement is true.
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54. True or false: cos(—24°) =cos16°—cos 40°

Since  cos (—24°) = cos (16°—40°) = cos 16° cos 40°+sin 16°sin 40° # cos 16°—cos 40°, the given
statement is false.

55. True or false: cos 74° = cos 60° cos 14° + sin 60° sin 14°

Since cos74° =cos (60° + 140) = c08 60° cos 14° —sin 60° sin 14° # cos 60° cos 14° + sin 60°sin 14°, the

given statement is false.

56. True or false: cos140° = cos 60° cos 80° —sin 60° sin 80°

Since cos140° = cos (60O + 80°) = cos 60° cos 80° —sin 60°sin 80°, the given statement is true.

57. True or false: cos r_ coslcos r_ sin lsin z.
3 12 4 12 4

dr & 37 & =&« .4 T T T . T .
= =—+—, COS— =CO0S _+Z =COS—COS ——S1n —S1n

. /4
Since — = Z
12 12 4 12 4

3 12 12 12 12 4 3

The given statement is true.

58. True or false: cos 2—” = CoS 11—” cos z +sin M sin z
. 2 87 l1lx 37 1lmr « 2w 11z =« 11z T . llzr . &
Since —=—=—+-"—"—=—+—"—, cOS— =COS| — —— | =Cc0S——Cc0S —+sin ——sin —.
3 12 12 12 12 4 3 12 4 12 4 12 4

The given statement is true.

59. True or false: cos 70° cos 20° —sin 70°sin 20° =0

Since cos 70° cos 20° —sin 70° sin 20° = cos (70° + 20°) =c0s90° =0, the given statement is true.

V2

60. True or false: cos 85°cos40°+sin 85°sin 40° =

Since cos 85°cos40°+sin 85°sin 40° = cos (85° - 40°) =co0s45°= 72 , the given statement is true.
V4
61. True or false: tan (9—3) =cot @

Since tan (9 —%J =—tan |:—(€ —%ﬂ =—tan (% - 6) =—cot @ # cot 8, the given statement is false.

62. True or false: sin (49 —%) =cos @

Since sin (9 —%j =—sin {— (6 —%ﬂ =—sin (% - 6) =—cos @ # cos 0, the given statement is false.



63.

64.

65.

66.

67.

68.

69.

70.
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Verify cos [%+x) =—sin x.
cos(%+xj = cos%cosx—sin%sinx= (0)cos x—(1)sin x =0—sin x = —sin x

Verify sec(7—x)=-secx

sec(m—x)= ! = 1
cos(77—x)  coszcosx+sinzsinx
_ 1 _ 1 _ 1 _ 1 _
- (=1)cosx+(0)sinx T _cosx+0 —cosx  cosx T osees

Verify cos2x = cos? x—sin” x

cos 2x = cos (X + x) = cos x cos x —sin xsin x = cos® x—sin® x

Verify 14+cos2x— cos? x =cos? x.

From Exercise 65, cos2x = cos® x—sin’ x.

1+ cos 2x —cos? x:1+(cos2 x—sin? x)—0052 x=1-sin? x=cos’ x

c0s195° = cos (180°+15°)
= cos 180°cos 15°—sin 180°sin 15° = (—1) cos 15°—(0)sin15° = —cos 15° - 0 = —cos 15°

—cos15° =—cos (45°-30°)

23 2 1}_(£+£J=ﬂ

=—(cos 45°c0s 30° +sin 45°sin 30°) = —| —- —+——
2 4 4 4

—J6 -2

4

c0s195°=—cos15°=

(@) cos255°=cos(180°+75°) = cos 180° cos 75°—sin 180° sin 75° = (—1) cos 75° —(0) sin 75°
= — 08 75° = —cos (45° +30°) = —(cos 45° cos 30° — sin 45° sin 30°)

=_(£ 3 2 1}_[&_@}_(\/6—\/5];/5—%

2 2 2 2 4 4 4 4

11z 127 & T T . T T . T
(b) cos——=cos| ———-—|=cos| 7—- | =cos 7 cos —+sin 7 sin — = (—1) cos —+(0) sin —
12 12 12 12 12 12 12 12

T 37 2@ T T T . T . T
=—COS— =—COS| ———|=—CO0S| ——— |=—| COS—COS—+SIn —S1n —
12 12 12 4 6 4 6 4 6

=_£££+£1j__(£+£J=_[@+ﬁ]=—@—ﬁ

2 2 2 2) |44 4 4
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71. (a) Since there are 60 cycles per sec, the number of cycles in .05 sec is given by the following.

(b)

72. (a)

(b)

(c)

(.05 sec)(60 cycles per sec) = 3 cycles

Since V =163sinat and the maximum value of sin @t is 1, the maximum voltage is 163.
Since V =163sinat and the minimum value of sin @t is —1, the minimum voltage is —163.
Therefore, the voltage is not always equal to 115.

27 (10
Graph P=2cos ﬂ—ct :icos ( )—1026t =.04 cos 2()—”—1026t .
r A 10 4.9 4.9
WIHOOW Flakl Flakz Flok:
min= B4 1B Cos 0

Hmax=. 05 Br-d.9-102542

necl=,81 ~Ne=

Ymin=-.05 M=

Yrax=. 05 sMy=

Yecl=.05 “Me=

Ares=1 ~NE=

The pressure P is oscillating.

2rr 3

Graph P =2 cos {——ct} = —cos{ 3 27r
r A

—1026(10)} =2 cos [——10, 260}.
4.9

271'(r)
9

r r

W I MO Flokl Flokz Flob:
“min=a MBI AE I CosC2mE
Hmax=28 S A=1EZEA
necl=1 EE
Vmin=-2 s M=
Ymax=2 WMy =
Yeol=1 “Mo=
Ares=] WME=

The pressure oscillates, and amplitude decreases as r increases.

P= gcos[ﬂ— ct}
r A

Let r=nd.
P= gcos[ﬂ— ct} = icos|: 2zn — ct} = icos[27m _ ct]
r A ni A nA
=;—ﬂ[cos(%m)cos(ct)+sin(27m)sin(ct)] =%[(l)cos(ct)Jr(O)sin(cz)J

a a
—E[cos(ct) +OJ = Hcos(ct)

Section 5.4: Sum and Difference Identities for Sine and Tangent

1. - 2. Answers will vary.

3.

Since we have the following, the correct choice is C.

sin15° = sin(45°—30°) =sin 45°cos 30° —cos 45°sin 30° zﬁ-ﬁ—ﬁ-lzﬁ——z: \/8_\/5
2 2 2 2 4 4 4

Since we have the following, the correct choice is A.

sin 105° =sin (60° + 450) =sin 60°cos 45° + cos 60° sin 45° = 7372+% % = %_FTZ = @
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5. Since we have the following, the correct choice is E.

tan 15° = tan (60°—45°) = tan 60°~tan 45° _ 31 :\/5_1.1_\/5
I+tan60°tan45°  1+3(1) 143 1-4/3
_3-3-1+3 4423 2

1-3 -2

6. Since we have the following, the correct choice is F.

tan 105° — tan (60° + 45°) = tan60°+tand5° 341 _3+1 1+43
I-tan 60°tan45°  1-\3(1) 1-3 1+4/3

(1+\/§)2 =1+2\/§+3=4+2\/§=_2_\/§
12_(\/5) 1-3 -2

7. Since we have the following, the correct choice is B.

sin (—105°) =sin (45°~150°) = sin 45° cos 150° — cos 45° sin 150°

()-8 (L))ot

2 2 2 N2 4 4 4
8. Since we have the following, the correct choice is D.

2
~ (1+43) 142343 4+2‘/§—2+\E
- —=- ~ -
12_(\/5) 1-3 2
57[[7[7[)7[ pd 7 .x 23 21 6 2 Jo+2
9. sin===sin| =+Z |=sinSZcos=+cos=sin==— 4= . = 4 Y7 =
12 4 6 4 6 4 6 2 2 2 2 4 4 4

anZean® B B

5m r 6 4 7“ ?H 3 J3+3
10. tan—=tan| —+— |= = = 2o
12 6 4 1-tan “tan * 1_£ l_ﬁ 33-43
6 4 3 3

_B+3 3443 _ (3+5) 946343 _1246V3 &
3-3 3+43 32_(\/5)2 9-3 6

r r 3 NG
tan——tan— 1-— [-——
T T 4 6 3 3 3 3-43
11. tan—=tan| ——— |= = = g
12 46 1+tan " tan 7 1+\/§ 1+ 33 3+\3
3

3-433-43_ (3—J§)2 _9—6J§+3_12—6«/§_2_J§
B33 g3 93 6

279
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

V2B V21 Ve 2 -2

. Tt . (n =z . V.4 T, T
. SIn—=S8In| ——— [=SIn—COS——COS—SIN—=—"———— —=—————=
12 (4 6j 4 6 4 6 2 2 2 2 4 4 4
T T T T T . . .
sm{ ——(=smMm| ———— (=S| — |COS——COS| —— [SINn — = —SINn — COS— —COS —SIn —
(-5 Jzon(-5-5)-n(-5) :
__ V32 12 Ve V2 62
2 2 2 2 4 4 4

r T V4 an (—Zj—tan (_Zj _1+(—\/§)
tan(—aj = tan{——w{ ﬂ = L+t [_Zj an [_73?] ) 1—(_1)(_\@)

~1- 3=—1—\B'1+«E=—1—ﬁ—\@—3=4—2\@=—4—2«E=2+ﬁ
1-V3  1-43 143 12_(@)2 1-3 -2

. . . . V2
sin 76° cos 31° — cos 76° sin 31° = sin(76° — 31°)=sin 45° = T

sin 40° cos 50° + cos 40° sin 50° = sin(40° + 50°) =sin 90° = 1

Lan 807+ 55" _ 1 (80°+55°) = tan 135° = ~1
1—tan 80° tan 55°

tan 80° — tan (—55°)
1+ tan 80° tan (—550)

= tan[80°—(—55°) | = tan 135° = —1

an 100°+ tan80° _ . (100°+80°) = tan 180° =0
1—tan 100° tan 80°

sin 100° cos 10° —cos 100°sin 10° = sin (100° ~10°) = sin 90° =1

/4 3 T . 3r . (xm 3x . (27m 3rx .S .«
smgcosﬁ—cos—mn—:sm —+—|=sin| —+— |=sin—=sin—=1

5 10 5 10 10 10 10 2
tans—”+tan£
12 n[5_ﬂ+£) 23. cos(30°+6) = cos 30°cos & —sin 30°sin &
l—tans—”tang 124 NE) 1 .
12 4 =——cos@——sin@
2 2
— tan F 1
—an 12 =E(\/§cos6—sin49)
2r
:tanT _ﬁcos&—sin@

2
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24. cos(45°—6) = cos45°cos O +sin 45°sin & 28. sin(45°+6)=sin45°cos @ +sin fcos45°
:£005¢9+£sin6 :£51n¢9+—200s¢9
2 2 2 2
:\/E(COSQJFSIHQ) =—2(sin6+cost9)
2 2
_\/E(sin¢9+cos€)
25. cos(60°+8) = cos 60° cos & —sin 60° sin & - )
—lcosﬂ——3$in9
2 2 29, tan(¢9+30°): tan @ + tan 30

1—tan @ tan 30°
=l(cos¢9—\/§sin9) 1
2 tan 6+ ——

_cosﬁ—\/gsine :—\B

1
2 l-—tan @
V3
26. cos(6—30°)=cos@cos30°+sin&sin30° B J3tan 6 +1

3 - J3-tan 6

= —300$¢9+lsin¢9
2 2

\/gcos€+sin€ tan£+tanx
= - - V4 4
2 30. tan(—+xj=
4 .4
l—tanztanx
3 3 . 3w .
27. cos| ——x |=cos—cos x+sin—sin x 1+tan x
4 4 4 =
1—tan x

2 .
=———CcoSx+—sinx
2 2 ( T T .
31. sin| —+ x |=sin—cos x+cos—sin x
. 4 4 4

:T(—cosx—ksmx)

N2 2.

=\/2(Sinx—cosx) —Tcosx+75mx
2 ~ ~2(cos x+sin x)
R T—

32. sin(180°—8) =sin180°cos & —cos180°sin & = (0) (cos &) —(—1) (sin &) =0+sin & =sin &

33. sin(270°-8) = sin 270° cos & —cos 270°sin 8 = (—1) cos 6 —(0) sin @ = —cos # —0 = —cos &

34. tan(180°+9)=w 36. sin(7+86)=sinmcos+cossinf
1—tan 180° tan @
O+tan & =O-cos¢9+(—1)sin¢9
" 1o0 ~_sin@
=tan @
tan 360° —tan @ tan 7 —tan @ O—tan @
o_ — 37. tan(7r—0)= =
35, tan (360°-0) 1+ tan 360° tan & ( ) l+tanztan® 1+0(tan6)
_0-tand =—tan @
1+0

=—tan @
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38. To follow Example 2 to find tan (270°—8), we would need to use the tangent of a difference formula,

tan (A-B)= M. In this formula, A =270° and tan270° is undefined.

1+tan Atan B

39. Since tan 65.902° tan 24.098° = cot (90— 65.902°) tan 24.098° = cot 24.098° tan 24.098° =1, the

denominator of tan 65.902° + tan 24.098 becomes zero, which is undefined. Also,

1—tan 65.902° tan 24.098°

tan 639027+ tan 24.098" _ | (65.902°+24.098°) = tan 90°, which is undefined.
I— tan 65.902° tan 24.098°

40. If A, B, and C are angles of a triangle, then A + B + C = 180°. Therefore, we have the following.
sin(A+B+C)=sin180°=0

3. 5
41. coss= 5> st = IER and s and ¢ are in quadrant I

First, find sin s, tan s, cos ¢, and tan . Since s and ¢ are in quadrant I, all are positive.

3V 9 16 4
sin® s+cos® s =1 = sin’ s+(—j =1=sin’ s+—=1=sin’ s=— = sins =—, since sins >0
5 25 25 5

4
sms 5 45 4
tan s = ===——=—
coss 3 53 3
5
2
sin’ r4+cos’ r=1= i +c052t:13£+coszt:130052tzﬁzcostzg, since cost >0
13 169 169 13
S
tnr=13-313_5
12 13 12 12
13
. . . 412 5 3 63
(a) sin(s+7)=sinscost+cosssinr=——+-—==—
513 13 5 65
4,5 4.s
tan s+ tan ¢ 3 12 3 36 48+15 63

(b) tan(s+1)= = = 12 56 _ 22
1—tan stan¢ 1_(4}(5} 1_[4}[5} 36 36-20 16
3 )12 3)\12

(¢) To find the quadrant of s + ¢, notice that sin(s + ¢) > 0, which implies s + 7 is in quadrant I or II.
tan(s + f) > 0, which implies s + ¢ is in quadrant I or III. Therefore, s + ¢ is in quadrant I.
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| 3
42, coss= R smf= 508 and ¢ are in quadrant II

43.

First, find sin s, tan s, cos t, and tan ¢. Since s and ¢ are in quadrant I, sin s is positive. Tan s, cos f,
and tan ¢ are all negative.

. . 1y . 1
sin® s +cos® s =1 = sin? s+(—§j =1=sin? s+—5=1

V24 26

. 2 24 . . .
=sin" s=—=sins=——= , since sins >0
25 5 5

2
. ) 3 ) 9 ) , 16 4
sin“t+cos r=1= g +cos t=1:>2—5+cos t=1=cos t=2—jcost=——, since cost <0

246 3
tans =22 =5 2\/_[ —j=—2\/_ tant—i=E
1 4 5

5

coss 1
5

(@) sin(s+1)=sinscost+cosssins =[¥J(—ij+[—lj[ij =M

5 5)\5 25

(b) Different forms of tan (s + #) will be obtained depending on whether tan s and tan ¢ are written
with rationalized denominators.

3)  -8/6-3
“2N6+| ——
tan s +tan ¢ Ve ( 4) 4 —8\/7 3

tan(s+f)=1_tanstanl=1_(_2\/6)(_43J 4— S[ 4—6\/7

—8J6-3

(¢) To find the quadrant of s + 7, notice from the preceding that sin(s+7)=———<0 and

25
8\/_ 3

tan(s+17) = \/7 >0 . The sine is negative in quadrants III and IV, the tangent is positive in

quadrants I and III. Therefore, s + ¢ is in quadrant III.

. . 1
sis = 3 sint = EERN is in quadrant II, and ¢ is in quadrant IV

In order to substitute into sum and difference identities, we need to find the values of coss and cos?,

and also the values of tans and tanf. Because s is in quadrant II, the values of both cos s and tan s
will be negative. Because ¢ is in quadrant IV, cost will be positive, while tan¢ will be negative.

2
coss =+/1—sin’ s =— —(gj :_ﬁ

3 3

2
cost=+/1—sin’ ¢ = 1—(—1) :ﬁ:&

3 3 3

2 1
NS 57 w2 22 4
3 3

Continued on next page
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43.

44.

(continued)
(a) sin(s+t):§(£J+[_£J(_1j:£+ﬁ: 42 +5

3 3 3 9 9 9

(b) Different forms of tan (s + f) will be obtained depending on whether tan s and tan ¢ are written
with rationalized denominators.

_M{_ﬁj _M{_J?J
5 4 5 4) 20 -8/5-5V2

tan (s+1) = = e

1_( 26}[_@ 1_[ 2ﬁJ(_ﬁj'20_ 20~ 2410

5

4

5

4

(¢) From parts (a) and (b), sin(s + #) > 0 and tan(s + ) < 0. The only quadrant in which values of sine
are positive and values of tangent are negative is quadrant II.

. 3. 12
sin s = 5 sint = TR s is in quadrant I, and ¢ is in quadrant III

In order to substitute into sum and difference identities, we need to find the values of coss and cos?,
and also the values of tans and tan¢. Because s is in quadrant I, the values of both coss and tans
will be positive. Because ¢ is in quadrant III the value cost will be negative, while tanr will be
positive.

, / 3Y [ 9 16 4
coss=A+l-sin’s=[1-|2| = 1-—=|—==
: g (5) 25 25 5

— 12Y 144 25 5
cos - ( 13) V169~ 13

169
3 12
_5_3 . __13_12
tans-i—4, tant—_i_ 5
5 13

. (3)( sj (4)( 12) -15 -48 63
(@ sin(s+t)=|=||-=|+|=||-=|=—+—=-—
5 13 5 13) 65 65 65

3 12 3 12
Jr_i

— 7+7
b) tan(s+r)=—2t 5 -4 5 20 Db+ _ 03

R GIEH GRE

(¢) From parts (a) and (b), sin(s + #) < 0 and tan(s + ) < 0. The only quadrant in which values of sine
and tangent are negative is quadrant I'V.
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8 3
45. coss= 17 cost = R and s and ¢ are in quadrant III

46.

In order to substitute into sum and difference identities, we need to find the values of sins and sinzt,

and also the values of tans and tanz. Because s and ¢ are both in quadrant III, the values of sin s
and sin¢ will be negative, while tans and tant will be positive

. / 5
sin s = 1 cos’s=—[1-| ——
( 17 289
sint— —cos’t=—[1— ( Ej /l—i E
5 25

5
_4
tan s = 17 l,tan;:_s_i
8 33
17 5
15 3 4 8 ) 45 32 T
@) sin(s+t)=[-—=||-Z|+| = || -—= |=—+"=—
17 5 5 17) 85 85 85
5,40 15,4
(b) tan(s+1)= 8§ 3 __ 8 3 24 _45+32 77 _ 77

(S e

(¢) From parts (a) and (b), sin(s + #) > 0 and tan(s + ) < 0. The only quadrant in which values of sine
are positive and values of tangent are negative is quadrant II.

. 4
cos s = BTE sint = 5 s is in quadrant II, and ¢ is in quadrant I

In order to substitute into sum and difference identities, we need to find the values of sins and cos¢,

and also the values of tans and tant. Because s is in quadrant II, the value of sin s is positive, while
the value of tans is negative. Because ¢ is in quadrant I, both the values of costand tantare
positive.

. 15Y 64 8
sin s = 1 cos’s=—[1-| -—= Y
17 289 17
(4) 16 /9 3
cost =+/1—sin? t— 1-| — Z ==
5 25 \25 5
4
tans=i=—i;tanl_i=i
15 15 3 3
17 5
. 8 )3 15\( 4 24 _ 60 36
@ sin(s+0)=|—||=|+|-—=|| = R P
17 )\ 5 17 )\ 5 85 85 85
8 4 8 4
“15 3 1573 45 24460 36
(b) tan(s+1)=—rH >3 15 3 _ _

LT g

(¢) From parts (a) and (b), sin(s + #) < 0 and tan(s + ) > 0. The only quadrant in which values of sine
are negative and values of tangent are positive is quadrant I1I.
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47.

48.

49.

50.

sin165° = sin (180°—15°) = sin180° cos 15° — cos 180°sin 15°
=(0)cos15°—(—1)sin15° = 0+sin15° =sin15° =sin (45°—30°)

SRR O

=sin45°c0s30° —cos45°sin 30° = R
2 2 2 4 4

{an165° = tan (180° — 15°) = 20180 tanl5” _ O-tanlS® _ s
1+tan180°tan15° 1+0-tanl5°

Now use a difference identity to find tan15°.

A
o .Y

(an15° = tan (450 30°) o M4 —tan30° 75 3-V3

1+ tan 45° tan 30° 1+1£ 3+43

_ 333 3-V3_9-33-33+3_12-63 _
T3443 343 9-3 6 =23

Thus, tan165° = —tan15° =—(2—ﬁ) =-2+43.

sin255° =sin (270°—15°) = sin 270° cos 15° — c0s 270°sin 15°
=(—1)cos15°—(0)sin15° = —cos15°—0 = —cos15°

Now use a difference identity to find cos15°.
c0s15° = cos(45°—30°) = (cos45°cos 30° +sin45°sin 30°)

2 V3,21 Vo 2 Vo2

T T Ty T,

Jam]:-@-ﬁ

4 4

Thus, sin255° =—cos15° = —[

tan 285° = tan (360°—75°) = = =
( ) 1+tan360°tan75° 1+0-tan75° 1+0

Now use a difference identity to find tan75°.

\/3§+1
tan75° =tan(30°+45°) = ———
( )=—5
1-Y2
3
_V3+3 _\B+3 343343343349 12463
:2+\/§
"33 3-43 3443 9-3 6

Thus, tan285° = —tan75° = —(2+ﬁ) =-2-43.

tan 360° — tan 75° 0—tan75° —tan75°
= = =—tan75°
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117 y tan 77 —tan 5 T
51. tan—=tan| 7—— |=¥———= =—tan—
12 12 1+ tan 7 tan 75 12

. . . T
Now use a difference identity to find tan —.

. tan ——tan — 1—? l—? 3
tan—=tan(———J_ = = =
46 l+tan—tan— 141 ﬁ 1+£ 3+43
3 3
_3-\3_3-43 3-V3_9-6/3+3_12-63 6(2-3)
= =2-3
3+J_ 343 343  9-3 6 6

11z
Thus, tan— =—tan—=—(2— =-2++/3.
us, tan = n12 ( \/7) 3

. 137 . (137 . T . V.4 . T
52. sin| ——— |=-sin| — |=—sin| 7 +— | =—| sin £ cOS —+ COS 7 Sin —
12 12 12 12 12
:—[(O)cos£+(—l)sin£}:—£0—sin£j:—(—sin£j—s1 z
12 12 12 12 12

N2 B V21 _Ve-2

. V1 . T T T . T
=S| ——— |=SIn—COS——COS—S1In — =
(4 6) 46 476 2 2 22 4

The graphs in Exercises 53 —56 are shown in the following window. This window can be obtained through
the Zoom Trig feature.

W IHDOL MEMORY
amin=-6, 152285 tiBox
Amax=E, 1522856 12: Zoom IR
wecl=1.37EvE3..| [35 2oom Out
Ymin=-4 4:20ecimal
Ymax=d4 S ZSauare
Yacl=1 5i 25t andard
Ares=1 ETria

. (7
53. sn (E+ xj appears to be equivalent to cos x.

s1n(5+xj=s1n300sx+s1nxcosE=1-cosx+s1nx-0=cosx+0=cosx

Flokl Flatz Flot:
x¥1551nin32+Hh
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54. sin (%—F xj appears to be equivalent to —cosx .

MiBsinC3mS 2R
wMe=
wMr=
=My=
=Me=
=ME=
=M=

l Flokl Flakz Flobz

. (37 . 3r 3 . .
sin 7+x =s1n700sx+cos7s1nx=—1-cosx+0-s1nx=—cosx+0=—cosx

55. tan [% + xj appears to be equivalent to —cot x.

Flokl Flatz Flot:
S BLancmo24E0
“Mz=
“Mr=
“My=
“Mo=
“Mg=
“Mep=

. (7 . T .
s —+x Sin —cos x + cos —sin x
T 2 2 2
tan| —+x |=

T T LT
cos| = +x | €OS—COsx—sin—sinx
2 2 2

_l-cosx+0-sinx cosx+0  cosx ——Cosx——cotx
0-cosx—1-sinx O-sinx —sinx sin x

1+tanx . T
——— appears to be equivalent to tan| —+x |.
1—tan x 4

Flokl Flokz Flokz

SMABC L ancEy a sl

1-tancsaa

M= s

wMr=

wMy=

“Me=

~ME=

Working with tan £%+ xj we have the following.

.4
V4 tanz+tanx l+tanx  l+tanx
tan| —+x = =
1-1-tanx 1—tanx

T
1—tan—tan x
4

57. Verify sin2x =2sin xcos x is an identity.

sin2x = sin (x+x) = sin xcos x +sin xcos x = 2sin xcos x

58. Verify sin(x+ y)+sin(x—y)=2sinxcosy is an identity.

sin(x+y)+sin(x—y) = (sinxcosy+cosxsin y)+(sinxcosy—cosxsin y)

=2sinxcos y



Section 5.4: Sum and Difference Identities for Sine and Tangent 289
59. Verify sin(210°+x)—cos(120°+x)=0 is an identity.
sin (210°+x) —cos (120°+ x) = (sin210°cos x +cos 210°sin x ) — (cos 120°cos x —sin 120°sin x)
1 3. 1 3.
=——CoSX——sinx—| ——cosx———sinx
2 2 2 2
. 1 3.
=——cosx———sinx+—cosx+—sinx =0
2 2 2 2
] 2(tanx—tany) o
60. Verify tan(x—y)—tan(y—x)=————is an identity.
I+tanxtany
tan x — tan tan y —tan x
tan(x—y)—tan(y—x)= y _any
l+tanxtany 1+tan ytanx
_tanx—tany—tany+tanx 2(tanx—tany)
I+tanxtany l1+tanxtan y
cos(a— . . .
61. Verify M =tana+cot B is an identity.
cosasin
cos(a— cosocos B +sinasin COS (X COS sin asin cos sin
( 'ﬂ)= ﬂ. 'B= 'ﬂ _ﬂ=_ﬁ+ =cot f+tan
cosarsin 3 cosasin cosasinff  cosasinff  sinf  coso
.. sin(s+1) ) o
62. Verify ———=tans+tanz is an identity.
COS sCOSt
Sin(S+t) sinscosf+cosssint sinscost cosssint sins  sint
= = + = + =tans+tant
COS §COS? COS §COs ¢ COSSCOS! COSSCOSt COSS  COSt
] sin(x—y) tanx—tany . . .
63. Verify that — ( ) = Y isan identity.
sin(x+y) tanx+tany
sinxcosy cosxsiny
sin(x— y) _ SInXCOSy—COosxSiny COSXCOSy COSXCOSY
sin(x+y) sinxcosy+cosxsiny Sinxcosy N cosxsin y
COSXCOSY COSXCOSY
sinx cosy cosx siny sinx -1 siny sinx siny
_ COSX COSYy COSX COSY _ COSX COsy _cosx cosy tanx—tany
sinx cosy cosx siny sinx siny sinx siny
. Y. . Y d+1- Y + Y tanx+tany
COSX COSYy COSX COSYy COSX COSy COSX COSYy
. sin(x— cot x +cot . . .
64. Verify ( y) = Y isan identity.
cos(x—y) l+cotxcoty
Working with the right side we have the following.
cosx  cosy cosx  cosy
cotx+coty _ sinx siny _ sinx siny sinxsiny cosxsiny+sinxcosy _sin(x+y)

I+cotxcoty |, COSX COSy , €OSX COSY sinxsiny sinxsiny-+cosxcosy cos(x—y)

sinx siny sinx siny
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.. sin(s—t) cos(s—t sins . . .
65. Verify ( ) + ( ) =— is an identity.
sint cost sinzcost

sin(s—t) +COS(S—I) _ sinscost—sinfcoss +cosscost+sinssint
sint cost sint cost

sin s cos® t —sinfcostcos s N sinfcostcos s +sin’ £sin s

sintcost sintcost
. .2
sin scos” 7 +sin ssin” ¢ s1ns(cos f+sin t) sin s
sintcost sintcost sintcost

tan (o + f#)—tan

66. Verify =tan « is an identity.
1+tan(a+ fB)tan B
t. —t
an(a+f)-—tan f =tan[(a+ﬂ)—ﬂ]=tana
1+ tan (o + fB)tan B

67. Since angle S and angle ABC are supplementary, the measure of angle ABC is 180° — 5.

68. o+(180°-4)+6=180°=a-f+0=0=6=F-«a

tan ) —tan
69. tanﬁztan(ﬂ—a)zﬂ—
1+tan Stan o
. tanp—-tanoa . m,—m
70. Since tan49=ﬂ—, if we let tanor =m; and tana =m,, we have tan§=—1—2-
1+tan Btan o 1+ mym,

71. x+y=92x+y=-1
Change the equation to slope-intercept form to find their slopes.

x+y=9=y=-x+9=>m=-1and 2x+y=-1=y=-"2x-1=>m, =-2

- -1-(-2
- _ (2) 1 =l:>¢9_tan lz18.4O
L+mym, 1+(_1)(_2) 1+2 3 3

tan @ =

72. 5x-2y+4=0,3x+5y=6

Change the equation to slope-intercept form to find their slopes.
5x—2y+4=0:>—2y=—5x—4:>y=§x+2:>m1 zg
3x+5y=6:>5y=—3x+6:>y=—%x+g:>m2:_g

3
tang=-2""2 _ S 2 o 5 _6_25 _31—2:6.2

TN D

6 =tan"' 6.2 ~80.8°




73. (a)
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Fe .6W Sin(9+90°) _ .6(170)sin(30+90)° _ 1025in120° ~4251b
sin12° sin12° sin12°

(This is a good reason why people frequently have back problems.)

.6W sin (6+90°) _.6W (sin #cos90° +sin 90°cos &) B 6W (sin@-0+1-cosH)

(b) F= - , -
sin12° sin12° sin12°
6W (0+cosB) 6
= - =— Wcos8 =2.9W cos @
sin12° sin12°
(¢) F will be maximum when cos@ =1 or 8=0°. (6=0° corresponds to the back being horizontal

74. (a)

(b)

which gives a maximum force on the back muscles. This agrees with intuition since stress on the
back increases as one bends farther until the back is parallel with the ground.)

.6W sin (9 + 90°)
F=———> W=200,6=45°
sin12°
.6(200)sin(45+90)° i °
_ 6 )gm( )° _ 120sin135° _ ) oe 1y
sin12° sin12°
The calculator should be in degree mode.

.6(200)sin (x+90°) _ 120sin (x+90°)
sin12° -~ sinl2e
point of intersection.

Graph y = and y =400 on the same screen and find the

Flotl Flotz Flot:
~YELZEsinCE+3E)
SE2int 12
~YzB408A
wMr=
~Ny=
M=
M=

W I HOOW

Amin=A

Amax="30

necl=5

Ymin=158

Ymax=5HE

Vel 55'3 Interseckion

Aares=1 ¥y izEBYE .Y=yon |

A force of 400 1b is exerted when 6 = 46.1°.

75. e=20sin T =20 sinﬂ-—tcosg—cosﬂ-—tsin£
4 2 4 2 4 2

= ZOKsin H—IJ(O) - [cos”—tj (1)} = 20(0 —cos ”—tj =-20 cos”—t
4 4 4 4
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76. (a) The calculator should be in radian mode.

Flakl Flakz Flak:
=M =30 1inC 1 28mED

=Mr=dBcos (1 28mED
=rEAY1+Y:

wNy=
~Ne=

sscl=.d1 E’\ /[\ /\ I/'
Ymin=-5d
Ymax=cH
Y=cl=18

#res=1

(b) Using the maximum and minimum features on your calculator, the amplitude appears to be 50.
So, let a = 50.

AN
AYRYRY Ay

Haximurn Hm:mum
w=oniFoEiA Y=49.899989 =.0za70A97 4=-49.98988

Estimate the phase shift by approximating the first z-intercept where the graph of V is increasing.

AN
L\l

nEOLHZ0EIY Y=

sin (12071 +¢) = 0 = sin[ 1207 (.0142) + ¢ | = 0= 1207 (.0142) + ¢ =0
¢=-1207(.0142) = -5.353

Thus, V = 50 sin (120zt — 5.353).

(¢) 50sin (1207t — 5.353) = 50[(sin 12077 1) (c0s5.353) — (cos 1207z ¢) (sin 5.353)}

~50[ (sin120771)(.5977) - (cos 1207 ¢) (~.8017) |

~29.89sin1207 ¢t +40.09cos 1207 ¢
=~30sin1207t+40cos120x ¢

Section 5.5: Double-Angle Identities
1. Since 2cos®15°—1=cos (2 . 15°) =cos30° = 73 , the correct choice is C.

2. Since m = tan (2 . 15°) =tan 30° = ?, the correct choice is E.

1—tan?15°
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%, the correct choice is B.

Since 2sin 22.5°cos 22.5° =sin (2-22.5°) =sin 45° =

. T .2 T T 1 ..
Since cos’ g— sin’ g = cos[ Ej =Cos ? = E’ the correct choice is A.

27r\/§

Since 2sin lcos r_ sin| 2- z- sin — = ——, the correct choice is C.
3 3 3 3 2

2tan — ju 2
Since -3 _ tan (2 -—) =tan— = —\/5 , the correct choice is D.
1—tan? z 3 3

3
cos26 = 3 0 isin quadrant L.

cos26’=200s26—1:>§=200s249—1:>2c0s26=§+1=§:>cos249=i=i
5 5 5 10 5
Since @ is in quadrant I, cos @ > 0. Thus, cos6=\/g=i=ﬁ.
5 J5 5

Since @ is in quadrant I, sin 8 > 0.

2
sing=Teor o= h-(2B) 2o [5s _[L_1_ 1 V5.5
5 25 V25 N5 5 545 5

3
cos26 = 7 0 is in quadrant I11.

c0s 26 = 2 cos’® 0—1:%:20052 6—1= 2cos® 02%:@52 0:%

Since @ is in quadrant III, cos & <0.

cos @ =— 1—_£__£.£__£
V8 22 22 V2 4

Since @ is in quadrant III, sin@ <0,

[T 1 1 1 2 2
sin @ = —/1—cos” 8 = — 1——:—\/::——:——-—:——
8 8 22 22 2 4

293
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9, 00520:—1,£<9<7z
12 2

c0s 26 =2 cos? 6—1=> 2 cos’ 0=00526+1——i+ =l:> cos 49—14

2
Since£<9<7f,COS€<0. Thus, cos @ =— \/_ 7 = \/_ ﬁz—ﬂ.
2 V4 J_ o6 26 6 12
sin?@=1-cos> =1- — -— 17
24 24 24
Since £<¢9<7Z,Sin¢9>0_ Thus, sin @ = 1_7: 17 = 7 :\/ﬁ.ﬁz “102.
2 \ 24 26 6 o 12
10. cos2x=% £<x<7r
32

2
cos 2x = 2 cos> x—1:§:2cos2 x—1=cos®> x==

Since x is in quadrant II, cos x < 0.

J5 5 J6 30

COSX=— |- =———=—-———=———

J6 6 6 6

Since x is in quadrant II, sin x > 0.

| ’ 5 11 6 6
sint =+1—-cos® t = —{—\/%J = 1—g= g=£=ﬁ._6=?

11. sin&z%,cos¢9<0

—

2
cos260=1-2sin* § = cos26=1-2 2 1—2-i=1—£=£
5 25 25 25
cos® 260 +sin’ 20 =1 = sin* 26 = 1—cos® 260 = sin”* 260 =1— 17 = &=ﬁ
25 625 625

Since cos @ < 0, sin 28 <0 because sin26@=2sinfcos@< 0 and sin 8 > 0.

336 _ 336 _ 4\21

sin2=—,|—=————=
625 25 25

12. cos@z—%,sin0>0

2
sin@=1-cos? @ =sin@= 1| —12| = [j- 14 _ 5
13 V' 169 \169 13

sin20 =2sin@cos@ =2 i —2 =_@
13 13 169

12V 144 288 119

c0s20=2cos’ O—-1=2|-——=| -1=2.—
13 169 169 169



13.

14.

15.

tanx =2, cosx >0

2tanx  2(2) 4 4
tan 2x = = = =——
l-tan* x 1-2% 1-47 3

Since both tan x and cos x are positive, x must be in quadrant I

Section 5.5: Double-Angle Identities

Since 0°< x<90°,

295

then

0°<2x <180°. Thus, 2x must be in either quadrant I or quadrant II. Hence, sec2x could be positive

or negative.

sec’ 2x=1+tan22x=1+(—ij=l+é=—
3 9 9

1

5
sec2x=x—=cos2x =

cos® 2x+sin*2x =1=sin’ 2x =1—cos’* 2x = sin* 2x=1—

In quadrants I and II, sin 2x > 0. Thus, we have sin2x =

5 .
tanx:?s1nx<0

25 _34

2
sec’ x =1+tan’ x=1+[§j =1+=
3 9 9

2
(iéj :>sin22x=1—i—E
5 25 25
16 _4
5 5

Since sin x < 0, and tan x > 0, x is in quadrant III, so cos x and sec x are negative.

Ner

SeCX=——

3 34

COS X =— =- . =-

NTARN TG

334

34

6=—1- =- / - ——
sin COS 34 \/ 1156 \/

cos2x=2cos* x—1=2 1___ :__
(34} 17 17
. ‘ 534 )(3J34) 15
sin2x=2sinxcosx=2| —— || —— |=—
34 34 17

sin6=—§,cosﬁ>0
N2l 5 44
cos’@=1-sin? f=1-| -~ | =1-—=—"
7 49 49

44 _Ja 2
49 7 7
J5

2
0826 =1-2sin? 9:1—2[—7J

sin20 =2sinfcosf = 2[ {j(Z\/_J

Since cos@ >0, cosf =

S22 =
49

7

850

534

1156

34

49 49

455

49
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V3

16. cos@= ,sin@ >0

5
2

/ V3 [3_[22_ 2

in@=+l-cos’ 0= [1-| —| = [l-—=,[=="2

sin COS [5 25 25 5

BY 3 6 19
c0s20=2cos’ 0—-1=2| 2| -1=2-——]l=——-1=——
5 25 25 25
sin2@ =2sinfcos@ =2 ﬁ ﬁ :2_“66
5 5 25
17. cos” 15°—sin’ 15° = cos[ 2(15°) | = cos 30° =§

2tanl5® _ tanl5°+tanlS =tan2(15°)=tan300=§

18. =
1—tan® 15° 1—tan® 15°

19. 1-2sin’ 15°:cos[2(15°)}200530°:§
20. 1-2sin? 22l =cos2 22l =cos45°=£
2 2 2

D

21. 2cos’ 67l —1=cos? 67l —sin’ 67l =cos?2 67l =cosl135°=——
2 2 2 2 2

- Coszz_izl(ZCoszz_ljzi 008[2.5) 1 Zo1(N2) V2
8 2 2 8 2 8 2 4 21 2 4

23, tanSzl

1—tan“51°

Since ﬂ =tan2A , we have the following.

l-tan” A

l(ﬂj=ltan2A3%=ltan2A:>%=ltan[2(51°ﬂ=ltan(102°)

2\1-tan” A 2 l-tan" A 2 l—tan“51° 2 2
24, tan 34 =l( 2tan234 j:ltan[2(34°)]=ltan68°

2(1-tan’34°) 4\1-tan’34°) 4 4

25. %—%Sinz 47.1° :%(I—ZSinz 47.1°) :%cos[2(47.1°)] =icos94.2°

26. 15in29.5°c0s29.5°= L(2 $in29.5°c0s29.5°) = LI [2(29.5°)]= 1 inso°
8 16 16 16



27. sin’® 2—”—0052 2—” =—| cos? 2—7[— sin’ 2—”
5 5 5 5

. . 2r .
Since cos® A—sin? A=—cos2A, — (0052 =5 sin

28. cos’2x—sin?2x = cos[Z(Zx)] =cos4x

29. cos3x=cos(2x+x)=cos2xcosx—sin2xsinx = (1—2sin2 x)cosx—(2sinxcos x)sinx

Section 5.5: Double-Angle Identities

227 =—Cos 2-2—7[ =—Cos
5 5

ar

.2 « 2 .2 .2
=Ccosx—2sin" xcosx—2sin” xcosx =cos x —4sin xcosx:cosx(l—4sm x)

:cosx[l—4(l—cos2 xﬂ :cosx(—3+4cos

2 x) =-3cosx+4cos’ x

297

30. sindx= sin[2(2x)} =2sin2xcos2x = 2(2sin XCos x) (cos2 x—sin? x) =4sin xcos® x—4sin® xcos x

2
2tan x 2tan x (l—tan X)tanx
tan 2x + tan x 172+tanx 1 2 1 2
31. tan3x=tan(2x+x)= —_l-tan” x _1l-tan X —tan2 x
1—tan2xtan x 2 tan x I—tan® x 2tan® x
l-————tanx - .
1-tan” x l1-tan® x 1—tan® x

2tan x tan x —tan® x

l-tan’x  l—tan®x I—tan’x _ 2tan x+tan x—tan’ x :3tanx—tan3 x

l-tan* x 2tan*x l—tan’x 1

l-tan’ x 1-tan®x

32. cosdx= cos[Z(Zx)] =2cos’2x—1= 2(20052 x—

—tan? x—2tan® x 1-

1)2—1

3tan® x

:2(4(:054x—4cos2x+1)—1:8c054x—80052 x+2—1=8cos* x—8cos? x+1

Exercises 33 — 36 are graphed in the following window

MEMORY
fSBo
iZoom In
fZoom Out
iZ0ecimal
EESquaPe

WIHOOW
d#min=-6. 152285,
Hmax=6. 1522856,
necl=1.57A7FIE3..
“min= -4

33. cos’ x—sin® x appears to be equivalent to cos 2x.

Flokl Flotg Flot:
A BCCos LR -1
sintE» "4

wMe=

“Mr=
~Ny=
“Mo=
“Me=

cos* x—sin* x = (0052 X +sin? x) (cos2 x—sin? x)

=1-cos2x=cos2x
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4tan x cos® x—2tan x

34. 5 appears to be equivalent to sin 2x.
I—tan” x
Flakl Flokz Flokz
RSl Y
—T.ahn
1-Ctandkiraed LA Y O
“Me= LA I
“Mr=
~Ny=
~Ne=

2
4tan xcos’ x—2tanx _ 2tanx(2cos x—l)

1—tan® x 1—tan® x
2 tan x ) sin 2x .
:—2(2005 x—l) =tan 2xcos 2x = ———-cos 2x =sin 2x
1—tan” x cos2x
2tan x .
35. —— appears to be equivalent to tan 2x.
2—sec” x
Flokl Flokz Flob
SMMB2tancRr 02—
lracosCHaned
WMe=
wWMa=
~My=
“Me=
~ME=
2tan x 2tan x 2tan x
= = S — = tan 2x
2—sec” x l—(se<:2 x—l) I—tan” x
2
t°x—1 .
36. S 70 appears to be equivalent to cot 2x.
2cot x
Flokl Flokz Flot:
SMIBCClAtancEa e
=122 tant e
wMe=
“Mr=
~Ny=
“Me=
~MeE=
1 1
2 -1 -1 2 2
cot“ x—1  tan? x tan? x tan“ x 1—tan” x 1
— - . = = = =cot2x
2cot x 2 2 tan? x  2tanx 2tan x tan 2x
tan x tan x 1—tan® x

. . 2. . . .
37. Verify (sin x+cosx)” =sin 2x+1 is an identity.
. 2 2 . 2
(sinx+cosx)” =sin” x+2sinxcosx+cos” x

_( -2 2 .
=(sin” x+cos x)+251nxcosx

=1+sin2x
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2 4
. sec” x+sec” x
38. Verify sec2x =

is an identity.
2 4
2+sec” x—sec” x

Work with the right side.
1 1 1 1
2 4 + + 4 2
sec” x+sec x _ C052 X C084 X C082 X COS4 X COS X _ cos” x+1
24sec’ x—sec'x 5, 1 1 sp L1 cos®x 2cos x+cos’ x-1
cos® x cos* x cos’ x cos’ x
cos® x+1 1

=sec2x

(20082 x—l)(cos2 x+1) - 2cos’ x—1 " cos2x

39. Verify tan 8k —tan 8k tan” 4k = 2 tan 4k is an identity.

tan 8k — tan 8k tan” 4k = tan 8k (1 tan” 4k = %(1—&1& 4k ) =2 tan 4k
1-tan” 4k
e 2tanx . . .
40. Verify sin 2x = ———— is an identity.
1+tan” x
Work with the right side.
sin x sin x
2 tan x ' z cos® x 2sin x cos x
= coszx = coszx — = 2sin x cos x =sin 2x
I+tan” x 1+Sin X 1+Sin X cos”x cos” x+sin” x
cos” x cos” x
. 2 —sec’ y . . .
41. Verify cos 2y =——— is an identity.
sec” y
Work with the right side.
1 1
2 2-— 2-— 2 2
2—sec” y cos” y cos”y cos”y 2cos” y—1
> = = — = =cos2y
sec” y 1 1 cos” y
cos® y cos® y
42. Verify —tan 26 = 223—n9 is an identity.
sec” -2
Work with the right side.
2tan @ 2tan @ 2tan @

> = =— =—tan 260
sec” -2 (1+tan26)—2 tan® 6—1

43. Verify that sin4x =4sinxcosxcos2x is an identity.

sin 4x =sin 2(2x) = 2sin 2x cos 2x = 2(2sin x cos x) cos 2x = 4 sin x cos x cos 2x

. 1+cos2x . . .
44. Verify —————=cotx is an identity.
sin2x
1+cos2x L+(2cos’ x~1) _ 2cos’x _ cosx

- - = - - =cotx
sin 2x 2sin xcos x 2sinxcosx  sinx

299
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45. Verify tan(6—45°)+tan (6+45°) =2tan 26 is an identity.

tan(9—45°)+tan(9+45°)= tan € — tan 45 +tan¢9+tan45 =tan0—l+tan0+1
l+tan@tan45° 1-tanftan45° 1+tand 1—tand
_tan@—l_tan¢9+l_tan&—litane—l_tan¢9+1'tan¢9+l
tand+1 tanfd—-1 tanfd+1 tan@—1 tanf—-1 tanf+1

(tan¢9—1)2 (tan¢9+1)2

(tan@+1)(tan6—1) (tan6+1)(tan6—1)

tan? @—2tan O +1 tan? @+ 2 tan 6 +1

(tan@+1)(tan6—1) (tan6+1)(tan6-1)

(tan2 6 —2tan 49+1)—(tan2 6+2tan49+1)
(tan @+1)(tan 6-1)

_ tan’ @—2tan O+1—tan®> #—2tan O—1
(tan 6+1)(tan 6—1)

_ —4tan@  4tand _2(2tan0)

T2 = N 5 =2tan26
tan“ -1 1-tan“ @ 1—tan” @
2
46. Verify cot46 = 1~ tan” 26 is an identity.
2tan 260
_tan? a2
cot 46 = ! ! _ 1 I-tan” 26 1—tan” 260

tan449: 2tan20  2tan26 .l—tan22€_ 2tan 260
l1-tan’> 20 1—tan” 20

2cos 260

sin
Work with the right side.
cos@ sind

47. Verify =cotd—tan @ is an identity.

cot@—tanf =

sind cos@
_cos@ cos@ sin@ sind

sin@ cos@ cosf sinf

_ cos> @—sin’ @

sin @cos @
2(0052 6 —sin> 6) 2cos260
2sinfcos®  sin26

48. Verify sin4x =4sin xcos x—8§ sin® xcos x is an identity.

sin 4x =sin 2(2x) = 2sin 2x cos 2x = 2(2sinxcosx)(1—2sin2 x) = 4sin xcos x—8sin> xcos x

49. Verify sin 2A cos 2A =sin 2A—4sin® Acos A is an identity.
sin 2A cos 2A = (2sin Acos A)(I—ZSin2 A) =2sin Acos A—4sin® Acos A=sin2A—4sin’ Acos A
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. l-tan’x . .
50. Verify cos2x=-———— is an identity.

1+tan” x

Work with the right side.
sin® x sin® x

I—tan® x L. S cos’ x cos’ x—sin’ x cos® x—sin® x

=S5 X OO X — —— = =cos’ x—sin’ x = cos 2x
I+tan” x sin” x sin® x cos”x cos” x+sin” x 1
I+— I+—

cos” x cos” x

51. Verify tan s+ cots =2csc2s is an identity.

sins sins coss coss sin’ s+cos’ s 1 2 2
tan s +cot s = —_—t = - = — = — = — =2csc2s
coss sins sins coss COS s sin § cosssins 2cosssins  sin2s
.. cotA—tan A . . .
52. Verify ———— =co0s 2A is an identity.
cot A+tan A
cosA sinA cosA sinA
cotA—tanA  sinA cosA _ sinA cosA SinAcosA
cot A+tan A cosA+sinA cosA+sinA sin Acos A
sinA cosA sinA cosA
2 .2 2 . 2
cos" A—sin“ A cos” A—sin” A .
= 5 — = =cos’> A—sin? A =cos2A
cos” A+sin” A 1
53. Verify 1+tan xtan2x =sec2x is an identity.
2tan x 2tan’ x 1-tan® x+2tan’ x 1+tan’ x
l+tan xtan 2x =1+tan x 3 =1+ = > = 3
1—tan” x 1—tan” x 1—tan” x 1—tan” x
sin? x sin’ x
1+ 1+ ) 2 .
cos? x cos? x €os” x cos” x+sin” x 1 1 5
= = . = = = =SEeC 4LX
| sin” x | sin®> x cos’x cos®x—sin>x cos> x—sin®>x COS2x
cos? x cos? x

54. Verify cot@tan (6 +7)—sin(7z—8)cos (% - 0} =cos® @ is an identity.

cot@tan (6-+7)—sin (7 8)cos| Z— 6 | = corg. BRI AT
2 l—tan@tansz

—(sin7z cos @ —cos zsin 0)(cos%cos 0+ sin%sin 0)

tan@+0
1-tan6(0)

—(0-0086—(—1)sin6)(0-cos¢9+1-sin6)

=cot@-

= ot _(0+5in6)(0+5in6)

=cotf-tan@ —sin’@=1-sin> 6 =cos’ 6

55. 2sin58°cos102° =2 [%[sin (58°+102°) +sin (58°— 1020)]) = 5in 160° + sin (—44°) = sin 160° — sin 44°
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56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

Chapter 5: Trigonometric Identities
2 cos 85°sin 140° = 2 [%[sin (85°+140°) — sin (85° —1400)]j = Sin 225° - sin ( ~55°) = sin 225°+sin 55°
1 5 5 5
5cos3xcos2x=5 E[COS (3x+2x)+cos (3x— Zx)} = E(COS 5x+cosx)= ECOS 5x+Ecos X

sin 4xsin5x = l[cos (4x—5x)—cos (4x+ 5x)] = lcos (—x) —lcos Ox = lcos x—lcos Ox
2 2 2 2 2

cos 4x—cos 2x=—2sin(4x;2xjsin(4x;2xj =—2sin6—2xsin2—2x=—2sin3xsinx

cosSx+cos8x = ZCOS(szngcos[nggx] = ZCOSBTXCOS%= 2c0s6.5xcos1.5x

Sin25°+SiH(—48°)=2sin[25 E ))cos[zs - )j

o o

cos 3 =2sin(-11.5°)c0s36.5° = —2sin11.5°c0s 36.5°

=2sin

sin102°—sin95°:2(:05(102 ;95 jsin(lo2 2_95 szcos 1927 sin7?2200598.5°sin3.5°

cosdx+cos8x = 2cos(4x;8chos(4x;8xj

= ZCoslszcos ? =2¢0s 6x cos (—2x) = 2 cos 6x cos 2x

sin9x —sin 3x = 2cos[9x;3xjsin[9x;3xj = 2cos127xsin6—2x= 2cos 6xsin 3x

(163sin12071)*

= =W =1771.3(sin12071)" .

From Example 6, W =

Thus, we have the following.

1771.3(sin12071)" =1771.3sin 12077 -sin 1207 ¢
=(1771.3)(%)[%5(1207::—120m) —cos (1207 ¢+1207 1) |

=885.6(cos 0—cos 24077 1) = 885.6 (1—cos 2407 1)
=—-885.6c0s 2407t +885.6

If we compare this to W = a cos(@t) +c, then a = —-885.6, ¢ = 885.6, and @ = 2407.

Flakl Flakz Flak: W IHOOL
SMIBC1E3sinc120n| | Emin=-60 283185
H1rEA1S Emax=h. 2831353
WeE-EES.ECcos 024 | Becl=1.5FRFIES..
Ems 2+385. 6 Ymin=8
wMr= Ymax=20E8
=My= Yecl=2E4
=Me= #res=1
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66. (a) Graph W =VI =[163sin(1207z¢) ][ 1.23sin(1207¢)] over the interval 0 << .05.

Flokl Flakz Flot: W IHDOL
SMMIBC1E3sinC 128N | Emin=E

Har0l.23sindlZ28n) | Bmax=. 85
A necl=.8]
“Me= Ymin=-58
“Ma= Ymax=3006
“My= Y=o 1=50

M= Ares=1

(b) The minimum wattage is 0 and the maximum wattage occurs whenever sin(12077)=1. This
would be 163(1.23) = 200.49 watts.

(c) [163sin(1207¢)][1.23sin (1207 ¢) |= 200.49sin (1207 1)

=200.49 [% (1—cos 2407 t)} =-100.245 cos 2407 t +100.245

Then a =-100.245, & =2407, and ¢ = 100.245.
(d) The graphs of W =[163sin(1207¢) ][ 1.23sin(1207¢) | and W =—100.245cos 2407t +100.245

are the same.

Flakl Flakz Flak:
~Y1RC163s1inc 1280

Eggﬂl.EEEinEIEEn
=B -188. 245co=s¢
23@nH)+1@E.245
T R =

(e) The graph of W is vertically centered about the line y = 100.245. An estimate for the average wattage

consumed is 100.245 watts. (For sinusoidal current, the average wattage consumed by an electrical
device will be equal to half of the peak wattage.)

Section 5.6: Half-Angle Identities

1.

2.

Since 195° is in quadrant III and since the sine is negative in quadrant III, use the negative square root.
Since 58° is in quadrant I and since the cosine is positive in quadrant I, use the positive square root.

Since 225° is in quadrant III and since the tangent is positive in quadrant III, use the positive square
root.

Since —10° is in quadrant IV and since the sine is negative in quadrant IV, use the negative square
root.

Since sin15°= /I_C(;S3O =

1—-

2 , the correct choice is C.

J2\/§J2IJ2

1-cos30 = % = 1 =2- \E, the correct choice is A.

Since tan15°=— =
sin30°
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7. Since cos—= 4 _ 2 2

242 242
-2

2
2

l—cos(—Zj 1_0052
8. Since tan [—lj = = 4
8 . . I

222 2242 22-2 2-22 | 5
L2 L2 22 2 2T

the correct choice is E.

9. Since tan67.5° = —C08135°

sin 135°
848
_ 2)_ 2)2_ 242 _ 2442 22242, A
V2 22 2 2 2 2 ’
2 2

the correct choice is F.

10. Since cos67.5°= ﬁ
= 2/ 2 .E_Jz—ﬁ
2

122 2o
2 2 2 2 J4 2
the correct choice is B.
11. sin67.5°=sin(1325 ]
Since 67.5° is in quadrant I, sin 67.5° > 0.
1+Q 1+£
o [Imcosi35e _ [1-(=cos45°) 2 2 2 242 2442
sin 67.5° = = = = 2o —
2 2 2 2 2

4 2

, the correct choice is D.



12.

13.

14.

15.

16.

17.

sin195° =sin (3920 j

Since 195° is in quadrant III, sin 195° < 0.

Section 5.6: Half-Angle Identities

N

1

A2-43 A2

sin195°:—\/1_005390 :_\/1‘“’530 2 __

2 2 2

cos195° = cos(3920 )

Since 195° is in quadrant III, cos 195° < 0.

Ji 2

1+ﬁ
COS1950:_\/lJrcos390 :_\/1+cos30 __ 2 :_\/2+\/§:—\/2+\/§
2 2 2 4 2
1 1
tanl95°=tan(390j= sin390° _ sin30° 2 2 2 1
14+c0s390° 1+cos30° | 3 1+J§ 2 243
2 2
1 2-3_2-3_2- f_z i
T2+ 2-3  4-3 1

cos165° = cos[3320 j

Since 165° is in quadrant II, cos 165° < 0.

C0S1650:_\/1+cos330 _

_\/1+cos30° _
2

2

sin 165° =sin (3320 j

Since 165° is in quadrant II, sin 165° > 0.

NG
1+7 :_\/2+\/§ :—\/2+«/§
2

4 2

sin165°:\/1_00;330 :\/1—00830 _

2 4

NG
1_73 :\/2—@ _\2-
2

2

To find sin 7.5°, you could use the half-angle formulas for sine and cosine as follows.

[ 50 1+£
sin 7.5° = 1=cos1>® and cos15°=— 1+cos 30 = 2 =\/2+\/§=\/2+\/§
2 Vo2 2 4 2

V2443

1-

Thus, sin7.5° = /1_“;15 -

2

2 \/2 V2443 \/2 2+\/_
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18. Show v3-2/2 =2 -1.
3-2V2=3-22
3-2J2=2-2J2+1
3—2ﬁ=(\/§)2 2241

2
( 3—2&) =(V2-1)
If o> =b%, then a=b. Thus, V3-2v2 =/2-1.
19. Find cosﬁ,given cosx:l,with O<x<£.
2 4 2

Since 0<x<320< > f’ cos—>0

1+4cos x 4+1 __i_ﬁ_ﬁ.i—ﬁ
COS_ \ V \/7_ 8 B8 22 22 2 4

20. Find sin 2 if cos@=—> . with Z<@<r.
2 8 2

[N}

Since £<9<7r:£<2<£, sin£>0.
2 2 2 2

X 1—cosx
sm—=,f =
2 2

21. Find tan g , given sin@ = %, with 90° < @ <180°.

R

To find tang, we need the values of sin@ and cos 8. We know sin 8 = %

2
cos@==% 1—[§j =+ 1_i=i £=ii
5 " 25 \' 25 5

Since 90° < 8 <180° (@ is in quadrant 1), cos@ < 0. Thus, cos@ = —%

3
tangz Slne = 5 = %: =—=3

2 l+cosé [ 4] [ 4]
1+ —— 1+| ——
5 5




22. Find cos g,if sin&z—%,with 180°< 8 < 270°.

Since 180° < 8 < 270° @ isin quadrant III, Thus, cos 8 <0.

2
cos @ = —/1—sin’ :—, —(—%) =— /1—%:—

Now, find cos g .

Section 5.6: Half-Angle Identities

[4_ V24 _ 276
25 5 5

Since 180° < 8 <270°=90° < g <135°, is in quadrant II. Thus, cos g <0.

10 J10

23. Find sin%,given tan x =2, with O<x<%.

Since x is in quadrant I, sec x> 0.

sec’ x=tan’ x+1=>sec® x=22 +1=4+1=5:>secx=\/§

cosrol o L L35 A5
secx 5 55 5
*ZE

s

Since 0<x<£:>0<—<
2 2 4

N | =

5

=5 J0-1045

2 10

X 1—cosx
sin— = / =
2 2

24. Find cos> if cot x =-3 , with §<x<ﬂ.

Use identities to find cos x .

tan x = :—l
cot x 3
2
sec’ x=tan’ x+1=>sec’ x= —l +1:>sec2x:l+1:£
3 9 9
. V.4 10
Since E<x<ﬂ,secx<0. Thus, secx=—T and cos x =—

X

is in quadrant I, Thus, sin% > 0.

2

3 3

__\/5—2\6 _ 5-2J6 _ \5-246 Vo y50-2046
_ - T

10

Jio  Jio Vi

(e

. T T ToX . . x
Since E<x<”:> —< =<, E is in quadrant I. Thus, cos5>0.

4 2 2

N

COS — =

2 2

20 V20

25 5

x \/1+cosx 0 _\/10—3\/5 _10-3J10_10-3J10 5 4/50-15V10
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25.

26.

217.

Find tang , given tan @ = ?, with 180° < @ < 270°.

Since @ is in quadrant III, sec & <0 and sin 8 <0.

secﬁ——E:—iandcosﬁ— ! :L:_E

sec @ —%

9
sin @ = —\/1—cos’ ——} — —— f__ _NT

tan£= sinf__ 4 =_ﬁ=—\/7
2 1l+cosé 1+[_3j 4-3

Find cotg if tan9=—§, with 90° < 8 <180°.

Use identities to find sin € and cos 8.

2
il +1:1+1:E
9 9

sec? @ =tan’ O+1= sec’ 9:{?

GY 5 9
sec’ @=1+tan’ @ = sec’ O=1+| —— | =1+===
2 4 4
Since 90°< @< 180°, sec 8 <O.
sect?z—\/g:—ézcosé?:—g
4 2 3
Since 90°< @< 180°, sin @ > 0.
2[4 5 5
sin@=+v1-cos> @ =,[1-|-=| = [I-— = [= ==
3 9 9 3
1+ _2
ol L 1 l+cosd _ 3)_3-2_ 1 _ 1 \5_
2 0 sinf sin @ 5 5 U5 5 5
2  l+cosé 3
Find sin @ given cos 26’:%, @ is in quadrant L.
Since @ is in quadrant I, sin@ >0.
sinf = /—l_coszgjsinez = —5_3: iz l:L:—
2 10 10 5 5
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28. Find cos @, given cos 26 = % , @ is in quadrant II.

Since @ is in quadrant I, cos & <0.

1

/1+7
cosfd =— Mjcosﬂ:— _2=_ £=_ §=_£
V2 2 \ 4 V4 2

. . 5
29. Find cos x, given cos2x=——, —<x< 7.

. T
Since E<x<7z, cos x < 0.

5
I+ ——
Cosx__/mmsx__,/ [ wj__/lz—s__ 7 _ N1 _ 1 Ve N2
2 2 24 24 J24 2J6 6 12

30. Find sin x, given cos 2x=§, 7t<x<37”.

Since x is in quadrant III, sin x <0 .

309

myo_ [lzeos2x 73 -2 1 1 16 6
2 6 6 JE \/8 JE 6
31. cosx=.9682 and sin x =.25
nXo SNX 25 25 g
2 l+cosx 1+.9682 1.9682
32. cosx=-.75 and sin x =.6614
tanﬁ __sinx .6614 _ .6614 2646
2 l+cosx 1+(=75) .25
33. 1-cos40° _ sin 40° _ sin 20° R I 158.27 _ tan 158.2% _ tan 79.1°
2 2 14 cos158.2°
34. M = COS 760 = COS 380 39. + M = COSlg_x = COS 9x
\/ 2 2 V 2 2
35, 1-cos147° = tan 147° = tan 73.5° 40. =, f 1 cos 20a = cos 20a =cos 10
\'1+cos 147° 2 2 2
36. /1+COSI650 = 1 =cot 82.5° 41. * /ﬂ :tanﬁ:tan4€
1—cos165° tan82.5° 1+cos 86 2
1—.00559.74 _ 59.74 — tan 29.87° 0. + M :tanS—A
sin 59.74° \J 1+cos5A 2
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X
43. + —4:cos%:cos% 44. +

Exercises 45 — 48 are graphed in the following window.

MEMORY WIHOOW
e =1 Amin=-6, 152285,
2iZoom In nMaxse. 1522856
St Zoom Out necl=1.57d7383.
diZ0ecimal Ymin=-d4
2t 25Huare Yrax=4
&! Z5tandard Yecl=]
ElZTria Ares=1
45, X appears to be equivalent to tan X
1+cosx 2
Flotl Flotz Floks
SiBsincE s Cl+co
SCHID
wMe=
~Ne=
~Ny=
~Ne=
~NE=
) sin2| =~ 2sin| = |cos| | 2sin| > |cos| T | gin
sin x 2 2 2 2 2 2 X
l+cosx= X - - X - x=tan5
l+cos2| | 14l2cos?| X 1-1 2cos?| = cos —
(2) { 2 2 2
46. ! .COS al appears to be equivalent to tan X
sin x 2
Flotl Flotz FlokZ
SR l-cosCEY ars
iR
wMe=
~Ne=
~Ny=
~Ne=
~NE=
1—cos2(} 1—{1—2sm2 } 2sin? 2 sin =
1—cosx 2
= = = = = tan
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x x
tan —+cot —
47. —=—= appears to be equivalent to sec x.

Flotl Flokz Flokz
SMyBChancEs 2+l JJ tLJJ t&
tantss222-014tan

Cas2)—tantE<20

ANA
~Ny=
“Me=

X X
cot——tan —
2

X X X X . X X .2 X
tan —+cot— CcOS— SIn— SINn—COS— SIn”~ —+CoS
2 2 _ 2 2 2 2 _ 2

X X X X . X X 2 X .2
cotE—tan— COS— SslIn— SIn—COS—  COS E—sm

.X X
sin— cos—
2 2

48. 1-8sin’ gcos2 g appears to be equivalent to cos 2x.

Flakl Flatz Flot:
SME1-BlsintEAs2 fL

JELCoSCHS2N e
M= LAY s
wMr= WA l W

~My=
“Me=
~NE=

=1-2 4sin2£cos2£
2 2

2 2
=1-2 2sin£cos£ =1-2|sin2 X =1-2sin? x = cos 2x
2 2 2

49. Verify sec’ = is an identity.

I+cosx
o2 X = 1 1 _ 1 2
B zx_ 1+ cos x 2 14cosx 14+cosx
cos 5 [i J T,
2
) s x_(l-f-COS)C)Z ) S

50. Verify cot ST e is an identity.
sin” x

2

cor? X o 1 _ 1 _(l+cosx)2

2 .2
X .

tan > sin x sSin- x
2 1+cosx

311
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. ., X tanx—sinx ., . .
51. Verify sin® =T, san identity.

2tan x

Work with the left side.
2
sinzi:[i fl—cosx] :l—cosx
2 2 2
Work with the right side.
sinx . sinx
tanx—sinx_cosx_smx_Cosx_smx cosx_sinx—cosxsinx_Sinx(l—COSx)_l—cosx
2tanx p. Sinx - 5. SinX cosx 2sinx ~ 2sinx 2
oS X Cos x

l—cosx tanx-—sinx s
= , the statement has been verified.

. . X
Since sin? 5=

2 2tan x
.. sin2x » X L X, . .
52. Verify ——— =cos” ——sin” — is an identity.
2sin x 2 2
Work with the left side.
sin2x  2sinxcosx
— = - =Cos X
2sin x 2sin x
Work with the right side.
»X . ,Xx l4cosx l-cosx 2cosx
cos” ——sin” —= - = =Cos x
2 2 2 2
. sin2x X . ,X .
Since ———— =cos x = cos’ ——sin’ =, the statement has been verified.
2sin x 2 2

53. Verify _2 tan’ §=1 is an identity.

+cosx
2
2 Ctan? Y= 2 —(J_r /l—cost
1+cos x 2 l+4+cosx 1+4cos x
_ 2 _1—cosx=2—1+cosx=1+cosx=1
14+cosx 1+4+cosx 1+cos x 14+cos x

54. Verify tan% =csc@—cot @ is an identity.

tang— sind _ sin@ 1-cosf
2 1+cos@ 1+cos@ 1-cos@

_sin@-sinfcos® sinf(l-cosf) 1-cosd 1  cosf

2 ) : = =csc@—cotl
1—cos” @ sin“ @ sin @ sin@ sin@
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. 2 . . .
55. Verify 1—tan2£= cos 0 is an identity.
2 1l4cosé
a2 o1 ( sin @ jz ) sin” @ (1+COS¢9)2—sin2¢9
—tan™ —=1— = |- =
2 l+cosd (1+cost9)2 (1+cost9)2
142 cos O+ cos? O —sin? O 142 cos 8+ cos’ 6—(1—cc)s2 6)
(1+cos¢9)2 (1+cos€)2
_1+20052 0—1+2cos¢9_200529+2cos¢9_2C059(1+C059)_ 2cos
(1+cos¢9)2 (1+cos€)2 (1+cos¢9)2 I+cosd
l—tanzf
56. Verify cos x = — 2 isan identity.
1+tan2£
2
Work with the right side.
I tan? X 1_l—cosx 1_l—cosx
2 __ l+cosx __ l4cosx l+cosx
Lt tan? > 1Jrl—cosx 1Jrl—cosx 1+cosx
2 1+cos x 1+cos x
_(1+COSX)—(1—COSX)_1+cosx—1+cosx_200sx_cosx
(I+cosx)+(1—cosx) 1+cosx+1-cosx 2

A sinA _ sinA l—cosA_SinA(l—COSA)_SinA(l—COSA)_l—cosA

57. tan—= = = = =—
2 14+cosA 1+cosA 1-cosA 1—cosZ A sin? A sin A
58. singzi,m:é
2 m 2
Since sin§=%=E and sin2£= 1_02086, we have the following.
2

2V l1-cos® 4 l-cos® 8
= > - =
3 9

—:1—COS19:>—l:—cost9:>cos¢9:l
2 2 9 9 9

Thus, we have 6 = cos”! é =~ 84°,

59. sin

(SRS

1 5
- m==
m 4
260 1-cosé

:% and sin By , we have the following.

Since sing =
2

-lk\Ul|>—*

(4)2 1—cos @ 16 1-cos@ 32
5) 25

= :>—=1—cos€:>l=—cost9:>cos&=—l
2 25 2 5 25 25

Thus, we have 6 = cos”! (—%j =106°.
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60. sin£=L,6=3O° 61. sin£=l, g =60°
2 m 2 m
sin30 =izsin15°=i sin60 =ijsin30°=i
m m 2 m m
m= ! =39 l=i3m=2
sin15° 2 m
62. (a) cosg=R—_b
2 R
1—cos 1 —R_b
Py - R—-(R-b _
(b) tan—= = R __ ( )=R R+b=£
. 50 50 50 50
sin — —
R
(¢) If tang=£, then g=tan’1 £z13.4957:>9z53.9828z54°.
4 50 4 50

63. They are both radii of the circle.
64. It is the supplement of a 30° angle.

65. Their sumis 180°—150° =30°, and their measures are equal.

66. The length of DC is the sum of the lengths of BC and BD, which is 2+ V3.

67. (AD) =(AC)' +(CD) = (AD)’ =1* +(243) = (AD)’ =1+4+4/3+3=8+43= (6 +2)
Thus, AD =~/6 +2

€D _ 2+3 _ 2443 J6-v2 2J6-2V2+3V2-V6 _Jo+2
AD  Jo+2 Jo+v2 Jo-2 6-2 -4

69. Triangle ACE is a 15°—75° right triangle. Angle EAC measures 15°.

68. cosl5°=

cos15°=£=L:>AE-00515°=1
AE AE
Eo 1 1 4 4 .\/g—\/i_“(\/g_ﬁ)_“(\/g_ﬁ)_\/g_ﬁ
cos15° \6+v2 N6+42 Ne+V2 Vo-v2 o 6-2 4
4
Since the length of ED is twice the length of BD, ED is length 4. In triangle AED,
. AE 62
sinl5°=—=———.
ED 4
70. tan15°=2C - 1 ! 2_‘6—2_\6—2_*6:2—@

CD 243 243 2-3 4-3 1
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Summary Exercises on Verifying Trigonometric Identities

For the following exercises, other solutions are possible.

1. Verify tan@+cot@=secfcscf is an

identity.
Starting on the left side, we have the
following.

tan @+cot @ = sin 6 + cos 6

cosd sinf
_ sin’ @ cos’ 8

cos@sin@ cos@sin @
sin® @ +cos” 8

cos @sin @
1

cos @sin @
1 1

cosd sinf

=secfcscl

2. Verify csc@cos® @+sin@=csch is an
identity.
Starting on the left side, we have the
following.

csc@cos® O+sin 6 = -cos’ @+sin

sin @

2 = 2
cos” @ sin @
= +

sinf  sin@
_cos® @+sin’ @

sin @
1
~ sin@
=cscé

. X . . .
3. Verify tanE =cscx—cotx is an identity.

Starting on the right side, we have the
following.

1 COS X

CSCx—cot x = — -
sinx s Xx

_I—cosx

sin x

X
= tan —
2

5. Verify

4. Verify sec(7—x)=—secx is an identity.

Starting on the left side, we have the
following.

1
cos (7 —x)
1

COS 7T COS X +Sin 77 sin x
1

(-1)cos x+(0)sinx
1

—cosx+0
1

COS x

sec (7 —x)

=—8€Cx

sint _ 1—cost

- is an identity.
1+cost sint

Starting on the left side, we have the
following.

sint _ sint I-cost
1+cost_1+cost.1—cost
sinz (1—cost)
 l-cos’t
sin(1—cost)
- sin’ ¢
_ 1—cost

sin ¢
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1-sint 1

6. Verify is an identity.

cost  seci+tant
Starting on the right side, we have the following.

1 _ 1 1 cost _ cost

1-sint _cost(1—sinz) cost(l—sinz) 1-sint

sect+tant 1 +sint

Ccost cost cost

2tan @

7. Verify sin26 = >
1+tan

is an identity.

Starting on the right side, we have the following.

. sin @
2tan€  2tanf T o560 .sin¢9.c0529
l+tan’@ sec’d 1 cosd 1
cos’ @

. 2 . . .
8. Verify — = —tan>> =1 is an identity.

1+cosx

Starting on the left side, we have the
following.

. 2
2 sin x
1+cosx \1+cosx

2 sin® x

 l+cosx (1+cosx)2

_2(1+cosx)  sin’x

(1+cosx)2 (1+cos x)2
_ 2+2cosx—sin® x

(1+cos x)’

B 2+2005x—(1—cos2 x)

(1+cos x)2

_2+2cosx—1+coszx

(1+cos x)’

_cos’ x+2cosx+1

(1+cos x)2

(1+cosx)
(1+cosx)
=1

L+sint  ]+4sinz 1+sins 1—sin?

=2sin@cos @ =sin26

2 —_—
Verify cot@—tan 8 = M is an
sin@cos @

identity.

Starting on the left side, we have the
following.

cos@ siné
cotd—tanfd =——-—
sin@d cosé@
cos® 0 sin” @

sinfcos@ sinfcos b
_cos’@—sin’ 6
~ sinfcosf
cos’ 9—(1—0052 0)
sin @ cos 6
_ cos’@—1+cos’ 6

sin@cos @
_ 2cos’8-1
sin@cos@

1—sin’¢ cos’t cost
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10. Verify +

=2cottcsct is an identity.
sect—1 sect+1

Starting on the left side, we have the following.

1 1 1 1 1 cost 1 cost cost cost
+ + = : = +

sect—1 sect+1 1 o by _licost LI cost 1—cost 1+cost

cost cost cost cost

cost 1+cost+ cost l—cost_cost+coszt+cost—coszt

1—cost 1+cost 1+cost 1—cost 1—cos*t l—cos*t
cost+cos’t+cost—cos’t  2cost  2cost cost 1
= 5 = s~ =———=2-————=2cottcsct
1—cos ¢t 1—cos“t sin“t sint sint

sin(x+y)  cotx+coty

11. Verif =
ycos(x—y) 1+cotxcot y

is an identity.

Starting on the left side, we have the following.

1
sin(x+ y) _ SINXCOS y+Cosxsiny _sinxcos y+cosxsiny cosxcosy
cos(x—y) B COS XCOS y+sinxsiny B COSXCOS y+sinxsiny 1

COS X COS y

sin xcos y + cosxsiny sin x + sin y

__COSXCOSy COSXCOSy _ COSx cosy _ cotx+coty
COS X COS sinxsiny . sinx siny
Yy Yo Smy ]+cotxcoty
COSXCOSY COSXCOSY COSX COSY
. 6 2cosf . . .
12. Verify 1—tan’ —=-—"——" is an identity.
2 l+cos@

Starting on the left side, we have the following.
. 2
1—an? o[ Sn0_
2 1+cos@
sin” @

(1+cos 9)2

(1+cos 6)° sin® @
(1+cos 0)2 (1+cos 0)2
_ 1+2cos @+ cos? 9_ sin’ @

(14cos 6)’ (1+cos 6)*

_ 1+2cos@+cos’ 6 —sin’ 6

(1+cos 49)2
2cos @ +cos’ 19+(1—sin2 9)
B (1+cost9)2
2cos@+cos’ @+cos’@ 2cos@+2cos’ O
) (1+cos6)’ ) (14cos 6)’

_ 2cos@(1+cosf)  2cosd
(L+cos 9)2 l1+cos®

317
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13. Verify Sin+tané =tan@ is an identity.
1+cosé@
Starting on the left side, we have the

following.

sinf+tanf _ cos @
l+cos®  1l+cos@

sin &

cos@ cosb
1+cosé@ 'cosﬁ

_ sinfcosf+sin O

B cos @ (1+cos6)

B sin@(cosf+1)
- cos 8 (1+cos )

_sin@

sin @ +

cos@
=tan @

X
l—tan’=

15. Verify cos x =—— = is an identity.
X
1+tan* =

Starting on the right side, we have the following.

_l4cos’x .

14. Verify csc* x—cot* x=———= isan

identity.

1—cos® x

Starting on the left side, we have the

following.

csct x—cot x =

(l—cosx)2

l—cost2 1_(l—cosx)2

1—tan® > 1—( -
2 sin x

sin® x

1 cos* x

sin* x  sin* x

_ 1—cos x

~ sin'x

(1+0052 x)(l—cos2 x)
sin x

(1+cos2 x)(sin2 x)

sin* x
1+ cos® x
~ sin’x
1+ cos’ x

l—cos*x

- ) ) _ _ 2
sin’x _ sin’x _sin’x (1-cosx)

(l—cosx)2 sin®x  gin’ x+(1—cos x)2

= = _=
1+tan2% 1+(1—cosxj 1+(1—cosx)

sin x sin® x

sin® x

sin® x—(1-2cos x+c0s’ x)  sin? x—1+2cosx—cos’ x

sin’ x+(1—2cosx+c052 x) sin® x+1-2cos x+cos® x

2 2
3 (1-cos® x)=1+2cos x —cos x _ 1—cos® x—142cosx—cos’ x

(sin2 X+ cos? x)+1—2cosx

_ 2cosx—2cos’x _2cosx(l—-cosx)

2-2cosx 2(1—cosx)
. 2-sec’x . . .
16. Verify cos2x= —sezc ~ isan identity.
sec” x
Starting on the right side, we have the following.
b
2-sec’x _ 7 cos?y 08" x _2cos’ x—1
sec’ x 1 cos’ x 1

COS2 X

1+1—-2cosx

=COSXx

=2cos’* x—1=cos2x
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2
17. Verify tanr4l =tant is an identity.

tanzcsc’ t
Starting on the left side, we have the following.

sin® ¢ 1 sin®t +1 sin®t N
2 2 .
tan” 7 +1 __cos’t _cos’t  _cos’t  cos tsint
tantcsc’t  sinf 1 1 1 cos’ tsint

cost sin’f costsinf costsinf
. . : 2 2 . .
_sin’ t+cos’ fsint smt(sm I+cos f) _sinz(1) sint

cost cos? cos? cost

tant

. sins  l+coss . . .
18. Verify + =2cscs is an identity.

I+coss  sins
Starting on the left side, we have the following.

sins | 1+coss sin’ s (1+coss)2 _sinzs-k(l+coss)2

l+coss  sins _sins(1+coss) sins(1+coss)_ sins(1+coss)

sin’ s+(1+200ss+cos2 s) (l—cos2 s)+1+200ss+cos2 s

sins(1+coss) sins(1+coss)

2+2coss 2(1+coss) 2
= = = =2cscs
sins(l+coss) sins(l+coss) sins

2tan26

19. Verify tan46 = Py is an identity.

2—sec
Starting on the right side, we have the following.
5. sin26 5. sin26 )
2tan260 7 05260 _ T cos26 cos’20 _ 2sin2@cos26 _ sin [2(29)] _ sin46
2-sec’20 ,_ 1 y__ 1 cos’20  2cos’20-1 cos[2(26)] cos46
cos’ 26 cos’ 26

20. Verify tan (% + %) =secx+tanx is an identity.

Starting on the left side, we have the following.

sin x

X T X x
tan —+ tan— tan—+1 tan—+1 —+1
tan(—+—j= 2 4 _ 2 __ 2 _1+cosx
X T X sin x
l-tan=tan> 1—|tan> (1) 1-tan> 1-—"—
2 4 2 2 1+cosx
sin x +
_14+cosx 1+COS)C_Sinx+(1+COS.X')_Sinx+1+c05x
[__SInX l+cosx (I+cosx)—sinx l+cosx—sinx
1+cosx

_sinx+1+cosx cosx _ sinxcosx+cosx+cos’ x

14+cosx—sinx cosx cos x (1+cos x —sin x)

B cosx(1+sinx)+(1+sinx)(1—-sinx) (1+sinx)(cosx+1—sinx)

cos x (1+cos x —sin x) cos x (1+cosx —sinx)

1+sinx 1 sin x
= = + =secx+tanx

COS x COSX COSXx

=tan46
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.. Cots—tans coss—sins . .. tan@—cotf .
21. Verify —=— is an 22. Verify ———————=1-2cos’ @ isan
coss+sins  sinscoss tan 8+ cot @
identity. identity.
Starting on the left side, we have the Starting on the left side, we have the
following. following.
coss sins sin@ cos@
cots—tans  ging coss tanf—cotd cos@ sind
coss+sins  coss+sins tan@+cot@ sinf  cosd
coss sins cos@ sinf
_sins coss SINSCOSs sind cosd
coss+sins sinscoss _cos@ sin@ COS fsin
0052 §— sin2 s sin@ , cos@ cos@sin @
(cos s+sins)sinscoss cos¢ sin@

B (coss+sins)(coss—sins)

sin”> @ —cos* @

= sin” @+ cos* @

(coss+sins)sinscoss
__coss—sins

sin scos §

=sin* @—cos* @

sin* @ —cos’

= (1 —cos’ 0)—0052 0

=1-2cos* @
tan(x+y)—tan
23. Verify (x+7) Y - tan x is an identity.
l+tan(x+y)tany
Starting on the left side, we have the following.
tan x +tan y
————————tany
tan(x+y)—tany  l—tanxtany
1+tan(x+y)tany |4 tanx+tany tan y
I-tanxtany
tanx+tany
———————tany
l1—tanxtany 1-tanxtany
1+ tanx+tany ~tany l—tanxtany

l-tanxtany

tanx+tan y—tan y(1—tanxtan y)

B 1—tan xtan y+(tanx+tan y)tan y

tan x +tan x tan” y

" I—tanxtany+tanxtany+tan’ y

~ tanx(lthan2 y)

I+tan®y

=tan x
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. X L S
24. Verify 2cos’ Etan x =tanx+sinx is an identity.

Starting on the left side, we have the following.

2
X /1+cosx sin x
2cos’ Ztanx=2| +, | ——— | -
2 2 coS x

1+cosx sinx

inx sinx . .
=(1+cosx)- = +sinx = tan x +sin x
2 COS X COSX COSX

=2

4 . 4
... cos*x—sin*x o
25. Verify —————=1—tan’ x is an identity.
cos’ x

Starting on the left side, we have the following.

cos* x—sin* x  (cos” x+sin’ x})(cos’ x—sin’ x)  (1)(cos® x—sin’ x)

cos® x cos® x cos’ x
2 : .2 2 + .2
cos“x—sin"~x cos“x sin” x )
= 5 = —= —= 1-tan” x
Ccos™ x COS™ X COS™ X

. t+1 . s
26. Verify o1 = (sect+tans)’ is an identity.

csct—1
Starting on the left side, we have the following.
1 1

-+l —+1 _. : : ;

csct+1l  gint  _ sint sint _1+sin¢z 1+sint 1+sint

esecr=1 1,1 _ sint I-sint l-sins l+sint
sint sint

. 2 . 2 . 2 . 2
(1+sinz)”  (1+sint) 1+sin¢ 1 sint 2
- — = ——= = + = (sect+tanf)
I—-sin”¢ cos” ¢ cost cost cost
_ 2(sinx—sin’x) o
27. Verify —— = =sin2x is an identity.
cosx

Starting on the left side, we have the following.

Z(Sinx—sin3 x) ZSinx(l—sin2 x) 2sin xcos? x

=2sinxcosx =sin2x
CoS X CoS X COS X

28. Verify lcotﬁ 1 tan> =cotx is an identity.
2 2 2 2

Starting on the left side, we have the following.

x 1 x 1 1 1 x 1 1 1 1—cosx
—Ccot———tan—=—————tan —=—-—— -
2 2 2 2 ztanf 2 2 2 smx 2 sinx
1+cosx

_1+cosx l-cosx l+cosx—(1—cosx) 1+cosx—1+cosx

2sin x 2sinx 2sinx 2sin x
_2cosx _cosx

=— - =cotx
2sinx  sinx
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Chapter 5: Review Exercises

.. . COS X L
, the correct choice is B. 4. Since cotx = , the correct choice is F.

COS X sin x

1. Since secx =

. . . 2 . .
——, the correct choice is A. 5. Since tan” x=———, the correct choice is

sSin x cot™ x
D.

2. Since cscx=

. sin x ..
3. Since tanx = , the correct choice is C.

cos x 6. Since sec’x=

5 the correct choice is
cos” x

E.

1 sin®6 1-sin’6 cos’6 _

cos’@ cos*@ cos’6@  cos’d

7. sec’f—tan’ 9=

cosé
8 cotd Sing_coseicosﬁ_cosze
T osecd 1 sin@ 1 sin@

cos@

9. tan’ 9(1 +cot? 6) =

sin29£1 coszé’]_sinzﬁ[sin26+cos26j_sinzﬁ( 1 j 1

cos’ @ sin@ ) cos’@ sin® @ cos’@\sin*@) cos* O

1 cos@ 1+cos@
+ _

10. cscO+cotf=— — =
sin@ sin@ sin @

sin 1 1 _ sin®6 1 sin’@-1
cos@ cos@ sin@ cos@sin@ cosBsinf cosfsiné

2
(l—cos 6)—1_1_C0529_1_ —cos’0 _ cosf

11. tanf@—secflcscl=

cos@sin @ cos@sin@®  sinOcosd  sind
12. csc? @+sec’ 0= ;2+;2
sin“@ cos“ @
1 cos’d 1 sin’@ cos®@+sin® 6 1

sin?@ cos’@ cos’O sin’6  sin>Ocos’@  sin’Hcos’ O

13. cosx =% , X is in quadrant IV.

2
sinx=1-cos’x=1- E :1_2:E
5 25 25
Since x is in quadrant IV, sin x < 0.
_4
. 16 4 sin x 5 4 1 1 3
sinx=—,|—=——;tanx= =—2=——;cot(—x)=—cotx = = ==
25 5 cosx 3 3 —tanx [ 4) 4
5 3
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15.
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5
tanx=——,—<x<7
4’2

2
sec’x=tan’ x+1=( -2 ] +1=241=H
4 16 16
Since x is in quadrant II, sec x < 0, so secx:—@.

cotx—L—L__i.cosx_ 1 4 J41 _4\/ﬂ
tanx _5 5 sec x \/_ \/_\/_ 21

4

Since x is in quadrant II, sin x > 0.

1025 SJH
T1681 1681 41

sinxlel—coszx = [1- ——

1
cscx = = = : =
sinx 5441 5441 V41
41

Use the fact that 165° = 180° — 15°.
sin165° =sin180°cos15° —cos180°sin15°=0-cos15°— ( )s1n15° 0+sin15°=sin15°

=sin (45°—30°) =sin 45° cos 30° — cos 45°sin 30° = J;%_%E _\/62\/5

c0s165° =c0s180°cos15°+sin180°sin15°=—1-c0s15°+0-sin15°=—cos15°+0=—cos15°

323

=—c0s(45°—-30°) = —(cos 45°cos 30° +sin 45°sin 30°) = (£ £ £ 1] ——\/8—\/5
2 2 2 2 4
tan165° tan180° —tan15° _ 0—tan15° :—tanIS":_tanlso
I1+tan180°tan15° 1+0-tan15° 1+0
33
_ _tan45°—tan30° 3 3 é__3—\/§.3—x/§
1+ tan45tan 30° 1+£ ﬁ 3 3443 3-3
3 3
RS ER NERE BN - P
9-3 6
sec165° = ! = ! = 4 '\5_@__4(\/5—\@)__4(«5—\/8)_\/5_\/6
cos165° M ~2-6 V26 2-6 —4
4
1 1 4 ez 4(V6+2) 4(V6+42)
csc165° =— = =J6+2
Gnl6s Yo N2 Vo2 Jora  6-2 7
4

1 L1 23 2B 23, s

cot165° = = = . =
tan165° 243 2+3 —2-3 4-3 1
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V2 3 V21 V6 2 _Je-+2

4 6 4 6 4 6 2 2 2 2 4 4 4

16. (a) s1nE:sm(———):sm—cos——cos—sm—:—~———~—:———:

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

T T T T T, . .Z
COS——=C08| ——— |=C0S—COS—+sin—sin—=———+—-
12 6 4 6 4 6

4
NE

T T
x ﬂ'j_ tanz—tang B I—T _3_\/5 3—\/5_12—6\/5_2_\/5

1+tan%tan% 1+(1)‘/5 3443 3-43 6

3

(b) In this exercise ) is in quadrant I, where all circular functions are positive.

Since

Since

Since

Since

Since

Since

Since

Since

Since

Since

=
-5 :Jz—ﬁ _\2-\3
2

4 2

2
| z | . B
_ 1+cosg: 1+2:\/2+\/§:\/2+\/§
2 2 4 2
.

1
sin— —
6 5 1 2—\/5_2—\/5_2—\/522_ﬁ

1+cos% 1+£ 2+\/§ 2_‘/5 4-3 1
2

RN wjoy W

c0s8210° =cos (150° + 60°) =c08150°cos60° —sin 150°sin 60°, the correct choice is E.
sin35° = cos(90°—35°) = cos55°, the correct choice is B.

tan (—-35°) = cot[90° - (—350)] =cot125°, the correct choice is J.

—sin35° =sin(-35°), the correct choice is A.

c0835° =cos(—35°), the correct choice is L.

c0s75° =cos 1520 = f1+0025150 , the correct choice is C.

sin75° = sin (15°+60°) =sin15°cos 60° +cos 15°sin 60°, the correct choice is H.

sin300° =sin2(150°) = 2sin150°cos150°, the correct choice is D.
c0s300° = cos2(150°) = cos® 150° —sin® 150°, the correct choice is G.

cos(—55°) =c0855°, the correct choice is B.
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Find sin (x + y), cos (x — y), and tan (x + y), given sin x = —%, cosy= —% , x and y are in quadrant III.

Since x and y are in quadrant III, cos x and sin y are negative.

2
cosx =—1—sin’ x =— —(—lj =— l—i:— E:—E

3
5
3\ 4 WIS _443VIS
5) 20 20 20
cos(x—y)=cosxcosy+sinxsiny

T e e

4 Us5) U a)7s5)7 s 20 20 20 20

cos(x+ y)=cosxcos y—sinxsiny

(A (YR e

4 5 4)\ 5 5 20 20 20 20

4+3\/E

sin(x+y) " pp _4+3\/E
cos(x+y) 415-3 4/15-3
20

To find the quadrant of x + y, notice that sin(x + y) > 0, which implies x + y is in quadrant I or II. Also
tan(x + y) > 0, which implies that x + y is in quadrant I or III. Therefore, x + y is in quadrant 1.

tan(x+y)=

. . . . 1 4 .. L.
Find sin (x + y), cos (x — y), and tan (x + y), given sin x = 0 cos y = 3 x is in quadrant I, y is in

quadrant I'V.

2
Since x is in quadrant I, cos x > 0 and cosx=+/1—sin’*x = 1—(LJ =,f1—L=,/2=£.
10 100 100 10
2
Since y is in quadrant IV, sin y < 0 and sin y = —/1—cos” x =— / —(%) :—‘fl—gz— [%:—g.

! j(ijﬂ[é)iﬂﬂ

sin(x+y) :sinxcosy+cosxsiny:(

10)\5) 10 5) 50 50 50
. 3J11 (4 1Y 3) 12411 3 12411-3
cos(x—y)=cosxcosy+sinxsiny=——| = [+| — || -= |= -——=
10 \s) Lol 5 50 50 50

cos(x+ y)=cosxcosy—sinxsiny = —
(x+y)=cosxcosy xy(los 0)l75)7 750 50 50

ﬂ](i]_( 1 j(_EJ: 12411, 3 _ 1241143

4-911
sin(x+y) 59 4-9J11
cos(x+y) 12411+3 1241143

50
To find the quadrant of x + y, notice that sin(x + y) < 0, which implies x + y is in quadrant IIT or IV.
Also tan(x + y) < 0, which implies that x + y is in quadrant II or IV. Therefore, x + y is in quadrant I'V.

tan(x+y)=
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29. Find sin (x + y), cos (x —y), and tan (x + y), given sin x = —%, cosy= —% , x and y are in quadrant III.

Since x and y are in quadrant III, cos x and sin y are negative.

2
cos x =—1—sin’ x =— —(—1] —_ Lo §=—£
2 V' a4 N4 2
2Y 4 21 21
siny=—y/l-cos’y =—,[1-| -=| == [l-——=—|—=——+
Y Y= ( 5) 5 N5 5

sin(x+ y)=sinxcos y+cosxsiny = (—%)(—gj+(——sj[—@]:%+@: 2+3J7

5 2 5 10 10

cos(x—y)=cosxcosy+sinxsiny

(z](ﬁj(lj[mjzﬁ 223+

5 2 2 5 10 10 10

cos(x+y) =COoSxCos y—sinxsiny

(zj{ﬁ]“)[myﬁ BT _2f3-401

5 2 2 5 10 10 10
4+3415
tan(x+ )_sin(x+y)_720 2437
Y cos(x+y) 4/15+3 23-21
20

To find the quadrant of x + y, notice that sin(x + y) > 0, which implies x + y is in quadrant I or II. Also
tan(x + y) < 0, which implies that x + y is in quadrant II or IV. Therefore, x + y is in quadrant II.

. 2 1 .. ..
30. siny= _E’COS x= —g, x is in quadrant I, y is in quadrant III.

First, find sinx and cos y.

Since x is in quadrant II, sinx is positive.

2
[ (1 [1 24 24 26
inx=+vl-cos?x=1-|—=]| = [1l-— = |22 =N _2ND
sin x cos” x ( 5) 55 > S 5
Since y is in quadrant III, cosy is negative.
{ 2
cosy=— —sin® =— —(—%) ==/ %:— %Z_g

1-
sin(x+ y) =sin xcos y +cos xsin y :(ﬁl_ﬁ}{_ll_zj ~24/30 L2 2430 +2

5 3 s)U 3 15 15 15
L ( 1) Js5) (26 [ 2] 5 -ade 5-46
cos(x—y)=cosxcosy+sinxsiny=| —— || —— |+| — || == |=—+ =
5 3 5 3 15 15 15

Continued on next page
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30. (continued)

. . t +t .
In order to find tan(x+ y) using the formula tan(x+y)= SANXTIRY | we need to find tan x and

l-tanxtany

tan y.
2.6 2
tanx—smx =3 ——2\/6 and tan _Siny ——_5 —i——Z\/g
cosx 1 Y cos y NN
5 3
26
tanx+tany 26+ 5 —10\/6+2\/§
tan(x+y)=

l—tanxtany ( 2\/7)(2[} - 5+44/30

To find the quadrant of x+ y, notice that sin (x + y) <0, which indicates that x+ y is in quadrant III

or IV. Also, tan (x + y) <0, which indicates that x+ y is in quadrant I or IV. Therefore, x+ y isin
quadrant I'V.

. . . . 1 4 . ..
31. Find sin (x + ), cos (x —y), and tan (x + y), given sin x = B, cosy= g, x is in quadrant I, y is in

quadrant I'V. First, find sinx and cos y.

1y 1 99 311
Since x is in quadrant I, cos x > 0 and cosx =+1-sin*x =,[1-| — | =, /1-— =, [— ="—"—.
q \ [10) V' 100 V100~ 10
o . . ; 4 ’ 16 9
Since y is in quadrant IV, siny < 0 and sin y =—J1—cos” x =—,[1— — =— 1——=— 2—5=——

sin(x+ y)=sinxcos y +cos xsin y = (1)[5) [3\/_]( 5] i_i 4— 9\/_

10 10 50 50 50

cos(x—y)=cosxcosy+sinxsiny = (3\/7](5}{10)(_%) 12\/_ 3 _12411-3

10 5 50 50 50

. . t. +t .
In order to find tan(x+ y) using the formula tan(x+y)= JANXTHRY e need to find tan x and

l-tanxtany

tan y.
1 3
tanx—smx 10 1 \/H \/H and tany:suly :_5:_3
cosx 311 3\/ﬁ Jit 33 cosy 4 4
10 5
3 ()
tan(x+y)= fanxttany _ 132 A11-99 , which is equivalent to M
l-tanxtany | (\/ﬁ J( 3} 132 132+311 1241143
33 4

411-99 Vi1 _ 44-9911 _ 11(4-9V11) _4-9411
1324311 V11 132411433 11(12Jﬁ+3) 1211 +3

To find the quadrant of x + y, notice that sin(x + y) < 0, which implies x + y is in quadrant IIT or I'V.
Also tan(x + y) < 0, which implies that x + y is in quadrant II or IV. Therefore, x + y is in quadrant IV.
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32. cosx= %, siny = —%, x is in quadrant IV, y is in quadrant III.

First, find sinx and cos y.

Since x is in quadrant IV, sin x is negative.

’ 2
sin x = —/1-cos’ x =— —(%) =— /1—%=— /%=—@

Since y is in quadrant III, cos y is negative.

1
sin(x+y)=sinxcosy+cosxsiny=£—é}{ \E]Jr(gj(_;j V231 -2 \231-2

2

18 18 18

cos(x_y):cosxcosymeSmy:@[_g}[_@ J(_%j:_2§+g:ﬁ1_szﬁ

. . t +t
In order to find tan(x+ y) using the formula tan(x+y)= SARXTIANY e need to find tanx and

l-tanxtany

tan y.
i 1
tanxzsmxz 9 :—ﬁ and tanyzsmy:_zzL._:":_?’
cos x 2 2 Cos y _Q 3 V3 3
9 2
V773
tan x + tan y 2 3 6 3TT+24 3 23-3J77
tan(x+y)= = == =

2 3

l—tanxtany_1 ( ﬁ}{\@] 6 6+4231  6++/231

To find the quadrant of x+ y, notice that sin (x + y) >0, which indicates that x+ y is in quadrant I or

II. Also, tan (x+ y) <0, which indicates that x+ y is in quadrant IT or IV. Therefore, x+ y isin
quadrant II.

33. Find sin 8 and cos 0, given cos26 = —%, 90° < 26 <180°.

Since 90° <26 <180° = 45°< 6 <90°, @ is in quadrant I.
.2 3 .2 7 -2 -2 7
cos26 =1-2sin €:>—Z:1—2sm €:>—Z:—2s1n 6 = sin 0:§

7_N7 V2 4

Since 6 is in quadrant I, sin@ >0 and siné =, |— —_—

8§ 22 2 4

7 1 1 1 2 2
Since 0 is in quadrant I, cos@ >0 and cosﬂ=\/1—sin249 = l-—=,|-=—==—=—==—
a V8 N8 VB 242 V2 4
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34. cos2B= e B is in quadrant I'V. Since B is in quadrant IV, sin B is negative and cos B 1is positive.

35. Find sin2x and cos2x, given tanx =3, sinx<0.

If tanx=3>0and sinx <0 then x is in quadrant III and 2x is in quadrant I or II.

2tanx _2(3) 6 _ 6_ 3

l—tan®x 1-3* 1-9 8 4

Since tan2x <0, 2x is in quadrant II. Thus, sec2x <0 and sin2x > 0.

[ 2
f 3 / 9 f25 5
sec2x=—l+tan’ x =— [I+| -= | =— [l+==—[==-=
g g ( 4) 16 16 4
2
cos2x = ! :L:—i and sin2x=,[1— _4 = /1—£: /izg
sec2x S 5 5 25 25 5
4

36. secyz—%,siny >0

2
1 1 3. 2 3 9 16 4
cosy= =——=-=; siny=4/l-cos” y =,[l-| -=| =, [l-—=,[—=—
Y secy 5 5 oY Y7y [5) V' 25 V25 s
3

sin2y =2sin ycos y =2(ij(—§)=_ﬁ

tan2x =

5 5

cos2y =cos® y —sin’ —(—2)2—(i)2—2—£——l
Y YIRS S) Tas s 25

37. Find cos g, given 00549:—%, 90°< @ <180°.

Since 90°< 8 <180° = 45°< 9 <90°, g is in quadrant I and cos g > 0.

2
1

6 /H(_zj 21 \F I

COS—= = — ===

2 2 V4 Va2

38. Find sin%, cosA:—%, 90° < A< 180°.

Since 90°< A<180°= 45°< g <90°, g is in quadrant I and sin% > 0.

j:\/:?: 7_N7 N2 4

8 22 V2 4
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39. Find tanx, given tan2x=2, 7<x< 37”

2tan x

tan2x=2=>—"—"—=2=2tanx=2-2tan’ x, if tanx#*l
I—tan” x

Thus, we have the equation tan? x+tanx—1=0. We can now use the quadratic formula,

—b++b* —4dac

x:2— given ax’ +bx+c =0 | to solve the equation for tan x.
a
—12JP-4(1)(-1) 12144 —1245
tan x = = =
2 2 2
Since 7z'<x<377[, x is in quadrant III and tan x >0. Thus, tanx = _1—;\/3 =%.

40. Find siny, given cosZy:—%, with %< y<T.
) 1 2 2 4 a2 2
cos2y=1-2sin y:—gzl—Zsm y = —2sin y:—E:sm yzE

Since %< y <7, yisinquadrant IT and siny > 0.

2_2 3 Ve

Thus, siny =,/—

3 33 3

41. Find tan%, given sinx =.8, with 0<x<%.
c052x+sin2x:1:c052x+(.8)2 =1=cos’ x+.64=1=cos’ x=.36

Since 0< x< E’ x is in quadrant I and cos x > 0.

Thus, cosx=+/.36 =.6 and tan£= 1—.cosx =ﬂ=i=.5.
sin x .8 .8

. . . . . T
42. Find sin2x, given sinx =.6, with E <x<T.
cos® x+sin® x =1 = cos’ x+(.6)2 =1=cos’ x+.36=1= cos’ x = .64
Since E <x <7, xisinquadrant IT and cosx <O.

Thus, cosx =—+.64 =—.8 and sin2x =2sinxcosx =2(.6)(—.8) =—-.96.
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Exercises 43 — 48 are graphed in the following window.

MEMORY WIHOOW
fSBo d#min=-6. 152285,
2ifoom In Amax=h. 1522856,
3iZoom Out Awscl=1.57A7363..
4:f0ecimal “min= -4
S 2Syuyare “Ymax=4
&! Z5tandard Yecl=]
B Trig Ares=1
43. _—sm2x+smx appears to be equivalent to cotf.
COS2Xx—COS X 2
Flokl Flokz Flokz
MR- Csinl 2R el
RCRAIAICOS 28—
o= GHEI D
Mr=
wMy=
wNe=
3 sin2x +sin x __ZSinxcosx+sinx__ sinx(Zcosx+l)
CO0S2X—COS X 2cos® x—1—cosx 2cos* x—cosx—1
sinx(2cosx+1)  sinx _ sinx 1

1

sin x
1—cos2x .
44. ——— appears to be equivalent tan x.
sin 2x
Floti Flokz Floks
ARGl —cos C2H D s
SintZig
~Me=

1-cos2x 2x
——————=tan| — |=tanx
sin2x 2

sin x . x
45. appears to be equivalent to cot—.
1-cosx 2
Flokl Flokz Flokz
SMMBsincR A0l -co
SLHD
WMe=
wWMa=
~Ny=
“Me=
~MeE=
sin x 1 1
= =cot—
1—-cosx l—cosx X 2

_(2005x+1)(cosx—1) " cosx—1 l-cosx l-cosx

tan

X

X
cot—

331
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7 2(sin x—sin® x)

cos xsin2x

1+cos2x

appears to be equivalent to sin x.

Flokl Flatz Flot:
MyECCcosCE s

ine
2Rl boos 2R

. . . 2
cosxsin2x _cosx-2sinxcosx _ 2sinxcos” x

14+cos2x

CoS x

2(sinx—sin3 x) 2sinx(1 —sin’ x)

1+2cos® x—1 B 2cos” x

2

=sinx

appears to be equivalent to sin2x.

Flokl Flatz Flot:
S BZsincHr-0sid
niﬁ3}3bfcn5iHh

i

P

Wt

hal

CosX _ (2sinxcosx)(1—5in2 x) ~ sin2x(1—sin2 x)

COoS x

Cos X COos X

. X
48. cscx—cotx appears to be equivalent to tan 7

49.

50.

51.

cscx—cotx =

Verify sin® x—sin® y =cos’ y —cos’ x is an identity.

1

COS2 X

Flakl Flakz Flak:
=M1l sindRr-1-1
antHl
“Me=
Mr=
=Ny=
=Ne=
~NE=

cosx 1l—cosx X
= =ta

sin x

sin x sin x 2

1-sin

sin* x—sin® y =(1—coszx)—(l—cos2 y)=l—cos2 x—1+cos’ y=cos’ y—cos’ x

Verify 2cos’ x—cosx =

cos® x—sin’ x

SEC x

Work with the right side.

cos® x—sin’ x _ cos® x—sin’ x

S€C X

s.2

2—2cosx

sin® x

1
COs X

is an identity.

= (cos2 x —sin® x)-cosx =cos’ x—sin® xcos x

3 2 3 3 3
=CosS x—(l—cos x)cosx:cos X—COSX+cos x=2c0S” x—COS X

X . . .
=cos’ 5 isan identity.

1-cos’x _ (I-cosx)(l+cosx) I+cosx

2-2cosx 2(1—cosx) B

2(1—cosx)

2

X
=cos’ =
2

2

X

=sin2x
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52. Verify SITI 2x = 2 is an identity.
sinx secx
sin2x 2sinxcosx 2 2
- = - =2cosx=——=
sin x sin x 1 sec x
coS x
53. Verify 2cosA—sec A=cos A— tan A4 is an identity.
csc
Work with the right side.
sin A
.2 2 2 2 02
OSA_tanA — cos A_COSA _ oo 4 S A _ cos A sin"A _ cos A—sin” A
CSCA 1 CoOSA CcosA cosA Ccos A
sin A
2 2
cos"A—(1—cos” A 24—
= ( ):2005 A 1:2cosA— =2cosA—secA
cos A cos A cos A
54. Verify 2.tan B =sec’ B is an identity.
sin
sin B
2tan B ' 2sin B
'an _ ‘cosB - sin S e’ B
sin2B 2sinBcosB 2sinBcos"B cos' B
55. Verify 1+tan® & =2tan orcsc2ex is an identity.
Work with the right side.
' sin &
2tanacs02a:2tana: coser 2sin ! =sec’a=1+tan’ &

sin2ar  2sinacosar  2sinacos’a  cos’a

.. 2cotx . . .
56. Verify =csc’ x—2 is an identity.
tan2x
2cotx 2 2 1—tan® x
tan2x 2tan x tanx 2tanx
tan x| ————
1-tan” x
sin® x
I—tan® x cos? x €Oos’x cos’x—sin®x 1-2sin’ x 2
= —— =08 X — =— =csc x—2
tan” x sin” x Ccos™ x sin” x sin” x
cos’ x

57. Verify tan@sin20 =2 —2cos’ @ is an identity.

tan @sin 26 = tan @ (2sin Hcos ) = ﬂ(

25in¢9cos¢9):25in2 (9:2(1—0052 (9):2—20052 o

58. Verify csc Asin2A—sec A=cos2Asec A is an identity.

csc Asin2A—sec A= ;(2SinAcosA) -
sin A cosA

1 _2COS2A_ 1 _ZCOSZA—l_COSZA

=2cosA— = = =
Ccos A cos A Ccos A cos A Ccos A

=cos2Asec A

333
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59. Verify 2tanxcsc2x—tan® x =1 is an identity.

2tan xcsc2x —tan” x = 2 tan x ——— —tan” x
sin2x
. .2 s 2 <2 2
_,.sinx 1 sin“x 1 sin“x _1-sin"x _cos X
cosx 2sinxcosx cos’x cos’x cos’x cos® x cos® x
. 1-tan’ @
60. Verify 2cos’ 6—1= —_—.
1+tan” @
Work with the right side.
sin”
1—tan’ @ T colp cost@ cost@—sin’O cos*O—sin’ O .
— = 09826- — = —— = =cos’ @—sin’ O =cos26 =2cos> 01
1+tan” @ 1_I_sm 6 cos"@ cos @+sin” @ 1
cos’ @

2 j—
61. Verify tan&cos’ 6 = 2tanfcos” @—tan @

is an identity.

1—tan’ @
Work with the right side.
2tan@cos? @ —tan 6 tan¢9(20052 (9—1) tan0(20052 (9—1) cos? @
l—tan’ @ - 1—tan’ @ - - sin® @ cos® 0
cos’ 0
tan&coszﬂ(Zcoszﬂ—l) tan&coszﬂ(Zcoszﬂ—l) ,
- . — = > =tan @& cos” ¢
cos” @—sin” 8 2cos” 0—1
. 201 . . .
62. Verify sec’ a—1= seecom is an identity.
sec2a+1
Work with the right side.
1 1
sec2o—1 _ c052a_1 _ cos’ g —sin’ a_l . cos’ a—sin’ & _ 1_(0052 o —sin® 0()
sec2a+1 1 +1 1 +1 cos’a—sin*a  cos’ a—sin* a+1
cos2a cos’ ¢ —sin’* o

2 -2 . . .
_(I_COS a)+sm & sinfa+sin’a 2sin’a

== — = > — = > =tan’ o =sec’ a—1
cos a+(1—s1n a) cos’a+cos’a  2cos’ @

2 s 2
. 3 cos” x—sin” x . Sy
63. Verify 2cos’ x —cos x =—— is an identity.
sec x

Work with the right side.

2 + 2 2
cos”x—sin"x _2cos” x—1 cosx

:(ZCOS2 x—l)cosx =2cos’ x—cosx
sec x 1 cosx

COos X

64. Verify sin’ @ =sin@—cos” #sin @ is an identity.
Work with the right side.
sin 6 —cos” @sin @ = sin 6 — (1 —sin’ #)sin 6 = sin @ —sin & +sin’ & =sin’
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2tan26
2—sec?26
2tan26  2tan2¢  2tan26  2tan26
1—tan22€_1—(sec220—1)_l—se02¢9+1_2—sec20

65. Verify tan46 =

tan46 = tan| 2(26) | =

. X L S
66. Verify 2 cos’ 3 tan x = tan x +sin x is an identity.

Work with the right side.
. sinx . . 1 . 1 . 1
tanx+sinx=——+sinx=sinx| ——+1 |[=sinx| ————=+1 |=sinx| ———+1
X
cos x cos x Co{z(xﬂ 2cos® ¥ —1
2 2
2 X . b . b . b
14{2005 —lj 2sinxcos’=  2sinxcos’= 2sinxcos’ =
=sinx 2 = 2 _ 2 - 2
X X
2cos’ =~ —1 2c0s = =1  cogl 2| * cosx
2 2 2
X sinx X
=2cos* = -—= =2cos’ = tan x
2 cosx 2
. X . . .
67. Verify tan [5 + Z) =secx+tanx is an identity.
X T X
x 7z tan—+tan— tan—+1
Working with the left side, we have tan (— +—j = 2 4 - 2
2 X T X
l-tan—tan— 1—tan—
2 4 2
Work with the right side.
X .2X . X
) ) cos” = +sin’ = |+sin| 2| =
1 sinx 1+sinx 2 2 2
secx+tan x = + = =
COSX COSX COoS X X
cos| 2| —
2
X .2X .X X X . X X .2X
cos? E-ksm2 E+251n—cos— cos? = +2sin=cos = +sin® =
cos® x—sin’ x cos® x —sin’ x
X . X
cos— sin—
X X + 2
: X . X X X X
[COS‘FSHI) cos—+sin— cos— cos— l+tan—
_ 2 2 __ 2 2 2 2 2

X . x X . X XX I X
cos——sin= || cos=+4+sin—| cos——sin-—— cos— sin— Il-tan—
2 2 2 2 2 2 2__ 2 2
X X
COS— COS—
2

2

X
ju tan—+1
) = =sec x +tan x, we have verified the identity.

. X
Since tan (E +—|=

4 l—tanﬁ
2
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68. Verify lcotﬁ —ltanﬁ =cotx is an identity.
2 2 2 2

x 1 x 1(1+cosx 1({1-cosx l+cosx 1-—cosx
—cot———tan—=— - = -
2 2 2 2 2

sin x 2\ sinx 2sinx 2sinx
_ (1+cosx)—(1-cosx) 1+cosx—I+cosx 2cosx ot x
2sinx 2sinx 2sinx
. x sin2x+sinx . .
69. Verify —cot—=—————— is an identity.
2 cos2x—cosx
Work with the right side.
sin2x+sinx _ 2sinxcosx+sinx _ 2sinxcosx+sinx
cos2x—cosx  (2cos’ x—1)—cosx 2cos’x—cosx—1
sinx(2cosx+1) sin x sinx X
_ - — X
(2cosx+1)(cosx—1) cosx—1  I-cosx . X 2

S5t
. . tan—
70. Verify s%n 3t s?n 21 = is an identity. Using sum-to-product identities, we have the following.
sin 3t —sin 2¢
tan —
3t+2t 3t-2t
. . 2sin cos sin 2cos 4 sin Bl cos 4 tan Bl
sin 3¢ +sin 2t 2 2 2 2 S5t t 2
in3r—sin2r 3t +2t 3-20\ 5.t ' —laneoty =
sin 3¢ — . - . .
2 cos—sin— cos— sin— tan—
COS( 2 jsm( 2 ) 27 2 M 2
71. (a) When h =0,
D v?sin@cos @+ vcos O (vsin6)2+64-0 2 sin @cos @+ vcos O v’ sin’ @
- 32 - 32
_v’sin@cos O+ (vcosd)(vsin€) visinfcos@+v sinfcos@ 2v sinfcosd v’ sin(26)
32 32 32 2
which is dependent on both the velocity and angle at which the object is thrown.
2 81 \/5
367 -sin(2-30) 1296-sin(60 Ty
(b D= (2:30) _1296:sin(60) [T 5 _8IV3 55
32 32 2 4
72. (a) The period is equal to 2z = 27 = l
b 2rnw o
(b) V =asin2zax and I = bsin 27wt
W =VI = (asin 27zt ) (bsin27zer ) = absin® 27t
Since cos2A =1—2sin® A=>cos2A—1=—2sin’> A => 2sin> A=1-cos2A =>sin’ A =#,

we have the following.
1—cos2(2marx _
W = absin? 27wt = ab - 2( )=ab~1 co;47za)t

Thus, the period of V is 2z = 2r = ll This is half the period of the voltage.
b 4rw 2 w
Additional answers will vary.
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Chapter 5: Test

. 53 . .. .. .
1. Given tanx = —g, 7 < x <27, use trigonometric identities to find sinx and cos x.

2
sec’x=tan’ x+1=sec’ x = —é +1= 25 1—61
6 36 36

Since 37” < x<2rx, xisinquadrant IV. Thus, secx > 0.

Therefore, sec x = ﬂ = @ = Ccosx = 1 1 6 \/a 6\/6
’ 3 secx 6l ol ol |
6

Since cos” x+sin’ x =1, we have the following.

2
{6?] i 2196 ., ., 1525

x=1=D>——+sin"x=1=sin" x =
3721 3721

1525 _ 561

Since x is in quadrant IV, sinx <0 and sinx =—

3721 61
. . 2
5 ) , _sin’x 1 _s1n2x—1_(1_00S x)—l_ cos’x |
. tan”" x—sec” x = T = = 3 =——=-
cos’x cos’x  cos’x cos’ x cos’ x

. . . . 1 2 .. ..
3. Find sin (x + ), cos (x — ), and tan (x + y), given sin x = —5 ,CO8y= —g, x is in quadrant II1, y is in

quadrant II. First, find sinx and cos y.
Since x is in quadrant III, cos x < 0 and

2
cosx=—v —sinzx:—/ - —l =- /1_12_\/§:__
21
Since y is in quadrant II, sin y > 0 and sin y =+/1—cos” x =, [1— -—— 2—=—

e e

sin(x+y)=sinxcos y+cosxsiny = [—%)[—— +

5 3 15 15 15
- 242 2 (V21 _42 21 _4v2-421
cos(x—y)=cosxcosy+sinxsiny = = |75 + Sy |l T P

tan x + tan y

In order to find tan(x+ y) using the formula tan(x+y) , we need to find tanx and

l-tanxtany
tan y.

tanx+tany

l-tanxtany B 1_[2 J(_\/ﬁ]

tan(x+y)=
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4. sin(-22.5°) =+

Since —22.5° is in quadrant IV, sin(—22.5°) is n

Exercises 5 —6 are graphed in the following window.

egative. Thus, sin(—22.5°) =

IO MEMORY
amin=-6, 152285 tiBox
Amax=E, 1522856 12: Zoom IR
wecl=1.37EvE3..| [35 2oom Out
Ymin=-4 4:20ecimal
Ymax=d4 S ZSauare
Yecol=1 6:25tandard
Ares=1 ETria
5. secx—sinxtanx appears to be equivalent to cos x.
Flatl Flakz Flok:
SMBlAcosCEr-zin
Cartants
“Mz=
“Mr=
“My=
“Mo=
“Me=
. . sin x 1 sinx  1-sin’x cos*x
secx—sinxtanx = —Sin x - = - = = =COS X
COS x COS x COSXx COS x COS x COS x

X .
6. COtE —cot x appears to be equivalent to csc x .

_ 2_\/5
-

Flakl Flotz Flot:
WSBlotantEo20-1
StaniEl
wNe=
whr=
wMy=
wHe=
~NE=
X 1 cos X 1 cosx l+cosx cosx 1+cosx—cosx 1
cot——cotx = —— = - —— =— - = ] ="
tan X smnx sin x sin x sin x sin x sin x sin x
2 1+cosx
7. Verify sec’ B=———— is an identity.
1-sin” B
Work with the right side.
_1 = 12 =sec’ B
I-sin°B cos” B
. tA—tan A . . .
8. Verify cos2A = COA~HR2 san identity.
csc Asec A
Work with the right side.
cosA sinA
cotA—tanA _ gpnA cosA SinAcosA

=C

csc Asec A 1 1 .sin Acos A
sinA )\ cos A

os* A—sin* A=cos’24

=CSCXx
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.. tanx—cotx . . . .
9. Verify —————=2sin” x—1 is an identity.
tan x +cot x
sinx cosx sinx cosx
tan X—cotX _ cosx sinx _ cosx sinx C€osxsinx _sin’ x—cos’x
tanx+cotx Sinx L 08X sinx L COSX cosxsinx sin® x +cos’ x

cosx sinx cosx sSinx
<2 2
sin> x—cos’x . i . ) ) )
=f=sm2x—cos2x=sm2x—(1—sm2x)=s1n2x—1+s1n2x=2s1n2x—1

10. Verify tan’—sin’ x = (tan xsin x)2 is an identity.

a2 s 2 s 02 2 : 2 2 2
S~ x .2 SiIn- x SIn XCOS X SIn- xX—SIn- xCOoSs X
7 Sin- x = TR 2 = 2
CoS X CoS X CoS X Cos™ X

.2 2
sin X(I_COS x) sin” xsin’ X sin® x

COS2 X COS X COS2 X

tan® x —sin® x =

. . . 2
-sin® x = tan” xsin” x = (tan xsin x)

11. (@) cos(270°—8)=co0s270°cos@+sin270°sin@ =0-cos@+(—1)sin@=0—sinf =—sin &

(b) sin(r+6)=sinzwcos@+coszsin@=0-cos@+(—1)sind=0-sinf =—sin O

12. (a) V =163sinwt. Since sinx = cos(%—x} , V= 163cos(%— a)t) .
(b) If V =163sinwt=163sin1207¢t= 163cos(§—120ﬂ'1j, the maximum voltage occurs when

cos (%— 1207:1) =1. Thus, the maximum voltage is V = 163 volts.

cos (%—120%1) =1 when %—120751 =2krx , where k is any integer. The first maximum occurs

when Z 12071 =0= % = 1207t = ——F p o1
2 2 1207 2 240

The maximum voltage will first occur at ﬁsec .

Chapter 5: Quantitative Reasoning
y':rcos(¢9+R) r[cos@cos R —sin Osin R| = rcos@)cosR (rsin&)sinR:ycosR—zsinR
7= r51n(€+R) = rcos(%—(B—FR) = rcos( ] = r{cos(%—ﬁjcosR+sin[%—0jsinR}

=r[sin@cos R +cos@sin R| = (rsmﬁ cosR rcosﬁ)st =zcosR+ ysinR






Chapter 6

INVERSE CIRCULAR FUNCTIONS AND
TRIGONOMETRIC EQUATIONS

Section 6.1: Inverse Circular Functions
1. For a function to have an inverse, it must be one-to-one.

2. The domain of y =arcsinx equals the range of y =sin x .
3. Therange of y=cos ' x equals the domain of y = cos x .

4. The point [% , lj lies on the graph of y =tan x. Therefore, the point [1, %j lies on the graph of

y= tan”' x.

5. Ifafunction fhas an inverse and f (7)=-1, then f' (-1)=z.

6. Sketch the reflection of the graph of f across the line y = x.

7. (a) [-1,1
@ L ] 11. cos™ 1
T T a
b) |[-—, —
® |-2.7]
(¢) increasing 12. Find tan”! lJrit( or 180°) .
(d) -2 is not in the domain. a
8. (a) [-1,1] 13. y=sin"0
(b) [0, 7] sin y =0, —ZSySZ
(c) decreasing 2 2
4r . . . .
()] 3 is not in the range. Since sin0=0, y=0.
9. (a) (—o0, ) 14. y=tan'1l
V4 V4
T tany=1, ——<y<—
(b) (—5, 3) Y 2 Y 2
. V3 T
(c) increasing Since tan 7 =1, y= e
(d) no
. . 15. y=cos (-1)
10. (a) (=, —1JUIL, m);[—z, )U(O, 5} cosy=-1,0<y<rm
- x Since coszw =-1, y=r.

(c) (—(X), OO), (O, 71,')

341
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16. y =arctan (-1
Y ( ) 23. y:sin’l—2
T T 2
tany=-1, ——<y<—
2 2 . 2 T V.4
siny=——, ——<y<—
. T T 2 2 2
Sincetan | —— |=—-1, y=——.
4 4 . . 2 P s
Since sin—=——, y=—.
4 2 4

17. y=sin"' (-1)

1
V1 /4 -1
siny=-1, ——<y<— 24. y=cos (——j
Y 2772 2
1
Since sinzzl,y:—g. cosy=—E,OSyS7z
. 2r 1 2r
Since cos—=——, y=—.
18 _ -1 1 3 2 3
. y=cos —
2
1
cosy =2 Osysrz 25. y =arccos (—?J
. r 1 V4
Since cos —=—, y=—. 3
3 2 3 cosy:—T,OSySﬂ
19. y=arctan( . kY4 NE) RY/4
Since cos—=——,y=—.
V4 V1 6 2 6
tan y =0, —5<y<—
Since tan0 =0, y =0. . V2
26. y =arcsin 5
20. yzarcsin(—%} Gin v = 2 T T
5 YT
. 3 V4
smy=-==" _ES)’SE Since sin(—%j=—%, y=-
Since sin | —— |=——, y=——.
3 2 3 27. y=cot™ (-1)

coty=-1,0<y<rmw

21. y=arccos0 y is in quadrant II.

cos y=0,0<y<rx o
The reference angle is a

Since cot3—”:1, y :3—”.
4 4

Since coszzo, y :Z_
2 2

22. y=tan"' (1)

28. y=sec” (—\/5)

V4 V4

tan y =—1, —E<y<—
V1

secy=—2,0<y<r, y;ﬁE

2

. T .4
Sincetan | —— [=—-1, y=——. ..
4 4 y is in quadrant II.

The reference angle is %

Since sec3—”:—\/§, y :3—”.
4 4



29.

30.

31.

32.

33.

34.

y=csc” (-2)
/4 V4
cscy=-2, ——<y<—, y#0
y > y 5 y
y is in quadrant I'V.

The reference angle is %

Since csc (—Ej =-2,y= T
6 6

y = arccot (—\/g)

coty:—\/g, 0<y<rm
y is in quadrant II.

The reference angle is %

Since cots?”= —\/5, y =5?”.

y = arcsec =

2+/3 T
secy=——,0<y<7m, y#—
y 3 y y >

2\/5 .4

. V4
Since sec— = y .
6 3 6

y= csc™! \/E

csc y:\/E, —%Syé%,y;to

Since csc£= \/5, y =£.
4 4

6 = arctan(—1)
tan @=-1, —90° < @ <90°

is in quadrant IV.
The reference angle is 45°.
Thus, 6 =-45°.

6 = arccos (— lj
2

0059:—%, 0°<6<180°

@1is in quadrant II.
The reference angle is 60°.
Thus, 6 =180°-60°=120°.

35.

36.

37.

38.

39.

40.

Section 6.1: Inverse Circular Functions

6 = arcsin {—ﬁj
2

3

sin 9=—7,—90°S 60 <90°

@ is in quadrant I'V.
The reference angle is 60°.
6 =-60°.

! [ ﬁJ
6 = arcsin —7

V2

sin 9:—7, -90°<6<90°

0 is in quadrant IV.
The reference angle is 45°.
6 =-45°

6 =cot™ (—ﬁj
3
V3

cot 6=—T, 0°< 8 <180°

@ is in quadrant II.
The reference angle is 60°.
6 =180°-60° = 120°

6 =csc” (-2)

csc @=-2and —90°<@<90°, @ =0°

@ is in quadrant I'V.
The reference angle is 30°.
6 =-30°

f=sec™ (-2)
sec =-2, 0°<8<180° 86 #90°
@ is in quadrant II.

The reference angle is 60°.
6 =180°-60° = 120°.

6 =csc” (-1)

csc B=-1, —90°<0<90° 8-0°
Since the terminal side of @ lies on the

y-axis, there is no reference angle.
6 =-90°

343
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For Exercises 41 — 46, be sure that your calculator is in degree mode. Keystroke sequences may vary based

on the type and/or model of calculator being used.
41. O=sin"' (-.13349122)

sin 10 - 133491220
“T.BF 1383492

sin”' (—.13349122) =-7.6713835°

42. @=cos™'(-.13348816)
cos1 -, 133438162
7. BV 128859

cos™' (-.13348816) = 97.671207°

43. 0 =arccos (—.39876459)

cos 10 -, FETESS90
1135, 5082537

arccos (—.39876459) = 113.500970°

For Exercises 47-52, be sure that your calculator is in radian mode. Keystroke sequences may vary based

on the type and/or model of calculator being used.

47. y=arctan 1.1111111

tan1C1.1111111>
BITIE12Z

arctan 1.1111111 = .83798122

48. y = arcsin .81926439

sin 10, 819264390
«JEE1 269348

arcsin .81926439 = .96012698

44.

45.

46.

49.

50.

@ = arcsin .77900016

Sin 10, ProaEal 6
21.16912193

arcsin .77900016 = 51.1691219°

0 =csc™' 19422833

%ir‘n"{ 1-1.9422833
SH. 9379887

csc™' 19422833 = 30.987961°

6 =cot™' 1.7670492

tan 111, Paeradas
29.50612187

cot™! 1.7670492 = 29.506181°

y=cot™ (-.92170128)

tag“( 1--.9217812
m
2.319472534

cot™ (-.91270128) = 2.3154725

y=sec” (~1.2871684)

cos10l- -1, 287168
2.458522189

sec” (~1.2871684) = 2.4605221
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51. y = arcsin .92837781 52. y = arccos .44624593
Sin 10, 928377310 cos 10, 445245930
1. 19802379 1. 1822383082
arcsin .92837781 = 1.1900238 arccos .44624593 = 1.1082303

Domain: (- o, ©); Range: (0,71')

55. y

Domain: (—ee, —1]U[I, o) ; 1 1
Domain: [—oo, —E}U[E, Mj;

T T
Range: | 0, — u(—, T
2 2 T p s
Range:| ——,0 |U| 0,—
2 2

57. y

17
J Ty = arcsec 1x
x|V= 2

Domain: (—eo, —2]U[2, o) ; Range: [0’ %JU(%’ 7[}

58. 1.003 is not in the domain of y =sin"' x. (Alternatively, you could state that 1.003 is not in the range

of y=sinx.)

59. The domain of y=tan' x is (—oo, oo) . (Alternatively, you could state that the range of y =tan x is

(=.2).)
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60. f[f (x)]Zf{%z}ZS(%zj—2=x+2—2=x

f [f(x)]=f1[3x—2]=w=3?x=x

In each case the result is x. The graph is a straight line bisecting the first and third quadrants I and III
(i.e.,y=x).

The graphs for Exercises 61 and 62 are in the standard window. Exercise 62 is graphed in the dot mode to
avoid the appearance of vertical line segments.

W IO
smin=-18

ascl=1
Ymin=-1@
Ymax=16
Yecol=1
Ares=1

61. It is the graph of y = x. 62. It does not agree because the range of the

fi=kanckan-104) . . . Y/
inverse tangent function is —E, — |, not

2
(—0, o), as was the case in Exercise 61.

[ T1=kan-1LanHD

e A

63. tan (arccos %j

Let @ = arccos é so that cos w= % Since arccos is defined only in quadrants I and II, and % is

positive, @ is in quadrant I. Sketch @ and label a triangle with the side opposite @ equal to

V42 =3? =16-9 =+/7.

y
/ 3 J7
tan| arccos— |=tan W =——
4 3
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64. sin (arccos lj
4

1

Let 6 = arccos %, so that cos @ =—. Since arccos is defined only in quadrants I and II, and % is
positive, @ is in quadrant I. Sketch € and label a triangle with the side opposite & equal to
J# T = Jl6m1 =115,

) V15

f ) ( lj .
sin| arccos— |=sin@ =——
4 4

65. cos(tan™' (-2))

Let @=tan"' (-2), so thattan @ =-2. Since tan™

is defined only in quadrants I and IV, and -2 is
negative, @ is in quadrant IV. Sketch @ and label a triangle with the hypotenuse equal to

J(22) +1=+4+1=45.

y

} cos(tan™ (=2)) = cos w = ?5

«nfor (]

Let §=sin"' (—éj, so thatsin 6 = —%. Since arcsin is defined only in quadrants I and IV, and —%

is negative, @ is in quadrant IV. Sketch @ and label a triangle with the side adjacent to 8 equal to

mm/zs__:«/ﬁ:z%.

b o (-1) 5 5vg
Sec| sin ——||=secl=——="——
5 26 12

————w—»x
6 5 -1
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67. sin (2 tan ™" %j

12 12
Let w=tan™' —=, so that tanw=?.

positive, @ 1is in quadrant L.
V127 +5° =144 +25 =169 =13.
y

[

13
12

sin [2tan1 %jzsin(Z&))zZsin  cos (022(

N o=
N———

68. cos (2 sin” —

Let 8 =sin"' —, so that sin@ = %

A=

12

13

)

(

13

Since tan™' is defined only in quadrants I and IV, and 5 is

Sketch @ and label a right triangle with the hypotenuse equal to

. 12
sin @=—
1

cos W=—
13

5)_120

169

)

Since sin”' is defined only in quadrants I and IV, and % is

positive, @ isin quadrant I. Sketch € and label a triangle with the side adjacent to 8 equal to

Va2 12 =161 =A/15.
y

[

4
o |1
X

75

69. cos (2 arctan %)

4 4
Let o= arctang, so that tan w= E

positive, @ is in quadrant I
V4 +32 =\16+9 =25 =5.
y

3

2
cos [2 arctan %) = cos (2w) = cos’ w—sin’ @ = [%) —(

4

5

T

cos (2 sin™ ij =cos20=1-2sin* @

1

16

!
4

o] o

Since arctan is defined only in quadrants I and IV, and % is

Sketch @ and label a triangle with the hypotenuse equal to

3
cosw=—
5
4
sSin W =—
5
_o 16 7
25 25 25
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70. tan (2 cos™ lj
4

Let @=cos™ i, so that cos 6 = % Since cos™ is defined only in quadrants I and II, and i is

positive, @ is in quadrant I. Sketch & and label a triangle with the side opposite 8 equal to

V42 =12 =416—1=415.
y —
tan¢9:¥:\/15

2tand Zx/ﬁ _2\/6__\/6

tan(Zcos1 lj=tan249= — = = =
4 1—tan~ @ 1_(\/6) -14 7

The inverse cosine function yields values only in quadrants I and

71. sin(2cos‘1 l)
5

-1 1

Let 8=cos™ —

5

, so that cosﬁz%.

II, and since 1 is positive, @ is in quadrant I. Sketch @ and label the sides of the right triangle. By

the Pythagorean theorem, the length opposite to 8 will be v/5° —1° = V24 =246.
y

2V6
A :

From the figure, sin 6 = ¥ Then, sin (2 cos™ %) =sin260 =2sin 8 cos @ = 2(2;/8}(

1}%

5 25
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72. cos (2 tan™* (—2))
Let 8 = arctan (-2), so that tan € =-2. Since arctan is defined only in quadrants I and IV, and -2 is
negative, @ is in quadrant IV. Sketch € and label a triangle with the hypotenuse equal to

J(22)" +17 =a+1=4/5.

[ 1 5
cosf=—=—
505
al *
2
3
1Y 2 3
cos(2tan’1 (—2))200529:20032 0-1=2| —=| -1==-1=-=
NG 5 5

73. sec(sec”' 2)

Since secant and inverse secant are inverse functions, sec (sec’1 2) =2.

74. csc (csc’l \/5) = CSC% =2

Also, since cosecant and inverse cosecant are inverse functions, csc (csc’1 \/5 ) = \/5

75. cos| tan™ i—cot’1 3
12 4
45 L4 5 3 .
Let or=tan B and f = tan 3 Then tano = o and tan = s Sketch angles ¢ and 3, both in

quadrant I.

y 3
% 3 B
4

> X

We have sina:i, cosazg, sin,B:é, and cos,B:i.
13 13 5 5

cos[tan1 %— tan™ %) =cos(a— ) =cosacos f+sinasin B

MR-
13 )\ 5 13 )\ 5 65 65 65
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76. cos (sin1 §+cos’1 ij
5 13

Letw, = sin’lg and @, =cos™ % Then sin @ =§ and cos @, =%. Sketch @, and @, in quadrant

L
y y
)
13
> 3 12
@y x @
. 4 . 12
We have sin ¢ =§, cos@, =—, cosSa, =i, and sin@, =—.
5 5 13 13

cos (arcsin%—karccos %) = cos (@, + @, ) = cos @, cos @, —sin @, sin @,
(A2 (22220 36 _ 16
5)\13 S5)\13) 65 65 65
77. sin(sin’l %+tan’1 (—3))

Let sin™' % =Aand tan™' (-3)=B. Then sin A =% and tan B =-3. Sketch angle A in quadrant I and

angle B in quadrant IV.
y y
1 i
1 ¥ X
2 1 ‘B
A . -3
T
N
We have cosA=£, sinA=l, cosB=L=@, and sinB=_—3=—@.
2 2 \/ﬁ 1 \/E 10

. oo 1 N . . .
sm(sm 1E+tan 1(—3)j=s1n(A+B)=s1nAcc)sB+cosAs1nB
1

_1 1 V3 3 1-3%38_V10-330
2.0 2 Vo 210 20
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78. tan[cosl ﬁ—sin" (_EJ]
2 5

Letor=cos™ %, B =sin"" [—gj Sketch angle ¢ in quadrant I and angle £ in quadrant I'V.

y y
[
4 X
2, | N
it x -3
J'3_ 5
1 3
We have tan = — and tan f=—=.
3 4
1_(_3) 4+3\3
4 43

N3 3)) _tana-tanf 3 B
tan(cos T—sm (ngtan(aﬂ)1+tanatanﬂ1+[1j[_3j4\/5—3

3)\ 4 43

_ 4433 _ 4433 3-443

433 3443 3-443

~12-25J3-36 _-48-253 _48+253
9-48 -39 39

For Exercises 79—82, your calculator could be in either degree or radian mode. Keystroke sequences may
vary based on the type and/or model of calculator being used.

79. cos(tan’l .5) 81. tan (arcsin .12251014)
co=(tan 1,500 e SRR
- 534427131 . 1234399811

cos(tan™! 5) = 894427191 tan (arcsin .12251014) = .1234399811

80. sin (cos’l '25) 82. cot (arccos .58236841)
_ lstanicos-10,. 3823
sintcos- 10,250 ead12a
HEE2458305 . F1E326486

cot (arccos .58236841) = .716386406
sin (cos™ 25) ~ 9682458366
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83. sin (arccosu)

u . T
Let @ = arccosu, so cos6=u=T. Since u >0, 0<6<E.

A

Since y > 0, from the Pythagorean theorem, y =~/1> —u* =+/1—u".

[ 2
Therefore, sin @ = llu =+/1-u*. Thus, sin(arccosu)lel—uz.

84. tan (arccosu)

u . T
Let 8 = arccosu, so cosBzuzT. Since u >0, 0<¢9<E.

A

Since y > 0, from the Pythagorean theorem, y =~/1> —u* =~/1—u".

1-u® 1-u®
. Thus, tan (arccosu)=
u u

Therefore, tan @ =

85. cos (arcsinu)

. . u . V4
Let @ = arcsinu, so smﬁzu:T. Since u >0, 0<€<5.

Since x > 0, from the Pythagorean theorem, x =~/1° —u”> =~/1-u’.

/ _ 2
Therefore, cos 8 = llu =+/1-u*. Thus, cos(arcsinu)lel—u2
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86. cot (arcsinu)

87.

88.

. . u .
Let @ =arcsinu, so sin@ =u =T. Since

u>0, 0<6<§. 0

x=v1-u?

A 4

Since x > 0, from the Pythagorean theorem, x =~/1° —u* =~1-u".

2 2

1- . 1-
Therefore, cot 8 = “ Thus, cot (arcsinu) = “
u u
. ( o uj
sin| sec” —
2
LU u . 1
Let 8 =sec E’ SO sec&zz. Since u >0,
u
T y=v\u-4
0<f<—. 0
2 >
2
Since y > 0, from the Pythagorean theorem, y =~u’ —2° =/u’ —4.
2 , 2
Therefore, sin @ = w -4 . Thus, sin (sec1 Zj L 4 .
u 2 u
[oo2)
cos| tan  —
u
L3 3 1
Let =tan™ —, so tan@=—. Since )
u u u+9
3
u>0, 0<f< % 0 .

From the Pythagorean theorem, r =~/u” +3> =+/u’ +9.
u uNu® +9
Nl +9 w49

Therefore, cos @ =

_ gj_ uvu® +9

. Thus, cos[tan =—
u - +9

u
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[

89. tan|sin”! “
u-+2

1

Let 8 =sin"

. Since u >0, 0<9<§.

W +2

0

2

A 4

Since x > 0, from the Pythagorean theorem, x = (\/u + ) =u® +2-u? \/_

L—uﬁ Thus, tan| sin™ “ _u\/z
N Gei2) 2

90. sec{cos ]
u? +5

Lu u
Let & =cos' ———, so cosf= )
Ju? +5 u? +5

A

Therefore, tan 6 =

Since u >0, O<€<§.

Since y > 0, from the Pythagorean theorem, x = (\/u + ) = +5-u* =A/5. Therefore,

u* +5 1 u Vu? +5
secd = . Thus, sec| cos = .
u Vu? +5 u

u Jz 1 _ 1 =\/u2+5
\/u2+5

u u

-1 u
COS| COS  — 2

Also note, sec [cos_l

355
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[, 2
91. sec(arccot 4-u ]
u

V4 -u’ 4-u’
, SO cotfd =
u u

Let @ = arc cot

. Since u >0, O<€<§.

A

2
From the Pythagorean theorem, r = (\/4—u2) +ut =A—u? +u® =J1=2.
_2N4-u? 4—u’ 2N4—u’
. Thus, sec| arccot = .

Therefore, sec @ =

\/— 4-u’ 4-u’

u

92. csc [arctan

/ 2
Let @ = arctan O—u , SO 3
u

_ 2
97" Since u>0, 0<0<Z. 6 ,
u 2 u

tan @ =

2
From the Pythagorean theorem, r = (\/9 —u’ ) +u> =\9—u® +u> =/9 =3. Therefore,
3 39—u’

_ 2 _ 2
cscl = = —. Thus, csc| arctan O—u =3 ? I:
9—u’ 9-u

93. (a) 6@ =arcsin

2 (422 ) +64(0
42? 1 1 .2
= arcsin = arcsin = arcsin = arcsin — = arcsin — = 45°
2(422)+o 2(422) 2 V2 2
(b) & =arcsin = arcsi
W%+ 64 2% + 384

—_—

As v gets larger and larger, / \/7 2 . Thus, 6 = arcsin £ =45°.
> +384 2 2 2

The equation of the asymptote is 8 = 45°.
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94. Let A be the triangle to the “right” of @ and let B be the angle to the “left” of . Then A+6+B=rx
(since the angles sum to z radians) and € =7 —A—B.

150 ft

100 ft

, SO B = arctan 5 .
100—x

Asaresult, 8=7r—B— A= 0= —arctan 5 —arctan(@ .
100—x X

tanA:@, SO Azarctan(EJ and tanB = 5
X X 100 —x

95. (9:tan1£ 2x j
x“+2

(a) x=1, 6=tan"( 21 j:tan‘l (ljzlgo

1" +2 3
(b) x=2,0=tan‘( 2 j=tanlg=tanl—~18°

2’ +2 6
() x=3, 6=tan"( 23 j:tan“izwo

37 +2 11
(d) tan(0+a):i1:£ and tan o = &

X X X
t 6+l
tan(ﬂ-}-a)—wjg_hjg_xmn9+l

l-tanf@tanax x 1—tan9[1) X x—tané

X

2(x—tanf)=x(xtan@+1)=2x—2tanf=x’ tan@+x = 2x—x = x" tan &+ 2 tan &

s 29:tan_'( 2x )
2 x +2

X+

x:tanﬁ(x2+2):tan9:

(e) If we graph y, =tan™' (xz J using a graphing calculator, the maximum value of the function
occurs when x is 1.4142151 m. (Note: Due to the computational routine, there may be a
discrepancy in the last few decimal places.)

Flakl Flakz Flak: WIHOOW

~MiBtan 1 Hs e +2 Amin=8

2 “max=16

~Me= necl=1

wMa= Ymin=-.85

why= Wax=1 ;J&“=n=____ﬁ_ﬁ__
S E= wacl=1 Haximur

=ME= Ares=1 #=1.4i4E1z® “¥=. 33003691 ¢
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96. Since the diameter of the earth is 7927 miles at the equator, the radius of the earth is 3963.5 miles.

Then cos 6 = 3963.5 _ 39635 and € = arccos 39635 1 80.48°.
20,000+3963.5 23,963.5 23,963.5
3963.5 mi
\0 —
3963.5 mi 20,000 mi
.. 20 2(80.48)
The percent of the equator that can be seen by the satellite is 360 100 = 360 =44.7%.

Section 6.2: Trigonometric Equations I

1. Solve the linear equation for cot x.

2. Solve the linear equation for sin x.

3. Solve the quadratic equation for sec x by factoring.

4. Solve the quadratic equation for cos x by the zero factor property.

5. Solve the quadratic equation for sin x using the quadratic formula.

6. Solve the quadratic for tan x using the quadratic formula.

7. Use the identity to rewrite as an equation with one trigonometric function.
8. Use an identity to rewrite as an equation with one trigonometric function.

9. -30° is not in the interval [00,3600).

w 3| . . . .
10. To show that {0,5,7} is not the correct solution set to the equation sinx=1-cosx, you must

show that at least one element of the set is not a solution.

T

Check x =0. Checkx:z. Checkx:%.
sinx=1-cos x sinx=1—cos x sin x=1-cos x
sin0=1-cos0 ? T T

0=1-1 9 s1nE:1—cosg ? sin3—7[=1—cos3—” ?

020 True 1=1—0 ? _1:1_0 ?
x=0 is a solution 1=1 True —1=1 False

T . . 3z . .
x=5 is a solution x=7 is not a solution

Note: In general when you square both sides of an equation or raise both sides of an equation to an
even power, you must check you solutions in order to eliminate any extraneous solutions that may
occur.



11.

12.

13.

14.

15.

16.
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2cotx+1=-1=2cotx=-2=cotx=-1
Over the interval [O, 27:) , the equation cot x =—1 has two solutions, the angles in quadrants II and IV

that have a reference angle of % These are 37” and %[

. 37 Tx
Solution set:  —, —
4 4

sinx+2=3=sinx=1

Over the interval [O, 271'), the equation sin x =1 has one solution. This solution is 5

Solution set: {%}

25inx+3:4:25inx:1:sinx:%

Over the interval [O, 271') , the equation sin x :% has two solutions, the angles in quadrants I and II

that have a reference angle of % These are % and 5—”

Solution set: {5,5—7[}
6 6

2secx+l=secx+3=secx=2
Over the interval [O, 271') , the equation sec x =2 has two solutions, the angles in quadrants I and IV
that have a reference angle of % These are % and 5?”

Solution set: {z, 5—”}
33

tan’ x+3=0=>tan’ x=-3
The square of a real number cannot be negative, so this equation has no solution.

Solution set: &

sec’ x+2=-1=sec’ x=-3
The square of a real number cannot be negative, so this equation has no solution.
Solution set: &
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17. (cotx—l)(\/gcotx+l):0

18.

19.

20.

cotx—1=0=cotx=1 or x/§c0t3c+1:O:x/gcotx:—lzcotx:—L:cotx:—T3

NG

Over the interval [0, 271'), the equation cotx =1 has two solutions, the angles in quadrants I and III

T T kY4 . 3
that have a reference angle of Z These are Z and —. In the same interval, cot x=—— also

has two solutions. The angles in quadrants II and IV that have a reference angle of % are 2z and

5_7r

3
. T 2w Sm 5S¢
Solution set:  —, —, —, —
4 3 4 3

(cscx+2)(cscx—x/§) =0

cscx+2=0=>cscx=-2or cscx—«/§20:>cscx:\/§

Over the interval [0, 27[), the equation csc x =—2 has two solutions, the angles in quadrants III and IV

that have a reference angle of % These are 7?” and % In the same interval, cscx = V2 also has

two solutions. The angles in quadrants I and II that have a reference angle of % are z and 3—”

4

. n 3n Tr 11z

Solution set:  —,—,—, —
4 4 6 6

cos’ x+2cosx+1=0
cos’ x+2cosx+1=0= (cosx+1)2 =0=cosx+1=0=cosx=-1
Over the interval [O, 271'), the equation cos x =—1 has one solution. This solution is 7.

Solution set: {7}

2c0s> x—/3cos x=0
2cos’ x—\/gcosx=0:>cosx(200sx—\/3_’)=0

cosx=0 or 2cosx—x/§=0:200sx=x/§:cosx=73

. . . . T 3
Over the interval [0, 271'), the equation cos x =0 has two solutions. These solutions are 5 and —.

2
. 3 . .
In the same interval, cos x = - also has two solutions. The angles in quadrants I and IV that have a

reference angle of 7 are Z and ﬁ
6 6 6

. r  3n 1z
Solution set:  —,—,—,——
6 2 2 6



21.

22,

23.

24,
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—2sin® x=3sin x+1
—2sin® x=3sinx+1= 2sin’ x+3sinx+1=0=(2sinx+1)(sinx+1) =0

2sinx+1=0= sinx:—% or sinx+1=0=sinx=-1
. . . 1 . .
Over the interval [0, 27), the equation sinx = 3 has two solutions. The angles in quadrants III and
T r 11z . .
IV that have a reference angle of E are ? and T In the same interval, sin x=—1 when the
angle is 3—”
g 2
. T 3 11z
Solution set:  —,—,——
6 2

2cos? x—cosx=1

2c0s? x—cosx=1=>2cos’> x—cosx—1=0= (2cosx+1)(cosx—1)=0

2cosx+1=032cosx=—ljcosx=—% or cosx—1=0=cosx=1

. . 1 . .
Over the interval [0, 27), the equation cos x = ) has two solutions. The angles in quadrants II and

III that have a reference angle of % are ZT” and 4%[ In the same interval, cos x =1 when the angle
is 0.
Solution set: {0,2—7[,4—”}

33

(cotﬁ—\/g)(Zsin0+\/§)=0

cotH—ﬁzO:cotHZ\/g or 25in¢9+\/§:0:ZSinﬁz—ﬁ:sinaz—g

Over the interval [O°, 360°), the equation cot 6 = V3 has two solutions, the angles in quadrants I and

IIT that have a reference angle of 30°. These are 210° and 330°. In the same interval, the equation

. 3 . .
sinf = 5 has two solutions, the angles in quadrants III and IV that have a reference angle of 60°.

These are 240° and 300°.
Solution set: {30°, 210°, 240°, 300°}

(tan @—1)(cos @—1)=0

tand—-1=0=tan@=1 or cosd—-1=0=cosf =1
Over the interval [O°, 360°), the equation tan @ =1 has two solutions, the angles in quadrants I and III

that have a reference angle of 45°. These are 45° and 225°. In the same interval, the equation
cos @ =1 has one solution. The angle is 0°.

Solution set: {0°, 45°,225°}
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25. 2sin@—-1=cscé

2sin@—-1=csc@ = 2sinf@—-1=

= 2sin? @—sinf =1

sin @
sin® @—sinf—1=0= (2sin@+1)(sinf-1)=0

25in€+1:O:sin€:—% or sinf-1=0=sinf=1

Over the interval [O°, 360°), the equation sin 6 = —% has two solutions, the angles in quadrants I1I

and IV that have a reference angle of 30°. These are 210° and 330°. In the same interval, the only
angle @ for which sin@ =1 is 90°.

Solution set: {90°, 210°, 330°}

26. tan9+1:\/§+x/§cot¢9

217.

28.

tan9+1:\/§+x/§c0t03tan€+1:\/§+

\/5 = tan® ¢9+tan¢9:x/§tan€+\/§
tan @

tan’ €+(1—\/§)tan9—\/§:03(tan€—\/§)(tan€+l):O
tanﬁ—\/§=0:>tan9=\/§or tanfd+1=0=tan 8 =-1

Over the interval [O°, 360°), the equation tan @ = \/5 has two solutions, the angles in quadrants I and

IIT that have a reference angle of 60°. These are 60° and 240°. In the same interval, the equation
tan @ =—1 has two solutions, the angles in quadrants II and IV that have a reference angle of 45°.
These are 135° and 315°.

Solution set: {60°,135°,240°,315°}
tan @—cotd=0

tan@—cot @ =0= tan 6 — =0=tan’ @—-1=0=tan’ f=1= tan O = £1

tan

Over the interval [O°, 3600), the equation tan 8 =1 has two solutions, the angles in quadrants I and III

that have a reference angle of 45°. These are 45° and 225°. In the same interval, the equation
tan @ =—1 has two solutions, the angles in quadrants II and IV that have a reference angle of 45°.
These are 135° and 315°.

Solution set: {45°,135°,225°,315°}

cos’ @=sin" 6+1
cos’ @=sin’ @+1=1—sin’ @ =sin> O+1=1=2sin’ §+1
2sin* @=0=>sin’ #=0=sinf=0
Over the interval [O°, 360°), the equation sin & =0 has two solutions. These are 0° and 180°.
Solution set: {0°,180°}



29.

30.

31.

32.

33.
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csc’ @—2cotf=0
csc” @—2cot §=0=>(1+cot’ @)—2cot @ =0=> cot’ #—2cot f+1=0
(cott9—1)2 =0=cotd-1=0=cotf=1
Over the interval [0°, 360°), the equation cot @ =1 has two solutions, the angles in quadrants I and III

that have a reference angle of 45°. These are 45° and 225°.
Solution set: {45°,225°}

sin” @ cos 6 = cos
sin” @ cos @ = cos @ = sin” @cos @—cos § =0 = cosﬁ’(sin2 6—1) =0
cos@=0or sin” @—1=0=>sin’ f=1=sinf==*1
Over the interval [0°, 360°), the equation cos @ =0 has two solutions. These are 90° and 270°. In

the same interval, the equation sin@ =1 has one solution, namely 90°. Finally, sin@=-1 has one
solution, namely 270°.

Solution set: {90°,270°}

2tan® @sin@—tan* 8 =0
2tan” @sin—tan’ §=0= tan’ 6(2sinH-1)=0

tan’ @=0=tan & =0 or 25in9—120:25in9:1:sin9:%
Over the interval [00,3600), the equation tan @ =0 has two solutions. These are 0° and 180°. In the

. . . 1 . .
same interval, the equation sin & =E has two solutions, the angles in quadrants I and II that have a

reference angle of 30°. These are 30° and 150°.

Solution set: {0°,30°,150°,180°}

sin® @cos* @=0
sin® @cos” =0
sin>@=0=sin@=0 or cos’ §=0=cos@=0
Over the interval [00,3600), the equation sin @ =0 has two solutions. These are 0° and 180°. In the
same interval, the equation cos @ =0 has two solutions. These are 90° and 270°.

Solution set: {0°, 90°, 180°, 270°}

sec’ @tan @ =2 tan 6

sec’ @tan @ =2tan @ = sec’ Btan @ —2tan O =0 = tan 9(sec2 6—2) 0

tan@=0or sec> @—2=0=>sec’ O =2 = sec =12
Over the interval [00, 3600) , the equation tan @ =0 has two solutions. These are 0° and 180°. In the

same interval, the equation sec 8 = V2 has two solutions, the angles in quadrants I and IV that have a
reference angle of 45°. These are 45° and 315°. Finally, the equation sec 6 = —/2 has two solutions,
the angles in quadrants II and III that have a reference angle of 45°. These are 135° and 225°.

Solution set: {0°, 45°, 135°, 180°, 225°, 315°}
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34. cos’ @—sin’ =0
cos? @—sin” @ = 0= cos’ 6—(1—0032 9) =0=2cos’8-1=0=2cos’ 8=1
cos’ 6=l:> cosﬂ=i\/1:>cos6=i£
2 2 2
Over the interval [00, 3600), the equation cos 8 = 72 has two solutions, the angles in quadrants I and

IIT that have a reference angle of 45°. These are 45° and 225°. In the same interval, the equation

2 . .
cosf = 5 has two solutions, the angles in quadrants II and IV that have a reference angle of 45°.

These are 135° and 315°.
Solution set: {450, 135°,225°,3 150}

For Exercises 35 -42, make sure your calculator is in degree mode.
35. 9sin’ #—6sinf =1
9sin® @—6sin@=1=>9sin’ f—6sinf—1=0
We use the quadratic formula witha =9, b =—6, and ¢ = -1.

6%436-4(9)(-1) _ 6£/36+36 _ 6172 _6£6v2 _ 1442

sin @ =
2(9) 18 18 18 3

1+\/§
3

Since sin @ = >0 (and less than 1), we will obtain two angles. One angle will be in quadrant I

+42

and the other will be in quadrant II. Using a calculator, if siné = IT =.80473787, the quadrant I
angle will be approximately 53.6°. The quadrant II angle will be approximately 180°—53.6° =126.4°.

1-v2
3

Since sinf@ =

<0 (and greater than — 1), we will obtain two angles. One angle will be in

quadrant III and the other will be in quadrant IV. Using a calculator, if sin 8= % =~ —.13807119,
then € =—7.9°. Since this solution is not in the interval [0°, 360°), we must use it as a reference angle
to find angles in the interval. Our reference angle will be 7.9°. The angle in quadrant III will be
approximately 180°+7.9°=187.9°. The angle in quadrant IV will be approximately

360°—7.9°=352.1°.

Solution set: {53.6°, 126.4°, 187.9°, 352.1°}



36.

37.
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4cos® @+4cosh =1

4cos* @+4cos@=1=4cos* @+4cosf—-1=0
We use the quadratic formula witha =4, b =4, and ¢ =-1.

A28 -4(4)(-)  4x32_ 4442 _-1x\2

0=
o 2(4) 8 8 2

is less than —1, which is an impossible value for the cosine function.

~1++2

2

Since cos @ = >0 (and less than 1), we will obtain two angles. One angle will be in quadrant I

—1+42

2
I angle will be approximately 78.0°. The quadrant IV angle will be approximately
360°—-78.0° = 282.0°.

Solution set: {78.0°,282.0°}

and the other will be in quadrant IV. Using a calculator, if cos 8 = =.20710678, the quadrant

tan’ @+4 tan9+2=0
We use the quadratic formula witha =1,b =4, and ¢ = 2.
—A£J16-4(1)(2)  4+16-8 —4+8 —4+22

tan 6 = = = = = 2+2
2(1) 2 2 2

Since tan & =—2++/2 <0, we will obtain two angles. One angle will be in quadrant II and the other

will be in quadrant IV. Using a calculator, if tan = —2++/2 =-5857864, then 6 ~—-30.4°. Since
this solution is not in the interval [0°, 360°), we must use it as a reference angle to find angles in the
interval. Our reference angle will be 30.4°. The angle in quadrant II will be approximately
180°—30.4°=149.6°. The angle in quadrant IV will be approximately 360°—30.4° =329.6°.

Since tan & =-2—-+/2 <0, we will obtain two angles. One angle will be in quadrant II and the other

will be in quadrant IV. Using a calculator, if tan 8 = —2-+/2=-3.4142136, then 6 ~=-73.7°. Since

this solution is not in the interval [0°, 360°), we must use it as a reference angle to find angles in the
interval. Our reference angle will be 73.7°. The angle in quadrant II will be approximately
180°—73.7°=106.3°. The angle in quadrant IV will be approximately 360°—73.7° = 286.3°.

Solution set: {106.3°, 149.6°, 286.3°, 329.6° |
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38.

39.

40.

3cot’ @—3cotd—-1=0
We use the quadratic formula with a =3, b =-3, and ¢ = -1.

—(3) (3 —=4(3)(-1) _3349+12 34421

te =
0 2(3) 6 6

3+4/21
6

Since cotd =

>0, we will obtain two angles. One angle will be in quadrant I and the other

34421
6

will be in quadrant III. Using a calculator, if cotf = =1.2637626, the quadrant I angle will be

approximately 38.4°. The quadrant III angle will be approximately 180°+38.4° =218.4°.

Since cotf= 3_;/5 <0, we will obtain two angles. One angle will be in quadrant II and the other
L . , 3-421 .
will be in quadrant IV. Using a calculator, if cot@ = 5 = —.26376262, the quadrant II angle will

1
1
3-421
6

The reference angle is 180°—104.8°=75.2°. Thus, the quadrant IV angle will be approximately
360°—75.2°=284.8°.

Solution set: {38.4°, 104.8°, 218.4°, 284.8°}

be approximately 104.8°. (Note: You need to calculate tan™ +180 to obtain this angle.)

sin® @—2sin8+3=0
We use the quadratic formula witha =1, b =-2, and ¢ = 3.

_224-(O0) _2:a-12 268 _2:22 s

.
o 2(1) 2 2 2

Since 1+ i\/z is not a real number, the equation has no real solutions.
Solution set: &

2cos* 0+2cos@—-1=0
We use the quadratic formula witha =2, b =2, and ¢ =-1.

2422 -4(2)(-1) _2+/4+8 _ 2412 _ 2423 _-1%43

cosf = —
2(2) 4 4 4 2

is less than —1, which is an impossible value for the cosine function.

~1+:3

2

Since cos @ =

>0 (and less than 1), we will obtain two angles. One angle will be in quadrant I

—1+\/§
2

and the other will be in quadrant IV. Using a calculator, if cos@ = =.36602540, the quadrant

I angle will be approximately 68.5°. The quadrant IV angle will be approximately
360°—-68.5°=1291.5°.

Solution set: {68.5°,291.5°}
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41. cot@+2cscd=3

42,

cos @ 2
. + .

sin@ sin
cos? @+4cos @+4 =9sin’ 8 = cos’ 6+4cos6’+4=9(1—cos2 6)

cos’> @+4cos@+4=9-9cos’ @ =10cos* @+4cos8-5=0

cot@+2cscfd=3= =3:>cos¢9+2=3sin9:>(cos49+2)2 =(3sin9)2

We use the quadratic formula with a = 10, b =4, and ¢ = -5.

—4£ 4 -4(10)(-5) 44164200 -4+216 -4+6J6 -2+36

cosf =
2(10) 20 20 20 10

Since cos @ =

# >0 (and less than 1), we will obtain two angles. One angle will be in quadrant

—2+3x/3 _
10 '

I and the other will be in quadrant IV. Using a calculator, if cos@ = 53484692, the

quadrant I angle will be approximately 57.7°. The quadrant IV angle will be approximately
360°—-57.7° =302.3°.

2-3J6

Since cos @ =_T< 0 (and greater than — 1), we will obtain two angles. One angle will be in
quadrant II and the other will be in quadrant III. Using a calculator, if
cosé :# =—.93484692, the quadrant II angle will be approximately 159.2°. The reference

angle is 180°-159.2°=20.8°. Thus, the quadrant III angle will be approximately
180° +20.8° =200.8°.

Since the solution was found by squaring both sides of an equation, we must check that each proposed
solution is a solution of the original equation. 302.3° and 200.8° do not satisfy our original equation.
Thus, they are not elements of the solution set.

Solution set: {57.7°, 159.2°}

2sin@=1-2cos @
25in¢9:1—200562(25in¢9)2 :(1—2005¢9)2 = 4sin’ @ =1-4cos@+4cos’ 0
4(1—cos2 6’)=1—4cos6+4c0s2 0= 4—4cos* @=1-4cos@+4cos* @

0=-3-4cos@+8cos’ &
We use the quadratic formula with a = 8, b = -4, and ¢ = -3.

~(4) (4 -4(8)(3) _ 416496 _4x V112 _ 447 147

cos@ =
2(8) 16 16 16 4

Continued on next page



368 Chapter 6: Inverse Circular Functions and Trigonometric Equations

42. (continued)

Since cos @ =

>0 (and less than 1), we will obtain two angles. One angle will be in quadrant I

147

4
angle will be approximately 24.3°. The quadrant IV angle will be approximately
360°—-24.3°=335.7°.

1+ﬁ
4

and the other will be in quadrant IV. Using a calculator, if cos 8 = = 91143783, the quadrant I

. 1-
Since cos @ =

<0 (and greater than — 1), we will obtain two angles. One angle will be in

1-7

quadrant IT and the other will be in quadrant III. Using a calculator, if cos@ = 7 =—41143783,

the quadrant II angle will be approximately 114.3°. The reference angle is 180°—114.3°=65.7°.
Thus, the quadrant IIT angle will be approximately 180°+ 65.7° =245.7°.

Since the solution was found by squaring both sides of an equation, we must check that each proposed
solution is a solution of the original equation. 24.3° and 245.7° do not satisfy our original equation.
Thus, they are not elements of the solution set.

Solution set: {114.3°,335.7°}
In Exercises 43 — 46, if you are using a calculator, make sure it is in radian mode.

43. 3sin® x—sinx—1=0

We use the quadratic formula witha =3, b =-1, and ¢ =-1.

—(-D)£y(-1)" =4(3)(-1) 151412 12413

2(3) 6 6

sin x =

Since sin x =

>0 (and less than 1), we will obtain two angles. One angle will be in quadrant I

+J13
6

1+«/§
6

and the other will be in quadrant II. Using a calculator, if sin x = ! = 76759188, the quadrant I

angle will be approximately .88. The quadrant II angle will be approximately 7 —.88 =2.26.

-3
6

. . 1
Since sin x =

<0 (and greater than — 1), we will obtain two angles. One angle will be in

-3
6

quadrant IIT and the other will be in quadrant IV. Using a calculator, if sin x = ! =—.43425855,

then x = —.45. Since this solution is not in the interval [O, 27[), we must use it as a reference angle to

find angles in the interval. Our reference angle will be .45. The angle in quadrant IIT will be
approximately 7 +.45 =3.59. The angle in quadrant IV will be approximately 27 —.45 = 5.83.

Thus, the solutions are approximately .9+ 2nz, 2.34+2nx, 3.6+2n7x, and 5.8+ 2n, where n is any
integer.



44.

45.

46.
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2cos’ x+cosx=1

2cos” x+cosx=1=>2cos’ x+cosx—1=0=(2cos x—1)(cos x+1)=0

2cosx—1=0:>cosx=% or cosx+1=0=cosx=-1

Over the interval [0, 2r), the equation cos x :% has two solutions. The angles in quadrants I and IV

that have a reference angle of % are % and 5?” In the same interval, cos x =—1 when the angle is

.

Thus, the solutions are §+ 2nr, 7w+ 2nx, and 5?”+ 2nr, , where n is any integer.
4cos’ x—1=0
) ) 1 1
4cos” x—1=0= cos x=Z:>cosx=iE

Over the interval [0, 2r), the equation cos x :% has two solutions. The angles in quadrants I and IV

T T hY/4 . 1 .
that have a reference angle of E are E and ? In the same interval, cos x = _E has two solutions.

The angles in quadrants II and III that have a reference angle of % are 2?” and 4—”

. 2 4 . . .
Thus, the solutions are £+2n7r,—”+2nﬂ', T”Jr 2nrx, and 5?”+2nﬂ', where n is any integer. This

. V4 2r . .
can also be written as 3 +nx and ?Jr nrz, where n is any integer.

2cos” x+5cosx+2=0
2cos’ x+5cos x+2=0=(2cosx+1)(cosx+2)=0
cos x =—2 is less than —1, which is an impossible value for the cosine function.

Over the interval [O, 27[), the equation cos x = —% has two solutions. The angles in quadrants II and

III that have a reference angle of % are 2?” and 4?”

Thus, the solutions are 2?”+ 2nr and 4?”+ 2n7m, where n is any integer.
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In Exercises 47 — 50, if you are using a calculator, make sure it is in degree mode.

47.

48.

49.

S5sec’ 6@ =6secd

5sec’ @=6sec = Ssec’ @—6secd=0=secd(5secd-6)=0
secd=0 orSSec9—6:0:>seCH=g

sec @ =0 is an impossible values since the secant function must be either =21 or < -1.

Since secd = g >1, we will obtain two angles. One angle will be in quadrant I and the other will be in

quadrant IV. Using a calculator, if secd = g =1.2, the quadrant I angle will be approximately 33.6°.

The quadrant IV angle will be approximately 360°—33.6° =326.4°.
Thus, the solutions are approximately 33.6°+360°z and 326.4°+360°n, where n is any integer.

3sin* @ —sin @ =2
3sin® —sin@=2=3sin’ f—sin@-2=0=(3sin6+2)(sind—1)=0
3sin0+2:0:>sin0:—§ or sin@—-1=0=sinf =1
sin@ =1 when 6 =90°.

Since sin @ = —% <0 (and greater than — 1), we will obtain two angles. One angle will be in quadrant

III and the other will be in quadrant IV. Using a calculator, if sinHz—%:—.66666667, then

6 =-41.8°. Since this solution is not in the interval [0°, 360°), we must use it as a reference angle to
find angles in the interval. Our reference angle will be 41.8°. The angle in quadrant III will be
approximately 180°+41.8°=221.8°. The angle in quadrant IV will be approximately
360°-41.8°=318.2°.
Thus, the solutions are approximately 90°+360°n, 221.8°+360°1, and 318.2°+360°x1, where r is any
integer.
2tan6
3—tan’ @
2tan @ ) )
m=1:> 2tan@=3—tan’ @ = tan’ f+2tan 6 -3=0= (tan 6 —1)(tan 6 +3) =0

tan@—-1=0=tan@=1 or tanf@+3=0=tan @ =-3

Over the interval [0°,360°) , the equation tan @ =1 has two solutions 45° and 225°. Over the same

interval, the equation tan @ =—3 has two solutions that are approximately —71.6°+180°=108.4° and
—71.6°+360° = 288.4°.

Thus, the solutions are 45°+360°n, 108.4°+360°n, 225°+360°n and 288.4°+360°n, where n is any
integer. Since the period of the tangent function is 180° the solutions can also be written as
45°+n-180° and 108°+n-180°, where n is any integer.



50.

51.

52.

53.
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sec’ @=2tan O +4

sec’ @ =2tan 0+4 = tan* @+1=2tan H+4 = tan’ 0—-2tanf-3=0=(tan@-3)(tan 6+1)=0
tanfd—-3=0=tanfd =3 or tanfd+1=0=tan 6 =-1

Over the interval [0°, 360°) , the equation tan 8 =—1 has two solutions 135° and 315°. Over the same

interval, the equation tan@=3 has two solutions that are approximately 71.6° and
180°+471.6°=251.6°.

Thus, the solutions are 71.6°+360°n, 135°+360°n, 251.6°+360°n and 315°+360°n, where n is any
integer. Since the period of the tangent function is 180° the solutions can also be written as
71.6°+n-180° and 135°+n-180°, where n is any integer.

The x-intercept method is shown in the following windows.

Flokl Flokz Flotz WIHDOL
SMABEE S inCEI—HF Amin=g
—COSHD Amax=6. 2831853,
wMe= Aecl=, 26179938, . .
Mr= VYmin=-5 -~ -~
~My= Ymax=3
W= wscl=1 2ara 2ara
~ME= Ares=1 %=.GE0CEEFE V=0 %=.GE0CEEFE V=0

Solution set: {.6806, 1.4159}

The intersection method is shown in the following screens.

Flokl Flotz Flots WIMDOL

SMIBEF-(cos(RanE Amin=g
Bmax=6. 2831853.. dﬂ_ﬂ____ﬂ—f Mﬁ_ﬂ_ﬂd_ﬂ—f

=NMzB.SE-1 wecl=.26179938..,
wMr= VYmin=-5 L
=My= Ymax=3
wWe= Wacl=1 Inkersection Inkterseckion
M= Ares=1 ¥z y=-1 ¥z 3PE00PP2 W= - B119951

Solution set: {0, .3760}

P=Asin (27 ft+¢)

(a) 0=.004sin [27[(261.63)t+§} = 0=sin (1643.87¢ + .45)

Since 1643.87¢ + .45 = nx, we havet = M, where n is any integer.
1643.87
If n=0,thent = .000274. If n=1, thent = .00164. If n =2, thent = .00355.
If n =3, thent = .00546. The only solutions for ¢ in the interval [0, .005] are .00164 and .00355.

(b) We must solve the trigonometric equation P = 0 to determine when P < 0. From the graph we can
estimate that P < 0 on the interval [.00164, .00355].

(¢) P <0 implies that there is a decrease in pressure so an eardrum would be vibrating outward.
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2
54. 342D cos@+hcos> 6 = 1612)
Yo
Vo =60,D=80,h=2
16-80° 128

.342(80)005(9—F2cos2 0= e = 2cos? @+27.36¢cos 0 = % =0=> cos’ ¢9+13.68cos€—T =0

We use the quadratic formula witha =1, b = 13.68, and c = —% .
128 512
~13.68+ [13.68* —4(—] —13.68+,/187.1424 + ——
\/ 9 - 9 -13.68 £15.6215
cosf = = ~ 5

2(1) 2

M is less than —1, which is an impossible value for the cosine function.

Since cos @ = —13.68+15.6215 >0 (and less than 1), we can obtain two angles. One angle will be in

2
quadrant I and the other will be in quadrant IV. Using a calculator, if cos & =.97075, the quadrant I

angle will be approximately 14°. The quadrant IV angle, however, is not meaningful in this

application.
1
55. V=cos27rt,0£t$§
z
(a) V=0,cos27rt=0:>27zt:cos’10:>27zt:£:>tzlzlsec
2 2r 4
i
4 r 3 _1
(b) V=.5,co82nt=.5= 2xt=cos” (5)=2wt=—"=>t=—"—=— sec
3 27 6
(¢) V=25cos2mt=.25= 27mt=cos’ (.25):>27rtz1.3181161:>tzw2.21 sec
V4

56. ¢=20sin| 2L~
1 2

(@ e=0=0=20sin Tr
4 2

Since arcsin 0 = 0, solve the following equation.

”—l—£=0:>ﬂ-—l=£31=2sec

4 2 4 2

Tt 7 3 Tt 7
b) e=10v3 = 1043 =20sin| ——= | = = =gin| — =
®) e ! [4 2) 2 ! [4 2]

Since arcsin ﬁ = % , solve the following equation.

rt 7 & 7wt 107w 10 1
B e :t:—sec=3§sec

4 2 3 4 12
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57. s(f)=sint+ 2 cost

@ 5()=50 a0 =5 7 =21 =20 esn( 5]

2 2

.
One such value is E .

0 s10=3 )27 oo 2] F 200§ ()

2 2

.
One such value is Z

58. In the second line of the “solution”, both sides of the equation were divided by sinx. Instead of
dividing by sin x, one should have factored sin x from sin’ x—sin x. In the process of dividing both
sides by sin x, the solutions of x =0 and x =7 were eliminated.

Section 6.3: Trigonometric Equations II

. 2 87 2r 2m 8&w T 4r . .| ar
1. Since 2x=—,27,—=>x=—,—,— = x=—, T,—, the solution setis  —,7,— ;.
3 3 6 2 6 3 3 3 3
. 1 T St Swm 27 107 107 w St 5S¢ . . |7 57 5m
2. Since —x=—,—,—=>x=—,—,—— = x =—,—,— the solution setis { —,—,— ;.
2 16 12 8 16 12 8 8 6 4 8 6 4

3. Since 36 =180°,630°,720°,930° = 6 = 1830 , 6330 , 7230 , 9330 = 6 =60°,210°,240°,310° the

solution set is {60°,210°,240°,310°}.
4. Since %9:45(’, 60°,75°,90° = 6 =135°180°, 225°,270°, the solution set is
{135°,180°, 225°,270°}.

tan 26 # tan @ for all values of 4.

6. If cot g - csc%—l =0 has no solutions in the interval [0, 2r), then the graph of y = cot%— csc -1

will have no x-intercepts in this same interval.

Flokl Flakz Flots W IMOOL
WP1BLAtancEA20-1] | Bmin=A
SEintEs2a-1 Bmax=6. 2831853,
M= Ascl=. 26179938
wMr= Ymin=-5

“My= Ymax=5
=Me= Yecol=1
wME= Hres=1
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7. cos2x=—
2
Since 0< x <27, 0< 2x <47, Thus, 2x=2% W 137 237 7 1z 13z 237
6 6 6 6 1271212 12
T 117r 137[ 237z
Solution set: —
12°12°12° 12
8. cos2x=——
Since 0< x<2x, 0<2x<4zx. Thus, 2x—2—”,4—7[,8—” 10—7[:>x—£ 2—”4—”5—”
3 3 3 3 33 3 3
. T 2rn 4rm Srx
Solution set:  —,—,—,—
33 3 3
9. sin3x=-1
Since 0< x <27, 0<3x <67, Thus, 3x=-F 2 Wr_ 7 7z llz.
2 2 2 2 6 6
Solution set: {Z Z,M}
2 6 6
10. sin3x=0
. T 2r dr Sr
Since 0< x<2x, 0<3x<6x. Thus, 3x=0,7r,27r,37r,47z',57z':>x=0,§,T,7r,T,?.
Solution set: O,Z,z—”,ﬂ,4—”,5—”
33 33
11. 3tan3x:x/§3tan3x:§
Since 0< x <27, 0<3x< 6.
n T 137 197 257 3lx . . Trn 137 197 257 31x
Thus, 3x=—,—,—,—,——,— implies x=—, —, —, —, ——, —
6 6 6 6 18 18 18 18 18
. Trx 137 197 257 31z
Solution set: { —, —, —, ——, ——, ——
8 18 18 18 18 18
12. cot3x=~/3
Since 0< x <27, 0<3x< 6.
n Trn 137 197 257 31x . n Tr 137 197 257 31x
Thus, 3x=—,—,—, —,——, — implies x=—,—,—, —,——,—



13.

14.

15.

16.

17.

Section 6.3: Trigonometric Equations II

x/ECOSZx:—I:cost:__lz_ﬂ

2 2

Since 0< x <27, 0< 2x <47, Thus, 2x =% 2% 1z B3z 37 5z 1z 137
4 4 4 4 8 8 8 8
. 37 5 11z 13«
Solution set:  —,—,—,—
8 8 8 8

2\/§sin2x=x/§:>sin2x=%

Since 0< x< 27, 0<2x<4r. Thus, 2x=2 2% Bz Uz 7 s>z Bz iz,
6 6 6 6 12 12 12 12
. w 5Sn 13n 1irx
Solution set:  —,—,——,——
12 12 12 12

sin£=x/§—sin£
2 2

2
2

sinﬁzﬁ—sinfjsin£+sin£:\/§:>25in£:x/5:>sinfz
2 2 2 2 2 2

Since 0< x< 27, 0< S <7 Thus, Y= Z 3% . 3%

2 2 44 22
Solution set: {Z , 3—”}

272
tan4x =0
Since 0< x<27x, 0<4x<8x.
Thus, 4x = 0, 7, 27, 37, 47, 57, 67, 77 implies x=0,% % 3% 5 3% 3% 1%
424742 4

Solution set: {O,

&N

w3 5w In
72747 9 472’ 4
sin x = sin 2x

sin x = sin 2x = sin x = 2sin x cos x = sin x—2sin xcos x =0 = sin x (1-2cos x) =0

Over the interval [O, 271'), we have the following.

l—2cosx:0:>—ZCosx:—ljcosx:%:ng or 5?”

sinx=0=>x=0ornx

Solution set: {0, z , T, 5—”}
3 3

375
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18. cos2x—cosx=0
We choose an identity for cos2x that involves only the cosine function.

cos2x—cosx =0=>(2cos” x—1)—cos x=0=>2cos’ x—cosx—1=0=> (2cos x+1)(cos x—1) =0
2cosx+1=0o0r cosx—1=0
Over the interval [O, 271'), we have the following.

2cosx+1=0:>200sx=—1:>cosx=—l:>x=2—7[0r4—”
2 3 3
cosx—1=0=cosx=1=x=0
Solution set: {O, 2—” s 4—”}
33
19. 8SCCZ£=4:>SCCZ£=12>SCC£=i—2
2 2 2 2 2

. 2 . . . 2 . . . . .
Since —7 is not in the interval (—oo, —1] and 7 is not in the interval [l,oo), this equation has no

solution.
Solution set: &

20. sinz%—2:0:Sin2§:2:>sin%=i\/§

Since neither —JE nor ﬁ are in the interval [—1,1], this equation has no solution.

Solution set: &

21. sini =CosS d
2 2

sinX=cos X = sin? X = cos? X = sin* L =1—sin® > = 2sin® > =1
2 2 2 2
sin2£=1:>sin—=i l:>sn£=i£
2 2 2 2 2
Since 0<x<2x, 0S£<ﬂ'. If sin£=—2,£=£,3—”:>x=£,3—”. If sin£=—£,thereare
2 2 2 2 4 4 22 2 2

no solutions in the interval [0, 7[)

Since the solution was found by squaring an equation, the proposed solutions must be checked.

T 3
Check x =— Check x =—
2 2
. X X
SIn — = COS — sinfzcosi

2 2 2 )

r r 3z 3z
.2 2 5 5
sin = =cos— ? 2 2 5

sin —=— = cos —= ?

2 2 ) )

4 V4
sm—:cosz ? sin3—”:cos3—” ?

4 4

QZQ True Q:—Q False

2 2 ) D)

T . .
— is a solution. 3z . .
2 7 is not a solution.

Solution set: {% }
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22. sec X cos X
2 2

X X 1 X ) X X
SeC—=C0S—=>———=Cc0S—=c0s" —=1=cos—==1
2 X 2 2 2
cos —

Since 0<x<27, os%«:. Thus, §=O:>x=0.

Solution set: {0}

23. cos2x+cosx=0

We choose an identity for cos2x that involves only the cosine function.
cos2x+cosx=0= (ZCOS2 x—l)+cosx =0=2cos’ x+cosx—1=0=(2cos x—1)(cosx+1)=0
2cosx—1=0or cosx+1=0

Over the interval [O, 271'), we have the following.

2cosx—1:O:>2cosx:1:>cosx:l:>x:Z ors—ﬂ
2 3 3
cosx+l=0=cosx=—-1=x=rx
Solution set: {Z, T, 5—”}
3 3
. 1
24. sinxcosx=—
4
. 1 . 1 . 1
Ssinxcosx=—=>28inxcosx=—=>sin2x=—
4 2 2
Since 0< x< 27, 0< 2x <47, Thus, 2v=2% 2% 137 7z 7 >z 13z 17z
6 6 6 6 12 12 12 12

. n Srm 137 17«
Solution set:  —,—,——,——
12 12 12 12
25. 2sin36-1=0
NG

\/Esin36—1=0:>\/Esin39=1:>sin39=L:>sin36=—
D 2

Since 0 <6 <360° 0°<30<1080°. InquadrantI and II, sine is positive. Thus,
36 =45°,135°,405°, 495°,765°,855° = 6 =15°,45°,135°,165°, 255°, 285°.
Solution set: {15°, 45°,135°,165°, 255°, 285°}

26. —2co0s20=+/3
3

—2co0s26 = \/5 = co0s260= —7
Since 0 <6 <360° 0°<26<720° In quadrantII and III, cosine is negative.
Thus, 26 =150°,210°,510°,570° = € =75°,105°, 255°, 285°.
Solution set: {75°, 105°, 255°, 285°}
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27. cosg =1
2

Since 0 < 8 <360°, O°S§<180°. Thus, §=0°:€=0°.

Solution set: {0°}

28. sing =1
2

Since 0 <6 <360°, 0°< g <180°. Thus, g =90°= 6 =180°.

Solution set: {180°}

29, 2\/§sin§:3
33 _ . 0_\3

2\/§sing=33sing=i:>sing=—3s1n =—
2 2 2\/5 2 6 2 2
0

Since 0 <6 <360° 0°< 2 <180°. Thus, g =60°120° = 6 =120°,240°.

Solution set: {120°,240°}

30. 243 cosg =-3

3 6 3

Zﬁcosgz—S:cosgz—: coOsS—=———

23 2 2
. 0 0
Since 06 <360°, 075~ <180°. Thus, 2 =150°= 6=300"

Solution set: {300°}

31. 2sin@=2cos26
2sin@=2cos26 = sin @ = cos 20 = sin @ =1—2sin’ 9

2sin’ @+sinf—1=0=(2sin §—1)(sin6+1)=0
2sin@—-1=0or sin@+1=0
Over the interval [O°, 360°), we have the following.
25in€—1:0325in€:1:sin€:%39=30° or 150°

sinf+1=0=sinf=-1=6=270°
Solution set: {30°,150°,270°}

32. cos@—-1=cos268
cos @—1=c0s26 = cos@—1=2cos’ §—1= 2cos’ §—cos§ =0=> cos&(2cos 6 —1)=0

Over the interval [O°, 360°), we have the following.
cos@=0= 68=90° or 270°

2c0s6—1=032c0s49=1:>cos49=%:>49=60° or 300°

Solution set: {60°,90°,270°,300°}
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In Exercises 33 — 40, we are to find all solutions.

33. 1-sin@=cos 260
1-sin 6 = cos 20 = 1—sin @ =1-2sin’ = 2sin* f—sin & =0=>sin §(2sin—1) =0
Over the interval [O°, 360°), we have the following.
sinfd = 0= 6 =0° or 180°
2sinf—1=0 = sin @ = % = 6 =30°or 150°

Solution set: {0° +360°n, 30°+360°n, 150°+360°1, 180°+360°n, where n is any integer} or

{180°n, 30°+360°n, 150° +360°n, where n is any integer}

34. sin26=2cos’ @
sin 20 =2cos” @ = 2sin @cos @ =2 cos’ @ = cos” @—sin & cos & =0 = cos 0 (cosf—sinf) =0
Over the interval [O°, 360°), we have the following.
cos@=0=6=90°or 270°

sin@

cos @—sin @ =0 = cos@=sinf = =l=tan@=1= 6 =45° or 225°

cos@
Solution set: {45° +360°n, 90°+360°n, 225°4+360°n, 270°+360°n, where n is any integer} or
{45°+360°n, 90°+180°1, 225°+360°n, where n is any integer }

35. csc’ —=2secl

[
2
CSCZQ:2sec€: ! = 2 :ZSinZQZCOSH

2 20 cos@ 2

sin

2
Over the interval [O°, 360°), we have the following.

2(1_0089)2005931—005920059:1:2cos¢930059=%

0059:%2 8 =60° or 300°

Solution set: {60°+360°n, 300°+360°n, where n is any integer }

36. cos @ =sin’ g

1—cos @

cos @ = sin’ gzcosﬁz = 2cos¢9:1—cos¢933cos€zlzcos9:%
In quadrant I and IV, cosine is positive. Over the interval [00, 3600), we have the following.

cosf = % = 6 =70.5° or 289.5°

Solution set: {70.5°+360°n, 289.5°+360°n, where n is any integer }
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37. 2-sin260 =4sin 26
2—sin29:4sin2932:55in293sin29:§: sin 260 = .4

Since 0 <8 <360° 0°<260<720°. Inquadrantl and II, sine is positive.

sin 20 = .4 = 26 = 23.6°,156.4°,383.6°,516.4°
Thus, 6=11.8°78.2°,191.8°,258.2°.

Solution set: {1 1.8°+360°n, 78.2°+360°n, 191.8°4+360°n, 258.2°+360°n, where n is any integer}
or {11.8°+180°n, 78.2°+180°n, where n is any integer }

38. 4cos26 =8sinfcosf
4c0s 26 =8sin @ cos @ = 4 cos 26 =4 (2sin @ cos @) = 4 cos 20 = 4sin 26 = tan 26 =1

Since 0 <60 <360° 0°<26<720° Inquadrant I and III, tangent is positive.

Thus, 26 =45°,225°,405°,585° = 6 =22.5°,112.5°,202.5°,292.5°.

Solution set: {22.5° +360°n, 112.5°+360°, 202.5°4+360°n, 292.5°+360°n, where n is any integer}
or {22.5°+180°n, 112.5°+180°n, where n is any integer }

39. 2cos’ 20 =1-cos 28
2cos’ 20 =1—cos 20 = 2cos’ 20 +cos 20 —1=0= (2cos 26 —1)(cos 26 +1) =0

Since 0 < 6 <360° = 0°<26 < 720° we have the following.

2¢0820—-1=0=2co0s20 =1=cos26 :%
260 =60°, 300°, 420°, 660° = 6 = 30°, 150°, 210°, 330°

or
c0s20+1=0=cos26 =-1

20 =180°, 540° = 0 =90°, 270°
Solution set: {30°+360°n, 90°+360°n, 150°+360°n, 210°+360°n, 270°+360°n,
330°+360°n, where n is any integer} or
{30°+180°n, 90°+180°n, 150°+180°1, where n is any integer }

40. sin@-sin20=0
sin@—sin26 =0 = sin @—2sinHcos § =0 = sin & (1-2cos ) =0
Over the interval [O°, 360°), we have the following.
sind=0= 6 =0°or 180°

1—2cos€=0:>200st9=1:>cost9=%:>49=60° or 300°

Solution set: {0° +360°n, 60°+360°n, 180°+360°n, 300°+360°n, where n is any integer} or
{180°n, 60°+360°n, 300°+360°n, where n is any integer}
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41. The x-intercept method is shown in the following windows.

42,

43.

44.

Flakl Flakz Flak:
I?1EEEih(2H)—H3+

W IHOICW
Amin=H

HMmax=6. 28318353

“Mr= necl=, 26173938,
Mr= Ymin=-5

=Ny= Ymax=3

=Ne= Yecl=

“NE= Ares=

0o

cx
"=

4
1.zH01BEE Y=

Solution set: {1.2802}

The intersection method is shown in the following screens.

Flokl Flekz Floks WINDOL
g'-:.l-HESi:DE.':HKE}H"i Eminfg SRt
W2 B -, SR Weel=. 26179935, | [ e
wMr= Ymin=-5
wMy= Wmax=3
mhE= wscl=1 Inkersection Inkerseckion
~HE= Hres=1 ¥z §9iB7Ed7 v=1.6540639 | |H=Z.0Bi9699 Y=.95801505
Solution set: {.6919, 2.0820}
TR YT

-1 0. =in T min=

Ha+ BRI I2in(6EA]| HKmax=.@3 “W\ |w|. I|“'~1| I"‘

St | o hes

I . =in min=-.

15482 Yrax=. 8685 LWJ LHJ LﬁJ

wMe= Yo l=. B85

“Mr= Ares=1

(b) The graph is periodic, and the wave has “jagged square” tops and bottoms.

(¢) The eardrum is moving outward when P < 0.

L]
R OOYEYEYE Y=

cakn
n=

00808081 Y=0

L]
H=.0lXEXEXE W=

L]
W=.0iB1818z W=

cekn
n=

QzEfefed Y=o

]
W=.0EEFEFE? V=0

This occurs for the time intervals (.0045,.0091),(.0136,.0182),(.0227,.0273).

(a) 3 beats per sec

Flakl Flakz Flak: W IHOOL
~MBLEASsincddan) | Amin=. 15
A1t BAS=sincddema| | Bmax=1.15
a BECl=.85
wMe= Ymin=-.@1
wMr= Ymax=.d
=My= Yacl=.H881
=Me= #res=1

Continued on next page
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44. (continued)
(b) 4 beats per sec

Flokl Flotz Floks W IHOD

SR BESsincddBn| | Bmin=. 15

B BE3sincd3I2mE| | mmax=1.13

a necl=.d@5

we= Ymin=-,01

wa= Ymax=.81

wy= Ysol=. 801

wYe= ares=1

(c) The number of beats is equal to the absolute value of the difference in the frequencies of the two
tones.
45. (a) Flokl Flotz Flots LW THOOL

SMBC1AZ20sincZ2nk| | Bmin=A
Z22AEIFC1ATsing 2] | BEmax=. 83
nkIFER I+l dasin] | Kescl=.81

s T Ymin=-1
wMe= Ymax=1
wMr= Yecl=.5
MNy= #res=1

(b) .0007586, .009850, .01894, .02803

X
7.EHEE-Y  Y=.OHzZHEOZY

oLl

lLJ' ]. NI, ILJ' l WL ]
Haxirum Haxiriur
¥Z0iRAzPy0 Y= OEZAYEE Y= 0zAOZBEPE Y=.9EZE4PHZ
(¢) 110Hz
(d) [ Frert Frokz Flotz WIMOO
SMMBsinc2rkllBRa ] | Rmin=@
+01 202 int2nE2ZE] | Brmax=. 83
Al s int2nkE] | Kecl=.81
I+l A4 asindZn] | Ymin=-2
e [ 2 Ymaw=2
“Ne= Yazl=1
“Nr= Ares=1
46, h=4+ gn2E5
3 3 365
(a) Find x such that & = 14.
35 7 . 2mx 35 7 . 2mx 7 7 . 27mx . 2mx
l4=—+—=-sin——=14——=—sin——=—=—sin =sin——=1
3 3 365 3 3 365 3 3 365 365

\

2
2TX 7 omn=x=|Zaomn|[292] 239 4365, 91,25+ 365n, nis any integer.
365 2 2 ) 4

x =91.25 means about 91.3 days after March 21, on June 20.

Continued on next page
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46. (continued)

27 x . ..
takes on its least value, which is —1.

(b) h assumes its least value when sin

2w x 2 x 37
—=—-1= =—+2wn
365 365 2

x= [%i 2 nj [Szﬂj = @i 365n =273.75+£365n, n is any integer.
V3

x =273.75 means about 273.8 days after March 21, on December 19.

sin

(¢) Leth=10.
10230 760 22 30235+ 7sin 225 = 5= 7 5in 222
3 3 365
23— inZEE o 71428571 = sin| 22X
7 S 365
In quadrant IIT and IV, sine is negative. In quadrant III, we have the following.
27 x 365

——— =71 +.79560295 =~ 3.9371956 = x =~ ——(3.9371956) =~ 228.7
365 2

x =228.7 means 228.7 days after March 21, on November 4.
In quadrant IV, we have the following.
2mx =27 —.79560295 = 5.4875823 = x = ﬁ(5.4875823) =~318.8
365 2
x = 318.8 means about 318.8 days after March 21, on February 2.
47. i=1__ sin2rxft

max

Leti=40, I, =100, f = 60.
40 =100sin[ 277 (60) | = 40 =100sin 1207 ¢ = .4 =sin 1207 ¢

Using calculator, 1207z ¢ = 4115168 = ¢ = % =1 =.0010916 =t = .001sec.
T

48. i=1_, sin2rxft
Leti=50, I, =100, f =120.

50 =100sin[ 27 (120) ] = 50 = 100sin 2407 1 = sin 2407 t =%

24071 =" ==L~ 0007 sec
6 1440

49. i=1_ sin2rxft
Leti=1__, f=060.

max °

Ly =1 sin[zﬂ(6o)z]:>1=sin120m:>120m=£:>120t=1z>t=iz.oo4sec
e 2 2 240

50. i=1,, sin2rxft

Leti:%I f =60.

max

1

! =1, sin[27(60)t | = 12071 = 1200 =T = 1= -~ 0014 sec
: 2 6 720

Y Imax
2
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Section 6.4: Equations Involving Inverse Trigonometric Functions

1.

10.

11.

12.

13.

14.

15.

16.

17.

Since arcsin 0 = 0, the correct choice is C.

. T . .
Since arctan 1 = Z, the correct choice is A.

= , the correct choice is C.

Since arccos [— T

B o
2
. . 1 T .
Since arcsin _E = —g, the correct choice is C.

y=5cosx= §=cosx3x=arccos§
4y = sin x = x = arcsin 4y

2y =cot3x = 3x=arccot 2y = x:%arccot 2y

6y :%secx:IZy =secx => x =arcsec12y

1
y :3tan2x:§:tan2x: 2x:arctan§: x:—arctang

y=3sin£:>l=sin£:>£=arcsin1:>x=2arcsinl
2 3 2 2 3 3

y:600522%:cosfzﬁzarccos%:x:4arccosl

X . X x . .
y=—s1n§:>sm§=—y:>§=arcs1n(—y):>x=3arcs1n(—y)
1
y=—2cos5x:>—l=c0s5x35x=arccos ~ 1= x =~ arccos| -2
2 2 5 2
y:3cot5x:c0t5x:l:5x:arccotl:x:larccotZ
3 3 5 3
y =cos (x+3) = x+3 =arccos y = x =—3+arccos y
1
y:tan(2x—1):>2x—1:arctany:>2x:1+arctany:>x:E(l+arctany)

y=sinx—2= y+2=sinx= x=arcsin(y+2)



18.

19.

20.

21.

22,

23.

24,

25.

26.
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y=cotx+1= cotx=y—-1= x=arccot(y—1)

+4 +4
y:2sinx—4:>y+4:2sinx:>yT:sinx:Mc:arcsin(y2 j

—4 -
y=4+3cosx= y—4=3cosx:>y?:cosxzwc:arccos[y3 j

Firstly, sin x—2 #sin(x—2). If you think of the graph of y =sin x—2, this represents the graph of
f (x)=sinx, shifted 2 units down. If you think of the graph of y =sin(x—2), this represents the
graph of f (x)=sinx, shifted 2 units right.

cos™' 2 doesn’t exist since there is no value x such that cos x = 2.

. vy 3y 3r y V2 o2

:7[:>COS_———:}—:COS_:_:__:y:
4 4 4 4 4 2

—Cos~

<

Solution set: {—2\/5 }

3
'y=r=4tan" y=3r=tan" y=—"=

4 +4tan”
4

a4 . T V4 . 3z . o . .
The range of tan™' y is Y <y< > Since Y is not in this interval, the equation has no solution.

Solution set: &

2arccos(y;”j =2

2arccos(y_”j:27r:>arccos(y;”j:7z:>¥:cos”
¥=—1:>y—ﬂ'=—3:>y=ﬂ'—3
Solution set: {7 -3}
( Ej T T T B o 33+27
arccos| y—— |=—=> y-—=cosS—=> y=—+—>> y=———
3 6 3 6 2 3 6

Solution set: {

3«/§+27r}
6
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. 3
27. arcsin x = arctan Z

3
Let arctan Z =u, SO tanu =

V3 +42 =\9+16 =25 =

%, u is in quadrant I. Sketch a triangle and label it. The hypotenuse is
5.

Py

Therefore, sinu =

3 . . . . 3
— . This equation becomes arcsin x =u, or x =sinu. Thus, x =—.
r

W | W

Solution set: {%}

5
28. arctan x = arccos —

Let arccos % =u, SOCOS U = % Sketch a triangle and label it. The side opposite angle u is

V132 =52 =4/169-25 =+/144 =12.

13
12

12 . 12
Therefore, tanu = ? The equation becomes arctan x =u, or x=tanu. Thus, x=—.

Solution set: {%}



29. cos™ x=sin

30.

31.

Section 6.4: Equations Involving Inverse Trigonometric Functions

-1

w|w

: % =u,so sinu = % . Sketch a triangle and label it. The hypotenuse is

T = T8 =B =5

Let sin”~

4 . 1 4
Therefore, cosu = g The equation becomes cos™ x =u,or x =cosu. Thus, x=—.

Solution set: {%}

1 L 4
cot x=tan —
3

Let tan™ %= u,so tanu = % Sketch a triangle and label it. The hypotenuse is

V3 +4> =J9+16 =25 =5.

3 . _ 3
Therefore, cotu = Z The equation becomes cot "x=u,orx=cotu. Thus, x==.

Solution set: {E}
4

1

. 4 T
sin” x—tan  1=——

. _ T . _ T . V1 . .
s1n1x—tan11:—Z:smlx:tanll—zzsmlx:Z——:smlx:0:sm0:x:x:0

Solution set: {0}

387
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4 2

32. sin' x+tan' /3 =3

&

— 4 2z — T 2z I V4 LT
sin -~ x+tan \/_:T:SIH X+—=?2SIH X=—=XxX=SiIn—=> x=——

Solution set: {?}

. 3
33. arccos x+2arcsin— =7

. 3 . N3 B

arccos x + 2 arcsin 7 =T = arccos x = 7 —2arcsin — => arccos x =7 —2| —
2r T T 1
arccosx=7t—7:>arccosx=§:>x=cos—:>x=—

Solution set: {%}

3

34. arccos x+ 2 arcsin 7 =

Wy

arccosx+2arcs1n7=§:>arccosx+2 E =§:>arccosx=——

T . . . .
3 is not in the range of arccos x. Therefore, the equation has no solution.

Solution set: &

. T
35. arcsin 2x+arccos x = E

. T . T . T
arcsin 2x +arccos x = g = arcsin 2x = g —arccos x = 2x =sin| ——arccos x

Use the identity sin (A — B)=sin A cos B—cos Asin B.

. T T .
2x =sin o cos (arccos x) —cos —sin (arccos x)
X
Let u = arccos x. Thus, cosu=x=—.

sinu =v1—x*

1-x2

X

Continued on next page
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35. (continued)
2x=sin%-cosu—cos%sinu:2x=%x—§(\/1—x2):>4x=x—\/§-\/1—x2
2
3x=—31-x" = (32)" = (3127 ) 500 =3(1-x)

9x* =3-3x" = 12x* =3=x’ =%=l:>x=i

Check these proposed solutions since they were found by squaring both side of an equation.

Check x = l Check x = —l.
2 T
. V1 T
arcsin 2x+arccosx:€ arcsin2x+arccosx:g
. 1 1y = 1 Y 7z
arcsin| 2-— |+arccos| — |=—7 arcsin| 2-—— |+arccos| —— |=—?
2 2) 6 2 2] 6
2422y _z 2 _m,
2 3 6 2 3 6
Sk« T T
— =— False =z
6 6 6 6True

1. .
— is not a solution. 1. .
2 —5 is a solution.

Solution set: {—%}

. . T
36. arcsin 2x+arcsin x = 5

. . T . T . . T .
arcsin 2x + arcsin x = — = arcsin 2x = ——arcsin x = 2x =sin| ——arcsin x
2 2 2
Use the identity sin (A — B) = sin A cos B — cos A sin B.
2x =sin 3 cos (arcsin x) —cos 3 sin (arcsin x)
2x =1-cos (arcsin x)—0-sin (arcsin x) = 2x = cos (arcsin x)

. . X
Let arcsin x =u, so s1nu:x:T.

1t cosu =+1-x’

Continued on next page
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36. (continued)

Substitute v/1—x* for cos (arcsin x) to obtain the following.

NG

2x=4l-x* =24 =1-* =5 =1= &’ =%:>x=i?

Check these proposed solutions since they were found by squaring an equation.

NS (5 (N5 w5 .
x=?: Since arcsin 2-? +arcsin ? =E, —— 1is a solution.

ﬁj r =5

X = —g : Since arcsin (2%} +arcsin (—? =——, —— is not a solution

2
Solution set: {g}

_ _ T
37. cos™ x+tan™ x:E

-1 -1 T -1 T -1 T -1
COsS x+tan x=—=—=C0S x=——tan X —=> X=COoS| ——tan x
2 2 2
Use the identity cos(A — B) = cos A cos B + sin A sin B.
T _ . T . _ _ . — . —
X = C0OS—CO0S (tan ! x)+s1n—s1n(tan ! x):x:O-cos (tan ! x)+1-s1n (tan ! x)zx:sm (tan ! x)
2 2

Let u=tan' x. So, tan u = x.

ViTE

i

. ) . X . . - X
From the triangle, we find sinu = ——, so the equation x =sin (tan ! x) becomes x = .
1+x° N1+ x°

Solve this equation.

X
x= =S xVl+x’ =x= xWl+x* —x=0= x[V1+x* —1]=0
VI+x? ( )

x=0o0rvVl+x* —1=0=Vl+x* =121+’ =1=>x*=0=>x=0
Solution set: {0}
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38. sin'x+tan'x=0

sin"x+tan” x=0=sin' x=—tan x => x = sin(—tam’1 x) =x= —sin(tan’l x)

Let u=tan' x. So, tan u = x.

iTE

i

X

V1+x? '

From the triangle, we find sinu =

X . . -1
\/7 , so the equation x =—sin (tan x) becomes x =—
1+ x*

Solve this equation.

x=- a = xVl+x* =—x = x4+ x? -i—)c=0:>x(\/1-i-)c2 +1)=0
NIFSS

x=0orVI+ 2 +1=0=Vl+xX  =—1=1+x*=1=2x*=0=x=0
Solution set: {0}

39. [TFiert Flotz plots WO
S Bsin 1 E -0z | H¥min=a
LERI-TAG Amax=z
wMe= necl=.5 A
“Mr= VYmin=-3.141592..
“My= Ymax=3. 1415926,
<M= Mecl=, 26179938, | |55
“Me= Ares=1 HZ HEENZEY =0
40. [TFiett Flotz Flots WO
S Bsin 1 E —cos] | H¥min=a
3 Hmax=2 A
~NezEnLE necl=.5 =
“Mr= VYmin=-3.141592..
“My= Ymax=3. 1415925
<M= Mecl=, 26179938, | [Tntersection
“Me= Ares=1 ¥z BEANZEY  Y¥=.5zZEOEPE

41. The x-intercept method is shown in the following windows.

Flakl Flakz Flak: W IHOOL
SM1RChan CE 2 E-E] | Emin=E
+2 HMAE=E
x$2= ﬁ5;1=13 141592
wMa= min=-3. -
Wiy = Vpax=3, 1415926 T
M= Yoo l=,26172938. | [Sere
=ME= #res=1 ASHMEZENET Y=O

Solution set: {4.4622}

42. The intersection method is shown in the following screens.

Flotl Flotz Flotz
SMAEmsin 1. 2503

SMeB-TOED
wMr=
“My=
“Me= .
“ME= Hres=l

Solution set: {2.2824}

ki
c.2Bz41zE Y=-1.E107EA
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43. A:\/(A1 cos@ + A, cos @)’ +(A sing + A, sing, )’ and ¢:arctan[A' sind + 4, Sm%}

A cosg+ A, cosp,
Make sure your calculator is in radian mode.
(a) Let A =.0012, ¢ =.052, A, =.004, and ¢, =.61.

A=(.0012c05.052 +.004c0s.61)’ +(.00125in.052+.004sin.61)’ = 00506

.0012sin.052 +.004sin .61
¢ = arctan = .484
.0012c0s.052 +.004 cos .61
If f =220, then P=Asin(27ft+¢) becomes P =.00506sin (4407t +.484).
(b) [FrorL Fiotz_Flots WIHDOW
S B.EESEEsincdd ] | Emin=@
B+, 484 ) Hmax=.01
<MeB A1 Z=incddd) | Hscl=.881
LA+, @852+, 884=in| | Ymin=-.88&
CddB@mE+. &L Ymax=. BE&
“Mr= Yecl=,0061
“My= Ares=1

The two graphs are the same.

44. A:\/(A1 cos@ + A, cos @)’ +(A sing + A, sing,)” and ¢:arctan[A' sind + 4, Sm%}

A cosp+ A, cosp,

Make sure your calculator is in radian mode.

(a) Let A =.0025,0, =§,A2 =001, 4, =%, and f=300.

2

2
0025005[ )+ OOlcos(”j 0025s1n( j+ 001sm(”j ~ 0035
7 6 7 6

.0025sin(Z)+.001sin (%) - 470
0025¢0s(%)+.001cos(7) |

o= arctan{

If =300, then P = Asin(27ft+¢) becomes P =.0035sin (6007 +.47).

® E}MEi E&%SPME':EEIE I.I.I:::E:HDDME
=N zin min=
mEtadr s Amax=. 01 h Jlf'n".ll ﬁ
it ametn| | UnTaos ke
A+ sin min=-.
SEETA+L-< G0 Ymax=.HEE
M= Yeol=.8681 l U U U
My= Ares=1

The two graphs are the same.

X X+ . X X
45. (a) tan=— and tan B = Y (b) Since tana=—= ztana=x=z=
Z Z Z tan o
and
x+ X+
tanﬁ:—y:ztanﬂ:x+y:>z: uy
z tan
X+
we have = 4
tane tan B

Continued on next page
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45. (continued)

(c) (x+y)tan0(:xtanﬂ:>tana:xmnﬂ:a:arctanKXtan’B)
x+y x+y
x+y)tanx +y)t
) xtanﬂ=(x+y)tana:>tanﬂ=¢:>ﬂ=arctan[w)
x

. . T
46. (a) u=arcsinx = x=smu,—5SuS

(b) ‘y X xV1—x?

N3

(¢) tanu= =
1-x° 1-x*
1 2
x (d) u =arctan “—f
u . I-x
o -2
47. (a) e=FE  sin2zft= £ —sin 27 ft = 27 ft = arcsin =>t= arcsin
Emax max Zﬂ-f max

(b) Let E,, =12,¢=5, and f= 100.

t= ;arcsini = ;arcsini =.00068sec
27t(100) 12 2007 1

48. (a) O=a-pf

Since tano = 4 =o=tan" (i) and tan f = 1 = f=tan"' [l), we have the following.
x x x x

H:a—ﬁ:H:tanl[i)—tanl(lj 4-3=11t

. . 3
9-5=4f {° 1

o 0
TR e ——
B

5ft 5ft

6 ft

x ft

T
i) Let 6=—.
()] p
T 44 a1 T ( 4 llj
—=tan ——tan —=tan—=tan| tan= ——tan  —
6 X X X X
4_1 3
NN SR SN
3413 4 3 ¥+4
I+—— I+—

2

X X X
B +43=9x =3 —9x+4/3=0= x> -3 Bx+4=0
Continued on next page
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48. (b) (i) (continued)
Using the quadratic formula with a =1, b= —3\/5 , and c =4.

(—3\/5)1\/(—3\/5)2 —4(1)(4)

2(1)
e 3V3£427-16 _ 33411
2 2

x=4.26 ftor .94 ft

T
ii) Let 6=—.
(ii) S

T 1 4 —1 1 T -1 4 -1 1

—=tan ——tan ——=tan—=tan|tan ——tan —

8 X X 8 X X
From part (a), we have the following.

T 3x T\ , T
tan—=———=| tan— |x +4| tan— |=3x
8 x" +4 8 8

(tan%)xz —3x+4£tan%)=0:> x2 —3(00t%)x+4 =0

Using the quadratic formula with a =1, b=-3 (cot %), and c =4.

) —(—3c0t§)i\/(—3cot§)2 —4(1)(4)

= x = 6.64 ft or .60 ft

2(1)
(¢) O=tan™ (ij —tan”' [lj
X X
(i) Letx=4.
_14 _11 —1 _11 w
f=tan ——tan  —= @ =tan l—-tan —=>0=—-245=.54
4 4 4
(ii) Letx=23.

1

6 =tan” i—tam’l l: 6 = .60
3 3

49. y =%sin%

(a) 3y :sin%:%:mcsmﬁ) = 4zt =3arcsin 3y :t:%arcsin3y
T

(b) If y=.3radian, ¢ :%arcsin.9 =t=.27sec.

T

50. [FiotL Fietz Fletz W 1Mo
SMBCHAZa=CCR AN | Bmin=-4
—LRaBNrcons2a—tal | Bmax=d
AT Ee=1022 necl=1
“Mz= Ymin=8
“Mr= Ymax=3. 1415926,
“My= Yecol=1.37B7983..
“Meo= Ares=1




Chapter 6: Review Exercises

1. False; the range of the inverse sine function is {— E s E

2. False; the range of the inverse tangent function is [—E,Ej, while that of the inverse cotangent is

(0,7).
3. False; arcsin —l =—£, not ﬁ
2 6 6
4. True
5 —sin_1—2:>sin —ﬁ
- Y 2 YT
.4 T T
Since ——<y<—, y=—.
2 Y 2 Y 4

6 —arccos(—lj:cos ——l
Y 2 Y77

. 2
Since OSySﬂ',y:?”.

7. y:tan"(—\/g):tany:—\/g
Since —£< <£ -z
27Ty
8. y=arcsin(-1)=siny=-1
V4 V4 V4
Since ——<y<—, y=——.
2 7T

b s )y
. y =cCos 7 —COoSsy= 7

Since 0< y <, y=%[.

10.

11.

12.

13.

14.

15.

16.

Chapter 6: Review Exercises

} , while that of the inverse cosine is [0, 7].

—arctan—3:>tan ——3
Y 3 Y73
Since—£<y<£,y:Z

2 2

y=sec (-2)=secy=-2

Since OSySn,y;t%:yzzTﬂ.

23
3

243
y= arccscT =cscy=

T T T
Since ——<y<— and y#0, y=—.
)T YRS

y =arccot(—1) = cot y =-1

Since O0<y<m, y:%.

6=arccosl:> cos¢9=l
2 2

Since 0°<8<180° 8=060°.

NG

6 = arcsin —ﬁ —sinf=———
2 2
Since —90°< 6 <90°, 8 =-60°.

f=tan"' 0=tan =0
Since —90°< € <90°, 8 =0°.



396 Chapter 6: Inverse Circular Functions and Trigonometric Equations

For Exercises 17-22, be sure that your calculator is in degree mode. Keystroke sequences may vary based
on the type and/or model of calculator being used.

17.

18.

19.

23.

24,

25.

26.

217.

28.

6 = arctan 1.7804675

tan 10l PEE4ETS)
68, 67324514

6 =60.67924514°

0 =sin”' (—.66045320)

sin 1 -.EeBE4 53202
-41.33444556

6 = —41.33444556°

6 =cos™ .80396577

cos 10 BA3EETT )
36.4893021

6 =36.4895081°

20.

21.

22,

0 =cot™' 4.5046388

tan 10l 4. 5848388
12.51631252

0 =12.51631252°

6 =arcsec 3.4723155

g.n:li."'i 1-3.4723155
T3 20220613

6 =73.26220613°

6 =csc™' 7.4890096

Sin101-7 . 4298836
T.E73O6TIT3

0 =7.673567973°

cos(arccos(—l)) =coszw=-1 or cos(arccos(—l)) =cos180°=-1

sin (arcsin [—g]] =sin [

arccos COST = arccos —7 =

arcsec (sec ) = arcsec(—1) =7

cos™ (cos0)=cos™' 1=0

=——— or sin
2

(arcsin[—gjj =sin (—60°) - _ﬁ

2
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29. sin (arccos E)
4

Let @ = arccos é, so that cos w= é Since arccos is defined only in quadrants I and II, and 2 is

positive, @ is in quadrant I. Sketch @ and label a triangle with the side opposite @ equal to
V4 =3 =16-9 = /7.
i

Yy
4 ) 3\ .
sSin| arccos— |=Sim w = —
4 4

30. cos(arctan3)
Since arctan is defined only in quadrants I and IV, and 3 is

— | W

Let @ =arctan 3, so that tanf@=3=
positive, @ isin quadrant I. Sketch @ and label a triangle with the hypotenuse equal to

V3 +12 =410
o

y
3 1
cos(arctan3)=cosf@ =—=
/0, ( ) Jio 10
3
6
X
1

31. cos(esc™' (-2))
0 . V4 V4 .
Let w=csc (—2) , sothat cscw=-2. Since _E <w< 5 and w#0, and cscw=-2 (negative),
 is in quadrant IV. Sketch @ and label a triangle with side adjacent to @ equal to

(22— (=1)* =/4-1=4/3.

‘ cos(csc™! (<2)) = cosw=

ol
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32. sec (2 sin™ (—ln
3

Let O=sin"' (—%) so that sin6 = —%. Since arcsin is defined only in quadrants I and IV, and —% is

negative, @ is in quadrant IV. Sketch € and label a triangle with the side adjacent to 8 equal to

9=\3"~(-1)" =\9-1=8=22.
}

cos6=&
3
242 x sec (2 sin™ (—lD =sec26
-1 3
3
sec26 = ! = 1 = 12 = 81 =161 = 9 =2
cos28 2cos”6-1 212 S 8121 0 16-9 7
A7) )

33. tan [arcsin E +arccos Ej
5 7

Letw, = arcsin%, w, = arccos%. Sketch angles @, and @, in quadrant I. The side adjacent to @) is

V52 =32 =25-9 =16 =4. The side opposite @, is V7° =5 =/49-25 =24 = 24/6.

y y
[

2.6

We have tan @, :% and tan @, :?.

3,206 15486

tan(arcsin§+arccos§j=tan(a)1 +m,)= norane 4 5 2

= = = O
1—-tan @, tan @, 1_(3)[2\/6] 20— 646

4 5 20

_15+8V6 _ 15+8V6 20+6v6 _ 588+2506 _ 294+1256
20-63/6  20-616 20+6v6 184 92




34.

35.

36.

37.

Chapter 6: Review Exercises

cos| arctan
1-u’

Ne—

u
Let 6= arctan—z, so tan@ =

Ifu>0, 0<f<—.

2
From the Pythagorean theorem, r = (\/ 1-u’ ) +u® =1-u’ +u*> =1 =1. Therefore

/ 2
cos@ = llu =+/1—-u*. Thus, cos[arctan “ J: 1—u?.

2
—Uu

:

Vur +1
tan| arcsec
u
2 2 1
Ju©+1 u - +1
Let @ = arcsec , SO secl =
u

If u>0, o<9<§.

2
From the Pythagorean theorem, y = (\/u2 +1) —u® =\u* +1-u*> =1 =1. Therefore tan =

[ 2
Thus, tan[arcsec “ +1]=l.

u u

sin® x =1
sinx=1=sinx ==l

399

Over the interval [O, 271'), the equation sin x =1 has one solution. This solution is 5 Over the same

interval, the equation sinx =—1 has one solution. This solution is —.

Solution set: {5,3—”}
2 2

2tanx—1=0

2tanx—12032tanx:13tanx:%

. . 1 . ...
Over the interval [O, 27t), the equation tan x = E has two solutions. One solution is in quadrant I and

the other is in quadrant III. Using a calculator, the quadrant I solution is approximately .463647609.

The quadrant III solution would be approximately .463647609 + 7z = 3.605240263.

Solution set: {.463647609, 3.605240263}
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38.

39.

40.

41.

3sin’ x—5sinx+2=0
3sin® x—5sinx+2=0= (3sinx—2)(sinx-1)=0
35inx—2:35inx:2:sinx:§
sinx—1=0=sinx=1
Over the interval [O, 27t), the equation sinx =§ has two solutions. One solution is in quadrant I and

the other is in quadrant II. Using a calculator, the quadrant I solution is approximately .7297276562.
The quadrant II solution would be approximately 7 —.7297276562 =2.411864997. In the same

. . . . . .
interval, the equation sin x =1 has one solution. That solution is 3

Solution set: {.7297276562, %, 241 1864997}

tanx =cotx

Use the identity cot x = ,tanx #0.

tan x

tan x =cotx = tan x = =tan’x=1=tanx==1

tan x

Over the interval [O, 271'), the equation tanx =1 has two solutions. One solution is in quadrant I and

. . V4 Sz . .
the other is in quadrant III. These solutions are Zand i In the same interval, the equation

tan x =—1 has two solutions. One solution is in quadrant II and the other is in quadrant IV. These

. 3 r
solutions are — and —.
4 4

. n 3 St Ix
Solution set: { —

474744

sec*2x =4
sec' 2x =4 = sec’2x =2 =>sec2x = /2

Since 0< x< 27, 0<2x<4x. Thus, 2x=£,3—”,5—ﬂ,7—7[,9—”,11—”,13—”,w—” implies
4 4 4 4 4 4 4 4
_x 3z Sz Ir 97 11z 13z 157

H

88°8° 888 8 8°

. 7w 37 Sr Tx 97 11z 137 157«
Solution set: §’_’_’_’_’_’_’_

tan’2x—1=0
tan’2x—1=0= tan’2x=1=> tan 2x = 1

Since 0< x<27,0<2x<4x. Thus, 2x:£,3—”,5—”,7—”,9—”,11—”,w—”,15—ﬁ implies
4 4 4 4 4 4 4 4
7 3z Sz Iz 97 11z 13z 157

s s b} bl b} s b}

88888 8 8  8°

. 7w 3 S Tr 97 11z 137 157
Solution set: g,—,—,—,—,—,—,—



42,

43.

44.

45.

46.

Chapter 6: Review Exercises

X
sec—=cos—
2

X

X X
=C0S— => COS 52120055211

x x
Sec—=cos—=>
2 2 cos3

Since 0<x<27,0< §< 7. Thus, the only solution to cos% ==11is x=0.

Solution set: {0+ 2n7z,where n is any integer } or {2n7,where n is any integer }

cos2x+cosx=0

cos2x+cosx=0= 2cos’ x—1+cosx=0=>2cos’ x+cosx—1=0= (2cosx—1)(cosx+1)=0

2cosx—1:0:2cosx:1300sx:% or cosx+1=0=cosx=-1

Over the interval [0, 2r), the equation cos x :% has two solutions. The angles in quadrants I and IV

401

V4 V4 S . .
that have a reference angle of 3 are — and 3 In the same interval, cosx =—1 when the angle is 7.

. V.4 St . .
Solution set: {g +2nrx, T+2nr, ?-f' 2nz, where n is any 1nteger}

4sinxcosx=\/§
4sinxcosx=«/§32sinxcosx=73:>sin2x=§
Since 0< x<27,0<2x<4x. Thus, 2x=£,2—”,7—”,8—”:>x=£,£,7—”,4—”.
33 3 3 6 3 6 3

Solution set: {% +2nr, %-f- 2nr, 7?” +2nr, 4?” +2nm, where n is any integer} or

.4 T . .
{g +nr, g +nm, where n is any 1nteger}

sin’ @+3sin@+2=0
sin® @+3sin@+2=0=>(sin@+2)(sind+1)=0
In the interval [0°,360°), we have the following.
sinf@+1=0=sinf=-1=0=270° and sinf+2=0=sin€ =-2 <—1= no solution

Solution set: {270°}

2tan’ @ =tan 6 +1
2tan’ @=tanf+1=2tan’ H—tanf-1=0= (2tanf+1)(tand—1) =0

In the interval [0°, 360°), we have the following.

2tanf+1=0=tanf = —% = 0 =153.4° or 333.4° (using a calculator)

tand—-1=0=tanf =1= 6 =45° and 225°
Solution set: {45°,153.4°,225°,333.4°}
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47. sin20=cos26+1
sin26 = c0s260+1=> (sin26)” = (cos 26 +1)" = sin> 260 = cos> 20+ 2cos 20+ 1
1—cos’ 26 =cos* 20 +2c0s20 +1=2cos* 20 +2c0s20 =0
cos’ 26 +¢0s260 =0 = cos26(cos20+1) =0
Since 0° <8 <360° 0°<26<720°.
c0s260 =0=26=90°, 270°, 450°, 630° = @ =45°, 135°, 225°, 315°
c0s20+1=0=co0s20 =—1= 260 =180°, 540° = 6 =90°, 270°

Possible values for @ are € =45°,90°,135°,225°,270°,315°.
All proposed solutions must be checked since the solutions were found by squaring an equation.
A value for @ will be a solution if sin 26 —cos 26 =1.
6 =45°20=90° = sin90°—-cos90°=1-0=1
0 =90°,260=180° = sin180°—cos180°=0—-(-1) =1
6=135°260=270° = sin270°-cos 270°=—-1-0#1
6 =225°260=450° = sin450°-cos 450°=1-0=1
6 =270°26 =540° = sin540°—cos540°=0—-(-1) =1
0 =315°260=630° = sin630°—cos630°=—-1-0=1
Thus, € =45°,90°, 225°, 270°.
Solution set: {45°, 90°, 225°, 270°}

48. 2sin28=1
25in2¢9:1:>sin20:%

Since 0°<@<360°, 0°<28<720°. Thus, 26 =30°150°,390°,510°= @ =15°75°,195°,255°.
Solution set: {15°,75°,195°,255°}

49. 3cos’@+2cosf—1=0
3cos’ @+2cos@—1=0=>(3cos@—1)(cos§+1)=0

In the interval [0°, 360°), we have the following.

3cosfd—-1=0=cosf = % = 0 =70.5° and 289.5° (using a calculator)

cosf@+1=0=>cosf@=—-1=6=180°

Solution set: {70.5°, 180°, 289.5°}
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50. Scot’@—cotf@—-2=0

51.

52.

53.

54.

5S.

We use the quadratic formula witha =5, b =-1, and ¢ = -2.

corg= D2 (<1) =4(5)(=2) _121+40 1241
- 2(5) 1010

1++/41
10

Since cotf =

>0, we will obtain two angles. One angle will be in quadrant I and the other

1++/41

will be in quadrant III. Using a calculator, if cotf = 0 = 7303124, the quadrant I angle will be
approximately 53.5°. The quadrant III angle will be approximately 180°+53.5° =233.5°.

Since cotf= I—I\éﬂ <0, we will obtain two angles. One angle will be in quadrant II and the other
L . . 1-+/41 .
will be in quadrant IV. Using a calculator, if cotf = 10 =~ —.26376262, the quadrant II angle will

1

be approximately 118.4°. (Note: You need to calculate tan™ +180 to obtain this angle.)

1
1-/41
10
The reference angle is 180°—118.4°=61.6°. Thus, the quadrant IV angle will be approximately

360°—-61.675.2° =298.4°.

Solution set: {53.5°,118.4°,233.5°,298.4°}
4y=2sinx =2y =sinx = x=arcsin2y

y :3cos§:§:cos§:§:arccos%: x =2arccos >

2y=tan(3x+2)=3x+2=arctan2y = 3x =arctan2y -2 = x=(%arctan2y]—§

Sy=4sinx-3= 5y4+3 =sinx = x=arcsin(5y4—+3j

4 X x 3r
—arctan— = 7 = arctan— = —
3 2 2 4

. . T T . . .
But, by definition, the range of arctan is (—5, Ej So, this equation has no solution.

Solution set: &



404 Chapter 6: Inverse Circular Functions and Trigonometric Equations

.2
56. arccosx = arcsm7

.2 . 2 . . . 2 . . .
Letu= arcsm;. Then sinu = rE u is in quadrant I since sinu = P >0. The side adjacent to u is

N7 =22 =494 =J45=3.5.
¥y

[
cosu =——
7

This equation becomes arccos x = u, or x = cos #. Thus, x =

Solution set: {g}

57. arccosx+arctanl= %

35
3,

11z 117 1z«
arccos x + arctan 1 =—— = arccos x =——— arctanl — arccosx =————
12 12 12 4
11z 37 8« 21 2 1
arcCoS X = —— ——— = —— => arCCOS X = — => COS — = X => X = ——
12 12 12 3 3 2
Solution set: {—l}
2
V4
58. d =550+450cos—t
50
d = 550+450c0s 1 = 450c0s -t = d — 550 = cos -t = 4=
50 50 50 450

V4 d —550 50 d —-550
%t = arccos =>t =—arccos

450 T 450
59. (a) Let a be the angle to the left of 6. [<5><—10 —
/ //
s
v
v

a/
0"
//

[e——=—]
\\

Thus, we have the following.

5+10

X

tan(a+0) = = a+60=arctan (E) = @ =arctan [Ej — o= 6 =arctan [Ej —arctan (ij

X X X X

Continued on next page



59.

60.

61.

62.

63.

Chapter 6: Review Exercises

(continued)

(b) The maximum occurs at approximately =8.66026 ft. There may be a discrepancy in the final
digits.

ﬁogtﬂoﬁﬂTg3Hj y uéHDDME
~Yi1Btan- FEI— min=
an 5.5 ¥max=28 —
wMe= #wacl=1
wMr= Ymin=-1
wMy= Ymax=1
wHes= Y=o l1=1 Haxim
=ME= #res=1 HoHEBOZEGE Y=.EZIEGATE
¢ _sing,
¢, siné,
4 _ s.in6?1 750 = s'in(91
¢, siné, sin 6,
sin 6, sin 6,
If 6, =90°, then .752 = ——-=—-"L=gin6, = 6, =sin"' .752 = 48.8°.

sin 90° 1
If 6, >48.8° then 6, >90° and the light beam is completely underwater.

L=6077-31cos26
(a) Solve the equation for 6.

L—-6077 =—-31c0s26 = cos 28 =i3?77 =20 =cos™ [iﬁﬂ)

=31 =31
(b) Substitute L = 6108 in the equation from part (a).
1 1[6108—6077) (6108 6077)
1
2

0= lcos_1 [—L — 6077) =60= 1(:05_1 (—6074 — 6077] =~42.2°

6 =—cos
2 -31

31
=31

(c) Substitute L = 6080.2 in the equation from part (a).

0= lcos’l (—6080'2 _6077j =60= lcos‘1 [ﬁj =60 =48.0°
2 2 =31

9=%C08[ J:&-%cos (-1)= 6 =—(180°) = 6 =90°

=31
Flokl Flatz Flot: WIHDOW
SMBCCHFR=CKTAY ]| | Bmin=-d
R et =T L Amax=d
=122 Hecl=1
“Mz= Ymin=-1.57E73&..
“Mr= Ymax=1.5787953..
“My= Yecol=, FE2339216..
“Meo= Ares=1

405
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64. (a) [F1etd Flotz Flotz WIHOO Y1=5in-10H
=YiBsin-10ED Aamin=-1
wMNe= Aamax=1
M= #acl=1

=Ny= Ymin=-1.37A79%5..
=Ne= Ymax=1.57A7I63..
“ME= VYecl=,FE539816...
Ne= Ares=1 FE ¥=.411E1605
(b) In both cases, sin"'.4 =~.41151685
sin1C. 42
4115162461

To obtain the screen in the annotated instructor edition, change the mode of the calculator to

Horizontal.
P1=sin-10H) _,—Fi-'_'_ﬂj}
:-::T\T_ﬂ_f_ Y=.411516A5

S1TL .40
4115168461

Chapter 6: Test

1 1
2. (a =arccos| —— |=>cosy = ——
(@ vy ( 2) y==3

. 2
Since 0< y <, y=?7[.

(b) y=sin" [—?]: sin y =—§

T T T
Since ——<y<—, y=——.
. 27T
Domain: [-1, 1]; Range: {—E,E} (©) y:tan’IO:tanyzo

.4 .4
Since ——< y<—, y=0.
2 Y 2 Y

(d) y=arcsec(-2)=secy=-2

. 2
Since OSySﬂandy;t%, y=?7[.
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3. (a cos(arcsin%j

Let arcsing =u, so that sinu :g. Since arcsin is defined only in quadrants I and IV, and 3 is

positive, u is in quadrant I. Sketch u and label a triangle with the side adjacent u equal to

V322 =9-4=1/5

P

NG

cos (arcsin g) =CcoSU = —
3 3

. ,11
(b) s1n(2cos 3)

Let 8 =cos™ l, so that cos@ :l. Since arccos is defined only in quadrants I and II, and % is

positive, @ is in quadrant I. Sketch @ and label a triangle with the side opposite to 8 equal to

6=y3—(-1)" =J9-1=8=22.

22

sinf=——
3
. ! .
sin| 2cos 5 =sin26

242 1) 42
9

sin 2(:05’11 =sin26@=2sinfcosf=2| ——
3 3 3

4. Since —1<sin@<1, there is no value of @ such that sin@=3. Thus, sin"'3 cannot be defined.

st

. . S !
5. arcsin| sin— |=arcsin—=—#
6 2 6 6
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6. tan(arcsinu)
. . u
Let @ =arcsinu, so s1n¢9=u=T. If

u>0, O<9<§. 0

A 4

u _Lt\/l—u2

From the Pythagorean theorem, x =~/1° —u”> =+/1—u*. Therefore, tan 8= N = Thus,
1—u —u

tan (arcsinu ) = “

7. sin*@=cos’O+1
sin® @ =cos’* @+1= cos* @ —sin* @ =—-1=cos26 =-1

Since 0° <6< 360°, then 0°<28<720°. Thus, 268 =180°,540° = € =90°,270°.
Solution set: {90°,270°}

8. csc’@—2cotf=4
csc? @—2cot@=4=1+cot’ §—2cotf =4 = cot’ §—2cot—3=0= (cot&—3)(cot§+1)=0
cotfd+1=0=cotd=-1= 6 =135° or 315°
cotf-3=0=cotd=3=0=cot”' 3
Since cotf=3>0, we will obtain two angles. One angle will be in quadrant I and the other will be in

quadrant III. Using a calculator, if cot @ =3, the quadrant I angle will be approximately 18.4°. (Note:

You need to calculate tan’lé to obtain this angle.) The quadrant III angle will be approximately

180°+18.4°=198.4°.
Solution set: {18.4°,135°,198.4°,315°}

9. cosx=cos2x
cosxzcost:cost—cosx:O:(Zcoszx—l)—cosx:0
2cos’ x—cosx—1=0=(2cosx+1)(cosx—1)=0
2cosx+1=0or cosx—1=0

Over the interval [O, 271') , we have the following.

2cosx+1=03200sx=—lzcosx=—l:>x=2—” or 4—”
2 3 3
cosx—1=0=cosx=1=x=0
Solution set: {0,2—7[,4—7[}
3 3
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3 X 3
10. Z\Esin£:3:sin£:—:—:sin —— = —=sin —
2 2 23 "2 233 2 2

Since 0<x<2r= 0°< % < 7, we have the following.

_F 2z Az
3

b}

27
=x=—,
3

N | =
w |y

3
. 2 4z
Solution set: {?+ 27n, TJF 27n, where n is any mteger}

1
11. (a) y=cos3x=3x=arccosy => x= garccos y

. 4
(b) arcsinx= arctang

Let o= arctani Then tan @ = g Sketch @ in quadrant I and label a triangle with the

hypotenuse equal to V4> +3% =+/16+9 =25 =5.

A

Thus, we have the following.

. 4 . .
arcsim x = arctang —arcsmx=w— x = s1na):g

2 gl
Solve ogH;ﬂ
o<l |-l ()

1 1 T
| t—— |=arccosO=> | t—— |=—+nxw
[ 3) [ 3) 2

1 1 1 1 5 . .
t——:—+n:t:—+—+n:t:g+n, where n is any integer

In the interval [0, ), n =0, 1, and 2 provide valid values for 7. Thus, we have the following.

55 5 5 11
t=—,—+1, —+2=1t=—sec, —sec, —sec
6 6 6

66

409
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Chapter 6: Quantitative Reasoning

The amount of oil in the tank is 20 times the area shaded in the cross-sectional representation. The shaded
area is the area of the sector of the circle defined by 26 (let 26 be the measure of the angle depicted in the
figure) minus the area of the triangles.

Since tan@ = ? =/8, 6 =arctan~/3. Using the Pythagorean theorem, we have the following.
P+12=3 =b*+1=9 = b* =8 = b =+/8, where b is the base of one triangle
The area of both triangles is A, = 2-%bh = 2%(\@) = 8.

Then the sector area is A, =%(26) r =[arctan(\/§ )}(3)2 =9arctan~/8 (with @ in radians). Thus, the

volume of oil in the tank is the following.

V. =20(A —A )= 20[9 arctan (V8 —\/ﬂ ~165 cubic ft



Chapter 7

APPLICATIONS OF TRIGONOMETRY AND
VECTORS

Section 7.1: Oblique Triangles and the Law of Sines

Connections (page 281)
= (a—h)x y= (a—h)ycos@
fsec@—ysin@ fsec@—ysinf
1. House: (x,,y,)=(.9,3.5); elevation 150 ft
Forest Fire: (x,,y, )=(2.1,—2.4); elevation 690 ft
a=7400 ft; f=6 in.; H=4.1°
Coordinates of house:

—h 7400-150)-.9
xo_la=h)x )x_ Lxo_t ). - 6525 ~1131.8 ft
fsec@—ysinf 6sec4.1°—3.5sin4.1° 6sec4.1°—3.5sin4.1°
—h 7400 -150)-3.5-cos4.1° o
_ (a )yco.sﬁ Y :( 00-150)-3.5 .COS _ 25,3750084:1 ~ 4390.2 ft
fsec@—ysinf 6sec4.1°—3.5sin4.1° 6sec4.1°—3.5sin4.1°
Coordinates of forest fire:
—h 7400-690)-2.1
N ) E S )21 ML 751
fsecO—ysind 6sec4.1°—(-2.4)sin4.1°  6sec4.1°+2.4sin4.1°
—h 7400-690)-(-2.4)-cos4.1°  — o
_ (a )yco'sﬁ v =( 00-690) - ( )'cos _ 16,104(:054?.1 ~ 225962 fi
fsecO—ysind 6sec4.1°—(-2.4)sin4.1° 6sec4.1°+2.4sin4.1°

2. The points we need to find the distance between are (1131.8,4390.2) and (2277.5,-2596.2).

Using the distance formula d = \/ (x,—x) +(y,— )", we have the following.

d= \/(2277.5—1131.8)2 +(-2596.2-4390.2)°

= J1145.7° +(~6986.4)" = /1,312,628.49+ 48,809, 784.96 = /50122413.45 ~ 7079.7 ft

Exercises
a sinA . a b .. . .
1. A: —=— can be rewritten as —— =——. This is a valid proportion.
b sinB sinA sinB
a b . . .
B: —=— is a valid proportion.
sinA sinB
sin A b . a b sin A . . .
C: =— cannot be rewritten as ——=——-. =— is not a valid proportion.
a sin B sinA sinB a sin

sinA sinB . . .
= is a valid proportion.
a

411
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=

b ¢

With two angles and the side included between them, we could have = =
sinA sinB sinC
—_ ==

. Ifyou

know the measure of angles A and B, you can determine the measure of angle C. This provides
enough information to solve the triangle.

—~=

With two angles and the side opposite one of them, we could have .a = _b = .C . Ifyou
sinA sinB sinC
—— ——

know the measure of angles A and B, you can determine the measure of angle C. This provides
enough information to solve the triangle.

~=

With two sides and the angle included between them, we could have ? - b___¢ . This

sinA sinB sinC
A

does not provide enough information to solve the triangle.

(ot D e B

. . a b c
With three sides we have,

— = — =— This does not provide enough information to
sinA sinB sinC
solve the triangle.

The measure of angle C is 180°—(60°+75°) =180°—135° =45°.

3
c a V2 _ﬁsin60°_\/§'7

a NER)
=< = - =a= = =222 =3
sinA sinC  sin60° sin45° sin45° Q 2 2
2
The measure of angle B is 180°—(45°+105°) =180°—150° = 30°.
V2
a b a 10 josingse 105 22
S = s = o= = =10-~=-2 =102
sinA sinb  sin45° sin30° sin30° 1 2 1
2

A=

37°, B=48° c=18m

C=180°— A— B = C=180°—37°—48° =95°

b

c b 18 18sin 48°
= >b=—-—"=

= = 13 m
sinB sinC  sin48° sin95° sin 95°
a c a 18 18sin37°
= = = >a=—=11m
sinA sinC  sin37° sin95° sin 95°
B=52° C=29° a=43cm
A=180°-B-C = A=180°-52°-29°=99°
sinA sinB sin99°  sin52° sin 99°
a c 43 c 43sin29°
= > c=———= 2l cm

= = c
sinA sinC  sin99° sin29° sin 99°
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A=272° C=115.5°c=76.0 ft

B=180°-A-C= B=180°-27.2°-115.5°=37.3°

a c a 76.0 76.0sin27.2°
. = — = = =>ag=——-—"—=385ft
sinA sinC sin27.2° sinll15.5° sin115.5°
b _ .c - b - 76.0 e he 76.0sin37.3 =510 ft
sinB sinC  sin37.3° sinll15.5° sin115.5°
C=124.1°, B=18.7°, b=94.6 m
A=180°-B—-C = A=180°-18.7°-124.1°=37.2°
a b a 94.6 94.6sin37.2°
= = = =>a= =178 m
sinA sinB  sin37.2° sinl8.7° sin18.7°
c b c 94.6 94.6sin124.1°
=— = =— =>c=——"—""=244m
sinC sinB  sinl24.1° sinl8.7° sin18.7°
A=68.41°, B=54.23° a=12.75 ft
C=180°-A-—B-C=180°-68.41°-54.23°=57.36°
a__ b N 12.75 _ b o pe 12.75sin54.23 ~11.13 ft
sinA sinB sin68.41°  sin54.23° sin 68.41°
a __c - 12.75 _ c e 12.75sin57.36 ~11.55 ft
sinA sinC  sin68.41° sin57.36° sin68.41°
C=74.08°, B=69.38° ¢c=45.38m
A=180°-B—-C = A=180°-69.38°—74.08° = 36.54°
a c a 45.38 45.38sin36.54°
sinA sinC sin36.54° sin74.08° sin 74.08°
b __ ¢ N b _ 45.38 e pe 45.38sin 69.38 A4 17 m
sinB sinC  sin69.38° sin74.08° sin 74.08°
A=87.2°b=759yd, C=74.3°
B=180°-A—-C = B=180°-87.2°-74.3°=18.5°
.a _ .b o a _ .75.9 30275.951n87.2 - 239yd
sinA sinB sin87.2° sin18.5° sin18.5°
'b _ .c - .75.9 - c :>C=75.?s1n74.3 ~230yd
sinB sinC sin18.5°  sin74.3° sin18.5°

B =38°40",a=19.7cm, C =91°40'
A=180°-B-C = A=180°-38°40'-91°40'=180°-130°20"'=179°60'-130°20" = 49°40'

a b 19.7 b 19.75sin38°40'
= = = =>b= =16.1cm
sinA sinB  sin49°40"' sin38°40' sin49°40'
c a c 19.7 19.7sin91°40'
= = =25.8cm

= = = =c
sinC sinA sin91°40' sin49°40' sin 49°40'

413
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13. B=20°50", AC =132 ft, C =103°10
A=180°-B—-C = A=180°-20°50"-103°10"= A =56°00"
AC  AB 132 AB AB_13251n103 10

. = = . ;= , = - . ’ = 361 ft
sinB sinC  sin20°50° sin103°10 sin 20°50
{BC _ 1.4C e BC __ 132 = :132.sm56 90 ~ 308 ft
sinA sinB  sin56°00° sin20°50 sin 20°50

14. A=35.3° B=52.8° AC =675 ft
C=180°-A-B=C=180°-35.3°-52.8°=91.9°
{S’C _ 1.4C N BC - 675 — BC= 67§s1n35.3 ~ 490 ft
sinA sinB  sin35.3° sin52.8° sin 52.8°
AB _ 1.4C - AB _ .675 DAB=67§SIH91-9 - 847 ft
sinC sinB  sin91.9° sin52.8° sin52.8°

15. A=39.70°C =30.35° b=39.74 m

B=180°-A-C = B=180°-39.70°-30.35° = B =109.95° = 110.0° (rounded)

a b a 39.74 39.74sin39.70°
= = = —>a= =27.0lm
sinA sinB  sin39.70° sin109.95° sin110.0°
b c 39.74 c 39.74sin30.35°
= = = =>c= =21.37m
sinB sinC  sin109.95° sin30.35° sin110.0°
16. C=71.83°, B=42.57°,a=2.614 cm
A=180°-B-C = A=180°-42.57°-71.83° = 65.60°
b __a N b _ 2.614 pe 2.614sin42.57 ~1.942 cm
sinB sinA sin42.57° sin65.60° sin 65.60°
c __a N c _ 2.614 oo 2.614sin71.83 ~2727 em
sinC sinA sin71.83° sin65.60° sin 65.60°
17. B=42.88° C =102.40° b=3974 ft
A=180°-B—-C = A=180°—-42.88°-102.40°=34.72°
.a _ .b o a __ 3974 e 397.4s1n34.72 ~ 336 fi
sinA sinB  sin34.72° sin42.88° sin42.88°
b _ .c - 3974 _ c N 3974sin102.40 = 5704 ft
sinB sinC  sin42.88° sin102.40° sin42.88°
18. A=18.75°, B=51.53° ¢=2798 yd
C=180°-A-B=C=180°-18.75°-51.53°=109.72°
'a _ 'c o a - 2798 :a=27?8s1n18.75 ~955.4 yd
sinA sinC  sinl8.75° sin109.72° sin109.72°
b c b _ 2798 b 2798sin51.53 2327 yd

= = =
sinB sinC  sin51.53° sin109.72° sin109.72°
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A=39°54", a=268.7m, B =42°32"
C=180°-A—-B = C =180°-39°54'-42°32"'=179°60'-82°26"' = 97°34'

a b 268.7 b 268.7sin42°32'
— - =— —=ph= . ~283.2m
sinA sinB sin39°54' sin42°32' sin 39°54'
a c 268.7 c 268.7sin97°34'
= = ~415.2m

= = = =c
sinA sinC sin39°54'  sin97°34' sin 39°54'

C=79°18", c=39.81mm, A =32°57"
B=180°-A-C = B=180°-32°57"-79°18"'=179°60'-112°15" = 67°45'

a c a 39.81 39.81sin32°57"'
= = = =>a= =22.04 mm
sinA sinC  sin32°57' sin79°18' sin79°18'
b _ ‘c o b _ ‘39.81 e pe 39.8'151n67 45 =37 50mm
sinB sinC sin67°45"' sin79°18' sin79°18'
—— —— ——
b

With three sides we have, This does not provide enough information to solve

sinA sinB  sinC’
the triangle. Whenever you choose two out of the three ratios to create a proportion, you are missing
two pieces of information.

In Example 1, the Pythagorean theorem does not apply because triangle ABC is not a right triangle.
The measure of angle A is 32.0°, B = 81.8°, therefore C = 66.2°. One of the angles has to be 90° for
ABC to be a right triangle.

This is not a valid statement. It is true that if you have the measures of two angles, the third can be
found. However, if you do not have at least one side, the triangle can not be uniquely determined. If
one considers the congruence axiom involving two angles, ASA, an included side must be considered.

No. If a is twice as long as b, then we have the following.
a b 2b

—=——=>——=——=2bsinB=>bsinA=2sinB=sinA
sinA sinB sinA sinB

sin A =2sin B, but A is not necessarily twice as large as B.

B=112°10"; C=15°20"; BC =354 m

A=180°-B-C C
A=180°—112°10"—15°20 1520
=179°60'—127°30" = 52°30’
BC _ AB
sinA_sinC
354  AB 354m
sin52°30"  sin15°20
_ 354sin15°20

sin52°30’
AB=118m

=
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26. T =32°50"; R=102°20", TR =582 yd
S =180°-32°50"-102°20
=179°60"-135°10" = 44°50

RS _ TR
sinT sinS
RS 58 S82yd
sin32°50"  sin44°50’
_ 5825in32°50’
 sin44°50’
RS =448 yd

27. Let d = the distance the ship traveled between the two observations;
L = the location of the lighthouse.

L=180°-38.8°-44.2

N
A
=97.0°
d 125 44
sin97°  sin44.2°
_12.5sin97° d
sin44.2° L
d~178 km A
38.8°

28. Let C = the transmitter

Since side AB is on an east-west line, the angle between it and any north-south line is 90°.
A=90°-47.7°=42.3°

B =302.5°-270°=32.5°
C=180°-A-B

|

|

E

=180°-42.3°-32.5°=105.2° :

. 302.5°
AC 346 \>
sin32.5° sin105.2° A 3.46 mi B
AC = 3.46sin32.5

sin105.2°
AC =1.93 mi

X 12.0 12.0sin54.8° .
. = =>x=————=1041n
sin54.8°  sin70.4° sin 70.4°
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30. Let M = Mark’s location;
L =Lisa’s location;
T = the tree’s location;
R = a point across the river from Mark so that MR is the distance across the river.
6 =180°-115.45°=64.55°
o =180°—-45.47°-64.55°=69.98°

[ =6=064.55° (Alternate interior angles)

In triangle MTL, MT 4283 e MT = 428.35in45.47

sin45.47°  5in69.98° 5in 69.98°
In right triangle MTR, we have the following.

= 324.9645.

MR =sinf= __MR__ =5in 64.55° = MR =324.96455in 64.55° = 293.4 m
MT 324.9645

31. We cannot find @ directly because the length of the side opposite angle @ is not given. Redraw the
triangle shown in the figure and label the third angle as ¢.

sin _ sin38°
1.6+2.7 1.6+3.6
sina _ sin38°
43 52
_ 4.3sin38°

sino =.50910468

o ~sin™ (.50910468) ~ 31°
6=180°-38° -~ 180°—38°—-31°=111°

32. Label the centers of the atoms A, B, and C.

a=20+3.0=5.0 C 2+3
c=3.0+45=75 B
3+45
b
18°
A

sinC _sinA__ sinC _sinl8° _7.55in18°

= = =sinC = sin C = .46352549
c a 7.5 5
C =sin™ (.46352549) ~28°
B =180°—-18°-28°=134°
b __a - b _ 5 :>b=5.Os1n134 12
sinB sinA sinl34° sinl8° sin18°

The distance between the centers of atoms A and Cis 12.
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33. Let x = the distance to the lighthouse at bearing N 37° E;
y = the distance to the lighthouse at bearing N 25° E.

6 =180°-37°=143°
o =180°—-60-25°
=180°-143°-25°=12°

2.5 X _ 2.5sin25°

=5.1 mi

= =X
sin@ sin25° sin12°
2. 2. 2.5sin143°
5 vy - 5 y _ 5sin143 B

— == ; : y ; 7.2 mi
sinag sin@  sinl2° sin143° sin12°

34. Let A = the location of the balloon;
B = the location of the farther town;
C = the location of the closer town.

Angle ABC = 31° and angle ACB = 35° A
because the angles of depression are 31" 35°
alternate interior angles with the angles of 1

the triangle. DR
B 15 c

Angle BAC = 180° —31° -35°=114°
1.5 _ AB - 1.5 _ AB :Ale.SsmSS - o4
sin BAC sinACB sinll14° sin35° sin114°

sinABC:£:>sin31°:£:> AD =.94-sin31° = .49
AB .94

The balloon is .49 mi above the ground.

35. Angle Cis equal to the difference between the angles of elevation.
C=B-A=527430° - 52.6997° = .0433°
The distance BC to the moon can be determined using the law of sines.

BC _ AB <
sinA sinC
BC 398
sin52.6997°  sin.0433°
BC= 3985in 52.6997
sin.0433°
BC =~ 418,930 km 208N .
A 3%8km B
If one finds distance AC, then we have the following.
AC AB N AC 398 N AC 398
sinB sinC  sin(180°—52.7430°) sin.0433°  sin127.2570° sin.0433°
AC = 398sin127.2570 ~419.171 km
sin.0433°

In either case the distance is approximately 419,000 km compared to the actual value of 406,000 km.
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We must find the length of CD
Angle BAC is equal to 35° - 30° = 5°.
Side AB = 5000ft. Since triangle ABC is a

right triangle,
0s5° _ 3000 = AC= 5000 5019ft.
AC cos5°

B C D

The angular coverage of the lens is 60°, so angle CAD = 60°. From geometry, angle ACB = 85°, angle
ACD =95°, and angle ADC = 25°. We now know three angles and one side in triangle ACD and can
now use the law of sines to solve for the length of CD.

Cb __AC - Ch __ 5019 D= 5019sin60° _ 10,285 ft
sin60° sin25°  sin60°  sin25° sin25
. . . 10,285 .
The photograph would cover a horizontal distance of approximately 10,285 ft or 0 =1.95 mi

Determine the length of CB, which is the sum of CD and DB.
Triangle ACE is isosceles, so angles ACE
and AEC are both equal to 47°. It follows
that angle ACD is equal to 47°—5°=42°.
Angles CAD and DAB both equal 43° since
the photograph was taken with no tilt and
AD is the bisector of angle CAB. The length
of AD is 3500 ft. Since the measures of the
angles in triangle ABC total 180°, angle

ABC equals 180°—(86°+42°)=52°.

3500sin43 ~35673 ft and DB = 3500sin43
sin42° sin52

Using the law of sines, we have CD = =3029.1 ft.

The ground distance in the resulting photograph will equal the length of segment CB.
Thus, CB=CD + DB =3567.3+3029.1=6596.4 ft or approximately 6600 ft.

Determine the length of CB, which is the sum of CD and DB.
Triangle ACE is isosceles, so angles ACE
and AEC are both equal to 54°. It follows
that angle ACB is equal to 54°—5°=49°.
Angles CAD and DAB both equal 36° since
the photograph is taken with no tilt, and AD
is the bisector of CAB with length 3500 ft.
Since the measures of the angles in the
triangle ABC total 180°, the angle ABC

equals 180°—(72°+49°)=59°.

In the figure, angle CAB is 72° . Using the law of sines we have the following.

- 300sin367 _ 57259 1t and DB =22008130" _ 54001 1.

sin49° sin59°

CD

The ground distance in the resulting photograph will equal the length of segment CB.
Thus, CB=CD+ DB =2725.9+42400.1=5126 ft or approximately 5100 ft.
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39. To find the area of the triangle, use A = %bh, with b=1 and h = \/g

Az%(l)(ﬁ)z%

Now use A=%absinC, with a=+/3, b=1,and C =90°.

A =%(\/§)(1)sin90° =%(ﬁ)(1)(1) =§

40. To find the area of the triangle, use A = %bh, with b=2 and h = \/g
1
A=L2)(43)=15.
2
Now use A :%absinC, with a =2, b=2,and C =60°.

A= %(2)(2)sin60° =%(2)(2)[£J =4/3.

2

41. To find the area of the triangle, use A = %bh, with b=1 and h = \/E

Now use A=%absinC, with a =2, b=1,and C =45°.

| (gjzﬁ

2

1 : o_
A== (2)(1)sind5°==(2)(1) :

42. To find the area of the triangle, use A = %bh, with b=2 and h=1.
1
A=2()0)=1

Now use A=%absinC, with a =2, b=+/2,and C =45°.

A=L
2

(2)(V2)sinsse =1(z)(ﬁ)[ﬁj 1
2
43. A=425°b=13.6m,c=10.1m
Angle A is included between sides b and c¢. Thus, we have the following.
A= %bcsinA =%(13.6)(10.1)Sin42.5° =~46.4 m’
44. C=722°b=4381t,a=35.11t

Angle C is included between sides a and b. Thus, we have the following.

A= %ab sin C :%(35.1)(43.8)sin72.2° ~732 ft’
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B=124.5°,a=30.4cm, c =284 cm
Angle B is included between sides a and c¢. Thus, we have the following.

A= %ac sin B :%(30.4)(28.4)sin124.5° ~356 cm’

C=1427°,a=219km, b =24.6 km
Angle C is included between sides a and b. Thus, we have the following.

A= %absinC =%(21.9)(24.6)sin142.7° ~163 km’

A =56.80° b =32.67 in., c =52.89 in.
Angle A is included between sides b and c. Thus, we have the following.

A= %bc sin A= %(32.67) (52.89)sin56.80° = 722.9 in.?

A =3497°,b=3529m, c=28.67Tm
Angle A is included between sides b and ¢. Thus, we have the following.

A= %bcsin A= %(35.29) (28.67)sin34.97° ~ 289.9 m’
A=30.50°, b=13.00 cm, C =112.60°

In order to use the area formula, we need to find either a or c.
B=180°-A-C = B =180°-30.50°—-112.60° = 36.90°
Finding a:
a b a 13.00 13.00sin30.5°
= = = =S>qg=—"—
sinA sinB  sin30.5° sin36.90° sin 36.90°

A= %ab sin C :%(10.9890)(13.00)sin1 12.60° = 65.94 cm’

=~10.9890cm

Finding c:
b c 13.00 c 13.00sin112.6°
= ) = > CcC=—
sinB sinC sin36.9°  sin112.6° sin 36.9°

A= %bc sin A= %(19.9889 )(13.00)sin30.5° = 65.94 cm’

=~19.9889cm

A=59.80° b=15.00 cm, C =53.10°

In order to use the area formula, we need to find either a or c.
B=180°-A-C = B=180°-59.80°-53.10°=67.10°

Finding a:
i snl: 5 seR sin1 2'7?(1)00 - :%z 14.0733em
A= %absinC = %(14.0733)(15.00)8iﬂ53.10° ~84.41 m’
Finding c:
i - - DS I 43 0216m

= = = =c
sinB sinC sin67.10°  sin53.10° sin67.10°
A= %bcsinA =%(13.0216)(15.00)sin59.8° ~84.41 m?

A= %absinC = %(16.1)(15.2)sin125° ~100 m’

421
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52. A= %(52.1)(21.3)511142.2o ~373 m*

53. Since ‘a = .b = ‘C =2r and r=l (since the diameter is 1), we have the following.
sinA sinB sinC 2

a b ¢ ’ l ~1
sinA sinB sinC 2
Then,a =sin A, b=sin B, and ¢ =sinC.
54. Answers will vary.

55. Since triangles ACD and BCD are right triangles, we have the following.

X
tano = and tan f=—
d+BC BC
. X X o
Since tan f = —— = BC =———, we can substitute into tano = and solve for x.
BC tan

x sina X sinff _ sina xsin

tan o = =>tana = = = L= =—

d+ > cosx d+XCOS,B sinff  cosa dsinf+xcosf

tan S sin

sine(d sin f+ xcos B) = xsin f(cos ) = d sinersin B+ xsinacos ff = xcos asin
dsinasin f = xcos arsin f— xsinacos f = d sinarsin f = x(cos arsin f—sin acos f5)
dsinasin f=—x(sinacos f—cos arsin )
dsinarsin § = —xsin(a— ) = dsinarsin § = xsin[ - (- ) |

. . . dsinasin
dsinasinff=xsin(f-a)=>x=—-"5"
' p=xsin(B-a)=x sin(f—-o)

Section 7.2: The Ambiguous Case of the Law of Sines

1. Having three angles will not yield a unique triangle. The correct choice is A.

2. Having three angles will not yield a unique triangle. So, choices A nor C cannot be correct. A triangle
can be uniquely determined by three sides, assuming that triangle exists. In the case of choice B, no

such triangle can be created with lengths 3, 5, and 20. The correct choice is D.

3. The vertical distance from the point (3, 4) to the x-axis is 4.

(a) If h is more than 4, two triangles can be drawn. But & must be less than 5 for both triangles to be

on the positive x-axis. So, 4 <h < 5.

(b) If h = 4, then exactly one triangle is possible. If 4 > 5, then only one triangle is possible on the

positive x-axis.
(c) If h <4, then no triangle is possible, since the side of length # would not reach the x-axis.
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(a) Since the side must be drawn to the positive x-axis, no value of 4 would produce two triangles.

(b) Since the distance from the point (-3, 4) to the origin is 5, any value of & greater than 5 would
produce exactly one triangle.

(c) Likewise, any value of A less than or equal to 5 would produce no triangle.

a=50,b=26,A=95°

sind _sinB _ sin95% _sinB o p_ 205957 o iemr124 = B=312°
a b 50 6 50

Another possible value for B is 180°—31.2°=148.8°. This measure, combined with the angle of
95°, is too large, however. Therefore, only one triangle is possible.

b=60,a=82,B=100°
sin A _ sin B _ sin A _ sin100°
a b 82 60
Since sin A > 1 is impossible, no triangle can be drawn with these parts.

_ 82sin100°

=sin A =~1.34590393

a=31,b=26,B=48°

smA=smB:>smA=sm48 :>sinA=3lsm48 ~ 88605729 = A =~ 62.4°
a b 31 26

Another possible value for A is 180° — 62.4° = 117.6°. Therefore, two triangles are possible.

a=35,b=30,A=40°
sin A _ sin B N sin 40 _ sin B e sin B = 30sin 40 ~ 55006081 = B ~ 33.4°
a b 35 0 35

Another possible value for B is 180° — 33.4° = 146.6°, but this is too large to be in a triangle that also
has a 40° angle. Therefore, only one triangle is possible.

a=50,b=61,A=58°
sinA sinB _ sin58° sinB
= - =
a b 50
Since sin B > 1 is impossible, no triangle is possible for the given parts.

=sin B =~1.03461868

_ 61sin58°
50

B=54°c=28,b=23
sinB sinC _ sin54° sinC
= - =
b c 23
Another possible value for C is 180° — 80° = 100°. Therefore, two triangles are possible.

_ 28sin54°

=sinC =.98489025 = C =80°

a=6,b=24=60°

2.

Sie
®|||®
| W

sinB sinA sinB sin60° . 2sin 60°
= = =sinB= =

b a2 15 NG

sinB=%:>B=45°

-

V2
2

N | —

2
There is another angle between 0° and 180° whose sine is 7: 180°—45°=135°. However, this is

too large because A =60° and 60°+135°=195°>180°, so there is only one solution, B =45°.
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12. A=45°, a=3v2, b=3

V2

. . . o e R
smB:smA:smB:sm45 :sinB:3sm45 T2 :%232300

b a 3 32 32 32

There is another angle between 0° and 180° whose sine is l: 180°—-30° =150°. However, this is too

large because A =45° and 45°+150°=195° >180°, so there is only one solution, B =30°.

13. A=29.7°,b=4151t, a=2721t

14.

15.

sinB sinA __sinB sin29.7° . 41.5sin29.7°
= = = =>sinB=————
b a 41.5 27.2 27.2
There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.75593878, to
the nearest tenth value of B is B, =49.1°. Supplementary angles have the same sine value, so another

=.75593878

possible value of B is B, =180°—49.1°=130.9°. This is a valid angle measure for this triangle since
A+ B, =29.7°+130.9° =160.6° < 180°.

Solving separately for angles C, and C, we have the following.
C, =180°-A—-B, =180°-29.7°-49.1°=101.2°
C, =180°-A—-B, =180°-29.7°-130.9° =19.4°

B=48.2° a=890cm, b =697 cm

sinA sinB __sinA sin48.2° . 8905in 48.2°
= = = =>sinA=———
a b 890 697 697
There are two angles A between 0° and 180° that satisfy the condition. Since sin A =.95189905, to
the nearest tenth value of A is A =72.2°. Supplementary angles have the same sine value, so another

=.95189905

possible value of A is A, =180°—72.2°=107.8°. This is a valid angle measure for this triangle since
B+ A, =48.2°+107.8°=156.0° <180°.

Solving separately for angles C, and C, we have the following.
C, =180°-A —B=180°-72.2°-48.2°=59.6°
C, =180°—- A, —B=180°-107.8°—-48.2° = 24.0°

C=41°20,b=259m,c=384m

sinB sinC sinB  sin41°20' . 25.95in 41°20"
= = =sinB=—+———

= = =.44545209
b c 259 38.4 38.4

There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.44545209, to
the nearest tenth value of B is B, =26.5°=26°30". Supplementary angles have the same sine value,
so another possible value of B is B, =180°—26°30'=179°60'-26°30"'=153°30". This is not a valid
angle measure for this triangle since C+ B, =41°20'+153°30'=194°50">180°.

Thus, A=180°-26°30"-41°20"'=112°10".
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16. B =48°50",a =3850 in.,b = 4730 in.

sinA sinB sin A sin 48°50' . 38505sin 48°50"
= = =sinA=———"—

= = =.61274255
a b 3850 4730 4730

There are two angles A between 0° and 180° that satisfy the condition. Since sin A =.61274255, to
the nearest tenth value of A is A =37.8°=37°50". Supplementary angles have the same sine value, so
another possible value of A is A, =180°—-37°50"'=179°60'-37°50"'=142°10". This is not a valid
angle measure for this triangle since B+ A, =48°50'+142°10'=191° >180°.

Thus, C =180°—A—-B =180°-37°50"-48°50"'=179°60'-86°40"=93°20".

17. B=74.3°,a=859m,b=783 m

sin A _ sin B N sin A _ sin 74.3 sin A= 859sin 74.3 ~1.0561331
a b 859 783 783
Since sin A > 1 is impossible, no such triangle exists.
18. C=82.2°a=109km, c=7.62 km
sinA _sinC _ sinA _ sin82.2 s gin A= 10.95in 82.2° 14172115

= =
a c 10.9 7.62 7.62

Since sin A > 1 is impossible, no such triangle exists.

19. A=142.13°, b =5.432 ft,a =7.297 ft

sinB sinA . bsin A . 5.432sin142.13°

= = sinB = =>snB=————"
b a a 7.297

Because angle A is obtuse, angle B must be acute, so this is the only possible value for B and there is
one triangle with the given measurements.

C=180°-A-B=C=180°-142.13°-27.19°= C =10.68°
Thus, B=27.19° and C =10.68°.

=.45697580 = B = 27.19°

20. B=113.72°,a=189.6 yd, b =243.8 yd

sinA sinB sinA sinl113.72° . 189.6sin113.72°
= = = =>sinA=—"-—"-—"""—

= in = 71198940
a b 189.6 243.8 243.8

Because angle B is obtuse, angle A must be acute, so this is the only possible value for A and there is
one triangle with the given measurements.

C=180°-A—-B=180°-45.40°-113.72° = 20.88°
Thus, A=45.40° and C =20.88°.
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21. A=425°%a=15.61t,b=8.14 ft

sinB sinA sin B sin42.5° . 8.14sin 42.5°
= = = =>sinB=———"—

= sin =~ 35251951
b a 8.14 15.6 15.6

There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.35251951, to
the nearest tenth value of Bis B, =20.6°'. Supplementary angles have the same sine value, so another
possible value of B is B, =180°—20.6°=159.4°. This is not a valid angle measure for this triangle
since A+ B, =42.5°+159.4°=201.9°>180°.

Thus, C =180°-42.5°-20.6°=116.9°. Solving for ¢, we have the following.

c a c 156 _15.65in116.9°

= = = =c =~20.6 ft
sinC sinA sin116.9°  sin42.5° sin 42.5°

22, C=523%a=325yd,c=59.8yd

sinA sinC sinA sin52.3° . 32.5sin52.3°
= = = =>sinA=——"—""—

= =.43001279
a c 325 59.8 59.8

There are two angles A between 0° and 180° that satisfy the condition. Since sin A =.43001279, to
the nearest tenth value of A is A =25.5°. Supplementary angles have the same sine value, so another
possible value of A is A, =180°—25.5°=154.5°. This is not a valid angle measure for this triangle
since C+A, =52.3°+154.5° = 206.8° >180°.

Thus, B =180°-52.3°-25.5°=102.2°. Solving for b, we have the following.

b c b 59.8 59.8sin102.2°
— == — =— =b=—- =~73.9 yd
sinB sinC sinl102.2° sin52.3° sin 52.3°
23. B=722°b=783m,c=145m
sin C _ sin B N sin C _sin 72.2 sinC = 145sin 72.2 ~1.7632026
c b 145 78.3 78.3
Since sin C > 1 is impossible, no such triangle exists.
24. C=68.5°¢c=258cm, b=386cm
sin B _sin C N sin B _sin 68.5 s sinB = 386sin 68.5 139202008
b c 386 258 258
Since sin B > 1 is impossible, no such triangle exists.
25. A=38°40",a=9.72km, b=11.8 km
sin B _ sin A - sin B _ sin38°40 e inB= 11.8sin38°40 ~ 75848811

b a 118 972 . 9.72
There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.75848811, to
the nearest tenth value of B is B, =49.3°=49°20'. Supplementary angles have the same sine value,
so another possible value of B is B, =180°—-49°20"'=179°60'-49°20'=130°40". This is a valid angle
measure for this triangle since A+ B, =38°40'+130°40'=169°20"<180°.

Continued on next page
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25. (continued)
Solving separately for triangles AB,C, and AB,C, we have the following.

ABC, :
C, =180°— A— B, =180°-38°40"—49°20"'=180°-88°00"' = 92°00"
.cl _ .a o ¢ __ 9.72 ':C1:9.7.251n92 (,)O ~15.5 km
sinC, sinA sin92°00" sin38°40 sin 38°40
AB,C,:
C, =180°— A—B, =180°-38°40"-130°40"=10° 40’
. 9.725sin10°40"
.cz _ .a o C, N 9.72 e, = .sm 0 88 km
sinC, sinA sin10°40° sin38°40 sin 38°40
26. C=29°50",a=8.61m,c=521m
sinA _sinC sinA _ sin29°50 g A:8.6lsm29 50 ~ 82712894

= = sin
a c 8.61 5.21 5.21

There are two angles A between 0° and 180° that satisfy the condition. Since sin A =.82212894, to
the nearest tenth value of A is A =55.3°=55°20". Supplementary angles have the same sine value, so
another possible value of A is A, =180°—-55°20'=179°60'-55°20"'=124°40". This is a valid angle
measure for this triangle since C + A, =29°50'+124°40'=154°10"'<180°.

Solving separately for triangles A B,C and A,B,C , we have the following.

ABC:
B, =180°-C—A =180°-55°20'-29°50"'=179°60'-85°10"=94°50"
b b 21sin 94°50’
b :.c 4 ,:.5.21 '3b1:52.151n94 ?0 ~104 m
sinB, sinC sin94°50" sin29°50 sin 29°50

A,B,C:

B, =180°—C— A, =180°-124°40"—29°50" =179°60'-154°30"' = 25°30"
b, ¢ b, 521 _ 5.21sin25°30’

X == 7T 7 =0 . ;—=451m
sinB, sinC  sin25°30° sin29°50 sin 29°50
27. A=96.80°b=3.589 ft,a=5.818 ft
sin B _ sin A _ sin B _ sin 96.80 e sinB= 3.5895in96.80° _ 61253922
b a 3.589 5.818 5.818

There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.61253922, to
the nearest hundredth value of B is B, =37.77°. Supplementary angles have the same sine value, so
another possible value of B is B, =180°—37.77°=142.23°. This is not a valid angle measure for this
triangle since A+ B, =96.80°+142.23° =239.03° >180°.

Thus, C =180°-96.80°—37.77°=45.43°. Solving for ¢, we have the following.
c a c 5.818 5.818sin 45.43°
= =

=4.174 ft

= = C
sinC sinA sin 45.43°  sin 96.80° sin 96.80°
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28. C=88.70°b=56.87 yd, c=112.4 yd
sinB sinC __ sinB  sin88.70° . 56.87sin 88.70°
= = = =>sinB=——""-—"—
b c 56.87 112.4 112.4
There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.50583062, to
the nearest hundredth value of B is B, =30.39°. Supplementary angles have the same sine value, so

=.50583062

another possible value of B is B, =180°—30.39°=149.61°. This is not a valid angle measure for this
triangle since C+ B, =88.70°+149.61°=238.31° >180°.
Thus, A=180°-C—-B =180°-88.70°-30.39°=60.91°. Solving for a, we have the following.

a c a 1124 _ 112.4sin 60.91°

— == — =— =a - ~98.25 yd
sinA sinC sin 60.91°  sin 88.70° sin 88.70°

29, B=39.68°,a=29.81m,b=23.76m
sinA _ sin B _, Sin A sin39.68 s sin A= 29.81sin 39.68° 20108002

a b 2981  23.76 - 23.76
There are two angles A between 0° and 180° that satisfy the condition. Since sin A =.80108002, to
the nearest hundredth value of A is A =53.23°. Supplementary angles have the same sine value, so
another possible value of A is A, =180°—-53.23°=126.77°. This is a valid angle measure for this
triangle since B+ A, =39.68°+126.77° =166.45° <180°.

Solving separately for triangles A BC, and A, BC, we have the following.

ABC,:
C, =180°—A — B =180°-53.23°-39.68° =87.09°
.cl _ .b o G _ .23.76 361:23.7.6sm87.09 ~3716 m
sinC, sinB  sin87.09° sin39.68° sin39.68°
A,BC,:
C, =180°—-A, —B=180°-126.77°-39.68° =13.55°
.cz _ .b e C, _ .23.76 361:23.7.6sm13.55 ~8719 m
sinC, sinB  sinl13.55° sin39.68° sin 39.68°
30. A=51.20° ¢=7986 cm, a =7208 cm
sin C _ sinA__sinC _sin51.20 inC= 79865in 51.20 ~ 86345630

c a 798 7208 7208
There are two angles C between 0° and 180° that satisfy the condition. Since sin C =.86345630, to
the nearest tenth value of Cis C, =59.71°. Supplementary angles have the same sine value, so another
possible value of C is C, =180°—59.71°=120.29°. This is a valid angle measure for this triangle
since A+C, =51.20°+120.29° =171.49° <180°.
Solving separately for triangles AB,C, and AB,C, we have the following.

ABC, :
B, =180°-C, —A=180°-59.71°-51.20° = 69.09°
b b in 69.09°
b .a b _ .7208 N 1:720.851n6909 ~ 8640 cm
sinB, sinA  sin69.09° sin51.20° sin 51.20°
AB,C,:
B, =180°-C, — A=180°-120.29°-51.20° =8.51°
b b i °
,  _a , 7208 _7208sin8.51° 1369 em

. =T = = =0, =—
sinB, sinA sin851° sin51.20° sin 51.20°
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a=+5,c=2J5, A=30°

2\/51
sinC _sinA __sinC _sin30° . 24/55in30° 2 J5
= = = =sinC = = =—=1=C=90°
c a5 iS5 J5 NEING]
This is a right triangle.
—34. Answers will vary.
Let A=38°50",a=21.9,b=783.
sin B _ sin A N sin B _ sin 38°50 —sinB = 78.3sin38°50 22419439
b a 78.3 21.9 21.9
Since sin B > 1 is impossible, no such piece of property exists.
Let A=28°10",a=21.2,b=26.5.
sin B _ sinA__sinB _sin28°10 e sinB = 26.5sin28°10 ~ 50004745

b a 265 212 21.2
There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.59004745, to
the nearest tenth one value of B is B, =36.2°=36°10". Supplementary angles have the same sine
value, so another possible value of B is B, =180°-36°10'=179°60'-36°10'=143°50". This is a
valid angle measure for this triangle since A+ B, =28°10'+143°50'=172° <180°.

Solving separately for triangles AB,C, and AB,C, , we have the following.

ABC, :
C, =180°-A—-B, =180°-28°10'-36°10'=179°60'-64°20"'=115°40"
.cl _ .a e c . 21.2 ,261:21.2.s1n115 ,40 ~405 yd
sinC, sinA sinl115°40° sin28°10 sin28°10
AB,C,:
C, =180°-A—-B, =180°-28°10'-143°50"'=180°—-172° = 8°00'
.cz _ .a o ¢ . 21.2 ,262:21..281n8 0,0 ~6.25yd
sinC, sinA sin8°00' sin28°10 sin28°10
Prove that ath - A.+s1nB 38. Prove that a=b = s%n A—s?n B
sin B a+b sinA+sinB
Start with the law of sines. Start with the law of sines.
@ _ b _ ,_bsind a__ b _ _bsinA
sinA sinB sin B sinA _ sinB sin B

. . . _a+b
Substitute for a in the expression

. . . a
Substitute for a in the expression
a+b

bsin A bsin A
+b

a+b sin B sin B i sin B bémA_b bémA_ i
= = = a-b _ sinB  _ sinB sin B
b b b sin B a+b bsinA _  bsinA . sinB
_bsinA+bsinB _ b(sin A+sin B) sn 0 simp "
bsin B bsin B sin A—sin B
:sinA+sinB :sinA+sinB

sin B
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Section 7.3: The Law of Cosines

Connections (page 298)

P(2,5),Q (_1’3)’and R(4’O) 1. A= %|(x1yz TN XY T VX T XY, y3x1)|
=1|(2-3—5(—1)+(—1)-0—3-4+4-5—0-2)|

=—|(6+5 12+20)|=—|19| 5°19=9.5 sq units

2. distance between P(2,5)andQ(-13):

a= \/[2—(—1)]2 +(5-3)" =3’ +2> =9+ 4 =13 =3.60555

distance between P(2,5) and R(4,0):

b=y(2-4)" +(5-0)" =|/(-2)" +5* =/4+25 =29 ~ 5.38516

distance between Q(—1,3)and R(4,0):
c=(~1-4) +(3-0)" = /(=5) +3* =/25+9 = /34 ~ 5.83095
s=%(a+b+c) (J_+J_+J_) M ~7.41083

A=\s(s—a)(s=b)(s—c) = /(7.41083) (3.80528) (2.02567)(1.57988) = 9.5 sq units

or more precisely,

Az\/s(s—a)(s—b)(s—c)
V134429 434 (V13 4429 ++/34 V134429 +4/34 V13 4429 4434
[ g

L [+ +38) (V3 #3038 - 23 (35 + 25+ ~ 235 13-+ 54 2]
\/( 13++/29 +/34 ) (v29 ++/34 - \/—)(\/E+«/3—4—@)(\/E+\/E—x/3—4)

-l 3+F+\/_)(@+J3_4—JE)}[(\/E+\/?4—@)(JBNE—@)}
J(zﬂwo)(z@ 50) = : (2@)2—502=%\/3944—2500=%\/1444=%-38=9.55qunits

2 22
3. By the law of cosines, ¢* =a* +b*> —2abcos C = 2abcosC =a’ +b* —c* = cosC = %.
a
Using the lengths from part 2, we have the following.
0sC = 13+29-34 0.20601 = C =78.1°
213429

A:%absinC :%x/ﬁ-@sin78.1°z9.5 sq units
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(a) SAS
(b) law of cosines
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(a) SAA
(b) law of sines
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(a) SSS
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(a) ASA
(b) law of sines

a, c,and A

B

©
@ b

(a) SSA
(b) law of sines

a,B,and C

(a) ASA
(b) law of sines

b, c,and A

B

©
® ©

(a) SAS
(b) law of cosines
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9. a’=3"+8-2(3)(8)cos 60° =9+ 64— 48( ) 73-24=49=a =49 =7
2 2 2 \/5
10. @ =1 +(442) —2(1)(4V2)cos 45° =1+32-812 S |=B-8=25=a =\25=5
2
v - UH(3) -1 14313 3B
11. cosf= = — =" 0=30°
2be 2(1)(6) W3 23 B2
2 2 2 2 2 A2 _
12. cos6=b te—a” 345 -7 _9+25 49:—1:>H=120°
2bc 2(3)(5) 30 2

13. A=61°b=4,¢c=6

Start by finding a with the law of cosines.

a’=b>+c*=2bccosA=a’ =4>+6" —2(4)(6)cos61° = 28.729 = a = 5.36 (will be rounded as 5.4)

Of the remaining angles B and C, B must be smaller since it is opposite the shorter of the two sides b

and c. Therefore, B cannot be obtuse.

sinA _ sin B N sin61 _ sin B 0B = 4sin61 ~ 65270127 = B ~ 40.7°
a b 5.36 4

Thus, C =180°-61°-40.7°=78.3°.
14. A=121°b=5,¢=3

Start by finding a with the law of cosines.

a’ =b>+c*=2bccos A= a’ =5 +3 —2(5)(3) cos121° = 49.5 = a = 7.04 (will be rounded as 7.0)

Of the remaining angles B and C, C must be smaller since it is opposite the shorter of the two sides b

and c. Therefore, C cannot be obtuse.

sinA _ sinC N sin121 _sinC e sinC = 3sinl21 36527016 = C ~ 2] 4°
a C 7.04 7.04

Thus, B=180°-121°-21.4°=37.6°.

15. a=4,b=10,c=8

We can use the law of cosines to solve for any angle of the triangle. We solve for B, the largest angle.
We will know that B is obtuse if cos B <0.

2,2 32 2,02 102  _
b =da*+¢* —ZaCCOSB:cosB:u:cosB:uzﬂz—i:B:m&ZO
2ac 2(4)(8) 64 16

We can now use the law of sines or the law of cosines to solve for either A or C. Using the law of
cosines to solve for A, we have the following.

2, 2 2 2,2 42
Qb+ —2becosA—cos A= LT T L oga M08 -4 148 3T 4 5530
2be 2(10)(8) 160 40

Thus, C =180°-108.2°—-22.3°=49.5°.
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17.

18.

19.
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a=12,b=10, c=10

We can use the law of cosines to solve for any angle of the triangle. Since b and c have the same
measure, so do B and C since this would be an isosceles triangle.

If we solve for B, we obtain the following.

2,2 32 2 2 102

b =da*+¢* —ZaCCOSB:cosB:u:cosB:M:ﬂzéz B=53.1°
2ac 2(12)(10) 240 5

Therefore, C = B=53.1° and A=180°-53.1°-53.1°=73.8°.

If we solve for A directly, however, we obtain the following.

2, 2 2 2 2 142
QP =b - 2becos A= cos A= LT L os a0 012 56 T 9390
2be 2(10)(10) 200 5

The angles may not sum to 180° due to rounding.

a=5b=7,¢=9

We can use the law of cosines to solve for any angle of the triangle. We solve for C, the largest angle.
We will know that C is obtuse if cos C < 0.
2 2 2 2 2 2
ct =a* +b* —2abCOSC3005C=m3 cosc=u=—7=—i:>Cz95.7°
2ab 2 (5) (7) 70 10
We can now use the law of sines or the law of cosines to solve for either A or B. Using the law of sines
to solve for A, we have the following.

sinA sinC sinA sin95.7° .
= = = sin A
a C 5
Thus, B=180°-95.7°-33.6°=50.7°.

ZSIONT 55280865 = A ~33.6°

B =55° a=90, c =100
Start by finding b with the law of cosines.
b* =a’ +¢* —2ac cos B= b* =90° +100° —2(90)(100) cos 55° = 7775.6 = b ~ 88.18 (will be

rounded as 88.2)

Of the remaining angles A and C, A must be smaller since it is opposite the shorter of the two sides a
and c. Therefore, A cannot be obtuse.

sinA sinB sinA sin55° . 90sin 55°
= = = =>sinA=—
a b 90 88.18 88.18
Thus, C =180°—-55°-56.7° = 68.3°.

=.83605902 = A = 56.7°

A=414°b=278yd, c=392yd

First find a.

a’ =b>+c* —2bccos A=>a’ =2.78* +3.92° =2(2.78)(3.92) cos 41.4° = 6.7460 = a = 2.597 yd

(will be rounded as 2.60)

Find B next, since angle B is smaller than angle C (because b < ¢ ), and thus angle B must be acute.
sinB sinA sinB sin41.4° . 2.78sin41.4°

b a 218 2501 M ose
Finally, C =180°—-41.4°-45.1°=93.5°.

=.707091182 = B = 45.1°
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20. C=28.3°b=5"71in.,a=4.21in.
First find c.

> =a’+b* —2abcosC = > =421 +5.71 —2(4.21)(5.71)005 28.3°=7.9964 = ¢ = 2.828 in. (will
be rounded as 2.83)

Find A next, since angle A is smaller than angle B (because a < b ), and thus angle A must be acute.

sinA sinC sinA sin28.3° ) 4.21sin 28.3°
= = = —> Sin A =
a C 4.21 2.828 2.828

Finally, B =180°—-28.3°-44.9°=106.8°.

=. 70576781 = A = 44.9°

21. C=456°,b=894m,a=723 m
First find c.

¢ =a* +b* —2abcos C = ¢* =7.23* +8.94° — 2(7.23) (8.94) c0845.6°=41.7493 = c=6.461 m
(will be rounded as 6.46)

Find A next, since angle A is smaller than angle B (because a < b ), and thus angle A must be acute.

sinA sinC sinA sin45.6° . 7.23s8in 45.6°
= = = =sinA=————
a c 7.23 6.461 6.461

Finally, B=180°-53.1°-45.6°=81.3°.

=.79951052 = A = 53.1°

22. A=67.3° b=37.9km, ¢c =40.8 km
First find a.

a®> =b*+c* —2bccos A= 379" +40.8 —2(37.9) (40.8)cos 67.3°=1907.5815 = a = 43.68 km (will
be rounded as 43.7)

Find B next, since angle B is smaller than angle C (because b < ¢ ), and thus angle B must be acute.

sinB sinA sin B sin 67.3° ) 37.9sin 67.3°
= = = =>sinB=————
b a 37.9 43.68 43.68

Finally, C =180°—-67.3°—-53.2°=59.5°.

=.80046231 = B = 53.2°

23. a=93cm,b=57cm,c=8.2cm
We can use the law of cosines to solve for any of angle of the triangle. We solve for A, the largest
angle. We will know that A is obtuse if cos A <0.

2 2 _gr2
a’*=b>+c¢* —2bccos A= cos A =Mz 14163457 = A =82°
2(57)(82)

Find B next, since angle B is smaller than angle C (because b < ¢ ), and thus angle B must be acute.

sinB sinA sinB sin82° . 5.7sin82°
= = =>sinB=———

=
b a 5.7 9.3
Thus, C =180°-82°-37°=61°.

=.60693849 = B = 37°
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25.

26.

Section 7.3: The Law of Cosines

a=281t,b=47ft,c =58 ft
Angle C is the largest, so find it first.
28% +47° 58’

¢* =a*+b*-2abcosC = cosC =——————— = —.14095745 = C = 98°
2(28)(47)

Find A next, since angle A is smaller than angle B (because a < b ), and thus angle A must be acute.

_ 28sin98°

sinA sinC sinA sin98°
= - =
a c 28
Thus, B=180°—-29°-98°=53°,

=sinA =.47806045 = A = 29°

a=429m,b=37.6m,c=62.7m
Angle C is the largest, so find it first.

2 2 2
¢’ =a’+b*—2abcosC = cosC = 42.9 +37.6 ~62.7 ~—.20988940 = C =102.1° = 102°10/

2(42.9)(37.6)

Find B next, since angle B is smaller than angle A (because b < a ), and thus angle B must be acute.

sinB sinC sinB sinl102.1° . 37.6sin102.1°
= = = =sinB=———"—
b c 37.6 62.7 62.7

Thus, A=180°-35°50"-102°10"=180°—138° =42°00".

~.58635805 = B = 35.9° = 35°50’

a=189yd, b=214yd, c=325yd
Angle C is the largest, so find it first.
1897 +214° - 325°

=a*+b*—2abcosC = cosC = =-.29802700 = C =107.3° = 107°20’
2(189)(214)

Find B next, since angle B is smaller than angle A (because b < a ), and thus angle B must be acute.

sinB sinC sinB sin107°20 . 214sin107.3°
= = = =>sinB=————
b c 214 325 325

Thus, A=180°-39°00"-107°20"=179°60"—146°20" = 33°40".

~.62867326 = B = 39.0° = 39°00

27. AB =1240 ft, AC = 876 ft, BC = 965 ft

LetAB=c¢,AC=b,BC=a
Angle C is the largest, so find it first.

2 2 2
> =a*+b*=2abcosC = cosC = 965 +876 —1240° .09522855 = C = 84.5° or 84°3(/

2(965)(876)

Find B next, since angle B is smaller than angle A (because b < a ), and thus angle B must be acute.

sinB sinC sinB sin84°30’ . 8765sin84°30’
= = = =sinB=——-—"+—

b c 876 1240 1240
Thus, A =180°—-44°40"—-84°30"=179°60"—-129°10" = 50°50".

~.70319925 = B = 44.7° or 44°10’
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28.

29.

30.

31.

AB=298m,AC=421 m, BC=324m
LetAB=c,AC=b,BC=a.

Angle B is the largest, so find it first.

2 2 2
b? :a2+c2—2accosB:cosB:324 +298 —421 ~.08564815= B =85.1° =85°10’
2(324)(298)

Find C next, since angle C is smaller than angle A (because ¢ < a ), and thus angle B must be acute.

sinC sinB sinC sin85.1° . 298sin85.1°
= = = =sinC=——
c b 298 421 421

Thus, A=180°-85°10"—44°50"=180°—130° = 50°00".

~ 70525154 = C = 44.8° =~ 44°5(’

A=80°40" b =143 cm, ¢ =89.6 cm

First find a.

a’=b>+c¢>—2bccos A= a’ =143" +89.6 —2(143)(89.6)cos 80°40" = 24,321.25=a =156.0 cm
(will be rounded as 156)

Find C next, since angle C is smaller than angle B (because ¢ < b ), and thus angle C must be acute.

sinC sinA sinC sin80°40’ . 89.65in 80°40’
= = = =>sinC=———
c a 89.6 156.0 156.0

Finally, B =180°—-80°40"—34°30"=179°60"-115°10"= 64°50

~.56675534 = C = 34.5° =34°3(/

C=72°40",a =327 ft, b =251 ft

First find c.

> =a’+b’ —2abcos C = ¢* =327% +251° —2(327)(251) cos 72°40" = 121,023.55 = ¢ =~ 347.9 ft

(will be rounded as 348)

Find B next, since angle B is smaller than angle A (because b < a ), and thus angle B must be acute.
sinB _sinC __ sinB _ sin72°40 . 251sin72°40

= = = =>sinB=——7-—7—
b C 251 3479 3479
Finally, A=180°-72°40"-43°30"=179°60"-116°10"=63°50".

~.68870795 = B =~ 43.5° =43°3(0/

B=74.80°, a=8919in., c = 6.427 in.
First find b.

b*=a’+c’ —2accos B= b’ =8.919° +6.427° —2(8.919)(6.427) cos 74.80° = 90.7963 = b =~ 9.5287 in.
(will be rounded as 9.529)
Find C next, since angle C is smaller than angle A (because ¢ < a ), and thus angle C must be acute.

sinC sinB sinC  sin74.80° . 6.427sin74.80°
= = = =sinC=————
c b 6.427 9.5287 9.5287

Thus, A=180°-74.80°—-40.61°=64.59°.

=.65089267 = C = 40.61°
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C=59.70°, a =3.725 mi, b = 4.698 mi
First find c.

c*=a’>+b=2abcosC = ¢* =3.725 +4.698” —2(3.725)(4.698)c0s59.70° = 18.28831 = ¢ =~ 4.27648 mi

(This will be rounded as 4.276. If we rounded it initially to be 4.2765, then this will cause the final
answer to then round to 4.277, which is not correct.)

Find A next, since angle A is smaller than angle B (because a < b ), and thus angle A must be acute.

sinA sinC sinA sin59.70° . 3.725sin59.70°
= = = =sinA="—"-—""—
a c 3725 4.27648 4.27648

Thus, B=180°—-48.77°-59.70° =71.53°.

=.75205506 = A = 48.77°

33. A=1128°,b=628m,c=122m

34.

35.

First find a.

a’=b>+c*—2bccosA=>a’ =6.28 +12.2> =2(6.28)(12.2) cos 112.8° = 247.658 = a ~ 15.74 m (will
be rounded as 15.7)

Find B next, since angle B is smaller than angle C (because b < ¢ ), and thus angle B must be acute.

sinB sinA sinB sinl112.8° . 6.28sin112.8°
= = = =sinB=———"—
b a 6.28 15.74 15.74

Finally, C =180°-112.8°-21.6°=45.6°.

=.36780817 = B = 21.6°

B=168.2°,a=151cm,c=19.2 cm
First find b.

b*=a’+c’ —2accos B=>b* =151 +19.2* =2(15.1)(19.2) cos 168.2° = 1164.236 = b = 34.12cm
(will be rounded as 34.1)
Find A next, since angle A is smaller than angle C (because a < ¢ ), and thus angle A must be acute.

sinA sinB sinA sinl168.2° . 15.1sin168.2°
= = = =sinA=———""—
a b 15.1 34.12 34.12

Thus, C =180°-5.2°-168.2°=6.6°.

=.09050089 = A =5.2°

a=3.01t,b=50ft,c=60ft
Angle C is the largest, so find it first.

2 2 2
30450 =607 2 L 6666667 = C =94°

ct=a>+b*-2abcosC =>cosC="——— " —_ =
2(3.0)(5.0) 30 15

Find A next, since angle A is smaller than angle B (because a < b ), and thus angle A must be acute.
sinA _sinC N sinA _ sin94° _ 3sin94°
a c 3

Thus, B=180°-30°-94°=56°.

=sinA =.49878203 = A =30°
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36. a=4.01t,b=5.0ft, c=8.0ft
Angle C is the largest, so find it first.

4.0°+5.0°-8.0° 23

¢t =a*+b*—2abcosC = cosC = ——=-57500000 = C =125°

2(4.0)(5.0) 40
Find A next, since angle A is smaller than angle B (because a < b ), and thus angle A must be acute.
sinA _ sinC N 812A _ sin 94 e sinA= 4s1n8125 40957602 = A ~ 24°
a c

Thus, B =180°-24°-125°=31°.

37. There are three ways to apply the law of cosines when a =3,b =4, and ¢ =10.

2 2 A2
Solving for A: a* =b* +¢? _2bccos A= cos A=2T10 =37 107 4 5504
2(4)(10) 80

2 2 42

Solving for B: b2=(12+C2—ZaCCOSBZCOSBZMZ%ZEZI.SS
2(3)(10) 60 20

F+47-10° _-75_ 25

23)(4) 24 8 =312

Solving for C: c? =a* +b*—2abcosC = cosC =

Since the cosine of any angle of a triangle must be between —1 and 1, a triangle cannot have sides 3, 4,
and 10.

38. Answers will vary.

39. Find AB, or c, in the following triangle. 40. Find the diagonals, BD and AC, of the
following parallelogram.
A
350m B c
122°
46.3" C 40cm
c
58°
’ BD* = AB> + AD* —2(AB)(AD)cos A
¢’ =a’>+b*—2abcosC BD* =47 +6"-2(4)(6)cos58°
¢’ =286 +350° —2(286)(350) cos 46.3° BD® =26.563875
¢ = 65,9813 BD=~52cm
=257 and

AC? = AB*+BC*-2(AB)(BC)cos B
AC? =47 +6"-2(4)(6)cos122°
AC? =77.436125

AC =8.8 cm

The length of AB is 257 m.

The lengths of the diagonals are 5.2 cm and
8.8 cm.
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42,

43.

Section 7.3: The Law of Cosines

Find AC, or b, in the following triangle.

A 450 km B
Angle 1 =180°-128°40"=179°60"-128°40"=51°20’

Angles 1 and 2 are alternate interior angles formed when parallel lines (the north lines) are cut by a

transversal, line BC, so angle 2 = angle 1 = 51°20".

Angle ABC = 90° — angle 2 =89°60"—51°20"=38°40".

b* =a* +c* =2ac cos B = b* =359% +450* —2(359) (450) cos 38°40" = 79,106 = b ~ 281 km

C is about 281 km from A.

Let B be the harbor, AB is the course of one ship, BC is the course of the other ship.
Thus, b = the distance between the ships.
A

B 402mi C
b* =402* +402° —2(402)(402)cos135°40" = b’ = 554394.25 = b =745 mi

Sketch a triangle showing the situation as follows.

15.2

Angle A =90°-45°20"=89°60"—45°20" = 44°4(

Angle C=308°40"—270° =38°40’

Angle B =180° — A—C =180°—44°40"—38°40" =179°60"—83°20" = 96° 40’

Since we have only one side of a triangle, use the law of sines to find BC = a.
a b a _ 152 _ 15.2s5in44° 40

= = = =a =10.8
sinA sinB  sin44° 40" sin96° 40’ sin 96° 40’

The distance between the ship and the rock is 10.8 miles.

439
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44.

45.

46.

47.

48.

Let d = the distance between the submarine and the battleship.
17°30
24°10

5120 ft

o =24°10"-17° 30" =23° 70"—17° 30" = 6° 40’
B =17° 30" since the angle of depression to the battleship equals the angle of elevation from the
battleship (They are alternate interior angles.).
6 =180°—6° 40'—17° 30"=179°60"—14° 10" =155° 50’
Since we have only one side of a triangle, use the law of sines to find d.
d 5120 5120sin6° 40"
Sn6° 40 sin155°50  sinl55° 50°
The distance between the submarine and the battleship is 1450 ft. (rounded to three significant digits)

=1451.9

Use the law of cosines to find the angle, 6.

2 2 1q2
cosg= 20 F16 =13 48T 003750 = 6 = 40.5°
2(20)(16) 640

AB is the horizontal distance between points A and B. Using the laws of cosines, we have the
following.

AB*> =10 +10° —2(10)(10)cos 128° = AB> =323.1=> AB =18 ft

Let A = the angle between the beam and the 45-ft cable.

2 2 _ 602
A=A —607 _6525 29 gnsssss6s A~36.30

2(45)(90) 8100 36
Let B = the angle between the beam and the 60-ft cable.
90° +60° —45° 9675 43

- =" = 89583333 = B =~ 26.4°
2(90)(60) 10,800 48

cosB=

Let ¢ = the length of the tunnel.

2900
C

Use the law of cosines to find c.
¢* =38007% +2900° —2(3800)(2900)0051 10° = ¢* = 30,388,124 = ¢ = 5512.5

The tunnel is 5500 meters long. (rounded to two significant digits)
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49. Let A =home plate; B = first base; C = second base; D = third base; P = pitcher’s rubber.

Draw AC through P, draw PB and PD.
C

% fi 90 ft

90 ft

In triangle ABC, angle B =90°, angle A = angle C =45°

AC =907 +90> =+2-907 =902 and PC = 9072 —60.5 = 66.8 ft
In triangle APB, angle A =45°.
PB* = AP* + AB* —2(AP)(AB)cos A
PB* =60.5" +90° —2(60.5)(90) cos 45°
PB? = 4059.86
PB ~63.7 ft

Since triangles APB and APD are congruent, PB = PD = 63.7 ft.
The distance to second base is 66.8 ft and the distance to both first and third base is 63.7 ft.

50. Let x = the distance between the ends of the two equal sides.
X

246.75 ft e 246.75 ft

Use the law of cosines to find x.

x> =246.75° +246.75° —2(246.75)(246.75)cos 125° 12 = 191,963.937 = x ~ 438.14

The distance between the ends of the two equal sides is 438.14 feet.

51. Find the distance of the ship from point A.

189°

418 ' 185
37

Angle 1 = 189° - 180° =9°

Angle 2 =360° - 317° =43°

Angle 1 + Angle 2 =9° + 43° =52°

Use the law of cosines to find v.

v =47.8% +18.5° —2(47.8)(18.5) c0s 52° = 1538.23 = v =~ 39.2 km

441



442 Chapter 7: Applications of Trigonometry and Vectors

52,

53.

54.

55.

Let A = the man’s location;
B = the factory whistle heard at 3 sec after 5:00;
C = the factory whistle heard at 6 sec after 5:00.
B

c a

42.2°

A b C

Since sound travels at 344 m per sec and the man hears the whistles in 3 sec and 6 sec, the factories are
¢=3(344)=1032 m and b =6(344) =2064 m from the man.

Using the law of cosines we have the following.
a’ =1032° +2064” —2(1032)(2064) cos 42.2° = 2,169,221.3 = a ~ 1472.8

The factories are 1473 m apart. (rounded to four significant digits)

2 2 o2
cosA=l 2L =97 639 51606359 = A <250
2(17)(21) 714

Thus, the bearing of B from is 325°+25°=350°.

Sketch a triangle showing the situation as follows.

100 mi

The angle marked 130° is the corresponding angle that measures 360°—230°=130°. The angle
marked 55° is the supplement of the 125° angle. Finally, the 75° angle is marked as such because
180°—55°—50° =75°. We can use the law of cosines to solve for the side of the triangle marked d.

d* =180 +100% —2(180)(100)cos 75° = 33,082 = d ~181.9
The distance is approximately 180 mi. (rounded to two significant digits)

Let ¢ = the length of the property line that cannot be directly measured.
Using the law of cosines, we have the following.

> =14.0° +13.0* =2(14.0)(13.0) cos 70° = 240.5 = ¢ = 15.5 ft (rounded to three significant digits)
The length of the property line is approximately 18.0 + 15.5 + 14.0 = 47.5 feet



56.

57.

58.

59.

60.
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Let A =the point where the ship changes to a bearing of 62°;
C = the point where it changes to a bearing of 115°.

A Icebergs B
50 mi

Angle CAB =90°—-62° =28°

Angle FCA =180°—angle DAC =180°-62°=118°

Angle ACB =360°— angle FCB — angle FCA=360°-115°-118°=127°
Angle CBA =180°— angle ACB— angle CAB =180°—-127°—-28°=25°
Since we have only one side of a triangle, use the law of sines to find CB.

CB 50 B:5051n28 AC 50 :AC:50sm25 B

=294 and ——=

=
sin28° sinl127° sin127° sin25°  sinl127° sin127°

The ship traveled 26.5 + 29.4 = 55.9 mi.
To avoid the iceberg, the ship had to travel 55.9 — 50 = 5.9 mi.

Using the law of cosines we can solve for the measure of angle A.

57.8 cm
25.9 cm

32.5cm A

_259°+32.5°-57.8’

cos A= ~ 95858628 = A = 163.5°
2(25.9)(32.5)

Let x = the distance from the plane to the mountain when the second bearing is taken.

6 =180°-32.7°=147.3°

792 km
Since we have only one side of a triangle, use the law of sines to find x.
x 192 _7.92sin24.1°

=5.99

= =X
sin24.1°  sin147.3° sin147.3°
The plane is 5.99 km from the mountain. (rounded to three significant digits)

Find x using the law of cosines.
x* =25 +25"—2(25)(25)c0s52° =~ 480 = x = 22 ft

To find the distance between the towns, d, use the law of cosines.
d* =3428> +5631% - 2(3428)(5631)00543.33O =15,376,718 = d =3921.3

The distance between the two towns is 3921 m. (rounded to four significant digits)

26.5
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61.

62.

63.

64.

65.

Let a be the length of the segment from (0, 0) to (6, 8). Use the distance formula.

=(6-0)" +(8-0)" =/6> +8 =/36+64 =100 = 10

Let b be the length of the segment from (0, 0) to (4, 3).

b=1(4-0)" +(3-0)" =v4*+3* =16+9=25=5

Let ¢ be the length of the segment from (4, 3) to (6, 8).
= J(6-4) +(8-3) =2 +5 =/4+25=429

2
@ +b - 10°+5°=(~29) 100+25-29
cosf=———————=cosf = =

= =.96 = 6 ~16.26°
2ab 2(10)(5) 100

Let a be the length of the segment from (0, 0) to (8, 6). Use the distance formula.

=/(8-0)" +(6-0)" =+/8* +6> =/64+36 =100 =10

Let b be the length of the segment from (0, 0) to (12, 5).
b=\/(12—0)2 +(5-0)" =122 +5> =144+ 25 =169 = 13

Let ¢ be the length of the segment from (8, 6) to (12, 5).

= \(12-8) +(5-6)" =4+ (1) =\I6+1=+17
2,22 2 10 +13%* — (/17 ’ -
cos@= L= L oso= (17) _ 100416917 _ 56923077 = @ = 14.25°
2ab 2(10)(13) 260

Using A :%bh = A :%(16)(%/5) =243~ 41.57.

To use Heron’s Formula, first find the semiperimeter, s = %(a +b+c)= %(6 +14+16) = % -36=18.

Now find the area of the triangle.

A=\[s(s—a)(s=b)(s—c) =,/18(18-6)(18—14)(18-16) = |[18(12)(4)(2) =/1728 =243 = 41.57

Both formulas give the same area.
Using A =%bh = A =%(10)(3J§) =153 =25.98.

To use Heron’s Formula, first find the semiperimeter, s = %(a +b+c)= %(10+ 6+14) =%-30 =15.

Now find the area of the triangle.

A=[s(s—a)(s=b)(s—c) =/15(15-10)(15-6) (15~ 14) =,/15(5) =675 =153 =25.98

Both formulas give the same result.

a=12m b=16m,c=25m

s=%(a+b+c)=l(12+16+25)= .53=26.5

N | —

A\/sasbsc \/265

(rounded to two significant digits)

—~

26.5-12)(26.5-16)(26.5-25) = |/26.5(14.5)(10.5) (1.5) = 78 m’
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. a=22in,b=45in,c=311n.
5= (atbic)=2(22+45+31)=L.98=49
2 2 2
A=Js(s—a)(s=b)(s—c) =[49(49-22)(49-45)(49-31) =,/49(27)(4)(18) =310 in.” (rounded

to two significant digits)

.a=154cm, b=179cm, c =183 cm
s:%(a +b+c):%(154+179+183):%-516:258
A=\/s(s—a)(s—b)(s—c)

= [258(258-154) (258 -179) (258 —183) = /258 (104)(79)(75) = 12,600 cm” (rounded to

three significant digits)

.a=254yd, b=382yd, c=19.8yd
s =%(a+b+c) :%(25.4+38.2+19.8) =%-83.4 =41.7

Az\/s(s—a)(s—b)(s—c)
= \/41.7(41.7—25.4)(41.7—38.2)(41.7—19.8) = \/41.7(16.3)(3.5)(21.9) =228 yd’

(rounded to three significant digits)

.a=76.31t, b=109 ft, c = 98.8 ft
) :%(a +b+c) :%(76.3+109+98.8) :%-284.1 =142.05
A z\/s(s—a)(s—b)(s—c)

= \/142.05 (142.05-76.3)(142.05-109)(142.05-98.8) = \/142.05(65.75) (33.05)(43.25) = 3650 ft’
(rounded to three significant digits)

. a=15.89in,b=21.74in., c=10.92 in.
5= %(a +h+c)= %(15.89+ 21.74+10.92) = %-48.55 =24.275

A= [s(s—a)(s—b)(s—c) =,24.275(24.275~15.89)(24.275~21.74)(24.275~10.92)

(
= \/24.275(8.385)(2.535) (13.355) =83.01 in.? (rounded to four significant digits)

. AB=22.47928 mi, AC = 28.14276 mi, A = 58.56989°

. 58.56989°
28.14276mi _A

c .
22.47928 mi

B
This is SAS, so use the law of cosines.

BC*= AC* + AB* ~2(AC)(AB)cos A
BC*=28.14276” +22.47928 —2(28.14276) (22.47928) cos 58.56989°

BC* =637.55393
BC =25.24983
BC is approximately 25.24983 mi. (rounded to seven significant digits)
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72. AB =22.47928 mi, BC = 25.24983 mi, A = 58.56989°
A58.56989°

Cq22.47928 mi
2524983 mi

B
This is SSA, so use the law of sines.

sinC _ sin A N sinC _ sin 58.56989 e sinC= 22.47928sin58.56989 - 75965065
c a 22.47928 25.24983 25.24983

Thus, C =49.43341° and B=180°-A—C =180°—-58.56989°—49.43341° =71.99670°.

73. Find the area of the Bermuda Triangle using Heron’s Formula.

5 =%(a+b+c) =%(850+925+1300) =%-3075= 1537.5

A=\[s(s—a)(s—b)(s—c) =[1537.5(1537.5-850) (1537.5-925)(1537.5-1300)
= \/1537.5(687.5)(612.5) (237.5) =392,128.82
The area of the Bermuda Triangle is 392,000 mi’. (rounded to three significant digits)

74. Find the area of the region using Heron’s Formula.

s:l(a+b+c) 1(75+68+85):— 228=114
2 2 2

A= \/ s— s—c)
=\/1 14 114—75)( 14—68)(114—85) =\/(114)(39)(46)(29) ~2435.3571 m’

. 2
Number of cans needed = (area in m”) = 24353571 =32.471428 cans

(m*per can) 75
She will need to open 33 cans.

75. Perimeter: 9 + 10 + 17 = 36 feet, so the semi-perimeter is %-36 =18 feet.

Use Heron’s Formula to find the area.
A=s(s—a)(s—b)(s—c) =/18(18-9)(18-10)(18-17) =/18(9) =/1296 = 36 ft

Since the perimeter and area both equal 36 feet, the triangle is a perfect trzangle.

76. (a) s-%(a+b+c) ;(11+13+2o)=%-44=22

b)(s—c)

=22(22-11)(22-13)(22-20) = /22(11)(9)(2) = /4356 =66, which is an integer

=—(a+b+c)= 2(13+14+15)=%-4z=21

= b)(s—c)

\/ 21-13)(21-14)(21-15) =,/21(8) =/7056 =84, which is an integer

—

1 1
c =—(a+b+ T+15+20)=—-42=21
© s=_(a+b+e)= 2( )=3

\/ b)(s—c)

\/21 21-7)(21-15)(21-20) =/21(14)(6) (1) = /1764 = 42, which is an integer
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77. (a) Using the law of sines, we have the following.

sinC sinA _sinC  sin60° .
= = = =sinC

c a 15 13 13

There are two angles C between 0° and 180° that satisfy the condition. Since sin C =.99926008,
to the nearest tenth value of C is C, =87.8°. Supplementary angles have the same sine value, so

another possible value of Cis B, =180°—87.8°=92.2°

_ 15sin60° _ %g ~ 99926008

(b) By the law of cosines, we have the following.
2,32 2 2 2 _q1g2
cosC=L 2 L oee =BT Y T 3gae154 = 0 =920
2ab 2(13)(7) 182 26

(c) With the law of cosines, we are required to find the inverse cosine of a negative number; therefore;
we know angle C is greater than 90°.

78. Using the law of cosines, we have the following.

a*+c* - b? 6> +5% -4 36+25-16 3
coSB=—————=cosB= = ==
2ac 2(6)(5) 60 4
b?+c* —a? 424526 16+25-36 1
COSA=————=C0sA= = =_
2bc 2(4)(5) 40 8
2
Since 2cos’ B—1=2 i —-1=2 i —Ezizl:cosA, A is twice the size of B.
4 16) 16 16 8

79. Given point D is on side AB of triangle ABC such that CD bisects angle C, angle ACD = angle DCB.
A
Show that AD = 2
DB a b

Let 6= the measure of angle ACD;

o = the measure of angle ADC.
Then 6 =the measure of angle DCB and angle BDC =180—¢ .
By the law of sines, we have the following.

sind _sinar oo ADsina o sin sin (180°— o) sing o DBsin (180° - )

AD b b DB a a
By substitution, we have the following.

ADsina DBsin(lSOO—a)
b B a
AD _DB

Since sin or =sin (180° - ) =
a

L . b AD b DB b AD b
Multiplying both sides by — ,we get — —=———=>——=—.
DB b DB a DB DB a
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80. Leta=2, b=23,A =30° B=60°

tany;(A-B) a-b

Verif' = .
Y tan J(A+B) a+b

tan; (A-B) _tan3(30°-60°) tan(-15°)
tant(A+B) tani(30°+60°)  tan45°

—-.26794919

a=b_2-23 2-23 _4-8B+12 16-8V3 = o000
a+b 24243 2-23  4-12 -8

Section 7.4: Vectors, Operations, and the Dot Product

1.

2.

Equal vectors have the same magnitude and direction. Equal vectors are m and p; n and r.

Opposite vectors have the same magnitude but opposite direction. Opposite vectors are m and ¢, p and
g, nands, rands.

One vector is a positive scalar multiple of another if the two vectors point in the same direction; they
may have different magnitudes.

1 1
m=1p, m=2t;n=1r; p=2t or p=1Im; t=5m;r=ln;t=5p

One vector is a negative scalar multiple of another if the two vectors point in the opposite direction;
they may have different magnitudes.

m=-lq; p=-lq;r=-1s;q=-2t;n=-1s

10.
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Yes, vector addition is associative.

18. c+d=d+c

Yes, vector addition is commutative.

19. Use the figure to find the components of a and b: a=(-8,8) and b =(4,8).
(@) a+b=(-8,8)+(4,8)=(-8+4,8+8)=(4,16)
(b) a—b=(-8,8)—(4,8)=(-8-4,8-8)=(-12,0)
(¢) —a=—(-8,8)=(8,-8)
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20. Use the figure to find the components of a and b: a = (4, —4) and b = <—8, —4)
(@) a+b=(4,—4)+(-8,-4)=(4-8,-4-4)=(—4,-8)
(b) a—b=(4,-4)—(-8,—4)=(4+8,-4+4)=(12,0)
(©) —a=-(4,-4)=(-4,4)

21. Use the figure to find the components of a and b: a = (4, 8) and b = (4, —8).
(a) a+b=(4,8)+(4,-8)=(4+4,8-8)=(8,0)
(b) a—b=(4,8)—(4,-8)=(4-4,8-(-8))=(0,16)

—(4,8) =(—4,-8)

22. Use the figure to find the components of a and b: a = (—4, —4) and b = <8, 4).
(@) a+b=(-4,-4)+(8,4)=(-4+8,-4+4)=(4,0)

(¢) —a

(b) a—b=(-4,-4)—(8,4)=(-4-8,-4-4)=(-12,-8)
(©) —a=—(-4,-4)=(4,4)
23. Use the figure to find the components of a and b: a = (—8, 4> and b = (8, 8).
(@) a+b=(-8,4)+(8,8)=(-8+8,4+8)=(0,12)
(b) a—b=(-8,4)—(8,8)=(-8-8,4-8)=(-16,—4)
(¢) —a=—(-8,4)=(8,—4)
24. Use the figure to find the components of a and b: a = (8, —4> and b = (—4, 8).
(@) a+b=(8,—4)+(-4,8)=(8-4,-4+8)=(4,4)
(b) a-b=(8,-4)—(-4,8)=(8—(-4),-4-8)=(12,-12)

(¢) —a=—(8,—4)=(-84)

25. (a) 2a=2(2i)=4i
(b) 2a+3b=2(2i)+3(i+j)=4i+3i+3j=7Ti+3j
(¢ b-3a=i+j-3(2i)=i+j—6i=-5i+]

26. (a) 2a=2(—i+2j)=—2i+4j
(b) 2a+3b=2(—i+2j)+3(i—j)=—2i+4j+3i-3j=i+]
(€ b-3a=i-j-3(-i+2j)=i-j+3i-6j=4i-7j

27. (a) 2a=2(-1,2)=(-2.4)
(b) 2a+3b=2(-1,2)+3(3,0)=(-2,4)+(9,0)=(-2+9,4+0)=(7,4)

(©) b-3a=(3,0)-3(-1,2)=(3,0)—(-3,6) = (3-(-3),0-6) = (6,6)



28.

29.

30.

33.

34.

Section 7.4: Vectors, Operations, and the Dot Product

(@) 2a=2(-2,-1)=(-4,-2)

(b) 2a+3b=2(-2,-1)+3(-3,2) =(-4,-2)+(-9,6) = (-4-9,-2+6) = (-13,4)

(© b-3a=(-3,2)-3(-2,-1)=(-3,2)-(-6,-3) = (-3-(-6),2-(-3)) = (3.5)

lu|=12,|w| =20,6 =27°

12_7— _
2 T
20 -

lu|=8,|w| =12, 6 =20°

200 g

é;//

Magnitude: +/15% +(—8)> =+/225+64 =~/289 =17

31. |u|=20,|w|=30,6=30°

32. |u|=50,|w|=70,6=40°
50 ~~

~

40° T~

70 -

Angle: tan 0'=2:> tan 6?':;—58: 0’ =tan™ (—%) ~-28.1°= 6 =-28.1°+360°=331.9°
a

(8 lies in quadrant I'V)

y

331.9'\'

Magnitude: /(=7) +24> = /494576 = /625 = 25

Angle: tan @’ = b = tan ' = 2—‘7‘ =6 =tan” [—%) =-73.7°= 0 =-73.7°+180° =106.3°
a

(@ lies in quadrant IT)

-3

451
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35. Magnitude: ,[(~4)’ +(4v3)" =16+48 = /64 =8
43

Angle: tan @ =2 = tan & = — = 0’ =tan™' (—/3) = —60° = 6 = -60°+180° =120°

a —

(@ lies in quadrant II)

36. Magnitude: \/(8J§)2 +(-8v2) =128+128 =256 =16

Angle: tan 6':2: tane:ﬂ:

a 82

(@ lies in quadrant I'V)

6’ =tan"' (~1) = —45° = 6 = —45°+360° = 315°

AN
e

In Exercises 37 — 42, x is the horizontal component of v, and y is the vertical component of v. Thus, |X| is

the magnitude of x and |y| is the magnitude of y.

37. a=20° |v|=50 38. a=50° |v|=26
50
y
0 2%
x - y

X =50c0s 20° = 47 = [x| = 47

y =50sin20° =17 = |y| =17 x

X =26c0s50°=17 :>|x| =17
y =265in50° = 20 = |y| = 20



39.

40.

43.

a =35°

" |v|=47.8

478

35'S0
X
X =47.8¢c0s35°50" =~ 38.8 = [x| = 38.8

y =47.85in35°50" = 28.0 = |y| = 28.0

>

=154

154

2730
X
x=15.4¢0s27°30" ~13.7 = [x| ~13.7

y =1545in27°30"=7.11=|y|= 7.11

>

u={a,b)= <5 cos (30°),5sin (3OO)> <

Section 7.4: Vectors, Operations, and the Dot Product

41. ar=1285° |[v|=198

128.5°
]

X
x=198c0s128.5° ~—123 = |x| = 123
y =198sin128.5° =155 = |y| =155

42. o=146.3° |v|=238

238

146.3°
()

-

X
X =238c0s146.3°~ —198 = |x| ~ 198

y =238sin146.3° =132 = |y| =132

53 5
2’2

5°),5sin(=35°)) = (4.0958,-2.8679)

4. u=(a,b) = (8cos (60°),8sin (60°)) = (4,4/3)

45. v =(a,b)=(4cos(40°),4sin(40°)) = (3.0642,2.5712)

46. v =(a,b)=(3cos(130°),3sin (130°)) ~ (~1.9284,2.2981)
47. v=(a,b)=(5cos(-3

48. v =(a,b)=(2cos(220°),2sin(220°)) ~ (~1.5321,~1.2856)
49.

Forces of 250 newtons and 450 newtons, forming an angle of 85°

a=180°-85°=
|v|" =250 +450?
|v]" =284,610.04

|v|=533.5

95°
—2(250)(450)cos95°

450

The magnitude of the resulting force is 530 newtons. (rounded to two significant digits)

453
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50. Forces of 19 newtons and 32 newtons, forming an angle of 118°

51.

52,

53.

54.

=180° —118°=62°
V] =192 +32% ~2(19)(32) cos 62°
V[’ =814.12257

|V| =~ 28.53 newtons 32 newtons

The magnitude of the resulting force is 29 newtons. (rounded to two significant digits)
Forces of 116 b and 139 Ib, forming an angle of 140°50’
a =180°-140°50
=179°60"—140°50"=39°10
V] =139% +116 =2(139)(116) cos 39°10’
V" =7774.7359
|v|~88.174

The magnitude of the resulting force is 88.2 Ib. (rounded to three significant digits)
Forces of 37.8 1b and 53.7 1b, forming an angle of 68.5°

o =180°— 68.5°=111.5°

V" =37.8% +53.7 —~2(37.8)(53.7) cos 1 11.5°
V" = 5800.4224

[v|=76.161

The magnitude of the resulting force is 76.2 Ib. (rounded to three significant digits)

o =180°— 40°=140°
V" =407 +60* —2(40)(60) cos 140°
V" =8877.0133

[v|=94.21b

o =180°— 65°=115°

V] =85% +102 —2(85)(102)cos 115°
V[’ =24,957.201

[v|~158.0 1b
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55. @=180°— 110°=70°
V] =157 +252 ~2(15)(25)cos 70°
V[’ =593.48489
[v|=24.41b

56.  a=180°— 140°=40°
V" = 15007 +20007 -2 (1500) (2000) cos 40°
V[ =1,653,733.3
|v|~1286.0 1b

2000 Ib

57. If u=(a,b) andv={c,d), then u+v={(a+c,b+d).

58. With complex numbers, if z, =a+bi and z, = c+di, then we have the following.
7 +2, =(a+bi)+(c+di)=(a+c)+(b+d)i

Additional answers will vary.
For Exercises 59 — 66, u= (—2, 5> and v= (4, 3).

9. wev=(2,5) (4 3= {24, 5+3)=(2,8)
0. uv=(-2.5) (4, 3)=(2-4.5-3)=(-6.2)

61, ~tu=—4(-25)=(~4(-2),4(s))=(8.-20)

62 ~Sv=-5(4,3)=(-5-4. -5.3)= (20, -13)

63, 3u-6v=3(-2.5)-6(4.3) = (-6.15) (24,18) = (-6 -24.15-18) = (30, 3)

64. —2u+4v=-2(-2,5)+4(4,3)
=((-2)(-2),(-2)(5))+(4-4,4-3) = (4,-10)+(16,12) = (4+16,-10+12) = (20,2)

65. u+v-3u=(-2,5)+(4,3)-3(-2,5)=(-2,5)+(4,3)—(3(-2),3(5)) = (-2,5) +(4,3) - (-6,15)

=(-2+4,5+3)—(-6,15)=(2,8)—(6,15) = (2—(-6) ,8-15) = (8,-7)

66. 2u+v—6v=2(-25)+(4,3)-6(4,3)=(2(-2),2:5)+(4,3) - (6-4,6-3)
=(-4,10)+(4,3)—(24,18) = (-4 +4-24,10+3-18) = (-24,-5)

67. (-5, 8)=-5i+8j 69. (2,0)=2i+0j=2i

68. (6, —3)=6i-3j 70. (0, —4)=0i—4j=—4j
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71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

(6, =1)-(2,5)=6(2)+(-1)(5)=12-5=7

(-3, 8)-(7. =5)==3(7)+8(—5) =-21-40 =61
(2, -3)-(6,5)=2(6)+(-3)(5)=12-15=-3
(1,2)-(3, -1)=1(3)+2(-1)=3-2=1
4i=(4,0);51-9j=(5.-9)
(4,0)-(5,-9)=4(5)+0(-9)=20-0=20
2i+4j=(2,4):-j=(0,-1)
(2,4)-(0,-1)=2(0)+4(-1)=0-4=—4

(2. 1)(-3.1)
(2,0(31) 641 -5 -1 _ 2

0 _ - T N o350
I S N TN A
(1,7)-(1, 1)
(L7)(L 1) 147 8
6= - =2 8=6~3687°
R T T N I R T
(1, 2)-(-6, 3)
(1,2):(-6,3)  —6+6 0
6= =L =0=6=90°
N e i N N e
(4,0)-(2, 2)
cos =4 02 2) 8v0 _ 8 1 24 4s

S 10 N2 12 V68 82 V2 2

First write the given vectors in component form.
3i+4j=(3,4) and j=(0,1)

(3, 4>.<0,1): (3, 4)-(0, 1) 044
.40 1] 3242 oz V25150

First write the given vectors in component form.

~5i+12j=(-5,12) and 3i+2j=(3,2)

-5, 12)-(3, 2 _
cosd = ( )(3.2) 15424 9 913

[(=5)" +122 /3% +2° S JI69V13 13413 169

cos@ =

4
=5= 8=60=cos ' .8=36.87°

= 6 =78.93°
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For Exercises 83 — 86, u=(-2,1), v=(3,4),and w=(-5,12).

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

(Bu)- v=(3(-2. 1))-(3. 4)=(-6. 3)-(3. 4) =18+ 12 =6
w (v w) = (21 (3.4)~(-5.12)) = (2.1)- (3-(-5),4-12) =(-2.1)- (8 -8) =168 =24
Wy = (2, 1)-(3.4)~(21) {5, 12) = (6+4)-10+12) = 2 -22 = 24

w(3) = (2.1)-(3(3.4) = (21} {0,12)=18+12= 6

Since (1,2)-(~6,3) = ~6+6=0, the vectors are orthogonal,

Since <3, 4> . (6, 8) =18+32=50+0, the vectors are not orthogonal.
Since (1, 0> . <\/§ s O> = \/5 +0= \/E # 0, the vectors are not orthogonal

Since (1, 1) . (1, —1> =1-1=0, the vectors are orthogonal.

\/gi—Zj=<\/§,—2>;—5i+2\/§j=<—5,2\/§>

Since <\/§ s —2> . <—5, 2\/5 > = —5\/5 —4\/_ = —9\/5 # 0, the vectors are not orthogonal.

—4i+3j=(—4,3):8i-6j=(8,-6)
Since (—4, 3) . (8, —6) =-32-18=-50# 0, the vectors are not orthogonal

Draw a line parallel to the x-axis and the vector u + v (shown as a dashed line).
Since 6, =110°, its supplementary angle is
70°. Further, since 8, =260°, the angle o

is 260°—180°=80°. Then the angle CBA
becomes 180 — (80 + 70) = 180 — 150 = 30°.

Using the law of cosines, the magnitude of u + v is the following.

|u+v|2 =a’ +c¢* —2accos B

B3

ju+v|" =3% +122 ~2(3)(12) cos 30° :9+144—72~7:153—36\/§ ~90.646171

Thus, [u+v|=9.5208.

Using the law of sines, we have the following.
1
sinA sinB sinA sin30° . 3sin 30° 2
= = = = sinA= =
a b 3 9.5208 9.5208  9.5208
The direction angle of u + v is 110°+9.0647° =119.0647°.

=.15754979 = A = 9.0647°

457
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9.

95.

96.

97.

98.

Since a =12cos110° ~ —4.10424172 and b=12sin110°=11.27631145, (a,b)~(-4.1042,11.2763).
Since ¢ =3cos 260° =~ —.52094453 and d =3sin 260° = —2.95442326, (c,d )~ (-.5209,-2.9544).

If u=(a,b)=(-4.10424,11.27631) and v = (c,d)=(~.52094,-2.95442), then u+v is the following.

u+v = (410424172 +(-52094453 ),11.27631145+(~2.95442326))
=(-4.62518625,8.32188819) =~ (-4.6252,8.3219)

Magnitude: \/(—4.62518625)2 +8.32188819% =9.5208

8.32188819

—4.625186258
(@ lies in quadrant 1)

Angle: tan @’ = = 6’ =—60.9353° = 6 =—-60.9353°+180° =119.0647°

They are the same. Preference of method is an individual choice.

Section 7.5: Applications of Vectors

1.

Find the direction and magnitude of the equilibrant.

Since A =180°—-28.2°=151.8°, we can use the law of cosines to find the magnitude of the resultant, v.

V[ =1240? +1480° —2(1240) (1480) cos 151.8° = 6962736.2 = || = 2639 Ib  (will be rounded as

2640)

Use the law of sines to find «.
sinar _ sin151.8 s sing = 1240sin151.8 = 99203977 = o = 12.8°
1240 2639 2639

Thus, we have 2640 Ib at an angle of 6 =180°—-12.8°=167.2° with the 1480-Ib force.

Find the direction and magnitude of the equilibrant.
Since A =180°—-24.5°=155.5° we can use the law of cosines to find the magnitude of the resultant, v.

|v[? =840 +960% —2(840) (960) cos 155.5° = 3094785.5 = |[v| = 1759 Ib

Use the law of sines to find «.

sina  sin155.5° . 960sin 155.5°
= =>sing=—m——""
960 1759 1759
Thus, we have 1759 Ib at an angle of 8 =180°—-13.1°=166.9° with the 840-1b force.

=.22632491 > o =13.1°

Let o = the angle between the forces.

To find « , use the law of cosines to find 8.

786° = 692% +423* —2(692)(423)cos 6
692° +423% —786°

T 2(692)(423)

6 ~86.1°

cos @ =.06832049

Thus, o =180°—-86.1°=93.9°.
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4. Let @ = the angle between the forces.

2531b

3207 =128% +253" ~2(128)(253) cos (180°— 6)
2 2 ann2
cos(180°— ) = 128 ¥233 23207 __ 3399699
2(128)(253)
180°—6=109.9°

6="70.1°

5. Use the parallelogram rule. In the figure, x represents the second force and v is the resultant.
a=180°-78°50"
=179°60'-78°50"=101°10'
and
B =78°50"-41°10"'=37°40"

X
o ' /
B 78° 50 /
41° 10’ //
176 1b
Using the law of sines, we have the following.
X 1 o '
| X 176 :>|X|=17§s1n41 10'_ 10
sin41°10" sin37°40' sin 37°40'
A" 3 o 1
.| | _ 176 :>|V|=176.sm101 10'_ s
sina  sin37°40' sin37°40'

Thus, the magnitude of the second force is about 190 1b and the magnitude of the resultant is about 283
Ib.

6. Let |f| = the second force and |r| = the magnitude of the resultant.
6 =180°-42°10"
=179°60'-42°10"'=137°50'
and
B =42°10'-32°40"
=41°70'-32°40"'=9°30'

Using the law of sines, we have the following.

r 1 o 1l
L VN Ir|= 2875930116731 (will be rounded as 117)

sin@ sin9°30" sin 37°40"
r M o 1
.| | _ 287 :>|r|=28.7.51n137 50" 116731
sind sin9°30' sin 9°30'
f r : o '
. ] | Ir| :>|f|=116.73s1n32 40’ _oromm
sin 32°40' sin137°50' sin 137°50"

The magnitude of the resultant is 117 Ib; the second force is 93.9 Ib.
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7. Let @ = the angle that the hill makes with the horizontal.

The 80-Ib downward force has a 25-1b
component parallel to the hill. The two right 0
triangles are similar and have congruent LA

angles.
sin6=§=i=.3125:6z18° 80
80 16
25

8. Let |f | = the force required to keep the car parked on hill.

ﬂ =sin15° = [f| =3000sin15°=776.5 Ib
3000

The force required to keep the car parked on 3000 b
the hill is approximately 780 Ib. (rounded to
two significant digits)

9. Find the force needed to pull a 60-ton monolith along the causeway.

The force needed to pull 60 tons is equal to
the magnitude of x, the component parallel
to the causeway.

23 23
sin 2.3° = % = [x|=60sin 2.3° = 2.4 tons %

The force needed is 2.4 tons.

10. Let r = the vertical component of the person exerting a 114-1b force;
s = the vertical component of the person exerting a 150-1b force.

The weight of the box is the sum of the
magnitudes of the vertical components of the 141b
two vectors representing the forces exerted r
by the two people. .

r| =1145in54.9° = 93.27

and 150 1b
ls| =150sin 62.4° ~132.93 s
[

Thus, the weight of box is [r|+]s| = 93.27+132.93 = 226.2 = 226 Ib.

11. Like Example 3 on page 316 or your text, angle B equals angle € and here the magnitude of vector BA
represents the weight of the stump grinder. The vector AC equals vector BE, which represents the
force required to hold the stump grinder on the incline. Thus, we have the following.

3

sinBzﬁz—:S:B:lTS"
60 10



12.

13.

14.
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Like Example 3 on page 316 or your text, angle B equals angle 8 and here the magnitude of vector BA
represents the weight of the pressure washer. The vector AC equals vector BE, which represents the
force required to hold the pressure washer on the incline. Thus we have the following.

sinB=&=E=.37SDBz22.O°
80 8

Find the weight of the crate and the tension on the horizontal rope.

v has horizontal component x and vertical component y. The resultant v + h also has vertical
component y. The resultant balances the weight of the crate, so its vertical component is the
equilibrant of the crate’s weight.

|w| =|y| =89.65in46°20" ~ 64.8 Ib
Since the crate is not moving side-to-side, h, the horizontal tension on the rope, is the opposite of x.
|h| =|x| =89.6cos 46°20" = 61.9 Ib
The weight of the crate is 64.8 Ib; the tension is 61.9 Ib.

Draw a vector diagram showing the three forces acting at a point in equilibrium. Then, arrange the
forces to form a triangle. The angles between the forces are the supplements of the angles of the

triangle.

2 2 2

(1) cos@= 980" +760 —1220° 49,600 _ 31 .03329753 = 6 = 88.1°
2(980)(760) 1,489,600 931
The angle between the 760-1b and 980-1b forces is 180° -8 =180°—-88.1°=91.9°
sina  sin@ . 760sin 88.1°
—= =>sinag=——7—

760 1220 1220
The angle between the 1220-1b and 980-1b forces is 180°—a =180°—-38.5°=141.5°
3) p=180°—a—6=180°-38.5°—-88.1°=53.4°

The angle between the 760-1b and 1220-1b forces is 180°—  =180°—53.4° =126.6°.

=.62260833 = o = 38.5°

@)
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15. Refer to the diagram on the right.

In order for the ship to turn due east, the ship
must turn the measure of angle CAB, which
is 90°—34°=56°. Angle DAB is therefore
180°—56° =124°.

Port
Using the law of cosines, we can solve for the distance the ship is from port as follows.

d* =104 +4.6° —2(10.4)(4.6) cos 124° = 182.824 = d ~13.52

Thus, the distance the ship is from port is 13.5 mi. (rounded to three significant digits)

To find the bearing, we first seek the measure of angle ADB, which we will refer to as angle D. Using
the law of cosines we have the following.

13522 +10.4% 4.6
2(13.52)(10.4)

Thus, the bearing is 34.0°+ D =34.0°4+16.4° = 50.4°.

=.95937073 = D =16.4°

16. Refer to the diagram on the right.

In order for the luxury liner to turn due west,
the measure of angle ABD must be
180°—110°=70°.  Thus, angle DBC is
90°—-70° = 20°.

C  24mi

Using the law of cosines, we can solve for the distance the luxury liner is from port as follows.
d’ =88 +24" - 2(8.8)(2.4)cos 20° = 43.507 = d =~ 6.596

Thus, the distance the luxury liner is from port is 6.6 mi. (rounded to two significant digits)

To find the bearing, we first seek the measure of angle BDC, which we will refer to as angle D. Using
the law of cosines we have the following.

6.596° +8.8 —2.47
osD =
2(6.596)(8.8)

Thus, the bearing is 110.0°+ D =110.0°+7.1°=117.1°.

=.99222683 = D =17.1°




17. Find the distance of the ship from point A.
Angle 1 = 189° - 180°=9°
Angle 2 =360° — 317° = 43°
Angle 1 + Angle 2 = 9° + 43° =52°

Use the law of cosines to find |v| .

Section 7.5: Applications of Vectors

189°

1
418 185

ar

V] =47.8 +18.5% —2(47.8) (18.5) cos 52° = 1538.23 = |v| = 39.2 km

18. Find the distance of the ship from point X.
Angle 1 =200° — 180° = 20°
Angle 2 = 360° — 320° = 40°
Angle 1 + Angle 2 = 20° + 40° = 60°

Use the law of cosines to find |V| .

V" =2.4* +15.5* —2(2.4)(15.5) cos 60° = 208.81 = |v| = 14.5 km

19. Let x = be the actual speed of the motorboat;
y = the speed of the current.

sin10°= —— = y=20.0sin10° = 3.5
20.0

c0s10° = —— = x =20.0c0s10° ~19.7
20.0

N
N v
2.4km 200°
15.5 km
3200 1
N
1
31
0 [\ Wy
80° y
4 x
10°

The speed of the current is 3.5 mph and the actual speed of the motorboat is 19.7 mph.
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20. At what time did the pilot turn? The plane will fly 2.6 hr before it runs out of fuel. In 2.6 hr, the
carrier will travel (2.6)(32) = 83.2 mi and the plane will travel a total of (2.6)(520) = 1352 mi. Suppose
it travels x mi on its initial bearing; then it travels 1352 — x mi after having turned.

Use the law of cosines to get an equation in x and solve.
(1352—x)2 =x’ +83.2* —=2(x)(83.2)cos52°
1,827,904 - 2704x + x* = x> +6922.24 - (166.4 cos 52°) x
1,827,904 - 2704x = 6922.24 - (166.4 cos 52°) x
1,820,982 —2704x = — (166.4 cos 52°) x
1,820,982 = 2704x —(166.4 cos 52°) x
1,820,982 =2 (2704 -166.4 cos 52°) x

o 1,820,982
2704 —166.4 cos 52°
x =700

To travel 700 mi at 520 mph requires % =1.35 hr, or I hr and 21 min.
Thus, the pilot turned at 1 hr 21 min after 2 P.M., or at 3:21 P.M.

21. Let v = the ground speed vector.
Find the bearing and ground speed of the plane.

Angle A =233° - 114°=119°
Use the law of cosines to find |v| .
[V]" =397 +450% —2/(39)(450) cos 119°
V] =221,037.82
|v| = 470.1

The ground speed is 470 mph. (rounded to two significant digits)

Use the law of sines to find angle B.
sinB _sinl119° . 39sin119°
= =sinB=———

39 470.1
Thus, the bearing is B+ 233°=4°+233°=237°.

=.07255939 = B = 4°
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22. (a) Relative to the banks, the motorboat will be traveling at the following speed.
X433 =T =2x4+9=49= x> =40=> x = m = 6.325 mph (will be rounded as 6.32)
(b) At 6.325 mph, the motorboat travels the following rate.
6.325miles 5280 feet 1 hour 1 minute

. =9.277 ft/sec
hour I mile 60 minutes 60 seconds
Crossing a 132-foot wide river would take 132 feet L second =14.23 seconds
9.277 feet
. 3
(¢) sinfd= 1 = 42857143 = 6 = 25.38°
23. Let |x| = the airspeed and |d| = the ground speed.
N
*
— g S5
x
6=90°-74.9°=15.1°
X 42
— =cot15.1° = |x| =42cot15.1° = ————~156 mph
42 tan15.1°
[ ' oo B2
—=cscl5.1°=|d|=42csc15.1° = ——— ~ 161 mph
42 sin15.1°

24. Let v = the ground speed vector of the plane. Find the actual bearing of the plane.
Angle A=266.6°-175.3°=91.3° N

Use the law of cosines to find |v].

|v[* =257 +650% ~2(25)(650) cos 91.3°

|v[* =423,862.33 266.6°
|v|=651.0

A 25

Use the law of sines to find, B the angle that v makes with the airspeed vector of the plane.

sinB sinA . 25sin91.3°
——=———=sinB=———

25 651.0 651.0
Thus, the bearing is 175.1°—= B =175.3°-2.2°=173.1°.

=.03839257 = B =2.2°
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25. Let ¢ = the ground speed vector.

64°30' ¢ 35.0 mph
C

B 190 mph

By alternate interior angles, angle A = 64°30.
Use the law of sines to find B.
sinB sinA ) 35.0sin 64°30°
= =>sinB=—"-——"———
35.0 190 190
Thus, the bearing is 64°30"+ B = 64°30”+9°30" = 74°00".
Since C =180°—A—B =180°-64.50°—-9.57°=105.93°, we use the law of sine to find the ground
speed.

~.16626571 = B = 9.57° =~ 9°30"

Il 350 35.05in105.93°
B8 g 22D

- - - = 202 mph
sinC sinB sin 9.57°
The bearing is 74°00”; the ground speed is 202 mph.
26. Let ¢ = the ground speed vector.

N
A

A

27.1 mph
sTar - ¢
168 mph
B

By alternate interior angles, angle A =57°40".
Use the law of sines to find B.
sinB sin A i 27.1sin57°40’
=——=sinB=————
27.1 168 168
Thus, the bearing is 57°40"+ B =57°40"+7°50"=65°30".
Since C =180°—A—-B=180°-57°40"—-7.83°=114°30’, we use the law of sine to find the ground
speed.

~.13629861 = B =~ 7.83° = 7°50’

o _ 271 _ 27.1sin114°30’

. —— = : = ~181 mph
sinC sinB sin 7°50

The bearing is 65°30” ; the ground speed is 181 mph.



27.

28.

29.
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Let v = the airspeed vector.

00 mi

4
The ground speed is =160 mph.
£ P 25 hr P
—_ o o _ o N
angle BAC = 328° — 180° = 148 C
Using the law of cosines to find |V|, we have
the following.
2 2 2 A
|v[" =11° +160% —=2(11)(160) cos 148°
328°
Iv[ = 28,706.1 M
|v| ~169.4
The airspeed must be 170 mph. (rounded to
two significant digits) B

Use the law of sines to find B.

sin B sin148° . 11sin148°
= =sinB=——

sin
11 169.4 169.4
The bearing must be approximately 360° — 2.0° = 358°.

= sin B =.03441034 = B =2.0°

Let v = the ground speed vector.
angle C = 180° — 78° = 102°

V] =237 +192* —2(23)(192) cos 102°
v =39,229.28
|v|=198.1

Thus, the ground speed is 198 mph. (rounded to three significant digits)
sin B sin102° . 23sin102°
= =>sinB=—-——
23 198.1 198.1
Thus, the bearing is 180° + B =180° + 6.5°= 186.5°.

=.11356585 = B = 6.5°

Find the ground speed and resulting bearing.
Angle A =245° - 174° =71°
Use the law of cosines to find |V| .
|| =307 +240% -2(30) (240) cos 71°
[v|" =53,811.8
|v] = 232.1

The ground speed is 230 km per hr. (rounded to two significant digits)
Use the law of sines to find angle B.

sin B =M3 SinB:Mz‘lzyzgslj B =7°
30 230 230

Thus, the bearing is 174°— B=174° —7°=167°.
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30. (a) First change 10.34” to radians in order to use the length of arc formula.

10.34” - —— - ——=5.013x10"° radian.

In one year Barnard’s Star will move in the tangential direction the following distance.

s=r6=(35x10")(5.013x107 ) =175.455x10 =1,754,550,000 mi.

In one second Barnard’s Star moves 1,754,550,000 =55.6 mi tangentially.
60-60-24-365

Thus, v, =56 mi/sec. (rounded to two significant digits)

(b) The magnitude of v is given by |V|2 =|v [ +|V, |2 -2

\4

r

‘A2 | cos90°.

Since

v, |=67 and |V, | =55.6, we have the following.

[V =677 +55.6* =2(67)(55.6) (0) = 4489 +3091.36— 0 = 7580.36 = |v| = /7580.36 = 87.1

Since the magnitude or length of v is 87, v represents a velocity of 87 mi/sec. (both rounded to two
significant digits)

31. R=i-2j and A =5i+j

(a) Write the given vector in component form. R =i—-2j= (1, -2> and A=.5i+j= <.5, 1>

R|=* +(-2)" =114 =522 and |A| =5 +1> =/25+1 =125 = 1.1
About 2.2 in. of rain fell. The area of the opening of the rain gauge is about 1.1 in.%.
(b) V=[R-A|=|[(1-2)-(5.1)|=|5+(-2)|=|-1.5]=1.5

The volume of rain was 1.5 in.’.

(¢) R and A should be parallel and point in opposite directions.

32. a=(a,a,),b=(b.b,), anda—b=(a,—b,a,—b,)
la=b[" =|a" +[b| —2]a||b|cos &
(a,~b) +(a,~b,)" =a’ +a,” +b* +b, —2la||b|cos 8
a’ =2ab +b’ +a, —2a,b, +b =a’ +a,’ +b’ +b," —2lal|b|cos &
—2a,b, —2a,b, =-2|al|b|cos 6
ab, +a,b, =|a| |b| cos @
a-b=|a||b|cos49
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1.

Find b, given C =74.2°, ¢ =96.3 m, B = 39.5°.
Use the law of sines to find b.

b c b 96.3 96.3sin 39.5°
= = = =b= =~ 63.7m

sinB sinC sin39.5° sin74.2° sin 74.2°
Find B, given A = 129.7°, a = 127 ft, b = 69.8 ft.
Use the law of sines to find B.

sin B _sin A _ sin B _ sin129.7 o sinB = 69.8sin129.7 ~ 42236684
b a 69.8 127 127
Since angle A is obtuse, angle B is acute. Thus, B = 25.0°.
Find B, given C=51.3°,c=68.3m, b =58.2 m.
Use the law of sines to find B.
sin B _sin C N sin B _sin 51.3 s ginB = 58.2sin51.3 - 66502269
b c 58.2 68.3 68.3

There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.66502269, to
the nearest tenth value of B is B, =41.7°. Supplementary angles have the same sine value, so another
possible value of B is B, =180°—41.7°=138.3°. This is not a valid angle measure for this triangle
since C+B, =51.3°+138.3°=189.6° >180°.

Thus, B=41.7°.

Find b, given a = 165 m, A = 100.2°, B = 25.0°.
Use the law of sines to find b.

b a b 165 b_1655in 25.0°

sinB sinA sin25.0° sin100.2° sin 100.2°
Find A, given B =39°50", b =268 m, a = 340 m.
Use the law of sines to find A.
sin A _ sin B - sin A _ sin 39°50 e gin A= 3405sin 39°50 ~ 81264638

a b 340 268 268

There are two angles A between 0° and 180° that satisfy the condition. Since sin A =.81264638, to
the nearest tenth value of A is A =54.4° = 54°20'. Supplementary angles have the same sine value,
so another possible value of A is A, =180°—54°20"'=179°60'-54°20"'=125°40". This is a valid angle
measure for this triangle since B+ A, =39°50'+125°40"'=165°30"<180°.

A=54°20" or A=125°40’
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10.

11.

12.

13.

Find A, given C =79°20’, ¢ =97.4 mm, a = 75.3 mm.
Use the law of sines to find A.
sinA sinC sinA  sin79°20’ . 75.3sin 79°20’
= = =>sinA=————"—

= = =.75974194
a c 75.3 97.4 97.4

There are two angles A between 0° and 180° that satisfy the condition. Since sin A =.75974194, to
the nearest hundredth value of A is A =49.44°=49°30'. Supplementary angles have the same sine
value, so another possible value of A is A, =180°—49°30"'=179°60'-49°30"'=130°30". This is not a
valid angle measure for this triangle since C+ A, =79°20'+130°30"'=209°50">180°.

Thus, A=49°30".

No; If you are given two angles of a triangle, then the third angle is known since the sum of the
measures of the three angles is 180°. Since you are also given one side, there will only be one triangle
that will satisfy the conditions.

No; the sum of a and b do not exceed c.
a=10, B=30°

(a) The value of b that forms a right triangle would yield exactly one value for A. That is,
b =10 sin 30° = 5. Also, any value of b greater than or equal to 10 would yield a unique value for
A.

(b) Any value of b between 5 and 10, would yield two possible values for A.
(c) If bisless than 5, then no value for A is possible.

A=140°%a=5,andb="7
With these conditions, we can try to solve the triangle with the law of sines.
SH;B _sinA N su;B _sin 140 e sinB = 7sm5140 ~ 89990265 = B ~ 64°
a

Since A+ B =140°+64°=204°>180°, no such triangle exists.

Find A, given a = 86.14 in., b =253.2 in., c = 241.9 in.

Use the law of cosines to find A.

b +c*-ad° _ 253.2% +241.9% —86.147
2bc 2(253.2)(241.9)

2

a’ =b* +c¢* —2bccos A= cos A = =.94046923

Thus, A=19.87° or 19° 52"

Find b, given B = 120.7°, a = 127 ft, ¢ = 69.8 ft.
Use the law of cosines to find b.

b* =a® +c* —2accos B= b* =127° +69.8> —2(127)(69.8) cos 120.7° = 30,052.6 = b ~ 173 ft

Find a, given A =51° 20", c =68.3 m, b =58.2 m.
Use the law of cosines to find a.

a* =b* +¢* —2bccos A= a® =58.2% +68.3% —2(58.2)(68.3)cos 51° 20’ ~3084.99 = a =~ 55.5 m
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15.

16.

17.

18.
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Find B, givena=14.8 m, b=19.7m, c =31.8 m.
Use the law of cosines to find B.
a’ +c* =b? _ 14.8% +31.8° -19.7°

b =a* +c¢* —2accos B= cosB =
2ac 2(14.8)(31.8)

=~.89472845

Thus, B = 26.5° or 26° 30’.

Find a, given A = 60°, b = 5cm, ¢ =21 cm.
Use the law of cosines to find a.

a’ =b*+c* —2bccos A= a’ =5 +21> =2(5)(21)cos 60° =361 = a =19cm

Find A, givena =13 ft, b = 17 ft, c = 8 ft.
Use the law of cosines to find A.
V+ct—-a®> 177 +8 -13* 184 23

a’=b>+c¢*—2bccos A= cos A= = =— =""= 67647059 = A = 47°
2be 2(17)(8) 272 34

Solve the triangle, given A =25.2 °, a =6.92 yd, b = 4.82 yd.

sinB sinA . bsin A . 4.82sin 25.2°
= = sinB= =>smB=————

b a a 6.92

=.29656881

There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.29656881, to
the nearest tenth value of Bis B, =17.3°. Supplementary angles have the same sine value, so another
possible value of B is B, =180°—17.3°=162.7°. This is not a valid angle measure for this triangle
since A+B, =25.2°+162.7°=187.9° >180°.
C=180°-A-B= C=180°-25.2°-173°= C=137.5°

Use the law of sines to find c.

c a c 6.92 6.925sin137.5°

SnC sinA  sinl37.5° sin252° . sin252°

~11.0yd

Solve the triangle, given A = 61.7°, a =78.9 m, b = 86.4 m.

sinB  sin A . bsin A . 86.4sin61.7°

= = sinB= =>smB=————
b a a 78.9

There are two angles B between 0° and 180° that satisfy the condition. Since sin B =.96417292, to
the nearest tenth value of B is B, =74.6°. Supplementary angles have the same sine value, so another

=.96417292

possible value of B is B, =180°—74.6°=105.4°. This is a valid angle measure for this triangle since
A+B, =61.7°+105.4°=167.1° <180°.

Solving separately for triangles AB,C, and AB,C, we have the following.

ABC, :
C, =180°-A—-B, =180°-61.7°-74.6°=43.7°
in C .9sin 43.7°
.Cl _ .a 361:as.1n 1:C1:78?s1n437 ~619m
sinC, sinA sin A sin61.7°
AB,C,:

C, =180°~ A-B, =180°—61.7°~105.4° = 12.9°
¢ a asinC, _ 78.95in12.9°

= = C, =

- - ) - =g, - —=200m
sinC, sinA sin A sin61.7
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19. Solve the triangle, given a =27.6 cm, b = 19.8 cm, C = 42° 30",
This is a SAS case, so using the law of cosines.

> =a’>+b* —2abcosC = ¢ =27.6* +19.8° —2(27.6)(19.8)005 42° 30" =347.985 = ¢ = 18.65¢cm
(will be rounded as 18.7)

Of the remaining angles A and B, B must be smaller since it is opposite the shorter of the two sides a
and b. Therefore, B cannot be obtuse.

sinB sinC sinB sin42°30' . 19.8sin 42°30"
= = = =>sinB=————

b c 19.8 18.65 18.65
Thus, A=180°—-B—C =180°—-45° 50"—42° 30" =179°60'-88°20"'=91° 40’.

= 717124859 = B = 45.8° = 45°50'

20. Solve the triangle, given a = 94.6 yd, b =123 yd, ¢ = 109 yd.
We can use the law of cosines to solve for any angle of the triangle. We solve for B, the largest angle.

We will know that B is obtuse if cos B <0.
a+c’ -b _94.6> +109% —123

cosB=———=cosB

= =.27644937 = B = 74.0°
2ac 2(94.6)(109)

Of the remaining angles A and C, A must be smaller since it is opposite the shorter of the two sides a
and c. Therefore, A cannot be obtuse.

sinA sinB sinA sin74.0° . 94.6sin 74.0°
= = = =>sinA=—————
a b 94.6 123 123
Thus, C =180°— A— B =180°—-47.7°—-74.0° =58.3°.

=.73931184 = A=47.7°

21. Given b =840.6 m, c =715.9 m, A = 149.3°, find the area.
Angle A is included between sides b and c¢. Thus, we have the following.

A= %bc sinA= %(840.6) (715.9)sin149.3° = 153,600 m” (rounded to four significant digits)
22. Givena =6.90ft, b = 10.2 ft, C = 35° 10", find the area.
Angle C is included between sides @ and b. Thus, we have the following.
A= %ab sinC = %(6.90) (10.2)sin35° 10’ = 20.3 ft* (rounded to three significant digits)
23. Givena =.913 km, b = .816 km, ¢ = .582 km, find the area.
Use Heron’s formula to find the area.
s :%(a +b+c) :%(.913+.816+.582) :%-2.311 =1.1555

A=\/s(s—a)(s—b)(s—c)

= J1.1555(1.1555-.913) (1.1555-.816) (1.1555~.582)

= \/1.1555(.2425) (.3395)(.5735) ~.234 km’ (rounded to three significant digits)

24. Givena =43 m, b =32 m, ¢ =51 m, find the area.
Use Heron’s formula to find the area.

s=(atbte)=L(43432451)= 1126 =63
2 2 2
Az\/s(s—a)(s—b)(s—c)
= \/63(63—43)(63—32)(63—51) = \/63(20)(31)(12) ~680 m* (rounded to two significant digits)




25.

26.

27.

28.

29.

Chapter 7: Review Exercises

Since B = 58.4° and C =27.9°, A=180°-B—-C =180°-58.4°-27.9°=93.7°.
Using the law of sines, we have the following.
AB _ 125 - AB 125 s AB= 125sin27.9 5861
sinC  sinA  sin27.9° sin93.7° sin93.7°

The canyon is 58.6 feet across. (rounded to three significant digits)

The angle opposite the 8.0 ft flagpole is 180°—115°—-22°=43°.
Using the law of sines, we have the following.
8 X

sind3°  sinl15°
8sin115°
xX=—
sin43°
x~10.63

&

22
115

, Brace
43

INQ ARR ERQ EN
NN

The brace is 11 feet long. (rounded to two significant digits)

Let AC = the height of the tree.

Angle A =90° - 8.0° = 82°

Angle C=180°-B—-A =30°

Use the law of sines to find AC = b.
b c

sinB sinC
b 70 .
sin68°  sin30° B
, — 7:0sin 68° f
sin 30°
b~12.98 A0 B

The tree is 13 meters tall. (rounded to two significant digits)

Let d = the distance between the ends of the wire.
This situation is SAS, so we should use the law of cosines.

d*=15.0"+12.2* -2(15.0)(12.2) c0s 70.3° =~ 250.463 = d ~15.83 ft
The ends of the wire should be places 15.8 ft apart. (rounded to three significant digits)
Let & = the height of tree.

0=27.2°-14.3°=12.9°
o =90°—-27.2°=62.8°

h 212 h
sin@ sino
h _ 212 7.2
sin12.9°  sin62.8° L
b= 212sin12.9° 143°
sin 62.8°
h=53.21

The height of the tree is 53.2 ft. (rounded to three significant digits)
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30.

31.

32,

33.

34.

AB =150 km, AC =102 km, BC =135 km

Use the law of cosines to find the measure of angle C.

(AB)’ =(AC)" +(BC)’ —=2(AC)(BC)cos C =150*=102>+135% —2(102)(135)cos C
_ 102°+135° ~150°

=~ 22254902 = C = 77.1°
2(102)(135)

cosC

Let x = the distance between the boats.
In 3 hours the first boat travels 3(36.2) = 108.6 km and the second travels 3(45.6)=136.8 km.

Use the law of cosines to find x.
x> =108.6° +136.87 —2(108.6) (136.8) cos 54°10' = 13,113.359 = x = 115 km
They are 115 km apart.

To find the angles of the triangle formed by the ship’s positions with the lighthouse, we find the
supplementary angle to 55°: 180° — 55° = 125°. The third angle in the triangle is the following.

180°—-125°-30° =25°
Using the law of sines, we have the Lighthouse
following. -

2 X

sin25°  sin 30°
2sin 30°
x —
sin 25°
= 2.4 mi
The ship is 2.4 miles from the lighthouse.

Use the distance formula to find the distances between the points.
Distance between (-8, 6) and (0, 0):

J(8-0) +(6-0)" = /(-8)’ +6* =/64+36 =100 = 10
Distance between (-8, 6) and (3, 4):

J(=8=3) +(6-4)* =|(-11)" +2*> =121+4 =125 = 1 1.18

Distance between (3, 4) and (0, 0):

J(B=0) +(4-0)" =3 +4> =9+16 =25 =5

s:%(10+11.18+5):%-26.18=13.09

A=\s(s—a)(s—b)(s—c) =,/13.09(13.09-10)(13.09-11.18)(13.09-5)

= \/13.09 (3.09)(1.91)(8.09) = 25 sq units (rounded to two significant digits)

Divide the quadrilateral into two triangles.
The area of the quadrilateral is the sum of the areas of the two triangles.

Area of quadrilateral = %(65) (130)sin80°+ % (120)(120)sin 70° = 10,926.6
The area of the quadrilateral is 11,000 ft>. (rounded to two significant digits)
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37. (a) true
(b) false

38. Forces of 142 newtons and 215 newtons, forming an angle of 112°
180° — 112° = 68°

lu]’ =215 +142% ~2(215)(142) cos 68°
lu|* = 43515.5

|u| = 209 newtons

39. a=180°-52°=128°
[V]” =100 +130% —2(100) (130) cos 128°
V[ =42907.2
[v| =207 b

40. |v|=50,0=45°

horizontal: x = |V| cos @ =50cos 45° = 20 2\/5 = 25\/5

vertical: y = |v| sin @ =50sin 45° = ¥ =252

41. |[v|=964, 6 =154°20"
horizontal: x = |V| cos @ =964 cos154° 20" = 869
vertical: y =|v|sin @ = 964sin154° 20"~ 418
42. u= (21, -20)
magnitude: [u]=4/21> +(~20)" = V441 +400 = /841 =29
Angle: tan @ =2 = tan @' = _2—210 =6 =tan”' [—%) ~—43.6° = 0 =-43.6°+360°=316.4°
a

(6 lies in quadrant I'V)

43. u= (-9, 12)

magnitude: [u|=4/(-9)" +12* =81+144 =225=15

Angle: tan 6’ _b =tand = % =6 =tan” (—%) =-53.1°= 6 =-53.1°+180°=126.9°
a _

(@ lies in quadrant II)
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44. v=2i-j, u=-3i+2j
First write the given vectors in component form.
v=2i—j=(2,-1) and u=-3i+2j=(-3,2)
@) 2v+u=2(2,-1)+ ( ) (2:2,2(-1))+(-3.2) = (4,-2)+(-3.2) = (4+(-3),-2+2) = (1,0) =i
(b) 2v=2(2,—1)=(2-2,2(-1)) = (4,-2) = 4i-2j
(¢) v-3u= (2 > < >
=(2,-1)=(3(-3).3-2) =(2,-1) = (-9,6) = (2—(-9),-1-6) = (11,-7) = 1 1i - 7

45. a=(3,-2),b=(-13)
a-b=(3,-2)-(-1,3)=3(-1)+(-2)-3=-3-6=-9

-9
cos@ = |a|| |3cos¢9 m

- -9 -9 9 % 1803502

\/32+(_2)2\/(_1)2+32 \/9+4\/1+9 \/E\/E \/ﬁ

Thus, 6 =142.1°.

46. Ju|=(—4)’ +3? =\25=5 47. |u|=+5>+12? =169 =13
_u (43 [ 43 =1=<i_12>=<i £>
E _<_§’§> YT T\

48. Let x = the resultant vector.
o =180°-45°=135°
[x|” =200 +100> —2(200)(100) cos 135°

[x|” = 40,000 +10,000 - 40, 000[—%]

x| =50,000+20,00052
|x|" =78,284.27
x| =279.8
Using the law of cosines again, we get the following.

2 2 An2
0s@= 100 +279.8° 200" _ 0100079 5 6 = 30.4°
2(100)(279.8)

The force is 280 newtons (rounded) at an angle of 30.4° with the first rope.

49. Let |x]| be the resultant force.
6 =180°—-15°—-10° =155°

L2
______ X
X" =122 +182 ~2(12)(18)cos155° DR &Q@
x| ~859.5 A
x| ~29

The magnitude of the resultant force on Jessie and the sled is 29 1b.




50.

51.

52.
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Let 8 = the angle that the hill makes with the horizontal.

component AC perpendicular to the hill and

component CB parallel to the hill. AD E %
represents the force of 186 1b that keeps the

car from rolling down the hill. Since vectors

AD and BC are equal, |[BC| = 186. Angle 2800
B = angle EAB because they are alternate

interior angles to the two right triangles are C
similar. Hence angle 6 = angle BAC. B 186
186 93

2800 1400
horizontal is 3°50°'.

The downward force of 2800 Ib has A (D
6

Since sin BAC = = BAC=60=3.8°=3°50", the angle that the hill makes with the

Let v = the ground speed vector.
or=212°-180°=32° and f =50° Dbecause

they are alternate interior angles. Angle
opposite to 520 is a+ 3 =82°.

Using the law of sines, we have the

following.
sinf sin82°
37 520
sin @ = 37sin82°
520
sin @ =.07046138
0 =4°

Thus, the bearing is 360° — 50° — 8 =306°. The angle opposite v is 180° — 82° — 4° = 94°. Using the
laws of sines, we have the following.
Iv| 520 520sin 94°
o= = V=
sin94°  sin82° sin 82°
The pilot should fly on a bearing of 306°. Her actual speed is 524 mph.

=524 mph

Let v = the resultant vector.

Angle A = 180° — (130° — 90°) = 140°

Use the law of cosines to find the magnitude
of the resultant v.

V] =15 +7% —2(15)(7) cos 140°
V" =434.87
[v|=20.9

Use the law of sines to find o .
sin _ sin140° . 7sin140°

7 20.9
The resulting speed is 21 km per hr (rounded) and bearing is 130° — 12° = 118°.

= 21528772 = a=12°
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53. Refer to the diagram below. In each of the triangles ABP and PBC, we know two angles and one side.

Solve each triangle using the law of sines.

P

63°4'25* 74°19'49

B .
A 22247 s~ €
A= 2213 X251 578 58 fi and B = 22T 1949 95 05 11
sin?2° 227 47 sin5° 13’11

a+b cosy(A-B)

c siny C

54. A=30°,B=60°,C=90°%a="7,b= 7\/5, ¢ =14 ; Newton’s formula:

Verify using the parts of the triangle.

o 3
We will need cos-30°=,| I+ C(;S 307 _ \/1 +2 2 = \/2 +4\/§ = \/2;\/5 by a half-angle formula.

7+73 ? cos3(30°-60°) - 1+\/§lcos%(—30°) N 1+J§lcos(—15°)

14 sinL-90° 2 sin45° 2 sin 45°

V2443

1+x/§iCOSlS°:>1+\/§icos%~30° 1432 5 1+£1\/2+J§
2 sind5° 2 sin45° 2 V2 2 NG
2
2 2
JI+3) 2 g [(1+453) ?\/2+\/_ \/1+2f+3 J2+\/§
= = ) =
2 2 2
\/4+2ﬁ 1J2+\B :J2+J§ _\/2+J§
4 2 2 2

- sinl(A-—B
55. A=30° B=60°, C=90°,a=7,b=7\/§,c=14 3 Mollweide’s formula: a=b = 2( C )
c cos+

Verify using the parts of the triangle.

M- o i
We will need sin<-30° = ! C(;S 30 = \/ 1= 3 \/ 4\/_ \/2 3 by a half-angle formula.

7-74/3 ? sin$(30°-60°) - 1-+/3 ? sin$(-30°) - A3-125in§(-30°) - _A3-125in(-15%)

14 B 0055-90O 2 cos45° 2 B cos45° 2 cos45°
V23
_\/5—11—sm15°:_ﬁ—li_sing-w:_ﬁ—g_ 2 :_\/5—11_\/2—\/5
2 $in45° 2 sin45° 2 Q 2 2

2
\/ 2\/52 2\/32\/32\/§+1’J2\/_
f \] 2

\/4 23 \/2@ 2@ \/2
2

4

2
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Chapter 7: Test

1. Find C, given A =25.2°,a =6.92 yd, b =4.82 yd.
Use the law of sines to first find the measure of angle B.
sin25.2° sinB . 4.82sin25.2°
—_— = =>sinB=————
6.92 4.82 6.92
Use the fact that the angles of a triangle sum to 180° to find the measure of angle C.
C=180-A-B=180°-25.2°-17.3°=137.5°

=.29656881 = B =17.3°

Angle C measures 137.5°.

2. Findc, given C=118° b =130 km, a = 75 km.
Using the law of cosines to find the length of c.

¢ =a® +b* —2abcosC = ¢* =75 +130% —2(75) (130) cos 118° ~ 31679.70 = ¢ ~ 178.0 km

¢ is approximately 180 km. (rounded to two significant digits)

3. Find B, givena =173 ft, b =22.6 ft, c = 29.8 ft.
Using the law of cosines, find the measure of angle B.
a’+c*-b"  17.3°+29.8°-22.6°

b =a*+c* —2accosB=cosB =
2ac 2(17.3)(29.8)

B is approximately 49.0°.

4. Find the area of triangle ABC, given C = 118°, b = 130 km, a = 75 km.
1 . 1 .
A =EabsmC = 5(75)(130)sm118° ~4304.4
The area of the triangle is approximately 4300 km” . (rounded to two significant digits)
(Note: Since ¢ was found in Exercise 2, Heron’s formula can also be used.)

5. Since B > 90°, b must be the longest side of the triangle.
@ b>10
(b) none
(©) <10

6. The semi-perimeter s is s:%(a+b+c):%(22+26+40):%-88:44.

Using Heron’s formula, we have the following.

=.65617605 = B = 49.0°

479

A=Js(s—a)(s—b)(s—c) = /44(44-22)(44 - 26) (44 - 40) = /44 (22) (18) (4) =~/69,696 = 264

The area of the triangle is 264 square units.

7. magnitude: [v|=4/(=6)" +8 =/36+64 =100 =10

angle: tan 6’ =2 = tan ¢’ :% = —% ~-1.33333333= 0’ = -53.1° = 0 =-53.1°+180° =126.9°

X -
(@ lies in quadrant IT)
The magnitude |v| is 10 and @ =126.9°.
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9.

10.

11.

12.

u=(-1,3),v=(2,-6)

@ w+v=(-13)+(2 —6)=(-1+2,3+(-6))=(1, - 3)
(b) —3v=-3(2,-6)=(-3-2,-3(~6))=(-6,18)

(© w-v=(-1,3)-(2,-6)=—1(2)+3(-6)=—2-18=-20

@ |u)=(-1)+3* =J1+9 =410

Given A=24°50",B=47° 20" and AB = 8.4 mi, first find the measure of angle C.

C =180°—-47° 20"—24° 50’ C

=179°60'-72° 10/

=107° 50’

47°20' 24°50'
B 8.4 mi A
Use this information and the law of sines to find AC.
. AC __ 8.4 :>AC:8'4_Sm47 2,0 6,49 mi
sin47° 20" sin107° 50’ sin107°50

Drop a perpendicular line from C to segment
AB.

47°20'

Thus, sin24°50" = % = h =6.495in24°50" = 2.7 mi. The balloon is 2.7 miles off the ground.

horizontal: x =|v|cos & =569 cos127.5° = —346 and vertical: y =|v|sin 6 = 569sin127.5° =~ 451
The vector is (—346, 451).

Consider the figure below.

i Transmitter |

I C I

! |

|

148° | 302°

! Y

west east

A 3.46 mi B/

Since the bearing is 48° from A, angle A in ABC must be 90° — 48° = 42°. Since the bearing is 302°
from B, angle B in ABC must be 302° — 270° = 32°. The angles of a triangle sum to 180°, so
C=180°-A—-B=180°-42°-32°=106°. Using the law of sines, we have the following.
b c b 3.46 3.465in32°
ST AT =— =>b=—:
sinB sinC  sin32° sinl106° sin106°
The distance from A to the transmitter is 1.91 miles. (rounded to two significant digits)

=~1.91 mi
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13. Consider the diagram below.

D

E\Z 30 ft
C X
S

15 ft
15 ft

19

A B

If we extend the flagpole, a right triangle CAB is formed. Thus, the measure of angle BCA is
90°-20°=70°. Since angle DCB and BCA are supplementary, the measure of angle DBC is
180°—=70°=110°. We can now use the law of cosines to find the measure of the support wire on the
right, x.

x> =30 +15% —2(30)(15)cos 110° ~ 1432.818 ~ 37.85 ft

Now, to find the length of the support wire on the left, we have different ways to find it. One way
would be to use the approximation for x and use the law of cosines. To avoid using the approximate
value, we will find y with the same method as for x.

Since angle DCB and DCE are supplementary, the measure of angle DCE is 180°—110°=70°. We
can now use the law of cosines to find the measure of the support wire on the left, y.

y* =30°+15"-2(30)(15)cos 70° = 817.182 = 28.59 ft
The length of the two wires are 28.59 ft and 37.85 ft.

14. Let |x| be the equilibrant force.

6 =180°—35°-25°=120°
X" =152 +20% —2(15)(20) cos 120°
x| =925

|x|~30.4

The magnitude of the equilibrant force Michael must apply is 30.4 1b.

Chapter 7: Quantitative Reasoning

1.

1 . o .
We can use the area formula A = 3 rRsin B for this triangle. By the law of sines, we have the

following.
r R Rsin A
= > r=
sinA sinC sinC
Siince sin C = sin [1 80°—(A+ B)] =sin(A+B), we have the following.
r_RsinA _ RsinA

- >r=———
sinC sin(A+B)
By substituting into our area formula, we have the following.
A=t RsinB=A=L| _RSMA_|pinpo A=l SNASINE L
2 2| sin(A+B) 2 sin(A+B)
Since there are a total of 10 stars, the total area covered by the stars is the following.
A=10 l s.1nAs1nB R |=|5 s.1nAs1nB R
2 sin(A+B) sin(A+B)

Continued on next page
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Quantitative Reasoning (continued)
2. IfA=18°and B =36° we have the following.

| 5sin18°sin 36°
sin(18 +36)°

}Rz ~1.12257R*

3. (a) 114in. % in. =~ 8.77 in.?

sin18°sin 36°

b) A=50|5——mF——
() { sin (18°+36°)

}.3082 ~5.32 in.’

(¢) red



Chapter 8
COMPLEX NUMBERS, POLAR EQUATIONS, AND

Section 8.1: Complex Numbers
1. true 20.
2. true
21
3. true
22
4. true
5. false (Every real number is a complex
number.)
24,
6. true
25.
7. —6 isreal and complex.
8. 0 isreal and complex.
9. 10i is pure imaginary and complex. 2
10. -8i is pure imaginary and complex.
11. 2+i is complex.
12. —5-2i is complex. 27.
13. 7 isreal and complex.
14. /8 isreal and complex.
15. +/-9 =3i is pure imaginary and complex.
.. . . 28.
16. /—16 =4i is pure imaginary and complex.
17. J-25=i25=5i
18. V=36 =i36 = 6i
19. V=10 =iv/10

23. -

J=15 =i15

. /288 =i/288 = i/144-2 =12i\/2
. =500 = ix/500 = ix/100-5 = 10iv/5

x> =-16
x=2/-16 =%4i

Solution set: {+4i}

x? =-36
x=+/-36 =+6i

Solution set: {i6i}

Solution set: {i4i\/§}

18 =—i/18 =—i9-2 = —3i2

/80 = —i/80 = —ir/16-5 = —4i/5

483
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In Exercises 29 — 36, we will be using the quadratic formula.

—~b++/b* —4ac
2a '
Equations must be place in standard form before applying the quadratic formula.

Given ax® +bx+c¢=0, where a #0, x=

29, 3x>+2=-4x=3x>+4x+2=0

e £ -40)(2) _asTs_arond _2A2EN2) uip 2 il

2(3) 6 6 6 3 3703

2+£}

Solution set: {——=*
{ 3 3

30. 2x°+3x=—2=2x>+3x+2=0

S3EF-4(2)(2)  3xo-16 3T 3T 3 47,

x= = = = =4+

2(2) 4 4 4 47 4
Solution set: —iiﬁi
4 4

31. X2 —6x+14=0

O A009) _es i _oxm_ssans 2(5) o

2(1) 2 2 2 2

Solution set: {3 + i\/g }

32. > +4x+11=0

_ A4 4 (11) 4i\/m:—4i@:—4ﬂiﬁ:2(_2iiﬁ) =2+i7
: =

T 2(1) 2 2 2

Solution set: {—2 + i\ﬁ }

33. 4(x2 —x)=—7:>4x2 dx=—T=4x* —4x+7=0

—(~4)E4/(-4)" = 4(4)(7) _4x16-112 _444-96 _4+4i/6 4(1¢io) _1xifo 1 Ve,

xX= = +—

2(4) 8 8 8 8 2 22

>

Solution set: l +t—1
2 2




34. 3(3x2 —Zx) = 7=9x*—6x=-7

36.

37.

38.

39.

40.

41.

9x%> —6x+7=0

_—(=0)* (-6)" -4(9)(7)
209)
_ 6+4/36-252
18
_ 614216
18
 6+6i\6
18
6(14_ri\/3)
T
=1iiJ€

3
Ly

1
373

Solution set: {% i?i }

2 +2=2x= x> -2x+2=0

~(-2)£(=2)° -4()(2)

Section 8.1: Complex Numbers

35. P +l=—x=> x> +x+1=0

—1+,17-4(1)(1)
2(1)
—1+1-4

2
—1++/-3

X =

xX=

2(1)

Solution set: {1£i}

J-13-4-13 = i13-i13

=i (Jﬁ)z =—1-13=-13

V=17 =17 =i17-i17

=2 (\/ﬁ)2 =117 =17

V3-8 =i3-i8=i*\38

=124 =—J4-6 =—26
V=5 F15 =id5 15 =i%45-15
=—1.475 =—/25-3 =53

=30 _iv30
J-10 1o \/; ¥

42."—70 “/_ \/7 Jio

T
s LI
ﬁﬁﬂf(
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47.

4

=]

49.

50.

51.

52,

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

J-64=2 62 _, 62 12~
N _z\/j_l\/z—f—z

J-12.4-6 _i12-i6 1226 _ | |72__fo-_
2o N _,/8_1\/;—f—3

(3+2i)+(4-3i)=(3+4)+[2+(-3) |i=T+(-1)i=T-i

(41)+(2450) = (4+2) (-1 +3)i =641
(<2+31)(=4+3) =[2=(-4)] +(3-3)i = 2+0i =2
(+3+50)=(<4+51) = [3=(=4) ] +(5=5) i = 1401 =1

(2-51)- (3+40)~(-2+1) =[2-3-(-2) ]+ (-5-4-1)i =1 +(~10)i =110

(-4=0)= (243 (<4+50) =[-4-24 (4] (-1-3+5)i =10+

=2 (6=41)=(5-21) =(2=6-5)+[~1=(~4)~(2) i = -13+5i

3= (4=i) =i+ (2+5) =34 () ][ (1) =4+ 5 i =3+ 2

(24+1)(3-21) = 2(3) +2(20) +i(3)+(-20) =6 =4+ 3 =2 =6-i=2(~1) =6-i+2 =5

(—2+3i)(4—2i) =-2(4)—2(=2i)+3i (4)+3i (-2i)
=—8+4i+12i—6i° = -8+16i—6(-1)=-8+16i+6=-2+16i

(2+4i) (—1+3i) =2 (1) +2(3i) + 4i (1) + 4 (3i)
= 2+6i—4i+12i° =—2+42i+12(~1)=-2+2i—12=-14+2i

(1+3i)(2-5i) =1(2)+ 1(=5i)+3i (2) +3i (=5i) =2-5i + 6i —15i* =2+4i—15(-1) =2 +i+15 =17 +i

(=3+2i)> =(=3)* +2(-3)(2i)+(2i)" Square of a binomial
=9-12i+4i* =9-12i+4(-1)=9-12i—4=5-12i

(2+i) =22 +2(2) (i) + % =4+4i+i® =4+4i+(-1)=3+4i
(3+i)(-3-i)=3(-3)+3(=i)+i(-3)+i(-i)=-9-3i-3i—i* =-9—6i—(-1) =—9—6i +1=—8—6i

(=5-i)(5+i)==5(5)=5i—i(5)=i(i) = —25-5i =5i —i® ==25-10i —(~1) = =25 10i +1 = ~24 - 10i



65.

66.

68.

69.

70.

71.

72.

73.

74.

Section 8.1: Complex Numbers

(2+3i)(2-3i) =22 —(3i)’ =4-9> =4-9(-1)=4+9=13

(6—4i)(6+4i) =6 —(4i)’ =36-16> 67. (V6 +i)(v6-1) =(Jg)2 _2

=36-16(~1)=36+16=>52 —6—(<1)=6+1=7

(ﬁ—4i)(ﬁ+4i)=(ﬁ)2 —(4i)’ =2-16i> =2-16(-1)=2+16=18
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i(3—4i)(3+4i):i[(3—4i)(3+4i)]:i[32 —(4i)2}:i[9—16i2]:i[9—16(—1)]:i(9+16):25i

i(2+7i)(2-70) =i[ (2+7i)(2-7i)] =i[22 —(7i)2} = i[4-492 |=i[4-49(-1)] = i(4+49) = 53i

3i(2-i)" =3[ 22 =2(2) (i) +i | =3i[ 4= i +(~1) ] = 3i (3-4i) = 90— 12" = 9i=12(~1) =12+9i

—-5i(4-3i)" = —51'[42 —2(4)(3i)+(3i)2] =—5i[16-24i +9:” |
=—5i[16-24i+9(~1) | = —5i (16— 24i —9) = —5i (7 - 24i)
= -35i +120i* =-35i +120(~1) = -35i —120 = —120 - 35i

(2+i)(2-i) (4+3i) =[ (2+i)(2-i) ] (4+3i)
=[22 - |(4+3i) =[4=(-1)](4+3i) = 5(4+3i) = 20 +15i
(3-i)(3+i)(2-6i) =[ (3—i)(3+i) ] (2-6i)

=[3*=i](2-6i)=[9-(-1)](2-6i) =10(2- 6i) = 20-60i

75. %' =% 12(14)5 i=1i=i 82. 132—(14)821821
76. i» =i* l=(l4)6 i=1%.i=i 83. i’ =i" 3=(14)3 =1 (—l)=—l
77. i =% 12=(14)5 (—1)=15 (—1)=—1 84. i10=;1 12=(14)4 =17 (—1)——1
[ T VR S B VR e S
78, 2 _ 12:(14)6.(_1):16 (<1)=-1 85. i—ll_l =i -i —(1 ) i° =1 ( i)=—i
79, B =203 =(i4)5-i3 =15-(—i)=—i 86. %=i_12 =(i4)_3 =17 =1
i
80. 27 =27 =(i4 )6 =10 (i) =i 87. - 88. Answers will vary.
s1. = (i) =1° =
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89.

90.

91.

92,

93.

94.

95.

96.

99.

6+2i (6+2i)(1-2i)
1+2i (1+2i)(1-20)

_6-12i+2i—4i* 6-10i—4(-1) 6-10i+4 10-10i 10-10i _10 10

- = ——i=2-2i
P (20 a1 A s s s
14+5i  (14+5i)(3-2i)  42-28i+15i—10>
3+2i  (3+2i)(3-2i) 3% —(2i)’
:42—13i—10(—1):42-13i+10:52—13i:52—13i:g_gi:4_i
942 9-4(-1) 9+4 13 13 13
2-i (2-i)(2-i) 22 -2(2i)+i° CA—di+(-1) 3-4i 3
240 (2+)(2-i) 22—  4-(1) 5 55
4_3,'_(4—31')(4—31')
4430 (4+30)(4-3i0)
:42_2(4)(3,~)+(3,-)2 _16-24i+91 _16-24i+9(-1) 16-24i-9 _7-24i _7 24,
23y 16—9;2 16-9(-1) 16+9 25 25 25
1_3i_(1—3i)(1—i)_1—i—3i+3i2 _1_4i+3(_1)_1_4i_3__2_4i —__Z_ii——l—2l
1+ (1+0)(1-i)  1P-2 1-(-1) 2 2 2 2
_3+4i:(—3+4i)(2+i)
2= (2-i)(2+i)
_ —6-3i+8i+4i> —6+5i+4(-1) —6+5i-4 —10+5i _ o105
22 _}2 4-(-1) 5 5 5 5
5_5(0)_si g7, B BI_Y
i l(—l) —i? S
_ D S 0r0-5i === i
_(_1) _(_1)
6 6(~i) —6i 95, 2120 1%
e T
—12i 12
_ O S ioro—6i -(-1) 1 o l
-(=1) 1
2 (3 e e e
£= ( l)= 6l= 6 =£=—%ior0—%i
3 3i(-3) -9% -9(-1) 9 3

Note: In the above solution, we multiplied the numerator and denominator by the complex conjugate of
3i, namely —3i. Since there is a reduction in the end, the same results can be achieved by multiplying

the numerator and denominator by —i.
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1005 - 5(-9i) _ —asi _ 4si _Asi_ 5. 5.
9% 9i-(-9) -2 -8I(-1) 81 9 9

V2 2.}221..

101.We need to show that {7+71

(£+£,}2 :££j2+2._2._2,-+(£,}2

2 2 2

¥ ITZ,-.

102.We need to show that {7 + Ei

££+1i]3_ oy ﬁg,}z{ﬁg,}[{ﬁy+2._3.1i+(1,.)2}
2 2 2 2 2 2 2 2 2 2 2

3

4

\/5 1 / §+£i+li2:|: -

=| —+—i

2 2 )4 2 4

1
+_
2
(VB3 3 1 (V312 V3 (V3 11 3
2 2 )4 2 4 2 2 )l4 2 2 2 )2 2
:£l+££l+ll 1\/§i2:£+§i+1 +£i2
22 2 2 22 22 4 4 4

103./ =8+6i,Z=6+3i
E=1Z = E=(8+6i)(6+3i)=48+24i+36i+18i* = 48+60i +18(—1) = 48+ 60i —18 = 30+ 60i

104.7 =10+6i,Z =8+5i
E=17 :>(10+6i)(8+5i) =80+ 50i + 48i + 30i” :80+98i+30(—1):80+98i—30:50+98i

105.1 =7+5i, E =28+54i
E=1Z=(28+54i)=(7+5i)Z
_28+54i 7-5i _196-140i +378i —270:"
7+5 7-5i 72_(51')2
_196+238i-270(=1) 196+238i+270 466+238i _2(233+119) 233+119i _233 119,
49 -25;° 49-25(-1) 49+25 74 37 3737
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106. E =35+55i, Z = 6+ 4i
E=1Z=(35+55i)=1(6+4i)
_ 35+55i 6-4i _ 210-140i +330i —220i"

6+4i 6-4i 6" —(4i)’
I_210+190i—220(—1)_210+190i+220_430+190i_2(215+95i)_215+95i_£ 95
36-16i" 36-16(-1) 36+16 52 26 26 26

107.The total impedance would be Z =50+60+17i+15; =110+ 32i.

108.For Z =110+32i,a=110 and b=32. Thus, tan 8 = 2 =tanf = % ~.29090909 = 0 = 16.22°.
a

Section 8.2: Trigonometric (Polar) Form of Complex Numbers

1. The absolute value of a complex number represents the length (or magnitude) of the vector
representing it in the complex plane.

2. Itis the angle formed by the vector and the positive x - axis.

3. 6.
4. 7. y
0 X
-4i
5 y 8. y
N2 +2i 3i



11.

12.

13.

14.

15.

16.

23.

24,

25.

26.

27.

28.

29.

Section 8.2: Trigonometric (Polar) Form of Complex Numbers

y 10. y
X X
-8 0 2
1-4i 17. -3, 3i
i (=3+0i)+(0+3i) =-3+3i

—4—i

. , 18. 6, —2i
4-3i, —1+2i

(4-3i)+(-1+2i)=3-i (6+0i)+(0-2i)=6-2i

19. 2+6i, —2i

2+3i, —4—i
(2+6i)+(0-2i)=2+4i

(2430)+(-4-i)=—2+2i

20. 4-2i, 5

5-6i, —2+3i
(4-2i)+(5+0i)=9-2i

(5-6i)+(-2+3i)=3-3i

21. 7+6i, 3i

7-3i, —4+3i
(7+6i)+(0+3i)=7+9i

(7-3i)+(—4+3i)=3+0ior3

22. -5-8i, -1
(-=5-8i)+(-1+0i)=—6-38i

2(cos45°+i sin 45°) = 2[%%%]:\5“&

4(cos 60°+i sin 60°)=4{%+i§]=2+2i\/§

10(cos 90°+i sin 90°) =10(0+i) = 0+10i = 10i

8(c0os 270° +isin 270°) =8(0—1i) = -8i

4(cos240°+i sin 240°) = 4(—%4?] =—2-2i\3

2 (cos 330° +isin 330°) = 2(?—%} =3-i

491
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30. 2cis30°=2 (cos 30°+isin 30° {73 % J 3 +i

31. 50is300°=5(COS300°+iSin300°)=5 l+i —ﬁ =£—ﬂi
2 2 2 2
32. 6cis135°=(cos135°+i sin 135°):6(—g+%i =-3J2+3i\2

33. /2 cis 180° = /2 (cos 180°+i sin180°) = /2 (=14i-0) = —/2 +0i = —/2

s

34. /3 cis 315° =+/3 (cos 315°+i sin315°) ; -

35. 4(cos(—30°)+isin(-30°))=4(cos30°—isin30°) = 4(?—%1‘] =23 -2i

36. /2 (cos (~60°)+isin (~60°)) = /2 (cos 60° —isin 60°) = \E[%_%,} = %‘%i
37. 3-3i
Sketch a graph of 3—3i in the complex
plane.
Since x=3andy=-3, r=4/3"+( =J9+9=118=3v/2 and tan6= -3 —-1.  Since

3
tan @ =—1, the reference angle for 6 is 45°. The graph shows that 6 is in quadrant IV, so

0 =360°—45°=315°. Therefore, 3—3i = 3\/§(cos 315°+isin315°)

38. —242i3

Sketch a graph of -2+ 2ix/3 in the complex r=4 0=120°
plane. : .
X

Since x=—2andy=2+/3, r= (—2)2+(2\/§)2 =J4+12=/16=4 and tan0=¥=—\/§. Since

tan 6 =—/3, the reference angle for 6 is 60°. The graph shows that @ is in quadrant II, so
6 =180°—-60°=120°. Therefore, —2+2i/3 = 4(cos 120°+i sin 120°).



39.

40.

41.
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—3-3i3

Sketch a graph of —3— 3iv/3 in the complex
plane.

Since x=-3andy=-33, r=,/(-3)+(-3v3) =9+27=\36=6 and tan@z%z 3.

Since tan 6 =+/3, the reference angle for @ is 60°. The graph shows that & is in quadrant III, so
6 =180°+60° = 240°. Therefore, ~3—3ix/3=6 (c0s240°+isin 240°).

1+i/3
. . y
Sketch a graph of 1+iy/3 in the complex ]/( F=2
plane. .
Ely \/?’_x
% =16=60°

Since x=1and y Z\/g, r=,|1 +(\/§)2 =+/1+3 :x/Z:2 and tan@z?:\/g. Since tan 0:\/5,
the reference angle for & is 60°. The graph shows that @ is in quadrant I, so 8 =60°. Therefore,
1+iv/3 =2(cos 60°+i5in 60°).

NER

Sketch a graph of J3-i inthe complex
plane.

Since x=+3andy=-1, r=,¢(\6)2+(—1)2=\/3+1=\/1=2 and tanﬁz%:—?. Since

tan 9=—?, the reference angle for @ is 30°. The graph shows that 8 is in quadrant IV, so

6 =360°—30° = 330°. Therefore, \/3—i= 2(cos330°+isin330°).
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42,

43.

44.

43 +4i
Sketch a graph of 43 +4i in the complex 7
plane. &% F=3
qr=4.
Ox = 4\/3‘—

Since x=43andy=4, r= (4\/§)Z+42=\/48+16=\/a=8 and tan9=%=%=73.

Since tan HZT?’, the reference angle for 6 is 30°. The graph shows that @ is in quadrant I, so

6=30°. Therefore, 4+/3 +4i =8(cos 30°+i sin 30°).

-5-5i
Sketch a graph of —=5—5i in the complex y
plane. A

Since x=-5and y=-5, r=1[(=5) +(=5) =+25+25 =50 =52 and tan §=2 =2 =1.

x =5
Since tan 8 =1, the reference angle for 6 is 45°. The graph shows that @ is in quadrant III, so

6 =180°+45°=225°. Therefore, —5—5i = Sﬁ(cos 225°+i sin 225°).

—~2+i2
Sketch a graph of - 2+iy2 in the F=2 " P
complex plane. : =13
y=A2 i
| x

Since x=—2 andy:x/E, rzﬁl(—\/z)2+(\/§)2 =2+2=+/4=2 and tan 9:%:—1. Since

tan @ =—1, the reference angle for 8 is 45°. The graph shows that @ is in quadrant II, so
6 =180°—45°=135°. Therefore, —/2 +iv/2 = 2(cos 135°+i sin 135°).



45.

46. _

47.

48.

49.

50.

Section 8.2: Trigonometric (Polar) Form of Complex Numbers 495

2+2i
Sketch a graph of 24 2i in the complex

1 r=2n2
plane. ‘
0=45°| Lty=2
I

Since x=2andy=2, r:\/22+22:\/4+4:\/§:2\/§ and tanﬁz%zl. Since tan @ =1, the

reference angle for 6 is 45°. The graph shows that 8 is in quadrant I, so € =45°. Therefore,
2+ 2i = 24/2 (cos 45°+i sin 45°).

3+i
Sketch a graph of —J3+i inthe complex 1 P
plane. r=2 -
y=14 :
x=—3 |0
Since x=—/3andy=1, r= (\/7) +1=3+1=1/4=2 and tanf=—— \/, —?. Since

tan 9=—?, the reference angle for € is 30°. The graph shows that 6 is in quadrant II, so

6 =180°-30°=150°. Therefore, —/3 +i=2(cos 150°+i sin 150°).

5i=0+5i
0+5i is on the positive y-axis, so #=90° and x=0, y=5=>r=+/0"+5" =4/0+25=5
Thus, 5i =5(c0s90°+isin90°).

—2i=0-2i
0—2i is on the negative y-axis, so §=270° and x=0,y=-2=>r= 1[(—2)2 +02 =4=2

Thus, —2i =2(co0s270°+isin270°).

—4=—4+0i
—4+0i is on the negative x-axis, so §=180°and x=—4, y=0=r=1/(-4)" +0* =16 =4

Thus, —4 =4(cos180°+isin180°).

7=7+0i
7+0i is on the positive x-axis, so #=0° and x=7,y=0=r=+72+0% =/49+0 =49 =7
Thus, 7="7(cos0°+isin0°).
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51.

52,

53.

54.

5S.

56.

57.

58.

59.

60.

61.

62.

2+3i
x=2,y=3=r=y22+3 =J4+9 =413
tan€=é

2

2+43i is in quadrant I, so 8 =56.31°
2+3i =13 (c0s56.31°+isin 56.31°)

c0s35°+isin35°=.8192+.5736i

3(cos 250°+i sin 250°) =—1.0261—2.8191i

—4+i
x=—4,y=13r=1l(—4)2+1=\/16+1=\/ﬁ
tant9=—=—l

4 4
—4+i is in the quadrant II, so 6 =165.96°.
—4+i=~/17(cos 165.96° +i sin 165.96°)
12i=0+12i

x=0,y=12=r=+0"+12> =4/0+144 =/144 =12
0 + 12i is on the positive y-axis, so 0 =90°.
12i =12(cos 90° +i sin 90°)

3 ¢is 180° =3(cos 180°+i sin 180°) =3 (—-1+0i) =-3+0i or -3

3+5i
x=3,y=5=r=v3"+5 =J9+25=+/34
tan¢9=é

3

3+ 5i is in the quadrant I, so 8 =59.04°.
3+5i = /34 (cos 59.04° +i sin 59.04°)

cis 110.5°=cos 110.5°+i sin 110.5° = —.3502 +.9367i

Since the modulus represents the magnitude of the vector in the complex plane, r =1 would represent
a circle of radius one centered at the origin.

When graphing x+ yi in the plane as (x, y), if x and y are equal, we are graphing points in the form

(x,x). These points make up the line y = x.
Since the real part of z=x+ yi is 1, the graph of 1+ yi would be the vertical line x=1.

When graphing x+ yi in the plane as (x, y), since the imaginary part is 1, the points are of the form
(x, 1). These points constitute the horizontal line y = 1.
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63. z =-2i

64.

65.

P —1= (—.21’)2 —1=.04i* -1= .04(—1)—1 =-04-1=-1.04
The modulus is 1.04.
(22 =1D*=1=(-1.04>-1=1.0816-1=.0816
The modulus is .0816.
2
[(22 —1)2 —1} -1= (.0816)2 —1=.0665856—-1=-.99334144

The modulus is .99334144 .
The moduli do not exceed 2. Therefore, z is in the Julia set.

(a) Let z, =a+bi and its complex conjugate be z, =a—bi.
|zl|=\/a2 +b* and |22|=.Ia2 +(—b)2 =~a’ +b’ =|zl|.

(b) Let z, =a+bi and z, =a—bi.
22 —1=(a+bi)’ -1
=(a’ +2abi+b*i* ) ~1=a" +2abi+b* (-1)-1=a" —b’ +2abi—1=(a’ —b* —1)+(2ab)i
=c+di
72 —1=(a—bi) -1
=(a’ =2abi+b*i* ) ~1=a* - 2abi+b* (-1)-1=a’ —b* —2abi—1=(a* —b* —1)—(2ab)i
=c—di

(©)-(d) The results are again complex conjugates of each other. At each iteration, the resulting
values from z, and z, will always be complex conjugates. Graphically, these represent

points that are symmetric with respect to the x-axis, namely points such as (a,b) and
(a,—b).

(e) Answers will vary.

Let z=r(cos@+isin#). This would represent a vector with a magnitude of r and argument 6.
Now, the conjugate of z should be the vector with magnitude r pointing in the —@ direction. Thus,
r [cos (360°—6)+isin(360°— 6)] satisfies these conditions as shown.
r[ cos(360° - 6)+isin (360°—6) | = r[cos 360°cos 6 +sin 360°sin 6+ i sin 360° cos 6 —i cos 360° sin 6]

= r[l-cos9+O-sin9+i(0)cosﬁ—i(1)sin6’]

=r(cos@—isinf)= r[cos(—ﬁ) +isin (—9)]
This represents the conjugate of z, which is a reflection over the x-axis.

a+bi
y y
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66. Let z=r(cos@+ising). This would represent a vector with a magnitude of r and angle 6. Now,

—z should be the vector with magnutide of r pointing in the opposite direction. An angle that would
make this vector point in the opposite direction would be 8+ 7z. Thus, —z would be the following.

r[cos(6+7)+isin(6+7)]

a+bi -a-bi
y y
r
i 0+m
o Loiy=0 x=-a/"y
i a]
xX=a :
J/=—biy
r

67. (a+bi)—(c+di)=e+0i, so,b—d=0o0rb=d.

Therefore, the terminal points of the vectors corresponding to a+bi and c¢+di lie on a horizontal
line. (B)

68. The absolute value of a complex number is equal to the length of the vector representing it in the

complex plane. Therefore, the only way for the absolute value of the sum of two complex numbers to
be equal to the sum of their absolute value is for the two vectors representing the numbers to have the
same direction. (C)

69. The difference of the vectors is equal to the sum of one of the vectors plus the opposite of the other

vector. If this sum is represented by two parallel vectors, the sum of their absolute value will equal to
the absolute value of their sum. In order for this sum to be represented by two parallel vectors their
difference must be represented by two vectors with opposite directions. (A)

70. Let z=a+bi. Thus, ||=va’+b>. Now, let iz =i(a+bi)=ai+bi* =ai+b(-1)=ai—b=-b+ai.

Therefore, we have the following.

=) +a" =N+ =N+ =[]

Section 8.3: The Product and Quotient Theorems

1.

3.

When multiplying two complex numbers in trigonometric form, we multiply their absolute values and
add their arguments.

When dividing two complex numbers in trigonometric form, we divide their absolute values and
subtract their arguments.
[3(cos60°+isin60°) |-[ 2(cos 90°+isin90°) | = 3-2[ cos (60°+90°) +isin (60°+90°) |

=6(cos150° +isin150°)

:6[—£+%ij =-3J3+3i

2



10.

11.

12.

Section 8.3: The Product and Quotient Theorems

[4(cos30°+isin30°) |-[ 5(cos 120°+isin 120°) | = 4- 5[ cos (30°+120°) +isin (30°+120°) |
=20(cos150°+isin150°)

- 20£—g+%z} =103 +10i

[2(cos 45°+isin 45°)]-[2 (cos 225°+i sin 225°) | = 2-2[ cos (45°+225°) +i sin (45° +225°) |

499

=4(cos270°+isin270°) =4(0—i)=0—4i or —4i

[ 8(cos 300°+i sin 300°)-[5 (cos 120°+isin 120°) | =8- 5 cos (300°+120°) +isin (300° +120°) |

=40(cos 420° +i sin 420°) = 40 (cos 60° +i sin 60°)

:40(%+i§J =20+20i\/3

[4(cos 60°+isin 60°) |-[ 6 (cos 330°+isin 330°) | = 4-6[ (cos (60°+330°) +isin (60°+330°) ]

= 24(c0s 390° +i sin 390°) = 24 (cos 30° +i sin 30°)

=24£?+1%J=12«/§+12i

[8(cos210°+isin210°) ][ 2(cos 330°+isin 330°) | = 8-2[ cos (210°+330°) +isin (210°+330°) |

=16(cos 540° +i sin 540°)

=16(cos 180°+isin 180°)

=16(—1+0-i) =—16+0i or —16
[S cis 90°][3 cis 45°]=5-3[ cis (90°+45°) | =15 cis 135°

=15(c0s135°+isin135°)=15£_%+%i]=_15;/§+15£/§i

[6 cis 120°][5 cis (<30°)] = 6-5[cis (120°+(—30°))]
=30 cis 90°=30(cos 90°+isin 90°) = 30(0+1i) = 0+30i = 30i

[V3 cis 45° [ /3 cis 225° | = /33 [ cis (45°+225°) ]

=3 cis 270° =3(c0s270° +isin270°) =3(0—i) =0—3i or —3i

[V2 cis 300° |[V2 cis 270° | =2 v/2 [ cis (300°+270°) ] =2 cis 570°

=2 cis 210° =2(cos 210°+isin 210°) = 2(—?—11} =—3-i
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13.

14.

15.

16.

17.

18.

19.

=—6+6i3

4(cos120°+isin120°) 4
= 2 cos (120°—150°)+i sin (120°—150°) | = 2[ cos (~30°) + sin (=30°
2(cos150°+7sin150°) 2 Leost )+isin( )]=2[cos (-30°) +isin (-30°) ]
=2[cosSO°—isin30°]:2(§_%,’J:\/§_i
24 150°+isin150°
(COS +'l S.ln ) :ﬁ cos (150°—30°)+isin (1500_300):|
2(cos30°+isin 30°) 2
=12[00s(120°)+isin(120°)}:12[—%4_%,}
10 225°+isin 225°
(COS +.l S'ln ):E cos(225°—45°)+isin(2250—450)]
5(cos45°+isin 45°) 5

=2(cos180°+isin180°) =2 (—1+0-i)=-2+0i or -2

3

1(1\/5.:

L0tcos 007+ isin 300 _ 181« (300° - 60°) + i (300°—60°)
8(cos 60° +i sin 60°) 8
= 2(cos 240°+i sin 240°) =2(—%—§ J =—1-i\/3
w = lcis (305°—65°) = l(cis 240°) = l(cos 240°+isin 240°) = —
9cis 65° 3 3 3
12652937 _ ) cis (2930 - 23%) = 2(cis 270°) = 2 (cos 270° +iin 270°) = 2(0—1.i) = 0~ 2i = ~2i
6c¢is 23°
8
3+
numerator: 8=8+0-i and r=8

0 =0° since cos0°=1 and sin0°=0, so 8§ =8 cis 0°.
2
denominator: \/§+i and r = (\/g) +1%2 =3+ :\/Zzz
13

tanf=—=

B3

Since x and y are both positive, @ is in quadrant I, so € =30°. Thus,

3 +i=2cis 30°.

8 _8cisO°
J3+i  2cis30°

= %cis (0-30°) = 4 cis (~30°) = 4| cos (~30°) +isin (~30°) | = 4{
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2i
20.
—1+i\/§
numerator: 2i=0+2i and r=2
0 =90° since cos90°=0 and sin90°=1, so 2i =2 cis90°.
denominator: —1+i\/§
2
= + (B
tan g = # =3
Since x is negative and y is positive, @ is in quadrant I, so 8 = 60°+180° = 240°.
Thus, —1+i+/3 = 2cis 240°
. cis 90°
2 _ 2907 2 4 (90°— 240°) = Lcis (~150°) = cos (~150°) +isin (~150°) = B
_1—-if3  2cis240° 2 2 2
p)
1+i
numerator: —i=0—i and r=,/0? +(—1)2 =Jo+1=+1=1
6 =270° since cos270°=0 and sin 270°=-1, so —i =1¢is270°.
denominator:  1+i
r=v12+12 =J1+1=+2 and tanezl:%zl
X
Since x and y are both positive, @ is in quadrant I, so @ =45°. Thus,
1+i=+/2cis 45°
—i is 270°
a2 L s (2700 45°)
1+i  f2cis 45° 2
=£ cis 225° =£(cos 225°+isin 225°) =£ —ﬁ—i-ﬁ L L
2 2 2 2 2 2 2
22. !
2-2i
numerator: 1=1+0-i and r=1

6 =0° since cos0°=1 and sin0°=0, so 1=1cis0°.
denominator: 2-2i and r=4/2" +(—2)2 =J4+4=~8=22

tanf=2= =2 =
x 2
Since x is positive and y is negative, € is in quadrant IV, so 8 =—-45°. Thus,

2-2i =22 cis(-45°).

1 Lcis0° 1
2-2i 22cis(-45°) 242
NG \/E(«/E .\/EJ 11

74‘1— +—1

-1

cis [0 —(—45°)}

zﬁcis45°:—(cos45°+isin45°):— =—
4 4 4 2 4
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26 —2i\2
B R il
numerator: 2\/6—21\/5 and r = \/(2\/6)2 +(—2\/§)2 =+/24+8 = \/3_2 = 4\/5
22_ 1 _ B
tan @ = 2\/, \/, _T

Since x is positive and y is negative, 8 is in quadrant IV, so 8 =—-30°. Thus,

26 - 22 = 442 cis (-30°).

denominator: \/E—i 6 and r=,¢(\/§)2+(—\£)2 :m:\/g:%/i

J6

tanf=——=—/3

N2

Since x is positive and y is negative, 8 is in quadrant IV, so 8 =—-60°. Thus,
V2 —iNJ6 = 2/2 cis (-30°)
26 -2i2  42cis(-30°)
V2-i6 22 cis (—60°)

\/_015[ 30°—(—60°) | = 2cis 30° =2 (cos 30°+isin 30°) =2 £+z— =3+i
T2 2
24, 4+4i
2-2i
numerator: 4+4i and r=v4% +4% =J16+16 =32 =42
tan¢9:_—2:—l
2

Since x and y are both positive, @ is in quadrant I, so § =45°. Thus,
2+2i =42 cis 45°

denominator: 2-2i and r=4/2% + =/4+4 \f 2\/7

tan @ = —:—1
x 2

Since x is positive and y is negative, € is in quadrant IV, so 8 =—-45°. Thus,
2-2i =22 cis (- 45°)
4+4i  42cis45°
2-2i 22cis(-45°)
42
2

cis[ 45°—(—45°) ] = 2¢is 90° =2 (cos 90°+isin 90°) =2 (0+i) = 0+2i =

25. [2.5(cos35°+isin35°)]-[ 3.0 (cos 50°+isin 50°) | =2.5-3.0[ cos (35°+50°) +isin (35°+50°) |
=7.5(cos 85°+isin 85°) = .6537 +7.4715i

26. [4.6(cos12°+isin12°)]-[2.0(cos 13°+isin13°) | =4.6-2.0] cos (12°+13°)+isin (12°+13°) |
=9.2(cos 25°+isin 25°) = 8.3380 +3.888 i



217.

28.

29.

30.

31.

—

32.

%}

Section 8.3: The Product and Quotient Theorems

(12cis 18.5%) (3cis 12.5°) =12-3cis (18.5°+12.5°)
= 36.cis 31° =36 (cos 31°+isin31°) = 30.8580+18.5414i

(4 cis 19.25°) (7 cis 41.75°) = 4T cis (19.25°+41.75°)
= 28cis 61° =28 (cos 61°+isin 61°) = 13.5747 + 24.4894

45(cos127°+isin127°) _ 45
22.5(cos43°+isin43°)  22.5
=2(cos 84°+isin 84°) = .2091+1.9890i

[cos (127°-43°) +isin (127° - 43°)]

30(cos130°+isin130°) &
10(cos21°+isin21°) 10
=3(c0s109°+isin109°) = —.9767 + 2.8366i

cos (130°—21°) +isin (130°—21°)]

=2-2cis 5—7[+5—” =4cis10—”=4 coslo—”ﬂ'sinlo—” ~-3.7588-1.3681i
9 9 9 9 9

2
243cis L | =| 24.3¢is 2 || 24.3¢is 2F | = 24.3-24.3 cis| ZE 4+ 1 E
12 12 12 12 12

— 590.49cis 7?” ~590.49 [cos 7?” +isin 7?”] ~—511.3793 —295.2450i

In Exercises 33-39, w=—-1+iand z=-1 —1i.

33.

34.

35.

36.

37.

wez=(=1+i)(-1=i) ==1(=1)+(=1) (=) +i(-1)+i(=i) = 1+i—i—i’ =1-(-1) =2

w=-1+1i:

r=y(-1)" +1* =4/1+1=+/2 and tanez_ilz—l

Since x is negative and y is positive, @ is in quadrant II, so 8 =135°. Thus, w= V2 cis 135°.
z=-1-i:

r:,/(—l)z +(—1)2 =J1+1=~/2 and tanﬁz:—i

Since x and y are negative, @ is in quadrant III, so 8 =225°. Thus, z = x/z cis 225°.

1

w-z= (/2 cis 135°) (V2 cis 225°) =+/2-+/2[ cis (135°+225°)] =2 cis 360° =2 cis 0°
2 cis 0°=2(cos0°+isin0°) =2(1+0-i)=2-1=2; It is the same.

w_ —l+i  —1+i 1+ 1—i—i+i®  1=2i+(=1) -2i

P P P i 1-(-1) 2
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38.

39.

40.

41.

42,

43.

44.

w_V2eis13s° 2 (135°-225°) = cis (-90°)

z 2cis225° 2
cis (—90°) = cos (=90°)+isin (-90°) =0+i(—1) =0—i=—i ; It is the same.
Answers will vary.

The two results will have the same magnitude because in both cases you are finding the product of 2
and 5. We must now determine if the arguments are the same. In the first product, the argument of the
product will be 45°4+90°=135°. In the second product, the argument of the product will be

—315°+(—270°) =-585°. Now, —585° is coterminal with —585°+2-360°=135°. Thus, the two
products are the same since they have the same magnitude and argument.

z=r(cos@+isinb)

1 0°+isin0°
1=1+0-i=1(cos 0°+isin 0°), l= (cos 151.n )=l[cos(O°—6°)+isin(0°—6°)}
z r(cos@+isin€) r

= l[cos (0°—6°)+isin(0°— 0")] = l[cos (-6)+isin (—60)] = l(cos 6—isin6)
r r r

E =8(c0s20°+isin20°),R=6,X, =3, 1=§,Z=R+XL1'

Write Z =6 + 3i in trigonometric form.

x=6, andy=3 = r=v6"+3> =/36+9 =45 =35 .
tan&zgzl,so 0 =26.6°
6 2

7 =345 cis 26.6°

_ 8cis20° 8
345 cis 26.6° 35

85 85

cis (200—26.6°)=F cis (—6.6°) = s

[ cos (—6.6°) +isin (—6.6°) | ~1.18—.14i

E=12(c0s25°+isin25°),R=3, X, =4,and X, =6
L E 126825 12cis25°
R+(X, —X)i 3+@4-6)i 3-2i

Write 3 — 2i in trigonometric form. x =3, y = -2, 50 r =4/3’ +(—2)2 =J9+4 =413 .

tan @ = —%, so 6=326.31° since @ is in quadrant IV.

Continuing to find the current, we have the following.
is 25° 12
[= 1282 12 0950 30639
V13 cis 326.31° V13
12413 12413
13 13

cis (-301.3°) cos (—-301.3°) +isin (—301.3°)J =1.7+2.8i
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45. Since Z, =50+25i and Z, = 60+ 20i, we have the following.

L= 1 '50—251': 50-25i _ 50—-25i _ 50-25i =50—25i=i_Ll,
Z, 50+25i 50-25i 50°-25%i" 2500—625(—1) 2500+ 625 3125 125 125
and
1 | 60—-20i  60-20i 60— 20i _ 60-20i  60-20i 3 1

Z, 60+20i 60-20i 60°—20°7 3600—400(—1) 36001400 4000 200 200

and

2 1, 31, 2 3 1 1),
i || =i || —t— || —+—|i
(125 125) (200 200) (125 200} (125 200)

(16+15)_(8 N 5},_31_131,
1000 1000) \1000 1000/ 1000 1000

1 1
_+_
Z, Z,

1 1 _ 1000 31+13i _1000(31+13i)

Z: = = =
L+L 31 13 ; 31-13i 31+13i 317 -13%°
Z, Z, 1000 1000
31,000+13,000 31,000+13,000 31,000+13,000; 3100 1300 . .
961-169(—1) 961+169 1130 113 113
46. tan¢9:11—'5319:tan’l ﬁz 22.75° since @ isin quadrant I.
27.43 27.43

Section 8.4: Demoivre’s Theorem; Powers and Roots of Complex
Numbers

1. [3(cos30°+isin30°) ] =3'[cos(3-30°) +isin(3-30°) ]
=27(c0s90°+isin90°) =27(0+1-i) =0+27i or 27i

2. [2(cos135°+isin135°)]  =2*[cos(4-135°) +isin(4-135°)]
=16(cos540° +isin540°) =16 (cos180°+isin180°)
=16(~1+0-i)=—16+0i or —16

3. (cos45°+isin45°)" =[cos(8:45°)+isin(8-45°)]=cos360°+isin360°=1+0-i or 1

4. [2(cos120°+isin120°)] =2°[cos(3-120°)+isin(3-120°)]
=8(c0s360°+isin360°) =8(1+0-i) =8+0i or 8
5. [3cis 100°] =3° cis (3-100°)

1 ﬁi]_g_z%ﬁi

=27 cis 300° =27 (cos300° +isin300°) = 27| ——
2 2 2 2
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6. [3cis40°] =3 cis (3-40°)

=27 cis 120° =27 (cos120°+isin120°) = 27 L ﬁi -l ﬂi
2 2 2 2
7. (\/§+i)5
First write v/3+i in trigonometric form.
r= (I) +1=3+1=/4=2 and tanf=— ! :\/g
B3

Because x and y are both positive, 8 is in quadrant I, so 8 =30°.
+i= 2(cos30°+isin30°)
(\/§+i)5 =[2(c0s30°+i5in30°) ] =2°[cos(5-30°) +isin(5-30°)]
=32(cos150°+isin150°) = 32(—§+i%] =—16/3 +16i

8. (22-2i2)
First write 2v/2 —2i+/2 in trigonometric form.

=\/(2\/§)2+(—2\/§)2 =M=\/ﬁ=4 and tan6=%=—l

Because x is positive and y is negative, € is in quadrant IV, so 6 =315°.
232 ~2iN2 = 4(cos315° +isin315°)°
(2\/5—21'\/5)6 =[4(cos315°+isin315°)]" =4°[cos(6-315°) +isin (6-315°) ]
=4096[cos1890° +isin1890°] = 4096 (cos 90° +i sin 90°)
=4096(0+1-1) = 0+4096i or 4096i

4
9. (2-2i3)
First write 2—2i/3 in trigonometric form.

2 +(—2\B)2 =4+12 =16 =4 and tan6’=—_22\/§ =3
Because x is positive and y is negative, 8 is in quadrant IV, so € =300°.
2-2in/3 = 4(cos 300° +isin 300°)
(2-2iv3 )4 =[4(cos300°+isin300°) ] = 4* [cos (4-300°) +isin (4-300°) ]

i3

=256(cos1200°+isin1200°) = 256[—5+—] =—128+128i/3



Section 8.4: De Moivre’s Theorem; Powers and Roots of Complex Numbers

8
10, [ﬁ_ﬁ]
2 2
First write %—721' in trigonometric form.
2
r= Q =J1=1 and tan@=—2=—1
2 - %
2
Because x is positive and y is negative, 8 is in quadrant IV, so § =315°.
£—£1 =co0s315°+isin315°
2 2
8
ﬁ—ﬁi = (cos315°+isin315°)"
2 2
=cos(8-315)°+isin(8-315)°
=c0s2520°+i5sin 2520°
=c0s0°+isin0°=1+0i or 1
1. (-2-2i)
First write —2 —2i in trigonometric form.
=J(=2) +(-2)" =V4+4 =8 =22 and tan&z_—izl
Because x and y are both negative, @ is in quadrant III, so 8 =225°.
—2—2i = 2/2 (c0s225° +i5in 225°)
(-2-2i)" =[2V2 (cos225° +isin225°) | = (22 ) [cos (5-225°) +isin (5-225°) ]
=324/32 (cos1125° +isin1125°) = 128v/2 (cos 45° +isin 45°)
128[[£+£1]— 128+128i
12. (-1+i)

First write —2—2i in trigonometric form.

=\/(—1)T12=V1+ =2=+2 and tanﬁ:il:_]

Because x is negative and y is positive, @ is in quadrant II, so 8 =135°.
—14i =2 (cos135°+isin135°)
(~1+i) =[«/§(cos135°+isin135°)]7 = (V2) [eos(7-135%) +isin (7-135°)]
= 842 (c0s 945° +i5in 945°) = 8v/2 (c0s 225° +iin 225°)
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13. (a) cos0°+isin0°=1(cos0°+isin0°)
We have r=1 and 8=0°.
Since r’ (cos 3a+isin3e) = l(cos 0°+isin0°), then we have the following.

_0°+360°-k

r=1=r=1 and 3a=0°+360°k = « =0°+120°-k =120°-k, k any integer.

Ifk=0, then ¢=0°. Ifk=1, then ¢ =120°. If k =2, then or =240°.
So, the cube roots are cos0°+isin0° cos120°+isin120°, and cos240°+isin240°.

) ]
b

-1

14. (a) Find the cube roots of cos90°+isin90° =1(cos90°+isin90°).
We have r=1 and 8 =90°.
Since 7’ (cos 3a+isin 3a) = l(cos 90°+isin 90°), then we have the following.

r=1=r=1 and 30(:90°+36O°-k:>0{2%230‘4120"-/@ k any integer.

If k=0, then ¢ =30°+0°=30° If k=1, then ¢ =30°+120°=150°.
If k =2, then o =30°+240°=270°.
So, the cube roots are cos30°+isin30°, cos150°+isin150°, and cos270°+isin270°.
(b) y

\
=

15. (a) Find the cube roots of 8 cis 60°
We have r=8 and 6 =60°.

Since 7’ (cos3er+isin3c)=8(cos60°+isin60°), then we have the following.

r=1=r=1 and 30(=60°+360°-k:>a=w=20°+1200-k, k any integer.

If k =0, then ¢ =20°+0°=20°. If k =1, then o =20°+120° =140°.
If k =2, then o =20°+240° = 260°.
So, the cube roots are 2 cis20°,2 cis140°, and 2 cis 260°.

(b)
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16. (a) Find the cube roots of 27 cis 300°.
We have r=27 and € =300°.
Since 7 (cos3er+isin3er)=27(cos300°+isin300°), then we have the following.

r’=27=r=3 and 30(=300°+360°-k:>a=w=100°+120°-k, k any integer.

If k =0, then & =100°+0°=100°. If k =1, then &r =100°+120° = 220°.
If k =2, then o =100°+240° = 340°.
So, the cube roots are 3 cis100°,3 cis 220°, and 3 cis 340°.

(b)

17. (a) Find the cube roots of —8i = 8(cos 270° + i sin 270°)
We have r=8 and 6 =270°.

Since 7’ (cos 3a+isin Sa) =8 (cos 270° +isin 270°) , then we have the following.

r’=8=r=2 and 3a=270°+360°-k:>a=w=900+120°-k, k any integer.

If k=0, then ¢ =90°+0°=90°. If k=1, then ¢ =90°+120° =210°.
If k =2, then o =90°+240° = 330°.
So, the cube roots are 2(cos 90°+isin90°), 2(c0s210°+isin210°), and 2(cos 330°+isin330°).

(b)

-2

18. (a) Find the cube roots of 27i = 27(cos 90° + i sin 90°).
We have r=27 and 6 =90°.

Since r’(cos3er+isin3e)=27(cos90°+isin90°), then we have the following.

r’=27=r=3 and 3a:90°+3600-k:>0{2%230‘4120"-/@ k any integer.

If k=0, then ¢ =30°+0°=30°. If k =1, then r=30°+120°=150°.
If k =2, then o =30°+240° = 270°.
So, the cube roots are 3(00530°+isin 300), 3(coslSO°+isin150°), and 3(Cos 270°+isin 270°).

(b)
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19. (a) Find the cube roots of —64 = 64(cos 180° + i sin 180°)
We have r=64 and 6 =180°.
Since 7 (cos3er+isin3cr) =64 (cos180°+isin180°), then we have the following.

P =64 r=4 and 3= 180°+360° k = o = 00 3607k

=60°+120°-k, k any integer.
If k=0, then ¢ =60°+0°=60°. If k =1, then & =60°+120°=180°.
If k =2, then o =60°+240° =300°.

So, the cube roots are 4 (cos60°+isin60°), 4(cos180°+isin180°), and 4 (cos300°+isin300°).
(b)

20. (a) Find the cube roots of 27 = 27(cos 0° + i sin 0°).
We have r=27 and 8 =0°.

Since 7’ (cos3ar+isin3e)=27(cos0°+isin0°), then we have the following.

P=27=r=3 and 30(=0°+360°-k:>a=%=0°+120°~k=120°-k, k any integer.

If k=0, then ¢ =0° Ifk=1, then ¢ =120°. If k =2, then o =240°.
So, the cube roots are 3(cos0°+isin0°), 3(cos120°+isin120°), and 3(cos 240°+isin240°).
(b)

21. (a) Find the cube roots of 1+ i3.

We have r = 12 +(\/§)2 =+/14+3 :\/Z =2 and tan @ :?: \/g Since @ isin quadrant I,
6 =060°.

Thus, 1+iv/3 :2{%+i§]:2(cos60°+isin60°).

Since 7’ (cos3ar+isin3e)=2(cos60°+isin60°), then we have the following.

FP=2=r=32 and 30(:60°+36O°-k:>0{2%220"—%1200-1(, k any integer.

If k=0, then ¢ =20°+0°=20°. If k=1, then ¢ =20°+120° =140°.
If k =2, then r =20°+240° = 260°.
So, the cube roots are «3/5(cos 20°+isin20°), i/f(cosl40°+isinl40°), and i/z(cos 260°+isin 260°).

Continued on next page
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21. (continued)

(b)

22. (a) Find the cube roots of 2— 2i/3.

We have r= 22+(—2\/§)2 =J4+12=16=4 and tan6=?=\/§. Since @ is in quadrant

IV, 6 =300°.
Thus, 2—2i/3 = 4[%— z?} =4(cos300°+isin 300°).
Since 7’ (cos3er+isin3e)=4(cos300°+isin300°), then we have the following.

_300°+360°-k

P =4=r=34 and 3a=300°+360°k = « =100°+120°-k, k any integer.

If k =0, then @=100°+0°=100°. If k =1, then or=100°+120° =220°.
If k =2, then & = 100°+240° = 340°.
So, the cube roots are /4 (cos100°+isin100°), /4 (cos 220°+isin220°), and /4 (cos 340° + sin 340°).
(b)

23. (a) Find the cube roots of —2+/3 +2i.

We have r= (—2\/5)2+22 =\/12+4=\/E=4 and tan6=2i\/§=—§. Since @ isin

quadrant II, € =150°.
Thus, —2+/3+2i = 4[—§+%ij = 4(cos150°+isin150°).
Since 7’ (cos 3o +isin Sa) =4 (cos 150° +isin 150°) , then we have the following.

_ 150°+360°-k

F=4=r=34 and 3¢ =150°+360°k = & =50°+120°-k, k any integer.

If k =0, then ¢ =50°+0°=50°. If k =1, then o =50°+120°=170°.
If k =2, then o =50°+240° =290°.
So, the cube roots are Q/Z(cos 50°+isin50°), %/Z(cosl70° +isin170°), and %/Z(cos 290° +iin290°).

Continued on next page
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23. (continued)

(b)

24. (a) Find the cube roots of 3-i.
We have r:,l(—x/g)2+(—1)2 =3+1=+/4=2 and tanﬁz—?. Since @ is in quadrant IV,
6 =330°.
Thus, ﬁ—izZ(%—%i]:2(005330°+isin3300).

Since 7 (cos3er+isin3er)=2(cos330°+isin330°), then we have the following.

FP=2=r=32 and 30{233O°+360°-k:a:w:HO‘#HO"-k, k any integer.

If k=0, then @=110°+0°=110° If k =1, then or=110°+120°=230°.
If k =2, then & =110°+240° = 350°.
So, the cube roots are /2 (cos110°+isin110°), /2 (cos230°+isin 230°), and /2 (cos 350° +iin 350°).

(b)

25. Find all the second (or square) roots of 1=1(cos0°+isin0°).

Since 7’ (cos 20 +isin 20() = l(cos 0°+isin O°), then we have the following.

_0°+360°-k

r’=1=r=1 and 200=0°+360° -k = & =0°+180°-k =180°-k, k any integer.

If k=0, then ¢ =0°. If k=1, then o =180°.

So, the second roots of 1 are cos0°+isin0° and cos180°+isin180°. (or 1 and —1)
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26. Find all the fourth roots of 1=1(cos0°+isin0°).

Since r* (cos 4o +isin 40() = l(cos 0°+isin O°), then we have the following.

r*=1=r=1 and 4a:O°+360°-k:a:W:O‘#%"-k:90°-k, k any integer.

If k=0, then ¢=0° Ifk =1, then «=90°. If k =2, then o =180°. If k =3, then oxr =270°.
So, the fourth roots of 1 are as follows.
c0s0°+isin0°, cos90°+isin90°, cos180°+isin180°, and cos270° +isin270° (or 1, i, —1 and —i)

27. Find all the sixth roots of 1=1(cos0°+isin0°).

Since r°(cos6a+isin6a)=1(cos0°+isin0°), then we have the following.

_0°4360°-k

r*=1=r=1 and 6a=0°+360°-k = o =0°4+60°-k =60°-k, k any integer.

If k=0, then ¢=0° If k =1, then ¢ =60°. If k =2, then o =120°.
If k =3, then ¢ =180°. If k =4, then o =240°. If k =5, then o =300°.

So, the sixth roots of 1 are cos0°+isin0°, cos60°+isin60°, cos120°+isin120°, cos180°+isin180°,

08 240°+ i 5in 240°,and cos 300°+isin300°. | o1, L+ 3 L M3, 1 B 1 B,
PR 22 272

-1

28. Find all the eighth roots of 1=1(cos0°+isin0°).
Since r* (cos 8a+isin Sa) = l(cos 0°+isin O°) , then we have the following.

*=1=r=1 and 80(=0°+360°-k:>a=%=0°+45°-k=45°-k, k any integer.

If k=0, then ¢=0°. If k=1, then ¢ =45° If k =2, then v =90°. If k =3, then or =135°.
If k =4, then ¢ =180°. If k =5, then or=225°. If k =6, then a=270°. If k =7, then o =315°.

Continued on next page



514 Chapter 8: Complex Numbers, Polar Equations, and Parametric Equations

28. (continued)

So, the sixth roots of 1 are cos0°+isin0°, cos45°+isin45°, cos90°+isin90°, cos135°+isin135°,

c0s180°+isin180°, cos225°+isin225°, cos270°+isin270°,and cos315°+isin315°.

[1£+J‘ B B E )

i, Mo, X2 NS g and 25
2 2 2 2 2 2 2

29. Find all the second (square) roots of i = l(cos 90°+isin 90°) .
Since 7’ (cos 20 +isin Za) = l(cos 90°+isin 90°), then we have the following.

r’=1=r=1 and 20{290°+360°-k:a:w:%‘#l%"-k, k any integer.
If £ =0, then ¢ =45°+0°=45°. If k =1, then o =45°+180° =225°.

So, the second roots of i are cos45°+isin45°, and cos225°+isin225°.
G2 N2 V2 2.
r—+—i and ——————
2 2 2

x
-1 1

-1

30. Find all the fourth roots of i =1(cos90°+isin90°).

Since r*(cosd4a+isin4ear)=1(cos90°+isin90°), then we have the following.

r*=1=r=1 and 4a=90°+360°-k:>a=w=22.5°+900-k, k any integer.

If k=0, then ¢ =22.5°+0°=22.5°. If k =1, then ¢ =22.5°+90°=112.5°.
If k =2, then o =22.5°+180°=202.5°. If k =3, then or=22.5°+270° =292.5°.

So, the fourth roots of i are cos22.5°+isin22.5°, cos112.5°+isin112.5°

, c08202.5°+isin202.5°,
and c0s292.5°+1isin292.5°.

-1



31.

32.

33.

34.
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¥-1=0=x"=1
We have r=1 and 8 =0°.
x*=1=1+0i=1(cos0°+isin0°)
Since r’ (cos 3a+isin Sa) = l(cos 0°+isin 0°), then we have the following.

_0°+360°-k

r=1=r=1 and 3a=0°+360°k = =0°+120°-k =120°-k, k any integer.

If k=0, then ¢=0°. Ifk=1, then ¢ =120°. If k =2, then ar =240°.
Solution set: {cos0°+isin0°, cos120°+isin120°, cos240°+isin240°} or

{1 145 _L_ﬁ,}

2 2T

F+1=0=x =-1
We have r=1 and € =180°.
X=—=l=-1+40i= 1(COS]80°+isin180°)
Since 7 (cos3er+isin3er)=1(cos180°+isin180°), then we have the following.

_ 180°+360°-k

r=1=r=1 and 30=180°+360° k = a =60°+120°-k, k any integer.

If k =0, then ¢ =60°+0°=60°. If k =1, then or=60°+120° =180°.
If k =2, then o = 60°+ 240° = 300°.
Solution set: {cos 60°+isin 60°, cos180°+isin180°, cos300°+isin 3000} or

{1 N ﬁ}

S S S P el

> i

2 2 2 2

XHi=0=x"=—i
We have r=1 and 8 =270°.
x*=-i=0-i=1(cos270°+isin270°)
Since 7’ (cos 3o +isin Sa) = l(cos 270° +isin 270°), then we have the following.

r’=1=r=1 and 3a:27O°+360°-k:a:w:900+120°-k, k any integer.

If k=0, then &« =90°+0°=90°. If k =1, then ¢ =90°+120°=210°.
If k =2, then o =90°+240° =330°.
Solution set: {cos 90°+1isin90°, cos210°+isin210°, cos330°+isin 330°} or

Xt +i=0=xt =i
We have r=1 and 6 =270°.
x*=—i=0-i=1(cos270°+isin270°)
Since r*(cos4a+isin4er)=1(cos270°+isin270°), then we have the following.

r*=1=r=1 and 4a=270°+360°~k3&=W=67.5°+90°-k, k any integer.

If k=0, then ¢ =67.5°+0°=67.5°. If k =1, then ¢ =67.5°+90° =157.5°.
If k =2, then ¢ =67.5°+180° =247.5°. If k =3, then or = 67.5°+270° =337.5°.
Solution set: {cos67.5°+isin67.5°, c0s157.5°+isin157.5°, cos247.5°+isin247.5°, cos337.5° +isin 337.5°}
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35. ’-8=0=x"=8
We have r=8 and 8=0°.
x* =8=8+0i =8(cos0°+isin0°)
Since 7’ (cos3er+isin3er)=8(cos0°+isin0°), then we have the following.

r’=8=r=2 and 3a=0°+360°~k:>a=%=0°+120°-k=120°~k, k any integer.

If k=0, then ¢ =0°. If k =1, then ¢ =120°. If k =2, then o =240°.
Solution set: {2(cos0°+isin0°), 2(cos120°+isin120°), 2(cos240°+isin 240°)} or

{2, —1+\/§i,—1—\/§i}

36. X*+27=0=>x=-27
We have r=27 and 6@ =180°.
x’=-27=-27+0i =27 (cos180°+isin180°)

Since 7 (cos3er+isin3er)=27(cos180°+isin180°), then we have the following.

_ 180°+360°-k

r’=27=r=3 and 3a=180°+360° k = =60°+120°-k, k any integer.

If k=0, then ¢ =60°+0°=60°. If k =1, then = 60°+120°=180°.
If k =2, then o =60°+240° =300°.

Solution set: {3 (cos60°+isin60°), 3(cos180°+isin180°), 3(cos300°+isin 300°)} or

{§+£_ 3 3\/5}

i, =3, ————1i

2 2 2 2

37. x*+1=0=x*=-1
We have r=1 and 6 =180°.
x*=-1=-14+0i=1(cos180°+isin180°)

Since r*(cos4a+isinder)=1(cos180°+isin180°), then we have the following.

_ 180°+360°-k

r*=1=r=1 and 4a=180°+360°-k = =45°+90°-k, k any integer.

If k =0, then ¢ =45°+0°=45° If k =1, then ¢ =45°+90°=135°.
If k =2, then ¢ =45°+180°=225°. If k =3, then o¢ =45°+270° =315°.
Solution set: {cos45°+isin45°, cos135°+isin135°, cos225°+isin225°, c0s315°+isin315°} or

{£+£,~ V2 2, V2 2 ﬁ_ﬁ,}

>

2 2 2 2 2 2 2 2
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38. x*+16=0=x"=-16

39.

40.

We have r=16 and 6 =180°.
x'=-16=-16+0i = 16(COS]80° +iSin180°)
Since r*(cos4a+isin4a)=16(cos180°+isin180°), then we have the following.

_ 180°+360°-k

r*=16=r=2 and 40(=180°+360°-kDa—f=45°+90°-k, k any integer.

If k=0, then ¢ =45°+0°=45°. If k =1, then ¢ =45°+90° =135°.
If k =2, then o =45°+180°=225°. If k =3, then ¢ =45°+270° =315°.

Solution set:

{2(cos45°+isin45°), 2(cos135°+isin135°), 2(cos225°+isin225°), 2(cos315°+isin315°)} 0

V2+i2, -2 +iN2, -V2-i2, V2 - i2 ]

Xt—i=0=x* =i
We have r=1 and € =90°.
x*=i=0+i=1(cos90°+isin90°)
Since r*(cosd4a+isin4ear)=1(cos90°+isin90°), then we have the following.

_90°+360°-k

r*=1=r=1 and 4a=90°+360°-k = o =22.5°4+90° k, k any integer.

If k=0, then ¢ =22.5°+0°=22.5°. If k =1, then ¢ =22.5°+90°=112.5°.
If £k =2, then o =22.5°+180°=202.5°. If k =3, then or=22.5°+270° =292.5°.

517

T

Solution set: {cos22.5°+isin 22.5°, c0s112.5°+isin112.5°, c0s202.5°+1isin202.5°, c0s292.5°+isin 292.5"}

X-i=0=>x" =i
We have r=1 and 6 =90°.
X’ =i=0+i=1(cos90°+isin90°)
Since r*(cos5a+isin5a)=1(cos90°+isin90°), then we have the following.

_90°+360°-k

r=1=r=1 and 5a=90°+360°k = « =18°+72° -k, k any integer.

If k=0, then ¢=18°+0°=18°. If k =1, then ¢ =18°+72°=90°.
If k=2, then ¢ =18°+144°=162°. If k =3, then ¢ =18°+216° =234°,
If k =4, then ¢ =18°+288° =306°.
Solution set: {00518° +isin18°, c0s90°+isin90°(or 0),

c0s162°+isin162°, cos 234°+isin 234°, cos306° +isin 3060}
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41. »° —(4+4i\/§)20:>x3 =4+4i\3

We have r= 42+(4\/§)2 =16+48 =/64 =8 and tan&z#zﬁ. Since @ is in quadrant I,
6 =060°.
x3=4+4i\/§=8[%+i§j=8(cos60°+isin60°)

Since 7’ (cos3er+isin3c)=8(cos60°+isin60°), then we have the following.

_60°+360°- k

r’=8=r=2 and 30r=60°+360°k = « =20°+120°-k, k any integer.

If k=0, then ¢ =20°+0°=20°. If k =1, then o =20°+120° =140°.
If k =2, then a=20°+240° =260°.
Solution set: {2 (c0s20°+isin20°),2(cos140° +isin140°),2(cos 260° +isin 260°) }

42. x4—(8+8i\/§)=0:>x4 =8+8i\/3

We have r=,8> +(8\/§)2 =64+192 =/256 =16 and tan9=¥=\/§. Since @ is in quadrant 1,

6 =60°.
x*=8+8i3= 16[%+i§j =16(cos 60°+isin 60°)
Since r*(cos4a +isinder) =16(cos60°+isin60°), then we have the following.

r*=16=r=2 and 40(=60°+360°~k:>Q=W=15°+90°-k, k any integer.

If k=0, then ¢ =15°+0°=15° If k=1, then ¢ =15°+90° =105°.
If k=2, then ¢=15°+180°=195°. If k =3, then or =15°+270° =285°.
Solution set:
{2(00515°+isin15°), 2(cos105°+isin105°), 2(cos195°+isin195°), 2(cos285°+isin285°)}

43. ¥’ -1=0= (x—1)(x* +x+1)=0

Setting each factor equal to zero, we have the following.

VP 411 —1+/3  —1£i3 1 3,

x-1=0=x=1and ¥’ +x+1=0= x= = =+
2-1 2 2 2 2
Thus, x =1, —%+§i, —%—gi. We see that the solutions are the same as Exercise 31.

4. X' +27=0= (x+3)(x’ -3x+9)=0
Setting each factor equal to zero, we have the following.

~(B)A(3) 419 34707 3433 _3 33,

2-1 2 2 2 2

x+3=0=>x=-3 and x*-3x+9=0= x=

Thus, x=-3, E-k%i, %—ﬁi. We see that the solutions are the same as Exercise 36.

45. (cos@+isin@)’ =1 (cos26+isin26) = cos26 +isin26



46.

47.

48.

49.

50.
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(cos@+isin)’ =cos® @+ 2isin@cos @ +i*sin’ 6 = cos” 6+ 2isin Gcos 6 +(~1)sin* 6

=cos® 0+ 2isinfcos @ —sin’ 6 = (0052 6 —sin’ 0)+i(2sin 0cos6) =cos 26 +isin26

Two complex numbers a + bi and ¢ + di are equal only if a = cand b =d.

Thus, a = ¢ implies cos” @—sin® @ = cos26.

Two complex numbers a + bi and c + di are equal only ifa =c and b =d.
Thus, b = d implies 2sin @ cos € = sin 26.

(a)

(b)

(c)

(a)

(b)

(c)

If z=0+0i,then z=0, 0°+0=0, 0°+0=0, and so on. The calculations repeat as 0, 0, 0, . . .,
and will never exceed a modulus of 2. The point (0,0) is part of the Mandelbrot set. The pixel at

the origin should be turned on.

If z=1 - 1i, then (1=i)> +(1—i)=1-3i. The modulus of 1 —3iis y/I> +(=3)" =/1+9 =+/10 ,
which is greater than 2. Therefore, 1 — 1i is not part of the Mandelbrot set, and the pixel at (1,—1)
should be left off.

If z = —.5i, (=.5i)" =.5i =—.25-.5i; (=.25-.5i)" +(=.25—.5i) = —.4375- 25i;
(—4375-.25i)" +(-.4375-.25i) = —.308593—.03125i;
(—308593~.03125i)" + (—.308593 03125 ) = —.214339 —.0119629i;

(—.214339-.01 196291')2 +(—.214339-.0119629i ) = —.16854 —.00683466i.
This sequence appears to be approaching the origin, and no number has a modulus greater than 2.
Thus, —.5i is part of the Mandelbrot set, and the pixel at (0, -5 ) should be turned on.

27 +1 20 +1  2(—i)+1  -2i+1 1 2.
Let ———andz =i. Then, z,= f(z = = =——+4+—1
flz)= 377 ‘ 2 =f(2)= 3i° 3(-1) -3 33
L. 2z2 +l 213+l
Similarly, z, = f(z,) = —25—=-.58222+.92444i and z, = f (z,) = 3 —.50879 +.868165i.
Zz Zs
1 3. ,
The values of z seem to approach w, = —5+71. Color the pixel at (0,1) blue.
2(2+i) +1
Letf(z)= 22 +1 and z; =2+i. Then, z, =f(zl)=%:1.37S33+.61333i.
37° 3(2+1i)
. 212 +1 223 +1
Similarly, z, = f(z,) = ~1.01389+.299161i, z, = f (z,) = 3 =~.926439 +.0375086i,
Zz Zs
2z, +1

and z,=f(z,)=

=1.00409-.00633912i. The values of z seem to approach w, =1.

z"

Color the pixel at (2,1) red.

2(=1-i) +1
Let £(2) =254 andz =1-i, Then, 2, = £(2)= 210 205, Ginitary,
32 3(-1-if 3 6
to= £ () =22 S08601— 8410091 and 2, = £ (2,) = 221~ 499330~ 866269/, The
Zz Z3

1 3

values of z seem to approach w, = —5—71’. Color the pixel at (-1, —1) yellow.
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51. Using the trace function, we find that the other four fifth roots of 1 are: .30901699 + .95105652i,
—.809017 + .58778525i, —.809017 — .58778531i, .30901699 — .9510565:.

Flokl Flakz Flokz
@11t BoosCT)

YirBsincT2

wAET =
Vet
WEET
Var
AT

rrm—— Tn rrm———— JTT: rrm———— JTT: prr———— JTT:
z K\/ T=14y k\/ 16 l\/ BE K‘/

T= T=
Vx0B89 IY= BE10EREZ W=-A09017 |Y=.ER?PREZE W=-A09017 |Y=-EB7PBE: W=.Z0801699 |V="- BE10ERE

T
"

52. Using the trace function, we find that three of the tenth roots of 1 are: 1, .80901699 + .587785251,
.30901699 + .95105652i.

WIMDOW W IHOO
Tmin=8 TTeter=36
Trmax=364 Amin=-1.8
T=ter=3& Amax=1.8
Amin=-1.8 wecl=1
Amax=1.8 Ymin=-1.2
wecl=1 Ymax=1.2

LYmin=-1.2 Y=o l=1

H1T=c¢?_ 1T=\sin\l:’T:l H1-r=-:-:-?_ 1T=\=i‘n\m H1-r=-:-:-?_ 75T
0 T=285 k'_// T=72 k'_//
i Y=o ¥='B0901689 [7=.5AFFASEE | |H=.30901699 [v=.95105652

53. 2+2i+/3 is one cube root of a complex number.

r= 22+(2\/§)2 =Ja+12 =4 and tan6=&=x/§

2

T
"

Because x and y are both positive, 8 is in quadrant I, so 8 =60°.
2+2i/3 = 4(cos 60° +isin 60°)
(2+ 21\/5)3 =[4(cos60°+isin60°)] =4[ cos(3-60°) +isin(3-60°)]
=64(cos180°+isin180°) =64 (-1+0-i) =—64+0-i
Since the graphs of the other roots of — 64 must be equally spaced around a circle and the graphs of
these roots are all on a circle that has center at the origin and radius 4, the other roots are as follows.
4[(:05(60O +120°)+isin(60°+120°)] =4(cos180°+isin180°) =4(—1+i-0)=—4

4[ cos (60°+240°) +isin (60° +240°) ] = 4 (cos 300° +isin 300°) =4[ %—?i} =2-2i\3



54.

55.

56.

57.

58.

59.

60.
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X 4+4-5i=0=x"=—4+5i

r=y(—4)" +5* =J16+25 =41 = 7" =" :(\/ﬂ)m ~1.85694 and tanez—%:—l.ZS

Since @1is in quadrant II, 8 =128.6598° and a = 128.6398°+360°- k ~42.887°+120°-k, where k is

3

an integer.
x ~1.85694 (cos42.887°+isin42.887°),1.85694 (cos162.887° +isin162.887°),
1.85694 (cos 282.887°+1isin 282.887°)

Solution set: {1.3606+1.2637i,—1.7747 +.5464i,.4141-1.8102i}

X 4+243i=0=>x"=-2-3i

r=y(-2) +(-3) =VA+9 =13 = " =% = (V13) T =13 12924 and tan9=_—;=1.5

Since @is in quadrant III, 8 =236.310° and = 236.310°+360%-k =47.262°+72° -k, where k is an

5

integer.
x=1.29239(cos47.262°+isin47.262°),1.29239 (cos 119.262° +isin119.2622°),
1.29239(c0s191.262° +isin191.2622°), 1.29239 (c0s263.262° + i sin 263.2622°),
1.29239(c0s335.262°+isin 335.2622°)

Solution set: {.87708+.94922i, —.63173+1.1275i,—1.2675—.25240i,—.15164 —1.28347i,1.1738 —.54083i}

The number 1 has 64 complex 64th roots. Two of them are real, 1 and —1, and 62 of them are not real.

The statement, “Every real number must have two real square roots,” is false. Consider, for example,
the real number —4. Its two square roots are 2i and —2i, which are not real.

The statement, “Some real numbers have three real cube roots,” is false. Every real number has only
one cube root that is also a real number. Then there are two cube roots, which are conjugates that are
not real.

If zis an nth root of 1, then z" =1. Since 1= % = L = [lj , then l is also an nth root of 1.
z z

— 62. Answers will vary.

Section 8.5: Polar Equations and Graphs

1.

(a) II (since r >0 and 90° < 8 <180°)
(b) I(since r>0and 0°< @<90°)

(¢) IV (since r> 0 and -90° < 8 < 0°)
(d) III (since r > 0 and 180° < @ <270°)
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2. (a) positive x-axis
(b) negative x-axis
(c) negative y-axis
(d) positive y-axis (since 450° — 360° = 90°)

For Exercises 3—12, answers may vary.

3. (a

(b) Two other pairs of polar coordinates for (1, 45°) are (1, 405°) and (-1, 225°).

(¢) Since x=rcos6:>x=1-cos45°=—2 and y=rsin49:>y=1-sin45°=—2, the point is

4.
270°
(b) Two other pairs of polar coordinates for (3, 120°) are (3, 480°) and (-3, 300°).
(c) Since x=rcos@ = x=3cos120 :—% and y=rsinf = y=3sin120° :¥, the point is
3383
27 2 )
5. (a) 90°

180°

270°
(b) Two other pairs of polar coordinates for (-2, 135°) are (-2, 495°) and (2, 315°).

(¢) Since x=rcosf= x=(-2) cos135°=+/2 and y=rsinf=y =(-2) sin135° = /2, the point is

(VZ~2).



(a)

(0

(a)

(c)

(a)

(c)

(a)

(c)
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90° (b) Two other pairs of polar coordinates for
: (-4, 30°) are (—4,390°) and (4,210°).

180° A—frbd | Foddddongo

e
Since x=rcos = x=(—4)cos30° = 23 and y=rsinf=y= (—4)sin 30° =-2, the point is

(-23,-2).

90° (b) Two other pairs of polar coordinates for
(5, —-60°) are (5, 300°) and (-5, 120°).
180°
270°
. N . . INNA) o
Since x=rcosf = szcos(—60 ):5 and y=rsiné =y :5sm(—60 ):—T, the point is
5.5
27 2 )
(b) Two other pairs of polar coordinates for
(2, — 45°) are (2, 315°) and (-2, 135°).
180° °
.2 o
Since x =rcos @ = x =2cos(—45°) = J2 and y=rsin@= y=2sin (—45°) = —/2, the point is

(V2.~2).

(b) Two other pairs of polar coordinates for
(=3, -210°) are (=3, 150°) and (3, -30°).
180°
270
Since x =rcos @ = x =(-3)cos(-210°) = % and y=rsin@ = y =(-3)sin(-210°) = —%,

the point is (%,—EJ

2
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(b) Two other pairs of polar coordinates for
(-1, -120°) are (-1, 240°) and (1, 60°).

10. (a)

180°

270°

3

(¢) Since x=rcos@= x=(-1)cos(-120°) =% and y=rsinf= y=(-1)sin(-120°) = the

(b) Two other pairs of polar coordinates for

3,5—” are 3,E and —3,2—7[.
3 3 3

11. (a)

180°

270°

st 33

(c) Since xzrcosﬁ:szcosS?ﬂ-:% and yzrsin&:ystin?:—%, the point is

12. (a) (b) Two other pairs of polar coordinates for

2

(¢) Since xzrcos&:x:4cos37ﬂ-:0 and y:rsin93y24sin37ﬂ-:—4, the point is (0,—4).

For Exercises 13-21, answers may vary.

13. (a)

(b) r=y1P+(-1)" =v/1+1=+2 and
6 =tan™ (_le =tan"' (-1)=—45°,
since @ is in quadrant IV. Since
360°—-45°=315°, one possibility is
(v2,315°). Alternatively, if r=—2,
then €=315°-180°=135°. Thus, a
second possibility is ( —/2, 1350).




14. (a)

15. (a)

16. (a)

17. (a)

18. (a)

-4 e

T
-3

-2

T
-1

24

34
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(b)

(b)

(b)

(b)

(b)

r=vVI+1> =1+1=+2 and
6=tan™' (%) =tan"' 1 =45° since 6 is

in quadrant I. So, one possibility is
(v2,45°). Alternatively, if r=—2,
then 6 =45°4+180°=225° Thus, a
second possibility is (—\/5 , 2250) .

r=~0+3=/0+9=9=3 and
6=90°, since (0,3) is on the positive
y-axis. So, one possibility is (3,90°).
Alternatively, if r =-3, then

6 =90°+180°=270°. Thus, a second
possibility is (-3,270°).

r=4/0 +(—3)2 =J0+9=+/9=3 and
6 =270°, since (0,3) is on the
negative y-axis. So, one possibility is
(3,270°). Alternatively, if r =-3,
then € =270°-180°=90°. Thus, a
second possibility is (—3,90°).

Y (] -2

and @ =tan™ [QJ =tan"' 1 = 45°,

V2
since @ is in quadrant I. So, one
possibility is (2,45°). Alternatively, if
r=-2, then 6=45°+180°=225°.
Thus, a second possibility is
(—-2,225°).

= ) () == =

and 6 =tan™ (%j = tan"' (-1),

since @ is in quadrant IT we have

@ =135°. So, one possibility is
(2,135°). Alternatively, if r=-2,
then 6 =135°+180°=315°. Thus, a
second possibility is (-2,315°).



526 Chapter 8: Complex Numbers, Polar Equations, and Parametric Equations
i
3 2 -1 1

(b) r= ‘/ \/7 \/5 and @ = arctan {E ﬁj—tan 1(\/§ )=60°, since @

is in quadrant I. So, one possibility is (\/5 , 60°). Alternatively, if r = —/3, then

19. (a)

6=60°+180°= 240°. Thus, a second possibility is (—/3,240°).

20. (a) ’

I [l Il 1 i 1 x
Ll L) 1 0 T T T
-3 2 -1® 1 2 3
—1+4
24

34

o S (T w3 ) )

tan™' (?J =210° since @ is in quadrant III. So, one possibility is (1,210°). Alternatively, if

r=—1, then 8=210°-180°=30°. Thus, a second possibility is (—1, 30°).

21. (a) ’
3——
2__
14+
g —— =
3 2 - 1 2 3
_1——
24
3+

(b) r=+3>+0> =4/9+0=+/9 =3 and 8 =0°, since (3,0) is on the positive x-axis. So, one
possibility is (3, 0°). Alternatively, if r =-3, then 6 =0°+180°=180°. Thus, a second
possibility is (—3,180°).
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y
22. (a)
3
2
1
e
-3 -2 -1 1 2 3
-1
=2

M) r= 1/(—2)2 +0° =J/4+0=+/4=2 and 8=180°, since (=2,0) is on the negative x-axis. So, one
possibility is (2, 180°). Alternatively, if r=-2, then 6€=180°-180°=0°. Thus, a second
possibility is (—2,0°).

23. x—-y=4

Using the general form for the polar

equation of a line, r = ;., with

acos@+bsin @
a=1,b=-1, and c =4, the polar equation is
4
r=—.
cos@—sin @
~ Cos@-sin@

24, x+y=-7

Using the general form for the polar y

equation of a line, r = ¢ with

acos@+bsing’
a=1,b=1,and c =-7, the polar equation
-7

isr=——.
cos @+sin @

x+y=-7
Y =7

r= —M—
cos 0 + sin

25. X’ +y'=16=>r2=16=>r=14
The equation of the circle in polar form is
r=4 or r=—4.
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26. X*+y?=9=r"=9=r=13
The equation of the circle in polar form is

r=3or r=-3.

27. 2x+y=5

Using the general form for the polar

equation of a line, r =

5
r=—m0 ———.
2cos @ +sin @

28. 3x-2y=6

Using the general form for the polar

equation of a line, r =

s ro— 0
3cos@—2sin @
29. rsinf@=k
30. r= .k
sin @
31. r= = r=kcscl

_— W.
acos@+bsin b
a=2,b=1,and c =5, the polar equation is

acos@+bsing’
a=3,b=-2,and c =6, the polar equation

33.

34.

35.

2x+y=5
4 5

r= 2 cos 0 + sin 0

3x-2y=6
6

r= 3cos@—-2sinb

rcos@=k
k

r =
cos @

r= =r=ksect
cos




37.

38.

39.

40.

41.
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r =3 represents the set of all points 3 units from the pole. The correct choice is C.

r =cos 38 is arose curve with 3 petals. The correct choice is D.

r =cos 26 is arose curve with 2-2 =4 petals. The correct choice is A

The general form for the polar equation of a line is r =

line ax+by=c. r=

r=2+2coséd (cardioid)

cos @+sin @

C

acos@+bsin @

is a line. The correct choice is B.

0 0° 30° 60° 90° 120°  150°
cos @ 1 9 ) 0 -5 -9
r=2+2cosé@ 4 3.8 3 2 1 2
6 180° 210° 240° 270° 300° 330°
cos @ -1 -9 -5 0 ) 9
r=2+2cosé 0 3 1 2 3 3.7
42. r=8+6cos @ (limacon)
o 0° 30° 60° 90° 120°  150°
cos 6 1 9 .5 0 -5 -9
r=8+6c¢cos@ | 14 13.2 11 8 5 2.8
o 180° 210° 240° 270° 300° 330°
cos 6 -1 -9 -5 0 5 9
r=8+6c¢c0sf 2 2.8 5 8 11 13.2
43. r=3+cosf (limacon)
o 0° 30° 60°  90° 120° 150°
r=3+cos @ 4 3.9 3.5 3 2.5 2.1
g 180° 210° 240° 270° 300° 330°
r=3+cos @ 2 2.1 2.5 3 3.5 3.9

180°

180° -

180°

, where the standard form of a

270°

90°

270°

270°
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44. r=2-cos@ (limagon)
o ‘O(’ 30° 60° 90° 135° 180° 225° 270° 315°

r=2-cosf ‘ 1 1.1 1.5 2 2.7 3 2.7 2 1.3
90°

180°

270°

45. r=4cos26 (four-leaved rose)
o 0° 30°  45°  60° 90° 120° 135° 150°
r=4cos260| 4 2 0 -2 —4 -2 0 2

[ 180° 210° 225° 240° 270° 300° 315° 330° 90°
r=4cos260| 4 2 0 -2 —4 -2 0 2

180° -{

270°

46. r=3cos560 (five-leaved rose)
r= 0whencos56=0, or 5 =90°+360°-k =18°+72°-k, where k is an integer, or
6 =18°,90°,162°,234°.
o ‘ 0° 182  36° 54° 72° 90° 108° 162°
r:30055¢9‘ 30 3 0 3 0 -3 0

Pattern 3, 0, -3, 0, 3 continues for every 18°.
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47. r* =4c0s260 = r=+2/cos 26 (lemniscate)
Graph only exists for [0°, 45°], [135°, 225°], and [315°, 360°] because cos 26 must be positive.

o 0° 30°  45° 135°  150°

r = +2Jc0s 20 ‘12 14 0 0 xl4

0 ‘ 180°  210° 225° 315° 330°

v — +9/e0s 20 ‘ 2 x4 0 0 xl4

180°

270°

48. r* =4sin20= r =+2/sin 26 (lemniscate)
Graph only exists for [0°, 90°] and [180°, 270°] because sin € must be positive.
o 0° 30° 45° 60° 90° 180° 225° 270°

ey ‘o +186 2 18 0 0 %2
90°

0

180°

270°
49. r=4-4cos@ (cardioid)
o 0° 30° 60° 90° 120°  150°
r=4—-4cos@ 0 5 2 4 6 7.5
o 180° 210°  240°  270°  300° 330°
r=4—4cosé 8 7.5 6 4 2 .5

180°

50. r=6-3cos@ (limagon)
7] ‘O° 45° 90° 135° 180° 270° 360° ' 90°

r=6—3cose\3 39 6 8.1 9 6 3

180°

270°
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51. r=2sinftan @ (cissoid)
ris undefined at & =90° and € =270°.

0 ‘O(’ 30°  45° 60° 90°  120° 135° 150° 180°

r=2sin@tan @ ‘ 0 .6 1.4 3 - 3 14 -6 0
90°

180°

270°
Notice that for [180°, 360°), the graph retraces the path traced for [0°, 180°).

52. r= cos 20 (cissoid with a loop)
cos @
ris undefined at @ =90° and @ =270° and r = 0 at 45°, 135°, 225°, and 315°.
o 0° 45°  60°  70° 80°
cos 26 1 0 -1 2.2 5.4
r =
cos @
o 90° 100°  110° 135° 180° 90°
cos 26 — 5.4 2.2 0 -1
r =
cos @
180°
270°

Notice that for [180°, 360°), the graph retraces the path traced for [0°, 180°).
53. r=2sin 6
Multiply both sides by r to obtain r* =2rsin@. Since r* =x*+y* andy=rsind, x> +y° =2y.
Complete the square on y to obtain x> +y* —2y+1=1=>x’ +(y—1)2 =1.

The graph is a circle with center at (0,1) and radius 1.

r=2sin6
Pry-12=1
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54. r=2cos 0
Multiply both sides by r to obtain 7> =2rcos#. Since r’ =x’+y’ andx=rcosé, x’ +y’ =2x.

Complete the square on x to get the equation of a circle to obtain x> —2x+y*> =0= (x—1)" +y* =1.

The graph is a circle with center at (1,0) and radius 1.

Y

1

0 x

r=2cos @
(x-1*+y*=1
55. r= 2
l1—cos @

Multiply both sides by 1 — cos @ to obtain r — r cos @ = 2. Substitute r=+/x’+y” to obtain the
following.

Y —x=2= X" +y =24x=> "+’ =(2+x)2 Sx+y =4+4x+x" =y =4(1+x)

The graph is a parabola with vertex at (—1,0) and axis y = 0.

y
2
_1\{0 N
r= 2
1-cos @
¥y =d(x +1)
3
56. r= -
1—sin @

=r-rsin@=3=r=rsin@+3=x’+y’ =y+3

1-sin @
¥ +y =y +6y+9=>x =6y+9=x° =6£y+%)

The graph is a parabola with axis x = 0 and vertex (0, —%)

Yy
0 x
-3 3
r= 3
1-sinf

2fr+3)
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57. r+2cos@=-2sinf
r+2cos@=-2sin@=>r’ =-2rsin@-2rcos@= x"+y> =-2y-2x
A2y +2y=0= X2 +2x+ 1+ )2 +2y+1=2= (x+1)" +(y+1)" =2
The graph is a circle with center (—1,—1)

and radius \/5 .

r=-2cos@-2sinf
E+D?+(+1% =2

58 r—— >
4cos@—sin @
c

—— witha=4, b=-1, and
acos@+bsin @

Using the general form for the polar equation of a line, r =

c=3, we have 4x—y=3.

The graph is a line with intercepts (0,—3)

and (%, 0).
r= 4 cos 0 —sin 0
4x-y=3
59. r=2secd
r=2sec=r= =rcosf=2=>x=2
cos
The graph is a vertical line, intercepting the y
x-axis at 2.
X
0 j’
r=2secf
x=2
60. r=-5cscd
r=-5cscld=>r=———=rsinf=-5=>y=-5
sin
The graph is a horizontal line, intercepting y
the y-axis at —5.
0 X
<—-5
r=-5cscf

y=-5
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61. r=—2 -
cos @+sin @

C

——— witha=1 b=1, and
acos@+bsin @

Using the general form for the polar equation of a line, r =

c=2, wehave x+y=2.
The graph is a line with intercepts (0,2) and

(2,0). A
2
) N
= 2
cos 0 + sin 0
x+y=2
62. r= 2 -
2cos@+sin 6
Using the general form for the polar equation of a line, r = ;‘, with =2, b=1, and
acos@+bsin @
c=2, wehave 2x+y=2.
The graph is a line with intercepts (0,2) and Y
1,0).
(1.0) \
o 3 *
pe — 2
2 cos 0 +sin 0
2x+y=2
63. Graph r = @, a spiral of Archimedes.
0 -360° -270° -180° -90°
[ -6.3 47 31 -1.6
(radians)
r=6 -6.3 47 31 -1.6
6 0° 90° 180° 270° 360° %
6 0 1.6 3.1 4.7 6.3
(radians)

r=9 0 1.6 3.1 4.7 6.3

3
2
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64.

65.

66.

67.

69.

70.

71.

Sci End Flokl Flakz Flot: WIHOOL
H1234567ES| |~r1BZ28 Te=ter=1H
sz = Bmin=-12568
Sey| |wrz= Amax=1256
i el necl=180
Simul| |wre= Ymin=-1258
a+hl. Fe™Ei P E= Ymax=1258
G-T Yzcl=18A
- -

¢¥m1h—'1259

Pl P

frany
N

In rectangular coordinates, the line passes through (1,0) and (0,2). So m=

ﬂ232—2 and
0-1 -1

C

(y-0)=-2(x—-1)= y=-2x+2=2x+y=2. Converting to polar form r=—— —— we
acos@+bsin @
have: r = ;
2cos@+sin @
Answers will vary. 68. (a) -6
(b) -6
@ (r.-0) (©)—r;—6
() (r,7-86) or (-r,—0) () -r
© (r.z+6) or (-r.6) (€) 7+6
(f) the polar axis
() the line 9=~
2
F‘1-:-I:E:I.EP1-:-I:2 Flats WIHOOW WIHOOW
ki Bmin=a T8step=, 2617993,
wrE= Bmax=12.36637E...| | ¥min=-1
b= Bzfer=, 2517993 | | ¥max=15 P
Y= mmin=-13 mecl=1 ]
WP E= Amax=15 VYmin=-15
wE= Ascl=1 “Ymax=15
LYmin=-15 Vaol=1
Pw:EiEPE'mz et méHDDM 12. 56637 ¥éHt u 2E17993,
k1 min=-12. ster=. .
e Bmax=12, 566370 | | HKmin=-38 f-{:{:.\k
W= EE’@EP=3%61?993... ﬁma::f ?g =
Y= min=- sC
= K ax=J0 Ymin= -0 Qy
e nscl=18 “'max=38
LYmin=-38 Vecol=18
Flokl Flokz Flotz W T HOQ WINOOW
-r1B1.58 Bmin=-12,36637..| [TBster=, 2617393,
wrz= Brax=12, 566370, | | Rmin=-28 1/?'7" tﬁ?\
W= E‘E‘LEF‘—EEEIFQQE ﬁma:i: %EI e, wve)
ey = Mmin=- =c
- Hmax=2a Ymin=-28 R
“FE= wscl=1 Ymax=28
LYmin=-28 Yz l=5
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H-:-l:E:I. Pewtz Flots ménnnma ¥éHEDu S
LD min= ster=,
~rE= Brax=37.699111 | [ Bmin=-48 \
3= peter=, JE175520 | Hnax=qn ﬁf_:—ﬁ\
= min=- scl=
whE= Amnax=4in Ymin=-4@ \\%‘y
“FE= wecl=1A Ymax=4@

LY'min=-48 VY=cl=1A

. r=4sinf,r=1+2sin6,0< 0 < 27w

4sinf =1+2sinf = 2sin6’=13sin9—139—% or 5?”
The points of intersection are (4 sin%,%j = (2, %) and (4 sms—ﬂ S—ﬂ-j ( ?ﬂ-j

. r=3,r=2+2cos@;0°< 8 <360°
3:2+20050:1:2cos€:cos@z%i€=60° or 300°

The points of intersection are (3, 60°) , (3, 3000)

. r=2+sin@,r=2+cosf, 0< 0 < 2rx

2+sin¢9=2+cos6:sin9=cost936=% or 5—7[

pearsin T V2N e STy V2 _4-V2
4 2 2 4 2 2

442 7 4-2 sz
,— |and ,— .
2 4 2 4
. r:sin2€,r=\/§cos€,036<n

sin29=\/§cos¢932sin6’cos€=x/50056’:>2sin9cos6’—\/§cost9=0:>cos49(2sinl9—\/§)=0

The points of intersection are [

cosl9=00r2sin6’—\/§=032sin6’=\/§:sint9=g

Thus, 6 zg or ¢ :% or 37” The points of intersection are the following.

sinZ-Z,Z :(0,1 , s1n2 z 1,Z , and sin2-3—ﬂ-,3—” = —1,3—7[ .
22 2 4° 4 4 4 4 4



538 Chapter 8: Complex Numbers, Polar Equations, and Parametric Equations

77. (a) Plot the following polar equations on the same polar axis in radian mode: Mercury:

.39(1-.206%) .78(1-.007%) 1(1-.017%)
r=—————; Venus: r=—— ; Earth: r=——————;
14+.206 cos 8 1+.007 cos @ 1+.017 cos @
_ 2
Mars: 7= 1.52(1-.093%) '
1+.093cos &
Flokl Flokz Flokz Flotl Flokz Flats WIHOOW
1R 3901 -. 2862 0| |~rxB101- A1V E DA gmin=a
SUl+ . 2BGcosCEa ) 1+.817Vcosi82) Bmax=h. 2331353..
~FeB.TECl-.@aFe ] [~ryBl. 2201 -, B33e Aster=. 2617993,
A1+ HAFCosCE) ) A1+, B9 300 (80D Amin=-2.4
R ac]- DAL e G B A g Anax=2=. 4
1+.817co=sc82 ) wES Recl=.2
~yB1l.5201- @932 |nrE= LYmin=-1.6
WIHOO
toster=, 2617993. \
min=-2.
Hma:i::=2 4 J'/r/{E ﬁ
=cl=
tmin=-1,6 \\'“\:J
Ymax=1.6
scl=.
. . . 1(1-.017%)
(b) Plot the following polar equations on the same polar axis: Earth: r = ——————;
1+.017 cos @
. 5.2(1-.048%) 19.2(1-.047%) 39.4(1-.249%)
Jupiter: r = —; Uranus: r = —— X ; Pluto: r =——.
1+.048 cos @ 1+.047 cos @ 14+.249 cos 8
Flotl Flokz Flokz Flokl Flokz Flokz WTIHOOW
siB1C1-.A17 e O |~z E19. 201 - A47E gmin=a
1+. 817 cosi8 ) 201+ B4V Cios (800 Bmax=h. 2331353..
=BS5S, Z201—-. 8480 Bster=. 2617393,
SU1+. 84 8cos (800 =ryB39.4¢1—-,249: Aamin=-6H
~xR19.201-.847 e |2 01+, 2490080 Amax=cE
A1+ AL oS CAY necl=10
W E= LY min= -4
WIHOO
Tosber=, 2617993 /_ \
min=-
EmaT=?g ffg;\
=cl=
“Ymin=-4A Rx_#j
“razx=4E
Ysol=106

Continued on next page




Section 8.5: Polar Equations and Graphs 539

77. (continued)
() We must determine if the orbit of Pluto is always outside the orbits of the other planets. Since
Neptune is closest to Pluto, plot the orbits of Neptune and Pluto on the same polar axes.

~30.1(1-.009%) _39.4(1-.249%)

Neptune: r = ———  ; Pluto: r
1+.009 cos 8 14+.249 cos 8
Flotl Flokz Flokz LW THOO L I MO0
~1B38. 101-. 8892 | min=8 tAster=, 2617333,
PAC1+ AR CAY 2| | Bmax=6, 28312853 | | Bmin=-E8
Beter=. 2617993 | Kmax=5H
B3R A01-0 2498 | Bmin= CEAE necl=18
201+ 249005 0A | | Bmax=6E Ymin=-4A
necl=18 Ymax=4H
s E= JY¥Ymin=-44 V=cl=18

The graph shows that their orbits are very close near the polar axis.

Use ZOOM or change your window to see that the orbit of Pluto does indeed pass inside the orbit
of Neptune. Therefore, there are times when Neptune, not Pluto, is the farthest planet from the
sun. (However, Pluto’s average distance from the sun is considerably greater than Neptune’s
average distance.)

WIHMOOW WIHOOW :
Bmin=a tTester=.BE2ET1E.| |
Brax=6. 2831853 | | Bmin=26 !
dster=s.A6ZE318. | | Bmaxz=31 i
Amiln=2G nscl=1 ]
Amax=a31 Ymin=-14 :
Aecl=1 Ymax=14 i

Jmin=-14 Yscl=1 i

78. (a) In degree mode, graph r* = 40,000 cos 26.

Flatl Flokz Flot: W THOL WIHOAL

o B C4BEBACosCZ ] | Emin=a TEster=5
= Bmax=358 wmln=_—3EH
BT OdBEERCosC| | Aster=3 Amax=3EE
208717 Hmin=-ZEE wecl=188
W ES Amax=JHa “Ymin=-2EH
Rl recl=108 “Mmax=2E0
RS L min=-2E0 Y=cl=18H

Inside the “figure eight” the radio signal can be received. This region is generally in an east-west
direction from the two radio towers with a maximum distance of 200 mi.

Continued on next page
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78. (continued)
(b) In degree mode, graph r* = 22,500 sin 26.

Flokl Flokz Flokz
ég}EIﬂEESBBSihiE L::j
=g -TC22588s1in]

28700
wEE
wy=
“E=

Inside the “figure eight” the radio signal can be received. This region is generally in a northeast-
southwest direction from the two radio towers with a maximum distance of 150 mi.
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1. Atr=2, x=3(2)+6=12andy=-2(2)+4=0. The correct choice is C.

V2 7\_\2

2. At t=£, X =CoS L2 P and y =sin| — |=——. The correct choice is D.
4 4 2 4 2

3. Atr=5, x=5and y:52 =25. The correct choice is A.
4, Att=2, x=2"+3=7and y=2"—-2=2. The correct choice is B.
5. (a) x=1+2, y=7,forsin[-1, 1]

t | x=t+2| y=t y
—-1[-1+2=1 (-1 =1

0 | 0+2=2 0*=0 14
1] 1+2=3 =1 M,x

for ¢in [-1,1]

L
Y

<
I

(b) x—2=t, therefore y=(x—2)* ory=x"—4x+4. Sincetisin[-1, 1], xisin[-1 +2,1+2]or
[1, 3].

6. (@) x=2t,y=t+1, fortin[-2,3]

t x=2t y=t+1 v =2t y
2 |2(2)=—4|2+1=-1 y=t+1
“1]2(-D)==2|-1+1=0 for ¢ in [-2, 3]

-2
2000=0 | 0+1=1

0

1| 20=2 | 1+1=2
2 | 22)=4 | 2+1=3
3 | 23)=6 | 3+1=4

(b) Since x =2 = % =1, we have y = §+1. Since s in [2, 3], x is in [2(=2), 2(3)] or [4, 6].
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(@) x=+t,y=3t—4 fortin]0,4].
t x=\/; y=3t—4
0(/0=0 [3(0)-4=—4
1] V=1 | 30)-4=-1
2|V2=1432)-4=2
3
4

J3=1.733)-4=5
Ja=2 [34)-4=8

(b) x=~r,y=3-4

Since x=+/t = x> =t, we have y =3x> —4. Since is in [0, 4], x is in [/0,~/4] or [0, 2].

(@) x=¢>,y=A/t,fortin[0, 4]
t x=t yzx/;
0°=0 [~0=0

=1 |J1=1

0
1
2122 =4 |2=1414
3
4

3=9 [3=1.732
42 =16 |J4=2

(b) Since y=+/t = y> =t, we have x=tz=(y2)2=y4 or y=4x. Since tisin [0, 4], x is in

[0, 4°], or [0, 16].

(@) x=r£+1,y=1 -1, for tin (-0, )
t x=1 +1 y=t -1
2| 2P +1=-7 | (-2’-1=-9
1| (=1’ +1=0 (-1 =1=-2

0 0 +1=1 0 -1=-1
1 P+1=2 I'-1=0
2 2’ +1=9 2’ -1=7
3 3 +1=28 3 -1=26

x=t3+1

y=t3—1 4
for ¢ in (—oo, o)

541

(b) Sincex=1+1, wehavex—1=r". Sincey=1 -1, wehavey=(x—1)—1=x-2. Sincetisin

(—(X), OO), X is ln (—OO, (X)).
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10. (a) x=2r-1, y=1>+2, for ¢ in (-0, o)

t x=2t-1 y=1*+2 y

S3123)-1=-7 | (=3 +2=11

2[2(-2)-1=-5 |(-2)’+2=6

-1 2(-D-1=-3 | (-)*+2=3 (-1,2)

0 | 20)-1=-1 0’ +2=2 0 x

1 2(h-1=1 ?+2=3 21

2 | 2-1=3 2 42-6 o2

3 23)-1=5 32 42=11 for ¢ in (—co, o)
x+1

(b)

Since x=2t—1= x+1=2t, we have

=t. Since y =1t +2, we have the following.

—(X—sz +2—1(x+1)2 +2
YT 4

Since ¢ is in (—o0, ) and x = 2¢ — 1, x is in (—o0, o0).

11. (a) x=2sint, y=2cost,for ¢ in [0, 27]
t x=2sint y=2cost
0|2sin0=0 2cos@ =2
% |2sing=1 2005%:\/5
h 2sin%=\/§ 200s%=\/§
3 25in§:x/§ 2cos 3 =1
2| 2sin}=2 2cos7=0

(b)

. . x .
Since x =2sint and y =2 cost, we have —=sin¢ and %:cost.

2 2 2 2
Since sin’ z+cos’ r =1, we have (%) J{Xj =1:>XZ+yT=1:>x2+y2 =4. Since tisin

2
[0, 27], x is in [-2, 2] because the graph is a circle, centered at the origin, with radius 2.

x=+/5sint, y =3 cost, fort in [0, 27]
Rewriting our parametric equations, we

12. (a)

X . .
have — =sint and 2= cost. Since

J5 3
—1<sint <1, we have the following.
—5<5sinr <45
Therefore, x is in [—\/g , J5 1. The

graph is an ellipse, centered at the
origin, with vertices

(¥5.0).(~+5.0).(0.43).(0.-+3).

y= \3 cos ¢
for ¢ in [0, 277]

2 2 2 2
(b) Since sin® r+cos” t =1, we have [—j +(—] :13%+y?:1.
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13. (a) x=3tant, y=2sect, for ¢ in (—Z, Zj
2 2
t x=3tant y=2sect y
A
- 3tan(—§):—3\/§ 256C(—§)z4 I
—% [3tan(=%)=—3 |2sec(-F)=4> \/
0 3tan0=0 2sec0=2 —HHHHREH X
/_3 I 3\
z 3tan§=\/§ 2sec§=% P ¥ N
z 3tan§=3\/§ 2sect =4 T
x =3tant?
y =2sect
for ¢ in (—%, %)

2
(b) Sinceg =tant, % =sect, and 1+tan’ ¢ = (%) =sec” t, we have the following.

%) y : X2 y2 X2 X
1+[—j == | sl+—="=y" =4|1+— | y=2,[+—
3 2 9 4 9 9
Since this graph is the top half of a hyperbola, x is in (—c0, ).

14. (a) x=cott, y=csct, for tin (0, 7)
Since ¢ is in (0, ) and the value of the
cotangent of a value close to 0 is very
large and the value of the cotangent of a
value close to x is very small, x is in
(-0, ). The graph is the top half of a
hyperbola with vertex (0, 1).

X =cott
y =csct
for ¢ in (0, 7)
(b) Since 1+cot® t =csc’ ¢, we have 1+ x* = y* = y=+/1+x.
15. (a) x=sint, y=csct fortin (0, 7)
Since ¢is in (0, ) and x =sint, x is in y
©, 1. 5 x =sint
y =csct
for ¢ in (0, 7)

1,1)

. . 1 1 ..
(b) Since x=sint and y =csct =——, we have y =—, where x isin (0, 1].
sint X
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16. (a) x=tant, y=cott,fort in (O, %)

Since ¢ is in (0, %j , xisin (0, ).

Xx =tant
y=cott

for #in (0, )

1 ..
, y=—, where xis in (0, o).
tan ¢ X

(b) Since cott =

17. (a) x=t,y=~t’+2,fort in (—oo, o)

4

LN
/ \

x=t
y=VNt2+2
for

tin (_°°, °°)

(b) Sincex=rand y=+>+2,y=~/x+2. Since tisin (-0 00) and x = 1, x is in (~o0, 0).

18. (a) x=~r, y=1—Lfort in [0,)

x =1\t
y =2-1
for ¢ in [0, )

(b) Since x =+/7, we have x*> =¢. Therefore, y=1>—1=(x*)> —1=x*—1. Since tis in [0, o), x is

in [Jﬁ@) or [0,).

19. (a) x=2+sint,y=1+cost, fort in [0,27[]

Since this is a circle centered at (2,1) y .

x =2+sint
with radius 1, and ¢ is in [0, 27], x is in y=1+cost
[1, 3]. 2 for ¢ in [0, 2]

(b) Sincex=2+sinf and y=1+cost, x—2=sint and y—1=cost. Since sin® t+cos’ r =1, we

have (x—2)" +(y—-1)" =1.
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20. (a) x=1+2sint, y=2+3cost, for¢in [0, 27]
- -2
Since x—1=2sint = le =sint andy—-2=3cost = yT =cost, xisin [-1, 3]. The graph is

an ellipse with center (1, 2) and axes endpoints (3,2), (-12), (L5), (1,-1).

y

x=1+2sint
y=2+3cost
for ¢ in [0, 277]

x
-1\ -2V x—1)° -2y
(b) Since sin® r+cos’ =1, (XTIJ +(ysz :1:( ) +(y ) =1.

4 9
Also, —1<sint<1,= -2<2sint<2=-1<1+2sin¢ <3.

21. (a) x=z+2,y=L, fort#2
t+2

(b) Since x=r+ 2 and y:%, Wehavey:l. Since r #-2, x #-2 + 2, x #0. Therefore, x is in
r+ X

(—oo, 0) U(Os °°)

22. (a) x:t—3,y:%, fort#3
t_

(b) Since y= %, we have y = g Since r # 3, x #3 — 3 = 0. Therefore, x is in (—eo, 0) U (0, o).
- X
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23. (a) x=t+2,y=t—4,fort in (—oo, o)

xX=t+2
y=t-4
for ¢ in (—oo, co)

(b) Since x=7+2, we have r=x—2. Since y=¢—4, we have y=(x—2)—4=x—6. Sinceis in

(=00, o), x is in (—o0, 00).

24. (a) x=1"+2,y=1"—4,fort in (oo, )

for ¢ in (—oo, o)
(b) Since x=1"+2, we have 1’ =x—2. Since y=1>—4, we have y=(x—2)—4=x—-6. Sincer
is in (=00, 00), x is in [2, oo).
25. x=3cost, y=3sint

. X . . . .
Since x =3cost = cost = E, y=3sint = sint = %, and sin® 7 +cos’ £ =1, we have the following.

2 X 2 2 e
B +(—j :I:y—+—:1:x2+y2:9
3 3 9 9

y

x =3cost
y =3sint
3 for ¢in [0, 27]

This is a circle centered at the origin with radius 3.



Section 8.6: Parametric Equations, Graphs, and Applications 547

26. x=2cost,y=2sint

x=2cost
y =2sint
for ¢ in [0, 277]

2

. X . . . .
Since x =2cost = cost = 5, y=2sint=sint = %, and sin” 7+ cos’® r =1, we have the following.

2 2

This is a circle centered at the origin with radius 2.

2 x 2 2 xz
2142 s1s 2+l c1=5 2 +y2 =4
4 4

27. x=3sint, y=2cost

Y x=3sint

A y=2cost

T2 fortin [0, 2]
9—4—»x

-3 oL 3

-2

. . . b . .
Since x =3sint = sint = g, y=2cost = cost = %, and sin” 7+ cos® r =1, we have the following.

X 2 2 _X,'Z 2
(—j +H 2] =1+
3) 2 9 4
This is an ellipse centered at the origin with axes endpoints (-3,0),(3,0),(0,-2),(0,2).

28. x=4sint, y=3cost

y x=4sint
A y=3cost
T3 fortin [0, 2]

. . . X . .
Since x =4sint = sint = Z, y=3cost = cost= %, and sin” 7 +cos® r =1, we have the following.

X 2 2 _X,'Z 2
(—j HIl =122 +2L =1
4 3 16 9

This is an ellipse centered at the origin axes endpoints (—4,0), (4,0),(0,-3),(0,3).
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In Exercises 29 — 32, answers may vary.

29. y =(x+3)2 -1

x=t, y=(z‘+3)2 —1 forzin (—ee,00); x=1-3, y=1>—1 for tin (—oo,oo)

30. y=(x+4)"+2

x=t, y=(t+4)2+2 fortin (—eo,00); x=1-4, y=1>+2 for

3. y=x° —2x+3=()c—1)2 +2

tin (—oo, o)

x=1,y=(t-1)"+2 forrin (=eo,00); x=1+1, y=1>+2 forin (—co,co)

32. y=x—4x+6=(x-2)"+2

x=t, y=(t=2)"+2 fortin (—eo,00); x=1+2, y=1>+2 forzin (—eo,o)

33. x=2t-2sint,y=2-2cost, fortin [0,87[]

x ar

t 0 — T 2 3 4r kY4 6 r 87
2 2
x =2t—2sint 0 1.4 2 114 ar 6 8 107 127 147 167
y=2-2cost | 0 2 4 2 0 4 0 4 0 4 0

x =2t-2sint,y=2-2cost
for ¢ in [0, 87]

27w 47w 6 8w 107 127w 147 1

671

Note: The graph in the answer section of your text shows up to 87 on the x-axis.

34, x=t—sint,y=1-cost, fort in [0,471']

t 0 z T 3—7[ 27 5—7[ 3 7—” ar
2 2 2 2
x=t-sint | 0 6 & 5.7 27 6.8 3z 120 4z
y=1-cost | 0 1 2 1 0 1 2 1 0
Yy

x=t-—sint
y =1-cos t for ¢ in [0, 4]
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Exercises 35 — 38 are graphed in parametric mode in the following window.

35. x=2cost, y=3sin2t

36. x=3cos2t, y=3sin3t

En W IHDOL W IO
123456739 | Tmin=8 TTeter=.1
Degree Thmax=&.5 Bmin=-g

_Fol Sesl| Tster=,1 AMEH =0

ot Amin= -6 necl=1
Simul || Bmax=g Ymin=-4

:Hﬂ “atbl retei swecl=1 “Ymax=d4

el Horiz G-T L¥min=-4 Yecl=1

37. x=3sin4t, y=3cos3t

V)
N

38. x=4sin4t, y =3sin5¢

N
/N

o
et

For Exercises 39-42, recall that the motion of a projectile (neglecting air resistance) can be modeled by:
x=(v,cost, y=(v,sin @)t — 16¢* for tin [0, k.

39. (a) x=(vcos@)tr= x=(48cos60°)r :48(%}: 24t

NG

y:(vﬂney—lmz:>y:{48ﬂn60ﬁt—1&2:48_54—1&2:—1&2+24J§

2
(b) t=—,50 y——16( j +24\/§(ij:_x_+\/§x
24’ 24 24 36

(©) y=-16¢"+24/3t
When the rocket is no longer in flight, y=0. Solve 0==161" +24v/3r = 0 =7(~16+24/3).

_23 33
1

t=00r —16t+24\3=0= —16t=-243 =t = z—T~26

The flight time is about 2.6 seconds. The horizontal distance at t = % is the following.

x=24t= (3\/7J 62 ft
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40. (a) x=(vcosd)r= x=(150c0s60°)t = 150(%} =75t

3

y=(vsin@)r—16¢> = (150sin 60°) — 161 =1507t—16t2 =—161* + 753t

2
(b) 1=-= 50 y:—ls(ij +75\B(ij=— 16 2 By
75 75 75) 5625

(©) y=-16¢>+753
When the golf ball is no longer in flight, y=0. Solve 0=~16" +75v3r = 0=¢(~161+75v3).

75\3

t=0or —16t+75x/§=0:>—16t=—75x/§:>t=Tz8.1

The flight time is about 8.1 seconds. The horizontal distance at ¢ = 75

is the following.

x="75t =75(%} = 609 ft

41. (a) x=(vcosf)r = x=(88co0s20°)¢

y=(vsin@)r—16¢> +2 = y =(88sin20°)r —16¢* +2

(b) Since t= ;, we have the following.
88 cos 20°

2
X X

2
y=88sin20°[ j—m[ al j +2 = (tan 20°) x———————+2
88 cos 20° 88 cos 20° 484 cos® 20°

(c) Solving 0=—16¢> +(88sin 20°)¢ +2 by the quadratic formula, we have the following.

—885in 20° i\/ (885in20°)" —4(~16)(2)  —30.098:++/905.8759 + 128

= =1t=-0.064 or1.9
(2)(~16) 32

=

Discard r = —0.064 since it is an unacceptable answer. Attt =1.9sec, x = (88 cos 20°)¢ = 1611t .
The softball traveled 1.9 sec and 161 feet.

42. (a) x=(vcos@)t= x=(136c0s29°)1

y=(vsin@)1 161> +2.5=> y = (1365in29°)1— 161> +2.5=2.5-161> + (1365in29°)

(b) Since t= ;, we have the following.
136c0s29°
X x g x*
y= (136sin29°)(—j—16(—j +2.5= (tan29°)x——2+2.5
136c0s29° 136c0s29° 1156cos” 29°

(c) Solving 0=-161"+ (136sin29°)7+2.5 by the quadratic formula, we have the following.

~1365in29°+./(1365in29°)* —4(-16)(2.5) _ +

. J( ) —4(-16)(25) _ —65.934++/4347.3066+160 e —on 42
2(-16) =32

Discard ¢ = —.04 since it gives an unacceptable answer. At t = 4.2 sec, x = (136 cos 29°)r = 495 ft.

The baseball traveled 4.2 sec and 495 feet.
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43. (a) x=(vcos@)r= x=(128cos60°)t :128£%jt:64t
NE)

y=(vsin@)r—16¢> +2.5= y = (128sin60°) ¢ — 167 +8:128(7]t—16;2 +8=64/3t—161> +8

2
X X x 1
Since t=—, y=64/3| = |-16] = | +8=y=———x>++/3x+8. This is a parabolic path.
64" (64) [64) YT 056 TV P P

(b) Solving 0=-16¢"+ 6431 +8 by the quadratic formula, we have the following.

—64\/51\/(64\/5)2 ~4(-16)(8) _ _6443+/12,800 _ 64138012 -

r= = t~-07,7.0
2(-16) 32 -32

Discard ¢ = —.07 since it gives an unacceptable answer. At t=7.0 sec, x = 641 =448 ft. The
rocket traveled approximately 7 sec and 448 feet.

44. x=(vcosf)r=x :(88cos45°)t:88{%} =442t

V2

y=(vsinB)r—2.66> +h = y = (88sin45°)1 —2.661> + 0 = 88 [7}_2,6@2 = 4421 - 2.66°

Solving 0= 44:/21 - 2661 by factoring, we have the following.
0=44/21-2.661" = 0= (442 =2.66 )t = 1 =0 or 442 ~2.661 =0

t =0 implies that the golf ball was initially on the ground, which is true. Solving 44:/2 - 2.66t =0,
we obtain the following.

442

442 —2.66t =0 = 442 =2.66t =t = Y 23.393 sec

At 1=~23.393 sec, x = 44+/21 ~1456 ft. The golf ball traveled approximately 1456 feet.

45. (a) x=(vcosf)r = x=(64cos60°)t = 64(%} =32t

3

y=(vsin@)r—16t>+3 = y = (64sin60°)r—161 +3=64[7Jz—16t2 +3=323r-16> +3

(b) Solving 0=-16¢"+ 32431+3 by the quadratic formula, we have the following.

) —32\/51\/(32\/5)2 —4(-16)(3) 30343264 3234851
- 2(~16) - -32 BT S

Discard ¢ = —.07 since it gives an unacceptable answer. At r=3.52 sec, x =32t =112.6 ft. The
ball traveled approximately 112.6 feet.

t=-.05, 3.52

t

Continued on next page
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45. (continued)

(c)

(d)

46. (a)

(b)

(c)

47. (a)

(b)

(c)

To find the maximum height, find the vertex of y = —16t* + 32\/31 +3.

y=—16"+323t+3=-16(r" 243 )+ 3=-16(¢* = 24/3r+3-3) +3
y=-16(1—3) +48+3=-16(1—V3) +51
The maximum height of 51 ft is reached at \/5 =1.73 sec. Since x =32¢, the ball has traveled

horizontally 32+/3 = 55.4 ft.
To determine if the ball would clear a 5-ft-high fence that is 100 ft from the batter, we need to first

determine at what time is the ball 100 ft from the batter. Since x = 32¢, the time the ball is 100 ft

from the batter is ¢ = @ =3.125 sec. We next need to determine how high off the ground the
32

ball is at this time. Since y = 32431-161* +3, the height of the ball is the following.

y=324/3(3.125)-16(3.125)" +3~ 200 ft
Since this height exceeds 5 ft, the ball will clear the fence.

WIHDOW WIMOOW

Tmin=8 TT=eter=.1

Tmax=2 Amin=g

T=ster=.1 Amax=200

Amin=g s 1=58

Amax=200 “'min=A

Asc1=56 Yrax=3d

JLY¥Ymin=8 V=cl=18
x::8269265063t:x(cosa)t:>8269265063::vc0s8

y=-16t>+30.09777261t = v (sin@)r— 16> = 30.09777261 = vsin @

Thus, 20777261 _ vsin0 ) 2607 — tan @ = 6 = 20.0°
’ 82.69265063 vcos @

30.09777261 =vsin20.0°= v =88.0 ft/sec
Thus, the parametric equations are x =88 (cos 20.0°)7, y = —16¢” +88(sin 20.0°)1.

W IHDOL W IO
Tmin=8 TTater=.1
Tmax=d4.5 “Bmin=8
Tster=.1 Hmax 2Lt
min=8 nec =50
Amax=d4Ee Ymin=8
=c1=5 Ymax=188
LY¥min=8 Vecl=18
x =56.565309651 = v (cos §) 1 = 56.56530965 = v cos &

y=—16t>+67.41191099¢ =—-16t* +v(sin 8)t = 67.41191099 = vsin &

Thus, SPAN1099 _ vsin€ 1y 1918~ tan g = 6 = 50.0°.
' 56.56530965  vcos6

67.41191099 = vsin50.0° = v = 88.0 ft/sec
Thus, the parametric equations are x =88(c0s50.0°)¢, y =—16¢> +88(sin50.0°)z.
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For Exercises 48-51, many answers are possible.

48.

49.

50.

51.

52,

53.

The equation of a line with slope m through (x,,y,) is y—y, =m(x—x,).

To find two parametric representations, let x = t. We therefore have the following.
y—y zm(t—xl):> y zm(t—x1)+ M)

For another representation, let x =1>. We therefore have the following.

y—y zm(t2—)cl):yzm(tz—xl)+yl

y=a(x—h) +k
To find one parametric representation, let x = . We therefore have, y=a(t—h)* +k .

For another representation, let x = 7 + h. We therefore have y=a(r+h— h)2 +k =at* +k.

2 2

X Y

2 2
a b

To find a parametric representation, let x = asec 8. We therefore have the following.

2
GSCCQ 2 2 2 0 2 2 2
%—y—z=l %—y—z=1:>sec2 6—y—Z=1:>sec2 49—1=y—2
a b a b b b
2
tanzﬁzz—zzbz tan’ @=y’ = btanf=y
2 2
x—2+y—2:1
a b
To find a parametric representation, let x = a sin . We therefore have the following.
. 2
asint 2 2 2[ 2 2 2
CLUDENESEN . RN ST S
a b a b b b

y:=b’ (l—sin2 t): y* =b* cos’ t => y=bcost

To show that r = a8 is given parmetrically by x=a6cos 8, y=afsin 6, for 6 in (—oo,00),
we must show that the parametric equations yield r = a8, where r*> =x" +y>.

PP =x*+y’ = r* =(abcos )’ +(absin6)’ = r* = a*6* cos’ O+a’0” sin® @
r’=a’@’ cos’ §+a’0’ sin’ 0=r’ =a’ @’ (cos2 0 +sin’ 0) =7’ =a’@’ = r==af or just r = ad

This implies that the parametric equations satisfy r = aé.

To show that 7@ = a is given parmetrically by x = a CZS 0, y= a s;n 4 , for 8 in (—e,0)U(0,00),

we must show that the parametric equations yield 7@ = a, where r*> =x" +y>.

2 . 2 .
) s ) acos @ asin @ , a’cos’@ a’sin’ @
r=x+y =r = + =>r = +

o o o’ o’
a’ a’ a’ a’ a a
r’ :—20052 ¢9+—zsin2 6=r :—z(cos2 0 +sin’ 9) =r =—=r=%x— orjustr=—
o o o o o 0

This implies that the parametric equations satisfy ré = a.
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54. The second set of equations x = cos ¢, y = —sin ¢, ¢ in [0, 2x] trace the circle out clockwise. A table of
values confirms this.

t Xx=cost y =-—sint
0] cosO=1 —sin0=0

z cos%=% —sinf=-1

T cos%=% —sin%=—%
ZlcosZ=1 —sin%z—g
2 cosZ=0 —sinZ=-1

55. If x=f(¢) is replaced by x =c+ f (), the graph will be translated c units horizontally.
56. If y=g(r) isreplaced by y=d+g (), the graph is translated vertically  units.
Chapter 8: Review Exercises

1L J9=i/9=3i 2. J-12=2i3

3. x2=—813x=i\/—81:>x=ii\/a:x=ii(9):>x=i9i

Solution set: {+9i}

4. x(2x+3)=-4=2x" +3x=-4=2x" +3x+4=0

Use the quadratic formula witha =2, b =3, and ¢ = 4.

_ 3 3 -4(2)(4) —3x9-32 323 3+i23

3+
Solution set: {%@}

2(2) B 4 4 4

5. (1-i)—(3+4i)+2i=(1-3)+(-1-4+2)i=—2-3i

6. (2-5)+(9-10i)-3=(2+9-3)+(-5-10)i =8-15i

7. (6-5i)+(2+7i)—(3-2i)=(6+2-3)+(-5+7+2)i =5+4i
8. (4-2i)—(6+5i)—(3-i)=(4-6-3)+(-2-5+1)i=-5-6i

9. (3+5i)(8—i)=24-3i+40i—5i* =24+37i—5(~1)=29+37i
10. (4-i)(5+2i)=20+8i—5i—2i* =22+3i

1. (2+6i)" =4+24i+36i% = 4+24i +36(~1) = —32+24i

12. (6-3i)° =36-36i+9i* =27 -36i



Chapter 8: Review Exercises

12. (6-3i)" =36—-36i+9i> 16, 2750 _(2-5i)(1-i)
=27-36i i (1+i)(1-i)
_2-2i-5i+5
13. (1-i)’ = (1-i)* (1-i) 1-i2
i 2\ (g _-3-7i 3 7.
—(1—21+l )(1—1) = __E_El
=-2i(1-i)=-2i+2i°
= Di-Dor —2-2i 1. 2+i _ 2+i '1+5i
1-5i 1-5i 1+5i
. 2
14. (2+i) =(2+i)’ (2+i) _2+11i+5i
2 , 1-25i°
=(4+4l+l )(2+1) Y
=[4+4i+(-1)](2+i) 26
311
=(3+4i)(2+i __ 2 1
(3+4i)(2+i) ot

=6+3i+8i+4i>=2+11i
3+2i:(3+2i)(—i)

6+2i 6+2i 3+i 18.

15. i i(~i)
3-i  3-i 3+i X
18+12i+2 _ -2
T 92 i’
C18+12i+2(-1) 16412 =2-3
B 9_(_1) B 10 13
5352 . 4\
_8+6i_§+9i 19. i =i l—(l) i
5 55 =18.=1

=ior 0+i
20, i M=M= (i4)711 (=i)=1"(=i)=1-(~i) =i or 0—i

21. [5(cos90°+isin90°) |-[ 6 (cos 180°+isin 180°) | =5-6 cos (90°+180°)+isin (90°+180°) |
=30(cos 270° +isin 270°)
=30(0-i)
=0-30i or-30i

22. [3cis135°][2 cis 105°] = 3- 2cis (135°+105°)
= 6 cis 240° = 6 (cos 240° + i sin 240°) = 6(—5——1) = 3-33i

) 2(cos 60°+isin 60°)
" 8(cos300°+sin 300°)

= %[cos (60°—300°)+isin (60°—300°) |

= %[cos (—240°)+isin (-240°) | = i[cos (240°)—isin (240°)]

1[ 1 \/5]:_1+£i
8

:l[—cos 60°+isin 60°] =—
4 4\ 2 2 8

555
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4cis270° 4

24, . =—cis(270°-90°) = 2 ¢is 180° = 2 (cos 180° +i sin 180°) = 2(—1+0i) =—2+0i or —2
2cis90° 2

25. (ﬁ +i)3

2
r= \/g +1° =+/3+1=+4 =2 and since @ is in quadrant I, tanﬁziz—:€:30°.

NoE

&

(\/§+i)3 :[2 cos 30°+isin 30")}3
=2*[cos(3-30°) +isin (3-30°) | =8 (cos 90° +isin 90°) = 0+8i = 8i
26. (2-2i)

=42? +(—2)2 =J4+4 =8 =242 and tan49=_—2=—1:>49=315°, since @ is in quadrant IV,

(2-2i)" =[ 242 (cos 315°+isin 315° ] = (2v2) [cos(5-315°) +isin(5-315%)]
=128v2 (cos 1575° +isin 1575°) = 128v/2 (cos 135° +isin 135°)

=128v/2 (~cos 45° +isin 45°) = 128\/_[—£+1£J =—128+128i

27. (coleO"+isin100°)6 = cos (6-100°) +i sin (6-100°)

= c0s 600° +i sin 600° = cos 240° +i sin 240° = —cos 60° —i sin 60° = —%—?i

28. The vector representing a real number will lie on the x - axis in the complex plane.
29. y

5i

32. The resultant of 7+3i and -2+ is
(7T+430)+(-2+i)=5+4.

33. 2+2i

2y 2 =Vara=\B=22

Since € is in quadrant II, tan 8 = % =—-1=60=135° Thus, 2+2i= 2\/5(005 135°+isin 135°).



34.

35.

36.

37.

38.

39.

40.

41.

42,

Chapter 8: Review Exercises 557

3(c0s90°+isin 90°) =3(0+i) =0+3i or 3i

2(005225°+isin225°):2(—cos45°—isin45°)22(—%—%12—\/5—1' 2
—4+4i\3
r= () +(43) =I6+48=8

Since @ is in quadrant II, tan @ = # =3 = 6=120°.

Thus, —4+4iv/3 = 8(cos 120°+isin120°).

1-i
-1
r=y1>+(=1) =J1+1=+2 and tand =—=-1= 60 =315°, since @ is in quadrant IV.
JE+(=1)" =+ v . q

Thus, 1—i=x/§(cos315°+isin315°).
. . . 1 .3 .
4 cis 240° = 4 (cos 240° +i sin 240°) = 4 (—cos 60°—i sin 60°) = 4 —5—17 =—2-2i3

—4i
Since r =4 and the point (0,—4) intersects the negative y-axis, & =270° and
—4i = 4(cos 270° +i sin 270°).

Since the modulus of z is 2, the graph would be a circle, centered at the origin, with radius 2.

Z=x+Yyi
Since the imaginary part of z is the negative of the real part of z, we are saying y = —x. This is a line.

Convert -2 + 2i to polar form.

r=y(=2)>+2 =J4+4=1/8 and 6=tan™ (%) =tan"' (—1)=135°, since @ is in quadrant IL.

Thus, -2+ 2i =+/8 (cos135°+isin135°).
Since r’(cos5a+isin5a)= \/g(cos135° +isin135°), then we have the following.

_135°+360°-k

P =8 =r=98 and 5a=135°+360°-k = =27°+72°-k, k any integer.

If k =0, then & =27°+0°=27°. Ifk =1, then &= 27°+72°=99°.
If k =2, then @ =27°+144°=171°. If k =3, then or=27°+216° = 243°.
If k =4, then or=27°+288°=315°.
So, the fifth roots of -2 + 2i are 1\()/§(COS2,7O+iSiI1 27°), l\O/g(00599°+isin 99°),
Y8 (cos171°+isin171°), W8 (cos243°+isin243°), and Y8 (cos315°+isin315°)..
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43.

44.

45.

46.

47.

Convert 1 — i to polar form
-1
r=1 +(=1)" =4/1+1=+/2 and tand=—=-1= 6 =315° since @ is in quadrant IV.
VI +(-1)" =+ v . q

Thus, 1—i =+/2 (cos 315°+isin 315°).
Since r*(cos3er+isin3a)= \/E(cos315° +isin315°), then we have the following.

_315°+360°-k

P =v2=r=%2 and 30=315°+360° -k = « =105°+120°-k, k any integer.

If k =0, then ¢ =105°+0°=105°. If k =1, then o =105°+120° = 225°.
If k =2, then or=105°+240° =345°.
So, the cube roots of 1 —i are {2 (cos105°+isin105°), 42 (cos225° +isin225°), and
§/2 (cos 345° +isin 345°).

The real number —32 has one real fifth root. The one real fifth root is -2, and all other fifth roots are
not real.

The number —64 has no real sixth roots because a real number raised to the sixth power will never be
negative.

X4+125=0= x* =-125
We have, r=125 and 6 =180°.
X =—125=—125+0i=125(c0s180°+isin180°)

Since 7’ (cos 3a+isin3e) =125 (cos 180°+isin180°), then we have the following.

_180°+360°-k

P =125=r=5 and 30=180°+360° k = =60°+120°-k, k any integer.

If k=0, then a =60°+0°=60°. If k=1, then o =60°+120°=180°.
If k =2, then a =60°+240° =300°.
Solution set: {5(cos60°+isin60°), 5(cos180°+isin180°), 5(c05300°+isin300°)}

X +16=0=x'=-16
We have, r=16 and 6 =180°.
x* :—16:—16+Oi:l6(c05180°+isin1800)

Since r*(cos4a+isin4a)=16(cos180°+isin180°), then we have the following.

r*=16=r=2 and 40 =180°+360°-k Da:w:%o+90°-l@ k any integer.
If k =0, then ¢ =45°+0°=45° If k =1, then o =45°+90° =135°.
If k =2, then ¢ =45°+180°=225°. If k =3, then ¢ =45°+270° =315°.
Solution set:
{2(00545°+isin45°), 2(cos135°+isin135°), 2(cos225°+isin225°), 2(005315°+isin315°)}



48.

49.

50.

51.

52,

53.

Chapter 8: Review Exercises

X +i=0=>x"=—i
We have, r=1 and 6 =270°.
x* =—i=0-i=1(cos270°+isin270°)
Since r*(cos2a+isin2e)=1(cos270°+isin270°), then we have the following.

r’=1=r=1 and 2a=270°+360°-k:a=w=135°+180°-k, k any integer.

If k=0, then ¢ =135°+0°=135°. If k =1, then o =135°+180°=315°.

Solution set: {005135°+isin135°, cos315°+isin315°}
(145

2 2 —1 \/g -1 . P
r=4/(-1) +(\/§) =J1+3=+/4=2 and @=tan {—T]:tan (—\/5):120", since @ is in

quadrant II. Thus, the polar coordinates are (2,120°).

(5,3150)

x=rcosfd = x=5co0s315°=5 ﬁ =ﬂ and y=rsinfd = y=>5sin315°=5 —ﬁ =—£.
2 2 2 2

Thus, the rectangular coordinates are (%, —%]

The angle must be quadrantal.
Since r is constant, the graph will be a circle.

r=4cos @ is acircle.

0 0° 30° 45° 60° 90° 120° 135°  150° 180°

r=4cos @ 4 35 2.8 2 0 -2 -28 35 4
90°

270°
r=4cos @
Graph is retraced in the interval (180°, 360°).
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54. r =—1 + cos @ is a cardioid.

o 0° 30° 45° 60°  90° 90°
r=—1+cos@ 0 -7 -3 -5 0 ;
180°-
o 120° 135° 150° 180° 270° 315° 270°
r=-1+cosé
r=—l+cos@ |-1.5 -1.7 -19 =2 -1 -3

55. r=2sin 480 is an eight-leaved rose.

0 0° 7.5° 15° 22.5° 0° 37.5° 45°
r=2sin4 |0 1 32 NCEER! 0
0 52.5° 60° 67.5° 75° 82.5° 90° 52.5°

r=2sin48 |-1

r=2sin46
The graph continues to form eight petals for the interval [0°, 360°).

. 2 . .
56. Since r =—, we can use the general form for the polar equation of a line,
2cos@—sin @
r=— S  witha=2, b=-1, and c¢=2, wehave 2x—y=2.
acos @+bsin
The graph is a line with intercepts (O, -2) and (1, 0). Constructing a table of values, will also result in

the graph.

o 0° 30°  45° 60° 90° 90°

2 1 1.6 28 159 -2

yr=—"
2cos@—sin @ 180°-

270°
o o o o o o = 2
1] 120 135° 150° 180 270 315 "= st _sind
o) -1.1 -9 -19 -1 2 9

r:—
2cos@—sin @
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3
1+cos @

57. r=

r= 3 = r(l+cosf)=3=r+rcos@=3=x"+y’ +x=3=x’ +y’ =3-x
1+cos @
x4y =(3—)c)2 Sx 4y =9-6x+x" =2y =9-6x=y +6x-9=0=y> =—6x+9
y2:—6(x—%j or y’+6x-9=0

58. r=sin@+cosé

r=sin@+cos@=r’ =rsin@+rcos@=x>+y =x+y

¥ty —x—yzO:(x2 —x)+(y2 —y)zO:(x2 —x+ij+[y2 —y+lj=i+l

4 4
1Y Nt o,
xX——| +|y——=| =—orx +y —x—y=0
( 2) (y 2) 2 o

59. r=2=x*+y’ =2=x*+y’ =4
60. y=x=>rsinf=rcosd—=sinf=cosf or tanf =1

sin @ _siné?. 1

6l. y=x"=rsin@=r"cos’@=sinf@=rcos’@=r= > r= =tanfsecO
cos™ @ cos@ cos@
tan @
r=tanfsecf orr=
cos@

62. Suppose (r, 9) is on the graph, —@ reflects this point with respect to the x-axis, and —r reflects the

resulting point with respect to the origin. The net result is that the original point is reflected with
respect to the y-axis. The correct choice is B.

63. If (r,0) lies on the graph, (—r,8) would reflect that point into the quadrant diagonal to the original

quadrant. The correct choice is A.

64. If (r,0) lies on the graph, (r,—6) would reflect that point across the x-axis. Therefore, there is

symmetry about the x-axis. The correct choice is C.

65. If (r,0) lies on the graph, (r,7—8) would reflect that point into the other quadrant on the same side

of the x-axis as the original quadrant. Therefore, there is symmetry about the y-axis. The correct
choice is B.

66. y=2

y=rsin@=rsin0=2=r= orr=2cscl

Nt

67. x=2

orr=2sec@

x=rcos@ =>rcosf@=2=r=
cos
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68. x’+y =4
Since x=rcos@ andy = rsiné, we have the following.
(rcosﬁ)2 Jr(rsinﬁ)2 =4=r’cos@ +r’sin*@=4=r (cosﬁ2 +sin® 6) =4=r' =4

r=—2orr=-2

69. x+2y=4
Since x=rcos@ andy =rsiné, we have the following.
4

rcos@+2(rsinf)=4=r(cos@+2sinf)=4=>r=————
cos@+2sin 6

70. To show that the distance between (7;,6,) and (r,,6,) is given by d = \/rlz +n,°—2nr,cos(6,-6,),
we can convert the polar coordinates to rectangular coordinates, apply the distance formula.

(r,,6,) inrectangular coordinates is (7 cos 8,7 sin ).

(r,,6,) in rectangular coordinates is (r, cos8,,r,siné, ).

d :\/(r1 cos 6, —rzcosﬁ)2 +(r;sin6, —rzsint9)2

= \/(rlz cos’ 6, —2rr, cos 6, cos 8, +1,” cos’ 9) +(r12 sin® @, —2rr, sin @, sin @, +r,” sin’ 9)

= \/rlz (cos2 6, +sin’ 6, ) —2nr,(cos 6, cos 6, —sin G, sin 6, ) +r,’ (cos2 0 +sin’ 9)

=\/r12~1—2r1rzcos(91—92)+r22~1

=i +12 =251, cos (6,6, )

71. x=t+cost,y=sint fortin [0,27]

4 0 3 5 z iz T
X =t+cost 0 %+% T+2 H 37”_% 71
=14 =1.5 =1.6 =~1.6 =2.1

y =sint 0 i=5 L7 1 L7 0
! 3 ¥ & * e 2
X =t+cost -3 -3 1 T T+g 2w+l
=2.8 =32 =37 =47 =62 =73

y:Sint —%:—5 _g:_7 _g:_17 -1 _gz_7 0

x =t+cost
y =sint
for ¢ in [0, 277]



72.

73.

74.

75.

76.

77.
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x=3t+2,y=t—1,fortin [-5, 5]

Since t =y + 1, substitute y + 1 for ¢ in the equation for x.
x=3(y+1)+2=>x=3y+3+2=>x=3y+5=>x-3y=5

Since tis in [-5, 5], x is in [3(-5) + 2, 3(5) + 2] or [-13, 17].

x:\/t—l,y:x/;,fortin[l,oo)

Since x=+/t—1= x> =t—1=>t=x"+1, substitute x> +1 for ¢ in the equation for y to obtain

y=+x>+1. Since tisin[I, ), xis in [v1—1,0) or [0, o).

xX=t

+5,y= 21+1,f0rtin(—oo, 0)

Since #* = x—35, substitute x — 5 for ¢* in the equation for y.

1 1
= = - —
Y 2 +1 Y (x—5)+1 Y x—4

Since x=t*+5and* 20, x=0+5=5. Therefore, x is in [3, ).

x=5tant,y=3sect, fortin (—Z,E)
2 2

. b .
Since g =tant, %z sect,and 1+tan®r=sec’t, we have the following.

2 2 2 2 2 2 2
1+(f) =(lj Si+=2 oo+ =y = y= (9 142 | = y=3,/1+
5 3 25 9 25 25 25

y is positive since y = 3 sec ¢ > 0 for 7 in (—E, EJ

. . T T . ) V3 T
Since ¢ is in (—5, 5) and x = 5 tan ¢ is undefined at > and —, x is in (—o0, ).

Xx =cos 2t,y =sin ¢ for t in (-, 7)
cos 2t = cos” t—sin’ ¢ (double angle formula)
Since cos’¢+sin’ =1, we have the following.

coszt+sin2t:1:>(coszt—sinzt)—k2sin2t:1:>x+2y2 =1=2y’ =—x+1=2y’=—(x-1)
y2=—%(x—1) or 2y’ +x—1=0
Since ¢ is in (-x, 7) and cos 2t is in [-1, 1], x is in [-1, 1].

The radius of the circle that has center (3, 4) and passes through the origin is the following.
r=y(3-0)"+(4-0)" =v3*+4* =J9+16 =25 =5
Thus, the equation of this circle is (x—3)" +(y—4)" =5

Since cos®¢+sin’ y =1=>25cos’ t+25sin’*t =25= (SCost)2 +(55int)2 =5, we can have

Scost=x-3 and 5sint=y—4. Thus, a pair of parametric equations can be the following.

x=3+5cost, y=4+5sint, where ¢ in [0, 27x]

563
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78. (a) Let z, =a+bi and its complex conjugate be z, = a—bi.
|z,| =Va* +b* and |z,|=\Ja® +(-b)" =Va® +b* =|z].
(b) Let z, =a+bi and z, =a—bi.
Z+z,=(a+bi) +(a+bi)
= (a® +2abi +b%i* )+ (a+bi) = a’ +2abi+b* (-1)+a+bi = a’ —b* +2abi+a+bi

z(a2 -b +a)+(2ab+b)i=c+di

z +2, =(a—bi)* +(a—bi)
= (a® —2abi+b*i* )+ (a—bi) =a* = 2abi+b* (~1)+a—bi =a’ - b’ —2abi+a—bi
z(a2 -’ +a)—(2ab+b)i=c—di

(©)-(d) The results are again complex conjugates of each other. At each iteration, the resulting
values from z, and z, will always be complex conjugates. Graphically, these represent

points that are symmetric with respect to the x-axis, namely points such as (a,b) and
(a,-b).

79. (a) x=(vcos@)t=> x=(118c0s27°)t and y=(vsin@)r—16¢>+h = y=(118sin27°)r—16¢> +3.2

(b) Since t= ;, we have the following.
118cos27°

X

y=118sin27°- ~16 al
118cos27° 118cos27°

2
$32232-—— 2y (an27°)x
3481cos” 27°

(¢) Solving 0=-16¢"+ (118sin27°)7+3.2 by the quadratic formula, we have the following.

~118sin27°+/(1185in27°)" —4(-16)(3.2)
=
2(~16)

Discard r = —0.06 sec since it is an unacceptable answer. At ¢ = 3.4 sec, the baseball traveled
x= (118005 270)(3.406) =~ 358 ft.

=t =-.06, 3.406

Chapter 8: Test

1. (@ wt+z=(2-4i)+(5+i)=(2+5)+(—4+1)i=7-3i

(b) w—z=(2-4i)=(5+i)=(2-5)+(-4-1)i=-3-5i
(©) wz=(2-4i)(5+i)=10+2i—20i—4i* =10—4(-1)—-18i =14-18i
w_2-4i 5-i _10-2i-20i+4> _10+4(-1)-22 6-22i 3 11,

d —= = = ==
@ z 5+ 5-i  25-5i+5i—i’ 25—(-1) 26 13 13
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2. (a) P == =(i“)3 P =1(—i)=—i
) (1+i)" =(14i)(1+i) =1+i+i+i® =142 +(-1) =2

3. 2x*—x+4=0

Using the quadratic formula we have the following.

(DY) -4(2)(4) 1xyim32 154311231

1
2(2) 4 4 4 4

B

Solution set: l +t—1
4 4

4. (a) 3i
r= \/m =J0+9=9=3
The point (0,3) is on the positive y-axis, so, & =90°. Thus, 3i =3(cos 90°+isin 90°).
(b) 1+2i
r= m =J1+4 =15

Since @ is in quadrantI, # =tan™' (%) =tan"' 2 = 63.43°,

Thus, 1+2i = /5 (cos 63.43%+isin 63.43°).
(©) —1-+3i

r=y(=)? +(—3) =1+3 =4 =2

Since @ is in quadrant ITI, @ = tan™ (#J = tan~" /3 = 240°.

Thus, —1— \/gi = 2(cos 240° +i sin 240°)

5. (a) 3(cos30°+isin30°) =3[§+%l)= 33,3,
(b) 4 cis4°=3.06+2.57i

(¢) 3(cos90°+isin90°) =3(0+1-i)=0+3i=3i

6. w=8(cos40°+isin40°),z=2(cos10°+isin10°)
(a) wz=8-2[cos(40°+10°)+isin (40°+10°) | =16 (cos 50°+isin 50°)
3

(b) LA %[cos (40°—-10°)+isin (40°—10°)} =4(cos30°+isin30°) = 4(7-%%1) =2J3+2i
z

() 2’ =[2(cos10°+isin 100)]3

N

=2"(cos3-10°+isin 3-10°) =8 (cos 30°+isin 30°)=8£7+51]=4\/§+4i
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7. Find all the fourth roots of —16i =16 (cos 270°+1isin 270°) .

Since r* (cos4ar+isin 4e) =16(cos 270°+isin 270°), then we have the following.

_270°+360°-k

r* =16=r=2 and 4a=270°+360° k = & =67.5°490° %, k any integer.

If k=0, then ¢ =67.5° If k =1, then o =157.5°.
If k =2, then o =247.5°. If k =3, then o =337.5°.

The fourth roots of —16i are 2 (cos 67.5°+sin 67.5),2(cos157.5°+isin157.5°),
2(cos 247.5° +isin 247.5°), and 2 (cos 337.5° +isin 337.5°).

For Exercise 8, answers may vary.

8. (@ (0.5)
r=v0*+5" =J0+25=125=5

The point (0, 5) is on the positive y-axis. Thus, 8=90°. One possibility is (5, 90°).
Alternatively, if 8 =90°—-360° =-270°, a second possibility is (5, -270°).
(b) (-2,-2)

r=y(=2) +(-2)" =V4+4=\8=2\2

Since @ is in quadrant III, @ = tan™' (—j =tan"' 1 =225° One possibility is (2 V2, 2250) .

Alternatively, if € =225°—-360°=—-135°, a second possibility is (2\/5, —1350).

9. (a) (3,315°)

x=rcos€:>x=3cos315°=3-£=£ and y=rsinfd = y=3sin315°=3 —ﬁ =ﬂ
2 2 2 2
The rectangular coordinates are (ﬂ , #J

(b) (—4,90°)
x=rcos@=x=-4c0s90°=0 and y=rsind = y=—-4sin90°=—-4

The rectangular coordinates are (0,—4).

10. r=1-cos@ is a cardioid.

0 0° 30° 45° 60° 90° 135°
90°
r=1-cosé@ 0 1 3 ) 1 1.7 .
o
0 180° 225 270 315° 360° 180°-

r=1-cosé@ 2 1.7 1 3 0
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11. r=3cos 36 is athree-leaved rose.

o 0° 30° 45° 60° 90° 120° 135° 150 180°

r=3cos36 | 3 0 2.1 -3 0 3 2.1 0 -3

180

r = 3 cos 36
Graph is retraced in the interval (180°, 360°).

4 4

- = ——, we can use the general form for the polar equation
2sin@—-cos@ —1-cos@+2sinl

12. (a) Since r=

of aline, r = ;., with a=—1, b=2, and c =4, we have the following.
acos@+bsin @

—x+2y=4orx—2y=-4

The graph is a line with intercepts
(—4,0) and (0,2).

(b) r =06 represents the equation of a circle Ao
centered at the origin with radius 6,

namely x* +y* = 36.

13. x=4t-3, y=1> for tin [-3, 4]

t x y
3] 15 | 9
SN 1

0 -3 0

1 1

2 5 4

4 131 16 for 7in [-3, 4]

2
and y =t* we have y =(XT+SJ =i(x+3)2 , where x is in [-15, 13]

Since x=dr—3= =213
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14. x =2cos 2t, y = 2sin 2¢ for ¢ in [O, 27[]

IR T T S S S A S S
x |2 2 0 o 2 2 o0 2 0o 2 0 2
y [0 2 2 2 0 -2 =2 0 2 0o -2 0
Y x =2 cos 2t
y = 2sin 2t

for ¢ in [0, 277]

Since x=2cos2t:>cos2t=§,y=2sin2z‘:>sin2t=%,amdcos2 (2t)+sin® (2t) =1, we have
X 2 2 e 2
242 =212+ =1 %2+ =4, where xisin [, 1].
2) T2 44
15, z=—-1+i

2 l=(—1+i) —l=l-i—i+i® —1=2i-1=-1-2i
Since r =1/(—1)2 +(—2)2 =J1+4 =+/5>2, zis not in the Julia set.

Chapter 8: Quantitative Reasoning

Since y zin;k =235, and n=1.153, y :%.
X X
1. x=6in.
. 23.5 . .
Since y = 617 = 2.9776, the total length is about 2.9776-6 =17.9in.

2. x=.lin.

Since y = 235 = 334.2473, the total length is about 334.2473-.1=33.4in.

11.153

3. x=.0lin.

Since y = ﬁ =4754.0951, the total length is about 4754.0951-.01 = 47.5in.

011,153



Chapter 9
EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Section 9.1: Exponential Functions

1.

13. The y-intercept of f(x)=3"

f(x)=3x
f(2)=3*=9

x £ (%)
_2 %z 1
-1 %:: 3
-3 =.6
0 1
< =17
1 3
2 9

7. g(x)=(3)
s(-2)=(3)" =4 =16

8. g(x)=(3)
8(-3)=(4) =4 =04

10. g(x)= (%)X
g(%)z(%)yz = (\/%)3 =2L3=é
11. g(x)z(%)x
2(2.34)=(1)"" =039
2. f(x)=3"

f(1.68)=3"% =6.332

is 1, and the x-axis is a horizontal asymptote. Make a table of values.

Plot these points and draw a smooth curve through them. This is an increasing function. The domain

is (—oo,00) and the range is (0,e°) and is one-to-one.

569
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14. The y-intercept of f(x)=4" is 1, and the x-axis is a horizontal asymptote. Make a table of values.
Yy

x f(x)
-2 0625
-1 25
-3 3
0 1
< 2
1 4
2 16

Plot these points and draw a smooth curve through them. This is an increasing function. The domain

is (—eo,00) and the range is (0,e°) and is one-to-one.

15. The y-intercept of f (x)= (%)X is 1, and the x-axis is a horizontal asymptote. Make a table of values.

x [ F(®)
-2 9
-1 3
-+ | =17
0 1
| =6
1 | 4=3
2 | 5=1

Plot these points and draw a smooth curve through them. This is a decreasing function. The domain is

(—e0,00) and the range is (0,e°) and is one-to-one. Note: Since f (x)= (l)x = (3’1))( =377, the graph

3

of f(x)= (%)X is the reflection of the graph of f (x)=3" (Exercise 13) about the y-axis.

16. The y-intercept of f (x)= (%)X is 1, and the x-axis is a horizontal asymptote. Make a table of values.

x f(x)
) 16
-1
_1

2

0 1
< 5
1 25
2 0625

Plot these points and draw a smooth curve through them. This is a decreasing function. The domain is

(—oe0,00) and the range is (0,0) and is one-to-one. Note: Since f (x)= (%)X = (4_1)X =47" the

graph of f (x)= (l)x is the reflection of the graph of f(x)=4" (Exercise 14) about the y-axis.

4
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17. The y-intercept of f(x)= (%)x is 1, and the x-axis is a horizontal asymptote. Make a table of values.

x f(x)
) ~ 4
_1 =~ .7
_% =8
0 1
1 ~12
1 1.5
2 2.25

Plot these points and draw a smooth curve through them. This is an increasing function. The domain

is (—eo,c0) and the range is (0,0) and is one-to-one.

18. The y-intercept of f(x)= (%)x is 1, and the x-axis is a horizontal asymptote. Make a table of values.

x f(x)
-2 2.25
-1 1.5
-1 ~12
0 1
1 -8
1 =7
2 ~

Plot these points and draw a smooth curve through them. This is a decreasing function. The domain is

(—o0,c0) and the range is (0,e) and is one-to-one. Note: Since f(x)=(%)x =[(%)_1] =(%)_x, the

graph of f (x)= (%)X is the reflection of the graph of f (x)= (%)x (Exercise 17) about the y-axis.

19. The y-intercept of f (x) =10" is 1, and the x-axis is a horizontal asymptote. Make a table of values.

X f (x) y

-2 .01 10

-1 1
SEE

0 ! f(x) = 10"
% =32

1 10 3 o
2 100

Plot these points and draw a smooth curve through them. This is an increasing function. The domain

is (—oo,00) and the range is (0,0) and is one-to-one.
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20. The y-intercept of f(x)=10"" is 1, and the x-axis is a horizontal asymptote. Make a table of values.

x /()
-2 100
-1 10
- ~3.2
0 1
1 =3
1 1
2 01

Plot these points and draw a smooth curve through them. This is a decreasing function. The domain is
(—oo,0) and the range is (0,0) and is one-to-one. Note: The graph of f (x)=10"" is the reflection

of the graph of f (x)=10" (Exercise 19) about the y-axis.

21. The y-intercept of f(x)=4"" is 1, and the x-axis is a horizontal asymptote. Make a table of values.

x f(x)
-2 16
-1 4
_1

2

0 1
3 5
1 25
2 0625

Plot these points and draw a smooth curve through them. This is a decreasing function. The domain is

X

(—oe,00) and the range is (0,°0) and is one-to-one. Note: The graph of f(x)=4"" is the reflection of

the graph of f(x) =4" (Exercise 14) about the y-axis.

22. The y-intercept of f(x)=6"is 1, and the x-axis is a horizontal asymptote. Make a table of values.

x f(x)
-2 36
-1 6
-1 ~2.4
0 1
1 ~.4
1 1=
2 2=~.03

Plot these points and draw a smooth curve through them. This is an increasing function. The domain
is (—oo,00) and the range is (0,0) and is one-to-one.
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23. The y-intercept of f (x) = 2‘ 3 is 1, and the x-axis is a horizontal asymptote. Make a table of values.

f(x)

(e

—_ =

2

4
2 8

~14
1
~1.4 x
0 '3

2 fw=2"
4

Plot these points and draw a smooth curve through them. The domain is (—oo,oo) and the range is

[l,oo) and is not one-to-one. Note: For x < 0, |x|:—x, so the graph is the same as that of

f(x)=2"" For x>0, we have |x|:x, so the graph is the same as that of f(x)=2". Since

| — x| = | X |, the graph is symmetric with respect to the y-axis.

24. The y-intercept of f (x) = 27‘ 3 is 1, and the x-axis is a horizontal asymptote. Make a table of values.

[\

/()
1=25
1-35
=7
1
~7
1-35
1-25

Plot these points and draw a smooth curve through them. The domain is (—oo,oo) and the range is

(0,1] and is not one-to-one. Note: For x < 0, |x|:—x, so the graph is the same as that of

f(x)= 27 () Zox For x>0, we have |x|= x, so the graph is the same as that of f(x)=27"

Since | - x| = | x |, the graph is symmetric with respect to the y-axis.

For Exercises 25 — 28, refer to the following graph of f (x)=2".

y

2 0 2 g
flxy=2%
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25. The graph of f(x)=2"+1 is obtained by
translating the graph of f(x)=2" up 1

unit.
y

fr)=2%+1

27. Since  f(x)=2"" =21 the graph is
obtained by translating the graph of
f(x)=2" to the left 1 unit.

y

26. The graph of f(x)=2"—4 is obtained by
translating the graph of f(x)=2" down 4

units.

fx)=2"-4

28. The graph of f(x)=2""* is obtained by
translating the graph of f(x)=2" to the

right 4 units.
y

fay =24

X

29. The graph of f(x)=(L) -2 obtained by

translating the graph of f (x)= (%)X down

2 units.

30. The graph of f (x)=(%)x+4 is obtained

by translating the graph of f(x)= (%)Y up

4 units.




31.

33.

34.

35.

36.

37.

38.

39.

40.

Section 9.1: Exponential Functions 575

Since f(x)=(%)x+2 =(%)X_(_2), the graph 32. The graph of f(x)=(%)x_4 is obtained by

is obtained by translating the graph of

f(x)= (%)X 2 units to the left.

translating the graph of f (x)= (%)Y 4 units

to the right.

x+2 Y

= (4

a=23
Since graph A is increasing, @ > 1. Since graph A is the middle of the three increasing graphs, the
value of a must be the middle of the three values of a greater than 1.

a=1.8
Since graph B is increasing, a > 1. Since graph B increases at the slowest rate of the three increasing
graphs, the value of a must be the smallest of the three values of a greater than 1.

a=.75
Since graph C is decreasing, 0 < a < 1. Since graph C decreases at the slowest rate of the three
decreasing graphs, the value of a must be the closest to 1 of the three values of less than 1.

a=.4
Since graph D is decreasing, 0 < a < 1. Since graph D is the middle of the three decreasing graphs, the
value of a must be the middle of the three values of a less than 1.

a=.31
Since graph E is decreasing, 0 < a < 1. Since graph E decreases at the fastest rate of the three
decreasing graphs, the value of a must be the closest to 0 of the three values of a less than 1.

a=32
Since graph F is increasing, a > 1. Since graph F increases at the fastest rate of the three increasing
graphs, the value of a must be the largest of the three values of a greater than 1.

x

)=

W IHOO
amin=-18
amax=10

f(x)=5—

WIHOOL
Amin=-16
amax=10
swecl=1
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41.

42,

43.

44.

45.

f(x)zx-Zx

WIMHDOW
Amin=-5
AMax=5
ascl=1
Ymin=-2
Ymax=2
Yacl=1
#res=1

/

—

f(x)= x> 27"

WIMHDOW
Amin=-2
Amax=58
ascl=1
Ymin=-2
Ymax=5
Yacl=1

#res=1

e —

4 =2
() -
22x — 21
2x=1

X =

[

Solution set: {%}

125" =5
(5 =

k=2
k=-2
Solution set: {-2}

47.

48.

Solution set: {-2}

277 =8
27 =2?
3—-y=3

—y=0

y=0
Solution set: {0}

52p+l =25

52p+l _ 52

2p+1=2
2p=1
P=7

Solution set: {%}



49. M= (62 )

e4x71 =€2X
4x_1:2x
-1=-2x
1
7—.76'

Solution set: {%}

50. 637)6 = (63 )—x

3—x — e—3x
—-x=-3x
=-2x
_3-
=X

Solution set: {—%}

51, 274 =9

() =)

33(42) _ 52(z+1)

312z _ 32242

127=2z+2

10z=2
z=1

Solution set: {%}

52. 32 =16""

) -(2)"

25t — p4(1=1)
251 — 24—4r
St=4-4¢
9r=4
(=4

9

Solution set: {%}

Section 9.1: Exponential Functions

53. 432 = p3x+3
(22 )x—2 — p3ut3
22(x_2) — 23x+3

22x74 — 23x+3

2x—4=3x+3
—4=x+3
—T=x

Solution set: {7}

54. (%)3)676 = 8x+l
3x-6 x+1
) =)"
5~ (3x-6) _ 53(x+1)
2—3x+6 — 23x+3
-3x+6=3x+3
6=6x+3
3=6x
b=x

Solution set: {%}

o = —-2(x+1)
eX =e—2x—2
x=-2x-2
3x=-2
=_2
*=73

Solution set: {—%}

ekfl _ —4(k+1)

okl = p4k—4

k—-1=—-4k—-4
Sk—1=-4

Sk=-3=k=-2

Solution set: {—%}

577
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5. (V2 )”4 — 4
(21/2)X+4 _ (22 )x

H(1/2)(x+4) _ 2x
2(1/2)x+2 — 22x
%x+2 =2x
2=2x

n=4
2= 3

4
3

X =

Solution set:

W v

1 _ -3
27_b

59.
b=3
Alternate solution:
_ 13
L=b
11
27 B
27=b°
b=327=3

Solution set: {3}

58.

60.

() (4
(51/3 )—x _ (571 )x+2

5-(1/3)x _ 5~(x+2)

5-(1/3)x _ g-x-2

1, —
—3x=—x-2
2, =
gx——Z
x=—2-%=—3

—4
3=k
11
81 i
81=k*
k=481
k=13

Solution set: {-3,3]}

61. 4=r"3=4%2= (r2/3)3/2 = (i\/Z)3 =r=>r= (iZ)3 =r=18

One should check all proposed solutions in the original equation when you raise both sides to a power.

Check r =-8.
4=r2/3
4=(-8)"" 2
4=(3-8 )2
4=(-2)
4=4

This is a true statement.
—8 1is a solution.

Solution set: {-8,8}

Check r =8.
4=r2/3
4=8" 2

2
4=(3)
4="2?
4=4

This is a true statement.
8 is a solution.



62.

63.

64.

Section 9.1: Exponential Functions

2/5 2
=322 () =320 5 =30 = = (B2) 3=V =2=4

One should check all proposed solutions in Check z =4.

the original equation when you raise both 512 _ 39

sides to a power. L=
42 =32 7
5

(Va) =32

2’ =32

32=32

This is a true statement.
4 is a solution.
Solution set: {4}

(a) Use the compound interest formula to find the future value, A= P (1 + i)tm , given m=2,
P =8906.54, r =.05, and t=9.

9(2)

A=P(1+2)" =(8906.54)(1+-3)"" = (8906.54) (1+.025)"" =13,891.16276

Rounding to the nearest cent, the future value is $13,891.16.
The amount of interest would be $13,891.16 —$8906.54 = $4984.62.

(b) Use the continuous compounding interest formula to find the future value, A = Pe'"", given
P =8906.54, r=.05, and t =9.

A= Pe" =8906.54¢™) =8906.54¢ ~8906.54(1.568312) ~13,968.23521

Rounding to the nearest cent, the future value is $13,968.24.
The amount of interest would be $13,968.24 — $8906.54 = $5061.70.

(a) Use the compound interest formula to find the future value, A= P(1 +i)tm , given m=4,
P =56,780, 7 =053, and =2,

3

A=P(1+2)" =(56,780)(1+22)" = (56,780) (1+.01325)" = 76,855.9462

Rounding to the nearest cent, the future value is $76,855.95.
The amount of interest would be $76,855.95—-$56,780 = $20,075.95.

(b) Use the continuous compounding interest formula to find the future value, A = Pe'"’, given
P =56,780, r =.053,and t =15.

A=Pe" =56,780¢" %) = 56,780¢ 7 = 56,780 (2.214441) = 125,735.9598

Rounding to the nearest cent, the future value is $125,735.96.
The amount of interest would be $125,735.96—$56,780 = $68,955.96.

579
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65. Use the compound interest formula to find the present amount, A= P (1 +ﬁ)tm , given m =4,

A =25,000, r=.06, and ¢ = 17.

A=P(1+L)"

)(11/4)(4) 25,000

25,000 = P(1+-%¢ o1 ~

=25,000=P(1.015)" = P= $21,223.33083

Rounding to the nearest cent, the present value is $21,223.33.

66. Use the compound interest formula to find the present amount, A= P (1 +ﬁ)tm , given m=12,
A=45,000, r=.036,and r =1.
A=P(1+L)"
45,000

45,000 = P(1+23)"® = 45 000 = P(1.003)> = P =20 _ 443 411.15267
12 (1 003)12

Rounding to the nearest cent, the present value is $43,411.15.

67. Use the compound interest formula to find the present value, A= P (1 + #)tm , given m =4,
A=5,000, r=.035, and ¢ =10.

A=P(1+2)"

m

5,000

5,000 = P(1+43)"Y = 5,000 = P(1.00875)"" = P = ( " $3528.808535
100875

Rounding to the nearest cent, the present value is $3528.81.

68. Use the compound interest formula to find the interest rate, A= P (1 +ﬁ)tm , given m=12,

A=65,325, P=65,000, and 1 = & = 1.

A=P(1+L)"

, )(1/2)(12)

65,325=65,000(1+75

= 65,325 =65,000(1+ %)’
1005 = (144)" = (1.005) = 1+% = (1.005) ~1 = 5 = 12[(1.005)% —1} —r

r=.0099792301
The interest rate, to the nearest tenth, is 1.0%.

69. Use the compound interest formula to find the interest rate, A= P (1 +#)tm , given m=4,
A=1500, P =1200, and ¢ =5.
A=P(1+L)"
5(4) 20 20
1500=1200(1+%)" " =1500=1200(1+%)" =1.25=(1+%)
(1.25)7 =1+£ = (1.25)7 -1 =§:>4[(1.25)% —1} =

r =.044878604
The interest rate, to the nearest tenth, is 4.5%.
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70. Use the compound interest formula to find the interest rate, A= P (1 +ﬁ)tm , given m=4,
A =8400, P=5000, and 7 =8.

A=P(1+x)"

m

3(4) 32 32
8400=5000(1+%)" " = 8400 =5000(1+%)" =1.68=(1+%)
(1.68)¥ =1+ =5 (1.68)7 ~1=2 = 4[(1.68)5 —1} =r

r=~.0653777543
The interest rate, to the nearest tenth, is 6.5%.

71. For each bank we need to calculate (1+ﬁ)m. Since the base, 1+ﬁ, is greater than 1, we need only

compare the three values calculated to determine which bank will yield the least amount of interest. It
is understood that the amount of time, ¢, and the principal, P, are the same for all three banks.

Bank A: Calculate (1+#)m where m=1 and r=.064.
(1+955)' = (1+.064)' = (1.064)' =1.064
Bank B: Calculate (1+$)m where m=12 and r=.063.
(1+953)" = (1+.00525)"* = (1.00525)'* = 1.064851339
Bank C: Calculate (1+$)m where m=4 and r=.0635.

(1+035)" = (1+.015875)" = (1.015875)" = 1.06502816

Bank A will charge you the least amount of interest, even though it has the highest stated rate.

72. Given P =10,000, r=.05,and r=10, the compound interest formula, A= P(l+#)tm, becomes

A=10,000(1+-5)"""

@ m=1=A=10,000(1+2)" " =10,000(1+.05)"° = 16,288.94627
Rounding to the nearest cent, the future value is $16,288.95.

) m=4=A=10,000(1+2) " =10,000(1+.0125)" ~ 16,436.19463
Rounding to the nearest cent, the future value is $16,436.19.

(© m=12=4=10,000(1+4)"" =10,000(1+)™ ~16,470.00498
Rounding to the nearest cent, the future value is $16,470.09.

(@ m=365=A=10,000(1+)""* =10,000(1+-2)*" = 16,486.64814

Rounding to the nearest cent, the future value is $16,486.65.
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73. (a) (WIHDOL
smin=-1666 o
smax=11606E o

Ascl=186E LI

Ymin=8 LI
Wmax=1208 og,
Yecl=1006

Ares=1

(b) From the graph above, we can see that the data are not linear but exponentially decreasing.

(c)

(d) P(.x) - 10136*.0001341X
P(1500) =1013¢~ 9034139 < 1013(.817790) = 828

P(11,000) = 1013¢™ 004101000 < 1013(1228756) = 232

When the altitude is 1500 m, the function P gives a pressure of 828 mb, which is less than the
actual value of 846 mb. When the altitude is 11,000 m, the function P gives a pressure of 232 mb,
which is more than the actual value of 227 mb.

74. y=6073¢""7
(a) 2000 is 10 years after 1990, so use x =10.
y=6073¢"700) = 6073¢17 = 6073(1.146828) ~ 6965

The function gives a population of about 6965 million, which differs from the actual value by
6965—-6079 =886 million.

(b) 2005 is 15 years after 1990, so use x =15.
vy =6073¢"3719) = 607302055 ~ 6073(1.228139) ~ 7458

The function gives a population of about 7458 million.
(c) 2015 is 25 years after 1990, so use x =25.

y=6073¢"7®) = 6073¢34 ~ 6073(1.408464) ~ 8554

The function gives a population of about 8554 million.
(d) Answers will vary.

75. (a) Evaluate 7 =50,000(1+.06)" where n=4.
T =50,000(1+.06)* =50,000(1.06)" ~ 63,123.848
Total population after 4 years is about 63,000.
(b) Evaluate T = 30,000(1+.12)” where n=3.
T =30,000(1+.12)° =30,000(1.12) = 42,147.84
There would be about 42,000 deer after 3 years.
(¢) Evaluate T =45,000(1+.08)" where n=35.
T =45,000(1+.08) = 45,000(1.08)” = 66,119.76346

There would be about 66,000 deer after 5 years. Thus, we can expect about
66,000—45,000 =21,000 additional deer after 5 years.



76. p(t)=250—-120(2.8) "
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1.

10.

Section 9.2: Logarithmic Functions

(@) p(2)=250-120(2.8)* =250—-120(2.8)"' = 207.1428571
After 2 months, a person will type about 207 symbols per minute.

(b) p(4)=250—-120(2.8) """

=250-120(2.8) = 234.6938776

After 4 months, a person will type about 235 symbols per minute.

(¢ p(10)=250-120(2.8)""""”

=250-120(2.8)" = 249.3027459

After 10 months, a person will type about 249 symbols per minute.

(d) The number of symbols approaches 250.

(@) C; log,16=4 because2* =16.
(b) A; log;1=0 because3’ =1.

(¢) E; log,,.1=—1 because10™' =.1.
(d) B; log,v2 =1 because2'’* =+/2.

(e) F; log, (g%) =-2 becausee > = ELZ

-3
® D; log,,, 8=-3 because (%) =8.

3*=81is equivalent to log, 81 =4.

2° =32 is equivalent to log, 32 =5.

3 8

107* =.0001 is equivalent to
log,.0001 = —4.

loge 36 =2 is equivalent to 6% =36.

logs 5 =1 is equivalent to 5' =5,

8
log\/g 81=28 is equivalent to(\/g) =8l.

log, &-=-3 is equivalent to 473 = o

11. Answers will vary.

12.

log, 1=0 for all real numbers a, because

a’ =1, (a#0) for all real numbers a.

-3 . .
(2) " =% is equivalent tolog,,; 2L = -3.

13.

14.

15.

16.

(a) F; log;81=4 because 3" =16.

(b) B; log;§=—1 because 37! =1
2 _

(¢) A; log,,.01=-2 because10™" =.01.

(d) D; logg/6 =1 because 6% =/6.
(e) C; log,1=0 because & =1.

(®) E: log;27"° =%

3/2

because 3°/2 = (33) =27%2

55=5%=x=—4

Solution set: {—4}

x=log; g
x_ 1 x _
3 _ﬁ:>3 —3%
3 =3t=x=-4

Solution set: {—4}

x =log;,.001
10" =.001=10"=10""
x=-3
Solution set: {-3}

Solution set: {-3}

583
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17. x =logg 48 18. x =8log; 10
8* =48 = 8* =g/ x =log,y10°
x=7 100" =10° = 100" =10°*)
Solution set: {1} 100" =(102)" = 100* = 100"
x=4

Solution set: {4}

19. x=3"&8; Writing as a logarithmic equation we have log; 8 =log; x which implies x = 8.
Using the Theorem of Inverses on page 410, we can directly state that x =8.
Solution set: {8}

20. x=12'en3; Writing as a logarithmic equation we have log;, 5 =1log,, x which implies x = 5.
Using the Theorem of Inverses on page 410, we can directly state that x =5.
Solution set: {5}

21, x=2"%° Writing as a logarithmic equation we have log, 9 =log, x which implies x =9.
Using the Theorem of Inverses on page 410, we can directly state that x =9.
Solution set: {9}

22, x=gossl! Writing as a logarithmic equation we have logg11=1ogg x which implies x =11.
Using the Theorem of Inverses on page 410, we can directly state that x=11.
Solution set: {11}

23. log, 25=-2
x2=25=x2=5"> (x—z )‘1/2 _ (52)—1/2

1

x=5" Youdonotinclude a *+ since the base, x, cannot be negative.

-
Solution set: {%}
24. log, L=—
)C_2 =%:> )C_2 =2—14 = )C_2 — 2—4 = (x—2)_1/2 _ (2_4)—1/2

x=2% You do not include a + since the base, x, cannot be negative.
x=4
Solution set: {4}

25. log, x=3 26. log, x=-1
43 =x 2=
64 =x %:x

luti t: {64
Solution set: {64} Solution set: {%}
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27. x=log, 6 29. log 3=-1
X — — -1 —
4" =316 x1=3:>(x1) =37
4* =(16)1/3 x:%
/3
4= (42) Solution set: {%}
4x :42/3
x=2 30. log,1=0
0 _
x =1
Solution set: {%} This statement is true for any valid base, x.

Solution set: (0,1)U(1,e0)
28. x =logs (‘/E
5 =425 = 5" =(25)"*

5 (52)”4 — 5% 5204

31. Answers will vary.

5°=5"=x=1

Solution set: {%}

32. y(2.2319281) represents the exponent to which 2 must be raised in order to obtain x (5).

For Exercises 33 — 35, refer to the following graph of f (x)=1og, x.

Yy
1
x
02 4
S(x) = logy x
33. The graph of f(x)=(log, x)+3 is obtained 34. The graph of f(x)=1log,(x+3) is obtained
by translating the graph of f(x)=1log, x up by translating the graph of f(x)=1log, x to
3 units. the left 3 units. The graph has a vertical
y asymptote at x = 3.

f(x) = (log,x) +3

S(x) =log,(x +3)
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35. To find the graph of f( x):|log2(x+ 3)|’ replaced by its opposite, which is positive.

translate the graph of f(x)=log, ¥ to the The graph has a vgrtlcal asymptote at x = -3.

left 3 wunits to obtain the graph of
log,(x+3). (See Exercise 34.) For the
portion of the graph where f(x) >0, that is,
where x =-2, use the same graph as in 34.

For the portion of the graph in 34
where f(x) <0, -3<x<-2, reflect the

_ . . |
graph. about the x-axis. In this way, eac.h £() = |log,(x +3)|
negative value of f(x) on the graph in 34 is

For Exercises 36 — 38, refer to the following graph of f (x)=1log,,, x.

flx) = logy,x

36. The graph of f(x) =(10g1/2 x)=2 s 37. The graph of f(x)=log,,(x—=2) is
obtained by translating the graph of obtained by translating the graph of
f(x)=1log;,, x down 2 units. f(x)=log,,, x to the right 2 units. The

graph has a vertical asymptote at x = 2.
y

fx) = lOgl/z(x -2)

fx) = (lOgl/z x)-2

38. To find the graph of f(x)= | log,,, (x—2) | translate the graph of f(x)=1log,,, x to the right 2 units to
obtain the graph of log;,,(x—2). (See Exercise 37.) For the portion of the graph where f(x) =0, that
is, where 2 < x <3, use the same graph as in 37. For the portion of the graph in 37 where f(x) <0, x

> 3, reflect the graph about the x-axis. In this way, each negative value of f(x) on the graph in 37 is
replaced by its opposite, which is positive. The graph has a vertical asymptote at x = 2.

fx) = |1081/2 (x- 2)|



39.

40.

41.

45.

46.

Because a vertical

f(x)=log, x has
asymptote, which is the y-axis (the line
x=0), x-intercept of 1, and is increasing,
the correct choice is the graph in E.

Because f(x)=log,2x has a vertical

asymptote, which is the y-axis (the line
x=0), has an  x-intercept = when
1
2
correct choice is the graph in D.

2x=1=>x= and is increasing, the

Because f(x)=log,L=log, x' =—log, x,
it has a vertical asymptote, which is the y-
axis (the line x=0), has an x-intercept 1,
and is the reflection of f(x)=1log,x across

the x-axis, it is decreasing and the correct
choice is the graph in B

f(x)=logsx

42,

43.

44.

Section 9.2: Logarithmic Functions 587

Because  f(x)=log,% has a vertical

asymptote, which is the y-axis (the line
x=0), has an x-intercept when
% =1= x=2, and is increasing, the correct

choice is the graph in C.

Because f(x)=log,(x—1) represents the

horizontal shift of f (x)=1log, x to the right
1 unit, the function has a vertical asymptote
which is the line x=1, has an x-intercept
when x—1=1=x=2, and is increasing,
the correct choice is the graph in F.

Because represents a

f(x)=log,(~-x)

reflection of f (x)=1log,x over the y-axis,

it has a vertical asymptote, which is the y-
axis (the line x=0), and passes through

(=1,0), the correct choice is the graph in A.

Since f (x) =y =logs x, we can write the exponential form as x =35" to find ordered pairs that satisfy

the equation. It is easier to choose values for y and find the corresponding values of x. Make a table of

values.
X y=logsx
55=.04 -2
1=2 -1
1 0
5 1
25 2

The graph can also be found by reflecting the graph of f(x)=5" about the line y = x. The graph has

the y-axis as a vertical asymptote.

f(x)=log;y x

Since f (x) =y=log,,x, we can write the exponential form as x=10" to find ordered pairs that

satisfy the equation. It is easier to choose values for y and find the corresponding values of x. Make a

table of values.

X y=log,yx
5 =-01 -2
+L=1 -1
1 0
10 1
100 2

The graph can also be found by reflecting the graph of f(x)=10" about the line y =x. The graph has

the y-axis as a vertical asymptote.
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47. f(x)=10g1/2(1_x)
Since f(x)=y=log;,(1-x), we can write the exponential form as 1—x= (%)‘ =X =1—(%)y to

find ordered pairs that satisfy the equation. It is easier to choose values for y and find the

corresponding values of x. Make a table of values.

X y=log;;(1-x)
-3 -2
-1 -1
0 0
1=5 1
% =5 ) Sf&) =logy,,(1-x)

The graph has the line x =1 as a vertical asymptote.

48. f(x)=log,;5(3—x)
Since f(x)=y=Ilog,;;(3—x), we can write the exponential form as 3—x = (%)y = sz—(%)y to

find ordered pairs that satisfy the equation. It is easier to choose values for y and find the

corresponding values of x. Make a table of values.

x y =logy/3(3-x) 1
-6 -2
-1
2 0
8227 1
£=29 2 f(x) =logy3 (é -Xx)

The graph has the line x =3 as a vertical asymptote.

49. f(x)=logz(x—-1)
Since f( ): y :10g3(x—1), we can write the exponential form as x—1=3" = x=3"+1 to find

ordered pairs that satisfy the equation. It is easier to choose values for y and find the corresponding

values of x. Make a table of values.

X y=log3(x—1) y

D=11 -2

§:1.3 -1 N
2 0
4 1 5 1 .
10 ) f(x) =log3(x - 1)

The vertical asymptote will be x = 1.



50.

51.

52.

53.

54.

5S.

56.

57.

59.
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f(x)=log, (x2)
Since f(x)=y=log, (xz), we can write the exponential form as x* =2 to find ordered pairs that

satisfy the equation. It is easier to choose values for y and find the corresponding values of x. Make a
table of values.

x y=logsx
ty=ti=%5 -2
/i =17 -
+1 0
2 ~+14 1
+2 2 f(x) = logy(x?)

The graph has the y-axis as a vertical asymptote and is symmetric with respect to the y-axis.

f(x)=xlog;p x

WIHOOW
Aamin=-1
AMAX=S
necl=1
‘Ymin=-1
Vmax=3
Yeol=1 I
Ares=1

f(x) = x*log,q x

WIMHDOW
amin=-1
AMax=5
ascl=1
Ymin=-.5
Ymax=2
Yacl=1
#res=1

10g2“‘10g26x log, y =log, 6+log, x—log, y

10g3 =log;4p—log; g=1log;4+log; p—log; q

log5 - log; 5\/7—10g5 3=logs5+1logs J7 —logs3=1+log; 712 —logs3=1 +%10g5 7-logs3

log, == 25 log, 2.3 —log, 5=log, 2 +log, NG} —log,5=1+log, 32 —log,5= 1+%log2 3-log,5

log,(2x+5y) 58. loge(7Tm+3q)
Since this is a sum, none of the logarithm Since this is a sum, none of the logarithm
properties apply, so this expression cannot properties apply, so this expression cannot
be simplified. be simplified.

logm\/:—logm( . )1/2 Llog,, & - L(log 51 ~log,, z )

2
=1(log,,5+log,, r* ~log,, z°) =1 (log,, 5+3log,, r5log, z)
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60. long=logp (%)1/3=%10gp(m:2”4)

:%(logp m’ +log,, n* ~log, tz) :%(5 log, m+4log,n—2log, )
61. log, x+log, y—log, m=log, xy—log, m=log, -
62. (log, k—log, m)—log, a =log, £ —log, a = log, X
3
63. 2log, a—3log, b’ =log, a’ ~log, (b*] =log, a* ~log,, b° =log,,

(p3q4)1/2
y (p4q3)2/3
32 2 Pl

~log, pmzz —log, Lo Lo =log, ( (9/6)—(16/6)):10gy(p—ws)

64. %logyp q __log» q =log, ( 3 4)1/2_10gy( 4 3)2/3=10g

65. 2log,(z—1)+log, (3z+2), z>1

2log, (z—1)+log, (3z+2) =log, (z—1)’ +log, (3z+2) =log, [(z -1’ (32 +2)J

6. log, (25 +5)~log, (+3) =log, (2y-+5) ~log, (y+3)"* =log, 27> = log, 322

67. —2logs 5m” +1logs 25m” = logs (sz)—zm +logs (25m2 )1/2 g [(sz )72/3 ' (25m2)1/2}
=logs (5—2/3m_4/3 -Sm) = logs (5—2/3 5l 3 -ml)

:10g5 (51/3 .m*1/3) zlogs% or 10g5%/%

3/4 2/3 16p4) "
68. —2logy16p* —2log; 8p° =log, (16p") ~ —logs(8p°) :log{((&"%
16—3/4p—3

-3
=log;—23—~=Io L~ =log;—<=Io
4p2 g3 4p2‘p3 g3 23~4p2+3 g3 8~4p5 g3

=1lo 1
23 32p°

69. log,6=1log,, (2-3)=1log,,2+log,y3=.3010+.4771=.7781
70. log,o12=log,(3-2%) =log,g 3+2log,y 2 = 4771+2(.3010) = 4771+.6020 = 1.0791

71. log,y2 =log,, 9—log,y 4 =log,, 3* —log,, 2
=2log,;3-2log,, 2 =2(.4771)-2(.3010) =.9542 - .6020 =.3522

72. log;y 2 =log,) 20—log,, 27 =log,y (2-10)—log,, 3’ =log,, 2 +log,, 10— 3log;, 3
=.3010+1-3(.4771)=.3010+1-1.4313=-.1303

73. log,/30 =log, 30" = Llog,, 30 = Llog,, (10-3)

=1 (logyo 10+1log 3) = 1 (1+.4771) = 1 (1.4771) = 7386

1
2



74. log,(36'" =1log, 36 ="1log,, 6 =2log,,(2-3)

3

75. (a) If the x-values are representing years, 3 months is 5

Section 9.2: Logarithmic Functions

1
3
2(logyg 2+logyg 3) = 2(.3010+.4771) = 2(.7781) = 5187

1
4

L] = | (WIHDO
______ Bmin=g

(b) Answers will vary.
76. (a) From the graph,log;.3=-1.1

(b) From the graph, log;.8 =—-.2

77. f(x)=log,x and f(3)=2

2=loga3:>a2=33(a2)1/2=31/23a=\/§

(There is no = because a must be positive and not equal to 1.)

We now have f (x) =log ; x.

@ ()l
y—logﬁ%
(3) =4
) =2
3v/2 _ 32
F=-2
y=-4

78. (5, 4) is equivalent to stating that when x = 5 we have y
have 4=1log, 5.

(b) f(27)=log ;27

y= logﬁ 27
() =21
(32) =5

32 =3
+=3

y=6

=4. Sofor f(x)=log, x ory=Ilog,x, we

.25 yr and 6 months is
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Section 9.3: Evaluating Logarithms; Equations and Applications

1.

23.

For f(x)=a*, where a > 0, the function is
increasing over its entire domain.

For g(x) =log, x, where a > 1, the function

is increasing over its entire domain.

fx)=5"
This function is one-to-one.
Step I Replace f(x) withy and
interchange x and y.
y=5"
x=5"
Step 2 Solve for y.
x=5"
y=logs x
Step 3 Replace y with f7'(x).

7 (x)=logs x

Since 4"°%!1 =11, the exponent to which 4
must be raised to obtain 11 islog, 11.

A base e logarithm is called a natural
logarithm, while a base 10 logarithm is
called a common logarithm.

log, 0 is undefined because there is no
power of 2 that yields a result of 0. In other
words, the equation 2* =0 has no solution.

Grapefruit, 6.3x107*

8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

Let log,12=ux. 2% =12.

Since2® =8 and2* =16, log,12 must lie
between 3 and 4.

This implies

log 8 =.90308999

In2.75=1.0116009
log 36 = 1.5563

log 72 = 1.8573

U

log .042 = -1.3768

log .319 = —.4962

log(2x10*) = 4.3010

log(2x107*) = =3.6990

In36 = 3.5835
In72 = 4.2767
In .042 = 3.1701

In 319 = —1.1426

ln(2><e4):4.6931

1n(2><e*4) ~-3.3069

pH = —log[H30+} =—1log(6.3x10™ ) =—(log6.3+1log10™* ) == (.7793—4) = ~.7993+4 = 3.2

“logcs. FelEn o g0
32806539451

The answer is rounded to the nearest tenth because it is customary to round pH values to the nearest

tenth. The pH of grapefruit is 3.2.
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24. Crackers, 3.9x1 0~

25.

26.

217.

pH = —log[H3O+] =-log(3.9x10”) = ~(log3.9+10g10™ ) =—(.59106 - 9) = — (~8.409) = 8.4

51-:-9'13. 1EC =90
8. 4E39E5393

The answer is rounded to the nearest tenth because it is customary to round pH values to the nearest
tenth. The pH of crackers is 8.4.

Limes, 1.6x107
pH = —log[H3O+] =—log(1.6x10) = (log1.6+10g107? ) =—(2041-2) = (~1.7959) = 1.8

“logil.gkl@™ =20
1.795830817

The pH of limes is 1.8.

Sodium hydroxide (lye), 3.2x107*
pH = —log[H30+} =—log(3.2x107*) =~(log3.2+log 107 ) =~ (.5052~14) = —(~13.49) = 13.5

-1o90 2. 2160 40
3. 494850822
The pH of sodium hydroxide is 13.5.
Soda pop, 2.7 28. Wine, 3.4
pH=—10g[H3O+J pH=—10g[H3O+J
2.7 =~log H;0" | 3.4=—log[ H;0" |
2.7 =log| H;0" | ~3.4=log| H,0"|
[H,0% |=1077 [H,0% |=107
O el aoszes 0 adido 700 -4

[H;07 |=2.0x107 [H;0 |=4.0x107*
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29. Beer, 4.8
pH =—10g[H30+]
4.8 =—log| H;0" |
~4.8=log H;0" |
[H,0% [=107*8

164,28
1.584893192e-3

[H;07 |=1.6x107

31. Wetland, 2.49%107

pH= —log[H30+]
=—log(2.49x107°)
=—(log2.49+10g107)
=—log2.49—(-5)
=—log2.49+5

pH =4.6

Since the pH is between 4.0 and 6.0, it is a

poor fen.

Wetland, 2.49x1077

pH = —log[H30+J

=—log(2.49x107)

33.

~(log2.49+10g107)

—log2.49—(-7)
=—log2.49+7
pH =6.6

Since the pH is greater than 6.0, it is a rich
fen.

34.

30. Drinking water, 6.5

pH =—10g[H30+]
6.5 =—log| H;0" |
~6.5=log| H;0" |
[H,0% [=1077

16~ -&
|

=)
B2ZVTERE T

[H;07 |=3.2x107

32. Wetland, 2.49%x1072

pH = —log| H;0" |
=—log(2.49x107?)
=—(log2.49+10g107?)
=—log2.49—(-2)
=—log2.49+2

pH=1.6
Since the pH is 3.0 or less, it is a bog.

(a) log398.4 = 2.60031933
(b) log39.84 = 1.60031933
(¢) log3.984 = .6003193298

(d) The whole number parts will vary, but
the decimal parts will be the same.

For Exercises 35 — 42, as noted on page 437 of the text, the solutions will be evaluated at the intermediate
steps to four decimal places. However, the final answers are obtained without rounding the intermediate

steps.

Ins L L6094 5 3219

35. logy 5=15 = “go31
We could also have used the common

logarithm. log, 5= {253 =429 ~2.3219

36. log, 9 =103 =~ 21972 - 3 1699

2" 6931
We could also have used the common

logarithm. log, 9= izig ~ 58 ~3.1699




Section 9.3: Evaluating Logarithms; Equations and Applications 595

log.59 = — _log.71 1 _
37. logg.59= Togs = 9031 =—2537 38. logg.71= Togg = 9031 =~—.1647
We could also have used the natural We could also have used the natural
logarithm. logg.59 = 1122 = 23216 ~ _ 2537 logarithm. logg.71= 101 ~ 23938 ~ — 1647
. _qali2 __Inl2 _ nl2 _2
39. Since V13=13"2, we have log gz 12=12 = L~ 2 =1.9376.

The required logarithm can also be found by entering In/13 directly into the calculator.

logl2 _ logl2 ~ L0792 _
log\13 llogl?; .5570 ~1.9376

We could also have used the common logarithm. log NE 12=

. _10l/2 __In5 _ _In5 _ 1
40. Since v/19=19""%, we have log 155 =085 = it ~ 455 = 1.0932

The required logarithm can also be found by entering In/19 directly into the calculator.
log5 _ _log5 _ 6990 _ ~1.0932

log\/ﬁ - %10g19 6394

We could also have used the common logarithm. log Jio 5=

41. log 35 =il ~ 820~ —1.4125
: —_In5 _ 16094 _
We could also have used the natural logarithm. log 5, 5 =155 = =557 = —1.4125

_ log8 9031 _
42. loggy 8= logg9l~T4110~_22'0488

We could also have used the natural logarithm. log ¢, 8 =188 =~ 20194 ~ _23 (0488

In.91 = —.0943

43. g(x)=¢* 4. f(x)=3"

(@) g(In3)=e"=3 () f(logy7)=3"8"=7

®) ¢ [1 )J 2 or 25 () f[logs(In3)]=3"") =1n3

© g[In(L)]=e"Ve = (© f[logs (21n3)]=3°=C"

=2In3or In9

45. f(x)=Inx 46. f(x)=log, x

(a) f(e5)=1ne5=5 @ f(2*)=log,2’=3

® f (e‘“3) =Ine™ =1n3 M f (21"822) = log, 222 =log,2=1

© f(e)=Ine’™ =2In3or In9. © f (22‘°g22) = log, 2%"°&:2

=2log,2=2-1=2
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47.

d= 1010g1L, where d is the decibel rating.

(a) d=10log 100’0

=1010g10100=10(2)=20
(b) d=10lo g“’(’f’o

48. d = 1010g1L, where d is the decibel rating.

(a) d=10log “510

= 1010g115 =21
(b) d=10log 9,500,000/
O

=1010g 9,500,000 = 70
1,200,000,0001,
1y

— 10log,, 1000=10(3) =30
100,000, =
(¢) d=10log T 0 (¢) d=10log

=10log1,200,000,000 = 91
895,000,000,0001,
(d) d =10log ZX0X0C00

=10log;, 100,000 = 10(5) =50
1,000,0007,
d) d= IOIOgI—OO
=101og 895,000, 000,000 =120

109,000,000,000,000/,
0

=101log109,000,000,000,000 = 140

=10log,, 1,000,000 = 10(6) = 60
(e) I1=2I,
d =10log 7= 2 —10log2 ~3.0103

The descrlbed rating is increased by
about 3 decimals.

49. r=log, IL, where r is the Richter scale rating of an earthquake.

h ~1og,,1000 =3

1,000. 00010

(a) r= loglo
(b) r=log,

© r=log, m = log,, 100,000,000 =8

=1log,, 1,000,000 = 6

50.  r=log,
0
6.7=logo =107 == [,10°" =1 = 1 =5,011,8721,

The reading was about 5,000,000 /.

51. r=10g10i
8.1=log;p 1= 104 = += 1,10 =1 = I =~125,892,5411,

The reading was about 126,000,000 /,.

52. To find out how much greater the force of the 1985 earthquake than the 1999 earthquake, we need to

. . . .. 31 8.1 _
find the ratio of their reading in terms of /. ig‘”jﬂ == 104707 =10 = 25
0

It was about 25 times greater.

53. f(x)=-269+73Inx and in the year 2004, x = 104.
f(104)=-269+731n104 =70

Thus, the number of visitors in the year 2004 will be about 70 million. We must assume that the rate
of increase continues to be logarithmic.
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54. (a) f(t)=74.61+3.841nt, t>1
In the year 2002, = 8
f (8) =74.61+3.84In8 = 82.5951

Thus, the percent of freshmen entering college in 2004 who performed volunteer work during their
last year of high school will be about 82.5951%. This is exceptionally close to the percent shown
in the graph and to the actual percent of 82.6%.

(b) Answers will vary.

55. If a=.36, then S(n)=aln(1+2)=.36In(1+Z).
(@) 5(100)=.36In(1+12)~20269~2
(b) 5(200)=.36In(1+22)~22758~2
(¢) S(150)=.36In(1
( 1

n(1+12)~2.1725~2
(d) 5(10)=36In(

+10)~12095~1

56. If a =88, then S(n)=aln(1+2)=88In(1+-%).

(@) S(50)=.88In(1+3%)~3.5704~4

(b) S(100)=.88In(1+109)~4.1728~4

(¢) S(250)= .881n(1+%) ~4.9745=5
57. The index of diversity H for 2 species is given by H =—[P,log, P, + P, log, P,]. When P, = 100
and P, =3%-=.5 we have H =—[.5log,.5+.5log,.5]. Sincelog,.5=log,L=1log,2™" =-1, we have
H=-[5(-1)+.5(-1)]==(~1)=1. Thus, the index of diversity is 1.

58. H=[Rlog, P + P, log, P, +P;log, P, + P, log, P ]
—[:52110g, .521+.3241l0g, .324 +.081log, .081 +.074log, .074]

We need the change-of-base theorem to calculate each term. Using the natural log we have the
following.

~[.5211og, .521+.32410g, .324 +.0811og, .081+.074log, .074]
= —[ 52118321 4 304 10324 1 (31400814 (74 10074 ]
=-[.5211n.521+.3241n.324 +.0811n.081+.0741n.074]/In2

R I N L R
241k, 3240+, 881
Ine. @881 0+, @74 1nc
= W N Ty
1.588547772

The index of diversity approximately1.59.

59. Since x is the exponent to which 7 must be 60. Since x is the exponent to which 3 must be
raised in order to obtain 19, the solution is raised in order to obtain 10, the solution is
log19 In19 logl0 . In10
log;19 or fog7 O a7 - log; 10 or foz3 O n3 -
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61. Since x is the exponent to which % must be

raised in order to obtain 12, the solution is
rni2

ln( )

0g12

log;,, 12 or —x
log(3)

62. Since x is the exponent to which % must be

raised in order to obtain 4, the solution is
_log4 In4

tog(3) (3]’

or

log,,;4 or

63. 3 =6
In3* =In6
xIn3=1n6
x= M =~1.6309
Solutlon set. {1.6309}

64. 4 =12
In4* =1nl2
xIn4=In12
x= % =~1.7925
Solution set: {1.7925}

67.

61—2x — 8
In6"* =In8
(1-2x)In6=1In8

In8
1- 2x—]6

2x=1-

65.

In8
In6

x=(1-38) =
or
In6'"* =In8
(I-2x)In6=1n8
In6-2xIn6=1n8
—2xIn6=In8—-1n6

-xIn6*> =In$
—xIn36=In%

ln

X == = —.0803

-.0803

68.

Solution set: {—.0803}

66.

32)(75 — 13
In3*7° =1n13
(2x-5)In3=In13

_ & _1nl3
2x-5=%

2x=5+101

(5+ lr*13) 3.6674

In3
or

37 =13
In3**7° =n13
(2x-5)In3=In13
2xIn3-5In3=In13
xIn3’-1n3’ =1n13
xIn9-In243=1In13
xIn9=1In13+1n243
xIn9=1n3159

— In3159 3159 =3.6674

Solution set: {3.6674}

2X+3 =5.X
In2*" =In5*
(x+3)In2=xIn5
xIn2+3In2=x1n5
xIn2—xIn5=-3In2
x(In2-1In5)=-In2’
x(In2)=-In8
x= _1“28 ~2.2694

lng

Solution set: {2.2694}

6X+3 — 4x

In6"" =In4*
(x+3)In6=xIn4
xIn6+3In6=xIn4
xIn6—xIn4 =-3In6
x(In6—1n4) =-3In6
x(In¢)=-In6’
x(In3)=-In216
-In216

3
ln2

Solution set: {-13.2571}

=~-13.2571



70.

71.

72.

79.

80.

ex—l:4
Ine*!=In4
x—1=In4

x=In4+1=2.3863
Solution set: {2.3863}

e =12
Ine™* =In12
2—x=Inl2
—x=-2+In12

x=2-In2=-4849
Solution set: {—.4849}

265x+2 — 8
65X+2 — 4
Ine™*? =In4

S5x+2=In4
S5x=In4-2

x=1(In4-2)=-1227

Solution set: {—.1227}

10”77 =5
e3x—7 =%
Ine**’ =In4
3x=7=Ini
3x=Inl+7

x:i(lni+7) ~2.1023

Solution set: {2.1023}

log4x—log(x—3)=log2
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599

73. 2" =-3 has no solution since 2 raised to

74.

75.

76.

77.

78.

any power is positive.

Solution set: &

3" =—6 has no solution since 3 raised to

any power is positive.

Solution set: &

e et =e
£10r — ,20
10x=20

x=2

Solution set: {2}

eéx et 2621
e7x =€21
Tx =21

x=3

Solution set: {3}

In(6x+1)=In3

6x+1=3
6x=2

Solution set: {%}

In(7-x)=In12

T—x=12
-x=5
x=-5

Solution set: {5}

log%:log2:%=2:4x=2(x—3):4x=2x—632x=—62x=—3

Since x is negative, 4x is negative. Therefore, log4x is not defined. Thus, the proposed solution

must be discarded.

Solution set: &

In(—x)+In3=In(2x-15)=In(-3x)=In(2x—-15) = Bx=2x-15= Sx=-15=>x=3

Since x is positive, —x is negative. Therefore, ln(—x) is not defined. Thus, the proposed solution

must be discarded.
Solution set: &
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81. log(2x—1)+log10x=log10=>log[(2x—1)(10x)]|=1og10=> (2x—1)(10x) =10
20x° —10x=10=>20x" —10x-10=0=2x* —x—-1=0= (2x+1)(x-1)=0

2x+1=0o0r x—-1=0

X = —% x=1
Since x = —% is negative, 10x is negative. Therefore, log10x is not defined. This proposed solution
must be discarded.

Solution set: {1}

82. In5x-In(2x—1)=1In4

3 —In4 = HX

In 2x—1

2L =4=5r=4(2x-1)=>5x=8x-4=> 3x=-4=x=1%

Solution set: {%}

83. log(x+25)=1+log(2x—7)=log(x+25)-log(2x-7)=1=log,  £&E =1

225 210" = x+25=10(2x~7) = x+25=20x-70 = 25=19x-70 = 95=19x = 5=x

Solution set: {5}

84. In(5+4x)—In(3+x)=1In3

ln%zlnS: 5;4; =3:>5+4x=3(3+x):>5+4x=9+3x:>x+5=9:>x=4

Solution set: {4}

85. logx+log(3x—13)=1=log,[ x(3x—13)]=1

x(3x—-13)=10' = 3x* —13x=10=3x" —13x—10=0=> (3x+2) (x—5) =0
3x+2=0 or x-5=0
x=-% x=5
Since the negative solution (x = —l) is not in the domain of log x, it must be discarded.

3
Solution set: {5}

86. In(2x+5)+Inx=1In7
In[x(2x+5)|=In7 = x(2x+5)=7=2x" +5x =7 =0= (2x+7)(x~1)=0
2x+7=0 or x—-1=0
x=—= x=1

Since the negative solution (x = —l) is not in the domain of log x, it must be discarded.

2
Solution set: {1}

87. logg4x—logg (x—3)=logs12

logg*=logg12= 2 =12=4x=12(x-3) = 4x=12x-36 =36=8x =X =x = x =

[SYN=)

Solution set: {%}

88. log, 3x+log, 3=log, (2x+15)

log, | 3x(3) | =log, (2x+15) = 3x(3) =2x+15= 9x =2x+15=>Tx=15=> x =2

Solution set: {17—5}



89.

91.

93.

94.
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5X+2 — 22)(—1 90 6)(—3 — 34x+l
In5"*% = n 2> In6** =In3**!
(x+2)In5=(2x—-1)In2 (x=3)In6=(4x+1)In3
xIn5+2In5=2xIn2-1In2 xIn6-3In6=4xIn3+1n3
xIn5+In5% = xIn2? —In2 xIn6-1n6> = xIn3* +In3
xIn5+In25=xIn4-1In2 xIn6—-In216=xIn81+1In3
In25+In2=xIn4—xIn5 xIn6—xIn81=1In3+In216
In25+In2 = x(In4~In5) x(In6-In81)=In3+1n216
= el
_ In50 ‘
r= ln% X = ln(liil6)
81
xz—175314 X= 1n648
Solution set: {~17.5314} g
x=-24874
Solution set: {-2.4874}
Ine* —Ine’ =Ine’ 92. Ine* —2Ine=Ine
x-3=5 x—=2=4
x=8 x=6
Solution set: {8} Solution set: {6}
log,(log, x)=1=log, x=2' = log, x=2=x=2? = x=4

Solution set: {4}

logx = \/log x
(log x)2 = (‘llog)c)2 = (logx)2 =logx = (log x)2 —logx=0=>log x(logx—1)=0

log;px=0 orlog,x—1=0

601

x=10° log,gx=1

x=1 x=10'=10
Since the work involves squaring both sides, both proposed solutions must be checked in the original
equation.
Check x =1. Check x =10.

log x = \/log x log x = \/log x
logl=./logl? log10 = 4/log10 ?
0=+0 1=1

0=0 1=1
This is a true statement. This is a true statement.
1 is a solution. 10 is a solution.

Solution set: {1, 10}
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95. logx’ = (logx)2 = 2logx = (log )c)2 = (logx)2 —2logx=0=logx(logx—2)=0

96.

97.

log;, x=0
x=10°
x=1

Solution set: {1, 100}

or log;, x—2=0
log;px=2

x=10% =100

2 2
log, V2% =3=1247 =277 5 (V2 | = (22 2247 =2 528 =85 2 =4 x =12

Since the solution involves squaring both sides, both proposed solutions must be checked in the

original equation.

Check x =-2.

log, v 2x°

log, y/2(-2)°

log, \/@ =
log, g

log, \/27 =

log, 232

-~

(o8}

I
Pw P P Pw P P W

0~

This is a true statement.
—2 1is a solution.

Solution set: {-2, 2}

Double the 2000 value is
2 (7,990) =15,980.

f(x)=8160(1.06)"
15,980 =8160(1.06)"

15,980 _ x

=0 =1.06
47 _ x
25 =1.06

ln%: In1.06"

ln%: x1n1.06

x=11.53
During 2011, the cost of a year’s tuition,
room and board, and fees at a public
university will be double the cost in 2000.

98.

Check x =2.

log, V2x% =

log, 1/2(2)’
log, JZ(T) =
log, \/_ =

log, \/2_3 =

-~

Il
W W Pfw W Pjw e v

—
Qo

aQ
)

[\S)

2

[ ST )
(I

This is a true statement.
2 is a solution.

Fr)=1165(1-¢7"77)
(a) At the finish line r = 9.86.
£(9.86)=11.65(1-¢%"127) = 11.6451

He was running approximately 11.6451
m per sec as he crossed the finish line.

(b) 10:11.65(1—e"/1-27)

10 _|_ 1127

165 1~ ¢
—t/127 _1_ 10
€ =l-1ies
I S __10_
1.27_111(1 11.65)

t=-127In(1- %) ~2.4823

After 2.4823 sec, he was running at a
rate of 10 m per sec.



99. f(x)=

100. f (x)=-301ln3-

Chapter 9: Review Exercises 603

25
1+1364.3¢+/9316
(a) In 1997, x=97.
25
97) = =
f( ) 1+ 1364.3¢27/9316
In 1997, about 24% of U.S. children lived in a home without a father.

24

_ 25
1+1364.3¢ %9316

~x/9316 _ —x/9.316 _ _15 X 5 _ 15 .
13,643¢ =15=e = 13{643 = -3 —lnli643 = x=-9.316In 3,043 =63.47

During 1963, 10% of U.S. children lived in a home without a father.

(b) 10 = 10(1+1364.3¢7/°710) =25 = 10+13,643¢ /7% = 25

207
(a) The left side is a reflection of the right side across the vertical axis of the tower; the graph of
f (—x) is exactly the reflection of the graph of f (x) across the y-axis.

(b) xis half the length. We have x=1378=78744. The heightis f(7.8744)=—-301InZ1824 ~ 984 ft.

(¢) Lety =500 and solve for x.

_ X o500 _ 1 x . ,-500/301 _ x _ -500/301 _
500=-301In5%== -5 =In55==e =557 = x=207e =39

The height is 500 feet, about 39 feet from the center.

Chapter 9: Review Exercises

1.

y=log;x
The point (1, 0) is on the graph of every function of the form y =log, x, so the correct choice must be

either B or C. Since the baseisa=.3 and 0 <.3 <1, y=1log; x is a decreasing function, and so the
correct choice must be B.

y=e
The point (0, 1) is on the graph since ¢’ =1, so the correct choice must be either A or D. Since the

base is e and e > 1, y =e¢" is an increasing function, and so the correct choice must be A.

y=Inx=log, x
The point (1, 0) is on the graph of every function of the form y =log, x, so the correct choice must be

either B or C. Since the base is a = e and e > 1, y = In x is an increasing function, and so the correct
choice must be C.

y=(3)"
The point (0, 1) is on the graph since (.3)° =1, so the correct choice must be either A or D. Since the

baseis .3and 0<.3 <1, y=(.3)" is a decreasing function, and so the correct choice must be D.
25 =32 is written in logarithmic form as log, 32 =5.

100”2 =10 is written in logarithmic form as logo 10= %

-1 . . . . .
(%) =% is written in logarithmic form as log;,, 3 =—1.
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8.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

0+2

The y-intercept of f(x):(l.S)xJr2 is f(0)=(1.5)""=1.5>=225 and the x-axis is a horizontal

asymptote. Make a table of values, plot the points, and draw a smooth curve through them.

x f(x) y

—4 ~ .44 10

-3 ~.67

25 ~ .82 6

) 1

-1.5 ~1.22 2 ¥y = (1.5)x+2
-1 1.5 x
0 2.25 -3 3

log; 4 is the logarithm to the base 3 of 4. (log, 3 would be the logarithm to the base 4 of 3.)
The exact value of log; 9 is 2 since 32 =9,

The exact value of log; 27 is 3 since 3* =27.

log;16 must lie between 2 and 3. Because the function defined by y =log; x is increasing and
9<16<27, we havelog; 9 <log;16 <log; 27.

By the change-of-base theorem, log;16 = l](; gglf =106 ~2.523719014. This value is between 2 and 3,

as predicted in Exercise 12.

is —1 since 5! = L. The exact value of logs 1 is 0 since 50 =1.

The exact value of log, 5

1
5

logs .68 must lie between —1 and 0. Since the function defined by y =logs x is increasing and

%=.2< .68 <1, we must have logs.2<log;.68 <logs1. By the change-of-base theorem, we have

logs .68 = &% = I8 . _ 9306255723. This value is between —1 and 0, as predicted above.
25 In5

logy 27 :% is written in exponential form as 932 =27,

log3.45=.5378 is written in exponential form as 1037 =~ 3.45.

In45=3.8067 is written in exponential form as 897 < 45,

Let f(x) =log, x be the required function.
Then f(81)=4=1log,81=4=a"=81=a*=3"=a=3. The base is 3.

Let f (x)=a" be the required function.

Then f(-4)=Lt=a"=Lt=0a"=2"=0a=2 Thebaseis2.

logs 2 = logsy mn —log; 5r =logy m+log; n—(logs 5+1ogs r) =logy m+logyn—log; 5—log; r

5r



22,

23.

24,

25.

28.

29.

30.

32.

33.

Chapter 9: Review Exercises

logs (x2y4%) —logs x2y* (m3p)1/5

1/5
=logs x* +logs y* +logs (m3p) =2logs x+4logs y +%(log5 m3p)

=2logs x +4log; y+%(log5 m® +logs p) =2logs x+4logs y+L(3logsm+logs p)

log, (7Tk+5r%)
Since this is the logarithm of a sum, this expression cannot be simplified.
log 45.6 = 1.6590 26. In 470 = 6.1527
log .0411 = —1.3862 27. 1n 144,000 = 11.8776
To find log; 769, use the change-of-base theorem. We have log; 769 = %—729 =1n769 - 6.0486.
g3 In3
S 3
To find log,;33, use the change-of-base theorem. We have log,,; 3 = :ZZ = :2—% ~1.1592.
8 =32 3. =%
@) =2 () =)
23x _ 25 1 _ %
- - _3
3x=5=>x=3 x=3
Solution set: {%} Solution set: {%}
1027 =17

Take common logarithms of both sides since the base of the exponential is 10.
log10* =log17 = (2x-3)log10 =log17 = 2x—3 =log17
2x=logl7+3= x =122 21152

Solution set: {2.1152}

443 — g2x 34. =10

Take the natural logarithms of both sides. Take the natural logarithms of both sides.

Note: You could also solve by taking the
common logarithm of both sides.

In4** =In5*"
(x+3)In4=(2-x)In5
xIn4+3In4=2In5—xIn5
xIn4+xIn5=2In5-31n4
x(In4+In5)=1n5" -In4’

ex+1 :10
Ine*™ =1n10
(x+1)Ine=1In10
x+1=1n10
x=In10-1=1.3026
Solution set: {1.3026}

x(In4+1n5)=1n25-1n64 35. logg x=7%
=ap o =
nZ _3 —
x=oi <3138 x=y64 =4

luti t: {4
Solution set: {—.3138} Solution set: {4}
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36. In(6x)—In(x+1)=In4

Int5=In4

6x
x+1
6x=4(x+1)
6x=4x+4
2x=4
x=2

Solution set: {2}

37, loggx+1 =+
Jrrl=16"4
(Vert) =(16)

x+1=16"

x+1=4/16

x+1=4
x=3

Since the solution involves squaring both
sides, the proposed solution must be
checked in the original equation.

Check x =3.

loggVx+1=1%
loggV3+1=177?
10g16\/12%
log 042 =
%log164:%
172
Tlogis1677 =+
1.1_1
2271
1_1
177

This is a true statement.
3 is a solution.

Solution set: {3}

38. Inx+3In2=In2
Inx+In2’=n2

In(x-2*)=In2

=

In8x=In2
X

8x=2

X

8x? =2

2_1

X =y
—+1
x—iz.

Since the negative solution (x = —%) is not
in the domain of In x, it must be discarded.

Solution set: {%}

10" zx(x—S)
10=x2 —3x
0=x*>-3x-10

0=(x+2)(x—5)
x+2=0 or x-5=0
x=-2 x=5
Since the negative solution (x=-2) is not

in the domain of log x, it must be discarded.
Solution set: {5}

40. (a) 6.6:log10i
_ 1066
é-lO

1=1,10°° =3,981,071.711,
The magnitude was about 4,000,0001,.

b)  65=logy+

6.5 _
10%9 =L
1,109 =1

1=3,162,277.661,
The magnitude was about 3,200,0001,.

(c) Consider the ratio of the magnitudes.
4,000,000 1, _ 40 _ 5 _
3,200,000 1, 32 4 1.25
The earthquake with a measure of 6.6
was about 1.25 times as great.
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41. (a) 83= log,, IL 42. For 89 decibels, we have
0
I 1083 89=10 lOgL
= 10 ) Iy
8.9 =log+-
1=10%1, =199,526,231.51, 87,
The magnitude was about 200,000,0001. =10 = 1=10"1,
(b) 7.1=log,, L For 86 decibels, we have
0
—107! 86 =10log L
£=10 €%
8.6 8.6
1=10""1, ~12,589,254.121, =107 =1=10""1,.
The magnitude was about 13,000,0001,. To compare these intensities, find their ratio.
200,000,0001, _ 200 _ 10391, 8.9-8.6 3
(C) W,()()()I(:)_F~1538 108_612 =10 =10" =2

The 1906 earthquake had a magnitude
more than 15 times greater than the
1989 earthquake. Note: If the more
precise values found in parts a and b
were used, the 1906 earthquake had a
magnitude of almost 16 times greater
than the 1989 earthquake.

From this calculation, we see that 89
decibels is about twice as loud as 86
decibels. This is a 100% increase.

43. Substitute A = 5760, P = 3500, t = 10, m = 1 into the formula A = P(1 +L)”".

m

10(1)

1/10
) —1=r=r=.051

5760=3500(1++)"" = B8 = (140 = (88) " =14y (22

The annual interest rate, to the nearest tenth, is 5.1%.

44. Substitute P = 48,000, A = 58,344, r = .05, and m = 2 into the formula A= P(1+£)"

58,344 = 48,000(1+ 25 )"

58,344 = 48,000(1.025)”"
12155 = (1.025)

In1.2155=1n(1.025)

In1.2155=2¢In1.025

_ In12155 _
1= om0 = 4.0

$48,000 will increase to $58,344 in about 4.0 yr.

45. First, substitute P = 10,000, 7 = .08, 1 = 12, and m = 1 into the formula A= P (1+Z)".

)" =10,000(1.08)'"* =25,181.70

A=10,000(1+8
After the first 12 yr, there would be about $25,181.70 in the account. To finish off the 21-year period,

substitute P = 25,181.70, r =10, 7= 9, and m = 2 into the formula A= P (1+Z)".

A=25,181.70(1+0)"” =25,181.70(1+.05)'"* =25,181.70(1.05)'* = 60,602.76

At the end of the 21-year period, about $60,606.76 would be in the account. Note: If it was possible
to transfer the money accrued after the 12 years to the new account without rounding, the amount after
the 21-year period would be $60,606.77. The difference is not significant.
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46.

47.

48.

First, substitute P = 12,000, r = .05, 1= 8, and m = 1 into the formula A=P(1+2)".

A=12,000(1+95)"" =12,000(1.05)" ~17,729.47
After the first 8 yr, there would be $17,729.47 in the account. To finish off the 14-year period,
substitute P = 17,729.47, r = .06, 1 = 6, and m = 1 into the formula A= P (1+Z)"

A=17,729.47(1+95)"" =17,729.47(1.06)° = 25,149.59
At the end of the 14-year period, $25,149.59 would be in the account.

To find ¢, substitute a =2, P =1, and r = .04 into A = Pe" and solve.
2 =1. M
9 = g0

In2=Ine*

In2 =.04¢
r=12-173

It would take about 17.3 yr.

For each of the following parts the window is as follows.

W IHOO
Amiln=H

(@) A(t)=1>—1+350 (© A(t)=350(.75)

I

(b) A(r)=350log(r+1) (d A(r)=100(.95)

Function (c) best describes A(7).
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49. Double the 2003 total payoff value is 2(152.7)=305.4. Using the function f (x)=93.54¢'%*, we
solve for x when f (x)=305.4.

In305.4

Jdox _ Jd6x _ 3054 Jd6x _ . 305.4 —1n 3054 — 354
93.54¢"%% =305.4 = ¢! =304 = In ¢! = 1n 3034 = 16x =1n 30 = x = "2 <7.40

Since x represents the number of years since 2000, in 2007 the total payoff value will be double of
2003.

50. (a) Plot the year on the x-axis and the number of processors on the y-axis. Let x = 0 correspond to the
year 1971.
Year Transistors
1971-1971=0 2300
WIMHDOW o
1986—-1971=15 275,000 “min=8
Amax=3E
1989-1971=18 1,200,000 ﬁigl:sﬁaaaaaa
— - min=-
1993-1971=22 3,300,000 v B = SARARAR .
1995-1971=24 5,500,000 Wec1=0EEEaEAAE wg. o
Ares=1
1997-1971=26 9,500,000
2000-1971=29 42,000,000

(b)

(c)

(d)

The data are clearly not linear and do not level off like a logarithmic function. The data are
increasing at a faster rate as x increases. Of the three choices, an exponential function will
describe this data best.

Using the exponential regression feature on the TI graphing calculator, we have if f(x)=a(b)",

then f (x) = 2278(1.392)x . Other answers are possible using the techniques described in this
chapter.

ExFRea

J=z+h"
A=22F Y. F a6
b=1.391758593

Since 2205—-1971=34, we can predict the number of transistors on a chip in the year 2005 by
evaluating f (34).

£ (34)=2278(1.392)™ =174,296,119.9
There will be approximately 174,000,000 transistors on a chip in the year 2005.

Chapter 9: Test

1.

(a)

(b)

y=log;3 x

The point (1, 0) is on the graph of every function of the form y =log, x, so the correct choice
must be either B or C. Since the base isa =% and 0< %< 1, y=log,,; x is a decreasing function,
and so the correct choice must be B.

y=e

The point (0, 1) is on the graph since ¢” =1, so the correct choice must be either A or D. Since the

baseis e and e > 1, y =¢" is an increasing function, and so the correct choice must be A.

Continued on next page
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1.

10.

11.

(continued)

(c)

(d)

y=Inxory=log, x

The point (1, 0) is on the graph of every function of the form y =log, x, so the correct choice
must be B or C. Since the base is @ = e and e > 1, y=Inx is an increasing function, and the
correct choice must be C.

v=(3)

0
The point (0, 1) is on the graph since (?) =1, so the correct choice must be either A or D. Since

. X . . . .
the base 1s% and0< % <l,y= (%) is a decreasing function, and so the correct choice must be D.

(é)2x_3 _ 16”1 = (273 )2X—3 _ (24 )xﬂ N 2—3(2,{73) — 24(x+1) N 2—6x+9 _ 24x+4

—6x+9=4x+4:>—10x+9=43—10x=—5:>x=%

Solution set: {%}

43/2

logg

_ . . . . . _ 3
=8 is written in logarithmic form as log, 8 =+

4 :% is written in exponential form as 823 =4,

They are inverses of each other.

2
log, = f =log, x* +log; (‘/;—log7 2* =log, x* +log; y"'* ~log, z* = 2log, x++log; y—3log; z
log237.4 = 2.3755 12. log,32=x
4 =32
In.0467 = —3.0640 .
() =
n13 _ logl3
logg 13 =11 = T = 1.1674 224 _ 95
2x=5
log(2.49x107) = -2.6038 x=3

Solution set: {%}

log,25=2
x* =25
x* =52
x=5

Solution set: {5}
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13. log, x+log, (x+2)=3=log, x(x+2)=3=2" = x(x+2)
8=x2+2x=0=x"+2x-8=0=(x+4)(x—2)
x+4=0 or x-2=0
x=-4 x=2
Since the negative solution (x =—4) is not in the domain of log, x, it must be discarded.

Solution set: {2}

14. 5= 7¥ 15. Inx—4In3=In3
In5"* =In7* Inx-In3*=mn3
(x+1)In5=xIn7 Inx—In81=1In<
xIn5+In5=xIn7 lnﬁzlng
InS5=xIn7—-xIn5 x_5
81 «x
In5=x(In7-1In5) 2 405

__In5 _1In5 _
x= it =g = 47833

x =1+/405 = £20.1246

Solution set: {4.7833} Since the negative solution (x =-20.1246)

is not in the domain of Inx, it must be
discarded.
Solution set: {20.1246}

16. Answers will vary.
logs 27 is the exponent to which 5 must be raised in order to obtain 27. To approximate logs27 on

your calculator, use the change-of-base formula; logs27 = loe27 _ 27 - 2 048.

log5 In5
17. v() =176(1—e'%")
Find the time ¢ at which v(z) =147.
147 = 176(1_67.18t) = % — 1_67.18t = _67.181‘ :%_1 = _67.18t — _%

29
-18t _ 29 —186 _ 1029 o 1Qs —1n 29 _Inze _
e =2 e o in 2= 18 =In2 = 1= < 0,02

It will take the skydiver about 10 sec to attain the speed of 147 ft per sec (100 mph).

18. (a) Substitute P = 5000, A = 18,000, = .068, and m = 12 into the formula A= P(1+=)".

18,000 = 5000(1+958) " = 3.6 = (1+-08)™ = In3.6 = In (1+-0%8)

In3.6=12¢In (1+9%) :tzﬁz 18.9
12

It will take about 18.9 years.
(b) Substitute P = 5000, A = 18,000, and r = .068, and into the formula A = Pe".

18,000 =5000¢* = 3.6 =" = In3.6 =Ine" = In3.6=.068 = r = 1136 ~ 18 8

It will take about 18.8 years.
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Chapter 9: Quantitative Reasoning
1. Since you are taxed on the entire amount when it is withdrawn at 60, calculate 60% (40% goes to
taxes) of A= P(1+§)”” when P = 3000, r = .08, m = 1 and ¢=60—25=35.

.60[(3000)(1 +%)”(‘)} ~[60(3000)](1+-2)™" = 1800(1.08)"* ~ 26,613.62

$26,613.62 will remain after taxes are paid.

2. Since you are taxed on the money and the annual interest, calculate A= P(1+#)tm when P = 1800,
r=.048, m=1and r=35.
1800(1+.048)") =1800(1.048)*® = 9287.90
$9287.90 will be available at age 60.
3. Since 26,613.62-9287.90=17,325.72, to the nearest dollar, $17,326 will be additionally earned with
the IRA.
- 08\ | _ 08\ :
4. Since .60 (3000)(1+T) = [.60(3000)](1+T) , this is the same calculation.



Appendix A

EQUATIONS AND INEQUALITIES

1. Solve the equation 2x+3=x-5.

2x+3=x-5
2x+3-x=x-5-x
x+3=-5
x+3-3=-5-3
x=-8

Moreover, replacing x with —8 in the
equation 2x+3=x-5 yields a true
statement. Therefore, the given statement is
true.

4. Answers will vary.

5. B cannot be written in the form ax+5=0.

2. The left side can be written as
5(x=9)=5[ x+(-9)]=5x+5(-9)
= 5x+(—45) =5x—-45,

which is the same as the right side.
Therefore, the statement is true.

3. A linear equation can be a contradiction, an
identity, or conditional. If it is a
contradiction, it has no solution; if it iS an
identity, it has more than two solutions; and
if it is conditional, it has exactly one
solution. Therefore, the given statement is
false.

A can be written as 15x—7 =0 or 15x+(—7) =0, Ccan be writtenas 2x=0or 2x+0=0, and D can

be written as —.04x—.4=0 or —.04x+(—4)=0.

6. The student’s answer is not correct. Additional answers will vary.

7. 5x+2=3x-6

2x+2=-6
2x=-8
x=-4

Solution set: { —4]

8. 9x+1=7x-9

2x+1=-9
2x=-10
x=-5

Solution set: { -5 }

9. 6(3x—1) =8—(10x—14)
18x—-6=8—-10x+14
18x—6=22-10x

28x—-6=22
28x =28
x=1

Solution set: {1}

10. 4(-2x+1)=6—(2x—4)
—8x+4=6-2x+4

—8x+4=10-2x
4=10+6x
—6="06x
-1=x

Solution set: { -1 }

11. 2x—2x+l=2
6 3 3

6- 2x—2x+l =6-%

6 3 3
5x—-12x+2=4
—Tx+2=4
—Tx=2

2

xX=—=

7

Solution set: { —%}

613
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12. E +
4

15+4x—-10=16x
dx+5=16x
5=12x

Solution set: {%}
13. 3x+2-5(x+1)=6x+4
3x+2-5x-5=6x+4
—2x-3=6x+4
-3=8x+4

—7=8x
=_

=X

8

—— =X

8

Solution set: {—%}

14. 5(x+3)+4x—5=—(2x—4)
S5x+15+4x-5=-2x+4
I9x+10=-2x+4
11x+10=4
1lx=-6
-6 6

1
Solution set: { —ﬁ}

15. 2[x—(4+2x)+3]=2x+2
2(x—4—2x+3)=2x+2
2(—x—1)=2x+2
2x-2=2x+2
—2=4x+2
—4=4x
-l=x

Solution set: { -1}

111

16. 4[2x—(3-x)+5]=-Tx-2
4(2x—3+x+5) =-Tx-2
4(3x+2)=—7x—2
12x4+8=-Tx-2

19x+8=-2
19x=-10
10 10
19 19

Solution set: { —%}

1
35-{%7(3%2)} =35-[x’;10}

5(3x—2) = 7(x+10)
15x-10=7x+70
8x—-10=70
8x =280
x=10
Solution set: {10 }

x+10

17. (3x—2) =

18. %(2x+5)= x*2

15-&(2)&5)} 15-{’“;2}

3(2x+5) =5(x+2)
6x+15=5x+10
x+15=10

x=-5

Solution set: { -5}

19. 2x=5=.1x+7
10(2x-.5)=10(.1x+7)
2x-5=x+70
x=5=170
x=75
Solution set: {75}



20.

21.

22,

23.

0lx+3.1=2.03x-2.96
100(.01x+3.1) = 100(2.03x—2.96)
x+310=203x—-296
310=202x-296
606 =202x
3=x
Solution set: { 3}

—4(2x—6)+7x =5x+24
—8x+24+T7x=5x+24
—x+24=5x+24
24 =6x+24
0=6x
0=x
Solution set: {0}

—8(3x+4)+2x = 4(x—8)
—24x-324+2x=4x-32
—22x—-32=4x-32
-32=26x-32
0=26x
0=x
Solution set: {O}

4(2x+7)=2x+25+3(2x+1)
8x+28=2x+25+6x+3
8x+28=8x+28
28 =28
0=0

identity; {all real numbers}

Appendix A: Equations and Inequalitites

24, %(6x+14) =x+1+2(x+3)

3x+7=x+1+2x+6
3x+7=3x+7
7=1
0=0
identity; {all real numbers}

25. 2(x—7)=3x—14
2x—-14=3x-14
-14=x-14

0=x

conditional equation; {0}

26. —8(x+3) =—8x—5(x+1)
—8x—-24=-8x-5x-5
—8x—24=-13x-5

S5x-24=-5
5x=19

19

"5

X

conditional equation; {%}

27. 8(x+7)=4(x+12)+4(x+1)
8x+56=4x+48+4x+4
8x+56=8x+52

56=52
contradiction; &

28. —6(2x+1)-3(x—-4)=-15x+1
—12x—6-3x+12=—15x+1
—15x+6=—15x+1
6=1
contradiction; &

615
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29. (a). x> =4 30. D is the only one set up for direct use of the
zero-factor property.
x=t/4 =22 E (3x+1)(x=7)=0
2 —
(b). x"-2=0 3x+1=0 or x—7=0
2 _
X =2 xX= —% or x=17
x= iﬁ; C
Solution set: {—%,7}
(c). x* =8 ‘
x=+J8 =22 A 31. B is the only one set up for direct use of the
@ 5 B 0 B ’ square root property.
cx=2=
x=2;B (2X+5)2=7:>2x+5=i\/7
= -5+
(@). x+2=0 pre 54T oy 3ENVT
x=-2D 2

Solution set: {#}

32. A is the only set up so that the values of a, b, and ¢ can be determined immediately.
3x* —17x-6=0 yieldsa =3, b=-17, and ¢ = 6.

_ —b+b? —dac _ —(—17)J_r\/(—17)2 —4(3)(-6) _ 17+,/289—(-72) _ 1724361 _17£19

X

2a 2(3) 6 6 6
17419 36, 17-19_ 2 _ 1
6 6 6 6 3

Solution set: {—%, 6}

33,  x*-5x+6=0 36. 2x*-x-15=0
x—2)(x—3)=0 (2x+5)(x—3)=0
x—2=0 or x-3=0 2x+5=0 or x—-3=0
x=2 or x=3 x=-3 or x=3
Solution set: {2,3} Solution set: {—%,3}

34, P+2x-8=0 37. —4x+x=-3
(x+4)(x—2)=0 0=4x*-x-3
Xx+4=0 or x-2=0 0=(4x+3)(x-1)

x=—4 or x=2 4x+3=0 or x-1=0
__3 _
Solution set: {—4,2} r|ETy o x=1

Solution set: {—%, 1}

35.  5x°-3x-2=0

— 2 - —
(5x+2)(x—1) ~0 38. —6x"+7x 10
5x+2=0 or x—-1=0

0=6x>-7x-10=0
0=(6x+5)(x=2)=0
x=-% or x=1

5 6x+5=0 or x-2=0
2

. .2
Solution set: { < ,1} x= _% or X

Solution set: {—%, 2}
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39. x> =16 46. (4x+1)" =20
x=+16 = 4 4x+1=%20
Solution set: {+4} dx=—1+25
—1+25
40. x> =25 T
x=+25=15

Solution set: {—1142\/3}

Solution set: {+5} ,
47. x*—x-1=0

41. 2 =27 Let a=1,b=-1,and c =—1.
r=+/27 =433 L ~hENb —dac
2a
Solution set: {13\/5} _(_1)+ (_1)2 _4(1)(_1)
42. x*=48 2(1)
x= 438 = +43 _11+4 _1%45
2 2

Solution set: {i4\/§ }

Solution set: {112\/3 }

2
43. (x+5) =40 48. % —3x—2-=0

x+5=+J40 Let a=1,b=-3,and c = -2.
x+5=4210 —bim
x=-5+£210 A W
Solution set: {~5+2410] —(-3)£4(-3)* ~4(1)(-2)
2(1
4. (x=7)" =24 _349+8 34417
x—7 =124 2 2
x=17 =i2\/€ Solution set: {3i‘2/ﬁ}
x=7+26
Solution set: {712\/6} 49. X2—6x=—T=x>—6x+7=0
Let a=1,b=-6,and c =7.
45. (3x-1) =12 _—ber —dac
3x—-1=+/12 2a
3x=1+243 _—(=6)£(-6)"=4(1)(7)
1223 B 2(1)
3 _6%436-28 648

2

Solution set: {liéﬁ}

2
+
6—§*E=3i\/§

Solution set: {3 + \/E }



618 Appendix A

50. x> —d4x=—1=x>—4x+1=0

53  1x’+dx-3=0
Let a=1,b=—-4,and c =1. 4(%x2+%x—3)=4~0
/ 2
X=M 2x2+x-12=0
2a Let a=2,b=1,and c=—12.
2
=_(_4)i (_4) _4(1)(1) —b+b? —dac
2(1) e
a
_4xl6-4 412 112 - 4(2)(-12)
2 2 - 2(2)
_42B .5 _—1£41496 _ —1+:/07
2 T4 4
Solution set: {21\/5}

51. 2x2—4x-3=0

Solution set: {*liﬁ}

54, 2x7+lx=3
2 _3_
¥ o2xmg=0 12(2x%+1x)=123
X —2x+1=3+1
: 8x% +3x=36
J1 2 _ 2 _
Note:[ -(=2) =(-1)" =1 8> +3x—36=0
(x—l)2:% Let a=8,b=23,and c = -36.
x-1=+[3 b\ —dac
2a
=0
* 3_ - ~3+,/3% - 4(8)(-36)
— 10 _ 2+410 =
x—1+T— > 2(8)
Solution set: {H}/E} _ —3£49+1152

52. 3x>+6x+5=0

Solution set: {3¢2J€}

16
_ —3x41161 -3£3129
16 16

Solution set: {% “129}




55.

57.

10(.

Let
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23 +4x-3=0 56. AxX—1x=3
2x2+.4x—.3)=10~0 10(.1x2—.1x)=10~.3
2x% +4x-3=0 X —x=3

a=2,b=4,and c =-3. 2 —x=3=0

e ,b2—4ac Let a=1,b=-1,and ¢ = -3.

2a _ —bEb? —4ac

_ —4+,/47 —4(2)(-3) * 2a

Solution set: {—21@}

(a)

(b)

(c)

(d)

(e)

®

(®
(h)
(0]

1)

2(2) ~(-)£y(=1) -4(1)(33)
—4+/16+24 —4+./40 - 2(1

4 BN PR ENE

4
412410 _-2x410 )

4 2

2

x<-4
The interval includes all real numbers less than —4, not including —4. The correct interval

notation is (—oo,—4), so the correct choice is F.

x<4
The interval includes all real numbers less than or equal to 4, so it includes 4. The correct interval
notation is (—oo, 4], so the correct choice is J.

—2<x<6
The interval includes all real numbers from -2 to 6, not including -2, but including 6. The
correct interval notation is (-2, 6], so the correct choice is A.

0<x<8
The interval includes all real numbers between O and 8, including O and 8. The correct interval
notation is [0, 8], so the correct choice is H.

x=-3

The interval includes all real numbers greater than or equal to —3, so it includes —3. The correct
interval notation is [—3,0@), so the correct choice is I.

4<x

The interval includes all real numbers greater than or equal to 4, so it includes 4. The correct
interval notation is [4,<>o), so the correct choice is D.

The interval shown on the number line includes all real numbers between —2 and 6, including -2,
but not including 6. The correct interval notation is [-2, 6), so the correct choice is B.

The interval shown on the number line includes all real numbers between 0 and 8, not including 0
or 8. The correct interval notation is (0, 8), so the correct choice is G.

The interval shown on the number line includes all real numbers greater than 3, not including 3.
The correct interval notation is (3, oo) , so the correct choice is E.

The interval includes all real numbers less than or equal to — 4, so it includes —4. The correct
interval notation is (—oo, —4], so the correct choice is C.
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58. D
—7<x<—-10 would mean —7< x and x <—10, which is equivalent to x >—7 and x <—10. There is

no real number that is simultaneously to the right of —7 and to the left of —10 on a number line.

59. 2x+1<9 63. 2(x+5)+1=5+3x
2x+1-1<9-1 2x+10+125+3x
2x<8 2x+1125+3x
2x_8 2x+11-3x25+3x—3x
2 2 —x+1125
<
x<4 —x+11-1125-11
Solution set: (—oo,4] —x -6
P i
Graph: ¥ ¥ ] f -1 -1
0 4 x<6
60. 3x—2<13 Solution set: (—eo,6]
3x-2+42<13+2 Graph: ]
3x<15 0 6
%S% 64. 6x—(2x+3)24x—5
x<5 6x—2x—-3>24x-5
Solution set: (—oo,S] 4x=324x-5
Graph: : : ] dx—4x—-324x—-5—-4x
0 5 -3>-5
The inequality is true when x is any real
61.  —3x-2<I number.
—3x-2+2<1+2 Solution set: (—eo, o)
—3x<3 Graph: e
3 :
-3 3
x>—1 65. 8x—3x+2<2(x+7)
Solution set: [—1,0) Sx+2<2x+14
- Sx+2-2x<2x+14-2x
Graph: ———+— 1L0 e 3x+2<14
3x+2-2<14-2
62.  S5x+3>-2 3x <12
~5x+3-3>-2-3 3x 12
—5x>-5 303
x<4
—5x<—5
55 Solution set: (—eo,4)
x<1 Graph: : p——]
0 4

Solution set: (—oo,1]
Graph: < ————
I




66. 2—4x+5(x—1)<-6(x-2)
2—-4x+5x-5<—6x+12
x=3<-6x+12
x=3+6x<—-6x+12+6x
Tx-3<12
Tx—-3+3<12+3
Tx <15
7x 15

T 7

15
7

—_

x <

Solution set: (—oo’%)

Appendix A: Equations and Inequalitites

68.

69.

Graph: : ) I
o 7
67. BHT s
(_3)(4x;7j >(-3)(2x+5)

4x+7=2—-6x—-15
4dx+7+6x>2—-6x—15+6x
10x+7=-15
10x+7-7>-15-7
10x>-22
10_)62—22
10 10
xZ—%

) Ton
Solution set.[ L, )

70.

PR P
Graph: —+——+—fi=

71.

2x—5>-8+8x
2x—5-8x>-8+8x—8x
—6x—-5>-8
—6x—5+52-8+5
—6x2>-3
_—6xS_—3:>x§L
-6~ -6 5

Solution set: (—oo, ﬂ

Graph:

-3<7+2x<13
3-7<7+2x-7<13-7
-10<2x<6
0 2x 6

<
2 2 2

—S<x<3

Solution set: (—5, 3)

Graph: —+—— (e

N =4

et
5 0 :
—4<5+3x<8
—4-5<54+3x-5<8-5
-9<3x<3
-9 3x 3

—_— < —L< -
3 3 3

3<x<l

Solution set: (—3, 1)

Graph: ——+—+— (e

10<2x+4<16
10-4<2x+4-4<16-4
6<2x<12
6 2x 12

27272
3<x<6

Solution set: [3,6]

Graph: IIIIIE;
3

621
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72.

73.

74.

—6<6x+3<21
—-6-3<6x+3-3<21-3
-9<6x<18
-9 6x 18

D il gl
6 6 6

—=<x<

2w
w

Solution set: [—% , 3}

Graph: —+ }[:
3

—-10>-3x+2>-16

-10-2>-3x+2-2>-16-2

—12>-3x>-18

-12 -3x -18

-3 -3 -3
4<x<6
Solution set: (4,6)

Graph: ——+—+—+—+

4>—-6x+5>-1
4-5>-6x+5-5>-1-5

—1>-6x>-6

-1 —-6x -6
—_ _<_
-6 -6 -6

1

g<x<1

Solution set: (% , 1)

Graph: ——+—

o= AN

0

— &

75.

76.

-8<x+1<10
-8-1<x+1-1<10-1
—-9<x<9

Solution set: [-9,9]

Graph: —— [I

-9 0

3
-15<x-3<3
—15+3<x-3+3<3+3
-12<x<6

Solution set: [—12,6]

3(—5)33(x_3js3(1)

Graph: ——|—fe
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GRAPHS OF EQUATIONS

1.

10.

11.

12.

13.

14.

(3,2) 5. (0,5)
(-7.6) 6. (~8.0)
(—7,—4) 7. (4.5,7)
(8,-5) 8. (-7.538)
y
(-17.5,8)
¢ 457
e =7.6)
(0, 5)y - axis
e 3:2)
'(_S,O)x—axis .
LT
o (8-5)

(=5,1.25) has a negative x-coordinate and a positive y-coordinate. The point lies is quadrant II.

(7[, —3) has a positive x-coordinate and a negative y-coordinate. The point lies is quadrant IV.

(—1.4,-2.8) has a negative x-coordinate and a negative y-coordinate. The point lies is quadrant III.

( 143 ,%) has a positive x-coordinate and a positive y-coordinate. The point lies is quadrant I.

Answers will vary.

If (a,b) is in the first quadrant, then (a,—b) is in the fourth quadrant. To locate this new point, move

the point (a,b), 2b units downward.

Answers will vary.

If (a,b) is in the first quadrant, then (—a,b) is in the second quadrant. To locate this new point, move

the point (a,b), 2b units to the left.

623
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15.

16.

17.

18.

21.

22,

23.

Appendix B

(a)

(b)

(c)

(d)

Since (a,b) lies in quadrant II, a <0,b6>0. Therefore —a >0 and (—a,b) would lie in quadrant

I

Since (a,b) lies in quadrant I, a <0,6>0. Therefore —a >0,—b <0, and (—a,—b) would lie in
quadrant I'V.

Since (a,b) lies in quadrant II, a <0,6>0. Therefore —b<0 and (a,—b) would lie in quadrant

III.

Since (a,b) lies in quadrant II, a<0,b>0. The point (b,a) has x-coordinate positive and

y-coordinate negative Therefore, the point would lie in quadrant I'V.

Since xy =1, and 1 is a positive number attained by the product of two variables x and y, then either x

and y are both positive (quadrant I), or both negative (quadrant III). The graph of xy =1 will lie in

quadrants I and III.
(a,b,c)=(9,12,15) 19. (a,b,c)=(5,10,15)
a’+b*=9"+12’ a’+b*=5+10
=81+144 =25+100
=225=15=¢’ =125#225=15"=¢"
The triple is a Pythagorean triple since The triple is not a Pythagorean triple since
a’+b’=c’. a’+b* #c’.
(a,b,c)=(6,8,10) 20. (a,b,c)=(7,24,25)
a+b’=6"+8 a’+b’ =7 +24
=36+64 =49+576
=100=10" =¢ =625=25"=¢’

The triple is a Pythagorean triple since

The triple is a Pythagorean triple since

at+b*=c". at+b*=c".

By the Pythagorean theorem, we have x° = (%)2 +(55.4)". Solving for x we have the following.

X = (83) 4(55.4)" = x* =(17.25)" +(55.4)" = x* =297.5625+3069.16
X% =3366.7225 = x = /3366.7225 ~ 58.02 ft

Let d = the diagonal.

By the Pythagorean theorem, we have d* =5 +12°. Solving for d we have the following.

d’=5+12=d’=25+144=d"> =169 = d =169 =13 ft

AC? +BC* = AB?

(1000)* + BC* = (1000.5)2 = 1,000,000+ BC* =1,001,000.25
BC? =1000.25 = BC =+/1000.25 =~ 31.6 ft
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24. To find the length AB, apply the Pythagorean theorem to triangle ABX.
AB*=AX’+BX’ = AB’ =8 +8" = AB’ =64+ 64
B* =128 = AB =128 =~11.3137
The distance across the top of the fabric is 20- AB (since there are 20 strips) plus 42 in. for the side of

the unused triangle at the end. (Since it is a 45°—45° right triangle, it is isosceles and its two equal
sides are 42 in.) Thus, the distance across the top is as follows.

20(11.3137)+42 =226.274+42 = 268.274 in.

Since the price of the material is $10 per linear yard, convert from inches to yards to find the number
of linear yards. Since there are 36 inches in 1 yard we have 2822 =7.452 yd.

The cost of the material is therefore, 7.452(10) = $74.52.

25. Let (x,,y,)=(5.6). Let (x,,y,)=(5,0) since we want the point on the x-axis with x-value 5.

d =\/(5—5)2 +[0-(~6)] =v0* +6* =0+36 =36 =6

26. Let (x,,y,)=(5-6). Let (x,,y,)=(0,—6) since we want the point on the y-axis with y-value —6.

d =\/(0—5)2 +[-6-(~6)] =\/(—5)2 +0> =4/25+0=125=5

27. P(-5,-7), 0(~13, 1)

@ d(P, Q)=\/[—13—(—5)]2+[1—(—7)]2 = J(-8)" +8> =128 =82

(b) The midpoint M of the segment joining points P and Q has the following coordinates.

(D T (28 )
2 2 2 2
28. P(-4,3), 0(2,-5)

@ d(P, Q)=\/[2—(—4)]2+(—5—3)2 =62 +(-8)" =4/100 =10

(b) The midpoint M of the segment joining points P and Q has the following coordinates.

(ﬂ wj_[—_z —_2}(_1 -1)
2 7 2 )22 V7
29. P(8,2), 0(3,5)

@ d(P,Q)= (3 8)’ +(5-2)% =4/(=5)" +3% =25+9 =34

(b) The midpoint M of the segment joining points P and Q has coordinates (8 ; 3 , 2;5j [%,%) .

30. P(-6,-5), (6, 10)

@ d(P, Q)=\/[6—(—6)]2+[10—(—5)]2 =122 +157 =144+ 225 =369 = 3,/41

(b) The midpoint M of the segment joining points P and Q has the following coordinates.

—6+6 —5+10)_(0 5)_ 05
2 7 2 272 )
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31. P(-8,4), Q(3,-5)

@ (P, Q)= \[3-(-8)] +(-5-4)" =11+ (-9) =Ji2T+51 - y202

(b) The midpoint M of the segment joining points P and Q has the following coordinates.

(ﬁ wj_[_z _l]
27 2 L2 2
32. P(6,-2), 04, 6)

@) d(P,0Q) =\/(4—6)2 +[6-(=2)] =y(<2) +8 =V +64 =68 =2J17

(b) The midpoint M of the segment joining points P and Q has the following coordinates.

S SRR
2 2 22

33. P(3J2.45). 0(2.—5)
@ d(P.0)=[V2-32) +(~5-45) = (-242) +(-55) =E+125 =i33

(b) The midpoint M of the segment joining points P and Q has the following coordinates.

Wi2 W5+ () _(4@ sﬁj_[zﬁ ﬁ]
’ 272 ) T2

2 2

34. P(7.83),0(5V7.-/3)
@ dP,0) =\/[5ﬁ—(—\/7)]2 +(—ﬁ—8ﬁ)2 = J(647)2 +(-93)? =/252+ 243 = /495 =3,/55

(b) The midpoint M of the segment joining points P and Q has the following coordinates.

VT +5(T 83+ (3) _(4ﬁ w]_[zﬁ ﬁ]
’ B 2 | T2

2 2 2
35. Find x such that the distance between (x,7) 36. Find y such that the distance between (5, y)
and (2,3) is 5. Use the distance formula, and (8,-1) is 5. Use the distance formula,
and solve for x. and solve for y.
5=\(2-x)+(3-7) 5:\/(8_5)2+(_1_y)2
5=y(2-x) +(~4)’ 5=\ +(-1-y)’
5=4(2-x) +16 5=J9+(-1-y)’
25=(2-x) +16 25=9+(-1-y)’
9=(2-x) 16=(-1-y)’
+3=2-x t4=—1-y
3=2—-x or -3=2-x 4=-1-y or —4=-1-y
l=—x -5=—x 5=—y —3=—y
x=-1 x=5 y=-5 y=3

Therefore, xis —1 or 5. Therefore, y is =5 or 3.



Appendix B: Graphs of Equations 627

37. Find y such that the distance between (3,y) and (-2,9) is 5. Use the distance formula to solve for y.

12=\(=2-3) +(9-y) =12=,/(-5) +(-9-y)’ > 12=25+(-9-y)’
144=25+(-9-y) =119=(-9-y) = +/119=-9-y
m=9—y or —m=9—y
~9+119=-y ~119-9=—y
y=9-119 y=9+119
Therefore, y is 9-/119 or 9++/119.

38. Find x such that the distance between (x,11) and (5,—4) is 17. Use the distance formula, and solve

17= \/5 x) +(-4- 11 ) =17=4/(5- x 15 ) =>17=4/(5-x) +225

289=(5—x) +225:>64=(5—x) =>+8=5-x
8§=5—-x or —-8=5-x
3=—x —-13=—x
x=-3 x=13

for x.

Therefore, x is —3 or 13.

39. Let P=(x,y) be a point 5 units from (0,0). Then, by the distance formula

5= \/x O (y— 0 =5=4x"+y° =25=x>+y". This is the required equation. The graph is a

circle with center (0,0) and radius 5.

40. Let P=(x, y) be a point 3 units from (-5,6). Then, by the distance formula

3= \/[x (y- 6) =3= \/x+5 (y—6)2:9:(x+5)2+(y—6)2. This is the required

equation. The graph is a circle with center (—5,6) and radius 3.

|
T
=5

y

I T |
(=2}

=

I
1
0

(x+5)2+(y-4)2=9
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41. The points to use would be (1982, 79.1) and (2002, 69.3). Their midpoint is the following.

(1982;2002 ’ 79.1;69.3) _ [39284 ’ 1434) _(1992,742)

The estimate is 74.2%. This is 1.1% less than the actual percent of 75.3.

42. The midpoint between (1980, 4.5) and (1990, 5.2) is [1980;1990,4'5 ;5'2j=(1985, 485). In
1985, the enrollment was 4.85 million. The midpoint between (1990, 5.2) and (2000, 5.8) is
[1990+2000 52458

2 ]

jz (1995, 5.5). In 1995, the enrollment was 5.5 million.

43. (a) x y

0 -2 y-intercept: x=0=6y=3(0)-12=6y=-12=y=-2
4 0 x-intercept: y=0=6(0)=3x-12=0=3x-12=>12=3x=4=x

2 —1 additional point
(b) :

44. (a) x y
0 3 y-intercept: x=0=6y=—-6(0)+18=6y=18= y=3
3 0 x-intercept: y=0=6(0)=—6x+18=0=—6x+18=6x=18=x=3
1 2 additional point
(b) y

\—6}7:-6x+ 18
3




(b)

46. (a)

(b)

(b)

x y
0 0
1 1
-2 4

x- and y-intercept: 0= 0’

additional point

additional point

Appendix B: Graphs of Equations

x y

0 2 y-intercept: x=0=y=0"+2=y=04+2=y=2
-1 3 additional point

2 6 additional point

no x-intercept: y=0=0= 2= 2=x"=>+/2=x

=9) 0l
X y
0 0
-1 -1
2 8

y

NI

x- and y-intercept: 0= 0’

additional point

additional point

I T =)

629
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48. (a) X y

0 0 x- and y-intercept: 0=-0
1 —1 additional point
2 —8 additional point
(b) 1 e
NI
N I | I I | X

e

49. (a) Center (0, 0), radius 6

50. (a) Center (0, 0), radius 9

51. (a) Center (2, 0), radius 6
J(x=2)2+(y-0)* =6
(x=2)*+(y-0)’ =6
(x-2)%+y*=36

(b)

(b)

(b)

0,0

Y =] I VI

(x=2)2+y2=36
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52. (a) Center (0, -3), radius 7 (b) y
=07 +[y~(=3)] =7 T

(x=0)+[y—(-3)] =7
x*+(y+3)* =49

53. (a) Center (-2, 5), radius 4 (b)

=) +(y-5) =4
[x— (2P +(y-5° =4
(x+2)2+(y-57%=16

(x+22+(y-52=16

54. (a) Center (4, 3), radius 5 (b) %

(x-42+(y=-32=25
55. The radius of this circle is the distance from the center C(3, 2) to the x-axis. This distance is 2, so r = 2.
(x=3)+(y-2)>=2"=(x-3)>+(y-2)> =4
56. The radius is the distance from the center C(—4, 3) to the point P(5, 8).
r=AI5- (9P +(8-3) =497 +5° =106
The equation of the circle is [x —(=4)]? + (y—3)% = (+/106)% = (x+4)* +(y —3)> = 106.
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FUNCTIONS

10.

Answers will vary.
Answers will vary.

The graphs in (a) and (c), and (d) represent function. The graph in (b) fails the vertical line test; it is
not the graph of a function.

One example is {(—3,4),(2,4),(2.6).(6,4)}.

The relation is a function because for each different x-value there is exactly one y-value. This
correspondence can be shown as follows.
,3,4,9} x-values

it

{17 b b
The relation is a function because for each different x-value there is exactly one y-value. This
correspondence can be shown as follows.
3
8

{’ > 2
{a s s }y-ValueS

} y-values

8,5,9,3} x-values
0,4,3
Two ordered pairs, namely (2,4) and (2,5), have the same x-value paired with different y-values, so

the relation is not a function.

Two ordered pairs, namely (9,-2) and (9,2), have the same x-value paired with different y-values,

so the relation is not a function.
The relation is a function because for each different x-value there is exactly one y-value. This

correspondence can be shown as follows.
{-3,4,-2} x-values

{1, 7} y-values

The relation is a function because for each different x-value there is exactly one y-value. This
correspondence can be shown as follows.

{-12,-10, 8} x-values

|/

{5, 3} y-values

633
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11. Two sets of ordered pairs, namely (1,1) and (1,—1) as well as (2,4) and (2,—-4), have the same x-

value paired with different y-values, so the relation is not a function.
domain: {0,1,2}; range: {-4,-1,0,1,4}

12. The relation is a function because for each different x-value there is exactly one y-value. This
correspondence can be shown as follows.

{2,3,4,5} x-values
{5,7,9, 11} y-values
domain: {2,3,4,5}; range: {5,7,9,11}

13. The relation is a function because for each different x-value there is exactly one y-value. This
correspondence can be shown as follows.

{2,5,11, 17} x-values
{1,7,20} y-values
domain: {2,5,11,17} ; range: {1,7,20}

14. The relation is not a function because for each different x-value there is not exactly one y-value. This

correspondence can be shown as follows.

{1, 2,3} x-values

{10, 15, 20, 25} y-values
domain: {1,2,3} ; range: {10,15,20,25}

15. This graph represents a function. If you 18. This graph represents a function. If you
pass a vertical line through the graph, one x- pass a vertical line through the graph, one x-
value corresponds to only one y-value. value corresponds to only one y-value.
domain: (—oeo,0); range: (—oo,e0) domain: (—oeo,c0); range: (—oo,eo)

16. This graph represents a function. If you 19. This graph does not represent a function. If
pass a vertical line through the graph, one x- you pass a vertical line through the graph,
value corresponds to only one y-value. there are places where one value of x
domain: (—oo,c0); range: (—co,4] corresponds to two values of y.

domain: [-4,4]; range: [-3,3]

17. This graph does not represent a function. If ) )
you pass a vertical line through the graph, 20. This graph represents a function. If you
there are places where one value of x pass a vertical line through the graph, one x-

corresponds to two values of y. value corresponds to only one y-value.

domain: [3,00), range: (—oo,oo) dOmain: [_2,2], range: [0,4]



21.

22,

23.

24,

25.

y=x’ represents a function since y is

always found by squaring x. Thus, each
value of x corresponds to just one value of y.
x can be any real number. Since the square
of any real number is not negative, the range
would be zero or greater.

domain: (—oeo,0); range: [0,eo)

y=x3 represents a function since y is

always found by cubing x. Thus, each value
of x corresponds to just one value of y. x
can be any real number. Since the cube of
any real number could be negative, positive,
or zero, the range would be any real number.

domain: (—oo,c0); range: (—oo,o)

The ordered pairs (1,1) and (1,—1) both

satisfy x= y®.  This equation does not

represent a function. Because x is equal to
the sixth power of y, the values of x are
nonnegative. Any real number can be raised
to the sixth power, so the range of the
relation is all real numbers.

domain: [0,c0) range: (—co,0)

The ordered pairs (1,1) and (1,—1) both

satisfy x = y*. This equation does not

represent a function. Because x is equal to
the fourth power of y, the values of x are
nonnegative. Any real number can be raised
to the fourth power, so the range of the
relation is all real numbers.

domain: [0,c0) range: (—co,0)

y=2x-6 represents a function since y is

found by multiplying x by 2 and subtracting
6. Each value of x corresponds to just one
value of y. x can be any real number, so the
domain is all real numbers. Since y is twice
x, less 6, y also may be any real number, and
so the range is also all real numbers.

domain: (—oco,c0); range: (—oo,0)

Appendix C: Functions
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26.

217.

28.

29.

30.

y=—-6x+8 represents a function since y is
found by multiplying x by —6 and adding 8.
Each value of x corresponds to just one
value of y. x can be any real number, so the
domain is all real numbers. Since y is —6
times x, plus 8, y also may be any real
number, and so the range is also all real
numbers.

domain: (—oo,c0); range: (—oo,oo)

For any choice of x in the domain of
y= Jx, there is exactly one corresponding
value of y, so this equation defines a
function.  Since the quantity under the
square root cannot be negative, we have
x20. Because the radical is nonnegative,
the range is also zero or greater.

domain: [0,e); range: [0,e°)

For any choice of x in the domain of
y= —Jx , there is  exactly  one
corresponding value of y, so this equation
defines a function. Since the quantity under
the square root cannot be negative, we have
x20. The outcome of the radical is
nonnegative, when you change the sign (by
multiplying by —1), the range becomes
nonpositive. Thus the range is zero or less.

domain: [0,e); range: (—ee,0]

For any choice of x in the domain of
y=+4x+2, there 1is exactly one
corresponding value of y, so this equation

defines a function. Since the quantity under
the square root cannot be negative, we have

4x+220:>4x2—2:>x2‘72 orxz—%.

Because the radical is nonnegative, the
range is also zero or greater.

domain: [—%,“’); range: [0,0)

For any choice of x in the domain of

y=+9-2x, there is exactly one

corresponding value of y, so this equation
defines a function. Since the quantity under
the square root cannot be negative, we have

9-2x20=>-2x2-9=>x<=J orx<3.
Because the radical is nonnegative, the
range is also zero or greater.

domain: (—00,%]; range: [0,c0)

y=-6x+8

L
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31.

32,

33.

34.

35.

36.

37.

38.

39.

2

x=97
we find y by subtracting 9, then dividing
into 2. This process produces one value of y
for each value of x in the domain, so this
equation is a function. The domain includes
all real numbers except those that make the
denominator equal to zero, namely x=09.
Values of y can be negative or positive, but
never zero. Therefore, the range will be all
real numbers except zero.

Given any value in the domain of y=

domain: (—ee,9)U(9,0); range: (—eo,0) U (0,00)

Given any value in the domain of y = x:—ZG,
we find y by subtracting 16, then dividing
into —7. This process produces one value
of y for each value of x in the domain, so
this equation is a function. The domain
includes all real numbers except those that
make the denominator equal to zero, namely
x=16. Values of y can be negative or
positive, but never zero. Therefore, the
range will be all real numbers except zero.

domain: (—es,16)U(16,00); range: (—eo,0) U (0,e0)

B

Answers will vary.
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An example is: The cost of gasoline depends on the number of gallons used; so cost is a function of

number of gallons.

f(x)=-3x+4
F(0)=-3-0+4=0+4=4

f(x)=—3x+4
f(-3)=-3(-3)+4=9+4=13

g(x)z—x2+4x+1
g(-2)==(-2)" +4(-2)+1
=—4+(-8)+1=-11

g(x)z—x2+4x+l
£(10)=-10%+4-10+1
~100+40+1=-59

f(x)=—3x+4
f(p)==3p+4

40.

41.

42,

43.

44.

g(x)=—x*+4x+1
g(k)=—k*+4k+1

f(x)=-3x+4
f(—x)=—3(—x)+4=3x+4

g(x)z—x2+4x+l
g(—x)=—(=x)" +4(-x)+1

=—x?—4x+1

f(x) =-3x+4
f(a+4)=-3(a+4)+4
=-3a—-12+4=-3a-8

f(x)=-3x+4
f(2m—3):—3(2m—3)+4
=—6m+9+4=—6m+13
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45. (@ f(2)
46.
47.

48.

51.

52.

53.

54.

5S.

59.

60.

(a)
(a)
(a)

(a)
(©
(d)
(e)

(a)
(b)
(c)
()

(a)
(c)

(a)
(c)

(a)
(c)

(a)
(b)
(c)
(d)
(e)
®

(a)

(b)
(0

(d)

=2 ®) f(-1)=3 49. @ f(-2)=0 () f(0)=4
£(2)=5 ) f(-1)=11 © f(1)=2 @ f(4)=4
f(2)=3 () f(-1)=-3 50. (@) f(-2)=5 (b) £(0)=0
(© f(1)=2 @ f(4)=4

f(2)=-3 b)) f(-1)=2

f(0)=11 M) f(6)=9

Since f(-2)=0, a=-2.

Since f(2)=f(7)=f(8)=10, x=2,7,8.

We have (8,f(8)) =(8,10) and (IO,f(IO)) =(10,0). Using the distance formula we have
( —

d =J(10-8) +(0-10)" =2 +(~10)" =/4+100 =/104.

f (2) =12

Since f(5)=-2.4, x=5.

Since f (O) =3.6, the graph of f intersects the y-axis at (0,3.6).
Since f (3) =0, the graph of f intersects the x-axis at (3,0).

[4,00) (b) (—co,—1] 56. (a) none (b) (—oo,00)
[_1’4] (¢) none
57. (a) none
—oo,1 b) [4,0
(14 ] () [4.) ) G2l [3
4] © (-2.3)
(—o=.4] (b) [4,%)
none 58. (a) (3,) (b) (—o0,-3)
© (-3.3]
yes
[0,24]

When =8, y=1200 from the graph. At8 A.M., approximately 1200 megawatts is being used.
at 17 hror 5 P.M.; at4 A M.
£ (12)=2000; At 12 noon, electricity use is 2000 megawatts.

increasing from 4 A.M. to 5 P.M.; decreasing from midnight to 4 A.M. and from 5 P.M. to
midnight

At t =8, y = 24 from the graph. Therefore, there are 24 units of the drug in the bloodstream at 8
hours.
Level increases between 0 and 2 hours and decreases between 2 and 12 hours.

The coordinates of the highest point are (2, 64). Therefore, at 2 hours, the level of the drug in the
bloodstream reaches its greatest value of 64 units.

After the peak, y = 16 at t = 10.

10 hours — 2 hours = 8 hours after the peak. 8§ additional hours are required for the level to drop to
16 units.



Appendix D
GRAPHING TECHNIQUES

1.

(a)

(b) E

(©
(@)
(e)
(®

(a)
(b)
()
(d)
(e)

(a)
(b)
(©)
()
(e)
()
(®

B;

0 g » =

o

w » 9 Q0

Q@ » =

G
F;
D;
H;

y=(x—7)* is a shift of y=x?, 7 units to the right.
y=x*>—7 is ashift of y=x?, 7 units downward.
y= 7x? is a vertical stretch of y= X2, by a factor of 7.

y=(x+7)* is a shift of y=x?, 7 units to the left.

: y=x>+7 isashift of y=x?, 7 units upward.

y= %xz is a vertical shrink of y = x*.

y= 4x? is a vertical stretch of y= X2, by a factor of 4.

y =—x* is areflection of y = x?, over the x-axis.

2. . ]
;Y= (—x) is a reflection of y = x*, over the y-axis.

y=(x+4) isashift of y=x>, 4 units to the left.

y=x*+4 is ashift of y=x*, 4 units up.

y=x%+2 is ashift of y=x?, 2 units upward.

y=x*—2 is ashift of y=x?, 2 units downward.

. y=(x+2)? is ashift of y=x?, 2 units to the left.

y=(x—2)* is a shift of y=x?, 2 units to the right.
y=2x" is a vertical stretch of y = x?, by a factor of 2.

y= —x? is a reflection of y= x?, across the x-axis.

y=(x—2)%+1 is a shift of y=x?, 2 units to the right and 1 unit upward.

(h) E; y=(x+ 2)? +1 is a shift of y= x2, 2 units to the left and 1 unit upward.

y =3x*
o
X y=x2 y=3x2 I
12+
2 4 12 Al
-1 1 3 :::::3"::yT
o
0 0 0 —+
1 1 3 T
2 4 12

639
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5. y= 4x°
x y=x* y=4x? _‘_
-2 4 16 o
84
-1 1 4 oL/ y=42
O O O T T T T I(%: i T T T T
1 1 4 1
2 4 16 N
6. y :%xz
x y=x* | y=1x? y
-3 9 3
-2 4 %
—1 1 % T T T T I(%: ;
0 0 0 T
1
1 1 3
4
2 4 3
3 9 3
7. vy =%x2
X y= x2 y= %xz
y
-3 9 6 A
el
) 4 % Z"
5 2:: y= %xz
-1 1 5 ———— o > x
0 0 0 1
N ik
1 1 3
8
2 4 3
3 9 6




8. y=-1x
x y=x* | y=-1x°
-3 9 -3
-2 4 -2
-1 1 -3
0 0 0
1 1 -3
2 4 -2
3 9 -5
9. y=-3x
X y=x? y =-3x*
-3 9 -27
-2 4 -12
-1 1 -3
0 0 0
1 1 -3
2 4 -12
3 9 -27
10. y=2v-x
S I T RV argy VY N
0 0 0 0
-1 1 1 2
—4 4 2 4
-9 9 3 6
-16 16 4 8

Appendix D: Graphing Techniques

USUSLL
-16-14-12-10-
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8 -6 -4 2
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11. y=+-2x

12.

13.

14.

15.

X —2x y=+-2x
0 0 0
1
-3 1 1
-2 4 2
9
-5 9 3
-8 16 4

'
o
'
N
'
o
'
o
1
IS
'
w
'
LN
e

@ y=f (x+4) is a horizontal translation of f, 4 units to the left. The point that corresponds to
(8,12) on this translated function would be (8—4,12)=(4,12).

(b) y=f(x)+4 isa vertical translation of f, 4 units up. The point that corresponds to (8,12) on this

(a)

(b)

(a)
(b)

(a)
(b)

(c)

translated function would be (8,12+4)=(8,16).

y=1%f(x) is a vertical shrinking of f, by a factor of 1. The point that corresponds to (8,12) on
this translated function would be (8,%- 12) =(8,3).

y=4f(x) is a vertical stretching of f, by a factor of 4. The point that corresponds to (8,12) on

this translated function would be (8,4-12) =(8,48).

The point that corresponds to (8,12) when reflected across the x-axis would be (8,-12).

The point that corresponds to (8,12) when reflected across the y-axis would be (—8,12).

The point that is symmetric to (5, —3)
with respect to the x-axis is (5, 3).

The point that is symmetric to (5, -3)
with respect to the y-axis is (=5, -3).

The point that is symmetric to (5, -3)
with respect to the origin is (-5, 3).
=

rrrrrrrr_rrrrrrreT

RN

16.

(a)
(b)

(c)

The point that is symmetric to (=6, 1)
with respect to the x-axis is (—6, —1).
The point that is symmetric to (-6, 1)
with respect to the y-axis is (6, 1).

The point that is symmetric to (-6, 1)
with respect to the origin is (6, —1).

y

L

[ &
[ =)



17.

19.

21.

(a) The point that is symmetric to (—4, —2)
with respect to the x-axis is (—4, 2).
(b) The point that is symmetric to (—4, —2)
with respect to the y-axis is (4, -2).
(¢) The point that is symmetric to (—4, —2)
with respect to the origin is (4, 2).
5

—~
~

Se T+ eco
=

~
=

rrrrrrrr_rrrrrreT

RN NN

y= x> +2

Replace x with —x to obtain
y=(=x)?+2=x"+2.

The result is the same as the original
equation, so the graph is symmetric with
respect to the y-axis. Since y is a function of
x, the graph cannot be symmetric with
respect to the x-axis.

Replace x with —x and y with —y to obtain

y= (0?42 —y =t 42 y=—xt -2,

The result is not the same as the original
equation, so the graph is not symmetric with
respect to the origin. Therefore, the graph is
symmetric with respect to the y-axis only.

x> +y? =10
Replace x with —x to obtain the following.

(—x)*+y* =10

x2+y2=10

18

20.

Appendix D: Graphing Techniques 643

(a) The point that is symmetric to (-8, 0)
with respect to the x-axis is (-8, 0),
since this point lies on the x-axis.

(b) The point that is symmetric to the point
(-8, 0) with respect to the y-axis is (8, 0).

(c) The point that is symmetric to the point
(-8, 0) with respect to the origin is (8, 0).

(-8,0) T
(@ 2 (b) (¢)

[REEES
-10 -6 212 6 10

[o)}
Il
— T

X
-6+

—10+4

y= 2x* -1

Replace x with —x to obtain
y=2(-x)*-1=2x"-1.

The result is the same as the original
equation, so the graph is symmetric with
respect to the y-axis. Since y is a function of
x, the graph cannot be symmetric with
respect to the x-axis.

Replace x with —x and y with —y to obtain

—y=2(-x)* -1
—y=2x"-1

y= —2x*+1.
The result is not the same as the original
equation, so the graph is not symmetric with
respect to the origin.

Therefore, the graph is symmetric with
respect to the y-axis only.

The result is the same as the original equation, so the graph is symmetric with respect to the y-axis.

Replace y with —y to obtain the following.

X +(=y)* =10
x? +y2 =10

The result is the same as the original equation, so the graph is symmetric with respect to the x-axis.
Since the graph is symmetric with respect to the x-axis and y-axis, it is also symmetric with respect to

the origin.
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22,

24,

=5
2
y ==
2
Replace x with —x to obtain
-5
2
y =
(=)’
-5
2
yi=—.
2

The result is the same as the original
equation, so the graph is symmetric with
respect to the y-axis.

Replace y with —y to obtain

-5
»'=—
x2

—

y o =—
x2

The result is the same as the original
equation, so the graph is symmetric with
respect to the x-axis. Since the graph is
symmetric with respect to the x-axis and
y-axis, it is also symmetric with respect to
the origin.

Therefore, the graph is symmetric with
respect to the x-axis, the y-axis, and the
origin.

y= X —x

Replace x with —x to obtain
y=(0) = (=)
y=—x"+x

The result is not the same as the original
equation, so the graph is not symmetric with
respect to the y-axis.

Replace y with —y to obtain

—y=x"—x

y=—x"+x.
The result is not the same as the original
equation, so the graph is not symmetric with
respect to the x-axis.
Replace x with —x and y with —y to obtain

3
-y =(=x0)"=(=x)
—y=—x’+x
_ .3

y=x —x
The result is the same as the original
equation, so the graph is symmetric with
respect to the origin.

Therefore, the graph is symmetric with
respect to the origin only.

23.

25.

3

y=-3x

Replace x with —x to obtain
y=-3(-x’

y=-3(=x)

y= 3x°.

The result is not the same as the original
equation, so the graph is not symmetric with
respect to the y-axis.

Replace y with —y to obtain

3

-y =-3x
y=3x".

The result is not the same as the original

equation, so the graph is not symmetric with

respect to the x-axis.

Replace x with —x and y with —y to obtain

=y ==3(-x)"

=y ==3(-x")
-y= 3x°
y= -3x°.

The result is the same as the original
equation, so the graph is symmetric with
respect to the origin. Therefore, the graph is
symmetric with respect to the origin only.

y= xr—x+7
Replace x with —x to obtain
2
y= (=02 = (=0)+7
y= X +x+7.
The result is not the same as the original
equation, so the graph is not symmetric with
respect to the y-axis.
Since y is a function of x, the graph cannot

be symmetric with respect to the x-axis.
Replace x with —x and y with —y to obtain

2
—y = (=2 = (=) +7
-y= X +x+7

y=—x>—x-T7.
The result is not the same as the original
equation, so the graph is not symmetric with
respect to the origin.

Therefore, the graph has none of the listed
symmetries.
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26. y=x+12

27.

28.

29.

30.

Replace x with —x to obtain the following.
y=(=x)+12
y=—x+12
The result is not the same as the original equation, so the graph is not symmetric with respect to the

y-axis. Since y is a function of x, the graph cannot be symmetric with respect to the x-axis.
Replace x with —x and y with —y to obtain the following.

—-y=(—x)+12
y=x-12
The result is not the same as the original equation, so the graph is not symmetric with respect to the
origin. Therefore, the graph has none of the listed symmetries.

y= x* -1
This graph may be obtained by translating T
the graph of y = x?, 1 unit downward. _‘_
st
— ol —— x
\V
y= x+1

This graph may be obtained by translating
the graph of y = x%, 1 units upward.

y=x*+2
This graph may be obtained by translating
the graph of y = x%, 2 units upward.

y=x>-2
This graph may be obtained by translating
the graph of y = x?, 2 units downward.
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31, y=(x- 1)2
This graph may be obtained by translating
the graph of y = x%, 1 units to the right.

32, y=(x— 2)2
This graph may be obtained by translating
the graph of y = x%, 2 units to the right.

33, y=(x+2)
This graph may be obtained by translating
the graph of y = x?, 2 units to the left.

34, y=(x+3)
This graph may be obtained by translating
the graph of y = x?, 3 units to the left.

35. y=(x+3)%-4
This graph may be obtained by translating
the graph of y = x%, 3 units to the left and 4
units down.




36.

37.

38.

39.

40.

y=(x=5"-4

This graph can be obtained by translating
the graph of y=x>, 5 units to the right and
4 units down.

y= 2x2 -1

This graph may be obtained by translating
the graph of y = x?, 1 unit down. It is then
stretched vertically by a factor of 2.

y=2(x-2
This graph may be obtained by translating
the graph of y= x?, 2 units to the right. It

is then shrunk vertically by a factor of %

f(x)=2(x-2)*-4
This graph may be obtained by translating
the graph of y =x?, 2 units to the right and

4 units down. It is then stretched vertically
by a factor of 2.

f(x)=-3(x-2)*+1
This graph may be obtained by translating
the graph of y = x%, 2 units to the right and

1 unit up. It is then stretched vertically by a
factor of 3 and reflected over the x-axis.

Appendix D: Graphing Techniques

fx) = =3(x=2)" + 1

647
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41.

42,

43.

44.

45.

46.

47.

48.

It is the graph of f(x)= |x| translated 1 unit to the left, reflected across the x-axis, and translated 3

units up. The equation is y = —|x + 1| +3.

It is the graph of g (x) = \/; translated 4 units to the left, reflected across the x-axis, and translated 2

units up. The equationis y=—J/x+4+2.

It is the graph of g(x)= Jx translated 4 units to the left, stretched vertically by a factor of 2, and
translated 4 units down. The equationis y=2+x+4—4.

It is the graph of f(x)= |x| translated 2 units to the right, shrunken vertically by a factor of %, and

translated 1 unit down. The equationis y = 3|x— 2| —-1.

fx)=2x+5
Translate the graph of f(x) up 2 units to obtain the graph of #(x) =(2x+5)+2=2x+7.
Now translate the graph of #x) = 2x + 7 left 3 wunits to obtain the graph of

g(x)=2(x+3)+7=2x+6+7=2x+13. (Note that if the original graph is first translated to the left 3
units and then up 2 units, the final result will be the same.)

Jx)=3-x
Translate the graph of f(x) down 2 units to obtain the graph of #(x) =(3—-x)—-2=—x+1.

Now translate the graph of #(x)=—-x+1 right 3 units to obtain the graph of

g(x)=—(x—-3)+1=—x+3+1=—-x+4. (Note that if the original graph is first translated to the right 3
units and then down 2 units, the final result will be the same.)

Answers will vary.
There are four possibilities for the constant, c.

)  ¢>0 |¢|>1 The graphof F(x) is stretched vertically by a factor of c.
i) ¢>0 |c|<1 The graphof F(x) is shrunk vertically by a factor of c.
iii) ¢<0 |c| >1 The graph of F(x) is stretched vertically by a factor of —c and reflected over the
x-axis.
iv) ¢<0 |c|<1 The graph of F(x) is shrunk vertically by a factor of —c and reflected over the

X-axis.

The graph of y=F(x+h) represents a horizontal shift of the graph of y=F(x). If >0, itis a
shift to the left / units. If £ <0, itis a shift to the left —/ units (% is negative).

The graph of y = F (x)+h is not the same as the graph of y=F (x+#h). The graphof y=F (x)+h
represents a vertical shift of the graph of y = F(x).
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