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Preface

This textbook gives an introduction to distribution theory with emphasis on
applications using functional analysis. In more advanced parts of the book,
pseudodifferential methods are introduced.

Distribution theory has been developed primarily to deal with partial (and
ordinary) differential equations in general situations. Functional analysis in,
say, Hilbert spaces has powerful tools to establish operators with good map-
ping properties and invertibility properties. A combination of the two allows
showing solvability of suitable concrete partial differential equations (PDE).

When partial differential operators are realized as operators in Ly(€2) for
an open subset 2 of R™, they come out as unbounded operators. Basic courses
in functional analysis are often limited to the study of bounded operators, but
we here meet the necessity of treating suitable types of unbounded operators;
primarily those that are densely defined and closed. Moreover, the emphasis
in functional analysis is often placed on selfadjoint or normal operators, for
which beautiful results can be obtained by means of spectral theory, but
the cases of interest in PDE include many nonselfadjoint operators, where
diagonalization by spectral theory is not very useful. We include in this book a
chapter on unbounded operators in Hilbert space (Chapter 12), where classes
of convenient operators are set up, in particular the variational operators,
including selfadjoint semibounded cases (e.g., the Friedrichs extension of a
symmetric operator), but with a much wider scope.

Whereas the functional analysis definition of the operators is relatively
clean and simple, the interpretation to PDE is more messy and complicated.
It is here that distribution theory comes in useful. Some textbooks on PDE
are limited to weak definitions, taking place e.g. in Lo(£2). In our experience
this is not quite satisfactory; one needs for example the Sobolev spaces with
negative exponents to fully understand the structure. Also, Sobolev spaces
with noninteger exponents are important, in studies of boundary conditions.
Such spaces can be very nicely explained in terms of Fourier transformation
of (temperate) distributions, which is also useful for many further aspects of
the treatment of PDE.



vi Preface

In addition to the direct application of distribution theory to interpret
partial differential operators by functional analysis, we have included some
more advanced material, which allows a further interpretation of the solu-
tion operators, namely, the theory of pseudodifferential operators, and its
extension to pseudodifferential boundary operators.

The basic part of the book is Part I (Chapters 1-3), Chapter 12, and
Part IT (Chapters 4-6). Here the theory of distributions over open sets is
introduced in an unhurried way, their rules of calculus are established by
duality, further properties are developed, and some immediate applications
are worked out. For a correct deduction of distribution theory, one needs a
certain knowledge of Fréchet spaces and their inductive limits. We have tried
to keep the technicalities at a minimum by relegating the explanation of such
spaces to an appendix (Appendix B), from which one can simply draw on the
statements, or go more in depth with the proofs if preferred. The functional
analysis needed for the applications is explained in Chapter 12. The Fourier
transformation plays an important role in Part II, from Chapter 5 on.

The auxiliary tools from functional analysis, primarily in Hilbert spaces,
are collected in Part V. Besides Chapter 12 introducing unbounded operators,
there is Chapter 13 on extension theory and Chapter 14 on semigroups.

Part III is written in a more compact style. We here extend the PDE theory
by the introduction of z-dependent pseudodifferential operators (¢do’s), over
open sets (Chapter 7) as well as over compact C°° manifolds (Chapter 8).
This is an important application of distribution theory and leads to a very
useful “algebra” of operators including partial differential operators and the
solution operators for the elliptic ones. Fredholm theory is explained and used
to establish the existence of an index of elliptic operators.

Pseudodifferential operators are by many people regarded as a very so-
phisticated tool, and indeed it is so, perhaps most of all because of the im-
precisions in the theory: There are asymptotic series that are not supposed
to converge, the calculus works “modulo operators of order —oo0”, etc. We
have tried to sum up the most important points in a straightforward way.

Part IV deals with boundary value problems. Homogeneous boundary con-
ditions for some basic cases were considered in Chapter 4 (with reference to
the variational theory in Chapter 12); this was supplied with the general
Garding inequality at the end of Chapter 7. Now we present an instructive
example in Chapter 9, where explicit solution operators for nonhomogeneous
Dirichlet and Neumann problems are found, and the role of half-order Sobolev
spaces over the boundary (also of negative order) is demonstrated. Moreover,
we here discuss some other Neumann-type conditions (that are not always el-
liptic), and interpret the abstract characterization of extensions of operators
in Hilbert space presented in Chapter 13, in terms of boundary conditions.

Whereas Chapter 9 is “elementary”, in the sense that it can be read di-
rectly in succession to Parts I and II, the next two chapters, based on Part III,
contain more heavy material. It is our point of view that a modern treatment
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of boundary value problems with smooth coefficients goes most efficiently by a
pseudodifferential technique related to the one on closed manifolds. In Chap-
ter 10 we give an introduction to the calculus of pseudodifferential boundary
operators (1»dbo’s) initiated by Boutet de Monvel, with full details of the
explanation in local coordinates. In Chapter 11 we introduce the Calderén
projector for an elliptic differential operator on a manifold with boundary,
and show some of its applications.

The contents of the book have been used frequently at the University of
Copenhagen for a one-semester first-year graduate course, covering Chapters
1-3, 12 and 4-6 (in that order) with some omissions. Chapters 7-9 plus
summaries of Chapters 10, 11 and 13 were used for a subsequent graduate
course. Moreover, Chapters 12-14, together with excursions into Chapters 4
and 5 and supplements on parabolic equations, have been used for a graduate
course.

The bibliography exposes the many sources that were consulted while the
material was collected. It is not meant to be a complete literature list of the
available works in this area.

It is my hope that the text is relatively free of errors, but I will be interested
to be informed if readers find something to correct; then I may possibly set
up a homepage with the information.

Besides drawing on many books and papers, as referred to in the text, I
have benefited from the work of colleagues in Denmark, reading their earlier
notes for related courses, and getting their advice on my courses. My thanks
go especially to Esben Kehlet, and to Jon Johnsen, Henrik Schlichtkrull,
Mogens Flensted-Jensen and Christian Berg. I also thank all those who have
helped me improve the text while participating in the courses as graduate
students through the years. Moreover, my thanks go to Mads Haar and Jan
Caesar for creating the figures, and to Jan Caesar for his invaluable help in
adapting the manuscript to Springer’s style.

Copenhagen, June 2008 Gerd Grubb
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Part 1
Distributions and derivatives



Chapter 1
Motivation and overview

1.1 Introduction

In the study of ordinary differential equations one can get very far by using
just the classical concept of differentiability, working with spaces of continu-
ously differentiable functions on an interval I C R:

C™(I)={u:1—C| d”gju exists and is continuous on I for 0 < j < m }.
(1.1)
The need for more general concepts comes up for example in the study
of eigenvalue problems for second-order operators on an interval [a,b] with
boundary conditions at the endpoints a, b, by Hilbert space methods. But
here it usually suffices to extend the notions to absolutely continuous func-
tions, i.e., functions u(x) of the form

u(x) = / v(y)dy + ¢, v locally integrable on I. (1.2)

Zo

Here ¢ denotes a constant, and “locally integrable” means integrable on com-
pact subsets of 1. The function v is regarded as the derivative d‘iu of u, and
the fundamental formula

xr
u(w) = uleo) + [ futv)dy (1.3)
o
still holds.

But for partial differential equations one finds when using methods from
functional analysis that the spaces C™ are inadequate, and there is no good
concept of absolute continuity in the case of functions of several real variables.
One can get some ways by using the concept of weak derivatives: When u
and v are locally integrable on an open subset ) of R™, we say that v = a?cj u
in the weak sense, when
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_/ uagjgoda::/vgoda:, for all ¢ € C§°(Q); (1.4)
Q Q

here C§°(Q2) denotes the space of C* functions on Q with compact support
in Q. (The support supp f of a function f is the complement of the largest
open set where the function is zero.) This criterion is modeled after the fact
that the formula (1.4) holds when u € C(Q), with v = a?gj u.

Sometimes even the concept of weak derivatives is not sufficient, and the
need arises to define derivatives that are not functions, but are more general
objects. Some measures and derivatives of measures will enter. For example,
there is the Dirac measure J that assigns 1 to every Lebesgue measurable set
in R™ containing {0}, and 0 to any Lebesgue measurable set not containing
{0}. For n =1, d¢ is the derivative of the Heaviside function defined in (1.8)
below. In the book of Laurent Schwartz [S61] there is also a description of
the derivative of 0o (on R) — which is not even a measure — as a “dipole”,
with some kind of physical explanation.

For the purpose of setting up the rules for a general theory of differention
where classical differentiability fails, Schwartz brought forward around 1950
the concept of distributions: a class of objects containing the locally integrable
functions and allowing differentiations of any order.

This book gives an introduction to distribution theory, based on the work
of Schwartz and of many other people. Our aim is also to show how the
theory is combined with the study of operators in Hilbert space by methods
of functional analysis, with applications to ordinary and partial differential
equations. In some chapters of a more advanced character, we show how the
distribution theory is used to define pseudodifferential operators and how
they are applied in the discussion of solvability of PDE, with or without
boundary conditions. A bibliography of relevant books and papers is collected
at the end.

Plan

Part T gives an introduction to distributions.

In the rest of Chapter 1 we begin the discussion of taking derivatives in the
distribution sense, motivating the study of function spaces in the following
chapter.

Notation and prerequisites are collected in Appendix A.

Chapter 2 studies the spaces of C*°-functions (and C*-functions) needed
in the theory, and their relations to L,-spaces.
The relevant topological considerations are collected in Appendix B.

In Chapter 3 we introduce distributions in full generality and show the
most prominent rules of calculus for them.
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Part II connects the distribution concept with differential equations and
Fourier transformation.

Chapter 4 is aimed at linking distribution theory to the treatment of par-
tial differential equations (PDE) by Hilbert space methods. Here we intro-
duce Sobolev spaces and realizations of differential operators, both in the
(relatively simple) one-dimensional case and in n-space, and study some ap-
plications.

Here we use some of the basic results on unbounded operators in Hilbert
space that are collected in Chapter 12.

In Chapter 5, we study the Fourier transformation in the framework of
temperate distributions.

Chapter 6 gives a further development of Sobolev spaces as well as appli-
cations to PDE by use of Fourier theory, and shows a fundamental result on
the structure of distributions.

Part III introduces a more advanced tool, namely, pseudodifferential opera-
tors (1do’s), a generalization of partial differential operators containing also
the solution operators for elliptic problems.

Chapter 7 gives the basic ingredients of the local calculus of pseudodiffer-
ential operators. Applications include a proof of the Garding inequality.

Chapter 8 shows how to define 1do’s on manifolds, and how they in
the elliptic case define Fredholm operators, with solvability properties mod-
ulo finite-dimensional spaces. (An introduction to Fredholm operators is in-
cluded.)

Part IV treats boundary value problems.

Chapter 9 (independent of Chapter 7 and 8) takes up the study of bound-
ary value problems by use of Fourier transformation. The main effort is spent
on an important constant-coefficient case which, as an example, shows how
Sobolev spaces of noninteger and negative order can enter. Also, a connec-
tion is made to the abstract theory of Chapter 13. This chapter can be read
directly after Parts I and II.

In Chapter 10 we present the basic ingredients in a pseudodifferential
theory of boundary value problems introduced originally by L. Boutet de
Monvel; this builds on the methods of Chapters 7 and 8 and the example in
Chapter 9, introducing new operator types.

Chapter 11 shows how the theory of Chapter 10 can be used to discuss
solvability of elliptic boundary value problems, by use of the Calderén projec-
tor, that we construct in detail. As a special example, regularity of solutions
of the Dirichlet problem is shown. Some other boundary value problems are
taken up in the exercises.

Part V gives the supplementing topics needed from Hilbert space theory.

Chapter 12, departing from the knowledge of bounded linear operators
in Hilbert spaces, shows some basic results for unbounded operators, and
develops the theory of variational operators.
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Chapter 13 gives a systematic presentation of closed extensions of adjoint
pairs, with consequences for symmetric and semibounded operators; this is of
interest for the study of boundary value problems for elliptic PDE and their
positivity properties. We moreover include a recent development concerning
resolvents, their M-functions and Krein formulas.

Chapter 14 establishes some basic results on semigroups of operators, rel-
evant for parabolic PDE (problems with a time parameter), and appealing
to positivity and variationality properties discussed in earlier chapters.
Finally, there are three appendices. In Appendix A, we recall some basic rules
of calculus and set up the notation.

Appendix B gives some elements of the theory of topological vector spaces,
that can be invoked when one wants the correct topological formulation of
the properties of distributions.

Appendix C introduces some function spaces, as a continuation of Chapter
2, but needed only later in the text.

1.2 On the definition of distributions

The definition of a weak derivative d;u was mentioned in (1.4) above. Here
both u and its weak derivative v are locally integrable functions on 2. Observe
that the right-hand side is a linear functional on C§°(2), i.e., a linear mapping
A, of C§°(€2) into C, here defined by

Ay o= Ay(p) = / v de. (1.5)
Q

The idea of Distribution Theory is to allow much more general functionals

than this one. In fact, when A is any linear functional on C§°(€2) such that

—/ udjp de = A(p) for all ¢ € C5° (), (1.6)
Q

we shall say that
O;u = A in the distribution sense, (1.7)

even if there is no function v (locally integrable) such that A can be defined
from it as in (1.5).

Example 1.1. Here is the most famous example in the theory: Let 2 = R
and consider the Heaviside function H (z); it is defined by

H(z) = (1.8)

1 for >0,
0 for = <0.
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It is locally integrable on R. But there is no locally integrable function v such
that (1.4) holds with v = H:

—/Hddwgodx: /ngdx, for all ¢ € C5°(R). (1.9)
R

For, assume that v were such a function, and let ¢ € C§°(R) with ¢(0) =1
and set o (z) = ¢(Nx). Note that max |p(z)| = max |pn(x)] for all N, and
that when ¢ is supported in [—R, R|, ¢n is supported in [-R/N, R/N]. Thus
by the theorem of Lebesgue,

/vcdex—>0forN—>oo, (1.10)
R

but on the other hand,

—/RHd‘i@Ndx:—/OOON@'(Nx)dx:—/Ooowl(y)dy:go(O):1. (1.11)

So (1.9) cannot hold for this sequence of functions ¢, and we conclude that
a locally integrable function v for which (1.9) holds for all ¢ € C3°(R) cannot
exist.
A linear functional that does match H in a formula (1.6) is the following
one:
A p(0) (1.12)

(as seen by a calculation as in (1.11)). This is the famous delta-distribution,
usually denoted d¢. (It identifies with the Dirac measure mentioned earlier.)

There are some technical things that have to be cleared up before we can
define distributions in a proper way.

For one thing, we have to look more carefully at the elements of C§5°(12).
We must demonstrate that such functions really do exist, and we need to
show that there are elements with convenient properties (such as having the
support in a prescribed set and being 1 on a smaller prescribed set).

Moreover, we have to describe what is meant by convergence in C§°(£2),
in terms of a suitable topology. There are also some other spaces of C'™ or
C* functions with suitable support or integrability properties that we need
to introduce.

These preparatory steps will take some time, before we begin to introduce
distributions in full generality. (The theories that go into giving C§°(Q) a
good topology are quite advanced, and will partly be relegated to Appendix
B. In fact, the urge to do this in all details has been something of an obsta-
cle to making the tool of distributions available to everybody working with
PDE — so we shall here take the point of view of giving full details of how
one operates with distributions, but tone down the topological discussion to
some statements one can use without necessarily checking all proofs.)

The reader is urged to consult Appendix A (with notation and prerequi-
sites) before starting to read the next chapters.



Chapter 2
Function spaces and approximation

2.1 The space of test functions

Notation and prerequisites are collected in Appendix A.

Let Q be an open subset of R™. The space C§°(€2), consisting of the C>°-
functions on € with compact support in §2, is called the space of test functions
(on Q). The support suppu of a function u € Ljjoc () is defined as the
complement of the largest open set where u vanishes; we can write it as

suppu = Q\ (U{w open in Q| ul, :0}). (2.1)
We show first of all that there exist test functions:

Lemma 2.1. 1° Let R > r > 0. There is a function x, r(z) € C3°(R™) with
the properties: xrr(x) = 1 for |z| < r, xrr(x) € [0,1] for r < |z| < R,
Xr.r(x) =0 for |z| > R.

2° There is a function h € C§°(R™) satisfying:

supph = B(0,1), h(z) >0 for |z] <1, /h(x) dx = 1. (2.2)

Proof. 1°. The function

e 1/t for t >0,
f(t) =
0 for t <0,

is a C'*°-function on R. For ¢ # 0 this is obvious. At the point ¢ = 0 we have
that f(t) — 0 for ¢ \, 0, and that the derivatives of f(t) for ¢ # 0 are of the
form
pr(1/t)e 1/t for t > 0,
o ) = Y
0 for t <0,
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for certain polynomials pg, k € Np. Since any polynomial p satisfies
p(1/t)e= 1/t — 0 for t \, 0, f and its derivatives are differentiable at 0.
From f we construct the functions (see the figure)

@) =ft—r)f(R—1t), fat)= /too fi(s)ds .

f2
f

Here we see that fo(x) > 0 for all z, equals 0 for ¢t > R and equals

R
CZ/ f1(8)d8>0

for t < r. The function

1
xral@) = falal), 2 €R",

then has the desired properties.
2°. Here one can for example take

X;J(x)

M= @ de

O

Note that analytic functions (functions defined by a converging Taylor
expansion) cannot be in C§°(R) without being identically zero! So we have
to go outside the elementary functions (such as cost, e, et etc.) to find
nontrivial C§°-functions. The construction in Lemma 2.1 can be viewed from
a “plumber’s point of view”: We want a C'°°-function that is 0 on a certain
interval and takes a certain positive value on another; we can get it by twisting
the graph suitably. But analyticity is lost then.

For later reference we shall from now on denote by x a function in C§°(R™)
satisfying
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=1 for |z] <1,
x(z) < €[0,1] for 1< |z] <2, (2.3)
=0 for || >2,

one can for example take x1,2 constructed in Lemma 2.1. A C§°-function that
is 1 on a given set and vanishes outside some larger given set is often called a
cut-off function. Of course we get some other cut-off functions by translating
the functions x, r around. More refined examples will be constructed later
by convolution, see e.g. Theorem 2.13. These functions are all examples of
test functions, when their support is compact.

We use throughout the following convention (of “extension by zero”) for
test functions: If ¢ € C§°(2), @ open C R™, we also denote the function
obtained by extending by zero on R™ \ Q by ¢; it is in C§°(R™). When
v € C§°(R™) and its support is contained in €, we can regard it as an
element of C§°(f2) and again denote it ¢. Similarly, we can view a C°°-
function ¢ with compact support in Q@ N Q' (2 and Q' open) as an element
of C§°(Q) or C§°(£Y'), whatever is convenient.

Before we describe the topology of the space C§°(€2) we recall how some
other useful spaces are topologized. The reader can find the necessary infor-
mation on topological vector spaces in Appendix B and its problem session.

When we consider an open subset 2 of R™, the compact subsets play an
important role.

Lemma 2.2. Let Q) be a nonempty open subset of R™. There exists a sequence
of compact subsets (Kj)jen such that

KiCK3CKyC--CK/CK;C..., |JK;=0Q. (2.4)
JEN

Proof. We can for example take

Kj={zeQllz[<j and dist(z,00) >} }; (2.5)
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the interior of this set is defined by the formula with < and > replaced by <
and >. (If CQ = 0, the condition dist (z, Q) > ; is left out.) If necessary, we
can omit the first, at most finitely many, sets with K5 = () and modify the
indexation. O

When K is a compact subset of €2, it is covered by the system of open sets
{K73}jen and hence by a finite subsystem, say with j < jo. Then K C K for
all j > jo.

Recall that when [a,b] is a compact interval of R, C*([a,b]) (in one of
the versions C*([a,b],C) or C*([a,b],R)) is defined as the Banach space of
complex resp. real functions having continuous derivatives up to order k,
provided with a norm

I fllos = Z sup |9 (z)|, or the equivalent norm
0<ji<k * (2.6)

I fllor = sup{ |f9(2)| |z € [a,8],0< j < k}.

In the proof that these normed spaces are complete one uses the well-known
theorem that when f; is a sequence of C'-functions such that f; and f]
converge uniformly to f resp. g for [ — oo, then f is C' with derivative
/" = g. There is a similar result for functions of several variables:

Lemma 2.3. Let J = [a1,b1] X+ X [an, by] be a closed box in R™ and let f; be
a sequence of functions in C*(J) such that fi — f and 0;f; — g; uniformly
on J for j=1,...,n. Then f € C*(J) with 9;f = g; for each j.

Proof. For each j we use the above-mentioned theorem in situations where
all but one coordinate are fixed. This shows that f has continuous partial
derivatives 0; f = g; at each point of J. O

So C*(J) is a Banach space with the norm
[uller sy = sup{[0%u(@)| | @ € J, |a] <k} (2.7)

We define
C>(J) = [ C*). (2.8)

keNy

This is no longer a Banach space, but can be shown to be a Fréchet space
with the family of (semi)norms pi(f) = [|fllcrcs), b € No, by arguments
as in Lemma 2.4 below. (For details on Fréchet spaces, see Appendix B, in
particular Theorem B.9.)

For spaces of differentiable functions over open sets, the full sup-norms are
unsatisfactory since the functions and their derivatives need not be bounded.
We here use sup-norms over compact subsets to define a Fréchet topology.
Let € be open and let K; be an increasing sequence of compact subsets as
in Lemma 2.2. Define the system of seminorms
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prj(f) =sup{ |0°f(2)| | |a| <k, z € K;}, forjeN. (2.9)

Lemma 2.4. 1° For each k € Ny, C*(Q) is a Fréchet space when provided
with the family of seminorms {pk ;}jen.

2° The space C*(Q) = yen, Ck(Q) is a Fréchet space when provided
with the family of seminorms {pk. ;}ken,,jen-

Proof. 1°. The family {py ;}jen is separating, for when f € C*(Q) is # 0,
then there is a point xo where f(zo) # 0, and xg € K for j sufficiently large;
for such j, px ;(f) > 0. The seminorms then define a translation invariant
metric by Theorem B.9. We just have to show that the space is complete
under this metric. Here we use Lemma 2.3: Let (f;);en be a Cauchy sequence
in C*(Q). Let w9 = {xo1,...,%on} € Q and consider a box J = J,, 5 = {7 |
|Tm — 2om| < 8, m=1,...,n} around zp, with ¢ taken so small that J C .
Since J C K}, for a certain jo, the Cauchy sequence property implies that f;
defines a Cauchy sequence in C*(.J), i.e., f; and its derivatives up to order k
are Cauchy sequences with respect to uniform convergence on J. So there is
a limit f; in C*(J). We use similar arguments for other boxes J’ in  and
find that the limits f; and f; are the same on the overlap of J and J'. In
this way we can define a C*-function f that is the limit of the sequence in
C*(J) for all boxes J C Q. Finally, p;x(fi — f) — 0 for all j, since each K;
can be covered by a finite number of box-interiors J°. Then f; has the limit
f in the Fréchet topology of C*((Q).

2°. The proof in this case is a variant of the preceding proof, where we
now investigate p;,x for all £ also. a

The family (2.9) has the max-property (see Remark B.6), so the sets
V(pr,j.e) ={feC®Q)|]0°f(z)] <e for |o|<k,zeK;} (2.10)

constitute a local basis for the system of neighborhoods at 0. One could in
fact make do with the sequence of seminorms {p  }ren, which increase with
k.

For any compact subset K of €2 we define

CE(Q)={ueCQ)|suppu C K}, (2.11)

the space of C*°-functions with support in K (cf. (2.1)); this space is provided
with the topology inherited from C'*°(£2).

The space C' () is a closed subspace of C*°(§2) (so it is a Fréchet space).
The topology is for example defined by the family of seminorms {p j, }ren,
(cf. (2.9)) with jo taken so large that K C Kj,. This family has the max-
property.

In the theory of distributions we need not only the Fréchet spaces C'*°(2)
and C72(£2) but also the space

Ce () ={peC™(Q)|suppy is compactin Q}. (2.12)
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As already mentioned, it is called the space of test functions, and it is also
denoted 2(12).

If we provide this space with the topology inherited from C*°(£2), we get
an incomplete metric space. For example, if  is the interval T =]0,3 [ and
¢(z) is a C*°-function on I with supp ¢ = [1,2], then ¢;(z) = p(z — 1+ }),
I € N, is a sequence of functions in C§°(I) which converges in C*°(I) to the
function p(z — 1) € C*°(I) \ C§°(I).

We prefer to provide C§°(€2) with a stronger and somewhat more compli-
cated vector space topology that makes it a sequentially complete (but not
metric) space. More precisely, we regard C§°(2) as

C(Q) = U C (), (2.13)

where K is an increasing sequence of compact subsets as in (2.4) and the
topology is the inductive limit topology, cf. Theorem B.17 (also called the £LF-
topology). The spaces C’j’é’j (Q) are provided with Fréchet space topologies by
families of seminorms (2.9).

The properties of this space that we shall need are summed up in the fol-

lowing theorem, which just specifies the general properties given in Appendix
B (Theorem B.18 and Corollary B.19):

Theorem 2.5. The topology on C§°(S2) has the following properties:

(a) A sequence (p1)ien of test functions converges to o in C5°(Q) if and
only if there is a j € N such that suppy; C K; for all | € Ny, and
er — o in CF (Q):

sup |0%(x) — 0%po(x)] — 0 for 1 — oo, (2.14)
reK;

for all o € Nij.

(b) A set E C C§°(9) is bounded if and only if there exists a j € N such that
E is a bounded subset of Cj’(oj (). In particular, if (©1)ien is a Cauchy
sequence in C3°(2), then there is a j such that supp ¢, C Kj for all l,
and ¢ is convergent in CF (1) (and then also in CG°(Q2)).

(c) Let Y be a locally convex topological vector space. A mapping T from
C5° () to Y is continuous if and only if T : C3E (1) — Y is continuous
for each j € N.

(d) A linear functional A : C§°(Q2) — C is continuous if and only if there is
an Nj € Ng and a ¢; > 0 for any j € N, such that

[A(@)] < ¢jsup{ [0%p(2)| | z € Kj, |af < Nj} (2.15)

for all ¢ € CFE ().
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Note that (a) is a very strong assumption on the sequence ¢;. Convergence
in C§°(Q) implies convergence in practically all the other spaces we shall
meet. On the other hand, (d) is a very mild assumption on the functional A;
practically all the functionals that we shall meet will have this property.

We underline that a sequence can only be a Cauchy sequence when there
is a j such that all functions in the sequence have support in K; and the
sequence is Cauchy in C’j’é’j (). Then the sequence converges because of the
completeness of the Fréchet space O, (). In the example mentioned above,
the sequence ¢y(z) = p(z — 1+ 1) in C5°(]0,3]) is clearly not a Cauchy
sequence with respect to this topology on C§°(]0,3]).

It is not hard to show that when (K ]/‘)jeN is another sequence of compact
subsets as in (2.4), the topology on C§°(€2) defined by use of this sequence is
the same as that based on the first one (Exercise 2.2).

We now consider two important operators on these spaces. One is differen-
tiation, the other is multiplication (by a C*°-function f); both will be shown
to be continuous. The operators are denoted 9% (with D® = (—i)l*l9%) resp.
My. We also write My as f¢ — and the same notation will be used later
for generalizations of these operators.

Theorem 2.6. 1° The mapping 0% : ¢ — 0%y is a continuous linear opera-
tor in C§°(Q). The same holds for D*.

2° For any f € C>(Q), the mapping My : ¢ — fp is a continuous linear
operator in C5°(£2).

Proof. Clearly, 0 and M} are linear operators from C§°(2) to itself. As for
the continuity it suffices, according to 2.5 (c), to show that 0% resp. My is
continuous from CfF () to C5°(€2) for each j. Since the operators satisfy

supp 0%¢ C suppy , supp Mo C supp ¢, (2.16)

for all ¢, the range space can for each j be replaced by Cj’;’j (Q). Here we have
for each k:

Prj(0%¢) = sup{ |0°0%¢| | |8 <k, z € K; }

(2.17)
<sup{[07¢| | 7| S k+lal, 2 € K;j } = Prijal,i(#)

which shows the continuity of 0“. The result extends immediately to D%. By
the Leibniz rule (A.7) we have for each k:

Prj(fp) =sup{ |0%(fo)| | la| <k, r € K; } (2.18)
< sup{ Zgga |Ca7ﬁaﬁfaaiﬁ@| |la| <k, z€K;}

< Cypr,j (f)pr,j (),

for a suitably large constant Cy; this shows the continuity of M. O
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2.2 Some other function spaces

C§°(9) is contained in practically every other space defined in connection
with €, that we shall meet. For example,

CE(Y) C Ly(QY) forpel, ], (2.19)

Coo (@) (), '
and these injections are continuous: According to Theorem 2.5 (c) it suffices
to show that the corresponding injections of C%oj (Q) are continuous, for each
Jj (with K as in (2.4)). For ¢ € Cf¥ (©2) we have when p < oc:

lellz, < sup o ()| vol (K;)/, (2.20)
zeK;

which shows that the injection J : CF () — Lp(€2) maps the basic neigh-
borhood

Vipoj.e) ={e|suplp(z)| <c}

into the ball B(0,7) in L,(Q) with r = evol (K;)!/P. The continuity of the
other injection in (2.19) follows from the fact that C7 (€2) had the inherited
topology as a subspace of C*° ().

We now introduce some further spaces of functions.

It is typical for the space C*°(2) that it gives no restriction on the global
behavior of the elements (their behavior on §2 as a whole): from the knowledge
of the behavior of a function on the compact subsets of €2 one can determine
whether it belongs to C°°(€2). This does not hold for L,(2) where a certain
globally defined number (the norm) must be finite in order for the function to
belong to L,(€2). Sometimes one needs the following “locally” defined variant
of L,(2):

Ly i0c (©2) = { v measurable | u|x € Ly(K) when K compact C Q},
(2.21)

with the usual identification of functions that are equal almost everywhere.
Ly 10c () is provided with the Fréchet space topology defined from the
family of seminorms

pJ(u) = HlKjuHLp(Q) ) .] = 17 27 ceey
where K is as in (2.4). For K compact C €, we can identify L, (K) with

L, k(Q)={ue L,(Q)|suppu C K}, (2.22)
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by extension by zero in Q\ K; it is a closed subspace of L,(€2). The com-
pleteness of the spaces Ly 1oc (2) can be deduced from the completeness of
the spaces Ly x; ().

In analogy with the subspace C§°(2) of C*°(2) (with a stronger topology)
we define the subspace Ly comp (£2) of Ly 10c () (and of L,(£2)) by

Ly comp (2) = {u € L,(Q) | suppu compact C Q}. (2.23)

It is provided with the inductive limit topology, when written as
Lp,comp Q)= U Lp,Kj(Q)' (2.24)
j=1

In this way, Ly comp (2) is an LF-space (cf. Appendix B), with a stronger
topology than the one inherited from L, ().

Remark 2.7. The above choices of topology assure for example that La joc (£2)
and Lo comp (€2) may be identified with the dual space of one another, in such
a way that the duality is a generalization of the integral fQ uv dzx (Exercises
2.4 and 2.8).

It is not hard to show (cf. (A.21), (A.31)) that

COO(Q) C Lp,loc (Q) C Lq,loc (Q) ,

. (2.25)
C5°(22) C Lyp,comp () C Lg,comp (),  forp>gq,

with continuous injections.

More function spaces are defined in Appendix C. The reader can bypass
them until needed in the text. There is a large number of spaces that one
can define for various purposes, and rather than learning all these spaces by
heart, the reader should strive to be able to introduce the appropriate space
with the appropriate topology (“do-it-yourself”) when needed.

2.3 Approximation theorems

From the test functions constructed in Lemma 2.1 one can construct a wealth
of other test functions by convolution. Recall that when f and g are measur-
able functions on R™ and the product f(y)g(z — y) is an integrable function
of y for a fixed x, then the convolution product (f * ¢g)(x) is defined by

(fxg)(z) = . fWglx —y)dy . (2.26)

Note that (f * g)(z) = [z f(z —y)g(y)dy = (g * f)(x). (2.26) is for ex-
ample defined when f € L, and g is bounded and one of them has
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compact support (or both have support in a conical set such as for example
{z]x1>0,...,2, >01}). (2.26) is also well-defined when f € L, and g € L,
with 1/p+1/q = 1.

It will be convenient to use the following general convergence principles
that follow from the theorem of Lebesgue:

Lemma 2.8. Let M C R™ be measurable and let I be an interval of R. Let
f(x,a) be a family of functions of x € M depending on the parameter a € I,
such that for each a € I, f(x,a) € Li(M). Consider the function F on I
defined by

F(a) = /M f(z,a)dx forael. (2.27)

1° Assume that for each x € M, f(z,a) is a continuous function of a
at the point ag € I, and that there is a function g(x) € L'(M) such that
|f(x,a)| < g(x) for all (x,a) € M x I. Then F(a) is continuous at the point
ag.

A similar statement holds when the parameter a runs in a ball B(ag,r) in
RF.

2° Assume that aaaf(x, a) exists for all (x,a) € M x I and that there is a
function g(x) € LY(M) such that

|8
da

Then F(a) is a differentiable function of a € I, and

f(z,a)| < g(x) for all (x,a) € M x I. (2.28)

d 0
daF(a) = /M aaf(x, a)dx. (2.29)

Let h(z) be a function with the properties

n

heCeR™), h>0, / h(z)dz =1, supph C B(0,1) . (2.30)
Such functions exist according to Lemma 2.1. For j € N we set
hj(x) = j"h(jz) ; (2.31)

then we have for each 7,
hj € Cg°(R™), h;j >0, /hj(x) de =1, supph; C B(0, ;) . (2.32)

The sequence (h;) en is often called an approzimate unit. This refers to
the approximation property shown in Theorem 2.10 below, generalized to
distributions in Chapter 3.

We shall study convolutions with the functions h;. Let v € Lq 1o (R™) and
consider h; * u,
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()@ = [ gy = [ e put)dy. (233)
B(O,} B(z;)

1

Concerning supports of these functions it is clear that if dist («, supp u) > I

then (h; * u)(x) = 0. Thus supp(h; * u) is contained in the closed set
supp(h; *u) C supp u + B(0, jl) ) (2.34)

In particular, if u has compact support, then h; * u has a slightly larger
compact support.

Lemma 2.9. When u € L1 10c (R™), then h; * u € C*°(R"), and
0%(hj *u) = (0%hj) *u for all o € Ny . (2.35)

Proof. Let xo be an arbitrary point of R"; we shall show that h; * u is C*
on a neighborhood of the point and satisfies (2.35) there. When z € B(zo, 1),
then hj(xz — y) vanishes for y ¢ B(zo,2), so we may write

(hy * u)(x) = /B e )y, (2.36)

for such . Note that

O hy(a) = §"1NOFR(Y) y=ja, sO SUD[0;hy ()] —J”J”"“Stlpl@é"h(x)l,

(2.37)
and hence the 2-dependent family of functions hj(z — y)u(y) and its a-
derivatives are bounded by multiples of |u(y)|:

[hj(x = y)uy)] < Cjlu(y)], 107 h;(z —y)uy)] < Cojluly)]- (2.38)

Since u is integrable on B(zo, 2), we can first use Lemma 2.8 1° (with k = n)
to see that (h; * u)(x) is continuous at the points z € B(a:o, 1). Next, we
can use Lemma 2.8 2° for each of the partial derivatives a , k=1,.

Where x € B(wo, 1), keeping all but one coordinate fixed. Thls gives that
81 (hj *u)(x) exists and equals the continuous function

2@ = [ 2 b yu)dy k=1L
B(z0,2)

for x € B(xo,1). Here 15 a new formula where we can apply the argument
again, showing that 8wl 8w (hj *u)(x) exists and equals ((8‘2 82 hj)*u)(x).
By induction we include all derivatives and obtain (2.35). O

One can place the differentiations on wu, to the extent that u has well-
defined partial derivatives, by a variant of the above arguments (Exercise
2.6).



20 2 Function spaces and approximation

Theorem 2.10. 1° When v is continuous and has compact support in R"™,
e., v € CQ(R™) (cf. (C.8)), then hj xv — v for j — oo uniformly, hence
also in Ly,(R™) for any p € [1,00] (in particular in C}_(R™), cf. (C.12)).
2° For any p € [1,00|] one has that

|hj*ullL, < |lullL, forue Ly(R™). (2.39)

3° When p € [1,00[ and u € L,(R™), then h; * u — u in Ly(R™) for
j — 00. Moreover, C3°(R™) is dense in L,(R™).

Proof. 1°. When v is continuous with compact support, then v is uniformly
continuous and one has for x € R™:

(hy ) (&) — ol |—|/ =iy - [

sup |v(z —y) —v(z)| <&, (2.40)
eB(O

where €; — 0 for j — oo, independently of x. It follows immediately that
h; * v — v pointwise and in sup-norm, and one finds by integration over the
compact set supp v + B(0,1) that h; * v — v in L, for p € [1, o0].

2°. The inequality is for 1 < p < oo a consequence of Holder’s inequality
(A.24), where we set f(y) = h;(z —y)/Pu(y) and g(y) = h;(z —y)/*":

Iy ull}, —// (& — y)uly)dy P da

< [([ ma - P ([ 1 - i) ar @

— [[ 15t = wlutwPayde = ul?,

using (2.32) and the Fubini theorem. In the cases p = 1 and p = oo one uses
suitable variants of this argument.

3°. We here use the result known from measure theory that when p < oo,
the functions in L,(R™) may be approximated in L, norm by continuous
functions with compact support. Let u € L,(R"), let ¢ > 0 and let v €
CY(R™) with |lu —v||z, <e/3. By 1°, jo can be chosen so large that

|hjxv—vlL, <e/3 forj>jo.
Then by (2.39),

lhj*u—ullr, <|hj*(u—20)le, +Ih*xv =2, +v—ulL,
<2llv—ul|+¢/3<e, forj>jo,

which shows that h; xu — w in L, for j — co. The last assertion is seen from
the fact that in this construction, h; * v approximates u. o
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The theorem shows how sequences of smooth functions h; * u approximate
u in a number of different spaces. We can extend this to still other spaces.

Lemma 2.11. For every p € [1,00[, C§°(R") is dense in Ly 1oc (R™).

Proof. Note first that x(z/N)u — win Ly 1oc for N — oo (cf. (2.3)). Namely,
x(x/N) =1 for |x| < N, and hence for any j,

pi(x(z/N)u —u) = /B(O ' Ix(z/N)u —ufPde =0 for N>j, (242)

so pj(x(z/N)u —u) — 0 for N — oo, any j, whereby x(z/N)u —u — 0
in Lpioc (R™). The convergence of course holds in any metric defining the
topology. Now x(z/N)u € L,(R™), and hy*(x(z/N)u) — x(xz/N)u in L,(R™)
by Theorem 2.10, with A * (x(z/N)u) € C§°(R") supported in B(0,2N + 1);
the convergence also holds in Ly joc (R™). We conclude that the functions
in Ly 1oc (R™) may be approximated by test functions, with respect to the
topology of Ly 10c (R™). O

When we consider u € Ly, 1oc (2) for an open subset 2 of R, the expression
(hj * u)(x) is usually not well-defined for = close to the boundary. But one
does have the following result:

Lemma 2.12. Let u € Ly 10c (2) for some p € [1,00[ and let ¢ > 0. When
j>1/e, then

o) = (hyu)(e) = [ hylg)ute — )y (2.43)
B(0,1)
is defined for x in the set

Q. ={z€Q|dist (,00Q) > ¢}, (2.44)

and one has for any R >0

1/p
(/ lu(x) — v; (x)|pdx) — 0 forj—o0. (2.45)
Q.NB(0,R)

Proof. Let j > 1/e, then vj(z) is defined for x € Q.. In the calculation of
the integral (2.45), when j > 2/¢ one only uses the values of v on K, g =
02.NB(0, R)+ B(0,e/2), which is a compact subset of 2. We can then replace
u by

s (z) = u(x) for z € K. R, (2.46)
0 otherwise. '

Here uy € Ly(R™), whereby v; = h;*uq on Q.NB(0, R) and the result follows
from Theorem 2.10. O
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Other types of approximation results in L, 1oc (£2) can be obtained by use
of more refined cut-off functions than those in Lemma 2.1.

Theorem 2.13. Let M be a subset of R™, let € > 0, and set My, = M +
B(0,ke) for k > 0. There exists a function n € C*°(R™) which is 1 on M.
and is supported in Ms., and which satisfies 0 < n(z) <1 for all x € R™.

Proof. The function

1 on My,
Y(z) = {0 on B\ M., (2.47)

is in L1 10c (R™), and for j > 1/e, the function hj % 1) is nonnegative and C'*°
with support in

Mo, + B(0, }) C Ms..
When = € M., we have that ¢ = 1 on the ball B(z, €), and hence (h;*)(z)
fB(o 1y hi(y)y (z—y)dy = 1 when j > 1/e. The function takes values in [0,
'

elsewhere. Thus, as the function n we can use h; * ¢ for j > 1/¢.

o =

Observe that 1 in Theorem 2.13 has compact support when M is compact.
One often needs the following special cases:

Corollary 2.14. 1° Let Q be open and let K be compact C Q). There is a
function n € C§°(2) taking values in [0, 1] such that n = 1 on a neighborhood
of K.

2° Let K, j € N, be a sequence of compact sets as in (2.4). There is a
sequence of functions n; € C§°(Q) taking values in [0,1] such that n; =1 on
a neighborhood of K; and suppn; C K7,

Proof. We use Theorem 2.13, noting that dist (&, ) > 0 and that for all j,
dist (Kj, EKJ'_H) > 0. O

Using these functions we can moreover show:
Theorem 2.15. Let Q) be open C R™.

1° C§°(Q) is dense in C*° ().
2° C§°(2) is dense in Ly 1oc (Q) for all p € [1,00] .
3° C§°(Q) is dense in L,() for allp € [1,00] .

Proof. 1°. Let v € C*°(Q2). Choosing n; as in Corollary 2.14 one has that
nju € C§°(N) and nju — w in C*(N) for j — oo (since mu = uw on K for
12 ).

2°. Letu € Lpjoc (). Now miu € Lp(2) with support in K41, and mu — u
in Lpioc () for I — oo, since mu = u on K for [ > j. Next, hy * mu — nu
in L,(R") for k — oo by Theorem 2.10. Since supp(hg * mu) C Ko for k
sufficiently large, this is also a convergence in Ly, joc (€2).

3°. Let u € L,y(Q). Again, mu € L,(2), and now mu — u in L,(Q2) by
the theorem of Lebesgue (since 0 < 7; < 1). The proof is completed as under
2°. a
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2.4 Partitions of unity

The special test functions from Corollary 2.14 are also used in the construc-
tion of a so-called “partition of unity”, i.e., a system of smooth functions
with supports in given sets and sum 1 on a given set.

We shall show two versions, in Theorems 2.16 and 2.17; it is the latter
that is most often used. In this text we shall not need it until Lemma 3.11.

For Theorem 2.16 we fill out an open set €2 with a countable family of
bounded open subsets V; that is locally finite in 2, i.e., each compact subset of
2 has nonempty intersection with only a finite number of the Vj’s. Moreover,
we require that the V; can be shrunk slightly to open sets Vj’ with Vj’ cV;
such that the union of the V}-’ still covers €2. As an example of this situation,
take the sets

Vo=K, V;=Ki 4 \K;forjeN,

2.48
Vo =Ks, V=K 3\ Kj forjeN, (243)

where the K are as in (2.4). This system is locally finite since every compact
subset of {2 is contained in some K, hence does not meet the V; with j > jo.

Theorem 2.16. Let the open set §2 be a union of bounded open sets V; with
V; C Q, j € Ng, for which there are open subsets Vj’ such that V}-’ C Vj and
we still have ;e Vi = Q. Assume, moreover, that the cover {V;}jen, is
locally finite in Q2. Then there is a family of functions ¢; € Cg°(V;) taking
values in [0, 1] such that

Z Yi(x) =1 for all z € Q. (2.49)

J€Np

Proof. Since Vj’ is a compact subset of V;, we can for each j choose a function
¢j € Cg°(V;) that is 1 on V] and takes values in [0, 1], by Corollary 2.14. Now

V()= Glo)
Jj€Ng

is a well-defined C'*°-function on €, since any point € ) has a compact
neighborhood in €2 where only finitely many of the functions (; are nonzero.
Moreover, ¥(z) > 1 at all x € , since each z is in V] for some j. Then let

G(x) .
Pi(x) = \Ii(x) for z € Q, j € Np.
The system {9} en, has the desired properties. O

We say that {1} };en, is a partition of unity (cf. (2.49)) for Q subordinate
to the cover {V}},en,-
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The other partition of unity version we need is as follows:

Theorem 2.17. Let K be a compact subset of R", and let {V;}I, be a
bounded open cover of K (i.e., the V; are bounded and open in R™, and
K C U —oVj). There exists a famzly of functions i; € C§°(V;) taking values
in [0,1] such that

N
Z¢j(x) =1forzekK. (2.50)

Proof. Let us first show that there exist open sets V’ C Vj, still forming
a cover {V’ *, of K, such that V’ is a compact Subset of Vj for each j.
For this, let Vl ={z € V; | dist (a: ov;) > 1} then the family of sets
{Vji}j=o.,....nen forms an open cover of K. Since K is compact, there is a
finite subfamily that still covers K'; here since Vj; C Vj for [ < I, we can
reduce to a system where there is at most one [ for each j. Use these Vj; as
V/, and supplement by V/ = Vj; for each of those values of j that are not
represented in the system.

Now use Corollary 2.14 for each j to choose (; € C§°(V;), equal to 1 on
V] and taking values in [0, 1]. Then

N N
V() =Y ¢lz)=1forze|JV/DK. (2.51)
j=0

Jj=0

. N . ..
Since |J;_, V; is an open set containing K, we can use Corollary 2.14 once

more to find a function ¢ € C§° (UN_ V) that is 1 on K and takes values in

0"
[0,1]. Now set =

0 elsewhere;

() 2(T)
bj(a) = {Cj(x)“’(“”) on Ujo V7. (2.52)

it is a well-defined C'*°-function supported in a compact subset of V; and
taking values in [0,1], and the family of functions v, clearly satisfies (2.50).
O

In this case we say that {wj o is a partition of unity for K subordinate
to the cover {V;} .

Exercises for Chapter 2

2.1. Let ¢(x) be analytic on an open interval I of R. Show that if ¢ €
C§e(I), then ¢ = 0.

2.2.  Show that the topology on C§°(€?) is independent of which system of
compact subsets satisfying (2.4) is used. (This amounts to a comparison of
the corresponding systems of seminorms.)
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2.3.  Show that convergence of a sequence in C§°(€2) implies convergence
of the sequence in C*°(£2), in L,(92) and in L, 1oc (2) (for p € [1, 00]).

2.4.  Show that La comp (€2) can be identified with the dual space (L2 10¢ (2))*
of Lo 10c (€2) (the space of continuous linear functionals on Lg joc (€2)) in such
a way that the element v € Ly comp (£2) corresponds to the functional

U /u(x)v(x) dz , u € Lajoc (£2) .

One can use Lemma B.7. (You are just asked to establish the identification
for each element.)

2.5.  Show that when ¢ € C§°(R™) and supp ¢ C B(0, R), then

sup |o(z)| < 2Rsup |0, p(z)] -
(Hint. Express ¢ as an integral of 9., ¢.)
2.6. Show that when u € C1(R"), then
Ok (hj *u) = hj * Opu .

(Even if u is not assumed to have compact support, it is only the behavior
of u on a compact set that is used when one investigates the derivative at a
point.)

2.7. (a) Show that C5°(Q) is dense in C*(Q2) for each k € Nj.

(b) Find out whether C§°(Q) is dense in C*¥(€2), in the case Q =]0,1[C R,
for k € Np.

2.8. Show that L oc (2) can be identified with (L2 comp (€2))* in such a
way that the element v € Ls 1oc (2) corresponds to the functional

U /u(x)v(x) dz , u € L comp () .

2.9.  Verify (2.34) in detail.



Chapter 3

Distributions. Examples and rules
of calculus

3.1 Distributions

The space C§° () is often denoted 2(2) in the literature. The distributions
are simply the elements of the dual space:

Definition 3.1. A distribution on 2 is a continuous linear functional on
C§°(9Q). The vector space of distributions on €2 is denoted 2’(€2). When
A € 7'(Q2), we denote the value of A on ¢ € C§°(Q2) by A(p) or (A, p).

The tradition is here to take linear (rather than conjugate linear) func-
tionals. But it is easy to change to conjugate linear functionals if needed,
for ¢ — A(yp) is a linear functional on C§°(Q) if and only if ¢ — A(p) is a
conjugate linear functional.

See Theorem 2.5 (d) for how the continuity of a functional on C§°(Q) is
checked.

The space 2'(Q) itself is provided with the weak* topology, i.e., the topol-
ogy defined by the system of seminorms p, on 2'(Q):

Pe s u = [(u, )], (3.1)

where ¢ runs through C§°(€2). We here use Theorem B.5, noting that the
family of seminorms is separating (since u # 0 in 2’(Q2) means that (u, ) # 0
for some ¢).

Let us consider some examples. When f € L joc (2), then the map

As:ge /Q f(@)p(x) da (3.2)

is a distribution. Indeed, we have on every K (cf. (2.4)), when ¢ € CF¥ (),
A = | [ fapla)in| <swlo@] [ If@ide. (3)

27
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so (2.15) is satisfied with N; = 0 and ¢; = ||f||z,(k,)- Here one can in fact
identify Ay with f,in view of the following fact:

Lemma 3.2. When f € L 100 (Q) with [ f(z)e(x)dz =0 for all p € C§°(),
then f =0.

Proof. Let ¢ > 0 and consider v;(x) = (h; * f)(z) for j > 1/¢ as in Lemma
2.12. When z € Q,, then h;j(x — y) € C5°(2), so that vj(x) = 0 in Q.. From
(2.45) we conclude that f = 0 in Q. N B(0, R). Since £ and R can take all
values in R, it follows that f =0 in . O

The lemma (and variants of it) is sometimes called “the fundamental
lemma of the calculus of variations” or “Du Bois-Reymond’s lemma”.

The lemma implies that when the distribution Ay defined from f €
L1 10c (2) by (3.2) gives 0 on all test functions, then the function f is equal
to 0 as an element of L joc (€2). Then the map f — Ay is injective from
L1 10c () to 2'(2), so that we may identify f with Ay and write

L1 10c () C 2'(). (3.4)

The element 0 of 2'(Q2) will from now on be identified with the function 0
(where we as usual take the continuous representative).

Since Lpioc (2) C Lioc () for p > 1, these spaces are also naturally
injected in 2'(Q).

Remark 3.3. Let us also mention how Radon measures fit in here. The space
C(9) of continuous functions with compact support in € is defined in (C.8).
In topological measure theory it is shown how the vector space M(2) of com-
plex Radon measures p on £ can be identified with the space of continuous
linear functionals A, on C§(£) in such a way that

() =/ pdu for ¢ € Cy(Q).
supp ¢
Since one has that

|AL(@)| < [p|(supp @) - sup [p(2)], (3.5)

A, is continuous on C§°(€2), hence defines a distribution A}, € 2'(€2). Since
C3°(Q) is dense in CJ(Q) (cf. Theorem 2.15 1°), the map A, — A/, is injec-
tive. Then the space of complex Radon measures identifies with a subset of
2'(Q):

M(Q) C 2'(Q). (3.6)
The inclusions (3.4) and (3.6) place L1 10c (2) and M(£2) as subspaces of

2'(2). They are consistent with the usual injection of Lq joc (2) in M(Q),
where a function f € Ly 1o (©2) defines the Radon measure p15 by the formula
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pr(K) :/ fdx for K compact C Q. (3.7)
K

Indeed, it is known from measure theory that

/fgpdx = /gpduf for all p € CJ(Q) (3.8)

(hence in particular for ¢ € C§°(€2)), so the distributions Ay and A, coin-
cide. When f € L 10c (©2), we shall usually write f instead of Ay; then we

also write

As(e) = (A, ) = (fr ) = / f(@)p(x)da. (3.9)

Moreover, one often writes p instead of A, when p € M(Q). In the following
we shall even use the notation f or u (resembling a function) to indicate an
arbitrary distribution!

In the systematical theory we will in particular be concerned with the
inclusions

C2(Q) € Ly(Q) € 7'(Q) (3.10)

(and other Ls-inclusions of importance in Hilbert space theory). We shall
show how the large gaps between C§°(€2) and Lo (€2), and between Lo (£2) and
2'(Q), are filled out by Sobolev spaces.

Here is another important example.
Let xg be a point in Q2. The map

0z 1 @ — @(x0) (3.11)

sending a test function into its value at xg is a distribution, for it is clearly
a linear map from C§°(f2) to C, and one has for any j, when suppy C K;
(where K is as in (2.4)),

[(0zo, )| = lp(z0)| < sup{|p(z) |z € Kj} (3.12)

(note that ¢(x9) = 0 when 29 ¢ K;). Here (2.15) is satisfied with ¢; = 1,
N; =0, for all j. In a similar way one finds that the maps

Ao i o — (DY) (x0) (3.13)

are distributions, now with ¢; = 1 and N; = |a| for each j. The distribu-
tion (3.11) is the famous “Dirac’s d-function” or “d-measure”. The notation
measure is correct, for we can write

<5107<p> :/<Pdﬂzo; (314)
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where iy, is the point measure that has the value 1 on the set {xo} and the
value 0 on compact sets disjoint from xy. The notation J-function is a wild
“abuse of notation” (see also (3.22) ff. later). Maybe it has survived because
it is so bad that the motivation for introducing the concept of distributions
becomes clear.

The distribution dy is often just denoted §.

Still other distributions are obtained in the following way: Let f €
Li10c () and let a € Nj. Then the map

@H/f (D*0)(@)da , ¢ € C°(Q), (3.15)

is a distribution, since we have for any ¢ € C (Q):

Aol =| [ £D70de] < [ If@ldz- sup D@l (310)

reK;

here (2.15) is satisfied with ¢; = || f|z,(x;) and N; = |a| for each j.

One can show that the most general distributions are not much worse than
this last example. One has in fact that when A is an arbitrary distribution,
then for any fixed compact set K C 2 there is an N (depending on K) and
a system of functions f, € C°(Q) for |a| < N such that

(A@) = D (fa, D) for o€ CR(Q) (3.17)

la|<N

(the Structure theorem). We shall show this later in connection with the
theorem of Sobolev in Chapter 6.

In the fulfillment of (2.15) one cannot always find an N that works for all
K; C Q (only one N; for each K); another way of expressing this is to say
that a distribution does not necessarily have a finite order, where the concept
of order is defined as follows:

Definition 3.4. We say that A € 2'(Q) is of order N € Ny when the
inequalities (2.15) hold for A with N; < N for all j (but the constants c;
may very well depend on j). A is said to be of infinite order if it is not of
order N for any N; otherwise it is said to be of finite order. The order of A
is the smallest NV that can be used, resp. cc.

In all the examples we have given, the order is finite. Namely, Lj joc (£2)
and M (Q) define distributions of order 0 (cf. (3.3), (3.5) and (3.12)), whereas
Ay and Ay, in (3.13) and (3.15) are of order |a|. To see an example of a
distribution of infinte order we consider the distribution A € 2'(R) defined
by

oo

(A, ) = Z wany N (@), (3.18)

N=1
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cf. (A.27). (As soon as we have defined the notion of support of a distribution
it will be clear that when a distribution has compact support in €2, its order
is finite, cf. Theorem 3.12 below.)

The theory of distributions was introduced systematically by L. Schwartz;
his monograph [S50] is still a principal reference in the literature on distri-
butions.

3.2 Rules of calculus for distributions

When T is a continuous linear operator in C§°(€2), and A € 2'(Q), then the
composition defines another element AT € 2’(€2), namely, the functional

(AT)(p) = (A, Te).

The map T : A — AT in 2'(Q) is simply the adjoint map of the map
o = Tp. (We write T to avoid conflict with the notation for taking adjoints
of operators in complex Hilbert spaces, where a certain conjugate linearity
has to be taken into account. The notation 7’ may also be used, but the
prime could be misunderstood as differentiation.)

As shown in Theorem 2.6, the following simple maps are continuous in

C5(2):
M :pw— fo, when feC™(Q),
D%:pr— D% .
They induce two maps in 2'((2) that we shall temporarily denote M and
(D*)*:
(MA, ) = (A, fo),
(D) A, 0) = (A, D%),

for A € 2'(R2) and ¢ € C§°(Q).
How do these new maps look when A itself is a function? If A = v €
Ll,loc (Q), then

(MFv, ) = (v, fig) = / o(@)f (@)p(@)dz = (fo, 0);

hence
Mfv=fv, when v € Lijoc(Q). (3.19)

When v € C>(),
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(D) 0.4) = 0, 0%) = [ (@) D))o
= ()P [0 )@@ = (-1) D, ),

so that
(=D)lel(D*) v = D, when v e C®(Q). (3.20)

These formulas motivate the following definition.

Definition 3.5. 1° When f € C*°(2), we define the multiplication operator
Mf in @I(Q) by

(MA, ) = (A, fo) for ¢ e C5o(Q).

Instead of My we often just write f.
2° For any « € N, the differentiation operator D* in 2'(2) is defined by

(DA, ) = (A, (—1)*ID%p) for ¢ € Cg°().
Similarly, we define the operator 9* in 2’(Q) by

(078, 0) = (A, (-1)*0%) for ¢ € CF°(Q).
In particular, these extensions still satisfy: DA = (—i)l*l9*A.

The definition really just says that we denote the adjoint of My : Z(2) —
2(2) by My again (usually abbreviated to f), and that we denote the adjoint
of (=1)lID> . 2(Q) — 2(Q) by D*; the motivation for this “abuse of
notation” lies in the consistency with classical formulas shown in (3.19) and
(3.20). As a matter of fact, the abuse is not very grave, since one can show
that C>°(Q) is a dense subset of 2'(Q), when the latter is provided with
the weak® topology, cf. Theorem 3.18 below, so that the extension of the
operators f and D¢ from elements v € C(Q) to A € 2/(Q) is uniquely
determined.

Observe also that when v € C*(Q), the distribution derivatives D*v co-
incide with the usual partial derivatives for |a| < k, because of the usual
formulas for integration by parts. We may write (—1)!*/D* as (—D)*.

The exciting aspect of Definition 3.5 is that we can now define derivatives
of distributions — hence, in particular, derivatives of functions in L1 jo. which
were not differentiable in the original sense.

Note that A, and A, defined in (3.13) and (3.15) satisfy

<Aoz; (,0> = <(_D)a5zov <P> ) <Af,oza 90> = <(_D)af7 <)0>v (321)

for ¢ € C§°(2). Let us consider an important example (already mentioned
in Chapter 1):
By H(z) we denote the function on R defined by



3.2 Rules of calculus for distributions 33
H(z) = 1(z>0 (3.22)

(cf. (A.27)); it is called the Heaviside function. Since H € Lq joc (R), we have
that H € 2'(R). The derivative in 2'(R) is found as follows:

(e H 0 == o)== [ ayo
= ¢(0) = (do, ) for ¢ € C°(R).

We see that
d

H = 2
dx 05 (3 3)

d
the delta-measure at 0! H and dxH are distributions of order 0, while the
dk
higher derivatives dx’fH are of order £ — 1. As shown already in Example
1.1, there is no Ly joc (R)-function that identifies with do.

There is a similar calculation in higher dimensions, based on the Gauss
formula (A.18). Let 2 be an open subset of R" with C'-boundary. The func-
tion 1o (cf. (A.27)) has distribution derivatives described as follows: For
¢ € G5 (R™),

(051, ) = — /Q Ojpdr = /BQ vi(z)p(x) do. (3.24)

Since

[ wwio|< [ 1doe swp o),

oQ OONK x€IOQNK

when K is a compact set containing supp ¢, 91 is a distribution in 2’(R™)
of order 0; (3.24) shows precisely how it acts.

Another important aspect is that the distributions theory allows us to
define derivatives of functions which only to a mild degree lack classical
derivatives. Recall that the classical concept of differentiation for functions
of several variables only works really well when the partial derivatives are
continuous, for then we can exchange the order of differentiation. More pre-
cisely, 010ou = 0201u holds when u is C2, whereas the rule often fails for
more general functions (e.g., for u(zq,z2) = |z1], where 91 d2u but not d201u
has a classical meaning on R?).

The new concept of derivative is insensitive to the order of differentiation.
In fact, 9105 and 9207 define the same operator in 2/, since they are carried
over to C§° where they have the same effect:

(0102u, p) = (u, (=02)(=01)p) = (u, 0201p) = (u,01020p) = (02011, p).
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In the next lemma, we consider a useful special case of how the distribution
definition works for a function that lacks classical derivatives on part of the
domain.

Lemma 3.6. Let R > 0, and let Q@ = B(0, R) in R"; define also 0y = QNR’}.
Let k > 0, and let u € C*~1(Q) with k-th derivatives defined in Q4 and Q_
in such a way that they extend to continuous functions on 4 resp. Q_ (so

u is piecewise C* ). For |a| = k, the a-th derivative in the distribution sense
is then equal to the function v € L1(Q) defined by

{3°‘u on Qy,
v =

3.25
0%u on Q_. ( )

Proof. Let |a| = k, and write 0% = 9;0°, where || = k — 1. When ¢ €

C5°(82), we have if j = n (using the notation 2’ = (z1,...,2n-1))
(0%u, ) = —(0Pu, D) = — OPudppdr — OPud, e dx
Q- Q.
= / (00" u)p — 0 (0" usp)]da + / [(0,0%u)p — 0 (07 wp))dac
Q- Q4

= O updr — / ( lim 0Pup — hI%Jr OPup)dx’ + 0% updr
QO_ ‘ Ty —

w/|<R Tn—0— o
:/ngdx;
Q

we use here that the two contributions from {x,, = 0} cancel each other since
dPu is continuous on Q. If j < n, we get more simply that

— Pudjpdr = 0%up dx,
Q4 Q

using that integration by parts in the x;-direction gives no boundary contri-
butions since supp ¢ C €. It follows that the distribution 0%u equals v. O

We note, as a special case of the lemma, that the derivative of the function

|z| on the interval | — 1,1[ is what it should be, namely, the discontinuous
(but integrable) function
1 f >0,
signz =4 o O (3.26)
-1  for z <0.

The operations multiplication by a smooth function and differentiation are
combined in the following rule of calculus:

Lemma 3.7 (THE LEIBNIZ FORMULA). When u € 2'(Q0), f € C*(Q) and
o € Nij, then
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o (fu)=Y (g) 9P 9oy,

Ba

D(fu)=Y" (g) DP fD Py,

B<a

(3.27)

Proof. When f and uw are C'*°-functions, the first formula is obtained by
induction from the simplest case

9,(f u) = (9, )u + fdyu. (3.28)

The same induction works in the distribution case, if we can only show (3.28)
in that case. This is done by use of the definitions: For ¢ € C§°(Q),

(0j(fu), ) = (fu, =050) = (u, = fOj0) = (u, =0;(fep) + (0; ) )
= (Oju, fo) + (0 f)u, o) = (fOu+ (9; f)u, ).
The second formula is an immediate consequence. O

Recall that the space 2’(Q) is provided with the weak* topology, i.e., the
topology defined by the system of seminorms (3.1)ff.

Theorem 3.8. Let T' be a continuous linear operator in Z(Q2). Then the
adjoint operator in P'(Q), defined by

(T*u,p) = (u, T) forue 2'(Q), p € 2(0), (3.29)

is a continuous linear operator in 2'(Q).
In particular, when f € C=(Q2) and o € Ny, then the operators My and
D% introduced in Definition 3.5 are continuous in 2'(2).

Proof. Let W be a neighborhood of 0 in 2/(2). Then W contains a neigh-
borhood Wy of 0 of the form

W() = W((,Ol,...,gON,E)

— e 2@ || <ol <), O

where ¢1,...,on € C§°(Q). Since Tp1,...,Ton belong to C§° (), we can
define the neighborhood
V=W(Te,....Ton,e).

Since (T"™*u,@;) = (u,Ty;) for each p;, we see that T™ sends V into W.
This shows the continuity of 77>, and it follows for the operators My and D*
in &', since they are defined as adjoints of continuous operators in 2(Q2). 0O

Further discussions of the topology of 2’ are found in Section 3.5 below.
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The topology in Lj j0c (€2) is clearly stronger than the topology induced
from 2'(2). One has in general that convergence in C§°(2), L,(€2) or
Ly 10c () (p € [1,00]) implies convergence in 2'(Q).

By use of the Banach-Steinhaus theorem (as applied in Appendix B) one
obtains the following fundamental property of 2’(Q):

Theorem 3.9 (THE LIMIT THEOREM). A sequence of distributions uj, €
72'Q) (k € N) is convergent in 2'(Q) for k — oo if and only if the se-
quence (ug, ) is convergent in C for all ¢ € C§°(). The limit of uy in
2'(Q) is then the functional u defined by

(u,¢) = Jim (ur, ), Jor o€ CE(Q). (331)

Then also fD%uy, — fDYu in 2'(Q) for all f € C*(Q), all & € Nj.

Proof. When the topology is defined by the seminorms (3.1) (cf. Theorem
B.5), then ux, — v in 2'(Q) if and only if

(up —v,0) — 0 for k— oo

holds for all ¢ € C§°(Q).

We will show that when we just know that the sequences (ug, ¢) converge,
then there is a distribution u € 2'(Q) so that (ux —u, ) — 0 for all ¢. Here
we use Corollary B.14 and Theorem 2.5. Define the functional A by

Alp) = le%o(uk,cp> for ¢ € C5°(Q).

According to Theorem 2.5 (c), A is continuous from C§°(€2) to C if and only
if A defines continuous maps from Cf (Q2) to C for each K. Since CFF (1) is
a Fréchet space, we can apply Corollary B.14 to the map A : Cf(oj Q) — C,
as the limit for & — oo of the functionals uy : CFF (©2) — C; this gives the
desired continuity. The last assertion now follows immediately from Theorem
3.8. O

One has for example that h; — ¢ in Z'(R") for j — oo. (The reader is
encouraged to verify this.) Also more general convergence concepts (for nets)
can be allowed, by use of Theorem B.13.

3.3 Distributions with compact support

In the following we often use a convention of “extension by zero” as mentioned
for test functions in Section 2.1, namely, that a function f defined on a subset
w of € is identified with the function on  that equals f on w and equals 0
on O\ w.
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Definition 3.10. Let u € 2'(2).
1° We say that u is 0 on the open subset w C 2 when

(u,) =0 for all v € C5°(w). (3.32)
2° The support of v is defined as the set
suppu = Q\ (U{w | wopen C Q, uis 0 on w}) (3.33)

Observe for example that the support of the nontrivial distribution 0;1q
defined in (3.24) is contained in 02 (a deeper analysis will show that
supp 0;1q = 0R). Since the support of J;1q is a null-set in R”, and 0 is
the only Lj 1oc-function with support in a null-set, d;1q cannot be a function
in Li j0c (R™) (see also the discussion after Lemma 3.2).

Lemma 3.11. Let (wx)xea be a family of open subsets of Q. If u € 2'(Q) is
0 on wx for each A € A, then u is 0 on the union (Jycp wx-

Proof. Let ¢ € C§°(2) with support K C [Jycp wa; we must show that
(u,p) = 0. The compact set K is covered by a finite system of the w)’s,
say wi, .. .,wn. According to Theorem 2.17, there exist ¢1,...,¥n € CF°(£2)
with 91 +---+v¢n =1 on K and suppy; C w; for each j. Now let p; = 1;¢,

then ¢ = Zjvzl @;, and (u, ) = ij:1<u, ¢;) = 0 by assumption. O
Because of this lemma, we can also describe the support as the complement
of the largest open set where u is 0.
An interesting subset of 2/(f2) is the set of distributions with compact
support in §. It is usually denoted &”(2),
E'(Q) ={ue 2'(Q) | suppu is compact C Q}. (3.34)

When u € &'(2), there is a j such that suppu C K;—1 C K7 (cf. (2.4)).
Since u € Z'(R2), there exist ¢; and N; so that

[(u, )| < ¢jsup{|D*P(x)| |z € Kj, |a] < Nj},

for all ¢ with support in K;. Choose a function n € C§°(2) which is 1
on a neighborhood of K1 and has support in K7 (cf. Corollary 2.14). An
arbitrary test function ¢ € C§°(§2) can then be written as

e =ne+(1-n)p,
where suppny C K5 and supp(l — n)p C CK;_1. Since u is 0 on CK;_1,
(u, (1 —n)p) =0, so that

u, )| < ejsup {|D(n(z)p(x))] |z € K, |a] < Nj}

[(u, )] = |
< dsup {[D%(x)| [z € suppy, |af < N},

(3.35)
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where ¢’ depends on the derivatives of  up to order N; (by the Leibniz
formula, cf. also (2.18)). Since ¢ was arbitrary, this shows that u has order
Nj; (it shows even more: that we can use the same constant ¢’ on all compact
sets K, C Q). We have shown:

Theorem 3.12. When u € &’(SY), there is an N € Ny so that u has order
N.

Let us also observe that when v € 2'(€2) has compact support, then (u, ¢)
can be given a sense also for ¢ € C'°°(£2) (since it is only the behavior of ¢ on a
neighborhood of the support of v that in reality enters in the expression). The
space &' () may in fact be identified with the space of continuous functionals
on C*°(Q) (which is sometimes denoted &(£2); this explains the terminology
&'(2) for the dual space). See Exercise 3.11.

Remark 3.13. When ' is an open subset of Q with €’ compact C 2, and K
is compact with ' € K° C K C , then an arbitrary distribution u € 2’()
can be written as the sum of a distribution supported in K and a distribution
which is 0 on Q':

u=Cu+(1-_)u, (3.36)

where ¢ € C§°(K°) is chosen to be 1 on € (such functions exist according
to Corollary 2.14). The distribution (u has support in K since (¢ = 0 for
suppp C Q\ K; and (1 — ¢)u is 0 on Q' since (1 — ) = 0 for supp ¢ C .

In this connection we shall also consider restrictions of distributions, and
describe how distributions are glued together.

When v € 2'(Q2) and Q' is an open subset of 2, we define the restriction
of u to Q' as the element ulg € 2'(Q) defined by

(ulor, p)or = (u, ) for o € CF° (). (3.37)

(For the sake of precision, we here indicate the duality between 2’'(w) and
C5°(w) by (, )w, when w is an open set.)

When u; € 2'(21) and us € 2’(Q2), and w is an open subset of Q1 N Qo,
we say that u; = ug on w, when

Utlw — uslw =0 as an element of 2'(w). (3.38)

The following theorem is well-known for continuous functions and for L1 joc-
functions.

Theorem 3.14 (GLUING DISTRIBUTIONS TOGETHER). Let (wx)xea be an
arbitrary system of open sets in R™ and let @ =y, wr. Assume that there
is given a system of distributions uyx € 2'(wy) with the property that uy
equals u, on wxNw,, for each pair of indices A, p € A. Then there exists one
and only one distribution uw € D' () such that u|y, = uy for all A € A.
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Proof. Observe to begin with that there is at most one solution u. Namely,
if w and v are solutions, then (u — v)|,, = 0 for all A\. This implies that
u —v =0, by Lemma 3.11.

We construct u as follows: Let (K;);en be a sequence of compact sets as
in (2.4) and consider a fixed [. Since K is compact, it is covered by a fi-
nite subfamily (€2;);=1,.. n of the sets (wx)rea; we denote u; the associated
distributions given in ' ( ;), respectively. By Theorem 2.17 there is a par-
tition of unity vn,...,¥n consisting of functions ¢; € C§°(€);) satisfying
Y1+ -+ 9y =1 on K. ForgoECj’(ol(Q) we set

2

(u, p)o = Zw = (s, v50)0 (3.39)

Jj=1

In this way, we have given (u, ) a value which apparently depends on a
lot of choices (of I, of the subfamily (£2;);=1,... x and of the partition of unity
{%;}). But if (€}, ) —1,...,m 1s another subfamlly covering K, and 9], .., ¢},
is an associated partition of unity, we have, with ) denoting the distribution
given on €} :

N N M N M
Z uj, Pip)a ZZZWJJ/)/WM :ZZ u]a"r/)k¢j§0§l nQ,
J=1 J=1k=1 j=1k=1
N M M
=D D {uk biipdey, =D (ul vl
j=1k=1 k=1

since u; = wj, on Q; N Q. This shows that u has been defined for ¢ €
C7% (£2) independently of the choice of finite subcovering of K; and associated
partition of unity. If we use such a definition for each K;, | = 1,2,..., we
find moreover that these definitions are consistent with each other. Indeed,
for both K; and Kjy; one can use one cover and partition of unity chosen
for K;11. (In a similar way one finds that u does not depend on the choice of
the sequence (K;)en.) This defines u as an element of 2/(Q2).

Now we check the consistency of u with each wu) as follows: Let A € A. For
each ¢ € C§°(wy) there is an [ such that ¢ € CF (). Then (u,p) can be
defined by (3.39). Here

N
U‘PQ— ij‘:@ Zuj)¢j<p
— j=1

N

N
Z Ugﬂ/’g@ Q Nwy — Z<u)\7szp>ﬂjﬁw,\ = <UA7QP>UJ)\’
j=1

Jj=1

which shows that u|,, = uy. O



40 3 Distributions. Examples and rules of calculus

In the French literature the procedure is called “recollement des morceaux”
(gluing the pieces together).

A very simple example is the case where u € &/(Q) is glued together
with the O-distribution on a neighborhood of R™ \ €. In other words, u is
“extended by 0” to a distribution in &’ (R™). Such an extension is often tacitly
understood.

3.4 Convolutions and coordinate changes

We here give two other useful applications of Theorem 3.8, namely, an exten-
sion to 2'(R™) of the definition of convolutions with p, and a generalization
of coordinate changes. First we consider convolutions:

When ¢ and ¢ are in C§°(R"™), then @+ (recall (2.26)) is in C§°(R™) and
satisfies 9% (p x 1)) = ¢ * 99 for each . Note here that ¢ * 1 (z) is 0 except
if z —y € supp @ for some y € supp ¢; the latter means that = € suppy +y
for some y € supp ¥, i.e., x € supp @ + supp ¥. Thus

supp ¢ * ¢ C supp ¢ + supp 1. (3.40)

The map 1 — px*1) is continuous, for if K is an arbitrary subset of {2, then the
application of ¢+ to CF(R") gives a continuous map into CFe, ., ,(R"),
since one has for k£ € Npy:

sup{|0®(p * ¢)(2)] [z €R", |af <k}
=sup{[p* 0*P(z)| [z €R", |o] <k}
<llellz, -sup{[0%¢(2)] [z € K, |a| <k}  for ¢ in CF(R™).

Denote ¢(—x) by ¢(z) (the operator S : ¢(x) — @(—z) can be called the
antipodal operator). One has for ¢ and x in C§°(R"), u € L1 1o(R™) that

= [ eriendy= [ [ playuls - o)x()dody
— [ @)@ 0@ do = .o+ x),

by the Fubini theorem. So we see that the adjoint T* of T = ¢ x: Z(R") —
Z(R™) acts like ¢ * on functions in Lj joc(R™). Therefore we define the oper-
ator ¢ * on distributions as the adjoint of the operator ¢ * on test functions:

(o *u,x) = (u,p*x), ue Z'(R"), ¢, x € C5°(R"); (3.41)

this makes u +— @ *u a continuous operator on 2’'(R") by Theorem 3.8. The
rule
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(o xu) = (0%p) xu = p* (0%u), for ¢ € C°(R™), u € Z'(R™), (3.42)
follows by use of the defining formulas and calculations on test functions:
(0%(p*u),x) = (p*u, (=0)"X) = (u, ¢ * (=0)*x)

*u, (=0)%
(u, (=9)" (@ X)) = <<9 u, @ x x) = (p* 0%, x), also
(u, (=0)*@x x) = (u, (0%¢)" *x) = (0%p * u, X).

In a similar way one verifies the rule

(px)xu=px(Yxu), forep e CFR"),ue 2 [R"). (3.43)
We have then obtained:

Theorem 3.15. When ¢ € C3°(R"™), the convolution map u — @ *u defined
by (3.41) is continuous in P'(R™); it satisfies (3.42) and (3.43) there.

One can define the convolution in higher generality, with more general ob-
jects in the place of ¢, for example a distribution v € &’ (R™). The procedure
does not extend to completely general v € 2’(R™) without any support con-
ditions or growth conditions. But if for example v and v are distributions with
support in [0, co[™, then v*u can be given a sense. (More about convolutions
in [S50] and [H83].)

When u € Ljjoc(R™), then we have as in Lemma 2.9 that ¢ * u is a
C*°-function. Note moreover that for each x € R",

prule) = [ oo = puly)dy = (u oo - ) (3.44)

We shall show that this formula extends to general distributions and defines
a C*°-function even then:

Theorem 3.16. When v € 2'(R") and ¢ € Z(R™), then ¢ * u equals the
function of x € R™ defined by (u, p(x — -)), it is in C°(R™).

Proof. Note first that « — ¢(x — ) is continuous from R™ to Z(R™). Then
the map = — (u,p(x —-)) is continuous from R™ to C (you are asked to
think about such situations in Exercise 3.14); let us denote this continuous
function v(x) = (u, p(z — -)). To see that v is differentiable, one can use the
mean value theorem to verify that } [¢(z + he; — ) — p(x — -)] converges to
dip(x — ) in Z(R™) for h — 0; then (b) in Exercise 3.14 applies. Higher
derivatives are included by iteration of the argument.
We have to show that

(v, ) = (p*xu,v) forall Y € 2.

To do this, denote supp v = K and write (v,%) as a limit of Riemann sums:
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(v, ) = / o) de = tm S hw(he)(he)

z€Z"™ hze K
= G S W e(hs — )(he)
z€Z"™ hze K
= dim a3 R(he —u(he).

z€Z™ hze K

Here we observe that }°_c;. ;.cx h"p(hz — y)ip(hz) is a Riemann sum for

(¢ = ¥)(y), so it converges to (p * ¥)(y) for h — 0+, each y. The reader
can check that this holds not only pointwise, but uniformly in y; uniform
convergence can also be shown for the y-derivatives, and the support (with
respect to y) is contained in the compact set supp ¢ + supp ¥ for all h. Thus

Z hW'o(hz — )Y(hz) — @« in Z(R"), forh—0+. (3.45)
z€Z™ hze K

Applying this to the preceding calculation, we find that

<U,¢> = <u,gb*¢> = <90*u7w>7
as was to be shown. O
Convolution is often used for approximation techniques:

Lemma 3.17. Let (hj)jen be a sequence as in (2.32). Then (for j — o0)
hj* ¢ — ¢ in Cg°(R™) when ¢ in C§°(R™), and hj *u — u in 2'(R™) when
w in D' (R™).

Proof. For any «, 0%(hj * @) = h; * 0%p — 0%p uniformly (cf. (2.40)). Then

hj %@ — ¢ in C§°(R™). Moreover, (h;);en has the properties (2.32), so

(hj*u, ) = (u, hj * @) — (u,p), when u € 2'(R"), p € C°(R").
This shows that hj «u — u in 2'(R"™). O

Because of these convergence properties we call a sequence {h;} as in (2.35)
an approzimate unit in C§°(R™) (the name was mentioned already in Chapter
2). Note that the approximating sequence h; % u consists of C*°-functions, by
Theorem 3.16.

The idea can be modified to show that any distribution in 2'() is a limit
of functions in C§°(Q):

Theorem 3.18. Let 2 be open C R™. For any u € 2'(Q) there exists a
sequence of functions u; € CG°(Q) so that uj — u in 2'(Q) for j — oc.

Proof. Choose K; and n; as in Corollary 2.14 2°; then nju — u for j — oo,
and each 7n;u identifies with a distribution in 2'(R™). For each j, choose
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k; > j so large that suppn; + B(0, klj) C KP,; then uj = hy; x (n;u) is
well-defined and belongs to C§°(€2) (by Theorem 3.16). When ¢ € C§°(Q),
write

(uj, o) = (i, * (ju), ©) = (nju, hi, = @) = I;.

Since ¢ has compact support, there is a jg such that for j > jo, ﬁkj % p 1
supported in Kj;, hence in K; for j > jo. For such j, we can continue the
calculation as follows:

I = (u,n; - (hay * 9)) = (u, by % @) — (u, ), for j — oo

In the last step we used that hy, has similar properties as hy, so that Lemma
3.17 applies to Ay * . |

Hence C§°(€2) is dense in 2'(§2). Thanks to this theorem, we can carry
many rules of calculus over from C§° to 2’ by approximation instead of
via adjoints. For example, the Leibniz formula (Lemma 3.7) can be deduced
from the C§° case as follows: We know that (3.27) holds if f € C*°(Q2) and
uweCP(Q). fue 2'(Q), let uj — uin 2'(Q), u; € C° (). We have that

O (fu) =3 <§) 0% 9,

Ba

holds for each j. By Theorem 3.8, each side converges to the corresponding
expression with u; replaced by u, so the rule for u follows.

Finally, we consider coordinate changes. A C*°-coordinate change (a dif-
feomorphism) carries C*°-functions resp. Lj 1oc-functions into C*°-functions
resp. L1 joc-functions. We sometimes need a similar concept for distributions.
As usual, we base the concept on analogy with functions.

Let © and = be open sets in R™, and let x be a diffeomorphism of 2 onto
=. More precisely, x is a bijective map

Kix=(T1,...,2n) — (K1(T1,- s Tn), ooy (X1, o, Tn)), (3.46)

where each x; is a C*°-function from €2 to R, and the modulus of the func-
tional determinant

8N1 R 8/11
8261 a:ﬂn
J(z) = |det | : (3.47)
Okn .. Okn
(9121 a:ﬂn

is > 0 for all z € Q (so that J(z) and 1/J(x) are C°°-functions). A function
f(x) on Q is carried over to a function (7 f)(y) on E by the definition

(TF)(y) = F(&™ (). (3.48)
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The usual rules for coordinate changes show that 7' is a linear operator from
C5(2) to C§°(E), from C*(2) to C*°(Z) and from L 16c (2) to L1 10c (E).
Concerning integration, we have when f € Lj 1oc (2) and ¢ € C§°(2),

Tz = [ 16 weew = [ feueee@e o

= (f, J(@)¥(r(2)))a = (f,JT P)a.
We carry this over to distributions by analogy:

Definition 3.19. When « = (k1,...,ky) is a diffeomorphism of Q onto =
and J(z) = |det(g§f (z)) , we define the coordinate change map

T:92'(Q) — 2'(Z) by

(Tu, ¥ (y))= = (u, J(2)¢(k(z)))a, (3.50)

-

for ¢ € C5°(2).

—_
—

Clearly, T'u is a linear functional on C§°(=2). The continuity of this func-
tional follows from the fact that one has for ¢ € C§°(E) supported in K:

DS (J(@)p(r(2)| < cxsup{ [Dyy(y)| |y € K, < a} (3.51)

by the Leibniz formula and the chain rule for differentiation of composed
functions. In this way, the map T has been defined such that it is consistent
with (3.48) when w is a locally integrable function. (There is a peculiar asym-
metry in the transformation rule for f and for ¢ in (3.49). In some texts this
is removed by introduction of a definition where one views the distributions
as a generalization of measures with the functional determinant built in, in a
suitable way; so-called densities. More on this in Section 8.2, with reference
to [H83, Section 6.3].)

Since T' : 2'(Q) — 2'(Z) is defined as the adjoint of the map J o 7!
from Z(Z) to 2(Q), T is continuous from 2'(Q) to 2'(Z) by Theorem 3.8
(generalized to the case of a map from Z(Q2) to Z(E2) with two different open
sets 2 and E).

Definition 3.19 is useful for example when we consider smooth open subsets
of R™, where we use a coordinate change to “straighten out” the boundary;
cf. Appendix C. It can also be used to extend Lemma 3.6 to functions with
discontinuities along curved surfaces:

Theorem 3.20. Let Q be a smooth open bounded subset of R"™. Let k € N.
If u € CF=Y(R™) is such that its k-th derivatives in Q and in R™ \ Q exist
and can be extended to continuous functions on Q resp. R™ \ Q, then the
distribution derivatives of u of order k are in Ly 10c (R™) and coincide with
the usual derivatives in Q and in R™\ Q (this determines the derivatives).

Proof. For each boundary point x we have an open set U, and a diffeomor-

phism £, : U, — B(0,1) according to Definition C.1; let U, = r;'(B(0, 3)).
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Since 2 is compact, the covering of I with the sets U, can be reduced to a
finite covering system (£2;);=1,...n; the associated diffeomorphisms from €2,
onto B(0, ;) will be denoted £ ;). By the diffeomorphism x(;), u|q, is carried
over to a function v on B(0, ;) satisfying the hypotheses of Lemma 3.6. Thus
the k-th derivatives of v in the distribution sense are functions, defined by
the usual rules for differentiation inside the two parts of B(0, ;). Since the
effect of the diffeomorphism on distributions is consistent with the effect on
functions, we see that u|g, has k-th derivatives that are functions, coinciding
with the functions defined by the usual rules of differentiation in 2; N2 resp.
Q; N (R™\ Q). Finally, since u is C* in the open sets Q and R" \ 2, we get
the final result by use of the fact that u equals the distribution (function)
obtained by gluing the distributions ulq, (i = 1,...,N), ula and ulg.,q to-
gether (cf. Theorem 3.14). O

We shall also use the coordinate changes in Chapter 4 (where for example
translation plays a role in some proofs) and in Chapter 5, where the Fourier
transforms of some particular functions are determined by use of their in-
variance properties under certain coordinate changes. Moreover, one needs
to know what happens under coordinate changes when one wants to consider
differential operators on manifolds; this will be taken up in Chapter 8.

Example 3.21. Some simple coordinate changes in R™ that are often used

are translation
To(¥) =2 —a (where a € R"), (3.52)

and dilation
pa(z) = Az (where A € R\ {0}). (3.53)

They lead to the coordinate change maps T'(7,) and T'(uy), which look as
follows for functions on R™:

(T'(1a)u)(y)
(T(pa)u)(y) = ulpy'y) =
and therefore look as follows for distributions:

(T(ra)u, ¥(y))ry = (u, (@ = a))ry = (u, T(7-a)¥)), (3.56)
(T () u, (y))ry = (s N[ (Ar))rp = (u, |N|T (ry2) ), (3.57)

1

(y+a)=wu(z), where y=2—a, (3.54)
(y/A) =u(x), where y= Az, (3.55)

u(ry

3

since the functional determinants are 1 resp. A™.

Another example is an orthogonal transformation O (a unitary operator
in the real Hilbert space R™), where the coordinate change for functions on
R™ is described by the formula

=
S
g
S
Il
s
<
<
[l

u(x), where y= Oz, (3.58)

and hence for distributions must take the form
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(T(O)u, v (y))ry = (u,¥(02))ry = (u,T(O~")), (3.59)

since the modulus of the functional determinant is 1.

We shall write the coordinate changes as in (3.54), (3.55), (3.58) also when
they are applied to distributions; the precise interpretation is then (3.56),
(3.57), resp. (3.59).

The chain rule for coordinate changes is easily carried over to distributions
by use of Theorem 3.18: When u € C§°(2), differentiation of Tu =uor~! €
C§°(2) is governed by the rule

n —
ou , _,4 ok~ 1,

oo n ) =Y ot (@) ). (3.60)

that may also be written

8i(Tu) = Zn: méillT(@lu) , (3.61)

=1

by definition of 7T'. For a general distribution u, choose a sequence u; in
C§°(9) that converges to w in 2'(€2). Since (3.61) holds with u replaced by
uj, and T is continuous from 2'(Q) to 2’(E), the validity for u follows by
convergence from the validity for the u;, in view of Theorem 3.8.

3.5 The calculation rules and the weak* topology on 2’

For completeness, we also include a more formal and fast deduction of the
rules given above, obtained by a direct appeal to general results for topological
vector spaces. (Thanks are due to Esben Kehlet for providing this supplement
to an earlier version of the text.)

Let E be a locally convex Hausdorff topological vector space over C. Let
E’ denote the dual space consisting of the continuous linear maps of E into
C. The topology o(E,E’) on E defined by the family (e — [n(e)|),cr of
seminorms is called the weak topology on E, and E provided with the weak
topology is a locally convex Hausdorff topological vector space with the dual
space E'.

The topology o(E’, E) on E’ defined by the family (n — |n(e)|)eccr of
seminorms is called the weak* topology on E’, and E’ provided with the
weak™ topology is a locally convex Hausdorff topological vector space with
dual space E.

Let also F' denote a locally convex Hausdorff topological vector space, and
let T be a linear map of E into F.

If T is continuous, then @ o T is in E’ for ¢ in F’, and ¢ — @oT defines a
linear map T of I into E’. This adjoint map T is weak*-weak* continuous.
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Indeed, for each e in E, ¢ — (T*¢)(e) = p(Te), ¢ € F', is weak* continuous
on F’. The situation is symmetrical: If S is a weak*-weak* continuous linear
map of F’ into E’, then S*, defined by ¢(S*e) = (S¢)(e) for e in E and ¢
in F’, is a weak-weak continuous linear map of E into F.

If T is continuous, it is also weak-weak continuous, since e — ¢(Te) =
(T*p)(e), e € E, is weakly continuous for each ¢ in F’'. (When E and F are
Fréchet spaces, the converse also holds, since a weak-weak continuous linear
map has a closed graph.)

Lemma 3.22. Let M be a subspace of E'. If
{e€ E|Vne M :nle) =0} ={0}, (3.62)
then M is weak® dense in E'.

Proof. Assume that there is an 79 in £’ which does not lie in the weak*
closure of M. Let U be an open convex neighborhood of 7y disjoint from M.
According to a Hahn—Banach theorem there exists e in £ and ¢ in R such
that Rev(eg) < t for ¢ in M and Reng(eg) > ¢. Since 0 € M, 0 < ¢. For
¥ in M and an arbitrary scalar A in C, one has that Re[A(eg)] < ¢; thus
Y(eg) = 0 for v in M. By hypothesis, ey must be 0, but this contradicts the
fact that Remno(ep) >t > 0. O

Let  be a given open set in a Euclidean space R*, a € N. We consider
the space C§°(f2) of test functions on Q provided with the (locally convex)
topology as an inductive limit of the Fréchet spaces C72 (), K compact C £,
and the dual space 2'(Q) of distributions on € provided with the weak*
topology.

For each f in Ly 1oc(2), the map ¢ — [, fodz, ¢ € C5°(Q) is a distri-
bution Ay on Q. The map f +— Ay is a continuous injective linear map of
L1 10c (Q) into 2/(Q2) (in view of the Du Bois-Reymond lemma, Lemma 3.2).

Theorem 3.23. The subspace {A, | ¢ € C3°(Q)} is weak™ dense in 7' ().

Proof. 1t suffices to show that 0 is the only function ¢ in C5°(2) for which
0=A,(¥) = [, ¢ dx for every function ¢ in C§°(Q); this follows from the
Du Bois-Reymond lemma. a

Theorem 3.24. Let there be given open sets Q in R* and Z in R®, a,b € N
together with a weak-weak continuous linear map A of C§°(2) into C§°(Z).
There is at most one weak*-weak* continuous linear map A of 2'(Q) into
2'(Z) with AN, = A a, for all ¢ in C§°(Q). Such a map A exists if and only
if there is a weak-weak continuous linear map B of C§°(E) into C§°(Q) so
that

/: (A dy = /Q p(BY)dr for eCF(Q), veCE(E).  (3.63)

In the affirmative case, B = A%, A= B*, and A, = A*(Ay), ¥ € C°(2).
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Remark 3.25. The symbol A is here used both for the map of C§°(€2) into

2'(9) and for the corresponding map of C§°(Z) into Z'(Z).

Proof. The uniqueness is an immediate consequence of Theorem 3.23.

In the rest of the proof, we set £ = C§°(Q2), F' = C§°(Z).

Assume that A exists as desired, then A% is a weak-weak continuous map
of F'into E with

/Q DA% )dr = Ap(A*9) = A(AG)() = Aagp () = / (Ap)y dy,

forgoEE,wEF,sowecanuseflX as B.

Assume instead that B exists; then B* is a weak*-weak® continuous linear
map of Z'(Q) into Z'(Z), and

(B*Ay)(4) = Ap(BY) = /Q o(By)dr = / (Ap)d dy = Aap(t))

for ¢ € E, ¢ € F, so that BXA, = Aa,, ¢ € E; hence we can use B* as A.
Moreover we observe that

Apu(p) = / o(By)dz = / (Ap) dy = Ay(Ag) = A% (Ay)(9),

for p € E, 9 € F, so that Apy = A*(Ay), ¥ € F. O

Remark 3.26. If a weak-weak continuous linear map
A:C5R(Q) — C5°(2)

has the property that for each compact subset K of {2 there exists a compact
subset L of E so that A(CE(Q)) C C(E), then A is continuous, since
A|C}°{0(Q) is closed for each K. Actually, all the operators we shall consider
are continuous.

PROGRAM: When you meet a continuous linear map A : C§°(Q2) — C§°(2),
you should look for a corresponding map B. When B has been found, drop the
tildas (“ligg bort tildarna”!) and define (Au)(v)) = u(By), u € 2'(Q), ¥ €
C§°(Z). It often happens that A is the restriction to C§°(€2) of an operator
defined on a larger space of functions. One should therefore think about which
functions f in L1 10c(£2) have the property AAy = Aay.

The program looks as follows for the operators discussed above in Sections
3.2 and 3.4.

Example 3.27 (MULTIPLICATION). Let f be a function in C°°(£2). The mul-
tiplication by f defines a continuous operator My : ¢ — fp on C§°(£2). Since

I In Swedish, “ligg bort titlarna” means ”put away titles” — go over to using first
names.
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[owde= [ plrorte, o0 e cr@,
Q Q
we define Myu = fu by

(fu)(p) =u(fe), ue 2'(Q), v € C5°(V);
My is a continuous operator on 2’(€2).

For g in Ly 1oc(92),

(FAg)(p) = /Q afpds = Apyl0), 9 € C(9).

Example 3.28 (DIFFERENTIATION). For oo € N¢, 9° is a continuous opera-
tor on C§°(2). For ¢ and ¢ in C§°(Q),

* z = (—1)l “h)dx .
/Qw oppde = (—1) /@(3 )

Q

We therefore define a continuous operator 9% on 2'(2) by
(0%u)(p) = (=1)u(8¢), u € 7'(Q), ¢ € C5°(9).

If we identify f with Ay for f in L 1oc (£2), we have given 0 f a sense for any
function f in Ly 10c(S2).

When f is so smooth that we can use the formula for integration by parts,
e.g., for fin C1°1(Q),

(0°Ap)(p) = (~1)l / 0% dz = / (0° ) dz = Age5(),

for ¢ € C§°(Q2). The Leibniz formula now follows directly from the smooth
case by extension by continuity in view of Theorem 3.23.

Example 3.29 (CoNvOLUTION). When ¢ and ¢ are in C§°(R"™), then, as
noted earlier, ¢ ¢ is in C§°(R™) and satisfies 0%(p * ) = ¢ * 9% for each
«, and the map ¢ — ¢ %1 is continuous.

For o, and y in C§°(R™) we have, denoting ¢(—x) by ¢(x), that

/n o *(y)x(y)dy = /n . Y(@)p(y — 2)x(y)dedy = . ()X * o(w)dx;
therefore we define

(pru)(x) =u(@*x),uec Z2'(R"), p,x € C5°(R");

this makes u — ¢ * u a continuous operator on Z’'(R").
For f in Lj 10c(R™),
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e tn@ = [ | fweta—piwisdy = [ os @@
by the Fubini theorem, so ¢ * Ay = Agyy for ¢ € C(R™), f € Ly 10c(R™).
For ¢ € C§°(R™) and u € 2'(R™), the property

9% (pxu) = (0%¢) xu =@ x* (0%u),
now follows simply by extension by continuity.

Example 3.30 (CHANGE OF COORDINATES). Coordinate changes can also
be handled in this way. Let x be a C"*° diffeomorphism of 2 onto = with the
modulus of the functional determinant equal to J. Define T'(k) : C§°(2) —
Cg°(8) by

(T(s)p)(y) = (v~ (1)), ¢ € C5°(QY) , y € E.
The map T'(k) is continuous according to the chain rule and the Leibniz
formula and we have that

/:T(K:)tp-¢dy:/9gp-¢om-bfda: for ¢ € C5°(Q), v € CF°(2).

Then
(T(R)u) (W) =uor-J), ¥ € C(E), ue 7'(Q),

defines a continuous linear map T'(k) of 2'(2) into 2'(2).
It is easily seen that T'(k)Ay = Afo.-1 for f € Ly 10c(€2).

Exercises for Chapter 3

3.1. Show that convergence of a sequence in C§°(2), C>(Q), L,(€2) or
Ly 10c () (p € [1,00]) implies convergence in 2'(Q).

3.2. (a) With f,(z) defined by

_n forxe[—;n,;n},
f"(x)_{o for 2R\ [=1, 1],

T 2n 2n

show that f, — ¢ in Z'(R) for n — oo.

(b) With
_ 1 sinnx

gn(z) = I

show that g, — ¢ in Z'(R), for n — oo.
(One can use the Riemann-Lebesgue lemma from Fourier theory.)
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3.3.  Let f(x) be a function on R such that f is C* on each of the intervals
] — 0o, x0[ and ]xg,+oo], and such that the limits lim, ., 4 f* (z) and
limg ., f*)(x) exist for all k& € Ny. Denote by fi(x) the function that
equals f)(z) for x # xo. Show that the distribution f € 2'(R) is such
that its derivative 0f identifies with the sum of the function f; (considered
as a distribution) and the distribution c¢d,,, where ¢ = limg .54 f(z) —
limg_5,— f(x); briefly expressed:

af = f1 + cby, in Z'(R).

Find similar expressions for 9% f, for all k € N.
3.4. Consider the series Y, , €™ for x € I =] — 7,7 [ (this series is in
the usual sense divergent at all points x € I).

(a) Show that the sequences .y, €™ and Y, o €™ converge to
distributions Ay resp. A_ in 2'(I) for M — oo, and find A = Ay +A_. (We
say that the series Y, ., €'** converges to A in Z'(I).)

(b) Show that for any N € N, the series >, _, k™Ve*® converges to a distri-
bution Ay in 2'(I), and show that Ay = DVA.

3.5. ForaeRy, let

T kx

a 1
falz) = 2?4 a2 for z € R.

Show that f, — 0 in Z'(R) for a — 0+.

3.6 (DISTRIBUTIONS SUPPORTED IN A POINT). Let u be a distribution on
R™ with support = {0}. Then there exists an N so that u has order N.
Denote x(z/r) = (.- (z) for r €]0,1].

(a) The case N =0 Show that there is a constant ¢; so that

[{u, 9)| < ealp(0)] for all ¢ € C5°(R™).

(Apply the distribution to ¢ = (¢ + (1 — ()¢ and let r — 0.) Show that
there is a constant a so that
u = ad.

(Hint. One can show that (u, ) = (u, (1) + 0 = (u, (1)¢(0).)
(b) The case N > 0. Show that the function ¢, satisfies

|0°¢, ()] < car™lol for each o € N,

when r €]0,1]. Let V = {¢ € C§°(R") | 9*¢(0) = 0 for all |a| < N }, and
show that there are inequalities for each ¢ € V:

[Y(z)| < cz|N*TE for € R™;
%G (2)0(@)] < P19 for 2 € R™, 7 €]0,1] and Ja] < N
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|{u, ()| < v for all r €]0,1];
and hence (u, 1) =0 when % € V. Show that there are constants a,, so that

u= Z 0, 0%0.

lo| <N

(Hint. One may use that (u, ) = (u, C1p) = (u, (1 20 o< aaz!(o) z*+(x)) =
Z|a\§N<U7 G (7;)(1 )(=9)%¢(0).)

3.7. We consider 2'(R") for n > 2.

(a) Show that the function f(z) = L

||
(b) Show that the first-order classical derivatives of f, defined for x # 0, are
functions in L1 joc (R™).

(c) Show that the first-order derivatives of f defined in the distribution sense
on R™ equal the functions defined under (b).

(Hint. It is sufficient to consider f and 9, f on B(0,1). One can here calculate
Oz, fr0) = —([f, 0z, ) for ¢ € C3°(B(0,1)) as an integral over B(0,1) =
[B(0,1)\ B(0,¢)] U B(0,¢), using formula (A.20) and letting ¢ — 0.)

is bounded and belongs to L1 joc (R™).

3.8. (a) Let ¢ € C§°(R™). Show that (§,¢) =0 = ¢d = 0.

(b) Consider u € Z'(R™) and ¢ € C§°(R™). Find out whether one of the
following implications holds for arbitrary u and ¢:

(u,0) =0 = pu=07
pu=0 = (u,p)=07

3.9. (a) Let Q =R". Show that the order of the distribution D*§ equals
|e|. Show that when M is an interval [a,b] of R (a < b), then the order of
Dily € 2'(R) equals j — 1.

(b) Let © = R. Show that the functional A; defined by

(A1, 0) = > ™M(N)  for ¢ e CP(R),
N=1

is a distribution on R whose order equals co. Show that the functional A
defined by (3.18) is a distribution whose order equals co.

3.10. Let Q be a smooth open subset of R", or let 2 = R'}.
(a) Show that supp d;jlq C 0.
(b) Show that the distribution (—A)lg on R™ satisfies

(010 = [ Par tor pecg@
o0 8V
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(cf. (A.20)), and determine the order and support of the distribution in the
case () = R"}.

3.11. Show that the space C*°(2)" of continuous linear functionals on
C°(Q) can be identified with the subspace &’(Q2) of 2/(2), in such a way
that when A € C°°(Q)’ is identified with A; € 2/(2), then

Alp) = (A1,)  for ¢ € C5°(Q).

3.12.  One often meets the notation §(x) for the distribution dg. Moreover
it is customary (e.g., in physics texts) to write §(z — a) for the distribution
da, a € R; this is motivated by the heuristic calculation

[ st ap@e= [~ 5oty +ady = pla), for o € O R),

(a) Motivate by a similar calculation the formula

0(ax) =, 0(x), foraeR\{0}.

(b) Motivate the following formula:

1
6(2? —a?) = ) (6(x —a)+6(x+a)), fora>0.
a
(Hint. One can calculate the integral [*°_§(z* — a?)¢(x) dz heuristically by
decomposing it into integrals over | — oo, 0[ and ]0, co[ and use of the change
of variables z = £,/y. A precise account of how to compose distributions and
functions — in the present case § composed with f(z) = 2% — a®> — can be

found in [H83, Chapter 3.1].)
3.13. Denote by e; the j-th coordinate vector in R™ and define the differ-
ence quotient Aj pu of an arbitrary distribution v € 2'(R™) by

ill(T(Thej)u —w), for heR\ {0},

cf. Example 3.21. Show that A yu — d;u in Z'(R™) for h — 0.

Ajnu =

3.14. For an open subset 2 of R™ and an open interval I of R we consider
a parametrized family of functions ¢(x,t) belonging to C5°(§2) as functions
of x for each value of the parameter ¢.

(a) Show that when the map ¢t — @(z,t) is continuous from I to C§°(Q),
then the function t — f(t) = (u, ¢(x,t)) is continuous from I to C, for any
distribution u € 2'().
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(b) We say that the map ¢ — ¢(z, t) is differentiable from I til C§°(2), when
we have for each ¢ € I that [p(x,t+h)—¢(z,t)]/h (defined for h so small that
t+ h € I) converges in C§°(Q) to a function ¢ (z,t) for h — 0; observe that
1 in that case is the usual partial derivative Oyp. If this function Owp(x,t)
moreover is continuous from I to C§°(2), we say that ¢(z,t) is C! from I to
Cs°(9Q). C*-maps are similarly defined.

Show that when t + ¢(x,t) is differentiable (resp. C* for some k > 1) from
I to C§°(R2), then the function ¢t — f(t) = (u, p(x,t)) is differentiable (resp.
C*) for any distribution u € 2’(Q2), and one has at each t € I:

atf(t) = <U, at(p(xa t)>; resp. aff(t) = <u7 85@(3:) t)>

3.15. Let Q = Q' x R, where Q is an open subset of R”~! (the points in
Q, Q' resp. R are denoted z, =’ resp. x,,).

(a) Show that if u € 2'(2) satisfies 9, u = 0, then u is invariant under x,-
translation, i.e., Thu = u for all h € R, where T}, is the translation coordinate
change (denoted T' (7, ) in Example 3.21) defined by

(Thu, o(z',x,)) = (u, p(a', 2, + h)) for p € CF(Q).

(Hint. Introduce the function f(h) = (Thu, ) and apply the Taylor formula
(A.8) and Exercise 3.14 to this function.)

(b) Show that if w is a continuous function on ) satisfying 9., u = 0 in the
distribution sense, then w(z’, z,) = u(2’,0) for all 2’ € .

3.16. (a)Let Q = Q' xR, as in Exercise 3.15. Show that if u and u1 = 9., u
are continuous functions on Q (where 9, u is defined in the distribution
sense), then u is differentiable in the original sense with respect to x,, at
every point = € €, with the derivative uj(x).

(Hint. Let v be the function defined by v(a’,z,) = [ u1(2/,t) dt; show that
Op,, (u—v) =0 in 2'(Q2), and apply Exercise 3.15.)

(b) Show that the conclusion in (a) also holds when 2 is replaced by an
arbitrary open set in R”.

n

3.17. The distribution dd:kd is often denoted 6(); for k = 1,2, 3, the nota-
tion ¢’, 6", 6" (respectively) is also used. Let f € C°(R).

(a) Show that there are constants ¢y and ¢; such that one has the identity:

f6’ = cod + c10”;

find these.

(b) For a general k € Ny, show that for suitable constants cy; (to be deter-
mined), one has an identity:

k
Fo) = chj(;(j).

Jj=0
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Chapter 4
Realizations and Sobolev spaces

4.1 Realizations of differential operators

From now on, a familiarity with general results for unbounded operators in
Hilbert space is assumed. The relevant material is found in Chapter 12.

There are various general methods to associate operators in Hilbert spa-
ces to differential operators. We consider two types: the so-called “strong
definitions” and the so-called “weak definitions”. These definitions can be
formulated without having distribution theory available, but in fact the weak
definition is closely related to the ideas of distribution theory.

First we observe that nontrivial differential operators cannot be bounded
in Lo-spaces. Just take the simplest example of d‘i acting on functions on the
interval J = [0,1]. Let f,(z) = | sinna, n € N. Then clearly f,(z) — 0 in
Ly(J) for n — oo, whereas the sequence [ f,(z) = cosnz is not convergent in
Lo(J). Another example is g, (x) = 2™, which goes to 0 in Lo(J), whereas the
La-norms of ¢/, (z) = na™"! go to oo for n — oo. So, at best, the differential
operators can be viewed as suitable unbounded operators in Lo-spaces.

Let A be a differential operator of order m with C'*° coefficients a, on an
open set  C R™:

Au = Z aq(x) D% . (4.1)

lo|<m

When v € C™(Q) and ¢ € C§°(Q), we find by integration by parts (using
the notation (u,v) for [, ut dz when u® is integrable):

(A, 9) 1) = / S (aaD) pds
Q

laf<m

:/Qu Z D(anp) dz = (u, A'0) 1, ), (4.2)

lo|<m

57



58 4 Realizations and Sobolev spaces

where we have defined A" by A'v =3°, ., D%(aqv). In (4.2), we used the
second formula in (A.20) to carry all differentiations over to ¢, using that the
integral can be replaced by an integral over a bounded set €2; with smooth
boundary chosen such that suppe C 27 C Q1 C Q; then all contributions
from the boundary are 0.

The operator A’ is called the formal adjoint of A; it satisfies

Alv = Z D% (aqv) = Z al, (x)D%v, (4.3)

lo|<m o] <m

for suitable functions a/, (z) determined by the Leibniz formula (cf. (A.7));
note in particular that

I
[e3

a,, =a, for |a] =m. (4.4)
When a, = dl, for all |a| < m, ie., A = A’ we say that A is formally
selfadjoint.

The formula A = ngm ao D is regarded as a formal expression. In
the following, we write A|ys for an operator acting like A and defined on a
set M of functions u for which Au has a meaning (that we specify in each
case). As an elementary example, Au is defined classically as a function in
C5°(Q2) when u € C§°(£2). We can then consider A|ge(q) as a densely defined
operator in Ls(Q). Similar operators can of course be defined for A’.

Now we introduce some concrete versions of A acting in Lo(£2). We take
the opportunity to present first the weak definition of differential operators
in Lo (which does not require distribution theory in its formulation), since
it identifies with the definition of the maximal realization. Afterwards, the
connection with distribution theory will be made.

Definition 4.1. 1° When u and f € Ly(2), we say that Au = f weakly in
L2(9), when
(f,9) = (u, A'p) for all ¢ € CF*(9). (4.5)

2° The maximal realization Ay associated with A in Lo(Q) is defined by
D(Apmax) = {u € La(Q) | 3f € La(Q) such that Au = f weakly}, (4.6)
Apaxu = f.

There is at most one f for each u in (4.6), since C3° () is dense in Lo (2).
Observe that in view of (4.5), the operator Ap,ax is the adjoint of the densely
defined operator A'[cge(q) in L2(€2):

Amax = (A/|C§°(Q))* (47)

Note in particular that Apayx is closed (cf. Lemma 12.4). We see from (4.2)
that
A|C(‘,’°(Q) C Amax; (48)
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so it follows that A|cge(q) is closable as an operator in La(2).
Definition 4.2. The minimal realization A, associated with A is defined
by

Amin = the closure of A|gs(q) as an operator in L(€2) . (4.9)

The inclusion (4.8) extends to the closure:
Amnin C Anax- (410)

We have moreover:

!/
min

Lemma 4.3. The operators Amax and A
as operators in La(2).

are the adjoints of one another,

Proof. Since A, is the closure of A’|gee(q), and Amay is the Hilbert space

min

adjoint of the latter operator, we see from the rule 7" = (T)* that Apax =

(Al;,)", and from the rule T** = T that (Amax)* = A, (cf. Corollary
12.6). 0

The above definitions were formulated without reference to distribution
theory, but we now observe that there is a close link:

D(Apnax) = {u € La(Q) | Au € 2'(Q) satisfies Au € L2(Q)}, (4.11)

Amnax acts like A in the distribution sense.

Indeed, Au € 2'(9) is the distribution f such that

(fo9) = (u, Y (=D)*(aap)), for all p € C3°(2). (4.12)

lo|<m

Here 3, <., (—=D)%(aap) = A'¢. Then when f € Ly(€), (4.12) can be
written as _(4.5)7 so Au = f weakly in Ly(Q2). Conversely, if Au = f weakly
in Ly(Q), (4.12) holds with f € Lo(£2).

Whereas the definition of A« is called weak since it is based on dual-
ity, the definition of Ay, is called a strong definition since the operator is
obtained by closure of a classically defined operator.

Observe that Apax is the largest possible operator in Ls(€2) associated
to A by distribution theory. We have in particular that D(Apax) is closed
with respect to the graph norm (||ul|7, +[|Aul|Z,) >, and that D(Apin) is the
closure of C§°(2) in D(Amax) with respect to the graph norm.

Whereas Anax is the largest operator in Lo(2) associated with A, Ay is
the smallest closed restriction of Apax whose domain contains C§°(Q2). The
operators A satisfying _

Anin C A C Anax (4.13)

are called the realizations of A, here Anin and Anax are in themselves ex-
amples of realizations.
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Note that if A = A’ (i.e., A is formally selfadjoint) and D(Apmax) =
D(Amin), then A,y is selfadjoint as an unbounded operator in Lo(2). This
will often be the case when Q = R"™.

In the treatment of differential equations involving A, one of the available
tools is to apply results from functional analysis to suitable realizations of
A. On the one hand, it is then important to find out when a realization can
be constructed such that the functional analysis results apply, for example
whether the operator is selfadjoint, or lower bounded, or variational (see
Chapter 12). On the other hand, one should at the same time keep track of
how the realization corresponds to a concrete problem, for example whether
it represents a specific boundary condition. This is an interesting interface
between abstract functional analysis and concrete problems for differential
operators.

Remark 4.4. One can also define other relevant strong realizations than
Amin- (The reader may skip this remark in a first reading.) For example, let

My ={ueC™)|uand Au € Ly(Q) },
My =CT(Q) ={uec C"(Q) | D*u € Ly(Q) for all |a| <m }, (4.14)
M3z = CT.(Q) ={uecC"(Q)| D% € Ly(2) for all |af <m }.
Then
A|C(‘)’°(Q) C A|M1 - AmaX7

and, when the coefficient functions a, are bounded,
A|c§°(9) C AlMS C A|M2 - A|M1 - Amax~

Defining
As, = Alng,, fori=1,2,3,

we then have in general
Amin C A5, C Amax- (4.15)

Furthermore,
Anin C Asy C A, CAs, C Anax (4.16)

holds when the a,’s are bounded. For certain types of operators A and do-
mains 2 one can show that some of these Ag,’s coincide with each other or
coincide with A,.x. This makes it possible to show properties of realizations
by approximation from properties of classically defined operators.

In the one-dimensional case where {2 is an interval I, one will often find
that D(Amax) differs from D(Amin) by a finite dimensional space (and that
the three realizations A, in the above remark coincide with A,y ). Then the
various realizations represent various concrete boundary conditions which
can be completely analyzed. (More about this in Section 4.3.) In the one-
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dimensional case, the weak definition of ddm is related to absolute continuity,
as mentioned in Chapter 1, and the large effort to introduce distributions is
not strictly necessary.

But in higher dimensional cases (n > 2) where  is different from R,
there will usually be an infinite dimensional difference between D(Apax) and
D(Amin), so there is room for a lot of different realizations. A new difficult
phenomenon here is that for a function u € D(Apax), the “intermediate”
derivatives D®u (with |a| < m) need not exist as functions on €2, even though
Au does so.

For example, the function f on Q =]0,1[x ]0,1[C R? defined by

1 for x>y,
5 = 4.17
f(z.y) {0 o (2.17)

is in Lo(€2) and may be shown to belong to D(Amax) for the second-order
operator A = 97 — 9; considered on Q (Exercise 4.3). But 8, f and 9, f do
not have a good sense as Lo-functions (f does not belong to the domains of
the maximal realizations of d, or J,, Exercise 4.4).

Also for the Laplace operator A one can give examples where u € D(Amax)
but the first derivatives are not in Lo(2) (see Exercise 4.5).

It is here that we find great help in distribution theory, which gives a
precise explanation of which sense we can give to these derivatives.

4.2 Sobolev spaces
The domains of realizations are often described by the help of various Sobolev
spaces that we shall now define.

Definition 4.5. Let 2 be an open subset of R™. Let m € Ny.
1° The Sobolev space H™ () is defined by

H™(Q) ={ue L) | D*u € Ly(Q) for || <m}, (4.18)

where D? is applied in the distribution sense. (Equivalently, H™(2) consists
of the u € Ly(§2) for which D*u exists weakly in Lo(2) for |a| < m.)
H™(9Q) is provided with the scalar product and norm (the m-norm)

1
(ua U)m = Z (Daua DaU)Lz(Q)a HuHm = (ua u)72n (419)
la|<m

2° The Sobolev space H{*(2) is defined as the closure of C§°(€2) in H™(2).

It is clear that (u, v),, is a scalar product with associated norm ||u/|,, (since
wllm > [lullo = |lullL,@)), so that H™ () is a pre-Hilbert space. That the
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space is complete is easily obtained from distribution theory: Let (ug)ren be a
Cauchy sequence in H™()). Then (uy) is in particular a Cauchy sequence in
L2(9), hence has a limit w in La(2). The sequences (D®uy)ren with |af <m
are also likewise Cauchy sequences in Lo(2) with limits u,. Since ur — u
in Ly(f2), we also have that uy — wu in 2'(2), so that Dy — D% in
2'(Q) (cf. Theorem 3.8 or 3.9). When we compare this with the fact that
D%ujp, — uq in La(Q2), we see that u, = D%u for any |a| < m, and hence
u e H™(Q) and up — w in H™(2). (When using the weak definition, one
can instead appeal to the closedness of each D¢, ..) The subspace HJ"(2) is

max-*

now also a Hilbert space, with the induced norm. We have shown:
Lemma 4.6. H™(Q) and HJ*(Y) are Hilbert spaces.

Note that we have continuous injections
CP(Q) C HJ*(Q) c H™(Q) C Ly(Q) € 2'(Q) (4.20)

in particular, convergence in H™(2) implies convergence in 2'(€2). Note
also that when A is an m-th order differential operator with bounded C°°-
coefficients, then

H{' () € D(Amin) € D(Amax) » (4.21)

since convergence in H™ implies convergence in the graph-norm. For elliptic
operators of order m, the first inclusion in (4.21) can be shown to be an
identity (cf. Theorem 6.29 for operators with constant coefficients in the
principal part), while the second inclusion is not usually so, when  # R™
(the case  C R is treated later in this chapter). D(Apax) is, for n > 1,
usually strictly larger than H™ (), cf. Exercises 4.3-4.5.

Remark 4.7. One can also define similar Sobolev spaces associated with L,
spaces for general 1 < p < oo; here one uses the norms written in (C.11)
with 0%u taken in the distribution sense. These spaces are Banach spaces;
they are often denoted W (€2) (or WP (€2); the notation H)"({2) may also
be used). They are useful for example in nonlinear problems where it may
be advantageous to use several values of p at the same time. (For example, if
the nonlinearity involves a power of u, one can use that v € L,(R™) implies
u® € Ly/a(R™).)

The above definition of H™ () is a weak definition, in the sense that the
derivatives are defined by the help of duality. For the sake of our applications,
we shall compare this with various strong definitions.

First we show that h; % u is a good approximation to u in H™(R"):

Lemma 4.8. Let u € H™(R™). Then hj xuw € C* N H™(R™) with

D%(hj xu) =hj* D  for |a| < m;

. | (422)
hjxu—u in H"(R") for j — occ.
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Proof. When u € H™(R™), then h; * D*u € Lo(R™) N C°(R™) for each
la| < m, and h; * D*u — D%u in Lo(R™), by Theorem 2.10. Here

hj * Do‘u = Da(hj * u) s (423)

according to Theorem 3.15, so it follows that h; x v — v in H™(R") for
J — o0. a

For general sets this can be used to prove:

Theorem 4.9. Let m be integer > 0 and let Q be any open set in R™. Then
C>(Q) N H™(RQ) is dense in H™(Q).

Proof. We can assume that €2 is covered by a locally finite sequence of open
sets Vj, 7 € Ng, with an associated partition of unity v; as in Theorem 2.16
(cf. (2.4), (2.48)).

Let u € H™(); we have to show that it can be approximated arbitrarily
well in m-norm by functions in C>°(Q) N H™(Q). First we set u; = ¢;ju, so
that we can write u = ZjENo uj;, Here u; has compact support in V;. Let
€ > 0 be given. Let ug = hg; xuj, where k; is taken so large that supp u; cV;
and ||u) — w;| gm () < €277, The first property of k; can be obtained since
suppu; C suppu; + B(0, klj) and suppu; has positive distance from 0V;
(recall (2.34)); the second property can be obtained from Lemma 4.8 since
the H™(£2) norms of u;, u; and u;—u are the same as the respective H™(R")

J
norms, where we identify the functions with their extensions by 0 outside the

support.
Let v =3y, uj; it exists as a function on § since the cover {Vj};en, is
locally finite, and v is C**° on ). Let K be a compact subset of {2, it meets a

finite number of the sets V}, say, for j < jo. Then
lw—= vl iy = I (s = w) | m xco)
7<Jjo

< Z |uj — ujllgm@) < e Z 277 < 2e.

3<jo 7<Jjo

(4.24)

Since this can be shown for any K C €, it follows that v € H™(Q) and
lu— v gm@) < 2e. O

The procedure of approximating a function u by smooth functions by
convolution by h; is in part of the literature called “mollifying”, and the
operator hjx called “the Friedrichs mollifier” after K. O. Friedrichs, who
introduced it in an important application.

Sometimes the above result is not informative enough for our purposes,
since there is no control of how the approximating C*° functions behave near
the boundary. When the boundary of  is sufficiently nice, we can show that
C™ functions with a controlled behavior are dense.
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We recall for the following theorem that for a smooth open set € (cf.
Definition C.1) we set

Cioy(€2) = {u e C™(Q) [ suppu compact C 2} (4.25)
When © = R" (and only then), C5°(R") and CF (R") coincide.

Theorem 4.10. Let Q) = R™ or R}, or let 2 be a smooth open bounded set.
Then C) (Q) is dense in H™().

Proof. 1°. The case Q@ = R™. We already know from Lemma 4.8 that
C>(R™) N H™(R™) is dense in H™(R™). Now let v € C*(R™) N H™(R"™),
it must be approximated by Cg° functions. Here we apply the technique of
“truncation”. With y(z) defined in (2.3), we clearly have that x(z/N)u — u
in Ly(R™) for N — co. For the derivatives we have by the Leibniz formula:

D (x(a/Ny) = (“) DP (x(a/N)) D" P (4.26)

BLla 5

=x(@/N)D*u+ Y < ) x(z/N))D* Py
e

The first term converges to D®u in Lo(R™) for N — oo. For the other terms
we use that sup,cgpn |D?(x(z/N))| is O(N~!) for N — oo, for each 3 # 0.
Then the contribution from the sum over § # 0 goes to 0 in Ly(R™) for
N — oo. It follows that x(x/N)u — win H™(R™); here x(x/N)u € C§°(R™).
This proves 1°.

2°. The case = R’}. We now combine the preceding methods (mollifi-
cation and truncation) with a third technique: “translation”. It is used here
in a way where the truncated function is pushed a little outwards, across
the boundary of the domain, before mollification, so that we are only using
the mollified functions on a set where the convergence requirements can be
verified.

First note that the truncation argument given under 1° works equally
well, when R"™ is replaced by an arbitrary open set ), so we can replace
uw € H™(R"}) by vy = xnyu having bounded support. (Using Theorem 4.9,
we could even assume v € C*° (R’ )N H™(R" ), but it has an interest to show
a proof that departs from u € H™ (R ).)

Defining the translation operator 7, by

mhu(x) = u(z1,...,zy —h) for heR, (4.27)

we have for u € Lo(R™) that

/ |u — Thul?de — 0 for h—0, (4.28)
M
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when M is a measurable subset of R™. Indeed (as used in Theorem 2.10),
for any e there is a v’ € C§(R") with ||u —v/||2(rn) < ¢, and this satisfies:
|/ —Tht!|| Ly mny — 0 in view of the uniform continuity and compact support.
Taking ho so that ||u’ — 7pu/|| 1, ®n) < € for [h| < ho, we have that

v —mhullL2any < llu— [ L2ary + Ju" — 700! | L2any + [Tav” — Thul| L2 ar

S 2||U — u/||L2(Rn) + ||u/ — Thu/||L2(R") S 3e

for |h| < ho.

Note that when h > 0, then 7_j, carries H™ (R ) over to H™(2_,), where
Qp ={ze€R" |2, >—-h} DR} When u € Ly(R"), we denote its
extension by 0 for z, < 0 by eTu. In particular, for u € H™(R".), one can
consider the functions e™ D%y in Lo(R™). Here 7_pe™ D%u equals 7_, D%u on
Q_j, in particular on R . Then the above consideration shows that

/ |D — 7_p, D*ul*dx — 0 for h— 0+. (4.29)

We have moreover, for ¢ € C3°(R%) and Q, = {z | x, > h} (still assuming
h > 0),

<T_hDO‘u, @>Ri = <DauvTh‘p>Qh = <uv (_D)aTh<p>Qh
= (u, T (=D)%p)a, = (D*T_pu, p)ry

so that D* and 7_, may be interchanged here. Then (D%7_pu)lr; is in
Ly(RY) (for [af < m), and (T_pu)[rr converges to u in H™ (R} ) for h — 0+.

Returning to our vy = xnyu, we thus have that wy,, = (T,th)hRa}r ap-
proximates vy in H™ (R ) for h — 04. We shall end the proof of this case by
approximating wy,, in H™(R’) by Co (Ri)—functions. This can be done be-
cause 7_puy is in fact in H™(Q_p). Recall from Lemma 2.12 that for j > !,
(hj * T_pvn)(z) is a well-defined C*°-function on the set of x with distance
> ¢ from the boundary, and there is Lo-convergence to 7_pvy on this set, for
j — o0. Let us take e = g; then the set equals Qf;zl and contains R’} . Clearly

also (h; * D*7_jun)(z) converges to D*7_juy in Ly on Q_ n, hence on R,

when |a| < m. Now we show that for j > }217 D (hj*1_pvN) = hjxD*(T_poN)
on R (it even holds on Qfg): For any ¢ € Z(R%}),

(D*(hj * T_pvn), p)ry = (hj * T_poN, (=D)%@)rn

[ e - ) ) (D) () dyd
z€RY JyeB(0 1)

= / (T_hUN)(y)(ilj *(=D)%p)(y) dy
yeRT+B(0,1)
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-/ (r-nox ) () (= D)y + 9)(y) dy
yERT+B(0, })

-/ D (r_on ) () (s * 9)(y) dy = (s * D*(r_pon), @
yERT+B(0, })

Thus also D (h;j*7_pvn) converges to D*7_pvy in Ly(R7) for each |of < m;
so (hj * T_puN)|ry converges to (T_pun)|ry = wn,p in H™(RY) for j — oo.
Since (hy * 7-pon)|rr is in CF5) (RYy), this ends the proof of 2°.

3°. The case where Q) is smooth, open and bounded. Here we moreover
include the technique of “localization.” We cover Q2 by open sets Qg, Q1,.. .,
Qn, where Qq,...,Qpn are of the type U described in Definition C.1, and
Oy C Q. Let to,...,¥hn be a partition of unity with ¢, € C(£;) and
Yo+ -+ vy =1on Q (cf. Theorem 2.17). The function 1ou has compact
support in Q and gives by extension by 0 outside of 2 a function @Zovu in
H™(R™) (since D*(sou) = 35, (g) DPapy D Py has support in supp 1o, so

that (D%(ou))™ equals DO‘(M)). Now tou can be approximated according
to 1°, and restriction to €2 then gives the desired approximation of Yyu. The
functions Yyu, I = 1,..., N, are by the diffeomorphisms associated with each
Q carried into functions v; in H™(R”) (with support in B(0,1)),! which
is approximated in H™(R? ) according to 2°. (Since suppwv; is compact C
B(0,1), the translated function stays supported in the ball for sufficiently
small h.) Transforming this back to €;, we get an approximation of ¥ju, for
each [. The sum of the approximations of the i;u,l = 0,..., N, approximates
U. O

The result in 3° holds also under weaker regularity requirements on 2,
where the idea of translation across the boundary can still be used.

Corollary 4.11. 1° H™(R") = H§*(R") for all m € No; i.e., C§°(R") is
dense in H™(R™) for all m € Ny.

2° For £ smooth open and bounded, C>=(Q) is dense in H™(QY), for all
m € Np.

Proof. 1° follows from Theorem 4.10 and the fact that Cfs (R") = C§°(R"),
cf. Definition 4.5 2°. 2° follows from Theorem 4.10 and the fact that for €
smooth, open and bounded, C () = C*(92). O

Of course we always have that H%(Q) = L2(Q) = HJ(Q) for arbitrary
(since C§°(Q) is dense in Lo(Q2)). But for m > 0, H™(Q) # H{*(Q2) when
R™\ Q # 0.

We can now also show an extension theorem.

! Here we use the chain rule for distributions, cf. (3.43). Since &, k! and their deriva-
tives are C°° functions, the property v € H™ is invariant under diffeomorphisms ~
where k, k1 and their derivatives are bounded.



4.2 Sobolev spaces 67

Theorem 4.12. Let m € N, and let Q be smooth open and bounded, or equal
to R. There is a continuous linear operator E : H™(Q) — H™(R™) so that
u= (Eu)|q forue H™(Q).

Proof. 1°. The case 2 = R’. Choose in an arbitrary way a set of m + 1
different positive numbers X, ..., Ap,. Let {ao, ...,y } be the solution of
the system of equations

ZZLO a =1,

EZ;O Avar = —1,
(4.30)

ko Mk = (=)™

The solution exists and is uniquely determined, since the determinant of the
system is the Vandermonde determinant,

1.1
Ao - Am

det | . = I -x)#0. (4.31)
: . 0<i<j<m
AT AT

Now when u € C(g, (RZL we define Fu by

u(x) for =, >0,

4.32
Yoo cu(a’, = Ay, for z, <O0. (4:32)

(Bu)(z) = {

Because of (4.30), we have that D*FEu is continuous on R” for all |a] < m,
so that Eu € H™(R™); it is easy to verify by use of (4.32) that

| Bul| frm mny < CHUHHM(RQ) (4.33)

for some constant c. Since the operator E : u — Fu is defined linearly on the
dense subset CG) (Ri) of H™(R" ) and by (4.33) is continuous in m-norm,
it extends by continuity to a continuous map of H™(R"} ) into H™(R") with
the desired properties.

2°. The case where §) is smooth, open and bounded. This is reduced to
an application of the preceding case by use of a covering Uiio Q; of Q as in
the proof of Theorem 4.10 3° (with Qo C Q) and associated diffeomorphisms
K@y + 1 — B(0,1) for I > 0, together with a partition of unity 1y, ..., ¥, with
Y € C5° () and Yo + -+ - + ¥y =1 on Q. Let u € C(Q) (= C) (22)). For

You, we take E(ou) = m (extension by 0 outside ). For each | > 0, ¥u is
by the diffeomorphism ;) carried over to a function v; € C(Og’) (Ri) supported

in B(0,1)N Ri. Here we use the extension operator Eg» constructed in 1°,
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choosing A\; to be > 1 for each k (e.g., A\p = k + 2), so that the support of
Egy vy is a compact subset of B(0,1). With the notation

(Tw)(z) =v(key(z), 1=1,...,N,
we set

n
EQU = ’l,/)ou + ZTZ(ERiUl) .
1=1
Defining Eq in this way for smooth functions, we get by extension by conti-
nuity a map Eq having the desired properties. a

Part 1° of the proof could actually have been shown using only m numbers
A0s - - -, Am—1 and m equations (4.30) (with m replaced by m—1); for we could
then appeal to Theorem 3.20 in the proof that the m-th order derivatives of
Eu were in Lo.

There exist constructions where the extension operator does not at all
depend on m, and where the boundary is allowed to be considerably less
smooth, cf. e.g. [EE87, Th. V 4.11-12].

The analysis of Sobolev spaces will be continued in connection with studies
of boundary value problems and in connection with the Fourier transforma-
tion. A standard reference for the use of Sobolev spaces in the treatment of
boundary value problems is J.-L. Lions and E. Magenes [LM68].

Theorems 4.9 and 4.10 show the equivalence of weak and strong definitions
of differential operators in the particular case where we consider the whole
family of differential operators { D}, <. taken together. For a general op-
erator A = E\a| <m @aD®, such properties are harder to show (and need not
hold when there is a boundary). For example, in an application of Friedrichs’
mollifier, one will have to treat h; x (3_, aa D%u) — ), aaD*(h; * u), which
requires further techniques when the a, depend on z.

For operators in one variable one can often take recourse to absolute conti-
nuity (explained below). For some operators on R™ (for example the Laplace
operator), the Fourier transformation is extremely useful, as we shall see in
Chapters 5 and 6.

4.3 The one-dimensional case

In the special case where (2 is an interval of R, we use the notation u’, u”, u(*)
along with du, 0*u, 0*u, also for distribution derivatives. Here the derivative
defined on Sobolev spaces is closely related to the derivative of absolutely
continuous functions.

Traditionally, a function f is said to be absolutely continuous on I, I =
Jae, B[, when f has the property that for any € > 0 there exists a § > 0 such
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that for every set Ji,...,JJy of disjoint subintervals Ji = [a, O] of I with
total length < ¢ (i.e., with >, y(Bk — ax) <9),

ST 1B — flaw) <

k=1,..,.N

It is known from measure theory that this property is equivalent with the
existence of an integrable function g on I and a number k such that

f(z) = /w g(s)ds + k, for x € I. (4.34)

We shall show that H'(I) consists precisely of such functions with g €
Lo ().

Theorem 4.13. Let I =]a, ] for some oo < 3. Then

cI) o> HY(I) > CY(I); with (4.35)
[l < arllullzay < c2llullp. @y + [10ullzo ), (4.36)

for some constants ¢c1 and co > 0. Moreover,
HY ) ={f| f(z)= [, g(s)ds+k, g € La(I), k € C}. (4.37)

Proof. 1t is obvious that C''(I) € H'(I) (the second inclusion in (4.35)), with
the inequality

5
ullZ oy = / (Ju(@)” + [/ (@)]*) do < (8 = a)(lullZ, 1) + 10117 )5

this implies the second inequality in (4.36).
Now let u € C*(I) and set v(z) = [T u/(s)ds, so that

[e3

u(r) = u(a) + / u'(s) ds = u(a) + v(z). (4.38)
Clearly,
B
[ waPde <@ alolk g
Moreover, by the Cauchy-Schwarz inequality,
z x x B
P =| [ WP < [ 1ds [ ePds<@-a) [P ds

we collect the inequalities in

(B =) HollZ, ) < loll7 oy < (8= a)llwl17,p- (4.39)
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It follows (cf. (4.38)) that

(8= ) [2 ()2 dz)* = (B — )} |u— v]| Loy
w—a)HWhmrH B —a)"2[vll )
< (B—a)"2 |[ufl ) + (B — )2

2 ||u/||L2(I)§

|u(a)]

IN

and then furthermore:

fu(@)] = () + u(@)] < o]l + lul@)]
< (B =) 2 ull o) + 208 — )2 W[l iy, for all € 1.

This shows the first inequality in (4.36) for v € C*(I). For a general u €
HY(I), let u, € C°°(I) be a sequence converging to u in H(I) for n —
oo. Then u,, is a Cauchy sequence in L. (I), and hence since the u,, are
continuous, has a continuous limit ug in sup-norm. Since u,, — ug also in
Lo(I), ug is a continuous representative of u; we use this representative in
the following, denoting it u again. We have hereby shown the first inclusion
n (4.35), and the first inequality in (4.36) extends to u € H*(I).

Now let us show (4.37). Let uw € H'(I) and let u,, € C<(I), u, — u in
HY(I). Then ul, — v’ in Ly(I), and u,(x) — u(x) uniformly for z € I, as we
have just shown. Then

Up(2) = /m ul,(8) ds + uy,(«) implies u(z) = /ﬂﬁ u'(s) ds + u(a),

by passage to the limit, so u belongs to the right-hand side of (4.37).
Conversely, let f satisfy

fw:/Z@w+h

for some g € Ly(I), k € C. Clearly, f € C°(I) with f(a) = k. We shall show
that df, taken in the distribution sense, equals g; this will imply f € H(I).
We have for any ¢ € C5°(I), using the Fubini theorem and the fact that
p(a) = p(B) =0 (see the figure):

0f,0) = (1, 0p) = /"f

/L/ dwm_/k¢

]/ j/ 2) deds — k(p(B) — p(a))
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B

B8
- / 9()(0(8) — o(s)) ds = / 9()p(s) ds = (g, 9).

[e3

Thus 0f = g in 2’(I), and the proof is complete. O
B pmmmmmmmmmm e B pmmmmmmmmmm e
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We have furthermore:

Theorem 4.14. When u and v € H(I), then also wv € H(I), and

O(uv) = (Qu)v + u(dv);  with (4.40)
luv]l g2 (ry < 52 eallull g l[v]l - (4.41)
Moreover,
(Ou, ) py(ry + (w0, 0v) 1y (1) = u(B)0(B) — u(a)v(a), (4.42
(Du,v) o1y — (u, DU) 1y = —iu(B)0(B) + iu(a)v(a) 4.43)

Proof. Let u,v € H*(I) and let u,,v, € CY(I) with u,, — u and v,, — v
in H(I) for n — oco. By Theorem 4.13, the convergences hold in C°(I), so
Upvy, — uv in C°(T), hence also in 2'(I). Moreover, (Quy)v, — (Ou)v and
Up (Ovy,) — w(0v) in La(I), hence in 2'(I), so the formula

O(unvp) = (Oun) vy + up(Ovy),
valid for each n, implies

A(uv) = (Qu)v + u(dv) in 2'(I),
by Theorem 3.9. This shows (4.40), and (4.41) follows since

lwoll Loy < el lvllory < etllullmrllvllm o,
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10(wv)| Lo(r) = [[(Ou)v + u(0V)|| Lo (1
<|0ull Ly 1Vl Loy + el Lo () 1OV Loy
< 2ci||ull grpyllvl 5 (),

by (4.36). The formula (4.42) is shown by an application of (4.37) to uv:

8
w(B)o(B) —u(e)v(e) = [ O(u(s)v(s)) ds

(03

B
_ / (Bu(s) (s) + u(s)d5(s)) ds,

and (4.43) follows by multiplication by —i. O
The subspace H} () is characterized as follows:

Theorem 4.15. Let I =|a, 8[. The subspace H}(I) of H'(I) (the closure of
Cs°(I) in H*(I)) satisfies

Hy(I) ={ue H'(I) | u(a) =u(B) =0}
={u(z) = [, g(s)ds | g € Lo(I), (9. 1) 1,1) = O}

Proof. When u = fj g(s)ds + k, then u(a) = 0 if and only if £ = 0, and
when this holds, w(5) = 0 if and only if ff g(s)ds = 0. In view of (4.37), this
proves the second equality in (4.44).

Let u € H(I), then it is the limit in H'(I) of a sequence of functions
un € C§°(I). Since u,(a) = u,(8) = 0 and the convergence holds in C°([)
(cf. (4.35) and (4.36)), u(a) = u(8) = 0.

Conversely, let u € H*(I) with u(a) = u(3) = 0. Then u, the extension
by 0 outside [, f], is in H'(R), since u(z) = [ u' ds for any = € R, where
' is the extension of u/ by 0 outside [a, 8]. Let us “shrink” @ by defining, for
0<d<l,

(4.44)

1

s =l (2 = *37));

)

B—a

since @ vanishes for |z — O‘;ﬁ| > 550‘, Us vanishes for |z — O"Z"5| >(1-0)7,7,

i.e., is supported in the interval
la+6%5",8- 85" Clav .

Clearly, U5 — @ in H'(R) for § — 0. Mollifying @5 to h; % 3 for } < 67,7,
we get a C*°-function with compact support in I, such that h; * v — v5 in
H!(I) for j — co. Thus we can find a C§°(I)-function (h; * 0s)|; arbitrarily
close to u in H*(I) by choosing first § small enough and then j large enough.
This completes the proof of the first equality in (4.44). O

Now let us consider realizations of the basic differential operator A = D =
1. By definition (see Definition 4.11F.),
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(4.45)

Equation (4.43) implies
(Aminua ’U) - (U, AminU) = 07

SO Amin is symmetric, and Apax = Amin ™, cf. (4.7). Here Ay i too small and
Amax is too large to be selfadjoint; in fact we shall show that the realization
Ay defined by

D(Ay) = {ue H'(I) | u(e) = u(s) } (4.46)

(the “perioodic boundary condition”) is selfadjoint. To see this, note that A
is symmetric since the right-hand side of (4.43) vanishes if u and v € D(Ay),
so Ay C A;;. Since Apmin C Ay, A;ﬁ C Amax. Then we show A;& C Ay as
follows: Let u € D(AZ,), then for any v € D(Ay) with v(a) = v(B3) =k,

0= (A%u,v) — (u, Agv) = (Du,v) — (u, Dv) = —iu(B)k + iu(a)k.

Since k can be arbitrary, this implies that u(5) = u(«), hence u € D(Ay).
We have shown:

Theorem 4.16. Consider the realizations Amax, Amin and Ayx of A = D
with domains described in (4.45) and (4.46). Then

1° Apin is symmetric,
2° Apin and Amax are adjoints of one another,
3° Ay is selfadjoint.

For general m, the characterizations of the Sobolev spaces extend as fol-
lows:

Theorem 4.17. Let I =]a, .
1° H™(I) consists of the functions u € C™ *(I) such that u(™=1) ¢
HY(I). The inequality

Z [07ull oy < C Z 10517, r) (4.47)

j<m-—1 k<m

holds for all w € H™(I), with some constant C > 0.
2° The subspace H*(I) (the closure of C3°(I) in H™(I)) satisfies

HMI) ={ue H™I) | v (a) =uD(B) =0 for j=0,...,m—1}. (4.48)

Proof. We can assume m > 1.

1°. It is clear from the definition that a function w is in H™(I) if and only
if w,u’,...,u™" 1 (defined in the distribution sense) belong to H'(I). This
holds in particular if w € C™~(I) with «(m~Y € H'(I). To show that an
arbitrary function u € H™(I) is in C™~1(I), note that by Theorem 4.13,
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(m—1) 0
U e C'(I),

u@(z) = / wItY () ds +u9 () for j < m;

the latter gives by successive application for j = m — 1,m — 2,...,0 that
u € C™~Y(I). The inequality (4.47) follows by applying (4.36) in each step.

2°. When u € C§°(I), then all derivatives at o and 3 are 0, so by passage
to the limit in m-norm we find that () (a) = v (8) = 0 for j < m — 1
in view of (4.47). Conversely, if u belongs to the right-hand side of (4.48),
one can check that the extension u by zero outside [«, 3] is in H™(R) and
proceed as in the proof of Theorem 4.15. O

The “integration by parts” formulas (4.42) and (4.43) have the following
generalization to m-th order operators on I =|a, ([, often called the Lagrange
formula:

=

(Dmua U)LQ(I) - (U, DmU)Lg(I) = [(Dmikuv Dkv) - (Dm7k71u7 DkJrlU)]
k=0

m—1
=—i Yy [D™ ' Fu(B)DRu(B) — D™ Fu(a) DFu(a)],
k=0
for w,v € H™(I). (4.49)

Unbounded intervals are included in the analysis by the following theorem:

Theorem 4.18. 1° An inequality (4.47) holds also when I is an unbounded
interval of R.
2° For I =R, H™(I) = H*(I). For I =]a, o0l

Hy(I)={ue H™()]| uD(a)=0 for j=0,...,m— 1}. (4.50)
There is a similar characterization of HJ*(] — oo, f]).

Proof. 1°. We already have (4.47) for bounded intervals I’, with constants
C(I'). Since derivatives commute with translation,

max [ u(z—a)| = max | u(@)|, [[07u(-—a)llLorta) = 187u() | arr):
zel'+a zel’

then the constant C'(I') can be taken to be invariant under translation, de-
pending only on m and the length of I’. When I is unbounded, every point
x € [ lies in an interval I, C I of length 1, and then

Yo Pu@P<c) Y 1@ulll,g, < CO) Y 107l

0<j<m—1 0<j<m 0<j<m

where C(1) is the constant used for intervals of length 1.
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2°. The first statement is a special case of Corollary 4.11.
For the second statement, the inclusion ‘C’ is an obvious consequence of
1°. For the inclusion ‘D’ let w € H™(I) and consider the decomposition

u=xnu—+ (1—xn)u

where xn(z) = x(x/N) with N taken > 2|« (cf. (2.3)). We see as in Theorem
4.10 that yyu — u in H™(I) for N — oo. Here, if u®(a) = 0 for k =
0,1,...,m—1, then xyu lies in HJ"(]o,2N[) according to (4.48), hence can
be approximated in m-norm by functions in C§°( e, 2N|). So, by taking first
N sufficiently large and next choosing ¢ € C§°(]a, 2N|[) close to xnu, one
can approximate u in m-norm by functions in C§°(]a, co[). O

The functions in H™(R) satisfy u¥)(z) — 0 for  — 400, j < m (Exercise
4.21); and the formulas (4.42) and (4.43) take the form

(Ou,v) Ly (1) + (u, 00) L) = —u(@)v(a), (4.51)
(Du,v) 1y — (u, DU) 1y = iu(a)v(a), (4.52)

for u,v € H(I), I =]a, 00[. We also have the Lagrange formula

m—

(Dmuvv)Lz(I) (U D™ U Lo(I Z D™ - k Dk ( ) (453)
k=0

for u,v € H™(I), I =], o0].

To prepare for the analysis of realizations of D™, we shall show an inter-
esting “uniqueness theorem”. It shows that there are no other distribution
solutions of the equation D*u = 0 than the classical (polynomial) solutions.

Theorem 4.19. Let I be an open interval of R, let k > 1 and let uw € 2'(I).
If Du = 0, then u equals a constant. If D*u = 0, then u is a polynomial of
degree < k — 1.

Proof. The theorem is shown by induction in k. For the case k = 1, one has
when Du = 0 that

0= (Du,p) = —(u,Dyp) forall p € C5(I).

Choose a function h € C§°(I) with (1,h) =1 and define, for ¢ € C§°(I),

Here D = ¢ — (1,¢)h; and ¢ € C§°(I) since
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when x > sup(supp ¢ U supp h). Hence ¢ can be written as
e=p—(Lp)h+(L,p)h =Dy +(1,9)h, (4.54)

whereby

<uv (,0> = <UaD1/’> + <17<p><uv h> = ((u,h)l,@ = <Cu,90>7

for all ¢ € C§°(I); here ¢, is the constant (u, h). This shows that u = ¢,.
The induction step goes as follows: Assume that the theorem has been
proved up to the index k. If D*+1y = 0, then D*Du = 0 (think over why!),
so Du is a polynomial p(x) of degree < k — 1. Let P(x) be an integral of
ip(z); then D(u — P(z)) = 0 and hence u = P(z) + c. O

Theorem 4.20. Let I be an open interval of R. Let m > 1. If u € 9'(I) and
D™y € Lo(I), then uw e H™(I') for each bounded subinterval I' of I.

Proof. Tt suffices to show the result for a bounded interval I =]a, 8[. By
successive integration of D™wu we obtain a function

/ ds: / dss / / W(s9) s (4.55)

which belongs to H™(I). Now D™v = D™u, hence u — v is a polynomial p
(of degree < m — 1) according to Theorem 4.19), hence a C'*°-function. In
particular, u = v +p e H™(I). O

Remark 4.21. For unbounded intervals, the property D™u € Lo(I) is not
sufficient for the conclusion that w € H™(I) globally. But here one can show
that when both w and D™u are in Lo(I), then u is in H™(I). It is easily
shown by use of the Fourier transformation studied later on, so we save the
proof till then. (See Exercise 5.10.)

Remark 4.22. Most of the above theorems can easily be generalized to
Sobolev spaces W, () (cf. Remark 4.7), with certain modifications for the
case p = co. The L case is of particular interest, for example Theorem 4.19
carries over immediately to W{(I).

The differential operator D™ can now be treated in a similar way as D:

Theorem 4.23. Let I =]o, B[ and let m > 0. Let A= D™. Then

D(Anax) = H™(I),

4.56
D(Amin) = Hy'(1). ( )
There exists a constant C7 > 0 so that
m 1 m 1
(lulld + 1D ul[d)2 < lullm < Cr(lull + D™ ulF)> (4.57)

for u € D(Apmax).
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Proof. Clearly, H™(I) C D(Amax). The opposite inclusion follows from The-
orem 4.20. The first inequality in (4.57) follows from the definition of the
m-norm; thus the injection of H™(I) into D(Amax) (which is a Hilbert space
with respect to the graph-norm since Ap,ay is closed) is continuous. We have
just shown that this injection is surjective, then it follows from the open
mapping principle (cf. Theorem B.15) that it is a homeomorphism, so also
the second inequality holds.

Now consider Ap;,. Since D™ is formally selfadjoint, Ay, = Amax” and
Amin C Amax. Since D(Amin) is the closure of C§°(I) in the graph-norm, and
the graph-norm on D(Anmax) is equivalent with the m-norm, D(Anin) equals
the closure of C§°(I) in the m-norm, hence by definition equals HJ*(I). O

Also here, the minimal operator is too small and the maximal operator
too large to be selfadjoint, and one can find intermediate realizations that
are selfadjoint. The operators D™ are quite simple since they have constant
coefficients; questions for operators with z-dependent coefficients are harder
to deal with.

As a concrete example of a differential operator in one variable with vari-
able coefficients, we shall briefly consider a regular Sturm-Liouville operator:
Let I =]a, 8, and let L be defined by

(Lu)(a) = = 4o ()" ) + aoputo) (1.58)

where p € C(I) N CY(I) and g € C>°(I) N C°(I), and
p(x) >c¢>0, q(z)>0 on I. (4.59)

(Sturm-Liouville operators are often given with a positive factor 1/o(z)
on the whole expression; this is left out here for simplicity. When the factor
is present, the realizations of L should be considered in Lo (I, o(x)dx).)

In an analysis laid out in Exercises 4.11-4.13 one shows that D(Lyax) =
H?(I) and D(Lyin) = HZ(I), and that the realizations of L are charac-
terized by boundary conditions (linear conditions on the boundary values
u(a), v (), u(B),u'(B)); moreover, symmetric, selfadjoint and semibounded
realizations are discussed.

4.4 Boundary value problems in higher dimensions

Consider an open subset 2 of R, where n > 1. For H*(Q2) and H} () defined
in Definition 4.5 one may expect that, similarly to the casen =1, Q =]a, ],
the boundary value u|sqn has a good meaning when u € H'(Q) and that the
boundary value is 0 eractly when u € Hg (). But the functions in H'(Q)
need not even be continuous when n > 1. For the cases n > 3 we have the
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example: z1/(22 4+ -+ + 22)2, which is in H'(B(0,1)); it is bounded but
discontinuous (Exercises 3.7 and 4.24). An example in the case n = 2 is the
function log |log(z?3 + 3) 2|, which is in H'(B(0, })) and is unbounded at 0
(Exercise 4.16).

However, the concept of boundary value can here be introduced in a more
sophisticated way. We shall now show a result which can be considered an easy
generalization of (4.47). (The information about which space the boundary
value belongs to may be further sharpened: There is a continuous extension
of 79 as a mapping from Hl(Ri) onto H?2(R"1), see Theorem 9.2 later.
Sobolev spaces of noninteger order will be introduced in Chapter 6.)

Theorem 4.24. The trace map o : u(z',xy) — u(a’,0) that sends CF) (Ri)

into C°(R"™1) extends by continuity to a continuous map (also denoted o)
from HY(R™) into Lo(R™™1).

Proof. As earlier, we denote (z1,...,2,-1) = 2’. For u € 0(05’) (Ri), we have
the inequality (using that |2 Reab| < |a|? + |b|? for a,b € C):
lu(x,0)|* = —/ O (u( )02, 2)) oy,
0
= —/ 2Re(Opu(a’, xp)u(a’, zy,)) day,
0

< [l )P+ 10uula ) ) dn,
0

(Inequalities of this kind occur already in (4.47), Theorem 4.18.) Integrat-
ing with respect to 2/, we find that

[voullZ,@n-1y < ||U||2L2(R1) + Hanu||2L2(R1) < HUH%P(R:”_)'

Hence the map vy, considered on C("g’) (Ri), is bounded with respect to the
mentioned norms; and since C() (RZ) is dense in H'(R%) according to The-
orem 4.10, the map o extends by closure to a continuous map of H*(R")
into Lo(R™1). O

Since you is 0 for u € C° (R’ ), it follows from the continuity that you = 0
for u € H}(R"). The converse also holds:

Theorem 4.25. The following identity holds:
HY(RY) = {ue H'(RY) | you=0}. (4.60)

Proof. As already noted, the inclusion ‘C’ follows immediately from the fact
that C§°(R") is dense in Hj(R7).

The converse demands more effort. Let u € H!(R") be such that you = 0,
then we shall show how u may be approximated by functions in C§°(R" ).
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According to the density shown in Theorem 4.10, there is a sequence of
functions vy € CF) (R}) such that vy — w in H'(R%) for k — oo. Since

you = 0, it follows from Theorem 4.24 that yovy — 0 in Lo (R"™1) for k — oo.
From the inequality

|Uk(x/7xn)| < |’Uk($/, O)l +/ |anvk(xla yn)| dyn, for z, >0,
0
follows, by the Cauchy-Schwarz inequality,
|’Uk($/, xn)|2 < 2|’l}k($/, O)|2 + 2(/ |anvk(x/7 yn)| dyn)2
0

< 2|vk<x’70)|2+2/ 1dyn/

0 0

= 2|Uk(x/7 0)|2 + 23:"/ |8"Uk(x/7yn)|2 dy"
0

x

|anvk (x/’ yn)|2 dyn

Integration with respect to 2/ € R*~! and x,, €]0,a| gives

/ / log (2, 2,) | da’ dz,y

0 Rnfl

< Za/ log (2, 0)|? da:’—l—Z/ xn/ / |0k (2, yn)|? da’ dypda,
Rn-1 0 0o Jrn-t

< 2a/ log (2, 0) |7 d;v’—|—2/ Tn, d;vn/ / |Onvr (2, yn )| da’ dys,
Rn—1 0 0 Jra-1

— 2 / o (&, ) di’ + o / / 1000 (2!, o) 2 da dya.
Rn—1 0 Jrrn-1

For k — oo we then find, since yovr — 0 in La(R"™1),

// 1|u(x’,xn)|2dx'dxn§a2// 1|8nu(;zc',yn)|2dynalac', (4.61)
0o Jrn- 0o Jrn-

for a > 0. For ¢ > 0, consider
ue (@', 2n) = (L= x(xn/€))ule’, zn),
with x defined in (2.3). Clearly,

ue — uin Ly(RY) for e — 0,

Ojus = (1 — x(zn/e))0ju — Oju for e — 0 when j < n,
Onue = (1 — x(xn/€))0nu — X (xn/e)u, where

(1 — x(xn/€))0nu — Opu for e — 0.

For the remaining term, we have, denoting sup |x’| = C1 and using (4.61),



80 4 Realizations and Sobolev spaces
[Onue — (1—X($n/5))3nu”%2(m) = iX’@n/a)uH%z(Rz)

2e
< 572012/ / lu(z', zp)|? do’dz,,
0 Rn—1

2e
< 40%/ / |0 (2, yn)|? da’ dy,
0 Rn—l
— 0 fore — 0, since 9,u € Lo(RY).

So we may conclude that u. — w in H*(R") for £ — 0. Since the support
of u. is inside R, with distance > ¢ from the boundary {x, = 0}, u. may
by truncation and mollification as in the proofs of Lemma 4.8 and Theorem
4.10 be approximated in 1-norm by functions in C§° (R ). O

There are other proofs in the literature. For example, one can approximate
u by a sequence of continuous functions in H! with boundary value 0, and
combine truncation and mollification with a translation of the approximating
sequence into R’} in order to get an approximating sequence in C§°(R").

Remark 4.26. On the basis of Theorem 4.25 one can also introduce a bound-
ary map 7o from H'(Q) to L2(92) for smooth open bounded sets €2, by work-
ing in local coordinates as in Definition C.1. We omit details here, but will
just mention that one has again:

Hy(Q)={uec HY(Q) | vu=0}, (4.62)

like for = R’}. A systematic presentation is given e.g. in [LM68].
A very important partial differential operator is the Laplace operator A,
Au=0 u+-+0; u. (4.63)

We shall now consider some realizations of A = —A on an open subset € of
R™. Introduce first the auxiliary operator S in Lo(£2) with domain D(S) =
C§°(Q) and action Su = —Awu. The minimal operator Api, equals S. Since
A is clearly formally selfadjoint, .S is symmetric; moreover, it is > 0:

(Su,v) = /(—812u — = 0Pu)vde (4.64)
Q
= /(alualv + -+ Opudpv)de = (u, Sv), for u,v € C3°(Q);
Q

where the third expression shows that (Su,u) > 0 for all u € D(S). It
follows that the closure Ay, is likewise symmetric and > 0. Then, moreover,
Amax = Amin*-

It is clear that H?(2) C D(Amax). The inclusion is strict (unless n = 1),
cf. Exercise 4.5, and Exercise 6.2 later.

For A, it can be shown that D(Ayin) = HZ(S2), cf. Theorem 6.24 later.



4.4 Boundary value problems in higher dimensions 81

As usual, Ay, is too small and Ay, is too large to be selfadjoint, but we
can use general results for unbounded operators in Hilbert space, as presented
in Chapter 12, to construct various selfadjoint realizations.

In fact, Theorem 12.24 shows that .S (or Apin) has an interesting selfadjoint
extension T', namely, the Friedrichs extension. It has the same lower bound as
S;m(T) = m(S). Let us find out what the associated space V' and sesquilinear
form s(u,v) are. Following the notation in Chapter 12, we see that s is an

extension of
n

so(u,v) = Z(@ku, Ov),
k=1
defined on D(sg) = D(S) = C§° (). Since m(S) > 0, so(u,v) + a - (u,v)
is a scalar product on D(sg) for any a > 0. (We shall see later in Theorem
4.29 that m(S) > 0 when Q is bounded, so then it is not necessary to add a
multiple of (u,v).) Clearly, the associated norm is equivalent with the 1-norm
on 2. But then

V = the completion of C§°(Q) in H'-norm = Hy(Q),
- 4.65
s(u,v) = Z(@ku,akv) on H} (). (4.65)

k=1

This also explains how 7" arises from the Lax-Milgram construction (cf. The-
orem 12.18); it is the variational operator associated with (L2 (), H} (), s),
with s defined in (4.65). We can now formulate:

Theorem 4.27. The Friedrichs extension T of S = —A|Cgo(g) is a self-
adjoint realization of —A. Its lower bound m(T) equals m(S). T is the
variational operator determined from the triple (H,V,s) with H = Lo(Q),
V = H}(Q), s(u,v) = > 1_, (Oru, Oxv).

T is the unique lower bounded selfadjoint realization of —/A with domain
contained in H}(Q). The domain equals

D(T) = D(Amax) N Hy (). (4.66)
In this sense, T represents the boundary condition
You = 0, (4.67)
i.e., the Dirichlet condition.

Proof. Tt remains to account for the second paragraph. The uniqueness fol-
lows from Corollary 12.25. Note that since T' is a selfadjoint extension of
Amin, T C Amax, so it acts like —A. In formula (4.66), the inclusion ‘C’ is
clear since T' C Apax. Conversely, if u € D(Apax) N HY(Q), then for any
¢ € C5°(9),



82 4 Realizations and Sobolev spaces

= Z 8ku 8k(p Z 8134,0 maxua (,0),
k=1

where the equality of the first and last expressions extends to v € H}(2) by
closure:
5(u,v) = (Amaxu, v), for v € Hy (). (4.68)

Then by definition (cf. (12.45)), u is in the domain of the variational operator
defined from (H,V,s), and it acts like A,ax on w. O

T is called the Dirichlet realization of A = —A.

It is shown further below (Corollary 4.30) that m(7T') is positive when 2
has finite width.

We note that this theorem assures that the first derivatives are well-defined
on D(T') as Lo-functions. It is a deeper fact that is much harder to show, that
when € is smooth and bounded, also the second derivatives are well-defined
as Lo-functions on D(T) (i.e., D(T) C H?(f2)). Some special cases are treated
in Chapter 9, and the general result is shown at the end of Chapter 11.

The Lax-Milgram lemma can also be used to define other realizations of
—A which are not reached by the Friedrichs construction departing from S.
Let

(H, Vi, 51(u,v)) = (L2(Q), H' (), Y (ru, 0pv)); (4.69)
k=1
here s7 is Vj-coercive and > 0, but not Vi-elliptic if 2 is bounded, since for
example u = 1 gives s1(u,u) = 0. Let T1 be the associated operator in H
defined by Corollary 12.19; it is > 0, and selfadjoint since s; is symmetric.
Since

= (Okp, 0kv) = (= Y _ O, v) for € C°(Q),v € H'(Q),
k=1 k=1
T, is an extension of S = —A|Cgo(g). Since T7 is then a selfadjoint extension

of Amin, T1 C Amax; hence it acts like —A.
Now the domain D(T}) consists of the u € H*(Q) N D(Amax) for which

(—Au,v) = s1(u,v), for all v € H*(Q), (4.70)

cf. Definition 12.14. Let us investigate those elements v € D(T}) which more-
over belong to C?(£2), and let us assume that € is smooth. For functions in
HY(Q) N C?(Q), we have using (A.20):

ou

q OV

(—Au,v) — s1(u,v) = /8 vdo, when v € C1(Q) N HY (). (4.71)

Then if w € D(Ty), the right-hand side of (4.71) must be 0 for all v €
CH(Q) N HY(Q), so we conclude that
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ou
ov

Conversely, if u € C?(Q) N H'(Q) and satisfies (4.72), then (4.71) shows that
u € D(Ty). So we see that

=0 on 0. (4.72)

O _ () on 002} (4.73)

D(T)NC*(Q) ={uc C*Q)NHY(Q) | oy

In this sense, T} represents the Neumann condition (4.72). One can in fact
show the validity of (4.72) for general elements of D(T}) using generalizations
of (A.20) to Sobolev spaces. Like for the Dirichlet problem there is a deep
result showing that D(T1) C H?(Q); here —A, you and g:ﬂag have a good
sense. See Sections 9.3 and 11.3. When 2 is bounded, u =1 is in D(T}), so
m(Tl) =0.

We have then obtained:

Theorem 4.28. The variational operator Ty defined from the triple (4.69) is
a selfadjoint realization of —A, with m(Ty) >0 (=0 if Q is bounded), and

D(Ty) = {u e H' (Q) N D(Anax) | (—Au,v) = s1(u,v) for allve HY(Q)}.

The domain D(Ty) is dense in H'(Q) and satisfies (4.73). The operator rep-
resents the Neumann problem for —A (with (4.72)) in a generalized sense.

T, is called the Neumann realization of A = —A.
One can show a sharpening of the lower bound of S for suitably limited
domains. For this, we first show:

Theorem 4.29 (POINCARE INEQUALITY). Letb > 0. When ¢ is in C§°(R")
with supp ¢ contained in a “slab” QU ={x € R" |0 < xz; <b} for aj between
1 and n, then

b
< 0j . 4.74
llello < \/QH ispllo (4.74)
The inequality extends to u € HE ().

Proof. We can assume that j = n. Let ¢ € C§°(R™) with support in the
slab. Since ¢(z/,0) = 0, we find for =, € [0,b], using the Cauchy-Schwarz
inequality,

(e ) = | / O ol 1) dt]? < z, / 0, ol |2 dt

b
< xn/ |0n(x’,t)[*dt, and hence
0
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b b b
/Iw(x’,xn)lzdmné/ a:ndxn/ |Onip(x’, 1)|? dt
0 0 0
b
_ ;zﬂ/ 1Ono(a )2 dt.
0

This implies by integration with respect to z’ (since ¢(z) is 0 for x,, ¢ [0, b]):

A

b
(@', 2n)l|7, @ny < ;bsz 71/0 |On (!, )| dtda’

3021100l 7, (-

The inequality extends to functions in H} (Qg) by approximation in H!-norm
by functions in C§°(€2). (This proof has some ingredients in common with
the proof of Theorem 4.25.) O

When ¢ is as in the lemma, we have
S, ) = n ol2 > 2ol 4.75
(Sp.0) =D l0wells > pllell3- (4.75)
k=1

The resulting inequality extends to A, by closure. The inequality of course
also holds for ¢ € C§°(2) when  is contained in a translated slab

Qc{zla<zj<a+b}, (4.76)

for some a € R, b > 0 and j € {1,...,n}. It holds in particular when
Q is bounded with diameter < b. The inequality moreover holds when 2
is contained in a slab with thickness b in an arbitrary direction, since this
situation by an orthogonal change of coordinates can be carried over into
a position as in (4.76), and —A as well as the 1-norm are invariant under
orthogonal coordinate changes. So we have, recalling the notation for the
lower bound from (12.22):

Corollary 4.30. When ) is bounded with diameter < b, or is just contained
in a slab with thickness b, then

m(S) = m(Amin) > 2072 (4.77)

It follows that the lower bound of the Friedrichs extension, alias the Dirichlet
realization, is positive in this case;

m(T) > 2b~2. (4.78)

It is seen from the analysis in Chapter 13 that there exist many other
selfadjoint realizations of —A than the ones we have considered here.

One can do a very similar analysis when —A is replaced by more general
operators A of the form
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Au=— " 9(au(x)0ku), ajx € C*°(Q) N Loo(Q), (4.79)

jk=1

assumed to be strongly elliptic; this means that

n

Re Z aji(2)&kE; > clé]? for € € R™, x € Q, some ¢ > 0. (4.80)
k=1

Along with A one considers the sesquilinear form

n

= > (ajr0ku, 00) (4.81)

7,k=1

it is H}(Q)-coercive. (This follows from the general results taken up at the
end of Chapter 7; the Garding inequality.) Then the Lax-Milgram lemma
applied to a with H = Ly(Q), V = H}(Q), leads to a variational realization
of A representing the Dirichlet boundary condition.

The form a(u,v) is not always H'()-coercive, but this is assured if the
coefficient functions a;, are real (see Exercise 4.25), or if the stronger in-
equality

n

Re Z a;r(z)nkn; > c|n)?® for n € C", x € Q, (4.82)
g k=1

is satified (Exercise 4.26). (The A satisfying (4.82) are sometimes called “very
strongly elliptic”.) In both these cases the H{ (£2)-coerciveness comes out as
a corollary. Here the application of the Lax-Milgram lemma with V = H'(Q)
instead of Hg () gives a realization of A with a first-order boundary condition
(where v = (11, ...,vy) is the normal to the boundary, cf. Appendix A):

Z vja;p0pu =0 on 09, (4.83)
jk=1

often called the oblique Neumann condition defined from a. (There are many
sesquilinear forms associated with the same A; this is discussed e.g. in [G71],
[GT73].)

Note that these variational operators are not in general selfadjoint; they
are usually not normal either (an operator N in H is normal if it is closed,
densely defined with NN* = N*N; then also D(N*) = D(N)).
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Exercises for Chapter 4

4.1. Let ©Q be open C R™ and let m € N. Show that H™(f2) has a denu-
merable orthonormal basis, i.e., is separable.
(Hint. One can use that H™(Q) may be identified with a subspace of

H\oz|§m LQ(Q))

4.2. Let A= Z?:l a; D; be a first-order differential operator on R™ with
constant coefficients. Show that A ax = Amin.
(Hint. Some ingredients from the proof of Theorem 4.10 may be of use.)

4.3. Let A=097—09; on Q=]0,1[x]0,1[ in R*. Show that A" = 97 — 9.
Show that f(x,y) defined by (4.17) belongs to D(Amax), with Apaxf = 0.
(Hint. One has to carry out some integrations by part, where it may make
the arguments easier to begin by changing to new coordinates s = x + v,
t=x-—y.)

4.4. Let B =9, on Q =]0,1[x]0,1[ in R Show that B’ = —3,. Show
that f defined by (4.17) does not belong to D(Bax)-

(Hint. If there exists a function g € L2(€2) such that

(f, =0290) Lo (0) = (9, 0) Ly (0) for all o € C5°(Q),

then g must be 0 a.e. on Q\ {z = y} (try with ¢ € C°(2\ {x = y})). But
then g = 0 as an element of Ly(Q2), and hence (f, —0,¢) = 0 for all ¢. Show
by counterexamples that this cannot be true.)

4.5. Let A=—Aon Q= B(0,1) in R% Let u(z,y) be a function given on
Q by

w(@,y) = co+ 3 (enle +im)* + c_p(z — ig)"),

keN

ie, u(r,0) =3 cnr™e™ in polar coordinates; assume that sup,, |c,| <
oo. It is known from elementary PDE (separation of variables methods) that
u € C*(Q) with Au = 0 on , and that if furthermore ), |c,| < 0o, then
u € C°(Q2) with boundary value >, _, c,e™ = ¢(6).
(a) Show that if merely ", |cn|? < 0o (corresponding to ¢ € La([—m, 7)),
then u € D(Amax)-
(b) Give an example where u € D(Apax) but yu ¢ La(2).
(Hint. One can show by integration in polar coordinates that the expressions

sy,n(r,0) = E c,rinlein?
M<[n|<N

satisfy
| Cn | 2

2 _
||SM>NHL2(Q) =C Z |TL|+1’

M<[n|<N
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for some constant C'.)

4.6. Let I =]o, (]

(a) Let x¢ € [, ] and let ¢ € C°°(I) with ((z9) = 1 and ¢(f) = 0. Show
that for u € H(I),

)
lu(zo)| = I/ P (Cu) dz| <N Lonllull oy + 1S Lo 14 | oy -
zo

Deduce (4.47) from this for m = 1, by a suitable choice of (.

(b) Show that for each € > 0 there exists a constant C'(g) so that for u €
HY(I),
[u(z)] <ellulli + Ce)||ullo , for all z € I.

(Hint: Choose ¢ in (a) of the form xs2s(x — o) for a suitably small §.)
4.7.  Are there other selfadjoint realizations A than Ay, for A = D on
I=]a,g[?

4

gpd On I =]o, B[, and show

4.8. Find a selfadjoint realization of A = —

which boundary condition it represents.
(Hint. One can for example use Theorem 12.11.)

4.9. Let I =]a,b[. For A = D, show that ApaxAmin is the Friedrichs ex-

tension of — dd; lcee (1)

4.10. Let I =]a, 8] and let m € N. Let A be the differential operator
A=D"™+pi()D™ 4+ p(),

with coefficients p;(x) € C°°(I). Show that D(Amax) = H™(I) and that

D(Apmin) = HM(I).

(Hint. For the proof that D(Anyax) = H™(I) one can use that Au may be

written in the form D™u + D™ ' (quu) + -+ + gmu, with coefficients ¢; €
c>=(1).)

4.11. Let I =]a, 5], let L be the regular Sturm-Liouville operator defined
in (4.58) and (4.59), and let ¢ > 0 and C' > 0 be chosen such that

c<plx)<C, [p(z))<C, 0<q(z)<C on I.
For u € H?(I), ou denotes the set of four boundary values

ou = {u(a), u(B),u'(a),u'(B)} € C*.

(a) Show that L is formally selfadjoint.
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(b) Show that
o: H*(I) — C*

is a continuous linear map, which is surjective.
(c) Show that D(Lmax) = H*(I) and D(Lyin) = HZ(I).
(d) Show that the realizations of L, i.e., the operators L with
Lmin C Z C Lma)u
are described by boundary conditions:
D(L) = {ue HXI) | que W},

where W is a subspace of C*, such that each subspace W corresponds to
exactly one realization L.

4.12. Hypotheses and notation as in Exercise 4.11.
(a) Show that one has for u and v € H?(I):

(Lu,v) Ly 1) — (us L) Ly(r) = (Bou, ov)es

where
0 0 play O
s_| 0 0 0 -
—pla) 0 O 0
0 p(B) 0 0

(b) Let L correspond to W as in Exercise 4.11 (d). Show that L is symmetric
if and only if W C (BW)=, and that L then is selfadjoint precisely when, in
addition, dim W = 2; in this case, W = (BW)*.
(¢) Find out how the realization is in the cases

()W ={z € C' | az; + bzz = 0, cz2 + dzy = 0}, where (a,b),(c,d) €

R2\ {(0,0)};
(2) W ={z€C*| 2 =23, azg +bzg =0}, where (a,b) € C?\ {(0,0)};

B)W={zeC*| (ig) =F <zl> }, where F is a complex 2 x 2-matrix.
4 2

(Comment. Since B is skew-selfadjoint (B* = —B) and invertible, the sesqui-
linear form b(z,w) = (Bz,w)cs is what is called a nondegenerate symplectic
form. The subspaces W such that W = (BW)* are maximal with respect to
the vanishing of b(w, w) on them; they are called Lagrangian. See e.g. Everitt
and Markus [EM99] for a general study of boundary conditions for operators
like the Sturm-Liouville operator, using symplectic forms and decompositions
as in Exercise 12.19.)
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4.13. Hypotheses and notation as in Exercises 4.11 and 4.12. Let [(u,v)
be the sesquilinear form

B
l(u,v) = / [pu'v" + quu)dx

defined on H!(I).
(a) Show that one has for u € H*(I), v € HY(I):

(Lu,v) = =p(B)u'(B)o(B) + pla)u’ (e)v(a) + I(u, v).

(b) Show that the triple (H,V,l(u,v)) with H = Lo(I), V = H}(I) and
lo(u,v) = l(u,v) on V, by the Lax-Milgram lemma defines the realization of
L determined by the boundary condition u(«) = u(5) = 0.

(c) Show that when V = H}(I) in (b) is replaced by V = H'(I), one gets
the realization defined by the boundary condition u'(a) = w'(8) = 0.

(d) Let Ty be the operator determined by the Lax-Milgram lemma from the
triple (H,V, 11 (u,v)) with H = Lo(I), V. = H*(I) and

hi(u,v) = I, v) + w(B)v(B).

Show that 77 is a realization of L and find the boundary condition it repre-
sents.

4.14. Consider the differential operator Au = —u” + a?u on R, where a
is a positive constant. (This is a Sturm-Liouville operator with p = 1, ¢ = o2
constant > 0.) Verify the following facts:

(a) The maximal operator Ap,.x associated with A in Lo(R;) has domain
H*(Ry).
(b) The minimal operator A, associated with A in Ls(Ry) has domain
HE(Ry).
(c) The realization A, of A defined by the boundary condition u(0) = 0 is
variational, associated with the triple (H,V,a), where H = Ly(Ry), V =
Hi(R+),

a(u,v) = (W, V) L,y ) + 02 (U,0) (R, )
Here m(A,) > o
4.15. Let I be an open interval of R (bounded or unbounded) and let @,
denote the product set

Qn:{(x17'~'7xn)€Rn|$j€I for j:1,,n}

Let h € C§°(I) with [, h(t)dt = 1, and let h(z) = h(z1)...h(z,); it is a
function in C§°(Q,,) with (1,h) = 1.
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(a) Show that every function ¢ € C§°(Qy) can be written in the form
80:31177/11+"'+5mn¢n+<1;90>ila (4.84)

where 1, ..., 9, belong to C3°(Qy,).
(Hint. One can for example obtain the formula successively as follows: Let

4101(3:2;---,3:11):/(p(ml,$27---7xn)dxl,
I

and put

Z1

Gy, ) :/ [o(s, T2y .. xn) — h(s)p1(xa, ..., xn)]ds ;

— 00

show that (; € C§°(Q,,) and

Y = 8I1<1 + h(l’l)‘/’l(ﬂ?% ce. ,Z‘n) .

Perform the analogous construction for ¢; € C§°(Q,—1) and insert in the
formula for ¢; continue until (4.84) has been obtained.)

(b) Show that if v € 2'(Q,,) satisfies

0z, =030 =+ =05, v=0,

then v equals a constant (namely, the constant ¢ = (v, h)).

4.16. (a) Consider the function

f(z) = log |log(z? + 23)3 |

on the set M = {z € R? | 0 < |z| <  }. Show that f, 8, f and O, f are in
Lo(M).
(b) Now consider f as an element of Ly(B(0, })). Show that the distribution

derivatives of f of order 1 are Ly(B(0, }))-functions equal to the functions
01 f and 0o f defined above on M.

(c) Show that f € H'(B(0, 1))\ C°(B(0, )).

’ 2

4.17. We denote by Lo(T) the space of Lo-functions on [—, 7] provided
with the scalar product and norm

™

(F o) = 2 [ £O00) 8, | fllam = (2 [ 1160) d0)*

—Tr
it identifies with the space of locally square integrable functions on R with
period 27. (There is the usual convention of identification of functions that
are equal almost everywhere.) It is known from the theory of Fourier series
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that the system of functions {€™?},,c7 is an orthonormal basis of Lo(T) such

that when ‘ .
f= cheme, then || f|lL,m) = (Z |cn|2)2.

newz ne”z

For m integer > 0, we denote by C™(T) the space of C™-functions on R
with period 2m; it identifies with the subspace of C™([—m,7]) consisting of
the functions f with fU)(—n) = fU)(x) for 0 < j < m.

(a) Define H'(T) as the completion of C*(T) in the norm

1
£l = ALy + 1 1L y) 2

Show that it identifies with the subspace of Lo(T) consisting of the functions
f whose Fourier series satisfy

Zn2|cn|2 < 0.

neZ

(b) Show that

0
HY(T) = { £(0) = / g(s)ds+ k| g € Lo(T) with (g, 1),y = 0, k € C .

—T

(¢) Also for higher m, one can define H™(T) as the completion of C™(T) in

the norm ‘ )
1l =C D NFDN ) 2

0<j<m

and show that f € H™(T) if and only if ), n*"|c,|* < co. Moreover,
H™(T) C C™1(T).

4.18. Let J be the closed interval [a, ] and let o €]0,1].

(a) By C7(J) we denote the space of Holder continuous functions of order o
on J, i.e., functions u for which there exists a constant C' (depending on w)
so that

[u(z) —uly)| < Clz —y|?, for x,y € J.

Show that C'?(J) is a Banach space with the norm

u(z) —u(y
fuller = sup_ 19~ uW)
z,y€J,x#y |

+ sup |u(x)|.
a:—y|‘7 m€8| ( )|

(b) By C?(T) we denote the space of Holder continuous 27-periodic functions
on R, i.e., functions on R with period 27 which satisfy the inequality with J
replaced by R. Show that it is a Banach space with a norm as in (a) with J
replaced by R.
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4.19. For I =)o, ], show that H'(I) € C2(I). (Notation as in Exercise
4.18.)

4.20. We consider functions v on R with period 27, written as trigonomet-
ric Fourier series of the type

(33) ~ Zajeier
JEN
(also called lacunary trigonometric series).
Z(La)7)Show that w € H(T) if and only if > jen 2%7)a;|* < oo (cf. Exercise
(b) Let o €]0,1[. Show that if 3 ; 299|a;| < oo, then u € C9(T) (cf.
Exercise 4.18).

(Hmt For each term u;(xz) = aje
|ufy ()| = 27|a,]| for all x, and therefore

2’z we have that luj(x)| = |a;j| and

luj (x) = uj(y)] = |uj(@) — w; ()]~ us(2) — u;(y)|°

< 12051772 |ag]) | — 17,

by the mean value theorem.)
(c) Show that for each o €]0,1[, C?(T) \ H'(T) # 0. (Hint. Let a; = 277.)
()

4.21. (a) Show that when u € Hl(R+) then u(x) — 0 for z — oo.
(Hint. Observe that |u(z)[* < [ (Ju(y)® + [u'(y)|*) dy. )
(b) Show (4.51), (4.52) and (4.53).

4.22.  Show that the mapping 7o defined in Theorem 4.24 sends H™ (R"})
into H™~1(R"~1) for any m € N, with D* you = oD u for u € H™(RY)
when o = {aq,...,a,_1} is of length < m — 1.

4.23.  Let a(u,v) be the sesquilinear form on H'(R") defined as the scalar
product in H*(R"}):

CL(U, ’U) = (U, U)LQ(]Ri) + Z(DJU’ Djv)Lz(]Ri)a
j=1
and let ag(u,v) denote its restriction to H& (R%).

(a) With H = Lo(R%), Vo = H}(R?), let A, be the variational operator
defined from the triple (H,Vp,ap). Show that A, is the realization of A =
I — A with domain

D(A;) = D(Amax) N Hy (R).
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(b) With V' = H'(R%), let A, be the variational operator defined from the
triple (H,V,a). Show that A, is the realization of A =1 — A with domain

D(A,) = {u € D(Amax) N H'(R}) | (Au,v) = a(u,v) for all v € H'(R7)},
and that the C? (Ri)—functions in D(A,) satisfy

ou " .
gy = 0on IRy =R L

(Comment. A, and A, represent the Dirichlet resp. Neumann conditions on
A. More on these operators in Sections 9.2 and 9.3, where regularity is shown,
and a full justification of the Neumann condition is given.)

4.24. Show that the function x;/|z| is in H'(B(0,1)) when n > 3.

(Hint. One can use that it is known from Exercise 3.7 that the first dis-
tribution derivatives are functions in Lj 1oc(B(0,1)) that coincide with the
derivatives defined outside of 0, when n > 2.)

4.25. Let

n

Z ajk(‘?ku 6 X% L2(Q),

7,k=1

where € is open C R” and the a;x(x) are real bounded functions on 2 such
that (4.80) holds.

(a) Show that when u is a real function in H'(Q), then

n
a(u,u) > ¢y [[05ulf, ) = clullf — cllul}
j=1

(Sobolev norms).
(b) Show that when u is a complex function in H'(Q), then

n
Rea(u,u) > ¢y 0ulf,) = cllullf — clluls.
j=1

(Hint. Write w = v + 4w with real functions v and w, and apply (a).)
(c) Let

a1 (u,v) = alu,v) —I—Z b;j0ju,v) L,y + (bot, V) Ly (0)s
j=1
where the b;(x) are bounded functions on 2. Show that for some C' > 0,

Reay(u,u) > §|lul|f — Cllul[§, for u e H'(Q).
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. . . 20,12 —2|3|2
. < , .
(Hint. Recall the inequality |2ab| < &?|a|* +e72|b]%, € > 0.)

4.26. Let

n

Z a]kaku (9 ;U LQ(Q),

7,k=1

where 2 is open C R™ and the a;x(z) are complex bounded functions on
such that (4.82) holds. Show that for any u € H'(),

n
Rea(u,u) > ¢ [10jullf, ) = clullf - ¢lullg.
j=1



Chapter 5
Fourier transformation of distributions

5.1 Rapidly decreasing functions

In the following we study an important tool in the treatment of differential
operators, the Fourier transform. To begin with, it is useful in the study
of differential operators on R™ with constant coefficients, but it can also be
used in the more advanced theory to treat operators on subsets 2 and with
variable coefficients.

The space 2’ (R™) is too large to permit a sensible definition of the Fourier
transform. We therefore restrict the attention to a somewhat smaller space of
distributions, .’(R™), the dual of a space of test functions .%/(R™) which is
slightly larger than C§°(R™). (. resp. .’ is often called the Schwartz space
of test functions resp. distributions, after Laurent Schwartz.)

It will be convenient to introduce the function

(@) = (1+ 2?2, (5.1)

and its powers (z)*, s € R. Since |z|/(z) — 1 for |x| — oo, () is of the
same order of magnitude as |z|, but has the advantage of being a positive
C°°-function on all of R™. We note that one has for m € Ny:

with positive integers Cy, o and Cp,. This is shown by multiplying out the

expression (1 + % + -+ +22)™; we recall from (A.9) that C, , = a!(nﬁ!m\)!'

Definition 5.1. The vector space . (R"™) (often just denoted .#’) is defined
as the space of C*°-functions ¢(x) on R” such that 2% D?p(x) is bounded for
all multi-indices o and 3 € Njj. . is provided with the family of seminorms

pum (@) = sup {<x>M|DO‘g0(x)| ‘ xeR™ |a| <M }, M € Ng. (5.3)

95
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The functions ¢ € . are called rapidly decreasing functions.

With this system of seminorms, . (R™) is a Fréchet space. The seminorms
are in fact norms and form an increasing family, so in particular, the system
has the max-property (cf. Remark B.6). We could also have taken the family
of seminorms

Pa,s(p) = sup{ [c* D7 p(z)| |z €R" }, (5-4)

where « and ( run through N{; it is seen from the inequalities (5.2) that the
family of seminorms (5.4) defines the same topology as the family (5.3).
As a local neighborhood basis at 0 we can take the sets

Vi1 = {p e | @MD%()| < | forla| <M}, (55)

for M € Ny, N € N. The topology on C§°(R") is stronger than the topology
induced on this space by .’ (R"), since the sets V), 1 NCg°(R") are open, con-
vex balanced neighborhoods of 0 in C§°(R") = |J C¢, (R™); this follows since
their intersections with C (R") are open neighborhoods of 0 in C% (R™).
(One may observe that the topology induced from . is metrizable by The-
orem B.9, whereas the usual topology on C§°(R™) is not metrizable.)

Lemma 5.2. 1° For 1 <p < oo, S (R") is continuously injected in L,(R™).
2° For 1< p < oo, Z(R") C OF° (R™).
3° For1 <p< oo, S(R") is dense in L,(R™).

Proof. 1°. We have for ¢ in .(R™), M in Ny and « in Nj with |a] < M that

[D%p(2)| < p,, () {a) M

for all z in R™. In particular, |||/, = sup|e(z)| = po(p). For 1 < p < oo,

n

lells < py(e)? / (2)MPda;
here we note that
/ ()~ MPdo = / (1 + |z|>)™™MP/2dx < 0o when M > " (5.6)

Then [[¢]|z, < Crupun(p) for M > 7, completing the proof of 1°.
Now 2° follows, since D*f € . for all & when f € .. (See (C.10) for the

notation.)
3° follows from the fact that the subset C°(R™) of .(R™) is dense in
L,(R") for p < oo, cf. Theorem 2.10. O

It is obvious that multiplication by a polynomial maps .¥ into .. There
are also other C'*°-functions that define multiplication operators in .. L.
Schwartz introduced the following space of functions (“opérateurs de multi-
plication”) containing the polynomials:
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Definition 5.3. The vector space &y (R™) (or just ) of slowly increas-
ing functions on R” consists of the functions p(z) € C*°(R™) which satisfy:
For any a € Nj there exists ¢ > 0 and a € R (depending on p and «) such
that

|[D%(z)| < e{x)* for all x € R™.

For example, ()t € O for any t € R; this is seen by repeated application
of the rule
0j(z)* = s(x)* 2x;. (5.7)

The elements of &) define multiplication operators M, : f — pf which
(by the Leibniz formula) map . continuously into .. In particular, since
S (R™) € Op(R™), we see that ot belongs to . (R™) when ¢ and ¢ belong
to . (R™).

Clearly, 0% and D are continuous operators in . (R™).

When f € Li(R"), the Fourier transformed function (% f)(€) is defined
by the formula

(FHE) = (&) = / e f () da

n

We now recall some of the more elementary rules for the Fourier transforma-
tion of functions (proofs are included for the convenience of the reader):

Theorem 5.4. 1° The Fourier transform F is a continuous linear map of
Li(R™) into Cr_ (R™), such that when f € L1(R"), then

1l < fllLe,  F(E) =0 for €] — oc. (5.8)

2° The Fourier transform is a continuous linear map of Z(R™) into
Z(R™), and one has for f € S (R™), £ e R™:

Fa"D]f(@))(€) = (—=De)* (€7 f(£)), (5.9)

for all multiindices o and 3 € Njj.
3° With the co-Fourier transform F (conjugate Fourier transform) defined

by

Ff§) = / et 8 f(x) dx, whereby Ff =.F f
(it is likewise continuous from % to ), any f € S (R™) with f — Ff
satisfies

fw=en [efod e (60)
so the operator F maps . (R™) bijectively onto /' (R™) with # 1 = (27) ".Z.

Proof. 1°. The inequality
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F©) = / ¢ f(2)] da < / (@) de

shows the first statement in (5.8), so # maps Lq into L. When f € Ly,
the functions e~¢ f(z) have the integrable majorant |f(x)| for all £, so the
continuity of f(£) follows from Lemma 2.8 1°. That f(£) — 0 for |¢| — oo
will be shown further below.

2°. When f € Ly with z; f(x) € L, the functions of

Oe, (e "¢ f(2)) = —izje ¢ f(2)

have the integrable majorant |z; f(x)|, so it follows from Lemma 2.8 2° that
afjf(g) exists and equals #(—iz;f(x)). Then also —ngf = F(z; f(x)).
When f € ., we can apply this rule to all derivatives, obtaining the formula
(—De)*f = F(2*f).

When f € .7, we find by integration by parts (cf. (A.20)) that

[e=o f@de= tm [ <o, o) -

R—o0 lz|<R
Rhir(l)o (/|r|§R i&je S f(x) do + /z_R e "t f(a) \zzj\ dﬂﬁ) = ifjf(f)

(since R" tsup{|f(z)| | || = R} — 0 for R — o0), showing the formula
ifjf = F (0, f(x)). Then also .F(Dy, f) = &; f. Repeated application gives
that .Z(DP f) = ¢P f for all 3 € Np.

Formula (5.9) follows for f € . by combination of the two facts we have
shown. Note here that by 1°, the right hand side is bounded and continuous
for all «, 3; this implies (in view of the Leibniz formula) that f e 7.

This shows that .% maps . into .%; the continuity will be shown below.
Let us first complete the proof of 1°: Let f € L; and let € > 0. Since . is
dense in Ly (Lemma 5.2), there is a g € . with ||f — ¢g||z, < £/2. Then by
19, |£(€) — §(€)| < &/2 for all £. Since § € . by 2°, we can find an R > 0
such that |§(¢)| < e/2 for |{| > R. Then

A< 1F(E) = 9Ol +19(€)] < e for |¢] = R.

Now for the continuity: Note that (5.9) implies
F((I=8)f)=F (I -0, - =07 )f(@)
2

R R 5.
— (4410 = (O, (511

Then we have for each k € Ny, taking [ = ’5 if kis even, [ = k;rl if £ is odd,
and recalling (5.6):
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po(f) = sup | < &) ™" M) fllzy < 1) ™" Hlzapnra (6,

pe(f)= suwp  [(©FDEfEI<  sup () DEFE)

EER", |a|<k EER™ |a|<k
= sup [F[(1-A) @ f@))] < sup [(1-A) (2 f(2))]l,
EER™, |a|<k la|<k
<@ e, sup (@)L = A) (2 f(2))]
z€R™,|a|<k

< Oprgnt1(f).
(5.12)

This shows that .% is continuous from .¥ to .7

3°. Observe first that since .7 f = Z f, the operator .% has prop-
erties analogous to those of .#. To show (5.10), we need to calculate
2m)™™ [ e ([ eV f(y)dy)d¢ for f € #. The function e @=¥) f(y) is
not integrable on R?", so we cannot simply change the order of integration.
Therefore we introduce an integration factor ¢(§) € (R™), which will be
removed later by a passage to the limit. More precisely, we insert a function
P(ef) with ¢ € Z(R™) and € > 0. Then we find for each fixed x, by use of
the Fubini theorem and the change of variables (1, z) = (¢, (y — x)/¢):

em [ e feds = m 7 [ e [ e pmay)
= mn [ (e ) dedy
= [ et e dnd
=0 [ B+ e)ds,

R™

since the functional determinant is 1.
For e — 0,

TP F(€) — w(0)e™ T f(€) with [e* () f(€)] < CIF(©),

where C' = supy [)(&)|. Moreover,
b(2)f (@ +e2) = P(2) f(x) with [¢h(2) f(a +e2)| < C'[d(2),
where C" = sup,, |f(y)|- By the theorem of Lebesgue we then find:
2r)"0(0) [ ) de = (2m) 1) [ (e

One can in particular use ¥(¢) = e 2/¢°. In this case, ¥(0) = 1, and ¥(2)
can be shown to satisfy
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2(6*5\5\2) = (2@36*3\2\2; (5.13)
then [4(z)dz = (2m)% [e 212 dz = (27r)”. This implies formula (5.10). O

We observe moreover that the map 7 : Ly(R") — Cp (R") is injective.
Indeed, if f € Ly (R") is such that f(&) = 0 for all £ € R”, then we have for
any ¢ € Cg°(R"), denoting .# ~1¢p by 1, that

0= [ dewede= [ [ e s
= [r@(f et aa = [ e

then it follows by the Du Bois-Reymond Lemma 3.2 that f = 0 as an element
of L1 (Rn)
There is the following extension to Lo(R™):

Theorem 5.5 (PARSEVAL-PLANCHEREL THEOREM). 1° The Fourier trans-
form Z : S (R") — Z(R"™) extends in a unique way to an isometric isomor-
phism Fo of Lo(R™, dx) onto Lo(R™, (2m)~"dx). For f,g € Lao(R™),

/f 2) de = (27)" /Jgf ) F2g(€) dE

(5.14)
[lr@las=en [|17r©PRa.
2° There is the identification
Fof =ZFf for f e La(R") N L (R™). (5.15)

Moreover, when f € Lo(R™) and hence 1o nyf € L1(R™), then the sequence
of continuous functions F (1, n)f) converges in Lo(R™) to Fof for N —
00.

Proof. 1°. We first show (5.14) for f, g € .#. By Theorem 5.4 3°,

o) = (2m)" / ¢ETG(€)de |

so by the Fubini theorem,

/f x)dr = (27)” /f / —iETa(€) deda
o [([ e endn)o©)ds = 2m [ Ferate) de

This shows the first formula, and the second formula follows by taking f = g.
We see from these formulas that . : 7 (R") — Lo(R"™, (2m) "dzx) is a
linear isometry from .#(R™) considered as a dense subspace of Lo(R™,dx).
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Since the target space is complete, .# extends in a unique way to a contin-
uous linear map %y : Lo(R",dx) — Lo(R™, (27) "dx), which is an isome-
try. The range .#2(L2(R"™, dz)) is then also complete, hence is a closed sub-
space of Ly(R"™, (2m) "dx), but since it contains .#(R™), which is dense in
Ly (R™, (2m) " "dx), it must equal Lo(R", (27)""dz). The identities in (5.14)
extend by continuity. This shows 1°.

2°. Let f € Lo(R™), then fx = 1pn)f is clearly in Lo(R"), and it is
in L1 (R™) by (A.25). We first show (5.15) for fx. Since ./(R") is dense in
Ly(R™), there is a sequence ¢; € .7(R") with ¢; — fn in La(R™) for j — oo.
Then since 1gp(o, ) is @ bounded function, 1ggo,n¢j — lepo,n)fy =0 in
Ly(R™). With x(z) as in (2.3), let ¢; = x(x/N)y;; then also ¢; — fn in
Ly(R™) for j — oo. Since fy and 1; are supported in B(0,2N), we have by
the Cauchy-Schwarz inequality:

1fx = il < vol(B(0,2N)2||fx — ..

so 1; converges to fx also in L;(R™). Now 1° above and Theorem 5.4 1° give
that

Fb; — Ffx in O (R,
5‘\1/)j — 5‘\ng in LQ(R”, (ZW)_ndm) .

Then the limit in Cr_ (R™) is a continuous representative of the limit in
Lo(R™, (2m)~™dx). This shows (5.15) for fx.
Using the second formula in (5.14) and the Lebesgue theorem we find:

@) " Fof — Fafnlli, =If — fylli, = 0 for N — oo,

showing the convergence statement in 2°.

Finally, we obtain (5.15) in general: When f € Li(R™) N La(R™) and we
define fx by fn = 1po,n)f, then fxv — f in Li(R") as well as in Lo(R")
(by the Lebesgue theorem). Then %5 fy — Zof in Lo(R™, (2m) "dx) and
Ffny — Zfin Cr_(R"), so the limits are the same as elements of Lo(R™).

O

2° shows that the definition of %5 on Lo is consistent with the definition
of % on Ly, so we can drop the index 2, writing .%# instead of %5 from now
on.

The isometry property can also be expressed in the way that the operator

F = (2n)""2.Z : Ly(R", dz) — Ly(R™, dx) (5.16)

is an isometric isomorphism (i.e., F' is a unitary operator in the Hilbert space
Lo (R™)). Tt is because of this isometry property in connection with (5.9) that
the Lo-theory for distributions is particularly useful for the treatment of
partial differential equations.
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Let f = uw and g = Zv, then we have as a special case of (5.14) (using
(5.10)):

/fuvdx = /uﬁ‘\vdx, for u,v € Lo(R"™, dx). (5.17)

The following rules for convolution are known from measure theory: When
fe€Li(R™) and g € Cp__ (R™), then the convolution

(fxg)(x) = . [z —y)g(y)dy

is defined for all = € R™. The function f x g belongs to Cr__ (R™), with

If* 9l < IflL lgllLe - (5.18)

For f,g € L1(R™), the convolution (f * g)(z) is defined for almost all 2z € R™
and gives an element of L;(R™) (also denoted f * g), with

1f*glle, < £z gl - (5.19)

The classical result on Fourier transformation of convolutions is:

Theorem 5.6. When f,g € L1(R"), then
F(fxg)=Ff-Fg. (5.20)

Proof. We find by use of the Fubini theorem and a simple change of variables:
F(rra)© = [ ([ - vatay) da

— [ ([ e pa = wz) ay
= /n 9(y) (/n e’if'(””)f(x)dx) dy

_ /ne*ig'wf(x)dx / gy dy = F L€ Fg(©). O

Observe furthermore:

Lemma 5.7. When ¢ and ¢ € S (R™), then px1 € L (R™), and 1 — p*1)
is a continuous operator on . (R™).

Proof. Since ¢ and ¥ belong to L1 (R™)NC,_ (R™), the rules (5.18) and (5.19)
show that pxt¢) € L1 (R™)NCr__ (R™). Since .F (o)) = (F@)-(F), F(p*1)
belongs to Z(R™). Since ¢ x4 is continuous and # is injective from Ll(]R")
to Cr_ (R™), mapping . (R") onto . (R"), we find that ¢ x ¢ € (R"™). I

is seen from the formula p* 1 = FZ~1((Fp)- (F)) that the map ¢ — gp*’g[}
is continuous. O
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5.2 Temperate distributions

Definition 5.8. .7/(R") (also written as .”’) is defined as the vector space of
continuous linear functionals on . (R™). The elements of .#/(R™) are called
temperate distributions.!

According to Lemma B.7, .’ consists of the linear functionals A on .
for which there exists an M € Ny and a constant Cj; (depending on A) such
that

|A(p)| < Crupm(p), for all p € 7. (5.21)

' (R™) is provided with the weak* topology (as around (3.1)); this makes
' (R™) a topological vector space. (Its dual space is . (R"), cf. Section 3.5.)

Note that Definition 5.8 does not require introduction of LF spaces etc.
(Section B.2), but is based solely on the concept of Fréchet spaces. However,
it is of interest to set #/(R™) in relation to 2’'(R™), in particular to justify
the use of the word “distribution” in this connection. We first show:

Lemma 5.9. 2(R") = C§°(R") is a dense subset of ./ (R™), with a stronger
topology.

Proof. As already noted, C§°(R™) C .(R™), and the neighborhood basis
(5.5) for . at zero intersects C§° with open neighborhoods of 0 there, so that
the topology induced on C§° from .7 is weaker than the original topology on
Cse.

To show the denseness, let u € .(R"); then we must show that there is a
sequence uy — w in (R™) with uy € C§°(R™). For this we take

un(z) = x(x/N)u(z) , (5.22)

cf. (2.3). Here uy € C§°(R™); un(x) equals u(x) for || < N and equals 0
for |z| > 2N. Note that (as used also in the proof of Theorem 4.10)

|Dx(x/N)| = INTPDIx(y)y=e/n| < CaN 7 (5.23)

for each 3; here D?y(x/N) has support in {z | N < |z| < 2N } when 8 # 0.
For each M > 0, each «, we have:

sup (@)™ D1 = x(z/N))u(@)]| = Sup (@)™ D1 = x(x/N))u()]|

< (M) sup (@M ((x(@/N) =)D+ > (4)DPx(x/N)D*Pu)|
x| >N Ny

I The word “temperate” used for the special distributions alludes to the temperate
zone (with moderate temperature); the word can also mean “exercising moderation
and self-restraint”. The word “tempered” is also often used, but it has more to do
with temper (mood), or can indicate a modification of a physical condition. The word
“temperate” is used in Hérmander’s books [H83], [H85].
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< Crma(N)™t —0for N — occ. (5.24)

It follows that x(z/N)u — u in . for N — occ. O

In particular, a functional A € %/(R™) restricts to a continuous func-

tional on Z(R™), also documented by the fact that (5.21) implies, when ¢ is
supported in a compact set K:

[A(p)| < Cupar(9) = Carsup { ()M D% (2)| |z € R, |a] < M }

5.25
< Ol sup { |D"p(a)| |2 € K. o] < M}, (5.25)

with C; = Car sup, ¢ g (2)M

Theorem 5.10. The map J : A — A from ' (R™) to 2'(R™) defined by
restriction of A to Z(R™),

(N, ) = A(e) for p € Z(R™),

is injective, and hence allows an identification of J.'(R™) with a subspace
of 2'(R™), also called /' (R™):

S'(R™) C 2'(R") . (5.26)
Proof. The map J : A — A’ is injective because of Lemma 5.9, since
(N, @) =0 forall p e C&MR") (5.27)

implies that A is 0 on a dense subset of ., hence equals the 0-functional
(since A is continuous on .¥). O

When A € .7/, we now write A(p) as (A, ¢), also when ¢ € .. Note that
the elements of 2'(R™) that lie in ./ (R™) are exactly those for which there
exist an M and a C)s such that

[A(@)| < Crupar(p) for all ¢ € Z(R™), (5.28)

independently of the support of . Namely, they are continuous on & with
respect to the topology of ., hence extend (in view of Lemma 5.9) to con-
tinuous functionals on 7.

One may observe that J : ¥/ — 9’ is precisely the adjoint of the contin-
uous injection ¢ : I — 7.

Lemma 5.11. For 1 < p < oo and f in Ly(R"), the map ¢ — [,, fedz,
p € L (R™) defines a temperate distribution. In this way one has for each p
a continuous injection of L,(R™) into &/'(R™).

Proof. Denote the map f — fRn feodx by Aj. Let as usual p’ be given by

11, + ;/ =1, with 1’ = 0o and o0’ = 1. According to the Holder inequality,
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A (@)l < fllzllellz,

and here we have by Lemma 5.2:

SCMPM(SO)J ifp/<ooaM>£;a
ez, o
=po(yp), if p’ = occ.

Hence Ay is a continuous functional on .7, and therefore belongs to 7.
Then Ay also defines an element of 2’, denoted JAf above. Since JAf(p) =
Jgn fodx for ¢ € C3°(R™), we know from the Du Bois-Reymond lemma that
the map f — JAy is injective. Then f — Ay must likewise be injective. O

In particular, (R"™) is continuously injected into .7/ (R™).

Example 5.12. Here are some examples of elements of ..

1° Besides the already mentioned functions v € L,(R™), p € [1,00], all
functions v € Ly joc (R™) with |v(z)| < C{x)" for some N are in .#’. (Note
that these functions include the &);-functions, in particular the polynomials,
but they need not be differentiable.) We see this by observing that for such
a function v,

.l =1 [ vpda] <€ [ (2)" 1 do sup{(a) ¥4 (o) | o € BY)
< C'pNsnta(p), for p € 7.
2° The §-distribution and its derivatives D are in ., since
(D6, )| = [D*¢(0)] < pjaj(e), for p € 7.

3° Distributions with compact support. We have shown earlier that a distri-
bution v with compact support satisfies an estimate (3.35); the seminorm in
this expression is < py;, so the distribution is a continuous linear functional

on . (R™). Hence
E'R") c S (R") Cc 2'(R") . (5.29)

There exist distributions in 2/(R™)\.’(R™). An example is e* (for n = 1),
cf. Exercise 5.1. In fact it grows too fast for x — oo; this illustrates the use
of the word “temperate” in the name for ., indicating that the elements of
" grow in a controlled way for |z| — oo.

5.3 The Fourier transform on .#’

The operations D and M), (multiplication by p) for p € C*°(R"™) are defined
on 7'(R™) (Definition 3.5). Concerning their action on ./, we have:
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Lemma 5.13. 1° D maps .’ continuously into .7’ for all o € Nj}.
2° When p € On, M, maps ¥ continuously into ..

Proof. For oo € N}, p € O, we set

<Dauv (,0> = <uv (_D)a<p> )

(pu, ) = (u, pp), for p € F(R"). (5.30)

Because of the continuity of the maps in ., it follows that these formulas de-
fine distributions in .#”/, which agree with the original definitions on 2’(R™).
The continuity of the hereby defined maps in .’ is shown in a similar way
as in Theorem 3.8. a

For convolutions we find, similarly to Theorem 3.15:

Lemma 5.14. For ¢ in % (R") and u in &' (R™), the prescription

(pru ) = (u,px), ¢eSR") (5.31)

defines a temperate distribution @xu; and u — @ *u is a continuous operator
in ' (R™). Moreover,

D*(pxu) = (D%p) xu = p* D, forpe ., ue S aeNj,

(p#1p)ku=p*(thxu), forp €S ue.s. (5.32)

Both in multiplication and in convolution formulas we shall henceforth
allow the smooth factor to be written to the right, setting v - ¢ = ¢ - v and
Uk Q= *u.

Remark 5.15. With the notation of Section 3.5, one finds by a bi-annihila-
tor argument (as for 2 and 2’) that #(R") is a dense subset of .7/(R™). An
operator A on .(R™) therefore has at most one extension to a continuous
operator on ./ (R™). It is then moreover seen that if a continuous operator A
on .(R™) has a corresponding continuous operator B on .7 (R™) such that
Jon(AQ)dz = [, ©(BY)dx for all ¢,7 in & (R"), then A has a unique
extension to a continuous operator on ./(R™), namely, B*. Moreover, if the
restrictions of A and B to C§°(R™) map C§°(R™) continuously into C§°(R™),
then the restriction to .#/(R") of the already defined extension of Algge(rn)
to a o(Z2'(R"™), C§°(R™)) continuous operator on 2’(R™) is precisely the
extension of A to a o('(R™),.#(R™)) continuous operator on ./ (R™).

The operators of differentiation, multiplication and convolution introduced
on .’ above can be considered from this point of view.

We shall finally introduce the very important generalization of the Fourier
transform and show how it interacts with the other maps:

Definition 5.16. For u € ./, the prescription
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(Fu,p) = (u, Fp) forall pc./ (5.33)

defines a temperate distribution .#u (also denoted @); and .# : u — Fu is a
continuous operator on .#’(R™). We also define F' = (27) "/2.%.

The definition is of course chosen such that it is consistent with the formula
(5.17) for the case where u € .. It is also consistent with the definition of .,
on Ly(R™), since ¢, — uin Ly(R™) implies % ¢y, — Fou in . Similarly, the
definition is consistent with the definition on Lq(R™). That % is a continuous
operator on .’ is seen as in Theorem 3.8 or by use of Remark 5.15.

The operator .# is similarly extended to .#’; on the basis of the identity

(Fu,p) = (u, Fp); (5.34)
and since
Cm) " FF =02r) "FF =1 (5.35)
on ., this identity is likewise carried over to ./, so we obtain:

Theorem 5.17. .7 is a homeomorphism of .7 onto ., with inverse F ! =
(2m) "F.

This extension of .% to an operator on .’ gives an enormous freedom in
the use of the Fourier transform. We obtain directly from the theorems for
Z on ., Lemma 5.9 and the definitions of the generalized operators:

Theorem 5.18. For all u € ., one has when o € Nj and ¢ € .7:

() F(Dow)= 2T,
(i)  ZF(z%u) = (—D¢)*Fu, (5.36)
(i)  Flp*u) = (Fp) (Fu), '
(iv)  F(p-u) = (2m)"(Fp)* (Fu)
Let us study some special examples.
For u =6,
(Fug) = (0.76) = 90) = [ e(@)do = (g}, for o € 7.
hence
Fo)=1. (5.37)
Since clearly also .#[0] = 1 (cf. (5.34)), we get from the inversion formula
(5.35) that
F1] = (2m)"0 . (5.38)
An application of Theorem 5.18 then gives:
F[DY6] =&~
| I=¢ (5.39)

F(—2)*] = 2m)" D¢
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Remark 5.19. We have shown that .# defines a homeomorphism of . onto
&, of Ly onto Lo and of . onto .. One can ask for the image by % of
other spaces. For example, .#(C§°(R™)) must be a certain subspace of .%;
but this is not contained in C§°(R™). On the contrary, if ¢ € C§°(R"™), then
¢ can only have compact support if ¢ = 0! For n = 1 we can give a quick
explanation of this: When ¢ € C§°(R), then ¢(¢) can be defined for all { € C
by the formula

H(0) = / e p(z)dz |
supp ¢

and this function ¢(¢) is holomorphic in ( = & + in € C, since
(O +10y)p(§+in) = 0 (the Cauchy-Riemann equation), as is seen by differen-
tiation under the integral sign. (One could also appeal to Morera’s Theorem.)
Now if ¢(() is identically 0 on an open, nonempty interval of the real axis,
then ¢ = 0 everywhere. The argument can be extended to n > 1.

Even for distributions u with compact support, @(¢) is a function of (
which can be defined for all ( € C™. In fact one can show that @ coincides
with the function

(¢) = (u p(@)e™ ) [= (w7, (5.40)

where ¢(z) is a function € C§°(R™) which is 1 on a neighborhood of supp u.
It is seen as in Exercise 3.14 that this function 4(¢) is C*° as a function of

(glanla R 7671)"]?1) € RQ” (Cj = fj + ”Ij); with
afja(g) = <u’¢(x)a£jefim{>’

and similarly for d,,. Since e~ satisfies the Cauchy-Riemann equation in
each complex variable (;, so does 4(¢), so @(¢) is a holomorphic function of
¢; € C for each j. Then it follows also here that the support of 4(¢) cannot
be compact unless u = 0.

The spaces of holomorphic functions obtained by applying . to C§°(R™)
resp. &’ (R™) may be characterized by their growth properties in ¢ (the Paley-
Wiener Theorem, see e.g. the book of W. Rudin [R74, Theorems 7.22, 7.23],
or the book of L. Hérmander [H63, Theorem 1.7.7])

For partial differential operators with constant coefficients, the Fourier
transform gives a remarkable simplification. When

P(D)= Y anD" (5.41)

is a differential operator on R™ with coefficients a, € C, the equation

P(D)u = f (5.42)
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(with v and f € ) is by Fourier transformation carried over to the multi-
plication equation

p(€)a(8) = f(¢) (5.43)
where p(§) is the polynomial
p&) =D aa"; (5.44)
la| <mn

it is called the symbol of P(D).
The m-th order part of P(D) is called the principal part (often denoted
P, (D)), and its associated symbol p,, the principal symbol, i.e.,

Pn(D)= > aaD*, pm(&) = Y anl”. (5.45)

lee|=m la|=m

It is often so that it is the principal part that determines the solvability
properties of (5.42). The operator P(D) is in particular called elliptic if
pm (&) # 0 for £ # 0. Note that p,,(£) is a homogeneous polynomial in & of
degree m.

Example 5.20 (“THE WORLD’S SIMPLEST EXAMPLE” ). Consider the oper-
ator P =1 — A on R™. By Fourier transformation, the equation

(I1-Au=f on R" (5.46)
is carried into the equation
(1+[P)a=f on R™, (5.47)
and this leads by division with 1 + |¢]2 = (£)2 to
a=()7f.
Thus (5.46) has the solution
u=F((&FF).

We see that for any f given in .’ there is one and only one solution u € .,
and if f belongs to ., then the solution u belongs to .. When f is given
in Ly(R™), we see from (5.47) that (1 + |[£[*)a(€) € Lo. This implies not
only that u € Lo (since & € Lg), but even that Dju and D;Dju € Lo for
i,j = 1,...,n. Indeed, &t and &&;0 are in Lo since |§;| < 1+ |¢ and
16651 < 5(1& 17 + [€51%) < [€]%; here we have used the elementary inequality

2ab < a’+b> for a,beR, (5.48)

which follows from (a — b)? > 0.
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Thus we obtain:
we S (R") with (1— Ayue LyR") = u e HX(R"). (5.49)

Conversely, it is clear that u € H?(R") = (1 — A)u € Lo(R"), so that in
fact,
u€ H*(R") <= (1— A)u € Ly(R™). (5.50)

In particular, the maximal operator in Ly(R™) for A = 1 — A has D(Apax) =
H?(R™). This resembles to some extent what we found for ordinary differ-
ential operators in Section 4.3, and it demonstrates clearly the usefulness of
the Fourier transform. Note that our estimates show that the graph-norm
on D(Amax) is equivalent with the H*(R™)-norm. Since C§°(R") is dense in
H?%(R"™) (Corollary 4.11), we see that Apin = Amax here, and the operator
is selfadjoint as an unbounded operator in Ly(R™). (More on maximal and
minimal operators on R™ in Theorem 6.3 ff. below.)

It should be noted that 1 — A is an unusually “nice” operator, since the
polynomial 1 + [£|? is positive everywhere. As soon as there are zeros, the
theory becomes more complicated. For example, the wave operator 97 — A,
on R™"*! with symbol —72 + [£]? requires rather different techniques. Even
for the Laplace operator A, whose symbol —|¢|? has just one zero & = 0, it
is less simple to discuss exact solutions.

At any rate, the Laplace operator is elliptic, and it is fairly easy to show
qualitative properties of the solutions of the equation —Awu = f by use of the
Fourier transform. We return to this and a further discussion of differential
operators in Chapter 6. First we shall study some properties of the Fourier
transform which for example lead to exact results for the equation —Au = f.

5.4 Homogeneity

When calculating the Fourier transform of specific functions, one can some-
times profit from symmetry properties. We shall give some useful examples.

The idea is to use the interaction of the Fourier transform with suitable
coordinate changes; here we take the orthogonal transformations y = Ox and
the dilations y = \x(= px(x)), described in Example 3.21. As mentioned
there, the associated maps are given by

[T(0)ul(y) = u(0~'y) = u(w) , when y=Oz,

[T(ux)u](y) = u(y/N) =u(x), when y= Az ; (5.51)

they clearly map . into .¥ and % into .’ (where they are interpreted
as in (3.59) and (3.57)). For test functions ¢ € . we now find (using that
(01 =0):
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FITO)E) = [ <60 )y (5.52)

= /e*iow'gw(a:)da: = /eiiw'o*gw(x)da:
— F[)(0%€) = [T(0*))d](€) = [T(O)WE) ;
FIT(u))(€) = / e E(y/N)dy (5.53)

= /e_iA””'%(x)lA"ldx = WZ[IAE) = (AT (a)P)(E) -

This leads to the general rules for u € .

(Z[T(O)u],¢) = (T(O)u, FY) = (u, T(O~")FV) = (u, F[T(O")¥])
= (Fu,T(0")p) = (T((0") ") Fu,v)) = (T(0)Fu,9) ;
(ZIT(px)ul, ) = (T(pa)u, FP) = (s N'T (pa2)F ) = (u, F[T(u2)¢])
= (Fu, T(pn)p) = ((N|T(pa2) Fu, ) -

(The rules could also have been obtained from (5.52), (5.53) by extension by
continuity, cf. Remark 5.15.) We have shown:

Theorem 5.21. Let O be an orthogonal transformation in R™ and let py be
the multiplication by the scalar X € R\{0}. The associated coordinate change
maps T(O) and T'(uy) in " are connected with the Fourier transform in the
following way:

Z[T(0)u] = T((0*)™)Fu = T(0)Fu, (5.54)
FIT ()] = N|T(a)0) P (5.55)

forue .

The theorem is used in the treatment of functions with special invariance
properties under such coordinate changes.

Those functions u(z) which only depend on the distance |z| to 0 may
be characterized as the functions that are invariant under all orthogonal
transformations, i.e., for which

T(O)u = u for all orthogonal transformations O (5.56)

(since the orthogonal transformations are exactly those transformations in
R™ which preserve |z|). We shall analogously for v € .%/(R™) say that u
depends only on the distance |x| to 0 when (5.56) holds.

A function is homogeneous of degree r, when u(ax) = a"u(z) holds for all
a >0 and all x € R™\ {0}, that is,

T(pyjq)u=a"u, forall a>0. (5.57)
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We say analogously that a distribution v € #/(R™) is homogeneous of degree
r when (5.57) holds.
Theorem 5.21 easily implies:

Corollary 5.22. Let u € ./ (R"), and let r € R.
1° If uw only depends on the distance |z| to 0, then the same holds for .
2° If u is homogeneous of degree r, then @ is homogeneous of degree —r—mn.

Proof. 1°. The identities (5.56) carry over to similar identities for & according
to (5.54).

2°. When u is homogeneous of degree r, then we have according to (5.55)
and (5.57):

T(ja)Fu=a"F[T(ta)u] = a " Fla™"u] =a """ Fu,
which shows that .#u is homogeneous of degree —n — 7. O

Let us apply the theorem to the functions u(z) = |z|~", which have both
properties: They are homogeneous of degree —r and depend only on |z|.

Let n/2 < r < n; then u can be integrated into 0 whereas u? can be
integrated out to oco. Then we can write u = yu + (1 — x)u, where xu € L,
and (1 — x)u € L. It follows that & € Cp__ (R") + La(R™) C Lo 100(R™)N.7".
We see from Corollary 5.22 that 4(€) is a function which only depends on |¢]
and is homogeneous of degree r — n.

To determine @ more precisely, we shall consider the function v(§) defined
by

v(§) = l§""a(s).

It is in Lg joc N (since r < n), and is homogeneous of degree 0 and depends
only on [¢| (i.e., it is invariant under dilations and orthogonal transforma-
tions).

If v is known to be continuous on R™ \ {0}, the invariance implies that
v(€) = v(n) for all points £ and n € R™\ {0}, so v equals a constant ¢, ,
on R™ \ {0}. Since v is a locally integrable function, it identifies with the
constant function ¢, , on R"™. This gives the formula for :

F(j2]™") = (&) = carl€] 7T (5.58)

We want to show this formula, but since we only know beforehand that
v € Lajoc, an extra argument is needed. For example, one can reason as
sketched in the following:

If a distribution f defined on a product set @, = I™ C R™ has 0., f =
Opyf =+ =0y, f =0 on Q, then it equals a constant, by Exercise 4.15.
If a locally integrable function g(x) is invariant under translations in the
coordinate directions, we see from Exercise 3.13 that its first derivatives in
the distribution sense are 0, so by the just-mentioned result, it must equal
a constant. We are almost in this situation with v(§), except that v is in-
variant not under translations but under dilations and rotations (orthogonal
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transformations). But this can be carried over to the rectangular situation
by a change of coordinates: Consider v on a conical neighborhood of a point
& # 0, say, and express it in terms of spherical coordinates there; then it is
invariant under translation in the radial direction as well as in the directions
orthogonal to this. Hence it must be constant there, in a neighborhood of
every point, hence constant throughout.

Thus v equals a constant function c. Denoting the constant by ¢, ., we
have obtained (5.58).

The constant ¢, , is determined by suitable calculations (e.g., integration
against exp(—|z|?/2)), and one finds that

;")

I'(3)

Cny = (4m)"/227T (5.59)

for r €]n/2,n[ (we have this information from [R74, Exercise 8.6]). It is
seen directly that ¢, , is real by observing that % (jz|™") = (| —z|™") =
F(Je|7).

When r €]0,n/2[, then ' = n —r lies in |n/2,n[, so we find from (5.58)
using that # ! = (27) "7

] = a7 = @) T (e )T = (20) e F(ETT;

this shows that (5.58) holds for r €]0,n/2[, with

F n—r
o = ()t = (amy oy (2 (5.60)
2

So (5.59) is also valid here.

Since ¢, , by (5.59) converges to (2m)"/2 for r — n/2, and |z|~" as well as
|2|~"F" converge to |z|7/? in Ly joc (R™) N .77 for r — n/2, formula (5.58)
is extended by passage to the limit to hold also for » = n/2. We have then
obtained:

Theorem 5.23. When r €0, n[, then
F(|z|7") = cn €7, (5.61)
where ¢, » satisfies (5.60).

For u(z) = |z|~" with r > n, it is not evident how to interpret u as a
distribution; there are special theories for this (see e.g. the definition of the
“principal value” in [S50], and a general theory of homogeneous distributions
in Section 3.2 of [H83]). See also Section 5.6.

Important special cases of Theorem 5.23 are the formulas
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e -1
(nz ) ) for n > 3.
A2 |z|n—2

(5.62)

|f|_2=§(473|x|) for n=3; |§|—2:§(

5.5 Application to the Laplace operator

The preceding results make it possible to treat the equation for the Laplace
operator

—Au = f, (5.63)

for a reasonable class of functions.
When v and f are temperate distributions, the equation gives by Fourier
transformation:

€% = f
A solution may then be written (provided that we can give it a meaning)
() = €72 F() - (5.64)

If f is given in ., we can use (5.36) (iv) and (5.62) for n > 3, which gives

u(r) = é\_l(|€|_2)
f@ (5.65)
47r2 /Ia:—yl” 2 47r2 / ||” 2

so this is a solution of (5.63). The solution u is a C'*°-function, since differen-

tiation can be carried under the integral sign. There are many other solutions,

namely, all functions u + w where w runs through the solutions of Aw = 0,

the harmonic functions (which span an infinitely dimensional vector space;

already the harmonic polynomials do so).

(s ;1)
A 2

The function || =" *? is called the Newton potential. Once we have

the formula (5.65), we can try to use it for more general f and thereby
extend the applicability. For example, if we insert a continuous function with
compact support as f, then we get a function w, which is not always two
times differentiable in the classical sense, but still for bounded open sets 2
can be shown to belong to H?(2) and solve (5.63) in the distribution sense
(in fact it solves (5.63) as an H?2-function). See also Remark 6.13 later.

This solution method may in fact be extended to distributions f € &'(R"™),
but this requires a generalization of the convolution operator which we refrain
from including here.

The operator —A : u — f is local, in the sense that the shape of f in the
neighborhood of a point depends only on the shape of w in a neighborhood
of the point (this holds for all differential operators). On the other hand, the



5.5 Application to the Laplace operator 115

solution operator T : f +— w defined by (5.65) cannot be expected to be local
(we see this explicitly from the expression for T' as an integral operator).

Let © be a bounded open subset of R™. By use of T defined above, we
define the operator Ty, as the map that sends ¢ € C3° () (extended by 0 in
R™\ ) into (T@)‘Q, ie.,

To: @ (T(p)‘ﬂ for ¢ € C3°(Q) . (5.66)
We here have that
(—ATqp)(z) = ¢(z) forz e,

because A is local. Thus T, is a right inverse of —A on . It is an integral
operator

Top = /QG(x,y)w(y) dy , (5.67)
with the kernel
(-1
G(z,y) = ¢ " )|x —y| "2, for 2,y € Q.
472

An interesting question concerning this solution operator is whether it
is a Hilbert-Schmidt operator (i.e., an integral operator whose kernel is in
Lo (Q2 x Q)). For this we calculate

/ Gla,y)Pdzdy = c / &y dy
QxQ

QxQ

< c’/ |2| 72" dz dw |
lz|,|lw|<R

where we used the coordinate change z = © — y, w = x + y, and chose R so
large that Q@ x Q C {(z,y) | [t +y| < R, |z —y| < R }. The integral with
respect to z in the last expression (and thereby the full integral) is finite if
and only if —2n+4 > —n, i.e., n < 4. So Tq is a Hilbert-Schmidt operator in
Lo(QY), when n =3 (in particular, a compact operator).

One can show more generally that T'q for bounded 2 is a compact selfad-
joint operator in Ly (1), for which the eigenvalue sequence (A\;(Tq))jen is in
P for p > n/2 (i.e, T belongs to the p-th Schatten class; the Hilbert-Schmidt
case is the case p = 2).

When €2 is unbounded, T’ is in general not a compact operator in L (€2)
(unless €2 is very “thin”).
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5.6 Distributions associated with nonintegrable
functions

We shall investigate some more types of distributions on R and their Fourier
transforms. Theorem 5.21 treated homogeneous functions u of degree a, but
the desire to have u and 4 in Lj 1o put essential restrictions on the values of
a that could be covered. Now n = 1, so the calculations before Theorem 5.23
show how the cases a €] — 1,0 [ may be treated. This neither covers the case
a = 0 (i.e., functions u = ¢1H(z) + coH(—x)) nor the case a = —1 (where

H H(—-
(z) + co (=2) are not in Lj joc in the neighborhood

x x
of 0 if (¢1,¢2) # (0,0)). We shall now consider these cases. One result is a
description of the Fourier transform of the Heaviside function (which will
allow us to treat the case a = 0), another result is that we give sense to a

the functions u = ¢;

1
distribution which outside of 0 behaves like

x

When f is a function on R which is integrable on the intervals | — oo, —¢ |
and [g, 00 for every € > 0, then we define the principal value integral of f
over R by

PV /R F(z)dz = lim F@)da (5.68)

e—0 R\[—¢,€]

when this limit exists. (It is important in the definition that the interval
[—e,¢] is symmetric around 0; when f ¢ Li 1oc (R) there is the risk of getting
another limit by cutting out another interval like for example [—¢, 2¢].) We

1
now define the distribution PV =~ by
x
1
(PV ) =PV / “fo) dz for p € C°(R) . (5.69)
R

1
(In some of the literature, this distribution is denoted vp. , for “valeur
x

principale”.) We have to show that the functional in (5.69) is well-defined
and continuous on C§°(R). Here we use that by the Taylor formula,

o(x) = ¢(0) +z - pr1(z), (5.70)
(@) = #(0) is in C*°(R) (the reader should verify this).

Moreover, we have for z € [~ R, R], by the mean value theorem,

x) — (0
sup [o1(@)] = sup | PP PO = qup 100@))] < sup 19/ @)], (5.71)
lz|<R lz|<R z lz|<R lz|<R

where ¢ () =
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1
where 6(x) is a suitable point between 0 and x. This gives for PV |, when
x
supp ¢ C [—R, R],

(PV i,@ = lim #@) gy (5.72)

-0 lz|>e T

0
:lim[/ o )dx—i—/ v1(z) d
e=0LJ[—R,—elUle,R] T [=R,—&]U[e, R

:/R o1(2) dz,

-R
since the first integral in the square bracket is 0 because of the symmetry of

1 1
. Thus the functional PV . is well-defined, and we see from (5.71) that it

T
is a distribution of order 1:

1
[(PV )| < 2R sup [¢1(z)] < 2R sup |¢'(z)],
x lz|<R |z|<R (5.73)

when suppy C [-R, R] .

Remark 5.24. One can also associate distributions with the other functions
., »M € N; here one uses on one hand the principal value concept, on the
other hand a modification of ¢(x) by a Taylor polynomial at 0; cf. Exercise

5.9. The resulting distributions are called Pf , where Pf stands for pseudo-
xm

function; for m = 1 we have that Pf 1 =PV 1.
x x

1 1 1
Since PV .= x PV . +(1- X)x has its first term in %/(R) and second
1
term in Lo(R), v =PV
x
We can find it in the following way: Observe that

belongs to ./, hence has a Fourier transformed 4.

1
© PV =1 (5.74)

(using the definitions), so that ¢ is a solution of the differential equation in
7" (cf. (5.36) (i) and (5.38))

i0:0(€) = 276 . (5.75)

One solution of this equation is —2wiH (§) (cf. (3.23)); all other solutions are
of the form
—2miH(§) + ¢, (5.76)

where ¢ € C, cf. Theorem 4.19. We then just have to determine the constant

1 1
c. For this we observe that is an odd function and that v = PV = is an
T T



118 5 Fourier transformation of distributions

odd distribution (i.e., (v,p(—x)) = —(v,p(x)) for all ¢); then the Fourier
transform © must likewise be odd.

Let us include a carefully elaborated explanation of what was just said:
The antipodal operator

S:p(x) = o(=x), ¢eCF(R) (5.77)

(for which we have earlier used the notation ¢ +— ¢) is a special case of a
dilation (3.53), namely, with A\ = —1. Hence it carries over to distributions
in the usual way (cf. (3.57)):

(Su, ) = (u, Sp) for all ¢ € C;°(R). (5.78)

A function u is said to be even resp. odd, when Su = wu resp. Su = —u;
this notation is now extended to distributions. For the connection with the
Fourier transformation we observe that

(F59)(€) = / e~ o~ ) di
- / Ve p(y)dy = (F)(€) = (F)(—€) = (SF)(E)

or in short:
FS =% =87, (5.79)

these formulas are carried over to distributions by use of (5.78) or (5.54).
(The formula (5.35) could be written: .#? = (27)"S.) In particular, we see
that Sv = —v implies S© = —0.

The only odd function of the form (5.76) is the one with ¢ = =i, so we
finally conclude:

F [PV i] = —2miH(§) + mi = —misigné; (5.80)

cf. (3.26) for sign¢. (It is possible to find ¢ by direct calculations, but then
one has to be very careful with the interpretation of convergences of the
occurring integrals of functions not in L. We have avoided this by building
up the Fourier transformation on .’ by duality from the definition on .#.)

o 1 1 ,

An application of 27T9 = 2#35 (cf. (5.79)) to (5.80) gives
pv = L ms(conib(©) £ ri) = | FEmiH(E) - in)
= 9n i mi) =, i im

— i FH(E) - ;3?[1] — i FH — 7id .

This also leads to the formula for the Fourier transform of the Heaviside
function:
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T ; 1
FH(x)=—i PV6 + 7d. (5.81)

Using this formula, we can find the Fourier transforms of all homogeneous
functions of degree 0.

Some further remarks: Corresponding to the decomposition
1=H(z)+ H(—x),

we now get the following decomposition of § (which is used in theoretical
physics):

§=2n)" 7] = 2n) Y(FH+ FSH) (5.82)
1

0 1 0 1 1
_ (2+2mpvx>+ (2_2m'PVx> =04 +0_, where

5, 1 11
be=, %, PV =  F[H(*a)). (5.83)

Observe also that since

H(z) = lim H(z)e * in &',

a—0+
one has that 1
FH = lim _in & (5.84)
a—0+ a + i€

(cf. Exercise 5.3), and then

1 1
5y = i

= 1 " :
27 lli}%l‘? a+ix ns (5.85)

H
Remark 5.25. To the nonintegrable function (@ we associate the distri-
x

H
bution Pf g(f), defined by

: = p(x)
o) =1 [ d 0)1 } , 5.86
Jer=tim [ 7 do - p(0)10ge (5.86)
cf. [S61, Exercise II-14, p. 114-115]; note that there is a logarithmic correc-
tion. In this way, every function on R which is homogeneous of degree —1 is
included in the distribution theory, namely, as a distribution

H H
apt B 4 oepe 1@ ad e, (5.87)
x x
. 1
In particular, we define Pf by

||
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pr L _pp AW | gpp H) (5.88)
|| x x

It is shown in Exercise 5.12 that

1

Z (Pf
S

) = —2log ¢ + C,

for some constant C.

Also for distributions on R"™ there appear logarithmic terms, when one
wants to include general homogeneous functions and their Fourier transforms
in the theory. (A complete discussion of homogeneous distributions is given
e.g. in [H83].)

Exercises for Chapter 5

5.1. Let n = 1. Show that e* ¢ .¥’/(R), whereas e” cos(e”) € ' (R).
(Hint. Find an integral of e” cos(e”).)

5.2.  Show the inequalities (5.2), and show that the systems of seminorms
(5.3) and (5.4) define the same topology.

5.3. Let a > 0. With H(t) denoting the Heaviside function, show that

1
FH(t)e "] = :
o= L
What is .7 [H(—t)e]?

5.4. (a) Show that for n =1,

971[1&4 =ce

determine c. (One can use Exercise 5.3.)
(b) Show that for n = 3,

||
1

with ¢ = - . (One may observe that the function is the unique solution v in
" of (1 — A)v = J; or one can apply the rotation invariance directly.)

5.5. Let M and n be integers with 0 < 2M < n. Find an integral operator
Ty on Z(R™) with the following properties:

(i) AMTyf=ffor f € S (R").
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(i)  When Q is a bounded, open subset of R™, and 2M > n/2, then the
operator (Thr)q (defined as in (5.66)) is a Hilbert-Schmidt operator in
Lo (£2).

5.6. Show that the differential equation on R3:
Ou  0u 0%u 0%u

dxt 912 Oxo0ms 0x? Fou=f

has one and only one solution u € .’ for each f € .. Determine the
values of m € Ny for which u belongs to the Sobolev space H™(R?®) when
f € La(R3).

5.7. Let a € C, and show that the distribution u = e~ %" H(z) is a solution
of the differential equation

(O +a)u=¢6 in Z'(R).

Can we show this by Fourier transformation?

5.8. Show that the Cauchy-Riemann equation

(0 +ig,) ules) = f(an)

on R? has a solution for each f € .; describe such a solution.

5.9. Form € N and ¢ € C§°(R) we define the functional A,, by

m—2

Ante) =PV [ e -3

OIS

p=0
(a) Show that PV ... exists, so that A,,(¢) is well-defined.
(b) Show that A, (¢") = mAn+1().
(c) Show that A,, is a distribution, and that

m

Ap = (=)™ m —1)! dgm log |z|.

1
Ap, is often called Pf . where Pf stands for pseudo-function.
x

5.10. Let I =R or I =]a,00[. Show that when v and D™u € Lo(I), then
uw € H™(I). (One can show this for I = R by use of the Fourier transforma-
tion. Next, one can show it for I =]a, 0o [ by use of a cut-off function. This
proves the assertion of Remark 4.21.)
5.11. Show that 1

Fsignx = —2i PV ¢
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5.12. Consider the locally integrable function log |x|.
(a) Let u = H(x)logx. Show that

log |x| = u + Su.

(b) Show that
d H(z) d 1
dz " z ' dz B =1 x
(¢) Show that x Pf |g16| = signx, and that

0. F(Pf L) = _szé;

||
cf. Exercise 5.11.
(d) Show that

1

F (Pt

for some constant C.
(e) Show that

1
Z(log |z|) = —7 Pt €] + C10,
for some constant C4.
(Information on the constant can be found in [S50, p. 258] [S61, Exercise
V-10], where the Fourier transformation is normalized in a slightly different

way.)



Chapter 6

Applications to differential operators. The
Sobolev theorem

6.1 Differential and pseudodifferential operators on R™

As we saw in (5.41)—(5.44), a differential operator P(D) (with constant coeffi-
cients) is by Fourier transformation carried over to a multiplication operator
M, : f — pf, where p(§) is a polynomial. One can extend this idea to the
more general functions p(§) € Oy, obtaining a class of operators which we
call (z-independent) pseudodifferential operators (denoted 1do’s for short).

Definition 6.1. Let p(§) € 0. The associated pseudodifferential operator
Op(p(§)), also called P(D), is defined by

Op(p)u = P(Dyu= 7" (p(€)u(§)) ; (6.1)

it maps . into . and ./ into .’ (continuously). The function p(&) is called
the symbol of Op(p).

As observed, differential operators with constant coefficients are covered by
this definition; but it is interesting that also the solution operator in Example
5.20 is of this type, since it equals Op({£)~2).

For these pseudodifferential operators one has the extremely simple rule
of calculus:

Op(p) Op(q) = Op(pq), (6.2)

since Op(p) Op(q)u = F 1 (pF F~(qFu)) = F ' (pgFu). In other words,
composition of operators corresponds to multiplication of symbols. Moreover,
if p is a function in &) for which 1/p belongs to @)y, then the operator
Op(p) has the inverse Op(1/p):

Op(p) Op(1/p) = Op(1/p) Op(p) = I. (6.3)

For example, 1 — A = Op({¢)?) has the inverse Op({£)~2), cf. Example 5.20.

123
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Remark 6.2. We here use the notation pseudodifferential operator for all
operators that are obtained by Fourier transformation from multiplication
operators in . (and .%”). In practical applications, one usually considers
restricted classes of symbols with special properties. On the other hand, one

allows symbols depending on z also, associating the operator Op(p(z,¢))
defined by

[Op(p(z, )l () = (2)~" / €€, €)i(€)deE | (6.4)

to the symbol p(z,&). This is consistent with the fact that when P is a
differential operator of the form

P(z,D)u= Y as(x)Du, (6.5)

laf<m

then P(x, D) = Op(p(x,§)), where the symbol is

p,&) = > aa(z)E” . (6.6)

lo|<m

Allowing “variable coefficients” makes the theory much more complicated,
in particular because the identities (6.2) and (6.3) then no longer hold in an
exact way, but in a certain approximative sense, depending on which symbol
class one considers. The systematic theory of pseudodifferential operators
plays an important role in the modern mathematical literature, as a general
framework around differential operators and their solution operators. It is
technically more complicated than what we are doing at present, and will be
taken up later, in Chapter 7.

Let us consider the Ls-realizations of a pseudodifferential operator P(D).
In this “constant-coefficient” case we can appeal to Theorem 12.13 on mul-
tiplication operators in Ls.

Theorem 6.3. Let p(§) € Oy and let P(D) be the associated pseudodiffer-
ential operator Op(p). The maximal realization P(D)max of P(D) in Lo(R™)
with domain

D(P(D)max) = {u € Lay(R™) | P(D)u € Lo(R™) } , (6.7)

is densely defined (with . C D(P(D)max)) and closed. Let P(D)min denote
the closure of P(D)}Coo(Rn) (the minimal realization); then
0

P(D)max = P(D)min - (6.8)

Furthermore, (P(D)max)* = P'(D)max, where P'(D) = Op(p).
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Proof. We write P for P(D) and P’ for P/(D). It follows immediately from
the Parseval-Plancherel theorem (Theorem 5.5) that
Prax = 1M

( max)

ZF ; with
D(My) = F ' { f € Ls(R") | pf € La(R") } ,

where M, is the multiplication operator in Ls(R") defined as in Theorem
12.13. In particular, Py, is a closed, densely defined operator, and . C
D(M,) implies . C D(P(D)max). We shall now first show that Ppax and

P! .. are adjoints of one another. This goes in practically the same way as in

Section 4.1: For u € ./ and ¢ € C§°(R™) one has:

(Pu, ) = (F 'pFu,¢) = (pFu, F ') (6.9)
= (u, FpF o) = (u, F 'pF ) = (u, P'y)

using that .# = (27)".# ~!. We see from this on one hand that when u €
D(Ppax), i-e., u and Pu € Loy, then

(Pu,p) = (u, P'y) forall p € C§°,

so that
! * / *
Prax C (P |cm and P |CSQ C (Pmax)" s
and thereby
P, = closure of P'| .. C (Puax)" -
0

On the other hand, we see from (6.9) that when u € D((P’}Cm)*), i.e., there
0

exists v € Lg so that (u, P'¢) = (v, ) for all ¢ € C§°, then v equals Pu, i.e.,

| o) C Prmax -
Thus Ppax = (P’
to the present situation.

But now we can furthermore use that (M,)* = M, by Theorem 12.13,
which by Fourier transformation is carried over to

|C°° = (Pl;,)* (cf. Corollary 12.6). So Lemma 4.3 extends
0

(Pmax) Pl

max °

In detail:

(Pumax)® = (F 7'M, F)* = E*Mg(f’l)* =FM,7 =7 'M,F =P,
using that #* = .7 = (2m)".F 1.

Since (Pmax)* Pélm, it follows that P, = P/, showing that the maxi-
mal and the minimal operators coincide, for all these multiplication operators

and Fourier transformed multiplication operators. ad
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Theorem 6.4. One has for the operators introduced in Theorem 6.3:
1° P(D)max is a bounded operator in Lo(R™) if and only if p(§) is bounded,
and the norm satisfies

[ P(D)maxl|| = sup { [p(§)] | £ € R }. (6.10)

2° P(D)max 1s selfadjoint in Lo(R™) if and only if p is real.
3° P(D)max has the lower bound

M(P(D)max) = inf { Rep(§) | £ € R" } > —c0. (6.11)

Proof. 1°. We have from Theorem 12.13 and the subsequent remarks that M,
is a bounded operator in Ly(R™) when p is a bounded function on R™, and
that the norm in that case is precisely sup{|p(§)| | £ € R™}. If p is unbounded
on R™, one has on the other hand that since p is continuous (hence bounded
on compact sets), Cy = sup{|p(&)| | |¢§| < N} — oo for N — co. Now Cy
equals the norm of the operator of multiplication by p on La(B(0, N)). For
every R > 0, we can by choosing N so large that Cy > R find functions
f € La(B(0,N)) (thereby in La(R™) by extension by 0) with norm 1 and
[|M,f|| > R. Thus M, is an unbounded operator in Lo(R™). This shows that
M), is bounded if and only if p is bounded.

Statement 1° now follows immediately by use of the Parseval-Plancherel
theorem, observing that ||[P(D)ul|/||u|l = ||.# P(D)ul||/||Fu| = ||pall/||a] for
u # 0.

2°. Since M,, = M, if and only if p = p by Theorem 12.13 ff., the statement
follows in view of the Parseval-Plancherel theorem.

3°. Since the lower bound of M, is m(M,) = inf{Rep(§) | £ € R"}
(cf. Exercise 12.36), it follows from the Parseval-Plancherel theorem that
P(D)max has the lower bound (6.11). Here we use that (P(D)u,u)/||ul|* =
(FP(D)u, Zu)/||Zull? = (pit, @)/ |l]? for u € D(P(D)max) \ {0}. 0

Note that P(D)max is the zero operator if and only if p is the zero function.

It follows in particular from this theorem that for all differential operators
with constant coefficients on R™, the maximal realization equals the minimal
realization; we have earlier obtained this for first-order operators (cf. Exercise
4.2, where one could use convolution by h; and truncation), and for I — A
(hence for A) at the end of Section 5.3.

Since [£]? is real and has lower bound 0, we get as a special case of The-
orem 6.4 the result (which could also be inferred from the considerations in
Example 5.20):

Corollary 6.5. The mazimal and minimal realizations of —A in La(R™) co-
incide. It is a selfadjoint operator with lower bound 0.
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6.2 Sobolev spaces of arbitrary real order. The Sobolev
theorem

One of the applications of Fourier transformation is that it can be used in the
analysis of regularity of solutions of differential equations P(D)u = f, even
when existence or uniqueness results are not known beforehand. In Example
5.20 we found that any solution u € %/ of (1 — A)u = f with f € L, must
belong to H?(R™). We shall now consider the Sobolev spaces in relation to
the Fourier transformation.

We first introduce some auxiliary weighted L,-spaces.

Definition 6.6. For each s € R and each p € [1, o0], we denote by L, s(R")
(or just L, s) the Banach space

Lps(R") = {u € Lioc (R") | (2)*u(z) € Ly(R™) }
with norm [[uf|z, . = [[{z)*u(@)|L,®") -

For p = 2, this is a Hilbert space (namely, Lo(R™, (x)?*dr)) with the scalar
product

(f;9)Ls. = . f(@)g(z)(x)* da.

Note that multiplication by (x)* defines an isometry of L, onto Ly s
for every p € [1,00] and s,t € R.
One frequently needs the following inequality.

Lemma 6.7 (THE PEETRE INEQUALITY). For any s € R,
(x —y)® < colz)* (y)l°] forseR, (6.12)

with a positive constant cs.

Proof. First observe that
Ltz =y < 1+ (|2 +[y)* < e(Q+ [2*) (1 + [y]*);

this is easily seen to hold with ¢ = 2, and with a little more care one can
show it with ¢ = 4/3. This implies

(@ —y)® < (@) (), when s >0,
(& —y) N —y + )l 2
(x—y)* = ()l < o172 gy (sl when s <0 .

Hence (6.12) holds with

cs = c‘lsl/z, c1 =4/3. (6.13)
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In the following we shall use M again to denote multiplication by f, with
domain adapted to varying needs. Because of the inequalities (5.2) we have:

Lemma 6.8. For m € Ny, u belongs to H™(R™) if and only if @ belongs to
Lo m(R™). The scalar product

(U V)m.p = (277)*”/ a(€)o(€)(€)*™ dE = (2m) 7" (1, 0) Lo,

n

1
defines a norm ||u|m,a = (u,u)}, A equivalent with the norm introduced in
Definition 4.5 (cf. (5.2) for Cyp):

1
< < C% 2>
[ullm < [lullm,n < Cial[tllm, for m =0, (6.14)

l[ullo = [lllo.a-

Proof. In view of the inequalities (5.2) and the Parseval-Plancherel theorem,

we H"(R") < Y [£*(¢)]* € Li(R™)
la|<m
= (14 [¢7)™a(€)]* € Ly (R)
= U € Lyn(R").

The inequalities between the norms follow straightforwardly. a

The norm || - ||, is interesting since it is easy to generalize to noninteger
or even negative values of m. Consistently with Definition 4.5 we introduce
(cf. (5.16)):

Definition 6.9. For each s € R, the Sobolev space H*(R") is defined by
H*(R") = {ue S (R") | (£)°a(€) € Lo(R")} = F 'Ly s(R");  (6.15)
it is a Hilbert space with the scalar product and norm
(1, 0)s5,0 = (27T)_n/ A€o de . Nulls,a = (21) 7 2[(€)*alE)| 1. -
(6.16)

The Hilbert space property of H*(R™) follows from the fact that F =
(2m)~"/2.Z by definition gives an isometry

H*(R"™) = Ly (R™),

cf. (5.16) and Definitions 5.16, 6.6. Since My is an isometry of Lo (R™)
onto Ly(R™), we have the following commutative diagram of isometries:
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F
H3(R™) " » Lo 4(R™)

Op((6)°) Meys (6.17)

\ \

LyR") > La(R")

where M- F' = F Op((£)®).
The operator Op((£)®) will be denoted =°, and we clearly have:

E°=0p((¢)®), =T ==°E" for s,teR. (6.18)

Observe that 22 = (1 — A)M when M is integer > 0, whereas Z° is a
pseudodifferential operator for other values of s. Note that =° is an isometry
of H'(R™) onto H'~*(R™) for all ¢ € R, when the norms || - [[;,» and || - |[i—s,A
are used. We now easily find:

Lemma 6.10. Let s € R.

1° 2% defines a homeomorphism of . onto ., and of %' onto /', with
inverse =7 °.

2° .7 is dense in Lo s and in H*(R™). C5°(R") is likewise dense in these
spaces.

Proof. As noted earlier, .7 is dense in Lo(R™), since C§° is so. Since (£)® €
On, Mgy maps . continuously into ., and .’ continuously into ./, for
all s; and since M¢)-s clearly acts as an inverse both for . and ./, M.
defines a homeomorphism of . onto ., and of .¥’ onto /. By inverse
Fourier transformation it follows that =° defines a homeomorphism of .&
onto ., and of .’ onto ./, with inverse Z~%. The denseness of .¥ in Lo
now implies the denseness of ./ in Ls ¢ by use of M (€)=s5 and the denseness
of & in H® by use of Z7° (cf. the isometry diagram (6.17)). For the last
statement, note that the topology of .7 is stronger than that of Ly ¢ resp.
H?, any s. An element u € H?®, say, can be approximated by ¢ € . in the
metric of H®, and ¢ can be approximated by ¢ € C§°(R"™) in the metric of
.7 (cf. Lemma 5.9). O

The statement 2° is for s integer > 0 also covered by Theorem 4.10.
Note that we now have established continuous injections

S CHY CH* CLyCcH*CH™® c., for & >s>0, (6.19)

so that the H®-spaces to some extent “fill in” between . and Lo, resp.
between Lo and /. However,

S G (VH® and &' 2 | H®, (6.20)

seR seR
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which follows since we correspondingly have that

G Lo, &2 Lo, (6.21)

seR seR

where the functions in ﬂseR Ly s of course need not be differentiable, and the
elements in . are not all functions. More information on (), p H* is given
below in (6.26). (There exists another scale of spaces where one combines
polynomial growth conditions with differentiability, whose intersection resp.
union equals . resp. .. Exercise 6.38 treats . (R).)

We shall now study how the Sobolev spaces are related to spaces of con-
tinuously differentiable functions; the main result is the Sobolev theorem.

Theorem 6.11 (THE SOBOLEV THEOREM). Let m be an integer > 0, and
let s >m+n/2. Then (cf. (C.10))

H*R") c C['_(R"), (6.22)
with continuous injection, i.e., there is a constant C' > 0 such that for u €

H*(R"™),
sup{|D%u(z)| |z € R", |a] <m} < C|luls,n - (6.23)

Proof. For ¢ € .% one has for s =m+t,t>n/2 and |a| <m, cf. (5.2),

sup [Dp(a)| = sup(2m) " [ el

reR”

<em [ pelemie (6.24)
< ) elna, ([ ©7d)" = Cllelln

since the integral of (£)~% is finite when ¢t > n/2. This shows (6.23) for
p € . When u € H?, there exists according to Lemma 6.10 a sequence
o € & so that |[u — pg|ls o — 0 for & — oo. By (6.24), ¢ is a Cauchy
sequence in C7" (R™), and since this space is a Banach space, there is a limit
v € C7'_(R"). Both the convergence in H® and the convergence in C7'_
imply convergence in ./, thus v = v as elements of ./, and thereby as
locally integrable functions. This shows the injection (6.22), with (6.23). O

The theorem will be illustrated by an application:

Theorem 6.12. Let v € '(R™) with & € Laoc(R™). Then one has for
seR,

Au € H*(R") <= uec H*T*R"), and

6.25
Au e CR(R") < ue CR(RY). (6.25)

Here
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() H*(R") = C7(R™). (6.26)
seR

Proof. We start by showing the first line in (6.25). When u € H**2, then
Au € H*, since (£)%]€]? < (£)*T2. Conversely, when Au € H® and 4 € L joc,
then

<€>S|§|2a(§) € Ly and 1|§|§11:L € Lo,

which implies that
(€)*F*a(¢) € L,

ie., ue H'2,
We now observe that

CR®R") c (] H'®R") =[] HR")

seNp seR

by definition, whereas

() H*(R™) C C7°_(R*) N CE(R™) C CF2 (R™)
seR

follows by the Sobolev theorem. These inclusions imply (6.26), and then the
validity of the first line in (6.25) for all s € R implies the second line. O

Remark 6.13. Theorem 6.12 clearly shows that the Sobolev spaces are very
well suited to describe the regularity of solutions of —Au = f. The same
cannot be said of the spaces of continuously differentiable functions, for here
we have u € C?(R") = Au € C°(R") without the converse implication
being true. An example in dimension n = 3 (found in N. M. Giinther [G57]
page 821f.) is the function

1 3z7
flz) = 10g|x|(|x|2 _1)X(33) for x # 0,
0 fOI‘ €r = 0 ,

11
which is continuous with compact support, and is such that u = 4 |2 x f
T |x

is in CY(R?) \ C?(R?) and solves —Au = f in the distribution sense. (Here
u € HE_(R™), cf. Theorem 6.29 later.)

There is another type of (Banach) spaces which is closer to the C*- spaces
than the Sobolev spaces and works well in the study of A, namely, the Hélder
spaces C*7 with o €]0, 1[, where

Ck’”(Q) = {u € Ck(Q) | [ D%u(z) — D%u(y)| < Clz —y|7 for |o| < k} ,

cf. also Exercise 4.18. Here one finds that Au € C*? <= y € CFt27,
at least locally. These spaces are useful also in studies of nonlinear problems
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(but are on the other hand not very easy to handle in connection with Fourier
transformation). Elliptic differential equations in C*:?- spaces are treated for
example in the books of R. Courant and D. Hilbert [CH62], D. Gilbarg and
N. Trudinger [GT77]; the key word is “Schauder estimates”.

The Sobolev theorem holds also for nice subsets of R™.

Corollary 6.14. When 0 = R}, or Q is bounded, smooth and open, then
one has for integer m and l > 0 with | > m+mn/2:

H'(Q) CT'_(Q), with sup{ |Du(z)| |z € Q, |af <m } < Cifjul;. (6.27)

Proof. Here we use Theorem 4.12, which shows the existence of a continuous
map E: H/(Q) — H'(R") such that u — (Eu)|,- When u € H/(Q), Eu is in
H'(R™) and hence in C}"_(R™) by Theorem 6.11; then u = (Eu) |Q e Cy_(Q),
and

sup { [D%u(z)| | z € Q,|a] < m} < sup{|D*Eu(z)| | z € R",|a| <m}
<

IHUHHZ(Q) . d

6.3 Dualities between Sobolev spaces. The Structure
theorem

We shall now investigate the Sobolev spaces with negative exponents. The
main point is that they will be viewed as dual spaces of the Sobolev spaces
with positive exponent! For the L, ;-spaces, this is very natural, and the
corresponding interpretation is obtained for the H®-spaces by application of
F~'. We here use the sesquilinear duality; i.e., the dual space is the space of
continuous, conjugate-linear — also called antilinear or semilinear — func-
tionals. (See also the discussion after Lemma 12.15. More precisely, we are
working with the antidual space, but the prefix anti- is usually dropped.)

Theorem 6.15. Let s € R.

1° Lo s can be identified with the dual space of Lo s by an isometric iso-
morphism, such that the function u € Lo _4 is identified with the functional
A € (Lys)* precisely when

/ w(€)p(€) de = Ag) for g€ . (6.28)

2° H=*(R™) can be identified with the dual space of H*(R™), by an isome-
tric isomorphism, such that the distribution w € H~°(R™) is identified with
the functional A € (H®*(R™))* precisely when
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(u,0) = A(p)  for p€ .7 (6.29)

Proof. 1°. When u € Ly _g, it defines a continuous antilinear functional A,
on Ly ¢ by

Ay(v) = /u({)v(é) d¢ forve Ly,

since
() = |/<£>‘SU(£)<£>SU(£) €| < lullz,, .1l Ls,. (6.30)

by the Cauchy-Schwarz inequality. Note here that

Al |Au(v)] | [(€)~ Su<>é><> v(€) d¢]

sup = sup
UGLQS\{O} ||UHL25 (&)sveLa\{0} (€)% vl L,

= (&) "ulle, = llullz, .

by the sharpness of the Cauchy-Schwarz inequality, so the mapping u +— A, is
an isometry, in particular injective. To see that it is an isometric isomorphism
as stated in the theorem, we then just have to show its surjectiveness. So let
A be given as a continuous functional on L s; then we get by composition
with the isometry M (¢&y-s + Lo — Lo ¢ a continuous functional

A= AMgy-

on Ls. Because of the identification of Ly with its own dual space, there exists
a function f € Ly such that A’'(v) = (f,v) for all v € Ly. Then we have for
NS Lg)s,

A() = M)~ (€)°0) = N((€)°0) = / F(E)(E) 0(e)de

which shows that A = A, with u = (§)°f € Lo _,. Since . is dense in Lo 4,
this identification of w with A is determined already by (6.28).

2°. The proof of this part now just consists of a “translation” of all the
consideration under 1°, by use of F~! and its isometry properties and home-
omorphism properties. a

For the duality between H ~° and H® we shall use the notation

(u,v) , (u,v)g-s g or just (u,v), forue H* ve H?, (6.31)
H—* H*

since it coincides with the scalar product in Lo (R™) and with the distribution
duality, when these are defined. Note that we have shown (cf. (6.30)):

[, v)] < Ju , v e HY (6.32)
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this is sometimes called the Schwartz inequality (with a “t”) after Laurent
Schwartz. Observe also (with the notation of 2°):

Jull-sn = 1Al ey = sup{ ||/\1)7|(:i| |ve H*\{0}} (6.33)
=su [{u, v)] v s —su [(u, @)
=sup{ i, v EHN O =sw{) 2 e s\ (0}

Example 6.16. As an example of the importance of “negative Sobolev
spaces”, consider the variational construction from Theorem 12.18 and its
corollary, applied to the situation where H = Ly(R"), V = H*(R") and
a(u,v) = Z?Zl(aju,ﬁjv)Lz = (u,v)1 — (u,v)o. The embedding of H into
V* considered there corresponds exactly to the embedding of Ly(R™) into
H~1(R™)! The operator A then goes from H'(R™) to H~'(R™) and restricts
to A going from D(A) to La(R™). We know from the end of Chapter 4 that A
acts like —A in the distribution sense, with domain D(A) = H' N D(Apax)
dense in H! (and clearly, H2 C D(A)). Then A, extending A to a mapping
from H' to H~!, likewise acts like —A in the distribution sense. Finally we
have from Theorem 6.12 that D(A) C H?, so in fact, D(A) = H?. To sum
up, we have inclusions

D(A)=H*CV=H'CH=L,CcV*=H",

for the variational realization of —A on the full space R™. This is the same
operator as the one described in Corollary 6.5.

Having the full scale of Sobolev spaces available, we can apply differential
operators (with smooth coefficients) without limitations:

Lemma 6.17. Let s € R.

1° For each o € N, D% is a continuous operator from H®(R™) into
Hsf\od(Rn)'

2° For each f € Z(R™), the multiplication by f is a continuous operator
from H*(R™) into H*(R™).

Proof. 1°. That D maps H*(R") continuously into H*~I*/(R™) is seen from
the fact that since [€%] < (€)l°] (cf. (5.2)),

D%l s—ja)n = (2m) " 2([(€)* 1™ a(E)]lo
< 2m) 2 U)o = llulls,a for w e H(R™).

2°. Let us first consider integer values of s. Let s € Ny, then it follows

immediately from the Leibniz formula that one has for a suitable constant
/

cye

[ fulls < cisup {[D*f(2)| |z € R™, |af < s} uls (6.34)
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which shows the continuity in this case. For u € H~*(R™), we now use The-
orem 6.15, (6.14) and (6.34):

1
[(fu o) = [u, fo)| < lull—sall fells,n < llull—s,nC2 N1 flls
1
< Null-sAC ¢ sup { D f ()| |z € R™, [o < s} o]l

1
< lull s AC cysup { [Df(z)] | 2 € R™, o < s} llls,n
= Cllull-s,allells,ns

whereby fu € H*(R") with
[full—s,n < Cllull-s,a

(cf. (6.33)). This shows the continuity in H ~*® for s integer > 0.

When s is noninteger, the proof is more technical. We can appeal to con-
volution (5.36) and use the Peetre inequality (6.12) in the following way: Let
u € H?. Since f € .7, there are inequalities

<y
for all N € R. Then we get that

a2 = @0 [ (e (FuoP de

<non [ @ ([ 1fe- it dn) g

<em e [ ([ @ e m i) d
< m e [ ([ (€= n Y i) dn) .

where we choose N so large that (¢)/sI=N

Schwarz inequality:

c// (/ (€ - n)‘ |_Nd77) (/ (€ - 77>| s|— N< >25|a(77)|2d77) de
/n /n & =)l () > () |* iy dé
CN/” /n<<>|s‘_N<7]>25|ﬁ(77)|2dT]dC:C”’”u”iA. 0

It can sometimes be useful to observe that for m integer > 0, the proof
shows that

is integrable, and apply the Cauchy-

IN

I fullm < I f o llullm +C sup D7 fllzllullm—1. (6.35)

|B]<m—1
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The spaces H™*, s > 0, contain more proper distributions, the larger s is
taken.

Example 6.18. The d-distribution satisfies
0 € H*(R") < s>n/2, (6.36)

and its a-th derivative D®§ is in H~* precisely when s > |a| 4+ n/2. This
follows from the fact that .Z#(D*6) = £* (cf. (5.39)) is in Lo _s if and only if
la| —s < —n/2.

For more general distributions we have:

Theorem 6.19. Let v € &'(QY), identified with a subspace of &'(R™) by ex-
tension by 0, and let N be such that for some Cy,

[(u, )| < Cn sup{|D%p(z)| [z €R™, |a] < N}, (6.37)
for all v € C§°(R™); so u is of order N. Then u € H *(R™) for s > N+n/2.

Proof. We have by Theorem 3.12 and its proof that when u € &’(R"™), then
u is of some finite order N, for which there exists a constant Cn such that
(6.37) holds (regardless of the location of the support of ¢), cf. (3.35). By
(6.23) we now get that

[(u, p)| < Cll|¢lls,n for s > N +n/2, when u € C°(R"), (6.38)

whereby u € H* according to Theorem 6.15 (since C§°(R"™) is dense in H?,
cf. Lemma 6.10). O

Note that both for &’ and for the H*® spaces, the Fourier transformed
space cousists of (locally square integrable) functions. For &' this follows
from Remark 5.19 or Theorem 6.19; for the H® spaces it is seen from the
definition. Then Theorem 6.12 can be applied directly to the elements of
&'(R™), and more generally to the elements of | J,.p H'(R").

We can now finally give an easy proof of the structure theorem that was
announced in Chapter 3 (around formula (3.17)).

Theorem 6.20 (THE STRUCTURE THEOREM). Let Q) be open C R™ and let
u € &'(Q). Let V be an open neighborhood of supp u with V- compact C 2, and
let M be an integer > (N 4+ n)/2, where N is the order of u (as in Theorem
6.19). There exists a system of continuous functions fo with support in'V for
la| < 2M such that

u="3" D (6.39)

la|<2M

Moreover, there exists a continuous function g on R"™ such thatu = (1-A)Mg
(and one can obtain that g € H™**1=¢(R™) for any e > 0).
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Proof. We have according to Theorem 6.19 that u € H~® for s = N+n/2+¢
(for any € €]0,1[). Now H* = Z'H'~* for all t. Taking t = 2M > N +n,
we have that t —s > N+n+1—-N —-n/2—¢c =n/2+1— ¢, so that
H'=* c C}_(R™), by the Sobolev theorem. Hence

H> =2MEM= = 1 - A)MHE™ c (1-2)MC)_(RY),

and then (by the bijectiveness of I — A = =2) there exists a g € H'™° C
H™/2+1= c €9 such that

u=(1-A)Mg= Z Car.a D*g;
lo]<p1

in the last step we used (5.2). Now let n € C§° (V) with n = 1 on a neighbor-
hood of supp u. Then u = nu, so we have for any ¢ € C§°(Q):

(u,0) = () = ( Y CaraD*™ gm0y = > Caralg. (=D)**(n9))

la|<M la|<M
= Z Z CM,aC2o¢7B<ga (_D)2aiﬁn(_D)Bw>
lo|<M B<2a
= > CwaCos(D°[(-D)* gl ),
|| <M, <20

by Leibniz’ formula. This can be rearranged in the form <Z\5|<2M DP fg, )
with fs continuous and supported in V since n and its derivatives are sup-
ported in V| and this shows (6.39). O

As an immediate consequence we get the following result for arbitrary
distributions:

Corollary 6.21. Let  be open C R™, let u € 2'(Q) and let ¥ be an open
subset of Q@ with ' compact C Q. Let ¢ € C(2) with ¢ = 1 on &, and
let N be the order of Cu € &'(Q) (as in Theorem 6.19). When V is a neigh-
borhood of supp( in Q and M is an integer > (N + n)/2, then there ex-
ists a system of continuous functions with compact support in V' such that

Cu = Z\&IS2M D> f,; in particular,

U= Z D*f, on Q. (6.40)

lal<zM

Based on this corollary and a partition of unity as in Theorem 2.16 one
can for any u € 2'({) construct a system (ga)aeny of continuous functions
Jo on £, which is locally finite (only finitely many functions are different from

0 on each compact subset of ), such that u = ZaeNg D%g,.
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6.4 Regularity theory for elliptic differential equations

When P(z, D) is an m-th order differential operator (6.5) with symbol (6.6),
the part of order m is called the principal part:

Ppn(z,D)= > aa(z)D*, (6.41)
la]=m
and the associated symbol is called the principal symbol:
pm(@,€) = D aa(@)E”; (6.42)
lor|=m

the latter is also sometimes called the characteristic polynomial. The operator
P(z, D) is said to be elliptic on M (M C R™), when

pm(2,8) #0 for £ € R"\ {0}, all z€ M. (6.43)

(This extends the definition given in (5.41)ff. for constant-coefficient op-
erators.) We recall that the Laplace operator, whose symbol and principal
symbol equal —|£|2, is elliptic on R™.

The argumentation in Theorem 6.12 can easily be extended to general
elliptic operators with constant coeflicients a,:

Theorem 6.22. 1° Let P(D) = Op(p(€)), where p(§) € Oy and there exist
meR, c>0 and r > 0 such that

p(E)] = (&)™ for |€] = 1. (6.44)
For s € R one then has: When u € " with G € Lg joc, then
P(D)u € H¥(R") = u € H*T™(R"). (6.45)

2° In particular, this holds when P(D) is an elliptic differential operator of
order m € N with constant coefficients.

Proof. 1°. That P(D)u € H*(R™) means that (£)*p(§)a(§) € L2(R™). There-
fore we have when (&) € Lo 10c(R™), using (6.44):

Lijezr (O ™ a(€) € La(R™),  1gg<rp(€) € La(R™),

and hence that (€)sT™q(€) € Ly(R™), ie., u € HST™(R™).

2°. Now let p(§) be the symbol of an elliptic differential operator of order
m € N, ie., p(§) is a polynomial of degree m, where the principal part
pm (&) # 0 for all &€ # 0. Then |p,,,(€)| has a positive minimum on the unit
sphere {€ € R™ | €] = 1},

co = min{ [pm (] | [§] =1} >0,
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and because of the homogeneity,

[P ()] > colé]™ for all € € R”.
Since p(§) — pm (&) is of degree < m — 1,

[p(&) = pm (8)]
[

Choose r > 1 so that this fraction is < ¢q/2 for |¢| > 7. Since (£)™ < 2™/2|¢|™
for |¢] > 1, we obtain that

— 0 for [¢] — oo.

PO > ()] = () =P = Tlel™ =, 70, (€)™, for ¢ =

This shows (6.44). O

Corollary 6.23. When P(D) is an elliptic differential operator of order m
with constant coefficients, one has for each s € R, when u € " with 4 €
L27loc:

P(D)u € H¥(R™) += u € H*"™(R").

Proof. The implication <= is an immediate consequence of Lemma 6.17,
while = follows from Theorem 6.22. O

We have furthermore for the minimal realization, in the case of constant
coeflicients:

Theorem 6.24. Let P(D) be elliptic of order m on R™, with constant coeffi-
cients. Let Q0 be an open subset of R™. The minimal realization Py of P(D)
in Lo(§2) satisfies

D(Pnin) = H*(Q) . (6.46)

When Q@ = R"™, D(Pupin) = D(Puax) = H™(R™), with equivalent norms.

Proof. For Q = R™ we have already shown in Theorem 6.3 that D(Ppin) =
D(Ppax), and the identification of this set with H™(R"™) follows from Corol-
lary 6.23. That the graph-norm and the H"-norm are equivalent follows e.g.
when we note that by the Parseval-Plancherel theorem,

s + [1Pull§ = (2m)~"(llall3 + | Pullg) = (2m) ™ /Rn(l +Ip@©P)a(e) de

and combine this with the estimates in Theorem 6.22, implying that there
are positive constants ¢’ and C” so that

(™ <1+ [p(]? < C'(€)*™, for £ e R™.

(One could also deduce the equivalence of norms from the easy fact that
the graph-norm is dominated by the H"-norm, and both norms define a
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Hilbert space (since P(D)max is closed). For then the identity mapping ¢ :
H™(R"™) — D(P(D)max) is both continuous and surjective, hence must be a
homeomorphism by the open mapping principle (Theorem B.15).)

For the assertion concerning the realization in Lo (§2) we now observe that
the closures of C§°(€2) in graph-norm and in H™-norm must be identical;
this shows (6.46). 0

For differential operators with variable coefficients it takes some further
efforts to show regularity of solutions of elliptic differential equations. We
shall here just give a relatively easy proof in the case where the principal
part has constant coefficients (a general result is shown in Corollary 7.20
later).

Here we need locally defined Sobolev spaces.

Definition 6.25. Let s € R, and let {2 be open C R™. The space H{ (Q) is
defined as the set of distributions u € 2'(2) for which gu € H*(R") for all

v € C5° () (where pu as usual is understood to be extended by zero outside
Q).

Concerning multiplication by ¢, see Lemma 6.17. The lemma implies that
in order to show that a distribution u € 2’(2) belongs to H} . (€2), it suffices
to show e.g. that mqu € H*(R™) for each of the functions 7; introduced in
Corollary 2.14 (for a given ¢ € C§°(€2) one takes [ so large that supp ¢ C Kj;
then pu = pnu). It is also sufficient in order for u € 2'(Q) to lie in HE . ()
that for any x € Q there exists a neighborhood w and a nonnegative test
function ¢p € C§°(2) with v = 1 on w such that yu € H*(R™). To see
this, note that for each [, K;y; can be covered by a finite system of such
neighborhoods wy,...,wy, and

1<i(x) 4+ +tYny(x) <N for v € K41,

so that
N

m s (TN
= u e H*(R™) .
D SRR LAY

The space Hf () is a Fréchet space with the topology defined by the
seminorms
pl(u) = ||771U|‘H5(Rn) for [ = 1,2, PN (647)

Remark 6.26. For completeness we mention that H . (€2) has the dual space
Horop(82) (which it is itself the dual space of), in a similar way as in Theorem
6.15 (and Exercises 2.4 and 2.8). Here

H () = | J Hi, (6.48)
=1
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where Hj. is the closed subspace of H*(R™) consisting of the elements with
support in K7; the space H{,,,, () is provided with the inductive limit topol-
ogy (Appendix B).

Using Lemma 6.17, we find:

Lemma 6.27. Let s € R. When f € C*(Q) and o € N§, then the operator
u— fD%u is a continuous mapping of HY () into Hsf‘al(Q).

loc

Proof. When u € H{ (), one has for each j = 1,...,n, each ¢ € C§°(Q),
that
¢(Dju) = Dj(pu) — (Djp)u € HH(R"),

since pu € H*(R™) implies D;(pu) € H*1(R"), and D;p € C§°(R2). Thus
D; maps the space Hy (Q) into HS '(Q), and it is found by iteration that

loc
D* maps H{ . () into HISOZIQ‘(Q). Since fo € C§°(Q2) when ¢ € C5°(Q), we
see that fD% € Hlsozla\ (Q). The continuity is verified in the usual way. O

Observe moreover the following obvious consequence of the Sobolev theo-
rem:

Corollary 6.28. For Q open C R™ one has:

M) Hise () = C%(9). (6.49)
seR

Now we shall show the regularity theorem:

Theorem 6.29. Let Q be open C R™, and let P = P(x,D) be an elliptic
differential operator of order m > 0 on §, with constant coefficients in the

principal part and C*-coefficients in the other terms. Then one has for any
s € R, when v e 2'(Q):

Pue H{ () < ue H1"(Q); (6.50)
in particular,
PueC>®()) < ueC>9). (6.51)

Proof. The implication <= in (6.51) is obvious, and it follows in (6.50)
from Lemma 6.27. Now let us show = in (6.50). It is given that P is of

the form
P(z,D) = P, (D) + Q(z,D), (6.52)

where P,,(D) = Op(pm(§)) is an elliptic m-th order differential operator
with constant coefficients and @ is a differential operator of order m — 1 with
C>-coeflicients.

Let u satisfy the left-hand side of (6.50), and let « € Q. According to the
descriptions of Hf () we just have to show that there is a neighborhood w
of z and a function ¢ € C§°(€2) which is 1 on w such that yu € H5T™(R™).
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We first choose r > 0 such that B(xz,r) C Q. Let V; = B(x,r/j) for j =
1,2,.... As in Corollary 2.14, we can for each j find a function ¢; € C§°(V;)
with 1; = 1 on Vj41. Then in particular, ;1,41 = ¥j41.

Since Y1 u can be considered as a distribution on R™ with compact support,
1w is of finite order, and there exists by Theorem 6.19 a number M € Z
such that ¢yu € H=M(R™). We will show inductively that

Yjpiu € H-MYPI(R™) U HST™(R™) for j =1,2,... . (6.53)

When j gets so large that —M + j > s+ m, then ¢ 1u € H5T™(R"), and
the desired information has been obtained, with w = Vj42 and ¢ = ;1.
The induction step goes as follows: Let it be given that

Yju e H-MY=Ly get™ and Pu € H () . (6.54)

Now we write
Pu= P, (D)u+ Q(z,D)u,

and observe that in view of the Leibniz formula, we have for each I:
wlpu =P, (D)d)lu + Sl(ﬂi, D)u , (6.55)

where Sj(z, D) = (V1 Py, — Ppby) + 01Q is a differential operator of order
m — 1, which has coefficients supported in supp; C V;. We then get

PdejHu = z/JjHPu - Sj+1u = ¢j+1Pu - SjJrl’Q/JjU y (656)

since v; is 1 on Vj41, which contains the supports of 1;41 and the coefficients
of Sj11. According to the given information (6.54) and Lemma 6.27,

Sip1tpju € H-MH—1omil | prstmomtl _ p=Mtj—m j ps+l
and 141 Pu € H?, so that, all taken together,
Pptjue HMY—mygs, (6.57)
Now we can apply Corollary 6.23 to P,,, which allows us to conclude that
Yijp1u € H-M+iggstm

This shows that (6.54) implies (6.53), and the induction works as claimed.
The last implication in (6.51) now follows from Corollary 6.28. O

An argumentation as in the above proof is often called a “bootstrap argu-
ment”, which relates the method to one of the adventures of Miinchhausen,
where he (on horseback) was stuck in a swamp and dragged himself and the
horse up step by step by pulling at his bootstraps.

We get in particular from the case s = 0:
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Corollary 6.30. When P is an elliptic differential operator on 2 of order
m, with constant coefficients in the principal symbol, then

D(Prax) C H™. () . (6.58)

The corollary implies that the realizations 7" and T} of —A introduced in
Theorems 4.27 and 4.28 have domains contained in Hg_(Q); the so-called
“interior regularity”. There remains the question of “regularity up to the
boundary”, which can be shown for nice domains by a larger effort.

The theorem and its corollary can also be shown for elliptic operators
with all coefficients variable. Classical proofs in positive integer-order Sobolev
spaces use approximation of u by difference quotients (and allow some re-
laxation of the smoothness assumptions on the coefficients, depending on
how high a regularity one wants to show). There is also an elegant modern
proof that involves construction of an approximate inverse operator (called a
parametrix) by the help of pseudodifferential operator theory. This is taken
up in Chapter 7, see Corollary 7.20.

One finds in general that D(Ppyax) is not contained in H™(€2) when Q # R™
(unless the dimension n is equal to 1); see Exercises 4.5 and 6.2 for examples.

Besides the general regularity question for solutions of elliptic differen-
tial equations treated above, the question of existence of solutions can be
conveniently discussed in the framework of Sobolev spaces and Fourier inte-
grals. There is a fairly elementary introduction to partial differential equa-
tions building on distribution theory in F. Treves [T75]. The books of L.
Hormander [H83], [H85] (vol. I-IV) can be recommended for those who want
a much deeper knowledge of the modern theory of linear differential opera-
tors. Let us also mention the books of J.-L. Lions and E. Magenes [LMG68§]
on elliptic and parabolic boundary value problems, the book of D. Gilbarg
and N. Trudinger [GT77] on linear and nonlinear elliptic problems in general
spaces, and the book of L. C. Evans [E98] on PDE in general; the latter starts
from scratch and uses only distribution theory in disguise (speaking instead
of weak solvability), and has a large section on nonlinear questions.

Remark 6.31. The theory of elliptic problems has further developments in
several directions. Let us point to the following two:

1° The Schrédinger operator. Hereby is usually meant a realization of the
differential operator P,y = —A + V on R"™, where V is a multiplication op-
erator (by a function V(z) called the potential function). As we have seen
(for V- = 0), PO}C(‘,’O(]R") is essentially selfadjoint in Ls(R™) (Corollary 6.5).
It is important to define classes of potentials V' for which Py with domain
C§°(R™) is essentially selfadjoint too, and to describe numerical ranges, spec-
tra and other properties of these operators. The operators enter in quantum
mechanics and in particular in scattering theory, where one investigates the
connection between exp(itFPy) and exp(it Py ) (defined by functional analysis).
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2° Boundary value problems in dimension n > 2. One here considers the
Laplace operator and other elliptic operators on smooth open subsets {2 of
R™. The statements in Chapter 4 give a beginning of this theory.

One can show that the boundary mapping (also called a trace operator)

i (o) e

defined on C™(2), can be extended to a continuous map from the Sobolev
space H™(Q) to the space H™ 7~ 2 (9€2) when m > j; here H*(9%) is defined
as in Section 6.2 when 9 = R"~! and is more generally defined by the
help of local coordinates. Theorems 4.17 and 4.25 have in the case n > 2
the generalization that H{*(€2) consists of those H™-functions u for which
vju =0 for j =0,1,...,m — 1. Equations for these boundary values can be
given a sense when v € H™(Q). As indicated briefly at the end of Section
4.4 for second-order operators, one can develop a theory of selfadjoint or
variational realizations of elliptic operators on ) determined by boundary
conditions. More on this in Chapter 9 for a constant-coefficient case, and in
Chapters 7 and 11 for variable-coefficient cases.

For a second-order elliptic operator A we have from Corollary 6.30 that the
domains of its realizations are contained in HZ2,_(£2). Under special hypotheses
concerning the boundary condition and the smoothness of 2, one can show
with a greater effort that the domains are in fact contained in H?(Q); this
belongs to the regularity theory for boundary value problems. A particular
case is treated in Chapter 9; a technique for general cases is developed in
Chapters 10 and 11.

Having such realizations available, one can furthermore discuss evolution
equations with a time parameter:

Owu(x,t) + Au(x,t) = f(z,t) for t > 0,
u(z,0) = g(z)

(with boundary conditions); here the semiboundedness properties of varia-
tional operators allow a construction of solutions by use of the semigroup
theory established in functional analysis (more about this e.g. in books of K.
Yoshida [Y68] and A. Friedman [F69]). Semigroups are in the present book
taken up in Chapter 14.

Exercises for Chapter 6

6.1. Show that when u € ./ with @ € L9 1oc(R™), then

ue H°(R") <= A*uec H*R").
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(A? is called the biharmonic operator.)

6.2. TFor p(x') € L (R™ 1), we can define the function (with notation as in
(A.1) and (A.2))

Up (& 20) = Tl ($(€)e ) for 3 = (', 2) € RY,

—x!

by use of Fourier transformation in the z’-variable only.

(a) Show that ((¢)2—82 )(¢(&")e€)%n) = 0, and hence that (I —A)u, = 0
on R%.

(b) Show that if a sequence ¢p in .7(R"!) converges in La(R""1) to a
function v, then u,, is a Cauchy sequence in Lz(R’ ). (Calculate the norm
of uy, — uy, by use of the Parseval-Plancherel theorem in the z’-variable.)

(c) Denoting the limit of u,, in Ly(R’}) by v, show that v is in the maximal
domain for I — A (and for A) on Q = R7.

(Comment. One can show that ¢ is the boundary value of v in a general sense,
consistent with that of Theorem 4.24. Then if v € H*(R"), ¢ must be in
HY(R™™1), cf. Exercise 4.22. So if ¢ is taken ¢ H*(R"™'), then v ¢ H?*(R"}),
and we have an example of a function in the maximal domain which is not in
HZ(R™). The tools for a complete clarification of these phenomena are given
in Chapter 9).

6.3. (a) Show that when u € & (R™) (or |J, H'(R™)) and ¢ € C5°(R™),
then u x ¢ € C*°(R™). (One can use (5.36).)
(b) Show that when u € Z'(R™) and ¢ € C§°(R"™), then u x ¢p € C*°(R").
(One can write

u=mu-+ Z(le+1 -,

j=1

where 7; is as in Corollary 2.14; the sum is locally finite, i.e., finite on compact
subsets. Then w* 1) = mu ¥+ > (941 — nj)u* 1 is likewise locally finite.)
6.4. Show that the heat equation for x € R",

ou(z,t)

o T Apu(z,t) =0, t>0,

for each ¢ € Z(R") has a solution of the form

u( t) = eyt / exp(—cale — y/t)(y) dy;

determine the constants ¢; and cs.

6.5. (a) Show that § x f = f for f € S(R™).
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(b) Show that the function H(s)H (t) on R? (with points (s,t)) satisfies
82
H
0sot

(c) Show that the function U(xz,y) = H(x + y)H(z — y) on R? (with points
(z,y)) is a solution of the differential equation

(s)H(t) =6 in ' (R?). (6.59)

0*U  9*U : /2
012 " oy =260 in '(R?). (6.60)

(A coordinate change s = x +y, t = © — y, may be useful.)
(d) Show that when f(z,y) € ./ (R?), then u = JU * f is a C*-solution of

9%u B 0%u B

ez " g2 f on R?. (6.61)

6.6. Let P(D) be a differential operator with constant coefficients. A dis-
tribution E € 2'(R™) is called a fundamental solution (or an elementary
solution) of P(D) if E satisfies

PD)E=6.
(a) Show that when E is a fundamental solution of P(D) in ., then
PD)Exf)=f for feS

(cf. Exercise 6.5(a)), i.e., the equation P(D)u = f has the solution u = E * f
for f e 7.

(b) Find fundamental solutions of —A and of —A + 1 in .%/(R3) (cf. Section
5.4 and Exercise 5.4).

(c) Show that on R?, } H(z+y)H (z—y) is a fundamental solution of P(D) =
O — &, (Cf. Exercise 6.5.)

oz?

(Comment. Point (c) illustrates the fact that fundamental solutions exist
for much more general operators than those whose symbol is invertible, or
is so outside a bounded set (e.g., elliptic operators). In fact, Ehrenpreis and
Malgrange showed in the 1950s that any nontrivial constant-coefficient partial
differential operator has a fundamental solution, see proofs in [R74, Sect. 8.1],
or [H83, Sect. 7.3]. The latter book gives many important examples.)
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Miscellaneous exercises (exam problems)

The following problems have been used for examinations at Copenhagen Uni-
versity in courses in “Modern Analysis” since the 1980s, drawing on material
from Chapters 1-6, 12 and the appendices.

6.7. (Concerning the definition of fundamental solution, see Exercise 6.6.)

(a) Show that when f and ¢ are locally integrable functions on R with
supports satisfying

supp f C [a,00[, suppg C [b,00],

where a and b € R, then f * g is a locally integrable function on R, with
supp(f * g) C [a + b, 00 [. (Write the convolution integral.)

(b) Let Ay and Ay € C. Find
E(z) = (H(x)eM?) x (H(z)e*)

where H(z) is the Heaviside function (H(z) = 1 for « > 0, H(x) = 0 for
x <0).

(¢) Let P(t) be a second-order polynomial with the factorization P(t) =
(t — Al)(t — )\2) Show that

(6" = A18) = (6" — Aad)] * E(z) =6,

and thereby that E is a fundamental solution of the operator

d d? d
P (dx) = g2 — (/\1 +)\2)d33 + Ao .

d
(d) Find out whether there exists a fundamental solution of P ( d:p) with
support in | —00,0].
(e) Find the solution of the problem

(P(di)u)(x) = f(z) for >0,
() u(0) =0,
u'(0) =0,

where f is a given continuous function on [0, oo [.

6.8. Let t denote the vector space of real sequences a = (ag)gen. For each
N € Z one defines {> n as the subspace of t consisting of sequences a for
which

lally = (Z k2N|ak|2) P 0. (6.62)
keN
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Let s denote the set [y f2,n. Moreover, write

(a,b) = axby (6.63)
kEN
when this series is convergent.

(a) Let ¢o n be provided with the topology determined by the norm || - ||,
and investigate which of the following properties hold for the topological
vector space {5 n: locally convex, locally bounded, complete, Banach space,
Fréchet space.

(b) Let s be provided with the topology determined by the sequence of norms
II-ll~, N=0,1,2,..., and investigate which of the following properties hold
for the topological vector space s: locally convex, locally bounded, complete,
Banach space, Fréchet space.

(¢) Let N be an integer > 0. Show that (f2,5)* can be identified with the
space lo _n in such a way that when A € (fo n)* is identified with the
sequence a = (ay)ken, then

A(b) = (a,b) (6.64)
for all b = (bg)ren in o N.
(d) Show that the dual space s* of s can be identified with the space
UNZO o —N.
(e) Show that the operator T from t into t defined by

T'[(ak)ken] = (1

ay + k3a ) ,
1 Ok )

defines a continuous operator from s into s.
6.9. Let u denote the distribution on R:

U:50—51.

(a) Show that there exists a continuous function f on R, for which

"
u = y

and indicate such one.

(b) Show that there exists a triple of continuous functions g, g1 and gs on
R with compact support such that

u=go+gy+95,

and find such a triple.
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6.10. Let a(z) be a real C°°-function on R, satisfying
a >a(z) > e, ld(z)] < e,

for all x € R, with positive constants ¢, co and c3. Let Sy be the operator
—2ad s u— —(au) with domain D(Sp) = C§°(R).

(a) Show that Sy is a symmetric operator in Lo(R) with lower bound 0.

(b) Show that the Friedrichs extension S of Sy is the operator — ddwa ddw with
domain D(S) = H?(R).

(c) Let furthermore b(z) be a real C*°-function, with |[b(x)| < a(z) for all
and b'(x) bounded. Let s1(u,v) be the sesquilinear form

s1(u,v) = /R(a(x) +ib(z))u' (z) v/ (z) dz,

defined on H'(R) C Lo(R). Show that s;(u,v) satisfies the conditions for
application of the Lax—Milgram theorem (with H = Lo(R) and V = H!(R)),
and determine the associated operator Sj. Show that its numerical range
satisfies

v(S1)Cc{z€C||Imz| <Rez}.

6.11. Let a and b be real numbers, and let u(x,y) be a function in La(R?)
satisfying the differential equation

0 02 9?
b = .
(aax + 8$2)u + 8y2u 1, (6.65)
where f is a function in Lo(R?).
(a) Show that if b > 0, then u € H*(R?).
(b) Show that if b =0 and a # 0, then v € H'(R?).
From here on, consider (6.65) for u and f in Lo joc(R?).

(c) Let @ = 0 and b = —1. Show that the function u(z,y) = H(z — y) is
a solution of (6.65) with f = 0, for which d,u and dyu do not belong to
L2 10c(R?), and hence u ¢ H,..(R?). (H denotes the Heaviside function.)

6.12. Let A denote the topology on C§°(R™) defined by the seminorms
P > SUDern jaj<m |09P(2)], ¢ € C5°(R™), with m =0,1,2,....

(a) Show that for 8 € N, 9% is a continuous mapping of (C§°(R"), \) into
(C5°(R™), A).

Let Z4(R™) denote the dual space of (C§°(R™), \).

(b) Show that 2} (R™) C 2'(R™).

(¢) Show that for any function in L;(R™), the corresponding distribution
belongs to 24 (R™).
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(d) Show that any distribution with compact support on R™ belongs to
2\ (R™).

(e) Show that every distribution in 24 (R™) is temperate and even belongs to
one of the Sobolev spaces H'(R"), t € R.

(f) Show that the distribution given by the function 1 is temperate, but does
not belong to any of the Sobolev spaces H*(R"), t € R.

6.13. 1. Let there be given two Hilbert spaces V and H and a continuous
linear map J of V into H. Let Vj be a dense subspace of V. Assume that J(V)
is dense in H, and that for any u in V; there exists a constant ¢, € [0,00]
such that |(u,v)yv]| < ¢u||Jv|| g for all v in V.

(a) Show that J and J* both are injective.

(b) Show that J*~1J~! is a selfadjoint operator on H.

(c) Show that for u in Vp, y +— (J 1y, u)y is a continuous linear functional
on J(V).

(d) Show that J(Vp) is contained in the domain of J*~1J~1,

2. Consider the special case where H = Lo(R?), V = Lo 1(R?), Vy = L2 2(R?)
and J is the identity map of L 1(R?) into L2(R?). (Recall Definition 6.6.)
Show that J*(L2(R2)) = Lo 2(R2), and find J*~1J L.

3. Consider finally the case where H = Lo(R?), V = HY(R?), Vi = H?*(R?)
and J is the identity map of H!(R?) into Lo(R?).

Find J*~1J~1.

1 2

6.14. Let b denote the function b(z) = (27)"2e~ 2 , v € R,

Let A denote the differential operator A = 1 ddz + b on the interval I =
| —a,a[CR, a€]0,x].

a) Find the domain of the maximal realization A ax.

b) Find the domain of the minimal realization Aiy.

¢) Show that A has a selfadjoint realization.

d) Show that if A\ € R, f € D(Amax) and Apaxf = Af, then ff is a constant
function.

(
(
(
(

(e) Assume that a = oo, i.e., I = R. Show that Ap,.x has no eigenvalues.

6.15. Let n € N and an open nonempty subset €2 of R™ be given.

Let 2}-(§2) denote the set of distributions of finite order on €.

(a) Show that for 3 in NZ and A in 2,(2), 9°A is in 2.(Q).

(b) Show that for f in C*°(Q2) and A in Z5(Q2), fA is in Z5(Q).

(¢) Show that any temperate distribution on R™ is of finite order.

(d) Give an example of a distribution in 27 (R), which is not temperate.
(
t

e) Show that when ¢ belongs to C§°(R™) and A is a distribution on R,
hen ¢ * A is a distribution of order 0 on R™.
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2

6.16. Let b denote the function b(z) = e~ 2 , z € [0,2].
Let Ay denote the operator in H = Ly([0, 2]) with domain

D(Ao) = {f € C*([0,2)) | £(0)=2f'(0)—f'(2) = 0, f(2)+€*f'(0)+5f(2) = 0}

and action Agf = —bf” + xbf’ + f for f in D(Ay).
Let V denote the subspace of C* spanned by the vectors

2, 1
( - ) and < _05> .
0 1
(a) Show that

D(4y) = { f€C?((0.2)) |

(b) Show that Ay can be extended to a selfadjoint operator A in H.

6.17. (a) Show that the equations

Pf( 1 ) (p) = lim [/_ #() dx+/:o P 40 4 20(0) loge |

|| =0+ |Jooo 7] ||

1
for ¢ € C§°(R), define a distribution Pf(

]

) is a temperate distribution of order < 1.

) on R.

1

(b) Show that Pf(| |
x

1
(¢) Show that the restriction of Pf( . ) to R\ {0} is a distribution given by

a locally integrable function on R\ {0}.
1

(d) Find the distribution fo(| |
x

) on R. (Pf is short for pseudo-function.)

1
(e) Show that there is a constant C' such that the Fourier transform of Pf(, )
T

is the distribution given by the locally integrable function C' — 2log|¢| on R.
(Comment. Do not try to guess C, it is not easy. There is more information
in Exercise 5.12.)

6.18. In this exercise we consider the Laplace operator A = 97 + 95 on RZ.

(a) Show that H

2 (R?) is contained in C°(R?).
(b) Let u be a distribution on R2. Assume that there exists a continuous

function h on R? such that (u,Ap) =[5, hedx for all ¢ € C5°(R?). Show
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that there exists a continuous function k& on R? such that (u, @) = [5, ko dx
for all ¢ € C§°(R?).

6.19. Let I denote the interval |—m, [, and — as usual — let 2'(I) be

the space of distributions on I with the weak® topology.
(a) Show that for any given r €]0, 1], the sequence

N

(3 2 r"e™ven

n=—N

converges to a limit P. in 2'(I), and that Pi(¢) = (P1,¢) = ¢(0), ¢ €
cee (1),

(Hint for (a) and (b): Put ¢, () = 5. |7 e "p(0)do, ¢ € C§°(I); you can
utilize that Y07 |en(p)] < co when ¢ € C§°(1).)

(b) Show that r +— P, is a continuous map of ]0, 1] into 2'(I).

(¢) Show that when 7 converges to 1 from the left, then

! /ﬂ L= (6)d6
ELE 1—2rcosf+r2%

converges to ¢(0) for each ¢ in C5°(I).

6.20. Let A denote a distribution on R. For any given f in C(R) and z in
R we define 7(z) f in C'(R) by

(r(@)f)(y) = fly+z), yeR

Define

(Te)(x) = Ar(z)p) = (A, 7(2)p), z€R,peCg7(R).

(a) Show that T'¢ is a continuous function on R for each ¢ in C§°(R).

(b) The space C(R) of continuous functions on R is topologized by the in-
creasing sequence (py,)nen of seminorms defined by

pu(f) = sup |f(z)], neN, feCR).

|z]<n.

Show that 7" is a continuous linear map of C§°(R) into C'(R).

(¢) Show that T'(7(y)¢) = 7(y)(T'¢) for y in R and ¢ in C§°(R).

(d) Show that every continuous linear map S of C§°(R) into C'(R) with the
property that S(7(y)¢) = 7(y)(S¢) for all y in R and ¢ in C§°(R), is given
by (S¢)(x) = (M, 7(z)p), ¢ € CF(R), z € R, for some distribution M on
R.
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6.21. Let n be a natural number.

The space CF (R") of functions f in C*°(R") with 0% f in Ly(R") for each
multiindex o € Ny is topologized by the increasing sequence (|| - ||x)ken, of
norms defined by

1£115 = /Rn [f@)dz and [If[Z= D" I10°fIF, k€N, feCR(R").

|| <k

(a) Show that any distribution A in one of the Sobolev spaces H(R"), t € R,
by restriction defines a continuous linear functional on CZ3 (R™).

(b) Let M be a continuous linear functional on CF;(R™). Show that there
exists one and only one distribution A in (J,cp H*(R™) such that A(p) =
M (p) when ¢ € CF2 (R™).

(c) Let M be a linear functional on CF (R™). Show that M is continuous if
and only if there exists a finite family (f;, «;)ier of pairs, with f; € Lo(R™)
and a; € Ny , i € I, such that M(¢) = >, [on fi0% @ dx for ¢ in C73(R™).

6.22. Let a be a real number. Let A denote the differential operator on R?
given by
A =2D!+a(DiDy + Dy D3) +2Dj.
(a) Show that for an appropriate choice of a, the operator is not elliptic.
In the rest of the problem a = 1.
(b) Show that A is elliptic.

(c) Show that the equation u + Au = f has a unique solution in S’(R?) for
each f in Ly(IR?), and that the solution is a function in C?(R?).

(d) What is the domain of definition of the maximal realization A,ax of A
in L2 (R2) ?

6.23. Let — as usual — x denote a function in C§°(R) taking values in
[0,1] and satisfying

x(x)=0forz¢]—2,2[, x(z)=1forxe[-1,1].

Define
x(nz — 3), T < i,
kn(x) = 1, 3<x<6,
x(x —6), 5 <,
forn=1,2,3,...

(a) Explain why &, is a well-defined function in C§°(R) for each n in N. Show
that the sequence of functions (e "ky)nen converges to 0 in C5°(R).

(b) Show that there exists no distribution u on R with the property that
the restriction of u to ]0,00[ equals the distribution given by the locally
integrable function z — e+ on ]0, oc].
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6.24. Letn € N be given. For an arbitrary function ¢ on R™, define ¢ = S¢
by ¢(x) = p(—z), x € R™. For u in 2'(R"), define @ by (a,p) = (u,p),
¢ € Cg°(R™). For p € C§°(R™) and u € Z'(R™) set u * ¢ = ¢ * u. Similarly,
set uxp = pxufor p € (R™) and u in ./ (R™). For f in L1 1oc(R™), denote
the corresponding distribution on R™ by Ay or f.

(a) Show that (9%Ay)" = (—0)*A for f continuous on R"” and o € Njj. Show
that for u in &’ (R™), @ is in &’ (R™) with support supp (@) = —supp (u).

(b) Explain the fact that when f is continuous with compact support in R
and « in Njj, and ¢ in C§°(R™), then the distribution ¢+ 0*A¢ is given by the
function (0%p) * f in C5°(R™). Show that for u in &'(R™) and ¢ in C§°(R™),
 *u is given by a function (that we shall also denote ¢ * u = u x ¢); show
that ¢ — ¢ * u defines a continuous mapping of C§°(R™) into C§°(R™).

(c) Show that for ¢ € C5°(R™) and v € Z'(R"),

<((¢0 * ’U), ¢> = <U7 ¢ * (Aw)v>
when ¢ € C§°(R™). Show that for u € &'(R™) and ¢ € . (R"),

(pru, ) = (Ap, ¢ x @)

for ¢ € Cg°(R™).

(d) Show that for u € &'(R™) and v € 2'(R"), the expression (u * v, ) =
(v, % ), ¢ € C§°(R™), defines a distribution u*v in 2’ (R™), the convolution
of u and v; moreover, v — u * v defines a continuous linear map of 2'(R™)
into 2'(R™).

(e) Show that for u € &' (R"), v € Z'(R"™) and « € Ng,

0% (u*v) = (0%) x v =ux* (0%0).

(f) Assume in this question that n = 1. Find, for j € Ny, the convolution
of the j-th derivative of the distribution ¢ : ¢ — ¢(0), ¢ € C§°(R), and the
distribution corresponding to the Heaviside function H = 19 -

(g) Show that for v and v in &' (R™), u x v is in &' (R™) with supp (u *v) C
supp (u)+supp (v). Moreover, the Fourier transformation carries convolution

into a product:
F(uxv) =F(u)Fv).

(One can use here that for u in & (R™), Fu is given by a function (also
denoted Fu) in C*(R").)
(h) Show that for v and v in &' (R™) and w in 2'(R"),

(uxv)xw=ux(v*w),

and 0 * w = w.
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(i) Let P(D) denote a partial differential operator with constant coefficients
on R™. Assume that the distribution v on R™ is a fundamental solution, i.e.,
P(D)v = 6. Show that if f is a distribution on R”, and f — or v — has
compact support, then the distribution f *v — or v* f — is a solution u of
the equation P(D)u = f.

6.25. Let Q denote {(z,y) € R? | 22 +y? < 1}. Consider the differential
operator A on §2 given by

Ap = —(1+ cos® x)g)l , — (1 +sin® z + i cos” y)¢)) ,
+ (2coszsinx)g), 4 (i2 cosysiny)e, + ¢,

when ¢ € C§°(Q).
(a) Show that H?((2) is contained in the domain of the maximal realization

Amax of A on Ly(f2), and that HZ(Q) is contained in the domain of the
minimal realization Ay, of A on La(92).

(b) Show that the sesquilinear form

{o, v} = (Ap, ), ¢, € CF° (),

has one and only one extension to a bounded sesquilinear form on Hg (),
and that this form is Hg (2)-coercive.

(c) Show that H?(Q)NHE(£) is contained in the domain of the corresponding
variational operator A.

(d) Show that for (a,b) in R? satisfying |b| > 3a, A—a—ib is a bijective map
of the domain of A onto Ly(€2), with a bounded inverse.

6.26. Let Q =]0,1[x ]0,1[C R?, and consider the sesquilinear form
a(u,v) = / (01u010 + Douda¥ + ud10) day dxs.
Q

Let H = L2(Q), Vo = H3(Q) and V; = HY(Q), and let, respectively, ag and
ay denote a defined on Vj resp. V4. One considers the triples (H, Vp, ag) and
(H, ‘/1 N al).

(a) Show that ag is Vp-elliptic and that a; is Vi-coercive, and explain why
the Lax-Milgram construction can be applied to the triples (H,Vp, ag) and
(H,Vi1,a1). The hereby defined operators will be denoted Ay and A;.

(Hint. One can show that (u, 0ju) g is purely imaginary, when v € C5°(Q).)

(b) Show that Ay acts like —A — 9y in the distribution sense, and that func-
tions u € D(Ag) N C(Q) satisfy ulag = 0.

(Hint. Let up, — u in H(Q), ur € C§°(Q). For a boundary point = which is
not a corner, one can by a suitable choice of truncation function reduce the
ug’s and u to have support in a small neighborhood B(x,d) N @Q and show
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that u is 0 as an Lo-function on the interval B(x,/2) N 0Q, by inequalities
as in Theorem 4.24.)

(c) Show that A; acts like —A — 0; in the distribution sense, and that func-
tions u € D(A1) N C?*(Q) satisfy certain first-order boundary conditions on
the edges of @; find them. (Note that the Gauss and Green’s formulas hold
on (), with a piecewise continuous definition of the normal vector at the
boundary.)

(d) Show that Ao has its numerical range (and hence its spectrum) contained
in the set
{AeC|ReA>2, |ImA <VRell

(Hint. Note that for v € Vy with ||ul]|g = 1, |Imao(u, u)| < ||Diu|| g, while
Reao(u,u) > || Dyull3.)

(e) Investigate the numerical range (and spectrum) of A;. (One should at
least find a convex set as in Corollary 12.21. One may possibly improve this
to the set

{AeC|ReA> -1, |[ImA <V2ReA+1})

6.27. Let £ denote the differential operator defined by
Lu = =0y (x0u) + (x 4+ Du = (1 + 9p)[x(1 — Ix)ul,

for u € S'(R).

(a) Find the operator £ that £ carries over to by Fourier transformation, in
other words, £ = FL.F L.

(b) Show that the functions

(11"

gk(f) = (1 +7;§)k+1, ke Za

satisfy
Lgr = 2(l€ + l)gk

(hence are eigenfunctions for £ with eigenvalues 2(k-+1)), and that the system
{ \}W 9k Jkez is orthonormal in Lo (R).

(¢) Show that H(z)e™* by convolution with itself m times gives

H(z)e ™ - x H(x)e™™ = fn' H(x)e™™® (m+ 1 factors).

(d) Show that £ has a system of eigenfunctions
fe(x) = y_lgk =pr(x)H(z)e ™, k€ No,

belonging to eigenvalues 2(k + 1), where each py, is a polynomial of degree k.
Calculate py for K =0,1, 2.
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1

(Hint. One can for example calculate .7~ and use point (c).)

1
1+ig
(e) Show that further eigenfunctions for £ (with eigenalues 2(—m + 1)) are
obtained by taking

fom(@) = fm-1(=2), meN,
and show that the whole system {v/2 fx}rez is an orthonormal system in
Ls(R).
(f) Show that when ¢ € . (R), then

Y Uk @)ral < CllLll s,

keNg

for a suitable constant C.
(Hint. A useful inequality can be obtained by applying the Bessel inequality
to Lo and observe that (fi, L) = (Lfk,¥).)

(g) Show that A =37, -\ fi defines a distribution in #’(R) by the formula

N

(A, ) = Jim > (fi, ).

k=0

and that this distribution is supported in [0, oo].

(Comment: The system {v2fr | & € Ng} on R, is a variant of what is
usually called the Laguerre orthonormal system; it is complete in Lo(R4). It
is used for example in the calculus of pseudodifferential boundary operators,
see Section 10.2.)

6.28. Fora e Ry, let

a 1
falz) = 22 4 a2 for x € R.

Show that f, — & in H~*(R) for a — 0+.
6.29. Consider the partial differential operator in two variables
A =D} +D;+bDiD3,

where b ia a complex constant.

(a) Show that A is elliptic if and only if b € C\ ] —00, —2]. (One can investigate
the cases b € R and b € C\ R separately.)

(b) Show (by reference to the relevant theorems) that the maximal realization
and the minimal realization of 4 on R? coincide, and that they in the elliptic
cases have domain H*(R?).



158 6 Applications to differential operators. The Sobolev theorem

(¢) Show that A,ax can be defined by the Lax-Milgram construction from a
sesquilinear form a(u,v) on a suitable subspace V of H = Ly(R?) (indicate
a and V).

Describe polygonal sets containing the numerical range and the spectrum
of Apax, on one hand when b €] — 2, 00|, on the other hand when b = o+ i3
with a, 8 € R, 8 # 0.

6.30. In the following, ¢(z) denotes a given function in Lo (R) with com-
pact support.

(a) Show that ¢ € H™(R) for all m € N, and that ¢ € C*(R).
(b) Show that when 1 € Li(R), then ), , (£ + 2nl) defines a function in

Ll(T), and
27
[w©ds= [ S v+ 2mae

IE€Z

(We recall that L,(T) (1 < p < oo) denotes the space of (equivalence classes
of) functions in Ly, 1oc(R) with period 27; it is a Banach space when provided

with the norm (L1 [ [¢(¢)[P dg)'/?.)

Show that the series ., |¢(€ + 27l)|* converges uniformly toward a con-
tinuous function g(¢) with period 2.

(Hint. Using an inequality from Chapter 4 one can show that

sup 12 < ellamt2nr1) @l Fn (2nt2r 1))
ce2ml,2m(141)]

(¢) Show the identities, for n € Z,
[ ota—nptayde = & [ lpe)e e ae
R R
21
_ 2;/ S 16 (¢ + 2md)[2em¢ de.
0

leR

(d) Show that the following statements (i) and (ii) are equivalent:

(i) The system of functions { ¢(z —n) | n € Z} is an orthonormal system
in L2 (R)
(ii) The function g(&) defined in (b) is constant = 1.

(Hint. Consider the Fourier series of g.)

(Comment. The results of this exercise are used in the theory of wavelets.)

6.31. For each j € N, define the distribution u; by
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Show that u; € 2’(]0,1[), and that u; — 1 in 2’(]0,1[) for j — oc.

6.32. Considering R? with coordinates (x,y), denote (22 +y?)"/? = r. Let
v1(z,y) = logr and ve(x,y) = O, logr for (z,y) # (0,0), setting them equal
to 0 for (z,y) = (0,0); show that both functions belong to L1 joc(R?).
Identifying logr with v; as an element of 2'(R?), show that the derivative
in the distribution sense 0, logr can be identified with the function v, and
that both distributions have order 0.

6.33. Let f € Ly(R™) with [, f(z)dx = 1. For each j € N, define f; by
fil@) = 5" f(jz).
Show that f; — ¢ in &/ (R").
6.34. Consider the differential operator A in H = Lo(R3.) defined by
A= -0} — 05— 03 + 0205 + 1,
and the sesquilinear form a(u,v) on V = H'(R%) defined by
a(u,v) = (O1u, 01v) + (Dou, O2v) + (O3u, A3v) — (Oau, D3v) + (u,v),

where R3 = {(z1, 22, 23) | 23 > 0}.
(a) Show that A is elliptic of order 2, and that a is V-elliptic.

(b) Let Ay be the variational operator defined from the triple (H,V, a). Show
that A; is a realization of A.

(¢) What is the boundary condition satisfied by the functions u € D(A41) N
g5 (R2)?

6.35. With B denoting the unit ball in R", consider the two functions
ule, UZan\B.

For each of the distributions u, dyu, v and 0yv, find out whether it belongs to
a Sobolev space H*(R™), and indicate such a space in the affirmative cases.

6.36. Let f be the function on R defined by

flz) = {1 for |x| > 7/2,

14+cosz for |z| < /2.

(a) Find f, f”, f and f. (Recall that cosz = S(e™ 4 e7im))
(b) For each of these distributions, determine whether it is an Lj joc(R)-
function, and in case not, find what the order of the distribution is.
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6.37. Let Q be the unit disk B(0,1) in R? with points denoted (z,y), let
H = Ly(Q2) and let V = H}(Q2). Consider the sesquilinear form a(u,v) with
domain V', defined by

a(u,v) = / (2 4+ 2)0pu0yv + (2 + y)Oyu Oyv) dzdy.
Q

(a) Show that a is bounded on V' and V-coercive. Is it V-elliptic?

(b) Show that the variational operator Ay defined from the triple (H,V,a) is
selfadjoint in H.

(¢) Show that Ay is a realization of a partial differential operator; which one
is it?
(d) The functions u € D(Ap) have boundary value zero; indicate why.

6.38. For each nonnegative integer m, define the space K™ (R) of distribu-
tions on R by

K™R) = {u € Ly(R) | 27 D*u(z) € Ly(R) for j + k < m};

here j and k denote nonnegative integers.
(a) Provided with the norm

lullcn = (D2 lla? Dru(@) |2, @))
J+k<m
K™(R) is a Hilbert space; indicate why.
(b) Show that .Z#(K™(R)) = K™(R).
(c) Show that (,,~c K™(R) = Z(R).
(Hint. One can for example make use of Theorem 4.18.)
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Pseudodifferential operators



Chapter 7
Pseudodifferential operators on open sets

7.1 Symbols and operators, mapping properties

The Fourier transform is an important tool in the theory of PDE because of
its very convenient property of replacing differentiation by multiplication by
a polynomial:

F (D) = &%,
and the fact that (27)~"/2.% defines a unitary operator in Ly(R™) with a sim-
ilar inverse (27r)~"/2.%. We have exploited this for example in the definition
of Sobolev spaces of all orders

H*(R") = {ue s (R") | ()*d € Ly(R") },

used in Chapter 6 to discuss the regularity of the distribution solutions of
elliptic equations. For constant-coefficient elliptic operators the Fourier trans-
form is easy to use, for example in the simple case of the operator I — A that
has the solution operator

]‘ _ —1 1 ar
Op(1+|g|2) =7 e

When we more generally define the operator Op(p(§)) with symbol p(£) by
the formula
Op(p(&))u = F 1 (p(€) Fu),

we have a straightforward composition rule

Op(p(§)) Op(a(§)) = Op(p(§)a(§)), (7.1)

where composition of operators is turned into multiplication of symbols.
However, these simple mechanisms hold only for z-independent ( “constant-

coefficient”) operators. As soon as one has to deal with differential operators

with variable coefficients, the situation becomes much more complicated.

163
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Pseudodifferential operators (¥do’s) were introduced as a tool to han-
dle this, and to give a common framework for partial differential operators
and their solution integral operators. A symbol p is now taken to depend
(smoothly) on z also, and we define P = Op(p(x,€)) = p(x, D) by

Oplplar ) = [ e pla e
=/ /n !V Ep(a, E)uly) dydé.

We here (and in the following) use the notation

d¢ = (2m)7"d¢, (7.3)

which was first introduced in the Russian literature on the subject. In the
second line, the expression for the Fourier transform of u has been inserted.
This formula will later be generalized, allowing p to depend on y also, see
(7.16). Note that (Pu)(x) = {ﬁgjm[p(z,f)(ﬁu)(f)]}z:z

With this notation, a differential operator A =3}~ , - ; aa(x)D* with C*°
coefficients a,(z) on R™ can be written as

A=Y aa(@)D* = Y an(2).F '¢"F = Op(a(x,9)),

laf<d || <d
where a(z, &) = Z aq(x)€”, the symbol of A.
laf<d

For operators as in (7.2) we do not have a simple product rule like (7.1).
But it is important here that for “reasonable choices” of symbols, one can
show something that is approximately as good:

Op(p(z,£)) Op(g(z,€)) = Op(p(=,§)q(z,§)) + R, (7.4)

where R is an operator that is “of lower order” than Op(pq).

We shall now describe a couple of the reasonable choices, namely, the
space S? of so-called classical (or polyhomogeneous) symbols of order d (as
systematically presented by Kohn and Nirenberg in [KN65]), and along with
it the space S{, (of Hérmander [H67]). We shall go rapidly through the main
points in the classical theory without explaining everything in depth; detailed
introductions are found e.g. in Seeley [S69], Hormander [H71], [H85], Taylor
[T81], Treves [T80].

In the next two definitions, n and n’ are positive integers, X is an open
subset of R” whose points are denoted X, and d € R. As usual, € =

(L+1¢%)2.

Definition 7.1. The space Sii)o(Z, R™) of symbols of degree d and type 1,0
is defined as the set of functions p(X,¢&) € C°°(X x R™) such that for all
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indices v € Njj and 3 € N’OL, and any compact set K C X, there is a constant
Ca,8,K Such that

D5 DEP(X, )| < cap i (€)P100 (7.5)

When p € 57§ (2, R") and there exists a sequence of symbols p,,, j € Ny,
with pp,, € S?TS(E,R”), m; N\, —00, such that p—3=. _/ pm; € S7g" (X, R™)
for all M, we say that p has the asymptotic expansion »_ jENg Pmys 1D short,
P~ pm, in STG (X, R).

Actually, [H67] also introduces some more general symbol spaces SZ{ 5

where 0 < § <1, 0 < p < 1, and the estimates (7.5) are replaced by estimates
DS DEP(X,E)] < cayprc (€)T A1,

Many of the results we discuss in the following are also valid for these spaces,
when 0 < 1—p <0 < p < 1. We shall not pursue the study of symbol spaces
of type o, ¢ here.

A prominent example of a function in S¢ (2, R") is a function pg(X, €) €
C> (X x R™), which is positively homogeneous of degree d in & for €| > 1,
i.e., satisfies

Pa(X, ) = tpa(X,€) for [¢] > 1, ¢ > 1. (7.6)

For such a function we have:

pa(X, )| = €] pa(X, £/|€])] < e(X)(€)7 for [¢] > 1,

and its a-th derivative in £ is homogeneous of degree d—|«|, hence bounded by
c(X)(€)? 1l for |¢| > 1. (For the latter homogeneity, note that d¢, pa(X, &)
= Og, (t~"pa(X, t€)) =t~ (¢, pa) (X, t€).)

Definition 7.2. The space S%(X,R") of polyhomogeneous symbols of
degree d is defined as the set of symbols p(X,¢) € Sf (X, R") for which
there exists a sequence of functions p;—;(X,€) € C*(X x R™) for | € Ny,
satisfying (i) and (ii):

(i) Each pg—; is positively homogeneous of degree d — [ in £ for [£| > 1,

(ii) p has the asymptotic expansion

X6 ~ 3 paci(X,€) in S8o(5, R, (7.7)
1eNp

in other words, for any compact set K C X', any multiindices o € Njj, 3 € N’OL,
and any M € Ny, there is a constant co g,k such that for all (X,¢) €
K x R™,

IDZDEP(X,€) = > paci(X,)] < caparr(€)tI=. (7.8)
0<I<M
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These symbols are also often called classical in the literature. Some au-
thors call them one-step polyhomogeneous to underline that the degree of
homogeneity fall in steps of length 1 (noninteger or varying steps could be
needed in other contexts).

The leading term py(X, &) is called the principal symbol, also denoted
p°(X, €); the term pg_ (X, &) is called the symbol (or term) of degree d — ;
and the series Z[’iM pa—1(X, ) is called the symbol of degree < d — M (of
p). (For vdo’s we use the word degree interchangeably with order, where the
latter reflects their continuity properties, see Theorem 7.5 below.) From a
given symbol p(X,¢) € S%(X,R™) one can determine the terms of degree
d — [ successively by the formulas

pa-i(X,€) = lim (¢ (X, ) =Y pa—j(X,t)]), for [ > 1. (7.9)
i<l

In view of the estimates (7.8), this convergence is uniform, locally in X and
in €.

Observe that the series ZleNo P4—; is by no means assumed to be conver-
gent; it is an asymptotic series, and its connection with p is described in a
precise way in (7.8). It is important to know that there holds the following
“reconstruction lemma” for general S¢ (X, R™) symbols:

Lemma 7.3. For any sequence of symbols py,; (X, &) in S’Té (X, R™), m; N\
—00, there exists a function p(X,§) such that p ~ 3, pm; in 6 (X, R™).

For the proof, one takes

&)= pm, (X, 01— x(c59)), (7.10)

J€Ng

where x is our usual cut-off function, and €; goes to zero sufficiently rapidly
for j — oo. Details are given in [S69] and [H71], [H85], see e.g. [H85, Prop.
18.1.3]. There is also a proof in [S91, Lemma 2.2]. The construction is a gen-
eralization of an old construction by Borel of a C'*°-function with arbitrarily
given Taylor coefficients at a point.

A simple but important example of a symbol in S¢(R",R") with d = 1 is
the function (¢) = (1 + |¢[2)2, which for [¢] > 1 is the sum of a convergent
series

(€)= lel+ 317> — glel ™+ + (jl-)|§|_2j ) (7.11)
where () = s(s—1)---(s—j+1)/5!. Then (€) has the asymptotic expansion

(&) ~ nE)lel + In(@IEI™ = In(©Iel™ + -+ )@~ + -+, (7.12)

where 7(£) =1 — x(2£) was inserted to make the terms smooth near 0.
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The space S{ (X, R") is a Fréchet space with the seminorms defined as
the least constants entering in (7.5) for each choice of «, 8 and K (the K
can be replaced by an exhausting sequence K; — X defined as in Lemma
2.2). Similarly, the space S?(X,R") is a Fréchet space with the seminorms
defined as the least constants entering in (7.8) for each choice of «, 3, M and
K. Clearly,

S?,O(EaRn) C S?:Q(E,R”) when d’ > d,
Sd(zaRn) - Sd,(E;Rn) when d’' — d € Np.

We can define
SH(ERY = 8fo(Z, R, S*(Z,R") = ] s4Z,RY),
deR deR
ST (ZRY) = () So(Z,R") =[] SUZ,R™) = S™(Z,R").
deR deR

(7.13)

The symbols can be (N’ x N)-matrix formed; then the symbol space will be
indicated by S4(X, R™")® L(CN,CN") or just S%(%, R™). The norm in (7.5) or
(7.8) then stands for a matrix norm (some convenient norm on £(CV,CN"),
chosen once and for all).

In Definition 7.2, condition (ii) can be replaced by the following equivalent
condition (ii’):
(ii’) For any indices o € Ny, 3 € N&' and M € Ny, there is a continuous
function ¢(X) on X (depending on «, 8 and M but not on ) so that

IDXDE[P(X,€) = Y pa-t(X, )| < e(X) ()17, (7.14)
<M

a formulation we shall often use. Similarly, we can reformulate the estimates
(7.5) in the form
DX DEP(X,€)] < e(X) (€)1, (7.15)

In the case where X = R"I, one can instead work with more restrictive
symbol classes where the estimates in (7.5), (7.8) or (7.14) (local in X) are
replaced by global estimates on R™ (with constants independent of K or X);
this is done in [H85, Sect. 18.1], in [S91] and in [G96]. The basic calculations
such as proofs of composition rules are somewhat harder in that case than
in the case we consider here, but the global calculus has the advantage that
the rules can be made exact, without remainder terms. One can get the local
calculus from the global calculus by use of cut-off functions.

Besides the need to construct a symbol with a given asymptotic series, we
shall also sometimes need to rearrange an asymptotic series. For example, let
P~ ZleNo Pd—1 in S’fo, where pg_; € S’fal, and assume that each py;_; has
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. . . qd—l - d—l—k
an asymptotic expansion pg_; ~ ZkeNo Pd—1,k 0 ST with pg—i k€ ST -
Then we also have that

P~ Z qda—1, where qq—; = Z Dd—j k-

leNg k=l

In fact, g4 = Zj+k:l Dd—j k is a finite sum of terms in Sf)gl for each [, and
P—> jcar Qd—tisthesumof p—3~, ) pa—1 € Sf)BM and finitely many “tails”
Dd—j — Zk<M_j Dd—jk € Sf)BM. This is useful e.g. if p is given as a series
of polyhomogeneous symbols of decreasing orders, and we want to rearrange
the terms, collecting those that have the same degree of homogeneity.

We now specialize Y somewhat. When n = n/, i.e., X is an open sub-
set of R™ (with points z) and p(z,§) € SﬁO(E,R”), then p(z,§) defines a
pseudodifferential operator P = Op(p(z,€)) = p(z, D) by the formula (7.2),
considered e.g. for v € C§°(X) or u € Z(R").

Another interesting case is when X' = Qq x Q, 7 and Q3 open C R™ (so
n' = 2n), the points in X denoted (x,y). Here a symbol p(z,y, &) defines an
operator P, also denoted Op(p(x, Y, 5)), by the formula

(Pu)(z) = / SV Ep(r, y, E)uly) dyde, (7.16)

for u € C§°(Q22). This generalizes the second line in (7.2). (The functions
p(z,y, &) are in some texts called amplitude functions, see Remark 7.4 below.)
The integration over ¢ is defined in the sense of oscillatory integrals (cf.
[H71], [H85], [S91]). A brief explanation goes as follows: When d < —n, the
integrand in (7.16) is in L since it is O((€)?), so the integral has the usual
meaning. Otherwise, insert a convergence factor x(e€), and let € — 0 (note
that then y(ex) — 1 pointwise). The limit exists and can be found as follows:

Inserting
e~ = (14 [¢[2) 7N (1 — A, )Vem i€ (7.17)

(with N so large that d — 2N < —n) and integrating by parts with respect
to y, we see that when u € C5°(£s),

(Pu)(e) =ty [ X(eO)e ™ (o, . €)uly) dyd
= iii%/X(s{XQ‘QN[(l — AN e T p(a,y, Ouly) dyde
(7.18)
= limy [ (e (1= A,)V oo,y €July) dud

— /e“w*y)f(s)*m(l — AN p(x,y, uly)] dydt,
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where the limit exists since the integrand in the third line equals x(e£) times
an Lq-function, and x(e€) — 1 boundedly (equals 1 for |£| < 1/¢). The last
expression defines a continuous function of z; it is independent of N since N
was arbitrarily chosen (> } (d+n)). Thus we can use the last expression as the
definition of Pu (for any large N). For 2N > n+d+m, it allows differentiation
with respect to x of order up to m, carried through the integral sign; since
m can be taken arbitrarily large, we can conclude that Pu € C*°(€;) (when
u € C§°(€Q2)). One can also verify that P is continuous from C§°(£22) to
C*> () on the basis of these formulas.

Remark 7.4. Symbols of the form p(z,y, ) are sometimes called amplitude
functions, to distinguish them from the sharper notion of symbols p(z,¢),
since they are far from uniquely determined by the operator (as shown below
around (7.28)). We shall stay with the more vague terminology where every-
thing is called a symbol, but distinguish by speaking of symbols “in z-form”
(symbols p(z,£)), “in y-form” (symbols p(y,§)), “in (z,y)-form” (symbols
p(z,y,&)). Moreover, we can speak of for example symbols “in (', y,, )-form”
(symbols p(2/, yn, £)), ete.

In the following we shall use (without further argumentation) that the oc-
curring integrals all have a sense as oscillatory integrals. Oscillatory integrals
have many of the properties of usual integrals, allowing change of variables,
change of order of integration (Fubini theorems), etc.

When Q; and Q5 C R™, the notation S¢(Q;,R") and S(Q; x Q, R") is
often abbreviated to S%(;) resp. S4(Q; x Qs), and the space of operators
defined from these symbols is denoted Op S%(Q1) resp. Op S%(; x Q) (with
similar notation for S ).

The pseudodifferential operators have the continuity property with respect
to Sobolev spaces:

P:HS  (Q)— HS %Q) continuously, when

comp loc

: ) (7.19)
P = Op(p(xayag)) , D€ SI,O(Ql X Q?aR )

This follows from the next theorem, when we use that for ¢ and ¢ in C§°(€)
resp. C§°(€a),
pP(pu) = Op(p(2)p(x,y, )¢ (y))u.

Theorem 7.5. Let p(z,y,£) € S{o(R™ x R™,R™), vanishing for |x| > a and
for ly| > a, for some a > 0. For each s € R there is a constant C, depending
only onn,d,a and s; such that the norm of P = Op(p(x, Y, 5)) as an operator
from H*(R™) to H*=4(R") satisfies
[Plls,s—a = sup{ [[Pulls—a | v € L (R"), [lufls =1} (7.20)
< Csup{ |<§>*dDg)yp| | z,y,£ € R, |B] < 2(max{|d — s|,|s|} + n+2) }.

Proof. Let u,v € (R"). By Fourier transformation, we find
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|(Pu,v)| = | - (2, y, u(y)v(x) dydédz|

=y/ e D= €My €)i(n)o(0) dedndbdady|  (7.21)
R5n
< / (6 €.6—1,€)a(n)o(8)| dcdnds,

R3n

where p(é\, 0,8) = Fo0Fy—np(z,y,€). Now for any N € Ny,

(€)~0YN ()N p(8,7, )|
<@ =AY A =AYV p(@, Y, Ol Ls .0, (BO.0)x BO,0)
< Consup{ [(€)7*DS p| | z,y,£ €R",[B| <4N }
=M,

so the symbol p satisfies
Ip(0, 7, &)] < M{E)1(0) =N () 7. (7.22)
By the Peetre inequality (6.12), we have that
() =€) (O < CLaln)* (€ = mPH O (€ — o)L,

Then we find from (7.21), by applying the Schwarz inequality (and absorbing
universal constants in ¢ and ¢):

|(Pu,v)| < M/<€>d<€ — )72 (e — 0)"*N|a(n)o(9)| dgdnay

<M / (€ = mI=2N (g — o)l 4=e1=2N ()2 (6) 42 () () | d&lnd (7.23)
< M€ —n)2ls=N(g — g)2 'd_sl_N<77>S?l(77)||L§m,9'
N = )3l N (e — gy \,HFN<9>d7s6(9)”%w.

Using a change of variables, we calculate e.g.

1€ — my2l=1=N (g — gy 21a=1=N (ys () |2,

&,m,0
= [10) 2 (o) 12 ) ) dedody
=" [P lat dy = ¢ ful,

when 2N > max{|s|, |d — s|} +n + 1. It follows that

|(Pu,v)| < CM[ulls[[v]la—s,
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with C depending only on a, N, s, d,n. Then
[Pls,s—a = sup{ [(Pu,v)| | [[ulls =1, lv[la—s =1}

satisfies (7.20). O
Approximating the elements in HZ  (Q2) by C§°(€2)-functions, we ex-

comp
s

tend P by continuity to a mapping from Hg,,,.(€2) to HE-4() (it is con-

loc

tinuous, since it is clearly continuous from Hj  to HE Q) for each K;
compact C €s). Since s can be arbitrary in R, an application of the Sobolev
theorem confirms that P maps C§°(€22) continuously into C*°(€2;). Note also
that since each element of &”(€2) lies in Hj for some ¢, some K; compact
C Qs (cf. Theorem 6.19), P maps &”'(£22) into 2'(Q1) (continuously).

One advantage of including symbols in (z,y)-form (by (7.16)) is that the
formal adjoint P* of P is easy to describe; where P* stands for the operator
from C§°(21) to 2'(€22) for which

(P*u,v)q, = (u, Pv)q, for u e C5°(Q),v € C§°(Q2). (7.24)

We here find that when P = Op(p(z,y,£)), possibly matrix-formed, then
P> is simply Op(pl(x,y,f)), where p1(z,y,€) is defined as the conjugate
transpose of p(y, z,):

pi(z,y, &) = "ply,z,€) = ply, ,)*; (7.25)

this is seen by writing out the integrals (7.24) and interchanging integrations
(all is justified in the sense of oscillatory integrals). In particular, if P =
Op(p(a:,f)), then P* = Op(p(y,f)*). (The transposition is only relevant
when p is matrix-formed.) Note that P* in fact maps C§°(£21) into C*°(22),
since it is a do.

We can relate this to the extension of P to distributions: The operator

P>< . 080(91) — COO(QQ)
has an adjoint (not just a formal adjoint)
(P*)*: &'(Q2) — D'(O),

that coincides with P on the set C§°(€22). Since C§°(§22) is dense in &”(€3)
(a distribution u € &”(£22) is the limit of h; * u lying in C§°(2) for j suf-
ficiently large, cf. Lemma 3.17), there can be at most one extension of P to
a continuous operator from &’(22) to 2’'(Q1). Thus (P*)* acts in the same
way as P : &'(Q2) — 2'(Q1). It is also consistent with the extensions of P to
maps between Sobolev spaces. We use the notation P for all the extensions,
since they are consistent with each other.

It is customary in the pseudodifferential theory to use the notation P* for
any true or formal adjoint of any of the versions of P. We shall follow this
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custom, as long as it does not conflict with the strict rules for adjoints of
Hilbert space operators recalled in Chapter 12. (The notation P’ can then be
used more liberally for other purposes.)

7.2 Negligible operators

Another advantage of including symbols in (z, y)-form, working with the for-

mulation (7.16) and not just (7.2), is that in this way, the so-called negligible

pseudodifferential operators are included in the theory in a natural way:
When p(z,y,§) € S; 5 (21 x Q2,R"), then

Op(p)u(x) = ; Kp(z,y)u(y) dy, with kernel
: (7.26)
Kp(ﬂj, y) = / el(i—y)'fp(m, Y, g) dE = ‘g\gjzp(xa Y, §)|Z:I—ya

via an interpretation in terms of oscillatory integrals. Since this p is in .7 (R™)
as a function of &, ﬁéjzp is in .(R™) as a function of z. Taking the smooth
dependence of p on = and y into account, one finds that K, (z,y) € C(2; x
). So in fact Op(p) is an integral operator with C* kernel; we call such
operators negligible. Conversely, if R is an integral operator from s to €
with kernel K(z,y) € C*(Q; x Qg), then there is a symbol r(x,y,&) €
8107 (1 x Q2,R™) such that R = Op(r(x,y,{)), namely,

r(@,y,€) = ce' VK (2, y)x(6), (7.27)

where the constant ¢ equals (f x(&)d’{) - (Integral operators with C'*° ker-
nels are in some other texts called smoothing operators, or regularizing op-
erators.)

The reason that we need to include the negligible operators in the calculus
is that there is a certain vagueness in the definition. For example, for the
polyhomogeneous symbols there is primarily a freedom of choice in how each
term pg—i(x,€) (or pa—i(z,y,&)) is extended as a C'*°-function into the set
|€] < 1 where it is not assumed to be homogeneous; and second, p is only
associated with the series ZleNo pd—i in an asymptotic sense (cf. Definition
7.2), which also leaves a free choice of the value of p, as long as the estimates
are respected. These choices are free precisely modulo symbols of order —oo.
Moreover, we shall find that when the composition of two operators P/ =
Op(p/(x,€)) and P" = Op(p”(x,£)) with symbols in ST (2, R™) is defined,
the resulting operator P = P'P” need not be of the exact form Op(p(z,¢)),
but does have the form

P = Op(p(z,£)) + R,
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for some negligible operator R (in Op S™>°(Q x )), see below. (As mentioned
earlier, one can get a more exact calculus on R™ by working with the more
restrictive class of globally estimated symbols introduced in [H85, 18.1], see
also e.g. Saint Raymond [S91].)

When p and p" are symbols in S7%(X,R") with p —p’ € S™(Z,R"),
we say that p ~ p/. When P and P’ are linear operators from C§°(€2) to
C° () with P — P" a negligible ¥do, we say that P ~ P’.

From now on, we restrict the attention to cases where Q1 = Qg = €.

We shall now discuss the question of whether a symbol is determined from
a given tdo. There are the following facts: On one hand, the (z, y)-dependent
symbols p(x,y, ) are very far from uniquely determined from Op(p(z,y,&));
for example, the symbol (where a(x) € C§°(2) \ {0})

p(x,y,€) = §aly) — a(2)§; — Dyja(z) (7.28)

is an element of S*(Q x Q) \ S°(Q x Q), for which Op(p) is the zero operator.
On the other hand, it can be shown that an z-dependent symbol p(x,&) is
uniquely determined from P = Op(p) modulo S™°°(£2), in a sense that we
shall explain below. First we need to introduce a restricted class of operators:

Definition 7.6. A do P will be said to be properly supported in £ when
both P and P* have the property: For each compact K C () there is a
compact K’ C Q such that distributions supported in K are mapped into
distributions supported in K’.

When P is properly supported, P and P* map C§°(Q) into itself, and
hence P extends to a mapping from 2’(Q) to itself, as the adjoint of P* on
C§°(82). Moreover, P maps C*° () to itself (since P* maps &”(Q) to itself),
and it maps H3,,(Q) to H34 (Q) and Hg () to H () for all s when
of order d. — Note that differential operators are always properly supported.

Consider a properly supported ¥do P in Q. If u € C*°(2) and we want
to evaluate Pu at = € (), we can replace Pu by oPu, where o = 1 at z
and is C°°, supported in a compact set K C €. Then if K’ is chosen for P*
according to Definition 7.6, and ¢ = 1 on K’, ¢ € C5°(£2), we have for any

v € C5°(92) with suppp C K:

(Pu, @) = (u, P*¢) = (u,  P*¢) = (P(Yu), @),
So Pu = Pyu on K°, and (oPu)(x) = (oPvyu)(x). This allows us to give a
meaning to e~ ¢ P(e'()'€), namely, as

TP ) = e Eg(a) () ),

for any pair of ¢ and v chosen as just described; it is independent of the
choice of ¢ and . With a certain abuse of notation, this function of x and &
is often denoted e "¢ P(e#:¢).
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Now we claim that if P = Op(p(x,§)) and is properly supported, then p
is determined from P by

p(z,€) = e @ EP(eiF), (7.29)

for = € €. For then, by reading the integrals as forwards or backwards Fourier
transforms,

Op(p)(e')¢) = / T () dydn
R n

_ / P, ) dy
- / pz,x —y)e TV dy = ¢ Ep(a, ),

for all x € Q, £ € R™. We have here used the notation p(x,2) for the inverse
Fourier transform with respect to the last variable, ﬁn’izp(a:, 7). This shows
that p(x, ) is uniquely determined from Op(p).

On the other hand, if p is defined from P by (7.29), then when u € C§° (),
one can justify the calculation

Pu=p([ 0% ) = [ PO = [ e pe i) de
n n RTL
by inserting the Fourier transform of v and writing the integral as a limit of
Riemann sums, such that the linearity and continuity of P allows us to pull
it through the integration; this shows that P = Op(p(z,¢)).
All this implies:

Lemma 7.7. When P is properly supported in 2, there is a unique symbol
p(x, &) € S°(Q) such that P = Op(p(a:,f)), namely, the one determined by
(7.29).

As we shall see below in Theorem 7.10, an operator P = Op(p(z,§))
can always be written as a sum P = P’ + R, where P’ = Op(p/(z,y,£))
is properly supported and R is negligible. By the preceding remarks there
is then also a symbol p”(z,€) (by (7.29)) so that P = Op(p”(z,§)) + R,
and then R = Op(r(x,&)) with r(x,&) = p(z, &) — p”(x,§). Moreover, one
can show that when r(z,§) defines a negligible operator, then necessarily
r(z,&) € S7°°(Q) (for example by use of Remark 7.16 below). We conclude:

Proposition 7.8. The symbol p(x,§) in a representation
P =0p(p(=,¢)) +R, (7.30)

with Op(p(x,&)) properly supported and R negligible, is determined from P
uniquely modulo S~°(£2).
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It remains to establish Theorem 7.10. For an open set 2 C R", denote
diag(Q x Q) ={(z,y) € WxQ|z=y}.

Lemma 7.9. Let p(z,y,§) € S{,(Q x Q,R"). When ¢(z,y) € C=(Q x Q)
with supp ¢ C (Q x Q) \ diag(Q x Q), then Op(p(x,y)p(x,y.£)) is negligible.

Proof. Since ¢(x,y) vanishes on a neighborhood of the diagonal diag(2 x 2),
o(z,y)/|ly — z|?>Y is C> for any N € Ny, so we may write p(x,7) as

o(z,y) = ly — z*Non (2, ), (7.31)

where also the ¢y (z, y) are in C°° (22 x Q) with support in (QxQ)\diag(2x Q).
Then an integration by parts (in the oscillatory integrals) gives

Op(p(z,y)p(z,y,€))u
_ / @€y — 12N o (2, y)p(, v, E)uly) dyde

- / (AN Doy (2, y)p(a,y, uly) dyde  (7.32)

:/ei(””*y)f(p]v(x,y)(—Ag)Np(ffayaf)U(y) dyd§
= Op(on (2, 9) (= 2e)Vp(2,,€))u,

where the symbol is in Sf)BZN(Q x 2, R™). Calculating the kernel of this oper-
ator as in (7.26), we get a function of (z,y) with more continuous derivatives
the larger N is taken. Since the original expression is independent of N, we
conclude that Op(pp) is an integral operator with kernel in C*°(Q2 x Q), i.e.,
is a negligible 1 do. O

Theorem 7.10. Any P = Op(p(x,y,&)) with p € Sf,O(Q x Q) can be written
as the sum of a properly supported operator P' and a negligible operator R.

Proof. The basic idea is to obtain the situation of Lemma 7.9 with ¢(z,y) =
1 — o(x,y), where p has the following property: Whenever M; and Ms are
compact C (2, then the sets

My ={y € Q| 3z e M with (z,y) €suppe}
Moy ={x € Q| Iy e My with (z,y) € suppo }

are compact. We then say that o(x,y) is properly supported.
Once we have such a function, we can take

p(x,y,€) = o(x,y)p(x,y,8) + (1 — oz, y))p(x,y, §); (7.33)

here the first term defines a properly supported operator P = Op(gp) and the
second term defines, by Lemma 7.9, a negligible operator R = Op((l — Q)p) =
Op (gop). Then the statement in the theorem is obtained.
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e supp o

To construct the function g, we can use a partition of unity 1 =3 jeNo );
for ©2 as in Theorem 2.16. Take

J ={(j, k) € N§ | suppty; Nsupp ey, = 0}, J =N§\ J,
e(r,y) = Y bil@), oy = Y b@)ry)

(J,k)es (,k)eJ’

In the proof that ¢ and p are as asserted it is used again and again that any
compact subset of {2 meets only finitely many of the supports of the 1;:

To see that o is properly supported, let Ms be a compact subset of €.
Then there is a finite set Is C Ny such that supp ¢, N Ms = ) for k ¢ I, and
hence

owy) = Y ¥i()r(y) for y € Mo,

(k) kEI,

By definition of J’, the indices j that enter here are at most those for which
supp ¢); N M3 # (0, where Mj is the compact set M3 = (Jpc, supp ¢y in .
There are only finitely many such j; let I; denote the set of these j. Then
o(x,y) vanishes for z ¢ Mz = J;c;, supp¢;, when y € M. — There is a
similar proof with the roles of x and y exchanged.

To see that ¢ vanishes on a neighborhood of the diagonal, let z¢ € 2, and
let B C Q be a closed ball around zy. There is a finite set Iy C Ny such that
supp ¢ N B =10 for k ¢ Iy, so

o(r,y) = Z j(x)r(y) for (x,y) € B x B.

(4.k)€J,j€T0,kEL
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This is a finite sum, and we examine each term. Consider ¢;(z)pk(y). The
supports of ¢; and ¢ have a positive distance r;;, by definition of J, so
j(x)pr(y) = 0 for |z — y| < rji. Take as r the smallest occurring 75, then
¢ vanishes on {(x,y) € B x B | |z — y| < r}, a neighborhood of (z¢,x¢). O

A further consequence of Lemma 7.9 is the “pseudolocal” property of pseu-
dodifferential operators. For a u € 2'(2), define

Qoo (u) = U{w open C Q| ul, € C%(w) }; (7.34)

it is the largest open subset of  where u coincides with a C'*°-function.
Define the singular support of u as the complement

sing suppu = 2\ Qoo (1), (7.35)
it is clearly a closed subset of supp u. Differential operators preserve supports
supp Pu C suppu, when P is a differential operator; (7.36)

in short: They are local. Pseudodifferential operators do not in general have
the property in (7.36), but Lemma 7.9 implies that they are pseudolocal:

Proposition 7.11. A ydo P preserves singular supports:
sing supp Pu C sing supp u. (7.37)

Proof. Let u € &'(Q) and write © = u. + v. where suppu. C singsuppu +
B(0,¢), and v, € C§°(€2). Using the decomposition (7.33) with p supported
in diag(Q x Q) + B(0,¢), 0 =1 on a neighborhood of diag (2 x ), we find
Pu = Op(gp)(ue + v) + Op((1 — 0)p)u
= Op(op)u: + fe,
where f. € C*°(Q) and supp Op(op)u. C singsupp u + B(0,2¢). Since ¢ can
be taken arbitrarily small, this implies (7.37). O
In preparation for general composition rules, we observe:

Lemma 7.12. When P = Op(p(z,§)) is properly supported and R is negli-
gible, then PR and RP are negligible.

Proof (sketch). Let K (x,y) be the kernel of R. Then for u € C§°(),
PRu = / e Ep(a, ) K (2, y)uly) dydzde
QxQxR"
~ [ K'y)utw) dy, wih
Q

Kiaw) = [ e 6K (zy) dade
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(oscillatory integrals). For each y, K'(x,y) is Op(p) applied to the C°°-
function K (-, y), hence is C* in z. Moreover, since K (-,y) depends smoothly
on y, so does K'(-,y). So K'(z,y) is C* in (z,y); this shows the statement
for PR. For RP one can use that (RP)* = P*R* is of the type already
treated. O

7.3 Composition rules

Two pseudodifferential operators can be composed for instance when one of
them is properly supported, or when the ranges and domains fit together
in some other way. The “rules of calculus” are summarized in the following
theorem (where D stands for +i0).

Theorem 7.13. In the following, € is an open subset of R™, and d and
d eR.

1° Let p(z,y,&) € S{o(Q x Q). Then

Op(p(x,y,€)) ~ Op(p1(2,€)) ~ Op(p2(y,€)) , where

pr(x,€) ~ D 40y DEP(@,y,€) |y=s , and (7.38)
aeNy
~ Y M OEDEp(@, Y. ) amy, (7.39)
aeNy

as symbols in S{ ().

2° When p(z, &) € S¢,(Q), then

Op(p(z,€))" ~ Op(ps(x,£)) , where

p3(x, &) ~ Lo DEp(x,€)*  in S¢4(Q). (7.40)
aeNy

3° When p(z,§) € Sii,o(Q) and p'(x,€) € Sf:O(Q), with Op(p) or Op(p’)
properly supported, then
( (z 5)) ( (a 5)) ~ Op( e 5)) , where
(@& ~ Y LDep(x, )08 (2,6) in STET(9). (7.41)

aeNy

In each of the rules, polyhomogeneous symbols give rise to polyhomogeneous
symbols (when rearranged in series of terms according to degree of homogene-

ity).
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Proof. The principal step is the proof of 1°. Inserting the Taylor expansion
of order N in y of p(x,y, &) at y = x, we find

Op(p)u = / €y, Eyuly) dyde
=/ @€ S Ly — ) 0ep(e, 7, E)uly) dydé

|a]<N

+ [etemme 3o Mo / RN p(w, @ + (y — ), E)uly) dhdyde.

lee|=N

The first integral gives the terms for || < N in the series (7.38), by an
integration by parts like in (7.32). Also in the second integral, an integration
by parts transforms the factor (y — z)® to a derivation Dg on p; then for
sufficiently large N the integral equals

/fI(N xr y dyv

with continuous kernel

Z ca/ i y)E/ (1—h)N- 18°‘D5p(a: z+(y—x)h, £) dhde.

lee|=N

More precisely, this integral defines a continuous function when N > d +n
because ao‘Dg‘p is integrable in £ then; and K n has continuous derivatives in
(x,y) up to order k, when N > d +n+ k. Let pi(x, &) be a symbol satisfying
(7.38), then Op(p1 — 3|1« n a!ﬁy Dgp(z,y,&) ly=z) has a continuous kernel
K1 n(x,y) with similar properties for large N. Altogether, Op(p) differs from
Op(p1) by an operator with a kernel Ky — Ki y, which is C* when N >
d+n+ k. Since Op(p(;zc7 Y, 5)) - Op(pl (z, 5)) is independent of N, its kernel
is independent of N; then since we can take N arbitrarily large, it must be
C®. Hence Op(p(z,y,€)) — Op(pi(x,€)) is negligible. This shows (7.38).
(7.39) is obtained by considering the adjoints (cf. (7.25)):

Op(p(z,y,£))" = Op("p(y, ,€)) ~ Op(ps(x,9)),

where

po(x, ) ~ > LoaDE p(w, 2,€) [smw=a,

aeNy

by (7.38). Here Op(ph(z,£))" = Op(p2(y,€)), where

P2y, &) = "Ph(y, €) ~ LOYDEp(, Y, €) ey -

aeNy
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This completes the proof of 1°; and 2° is obtained as a simple corollary, where
we apply 1° to the symbol ip(y, £).

Point 3° can likewise be obtained as a corollary, when we use 1° twice.
Assume first that both Op(p) and Op(p’) are properly supported. By 1°, we
can replace Op (p’(x, 5)) by an operator in y-form, cf. (7.39):

Op(p'(2,€)) ~ Op(p2(y,£)), where
p(y:6) ~ Y 10y D (4:€).

a€eNp
So P’ = Op(p2(y,€)) + R with R negligible, and then
P’ ~ Op(p1(z,£)) Op(p2(y,€)),
in view of Lemma 7.12. Now we find
Op(p(,€)) Op(p2(y, €))ulx)
/ e T Ep(, €)'V py (2, O)u(z) dzdfdyde

/ ¢ €, €)po (2, E)u(z) dede
= Op(p(x, &)pa(y, &) u(x),

since the integrations in 6 and y represent a backwards and a forwards Fourier
transform:

—

/ei(yﬁ)'%(za 0)d0 = 7, p2(2,0) = pa(z,y — 2),
and then (with e!(®~¥)€ = gil@=2)¢—ily=2)€)

/e—i(y_z)'5p2(z7 y/l_/z) dy = p2(za 5)

The resulting symbol of the composed operator is a simple product
p(z, &)p2(y, &) ! One checks by use of the Leibniz formula, that it is a symbol
of order d + d'.

Next, we use 1° to reduce Op(p(z, £)p2(y,§)) to a-form. This gives PP’ ~
Op(p"(z,£)), where

~ > WD pa, 908 T Loe Dy (x,€)].

BEND aeNn

This can be further reduced by use of the “backwards Leibniz formula” shown
in Lemma 7.14 below. Doing a rearrangement as mentioned after (7.15), and
applying (7.42), we find



7.3 Composition rules 181

Z Z DB pD£8a+5 }

BEN" aEN"
1
~ Y o X DD = S (Dt
OGN" a+p=0 0Ny

which gives the formula (7.41).

In all the formulas one makes rearrangements, when one starts with a
polyhomogeneous symbol and wants to show that the resulting symbol is
likewise polyhomogeneous.

Point 3° could alternatively have been shown directly by inserting a Taylor
expansion for p in the {-variable, integrating by parts and using inequalities
like in the proof of Theorem 7.5.

Finally, if only one of the operators Op(p) and Op(p’), say Op(p’), is
properly supported, we reduce to the first situation by replacing the other
operator Op(p(z, €)) by Op(p1(x, £))+R’, where Op(p1) is properly supported
and R’ is negligible; then Op(p) Op(p’) ~ Op(p1) Op(p’) in view of Lemma
7.12. O

Lemma 7.14 (BACKWARDS LEIBNIZ FORMULA). For u,v € C*(Q),
(DPu)v = > a!ﬂ!D (uD"v). (7.42)
a,B€Ng,a+B=0

Proof. This is deduced from the usual Leibniz formula by noting that

(D u)v, @) = (=1)1N(u, D (vi)) = (=1)*Nu, ? DD’ )
a+p= 90[6
= Y ) 8 (D uDm), ¢,
a+£=0 Oéﬁ
where |0] — |3] = |«]. O

Formula (7.42) extends of course to cases where u or v is in 2.

Definition 7.15. The symbol (defined modulo S™°°(€2)) in the right-hand
side of (7.41) is denoted p(z,&) o p'(x, ) and is called the Leibniz product of
p and p'.

The symbol in the right-hand side of (7.40) is denoted p°*(z, §).

The rule for pop’ is a generalization of the usual (Leibniz) rule for compo-
sition of differential operators with variable coefficients. The notation p # p’
is also often used.

Note that (7.41) shows
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p(x, &) op'(2,8) ~ p(x,§)p (x,€) + r(z, &) with
(@)~ > LDep(x,€)02p (x,€), (7.43)

laf=1

where r is of order d 4+ d’ — 1. Thus (7.4) has been obtained for these symbol
classes with Op(pq) of order d + d’ and R of order d + d' — 1.

In calculations concerned with elliptic problems, this information is some-
times sufficient; one does not need the detailed information on the structure
of r(x,&). But there are also applications where the terms in r are important,
first of all the term of order d + d' — 1, Z;;l De¢,pd,,p'. For example, the
commutator of Op(p) and Op(p’) (for scalar operators) has the symbol

n

pop —p op~ iy (9epdu,p —0e,p0ep) +1',
j=1

with 7’ of order d + d’ — 2. The sum over j is called the Poisson bracket of p
and p’; it plays a role in many considerations.

Remark 7.16. We here sketch a certain spectral property. Let p(x,§) €
SO(2,R™) and let (0, &) be a point with 2 € Q and [£| = 1; by translation
and dilation we can obtain that o = 0 and B(0,2) C €. The sequence

up(z) = k"2 x(ka)e* v ke Ny, (7.44)
has the following properties:

(1) [lurllo = lxllo ( 0) for all k,
(i) (ug,v) — 0 for k — oo, all v € Ly(R"), (7.45)
(iii)  [lx Op(p)ur — p°(0,&) - urllo — 0 for & — oc.

Here (i) and (ii) imply that uy has no convergent subsequence in Lo(R™). It
is used to show that if Op(p) is continuous from HY, o (92) to Hyp (), then
p°(0, &) must equal zero, for the compactness of the injection H!(B(0,2)) —
HY(B(0,2)) (cf. Section 8.2) then shows that x Op(p)ux has a convergent
subsequence in H°(B(0,2)), and then, unless p(0,&) = 0, (iii) will imply
that uy has a convergent subsequence in Lo in contradiction to (i) and (ii).
Applying this argument to every point (zg, &) with |§y| = 1, we conclude
that if Op(p) is of order 0 and maps HO, () continuously into H,_ (), its
principal symbol must equal 0. (The proof is found in [H67] and is sometimes
called Hérmander’s variant of Gohberg’s lemma, referring to a version given
by Gohberg in [G60].)

The properties (i)—(iii) mean that uy, is a singular sequence for the operator
P, — a with P, = xOp(p) and a = p°(0,&); this implies that a belongs to
the essential spectrum of Py, namely, the set
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ess spec(Py) = ﬂ{ spec(P; + K) | K compact in La(£2) }.

Since the operator norm is > the spectral radius, the operator norm of Py
(and of any P; + K) must be > |a|. It follows that the operator norm in
La(Q) of P for any 1 € CF° is > sup,cq =1 [¢(2)p° (z,€)]. (So if we know
that the norm of P is < C for all |¢)| < 1, then also sup|p°| < C; a remark
that can be very useful.)

By compositions with properly supported versions of Op({¢)?) (for suitable
t), it is seen more generally that if P = Op(p(z,£)) is of order d and maps
Heomp (2) into HE H(Q), then its principal symbol equals zero.

In particular, if P = Op(r(z,£)) where r € ST°°(Q, R"), and maps &’ (1)
into C*°(Q2), then all the homogeneous terms in each asymptotic series for
r(z,§) are zero, i.e., r(x,&) ~ 0 (hence is in S~°°(Q,R™)). This gives a proof
that a symbol in z-form is determined from the operator it defines, uniquely
modulo S™*°(Q,R").

7.4 Elliptic pseudodifferential operators

One of the most important applications of Theorem 7.13 is the construction
of a parametriz (an almost-inverse) to an elliptic operator. We shall now
define ellipticity, and here we include matrix-formed symbols and operators.

The space of (N’ x N)-matrices of symbols in S%(2, R™) (resp. S¢ o (2, R™))
is denoted S%(3,R") @ L(CN,CN') (resp. Sfo(X,R™) @ L(CV, CN')) since
complex (N’ x N)-matrices can be identified with linear maps from CV to
CN' (ie., elements of £L(CN CN")). The symbols in these classes of course
define (N’ x N)-matrices of operators (notation: when p € S¢ (2 x 2, R") ®
L(CN,CN"), then P = Op(p) sends C5°(Q)N into C>(Q)N). Ellipticity is
primarily defined for square matrices (the case N = N’), but has a natural
extension to general matrices.

Definition 7.17.1° Let p € S4(Q,R") @ £L(CY,C"). Then p, and P =
Op(p), and any ¥do P’ with P’ ~ P, is said to be elliptic of order d, when
the principal symbol py(z, £) is invertible for all x € Q and all || > 1.

2° Let p € S4Q,R") @ £L(CN,CN"). Then p (and Op(p) and any P’ ~
Op(p)) is said to be injectively elliptic of order d, resp. surjectively el-
liptic of order d, when py(z, €) is injective, resp. surjective, from CV to cN,
for all x € @ and || > 1. (In particular, N’ > N resp. N’ < N.)

Note that since p,4 is homogeneous of degree d for |£] > 1, it is only neces-
sary to check the invertibility for |£| = 1. The definition (and its usefulness)
extends to the classes S‘; s+ for the symbols that have a principal part in a
suitable sense, cf. e.g. [H67], [T80] and [T81].
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Surjectively elliptic systems are sometimes called underdetermined ellip-
tic or right elliptic systems, and injectively elliptic systems are sometimes
called overdetermined elliptic or left elliptic systems. Elliptic systems may
for precision be called two-sided elliptic.

When P = Op(p) and @ = Op(q) are pseudodifferential operators on €2,
we say that @Q is a right parametriz for P if PQ) can be defined and

PQ ~ 1, (7.46)
and ¢ is a right parametriz symbol for p if
pogq~1 (read as the identity, for matrix-formed operators),

in the sense of the equivalences and the composition rules introduced above.
Similarly, @ is a left parametriz, resp. q is a left parametriz symbol for p,
when

QP ~ I resp. gop ~ 1.

When @ is both a right and a left parametrix, it is called a two-sided
parametrix or simply a parametrix. (When P is of order d and @ is a one-
sided parametrix of order —d, then it is two-sided if N’ = N, as we shall see
below.)

Theorem 7.18. 1° Let p(z,&) € SHQ,R") @ L(CN,CN). Then p has a
parametriz symbol q(x, &) belonging to S~™4(Q,R™) @ L(CN,CN) if and only
if p is elliptic.

2° Let p(x,&) € SUQ,R") @ L(CN,CN'). Then p has a right (left)
parametriz symbol q(x, &) belonging to S~ (Q,R™) @ C((CN/, CYN) if and only
if p is surjectively (resp. injectively) elliptic.

Proof. 1° (The case of square matrices.) Assume that p is elliptic. Let
q—dq(x, &) be a C*°-function on 2 x R™ ((N x N)-matrix-formed), that coin-
cides with pg(z, €)=t for [¢€] > 1 (one can extend py to be homogeneous for
all £ # 0 and take q_q(z,&) = [1 — x(26)|pa(z,€)~1). By Theorem 7.13 3°
(cf. (7.43)),

p(xvg)oq*d(xaé-) ~ ].—T'({E,é-), (747)
for some r(x,&) € S™H(Q). For each M, let

roM (2, &) ~r(x,&) or(x,&) o or(x, &) (M factors),
it lies in S~ (). Now

p(xaé) © L]_d(ZE,f) © (1 + T'($,§) + TO2(x7§) +eee TOM(xvg))
~ (1 - r(x,ﬁ)) o (1 +r(2, &) + 7% (2, &) + - + rOM(x,g)) (7.48)

~ 1 — oM (6,
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Here each term r°M(z, &) has an asymptotic development in homogeneous
terms of degree —M — 7, 7 =10,1,2,...,

oM (2,€) ~ oy (2, €) + 12y (2,€) + -

and there exists a symbol '(z,£) € S71(Q) with

(2,8 ~ > roM(2,€) , definedas Y (> 1)

M>1 M>1 1<j<M

(here we use rearrangement; the point is that there are only M terms of each
degree —M). Finally,
poq_go(l+7")~1, (7.49)

which is seen as follows: For each M, there is a symbol rz M+1) such that

ey @8 ~ Y (@, 8);

E>M+1

it is in S™M~1(Q). Then (cf. also (7.48))

qu_dO(l—FT’) Npoq_do(1+"‘+TOM)+qu—dOT2M+1) ~ 1—|—7‘E/]\/[+1),

where 13/, ) = —po(M+1) +POg_aor(yyy is in STMTHQ). Since this holds

for any M, poq_go(1+4+7+') —1isin S™°°(). In other words, (7.49) holds.
This gives a right parametrix of p, namely,

qg~q-qgo(1+7") e S74Q).
Similarly, there exists a left parametrix ¢’ for p. Finally, ¢’ ~ ¢, since
¢ —q~qolpog)—(dopog~0,

so q itself is also a left parametrix. We have then shown that when p is elliptic
of order d, it has a parametrix symbol ¢ of order —d, and any left/right
parametrix symbol is also a right/left parametrix symbol.

Conversely, if ¢ € S~%(Q) is such that pog ~ 1, then the principal symbols
satisty

pa(®,§)q-a(z, &) =1 for [§] > 1,
in view of (7.9) (since poq ~ paq—q+ terms of degree < —1), so py is elliptic.

2° We now turn to the case where p is not necessarily a square matrix;
assume for instance that N > N’. Here py(z,€) is, when p is surjectively
elliptic of order d, a matrix defining a surjective operator from CV to CN’
for each (z,¢) with |¢| > 1; and hence

P, &) = pa(x, )pa(z, &) : V' — V'
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is bijective. Let G(x,&) = p(x, &)~ for €] > 1, extended to a C°°-function
for |¢| < 1; and note that § € S72¢(, R") @ £(CN',CN"). Now, by Theorem
7.13 3°,

p(x, &) opalx,§)" o q(z,§) ~ 1 —r(x,§),

where r(z,€) € S7HQ,R") @ L(CN',CN"). We can then proceed exactly as
under 1°; and construct the complete right parametrix symbol ¢(z, ) as

q(x, &) ~ pa(z,&)* o q(z,&) o (1 + Z r° (7.50)

M>1

(One could instead have taken p’ ~ p o ps*, observed that it has principal
symbol pgps* (in S?9) in view of the composition formula (7.41), thus is
elliptic, and applied 1° to this symbol. This gives a parametrix symbol ¢’
such that popg* o ¢ ~ 1, and then pg* o ¢’ is a right parametrix symbol for
p.)

The construction of a left parametrix symbol in case N < N’ is analogous.
The necessity of ellipticity is seen as under 1°. a

The above proof is constructive; it shows that p has the parametrix symbol

g(x,6) ~ q-a(@, &) o (1+ Y (1—p(x,8) 0 g a(z,£))"™),
M>1 (7.51)

with g_q(z, &) = pa(z,&)~" for [¢] > 1,

in the square matrix case, and (7.50) in case N > N’ (with a related left
parametrix in case N < N’). Sometimes one is interested in the precise
structure of the lower order terms, and they can be calculated from the above
formulas.

Corollary 7.19. 1° When P is a square matriz-formed ¥do on ) that is
elliptic of order d, then it has a properly supported parametriz QQ that is an
elliptic vdo of order —d. The parametriz Q) is unique up to a negligible term.

2° When P is a surjectively elliptic ¥do of order d on 2, then it has a
properly supported right parametriz @, which is an injectively elliptic ¥do of
order —d. When P is an injectively elliptic vdo of order d on 2, then it has
a properly supported left parametrix Q, which is a surjectively elliptic 1V do of
order —d.

Proof. That P is surjectively/injectively elliptic of order d means that P =
Op(p(z,€)) + R, where R is negligible and p € S4(Q) ® L(CN,CN') with
pa surjective/injective for || > 1. Let g(x, &) be the parametrix symbol con-
structed according to Theorem 7.18. For ) we can then take any properly
supported operator @ = Op(g(z,£)) + R’ with R’ negligible.

In the square matrix-formed case, we have that when @ is a properly
supported right parametrix, and Q' is a properly supported left parametrix,
then since PQ =1 — Ry and Q'P =1 — Ro,
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Q' -Q=Q(PQ+TR1)— (QP+R2)Q=QR1 —R2Q
is negligible; and @ and Q' are, both of them, two-sided parametrices. O

There are some immediate consequences for the solvability of the equation
Pu = f, when P is elliptic.

Corollary 7.20. When P is injectively elliptic of order d on 2, and properly
supported, then any solution u € 2'(Q) of the equation

Pu=f inQ, with fe H_(Q), (7.52)

satisfies u € HET4(Q).

loc

Proof. Let @ be a properly supported left parametrix of P, it is of order —d.
Then QP = I — R, with R negligible, so u satisfies

u=QPu+Ru=Qf + Ru.

Here Q maps H{ _(Q) into H Q) and R maps 2'(Q) into C*°(), so
u e HH(Q). O

loc

This is a far-reaching generalization of the regularity result in Theorem
6.29.

Without assuming that P is properly supported, we get the same conclu-
sion for u € &’(Q).

Corollary 7.20 is a regularity result, that is interesting also for uniqueness
questions: If one knows that there is uniqueness of “smooth” solutions, then
injective ellipticity gives uniqueness of any kind of solution.

Another consequence of injective ellipticity is that there is always unique-
ness modulo C* solutions: If u and u satisfy Pu = Pu’ = f, then (with
notations as above)

u—u =(QP+R)(u—1u)=R(u—u")eC®Q). (7.53)
Note also that there is an estimate for u € Hg,,,,,(€2) with support in K C
[ulls = [|QPu+ Rulls < C([|Pulls—a + [[ulls-1), (7.54)

since R is of order < —1.
For surjectively elliptic differential operators we can show an ezistence
result for data with small support.

Corollary 7.21. Let P be a surjectively elliptic differential operator of order
din Q, let xy € Q and let r > 0 be such that B(xo,r) C Q. Then there
exists ro < r so that for any f € La(B(z0,70)), there is a u € HY(B(zo,70))
satisfying Pu= f on B(xg, o).
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Proof. Let @ be a properly supported right parametrix of P. Then PQ =
I — R where R is negligible, and

PQf=f—Rf for f € Lacomp ().

Let o < r (to be fixed later), and denote B(x, 7o) = Bp. Similarly to earlier
conventions, a function in Lo(By) will be identified with its extension by 0
on 2\ By, which belongs to L2(£2) and has support in By. We denote by rp,
the operator that restricts to By.

When f is supported in By,

re, PQf = f —1p,Rf on By.

We know that R has a C° kernel K (z,y), so that

(Rf)(x) = . K(z,y)f(y) dy, when f € Ly(Bo);

moreover,

2
IRy = [ | [ K@nsw | d
Bo Bo

<[ ([ eora)( [ s ) ao

0

- /B K @) dady 11 5,
o X Do

When 1o — 0, [ g [K(2,y)[?dzdy — 0, so there is an ro > 0 such that
the integral is < }1; then

7o R La(Bo) < Sl fILase) for f € La(Bo).
So the norm of the operator S in Ly(By) defined from rpg R,
S f—reRf,

is < ; Then I — S can be inverted by a Neumann series
(I-8) ' =T+S+8+---=> 5" (7.55)
k=0

converging in norm to a bounded operator in Lo(Bp). It follows that when
f € La(Byp), we have on By (using that rp,Plp,v = rp,Pv since P is a
differential operator):

TBOPIBOQ(I_ S)_lf = TBOPQ(I_ S)_lf = TBO(I_ 1BOR)(I_ S)_lf = fv
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which shows that u = 15,Q(I — S)~1f solves the equation Pu = f on By.
Since Q is of order —d, rp,u lies in H%(By). O

More powerful conclusions can be obtained for )do’s on compact mani-
folds; they will be taken up in Chapter 8.

7.5 Strongly elliptic operators, the Garding inequality

A polyhomogeneous pseudodifferential operator P = Op(p(z,&)) of order d
on () is said to be strongly elliptic, when the principal symbol satisfies

Rep’(z,€) > co(x)€|%, for z € Q, [¢] > 1, (7.56)

with ¢o(z) continuous and positive. It is uniformly strongly elliptic when cq(x)
has a positive lower bound (this holds of course on compact subsets of ).
The definition extends to (N x N)-matrix-formed operators, when we define
Rep’ = 1 (p° + p°) and read (7.56) in the matrix sense:

(Re p®(z, &)v,v) > co(a:)|£|d|v|2, forzeQ, || >1,ve CN. (7.57)

When P is uniformly strongly elliptic of order d > 0, one can show that
Re P = }(P + P*) has a certain lower semiboundedness property called the
Garding inequality (it was shown for differential operators by Garding in
[G53]):

Re(Pu,u) > cifullg — caflull3 (7.58)

holds for u € C§°(2), with some ¢; > 0, c2 € R.
Before giving the proof, we shall establish a useful interpolation property
of Sobolev norms.

Theorem 7.22. Let s and t € R.
1° For any 0 € [0,1] one has for all u € H™{stH(R"):

-0
ullgsta-aye,n < [ull? Allulls 2. (7.59)

2° Let s <r <t. For any € > 0 there exists C(g) > 0 such that

lwllrn < ellullen+ CE)||ulls.a for w € HY(R™). (7.60)

Proof. 1°. When 6 = 0 or 1, the inequality is trivial, so let 6§ €]0,1[. Then
we use the Holder inequality with p =1/6, p’ =1/(1 — 0):
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Il rimen = [ (€20 i at
= [ (@l g™ @
< ([ tenaera) ([ eraera)”

0 2(1—6
= [l 2%} 75

2°. Taking 0 = (r — t)/(s — t), we have (7.59) with 6s + (1 — )t = r. For
0 € [0,1] and a and b > 0 there is the general inequality:

a®v' =% < max{a,b} <a+b (7.61)

(since e.g. a® < b? when 0 < a < b). We apply this to b = eul[sn, a =
14D/ y|g p, 0 = (r — 1) /(s — t), which gives:

ltllrn < €O ulls,n)? (e lullen)

< a(_1+0)/0||u||s,/\ +elluflea. O

Theorem 7.23 (THE GARDING INEQUALITY). Let A be a properly sup-
ported (N x N)-matriz-formed ¥ do on Q1 of order d > 0, strongly elliptic on
Q1. Denote ;d =d'. Let Q be an open subset such that Q0 is compact in €.
There exist constants co > 0 and k € R such that

Re(Au, u) > collul|? — k||lul|2, when u € C5(Q)N. (7.62)

Proof. The symbol Rea®(z, &) = 1 (a(z, &) 4+ a®(z, £)*) is the principal sym-
bol of Re A = ;(A + A*) and is positive definite by assumption. Let

p°(z,€) = V/Rea(z,§) for [¢] > 1,

extended smoothly to || < 1, it is elliptic of order d’. (When N > 1, one can
define the square root as
2;/C)\§(Rea0(x7§) — M),

where C is a closed curve in C \ R_ encircling the spectrum of Rea®(z, &) in
the positive direction.)

Let P be a properly supported ¥do on ©; with symbol p°(z, £); its adjoint
P* is likewise properly supported and has principal symbol p°(x,€). Then
P* P has principal symbol Re a®(z, £), so

ReA=P*P+ 5,
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where S is of order d — 1. For any s € R, let A4 be a properly supported do
on € equivalent with Op((£)*In) (In denotes the (N x N)-unit matrix).
Then A_g Ay ~ I, and we can rewrite

S =515 4+ R1, where S = SA_d/, Sy = Ad/,

with S7 of order d' — 1, Sy of order d’ and Ry of order —oo, all properly
supported.

Since P is elliptic of order d’, it has a properly supported parametrix Q
of order —d'. Because of the properly supportedness there are bounded sets
Q' and Q" with Q c Q/, & c Q”, Q” C 3, such that when suppu C €,
then Au, Pu, Siu, Sfu, Sou are supported in Q' and QPu, S1S2u, Riu, Rou
are supported in Q.

For u € C§°(Q)N we have

Re(Au,u) = %[(Au, u) + (u, Au)] = (Re A)u, u)
= (P*Pu,u) + (S152u,u) + (Riu, u) (7.63)
= ||Pullo + (Sau, Sju) + (Ryu, u).
To handle the first term, we note that by the Sobolev space mapping prop-
erties of @ and Ry we have (similarly to (7.54))
lullZ < (IQPullar +IRzullar)® < C([[Pullo + llullo)* < 2C (|| Pull§ + [|ullF)

with C' > 0, hence
[1Pullg > (2C) " HlullZ — llul3- (7.64)

The last term in (7.63) satisfies
[(Raw, u)| < [Ruullollullo < cflull3. (7.65)
For the middle term, we estimate
|(S2u, STu)| < [|Szullol|STullo < ¢lluflarlulla—1 < 3¢ (€ lullf +e?[lullZ—y),
any € > 0. If d — 1 > 0, we refine this further by using that by (7.60),
lullZ—y < €llullf + () lullg,

for any &’ > 0. Taking first € small and then &’ small enough, we can obtain
that
|(Sou, Stu)| < (40) " Hul|Z + C”||ull5- (7.66)

Application of (7.64)—(7.66) in (7.63) gives that
Re(Au,u) > (4C) " Hlullg — " |[ulf3,

an inequality of the desired type. O
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The result can be applied to differential operators in the following way
(generalizing the applications of the Lax-Milgram lemma given in Section
4.4):

Theorem 7.24. Let Q C R™ be bounded and open, and let A = Z|a\gd Ao D®

be strongly elliptic on a neighborhood Q1 of Q (with (N x N)-matriz-formed
C-functions an(x) on Q). Then d is even, d = 2m, and the realization
A, of Ain La(Q)N with domain D(A,) = HF*(Q)N N D(Amax) is a varia-
tional operator (hence has its spectrum and numerical range in an angular
set (12.50)).

Proof. The order d is even, because Rea’(z, &) and Rea®(z, —&) are both
positive definite. Theorem 7.23 assures that

Re(Au,u) > collul|?, — k|lul|2, when u € C5°(Q)V, (7.67)
with ¢g > 0. We can rewrite A in the form

Au = Z Dﬁ (bgeDeu);
1B,10]<m

with suitable matrices bgg () that are C'™° on €y, using the backwards Leibniz
formula (7.42). Then define the sesquilinear form a(u,v) by

a(u,v) = Z (bgeDeu,DBU)L2(Q)N, for u,v € HJ*(Q)V;
|BL,10]|<m

it is is bounded on V = HJ*(2)" since the bgy are bounded on 2. Moreover,
by distribution theory,

(Au,v) = a(u,v) for u € D(Apax),v € C5°(Q)V; (7.68)

this identity extends by continuity to v € V (recall that HJ*(Q)V is the
closure of C§°(Q)" in m-norm). Then by (7.67), a(u,v) is V-coercive (12.39),
with H = Ly ().

Applying the Lax-Milgram construction from Section 12.4 to the triple
{H,V,a}, we obtain a variational operator A.. In the following, use the no-
tation of Chapter 4. In view of (7.68), A, is a closed extension of Acse, hence
of Apin. Similarly, the Hilbert space adjoint A,* extends A/ ; , by the same
construction applied to the triple {H,V,a*}, so A, is a realization of A. It
follows that D(A,) C HF'(Q)N N D(Amax). By (7.68)ff., this inclusion is an
identity. O

We find moreover that D(A,) C HZ™(Q)V, in view of the ellipticity of A
and Corollary 7.20.

Note that there were no smoothness assumptions on ) whatsoever in this
theorem. With some smoothness, one can moreover show that the domain is
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in H?™(Q)N. This belongs to the deeper theory of elliptic boundary value
problems (for which a pseudodifferential strategy is presented in Chapters 10
and 11), and will be shown for smooth sets at the end of Chapter 11.

A, is regarded as the Dirichlet realization of A, since its domain con-
sists of those functions v in the maximal domain that belong to H(Q)";
when ) is sufficiently smooth, this means that the Dirichlet boundary values
{vou, 71t ..., Ym—1u} are 0.

One can also show a version of Theorem 7.24 for suitable 1do’s, cf. [G96,
Sect. 1.7].

Exercises for Chapter 7

7.1. For an arbitrary s € R, find the asymptotic expansion of the symbol
(€)* in homogeneous terms.

7.2.  Show, by insertion in the formula (7.16) and suitable reductions, that
the 1do defined from the symbol (7.28) is zero.

7.3. Let p(x,€) and p'(z, £) be polyhomogeneous pseudodifferential symbols,
of order d resp. d’. Consider p” ~ po p’, defined according to (7.41) and
Definition 7.15; it is polyhomogeneous of degree d”’ = d + d'.

(a) ShOW that p:i/// = Pd p:i"
(b) Show that

n
Pin_q = Zngpd Ou; Py + PaPy_1 + Pa—1Py-
j=1

(C) Flnd pg//iz.
7.4. Consider the fourth-order operator a(x)A? +b(z) on R™, where a and

b are C*°-functions with a(z) > 0 for all x.

(a) Show that A is elliptic. Find a parametrix symbol, where the first three
homogeneous terms (of order —4, —5, —6) are worked out in detail.

(b) Investigate the special case a = |z|? + 1, b = 0.

7.5. The operator L, = — div grad +o grad div = —A + o grad div, applied
to m-vectors, is a case of the Lamé operator. In details

—A—FU&% 00102 ... 0010, w1
I 0010 —A—i—o@% ... 0090, Uo
o = . . . . .

0010, 0020, ... —A+00? Up,
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here o is a real constant. Let n = 2 or 3.
(a) For which o is L, elliptic?
(b) For which o is L, strongly elliptic?



Chapter 8

Pseudodifferential operators on manifolds,
index of elliptic operators

8.1 Coordinate changes

Pseudodifferential operators will now be defined on compact manifolds. Our
presentation here is meant as a useful orientation for the reader, with rela-
tively brief explanations.

In order to define ¥do’s on manifolds, we have to investigate how they
behave under coordinate changes. Let 2 and €2 be open subsets of R™ together
with a diffeomorphism x of €2 onto 2. When P is a ¥do defined on €2, we
define P on 2 by

Pu= P(uor)or™ ', when ue C5(Q), (8.1)
the definition extends to larger spaces as explained earlier.

Theorem 8.1.1° Let P = Op(q(z,y,£)) be a vdo with q(x,y,§) €
T0(Q2xQ,R™) and let K be a compact subset of Q. With v’ denoting the
Jacobian matriz (0k;/0x;), let M(x,y) be the matriz defined by (8.6) below;

it satisfies
z—y=M(zy)(z—y), (8.2)

and is invertible on U, = {(z,y) | x,y € K, |x — y| < €} for a sufficiently
small e > 0, with M, M~" and their derivatives bounded there. In particular,
M(z,z) = &' (x).

If q(x,y,&) vanishes for (x,y) ¢ U., then P is a vdo with a symbol
q(z,y,8) € STH(QxQR") (vanishing for (x,y) outside the image of U.);
it satisfies, with x = k(x), y = k(y),

q(z,y,€) = q(z,y, "M(z,y)¢) - |det "M (z,y)| | det &' (y)~". (8.3)

In particular, q(x,x,€) = q(z, 2, (2)€). If q is polyhomogeneous, then so is
q.

195
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If q(x,y,&) vanishes for (z,y) ¢ Kx K, let o(x,y) = x(|lz — yl|/r), then P
is, for sufficiently smallr, the sum of an operator with symbol (8.3) multiplied
by x(|x — y|/r) and a negligible operator.

For general q(x,y,§), let (¢;)jen, be a locally finite partition of unity on

Q and write q(x,y,€) = 3, , 0i(@)a(x, 4, )¢r(y), so that P =3, ¢;Poy;
then P = 3., ijPtpk with p(k(z)) = @(z). The terms where supp p; N

supp o # 0 are treated as above, and the others define a negligible operator
that transforms to a negligible operator.

2° When P = Op(p(x,§)), P is the sum of a 1pdo in x-form Op(ps(x,§))
and a negligible operator, where the symbol p, has the asymptotic expansion
(Hérmander’s formula)

pr(k(x), &) = e 7@ Ep(ein(@)€)

& [P . (84)
~ D aeny al Dgp(x, s ()§) 0y e e (W)€

in STH(Q,R™); here p.(y) = w(y) — k(z) — K'(z)(y — x), and each factor
valz, &) = a;e%@)'ﬂy:r is in S1®1/2(Q,R™) and is a polynomial in & of
degree < |a|/2. In particular, oo =1 and o = 0 for |a] =1, and in the case
where p is polyhomogeneous,

palz, &) = p°(a,'r' (2)€), (8.5)
on the set where it is homogeneous.

Proof. By Taylor’s formula applied to each x;, (8.2) holds with

1
M(x,y) = /0 K (z+t(y — x))dt, (8.6)

a smooth function of z and y where it is defined; the domain includes a
neighborhood of the diagonal in 2 x2. (Note that an M satisfying (8.2) is
uniquely determined only if n = 1.) In particular, M (z,z) = £/(z), hence is
invertible. Since M (z,y) = M (z,z)[I + M (z,z) " (M (z,y) — M (z,x))], it is
seen by a Neumann series construction that M (x,y)~! exists and is bounded
(with bounded derivatives) for (x,y) € U., for a sufficiently small € > 0.

If ¢(z,y,€&) vanishes for (z,y) ¢ U, we have for u € C§°(Q), setting
§= tM(x7 )&

(Pu)(s(x)) = / @z, y, Opu(r(y)) dyde
= / @0 ME 0y EYu(y)| det &' (y) | | det M (x, )| dyde

_ / @€ g2y, )uly) dyd,



8.2 Operators on manifolds 197

with ¢ defined by (8.3). Clearly, ¢ is a symbol in S{ ; as asserted. When z =y,
det 5'(y)~! and det ‘M (z,y) cancel out. The formula (8.3) shows moreover
that polyhomogeneity is preserved.

If g(x,y, &) vanishes for (x,y) ¢ K x K, we write

P=R+ P,

where R = Op((1 — x(Jz — y|/r))q(z,y,&)) is negligible by Lemma 7.9, and
Py is as above; we can e.g. take r = £/2. Since R is an integral operator with
C*°-kernel, so is the transformed operator R.

For the general ¢, one uses that the summation of the terms with supp ¢;N
supp @ # 0 is finite locally in (z,y).

If we now consider an operator given in z-form, one can find the x-form
pr of the symbol of P by an application of Theorem 7.13 1°. The formula
(8.5) follows easily from this.

As for (8.4), the first formula is the characterization we know from (7.29).
The second formula is given in more detail in [H85, Th. 18.1.17]; it was
first proved in [H65]. The present method of proof going via (z,y)-forms is
slightly different from that of [H65] and is, according to Friedrichs [F68], due
to Kuranishi. O

8.2 Operators on manifolds

The definition of an n-dimensional C'*°-manifold X is explained e.g. in [H63,
Sect. 1.8] and [H83, pp. 143-144]. X is a Hausdorff topological space, provided
with a family F of homeomorphisms k, called coordinate systems, of open
sets U, C X onto open sets V,, C R™ (coordinate patches) such that: (i) For
any kj, £ in the family,

Kkt k(Us, NUy,) — £;(Us, NUy,) is a diffeomorphism. (8.7)

(This is of course an empty statement unless Uy, N Uy, # 0.) (ii) The sets
U, cover X. (iii) The family F is complete, in the sense that when a homeo-
morphism k¢ from an open set Uy C X to an open set V[j C R™ is such that
(8.7) holds for k; = ko, any ki € F, then kg € F. A subfamily where the
Uy’s cover X is called an atlas; it already describes the structure.

Consider just compact manifolds, then a finite atlas {x; : U; — V; | j =
1,...,j0} suffices to describe the structure, and we can assume that the V;
are bounded and mutually disjoint in R™. We define that a function v on X
is €, C™ or Ly joc, when the function y — u(k; " (y)) is so on Vj, for each
j. Since X is compact, the L, joc-functions are in fact in L,(X), which can

be provided with a Banach space norm ( gozl |(¥ju) 0 /<aj_1 ||1£p(w)) », defined
with the help of a partition of unity as in Lemma 8.4 1° below.
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Recall the rule for coordinate changes of distributions in Definition 3.19,
which, in the application to test functions, carries a functional determinant
factor J along in order to make the rule consistent with coordinate changes
in integrals with continuous functions. Namely, when & : = — x is a diffeo-
morphism from V to V in R”, u = uo k! satisfies

<u7 90>V = <u7 J - 90>V (: <J " u, 90>V) (8'8)

for p € C§°(V), with J(z) = |det&/(z)|, p = por~ L.

A distribution density u on X is defined in [H83, Sect. 6.3] to be a collection
of distributions u, € 2'(Vy), k € F, such that the rule (8.8) is respected by
the diffeomorphisms x = /Qjﬁs,;l going from kg (Ux, NUy, ) to k;(Ux, NUy, ), for
all K, ki, € F. The value of u on C§°-functions ¢ on X is then found by linear
extension from the cases where ¢ is supported in a U,: When ¢ € C§°(U,,),
then

(u, ) = (ur, 00 K™y, (8.9)

When ¢ € C*(X), write ¢ as a finite sum of functions supported in coor-
dinate sets U,; by use of a partition of unity as in Lemma 8.4 1° below, and
apply (8.9) to each term.

In particular, when the structure of the compact manifold X is defined
by the atlas x; : U; — Vj, 1 <j < jo, let (¢;)1<;<j, be a partition of unity
as in Lemma 8.4 1°; then the distribution density w defined from a system
uj € 2'(V;), 1 < j < jo, is evaluated on test functions ¢ € C*>°(X) by

(usp)x = (uz, (50) 0 55 vy

Jj=1

When w is a distribution density such that the u; are in C™(V}), one
says that u is a C™-density, it carries a multiplication by the functional
determinant along in coordinate changes.

So, distribution densities do not quite generalize continuous functions.
[H83] defines genuine distributions as a strict generalization of functions
with the usual rule for coordinate changes as for functions, without the
functional determinant factor. Such distributions can be evaluated, not on
C§°-functions, but on C§°-densities, by use of local coordinates.

If one provides X with a smooth measure (or volume form) da compatible
with Lebesgue measure in local coordinates, e.g. coming from a Riemannian
structure, one can identify the distribution densities with the distributions,
giving (u, ) x a meaning for distributions v and C§°-functions . This also
gives a scalar product and norm in Lo(X). We shall assume from now on
that such a choice has been made, and denote the distribution space 2'(X).
With a notation from [H83, Sect. 6.3], the local representatives are denoted
ux, =uok 1, k € F. We refer to the quoted book for an explanation of how
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the identification between distributions and distribution densities is obtained
with the help of a fixed choice of a positive C*°-density.

There is a more refined presentation of distribution spaces over X in [H71]
(and in [H85, p. 92]), where the introduction of densities of order } (essentially

carrying J 2 along with the measure) makes the situation for distributions and
test functions more symmetric under coordinate changes. We shall make do
with the old-fashioned explanations given above.

Sobolev spaces H*(X) can be defined by use of local coordinates and
a partition of unity as in Lemma 8.4 1°: v € H?®(X) when, for each j,
(ju) o /<aj_1 € H*°(R™) (here an extension by zero in R™ \ V; is understood),
and a Hilbert space norm on H*(X) can be defined by

Jjo
lulls = O~ l(wu) 0 55 M 130) 2. (8.10)
j=1

This formula depends on many choices and is in no way “canonical”, so
H?*(X) could be viewed as a “hilbertable” space rather than a Hilbert space
(with an expression heard in a lecture by Seeley).

It is not hard to see that C*°(X) is dense in H*(X) for all s. Indeed, when
u € H*(X), one can approximate each piece ¢ju o £; ' in H*-norm by Cg°-
functions (vjk)ren, on Vj; then ug(z) = 3, vjk(k;(2)) is an approximating
sequence for wu.

One can, after fixing the norms on H*(X) for s > 0, choose the norms in
the H~%(X) so that H~*(X) identifies with the dual space of H*(X) in such
a way that the duality is consistent with the Ls-duality.

Theorem 8.2 (RELLICH’S THEOREM). The injection of H*(X) into H* (X)
is compact when s > s'.

This can be proved in the following steps: 1) A reduction to compactly
supported distributions in each coordinate patch by a partition of unity, 2)
an embedding of a compact subset of a coordinate patch into T™ (the n-
dimensional torus), 3) a proof of the property for T™ by use of Fourier series
expansions.

We shall carry this program out below. To begin with, let us explain the
Sobolev spaces over the torus.

A Dbasic result in the theory of Fourier series is that the system
{e*® | k € Z"} is an orthonormal basis of Lo(T", dz); here dz = (2r) "dz,
and T" is identified with @Q = [—m,7]" glued together at the edges (in
other words, the functions on T" identify with functions on R™ that are
periodic with period 27 in each coordinate z1,...,x,). Then the mapping
= (cu(f)rezn, cr(f) = (f,e*®), defines an isometry of Ly(T",dr) onto
lo(Z7).

There is an easy way to define distributions on the torus. We have the ex-
plicit bilinear form [, f(x)g(x)dz = fQ f(x)g(x) dx. The test functions are
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the C*°-functions on T" (C*°-functions on R™ with period 27 in each coordi-
nate x1, ..., x,), and we can identify 2’(T") with the dual space, such that an
Lo-function f identifies with the distribution acting like ¢ — [, f(z)¢(z) dz.

For a function f € C™(T") having the Fourier series ), ;. cke”C * an

integration by parts shows that
Daf _ Z kackeik-r
kezn
For uw € C™(T™), the m-th Sobolev norm therefore satisfies, in view of (5.2),

e o {4

la|<m Ck(u))kezn”b'

Since C*°(T™) and hence C™(T") is dense in H™(T"), we conclude that the
m-th Sobolev space (m € Ny) satisfies

H™(T") = {ue Lo(T") [ (k%cx(u))rezn € L2 for |af <m}
= {ue Ly(T") | (k)™ ck(u))ezn € L2}

Denote by £5(Z™) (or ¢5) the space of sequences a = (ay)gez» for which
> ez |(k)*ar* < co. It is a Hilbert space with scalar product and norm

(a,b)z; = Z <k>2sakbk, Z |(k ak| (8.11)

keZn kezZm

this follows immediately from the fact that multiplication Mgys @ (ax) =
((k)*ay) maps £ isometrically onto the well-known Hilbert space £y (= £9).
Then the above calculations show that H™(T™) may be equivalently provided
with the scalar product and norm

(U, V), n = Z (kY*™ ex(u)er (v) = ((cr(u))rezn, (Ck(v))kezn)égm

kezn
1
l[tllrm,n = ()i, 0 = I (ch(w))rezn lleg-
For s € R4, this generalizes immediately to define, as subspaces of Lo (T™),
H(T") = {u | (cx(u))rezn € £5(Z")}, (8.12)

provided with the scalar product and norm

(wv)sn = Y () en(w)er(v) = ((er(w)), (cx(v)) 5,
kezr (8.13)

= (u,u)2 1 = [|(cx()les.
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Also for noninteger s, the definition of H*(T") is consistent with the general
definition on compact manifolds given further above; this can be shown e.g. by
use of interpolation theory (cf. Lions and Magenes [LM68]: When s €]0, 2],
the space H*(X) is the domain of A%/2, whenever A is a selfadjoint positive
operator in Lo(X) with domain H?(X)). Details will not be given here.

We can moreover make a generalization to arbitrary s € R.

Observe that when fi is a sequence in £5(Z") for some s € R, then the
series ) ;. cym fret®® converges in 2’ to a distribution f: Take a test function
¢ € C°°(T"); its Fourier series >, ;. are’™® has the coefficient sequence

(ak)kezn lying in 05 for any r. Let fY =37,y fre™*; then

= Z frag, where Z | frar| = Z [(Kk)® frll(k) " ax]

|k|<N |k|<N |k|<N
1
< (D0 R 2D 1R arl?)® < 1(fk)llesll(@r)ll gy
|kI<N |k|<N

Thus (fV, @) converges for each ¢ when N — oo, and it follows from the limit
theorem (Theorem 3.9) that f¥ converges to a distribution f. In particular,
(f,e %) = limy oo (fV, e %) = f, for each k.

So there is a subset of the distributions f € 2/(T™) that can be written
as > pezn [o€™, with fi = ci(f) = (f,e"™**) and (fy) € £3, and we define
H?(T") to consist of these; in other words it is defined by (8.12) and (8.13).

It can now be remarked that H*(T") and H~*(T") identify with each
other’s dual spaces with a duality extending the Lo scalar product. The proof
is similar to that of Theorem 6.15: First of all, /5 identifies with its own dual
space by the Riesz representation theorem. By use of the isometry M. this
extends to an identification of £5* and ¢5 with each other’s dual spaces, and
this carries over to the duality between H~* and H® when we carry (ax)kezn
over t0 Y, oy aret T

Another observation is that since T™ is compact, any distribution u has a
finite order M. Now when ¢ is as above we have for |a] < M,

sup|Dp()| =sup| Y kape™ [ < Y |(k)ay
kezn kezn

< Y M anl (k)0 < (@)l o [ (CR) ") g

keZn

where ||(<k>_b)”gf2) < oo for b > 7 (cf. (8.15)ff. below). Thus [[¢[cn <
ch(ak)Héé\Hb for b > 7. Hence

{u, 9) < Crrsup{|D*¢(2)| | laf < M, z € T"} < [l a4,

for all o, so u defines a continuous functional on HM*°(T"). It follows that
u € H=M=b(T"). Consequently,
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7'(t") = |J B (T") = | H*(T").

seR SEZL

Let us define A4 for s € R as the operator

A Z crpet Z (k) cpe™® (8.14)

kezZm™ kezn

(corresponding to the multiplication operator M s on the coefficient se-
quence); then clearly

A, maps H'(T") isometrically onto H'™*(T™),
when the norms ||ul|, A are used, and A_; is the inverse of Ay for any s.

Theorem 8.3. 1° When s > 0, A_; defines a bounded selfadjoint operator
in Lo(T™), which is a compact operator in La(T™).

The injection of H*(T™) into Lo(T™) is compact.

2° When s > s, the injection of H*(T™) into H* (T™) is compact.

Proof. Let s > 0. Since ||u|ls,x > |Jullo.n, A—s defines a bounded operator
T in Ly(T™), and it is clearly symmetric, hence selfadjoint. Moreover, the
orthonormal basis (e?*'*),czn is a complete system of eigenvectors of T', with
eigenvalues (k)~°. Then T is a compact operator in Lo(T™), since (k)~° — 0
for |k| — oo.

It follows that the injection of H*(T") into H°(T") is compact. Namely,
when w; is a bounded sequence in H*(T"), we can write vy = A_sf; = Tfi,
where (f7) is bounded in Ly(T™), so the compactness of T'in Ly (T™) implies
that u; has a convergent subsequence in Lo(T™). This shows 1°.

For more general s and s', one carries the injection £ : H*(T™) — H* (T™)
over into the injection B’ : H*~% (T™) — H°(T™) by use of the isometries
A_y and Ay, setting E = A_yE'Ay; it is compact in HY (T™), since E’ is
so in HO(T™). 0

Proof (of Theorem 8.2). Let u; be a bounded sequence in H*(X), then for
each j (cf. (8.10)), (gpju)on;l is bounded in H*(R"™). The support is in a fixed
compact subset of V;, and we can assume (after a scaling and translation if
necessary) that this is a compact subset of °, so that the sequence identifies
with a bounded sequence in H*(T™). Then Theorem 8.3 gives that there
is a subsequence that converges in H s’ (T™). Taking subsequences in this
way successively for j = 1,...,jp, we arrive at a numbering such that the
corresponding subsequence of u; converges in H* (X). O

The statement on the compactness of the operator defined from A_; for
s > 0 can be made more precise by reference to Schatten classes. A compact
selfadjoint operator T > 0 is said to belong to the Schatten class C, (for

some p > 0), when the eigenvalue sequence {\; }jen, satisfies -, A7 < .
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In particular, the operators in C; are the trace-class operators, those in Cy
are the Hilbert-Schmidt operators. For nonselfadjoint 7', the Schatten class
is defined according to the behavior of the eigenvalues of (T*7T')z.

We here observe that A_g, or the embedding H*(T") < H°(T"), is in the
Schatten classes C, with p > n/s, since

Z (k)™ < oo for s >n/p (8.15)
kezZm

(which is seen by comparison with [, (z) =P dx). In particular, the injection
is trace-class for s > n, and it is Hilbert-Schmidt for s > n/2.

An operator P : C®(X) — C>(X) is said to be a pseudodifferential
operator of order d, when P; : C§°(V;) — C°°(V;), defined by

Pj’UZP(UO/ij)OH;l,’UECgO(V}'), (8.16)

is a 1do of order d on V; for each j.

To see that the definition makes good sense and is independent of the
choice of a particular atlas, we appeal to Theorem 8.1, which shows that the
property of being a 1)do on an open set is preserved under diffeomorphisms.
Here the pieces P; generally have Sﬁo symbols, but if they are polyhomo-
geneous with respect to one atlas, they are so in all atlases, and we say
that P is polyhomogeneous. In the following we restrict our attention to the
polyhomogeneous case.

The symbols of the localized pieces P; of course depend on the choice of
atlas. However, there is a remarkable fact, namely, that the principal symbol
has an invariant meaning.

To explain this, we need the concept of vector bundles over a manifold,
that we shall now briefly explain. A trivial vector bundle over X with fiber
dimension N is simply the manifold X x CV; the points are denoted for
example {z,v} (r € X and v € C"), and for each # € X, the subset {2} x CV
is called the fiber (or fibre) over x. X is then called the base space. On the
space X x CV, the mapping 7 : {z,v} — {z,0} is a projection. Here we
identify {z,0} with x, such that X is the range of the projection. Then, for
each x € X, 7= 1({z}) = {} x C", the fiber over z. The sections of X x CN
are the vector-valued functions f: X — CV.

A general C°-vector bundle E over X is a C'*°-manifold provided with
a projection 7 : E — X such that 7#—1({x}) is an N-dimensional complex
vector space (the fiber over z). Again, X is identified with a subset of E.
Here we require that E is covered by open sets of the form 7= (U) with U
open C X, and there is an associated mapping ¥ : 771(U) — V x C¥, such
that the restriction of ¥ to U is a coordinate mapping x : U — V, and at
each x € U, ¥ maps the fiber 7=1({z}) over z linearly onto CV, the fiber
over £(z). Such a mapping ¥ (or rather, a triple {U, U, V'}) is called a local
trivialization, and the associated mapping x : U — V is called the base space
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mapping. When ¥; and ¥, are local trivializations with Uy N Uy # 0, the
mapping g1z = 100, ! from ke (U NU) x CN to k1 (U NUz) x CN is called
a transition function (skiftefunktion); it is a smooth family of regular N x N-
matrices parametrized by y € ko(Us NUsz). The (continuous, say) sections of
E are the continuous functions f : X — E such that f(z) € 7~ '({z}) (i.e.,
f(x) lies in the fiber over x). In each local trivialization, they carry over to
continuous functions from V to C¥. They are said to be C* (k < oo) when
they carry over to C* functions in the local trivializations. — Each section
can be viewed as a subset of E (a “graph”).

The zero section sends x into the origin of the fiber over x; one often
identifies the zero section with X itself.

One can of course also define real vector bundles, where the fibers are real
N-dimensional vector spaces.

We use these concepts in two ways: For one thing, we can let our 1do’s be
matrix-valued, and then we can allow the matrix structure to “twist” when
one moves around on X, by letting the 1»do’s act on sections of vector bundles.
Here it is natural to take complex vector bundles. One can provide such vector
bundles with a Hermitian structure — this means that one chooses a scalar
product in each fiber, varying smoothly along X; then Lo scalar products
can be defined for the sections (not just for functions), and all that was said
about function spaces (and distribution spaces) above extends to sections of
vector bundles.

The other use we make of vector bundles is crucial even for scalar pseudod-
ifferential operators: There is a special real vector bundle with fiber dimension
n associated with X called the cotangent bundle T*(X). It can be described
as follows: It has an atlas consisting of open sets W’l(Uj), 7=1,...,70, and
local trivializations ¥, : 7=1(U;) — V; x R™, such that the associated base
space mappings x; : U; — Vj are connected with the transition functions in
the following way:

When x € U;NUj, the linear map W0V from {r;(z)} x R™ to {r;(z)} x
R™ equals the inverse transpose of the Jacobian of kj o k; ~ at Kri(x).

(A full discussion can be found in textbooks on differential geometry. One
can also find a detailed description in [H83] pages 146-148. The cotangent
bundle is the dual bundle of the tangent bundle T(X) where the transition
functions are the Jacobians of the r; o r; ')

This is a way of describing the cotangent bundle that fits directly with
our purpose, which is to define the principal symbol of a ©do as a function
on T*(X)\ 0 (the cotangent bundle with the zero section removed). Indeed,
formula (8.5) shows that when p°(z, &) is given in some coordinate system,
one gets the same value after a change to new coordinates z = k(z) if one
maps {z, &} to {z,&} = {k(x), 'k (2) 1€}, (We here consider the version of
p° that is homogeneous outside ¢ = 0.) So it is independent of the choice of
local trivializations.

When P is a polyhomogeneous ®do of order d on X, there is defined
a principal symbol in each local coordinate system, and this allows us to
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define a principal symbol that is a function on the nonzero cotangent bundle
T*(X) \ 0 (since the value can be found in a consistent way from the value
in any local coordinate system). We call it p°(z, &) again, where 2 € X and
¢ indicates a point in the fiber over x.

One can even let pY take its values in a vector bundle E over X (so that
p° is matrix-formed in local trivializations).

With these preparations, it is meaningful to speak of elliptic 1»do’s on X.
For ydo’s acting on sections of bundles — sending C*°(E) into C*°(E’) where
E and E’ are vector bundles of fiber dimension N resp. N’ — we can even
speak of injectively elliptic resp. surjectively elliptic ©/do’s (meaning that they
are so in local trivializations).

There are some considerations on cut-off functions that are useful when
dealing with 1do’s on manifolds.

Lemma 8.4. Let X be a compact C* manifold.

1° To every finite open cover {Uy, ..., U} of X there exists an associated
partition of unity {u1,...,0 s}, that is, a family of nonnegative functions
¥ € C5°(Uj) such that 3, ;5 = 1.

2° There exists a finite family of local coordinates k; : U; — Vi, i =
1,...,I1 for which there is a subordinate partition of unity {o1,...,07,}
(nonnegative smooth functions having the sum 1), such that any four of the
functions 9;, 0k, 01, 0m have their support in some U;. (This extends to fam-
ilies of trivializations when a vector bundle is considered.)

Proof. The statement in 1° is a simple generalization of the well-known state-
ment for compact sets in R™ (Theorem 2.17): We can choose compact sub-
sets K, K} of the U; such that K} C K7, X = [JKj, and we can find
smooth functions (; that are 1 on K ; and have support in K7; then take
Vi =G/ 2k Ck-

For 2°, a proof goes as follows: We can assume that X is provided with
a Riemannian metric. Consider a system of coordinates {x; : U; — Vi}f(’:l;
we assume that the patches V; are disjoint, and note that they need not be
connected sets. By the compactness of X, there is a number § > 0 such that
any subset of X with geodesic diameter < § is contained in one of the sets
U;. Now cover X by a finite system of open balls B;, j = 1,..., Jy, of radius
< §/8. We claim that this system has the following 4-cluster property: Any
four sets Bj,, Bj,, Bj,, Bj, can be grouped in clusters that are mutually
disjoint and where each cluster lies in one of the sets U;.

The 4-cluster property is seen as follows: Let ji, j2, 73,74 < Jo be given.
First adjoin to Bj, those of the Bj, , k = 2, 3,4, that it intersects with; next,
adjoin to this union those of the remaining sets that it intersects with, and
finally do it once more; this gives the first cluster. If any sets are left, repeat
the procedure with these (at most three). Now the procedure is repeated
with the remaining sets, and so on; this ends after at most four steps. The
clusters are clearly mutually disjoint, and by construction, each cluster has
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diameter < ¢, hence lies in a set U;. (One could similarly obtain covers with
an N-cluster property, taking balls of radius < 6/2N.)

To the original coordinate mappings we now adjoin the following new ones:
Assume that Bj,, Bj,, Bj,, Bj, gave rise to the disjoint clusters U’,U", ...,
where U’ C Uy, U” C Ujr,... . Then use ky on U’, K on U” ... (if nec-
essary followed by linear transformations ®”,... to separate the images) to
define the mapping < : U UU" U+ — ki (U )U D"k (U”)U- - -. This gives
a new coordinate mapping, for which B; U Bj, U B;, U B}, equals the initial
set U/ UU"” U---. In this way, finitely many new coordinate mappings, say
{ki 1 U; — Vi}f;loﬂ, are adjoined to the original ones, and we have estab-
lished a mapping (j1, j2, j3,J4) — @ = i(J1, jo, j3, j4) for which

Bj, UB;, UBj, UB;j, C Ui(jl,jz,js,h)'
Let {o; }jil be a partition of unity associated with the cover {Bj}jil (here
we use 1°), then it has the desired property with respect to the system
{k; : U; — Vi}fl:l. ]
The refined partition of unity in 2° is convenient when we consider com-

positions of operators. (It was used in this way in [S69], but a proof was not
included there.) If P and @ are 1do’s on X, write

R=PQ= Y 0;PokoiQom, (8.17)

Jik,l,m

then each term 0;P o1, 01Qom has support in a set U; that carries over to V; C
R™ by k;, so that we can use the composition rules for ¢»do’s on R™. It follows
that R is again a ¥»do on X; in the local coordinates it has symbols calculated
by the usual rules. In particular, the principal symbol of the composition is
found from the principal symbols, carried back to 7*(X) \ 0 and added up:

2,8 = Y 0@ er@)p’(x, e (x)om ()’ (x,€) = p°(x,6)¢° (x,€).
7.k, lLm
(8.18)
One shows that the adjoint P* of a ¢»do P (with respect to the chosen
scalar product in Lo (X)) is again a 1do, by using a partition of unity as in
2° in the consideration of the identities

/(Pf)gdx:/ F(P*q) da. (8.19)
X X

The principal symbol follows the rule from Theorem 7.13; in particular, P*
is elliptic when P is so.

We can also use the partitions of unity to show continuity in Sobolev spaces
over X:

Theorem 8.5. Let P be a pseudodifferential operator on X of order d. Then
P is continuous from H*(X) to H*~%(X) for all s € R.
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Proof. Let o be a partition of unity as in Lemma 8.4 2°. Then P =
Zj,k<Jo 0jPoy. For each j,k there is an ¢ < I; such that g; and g are
supported in U;. Then when p; Py, is carried over to Vi, we find a tdo
with symbol (in (z,y)-form) vanishing for (z,y) outside a compact subset
of V; x Vi; it identifies (by extension by 0) with a symbol in S{ o(R**,R™),
and hence defines a continuous operator from H*(R") to H*~¢(R") for any
s € R. Tt follows that o; Py, is continuous from H*(X) to H*~4(X). Adding
the pieces, we find the statement in the theorem. a

For the construction of a parametrix of a given elliptic operator we use
Lemma 8.4 1° combined with some extra cut-off functions:

Theorem 8.6. Let P be an elliptic 1do of order d on X. Then there is a
wdo Q on X, elliptic of order —d, such that

(i) PQ=1+ Ry,

(i) QP =1I+R,, (8.20)

with R1 and Ra of order —oo.

Proof. Along with the 1; in 1° we can find ¢; and 6; € C§°(U;) such that
¢j(xz) = 1 on a neighborhood of supp;, 6;(x) = 1 on a neighborhood of
supp (;. Since P; (recall (8.16)) is elliptic on Vj, it has a parametrix Q) there.
Denoting the functions v}, (;,8; carried over to V; (i.e., composed with H;l)

by 1/)j, Cj, 6, we observe that

Namely,

Cj = (0;£38;,Q; — v, = (0;Pi¢,Q5 = Dy,
= (0,F;Q) — )Y, +0;Pi(¢, = DQy, ~ (6; = 1)t = 0;

it is used here that 1 — (; and v; have disjoint supports, and that 6; = 1
on supp ;. Moreover, Cj‘ carries over to X as a negligible operator C; with
support properties corresponding to the fact that C’j‘ has kernel support in

supp 6 x suppwj. Now let Qu = Zj(CjQ;'((%/JjU) o n;l)) o kj. Then

(PQ—Iu= (P, Q((u) o r) o rj] = ju)

J

=> (0;P0; [C,Q5((¥ju) o K71) 0 k5] — ju) + Ru,
j

with R negligible, since 1 — 6; and ¢; have disjoint supports. The j-th term
in the last sum equals Cju, and _; C; is negligible. This shows (8.20) (i).
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There is a similar construction of a left parametrix, satisfying (8.20) (ii), and
then each of them is a two-sided parametrix, by the usual argument (as in
Corollary 7.19).

In each coordinate system, the principal symbol of Q; is pO(z, &)~ (for
those £ where it is homogeneous). Then the principal symbol of @, the sum
of the CjQ;wj carried over to X, is equal to

ch P’ (. &)y () = (0°) (2, €),

since (j1p; = ¢ and ), ¢; = 1. In particular, @ is elliptic of order —d. O
There are also one-sided versions, that we state here in full generality:

Theorem 8.7. Let E and E' be complex vector bundles over X of fiber di-
mensions N resp. N', and let P be a pseudodifferential operator of order d
from the sections of E to the sections of E'.

1° If N' < N and P is surjectively elliptic of order d, then there exists a
right parametriz Q, which is a pdo from the sections of E’ to E, injectively
elliptic of order —d, such that (8.20) (i) holds.

2° If N' > N and P is injectively elliptic of order d, then there exists a
left parametriz Q, which is a do from the sections of E' to E, surjectively
elliptic of order —d, such that (8.20) (ii) holds.

3° If N = N’ and either 1° or 2° holds for some Q, then P is elliptic of
order d, and both (i) and (ii) in (8.20) hold with that Q.

In the case of trivial bundles over X, the proof can be left to the reader
(to deduce it from Theorem 7.18 by the method in Theorem 8.6). In the
situation of general bundles one should replace the coordinate changes x; by
the local trivializations W;, with an appropriate notation for the trivialized
sections. (Here the proof can be left to readers who are familiar with working
with vector bundles.) There is again a corollary on regularity of solutions of
elliptic problems as in Corollary 7.20. For existence and uniqueness questions
we can get much better results than in Chapter 7, as will be seen in the
following.

8.3 Fredholm theory, the index

Let V4 and V5 be vector spaces. A Fredholm operator from V; to V5 is a linear
operator T from V; to V5 such that kerT" and coker T" have finite dimension;
here ker T is the nullspace (also denoted Z(T')) and cokerT is the quotient
space Hy/R(T), where R(T) is the range of T'. The dimension of Ho/R(T)
is also called codim R(T).

We shall recall some facts concerning Fredholm operators between Hilbert
spaces. More comprehensive treatments can be found in various books, e.g.
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[H85, Sect. 19.1], Conway [C90] or Schechter [S02]. Our presentation is much
inspired from the Lund University lecture notes of Hérmander [H89].

Fredholm operators can also be studied in Banach spaces (and even more
general spaces) but we shall just need them in Hilbert spaces, where some
proofs are simpler to explain.

Let H; and Hs be Hilbert spaces; we denote as usual the space of bounded
linear operators from H; to Ho by B(H1, Hy). First of all one can observe that
when T' € B(H1, Hs) is a Fredholm operator, then R(T) is closed in Hs. To
see this, note that T': H; © Z(T') — Hs is again bounded and is a Fredholm
operator. If dimcokerT" = n, we can choose a linear mapping S : C" — Hy
that maps C" onto a complement of R(T') in Ho; then Ty : {z,y} — Tx+ Sy
from (Hy © Z(T)) @& C™ to Hj is bijective. Tj is continuous, hence so is its
inverse (by the closed graph theorem). But then R(T) = Ty ((H, © Z(T)) ®
{0}) is closed.

The property of having closed range is often included in the definition of
Fredholm operators, but we see that it holds automatically here.

When T is a Fredholm operator, its index is defined by

indexT" = dimkerT" — dim cokerT". (8.21)

The following property is fundamental:

Proposition 8.8. When T € B(H;, Hs) is bijective, and K € B(Hy, Hs) is
compact, then T + K is a Fredholm operator.

Proof. Recall that a compact operator maps any bounded sequence into a
sequence that has a convergent subsequence. We first show why Z (7 + K) is
finite dimensional: Z(T + K) is a linear space, and for x € Z(T + K),

Tr =—-Kux.

Let z; be a bounded sequence in Z(T + K). By the compactness of K, Kz,
has a convergent subsequence Kz, , but then Tz, is also convergent, and so
is xj, since T~ is bounded. We have shown that any bounded sequence in
Z(T + K) has a convergent subsequence. Then the Hilbert space Z(T + K)
must be finite dimensional, for an infinite dimensional Hilbert space has an
infinite orthonormal sequence (with no convergent subsequences).

Recall the general property Hy = R(T + K) @ Z(T* + K*). Since T* is
invertible and K* is compact, Z(T* + K*) has finite dimension. So to see
that R(T + K) has finite codimension, we just have to show that it is closed.

Consider (T + K) : H; — Hy where Hy = H, & Z(T + K). We claim that
forall z € H 1,

lz]| < ¢||(T + K)z|| for some ¢ > 0. (8.22)

Because if not, then there exist sequences x; € Hy and ¢; such that [|z;|| =1
and c¢; — oo, with
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1= llayl| = e |(T + K)a |, for all .

But then ||(T'+ K)z;|| < 1/¢; — 0. Since K is compact and ||z;|| = 1, there
is a subsequence x;, with Kz, — v for some v € Hy. Then T'z;, — —v, so
zj, =T 'Tzj, — w=—T"1v; note that w € H; and has norm 1, since this
holds for the z;,. But (T'+ K)w = lim (T'z;, + Kxj,) = 0, contradicting the
fact that Hy, L Z(T + K). It follows from (8.22) that R(T + K) is closed. 0O

We shall see further below that the index of 7'+ K in this case is 0. A
special case is where Hy = Hs and T = I, in this case the result was proved
by Fredholm and Riesz, and is known as the Fredholm alternative: “For an
operator I + K in a Hilbert space H with K compact, the equation

(I+K)u=f (8.23)

is either uniquely solvable for all f € H, or there exist subspaces Z, Z' with
the same finite dimension, such that (8.23) is solvable precisely when f L
7', and the solution is unique modulo Z ”. The general rules for Fredholm
operators have been established by Atkinson and others.

Lemma 8.9. An operator T € B(Hy, Hy) is Fredholm if and only if there
exist S1,S52 € B(Ha, H1), K1 compact in Hy and Ko compact in Hs, such
that

SiT=I1+K,, TS =1+ Ks. (824)

Proof. When X is a closed subspace of a Hilbert space H, we denote by
prx the orthogonal projection onto X, and by ix the injection of X into H.
(When X C X; C H, we denote the injection of X into X by ix_x,.)

Let T be Fredholm, then T" defines a bijective operator T from Hy =
H, 6 Z(T)to Hy = R(T) = H26 Z(T*). Let Sy = iy (T)~! PIp(7); then

TSy =Tip, ()~ PrR(T) = Prr(T) =1 — Prz(1+);

so the second equation in (8.24) is achieved, even with a finite rank operator
Ky = —pry(p-y. The adjoint 7™ is likewise Fredholm, so the same argument
shows the existence of S3, K3 such that T*S3 = [ + K3 with K3 of finite
rank. Taking adjoints, we see that S5, K5 can be used as 51, K.
Conversely, assume that (8.24) holds. The equations show that

Z(T)C Z(I+ K1), R(T)D R(I + K>).

The space Z(I + K;) has finite dimension, and R(I + K>) has finite codi-
mension, in view of Proposition 8.8. Here dim Z(T") < dim Z(I 4+ K;) and
codim R(T') < codim R(I 4+ K3), so T is Fredholm. O

Some of the most important properties of Fredholm operators are:
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Theorem 8.10. 1° MULTIPLICATIVE PROPERTY OF THE INDEX. When T} €
B(H1, Hy) and Ty € B(Hs, Hs) are Fredholm operators, then ToT; € B(Hy, H3)
is also Fredholm, and

index 15T = index T, + index T} . (8.25)

2° INVARIANCE OF FREDHOLM PROPERTY AND INDEX UNDER SMALL PER-
TURBATIONS. Let T € B(Hy, Hs) be a Fredholm operator. There is a constant
¢ > 0 such that for all operators S € B(Hy, Hy) with norm < ¢, T + S is

Fredholm and
index(T'+ S) = index T. (8.26)

Thus the index is invariant under a homotopy of Fredholm operators.

3° INVARIANCE OF FREDHOLM PROPERTY AND INDEX UNDER COMPACT
PERTURBATIONS. Let T € B(Hy, Hy) be a Fredholm operator. Then for any
compact operator S € B(Hy, Hs), T+ S is Fredholm and (8.26) holds.

Proof. For 1°, we give a brief indication of the proof, found with more details
in [C90, IX §3]. When T is an operator of the form

T R\ H| H,
T = 0 = @,
0oT7") HY HY

with finite dimensional H{" and HY, and T" bijective, then T is Fredholm with
index equal to dim H{ — dim HY, for so is T" : H{ — HY/, by an elementary
rule from linear algebra. The given Fredholm operators 77 and 75 can be
written in this form,

T{ Ry Hj H) T Ry H) H
T = e = &, Ty= 16— &,
01y HY HY 07§ HY HY

when we define

H) = R(TY) N Z(Ty)*, HY = Hy © Hy = R(TY)™* + Z(T%),
Hi =Ty '(Hy) N Z(Ty)*", HY = H, & Hj,
H} =Ti(H)), HY = H3 © H}.
Then
T Rs H{ H}
T2T1 = :d — &b 5
0 Tyry) HY HY
with index 75Ty = dim HY —dim H{ = dim HY —dim H) +dim H) —dim H{ =
index Ty + index T}.
For 2°, note that it holds obviously when T is bijective, for then
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T+S=TI+T"'S), where (I +T7'9)"' = Z (=T~18)k,
keNp

converging in norm when [|S|| < ||77!(|~!. Here (8.26) holds since both T+ S
and T have index 0, being bijective.
In the general case we can write, with notation as in Lemma 8.9,
T 0\ H, H,
T = b — D,
00 Z A

where we have set Z = Z(T'), Z' = Z(T*). Then

T+5Su S\ Hi H
T+S= o - @,

and ||S11]| < ¢ if ||S]| < ¢ For ¢ sufficiently small, T + S11 will be bijective.
The range of T+ S contains all elements of the form (T + S11)us ® Saruq,
uy € H 1; hence since T + S11 maps H 1 onto Hg, every equivalence class in
Hy/Z' is reached, so codim R(T + S) < codim R(T). The adjoints have a
similar structure, so dim Z(T + S) < dim Z(T'). We conclude that T + S is
Fredholm, and will now determine its index.
We have that B
T+ 511 = prﬁz(T—k S) ig,s

where each factor is a Fredholm operator. The product rule 1° gives

0 = index(T + Sy1) = index pry, +index(7T + ) + index iz
= dim Z’ + index(T + S) — dim Z,

and we conclude that index(7 + S) = dim Z — dim Z’ = index 7.

For 3°, we know from Proposition 8.8 that 7'+ S is Fredholm if T is
bijective. Applying 2° to the family of Fredholm operators T+ \S, A € [0, 1],
we see that (8.26) holds in this case with indices zero. In particular, I 4+ S
has index 0.

For general Fredholm operators T" we use Lemma 8.9: With auxiliary op-
erators as in (8.24), we have that

S (T+S)=1+K+55=1I+K],
(T +8)So =1+ Ko+ 58S, =1+ K},

with K1 and K compact, hence 7'+ S is Fredholm by the lemma. Here I+ K
has index 0, so index .S} = —indexT by the product rule. Moreover, I + K}
has index zero, so index(T 4 S) = —index S1 = index T 0
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One sometimes attaches the Fredholm property to unbounded operators
too. This can be justified when T is a closed operator, as follows:

Let T be a closed operator from D(T') C H; to Ha. Then T is bounded as
an operator from the Hilbert space D(T') provided with the graph norm
ullgraph = (lullF, + |\Tu||%{2)§, to Hy. Tt is said to be Fredholm when
dimkerT" and dim cokerT" are finite, and the index is defined as usual by
(8.21). R(T) is again found to be closed in Hs, and Theorem 8.10 holds when
the graph norm is used on D(T).

We shall now show that elliptic pseudodifferential operators on compact
manifolds are Fredholm operators.

Theorem 8.11. Let X be a compact n-dimensional C*° manifold, and let P
be an elliptic pseudodifferential operator of order d on X. Then P : H*(X) —
H*~4(X) is a Fredholm operator for any s € R.

Moreover, the kernel is the same finite dimensional subspace V' of C*°(X)
for all s € R, and there is a finite dimensional subspace W of C*°(X) such
that the range for all s € R consists of the f € H*~%(X) satisfying (f,w) =0
forw € W. These statements hold also for s = oo, where H®(X) = C*(X),
so P is a Fredholm operator in C*(X).

Thus P : H*(X) — H*"%4(X) has an index

index P = dim ker P — dim coker P, (8.27)

that is independent of s < co.
When Q is a parametriz of P,

index @ = — index P. (8.28)

The statements hold also for matriz-formed operators or operators in vec-
tor bundles, in the situation of Theorem 8.7 3°.

Proof. To keep the notation simple, we give the proof details in the scalar
case, using Theorem 8.6. P has a parametrix @, continuous in the opposite
direction and satisfying (8.20). Since R; and Ry are bounded operators from
H*(X) to H*T1(X), they are compact operators in H*(X) by Theorem 8.2,
for all s. Then by Theorem 8.10 3°, PQ = I + Rq and QP = [ + Ry are
Fredholm operators in H*(X) with index 0.

We can write (as in [S91]) C*(X) = H*>(X) (since [),cp H*(X) =
C°°(X) by the Sobolev embedding theorem). Denote by Z*¢(P) the nullspace
of P : H(X) — H* 4X), and similarly by Z*(QP) the nullspace of
QP : H*(X) — H%(X). Clearly, Z>°(P) C Z%(P), Z>(QP) C Z*(QP),
for s € R. On the other hand, for u € H*(X), any s,

Pu=0 = QPu=0 = u=—-Rou € C°(X),
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by (8.20) (ii), so Z*(P) C Z*(QP) C C*°(X). Thus Z*(P) = Z*°(P) and
Z5(QP) = Z>*(QP) for all s; we denote Z*°(P) = V. Moreover, since
Z*(QP) has finite dimension, so has Z*(P) =V.

For the consideration of cokernels, we similarly define R*(P) and R*(PQ)
to be the ranges of P : H*T4(X) — H*(X) and PQ : H*(X) — H*(X).
Since PQ = I + R4 is Fredholm in H*(X), R*(PQ) has finite codimension
in H*(X) and then so has R*(P) D R*(PQ). Thus P : H*"4(X) — H*(X)
is Fredholm, for any s; in particular, R*(P) is closed in H*(X).

Since X is compact, we can identify 2'(X) with (J,cp H*(X). The adjoint
P*: 2/(X) — 2'(X) is then defined such that its restrictions to Sobolev
spaces satisfy:

P*: H5(X) — H—5"%(X) is the adjoint of P : H*T4(X) — H*(X),
when H~*(X) is identified with the dual space of H*(X) with respect to a
duality (u,v) consistent with the chosen scalar product in Ls(X).

Moreover, since R*(P) is closed,

R*(P)={fe H(X)| (f,v)=0forve Z °(P")}.

Since P* is elliptic, Z—*(P*) = Z°°(P*) = W, a finite dimensional subspace
of C*°(X) independent of s € R. This shows that

R (P) = {f € H*(X) | (f,v) = 0 for v e W},

for s € R, and we finally show it for s = co. Here the inclusion “C” is obvious,
since R>(P) C R*(P) for any s; on the other hand, when f € H*(X) with
(f,w) =0 for w € W, then there is a u € H*(X) (with an arbitrarily chosen
s < o0) such that f = Pu, and then v = QPu — Rou € H®(X), so that
f € R>®(P).

The last statement follows by another application of Theorem 8.10: Since
R1 is compact in Lo(X), I+ R4 has index 0 there by 3°, and hence index P+
index @ = 0 by 1°. This extends to the operators in the other spaces since
the indices are independent of s. O

For the proof in the vector bundle situations, one needs to introduce a
Hermitian scalar product in the fibers in order to speak of the adjoint.

It may be observed that to show the Fredholm property of P, one only
needs to use for () a rough parametrix constructed from the principal symbol,
such that the R; in (8.20) are of order —1. We also observe:

Corollary 8.12. The index of P depends only on the principal symbol of P.

Proof. Let P; be a polyhomogeneous ¢do with the same principal symbol as
P,ie., P, — P is of order d — 1. Then

PlQZPQ—I—(Pl—P)Q:I—I—R/l,
QP =QP+Q(P, — P)=1+TRj,
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with R and R, of order —1. For any s € R they are compact as operators
in H*(X), so by Lemma 8.9, P; is Fredholm from H*(X) to H*~%(X). The
index satisfies

index P, = —index () = index P, (8.29)

by Theorem 8.10 1° and 3°, and Theorem 8.11. O

For Riemannian manifolds X, the index of the elliptic operator associ-
ated with the Riemannian metric, and of related elliptic operators defined
in suitable vector bundles over X, have been studied intensively. There is a
famous theorem of Atiyah and Singer (see e.g. [AS68], [ABP73], [H85, Sect.
19.2] and Gilkey [Gi74], [Gi85]) showing how the analytical index (the one
we have defined above) is related to the so-called topological index defined
in terms of algebraic topology associated with the manifold. Also other geo-
metric invariants have been studied, such as e.g. the noncommutative residue
(Wodzicki [W84]) and the canonical trace (Kontsevich and Vishik [KV95]),
by asymptotic analysis of 1)do’s.

Exercises for Chapter 8

8.1. Let A be as in Exercise 7.4. Consider for n = 2 the following change
of coordinates:
Ty =21 + X2,

33‘2 = I2.

(a) How does A look in the new coordinates?
(b) Show that the principal symbol follows the rule from Section 8.1.

8.2. Consider the biharmonic operator A? on functions on T".

(a) Show that the functions e*# are a complete system of mutually orthog-
onal eigenfunctions for A? with eigenvalues |k|*.

(b) Show that I+ A? is a bijection from H*(T™) to Lo(T™). To which Schatten
classes Cp does (I + A%)~! belong?

8.3. Let X be a compact C°°-manifold, provided with an Lo scalar pro-
duct. Let Ax be a second-order differential operator defined on X, with
principal symbol |£]?. Let A = A% Ax (where the formal adjoint is defined
with respect to the given Lo scalar product).

(a) Show that Ax has exactly one Lo-realization, with domain H?(X), and
that A has exactly one Lo-realization, with domain H*(X).

(Hint. Consider the maximal and minimal realizations, similarly to the defi-
nition in Chapter 4.)

(b) Show (using simple functional analysis) that A has index 0.
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Chapter 9

Boundary value problems
in a constant-coefficient case

9.1 Boundary maps for the half-space

This chapter can be read in direct succession to Chapters 1-6 and does not
build on Chapters 7 and 8.

We have in Section 4.4 considered various realizations of the Laplacian and
similar operators, defined by homogeneous boundary conditions, and shown
how their invertibility properties lead to statements about the solvability of
homogeneous boundary value problems. It is of great interest to study also
nonhomogeneous boundary value problems

Au = fin Q,

9.1
Tu = g on 01, (0-1)

with g # 0. Here Q is an open subset of R™, A is an elliptic partial differential
operator and Tu stands for a set of combinations of boundary values and
(possibly higher) normal derivatives (T is generally called a trace operator).
There are several possible techniques for treating such problems. In specific
cases where A is the Laplacian, there are integral formulas (depending on the
shape of the boundary), but when A has variable coefficients the methods
are more qualitative.

When the boundary is smooth (cf. Appendix C), one succesful method can
be described as follows:

At a fixed point xg of the boundary, consider the problem with constant
coeflicients having the value they have at that point, and identify the tan-
gent plane with R®~! and the interior normal direction with the x,-axis.
The discussion of the resulting constant-coefficient problem is essential for
the possibility to obtain solutions of (9.1). Drop the lower-order terms in
the equation and boundary condition, and perform a Fourier transformation
F ¢ in the tangential variables (in R"~1), then we have for each £ a one-
dimensional problem on R, . This is what is called the “model problem” at
the point zg.

219
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The original problem (9.1) is called elliptic precisely when the model prob-
lem is uniquely solvable in Lo(Ry) for each £ # 0, at all points xo of the
boundary. The conditions for ellipticity are sometimes called the “Shapiro-
Lopatinskii conditions”.

It is possible to construct a good approximation of the solution in the
elliptic case by piecing together the solutions of the model problems in some
sense. A very efficient way of doing this is by setting up a pseudodifferential
calculus of boundary value problems, based on the theory in Chapter 7 but
necessarily a good deal more complicated, since we have operators going back
and forth between the boundary and the interior of 2. An introduction to such
a theory is given in Chapter 10. In the present chapter, we give “the flavor”
of how the Sobolev spaces and solution operators enter into the picture, by
studying in detail a simple special case, namely, that of 1 — A on R’}.

In the same way as the properties of I — A on R™ gave a motivational
introduction to the properties of general elliptic operators on open sets (or
manifolds), the properties of the Dirichlet and Neumann problems for 1 — A
on R’ serve as a motivational introduction to properties of general elliptic
boundary value problems. We shall treat this example in full detail. Here we
also study the interpretation of the families of extensions of symmetric (and
more general) operators described in Chapter 13. At the end we give some
comments on variable-coefficient cases.

The Fourier transform was an important tool for making the treatment
of I — A on R" easy, cf. Example 5.20. When the operator is considered on
R” , we shall use the partial Fourier transform (with respect to the n —1 first
variables) to simplify things, so we start by setting up how that works.

We shall denote the restriction operator from R™ to R’} by rT, and the
restriction operator from R™ to R™ by r—, where

" ={z=(2",z,) ER" |2 = (21,..., 00 1) ER" 2, =0}
Here we generally use the notation
rou = ulg, and in particular r* = TRY (9.2)

defined for u € 2'(R™). Moreover we need the extension by 0 operators eq,

in particular et = ern and e~ = egn, defined for functions f on Q by
f onQ, 4
= = n ., 9'3
caf {0 on R™\ Q; ‘ R} (9:3)

The spaces of smooth functions on Ri that we shall use will be the fol-

lowing:

CHRY) =rtCER™Y), SR]) =rs R, (9.4)
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where 1t is defined in (9.2). Clearly, Cf5) (R}) € .7(R}y) € H™(R?) for any
m. The space C{7) (R'}) was defined in Chapter 4 as the space of functions on

R, that are continuous and have continuous derivatives of all orders on R,

and have compact support in Ri; this is consistent with (9.4), cf. (C.7).
We note that even though r* is the restriction to the open set R” (which

makes sense for arbitrary distributions in 2’(R™)), the functions in o) (Ri)

and . (Ri) are used as C'°°-functions on the closed set Ri. When we con-
sider (measurable) functions, it makes no difference whether we speak of the
restriction to R’} or to Ri, but for distributions it would, since there exist
nonzero distributions supported in the set {z € R™ | ,, = 0}.

Let us define the partial Fourier transform (in the z’-variable) for functions
u € y(R—i—)v by

yw/ﬂg/’u, = ’l],(é-/, {En) = / efiwl'flu(x/, xn) dx'. (95)
Rn—1

The partial Fourier transform (9.5) can also be given a sense for arbitrary u €
H™(R" ), and for suitable distributions, but we shall perform our calculations
on rapidly decreasing functions whenever possible, and extend the statements
by continuity.

Just as the standard norm ||u/|,,, on H™(R™) could be replaced by the norm
[|w|[m, A (6.16) involving (€)™, which is particularly well suited for consider-
ations using the Fourier transform, we can replace the standard norm |||,
on H™ (R ) by an expression involving powers of (¢'). Define for u € .%/ (Ri):

i, = o= [ [ Y€ DL (e ) dade
n—1 j:O

(9.6)
= (2m)' " YNNI DL (€ @) e
j=0
with the associated scalar product
(t, 0)my = 2m)' 7" (€Y IDL A€ @), ()DL O @)L,
j=0
(9.7)
Lemma 9.1. For m € Ny, there are inequalities
lullim < llullfn, < Crallullm, (9.8)

valid for all u € y(Ri), and hence ||u||m,, (with its associated scalar product)
extends by continuity to a Hilbert space norm on H™ (R ) equivalent with the
standard norm. Here C} = 1.
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Proof. We have as in (5.2), for k € N:

Yo @)¥< =3 Cep@) <L Y ()7 (9.9

BENT 1 |8|<k |B|<k |B|<k

with positive integers Ci 5 (= ﬁ!(kli!\m)!) and C}, = maxgeyn -1 5 < Ch.-
(The prime indicates that we get another constant than in (5.2) since the
dimension has been replaced by n — 1.)

We then calculate as follows, denoting D’ = (D1,...,D,_1), and using
the Parseval-Plancherel theorem with respect to the z’-variables:

lulfo= > IDullf = Z > ID)’DI ul

[a|<m J=0|B|<m—j
- / SOY (@) / D3 (€ )2 dayde’
B 50 gl <m—j 0 (9.10)

< [ S DL e ) P
rn-1 Jo

j=0
= [l < Chllullz,
using (9.9) in the inequalities.
This shows (9.8), and the rest follows since the subset 005’)( ) of /(R )
hence . (R +) itself, is dense in H™ (R’ ) (Theorem 4.10). O

The extended norm is likewise denoted ||u||, . Note that in view of the
formulas (9.9), we can also write

lull3, Z Y Cnjsll(D)Diul3, (9-11)

J=08|<m—j

where the norm is defined without reference to the partial Fourier transform.
The following is a sharper version of the trace theorem shown in Theorem
4.24 (and Exercise 4.22).

Theorem 9.2. Let m be an integer > 0. For 0 < j < m — 1, the trace
mapping .

v s u(@' an) — D) u(a’,0) (9.12)
from CG, (Ri) to C§°(R™™1) extends by continuity to a continuous linear
mapping (also called ~y;) of H™(R") into H™ =3 (Rn—1).

Proof. As in Theorem 4.24, we shall use an inequality like (4.47), but now in
a slightly different and more precise way. For v(t) € C3°(R) one has
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o0 d o0
0O == [ @]t =— [ Ol + oty (o) e
0 0

v
< 2llza@oll gy lra@y (9-13)

o dv
< aQH’U“%Q(R+) +a7? gt ||2L2(R+)a

valid for any a > 0. For general functions u € CE’S’) (Ri) we apply the partial
Fourier transform in 2’ (cf. (9.5)) and apply (9.13) with respect to x,,, setting
a = (¢')2 for each & and using the norm (6.16) for H™ 92 (R"1):

2 _ N2m—25—111F (el V|2 ge!
i oy = [ (€D, (e 0P
S/ <£/>2m—2j—1/ (a2|Di’na(€/’xn)|2
Rt 0
+a ? DI ) ) dende! (9.14)

- / (€YD |D] il wa)
()2 IDING(E ) ] dade!

< ull,, < Crallullz,,
cf. (9.8). This shows the continuity of the mapping, for the dense subset
Cioy(Ry) of H™(R'), so the mapping ; can be extended to all of H™(R")
by closure. O

The range space in Theorem 9.2 is optimal, for one can show that the
mappings ; are surjective. In fact this holds for the whole system of trace
operators «y; with 7 = 0,...,m — 1. Let us for each m > 0 define the Cauchy
trace operator p(.,,) associated with the order m by

o
Y1 m-1 o
pemy=| . | HT®RY = [ H" R (9.15)
: =0
Ym—1

for uw € H™RY) we call pupyu the Cauchy data of u. (The indexation
with (m) may be omitted if it is understood from the context.) The space

H;n:—ol gm—i—3 (R"~1) is provided with the product norm ngHH gmiol =

1
(H<po||fn_é +-F ||<,0m_1||2é ). Then one can show that the mapping o(, in

(9.15) is surjective.
We first give a proof of the result for g, that shows the basic idea and
moreover gives some insight into boundary value problems for I — A. For
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© € S'(R"1) we denote its Fourier transform by ¢ (the usual notation, now
applied with respect to the variable z’).

Theorem 9.3. Define the Poisson operator K., from . (R"™1) to y(RZ) by

Ky @) — Fal (e ™)), (9.16)

It satisfies

1° v Ky p = ¢ for o € S(R"1).

2° (I = A)K,p =0 for p € S(R"1).

3° K, extends to a continuous mapping (likewise denoted K.) from
H™ 2 (R™ 1) to H™R?Y) for any m € No; the identity in 1° extends to
pE H> (R"=1), and the identity in 2° extends to p € H~> (R*1).

Proof. Tt is easily checked that e~ (€)%» belong to .& (Ri) (one needs to

check derivatives of e~ (€)%n where (5.7) is useful); then also e~ (€)n(¢’)
is in .% (RZL and so is its inverse partial Fourier transform; hence K, maps

Z(R*1) into 7 (R;). Now
YKy = [Fal (e ™G], o= Tl (@) =¢
shows 1°. By partial Fourier transformation,

Farmer (I = D) Kyp) = (L+ [€'2 = 83 )(e™ ()

this implies 2°.
For 3°, consider first the case m = 0. Here we have

1Keli = [ [ Ko dode
/Rn / e p(€)? dande’

= [ e eEra = el .,
Rn—1

showing that K, is not only continuous from H —2(R"1) to Ly(R7), but
even proportional to an isometry (into the space).

In the cases m > 0, we must work a little more, but get simple formulas
using the new norms:

1Kol = [ / €)X |D] e € G o
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[ Y epme s m o) P due
rR-tJo 55

- m'jl/R L@@ = el

again the mapping is proportional to an isometry.

Since 7 is well-defined as a continuous operator from H*(R"}.) to H 2 (Rn—1)
and K, is continuous in the opposite direction, the identity in 1° extends from
the dense subset . (R"1) to H2(R™1).

For 2°, let o € H™2(R™ 1) and let ¢}, be a sequence in .7 (R"~!) converg-
ing to ¢ in H~2(R™1). Then K., converges to v = K¢ in Lo(R" ). Here
(I —A)K ¢ = 0 for all k, so in fact K, converges to v in the graph norm
for the maximal realization Ay,.x defined from I — A. Then v € D(Apax)
with Apaxv = 0. So (I — A)v = 0 in the distribution sense, in other words,
(I — A)K ¢ = 0. This shows that 2° extends to H (R 1), O

(9.17)

5

Remark 9.4. The mapping K can be extended still further down to “neg-
ative Sobolev spaces”. One can define H*(R"}) for all orders (including non-
integer and negative values, and consistently with the definitions for s € Np)
by

H*(RY) ={u€ Z'(R}) | u=Ulgy for some U € H*(R")},

fullon = _inf U]l (91
such U

and there is for any s € R a continuous linear extension mapping ps :

H*(R?%) — H*(R") such that 7 p is the identity on H*(R’). Then one

can show that K., extends to map H*~2(R"!) continuously into H *(R%)

for any s € R.

On the other hand, the mapping o does not extend to negative Sobolev
spaces. More precisely, one can show that vy makes sense on H*(R) if
and only if s > ;. To show the sufficiency, we use the inequality [v(0)|] <
Jr |9(t)| dt, and the calculation, valid for s > J,

/ ()72 de, = ()2 / (L4 €0/ (ENP) d(En/ (€)) = ealE) 2L

(9.19)
Then we have for v € . (R"):

Ju(’, 0)|2_, , = / R
e [ e e as)ae
¢ [ e ([ aore ) ([ @ as) &

IN

IN
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_ c"/n<£>25|a(£)|2 dt = el

I (9.20)

By density, this defines a bounded mapping 5o from H*(R™) to H*~2 (R"~1),
and it follows that vy extends to a bounded mapping from H*(R?}) to

Hs 2 (R"~1). The necessity of s > } is seen in case n = 1 as follows: Assume
that o : w — u(0) is bounded from H*(R) to C when u € .(R). Write

u(0) = / alt) dt = / () al) e = ((t)~*, g(t)),

where g(t) = ,' (t)*a(t) likewise runs through .#(R). The boundedness im-

plies that
[u(0)] = [{{t) ™%, g(t))| < cl|ul

which can only hold when (£)™* € Lo, i.e., s > 5. The general case is treated
in [LM68, Th. T 4.3].

Nevertheless, vy does have a sense, for any s € R, on the subset of distri-
butions v € H*(R’ ) for which (I — A)u = 0. We shall show this below for
s = 0. Variable-coefficient A’s are treated in Lions and Magenes [LM68]; a
general account is given in Theorem 11.4 later.

s,A = C/HQHLQ(R),

To show the surjectiveness of the Cauchy data map g,,), one can construct
a right inverse as a linear combination of operators defined as in (9.16) with
x%e‘<fl>m", j =0,...,m — 1, inserted. Here follows another choice that is
easy to check (and has the advantage that it could be used for R” too). It is
called a lifting operator.

Theorem 9.5. Let v € (R) with (t) = 1 on a neighborhood of 0. De-
fine the Poisson operator K,y from ¢ = {¢o,...,om-1} € L(R*™1)™ to

Kmyp € Z(R) by

/C(m)QO = Kopo+ -+ Km—10m—1, where
Kips = Tt (0 () an)$5(€), for j=0,...,m—1.

It satisfies

1° 0(m)Kmyp = ¢ for p € S(R* )™,

2° K(my estends to a continuous mapping (likewise denoted K(y,y) from
H}”:_Ole*jfé(R"’l) to H™(RY), and the identity in 1° extends to ¢ €
TG H 75 (R,

(9.21)

Proof. Since ¢(0) = 1 and DJ 1 (0) = 0 for j > 0, and [D’;n(jl! 2w, =0 =
0x; (the Kronecker delta),
k (irn)j
WKies = (D5, 57 en=00; = Okjps; (9.22)

showing 1°.
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For the estimates in 2°, we observe the formulas that arise from replacing
Zp by t = ('), in the integrals:

/OO | D5, (@ (&) an)) [ dan

0
— (g2 / IDEE ()2 dt = ()2 ey (9.23)
0
Then
1505117,

- / / DD [ ()5 (€ € it

k<m

= /R D€ 0, (€)[ e

k<m

= cillilP s ne

which shows the desired boundedness estimate. Now the identity in 1° extends
by continuity. O

We know from Theorem 4.25 that the space Hg(R"}.), defined as the closure
of C§°(R") in H'(R™ ), is exactly the space of elements u of H'(R?;) for which
you = 0. This fact extends to higher Sobolev spaces. As usual, Hy*(R") is
defined as the closure of C§°(R") in H™(R?}).

Theorem 9.6. For all m € N,
Hy'(R}) = {ue H"(RY}) [ vou =+ = ym—1u = 0}. (9.24)

This is proved by a variant of the proof of Theorem 4.25, or by the method
described after it, and will not be written in detail here. We observe another
interesting fact concerning Hy" (R} ):

Theorem 9.7. For each m € No, Hi*(R") identifies, by extension by zero
on R™ | with the subspace of H™(R™) consisting of the functions supported in
n

R, .

Proof (indications). When u € H{"(R’), it is the limit of a sequence of func-
tion uy € C§°(R?) in the m-norm. Extending the uy, by 0 (to eTug), we see
that etu), — etu in H™(R") with e*u supported in R'y. All such functions
are reached, for if v € H™(R"™) has support in Ri, we can approximate it
in m-norm by functions in C§°(R’}) by 1) truncation, 2) translation into R’}
and 3) mollification. O
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For any s € R, one can define the closed subspace of H*(R"):
Hj(R ) ={ue H*R") | suppuCR+} (9.25)

it identifies with HF*(R) when s = m € Ny. For negative s (more precisely,
when s < — ) this is not a space of distributions on R"}. It serves as a dual
space: For any s one can show that H*(R"}) and Hy *(R +) are dual spaces of
one another, with a duality extending the scalar product in Ly(R?), similarly
to Theorem 6.15. (The duality is shown e.g. in [H63, Sect. 2.5].)

9.2 The Dirichlet problem for I — A on the half-space

We now consider the elliptic operator A = I — A on R’} Recall the definition
of Apmax and A, from Chapter 4; note that by Theorem 6.24, D(Apin) =
HRY).

First we will show that -y can be extended to D(Apmax). An important
ingredient is the following denseness result (adapted from [LM68]):

Theorem 9.8. The space CE’S’) (Ri) is dense in D(Amax).

Proof. This follows if we show that when £ is a continuous antlhnear (conju-
gate linear) functional on D(A,.x) which vanishes on COS’)( ) then ¢ = 0.
So let ¢ be such a functional; it can be written

( ) (fv )Lz R") + (gvAu)Lg(]R ) (926)

for some f,g € L2(R" ). We know that {(¢) = 0 for ¢ € C(o)( ) Any such

¢ is the restriction to R} of a function ® € C§°(R"), and in terms of such
functions we have

E(T‘Jrq)) = (€+f, (I))LQ(R") + (€+g, (I — A)(I))LQ(R") = 0, all @ € Cgo(Rn)
(9.27)
Now use that I — A on R"™ has the formal adjoint I — A, so the right-hand
side equations in (9.27) imply

(eTf+ (I —A)etg,® =0, all ® € C°(R"),

ie.,

e"f+(I—A)etg=0, or (I —A)etg=—etf, (9.28)

as distributions on R". Here we know that etg and e* f are in Ly(R™), and
Theorem 6.12 then gives that eTg € H?(R"). Since it has support in Ry, it
identifies with a function in HZ(R") by Theorem 9.7, i.e., g € H3(R" ). Then
by Theorem 6.24, g is in D(Apin)! And (9.28) implies that Ag = —f. But
then, for any u € D(Amax),
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l(u) = (f, )L2 (R%) + (gaAu)Lz R7) = —(Ag, )L2 (R%) =+ (Q,AU)L2 R7) = 0,
since Apmax and A, are adjoints. O

In the study of second-order operators, it is customary to omit the factor
—i on the normal derivative. So we define the Cauchy data as

ou = (7;)5 ) . where vu = " = 10(e, u) = im1u. (9-29)

ov

Lemma 9.9. For u and v in H*(R".) one has Green’s formula
(A, v) Ly ry) — (U, AV) Ly e ) = (VU Y0V) Ly Re-1) — (Yo, V) [y Rn-1)- (9.30)

Proof. For functions in CE) (R ) the formula follows directly from (A.20).

(It is easily verified by integration by parts.) Since 79 and v by Theorem
9.2 map H?(R") to spaces continuously injected in Ly(R™!), the equation
extends by continuity to u,v € H?(R7). O

Now we can show:

Theorem 9.10. Let A = I — A on R}. The Cauchy trace operator o =
{70, v}, defined on Co) (Ri), extends by continuity to a continuous mapping
from D(Amax) to H2(R*™1) x H=2(R"Y). Here Green’s formula (9.30)
extends to the formula

(A, v) Ly ry) — (U, AV) Ly my) = (U, Y00) 3 — (ou, V’U)H,LH% , (9.31)

_3
H™2.H
for u € D(Apax), v € HQ(RQ‘_).1

Moreover, 70K, =1 on H™2(R"™1).

Proof. Let u € D(Amax). In the following, we write H*(R"~1) as H*. We want
to define pu = {you,vu} as a continuous antilinear functional on H > x H 37
depending continuously (and of course linearly) on u € D(Amax). For a given
©={po,p1} € H2 x H? we can use Theorem 9.5 to define

w, = Kop1 +iigo; then yow, = 1, vw, = —o.
Now we set

lu(p) = (Au,wy) — (u, Aw,,), noting that

9.32
1)) < Cllullppamn Iyl 2@y < Cllullpian ¢ (6-32)

H3 xHS

So, £, is a continuous antilinear functional on ¢ € H > x H g, hence defines
1 3
an element ¢ = {19,191} € H™2 x H™2 such that

() = (Yo, 00) gyt + W101) oy g
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Moreover, it depends continuously on u € D(Apyay), in view of the estimates
in (9.32). If w is in CF) (R ), the defining formula in (9.32) can be rewritten
using Green’s formula (9.30), which leads to

lu(p) = (Au, wp) = (u, Awy) = (vu, yowy) = (You, vwg) = (You, o) +(vu, ¢1),

for such w. Since o and ¢ run through full Sobolev spaces, it follows that
Yo = You, 1 = vu, when u € 0(05’) (Ri), so the functional £, is consistent
with {~you,vu} then. Since Co) (]Ri) is dense in D(Apax), we have found the
unique continuous extension.

(9.31) is now obtained in general by extending (9.30) by continuity from
ueCH(RY), ve HX(RY).

For the last statement, let n € H —3 (R"~1). Note that we have already
shown in Theorem 9.3 that K., maps n € H ~2 into a function in Lo(R7)
satisfying (I — A)Kyn = 0. But then K,n € D(Amax), 80 7o can be applied
in the new sense. The formula vy /7 = n is then obtained by extension by
continuity from the case n € .%(R"~1). O

The definition was made via a choice w,, of the “lifting” of the vector ¢,
but the final result shows that the definition is independent of this choice.
Consider now the Dirichlet problem (with a scalar ¢)

Au=fin R}, ~u=¢onR" (9.33)
and its two semihomogeneous versions

Au=fin R}, ~u=0onR" 1 (9.34)
Az=0in R}, vz=¢ponR" " (9.35)

For (9.34), we find by application of the variational theory in Section 12.4
to the triple (Lo (R7), Hg (R% ), a(u,v)) with a(u,v) = (u,v)1, the variational
operator A, which is selfadjoint with lower bound 1. It is seen as in Section
4.4 (cf. Exercise 4.23), that A, is a realization of A with domain D(A,) =
D(Amax) N Hi (R ); the Dirichlet realization. Thus problem (9.34) has for
f € Ly(R'}) the unique solution u = AJ! f in D(Apax) N Hj(R).

For (9.35), we have just shown that when m € Np, it has a solution in
H™(RY) for any ¢ € H™ 3 (R"1), namely, K., by Theorem 9.3 and the
last statement in Theorem 9.10. We have not yet investigated the uniqueness
of the latter solution; it will be obtained below.

We can improve the information on (9.34) by use of K, and the structure
of I — A: To solve (9.34) for a given f € Lo(R ), introduce

v=r"Qe"f, Q= 0p(()7?). (9.36)

Since @ maps Lo(R™) homeomorphically onto H?(R™) (Section 6.2), 7T Qe™
is continuous from Lo (R ) to H?(R"}.). Application of the differential operator
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A=1-— A tow gives that
Av = Art Qe f =rT(I — A)Qe™ f = f,

so when wu solves (9.34), the function z = u — v must solve (9.35) with ¢ =
—yortQeT f; here ¢ lies in H2(R™1). The problem for z has a solution
z=Kyp=—KyyortQet f € H*(R"). Writing u = v + z, we finally obtain
a solution of (9.34) of the form

u=1r"Qe"f — K,yortQe"f. (9.37)

It lies in H?(R") C D(Amax), and in Hj (R?) since you = 0, so it must equal
the unique solution already found. This improves the regularity! We have
shown:

Theorem 9.11. The solution operator AS' of (9.34) equals
A;l =r"Qe" — K,yorTQe™, also denoted R.,. (9.38)
It maps Lo(R™) continuously into H*(R"), hence
D(A,) = H*(R") N Hg(R™). (9.39)

For the special case we are considering, this gives the optimal regularity
statement for the problem (9.34) with f € Ly(R" ). And not only that; it also
gives a solution formula (9.38) which is more constructive than the existence-
and-uniqueness statement we had from the variational theory.

Remark 9.12. With further efforts it can be shown that rTQet maps
H*(R7) into H**2(R") also for k > 1; this is not clear from its form, since
et does not map H*(R") into H*(R™) for k > 1, but hinges on the so-called
transmission property of . Then one can obtain that u defined by (9.37)
is in H*"2(R7), when f € H*(R%): higher elliptic regularity. A systematic
result of this kind is shown in Chapter 10.

As a corollary, we obtain a uniqueness statement for (9.35) in a regular
case:

Corollary 9.13. For any ¢ € HS(R"_l), K., ¢ is the unique solution in
H?(R™) of (9.35).

Proof. Let v = K., then v € H*(R") with Av = 0 and v = ¢. So a
function z solves (9.35) if and only if w = z — v solves

Aw =0, ~ow =0.

Here if z € H?(R"), also w € H*(R" ), so by the uniqueness of solutions of
(9.34) in H*(R%), w must equal 0. O
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The argument can be extended to cover ¢ € H2 (R"™1), z € H'(R™), but
since we are aiming for z € Ly(R’) we go on toward that case (and include
the H' case afterwards).

Define, for k € Ny,

ZF(A) = {z € H*(R}) | Az = 0}, closed subspace of H*(R?);  (9.40)

note that Z°(A) = Z(Amax)-
Corollary 9.13 and Theorem 9.3 together imply:

Corollary 9.14. The mappings
Yo : Z2(A) — H*(R" YY) and K, : H?(R"™1) — Z%(A)
are inverses of one another.

Proof. The mappings are well-defined according to Theorem 9.3, which also
shows the identity oK, = I on H 3 (R™1); it implies surjectiveness of v and
injectiveness of K.,. Corollary 9.13 implies that when z € Z?(A), K vz = 2,
so K : H2 (R"™1) — Z2(A) is surjective. O

Now we can show:
Proposition 9.15. Z2(A) is dense in Z°(A).

n

Proof. Let z € Z°(A). By Theorem 9.8 there exists a sequence uy, € CoyRy)

such that uy — 2z in Lo(R"), Aup — 0. Let vy = A;lAuk, then vy — 0 in

H%(R) by Theorem 9.11, so also z;, = up — vy — 2z in D(Apax), with
zr € H*(R"). Here Auy, = Avy, by definition, so indeed z;, € Z2(A). O
Then we finally obtain:
Theorem 9.16. The mappings
Y0 : Z°(A) — H 2 (R") and K, : H™2(R"™') — Z°(A)
are inverses of one another.

Proof. We already have the identity voK ¢ = ¢ for ¢ € H —3(R"1) from
Theorem 9.10, and the other identity K,voz = 2z for z € Z(A) now follows
from the identity valid on Z2(A) by extension by continuity, using Proposition
9.15. 0

Corollary 9.17. Let m € Ny. The mappings
Yo : Z™(A) — H™ 2 (R and K, : H™ >(R" ) — Z™(A)  (9.41)

are inverses of one another.
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Proof. That the mappings are well-defined follows from Theorem 9.3 and its
extension in Theorem 9.10. Then the statements v K ¢ = ¢ and K,z = 2
for the relevant spaces follow by restriction from Theorem 9.16. O

Theorem 9.11 and Corollary 9.17 give highly satisfactory results on the
solvability of the semihomogeneous problems (9.34) and (9.35). We collect
some consequences for the nonhomogeneous problem (9.33):

Theorem 9.18. The Dirichlet problem (9.33) is uniquely solvable in D(Amax)
for f e La(R%), ¢ € H2(R"1); the solution belongs to H%(R?7) and is de-
fined by the formula

u=r"Qe"f - K'V'YOTJFQeJrf + Ky = Ry f + Ky (9.42)

cf. (9.38). In particular, the mapping

4 Ly(R?Y) Lo(RY)
t HA(R%) — X has inverse (R K ) : X — H*(RY}).
o0 H? (R H3 (R

(9.43)

The above gives a complete clarification of the basic solvability properties
for the Dirichlet problem (9.33) in the very special case of the simple constant-
coefficient operator I — A on R’.

The deduction is of general interest. In fact, one can to some extent treat
Dirichlet problems for strongly elliptic operators A (those where the real part
of the principal symbol is positive) on bounded smooth domains  according
to the same scheme. For such operators one can again define a variational
realization A, representing the Dirichlet condition (this is done at the end of
Chapter 7). One can add a constant to A to obtain that A, is invertible.

By use of localizations as in Appendix C and Section 4.2, one can estab-
lish mapping properties of the Cauchy trace operator analogous to (9.15).
Moreover, one can establish a lifting operator I (a Poisson operator) with
properties similar to those in Theorem 9.5. The denseness of C*°(€2) in the
maximal domain, the generalized trace operators and the extended Green’s
formula can be obtained much as in Theorems 9.8 and 9.10.

It is somewhat harder to extend Theorem 9.3 which defines the Poisson
operator K, mapping into the nullspace, to the general situation, though; one
can easily get a first approximation, but from then on there is as much work
in it as in the general treatment of (9.33). The strategy in Lions and Magenes
[LM68] is to begin with the regularity theory for the fully nonhomogeneous
boundary value problem, next to pass to an adjoint situation in negative
Sobolev spaces and finally use interpolation theory. (Their method works
for far more general boundary conditions too.) Methods for constructing K,
more directly can be based on the theory of Boutet de Monvel [B71] (see
Chapters 10 and 11).
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Note that in the case of I — A we could use the straightforward inverse
Q = Op((£)~2) on R™; in general cases it will be replaced by more complicated
expressions, pseudodifferential parametrices.

In the calculus of pseudodifferential boundary problems initiated by Bou-
tet de Monvel, operators like 7+ Qe™ are called truncated pseudodifferential
operators, operators like K, and K.,y are called Poisson operators (we have
already used this name) and operators like K79 and K,vor"Qe™, acting on
functions on R but not of the form r* Pet with a ¢do P, are called singular
Green operators. More on such operators in Chapter 10.

9.3 The Neumann problem for I — A on the half-space

For the special operator I — A it is now also easy to discuss the Neumann
problem on R’}. First we have, similarly to Theorem 9.3:

Theorem 9.19. Define the Poisson operator K, from .7 (R"~1) to Y(Ri)
by
Ky (@) = Tl (=€) e Emp(e)). (9.44)

It satisfies

1° vK, @ = ¢ for p € S (R 1),

2° (I = A)K,p =0 for p € S(R"1).

3° K, extends to a continuous mapping (likewise denoted K,) from
Hm’g(Rnfl) to H™(R%) for any m € Ny; the identity in 1° extends to
¢ € H2(R™™1), and the identity in 2° extends to p € H—2 (R"™1).

Proof. 1° is seen from
VK, = [Fgl (=00, (&) e ()], = Tl (€)= e

2° holds since

Fur—er (I — DK yp) = ((€)2 — 82 )(—(€) " Le™ €7 p(¢"))
= (—{€") +(€))e~ (e = 0.

For the continuity statements in 3°, we calculate as in (9.17), with the
modification that the extra factor —(¢’)~! changes the norm on ¢ to be the
norm in H™ 2 (R"~1).

Since v is well-defined as a continuous operator from H?(R" ) to H 2 (R 1)
by Theorem 9.2, and K, is continuous in the opposite direction, the identity
in 1° extends by continuity to H 2 (R"~1). The proof of the extension of 2°
goes in the same way as in Theorem 9.3. o

Now consider the Neumann problem
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Au=finRY}, vu=¢ponR", (9.45)
and its two semihomogeneous versions

Au=finR?, vu=0onR" ! (9.46)
Az=0in R}, vz=¢ponR"" (9.47)

For (9.46) we find by application of the variational theory in Section 12.4
to the triple (Lz(R?), H*(R), a(u,v)) with a(u,v) = (u,v);, the variational
operator A,, which is selfadjoint with lower bound 1. It is seen as in Section
4.4 (cf. Exercise 4.23), that A, is a realization of A with domain

D(A,) = {u € D(Amax) N H'(R}) | (Au,v) = a(u,v) for allv € H'(R})};
(9.48)
the so-called Neumann realization. The smooth elements of D(A,) satisfy the
Neumann condition vu = 0, but the interpretation of the conditions in (9.48)
in the general case was not fully clarified (we do so below). However, in this
generalized sense, problem (9.46) has for f € Ly(R’) the unique solution
u= A fin D(A,).

For the problem (9.47), Theorem 9.19 shows that when m > 2, it has
the solution K, € H™(R") for any ¢ € H™ 3 (R"1). To include the
value m = 0, we use the statement from Theorem 9.10 that v extends to a
continuous operator from D(Amax) to H ~3. The identity ¢ = vK,p, valid
foro € H 2 , then extends by continuity to H~ 3. We also know from Theorem
9.19 that (1 — A)K,p = 0 for ¢ € H™2. Thus K, is indeed a solution of
(9.47) when ¢ € H™3.

Now the information on (9.46) can be improved by our knowledge of K.
Define again v by (9.36) and subtract it from u in (9.46), then calculations
as after (9.36) with vy, K, replaced by v, K, lead to the formula

u=1r"Qet f — K,vrtQe™f, (9.49)

giving a solution in H?(R'}) of (9.46). It belongs to the domain of A,, since
the “halfways Green’s formula”

(Au,v) — a(u,v) = (vu, yov), (9.50)

known from (A.20) for smooth functions, extends by continuity (using The-
orem 9.2) to v € H*(R%}) and v € H'(R?), where vu and v are in
Hz2(R" ') C Ly(R"1).

Then u defined by (9.49) must be equal to A, !f, and we conclude, simi-
larly to Theorem 9.11:

Theorem 9.20. The solution operator A,;' of (9.46) equals

Al =rtQet — K,vrTQe™, also denoted R,,. (9.51)
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It maps La(R?) continuously into H*(R'}), hence
D(A,) = {u e H*(R}) | vu = 0}. (9.52)

Having thus obtained optimal regularity for the Neumann problem (9.46),
we can also clear up (9.47) completely. The proofs of Corollaries 9.13 and
9.14 generalize immediately to show:

Corollary 9.21. For any ¢ € Hé(R”“), K, ¢ is the unique solution in
H%(R?) of (9.47). The mappings

v:Z%A) — H2(R*Y) and K, : H>(R"™) — Z%(A)
are inverses of one another.

Then we get, using the denseness of Z2(A) in Z(A) shown in Proposition
9.15:

Theorem 9.22. Let m € Ny. The mappings
viZ™A) —» H™ 3 (R" ) and K, : H™ 3 (R 1) — Z™(A) (9.53)
are inverses of one another.

This is shown just as in the proofs of Theorem 9.16 and Corollary 9.17.
We collect some facts from Theorem 9.20 and Corollary 9.21 in a theorem
on the fully nonhomogeneous problem:

Theorem 9.23. The Neumann problem (9.45) is uniquely solvable in D(Amax)
for f e La(R%), ¢ € Hz(R"1); the solution belongs to H%(R7) and is de-
fined by the formula

u=r"Qet f — K,urtQe"f + K,o = R,f + K,; (9.54)

cf. (9.51). In particular, the mapping

4 Lo(R?) Ly(RY)
t HA(R%) — X has inverse (R, K,) : X — H*(R?}).
v H3 (R Hz (R 1)

(9.55)

9.4 Other realizations of I — A

Besides the Dirichlet and the Neumann boundary conditions, it is of interest
to study Neumann-type conditions:
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vu + Byou = ¢, (9.56)

when B is a differential operator on R”~! of order 1. This type of condi-
tion is called normal, since the y; with highest j appears with an invertible
coefficient.

To keep things simple, we shall here only discuss constant-coefficient op-
erators B. On the other hand, we shall allow the operators B to be pseu-
dodifferential — however, just with 2’-independent symbols as in Chapter 6.
We take them closely related to the example (£'), to avoid reference to the
general definition of the order of a ¥do at this moment.

The problem

Au = f in R,

1 (9.57)

vu+ Byu =@ on R"" 7,
will for some B behave like the Neumann problem (having H? (R’ )-regularity
of solutions), for other B not, in particular when complex coefficients or
pseudodifferential terms are allowed.

Still more general problems can be considered, for example with a Dirichlet
boundary condition on part of the boundary and a Neumann-type condition
on the rest of the boundary; then further complications arise.

An interesting question is, how all this fits into the abstract analysis es-
tablished in Chapter 13, when it is applied with Ag = Amin and A1 = Apax:
How do the concrete boundary conditions fit into the picture? Can all the
closed operators A € M be interpreted as representing boundary conditions?
We shall deal with this question in the following, assuming that the reader
is familiar with Sections 13.1-13.2.

With A =1 — A on R”, consider the operators in H = Ly(R"):

Ao = Amin, A1 = Amax, Ay = the Dirichlet realization; (9.58)
then we have a setup as in Section 13.2 with
D(A,) = H*(R}) NHY(RY), Z(A1) = Z(Amax) = Z°(A), (9.59)

and the positive selfadjoint operator A, has lower bound 1. We shall use that
Z(Amax) is isomorphic with H~2 (R"~1), as established in Theorem 9.16. In
view of (9.17) we have in fact an isometry:

25 K, : H > (R™™1) — Z(Anax) is a surjective isometry. (9.60)

The inverse of K here acts like yy and will be denoted vz.

In the following, we generally omit the indication “(R™~1)” from the
boundary Sobolev spaces. Recall from Section 6.3 for the spaces H ~2 and
H> that although they are Hilbert spaces provided with well-defined norms,
and are of course self-dual, we put greater emphasis on their identification as
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dual spaces of one another with respect to the extension (p, ) _1 4 of the

H 2,
scalar product in H? = Ly(R™™!) (consistent with the distribution duality):

H* CH CH %, H »~(H?)*, H2~(H )" (9.61)
We take the same point of view for subspaces of them:

Let X be a closed subspace of H ~2. Then we make very little use of
the identification of the dual space X* (the space of antilinear continuous
functionals) with X, but regard X* as a separate object. Since X is not
dense in H—2 when different from H *5, there is not a natural inclusion
between X* and H 2 (except what comes from identifying them with their
duals). But there is a surjective mapping;:

Definition 9.24. For ¢ € H? we define the element ¥|x of X* as the func-
tional acting like 1) on X:

<¢|X7(¢0>X*7X = <¢’SD>H%,H_% for ¥ € X. (962)

Ifv e H? and n € X*, the identity ¥|x = n may also be expressed as
Y =mnon X. (9.63)

The functional ¥|x is continuous on X since the norm on this space is
inherited from H~ 2. All elements of X* are obtained in this way. (For exam-
ple, if n is in X™*, one can extend it to an element 7 of H 2 by defining it to be
zero on H—2 © X. Other choices of complement of X in H —2 will give other
extensions.) The perhaps slightly abusive formulation (9.63) is standard for
functions.

The following operator will play an important role:

Definition 9.25. Define the Dirichlet-to-Neumann operator P by
Pp=vK,p; (9.64)
it is continuous from H™ 2 to H™~3 for all m € Np.

For m > 2 and for m = 0, the continuity follows from the continuity of K,
from H™ 2 to Z™(A) by Theorem 9.3, and the continuity of v = iy from
H™(RY) to H™=3 for m > 2 in Theorem 9.2 and from D(Apay) to H2 for
m = 0 by Theorem 9.10 (m = 1 is easily included). In fact, we can say more
about P: From the exact form of K, in (9.16) (for smooth functions) we see
that P is the pseudodifferential operator (in the sense of Definition 6.1)

P =0p(=(¢)), (9.65)
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and it is clearly an isometry of H® onto H*™! for all s € R (cf. (6.17)).
Moreover, P is formally selfadjoint and — P is positive with lower bound 1 in
Ly(R"~1), since the symbol —(¢’) is real and < —1; cf. Theorem 6.3.

Next, we define a somewhat strange trace operator:

Definition 9.26. The trace operator p is defined on D(Apax) by
pu = vu — Pygu. (9.66)

At first sight, it ranges in H ~3, since v and P~ do so. But this information
can be improved:

Proposition 9.27. The trace operator . satisfies

pu = uA;lAu, for u € D(Amax), (9.67)

hence maps D(Amax) continuously into H:. The following Green’s formula
holds for all u,v € D(Amax):

(Au,) = (s Av) = uuy00) 3y = (o) yre (9.68)

1
,H2

Furthermore,
wz =0 for z € Z(Amax), (9.69)

and
(Au, z) = (pu, y02) 3 . when u € D(Amax), 2 € Z(Amax)- (9.70)

Proof. When u € D(Apax), we decompose it in

U= Uy + U, Uy = A;lAu € D(Ay),
where u¢ € Z(Amax) (as in Lemma 13.1). Then since you, = 0,

You = You¢, 80 Pyou = Pyouc = vuc (9.71)
by definition of P, and hence

vu — Pyou = vu — V¢ = Vg = VA;IAU.

This shows (9.67), and the continuity follows from the continuity properties
of the three factors.

Consider Green’s formula (9.30) for functions u,v € . (Ri) and subtract
from it the identity (Pyou,yov) — (you, Pyov) = 0, then we get

(AU, U) - (U, A’U) = (Vu - P'—youv 70”) - (70”7 vu — P’YOU)a
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for functions in . (Ri); this shows (9.68) for smooth functions. It extends
by continuity to u,v € D(Amax) in view of the continuity of x shown above

and the continuity of 7y shown in Theorem 9.10.
The equation (9.69) is clear from the fact that vz = Pyyz when z €
Z(Amax), and (9.70) follows from (9.68) with v = z since Az and pz vanish.
O

Recall from Section 13.2 that any closed realization A corresponds (in a
unique way) to a closed, densely defined operator T': V' — W, where V' and
W are closed subspaces of Z(Amax). We carry this over to a situation with
spaces over the boundary as follows:

Definition 9.28. Let V' and W be closed subspaces of Z(Amax), and let
T :V — W be closed, densely defined. The corresponding setup over the
boundary is then defined by letting

X =V, Y =W, closed subspaces of Hfé, (9.72)
and defining L : X — Y™ by

D(L) = D(T),

9.73
(Lyov, Yow)y=y = (Tw,w), for all v e D(T),w € W. (0.73)

Since 7y equals the invertible operator 7z in all the formulas in this defini-
tion, T is determined from L, and when 7" : V' — W runs through all choices
of closed subspaces V,W of Z(Amax) and closed densely defined operators
from V to W, then L : X — Y™ runs through all choices of closed subsaces
X,Y of H™ 2 and closed densely defined operators from X to Y™*. This is
obvious if we do provide X and Y with the norm in H —2, identify them
with their duals and use that 2*§’yz is an isometry. (So the norm comes in
useful here, but in general we focus on properties that are expressed without
reference to a choice of norm.)

Note that 7" and L have similar properties: They are simultaneously in-
jective, or surjective. The nullspace of L is Z(L) = vz Z(T'). The adjoint of
T, T*: W — V, corresponds to the adjoint L* of L defined as an operator
from Y to X* with domain D(L*) = ~oD(T*):

(v, T*w) = (T'v,w) = (Lyov,yow)y=y = {Yov, L*yow) x x~,
ve D(T),we D(T).

(It is understood that (¢, ¥)x x- = (1, ¢) x- x.) Note that Y = D(L*), the
closure in H=2. When V = W, ie., X =Y, T is selfadjoint if and only if
L is so. Also lower boundedness is preserved in the correspondence: When
VCcW,then X CY, and

Re(Tw,v) > c|jv||? for v € D(T) (9.74)
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holds if and only if
Re(Lg, p)v-y > ¢|¢l} for ¢ € D(L), (9.75)

for some ¢’ whose value depends on the choice of norm in H ’5, but whose
sign (positive, negative or zero) is the same as that of ¢, independently of the
choice of norm.

We can now interpret the general realizations of A by boundary conditions.

Theorem 9.29. Consider a closed realization A of A, corresponding to T :
V — W as in Theorem 13.7 (with A1 = A} = Apnax), and let L: X — Y™ be

the corresponding operator introduced in Definition 9.28. Then D(A) consists
of the functions u € D(Amax) for which

You € D(L), uuly = Lyou. (9.76)

In this correspondence, D(L) = voD(A).

Proof. We have from Theorem 13.5 that the elements of D(A) are character-
ized by the two conditions:

uc € D(T), (Au,w) = (Tu¢,w) for all w e W. (9.77)

We just have to translate this to boundary conditions. In view of the definition
of L, we have for any u € D(Amax), since youy = 0, that

uc € D(T) <= ~youc € D(L) <= ~ou € D(L), (9.78)

showing that the first conditions in (9.76) and (9.77) are equivalent. When
w € W C Z(Amax), we have in view of (9.70):

(Au,w) = (pu, yow) 1 _1
whereas

(Tu¢,w) = (Lyou, yow)y=,y,

in view of (9.71) and (9.73). Then the second conditions in (9.76) and (9.77)
are equivalent, in view of Definition 9.24. B

The last assertion follows from (9.78), since D(T") = pr D(A); cf. Theorem
13.5. O

Let us consider some examples.

Example 9.30. For A, itself, V =W = {0}, and T is trivial (zero) then. So
X =Y = {0} and L = 0. The boundary condition is

You = 0, (9.79)

as we know very well.
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Example 9.31. Consider Ay from Example 13.10, the von Neumann (or
Krein) extension; it is the realization with domain

D(An) = D(Amin)+Z(Amax) = H (R%)+2°(A). (9.80)

Here V.= W = Z9(A4), and T = 0 on D(T) = Z9(4). So X =Y = H 2
with L = 0 on D(L) = H™ 2. The boundary condition is

pu =0, ie., vu — Pyu = 0. (9.81)

This is a normal boundary condition (cf. (9.56)ff.), with B = —P. The real-
ization, it defines, has no regularity: The domain is not in H™ (R’ ) for any
m > 0, since it contains Z°(A). (By Corollary 9.17, the Z™(A) are strictly
different for different m, since the H™ 2 are so.)

Example 9.32. The Neumann realization is defined by the boundary condi-
tion
vu = 0. (9.82)

We know from Section 9.3 that the domain of the hereby defined realization
Ay equals {u € H*(R?) | vu = 0}.

Since o0 = {70,v} is surjective from H?*(R?) to H% x H? (cf. Theorem
9.5), you runs through H?3 when u runs through the domain, so D(L) = H3.
Moreover, X = H~2 since H? is dense in H~2. Since A, is selfadjoint, also
Y = H~2. Then D(A,) must be characterized by a condition of the form

pu — Lygu = 0, for yu € Hg7
so since pu = vu — Pypu,
vu — Pyyu — Lyou = 0, for yu € Hg,
when u € D(A,). Since vu = 0 there, L + P = 0 on H 2. This shows that
L acts like — P, D(L)=H?, (9.83)
in the case of A, .

Let us now consider more general realizations defined by Neumann-type
boundary conditions
vu + Byou = 0. (9.84)

Here we let B be a pseudodifferential operator with symbol
b(&") =ib1& + -+ +ibp_1&n—1 + ¢(£’), some ¢ € R; (9.85)

i.e., it is the sum of a differential operator B; and a multiple of P:
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B=0p(b)=B; —cP, By=b8y, ++by10s, .. (9.86)

(9.84) determines the realization A with domain
D(A) = {u € D(Amax) | vu+ Byou = 0}. (9.87)

Since the trace operator v + By is continuous from D(Amay) to H™2, the
domain is closed.
Clearly,

D(A) > {u e H*(R?) | vu+ Byou = 0} = D(A) N H*(RY),

but we do not know a priori whether this is an equality; in fact, we shall look
for criteria for whether it is so.

Since ¢ = {70, v} is surjective from H?(R".) to H? x H?, you runs through
H? when u runs through D(A) N H?*(R?%), so D(L) H?. Since the latter
space is dense in H‘é, X=H 2.

Observe that in view of Corollary 9.17 and the decomposition of D(Aax)
into D(A,) and Z(Amax),

D(L)=H? <= D(A) = D(A) N H*R"). (9.88)

Concerning the adjoint ﬁ*, we have from the general Green’s formula
(9.31) that when v € D(A*) and u € D(A) N H*(R?), then
0= (Av,u) — (v, Au) = <1/U,’you>H,g 43— ov,vu) 0

s s

= W, 0u) 43 y3 — (00 =B -y s

= <V1} + B*’yo’U, ’you>H7 g 7Hg .
This shows that B
veDA) = vv+ B'yv =0,

since you runs freely in H?:. It was used here that B : H® — H®! has the
adjoint B* : H—*t! — H~* any s, where B* acts as the ps.d.o. with symbol
b(¢'). On the other hand, if v € H?*(R}) with vv + B*yv = 0, then an

application of (9.31) with u € D(A) shows that
(AU, U) - (u7 AU) = <I/u7 A/OU>

— (you, VU>H’ Yok

_ _ *
a-3pd — 0w =B"0v) 1
;=0

_3 3
H™ 2 ,H>2
= (vu, 0v)

= (vu+ Byou,0v) -3 4

which implies that v € D(A*). So we conclude that
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{ve H*RY) | vo+B*yv =0} C D(A*) C {v € D(Amax) | vv+B*~ov = 0}.

(9.89)

This gives us the information that D(L*) contains H? in its domain, so since
Y equals the closure of D(L*) in H=2,Y = H™ 2.

It follows that L is an operator from D(L) C H™2 to Y* = H2. We can

now use that Lyou = pu on D(A) to find how L acts, when (9.84) holds:
0 = Lyou — pu = Lyou — vu + Pyou = Lyyu + Byou + Pyu,

SO
L=-B—Pon D). (9.90)

Similarly,
L*=—B*— P on D(L"). (9.91)

A further precision of L can be made when L is elliptic. Note that

L acts like — By 4+ c¢P — P = Op(1(¢)),
(&) = —ibi&y — -+ — ibn_1&n—1 + (1 = ¢)(¢).

The symbol (£') has a series expansion

(€)= (1+ )2 =1L+ 11728 = 1€+ 11> (2)IE/172,

k>1

(9.92)

converging for |¢/| > 1. (Here (,%) = (3 =1 (3 — k+1)/kl.) With a
notation borrowed from Chapter 7, see Definition 7.2 ff. and Definition 7.17,

we have that the principal part of 1(¢') is

(&) =—ib1& — -+ — iby_1&u—1 + (1 — 0)[€], (9.93)

and [ is elliptic precisely when [1(£) # 0 for £ # 0. In this case the require-
ment for Theorem 6.22 with m = 1 is satisfied.

Thus in the elliptic case we can conclude from Theorem 6.22 that Op(l)p €
H 2 implies p € H? . Since L acts like Op(l), has D(L) D H2 and R(L) C H 2,
we conclude that D(L) = H 3. This shows:

Theorem 9.33. Let A be the realization defined by the boundary condition
(9.84). If 1(&') in (9.92) is elliptic, then

D(A) = {u € H*(R?) | vu + Byou = 0}.
In this case also

D(A*)={ue H*(RY) | vu + B*you = 0}.
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The last statement follows since the adjoint symbol [(£’) is then likewise
elliptic.
Ellipticity clearly holds if

c#1, bi,... a1 ER, (9.94)

in particular when ¢ = 0 and the b; are real. So we have as a corollary:

Corollary 9.34. When B is a differential operator with real coefficients, the
boundary condition (9.84) defines a realization with domain in H?(R?).

Nonelliptic examples are found when ¢ = 1 — this is so in Example 9.30 —
or if some of the coefficients b; are nonreal, e.g., if one of them equals +i(1—c),
so that there are points ¢ # 0 with [;(¢’) = 0. One can also show that
ellipticity of [(¢') is necessary for having D(L) C H?, i.e., D(A) C H? (R%).

We can also discuss lower boundedness, in view of the results in Section
13.2 and the equivalence of (9.74) and (9.75). The most immediate results
are:

Theorem 9.35. Let A be the realization determined by the boundary condi-
tion (9.84).
1° Ifﬁ is lower bounded, so is L, with a similar sign of the lower bound.
2° If L has positive or zero lower bound, so has A.

Proof. We use the equivalence of (9.74) and (9.75). Note that we are in a
case where we know beforehand that V=W = Z(A;). The first statement
follows from Theorem 13.15. The second statement follows from Theorem
13.17. a

Again this applies easily to the differential case (where ¢ = 0 in (9.85)):

Corollary 9.36. When B is a differential operator with real coefficients, the
realization defined by the boundary condition (9.84) is variational with posi-
tive lower bound.

Proof. In this case, Rel(¢') = (¢/) > 1 and D(L) = H?2, so L has lower
bound 1, as an operator in Ly = H°. The same holds for L*. Moreover,

| Im (&) = [b1&1 + -+ + bp—1&n—1| < C€'], s0

Rel()] = (¢) = €1 Imi(€))], (5:5)

which imply similar inequalities for L and L* (as in Theorems 12.13, 6.4 and
Exercises 12.35 and 12.36). It follows in view of (9.73) that T" and T have
their numerical ranges in an angular set

p={AeC||ImA <C'Re\, ReA > ("}

with ¢’ and ¢/ > 0. Now Theorem 13.17 applies to show that A and A* have
their numerical ranges in a similar set, and the variational property follows
from Theorem 12.26. O
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We observe in _general that if L has lower bound > 0, then it is elliptic,
and both A and A* are lower bounded. A closer look at {1 (£) will show that
then necessarily ¢ < 1; moreover, A and A* are variational.

Conditions for the coerciveness inequality

Re(Au,u) > ci|lu|? - coHqu for u € D(g), (9.96)

can be fully analyzed, and have been done so in the litterature (more on this
in [G71] and subsequent works).

It is also possible to analyze the resolvent of A and its relation to A-
dependent operators over R”~! by use of the results of Sections 13.3 and
13.4, for this we refer to [BGWO08].

Example 9.37. Assume that n > 3. Consider A defined by the boundary
condition (9.84) with
B = x(x1)0y, — P, (9.97)

where x is as defined in Section 2.1 (here we allow a variable coefficient in
the differential operator). By (9.90)ff.,

L =—x(21)0x,,

in this case. It is not elliptic on R®~!. Moreover, L has a large nullspace, con-
taining the functions that are constant in 27 for |z1| < 2. The nullspace
is clearly infinite dimensional, and it is not contained in H'(R"~!) (let
alone H 3), since it contains for example all products of Ls-functions of
(x2,...,xp—1) with Lo-functions of 21 that are constant on [—2,2]. We have
from Theorem 13.8 that the nullspace of A equals that of 7', and it equals
K,Z(L), cf. (9.62)ff.

So this is an example of a realization with low regularity and a large infinite
dimensional nullspace.

9.5 Variable-coefficient cases, higher orders, systems

The case of I — A on the half-space is just a very simple example, having
the advantage that precise results can be easily obtained. Let us give some
remarks on more general boundary value problems.

Consider a differential operator of a general order d > 0 with C*° coeffi-
cients on an open set 2 C R™ with smooth boundary:

A= " an(z)D*; (9.98)

lo]<d
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its principal symbol is aq(z, §) = == @a(2)€* (cf. (6.5), (6.42)), also called
a®(z,€). A is elliptic when a®(z,£) # 0 for £ # 0 (and all z); and A is said
to be strongly elliptic when

Rea®(z,€) > 0 for € #0, all z. (9.99)

It is not hard to see that strongly elliptic operators are necessarily of even
order, d = 2m.

There are a few scalar odd-order elliptic operators, for example the
Cauchy-Riemann operator on R?, of order 1 (cf. Exercise 5.8). But otherwise,
odd-order elliptic operators occur most naturally when we consider systems
— matrix-formed operators — where the a,(z) are matrix functions (this
is considered for pseudodifferential operators in Section 7.4). Ellipticity here
means that the principal symbol a”(z, £) is an invertible matrix for all £ # 0,
all z. Then it must be a square matrix, and the ellipticity means that the
determinant of a®(x, ) is nonzero for £ # 0.

Examples of first-order systems that are of current interest are Dirac op-
erators, used in Physics and Geometry.

The strongly elliptic systems are those for which

a®(z,€) + a®(z, €)* is positive definite when & # 0. (9.100)

Here the order must be even, d = 2m.
In the strongly elliptic case where € is bounded and (9.100) holds for all
x € €, there is (as shown at the end of Chapter 7) a variational realization
A, of the Dirichlet problem, representing the boundary condition yu = 0,
where
yu = {You, Y1y . . ., Ym—1U}. (9.101)

The domain is D(A,) = D(Amax) NHF(€2). It is a deeper result to show that
in fact
D(A,) = H*™(Q) N H* (), (9.102)

and that A, is a Fredholm operator (cf. Section 8.3) from its domain to
Ls(€2). Moreover, one can consider the fully nonhomogeneous problem

Au= fin Q, ~u= ¢ on 99, (9.103)

showing that it defines a Fredholm operator

A Ly(2)
D HP(Q) — X : (9.104)
v 75 H2m =372 (09)

In the case of bijectiveness, the semihomogeneous problem

Au=01in Q, ~u = ¢ on 99, (9.105)
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has a solution operator K, (a so-called Poisson operator) which is bijective:
Koy s TP HE=72(09) 5 {u € HY(Q) | Au = 0}, (9.106)

for all s € R, with inverse v (defined in a generalized sense for low s). When
the system in (9.104) is merely Fredholm, (9.106) holds modulo finite dimen-
sional subspaces.

A classical method to show the regularity (9.102) of the solutions to (9.103)
with ¢ = 0 relies on approximating the derivatives with difference quotients,
where the inequalities resulting from the ellipticity hypothesis can be used.
The method is due to Nirenberg [N55], and is also described e.g. in Agmon
[A65] (including some other variational cases), and in Lions and Magenes
[LMG68] for general normal boundary problems with nonhomogeneous bound-
ary condition. The difference quotient method allows keeping track of how
much smoothness of the coefficients a,(z) is needed for a specific result. It
enters also in modern textbooks such as e.g. Evans [E98].

Another important reference in this connection is the paper of Agmon,
Douglis and Nirenberg [ADNG64], treating general systems by reduction to
local coordinates and complex analysis.

In the case of C'*° coefficients and domain, there is a modern strategy where
the problems are solved in a pseudodifferential framework. Here we need
other operators than just ¥)do’s on open sets of R™, namely, trace operators
T going from functions on € to functions on 9€2, Poisson operators K going
from functions on 91 to functions on 2, and composed operators KT, called
singular Green operators. Such a theory has been introduced by Boutet de
Monvel [B71] (and further developed e.g. in [G84], [G90], [G96]). The use of
this framework makes the solvability discussion more operational; one does
not just obtain regularity of solutions, but one constructs in a concrete way
the operator that maps the data into the solution (obtaining general versions
of (9.38), (9.51)).

We give an introduction to the theory of psedodifferential boundary oper-
ators (1dbo’s) in Chapter 10, building on the theory of ¥do’s on open sets
explained in Chapters 7 and 8. In Chapter 11 we introduce the Calderén
projector ([C63], [S66], [H66]), which is an efficient tool for the discussion of
the most general boundary value problems for elliptic differential operators.

We shall not here go into the various theories for nonsmooth boundary
value problems that have been developed through the times.

Exercises for Chapter 9

9.1.  An analysis similar to that in Section 9.2 can be set up for the Dirichlet
problem for —A on the circle, continuing the notation of Exercise 4.5; you
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are asked to investigate this. The Sobolev spaces over the boundary can here
be defined in terms of the coefficient series (¢x) of Fourier expansions as in
Section 8.2, H* being provided with the norm (37, (k)?*|cx|?)z.

9.2. Consider [(¢') defined in (9.92). Show that if Rel(¢’) > 0 for all &,
then ¢ < 1. Show that L is then variational.

9.3. Let B=co+ici0p +---+icn_104, ,, with real numbers co, ..., cp_1.
Show that if ¢? + - +¢2_; < 1, then the realization A defined by (9.84)

with this B is selfadjoint and has D(A) C H*(R?).
9.4. Let A= (1-A)? on R%, and consider the Dirichlet problem

Au=fin R, ~yu=poon R™1 ~yju=¢p; on R* 1L, (9.107)

(a) Show that for any ¢ € R"~!, the equation
(6 — 82, )u(w,) = 0 on R,
has the following bounded solutions on R :
coe €N 4o g e EEn

where ¢g, ¢ € C.
(b) Show that one can find a linear transformation

C(&) = (@o(&), 1(£) = (co (&), er(€))
for each £, such that the operator K defined by
K : (po(@), 1(2") = F 'l (co(€)e™ €0 4 oy (€ )ane™ Eom),

goes from .#(R"1) x #(R""1) to .7(R’,) and solves (9.107) with f = 0,
©0, 1 given in . (R"~1). Determine C(¢').

(¢) Show that K is continuous from H™ 2 (R"~1)x H™~ 3 (R"~1) to H™ (R%)
for all m € Ny, and deduce from this a more general theorem on the solution
of the problem (9.107) with f = 0.

9.5. For the boundary value problem considered in Exercise 9.4, set up an
analysis (possibly with some parts only sketched) that leads to a theorem
analogous to Theorem 9.18 in the present situation. One can use here that a
variational construction with

H = Ly(R}), V = Hi(R), a(u,v) = (1 = A)u, (1 = A)v) 1,y

gives an invertible realization A, of A = (I — A)? with D(4,) =
D(Amax) N H(RY).



Chapter 10
Pseudodifferential boundary operators

10.1 The real formulation

In this chapter we present some essential ingredients from the calculus of
pseudodifferential boundary operators (¥)dbo’s, Green operators) introduced
by Boutet de Monvel [B66], [B71], with further developments e.g. from [G84],
[G90] and [GI6]; see also Rempel and Schulze [RS82]. The basic notions are
defined relative to R™ and the subset Ri C R"™; then they are carried over to
manifold situations by use of local coordinate systems.

In the case of a differential operator A, the analysis of the relevant bound-
ary conditions is usually based on the polynomial structure of the sym-
bol of A; in particular the roots in &, of the principal symbol polynomial
a®(2’,0,¢,&,) (in the situation where the domain is R7?) play a role. When
pseudodifferential operators P are considered, the principal symbol p is gen-
erally not a polynomial. It may be a rational function (this happens naturally
when one makes reductions in a system of differential operators), in which
case one can consider the roots and poles with respect to &,. But then, even
when P is elliptic, there is much less control over how these behave than
when a° is a polynomial; roots and poles may cancel each other or reappear,
as the coordinate & varies. For a workable theory, a more universal point of
view is needed.

Vishik and Eskin (see [VE67] and [E81]) based a theory on a factorization
of a symbol in two factors with different domains of holomorphy in &,. This
works well in the scalar case but can be problematic in the case of matrix-
formed operators (since the factorization here is generally only piecewise
continuous in ¢’). They mainly consider ¥do’s of a general kind, with less
restrictions on the behavior in ¢ than our standard symbol spaces require.

The calculus introduced by Boutet de Monvel takes a special class of ¢do’s;
one of the advantages of that theory is that it replaces the factorization by
a projection procedure that works equally well for scalar and matrix-formed
operators (depends smoothly on £’). This is linked in a natural way with the

251
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projections e*r® of Ly(R) onto e*Ly(R) (cf. (9.3)). The description that
now follows is given in relation to the latter projections, and the Fourier-

transformed version (used in symbol calculations) will be taken up in Section
10.3.

Pseudodifferential operators satisfying the transmission condition
When P is a ¢»do on R™, its truncation (or “restriction”) to the subset
1 = R? is defined by

Pyu=r"Petu, also denoted Pgru or Pou, (10.1)

where, as in (9.2) and (9.3), 7T restricts 2’'(R™) to 2'(R"), and e extends
locally integrable functions on R’ by zero on R™. We underline that r*
restricts to the interior of Ri so that singularities supported at x, = 0
disappear. As usual, C°(R ) identifies with a subspace of 2'(R").

When P is properly Supported and of order d, the operator P is con-
tinuous from Lo comp (R7) to Hood (R n) (defined in (10.148) below), but in

comp
general does not map H,., (Rn) into Hggmg( :L_) for m > 0; the disconti-
nuity of e*u at z,, = 0 causes a singularity. Boutet de Monvel singled out a
class of ©do’s where one does get these mapping properties for P, , namely,
the ©¥do’s having the transmission property.

P is said to have the transmission property with respect to R’ when PRn

“preserves C°° up to the boundary”, i.e., Pry maps C' 0)( ) into C*°(R +).
Boutet de Monvel showed in [B66] a necessary and sufficient condition for
a polyhomogeneous symbol p(z, &) ~ >y, Pa-1(7,§) to define an operator
OP(p) with the transmission property w.r.t. R}. It states that the homoge-
neous terms py—; have the symmetry property

DgD?pd—l(xlv Oa 07 _f’n«) = eiﬂ(d_l_‘aDDgD?pd—l(x/a 07 Oa f’n«)v (102)

for |€,] > 1 and all indices a, §3,1.

We write “OP” instead of “Op” from now on, to allow generalizations to
OPT, OPK and OPG definitions below. (The minus on &, should be placed
in the left-hand side as in (10.2). Only when d is integer can it equally well be
placed in the right-hand side, as done in many texts, e.g. in [G96, (1.2.7)].)

Example 10.1. A parametrix symbol ¢(z,€) for an elliptic differential op-
erator P of order d certainly has the transmission property, since its symbol
terms are rational functions of €. In fact, it has the stronger property

gai(, =€) = (=1)" g q_1(,€) for [¢| > 1, all I, (10.3)

guaranteeing the transmission property for whichever direction taken as x,,.
Polyhomogeneous symbols having the property (10.3) are in some texts said
to have even-even alternating parity (the even-order symbols are even), or
just to be even-even, for short. The opposite parity
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qa—i(x, =€) = (=) gz, ) for ¢ > 1, all I, (10.4)

is then called even-odd alternating parity. An example with the latter prop-
erty is ¢(§) = (£), the symbol of the square root of 1 — A. Note that the
symbol (£)® has the transmission property (and is even-even) if and only if s
is an even integer.

When d is integer and the equations (10.2) hold, then they also hold for the
symbol p(z, —&); this implies that also Pg» preserves C°° up to the boundary
inR”.

When d is not integer, (10.2) implies a “wrong” kind of symmetry for
p(x, =€), and P will not in general preserve C* in R" , but maps the functions
in CF) (R") into functions with a specific singular behavior at ,, = 0.

There is a complete discussion of necessary and sufficient conditions for
the transmission property, extending the analysis to S’g) s symbols with o > 4,
in Grubb and Hérmander [GH90]. Besides in [B66], [B71], studies related to
the transmission property are found in [VE67], [E81] and in [H85, Sect. 18.2].
There is also an introductory explanation in [G91].

It is shown in [B71] that the properties (10.2) in the case d € Z may be
rewritten as an expansion property of p(z, ) and its derivatives at x,, = 0:

DwﬁDg‘p(x/,O,E) ~ Z Slp@ﬁ(x/vg/)gfw (105)

—oo<I<d—|c|

where the s;.4,3(2',&’) are polynomials in &' of degree d — |a| — I, for all «
and 8 € Nj. We denote s;9,0 = s;. More precisely, let us introduce (with X
representing z’, ' or (z',y")):

Definition 10.2. A symbol p(X, x,,, yn, &) of order d € Z satisfies the trans-
mission condition (at x,, = y, = 0), when there exist symbols s;(X,¢’),
polynomial in £ of order d — [, such that for all indices,

IDYDE[Erp(X,0,0,)— Y si(X,&)Ehm
~m<I<d—|al (10.6)

< o(X)(g)yFritmelaligy =t

. . . . . . y 4
with continuous functions ¢(X), and there are similar expansions of 9;, 9 p.

For polyhomogeneous symbols of integer order, (10.2) holds if and only if
Definition 10.2 is satisfied by p (and by each term pg_; in its symbol). But
(10.5) and (10.6) have the advantage that they make sense for S{ ; symbols
also and guarantee their C'*° preserving properties, as noted in [B71]. For such
symbols it is a sufficient condition, which is why we call it the transmision
condition.

In the following, we formulate the principles for symbols in a-form (cf.
Remark 7.4). Formula (10.5) means that p(z’,0,¢) (and in a similar way the
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derivatives Dng‘p(a:’ ,0,€)) has an expansion in integer powers of &, such
that at each (2/,£’) one has for any m € Ny that

Gpl&n) — > s (10.7)

—m<I<d

has the same limit (namely, s_,,) for &, — +oo as for &, — —oo. The C°°-
functions of &, with this property form the important space H that we study
in Section 10.2 below. In the present section we do not want to go into details
with the complex analysis involved in studying H; instead we shall explain
the point of view one gets by studying the inverse Fourier transforms in &,
(the “real” point of view).

Note in particular that the definition implies

p(a',0,8) = > si@,&)E, + '@, 9), (10.8)

0<i<d

where p’ is O((€)~1(¢')?*1), the sum over [ is polynomial in & of order d and
the top coefficient sq is a function of 2/,

sa(x', &) = sq(2'). (10.9)

Thus, if p is constant in x,, P is the sum of a differential operator and an
operator that preserves Lo with respect to x,,. More generally, p could be
much less well-behaved for x,, # 0, but here a Taylor expansion in x,, gives
a number of good terms jl! 23,01 p(a’,0,€) where 8 p behaves similarly to
(10.8), plus a term with a factor 2! that can make it harmless when M is
large.

The partial inverse Fourier transform p(z’,0,¢’, z,) = ﬁgnlznp(x’, 0,¢)is
always rapidly decreasing for z,, — +00, since ngn (&™p) is integrable in &,
when k > m + d + 2. But in case of general symbols, it has a singularity at
zn, = 0. However, as shown in [B66] and [GH90], symbols of integer order d
satisfy the transmission condition if and only if, for any |'| > 1, any «, 3,
the functions

Pap(@', 0, 2) = ﬁfzianng‘p(x’, 0,€), considered for (', z,) € R%,
extend to C*°-functions of (2/,z,) € Ry. (10.10)

The limits for z, — 04+ and z, — 0— are in general different, and the
condition does not exclude singularities supported in {z, = 0}. (See also
Exercises 10.2 and 10.3.)

Let us show that the transmission condition implies (10.10). In view of
(10.8), p is the sum of a distribution ", -, si1(z',&')D. 6(z,) supported in
{zn = 0} and a function p'(2', €, z,) in Ly with respect to z, € R. Here
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15 (2", € z0)l s, @) = 21) 7210 (2, ) 1 e, )
< (@) (EYHY(E) Y| < ¢ (a) (g )it >

(recall (9.19)); so in particular, the functions rZ ' (= rZ p) satisfy such
estimates in Lo(Ry )-norm, respectively:

- - 1
||T'+p($/ zn)||L2,zn(R+) = ||T+p/(x/7£/7zn)||L2,zn(R+) < c(x/)<§/>d+27

£
. o 1
lr=5(a’, €' 2l oy = P78 (@€ 20) s, oy < e(2)(E)TF2,

with ¢(z’) continuous. For any k, k', o/, 3, the derived distribution
2EDY DY DEp(a’ 0, 20) = Z 1. DE €8 Dg DY p(a’,0,¢)

comes from a symbol satisfying Definition 10.2 with d replaced by
d—k+k — ||, hence we likewise find

|25DE, DY D/r ' |n,.., sy = I126DE, DY DEr*pl 1., (22
< efa!)(€) A 0

using again that p — p’ is supported in {z, = 0}. Similar arguments ap-
ply to @{n p(2’,0,€). Since all derivatives have bounded Ls-norms, they have
bounded sup-norms (as in Theorem 4.18), locally uniformly in (2/,¢’), so it
follows that the functions extend to C*>°-functions of (2, z,,,&’) € Ri x Rn—1
resp. R" x R* L,

Function spaces defined by estimates as in (10.11) will now be introduced
systematically. For this we ﬁrst introduce some abbreviations We use the
notation R2 |, = Ry x Ry, R 4+ =Ry xRy, and (R ++) =it S (R?)
(where r} indicates restriction to {z > 0}); recall also (9.4). Here we write

for short: )
y(R.}.):yJ,., y(R++):y++. (1012)

Definition 10.3. Let d € R and let = be open C R™. y
1° The space S{,(Z,R"!,.7;) consists of the functions f(X,zn,&) €
C>(EXRxR"~ 1), lying in .#, with respect to x,,, such that for all o, 3, k, k',

=% DX DS Dg F(X, @0, €| 1y, ) < c(X)(€)TH2—FH el (10.13)

with continuous functions ¢(X). Moreover, f is said to have the asymptotic
expansion f ~ D leN, fa_; in Sl o(E,R"1,..,), when there is a sequence

of functlons fai lying in 8¢5 (=,R"1,.7,) such that f — YoM fai €
S’d JM(E R ) for anyMENO

2° The subspace Sd(_,R” L .7.) of polyhomogeneous elements consists
of the functions f € S¢ o(E, R 1 , 7+ ) that have asymptotic expansions f~

ZleNO fa_1 where the functions f;_; have the quasi-homogeneity property
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faot(X, Jap AE) = M (X, &) for A > 1and [¢] > 1. (10.14)

3° The space S{ ,(Z,R"!, ., ;) consists of the functions §(X, zn, yn, ') €

C> (& xRiJr xR"~1) lying in .#, , with respect to (z,, ), such that for all
a? 67 k? kl? m7 ml’

2 Dy, yi Dy DX DG, @, s &)l Loe2. )
< C(X)<€/>d+1—k+k’—m+m’—|a\. (1015)

Here g is said to have the asymptotic expansion g ~ ZleNo Jd—; in
S¢0(Z,R""1,.#, 1), when there are functions jq—; € S{o'(Z,R"~1, .7, )
such that § — 7,3, Ga—t € ST o™ (Z,R"~1,.7, 1) for any M € No.

4° The subspace S¢(Z,R"~!,.#, ;) of polyhomogeneous elements consists
of the functions g € S{ ,(Z,R"!, %, ;) that have asymptotic expansions § ~
ZZENO ga—1 where the functions gg—; have the quasi-homogeneity property

Gat(X, 3T,y 3y AE) = A2 G0 (X 2, yn, &) for A > 1 and €] > 1.
(10.16)

What we showed in (10.11) is that when p satisfies Definition 10.2, then
r+p belongs to Sf(R"~!,R""!, ., ). This is taken up again in Theorem
10.21 below. When p is polyhomogeneous, 75 is in SY(R"~! R"~1 .#,).
Similar statements hold for (r~p)|s, =—=, -

Functions with the properties in Definition 10.3 are called symbol-kernels.
Just like for pseudodifferential symbols, one can turn a series of symbol-
kernels of decreasing orders into an asymptotic series for a suitable symbol-
kernel of the highest order (cf. Lemma 7.3). 3° and 4° will be used in the
description of singular Green operators below.

The properties of the functions could equivalently be formulated in terms
of sup-norms: f is in S¢ (5, R"~!,.#,) if and only if

sup |27, Dy, DX DG f(' v, €)] < e(X)(€)HHITH 0l 10.17)

(one can use estimates as in the proof of Theorem 4.18 to go from Ls-norms
to sup-norms, and insert factors like (1+ iz, (€'))(1+ iz, (')~ for the other
direction). We use the Ls-norms for convenience in Fourier transformation.

The quasi-homogeneity properties correspond to homogeneity of the Fou-
rier-transformed functions

f(X7 6/7571) = ‘g\rn—fne-i_f(Xa mnaé./)a
g(X7 6/7671) T]TL) = ‘g\rn_’gn}\yn_’nne;_ne;_ng()(7 xnvynvé./);

namely,
fai(X,08) = A fai(X,€) for A= 1, €] > 1,
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gd—l(Xa Agla /\fnv)\nn) = )\d_l gd—l(Xv 6/7&177777«)7 A> 1) |§/| > 1

as is easily checked from the definition of Fourier transformation.

In the following, all ¥ do symbols on R™ will tacitly be assumed to be of
integer order satisfying the transmission condition. We denote by p(a’,&’, Dy,)
or OP,,(p(x,&)) the operator on R where the 1do definition (7.2) is applied
with respect to (z,,,&,) only, and by OP’(p(z, £)) the operator on R"~! where
(7.2) is applied with respect to (2/,&’) only.

Systems (Green operators)

We shall now introduce the other ingredients in the Boutet de Monvel
calculus. Let P be N’ x N-matrix formed. Along with Py, which operates
on R, we shall consider operators going to and from the boundary R"*,
forming together with P a system

n

Pi+G K\ Ci RN C® (R )N
A= : X — X . (10.18)
T S Cgo(Rn—l)M Coo(]Rn—l)M'

Here T is a so-called trace operator, going from R”} to R* 1. K is a so-
called Poisson operator (called a potential operator or coboundary operator
in some other texts), going from R"~! to R?; S is a pseudodifferential oper-
ator on R*~1: and G is an operator on R’ called a singular Green operator,
a non-pseudodifferential term that has to be included in order to have ade-
quate composition rules. The full system A was called a Green operator by
Boutet de Monvel, or a pseudodifferential boundary operator (that we can
write ¥dbo). Since some authors later used the name “Green operator” for a
generalization of singular Green operators, we shall mainly write ¢»dbo’s. We
shall usually take N = N’, whereas the dimensions M and M’ can have all
values, including zero.

When P is a differential operator, it is classical to study systems of the

form b
_ + 1.
A= <T) ; (10.19)

here M = 0 and M’ > 0. When this A4 has an inverse in the calculus, the
inverse will be of the form

A= (Q++G K); (10.20)

where M > 0 and M’ = 0. Simple examples are found in Chapter 9, with
P=1—-A,T =~ or 7, the inverses described in Theorems 9.18 and 9.23.
The entries in (10.18) will now be explained.

Trace operators

The trace operators include the usual differential trace operators v; : v —
(D4 u)|q,—0 composed with 1»do’s on R" ™!, and moreover some integral op-
erator types, governed by the fact that
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T =yPst (10.21)

should be a trace operator whenever P is a 1do satisfying the transmission
condition. Here, it is found for the right-hand side that when P = OP(p(x, &)),
then yo Pyu = vort OP(p(2’, 0, €))etu, where we can insert (10.8). This gives
a sum of differential trace operators plus a term where the 1do symbol is p';
here r*§' satisfy estimates as in (10.11). The term is (using the notation
ﬁw/agu = 12, Cf. (95))

70 OP(p') s u(x) = o / GV (0, €)e uly)dy de
R2n

= A/O/]R » e’iz’{’ /Rﬁ’(x’, 075/,$n - yn)e+a(€/7yn)dyn dE/ (1022)
= / ) 61@/.5/ / ﬁ/(x/7 0,6/, —yn)ﬁ(ﬁl,yn)dyn dfl
Rm= 0

As noted above, p(z',0,£", —yn)|y. >0 € Sii)o(R"_l,R"_l, T4
The general definition goes as follows:

Definition 10.4. A trace operator of order d (€ R) and class r (€ Ny) is an
operator of the form
Tu= > Sv+T, (10.23)
0<j<r—1

where ; denotes the standard trace operator (v;u)(z’') = D%nu(x', 0), the
S; are 1do’s in R"~! of order d — j, and 7" is an operator of the form

) - |

R

o' € / P (2!, €)0(E 2n)drn d',  (10.24)
n—1 0

with ¢ € S{o(R"~1, R"~1, ., ). ' is called the symbol-kernel of T'. See also
(10.25), (10.26), (10.27).

When u € y(Ri), [4(€" 2n)| Lo,y is O((E)™N) for all N, so T'u is C™
in 2’

Observe the meaning of the class number 7; it counts the number of stan-
dard trace operators «y; that enter into T'. Class zero means that there are no
such terms; we shall see that T is then well-defined on Lo (R ).

Symbol-kernels depending on (2’,y’) instead of 2’ can also be allowed;
then the defining formula (10.24) should be written

(T"u)(2') = /R oy, €T /O (@', Yo, € Yuly yn)dy €', (10.25)

and an interpretation via oscillatory integrals is understood. To keep down
the volume of the formulas, we mostly write z’-forms in the following, leaving
some generalizations to (z’,y’)-form to the reader (also for the other operator
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types to come). Symbol-kernels in (2, y')-form are reduced to z’-form or y’-
form by the formulas in Theorem 7.13 1°, applied in the primed variables.

Continuity properties of the operators will be systematically investigated
in Section 10.5.

One can show (by use of the Seeley extension [S64]) that for any 7”7 with
symbol-kernel in S{ ((R"~1,R"1, .7, ), there exists a 1»do @ of S1 type,
satisfying the transmission condition at x,, = 0, such that 7" = Q..

The subclass of polyhomogeneous trace operators are those where the §;
are polyhomogeneous, and #' lies in the subspace S%(R"~1 R"~! .#,). Note
that, in contrast with polyhomogeneous ¥do’s, the homogeneity in £ of the
symbol terms is only required for |[¢/| > 1, not |¢] > 1.

The function (distribution when r > 0)

Ha! 2n, &) = > si(a,€)D] (wn) + (2, 20, &), (10.26)

0<j<r

understood as extended by 0 on R_ if needed, is called the symbol-kernel of
T'; its conjugate Fourier transform

t(2',8) = Ty, et i(@, ) = Y si(2', &) +1 (2,0 (10.27)

0<j<r

(where /(2/,&) = F o, e, et (x,€')) is the symbol of T.

In the polyhomogeneous case, we often denote t4 and t4 by t° resp. £, the
principal symbol and symbol-kernel.

Application of the operator definition with respect to only the x,-variable

gives the boundary symbol operator t(x',&', D,,) (resp. principal boundary
symbol operator t(2’, &, D,,)) from .7 (Ry) to C,

t(x', &, Dp)u = Z s; (2’ f)’yju—F/O t'(2', xp, Eu(zn)dz,;  (10.28)

0<j<r
it is also denoted OPT,,(t) or OPT,,(f). We can then write

Tu= OP'(t(z',&, D,))u = OP' OPT, (t(z',€))u, also denoted
OPT(t(a' f))u or OPT(t(z,¢"))u.

Poisson operators

We use the same symbol-kernel spaces from Definition 10.3 1° and 2° to
define Poisson operators, but now doing a multiplication instead of taking a
scalar product in the z,-variable.

Definition 10.5. A Poisson operator of order d is an operator defined by a
formula

(KU)(x’,xn):/ e E R a, £)0(E) dE’ (10.29)

Rn—1
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where the symbol-kernel k belongs to Sf)al (R*=1 R"~1 .7,). See also (10.30),
(10.31).

Again, symbol-kernels depending on (z/,4’) can be allowed:

(Kv)(/,2y) = / o CETEH e, €ty ) dy'dE (10.30)

The symbol corresponding to I%(x, &' is
k(&) = Fup—e, e k(z,8). (10.31)

In the polyhomogeneous case, it has an expansion in homogeneous terms in
¢ (for |¢| > 1) of degree d — 1 — [. In this case we often denote kq_; = kY
and kg_1 = k%, the principal symbol-kernel or symbol. Again, one can view
K defined in (10.29) (also denoted OPK(k) or OPK(k)) as an operator K =
OP'(k(2',¢', Dy,)), where k(z',&, D,,) is the boundary symbol operator from
C to y(R+)

k(2', ¢, Dy)a = k(z',2,,€') - a for a € C, (10.32)

also denoted OPK,, (k) or OPK,, (k).

Remark 10.6. The above order convention, introduced originally in [B71],
may seem a bit strange: Polyhomogeneous Poisson operators of order d have
principal symbols homogeneous of degree d — 1. But the convention will fit
the purpose that the composition of two operators of order d resp. d’ will be
of order d + d’ (valid, e.g., for the ¢»do TK on R"~1).

The trace operators T” of class 0 (and order d) have as adjoints precisely
the Poisson operators (of order d + 1), and vice versa. This is obvious on the
boundary-symbol-operator level:

t(Dy) :u € Lay(Ry) — (u, f) € Cand k(D,) :v € Crv- f € Ly(R,)

are adjoints of one another. On the full operator level it is easy to show
for symbols depending on (2',y’) instead of 2'; here if 77 has symbol-kernel
f(@,y,xn, &), the Poisson operator 7' has symbol-kernel f(y/, ', zp,€’).
Details will be given in Theorem 10.29 later.

Trace operators of class r > 0 do not have adjoints within the calculus.

Example 10.7. The operator K introduced in Theorem 9.3 is the Poisson
operator with symbol-kernel l;(xn, & = e’<5/>1"; it is of order 0. Its symbol
is )

(&) +i&n’
cf. Exercise 5.3. Inserting the expansion (7.11) of (¢’) in (10.33) one can
expand in homogeneous terms of falling degree (beginning with degree —1),

k(€ 6n) = (10.33)
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showing that the symbol and symbol-kernel are polyhomogeneous of degree
—1.

The adjoint of K, is the trace operator 1" of class 0 with symbol-kernel
H(2n, &) = e €% and symbol t(¢',&,) = <£’>1—i£n; it is of degree and order
—1. Furthemore, a calculation shows that for Q@ = OP((£)72) as in (9.36)ff.,
0@ is the trace operator with symbol-kernel 2é,>e‘<5 on

Poisson operators also arise from the following situation: Let v(z') €
Z(R™ 1), and consider the distribution v(z’) ® 6(z,) (the product of v(x’)
and §(z,,)). When P is a ¢do satisfying the transmission condition, one can
show that r™ P(v®4§) makes sense as a function in C*°(R ) and the mapping
K :v—rTP(v®04d) is a Poisson operator. See Theorem 10.25 later.

Singular Green operators

We now get to the most unfamiliar element G of A in (10.18). A singular
Green operator (s.g.0.) G arises, for instance, when we compose a Poisson
operator K with a trace operator 1" as G' = KT'; this operator acts in R’} but
is not a P,. Another situation where s.g.0.s enter is when we compose two
1do’s Py and Q4 (satisfying the transmission condition); then the “ leftover
operator”

L(P, Q) = (PQ)+ —PQy = 7'+PQ€+ _ 7"+P€+7‘+Qe+

P — etrh)et (10.34)

is an operator acting in R}, that is not a t»do (more about L(P, Q) in Section
10.4). It turns out that these cases are covered by operators of the following
form (they are in fact convergent series of products of Poisson and trace
operators, cf. (10.107) later):

Definition 10.8. A singular Green operator G of order d (€ R) and class r
(€ Np) is an operator

> K+, (10.35)
0<j<r—1

where the K; are Poisson operators of order d — j, the v; are standard trace
operators and G’ is an operator of the form

@)= [ [ € e (1036)

where §’, the symbol-kernel of G’ is in Sd 1(]R" LR =L .7, ), cf. Definition
10.3 3°. There is a correspondlng symbol g, deﬁned by

g/(x/aglagnann) = gﬂcnﬂgngynﬂfne;—ne;_ng/(x/a xnaynagl)' (1037)

The symbol-kernel and symbol of G itself are
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g(ﬂf/,ﬂin,ymf/)z Z /;j(UC/v%n,f/)Dans(yn)+§/($/,$mymf/),
0<j<r

92’ & &) = Y ki@ O + g (@ € &) (10.38)

0<j<r

In the polyhomogeneous case, the principal symbol-kernel and symbol are
G = Ga—1 resp. ¢° = ga_1. (Both for singular Green symbols and for trace
symbols, the definition can be refined further to allow the notion of negative
class r < 0, see [G96, Sect. 2.8].) In some recent works, it has been practical
to replace the enumeration d — 1 —1 by d— [, but we here stick to the notation
of [G96].

We define the boundary symbol operator g(z',¢', D) from g by

9@’ & Doyulzn) = Y kj(a! 20, & )yu +/ 9@ 2, Y, §)u(yn ) dyn,
0<j<r 0
(10.39)
also called OPG,,(g) or OPG,,(g); then G (also called OPG(g) or OPG(g))
can be viewed as G = OP'(g(«2',¢', D,,)) = OP' OPG,(9g).

Example 10.9. As a simple example of a singular Green symbol-kernel, let
us take §(2n, yn, &) = e (€ @ntyn) Tts symbol is

1

HES ) = (16) 1 i) () — inn)

it is of degree —2 and order —1.

In view of the last remark in Example 10.7, —, é./> g is the symbol-kernel
of the last term —K.,vQ+ in (9.38); it is the singular Green operator part
of the solution operator for the Dirichlet problem considered there.

Singular Green operators of class 0 have adjoints of the same kind: Allow-
ing symbols depending on (2',y’) we have that

G = OPG(g§(2",y, xn,yn,&')) implies

. Y / (10.40)
G - OPG(g(y » L aynvxnvg ))7

when G is of class 0. More on this in Remark 10.35. Singular Green operators
of class r > 0 do not have adjoints within the calculus.

Negligible operators

To the above operators defined by Fourier integral formulas, one adds
the negligible operators of each type, defined as operators of the form (10.23),
(10.29), (10.35) with S;,T", K, K; and G’ replaced by integral operators with
C°-kernels (up to the boundary) over the respective domains:
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Sﬂy'uZ/R71’Csj(x’,y’)(w)(y’)dy’, Tu= [ K yuly)dy,

Kv = Kr(z,y o) dy', Gu= | Kel(z,y)uly)dy,  (10.41)
]Rnfl R™

with Kg, € C®(R*"72), Kp» € O®(R" ' xR}), Kx € C®(R} xR*1),
Kg € C* (IRZZr XRZ)' They are of class r when they contain trace operators
v; for j < r — 1. It will be seen from the mapping properties that we show
in detail in Section 10.5 that the negligible operators include the operators
defined above with symbol-kernel of order —oo in (2, y')-form. However, the
kernels of these are decreasing in z,, and y,, and we observe that more has
been included now: 7+ Pe™ is included as a negligible G when P is negligible.

We shall show the mapping property indicated in (10.18) as well as map-
ping properties in Sobolev spaces in Section 10.5 below.

The various operator classes defined above are invariant under coordinate
changes in Ri preserving the boundary {z, = 0}; this holds both for the
polyhomogeneous classes and the S o classes. This is stated in [B71], with
an indication of how to conclude the invariance for S;y Poisson operators
once it is shown for Sq,¢ 1do’s satisfying the transmission condition. [RS82]
proves the invariance under coordinate changes in x’ alone, where the rules
for v»do’s in 2’ apply. A complete proof, with formulas for the symbols of the
transformed operators, is found in [G96, Sect. 2.4 and Th. 2.2.13], covering
also parameter-dependent symbols.

Thanks to the invariance, one can also define the operators as acting in
vector bundles over manifolds, by use of local coordinates. The book [G96]
allows noncompact manifolds, but we at present just consider the compact
case: X is an n-dimensional compact C*°-manifold with boundary 0X =
X', smoothly embedded in a neighboring n-dimensional manifold X, and
E, E = E|,, E' and E' = E'|, resp. F and F’, are vector bundles of
dimension N and N’, resp. M and M’, over X and X, resp. X’ (described by
local coordinates and trivializations). P is a ¢do in E over X satisfying the

transmission condition at X’ and the ¥dbo’s considered in connection with
P are of the form

P.+G K\ C*(E) C>EFE)
A= DX =X (10.42)
T S) CF) C™(F)

here Py = rxoPexo (defined similarly to (10.1) for X° C X). All the oper-
ators are assumed to be such that they in local trivializations act in the way
we have described above for R’ . The terms 7', K and S (and sometimes even
P, 4+ @) are often given as block matrices with different orders for different
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entries (fitting together in a suitable way); see the remarks on multi-order
systems around (11.13).

Having defined the ingredients in A in (10.18), we shall now look at com-
position rules. When A’ is another such system, going from C&j’) (RZ)N X
C (R MM to COO(RZ)N” x C°°(R"1)M” and one of the operators is
properly supported (with a suitable generalization of Definition 7.6), the
composition may be written

P + G K P/ + G/ KI PI/ _ L + GI/I K/I
AH - < +T S) < +T/ S/) = ( + TI/ SI/) . (1043)

The point is to show that A” again has the structure of a dbo, which
really amounts to showing 14 different composition rules:

) P" = PP is ado with transm. cond., (10.44)
) L(P,P")=(PP')y — P{P, isans.g.o.,
) G" =P;G'+GP, +GG + KT is ans.g.o.,
(iv) T"=TP, +TG" 4+ ST" is a trace operator,
) K'"=P.K'+GK'+KS" is a Poisson operator,
) 8" =TK'+ 58S isapdoon R" 1

We observe right away that the first rule (i) is easy to check from Definition
10.2, in view of the standard composition rule Theorem 7.13 for ¢do’s (recall
that we only consider P’s of integer order). For the other rules, there will be
some information in Proposition 10.10 below and a full treatment in Section
10.4. In this sense, the 1»dbo’s A form an “algebra”.

It is also of interest to see whether A has an adjoint within the ¥dbo
calculus. In view of the preceding information, this occurs for general K, and
for G and T when they are of class 0. For Py, the adjoint (Py)* equals (P*)4
when P is of order < 0. More on adjoints in Theorem 10.29 and Remark 10.35.

There is a technical device worth mentioning here, which can transform
the system A into one that does have an adjoint, namely, that there ex-
ists a family of ¢do’s A" of orders r € Z, such that (A" ), maps H*(R’)
homeomorphically onto H*~"(R?) for all s. They are called order-reducing
operators. (See Exercise 10.11.)

Now some details on compositions. The new operators are introduced in
such a way that they have a special definition with respect to the x,-variable
(defined by OPT,,, OPK,,, OPG,,), whereas the definition with respect to
the x’-variable is the standard ¢do definition OP’. In compositions, the new
thing to deal with is therefore just what happens in the x,-direction, whereas
the rules in the 2/-direction are as in Chapter 7. So let us now study -
compositions (denoted o,, for the symbols).

From the real formulation given above we have easily:
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Proposition 10.10. Consider a 1»do symbol p(z',0,&',&,) and trace, Pois-
son and singular Green symbol-kernels t(x’, a:n,f ), k(2 20, &), g2, 20y Yn, &)
of order d, and T (2,2, &), k' (z',20,€"), § (2, Zn,yn, &) of order d', all of
class 0. Let d’ = d + d'. We have the rules

(i) If p is O((&n)7Y), then 79 OP,(p)+ = OPT, ("), where t" (2’ 2z, &) =
p(a’,0,&' =), >0, a trace symbol kernel of order d and class 0.

(ii) o OPK,, (k) = ", where s (2', &) = k(2/,0,€"), ahdo symbol of order
d.

(iii) 70 OPG,,(§) = OPT,, ("), where t" (2’ yn, &) = §(z',0,yn, &), a trace
symbol-kernel of order d and class 0.

(iv) OPK,, (k) OPT, (') = OPG,(§"), where

gll(xlaxnaynaé-/) = k(x xnaé-) (x ynag )7

an s.g.o. symbol-kernel of order d" and class 0.
(v) OPT,(t) OPK, (k') = s", a vdo symbol of order d’ and defined by

(¢ = /000 iz, 2, VK (2, 2, &) .
(vi) OPG,,(§) OPK, (k') = OPK,,(E"), of order d" and defined by
V€)= [ 6 R 0, )
(vii) OPT,,(t) OPG,(§") = OPT, ("), of order d" and class 0, defined by

o0
f//(x/, Yns 5/) = / f(x/’ L, fl)g/(x/a Tns Yn, 5/) dy,.
0

(viil) OPG,,(9) OPG,,(§") = OPG,, ("), of order d’ and class 0, defined
by
7@t 0s€) = [ 9020010 2 €)
0

(ix) One has for all l,m € Ny, with resulting operators of order d — 1+ m:

! D} OPK, (k(z', 20, &) = OPKn(xle;’fllg(x’,xn,f’))tp,
2l DI OPG(§(2, T, Y, €))u = OPG (2}, DI §(2, 2, Ynr €.

Proof. The first rule follows from (10.22), in view of the estimates (10.11).
For the second rule, we have in view of (10.32) that for a € C,

Yo OPKTL(k)a = ’yol;(,lil, L, fl)a = 5”(33/, fl)a’

with s”(z/,€') = k(x',0,¢'). The third rule follows similarly. The other rules
are likewise verified immediately from the defining formulas. The symbol-
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kernel estimates for (v)—(viii) are shown using the Cauchy-Schwarz inequality;
the detailed proofs can be left as an exercise for the reader (Exercise 10.4).
The rules in (ix) follow from the definitions of the symbol-kernel spaces. O

As an important corollary we observe that the “singular” ingredients in
A — the operators G, T' and K — are negligible at a distance from the
boundary:

Proposition 10.11. Let ¢ € C’OO(RZ) be such that ((x) = 0 for x, < e,
some e >0 (e.g., ((x) =1— x(x,/e) on Ri) Let G, T and K be operators
as in (10.18) of order d € R, and class r > 0 when relevant. Then

1° G is negligible of class r, G( is negligible of class 0.

2° (K is negligible, T'C is negligible of class 0.

Proof. For any N € Ny, (n(z) = ((x)/zY isin C> (Ri), supported in {z,, >
€}. Then
(K =(nap K, (G =(na)) G,

where it is seen from Proposition 10.10 (ix) that 2} K and 2Y G are of order
d — N (the class of G remains the same), hence so are (yxY K and (yz G.
Since N can be arbitrarily large, the orders are —oo, so the operators are
negligible.

For T'= 37, Sjv; + T', T( equals T"C, of class 0. This is the adjoint
of the Poisson operator (T"", to which the preceding result applies; so it is
negligible. There is a similar proof for G(. a

The rules in Proposition 10.10 are quite straightforward and unsophisti-
cated. However, when we get to compositions of OP,,(p)4+ with the general
boundary operators, the real formulation requires convolutions of ', in a suit-
ably truncated version, with the other symbol-kernels. Here the usual ¢do
experience tells us that it should be an advantage to work with symbols, after
Fourier transformation from xz, to &,, where convolutions are replaced by
products. But then the cut-off operator e™r* must be replaced by its effect
in the &,-variable, and here the transmission condition will be important.

There is a little piece of function theory that takes care of all this, which
we shall now explain.

10.2 Fourier transform and Laguerre expansion of .7,

The treatment of ¥do symbols satisfying the transmission condition (10.5)
takes place in the following spaces of functions of a real variable ¢ (playing
the role of &,).

Definition 10.12. For each integer d € Z, the space H, is defined as the
space of C*°-functions f(t) on R with the asymptotic property: There exist
complex numbers sg, Sq—1, ... such that for all indices k,l and N € Ny,
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O F)— > st is O(ETN TR for [t — 0o, (10.45)
d—N<j<d

Clearly, the s; are uniquely determined from f. We denote
H = Ugez Ha (10.46)
and observe also the decomposition in a direct sum
H=H_1+C[t], (10.47)

where C[t] is the space of polynomials in ¢. The corresponding projection
of H onto H_; is denoted h_1, and (I — h_1)f is called the polynomial
part of f. Occasionally, we also use the projector hy of H onto Hy, which
Temoves » ;g s;t7 from f. The spaces Hy have Fréchet topologies (defined
by families of seminorms in relation to (10.45)), and H is an inductive limit
of such spaces.

Lemma 10.13. Let 0 > 0 and let d € Z. Let f(t) € C*(R), and define

T=t"1, k(r)=7f(r7Y) for T €R\ {0};

o—1it cl—=z 20
= h t= 1 = 10.48
z (hence il4s +z ) ( )

o+t oot
g(z) = (1 +2)*f( ) forzeSt={z€C||z| =1}, 2 # —1.

ol—=z
1142
The following statements (i)—(iil) are equivalent:

(i) f € Ha-
(i) k extends to a function in C*°(R).
(iii) g extends to a function in C°°(S*).

Proof. Consider first the case d = 0. Assume that f satisfies the conditions
(10.45) (which then also hold with 9!t* replaced by t*9}). Since f(t) — s is
O(t™1) for t — o0, k(1) extends to a continuous function k on R (it is the
point 7 = 0 that needs checking). Now

Ork(r) = =20, f(t)],_. ., (10.49)

so since —t20;(f(t) —s0 —s_1t7 1) = =20, f(t) — s_1 is O(t~ 1) for t — o0,
O0-k(T) — s—1 is O(7) for 7 — 0+. Similarly, for each m,

(—20)™ (F(1) — > sat™) = (—£20,)" f(t) — mls_p, (10.50)

0<i<m

is O(t™!) for t — oo, showing that 97k(r) — m!s_,, is O(r) for 7 — 0+,
Thus (i) implies (ii) with

OTk(0) = mls_,, for m € Ny. (10.51)
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Conversely, the formulas (10.49), (10.50) allow us to conclude from (ii) to (i)
with the coefficients s_,,, determined successively from (10.51) (the particular
family of estimates (—t20;)™(f(t) — > m<j<o sjth) = O(t™'), m € Ny,
implies the full family (10.45)).

For the transition between (ii) and (iii) we now just observe that

1+Z:1+U—Z:/T _ 207'.;

o+i/Tt  oT+i

so smoothness of k at 7 = 0 is equivalent with smoothness of g at z = —1.
When d < 0, one reduces to the case d = 0 by replacing f(t) by f*(¢) =

t=4f(t), corresponding to the same k(7) and to ¢g*(z) = (i/a(1 — 2))%g(2);

and when d > 0, one makes a slight generalization to the above proof. O

Note that the coefficients s; in (10.45) are proportional to the Taylor
coefficients of k(1) at 7 = 0; in this sense, they are “Taylor coefficients of f
at 00”.

The function k(7) here is just an auxiliary function, whereas g(z) has a
particular interest, in an analysis of H_; that we shall now describe. Let
f(t) € Hoq, let g(z) = (1 + 2)" ' f(—io(1 — 2)/(1 + 2)) (by (10.48) with
d = —1), and consider its Fourier series expansion (for z = €), with the
convention

9(2) = (20)"2 Z bez®,  decomposed in

her (10.52)
gt (z) = (20)*é Z bpz® and g7 (2) = (20)*é Z bpz". .
k>0 k<0
This decomposition gives rise to a decomposition of H_1,
H oy =H", +H,, (10.53)

where f is decomposed in the sum of f*(t) € HE, corresponding to the
functions g*(z) as in (10.48). We shall analyze the spaces HE,, showing in
particular that they are the Fourier transforms of the spaces e*.#(R..). This
will be done in an elementary way based on orthogonal expansions.

We know from the theory of trigonometric series that the function g on
the circle {|z| = 1} is C™ if and only if the sequence (by)kez is rapidly
decreasing for |k| — oo, i.e., the sequences (k™ by,)rez are bounded, for all N.
Equivalently, the series Y-, ., [(1 4 [k[)Vb|? are convergent for all N. The
space of rapidly decreasing sequences (bx) will be denoted by s(Z), and we
shall use

[Orrezlley = O | (1+ kDN or[*)M2, (10.54)
keZ

as a norm on the Hilbert space £2'(Z); it is equivalent with the norm (8.11).
(One can replace Z by No or other index sets.) So (Z) = (y>q (7).
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For f(t) = (1+ 2)g(2), the expansion (10.52) of g gives an expansion of f
in terms of the functions

~ —it)*

or(t,o) = (20)3 (ga—’— itZ)IZH , corresponding to (20)73 (1+2)2*, (10.55)
cf. (10.48). They are easily checked to be orthogonal in L2(R) (with norms
(27)2); and the completeness of the trigonometric system (z%)ez implies the
completeness of the system (P )rez.

Now the inverse Fourier transform carries the @ (¢, o) over to the functions
ok (z,0) defined by

20)2 (0 — 0y ) (zFe=27) /k!  for k > 0, x>0,
on(,0) = (20)2 (0 — 82)"( )/ >0,z >
0 for k>0, z <0; (10.56)

or(r,0) = @_g_1(—x,0) for k < 0;

they are a variant of the Laguerre functions. By the Parseval-Plancherel the-
orem, the functions (pg)kez form a complete orthonormal system in Lo (R),
and hence the functions with & > 0, resp. k < 0, span La(R ), resp. Lo(R_).
(We often write ¢y, for rT ¢, when k > 0, and ¢y, for 7~ when k < 0.)

One can check that the ¢ with k& > 0 are the eigenfunctions of the (variant
of a) Laguerre operator

Loyr =0 Yo+ 0)x(0c —0s) = —0 10,20, + o+ 1 (10.57)

in Ly(Ry), with simple eigenvalues 2(k + 1); and the ¢, with k& < 0 are
similarly the eigenfunctions for £, _ defined by the same expression on R_.

A property of expansions in the Laguerre system that is of particular
interest here is the fact that rapidly decreasing coefficient series correspond
to functions in .7 (Ry).

Lemma 10.14. Let u € Ly(Ry), expanded in the Laguerre system (@r)keN, »
by
u(z) = Z brok(x, o).

keNp

Then u € L (Ry) if and only if (b)ken, is rapidly decreasing. More precisely,
one has the identity

lull 2oy = I1(br(w))ren lleg (10.58)

and there are estimates of (b)ken, in terms of u:

10k (@) kens Loy = 27N 0k (L] 1)) le,

=27 VL5 ullz, < en max o7 je M0, |, (1059)
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and estimates of w in terms of (bg)ren, (with any e >0):

27 Dl 2y < cc ™[ (br ()] g e (10.60)

Proof. The identity (10.58) follows from the orthonormality and completeness
of the system ¢y, in Ly(Ry). (10.59) then follows easily from the eigenvalue
property of the ¢y:

H(bk)keNol@v =2 4+ k) Nop > = 272N 30 b LY L orll3,
= 2_2N||£f,\{+u|\%2 = 2_2N||(—a_131333m +ox + l)NuH%2

j—1 i+ !
< eN max o200 |2 923,

since 0y (vu) = xd,u + u. For the estimates (10.60) one calculates the expan-
sion coefficients of zu(x) and d,u(z) in terms of those of u; details are found
in [G96, Lemma 2.2.1]. We refer to the proof given there, and shall just quote
the formulas that give the general idea:

vop(z,0) =, (kpp—1 + (2k + 1) + (k + 1)pr41)

o . (10.61)
oo (x,0) = =0k + 203 0 (=1)" 7 g5 + (=1)7(20) 24,

for k > 0 (easily proved using the ¢y). O

For certain combinations of 27 and 0. there are better estimates than
(10.60), see [G96, Lemma 2.2.1].

We now return to the decomposition (10.52), which has the counterpart
for f(t), in view of (10.55),

F(#)=fT(t) + f(t), where
Fr) = be@r(t,o) and f~(t) = > ber(t,0); (10.62)

k>0 k<0

here the sequences (bg)r>0 and (bg)r<o can be arbitrary rapidly decreasing
sequences. The hereby defined decomposition of the space H_; is denoted
HY, + H, as already stated in (10.53); we shall denote the corresponding
projections AT, resp. h~,. Note that they are orthogonal projections with
respect to Lo(R)-norm (since the ¢ are mutually orthogonal), so that

1 e < W fllas 117 lze < I fllz, for f € Hoy (10.63)

Observe that
P = p—k—1 for all k, (10.64)

which implies that
fEHT, <= feH . (10.65)
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By Lemma 10.14 we now see that H™, is precisely the space of Fourier
transforms of functions etu(x), where u € .7 (R,),

HT = Z (et 7 (Ry)). (10.66)

Similarly (cf. (10.65))
H-, = ZF(e” L (RL)). (10.67)
So, when f = f*+ f~ is such that f* = .Z(eTu®), then the projections hfl
in H_; correspond to the projections e*r® applied to v = etut + e u~ €
e (Ry)+e S (R-).
The above analysis is concerned with H_1; for the complete description of
H one has to adjoin C[t] (cf. (10.47)), and it is customary to define (with a
slight asymmetry)

H+ - Hil’

L (10.68)
H™ =H", +Clt].

Then H = H*T+H ", and the corresponding projections are denoted h* and
h~, extending ht, resp. h™,.

Note that C[t] is the space of Fourier transforms of the “polynomials”
3" 0™ where §(F) = D¥§: we call the latter space C[§']. Then the analysis
can be summed up in the following statement.

Theorem 10.15. 1° The space H = |J ey Ha admits a decomposition in a
direct sum

H=H"+H, (10.69)
with projections denoted h* and h™; moreover
H-=H-, LCl], M =M.
The decompositions are defined in such a way that the space H by inverse
Fourier transformation is mapped onto the space
S(R) = et S (Ry) + e S (R_) + C[d'], where (10.70)
FIHE =t SRy, FIH =e S (R)FHC]. (10.71)
The projectors h™ and h™ carry over to the projectors e™rt and I — eTrT
by F71; here (I —etrt)v=e"r v whenv € e" S (Ry) + e~ S (R).
2° The spaces ./ (R.) and H™ can be described as the spaces of functions

u(w) = > begr(z,0) resp. f(t) = > begn(t,0), (10.72)

keNy kEeNg

expanded in the orthonormal Laguerre system (pg)ren, on Ry (c¢f. (10.56)),
resp. the Fourier-transformed Laguerre system (9r)ken, in L2(R) (cf. (10.55)),



272 10 Pseudodifferential boundary operators

with rapidly decreasing coefficient series (by)ren,. There are similar state-
ments for ./ (R_) and H_, using (¢r)k<o on R_, resp. (¢r)r<o in La(R)
(the latter system is the same as (@;)i>0).

3° The general element f € Hg has an expansion with uniquely determined

coefficients
D osith + > big(t, o), (10.73)

0<j<d keZ

where the last sum equals h_1f, and

hrf(t) wak t,o)

k>0
Z sjtj +Zbk<pk t,o) Z sjtj —I—mel t,o)
0<;j<d k<0 0<j<d 1>0

here

> lbwf* = @n) M Ao f 1w

keZ

For later reference we define
Hy =H"NHyy H; =H NHgq anydEeZ. (10.74)

Remark 10.16. There is another decomposition related to (10.73) that is
sometimes useful. Define the functions, for k € Z,

U(t, o) = (o —it)* [= (20)" 2 (0 + it)px(t, 0)] (10.75)
METT= o itk PR O] '
and note that
St o) = (2 ) (o0 —it)* (o —it+o+it) (10.76)

(o + it)k+1 20
= (20)72 (s (t, 0) + Py (t, 0)).

Inserting this in (10.73), we find the expansion

> osith +> arin(t, o), (10.77)

1<5<d kEZ

where the s; for j > 1 are the same as in (10.73) and the other coefficients
are determined by the formulas

ao = (20)" 2 (bo + b_1) + 50, ar = (20) "2 (b + be_1).

The system @[AJ;~C is a complete orthogonal system in the weighted Ls-space
over R with weight (02 + t2)~!1. Their inverse Fourier transforms are the
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distributions (cf. (10.61))

Yr(z,0) = (20)2 D (=1 g+ (—1)k for k> 0,
0<j<k—1

Yr(z,0) = r(-z,0) for k <0. (10.78)

Remark 10.17. Since (b) is rapidly decreasing, g7 (z) in (10.52) extends
to a C'*°-function on the closed unit disk {|z| < 1} that is holomorphic on
the open disk {|z| < 1}. It follows (cf. (10.48)) that f*(¢) € HT has a C*
extension to C_ which is holomorphic in C_; c¢f. (A.3). One can moreover
show that f7(¢) satisfies estimates (10.45) on C_ with d = —1. The complex
conjugates in H_; have the analogous behavior with respect to C, and for
d > —1, the functions in H satisfy estimates (10.45) on C,..

Also the Paley-Wiener theorem, linking the holomorphy of ™ f in C_ with
the fact that supp.# ' f C R, could be used. Moreover, h* f and h™ f can
be defined from f by Cauchy integrals; this point of view has a prominent
role in [B71].

Note that the (Fréchet) topology on the space H™ can be defined by either
of the following three systems of norms (where f = ZeTu, with expansions
(10.72)):

[[(0k)kenolley, N € No,
= (2m) "2 |[RT (DI FOD | aw)>  Jom € No.

The equivalence of the first and second norm systems was shown in Lemma
10.14, and for the second and third norm we use the Parseval-Plancherel
theorem. The application of h™ here just removes polynomial terms; it cor-
responds before Fourier transformation to removing those singularities sup-
ported in {0} that arise from differentiating e*u.

The mapping that assigns the coefficients s; in (10.45) to a function f € H
will now be investigated. As mentioned before, they are linked with the Taylor
coefficients of k(7) at 7 = 0; cf. (10.48). When we consider .Z 1 f € .#(R),
we see that the coefficients s; with j > 0 appear here as coefficients in a
“polynomial” > sjé(j). For the coefficients with j < 0, the most important
step is the analysis of the case where f € H™:

Let f € H', having the asymptotic expansion

f@) ~soat s ot 24 (10.80)

and let u € .4 be such that FeTu = f. We shall see that the s; are linked
with the boundary values of u. The Lagrange (or Green) formula (4.53)
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(DY u,v)r, — (u, DN v)r, =i Z YN—k—1U - VU, u,v € 4 (10.81)
0<k<N-1

(recall that vju = DIu(0)), can be written in distribution form when we
insert v = ¢ for some ¢ € .(R) and observe that

(DYu,0)s. = (" DY, 9)r = (" DY o),
(u, Dy v, = (e"u, DY p)r = (D} et u, ),
i yev = ((1u)8, DEg)r = ((7u) D30, )r.
Then (10.81) becomes
DNety=—i Z (YN_k_1u)DF5 + e DY u, for any N € Ny. (10.82)
0<k<N-1
This gives by Fourier transformation

tNF(t) =i Z (v —k—1u)t* + gn (2), (10.83)
0<k<N

where gn(t) € HT™ C H_;. Comparing (10.83) with (10.80), we conclude
from the uniqueness of the coefficients that

~vju =is_1—; for all j > 0. (10.84)

Another interpretation of the coefficients can be given by use of the so-
called plus-integral [ T f(t)dt. Tt is defined on H by linear extension of the
two cases:

/+ () dt = Jg f(t)dt when f € Li(R) (ie., f € H_2), (10.85)
fc f(t)dt when f is meromorphic in Cy, '

C denoting a contour around the poles in C . This covers all f € H, since,
when f € H_; with the expansion (10.45), f —s_1(t +1i)"' € H 5. In
particular, in view of Remark 10.17,

+
/ Ft)dt=0if feH or f € HY NH_o; (10.86)

for in the latter case, the integration can be carried over to a contour in C_.
Then when f € HT and has the expansion (10.80), we can write, for any
ke Ng,

tkf(t) = Z Sjthrk +S_1-k

1
4 gr(t) with gr(t) € HT N'H_o,
k<1 -

t
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and conclude by the residue theorem that ! [ TR f(t) dt = s_1_p. Recalling
(10.84), we have obtained:

Lemma 10.18. When f = Tu (u € S ), with the expansion (10.80),
then

+
;ﬂ/ thf(t) dt =is_1k = . (10.87)

The coefficient s_1_j can be estimated by use of the standard trace esti-
mates

se1oxf? = byl = = [T 0, uu®]a

< 2| Diull 1y ) 1D ull Loy

= YT Ol awllBT (T Pl Loy, when f e HT

(10.88)

In the general case where f € H_;, one can obtain similar results by
applying the above to the components f™ = AT f and f~ = h™ f.

10.3 The complex formulation

The considerations in Section 10.2 are relevant not only for the do’s sat-
isfying the transmission property, but also for the appropriate definition of
symbol spaces for trace operators, Poisson operators and singular Green op-
erators. The symbols were mentioned in Section 10.1 along with the symbol-
kernels (as their Fourier transforms in the normal variable(s)), but without
a systematic definition of symbol spaces. We shall give this now using the
notions from Section 10.2.

Definition 10.19. Let d € R, let r € Ny, let = be open C R™ and let K be
one of the spaces H,_; or H+

1° The space Sl)o(_,R” LK) consists of the functions f(X,¢,€,) €
C>®(E xR™), lying in K with respect to &,, such that when f is written
in the form

FX€6) = Y 85X+ 1(X,€,6) (10.89)

0<j<r—1
with f' = h_1f, then s;(X,{') € S’faj(E,R”_l) and f’ satisfies
o ’ 1_ ' el —i
| DX Dgh1(DE, & f)llae, < (X)€Y a g’ (10.90)

for all indices (3 € NZ}/, o€ Ngfl, k and k' € Ny, with a continuous function
¢(X) depending on the indices.
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2° The space S%(Z,R"*,K) of polyhomogeneous symbols (in S{ ) con-
sists of those symbols f € 511,0(5 ,R"~1 K) that furthermore have asymptotic
expansions

Fe> 0 fa, (10.91)

leNg

where f—>7_; fa—1 € Sf)BM(E,]R"_l, K) for any M € Ny, and the symbols
fa—1 are homogeneous of degree d — [ in £ on the set where |¢'| > 1:

fai(X,t€) =t g (X, €) for [€/] > 1, t > 1. (10.92)

In the decomposition (10.89), the sum over j is empty when » < 0. Note
that f’ is in the space with 7 replaced by 0; it is often called “the part of f
of class 0”. The first term f; is also denoted fO°.

Definition 10.20. Let d € R and r € Nj.

1° 5 4(Z, R, H,_ ) and S¥(Z,R", H,_,) are called, respectively, the
space of S; ¢ or polyhomogeneous trace symbols of degree d, class r and
order d.

When r = 0, the inverse co-Fourier transform gives (after applica-
tion of .# gn:rn and restriction to Ry ) the spaces S{,(Z,R"!, %) resp.
SU(Z,R"1 7)) of Sp o resp. polyhomogeneous trace symbol-kernels of
degree d, class 0 and order d, defined in Definition 10.3.

2° St (2,R"1HT) and S4=E, R, HT) are called, respectively, the
space of S1,9 or polyhomogeneous Poisson symbols of degree d and order
d+1.

The inverse Fourier transform gives (after application of ﬁ&; 1_%1 and re-
striction to Ry) the spaces S¢((Z,R""!,.#,) resp. S4(5,R""!,.7}), here
called the Si o resp. polyhomogeneous Poisson symbol-kernels of degree
d and order d + 1.

For the order convention, cf. Remark 10.6. The fact that the inverse
Fourier-transformed spaces match the ones introduced in Definition 10.3 fol-
lows from Theorem 10.15 and the Parseval-Plancherel theorem. The appli-
cation of h_; in (10.90) serves to remove polynomials (that may arise when
k" > k); this corresponds to the fact that we are in (10.13), (10.14) considering
functions of x,, € Ry (extendable to smooth functions on R ), disregarding
0-derivatives that would arise from the discontinuity at 0 if one takes deriva-
tives on R.

For the 1do symbols satisfying the transmission condition, the h* projec-
tions map into these spaces:

Theorem 10.21. When p(X, n,yn,§) satisfies Definition 10.2, then, with
r = max{d + 1,0},
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hp(X,0,0,€) € Sf (=, R" HT),

hp(X,0,0,€) € S{o(Z, R H), (10.93)
rEp(X,0,0,¢,£2,) € S{ (2, R", 7).

Proof. From Definition 10.2 follows that i [D’y Dg(&rp(X,0,0,8))] satisfies
estimates

171 [DX DE(E7P(X, 0,0, )]s e, (r) < c(X)(E)HT2Tm e

this implies the estimates for h*p required in the first line of (10.93) since
[Ihtpl < ||h-1p| (cf. (10.63)). Similar estimates are valid for h~;p. By The-
orem 10.15 this translates to the estimates for 7 in the last line. Since h~p
is the sum of h~;p and the polynomial part (as in (10.8)), the assertion in
the second line follows easily. a

Example 10.22. With o = (¢’), the nonnormalized Fourier-transformed La-
guerre functions

(0 —i&y)!
(0 + &)1
(cf. (10.55)) with [ > 0 lie in STH(R""} R"1 HT), so they are Pois-
son symbols of order 0, degree —1. Their conjugates (20)~23;(&,, o) lie in
S—HR"1 R"=1 H "), so they are trace symbols of order and degree —1 and
class 0.

(20) "2 Gi(n, 0) =

In order to describe the symbol spaces for singular Green operators we need
to describe the space of Fourier transforms of functions in ., | extended by
0 to R2.

The tensor product of .(R) with itself is the linear space of functions

2
on R spanned by the products a(xy,)b(yn), a,b € 7(R,). One can define
completions of such tensor product spaces in several topologies, but it is
known e.g. from Treves [T67] that the space ./ (R4 is nuclear, and hence that
the various completions coincide and identify with (R, ), the restriction
of .7 (R?) to Ri+. We simply write

2

SR)OS (Ry) = 7 (R).

The (nuclear Fréchet) topology on . (Ri ) is described e.g. by the system
of seminorms

|z* D¥ mDZf:g(xn,yn)HL(Ri” for k,k',m,m’ € Ny. (10.94)

zp,Yn

By Fourier transformation in x,, and co-Fourier transformation in y, (i.e.,

by sesqui-Fourier transformation) of e} ef & (Ri +), we obtain (in view of
(10.65)—(10.67)) the completed tensor product
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2
Fn—bn yn—nn (e;crne;rny(R++))

— Pt Ty, (T S (RS (R) = HYOH,; (10.95)

here the sesqui-Fourier transform acts as a homeomorphism. In particular,
the (semi)norm (10.94) on g(z,, y,) carries over to the (semi)norm

S NInE by, (DE X DIy g, )l Loqre) for g € HY&HZ,,  (10.96)

where

9(&n, ) = / e_ir"§"+iynn"g($na Yn) dxndyn; (10.97)

R2
T+
the system of seminorms (10.96) defines the (nuclear Fréchet) topology on
HT@H~,. (Again, the projections h* and h~, serve to remove polynomials,
which would correspond to d-derivatives at 0 in the (2, y, )-formulation.)
By use of the direct sum decomposition

1 =H_, +C,_1[t], for r >0,

where C,._1[t] denotes the (r-dimensional) space of polynomials of degree < r,
we can likewise define HT®@H, |, with elements

r—1

9(Enm) = > s+ 9 (Ensnn)s

0<j<r—1

where the s; are constants and ¢’ € HT®H_,. Then we can formulate the
appropriate definition:

Definition 10.23. Let d € R, let r € Ny and let = be open C R™.

1° The space S¢ (5, R""' H*®H, ;) consists of the functions
(X, & &nymn) € C°(ExR™), lying in HT®@H,_, with respect to (&, 1),
such that when ¢ is written in the form

Q(valafnﬂ?n) = Z kJ(Xaflafn)ng’L+gI(X3€/a€nann) (1098)
0<j<r—1

with ¢ = h_1,,,9, then k; € Sigj(E,R”_l,HJr) for each 7, and ¢’ satisfies
the estimates

IDSDERE  hy,, (DE DI 0™ g')| Ly e
< o(X)(g)dHkR mmam=lal=i - (10.99)

for all g € N{}/,a € Ngil,lak’,m and m’ € Ny.
2° The polyhomogeneous subspace S¢(Z, R 1 H*+@H, |) consists of

those symbols g € SﬁO(E ,RPLHTQH, ) that furthermore have asymp-
totic expansions
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g~ Z gd—1,

leNp

where g =31, 941 € S’fBM(E, R~ HT&@H, ;) for any M € Ny, and the
symbols g4—; are homogeneous of degree d — I in (£, &, ):

Ga_1(X, & tén ) = t97 gy (X, €&y, mp) for t and [€'] > 1. (10.100)

3° The spaces are called, respectively, the space of 51 g or polyhomogeneous
singular Green symbols of degree d and class r, and of order d + 1.

When r = 0, the inverse Fourier transform from &, to x, together with
the inverse co-Fourier transform from 7, to y, gives (after restriction to
R% ) the spaces S{((Z,R""!,., 1) resp. S (Z,R", .7, ) of Sip resp.
polyhomogeneous singular Green symbol-kernels of degree d, class 0 and
order d + 1; they are defined as in Definition 10.3 3° and 4°.

Also for singular Green symbols, the Laguerre expansions are highly rele-
vant. Functions in .%7 ; can be expanded in the orthonormal double sequence
(p1(zn, 0)Pm (Yn, 0))i.men, formed of the Laguerre functions; it is a complete
orthonormal basis for Ly(R?% . ), and its elements lie in .. Here, when g
and g are expanded in double Laguerre series:

§($myn): Z Clm@l(xnaa)QOm(yn;U)v

e ) (10.101)
g(fnﬂ?n) = Z Clm‘Pl(gnaU)‘Pm(nnaU)a
I,meNy
one has that
GE Sy & geEHTOH-, & (cim)imen, € 5(NoxNp), (10.102)

where s(Ng x Np) is the space of rapidly decreasing sequences indexed by
(I,m) € NgxNg. The system of (semi)norms where N and N’ run through
NOa

1
lemtmenollgro = (3 10+DN A +m)Y e l?)”,

I,meNg

(10.103)

defines the topology, equivalently with the systems (10.94) and (10.96).
For the functions in S’fal(E,R”*l,erJr) it is natural to take o = (¢’),
then when

I(X @0, yns €)= D am(X,E)@u(@ns (€))em (yns (€)), (10.104)

I,meNg

the cim (X, &) are in S ((Z,R"™!) (sdo symbols), and the topology of the
space S f)gl (Z,R""1 .7, 1) is equivalently defined by the system of seminorms
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1
sup ()73 (1 DN (4 m)Y D Dg (X, €))7
&'eRn-1,XeK 1,meN,
(10.105)
where o € Ngil, RS Ng,, N and N’ € Ny and K runs through compact
subsets of =. A more refined choice of ¢ is to take o = [¢'], where

(€] = for [¢'] > 1, [¢']is C> and > 0; (10.106)

the modified length. This can be useful in the consideration of polyhomoge-
neous symbols.

Note that when for example X = ', and g is written in the form (10.104)
with o = (£’), then

3@ Ty €)= Y En (@, 20, ) (Y. &), where  (10.107)
m&ENy
Fm = am (7, €)(20) 2 @1(@n, ), Em = (20)>@m(yn, 0);
leNg

cf. Example 10.22. This shows in view of Proposition 10.10 (iv) that any s.g.o.
of order d and class 0 can be written as a series

G= > KuTn (10.108)

meNy

of compositions of Poisson and trace operators of orders d resp. 0. The series
converges rapidly in the symbol space seminorms.

For brevity, we shall often omit the indications =, R"~! from the notation
for the various symbol and symbol-kernel spaces, when they are understood
from the context.

We now describe how the operators are defined from the symbols. As
noted in Section 10.1, the definition with respect to the z’-variable or (', y’)-
variable is the standard 1do definition, so it suffices to describe the definition
w.r.t. 2,. Here we have, consistently with (10.24), (10.28), (10.29), (10.36),
(10.39), when the plus-integral (10.85) [ * is used to include the polynomial
parts of the trace and s.g.o. symbols in the integrals:

OPK,, (kv = k(X, 2, &) -v = / e mnén (X, E)v dEy,
= [k(X, &, Dy)v)(2), (10.109)
> st [ X €t dy,

0<j<r

OPT,(t)u



10.4 Composition rules 281

+ ——
/ HX, ©)eTal6n) den = H(X, €, Do),

OPG,(g9)u = Z ];j (X, 2y, gl)’Yju =+ [3 gl(Xv Tn, Yn, fl)u(yn)dyn
0<j<r

2/6”"5"/ 9(X, & nn)etu(ny,)dn, dé,
= [9(X, &, Dy)ul(xn),

for v € C, u € .. The effect of p(X, ) with truncation is

OP,,(p)su = r* / ¢nEn (X, )t u(€n) den

=1t F T (petu) = p(X, €, Dy)yu.

(10.110)

All these operators are called boundary symbol operators. The full operator
definitions are obtained by combining the above with OP’.

10.4 Composition rules

As noted earlier, the new elements in the proof of the statements (10.44) lie
in the compositions with respect to the x,-variable. We shall write a0, b = c,
when c¢ is the symbol (in one of our symbol spaces) arising from composing
the boundary symbol operators with symbol a resp. b. The rules for (iii)—(vi)
in (10.44) are treated in the following theorem.

Theorem 10.24. Let d and d’ € R, and let r and ' € Ny. Let

) p(X.,¢) e S’fO(E,R"), with transm. cond.,

) 9(X.€ 6 mm) € STGHE R HTOH, ),

(ili) (X, € S{o(Z, R H,_,), (10.111)
) k(X,8) € S{gHE R HT),

) s(X,€) € Sto(2, MY,

and let p', ¢, t', k' and s’ be given similarly with symbols in the spaces with

d and r replaced by d' and rv'. In the formulas where p (resp. p') occur, we
assume that d (resp. d’) is integer. Define

d'"=d+d, " =max{r+d,0}. (10.112)

Then the o, -compositions give rise to ¥dbo’s whose symbols are determined
by the following formulas (where S{ (=, R"™1, K) is written as S{(K)):
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1° pyon k' = hi (X, K (X,€)] € ST (1), (10.113)
+
2 gouk = [ g(X,E K (X.€ m)dn, € ST,
3° kons' =k(X,6)s'(X,&) € 8§ (HY),
142 to,ply = hg [H(X, )P/ (X,€)] € S¢o(Hp_y),
+
5 tong = [ HX 5 (X, € m) & € STo(H )
6° sont =s(X,E)t(X,€) € SEo(HL_y),
+
7° to, k' :/ HX,OK (X, €) d&, € S (2, R,
8° sons =s(X,€)s(X,¢) e S{o(=, R,
9° prong =h{ [p(X, €)' (X,&ma)] € STo T HT &M, ),
10° gop p/+ = h;n[ (nga"]n)p/(Xv ga"]n)]
e ST M EHL ),
110 g On g/ - / g(Xa flafna Cn)g/(Xafv Cnvnn)dcn
€ Sd o H(HTEH, ),
12° kont' = k(X, €, &) (X, n,) € ST (HY &M, ).

Here composition of polyhomogeneous symbols gives polyhomogeneous sym-
bols.

Proof. The formulas follow rather naturally from the calculus described in
Section 10.2. Consider 1°. Here, for v € C, k’v is as in (10.109), so

P (Dn) on K (Do)o = 1t / 00 (X, ) Fleth(X, 2n, € )]0 dn
=t / 0o (X, €)R(X, £)0 dE
= F U (X, R(X, )]0 = OPK, (' (ph)o,

since h™ corresponds to eTr™ by Fourier transformation (its effect is the
restriction to Ry in the real formulation). There is a slight abuse of notation
when we do not always mention the extension by 0 on R_.

For 4° one has that for u € #(R,) with Fetu = f, the operator
t(Dy,) on p'(Dy)+ is defined by

t(Dy) on p'(Dn)yu = t(Dn)y_l[h-F(p/f)]
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Jr
:/ t- bt f) dén
+ +
— [ twrde Gince [ th (e =0)

+ +
_ / h=(tp/)f e (since / W+ (tp!) f déy = 0)
= OPT,(h™ (tp"))y;

here we have used (10.109), (10.110) and (10.86).

The rules 9° and 10° follow the same pattern, except that there is an extra
integration (in 7, resp. &,) to carry along.

In rules 3°, 6° and 8°, the effect of s or s’ is purely multiplicative.

Rule 7° is the Fourier-transformed version of Proposition 10.10 (v) if r = 0.
When 7 > 0, we must also deal with compositions s;v;k(D,,)v; here

+ .
(X €) = / (X, €, 6,) den

in view of Lemma 10.18, so these terms contribute in the stated way. The rules
2°,5° and 11° are elaborations of this observation, based on Proposition 10.10
(vi)—(viii) and carrying other variables along. 12° is an obvious extension of
Proposition 10.10 (iv).

This shows the formulas, and the estimates required for the indicated
spaces are easily checked. O

In preparation for the treatment of the leftover operator L(P, P'), we in-
troduce a new rule. When v € #(R"71), it can be multiplied by the dis-
tribution d(z,) to define a temperate distribution on R"; it is traditionally
denoted v(z’) ® §(x,,), and acts as follows:

(v(x') ® 6(z), p(z))rn = (v(z), p(z’,0))gn-1, when ¢ € S (R™). (10.114)

We shall show that when P is a ¥do of order d (satisfying the transmission
condition, as always), then the operator K defined by

(Kv)(z") = rT P(v(2)) @ 6(zy)) (10.115)

is a Poisson operator of order d + 1.

Theorem 10.25. Let P = OP(p(x,y,£)) be of order d, and define K by
(10.115). Then K is a Poisson operator of order d 4+ 1. The symbol-kernel k
and symbol k satisfy (with p = ﬁg_nlzp):

];(ﬁl, y/a Tns 5/) = T+ﬁ($/, 07 y/a 07 5/7 Z)'z:mna

o T L (10.116)
k(2’9" &) = hp(2',0,y,0,), if p is independent of x;
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k(2! g wn, &) ~ et Y Ll 0] 520,90, 2) o=,
J€Np

k(' y', &) ~ Z j'h+ Dén p(@',0,y',0,€)) in general.
Jj€Np

If P is a differential operator, K = 0.

Proof. The last statement is obvious since P(v(z') ® 6(x,,)) is supported in
{x,, = 0} when P is a differential operator.
To show the formula, let first p be independent of x,,. Then

r OP(p)(v ® 8) = r* / (o s €0y )5 (yn) dydt

R2n

=t / @ Yy (0! ! 0, E)o(y') dy' de
R2n71

:/ T p(a Y0, 3 )uly ) dy'de!
R2n—2
= OPK(k(z',y', xn, &),

where k = rtp = rt ﬁgziwnp =t jﬁ;]-—»wn (h™p); the corresponding symbol
is k = hp. In view of Theorem 10.21, k(2/,y/, 2, &) is a Poisson symbol-
kernel of degree d (order d+1). (The application of §(y, ) in the first line can
be justified by writing it as the limit of an approximate identity.)

When p depends on x,, it is natural to do a Taylor expansion of p in x,
and apply the preceding result to each term; this gives the third formula in
(10.116), except that we have not yet accounted for the justification of the
asymptotic series. But this is easy on the symbol level: We can use Theorem
7.13 1° with respect to the variables (z,,y,) to replace p by an equivalent
symbol p’ depending on y,, instead of (z,,y,); it has the form

j .
Py &) ~ > De 0% p(a wnsy  yn, )
Jj€Ng

—y )
Tn=Yn

and is likewise of order d and satisfies the transmission condition at y,, = 0.
Then we apply the second formula in (10.116) to this symbol, obtaining the
fourth formula, and the third formula follows by inverse Fourier transforma-
tion in &,. a

We finally treat rule (ii) in (10.44) for the leftover operator L(P, P'). As-
sume that P and P’ are given by symbols p(X, &), p'(X, &), where X = a/,
y or (a',y'), so they are independent of z;,, (or y,). The decomposition of
L(P,P') that we shall now explain, was first introduced in [G84]. (In that
paper it was useful in obtaining the first complete treatment of L(P, P’) in
the general case with z,-dependent symbols.)

According to (10.18) we can write
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P = Zoglgd SlDf’L_'—Qa P = ZOSlSd’ SZ/D%—FQ/, (10117)

where the S; and S] are differential operators on R"~! (with symbols poly-
nomial in ¢’) and Q and Q' have symbols that are O((£,)~!). One finds the
following rules: Since differential operators are local,

L(Yo<i<q 81D}, P') = 0. (10.118)
By Green’s formula (10.82),
L(P, Zoglgd' S{Dfl)u =7t Zlgd’ PSZ/(DizeJrU - €+sz“)
= —ir"PY ey SI et (Vekm1u @ DY) =30 iy Ko ymu,  (10.119)

where K, is the Poisson operator of order d+d’ —m (as in Theorem 10.25),
Koo =—i Y0 rtPSIDEm(u(2) @ 6(x,)); (10.120)

0 (10.119) defines an s.g.o. of class d’. For the analysis of the remaining term
we introduce the reflection operator .J,

Jru(a z,) — u(a, —x,), (10.121)

it sends spaces over R’ into spaces over R%. Then we can write, for u €
n
Co) (Ry):

LQ, QN =r"QQ etu—r"QetrTQetu=r"QU —etr")Qetu
=rTQe r Qetu=(r"Qe " J)(Jr QeM)u

G (Q)G™(Q")u, with (10.122)

GT(Q)=r"Qe J=rtPe J=G"(P),

G (Q)=Jr Qet =Jr Pet =G~ (P) =[GT(P7)]"

We shall show that the latter are singular Green operators of class 0 and
orders d resp. d'. Similar formulas hold on the boundary symbol level. Alto-
gether,

L(P,P) = Eo§m<d/ Kpym + GT(Q)G—(Q)). (10.123)
The resulting symbols will now be analyzed on the one-dimensional level.

Theorem 10.26. Let d € Z and d' € Ny, let p(X,§) € SﬁO(E,R”) and let
s1(X, &) be polynomial in & of degree d' —1 for 0 <1<d'.

1° One has for the singular Green symbol resulting from the formation of
L(p(X, 07 5/7 Dn)v Zoglgd' SZ(Xv Oa fl)D’iL)’
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L(p, ngffz) = 20§m<d/ (X, 6)7771’7
e ST E R Y@M, ), (10.124)

where the ky, are Poisson symbols

km(X7 f) = —iht (Zld;m+l p(X, f)s;(X, gl)gf;lfm)
€ SfpImm(E, R HY). (10.125)

2° For the operators introduced in (10.122) one has

g (p) =r"p(X,0,¢,Dy)e”J, g~ (p) = Jr p(X,0,&, Dy, (10.126)

are singular Green operators with symbol-kernels (where p = ﬁgnlznp), resp.
symbols:

I )X 20, yn, &) =17 PX € 20) sn=an by, and
()X, 20, yn, &) =17 P(X, € 20) 20 =0y
e S{HE R y++) (10.127)
9 )X, &) = Fuu—tn T yo—nata, €y, 9" () and
9~ (DX, &) = Fo—tn F y—nna, €5, 0 (D)
€ SToHE R HYGHD,),
of order d and class 0.

3° If p(X, &, Dy,) is a differential operator, these symbols vanish.

Proof. 1°. The statement on k,, follows from Theorem 10.25 1°. The resulting
symbol (10.124) is an s.g.o. symbol of the stated type in view of Definition
10.23. Note that only htp enters (cf. also (10.118)).

2°. Denote h*p = p*, and omit the variable X. We have, reading the
integrals as Fourier transforms and using that the distribution kernel of p
equals p(z, — y,) where j € .7 (R),

0

(e, Dy)e™ Ju = rt / nén (e, €,) / ¢S () dyadts

o0

=" / Hontn (5 &n) / eiynﬁnu(yn) dyndén
= / ]5(517 Ty + Yn)u(Yn) dyn = rt / ]5+ (5/7 Ty + Yn)W(Yn) dyn,
0 0

since p(&’, z,) = pT (&', 2,) for 2z, > 0. Thus g*(p) is the integral operator on
R4 with kernel

§+(p)($m yn,i’) =rt 13(5/7%1 +Yn) = l~7+(€/a$n + Yn)-
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We have from Theorem 10.21 that p+ € S{,(Z,R""!, ., ). The kernel is
estimated by use of coordinate changes z = x,, — yn, W = Ty, + Yn:

~4 N2 _ > > a2 2

||g (p)(xnaynag )HLzyz",yn (Ri+) - /0 ‘/0 |p (5 s Tp + y’l’b)l dx’ndyn
_ 1 (ot 2 _ ! 2
_2/0 dw‘/7w|p (& w) dzdw—/o wlp™ (¢, w)|*dw

lwit (w, )| [+ (€',w)|| < ele')d™2(g'yd2 = c(e’)2e.

This is the basic estimate, which easily generalizes to derivatives in X and £/,
and to lower-order parts. For the symbol-kernels resulting from application
of zf DE y" Dy, we observe that for w = & + yn,

IN

when xz,,y, > 0,

and , , o
Dy, Dy (€ + yn) = Dy ™ (€ w),
so that

|l D5 wn Dyt gt 7, @

o0
< [t (e w)Pdu
0

2
i+

- / wlw DI w) Pdw < efg!) AR,
0

It is altogether seen that g7 (p) satisfies all the estimates required of a symbol-
kernel in S (=, R""!,.%, ;). The proof for g~ (p) is similar, based on the
identities

Jropetu = Jr~ /
R

emnnp(¢ €, / e (yy,) dyndSy
0
= / et p(€ €, / e rEnu(yy) dyndéy
R 0
=7t / ﬁ(gla —Tp — yn)u(yn) dyn,.
0

For 3°, recall (10.118). O
From the above analysis we can conclude:

Corollary 10.27. Let p and p" be as in Theorem 10.24 and write

p= > (X +hoap.
o<
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Then L(p,p") = (p(Dn)p (Dn))+ — p(Dn)+ on P'(Dy)+ is a singular Green
boundary symbol operator of order d+d’' and class max{d',0}. More precisely,
the symbol is defined by

Lp, ) (X, 6m) = Y k(X O + g% (0) on g™ (), (10.128)

0<m<d’

where ky, g7 (p) and g=(p') are as defined in Theorem 10.26. In particular,
L(p,p’) depends only on h™p and h=p'.

The full composition rules, where the action in z’ is also taken into account,
look as follows when the )do symbols are independent of the normal variable:

Theorem 10.28. Let symbols be given as in Theorem 10.24, with = = R*~!
with points «'. Let a(x’, &', D,,) stand for the boundary symbol operator, and
let A stand for the full operator OP'(a(z',&', D,,)) defined from one of the
symbols a = p,t,k,g or s, and let a’(a',&', Dy,) and A’ be similarly defined
from the primed symbols. (One can also consider symbols in («',y’)-form, in
which case one can begin by reducing them to x'-form, by Theorem 7.13 1°
applied in the tangential variables.)
1° Consider one of the compositions

A" = AA" = OP'(a) OP'(d)

listed in (10.44) (iii)—(vi), with one factor properly supported w.r.t. (z',y’).
Here A" ~ OP'(a"), where a” has the asymptotic expansion

a’(a', &, Dy) ~ Z o Dgia(a', &', Dy) on 05va' (', €, Dy),  (10.129)
aeNgn—1

each term being determined by the appropriate composition rule in Theorem

10.24. The expansion holds in the space of operators and symbols of order

d+d', and class v’ resp. max{r + d',0} (in the relevant cases).
2° Consider the singular Green operator

G =L(P,P')= (PP'), — P, P,

derived from P and P’, with one of the operators properly supported w.r.t.
(«',y'). Here G = OP'(g), where

92/, €, D)~ > LL(DEp(x.€ Dy), 0% (2,6, Dy)),  (10.130)
a€eNpn—1

with the terms defined by Corollary 10.27. The expansion holds in the space
of operators and symbols of order d + d' and class max{d’,0}.

Proof. 1° If a’ were in 3'-form, the resulting operator would simply have the
boundary symbol operator in (2, y’)-form
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a(a:/, 5/, Dy,) oy, a/(y/, f/, Dy,).

This can be reduced to z’-form as in the proof of Theorem 7.13 1°. The

procedure of replacing a’ by its 3’-form and reducing the resulting product

to o’-form gives altogether the formula (10.129). The proof of 2° is similar.
O

When the symbol of P (or P’) moreover depends on x,, one considers
each term in its Taylor expansion at x,, = 0 separately:

p(x’, 2, &) has the expansion Z a0l p(al,0,8); (10.131)
7=>0

the (%np satisfy the transmission condition. In the compositions in (10.44)
(ii)—(v), a factor z7 decreases the order by j steps (cf. Proposition 10.10
(ix)), so it is indeed possible to collect the resulting symbols as expansions in
homogeneous terms of decreasing order. The resulting formulas can e.g. be
found in [G96], Section 2.7 (disregard the parameter).

10.5 Continuity

For the proof of continuity properties in Sobolev spaces it will be practical to
introduce spaces of different order in the normal and the tangential direction,
as in [H63):

HY'(R™) = {u € & (R™) | (£)*(€)"i(€) € La(R™)} with norm

_n s . (10.132)
[ulls,e = (2m) 72 [(€)* (€'Y UE) ] Lo ),
for s,t € R. Note that
llullse < ||lullsp when s <s', s+t <s +t. (10.133)

From these spaces we can define the related Hilbert spaces over the half-space:

HY'RY)={ue Z'(R}) |u= Ulry for some U € H*'"(R™)} with norm
lulls,e = _imf [|U]ls.e.

Hy ' (R )—{uEHSt(R”) |buppuCR+} (10.134)

as mentioned for the case t = 0 in (9.18), (r? 25). It is shown in [H63, Sect. 2.5]
that for all s,t, H*'(R") and H S’7t(IR+) are dual spaces of one another,

n

with a duality extending the scalar product in La(R%). C@ (Ry) is dense

in each space H*'(R"), and C§°(R’}.) is dense in each space H’ t(R ). For
s = m € Ny, one has a more elementary characterization of H m, t(R”) and
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H(’)n’t(]Ri), as the closures of C (Ri) resp. Cg°(R’) with respect to the
norm
m . . 1
letllm,er = (@)=Y NI DI A€ @) lEy my))
j=0
m (10.135)
. 1 1
= QO IDL ul@ 2l pam—j)* = (D 1D ullge)?,
j=0 la]<m

which is just a slight generalization of (9.6). We shall give proof details for this
case, and refer to e.g. [G96] for the documentation that the various properties
extend to suitable cases with noninteger first exponent.

For m = 0 it is easy to see (using the method of Theorem 6.15 in the
tangential variables x’) that

H'(R") and H” *(R") are dual spaces of one another. (10.136)
In the following, we leave out the indications A and / in the norms.

Theorem 10.29. 1° Let K be a Poisson operator of order d € R, with
symbol-kernel k(z',y',xn,&') € S’fal(Rz(”*l),R"’l,jﬁ), compactly sup-
ported with respect to x' and y'. For all m € Z, all t € R, there are estimates
forve S (R"1):

K0l t—agy < cllvllmaes in particular | Kvllm < cl[v]|pqq—1-  (10.137)

2% Let T be a trace operator of class 0 and order d, with symbol-kernel
t(a', Yy, xn, &) € Sﬁo(R%”*l),R"’l,jﬁ), compactly supported with respect
to ' and y'. Then T is the adjoint of the Poisson operator K with symbol-
kernel

k(@' an, &) =1y 2 0, &) (10.138)

in the sense that
(Tw, v) Ly n-1) = (U, Kv) ey for u € y(Ri),v c (R, (10.139)

All trace operators of order d and class 0 (with symbol-kernel compactly sup-
ported in x’,y') are obtained from Poisson operators of order d + 1 (with
symbol-kernel compactly supported in x',y') in this way, and vice versa.

For all m € Ny, all t € R, there are estimates for u € y(Ri)

1Tl e—aes, < clullomee < cllullms, in particular [ Tul,,_g_s < cllullm.
(10.140)

3° By extension by continuity, the operators define mappings from the full
spaces, satisfying the estimates in (10.137)—(10.140). The estimates (10.137)
are also valid with m replaced by any s € R, and the estimates (10.140) are

valid with m replaced by any s € Ry. In 2°,
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T: Ly(RY) — H 92 (R 1) and K : H™ 2 (R"™) — Ly(R™) are adjoints.
(10.141)

Proof. We have for v € #(R"™1), u € #(R}):
(Kv,u) ey = / IRl wn, €Yoy VU, ) dy A€ da day
(10.142)
(oscillatory integral w.r.t. ). Here we can insert the Fourier transforms of
v w.r.t. ¥’ and w w.r.t. 2/, and reinterpret the integrations against the expo-

nential functions to Fourier transforms w.r.t. 2/ and y’ of k, just as in the
proof of Theorem 7.5, obtaining the expression

/ R0 =&, — 0z, & Yol a0, ) dE'df A0 iz,

The k factor is estimated with respect to the primed variables similarly as
in the proof of Theorem 7.5, when we consider it as a function on R3(»~1)
valued in Lg ,, (R4 ). This gives

1RO 17, 2, €| Loy < M (€)22(0") 72N (1) =2V,

where N can be taken arbitrarily large. Hence, using the Cauchy-Schwarz
inequality w.r.t. z,,

|(Kv,u)| <
R e e S K LU [LTCATPReR T
Finally, using the Peetre inequality as in Theorem 7.5 and the Cauchy-

Schwarz inequality for the integrals over R3*""~1  followed by integrating
out superfluous variables, we arrive at

[(Kv,u)] < [[ollsllullo,a— -
Since this holds for all u, we conclude in view of (10.136) that
1K 0llo,5-aty < lvlls.

This shows (10.137) with m = 0. For m < 0, it follows immediately in view
of (10.133):

1K Vls a3 < IOl ass < N0l for m <0,

To show it for m > 0, note that D*K is a Poisson operator of order d + |«|,
SO
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1
||K’U||m7sfd+é < C(Z|a\§m ||DaKU||O7sfd+é)2
1
< (Eiaigm IWllstia))* < N0]lstm-
This implies (10.137).
For 2°, the formula (10.139) for 7" and K with symbol-kernels as in (10.138)

follows by changing the order of integration in (10.142). Then we have by the
preceding proof:

|(1 u,v)| |(U7KU)| < C||u||0’d+1_s||’UHS,
2
for any s, hence with ¢t = d + ; — 5
[ u”tfdfé < cllulfo,-

Replacing t by m + t with m > 0, we find moreover

HTU”m-;-t—ul—2 =

in view of (10.133). This implies (10.140).

3° The extension by continuity is obvious. The validity for general s, as
indicated, can be deduced from the preceding statements by interpolation;
this is a technique explained e.g. in [LM68] and we refrain from giving details
here. a

Corollary 10.30. When T = Zo<j<r Siv; + T is a trace operator of class
r and order d, with symbol compactly supported with respect to ' and y', and
§>r— , s>0,teR, then T defines a continuous mapping:

T: HY'(R) — HoF—4=2 (R, (10.143)
Proof. For the part T" of class 0 this follows from Theorem 10.29. For the

terms S;v;, it follows by a straightforward generalization of the estimate for
o shown in Remark 9.4: For u € #(R"), s > j + 3,

| DI u(a’, O)||S+t —j-1 :/ DI (e, 0)|2 (¢ 25221 gg!
R-
N\ 2s5+2t—25—1 g 2 e
o[ @ ([ 1ghie) as.)* ae
s 2t=2j=1 €)% de,, 2725 ge. ) de’
o[ @ ([Tt s)(/R<s> 6,) de
:C/ <§ >2s+2t 2j—1425— 2s+1<> | ()| df

IN

\ /\

st’

here we used (9.19). This implies the boundedness of the mapping 7; on the
dense subset . (RZL and it extends by continuity to a bounded mapping
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from H*'(R’) to He+t=i=3(R"=1). This is then combined with the fact
that S; has order d — j. O

The operators 7; do not have adjoints within the calculus, hence neither
do trace operators of class r > 0.
We can also treat s.g.o.s.

Theorem 10.31. Let G = ZO<j<r K;v; + G’ be a singular Green operator
of class r and order d, with symbol compactly supported with respect to &’ and
y'. When s >r — é, s> 0,t €R, there are estimates for u € Y(Ri)

1Gulls—a. < cllul

s,ts
and hence G defines continuous mappings:
G: H¥(R}) — HN(RT), in particular G : H*(R) — H*~4(R").
(10.144)
It is also continuous from HY'(RT) — H**=4(R7), all t € R.

Proof. For the sum over j this is a consequence of the mapping properties
shown in Theorem 10.29 and Corollary 10.30. For the part G’ of class 0, one
can either appeal to the fact that it is a rapidly convergent series of com-
positions of Poisson and trace operators of class 0 (one should then account
for how the norms depend on the enumeration), or one can work out a proof
similarly as in Theorem 10.29: For u,v € Y(Ri),

(G/uav)Lg(Ri) (10.145)
= / G @y g € uly yn) 0 ) dy A€ dynda’ de,
— [ GO T v il )60 ) 08 e,
One finds from the symbol-kernel estimates satisfied by ¢’ that

15 @7 T )iy < M (€YY 72N () 72N,

any N. Applications of the inequality

[, o o(en o) dendin < ol Il zacen ¥l zace

2
F+

give, with norms in La(R4),
[(G'u, )| <
C/<9’ = &) TN =)Vl yn) 160", ) || A€ diy' a8
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from which one finds (as in Theorems 7.5 and 10.29)

(Gu, )] < flufo.s|

U||07dfsa
allowing the conclusion
|G ullo,s—a < [|ullo,s, any s € R; (10.146)

which implies the last statement in the theorem. Let s > 0. We can write
s—d=m+ s with m € Ny and s’ < 0, and apply (10.146) to the operators
DG of order d + || and class 0. This gives in view of (10.133):

1
1G ulls—a.e = 1G ullmssr < 1G ullm.sro < (X jaycm 1D Cul3prse)
1
< (Cyaiam 12 s asrage)* < lullosrarmes = < Tullos < ¢ llulls

showing the continuity in (10.144). O
For ¢do’s satisfying the transmission condition, we have:

Theorem 10.32. Let P = OP(p(a',y',&)) where p is a ¥do symbol of or-
der d € Z satisfying the transmission condition and compactly supported in
(«',y"). Then for all m € Ny, t € R, there are estimates for u € .# (R ):

1Pswl|m—dt < cl|w|lm,e, in particular || Pyw||m—q < c|w|/m, (10.147)

extending by continuity to w € H™'(R") resp. H™(R.).

Proof. As noted in (10.8), we can write p as the sum of a symbol
Yocicqsi(@y',&)EL where the s; are polynomials in ¢, and a symbol p/
which satisfies

D} DEp'(a',€)] < e(€) 1)

In the following we only need the slightly weaker estimates
| Dy DY (', €)] < (€)1,

they would allow us to include in p’ the term that is constant in &,, but this
makes no difference for the following. The first part of p reduces to z’-form
by a finite and exact version of (7.38); this gives a differential operator of
order d, which is known to satisfy (10.147) (by considerations as in Chapter
6). For the other part P’ = OP(p’), we can apply the argumentation in the
proof of Theorem 7.5 with respect to the tangential variables only; this gives
for w € .Z(R™), any r € R:

[1P"w]

0,r—d S C”wHO,ra

which extends to w € H%"(R™), and hence implies for u in H"(R") (iden-
tifiable with a closed subspace of H%"(R"™) by extension by zero),
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[P ullor—a < cllullo,y-
If m < d, this implies (cf. (10.133))
1Py ullm—as < |Prullom—dte < cllullomre < cllullm,,

showing the desired estimate for P’ and hence also for P, when m < d.

Now let m > d and let m’ = m — d. Note that D*P, = (D®P),, where
D*P is a ¢do of order d+ |a] satisfying the transmission condition. Applying
the preceding considerations to (D*P); for |a] < m/, we find

1 1
1Psullm—age=( Y ID*P)sullg,)® < el D Mulfijane)® < < lullme.

lal<m’ la|<m’
]

Remark 10.33. For ¥do’s with symbols depending on the normal variable,
the result is obtained after an extra reduction. Consider for example a symbol
in (2,9, yn)-form, p(z', 4, yn, §). Take a Taylor expansion

Py yn, ) = Y L0k p(al v, 0,8)yk + pay (@Y yms )yl

0<k<K

The terms in the sum define operators that map functions in H™ (R’ ) with
support in a fixed bounded set continuously into H™~%(R"), by Theorem
10.32. For a given m, we can take K > m so that the functions yu extend
by zero to functions in H™(R"); then OP(p(x))4 maps them continuously
into H™~4(R").

The result extends to noninteger s > 0 (in the place of m) by interpolation.
There is moreover an extension down to s > —;; this hinges on the fact
that H*!(R") and Hgt(Ri) coincide for —) < s < } (one can show that
multiplication by 15,0 is bounded in H*!(R™) for |s| < }). The mapping
properties in (10.143) and (10.144) likewise extend to s > —, when r = 0.

We define “loc” and “comp” versions of the Sobolev spaces in the usual
way:

Hiy (RY) = {u e 7'(R}) | pu € H'(RY) for any ¢ € O35 (RY) },
H,fomp(Ri) = {u € H*(R") | suppu is compact in Ri s (10.148)
the former is a Fréchet space and the latter an inductive limit of such spaces.
Note that by the Sobolev embedding theorem,

ﬂ Hloc COO( +)7 ﬂ comp C(O(?) (R+)

5>0 5>0

Then one can obtain as a corollary of the preceding statements:
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Theorem 10.34. When A is a ¢dbo (a Green operator) as in (10.18)

with entries of order d and class r, it defines continuous mappings from
n

_1 n ’ s—d—1 ’
H (RN X Hido(RPD)M 1o HE4RN 5 B 72 (R-1M for 5 >

comp loc loc
r— b it also maps continuously as indicated in (10.18).

Remark 10.35. A few more observations on adjoints: It was mentioned in
(10.40) that the adjoint of a singular Green operator in (z/,y’)-form G =
OPG(g(2', ', xn, Yn,&’)) of order d and class 0 is a singular Green operator
G of the same kind, with symbol-kernel g1 = §(v', 2', yn, Tn, &’). This is seen
(when the symbol-kernel is compactly supported in 2/,y’) by changing the
order of integration in the first line of (10.145). Here G and G are contained
in each other’s adjoints as mappings in . (Ri), extending to the duality
between G : H*'(R?) — H%'"%(R?) and Gy : H*"/(R?) — HO'(R%),
any t € R. Relations between symbols in a’-form or y’-form are found by
further reductions using Theorem 7.13 1° in the primed variables.

For ¢do’s P, we note that when P is of order < 0 and properly supported,
Py and (P*) are adjoints, since

(P, v) Ly = (Petu,etv)p,@n) = (eTu, P*etv) 1, @)
. (10.149)
= (u, (P*)4v) Loy,

for u,v € C§°(RY ), extending to Lz(R’}) by approximation.

10.6 Elliptic v»dbo’s

For the study of invertible elements in our “algebra” of operators, we need to
define the concept of ellipticity. This really consists of two conditions, namely,
invertibility of the principal interior symbol and invertibility of the principal
boundary symbol operator.

Definition 10.36. Let A be a vydbo (10.18) — a Green operator — of order
d and class r, with symbols p(z, &), g(z’', &, nn), t(a', ), k(a', &) and s(2’,&’).

1° The principal interior symbol is the symbol p°(z, £). The principal
boundary symbol operator is the operator

/el o Po(x/aoaf/,Dn) +go($/7§/aDn) kO(x/’g’Dn)

going from .7 (R, )N x CM to .7 (R4 )N x CM'. The interior symbol, resp.
boundary symbol operator, are defined similarly from the full symbols.

2° A is said to be elliptic, when p is bijective for all || > 1 and all z,
and a° is bijective for all |¢/| > 1 and all 2’. (In particular, N = N’ then.)

When P alone is known to be elliptic, it can be shown that p°(2’,¢’, D,,)+
is a Fredholm operator in . Jﬁv (and between suitable Sobolev spaces over



10.6 Elliptic ¥dbo’s 297

R, the nullspace and range complement being the same as for % Jﬁv ), with
an index depending continuously on (2’,£’). A necessary condition for the
ellipticity of the full system A is then that M’ — M = index p°.

The following theorem holds:

Theorem 10.37. When A is elliptic, the inverse b¥ of the principal boundary
symbol operator a® belongs to the calculus; it is a boundary symbol operator
of order —d and class ' = max{r — d,0}.

Proof (indications). The proof of this theorem in the differential operator
case, where the ¢dbo is as in (10.19) (with M = 0), is not so hard, since one
can find the inverse constructively by analysis of the solutions in .& frv of the
equation p°(2’,0,¢’, Dy,)u = 0 in terms of the polynomial det p®(z’,0,¢’,&,)
in &, (cf. Example 10.39 below); it is found that the symbol ingredients in
the inverse of the principal symbol are rational functions of &,,. In the general
pseudodifferential case, another technique is needed. Here one can reduce, by
composition with suitable invertible operators, to the situation where P = I
and the other operators are of order and class 0. Then the boundary symbol
operator is similar to an operator of the form I + g(z/,&’, D,,). Now we can
use the Laguerre expansions to write g(D,,) as

9(2',€,Dn) = > (@', V(€ D)t (€, Do);

l,meNg

ki = OPKy (21(&n, (€1))),  tm = OPTn(2,,(6n (€)));

cf. (10.104). When I + g(2/, &', D,,) is invertible, we can for large enough M
replace g (for 2’ in a compact set, all [£'| > 1) by

gM(xlaé-/aDn): Z Clm(xlagl)kltm;

I,m<M

such that I+ gy is still invertible (since the ¢y, are rapidly decreasing). This
operator is, for each (z’,¢’), invertible on the finite dimensional space Vs
spanned by the orthonormal system (¢;)o<i<a, where it acts (with respect
to the basis) as the matrix I + (¢;m(2',€’))i<r,m<nm. This is an elliptic do
symbol in the standard sense, so the inverse is again a 1do symbol. One can
trace this inverse back to an explicit representation of (a’)~1, showing that it
belongs to the calculus. (Further details are given e.g. in [G96], or in a more
elementary form in the first edition from 1986.) O

This allows a parametrix construction:

Theorem 10.38. When A is elliptic, there exists a vdbo B (with principal
boundary symbol operator b° as in Theorem 10.37), which is a parametrix
of A, in the sense that

AB— 1T and BA — I are negligible. (10.150)
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Proof (indications). A first approximation to B is the operator B’ with
boundary symbol b® and interior symbol ¢, where q(x,¢) is a parametrix
symbol for p. Then AB’ equals the identity plus a Green operator with in-
terior symbol ~ 0 and with boundary symbol of order —1. Proceeding as in
the proof of Theorem 7.18, one can improve B’ to a parametrix B (still of
order —d and class ' = max{r — d,0}), such that AB — I is of order —ooc.
There is an equivalent left parametrix. O

One-sided ellipticity (surjective or injective) can also be considered (some
cases of this are discussed in Section 11.2).

Example 10.39. Let a°(2/, €) be the principal symbol at x,, = 0 of an elliptic
partial differential operator A on R™ of order d, possibly N x N-matrix-
formed. Along with A there is given a trace operator T = {To, T4, ... Tq-1},
where T} is M; x N-matrix-formed with 0 < M; < d—1 (the cases M; = 0 give
void boundary conditions, and are just included for notational convenience),
each T} of the form Zo<k<j SikYk, with differential operators Sji on R 1
of order j — k having principal symbols sjo-k(x' ,&). We consider the boundary
value problem
Au= fonRY}, Tu=ypon R™L,

for given vector functions f and ¢, with v sought in a suitable Sobolev space
in terms of the spaces where f and ¢ are given. The problem defined by the
principal boundary symbol operator

ao(xlvg/v Dn)u(xn) = f(xn) on Ry,

=" s )mu=gjatz, =0 (0<j<d-1), (10.151)
K<

is considered for all (2/,&") with & # 0, usually called the model problem.

The problem is easily reduced to a semihomogeneous problem by use of the
inverse symbol ¢"(2’,¢,&,) = (a”)™!, defined for ¢ # 0. In fact, a%.¢} = I
on R, since a” is a differential operator (then L(a",¢%) = 0, cf. Theorem
10.26). Thus when we set z(zy,) = u(2y) — (¢1.f)(zn), we get the problem for
2,

a’(¢',¢, Dp)z(xn) =0on Ry, thz=vjatz, =0 (0<j<d-—1),
(10.152)
where ¢; = ¢; — ¢} f.
For each (2/,¢') € R?®=1) the symbol defines a polynomial in 7,

a®(2', ¢, 7) = Y gcicq (@, )T (10.153)

the s; being polynomials in £ of degree d —[. By the ellipticity, the coefficient
of 7%, 54 = s4(2'), is a bijective matrix function (check by inserting (¢/,&,) =
(0,1)). So det a®(a2’, &', 7) has Nd roots in C, counted with multiplicity. When
¢ € R"1\ {0}, the roots lie in C \ R, for otherwise a root 79 € R would give
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det a®(2’, &', 179) = 0 contradicting the ellipticity. Say m. (z/,¢’) roots lie in
Cy (cf. (A3)), m_(2',&") = Nd — my(2/,&') roots lie in C_.

When n > 3, each £ # 0 can be connected to —&’ by a curve running in
R"~1\ {0}. The number m (2, ¢’) must be constant along such a curve (the
roots in C can be encircled by a large closed curve in C, and the polynomial
coefficients depend continuously on &', so the collected algebraic multiplicity
of these roots must be continuous in &', by the theorem of Rouché). Then
my(2/,&) = my(a/,—¢) = m_(2/,&). This must then equal }Nd, con-
stant in (2/,¢’) (in particular, Nd must be even). Symbols with the property
my (2, &) = %N d are called properly elliptic. Strongly elliptic symbols are
properly elliptic.

It is a standard result in ODE that the solutions of a®(2’,¢', D,)z = 0
are linear combinations of terms f;(x,)e’™*" where f; is a (vector valued)
polynomial in z,, and 7; is a root. For the solutions lying in ./ _]FV , only the
terms where 7; € C are nontrivial. More precisely, the space of null-solutions
in .7 is spanned by exponential polynomials f;(z,)e 7" with 7; € C;, and
has dimension m. (', ¢’). (Similarly, the space of null-solutions in . (R_)~
is spanned by exponential polynomials f;(x,)e’™*" with 7; € C_, and has
dimension m_ (2, &).) When a° is properly elliptic, then it is necessary for
ellipticity of {a®,t°} that the dimension M = Mg+ ---+ My_1 (the number
of boundary conditions) equals j Nd.

The construction of solutions to the model problem is explained in various
ways e.g. in [ADN64], [LM68]. A more global construction goes by use of the
so-called Calderén projector, which we take up in Chapter 11.

From here on, the construction of a calculus on manifolds with boundary
goes very much like in the theory for ¢)do’s on manifolds without boundary.

The various types of operators can be defined on a compact manifold X
with boundary 90X = X’ by use of local coordinates, as already indicated
in Section 10.1 around (10.42). In view of Proposition 10.11, the singular
ingredients only need special care in a neighborhood of X’; here one can define
the local coordinate systems in terms of a covering of the boundary with open
sets with an associated normal coordinate that matches on overlapping sets.
One can then deduce the following mapping property from Theorem 10.34:

Pi+G K H*(X)N He= (XN
A= : X — X , s>r4,, (10.154)
T S Hs—é (X/)M Hs—d—% (X/)M'

for matrix-formed operators of order d and class r; there is a similar result
for operators between sections of vector bundles.

In the elliptic case there is a parametrix B (of class ' = max{d — r,0})
going in the opposite direction. One uses the parametrix explained in Theo-
rem 10.38 in coordinate patches intersecting the boundary, and in coordinate
patches at a distance from the boundary, one simply uses (q 0) as symbol

00
of B. The local pieces are put together as in the proof of Theorem 8.6. Then
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(10.150) holds with remainder operators R and Ry negligible of class 7’ resp.
r, hence compact in Sobolev spaces of sufficiently high order. From this, one
can show regularity of solutions of problems A{u,p} = {f,%}, and deduce
that the elliptic ¥dbo A is a Fredholm operator (in spaces (10.154)). There
is a vast literature on the index, beginning with Atiyah and Bott [AB64], see
also e.g. [B71], [RS82], [H85], [Gi85], [G96]. The noncommutative residue for
1dbo’s was introduced in Fedosov, Golse, Leichtnam and Schrohe [FGLS96];
this and the canonical trace are futher studied e.g. in [GO8] and its references.

In the treatment of differential operator problems, an advantage of the
present theory in comparison with classical methods of “a priori estimates”
(asin [ADNG64], [LM68]) is that the full solution operator for a given boundary
value problem is found in a constructive way.

The theory has been extended to L,-based Sobolev-type spaces (1 < p <
00) in [G90]. A full presentation of the treatment of elliptic systems is given
there, with optimal mapping properties (including operators Py + G of neg-
ative class). Nonsmooth z-dependence is treated in Abels [A05].

There exist other general theories for boundary value problems. To men-
tion a few: Schulze and coauthors have dealt with do’s not satisfying the
transmission condition in many works, see e.g. [S98] and its references, which
also deal with 1¥do’s on manifolds with singularities. Melrose and coauthors
have treated singular situations by different techniques, see e.g. [M93] and its
references.

Exercises for Chapter 10

10.1. Show that if the symbol p(x,&) is for each x a rational function of
¢ for €] > 1, homogeneous of degree d, then p satisfies the transmission
condition.

10.2.  This and the next exercise illustrate the transmission condition in an
elementary way.

Let p(§,) be an z,,-independent symbol in S S(R,R) (with variables de-
noted (x,,&,)), defining the operator p(D,) = OP,(p) = F 'pF. Let
B(zn) = F'p(&a)-

(a) Show that p € Lo(R) and p € Lo(R), and moreover that De p € Li(R)
and hence z,,p € C?(R), the space of continuous functions going to zero for
|z, | — 0.

(b) Show that D% (zip) = .Z (&% (—Dg,)’p) € C2(R), when j — k > 1.

(¢) Show that p(xy,) is C for x,, # 0 and is rapidly decreasing for x,, — +o0.

10.3. With p as in Exercise 10.2, consider the operator p(D,,)+, also called
P+,
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pru=r"p(Dn)etu=1"F  (p(E) (&), f=F(etu),
for u € (Ry).
(a) Show that pf € L;(R) and hence pyu € CO(R,).

(b) Show, by successive applications of the formula

enpu = 1T F=De, (p(6n) f(6n))] = — OPw(De,p)+u — OPp(p) 4 (znu),
that z,piu € CO(Ry), ..., 2Npyu € COR,) for all N, hence (p,u)(x,) is
O(z,; V) for z,, — oo, any N.

(c) Show, by use of the formula for differentiation of e™u,
Dy, etu=e" D, u—iu(0)s,

that

Dwanru = TJernp(Dn)eJru

=rTp(Dy)et D, u—i(rp(D,)d) - u(0)

=p+Dy,u— Z.TJrﬁ(xn) : U(O) :
Use this to see that D, piu € CY(R;) for general u € .7 (R;) if and only if
rp(x,) € CO(Ry).
(d) Show (by repeated applications of (c))

Dinp+u = p+Dinu —1 Z r+Din]5(a:n) . Di;l_lu(()) ,
0<i<j—1

and conclude: In order for piu to be in C*(Ry) for all u € Z(Ry), it is
necessary and sufficient that r*p € C>®(R,).

10.4. Verify the asserted symbol and symbol-kernel estimates for (v)—(viii)
of Proposition 10.10.

10.5. Let o be a complex constant with Reo > 0.
(a) Show that

+ 1 _ 1 + & i
h o+i&, T o+i&y? h o+i&n T UJZ?&” )
ht & _ (o)

o+iln — o+i€n’

and find a formula valid for all powers ¥ in the numerator, k € No.
(b) Show that
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and find a formula valid for all powers £¥ in the numerator.
(Hint. Recall the formula 2% — y* = (z — y) (a1 + 252y + .- + yF~ 1))
(¢) Find, for k € Ny,

+ & - &
h o_ien and h e

10.6. (a) With o as in Exercise 10.5, let a(&,) = 02 + &2 and let ¢(&,) =
a~t=1/(c?+£2). Find

ht(q), h"(&q), hY(Eq).
h(q), h™ (&), h™ (&),

/ " 4(6n) e, / " £a(6.) de, and / " (e, de,.

(b) Let A = —A + m on R" for some m > 0, and let Q = A~!. For Q4
considered on R, find the trace operators Ty = vQ4, T1 = v1Q and the
Poisson operator K : v(z') — rTQ(v(z') ® §(xn)).

10.7. Let P = OP(p(z,y',€)) be of order d < —1 on R™, where p satisfies
the transmission condition at x,, = 0, is compactly supported with respect
to ' and 3/, and is independent of y,,.

(a) Show that T' = o Py is a trace operator of class 0 and order d; find its
symbol and symbol-kernel.

(b) Show that K : v(z’) — " P*(v(2’) ®(xy)) is a Poisson operator of order
d + 1; find its symbol and symbol-kernel.

(¢) Show thaE T and K are adjoints, e.g., as T' : Ly(R"}) — H™ d—3 (R 1)
and K : H¥ 2 (R"71) — Lo(R7).

(d) Show that when P is a differential operator, then the Poisson operator
K :v(2') — rTP*(v(z) @ 6(x,)) is zero.

(e) Does the conclusion of (a)—(c) extend to operators of order > 07?

(Hint. The answer is negative. Try a simple example.)

10.8.  Consider a symbol p(z’,§) € S§,(R",R"), independent of ,, and
satisfying the transmission condition.

(a) Show that when the symbol of p is written in the form

p= Y 5@ +p", p'= an(@ ) Wilén.0), o =[¢]
1<j<d keZ
(cf. (10.8), (10.106) and Remark 10.16), then the bounded part p” =

> kez kr defines a “discrete convolution operator” when functions v €
Z(R) are expanded in the Laguerre orthonormal system {¢y(zn,0)}rez,

V=3 ez VmPm:
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p'(@ €, Dp)o=F 1Y Y vmm

kEZ meZ
1 ~
=7 E ARV Phtm = E A —mVUm Pl
k,meZ I,meZ

(Hint. Observe that ¢k¢m = Qktm-)

(b) Show that the truncation to R, p{ = p”(2',&', D,)4 is then a Toeplitz
operator with respect to the Laguerre orthonormal system {@g (2, o) b ren,
on R,, namely, the following infinite matrix with diagonals consisting of
identical entries:

ap aip az ...

a_1 ap ai

a_9 G_1 ag ;

here a; — 0 rapidly for [ — +o0.

10.9. Continuing in the notation of Exercise 10.8, show that also the dif-
ferential operator part can be viewed as a Toeplitz operator.
(Hint. For 0,,,, this is seen from (10.61):

0, u= Z (—Uumgom—i—2a Z (—1)m717jumg0j)

meNg 0<j<m
= E Cl—mUmpr, With
I,meNy

cj=20(—=1)7"  for j >0, co=—0, ¢;=0for;j<O0.
Note that these coefficients are large, not rapidly decreasing for j — o0c.)

10.10. Notation as in Exercise 10.8.

(a) Show that the s.g.o. gT(p(z’, &, Dy)) (cf. (10.126)) is a Hankel operator
in the Laguerre system, namely, the following infinite matrix whose second-
diagonals consist of identical entries:

al as ag ...
a2 a3 4
a3z a4 as

(Hint. Note that ¢, = Jp_k_1, cf. (10.56).)
(b) Find the corresponding representation for g~ (p(Dy,)).

10.11 (ORDER-REDUCING OPERATORS). Define, for r € Z,

X4 (€) = (&) +i&a)", XT(&) = ({&) —i&)",
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and denote the operators with these symbols
EL =O0P(((¢) +i&)"), =T =OP(({¢') —i&)");

they are pseudodifferential operators in the general sense of Chapter 6, but
do not satisfy all requirements for having symbols in ST j-spaces (since, for
large ||, D*(&/)" is not O((€)"~11), but only O((¢)"~1*1)). However, we can
still define (£%); and G*(Z7), and leftover operators as in (10.123) (with
(10.115) and (10.122)).

(a) Show that G*(Z%) = 0 when r > 0.
(b) Show that when r < 0, G (Z7) =0 and G~ (Z}) = 0.
(¢) Show that

(E0)+(EL)4 = (5074

for all r,t € Z; in particular,

(E7)4(EZ")4 =T on Z(R}),

for all r € Z.
(d) Show that (57 )4 maps H*(R" ) continuously into H*~"(R"}) for all s > 0,
and conclude (by use of (c)) that the mapping properties extend to

(E0)4 : H°(RY}) S5 H"(R%), for all s € Z,

with inverse (Z-") 4.
(e) Show (by taking adjoints) that the maps (57 ), extend to maps with the
properties
(E)+ : H3(RY) 5 H7'(RY), for all s € Z,
with inverse (£7")4.
(f) Extend the results to include the statements

(57)4 s HOURY) S HP(RY),
(Z5)4 : Hy'(RY) 5 Hy(RY),

for all s € Z,t € R.

(Comment. The mapping properties extend to s € R\ Z by interpolation.
There is a more refined choice of symbols:

NL(6) = ((€)e(ctn/(€)) £ i),

where ¢ € .7 (R) with ¢(0) =1 and supp # 1o C| — 00,0], and c is a small
positive constant. They work in the same way and have the advantage that

% = OP(AL) belong to the tdbo calculus, cf. [G90] for details. Both the
=% and the AL can be used to define similar operators on manifolds with
boundary.)



Chapter 11

Pseudodifferential methods for boundary
value problems

11.1 The Calderén projector

As an illustration of the usefulness of the systematic ¢dbo calculus, we shall
briefly explain the definition and application of the Calderén projector C*
for an elliptic differential operator A : C*(X, E1) — C*(X, Es) of order
d, as introduced by Calderén [C63], Seeley [S66], [S69], see also Hérmander
[H66], Boutet de Monvel [B66], Grubb [G71], [G77]. Much of this chapter is
written in a compact style; it has been included in order to make the material
available in textbook form.
We begin, however, with a very simple example.

Example 11.1. Let a > 0 and consider the differential operator Au =
—u” + a?u on R, Ry and R_. The solutions in .#’(R) of —u” + a?u =
on R are spanned by e** and e~ “*; the only solution in Ls(R) is 0. The
nonhomogeneous equation —u” + a?u = f is uniquely solved in Lo(R) by
u(z) =F 1 ((a® +€)71f(€)) € H*(R).

The initial values or Cauchy data are defined for general u € HZ2
u(0)
u'(0)
o~ or g for the mapping u — (5/((%))) when u € H2(Ry), u € H?(R_), resp.
u € HE  (R). Let

loc

(R) as

the pair ou = ( ). When precision is needed, we use the notation o,

Zy={u€ La(Ry) | Au= 0 on Ri}; clearly,
Zy =span{rte *} Cc L (R}), Z_ =span{r e*} c S (R_).

Define

Ny =0"Z,, N_ =0 Z_: clearly,
N+:{(—ﬁap)|(pec}v N_Z{(aﬁ,)hpE(C}.

305
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Here N, and N_ are linearly independent, so C2 = N, 4N_. The Calderén
projector Ct is now simply the projection of C?> onto Ny along N_. A
straightforward calculation shows

The map C~ = I — C* projects C? onto N_ along N,. There are linear
maps K* :C? — Z, that act as inverses to Qi : Z4+ — N4 and vanish on
N=, respectively.

The maps C* and K7 are easily found explicitly in this case; the efforts in
higher-dimensional cases go toward determining them in a constructive way.
They serve in the discussion of ellipticity and solvability of boundary value
problems.

It should be noted that the general theory would take pu = {u(0), Du(0)}
with a factor —i, this is convenient in Green’s formulas in higher-order cases.

We consider a smooth compact n-dimensional manifold X with boundary,
provided with two N-dimensional hermitian vector bundles F; and Es. (A
reader who is not used to working with vector bundles should just think of
(N x N)-matrices of operators.) X can be assumed to be smoothly embedded
in an n-dimensional boundaryless manifold X such that X’ = §X is an
(n — 1)-dimensional hypersurface in X, and F; and Fs are restrictions to X
of N-dimensional hermitian bundles El and EQ over X. Denote X° = Xy,
X\ X = X_, and write Eﬂxi = Ei+, Eilx, = E/. We can assume that
near the boundary, the manifold and bundles are described as a product
situation, with a chosen normal coordinate x,. More precisely, there is a
neighborhood U of X’ in X where the points are represented as x = (2, x,,),
2 € X' and z, €] —1,1[, such that x, = 0 on the boundary, x,, > 0 in
Uy =Xy NU and z, < 0in U_ = X_ NU. Moreover, the bundles E; are
over U simply the liftings of E! from X’ to X’x ] —1,1[. Then D,, = —id,,,
has a meaning, over U, on the sections of the bundles El, E’g. The coordinate
systems on U are taken to be of the form r; : Ujx | —1,1[— V/x ]| —1,1[,

where r;(z',x,) = (k}(2"), 7,), defined from coordinate systems x’; : Ul —

J
Vj’ for X’; trivializations act similarly. The volume form dz on X is chosen
such that dz = da’dx,, on U, for a volume form dz’ on X’ and the Lebesgue
measure dz,, on R. In these coordinates, D, is formally selfadjoint.

If A extends to an elliptic operator (also denoted A) from C*°(E;) to
C>=(E,), we let Q denote a parametrix of A on X; then the formulas of
Theorem 8.6 hold with P = A. The use of Calderén projectors is simplest if
X, Ey, B and A can be chosen so that X is compact and A is invertible on
X; then @ stands for the inverse, and R; and Ry are zero. We assume this
in the following. (There can be topological obstructions to a compact choice
of X where A is elliptic; then one can take for X a neighborhood of X and
carry an analysis through modulo negligible operators. Or, if A is elliptic on
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a compact extension X but not invertible there, one can get results modulo
suitable finite-rank operators. For lack of space we do not treat such cases
here.)

As usual, we define you = u(z’,0) and v;u = yo(D%u), and when A is of
order d, we also consider the Cauchy data map o0 = {7o,...,7v4—1}- Each of
these maps can be regarded as a map either from sections over X, or from
sections over X _, or from sections over X , to sections over X'; to distinguish
between the three versions, we use notations such as g%, ¢~ resp. ¢ (so what
we would originally call g is now ¢1). This makes no difference when they act
on C'™ sections, but it is important when various generalizations to function
spaces are considered. The operator D,, is the same in all three versions.

When F'= Fy @ --- @ F;_, are vector bundles over X', we denote

M (F) = [loejea H 72 (F)),

_ . (11.1)
H(F) = Tlo<jcq T2 (Fy) = (H*(F))"

(for the last equation we recall the fact that H'(F;) and H '(F;) are dual
spaces). Denoting @, E; = Ej%, we can then formulate the well-known

7 9

mapping properties of p* and g as follows:

ot H¥(Ei 1) — H*(E),

_ (11.2)
0: H¥(E;) — HY(EM), fors>d— ..

The “two-sided” trace map 3o : H*(E;) — H* 2 (Ef) has an adjoint 75 :
H>5(E}) — H™*(E;) for s > 1. It can also be written

Fov = v(z) @ 6(zn), (11.3)
since
(v(@") @ 8(zn), p(z)) = (v(2), (2", 0)) = (v,50p),

cf. (10.114). Note that 7} ranges in distributions on X supported in X'.
Similarly, the two-sided Cauchy data map ¢ : H*(E;) — H*(E!?) has the
adjoint _ _

o H (BN — H5(E), (11.4)
for s > d — ;; here since g = 7y (1 D, ... Dgfl)t,
0°=(1D, ... D). (11.5)

As usual, we use the notation Py for the truncation of a ¢»do P on X to
X4 (respectively):

Py =r*Pet, when P is a 1do on )Z';
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+

here 7* means restriction to X4+ and e means extension by zero on X \ X4.

Lemma 11.2. The boundary maps o* and  in (11.2) are surjective for s =
d. In fact, there exists a bounded lifting operator

K = (Eo ;Ed_l) CHUEM) — HY(E) (11.6)

such that IC(id) = rilz(d) are Poisson operators (IC(id) = (ICSE Kdiil) with
ICjE of order —j), and

0K, =1, oK@y =1, on HU(E/). (11.7)

Proof. This follows by localization from Theorem 9.5, which treats the Eu-
clidean case where X is replaced by R’”. Note first that each operator
K;: SR 1) — Z(R}) defined in Theorem 9.5 (let us call it K now) is
indeed a Poisson operator of order —7j, with symbol-kernel jl! (in ) 0 ((€)ry).
The appropriate estimates (as in Definitions 10.20, 10.3) follow from (9.23),
which treats DY jl! (ixn )b ((€")a,) directly and is easily generalized to ex-
pressions with powers of x,, and D¢ in front. There are similar estimates for
this function considered for x,, € R_, so it defines a Poisson operator IC;
of order —j from R"~! to R™. Moreover, IC;T and K can be regarded as
r+IEj resp. T_Ej, where I%j (R — Z(R") is defined by the formula
in (9.21) used for all z,, € R. In the estimates worked out after (9.23), one
can replace the integration in z,, € R4 by an integration in z,, € R, showing
that K; is bounded from H™ 9~z (R"~1) to H™(R™).
Set m = d, then the vectors

’E(d) = (’Eo Edfl) ) ’C?Z) = (’C3E - Ky,

are right inverses of 9(4), gfd) in the Euclidean case.

In the manifold situation, we get the right inverses by using the Euclidean
construction in local coordinates, after applying a partition of unity. When ¢
is given in H4(FE.) ider a localized pi It h t t

given in i), consider a localized piece, say ¢,. as compact suppor
in R"~!, say M, so if Kg)p, is multiplied by a function ¢, € C§°(R™) which
is 1 on a neighborhood of M, the identity 5(d)<lﬁ(d)‘pz = ¢, still holds. The
operators ¢ lfc'(d) (where ¢, is taken with support close to M) are carried over
to the manifold situation and added together, giving the desired operator. 0O

Proposition 11.3. Let A be a differential operator of order d from E1 to
FEs, written as

A=Y S« x,, DD, (11.8)

M-
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on U, with differential operators S; of order d — 1 acting in X' for each
z, €] — 1,1[. The following Green’s formula holds for v € H(F; ;) and
NS Hd(E27+),'

(Au,v)x, — (u, A"v)x, = (Aot u, 0T v)xr, (11.9)
where A is a (uniquely determined) matriz
A = (Ujr)jk=0,.. d-1
of differential operators Uji (from E} to Ej) of orders d — j —k — 1, with
Wi (2',D") = iSjyr41(2',0, D) + lower-order terms (11.10)

(zero if j+k+1 > d). Here A maps H*(E) continuously into H*~(E4")
for all s € R, bijectively if Sy is bijective at x,, = 0. O

Proof. We show the formula for smooth u and v; then it extends by continuity
to H? spaces. By definition of A%, (Au,v)x, — (u, A*v)x, = 0 if u or v has
compact support in X, so the only nontrivial contribution comes from cases
where u and v are supported in U. For such sections we have the usual formula
(by integration by parts)

(Dpu,v)u, — (u, Dyv)y, = i(’y{)"u,’y{)"v)x

and its iterated version (as in (4.53))

(Dhu,v)u, — (w, Do), =i Y (% _u v v)x

0<k<i-1
Then
(Au,v)x, — (u, A*v) ZSlDlu v ZDl S;v)
1<d 1<d
= S U(Dhu, Siv)x, — (DL S7v)x ] AL1)
1<d
= ZZ Z (A/lJr_l_kua VJ(S;U))X
1<d k<i—1

Since DE(Sjv) = S;DEv + dick Sl’jD{LU with differential operators Sj; on
X’ of order d — [, the last expression can be further reorganized to have the
form given in the right-hand side of (11.9). The asserted continuity holds
since 2, is of order d — j — k — 1.

2 is uniquely determined since g is surjective from the smooth sections
over X, to the d-tuples of smooth sections over X”.

Observe that 2 has a skew-triangular character
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S9.89 .89 lower ... 0
Se- Sy 0 order ... 0 0

A=A +A' =i | | A T , , (11.12)
SG-- 0 0 0 ...0

The terms in the second diagonal of 2 and A° equal iSy(z’,0,D’) =
isq4(2’); it is a zero-order differential operator and hence a multiplication
operator (a vector bundle morphism from E] to E}, trivializing to multipli-
cation by an 2’-dependent matrix). The operator 2 (and also °) is then
invertible if and only if sq(2’) is a bijective morphism (the matrix is regular).

O

When A is elliptic, sq(2’) is invertible at each point, so 2 is bijective. For
more general differential operators, bijectiveness of sg(2') means that X' is
noncharacteristic for A.

We see from the example of 2 that it is interesting to allow matrix-formed
operators that are multi-order systems, with different orders of the various
entries, fitting together in a convenient way. When S = (Sx) jo<j<ji ko <k<kis
we say that

S has multi-order (¢;, si)jo<j<ji,ko<k<k:, When each Sj; has order t; — sy.

(11.13)
The principal part then consists of the (¢; — si)-order parts of the S;i. El-
lipticity means that the matrix of principal symbols defined accordingly, is
invertible for |[¢] > 1; it is sometimes called Douglis-Nirenberg ellipticity (also
Volevich should be mentioned in this context). The operator 2 in (11.12) is
of multi-order (d —j — 1,k); k=o,...,d—1, elliptic when s4(z’) is bijective for all

.

In relation to the given elliptic operator A we define the spaces

Z5i ={ze€ H(FE Az=0on Xi},
O . 11
Ni =075 C H(EY).
Although the trace operators o* are defined on H*(E; 1) for s > d — ; only,
they can be given a sense on Z3 (respectively) for all s € R.

Consider for example p*. Accounts of the extension to Z ¢ are found in
several places: For one thing, there is Seeley’s own deduction in [S66] where
the Calderén projector was originally worked out with full proofs (many of
which are reproduced here); this particular point is shown at the end of the
paper, also for L, Sobolev spaces, 1 < p < co. Another account is by Lions
and Magenes in the paper [LM63], where it is shown that when A is elliptic,
C>*(X4)is dense in D% = {u € H¥(X) | Au € Lo(Xy)} for all s < 0,
and this allows an extension of Green’s formula to such u; we have included
a particular case of the proof in Theorems 9.8, 9.10. (The paper [LM63]
covers also Lp-related spaces; more general results in an Ly framework are
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found in the book [LM68].) Third, the result follows from Theorems 4.3.1 and
2.5.6 in [H63] for the localized situation in R’ , using the spaces H**(R)
(cf. (10.132), (10.134)). The idea is to use the equation Au = 0 to conclude
that v € Z9 implies u € HS”“””“(R’}F) for all k (“partial hypoellipticity at
the boundary”); then for sufficiently large k, the boundary value ’y;ru makes
sense. For completeness, we indicate a proof of the third type.

Theorem 11.4. The map o extends to a continuous map from Z5 to
HE(E;) for all s € R.

In fact, when u € Z3, then in local coordinates at the boundary, u is in
H¥th=F(R®) for any k € No, where v : HSPH=F(R%) — He=i—2(R"1)
fors+k—j> ;

Similarly, 0~ eatends to a continuous map from Z° to H*(E\?) for all
seR.

Proof (indications). One ingredient in the proof is the fact that for any r € Z,
the operator (7)1 = OP(((¢') — i&,)")+ maps H*'(R’.) homeomorphically
onto H*~ (R’ ), with inverse (EZ")4, for all s,t € R. This can be inferred
from [H63] and appears in Seeley’s proof [S66], and in joint works of Vishik
and Eskin as well as Eskin’s book [E81]. See Exercise 10.11, where the reader
is guided through a proof.

Consider the localized situation. Let A = DI + > _,_. | Si(z, D")D},
where the S; are differential operators with respect to x” of order d — [ with
bounded smooth coefficients. (An elliptic operator is reduced to this form by
dividing out the coefficient of DZ.) If u € H*'(R".) solves Au = 0, then since
S Dl e He~bimdH (R ) ¢ Ho~4FLIZL(RY) (recall (10.133)),

Diu=— Y S§D.eH TN RY).
0<I<d—1

Then also (E4);u = > 0<i<d Ol OP'((¢"Y*=1) D! u lies in H~4+11=1(R"), and
it follows by application of (2=¢), that u € HsTLI=1(RY). This gives the

induction step in a proof that when v € H*°(R") solves Au = 0, then
u € H¥F=F(R") for all k. The asserted mapping property of *y;f was shown
in Corollary 10.30. a

Since (Au,v) 5 — (u, A*v) ¢ = 0, we have in addition to (11.9):
(Au,v)x_ — (u, A"0)x_ = — (Ao u, 0 v)x7, (11.15)

foru € HY(E;, ) and v € HY(E, ).
The central step in the Calderén construction is to introduce the operators

K =Q, K*=5r"K =+r*Qo . (11.16)

Since A : H*(E}) — HU(EY) for s € R, g* : H™ 4B — H*~(E,) for
5 <y (cf. (11.4)), and Q : H*~%(E) — H*(E) for s € R, we have that
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K :H(B) — H*(By), whens < };

(11.17)
K* :HY(E{) — H*(BEy,+), whens< 3.
Observe moreover that the operators K* in fact map into Z3, since
AKyp = 0"y is supported in X'. (11.18)

The operators K+ are Poisson operators in view of Theorem 10.25, so by
Theorem 10.29, the mapping properties in the second line of (11.17) extend
to all s € R. This is not true for the operator K itself that gives an important
singularity at x,, = 0.

Proposition 11.5. The Poisson operators K* defined in (11.17) satisfy, for
any s € R:

Ktotz=z, forzeZ, K o z=z, forz€Z°. (11.19)
It follows that for all s € R:
0" Kto =, foroe N}, o K o=, foroeN°. (11.20)
Proof. We begin by showing that
Kotz =z, forzEZi, K o z=z forze Z%. (11.21)

The first statement is seen as follows: Let z € Z¢, let w € Ly(E +) and
let v = Q*etw; it lies in HY(FEy). Note that 7+ A*v = w. Then by Green’s
formula (11.9), since Az =0 on X,

—(z,w)x, = (Az,rJrv)X+ — (z,rJrA*U)X+ = (™Ao" z, 0" v)x/
= (AoTz,0v)x: = (0" Aot 2, Q etw) g = (Qo* Aoz, e w) ¢
= —(K+Q+Z,w)x+.

Since w was arbitrary, it follows that z = KT oT2. The second statement in
(11.21) is shown similarly, using (11.15).

The identities in (11.19) then also hold for s > d, by the continuity prop-
erties of the maps. Our next task is to show them for s < d. We here take
recourse to the description in Theorem 11.4 of the elements of the nullspace in
local coordinates. Let z € Z% for some s < d. Let {n1,...,7,} be a partition
of unity subordinate to an atlas of local trivializations V,;, U;, V;,i = 1,..., Iy,
for Eq, as in Lemma 8.4 2°. Decompose z as z = ZjSJo zj, z; = n;z. We
use the notation z; for the localized version of z; for a choice of trivialization
U; where n; is supported in U; (and we likewise indicate localized operators
by underlining). By Theorem 11.4, each z; is in Hsth=F(R?)N for k € N,
where ot is well-defined if s + & > d, mapping into H*(R"~!, (CV)9). Take
k so large that s+ k > d. Since Cf) (R)) is dense in H5H*—F#(R7), we can
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find a sequence u;; of C"°-functions supported in U; such that u;; — z;
in HstF=FR1)N for | — co. Then Au;; — Az; in H*HF=4=F(R1)N Let
v = Q+Auj; then Av;; = Auj, so 2z = uj — vy, has Az;; = 0. We set
2(1) = <, Zias it lies in Z9°.

Moreover, we can write each v;; as

Uil = E Ujm,l,  Vjm,l = TlmYj,0-
mSJQ

Consider a term vj ,,; here when U; contains the supports of both 7, and
Njs Vj,m,1 localizes tov; ., , = an+A u; ;- It convergesto v, ,, o = an+A 2

in Ht%=% for | — o0, so in this sense,

Z v = Z Vjm,g — Q+Az =0, for | — oo. (11.22)
J<Jo J:m<Jo
Now 2y — zin the sense that the localized pieces Zjg = Ui — ZmSJo Vjmi

. s+k,—k
have w;; — z; in H ;and vy

Zj/m.g‘]o 'Uj7m)0 =0.
Since z(;) € Z5°, (11.21) applies to show that

: stk =k o
= Vjmo In H , with

K+Q+Z(l) = 2(l)- (1123)

For the localized pieces we have for | — oo (after insertion of an extra parti-
tion of unity (1,) to localize the action of K):

+ o+ + o+
n KT (n, ujy =) =0, K0T 2,
M Y0 = Vgm,t = T, 25— Vmj,00

in Hst% =% using that ot maps H*t* % to H* and 1, KT maps H*® to
H*tk:=k The formulas hold in trivializations ¥; where 7,,7m,n; are sup-
ported in U;. Adding the pieces carried back to X and using (11.23) before
passing to the limit, we find the desired identity Kotz = 2.

There is a similar proof for the minus-case.

Finally, (11.21) follows immediately, since ¢ € N5 means that ¢ = pTz
for some z € Z, and

0" K p=0"K o 2 =0t 2=,
by the just proved identity. There is a similar proof for the minus-case. 0O

Definition 11.6. The Calderén projectors C* associated with A are defined
by
C* = gt K. (11.24)
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They are ¢do’s in Py ;4 £, by the composition rule Theorem 10.24 7°
and Theorem 10.28, with the continuity property

C* HA (B — H (B, all s € R. (11.25)
Moreover,
C* maps H*(E;%) into N3, (11.26)

respectively, since K maps into Z3, respectively. The projection property
will now be shown.

Proposition 11.7. 1° The vdo’s C* defined in Definition 11.6 are projec-
tions in H*(E) for all s € R,

(CH?=cCct, (C)*=0C".
2° Moreover, C* and C~ are complementing projections,
Ct+C =1, CtC~-=0=C"C™.
Proof. The projection property follows, since
(CT)? =" KTo" KT ="Kt =C*

in view of (11.19); the identity (C*)? = C* thus holds for smooth sec-
tions and extends by continuity to general distribution sections. The identity
(C7)? = C~ follows similarly from (11.19). This shows 1°.

To show 2°, let ¢ € H*(E}?), and let 2* = K*¢. For each ¢ € C*®(E}),

choose a section v € C*°(FE) with gv = 1. Then we have, using the Green’s
formulas (11.9), (11.15) “backwards”, together with the fact that z* € Z¢,

(ACT +CT)p,¥)xr = (Aot2F, 0" v) + (Ao~ 27, 0777 v)

= (AT, rfo)x, — (T, rTA%)x, — (Az7,r v)x_ + (27,1 A*v)x
= —(K+<p,T+A*U)X+ + (K p,r  A™v)x_

= (Qo"Ap, A™v) g = (™A, v) 5 = (Ap, ¥)x.

Since o and 1) were arbitrary and 2 is invertible, it follows that C* +C~ =
I holds on H(E;?), and the validity on H*(E%) for general s follows by
extension by continuity.

It follows moreover that C*C~ = CH(I — C*) = C*T — (C*T)?2 = 0. 0

We have hereby established the essential ingredients in the main theorem:

Theorem 11.8. Assume that A has the inverse @Q on X. Define the spaces
Z%5 and N by (11.14). Then the spaces N3 are complementing closed sub-
spaces of H*(E);

H(EY) = NS+N2, for any s € R. (11.27)
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When we define
K* = Fr5Qo™, C* = o K* = Fo5rQo™Y, (11.28)

the Poisson operators K* : H*(E\%) — H*(F1 1) have range equal to Z5;
moreover, they act as homeomorphisms

K*: Ni 5 Zi, with inverse %, (11.29)

respectively. This gives us a parametrization of the nullspace Z3 by its Cauchy
data.
The thdo’s CT (the Calderén projectors for A) are the projections of

H(EY) onto Ni along N3, respectively. In particular,

Ct+c0 =1, (C")?=cCt, (C)*=C", CtC~=0. (11.30)

Proof. Tt remains to account for surjectiveness and homeomorphism proper-
ties.

The surjectiveness of K+ : H*(E%) — Z3 follows from the identity z =
K*o"z for z € Z5 shown in Proposition 11.5.

It follows that the C* are surjective onto the spaces Ni. These are com-
plementing closed subspaces of H*(E;?), since they are the range spaces for
the complementing projections.

Now the K* in (11.29) are injective, since e.g. KTy = 0 for a ¢ € N3
implies Ct = 0, hence ¢ = 0 since C'* acts like the identity on N§. They are
also surjective, since z € Z9 can be written as z = KT withp =p"2 € Ni,
by Proposition 11.5 and the definition of N3. So indeed (11.29) holds with
plus; there is a similar proof with minus. O

When @ is merely a parametrix of A, one can still define operators K+
by formulas as in (11.28) supplied with smoothing terms, setting

Ct=0"Kt = —o"rtQo*A+T (11.31)

and C~ = [ — CT (with a vdo 7 of order —oo); then they have the listed
mapping properties only modulo smoothing operators. Such a construction
is worked out in [G77] for general multi-order operators A, with applications.
Seeley gives in [S69] an optimal construction, where K maps H*® injectively
onto a subspace of Z% with complement Zy, and where C* = o7 K* is a
projection of H® onto Ni. The book of Booss-Bavnbek and Wojciechowski
[BW93] goes through a proof of Theorem 11.8 for first-order operators A.

The principal symbols of C* and K+ are found by carrying out the analo-
gous construction in the one-dimensional model case (in the style of Example
11.1). For fixed 2/, fixed &’ # 0, consider the model operator

ao(xlaé-/a Dn) = OPn(aO(x/, 076/7571))7
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acting on N-vector functions on R. Recall the notation . (Ry) = .#¢. The
solutions of a’u = 0 that are bounded on R resp. R_ form the vector spaces

Zy(a', &) = {u(x,) € SN a2’ ¢, Dp)u=0on Ry} (11.32)

They were recalled in Example 10.39: The bounded solutions on Ry are
spanned by exponential polynomials fj(xn)e”jm", where 7; is a root in Cy
of the polynomial deta®(z’,&’,7) (so the solutions are rapidly decreasing
for x, — 00). The dimension of Z,(z',£’) equals my(2/,&’), the number
of roots in C; counted with multiplicity. Similarly, Z_(2/,&’) is spanned by
exponential polynomials with 7; € C_ and has dimension m_(a’,¢’). Note
that requiring the solutions to be in H*(Ry )" for some s € R gives the same
result; only the functions f;(z,)e’™ " with 7; € C can satisfy this. Hence
the nullspaces coincide, for all s, with the space defined in (11.32),

Zi(2' &) = {u(z,) € H*RL)N | a®(2’,€,Dp)u=0o0n Ry} (11.33)

So we need not refer to a Sobolev scale of nullspaces in the model case.
It is standard ODE knowledge that the null solutions are in a 1-1 corre-
spondence with their Cauchy data, so if we define

Ny(2', &)= ot Z (2/,¢), N_(a/,&)=0 Z_(2',¢), (11.34)

we have immediately that Ni(z’,£) have dimension m4(z’,£"). Moreover,
N, (2/,¢") and N_(2',¢") must be complementing subspaces of CV?, for their
intersection is zero (a linear combination of the occurring exponential poly-
nomials cannot vanish both for z,, — oo and for z,, — —oo without being
0), and the sum of their dimensions is Nd.

So, just from the knowledge of the solution structure of ODE, we have the
existence of homeomorphisms K+ (x/,¢') : Ny (2, &) — Zi(2',¢') inverse to
oF 1 Zyi(2', &) — Ni(2/,¢), and complementing projections C*(z/,¢’) of
CN onto Ni(z',¢), respectively. The K (x,¢') are extended linearly to
map N+ (a',¢') to 0, respectively.

The Calderén construction gives us useful formulas for these operators.
There is a matrix a®(z’,¢’) such that

(aO(Dn)u,v)R+ — (u, aO(Dn)*v)R+ = (a0t u, 0Tv)ena, (11.35)

for u,v € HY(R )", it is the principal symbol of 2 from Proposition 11.3. (It
is a d x d-matrix of N x N-matrices.) The inverse of a®(2’,¢’, D,,) is defined
from the principal symbol of Q, ¢ = (a°)~%, by

a®(¢',€', D)~ = ¢°(2', €, D) = OP,(¢" (2, 0,€)).
We can consider the adjoint of ¢ : H*(R)N — CN? (s > 1), writing

0'v= (1D, ... DY) Fv; v =v(ay) for v e chNd, (11.36)
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Then when we define

K(CC/, 5/) _ qO(x/’ 5/7 Dn)E*ﬂo(CC/, 5/)7

EyowawYl + Il + 0/, ¢ ~k 0, ¢/ (11'37)
K ($,§)=:FT' K(ﬂi,f)::FT q (a:,f,Dn)g a (ﬂi,f),

the K*(a/,¢') are verified to be the desired operators (that we already have

defined), with C*(2',¢') = o K*(2/,¢'), by simple variants of the proofs of

Propositions 11.5 and 11.7 and Theorem 11.8.

The reader is encouraged to check the details. In these calculations, doing
the o,, compositions starting with the originally given principal symbols, we
arrive at the principal symbols of the operators that were first defined in the
full calculus. Thus the operators K*(z,¢’) and CF(a’,¢’) are the principal
boundary symbol operators for the operators K+, C* in the PDE situation,
usually denoted k=0(z2’, &', D,,) resp. ¢50(z!,¢").

For later reference, we sum up the results in a proposition.

Proposition 11.9. Let &' # 0. The spaces Z4(2',£") and Ni(a',&) defined
in (11.32)—(11.34) have dimension my(x',&’) (cf. Example 10.39).

The principal boundary symbol operators for K* and C* in Theorem 11.8
are determined as

KOl €, Dy) = K¥5(2,€),  0a',€)) = k=0 €', D)
(through formulas given in (11.35)-(11.37)); here
ki70(x/7 51’ Dn) : Nj:(xla 5/) = Zi(xla 51)7

and ctO0(2', ¢") project CN? onto its complementing subspaces N (x', &), re-
spectively.

11.2 Application to boundary value problems

The Calderén projectors are very useful in a treatment of boundary value
problems for A. We now return to the notation o for 0. Let there be given
a problem:

Au= fon X, Sou=¢pon X, (11.38)

where S is a system of ¢do’s S, of order j—Fk (j,k =0,...,d—1) going from
EY to bundles Fj of dimension > 0 over X's M =3 ., dim F};. (The zero-
dimensional bundles could be omitted; they are just included for notational
convenience.)

In the following, we consider {A,Sp} as a mapping from H*(E;) to
H*~%(Ey) x H*(F) (recall (11.1)), for some s > d — }, and discuss right/left
inverses that are continuous in the opposite direction; here S is considered as
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a mapping from H*(E;?) to H*(F) and the C* act in H*(E}?). We assume
as above that A is invertible on X, with inverse Q.

Theorem 11.10. 1° If SCT has a right inverse S1, then (SAQ) has the right
tmuverse

(Rs Ks) = (Q+ — K+5150Q+ KT51). (11.39)

Conversely, if (fg) has a right inverse (RS KS), then SC™ has the right
imnverse

S1 = 0Ks. (11.40)

2° If (CS_) has a left inverse (51 52), then (5‘9) has the left inverse
(11.39).

Conversely, if (g“g) has a left inverse (RS KS), then (CS_) has the left
inverse

(51 52) = (QKS I - QKsS). (11.41)
Proof. We first observe some auxiliary formulas:
AQ+:I, Q+A:I—K+Q, K+07 =0. (1142)

The first formula holds since AQ = I on X and A is local. Next, we note
that Green’s formula (11.9) can be written in distributional form (compare
with (10.82)):

etrt Au = Aetrta + 5 (Uou) for @ € HY(Ey), u=rti, (11.43)

for s > — ; The second formula follows from this by composition with r™Q,

using (11.28) and the fact that QA = I on X; it holds on H*T4(E,), s > -3
The third formula holds since KTCT = KTpK+ = KT, cf. Proposition 11.5.

For statement 1°, let S; be a right inverse of SCT. Then, by the above
rules,

AQy —K*5150Q1) =1,

So(Qy — K75150Q+) = SoQy — SCTS51S0Q+ =0,
AK*S, =0,
SoK*S, = SCHSy = 1.

Conversely, when (RS KS) is a right inverse of (fg), then AKg = 0,
SoKg = I, so Kg maps into Z%, whereby C~pKgs = 0 and consequently
SCToKg = SoKg — SC~pKg = I. Thus 9Kg is a right inverse of SCT.
This proves 1°.

For 2°, we check the composition of (11.39) to the left with ( &, ) as follows,
using (11.42) and the fact that C~C* = 0:
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(Qy — K+81S0Q1 KT51) (4&,) = — KT5150)Q+ A+ K*S1S0
=(I—-K"'S$1S0)I—-K"o)+ K"S1So=1—-K"(I—-8,5C")p
=I-K"(I—-(I—-8C )CM)o=I-K"C p=1. (11.44)

Conversely, define (Sl Sz) by (11.41) and check its left composition with
()
o)

(oKs I —0KsS) (5 ) =0KsS+C™ — oKsSC™ = pKgSCT +1—Ct.
(11.45)
When w = K+C*t o for some ¢ € C®(E}?), then Aw =0, pw = CTCTp =
Ctp and Sow = SCTp, so since (RS KS) is a left inverse of (fg),

w = KgSow = KgSC" .

It follows that oKsSCtp = ow = CTp for ¢ € C(E;?). Then the expres-
sion in (11.45) equals I. This ends the proof of 2°. O

The statements have generalizations where the word “inverse” is replaced
by “parametrix”, also when @) is merely a parametrix of A (here one can keep
track of the smoothing terms as in [G77]).

The result holds in particular on the principal boundary symbol level, when
we discuss solutions in .¥7.. We can extend the terminology from Chapter 7
of surjectively elliptic, resp. injectively elliptic, operators and symbols, to
boundary value problems, calling the systems with surjectiveness, resp. in-
jectiveness, of the model operator (for all 2/, all |¢'| = 1) surjectively elliptic,
resp. injectively elliptic.

Theorem 11.11. Consider the model operator (principal boundary symbol

operator)
a0 (2’ ' Dy PN
< ( ,o,s,Dn>) LN LT
s%(=",¢)e cM
for {A,So} in Theorem 11.10. For all o', all |¢'| > 1, the statements of
Theorem 11.10 hold for the principal boundary symbol operators:
0 ! ! 0 ’ ’
(a (e,0.8 ’D’")) has a right inverse if and only if ( s @) ) does so,

s%(a",&)o ™ 0(a,¢)
Of..7 ’
and (a (:‘)Ei)’fg)’l)j;n)) has a left inverse if and only if s°(x', & )eT0 (', €') does

so (with the corresponding versions of (11.39)—(11.41)).
In particular,

s
o
(5‘9) is surjectively elliptic <= SC™ is surjectively elliptic.

(é“g) is injectively elliptic <= ( ) is injectively elliptic;

(11.46)

0,0 ¢!
Here (Cf,((,‘?gf&),) ) is an (M +Nd) x Nd-matrix, whereas s°(2/, £ )c0(2, &)
is an M x Nd-matrix. In this way, the question of existence of a parametrix
is reduced to a matrix question.
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In view of Proposition 11.9, the injectively resp. surjectively elliptic
problems can also be characterized by injectiveness resp. surjectiveness of
O, &) from Ny(a',€') to CM for all o', |¢'| = 1. In particular, this
requires M > my(a/,&) resp. M < my(2/,&). Thus for two-sided ellip-
tic problems, M must equal m4 (2/,¢’) (which must be constant in (2/,¢’)
then). In the properly elliptic case (in all cases when n > 3), one has
my(2/,&') =m_(2',&') = L Nd, so two-sided ellipticity is possible only when
M = !Nd.

We observe that injective ellipticity holds if and only if

veCV O, w=0 00, =0 = v=0; (11.47)
i.e., the nullspaces of s° and ¢—0 are linearly independent.

Example 11.12. The systems (’3) and (C’i Q) are injectively elliptic; they

both have the left inverse (Q4 K™). In fact, by (11.42),
QA+KVto=1, QLA+K"CTpo=1

This left inverse is also found from (11.39), when we use that ( Lic— ) and

(gf) both have the left inverse (C’+ C‘). See also Exercises 11.22 and

11.23. The case S = C™T for first-order systems is closely related to the
Atiyah-Patodi-Singer problem [APS75]. Links to the abundant literature on
this are found e.g. in [BW93], [G99] and [GO3].

(11.42) also shows that @ is a right inverse of A without boundary con-
dition; i.e., in the case F' = 0. This is also confirmed by the formulas in the
theorem.

The boundary conditions in this example are too strong, resp. too weak,
to have unique solvability for all data.

The cases in Example 11.12 are somewhat atypical. The main aim has been
to consider two-sided elliptic cases, and there are numerous studies of such
cases in the literature. As a fundamental example, we consider the Dirichlet
problem for strongly elliptic operators; some other cases are treated in the
exercises.

11.3 The solution operator for the Dirichlet problem

In this section we consider a strongly elliptic differential operator A of order
d = 2mon X. It satisfies a Garding inequality (cf. Theorem 7.23) on X as well
ason X (on C§°(X°)), and it defines the Dirichlet realization A of A on X
with domain D(A,) = D(Amax) NHF*(X) (cf. Theorem 7.24). We shall show
that in fact D(A,) = H*™(X) N HJ*(X), and we shall describe the solution
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operator for the nonhomogeneous Dirichlet problem under a hypothesis of
invertibility. B
We assume that A is invertible on X, and that

A, : D(A,) — Ly(X) is bijective. (11.48)

This can always be obtained by adding a large enough constant to A such
that
Re(Au,u) > colul?, for u € C*(X), (11.49)

with ¢g > 0; then A on X and its Dirichlet realizations on X, and X_ have
positive lower bound.

Remark 11.13. Using the compactness of these inverses as operators in
Lo(X) resp. Lo(Xy) (which holds since the injections of H™-spaces into
Lo-spaces are compact, cf. Section 8.2), and the fact that the spectra are
contained in proper subsectors of C, one can show that the resolvent sets are
complements of a countable set of eigenvalues with finite multiplicities and
no accumulation points — in short, the spectrum is discrete. Then in fact it
suffices to add a small constant to a strongly elliptic operator, to get invert-
ible Dirichlet realizations on X4. Without the assumption of invertibility, the
results in the following hold modulo negligible operators.

The inverse of A, will as in Chapter 9 be denoted R,.
The operator R, solves the semihomogeneous Dirichlet problem

Au=fon X, ~yu=0at X', (11.50)

where v = {v0,...,Ym—1}, [ given in Lo(X). The other semihomogeneous
Dirichlet problem
Az=0o0on X, ~z=¢pat X’ (11.51)

can be solved as follows, for ¢ € [[5<;_,, H2m=i=2(X"): Let v = Kmye
according to Lemma 11.2; it lies in H?™(X) and has yv = ¢. Setting u = z—wv,
we can then reduce problem (11.51) to the problem

Au=—Avon X, ~qu=0at X', (11.52)
which has the unique solution u = —R, AK )¢ in D(A,). Then z = u+v =
(K(my — Ry AK(1m) ) solves (11.51). We conclude that the fully nonhomoge-
neous Dirichlet problem

Au= fon X, ~yu=¢pat X’ (11.53)

has the solution operator
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Ly(X)
By Ky x — D(Amax) N H™(X);
( ) H0§j<m H2m—i—} (X") ( ) - (11.54)

R, = A;l, K, = /C(m) — R,YAIC(m).

These considerations also work for the boundary symbol operator, showing
that
a®(2', ¢, Dn)\ Sy
X — Sy
gl cm

has an inverse (r9(z', &', Dn) k9(2', €', Dy)), and it belongs to the calculus,
by Theorem 10.37. Using this, we have according to Theorem 10.38 a para-
metriz, continuous for s > 0,

H*(X)

(R, K!): X — HP?(X). (11.55)
ocjcm H P2 72 (X))

It satisfies

() )= (5 7) + =0
(7, 53) () =1+ Ra

where R; and R, are negligible Green operators; Ry of class 0 and Rs of
class m (since 7 is of class m).

The parametrix can be used to show reqularity of solutions, as follows: Let
u = R, f for some f € Ly(X). Since v € H™(X), Rz applies to it, and we
can write, in view of (11.56),

(11.56)

u=[(R, K!) <‘3) —Ro|u= (R, K!) <~(’;> —Rou = R, f —Rou. (11.57)

This lies in H*™(X) since R., f does so and Ry maps into C*°(X). It follows
that
D(A,) = H*™(X) N HY"(X). (11.58)

Going back to the definition of K., we see moreover that it maps
[o<j<m H2m=i=3(X') into H2™(X), so the exact solution operator has a
continuity property as in (11.55) for s = 0.

It is not hard to pursue this technique still further to show that the full
mapping property as in (11.55) holds for (R, K) (this is left to the reader
in Exercise 11.6).

In this way we obtain:
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Theorem 11.14. When A is strongly elliptic and satisfies (11.48), the Dirich-
let problem
Au=f on X, yu=¢p at X', (11.59)

has a solution operator

(A>_1 — (R, K,), (11.60)

with the mapping property

H*(X)
(R, K,): X — H¥P2™(X), 5> 0. (11.61)
i1
H0§j<m He2me Q(X/)

Hereby we have finally obtained the general statement on the regularity
of solutions of the Dirichlet problem, mentioned several times earlier in this
book. The above considerations work also for strongly elliptic systems A.

If we do not assume (11.48), Theorem 11.14 assures that D(A, + k) =
H?*™(X) N HP(X) for a suitable constant k, and it follows that D(A,) =
H?™(X) N HP(X).

One can moreover show that (R, K) itself belongs to the ¢dbo calculus.
On one hand, this is a consequence of a general principle, that we cannot find
space to include the proof of here: When an elliptic element has an inverse
operator, then the inverse belongs to the calculus (this is part of a property
called spectral invariance). But it can also be shown for the Dirichlet problem
in a more elementary way, passing via the Dirichlet-to-Neumann operator and
using that we already have the 1)do properties of the Calderén projector; this
will be done below.

The Dirichlet-to-Neumann operator (called the Steklov-Poincaré operator
in some texts) enters both in modern and older literature on PDEs, e.g., in
the applications of the abstract theory of Chapter 13 that were developed in
[G68]-[GT74]; see also [BGWO08] and its references.

Definition 11.15. Let A be given as above, strongly elliptic and satisfying
(11.48), with (R, K ) solving the Dirichlet problem, and denote

v="{Ym:- - Y2m-1}, (11.62)

the Neumann trace operator. Then the Dirichlet-to-Neumann operator is
defined by
P,, =vK,. (11.63)

In other words, P, , maps the Dirichlet data into the Neumann data for
solutions of Au =0 on X. In view of (11.61), it maps

P, [ HPoi(x) — [ EHUR(X), (11.64)

0<j<m 0<j<m
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for s > 0. We shall show that it is a pseudodifferential operator over X’, and
is elliptic.

Note that the Dirichlet-to-Neumann operator is m x m-matrix formed,
whereas the Calderon projector for A is 2m x 2m-matrix formed. They are
in fact closely related.

Let us write CT in blocks according to the splitting of {0,1,...,2m — 1}
into {0,1,...,m—1} and {m,...,2m — 1}:

ch Cct
+ _ 00 01
ct = <Cl+0 Cﬂ), (11.65)
then
Ciytbo + CHv1r = Py, (Cootbo + Chh1) (11.66)

holds for all

{o,vn}e J[ H™ 7 2(X)x J[ H™ 7 2(X).

0<j<m 0<j<m
Lemma 11.16. Each of the blocks C?J'- in (11.65) s elliptic.

The proof is developed in Exercises 11.7-11.10 (originally shown in [G71]).
Now, note that in particular,

Cf%‘/’o = P’y,uc(-)t)w(b (1167)

for Yo € [To<jcm H?*"=i=2(X"). Let S be a parametrix of Cy, so that
CiyS = I — R with a negligible ¢)do R. Then

CfBS = P%,,CSBS =P,,(I-R),
from which it follows that
P,, =C{S+P,,R. (11.68)

Here R maps distributions to C°°-functions, and P, , has the mapping
properties (11.64), so it follows that P, ,R maps 2’(X’) continuously into
C*>(X"), hence is a negligible 1»do. Thus P, , is a tdo. Finally, since both
C}l, and S are elliptic, it follows from (11.68) that P, , is elliptic. We have
then obtained:

Theorem 11.17. P, , is an elliptic v do.

Behind Lemma 11.16 lies a consideration of both the Dirichlet problem on
X4 and that on X_. It always works for the model problems (which is what
is used in Exercises 11.7-11.10), but let us now look at the full operators.
Assuming that (11.48) holds also for the Dirichlet realization on X_, we can
introduce the notation KAYjE for the operators solving
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Au=0in X, vTu=¢, 7resp. Au=0inX_,y u=¢p

(so K = K, ), and denote

vEKT = PF; (11.69)
here
=V Va1 h (11.70)

and P, =P, ,.
Then the above argumentation for PJr works also for P,
it is a ©do. The calculations in Exercises 11.7-11.10 now imply:

showing that

Theorem 11.18. When (11.48) holds also for the Dirichlet realization on

X_ (so that P, is well-defined), then P, and P, — P, are elliptic 1do’s.

In this case, one can moreover show that P,;f » — P, is invertible. Then
C™ can be described by an explicit formula from PJr and P, and vice

versa (details are worked out in Exercise 11.25):
ch CO+1> ( —(Pf, — P, )Py (P, —P;,)7" )
= ) Ly v ) , (1171
(Ofb Cf_l _P’)—/":IJ(P’)—/":IJ - P’y,l/) 1P’y,1/ P{tu( N ,V) ! ( )
Pf, = Cii(Co) ™ (11.72)

WV

Returning to K, we note that when ¢ € [[,<;_,, H?m=i=3(X"), then,
with KT as in Theorem 11.8,
“ (o)
Py e

solves the Dirichlet problem (11.51), so

I
— It
K, =K <Pv V). (11.73)

This shows that K is a Poisson operator. In particular, the mapping property
mentioned in Theorem 11.14 extends to all s:

[[ #7772 (X") — H*(X) for all s € R. (11.74)

0<j<m
As for R,, it can be expressed in terms of @ = A~! and K, by

R, = Qs — K7Qu, (11.75)

exactly as in the calculations leading to Theorem 9.18, so we conclude that
R, likewise belongs to the 1dbo calculus.
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Theorem 11.19. When A is strongly elliptic, invertible on )~(, and satisfies

(11.48), then the solution operator (Rv Kv) of the Dirichlet problem satisfies:
K, is a Poisson operator (mapping as in (11.61)), and R, is the sum of a

truncated do Q4 and a singular Green operator —K.,vQ, of order —2m.

One can moreover show that the continuity of R, from H*(X) to H¥?™(X)

for s > 0 extends down to s > —m — 1}, see e.g. the analysis in [G90].

Exercises for Chapter 11

11.1. Let A be as in Section 11.1, with £y = Es = E. Define A ax as the
operator in Lo(E) = H°(E) acting like A and with domain

D(Amax) = {u € Lo(E) | Au € Lo(E)}.

Show that g can be defined on D(Apax), mapping it continuously into
HO(E'?) (here D(Amax) is provided with the graph norm).
(Hint. Begin by showing that when u € D(Anax), Q@+ Au is in HY(E), and
z=u—QiAuisin Z9.)

11.2. Let A and Sp be as in the beginning of Section 11.2, with £y = Ey =
E. Define the realization Ag of A as the operator in Lo(F) with domain (using
Exercise 11.1)

D(Ag) = {u € D(Amax) | Sou = 0}.

Show that Ag is closed, densely defined.

11.3. Continuation of Exercise 11.2. Assume moreover that
A has the inverse (RS KS)
So ’

with all the properties in Theorem 11.10; in particular it belongs to the y>dbo
calculus.

(a) Show that D(Ag) C HY(E).

(b) Show that when u € D(Ag) with Au € H*(FE) for some s > 0, then
u € HTY(E).

(Comment. Tt is possible to show similar regularity results when {A4,Sp}
is just assumed to be elliptic, e.g., by constructing a parametrix that acts
as an inverse on suitable subspaces with finite codimension, using Fredholm
theory. A systematic treatment can be found in [G90], including general Green
operators and L,-based spaces.)
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11.4. Let A be a second-order scalar differential operator on R™ with prin-
cipal symbol independent of x,,:

a®(¢',€, &) = s2(2")E) + s1(a, € )6n + s0 (2, ).

(a) Assume that A is properly elliptic, such that for all (z/,£’) with £ # 0,
the two roots 7% (2/, ¢’) of the second-order polynomial a®(2’,¢’, 7) in 7 lie in
C., respectively. Denote 0™ = —i7", 0~ = i7" ; show that ¢* and o~ have
positive real part and are homogeneous in £ of degree 1.

(b) Show that the principal symbol of a parametrix @ of A is (for [¢/| > 1)

1
$2(&n — 7)) (& —77)

qo(xlvé./vé.ﬂ)
1 1 1
- so(ot +07) (cr+ + &y + 0T — zfn)'

(c) Find (at each (z',¢"), |¢’| > 1) the Poisson operator r+¢°(2’,¢', D,,) 0"
and the ¢do symbol o7¢%(2',¢', D,,)0*, expressed in terms of o*.

(Hint. One can apply the rules in Theorem 10.25 and Lemma 10.18, see also
Exercise 10.5.)

(d) Find the principal symbol of the Calderén projector C* for A.

11.5. Continuation of Exercise 11.4. Consider a boundary condition
by (2" )Dyu+ -+ + by (') Dypu = 0 for x,, =0,

where the b; are complex C°°-functions, with b, (z") # 0 for all 2/. Give
examples of choices of coeflicients b; where the condition defines an elliptic
problem for A, and where it does not.

11.6. In the setting of Section 11.3, show how (11.57) can be used to con-
clude that (R'y K,,) has the mapping property as in (11.61).

11.7. Let A be as in Section 11.3, and define v by (11.62). Show that the
Neumann problem

Au=fin X, vu=¢pon X',
is elliptic.

(Hint. Consider the boundary symbol operator at an (z’,&’) with £ # 0. For
dimensional reasons, it suffices to show that

(PGP ) 2= (§) = 2=0,

when z € .%7;. Show that u = D"z solves the Dirichlet problem with zero
data, hence is 0. Use Theorem 4.19 to conclude that z = 0.)
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11.8. For the boundary symbol operator a’(z’,¢’, D,,) for A considered
in Section 11.3 (at an (2/,¢’) with & # 0), let kF and k. be the solution
operators for the Dirichlet problems on R} and R_:

kf :C™ — L solves (ag(w/f/’Dn)) z=(2) onRy.

With v+ defined in (11.70), let
b= vt

respectively. Show that p® are invertible matrices.
(Hint. One can use the result of Exercise 11.7.)

11.9. Continuation of Exercise 11.8. Show that

pt—p”
is an invertible matrix. (It is important for this calculation to recall that
’y;ru = 'yarD%u, VU= Yo DJu, where DJ has the same meaning in the two
expressions, namely, (—id,, )’ — with the same direction of x,,.)
(Hint. Let ¢ € C™ be such that (p*™ — p~)p = 0, and let u* € Z, with
yEut = . Since pty = p~p, vTut = v u". Then u = efut + e u™ is a
solution in H?™(R) of a®(D,,)u =0.)
11.10. Continuation of Exercises 11.8 ff. Show that the Calderén projector

for a®(2',¢’, D,,) (equal to the principal symbol of the Calderén projector for
A) satisfies

O _ ( (@t -p) 7 ) )
—ptt —p ) o Pttt -p))

In particular, the four blocks are invertible.
(More information can be found in [G71, Appendix].)

11.11. Let A =1 — A on R’. With the notation of Exercise 11.8, show
that pT™ = —(¢’) and p~ = (¢'), and that

= (e 1)

Moreover, C* is the ¥do on R"~! with this symbol.

11.12. Show that the calculations in Exercises 11.7-11.10 are valid also for
strongly elliptic systems (acting on vector-valued functions), cf. (7.57).
11.13. Let A be as in Section 11.3.

(a) Show that for any s € R, Ni (cf. (11.14)) identifies with the graph of
P, going from [];_,, H=i=2(X") to [To<j<m H*=m=i=2(X"). In other
words, - -
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<PI ) maps H H*773(X') onto N
i 0<j<m

with the inverse pr; = (I O), for any s € R.

(b) Show that K defines a homeomorphism

Ky [ B xS oz

0<j<m

with inverse
iz I mb),

0<j<m
for all s € R.
(Hint. Use (11.73), (11.29) and the mapping properties of the operators in
the ¥dbo calculus.)
11.14. Continuation of Exercise 11.13.
(a) Show that Z$° = (\,cp Z5 is dense in Z' for all t € R, and that N¢° =
Nser V5 is dense in N for all t € R.
(Hint. One can combine the results of Exercise 11.13 with the fact that
C*°(X’) is dense in H*(X') for any s.)
(b) Show that D(Apax) is the direct sum of D(A,) and Z9.
(c) Show that H*™(X) is the direct sum of D(A,) and Z3™.
(d) Show that H*™(X) is dense in D(Amax) (With respect to the graph norm).
(Hint. One can use that (a) implies the denseness of Z3™ in Z9.)

11.15. Let A be as in Section 11.3, now with m = 1 but acting on N-
vectors u = (ug,...,un). In order to use ideas from Chapter 9, where X
has a different meaning, we now denote X = 2 Xe =04, X' =T =004,
so X = Qy, U =Tx]—1,1]. We also denote Q; = Q. Let Ay = Amin,
Ay = Apay; they are operators in Ly (Q)V.

Show that the results of Exercise 11.13 imply that

K,:H >(D)N = Z(A))

with inverse )
v Z(A) S HOHD)Y;
the latter operator can more specifically be called vz.

11.16. Continuation of Exercise 11.15. Write A on U =T x [—1,1] as
A= 52D721 + S1D,, + So,

as in Proposition 11.3, where Ss, S7 and Sy are z,,-dependent N x N-matrices
of functions, first-order differential operators, resp. second-order differential
operators on T'.
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(a) Verify that there is a Green’s formula for u,v € H?™(Q)V:

(Au,v)o—(u, A'v)o = (Aou, ov)r = (iS2y11, Y0v)r — (You, 155710 —A5)Y00)r,

(oo 52
A= <ng 0 )

with 20 equal to 457 plus a matrix of functions (S2 and S; taken at x,, = 0);
A’ denotes the adjoint of A as a differential operator on =. Show that Green’s
formula extends to u € H*™(Q)N, v € D(A}), with Sobolev space dualities
in the right-hand side. (Hint. Use that g is well-defined on the nullspace Zﬂ)r
for A’.)

(b) Define the modified Neumann trace operators

where

Bu = iSoviu, ['v=iS3y1v — AgeY0,
which allow writing Green’s formula as

(Au,v)a — (u, A'v)a = (Bu, yov)r — (You, Bv)r;
and define the modified Dirichlet-to-Neumann operators

Py g = 15271 Pyg 41 Pl,ﬁ’ :iS;"/lP»Iy — Ao,

v 0,71

where P, ,, and P, _ stand for P, , for A resp. A’ (with m = 1). Define

moreover the trace operators
pu = Bu — Py gyou, p'v=L0v— P, 50

Show that y = SAS " Au, continuous from D(A;) to H2 (D), with a similar
result for p/, and that

(Au,v)o — (u, A'v)o = (pu,Y00) 1 o1 — (ow, ') 1

holds for all uw € D(4;), v € D(A}).

(Hint. Proceed as in Proposition 9.27.)

(¢) Carry the construction in Section 9.4, up to and including Theorem 9.29,
over to the present situation, showing a 1-1 correspondence between closed

realizations A of A and closed densely defined operators L : X — Y™, where
X and Y are closed subspaces of H~ 2 (I')V,

11.17. Continuation of Exercise 11.15ff. Show that in the 1-1 correspon-
dence established in Exercise 11.16, the Dirichlet realization A, corresponds
to the case X =Y = {0}, L =0.

11.18. Continuation of Exercise 11.15ff. Show that in the 1-1 corre-
spondence established in Exercise 11.16, the realization Aj; with domain
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D(An) = D(Ao)+Z(A1) corresponds to the case X = Y = H—2(I)V,
L=0.
(Comment. This is a realization with no regularity. When A is formally self-

adjoint, it is the von Neumann realization or Krein’s soft realization, cf.
Example 13.10 and the remarks after (13.67).)

11.19. Continuation of Exercise 11.15ff. Let A, be the realization defined
by the Neumann condition yju = 0,

D(A,) = {u € D(Amax) | y1u = 0},

cf. Exercises 11.1 and 11.2.

(a) Show that D(A,) C H2(Q)N.

(Hint. Show first that when u € D(A,), z = u — Q4 Au has vz € H2 ()N,
Then use the ellipticity of Py, ,, to conclude that gz € H2 ()N x Hz2 (I)N.)
(b) Show that in the 1-1 correspondence established in Exercise 11.16, A,
corresponds to the case X =Y = H—2(I)N, L = — .3 with domain D(L) =
H3 ()N,

11.20. Continuation of Exercise 11.15 ff. Consider the realization A defined
by a Neumann-type boundary condition

Y1u + Byou = 0,

where B is a first-order 1¥do on N-vectors of functions on I' such that
B + P,, ~, is elliptic of order 1; here

D(A) = {u € D(Amax) | 111+ Byou = 0},

Show that in the 1-1 correspondence established in Exercise 11.16, A cor-
1
responds to the case X =Y = H 2 ()N, L = —iSy(B+ P, -,) with domain

D(L) = H> ()Y in particular, D(A) C H?(Q)V.

11.21. Continuation of Exercise 11.15 ff. For simplicity of the calculations
in the following, assume that S; = I. Let J be an integer in ]1, N[, and
consider the realization A defined by a boundary condition

“/0(“1,~-~7UJ) =0, "/1(UJ+17'~7UN) +B'YO(UJ+17'~7UN) =0,

applied to column vectors u = (uq,...,un); here B is an (N —J) x (N — J)-
matrix of ¢»do’s on T" of order 1. (This is sometimes called a mixed condition.)
Assume that the first-order 1do

. . Oy n—
L=—iB—i(0n—ssIN-1) Py ( ;NN_JJ)
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is elliptic. Here I; stands for the J x J-identity-matrix, and 0 ; stands for
the J x J'-zero-matrix. N
Show that in the 1-1 correspondence established in Exercise 11.15, A cor-
responds to the case X =Y = H~2(I')N 7, with L acting like £ with domain
D(L) = H2(I')N~7_ In particular, D(A) ¢ H2(Q)VN.
(Comment. Similar boundary conditions, where the splitting into the first
J and last N — J components is replaced by more general projections, are
considered e.g. in Avramidi and Esposito [AE99], [G03] (and earlier). For
higher order studies, see e.g. Fujiwara and Shimakura [FS70], [G70]-[G74].
Also positivity issues are treated in these papers, see in particular [G74];
then 8 and @ in Exercise 11.15 are replaced by more symmetric choices of

modified Neumann operators, letting each of them carry half of 2yy. See also
[BGWO08].)

11.22. Consider the boundary value problem
Au=f, CTou=0

(cf. Example 11.12), with f given in H°(Es). Show that it has the unique
solution

u=Q4f—K"CToQ+f,
lying in H%(E;). (Note, however, that the nonhomogeneous problem

Au=f, Ctou=g,
does not have a solution for every f € HO(Fs), ¢ € HY(E;). Why?)

11.23. Let A be a first-order differential operator on X such that A =
InOy, + P near X', where P is an N x N-matrix-formed first-order selfadjoint
elliptic differential operator on X’. Let n > 3.

(a) Show that the principal symbol p°(z/,£’) of P (considered at an (z/,¢’)
with |¢/| > 1) has N/2 positive eigenvalues \{, ..., )\;/2 and N/2 negative
eigenvalues A\, ..., Ay /2 (repeated according to multiplicities); in particular,
N is even.

(Hint. Note that p°(z’, —¢') = —p°(2',¢).)

(b) Show that the roots of det(itIy + p®(z',¢’)) are: T;r = i)\;r lying in Cy.,
j=1,...,N/2, and T =iA; lyingin C_, j = 1,...,N/2.

(¢) Assume from now on that all eigenvalues )\j[ are simple. Show that the
functions in  Z,(2',§’) are linear combinations of functions
e‘*f(zl’gl)r"vj(m’, &’), where v; is an eigenvector for the eigenvalue )\j.

(d) Show that NTt(2/,¢') equals the space spanned by the eigenvectors
for eigenvalues )\;r, j =1,...,N/2, also called the positive eigenspace for

pO(a’, ).
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(e) Show that ¢™0(2’,¢’) is the orthogonal projection onto the positive eigen-
space for p°(a’, ¢&").

11.24. Consider the biharmonic operator A = A2 on a smooth bounded
set 2 C R".

(a) Find the principal symbol of the Dirichlet-to-Neumann operator (|¢/| > 1).
(Hint. Show first that in the model problem on R, the null solutions are
linear combinations of e~7%» and x,e 7", o = [£'|.)

(b) Find the principal symbol of the Calderén projector (|€'| > 1).
(Hint. One can use the results of Exercises 11.9 and 11.10.)

11.25. Assumptions of Theorem 11.18.

(a) Show that P, — P is injective.

(Hint. One can use a generalization of the method of Exercise 11.9.)

(b) Show that P, — P, is surjective.

(Hint. Apply C* and C~, written in blocks as in (11.65), to functions () ).
Conclude that

Pl Chv=Cliw, Py ,Cov=Chi,

and use the fact that C* 4+ C~ = I to see that (P, — P, ,)C¢ = .

(¢c) Show that P, — P, has the inverse Cf;.
(d) Show (11.71) and (11.72).



Part V
Topics on Hilbert space operators



Chapter 12
Unbounded linear operators

12.1 Unbounded operators in Banach spaces

In the elementary theory of Hilbert and Banach spaces, the linear operators
that are considered acting on such spaces — or from one such space to an-
other — are taken to be bounded, i.e., when T goes from X to Y, it is assumed
to satisfy

ITz|ly < C|lz|x, for all x € X; (12.1)

this is the same as being continuous. We denote the space of these operators
B(X,Y); B(X, X) is also denoted B(X). Recall that B(X,Y") is a Banach
space when provided with the operator norm

1T = sup{||Tz|y [ = € X, |lz]x =1}

(We generally consider complex vector spaces; most of the theory holds word
for word also for real spaces.)

But when one deals with differential operators, one discovers the need to
consider also unbounded linear operators. Here T : X — Y need not be
defined on all of X but may be so on a linear subset, D(7'), which is called
the domain of T'. Of special interest are the operators with dense domain in
X (i.e., with D(T) = X). When T is bounded and densely defined, it extends
by continuity to an operator in B(X,Y’), but when it is not bounded, there
is no such extension. For such operators, another property of interest is the
property of being closed:

Definition 12.1. A linear operator 7' : X — Y is said to be closed when the
graph G(T'),
G(T) ={{z, Tz} |z € D(T)}, (12.2)

is a closed subspace of X x Y.

Since X and Y are metric spaces, we can reformulate the criterion for
closedness as follows:

337
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Lemma 12.2. T : X — Y s closed if and only if the following holds: When
(Tn)nen is a sequence in D(T) with x, — x in X and Tx, — y in'Y, then
x € D(T) withy =Tux.

The closed graph theorem (recalled in Appendix B, Theorem B.16) im-
plies that if 7' : X — Y is closed and has D(T) = X, then T is bounded.
Thus for closed, densely defined operators, D(T) # X is equivalent with
unboundedness.

Note that a subspace G of X x Y is the graph of a linear operator T :
X — Y if and only if the set pr; G,

pryG={z € X |3y €Y so that {x,y} € G},

has the property that for any x € pr; G there is at most one y so that
{z,y} € G; then y = Tz and D(T) = pr; G. In view of the linearity we can
also formulate the criterion for G being a graph as follows:

Lemma 12.3. A subspace G of X x Y is a graph if and only if {0,y} € G
implies y = 0.

All operators in the following are assumed to be linear, this will not in
general be repeated.

When S and T are operators from X to Y, and D(S) C D(T) with Sz =
Tz for © € D(S), we say that T is an extension of S and S is a restriction
of T', and we write S C T (or T' D S). One often wants to know whether a
given operator T' has a closed extension. If T is bounded, this always holds,
since we can simply take the operator T' with graph G(T); here G(T) is a
graph since x,, — 0 implies T'x,, — 0. But when T is unbounded, one cannot
be certain that it has a closed extension (cf. Exercise 12.1). But if T has
a closed extension T, then G(T1) is a closed subspace of X x Y containing
G(T'), hence also containing G(T'). In that case G(T') is a graph (cf. Lemma
12.3). It is in fact the graph of the smallest closed extension of T' (the one with
the smallest domain); we call it the closure of T and denote it T. (Observe
that when 7" is unbounded, then D(T') is a proper subset of D(T).)

When S and T are operators from X to Y, the sum S + T is defined by

D(S +T) = D(S)nD(T),

12.3
(S+T)x=Sx+Txforx e D(S+T); (12:3)

and when R is an operator from Y to Z, the product (or composition) RT
is defined by

D(RT) = {z € D(T) | Tz € D(R)} ,

(RT)z = R(Tx) for « € D(RT) . (12.4)

As shown in Exercise 12.4, R(S + T) need not be the same as RS + RT.
Concerning closures of products of operators, see Exercise 12.6. When S and
T are invertible, one has (ST)~! = T-15~1.
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Besides the norm topology we can provide D(T') with the so-called graph
topology. For Banach spaces it is usually defined by the norm

2oy = llellx + [ Tzlly (12.5)

called the graph norm, and for Hilbert spaces by the equivalent norm (also
called the graph norm)

1
lzllper) = (2% + 1 T]3)2 . (12.6)
which has the associated scalar product

(xvy)D(T) = (xay)X + (TxaTy)Y .

(These conventions are consistent with (A.10)—(A.12).) The graph norm on
D(T) is clearly stronger than the X-norm on D(T); the norms are equivalent
if and only if T" is a bounded operator. Observe that the operator 7" is closed
if and only if D(T) is complete with respect to the graph norm (Exercise
12.3).

Recall that when X is a Banach space, the dual space X* = B(X,C)
consists of the bounded linear functionals * on X it is a Banach space with
the norm

27| x+ = sup{ |2"(z)| | v € X, [lz]| =1}

When T : X — Y is densely defined, we can define the adjoint operator
T :Y* — X* as follows: The domain D(T*) consists of the y* € Y* for
which the linear functional

x—y*(Tx), xe€D(T), (12.7)

is continuous (from X to C). This means that there is a constant ¢ (depend-
ing on y*) such that

ly* (T'z)| < ¢||z||x, for all z € D(T).

Since D(T) is dense in X, the mapping extends by continuity to X, so there
is a uniquely determined z* € X* so that

y*(Tz) =2"(z) forze D(T). (12.8)
Since z* is determined from y*, we can define the operator T* from Y™ to

X* by
T*y* =a* | for y* € D(T™). (12.9)

Lemma 12.4. Let T be densely defined. Then there is an adjoint operator
T :Y* — X*, uniquely defined by (12.7)-(12.9). Moreover, T* is closed.

Proof. The definition of T™ is accounted for above; it remains to show the
closedness.
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Let y* € D(T*) for n € N, with y — y* and T*y} — z* for n — oo; then
we must show that y* € D(T*) with T*y* = 2* (cf. Lemma 12.2). Now we
have for all x € D(T'):

y*(Tx) = lim y;(Tx) = lim (T7y;)(2) = 27(2) .

This shows that y* € D(T™*) with T*y* = z*. O

Here is some more notation: We denote the range of T' by R(T'), and we
denote the kernel of T' (i.e., the nullspace) by Z (T,

Z(T) = {x € D(T) | Ta = 0} .

When X =Y, it is of interest to consider the operators T'— AI where A € C
and I is the identity operator (here D(T — AI) = D(T)). The resolvent set
o(T) is defined as the set of A € C for which T'— I is a bijection of D(T)
onto X with bounded inverse (T' — AI)~%; the spectrum o(T) is defined as
the complement C\ o(T). T — A is also written 7' — A.

12.2 Unbounded operators in Hilbert spaces

We now consider the case where X and Y are complex Hilbert spaces. Here
the norm on the dual space X* of X is a Hilbert space norm, and the Riesz
representation theorem assures that for any element x* € X* there is a unique
element v € X such that

z*(x) = (z,v) for all v € X;

and here ||2*| x+ = ||v||x. In fact, the mapping 2* — v is a bijective isometry,
and one usually identifies X* with X by this mapping.

With this identification, the adjoint operator T of a densely defined op-
erator T : X — Y is defined as the operator from Y to X for which

(Tz,y)y = (z,T"y)x for all z € D(T) , (12.10)

with D(T*) equal to the set of all y € Y for which there exists a z € X such
that z can play the role of T*y in (12.10).
Observe in particular that y € Z(7*) if and only if y L R(T), so we always
have
Y=RT)® Z(T"). (12.11)

It is not hard to show that when S: X - Y, T: X =Y and R:Y — Z
are densely defined, with D(S +T') and D(RT) dense in X, then

S*+T* C (S+T)" and T*R* C (RT)* ; (12.12)
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these inclusions can be sharp (cf. Exercise 12.7). Note in particular that for
a € C\ {0},
T+al)=T"+al, and (1) =aT™ . (12.13)

(But (0T)* =0 € B(Y, X) is different from 07 when D(T™) #Y.)
The following theorem gives an efficient tool to prove some important facts
on closedness and denseness, in connection with taking adjoints.

Theorem 12.5. Let T' : X — Y be a densely defined operator between two
Hilbert spaces X and Y. Then

X@Y =G(T) & UGT") (12.14)

where U is the operator fromY @ X to X @Y given by U{v,w} = {—w,v}.
If in addition T is closed, then T™* is densely defined and T** =T

Proof. Let {v,w} € X @Y. The following statements are equivalent:
{v,w} e UG(T") = {w,—v} € G(T*)
= (Tz,w)y =—(z,v)x VYo e D(T)
— ({z,Tz},{v,w})xey =0 Vze D)
— {v,w} L G(T).

Since G(T) = G(T)*+ (by a standard rule for subspaces), this shows the
identity (12.14). U is clearly an isometry of Y @ X onto X @Y, and preserves
orthogonality, so we have moreover:

YeX=UYXaY)=U"'G(T) o GT"). (12.15)

Now assume that T is closed, i.e., G(T) = G(T). We can then show that
D(T*)is dense in Y: If y € Y © D(T*), then {y,0} L G(T*), hence {y,0} €
U~'G(T) by (12.15) and then also {0,y} € G(T). By Lemma 12.3 we must
have y = 0, which shows that Y © D(T*) = {0}.

In this case, T* : Y — X has an adjoint operator T**, and we have from
what was already shown:

YoX=GT)eU 'GI)=GT")eU'G(T™),
since T is closed according to Lemma 12.4. This implies
XY =UYaX)=UGT")®GT"™),

which gives, by comparison with (12.14), that G(T**) = G(T') = G(T') (since
T was closed). Thus T** =T. O

Note that when S is densely defined, then the following holds:

S CT implies S* > T* . (12.16)
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Corollary 12.6. Let T : X — Y be densely defined. Then T has a closed
extension if and only if T is densely defined, and in the affirmative case,

T =(T)" and T =T .

Proof. If T has a closure, then in particular G(T') = G(T'). Then T* = (T)*
by (12.14), and (T)* is densely defined according to Theorem 12.5, with
T** = (T)** = T. Conversely, it is clear that if 7™ is densely defined, then
T** is a closed extension of 7. O

We can also show an important theorem on the relation between adjoints
and inverses:

Theorem 12.7. Assume that T : X — Y has the properties:

(1) T is densely defined,

(2) T is closed,

(3) T is injective,

(4) T has range dense in'Y.

Then T* and T~ also have the properties (1)-(4), and
(Tt = (1" . (12.17)

Proof. T~ is clearly injective, densely defined and closed (cf. Lemma 12.2)
with dense range, and the same holds for 7 by Theorem 12.5, Corollary 12.6
and (12.11) (applied to 7' and T*). It then follows moreover that (7*)~! and
(T—1)* have the same properties. Using the linearity of the operators we find,
with notation as in Theorem 12.5, that

XeY=G-T)eUG(-T7)
implies
YoX=UYXaY)=U'G(-T)®G(-T
=GT HeG-T)=GTHYeU 'G(T*)™").
EAn ?plplication of Theorem 12.5 to T~ : Y — X then shows that (T~1)* =
)~ O

We end this section with a remark that is useful when discussing various
Hilbert space norms:

It follows from the open mapping principle (recalled e.g. in Theorem B.15)
that if a linear space X is a Hilbert space with respect to two norms ||z|| and
[|z|I’, and there is a constant ¢ > 0 such that ||z|| < ¢||z||" for all 2 € X, then
the two norms are equivalent:

2] < ¢llz]|” < Oz for all z € X,
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for some C' > 0. In particular, if the domain D(T) of a closed operator
T : X — Y is a Hilbert space with respect to a norm ||z|" such that
|zl x + | Tzlly < c||z|’ for all z € D(T'), then ||z||’ is equivalent with the
graph norm on D(T"). (There is a similar result for Banach spaces.)

12.3 Symmetric, selfadjoint and semibounded operators

When X and Y equal the same Hilbert space H, and T is a linear operator
in H, we say that T is symmetric if

(Tz,y) = (z,Ty) for x and y € D(T) . (12.18)

We say that T is selfadjoint, when T is densely defined (so that the adjoint
T* exists) and T* = T. (It is a matter of taste whether the assumption
D(T) = H should also be included in the definition of symmetric operators
— we do not do it here, but the operators we consider will usually have this

property.)
Lemma 12.8. Let T be an operator in the complex Hilbert space H.
1° T is symmetric if and only if (T'xz,x) is real for all z.

2°  When T is densely defined, T is symmetric if and only if T C T*. In
the affirmative case, T has a closure T, which is likewise symmetric, and

TcTcT =T". (12.19)

3°  When T is densely defined, T is selfadjoint if and only if T is closed
and both T and T* are symmetric.

Proof. When T is symmetric,
(Tx,z) = (x,Tz) = (Tw,z) forxze D(T),

whereby (Tx,z) € R. Conversely, when (T'z,z) € R for all x € D(T), then
we first conclude that (T'z,z) = (z,Tx) for x € D(T); next, we obtain for x
and y € D(T):

A(Tz,y) =3, i"(T(x+i"y),z +i"y)
=Yoo _oi¥ (@ +i"y, T(x+i"y)) = 4(x, Ty).

This shows 1°.

The first assertion in 2° is seen from the definition; the second assertion
follows by use of Corollary 12.6.

For 3° we have on one hand that when T is selfadjoint, T = T™, so T is
closed and both 7" and T are symmetric. For the other direction, observe that
we have according to Corollary 12.6 for a densely defined operator T with
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densely defined adjoint T that T is closed if and only if 7" = T"*. Thus,when
T is closed and T and T are symmetric, then T C T* and T* C T** =T
hence T'=T'"*. a

An operator T for which T exists and is selfadjoint, is said to be essentially
selfadjoint (sometimes in the physics literature such operators are simply
called selfadjoint).

A symmetric operator T' is called maximal symmetric if S O T with S
symmetric implies S = T'. Selfadjoint operators are maximal symmetric, but
the converse does not hold, cf. Exercise 12.12.

It is useful to know that when S is symmetric and A = a + i3 with o and
G € R, then

(S — ADz||* = (Sz — ax —ifz, Sz — ax — ifBx)

(S —alal? + Pl fraen(s). 7

For an arbitrary linear operator 7' in H we define the numerical range
v(T') by
v(T)={(Tz,z)|x€ D), ||z| =1} CcC, (12.21)

and the lower bound m(T) by
m(T) = inf{Re(Tz,z) |z € D(T), ||z|| =1} > —c0. (12.22)

T is said to be lower (semi)bounded when m(T) > —oo, and upper (semi)-
bounded when m(—T) > —oo; —m(—T) is called the upper bound for T
When a notation is needed, we write —m(—T) = u(T).

v(T)

m(T) Re

From a geometric point of view, m(7T) > —oo means that the numerical
range v(T) is contained in the half-space {\ € C| ReA > m(T)}.

Note in particular that the symmetric operators S are precisely those
whose numerical range is contained in the real axis (Lemma 12.8 1°). They
are also characterized by the property m(iS) = m(—iS) = 0.

Bounded operators are clearly upper and lower semibounded. As for a
converse, see Theorem 12.12 and Exercise 12.9. For symmetric operators 7',
we express m(T) > « and m(—=T) > —f briefly by saying that T > «,
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resp. T' < (. T is called positive (resp. nonnegative) when m(T") > 0 (resp.
m(T) > 0).

Theorem 12.9.1° If m(T) > a > 0, then T is injective, and T~ (with
D(T~Y) = R(T)) is a bounded operator in H with norm [T~ < a~!.

2° If furthermore T is closed, then R(T) is closed.

3° If T is closed and densely defined, and both m(T') and m(T*) are > 3,
then the half-space {\ | Re X < 3} is contained in the resolvent set for T and
for T™.

Proof. The basic observation is that m(7") > « implies the inequality
| Tz ||| > [(Tx,x)| > Re(Tz,z) > a|z|* for x € D(T), (12.23)
from which we obtain (by division by ||z if  # 0) that
ITz| > a|z|| for =€ D(T).

If @ > 0, T is then injective. Inserting Tz = y € R(T) = D(T~1), we see
that
17~ yl = Nzl < a7l

which shows 1°.

When T is closed, T~! is then a closed bounded operator, so D(T1!)
(= R(T)) is closed; this shows 2°.

For 3° we observe that when Re A = f—a for some o > 0, then m(T'—\I) >
a and m(T* — A) > «, and T* — A\l and T — Al are surjective, by 2° and
(12.11), which shows 3°. O

Operators L such that m(—L) > 0 (i.e., u(L) < 0) are called dissipative in
works of R. S. Phillips, see e.g. [P59], where it is shown that L is maximal dis-
sipative (maximal with respect to the property of being dissipative) precisely
when —L satisfies Theorem 12.9 3° with § = 0; also the problem of find-
ing maximal dissipative extensions of a given dissipative operator is treated
there. The maximal dissipative operators are of interest in applications to
partial differential equations, because they are the generators of contraction
semigroups e’ used to solve Cauchy problems; an extensive book on semi-
groups is Hille and Phillips [HP57]. There is more on semigroups in Chapter
14.

In the book of Kato [K66], the T such that m(T) > 0 are called ac-
cretive (i.e., =7 is dissipative), and the maximal such operators are called
m-accretive.

We can in particular apply Theorem 12.9 to i(S — AI) and —i(S — AI)
where S is a symmetric operator. This gives that S — Al is injective with

(S = AD7'| < [ImA|™!, when ImA#0 (12.24)

(which could also have been derived directly from (12.20)).
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Theorem 12.10. Let S be densely defined and symmetric. Then S is selfad-
joint if and only if
R(S+il)=R(S—il)=H; (12.25)

and in the affirmative case, C\ R C p(95).

Proof. Let S be selfadjoint. Then S and —i5 satisfy the hypotheses of The-
orem 12.9 3° with § = 0, and hence the half-spaces

C:={AeC|ImA =0} (12.26)

are contained in the resolvent set; in particular, we have (12.25).
Conversely, if (12.25) holds, we see from (12.11) that the operators S* +il

are injective. Here S* + il is an injective extension of S + i, which is a

bijection of D(S) onto H; this can only happen if S = S*. O

See also Exercise 12.32.

What a symmetric, densely defined operator “lacks” in being selfadjoint
can be seen from what S+il and S—il lack in being surjective. The deficiency
indices of S are defined by

def, (S) = dim R(S +iI)* and def_(S) =dim R(S —4l)*.  (12.27)

It is very interesting to study the possible selfadjoint extensions of a sym-
metric, densely defined operator S. It can be shown that S has a selfadjoint
extension if and only if the two deficiency indices in (12.27) are equal (with
suitable interpretations of infinite dimensions, cf. Exercise 12.26); and in the
case of equal indices the family of selfadjoint extensions may be parametrized
by the linear isometries of R(S + iI)* onto R(S — il)t; cf. Exercise 12.19.
One can also use the Cayley transformation S +— U = (S +4I)(S — i)~}
(see e.g. Rudin [R74]), carrying the study over to a study of isometries U.
We shall later (in Chapter 13) consider cases where S in addition is injective
or positive, by different methods.

The next theorem gives a type of examples of selfadjoint unbounded op-
erators, using the technique of Theorem 12.5 in a clever way.

Theorem 12.11. Let H and Hy be Hilbert spaces, and let T : H — Hy be
densely defined and closed. Then T*T : H — H is selfadjoint and > 0. In
particular, T*T + I > 1 and is bijective from D(T*T) to H, and the inverse
has norm < 1 and lower bound > 0. Moreover, D(T*T) is dense in D(T)
with respect to the graph norm on D(T).

Proof. The operator T*T is clearly symmetric and > 0, since
(T*"Tx,x)g = (Tx,Tx)y, >0 for x € D(T*T), (12.28)
cf. Lemma 12.8 1°. Since T is densely defined and closed,

He& Hy = G(T) ® UG(T")
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by Theorem 12.5. Every {x,0} € H x H; then has a unique decomposition

{CE,O} = {y7Ty} + {—T*Z,Z} )

where y and z are determined from x. Since this decomposition is linear, it
defines two bounded linear operators S : H — H and P : H — H; such that
y = Sz and z = Pz. Note that R(S) C D(T') and R(P) C D(T™). We will
show that S equals (T*T + 1)~! and is selfadjoint, bounded and > 0; this
will imply the assertions on 7T

In view of the orthogonality,

(1% = {y, Ty Erom, + I{-T"2, 2} [},
= |Szlf + TS |Z, + 1T Palf + || Polli, |

which implies that S and P have norm < 1. Since
r=8x—T*Px,0=TSx+ Pz,
we see that T'Sx = —Px € D(T*) and
z=(1+T"T)Sz; (12.29)

hence S maps the space H into D(T*T), and (1 +T*T)S = I on H. The
bounded operator S* is now seen to satisfy

(S*z,z) =(S"(1+T*T)Sx,x) = (S, Sz) + (T'Sx,TSxz) > 0 for z € H ,

which implies that S* is symmetric > 0, and S = S* = S* is likewise
symmetric > 0.

Since S is injective (cf. (12.29)), selfadjoint, closed and densely defined and
has dense range (since Z(S*) = {0}, cf. (12.11)), Theorem 12.7 implies that
S~1 has the same properties. According to (12.29), 1 + T*T is a symmetric
extension of S~!. Since 14 T*T is injective, 1 + T*T must equal S~'. Hence
I+ T*T and then also T*T is selfadjoint.

The denseness of D(T*T) in D(T') with respect to the graph norm (cf.
(12.6)) is seen as follows: Let x € D(T) be orthogonal to D(T*T) with
respect to the graph norm, i.e.,

(x,y)u + (Tx,Ty)g, =0 for all y € D(T*T) .
Since (Tx, Ty)m, = (x, T*Ty)u, we see that
(x,y+T"Ty)g =0for ally € D(T*T) ,

from which it follows that @ = 0, since I + T*T is surjective. O

We have the following connection between semiboundedness and bound-
edness.
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Theorem 12.12. 1° When S is symmetric > 0, one has the following version
of the Cauchy-Schwarz inequality:

|(Sz,y)|* < (Sz,2)(Sy,y) for x,y € D(S) . (12.30)

2° If S is a densely defined, symmetric operator with 0 < S < «, then S
is bounded with ||S|| < a.

Proof. 1°. When t € R, we have for z and y € D(5),
0 < (S(x +ty),x +ty) = (Sz,z) + t(Sz,y) + t(Sy, ) + t*(Sy, )
= (Sz,x) + 2Re(Sz, y)t + (Sy, y)t* .
Since this polynomial in ¢ is > 0 for all ¢, the discriminant must be <0, i.e.,
|2Re(Sz,y)? < 4(Sz,z)(Sy,y) .

When z is replaced by ez where —@ is the argument of (Sz,y), we get
(12.30).
2°. It follows from 1° that

|(Sz, )| < (Sz,2)(Sy,y) < &®||z|?[lyl]* for =,y € D(S).
Using that D(S) is dense in H, we derive:
|(Sz,2)| < a|z|| ||z|| for € D(S) and z€ H . (12.31)

Recall that the Riesz representation theorem defines an isometry between
H* and H such that the norm of an element y € H satisfies

lyll = sup{ |(|y’z’|z|)| |ze H\{0}}. (12.32)

In particular, we can conclude from the information on S that || Sz|| < «f|z||
for x € D(S), which shows that S is bounded with norm < «. O

A similar result is obtained for slightly more general operators in Exercise
12.9.

An important case of a complex Hilbert space is the space Lo (£2), where Q2
is an open subset of R™ and the functions are complex valued. The following
gives a simple special case of not necessarily bounded operators in Ls(f2),
where one can find the adjoint in explicit form and there is an easy criterion
for selfadjointness.

Theorem 12.13. Let Q) be an open subset of R™, and let p : 2 — C be a
measurable function. The multiplication operator M, in L2(Q) defined by
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D(Mp) = {u € L2(Q) | pu € L2(Q)},
Myu = pu for u € D(M,),

is densely defined and closed, and the adjoint operator M, is precisely the
multiplication operator M.

Here M, is selfadjoint if p is real.

If |p(z)| < C (for a constant C € [0,00[ ), then M, is everywhere defined
and bounded, with norm < C.

Proof. Clearly, the operator is linear. Observe that a measurable function f
on Q lies in D(M)) if and only if (1 + |p|)f € L2(2). Hence

ISR IR AR

It follows that D(Mp) is dense in Lo(2), for if D(M,) were # Lo(12), then
there would exist an f € Lo(92) \ {0} such that f L D(M,), and then one
would have

(1+|p|’f) (%1_{']9'), for all € L2(Q),

and this would imply = 0 in contradiction to f # 0.

L+ |p|
By definition of the adjoint, we have that f; € D(M,") if and only if there
exists a g € Lo(£2) such that

(M;Dfa fl) = (fag) for all f € D(M;D)a

ie.,

(1+| |af) (1f|p|,g) for all ¢ € La(£2).

We can rewrite this as

pfi ) ( g ) .
, = (o, , for all ¢ € Ly(Q); 12.33
. pf g .
here we see, since and belong to Lo(2), that (12.33) holds if
1+ [p| L+ [p|

and only if they are the same element, and then

pfi=g.

This shows that M," = M,,. It is a closed operator; then so is M,.
It follows immediately that if p = p, then M, is selfadjoint.
Finally, it is clear that when [p(§)| < C for ¢ € X, then D(M,,) = Lo(Q2)
and
[IMpflle. < Cllfllz2;
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and then M, is bounded with ||M,|| < C. O

Note that D(M,) = D(M,) = D(M,); here we have a case where the
operator and its adjoint have the same domain (which is not true in general).

We can also observe that when p and g are bounded functions, then M,; =
My, M,. (For unbounded functions, the domains of M,, and M,M, may not
be the same; consider e.g. p(z) = z and ¢(z) = 1/x on Q@ =Ry.)

It is not hard to see that MM, = M,M,, so that M, is normal (i.e.,
commutes with its adjoint).

Since Mpu and M, u define the same element of Ly if p and p; differ on
a null-set only, the definition of M, is easily extended to almost everywhere
defined functions p. We can also observe that if p € Loo(€2), then M, €
B(L2(£2)), and

1My ]| = esssup, cq [p(x). (12.34)

Here the inequality ||M,|| < esssup |p(x)| is easily seen by choosing a repre-
sentative p; for p with sup |p;| = esssup |p|. On the other hand, one has for
e > 0 that the set w. = {z € Q| |p(x)| > esssup |p| — ¢} has positive mea-
sure, so || Mpul| > (sup |p| — &)|Ju|| for u =1k (cf. (A.27)), where K denotes
a measurable subset of w, with finite, positive measure; here u € L2(Q2) with
Jull > 0.

It is seen in a similar way that p = p a.e. is necessary for the selfadjointness
of M,,.

12.4 Operators associated with sesquilinear forms

A complex function a : {z,y} — a(z,y) € C, defined for z,y in a vector space
V', is said to be a sesquilinear form, when it is linear in x and conjugate linear
— also called antilinear or semilinear — in y:

CL(OZCEl + ﬂx27y) = aa(xlay) + ﬂa‘x27y)7
a(x,yy1 + 0y2) = va(x,y1) + da(z, ya).

(The word “sesqui” is Latin for 1;) For example, the scalar product on a
complex Hilbert space is a sesquilinear form.

Let H be a complex Hilbert space, and let s(z,y) be a sesquilinear form
defined for = and y in a subspace D(s) of H; D(s) is called the domain of s,
and we may say that s is a sesquilinear form on H (even if D(s) # H). The
adjoint sesquilinear form s* is defined to have D(s*) = D(s) and

s*(z,y) = s(y,z) for x,y € D(s), (12.35)

and we call s symmetric when s = s*. A criterion for symmetry is that s(z, z)
is real for all z; this is shown just like in Lemma 12.8 1°.
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s is said to be bounded (on H) when there is a constant C' so that
Is(z,y)| < Cllzllullylla . for z and y e D(s).

Any (linear, as always) operator 7" in H gives rise to a sesquilinear form
by the definition

to(z,y) = (Tx,y)u , with D(tg) = D(T) .

If T is bounded, so is ty. The converse holds when D(T) is dense in H, for
then the boundedness of ¢y implies that when « € D(T),

(T, y)u| < Cllzllmllyllm
for y in a dense subset of H and hence for all y in H; then (cf. (12.32))

Tx,y)

iy e B\ (0}) < Cllaln
Iyl

1Tl gy = supd |

In this case, T and ty are extended in a trivial way to a bounded operator,
resp. a bounded sesquilinear form, defined on all of H.
The unbounded case is more challenging.

Definition 12.14. Let ¢(x, y) be a sesquilinear form on H (not assumed to
be bounded), with D(t) dense in H. The associated operator T in H is
defined as follows:
D(T') consists of the elements x € D(t) for which there exists y € H such
that
t(x,v) = (y,v)g for all ve D(t).

When the latter equations hold, y is uniquely determined from x since
D(t) is dense in H, and we set

Tr=y.

When ¢ is unbounded, D(T') will usually be a proper subset of D(t) and
T an unbounded operator in H.

The construction leads to a useful class of operators in a special case we
shall now describe.

Let V be a linear subspace of H, which is dense in H and which is a Hilbert
space with a norm that is stronger than the norm in H:

lvllv = cllv||lg for veV, (12.36)

with ¢ > 0. We then say that V' C H algebraically, topologically and densely.
Let a(u,v) be a sesquilinear form with D(a) =V and a bounded on V, i.e.,

la(u, v)| < Cllullv||v||v, for all u,v € V. (12.37)
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The form a induces the following two different operators: a bounded oper-

ator in V and a (usually) unbounded operator in H, obtained by applying

Definition 12.14 to a as a form on V resp. H. Let us denote them A resp. A.
The form a is called V-elliptic if there is a constant ¢y > 0 so that

Rea(v,v) > ¢olv]|} for v €V . (12.38)

It will be called V-coercive if an inequality as in (12.38) can be obtained by
adding a multiple of (u,v)y to a, i.e., if there exists ¢ > 0 and k € R so that

Rea(v,v) + kl[v||3 > co|lv||} forve V. (12.39)
For 1 € C we denote
au(u,v) = a(u,v) + p(u, v)g, with D(a,) = D(a). (12.40)

In view of (12.36), a, is bounded on V. When (12.39) holds, then a, is
V-elliptic whenever Re i > k.

Note that when a is V-elliptic or V-coercive, then the same holds for the
adjoint form a* (recall (12.35)), with the same constants.

The results in the following are known as “the Lax-Milgram lemma”,
named after Lax and Milgram’s paper [LM54]. One finds there the bounded
version:

Lemma 12.15. Let a be a bounded everywhere defined sesquilinear form on
V, and let A be the associated operator in V. Then A € B(V) with norm
< C (cf (12.37)), and its adjoint A* in V is the operator in V associated
with a*.

Moreover, if a is V-elliptic, then A and A* are homeomorphisms of V
onto V, the inverses having norms < cy* (cf. (12.38)).

Proof. The boundedness of A was shown above. That the adjoint is the op-
erator in V associated with a* follows from (12.10) and (12.35). Now (12.38)
implies that m(.A) > ¢ as well as m(A*) > ¢o, where ¢g > 0. Then A and A*
are bijective from V to V with bounded inverses by Theorem 12.9 3°, which
also gives the bound on the inverses. O

By the Riesz representation theorem, there is an identification of H with
the dual space of continuous linear functionals on H, such that ©z € H is
identified with the functional y — (y,2)m. To avoid writing x to the right,
we can instead identify H with the antidual space, where x corresponds to
the antilinear (conjugate linear) functional y — (z,y)y. (This follows from
the usual Riesz theorem by conjugation.)

From now on, we denote by H* the antidual space of H. Stated in details:
H~ is the space of continuous antilinear functionals on H, and we identify
2 € H with the functional y — (x,y)g. The prefix anti- is generally left out.

In the situation of real Hilbert spaces, the antidual and dual spaces are of
course the same.
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The space V' likewise has an antidual space V* consisting of the continu-
ous antilinear functionals on V. By the Riesz representation theorem, every
element w € V corresponds to an element Jw € V* such that

(Jw)(v) = (w,v)y, allv eV, (12.41)

and the map J is an isometry of V onto V*. But rather than using this
isometry to identify V and V*, we want to focus on the embedding V' C H.

Since V' C H densely and (12.36) holds, we can define a map from H to
V* sending f € H over into the antilinear functional £; € V* for which

ly(v) = (f,v)y forallv e V. (12.42)

(12.36) assures that £; is continuous on V. The mapping from f to £f is
injective by the denseness of V' in H (if {5 acts like £y,, f1 — f2 is H-
orthogonal to V', hence is zero). Thus the map f — ¢; can be regarded as an
embedding of H into V*, and we henceforth denote £ by f, writing ¢;(v) as

(f7 U)H

Lemma 12.16. There are continuous injections
VeH<—=V" (12.43)
here, when f € H,

1 fllve < e M flla (12.44)

Proof. The injections are accounted for above, and (12.44) follows from the
calculation

£ al e v o))

v =0 o v oy = s "

[ f 11z l|vll e -
< sup{ o]y [ v e VA{O}} < e Iflla,

using the definition of the norm of a functional, the denseness of V in H,
(12.42) and (12.36). O

Note that in the identification of £ with f when f € H, we have obtained
that the duality between V* and V' extends the scalar product in H, cf.
(12.42).

When A is defined as in Lemma 12.15, we let A = JA (recall (12.41)); it
is the operator in B(V, V*) that satisfies

(Au)(v) = (Au,v)y = a(u,v) for all u,v € V.

We also define A’ = JA*. Lemma 12.15 implies immediately:
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Corollary 12.17. When a is bounded on V' and V -elliptic (satisfying (12.37),
(12.38)), then A= J A is a homeomorphzsm of V onto V*, with ||A||B(VV - <
C and || A~ sy <t A = JA* is similar.

Now we take A into the picture.

Theorem 12.18. Consider a triple (H,V,a) where H and V are complex
Hilbert spaces with V- C H algebraically, topologically and densely (satisfying
(12.36) ), and where a is a bounded sesquilinear form on V with D(a) =V
(satisfying (12.37)). Let A be the operator associated with a in H:

D(j):;ueVEifEHso that a(u,v) = (f,v)g for allv eV}, (12.45)
u=f.

When a is V-elliptic (satisfying (12.38)), then A is a closed operator with
D(A) dense in H and in V, and with lower bound m(A) > coc? > 0. It is a
bijection of D(A) onto H, and

{AN| Re X < coc®} C o(A) . (12.46)

Moreover, the operator associated with a™ in H equals A*; it likewise has the
properties listed for A. In particular, if a is symmetric, A is selfadjoint > 0.

Proof. By Corollary 12.17, a gives rise to a bijection A from V to V*, such
that B
a(u,v) = (Au)(v) for all u,v € V.

By the definition of A, the elements of D(A) are those u € V for which
the functional a(u,v) has the form ¢¢(v) for some f € H. In other words,
u € D(A) precisely when Au identifies with an element f € H such that
(Au)(v) = (f,v)m, and then f = Au. Consider the maps
A
VCcHCV*

[
DA)cV CcH
A —

Here D(A) consists of exactly those u € V for which Au belongs to the
subspace H of V*, and then Au = Au. Since A is invertible, we can simply
write

D(A) = A™Y(H), with Au = Au for u € D(A).
Similarly, a* gives rise to the bijection A’ from V to V* such that
a*(u,v) = (A'u)(v) for all u,v € V.

The operator A’ associated with a* by Definition 12.14 then satisfies:
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D(A") = (A)"Y(H), with A'u = A'u for u € D(A’).

Thus A and A’ are bijective from their domains onto H, with inverses
T=A"1and T" = (A’)~! defined on all of H as the restrictions of A~! resp.
(A=t to H:

T = Afl _ AV71|H; T — (A/)71 _ (AV/)71|H'
Here T and 7" are bounded from H to V and a fortiori from H to H, since

ITf e < e TSl = AT flv < e et f]

ve < e flla

for f € H, cf. (12.44); there is a similar calculation for 7”.
Now we have for all f,g € H, setting u = Tf, v = T'g so that f = Au,
g=Av:

(£, T'9)u = (f,v)g = alu,v) = a*(v,u) = (Av,u)y = (u, A'v)y = (Tf,9)u;

this shows that the bounded operators T and 7" in H are adjoints of one an-
other. Their ranges are dense in H since their nullspaces are 0 (the operators
are injective), cf. (12.11).

Since T and T’ = T* are closed densely defined injective operators in
H with dense ranges, we can apply Theorem 12.7 to conclude that their
inverses are also each other’s adjoints. So A = T~! and A’ = (T*)~! are
each other’s adjoints, as unbounded operators in H, and they are closed and
densely defined there.

From (12.38) and (12.36) follows moreover:

Re(Au,u) g = Rea(u,u) > collul|? > coc®||ull%

for all u € D(A), so m(A) > coc?. We likewise find that m(A*) > coc?, and
(12.46) then follows from Theorem 12.9 3°.

To see that the set D(A) is dense in V, let vy € V' be such that (u, vp)y =0
for all u € D(A). Then we can let wy = (A*) vy (using Lemma 12.15) and
calculate:

0= (u,v0)v = (u, A*wp)y = alu,wy) = (Au,wo) g, for all u € D(A),
which implies wp = 0 and hence vy = 0. Similarly, D(A*) is dense in V. O

Corollary 12.19. Hypotheses as in Theorem 12.18, except that V -ellipticity
is replaced by V-coercivity (12.39). Then A is a closed operator with D(A)
dense in H and in V, and with m(A) > coc* — k. Moreover,

{A|Re) < coc® —k} C o(A) . (12.47)

The operator associated with a* in H equals A* and has the same properties.
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Proof. Note that for p € C, A+ ul (with D(A+ uI) = D(A)) is the operator
in H associated with the sesquilinear form a,, defined in (12.40). When (12.39)
holds, we replace a by aj. Theorem 12.18 applies to this form and shows that
the associated operator A + kI and its adjoint A* + kI have the properties
described there. This gives for A itself the properties we have listed in the
corollary. ad

We shall call the operator A defined from the triple (H,V,a) by Theorem
12.18 or Corollary 12.19 the variational operator associated with (H,V,a) (it
can also be called the Lax-Milgram operator). The above construction has
close links with the calculus of variations, see the remarks at the end of this
section.

The construction and most of the terminology here is based on works of
J.-L. Lions, as presented e.g. in his book [L63] and subsequent papers and
books. The operators are also studied in the book of T. Kato [K66], where
they are called m-sectorial.

Example 12.20. Variational operators are studied in many places in this
book; abstract versions enter in Chapter 13 and concrete versions enter in
Chapter 4 (and 14), see in particular Section 4.4 where the Dirichlet and
Neumann realizations of the Laplace operator are studied. The distribution
theory, or at least the definition of Sobolev spaces, is needed to give a sat-
isfactory interpretation of the operators that arise from the construction. In
fact, H is then usually a space L2(€)) over a subset Q C R™, and V' is typically
a Sobolev space such as H'(Q2) or H}(2). (There is then also an interpreta-
tion of V* as a Sobolev space with exponent —1 — for the case Q2 = R", we
explain such spaces in Section 6.3.)

Let us at present just point to the one-dimensional example taken up
in Exercise 12.25. Here V is the closure of C'(I) in the norm |ul|; =

(lull2, + u']2,)2 (identified with H'(I) in Section 4.3), and & can be
defined by extension as a continuous operator from V' to H. Let ¢(t) be real
> 1, then a(u,u) > ||ul|?, and Theorem 12.18 applies, defining a selfadjoint
operator A in H. When u € C?(I), v € C'(I), we have by integration by

parts that
alu,v) = (—u" + qu,0) + ' (B)o(B) — ' (@)o ().

Then if v € C%(I) with u/(3) = «/(a) = 0, it satisfies the requirement
a(u,v) = (f,v) for v € V, with f = —u” + qu. Hence it is in D(A) with
Au = —u" + qu.

The typical information here is that A acts as a differential operator,
namely, —j; + ¢ (of order 2, while a(u,v) is of order 1), and the domain
D(A) involves a boundary condition, namely, u/'(3) = u’(«) = 0.

The example, and many more, can be completely worked out with the
tools from distribution theory established in other parts of this book. One
finds that D(A) = {u € H3(I) | v/(a) = u'(B3) = 0}.
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We note that D(A) and D(A*) need not be the same set even though
D(a) = D(a*) (cf. e.g. Exercise 12.37).

We can use the boundedness of a on (12.37) to show that when a satisfies
(12.39), then

| Ima(u, u)| < la(u,u)| < Cllull} < Ccg' (Rea(u,u) + kl|ullF) ,
and hence
| Tm(Au, u) | < Cey ' (Re(Au, u) g + kl|ul|) , (12.48)

when v € D(A). This shows that the numerical range v(A) for A — and
correspondingly the numerical range v(A*) for A* — satisfy

v(A) and v(A*) Cc M'={AeC||Im\ < Ccy' (ReA+k)}. (12.49)

But this means that certain rotations of A and A*, namely, e*"Y A and e*% A*
for a suitable 0 (see the figure), are semibounded below, which implies by
Theorem 12.9 3° that the spectra o(A) and o(A*) are likewise contained in
M.

J <

v(A)

\

—k

> ‘

—k+co c? \
Thus we have:

Corollary 12.21. When A and A* are defined from the triple (H,V,a) as in
Corollary 12.19, then the spectra o(A) and o(A*) and the numerical ranges
v(A) and v(A*) are contained in the angular set with opening < :

M={\€C|ReX>—k+coc?, [Im)| < Ccy'(ReA+k)},  (12.50)

where the constants are taken from (12.36), (12.39), (12.37).

Finally we observe that when A is a variational operator in a Hilbert space
H, then V and a are uniquely determined by A. Indeed, if A is the variational
operator associated with two triples (H, V1, a1) and (H, Vs, as), then we have
for u and v € D(A):
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(Au,v)g = a1(u,v) = az(u,v).

When k is sufficiently large, [Re((A + k)v,v) ]2 is a norm on D(A) which is
equivalent with the V4-norm and with the Va-norm. Since D(A) is dense in V4
and in Vo (with respect to their norms), we get by completion an identification
between V4 and V4. Since a1 and ay coincide on the dense subset D(A), they
must be equal. This shows:

Corollary 12.22. When A is a variational operator in H, then A stems from
one and only one triple (H,V,a); here V is determined as the completion of
D(A) under the norm [Re((A + k)v,v)g]2 for a suitably large k, and a is
defined on V' by closure of (Au,v)p.

In this result it is assumed that A stems from a triple (H,V,a). One can
show that such a triple exists, when A is closed densely defined and there
exists a sector M’ as in (12.49) such that A is mazimal with regards to the
property v(A) C M’. We return to this alternative description in Section
12.6.

The variational operators are a useful generalization of selfadjoint lower
bounded operators, which enter for example in the study of partial differential
equations; they have the advantage in comparison with normal operators that
the class of variational operators is more stable under the perturbations that
occur naturally in the theory. (A normal operator N is a closed, densely
defined operator with NN* = N*N; then D(N*) = D(N), cf. Exercise
12.20.)

Remark 12.23. In the case of a symmetric sesquilinear form a(u,v), the
connection between Theorem 12.18 and variational calculus is as follows: As-
sume that a is V-elliptic, and define A by Definition 12.14. Then the problem
of solving Au = f is equivalent with the following variational problem:

For a given f € H, minimize the functional

J(u) = a(u,u) — 2Re(f,u)y for u e V. (12.51)

For, the equation Au = f is (in this abstract setting) the Euler-Lagrange
equation associated with J. More precisely, we have: Let u,v € V and let
€ € R. Then

I(e) = J(u + ev) = a(u,u) + 2¢ Rea(u,v) + £%a(v,v) (12.52)
—2Re(f,u)g —2e Re(f,v)m, '
so in particular fsl (0) (the so-called first variation) satisfies

i-1(0) = 2Re(a(u,v) = (f,0)n).

If u solves (12.51), then jEI(O) = 0 for all v € V, so since we can insert ow
instead of v for any complex «, it follows that
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a(u,v) — (f,v)g =0 for allv € V. (12.53)

By definition of A, this means precisely that
u € D(A) with Au = f. (12.54)

Conversely, if u satisfies (12.54), (12.53) holds, so & 1(0) = 0 for all v € V.
Then

J(u+ ev) = a(u,u) + %a(v,v) — 2Re(f,u)g > a(u,u) — 2Re(f,u)m,

for all v € V and € € R, so u solves (12.51) (uniquely).

12.5 The Friedrichs extension

Let S be a symmetric, densely defined operator. When S > ¢ > 0, it is easy
to find a selfadjoint extension of S.

Let us first consider S, the closure of S, which is also symmetric, cf. (12.19).
It is easily seen that m(S) = m(S), which is then > ¢ > 0. According to
Theorem 12.9, S has a bounded, symmetric inverse (the closure of S™1), so
it R(S) and hence R(S) is dense in H, R(S) must equal H, so that S is
selfadjoint and S is a selfadjoint extension of S by Theorem 12.7. (This is
the case where S is essentially selfadjoint.)

If, on the other hand, Z(S*) = R(S)* is # {0}, we can introduce the
operator P with

D(P) = D(8)+Z(5"),

(12.55)
Plv+z)=5v forve D(S), ze€ Z(5%);

it is a selfadjoint extension (Exercise 12.23). This extension has m(P) = 0 in
contrast to m(S) > 0. It is J. von Neumann’s solution [N29] of the problem
of finding a selfadjoint semibounded extension of S. A more refined (and
useful) extension was found by K. Friedrichs [F34]; it has the same lower
bound as S, and we shall explain its construction in the following. M. G.
Krein later showed [K47] that the full set of selfadjoint extensions 7' > 0,
via the associated sesquilinear forms, can be characterized at the operators
“lying between” T and P in a certain way. Here T' (“the hard extension”) is
closest to S, whereas P (“the soft extension”) is farthest from S. In practical
applications, T is of great interest whereas P is somewhat exotic. More about
the role of P in Section 13.2, see in particular Corollary 13.22, (13.67) and the
surrounding text. Concrete interpretations to realizations of elliptic operators
are given in Chapter 9 in a constant-coefficient case, see Example 9.31, and
for variable-coefficient operators in Exercise 11.18.
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Theorem 12.24 (FRIEDRICHS). Let S be densely defined, symmetric and
lower bounded in H. There exists a selfadjoint extension T with the same
lower bound m(T) = m(S), and with D(T') contained in the completion of
D(S) in the norm ((Sv,v) + (1 — m(9))[|v]|?)z.

Proof. Assume first that m(S) = ¢ > 0. The sesquilinear form
so(u,v) = (Su,v)

is then a scalar product on D(S) (cf. Theorem 12.12), and we denote the
completion of D(S) with respect to this scalar product by V. Hereby so(u,v)
is extended to a sesquilinear form s(u,v) with D(s) = V (s is the scalar
product itself on V).

We would like to use the Lax-Milgram construction (Theorem 12.18), but
this requires that we show that there is an injection of V' into H. The in-
equality

loll3 = so(v,v) = clloll? for v € D(S),

implies that the injection Jy : D(S) — H extends to a continuous map J
from V to H, but does not assure that the extended map J is injective.
This point (which is sometimes overlooked in other texts) can be treated as
follows: From (Su,v)g = (u,v)y for u,v € D(S) it follows by passage to the
limit that

(Su, Jv)g = (u,v)y for u e D(S), veV.

If Ju =0, v is orthogonal to the dense subspace D(S) of V', and then v = 0.
Hence J is injective, and we may identify V' with the subspace J(V') of H.
Since clearly
s(0,0) = [ull? > ellv]3 forve v,

the conditions for the Lax-Milgram construction are fulfilled by the triple
(H,V,s) with ¢ = 1, and we obtain a selfadjoint operator T' in H associated
with s, satisfying m(T) = ¢ = m(S). It is clear that T' D S.

When m(S) is arbitrary, we define a selfadjoint extension T” of S' = S +
(1—=m(S))I by the procedure above; then T' = 17" — (1 —m(S))I is the desired
extension of S. O

The proof of the Lax-Milgram construction can of course be simplified in
the case where the sesquilinear form equals the scalar product on V', but the
basic principles are the same.

The constructed operator T is called the Friedrichs extension of S. It is
uniquely determined by the properties in Theorem 12.24, for we even have,
in view of Corollary 12.22:

Corollary 12.25. Let S be a densely defined, symmetric, lower bounded op-
erator in H. For k > —m(S), the completion V' of D(S) with respect to the
scalar product

(w,v)y = (Su+ (1+k)u,v)n (12.56)
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can be identified with a subspace of H independent of k, and the Friedrichs
extension T' of S is characterized by being the only lower bounded selfadjoint
extension of S which has its domain D(T') contained in V.

When S is not selfadjoint, there exist many more selfadjoint extensions of
S'; more on this in Section 13.2. When T" > 0, one can moreover show that V'
1 1,
equals D(T'2), where T2 is defined by spectral theory.

12.6 More on variational operators

In this section, we take up a converse question in connection with Corollary
12.19ff.: When is an operator with numerical range in a sector (12.49) vari-
ational? This discussion is not needed for the immediate applications of the
variational construction. (Theorem 12.26 is used in the proofs of Corollaries
13.16 and 9.36.) We shall show:

Theorem 12.26. When A is a closed densely defined operator in H such
that A and A* both have their numerical ranges in a sector:

v(A) and v(A*) C M' = {A € C| |Im\| < cy(Re A+ &)}, (12.57)

for some ¢ > 0, k € R, then A is variational with spectrum in M’
(and so is A*). The associated sesquilinear form a(u,v) is the closure of
ap(u,v) = (Au,v), defined on the completion of D(A) with respect to the
norm (Re ap(u,u) + (1 + k)||u||%1)§

Before giving the proof we make some preparations. When s is a given
sesquilinear form, we define the sesquilinear forms sge and sy, with domain

D(s), by

SRC( ): %(8( )+S*( ,’U)),
stm (U, v) = 5, (s(u, v) = 8™ (u,0)) ;

note that they are both symmetric (and can take complex values), and that

(12.58)

s(u,v) = sgre(u, v) + P81 (u, v), u,v € D(s). (12.59)
We define the numerical range and lower bound:

v(s) = {s(u,u) € Clu e D(s), ||ullm =1},

12.60

m(s) = inf{Res(u,u) | u € D(s), ||ul|g = 1}; ( )

then s is said to be lower bounded, positive, resp. nonnegative, when m(s) is
> —o0, > 0, resp. > 0.

Note that when A is variational, defined from a as in Corollary 12.19, then
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v(a) = v(A), (12.61)
since D(A) is dense in D(a).

Lemma 12.27. When b and b’ are symmetric sesquilinear forms with the
same domain D(b), satisfying

|b(u,w)| < b'(u,u), allue D(b), (12.62)

then ) )
|b(u,v)] < b (u,u)2b (v,v)2, all u,v € D(b). (12.63)

Proof. Note that b’ is a nonnegative sesquilinear form. Let u,v € D(b). If
b (u,u) or b’ (v,v) is 0, so is b(u, u) resp. b(v, v) according to (12.62), so (12.63)
is valid then. We now assume that o' (u, u) and b’(v, v) # 0. By multiplication
of u by €' for a suitable §, we can obtain that b(u, v) is real, equal to b(v, u).
Then

b(u,v) = §(b(u+v,u+v) —b(u—v,u—1v)), (12.64)

as is easily checked. It follows by use of (12.62) that
b(u,v)] < (' (u+v,u+v) + 0 (u—v,u—v)) =130 (u,u) +(v,0)).
Then for any « > 0,
|b(au, a )| <
Taking a® = b'(v,v) 2 (u, )~ 2, we obtain (12.63). O

Proof (of Theorem 12.26). By adding a constant to A, we reduce to the case
where (12.57) holds with £ = —1, so that

Re ag(u,u) > ||lul|%. (12.65)

Let us define ag(u, v) = (Au,v), with D(ag) = D(A). Then ag gre is a positive
symmetric sesquilinear form defining a scalar product and norm on D(ap);
we denote the completion of D(ag) in this norm by V.

The crucial part of the proof is to show that V' identifies with a subspace
of H and that ag extends to a bounded positive sesquilinear form a on V.
(This resembles a step in the proof of Theorem 12.24, but demands more
effort.) In view of (12.57) with k = —1,

|ao(u, u)| < [Re ag(u, )| + | Im ag(u, u)]

< (14 c1)Reap(u,u) = (1 + c1)ao,re(u, u). (12.66)

Moreover, by an application of Lemma 12.27 with b = ag,im, b’ = (1+¢1)ao,Re,
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lao(u,v)| < |ao,re(u,v)| + |ao m(u, v)
1 1 1 1
< agre(t, u)2a0Rre(v,v)2 + (14 ¢1)ao,re(U, u)? ag re(V, ) 2

= (2 + ¢1)ao.re (1, 1) 2 ag ge(v, ) 2. (12.67)

In view of (12.65), the map J : D(ag) — H extends to a continuous map
J:V — H with ||Jv||g < ||v||v. To show that J is injective, let v € V with
Jv = 0; we must show that v = 0. There exists a sequence v € D(ag) such
that vy converges to v in V and vy converges to 0 in H; then we are through
if we can show that ||vg|ly — 0, i.e., Reag(vg, vr) — 0, for k — oo. We know
that Re ag(vg — v, v — v;) — 0 for k, 1 — oo, and that Re ag(v;,v;) < C for
some C' > 0, all [. Now

| Re ao(vi, vi)| < |ao(vi, vk)| < lao(vk, v — vi)| + |ao(ve, vr)]
< lao(vi, vk — vi)| + [(Avg, vi) ],

where
lao(vk, vk, — v1)| < (2 + c1)lJvlv]|ve — villv

in view of (12.67). For any € > 0 we can find N such that |lvg —v;||v < e for
k,l > N. Let | — oo, then since ||v;||gz — 0, we get the inequality

|Re ag(vg,vg)| < (2+¢1)Ce, for k> N.

Since the constant (2 4 ¢1)C' is independent of k, this shows the desired fact,
that ||vg|ly — 0. Thus J is injective from V to H, so that V' can be identified
with JV C H. Here V C H algebraically, topologically and densely.

Next, since ag,re and aop,im are bounded in the V-norm, they extend
uniquely to bounded sesquilinear forms on V', so ag(u, v) does so too, and we
can denote the extension by a(u,v). The information in (12.57) with k = —1
implies

|Ima(v,v)| < c1(Rea(v,v) — ||[v]|%). (12.68)

So a is V-elliptic, and hence defines a variational operator Ap; clearly
A C Ay, (12.69)

and I/(Al) c M.

We can do the whole procedure for A* too. It is easily checked that the
space V is the same as for A, and that the extended sesquilinear form is
a*. Then the variational operator defined from (H,V,a*) is equal to A} and
extends A*; in view of (12.69) this implies A = A;. So A is the variational
operator defined from (H,V,a). O

Remark 12.28. An equivalent way to formulate the conditions on A for
being variational, is to say that it is closed, densely defined and mazimal
with respect to the property v(A4) C M’. Then the construction of V and a
go through as in the above proof, leading to a variational operator A; such
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that (12.69) holds. Here A; is an extension of A with v(A4;) C M’, so in view
of the maximality, A; must equal A.

The result is due to Schechter and Kato, see e.g. [K66, Th. VI.1.27].

Exercises for Chapter 12

12.1. Let H be a separable Hilbert space, with the orthonormal basis
(ej)jen. Let V' denote the subspace of (finite) linear combinations of the
basis-vectors. Define the operator T in H with D(T) =V by

T(Z cjej) = chel .
j=1 j=1

Show that 7" has no closure. Find 7, and find the closure of G(T').

12.2. With H and T as in the preceding exercise, let T1 be the restriction
of T with D(Ty) = Vi, where V; is the subspace of linear combinations of the
basis-vectors e; with j > 2. Show that 7T} is a symmetric operator which has
no closure.

Find an isometry U of a subspace of H into H such that U — I is injective,
but U — I is not injective.

12.3. Show that an operator T': X — Y is closed if and only if D(T) is
complete with respect to the graph norm.

12.4. Show that when R, S and T are operators in a Banach space X,
then RS + RT C R(S +T). Investigate the example

d d d
S_dx’ T__da:7 R_clas7
for the Banach space C°([0, 1]).

12.5. Let H be a Hilbert space, and let B and T be operators in H, with
B € B(H). Show the following assertions:

(a) If T is closed, then T'B is closed.

(b) If T is densely defined, T* B* is closed but not necessarily densely defined;
and BT is densely defined but not necessarity closable. Moreover, T*B* =
(BT)*.

(¢c) If T'and T* are densely defined and BT is closed, then T is closed and
T*B* is densely defined, and BT = (T*B*)*.

(d) If T is densely defined and closed, and T B is densely defined, then
(TB)* = B*T™.
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12.6. Find, for example for H = L(]0,1[), selfadjoint operators B €
B(H) and T in H such that T'B is not densely defined and BT is not closable.
(Hint. Using results from Chapter 4, one can take as T the realization Ay
defined in Theorem 4.16 and take a suitable B with dim R(B) = 1.)

12.7. Investigate (12.12) by use of the examples in Exercises 12.4 and 12.6.

12.8. Show that if the operator T in H is densely defined, and (Tz,z) =0
for all x € D(T), then T' = 0. Does this hold without the hypothesis D(T") =
H?

12.9. Let T be a densely defined operator in H with D(T') € D(T*). Show
that if v(T") is bounded, then T is bounded.

(Hint. One can consider the symmetric operators ReT = (T + T*) and
ImT = L(T—T%).)

12.10. With H equal to the complex Hilbert space Lo (]0,1[), consider the
operator T' defined by

D(T) ={ue H | (u,1) =0},
T:u(t)— f(t) = /0 u(s) ds.

Show that 7" is bounded.

Show that T is skew-symmetric (i.e., ¢T is symmetric).
int. The illustration in Section 4.3 may be helpful.)
¢) Is ¢T selfadjoint?

a

—~ o~~~
mCT‘
~— —

12.11. Consider the intervals
I, =]0,1], Ir=]0,00[=Ry, I3=R,

and the Hilbert spaces H; = Lo(I;), j = 1,2,3. Let T; be the multiplication
operator M;s (the mapping u(t) — t3u(t)) defined for functions in Hj, j =
1,2, 3, respectively.

Find out in each case whether T7 is

(1) bounded,
(2) lower bounded,
(3) selfadjoint.

12.12. Let I =]0,00[ and consider the Hilbert space H = Lo(I) (where
C§°(I) is a dense subset). Let T be the operator acting like D = ! ¢ with
D(T) = Cg=(1).

(a) Show that T' is symmetric and has a closure T' (as an operator in H).

(b) Show that the equation u/(t) + u(t) = f(¢) has a solution in H for every
f € C§°(I). (The solution method is known from elementary calculus.)
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(¢) Show that R(T —1i) contains C§°([I), and conclude that T'—i is surjective.
(d) Show that the function e~* is in Z(T* — 7).

(e) Show that T is maximal symmetric, but does not have a selfadjoint
extension.

12.13. Let J = [«, 3]. Show that the operator d‘iw in the Banach space
C°(J), with domain C*(.J), is closed.

12.14. Show the assertions in Corollary 12.21 on the spectra o(A) and
o(A*) in details.

12.15. Let H be a separable Hilbert space, with the orthonormal basis
(ej)jez. For each j > 0, let f; = e_; + je;. Let V and W be the closures of
the spaces of linear combinations of, respectively, the vectors (e;);>0 and the
vectors (f;)j>0. Show that V 4+ W is dense in H but not closed.

(Hint. Consider for example the vector z =3, }e_j.)

12.16. Let H be a Hilbert space over C or R, and let V' be a dense subspace.
Show the following assertions:

(a) Foreachx € H, {x}* NV is dense in {z }+.

(Hint. Choose for example sequences x,, and y,, from V which converge to x
resp. y € {z }* and consider (z,,, 2)yn — (Yn, )z, for ||z| = 1.)

(b) For each finite dimensional subspace K of H, K+ NV is dense in K+,
(¢) Toz and y in H with = L y there exist sequences (z,,)nen and (Yn)nen
in V such that z,, — z, y, — v, and

(Tn,ym) =0 forall n and m .

(Hint. Choose successively z,, 11 such that ||z — 2, 1| <27 ! and z, 11 L
{y1,92, -+, Yn,y }, With y, 41 chosen similarly.)

12.17. Let X and Y be Banach spaces and let (7}, )nen be a sequence of
operators in B(X,Y"). Assume that there is a constant ¢ > 0 so that ||T,,|| < ¢
for all n, and that for = in a dense subspace V' of X, T}, x is convergent in Y.
Show that there is a uniquely determined operator T' € B(X,Y’) such that
Tp,x — Tx for all z € X. (One can use an £/3-argument.)

12.18. Let A be an operator in a Hilbert space H such that D(A42%) = D(A)
and A%z = —z for z € D(A). Show that D(A) is a direct sum of eigenspaces
for A corresponding to the eigenvalues +i and —i, that V. L V_ and that

G(A) =V, +V_,

where
Vi={{z,y}t€G(A) |y==xiz}.

Show that the spaces Vi are closed when A is closed.
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12.19. Let T be a densely defined, closed symmetric operator in a Hilbert
space H.

(a) Show that
GTH=GT)eWLeW_,

where Wy = {{z,y} € G(T*) | y = +iz }, and that
D(T*) = D(T)+Z(T* —il)+Z(T* +il) .

(One can use Exercise 12.18.)

(b) Let S be a closed, symmetric operator which extends 7', i.e., T' C S.
Show that if v and v € D(T™) with T*u = iu, T*v = —iv and u+ v € D(S5),
then ||u|| = ||v]]. Show that there exists an isometry U of a closed subspace
K of Z(T* —I) into Z(T* +4I) such that

D(S)={z+utUu|z e D(T), ue K} with S(z+u+Uu)=Tz+iuv—iUu .

(Hint. For K one can take {u € Z(T*—i) | v € Z(T*+1) s. t. u+v € D(S)},
and let U map u to v.)

Conversely, every operator defined in this way is a closed, symmetric exten-
sion of T

(¢) Show that S is a selfadjoint extension of T if and only if K = Z(T* —il)
and U is an isometry of Z(T* —il) onto Z(T* +iI).

(d) Show that there exists a selfadjoint extension S of T if and only if
Z(T* —iI) and Z(T* + iI) have the same Hilbert dimension (cf. Exercise
12.26).

(Comment. If Exercise 12.26 has not been covered, assume H separable; then
any closed infinite dimensional subspace has a countable orthonormal basis.
Applications of this result are found e.g. in Naimark’s book [N68], and works
of Everitt and Markus, cf. [EM99].)

12.20. An operator N in a Hilbert space H is called normal if N is closed
and densely defined, and NN* = N*N. Show that IV is normal if and only
if N is a densely defined operator and N and N* are metrically alike, i.e.,
D(N) = D(N*) and ||Nz|| = |[N*z|| for all x € D(N).

12.21. Let H be a separable Hilbert space. Show that there exists a densely
defined, closed unbounded operator A in H satisfying A% = I|p(a). (Cf.
Exercises 12.15 and 12.18.) Show that such an A cannot be selfadjoint, nor
symmetric.

12.22. Let X and Y be vector spaces, andlet A: X =Y and B:Y — X
be operators with R(A4) C D(B) and R(B) C D(A). Let A€ C\ {0} and let
k € N. Show that A is an eigenvalue of AB with multiplicity k if and only if
A is an eigenvalue for BA with multiplicity k.
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12.23. Let S be a densely defined, closed symmetric operator in a Hilbert
space H, with m(S) > 0. Show that D(S) N Z(S*) = {0}. Show that the
operator P defined by

D(P) = D(S)+Z(5"),
P(v+z)=5Sv, whenwve D(S) and z € Z(5*),

is a selfadjoint extension of S with m(P) > 0 (the von Neumann extension
[N29]). Show that P is different from the Friedrichs extension 7" of S if and
only if Z(5*) #{0}.

(Hint. One can show first that P is symmetric. Next, one can show that P*
has the same range as S, and use S~! to get functions in D(P*) decomposed
into a term in D(S) and a term in Z(5%).)

12.24. Consider S, T'and P as in Exercise 12.23, and let t(u, v) and p(u, v)
denote the sesquilinear forms associated with 7" and P. Here D(t) = V as
described in Corollary 12.25.

Show that D(p) equals the direct sum

D(p) = V+Z(5"),
and that
p(v+ 2,0 +2') = t(v,v"), when v,0' €V, 2,2 € Z(5%).

12.25. (This exercise uses definitions from Chapter 4, see in particular
Exercise 4.14.) Let H = Lo(I), where I =]a, 3], and let V = H!(I). Let
a(u,v) be the sesquilinear form on V,

B
a(u,v) = / (/ (10! (1) + a(tyu(t)o(r)) dr,

where ¢ is a function in C°(I). Show that a is bounded on V and V-coercive.
Show that the operator A associated with (H,V,a) by the Lax-Milgram

lemma is the operator
d2
Au=—  _u-+qu,
a2 1

with domain D(A) consisting of the functions u € H?(I) with

Show that if one replaces V by Vo = H(I) and a by ag = aly,, one obtains
an operator Ay acting like A but with domain consisting of the functions
H2(I) with
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12.26. Let H be a pre-Hilbert space. The set of orthonormal systems in H
is inductively ordered and therefore has maximal elements. Let (e;);e; and
(fj)jej be two maximal orthonormal systems. Show that I and J have the
same cardinality. (Hint. If I is finite, H is a finite dimensional vector space
with the basis (e;)ier; since the vectors f;, j € J, are linearly independent,
card J < card I. If T is infinite, let J; = {j € J | (fj,e;) # 0} for each
i € I; since all J; are denumerable and J = |J,_; Ji, one finds that card J <
card (I x N) = card I.)

When H is a Hilbert space, the subspace Hy of linear combinations of a
maximal orthonormal system (e;);cr is dense in H, since Hy = {e; | i €
I'}++ ={0}+. Here card I is called the Hilbert dimension of H.

12.27. Let H be a Hilbert space and let E and F € B(H) be two orthogo-
nal projections (i.e., £ = E* = E? and F = F* = ['?). Show that if EH has
a larger Hilbert dimension (cf. Exercise 12.26) than FH, then EH contains
a unit vector which is orthogonal to FH. Show that if |E — F|| < 1, then
EH and FH have the same Hilbert dimension.

el

12.28. Let T be an operator in a complex Hilbert space H. Let Q. =
Qe(T)={ A€ C| Jex>0Vx € D(T): ||(T — Nz|| > exllz] }-
(a) If S C T, then Q. (T') C Qc(5). If T is closable, then Q. (T") = Q(T).

(b) If T'is closed, then A € Q. if and only if T'— X is injective and R(T — \)
is closed.

(¢) It A ¢ Qc(S), and T is an extension of S, then T'— X\ does not have a
bounded inverse.

(d) For A € Q. and | — A| < ¢ one has that u € Q., and
RT-MNNR(T -t =RT-N"NRT—p)={0}.

(Hint. For (T'— Nz L (T — p)z one can show that cyl/z]| (T — N)z|| <
(T = Nzl = = Al (2, (T = N)2)| < | = AL 2] (T = N)=]).)

(e) Assume that T is closed. The Hilbert dimension of R(T — \)* is constant
on each connected component of €. (Use for example Exercise 12.27.)

(f) If T is symmetric, then C\ R C Q..

(g) If T is lower bounded with lower bound ¢, then | — oo, c[C ..

(h) Show that if T" is densely defined and symmetric, and R N Q. # 0, then

T can be extended to a selfadjoint operator. (The deficiency indices for T are
equal, by (a), (e) and (f).)

12.29. Let H be a Hilbert space, F' a closed subspace. Let S and T" be
closed injective operators in H with R(S) and R(T") closed.

(a) ST is closed.

(b) Show that R(S|pnp(s)) is closed. Define Q € B(H) by Qz = S~ 'z for
z € R(S), Qu = 0 for z L R(S). Show that R(S|rnp(s)) and R(S)* and
Q*(F1) are pairwise orthogonal subspaces of H, with sum H.



370 12 Unbounded linear operators

(¢) Assume that S is densely defined. Show that the Hilbert dimension of
R(S|pap(s))T is the sum of the Hilbert dimensions of R(S)* and F*.

(d) Assume that S and T are densely defined, and that R(T)* has finite
dimension. Show that ST is a closed densely defined operator (use for example
Exercise 12.16). Show that R(ST) is closed and that the Hilbert dimension
of R(ST)* is the sum of the Hilbert dimensions of R(S)+ and R(T)> .

(e) Let A be a closed, densely defined, symmetric operator on H with de-
ficiency indices m and n. If m or n is finite, then A% is a closed, densely
defined, symmetric, lower bounded operator with deficiency indices m + n
and m + n. (Hint. Use for example A%+ = (A+4)(A—i) = (A —14)(A+1i),
and Exercise 12.28.)

12.30. Let there be given two Hilbert spaces H; and Hs. Let ; denote
the natural injection of H; in Hy @ Hs, i = 1,2. Find ¢}. An operator
A€ B(Hl @Hg) is described naturally by a matrix (Aij)i,jzl,Za Aij = (p:A(pJ
Find conversely A expressed by the matrix elements, and find the matrix for
A*.

12.31. Let H be a Hilbert space. Let T be a densely defined closed operator
in H, and let P(T) denote the orthogonal projection (€ B(H @ H)) onto the
graph G(T).

(a) Show that P(T*) =14 VP(T)V, where V € B(H @ H) has the matrix
(cf. Exercise 12.30) (9 75).

(b) Show that P(T") has the matrix

(1

) h

rr(L+T*T)~" T*(1+TT*)~!
1+T* 1TT*(1+TT*)*1

12.32. Show that when S is a symmetric operator in H with R(S +1i) =
R(S — i) = H, then S is densely defined. (Hence the requirement on dense
domain in Theorem 12.10 is superfluous.)

12.33. Let S be a densely defined, closed symmetric operator in H. Show
that S is maximal symmetric if and only if either S 4 i or S — ¢ is surjective.
(One can use Exercise 12.19.)

12.34. Let K denote the set of complex selfadjoint 2 x 2 matrices A > 0
with trace TrA = 1. (The trace of a matrix ( g) equals « + 0.) Define

OK={AeK|A?>=A}.Set P,v= (v,u)u for uand v € C2.
(a) Show that 0K = { P, |u € C?, |lul|=1}.

(b) Show that
Lo a b—ic
N
wla,b,c) = (O é) + (b—l—ic —a >
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defines an affine homeomorphism of R? onto the set of selfadjoint 2 x 2 ma-
trices with trace 1; show that

(¢) Let T be a 2 x 2 matrix; show that A — Tr(T'A) is a continuous affine
map ¥ of K onto a compact convex set N C C; and show that ¢ (0K) = N.
(d) Show that Tr(T'P,) = (Tw,u) for u € C?; show that N = v(T).

Now let H be an arbitrary complex Hilbert space and S an operator in H.
(e) Show that v(S5) is convex (the Toeplitz-Hausdorft theorem). (For x,y €
D(S), consider Pk S|k, where Pk is the projection onto the subspace K
spanned by z and y.)

(f) Assume that S is closed and densely defined with D(S*) = D(S). Show
that v(S*) = v(S) (= {A | A € v(S)}); show that the spectrum o(S) is
contained in any closed half-plane that contains v(S); show that o(S) is
contained in the closure of v(S5).

(g) Show that for H = [?(N) and a suitably chosen S € B(H), v(S) is not
closed (use for example S(z1,z2,...) = (A1, Aaxa,...), where A, > 0 for
n €N, and A, — 0).

12.35. Let €2 be an open subset of R" and let M, be the multiplication
operator defined from a continuous function p on €2 by Theorem 12.13.

(a) Show that m(M,) > « if and only if Rep(z) > « for all .

(b) Show that v(M,) and o(M),) are contained in the intersection of all
closed half-planes which contain the range of p (and hence v(M,,) and o(M,,)
are contained in the closed convex hull of the range of p).

12.36. Let M, be as in Exercise 12.35, and assume that the range of p is
contained in a sector
{z€eC||Imz| <cRez}

where ¢ > 0. Show that M), is the variational operator defined from the triple
(L2(2),V, s), where

s(u, v) :/puvda: on V=DM 1),

PE
which is a Hilbert space with norm
1 1
(Ipl2ullZ, + lul?,)? -

12.37. (This exercise uses definitions from Chapter 4.) Let H = Lo(Ry),
and let V = H'(R,). Let a(u,v) be the sesquilinear form on V/,

a(u,v) = /Ooo(u’(t)v’(t) +u/ (t)v(t) + u(t)v(t)) dt.
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Show that a is continuous on V and V-elliptic. Show that the operator A
associated with (H,V,a) by the Lax-Milgram lemma is of the form

Au=—u" +u' +u,
with domain D(A) consisting of the functions u € H*(R) with
u'(0) = 0.
Show that A* is of the form
A*v = —v" =V + v,
with domain D(A*) consisting of the functions v € H?(R, ) with
v'(0) + v(0) = 0.
So this is a case where D(A*) # D(A).

12.38. (Communicated by Peter Lax, May 2006.) Let H be a Hilbert space
provided with the norm ||z||, and let || be another norm on H such that

lz]| < Clz| for all x € H,

with C' > 0. Let T': H — H be a symmetric operator with D(T') = H such
that
|Tx| < k|z| for all € H,

for some k > 0. Show that T' € B(H).
(Hint. Use calculations such as

|IT2|? = (T2, Tz) = (2, T%z) < ||z||[|T?]],
to show successively that

IT2|* < 2?1 T%)® < |l2]P| 4],

[ Tz||™ < [la|™ | T™2]]  form=27,7=1,2,....
Conclude that with m = 27,
m—1 1 1
[Tz| < [lzf| = Cmklz|m — |||k

for j — o0.)



Chapter 13
Families of extensions

13.1 A universal parametrization of extensions

We have seen in Chapter 12 that a closed, densely defined symmetric operator
S in general has several selfadjoint extensions: When S is lower bounded
with a nontrivial nullspace, there is the Friedrichs extension established in
Section 12.5, but there is also the von Neumann or Krein extension defined in
Exercise 12.23 when m(S) > 0. When S has equal deficiency indices (finite or
infinite), cf. (12.27), there is a family of selfadjoint extensions parametrized
by the family of linear isometries (unitary operators) of R(S + iI)* onto
R(S —iI)*, cf. Exercise 12.19.

The latter family has been used in the study of boundary conditions for
ordinary differential operators (where the deficiency indices are finite) in the
classical book of Naimark [N68], and more recently e.g. by Everitt and Markus
in a number of papers and surveys, see for example [EM99].

For partial differential operators of elliptic type, one is often in a position
of having a symmetric and injective operator to depart from; here there is
another family of extensions that has proved to be particularly adequate,
as initiated by Krein [K47], Vishik [V52] and Birman [B56], and more fully
developed by Grubb [G68], [G70].

We shall give an introduction to this theory below. Since the theory works
also in nonsymmetric cases, we begin with a more general situation than the
search for selfadjoint extensions of symmetric operators.

There is given a complex Hilbert space H with scalar product (u,v)y and
norm ||u|| g, usually denoted (u,v) and ||u||, and two densely defined closed
operators Ap and Aj satisfying

Ao C (AL, Al C (Ao)". (13.1)

We denote
(Ap)" = A1, (Ag)* = Al (13.2)

373
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Moreover, there is given a closed densely defined operator Ag having a
bounded, everywhere defined inverse Agl and satisfying

Ag C Ag C Ay; then also Ay C A C A, (13.3)

and (A%)~" = (Agl)* (cf. Theorem 12.7). We shall denote by M, resp. M/,
the family of linear operators A (resp. A') satisfying

Ao C AC Ay, resp. Ay c A' c A (13.4)

note that a closed operator A is in M if and only if A e M.
Observe in particular that when Ag is symmetric and Ag is selfadjoint, we
can obtain this situation by taking

Ay= Ao, Ah=Ag A=A =A; M=M. (13.5)

we call this situation the symmetric case.

In the applications to partial differential operators A on an open set 2 C
R™, Ao will be the minimal operator in Ly(2) defined from A, and A; will be
the maximal operator in Lo(§2) defined from A, cf. Chapter 4, and the A are
the realizations of A. In elliptic cases one can often establish the existence of
an operator Ag satisfying (13.3). The family of realizations A are viewed as
the general extensions of Ayp.

For simplicity in the formulas, we shall use the convention that for all the
operators A in M (acting like A1), we can write Au as Au without extra
markings. Similarly, when A € M, we can write A'v instead of A'v.

The domains D(A) of closed operators are closed with respect to the graph
norm [[ulla = ([[ull? + || Aul|?).

By use of Ag we can establish the following basic decompositions of D(A;)
and D(A}).

Lemma 13.1. There are decompositions into direct sums:
D(A1) = D(Ap)+Z(A1), D(A}) = D(Ap)+Z(Ay); (13.6)
here we write u € D(A;) resp. v € D(A}) in decomposed form as
u=1ug+uc, vV=uvg +uve, (13.7)
with the notation for the hereby defined decomposition maps

prg: D(A1) — D(Ap), pre: D(Ar) — Z(Ar),

, . , , (13.8)
pI’B/ : D(Al) — D(Aﬁ), pI’C, : D(Al) — Z(Al)'

The maps are projections and satisfy
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prg:u— Azl Au, prg v (Ap) AN, (13.9)
pro =1 —prg, pre =1-—prg,

and they are continuous with respect to the graph norms.

Proof. Clearly, D(Ap)+Z(A1) C D(Ay). Define prg by (13.9); it sends D(A;)
into D(Ag) and is continuous with respect to the graph norm:

Iprgull® + [[Aprgull® = A5  Aul® + | Aull? < (| A5 > + 1)l Aull*.

Then pr, defined in (13.9) is also continuous in the graph norm; and this
operator maps D(A;) into Z(A;) since

A(u — AglAu) = Au— Au=0.

It is immediate to check that prg prg = prg. Then also pre pre = (I —prg) (I —
prﬁ) = pr¢, and prgpre = prg — prg prg = 0, so the operators are projections
onto complementing subspaces.

There is a similar proof for D(A}). O

Note that the injections of D(Ag) and Z(A;) into D(A;) are likewise
continuous in the graph norm (they are closed subspaces), so the mapping

u— {prgu,preu} from D(Ar) to D(Ag) x Z(A1) (13.10)
is a homeomorphism with respect to graph norms. The notation is such that

prgu:u5, pI’CU:UC,
prﬁ/ v ="vp, prc/ UV =g

(13.11)

These projections, called the basic projections, are generally not orthogonal
in H.

In the following, the notation Uy is used for the orthogonal projection of
an element or subspace U of H into a closed subspace V' of H. The orthogonal
projection operator from H to V is denoted pry, .

For simplicity in the notation, we shall henceforth denote

Z(A) =2, Z(A) =2
Lemma 13.2. For u € D(A;), v € D(A}), one has

(Au,v) — (u, A'v) = (Au,ver) — (ue, A'v)

13.12
= (Au)z,v0) = (s (A'0)2). e
Proof. Since Au = Aug, A'v = A’'vg, we can write

(Aua U) - (ua Alv) = (Auﬁv vgr + UC') - (Ug =+ u¢, A/Uﬁ’)
= (Aug,v) — (u, A'vg:) + (Au, ver) — (ue, A'v).
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Here
(Aug,vp) — (ug, A'vg) =0,

since ug and vg belong to the domains of the adjoint operators Ag and Aj.
In the remaining terms, (Au,ve) = ((Au)z/,ver) since v € Z', and similarly
(UC, AU) - (UC, (AU)Z) o

We say that 57,52 is a pair of adjoint operators, when 51 = S5, Sy = ST;
in particular, they are closed.
The heart of our construction lies in the following result:

Proposition 13.3. Let A e M, A* e M be a pair of adjoint operators.
Define

D(T) = pr; D(A), V = D(T),

~ (13.13)
D(Th) = pres D(AY), W = D(Th),
closures in H. Then the equations
Tuc = (Au)w, for u € D(A), (13.14)
define an operator T : V' — W with domain D(T); and
Tyvwe = (A'v)y, forve D(AY), (13.15)

define an operator Ty : W — V with domain D(Ty). Moreover, the operators
T and Ty are adjoints of one another.

Proof. Note that V' and W are closed subspaces of Z resp. Z’. When u €
D(A) and v € D(A*), then in view of Lemma 13.2,

0 = (Au,v) — (u, A'v) = (Au,ve) — (uc, A'v),
so that, since u¢c € V and ver € W,
((Au)w,ver) = (uc, (A'v)v), when u € D(A), v e D(A®). (13.16)

We shall show that the set G C V' x W defined by

G = {{uc, (Av)w} | u e D(A)} (13.17)

is a graph, of an operator T from V to W with domain D(T') defined in
(13.13). For this, we have to show that for the pairs in (13.17), uc = 0
implies (Au)w = 0 (recall Lemma 12.3). So let u¢ = 0 for such a pair. Then
by (13.16),

((Au)w,ve) = 0 for all v € D(A*). (13.18)
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But here ves runs through a dense subset of W, so it follows that (Au)w = 0.
Thus G is the graph of an operator T from V to W; its domain is clearly
D(T') defined in (13.13).

The proof that (13.15) defines an operator 77 : W — V with domain
D(Ty) defined in (13.13) is similar.

Note that T and T} are densely defined, so that they have well-defined
adjoints T* : W — V and T} : V. — W. By (13.16),

(TUJQ*,’UC/)W = (u§,T1U§/)V for all u¢ € D(T), ver € D(Ty), (13.19)

so T' C T}. We shall show that this inclusion is an equality.
Let z € D(T}) (which is contained in V' C Z). Define

w=z+ AZTy 2 (13.20)
clearly € D(A;) with
rg = Angfz, xe =2z, Az =T 2. (13.21)
We have for all v € D(A*):
(Az,v) — (2, A'v) = (Az,v¢) — (2, A'v) by Lemma 13.2
= (T} z,v¢) — (2, (A'v)y) since z € V
= (T{z,v¢) — (2,Thve) = 0, by definition of 7.
Since v is arbitrary in D(A*), it follows that z € D(A**) = D(A), and then

z=prez € D(T), as was to be shown.
There is a similar proof that T} = T™*. a

Proposition 13.3 shows how every pair of adjoints AeM, A e M, gives
rise to a pair of adjoints T : V. — W, T* : W — V with V and W being
closed subspaces of Z, resp. Z’. The next proposition shows that all choices

of such pairs of adJOIth are reached in a one-to-one way, and gives formulas
for the domains D(A), D(A*) corresponding to T, T*.

Proposition 13.4. Let V and W be closed subspaces of Z, resp. Z', and
let T:V — W, T": W — V be a pair of adjoint operators (generally
unbounded). Define the operators A C Ay, A" C A} by
D(A) = {u € D(A1) | uc € D(T), (Au)w = Tuc}, (13.22)
D(A) = {v € D(4}) | v € D(T*), (A'v)y = T*vc'}; (13.23)

they are in M _resp. M'. They are adjoints of one another, and the operators
derived from A A* by Proposition 13.3 are exactlyT -V — W, T* . W — V.
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Ifr:V—-W,T*: W — V, are operators derived from a pair of adjoints
AeM, A e ./\/l’ by Proposition 13.3, then the formulas (13.22), (13.23)
give back the domains D(A), D(A*).

Proof. Let A and A’ be given by (13.22), (13.23); they clearly extend Ap
resp. Aj). It follows by use of Lemma 13.2 that for u € D(A), v € D(A),

(Au,v)—(u, A'v) = (Au)w, ver) = (uc, (Av)v) = (Tu¢,ver) —(u¢, T v¢r) =0,

in view of the definitions of A and A’. So A and A’ are contained in each
other’s adjoints. We have to show equality, by symmetry it suffices to show
that A* C A’.

Let v € D(A*). Since Ay is closed with a bounded inverse, its range is

closed, so
H = R(A)® 7', (13.24)

orthogonal direct sum. In particular, R(Ay) L W. Therefore any element
u = z+A§1Tz+a:, where z € D(T) and x € D(Ay), is in D(A), since u¢ = z
and (Au)w = (Tz + Az)w = T'z. We have for all such u, using Lemma 13.2
again:

0= (Au,v) — (u, A'v) = (Tz+ Az,ve) — (2, Av) = (Tz,v¢) — (2, (A0)v).

Since z is arbitrary in D(T), this shows that ve € D(T*) with T*vo =
(A'v)v, and hence, by definition, v € D(A’). So D(A*) ¢ D(A’), and since
A c A*, it follows that A’ = A*. It is now also obvious that 7' and T*
are determined from A and A* as in Proposition 13.3. This shows the first
statement in the proposition.

Finally to see that the pair that givesrise to T': V — W and T* : W — V
is unique, let A, A* be the pair defined by (13.22), (13.23), and let B, B* be
another pair that givesriseto T : V — W and T* : W — V as in Proposition
13.3. Then according to (13.13)—(13.15) and (13.22)—(13.23),

D(A) D D(B), D(A*) > D(B*).
It follows that A > B and A* O g*, but this can only happen when A=B.
O

The two propositions together imply:

Theorem 13.5. There is a_one-to-one correspondence between all pairs of
adjoint operators Ae M, A e M, and all pairs of adjoint operators T :
VoW, T : W =V, where V and W run through the closed subspaces of
7 resp. Z'; the correspondence being given by

D(A) = {u € D(Ay) | u¢c € D(T), (Au)w = Tuc}, (13.25)
D(A*) = {v e D(4}) | ver € D(T), (A'v)y = T v }. (13.26)
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In this correspondence,

D(T) = pre D(A), V = D(T), (13.27)
D(T*) = pre, D(A%), W = D(T*). (13.28)

The formulation is completely symmetric in A and A*, and in T and T*.
The pair A A* is of course completely determined by the closed operator
A e M, so we need only mention A; similarly we need only mention T :
V' — W. Before we formulate this in a corollary, we shall show another useful
description of A in terms of 7.

Theorem 13.6. When A corresponds toT' : V. — W as above, the mapping
\I/:{Z,f,U}HUZZ—FAEl(TZ—Ff)—F’U (13.29)
defines a bijection
U :D(T) x (Z2' & W) x D(4g) = D(A), (13.30)

homeomorphic with respect to graph norms on D(T), D(Ag) and D(A) and
the H-norm on Z' © W (in a sense a graph norm too).

Proof. Let u = 2+A51(Tz+f)+v, with {z, f,v} € D(T)x(Z'&W)x D(Ap).
Clearly, u belongs to D(A1), with u¢c = z, ug = Agl(Tz + f) + v according
to the decomposition in Lemma 13.1. Moreover, Au = Tz + f + Av, with
TzeW, feZ oW and Av € R(Ay), so since

H=Wo (Z cW)® R(A) (13.31)

(recall (13.24)), (Au)w = Tz. Thus u € D(A) according to (13.25).

Conversely, when u € D(A), we can decompose Au according to (13.31),
setting f = (Au)zew, v = Agl[(Au)R(AO)]. Then v € D(Ap). Here u =
uc + ug, where ug = AglAu, and u¢c € D(T), (Au)w = Tuc by assumption.
Then

U =uc¢ —l—AElAu = u¢ —I—Agl(TuC + [+ Av) = uc¢ —I—Agl(Tuc + f) 4w,

where uc € D(T), f € Z'©W and v € D(Ap). This shows that the mapping
VU is surjective. The injectiveness is easily shown by use of (13.31).

The continuity (with respect to graph norms) is easily verified, and then
the inverse is likewise continuous (in view of the open mapping theorem or
by a direct verification). O

As a consequence of Theorems 13.5 and 13.6 we can now formulate:

Theorem 13.7. There is a one-to-one correspondence between all closed op-
erators A € M and all operators T : V. — W, where V and W are closed
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subspaces of Z resp. Z', and T is closed with domain D(T) dense in V'; the
correspondence is defined by (13.25), (13.27).
The domain D(A) is also described by (13.29), (13.30).

There are many results on how properties of A are reflected in proper-
ties of T in this correspondence. We begin with the following, that follow
straightforwardly from the formulas:

Theorem 13.8. Let A € M correspond to T : V. — W as in Theorem 13.7.
Then: _ _

1° Z(A) = Z(T). In particular, dim Z(A) = dim Z(T'), and A is injective
if and only if T is so.

2° R(A) has the following decomposition:

R(A) = R(T)+ [(Z' © W) @& R(Ap)], (13.32)
where also the first sum is orthogonal. In particular, R(g) is closed if and
only if R(T) is closed, and in the affirmative case, H & R(A) = W & R(T).
The ranges ofA' and T (in H resp. W) have the same codimension, and A
is surjective if and only if T is so.

3° A is Fredholm, if and only if T is so, and then they have the same
indez.

Proof. 1°. Let uw € Z(A). Then u¢ = u, and Tu¢ = (Au)w =0, sou € Z(T).
Conversely, if u € Z(T), then u € D(A) (take f and v equal to 0 in (13.29)),
so since u € D(A)N Z, Au = 0.

2°. By the proof of Theorem 13.6 and (13.31), the general element of
R(A) is orthogonally decomposed as ¢ = Tz + f + Av, where z € D(T),
feZ' oW and Av € R(Ap); this gives the decomposition (13.32). Here
Z'& W and R(Ag) are closed, so closedness of R(A) holds if and only if it
holds for R(T"). Moreover, if they are closed, the orthogonal complement of
R(A) in H equals the orthogonal complement of R(T) in W.

The remaining statements are straightforward consequences. (Fredholm

operators are explained in Section 8.3.) o

Note that
(Z' e W)@ R(Ag)] = HOW. (13.33)

In the case where A and T are injective, we have a simple formula linking
their inverses.

Theorem 13.9. Let A € M correspond to T : V. — W as in Theorem 13.7.

Assume that A is injective, then so is T. Define T~V as the linear extension

of
1y, JT7'f when f e R(T),
= {0 when fe€ HoOW. (13.34)



13.1 A universal parametrization of extensions 381

Then _ -
A7 = Agl + T, defined on R(A). (13.35)

Proof. Let f € R(A). Let u = A1 f, v = Aglf. Then u — v = z, where
z € Z. By the definition of T', z belongs to D(T) and Tz = (Au)w = fw.
Therefore fi € R(T), and

TEVf =T fy =2
Inserting this in v = v 4 2, we find
ATV =AG TV,
which proves the theorem. a

When U C X, we use the notation iy_ x for the injection of U into X.
Then (13.35) may be written

A7t = A5 +iy_y T ' pry, on R(A). (13.36)

Example 13.10. A simple example of the choice of T" is to take V = Z,
W =2',T =0on D(T) = Z. This corresponds to an operator in M that
we shall denote Ay (M here indicates that it is maximal in a certain sense).
Since Z' © W = {0}, we see from Theorem 13.6 that D(Ay) = D(Ag) + Z.
The adjoint A%, corresponds to T equal to the zero operator from Z’ to Z,
so it is completely analogous to As, with D(A%,) = D(Ap) + Z'.

In the symmetric situation where (13.5) holds, we see that Ay is selfad-
joint. Moreover, it is the only selfadjoint extension of Ay containing all of Z
in its domain. Namely, any extension of Ay having Z in its domain must ex-
tend Ay, hence cannot be selfadjoint unless it equals A,;. In the case where
m(Ap) > 0, Aps is the extension of J. von Neumann, see Exercise 12.23.

Example 13.11. As an elementary illustration of Theorem 13.7, consider a
Sturm-Liouville operator (also studied in Exercises 12.25 and 4.11-4.15):
Let A be the differential operator Au = —u” + qu on I =]a, 5[, where
q(t) > 0, continuous on [a, #]. Let Ag be the closure of A|cse (as an operator
in H = Ly(I)); it is symmetric. Let A; = Aj. In other words, Ay is the
minimal operator Ay, and A; is the maximal operator Apax (the Lo weak
definition of A). It is known from Chapter 4 that D(A;) = H?(I) and

D(Ao) = Hy(I) = {u € H*(I) | u(a) = u(a) = u(f) = u'(B) = 0}.
Together with A we can consider the sesquilinear form
a(u,v) = (v, v') + (qu,v), wu,v € HY(I)

(scalar products in La(I)). Let Vi3 = H(I), Vo = H}(I). Clearly, a is V;-
coercive and > 0; moreover, its restriction ag to H} (I) is Vo-elliptic in view of
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the Poincaré inequality (Theorem 4.29). The variational operator A, defined
from the triple (H, Vy, ao), acts like Ay with domain D(A.) = H2(I)NH (1);
it is invertible with A7' € B(H), and is the Friedrichs extension of Ag. We
take Ag = A,.

The nullspace Z of A; is spanned by two real null solutions z1 (t) and z5(t)
with z1(a) = 0, 2j(a) # 0, resp. z2(8) = 0, z5(8) # 0 (they are linearly
independent since D(A,) N Z = {0}). Defining

e (i) e (5655)

we have the Lagrange (or Green’s) formula
(Au,v) — (u, Av) = y1u - Yov — You - Y1v, for u,v € H*(I). (13.37)

A simple calculation shows that the mapping 7o : Z — C? has the inverse
K : C? — Z defined by

K : <i;) = (21(t) 22(1)) <1/z(2)(04) l/z(l)(m) (i;>

(called a Poisson operator in higher dimensional theories). Let us also define

@) @)= .
P=mk= (—Z(ﬂ)/zQ(a) —i«aw)/zl(ﬁ)) ’

note that the off-diagonal entries are nonzero. An application of (13.36) to
zZ,w € 7,

0= (Az,w) — (2, Aw) = 12 - Yow — Y0z - 1w = Pyoz - Yow — Y02 - Pyow,

shows that P* = P. (P is often called the Dirichlet-to-Neumann operator.)

Consider an operator A for which V. = W = Z ; we shall investigate the
meaning of 7T'. In the defining equation

(Au, 2) = (Tuc, z), for u € D(A), z € Z, (13.38)
we rewrite the left-hand side as
(Au, z) = (Au, z) — (u, Az) = yiu - Y02 — You - v12 = (y1u — Pyou) - Yoz,
and the right-hand side (using that youc = you) as
(Tuc, z) = (TKvue, Kvz) = (TKvyu, Kvz) = K*TKyou - yoz.

Set K*TK = L (this carries the operator T : Z — Z over into a 2 X 2-matrix
L), then (13.38) is turned into
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(vit — Pyou) - 0z = Lyou - Y02, for u € D(A), z € Z.
Since oz runs through C2, we conclude that for u € D(g), Yyiu — Pyou =
Lyou, or,
mu = (L + P)you. (13.39)

Conversely, when u € H?(I) satisfies this, we see that (13.38) holds, so u €
D(A). Thus A is the realization of A determined by the boundary condition
(13.39). Note that (13.39) is a general type of Neumann condition.

Some examples: If 7' = 0, corresponding to L = 0, (13.39) is a nonlocal
boundary condition (nonlocal in the sense that it mixes information from
the two endpoints « and ). The local Neumann-type boundary conditions
W' (a) = byu(e), —u/(8) = byu(f3), are obtained by taking L = (% 2 ) — P.
Properties of A are reflected in properties of L, as shown in the analysis of
consequences of Theorem 13.7 (also as followed up in the next sections).

As a case where V and W are nontrivial subspaces of Z, take for example
V = W = spanz;. Then T is a multiplication operator, and A represents a
boundary condition of Neumann type at «, Dirichlet type at 5 (u(8) = 0).

For PDE in dimension n > 1, the nullspaces Z and Z’ will in general have
infinite dimension, and there are many more choices of T': V' — W. Elliptic
cases have some of the same flavor as above, but need extensive knowledge
of boundary maps and Sobolev spaces, cf. [G68]-[G74], [BGWOS].

13.2 The symmetric case

In this section, we restrict the attention to symmetric Ag. It can be shown in
general that when Ag is a symmetric, closed, densely defined operator in H
with a bounded inverse, then there exists a selfadjoint extension Ag (J. W.
Calkin [C40], see also the book of F. Riesz and B. Sz.-Nagy [RN53], p. 336).
Then we can obtain the situation where (13.5) holds, the symmetric case. If
Ay is lower bounded, we can take for Ag the Friedrichs extension of Ag (cf.
Theorem 12.24); for this particular choice, Ag will be called A, .

When (13.5) holds, there is just one nullspace Z and one set of decomposi-
tion projections prg, pr. to deal with. Then we get as an immediate corollary
of Theorems 13.5 and 13.7:

Corollary 13.12. Assume that (13.5) holds.

Let A correspond toT :' V — W as in Theorem 13.7. Then A is selfadjoint
if and only if: V.=W and T is selfadjoint.

In more detail: If V' is a closed subspace of Z andT : V' — V is selfadjoint,
then the operator A C Ay with domain

D(A) = {u € D(Ay) | uc € D(T), (Au)y = Tuc} (13.40)
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is a selfadjoint extension of Ag. Conversely, zfA' € M is selfadjoint, then the
operator T : V — V, where

D(T) =pr; D(A), V =D(T), Tuc=(Au)y for u€ D(A), (13.41)
is selfadjoint.

It is also easy to see that A s symmetric if and only if V. C W and
T :V — W is symmetric as an operator in W, and that A is maximal
symmetric if and only if T is so. _

In the following, we consider throughout the situation where A corresponds
toT :V — W as in Theorem 13.7, and shall not repeat this every time. The
following observation will be important:

Lemma 13.13. When (13.5) holds and V. C W, then

(Au,v) = (Aug,vg) + (Tuc, ve), (13.42)

for all u,v € D(A).
Proof. This follows from the calculation

(Au,v) = (Au,vp) + (Au,vc) = (Aug, v5) + (Au, v)
— (Aug, vg) + (Aw)w,v) = (Aug,vg) + (Tug, ve),

where we used that v € V' C W for the third equality, and that (Au)w = Tu¢
for the last equality. O

Now we shall consider lower bounded extensions, in the case where Ag
is lower bounded. We can assume that its lower bound is positive. Part of
the results can be obtained for general Ag (cf. [G68], [G70]), but the most
complete results are obtained when Ag equals the Friedrichs extension A,.
Recall from Section 12.5 that A, is the variational operator defined from
(H,Vy,a), where Vj (called V' in Section 12.5) is the completion of D(Ap) in
the norm |Jul|v, = (Aou,u)2, and a(u,v) is the extension of (Agu,v) to Vp.
In particular, D(Ag) is dense in V; (and A, is the only selfadjoint positive
extension of Ay for which D(Ap) is dense in the sesquilinear form domain).
To simplify the presentation, we go directly to this case, assuming

m(Ao) > 0, Ag = A’Y’ (1343)

and recalling from Theorem 12.24 that m(A,) = m(Ap). The results in the
following are from [G70].

Lemma 13.14. Assume that (13.5) and (13.43) hold.
If for some A € C, ¢ > 0,

|(Au, u) — Mull?] = ¢lull? for all u e D(A), (13.44)
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then

Vew, (13.45)
(Tz,2) — Nz||?| > ¢||z||* for all z € D(T). (13.46)

Proof. By Theorem 13.6, the general element of D(A) is u = 2+ AT T2+ )+
v, with {2, f,v} € D(T)x(Z&W)xD(Ag); here u¢c = z, uy = AS (T2 f)+v.
For such u,

(Au,u) = (Au, uy + u¢) = (Auy, uy) + (Tz + [+ Av, ue)

= (Auy, uy) + (T2, 2) + (£, 2), (13.47)

where we used in the last step that Av € R(Ap) L Z. Now assume that
(13.44) holds, i.e.,

} (Au,u

|u|2) - )\‘ > ¢, all u € D(A)\ {0},

then in view of (13.47),

’ (Auy,uy) + (Tz,2) + (f, 2

)
_ > . '
[y + 2|2 A‘ z ¢, all{z, f,v} #0 (13.48)

We shall now use that D(Ag) is dense in Vy = D(ay), where Vy C H
algebraically, topologically and densely (cf. (12.36)ff.). For any given z €
D(T) and f € Z&W, let v; be a sequence in D(Ay) converging to A (T'z+f)
in Vo-norm. Then uy, = A7 (Tz + f) — vx € D(A,) and satisfies

uelly, = (Aug,ur) — 0, and a fortiori |jug |z — 0, for k — oco.

Inserting the terms defined from the triple {z, f, —vx} in (13.48) and letting
k — oo, we conclude that

}(Tz,z)—l—(f,z

'
— Al > h . 134
BE Al > ¢, when z #0 (13.49)

This can be further improved: Note that if (f, z) is nonzero for some choice of
z€ D(T), f € Zo W, areplacement of f by (faz)f in the inequality (13.49)
gives
‘ (Tz,2)+a
1212

which cannot hold since some choice of a will give 0 in the left-hand side.
Thus (f,z) =0 for all z € D(T), f € Z© W, so the closure V of D(T) in Z
must satisfy V' C W. This shows (13.45), and then (13.49) simplifies to give
(13.46). O

—)\‘zc, any a € C,
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This has an immediate consequence for the numerical ranges (cf. (12.21)):

Theorem 13.15. Assume that (13.5) and (13.43) hold, and let A correspond
toT:V — W as in Theorem 13.7.
If v(A) is not all of C, then V.C W, and

v(T) C v(A). (13.50)

Proof. Let v(A) # C; then since v(A) is convex (Exercise 12.34(e)), it is

contained in a half-plane, and so is ¥(A). By definition, a number A € C has

a positive distance to v(A) if and only if (13.44) holds for some ¢ > 0, i.e.,

A€ C\v(A). Such N's exist, so V .C W, by Lemma 13.14. The lemma shows

moreover that A € C\ v(4) implies A € C\ v(T), so (13.50) holds. O
One can also get information on spectra:

Corollary 13.16. Assumptions as in Theorem 13.15.

1° If A and A* both have the lower bound a € R, then V. =W, and T and
T* have the lower bound a, their spectra being contained in {A € C | Re X >
a}.

2° Assume moreover that A is variational, with numerical range (and
hence spectrum) contained in an angular set

M={\eC||Im) <ci(ReA+k), ReA > a} (13.51)

(recall that then A* has the same properties). Then V.=W, and T and T*
are variational, with numerical ranges and spectra contained in M.

Proof. 1°. The preceding theorem applied to A gives that V.C W and m(T) >
a, and when it is applied to A* it gives that W C V and m(T*) > a. The
statement on the spectra follows from Theorem 12.9. _ _
2°. Since A is variational (cf. Corollary 12.191f.), so is A*. When v(A) C
M, the associated sesquilinear form a has v(a) C M (cf. (12.60), (12.61)), so

A* likewise has its numerical range (and both A and A* have their spectra)
in M; cf. Theorem 12.18. Theorem 13.15 implies immediately that 7" and T™*
have their numerical ranges in M. Now Theorem 12.26 implies that 7" and
T* are variational, with spectra in M. a

In the converse direction we find:

Theorem 13.17. Assume that (13.5) and (13.43) hold, and let A correspond
toT:V — W as in Theorem 13.7.

Assume that V. .C W.

1° If m(T) > —m(A,), then

= m(A,) +m(T) (13.52)
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In particular, m(T) > 0 (> 0) implies m(A) >0 (resp. > 0).
2° If, for some 0 €] — /2, m/2[, m(e?’T) > —cos@m(A.,), then

cos O m(A,)m(eT)

m(eA) 2 cosm(Ay) +m(e?T)’

(13.53)

Proof. 1°. For u € D(A) \ {0}, we have since V .C W (cf. Lemma 13.13),

Re(Au,u)  Re((Auy,uy) + (Tuc, uc))

_ m(Ay)[luy[* + m(T) [Juc||?
2 [y + e

>
- [y + ucl?

(13.54)
When m(T") > 0, the numerator is > 0 for all u, so we can continue the

estimate by

m(As)[luy [+ m(T) [[ucl* _ m(Ay) uql* + m(T)[Juc|*

> (13.55)
[y + ucll? (sl + lucl)?

For the function f(z,y) = (ax®+£y?)(r+y) "2 with a > 0, 3 > 0, considered
forz >0,y >0, (x,y) # (0,0), one easily shows the inequality

fa,y) = afla+ 67

by finding the minimum of f(¢,1) for ¢ > 0. This implies (13.52) when m(T") >
0.

When m(T) < 0, we cannot get (13.55) in general, since the numerator
can be negative. But when 0 > m(T") > —m(A,), we can instead proceed as
follows:

If m(A,)|luy||? +m(T)|luc||* > 0, we have that Re(Au, u) > 0, confirming
(13.52) for such w. It remains to consider the u for which m(A,)|lu,|* +
m(T)|u¢||* < 0. This inequality implies that u¢ # 0, and that ¢ = [Ju.||/|Juc|]
satisfies ) )

t= llus I/ llucll < (=m(T)Em(a,)~F < 1.

Then since [Juy + ucl|* > (JJuy || = [Jucl])? > 0, we find that

m(Ay)lluy[* +m(D)lucl® o m(Ay)lluyl|* +m(T)|uc|®
[y + ucl? - (luy[l = Tlucll)?
_ m(Ay)t* +m(T)
t—1)2 7

since the numerator is negative. The function g(t) = (at?> +3)(t—1)2, a > 0,
0 > 8 > —a, defined for 0 < ¢t < (—ﬂ)éoﬁé, obtains its minimum at
t = —fB/a with value af(a + 3)~!. This confirms (13.52) for such u. The
last statement in 1° is an immediate consequence.

2°. The same proof is here applied to the operators multiplied by e, and
leads to the result since m (e A.) = cos@m(A,) > 0. |
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The condition m(e®T) > — cos @ m(A,) means geometrically that v(T) is
contained in a half-plane in R? lying to the right of the point (—m(A,),0)
on the real axis; more precisely it is the half-plane lying to the right of the
line through (m(e?T)/ cos,0) with angle § + 7/2 to the real axis.

Im

v(T)

—m(Ay) m(e'? Re
cos 6 0

Two inequalities m(e**T) > b valid together, with b > — cosfm(A.,),
0 €]0,7/2[, mean that v(T') is contained in

M ={XeC||ImA| <cotf (ReX—b/cosb)} (13.56)
with b/ cosf > —m(A,) (a sector to the right of (—m(A4,),0)).

Remark 13.18. This theorem only applies when the lower bound of T resp.
e’T is “not too negative”. It can be shown by a greater effort that if AS 1
is a compact operator in H (as it often is in the applications), then one gets
lower boundedness of ¢ A for any lower bounded €T, see [G74].

Theorem 13.17 also holds when A, is replaced by a general Ag with pos-
itive lower bound, cf. [G68], [G70]. However, the extended version in [G74],
where the condition m/(T") > —m(A,) is removed when A7' is compact, uses
the particular properties of A,.

We shall now study variational extensions in terms of the associated
sesquilinear forms.

Let A be variational, associated with the triple (H, D(a),a). (We here
denote by D(a) the Hilbert space where a is defined and bounded, earlier
called V in Sections 12.4, 12.6.) As observed in Corollary 13.16, V = W, and
g*, T and T™ are likewise variational, with numerical ranges and spectra in
the set M (13.51) defined for A.

Theorem 13.19. Assume that (13.5) and (13.43) hold, let A be a variational
operator associated with a triple (H,D(a),a), and let T : V. — V be the
corresponding variational operator as in Corollary 13.16, associated with the
triple (V, D(t),t).
Then
D(a) = D(ay)+D(t), with D(t) = D(a)N Z, (13.57)
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the projections pr., and pr. extending continuously to this direct sum, and

a(u,v) = ay(uy, vy) + t(ue, ve), foru,v e D(a). (13.58)
Proof. We have from Lemma 13.13 that (13.58) holds for u,v € D(A), and
we want to extend this to D(a). To see that D(t) C D(a), let z € D(t) and
let z € D(T), converging to z in D(t) for k — oo; then it also converges
in H. Since A;'Tz, € D(A,), and D(Ap) is dense in D(a,), we can choose
vg € D(Ap) such that wy, = v + A;szk — 0 in D(ay), hence in H. Now

ug = wy, + 2z € D(A) (cf. Theorem 13.6), and ux — 2z in H. Moreover, since
pr'y U = wkv prg Uk = zkv

a(up—ug, up—up) = ay (Wi —wy, wy—wy) +t(zx—21, 2, —21) — 0, for k, 1 — oo,

which implies that u; has a limit in D(a); this must equal z. Hence z € D(a).
Since Ao C A, D(a,) C D(a) and we conclude that

D(a,) + D(t) C D(a). (13.59)

We next show that
D(ay) N D(t) = {0}. (13.60)

Here D(t) C V C Z, so it suffices to show that
D(ay) N Z = {0} (13.61)
But if z € D(ay) N Z, let u, € D(Ap) converge to z in D(a,); then

ay(z,z) = lim a,(ux, 2) = leII;O(Aguk, 2)g =0,

k—oo

since R(Ap) L Z. Then z = 0 since m(a) > 0.

If m(A) > 0, we are almost through, for the real part of the identity (13.58)
that we know is valid for v = v € D(A),

Rea(u,u) = ay(uy, uy) + Ret(uc, uc) (13.62)

shows, since all three terms are squares of norms (on D(a), D(a) resp.
D(t)), that the maps pr, : D(a) — D(a,) and pr. : D(a) — D(t) extend
from the dense subset D(A) to continuous maps from D(a) to D(ay) resp.
D(t); they remain projections, and must have linearly independent ranges in
view of (13.59) and (13.60). The second statement in (13.57) is obvious from
(13.60) ff. The identity (13.58) follows by extension by continuity.

If m(g) < 0, we have to do a little more work: Choosing a large constant
1 such that m(g + u) > 0, we can apply the preceding argument to the
setup with ,ZL Ay resp. T : V. — V replaced by A+ w, Ay + p resp. T, :
Vi = Vi (Vi © Z(As1 + p)); here D(A + ) = D(A), D(A, + 1) = D(A,),
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D(a+ p) = D(a), D(ay + ) = D(a). Let t,, be the sesquilinear form with
domain D(t,) C V, associated with T,.

Let u € D(a) and decompose it first using D(a + u) = D(a + p)+D(t,)
(by the first part of the proof), and next using D(A;) = D(A,)+Z for z,:

u=v+2z, vE€D(ay),z,€D(ty) CZ(A1+p) C D(A),

13.63
=v+42z1+2, 21 €DA,), z€Z ( )

Then we have inequalities (with positive constants)

lullp@ = clllvlpas,) + lzullDie,))
> cllvllpa,y + ¢ (21l peayy + lz2llm)
> "|lv+ 21llpay) + ¢ N2l a,

since the norm in D(A) is stronger than that in D(a), and the norm in D(¢,,)

is stronger than the H-norm. Let ug € D(A), up — w in D(a); then in the
decomposition (13.63), upy = v + 2k,1 — Uy in D(a,) and ug,¢c = 25,2 — uc
in H. Now we combine this with (13.62) applied to ux — u;; it shows that

Re t(uk)g —ULC, Uk, —ul,g) = Re El(uk — U, U — ul) — a,y(uk,y ULy Uy — ul,,y)

goes to 0 for k,l — 00, S0 zj, 2 is a Cauchy sequence in D(t).

This shows that D(a) C D(a,)+D(t) by the decomposition u = (v+2z1)+
z9 in (13.63), with continuous maps. So we can conclude that (13.57) holds,
and the proof is completed as above. a

The theorem gives a description of all variational operators A € M. In view
of Corollary 13.16, the variational operators T' : V. — V include all choices
(V,D(t),t), where V is closed C Z, D(t) C V algebraically, topologically and
densely, and ¢ is D(t)-coercive with lower bound m(t) > —m(a,). Namely,
such ¢ have

v(t) C{AeC||ImA <c1(ReA+ k), ReA >m(t)} (13.64)
C{AeC||Im\ < (ReXA—m(t) +¢e)} '

for any e, with a possibly larger ¢} (the angular set M is contained in a right
sector with rays emanating from m(t) — €). Then Corollary 13.16 2° applies
toT.

As mentioned in Remark 13.18, the restriction on how negative m(t) is
allowed to be, is removed in [G74] when A7 is compact.

Note that the theorem shows a very simple connection between the forms
@ and ¢: The domain of & is simply the direct sum of D(a-) and D(t), and
the value of @ on D(a,) is fixed. One can choose any V', closed subspace of
Z, and take as D(t) any Hilbert space V; that is algebraically, topologically
and densely injected in V, and among the possible choices of ¢t there are at
least the bounded and Vj-elliptic sesquilinear forms on V. So we have:
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Corollary 13.20. Assume (13.5) and (13.43). The Hilbert spaces U such
that there exists a variational A € M with D(a) = U are the spaces satisfying

D(a,) C U C D(ay)+Z (13.65)
with continuous injections.

The largest possible space U here is D(a.,)+Z. Let t be the zero sesquilin-
ear form on Z; then T is the zero operator on Z, so Ais a selfadjoint ex-
tension of Ay that has all of Z included in its domain and nullspace, since
Z(A) = Z(T), cf. Theorem 13.8 1°. This A equals the von Neumann exten-
sion Aj; considered in Example 13.10. The associated sesquilinear form ap;
satisfies

D(an) = D(ay)+Z,  an(u,v) = ay(uy,v,), (13.66)

in view of (13.58). We can extend Corollary 13.20 as follows:

Corollary 13.21. Assume (13.5) and (13.43). A variational operator A be-
longs to M if and only if the associated sesquilinear form a satisfies (1)—(iii):
(i) D(ay) C D(a) C D(an), with continuous injections;
(i) @D ay;
(ili) a(w, z) = a(z,w) =0, for w € D(ay), z € D(a)N Z.

Proof. The necessity of (i) and (ii) is immediate from (13.57) and (13.58),

and we get (iii) by applying (13.58) with u = w, v =z, or u = 2z, v = w.
For the converse direction, let A be the variational operator associated

with a form a satisfying (i)—(iii). Then A extends Ay, since for all w € D(Ay),

v e D(a),
(Aow,v) = (Aow, vy +v¢) = (Aow, vy) = ay(w, vy) = a(w, v),

where we used R(Ag) L Z in the second step and (iii) in the last step.
Moreover, the adjoint A* has the analogous properties with @ replaced by a*,
so it also extends Ag. Then A € M. O

Restricting the attention to selfadjoint nonnegative operators, we get in
particular:

Corollary 13.22. Assume (13.5) and (13.43). A selfadjoint nonnegative op-
erator A belongs to M if and only if the associated sesquilinear form a sat-
isfies (1)—(iii):

(i) D(ay) C D(a) C D(an), with continuous injections;

(i) @D as;

(iil) a(u,u) > ap(u,u), for u € D(a).

Proof. Here we note that if Ae M, then the corresponding form ¢ is > 0, so
(iii) follows from (13.58).
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In the converse direction, we reduce to an application of Corollary 13.21
by observing that (ii) and (iii) imply, for v € D(a), u = w + 2z according to
the decomposition (13.66),

ay(w,w) = an(u,u) < alw+ z,w+ z)
= ay(w,w) + a(w, 2) + a(z,w) + a(z, z),
hence
a(w, z) + a(z,w) + a(z,z) > 0.

Here w = w + 2z can be replaced by u = aw + z, any « € C, in view of (i).
Taking o = sa(w, z), s € R, gives

2s|a(w, z)| + a(z,z) > 0 for all s € R,

which clearly cannot hold if a(w, z) # 0. Similarly, a(z, w) must equal 0. Then
(iii) of Corollary 13.21 holds, and we can apply that corollary to conclude
that A € M. O

Some historical remarks: Corollary 13.22 was shown by M. G. Krein in
[K47]. Krein introduced a different viewpoint, deducing the result from an-
other equivalent result: The selfadjoint nonnegative extensions of Ag are pre-
cisely the selfadjoint nonnegative operators A satisfying

(A, + D)< A+ <Ay +1)7Y (13.67)

e, (Ay+ 1)UL < (A+ 1) f) < (Aw + 1)71f, f) for all f e H.
The two operators A, and Ay are extreme in this scale of operators; Krein
called A, the “hard extension” and Aj; the “soft extension”. In the sense

of (13.67), or in the sense expressed in Corollary 13.22, the operators A are
the selfadjoint operators “lying between” the hard extension A, and the soft
extension Ajps.

Birman [B56] showed a version of the inequality in Theorem 13.17 for
selfadjoint operators. The parametrization we have presented in Section 13.1
is related to that of Vishik [V52], except that he sets the A in relation to
operators on the nullspaces going the opposite way of our 7’s, and in this
context focuses on normally solvable extensions (those with closed range).

One of the primary interests of the extension theory is its application to
the study of boundary value problems for elliptic differential operators; this
has been developed in a rather complete way in papers by Grubb [G68]-
[G74]. The basic idea relies on the fact that the nullspace Z is in such cases
isomorphic to a suitable Sobolev space over the boundary of the set where
the differential operator acts; then the operator 7" : V. — W can be carried
over to an operator L : X — Y™ where X and Y are spaces defined over the
boundary, and A is seen to represent a boundary condition.
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Such studies use, among other things, the distribution definition of bound-
ary values established in Lions and Magenes [LM68], and pseudodifferential
operators. To illustrate the main idea, we show in Chapter 9 how it is applied
in a relatively simple, constant-coefficient situation, that can be understood
on the basis of Chapters 1-6. More general variable-coefficient applications
are included in the exercises to Chapter 11, which builds on Chapters 7, 8
and 10.

Extension theories have been developed also in other directions, often with
a focus on applications to ordinary differential equations and other cases with
finite dimensional nullspaces. A central work in this development is the book
of Gorbachuk and Gorbachuk, [GG91], with references to many other works.
Extensions are here characterized in terms of so-called boundary triplets. An
important trend in the extension theories has been to replace operators by
relations, as e.g. in Kochubei [K75], Derkach and Malamud [DM91], Mala-
mud and Mogilevskii [MM99], and many other works. Many contributions
deal with extensions of symmetric operators, fewer with extensions of adjoint
couples as in Section 13.1. One of the important issues in such studies is spec-
tral theory, in particular the description of the spectrum and the resolvent in
terms of the associated “boundary operators”.

We shall show below how the results of Section 13.1 can be extended to
cover also resolvent questions. The direct consequences are given in Section
13.3, and the connection with considerations of boundary triplets is explained
in Section 13.4. Here we also describe a recent development where boundary
triplets are introduced in subspace situations; in the study of closed exten-
sions as in Section 13.1, this replaces the need to discuss relations.

13.3 Consequences for resolvents

We now return to the general setup of Section 13.1, and consider the situation
where a spectral parameter A € C is subtracted from the operators in M.
When \ € 9(Ag), we have a similar situation as in Section 13.1:

Ag—ACAg—ACAI— X Ay—ACA;—ACA -\ (13.68)

and we use the notation M, /\/l';\ for the families of operators A=\ resp.

A’ — X, and define
Z(A =) = 2, Z(AL-N) = Z;
pry = (Ag — N)7HA = N), pry = (45— X714 - N), (13.69)
pré‘ =1- prf}, pré‘, =1- prg},,

the basic A-dependent projections. We denote prg u = ug, prg‘ u = ug‘, etc.
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The following is an immediate corollary of the results in Section 13.1:

Theorem 13.23. Let A € o(Ag). There is a 1-1 correspondence between

the closed operators A — X in M and the closed, densely defined operators
T : Vi — Wy, where Vy and W, are closed subspaces of Zy resp. Z§\; here

D(I*) =pr} D(A), Vy=D(T*), W;s=pr) D(A*),
TAué = ((A=Nu)w, forue D(A), (13.70)
D(A) = {u € D(A1) | u} € D(T), (A = Nw)w, =T ul}.

In this correspondence,

_ R (13.71)
R(A—X)=R(T") + (H e Wy),
orthogonal sum. In particular, if A= \is injective,
(A= N1 = (A5 = N +iv—n (T pry, (13.72)
on R(A— ).
Proof. The first part is covered by Theorem 13.7, and the formulas in (13.71)
and (13.72) follow from Theorems 3.8 and 3.9; see also (13.36). O

In the literature on extensions, formulas describing the difference between
two resolvents in terms of associated operators in other spaces are often called
Krein resolvent formulas. We see here how Section 13.1 gives rise to a simple
and universally valid Krein resolvent formula (13.72).

The next results have been developed from calculations in [G74, Section
2].

Define, for A € 9(Ap), the bounded operators on H:

E*= A1 (Ag =N =T+ A5 — N7,

FY = (A1 = M)A =T—)AGY

E™ = A (A — N7 =T+ A4 - N7 = (BN,
F™ = (A = N)(Ap) ™ =1 MAp) ™ = (FY).

(13.73)

Lemma 13.24. E* and F> are inverses of one another, and so are E"™ and
F'>. In particular, the operators restrict to homeomorphisms

Ey:7Z25 2\, Fy:2y>2Z,

~

k - 13.74
E% 25725, Fp.Z5 5 7. (s

Moreover, for u € D(A1), v € D(A}),



13.3 Consequences for resolvents 395
pré‘ w=E* pre u, pré u=prgu— NAg — At pre u, (13.75)
pr?, v=E* pres v, pré, v =Dprgv— X(AE -2t pres v '

Proof. To show that E* and F* are inverses of one another, note that for

ve Ay 'H = D(Ag) = D(Ag — \) = (Ag — \) "' H,
one has that v = AglAlv = (Ag — A\)"H(A; — \)v. Hence
EMFAf = Af(Ag — N HAL = NAG f = AlAG f = f;
FAEM = (A1 = NAG A (A = N7 = (A =N (A =N = 1.

There is the analogous proof for the primed operators.
Now E* maps Z into Zy, and F* maps the other way, since

Aju=0 = (A} =N E = (A1 — N)(u+ XAz —\) 1)
= —-Au+Au =0,
(A —Nv=0 = A Frv = A (v — /\Aglv) = v — v =0,

so since E* and F are bijective in H, E* maps Z homeomorphically onto
Z(A; — \), with inverse F*. This justifies the first line in (13.74), and the
second line is similarly justified.

The relation of the A-dependent decompositions in (13.69) to the original
basic decompositions is found by observing that for v € D(A4;),

u=ug+uc = [ug + (I — EMuc] + Eug,
where E*ue € Z(A; — M) and
(I — EMue = —MNAg — N)"tue € D(Ag — \);
hence, by the uniqueness in the decomposition D(A; —\) = D(Ag — \)+2,
ué‘ = Fug, ug =ug — NAg — \) " tuc. (13.76)
Similarly for v € D(A}),
vg‘, = B, Ué/ =vg — A(A5 — X) " lug. (13.77)
O

Now we can find the relation between 7' and T* (similarly to [G74, Prop.
2.6]):

Theorem 13.25. Let T' : V. — W correspond to A by Theorem 13.7, let
A € o(Ag) and let A — X correspond to T : Vy — Wy by Theorem 13.23.
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For X € o(Ag), define the operator G* from Z to Z' by
G2 = —\pry E*z, 2¢€Z (13.78)
Then

D(T*) = EAD(T), Vi =E'V, W;=EW,

A A DY A (13.79)
(T*E v, E"w) = (Tv,w) + (G*v,w), forve D(T), weW.

Proof. The first line in (13.79) follows from (13.70) in view of (13.75). The
second line is calculated as follows: For v € D(A), w € W,

(Tue,w) = (Au, w) = (Au, FAE™w) = (F* Au, E™w)
= (A= )(A4p) " Au, B w) = (A= Nug, Ew)
= (A= Nu, Ew) — (A= Nug, Ew)
=(T uC,E’)‘ )+ e, E?w) = (TXEue, E™w) + (AE u¢, w).
This shows the equation in (13.79) when we set u; = v. O

Denote by Ev the restriction of E* to a mapping from V' to V), with
inverse FV7 and let snnllarly E be the restriction of E’* to a mapping from
W to Wy, with inverse F{;. Then the second line of (13.79) can be written

(Bip)" T Ey =T + Gy on D(T) C V, (13.80)

where
Gyw =prw Giv_z. (13.81)

(The reader is warned that the adjoint (E{,‘;})* is a mapping from W5 to W,
which is not derived by restriction from the formulas in (13.73).) Equivalently,

T = (F{)*(T + Gy ) FY on D(T™) C Vi (13.82)

Then the Krein resolvent formula (13.72) can be made more explicit as fol-
lows:

Corollary 13.26. When X € p(A) N o(Ap), T? is bijective, and

(TY ™' = B3 (T + Gyw) " (ER)™. (13.83)
Hence
(A=N)71=(4g = N7 +iv,n BY(T+ Ghy) " (BR) pryw, - (13.84)

Proof. (13.83) follows from (13.82) by inversion, and insertion in (13.72)
shows (13.84). O
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Note that G, y;, depends in a simple way on V and W and is independent
of T'.

13.4 Boundary triplets and M-functions

We shall now consider the relation of our theory to constructions of extensions
in terms of boundary triplets. In the nonsymmetric case, the setup is the
following, according to Brown, Marletta, Naboko and Wood [BMNWO08] (with
reference to Vainerman [V80], Lyantze and Storozh [LS83], Malamud and
Mogilevskii [MMO02]):

Ap, A1, A and A} are given as in the beginning of Section 13.1, and there
is given a pair of Hilbert spaces H, KL and two pairs of “boundary operators”

r H (T K
:D(A1) — x, : D(A]) — x, (13.85)
Ty K I H

bounded with respect to the graph norm and surjective, and satisfying

(Au,v) — (u, A'v) = (T'1u, Tjv)y — (Tou, i)k, all u € D(Ay),v € D(A)).
(13.86)
Moreover it is assumed that

D(A¢) = D(A)NZ(T)NZ(To), D(Ap) = D(ANZ(TH)NZ(Th). (13.87)
In our setting, these hypotheses are satisfied by the choice

H=27,6 K=2,
'y =pry A1, To=prg, (13.88)
I =pry A}, T{= pres

The surjectiveness follows since v € D(A;) has the form u = v + z with
independent v and z, where z = preu = pr z runs through Z, and v runs
through D(Ag) so that Au = Av runs through H, hence (Av)z/ runs through
Z'. For (13.86), cf. Lemma 13.2. For (13.87), note that (Au)z = 0 implies
Au € R(Ag), and prou = 0 implies u € D(Ap), so u = AglAu € D(Ay).
(The choice (13.88) is relevant for applications to elliptic PDE, cf.  BGWO08].)

Following [BMNWO08], the boundary triplet is used to define operators
Ap € M and Ay, € M’ for any pair of operators B € B(K, H), B’ € B(H,K)
by

D(AB) = {u S D(Al) | I' = BPQ}, D( ;3/) = {U S D(All) | Fll = B/].—‘g}
(13.89)
We see that for the present choice of boundary triplet (13.88),
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D(Ap) = {u e D(A1) | (Au)z = Buc}.
Thus the operator T': V' — W that Ap corresponds to by Theorem 13.7 is
T=B,withV=2 W=2.

This covers some particular cases of the operators appearing in Theorem
13.7. For one thing, V and W are the full spaces Z and Z’. Second, T is
bounded. When Z and Z’ are finite dimensional, all operators from Z to Z’
will be bounded, but our theory allows dim Z = dim Z’ = oo, and then we
must also allow unbounded T7s, to cover general extensions. Therefore we in
the following replace B by a closed, densely defined and possibly unbounded
operator T from Z to Z’, and define A, now called A, by

D(A) = {u € D(A1) | uc € D(T), (Au)z = Tuc}; (13.90)

this is consistent with the notation in Theorem 13.7.

In the discussion of resolvents via boundary triplets, a central object is
the so-called M-function, originally introduced by Weyl and Titchmarsh in
connection with Sturm-Liouville problems. We define (as an extension of the
definition in [BMNWOS8] to unbounded B’s):

Definition 13.27. For A € o(A), the M-function M3()) is defined as a
mapping from R(I'y — TTy) to K, by

Mz(A)(Ty = TTg)z = Tz for all z € Zy with I'gz € D(T). (13.91)

In terms of (13.88), M;()) is defined as a mapping from R(pry A; — T pr¢)
to Z by

Mz(M)(pry A1—Tpre)z = prea for all z € Zy with pr.2z € D(T). (13.92)
There is the analogous definition of M?%,(A) in the adjoint setting.
We shall show that M3;(A) is well-defined. First we observe:

Lemma 13.28. R(I'y — TTy) = R(pry A1 — T'pry) is equal to Z'. In fact,
any f € Z' can be written as

f=(prg Ay — Tpre)v =pry Ay, forv= Aglf. (13.93)

Proof. Let v run through D(Ag). Then I'gv = prev = 0 € D(T'), and Av
runs through H, so I'yv — TTgv = (Av)z runs through Z’. In other words,
for any f € Z' we can takev:Aglf. O
Proposition 13.29. For any A € o(A), M7 (X) is well-defined as a bounded
map from Z' to Z by (13.91) or (13.92), and ranges in D(T). In fact,
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Mz(\) =pre(I — (A= X" (A1 = M)Az izp . (13.94)

This is a holomorphic family of operators in B(Z',Z) for A € o(A).

Proof. The mapping ® = I'y =TTy = pry, Ay — T pr, is defined for those
u € D(Ay) for which pr.u € D(T'). Let

Zar ={2* € Zx | pre 2* € D(T)},
then (13.92) means that M ;(\) should satisfy
M;‘()\)CI),Z)‘ = pr¢ 2 for 2 € Zy 1.
We first show that ® maps Z) r bijectively onto Z', with inverse
U= (I—(A-XN""(A - \)AF iz_n. (13.95)

For the surjectiveness, let f € Z’'. Let v = Agl f, then f = ®v according
to Lemma 13.28. Next, let w = (A — A)~"*(4; — A)v, then since w € D(A),
prow € D(T) and

Pw =pry Ayw —Tprow =0,

by (13.90). Let z2* = v — w, it lies in Zy and has pr; 2* = —pr, w € D(T),
= Z . 1t follows that

P2t =dv = f.

Thus @ is indeed surjective from Z 1 to Z’. It is also injective, for if e I\T

is such that ®2* = 0, then, by (13.90), z* € D(A) N Zy = {0} (recall that
A € o(A)). Following the steps in the construction of z* from f, we see that
the inverse of ® : Z) r — Z’ is indeed given by (13.95).

We can now rewrite the defining equation (13.92) as
Mz(\) f =pr, Uf forall feZ'.

This shows that M3;(\) = pr, ¥ is the desired operator, and clearly (13.94)

holds. Since A is closed, M3 () is closed as a mapping from Z’ to Z, hence
continuous. o

For a further analysis of M 3()), assume A € o(Ag) No(A). Then the maps
E*, F* etc. in (13.73) are defined. Let z* € Z), and consider the defining
equation

Mz(N)((A2Y)z = Tprp 2*) = pre 27, (13.96)

where pr, z* is required to lie in D(T). By (13.74) and (13.75), there is a
unique z € Z such that z* = E}z; in fact
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2 = E%z = pré z; z= FézA = pr¢ 22,

so the requirement is that z* € E3D(T).
Writing (13.96) in terms of z, and using that A2* = \z*, we find

2 =pre 2 = Mz (A2 2 — Tz) = Mz(\)((AzY) 7 — Tz)

= MA()‘)(()\E)‘Z)Z/ —Tz)= M;‘(/\)(—G)‘ ~T), (13.97)

cf. (13.78). Here we observe that the operator to the right of M3()) equals
T* from Section 13.3 up to homeomorphisms:

~GN—T = —(E®)"T E3}, (13.98)

by (13.80); here T* is invertible from E2D(T) onto Z}. We conclude that
M3 () is the inverse of the operator in (13.98). We have shown:

Theorem 13.30. Let A be defined by (13.90), where T : Z — Z'. When
the boundary triplet is chosen as in (13.88) and A € o(A) N o(Ap), —Mz(N)
equals the inverse of T 4+ G, also equal to the inverse of T modulo homeo-
morphisms:

—M;(\)7' =T+ G = (ER) T E}. (13.99)
In particular, Mz(X\) has range D(T).

With this insight we have access to the straightforward resolvent formula
(13.84), which implies in this case:

Corollary 13.31. For A € o(A) N o(Ap),
(A=N""=(As =N =iz m B3 M\ (ER) pry, - (13.100)

We also have the direct link between nullspaces and ranges (13.71), when
merely A € o(A4g).

Corollary 13.32. For any A € o(A4g),

Z(A=)\) = E3Z(T + G),

R(A =) = (FZ)'R(T + G*) + R(4y — A). (13.101)

There is a result in [BMNWOS] on the relation between poles of M 3 () and
eigenvalues of A; for the points in o(Ap), Corollary 13.32 is more informative.

The analysis moreover implies that M3;()\) and M 1’7‘*()\) are adjoints, at
least when A € p(Ag).

Note that 7% is well-defined for all A € o(Ag), whereas M ;()) is well-

defined for all A € p(A); the latter fact is useful for other purposes. In this
way, the two operator families supply each other.
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So far, we have only discussed M-functions for elements of M with V' = Z,
W = Z' in Theorem 13.7. But, inspired by the result in Theorem 13.30,
we can in fact establish useful M-functions for all closed A. They will
be homeomorphic to the inverses of the operators T that exist for A €

0(A) N o(Ag), and extend to exist for all A € p(A).

Theorem 13.33. Let A be an arbitrary closed densely defined operator be-
tween Ay and A1, and let T : 'V — W be the corresponding operator ac-

cording to Theorem 13.7. For any A € o(A) there is a bounded operator

Mz(A) : W — V, depending holomorphically on X\ € o(A), such that when
A€ o(Ag), —M5z(N) is the inverse of T + G%/)W, and is homeomorphic to T
(as defined in Section 13.3). It satisfies

MA(A)((AZA)W —Tpr, ) = pr, 2, (13.102)

Jor all z* € Zy such that pry z* € D(T). Its definition extends to all X € o(A)
by the formula

Mz(\) =pre(I— (A= N1 (A = N) A iw—n - (13.103)
In particular, the Krein resolvent formula

(A=N"" = (A = N7 —iv,—m By Mz(\)(ER)" pry, (13.104)

holds when X € o(A) N o(Ag). For all A € o(Ap),

Z(A=X) = By Z(T + Gy ),

_ . (13.105)
R(A—)\) = (Fp)"R(T + Gyy) + H o Wy,

where W5 = EPW.

Proof. Following the lines of proofs of Lemma 13.28 and Proposition 13.29,
we define M7(X) satisfying (13.102) as follows: Let f € W. Let v = Aglf;
then pr.v =0 € D(T), and

(Av)w —Tprev=Av = f. (13.106)

Next, let w = (A — A)7L(A — A)v, then z* = v — w lies in Z, and satisfies
pr, 2* € D(T) (since prov =0 and pro w € D(T)). This 2 satisfies

(AeM)w — Tprez* = f, (13.107)

in view of (13.106) and the fact that w € D(A).
Next, observe that for any vector z* € Zy with pr. z* € D(T) such that

(13.107) holds, f = 0 implies z* = 0, since such a z* lies in the two linearly
independent spaces D(A — A) and Z. So there is indeed a mapping ¥ from
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[ to pre z* solving (13.107), for any f € W. Then M 3()) is the composition

pre ¥; it is described by (13.103). The holomorphicity in A € o(A) is seen
from this formula.

The mapping connects with T (cf. Theorem 13.23) as follows:

When X € o(A) N o(Ap), then z = pre 2t = Fpz*, and 2% = E} z, so the
vectors 2* with pre 2 € D(T) constitute the space E{yD(T). Calculating as
in (13.97) we then find that

z =Dpr, 2 = MA()\)((A,Z)‘)W —Tz)= M;‘(/\)((/\z)‘)w —Tz)
= MzN((AE*2)w = Tz) = Mz(N)(=Gyw — T)z,

s0 M3()) is the inverse of —(T'+ G{.yy,) : D(T') — W. The remaining state-
ments follow from Theorem 13.23 and Corollary 13.26. O

Note that when M 5()) is considered in a neighborhood of a spectral point
of Ain 0(Ag), then we have not only information on the possibility of a pole
of M3()\), but we have an inverse T*, from which Z(A — \) and R(A — \)
can be read off.

An application of these concepts to elliptic PDE is given in [BGWO0S].

Exercises for Chapter 13

13.1. Work out the statement and proof of Theorem 13.8 3° in detail.

13.2. Show the assertions in Example 13.11 concerning the case V =W =
span z7.

13.3.  Work out the details of Example 13.11 in the case where o = 0,

6=1,¢=0. _
Consider the realization A defined by the Neumann-type condition «’(0) =
b1u(0), —u'(1) = bou(1). Show that A is selfadjoint positive if and only if

by >—1, by>—1+4(by+1)""

13.4. Work out the details of Example 13.11 in the case where a = 0,
p=1q=1. ~

For the realization A defined by the Neumann condition u'(0) = b1u(0),
—u/(1) = bau(1), find the choices of by, bs for which A is selfadjoint positive.

13.5. Under the assumption of (13.5), assume that A corresponds to T :
V — W as in Theorem 13.7.

(a) Show that A is symmetric if and only if V. C W and T : V. — W is
symmetric as an operator in W.
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(b) Show that A is maximal symmetric if and only if V.C W and T: V — W
is maximal symmetric as an operator in W.

In the next exercises, it is checked how the theory in this chapter looks for
a very simple example.

13.6. (Notation from Chapter 4 is used here.) Consider the differential
operator Au = —u" +o?u on R, where « is a positive constant. With A ay,
Amin and A, defined as in Exercise 4.14, denote Apnax = A1 and Anyin = Ao.

(a) Show that the hypotheses of Sections 13.1 and 13.2 are satisfied for these
operators in H = Ly(R, ), as a symmetric case, with Ag equal to the Dirichlet
realization A, .

(b) Show that Z is one-dimensional, spanned by the vector et

(c) Show that AJte ! = ! te=o,

(d) Show that the choice V.= W =0, T = 0 (necessarily), corresponds to
the operator A = A,.

(e) From now on we let V.= W = Z, and let T be the multiplication by a
complex number 7. For the corresponding operator A, describe the elements

of D(A) by use of the formula (13.29).

(f) Show that A is a realization of A determined by a boundary condition
u’(0) = bu(0), where
7 =2a(b+ «).

Which choice of 7 gives the Neumann condition u/(0) = 07

13.7. (Continuation of Exercise 13.6.)
(a) Show that the numerical range of T is the point

v(T) ={2a(b+ «a)}.

(b) Show that m(A) > 0 if and only if Re(b + a) > 0.
(¢) Let Imb > 0, and describe the convex hull M of the set

a2, 00 U{2a(b + )}

Using the result of Exercise 12.34(e), show that the closure of the numerical
range of A contains M.

(d) Show that if b= —a, A is not bijective.

13.8. (Continuation of Exercise 13.6.) The next point is to identify the
operators from Sections 13.3 and 13.4 for the present example. Let A € C\Ry,
and let

c=(>=)N?2, o= (a®—))?,
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where the square root is taken to be holomorphic on C \ R_ and positive on

R . Consider now A-— A, where A is the realization of A defined in Exercise
13.6 by the boundary condition «'(0) = bu(0).

(a) Show that oy = 7, and that Reo > 0.

b) Show that Z\ = span(e~°"), and that Z. = span(e~“%).
by

(¢) Show that when Im A # 0,

(A’Y _ )\)—16—0115 — (/\ _ /\)_1(6_Ut _ e_olt).

(d) For Im A > 0, find the 7* such that the mapping 7> : Z\ — 7%, defined

by sending e~ over into 72 e~91¢, is the operator corresponding to A — X by

Theorem 13.23.
13.9. (Continuation of Exercise 13.6.)
(a) Show that the mapping E% : Z — Z sends e~ over into e~*. Similarly,

B« Z — Zj sends e~ over into e~ 71",

(b) Show that the adjoint (E}))* : Z — Z sends e~ 7" over into a(Re o) "te™ .

(c) Show that G* : Z — Z maps e~*! into g e~  where

g = —2a\a+0)"! =2a(0 — a).

(Hint. For the last equality, use that (0 — a)(oc +a) = 0% —a? = —)\.)

(d) Conclude that T 4 G* is the multiplication by 2a(b + o).

(e) Find M3(N).

(Comment. The multiplication by —o can be regarded as the Dirichlet-to-
Neumann operator for A — A, since it maps «(0) to «'(0) for solutions of
(A — Nu = 0; in particular, —c is the Dirichlet-to-Neumann operator for A.
Point (d) shows that the subtraction of —« is replaced by the subtraction of
—0 in the passage from T to T + G*.)

13.10. (Continuation of Exercise 13.6.)

Show that when b = ir with r > 0, then

C\ 0%, 00[ C o(4),
and yet the closure of the numerical range of A contains the set

{x+iy|x,yER,x22a2,0§y§2ar}.

(Comment. This shows an interesting case of an operator that has its spec-
trum contained in [, co[ but is far from being selfadjoint.)



Chapter 14
Semigroups of operators

14.1 Evolution equations

The investigations in Chapter 13 are designed particularly for the concretiza-
tion of elliptic operators, in terms of boundary conditions. But they have a
wider applicability. In fact, operators with suitable semiboundedness proper-
ties are useful also in the concretization of parabolic or hyperbolic problems,
where there is a first- or second-order time derivative in addition to the ellip-
tic operator. We present in the following a basic method for the discussion of
such time-dependent problems. More refined methods, building on microlo-
cal techniques (using not only pseudodifferential operators but also Fourier
integral operators and wave front sets), have been introduced since the time
this method was worked out, but we still think that it can have an interest
as a first introduction to time-dependent equations.

The Laplace operator A = 8%1 4+ 4 85" is used in physics, e.g., in the
equation for a potential field v in an open subset of R?

Au(z) =0 for z€Q. (14.1)
It enters together with a time parameter ¢, e.g., in the heat equation
Opu(z,t) — Agu(z,t) =0 for € and t >0, (14.2)
the Schrodinger equation

1_8tu(x,t) — Agu(z,t) =0 for x€Q and teR, (14.3)
i

and the wave equation

OPu(x,t) — Agu(z,t) =0 for x€Q and teR. (14.4)

405
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The last three equations have the common property that they can formally
be considered as equations of the form

Opu(t) = Bu(t) , (14.5)

where ¢t — wu(t) is a function from the time axis into a space of functions of
x, where B operates. For (14.2), B acts like A, for (14.3) like ¢A. For (14.4)
we obtain the form (14.5) by introducing the vector

olt) = (a?%)) ’

which must satisfy

du(t) = Bo(t) , with B = <2 é) . (14.6)

The equation (14.5) is called an evolution equation. We get a very simple
version in the case where u takes its values in C, and B is just multiplication
by the constant A\ € C

Oru(t) = Au(t) .

It is well-known that the solutions of this equation are
u(t) =e*c, ceC. (14.7)

We shall show in the following how the abstract functional analysis allows
us to define similar solutions exp(¢B)ug, when A is replaced by an operator
B in a Banach space X, under suitable hypotheses.

In preparation for this, we need to consider Banach space valued functions
v(t). Let v: I — X, where I is an interval of R and X is Banach space. The
function v(t) is said to be continuous at to € I, when v(t) — v(tp) in X for
t — to in I. In details, this means: For any € > 0 there is a § > 0 such that
[t —to| < & implies ||v(t) — v(to)|| < . When continuity holds for all ¢y € I,
v is said to be continuous on I.

The function v : I — X 1is said to be differentiable at t, if
limp—o , (v(t + h) — v(t)) exists in X (for t and t + h € I); the limit is
denoted v/(t) (or dyv or %”). More precisely, one says here that v(t) is norm
differentiable or strongly differentiable, to distinguish this property from the
property of being weakly differentiable. The latter means that for any contin-
uous linear functional z* € X*, the function

far (8) = 27 (u(t))

is differentiable, in such a way that there exists a v/(t) € X so that
O for (t) = 2*(V/(t)) for all *. A norm differentiable function is clearly weakly
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differentiable, with the same derivative v'(¢), but there exist weakly differen-
tiable functions that are not norm differentiable.

The integral of a continuous vector function v : I — X is defined by the
help of middlesums precisely as for real or complex functions (here R or C
is replaced by X, the modulus is replaced by the norm). One has the usual
rules (where the proofs are straightforward generalizations of the proofs for
real functions):

b b b
/ (aw(t) + pw(t)) dt = a/ v(t) dt + ﬁ/ w(t)dt

L%@ﬁ+£%@ﬁ=£%@ﬁ,

for arbitrary points a, b and ¢ in I, and

b b
||/ u(t) dt|| x S/ lo(@®)|lx dt when a <b. (14.8)

Moreover, fat v(s) ds is differentiable, with

jt/a v(s)ds = v(t). (14.9)

Like for integrals of complex functions there is not a genuine mean value
theorem, but one does have that

1

c+h
h/ v(t)dt - v(c) in X for h —0. (14.10)

When the vector function v : I — X is differentiable with a continuous
derivative v/(t), one has the identity

/b V() dt = v(b) — v(a) (14.11)

(since the corresponding identity holds for all functions fu«(t) = 2*(v(¢))).

We now return to the possible generalizations of (14.7) to functions valued
in a Banach space X. The easiest case is where B is a bounded operator on
X. Here we can simply put

exp(tB) = ) ;' (tB)™ (14.12)
neNg

for all t € R, since the series converges (absolutely) in the operator norm to
a bounded operator; this is seen e.g. by noting that
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1 1
IDIIRCOLERS SETU T
N<n<N’ N<n<N’
where the right-hand side is a partial sum in the convergent series
1
exp([t]||B]l) = o (EHEBID™
neNg

It follows in particular that || exp(tB)| < exp(|t|||B]|)-
The operator family satisfies, for s,t € R,

M8

exp(sB) exp(tB) — (Sf')n 3 (ti oy j:f;;Bl (14.13)
n=0 ' m=0 ’ =0 n+m=l
- Z ( ;t) B' = exp((s +1t)B)

l

Il
o

where we have used the corresponding identity for the exponential series;
the reorganization is allowed since the norms of the terms form a convergent
series. Moreover, we have for C' > s >t > 0 that

e g ¢ . e g —¢n .
lexp(sB) ~esptB)| = 1>~ P m <3 )
! =0 !

n=0
= exp(s[| Bl[) — exp(t[| B||) = 0 for s —¢ =0,
| exp(—sB) — exp(~tB)]| = || exp(—tB)(exp(tB) — exp(sB)) exp(—sB)|
< exp([t][| BI|) exp(|s[[| BI))|| exp(t B) — exp(sB)||
— 0 for (—s)—(-t) =0,

which shows that the operator family is continuous in ¢ with respect to the
operator norm.

That the operator function exp(¢B) is differentiable with derivative B exp(tB)
can for example be seen as follows. Integration of the continuous function
exp(tB) and composition with B gives

! ¢ 1 n 1 n+1 ¢ n
B/o exp(sB)ds=B/O Z n'(SB) ds = Z n!B /Os ds

n€Ng n€Ny

1 n n
= Z (n—i—l)'t Bt = exp(tB) — I,

neNp

from which it follows by differentiation of both sides that

Bexp(tB) = jt exp(tB). (14.14)
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(We could interchange integration and summation in view of the majorized
convergence.)

Exponential functions can also be set up for suitable unbounded operators
B in X, more on this below. If X is in particular a Hilbert space, one can
define the exponential function via spectral theory if B is a selfadjoint or
normal operator. This is used e.g. in the following cases (that we mention
without proof to begin with):

1° When B is selfadjoint and upper semibounded, exp(tB) is well-defined
for ¢ > 0.

2° When B is skew-selfadjoint, i.e., B* = —B, exp(tB) is well-defined for
te R

The case 1° is relevant for the heat equation on R"™, since —A can be
given a sense as a selfadjoint unbounded operator —B > 0 in Ly(R™). The
case 2° then pertains to the Schrédinger equation, since 1A hereby becomes
skew-selfadjoint in Lo(R™).

For the wave equation in the form (14.6), the skew-selfadjointness can be
obtained by use of some other particular Hilbert spaces. If one wants to work
with the wave equation in Lo(R™), one can instead interpret the solutions of

the abstract equation
Ofu = —Au (14.15)

as combinations of the solutions cos(tAz2)ug and A~ 2 sin(tA2)u; (where A =
—A is > 0); also this can be achieved by use of spectral theory.

The spectral theory that is needed here is an extension of the standard
theory to unbounded operators.

We now turn to a more general definition of the exponential function, not
requiring selfadjointness or normality of the operator B, namely, the theory
of semigroups of operators. It also covers the cases 1° and 2°.

14.2 Contraction semigroups in Banach spaces

The following account builds on Appendix 1 in the book of Lax and Phillips
[LP67).

A semigroup of operators in a Banach space X is a family of operators
G(t) € B(X), parametrized by t € Ry and satisfying

(a) G(0)=1I, and G(s+1t)=G(s)G(t) forall s and t>0.

A group of operators is a family of operators G(t) € B(X) parametrized
by ¢t € R and such that (a) holds for all s and ¢ € R. Here all the operators
are invertible, since the second condition implies G(¢)~! = G(—t). Note that
both G(t) and G(—t) are semigroups for ¢ > 0.
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Note that we have both for semigroups and groups that G(s)G(t) =
G(t)G(s).

The semigroups and groups we consider will furthermore be required to
satisfy the following condition:

(b) G{t)r —x for t -0+, forall x € X .

There are other special conditions imposed, that lead to various classes of
semigroups, see the comprehensive treatise of Hille and Phillips [HP57]. For
the present purposes it will suffice to consider semigroups (and groups) of
contractions; they are the ones that in addition satisfy

() IG@H)[ <1 forall ¢.

Lemma 14.1. When G(t) satisfies (a)—(c), the map t — G(t)x is for any
x € X a continuous function from Ry to X (resp. from R to X in case of a
group).

Proof. By (a) and (c) we have for t; <ty that
IGlt2)e — G(t)all = [ G(t)(Glts — 1)z — )| < |Gt — t)a — 2] .

If we let t; and ty converge to to € [t1, t2], the expression goes to 0 according
to (b). O

The property in Lemma 14.1 is called strong continuity. We can hereafter
call the (semi)groups which satisfy (a), (b) and (c) the strongly continuous
contraction (semi)groups. (For strongly continuous semigroups in general one
requires (a) and strong continuity, then (b) follows.)

The infinitesimal generator B is now introduced as the operator defined
by

1
Br = lim , (G(h) D)z, (14.16)

with D(B) consisting of those x for which the limit exists.
The following theorem shows that the vector function u(t) = G(t)x satisfies
the differential equation (14.5) when = € D(B).

Theorem 14.2. For x € D(B), the function G(t)x : Ry — X is differen-
tiable, and takes its values in D(B):

%irr%) ilz(G(t + h)x — G(t)z) = G(t)Bx = BG(t)x for all t>0. (14.17)
Proof. When h > 0,

1
L (Glt+ e —GBa) =GH) ) T e = G(t)z .
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When x € D(B), the expression in the middle converges to G(t)Bx for h —
0-. This shows that G(¢)D(B) C D(B), and that (14.17) holds, when A — 0
is replaced by h — 0+. If ¢ > 0, we must also investigate the passage to the
limit through negative h; here we use that

G(—h)— 1T
—h

L, Bx) +(G(t+h) — G(t)Ba .

;l(G(t + Bz — G(H)z) — G(t)Bx = G(t + h)

G(=h) -
—h

x—G(t)Bx
=G(t+h) (

For a given ¢ we first choose § > 0 such that || ', (G(~h) — I)z — Bz| <
g for — ¢ < h < 0. Then the first term is < € because of (c); next we can
choose 0 < ¢’ < min{4, ¢} so that the second term is < ¢ for —¢’ < h <0, in
view of Lemma 14.1. O

Corollary 14.3. For = € D(B),
t
Gt)r —x = / G(s)Bxds . (14.18)
0

This follows from the general property (14.11). We can also show:

Lemma 14.4. For allx € X, t > 0, fo s)x ds belongs to D(B) and
t
Git)r —xz = B/ G(s)xds . (14.19)
0

Proof. Tt follows from the continuity and the semigroup property (a) that for
h > 0:

—I [t 1/t
/O Gl)rdr= /O (Gs + h) — G(s))a ds

1 t+h
= s)xds — / G(s)xds

t+h
h/ G(s xds—h/G )z ds,

which converges to G(t)x — x for h — 0, by (14.10). O

Lemma 14.5. B is closed and densely defined.

Proof. According to Lemma 14.4, | Oh G(s)xds € D(B) forallz € X, h > 0,

so since this converges to x for h — 0, D(B) is dense in X. Now if x,, € D(B)
with x,, — 2z and Bz, — y, then G(S)an — G(s)y uniformly in s (by (c)),
such that we have for any h > 0 that
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;l(G(h)x —z) = lim ;l(G(h)xn — Tp)
I I
= lim / G(s)Bxnds = / G(s)yds,
n—oo h 0 h 0

by Corollary 14.3. However, }Lfoh G(s)yds — y for h — 0, from which we
conclude that x € D(B) with Bx = y. O

Lemma 14.6. A contraction semigroup is uniquely determined from its in-
finitesimal generator.

Proof. Assume that G1(t) and G3(t) have the same infinitesimal generator
B. For x € D(B), Ga(t)x € D(B), and we have by a generalization of the
Leibniz formula:

d

dSGl(t —5)Ga(s)r = —G1(t — s)BGa(s)x + G1(t — s)Ga(s)Bx =0

Integration over intervals [0, ¢] gives
Gl (0)G2(t)$ — G1 (t)GQ (0)33 =0 y

hence G1(t)r = Go(t)z for x € D(B). Since D(B) is dense in X, and these
operators are bounded, we conclude that G (t) = Ga(t). O

We can now show an important property of B, namely, that the half-plane
{A € C | ReX > 0} lies in the resolvent set. Moreover, the resolvent can
be obtained directly from the semigroup, and it satisfies a convenient norm
estimate.

Theorem 14.7. Let G(t) be a strongly continuous contraction semigroup
with infinitesimal generator B. Any A with Re X > 0 belongs to the resol-
vent set p(B), and then

(B—M)"lz = —/ e MG(t)xdt forxze X, (14.20)
0
with
(B =AD" < (ReX)™t. (14.21)

Proof. Let Re A > 0. Note first that e *G(t) is a strongly continuous con-
traction semigroup with infinitesimal generator B — AI. An application of
Corollary 14.3 and Lemma 14.4 to this semigroup gives that

e MG(s)r —x = (B — )\I)/ e MG(t)xdt forz € X, (14.22)
0
e MG(s)r —a = / e MG(t)(B — M)z dt for x € D(B) . (14.23)
0
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For any y € X we have that [[e ™G (t)y|| < e~ R ||y||; therefore the limit

Ty = lim e*”G(t)ydt:/ e MG(t)ydt

§—00 0 0

exists, and T is clearly a linear operator on X with norm
o0
17| < / e ReM gt = (ReN) L.
0

In particular, e=**G(s)z — 0 for s — oo. Then (14.22) and (14.23) imply
after a passage to the limit:

—x=(B—-X)Tz forzelX, (14.24)
—x=T(B— M)z forxe D(B), (14.25)
which shows that A is in the resolvent set, with resolvent equal to —T. a

We have found some properties of the infinitesimal generator B for a con-
traction semigroup G(t), and now turn to the question (of interest for ap-
plications) of how the operators look that can be infinitesimal generators of
a contraction semigroup. The question was answered by Hille and Yoshida
(around 1945, in noncommunicating ends of the world) by different proofs of
the following theorem.

Theorem 14.8 (HILLE-YOSHIDA). When B is a densely defined, closed op-
erator in X with Ry contained in p(B), and

[(B—=X)7Y <A™t for \eR, (14.26)

then B is the infinitesimal generator of a strongly continuous contraction
semigroup.

Proof. The operators
By =)\ (B - \)"t =),

defined for each A > 0, are bounded with norm < 2\, and we can form the
operator families
Ga(t) = exp(tB)) fort e R,

by (14.12)ff.; they are continuous in ¢ with respect to the operator norm.
Now observe that for x € D(B),

ANB-XN)"'z+z=(B-AX)"'Az+ (B—\)z)=(B-A) 'Bz,

so that (14.26) implies that when x € D(B),
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“AB M)tz —x for A — 00 (14.27)

Since || = A(B — AI)71|| <1 for all A > 0 and D(B) is dense in X, (14.27)
extends to all z € X. We then get furthermore:

Byz = —A(B—\)"'Bx — Bx forz € D(B), A\ — o0, (14.28)

and we want to show that G, (t) converges strongly, for each ¢, toward a
semigroup G(t) with B as generator, for A — oo.

To do this, note first that an application of the product formula, as in
(14.13), gives that G\ (t) = exp(—A2(B — \)~'t) exp(—\t), where

2 1 = A2 (B =)
SRR VAIED E < exp()
by (14.26), so that
IGA(®)]] < exp(—At)exp At =1 (14.29)

for all t > 0 and A > 0. Since all the bounded operators By, B,,, Ga(t), G, (s)
for A and p > 0, s and ¢t > 0, commute, we find that

t
d
Gr() = Gult) = [ 1 16N ()Gult )} s
t
- / Gr(5)Gu(t — 5)(Bx — B) ds
0
which implies, using (14.29), that

|GA(t)z — Gu(t)z| < t||Baz — Bux|| forz e X . (14.30)

When z € D(B), we know that B,z — Bax for ;1 — oo according to (14.28);
then we see in particular that the sequence {G,,(t)x }nen is a Cauchy sequence
in X. Denoting the limit by G(¢)z, we obtain that

|GA(t)x — G(t)x|| < ¢t||Baxx — Bx|| for z € D(B) . (14.31)

This shows that when x € D(B), then G (t)z — G(t)x for A — oo, uniformly
for t in bounded intervals [0,a] C R.. Since we also have that |G (t)z| <
lz|| for all ¢ and A (cf. (14.29)), it follows that ||G(¢)z| < ||z||, so that the
operator x — G(t)z defined for € D(B) extends by closure to an operator
G(t) € B(X) with norm |G(¢)|| < 1. For the extended operator we now also
find that

Gi(t)x — G(t)x for each x € X |

uniformly for ¢ in bounded intervals [0, a], for if we let x;, € D(B), z — =,
we have when ¢ € [0, a],
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|GA(t)x — G(t)x]|
<G (@ = zp)[| + [|GA(t) 2 — G()zk ]| + |G () (2 — 1) |
< 2|z — xkl| + al Bxzy — By,

where the last expression is seen to go to 0 for A — oo, independently of ¢,
by choosing first xj close to x and then adapting A.

The semigroup property (a) carries over to G(t) from the G(¢)’s. That
G(t) satisfies (b) is seen from

1G()z — 2| < |Gz — GA@)z]| + [Gr({H)x — ] ,

where one first chooses A so large that ||G(t)x — GA(t)z| < e for t € [0,1]
and next lets ¢ — 0.

The semigroup G(¢) now has an infinitesimal generator C', and it remains
to show that C' = B. For z € D(B) we have

|GA(s)Baz — G(s)Bx|| < |GA(s)ll[| Bxz — Bz|| + [[(Ga(s) — G(s)) B||
< [[Baz — Bz + [[(Ga(s) — G(s)) B||
— 0 for A — oo,
uniformly for s in a bounded interval, by (14.28) and the proved convergence

of Gx(s)y at each y € X. This gives by use of Corollary 14.3 and (14.30),
that for x € D(B),

1 1 S
h(G(h)x—x):AILI{:Oh(GA(h)x—x)—AILr{.th‘/(J Ga(s)Baxz ds
1 h
= / G(s)Bxdz .
h Jo

If we here let h — 0, the last expression will converge to G(0)Bxz = Bz, from
which we conclude that @ € D(C) with Cx = Bx. Since B—1 and C — 1 are
bijections of D(B) and D(C), respectively, onto X, B must equal C. O

The operator family G(t) defined from B in this way is also called exp(¢B).

The theory can be extended to semigroups which do not necessarily consist
of contractions. For one thing, there is the obvious generalization where we
to the operator B + ul associate the semigroup

exp(t(B + pl)) = exp(tu) exp(tB) ; (14.32)

this only gives contractions when Rep < 0. Here | exp(t(B + pl))|| <
|exp(tu)] = exp(tRep). More general strongly continuous semigroups can
only be expected to satisfy inequalities of the type ||G(t)| < ¢1 exptes with
c1 > 1, and need a more general theory — see e.g. the books of E. Hille and
R. Phillips [HP57] and of N. Dunford and J. Schwartz [DS58].
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14.3 Contraction semigroups in Hilbert spaces

We now consider the case where X is a Hilbert space H. Here we shall use
the notation u(T") for the upper bound of an upper semibounded operator,
cf. (12.21) fF.

Lemma 14.9. When G(t) is a semigroup in H satisfying (a), (b) and (c),
then its infinitesimal generator B is upper semibounded, with upper bound
<0.

Proof. For x € X one has that

Re } (G(h)z — z,z) = | (Re(G(h)z, z) — [|z||*)
< (Gl Iz — ll]*) <0
according to (c¢), from which we conclude for x € D(B) by a passage to the

limit:

Re(Bz,z) <0 for x € D(B) . (14.33)
Thus u(B) < 0, which shows the lemma. O

In the Hilbert space case we can also consider the family of adjoint oper-
ators G*(t).

Theorem 14.10. When G(t) is a semigroup in H satisfying (a), (b) and (c),
then G*(t) is likewise a semigroup in H satisfying (a), (b) and (c); and when
the generator for G(t) is B, then the generator for G*(t) is precisely B*.

Proof. Tt is seen immediately that G*(¢) satisfies (a) and (c). For (b) we
observe that one for z and y € H has:

(G*(t)z,y) = (z,G(t)y) — (x,y) fort —0.
This implies that
0 < IG* (D) — 2| = (G*(t)z, G*(t)z) + ||=]|* — (G*(t)z, 2) — (x, G*(t)x)
< ) = (G* ()2, 2) + ||z]|* — (2, G* (t)z)
—0 fort—0,

from which we conclude that G*(¢t)x — z — 0 for t — 0.
Now let C' be the infinitesimal generator of G*(t), and let x € D(B),
y € D(C). Then

(Bz,y) = lim (5, (G(h)x — 2),y) = lim (2, (G"(h)y —y)) = (=, Cy) ;

thus C' C B*. By Theorem 14.7, R(C'—I) = H; and B* — [ is injective since
Z(B*—1I)= R(B—1I)* = {0}. Then C C B* cannot hold unless C = B*. 0O
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Corollary 14.11. An operator B in a Hilbert space H is the infinitesimal
generator of a strongly continuous contraction semigroup if and only if B
is densely defined and closed, has u(B) < 0, and has Ry contained in its
resolvent set.

Proof. The necessity of the conditions follows from what we have just shown,
together with Lemma 14.5 and Theorem 14.7. The sufficiency is seen from
the fact that (14.33) implies that —(B — M) = —B + Al for A > 0 has
a bounded inverse with norm < A~!, by Theorem 12.9 1°; then the Hille-
Yoshida Theorem (Theorem 14.8) can be applied. O

Operators satisfying (14.33) are in part of the literature called dissipative
operators. There is a variant of the above theorems:

Corollary 14.12. Let B be a closed, densely defined operator in a Hilbert
space H. Then the following properties are equivalent:

(i) B is the infinitesimal generator of a strongly continuous contraction
semigroup.
(ii) B is dissipative (i.e., u(B) <0) and Ry C p(B).
(iii) B and B* are dissipative.

Proof. The equivalence of (i) and (ii) is shown above. Condition (i) implies
(iii) by Theorem 14.10, and (iii) implies (ii) by Theorem 12.9 3°. O

Remark 14.13. It is shown in [P59] that the conditions (i)—(iii) in Corollary
14.12 are equivalent with
(iv) B is maximal dissipative.

Let us here observe that (ii) easily implies (iv), for if B satisfies (ii) and B’ is
a dissipative extension, then B’ — I is injective (by Theorem 12.9 1° applied
to —(B’ —I)); hence, since B — I is already bijective from its domain to H,
B’ must equal B. For the direction from (iv) to (ii), [P59] carries the problem
over to J = (I4 B)(I — B)~!; this is a contraction with D(.J) = R(I — B) and
D(B) = R(I 4+ J). Here B is maximal dissipative if and only if J is maximal
with respect to being a contraction. Since we take B closed ([P59] considers
more general operators), D(J) = R(I — B) is closed (by Theorem 12.9 2°);
then there exists a proper contraction extension of J unless D(J) = H. We
see that maximality of B implies surjectiveness of I — B, and similarly of
I — ;B for all A > 0, assuring (ii).

So, the infinitesimal generators of contraction semigroups are the maxi-
mal dissipative operators, as described by (ii), (iii) or (iv). Note that these
operators have

v(B), v(B*), o(B), o(B*) C {\ € C | Re A < 0}. (14.34)

We now consider some special cases:
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1° B = —A, where A is selfadjoint > 0. Here A and A* are > 0, so that
B and B* are dissipative.

2° B = —A, where A is a variational operator with m(A) > 0 (Section
12.4). Here m(A*) is likewise > 0, so B and B* are dissipative. This case is
more general than 1°, but less general than the full set of operators satisfying
(14.34), for, as we recall from (12.50) (applied to —B), we here have v(B),
v(B*), o(B) and o(B*) contained in an angular set

M={\eC|ReA<0, |ImA <c(—ReA+k)},

for some ¢ > 0, k € R. The semigroups generated by such operators belong to
the so-called holomorphic semigroups (where G(t)x extends holomorphically
to t in a sector around R ); they have particularly convenient properties, for
example that G(t)z € D(B) for t # 0, any « € X. (Besides [HP57], they
enter e.g. in Kato [K66], Friedman [F69] and many other works.)

3° B = iA where A is selfadjoint, i.e., B = —B*, B is skew-selfadjoint.
Here v(B) and v(B*) are contained in the imaginary axis, so B and B* are
dissipative.

In the last case we can introduce

U(t) = exp(tB) fort >0, (14.35)
U(t) =exp(—tB*) =U(t)* fort <0, (14.36)

writing U(t) = exp(tB) also for t < 0. We shall now show that U(?) is a
strongly continuous group of unitary operators.

That U(t)z is continuous from ¢ € R into H follows from the continuity
for t > 0 and t < 0. Next, we can show that U(t) is an isometry for each
t € Ry ort € R_, since we have for x € D(B):

C§It||U(t)ar:||2 = }111111 ! [(Ut+h)z,Ut+h)z) — (Ut)z, U(t)z)]

0h
Ut+h)x—U(t)x Ut+h)e—U(t)x

= }1113%( h JU(t)z) + %ii%(U(t)x, h )
i (VO RT =T e — o))

where it was used after the second equality sign that there for any ¢ > 0
exists ho such that ||U(t + h)z — U(t)x| < € for |h| < hg; then we could let
h — 0. Hence ||U(t)z||? is constant in ¢ and thus equal to [|U(0)z[]? = ||z|?
for all ¢; the identity extends by continuity to z € H. In a similar way it is
seen that for x € D(B),t € Ry ort € R_,

d

LUOU(=t)r = U()BU (=) + U(t)(~B)U(~t)r = 0,
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so that U(t)U(—t)z is constant for ¢ > 0 and for ¢ < 0, and hence equal to
U(0)U(0)z = . The identity

U)U(—t)x =z fort eR
extends by continuity to all x € H, and shows that
Ut) "' =U(-t) forteR;

hence U is unitary. It also implies the group property, since one has e.g. for
§s>0,0>t> —s:

U(s)U(t) = U(s + ) U(~t)U(t) = U(s +1) .

Let now conversely U(t) be a strongly continuous group of contractions. If
{U(t)}1>0 and {U(—t)}i>0 have the infinitesimal generators B resp. C, then
for x € D(B),

lim U(=h) = Ix = lim U(—h)I a U(h)x = Bz,

h—0+ h h—0+ h
i.e., —B C C. Similarly, —C C B, so B = —C'. For B it then holds that
m(—=B) = m(B) = 0, and both {\ | ReA > 0} and {\ | ReXA < 0} are
contained in the resolvent set. This shows that B is skew-selfadjoint, by
Corollary 14.12 (or by Theorem 12.10 applied to ¢B). It is now seen from the
preceding analysis that the operators U(t) are unitary.

We have hereby obtained the theorem of M. H. Stone:

Theorem 14.14 (STONE). An operator B in H is the infinitesimal gener-
ator of a strongly continuous group of unitary operators if and only if B is
skew-selfadjoint.

14.4 Applications

When B is the infinitesimal generator of a strongly continuous contraction
semigroup (or group) G(¢) in a Banach space or Hilbert space X, the vector
function

u(t) = G(t)uo (14.37)

is, according to Theorem 14.2, a solution of the abstract Cauchy problem
(initial value problem)

{u/(t) = Bu(t), t>0(teR), (14.38)
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for any given initial value ug € D(B). (One can furthermore show that G(¢)ug
is the only continuously differentiable solution of (14.38).) If G(t) is a holo-
morphic semigroup, (14.37) solves (14.38) even when up € X.

The semigroup theory can in this way be used to get solutions of the
problem (14.38) for various types of operators B.

We have a wealth of examples:

First, we have in Chapter 12 defined the selfadjoint, the semibounded and
the variational operators entering in 1°, 2° and 3° above.

Next, we have in Chapter 13 described operators of these types that are
given to act in a particular way, namely, belonging to the set of closed oper-
ators lying between Ay and A; with given properties.

Concrete interpretations to particular differential operators are given in
Chapter 4, most prominently for the Laplace operator A on bounded sets,
but also including A on R™, some variable-coefficient cases, and second-order
ordinary differential equations on intervals (considered in some exercises).
Here X = Lo(R™) or Lo(Q2) for an open set 2 C R™.

For example, if B = —A, = the Dirichlet realization of the Laplace oper-
ator (called —7" in Theorem 4.27), the problem (14.38) becomes:

Opu(z,t) = Agu(x,t) for . € Q, t > 0,
You(z,t) =0 for t > 0,
u(z,0) = up(x) for x € Q,

and the function exp(—tA,)ug solves this problem, the heat equation with
homogeneous Dirichlet boundary condition.

An interpretation of the general study (from Chapter 13) of closed exten-
sions of a minimal elliptic realization is given in Chapter 9, with details for an
accessible example and introductory remarks on the general case. The anal-
ysis of lower bounded operators in Chapter 13 is particularly suited for ap-
plication to evolution problems using semigroup theory. Variable-coefficient
cases can be studied on the basis of Chapter 11, where the application of
abstract results of Chapter 13 is followed up in Exercises 11.16-11.21 (a full
account is given in [BGWO08]). Semiboundedness for general elliptic boundary
value problems is studied systematically in [G70]-[G74].

We can moreover get solutions of the Schrédinger equation with an initial
condition, as mentioned in the beginning of the present chapter, when iA
is concretized as a skew-selfadjoint operator. Also the wave equation can be
studied using (14.6); here the matrix is taken to act e.g. in Hg(2) x L2(Q)
(as defined in Chapter 4).

The solutions defined in this way are of course somewhat abstract and need
further investigation, and one can show much more precisely which spaces
the solutions belong to, and discuss their uniqueness and other properties.
Further questions can be asked in a framework of functional analysis (as in
scattering theory). Parabolic problems generalizing the heat equation have
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been widely studied. Classical references are Ladyzhenskaya, Solonnikov and
Uraltseva [LSUG68] and Friedman [F69]; recently there have been studies by
refined methods using pseudodifferential techniques, as in [G95] and its ref-
erences.

For the constructive analysis of solutions of hyperbolic equations, generaliz-
ing the wave equation, the most modern tools come from microlocal analysis
(based on refined Fourier analysis). There are many interesting works on
this; here we shall just point to the four volumes of L. Hérmander (cf. [H83],
[H85]), which form a cornerstone in this development.

Exercises for Chapter 14

14.1. Show that if S is a densely defined and maximal symmetric operator
in a Hilbert space H, then either ¢S or —iS is the infinitesimal generator of
a strongly continuous contraction semigroup.

14.2. Let B be a closed, densely defined operator in a Hilbert space H,
and assume that there is a constant a > 0 so that m(B), m(—B), m(B*)
and m(—B*) are > —a.

Let G(t) be the family of operators defined by

G(t) = e* exp(t(B — ol)) for t >0, (14.39)
G(t) = e “exp(—t(—B —al)) for t<0. (14.40)

Show that G(t) is a strongly continuous group, satisfying ||G(t)|] < exp(«alt])
for all ¢.

14.3. Let G(t) be a strongly continuous contraction semigroup on a Banach
space X, and let f(t) be a continuous function of ¢ € R4, valued in X. Show
that G(t)f(t) is a continuous function of ¢t € R,.

(Hint. To G(t)f(t) — G(to) f(to) one can add and subtract G(t)f(to) and use
that ||G(¢)|| <1 for all t.)

14.4. Consider the nonhomogeneous initial value problem for functions
u(t) taking values in a Banach space X:

U/(t) o Bu(t) = f(t), for t > 0, (1441)

It is assumed that B is the infinitesimal generator of a strongly continuous
contraction semigroup G(t).

Let T > 0. Show that if f € C*([0,T], X), then the function

u(t) = /0 G(t—s)f(s)ds (14.42)
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is a solution of (14.41), with u € C1([0, 7], X) N C°([0,T], D(B)).
(Hints. The formula (14.42) can also be written

/G ft—s")ds,

from which it can be deduced that u € C*([0,7], X). To verify (14.41), let
h > 0 and write

ot t+h
(Hh}z h/ Gt +h— s)f(s)ds

/Gt—s dS—I1+Ig

Show that Iy — f(t) for h — 0. Use the differentiability of u to show that
u(t) € D(B) and I — Bu(t).)

Give an example of an application to a PDE problem, where B is a realization
of an elliptic operator.

(Comment. The use of the semigroup in formula (14.42) is sometimes called
the Duhamel principle.)



Appendix A
Some notation and prerequisites

We denote by Z the integers, by N the positive integers and by Ny the nonneg-
ative integers. R denotes the real numbers, R, and R_ the positive resp. neg-
ative real numbers. R™ is the n-dimensional real Euclidean space, with points
z = (z1,...,1,) and distance dist (z,y) = |z—y|, where |z| = (224 - -4122)2.
R’ and R” denote the subsets, respectively,

t={reR" [z, 20}, (A1)

whose boundary {z € R" | z,, = 0} is identified with R"~1. The points in
R™ ! are then often denoted 2/,

¥ = (21,..., T 1), (A.2)
so that @ = (2, z).
We denote

{teR|a<t<b}=]a,b], {teR|a<t<b}=]a,bl]
{teR|ja<t<b}=[a,b], {teR|a<t<b}=]a,b

(to avoid conflict between the use of (x,y) for an open interval, for a point
in R? and for a scalar product).

The space of complex numbers is denoted C; C4 denote the complex num-
bers with positive resp. negative imaginary part:

Cy={2€eC|Imz = 0}. (A.3)

C™ denotes the n-dimensional complex Euclidean space. The functions we
consider are usually functions on (subsets of) R™ taking values in C. (Vec-
tor valued functions, valued in CV, can also occur, or we can consider real
functions.)

Set inclusions are denoted by C, whether or not the sets are equal.

423
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d
Differentiation of functions on R is indicated by de’ 0, or 0. Moreover, we
x

1d .. 1
write | d = D, or D (here ¢ is the imaginary unit i = \/—1); the factor |

1 dx )
is included for convenience in the use of the Fourier transformation. Partial
differentiation of functions on R™ is indicated by

8‘:8% or 0;; Lo

=D, D; . A4
8CEJ i@xj J or J ( )

In more complicated expressions we use multiindex notation: When o € Ng,
a=(aq,...,qy), then

9 =92 .. 9%, D> =D . Do = (—i)lelga 9o (A.5)
T Tn T Tn 1 n

here the length of v is || = ag + - - - + a,. The notation is used for instance
for functions having continuous partial derivatives up to order |a|, such that
differentiations in different directions (up to that order) are interchangeable.
Using the conventions

agﬁmeansalgﬁla"'aangﬁnv
al=ap!. . !, (A.6)
atf=(1xb0,...,0nx06),

we have for v and v with continuous derivatives up to order N the Leibniz
formula

ol _
0% (uv) = Z ﬂ!(a—ﬁ)!aﬁuaa Pu, for |a] < N,

B<a

' (A7)

!
D% (uv) = DBuD* Py, for |a| <N,
=3 a0 o
and the Taylor formula
uery) = Y o+ 3 N [ (0ot 0y)do ()
o=y =y @ o

(this is an exact version from which the other well-known formulations can

be deduced).
When z € R” or C™”, we write

o a1 «
% =af" .. a2y, and

1
ry=zyr+ -+ Tuyn, |z/=(x -2)2.
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The norm |z| (the Euclidean norm) makes R™ and C™ Hilbert spaces over R
resp. C, with scalar product z-y. The overline indicates complex conjugation.
We also define

() =1+ |x|2)é, which satisfies, for m € N :
Z\odgm mZoz S (1 4 |$|2)m — Z\odgm Om,axQOt;

m!
al(m—

(A.9)

here Cy, o = ) it is integer > 1.

When X and Y are topological spaces, X x Y denotes the product space,
consisting of pairs {x,y} where € X and y € Y, provided with the product
topology (having as a subbasis the sets U x V' where U resp. V run through
a subbasis of the topology of X resp. Y). When X and Y are vector spaces,
X XY is a vector space in the obvious way. If X and Y are normed spaces,
one can provide X x Y by the norm

Hz, yHx <y = llzllx + llylly (A.10)

making X XY a normed space. When X and Y are Hilbert spaces, it is more
convenient to use the equivalent norm

Iz, v} xev = (2l + lyll5)2 . (A.11)

associated with the scalar product

({x,y}, {x/ay/})x@y = (QJ,Z‘/)X + (yvy/)Y ) (A12)

with which X x Y is a Hilbert space, denoted X & Y. We use this notation
also for the direct sum of two orthogonal closed subspaces X and Y of a
Hilbert space H. For L,-spaces it can be convenient to use (||x|? + Hpr);
as the norm on the product space.

We generally define

XtY={rty|lzeXandyeY},

A3
QX ={axr|aeQand z € X}, ( )

when X and Y are subsets of a vector space V' with scalar field L (L. = R or
C), and © C L. In particular, we write

{z}+Y =2+Y, (A14)
{a}Y = aY,
when z € X and a € .. When X and Y are subspaces of a vector space V,
X +Y is denoted X+Y if X and Y are linearly independent. (There is also
the notation X @Y for orthogonal closed subspaces of a Hilbert space.)
When X is a closed subspace of a Hilbert space H, the orthogonal com-
plement is denoted H © X; it can also be denoted X .
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Integration by parts in one variable is generalized to functions of several
variables by the Gauss and Green formulas, which we briefly recall:

Let Q C R™ be an open set with C! boundary 92 and let v(z) denote the
interior unit normal vector field at 9€).

To explain this further: Q is said to have a C' boundary, when every
boundary point has a neighborhood V' such that — after a relabeling of the
coordinates if necessary —

ANV ={(x1,...,xn) €V |xn > flx1,. ., Zn-1) }, (A.15)

where f:R""! — R is a C'-function (continuous with continuous first-order
derivatives). Here

NV ={zeV |z, = f(z1,...,2n-1) }, (A.16)

and the interior unit normal vector at the point z € 9Q NV equals (with the
notation (A.4))

(_alf(m/)v sy T n—lf(m/)v )
(A.17)
VO (@))? -+ (O f(2))2 +1
For a C'-function u defined on a neighborhood of 2 one has the Gauss

formula (when u has compact support or the integrability is assured in some
other way):

v(a', f(2') =

/akudx:—/ vi(2)u(z)do, k=1,...,n, (A.18)
Q o9

where do is the surface measure on 9€2. In the situation of (A.16),

1= |1/n1(x)| da’ = /(1) + -+ Ona [+ Ldoy . dogy; (A1)

and the formula (A.18) is for k = n verified for functions supported in V
simply by the change of coordinates © = (2/,2,) — (2,2, — f(2’)) that
replaces 92NV with a subset of R”~!. From the Gauss formula one derives
several other formulas, usually called Green’s formulas, when u and v are
suitably differentiable:

/ Do dr = — / w O d — /a wnla)u(a) (o) do
/Dkuvda:—/uDkvda:+z/ ve(@)u(@)o(z) do,

/Q(—Au)vdx— /(’%u@;ﬂ)d:t—k/ 81/ (A.20)
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ou ov
—Au de—/u —Av)dx = vda—/ u . do;
/Q( ) 9) ( ) a0 OV oq O

ou n
where o = ZkZI Vkakuv

the interior normal derivative. Here A is the Laplace operator 97 + - - - + 2.
The signs are chosen with applications in mind (it is the operator —A that
is “positive”).

Let p € [1, 00]. For a Lebesgue measurable subset M of R, L, (M) denotes
the vector space of equivalence classes of measurable functions f: M — C
with finite norm

1o = ( /M F(@)Pde) " it p < 0o,

1fllzoc(ary = esssup |f] if p=oo.

(A.21)

It is a Banach space with this norm. (The equivalence classes consist of func-
tions that are equal almost everywhere (a.e.); we use the customary “abuse
of notation” where one calls the equivalence class a function, denoting the
class containing f by f again. If the class contains a continuous function —
necessarily unique if M is an open set or the closure of an open set — we
use the continuous function as representative. Note that the space C°(M) of
continuous functions on M identifies with a subset of Li (M) when M is the
closure of a bounded open set.) We recall that for a real measurable function
u on M,

esssupu = inf{a | u(z) <a a.e. in M }. (A.22)

M

When p = 2 we get a Hilbert space, where the norm is associated with the
scalar product

(F9)ean = [ f@alys (4.23)
Holder’s inequality
1 1
|/Mf($)g(ﬂr)dﬂr| < flz,cnllgllz, ar p Ty (A.24)

holds for f € L,(M) and g € L, (M); it is the Cauchy-Schwarz inequality
in the case p = 2. Note that L ( ) = (Q) when for example Q) has C*
boundary.

When the measure of M is finite, we have an inclusion

L,(M) C Lg(M) forl<qg<p<oo. (A.25)

Recall that the proof for p < oo consists of observing that for f € L,(M) one
has, with » = p/q, 1/r 4+ 1/r' =1, by the Holder inequality:
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1,00 = ([ 1f@Pa) "= ([ 1r@P 100"
< (/M |f(x)|p)1/TQ(/M 1d$)l/r'q (A26)

= || fllz,(ar) vol (M)l/Q*l/p,

where vol (M) = [,, 1dx is the volume (measure) of M.
When M C V for some set V', we denote by 15/ (the indicator function)
the function on V' defined by

1 for x € M
1 = ' A.27
m() {0 for z € V \ M. (A.27)

When f € L,(R"), g € Ly(R™), and

1 1 1
r p q
then the convolution (f * g)(z) = [, f( —y) dy defines a function f*g
in L,(R™), and
I1f*glle. @) < flle,@)l9llr,@m); (A.29)

Young’s inequality. In particular, if f € L1(R") and g € Lo(R™), then fxg €
Lo(R™), and
ILf * gl owey < N1 fllzy @ 19l 2o@ny- (A.30)

When € is an open subset of R™, we denote by Ly, 10c(©2) the set of functions
on  whose restrictions to compact subsets K C Q are in L,(K). In view of
(A.25), one has that

Lpioc(2) C Lgioc () for 1 <g<p< . (A.31)

In particular, L1 1o (€2) is the space of locally integrable functions on €2 (con-
taining all the other spaces Ly 1oc (€2)).

The lower index p on L,-spaces (instead of an upper index) reflects the fact
that p is placed in this way in the modern literature on function spaces, such
as L,-types of Sobolev spaces H,, B, (and their numerous generalizations),
where the upper index s is reserved for the degree of differentiability.

When p is a positive locally integrable function, we use the notation
L,(Q, o(x)dz) for the weighted L,-space with norm

lullz o = ( /Q () Po(z) dz) (A32)

Let us also mention the notation for ¢,-spaces. For 1 < p < oo, £,(Z)
consists of the sequences a = (a;);ez, a; € C, such that
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1
lalle, = (Z la;[P)? < oo; (A.33)
JEZ

it is a Banach space with the norm ||all¢,. For p = 2 it is a Hilbert space,
with scalar product

(a, b)gz = Z aij. (A.34)
jez
The Banach space £ (Z) consists of the bounded sequences, with the sup-
norm.

The index set Z can be replaced by many other choices, e.g. N, Ny, Z",
etc.

Exercises for Appendix A

A.1. Show the general Leibniz formulas (A.7).

A.2. (a) Let f € C*(R™). Show for any z,y € R™ that the function g() =
f(z +0y) (0 € R) satisfies

d n
d99(9) = ; 0; f(x + 0y)y;,

and conclude from this that

flx+y) = f(x) +Zyj/0 9, f(x + Oy) de.

(b) Show Taylor’s formula (A.8) for arbitrary N.

A.3. Deduce the formulas in (A.20) from (A.18).
(Hint. Apply (A.18) to Ok (uv).)



Appendix B
Topological vector spaces

B.1 Fréchet spaces

In this appendix we go through the definition of Fréchet spaces and their
inductive limits, such as they are used for definitions of function spaces in
Chapter 2. A reader who just wants an orientation about Fréchet spaces will
not have to read every detail, but need only consider Definition B.4, Theorem
B.5, Remark B.6, Lemma B.7, Remark B.8 and Theorem B.9, skipping the
proofs of Theorems B.5 and B.9. For inductive limits of such spaces, Section
B.2 gives an overview (the proofs are established in a succession of exercises),
and all that is needed for the definition of the space C§°(€2) is collected in
Theorem 2.5.

We recall that a topological space S is a space provided with a collection
7 of subsets (called the open sets), satisfying the rules: S is open, (} is open,
the intersection of two open sets is open, the union of any collection of open
sets is open. The closed sets are then the complements of the open sets. A
neighborhood of = € S is a set containing an open set containing x. Recall
also that when S and S, are topological spaces, and f is a mapping from S
to S1, then f is continuous at € S when for any neighborhood V' of f(x)
in Sy there exists a neighborhood U of x in S such that f(U) C V.

Much of the following material is also found in the book of Rudin [R74],
which was an inspiration for the formulations here.

Definition B.1. A topological vector space (t.v.s.) over the scalar field L =
R or C (we most often consider C), is a vector space X provided with a
topology 7 having the following properties:

(i) A set consisting of one point {z} is closed.

(ii) The maps
{z,y} m x+y from X x X into X
{Nz}— Xz from L xX into X

are continuous.

431



432 B Topological vector spaces

In this way, X is in particular a Hausdorff space, cf. Exercise B.4. (We
here follow the terminology of [R74] and [P89] where (i) is included in the
definition of a t.v.s.; all spaces that we shall meet have this property. In
part of the literature, (i) is not included in the definition and one speaks of
Hausdorff topological vector spaces when it holds.)

L is considered with the usual topology for R or C.

Definition B.2. A set Y C X is said to be
a) convex, when y1,y2 € Y and ¢t €]0,1[ imply

tyi+ (1 -ty €Y,

b) balanced, when y € Y and |A\| <1 imply Ay € Y;
¢) bounded (with respect to 7), when for every neighborhood U of 0 there
exists ¢ > 0 so that Y C tU.

Note that boundedness is defined without reference to “balls” or the like.

Lemma B.3. Let X be a topological vector space.
1° Let a € X and X\ € L\ {0}. The maps from X to X

T,:x+—x—a

(B.2)
My :x— Xz

are continuous with continuous inverses T_, resp. M,y

2° For any neighborhood V' of 0 there exists a balanced neighborhood W of
0 such that W +W C V.

3° For any convex neighborhood V' of O there exists a convex balanced
neighborhood W of 0 so that W C V.

Proof. 1° follows directly from the definition of a topological vector space.

For 2° we appeal to the continuity of the two maps in (B.2) as follows:
Since {x,y} — x + y is continuous at {0,0}, there exist neighborhoods W
and Wy of 0 so that Wy + Wy C V. Since {\, 2} — Az is continuous at {0,0}
there exist balls B(0,r;) and B(0,r2) in L with r1, 72 > 0 and neighborhoods
W1 and W3 of 0 in X, such that

B(O,Tl)Wll C W1 and B(O,’I"Q)WZI C Whs.

Let » = min{ry, 7} and let W = B(0,7)(W{] N W3), then W is a balanced
neighborhood of 0 with W + W C V.

For 3° we first choose W; as under 2°, so that Wj is a balanced neigh-
borhood of 0 with Wy C V. Let W = ﬂaeL,\a|:1 «V'. Since W is balanced,
a Wy = W for all |a| = 1, hence W; C W. Thus W is a neighborhood of
0. It is convex, as an intersection of convex sets. That W is balanced is seen
as follows: For A =0, AW C W. For 0 < |A] <1,
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A
/\W:|/\||/\| N av= [) BVCcW
a€l,|al=1 BeL,|B|=1

(with 8 = a\/|A]); the last inclusion follows from the convexity since 0 € W.
O

Note that in 3° the interior W*° of W is an open convex balanced neigh-
borhood of z.

The lemma implies that the topology of a t.v.s. X is translation invariant,
ie, F €1 <= a+F € 7foralla € X. The topology is therefore determined
from the system of neighborhoods of 0. Here it suffices to know a local basis
for the neighborhood system at 0, i.e., a system B of neighborhoods of 0 such
that every neighborhood of 0 contains a set U € B.

X is said to be locally conver, when it has a local basis of neighborhoods
at 0 consisting of convex sets.

X is said to be metrizable, when it has a metric d such that the topology
on X is identical with the topology defined by this metric; this happens
exactly when the balls B(z, '), n € N, are a local basis for the system of
neighborhoods at z for any x € X. Here B(xz,r) denotes as usual the open
ball

Bla,r) = {y € X | d(z,y) <1},

and we shall also use the notation B(z,r7) = {y € X | d(z,y) < r} for
the closed ball. Such a metric need not be translation invariant, but it will
usually be so in the cases we consider; translation invariance (also just called
invariance) here means that

dlx+a,y+a) =d(z,y) for z,y,aec X .

One can show, see e.g. [R74, Th. 1.24], that when a t.v.s. is metrizable, then
the metric can be chosen to be translation invariant.

A Cauchy sequence in a t.v.s. X is a sequence (z,),en with the property:
For any neighborhood U of 0 there exists an N € N so that z,, — z,, € U for
n and m > N.

In a metric space (M, d), Cauchy sequences — let us here call them met-
ric Cauchy sequences — are usually defined as sequences (z,) for which
d(Xp, Zm) — 0 in R for n and m — oo. This property need not be preserved
if the metric is replaced by another equivalent metric (defining the same
topology). We have, however, for t.v.s. that if the topology in X is given by
an invariant metric d, then the general concept of Cauchy sequences for X
gives just the metric Cauchy sequences (Exercise B.2).

A metric space is called complete, when every metric Cauchy sequence is
convergent. More generally we call a t.v.s. sequentially complete, when every
Cauchy sequence is convergent.

Banach spaces and Hilbert spaces are of course complete metrizable topo-
logical vector spaces. The following more general type is also important:
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Definition B.4. A topological vector space is called a Fréchet space, when
X is metrizable with a translation invariant metric, is complete and is locally
convex.

The local convexity is mentioned explicitly because the balls belonging to
a given metric need not be convex, cf. Exercise B.1. (One has, however, that
if X is metrizable and locally convex, then there exists a metric for X with
convex balls, cf. [R74, Th. 1.24].) Note that the balls defined from a norm
are convex.

It is also possible to define Fréchet space topologies (and other locally
convex topologies) by use of seminorms; we shall now take a closer look at
this method to define topologies.

Recall that a seminorm on a vector space X is a function p : X — R,
with the properties

(i) plxz+y) <px)+ply) for z,y € X (subadditivity),

B.3
(ii) p(Ax) = [Ap(z) for A€l and x € X (multiplicativity) . (B:3)
A family P of seminorms is called separating, when for every zo € X \ {0}
there is a p € P such that p(xo) > 0.

Theorem B.5. Let X be a vector space and let P be a separating family of
seminorms on X . Define a topology on X by taking, as a local basis B for the
system of neighborhoods at 0, the convex balanced sets

V(p,e) ={z|px)<e}, peP and € >0, (B.4)
together with their finite intersections

W(pl,...7pN;81,...7EN) = V(pl,El)ﬂ---ﬁV(pN,EN) ; (B5)

and letting a local basis for the system of neighborhoods at each x € X consist
of the translated sets x + W(p1,...,pn;€1,....en). (It suffices to let ¢; =
1/7’Lj, n; € N)

With this topology, X is a topological vector space. The seminorms p € P
are continuous maps of X into R. A set E C X is bounded if and only if
p(E) is bounded in R for all p € P.

Proof. That a topology on X is defined in this way, follows from the obser-
vation: When = € (z1 + W1) N (22 + Ws), then there is a basis-neighborhood
W such that x + W C (x1 + Wi) N (z2 + Wa). Moreover, it is clear that the
topology is invariant under translation and under multiplication by a scalar
# 0, and that the sets with ¢; = 1/n;, n; € N, form a local basis. The con-
tinuity of the p’s follows from the subadditivity: For each zp € X and ¢ > 0,
V(p,xo,e) = 2o + V(p,e) is mapped into the neighborhood B(p(xg),e) of
p(zo) in R, since
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for z € V(p, o, €).

The point set {0} (and then also any other point) is closed, since every
xo # 0 has a neighborhood disjoint from {0}, namely, V (p, zo, ), where p is
chosen so that p(xg) # 0 and € < p(xp). We shall now show the continuity
of addition and multiplication. For the continuity of addition we must show
that for any neighborhood W + x + y there exist neighborhoods Wy + x of
and Wy 4 y of y (recall the notation (A.13) and (A.14)) so that

Wi4az4+We+yCWH+a+y, ie.,sothat Wy + Wy CW. (B.6)

Here we simply use that when W = W(p1,...,pn; €1,...,6n) IS a basis-
neighborhood at 0, and we set

WI: ;W(pla"wp]\f;gla"'?EN):W(pla"pr;;gl"'?;gN)7

then W/ 4+ W’ C W because of the subadditivity. For the continuity of multi-
plication we must show that for any neighborhood W + ax of ax there exist
neighborhoods B(0,r) + « (of a in L) and W’ + z (of 2 in X) such that

(BO,r) +a)(W' +2) CW +az . (B.7)
Here
(B(O,7) + a)(W' +z) C B(0,r)W' +aW’' + B(0,r)z + az .

Let W = W(p1,...,pN;€1,---,6N), and let W’ = 6W, 6 > 0. For ¢ taken
larger than aj_lpj(x), j=1,...,N, we have that z € cW and hence

B(0,r)x CrcW .

Moreover,
B0, YW CcrW' =réW

and
aW' C |a|W' = |aldW .

I next we choose r so small that

Now we first take 0 so small that |a|d < 3;

rd < é and rc < é Then
B(0,r)W' +aW' 4+ B(0,r)z C ;W + W+ W CW,

whereby (B.7) is satisfied. All together we find that the topology on X makes
X a topological vector space.

Finally we shall describe the bounded sets. Assume first that E is bound-
ed. Let p € P, then there exists by assumption (see Definition B.2) a ¢ > 0,
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so that E C tV(p,1) = V(p,t). Then p(z) € [0,t] for € E, so that p(E) is
bounded. Conversely, let ' be a set such that for every p there is a ¢, > 0
with p(z) < t, for © € E. When W = W(p1,...,pn;€1,...,6N), We then
have that E C tW for t > max{t,, /e1,...,tpn/EN}- O

Note that the sets (B.5) are open, convex and balanced in view of (B.3).

Note that zj converges to  in X if and only if p(zy — x) — 0 for every
seminorm p € P; and that a linear operator T': Y — X, where Y is a t.v.s.,
is continuous if and only if all the maps p o T are continuous.

Remark B.6. We remark that in the definition of the topology in Theorem
B.5, the sets (B.4) constitute a local subbasis for the neighborhood system
at 0, i.e., a system B’ of neighborhoods of 0 such that the finite intersections
of elements from B’ constitute a local basis for the neighborhood system at
0. If the given family of seminorms P has the following property (which we
shall call the maz-property):

Vp1,pp € PIp € P, c>0:p>cmax{p1,pa}, (B.8)

then each of the basis sets (B.5) contains a set of the form (B.4), namely,
one with p > cmax{pi,...,pn} and € < minc{ey,...,en}; here (B.4) is in
itself a local basis for the topology. For a given family of seminorms P one
can always supply the family to obtain one that has the max-property and
defines the same topology. In fact, one can simply replace P by P’, consisting
of P and all seminorms of the form

p=max{p1,...,pN}, P1,-.-,pN EP, NE€EN. (B.9)

In the following we can often obtain that P is ordered (when p and p’ € P
then either p(z) < p/(z)Ve € X or p'(z) < p(x)Vz € X); then P has the
max-property.

When the max-property holds, we have a simple reformulation of continu-
ity properties:

Lemma B.7.1° When the topology on X is given by Theorem B.5 and P
has the maz-property, then a linear functional A on X is continuous if and
only if there exists a p € P and a constant ¢ > 0 so that

[A(z)] < ep(z) forallz e X . (B.10)

2° When X and Y are topological vector spaces with topologies given as in
Theorem B.5 by separating families P resp. Q having the max-property, then
a linear operator T from X to'Y is continuous if and only if: For each g € Q
there exists a p € P and a constant ¢ > 0 so that

lg(Tz)| < ep(z) forallz e X . (B.11)
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Proof. 1°. Continuity of A holds when it holds at 0. Since the neighborhoods
(B.4) form a basis, the continuity can be expressed as the property: For any
e > 0 thereis ap € P and a § > 0 such that (x) p(z) <0 = [A(z)] <e.

If (B.10) holds, then we can for a given e obtain (%) by taking 6 = ¢/c.
Conversely, assume that (x) holds. We then claim that (B.10) holds with
¢ = ¢/4. In fact, if p(x) = 0, A(z) must equal 0, for otherwise |[A(tx)| =
t|A(z)] — oo for t — oo whereas p(tx) = 0 for ¢ > 0, contradicting (x). If
p(z) > 0,let 0 < ¢ < J, then p(p‘g;)a:) =4¢ < dso |A(p‘(5;)x)| < &, hence
|A(z)] < 5 p(x). Letting ¢ — d, we conclude that [A(z)| < $p(z). This shows
1°.

2°. Continuity of T" holds when it holds at 0; here it can be expressed as
the property: For any ¢ € Q and € > 0 there is a p € P and a § > 0 such
that (xx) p(x) <d = |¢(Tz)| < e.

If (B.11) holds, then we can for a given £ obtain (xx) by taking 6 = ¢/c.
Conversely, when (xx) holds, we find that (B.11) holds with ¢ = ¢/§ in a
similar way as in the proof of 1°. O

Remark B.8. If the given family of seminorms is not known to have the
max-property, the lemma holds when P and Q are replaced by P’, @', defined
as indicated in Remark B.6. We can express this in another way: Without
assumption of the max-property, the lemma is valid when p and ¢ in (B.10)
and (B.11) are replaced by expressions as in (B.9).

Note in particular that, whether the max-property holds or not, the ezis-
tence of a p € P, ¢ > 0, such that (B.10) holds, is sufficient to assure that
the linear functional A is continuous.

We observe, as an outcome of the lemma, the general principle: Conti-
nuity of linear mappings is shown by proving inequalities. This is familiar
for normed spaces, and we see that it holds also for spaces with topologies
defined by seminorms.

The family of seminorms P may in particular be derived from a vector
space Y of linear functionals on X, by taking |A(z)| as a seminorm when
A € Y. An important example is where Y = X* the space of continuous
linear functionals on X. Here the topology defined by the family of seminorms
2 |z*(x)], z* € X*, is called the weak* topology on X. Much more can be
said about this important case (and the aspects of weak topology and weak*
topology in connection with Banach spaces); for this we refer to textbooks
on functional analysis.

Theorem B.9. When X is a t.v.s. where the topology is defined by a count-
able separating family of seminorms P = (pr)ren, then X is locally convex
and metrizable, and the topology on X is determined by the invariant metric

d(x,y):il pele—y) (B.12)

k _
2 1+ pr(x—y)
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The balls B(0,r) in this metric are balanced.
If X is complete in this metric, X is a Fréchet space.

Proof. The space is locally convex because of the definition of the topology
by use of seminorms.

The series (B.12) is clearly convergent for all z,y € X. Consider the func-
tion f(a) =a/(1+a), a > 0. We want to show that it satisfies

fla) < fla+b) < f(a) + (D). (B.13)

Here the first inequality follows since f(a) = 1 —1/(1 + a) with 1/(1 + a)
decreasing. For the second inequality we use this together with the formula
fla)/a=1/(1+ a) for a > 0, which gives that

fla)/a = fla+b)/(a+b), [f(b)/b=f(at+b)/(a+D), ab>0,

hence altogether f(a)+ f(b) > f(a+b)(a+0b)/(a+b) = f(a+1b). ((B.13) is
immediately verified in cases where a or b is 0.) Define do(z) by

Z 2k1+pk ; (B.14)

then d(z,y) = do(z — y). We first show

do(z) >0, do(x) =0 <= z=0;
do(w +y) < do() + do(y);
do(Mz) < dp(x) for [N < 1;
these properties assure that d(z,y) is a metric with balanced balls. For the

first line, we note that do(x) > 0 for « # 0 follows from the fact that P is
separating. The second line is obtained by use of (B.13):
i L prle+y)  _ i 1 pr(z) +pr(y)

2P 1+ pr(z+y) = = 28 1+ pr(@) + pe(y)

do(x +y) =
— 1 p(y)
=d + d .
Zle‘FPk (z) ;2k1+pk(y) o(z) o(y)
The third line is obtained using that for 0 < || < 1,

Z Pr(AT) Z 1 [Alpe(2)
2k 1+ pr(A\x) 28 1+ |A|pr(x)

(oo}

B 1 ople)
Z o 1/|A|+pk< P IPY L ety = D@
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The metric is clearly translation invariant. We shall now show that the hereby
defined topology is the same as the topology defined by the seminorms. Note
that on one hand, one has for € €]0,1[ and N € N:

1 pr(x)

< 27N for all k
2F 1 4 pi(z) =€ ora

do(ﬂ?) < 52_N -

pr(z) €
< < < < N:
1+pk(a:)*8f0rk*N:pk(x)*l—afork*N’

on the other hand, one has, if 27V < /2,

pr(x) <eg/2for k< N =

do() = i Lope(e) i 1 p(z)
=k 1tpp(e) 4 28 1+ pi(e)

Exml | 1
S2;216+2N§‘€'

Therefore we have the following inclusions between basis-neighborhoods
W(p1,..., pn;0,...,0) and balls B(0,r) (with 6 >0, N € N, r > 0):

B(0,r) Cc W(p1,...,pN; 0, ...,0),

when 6 and N are given, € > 0 is chosen so that e/(1 —¢) < §, and r is taken
=e27N,
W(p1,...,pN;0,...,0) C B(0,r),

when 7 is given, N is chosen so that 2=~ < /2, and § is taken = r/2. This
shows that B(0,r) for > 0 is a system of basis-neighborhoods at 0 for the
topology defined by P.

Finally, by Definition B.4, X is a Fréchet space if it is complete in this
metric, i.e., if Cauchy sequences are convergent. O

The convergence of Cauchy sequences can be checked by the convergence
criterion mentioned after Theorem B.5.

Note that the balls defined by the metric (B.12) need not be convex, cf.
Exercise B.1. (However, there does exist, as mentioned after Definition B.4,
another compatible metric with convex balls.) It will in general be most
convenient to calculate on the basis of the seminorms rather than a metric,
although its existence has useful consequences.

Remark B.10. One can ask conversely whether the topology of an arbitrary
locally convex t.v.s. X can be defined by a separating family of seminorms.
The answer is yes: To a neighborhood basis at 0 consisting of convex, balanced
open sets V one can associate the Minkowski functionals puy defined by
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v () = inf{t > 0 | f eV} (B.15)

then one can show that the py’s are a separating family of seminorms defining
the topology on X. If X in addition is metrizable, the topology can be defined
from a countable family of seminorms, since X then has a neighborhood basis
at 0 consisting of a sequence of open, convex balanced sets. See e.g. [R74,
Ch. 1] and [P89).

Like in Banach spaces there are some convenient rules characterizing the
continuous linear operators on Fréchet spaces. By a bounded operator we
mean an operator sending bounded sets into bounded sets.

Theorem B.11. Let X be a Fréchet space and let Y be a topological vector
space. When T is a linear map of X into 'Y, the following four properties are
equivalent:

(a) T is conlinuous.

(b) T is bounded.

(¢) xp, — 0 in X forn — oo = (Tap)nen is bounded in'Y.
(d)xy, -0 X = Tz, —0inY.

Proof. (a) = (b). Let E be bounded in X, and let F = T(E). Let V be
a neighborhood of 0 in Y. Since T is continuous, there is a neighborhood U
of 0 in X such that T(U) C V. Since E is bounded, there is a number ¢ > 0
such that £ C tU. Then F' C tV; hence F' is bounded.

(b) = (c¢). When z,, — 0, the set {x, | n € N} is bounded. Then
{Tz, | n € N} is bounded according to (b).

(¢) = (d). Let d denote a translation invariant metric defining the
topology. The triangle inequality then gives that

d(0,nz) <d(0,z) + d(z,2z) + - - -+ d((n — 1)x,nz) = nd(0,z), (B.16)

for n € N. When z,, — 0, then d(z,,0) — 0, so there exists a strictly
increasing sequence of indices ny so that d(z,,0) < k=2 for n > ng. Then
d(kx,,0) < kd(z,,0) < k= for n > ny; hence also the sequence t,z,, goes
to 0 for n — oo, where t,, is defined by

tp,="Fk for np <n<mgy1 —1.

According to (c), the sequence t,, Tz, is bounded. It follows (cf. Exercise B.5)
that T'z,, — 0 for n — oo.

(d) = (a). If T is not continuous, there exists a neighborhood V of 0
in Y and for any n an z,, with d(x,,0) < }1 and Tz, ¢ V. Here x,, goes to
0, whereas Tx,, does not go to 0, i.e., (d) does not hold. O

Remark B.12. It is seen from the proof that the assumption in Theorem
B.11 that X is a Fréchet space can be replaced with the assumption that X
is a metrizable topological vector space with an invariant metric.
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We see in particular that a functional A on X is continuous if and only if
T, — 0 in X implies Az,, — 0 in L.

Since “bounded” and “continuous” are synonymous for linear operators
in the situation described in Theorem B.11, we may, like for operators in
Banach spaces, denote the set of continuous linear operators from X to Y by
B(X,Y).

One can also consider unbounded operators, and operators which are not
everywhere defined, by conventions like those in Chapter 12.

We end this presentation by mentioning briefly that the well-known basic
principles for Banach spaces which build on the theorem of Baire (on complete
metric spaces) are easily generalized to Fréchet spaces.

Theorem B.13 (THE BANACH-STEINHAUS THEOREM). Let X be a Fréchet
space andY a topological vector space, and consider a family (Tx)xea of con-
tinuous operators Ty € B(X,Y). If the set {Thx | A € A} (called the “orbit”
of x) is bounded in'Y for each x € X, then the family Ty is equicontinuous,
i.e., when V is a neighborhood of 0 in Y, then there exists a neighborhood W
of 0 in X so that | Jycn Th(W) C V.

Corollary B.14. Let X be a Fréchet space and 'Y a topological vector space,
and consider a sequence (1), )nen of continuous operators T,, € B(X,Y). If
Tz has a limit in'Y for each x € X, then the map T : x — Tx =lim,_ o Thr
is a continuous map of X into Y. Moreover, the sequence (T}, )nen is equicon-
tinuous.

We leave it to the reader to formulate a similar corollary for nets.

Theorem B.15 (THE OPEN MAPPING PRINCIPLE). Let X andY be Fréchet
spaces. If T € B(X,Y) is surjective, then T' is open (i.e., sends open sets into
open sets).

Theorem B.16 (THE CLOSED GRAPH THEOREM). Let X andY be Fréchet
spaces. If T is a linear map of X into Y and the graph of T 1is closed in
X XY, then T is continuous.

B.2 Inductive limits of Fréchet spaces

When defining the topology on C§°(Q2) for an open set @ C R”, we shall need
the following generalization of Fréchet spaces:

Theorem B.17. Let
X1CX2C-'-CXjC--- (B.17)

be a sequence of Fréchet spaces such that for every j € N, X; is a subspace
of Xj+1 and the topology on X; is the topology induced from Xjiq. Let
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o0

x=Jx;, (B.18)
Jj=1

and consider the sets W that satisfy: W N X, is an open, convez, balanced
neighborhood of 0 in X; for all j. Then X has a unique locally convex vector
space topology whose open, convex, balanced neighborhoods of O are precisely
the sets W.

With this topology, all the injections X; C X are continuous.

The topology determined in this way is called the inductive limit topology,
and spaces of this kind are called LF spaces (short for: inductive limits of
Fréchet spaces). There is more information on this topology in Exercises
B.15 and B.16, where it is shown how it can also be described in terms of
seminorms.

Theorem B.18. Let X = UjeN

(a) A set E in X is bounded if and only if there exists a jo so that E lies
in Xj, and is bounded there.

(b) If a sequence (ug)ken is a Cauchy sequence in X, then there exists a jo
such that ui, € Xj, for all k, and (ur)ren is convergent in X;, and in
X.

(¢) Let Y be a locally convex topological vector space. A linear map T of X
into Y is continuous if and only if T : X; — Y is continuous for every
jeN.

X be an inductive limit of Fréchet spaces.

A variant of the theorem is (essentially) shown in [R74, Ch. 6]; see also
Exercise B.16.

The fundamental property of the inductive limit topology that we use
is that important concepts such as convergence and continuity in connection
with the topology on X can be referred to the corresponding concepts for one
of the simpler spaces X;. This is seen from Theorem B.18, and we observe
the following further consequences.

Corollary B.19. Hypotheses as in Theorem B.18.

(a) A linear map T : X — Y is continuous if and only if one has for each
j € N that when (uk)ren is a sequence in X; with up, — 0 in X; for
k — oo, then Tur, — 0 in Y.

(b) Assume that the topology in each X; is given by a family P; of semi-
norms with the maz-property (cf. Remark B.6). A linear functional
A X — L is continuous if and only if there exists, for each j, a
seminorm p; € P; and a constant c; > 0 so that

A(z)| < ¢jpj(z) for z € X;. (B.19)

Proof. (a) and (b) follow from Theorem B.18 combined with, respectively,
Theorem B.11 and Lemma B.7. O
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Exercises for Appendix B
B.1. Define d; and ds for z,y € R by

x Y

Show that d; and ds are metrics on R which induce the same topology on R,
and that (R, d;) is a complete metric space whereas (R, dz) is not a complete
metric space.

B.2. Let X be a t.v.s. and assume that the topology is defined by a trans-
lation invariant metric d. Show that (x,) is a Cauchy sequence in X if and
only if (z,) is a metric Cauchy sequence in (X, d).

B.3. Consider the family of seminorms on C°(R) defined by

pe(f) =sup{[f(2)| |z € [-k,k]}, for keN,

and the metric defined by this as in Theorem B.9.
Define

f(x) = max{0,1 - |z|}, g(x) =100f(z - 2), h(z) = ;(f(z) + g(x)),
and show that

50 150

1

Hence the ball B(0, }) is not convex. Is B(0,r) convex for any r < 1?

B.4. Let X be a topological vector space.
(a) Show Lemma B.3 1°.

(b) Show that X is a Hausdorff space, i.e., for x # y there exist neighbor-
hoods Vi of x and V5 of y so that V3 NV = 0.

B.5. Let X be a topological vector space.

(a) Show that £ C X is bounded if and only if, for any neighborhood V' of
0 there exists a t > 0 so that ¥ C sV for s > t.

(b) Show that the only bounded subspace of X is {0}.

B.6. Consider R?, provided with the usual topology, and let A C R2?
B C R%

(a) Show that 24 C A+ A, and find an example where 24 # A + A.

(b) Show that if A is closed and B is compact, then A + B is closed.

(¢) Show that A+ B C A+ B in general, and find an example where A+ B #
A+ B.
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B.7. Show Lemma B.7.

B.8. Show that when X and Y are topological vector spaces, then the
product space X X Y is a topological vector space.

B.9. Give proofs of Theorems B.13-B.16.
The following exercises refer to the notation of Chapter 2.
B.10. Show that C*°([a,b]) and C () are Fréchet spaces.

B.11. Show that D® is a continuous operator in C'*°(Q) and in CF ().
Let f € C*°(f2) and show that the operator My : u — f - u is continuous in
C>*(Q) and in CE(Q).

B.12. Let f € L2(92) and show that the functional

A:ub—>/ufdx
Q

is continuous on C¢°(Q2) for every compact K C €.
B.13. Show that C'2(€) is a closed subspace of C*(€2).

B.14. Let A be a convex subset of a topological vector space E. Let xg
be an interior point of A and z a point in the closure A of A. Show that all
points u # z on the segment

[zo,2] ={ Azo + (1 = Nz | A€ [0,1] }

are interior in A. (Hint. Begin with the case where x € A.)
Use this to show that when A C F, A is convex, then

;175(2):>;1=A and A=A,

Show by an example that A # () is a necessary condition.

B.15. Let E be a locally convex topological vector space and let M C E
be a subspace. Let U be a convex balanced neighborhood of 0 in M (with
the topology induced from E).

(a) Show that there exists a convex balanced neighborhood V of 0 in E so
that VN M =U.

(b) Assume that zp € E\ M. Show that V in (a) may be chosen so that
ZTo §é V.

(¢) Let pg be a continuous seminorm on M. Show that there exists a contin-
uous seminorm p on E so that p|yr = po.
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B.16. The inductive limit topology. Let X be a vector space and FE; ;
Ey G E3G -G E;j G ... astrictly increasing sequence of subspaces of X
so that X = Ujoil E;. Assume that for all j € N, (E;,7;) is a locally convex
topological vector space; and assume that for j < k, the topology induced by
T on E; is the same as 7; (as in Theorem B.17).

(a) Define P by
P = { seminorms p on X | p|g, is 7;-continuous Vj € N }.

Show that P is separating. (One can use Exercise B.15 (c).)

(b) Thus P defines a locally convex vector space topology 7 on X. Show
that the topology induced by 7 on Ej; equals 7;. (Cf. Exercise B.15 (a); show
that 7 has properties as in Theorem B.17.)

(c) Assume that A is a linear map of X into a locally convex topological
vector space Y. Show that A is 7-continuous if and only if A|g, is continuous
E; =Y for every j € N.

(d) Show that a set B C X is bounded (w.r.t. 7) if and only if 35 e N: B C
E; and B is bounded in E;. (Cf. Exercise B.15 (b).)

(e) The example: X = CJ(R) (cf. (C.8)). Take E; = C[iju’] (R), with the
sup-norm topology. Show that the topology 7 on C§(R) determined from 7;
as in (b) is strictly finer than the sup-norm topology on C{(R).

B.17. Show that when X is as in Theorem B.9, then
di(a,y) = 3 min{2 %, p(z — )}
k=1

is likewise an invariant metric defining the topology.



Appendix C
Function spaces on sets with smooth
boundary

We here define some additional function spaces, supplying those introduced
in Chapter 2. The new types of spaces are associated with sets Q0 where the
boundary has a certain smoothness.

Definition C.1. An open set @ C R” is said to be (of class) C™ for some
m < oo when every boundary point x € 02 has an open neighborhood U
with an associated C™-diffeomorphism x (a bijective C"™ mapping with C™
inverse) such that x maps U onto the unit ball B(0,1) C R", and

[==]

k(z) =0,
K(UNQ) = B(0,1)NRY, (C.1)
k(U NON) = B(0,1)NR" L.

We then also say that  is C™ (in detail: closed and C™).

In the case m = oo one often says instead that €2 is smooth. In some texts,
the above definition is taken to mean that 92 is C™. But in fact the boundary
of Q2 can be a C" manifold also when Definition C.1 is not verified — think

447
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for example of the set Q = {x € R" | |z| # 1}. The definition assures that
is locally “on one side of 9€2”; this property involves 2 as well as 0f2.
Examples: R} is smooth. Balls in R™ are smooth. The set

{zeR? |23 >0,21 < /72 } (C.2)

is C' but not C2.
For a function v on R, it makes good sense to speak of the partial deriva-

tives on ]Ri, and they exist up to order m when the partial derivatives of u on
R? up to order m extend to continuous functions on Ri. This carries over to

smooth sets €2, since one can define the derivatives on sets of the form U N
in Definition C.1 by use of £ and the chain rule. [More precisely: £ maps x

over to y = (k1(x), ..., kn()), so if we write u(z) = u(k~1(y)) = u(y), we
have that N
ORIEED DR R ey (€3)

=1

In other words, the differential operator 9., on U N Q corresponds to the
differential operator Y, ; a0y, on B(0, 1)01&7}r with C* coefficients aj;(y) =
(O, 1) (52 (1)),

Regardless of the smoothness of Q we denote by C*(€2) the vector space
of functions on 2 such that the partial derivatives up to order m defined
on ) are uniformly continuous on bounded subsets of 2 (hence extend to
continuous functions on Q). When 2 is compact, this is a Banach space with

the norm
lull ory = sup{ [0%u(z)| |x €Q,la|<k}. (C.4)

If © is not assumed to be compact, we can define a Fréchet topology on C*(Q)
by the family of seminorms (2.9) where k is fixed and K; for example runs
through the increasing sequence of compact sets K; = QN B(0, j) satisfying
Ujen K = €2 (In the compact case, the sequence (Kj);en can be replaced

by one set 2 and the seminorm is a norm.) For k£ = 0, one often writes C
instead of C°.
We can also define

(@) = () c*@.
k=0

Ck(Q) = {ue CH Q) [swpuC K}, CF(Q) =[] Ck(9),
k=0 (C.5)

Céco) (Q) = {ue C*(Q) | suppu compact C Q},

C5 (@) = (1) Cloy(@) -
k=0
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The first space in this list is a Fréchet space with the topology determined by
the family of seminorms (2.9) (k runs through all integers > 0, the sequence
(K;) may be replaced by one set {2 if this is compact). The space C&(Q) is
a Banach space with norm sup{ [0%u(z)| | |a| < k, z € K }, while C3(Q) is
a Fréchet space. Finally, C(ko)(Q) equals the Banach space C*(Q) when () is
compact; otherwise it is an LF-space (considered as | K, Cf(j (©) where
U; K = Q as above); C5)(82) is likewise LF when € is not compact. (We
use the index (0) to avoid confusion with C§°(£2).)
One can show that

O R} = { ulzy [u € C(R™) }, (C.6)
and that when ) is smooth,

G5 (@) = {ulg | u € G ®M) }. (eky

The proof of (C.6) is found in Seeley’s paper [S64], and then (C.7) is de-
duced from this by use of diffeomorphisms as in Definition C.1. (When Q is
smooth and bounded, the localization arguments are similar to those used in
Theorems 4.10 and 4.12.)

For an open set {2 and a compact subset K we define CF-(Q2) and C}(Q)
by

Cx(Q) = {ueC*(Q) [suppucC K},

. . (C.8)
Cy(Q2) ={ueC¥)|suppu compact C N},

the former is a Banach space (like CF-(Q2)) and the latter is an L£F-space,
namely, UchQ C}“(j (Q).
Finally, we mention that one may need a notation for the following spaces
(where M is open, or closed and C* resp. C*°):
CEP(M) ={uecCHM) |0 € Ly(M) for |a| <k},

P C.9
Cy (M) = () CF, (M), (€9)
k=0

They coincide with C*(M) resp. C*(M) when M is compact. The spaces
Cfp (M) (1 < p < o0) may be provided with norms

1
( Z Hao‘uHip(M)) " for p < co, sup 10%ul| 1. (ary for p= o0, (C.10)

la|<k |a|<k

which for p = 2 take the form
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el = (32 10 ulZaan) (C.11)

|| <k

This makes them normed but in general not complete spaces. Similarly,
Cto (M) may be topologized by a system of seminorms.

A special case is C’fm(R"); it is the space of C*-functions on R” with
bounded derivatives up to order k. It is well-known that this is a Banach
space with the norm

HUHC’E,,O(R") = supq |0%u(z)| |z € R", Ja] < k }. (C.12)

Exercises for Appendix C

C.1. Let M = B(0,1) in R™. Show that C'(M) is complete with respect to
the C'-norm (cf. (C.4)), but not complete with respect to the norm (C.11)
with £ = 1.
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