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Preface

Separation of variables is a solution method for partial differential equations. While its beginnings date
back to work of Daniel Bernoulli (1753), Lagrange (1759), and d’Alembert (1763) on wave motion (see
[2]), it is commonly associated with the name of Fourier (1822), who developed it for his research on
conductive heat transfer. Since Fourier’s time it has been an integral part of engineering mathematics,
and in spite of its limited applicability and heavy competition from numerical methods for partial
differential equations, it remains a well-known and widely used technique in applied mathematics.
Separation of variables is commonly considered an analytic solution method that yields the solution of
certain partial differential equations in terms of an infinite series such as a Fourier series. While it may
be straightforward to write formally the series solution, the question in what sense it solves the problem
IS not readily answered without recourse to abstract mathematical analysis. A modern treatment
focusing in part on the theoretical underpinnings of the method and employing the language and
concepts of Hilbert spaces to analyze the infinite series may be found in the text of MacCluer [15]. For
many problems the formal series can be shown to represent an analytic solution of the differential
equation. As a tool of analysis, however, separation of variables with its infinite series solutions is not
needed. Other mathematical methods exist which guarantee the existence and uniqueness of a solution
of the problem under much more general conditions than those required for the applicability of the
method of separation of variables.

In this text we mostly ignore infinite series solutions and their theoretical and practical complexities. We
concentrate instead on the first N terms of the series which are all that ever are computed in an
engineering application. Such a partial sum of the infinite series is an approximation to the analytic
solution of the original problem. Alternatively, it can be viewed as the exact analytic solution of a new
problem that approximates the given problem. This is the point of view taken in this book.

Specifically, we view the method of separation of variables in the following context: mathematical
analysis applied to the given problem guarantees the existence and uniqueness of a solution u in some
infinite dimensional vector space of functions X, but in general provides no means to compute it. By
modifying the problem appropriately, however, an approximating problem results which has a
computable closed form solution uN in a subspace M of X. If M is
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suitably chosen, then uN is a good approximation to the unknown solution u. As we shall see, M will be
defined such that uN is just the partial sum of the first N terms of the infinite series traditionally
associated with the method of separation of variables.

The reader may recognize this view as identical to the setting of the finite element, collocation, and
spectral methods that have been developed for the numerical solution of differential equations. All these
methods differ in how the subspace M is chosen and in what sense the original problem is
approximated. These choices dictate how hard it is to compute the approximate solution uN and how
well it approximates the analytic solution u.

Given the almost universal applicability of numerical methods for the solution of partial differential
equations, the question arises whether separation of variables with its severe restrictions on the type of
equation and the geometry of the problem is still a viable tool and deserves further exposition. The
existence of this text reflects our view that the method of separation of variables still belongs to the
core of applied mathematics. There are a number of reasons.

Closed form (approximate) solutions show structure and exhibit explicitly the influence of the problem
parameters on the solution. We think, for example, of the decomposition of wave motion into standing
waves, of the relationship between driving frequency and resonance in sound waves, of the influence of
diffusivity on the rate of decay of temperature in a heated bar, or of the generation of equipotential and
stream lines for potential flow. Such structure and insight are not readily obtained from purely numerical
solutions of the underlying differential equation. Moreover, optimization, control, and inverse problems
tend to be easier to solve when an analytic representation of the (approximate) solution is available. In
addition, the method is not as limited in its applicability as one might infer from more elementary texts
on separation of variables. Approximate solutions are readily computable for problems with time-
dependent data, for diffusion with convection and wave motion with dissipation, problems seldom seen
in introductory textbooks. Even domain restrictions can sometimes be overcome with embedding and
domain decomposition techniques. Finally, there is the class of singularly perturbed and of higher
dimensional problems where numerical methods are not easily applied while separation of variables still
yields an analytic approximate solution.

Our rationale for offering a new exposition of separation of variables is then twofold. First, although
quite common in more advanced treatments (such as [15]), interpreting the separation of variables
solution as an eigenfunction expansion is a point of view rarely taken when introducing the method to
students. Usually the formalism is based on a product solution for the partial differential equation, and
this limits the applicability of the method to homogeneous partial differential equations. When source
terms do appear, then a reformulation of problems for the heat and wave equation with the help of
Duhamel’s superposition principle and an approximation of the source term in the potential equation
with the help of an eigenfunction approximation become necessary. In an exposition based from the
beginning on an eigenfunction expansion, the presence of source terms in the differential equation is
only a technical, but not a conceptual
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complication, regardless of the type of equation under consideration. A concise algorithmic approach
results.

Equally important to us is the second reason for a new exposition of the method of separation of
variables. We wish to emphasize the power of the method by solving a great variety of problems which
often go well beyond the usual textbook examples. Many of the applications ask questions which are not
as easily resolved with numerical methods as with analytic approximate solutions. Of course, evaluation
of these approximate solutions usually relies on numerical methods to integrate, solve linear systems or
nonlinear equations, and to find values of special functions, but these methods by now may be
considered universally available “black boxes.” We are, however, mindful of the gap between the
concept of a solution in principle and a demonstrably computable solution and try to convey our
experience with how well the eigenfunction approach actually solves the sample problems.

The method of separation of variables from a spectral expansion view is presented in nine chapters.
Chapter 1 collects some background information on the three dominant equations of this text, the
potential equation, the heat equation, and the wave equation. We refer to these results when applying
and analyzing the method of separation of variables.

Chapter 2 contains a discussion of orthogonal projections which are used time and again to approximate
given data functions in a specified finite-dimensional but parameter-dependent subspace.

Chapter 3 introduces the subspace whose basis consists of the eigenfunctions of a so-called Sturm-
Liouville problem associated with the application under consideration. These are the eigenfunctions of
the title of this text. We cite results from the Sturm-Liouville theory and provide a table of eigenvalues
and eigenfunctions that arise in the method of separation of variables.

Chapter 4 treats the case in which the eigenfunctions are sine and cosine functions with a common
period. In this case the projection into the subspace is closely related to the Fourier series
representation of the data functions. Precise information about the convergence of the Fourier series is
known. We cite those results which are helpful later on for the application of separation of variables.
Chapter 5 constitutes the heart of the text. We consider a partial differential equation in two
independent variables with a source term and subject to boundary and initial conditions. We give the
algorithm for approximating such a problem and for solving it in a finite-dimensional space spanned by
eigenfunctions determined by the “spacial part” of the equation and its boundary conditions. We
illustrate in broad outline the application of this approach to the heat, wave, and potential equations.
Chapter 6 gives an expansive exposition of the algorithm for the one-dimensional heat equation. It
contains many worked examples with comments on the numerical performance of the method, and
concludes with a rudimentary analysis of the error in the approximate solution.

Chapter 7 parallels the previous chapter but treats the wave equation.
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Chapter 8 deals with the potential equation. It describes how one can precondition the data of problems
with smooth solutions in order not to introduce artificial discontinuities into the separation of variables
solution. We solve potential problems with various boundary conditions and conclude with a calculation
of eigenfunctions for the two-dimensional Laplacian.

Chapter 9 uses the eigenfunctions of the preceding chapter to find eigenfunction expansion solutions of
two- and three-dimensional heat, wave, and potential equations.

This text is written for advanced undergraduate and graduate students in science and engineering with
previous exposure to a course in engineering mathematics, but not necessarily separation of variables.
Basic prerequisites beyond calculus are familiarity with linear algebra, the concept of vector spaces of
functions, norms and inner products, the ability to solve linear inhomogeneous first and second order
ordinary differential equations, and some contact with practical applications of partial differential
equations.

The book contains more material than can (and should) be taught in a course on separation of
variables. We have introduced the eigenfunction approach to our own students based on an early
version of this text. We covered parts of Chapters 2—4 to lay the groundwork for an extensive discussion
of Chapter 5. The remainder of the term was filled by working through selected examples involving the
heat, wave, and potential equation. We believe that by term’s end the students had an appreciation that
they could solve realistic problems. Since we view Chapters 2-5 as suitable for teaching separation of
variables, we have included exercises to help deepen the reader’s understanding of the eigenfunction
approach. The examples of Chapters 6—8 and their exercise sets generally lend themselves for project
assignments.

This text will put a bigger burden on the instructor to choose topics and guide students than more
elementary texts on separation of variables that start with product solutions. The instructor who
subscribes to the view put forth in Chapter 5 should find this text workable. The more advanced
applications, such as interface, inverse, and multidimensional problems, as well as the the more
theoretical topics require more mathematical sophistication and may be skipped without breaking
continuity.

The book is also meant to serve as a reference text for the method of separation of variables. We hope
the many examples will guide the reader in deciding whether and how to apply the method to any given
problem. The examples should help in interpreting computed solutions, and should give insight into
those cases in which formal answers are useless because of lack of convergence or unacceptable
oscillations. Chapters 1 and 9 are included to support the reference function. They do not include
exercises.

We hasten to add that this text is not a complete reference book. We do not attempt to characterize the
equations and coordinate systems where a separation of variables is applicable. We do not even mention
the various coordinate systems (beyond cartesian, polar, cylindrical, and spherical) in which the
Laplacian is separable. We have not scoured the literature for new and innovative applications of
separation of variables. Moreover, the examples we do
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include are often meant to show structure rather than represent reality because in general little
attention is given to the proper scaling of the equations.

There does not appear to exist any other source that could serve as a practical reference book for the
practicing engineer or scientist. We hope this book will alert the reader that separation of variables has
more to offer than may be apparent from elementary texts.

Finally, this text does not mention the implementation of our formulas and calculations on the computer,
or do we provide numerical algorithms or programs. Yet the text, and in particular our numerical
examples, could not have been presented without access to symbolic and numerical packages such as
Maple, Mathematica, and Matlab. We consider our calculations and the graphical representation of their
results routine and well within the competence of today’s students and practitioners of science and
engineering.
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Chapter 1

Potential, Heat, and Wave Equation

This chapter provides a quick look into the vast field of partial differential equations. The main goal is to
extract some qualitative results on the three dominant equations of mathematical physics, the potential,
heat, and wave equation on which our attention will be focused throughout this text.

1.1 Overview

When processes that change smoothly with two or more independent variables are modeled
mathematically, then partial differential equations arise. Most common are second order equations of

the general form
M M

Lu= Z Qijlg,zy + Zbiﬁ:r + e = F, Fe Do Ry

ij=1 i=1 (1.1
where the coefficients and the source term may depend on the independent variables {x1,..., xM}, on u,
and on its derivatives. D is a given set in ®ar (whose boundary will be denoted by dD). The equation
may reflect conservation and balance laws, empirical relationships, or may be purely phenomenological.
Its solution is used to explain, predict, and control processes in a bewildering array of applications
ranging from heat, mass, and fluid flow, migration of biological species, electrostatics, and molecular
vibration to mortgage banking.
In (1.1) £ is known as a partial differential operator that maps a smooth function u to the function Lu.
Throughout this text a smooth function denotes a function with as many continuous derivatives as are
necessary to carry out the operations to which it is subjected. £z = F' is the equation to be solved.
Given a partial differential equation and side constraints on its solution, typically initial and boundary
conditions, it becomes a question of mathematical analysis to establish whether the problem has a
solution, whether the solution
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Is unique, and whether the solution changes continuously with the data of the problem. If that is the
case, then the given problem for (1.1) is said to be well posed; if not then it is ill posed. We note here
that the data of the problem are the coefficients of £: the source term F, any side conditions imposed
on u, and the shape of D. However, dependence on the coefficients and on the shape of D will be
ignored. Only continuous dependence with respect to the source term and the side conditions will define
well posedness for our purposes.
The technical aspects of in what sense a function u solves the problem and in what sense it changes
with the data of the problem tend to be abstract and complex and constitute the mathematical theory of
partial differential equations (e.g., [5]). Such theoretical studies are essential to establish that equation
(1.1) and its side conditions are a consistent description of the processes under consideration and to
characterize the behavior of its solution. Outside mathematics the validity of a mathematical model is
often taken on faith and its solution is assumed to exist on “physical grounds.” There the emphasis is
entirely on solving the equation, analytically if possible, or approximately and numerically otherwise.
Approximate solutions are the subject of this text.
1.2 Classification of second order equations
The tools for the analysis and solution of (1.}1) d({ape?d on the structure of the coefficient matrix
= 11

in (1.1). By assuming that uxixj=uxjxi we can always write A in such a way that it is symmetric. For
example, if the equation which arises in modeling a process is

Lu=tg o + 200, F g, =10,

then it will be rewritten as
LU=t e, + Upyeg + ey, + tpyey =0

- ).

We can now introduce three broad classes of differential equations.
Definition The operator £ given by . .

_ -
fu= E Aijlle .z, + 2 byus, +cn

i =1 i=1

so that

IS
i) Elliptic at ¥ = (1.-...2x) if all eigenvalues of the symmetric matrix .4 are nonzero and have the same
algebraic sign,
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ii) Hyperbolic at # if all eigenvalues of A are nonzero and one has a different algebraic sign from all
others,

iii) Parabolic at  if A has a zero eigenvalue.

If .A depends on u and its derivatives, then £ is elliptic, etc. at a given point relative to a specific
function u. If the operator L is elliptic at a point then (1.1) is an elliptic equation at that point. (As
mnemonic we note that for M=2 the level sets of

<A (1') , (1I)> = comstant,
] Ia

where {¥:#) denotes the dot product of & and ¥ are elliptic, hyperbolic, and parabolic under the above
conditions on the eigenvalues of ). The lower order terms in (1.1) do not affect the type of the
equation, but in particular applications they can dominate the behavior of the solution of (1.1).
Each class of equations has its own admissible side conditions to make (1.1) well posed, and all
solutions of the same class have, broadly speaking, common characteristics. We shall list some of them
for the three dominant equations of mathematical physics: Laplace’s equation, the heat equation, and
the wave equation.
1.3 Laplace’s and Poisson’s equation
The most extensively studied example of an elliptic equation is Laplace’s equation
Lu=V -Vu=10

which arises in potential problems, steady-state heat conduction, irrotational flow, minimal surface
problems, and myriad other applications. The operator £u is known as the Laplacian and is generally
denoted by

Lu=V-Vu=Vu=Auw
The last form is common in the mathematical literature and will be used consistently throughout this
text. The Laplacian in cartesian coordinates y

Ay = Z e, x,
i=]
assumes the forms
i) In polar coordinates (r, 6)

1 1
Au= Upp + — Up + — Ugg,
- 2

ii) In cylindrical coordinates (r, 6, z)

1 1
Al = Upp + — 1y + — Ugg + Usz,
™ ™
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iii) In spherical coordinates (¢, @)
2 1 1
Au =t + DUt o ing r25in’ ¢
For special applications other coordinate systems may be more advantageous and we refer to the
literature (see, e.g., [13]) for the representation of Au in additional coordinate systems. For cartesian

coordinates we shall use the common notation
T = (x,y), Tr=iz,y 2

(singeg )y + tgg.

for © € Rz and Es, respectively.
The generalization of Laplace’s equation to

Au=F (1.2)
for a given source term F is known as Poisson’s equation. It will be the dominant elliptic equation in this
text.
In general equation (1.2) is to be solved for & € D where D is an open set in ®u-For the applications in
this text D will usually be a bounded set with a sufficiently smooth boundary dD. On dD the solution u
has to satisfy boundary conditions. We distinguish between three classes of boundary data for (1.2) and
its generalizations.
1) The Dirichlet problem (also known as a problem of the first kind)

u = g(T), Fedb,

i) The Neumann problem (also known as a problem of the second kind)

du . I
B gl E), FeaD

fdu =T ) . ) . ) . ) . ) .
where gn = Vu - (T is the normal derivative of u, i.e., the directional derivative of u in the direction of

the outward unit normal (T} to D at & € éD.

iii) The Robin problem (also known as a problem of the third kind):
m% + apu = g(i), redb,
where, at least in this text, gl and a2 are piecewise nonnegative constants.

We shall call general boundary value problems for (1.2) potential problems. The differential equation
and the boundary conditions are called homogeneous if the function (%) =0 can satisfy them. For

example, (1.2) is homogeneous if #() =0, and the boundary data are homogeneous if 4(%) = 0.

If Dis a bounded open set which has a well-defined outward normal at every point of dD, then for

continuous functions F on D and g on dD a classical solution of these three problems is a function u
which is twice continuously differentiate in D and satisfies (1.2) at every point of D. In addition, the
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classical solution of the Dirichlet problem is required to be continuous on the closed set ) = DU8D and
equal to g on dD. For problems of the second and third kind the classical solution also needs continuous
first derivatives on 1) in order to satisfy the given boundary condition on aD.
The existence of classical solutions is studied in great generality in [6]. It is known that for continuous F
and g and smooth dD the Dirichlet problem has a classical solution, and that the Robin problem has a
classical solution whenever F and g are continuous and
ala2>0.
A classical solution for the Neumann problem is known to exist for continuous F and g provided
f F(Z£)d¥ = j gl 5)ds.
Iy arr
Why this compatibility condition arises is discussed below.
Considerable effort has been devoted in the mathematical literature to extending these existence results
to domains with corners and edges where the normal is not defined, and to deriving analogous results
when F and g (and the coefficients in (1.1)) are not necessarily continuous. Classical solutions no longer
exist but so-called weak solutions can be defined which solve integral equations derived from (1.1) and
the boundary conditions. This general existence theory is also presented in [6].
In connection with separation of variables we shall be concerned only with bounded elementary domains
like rectangles, wedges, cylinders, balls, and shells where the boundaries are smooth except at isolated
corners and edges. At such points the normal is not defined. Likewise, isolated discontinuities in the data
functions F and g may occur. We shall assume throughout the book (with optimism, or on physical
grounds) that the given problems have weak solutions which are smooth and satisfy the differential
equation and boundary conditions at all points where the data are continuous.
Our separation of variables solution will be an approximation to the analytic solution found by smoothing
the data F and g. Such an approximation can only be meaningful if the solution of the original boundary
value problem depends continuously on the data, in other words, if the boundary value problem is well
posed. We shall examine this question for the Dirichlet and Neumann problem.
Dirichlet problem: The Dirichlet problem for Poisson’s equation is the most thoroughly studied elliptic
boundary value problem. We shall assume that F is continuous for @ € D and g is continuous for
¥ € ¢ so that the problem
Au = F(T), re D

u = g(¥), Tredb

has a classical solution. Any approximating problem formulated to solve the Dirichlet problem analytically
should likewise have a classical solution. As discussed in Chapter 8, this may require preconditioning the
problem before applying separation of variables.

< previous page page 5 next page >



page_6
< previous page page_ 6 next page >

Page 6
We remark that especially for establishing the existence of a solution it often is advantageous to split
the solution
u=ul+u2
where
Auy =10, Fe D
= gl(&), e db
Aug = F(¥), TeD
s = 0, reah
because different mathematical tools are available for Laplace’s equation with nonzero boundary data
and for Poisson’s equation with zero boundary data (which, in an abstract sense, has a good deal in
common with the matrix problem Au=b). Splittings of this type will be used routinely in Chapter 8. Of
course, if g is defined and continuous on all of 22 and twice continuously differentiate in the open set D,
then it is usually advantageous to introduce the new function
w=u-g
and solve the Dirichlet problem
Sw = F - Ag, ren

w =0, redb
without splitting.
Given a classical solution we now wish to show that it depends continuously on F and g. To give
meaning to this phrase we need to be able to measure change in the functions F and g. Here this will
be done with respect to the socalled supremum norm. We recall from analysis that for any function G
defined on a set I C Has
sup |G(#7)| = least upper bound on the set of values {|G(%)| : 7 € D}.
yeLD
A common notation is
1G] = sup |G|
Fen

which is called the supremum norm of G and which is just one example of the concept of a norm
discussed in Chapter 2. B
If D is a closed and bounded set and G is continuous in ¥. then G must take on its maximum and

minimum on £ so that
|G = sup |G(H)| = |n.:%c|{?(£}}t

geb vE
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Continuous dependence of a classical solution (with respect to the supremum norm) is given if for every
€ >0, there is a >0 such that

flull < e
whenever -

IE+ gl = é.
Here

llu|| = max |u(Z)|, | F|| =sup|F(F)|. and |g| = max |g(F)|.
Fch ZeD £cdD

Continuous dependence on the data in this sense, and uniqueness follow from the maximum principle
for elliptic equations. Since it is used later on and always provides a quick check on computed or
approximate solutions of the Dirichlet problem, and since it is basically just the second derivative test of
elementary calculus, we shall briefly discuss it here.
Theorem 1.1 The maximum principle
Let u be a smooth solution of Poisson’s equation

An=F, e D. (1.3)
Assume that

F=0 foral el

Then “@)cannot assume a relative maximum in D.
Proof. If u has a relative maximum at some o € I, then the second derivative test requires that
uz iz (Fo) = 0 for all i which would contradict Au(#a) =F(Z) > 0.
We note that if D is bounded, then a classical solution u of the Dirichlet problem must assume a
maximum at some point in D. Since this point cannot lie in D, it must lie on dD. Hence
u(F) < maxgeap 9(¥) for all # € D.We also note that if F<0, then —u satisfies the above maximum

principle which translates into *(%) = mingeap g(#)-
Stronger statements, extensions to the general elliptic equation (1.1), and more general boundary
conditions may be found in most texts on partial differential equations (see, e.qg., [6]).
Theorem 1.2 A solution of the Dirichlet problem depends continuously on the data F and g.
Proof. Suppose that D is such that a<xk<b for some k, 1<k<M where a and b denote finite lower and
upper bounds on the kth coordinate of i € I2. Define the func;ion

8(7) = (|17 + o T2
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where € > 0 is arbitrary and where |Fll = supzep [F(%)| and [lg]| = maxzean 9(F)| are assumed to be finite.

Then
AldE) tuld)) Ze=0

and by the maximum principle ¢ £ ] is bounded above by its value on dD so that
- 2
(@) < 6(2) £ u(@ < (1F] + 0 L5 + gl

Since ¢ is arbitrary, it follows that for all & € I} \
’ b— _
w@) < 171 8= 4 g

which implies
(b — a)?
2 (1.4)
This inequality establishes continuous dependence since ||F||—0 and ||g||—0 imply that
max g |u(F)| — 0.
Corollary 1.3 The solution of the Dirichlet problem is unique.
Proof. The difference between two solutions satisfies the Dirichlet problem
Au=0in D
u=0 on dD
which by Theorem 1.2 has only the zero solution.
Corollary 1.4 Let F=0. Then the solution of the Dirichlet problem assumes its maximum on &D.

Proof. Let ¢ = 0 be arbitrary. Then the solution e of
Auv=F+4e¢ in D

el < IF|

+ |lgll-

w=g on {0
assumes its maximum on dD by Theorem 1.1. By Theorem 1.2
uele) —u(a)] < LT

Since ¢ is arbitrary, u cannot exceed MaXgeon g(#) by a nonzero amount at any point in & hence
u( ) < maxgesn g(¥).

Similarly, if F<0, then u assumes its minimum on dD. Consequently, the solution of Laplace’s equation
Ay =10, rFe
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must assume its maximum and minimum on dD.
Looking ahead, we see that in Chapter 8 the solution u of the Dirichlet problem for (1.2) will be
approximated by the computable solution uN of a related Dirichlet problem
Au = Fu, rebD
U= gn, Fedl. (15)
The existence of uN is given because it will be found explicitly. Uniqueness of the solution guarantees
that no other solution of (1.5) exists. It only remains to establish in what sense uN approximates the
analytic solution u. But it is clear from Theorem 1.2 that for all = € {2
[un(F) — wl(T)| = K| Fn — F[| + llgn — gl (1.6)
where the constant K depends only on the geometry of D. Thus the error in the approximation depends
on how well FN and gN approximate the given data F and g. These issues are discussed in Chapters 3
and 4.
When the Dirichlet problem does not have a classical solution because the data are not smooth, then
continuous dependence for weak solutions must be established. It generally is possible to show that if
the data tend to zero in a mean square sense, then the weak solution of the Dirichlet problem tends to
zero in a mean square sense. This translates into mean square convergence of uN to u. The analysis of
such problems becomes demanding and we refer to [6] for details. A related result for the heat
equation is discussed in Section 6.2.
Neumann problem: In contrast to the Dirichlet problem, the Neumann problem for Poisson’s equation
is not well posed because if u is a solution then u+c for any constant c is also a solution, hence a
solution is not unique. But there may not be a solution at all if the data are inconsistent. Suppose that u
is a solution of the Neumann problem; then it follows from the divergence theorem that

fFIZf}d:F:f ﬁurﬁf:f V- Vuds
D D I»

- f Vu(s) - 7i(3)d5 = f 9(8)ds,
an an

where 1ii is the outward unit normal on dD. Hence a necessary condition for the existence of a solution is

the compatibility condition
Fi{r dzr‘:f 5)ds.
[ F@az= [ g6 W

If we interpret the Neumann problem for Poisson’s equation as a (scaled) steadystate heat transfer
problem, then this compatibility condition simply states that the energy generated (or destroyed) in D
per unit time must be balanced exactly by the energy flux across the boundary of D. Were this not the
case D would warm up or cool down and could not have a steady-state temperature. Equation
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(1.7) implies that the solution does not change continuously with the data since F and g cannot be
changed independently. If, however, (1.7) does hold, then the Neumann problem is known to have a
classical solution which is unique up to an additive constant. In practice the solution is normalized by

assigning a value to the additive constant, e.g., by requiring ®(Zo) = 1 for some fixed o € D. The
Neumann problems arise frequently in applications and can be solved with separation of variables. This
requires care in formulating the approximating problem because it, too, must satisfy the compatibility
condition (1.7) We shall address these issues in Chapter 8.
We note that problems of the third kind formally include the Dirichlet and Neumann problem. The
examples considered later on are simply assumed (on physical grounds) to be well posed. Uniqueness,
however, is easy to show with the maximum principle, provided

ala2>0.
As stated above, in this case we have a classical solution. Indeed, if ul and u2 are two classical
solutions of the Robin problem, then

w=ul-u2
satisfies
A = 1), re D
¥y &—u + gty = 0, Fe db,
in

From the maximum principle we know that w must assume its maximum and minimum on dD. Suppose

that w has a positive maximum at o € {E_J'U: then the boundary condition implies that
N () = — 22 (@) < 0
dn ]
so that w has a strictly positive directional derivative along the inward unit normal —7. This contradicts

that w(Zo) js a maximum of w on D. Hence w cannot have a positive maximum on D. An analogous
argument rules out a negative minimum so that w =10 is the only possibility.

Finally, let us illustrate the danger of imposing the wrong kind of boundary conditions on Laplace’s
equation.

For any positive integer k let us set

_ _1
“*=Bkr

and consider the problem
Au =10, (z,y) € (0,1) = (0,1)

u=0 onr=101
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and
w(z,0) =0 for z € (0,1)
uy(x,0) = e sin EL for = € (0,1).
k
We verify that
. SR I
ur(x, y) = €5 sin o sinh o
is a solution of this problem. By inspection we see that
gy (,0)] < ep =0 ask — oo

while

u(%.l)‘ =ﬁ'f.:;i||I|ELk — DO as k — 0o,
Hence the boundary data tend to zero uniformly while the solution blows up. Thus the problem cannot
be well posed.
In general it is very dangerous to impose simultaneously Dirichlet and Neumann data (called Cauchy
data) on the solution of an elliptic problem on a portion of dD even if the application does furnish such
data. The resulting problem, even if formally solvable, tends to have an unstable solution.
1.4 The heat equation
The best known example of a parabolic equation is the M-dimensional heat equation

Lu=Au—u = F(T, 1), TelD t=ti (1.8)

defined for the (M+1)-dimensional variable (¥:t) = (x1.....2ar.t). It is customary to use t for the (M+1)st
component because usually (but not always) time is a natural independent variable in the derivation of
(1.8). For example, (1.8) is the mathematical model for the (scaled) temperature uin a homogeneous
body D which changes through conduction in space and time. F represents a heat source when F<0 and
a sink when F>0. In this application the equation follows from the principle of conservation of energy
and Fourier’s law of heat conduction (see, e.g., [7]). However, quite diverse applications lead to (1.8)
and to generalizations which formally look like (1.1). A parabolic equation like (1.1) with variable
coefficients and additional terms is usually called the diffusion equation. We shall consider here the heat
equation (1.8) because the qualitative behavior of its solution is generally a good guide to the behavior
of the solution of a general diffusion equation.

We observe that a steady-state solution of (1.8) with a time-independent source term is simply the
solution of Poisson’s equation (1.2). Hence it is consistent to impose on (1.8) the same types of
boundary conditions on dD discussed in Section 1.3 for Poisson’s equation. Thus we speak of a Dirichlet,
Neumann,
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or Robin problem (also known as a reflection problem) for (1.8). In addition, the application will usually
provide an initial condition
ul( T, ty) = up(T), rebpD

at some time t0 (henceforth set to t0=0).
It is possible in applications that the domain D for the spacial variable # changes with time. However,
separation of variables will require a time-independent domain. Hence D will be a fixed open set in Ear
with boundary dD. The general formulation of an initial/boundary value problem for (1.8) is

Lu = F(Z,1), FeD, t=0 (1.9a)
with initial condition )

u(Z,0) = up(T), re b (1.9b)
and boundary condition )

o %}: + agu = g(&, t), FfedD, t=0
for al, a2>0 and al1+a2>0. Let us define the set
Qr={(Ft):feD, 0<t<T},
and the so-called parabolic boundary
IQr ={{z,0):x e D}U{(F,¢t): TeaD, 0=<t=<T},
where T>0 is an arbitrary but fixed final time. Then a solution of (1.9) has to satisfy (in some sense)
(1.9a) in QT and the boundary and initial conditions on dQT. ‘
A classical solution of (1.9) is a function which is smooth in QT, which is continuous on @7 U 8Qr
(together with its spacial derivatives if al#0) and which satisfies the given data at every point of dQT.
It is common for diffusion problems that the initial and boundary conditions are not continuous at all
points of the parabolic boundary. In this case u cannot be continuous on dQT and one again has to
accept suitably defined weak solutions which only are required to solve the diffusion equation and
initial/boundary conditions in an integral equation sense.
First and foremost in the discussion of well posedness for the heat equation is the question of existence
of a solution. For the one-dimensional heat equation one can sometimes exhibit and analyze a solution
in terms of an exponential integral—see the discussion of (1.13), (1.14) below—but in general this
guestion is resolved with fairly abstract classical and functional analysis. As in the case of Poisson’s
equation it is possible to split the problem by writing
u=ul+u2

(1.90)

where
Luy =0, (F,t) € Qr
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E”‘.I!| — — A
mm-f-crgm:g(:c,!}. redD, 0D<t<1

u (#£,0)=0, feb
and
Lus = F(Z,1), (#1)€Qr
¥ % + reptn =100, FfedD 0<t<T
an
wa(E, 0) = uy (), e D
and employ special techniques to establish the existence of ul and u2. In particular, the problem for u2

in an abstract sense has a lot in common with an n-dimensional first order system
du
& —Au=G(t),  u(0)=up

and can be analyzed within the framework of (abstract) ordinary differential equations. We refer to the
mathematics literature, notably [14], for an extensive discussion of classical and weak solutions of
boundary value problems for linear and nonlinear diffusion equations. In general, it is safe to assume
that if the boundary and initial data are continuous on the parabolic boundary, then all three types of
initial/boundary value problems for the heat equation on a reasonable domain have unique classical
solutions. Note that for the Neumann problem the heat equation does not require a compatibility
condition linking the source F and the flux g.
If the data are discontinuous only at t=0 (such as instantaneously heating an object at t>0 on dD above
its initial temperature), then the solution will be discontinuous at t=0 but be differentiable for t>0. It is
useful to visualize such problems as the limit of problems with continuous but rapidly changing data near
t=0.
Continuous dependence of classical solutions for initial/boundary value problems on the data, and the
uniqueness of the solution can be established with generalizations of the maximum principle discussed
above for Poisson’s equation. For example, we have the following analogues of Theorems 1.1 and 1.2.
Theorem 1.5 The maximum principle
Let u be a smooth solution of

ﬂ.:u. —3 F_, {E,i} E QT.
If F>0, then u cannot have a maximum in QT.

Proof. If uhad a maximum at some point (€o.t0) € @7, i.e., %o Jies in the open set D, then necessarily
Uy, x, [.'E”._ t|_;|:| ":_: 0 and '!J'tli.'a]: f-[.} =1 if f-:] < T or “t{fﬂ-tU] 2 D if ﬁu =T.
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In either case we could not satisfy

Lu(Tg, to) = F(Ty.ty) = 0.
Arguments analogous to those applied above to Poisson’s equation establish that if D is bounded and
F>0, then u must assume its maximum on dQT and if F<0, then u must assume its minimum on dQT.
Continuous dependence of the solution of the Dirichlet problem for the heat equation on the data with
respect to the sup norm is now defined as before. There is continuous dependence if for any € = 0, there
exists a 6=>0 such that ol

u|| < e

whenever || F]|+max{||gll, ||u0||}<d. Here
]| = max |ulz, t)),
1E1 = SHTI*IF(-I"-HL lgll = mgx lg(z,8)l,  [[uoll = max fuo(z)].
Theorem 1.6 The solution of the Dirichlet proble_m_ for (1.8) depends continuously on the data F, g,
and uO0.
Proof. We again assume that the kth coordinate xk satisfies a<xk<b for all = € D). For arbitrary ¢ = 0
define

T —a)?
#(@) = (|17 +¢) FE=

Then
Clo(E) £ul(d,t)) >e=0

and by Theorem 1.5 [¢ * 4] js bounded by its maximum on dQT. Hence

tu(F, t) < ¢(T) + u(Z, t) < (| Fll + €) + max{||gl|. ||uo] }.
Continuous dependence now follows exactly as in the proof of Theorem 1.1 and we have the following
analogue of estimate (1.5): )
full < 171 OS2 + maxllgl, ) (1.10)
Similarly, we can conclude that the solution of the Dirichlet problem for the heat equation is unique and
that the solution of the heat equation with F = 00 (the homogeneous heat equation) must take on its
maximum and minimum on 9QT.
In addition to boundary value problems we also can consider a pure initial value problem for the heat
equation

Lu=Au—wu =1, I e By, t =10
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w(E, 0) = upld).
It can be verified that the problem is solved by the formula

u(T, t) =f (T — i, thugl§)dy
Bar (1.11)
where
1 (.8}

Here {%:} denotes the dot product for vectors in ®ar-5(#:t) is known as the fundamental solution of the
heat equation. A simple calculation shows that s is infinitely differentiable with respect to each
component xi and t for >0 and that

As(T t) — s (2, t) =0 for & = 0.
It follows from (1.11) that ®(%.) is infinitely differ entiable with respect to all variables for t>0 provided
only that the resulting integrals remain defined and bounded. In particular, if u0 is a bounded piecewise
continuous function defined on *as: then the solution to the initial value problem exists and is infinitely
differ entiable for all xi and all t>0. It is harder to show that u(Z.t) is continuous at (¥o:0) at all points &0
where w0 is continuous and that “(7:%) assumes the initial value to(Zo) as {:t) — (%o, 0).We refer to [5]
for a proof of these results. Note that for discontinuous u0 the expression (1.11) is only a weak solution

because “(#t) is not continuous at t=0.
We see from (1.11) that if for any € = 0

s(E 1) =

- 1 for ||F|| < e
uplF) = { 11 <

0 otherwise,

then “(#.t) > 0 for t>0 at all ¥ € RBa- In other words, the initial condition spreads throughout space
infinitely fast. This property is a consequence of the mathematical model and contradicts the observation
that heat does not flow infinitely fast. But in fact, the change in the solution (1.11) at %Il = ¢ remains
unmeasurably small for a certain time interval before a detectable heat wave arrives so that defacto the
wave speed is finite. We shall examine this issue at length in Example 6.3 where the speed of an
isotherm is found numerically.

The setting of diffusion in all of Ear would seem to preclude the application of (1.11) to practical
problems such as heat flow in a slab or bar. But (1.11) is not as restrictive as it might appear. This is
easily demonstrated if M=1. Suppose that u0 is odd with respect to a given point x0, i.e., u0O(x0+x)=
—u0(x0—x); then with the obviousxchanqes of variables .

ulrg +x,t) = f sleg +x —y, tuglyldy = f slr— z,uglz + xg)dz

— 0

s a] - 30
= f s{x = 2z, thup(xo — 2)dz = f s(x = xy + y)uply)dy
s

= f s{zo — x — yluo(y)dy = —u(zp — x,t)

-
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we see that u(x, t) is odd in x with respect to x0 for all t. Since u(x, t) is smooth for t>0, this implies
that U(x0, t)=0. Furthermore, if u0 is periodic with period « then a similar change of variables
techniques establishes that u(x, t) is periodic in x with period w. Hence if for an integer n

. nTr
ug(r) = sin I

then w0 is odd with respect to x0=0 and x0=L and the corresponding solution un(x, t) given by (1.11)
satisfies
un(0, t)=un(L, t)=0 for t=0.
It follows by superposition that if
nwr

N
uglx) = Z iy, SN
et L (1.12)

for scalars {@=}: then uN(x, t) given by (1.11) is the unique classical solution of the initial/boundary
value problem

Lu=tlpy —u =10
u(0,4) = u(L,t) =0

u(x, 0) = uplx). (1.13)
Given any smooth function u0 defined on [0, L] it can be approximated by a finite sum (1.12) as
discussed in Chapters 2 and 4. The corresponding solution uN(x, t) will be an approximate solution of
problem (1.13). It can be shown by direct integration of (1.11) that this approximate solution is in fact
identical to that obtained in Chapter 6 with our separation of variables approach. Note that if u0(0)#0
or u0(L)#0, then (1.13) does not have a classical solution and the maximum principle cannot be used to
analyze the error u(x, t)—uN(x, t). Now continuous dependence in a mean square sense must be
employed to examine the error. A simple version of the required arguments is given in Section 6.2
where error bounds for the separation of variables solution for the one-dimensional heat equation are
considered. Of course, homogeneous boundary conditions are not realistic, but as we show time and
again throughout the text, nonhomogeneous data can be made homogeneous at the expense of adding
a source term to the heat equation. Thus instead of (1.13) one might have the problem

Lu = vz, —up = Flz,t)
u(0,t) = uw(L,t) =10

w(z,0) = 0. (1.14)
We now verify by direct differentiation that if U(*:%.7) is a solution of
LU=U(x,b,7) = Uz, t,7) =0
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U0, t,7) = U(L,t,7) =0

Nz, 7,7)==Fiz,71),
where 7 is a honnegative parameter, then

ulz, t) = fu Uty r)dr (1.15)

solves (1.14). The solution method leading to (1.15) is known as Duhamel’s principle and can be
interpreted as the superposition of solutions to the heat equation when the source is turned on only

over a differential time interval dt centered at 7. The solution V(:%7) is given by (1.11) as
Ulz.t, 1) = ~f slz—y bt —1)F(y,v)dy.

If F(#,7) can be approximated by a sum of sinusoidal functions of period 2L, then one can carry out all
integrations analytically and obtain an approximate solution of (1.14). It again is identical with that
found in Chapter 6. Note that the sum of the solutions of (1.13) and (1.14) solves the inhomogeneous
heat equation with nonzero initial condition.
Similar results can be derived for an even initial function u0 which allows the treatment of flux data at
x=0 or x=L. But certainly, this text promotes the view that the approach presented in Chapter 6
provides an easier and more general method for solving such boundary value problem than Duhamel’s
principle because the integration of (1.11) for a sinusoidal input and of (1.15) is replaced by an
elementary differential equations approach.
Let us conclude our discussion of parabolic problems with a quick look at the so-called backward heat
equation

Lu=Au+u =10

ul{#,0) = uglX).
Suppose we wish to find ®(&T) for T>0. If we set 7 =T —t and w(& 7) =u(FT — 7). then the problem is

equivalent to finding ®(%:0) of the problem
L= Aw —w. =10

w(#,T) = uo(F).
In a thermal setting this implies that from knowledge of the temperature at some future time T we wish
to find the temperature today. Intuition tells us that if T is large and w0 is near a steady-state
temperature, then all initial temperatures w(%:0) will decay to near u0. In other words, small changes in

u0 could be consistent with large changes in ®(:0), suggesting that the problem is not well posed when
the heat equation is integrated backward in time (or the backward heat equation is integrated forward in
time).
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A well-known example is furnished by the function

u(z,t) = ee'’< sin(z/e), e >,
which solves the backward heat equation.

We see that
IinEJ*u{.r.{]} =0
L=

but
Iin;:ju{r.rjz,i] =oo forany t >0,
£

so there is no continuity with respect to the initial condition.

In general, any mathematical model leading to the backward heat equation which is to be solved

forward in time will need to be treated very carefully. The comments at the end of Example 6.4 provide

a further illustration of the difficulty of discovering the past from the present. Of course, if the backward

heat equation is to be solved backward in time, as in the case of the celebrated Black-Scholes equation

for financial options, then a time reversal will yield the usual well posed forward problem (see Example

6.9).

1.5 The wave equation

The third dominant equation of rqathematical physics is the so-called wave equation
Lu= Au - {:—.‘,t{” =10, FeDC By, te(—oo0,00). (1.16)

The equation is usually associated with oscillatory phenomena and shows markedly different properties

compared to Poisson’s and the heat equation. Equation (1.16) is an example of a hyperbolic equation.

Here the (M+1)>x(M+1) matrix A has the form

I 1

A ( 0 —l)
where IM is the M-dimensional identity matrix.
It is easy to show that (1.16) allows wave-like solutions. For example, let f be an arbitrary twice
continuously differentiable function of a scalar variable y. Let # be a (Euclidean) unit vector in Ear and
define

y=(i,T) —ct
where (.7} is the dot product of 7 and #. Then differentiation shows that

w(Z, t) = f({i,T) —ct)

is a solution of (1.16). Suppose that ¢, t>0, then the set {¥ @ (7T} —ct = constant} 5 3 plane in B
traveling in the direction of 7 with speed
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¢, and f({7i. T} — ct) describes a wave with constant value on this plane. For example, if
f(y)=eiy,

F((7,&) — ct) = 'l A=l
then

is known as a plane wave. Similarly, 9({7. T} +ct) describes a wave traveling in the direction of —ii with
speed c.

Our aim is to discuss again what constitutes well posed problems for (1.16). We begin by exhibiting a
solution which is somewhat analogous to the solution of the one-dimensional heat equation discussed at
the end of Section 1.4.

If we set * = (7,%), then the solutions f(x—ct) and g(x+ct) of (1.16) solve the one-dimensional wave
equation .

LU = Ugy 3 Ut 0 (1.17)
which, for example, describes the motion of a vibrating uniform string. Here u(x, t) is the vertical
displacement of the string from its equilibrium position.

We show next that any smooth solution of (1.17) must be of the form
u(x, t)=f(x—ct)+g(x+ct),
I.e., the superposition of a right and left traveling wave. This observation follows if we introduce new
variables
E=x—ct
n=x+ct
and express the wave equation in the new variables. The chain rule shows that
(Lu)(x ) = 2ue, (E,m) =0

_ _ _ u(é, n)=f(&)+g(n)=f(x—ct)+g(x+ct)
for arbitrary continuously differentiable functions f and g.
For a vibrating string it is natural to impose an initial displacement and velocity of the string so that
(1.17) is augmented with the initial conditions
u(x, 0)=u0(x) (1.18)
ut(x, 0)=ul(x)
where u0 and ul are given functions. Equations (1.18) constitute Cauchy data.
Let us suppose first that these functions are smooth and given on (—¢:22)- Then we can construct a
solution of (1.17), (1.18). We set

so that by direct integration

u(x, t)=f(x—ct)+g(x+ct)
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and determine f and g so that u satisfies the initial conditions. Hence we need
u0(x)=f(x)+9g(x)
ul(x)=—cf’(x)+cg’(x).
Integration of the last equation leads to
%f uy(s)ds = = flz) + g(z) + K
where x0 is some arbitrary but fixed point in (=29:¢) and K=f(x0)—g(x0). When we solve algebraically
for f(x) and g(x), we obtain

flz) = % [Hﬂ{m} - %f uy (8)ds + R’]

Ly

1 1 [f*
glx) = 5 [ﬂ.]{.?:] + p /;“ uy(s)ds — H'] .

Hence

x—l

1 1
w(z,t) = 5 [ug(x — ct) + uplz + f'ﬂ] + ‘éE [_ —/.?:.'u

E+ck
uy(s)ds + -[ iy {s]ds]

which simplifies to

1 1 x4t
u(x,t) = = [ug(z — ct) + up(zx + ct)] + — wy(s)ds.
2 Tl - (1.19)
The expression (1.19) is known as d’Alembert’s solution for the initial value problem of the one-
dimensional wave equation. If u0 is twice continuously differentiable and ul is once continuously

differentiate on (—29:29), then the d’Alembert solution is a classical solution of the initial value problem
for all finite t and x. Moreover, it is unique because u has to be the superposition of two traveling waves
and the d’Alembert construction determines f and g uniquely. Moreover, if we set
|l = sup  |up(z), k=01,
{—oa,ma)

then

o | Jugx, 9IS woll+tlut]l o -
which implies continuous dependence for all t<T where T is an arbitrary but fixed time. Hence the initial
value problem (1.17), (1.18) is well posed.
We observe from (1.19) that the value of u(x0, t0) at a given point (x0, t0) depends only on the initial
value u0 at x0—ct0 and x0+CtO and on the initial value ul over the interval [x0—ctO, xO+ct0]. Thus, if

uple) =w{x) =0 forlz| =«
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and @o > ¢, then regardless of the form of the data on the set !#| <€ we have
u(o, 1) = ] for t < #0—<
B o [, ui(s)ds  for ¢ > =ots,

Hence these initial conditions travel with speed c to the point xO but in general u(x0,t) will not decay to
zero as ¢ — oc. This is a peculiarity of the M-dimensional wave equation for M=1 and all even M [5]. If
u0 and ul do not have the required derivatives but (1.19) remains well defined, then (1.19) represents
a weak solution of (1.17), (1.18). We shall comment on this aspect when discussing a plucked string in
Example 7.1.
As in the case of the heat kernel solution we can exploit symmetry properties of the initial conditions to
solve certain initial/boundary value problems for the one-dimensional wave equation with d’Alembert’s
solution. For example, suppose that u0 and ul are smooth and odd with respect to the point x0; then
the d’Alembert solution is odd with respect to x0.
To see this suppose that

x4t

ulx, t) =f uy(s)ds

x—ct
and that ul is odd with respect to the point x0, i.e., ul(x0+x)=—ul(x0—x). Then with y=x0—s and
r=x0+y we obtain

xptetet —x—et

u(zg + x,t) = j uy(s)ds = — [ uy(zg — y)dy
To+Er—0t of =gt

=I=cl rp=I=ct
= f iy (0 + y)dy = f wy (r)dr = —ulzo — x,t).

-+t Tp—r+ct

Since by hypothesis

u0 (x0+x—ct)+u0 (x0+x+ct)=—u0 (x0—x+ct)—u0 (x0—x—ct),
we conclude that the d’Alembert solution is odd with respect to the point x0 and hence equal to zero at
x0 for all t. It follows that the boundary value problem

1
Lu=tg, — s ue =0
c
w(0,t) =u(l,t) =0
N _—
w(x,0) = ug(x) = z G 8iN ——

n=1

N
wp(x,0) = uy(z) = Z.-:irn:-:.in %

=1
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for constant {@} and {9} is solved by the d’Alembert solution (1.19) because u0 and ul are defined on

(—20:2¢) and odd with respect to x=0 and x=L.
As we remarked in Section 1.4, inhomogeneous boundary conditions can often be made homogeneous
at the expense of adding a source term to the differential equation. This leads to problems of the type

1
Lu= Upr - {‘_ Wy = FI:.‘L'._ !}

-

u(0,t) =u{L.t) =10
w(x, 0) = u(x,0) = 0.
Now a Duhamel superposition principle can be applied. It is straightforward to show that the function

[ <
u(a:,a‘.jz/ Uz t,7)dr
0

solves our problem whenever V(#:t,7) is the solution of
1
l':-f-"- = 'E-'r;-r_-.r = Lrp;t = D
:

U(0.t,7) = U(L,t,7) =0
Uiz,7,7)=0
Ufz,7,7) = =" Flz, 1)
where 7 is a parameter. It follows that if F is of tt\e form
I'-t . nmr
Fuylz,7) = r%;“‘:,,(?] sin I
then the problem has the d’Alembert solution
:-E-r:l:'f—.—:l
Uz, t,r) = —? / Fy(s,7)ds.
Jr—elt—1)

All integrations can be carried out analytically and the resultant solution uN(x, t) can be shown to be
identical to the separation of variables solution found in Chapter 7 when an arbitrary source term F is
approximated by a trigonometric sum FN.
Let us now turn to the general initial/boundary value problem of the form
Au —uy = FIF 1), fel, t=0 (1.20)
ra[.-?:', “] = '.l.rnl:.'l_’."} T e I

g (F,0) = u [T)

< previous page page 22 next page >



page_23
< previous page page 23 next page >

Page 23

ﬂlg_;_f.uzu:_q{fJ}, Fedad, t=0
where D is a given domain in Ear- For convenience we have set c=1 which can always be achieved by
scaling time. We point out that if £ = Ear and we have a pure initial value problem, then it again is
possible to give a formula for u(x, t) analogous to the d’Alembert solution of the one-dimensional
problem (see [5, Chapter 2]), but for a true initial/boundary value problem the existence of a solution
will generally be based on abstract theory. (We note in this context that if g=0 on dD, then, again in a
very general sense, the problem has a lot in common with the ordinary differential equation
2
% At = Gt), u(0)=uy, w(0)=u.)
We shall henceforth assume that the existence theory of [5] applies so that we can concentrate on
uniqueness of the solution and on its continuous dependence on the data of the problem.
Uniqueness and continuous dependence follow from a so-called energy estimate. If it is a smooth
solution of (1.20) with g=0 on dD, then
el = wp AU — wyttye = W F( T, 1)
so that

f [V -, Vu = Vi - Viu = wpuy| de = f wy F i
I3} o

We now apply the divergence theorem and obtain

1 1 i
r_/’ = [Vu - Vu + uj| dj':_)d; m‘,—“ di = —f e I dE.
dt Jp 2 ap dn D (1.21)
For a smooth solution the boundary data
¥
(1-1(5:{ dogu =0 with ap a0z =1
imply
¥ d?i + oty = )
! an =
so that
{evy + cvp)u & —f¥altylt — by (&)
1 2 fan— 2 lan L:]Fi *-
. uf | F*? . .
Since [Fl = 5 + % we obtain from (1.21) the estimate
d (- )]
— E(f) < E{t) + —1
T (f) < E(t) 5 (1.22)
where

2
E(t) = é j-D ["F-u: - Vu —i—-u,f] dF + % -ﬁﬂ [ug-uz + ay (%) } s
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and

IF () = (fn F(#, f.}lf.ﬂf]]”.

The inequality (1.22) can be written as

B0 - B + LEGOLE

—g(t)
where g is some unknown nonnegative function. This d|fferent|al eguation has the analytic solution

12
E(t) = E(0)e" +fn [M g[-r]} dr

from which we obtain the so-called Gronwall inequality

E(t) < E(D)e +L *[M] dr

. 2
ED) = % |: A Vg - Vug + u‘f] dF + é cé;” [rzg?aﬁ + g (%) l ds

is known from the initial data.
We have the following two immediate consequences of (1.23).
Theorem 1.7 The solution of the initial/boundary value problem (1.20) is unique.
Proof. The difference w of two solutions satisfies (1.20) with
F=g=uO0=ul=0.
This implies that E(0)=0 so that (1.23) assures that E(t)=0 for all t. Then by Schwarz’s inequality (see

Theorem 2.4)
t @ t
= |j wa[:c,sjlds| < Ef w?(zx, s)ds,
0 0

(w2 = ]U w(z, 1)2ds < zs.f;f::(s}ds — 0.

Hence w=0 in the mean square sense for all t which implies that a classical solution is identically zero.
Theorem 1.7 assures that the separation of variables solution constructed in Section 7.1 is the only
solution of the approximating problem. Similar arguments are used in Section 7.2 to show for a vibrating
string that this approximate solution converges to the analytic solution of the original problem as the
approximations of the data are refined.

(1.23)
where

from which follows that

< previous page page_ 24 next page >



page_25
< previous page page_ 25 next page >

Page 25

Chapter 2

Basic Approximation Theory

This chapter will review the abstract ideas of approximation that will be used in the sequel. Let X be a
linear space (sometimes called a vector space) over the field S of real or complex numbers. The
elements of X are called vectors and those of S are called scalars. The vector spaces appearing in this

book are Rn and Cn with elements & = (Z1...-:&n), ¥ etc., or spaces of real- or complex-valued
functions f, g, etc. defined on a real interval or, more generally, a subset of Euclidean n-space. In all
spaces 0 denotes the zero vector. The scalars of S are denoted by a, 3, or a, b, etc.
We now recall a few definitions from linear algebra which are central in our discussion of the
approximation of functions.
Definition Given a collection € = {¥1:¥2,.-..¥~} of vectors in a linear space X, then

M = span{yy,...,on}
is the set of all linear combinations {@1%1 +--- +anen} of the elements of C.
Note that M is a subspace of X because it is closed under vector addition and scalar multiplication.

Definition A collection ¢ = {'th:f“zv --+¥~} of vectors in a linear space is linearly independent if

Zu_.h,:p_, =10 only if oy = =-=ay =10

j=1
A sequence of vectors {¥=} is linearly independent if any finite collection C drawn from the sequence is
linearly independent.
The definition implies that in a finite set of linearly independent vectors no one element can be
expressed as a linear combination of the remaining elements.
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Definition Let ¢ = {#1,---.9~} pe a collection of N linearly independent vectors of X with the property
that every element of X is a linear combination of the 2% (i.e., spani@i, ..., ¢~} = X Then the set {#i}

Is a basis of X, and X has dimension N.
The theorems of linear algebra assure that every basis of an N-dimensional vector space consists of N
elements, but not every vector space has a finitedimensional basis. Spaces containing sets of countably
many linearly independent vectors are called infinite dimensional.
2.1 Norms and inner products
Basic to the idea of approximation is the concept of a distance between vectors f and an approximation
g, or the “size” of the vector f—g. This leads us to the the idea of a norm for assessing the size of
vectors.
Definition Let X be a vector space. A norm on X is a real-valued function F:X—R such that for every
f.9 € X and every scalar @ € 5; it is true that
i) £(f) #0if f #0;
i) F(af)=|a|F(f);
i) F(f+g)<F(f)+F(g).
Proposition 2.1 F(f)=0. B
Proof. From ii) with a=0, we know that (0} = 0- Thus

O=F(f+(—f))S F(f)+F(—f)=2F(f).
In other words, F(f)=0. _
The value of the norm function F is almost always written as [/l A vector space X together with a norm
on X is called a normed linear space. The inequality iii) is commonly called the triangle inequality.
The concept of a norm is an abstraction of the usual length of a vector in Euclidean three-space and
provides a measure of the “distance” || f-g|| between two vectors f:4 € X- Thus in the space R3 of
triples € = (z1,22,23) of real numbers with the customary definitions of addition and scalar multiplication,
the function

12l = \fa? + 23 + a3
is a norm (see Example 2.6a). The distance induced by this norm is the everyday Euclidean distance.
In a linear space X, our approximation problem will be to find a member fM of a given subspace M < X

that is closest to a given vector fin the sense that ||f—=fM||<||f—m]]| for all m £ M.We shall be
concerned only with finite-dimensional subspaces M.
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We know from elementary geometry that in ordinary Euclidean three-space, the closest point on a line
or a plane containing the origin to a given point & in the space is the perpendicular projection of # onto
the line or plane. This is the idea that we shall abstract to our general setting. For this, we need to
extend the notion of the “dot,” or scalar, product.

Definition An inner product on a vector space X is a scalar-valued function G: XxX—S on ordered pairs
of elements of X such that )

i) G(f, =0 and G(f, )=0 if and only if f=0;

i) AG(f,9) = G(g. f)denotes the complex conjugate of f3];

i) G(af, g)=aG(f, g); and

iv) G(f+g, h)=G(f, h)+G(g, h).

We shall usually denote G(f, g) by {/:9)- A vector space together with an inner product defined on it is
called an inner product space.

The next proposition is easy to verify.

Proposition 2.2 An inner product has the following properties:

i) (fag) =a(f.q),

i) (fsg+h)=(f.g) +{f h),

ii) (0.9) =0.
Definition Two vectors f and g in an inner product space are said to be orthogonal if {f:9} = 0.
Example 2.3 a) In real Euclidean n-space Rn, the usural dot product

(E 0 =5 7=z,
j=1
where ¥ =(=1,%2,....2s) and ¥= (1, ¥2:--+¥x) is an inner product.
b) In R2, for & = (¥1,72) and ¥ = (u1:32) define (¥:¥) py (#:5) = AT -7, where A is the matrix

(i)

and @- ¥ is the usual dot product of @ and . Then {¥:) is an inner product. First consider
(F,8) = AF - & = (22 + 29,11 + 219) - (7, 22) = 2 {rf + @iy +;E-§}

=2|(m+3) + 343
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It is clear that (%:%) 2 0 and (.7} =0 jf and only if ¥ = (0,0).

To see that (¥:%) = (#.7), simply compute both inner products. The remaining two properties are
evident.

¢) On the space of all continuous functions (real- or complex-valued) defined on the reals having period
2L, it is easy to verify that

L
(foh= [ F(@)at)dt

is an inner product.
Theorem 2.4 In an inner product space, |\f:9}l = vif. 1)v/(g.9).

Proof. If f:9) = 0. then the proposition is obviously true, so assume (/-9 # 0. Let a be a complex
number. Then
(ftag f+ag =0

Now
(f+ag.f+ag) = (f.f)+@(f.g)+alg, f) +|al” (g.9)-
Next, let @ = t(f,9}, where t is any real number. Then
{f +ag, f+ag)={f fi +af.g) +alg, )+ 9.9

= (L) + 2t )£, 9 +E1{f,9)" (9,9) = 0.

This expression is quadratic in t and so the fact that it is never negative means that
4|(f.0)" =41 f. )" (f. £) (9.9) < 0.

In other words,

) < () (o g) s

which completes the proof.
The inequality

gl < vif ) Vigg)

is known as Schwarz’s inequality.

Corollary 2.5 Suppose X is an inner product space. Then the function F defined by F(f) = v{f.fljs a
norm on X.
Proof. The proofs that F(f)=0 and F(af)=/a/F(f) are simple and omitted. We prove the triangle

inequality.
F(f+g)={f+g.f+a)=(f.fy+(f.a) +{a,f) + (9.9}
= F(f)? + 2Re({f, ) + F(9)* < F(f)* +21{f,9)| + F(g)*
< F(f): +2F(f)F(g) + F(g)* = (F(f) + F(g))*.
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Hence F(f+g)<F(f)+F(g), and we see that V. 1) is indeed a norm on X.
In an inner product space, the norm Il = VLA is called the norm induced by the inner product ()

(& = 3 20
Example 2.6 a) Let Rn be real Euclidean n-space endowed with the usual inner product =
(cf. Example 2.3a). Then the norm induced by this inner product is the usual Euclidean norm

I = /a3 + 23+ +a2.

b) Let X be the space of all complex valued continuous functions defined of the interval [a, b] (cf.
Example 2.3c). Then

r.9) = [ featoar

is an inner product on X and ‘
I yora
I1=1 [ 15k

is the norm induced by this inner product. Very closely related to this example
is the root mean square of a function on the interval [a bl

rms(f) =||f]| = \/ ]I" l'ir

2.2 Projection and best approximation
In Euclidean space, given a line or a plane M through the origin and a vector ¥ the vector in M closest
tc])c i is the vector ¥ such that ¥ =¥ is perpendicular to every vector in M. This vector ¥ is the projection
of ¥ onto M.
We shall see that the idea of a projection generalizes to the abstract setting of inner product spaces.
Definition Suppose M is a subspace of an inner product space X and suppose f € X- The orthogonal
projection of f onto M is a vector Ff € M gych that

r=f—Pf
is orthogonal to every m € M.
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In case M has finite dimension, the existence of an orthogonal projection onto M is easy to establish.
Suppose {Q1, ¢2,..., N} is a basis for the subspgce M. The projection is a member of M and so

Pf = }:frjc;:_,,
=1

and we need only to find the coordinates @j. First, observe that a vector is orthogonal to every element
of M if and only if it is orthogonal to each of the basis elements @i. Hence we want

b

{f - Pﬂff1 ‘FF!} = I:f,.,.?,} - <Z”J"ij_f“'rgi> =0 for i = L, 2! rey N
i=1

Since

J.~I I'*r
<Z jS’r‘,ia‘r’f‘z‘> = ¥ a;j{wj i), we have
i=1 :

j=1

In matrix-vector form

where .
= (aij) with a;; = {@j. @) and b= (b)) with b; = (f, ).
Proposition 2.7 The coefficient matrix A= ({w;; "'}f‘is nonsingular.

Proof. Suppose Af—“ for some vector 3 = U -3'\'} Then
|Z "P_'?” = <Z r'?jiﬂjrz 3"l‘:ﬂil> Z 'j z ‘r':'JNPI}.IJJ - .'-; .g:
i=1 i=1
But the collection is mdependent and so it must be true that B1=B2=...=BN. Hence A is nonsingular.

We have thus shown that the system Aa = b has a unique solution for the coordinates of the
orthogonal projection of f onto M. In other words, the orthogonal projection of f onto M exists and is
unique. We can thus safely speak of P f as being the orthogonal projection of f onto M with respect to

the inner product {+*)-

Remark If the basis {¢1, 2,..., N} is orthogonal (i.e., ‘#©%¥3) = 0 for j# j), then A is a diagonal
matrix, and the coordinates of P f are easily found

Pf= Z

‘:*F"t
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Next we see that the projection of f onto a subspace M is the member of M that best approximates f in
the sense that of all elements m of M, it is one that makes || m—f]| the smallest.

Theorem 2.8 Let M be a subspace of an i?ne’rrlflnrcﬁ;lct space X and suppose M € M, |f f € X. then
[1F=Pfl[<[|f-m]],

where P f is the orthogonal projection of f onto M.

Proof. Observe that

If =ml® = If = Pf + Pf—m|?
={f=Pf)y+(Pf=m)(f=Pf)+(Pf-m))
={(f-Pf,f-Pfy+{f - Pf,Pf—m)

+{(Pf—wm,f—Pfy+{Pf—m,Pf—m).
Then .
If —=m|*> = (f = Pf.f = Pf)+ (Pf—m,Pf—m)
= ||f = PfI* + | Pf —m|?
since (f = Pf.Pf—m)=0=(Pf-m,f- f“"f} = { because ° Pf - m € M. Thus
If=PfIF=1f—ml*=1Pf—m|*, or
If = PfII* < ||f —m]?.

Hence the orthogonal projection Pfof f onto M is a best approximation. We next show that any best
approximation of f from the subspace M must be this unique projection of f onto M.
Theorem 2.9 Let M be a subspace of an inner product space X and suppose f € X- |f h € Mjs such
that || f—h||<||f-m|]| for all ™ € M.then h=P f, the orthogonal projection of f onto M.
Proof. Let m € M be an arbitrary element of M. For any real t and any scalar @, the vector h+tam is a
member of M. Thus the function F defined by
F(t) = |f — (h+ tam)||* = {f — h — tam, f — h — tam)

has a minimum at t=0. But F(t) is simply a quadratic function of the real variable t

Fity={f—h,f—h) —t{f —h,am) —t{am, f — k) + 1% {om, am) .

F’(0)=0 means

= 2Re {_f — h,amn) = 2Re {_h' (f—h, :I'H:}:I' = ().
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Now simply choose the scalar @ = {f = . m}. Then
Re (@ (f — h,m)) = |(f — h,m)|* =0.
Hence f —h.m) =0, which shows that h must be the orthogonal projection of f onto M.
Example 2.10 In the plane R2, let ¥ = (3,5). ¥ = (1.2), and let M= spani®}-
a) With the usual inner product, which induces the usual Euclidean length of vectors, the projection £¥
of ¥ onto M is

Pj =

{.:}',-“'f-'}j_._l-3+2-5{. 5) = 39 65
(#,&) " 32452 VT A\34734)

39 65 — - 5 Ay .
Then (5% 5) is the point on the line 5x—3y=0 that is closest to (1,2) and the vector ¥ =~ £¥= (=55 31) is
perpendicular to all vectors @ (3,5) € M. o
b) In the plane with the inner product of Example 2.3b, the projection £¥ of ¥ onto the subspace M is

O GE) . AjE NZE
PII'—‘::]ZE}.E—AEIEJ:, where 4 = 1 2 )

Then A% = (4,5), AF = (11,13), and so

D (A
Pij= % (3,5).
¢) In the space of all continuous real-valued functions on the interval [—1, 1] with the inner product

mm=fﬂww&
-1

let M be the subspace consisting of all polynomials of degree <2. Let us find the orthogonal projection
onto M of f defined by
0 <0
ﬁﬂ={ N

x <z
The obvious basis for M is {1, x, x2}. Then
1

(1,2) = (z,1) = [m::n; (1,22) = (z2,1) =f s‘-’m=§
N 1

1
{z,2%) = (2%, 2) = fﬁ‘llrﬂ- =0
=]

2 2 2 ey 2
{(L1)=2; {(z,2)=+; and{z°,z°)= thdt = —.
3 ~1 5
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The coefficient matrix A for the linear system to be solved for the coordinates of the projection P fis

Next

1
{f~l}=fr,df_=%; {_f,nr}:/ﬂ ;r?dr_:%;_ and (f,2?) =

1

2
A= 0
2

/30

0
We now know that Pf(x)=al+a2x+a3x3, where

|

0

2/3

2/3
0 .
2/5 )

1/2
1/3
1/4

Thus a1=3/32, a2=1/2, and a3=15/32. The projection of fis then

2 0 2/3 ¥
0 2/3 0 as | =
2f3 0 EHE ry
8,1 15,
Pfle)=g+52+ 5%

) |

/

t*dt

1

4"

We have found the “best” approximation to fin the sense that of all quadratic functions g, this is the

one that gives the smallest value of

If —ql? = f (f(z) - q(z))dz.
21

This is sometimes called the least squares approximation.
Pictures of both f and Pf on the same axes are shown in Fig. 2.1.

1
q

S
=1} (1] 1

Figure 2.1: Least squares approximation of f(x)=max{0, x} on [—1, 1] with a quadratic polynomial.
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2.3 Important function spaces

It is easy to see that the collection of all continuous (real- or complex-valued) functions defined on an
interval [a, b] with the usual definition of addition is a linear space, traditionally denoted C[a, b]. It

becomes an inner product space if we define f:4) by
]
)= [ H@)giias

A so-called weight function w may also be introduced. If the function w is real valued and continuous on
[a, b] and such that w(x)=0 for all x, and w(x)=0 at a finite set of points, then it is easy to see that
]

(f o =ff{.r}ﬁm{:r:jri&:.

is also an inner product for our space. The restriction on w(x) guarantees that \/:/) =0 for fz0.

Spaces of continuous functions are useful, but they are not sufficiently large for subsequent applications
because they do not contain certain important types of functions—step functions, square waves,
unbounded functions, etc. The spaces with which we shall be primarily concerned are the so-called L2
spaces. Specifically, suppose D is a real interval,’ finite or infinite, and w is a weight function as defined
above. Then L2(D, w) is the collection of all functions for which | f|2w is integrable. It can be shown
that this is indeed a vector space and that with the definition

(r9) = [ Fag@ (s
I

we have almost an inner product space: “almost” because with this definition, it is possible to have

(£.£) = lIfI" = 0 for a function f other than the zero function. For example, with w(x)=1, D=[0, 1], and f
given by f(0)=1 and f(x)=0 for all x+0, we have ||f]|=0. To ensure we have an inner product, we
simply say that two functions fand g are “equal” if

IIf = _-:,r||2 = [|f{.r]| - yl[uv}l|3-u:[3::|fb: = ().
D

Here by “integrable” we mean integrable in the sense of Lebesgue, but the reader unfamiliar with this
concept need not be concerned. In the applications in the sequel, the integrals encountered will all be
the usual Riemann integrals of elementary calculus.

Note. In case the weight function w(x)=1, we abbreviate L2 (D, w) with L2(D).
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The essence of this discussion remains the same when we consider real- or complex-valued functions of
several variables; i.e., when the domain D is a subset of Rn.

Given f € L2(D,w) then its orthogonal projection onto a finite-dimensional subspace is just a least

squares approximation (as in Example 2.10c), but with respect to the weight function w. The weight

function is sometimes introduced to improve the fit of the approximation in the region where w is large,

but in this text its role is usually to make the basis spanning M an orthogonal basis as we shall see in

the next chapter.

Example 2.11 a) Let D=[0, 1]. Then in the space L2(D), it is straightforward to see that the set B={1,

COS Nnx, cos 2nx, cos 3nx} is orthogonal. We shall find the projection Pf of the step function f given by
f(x)=—1+2H(x-.5),

onto the subspace M=span B.

Here H is the Heaviside function defined by

0, =<0
H(z) = {1 z >0

Since B is orthogonal, we obtain

, COB T 008 2TE
. 1+ {f cos x} cos e+ {f cos 2mz)
{1,1} {cos mx, cos mr) {cos 27x, cos 2z}

{f,cos3mx)
{cos 3wz, cos )
=2/m 2f3w
= 1..-'“2 COS I + UE

4
= — — COS 7T 4 3;{!Cﬁ3ﬂﬂ.’f.

4

cos 2w

cos 3rr

cos 3T

b) Let us again project f onto span B, but in the space L2(D, w), where w(x)=x(1—x). The inner product
IS now given by
1
g, h) = fg[r}fr{m}m[l — x)dx,
]

and the collection B is no longer orthogonal. The projection Pfin this case is
Pf=al+a2 cos nx+a3 cos 2nx+a4 cos 3nx,
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where
(1,1} {cosmx, 1) (cos 2w, 1) {cos 3wz, 1)

{(l,cosmx} (cosmx,cosme)  {cos2mz,cosme)  {cosdmr,cosma)
{1,cos2me) {coswrx,cos2mz} (cos2rr,cos2mx)  (cos3mz,cos2mr)
{1,cos3me} {coswr,cosdmz} (cos2rx,cosdmz)  (cosdmz,cosdme)

i

g I:f 1:'
o Q2 | {f,cosmx}
ag | | {f,cos2nrz)
ity {f,cos3mx)
After some computation, we have
0.16667 0 0.05066 0 ¥y 0
0 0.05800 1] ~0.03166 g | —0.08552
0.05066 0 0.07700 0 oz | 0
0 —0.03166 0 0.08052 0y 0.08034

and al1=a3=0, a2=-1.1840, and a4=0.53224.
Our projection Pfthus becomes
Pf=-1.1840 cos nx+0.53224 cos 3nx.
A picture of f, the projection from a) and the projection just found are shown in Fig. 2.2.

o5

_.:Z'::

--n,\\
— N o
s e

Figure 2.2: Orthogonal projections of f(x)=—1+2H(x-.5). i) in L2(0, 1) and ii) in L2(0, 1, x(1-X)).
Finally, we note that on occasion for a function of several variables we shall consider a subset of them
as fixed parameters and compute projections with
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respect to the remaining variables. For example, let F(x, t) be a function defined on a set DxT, where D
and T are intervals. Suppose that £(#:t) € L2(D,w) for each t € T. Let M =span{¢1,2,....on} € La(D,w).

Then we write
el

PF(z,t) = Zaj[z]ipj(m}_
J=1
If F depends smoothly on t, then it follows from the computation of the gj(t) that these coefficients
likewise will depend smoothly on the parameter t.
In approximation theory the function F(-, t) is interpreted as an abstract function defined on [0, T] with
values in L2(D, w). The approximation PF(-,t) then is the associated abstract function with values in the
finite-dimensional subspace M. However, we shall be content to consider t simply as a parameter.
Example 2.12 Let F(x, t)=cos(xt) for all (#:t) € D x R, \where D is the interval [0, 1] and R is the entire
real line. Then for each real t, it is clear that £(#:t) € L2(D). We know that {1, cos nx, cos 2nx, cos
3nx} is orthogonal. Let us find the proiectlon of F onto!M=span {1, cos nx, cos 2nx, cos 3nx}.
sin ¢

{F,1) =:fFI:.'JT:.I‘.:|{f:i!:= [U{)ﬁ,‘[‘.ﬁ{fr: “;‘_

0 0

1
tsint
{(Feosmzx) = f cosxtcosmrdr = s

tsint

]
1
Feos2rz)y= | cosxteos2azdr = —
(F, ) _[ 12 — 42
u]
1

ftsint

cosrteos3nr dr = ——.
Om? — 12

(F,cosdmrz) =

SR

From Example 2.11 a) we know that
(1,1} =1, and
(cos e, cosmx) = (cos 2wz, cos 2xx) = (cosdnx, cosdmr) = 1/2.

Thus
sin i tsint tsint tsint
IR — € PRI ) B e
PF = ol 2 —— cosTr 4+ 2 P cos 2 + zgr,z 2 cosdTr.
This appears at first glance to contradict the statement that the coefficients should be differentiate
functions of t, but notice that each term of the sum has a limit at the zero of the denominator. If, as we
usually do, define them
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to be equal to this limit at the value of t at which the expression is undefined, computation will show the

resulting functions to be differentiable. Look for instance at a2(t), the coefficient of cos nx. Then

tsint t sinlt —
lim 2 = 2 lim limn ( ) =1.
t—m e =12 t—mr T4+t t=x  t—1T

The same limit is obtained as t——n and so
£ sin t A
ﬂ'E“]: {2’" —t i.?é_dh_

1, t==+xn

is continuous at t==xn. In fact, since sin t/t is infinitely different iable at t=0 one can readily show that
a2(t) has derivatives of all orders there.
We make the observation that even though F(x, t) may be well behaved it often is not possible to find
PF(x, t) explicitly as a function of t. A projection of F(x, t) onto span{®1,..., N} requires the coefficient
oy = (FlE ) ()
aj(t) = —————
(50 %3)

which is available only if {(F(z,t),%} can be evaluated analytically or numerically for arbitrary t. For a

function like
1

f(t) +g(x)
this is generally not possible. On the other hand, for a given value t* the integral
(F(z,t"), ;)
will always be assumed known, if not analytically, then at least numerically.
We shall conclude with a result which has the same flavor as Theorems 2.8 and 2.9 and which is used
in Example 7.7.
Theorem 2.13 Let X be an inner product space. Let {Q1,..., N} be a set of N linearly independent

elements of X. Then the “smallest” solution (i.e., the minimum norm solution) of the N linear equations
(i, u)=b;, i=1,..,N

F(z,t) =

belongs to

Proof. We show first that the equations have a ugique solution uN in M. If we substitute

e,
uy = 2 i HLE

j=1
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into the linear equations, we find that the {aj} must solve the the matrix equation
Ad =1
where
Aij = (i, e;)-

We know from Proposition 2.7 that A is nonsingular so that there is a unique solution u~ € M.
Suppose there is another solution u € X. Then
(w,u) = (v —wy + uy,u — uy + ux)
= {u—upn,u —uy)+ (uy,uy) + 2Refuy,u — uy}.
Since u and uN satisfy the same equations, it follows that

o
{H_-\'.T.! - 'JIJ\,.‘:,'I = Z {1-_1;{;;5.__“ — u‘,'.,} =),
n=1
Hence {un,ux) < (u,u) for any other solution u.
Exercises
2.1)Find the equation of the form ax+by+cz=d spanned by the vectors % = (1.2.0) gnd ¥ = (0,1, 1).
2.2)Prove or disprove: the functions {sin t, cos t, sin(t+5)} are linearly independent.
2.3)Let Cn be complex Euclidean space; i.e., the space of all n-tuples # ={*1:%2,---:%x) of complex
numbers with usual definitions of vector addition and scalar multiplication. Show that each of the
following defines a norm on Cn:
) | £ = max{|x;| : i =1,2,....n},
L El = 20 =51
i) i=1
2.4)Let X be the vector space of all continuous complex-valued functions f on the interval [0, 1]. Show
that each of the following defines a norm on X:
HIfll = sup{lf(z)] : = € [0, 1]},
1

i LAl =£|j{a}]dt,
2.5)Prove Proposition 2.2.
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26) | @D = S o
On complex Euclidean space Cn, define j=1 where # =l#1.%2,....Ta) gnd

¥ = (y1:42:---,¥n)- Verify that this defines an inner product on Cn.
2.7) Verify Example 2.3c. .
2.8) Show that in an inner product space X, the vector 0 is orthogonal to every vector in X, and it is the
only element of X having this property.
2.9) Let X be an inner product space and let v € X. Prove that the set S of all € X orthogonal to vis a
subspace of X. (This subspace is called the orthogonal complement of v.)
2.10)Let ¥=(1,2) € Ra.
i) Find the orthogonal complement of i with respect to the usual dot product.
i) Find the orthogonal complement of # with respect to the inner product described in Example
2.3b.
2.11)Let M be a subspace of an inner product space X and let @ € X be given by
@G={feX:{f,m)=0for every me M}.
i) Show that Q is a subspace of X.
i) Show that X={g+m:geQ@and m e M}.
[The subspace Q is called the orthogonal complement of M; thus the orthogonal complement of a
vector v defined in Exercise 2.9 is in this sense the orthogonal complement of the subspace
spanned by v.]
2.12)In R2 let ¥=(2:3)- Find
i) 7l where the norm is the one induced by the usual dot product (Example 2.3a);
i) I ¥l where the norm is the one induced by the inner product described in Example 2.3b.
2.13)In R2, show that

IE] = ll(z1, z2)l| = max{|z:], xa|}

defines a norm. For & = (1,2) and # = (2.1}, find IF. 1@l . I + @, ang 17 = #ll-
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2-14)Find the root mean square of f(z) =sin == o the interval [0, bl.

2'15)Suppose X is an inner product space. Show that for Il = V(&%) it is true that
I# + F1I° + 1€ — 3711 = 2|1|* + 2 lg)* .
2.16)Is every norm induced by some inner product? . , .
2.17)1n an inner product space, show that if {f:9) = 0, then If +4l* = IfI”* +llglI*. This is called the

Pythagorean theorem. Why?
2.18)Let 0=t0<tl<..<tN=L define a partition on [0, L] with tn+1—tn= At. Define the mapping T from
C[o, L] into En+1
Tf=(f(t0), f(t1),..., f(tN)).
i) Show that T is a linear transformation,
i) Show that T is not invertible.

iii) Find an inner product {» Jon Ewx+1sych that
1.
fn f(Hg(t)dt = (Tf, Tg)

for small At.

2.19)|n the Euclidean plane with the usual norm, given a pointZ = (1:#2); find the point on the line
y=ax closest ¥ by projecting the point onto the line.

2.20)In Euclidean three-space with the usual norm, find the point in the plane 2x+y—-3z=0 that is
closest to the point (0, 0, 5).

2.21)Find the point on the line described by the vector function () = (t +1,2t — 1, ~t)that is closest to
the point (1, 4, —2). i
2.22)Find the polynomial of degree <2 that is the best approximation to (¥} =93 i the sense that
among all such polynomials g it minimizes
1

CoS ET —qlz) dec.
2

=1
Sketch the graphs of your approximation and f on the same axes.
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2.23)Suppose M is a finite-dimensional subspace of an inner product space, and suppose f € M. What is
the orthogonal projection of f onto M?

2.24)Let X be an inner product space. For f € X. let M be the orthogonal complement of f. What is the
orthogonal projection of f onto M?

2.25) §= L ¢i0s1
Suppose X is an inner product space with an orthogonal basis B={@1, @2, ..., ¢n}. Let i=1
and let C={i(1), @i(2),..., @i(k)} be a subset of B. Find Pf, the orthogonal projection of f onto
M=span C.

2.26)In an inner product space X, let B={@1, ¢2,..., ¢n} be a basis for the subspace M. Define a
sequence of vectors y1, y2,..., yn as follows:
Y1=¢1;
Yi=Qj—Pj—1@j, j=2, 3, ...n, where Pj—1¢j is the orthogonal projection of ¢j onto span{y1,
V2,...,yj—13}. Prove that B = {m:%2:---.=} is an orthogonal basis for M. [This recipe for finding an
orthogonal basis is called the Gram-Schmidt process.]

2.27)Let X be the subspace of L2(R) consisting of all real-valued functions with period 2n with the inner
product

(f. g} :--ff[t]y{r.)ru.

i) Verify that the collection C={sin x, sin 2x, sin Sx} is orthogonal,
i) Let f be the periodic extension of

- -1 for—m<x<(
f(@) = {1 for 0 <z < m,

and find the projection of f onto the space spanned by the collection C.
iii) Sketch the graphs of f and the projection found in ii) on the same axes.

2.28)Given N continuous functions {fi'{t)} and N distinct points {tj}, show that if the NxN matrix A with
entries
Aij=fi(tj)
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is nonsingular, then the functions are linearly independent. Use the example f1(t)=t(1—t) and

f2(t)=t2(1-1t), and t1=0 and t2=1 to show that if the matrix
{fi(t)}
is singular, then we cannot conclude anything about the linear dependence of {fi(t)}.
2.29)Suppose {fi(t)} is a set of N functions, each of which is N—1 times continuously differentiate on (O,
2). Show that if the NxN matrix A with entries

Aij = { }’_I]U}}

is nonsingular at some point t* € (0. L}, then the functions {fi(t)} are linearly independent. Use the
example fi(t)=max{(1-1t)3, 0}, f2(t) = max{0, (t—1)3} to show that if A is singular, then we can
conclude nothing about linear dependence. (Note: The determinant of the matrix A is known as the

Wronskian of the functions {fi(t)}.)
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Chapter 3

Sturm—Liouville Problems

Many of the problems to be considered later will require an approximation of given functions in terms of
eigenfunctions of an ordinary differential operator. A well-developed eigenvalue theory exists for so-
called Sturm-Liouville differential operators, and we shall summarize the results important for the
solution of partial differential equations later on. However, in many applications only very simple and
readily solved eigenvalue problems arise which do not need the generality of the Sturm-Liouville theory.
We shall consider such problems first.

(N
3.1 Sturm-Liouville problems for ¢ = H®
The simplest, but also constantly recurring, operator is

L= d"(x) D<x< L
defined on the vector space C2(0, L) of twice continuously differentiate functions on the interval (0, L),
or on some subspace M of C2(0, L) determined by the boundary conditions to be imposed on #-
Henceforth M will denote the domain on which £ is to be defined. In analogy to the matrix eigenvalue
problem

Ag = Mg
for an nxn matrix A we shall consider the following problem:
Find an eigenvalue u and all eigenfunctions (=eigenvectors) ®(z) € M which satisfy
L= pe  for all x € (0,L). (3.1)

As in the matrix case the eigenvalue may be zero, real, or complex, but the corresponding eigenfunction
must not be the zero function. Note that if ¢ is an eigenvector, then ¢¢ for ¢+0 is also an eigenvector.
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The domain on which £ is defined has an enormous influence on the solvability of the eigenvalue
problem. For example, if M=C2(0, L), then for any complex number u the equation
Lo=g" = pgp

has the two linearly independent solutions

P = E\fl—l:l:
r.[r.lz C- {?—ﬁ:
for u#0 where VI and ~v# denote the two roots of z2—-u=0, and
¢ =1
do =

for y=0. Hence any number y is an eigenvalue and has two corresponding eigenfunctions. On the other
hand, if M = {¢ € C*(0, L} : 4(0) = ¢'(0) = 0}, then for any p the only solution of
¢ = uo

#(0) = ¢'(0) =
is the zero solution. Hence there are no eigenvalues and eigenvectors in this case.

The subspaces M of C2(0, L) of interest for applications are defined by the so-called Sturm-Liouville
boundary conditions

i) @(0)=0, @(L) =
i) ¢'(0) =0, @(L) =
i) @(0) =0, ¢'(L) =
iv)  ¢'(0) =0, @'(L) = U
vl ad'(0) = a(0), [ =0, =0
vi) ad(0)=a(0), &(L)=0,a=>0
vii)  6(0) =0, i-rn (L) = —6(L), 8>0
viit)  ¢'(0) = 0, A¢' (L) = —(L), A=10
ix) ad'(0) =¢(0), Ad'(L)=—¢(L), a,d=0
D) 60 = d(L), 0 = (L), (3.2)
For example, in case iii) M subspaces consist of all functions ¢ € C*(0.L) such that #(0) and ¢'(L) are
defined and
Iilf}_l glx) = ¢(0) =0
.1!"3}.,(:} (x)=¢'(L}=10.
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We note that the first nine boundary conditions represent special cases of the general condition
a1’ (0) — azeé(0) = 0,

B¢/ (L) + Bagp(L) = 0; (3.3)

for real ai, Bj such that o
g = 0, ai +aj # 0;

513 =0, A+ B2 40
The boundary condition x) is associated with periodic functions defined on the line. In each case the
subspace M will consist of those functions in C2(0, L) which are continuous or continuously differentiable
at 0 and L and which satisfy the given boundary conditions.
For several of these boundary conditions we can give explicitly the eigenvalues and eigenfunctions. To
see what is involved let us look at the simple case of

o

¢ = [iTnN
$(0) = &(L) = 0.
If u=0, then ®(x) = 1 +e22, and the boundary conditions require c1=c2=0 so that #(*) = 0; hence u#0

is not an eigenvalue. For y#0 the differential equation has again the general solution
B(x) = crev™ + cae” VI
The two boundary conditions require
op+ e =0, and

eVl 4 e vEE =

1 1 (e (0
evil =L e f T D)

This system has a nontrivial solution (c1, c2)=(1, —1) if and only if the determinant f(u) of the

coefficient matrix is zero. We need
flp) = e Vol — evitl = o=Vl _ 2VELYy —

2\{.";_1 L

or in matrix form

=Li.e., if

This can be the case only if €
2/l = 2nmi

< previous page page 47 next page =



page_48
< previous page page 48 next page >

Page 48
for a nonzero integer n. Hence there are countably many eigenvalues

- (5)

dn(z) =c (T — ™0 "),

with corresponding eigenfunction

Since eigenfunctions are determined only up to a muLEipIicative constant, we can choose ¢~ % so that
i (x) = sin -—;_ T

The above calculation would have been simpler had we known a priori that the eigenvalue has to be

real and nonnegative. In that case complex numbers and functions can be avoided as we shall see

below. For the algebraic sign pattern of the coefficients in the boundary conditions of all of the above

ten eigenvalue problems this property is easy to establish.

Theorem 3.1 The eigenvalues of (3.1) for the boundary conditions (3.2i—X) are real and nonpositive.

Proof. If {#é(*)} is an eigenvalue-eigenvector pair then
£ L
| ¢ @ =u | ola)iis
0 v
Integration by parts shows that

L L L
[ ¢ @a@is = ¢ @5 fu - fu ¢ (@) P @)d.

0

For each of the ten cases above the boundary terms either vanish or are real and nonpositive. For
example, if f2#0 in (3.3), then

— ¢'(L)¢'(L) < 0.
Hence
L L
u [ o@rd< [ 6@ <o
] 0

which implies that y is real and nonpositive.

Since the eigenvalue is real, it follows that the real and imaginary part of any complex-valued
eigenfunction must satisfy the eigenvalue equation. Hence the eigenfunctions may be taken to be real
so that the conjugation in the integrals can be dropped.
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Theorem 3.2 The eigenfunctions of (3.1), (3.2) corresponding to distinct eigenvalues are orthogonal in
L2(0, L).

Proof. Let {#m:@m} and {#:@n} be eigenvalues and eigenfunctions with um# pn. Then

L L
{H-m - ﬂn}fﬁ '@m(i‘}{i‘n {.‘I‘:ICI'L = [ f_f.:’nd:'::l - fi’m'ﬂl:':”dm-
L[]

If we integrate by parts and use the boundary conditions, we see that the righthand integral vanishes
so that

I
(Gmy Gn) = fﬂ S (@)bn(2)de = 0.

The computation of the eigenvalues and eigenvectors for the above cases is straightforward, at least in
principle. Since y<0, we shall write

H=—A2
and solve
"+ A% = 0.
We know that the general solution of this equation is
plx) = a1 + o, A=10 (3.4)
&x) = ey cos Ax + ca sin Az, AFED, (3.5)

We now have to determine from the boundary conditions for what values of A we can find a nontrivial
solution. To introduce the required computations let us look at the simple cases (3.2ii) and (3.2x) before
considering the general case (3.3).
(3.2ii) #'(0) = (L) = 0.
We see by inspection that A=0 is not admissible because there is no nonzero eigenfunction of the form
(3.4). For A+ 0 the solution is given by (3.5).
The boundary conditions lead to
Ac2=0

¢l cos AL+c2 sin AL=0

which can be written in matrix form as

0 AN (e (0
cos AL sinAL) \ex)  \OJ
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This linear system has a nontrivial solution if and only if the coefficient matrix is singular. This will be

the case if its determinant f(A) is zero. Hence we need
f(A)=—A cos A\L=0

or AL = 3 + 0w gor any integer n. It follgws that there are count ably many values
5 +nw
An =2 L” n=0+1,+2,.. ..

A corresponding nontrivial solution is (c¢1, c2)=(1, 0). Since eigenvectors are determined only up to a
multiplicative constant, we may set
).,n _ TLﬂ-u
The negative integers may be ignored because they yield the same eigenvalues and eigenvectors.
Next we shall consider periodic boundary conditions.
(3.2x) #(0) = &(L), ¢'(0) = ¢'(L).
By inspection we find that A=p=0 is an eigenvalue with eigenfunction

wo(x)=1.
For nonzero A the boundary conditions applied to (3.5) lead to

1 —cos AL sin AL ey (0
Asin AL Al —cosAL)) \ea/)  \ODJ”
FIXN) = M1 —cos ALY + Asin® AL = A2 — 2cos AL).

The determinant will be zero if and only if

AL=2nn.
Note that for each such A the matrix becomes the zero matrix so that we have two linearly independent
solutions for (c1, c2), which we may take to be (1, 0) and (0, 1). Hence for each nonzero eigenvalue

— 2 . .
Hn = =X, there are two eigenfunctions

LA E

P = — X5, (1) = cos A,x, n=012....

The determinant is

dn(z) =sin Az, and

i () = cos A,
where An=(2nm)/L. Note that formally w0(x) is the eigenfunction already known to us.
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Finally, let us consider the general case of (3.3). If A=0, then substitution of (3.4) into the boundary

conditions leads to the system
(¥ -k ey 0
By Bal 4+ ex ) T ND)T

Under the hypotheses on the data the determinant of the coefficient matrix
f{”}l = ll'i*_a{.l'.ilg L+ '.‘1:| + ,'Jl.‘.gﬂ]

can vanish only if a2=B2=0 so that #'(0) = ¢'(L)} = 0. Then @(x) = 1. For all other cases y=A=0 is not an
eigenvalue. If A#0, then (3.5) must be substituted into (3.3). This leads to the following matrix equation
for the coefficients ¢l and c2:

kg "Lk | A [ 0
Facos AL — M3 sin AL fasin AL + AFycosAL) \ea) — \OJ°

For a nontrivial solution the determinant f(A) of the coefficient matrix must be zero. This leads to the

condition
f(A)=(a2B2—-A2a1pB1) sin AL+A(a2B1+alB2) cos AL=O. (3.6)
We note that f(A)=0 implies that f(—A)=0. If the matrix is singular, then
(c1, c2)=(Aal, a2)

determines the coefficients of (3.5).
Simple solutions of f(A)=0 arise in the special cases (3.2i-iv).

al=pB1=0 or a2=B2=0
implies that f(A)=0 whenever sin AL=0 or An=nn/L, n=1, 2,...

a2=P1=0 or a1=£2=0
implies that f(A)=0 whenever cos AL=0 or *» = (5 +u7) /Ly n=0,1..... |t @150 or B281>0 (boundary
conditions associated with convective heat loss, for example), then the roots of f(A) no longer are given
in closed form but must be determined numerically. All we can say is that if a1B51>0, then the roots of
f(A)=0 approach the roots of sin AL as # — =< if g1 1=0, then the roots of f(A)=0 approach the roots of
cos AL as A — oo. In all cases we obtain countably many values An.
We can summarize the results of our discussion of the eigenvalue problem (3.1), (3.2) in the following
table, to which we shall refer repeatedly as we solve partial differential equations.
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Table 3.1:

Eigenvalues and eigenvectors for ¢" = pé and various boundary conditions Boundary Condition
Anlptn = =A%) Eigenfunction(s)

j)¢(0) =&(L) =0 nr/L sin Anx, n=1, 2,...

i) ¢(0) = ¢'(L) =0 (5 +nm) /L sin Anx, n=0, 1,...

iii) ¢'(0) = ¢(L) =0 (5 +nm) /L cos Anx, n=0, 1,...

iv)@'(0) = ¢/(L) =0 nr/L cos Anx, n=0, 1,...

x) @(0) = (L), 2nn/L sin Anx, n=1, 2,...

@'(0) = ¢'(L) 2nn/L cos Anx, n=0, 1,...
v—-ix) The remaining cases require a solution of (3.6) for the various combinations of ai and fj.

The corresponding eigenfunction is always
olx) = apAcos Ar + o sin Ax,
Replacing A by —A does not change the eigenvalue and only changes the algebraic sign of the
eigenfunction. Hence we can restrict ourselves to the positive roots of f(A)=0.
For illustration we show in Fig. 3.1a a plot of f(A) vs. A and in Fig. 3.1b a plot of the eigenfunctions
corresponding to the first two positive roots of f{(A)=0 when al=a2=£1=62=L=1. Note that these

functions do not have common zeros or a common period. However, they are orthogonal in the mean
square sense as guaranteed by Theorem 3.2.

|'~'
|
2000 [
i |
i | |
M [ 1 | |
1000 1 [\ [
-'P'-. I| I| |1 Ill |
o, {1 | I [
- f [ \ [ [
.lK LY i ] | 1 | |
— ! \ ! | A N _ |._. —
o] 10 S/ e T[T 4 | 50
| ", o I | | I
| \/ |/ | |
. \ \ | | I| | [
| |
=1000 - ¥ P | |
| L |
' ',_ | | |
J ||
' |
—2000 | \

Figure 3.1: (a) Plot of f(A) of (3.6) for al=a2=B1=2=L=1. The first two roots are A1=1.30654,
A2=3.67319.
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Figure 3.1: (b) Plot of @ilx) = Ajcos Mz +sin A, i = 1,2,
We point out that if the sign conditions of (3.3) are relaxed, then the eigenvalues of
E,IH- — F[{j\
remain real and the eigenfunctions corresponding to distinct eigenvalues are still orthogonal. However,

some eigenvalues can be positive and eigenfunctions may now involve real exponential as well as
trigonometric functions (see Exercise 3.13).

3.2 Sturm—Liouville problems for Lo = ¢

For the simple operator £¢ = ¢" we could exhibit countably many eigenvalues and the corresponding
eigenf unctions. For more general variable coefficient operators explicit solutions are no longer available;
however, for the class of Sturm-Liouville eigenvalue problems a fairly extensive theory now exists with
precise statements about the existence of eigenvalues and eigenfunctions and their properties. We shall
cite the aspects which are important for later applications to partial differential equations.

A typical Sturm-Liouville eigenvalue problem is given by

Lo = (p(x)d'(2)) — glz)¢ = pw(z)d (3.7)
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where p’, g, and w are real continuous functions on the interval [0, L], where p(x) is nonnegative on [0,
L] and where w(x) is positive except possibly at finitely many points, w is a weight function of the type
introduced in Chapter 2. We shall impose on (3.7) the boundary conditions

p(0) [ 6(0) — aag’ (0)] = 0

p(L)[316(L) + B2 (L)] =0
where the coefficients satisfy the same conditions as in (3.3). If p(0) and p(L) are positive, we have
exactly (3.3); but if, for example, p(0)=0, then ®() and #'(0) are merely assumed to exist, u is again
called the eigenvalue of problem (3.7) and ¢ # 0 is the corresponding eigenfunction. Assuming their
existence we can readily characterize their properties.
If uis an eigenvalue with corresponding eigenvector % then it follows from integration by parts applied
to

1. L
f alx)Lolx)de = y,f w(z) || de
0 0
that
L L L
p(a) 8 (2) () f - f (P + q(@)|6%)dz = f w(z)lé|dz.
0 0 o

The boundary conditions again guarantee that the first term on the left is real and nonpositive so that u
is real and

_ _,I'{:'l[;;(nr}lcb“ﬁ + g(z)|¢]*)dx

f“L w(x)|o|*de
A real eigenvalue implies that the real and imaginary parts of any complex valued eigenfunctions
themselves are eigenfunctions so that again we may restrict ourselves to real vector spaces.

If we now assume that {#m:@m} and {#n ¢} are eigenvalue-eigenvector pairs for distinct eigenvalues,
then

T

L L
[‘-'I’:IJ:E":;'H - ‘:.-"II'E"-'J"HI:] dr = |:|U'rt : I‘rrt}/ !4-’{-"-')’?rr¢¢ra dx.
[\ o

Integration by parts showi that
_[ (O Lty — OnLay,] de = plx) @ (x)d, (x) - ’-j:re(;i:}‘:‘f*{m)} ir?

L1
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The boundary conditions imply that the integral ¥anishes. Thus we can conclude that

{‘:':"ru'-"‘!"n} = f ';:'rrl':ﬁ'r:?“(m}l'i'r =1,
0

where (,) is the inner product on L2(0, L, w).

Until now we have either calculated explicitly the eigenvalues and eigenfunctions, or we have assumed
their existence. The significance of the SturmLiouville problem (3.7) is that such assumption is justified
by the following theorem [16].

Theorem 3.3 Assume that in (3.7) the coefficients are continuous and that p, w=>0 on [0, L]. Then

there are countably many real decreasing eigenvalues {un} and eigenfunctions 1%=}with

lim p, — =00,
T

For each eigenvalue there are at most two linearly independent eigenfunctions which may be chosen to
be orthogonal. All eigenfunctions constitute an orthogonal basis of the inner product space L2(0, L, w)
and for any f = L;g{”_,f:._ TE.']I

lim ||f = Pxfll=0

N=oa

- N _{fida) . .

where ¥/ = Lon=t o ny O is the orthogonal projection of f onto sPan{@1,-...én}.
The theorem asserts that L2(0, L, w) contains countably many orthogonal elements 1¢x}- Since any
finite number of these elements are necessarily linearly independent, we see that L2(0, L, w) is an
infinite-dimensional inner product space. The definition of basis in Chapter 2 must be broadened to
apply in an infinite-dimensional vector space X. Let {xn} be a sequence of elements of a normed linear
space X. We say that {xn} is a basis of X if any finite set of these vectors is linearly independent and for
any * € X, there is a sequence of scalars {fan} sucxh that

lim ||z — E‘ﬂr,,m,,” = (.
N—im )
=1

For the orthogonal basis of Theorem 3.3 the linear combinations may be taken to be the orthogonal
projections.

Throughout the following chapters we are going to approximate given functions by their orthogonal
projections onto the span of finitely many eigenfunctions of Sturm-Liouville problems. It is reassuring to
know that the approximations converge as we take more and more eigenfunctions. Unfortunately, such
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convergence can be painfully slow. Let us take the function f(x)=1 in L2(0, 1) and project it into the

span of eigenfunctions {sin nnx} of case i) in Table 3.1. From Theorem 3.3 we know that ||1-PN1||—0
as N—oo. A simple calculation yields

Computed values (in single precision) are

N N = Pxllny0.1)

10 .20099
100 .06366
1000 .02013
10000 .00815
That is about as close as we can come numerically. On the other hand, for f(x)=x(1—x) we obtain

N (1 = x) = Pyx(l — 3'-]'-'!.;[1},1}

10 .00019
20 .00009

The next chapter gives some insight into why f(#) = 1 s difficult and f(z) = (1 — ) js easy to
approximate in this setting. Here we merely would like to point out that when in later examples we

solve the Dirichlet problem
Au=1, (z,y)eD

u =10, (x,94) € 0D,

then the simple source term ¥(z.%) =1 generally will make the mechanics of solving the problem easier
but does not favor convergence of the approximate solution to the analytic solution.
If p=0 and p(0)p(1)=0 or w=0 at finitely many points, then we have a singular Sturm-Liouville problem.
The eigenvalue problem for Bessel's equation in Chapter 6 is a typical example of a singular problem.
The theory for such problems becomes more complicated but in the context of separation of variables it
is safe to assume that p and w are such that the conclusion of Theorem 3.3 remains valid. In particular,
this means that we always expect that y

Jim_|[F = PyF|| = Jim [[F =3 qaal =0

n=1
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where F is an arbitrary function in L2(0, L, w) and vn is the Fourier coefficient
_ (F.én)
" {ﬁ‘n:fﬁn}
with

L
{Ls}‘}"ﬂfu Fle)g(x)w(z)de.

Next we observe that the general eigenvalue problem
Lo = alx)d” + bz + c(x)d = pg (3.8)
can be put into Sturm-Liouville form (3.7) if there is a weight function w(x) such that
[a(x)g” + blz)d" + e(z)dw(x) = pdw(x)
can be written in the form of (3.7). A comparison shows that we would need
ax)W(x)=p(x)
b(x)w(x)=p’(x)

so that
(aw)’=bw.

If a(x)#0 on [0, L], then we can write

(aw) = 22 (au)

] = f,i.{.l:]l (k
and find that for any x0

l: ] — 1 " :“ ﬁ% ds

alz)

is an admissible weight function. Hence eigenfunctions of (3.8) can be found such that they form an
orthogonal basis of L2(0, L, w). For example, consider the eigenvalue problem

¢:.J'.I'+E¢|JJ':#{!J

¢'(0) =¢'(1) =0. (3.9
We see that
w(z) = el 15 = 42
and that the problem can be rewritten as

(z°¢) = pa?

¢
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¢'(0) = ¢'(1) = 0.
The above discussion immediately yields that eigenvalues (should they exist) are negative and that
eigenfunctions corresponding to distinct eigenvalues are orthogonal in L(0, 1, x2).
Throughout this text eigenvalue problems like (3.8) are useful for solving partial differential equations
only if one can actually compute the eigenvalues and eigenfunctions. As a rule that is a difficult if not
impossible task since there is no general recipe for solving ordinary differential equations with variable
coefficients. When confronted with an unfamiliar differential equation, about the only choice is to check
whether the equation is listed in handbooks of solutions for ordinary differential equations such as [12],
[18]. Fortunately, (3.9) appears as equation 2.101 in [12] and is solvable by elementary means. We
rewrite the equation as

()" = —A*(z¢)
so that

xd(x) = £1 cos Ax + ca sin Ax.

It is straightforward to verify that

I
. cos Az X
]m]D does not exist so that e; = 0,
IT— €

while )
j.'_If:] (sin;,r) —0.
bnlz) = sin AT
Hence

where {An} are the solutions #x(1) =0 which leads to

f(A)=Acos A —sin A = 0.
Since f(nn)f((n+1)n)<O0, there is a root in each subinterval (nn, (n+1)n), but its value can only be
found numerically.
Many applications of separation of variables lead to ordinary differential equations which are solved in
terms of Bessel functions (see Examples 6.10, 7.5, 8.5, 9.8). Bessel functions belong to the class of
“special functions” studied in such texts as [1] (for real arguments) and [13] (for complex arguments).
Because of the ubiquity of Bessel functions, we include here for easy reference a general second order
ordinary differential equation which can be solved in terms of Bessel functions. We cite from [21].
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If (1-a)2=4c and if neither d, p, nor g is zero, then, except in the obvious special cases when it reduces

to Euler’'s equation, the differential equation
o u" + x(a 4+ 2P u' + [e + dr* +bla +p — 1)a® + b2 lu =0 (3.10)
has the general solution
w(z) = =" .*_"?”P[r:],}u[l.:r”} + e2¥, (Az?)]

where _ .
l-a ,_b A:ﬂ b V(1 —a)* —de
2 p q 2q
If d<0, Jv, and Yv are to be replaced by Iv and Kv, respectively. If vis not an integer, Yv and Kv can
be replaced by J—v and I-v if desired.
The definitions and properties of the various functions just cited are discussed in the above sources (see
also Example 6.10). The manipulation and evaluation of these functions have become routine in
programming environments like Maple, Mathematica, and Matlab.
3.3 A Sturm—Liouville problem with an interface
We shall conclude our discussion of eigenvalues for equation (3.8) by considering the following
generalization of the simple equation (3.1):
alx)d” = pd on (0, X)U (X, L)

a(z) = ay, D<r<X
' a, A<zr<l

¥ =

where

for given positive constants ai and a given interface X. At x=0 and x=L the function #(%) may be subject
to any of the boundary conditions of Table 3.1, but for definiteness we shall choose here
$(0) = @' (L) = 0.

At x=X the eigenfunction is required to satisfy an interface condition of the form
(X)) =p(X")

A1d'(X7) = Axd'(XT)
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where Al and A2 are given positive constants. Interface conditions like these arise when the method of
separation of variables is applied in composite media (see Example 6.11).

Let us introduce the piecewise constant weight function

w(z) = itz iy, D=r< X
amAs, X<z<L
and the inner product L
(0= [ 1@z,
Then
f " d()a(e)" (@) w(z)dr = f (@) P,
We integrate the left side by pa;rts over [0, X] and [X, L] and obtain
[ dala)ou ;u_f —ay ¢ Pu(@)dz + a1 3(2)¢ ()az Ay | S

I
f da(z)d" wiz)dz = f —aa|¢/[Pw(a)dz + az(x)¢' (€)ar Az 5.
kY

The boundary and interface conditions imply that the boundary and interface terms drop out or cancel.
Hence

I L
: fu |6(z) Pw(z)dz = - [ﬂ 2)¢ (z)Pw(z)dz

so that an eigenvalue of this problem is real and nonpositive and has a real eigenfunction. Similarly, it
follows from integration by parts applied to

f a(x) [ dn = Spdmlw(z)de = (pm — Hrt}f D Pz )dx

0

that the left integral vanishes so that eigenf unctions corresponding to distinct eigenvalues are

orthogonal in L2(0, L, w). Eigenvalues and eigenfunctions can be found explicitly. We observe first that
p=0

would lead to

. o4, D<o<X
ix) = .
dy +dex, X <2< L.
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The boundary conditions require that c1=d2=0. The interface conditions
c2X=d
Alc2=0
imply that c2=d1=0 and show that there is no nonzero solution corresponding to y=0. Let us then write
HU=-—A2 for A+0.

Then any solution of our interface problem must be of the form
#(z) = £y COS \_.',""_7'+r3=-.1n v"“,_l’r D=z < X
fflccmmr+:fzbi|| v’&?:r-‘ X acrxr<l.

The boundary conditions allow us to write

) csin % T

Plx) = d A -

COS —2e (L= x).

The interface conditions lead to

'xinjljl_]X —ﬁ:k,v, (L—X) {: B U)
Al eos = X —Ag—imsin 2= (L = X) 0/

A nonzero solution results if the determlnant f(\) of the coefficient matrix is zero. Hence we need roots
of

A sin A sin —x
= r r -

”’"r 7 X rL

This expression can be rewritten in the form
flA) =+4,

X) =

el g

4‘1] f!j )
+ Al — 8in —— A in—I(L-X)=
(% & i e (=) =

We see that for al=a2 and A1=A2 the eigenvalue condltlon reduces to that of ii) in Table 3.1. This is
the correct behavior because the solution is now twice continuously differentiable at X so that the
location of X should not have any influence. The eigenfunction corresponding to any nonzero root of this
equation is

cos (LU ] 3]

) =
é(z) ﬁiIL?JgTXtcﬁ?’!:Ti{L—;r}. X<z<lL.

{. s == (L= X)sin—2=z, O<x<X
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For al=a2 and A1=A2 trigonometric addition formulas yield a scalar multiple of the eigenfunction of ii)
in Table 3.1, as expected. We observe that f(—A) = —f(A) and that ¢(*) only changes sign if A — —A.
Hence again we only need to consider positive roots of f(A)=0.

We shall conclude our glimpse into the world of Sturm-Liouville problems by pointing out that the theory
extends to eigenvalue problems for partial differential equations. For example, suppose we consider the

eigenvalue problem for Laplace’s equation
A = Prx +’-‘I"'yy = [, {:rs i,l'} =

ey b+ e g_ﬂ'? = (], (z,y4) € aD
n
where al and a2 are piecewise smooth functions that satisfy
maz =0,  aj +a; >0,

and where D is a domain in R2 with smooth boundary aD. Let {#:@} be an eigenvalue and eigenvector;
then

f&m&.f:p. |® |t
L 0

with 4% = dxdy. An application of the divergence theorem vyields
PAGdE = | V- dVodi f |Vo|?|dE = f oV - iids —f | V| el
Fe an n

I D
The boundary integral is nonpositive because

N
o + - [u]|¢|2 + r¥a %; ]
ST 596 it = _ :

¥y -+ g ) =+ g

Thus the eigenvalues of the Laplacian are nonpositive. Moreover, y=0 would require that V¢ =0
throughout D so that # is constant in D. If g1> 0 at one point on 9D, then necessarily ¢ =0 at that
point so that ¢ =0 throughout D. In this case p=0 is not an eigenvalue. If a1=0 everywhere on dD,
then p=0 is an eigenvalue with corresponding eigenfunction ¢ = 1. Finally, we apply the divergence

theorem to the left side of

{’{'ﬁraﬂ-dﬂa — r|:‘|'rr|.'|'i""ri:':lu.l,]!l-i'-E = {an - ,urzj/ ‘;ﬁ:nrt'ndf
L2 o

and obtain
f {‘?}u-ﬁd’:n - d:':mﬂmn }d'F = v - {':_T}rl v':r’m - "-'I-:"ru?f.ﬁn]df
Iy n

- ) -+ g | 3‘:"?" : H{;’:ﬂ _
- ./;m (m —:.-E‘Iz) (m” o in ) ds=(
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because 5 _
I.I'J'L a n
06 Py + Cap -g;t- = 10y, + o -;1- =0 ondb.

We can conclude that the eigenfunctions corresponding to distinct eigenvalues satisfy

f Sl = 0;
il

I.e., they are orthogonal with respect to the inner product
(f.9) = L flE)g(2)dE.

Finally, we mention that Theorem 3.3 has its analogue for multidimensional Sturm—Liouville problems.
The consequence for the later chapters of this text is that a function F which is square integrable over

the domain D (i.e., ¥ € L2(P) can be approximated in terms of the eigenfunctions of the Laplacian such
that

N
IF =3 Anénll =0 as N — oo

=1

where
v = (I, on )
" s P
The formalism stays the same; only the meaning of the inner product changes with the setting of the
problem.
Exercises
3.1) Find all eigenvalues and eigenvectors of the following problems:
" = po
i) #(0) =0, &(1) = 0.
d}" - ;Ivl,'.".:'
i) #'(0) =0, ¢'(1) = 0.
q-}.rr + ‘;,5.' = g

jii) #(0) =0, ¢(2) = 0.
3.2) Consider
" = pe
(1) =0,  ¢'(L)=0.
Find all L such that y=-3 is an eigenvalue.
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3.3) Solve the eigenvalue problem
&' = pd

on each of the following subspaces C2(0, L) with L > O:
i) M ={a € C?0,L],$(0) = 0}.

iy M = {6 € C?0.L],¢'(0) = 0}.
jiiy M = {6 € C*(0,L],9(0) = #(L/2) = ¢(L)}.
iv) M = {¢ € C*[0, L], $(0) = 0, [ é(z)dz = 0}.
v) M={peC?,L) [ z(x)dz = 0}.
3.4) Verify that the boundary conditions (3.2x) imply that for any two eigenfunctions {@m: @}

rﬂ
f [‘}f'rlﬁ':‘frﬂl - ‘l:l:';“ E{j‘"] dm = {}.
o

3.5) Velify that the boundary conditions (3.3) imply that for any two eigenfunc tions {Gm; bn}
f [‘I}nﬂc’f_-'}m - {-'.J‘mﬁ{."?nj dr = (.
0

3.6) For the boundary condition (3.2x) verify that for y=0 the determinant of the coefficient matrix is
zero and that ¢(*) = ¢ # Ojs the corresponding eigenfunction.
3.7) For the boundary condition (3.3) verify that py=0 is an eigenvalue if and only if a1=£1=0.
3.8) Verify all eigenvalues and eigenfunctions of Table 3.1.
3.9) Find all u for which there exists a nontrivial solution of
¢H + l:b —_ ﬂ
#(0) —¢'(0) =0
&(1) + pd'(1) = 0.
3.10)Convert
¢"(x) + ¢’ (z) = po(z)

$0)=0, F1)=0
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into a reqular Sturm—Liouville problem and find the inner product associated with it.

3.11) Let {—A".¢} be an eigenvalue eigenvector pair of the problem
¢" = —Np

$(0) =0, &(L)+¢' (L) =0.
)] Jlsze (3.6) to show that

r 0a? M
fn‘<.:'-2[:r:j|nf:|:=IE+MWEJ1L .

i) Show by integrating that (#=:@=) = 0 for two eigenfunctions with distinct eigenvalues.
3.12) Find the eigenvalues and eigenfunctions of the interface problem
¢ (x) = po(x)

8(1-) = ¢(1+)

@'(1-) = 26/ (1+).

3.13) i) Show that the eigenvalue problem
¢H — f‘¢

'(0) =0, $(1) = ¢'(1)

has exactly one positive eigenvalue and countably many negative eigen-values.

i) Compute numerically the positive eigenvalue and the corresponding eigenfunction.
i) Compute the first negative eigenvalue and the corresponding eigenfunction.

iv) Show by direct integration that the eigenfunctions of ii) and iii) are orthogonal.
v) Why does the existence of a positive eigenvalue not contradict Theorem 3.2?
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3.14) Find the eigenvalues and eigenfunctions of

¢ () = pe(x)
#(0) = ¢(1) =0

#"(0) = ¢"(1) = 0.

3.15) Find the general solution of
(z™u")' + (ax® + bz 2Ju =0
when
i) (1-r2 = 4b,

i) =2, s=b=0,
i) a=0.
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Chapter 4
Fourier Series
4.1 Introduction

In the discussion of Sturm—Liouville problems we saw that the boundary value problem

page 67

&"(x) = pe(x), —L<x<1[;
—L) = ¢(L),
&'(—L) = ¢'(L)

has eigenvalues Hn = —Au; where )\n nn/L, for n=0,1,2,

{1 COs —

x,5in —:-z.‘ cos 2 — T, sin2 —

L L

L Tyons

next page >

(4.1)

. and correspondlnq eigenfunctions
- T, Slllﬂ —'.E

The Sturm—Liouville theory assures that for / € L2(=L. L), the sequence of orthogonal projections PNf
) ¥ - x . rar . T i
of the function f onto M = span{l,cos f&,sin z,...,cos Nz sin Nz} converges in the mean to f. More

specifically,

where

iy =

bn =

< previous page

' T o
Puf=an+ Z (ﬂu cosn— + b, sinn—

L

m=1

L
J;f t) cos ";”di {ﬁj‘f‘; F(t)dt

L
.2 Tr'rl
_Ir 1, COs it

L

[ Fit)sin 22t ”” et

L
=L

ILL 2 n-ri dt L

page 67

LI f(t) cos 22t dt,

== f(t)sin —dt
-L
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is the orthogonal projection of f onto MN and the series

=
T . T
g + E {1y, COS “T —;—fﬁ,,ﬁl[l:rlT

=1
converges in the mean to f. For this series, however, a great deal more is known about its
approximating properties than just mean square convergence. The series is called the Fourier series of f,
named for the French mathematician and physicist Joseph Fourier (1768—-1830), who introduced it in his
solutions of the heat equation. The fact that a series is the Fourier series of a function f is usually
indicated by the notation

o
iy + ; (r:,, {‘fﬁ?t + by, sin - 7 )
The coefficients an and bn are called the Fourier coefficients of f.
The theory of such series is the basis of trigonometric approximations to continuous and discontinuous
periodic functions widely used in signal recognition and data compression as well as in diffusion and
vibration studies. This chapter introduces the mathematics of Fourier series needed later on for
eigenfunction expansions.
Many of the Sturm—Liouville problems discussed, including (4.1), lead to periodic eigenfunctions—
mostly various linear combinations of sines and cosines. The orthogonal projection PNf of a function f
defined on an interval onto the span MN of such functions is thus defined on all of R. Moreover, if the
eigenfunctions which generate MN have a common period, then PNf is periodic. Most of the results to
follow are stated for periodic functions f rather than for functions defined on an interval [—L, L]. At first
sight this appears to be a serious restriction, but upon reflection we see this is not so and actually
provides more generality to the theory. If we are concerned, as we usually are, with a function f defined
only on an interval, we apply our results for periodic functions to the so-called periodic extension of f.

This is simply a function fdefined on all of R which has period 2L, which agrees with f on the interval
i r L —L

(-L, L), and which takes on the value f(~L) = /(L) = LEHI=R)

Example 4.1 Let f be the function defined on [—n,n] by f(x)=x. Here is a picture of the periodic

extension of f. In this case /(™) = 0-See Fig. 4.1.
4.2 Convergence
Suppose X is an inner product space, and {@1, @2, @3, ...} is a linearly independent sequence of

elements of X and f € X. We have seen in Chapter 2 that if
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/-5

Figure 4.1: Periodic extension of f() ==, z € [-m,7].
Mn=span {Q1, ¢2,..., ¢n}, then the orthoqonal pro;ectlon Pnf of f onto Mn is the best approximation of

f in the space Mn. Since M1 € Mz C--- C My,

+ 1t is clear that
//f—P1f//2//f—P2f//2...2 Pnfl|=...20,

next page >

and a natural question is, under what circumstances does the sequence (|| f—Pnf]]|) converge to 0? Let

us see.

Definition In a normed space, a sequence {fn} is said to converge in the mean (or in norm) to f if

limy, oo |f — full =

Definition Suppose B={p1, @2, @3, ¢3,...} is a linearly independent set of elements of an inner
product space X. If for every f € X it is true that for any € > 0 there is an N so that || f—PNf|| < g,

where PNf is the orthogonal projection of f onto MN=span {¢1, ¢2, .

., N}, then B is a basis for X.

Example 4.2 Consider the space C[—1, 1] of all continuous functions on the interval [—1, 1] with the
norm induced by the “usual” inner product

< previous page
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(f.9) = f f(@)g(z)dz

=1
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The classical Weierstrass approximation theorem tells us that for any continuous f, given £ = 0. there is

a polynomial p so that [f(z) = p(z)| < & This implies If =PIl = V2€ and thus B={1, x, x2,...} is a basis.
For computational efficiency we want to have

Pnf=al@l+a2@2+...+ann,
where the coefficients aj do not depend on n. In this way, the sequence of projections (Pnf) can be
written nicely as a series

ZI},:;J‘;.
i=l1
This can be ensured by requiring that {1, @2, ¢3,...} be orthogonal; that is, {wsir2x) = 0 for Jj#k. Then,
as we have seen in Chapter 2
(fiwi)

(i, i)

Go= Ll
Given an orthogonal set {@1, ¢2, ¢3,...}, if for each n we replace @i by ¥ = Ted¥ we obtain an
orthogonal set {¥1:%2:%s:---} each element of which has norm 1 and which is equivalent to the original

one in the sense that sPan{w1.¢2,...,@n} = span{&, &2, &s,...}. Sych a set is said to be orthonormal. If
{Q1, @2, ¢3,...} is an orthonormal set, then

Pﬂf = Zﬂi‘f;iy
jeu]

where
ay = {(f, i) -

. : . Puf= i a§Pi,
Proposition 4.3mlf {Q1, @2, ¢3,...} is an orthonormal basis i=1

5 el

then the series i=1 converges and

[

S les? < 1717

i=]
Proof. For all n, we have ?
0L |f = Pafl®={f = Puf.f = Puf) = {f — Puf . f)

= £I7 =Y ai i £Y = 1FI7 = D et
f=1
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Thus

> asl® < 15117,
i=]
from which the proposition follows at once.

Corollary 4.4 ]iluﬂ_..,_,u = limg, o {f. o) = 0. .
f=% aipi _ |f2=1(tt'2,
Corollary 4.5 4%1 if and only if 7 El |

The inequality 2i=1 122l* < IfI* is known as Bessel's inequality, while the equation 2=i=1 le:il® = 171l js
called Parseval’s identity.

In virtually all our applications, the inner product spaces in which we are interested will be spaces of
real- or complex-valued functions. There are thus other types of convergence to be considered. A

review of these is in order. In addition to convergence in the mean, we have pointwise convergence and
uniform convergence.

Definition A sequence {fn} of functions all with domain D is said to converge pointwise to the function
f if for each * € D, it is true that fn(x)—f(x).

Definition A sequence {fn} of functions all with domain D is said to converge uniformly to the function
f if given an € > 0. there is an integer N so that If«(=) = fz) <€ for all n > N and all = € D.

A few examples will help illuminate these definitions.

Example 4.6 a) For each positive integer n>2 and for « € [0, 1], |et

e ifo<z<1/n
falz) =< —n*(z—L)+n fl/n<z<2/n
0 if 2/n <z <1,

Thus, what fn looks like is shown in Fig. 4.2.
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!
l'I

(2/n}

Figure 4.2: {fn} converges pointwise, but not uniformly or in the mean.

It should be clear that for each = € [0:1], we have nim fn(®) = 0.

next page >

Thus the sequence {fn} converges

pointwise to the function f(x)=0. Note that this sequence does not, however, converge uniformly to

f(x)=0. In fact, for every n, there is an < € [0:1] such that [fn(x)—f(x)/=n.

Note that

! x))* "_gﬂ
[ e da = 3,

which tells us that {fn} does not converge in the mean to f (with weight function w(x)=1, of course).
b) Next, for each integer n>1 and * € [0:1]: |et

A picture is given in Fig. 4.3.

< previous page

n—niyr fO<z</n?
if 1/n® <z <1.

0
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1in

Figure 4.3: {fn}I converges in the mean, but not pointwise.
: [(falz))?de = 35, . :

It is clear that o and so our sequence converges in the mean to f(x)=0. (Again, we have

w(x)=1.) Clearly it does not converge to f pointwise or uniformly.

We see next that uniform convergence is the nicest of the three.

Theorem 4.7 Suppose the sequence {fn} of functions in L2(D, w), with domain D=[a, b], converges

uniformly to the function f. Then {fn} converges pointwise to f and also converges in the mean to f.

Proof. It is obvious that the sequence converges to f pointwise. For convergence in the mean, let

K = max{w(z) : # € D}. | et £ > 0 and choose n sufficiently large to ensure that

|fulz) — flz)] < ‘Hm for all z € [a, b].

[

f 522) = S@P w@in < [ =oda =

Then

bh—a
[}

Hence, {fn} converges in the mean to f.
Theorem 4.8 Suppose {fn} is a sequence of continuous functions on a domain D that converges
uniformly to the function f. Then f is also continuous on D.
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Proof. To show that fis continuous, let %o € £ and let € > 0 be given. Let N be sufficiently large to

ensure that
|fn(z) — flz)| < /3

|fn(z) — fulzo)| < &/3
for all x such that |x—x0/<d. Then for [x—x0/<0 we have
[f(x) = flzo)| < [flz) = falz) + fv(x) — fvlzo) + (o) — J«"n:'
< | fz) = falx)| + | fwlx) = favlo)| + | fa(zo) = flzo)]
<ef3+e/3+e/3=c¢.
4.3 Convergence of Fourier series

We know from Theorem 3.3 that for f € L2(=L. L), the Fourier series of f converges in the mean to f. In
other words

for allz € D. Now let 0 be such that

L
i - 2
Jim_ [ ($w(e) - f@)* dz =0,
=L

where
Puflr) = Sni(z) = ag + Z ("rz{”l"ﬂ'T +b, ‘;mnT)

(The coefficients an and bn are, of course, the Fourler coefficients.) In practice we generally need to
know more and are interested in conditions ensuring pointwise or uniform convergence of the series. In
this section are some of the most important results regarding convergence of Fourier series.

This first result is an immediate consequence of Proposition 4.3.

Proposition 4.9 (Bessel’s Inequality)

L
ag + Z 2 4 b2) %f[f[t)}‘fnrf_
~L

n=1

The next one follows directly from Corollary 4.5.
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Proposition 4.10 (Riemann’s Lemma)
I

L
. 1 i i 1 .oowt
ni”.‘._LE ff{f]mnnfdi =0 and “I_!:t;_JE/f[Ejmn n.l.-da‘ =0
-L L

Definitions A function f defined on the reals is piecewise continuous if it is continuous except for at
most a finite number of jump discontinuities on any finite interval. A function f is piecewise smooth if it
Is piecewise continuous and on every finite interval has a piecewise continuous derivative except at a
finite number of points. Recall that a jump discontinuity of f at a point a is a point at which fis not
continuous, but both the one-sided limits f(a—) and f(a+) exist.

Example 4.11 a) The function from Example 4.1, the periodic extension ! the function f(x)=x, for —n
< x < n, is piecewise smooth,
b) The function f defined by

_ Jxsint z£0
o= 1T

is piecewise continuous (in fact, continuous), but is not piecewise smooth. There is no derivative at x=0

and for x#0, we have
, 111
filz) =sin~ - —cos—,
T HH £

which has no one-sided limits at x=0. The derivative is thus not piecewise continuous.
We shall now cite the two main theorems on the convergence of Fourier series. The proofs are omitted
and may be found, e.g., in [4].
Theorem 4.12 If f is a piecewise smooth periodic function, then the Fourier series of f converges
pointwise to the function

fla) = fEH + @)

2

In case fis continuous, f(x+)=f(x—) for every x and so the Fourier series converges to f. We can,
however, in this case say a lot more.

Theorem 4.13 If f is a continuous piecewise smooth periodic function, then the Fourier series of f
converges uniformly to f.
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Since the uniform limit of a sequence of continuous functions is continuous (Theorem 4.8), we know if f
Is not continuous, then the convergence cannot possibly be uniform.

Example 4.14 a) Let us find the Fourier series for the function f(x)=x on the interval [—n, n]

1 1
n = — [_,I"(t} cosnt dt = — fﬁn:mnidi =0,

m
-

m w
b, = ; ff(t}sillixt dt = % [f.s'm nt dt = HLE (sinnt — nil cosnt)
— :

-
2 2

= —Zcosnw = (-1)"*1 =,
n n

The Fourier series is
2 e {_]}u+l
Jr E n

Now, what does the sum of this series look like? We simply apply Theo rem 4.13 to the periodic

extension f of f found in Example 4.1. At discontinuities of the extension (odd multiples of 1), the limit
is simply 0.
b) We shall find the Fourier series of the function g(x)=/x/ on the interval [-1, 1].

1

1
= | |t]dt = =
ag f||* 5

-1

sin .

14+ {_]}ri

1 1
iy =f|r| cnsn.*rtcftz?/!menﬂdtz? = for n = 1;
mnem
=1 ]

1
b, = f |#] sin neart ddt = 0.
-1
Life can be made a bit simpler by noting that for n=>1

{II] if n even
i, =

“r  if n odd.

Then letting n=2k+1, we have the Fourier seﬂes

1 4 1
o — — 2% 4+ 17T,
9~ 5" 3 3:0 hT 17 cos(2k + 1)z
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Now, where does this series converge and what does the sum look like? Again, we simply look at the

periodic extension 7 of g. A picture is shown in Fig. 4.4.

9
I' fi rll. 1 lIII| fl 'I
| II| |II ||I |II | |II | |II |
\ (A Il ea || [ '
Il | I| [ II ) II || |I
II I|' II I| \ II ', I| | I|
|I | I I| |I || |I I' |I Ii
I N N Y
| | |
! I' |I I|I ll!l ll|I L1 | I|| IlI
| { 1 | | | I, |
'II I| !I I!I ﬂl‘_‘ I| I|| !l I. II
\ |- V! | | {
| | II || | I| \ | | |
|\ { i1/ \ | |
\ | |/ 02| \ |
II | | |I I| | I 1
||| I| |I | || I| L | |
| | \ III
II| |.b, 5 i .\
4 2 U 2 1 *

Figure 4.4: Periodic extension of 9(¢) = |«l, z € [-1,1].
& is continuous and piecewise smooth so that the Fourier series of g converges uniformly to g.
4.4 Cosine and sine series
We know from the Sturm—Liouville theory that
{l,ms z T.e082— r... ,caani T, .. } and

L L L
. N LT
{blll E:cl.sm‘zz T, . ..._mnnLJ:._. . }
are both orthogonal sets in the space L2(0, L) and that for f € L2(0, L), the series
- ;l:fﬂL f(z)dz, n=>0
Ag+ Z Ay cos n%;:r._ where A, = L
n=1 %uff{ﬂ:}mﬁm%md.r, n=1
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converges in the mean to f(x) as does the series

L
T 2
Z B, sinn T r, where B, = 7 [f 1}-,u1n — 1 dx.
0

These are called, respectively, the Fourier cosine series of f and the Fourier sine series of f. These are
very important in the applications to follow.

Definitions Let f be a function denned on the interval 0<x<L and let / be denned on —L < x < L by
”_j]_ fl=z) =L<z<0
1 flz) 0<x< L.

The periodic extension of f to the entire real line is called the even periodic extension of f. The periodic
extension of f given by

-fl-z) -L<x<0
JF[-'F} = ¢ f(x) D<ax< L
( =1

is called the odd periodic extension of f.
For f defined on 0<x<L observe that

[f x)cosn —xrﬂr =12 /f mmr— xdx; f_,l’ L}S]Il'i'i.— xdr =0,
and
‘-’ :} E-'
ff(:tr]sin n ;:;::{I;zr = Eff{mjsin m Exd‘;v; f flz)sinn %.rd-.:.— =0.
]

It is clear from these that the Fourier cosine series of fis simply the Fourier series of the even periodic

extension f and the Fourier sine series of f is the Fourier series of the odd periodic extension.f-
Example 4.15 Let f be defined by f(x)=1-xfor 0 < x < 1.

a) First, we find the cosine series of f,
1

Ap = f(] — x)dx and for n = |
0
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and we have

The cosine series is thus

1
Ap =2/{l — z)cosnwrdr =
0

- 1
~ =+
f~3

2

i

page_ 79

2
Tz

1- (1)

ne

o
1—(-1)"
E %CDSHEI:
1

n=1

and the graph of the sum of this series is given in Fig. 4.5.

|0

1 :| 02

Dll

#

[}
1

ry

=2

1]

Figure 4.5: Plot of the Fourier cosine series of /(&) =1—=, z € [0,1].
b) Now we find for the sine series of f.

and so the sine series is

B, = Qf{l — x)sinnwrdr =

0

o DO
s 2 1.
fr= E — sinnmr.
k0 1 mn

n=

2

nw’

The limit of this one at x#2k, k=0, +1,..., is shown in Fig. 4.6.
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- -5 ¥ -"| | i El EY
Figure 4.6: Plot of the Fourier sine series of f(x) =1 -,z €[0,1].

Observe that both the cosine and the sine series converge to f on the interval 0<x<1, but the cosine
series converges uniformly, while the sine series does not.

4.5 Operations on Fourier series

It is clear that if f has Fourier coefficients an and bn, then the function cf, where c is a constant, has
Fourier coefficients can and cbn. Similarly, the coefficients of the sum of two functions are the sums of
the corresponding coefficients of the two functions. Here we consider more interesting operations on
Fourier series of functions. First, we give the integration of series.

Theorem 4.16 Suppose f is piecewise continuous and periodic with period 2L. Then for all x it is true

that
* * s nxt nert
f.; flt)dt = f( ag + ,,g. (aﬂcos-r + b, sin T) dt = ag(x —¢)
> L Tm.r T nwir nwmwe
£3L fo onn) b )
where

e
forap+ Z (ﬂn COS T ? 4+ by sinm %)

n=]
is the Fourier series of f.
Proof. Let F be defined by

F@) = [ 170~ dat.
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Then F is continuous, piecewise smooth and F’(x)=f(x) at the points of continuity of f. Moreover, F is
periodic with period 2L

o425
F[z+2L}=j: F(£) — ao)dt
‘.;: a+2L
= [0 —aade+ [ 170) ~ aoldt = Fia)

x+2[ L
it = df = 2Lag.
fl F(t)dt f * F(tyde = 2Lag

Thus the Fourier series of F converges uniformly to F(x) for all x

because

nmwr
F A (An » )
(7= Aot :nz—:l ‘ L
where
s.r f L F{z)dz, 7= |k ,
.’q.:rl —_— 3 Bn = ?f F{I}Sing%{drr
ff_LL F(x)cos"FEde, n=1 L

For n#0, integrating by parts gives
A, = —i b, and B,=—ua,.
nw T

Hence

i iy | T
f'{x:l—.fiu+£r ( Ea,,u}sn. 7 +&“5111‘F!T)

Now by the definition of a0 ;
c+2 1
Fle+2L) = f [F(t) — ap)dt = 0.

This gives
= L -+ 2L (e + 2L
Ag = g — (hn Cos w — i1y, 5in -H—T-W)
so that .
F(x) = Flt)dt — ag(x — ¢)
L+
[="a]
L e nwa fLTe
=3 o lon (sn T — o 77 — o (con 7 — con T
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Example 4.17 a) In Example 4.14a we found the Fourier series for f(x)=x, —n<x<n

{ 1 41
Z

sinne.

Thus for —n<x<n, it is true that

_z/] tdt = Z {_ - 1).

It follows from the Fourier series for the 2n- per|od|c extension of f(x)=x2

-2 TE
™ i(-1)
~— COS N,
f > 7 cos?

3 n=1

that at x=0

o] %,

2

z° = 2/ tddt
0
is the Fourier series of f(x).
b) From Example 4.14b, the Fourier series of f(x] |x| -1<x<1, is
1

f“z‘«rzzm“’*‘ k+ Lz

and hence that

Thus for —1<x<1 it is true that

1|1=-2* z<0 =z+
tdt = = = — 1
fll; 2{l-r-m2 x>0 :’Z{ﬂ 3 sin(2k + 1)z
21

Observe that Theorem 4.16 does not require that the Fourier series of fconverge. Note also that the
result of integrating a Fourier series is not in general a Fourier series. In Example 4.17a, the result of
integrating the Fourier series of the given function is itself a Fourier series, while in Example 4.17b, the
result of the integration is not a Fourier series.
We consider next the differentiation of a Fourier series.
Theorem 4.18 Suppose f is continuous, periodic with period 2L, and has a piecewise smooth derivative
f’. If f" is continuous at x, then ,
Pron nw - T N i E
fiz) g I ( 1y, 510172 7 fhy COSTL 7 ) \

where anand bnare the Fourier coefficients of f.
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Proof. Since f’ is continuous at x, applying 'Lheorem 4.13 to f’ gives

f{m]—ﬂuTZ(An{UbH T +BHHHHL)~

n=1
where
L I
_ ! Flx)yc sne— de and B, = if [U'—;]‘I—tj.: n 1
z a ) CoE L I H n - L ¥ -
— -L
For n#0, integrating by parts now yields
Ay = f{r.:lms'nj— + 2 /f{.: :-.mn—:h = i;,,_
Similarly obtained is B
B, = _”.“ Oy

L
Finally

L
Ao= [ f@de = £(8) - F(-1) =o0.

Substitution of these values for An and Bn into the series expression for f(x) gives the desired result.
Example 4.19 In Example 4.14b, we saw that the periodic extension of the function f defined by
f(x)=|x| on the interval —1<x<1 satisfies the hypotheses of Theorem 4.13. Thus, since

1 1
2 rﬂz{gt i)z sk A D

is the Fourier series of f, we know that
- 4 = ]
fllz)y= - Z m sin(2k + )7z

k=0

for all x¥0, £1, £2,..., where f is the periodic extension of f.
Example 4.20 Let u be defined on the interval [0, L], and suppose u(0)= u(L)=0. Suppose further that

u is differentiable and *' € L2(0, L).we shall show that

juz ffr&(—) f{u{t}di
0
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Begin by observing that
L

fn{r}sain n? xrdr.

- ]
.om
u(z) = E B, sinn—- where 3, =
n=1 - 0

g -
.\Ih..

Thus Corollary 4.5 tells us that

L

f = u
2 _ L 2
fu (x)dr = 3 ZB,,.
0

=1
Next, we know that

fn )
) — na —
wiz) = Z 7 B, COSHT T,

n=1

and so

Then

P
R
(=]
Se— .
@

[ ]
N,
=~
=
=
Il

ey,
=05
S
[
bo ] b
[“]e
tn
]

n=1

L o w2 - , 3
=3 (T) Hﬁ;f(n (2))? d.

n=1 0

= (%)jg iugﬂ}:
i

Note that we have strict inequality unless Bn=0 for all n=2. This inequality bounding the mean square
value of u by that of its derivative, and its multidimensional analogue, is known as a Poincaré inequality
and plays an important role in the analysis of differential equations and their numerical solution. We
shall employ such an inequality in Section 8.3.

4.6 Partial sums of the Fourier series and the Gibbs phenomenon

In applications it is important to have a series with rapidly decreasing coefficients in order that the sum
of the first few terms in the series suffice to give an accurate approximation of the limit of the series.
Generally, the smoother a function is the more rapidly its Fourier coefficients go to zero. Specifically, we
have the following.
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Theorem 4.21 Suppose f is continuous and periodic with period 2L. Suppose further that f has M
derivatives and the Mthderivative is piecewise continuous.

Then

. A . M
lim nMa, = lim nMb, =0,
LL el = =] Wi =—s 0

where anand bnare the Fourier coefficients of f.

Proof. We simply apply Theorem 4.18 M times to get the coefficients in the Fourier series for f(M)(x)
M 1 M

M i, and i b,
Thus
M HM A . ] i M -
,,]l'.l T Iy = ]Jrgo 7 b, = 7 nlml: nay, = T "li_tl;lhﬂ by =10,
Example 4.22 a) In Example 4.14b, we found that the Fourier series of f(x)= [x/,—1<x<1, is
f~= -3 Z o l}z“-’s(%-l' 1)me,

and we see that limi—o k'ax = 0, reflecting the fact that the periodic extension of f has a piecewise
smooth first derivative,
b) The Fourier series of f given by
(x+1/2¥%-1/4 -1<x<0
flz) = 2 ,
~(=r+1/2)"+1/4 0Kz <1

is easily found -
—4 -1 —=1] .
= Z —~[{ 3;-'5 ] sin(nma
n=1

Here we see that limn— 7°bn = 0, reflecting that the periodic extension of f has a piecewise continuous
second derivative.

We now consider another problem arising in the approximation of a Fourier series by partial sums. Let
us look at a simple example. The Fourier series of the function f defined by

_,I"I:;r}={_r_l- —rm<r=10

- D<xr<mw
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Is easily found to be

=, sinnr
fe2y ==
it
n=1

Now, look at a picture in Fig. 4.7: first, a graph of the sum of first 50 terms of the series.

'
Iy
||I
I
3| ||I 'I.'*-___
3 .‘-"'\.__
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1 H"H._
'\-\.HHH.
-
3 -2 A Ll 1 2 3"
~
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! - d
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Figure 4.7: Picture of a typical Gibbs phenomenon.

This approximation looks fairly nice except near x=0, where f fails to be continuous. There is, of course,
inevitably a “problem” at a point where fis not continuous since a partial sum of the Fourier series is
necessarily continuous; but the situation is more complicated than that. We know from Theorem 4.12
that we have point wise convergence

i .
sinnr
lim 2 =T—- for any = € (0, 7).,
N = Z n : ( )

n=1
but as we saw in Example 4.6a, pointwise convergence does not imply uniform convergence. As we shall
prove, the oscillations near x=0 shown in Fig. 4.7 will always be present in the interval (0, x), and their
magnitude will remain constant. For any given x>0 we can squeeze the oscillations into the interval (O,
X) by taking sufficiently many terms in our partial sum, but we cannot eliminate them. There is an
“overshoot” at the place where f fails to be continuous. The overshoot and the oscillations around it are
called a Gibbs phenomenon
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in honor of the physicist J.Willard Gibbs (1839-1903). An explanation of this phenomenon is based on
the following result.

Proposition 4.23 Let g be the discontinuous function given by

—_ - —m<z=0

Tl =
9(=) T = O<x<mw

and let

N
S () = 2 Z Mnnnx

n=]1

be the sum of the first N terms of the Fourier series of q Then

'am.t
J\'llnm bh (.uh:) 2[

_ nA _
Proof. For given N set t» = W At= g, then

A Y sint
* — ¥

n— ] Ll

is a Riemann sum approximation of the integral Efn "t dt Since the function /(t) = *¥* is continuously
differentiable on [0, A], we know that

|z[ f(t) dr,—Sm( )|{R.&t

A
S (%) —9 f} f(t)dt + R(AL)
|R(AD)| < KAL.

max [,n.!i_'.'_-',ﬁ Sw (%)] = ||||1 '3'\, = jf &”dg = 3.7030.
Proof. It is straightforward to verify that the functlon

A
h(A) =f L’“dz
o

where & =maxiepo a1 |f ()l Hence

where

Corollary 4.24
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has relative extrema at A=nn, that A=n corresponds to an absolute maximum on [0, ), and that
subsequent extrema yield monotonely increasing relative minima and decreasing maxima. It follows that

lim Sy (‘u, ) > .]]I]I Sy ( 4) for all A € [0, 00).

N—oo —Da N

The “overshoot” is thus

w

] T sin#
Jim 8y (§) ~o00) =2 [ i .
1]
We can relate the overshoot to the magnitude of the jump discontinuity of g by writing

20 ~5(0-) [? [ ]
~ [9(0+) - g(0-) [ f ﬂfu—-]

= 8.949 x 107 %[g(0+) — g(0-)].

Hence the overshoot for this function amounts to almost 9 percent of the magnitude of the jump
discontinuity of g.

This behavior is not peculiar to this particular function g but occurs at a jump discontinuity of any
function f. For example, we have the following theorem.

Theorem 4.25 Suppose f is piecewise smooth and continuous everywhere on the interval [—-n, n]
except at x=0. Let SN(x) be the Nthpartial sum of the Fourier series for f. Then

v (§) =1 (7)) -viom - 00y (2 [ e 1).
Proof. Let W be defined by
W(z) = f(2) = 3 [fO+) + 10-)] = 5= [1(0+) — (0-)] g(a),
where g is the function defined in Proposition 4.23. Now
W(O+) = FO0+) = 5 [£(04) + F0-)] = 5= [f(0+) = F(0-)] g(0+)
= f(04) = 5 [fO0+) + F(0-)] = o= [(04) = FO-)] =
= 0.
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Similarly, we have W(0-)=0, and so W is continuous everywhere on the given interval. The sequence of
partial sums (WN) of the Fourier series for W thus converges uniformly to W on an interval about 0.

Hence i -

Jm e (F)-v(5)] =0
Now i T T kil

() -V (x) =sv () -1 (¥)

= 5= 1704) = 703 (0 () =9 (%))

and so
o {30 (3) - 160 - o0 - 50 o () - (3) } =0

Hence

i[5 (%)—f(%n

1 *ﬂ.n!
=3 [F(O+) - [-,. ( —:I - —)]
and we are done.

A Gibbs phenomenon can be expected in the approximation of a function or its derivative with
eigenfunctions of a Sturm-Liouville problem whenever the function does not satisfy the boundary
conditions of the eigenf unctions. For example, the Fourier cosine series for the function f(x)=x will
converge uniformly, but its derivative is the sine series of f(x)=1 with its Gibbs phenomenon. As a
further illustration, let us consider the projection of functions into the span of the eigenfunctions of the
Sturm-Liouville problem

d"(x) = =N 2(x)

B(0) = ¢'(0), (1) =0. (4.3)
The eigenfunctions are
() = sin Ap(1 — x)

where An is the nth positive root of
flA)y=sinA+ Acos A = 0.

These roots are easy to find numerically. When we project the functions f1(x)=1-x2, f2(x)=x—x2, and
f3(x)=f1(x)+f2(x) onto span {®1:---»éx} we
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observe uniform convergence of PNfi to fi, i=1, 2, 3. Neither f1 nor f2 satisfies the boundary condition
of # at x=0, but f3 does. Fig. 4.8 shows plots of (PNfi)’(x) for N=70 and i=1, 2, 3. There are
pronounced Gibbs effects for i=1, 2 but which cancel to give (what appears to be) uniform convergence

of (PNf3)’(x) to falz)-

os | <

={} 5 4

=E

-~ M
T
e -
e
S,
—
.3 04 0.5
‘x"-\.
T,
-
P
. .
_ 3
. .
e
T,

Figure 4.8: Plot of (PNfi)’ (x) for f1(x)=1—-x2, f2(x)=x—x2, and f3(x)= f1(x)+f2(x) and N=70.

A Web search with the keywords “Gibbs phenomenon” reveals that the phenomenon is observed
whenever discontinuous functions are projected into the span of orthogonal function such as
trigonometric, Bessel, Legendre, and Chebychev functions. Moreover, it is known that the Gibbs
phenomenon can be canceled by suitably modifying the expansion [11]. For the eigenfunction
expansions of the subsequent chapters such changes cannot be carried out because the orthogonal
functions are obtained as solutions of a differential equation. We are stuck with the Gibbs phenomenon
whenever the data to be approximated are discontinuous. On the other hand, we should be careful to
avoid approximations that introduce discontinuities into the data which are not present in the original
problem. Whenever possible we should work with data which belong to the subspace defined by the
eigenfunctions used for their approximation. This concern leads to the preconditioning of elliptic
boundary value problems discussed in Chapter 8.
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Exercises
4.1)Give an example of a sequence {fn} in L2(0, 1) that converges uniformly to a function f such that
1 1

lim ]f"{m']tf:r#ff{;ﬂ]tfm
] \]
or explain why there can be no such example.

4.2)Give an example of a sequence of functions {fn} in L2(0, 1) differentiate on (0, 1) that converges
uniformly to a function f that is not differentiable, or explain why there can be no such example.

A, r=10
falz) =< n*(l/n—2z), D<z<l/n, n>1
0, I/n<x<]

4.3)
Whe[e A is a constant.

) Let f» be the even extension of fn to the interval [-1, 1]. In what sense does {fu} converge as
- . 1
n — oc? If {fa} converges, what is the limit? Compute 11™n- oo J oy fal@)g(@)dz \yhere g is continuous
at x=0.
) Let f» be the odd extension of fn to the interval [-1, 1]. In what sense does {/=} converge as

A . 1 2 . ) )
n — oo? If {fn} converges, what is the limit? Compute 1Mtn—oc I2y fal@)g()dz \yhere g is continuous
at x=0.

4,4) c+2 L L

) o _ f flz)dz = f flz)dz.
Let f be a continuous 2L periodic function. Show that for any ¢ J¢ L

4.5)Suppose that fis a differentiate even function on (=29:2)- Show that

i) f(x) is odd

iy Fla) =[5 S(s)ds ig oqd.

4.6)Find the Fourier series of f(x)=x2, —n<x<n, and sketch the graph of its limit.
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4.7) Let
-1 —m<zx<0
‘”‘L}_{l 0<z<m

Find the Fourier series of f and sketch the graph of its limit.
4.8) Find the Fourier series of the function f defined on the interval —1<x<1 by

_.Fl:;r}={u 1<x<0

r D=1

and sketch the graph of its limit.
4.9) Se[]ow that ,
1 w
;.--Zu (2k+1)2 8
Hint: Example 4.5b.
4.10)For each of the following, tell whether or not the Fourier series of the given function converges
uniformly, and explain your answers.
) f(x)=ex, —1<x<1.
i)  f(x)=x2, —1<x<1.
i)  f(x)=e—-x2, —1<x<1.
iv) f(x)=x3, —n<x=<n.
4.11)Let f be defined on the interval 0<x<2 by

ﬂl_}:{n D<z<l

I 1 <x=<2

) Find the Fourier cosine series of f and sketch the graph of its limit,
i)  Find the Fourier sine series of f and sketch the graph of its limit.
4.12)Let f be defined by f(x)=sin x for 0< x<n.

) Find the Fourier sine series of f and sketch the graph of its limit,
i)  Find the Fourier cosine series of f and sketch the graph of its limit.
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4.13)Show that the estimate proved in Example 4.20 is sharp for u(x) = sin f x.

4.14) et f(x) =2—=, = € [0,1].Without any calculations make a rough sketch over —4<x<4 of

) Fourier sine series of f,

i)  Fourier cosine series of f,

lii)  Fourier series of f.
In each case indicate where you would expect a Gibbs phenomenon.

iv)  Find a function g(x) defined on an interval f such that the Fourier series for g converges uniformly
to f(x) for ¥ € 1 1l. Are the interval f and the function g uniquely defined?

4.15)Comput:a the partial sum SN of the Fourier sine series for f(x)=1/x on [0, 1]. Does SN converge as
N — ool

4.16)Find the orthogonal projection of f(x)= 1 into span{¢n, ..., x} where ¢ solves equation (4.3). Does
PNf show a Gibbs phenomenon at x=0? Does (PNf)” show a Gibbs phenomenon at x=0? The
eigenvalues will have to be found numerically.
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Chapter 5
Eigenfunction Expansions for Equations in Two Independent Variables
Drawing on the Sturm-Liouville eigenvalue theory and the approximation of functions we are now ready
to develop the eigenfunction approach to the approximate solution of boundary value problems for
partial differential equations. All these problems have the same basic structure. We shall outline the
general solution process and then examine the technical differences which arise when it is applied to
the heat, wave and Laplace’s equation. Specific applications and numerical examples are discussed in
subsequent chapters.
We shall consider partial differential equations in two independent variables (x, t) where usually x
denotes a space coordinate and t stands for time. How ever, on occasion, as in potential problems, both
variables may denote space coordinates. In this case we tend to choose (X, y) as independent variables.
All problems to be considered are of the form

Lu(z,t) = F(z,t) (5.1)

where £ is a linear partial differential operator, possibly with variable coefficients, defined for * € (0, L}
and t € (0,T] (or y € (0,b)).

Typical examples to be discussed at length in Chapters 6-8 are the heat equation
Lu = ey —uy = Flx, t),

the wave equation
Lu=u, —uy = Flr, if:},
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and Poisson’s equation (also called the potential equation)
LU = tigg + tyy, = Flz,y).
It is characteristic of our eigenfunction expansion view of separation of variables that in all these
equations we admit source terms which are functions of the independent variables.
Equation (5.1) is to be solved for a function u which satisfies linear homogeneous or inhomogeneous
boundary conditions at x=0 and x=L. Specifically, for our three model problems we expect that u either
satisfies the homogeneous periodicity conditions
u(0, H=u(L, t)
ux(0, t)=ux(L, t)

or the general inhomogeneous boundary conditions

alux(0, t)—a2u(0, t)=A(t)

Blux(L, t)+B2u(L, t)=B(t)
for nonnegative parameters al, a2, 1, 2 and smooth functions A(t) and B(t).
In addition, u is required to satisfy an initial condition at =0 or boundary conditions at y=0 and y=b.
For definiteness, we shall assume that

u(x, 0)=u0(x), (5.2)

which is typical for the heat equation. Other conditions are discussed when applying the spectral
approach to the wave and potential equation.
For linear inhomogeneous boundary conditions it is possible to find a function v(x, t) which satisfies the
boundary conditions imposed on u. For example, suppose that the boundary conditions of the problem
are

u(o, t)=A(1) (5.3)

ux(L, t)=h[B(t)—u(L, t)]

where A and B are given functions of t and h is a positive constant. If we choose a function v(x, t) of
the form
v(x, t)=a(t)+b(t)x, (5.4)

then it is straightforward to find a and b such that v satisfies (5.3). We need to solve
v(0, t)=a(t)=A(t)
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vx(L, t)=b(t)=h[B(t)-Vv(L, t)]=h[B(t)—a(t)—b(t)L]

a(t) = Alt)
h|B(t) — A(t)]

1+hl
Note that v(x, t) is not unique. We could have chosen, for example

v(x, t)=a(t)+b(t)x+c(t)x2

and determined a(t), b(t), and c(t) so that this v satisfies the given boundary conditions. In this case
there will be infinitely many solutions. In general, the form of (5.4) for v is the simplest choice and leads
to the least amount of computation, provided a and b can be found. If not, a quadratic in x will succeed
(see Example 8.2). On special occasions a v structured to the problem must be used (see Example 6.8).
If we now set

so that

b(t) =

w(x, t)=u(x, t)-v(x, t),
then w will satisfy one of the boundary conditions listed in Table 3.1. For equation (5.3) we would
obtain
w(0, t)=0
wx(L, t)=—hw(L, t).
In other words, the function w(x, t) as a function of x belongs to one of the subspaces M discussed in
Chapter 3, and this subspace does not change with t.
Excluded from our discussion are nonlinear boundary conditions like the so-called radiation condition
ux(L, t)=h[BA(t)—u4(L, t)]

ux(L, )=—h(Ou(L, t)

or a reflection condition like

for a time-dependent function h.

Transforming the problem for u with inhomogeneous boundary conditions into an equivalent problem for
w with homogeneous boundary conditions is the first step in applying any form of separation of
variables. Once this is done the problem can be restated for w as:
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Find a function w(x, t) which satisfies
Lw = Lu— Lv = F(z,t) — Lv = Gz, 1), (5.5)

which satisfies the corresponding homogeneous boundary conditions at x=0 and x=L, and which
satisfies the given conditions at t=0 (and, if applicable, at y=b), i.e., here
w(z,0) = up(z) — v(z, 0) = wolx). (5.6)
We emphasize that G and w0 are known data functions.
We now make the following two essential assumptions which lie at the heart of any separation of
variables method:
1) The partial differential equation (5.5) can be written in the form
Lw(x,t) = Li{z)w + La(thw = Gz, )
where
i) £1 denotes the terms involving functions of x and derivatives with respect to x,
i) £2 denotes the terms involving functions of t and derivatives with respect to t.
Li(x)d = pd,
I1) The eigenvalue problem
. ey . . i n
subject to one of the boundary conditions of (3.2), has obtainable solutions {sns@nln=1- In all of our
applications the eigenvalue problem is a SturmLiouville eigenvalue problem so that the eigenfunctions
are orthogonal in an inner product space M which is determined by £1(*) and the boundary conditions.
The computation of an approximate solution of (5.5), (5.6) is now automatic.
We define
*ﬁ”f.“-' = EPM]{ﬁi'l{‘.ﬂjs ey mﬁ{r]}'
We compute the best approximations, i.e., the proi(i_ctions

PnGlz,t) =) ya(t)dn(e)

n=1

N
Pywo(z) = Y Gnénlz)
n=1
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of the space-dependent data functioEs (trgagrth t} as a parameter) and solve the approximating problem
w= Fyli(z,t
w(x,0) = Pywg(x). (5.7)

We compute an exact solution w(x, t) of (5.7) by assuming that it belongs to MN for all t. In this case it

has to have the form .
4

wxlr, t) = Z )by ().
n=1

We want and £wy = PxG and ww(,0) = Pxwo(z) 5o the coefficients {an(t)} must be chosen such that

N

Z[“ﬂ“n{t] + La(t)an(t) — n-"'n“'jl]‘pn[j:} =0.

=1
Since the eigenfunctions {énlz)} are linearly independent, the term in the bracket must vanish. Hence
each coefficient an(t) has to satisfy the ordinary differential equation

.”nﬂ’ﬂ{” + La(t)an = yalt)
and the initial condition
an(0) = G-
The techniques of ordinary differential equations give us explicit solutions {an(t)}. It may generally be
assumed that the problem (5.7) for wis well posed so that the wN just constructed is the only solution
of (5.7).
So far the specific form of £2(t) has not entered our discussion. Hence, regardless of whether we solve
the heat equation, the wave equation, or Laplace’s equation, the solution process always consists of the
following steps:
Step 1: Find a function v which satisfies the same boundary conditions at x=0 and x=L as the unknown
solution u(x, t).
Step 2: Set w=u-v and write problem (5.5)
Lw = G(z,t),
the linear homogeneous boundary conditions at x=0 and x=L, and the conditions for w at t=0 (or at
y=0 and y=b).
Step 3: For these boundary conditions solve the eigenvalue problem
-ﬁl[I]éu:ﬂu'?m n=1,....N
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for the first N eigenvalues and eigenvectors.

Step 4: Project G(x, t) and the initial or boundary conditions at t=0 (or at y=0 and y=b) into the span

of these N eigenfunctions, treating t as a parameter, to obtain the approximating problem (5.7).

Step 5: for wi.

Step 6: Accept as an approximation to the solution u of the original problem the computed solution
UN=wWN+v.

To illustrate the problem independence of these steps, but also to highlight some of the computational

differences in carrying them out for varying initial and boundary conditions we shall discuss in a

gualitative sense the solution process for the heat, the wave, and the potential equation.

The eigenfunction method, also known as spectral method, is easiest to apply to the heat equation.

Thus let us consider the initial/boundary value problem
L= tiey —uy = Flz,t), re (0, L), t=0

u(0,8) = A(t), t>0
u (L, t) = B(t), t>0

wlz,0) = uglx), x € [0, L].
It models the temperature distribution u(x, t) in a slab of thickness L (or an insulated bar of length L) as
a function of position and a scaled time. F(x, t) denotes an internal heat source or sink, and A(t) and
B(t) are a prescribed (and generally time-dependent) temperature and flux at the ends of the slab or
bar. The initial temperature distribution is u0(x).
In order to rewrite the problem for homogeneous boundary conditions we choose

v(x, )=A(t)+B(1)X,

which satisfies the boundary conditions imposed on u(x, t), and define

w(x, t)=u(x, t)—v(x, t).
Then

Lw=Lu— Lv=F(x,t) + v, = F(x,t) + (A(t) + B'(t)x) = G(x,1)

w(0,t) =0, we(L,t) =0

w(0,8) = ug(x) — viz,0) = wo(x).
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Here we have assumed that A and B are differentiable. We shall see below that the final result depends
only on A and B, not their derivatives.
Since
Lw = Wee — Wy,
we see that
Lylzlw = wey, La(t)w = w,.
The homogeneous boundary conditions at x=0 and x=L dictate that we solve the eigenvalue problem
Ly(z)d = ¢"(z) = pe(z)

¢(0) = ¢'(L) = 0.
The eigenvalues and eigenfunctions are available from Table 3.1 as

_ (34mn)w

hn = pn = =X, ) =sind,x, n=01,....

L ] Tt
Because the eigenfunctions are orthogonal in L2(0, L), we readily can approximate the source term G
and the initial condition w0 in the span MN of the first N+1 eigenfunctions. PNG and PNwO are the

orthogonal projections N

H‘M‘G{iﬂ:« t} = Z Fu"riu}‘t'n{m}

re==(l

N
Puyuglz) = Z Gepihnlax)
n=0

where

(Gl t)dale)) _ 2 e
- {@‘“EE}.Q"(I} - [{:F(‘l‘t’] r:':"ﬂ} r A {{‘}{l‘f’]ﬂ} ¥ E “}{IE‘WHH

. 2
iy = I {WDEIL{?”{-I:}}-.
1
with (/+9) = Jo" f(@)g(z)d=. The solution of the approximating problem can be expressed as
i

wyle,t) = Z try () bn ().

n=1
Substitution into
L = Gz, t)

w(xr,0) = Pywg(x)
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and use of the eigenvalue equation show that
—A2a, (1) — al(t) = 7alt)

o (0) = G
The solution of this equation has the form
an(t)=dnanc(t)+anp(t)
where dn is a constant, anc(t) is a complementary solution of the equation
o' + Xa=0,
and anp(t) is a particular integral of the inhomofqeneous equation
o' + Mo = —y,.(t).

e (t) = 270,

For anc(t) we choose
Our ability to find the particular integral analytically will depend crucially on the form of the source term
yn(t). If it is the product of a real or complex exponential and a polynomial, then the method of
undetermined coefficients suggests itself. Otherwise the variation of parameters solution can be used
which is
F £
Onp(t) = —f e M5y (5)ds.
o
The solution an(t) is then
K ¢ P
anl(t) = e Mta, —f e~ Aali=s)y (5)ds.
1]
The approximation to the solution of the original problem is
uN(x, t)=wN(x, t)+v(x, t).
We note that the derivatives of the boundary data A(t) and B(t) occur only under the integral in (5.8). If
we apply integration by parts, then the boundary data need be only integrable. For example

t t
f c‘}‘ﬁ““}ﬂ'{s}ds = A(t) - ﬂ.{l]je‘)‘i* - Jn?,/ l’:_'xi“_”jﬂ{s}d-ﬁ,
0 0

Hence the assumption that A(t) and B(t) be differentiable may be dispensed with after applying
integration by parts to (5.8) (see also Exercises 5.12 and 5.16).

(5.8)
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Let us next consider the vibration of a driven uniform string of length L. The problem to be solved is

1
Lu(z,t) = vz — = e = F(z,t)

u(0,t) = A(t), u(L,t) = B(t)
with initial conditions
u(0, t)=u0(x)
ut(x,0)=ul(x).
We shall assume that the boundary and initial conditions are consistent and smooth so that the problem
has a unique smooth solution.
A simple function satisfying the given boundary conditions is

(e, t) = A() Z=F 4 B(Y) E
If we set
W(X/ t) =U(X/ t) _V(X/ t)/
then w satisfies the problem
- 1 I L—x " Ty
j:-::u:j:u—f:v: }'[T,t}—'—c—z A {ij-FE [f]z =G|:E1t-}.
w(z,0) = upglz) — vix,0) = wolx)
we(x,0) = uy () — ve(x,0) = wn(x).
The associated eigenvalue problem is
¢"(z) = pp(x)
$(0) = d(L) =0
which has the solution
bolx) = sinAnx, jin = =M, A, = EE, n=1,....

These functions are orthogonal in L2(0, L). The approximating problem is
N

Lw = PyG(z,t) = Z Tult)@nlz)

n=1

w(0,8) = w(L,t) =0
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w(x,0) = Pywglz) = th.,q’:«n[:}

=
N

we(x,0) = Pyuy(z) = Z Butnlz)
n=]1
where

2 . 2 = 2 ,
"I’r:{” = E {G[I:”rd’n:‘- by = I {T-L'Ill-ﬁ!’n}:- -'-in = z {wluﬁ"ﬂ}-

The solution is N
wy(z, 1) = E (1) ()
where -
—}.ﬁn"{f} — —2 ap () = a(t)
() = fy,

al (0) = Fa
This equation has a unique solution of the form
Q'JI{E} =d)a; { :I + dias; “} + ﬂrtpl:t}

e 'm,‘ bl 'ru,
where @) and 5ic() are two linearly independent solutions of
~Xan(t) _r‘ ol (£) =0,

taken here to be
ay (t) =sin Ayct

nf;c{a‘.} = cos A, el

anp(t) is a particular integral of the equation. Its form will depend on the structure of yn(t). If possible,
the method of undetermined coefficients should be applied; otherwise the method of variation of
parameters must be applied which yields the formula

a?tp“} - r}ﬂ'nr(r + f‘\:{” [ }
where
c*al (s)m(s)

fi ©= fﬂ {l';'m{.b!}{,t ( :] —a ﬂc{s}'&rtf
F3(8) = [J - —cal,(s)7a (9)

3}(1 urf.‘ﬂ - l’.'t'r:“_.[.\?}(tﬁcl:s:l
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These integrals will simplify because

al (s)a's () — &'} (s)a (s) = Anc.

The variation of parameters solution for an(t) is

o (t) = (dl + fa(t))sin Ayet + (d2 + F2(1)) cos At
The initial conditions require that )
Hn

1 _
dTI. - }an
(fi =
because fa(0) = £1(0) = £7(0) = 0. The solution of the approximating problem is

un(,t) Z{r o () + vl t).
n=]
We point out that just about the same equations result if we consider the case of a simply supported
uniform vibrating beam; see Example 7.8.
For the last illustration of the general eigenfunction expansion approach we turn to the potential

problem
Lt = ey + Uy = Flx,y), (xz,y) € (0,L) x (0,b),

u 0, y) = Aly), w(L,y) = Bly). ye(0,b),

w(z,0) = C(zx), wulz.b)=D(z), =c[0,L]

which may be interpreted as a steady-state heat flow problem in a rectangular plate with prescribed
temperatures and fluxes on the boundary. As before we shall assume that the data are smooth
functions.
For an actual calculation it would be simpler to employ eigenfunctions in the y-direction, but for this
illustration we shall again choose eigenfunctions in the x-direction. To obtain homogeneous boundary
conditions at x=0 and x=L we need to find a v(x, y) satisfying

o _ vx(0, y)=A(y), vX(L, y)=B(y).
An extensive discussion of the proper choice of v(x, y) for making the boundary data homogeneous may
be found in Examples 8.1 and 8.2. Here we simply observe that this time we cannot succeed with a
function which is linear in x

< previous page page 105 next page =



page_106

< previous page page 106 next page >
Page 106
because its derivative only has one degree of freedom. Instead we shall choose the quadratic in x
_ . Blyw) - Aly) -
vix,y) = Aly)z + — T,

The equivalent problem for
w(x, y)=u(x, y)=v(x, y)

Law = Lu— Lv=G(z,y)

is

with

6(z.p) = Pl - |22+ arge + U 2] < 6(ay),

we(0, ) = we(L,y) =0,
w(z,0) = C(x) = v(z,0) = g1 (x),

wiz, b) = Diz) — vz, b) = g2(x).
The associated eigenvalue problem is
¢"(x) = pd(x)

@'(0) = ¢'(L) = 0.
Its first N+1 eigenfunctions and eigenvalues are
An = ? o fin = =X, @u(x) = cos A, n=0,...,N,
which are orthogonal in L2 (0, L). The approximating problem is
N
Lw = PyG(z,y) =Y 1(¥)én(z)

n=>0

u’x{:ﬂs y} = wm{-{fry} =0

N
w(x,0) = Pygy(z) = Zf}nd’n(‘”}'

=0

J."
w(@,b) = Pnga(z) = 3 Aubu(2)
n=
where, e.g.

’rn(?}] = % {G(Ey}"c'lﬂ:]
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The approximating problem is solved by .

'i‘-b',ﬂ..”[-l'-. y) = Z o (¥)dn(z)

=0
if an(y) is a solution of the two-point boundary value problem
=Aaan(y) + ali(y) = 1m(y)

e (0) = dpy  an(h) = 3.
Note that a solution of this boundary value problem is necessarily unique. This observation follows from
the maximum principle of Section 1.3. Indeed, the difference en(y) of two solutions would solve the
problem .
en(y) — Aenly) =0

ea(0) = e, (b) = 0.
The second derivative test now rules out an interior positive maximum or negative minimum so that
en(y)=0. The solution of the differential equation is again
L'!'”{"‘{f} = dr':”:”:(y} + di”fﬁl‘:{y} + ﬁnp[_y}
where now
ak . (y) = sinh Az

ﬂi,_,{y} = cosh A, y.
The particular integral is the same as given above for the wave equation provided c2 is replaced by —1
and t by y. Hence
o (y) = I[{-i':‘ + f,ll[y}] sinh A,y + {rfﬁ + _fr'f(y}}l:'.nsh Anlf.

dy, and % must now be determined from the boundary conditions
g (0) = iy

(b} = Fa.
The final approximate solution of the potential problem is
uN(x, y)=wN(x, y)+V(X, y).
It is natural to ask how wN is related to the analytic solution w(x, t) of the original problem. For several
of the problems considered below we shall prove the following remarkable result:
WN(x, t)=PNw(X, t).
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Hence the computed solution is exactly the projection of the unknown analytic solution. In general one

has a fair amount of information from the theory of partial differential equations about the smoothness
properties of w. In particular, wis nearly always square integrable. The general Sturm-Liouville theory
can then be invoked to conclude that, at least in the mean square sense, wN converges to w as & — oc.
This implies that when our finite sums are replaced by infinite series, then the resulting function is, in a
formal sense, the analytic solution w(x, t). Some quantitative estimates for the quality of the
approximation can be found for specific problems as outlined in the chapters to follow.

Exercises
5.1) Apply the solution process of this chapter to find an approximate solution of the problem
fu=u"=1+2=
u'(0) =1, w(l) =10,
l.e.

1) What do you choose for v?
i) What is the problem satisfied by w=u—-v?
li) What is the associated eigenvalue problem?
Iv) What is the approximating problem?
v) for wh.
vi) Find the analytic solution w.
vii) Show that wN=PNw.
viii) What is the approximate solution uN of the original problem?
ix) Compare uN with the analytic solution u as NV — oc.
5.2) Apply the solution process of this chapter to find an approximate solution of the problem

Lu=u'—u=¢e
u(0) = 1, w'(2) =—1.
Follow all the steps detailed in problem 5.1.
5.3) Lu=u"=1

Show that the problem #'(0) =u'(1) =0
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has no solution. Show that the solution process of this chapter breaks down when we try to find an
approximate solution.
5.4)Show that the problem
fu=u"=1
u'(0) = 0, u'(l) =1
has infinitely many solutions. Find an approximate eigenfunction solution when the boundary

conditions are zeroed out with

.‘L‘K

vz) = N for K = 2.

5.5)App2/ the solution process of this chapter to find an approximate solution of the problem
=t =t =1

u(0,¢) =10, ulm,t) =10

w(x,0) = 0.

5.6)Apply the solution process of this chapter to find an approximate solution of the problem
Lu=up, —~up =10

u(0,8) = e, u Ml 1) =0

w(x,0) = 1.

5.7)Apply the solution process of this chapter to find an approximate solution of the problem
L= ttgy —t =2

w(0,t) = u(l,t)
ur(0,8) = uz(1,4)

u(x,0) = sin 2me.
5.8)Apply the solution process of this chapter to find an approximate solution of the problem
U= Uy — 1y = 2f
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ug(0,1) = 2, e (1,t) =1

ulax,0) = 2z — a2 /2.
5.9) Determine F(x, t), u0(x), A(t), and B(t) such that
u(x, t)—xe—t
is a solution of
Lu=tzr —uy = Flz,t)
u(0,t) = A(t), u(l,t) = Bit)

w(x, 1) = uolx).

Use the solution process of this chapter to find an approximate solution uN. Compute e(X,
t)=PNu(x, t)—uN(x, t).
5.10)Determine F(x, t), u0(x), A(t), and B(t) such that
u(x, t)=(x-t)2
solves
Lu = ugg —uy = Fz, i)

u(0,8) = A(t),  u.(1,t) = B(t)

ulx, 0) = uglz).
Use the solution process of this chapter to find an approximate eigenfunction solution uN.
Compute e(x, t)=PNu(x, t)—uN(x, t).

5.11)Apply the solution process of this chapter to find an approximate solution of the problem
L= ey — iy — e =1)

u(0, t) =1, u(l, i) =10

wlx, ) =1—ux
5.12)Let C be continuously differentiate with respect to t for t>0. Show that the initial value problem
—Xa, —al, = C'(t)

¥y {U] — *’ﬁr'rr

< previous page page 110 next page =



page_ 111
< previous page page 111 next page >

Page 111
can be solved in terms of C(t) without ever computing C’(t).
5.13)App£/ the solution process of this chapter to find an approximate solution of the problem
U= Upy — tyy =0

u(0,t) =0, u (1,t) =0
ulx, 0) = sin (% .r)

wy(x,0) = 0.

5.14)Apply the solution process of this chapter to find an approximate solution of the problem
L= gy — uy = bzl — x)

w(0,8) = u(l,t) =0
wl(z,0) =0

welx, 0) = sinmax.
5.15)Determine F(x, t), u0(x), ul(x), A(t), and B(t) such that
u(x, t)=(1-x) sinwt
solves
Lu =gy —uy = Flz,t)

u(0,t) = A(t), u(l,t) = B(t)
u(x, 0) = uglx)

(2, 0) = uq(x).
Then use the solution process of this chapter to find an approximate solution uN of this problem
and compare it with the analytic solution of the original problem.
5.16)Let C be twice continuously differentiate with respect to t for £>0. Show that the initial value
problem
~X2Pan — alt = C" (1)

-

a(0) = i, @ (0) = B

i
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can be solved in terms of C(t) without ever computing C”(t).
5.17)Apply the solution process of this chapter to find an approximate solution of the vibrating beam
problem
Lt = thpppe + gy =0

u(0,t) = sint, u(l,t) =0
e (0,8) = e (1,8) =0
w(z,0) =10

ue(x,0) = (1 —x)
(see Exercise 3.14).

5.18)Apply the solution process of this chapter to find an approximate solution of the problem
U= Upy + Uy = 1

u(l,y) = u, u2,y)=1-y

ty(x,0) =1 =2, aty(x, 1) = cos .

this problem twice: once with eigenfunctions of the independent variable x, the second time with
eigenfunctions of the independent variable y.

5.19)Apply the solution process of this chapter to find an approximate solution of the problem
L = ey + Uy +uy =1

u(0,y) =u(l,y) =0

w(x,0) =ulx, 1) =10,
5.20)Determine F(x, y) and g(x, y) such that

ulx, y)=(x+y)2
is a solution of
Au = Fz,y), (z,9) C D=1(0,2) x(0,1)

u=g, (z.y) € dD.
Now solve this Dirichlet problem in the following two ways:
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) Use the solution process of this chapter to find an approximate solution uN(x, y) in terms of
eigenfunctions which are functions of x. Compute e(x, y)=PNu(x, y)—uN(x, y).
i)  Use the solution process of this chapter to find an approximate solution uN(x, y) in terms of
eigenfunctions which are functions of y. Compute e(x, y)=PNu(x, y)—uN(x, y).
5.21)Determine F(x, y) and g(x, y) such that
ux, y)=(xy)2
is a solution of
Au= Flz,y), (z,y) C D=(0,2) % (0,1)

g (my)coD.
Now solve this Neumann problem in the following two ways:

) Use the solution process of this chapter to find an approximate solution uN(x, y) in terms of
eigenfunctions which are functions of x. Compute e(x, y)=PNu(x, y)—uN(x, y).

i)  Use the solution process of this chapter to find an approximate solution uN(x, y) in terms of
eigenfunctions which are functions of y. Compute e(x, y)=PNu(x, y)—uN(x, y).
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Chapter 6

One-Dimensional Diffusion Equation

The general solution process of the last chapter will be applied to diffusion problems of increasing
complexity. Our aim is to demonstrate that separation of variables, in general, and the eigenfunction
expansion method, in particular, can provide quantitative and numerical answers for a variety of realistic
problems. These problems are usually drawn from conductive heat transfer, but they have natural
analogues in other diffusion contexts, such as mass transfer, flow in a porous medium, and even option
pricing. The chapter concludes with some theoretical results on the convergence of the approximate
solution to the exact solution and on the relationship between the eigenfunction expansion and
Duhamel’s superposition method for problems with time-dependent source terms.

6.1 Applications of the eigenfunction expansion method

Example 6.1 How many terms of the series solution are enough?

At the end of this chapter we shall discuss some theoretical error bounds for the approximate solution of
the heat equation. However, for some problems very specific information is available which can provide
insight into the solution process and the quality of the answer. To illustrate this point we shall consider
the model problem

1
E:f,:.'u.ﬂ—;ug=i}._ OD=x=<L, =0
‘
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w(0,t) =1, u(ll.f)=0, t=0

u(z, 0) =0, 0<zx< L.

This is a common problem in every text on separation of variables. It describes a thermal system initially
in a uniform state which is shocked at time t=0 with an instantaneous temperature rise. The parameter
a in the above heat equation is the so-called diffusivity of the medium and is included (rather than set
to 1 by rescaling time) to show explicitly the dependence of u on a.
It is known from the theory of partial differential equations that this problem has a unique infinitely
differentiate solution u(x, t) on (0, L)x(0, T] for all T>0, and which takes on the boundary and initial
conditions. However, since

,IE.If, ufl0,4) # :“I}Er wla, ()

the solution is discontinuous at (0, 0). As we shall see this discontinuity will introduce a Gibbs
phenomenon into our approximating problem. We shall com-pute an approximate solution uN(x, t) and
would like to get an idea of how large N should be in order to obtain a good solution.
The problem is transformed to one with zero boundar\:/r data by subtracting the steady-state solution
vlxr) = (l - E) .
We set
w(x, t)=u(x, t)—v(x).

Lw=Lu—-Lv=0

Then

w(0,t) = w(L,t) =0

wlr,0) = —v(x).

The associated eigenvalue problem is
" = pub

H(0) = (L) = 0.

The eigenfunctions are ¢n() = sinAwx with An = I and #» = —AL- The approximating problem in the
span of the first N eigenfunctions is readily found. In this case the source term G is zero so that

N

PyGla,t) =Y yalt)alz) =0,

n=1
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i.e.
yn(t)=0 for all n.

The projection of the initial condition is
N

Pyw(z,0) = Py(—v(z)) = Y Gudn()

m=]

- {_Utw}eéri} _ 2 L H A . o 2

Since the odd extension of —v(x) to [—L, L] has a jump at x=0, we expect a Gibbs phenomenon in the

approximation of v(x) in terms of the {#a}-
The solution of

with

Lw=10
w(0,t) = w(L.1) =10

w(r,0) = =Py(v(x))
is given by

wy(xE, t) = Z o (1) ()
n=1

where
1
2
= ALy — . al, =10,

It follows from (5.8) that the exact solution of the approximating problem is

N 2 2 T
u‘-.;{u':,.t} = — — e~ gin dr+ (1 -2,

“Z=/1 nw ( L) (6_1)
The time-dependent terms in (6.1) constitute the so-called transient part of the solution. The infinite
series obtained from (6.1) as V — ocis generally considered the separation of variables solution of the
problem, but only the finite sum in (6.1) can be computed. In practice uN(x, t) is evaluated for a given x
and t and a few N. If changes in the answer with N become insignificant, the last computed value is
accepted as the solution of the original problem. However, for small t this N can be quite large as the
following argument shows.
We know from our discussion of the Gibbs phenomenon that uN(x, 0) converges to u0(x) only pointwise
on (0, L] as NV — o and that

max|uy (2, 0) — up(x)] = 179 as N — oo,
X
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We shall now show that for t>0 the approximate solution uN(x, t) converges uniformly on [0, L] as Let
N>M, then

_.!\r

2 o2, 3
lup (2, 8) = une(z, ) = | D —c (£)atn® 5 ()
n=M+1 !

— 2
< Y e Alat, M +1)"
L (M +1)n

2
— M 4 1ML
(M +1)7 Alat, M +1)

= R{at, M +1)

Y

1
1— Alat, M +1)

where )
Alat, M) = (E) M 1 forall ¢ > 0.

We see that R—0 as M—oo for all N>M independently of # € [0; L. |f limy .o un(2,¢) js accepted as the
analytic solution of the original problem, then R(at, M+1) is a bound on the error. We can estimate M
such that # < ¢ for any given € = 0. For example, suppose we wish to assure that our solution at time
at=.00001 is within 10—6 of the analytic solution. With L=1 we find that

R(10-5, 334) <10-6 <R(10-5, 333).
Hence 333 terms in the transient solution are sufficient for the approximate solution. Of course, our
estimates are not sharp, but we are not far off the mark. For example, a numerical evaluation of (6.1)
for N=300 and at=10-5 vyields

minugp(xr, t) = —2.74 x 107°,
&

Since the analytic solution is nonnegative, the error exceeds our tolerance. (We remark that for N=333
min u333(x, t)= —0.83x10-6

is within our tolerance.)

For illustration we show in Fig. 6.1 ul0(x, t) and u333(X, t) for at=10-5 to caution that one cannot

always truncate the series after just a few terms.

In contrast, similar estimates for at=.1 show that only three terms are required in the transient solution

for an error less than 10-6.
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Figure 6.1:1Plot of uN(x, t) for N=10 and N=333 at at=10-5.
Example 6.2 Determination of an unknown diffusivity from measured data.
The advantage of an analytic solution is particularly pronounced when it comes to an estimation of
parameters in the equation from observed data. We shall illustrate this point with the model problem of
Example 6.1, but this time we shall assume that the diffusivity of the medium is not known. Instead at
time t=1 we have temperature measurements

m(1/4)=.4

m(1/2)=.1

m(3/4)=.01

recorded at x=1/4, x=1/2, and x=3/4. We want to find a constant diffusivity a for which (6.1) best
matches the measurements in the least squares sense, i.e., we need to minimize
3

B(a) = Y (u(zi, 1,0) - m(z;))?

i=1
1 Subsequently, figures and tables are numbered according to the examples in which they appear.
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where xi=i/4, i=1, 2, 3. Considering the crudeness of the model we shall be content to graph E(a) vs.
y=ea and read off where it has a minimum. Fig. 6.2 shows E(a) when N=5. There appears to be a

unique minimum.

Efw)
0.00082
0.0002 4
0.00018
0.00016 ‘-..\
0.00014 .-.‘x
0.00012 '

Q000 ,

Be-05 \

—— ol

1.044 1.045

1.046 1.047 1.048

Figure 6.2: Plot of E(a) vs. ea.

The diffusivity minimizing the error is observed to be
a=.0448

The temperatures predicted by this a are

u(1/4, 1)=.403, u(1/2,1)=.095, u(3/4,1)=.0122.

t=1 is large enough that increasing the number of terms in our approximate solution does not change
the answer. In fact, N=5 is consistent with an error of less than 10—6 as discussed in Example 6.1.
Example 6.3 Thermal waves.

Our next example introduces flux data at x=L.

We consider

< previous page

Lu=spe —tty =10
w(0,t) =1, wu(L,t)=0
u(xz, 0) = .
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This is a standard companion problem to that of Example 6.1. It describes heat flow in a slab or axial
flow in a bar where the right end of the slab or bar is perfectly insulated. Its solution is straightforward.
The boundary data are zeroed out by choosing
v(x)=1
(again the steady-state solution of the problem) and setting
w(x, t)=u(x, t)—v(x).

Then
Lw=10
wi(0,f) = w,(L,f) =0
w(zx,0) = -1.
The associated eigenvalue problem is
¢ = g

#(0) = ¢'(L) =0
which has the solutions

‘::5!1{9:} = 5in -j'ln-T«'- }'--rl. = wﬁ Hn = —Jl.:z“ n=01,....
The approximating problem is
Lw=10

w(0,t) = we(L,t) =10
N
w(w,0) = Py(—1) = Y _ dndn(z)
=0
where

] _]-1{;}11 2 L . -2
e 'E:}fame':-n:? - _Efn sinAnzrde = 37 -
We expect a Gibbs phenomenon in the approximation to w(x, 0) at x=0. The approximate solution to

our problem is
N

uplr,t) = Z r‘z,,f:"l?'ldr,;l:u:] + 1.
n=0 (6.2)
The simple formula (6.2) has a surprising consequence. The solution uN(x, t) at x=L is seen to be a
linear combination of the functions
{l,ﬁ -hﬁtr__?‘__,--.‘\i.i}_
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But these functions are linearly independent. (Their Wronskian at t=0 is the nonzero determinant of a

Vandermonde matrix.) Hence there is no interval [0, T] for T>0 such that
un(L,t)=0 forte|0,T)].

In other words, the thermal signal generated by the boundary condition
u(t, 0)=1, t=0,

is felt immediately at L=1. Thus the thermal signal travels with infinite speed through [0, L]. This
phenomenon was already observed in Section 1.4 and is a well-known consequence of Fourier’s law of
heat conduction. It contradicts our experience that it will take time before the heat input at x=0 will be
felt at x=L. But in fact, for all practical purposes a detectable signal does travel with finite speed. Fig.
6.3a shows a plot of uN(x, t) for a few values of t.

0.2

e

0.8

Y

Figure 6.3: (a) Plot of uN(x, t) for increasing t.
We see a distinct thermal wave moving through the interval. We can use (6.2) to compute the speed
with which an isotherm moves through the interval. We shall set L=1 and determine the speed s’(t) of

the isotherm

uN(s(t), ©)=.001.

Specifically, for given xi=i/100, i=10,..., 99 we shall compute first the time t=T(xi) when the isotherm
reaches xi. T(xi) is found by applying Newton’s
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method to the nonlinear equation

F(y)=uN(xi, t)—.001=0
where y=et and uN(x, t) is given by (6.2) sowthat

Fy) =3 dny™ () + 999.
=0
Once T(xi) is known the speded s’(T(xi)) of E;he isotherm at xiacan be determined from
7 un(s(t),t) = e un(s(t),t)s'(t) + g up(s(t),t) =0

for s(t)=xi and t=T(xi). The partial derivatives of uN are available from (6.2).
Figs. 6.3b, ¢ show T(xi) and s’(t) for points in the interval (0, 1).
The answers remain unchanged for N>50. However, we need to point out that we begin our calculation
at x=.1. For x<.1 the initial Gibbs phenomenon causes very slow convergence of the series (6.2)
because t=T(x) is small. This makes the calculation of T(x) difficult and the answers unreliable.
However, because the answer is analytic, this initial effect does not pollute the answer at later times and
other locations.
To give meaning to these numbers suppose aim copper rod is insulated along its length and at its right
end. Its initial temperature is 0°C. For time 7 > 0 its temperature at the left end is maintained at 100°

C. The thermal model for the temperature (¥ 7) in the rod is
1
Tyyly,7) — o Tr(y, 7} =0

(0, 7) = 100, T,(100,7) =0

T(y,0)=0
where a is the diffusivity of copper, given in [19] as
a 2 1.1 cm?sec.

If we write #(##) = T(y(x),7(£))/100, z = y/100, t = a107*r, then y satisfies the equations of this example.
The isotherm u=.001 (i.e., T=.1°C) reaches the right end at ¢ = 0.0412 which corresponds to a real time
of

T 2 375 sec.
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Figure 6.3: (b) Arrival time T of the isotherm u=.001 at x.

5

100 ||
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02 0

Figure 6.3: (c) Speed s’ of the isotherm u=.001 at x.

< previous page page 124 next page >



page_125
< previous page page 125 next page >

Page 125

Conversely, the transient part of the solution will have decayed at the end of the rod to —.001 when
—.001 2 age™ 20t dy(1)

which yields t=2.89 and a real time of = = 7.3 hours. The additional terms of the transient solution are

negligible for such large t.

Example 6.4 Matching a temperature history.

We shall determine a heating schedule at x=0 to match a desired temperature at the end of a perfectly

insulated slab or bar. Specifically, we shall find a polynomial PK(t) with PK(0)=0 such that the solution

u(x, t) of

Lu=tige —ty =0

w(0,t) = Pr(t), us(1,£) =0
wlz,0)=0

/DTII{[:I:?':I — u(L,t))%dt

where g is a given target function and T is fixed.

In general, this is a difficult problem and may not have a computable solution. However, the
corresponding approximating problem is straightforward to solve.

The boundary conditions are zeroed out if we choose

viz, t) =vit) = Pr(t) = Z[ F

minimizes the integral

where the {cj} are to be determined. Then
w(x, t)=u(x, t)-v(t)
satisfies
Lw = Lu— Lv=1wv = Pp(t)

w(0,t) =w.(l.1) =0
wiz,0) =0
The associated eigenvalue problem is the same as in Example 6.2, and the approximating problem is

Lw =Y 4.P(t)nlx)

n={
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w(x, 0)=0
where )
2
n = E {1.-‘7"‘:-:} -— ‘E .

The problem is solved by

N
wy(x, t) = Zﬂn{t}ﬁ:n{m}l
n=0
where
~N2an — af, = Pk (1)
ay(0) =10,
The variation of parameters solution is

t
an(t) = —f Fpe M=) Pl (g)ds
0

so that
K N ¢ . _
T_L-‘,..r{_]-;,' L} = _Z Z cj (f ,}."ﬁ—ln{t s}js.r 'lr'-f-‘?) ﬂﬁ,,{l}
j=1n=0 o
Hence the approximate solution
uN(x, t)=wN(x, t)+PK(t)
at x=1is
K
un(l,t) =Y Dy(t)e;
j=1

where
N

t ] _ .
D;(t) = ~j U *"r,ic""‘i“_*:'&J"tdsqu,,(l]] +14.
n=(0 Q
It is now straightforward to minimize

T K 2
Eerwek) = [ (90 - 3 Di(0ey | e

=1
Calculus shows that the solution & is found from the matrix system
Ac=1b
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where

and

page_127

f " Du(t)D; (1)
o

-
b = fu Dy(t)g(t)dt.

For a representative calculation we choose L=T=1 and try to match

g(t)=sin nt.

next page >

Fig. 6.4a shows the optimal polynomial P4(t) while Fig. 6.4b shows the target function g(t) and the

computed approximation uN(x, t) for N=20.

Py ith

0z |

the boundary condition u(0, t) P(t).

Ll

pa- ff
fé

oA

ﬂ!_ l_-'f

1 T o i
1:. f’/__f"'-__-\“"\-\._\
{ d \\:\

o ®r 04 08

(.1

Figure 6.4: (b) Plot of u20(1, t) and the target function g(t)=sm nt.
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The computation was carried out with Maple which automatically performs all calculations symbolically
where possible and numerically otherwise. In this language the entire problem took no more
programming effort than writing the above mathematical expressions in Maple notation. To illustrate this
point we list below the entire Maple program leading to the graphs in Figure 6.4a, b.
> with (Linear Algebra): with (plots):
> lambda:=n->(2*n+1)*(Pi/2);
> phi:=(x,n)->sin(lambda(n)*x);
> g:=n->integrate(phi(x,n),x=0..1)/integrate(phi(x,n)™2,x=0..1);
> F:=(t,N,k)->k*add(—g(n)*integrate(exp((s—t)*lambda(n)"™2)*
(s™(k=1)), s=0..t)* phi(1, n), n:O..N)+t’\k;
> a:=(j,k)->integrate(F(t,N,k)*F(t,N,j),t=0..T);
> b:=j- >|ntegrate(B(t)*F(t N,j),t=0..T);
> N:=10;K:=4;T:=
> B:=t- >S|n(P|*t)
> AA:=evalf(Matrix(K,K,(j,k)->a(j,k)));
> RS:=evalf(Matrix(K,1,(j)->b(j)));
> COE:=LinearSolve(AA,RS);
> P:=t->add(COE[j, 1]*t"},j=1..K);
> plot(P(t),t=0..1);
> PP:=t—add(G*COE[j,1]1*t"(j—1),j=1..K);
> alpha:=(t,n)->- g(n)*|ntegrate(PP(s)*exp( (t-9)*
lambda(n)”2), s=0..t
> u:=t->add(alpha(t, n)*phl(l,n),n:O..20)+P(t),
> pl:=plot(u(t),t=0..1):p2:=plot(B(t),t=0..1):
> display(pl, p2);
The above calculation yields a polynomial of degree K whose coefficients c¢j clearly depend on the
dimension of the subspace in which the solution wN(Xx, t) is found, i.e., cj=cj(N). In order for the answer
to remain meaningful for the original problem, we would need a proof that
mlmi.-, ¢;j(N) =¢j, i=1..., K

for constants 1< }- We do not have such a result but take assurance from numerical experiments that
show that P4(t) changes little for N>10.
Such a behavior cannot always be expected, and it may well be that a problem is solvable in the

subspace but that the answers diverge as N — oc. For example, consider the following problem:
Lu=tig: —uy =10
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u(0, H=ux(1, t) =0
u(x,0)=u0(x)
where u0 is to be determined such that

||m:m,T]—m~{m]|}.25[J (u(z, T) — up(x)) dr

IS minimized for a given target function uF. This formulation is actually a disguised way of writing an
initial value problem for the backward heat equation which, we know from Section 1.4, is a notorious ill-
posed problem. If uF(x) is projected into the subspace spanned by the first N eigenfunctions of the
associated Sturm-Liouville problem, i.e., if we wish to find u0(x) such that

lu(z,T) = Pyup(z)|

is minimized where
N
Pyup(z) = E Bptnl),

n=1

then .
un(z, T) = D an(T)én(z) = Pyup(z)
n=1
if 2
(i (0) = Fne*n T
i.e., we have

luw(z,T) — Pyup(x)|| = 0.

But uN does not converge for t<T as N—co because @=(t) — 00 as 1 — co.
Example 6.5 Phase shift for a thermal wave.

Consider the problem
Lu=tter — g =10

w(0,t) =sinwt, u(l,t)=0

w(x, 0) = 0.
It is reasonable to expect that u(1, t) will vary sinusoidally with frequency w as t — oc. Our aim is to

find the phase shift of u(1, t) relative to u(0, t).

To zero out the boundary data we set w(x, t)=u(x, t)—sin wt. Then
Lw =y, — Wy = woeoswt
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w(0, t) =wx(1, t)=0
w(x, 0)=0.
As above the eigenfunctions and eigenvalues are

flx) = sin A,z where A, = (g -|—m'1') . i = —}.ﬁ, n=01,....

Then

where

If

then

It follows that

N
Pr(wecoswt) = weoswt Z At 1)

n=0

{1, @) 2

= mtn)  An

N

wylz,t) = Zﬂu“]fi’nw}s

=0

—AZana(t) — ol (t) = dawcoswi.

o (t) = cae~ Mt 4 Onp(t).

To find a particular integral we use the method of undetermined coefficients and try

anp(t) = Apcoswt + By sinwt.

Substituting into the differential equation and equating the coefficients of sin wt and cos wt we find

so that

< previous page

-A A, — wB, = fuw
~M B, +wA, =0

FER Y
- fﬂ““"l"}"n

O 47

—":I"ﬂ'h-'z.

- Al 4 w?”
The final approximate answer to our problem is

N
un(r, t) = Z [-‘1;1 (trﬁh‘ui — -I‘:!_}l?‘!) + B, Sillut] () + sinwf.
n=0
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The exponential terms decay rapidly and will be ignored. It is now straightforward to express the phase
shift in terms of

N i
Cn = Z Angu(l) and Dy = Z Bnda(1) +1

= n="M0
However, perhaps more revealing is the following approach. We write
N
sinwl ~ sinwt Z Ynthn(x).
n=1)
This is the Fourier series of the four-periodic odd function which coincides with sin wt on (0, 2). This
series converges uniformly near x=1. Ignoring again the exponential terms we can write
N

upl(l,t) ~ Z (A, coswt + (B, + 9,) sinwt] $,(1)

n=0
This expression can be rearranqed into
2
up(l,t) ~ Z ‘,.,.r‘rh‘* +-.u‘" \rf}ui +*I‘. oS wi + \{/}‘ E_—l sinwt | ¢,(1).
n=0 n
If we set
sinyy, = —_—
o VAL w?’
then

'I.I'.I'o.’(].,!-} 1;-.’:4:'{-!’:4{1}'

":r.| n
I]
- . . . . .
Since ™ T A.' we see that the dominant term corresponds to n=0 which yields a phase shift w0 given
by —— IJJ
HI Ir +w?
Example 6.6 Dynamic determination of a convective heat transfer coefficient from
measured data.
A bar insulated along its Iength is initially at the uniform ambient temperature f= and then heated
instantaneously at one end to Ty > Te while it loses energy at the other end due to convective cooling.
The aim is to find a heat

sintly = —
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transfer coefficient consistent with measured temperature data at that end. We may assume that after
scaling space and time the nondimensional temperature
w(x, i) = Tizt) —To
T Ty -Tw
satisfies the problem
Lt =ity — iy =10

u(0.t) = 1, uz(1,t) = —hu(l,t)

w(x,0) =10
where his an unknown (scaled) heat transfer coefficient which is to be determined such that u(l, t) is
consistent with measured data (ti, U(ti)), where U(ti) is the temperature recorded at x=1 and t=ti for
i=1,..., M.
It is reasonable to suggest that h should be computed such that u(1, ti) approximates U(ti) in the mean
square sense. Hence we wish to find that vii:lue of h which minimizes

E(h) = Z[ﬂ{l.. te h) — U8 0(t;)
i=1
where u(x, t, h) indicates that the analytic solution u depends on h. @(t) is a weight function chosen to
accentuate those data which are thought to be most relevant. The relationship between u(x, t, h) and h
is quite implicit and nonlinear so that the tools of calculus for minimizing E(h) are of little use. However,
it is easy to calculate and plot E(h) for a range of values for h if we approximate u by its eigenfunction

expansion. To find uN(x, t) we write
W(X/ t) =U(X/ t/ h) _V(X)

where

Then
Lw=we —uy =0
w0, t) =10, we(1,t) = —hw(1,1)
h
L+h

w(x,0) =

xr—1.

The associated eigenvalue problem is
¢" = e
@(0) =0, &'(1)=—he(1).
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The eigenfunctions are

where {An(h)} are the solutions of

the iteration. Table 6.6 below contains some representative results.

page 133

i (x) = sin Apx

f(A, h)=A cos A+h sin A=0.

For h=0 the roots are *»(0) =3+ =17 f5r =1 2 . Newton’s method will yield the corresponding
(An (hk)) for hk=hk—1+Ah with Ah sufficiently small when An(hk—1) is chosen as an initial guess for

Table 6.6: Roots of f(A, h)=0
h Al

0.00000
0.10000
0.20000
0.30000
0.40000
0.50000
0.60000
0.70000
0.80000
0.90000
1.00000

1.57080
1.63199
1.68868
1.74140
1.79058
1.83660
1.87976
1.92035
1.95857
1.99465
2.02876

A2
4.71239
4.73351
4.75443
4.77513
4.79561
4.81584
4.83583
4.85557
4.87504
4.89425
4.91318

The eigenfunction expansion for w is

where

A3
7.85398
7.86669
7.87936
7.89198
7.90454
7.91705
7.92950
7.94189
7.95422
7.96648
7.97867

wy e, t) = Z g () ()

n=1]

~Man(t)—al(t)=0

iy, (0) =

h {2, ¢n)

(1, dn)

1+ b ($n, On)

(s on)

A straightforward integration and the use of (6.3) show that

so that
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h

T35 &%l =
1
{] ' ";f-‘nl.:' = 1“

W o5 Ay,

Tl

1 = cos Ay)

1 ] .
(. n) = (1 + F_i' ':"'-"‘-‘-“a-j'-rt::I

2

=2k

tin(t) =

An(h+c0sAn)"

2
~aZt

page 133

M

10.99557
11.00466
11.01373
11.02278
11.03182
11.04083
11.04982
11.05879
11.06773
11.07665
11.08554
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A5
14.13717
14.14424
14.15130
14.15835
14.16540
14.17243
14.17946
14.18647
14.19347
14.20046
14.20744
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Hence for any numerical value of h the solution
uN(x, t, h)=wN(x, t)+v(x)
is essentially given by formula so that the error E(h) is readily plotted. To give a numerical
demonstration suppose that #(t) =1 and that the measured data are taken from the arbitrarily chosen
function
,—1)4

Ult) = “TL

Let the experiment be observed over the interval [0, T] and data collected at 200 evenly spaced times

mT

bm = Zo6. M = 1., 200. \When we compute E(h) for h=.1*i, i=0,..., 50, with ten terms in the

eigenfunction expansion, and then minimize E(h) the following results are obtained for the minimizer
h*:

T h*
1 2.6
2 1.5
4 1.2
8 1.1
16 1.1
32 1.

These results indicate that the assumed boundary temperature U(t) is not consistent with any solution

of the model problem for a constant h. But they also show that as ¢ — o= and U(t)—1/2 the numerical

results converge to the heat transfer coefficient h=1 consistent with the steady-state solution
v(x)=1-x/2.

This behavior of the computed sequence {h*} simply reflects that more and more data are collected

near the steady state asT — o<.

Example 6.7 Radial heat flow in a sphere.

The next example is characterized by somewhat more complex eigenfunctions than have arisen

heretofore.

A sphere of radius R is initially at a uniform temperature u=1. At time t=0 the boundary is cooled

instantaneously to and maintained at u(R, t)=0. We wish to find the time required for the temperature

at the center of the sphere to fall to u(0, t)= .5.

The temperature in the sphere is modeled by the r.adial heat equation

2
Lo =tpr + =ty — 1t =1
T
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subject to
we(0,t) = 0, u(R,t) =0
u(r,0) = 1.

This problem already has homogeneous boundary conditions and needs no further transformation. The
associated eigenvalue problem is

&)+ = ¢(r) = o(r)

#'(0) = &(R) = 0.
The key observation, found in [12], is that the differential equation can be rewrit-ten as
(ré(r))"” = u(ré(r))
(ré(r))(R) = 0.
We do not have a boundary condition for ("#(r)) at r=0 but if we make the reasonable assumption that

Hm [6(r)l < 2% then we have a singular SturmLiouvilllelprobIem and it is readily verified that
B111 AT
o(r) =

for u=—A2 satisfies the differential equation and the boundary conditions
$(0) = A, #'(0) = 0.
The boundary condition at r=R requires that
sin AR=0

so that we have the eigenfunctions

sin Apr - nm -
bn(r)=———, da=p, n=L2..

By inspection we find that the eigenfunctions {%E:r]} are orthogonal in L2(0, R, r2) If we now write

un(r,t) =Y an(t)dalr)

n=]

and substitute it into the radial heat eﬁguation we obtain from
Z [—J\iﬁn{” - ﬂ’:-;{”] Pa(r) =0

n=1
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un(r,0) = Z % (1)
I. s n

n=

that
up(rt) = Z (1, én(r)) ""3-",;,“{1-"}.

n=1 1 {Pﬂ
A straightforward calculation shows that

it —Reos AR (—-1)"*'R
L, ) = sinAprrdr = T =
(1, ¢n) fu sin Aprrdr . .
. R
(Pn, Pn) = E

so that

N .
2, sin A,

un(r,t) =2y (=1)"Hle Mt 0

n(rt) (—1) oy

We observe that
- 0 if IV is even
un(0,0) =23 (=1)*Ft =

= 2 if NV is add.
Hence the orthogonal projection uN does not converge to the initial condition u0(r)=1 at r=0 as N — oc.
The general theory lets us infer mean square convergence on (0, R). For r>0 and t=0 we do have slow
pointwise convergence and for t > 0 we have convergence for all ™ € [0, B]- These comments are
illustrated by the data of Table 6.7 computed for R=1.
Table 6.7: Numerical values of uN(r, t) for radial heat flow on a sphere

N uN(.001, 0) uN(o, .1) uN(.001, .1)
10 .000180 0.707100 .707099
100 .016531 0.707100 .707099
1000 1.000510 0.707100 .707099
10000 .999945 0.707100 .707099

To find the time ¢ when (0.£) = .5 we need to solve
Fil

5=2 Z —1)tnth

where

The numerical answer is found to be
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for all N>2. Hence

i —““';3'15 R = 1388R%.
Example 6.8 boundary layer problem.
This example describes a convection dominated diffusion problem. The singular perturbation nature of
this problem requires care in how the boundary conditions are made homogeneous in order to obtain a
useful analytic solution.

We shall consider heat flow with convection and slow diffusion modeled by
L£u = etigy + 1y =ty =10

w(0,t) =sinwt, u(l,{)=0

uf{x,0) = 0.
The maximum principle assures that [u(x, t)]<1 for all positive ¢ < 1 However, for € < 1 the solution
can be expected to change rapidly near x=0. u is said to have a boundary layer at x=0.
If v(x, t) is a smooth function such that v(0, t)=sin wt and v(x, 0)=0, then
W(X/ t) =U(X/ t) _V(X/ t)

satisfies
Lw = €Wer + Wr — Wy = —€Uzz — Uz + ¥ = Gz, t)
w(0,t) =w(l,t) =0
w(z, 0) =0.

The associated eigenvalue problem is
ed” + ' = ped

@(0) = ¢(1) = 0.
This is a special case of (3.8). The eigenfunctions and eigenvalues of this problem are
dnl(x) = ™% sin Ay

where

1
A =nw  and  p, = =A2¢ = —.
4¢

The eigenfunctions are orthogonal with respect to the inner product
1
(f,0) = fﬂ J(2)g (@) da.
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For all practical purposes the eigenfunctions vanish outside a boundary layer of order ¢. It now becomes
apparent why our usual choice of
v(x, t)=(1—-x)sin wt
is likely to fail. The right-hand side G(x, t) corresponding to this v is
G(x, t)=sin wt+(1-x)w cos wt.
This function cannot be approximated well in the subspace M = span{¢n} for € < 1. In view of the
discussion to follow in Section 6.3, we shall use instead
v(z, t) = (1 — x)e™ % sinwt.
Then

]. F 3 T
Gz, t) = P (1 =x)e” ¥ sinwt +w(l — x)e” ¥ coswi.
The approximating problem is

J\I
| . ,
EWry + Wy — Wy = Z [E ¥ SInwt + wh, coswt | ¢, ()

=1

w(l, ) = w(l,t) = wlz,0) =0,

where

_ <{1_I)H ;'-"-95"”} _ i
L TS S W

Its solution is

N

wn(z,t) = Y an(t)da(z)

n=1

where
fintty — &, = A, sinwt + B, coswt
with
1 2w
Arl = ] B =5
2Ape " An
The {an} are found with the method of undetermined coefficients as
(t) = Anttn = Buw sinwt + Anw + Bapt {coswt — e**)
Qrpll) = 12+ o2 Sin wi g 05wt — & '

It is straightforward to verify that an(t) is uniformly bounded with respect to ¢. The approximate

solution of the original problem is
P-r

uplx, t) = Z (Dl (x) + (L — x)e” % sinwt.

n=1
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o8 \

0.6
0.4

0.2

Figure 6.8: Plot of the boundary layer solution uN(x, 1.57).

Fig. 6.8 shows a plot of the boundary layer of uN(x, t) for ¢ =0.01,x € [0,.0}, and t=1.57 when N=10,
N=90, and N=100. Since
max  |uea(z, 1.5T) — waelz, 1.57)| = 0.0014,

+E[0,.01]
the plots for N=90 and N=100 look the same.
Example 6.9 The Black-Scholes equation.
A typical mathematical problem in the pricing of financial options is the following boundary value
problem:

1 ..
Eaﬁ;erluﬂ + rrty — v — uy =), e (x0,21), te (0,7

w(xz0, t) =0, w(xzl, t) =0

w(x, D) = uglx).
The differential equation is the so-called Black-Scholes equation. It describes the scaled value u(x, t) of
an option with final payoff u0(x). x denotes the scaled value of the asset on which the option is written
and ¢ =T — 7 where 7 is real time and T is the time of expiry of the option. The boundaries x0 and x1
are known as barriers where the option becomes worthless should the value of the
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ungerlying asset reach these barriers during its lifetime, o and r are positive financial parameters.
The associated eigenvalue problem is

]; azie" + rog’ = po

#lal) = d(xl) = 0.

The discussion of equation (3.8) applies. For x0>0 we have a regular SturmLiouville problem with
orthogonal eigenfunctions in the space £2(z0,L.w) where

wlx) = gai—2 = pm24-1

with 4 = 2 = 7% Note that A may be positive or negative. Eigenvalues and eigenfunctions can be found
analytically because the eigenvalue equation is a Cauchy-Euler equation with fundamental solutions of

the form
&= x*

where the complex number s is to be determined. It is straightforward to verify that the eigenfunctions
and eigenvalues are
dnl(z) = ¥ sin( A, In(z/z0))
nw
An = In(z1,/x0)
2
e 3 .
iy = Y (A + )&f‘}
The approximate solution of the option problem is given by
I-'J.
up(x,t) = Z )b, ()
=1
where
frlty — Ter, — o), =0
- '::”ﬂ: ':prz}
tull) = by = 5.
() (P, )
We observe that if we have a so-called power option
% over (a,b) C (z0,21)
up(x) = .
0 otherwise
where B is any real number, then ,
{ug, @n) = f 27 sin (A, In(xz/20)) ”rTr
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(TETE ]

where y=B—A. With the change of variable ¥ = W{=1750] the integrals (0. @) and (#n:¢n} can be
evaluated analytically. A calculation shows that the Fourier coefficient &= is given by

; . L
2ryge™ [dr sinnwy — nw cos nry]

d? + (nm)?
Ko

where d=y In(x1/x0), yl=In(b/x0)/ In(x1/x0), and yO=In(a/x0)/ In(x1/x0).
For other payoffs @» may have to be found numerically.
The separation of variables solution for this douE)_Ie barrier problem is given by formula

N [-'F1 f}l = Z 'T-i":af’-[rt"_r:”{,ﬁ,, {w}_
n=l
It is known that many barrier problems for power options have an analytic solution in terms of error
functions so that our separation of variables solution can be compared with the true solution. A
comparison of our approximate solution with the analytic solution of Haug [9] for an option known as an
“up and out call” provides insight into the accuracy of the approximate solution. The up and out call is
characterized by the boundary and initial data
u(0, H=u(x1, t)=0, x1>1
u0(x)=max{0, x—1}
For our eigenfunction approach the boundary condition at x=0 must be replaced by u(x0, t)=0 for some
x0>0.
Since the boundary/initial data are discontinuous at x1, many terms of the series are required for small t
to cope with the Gibbs phenomenon in the approximation of u0(x). For example, a comparison with the
error function solution shows that for r= .04, o= .3, x0= .001, and x1=1.2 we need at t=.00274 (=one
day before expiration) about 400 terms for financially significant accuracy while for t= .25 (=3 months)
50 terms suffice for the same accuracy.
It appears difficult to prove that the Fourier series solution converges to the error function solution as
N — = and x0—0; however, it is readily established that for this payoff the approximate solution stays
bounded as x0—0. The computations show that moving the boundary condition to an artificial barrier at
x=x0>0 as required for the eigenfunction approach has little influence on the results.
As another application we show in Fig. 6.9 the price of a so-called double barrier straddle characterized
by the payoff

fy, =

u0(x)=max{1-x, O}+max{x—1, 0}
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with a down and out barrier at x0=.8 and an up and out barrier at x1=1.2 so that
u(.8, t) =u(1.2, )=0.
Here the boundary/initial data are discontinuous at x0 and x1. The solution is shown at t=.00274 for

N=400 and at t=.25 for N=50.
u(x,t)

U, g0 (%, -00274)

"z

0.8 0.9 1.1 1.2

Figure 6.9: Scaled price of a “double barrier straddle” option one day (t= .00274) and three months (t=
.25) before expiration, r= .04, o= .3.

Example 6.10 Radial heat flow in a disk.

Let us now turn to the analogue of Example 6.6 and consider heat flow in a disk. This problem is more
complicated than the flow in a sphere and will be our first introduction to Bessel functions.

A disk of radius R is initially at a uniform temperature u0=1. At time t=0 the boundary is cooled
instantaneously to and maintained at u(R, t)=0. We want the time required for the temperature at the
center of the disk to fall to u(0, t)= .5.

Since there is no angular dependence in the data, the temperature u(r, t) is given by the radial heat
equation

1
Lu=tlpp + =ty — 1ty =10
-

subject to the symmetry condition
ur(0, H=0
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and the initial and boundary data
u(R, t)=0, u(r, 0)=1.
Since the boundary data already are homogeneous, we see that the eigenvalue problem associated with
the spatial part of the radial heat equation is

&"(r) + - () = ué(r)

#0)=0, @(R)=0.
The equations can be transformed to standard form as described in Chapter 3
(ré'(r))' = pré(r)
d0y=0, @(R)=0. (6.4)
If this problem were given on an annulus rO<r<R with r0>0, then it would be a standard Sturm-

Liouville problem with countably many eigenvalues and eigenfunctions, and with eigenfunctions for
distinct eigenvalues orthogonal in L2(r0, R, r).

The general theory does not apply because the coefficient of ¢"(Plvanishes at r=0. This makes the
problem a singular Sturm-Liouville problem. Fortunately, the conclusions of the general theory remain
applicable. Equation (6.4) is a special form of Bessel's equation and can be matched with (3.10). It has
negative eigenvalues so that we can write

—U=A2.
For arbitrary A the solution of Bessel’s equation satisfying ¢'(0) = 0 s the so-called Bessel function of the

first kind of order zero given by
2 (=)™ A\
Jo(Ar) = Z‘ mim! \ 2/

el

A plot of JO(x) vs. x is shown in Fig. 6.10.
Like cos Ar the Bessel function oscillates and the zero-crossings depend on A. Different eigenfunctions
are found if An is chosen such that
JO(AnR)=0.
It follows that there are countably many eiginvalues 0<A1l<A2<... where
nR=xn0
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Figure 6.10: Plot of JO(X) vs. x.

Is the nth root of the Bessel function JO(x). These roots are available from Maple, etc. and will be

considered known. Finally, since JO(0)=1 and “a(0) = 0. it is straightforward to verify as in the regular
Sturm-Liouville case that

It

Jo(Amr)do(Apr)rdr =10, m# n,
0

i.e., that the eigenfunctions corresponding to distinct eigenvalues are orthogonal in L2(0, R, I).
We now find an approximate solution of the heat flow problem in the usual way. We solve

1
“rr"‘;'ﬂr—u:;u

u (08 =u(R, 1) =0
with the projected initial condition

Pru(r,0) = if‘rn-:bn[f}
where 1 "
ol
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In this case

I
Ga(r) = Jo(Aar) and {(f(r),g(r)) = j; F(r)g(r)rdr.

The solution of this problem is
N

”'.'\'{T"- ” = Z r-"'n{i‘}'mn{r}
n=1
where
~X2a(t) - al(t) =0

an(0) = éi,.

Hence

N

uplrt) = Zr}ﬂﬁ_"‘if.h]{l,zr}.

nm=l
The evaluation of the inner products involving Bessel functions is not quite as forbidding for this model
problem as might appear from the series definition of the Bessel function. Numerous differential and
integral identities are known for Bessel functions of various orders. For example, it can be shown that

I:]..,.L][Jﬁ.ni'}::l = iﬁi Jl[wﬂﬂ}

R
{‘Iﬁ{‘}‘rrr}* Jﬂ{.}u“?'}:‘ = T J‘f{;i:nﬂ'}

where xn0 is the nth root of JO(x)=0 and J1(x) is the Bessel function of order 1 which also is tabulated
or available from computer libraries. Using the values given in [19, p. 261] we find

n xn J1(xn) (in
1 2.405 5191 1.602
2 5.520 —-.3403 —1.065
3 8.654 .2715 0.8512
4 11.792 -.2325 —0.7295
If we set

r= f._r_::r s

then the approximate solution to our problem is that value of z which satisfies
N

x
b= E gy 2700,
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For N=2, 3, and 4 the computer yields
z = 818

so that the temperature at the center of the disk is reduced to half its original value at time

f = R*|In 818 = 2000R>.
Example 6.11 Heat flow in a composite slab.
This example requires the eigenfunctions of the interface problem discussed in Chapter 3.
A composite slab of thickness L consists of material with diffusivities al and a2 conductivities k1 and k2
for # € (0,X) and # € (X, L), respectively, where X € (0, L) is a given interface between the two
materials. We are again interested in the phase shift of the thermal wave passing through the slab as a
function of the problem parameters.

The mathematical model is
Liuy = o tize —upe =0, ze(0,X), t=>0

Lotz = oo, — ey = 0, re(X, L), t=0.

We use the boundary and initial conditions of Example 6.4
ui(0, 1) = sinwt, wpe(L,t)=0

wy (2, 0) = s, 0) = 0.
Continuity of temperature and heat flux at x=X require
ul(X, t)=u2(X, t)
klulx(X, t)=k2u2x(X, t).

This problem is converted to one with homogeneous boundary data by setting

wi(x, t)=ui(x, t)—sin wt, i=1, 2.
Then

Lyun =woeoswt, Laws = weoswt

wi(0,8) = wor (L, 1) =0
wy (x, 0) = walx, 0) = 0.
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The interface conditions remain
wl(X, t)=w2(X, t)
kiwlx(X, t)=k2w2x(x, t).
The associated eigenvalue problem is
& =pd, re(0,X)

&' =pd, e (X.L)
4(0) = ¢'(L) = 0

X —) = d(X+), kd(X-)=Fkd'(X+).

This is precisely the eigenvalue problem discussed at the end of Chapter 3. The eigenfunction satisfying
the boundary conditions is of the form

AL
o&{x) = esin . oae(0X
(@) = esin 7. 2 €(0,X)

z€ (X, L)

where
H=—A2.
The interface conditions can be written in matrix form

sin :;_1"' — cos 2 i,;gﬁ (r) B (D)
T{L?Ji_[u"- :}.:: ——L"—Sm J‘“ -—] df o \0ST
The admissible values of A are the roots of
) = ko g }L[L X) win AX ok cos ML - X) cos AX
vaz o Jar Ya Jaz N
Thus A must solve the equation
ME - X) M kyas

tan Lan

Vaz Var  kear (6.5)
To be consistent with the notation of Example 6.5 let us index the roots of equation (6.5) such that
0<AO<Al<..

The corresponding eigenfunctions are

 Anll—X) - Aoz
) oS8 sin =2 pe (0, X)
ﬁJTL(I}: { v T

sin %ﬁ: cos 2 :_f———l re (X, L)
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The remainder of the problem is identical to that of Example 6.5. The problem is
L = weoswt.

The approximation is

A
L = weoswt Z Fntnlx)
nm=i
where
L (L)
T (e thn)
with
X I
{f._g}=f Slx)g{x) ke oegd +f Fladgla koo, de.
0 X

The solution is
N

uplr, t) = Z gl )by () + sinwt

n=(

where

e ¥y, — O, = Jpw coswt.
It follows as in Example 6.5 that uN(Xx, t) IS qwen by

up (Lt Z A " sin{wt — iy ) (L)

n=0 "H +r"”-

where
o w
siny, = —\_,/A_‘j——..ﬂ

The dominant phase shift again corresponds to n=0.
It is straightforward to show that the phase shift for this composite slab reduces to that of the
homogeneous slab found in Example 6.5 if the thermal parameters of both components are the same
(see Exercise 6.3).
Example 6.12 Reaction-diffusion with blowup.
The eigenfunction expansion approach is applicable to some nonlinear reaction diffusion problems,
although in practice it will have to be combined with a numerical method to solve the differential
equations for the {an(t)}. This makes our separation of variables technique a spectral method in the
numerical analysis sense. In order to indicate the connection we shall apply the eigenfunction expansion
method to the nonlinear equation

L= ug, —uy = ku®, k=0,
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which is representative for diffusion with polynomial source terms. We impose the boundary and initial
condition
u(0, t)=u(1, t)=0
u(x, 0)=u0(x)
where 10 is given. The approximating problem is again written as
L=ty —uy = Pyu®
u(0, t) =u(1, t)=0
u(x, 0)=PNu0(x)
where PN denotes the orthogonal projection in £2(0.1) into the usual subspace
My = HEJHII{Q},, },\

n=1
of the eigenfunctions @»(*) = sinAnx, Ax = n7. |t js a question of mathematical analysis whether this

problem has a unique solution. Here we want to demonstrate that the problem admits a unique

eigenfunction solution of the familiar
_:'ﬁ'.

uplx, t) = Z o (£ heh, (1),
n=l
form
for O<t<T for some T>0.

When we substitute uN into the differential equation and equate the terms multiplying @=(), we obtain
for n=1, 2,..., N

NN
—Nhan(t) — an () = 2k | 30D ailt)ay(t) (i, bn)
i=1 j=1
T
This is an initial value problem for a system of N nonlinear first order ordinary differential equations of
the form
a = F(t,d).
By inspection we see that £i(t.@) =0 that F is differentiable with respect to the components @. The

theory of ordinary differential equations guarantees existence and uniqueness of a solution @{tJas long
as the components of & remain bounded.
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In contrast to most of the application given above it appears no longer possible to find @(t) analytically.
When numerical methods are applied to integrate the equations for {an(t)}, new issues arise with the
accuracy and stability of the computation. Such concerns are addressed in studies of numerical spectral

methods based on expansions uN where the {¢=} are not necessarily eigenfunctions (for a recent
reference see, e.g., [8].)
For an illustration let us find an approximate solution when

u0 (x)=4x(1—x)(1-4x).
This initial value was chosen because we can expect decay of the solution to u=0 for small k and
blowup (te =2} if k: is large.
Because we merely wish to demonstrate the possibility of attacking nonlinear systems with an
eigenfunction expansion, we restrict our study to N < 4 and we make no claim about convergence as N
increases. Representative numerical results are shown in Fig. 6.12 for N=3. Plotted are the solution u3(
.1, t) for k=10.46 which decays to zero as t increases, and the solution u3(.1, t) for k=10.47 which
blows up for t>.7. Blowup occurs whenever the (black box) Maple integrator fails to integrate the
nonlinear system for the {an(t)} beyond some value T>0. The threshhold value for k between decay

and blowup as a function of N is observed to be: £(1) = 11.26, k(2) = 10.50, k(3) = k(4) = 10.46.
u

a1 :

o]
0.1
02 g U 5(.1.k=10.46)
0.3 5

. u 5(.1,bk=10.47)
04
I:Irl LI | ID.J1I LI IUIIEI LI} ID-IaI LI I.I:LJdI LI Io.lf-l LI Jg.lﬁl LI | IUI? '-

Figure 6.12: Decaying solution u3(.1, t, k=10.46) and unbounded solution u3(.1, t, k=10.47) of
uxx—ut=ku2.
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6.2 Convergence of uN(x, t) to the analytic solution

The dominant question for our approximation method has to be: How is the computed approximation
uN(x, t) related to the analytic solution?

This question was considered in Example 6.1 by assuming that the analytic solution is given by

u(w,t) = limy .eo un () gng estimating the error incurred by truncating the infinite series after N terms.
Consequently, the answer is very specific for the model problem of Example 6.1. Here we give answers
which rely only on the existence of an analytic solution and its smoothness properties as known from the
theory of partial differential equations.

For ease of exposition we shall consider the model problem
L =gz —up = Fz,t)

w(0,8) = A(t),  u(L.t) = B(t)

u(z, 0) = ug(x). (6.6)
If v(x, t) is a smooth function used to subtract out the boundary conditions, then we see from
ulx, t)=w(x, t)+v(x, t)
and
uN(x, t)=wN(x, t)+v(X, t)
that convergence of uN to u is equivalent to convergence of wN to w where
Lw = wey —wy = Fx,t) — Ly = Gz, t)

w(0,2) = w(L,t) =0

wix,0) = ug(x) — v(x,0) = we(x) (6.7)
and wN is the approximate solution of (6.7) when G and w0 are replaced by PNG and PNwO.
We shall assume that o € L2(0, L}, that G is continuous on (0, L)x(0, T], that ¢{#:t) € L2(0, L)for each t,
and that [/G(x, t)]] is bounded in t. These conditions are sufficient to guarantee that (6.7) has a
solution w such that wx and wt are square integrable over (O, L) for all t (see, e.g., [5]). We now
employ energy estimates common in the finite element method to establish mean square convergence
of wN to w. Let

e(x, t)=w(x, t)-wN(x, t)
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denote the error of the approximation. Then e(x, t) is the solution of
Le = ep — €y = Gz, t) — PyGlaz,t)

e(0,4) = e(L,t) = 0

ez, 0) = wy(x) — Pyupg(z). (6 8)
If we multiply the differential equatlon by e(x, t) and mteqrate with respect to x, we obtain

f (€xr — €)edT —f (G — PyGleds.

1]
After integrating the first term by parts the following equation results:
L L L
%-{% ; cg{x,i}cz’;r=~fu ﬁ;(ﬁ:,tjzd:a:-fu |G — PnGle(z, t)de.
Example 4.20 proves that

¥

L FA% L )
f elz, 1) dr < (—) f ex(z, i) dr.
0 w 0

This inequality allows the following egtimate for the mean square error at time t:
;.I'
.2 Elt) < —E(E) Eit) + Ef |Gz, t) — PyGla, t)||elx, t)|d
dt L o

(6.9)
where for convenience we have set
L
E(t) = f elx, t) da
1]
Applying the algebraic-geometric mean inequality
( y"{-h) < — +rb
with €= E} we obtain the estlmate
[ [G(x,t) — PnGlx,t)) ez, t)dr
0
AN 2
< (—) f [G(z,t) — PyG(a, 1))’ dz + (E) E(t).
With this estimate for (6.9) we have the following error bound:
E'(t) < —(E) E(t) + (L) IG — PnGJ?
L (6.10)
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E(0)=/|wO0-PNwO[|2
where || || is the usual norm of L2(0, L). Inequalities like (6.10) occur frequently in the qualitative study
of ordinary differential equations. If we express it as an equality

- 2 A
E't)=—[=] E(t =) |G - PnG|? - glt
©=~(F) B0+ (%) 16 - PvGIP - (0
for some nonnegative (but unknown) function g(t), then this equation has the solution
E(t) = |lwg — Pyuwo||* e~ /1)

t 2
_1_f u—f'-'r.-".f.]?l:i—#] \‘(5) |Gz, ) - -P_N’G{E..H}HE — g(s)| ds
0
or finally i
E[E] < ”u’ﬂ _ P,\;H-‘Q”E«E! (/L)%

2 i
+ (E) [ e (mL)F( "']||{_r'{.'r_,.i':| — P.'-Jf.’;{.’l’-'_.ﬁ}||2ff£.

T/ Jo (6.11)
This inequality is known as Gronwall’s inequality for (6.10). Thus the error dure to projecting the initial
condition depends entirely on how well w0 can be approximated in span{¢n }n=1 and can be made as
small as desirable by taking sufficiently many eigenfunctions. In addition, this contribution to the overall
error decays with time. The approximation of the source term G also converges in the mean square
sense. If we can assert that [/G(x, t)—PNG(x, t)]|]—0 uniformly in t, then we can conclude that E(t)—0
uniformly in t as N—oo.

As an illustration consider
Lw=wep —uy =0

w(0,t) =w(L,t) =0

w(z,0) = 1.
It is straightforward to compute that

N
4 1 n+1

FPull) = — T ).

w(1) ;r;*zn-,--f"“( L r)

Using Parseval’s identity

. 8 Z"” 1
112 = 5 = -
INF =L 2 (2n + 1)?
n=0
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we obtain the estimate
n-PP=1y ¥ < S
N ~ T n? Tl (2n+ 1) — 7%(4NV +6)

where the last inequality follows mom the integral test

(2n+1)2 = Jy 22+1)2 7 AN +6°

n=M41

2
_E() < e (2)t
The mean square error is (t) = wranve) ¢

In general we cannot expect much more from our approximate solution because initial and boundary
data may not be consistent so that the Gibbs phenomenon precludes a uniform convergence of wN to
w. However, as we saw in Chapter 4, when the data are smooth, then their Fourier series will converge
uniformly. In this case it is possible to establish uniform convergence with the so-called maximum
principle for the heat equation. Hence let us assume that wO(x) and G(x, t) are such that

max |wol(x) — Pyug(z)| — 0 for z € [0. L]

and
max |Gz, t) — PeG(z,t)] — 0 for (x,t) € [0, L] = [0,T]

as NV — oo. Here T is considered arbitrary but fixed. Then the error e(x, t) satisfies (6.8) with continuous
initial/boundary data and a smooth source term. The inequality (1.10) of Section 1.4 translates into the
following error estimate for this one-dimensional problem:

le(z,t)| < K max |Glz, 1) — PnGlx, )| + mjm|wn[:c} — Pywglx, 1)

where the constant K depends on the length of the interval. In other words, if the orthogonal
projections converge uniformly to the data functions, then the approximate solution likewise will
converge uniformly to the true solution on the computational domain [0, L]*[O, T].

We conclude our discussion of convergence with the following characterization of wh.

Theorem 6.13 Let w be the analytic solution of (6.7). If for t>0 the derivatives wxxand "t € £2(0, L),
then
PNw(x, t)=wN(x, t).
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Proof. Since
wxx (x, t)-wt(x, t)=G(x, t)
w(0, H)=w(L, t)=0
w(x, 0)=w0(x),
we see that
PN(wxx —wt)=PNG
PNw(x, 0)=PNwO(Xx).
Writing out the projections we obtain for each n
':wr::r"-ﬁ'n} —{wy, ) = (G, "F’n}-
Integration by parts shows that
(Wer, Bn) = =X {w, P},
and of course .
(e, ) = é {w, ).
{w, g )
Hence the term (#..4.} satisfies the initial value problem for an. Since its solution is unique, it follows

that " {#+.#a] and hence that

WN(x, t)=PNw(X, t).
Theorem 6.13 states that the computed wN for any t is the orthogonal projection of the unknown exact
solution w onto the span of the first eigenfunctions {#n}: in other words, wN is the best possible
approximation to w in span {@a}-
Conditions on the data for the existence of wxx and ¢ € £2(0,L) discussed, for example, in [5]. In
particular, it is necessary that the consistency conditions wO(0)=w0(L)=0 hold. This is a severe
restriction on the data and not satisfied by many of our examples.
6.3 Influence of the boundary conditions and Duhamel’s solution
The formulas derived for the solution of (6.6) involve the function v used to zero out the boundary
conditions. Since there are many v which may be used, and since the analytic solution is uniquely
determined by the boundary data
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and is independent of v, it may be instructive to see how v actually enters the computational solution.
We recall the original problem is transformed into

Lw=we —uwy =Lu—Lv=F — (tge — 1)

w0, i) =w(L,t) =10

w(z, 0} = ugl(x) — vl 0).
Let us write the approximate solution wN(x, t) in the form
wy (e, ) = wy(x, 1) +wi(x,4)
where
J:m]l\‘- = Py Fla,t)
wh(x,0) =10
and where wiy accounts for the influence of the initial and boundary conditions

LCury i Z {L” U, &) —_— ()

By @}
2, {wglx) — vz, 0), dy,)
T”‘w{ln?[}] B Z {d’rpﬁ:’n}
The above discussion of the Dirichlet problem shows that

Ibr\ £, ”_ Zf -~ Xalt ].. dﬁmu( }

n=1

On().

where
(£ (z,t), dn)
{':;ll:'ﬂ? ‘pn}
We remark that ¥ (2-t) is identical to the solution obtained with Duhamel’s principle since by inspection
the function

n U}l =

Walz,t, s) = e =9 (s)ga(z)
solves the problem

W =Wy =0
W {G t, 3} |:L { 9] 0
Wiz, s,s) = {F(x,8), ¢n)

{rﬁlﬂ-'! '::-"E."}
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so that

Z Wile, s,8) = =Py Flx, 5)

n=]

PN
wi(x,t) =fn ZLV,.[::,L,H}:I.-;_
n=1

In other words, the eigenfunction expansion is identical to the solution obtained with Duhamel’s
superposition principle.

We shall now compute wi Integration by parts shows that
L ;
(Vs B0} = [ve(@, )9 (@) = v(, @) |+ (0.6) = Calt) = Xa(v, 60)
where for the data of (6.6)

and

Cn(t)=An[A(t)—-B(t) cos AnL].
Cn(t) is independent of the choice of v since only the boundary data appear. If we write
-

H.'?\- {J’.‘, f]’ = Z nr;{t}¢11{$}1

n=1

then
. b 1 e d 0. d v &
~Alaen (t) — ol (1) = = { Calt) + = {,,9,1}+A§{J,¢,.}].
It follows that (.1) (w(x, ), bp) )
2 N l::‘L r,t :.{i‘n:' B E N vz, 1), dy - C““’
/\" ﬂ-“{.tj I I:d-:'ru l!3"'T|.} dt- |:ﬂ“|:J 1. l:d'""'{'bﬂ} :| {tﬁlﬂ.'q;’n}
{v(x,0),¢n)  {uo(z), dn)
ﬂ'nl::u}'i' f:filn-,'f-'.f"u} - {,:Pm,;j."}
so that
{v(x, ), D) _ {tn, On) —-akt ! , Af.{#*HJM s
o)+ S = oy [y e
Thus W
un(,t) = wh(@,6) + Y Da(t)dn(@) + [o(z, ) — Pyv(x,1)]
n=1]
where

':"'ﬂi‘f’rl} —A%y fi =M (t—1) U"(S]I
Da(t) = >t 2= An UL S
nl: } ':'G:'n1 mﬂ} ¢ W] ¢ {q:'"rt: (;.H} g
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Is again independent of the choice of v.

Hence the solution uN(x, t) at time t depends on the data of the original problem and on the difference
between v and its orthogonal projection into the span of the eigenfunctions. In all of our examples any
function v with continuous vxx and vt on [0, L]x[0, T] will be admissible to zero out nonhomogeneous
boundary conditions. Functions linear (or possibly quadratic) in x will cause the fewest technical
complications for the eigenfunctions of Table 3.1. However, for the boundary layer problem of Example
6.8 the linear function

v(x)=1-x
IS not advantageous. We recall that the Jeiqenfunctions of this example are
Palr) = e % 8in A, T, A, =nm, n=12,...

which are complete and orthogonal in £2(0,1.¢**). I this case
N
Pryuvlx) Z (i iy ()

n=1

where
1
fty, = ?f (1 — z)sin A,xed dx
o

B E-’l{”ln{l 4 de + 4e2 X2 4 (—1)"H 1 gee!/2¢)
(1+ 22222 '

It is apparent that for ¢ < 1 the Fourier coefficients are of order (=1)"""e*/(eA%) which makes the

projection PNv(x) impossible to compute numerically because we have to sum large alternating terms.
On the other hand, if we choose
v(z) = (1 — x)e™ =%,

then
N J_
Puvlr) =2 — tnix)
2_:‘: nmw

which is, of course, manageable and allows us to resolve the boundary layer of Example 6.8.
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Exercises
Lu=tpe —uy =10

u(0,8) = te™", ue(1,8) =0

6.1) w(x,0) = 0.
i) Find t* when u(1, t) reaches its maximum,

i) Find t** when ut(1, t) reaches its maximum.
Lu=ste,=u =10

u(0,t) = te™ ", u(l,t) =0

6.2) u(z, 0) = 0.
i) Find t* when |ux(1, t)| reaches its maximum,
i) Find t** when Juxt(1, t)| reaches its maximum.

next page >

6.3)Verify that the solution for the composite slab in Example 6.11 is independent of X for al=a2 and

kl1=Kk2.
6.4)Show that the problem
Lu=kigy —pory =0, a<zx<h t=0
wla,t) = A, ulb,t) =B
ulz,0)=0C
)] with A = B
can be transformed (i.e., made nondimensional) into
LU =Uyy ~U, =0
Uo,r) =1, U(l,r)=0
ii) Uly,0) =D
where D depends on the parameters of problem i).
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problem ii) with an eigenfunction expansion. Determine D such that
u(.5, .5) -.5.

What do U(.5, .5)=.5 and the value of D imply about the relationship between u, x, t, and the
parameters of problem /).

6.5)Determine a quadratic P2(x) such that the solution of
Lu=tge—1wy =10

u(0, 1) = sint, u(l1,0) =0

u(w,0) =0
minimizes
iz, 1) = Palz)|| ag0.1)-

6.6)Solve in the subspace of the first N eigenfunctions the following problem:
Find u0(x) such that the solution of

Lu=upy —uy =10

”.r:“].t] = Hl:?‘f]l =1

u(w,0) = ug(z)
satisfies
PNu(x, 1)=PNx2(2-Xx).
Compute the solution for N=1, 2, 3 and infer its behavior as N becomes large.

6.7)Combine numerical integration and differential equations methods, if necessary, to solve in the
subspace of the first two eigenfunctions the reaction diffusion problems

) Lu=tge —u = ut
and

i) Lo =ty —1u =
both subject to
ux(0, t)=ux(1, t)=0
u(x, 0)=cos nx.

L
1+u
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Chapter 7

One-Dimensional Wave Equation

7.1 Applications of the eigenfunction expansion method

Following the format of Chapter 6 we examine the application of the eigenfunction expansion approach
to the one-dimensional wave equation. Examples involve vibrating strings, chains, and pressure and
electromagnetic waves. We comment on the convergence of the approximate solution to the analytic
solution and conclude by showing that the equations to be solved in the eigenfunction expansion
method are identical to those which arise when Duhamel’s principle is combined with the traditional
product ansatz of separation of variables.

Example 7.1 A vibrating string with initial displacement.

The vibrating string problem served in Chapter 5 to introduce eigenfunction expansions for the wave
equation. Here we shall use this simple setting to examine the method in some detail.

Suppose that a string of length L with fixed ends is displaced from its equilibrium position and let go at
time t=0. We wish to study the subsequent motion of the string.

Newton'’s second law and a small amplitude assumption lead to the following mathematical model for
the displacement u(x, t) of the string at point x and time t from the equilibrium u = 0:

1
£uzuﬂ——2u"=l}
O

w(0,t) =ull, t)=0 (7.1)
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u(x, 0)=u0(x)
ut(x, 0)=0
where the wave speed c is a known constant depending on the density of the string and the tension
applied to it. For definiteness let us assume that

=, Dzx<A
ﬂ"(:ﬁ}={*'

A
L= A<z<L

so that the string is “plucked” at the point A. With this very problem began the development of the
method of separation of variables two hundred and fifty years ago [2]. The discussion of Chapter 5
applies immediately. The associated Sturm-Liouville problem is

¢" = g

#(0) = $(L) =0
and the approximating problem

LU= typy — :ﬁ g =0
u(0,t) =u(L,t) =10
u(z,0) = Pyuo(z)
ug(x,0) =0 (7.2)

has the solution
N

uylx,t) = Z g, €08 CAL gy (1)

n=l (73)
where n
. . __nw
Onlz) =sin Az, A, = 7
and
3y, = U0 Pn)
n = {{‘5”,@“) )

We observe that each term of (7.3) corresponds to a standing wave with amplitude @=®=(%) which

oscillates with frequency %+ In other words, uN(x, t) is the superposition of standing waves.
Alternatively, we can use the identity

1
coscA,tsin A,z = 5 [sin Ap(x 4 et) + sin XA, (x — et))
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and rewrite (7.3) in the form
N
uplx, t) = % g i [sin Anlr + et} + sin Ay (x — et)] (7 4)

so that uN is also the superposition of traveling waves moving to the left and right with speed c.
We know from Section 4.4 that

N

Pyuplz) = Z frpy i ()

n=l

is also the truncated Fourier series of the 2L periodic odd function #{Z) which coincides with u0(x) on

[0, L]. The boundary conditions u0(0)=u0(L)=0 guarantee that %%} is continuous and piecewise
smooth so that

it
tp(x) = -._!"_'f;,zd'“‘;}"':”"} on (—oc, 00).
) T n=1

It follows now from (7.4) that
lim uy(a,t) = % [z + ct) + fio(z — ct)] 5
As an illustration we show in Fig. 7.1 the standing wave s coscAstds(x) and the left-traveling wave

3 s sinds(e — et)gor t=A and t=.8, as well as the solution u10(x, t) for t=0, .4, and .8 for the following
data: c=L=1 and

{}_ SI, !17{:[['1}]'3]
EE 20 -a), ze 3

u(z) =10
so that !

QﬁmT

(nmw)e ~

For the plucked string we see that the 2L periodic odd extension of u0(x) has a discontinuous first
derivative at x=A+2kL and x=—A+2kL for any integer k. Hence the d’Alembert solution for the plucked
string is not a continuously differentiate function of time and space and hence not a classical solution.
On the other hand, the projections of u0 and ul into the span of finitely many eigenfunctions are
infinitely differentiate so that UN(x, t) is infinitely differentiate. PNuO describes a string with continuous
curvature and may model the plucked string better than the mathematical abstraction u0. Hence uN(x,
t) is a meaningful solution.

y, =
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Figure 7.1: (c) Solution ul0(x,t) for a plucked string at t=0, .25, .52.
We note that such projections are always smoothing the data, even when the initial conditions are not
consistent with the boundary conditions. For instance,
if
u(0,t) =0, t=10
litn ug(z) # 0,
o=}

then there cannot be a classical solution with continuous u(x, t) on D=[0, L]x [0, T]. The eigenfunction
method will apply and yield a smooth solution. PNuO will, however, show a Gibbs phenomenon at x=0.
Unlike in the diffusion problems of Chapter 6 we have no smoothing of the solution of the wave
equation with time so that the Gibbs phenomenon will persist and travel back and forth through the
interval with time. In fact, if we choose
uo(x)=1-x,

then (7.4) shows that one half of the Gibbs phenomenon initially at x=0 will appear at a given point
zo € (0,1) whenever

x0+t=2k for an integer k,

x0—t=2p for an integer p.
This behavior is illustrated in Fig. 7.1d where the d’Alembert solution u(.5, t) and the eigenfunction
expansion solution u50(.5, t) is plotted for t € (0:10) and c=L=1.
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Figure 7.1: (d) Persistence of the Gibbs phenomenon due to inconsistent boundary and initial data.
Shown are the d’Alembert solution (square wave) and the separation of variables solution at x=.5.
Example 7.2 A vibrating string with initial velocity.

We consider
1
Lu=ttgy — sup =0
[

w(0,t) =u(L,t)=0

ulz,0) =10
and with initial velocity
ut(x, 0)=ul(x)
for some smooth function ul(x). Since ut(0, t)=ut(L, t)=0, we shall require that u1(0)=ul(L)=0 in order
to allow a smooth solution of the wave equation.
Eigenvalues and eigenfunctions are the same as in Example 7.1. If the initial condition is approximated

by
ue(x,0) = Pywuy(z) = Zﬁnﬂﬂn (),

n=1

then the corresponding approximating solution is
I

?LN {I, t} = Z ﬂn{t}{pﬂ{m)
=]
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where
Ny all =0
-

a.(0) =0, ol(0) =3,
so that

E}'Ft

g (1) = sin et

We see from N
d

uy(x,t) = Z f% sined,fsin A,z

o
n=1

that we again have a superposition of standing waves. If instead we use

1
sineA,fsin A,x = 3 [cos Az — cf) — cos Az +ef)],
we obtain the superposition of traveling waves

I
un(z,t) = z—lf Z_; f—: [cos An(x — ct) — cos A, (z + cf)]. 6

As in Example 7.1 we observe that
N

lim Z;"}" sin Apx = iy (x)

N =t
_‘mn':l

where #(7} js the 2L periodic odd function which coincides with u1(x) on [0, L]. Since the Fourier series
can be integrated term by term, we find that

ot N ﬁu
iy (s)ds = i =il — ct) — cos Az + ct)] .
—/; ity (5)dls MEE;LE " [cos An(x — ct) — cos Az + ct)]

—ct
Thus (7.6) leads to
. 1 4ot .
Jim () =5 [ (s o
The expressions (7.5) and (7.7) imply that the problem

1
Lt = gy — Fu":D
u(0,t) = u(L,t) =0
w(z, 0) = ug(x)

g, 0) = uy(x)
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has the solution
x4t
wix,t) = % uglz + ct) +uplz — et) + - f i (s}z!’s]
S S =
where 10 and ul are identified with their 2L periodic extensions to (=22, 2c).
The expression (7.8) is, of course, the d’Alembert solution which was derived in Section 1.5 without
periodicity conditions on 0 and ul. Since the solution u(x, t) of (7.8) depends on the data over [x—ct,
x+ct] only, and since L does not appear explicitly in (7.8), we can let L—oo and conclude that (7.8) also

holds for nonperiodic functions on (=22:2)so that we have an alternate derivation of the d’Alembert
solution of Chapter 1.
Example 7.3 A forced wave and resonance.
Suppose a uniform string of length L is held fixed at x=0 and oscillated at x=L according to
u(L, t)=A sin wt.

(7.8)

We shall impose initial conditions .
u(z,0) =0, we(x,0) = :‘Jm%

which are consistent with the boundary data. We wish to find the motion of the string for t>0.
In order to use an eigenfunction expansion we need homogeneous boundary conditions. If we set

viz,t) = Asinwt (?)

w(x, t)=u(x, t)-v(x, t),

and

then

Lw=wey —wy = Lu— Lv=vy = —Aw” sinwt (?)
where for ease of notation we have set c=1. The boundary and initial conditions are
w(0, t)=w(L, t)=0
w(x, 0)=u(x, 0)—w(x, 0)=0
wt(x, 0)=ut(x, 0)—vit(x, 0)=0.
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The associated eigenvalue problem is the same as in Example 7.1 and the approximating problem is
]\r

Lw = wpp — wy = sinwd Z Andnlz)

nm]

where
. Ay (rde) 2 (1) A
mETTY Ymtn) L A
and
w(0, H=w(L, t)=0
w(x, 0) =0
wt(x, 0)=0.

This problem has the solution

N
wy(z,t) = an(t)da(z)

n=1
where
=M, (t) — all(t) = 4, sinwt

() =0

ﬁ:q{u} = U"
Then an(t) can be written in the form
an(t)=cl cos Ant+c2 sin Ant+a
where anp(t) is a particular integral. Let us assume at this stage that w#An for any n. We can guess an
anp(t) of the form
anp(t)=C sin wt.
If we substitute anp(t) into the differential equation, we find that

_ Tn
Tw?oAZ
Determining c1 and c2 so that an(t) satisfies the initial conditions we obtain
g . .
an(t) = m [An sinwt — wsin A, 1]
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so that
z W [JA sinwt — wsin A, t] ¢, (x) + v(x, t).

Let us now suppose that the strlng |s driven at a frequency w which is close to Ak for some k, say
w = Ap + &, 0<e<].

If we rewrite

i | Ag sinwt — wsin At
ak(t) = +— ]

A w? — :\i

as
i w(sinwt — bm}nka’ + (M — w) sinwt]

}Lj; 1.1..- —)'.:

sinx — siny = 2sin (%) cos (.L -; 't;)

ag(t) =

and apply the identity

we obtain
Fpel! 2 . et w4 Ag i sin wt
t) = —————=5in — cos t— .
ax(t) .h-(w+h]l[“'m 2 m.x.( 2 ) Aplw + Ar)
. . . . . . . lwbdi) Ay
The first term gives rise to a standing wave which oscillates with frequency 4= = 2= but whose

e drlz) . o . £ : :
amplitude [*kf“’**"*]  5in g [ 9u(@) rises and falls slowly in time with frequency i= which gives the motion a
so-called “beat.” Finally, we observe that if € — U, i-e., & — A, then 1’Hospital’s rule applied to the first

term of ak (t) yields i
() = E‘:::E [Apteos At — sin Agt]

and after substituting for ¥«

24 [teoos At sinApt]| |
a(t) = (-1 | =5 - 5= | (@),

Hence the amplitude of @{t)#x(z) grows linearly with time and will eventually dominate all other terms
in the eigenfunction expansion of uN(x, t). This phenomenon is called resonance and the string is said
to be driven at the resonant frequency Ak. An illustration of a beat is given in Fig. 7.3 where the

amplitude ak(t) of the standing wave @x(t)¢x(=) is shown.
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Figure 7.3: Amplitude of the ¢-dependent part of g2(t) near resonance. The amplitude waxes and wanes,

producing a beat.«w = Az + € € =.5, % = ¢z = L.
Example 7.4 Wave propagation in a resistive medium.
Suppose a string vibrates in a medium which resists the motion with a force proportional to the velocity
and the displacement of the string. Newton’s second law then leads to

Lu=try — Buy - Cuy— Du=10
for the displacement u(x, t) from the equilibrium position where B, C, and D are positive constants. (We
remark that the same equation is also known as the telegraph equation and describes the voltage or
current of an electric signal traveling along a lossy transmission line.) We shall impose the boundary and
initial conditions of the last example

u(l.t) =0, u(L.,t) = Asinwt

u(xr,0) =0, u(x,0) = TLJ x
and solve for the motion of the string.
I1f vizt) = ¢ Asinwl, then wix, t)=u(x, t)-v(x, t) satisfies

Lw=Lu— Lv=DBu, +Cu+ Dv= % [[—H‘;;;? + D)sinwt + Cw COR.'...-'I]

w(0,#) =w(L,t) =0
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w(x, 0)=wt(L, t)=0.
The associated eigenvalue problem is again
¢"(x) = po(x)

B(0) = B(L) = 0.
The eigenfunctions are

. . . e -
f () = sin Az with A, = —. = =A%,

L

The approximating problem is
N

Lw = Z [’}n sinwt + 4’;,, t'.us:;;f:! @)

n=l

where
- A(D - Bw?) (z,¢0)
= L (frs Bn)
= ACw (z, ¢}
':jr! —J — - — B
L {¢n,dn)

The approximating problem has the solution .
wy(z,t) =Y an(t)da(z)

e ]
where an(t) has to satisfy the initial value problem )
— A, (t) — Ball(t) — Cal (t) — Da,(t) = 4, sinwt + d, coswl

o (D) =10, a,, (0) = 0.

It is straightforward to integrate this equation numerically. Moreover, as the following discussion shows,
its solution for C>0 is a decaying oscillatory function of time and hence can be computed quite
accurately. A numerical integration would become necessary if the resisting forces in this model are
nonlinear. Such forces would generally lead to a coupling of the initial value problems for {an(t)}, but
such nonlinear systems are solved routinely with explicit numerical methods.
It also is straightforward, and useful for analysis, to solve the equation analytically. Its solution has the
form

an(t)=Clnanl(t)+C2nan2(t)+anp(t)
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where anl(t) and an2(t) are complementary solutions of the homogeneous equation and anp(t) is any
particular integral. For the complementary functions we try to fit an exponential function of the form
ac(t)=ert.
Substitution into the differential equation shows that r must be chosen such that
Br 4 Cr+(D+X2)=0.

This quadratic has the roots

1,2 = 2B
If r1#r2, we may take
anl(t)=erlt, an2(t)=er2t.
The particular integral is best found with the method of undetermined coefficients. If we substitute
anp(t)=din Sin wt+d2n cos wt
into the differential equation, then we require
+ B&leiffln sinwt + dyy coswt) — Cw(dy, coswt — dyy, sinwt)

—(D+ Ju.'fi]l{{il,? sinwt + da, coswt) = 5, sinwt + 3,, coswt.
Equating the coefficients of the trigonometric terms we find

Buw? - (D + Aﬁ] Clw diny ‘f:,,
—Cw Buw? —(D+X2) ) \da ) — \4, )"

For C>0 this equation has a unique solution so that dl1n and d2n may be assumed known. Finally, we
need to determine the coefficients c1n and c¢2n so that an(t) satisfies the initial conditions. We obtain
the conditions
Cln+C2n=- d2n
rlCln+r2C2n=-wd1ln.

As long as rl1#r2 this system has the unigue solution
P wdyy — roda,
=17t o — T4
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riden — wiin
:'Iﬂ'l't -
Tg =Ty
so that
wdiy — radan )€t + (riday — wdyy, )em?t ,
tin (1) = (ewd; radzn ) (r1d2 din )¢ + dyn sinwt 4+ do, coswt,

Fa — T
It is possible that for some index A: the two roots rl and r2 are the same. Then the first term for ak(t)
is indeterminate and must be evaluated with 1'Hospital’s rule. In analogy to mechanical systems we may
say that the nth mode of our approximate solution is overdamped, critically damped, or underdamped if

C*—4B(D+X%) is positive, zero, or negative, respectively. Using the trigonometric identities already
N R
employed in Example 7.1 (or complex exponentials) we see from ¥ (@t = 2., @a(t)é(z) that the term

K i
anp(t)0n (%) contributes traveling waves moving right and left with speed *. and wave length *." For C>0
the complementary solution in an overdamped or critically damped mode adds an exponentially decaying
stationary solution of the form

{?J'L_ztiiz\.,..r_
For sufficiently large n the nth mode will be underdamped because *» — o as n — co. If we write
an(t)=Alnerlt+A2ner2t+anp(t)
where —
~C | J4BD+X)-C* -C

T1‘2_§E:'E 2B = ﬁi!.ﬂ'.
then the complementary part of @n(t)¢x(z) contributes terms like
FF 1Az Et)

[
E
which describes exponentially decaying traveling waves moving right and left with speed *. wave length

2% . .
*."We note that if we write
e #i thi Az =EL)

formally as a plane wave

ei(kx—ot)
then
k=An
and
[
d=FK— TR
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It follows that
or

. O (D+k?)

&= 4+ zB ) B
This equation is known as the dispersion relation for the telegraph equation. Conversely, any plane
wave satisfying the dispersion relation is a solution of the unforced telegraph equation on the real line
(for a discussion of the meaning and importance of dispersion see, e.g., [3]).
Example 7.5 Oscillations of a hanging chain.
This example shows that special functions like Bessel functions also arise for certain problems in
cartesian coordinates. A chain of length L with uniform density is suspended from a (frictionless) hook
and given an initial displacement and velocity which are assumed to lie in the same plane. We wish to
study the subsequent motion of the chain.
Let u(x, t) be the displacement from the equilibrium position where the co-ordinate x is measured from
the free end of the chain at x=0 vertically upward to the fixed end at x=L. Then the tension in the chain
at x is proportional to the weight of the chain below x. After scaling, Newton’s second law leads to the
following mathematical model for the motion of the chain [4]:

Lu=(zu)y —upy =10
u(L, t)=0
u(x, 0)=u0(x)
ut(x,0)=ul(x).

0.

The associated eigenvalue problem is
(zd(x)) = pid(x)

H(L) = 0.

If we add the natural restriction that also [#(0)| < 2, then we again have a singular Sturm-Liouville
problem. Its solution is not obvious, but the arguments of Section 3.2 imply that all eigenvalues are
necessarily nonpositive so that

H==A2.
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If we rewrite the eigenvalue problem |n the form
2?¢"(x) + 2¢' (x) + Nzé(z) =0

|(0)] <00, G(L)=0

and match it against formula (3.10), we find immediately that it has the solutions
{ttn, Jo (2Anv/T) }

where #n = =A% and where M2vVL = zq0. As before, zn0 is the nth zero of the zero order Bessel function
JO(z). In summary, the eigenvalue problem associated with the hanging chain has the solution
{.Iul: 't:':rd J—}} W|th

Pn [T] = JD{E‘)"FE \EJ An = j":_‘% : Hn = _}‘ﬁ

We also know from our discussion of Example 6.10 that for z = v'Lz

f bz .1}(!'.L—?fu Jo (3222) gy (22 2) 2dz = 0

so that the eigenfunctions {#n(z) }are orthogonal in L2(0, L). (We note that orthogonality with respect to
the weight function w(x)=1 is predicted by the Sturm-Liouville theorem of Chapter 3 if the eigenvalue

problem were a regular problem given on an interval &, Llwith ¢ > 0.The approximate solution is written
as

N
un(z,t) = Y an(t)dn(z).
n=1
Substitution into the wave equation leads to the initial value problems
—Xatn(t) —an(t) =0

{"U{J )y nlz :l::' ' _
(@ns On) ' 4 (0) =

oiints

and the approximate solution "
Ti.".'(-l:: !,} = Z [ﬂ'"(u} Cos l“f' +
n=1
In Fig. 7.5 we show several positions of the chain as it swings from its initial straight-line displacement
on the left to its maximum displacement on the right.

;{m sin Ant| Jo(2h, /).
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R

o2

™,

- o (=] o wr w
= = =4 = =

Figure 7.5: Position of the hanging chain as its end swings from its initial position to the right. The
displacement u(x, t) is shown for t=0, .5, 1, 1.5, 2, 2.4; at t=2.4, ut=(0, 2.4)=0, N=4, [=1.

Example 7.6 Symmetric pressure wave in a sphere.

At time t=0 a spherically symmetric pressure wave is created inside a rigid shell of radius R. We want to
find the subsequent pressure distribution in the sphere.

Since there is no angular dependence, the mathematical model for the pressure u(r, t) in the sphere is

1
tpp + = Up — = Uy = 0.
T «

We shall assume that the initial state can be described by
u(r,0)=u0(r)
ut(r, 0)=ul(r).
At all times we have to satisfy the symmetry condition
ur(0, tH)=0.
Since the sphere is rigid, there is no pressure loss through the shell so we require
ur(R, t)=0.
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The eigenvalue problem associated with this model is

2, -
¢"(r) + — d'(r) = po(r)

¢'(0) = ¢'(R) = 0.

To ensure a finite pressure we shall require that [#(0)] < ¢. we encountered an almost identical problem
in our discussion of heat flow in a sphere (Example 6.7) and already know that bounded solutions for
nonzero A have to have the form

) S1r AT
@r) = .
The boundary condition at r=R requires that
. FAlecos AR —sin AR
¢'(R) = 5 =0.
Hence the eigenvalues = = —A% are determined from the roots of

flA) = RAcos AR —sin AR = 0.
The existence and distribution of roots of f were discussed in Example 6.6. We see by inspection that

() ()

so that there are count ably many roots, and that
Ay — (%+'rm)fﬂ AS 11— 00

because the cosine term will dominate for large n. In addition we observe that for the boundary
conditions of this application AO=p0=0 is an eigenvalue with eigenfunction ®o(x) = 1.

It follows from the general theory that distinct eigenfunctions are orthogonal in L2(0, R, r2). This
orthogonality can also be established by simple integration. We see that for Am#An

it _: e i
(Om(r).bn(r)) = [ TomlZmon g,
J0 r r

= m [Am cos A Rsin A R — A, cos A, Rsin A, R =0

in view of f(Am)=f(An)=0. It is straightforward to verify that this conclusion remains valid if m=0 and
n#0. It follows that

N
un(r,it) = Z nlt)in(r)

n=1
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where for n=0
—(edn o, (t) —al(t) =0
{1ig(r), dn) ¥ {7’-1[T}|1‘?’rt}
—_—, wl0) = ———.
':I.fpn-.'-'ﬂu} “ [ :] {rﬁ'ua'{:}rr:’
Note that a0(0) and “o{)are the average values for the initial pressure and velocity over the sphere.
The equations for an(t) are readily inteqrategl. We obtain

an(0) =

J ! ¥ .
uplz,t) = ap(0) + ab(0) + Z Ax [r:,tli['l]{'.[:!irr}.“t + ﬂ%{[]} sin ch,t sin A,y _

n=1 “FT 1] r

For example, let us suppose that R=1 and _
wolr) {-ﬂ”ﬂl 0<r<1/10
1k =

r

0 /10 <r <1
and
ul(r).=
Then
o (ﬂj — _3_
o 100w
sin %ﬂi il %_I
— T0R-AL) T T(I0mdAL)
n'n{[]} =2 2 —s1n [‘_2,1;“]
and

a, (0) = 0.

Fig. 7.6 shows the pressure wave u20(r, t) at time t=.5 before it has reached the outer shell at R=1,
and after reflection at t=1.75.

P——Y

=i __[r 5}
i)

Figure 7.6: Pressure wave u20(r, t) at t=.5 and after reflection at t=1.75.
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Example 7.7 Controlling the shape of a wave.
The next example is reminiscent of constrained Hilbert space minimization problems discussed, for
example, in [15]. The problem will be stated as follows.
Determine the “smallest” force F(x, t) such that the wave u(x, t) described by
uxx—utt=F(x, t)
u(0, H)=u(L, t)=0
u(x, 0)=ut(x, 0)=0

u(x, T)=uf(x)
ut(x, T)=0
where uf(x) is a given function and T is a given final time.
We shall ignore the deep mathematical questions of whether and in what sense this problem does
indeed have a solution and concentrate instead on showing that we can actually solve the approximate
problem formulated for functions of x which at any time belong to the subspace
My = :-;]}ull{i:‘?,,l:m:l};?':l.

As before ¢x(*) is the nth eigenfunction of

satisfies the final condition

"' (x) = po(x)

$(0) = @(L) = 0,

i.e., @nlx) =sinduz, Au = 5. 7o make the problem tractable we shall agree that the size of the force will
be measured in the least squares sense

T oL 1/2
|F|] = f f Fa. t) dx dt .
o Jo

The approximation to the above problem can then be formulated as:
Find N

Fy(z,t) = Z :l"n“}f."}rllzm}

=1
such that )
| EFxll < | Fxll

for all #n(-t) € M for which the solution uN of

LCu=rt.—uy = Fylx,t)
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u(0, t) =u(L, t)=0
u(x, 0)=ut(x, 0)=0
satisfies
u(x, T)=PNuf(x)
ut(x, T)=0.
We know that FN and uN have the form

N
Fy(x,t) = Z’rnii}nﬁ,,{m}

=1

and

un(e,t) = 3 on(t)6n(z)

n=1
where ‘
=Anan(t) — ay(t) = a(t)
o, (0) = al,(0) = 0.
The variation of parameters solution for this problem can be verified to be

iy (t) = — fur Ai (8] 8in A, (2 — s)ds.

uN(x, T) will satisfy the final condition if yn(£) is chosen such that
on(T) = (@)
. ':{5‘!11':."}n}
an(T) = 0.
Hence yn(t) must be found such that
’
0 (T — $)ds = —A, 202 Pn)
fﬂ Tal(s)sin A, (T = s)ds = =A, T 7.9)
-
Vnl8) cos A (T — s)ds = 0.
/u (=) ( ) (7.10)
Finally, we observe that

N T
IFwl? =2 [ ey
n=l 0
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T a
so that [[FN]] will be minimized whenever Jo m(t)*dt js minimized for each n. But it is known from
Theorem 2.13 that the minimum norm solution in L2[0, T] of the two constraint equations (7.9), (7.10)
must be of the form
Falt) = clpsin A (T — )+ copvos AL (T — 1),
Substitution into (7.9), (7.10) and integration with respect to t show that c1n and C2n must satisfy
(z _ sin2A,T sin AT ) _ ) lugda)
7 ahn Zhn (“1“) — ( n iwr..n‘m?)
sin® A, T T 4 sin2i, T £ .
h, 7+ =, =" 0
We observe that the determinant of the coefficient matrix is
1 oL
DE [{T}.,;]J- smz)'.nT]
and hence never zero for T>0. Thus each ¥=(t) is uniquely defined and the approximating problem is
solved. Whether .
Fr(@,t) =) Anl(t)én(x)
n=1
remains meaningful as & — oo depends strongly on uf(x). It can be shown by actually solving the linear
system for ¢1n and c2n that
?J":: {UL ‘:"}n}
— 7

Integrability of “f and the consistency condition uf(0)=uf(L)=0 yield *»{%s:@n} =
Bessel's inequality guarantees that

N ¥
Zﬂfn ~ Z*.ru:r-f'ﬂ-‘* Antt)? o~ (||
n=l1

n=l|

Clp ™ and ez, | <€ e A8 11— o0,

I:uJ,-__ cos A1), and

so that FN will converge in the mean square sense as N — .
Example 7.8 The natural frequencies of a uniform beam.
This example is chosen to illustrate that the eigenfunction approach depends only on the solvability of
the eigenvalue problem, not on the order of the differential operators.
A mathematical model for the displacement u(x, t) of a beam is [10]
w1 PPu
dxt T e o
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u(0, t)=ux(0, t)=0
uxx(L, t)=-uxxx(L, t)=0.
The boundary conditions indicate that the beam is fixed at x=0 and free at x=L. We want to find the
natural frequencies of the beam.
The associated eigenvalue problem is .
¢ (x) = pop(a)

#(0) =¢'(0) =0

¢fJ(£} — '.rl-}HI{L} — l}

It is straightforward to show as in Chapter 3 that the eigenvalue must be positive. For notational
convenience we shall write

H=N4
for some positive A. We observe that the function
Glx) =€
will solve the differential equation if
r4=M\4.

The four roots of the positive number A4 are
r1=A, r2=-A, r3=i\, and rd=—Ii\.
A general solution of the equation is then
#(x) = ¢y sinh Ax + ez cosh Ax + e 8in Ax 4 ¢4 cos Ax.
Substitution into the boundary conditions leads to the system
0 1 0 1 1
1 0 1 0 g
sinh AL coshAL =sinAL =cosAL g
cosh AL sinh AL —cosAL  sin AL 3
It is straightforward to verify that the determinant of the coefficient matrix is zero if and only if
cosh AL cos AL+1=0.

1
) = eos T 4 =10,
f(z) = cosz cosh x

=L

If we rewrite this equation as
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then f behaves essentially like cos x and has two roots in every interval (nn— n/2, nn+n/2) for n=1, 3,
5, The first five numerical roots of f(x]=0 are tabulated below.
Xi
1.87510
4.69409
7.85476
10,9955 = 37 — 7/2
14.1372 = 37 + w/2
Since cosh x grows exponentially, all subsequent roots are numerically the roots of cos x. Thus the
eigenvalues for the vibrating beam are
Jin = }l.':r where A, = @, /L.
The corresponding eigenfunctions satisfy c1=-c3, c2=—c4. A nontrivial solution for the coefficients is
(c1, c2, c3,c4)=(cosh AnL+cos AnL, —sinh AnL—sin AnL, —c1, —c2)

abdh wNPE =

so that
Bal(z) = [cosh A, L + cos A, L][sinh A,z — sin A, 2]
— [sinh A, L + sin A, L][cosh Az — cos A,z (7.11)

An oscillatory solution of the beam equation is obtained when we write

ty, t) = g (t)n(x)
and compute an(t) such that

4 A

Apon(t) + = a,(t) =0.

It follows that

trg(t) = Ay r.:ms{i.'.l"ftt + B,
where the amplitude An and the phase Bn are the constants of integration. Each un(x, t) describes a

A

standing wave oscillating with the frequency fn= 2.
The motion of a vibrating beam subject to initial conditions and a forcing function is found in the usual
way by projecting the data into the span of the eigenfunctions and solving the approximating problem in
terms of an eigenfunction expansion.
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Example 7.9 A system of wave equations.
To illustrate how automatic the derivation and solution of the approximating problem has become we
shall consider the following model problem:
Liw = tizr — g = x(x)(u — v), e (0,1)

Lov = vpy — cavy = —x(x)(u — v}, x e{0,2)
u(0, H=v(0, t)=0
u(l, H=vx(2, t)=0
plus initial conditions like

u(z,0) = wuplz) -
w(2.0) = 0 x € (0,1),
i R e
Here x(x) denotes the characteristic function of some interval I contained in [0, 1], i.e.
(z) = 1 rel
M=% z¢r
The eigenvalue problem associated with £iand the boundary conditions for u is
¢" = pe
@0} =¢(1) =0
with solution
(2] = sin A,.x, A = TR, P = —J.?“, m=1,..., M.
The eigenvalue problem for £z is
| w(0)=¢'(2)=0
and has the solution i
ﬂ.""(:r} = sinn,r, T = 2 -;““ Hn = _??Ii'- n=0...,N.

The approximating problem is found by projecting the source term and the initial conditions for u into

{#m}. and the corresponding terms for v into span{wn}. We obtain
Lyu = Py{x(z)(ulz) — v(z))}
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u(z, 0) = Pyuplz), e (2, 0) =0

Lov = Py{—x(z)(u(z) — v(z))}

v(x,0) = Pyuv(z), vy(z,0) = 0.
The approximating problem admits a solution % uE span{¢m} and vy €span{¥n} pecause, if we write

uplz) = Z o (1) )

=1
and

N
vy(x) = Z;ﬁi’n(!-}n_'hn{x)

n=({
and substitute these representations into the approximating problem, then we find that am(t) and Bn(t)
must satisfy the initial value problems
)'.mﬂm(t -y ﬂ:::l:lr} = {Y{‘E]{HM‘(I} — T"N[:Gj}s'[ﬁm}

{f-'l}m ' f-;’m.::'

= Z Ol oa(t) + Z D), 83;(1)

—r}“ Balt) — & ﬁ”(i‘} _ {':: x{ﬂ’]{uﬁfflﬂ‘e] — I-_f\.f:.L};'l,Um}}
{{.l i T-ﬂ}:'

M
=S CZa(t) + Z D
i=1 k]

(7.12)
. ':T!ﬂ_.f.‘.'lm} ] .
Q“l{ﬂ:l - {¢m1 mm} ¥ '&m{u} -
{{ﬁﬂ ¥ '{-'}n}:' ’
Ba(0) = po Tl gh0) =0
0= W, b ©
where {» } and {{ + )} denote the inner products of £2(0.1) and £2(0.2), respectively. Specifically

Chi =2 [ (e)on(a)de
Dl o =_92 bl Ve () el
' f} (@) b ()
2 = - ff 6i(2)¥n(2)dz

UL = ﬁtlljtﬂi}i;}ril:x}ﬁ'

2 /;U

nj!
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Problem (7.12) is an initial value problem for a system of linear ordinary differential equations and has a
unique solution {am(t)}, {Bn(t)}. Thus, the approximating problem is solved (in principle).
We shall include the results of a preliminary numerical simulation with the data

cl=c2=1, I=[.45, .55]

u0(x)=sin Alx, vO(x)=0. -
Shown in Figures 7.9 are the graphs of u3(.3, t) and v3(.3, t) for € V. 1Ul. The pictures indicate that
u3(.3, t) experiences a phase shift with time while v3(.3, t) shows no particular pattern. The results
remain stable for long time runs. We have no information on uN and vN for N>4 but note that the

results for N=3 and N=4 are very close.
u4[.3.l]

UL
WUVTY

Flgure 7.9: (a) Plot of u4(.3, t) vs. time. The graph shows a slow phase shift due to the coupling with
v(x, t), I=[.45, .55].

< previous page page 187 next page =



page_188
< previous page page 188 next page >

Page 188
vaﬂ.a.f]

=
=

=]
I T N T ™ T I A I A I

=
g

<0001

=0.02

Figure 7.9: (b) Plot of v3(.3, t). The excitation of v is due solely to the coupling with u.
Convergence of uN(x, t) to the analytic solution
7.2
The convergence of the approximate solution uN to the analytic solution u of the original problem can
be examined with the help of the energy method which was introduced in Section 1.5 to establish
uniqueness of the initial value problem for the wave equation. We shall repeat some of the earlier
arguments here for the simple case of the one-dimensional wave equation. We consider the model
problem
WXx—Wtt=F(x, t) (7.13)
w(0, H=w(L, t)=0
w(x, 0)=w0(x)
wt(x, t)=wl(x).
Theorem 7.10 Assume that the data of problem (7.13) are sufficiently smooth so that it has a smooth
solution w(x, t) on D={(x, t): O<x<L, O<t<T}
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for some T>0. Then for t<T

L L
[ [w?(x,t) +wi(z,t))dz < f-r"‘f [w} ()
0 0

L L
+ wﬁz{fﬂ}']dif +-[ f e' T F (x, t)dx dt.
0 40

Proof. We multiply the wave equation by wt
wtwxx—wtwtt=wtF(x, t)
and use the smoothness of w to rewrite this expression in the form
(wtwx)x—(wxtwx)—-wtwtt=wtF(x, t). (7.14)
Since w(0, H=w(L, t)=0, it follows that wt(0, t)=wt(L, t)=0. The integral of (7.14) with respect to x can
then be written in the form

1 d L . , L )
- / (w; + ws)dz = —f wy F(z, t)dx.
2 dt Jo 0 (7.15)

Using the algebraic-geometric inequality 2weF(z,t) < wi+F*(z.1) and defining the “energy” integral
L
E(t) = f [wd(x, t) 4 w?(x, t)]dz
1]

we obtain from (7.15) the inequality

SE() < B(O) + |F(, 0] (7.16)

- # [ P—
where IFGOIF = fo" F*(@, t)dz. gronwall's inequality applies to (7.16) and yields
t
E(t) < E(0)e" + f e || F(-, 5) || *ds
0

which was to be shown.

We note from (7.15) that if F=0, then ‘& ) =0 for all ¢ and hence
E(t)=E(0).
We also observe that Schwarz's inequality (Theorem 2.4) allows the pointwise estimate

f wa(r, )dr| < VE s (O < VEVE®D
[k}
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and that the Poincaré inequality of Example 4. 20 yields

lw(- &)l < — Ittﬂl ]l <L v“

These estimates are immediately applicable to the error
eN(x, t)=w(x, t)-wN(x, t)
where w solves (7 13) and WN is the computed approximation obtained by projecting F(-, t), u0, and ul
into the {sin Az}l with A = %
Since eN(x, t) satisfies (7.13) with the substitutions
F—F—PNF, wO—w0—-PNwO, wl—wl—-PNwl,
we see from Theorem 7.10 that
le( )7 + llee(-, )1 < €* [llwn — Pyvun ||* + [[(wo — Pyawo)'||?]

t L
4 / f e 5| F(-, 8) = Py F(-, 8)||%ds.
o Jo

This estimate implies that if PNF(-, t) converges in the mean square sense to F(-, t) uniformly with

respect to t and £¥%o — %o, then the computed solution converges pointwise and in the mean square
sense to the true solution. But in contrast to the diffusion setting the error will not decay with time. If it

should happen that " € span{sin Anx} for all t, then the energy of the error remains constant and equal
to the initial energy. If the source term F—PNF does not vanish, then the energy could conceivably grow
exponentially with time.

7.3 Eigenfunction expansions and Duhamel’s principle

The influence of v(x, t) chosen to zero out nonhomogeneous boundary conditions imposed on the wave
equation can be analyzed as in the case of the diffusion equation and will not be studied here. However,
it may be instructive to show that the eigenfunction approach leads to the same equations as Duhamel’s
principle for the wave equation with time-dependent data so that again we only provide an alternative
view but not a different computational method.

Consider the problem

WXx—wtt=F(x, t) (7.17)
w(0, H=w(L, t) =0
w(x, 0)=0
wt(x, 0)=0.
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Duhamel’s principle of Section 1.5 yields the solution

wiz,t) = f: Wiz, t,s)ds
0

where
Wxx(x, t, s)-Wtt(x, t, s)=0
W(, t, s)=W(L, t, s)=0
W(x, s, s)=0
Wt(x, s, s)=—F(x, s).
The absence of a source term makes the calculation of a separation of variables solution of W(x, t, s)
straightforward.
An eigenfunction solution obtained directly from (7_:'17) is found in the usual

wy(z,t) = Z(.,t(gmn (z)
n=1
way in the form
where an(t) solves the initial value problem
~N2an(t) - ala(t) = Talt)

an(0) = a,(0) =0
with (Fla), b
P, 8), 6,
() =

The variation of parameters solution for this problem is
t

1
o (t) = w sin Ap{t — 8)yn(s)ds.
n Ji0
If we set

Wz, t, 8) = —)'L sin A, (L — 8)ya(8)da(x),

U

then the eigenfunction solution is given by

N
wylx, i) = Zﬁﬂ{l]fﬁl”[ﬂf} = f

n=l 0

N
> Walz,t,s).
n=1

By inspection

W, — Wy, =0

Wn(x, s, s)=0
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T ¢ ()

H-;,”(.I._.ﬁ'._ 5} = —"r',.{-‘ijll’.[':',,{iﬂ) = =
so that .
> Walw,s,5) = ~PuF(z,5).

n=1
Hence both methods yield the same solution and require the evaluation of identical integrals.
Exercises
7.1) The air pressure above ambient in an organ pipe is modeled with

1
’E‘PEPM—FP::=D, 0=<x< L,

where c is the speed of sound. We suppose the pipe is closed at the bottom
Px(0, t)=0
and
1)  Closed at the top so that px(L, t)=0.
i)  Open at the top so that p(L, t)=0.
For each case determine L so that the dominant frequency of the sound from the pipe is 440 Hertz. Use
c at 20 C-°.

7.2)
1
f-HEiI::.-_—IHu—'U: D<o =4, t=10

w(0,t) =u(4,t) =0
ulz,0) = max{xz(1l - x),0}

g (, 0) = 0.

i)  Compute the approximate solution ul0(x, t).
i)  Find TO such that

3
é.; wio(4,t) =0 for t € [0,Tp).
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iii) Find T1 such the d’Alembert solution u(x, t) of this problem satisfies
% u(4,t) =0 for t € [0,Ty].

Why are both times not the same?
7.3)Consider

Lu=tip, —ity =10
u(0, 1) = coswt, u(1,t) = cos bl
u(z,0) =1

g (x, 0) =0,

Prove or disprove: for « # 9 there is no resonance.
7.4)Consider

Lu=tig, —tuy —Cuy =10
u(0,t) = coswt, te(1,8) =0

w(x,0) =1, uy(x,0) = 0.

Find uN(1, t) and examine whether it shows a phase shift relative to the input u(0, t).
7.5)For the hanging chain of Example 7.5 determine
1) u(x, t*) and ut(x, t*) for O<x<l1 for the first time t* when u(0, t)=0 has swung all the way to the

right.

i) u(x, t**) and ut(x, t**) for 0<x<1 for the second time t** when u(0, t)= 0 has swung all the way
to the right.

i) Do the calculations show that u(x, t) becomes periodic in time and space, either quickly or
eventually?

7.6)Combine numerical integration with an explicit numerical routine for initial value problems for
ordinary differential equations to give an eigenfunction solution of
L1 =ty — gy = —sinn
w(0,8) =u(l,t) =0

w(x,0) = sinTz
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ut(x, 0)=0.

next page >

(For a feasibility study you might choose the trapezoidal rule for the numerical integration and an

explicit Euler method for finding an(t) for n=1, 2.)

7.7)the vibrating beam problem

£ = Upprr + Uy = (0, D<ax<l, t=10

with one fixed end

u(0, H=ux(0, H=0

and

A free end

uxx(1, t)=uxxx(1, t)=0

An elastically supported end
uxxx(1, t)+u(1, ©)=0, uxx(1, t)=0
and initial conditions

u(x, 0)=—x

ut(x, 0)=0.
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Chapter 8
Potential Problems in the Plane
In principle, little will change when eigenfunction expansions are applied to potential problems. In
practice, however, the mechanics of solving such problems tend to be more complicated because the
expansion coefficients are found from boundary value problems which are more difficult to solve than
the initial value problems arising in diffusion and wave propagation. In addition, a new issue of
preconditioning arises from the strong coupling of the boundary data along each coordinate direction.
8.1 Applications of the eigenfunction expansion method
Example 8.1 The Dirichlet problem for the Laplacian on a rectangle.
Applications in steady-state heat transfer and electrostatics (among others) lead to the Dirichlet problem
for Poisson’s equation discussed in Section 1.3

Au = Ury + tyy = Flx, y), (z,u) e I}

u(z,y) =glz,y), (v,y) €0D (8.1)
where D is the rectangle 0<x<a, 0<y<b and dD is its boundary.
If the boundary value g is a continuous function as we travel around dD and if F is continuous in D, then
as stated in Section 1.3 the problem (8.1) has a unique solution which is continuous on D and twice
continuously differentiable in D, i.e., a classical solution. However, as we shall see in Example 8.4,
discontinuous boundary data do arise in applications which require a generalized solution.
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If the boundary function g is twice continuously differentiable on opposite sides of the rectangle D, then
the usual solution recipe of Chapter 5 can be followed. We zero out the boundary conditions, say at x=0
and x=a, with the function

e v(x, y)=9(x, y)

if g is defined and smooth on D, or

’-'l[m.-?f} = _|:]|'|:ﬂ y-] :

—r r
- .{. i ﬂ., e
- gla, y) o

if g is given on dD only, and solve the problem for
_ _ _ _ w(x, y)=u(x, y)-v(x, y)
in terms of the eigenfunctions {sin Anx} as described in Chapter 5.
This is the preferred approach in this text, but if the boundary function is, for example,
_ _ a(x, y)=xy|x-a/2[ly-b/3[, N
then v would not be differentiable and the problem cannot be recast into a Dirichlet problem for w.
For the potential equation there is an alternate way to zero out the boundary data on opposing sides of
dD which does not demand smoothness of g and which does not affect the source term Fin (8.1).
Problem (8.1) can be solved “in principle” by splitting it into two problems. We write
u=ul+u2
where
Aul=F1(x, y) (8.2)
ul(0, y)=ul(a, y)=0
ul(x, 0)=g(x, 0), ul(x, b)=0-functions.

Au2=F2(x, y) (8.3)
u2(0, y)=0(0, y), u2(a, y)=9(a, y),
u2(x, 0)=u2(x, b)=0,

F1(x, y)+F2(x, y)=F(x, y).

and

and
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We find an approximation ulM by projecting F1(x, y), g(x, 0), and g(x, b) into the {@m(z)}of the
eigenfunctions of
#"(z) = po(x)
B0) = ¢la) =0
associated with (8.2), and an approximation u2N by projecting F2(x, y), g(0, y), and g(a, y) into
span{yn(y)} of the eigenfunctions of
w(y)=rw(y)
o | pO=y(b)=0 _
associated with (8.3), and solving for ulM and u2N as outlined in Chapter 5. The choice of F1 and F2
depends on how easily and accurately their projections can be computed. ulM+u2N then is an
approximation to the solution of (8.1). We shall refer to (8.2) and (8.3) as a “formal splitting” of the
Dirichlet problem (8.1).
This formal splitting is routinely applied in texts on separation of variables and is justified because the
solutions are thought of as infinite series which do converge pointwise. In practice, and in this text, only
finite sums are actually computed. Now this simple splitting is likely to yield poor computational results
because it can introduce artificial discontinuities. For example, consider the trivial problem
Au=0in D
u=1 on aD
which has the unique solution u(x, y)=1.
The corresponding problems for ul and u2 are
Aul=0
ul=0 on x=0 and x=a
ul=1 on y=0 and y=b,
Au2=0
u2=1 on x=0 and x=a
u2=0 on y=0 and y=b.
Hence ul is the solution of a Dirichlet problem with discontinuous boundary data, and while we can
formally compute an approximate solution, we will have to contend with a Gibbs phenomenon near the
corner points. An identical problem arises in the computation of u2.
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Figure 8.1: () Solution u30 of Au=0, u=1 on 8D, obtained with a formal splitting.
Fig. 8.1a shows a plot of the solution uN=ulN+u2N obtained with the formal splitting (8.2) and (8.3).
This is, of course, a terrible approximation of the analytic solution u=1. In general, the formal splitting
discussed above will succeed and provide a reasonable solution but may require many terms in the
approximating sum in order to squeeze the effect of the Gibbs phenomenon into a small region near the
corners of D. The approximation becomes even more suspect should derivatives of uN be needed.
When g is continuous on dD in (8.1), then we can avoid artificial discontinuities at the corners of D by
preconditioning the original problem. We write
_ , WX y)=ulx, y)-v(x, y) _ o
where v is any smooth function which takes on the values of g at the corners of D. A simple choice is
the polynomial
v(x, y)=c0+clx+c2y+c3xy

which satisfies Laplace’s equation. A Iittl? alqet{)ErJa yields \
a—z)b-y) x(b—y

prs + gla, 0) =

-1-9(&,!:)% + 9(0,b) ,T,i(fla; 2). ©.4)

v(z,y) = g(0,0)

< previous page page 198 next page >



page_199
< previous page page 199 next page >

Page 199
When problem (8.1) is rewritten for w, then a Dirichlet problem like (8.1) results where the boundary
data are zero at the corners of dD. Now we can apply a formal splitting. We write
w=wl+w2
where
Awny = Fylz,y)

wy(0,y) = wn{a,y) =0
wy (x,0) = g(z,0) — v(x,0), w(zx,b)=glzb)—uv(zb),
Ay = Fplz, y)
wz(0,y) = g(0,y) —v(0,y), wola,y) = gla,y) —via,y)

walxz, 0) = walz, b) = 0.
Two Dirichlet problems with continuous boundary data and hence continuous solutions result. Since
wl(0, 0)=wl(a, 0)=wl(0, b)=wl(a, b)=0, no Gibbs phenomenon will arise when wl(x, 0) and wl(x, b)
are projected into sPan{@m ()} Similarly, the projections of w2(0, y) and w2(a, y) into span {wn(y)} will
converge uniformly.
We view the transformation of (8.1) into a new Dirichlet problem with vanishing boundary data at the
corners of dD as a preconditioning of the original problem.
For illustration we show in Figs. 8.1b, ¢ the approximate solutions obtained from a formal splitting

without preconditioning and from a splitting after pre-conditioning with (8.4) for the problem
S =0, (z,y)e D=(0,1) = {0,1)

u=xy|(1 — 2z)(1 — 3y}|, (x,y) € 1.

Note that the boundary function g is continuous on D but not differentiable. We do not know an analytic
solution for this problem, but we do know from Section 1.3 that it has a unique classical solution.
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Figure 8.1: (b) Solution u20 of Au—0 in D, u=xy|(1-2x)(1-3y)| on dD obtained with a formal splitting.

Figure 8.1: (c) Solution u20 obtained after preconditioning with (8.4).
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Example 8.2 Preconditioning for general boundary data.
Separation of variables is applicable to Poisson’s equation

Au=Flz,y), (z,y) € D=(0a)x(0,b) (8.5a)
subject to boundary data of the third kind
Hu .
l‘:’].(‘TW y:l ﬁ 'I' C?.':x1 :"-:"}u = .q(i:y}- {:T"'illl} E er (8.5b)

where 5 denotes the outward normal derivative of u on aD (e.g., 5 (0:¥) ==3z (0.¥)and where c1 and
¢l are nonnegative constants on the line segments x=0, a and y=0, b of [1[1dD. At the corner points
the boundary condition is not defined and not needed for the approximate solution. We do assume that
g is continuous on each line segment and has limits as we approach the corners.
If g(0, y) and g(a, y) are twice continuously differentiable, then it is straightforward to find a smooth
function v defined on D which assumes the given boundary conditions at x=0 and x=a. We write
Vv(x, y)=0(0, y)fL(x)+g(a, y)f2(x)

where f1 and f2 are smooth functions which satisfy

—e1 (0,5} f1(0) + e2(0, 1) f1(0) =

erla,y)fi(a) + ez(a, y) fi(a)

1
0
and
=1 (0, ) £2(0) + e2(0, y) f2(0) = 0
ci(e,y) fala) + eala, y) fola) = 1.
A simple choice would be functions of the form
f1(x)=k11(x—a)+kl2(x—a)2
f2(x)=k21x+k22x2
for appropriate constants kij depending on ¢l and c2. When we define

. W(X/ y)=U(X, y)—V(X, y)/
then problem (8.5) is transformed to
Aw = F(z,y) — Av(zr,y) in D

S N \ r=10,a
£ — + collt =
] dn ’ g[:!:, Ea’] - [E] % +{-'2T,-'] s W= Urb'
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With homogeneous boundary conditions on opposing sides of dD we can apply the eigenfunction
expansion of Chapter 5. Note that the computed solution uN=wN+v will satisfy the given boundary
conditions on x=0 and x=a exactly and the approximate boundary condition

Sy Pu p i v v=0.b

15—"'{:11,\ = Punglx,y)— Py (la*{._ﬂt t {.1a+t._:’u on gy =100
This approach breaks down when the function v(x, y) defined above (and its analogue which
interpolates the data g(x, 0) and g(x, b)) is not differentiable. Then, in principle, problem (8.5) can be
solved with the formal splitting

u=ul+u2
where
Auy = Fi(x,v) (z,y) € D
dhuy 0 for y € (0,b) and x =0,
eyl }—+r2|:1 yluy = = (0,4)
in {x,y) forxze (0,a) and y =0 b,
Aup = F'Z{:Ly:l (1 y:l €D
g glr,y) forye (0b)and x =0,
e, y)—— + ealz, yhis = _
@ y) In 2(, y )z {'I] for x € (0,a) and y = 0,5,
and

F(x, y)=F1(x, y)+F2(x, y).
As in Example 8.1, this formal splitting can introduce discontinuities into the boundary data at the
corners of dD which may not be present in the original problem (8.5). In this case a preconditioning of
the problem is advantageous which assures that the splitting has continuous boundary data. The
exposition of preconditioning for the general case is quite involved and included here for reference. It
presupposes that g is such that the problem (8.5) admits a classical solution with high regularity. This
requires certain consistency conditions on g at the corners of dD which are derived below.
To be specific let us examine the solution u of (8.5) near the corner point (a, b). We wish to find a
smooth function v(x, y) so that the new dependent variable
w=u-v,

which solves the problem

Aw=F-Av=G(x, y)
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we [oge 4 ﬂ / S g 4 _|i| s
alz,y) 7 + el y)w = hiz,y),

can be found with a formal splitting without introducing an artificial singularity at (a, b).
Suppose for the moment that such a v has been found. If we write
w=wl+w2 and G=G1+G2,
then wl and w2 solve
Aw, = Gy(z,y) (z,y)eD

fun 0 for y € (0,b) and z = 0,a
"‘“"”E +ea(@yhun = {h[m,y] for x € (0,a) and y = 0, b,
and
Awy = Galz,y) (zy)c D
i {rr,?ﬂij.__ju: + cale, ylws = {::(w! v) izi ;:Z iﬂ !;:I] E:::LI[RI{; i ([];!1
where

bz, y) = 9(@,9) [ @) 2 (2,1) + eala o) 66

Now we can apply our eigenfunction expansion. The eigenvalue problem associated with wl is
¢"(x) = pelx)

—e1{0,1)e"(0) + e2(0,y)d(0) = 0

crla, y)d'(a) + ez(a, y)ol(a) = 0.
Its solution is discussed at length in Section 3.1. Let {~A%} and {#m(2)} denote the eigenvalues and

eigenfunctions for m>mO0 where, depending on c1 and ¢2, m0=0 or 1. Then the problem for wl is

approximated by A PaGaleg)
wyp = Iyl (8 y

eyl r]ﬂi’l + ooz, y)wy = 0 for z =0,e
Ty i ald, iy = Pyhiz,y) for y=0,b,

where
M

PyGala, y) = Z Yo (W) O ()
(G, y), dm(x))
{thrm s Oem )

Tmly) = (f.9) = / Sflx)g(x)dx
0
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nuj!.{w,[]}-= Z &rrtd’m{:‘;}

_ {h{i' U:'! Dry ['5}}
" (@ G )

and g
Pyh(z,b) = > Bubm(x).

e — {F!(I..f?},d.'m[:!:]}
T (G Oy

This problem is solved by
A

T-"»'L'l.i‘[Iq H] = Z ”rﬂ{y}'?m{m}

M=y

where
—ALam(y) + alh (1) = Tmly)

= {Ir {]}'&{n {D} -+ :’Tgl::;:l’.'_. ﬂ]ﬂ'm {G:I = ‘ﬁm

er(z, B)al, (b) + oz, B)am(b) = G-
The solution an(y) has the form
an(y)=d1l sinh Any+d2 cosh Any+anp(y).
Whether one can solve for the coefficients d1 and d2 depends on the data of the problem. For ¢1¢2>0
any solution we can construct is necessarily unique because the solution of the Robin problem is unique
as shown in Section 1.3.
Similarly, w2 is approximated by the solution w2N of the problem
A = Py Galz,y)

dwy v ) Pnhizy) forz=0a
) [.l;r: y} an J ﬂﬁ{l" y:l?i-z - {[] for y = E': b,
where

PuGalr,y) = Z )t (y),
(Galz, y), ¥ — ’ -
ST (f.g) = fu flwgly)dy

N

Prh(0,) = Y Guthnly)

n=npy

Tulx) =
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_ {h{(0,y), ¥n(w))
" (¥, Un)

and
N

Puh(a,y) = > Bntbn(y)
= r . +
{thn, Pn}
Here {—4%:}and {wn(y)} are the eigenvalues and eigenfunctions of
V'(y) = —6*(y)

—eq(z, 0)8"(0) + ex(x,0):(0) = 0

ey(x, b’ (b) + ealz, b)p(b) = 0.
The solution is

wan(@,y) = 3 anl@)dn(y)
where
—8 v, (z) + 0l (x) = v ()

—¢1(0,y)a5, (0) + c2(0, y)an (0) = éy,

cla, y]ﬂ‘;{ﬂ] + C?{“* Y)ola) = 3y,
Let us now turn to the choice of v. The discussion of the Gibbs phenomenon in Chapter 4 suggests that
the preconditioning should result in boundary data that satisfy the same homogeneous boundary
condition at the corner points as the eigenfunctions used for their approximation. This will be the case
for h(x, b) and h(a, y) at the point (a, b) if
I]:i_lil [{:l(ﬂry}hi{xrb] + C‘J{:af H:‘"L{Ib‘]] =0

and
Lﬂlclix,b]fty{a. y) + cala, b)h(a,y)] = 0.

(Remember that the coefficients ci(x, y) are constants along x=0, a and y= 0, b.)
Substitution of (8.6) for h(x, y) leads to the two equations
n]_ii!lm[(.‘l{:u._ ) gz, b) = {e1(z, b)vye(a, b) + calz, b)ve(a,b)}]

+ ez(a, y)[g(z,b) — {e1(z, b)uy(a,b) + ca(z, bjuia, b)) =0
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and
lim [e1 (2, b) gy (@, y) — {1 (@, y)vay(a, b) + c2(a, y)vy(a, b)})

+ ea(x, b)|gla,y) — {e1(a, y)ve(a.b) + cala, y)v(a, b)] = 0.

Thus
e (e, y)e (e, blug, (o, b) + e (a, y)es(z, b)ve(a, b)

+ ez, Weale, ylv,(a, b) + cala, y)ea(z, bu{a, b)
= lim [e1(a, y)g2(x, b) + cala, y)g(x, b)l,
ey (a, y)e (e, blug,(a,b) + ey (a, y)ea(x, b)ug(a. b)
+ ¢y (i, blea(a, y)oy(a,b) + ezla, y)ea(x, bv(a, b)
= lim(e, (2, b)gy(a, ) + ex(z, b)gla, y)].

(8.7)
Both equations have the same left-hand side and hence can have a solution only if
lim ler(a, W) gz (2, b) + cala, y)glz, b))
= 5lri_lphlculiﬂ-:. b)gy(a,y) + ca(x, b)gla, y)]. (8.8)

We shall call the boundary condition consistent at (a, b) if equation (8.8) holds. The meaning of (8.8)
becomes a little clearer if we look at two special cases. Suppose that Dirichlet data are imposed on x=a
and y=b, i.e.
ulx, y)=g(x, y) on x=a and on y=b.
Then cl(a, y)=cl(x, b)=0 and c2(a, y)=c2(x, b)=1. The consistency condition (8.8)
lim g(a,y) = lim g(=, b)
1= E s

simply implies that g is continuous on dD at (a, b). Equation (8.7) reduces to the preconditioning
condition known from Example 8.1
v(a, b)=g(a, b).

Suppose next that

u

B gle,y) onz=aandony=h
Then c1=1 and c2=0 and (8.8) requires that

lim g (@, b) = Ii::}'gz,[u.y}.
F il y—

x
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Hence if g is differentiable on dD at (a, b), then uxy(x, y) is continuous on @D at (a, b). In this case
(8.7) requires

eyl b) = lim g.(z. b).
=0

In general it is straightforward to show with Gaussian elimination that if (8.5b) holds and can be
differentiated along x=a and y=b, then the resulting four equations for u(a, b), ux(a, b), uy(a, b), and
uxy(a, b) are overdetermined and consistent only if (8.8) holds. If the data are not consistent, then
preconditioning is generally not possible. On the other hand, if this consistency condition is met, then
we can choose for v(x, y) any smooth function which satisfies (8.7). Similar arguments apply to h(x, y)
at the other three corners of the rectangle. If the data are consistent everywhere, then we look for a
smooth function v(x, y) which satisfies four equations like (8.7). It is straightforward to verify that the
function

A L.
vab (%, ) = H2°V°

with
A= lim[e1(a, v)gz(x, b) + c2(a, y)g (. b)]

and
B = dey(a, y)e (x, B)ab + 2¢ (a, y)es(x, blab® + 2¢,(x, b)ez(a, y)a®b

+ eala, y)ea(z, Ba*b?

satisfies equation (8.7) and
vab=vabx=vaby=vabxy=0 at (0, 0), (a, 0), and (0, b).

Similar functions of the form
Vo0 (x, y)=C(x-a)2(y—b)2
vob(x, y)=D(x—a)2y2
va0(x, y)=Ex2(y—b)2
with appropriate coefficients D, D, and E allow us to express v(x, y) as
v(x, y)=v00(x, y)+va0(x, y)+vab(x, y)+vob(x, y).
Preconditioning with such a polynomial introduces an additional smooth source term into Poisson’s

equation for w, i.e.
Aw=Au-Av=F(x, y)-Av(x, y),
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but its influence on the eigenfunction expansion solution appears to be small because the problems to
be solved with the formal splitting have classical solutions with the same smoothness as the solution u
of the original problem. Hence preconditioning of the data to ensure that the subsequent splitting has a
smooth solution is not particularly arduous and greatly improves the accuracy of the approximate
solution.

As illustration let us consider the problem
Au =0, (z,y) € D =(0,1) x (0,1)

uy(z,0) =0, ze(0,1)
2

u(l,y) = % y e (0,1)

uy(z, 1) = x(2z - 1), re(0,1)
w(0,y) = (1 -y)*, we(01)

Y

A

u, = r(2z — 1)
1
H:(l—y)2 MAu=10 ?_E_:I";
Ty, =10 1 r_-]f:

Figure 8.2: (a) A graphical display of the test problem.
A useful mnemonic to visualize the problem and help keep track of various splittings is to graph
geometry and problem as in Fig. 8.2a. It is straightforward to check that these data are consistent at
the corners (1, 0), (1, 1), and (0, 1) but not at (0, 0) where

:-"jlu (0, y) # ;I:-“f]u uy(x, 0).
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We shall solve this problem three different ways. First, we write

w(x, y)=u(x, y)-v(x, y)

vix, y)=(1-y)2(1—-Xx)+xy2/2, (8.9)
and apply the eigenfunction expansion method to
Aw=r—-2=0G(z,1)

with

w(0, y) = w(l,y) =0
wy(z,0) = 2(1 — z), wy(z, 1} = 2z(z — 1).

The eigenfunctions are (%) = sinA,x, A, = nw, n 2 1 50 that we will see a Gibbs phenomenon in the
approximation of G(x, y) at x=0 and x=1, and in the approximation of wy(x, 0) at x=0. Our second

solution is obtained from the formal splitting u=ul+u2 where
.ﬁ!h =1

ui(uf 3.||'2| = ul{lry} =0

urylz,0) =0, uy,(z, 1) = z(2xr = 1),

and
.ﬂug =)
2
1
”'2{[:':31"} = |:1 - y}z._ J!g[:]_,_yll = JE

gy (2, 0) = ugy(z, 1) = 0.

It is easy to see that the boundary data for ul are not consistent at (1, 1) and that those for u2 are not
consistent at (0, 0) and (1, 1). The discontinuity in u2y at (0, 0) is inherent in the problem. The
discontinuities at (1, 1) are caused by the formal splitting.

The artificial inconsistency at (1, 1) can be removed by preconditioning the data. We observe that the

eigenfunctions #(*) and w(y) of the formal splitting satisfy the boundary conditions
#(0) = ¢(1) =0

¥(0) = ¢'(1) = 0.

We define
w=u-v.
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Then v should be chosen such that the boundary condition wy(x,1)= x(2x—1)—vy(x, 1) can be

expanded in terms of {#m(%)} without introducing a Gibbs phenomenon. This requires that wy(0, 1)=0

and wy(1, 1)=0. Similarly
w(0, V)=(1-y)2-v(0, y)
should satisfy the boundary conditions of {yn (y)}, i.e.

wy(0,0)=wy(0,1)=0.
Similar expressions hold along the lines y=0 and x=1. Altogether we have the conditions
ﬁE}] wy(r, 1) = 1]—1."| wy(z, 1) =10

J!_I_IE}:I wy(x,0) = 1%mli wy,(z,0) =0

lin%]u:_,‘,{[], y) = lim wy(0,y) =0
y—l. —l

Illtl wy(l,y) = 1111| wy(Ly) =0

This leads to
vy(1, 0)=uy(0, 1)=0, wy(1, 1)=1

hm vy, (0,7) = ;ir{h vy (e, 0) = 0.

and the inconsistent condition

We observe that the function
vie,y) = .x:g,r
=Ty

satisfies the conditions at (1, 0), (1, 1), and (0, 1). Then the preconditioned problem is
Aw = —x

w(0,y) = (1 - )%, w(l,y) =0

wy(z,0) =10, wy(x, 1) = 2x(z — 1).
We split the problem by writing
w=wl+w2
where
Awl=0
wi1(0, y)=wi(1, y)=0
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wly(x, 0)=0, wily(x, 1)=2x(x—1)
and
Aw2=-x
w2(0, )=(1-y)2, w2(1, y)=0

w2y(x, 0)=w2y(x, 1)=0.
We verify by differentiating the Dirichlet data along the boundary that the data for wl and w2 are
consistent at the corners except for the point (0, 0) where

;[riiﬂi way, (0, 1) # ~l]_rglu way, (x,0).

The separation of variables approximations to wl and w2 are readily obtained. Since the preconditioning
in this problem was carried out to preserve the smoothness of uy at three corners, we show in Figs.
8.2Db, c, d the surfaces for uy obtained with the three formulations. The discontinuity at (0, 0) is
unavoidable, but otherwise one would expect a good solution to be smooth. Clearly it pays to
precondition the problem before splitting it. Zeroing out inhomogeneous but smooth boundary data on
opposite sides with (8.9) and using an eigenfunction expansion preserves smoothness, requires no
preconditioning, and is our choice for such pr(IDJbIems.

y

Figure 8.2 (b) Eigenfunction expansion with exact boundary data at x=0, 1 and a Gibbs phenomenon on
y=0.
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Figure 8.2 (d) Solution uy from a formal splitting after preconditioning, with a Gibbs phenomenon on
x=0.
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Example 8.3 Poisson’s equation with Neumann boundary data.
The problem

Au = F(z,y), (x,¥) € D =(0,a) = (0,8)

3 .
5—; = glx,u), (x,y) € OD
Is examined in Section 1.3. We know that a solution can exist only if

ff-‘rf;ndyzjlg g s,
A - (8.10)

and we shall assume henceforth that this condition holds.
For the eigenfunction approach we need homogeneous boundary data on opposite sides of dD. If 0(0,
y) and g(a, y) are smooth, then for

(a —ax)? a?
+gla,y)5,

viz,y) = g(0,y)

the new dependent variable
w(x, y)=u(x, y)-v(x, y)

Aw=F(x, y)-Au (X, y)
wx(0, y)=wx(a, y)=0
—wy(x, 0)=g(x, 0)+vy(x, 0)
_ _ wy(X, b)=g(x, b)-vy(x, b).
Since for any smooth function h the divergence theorem

Hh
f hdzdy = — ds
s} an in

holds, we see that the new problem satisfies the consistency condition (8.10). Furthermore, since the
eigenfunctions associated with this Neumann problem are cosAnx, An = “a» t=0,1....,

integrating that
N b i
f Py F(z,y)drdy = Z / T lw)dy / o ()l
n nep?0 0

1]
='f¢f ‘:'D{y]dy=f1"{x,y}cixdy
0 D

solves
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and

f Prglx,0)dx = dgn :f glx, 0)dx
0 0

so that the approximating problem obtained by projecting F and g also satisfies the consistency
condition (8.10). Hence the Neumann problem is solvable in terms of an eigenfunction expansion.
If {9(0, y), g(a, y)} and {g(x, 0), g(x, b)} are not twice differentiable, then Av does not exist and we
are forced into a formal splitting of the Neumann problem. Such a splitting requires that each new
problem satisfy its own compatibility condition analogous to (8.10). We can force compatibility by
writing, for example
Aul=F1(x, y)
ulx(0, y)=ulx(a, y) =0
—Uly(X, O)ZQ(X, O)’ U1y(Xr b):g(X, b);
Au2=F2(x, y)
—u2y(x, 0)=u2y(x, b)=0
, —u2x(0, ¥)=9(0, y), u2x(a, y)=9(a, y)
where F1 is chosen such that

1]
f Fy(a, y)dx dy = f [g(z,0) + glx, b))dz
D 0

and
F1(x, y)+F2(x, y)=F(x, y).

F1(x, y)=F(x, y)-A
1 1]
A= @fu [9(0, ) + gla,y)]dy.

A possible choice for F1 is

where

An eigenfunction solution for ul and u2 is straightforward to compute.

When the boundary data of the original problem are consistent in the sense of equation (8.8), i.e., at (a,
b)

lim g, (x,b) = |itt} gyla, y),
e

then the above splitting should be applied to w=u-v after preconditioning with an appropriate v. Since v

. . . . , L
Is a given smooth function, it follows automatically that (Av, 52) are compatible in the sense of (8.10).

Hence preconditioning and the source-flux balance (8.10) are logically independent.
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Example 8.4 A discontinuous potential.
We consider a long rectangular metal duct whose bottom and sides are grounded, and whose top is
insulated against the sides and held at a constant nonzero voltage. We wish to find the electrostatic
potential inside the duct. We shall assume that far enough away from the ends of the duct the potential
Is essentially two dimensional and described by the following mathematical model:

Au=0 in 0 =(0,2) x(0,1)

u(0,y) = u(2,0) = u(2,y) =0,  (2,y)€8D

w(x, 1) = 40, x e (0,2).
This problem is straightforward to solve with separation of variables and is chosen only to illustrate that
preconditioning is not always possible and to demonstrate the influence of the Gibbs phenomenon on
the computed answers.
The associated eigenvalue problem is
¢"(x) = po(x)

H(0) = (2) =0
with solutions
iy () = sin Az, Ap = —, n=1,....

The approximate solution
T[_n{{_‘j_h y:l — z fl’,‘{y]{f}“[;!_—}

n=1
solves .
—Xaon(y) +an(y) =0
40(1, é,
Q‘,;{U) = U, &n{lj = '{'ﬁ_{#}} a
vy Wi

The solution is

80 e [1 = (—1)"] sinh Ay
un(z,y) = =) [ EI - sinh Ju:y Sif An.
" sinh A (8.11)

=1

The discussion of the Gibbs phenomenon in Chapter 4 applies to the Fourier sine series of u(x, 1)=40.

We can infer that for all # € (0,2)
up(r,1) =40 as N —
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but also that for sufficiently large N we will have the approximation error

sup un(x, 1) —40 2 0894 = 80 = 7.15.
xc(0,2)

It also follows from (8.11) that for all n
B[ C1sinh Ay
m ) sinh Aq

w1 (H) e
T nawml—e"T N\ g2

where K = 53.23 and

T

T
nly) = (:) <1 fory<l.

Hence for all y<yO<1 the approximation uN converges uniformly on [0, 2]x [0, y0]] to a function u(Xx,
y) as N—oo. If we accept u(x, y) as the (gegceralized) solution of our problem, then

mn o o Lo ex
lup(z,y) —ulz,y)| = K Z o = If.'j c —dx = KE (—Na),
n=N41 N '

where E1(z) is the exponential integral
o0 —xt
Er(z) = "Tm:, 2> 0.
1

Hence to guarantee an error bound of 10-6 at a point (X, y), y<1, it is sufficient to find N such that
53.23E1(—Nlna) = 107% or Ej(-Nlna) =1.8810 %
The computer tells us that
E1(15.015)~1.88 10-8

so that
15.015 30.3

N

12

—Ina  w(l-y)°
Of course, this estimate is pessimistic but, as Table 8.4 shows, still predicts the correct order for the

number of terms to give an error of <10-6.
Table 8.4 Numerical solution of the potential problem

Coordinates Solution N Predicted by (8.12) N Required

(1.999, .999) 20.0002 9559 5615
(1, .5) 17.8046 20 19

(.001, .001) 6.19008 10-5 10 3
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The analytic solution u is taken to be uN for N=10,000 which is guaranteed to differ from the infinite
series solution by less than 10—6 (in infinite precision arithmetic). The required N is the smallest N for
which we observe [u—uN[<10-6 at the given point.
As we have seen before, we may need hundreds and thousands of terms in our approximate solution
near points where the analytic solution has steep gradients.
Finally, we observe that the (approximate) equipotential lines in the duct are the level curves of
uN(x, y)=c.

The electric field lines are perpendicular to these contours. Since uN(x, y) is an analytic solution of
Laplace’s equations, one knows from complex variable theory that the field lines are the level curves of
the harmonic conjugate VN of uN which is found by solving the differential equations

VNy=uNx, vNx=—uNy.
From (8.11) now follows that up to an additive constant
80 o [1 — (—1)"] cosh A,y
vz, y) - ,,,Zzll Sinb A, COs AT,

Equipotential and field lines in the duct are shown in Fig. 8.4.

Figure 8.4: Equipotential and field lines obtained from u20 and v20.
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Example 8.5 Lubrication of a plane slider bearing.
Reynolds equation for the incompressible lubrication of bearings can sometimes be solved with
separation of variables. One such application is the calculation of the lubricant film pressure in a plane
slider bearing. It leads to the following mathematical model: suppose the bearing has dimensions D=(0,
a)*(0, b). Then the pressure in the lubricant is given by Reynolds equation

{hﬁpr],._ + {fts;:zjz = ch., (z,2) € D

p=10, (,z)e D
where h is the film thickness and c is a known constant. (For a description of the model see, e.g., [17].)
A closed form solution of this problem is possible only for special film shapes. If the film thickness
depends on x only, then separation of variables applies. Assuming that h(x)>0 we can rewrite Reynolds
equation in the form

. Wz} _ch'(x)

Dze +3 h(z) Prt+ Pz = hiz)®

Following Section 3.2 we associate with it the reqular Sturm-Liouville eigenvalue problem

(K (x)¢') = ph®(x)¢

o(0) = @la) = 0.
Standard arguments show that any eigenvalue must be real and negative, and that eigenfunctions
corrresponding to distinct eigenvalues are orthogonal in L2(0, a, h3).
Eigenvalues and eigenfunctions can be found, at least numerically, when the film thickness is given by
the linear profile

h(x)=A+Bx, A, B>0.
Then the eigenvalue problem can be written in the form .
(A+ Bz)*¢" + 3B(A + Bz)¢' = u(A + Bx)*¢

#(0) = é(a) = 0.
With the change of variable y=A+Bx it becomes -
v " (u) + 3’ (u) + Ny e(y) = 0

$(A) = ¢(B) =0, where B = A + Ba,
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and where u=—(AB)2. In terms of y this is a regular Sturm-Liouville problem with countably many

orthogonal eigenfunctions in #2(4, B,%%). The eigenfunction equation can be solved by matching it with
(3.10). We find that the general solution is

@) =  leni () + ea¥i (]

We obtain a nontrivial solution satisfying the boundary conditions provided the determinant of the linear

system
(Jl{h}j Yl{:u}]) (r:,) 0
Ji(AB) Yi(AB)) \e2
is zero. Hence the eigenvalues are determined by the nonzero roots of the equation
f(A) = JH(AAY(AB) — L1 (AB)Y:(A4) = 0.
For each root An we obtain the eigenfunction
6n(0) = 5 i O A (nt) = i AnA)Yi )]

The general theory assures us that the eigenfunctions are linearly independent and that in the
L2(A, B,¥*) sense they approximate the source term _

ch'[h* = eBjy®.
In terms of y and z the approximating problem is iplved by

pr(y:2) = D anl(z)dnly)
mn=1
where an(z) is a solution of

wen s {Cﬂ;‘ryﬂr"ﬁ'n}
OB )+ o) = 5 = L)

e (0) = arn(b) = 0,

i .
with (1) = [a FWa(v)y’dy. ts solution is
o (2) = Yn [sinh BA,(b - 2z) +sinh BAnz
=52 sinh BAb
The roots of f(A)=0 and the 7= require numerical computation. (We point out that the singular Sturm-

Liouville problem with an assumed film thickness
h(x)=Bx

1].
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has no eigenfunctions on [0, a] because Y1(¥) — =2 and J1(y)/y—1/2 as y—0 so that ¢(0) = 0 requires
c1=c2=0. For this case an eigenfunction expansion in terms of eigenf unctions in z is proposed in [17]
but it is not clear that the resulting solution can satisfy both boundary conditions

o p(0, z)=p(a, 2)=0.)
Example 8.6 Lubrication of a step bearing.
The following interface problem yields the fluid pressures u and v inside a step bearing [17]
Au =10, (z,z) € Dy =(0,29) x (0,b)

Awv =10, (z,2) € Dy = (xg,a) x (0,b).
The pressures are ambient outside the slider, i.e.
u(0, 2)=v(b, z)=0
u(x, 0)=u(x, b)=0, v(x, 0)=v(x, b)=0.
The interface conditions representing continuity of pressure and fluid film flow at the interface at xO are
u(x0, z)=V(x0, z)
ux(x0, z)=C1lvx(X0, z)+c2
for c1>0.
It follows immediately that the approximate solutiops uN and VN can be written as

un(z,z) = Z o () dn(2)
n=1

N

vn(x,2) = Z Bnl(z)dn(z)

re=1
where
1’:‘5“{3:' — Si]'.l .-'"an. .Jh-, - —

and
() = d, sinh Az

Bn(z) = Bpsinh Ay (2 — a).
The interface conditions require .
vy sinh Ay g = 3, sinh A, (29 — a)
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v Ay cosh Ay g = 000, A, cosh AL (29 — a) 4 oo,
After a little algebra we obtain
B ea sinh Ay (g — a)
Anlcosh Ay zg sinh A, (zo — a) — ¢ sinh A, zg cosh A, (29 — a)]

Ly

sinh A, @

"sinh Ay (zp —a)
Example 8.7 The Dirichlet problem on an L-shaped domain.
It has become commonplace to solve elliptic boundary value problems numerically with the technique of
domain decomposition to reduce the geometric complexity of the computational domain, and to allow
parallel computations. The ideas of domain decomposition are equally relevant for the analytic
eigenfunction solution method. There are a variety of decomposition methods on overlapping and
nonoverlapping domains. Here we shall look briefly at combining eigenfunction expansions with the
classical Schwarz alternating procedure [3].
Let us summarize the Schwarz method for the Dirichlet problem

Au=Fin D

u=0 on dD
where D is an L-shaped domain formed by the union of the rectangles D1= (0, a)x(0, b) and D2=(0,
€)= (0, d) for c<a and b<c. To simplify the exposition we shall choose here

D1=(0, 2)x(0, 1), D2=(0, 1)x(0, 2)

F(x, y)=1.
The Schwarz alternating procedure generates a solutli';on1 uin D= DU D% a5 the limit of sequences
u= lim {u",v"}
k=00

,lgn = X

and

where uk and vk are the solutions for k=1, 2,... of the Dirichlet problems
'&uk:ls [‘TUJCD]

u*(0,p) = u*(2,y) = u¥(,0) =0
wk(z,1) = vz, 1), =€ (0,1)
0, z€1,2)

< previous page page 221 next page >



page_222
< previous page

Page 222
and

page 222

avk = l-'r [1"1 U] = UZ

v*(0,7) = v*(z,2) = v*(z,0) =0

Koy o Jut(Ly), yEe(0,1)
v(Ly) = {u, y € [1,2]

for any continuous initial guess ¥"(®: 1), € [0,1] with v°(1, 1) = 0.
Let {#m(2)} denote the eigenfunctions associated with Au and {wm(y)} those corresponding to Av. For

this simple geometry we see that

@ () = sin Az

T!'b'rrl [Tf}l = sin -']"'rr:'!

with A= = "3 Then the projected source term is

where

The eigenfunction solutions of

and

are

where @m(¥) is the solution of

with

< previous page

(L)
{r;},,,, ‘;‘jrr!}

A

m=] m=

Auk=PM1
Avk=PM1

M

ufe(z,y) = Y ok ()dm(2)

m=1
M

vp (2, 0) = 3 B ()dm(y),

m=1

_}'fn Lo + ﬁl::-. [Tf} = :}fm

am(0) =0,  am(l) =4,

s _ (@ 1), 6m(@)
{q}fﬂ-! [;'"t}

page_ 222

M
D Amtm(y)
1

2
with (f, g) = f.] f@)g(z)dz.
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{(f,9)} is meant to denote the integral

fu f(@)g(z)dz

that arises because (x:1) =0 for z € [1,2]. Simjlarly, #m (%) is the solution of
_-'}"E-;.S‘rrl + S:-‘{E} _— .-}-T“
Bm(0) =0,  Bn(1) =g~
with
{{“k“! yjrﬁ)m {IJ:]}}

':T.'If'm. 1 u}rrz}

3k =

We verify by inspection that
ok (y) = &5, fm(y) + P ()

where
sinh Ay,

fmly) = 0 Yo

Fm [ 8inh A (1 — y) + sinh A,y
?}m{y:l = .J|._2 -

1.
sinh Ay,
Similarly, #m () will have the form f
-H-f:; [J’] = ﬁ::;ﬂrrtlzf] + 'rfm{”:}
for appropriate g and q. (Of course, for this geometry and source term we know that gm=fm and

gm=pm.) It follows that
M

Ak = Z ':.r'-'.':ﬂj'[i‘-}.a; b g (1)) (1), P (2)))

" i=1 {ﬁﬁm ' f.:'trt}

With @ = (é1,-...8u) and = (B1.---, Bardwe can rewrite (8.13) in matrix form
a* = A+ b

(8.13)

where
A = Hoi@ei(1), dm(x)))
m {¢Iﬂ1 qﬁ'ﬂ'i}
M r o ;
{{gi(x)1;(1), Bm(x)))
by = : .
; <¢m~ qﬁ'ﬂ'i}
Similarly, we obtain B
A" =Ba* + ¢
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where
B .= {{f_'r [Tf}{t'_l [lji ii'-"'rrtr.,y}}:l
mi r 0
{Wrms Yn )
M .
C e Upi(es(1), (1))
Cm = JZ; '::'ir""m- t.-';"m} )
These matrix equations lead to the recursion formula

a* = ABE* ! + A+ b, (8.14)

ok
Since Ui and ™ are analytic solutions, we know from the Schwarz alternating principle that they
converge to a solution uM of

Au=PM1.
Hence
M
un(z,9) = Y [fiw)af +pi(w)] 65(x),  (=.y) € Dy
i=1
M
vn(2,4) = Z l9i ()35 + qilx)] ¥5(y), (x,y) € Da
F=1
where @ and 7" are solutions of the algebraic equations
" = ABa" + AF+ b, G" =DBa’ +¢ (8.15)

on D1 Dz poth formulas yield the same function.

Fig. 8.7 shows the solution of our problem obtained by solving the linear system (8.15) and substituting
into uM and vM. The symmetry in this problem simplifies our calculations but is not essential for this
approach. It will be applicable to the union of intersecting domains provided that the Schwarz
alternating principle applies for the geometries in question, and that separation of variables is applicable
on each subdomain.
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Figure 8.7: Surface ul5 for Au=1 in D, u=0 on dD for an L-shaped domain D.
Example 8.8 Poisson’s equation in polar coordinates.
We consider the problem
Au=Fon D
where D is
i) A truncated wedge with D={(r, 6): 0<RO<r<R1, 60<6< 61}.
i) An annulus with D={(r, 8): 0SR0O<r<R1, 60<6<60+2n}. If R0O=0, we have a disk of radius R1.
i) An exterior domain with D={(r, 8): 0<RO< r, 60<6<61}.
For ease of notation we shall choose our coordinate system such that 60=0.
The boundary of D consists of
i) The rays 6=60, 61 and the arcs r=R0, R1 between these rays. If R0=0, then the arc r=R0 shrinks to
the origin.
i) The circles r=R0, R1. If RO=0, then the inner circle becomes the origin.
i) The rays 6=60, 61 and the arc r=R0. There is no boundary at infinity, but for computational reasons
it is common to think of an outer boundary at r=R1 where fi1 = fo.
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We shall consider first the problem on a wedge
Lu = e + %ﬂr- + :-_, ugg = F(r,6), (r.8)€ D= Ry, Ry)x (6y.0)
ﬂ[{"',&}% +C2|:T', H}u = .'?{T: "J)* = ﬁlizﬁlzs
d
er(r0) 5 +ca(rO)u=g(r0), r=RoR (5.16)

where c1(r, 8) and c2(R, 6) are constants along the rays and arcs. Note that these boundary conditions
are not the same as

W22 = g(r. 0

Ll@n t+ cou = g(r,0)
because 5

B_E = :—11‘!3(1“15‘} on # = i
which introduces an r-dependence into the coefficient of u6.
If the functions g(r, 60) and g(r, 61) are twice continuously differentiate with respect to r, then as in
Example 8.2 we can find a smooth function
v(r, 8)=g(r, 60) f1(6)+g(r, 61)f2(6)

which satisfies the boundary conditions on the two rays. Then the function w(r, 8)=u(r, 68)—-v(r, 6)
satisfies homogeneous boundary conditions on the rays. Hence with little loss of generality we shall

assume that
g(r, 60)=g(r, 61)=0.
With this simplification the eigenfunction method for Poisson’s equation in polar coordinates differs little

from that for Poisson’s equation on a rectangle described in the preceding examples. We consider
Au = F(r, 8)

cittg + cott = 0 on 8 = Oy, &4

[ aj + cou = g(r,0) on r = Ro, Ry.

n (8.17)
The eigenvalue problem associated with (8.17) is
¢"(8) = pa(f)

c1(r; 0o)d' (o) + c2(r, 00)é(fo) = 0
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r.']_{?",ﬁl }ltp‘rl:g'l:l -+ -r.'gli]"! Hl]d:'{ﬂl} = (.
This is a standard problem with solutions {#=(#)} given in Table 3.1 or found after solving equation
(3.6).
The approximating problem for (8.17) is

N

iU, + e + ugs = R\.‘I:'I"EFI:T, f)) = Z Y7 ) ()

n=rg

~1(Ro,8)tr + ca(Ro, 8 = Prg(Ro,8) = 3 Ginsa(6)

=nq

N
e1(R1, 0)up + c2( Ry, 0)u = Pug(Ry,0) = > d.¢n(8)

n=ng

where n0=0 or 1 depending on the boundary conditions, and where

r(F(r,0), 6.(8)) . o
(B ) with {f,g) = b, fldg(ede.

"I"rtlir] =
The solution is
un (r,8) = > an(r)ga(6)

N
=1y
where

2" . 2 _ .
ooy, + g, — ALy = ya(r)

—E.‘]_{Hn., H]:’l‘;{ﬁ.{]] -'- !’.'ﬂ{H.{...H]I:’I"{Rn]I = (‘In

1y, ﬂ:l“’::{le +ea( Ry, 0)an(Ry) = 4,. (818)
Equation (8.18) is an inhomogeneous Cauchy-Euler equation and has the solution
an(r)=dln+d2n In r+anp(r) if A\n=0
an(r)=dlnrAn+d2nr—An+anp(r) if A\n > 0.
The coefficients d1n and d2n are determined from the boundary conditions, while the particular integral
anp(r) can often be computed with the method of undetermined coefficients or the method of variation
of parameters.
Let us now comment on the case either where RO=0 or where the exterior problem has to be solved.
For a realistic problem on a wedge with R0O=0 we do not have an inner boundary condition but would
expect that
rlirpﬁ|t.!.|[r._£':l| < oo,
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In this case necessarily d2n=0 for all n.
For the exterior problem the application typically imposes a decay condition on u as r—co. For example,
if limu(r,#) —0as r — o0, then necessarily

d1n=0 for all n>0 as well as d2n=0 when An=0.
If the boundary data do not allow us to find a smooth function v such that w=u-v satisfies a
homogeneous boundary condition on the two rays then we are forced into a formal splitting

u=ul+u2

where ul solves (8.17) and u2 is a solution of
1 1

Upp + = Up + — tigg =0
T T

)
c1(r, ﬂ]ﬁ +ea(rBu =10 forr= Ry R,

c1(r, Bug + ca(r,f)u = g(r,8) for 8 = 8y,0,.
The associated eigenvalue problem is ,
2" (r) + ré' (1) = po(r)
—e1(Ro, 0)6"(Ro) + c2(Ro, 8)(Ro) =0

c1(Ry,0)¢" (Ry) + ea( Ry, 0)@(Ry) = 0.
The discussion of Section 3.2 implies that for RO>0 the above eigenvalue problem can be written as a
regular Sturm-Liouville problem for the equation

(/1) = o 61(r)

Hence we know that the eigenvalues are nonpositive, i.e., y=—A2, and that the eigenfunctions are
orthogonal with respect to the weight function

The Cauchy-Euler form of the differential equation allows us to find the eigenfunctions explicitly as
dr)=dicosAlnr+dssinAlnr

(see Example 6.9). Substitution into the boundary conditions leads to the matrix equation
A(X) ) _y
dy) =
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where

Ay = ul[Rc.}% sind A In ) + o Hp) cos{ X 1n By)

A
Az = —rr]{Hu}l-j-?E; cos(AlIn Rg) + ca( Rg) sin{ A In Ry)

A
Asy = (B }H— sin{AIn fy) + cal Hy) cos{An /)

1
Aoz = —cﬂ[ﬂ.l}% cos(Aln Ry ) + eo (R ) sin(A n By).
1
As in our discussion of Chapter 3, we now require that det A=0. This is in general a nonlinear equation
in A. For each solution An we find the corresponding eigenfunction
Pnlr) = Ajz(An) cos(A, Inr) — Ay (A, ) sin(A, Inr).
Once the eigenvalues and eigenfunctions are known we can write the approximating problem and solve
it in the span of the eigenfunctions. Details are now very problem dependent and will not be pursued
further here.
Let us now turn to periodic solutions. If the problem is given on an annulus or a disk and the solution is
expected to be periodic in 6, then we may take
60=0 and 61=2n
and impose the homogeneous periodicity conditions
u(r, 0)=u(r, 2)
ub(r, 0)=ub(r, 2n).
The eigenvalue problem for #(¢) is now
¢ (0) = p(8)

6(0) = (27)
¢'(0) = ¢'(27).

The eigenvalues are ) ‘
Hn = _‘:"'f: = _ﬂ'g. ?12011,21-...

For n=0 we have the eigenfunction
w0(6)=1.
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For n>0 we have two linearly independent eigenfunctions
e (B) = sinnd

e (f) = cosni.
For any square integrable function f defined on [0, %n] we find that

-';J."‘-'f['g] = ﬂﬂﬁ-’l]{ﬂj . Z;ﬂntpﬂ [ﬂ) + brl.ﬁ"rl.{ﬂ:l]
n=1
Is just the Nth partial sum of its Fourier series.
For a given N one could linearly order the 2N+1 eigenfunctions
{1, 92, ... 0N, Y0, .., 0n}

and use the notation of (8.18) for the eigenfunction solution of Poisson’s equation. However, it is more
convenient to write

N
un(r, ) = ap(r) + Zirr,, (r)ibn (@) + Balr)r.(8)]
n=1 (8.19)
where both an(r) and Bn(r) satisfy equation (8.18) and the boundary conditions obtained by projecting
g(RO, 6) and g(R1, 6) into span{é.}tuspan{.}. |t follows that
teg(r) = dig + dag Inr + agp(r)
an (1) = dypr™ + dant ™" + rpp(r)

Ba(r) = Diar™ + Daur™ + anp(r). (8.20)
If instead of an annulus with R0>0 we have a disk, then as above we expect that
]irl6|u{r,£‘}; < 00
y—s

so that necessarily
d2n=0 and D2n=0 for all n.
Similarly, decay at infinity in the exterior problem would demand
d20=d1n=D1n=0 for all n.
Example 8.9 Steady-state heat flow around an insulated pipe 1.
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We consider the following thermal problem for temperatures u and v:
Au=0 RO<r<R1
Av=0 R1l<r<R2
u(R0)=80, v(R2)=-10
with interface conditions of continuity of temperature and heat flux
u(R1)=v(R1)
aur(R1)=vr(R1), a<1.
The equations describe, for example, radial heat flow around a vertical pipe with an insulation layer of
thickness R1—R0 whose conductivity is a times the conductivity k of the material in the annulus
R1<r<R2. The aim is to find R1 such that
u(R1)=0.
(This would give us an estimate, for example, of how much insulation is needed to keep an insulated oil
production pipe in permafrost from melting the surrounding soil.)
For ease of calculation we shall assume that the variable r has been scaled so that RO=1. Since there is
no angular dependence, we know from (8.19) and (8.20) that
u(r)=80+d20 In r
v(r)=D10+D20 In r.
The boundary, interface, and target condition u(R1)=0 lead to the following algebraic system:

Do+ D In fi; =—-10
80 + dag In By = Dyg + DopIn iy
o %0 _ Do
iy i
B0+ dagIn iy =00
Since D20=ad20, we can write these equations in matrix form as

1 aln Ry B ~10
-1 (l1-a)lni, (d,'") =|-80].
0 In R, 20 —80
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Gaussian elimination shows that this system has a unique solution if and only if
(1-a)lnk +alnk; 9

In R, T8

so that )
Ry = R;*'T.

We note that the insulation layer (R1—1)—0 as the conductivity ak—0 and that R1—R2 as a—oo, which
is the correct thermal limiting behavior.
Example 8.10 Steady-state heat flow around an insulated pipe I1.
Let us now tackle the analogous problem for a buried pipeline in a soil with prescribed linear
temperature profile. We shall assume that the center of the pipe of radius RO is the origin which lies at a
depth of 50R0, that the annulus RO<r<R1 is filled with insulation, and that R2 is the radius of the region
around the pipe heated by it. The temperature of the pipe is 80 degrees, and the temperature in the soil
for r>R2 increases with depth according to

T(y)=—10+B(50R0-y)
where B is a known parameter. The aim is to find R1 such that the maximum temperature is zero on the
outer edge of the insulation, whose conductivity is again a times the conductivity in the annulus
R1<r<R2.

The model equations are
Au=10 Rg<r< H

Av=0 Ry <r < R
w(Ro. 8) = 80
u(Ry,0) = v(Ry,0)
auy(R1,0) = v, (Ry, 0)

v(Ra,0) = T(Rysinf).
Now there is angular dependence. It follows froLn the above discussion that
u(r,0) = ao(r) + 3_[an(r)dn(0) + Bu(r)in(6))
n=1l

N
1'-‘|ii|"1 Ig]I =S ."lu{‘i"':l + Z[An{r]d’n[:e_} + 'Hrr [T]IT-'IJH{H}E'

n=l
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The boundary condition u(R0O, 8)=80 implies that
a0(R0)=80
and

an(R0)=Bn(R0)=0 for n=>1.
The interface conditions imply that for all n
Eh; :] [Rl}
alo, (Ri)] = AL (Ri)
An(R1) = Bn(R1)
ald,(R)] = B, (Ri).
The boundary condition v(R2, 8)=—10+50BR0—-BR2 sin 6 implies that
AO0(R2)=-10+50R0
Al(R2)=-BR2
An(R2)=0 for n=2
Bn(R2)=0 for n21.
It follows by inspection that
an(r)=An(r)=0 for n=2
and
Bn(r)=Bn(r)=0 for n=1.
Hence the problem reduces to determining the coefficients of
a0(r)=d10+d20 In r
A0(r)=D10+D20 In r
al(r)=dilrl +di12r-1
Al(r)=D11r1+D12r-1
so that the boundary and interface conditions are satisfied.
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This requires the solution of the linear system

/1 Inflg 0 0 0o 0 0 0
0 0 0 0 Ry ¢ 0 0 \'(igw
1 mnRy -1 —=InR, 0 0 0 0 Dyo
0 0 0 0 Rl .-HE; -'R| h..f%: -”20
0 % 0 =4 0 0 0 0 dn |~
0 0 0 0 a —-F -1 ﬁ'? 2
0 0 1 InR 0 0 00 Dy
o 0o 0o 0o 0 0 R & ) \Du/
80
If ] \
0
1]
]
0
—10 4 508K,
\ -fR;

Since the temperature in the soil increases monotonically with depth, the warmest point on r=R1 will be

— HT - - - -
directly below the center of the pipe so that ¥ = - Given the fixed parameters RO, R2, and B it now is a
simple matter to search for {1 € (flo, R2) such that

(s (H]_, 3%) = (i]“ —;—dz” In H] =+ [d]]_H] - d'lgRl_]]Hii‘.l (3?“) = .

Example 8.11 Poisson’s equation on a triangle.
When the equations arising in eigenfunction expansions are sufficiently simple, it becomes possible to
determine boundary data on rectangular boundaries which approximate prescribed boundary data on
curved boundaries. Let us illustrate the process with the following model problem:
Au=1inT
u=0 on dT
where T is the triangle with vertices A=(0, 0), B=(3, 0), C=(2, 1).
We shall imbed T into the circular wedge D={(r, 6): 0<r<R}=3, 0<B<6l=tan—-1 .5 and solve
Au=1in D
u=0 on 6=0, 61
u=f(6) on r=R
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where fis a yet unknown function to be determined such that on the line segment BC
u(r, @) = 0.
The associated eigenvalue problem
{IJIJ”- — _}"2[3.’
&(0) = ¢(6) =0

has the solution
nmw

i (#) = sin A where A, = e
1

If we write
i

N
Pnf(B) = Budn(®) PN1 =D Fndnl(0),
m=1 n=1
then the problem
Au=PN1 in D
u=0 on 6=0, 61
u=PNfon r=R

has the eigenfunction expansion solution y

H,'.,'{T‘.. I':}} = Z ”rrl:r:w}rz {E‘]}

n=]

where

o n ot 2 -
roay, +ra, — AL, =1y

an(0) =0,  au(R)= 3.

o) =0u (5) "+ 7255 (2= (7)),

It is in general not possible to choose the N parameters {8} such that uy =0 along the linesegment
BC ) = — 3 . =
BC, je., along "?) = swatesa- However, we can find (=} such that

E (,"3'1., . ;‘,,)} = —[Ju. s, ((8), 8)d

The solution is
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is minimized. Necessary and sufficient for this problem is that # be a solution of the equations
OF o, i=1,...N.
I?_:ql'
A little algebra shows that the vector 7 = {fi'].--_-_- .An} must satisfy the linear system
AF=1b

Aij = <(rf:})h @ (#), (I%)\ f.f*z'(ﬁ':'>
b= ”1 . _:Az <(T(9}2 _ R (%)A) oul8), (%)l d:f{ﬂ;n>.

These inner products have to be evaluated numerically.

Alternatively, one could compute {8} by collocation such that

uN(r(6én), 6n)=0
for N distinct values of 6. The choice of collocation points is critical for success of this method and
requires familiarity with the theory of collocation. The least squares method, in contrast, appears to be
automatic and quite robust. The inner products involve very smooth trigonometric functions and are
easily evaluated numerically. We show in Fig. 8.11 a plot of uN(r, 8) for N=10.

where

Figure 8.11: Surface Aul0 for Au=1 in T, u=0 on JdT for a triangle T.
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We do not have a proof that uN converges to the solution u of the original problem on the triangle T as
N—oo, although numerical experiments suggest that it does so. The question of convergence, however,
Is not relevant in this case. We know that uI\AI is an analytic solution of Poisson’s equation
U=PN1,

and we can observe the calculated solution uN(r (6),6) on dD. For the surface ul0(r, 8) shown in Fig.
8.11 we find

max [tao(r(#), )] = 4 107

As will be shown in Section 8.3, this is enough a posteriori information to judge by elementary means
whether uN is a useful approximation of u.

8.2 Eigenvalue problem for the two-dimensional Laplacian

When we turn to diffusion and vibration problems involving two spacial variables, we shall need the
eigenfunctions of the Laplacian in the plane. As mentioned in Chapter 3 we know that the general

eigenvalue problem
V- pVu = pu in D, with p =0

e (1) % + ez, y)u =10 on &)

with
cyeg = 0, G+ =0

has count ably many nonpositive eigenvalues {un} and eigenfunctions {®n} which are orthogonal in
L2(D). However, an explicit computation of eigenvalues and eigenfunctions can be carried out only for
very special problems. Foremost among these is the eigenvalue problem for the Laplacian in orthogonal
coordinates which is just a special case of a potential problem in the plane.
Example 8.12 The eigenvalue problem for the Laplacian on a rectangle.
We shall consider the simplest problem

Au = uu, (z,9) € D= (0,a) x (0,b)

w=0an dl.

< previous page page 237 next page =



page_238
< previous page page 238 next page >

Page 238
We associate with the Laplacian and the boundary condition the familiar eigenvalue problem
r,‘]” .]".:I = —}ngﬁ[m}

#(0) = ¢la) =

which has the solutions
mm

P lx) = sin A, A = o
A solution of the eigenvalue problem in the subspace sPani¢n} would have to be of the form
M

ag {:L T)':] = L {y]‘-'}m {ﬂ:}
where

2 M
—AL O 0, = iy,

&':u{u} = ﬂrnl:h} = 0.
However, for a given Am this is an eigenvalue problem for am. It has a nontrivial solution amn(y)=sin
pny only if
nmw

b

5 Ty 2
e[ (3]

“mnl:I1 r,-ll:l = Imn [y]mm{f}
is an eigenfunction with eigenvalue pmn. Since for k#n we have ymk#umn, no linear combination of
{umn} can be an eigenfunction. Hence each eigenfunction expansion (8.21) for given m can consist of
only one term like umn(x, y), but there are count ably many different expansions because n=1,2,....
Thus for the Laplacian on the square we obtain the eigenfunctions
umn(x, y)=sin Amx sin pny

2
;Jﬁ =pu+ A =— ( ) for an integer n > 0.

Conversely, if we set

then

with corresponding eigenvalues
) w2 w2
;1,,,,[=—[Aﬁl+f;i]=—[(£) -_(ﬂT) ] mynn=12....

(¥
Moreover
0 fm#korf#n

el b, wide dy =
/;J I.l'lLf{J",H]!I .-,(.r_?f]lt L tLy {{!b,"'l"l ]f m = ,l: ;.'Lnf]_ 71 = F.

< previous page page 238 next page >



page_239
< previous page page 239 next page >

Page 239
Note that is is possible that
Hmn = ks
for distinct indices; however, the corresponding eigenfunctions remain orthogonal.
Example 8.13 The Green’s function for the Laplacian on a square.
The availability of eigenfunctions for the Laplacian on a domain D suggests an alternate, and formally at
least, simpler method for solving Poisson’s equation
Au=F(x, y) in D
u=0 on aD.
If {un, ®n} are eigenvalues and eigenfunctions of
AD(X, y)=ud(x, y) in D
®(x, y)=0 on 9D,
then we compute the projection .
Fu(z,y) = Z YnPnlz, ¥)
m=1

where
_ {F By

Tn = {q}n1¢'ﬂ}

with
= dx dy.
{f} ffg Yy

We observe that
Au=FN(x, y)

N

.ul,'..{_]-;__y} = Zfl‘ﬂq}n{f&y}

n=1

is solved exactly by

when

ﬂn = 5
Hn

since un#0 for all n.
Let us illustrate this approach, and contrast it to the one-dimensional eigenfunction expansion used

earlier, by computing the Green’s function G(x, y, & n) for the Laplacian on a rectangle.
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The problem is stated as follows. Find a function G(x, y, & n) which as a function of x and y satisfies
(formally)

AG(z,y,&,m) = —d(z - E)d(y —n),  (z,y) € D=(0,a) x (0,b)

Glz,u,&n) =0, (z,y) € 8D

where (&, n) is an arbitrary but fixed point in D. Here & denotes the so-called delta (or impulse) function.
We shall avoid the technical complications inherent in a rigorous definition of the delta function by
thinking of it as the pointwise limit as £ — oo of the function

k2{3+ l;"k}, e [—llf'r.i:,ﬂ]

S(z) = ¢ k*(1/k —x), =€ (0,1/k]

0 otherwise.
We note that for any function f which is continuous at x=0 we obtain the essential feature of the delta
function

f_f(m}ﬁ{n:}d;r= lim ff{uf}:i;_.{a:}d3:=f{ﬂ}
I k—oo fr

where fis any open interval containing x=0.
The eigenfunctions of the Laplacian for these boundary conditions were computed above as
umn(x, y)=sm Amxsin pny
with corresponding eigenvalues
Minn = = [J’t'f,, +,EJ",3,]
where
T nmw

Am = T ) n = 'E'J"-

The (formal) projection of —d(x—£&)0(y—n) onto the span of the eigenfunctions is
M, I

Pun(=8)(@,4) = Y Ymntimn(2, )
s
where
{=8(x = £)d(y — ), tmn) _ —4sin Ay Esinp,n

-, =
{“m:h ?‘[:I']'I.TI.} ﬂh

afmn

_ e=MN .
Hence Gmn(@:3:61m) = 2 ms Gmntimn(#,3) g the solution of the approximating problem provided

Frnn

Lmn

mn =
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Thus
MN

4
Gunlz,y, &) = ab Z

myn=1

sin A, £ sin Ay, 1 sin ppn sin py

A2+ p?

IS our approximation to the Green’s function.
The alternative is to solve the problem

Au=PM(-0(x—-&)0(y—n)) in D
u=0on D

with an eigenfunction expansion in terms of @m(%) = sinAnz, Ay = mn/a.
Then

it

A {HI‘T{I - Iﬁ[,_.l' J:I' Z T sin )"'rn. ax

with (formally)
Yo = _{'5(:": - ‘E]ﬁ[y — ﬂj: ";'rn}
" {tﬁm.‘{ﬁfﬂ}

The solution of the approximating problem is _qiveﬂrrl by

uprlx,y) = Z o () 8in A

m=]

= :—j d(y = i) sin A€ = Fmd(y — 1)

where am(y) solves
_‘J"Ennm + u:::[yj = ;l"fr!m:y =)

a (0) = cn(b).

The solution of this problem is known to be the scaled one-dimensional Green's function —¥m@m(¥,%)

where
sinkh .}.mlbl.nh Am b=y}

D<np<y
— Ao Bimh A b .

C¥zp [LI' l.i') - ml]h.ﬁ.my bl.:nh.:'sm{b 1)
A simh A b y{n{“h'

The approximation to the Green’s function is naw
— 2

M H § - - n.- -J‘rr: nl -J‘rr: i ¥ .

Ga(@,9,6,m) = 3 = Sin A€ sin A (11,1)

m=1
The two approximations GMN(x, y, &, n) and GM(x, y, &) are different functions. In fact, it can be shown
that GMN(X, y, & n)=PNGM(x, y, & n) where PNGM denotes the projection of GM onto span {sin pny}.
The analytic Green’s function is of the form
Gl:'r I,I':.{: ﬂ} = 5{:[:1 Ia'-'fe ‘i’j'} -+ {:’{T1 ¥, ‘E: "'i‘}
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where s is the fundamental solution of Laplace’s equation in R2

(@, 4,6,7) =~ W l(z,9) - € )

and where # is a smooth solution of the Dirichlet problem
Ao =10, for (z,y) € D

¢ = —s(x,y,E,1), for (z,y) € @D.

The Dirchlet problem for ¢ is, of course, almost a model problem for an eigenfunction expansion
solution. Note that the boundary function is not defined and smooth on D because of the singularity at
(x, y)=(, n). s is smooth on dD and one could subtract the boundary values on opposite sides to zero
out the boundary data at, say x=0 and x=1, and solve the problem. However, for (§, n)=(.5, .5) the
symmetry of the problem suggests preconditioning the problem with (8.4) and solving the new problem
with a formal splitting. This way no new source terms arise, and the two problems of the splitting are
symmetric in x and y. The eigenfunction solution ®20 is very accurate so that the computed G is
accepted as the analytic Green’s function G(x, y, .5, .5).

Fig. 8.13 shows a plot of the three approximate Green’s functions G10 10(x, y, .5, .5), G100(x, y, .5,
.5), and G(x, y, .5, .5) along the diagonal x=y of D. The agreement between G and GN appears very
good, particularly in view of the common use of Green’s functions under an integral. A plot of the
Green’s function approximation GMN for M=N=100 (not shown) yields a Green’s function approximation
indistinguishable from G100.
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Figure 8.13: Green’s functions G and approximations G10 10, G100) for the Laplacian on a square.
Shown are G(x, x, .5, .5) and its approximations.
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Example 8.14 The eigenvalue problem for the Laplacian on a disk.
We wish to find the eigenvalues and eigenvectors of
Au(r, 8)=—02u(r, 8) on 0<r<R
u(R, 6)=0,
where py=-02. The problem in polar coordinates is
MU + Ty + Ugg = —JQTEU{T, )

lim [u(r, 0)] <o, u(R,6)=0. (8.22)

The associated one-dimensional eigenvalue problem is again the periodic problem in 6 given by
¢"(0) = —A*¢(8)

$(0) = p(2r)
&'(0) = ¢ (2m).

It has the eigenvalues —*A» = —n” forn=0,1,.... For n=0 the eigenfunction is
w0o(6)=1.
For all other eigenvalues we obtain the two eigenfunctions
1, (#) = cosnfl
P (0) = sinnd.
For each eigenfunction #~(#) and wn(6) we shall find all eigenfunctions of the Laplacian of the form
u' (r,8) = a(r)gn(6)
1,12{:1‘_, 8 = B{r)n(8).

Substitution into the eigenvalue equation (8.22) shows that a(r) and B(r) must satisfy
ra”(r) + ra’(r) — nfalr) = =8 r*a(r), n=12...

r2@"(r) + rd(r) — n?8(r) = =6*r3(r), n=012,...

lim |a(r)| < o, lim |3(r)| < oe,
=) r—+)
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and a(R)=B(R)=0. For a given integer n this equation is known to be Bessel's equation. Let us pick an
arbitrary integer n. Then we have the two general solutions

a(r)=cnlJn(ér)+cn2Yn(or)

B(r)=dn1Jn(or)+dn2Yn(or).
Finiteness at r=0 requires that cn2=dn2=0 and since eigenfunctions are only determined up to a
multiplicative constant, we shall set cnl=dnl1=1. Jn(dR)=0 then demands that R be a root of the
Bessel function Jn(x). Let xmn denote the mth nonzero root of the Bessel function Jn(x). We write

‘5 _ H:IIIJ.TI
L3

R
and obtain the solutions
am(r)=pm(r)=Jn(dmnr).
It follows that the Laplacian on a disk has countably many eigenvalues

=_(J“H)Q m=12..., n=01,...

|”rur¢ = _ﬁiln
and the associated eigenfunctions
ulo(r,8) = Jo(0or)  forn =0

and
?tiﬁﬂ{?.rﬂ) = Jy (ﬁmn?'}ﬂiﬂ n
H'I {rr'q] = Jn(amnr] COs nt

Example 8.15 The eigenvalue problem for the Laplacian on the surface of a sphere.
We want to find the eigenvalues and eigenfunctions of

Au=—-0%2uon D
where D is the surface of a sphere of radius R.

It is natural to center the sphere at the origin and express the surface points in spherical coordinates
= Reosfsin g

forn=1,2,....

i = Hsinfsin o

2= Reosd
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Au=-902uon r=R

1 1 8 (
R2sin® ¢ 002 R%sing do
We can rewrite this equation as
2 v
Mg ayu = % + sin q}% (:’-5111{,") g—z) = —§*sin” pu
where for convenience we have set R=1.
The eigenfunctions are 21 periodic in 8 and need to remain finite at the two poles of the sphere where
# =10 and #= 7 The associated one-dimensional eigenvalue problem is
d"(0)=—A20(6)
®(0)=d(2n), ©’(6)-d'(2n).
In general there are two linearly independent eigenfunctions
®n(B)=sin nb, n=1, 2,...
~Wn(B)=cos no, n=0, 1, 2,...
corresponding to the eigenvalue —Ap = —nh Again, we shall look for all eigenfunctions of the Laplacian of
the form

becomes
) i .
sin —-) = —§%u.

[l

u' (0, ¢) = a(d)®,(0)

w* (0, ) = B() W, (8).
Substitution into the eigenvalue equation shows that a and 8 must satisfy
2 . d - ﬂ S - B
1) n+mn¢dm (Mm?dc.:'r) = —§” 5in” dox

—n?f 4 sing -f-f-_ (sin-:": E) = —#%sin® ¢,
dgh dih
This equation is well known in the theory of special functions where it is usually rewritten in terms of
the variable # = ©03¢. An application of the chain rule leads to the equivalent equation

]
a-n%e_,, d—‘; + (52 -3 n 22) a=0.
= i -
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The same equation holds for B(z). This equation is called the “associated Legendre equation.” It is
known [1] that it has solutions which remain finite at the poles z==x1 if and only if
02=m(m +1) for m=0
in which case the solution is the so-called “associated Legendre function of the first kind” £=(z)- For the

special case of n=0 the corresponding associated Legendre function Po(z) is usually written as Pm(z)
and is known as the mth order Legendre polynomial. The Legendre polynomials customarily are scaled
so that Pm(1)=1. For m < 3 they are

1
Po(z) =1, Pi(z)=2 P(z)=5@3"-1), Py(z) =
The associated Legendre functions of the first kind are found from

LY — Enﬂdn
Fm{“}_{l_zjfﬁprn{z}

(523 — 32).

B2 =

or alternatively, from
1 1 2
Po(2) = g1 - 2°)

nf2 dgmn

dzrn+'rl (22 - l:l:m'

This expression shows that
Priz)=0 for n > m.

(We remark that the second fundamental solution of the associated Legendre equation is the associated
Legendre function of the second kind. However, it blows up logarithmically at the poles, i.e., at z==*1,
and will not be needed here.) Returning to our eigenvalue problem we see that for each n=0 there are
countably many eigenvalues and eigenfunctions

-8z, = —m(m+1), m=n,n+1...

ul . (0, ¢) = P™(cos ¢}, (6), n=12...
uZ,(0,8) = Ph(cosd)Tu(f), n=0,1,....

These eigenfunctions are mutually orthogonal on the surface of the sphere so that
{“:nm'”'i-l:' =10
unless m=k, n=¢{, and i=j. Here

2w w
((0,4),9(6, 8)) = f[. fﬂ £(0, 8)9(8, &) sin 6 do db.
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Since the one-dimensional elqenfunct|ons {®n(6), Yn(B)} are orthogonal in L2(0, 2n), it follows that

{Pa(cosd)} are orthogonal in L2(0.m,siné), j e, that
f P (cos ¢) PL{cos &) anw{!w—f P (z)PL(z)dz

=) for m # k or n & £,

(Since Pm(z) is an mth order polynomial, this implies that {P(2)}m=0 is an orthogonal basis in L2(—1,
1) of the subspace of Nth order polynomials.) Moreover, it can be shown that

b 2 B 2(m + n)!
,[.1 Pr(2)dz = (m—n)l(2m+1)"

8.3 Convergence of uN(x, y) to the analytic solu tion

In Chapter 1 we pointed out that the maximum principle can provide an error bound on the pointwise
error u(x, y)—uN(x, y) in terms of the approximation errors for the source term and the boundary data.
An application of these ideas is presented in Chapter 6 for the diffusion equation. We shall revisit these
issues by examining the error incurred in solving Poisson’s equation on a triangle as described in
Example 8.11.

We recall the problem: the solution u of the problem
Au=1 (x,y)eT

u=10 (x,y) € 0T

where T is a triangle with vertices (0, 0), (3, 0), (2, 1), is approximated with the solution uN of the
problem

Au = FPyl

u=>0 on (0,0)(3,0) and (0,0)(2,1),
i.e., u=0 on 6=0, 61, where f1=tan-1 .5, and
u= ul"-'{riﬂ}i E” QI EJ1 [:]]E'_E‘ 1:':-
where uN (r(8), 6) is obtained from the least squares minimization. PN1 is the projection in £2(0:81) of
f(6)=1 into span {sin An6}.
Since uN is an exact solution of Poisson’s equation in T, we can write
uN(x, y)=ulN(x, y)+u2N(x, y)
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where
AUIN=PN1in T
ulN=0 on dT,
AuZN=0inT

u2N=uN(x, y) on aT.
Our goal is to estimate the error
u—uN=(u—-ulN)—u2N.
As a solution of Laplace’s equation u2N must assume its maximum and minimum on JdT. Hence
|2 (, y)| < maxun (r(6), O)].

However
max |1 - Pyll>1 for all N
(xa)eT
because Pn1=0 for 6=0. The failure of PN1 to converge uniformly precludes an application of the
maximum principle to estimate (u—ulN).
We know from the Sturm-Liouville theorem (and Chapter 4) that PN1 converges to f(¢) =1 in the
£2(0,81)norm. This implies the inequality
IPN1 =1l gyry £ VAS||Pxl = 15000,
because r(6) < 3.
We employ now a so-called energy estimate. Let us write
w=u—-ulN.
Then w is an analytic solution of
Aw=1-PN1in T
w=0 on dT.
It follows from the divergence theorem and the fact that w=0 on 9T that
f whwdz dy = f V- wVw — Vw - Vw| drdy
T T

i
= j{ 7] ik s = f Vi - Vwdx dy,
o On i

f YV - Vwde dy = —f (1 = Py1]wdz dy.
T T

i.e., that

(8.23)
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For any point (#:%) € T e can write |

. ¥ S 2 v Pwy?
\gpif o Z = |93 e B —_—
w(z, )| |m{:c,[l} { fﬂ o {I,n}ldﬂ| = 1.'_/; (aﬂ‘) i}

W dw g, ! .
where the last inequality comes from Schwarz’s inequality applied to Jo Yoy (2, m)dy. Since y<1 for all
(z,v) € T, integration over T vields the Poincaré inequality

f w?dr dy < f YV - Vuwde dy.
T T (8.24)

If we also apply Schwarz’s inequality to the right side of (8.23), we obtain from (8.23), (8.24) the
estimate
lwllesery < 1L = Pl cyery-
The pointwise bound on |u2N[ implies
lluzp | carry < +/area(T) max luan (r(0),8)].

The actual approximation error is then bounded by
v = unllgyr = V15 m;lxiuzﬁfiffﬂj:m| + V451 = Pylllc,0.6,)-

For the computed solution of Example 8.14 we observe for N=15
max lup (r(8), #)] = 0031

and a simple calculation shows that
P51 = 1] gy (0,6) = 1083,
Obviously, N=15 is much too small to give a tight bound on the actual error (see also the discussion on
p. 56). The need for many terms of the Fourier expansion to overcome the Gibbs phenomenon has
arisen time and again and applies here as well, but the computed solutions uN do not appear to change
noticeably for larger N.
We shall end our comments on convergence by pointing out that the error estimating techniques familiar
to finite element practitioners also apply to eigenfunction expansions. To see this we shall denote by u
the solution of the model problem
Au=F in D=(0, a)x(0, b)
u=0 on aD.
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The approximate solution is

un(z,y) = Y an(y)én(z)
n=1

where (%) = sin Az, and where uN solves
AuN=PNF in D
uN=0 on dD.
Let (2, %) = Bw)éw(z) \where B(y) is any smooth function such that B(0) = B(b)=0. Let ¢ ) and || ||

denote inner product and norm in £2(P) and let us set
Alu,v) = (Vu, V) Ef Vi - Vede dy.
D

Then
(vk, Bu —uy)) = —{A(vi,u —un)) = (ve, F — Fy) =0 (8.25)

because
N

b ra
P ~Fy= [ [ Bwont@) lf‘(:m IS *.-.n[z.ellc-:r,.(z}] dzdy =0
0 Jo nel
due to the orthogonality of {#=} in £2(0.a). Because A is bilinear, we see that
A(u—uN, U-uN)=A(u-—vN+vN—-uN, U-uN)=A(u-VN, u—uN) (8.26)
for any function VN of the form

N
Un {11 y] = Z -SH {y]iﬁﬂ{mL l'jﬂ [ﬂ] = ."31'! Eb} = 0.
n=1 (8.27)
Schwarz’'s inequality applied to (8.26) vyields
IV (u = un)ll < [[V(u=ox)].
We conclude that the error in the gradient is bounded by the error in the gradient of the best possible
approximation to u of the form (8.27). The error analysis now has become a question of approximation
theory. This view of error analysis is developed in the finite element theory where very precise £z- for
the error and its gradient are based on bounds for the analytic solution u and its derivatives known from
the theory of partial differential equations. The consequence for the eigenfunction expansion method is
that the error in
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our approximation is no larger than the error which arises when the (unknown) solution u(x, y) for the
above Dirichlet problem is expanded in a two-.(rjir.pensional Fourier sine series
M N
. T . nmw
Hn.ru[::, y} - Z K S T i 51N F T

=]
n=1

because this is an expression of the form (8.27).

Exercises
8.1)Solve
Au=10
u(0,y) = (¥ — 1/2)% + y/10

u{lsy} = 2#1}.5
u(z,0) =(1-=z)/2

u(z,1) = /(z — 3/5)2.
8.2)Consider the problem
Au=10 in D =(0,1) = (0,1)

w=glz,y) =Ty onaD.
1) Find an eigenfunction approximation of u applied to a formal splitting without preconditioning.
i) Find an eigenfunction approximation of u applied to a formal splitting after preconditioning.
i) Find an eigenfunction approximation of u after zeroing out the data on x=0 and x=1.
Iv) Find an eigenfunction approximation of u after zeroing out the data on y=0 and y=1.
Discuss which of the above results appears most acceptable for finding the solution u of the original
problem.
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8.3)In Example 8.6 find a piecewise linear function f(x) such that
f(0) = f(by=0
flzo—) = flzo+)

f'(zo=) = er f'(wo+) + 2.

Find the interface problem satisfied by

wy =u—f, wy =uv=f

and solve it in terms of eigenfunctions {¢=(x)} discussed in Section 3.3.

8.4)Find the solution of
Ap=0, (z,y)eD=(0,1)x(0,1)

1
6=5- Inf(z,y) - (95.95), (z,9) € ID.

Plot the approximate Green'’s functions of Example 8.13 for (¢, n)=(.95, .95) and various M=N=10,
20, 100 as well as the analytic Green’s function

1
((x, y,.95,.95) = ~om In ||(z,y) — (.95,.95)| + ¢20lz,y)

over the square minus a disk of radius ¢ < 1 centered at (.95, .95). Comment on the quality of the
approximations.
8.5)Let the boundary condition

a
:"-1{:4:,:&;}&—}:: + oz, y)u = gla,y)

hold on the boundary of the rectangle D=(0, a)x(0, b). Assume that c1 and c2 are constant along
the sides of D, and that u, ux, uy, and uxy are continuous on dD at (a, b). Show that the two
boundary equations and their first derivatives are consistent at (a, b) if and only if condition (8.8)
holds.

8.6)State and prove an analogue of Theorem 6.13 for the problem
Aw=F in D=(0, a)x(0, b)
w=0 on dD.

< previous page page 252 next page >



page_253
< previous page page 253 next page >

Page 253
8.7) Find an eigenfunction solution of the biharmonic problem
Au = A(Au) =1, (z,4) e D=1{0,1) = (0,1)

B 2y

"~ dn?

when it is written in the form
Au = v, (z,y) e D

u =0 ondD

Ao =1, (x.y)e D
u(z,y) = 0, (x,y) € AD

vz, y) =0, (z,uy) € 8D

(cf. Example 7.9).
8.8) Write out in detail the steps required for an eigenfunction solution of the problem
An = F(r.@, D=sRg<r<HR, 0<8f<32w

u(Ro,0) = f(8),  u(R,8) = g(8)

u(r,0) = u(r,27) + h(r)
tg(r, 0) = ug(r, 27) + k(r).
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Chapter 9
Multidimensional Problems
The algorithm of Chapter 5 requires linearly independent, preferably orthogonal, eigenfunctions but
otherwise is independent of the dimension of the eigenvalue problem. Employing the eigenf unctions for
the Laplacian in the plane we shall solve in broad outline some representative diffusion, vibration, and
potential problems involving two- and three-space dimensions.
9.1 Applications of the eigenfunction expansion method
Example 9.1 A diffusive pulse test.
We consider the inverse problem of determining a diffusion constant A such that the solution u(x, y, t)
of
AAu —uy = —1008(x — 1)d(y — 1)6(t — 1), (z,y)€ D=(0,3)x(0,4), t>0
w=10 on d0
u(z,y,0) =0 in D
at the point (x, y)=(2, 3) assumes its maximum at time t=2.
As in Example 8.13 the calculations are formal but can be made rigorous when the &-functions are
thought of as the limit of piecewise linear continuous functions.
We know from Example 8.12 that the eigenvalue problem
ADO=p® in D
®=0 on D
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has the eigenfunctions
. . T TEm
Umn (T, y) = sin Apzsinp,y,  Am = 5 =T

with corresponding eigenvalues
Hiven = —[JI.??‘ ix ﬂi]h

The approximating problem is
Ay — uy = —1008(t — 1)Pyrné(z — 1)8(y — 1)
M.N

= ﬁ{f - 1} Z ff!un {!.,;,;,.;l::]-'1 y]

mn=1

where
=10008(z — 1)8(y — 1), upmpn)  —100sin Ay, sin p,

i:”wwn “mn:' B 3

fmn =

The problem is solved by
MM

upn (@) = Y () ttmn (2, 1)

ma=1

where
AIITILIL{IIHTJ.{.I']I - {I‘:ﬂﬂ(i} = {S{t' - ]};:":rn:rq.
Emn [ﬂ] = ﬂ-
It follows from the variation of parameters solution that
0 t<1

o t) =
mn(t) ~Amn CXP(Aftn(t — 1)), ¢ > 1.

Hence we need to determine A such that

MN

TI.'I.FN[2131t} = Z _i'rrzri EXF{A;I’HHH(t - ].”.‘-:il‘l A,,tﬂsinp”S

myn=1
assumes its maximum at t=2. For a given A the function uMN(2, 3, t) is readily evaluated so that the
value tmax(A) can be found where it achieves its maximum. Since tmax(A) is monotonely decreasing
with increasing A, it then is simple to search for A* such that tmax(A*)=2. A search over
(t,4) € [1,2.5]x [5,1] with dt=.01 and dA=.005 yields the results
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Figure 9.1: Pulse uMN(2, 3, t) for the diffusion constant A*=.775 found with a bisection method.

75
75
75

A plot of the pulse uMN(2, 3, t) for A*=.775 is shown in Fig. 9.1 for M=N= 90. While A* appears to be
computable from relatively few terms, the pulse itself requires many more terms to adequately
approximate the d-functions.
For a problem with different homogeneous boundary data new eigenfunctions for the Laplacian are
needed, but their computation along the lines of Example 8.12 is straightforward. A more involved
problem arises when the boundary data are not homogeneous. Consider, for example, the general

Dirichlet problem

Lu=Au—u = Flz,y, 1),

u= g(z,y,t)
u(x,y,0) = uolz, y)

(z,y) € D= (0,a) x (0,b),

on 4,
in 1.

If gis smooth in D for t > 0, then rewriting the problem for w=u-g yields a new Dirichlet problem with
zero boundary data. If g is only smooth on aD,
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then we can define
ir—r I
‘i‘.'lif'.l,’.', y: i} = [ﬂ[ll y‘ r)T + yiﬂ: y‘ ﬂl;]

. - n— clb—u
-.-[g[i,&!}—gl:{],ﬂ,t) ~ gl:a_.ﬂ,!}n] -

L i

¥ [.qt:n,b, )~ 9(0,b,) "% — gab, t}ﬂ y

and verify that v=g on dD. Then w=u-v again will be the solution of a Dirichlet problem with zero
boundary data, but with a new source term
Glz,y,t) = Flz,y,t) — Lo(z,y,1)
and the new initial condition
_VV(X,_y, O)ZUO(X/ y)—V(X, Y 0)
For general boundary data of the third kind one can treat t as a parameter and solve
Ao =1
du
Crge v = glz,y,t).
Then w=u—v will be subject to homogeneous boundary data, a new source term

G(x, vy, )=F(x, y, )+vt(x, y, t)

w(x, y, 0)=u0(x, y)—v(X, y, 0).
Example 9.2 Standing waves on a circular membrane.
It follows from the general theory that the solution of the initial value problem for a clamped circular
vibrating membrane

and the initial condition

Au — éuu = [, (r.@ye [0,R) < (0,2x], t>0
u(lR,0,4) =0
n(r,8,0) = ug(r, )
wg(r, 8,0) = uy(r, 0)
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can be approximated by -
H,\j';\-.'{f',ﬂ1 ” = Z [ﬁm"{”u}nﬂ{:?h-‘ Hj + fﬁillh“‘}“ﬁm |:'J". ﬂ]]
n=1)

m=1
where tmn(:#) and tma(19) are eigenfunctions for the Laplacian on a disk found in Example 8.14.
The expansion coefficient amn(t) satisfies
r:zﬁﬁmrxm,,l{i} +ap (1) =0

Emn [”] — ?-‘Iﬁr.u n

i (0) = iy,

with
iip _ {Hu., u'rlrm}
mn — 5 1 v
{uﬂlﬁlﬂ 1 H'I:!rl.rl.:l
f‘l] mn = {?EI" T;]:!.TI:TI:}

1 1

|i'|!l- ] u':|1:|.:|1.}

Frem?

Here —%mn denotes the eigenvalue corresponding to Uon and ia- It follows that

. Bimn .
ttmn (t) = Tigmn €08 COmal + P SN gl
AT T

The same equations hold for Bmn(t) except that *mn("9) is replaced by *mn("#) in the initial conditions
Lomn

for Bmn (t). Thus uMN is the superposition of standing waves oscillating with frequency 2" and
amplitudes mn(™8) and %ma(7:8)- The amplitude is zero wherever the eigenfunction has a zero. For
example

u'fnu,['.r; &) = Joldor)
is zero at OmOr=xk0 for k=1,..., m where xkO is the kth zero of the Bessel function JO(x). The nodes of

i i . . - — Tko
the standing waves are circles on the membrane with radius " ~ 3ma* For n > 0 we see from
“2 {T.. 'ﬂj = J:rl.{'-'iu:rz?t} cos el

that the Bessel function Jn contributes m circular nodes with radius dmnr=xkn, k=1,..., m, while the
factor cos n@ contributes nodes of zero amplitude along the rays

nﬂ:(%+k)7r, A:=U_.---;.[?‘"—%]

< previous page page_ 259 next page >



page_260
< previous page page 260 next page >

Page 260

where [a] denotes the largest integer less than or equal to a. Similarly, Uy (1,0) = T (6mn7) sin N0 ig the
amplitude of a standing wave which vanishes wherever the Bessel function or sin nf is zero. For

illustration the nodal lines for %33(m9) are shown in Fig. 9.2.

Figure 9.2: Nodes of the standing wave %as(7:9)-
Example 9.3 The potential inside a charged sphere.
Consider the problem

Au(r,0,¢4) =0

u(R,0,6) = (- k1) + (- ky)*

where 7 is the outward unit normal to the sphere of radius R, *1: and k2 are two given vectors in Ea
and a+=max(a, 0). In spherical coordinates the formulation is (see Section 1.3)
T-Z.u"_ + dru, + ﬂ-(&_@}ﬂ =0

u(R,0,¢) = (cosfsing, sin@sin g, cos o) - kT
+ (cosfsingh, sinfsing, cosd) - by,

Since we already know the eigenfunctions and eigenvalues for the Laplacian on the surface of the unit
sphere, we can write an approximege solution in the form y

n=m n=m

upn(r, 0, ¢) = Z mn () Py (cos @) sinnfl + Z Bran (1) Py, (cos ) cos nfl

n=1 n=
=i =il
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where
riall (r)+ 2ral.. (1) = m(m + Do, = 0
jli_:-tllj |f-1’1-n.n [T1 ﬁm @'}l < 00
amn(R) = {w(R,8,¢), P"(cos ¢) sin nfl)

~ (Pn(cos ¢)sinnf, P (cos ¢) sin nf)
with

(f.q) = fn ) fﬂ ' 1(6. ¢)91(6, 6) sin ¢ dos db.

The same differential equation and similar boundary conditions apply to fmn(r).
It is straightforward to verify that

ﬂﬂ'-lﬂ{r:l = lﬂ':m.'rl.{-ﬁ!} (%)," L]
Similarly

;f;l‘m““.] — (:rnn{H] (%)7?:

The problem is solved once the Fourier coefficients amn(R) and fmn(R) are found. For their calculation
the formula

2(n +m)!
(Zm+ 1)(m —n)!

f P (cos )2 sin ¢ dep =
(]

may prove helpful [1].
Example 9.4 Pressure in a porous slider bearing.
The following interface problem is a simplification of the mathematical model we found in [17] for the
analysis of a tapered porous slider bearing. It is included here to show how the two eigenfunction
expansion methods of Example 8.13 can be combined to yield a solution {u(x, y),v(x, y, z)} of the
following equations: 5 o

’ (4

3 .
ﬁu+;ﬂ; = 5T 3 5 (z,1.1), (z,y)€ D =(xp,a)x(0,b), x>0 (9.1)
u=0 ondD
Av(z,y,2) =0,  (x,y,2) € Dx(0,1)

v=10 (z,y) € @D or when z = (.

In addition we require
u(x,y) =v(z,y,1), (z,9)eD.
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Here u and v are the pressures in the fluid film and in the porous slider. The last term in the Reynolds
equation (9.1) models the lubricant flow in and out of the slider as predicted by Darcy’s law which
governs the fluid flow in the porous slider.

We are going to find an approximate solution {uK(ig, y), VK(x, y, z)} of the form

= Z ey, y)
k=1

K
vz, y) = Z o (2) Wiz, y)
k=1

such that
Avg(z,y,z) =0
vilr,y,2)=0 for (z,y) € 8D or when z =10
and
3 . [B, C oug _
Aug + = UKz = Py |:F v (z,2,1)] (z,y) € D,

g =0 ondl.
The continuity condition is approximated by
VK(X, y, 1)=PKuK(x, y).
The functions {®k}, {Wk} and the pr0|ect|ons PK and Px will be introduced below.

Assume for the moment that tx (% ¥) = Yo, Bx®(2.%) is known. Then v can be found with an

eigenfunction expansion in the usual way. We wrl‘ltfeh

'f-’.';f.'\rf-'f:?hzj = Z n:nu{zjurrn:(isy}

m=n=1
where {umn(x, y)} are the eigenfunctions of the two-dimensional Laplacian found in Example 8.12, and
where PMN denotes the orthogonal prOJectlon onto the span of these first MN eigenfunctions. If the

corresponding eigenvalues are denoted by —6ins then
'E'iﬂi“""'"l: } + ﬂ'“u]{Z} = D

G (0) = 0

{'T.!K {:J':-.zl_.r}-. T-f:m.:ra:]
. 1) = s TRAS
rmi': } {umn1u!nﬂ-}
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(f.g) = fﬂ f(z,)g(z,y)dz dy.

where
(1) sinh dppn 2
sinh dyn

Q’nm{z) =

The solution is
For the remainder of this example it will be convenient to order the eigenfunctions linearly for 1<n<N
and 1<m=<M by defining
k=(n-1)M+m, k=1,..., K=MN,
so that
n=[k/M]+1, m=k—(n-1)M,
and writing
'I"rk{m1 yj = Hﬂlﬂ-{m.‘ ',!_.I'}

'5k = IﬁTrI.:I’I. k = Llyaaay I{ = 11'{;"\{_
It follows that
_ Auglz, y), Vi) sinh gy

() = g, W) sinh
As a consequence .
gtzi;: (2,31) = mz=1 Dy (ug (@), ¥} o (2, 1)
where
Dy, Om

- {,11'1'“.'! .'I'r'l'l!} tﬁI]]’] a,” .

Let us now turn to the solution uK(x, y). In view of Example 8.5 it is straightforward to verify that the
two-dimensional eigenvalue problem

Au + gu = juit, (x,y)e D

uw=Il (=y) €D,
has count ably many eigenfunctions

1, .

with corresponding eigenvalues \ )
Himn = _[‘}"111 + ﬂn]
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where = = "5-and Am is the mth positive root of

f(N)=J1(Ax0) Y1(Aa)—J1(Aa) Y1(Ax0)=0.
These eigenfunctions are orthogonal over D with respect to the weight function w(x, y)=x3. As above

we shall order them linearly and denote by Py the orthogonal projection onto span {®x ) with respect
to the inner product

a0 = [ 1@ naady
Analogous to our derivation of the Green’s funct|on GKK in Example 8.13 we find that
gz, y) ZJ;;‘I';_ z,y)

is a solution of (9.1) if and only if for k=1,..., K
o ({5 (B+O %K (ey1),00))
- 193
({5 (B+CTE SE (6u®n, D) V(1)) 1))
I

<< >> + Zrt 1 Zrn— ((f‘- II'J"-‘ "'I-fm}> {.U'm"]:"'m_. ':]}”}'H" .

Iz
These equations can be written in matrix form for #= (%1, 8x) as
i =h =+ MH,@
where
1 L':' C
-"wkrrl = <<_|_ ‘bk1w7u>> = {'@'qu‘rm}
i x 1
an = {mem1¢n}
and

1 B B
b= —{{Z @ = 21, &)
* T <<ﬂ‘3 k>> M—< > ®x)

We point out that uK(x, y) and vK(x, y, 1) belong to different function spaces because they are
expanded in terms of different eigenfunctions. They are linked through the interface continuity
approximation

VK(X, ¥, 1)=PKuK(x, y)
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whgich is an algebraic system for the 2K degrees of freedom in the expansions but does not imply that
VK(X, y, 1) and uK(x, y) are the same. In view of our numerical experiments with Example 8.11 a least
squares minimization of

ilr-"a"-’ [I1 i, l:] - “H’{x1 yjllﬂg{ﬂj
may be a viable alternative for linking u and v at z=1.

9.2 The eigenvalue problem for the Laplacian in R3
Example 9.5 An eigenvalue problem for quadrilaterals.
Let us consider the representative eigenvalue problem

Au = pu, (z,9,2) € D =D x(0,¢)

u =10, (x,y,2) € Dy = (0,¢)

% =10 when z =0o0r z=¢,
where
D1=(0, a)x(0, b).
We know from Example 8.12 that the eigenvalue problem
Ab(z,y) = aP(z,y), (z,y) el

& =0 ond
has the eigenfunctions umn(x, y)=sin Amx sin pny with
Am=?. pﬂ=F—:£. m,n =1

and eigenvalues
frmn = —[Xoy + £3)-
As in Example 8.12 we look for an eigenfunction of the form
u(x, y, z)=amn(z)umn(x, y).
Substitution into the three-dimensional eigenvalue problem shows that
ErnQmn I:Z} + ﬂ::m{z} = UQtmn(Z)

{1:,",{“} = ﬂ':ﬂn{ﬂj =1
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This eigenvalue problem for amn(z) has solutions
amnp(z)=cos npz

" pry? :
—HMmn + 1= — (?) = _7}2

whenever
for an integer p=1. Hence for any integer m, n, p=1 we have the eigenfunction
umnp(x, y, z)=sin Amxsin pny cos npz
with corresponding eigenvalue . . .
P = —[Af, + pi + M)
Example 9.6 An eigenvalue problem for the Laplacian in a cylinder.
We consider eigenfunctions which are periodic in z with period ¢ and whose radial derivatives vanish on

the mantle of a cylinder with radius R. Hence we consider
Apr oyt + e = pru, (r,0,z) € D =Dy x(0,c)

u(r,0,0) = u(r,8,c), (r,8) € Dy

U (1, 8,0) = u.(r, 0, ¢) (r,8) & Iy
du

o (R0,2)=0,  (r6,2) €D x (0,¢)

where the base of the cylinder is
Dy={(r0):0<r< i, ©0e(0 2]}

From Example 8.14 we know that the functions
ﬂ,!“n{:;ﬂ} = Jn(Ar)sinnd, n=1,2

uZ  (r,8) = J,(Ar) cosnd, n=10,1,

satisfy _ o
Apr oyt = =Nl for (v, 8) € Dy, i=1,2.
The boundary condition at r=R requires J
— Ja(AR) = 0.
dr (AR)=0
For each n=0 there are count ably many nonzero solutions {Amn} such that
E Jﬂl:f.ll'-rrm-ﬁ:] =10
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Hence the two-dimensional eigenfunctions are ®mn("8) with the corresponding eigenvalues

- o Tmn 2
firn = =N = = ()

where xmn is the mth nonzero root of the function /»(*)-These roots are available numerically.
When an eigenfunction for the cylinder is written in the form

U = ap,, (2)ug,, (1, 6)
and substituted into the eigenvalue equation, then @mn{2) must be a solution of

Fit

flT,,,:{x:.nn{z] + o mnl:.z} = po ()

ol (0)=al  (c)

n retTi

nr:un{U} = Ql:nrt['n]'
Since Hmn does not depend on /i, we can drop the superscript i. Hence we have an eigenvalue problem

for amn(z) which is solved by sines and cosines which are ¢ periodic so that
o, (2) = sinnyz, p=12,...

ﬂg{z}-—-mqu, p=01,...

where

Mp = —.
Hence to each of the four eigenfunctions _ _

u:‘;mp{r,ﬂ,z} =ty (r 8o (2), i, j=12

with

k=2(i—1)+j
corresponds the eigenvalue p of the Laplacian . _

Hmnp = _[}‘fm: + IJ';E.F'

The eigenfunctions are orthogonal when integrated over the cylinder, i.e., with respect to the inner
product

o 2 H
L) = 0 2glr, 0. 2 rdr d0 dz.
(f.q) fufu A f(r,0,2)g(r,0,z)rdrdod

Example 9.7 Periodic heat flow in a cylinder.
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We consider a model problem for heat flow in a long cylinder of radius R=1 with regularly spaced
identical heat sources and convective cooling along its length.
As a mathematical model we shall accept
1

.ﬁ,;,lglz:,u—m=§(r—%)(5{ﬂ}ﬁ (:;—E)_, (r,@,2) e Dx(0,1), t>0

ul(r,8,0,1) = u(r,d,1,4)
w(r, 8,0,8) = u.(r,0,1,1)
up(1,8,2,t) = —u(l,0, 2,t)

u(r, @, z,0) =
where D is the unit disk.

The approximate solution is written in the form
0}

ug(r,8,z,t) = Z (L), (r. 8, z)
q=1
where ®q(r, 6, z) is a z-periodic eigenfunction of the problem
AD = ud, (r,8,z) e D= (0,1)

®,.(1,0,2) = —®(1,4, 2).
Example 9.6 shows that the eigenfunctions are of the form
ry0,2) = U (r, 6)op(2)

IHH].I'{ e

k=2(i-1)+34, hi=1,2
with “™ and % as given in Example 9.6. The radial eigenvalues {Amn} differ from those of Example

9.6. Here Amn is the mth positive root of the nonlinear equation
AJL(A) = —Ja(A).

For each n there are count ably many roots {Amn} which must be found numerically. The corresponding

k
radial functions Jn(Amnr) are mutually orthogonal in £2(0.1,7). The eigenvalue corresponding to “mnp
remains

II.:‘H: r‘:;p [}'m!l + I-lrp]
The approximating problem is
_ (8 (r— 3)6(8)3 Iiz = 1) Ymnp)
A= = Z {umﬂp ::'

k,mn,p
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with the above initial and boundary condltlons It |s solved by

where

Hence

for

Note that

with

[rr.? z,t)
Upmnp

k k
Ir“trnr:pﬂrunp{rj =

k —
ll::t':rrl.:n.;'.l {t :I -

&
Hmnp =

[}"mn + 1?3]:

'i.t.k

TILTITE

{r:’cﬂﬂp{U} =

LT

b (2.0.3)
e (I

mnpt Ymnp

{”#m;ﬂ

Z Z Zzﬂmnp t}”mnp 8, z)

k=1 m=1n=0p=0

o= B (10

uﬁmp}

EXP L { m.n.;r.lE}}

fip = 2pm.

1
(s U} = fu JE(Amar)rdr BE
2 1
B:Ip = f sin® nf dﬂ‘f sin? ez dz,
0 0

2w 1
BE,_- = f sin® nf dﬁ‘/ cos® 2 dz,
0 0

2w 1
Bﬁp = f cos® nd di f sin? Mz dz,
4] 0

2
B?
[}

1
np = cos” né df [ cos® Npzdz,
0

np =1
n>1, p=0
nx=0, p=1

n,p =0,

Wave propagation in a cylinder is handled analogously. Different boundary conditions at r=R and at
z=0, c will require different eigenfunctions of the Laplacian on a cylinder, but all computations are

reasonably straightforward.

Example 9.8 An eigenvalue problem for the Laplacian in a sphere.
In order to solve heat flow and oscillation problems in a sphere we need the eigenfunctions of the
Laplacian. We shall study the eigenvalues associated with the Dirichlet problem, i.e.

e + 2ru, + Mg gy = pru
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where 8(6.9) is the Laplacian on the unit sphere considered in Example 8.15. We know from Example

8.15 that its eigenfunctions are
Upn (0, &) = P2 (cos ¢) sin nd, n=1,...,mform>1

“i-m (@, ¢) = Pl{cosd) cosnf, n=0....,mform=10

1
with corresponding eigenvalues
ftn = —m(m + 1), m = 0.
Hence an eigenfunction of the form _
ay o () (8, ), i=1,2

results if @=x(") is a solution of the eigenvalue problem
ET‘E{I']F + {I-‘:urr + FJ?.I’E)H’ =10

la(0)] <00,  alR)=0 (9.2)
where for notational convenience we have set u=—n2.
This differential equation is known from special function theory (or from (3.10)) to have a bounded
solution of the form

N -
l:’l,;.,,,li:!":l = L"l:;w, m=101,....

It follows that the eigenvalues of the Laplacian in spherical cogrdinates are given by
— * — Tt‘n:
|u-t::rr|.'r|. - r.-l'f_m ( R )
where xfm is the £th positive root of the Bessel function Jm+1/2(x).
It is customary in special function theory to call the function

im(z) = ‘g--rmllfﬂl[z}\ Argz#w

a “spherical Bessel function of the first kind of order m.” Similarly, one can define a spherical Bessel
function of the second kind of order m in terms of Bessel functions of the second kind

ym{z} = '||||| éynl I"I,.I'IE(Z}
and the so-called spherical Hankel function

h:n{z} = jm(z} + i?fm(z}
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hfnizj : jm{z} - i:f_..',-_,,l:Z]l.
A discussion of these functions and their behavior at z=0 and as = — =c may be found, for example, in
[1]. In this application then xfm is also the fth positive root of the spherical Bessel function of the first
kind of order m. For each eigenvalue ufmn with fixed £ and m we have the eigenfunctions
U (7 0, ) = jm[ijmT':lH:..,;,,{H-_ @), t=12 n=01,...,m
We verify by direct integration over the sphere that the eigenfunctions corresponding to the same
eigenvalue are all mutually orthogonal. The general theory assures that eigenfunctions with distinct
eigenvalues likewise are orthogonal.
Example 9.9 The eigenvalue problem for Schrdédinger’s equation with a spherically
symmetric potential well.
The last example of this book is a classic textbook problem in quantum mechanics (see, e.g., [20]). It is
chosen to remind the reader that eigenfunction expansions are commonplace in quantum mechanics,
that the eigenfunctions of the Laplacian are essential building blocks for the eigenfunctions of the
Schrodinger equation, and that other eigenvalue problems occur naturally which no longer have the
concise structure of Sturm-Liouville problems but which can still be attacked with the algorithms
employed throughout these pages.
The arguments of Example 9.8 need only minor modifications when we consider the eigenvalue problem
for the Schrédinger equation )
ihﬁ = —E Au+ Virju r = ||&|
ot 2m ' ' ]
where h and m are constants and V(r) is a nonpositive function given as

Vo r , 1%
V(r}={ 0T a, =0
0 T > a.

(9.3)

Since Vis discontinuous, the above Schrédinger equation cannot have a classical solution everywhere.
The postulates of quantum mechanics ask for a function u which is a classical solution where V is
continuous, which is continuous and has continuous gradients at all points, and which decays as r — @
such that

% g lu(Z, ¢)|*dF = 0.

Let us now solve equation (9.3). An eigenfunction expansion solution would be of the form

u(xz, t) = Zﬂk{t)‘bk (%)
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where ®x(Z) is an eigenfunction of

2

_ AP+ V(r)® = ED

2m
with eigenvalue E. i
As in Chapter 3 we can multiply this equation by ® and integrate over ®s to conclude a priori that any
eigenvalue E is real and that ® can be chosen to be real. The eigenvalue, however, does not need to be
positive. In fact, it generally is of interest to discover conditions under which the equation admits
negative eigenvalues.
We rewrite the eigenvalue equation in spherical coordinates and obtain

Dg,y® + (r2®,), — r*V(r)® = —r’E®
et 2 . o 2m i .
where V(1) =35 V(r) ang £ = % E-As in Example 9.8 we write
Plr.0,¢) = o, (r)u,,.. (8, &)
where %mn denotes an eigenfunction of the Laplacian on the surface of the unit sphere with

corresponding eigenvalue #mn = —m(m + 1), n = 0,...,m. Then @uma(") must be a continuously
differentiate solution of i .
{r'?ﬂ'r]'l - I'EV{'F':IH —m{m+ 1)a = —r*Ea, 0<r < oo.

It is subject to the constraints that (0] <°oand

Latul

f lar(r) [Bridr < oc.

0
This equation is slightly more complicated than (9.2). We consider special cases now.
For m=0 we can write the equation for a(r) as in Example 6.7 in the form

(ra)" + E(ra) =0, > a
(ra)” + (Vo + E)(ra) =0, r<a.

If E =0, then we would obtain a linear or trigonometric function for r > a which is not square integrable
over (2:90)-Hence any eigenvalue E necessarily be negative. A square integrable solution for r>a is

ralr) = cexp (—1|||l' |£|r) .
The corresponding bounded solution on [0, a) is
ree(r) = dsinyf (fi] - |I::'|)]r_
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Continuity of a(r) and a’(r) at r=a leads to the equations

exp (—\L.'H':ln) — ginya (C)
=)
_|}'g',| exp (— 1.-'|,":_.‘|r1) —Y COS a7 d

where we have set ¥ = VY0~ |]. This system can have a nontrivial solution only if the determinant of

the coefficient matrix vanishes. After canceling non-zero common factors we find that £ must be a
negative solution of

f(E) = \/|E|sin~a + v cosya = 0.
For B < —Va,yis imaginary and there is no root of f(E) = 0.y=0 is a root but leads to the trivial

solution. For =Vo < E < 0 the sign pattern of the trigonometric polynomial shows that there is an

eigenvalue £ when (£ —1/2)7 < ya < €x. Hence there are at most finitely many eigenvalues {Fe} for
m=0 with corresponding radial solution
sinqr{exp{—\,”f::'mh}

T
sinva z-.xp{— 1|.I'|IEE.f||!1‘}
r| 1]

Because of che exponential decay, it is easy to verify as in Chapter 3 that the set {aem(r)} is orthogonal
in £2(0,00,r%).
in &2

Let us now consider the general case when m=0. We shall assume first that =V < E < 0 and set
y=yV—|E, B=i/|E|

(rPa’) + r*v*a — m{m + 1)a = 0, r e [0,a)

O<r<a

Xfm {]"} =

[r I e 8

Then the radial equations

(ra")' — ‘J"‘jl.ﬁ-‘l{l —m{m + e =10, r € {a, )

must be solved. Both of these equations are of the form of equation (9.2) with
n=v  7€l0,a)

n =3, r € (a,0o).

We already know from Example 9.6 that a bounded solution on [0, a) is given by the spherical Bessel
function
am(r)=cljm(yr).
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For r>a the solution is a linear combination of the spherical Hankel functions
() = dihL (87) + dah? (8r).

The Hankel functions #m(8r) and ki (87) decay and increase exponentially for |£] # 0asT — . Hence we

require d2=0 and observe that then am(r) belongs to L3(a,00,7%).1t remains to match the two solutions
at r=a. As before we need a nonzero solution of the system
m (=) = amlat+)

ala—) = ap, (a+)

(jmhm} Bh(Ba) \ (1) _p
".fj:{':'ﬂ:] _-‘.-J‘Ff}"(_.'_?{l} dy [}

where ’ denotes the derivative of jm(z) and "= with respect to z. £ is a possible (scaled) eigenvalue if
the determinant of the coefficient matrix vanishes, which leads to the nonlinear equation
Sm(E) = jm(va) W1, (Ba) — i}, (va)h},(Ba) = 0.
For m=1 this equation can be simplified with the recursion formula
. m 41
gm{z} = Gm=1 [3} - 2 :-?m(z}.
which is one of several available for spherical Bessel function.
We obtain after some algebra
flE) = Bijm(ya)hh,_ (Ba) — Vim-1(va)h}, (Ba). (9.4)
It is known that (9.4) has no solution for imaginary vy, that y=0 is a root but leads to the trivial solution,
that there are at most finitely many negative roots with their number depending on VO, and that for
positive Ethe Hankel function solution is not square integrable on (@ 2)- Hence for each m>0 there are
at most finitely many eigenvalues {Eem}- Their values for a given VO are found numerically from (9.4).
If the eigenvalues for a given m are indexed as {Eem}s and the corresponding solutions of the radial

equation are labeled {afm(r)}, then for each such eigenvalue we have the radial eigenfunctions
{oem(r)us, . (0,8)}, fF=0,1,..., n=01,...,m

or in matrix form
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They are mutually orthogonal in the mner product

(f.g)= f f f flr,8, ¢)g(r, 8, ¢)rsin fdr df do

and can be used to find eigenfunction expansions for the time-dependent Schrddinger equation. For
example, let Eo denote the smallest root of i U‘]‘ = 0. The smallest eigenvalue is then

The corresponding solution of the radial equation is
con(r) = {hlwa},ﬂ{w) 0<r<a
Ji(ya)hi(Br) a<rv < oo,
and the eigenfunctions for the expansion of solutions of the time-dependent Schrédinger equation are
o (r)ug, (8, &) = api (r) P} (cos#) sin f
cvon (1)uiy (8, &) = or (r) Py cos )
avon (T)ug; (0, &) = api (r) P (cosd) cos 8.

The question of how well an initial condition u0(x) for the Schrédinger equation (9.3) can be
approximated in terms of such eigenfunctions is best left to experts in quantum mechanics, but we do

know that if {Ek ®e}isy is a set of K eigenvalues and orthogonal eigenfunctions for (9.3), then the
approximating problem

i h*
e = ——— Au+V
Yar T om +V(r)u

K
u(z,0) = Pxuo(z) = ) ax®y(z)
with

. Auglx), Pilx))
BT

has the analytic solution
upc(x, t) Zm;r‘: a ‘Pz
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Index

artificial discontinuity, 197

basis, 26, 55, 69

beat, 170

best approximation, 31
boundary

condition consistent, 206
periodic, 229

reflection, 12

Cauchy data, 11, 19

collocation, 236

compatibility condition, 5
consistency condition, 206
convection dominated diffusion, 137
convergence

in the mean, 69

point wise, 71

uniform, 71

dimension, 26

dispersion relation, 175
divergence theorem, 9
domain decomposition, 221
domain imbedding, 234
Duhamel’s principle, 156, 191
for the heat equation, 17

for the wave equation, 22

eigenfunction, 45
eigenvalue, 45
eigenvector, 45

energy estimate, 23, 151, 189
equation

associated Legendre, 246
backward heat, 17, 129
beam, 182

Bessel's, 143, 244
Black-Scholes, 139
Cauchy-Euler, 228
diffusion, 11

heat, 11

homogeneous, 4
Laplace’s, 3

Poisson’s, 4, 5, 226
Reynolds, 218
telegraph, 171

wave, 18

equipotential lines, 217
Euclidean norm, 29

financial option, 139

finite element estimate, 249
formal splitting, 197, 199
Fourier coefficients, 68
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cosine series, 78

sine series, 78

Fourier series, 68

convergence, 75

differentiation, 82

integration, 80

partial sums, 84

function associated Legendre, 246
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Bessel, 142, 143, 176, 244, 270
delta, 240

Green’s, 239, 241
Heaviside, 35

piecewise continuous, 75
piecewise smooth, 75
smooth, 1

spherical Bessel, 270
spherical Hankel, 270
weight, 34

function spaces

Cla, b], 34

L2(D) 34

L2(D, w), 34

Gibbs phenomenon, 86, 89
Gram-Schmidt process, 42

homogeneous
boundary condition, 4
equation, 4

inequality

Bessel's, 71

Gronwall’s, 24, 153, 189
Poincaré, 84, 190, 249
Schwarz’s, 28, 189, 249
triangle, 26

inner product, 27

interface condition, 59, 147

Laplacian, 3
least squares approximation, 33
Legendre polynomial, 246

Maple, 128
maximum principle, 7, 13

norm, 26

orthogonal, 27
orthogonal projection, 29
existence, 30

Parseval's identity, 71

partial differential operator, 1
elliptic, 2

hyperbolic, 3

parabolic, 3

periodic extension, 68, 78
preconditioning, 199, 202, 205
problem

approximating, 99
biharmonic, 253

Dirichlet, 4

il posed, 2

Neumann, 4
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potential, 4

Robin, 4

well posed, 2
Pythagorean theorem, 41

reaction diffusion, 148
resonance, 170
Riemann’s lemma, 74

Schwarz alternating procedure, 221
singular perturbation, 137
solution

classical, 4, 12, 20
complementary, 102

continuous dependence, 7
d’Alembert, 20, 168
fundamental, 15, 242

particular, 102

steady-state, 116

transient, 117

undetermined coefficients, 102
variation of parameters, 102, 104
weak, 5, 15, 21

span, 25
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spectral method, 100
Sturm-Liouville

boundary condition, 46
eigenvalue problem, 53
singular eigenvalue problem, 56
supremum norm, 6

vibrating

beam, 112

chain, 175
membrane, 258
string, 19, 161, 166

waves

plane, 19, 174
standing, 162
traveling, 163
Wronskian, 43
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