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C'est une chose étrange a la fin que le monde
Un jour je m’en irais sans en avoir tout dit

Ces moments de bonheur ces midis d’incendie
La nuit immense et noire aux déchirures blondes

Rien n'est si précieux peut-étre qu'on ne le croit
D’autres viennent lls ont le coeur que j'ai moi-méme
lls savent toucher I'herbe et dire je vous aime

Et réver dans le soir ou s'éteignent des voix...

Il'y aura toujours un couple frémissant

Pour qui ce matin-la sera I'aube premiere

Il'y aura toujours I'eau le vent la lumiere

Rien ne passe aprés tout si ce n’est le passant

C'est une chose au fond que je ne puis comprendre
Cette peur de mourir que les gens ont en eux
Comme si ce n'était pas assez merveilleux

Que le ciel un moment nous ait paru si tendre...

Malgré tout je vous dis que cette vie fut telle
Qu'a qui voudra m'entendre a qui je parle ici
N'ayant plus sur la lévre un seul mot que merci
Je dirai malgré tout que cette vie fut belle

Louis Aragon (1897-1982), Les Yeux et la Mémoire (1954)
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Chapter One

Introduction

The aim of this book is to describe and explain the beautiful mathematical relation-
ships between matrices, moments, orthogonal polynomials, quadrature rules and
the Lanczos and conjugate gradient algorithms. Even though we recall the math-
ematical basis of the algorithms, this book is computationally oriented. The main
goal is to obtain efficient numerical methods to estimate or in some cases to bound
quantities like I[f] = u” f(A)v where u and v are given vectors, A is a symmet-
ric nonsingular matrix and f is a smooth function. The main idea developed in
this book is to write I[f] as a Riemann-Stieltjes integral and then to apply Gauss
quadrature rules to compute estimates or bounds of the integral. The nodes and
weights of these quadrature rules are given by the eigenvalues and eigenvectors
of tridiagonal matrices whose nonzero coefficients describe the three-term recur-
rences satisfied by the orthogonal polynomials associated with the measure of the
Riemann-Stieltjes integral. Beautifully, these orthogonal polynomials can be gen-
erated by the Lanczos algorithm when u = v or by its variants otherwise. All these
topics have a long and rich history starting in the nineteenth century. Our aim is to
bring together results and algorithms from different areas. Results about orthogonal
polynomials and quadrature rules may not be so well known in the matrix compu-
tation community, and conversely the applications in matrix computations that can
be done with orthogonal polynomials and quadrature rules may be not too familiar
to the community of researchers working on these topics. We will see that it can be
very fruitful to mix techniques coming from different areas.

There are many instances in which one would like to compute bilinear forms like
ul f(A)v. A first obvious application is the computation of some elements of the
matrix f(A) when it is not desired or feasible to compute all of f(A). Computation
of quadratic forms 7 A~%r for i = 1,2 is interesting to obtain estimates of error
norms when one has an approximate solution Z of a linear system Ax = b and r
is the residual vector b — AZ. Bilinear or quadratic forms also arise naturally for
the computation of parameters in some numerical methods for solving least squares
or total least squares problems and also in Tikhonov regularization for solving ill-
posed problems.

The first part of the book provides the necessary mathematical background and
explains the theory while the second part describes applications of these results,
gives implementation details and studies improvements of some of the algorithms
reviewed in the first part. Let us briefly describe the contents of the next chapters.

The second chapter is devoted to orthogonal polynomials, whose history started
in the nineteenth century from the study of continued fractions. There are many
excellent books on this topic, so we just recall the properties that will be useful in
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the other chapters. The important point for our purposes is that orthogonal poly-
nomials satisfy three-term recurrences. We are also interested in some properties
of the zeros of these polynomials. We give some examples of classical orthogo-
nal polynomials like the Legendre, Chebyshev and Laguerre polynomials. Some of
them will be used later in several algorithms and in numerical experiments. We also
introduce a less classical topic, matrix orthogonal polynomials, that is, polynomials
whose coefficients are square matrices. These polynomials satisfy block three-term
recurrences and lead to consideration of block tridiagonal matrices. They will be
useful for computing estimates of off-diagonal elements of functions of matrices.

Since tridiagonal matrices will play a prominent role in the algorithms described
in this book, chapter 3 recalls properties of these matrices. We consider Cholesky-
like factorizations of symmetric tridiagonal matrices and properties of the eigenval-
ues and eigenvectors. We will see that some elements of the inverse of tridiagonal
matrices (particularly the (1,1) element) come into play for estimating bilinear
forms involving the inverse of A. Hence, we give expressions of elements of the
inverse obtained from Cholesky factorizations and algorithms to cheaply compute
elements of the inverse. Finally, we describe the QD algorithm which was intro-
duced by H. Rutishauser to compute eigenvalues of tridiagonal matrices and some
of its variants. This algorithm will be used to solve inverse problems, namely re-
construction of symmetric tridiagonal matrices from their spectral properties.

Chapter 4 briefly describes the well-known Lanczos and conjugate gradient (CG)
algorithms. The Lanczos algorithm will be used to generate the recurrence coef-
ficients of orthogonal polynomials related to our problem. The conjugate gradient
algorithm is closely linked to Gauss quadrature and we will see that quadrature
rules can be used to obtain bounds or estimates of norms of the error during CG it-
erations when solving symmetric positive definite linear systems. We also describe
the nonsymmetric Lanczos and the block Lanczos algorithms which will be useful
to compute estimates of bilinear forms u” f(A)v when u # v. Another topic of
interest in this chapter is the Golub—Kahan bidiagonalization algorithms that are
useful when solving least squares problems.

Chapter 5 deals with the computation of the tridiagonal matrices containing
the coefficients of the three-term recurrences satisfied by orthogonal polynomials.
These matrices are called Jacobi matrices. There are many circumstances in which
we have to compute the Jacobi matrices either from knowledge of the measure of
a Riemann-Stieltjes integral or from the moments related to the measure. It is also
important to be able to solve the inverse problem of reconstructing the Jacobi ma-
trices from the nodes and weights of a quadrature formula which defines a discrete
measure. We first describe the Stieltjes procedure, which dates back to the nine-
teenth century. It computes the coefficients from the measure which, in most cases,
has to be approximated by a discrete measure. This algorithm can be considered as
a predecessor of the Lanczos algorithm although it was not constructed to compute
eigenvalues. Unfortunately there are cases for which the Stieltjes algorithm gives
poor results due to a sensitivity to roundoff errors. Then we show how the nonzero
entries of the Jacobi matrices are related to determinants of Hankel matrices con-
structed from the moments. These formulas are of little computational interest even
though they have been used in some algorithms. More interesting is the modified



INTRODUCTION 5

Chebyshev algorithm, which uses so-called modified moments to compute the Ja-
cobi matrix. These modified moments are obtained from some known auxiliary
orthogonal polynomials. The next section consider several algorithms for solving
the problem of constructing the Jacobi matrix from the nodes and weights of a dis-
crete measure. They are the eigenvalues and squares of the first elements of the
eigenvectors. Hence, this is in fact an inverse eigenvalue problem of reconstructing
a tridiagonal matrix from spectral information. Finally, we describe modification
algorithms which compute the Jacobi matrices for measures that are given by a
measure for which we know the coefficients of the three-term recurrence multi-
plied or divided by a polynomial.

The subject of chapter 6 is Gauss quadrature rules to obtain approximations or
bounds for Riemann—Stieltjes integrals. The nodes and weights of these rules are
related to the orthogonal polynomials associated with the measure and they can be
computed using the eigenvalues and eigenvectors of the Jacobi matrix describing
the three-term recurrence. With N nodes, the Gauss rule is exact for polynomi-
als of order 2N — 1. The Jacobi matrix has to be modified if one wants to fix a
node at one end or at both ends of the integration interval. This gives respectively
the Gauss—Radau and Gauss—Lobatto quadrature rules. We also consider the anti-
Gauss quadrature rule devised by D. P. Laurie to obtain a rule whose error is the
opposite of the error of the Gauss rule. This is useful to estimate the error of the
Gauss quadrature rule. The Gauss—Kronrod quadrature rule uses 2N + 1 nodes of
which N are the Gauss rule nodes to obtain a rule that is exact for polynomials of
degree 3N + 1. It can also be used to estimate errors in Gauss rules. Then we turn
to topics that may be less familiar to the reader. The first one is the nonsymmetric
Gauss quadrature rule which uses two sets of orthogonal polynomials. The second
one is block Gauss quadrature rules to handle the case where the measure is a sym-
metric matrix. This involves the matrix orthogonal polynomials that were studied
in chapter 2.

Chapter 7 is, in a sense, a summary of the previous chapters. It shows how the
theoretical results and the techniques presented before allow one to obtain bounds
and estimates of bilinear forms u” f(A)v when A is a symmetric matrix and f a
smooth function. First, we consider the case of a quadratic form with v = v. To
solve this problem we use the Lanczos algorithm which provides a Jacobi matrix.
Using the eigenvalues and eigenvectors of this matrix (eventually suitably modi-
fied) we can compute the nodes and weights of Gauss quadrature rules. This gives
estimates or bounds (if the signs of the derivatives of f are constant over the interval
of integration) of the quadratic form. When u # v we use either the nonsymmet-
ric Lanczos algorithm or the block Lanczos algorithm. With the former we can in
some cases obtain bounds for the bilinear form whereas with the latter we obtain
only estimates. However, the block Lanczos algorithm has the advantage of deliver-
ing estimates of several elements of f(A) instead of just one for the nonsymmetric
Lanczos algorithm.

Chapter 8 briefly describes extensions of the techniques summarized in chapter 7
to the case of a nonsymmetric matrix A. The biconjugate gradient and the Arnoldi
algorithms have been used to compute estimates of u” f(A)v or u® f(A)v in the
complex case. Some justifications of this can be obtained through the use of Gauss
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quadrature in the complex plane [293] or, more interestingly, the Vorobyev moment
problem [316].

The first part of the book is ended by chapter 9 which is devoted to solving
secular equations. We give some examples of problems for which it is useful to
solve such equations. One example is computing the eigenvalues of a matrix A
perturbed by a rank-one matrix cc? where c is a given vector. To compute the
eigenvalues ;1 we have to solve the equation 1 + ¢ (A — ul)~tc = 0. Note that
this equation involves a quadratic form. Using the spectral decomposition of A,
this problem can be reduced to solving a secular equation. We review different
numerical techniques to solve such equations. Most of them are based on use of
rational interpolants.

The second part of the book describes applications and gives numerical examples
of the algorithms and techniques developed in the first nine chapters.

Even though this is not the main topic of the book, chapter 10 gives examples
of computation of Gauss quadrature rules. It amounts to computing eigenvalues
and the first components of the eigenvectors. We compare the Golub and Welsch
algorithm with other implementations of the QR or the QL algorithms. We also
show some examples of computation of integrals and describe experiments with
modification algorithms where one computes the Jacobi matrix associated with a
known measure multiplied or divided by a polynomial.

Chapter 11 is concerned with the computation of bounds for elements of f(A).
The functions f we are interested in as examples are A", exp(A) and vA. We
start by giving analytical lower and upper bounds for elements of the inverse. This
is obtained by doing “by hand” one or two iterations of the Lanczos algorithm.
These results are then extended to any function f. We also show how to compute
estimates of the trace of the inverse and of the determinant of A, a problem which
does not exactly fit in the same framework. These algorithms are important for
some applications in physics. Several numerical examples are provided to show the
efficiency of our techniques for computing bounds and to analyze their accuracy.

Chapter 12 studies the close relationships of the conjugate gradient algorithm
with Gauss quadrature. In fact, the square of the A-norm of the error at iteration
k is the remainder of a k-point Gauss quadrature rule for computing (r°)7 A=170
where 7Y is the initial residual. Bounds of the A-norm of the error can be computed
during CG iterations by exploiting this relationship. If one is interested in the [y
norm of the error, it can also be estimated during the CG iterations. This leads to
the definition of reliable stopping criteria for the CG algorithm. These estimates
have been used when solving finite element problems. One can define a stopping
criterion such that the norm of the error with the solution of the continuous prob-
lem is at the level one can expect for a given mesh size. Numerous examples of
computation of bounds of error norms are provided.

In chapter 13 we consider the least squares fit of some given data by polynomials.
The solution to this problem can be expressed using the orthogonal polynomials re-
lated to the discrete inner product defined by the data. We are particularly interested
in the updating and downdating operations where one adds or deletes data from the
sample. This amounts to computing new Jacobi matrices from known ones. We re-
view algorithms using orthogonal transformations to solve these problems, which
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are also linked to inverse eigenvalue problems. We also consider the problem of
computing the backward error of a least squares solution. Use of the exact expres-
sion of the backward error is difficult because it amounts to computing the smallest
eigenvalue of a rank-one modification of a singular matrix. However one can com-
pute an approximation of the backward error with Gauss quadrature.

Given a matrix A and a right-hand side ¢, the method of Total Least Squares
(TLS) looks for the solution of (A 4+ E)x = ¢ + r where E and r are the smallest
perturbations in the Frobenius norm such that ¢ + r is in the range of A + E. To
compute the solution we need the smallest singular value of the matrix (A ¢). It
is given as the solution of a secular equation. In chapter 14, approximations of this
solution are obtained by using the Golub—Kahan bidiagonalization algorithm and
Gauss quadrature.

Finally, chapter 15 considers the determination of the Tikhonov regularization
parameter for discrete ill-posed problems. There are many criteria which have been
devised to define good parameters. We mainly study generalized cross-validation
(GCV) and the L-curve criteria. The computations of the “optimal” parameters for
these methods involve the computation of quadratic forms which can be approx-
imated using Gauss quadrature rules. We describe improvements of algorithms
which have been proposed in the literature and we provide numerical experiments
to compare the different criteria and the algorithms implementing them.

This book should be useful to researchers in numerical linear algebra and more
generally to people interested in matrix computations. It can be of interest too to
scientists and engineers solving problems in which computation of bilinear forms
arises naturally.



Chapter Two

Orthogonal Polynomials

In this chapter, we briefly recall the properties of orthogonal polynomials which
will be needed in the next chapters. We are mainly interested in polynomials of a
real variable defined in an interval of the real line. For more details, see the book
by Szegd [323] or the book by Chihara [64], and also the paper [65] for theoretical
results on classical orthogonal polynomials and the nice book by Gautschi [131]
for the computational aspects.

2.1 Definition of Orthogonal Polynomials

We will define orthogonal polynomials in either a finite or an infinite interval [a, b]
of the real line. We first have to define orthogonality. For our purposes this is done
through the definition of an inner product for functions of a real variable by using
Riemann-Stieltjes integrals.

DEFINITION 2.1 A Riemann—Stieltjes integral of a real valued continuous func-
tion f of a real variable with respect to a real function o is denoted by

b
/ FOVda(n), @1

and is defined to be the limit (if it exists), as the mesh size of the partition 7 of the
interval [a, b] goes to zero, of the sums

> fle(aGi) —alh),
{Aiterm
where ¢; € [Ni, Ait1]-

Note that we obtain a Riemann integral if da(\) = dA. If « is continuously
differentiable, the integral (2.1) is equal to

/ FON (V) dA.

See for instance Riesz and Nagy [283]. But this is not always the case since o« may
have jumps or may have a zero derivative almost everywhere. Then the Riemann—
Stieltjes integral (2.1) cannot be reduced to a Riemann integral. However, in many
cases Riemann—Stieltjes integrals are directly written as

b
/ FO) WA,
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where w is called the weight function.

The simplest existence theorem for the type of integral (2.1) says that if f is con-
tinuous and « is of bounded variation on [a, b] then the integral exists. The function
« is of bounded variation if it is the difference of two nondecreasing functions. In
particular, the integral exists if f is continuous and « is nondecreasing.

Let « be a nondecreasing function on the interval (a,b) having finite limits at
+o00 if @ = —oo and/or b = 400 and infinitely many points of increase.

DEFINITION 2.2 The numbers

b
Lhi :/ Nda(N), i=0,1,... (2.2)

are called the moments related to the measure o.

This name was chosen by Stieltjes because of analogy with some definitions in
mechanical problems. To be able to use the Riemann—Stieltjes integral for poly-
nomials we assume that all the moments are finite. Let us define an inner product
given by a Riemann-Stieltjes integral (2.1).

DEFINITION 2.3 Let P be the space of real polynomials. We define an inner prod-
uct (related to the measure o) of two polynomials p and q € P as

b
mm:/pummmuy 2.3)

The norm of p is defined as

2

b
Iplla = (/ p(A)Qda(/\)> : (2.4)

Note that with our hypothesis for the moments the integral (2.3) exists. When
it is necessary to refer to the measure «, we will also denote the inner product as
(*, Y- We will consider also discrete inner products as

m
(p.a) =Y pt;)a(t;)w?. 2.5)

j=1
The values ¢; are referred to as points or nodes and the values wjz» are the weights.
Several times in this book we will use the fact that the sum in equation (2.5) can
be seen as an approximation of the integral (2.3). Conversely, it can be written as
a Riemann—Stieltjes integral for a measure o which is piecewise constant and has

jumps at the nodes ¢; (that we assume to be distinct for simplicity):

0, if A < t,
a(\) = i wil? it <A<t i=1,...,m—1,
S wil? it < A

see Atkinson [13], Dahlquist, Eisenstat and Golub [75] and Dahlquist, Golub and
Nash [76]. There are different ways to normalize polynomials. A polynomial p
of exact degree k is said to be monic if the coefficient of the monomial of highest
degree is 1, that is, it is defined as p(\) = Moo M4
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DEFINITION 2.4 The polynomials p and q are said to be orthogonal (with respect
to inner products (2.3) or (2.5)) if (p, q) = 0. The polynomials p in a set of polyno-
mials are orthonormal if they are mutually orthogonal and if (p,p) = 1. Polyno-
mials in a set are said to be monic orthogonal polynomials if they are orthogonal,
monic and their norms are strictly positive.

Sometimes, polynomials are also normalized by fixing their value at 0, for exam-
ple p(0) = 1. It is not so obvious to know when there exist orthogonal polynomials
for a given measure and the corresponding inner product. The inner product (-, -},
is said to be positive definite if ||p||, > 0 for all nonzero p in P. A necessary and
sufficient condition for having a positive definite inner product is that the determi-
nants of the Hankel moment matrices are positive,

L I S A
ul MQ “ e ,Ltk
det . ) . >0, k=1,2,...,
HE—1 Mg - H2k—2

where p; are the moments of definition (2.2). This leads to a sufficient condition
for the existence of the orthogonal polynomials.

THEOREM 2.5 [f the inner product (-, ") is positive definite on P, there exists a
unique infinite sequence of monic orthogonal polynomials related to the measure
Q.

Proof. See Gautschi [131]. O
Orthogonal polynomials have interesting minimization properties for the /> norm.

THEOREM 2.6 If qi is a monic polynomial of degree k, then

b
min [ G2(3) da()

dk
is attained if and only if qi, is a constant times the orthogonal polynomial py, related
to o

Proof. See Szego [323]. O

We have defined orthogonality relative to an inner product given by a Riemann—
Stieltjes integral but, more generally, orthogonal polynomials can be defined rela-
tive to a linear functional L such that L(A¥) = p. Two polynomials p and ¢ are
said to be orthogonal if L(pg) = 0. One obtains the same kind of existence result
as in theorem 2.5; see the book by Brezinski [36].

2.2 Three-Term Recurrences

For our purposes in this book, the most important property of orthogonal polyno-
mials is that they satisfy a three-term recurrence relation. The main ingredient to
obtain this result is to have the following property for the inner product:

(Ap, q) = (p, \q)-
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This is obviously satisfied for the inner product defined in equation (2.3) using the
Riemann-Stieltjes integral. Let us first consider monic orthogonal polynomials py
of degree k.

THEOREM 2.7 For monic orthogonal polynomials, there exist sequences of coef-
ficients a,, k= 1,2,...and v, k = 1,2, ... such that

Prt1(A) = (A = apg1)pe(N) — wpr-1(N), k=0,1,... (2.6)

p-1(A) =0, po(A) = 1.

where
(A, DE)
Qg1 = LR g — 0,1,
T ok i)
o= PRPE) gy
<101c—1,pk—1>7 Y

Proof. Notice that vy does not need to be defined since p_; = 0. We follow
the proof in Gautschi [131]. It is easy to prove that a set of monic orthogonal
polynomials p; is linearly independent and any polynomial p of degree k can be
written as

k
p=_wip;,
=0

for some real numbers w;. Since we consider monic polynomials, the polynomial
DPr+1 — Apg 1is of degree < k and can be written as a linear combination of the

orthogonal polynomials p;, j = 0, ..., k. Let us write this as
k—2
Pht1 — APk = —Qh 1Pk — WPh—1 + Y ;pj, 27
j=0

where the coefficients ; are real numbers. We would like to prove that §; =
0,7 =0,...,k — 2. Taking the inner product of equation (2.7) with p; and using
orthogonality, we obtain

(APk, Pk) = Qo1 (Dk> PR) -

Since (pg,pr) > 0, this gives the value of 1. Multiplying equation (2.7) by
Pk—1, We have

(ADks Pr—1) = Vi (Pr—1,Pk—1)-
But, using equation (2.7) for the degree k — 1,
(AP Pr—1) = (P, APk—1) = (Pk> Pie)-

This gives the expression of ;. For the other terms, we multiply equation (2.7)
with p;, j < k — 1 obtaining

(Apk,pj) = 0;(pj, pj)-
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The left-hand side of the last equation vanishes. For this, the property (Apx, p;) =
(pr, Ap;) is crucial. Since Ap; is of degree < k, the left-hand side is 0 and it implies
0;=0,7=0,...,k—2. O

We remark that the coefficients v, are strictly positive. There is a converse to
theorem 2.7. It is is attributed to J. Favard [104] whose paper was published in
1935, although this result had also been obtained by J. Shohat [298] at about the
same time and it was known earlier to Stieltjes [313]; see [230]. Without all the
technical details, the result of Favard is the following.

THEOREM 2.8 If a sequence of monic orthogonal polynomials p, k = 0,1,...,
satisfies a three-term recurrence relation such as equation (2.6) with real coeffi-
cients and vy, > 0, then there exists a positive measure « such that the sequence
Pk s orthogonal with respect to an inner product defined by a Riemann—Stieltjes
integral for the measure .

Proof. For a proof in a more general setting, see Marcellan and Alvarez—Nodarse
[230]. O

Moreover, there are additional conditions on the coefficients of recurrence (2.6)
which implies that the support of the measure is in [0, c0) or in a bounded interval.

Considering the recurrences for orthonormal polynomials, we have the following
result.

THEOREM 2.9 For orthonormal polynomials, there exist sequences of coefficients
ag, k=1,2,...and By, k = 1,2, ... such that

Bra1Pr+1(A) = (A = arg1)pe(N) — V/Brpe—1(A), k=0,1,...,  (2.8)

P1(N) =0, po(\) =1/+/Bo, o = /b da,
where
ar+1 = Aok, pr), k=0,1,...
and [y, is computed such that ||py|lo = 1.
Proof. The proof is basically the same as for theorem 2.7. O

Generally to avoid the square roots we will directly use 7, = /B in the three-
term recurrence. The square roots naturally arise from the relation between monic
and orthonormal polynomials. If we assume that we have a system of monic poly-
nomials py, satisfying a three-term recurrence (2.6), then we can obtain orthonormal
polynomials p; by normalization

R pr(N)
(A = ————.
k() <Pk,Pk>1/2
Using equation (2.6) we have
. ADks D) \ - pellZ .
ol = (Mpulla = S0 ) gy - el
1P |l lPk—1llo
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After some manipulations we obtain

||pk+1||aﬁk+1 — ()\ _ <>\]5k,]3k>)ﬁk _ ||pk||0¢ pk—l-
(F2u P lPk—1lla
‘We note that
o (ADk» Dk
(ADk,Pr) = ——5—
[pr]12
and

\/ﬂTH: Hpk+1Ha

Iklle
Therefore the coefficients «; are the same and 5, = . If we have the coefficients
of monic orthogonal polynomials we just have to take the square root of 7y, to obtain
the coefficients of the corresponding orthonormal polynomials.
If the orthonormal polynomials in theorem 2.9 exist for all k, there is an infinite
symmetric tridiagonal matrix J, associated with them,

a1 VB
VB a2 VB

Joo = VB2 az  /Ps

Since it has positive subdiagonal elements, the matrix J, is called an infinite Jacobi
matrix. Its leading principal submatrix of order % is denoted as Jj.

THEOREM 2.10 The Jacobi matrix J;; of dimension k related to o is uniquely
determined by the first 2k moments of o.

Proof. See Elhay, Golub and Kautsky [101]. Their proof relies on the fact (as we
will see when studying quadrature rules) that the first 2k moments uniquely define
a k-point Gauss quadrature. Since the polynomials of degree less than or equal to
2k — 1 orthogonal with respect to the measure « are also orthogonal with respect
to the discrete measure given by this quadrature rule, we obtain the result. O

Note that a given Jacobi matrix of finite size k corresponds to an infinite set
of normalized weight functions (with pg = 1) which all have the same first 2k
moments. On this topic see also Kautsky [199].

Using the three-term recurrence relation satisfied by orthogonal polynomials one
can also prove the following interesting and useful result. This is known as a
Christoffel-Darboux formula.

THEOREM 2.11 Let pi, k = 0,1, ... be orthonormal polynomials, then

k
> piNpi(p) = \/ﬁk’+1pk+1()\)pk('u))\ _Z’“(’\)p’““(“), XA, (29)
=0

and
k

> pEN) = v/ Bralbh (Mpk(A) = D (WP (V).

=0
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Proof. Multiply the relation (2.8) by py (1) and subtract this relation from a similar
one with A and p interchanged. The other relation is obtained by letting A — p. O

COROLLARY 2.12 For monic orthogonal polynomials we have

_ Perr(MNpe (1) — Pe(M)pria (1)
A—p

k
> et Yirrpi(MN)pi(p) ,if X #£ p.
=0

On the Christoffel-Darboux formula, see also Brezinski [35].

2.3 Properties of Zeros

Let us put the values at A of the first £ orthonormal polynomials in a vector and
denote

PN = (poN) pi(N) oo pea (V)T
Then, in matrix form, the three-term recurrence is written as
APy = Ji Py + mipe(Ne®, (2.10)

where Jj, is the Jacobi matrix of order k£ with subdiagonal elements 7; and ek is
the last column of the identity matrix of order k. This leads to the fundamental
following result.

THEOREM 2.13 The zeros Hj(-k) of the orthonormal polynomial py. are the eigen-
values of the Jacobi matrix J.

Proof. 1f 6 is a zero of py, from equation (2.10) we have
0P (0) = JipPr(0).

This shows that 6 is an eigenvalue of Jy, and Pj(#) is a corresponding (unnormal-
ized) eigenvector. ]

The matrix Jj being a symmetric tridiagonal matrix, its eigenvalues (the zeros
of the orthogonal polynomial py) are real and distinct as we will see in chapter 3.
Moreover, we have the following result about location of the zeros; see Szego [323].

THEOREM 2.14 The zeros of the orthogonal polynomials py, associated with the
measure o on [a, b] are real, distinct and located in the interior of [a, b].

Proof. The first two assertions are proved as a consequence of theorem 2.13. The
statement concerning the location follows from the minimization property in theo-
rem 2.6. If there is a zero outside the interval [a, b], then the value of the Riemann—
Stieltjes integral can be decreased by moving this zero. But this is not possible
since py, properly normalized, gives the minimum of the integral. O



ORTHOGONAL POLYNOMIALS 15

2.4 Historical Remarks

In 1894-1895, Stieltjes published a seminal paper: “Recherches sur les fractions
continues” [313]. He proposed and solved the following problem.

Find a bounded nondecreasing function « in the interval [0, 00) such that its
moments have a prescribed set of values ,,,

oo
/ AVda(N) = pp, n=0,1,2,....
0

The name “problem of moments” was chosen by Stieltjes in analogy with mechani-
cal problems. In fact do () can be considered as a mass distributed over [A, A4dA].
Then the integral

/ do(A

represents the mass over the segment [0, z]. This is why « is often called a distri-
bution function. The integrals

/OOO Ada(N), /OOO A da(N)

represent the first statical moment and the moment of inertia (with respect to 0) of
the total mass distributed over [0, c0).

Stieltjes showed that a necessary and sufficient condition to have a solution is
the positiveness of certain Hankel determinants given by the moments p,,. The
solution may be unique or there can be infinitely many solutions.

Prior to Stieltjes, Chebyshev in a series of papers started in 1855 studied related
problems. He was interested in how far a sequence of given moments such that

/ AP fA)dA=pn, n=0,1,2,...,

determine the function f. A. Markov, a student of Chebyshev, continued his work.
Heine (1861, 1878, 1881) also worked on related problems before Stieltjes. H. Ham-
burger considered the moment problem on the whole real axis (1920, 1921). He
gave a sufficient and necessary condition for the existence of a solution. This is
again given by Hankel determinants. Hausdorff (1923) gave a criterion for the
moment problem to have a solution in a finite interval.

Many of these early papers used the theory of continued fractions to solve mo-
ment problems. The study of the polynomials which are the denominators of con-
vergents (that is truncated sums) of continued fractions was at the beginning of the
modern theory of orthogonal polynomials. More recent papers studied the moment
problem using the tools of functional analysis. For details on the moment problem,
see the books by Shohat and Tamarkin [299] and Akhiezer [4].

2.5 Examples of Orthogonal Polynomials

There are many cases for which the coefficients of the three-term recurrence are
explicitly known. Let us consider some classical examples where the measure is
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defined through a weight function w by da(\) = w(\) dA. Let
a=-1,b=1, w\)=1-XN°1+NP §3>—1

The corresponding orthogonal polynomials are known as Jacobi polynomials. Some
special cases of interest for different choices of the exponents § and 3 are described
in the next subsections.

2.5.1 Chebyshev Polynomials of the First Kind

These polynomials, denoted as Cj, (or sometimes 7}, depending on the spelling
used, Chebyshev or Tchebicheff; see Davis [77]), are obtained by choosing § =
B = —1/2. They are defined for |A\| < 1 as

Ci (M) = cos(k arccos \).

It is not immediately obvious that this defines polynomials, but using trigonometric
identities one can see that the functions CY satisfy a three-term recurrence,

C()()\) =1, Ci(\) = A Ck+1()\) =2AC;(\) — Cr—1(N).

Hence, they are indeed polynomials. The corresponding Jacobi matrix Jj is the
tridiagonal matrix (1/2 0 1/2) of order k with constant diagonals except for
the first row which has 0 and 1 in positions (1,1) and (1, 2). Its eigenvalues (and
consequently the zeros of C) are

2j +1
)\j_H—COS( ‘7; g),j—o,l,...kl.

The polynomial Cy, has k + 1 extremas in [—1, 1],

Jmy\ .
/\;-ZCOS<?>,_]=0,17...,]€

and Ci(X;) = (=1)7. The polynomials C, k = 1,...,7 are displayed in fig-
ure 2.1. We see that their absolute values grow very fast outside [—1, 1]. On [—1, 1]
the polynomials oscillate between —1 and 1.

For k > 1, C} has a leading coefficient 2k=1_ The inner product related to the
measure a(\) = (1 — A\?)~'/2 is such that

0, 1#7,
m, t=3=0.

So these polynomials are neither monic nor orthonormal. But, of course, they
can be normalized, and one of the most interesting properties of the Chebyshev
polynomials is the following (see for instance Dahlquist and Bjorck [73] or the
recent book [74]).

THEOREM 2.15 For all monic polynomials of degree k, C. /281 has the smallest
maximum norm, equal to 1/ ok—1,
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Figure 2.1 Chebyshev polynomials (first kind) C, k = 1,...,7on [—1.1,1.1]

Let 7} = { polynomials of degree n in A whose value is 1 for A = 0 }. Cheby-
shev polynomials provide the solution of the minimization problem

min max_|g,(M\)|.

gn€m) A€[a,b]
The solution is written as
22— (a+b)
Cn ( b—a ) 1
min max |g,(\)| = max =
qn€m) A€[a,b] A€Ela,b] C, (L‘i‘b) C, (gi'i‘b)
—a —a

2.5.2 Chebyshev Polynomials of the Second Kind
In this case we have § = 3 = 1/2 and the polynomials Uy, are defined as

sin(k + 1)

TR A = cos¥f.

Ur(A) =
They satisfy the same three-term recurrence as the Chebyshev polynomials of the

first kind but with initial conditions Uy = 1, U; = 2. Of all monic polynomials
Qi 2-ky, gives the smallest L; norm,

1
lgells = / gk (V)] dA.
-1

The first polynomials Uy, are displayed in figure 2.2.
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Figure 2.2 Chebyshev polynomials (second kind) Uy, k = 1,...,7on[—1.1,1.1]

2.5.3 Legendre Polynomials

The choice 6 = (8 = 0 (that is, a weight function equal to 1) gives the Legendre
polynomials Pj. The three-term recurrence is

(k+1)Pry1(N) = (2k + DAP(A) — kPe_1(N), Bo(A) =1, P1(A) = A,

The Legendre polynomial P, is bounded by 1 on [—1, 1]. The first polynomials P
are displayed in figure 2.3.

2.5.4 Laguerre and Hermite Polynomials

Other classical examples on different intervals are the Laguerre and Hermite poly-
nomials. For Laguerre polynomials L, the interval is [0, co) and the weight func-
tion is e . The recurrence relation is

(k + ].)Lk+1 = (2k +1-— )\)Lk — kkal, L() = ].7 Ll =1-A

The first polynomials L are displayed in figure 2.4. We will also consider as
examples generalized Laguerre polynomials for which the interval is the same and
the weight function is e ™A\,

For Hermite polynomials Hy, the interval is (—oo, 00) and the weight function
is e=*". The recurrence relation is

Hk-i—l ZQAHk—QkJHk_l, HoEl, Hl =2\

The first polynomials H}, are displayed in figure 2.5.
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Figure 2.4 Laguerre polynomials Ly, k = 1,...,7 on [—2,20]
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Figure 2.5 Hermite polynomials Hy, k = 1,...,7 on [—10, 10]

Other interesting polynomials are the Gegenbauer and Meixner—Pollaczek poly-
nomials; see Szegd [323] or Gautschi [131]. Less classical examples, in particular
polynomials of a discrete variable, are described in Gautschi [131].

2.6 Variable-Signed Weight Functions

So far we have assumed that the measure is positive. What happens if the measure
is defined by a weight function which changes sign in the interval [a, b]? This prob-
lem was considered by G. W. Struble [321]. Regarding existence of the orthogonal
polynomials related to such a measure, the result is the following.

THEOREM 2.16 Assume that all the moments exist and are finite. For any k > 0,
there exists a polynomial py, of degree at most k such that py, is orthogonal to all
polynomials of degree < k — 1 with respect to w.

The important words in this result are “of degree at most k”. In some cases the
polynomial py, can be of degree less than k. If C(k) denotes the set of polynomials
of degree < k orthogonal to all polynomials of degree < k — 1, C(k) is called
degenerate if it contains polynomials of degree less than k. If C'(k) is nondegener-
ate it contains one unique polynomial (up to a multiplicative constant). If C'(k) is
nondegenerate, we may consider the next nondegenerate set C'(k +n), n > 0. The
following result from [321] characterizes the sets in between.
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THEOREM 2.17 Let C (k) be nondegenerate with a polynomial py,. Assume C'(k—+
n), n > 0 is the next nondegenerate set. Then py, is the unique (up to a multiplica-
tive constant) polynomial of lowest degree in C(k +m), m=1,...,n— 1.

Each polynomial in C'(k+m), m = 1,...,n— 1is divisible by ps. If C(k + 1)
is degenerate, py, is orthogonal to itself. Notice that this is not possible when the
weight function is positive.

If one considers the set of polynomials py, of degree dj, belonging to the sets C'(k)
which are nondegenerate, they satisfy a three-term recurrence but with different
coefficients as in the positive case. We have for k = 2,3, ...,

dp—di—-1—1

p(\) = | apA® I 4 Z BreiX' | pe—1(A) — Ye—1pr—2(A)  (2.11)

=0

and

di—1
(M) =1, pi(\) = (Oq)\dl + Z 51,1‘)3) po(A).
i=0
The coefficient of pi_; contains powers of A depending on the difference of the
degrees of the polynomials in the nondegenerate cases. The coefficients ay and
~v,—1 have to be nonzero. Reciprocally, given the sequence of degrees and the co-
efficients such that o, and 7 are different from zero, Struble [321] constructed
a weight function w for which the orthogonal polynomials satisfy equation (2.11).
On degenerate orthogonal polynomials and the longer recurrence relation they sat-
isfy, see also Draux [90].

2.7 Matrix Orthogonal Polynomials

In the previous sections, the coefficients of the polynomials were real numbers. We
would like to generalize this to have matrices as coefficients. There are several
ways to define orthogonal polynomials whose coefficients are square matrices. Or-
thogonal matrix polynomials on the real line were considered by M. G. Krein [208]
a long time ago. Here, we follow the development of [149] published in 1994; see
also [7], [135], [305], [306], [304], [231], [80], [81] and [82]. The coefficients to
be considered are 2 x 2 matrices since this is sufficient for the applications we have
in mind. But these results can be easily generalized to square matrices of any order.

DEFINITION 2.18 For X real, a matrix polynomial p;(\) which is, in our case, a
2 X 2 matrix is defined as

pi(n) =Y N,
j=0

where the coefficients C](»Z) are given 2 X 2 real matrices. If the leading coefficient
is the identity matrix, the matrix polynomial is said to be monic.



22 CHAPTER 2

The measure a(\) is now a matrix of order 2 that we suppose to be symmetric
and positive semidefinite. Moreover, we assume that if A\; < Ag, then a(Ag) —

a(A1) is positive semidefinite. The integral f; F(A)da(N) is a 2 x 2 symmetric
matrix. We also assume that the (matrix) moments

b
M, = / M da(N) (2.12)

exist for all &.
The “inner product” of two matrix polynomials p and ¢ is defined as

b
(b.q) = / p(N) da(N)g(N)T. 2.13)

Note that this defines a matrix and we have to be careful about the order for the ma-
trix multiplications under the integral sign. Two matrix polynomials in a sequence
Pk, K =0,1,... are said to be orthonormal if

(Dispj) = i 512, (2.14)

where 0; ; is the Kronecker symbol and I, the identity matrix of order 2.

THEOREM 2.19 Sequences of matrix orthogonal polynomials satisfy a block three-
term recurrence,

pi(MT; = Apj1(A) = pj—1(N)Q; — pj—2(WT]_y, (2.15)

po(A) =12, p1(N) =0,
where I';, Q; are 2 x 2 matrices and the matrices §; are symmetric.
Proof. The proof is essentially the same as in the scalar case. O

The block three-term recurrence can be written in matrix form as

Alpo(A), -+ pe—1(N)] = [po(A), -, pe—1 (M) + [0, ., 0, pe (AT, (2.16)
where
O, 17
r, Q 17
Tr—o Qo1 TE,
Fpo1
is a block tridiagonal matrix of order 2k with 2 x 2 blocks. Let us put the £ first ma-

trix polynomials at A in P(\) = [po()), ..., px—1(A)]T. Because of the symmetry
of Ji, by transposing equation (2.16) we have

We note that if 6,. is an eigenvalue of J; and if we choose v = u,. to be a vector
of length 2 whose components are the first two components of the corresponding
eigenvector, then P(6,.)u is this eigenvector (because of the relations that are satis-
fied) and if I'y, is nonsingular, pf (6, )u = 0.
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There is also a matrix analog of the Favard theorem. If a sequence of matrix
polynomials satisfies a three-term block recurrence then there exists a matrix mea-
sure for which they are orthonormal; see Aptekarev and Nikishin [7]. For more
details, see Dette and Studden [80]. Some of the following results on the properties
of the matrix polynomials were derived in [149].

THEOREM 2.20 The eigenvalues of J. are the zeros of det[py(N\)].

Proof. Let 0 be a zero of det[py (\)]. This implies that the rows of py,(6) are linearly
dependent and there exists a vector v with two components such that

v pr(6) = 0. (2.17)
Using the matrix three-term recurrence we have
0[vTpo(0),. .., v pr_1(0)] = [T po(8),. .., v  pr_1(0)]J%.

Therefore 6 is an eigenvalue of Ji. The determinant of pi () is a polynomial of
degree 2k in A. Hence, there exists 2k zeros of the determinant and therefore all
eigenvalues are zeros of det[py(\)]. O

THEOREM 2.21 For A and i real, we have the matrix analog of the Christoffel—
Darboux identity,

k—1
A=) > pi(wp] (A = peo1 (WTEPE (A) = pe(WTrpi 1 (A). (2.18)
=0

Proof. Using the three-term recurrence (2.15), we have

LT apf(A) = 207 (A) = Qpf (V) = Tipy 1 (V) (2.19)
and

Pt (W1 = i (1) = pi ()11 — pj—1 ()] - (2.20)

Multiplying equation (2.19) on the left by p;(x) and equation (2.20) on the right
by pT'(X) gives

pi ()T T 1 (A) = pjgr ()T 41p) () =

(A = wp;()p] (A) — p; (T3p] 1 (N) + pj—1 ()T pj (A).

Summing these equalities over j, some terms cancel and we obtain the desired
result. m]



Chapter Three

Properties of Tridiagonal Matrices

We have seen that the tridiagonal Jacobi matrices are closely linked to orthogonal
polynomials since they describe the three-term recurrence satisfied by these poly-
nomials. We will see in chapter 4 that they are also key ingredients in the Lanczos
and conjugate gradient algorithms. In this chapter we summarize some properties
of tridiagonal matrices that will be useful in the next chapters.

3.1 Similarity

Let us consider a nonsymmetric tridiagonal matrix of order k, with real coefficients
ap w1
1 az w2
Ty = R - .

Br—2 Q1 Wi—1
Br—1 Qg
and B; # w;, i = 1,...,k — 1. Then we have the following result.

PROPOSITION 3.1 Assume that the coefficients w;, j = 1,...,k — 1 are different
from zero and the products 3; w; are positive. Then, the matrix T}, is similar to a
symmetric tridiagonal matrix. Therefore, its eigenvalues are real.

Proof. Let v;, j = 1,...,k be the diagonal elements of a diagonal matrix Dj,.
Then, we consider D,;lTk Dy, which is similar to Tj,. The diagonal coefficients of
this matrix are «;. If we want to have the (2, 1) element equal to the (1,2) element,
we need to have

71 V2

— P01 = —Wwiq.

72 it
If we take, for instance, y; = 1, we have

2 _ B
2T o0
To have the symmetry of all the nondiagonal coefficients, we find by induction

o Bj—1 B

V= ,7=2,...k.
Wj—1-" OJ1
With the hypothesis, we see that we can compute real values ;. O

Using this result, we consider only symmetric tridiagonal matrices in this chap-
ter.
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3.2 Cholesky Factorizations of a Tridiagonal Matrix

Let us consider a symmetric tridiagonal matrix of order £k,

a;
B oz B
Jp = ;
Br—2 og—1 PBr-1
Br-1 g
where the values 3,7 = 1,...,k — 1 are assumed to be nonzero. We remark that

the determinant of J}, verifies a three-term recurrence.
LEMMA 3.2
det(Jyy1) = agyq det(Jy) — B2 det(Jx_1)
with initial conditions
det(J1) = oy, det(Jo) = ajay — (7.

Proof. This is obtained by expanding the determinant of Ji; along the last row
or column of Jg 1. O

The eigenvalues of Jj, are the zeros of det(J, — AI). From lemma 3.2, we see
that the zeros do not depend on the signs of the coefficients 3;, j = 1,...,k — 1.
Hence, we can choose the sign of these coefficients to our convenience. Let us
assume they are positive and thus that .J;, is a Jacobi matrix.

We would like to find a factorization of this matrix. We consider a Cholesky-like
factorization of Jj. Let Ay, be a diagonal matrix with diagonal elements J;, j =

1,...,k and let Ly be a lower triangular (bidiagonal) matrix to be determined,
1
h 1
Ly =
lp_o 1
le_1 1

Let the factorization of Ji be J, = LkAkLg. By identification it is easy to see
that we have

hh=oaq, lh=p/h,

2
2 )
5j:aj_6j- ,j:2,...,]€, lj:ﬁj/6j,]:2,...,k—].
7—1
The factorization can be completed if no d; is zero for j = 1,..., k — 1. This does
not happen if the matrix Jj is positive definite. In such a case, all the elements
d; are positive and the genuine Cholesky factorization (see for instance Golub and

Van Loan [154]) can be obtained from Ay and Ly by writing Ay = A,lc/ QA,lc/ 2,
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Using this transformation we have J;, = L (LE)T with L = LkAllc/ ?, which is

Vo1

8
Vi Vo
LY = e
ﬁk‘,—Z 5
or k-1
Br—1 /5
VOk—1 k
The factorization can also be written as J, = LY A, (LP)T with
01
B1 02
Ly = :
Br—2  Ok—1
Br—1 Ok
Clearly, we see that the only elements we have to compute and store are the diag-
onal elements §;, j = 1,..., k. The last factorization is more interesting compu-

tationally since we do not need to compute square roots or the elements /;. If we
want to solve a linear system J,z = ¢, we successively solve

LYy=c (L) w= Ay
Looking at the components, we have

C1 Cj _ﬁj—lyj—l .
=L gy =B gk,
Y1 5 Yj 5; J

_ _ B
Lk = Yk, xj—yj_d_
J

$j+1,j:k—1,...,1.
Note that it is better to store A, ! instead of Ay, if we have several linear systems
to solve with the same matrix and different right-hand sides.

The matrices J;, j < k are leading matrices of .J,. We introduce also the trailing
matrices of Jj,

aj B
Bi ajr1 Bix
Jjk =

5k72 Qf_—1 51@71
Br—1 o

The determinants of these matrices satisfy a three-term recurrence,
det(Jjﬁk) = Qy det(JjJrLk) - ﬁf det(Jj+2’k).

The previous Cholesky-like factorizations proceed from top to bottom giving a
lower triangular matrix L. One can also proceed from bottom to top, obtaining an
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upper triangular matrix. The UL factorization from the bottom to the top is written
as Jp = Lk D, YLk, with Ly, a lower bidiagonal matrix

k
M
B dék)
Ly = ,
5[672 dl(gk—)l
Br-1 d;(f)

and Dy, a diagonal matrix whose diagonal elements are d§k). Assuming the decom-
position exists, it is easy to see that

k k 33
d,(c):ak, dg):aj (),]—k . 1
dj+1

The diagonal elements of the UL factorization are denoted with an upper index (k)
because when we augment the matrix from Jj, to Ji all the diagonal elements
change, contrary to the LU factorization for which it is enough to compute 651
from the previous elements §; obtained from the factorization of J.

From the LU and UL factorlzatlons we can obtain all the so-called “twisted”
factorizations of Ji. A twisted factorization starts both at the top and at the bottom
of the matrix. The forward and backward steps meet at some given index [, 1 <[ <
k. Then, J, = M;,Q.M ,;f , M} being lower bidiagonal at the top for rows whose
index is smaller than [ and upper bidiagonal at the bottom for rows whose index is
larger than [. The elements w; of the diagonal matrix 2, are given by

2

j—1 .
Wi =0, W= o — ,J=2,...,0—1,
Wi—1
2
;
W =0, Wwj=a;— s i=k—1,...,0+1,
Wi+1
2 2
0L,

w; = o — .
Wi—1 Wi+1

The twisted factorizations are useful to establish some theoretical results on the
inverse of a tridiagonal matrix but also computationally to solve tridiagonal linear
systems. The importance of Cholesky-like factorizations for tridiagonal matrices
have been emphasized in Parlett [267].

3.3 Eigenvalues and Eigenvectors

The eigenvalues of .Jj are the zeros of det(J; — AI). We can consider the LU and
UL factorizations of J; — AI when they exist, that is, when A is different from
the eigenvalues of J,. From the previous section we obtain functions d;() and

dék)(A) and
det(Jy — AI) = 61(A) - 65 (A) = T (A) - dP ().
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This shows that

det(Jy, — AI) det(Jy, — AI)
0k(A) = ———m——, e
det(Jk_l — )\I) det(J27k — )\I)

Hence, both 6 () and dgk) (M) are rational functions of A. The poles of d; () are

the eigenvalues of J;_; and the poles of dgk)(/\) are the eigenvalues of Jy ;. Let

k
dP () =

us denote by 9§-k) the eigenvalues of Jj, that are real numbers. The previous results
lead to a proof of the famous Cauchy interlacing property.

THEOREM 3.3 Let us denote by 9;’” the eigenvalues of Jy, that are real numbers.
The eigenvalues of Jy41 strictly interlace the eigenvalues of Jy,

0 < o < g0 <o) <. < g < Y.

The proof of this result can also be obtained by writing the eigenvector x corre-
sponding to an eigenvalue 6 of J; 1 as x = (y ()T where y is a vector of length k,
( is a real number and writing the equations satisfied by the components of z,

Jxy + BrCe® = 0y,

Bryr + ary1¢ = 0C.

Eliminating y from these relations, we obtain

(k1 = BR (€M) (T = 01)~"e¥))¢ = 6¢.
The real number ( is different from zero. Otherwise, 6 would be an eigenvalue of
Ji. Therefore, we have the following equation for 6,

Ap+1 — ﬂk Z o(k)

where &; is the last component of the jth eigenvector of Ji. An equation like
this one is called a “secular” equation. The function is monotone in each interval
defined by the poles 9]@. There is only one root in each interval and this proves
the result. We will study secular equations in more details in chapter 9. Note that
the quadratic form (e¥)7(J, — 0I)~'e” is an essential part of this equation. For
bounds on the eigenvalues of tridiagonal matrices, see Golub [138].

Later in this book we will need some components of the eigenvectors of Jy,
particularly the first and the last ones. We recall the following results whose proof
can be found, for instance, in [239].

PROPOSITION 3.4 Let x; 1, (A\) be the determinant of J; j, — M. The first compo-
nents of the eigenvectors z* of Jy, are

X, (0)

(21)% = 5
Xll,k(ez( ))

)

o) gk ) g2 g2 R _ gk gD gt

(Zi)2: .
U e g, o 0P g g
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The last components of the eigenvectors 2 of Jy, satisfy

X1,k71(97§k))

(Zi )2 _
] xe®)

)

that is,

I L R . ol i B il

k) = k k k k k k k k) -
R R

The components of the eigenvectors are also related to (the derivatives of) the
functions d; () and d;k) (N).

PROPOSITION 3.5 The first components of the eigenvectors of Ji, are given by

1

(21)? = P70

For the last components we have

1

)2 =
[

3.4 Elements of the Inverse

We will see in the next chapters that we are also interested in some elements of
the inverse of J, particularly the (1, 1) element. Therefore, we now recall some
results about the inverse of a tridiagonal matrix.

From Baranger and Duc-Jacquet [20], Meurant [234] and the references therein,

it is known that there exist two sequences of numbers {u;}, {v;},i = 1,..., k such
that
U117 U1V2 U1z ... UIVg
U1V2 U2V U203 o UUE
kal — U1vV3 UV3 U3V3 ... U3Vg
U1V UV U3V ... URVUE

Moreover, u; can be chosen arbitrarily, for instance u; = 1. From this, we see that
to have all the elements of the inverse it is enough to compute the first column of
the inverse (that is, J;; Lel) to obtain the sequence {v;} and then the last column of
the inverse (that is, J, ' e¥) to obtain the sequence {u;}.

To solve Jyv = el, it is natural to use the UL factorization of Ji. In the first
phase we have to solve L}y = e!. All the components of the vector y are zero,

except the first one, y; = 1/ d(lk). Going forward (and down) we obtain

1 j—1 Bl"'ﬁj—l

vy = —, v;=(-1) , 7 =2,...,k.
j dgk)._.d§k)
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To solve v Jyu = €, we use the LU factorization of J;. In the first (forward)
phase we solve LkD y = eF. All the components of y are zero except the last one,
yr = 1/(dkvk). Going backward (and up) we obtain

1 i Be—j - Br—1

- up = (-1 =1
6I<;'Uk, Uk —j ( ) 6](;7]‘"'(5]9@]9’]

Ul k—1.

This leads to the following result.

THEOREM 3.6 The inverse of the symmetric tridiagonal matrix Jy, is character-
ized as

(k) (k)

o d:,---d
(Ji Dig = (=17 7'6;- "ﬂj—lﬁ’ =
a® gk
-1y, il Tk g
(Jk )7/71 61‘ . 5k ’ VZ,

where 6; and d;k), j = 1,...,k are the diagonal elements of the LU and UL
factorizations of Jy,.

Proof. From the previous results, we have
k k
1 dM.a
Bi--Bict 0i--- 0k

Since, for 7 > 4, we have (Jk_l)i)j = w;v;, we obtain the result. O

Ui = (—1)_(i+1)

The diagonal elements of the inverse of Jj, can also be obtained using twisted
factorizations.

THEOREM 3.7 Let | be a fixed index and w; the diagonal elements of the corre-
sponding twisted factorization of Jy. Then,

1
(Ji e = o
Proof. This is obtained by solving J,y = €' and looking at the Ith element of the
solution. Since all the components of ¢! are zero except the /th one, starting from
the top and the bottom, all the components of the solution of the first phase are zero
except for the Ith one which is 1/w;. The second phase fills all the components but
this is not a concern. a

As we said before, we are particularly interested in the (1, 1) element of the
inverse. During the course of the previous proofs we have seen that
1
(T o= —-
' (k)
dy

So, if we want to know what (J_",

the relation between d(lk) and d(lkH). This has been done in Meurant [239] in the
proof of theorem 2.14. The result is the following.

)1,1 is in relation with (J,_'); 1, we have to find
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PROPOSITION 3.8

0 g _ (B pr)dg dg
! ! det(Jk.) det(J;H_l)

This gives

1 _L: (Br -+ Br)?
AP gt det(Jy) det(Jxpa)|

The relation between (J,_ _:1)171 and (J; )1,1 can also be obtained by writing the
matrix Jy1 in block form as

T — Jk Bre”
T BT agsr )

The upper left block of J,_ +11 (which contains the (1, 1) element) is the inverse of
the Schur complement, that is,

2 —1
(Jk — afil ek(ek)T) .

The matrix within parenthesis is a rank-one modification of .J;,. The only term of
Ji which is modified is the element (k, k). We use the Sherman—Morrison formula
(see for instance Golub and Van Loan [154]) to obtain

-1 _ _
(Jk B ek(ek)T> gl (e 'em)(eH)m ) .
Q1 P OREL (ek)T ek
Bi
Letlk = J o Lk be the last column of the inverse of Ji.. From the last relation, we
have

Brlln)?

J! =(J ! _—
(Ji)n = (e + g1 — BRI

3.1

It remains to compute [§ and {¥. This is done by using the LU factorization of Jj.
We obtain
B 1
k= (=1 kP Beoa [ ——
1 ( ) 61 . 6}€ ’ k 6}(;
To simplify the formulas, we note that

2
21k i
op1 — Bl = agq1 — o Okt1-

Therefore, using either proposition 3.8 or the previous derivation, we have the fol-
lowing result.

THEOREM 3.9

(B Br)?

-1 1
(Jer)r1=(Jg Jia+ (01 08)20ps1
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Proof. This is given by relation (3.1) and also by proposition 3.8 since it gives

I (B1--- Br)?
d§k+1) dgk) det(Jy) det(Jry1)’

and det(Jg) = 61 « - - k. O

Hence, by computing the diagonal elements ¢ of the Cholesky-like factoriza-
tion, we can compute incrementally the (1, 1) element of the inverse of the Jacobi
matrix. We start with (J 1)1’1 = 1/aq and ¢; = 1. From the previous steps, we
compute 541 and cx41 by

/s B 1
k41 = — == = 2k
k+1 = Qk+1 5 Ck+1 = Ck Sk Or

Then,

— _ C
(Jk;.:l)l,l — (Jk; 1)1 L+ k+1 )

In these formulas we see that, in fact, we can compute and store 7, = 1/Jx. Then,

1
2
t =0Tk, Okt1=0kt1 —t, Tpy1 = S kL= Crt .
k1

This gives

(J£ﬁ1)1,1 = (Jy )11 + Chp 1Tt

and we can store c117k1 for the next step. Therefore, updating the (1,1) el-
ement of the inverse of a symmetric tridiagonal matrix is particularly cheap. It
costs only seven floating point operations (four multiplications, two additions and
one division) and moreover we obtain the Cholesky-like factorization of the Jacobi
matrices.

3.5 The QD Algorithm

In this section we review the QD algorithm since it can be used to solve some in-
verse problems in which we will be interested later. The QD algorithm is a method
introduced by Heinz Rutishauser [286] to compute the eigenvalues of a tridiag-
onal matrix. For details on the QD algorithms, see Stiefel [311], Henrici [186]
[185], Fernando and Parlett [106], Parlett [265] and Laurie [220]. The QD algo-
rithm is also related to Padé-type approximation; see Brezinski [34]. It involves the
Cholesky factorizations that we have reviewed in the previous sections.

An orthogonal QD algorithm has been developed by U. von Matt [337]. For a
matrix QD algorithm and applications, see Dette and Studden [81].

3.5.1 The Basic QD Algorithm

If starting from the Cholesky factorization J; = Ly LY of the tridiagonal positive
definite matrix J; we compute jk = Lka we have jk = L,;ljkLk. This shows
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that the matrix J, & 1s similar to the matrix Jj, and therefore has the same eigenvalues.
Now, we can compute the Cholesky factorization of Ji, and iterate the process,
obtaining a series of matrices J,El) with Jéo) = J, J,El) = Ji, . ... This is the basis
of the LR algorithm of H. Rutishauser [287]. The off-diagonal elements tend to
zero and one obtains in the limit the eigenvalues of J; on the diagonal.

To use this algorithm we are faced with the problem of computing the Cholesky
factorization L, L} of J, = LI L. Let us see if we can achieve this without

explicitly computing Ji.. We have

2
bt 5t By §
2
ByE tE AR

e Bi_
Bror /B2 Gpq + 51 B/

Op—2 Op—1

Bro1y) 52 Ok
Let us denote the subdiagonal entries of L, = Lg by /€;. Therefore, €; = ﬁjz /6;.

The diagonal elements of the Cholesky-like factorization of .J; are given by

o B
01 =0+ — =101 +¢€,
01
. 2 2 6:/8,_ vy
5j=(5]+l6—]—M:(5j+6j—€JA_—16],j:2,...,k—1,
0j -1 051
. 2 /6K
5k :5k - ﬁk,{ k/ k—1 _ 5%@ _ E;i_l(sk.
Ok—1 Ok—1

Let é; = 6f5j+1/(5j5j). The diagonal entries of Ly are \/d;, the subdiagonal
entries are ,/¢; and we have
R djt1
€, = €5 ——.
VS 5,
The expression for § ; can be written as
8]‘ = (Sj + Ej — gjfl.
Therefore, in pseudocode the QD algorithm is the following; given d; and ¢;:
€o=20
for j=1:k-1
05 =0 —&-1)+¢
€ = €011/9;
end
Ok = 0k — €r—1
Then, in the LR algorithm, we do & = Sj, €; = €; and we iterate until the off-
diagonal elements are small enough. The QD algorithm is particularly simple and
elegant.
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3.5.2 The Differential QD Algorithm

The QD algorithm can be modified (or improved) to remove subtractions since this
is supposed to improve the stability. We remark that

0; =~
= (0j-1 — €j-1) + €5

b —

jooh

j—1
Let us introduce a new variable fj = Sj — ¢;. The previous equation shows that

P 0;
b =tj_1=1,
5j_1

and obviously, we have 0 ; = t; + ¢;. The differential QD algorithm (dqd) is

t=2001

for j=1:k-1
8]‘:t+6j
f=10j+1/9;
& =[¢
t= ft

end

o=t

3.5.3 The QD Algorithms with Shift

When using the QD algorithms to compute eigenvalues it is important to introduce
shifts (and also deflation) to speed up convergence. This is relatively easy to do.
The QD algorithm with a shift x (qds(u)) is

€p=0

for j=1:k-1

05 =(0; —&-1) +€6 —p
€ = €0j41/0;

gnd

Ok = O — €k—1 — 14

The differential QD algorithm with shift (dqds(u)) is:

t=01—p
for j=1:k-1
gj:t+6j
f=10;11/9;
€j:f€j
t=ft—pu
end

b=t

Of course, shifting introduces subtractions even in the differential QD algorithm.
For an implementation, see Parlett and Marques [269].
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3.5.4 Cholesky Factorization of a Shifted Tridiagonal Matrix

To start the QD algorithm from a tridiagonal matrix J, it is necessary to compute
the Cholesky factorization of the shifted matrix. The same problem arises when
using one of the QD algorithms to compute eigenvalues. Therefore, let us consider
the LDLT factorization of the shifted matrix Jj, — uI when we know the factor-
ization of J, = LDL™. Using the elements of .J,, (which we may eventually not
want to compute explicitly) we have

2
3110117#, Sj:aj—uf Aj_l,j:2,...7]€, Zj:@,jil,...,kfl.
(5]‘_1 5j
But we have that oy = 41, Q5 = (Sj +5j,1lj,1,j =2,...,k, ﬁj = (5jlj,j =
1,...,k — 1. We can eliminate «; and 3; from the formulas giving J; and [;,
. . 5212
6 =61 — i, (5j:5j—;L+5j_1l?_1—w,j:2,...,k
0j-1
and
R 5ils
=22 j=1,....,k—1
J
Finally,

Sj = (Sj — U+ (Sj_1l]2»_1 — 6j_1lj_1Zj_1, ji=2,... k.

This algorithm, which computes the new factorization of the shifted matrix from
the factorization of Ji, has been named stqds by Dhillon and Parlett [84], even
though we have seen that it is nothing other than the Cholesky factorization. The
last formula can be rearranged to remove one subtraction. Let us introduce a new
variable s; = 5j — 6;; then

- lj_16,_
8; :lj—llj—l (351]1 _ 5j—1> — i
-1

=ljoalj1(8j-1 = 8j-1) —
:ljflijflsjfl — .

This algorithm is said to be the differential form of stqds and denoted by dstqds. It
starts from the factorization of Ji and gives the factorization of Jy, — pl:

§S=—p

for j=1:k-1
Sj =S+ 5]‘
Ly = (8;15)/9;
s=1iljs—p

end

O = s+ 0k

One can also develop algorithms using the UL instead of the LU factorization;
see Dhillon [83].
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3.5.5 Relation to Finding the Poles of a Function from its Taylor
Series

The following application comes from the exposition of Parlett [264]; see also
Henrici [186]. We describe it because of its own interest and also because it is
linked to moments, has an interesting relationship to the QD algorithm and has
some connection with our main topic, which is estimation of bilinear forms.

Rutishauser’s QD algorithm is linked to a classical problem of finding the sin-
gularities (poles) of a meromorphic function from the coefficients of its series at
a regular point. In complex analysis, a meromorphic function on an open subset
) of the complex plane is a function that is holomorphic on all €2 except for a set
of isolated points, which are poles for the function. Every meromorphic function
on €2 can be expressed as the ratio between two holomorphic functions, the poles
being the zeros of the denominator. Holomorphic functions are functions defined
on an open subset of the complex plane with complex values that are complex-
differentiable at every point.

For two given vectors x and y, one considers the following rational function of
the complex variable z:

f2)=y"(I-2A)""a,

where the star denotes the conjugate transpose. We are mainly interested in real
symmetric matrices for which we can consider having z = y and real vectors.
The poles of f are the inverses of the eigenvalues of A (which are real if A is
symmetric). If we are in the real symmetric case, we have the spectral decompo-
sition A = QAQT where Q is orthogonal and A diagonal. Assuming we choose
x =1y = e!, e! being the first column of the identity matrix, we have

where q{ are the first components of the eigenvectors of A. The function f is de-
termined by its Taylor expansion at the origin which converges for |z| < |Amax| 1.
Let

F2) =
7=0

The coefficients y1; are p; = y* A7z which are the moments if y = z. A problem
that has been considered at least since the nineteenth century is to find the poles of
f from the coefficients of the Taylor series (moments). This problem was solved
theoretically by J. Hadamard in 1892 [168]. The solution is given using Hankel
determinants. Let H} = 1 and

Hj Hj+1 oo Hj+k=1
; Hj+1 Hj+2 Hjt+k
Hi =det | " g g =01, k=1,2,....

Hji+k—1  Hj+k 0 Hj+2k-2
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The results are that, for j large enough, I ,Z, # 0and as j — oo the ratio H’ ,zH JH ,]c —
A1 - A, where the )\; are the poles in decreasing modulus order. Therefore, the

solution of the problem is
Hit g
A = lim (% )
Jj—o0 H; Hi ")

Of course, this cannot be used in practice for the computation of the poles. A step
towards the solution was obtained by A. C. Aitken in the 1920s when he was work-
ing on methods for finding all the zeros of a polynomial. The Hankel determinants
can be arranged in a two-dimensional table:

1
1 HY

1 H} HY

1 H? H)} HY

1 H} H? Hi HY

1 H! H3 H? H} H?

If the function f has only a finite number IV of poles, the H-table has only N +1
columns since all the other coefficients can be shown to be zero. Aitken proves the
following relation between Hankel determinants:

(H])? = B HIY + HI  HIT = 0.
Note that this is nothing other than Sylvester’s identity for determinants; see Gant-
macher [122]. As noted by Parlett, for a point P in the table, this is P? =
NS — WE where N, S, W and FE refer to the north, south, west, and east neigh-
bors of P. To compute the determinants using this formula it is better to proceed
by diagonals rather than by columns.

However, the Hankel determinants are not the most interesting variables in this

problem. It was noted by H. Rutishauser that the proper variables are
1
q] _ Hljf le:—l
e B
HyHy™y

As we have seen, we have qi — A as j — oo. If one introduces the auxiliary
quantity

J+1 ¢7J
6] _ Hk—lHk+1
k— Jrpi+1l
Hy Hy,
then the relation between Hankel determinants shows that
J j o Jg+1 j+1
qp +e,=q, +ep_7.
Moreover, we have
J+1 _j+1 _ j J
9 €k = Q16

We recognize that, even though the notations are different, these are the relations we
have in the QD algorithm. They had been called the Rhombus rules by E. Stiefel.
Putting the values of ¢j, and €], in a so-called QD table,
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0=¢)
qf
0= e(l) ey
h %
0=e3 e ey
q q% a3
0=c¢e} e? e3 9
¢ % a3 a3

we can compute the elements either columnwise moving to the right or diagonal-
wise moving down. We can use the algorithms qd or dqd provided that we know the
first diagonal ¢, €, g9, €9, ... . It turns out that, in exact arithmetic, the first diag-
onal can be obtained by the nonsymmetric Lanczos algorithm (which we will study
in chapter 4) with initial vectors = and y. If z = y this reduces to the (symmet-
ric) Lanczos algorithm. In fact, the elements of the first diagonal are given by the
Cholesky factorization of the Jacobi matrix given by the Lanczos algorithm. This
is almost obvious when we remember the way we have derived the QD algorithm
from the Cholesky factorization of a Jacobi matrix.



Chapter Four

The Lanczos and Conjugate Gradient
Algorithms

In this chapter we introduce the Lanczos algorithm for symmetric matrices as well
as its block version and also the nonsymmetric Lanczos algorithm. These algo-
rithms, which were devised to compute eigenvalues or to solve linear systems, are
closely related to the moment problem and they will be used to compute quadrature
formulas and to estimate bilinear forms. The Lanczos algorithm provides exam-
ples of orthonormal polynomials related to a discrete (usually unknown) measure.
Moreover, we describe the Golub—Kahan bidiagonalization algorithms which are
special versions of the Lanczos algorithm for matrices AA” or AT A. This is use-
ful when solving least squares problems. We also consider the conjugate gradient
(CG) algorithm since it can be derived from the Lanczos algorithm and it is the
most used algorithm for solving positive definite symmetric linear systems. As we
will see, CG is closely linked to the remainder of Gauss quadrature. Conversely,
Gauss quadrature rules can be used to estimate norms of the error between the CG
approximate solutions and the exact solution during the iterations. This also gives
a reliable and cheap way to compute stopping criteria for the CG iterations.

4.1 The Lanczos Algorithm

Let A be a real symmetric matrix of order n. We introduce the Lanczos algorithm
as a means of computing an orthogonal basis of a Krylov subspace. Let v be a
given vector and

K= (v, Av, ---, AFly) 4.1

be the Krylov matrix of dimension n x k. The subspace that is spanned by the
columns of the matrix K}, is called a Krylov subspace and denoted by i (A, v) or
K (A, v) when no confusion is possible. There is a maximal dimension k = m <n
for which the rank of K}, is k. For any v this maximal dimension is always less
than the degree of the minimal polynomial of A.

The algorithm that is now called the Lanczos algorithm was introduced by C. Lanc-
zos in 1950 [216] to construct a basis of the Krylov subspace (see also [217] for the
solution of linear systems). It can be considered as a particular form of the Stieltjes
algorithm that we will study in chapter 5. The natural basis of the Krylov sub-
space K (A, v) given by the columns of the Krylov matrix K} is badly conditioned
when k is large. In fact, when k increases, the vectors A9 tend to align with the
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eigenvector corresponding to the eigenvalue of A of largest modulus. Numerically,
the Krylov vectors may lose their independence before the maximal dimension is
reached. Note that the elements of the matrix K ;{AK & are of the form vT Ay,
They are moments corresponding to an unknown measure which depends on the
eigenvalues of A.

The Lanczos algorithm constructs an orthonormal basis of the Krylov subspace
KC(A,v). We start the derivation of the algorithm by applying a variant of the
Gram—Schmidt orthogonalization process (see for instance Golub and Van Loan
[154]) to the Krylov basis (the columns of K}) without the assumption that the
matrix A is symmetric. Consider the set of vectors v+ = AyU) with o) =
v; then KC(A,v) is spanned by the vectors v(7),j = 1,..., k. For constructing
orthogonal basis vectors v7, instead of orthogonalizing A7v against the previous
vectors, we can orthogonalize Av7. Starting from v' = v (normalized if necessary),
the algorithm for computing the (j + 1)st vector of the basis using the previous
vectors is

hij = (Av7,0%), i=1,...,],
v = Av? — Zhi’jvl,
i=1

hj+1,j = ||1_)j||7 if hj-l—l,j = 0 then StOp,
i v

v = —
hj1.

The second step is the subtraction of the components of Av’ on the previous basis
vectors from Awv’. Then the resulting vector is normalized if this is possible. It
is easy to verify that the vectors v7 span the Krylov subspace and that they are
orthonormal. This orthogonalization process is known as the Arnoldi algorithm

[11]. If we collect the vectors v/, j = 1,. .., k in a matrix V}, the relations defining
the vector v**1 can be written in matrix form as
AV, = Vi, Hg + hg 1 g0 ()T, (4.2)

where H}, is an upper Hessenberg matrix with elements h; ;; note that h; ; =
0,j =1,...,5—2, i > 2. As before, the vector e is the kth column of the
identity matrix of order k. If we suppose that the matrix A is symmetric, then
the matrix Hy, is also symmetric since, by multiplying equation (4.2) by VkT and
using orthogonality, we have H), = V,I AVj. Clearly, a symmetric Hessenberg
matrix is tridiagonal. Therefore, we denote H}, by Jj, (since this is a Jacobi matrix,
the elements in the sub- and superdiagonals being strictly positive) and we have
hij = 0,7 =4+2,...,k This implies that ¥* and hence the new vector v*+1
can be computed by using only the two previous vectors v* and v*~!. This de-
scribes the Lanczos algorithm. In fact, V}, is the orthonormal matrix (that is, such
that VkT Vi = I) involved in a QR factorization of the Krylov matrix K}, and the
matrix K} AK, is similar to J, = VI AV}
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The relation for the matrix Vj, whose columns are the orthogonal basis vectors
can be written as

AV = Viedy + neo® T (eF)T 4.3)

where 7); denotes the nonzero off-diagonal entries of J,. We also have AV,, =
Vo, if no v7 is zero before step n, since v" ! = 0 because v"*! is a vector or-
thogonal to a set of n orthogonal vectors in a space of dimension n. Otherwise there
exists an m < n for which AV,, = V,,,J,,, and the algorithm has found an invari-
ant subspace of A, the eigenvalues of .J,,, being eigenvalues of A. Equation (4.3)
describes in matrix form the elegant Lanczos algorithm, which is written, starting
from a nonzero vector v! = v/||v||, a1 = (Avl,vl), 92 = Av' — v’ and then,
fork=2,3,...,

-1 = [[7*],

~k
v

ok = ,
Nk—1

ar = (v, Av*) = (V)T A",

TP = Av® — ago® — mp_ioF L

The real numbers «; and 7); are the nonzero coefficients of the tridiagonal matrix
Jk.

A variant of the Lanczos algorithm has been proposed by Paige [255] to improve
the local orthogonality (with the previous vector) in finite precision computations.
It replaces the third and fourth steps by

ap = (VF)T(AvF — pp_1oFh),

P = (Av* — nk_lvk_l) — agoP.

Note that this variant can be implemented by using only two vectors of storage
instead of three for the basic formulation. It corresponds to using the modified
Gram-Schmidt orthogonalization process; see Golub and Van Loan [154]. In exact
arithmetic both versions are mathematically equivalent but the modified variant
better preserves the local orthogonality in finite precision arithmetic.

Since we can suppose that 7; # 0, the tridiagonal Jacobi matrix J; has real and
simple eigenvalues which we denote by 9§k). They are known as the Ritz values
and are the approximations of the eigenvalues of A given by the Lanczos algorithm.
For our purposes, the most important property of the Lanczos algorithm is that the
Lanczos vectors v* are given as a polynomial in A applied to the initial vector v!
as stated in the following theorem.

THEOREM 4.1 Let 1, (\) be the determinant of Ji, — A (which is a monic poly-
nomial); then

_1(A
oF = pe(Ant,  pe(A) = (—1)’“‘1”“71(), E>1, p =1
m k-1

The polynomials py, of degree k— 1 are called the normalized Lanczos polynomials.
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Proof. As we have seen in chapter 3, the determinant of the tridiagonal matrix J
satisfies a three-term recurrence relation,

det(Jpi1) = apr1 det(Jy) — ni det(Jp_1),
with initial conditions
det(J1) = oy, det(Jy) = ajas —ni.

Comparison of the three-term recurrence for v* and for the determinant x;(\) of
Jir — AI gives the result. O

Obviously, the polynomials py, satisfy a scalar three-term recurrence,

MPr+1(A) = (A — ap)pe(A) = me—1pk—1(A), B =1,2,...

with initial conditions py = 0, p; = 1. Therefore, by the Favard theorem we have
that there exists a measure for which these polynomials are orthogonal. It turns
out that we are able to explicitly write down the measure, unfortunately in terms of
unknown quantities.

THEOREM 4.2 Consider the Lanczos vectors v*. There exists a measure o (de-
fined in the proof) such that

b
(oF,01) = (pi, ) = / peNp1(Vda()),

where a < A1 = Apin and b > A\, = Amax, Amin @nd A\max being the smallest
and largest eigenvalues of A, and p; are the Lanczos polynomials associated with
A and v'.

Proof. The matrix A being symmetric, let A = QAQ7 be the spectral decomposi-
tion of A, with @ orthonormal and A being the diagonal matrix of the eigenvalues
A; such that

>

A <o <

n-.

Since the vectors v/ are orthonormal and py (A ik (A)QT, we have

<
) =

(v*,0") = (") pr(A) ' pi(A )
=" Qpe(M)QTQ

= (") Qpr(A)p(A)Q

n
Zpk U]]2)
Jj=1

where © = Q7v!. This describes a discrete inner product for the polynomials
pr and p;. The last sum can be written as an integral for a measure o which is
piecewise constant (here we suppose for the sake of simplicity that the eigenvalues
of A are distinct):

Qpi(A )

0, if A< Ay,
a(A) = Z;:I[OJ]Q’ it A <A< iy,
Zn [’Oj]2’ if A, <A

j=1
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The measure « has a finite number of points of increase at the (unknown) eigenval-
ues of A. a

The Lanczos algorithm provides an example of orthonormal polynomials for an
unknown measure. The polynomials are described by their recurrence coefficients
(which depend also on the starting vector v') in the Jacobi matrix .J,.. Note that the
inner product of two polynomials pj and p; can be computed by the inner product
of the two Lanczos vectors v* and v'.

We note that the Lanczos algorithm can be used also to solve linear systems
Az = c when A is symmetric and c s a given vector; see Lanczos [217]. Let 2° be
a given starting vector and 0 = ¢ — Ax? be the corresponding residual. Then one
defines the first Lanczos vector as v = v! = r9/||7°||. The approximate solution
x* at iteration k is given by

2% = 2% + Viy”,
where the vector 4/* of dimension k is obtained by requesting the residual r* =
¢ — Az® to be orthogonal to the Krylov subspace of dimension k. This gives the
condition VkTrk = (. By using the definition of the residual vector, we have

VkTTk = VkTC — VkTA:L‘O - VkTAkak = VkTTO - Jkyk'

But 7 = ||7%||v! and, because of the orthogonality of the Lanczos vectors v/, we
have V,T'r0 = ||7°||e!. Therefore, the vector y* is obtained by solving a tridiagonal
linear system

Try® = r°lle?,

at every iteration. In theory, the Lanczos algorithm constructs an orthogonal basis
of the Krylov subspace. However, when using this algorithm on a computer we
often lose the orthogonality of the computed Lanczos vectors. This problem arises
because of rounding errors. Moreover, even though the eigenvalues of the Jacobi
matrices must be simple, eigenvalues which are very close to already computed
ones appear again and again during the computation. The study of these problems
was started by Chris Paige in his Ph.D. thesis [255] in 1971. For a summary of
his results and also more recent insights into the convergence of the Ritz values to
the eigenvalues of A, see Meurant [239] and Meurant and Strako$ [242]. In fact,
the rounding errors begin to increase when a Ritz value starts converging to an
eigenvalue. The appearance of multiple copies delays the convergence toward the
other eigenvalues which are not yet approximated. A remedy for these problems
is to reorthogonalize the Lanczos vectors. A complete reorthogonalization can be
done at every iteration but this is very costly. Better and cheaper strategies have
been developed by Parlett [270] and Simon [303].

4.2 The Nonsymmetric Lanczos Algorithm

When the matrix A is not symmetric we cannot generally construct a vector v¥+1
orthogonal to all the previous basis vectors by using only the two previous vectors
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v¥ and v¥~1. In other words, we lose the nice property of having a short recur-
rence. To work around this problem, an algorithm for nonsymmetric matrices was
introduced by C. Lanczos in 1950 [216]. Its goal is to construct two biorthogo-
nal sequences of vectors for a nonsymmetric matrix A. Fortunately, this can be
done using short recurrences. The drawback is that the algorithm may break down.
The standard development of the Lanczos algorithm for nonsymmetric matrices
depends upon using the matrix A and its transpose A”.

We choose two starting vectors v! and @' with (v!,91) # 0 normalized such
that (v!, ') = 1. We setv® = @ = 0. Then for k = 1,2, ...

2k = Ak — w0k — 77;6711)]“*17

k k—1

wh = AToF — w ok — 0%,

the coefficient wy, being computed as
wy, = (%, AvP).

The other coefficients 7, and 7, are chosen (provided (2*, w*) # 0) such that
Mk = (27, w),

and the new vectors at step k + 1 are given by

k k
k41 _ # Rl — w-

v = -, .
Tk Nk
These relations can be written in matrix form. Let
wir
m w2 Mo
Jip =
Mh—2 Wh—1 Nh—1
Me—1 Wk
and
Vi = [vl ---vk]7 Vk = [171---17’“].
Then

AV =ViJ + f]kkarl(ek)T,
ATVk = Vng + nkf)k—"_l(ek)T.

THEOREM 4.3 [f the nonsymmetric Lanczos algorithm does not break down with
NNk being zero, the algorithm yields biorthogonal vectors such that

(@,v7)=0,i#7, 4,7=12,....

The vectors v*, ..., v* span KCp (A, v1) and 01, . .. 0% span K1, (AT, 51). The two
sequences of vectors can be written as

vk = pk(A)vl, ok = ﬁk(AT)ﬂl,

where pi. and py, are polynomials of degree k — 1.
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Proof. These properties follow straightforwardly from the definition of the vectors
v* and o*. a

The polynomials pj, and py, satisfy three-term recurrences

NMePrt+1 = (A — We)Pk — Me—1DPk—1,

MePrk+1 = (A — Wk)Dk — Mh—1Pk—1-

The algorithm breaks down if at some step we have (z*,w*) = 0. There are two

different cases.

a) zF = 0 and/or w* = 0. In both cases we have found an invariant subspace.
If z¥ = 0 we can compute the eigenvalues or the solution of the linear system
Ar = c. If 2F # 0 and w* = 0, the only way to deal with this situation is to
restart the algorithm with another vector ¢'. Usually use of a random initial vector
is enough to avoid this kind of breakdown.

b) The more dramatic situation (which is called a “serious breakdown”) is when
(2%, w*) = 0 with ¥ and w* # 0. Then, a way to solve this problem is to use a
look-ahead strategy. The solution is to construct the vectors v*+! and 7**! at step
k maintaining biorthogonality only in a blockwise sense. If this is not possible, one
tries to construct also vectors v¥2 and 7¥*2 and so on. The worst case is when we
reach the order of the matrix A without having been able to return to the normal
situation. This is known as an incurable breakdown.

In finite precision arithmetic, it is unlikely that we get (z¥,w*) = 0 with z*
and w* # 0. However, it may happen that (2*,w") is small. This is known as a
near breakdown and it is really this problem that look-ahead strategies must deal
with; see Freund, Gutknecht and Nachtigal [115] and Brezinski, Redivo-Zaglia and
Sadok [38].

In the next chapters, for computational purposes, we will use the nonsymmet-
ric Lanczos algorithm even for a symmetric matrix A = A7”. In this particular
application it is possible to choose 7 and 7, such that

nk = £k = £4/1(2F, wh)],

with, for instance, 77, > 0 and 7, = sgn[(2*, w*)] n. Then
Pk = £Dk-

Note that if the off-diagonal elements are different from zero, the matrix Jj is
diagonally similar to a symmetric matrix.

4.3 The Golub-Kahan Bidiagonalization Algorithms

When we wish to solve a linear system of the form AT Ax = ATc, where A is
an m X n matrix, we can apply the Lanczos algorithm with the symmetric matrix
K = AT A. However, we can use to our advantage the fact that the matrix K is
such a product. This was done in a paper by Golub and Kahan [144] for the purpose
of computing the singular values of A.
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Two different algorithms were defined. The first one, which is denoted as “Lanc-
zos bidiagonalization I”” in Golub and von Matt [159], reduces A to an upper bidi-
agonal form and is the following.

Let ¢° = ¢/||c||, r® = A¢®, &1 = ||7°||, p° = r°/6;; then for k = 1,2, ...

ub = AT _ g gh L
Yk = HukH,
¢" =u* /v,

" = Ag" — yp* Y,

Or1 = I,

pk = Tk/5k+1-

In this algorithm there is one multiplication with A and one with A”". If we denote

Po=(p" - PN, Qu=(¢" - ¢,

and
0 m
B |
Ok—1 Vk-1
Ok
then Py, and @)y, which is an orthogonal matrix, satisfy the equations
AQk = Py By,

AT P, = QBT + yud¥(eM)”.

Of course, by eliminating P}, in these equations we obtain
ATAQk = QiBy By, + 10kq" ()"

This shows that B,{Bk = Jy is the Lanczos Jacobi matrix corresponding to AT A.
Hence, we have directly computed the Cholesky factorization of .Jj.

The previous algorithm was devised to compute the singular values of A (which
are the square roots of the eigenvalues of A7 A). For this purpose the starting vector
is not really important. For solving linear systems or least squares problems, this
algorithm (using a different starting vector ¢° = ATc/||AT¢c| as it is necessary to
solve AT Az = AT c) was considered also in a paper by Paige and Saunders [256],
[257] under the name “Bidiag 2”.

The second algorithm (named “Lanczos bidiagonalization II” in [159] and “Bidiag
1” in [256]) reduces A to lower bidiagonal form. The steps are the following, the
coefficients d; and 7y, being different from the ones in the previous algorithm.

Let p° = ¢/lcl, u* = ATp°, v = [[u°], ¢ = u®/m, ' = Ag® — mp",
8 = ||rt|, p' =r'/61; thenfork =2,3,...

uk—l _ ATpk:—l _ §k—1qk_27
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= lutH,

gL = ub 1y

b= Ag* Tt —

o = |7,
" =1k /8.
If we denote
Poyr=(p" - p*), Qu=10(¢" - ¢ 1),
and
71
01 .
Cr = ,
Vi
O,

a (k + 1) x k matrix, then Py and Qy, which is an orthogonal matrix, satisfy the
equations

AQk = Py11Ck;,
AT Py = QO + g g ("
Of course, by eliminating Py ; in these equations we obtain
ATAQk = QkaTCk + ’Yk+15qu(€k)T.
Therefore, we have
CLCy = BBy, = J,
and By, is also the Cholesky factor of the product C{ Cy. This last algorithm is the

basis for the algorithm LSQR of Paige and Saunders [256], who used an incremen-
tal reduction of the matrix C', to upper triangular form by using Givens rotations.

4.4 The Block Lanczos Algorithm

In this section we consider the block Lanczos algorithm that was proposed by
Golub and Underwood; see [152]. A block conjugate gradient has also been de-
veloped by O’Leary [249]. We restrict ourselves to the case of 2 x 2 blocks. Let
Xo be an n x 2 given matrix, such that XOT Xo = I where I5 is the 2 x 2 identity
matrix. Let X_; = 0 be an n x 2 matrix. Then, fork =1,2,...

Qp = X1 AX

Ry = AXp 1 — X1 Qp — Xp_ol'F_4, 4.4)
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X'y = Ry.

The last step of the algorithm is the QR factorization of Ry (see Golub and Van
Loan [154]) such that X, is n x 2 with Xng = I5. The matrix I'y, is 2 x 2 upper
triangular. The other symmetric coefficient matrix €y, is 2 x 2. The matrix Ry can
eventually be rank deficient and in that case I'y, is singular. The solution of this
problem is given in [152]. One of the columns of X}, can be chosen arbitrarily. To
complete the algorithm, we choose this column to be orthogonal with the previous
block vectors X;. We can, for instance, choose (randomly) another vector and
orthogonalize it against the previous ones. The block tridiagonal matrix that is
produced by the algorithm has the same structure as in equation (2.16). Note that it
can be considered also as a band matrix.
The block Lanczos algorithm generates a sequence of matrices such that

XJ-TXi = 0i;12,

where d;; is the Kronecker symbol. We can relate the iterates X; to a matrix poly-
nomial py, see chapter 2.

PROPOSITION 4.4

X, =" AFx,Cy,

k=0
where C’,gi) are 2 X 2 matrices.
Proof. The proof is easily obtained by induction. O

As in the scalar case, the matrix Lanczos polynomials satisfy a three-term block
recurrence.

THEOREM 4.5 The matrix valued polynomials py, satisfy
Pr(MTk = Apr—1(A) — pe—1(A) Q% — pr—a(MTE_ 4,

p-1(A) =0, po(A) = I,
where X is a scalar and pi(\) = Zfzo /\jXOCg(‘k)‘

Proof. From the previous definition of the algorithm, we show by induction that py,
can be generated by the given (matrix) recursion. O

This block three-term recurrence can be written as
Alpo(A), - s pN—1(N)] = [po(A), -, pN—1(N)]IN +[0,...,0,pn (AN,
and as P(\) = [po(A),...,pn—1(N)]T,
INP(N) = AP(\) = [0,...,0,pxn(ATN]",

with Jy defined by equation (2.16).
As in the scalar case, the inner product of the matrices X; can be related to an
integral.
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THEOREM 4.6 Considering the matrices Xy, there exists a matrix measure o (de-
fined in the proof) such that

b
XI%; = [ n ) dap () = G,
where a < A\ = A\pin and b > Ay, = Amax-

Proof. Using the orthogonality of the X;’s and the spectral decomposition of A,
we can write

J
Sily = XTX; = (Z NTxT Ak> (ZAlxocﬁ))

:Z C(l )T XTQARQT X0

— Z C(l TXAk-HXTc(J)
kil

n

:Z(C](:))T (Z )\k+leXT> Cl(j)
k.l

m=1
= (Z AE () )T> X X2 (Z A;@q(j)) ,
m=1 k l
where Xm are the columns of X = X g @, which is a 2 x n matrix. Therefore,
XzTXj = Z pi()‘m)TXmX}r;pj(Am)

The sum in the right-hand side can be written as an integral for a 2 X 2 matrix
measure,

0, if A < A,
a(\) = § S XXT LA <A< A,
S XGXT A, <A
Then,

b
XX = / pi(N)T da(N) pj(N).
a
The p; ’s are matrix orthogonal polynomials for the matrix measure cv.

4.5 The Conjugate Gradient Algorithm

The conjugate gradient (CG) algorithm is an iterative method to solve linear sys-
tems Ax = ¢ where the matrix A is symmetric positive definite. It was introduced
at the beginning of the 1950s by Magnus Hestenes and Eduard Stiefel [187]. It can
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be derived from the Lanczos algorithm, which can also be used for indefinite ma-
trices; see, for instance, Householder [193] and Meurant [239]. However, we have
seen that to solve a linear system with the Lanczos algorithm we have to store (or
recompute) all the Lanczos vectors. In contrast, the storage for the CG algorithm
will be only a few vectors. A way to derive the CG algorithm is to consider an
LU factorization of the Jacobi matrix Ji obtained in the Lanczos algorithm. Even
though this is not the most frequently used form of the algorithm, we will define
the three-term recurrence variant of CG since one can see more clearly the relations
with the Lanczos algorithm and also with the Chebyshev semi-iterative method; see
Golub and Varga [155], [156]. This particular form of the CG algorithm was pop-
ularized by Concus, Golub and O’Leary [68]. Therefore, we consider iterates xF
defined by

2kt = ukﬂ(ukrk + a2k — :ck'_l) + xk_17 4.5)

where vi41 and py are parameters to be determined by orthogonality constraints.
Equation (4.5) gives us a relation for the residual vectors r* = ¢ — Az,

PP = R (i AR — R R, (4.6)

The parameters vy and pg are computed by requiring that the residual vector
r*+1is orthogonal to r* and r#~1.

PROPOSITION 4.7 If the parameter iy, is chosen as

ko
ukzé%gﬁ%, @7)
then (r*, r**T1) = 0. If the parameter vy 1 is chosen as
1
Vi1 = e (T ARy (4.8)
(T T
then (rk=1 rF+1) = 0.
Proof. See Concus, Golub and O’Leary [68] or Meurant [237]. O

As we will see, this choice of parameters guarantees that (rl, rk) =0,1 <k,
that is, the residual vectors are mutually orthogonal. Fortunately (see for instance
[237]) there is an alternate expression for v 1,

1

1— Mk(rk7Tk)
Vi1 (P R

V41 =

This last formula is computationally more efficient than the formula (4.8) in propo-
sition 4.7 since for computing both coefficients p; and v, we only have to com-
pute two inner products instead of three with the previous formula. The iterations
are started by taking 1y = 1. Then

1 0 0
ot = por® + 2°,
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and we need only to define x° and then 7° = c¢— Az%. Now, the key point is to show
that we have global orthogonality as we said before, that is, the new vector r**!
is orthogonal not only to the last two vectors 7* and *~1, but to all the previous
vectors: (r**+1 77) = 0,0 < j < k — 1. This is similar to what happens in the
Lanczos algorithm and is proved by induction supposing the property is true up to
step k. Multiplying equation (4.6) by 7/, 0 < j < k — 1, we have

(7,750 = (7.7 = v (9, Ar) = (,0%) 4 (07,7,
But, since j < k — 1, some terms are zero and
(7,78 ) = v e (17, Ar®).
Writing the definition of 771 we obtain
Pt = I (AT — T T,
Multiplying this equation by * and taking into account that j + 1 < k, we have
vy (r*, Ard) = 0.

Because of the symmetry of A we obtain (Ar*,r7) = 0. This shows that we have
(r7,rk*+1) = 0 for all j such that j < k — 1. Therefore, as in the Lanczos algorithm
and because A is symmetric, the local orthogonality with r* and ~*~! implies
the global orthogonality with all 7,5 = k — 2,...,0. Since A is assumed to be
positive definite, the algorithm cannot break down. If ||7*| = 0 or (r*, Ar¥) = 0,
the algorithm has found the solution.

The standard two-term form of CG is obtained by using an LU factorization of
the Jacobi matrix of the Lanczos algorithm. It uses two-term recurrences and is the
following, starting from a given z° and r° = ¢ — Ax*:
for k =0,1,... until convergence,

k .k
Br = %’ Bo = 0,
pF=rt+ B,
Ve = MG ,
(Ap*, p*)
2 = ok oy,
rEtl =k ApF.

Of course, there are some relations between the coefficients of the two-term and
three-term CG recurrences. They are obtained by eliminating p* in the two-term
recurrence equations,

Vers = 14 ’Ykﬂk’
Ve—1
o=

Ve—1
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The relations between the Lanczos algorithm coefficients oy, and 7 and those of
the two-term form of CG are

= O 0 =1, (4.9)
Yk—1 Yk—2

293

v B
Mme=—-

Yk—1
There are also relations between the three-term recurrence CG coefficients and

those of the Lanczos algorithm. We write the three-term recurrence for the residuals
as

(4.10)

k+1

k k k—1
T = — U p ArY vt + (1= vegr)rt T

There is a relation between the residuals and the Lanczos basis vectors v*+1 =
(=1)k7*/||7*||; see Meurant [239]. This leads to
L e |Ir*
e = Vg1 = 1+ —.
gt Mt ([
One of the most interesting features of the CG algorithm is that it has several opti-
mality properties. The first step in proving this is to show that CG is a polynomial
method as the Lanczos algorithm. Using the relation of the residuals and basis
vectors, we have

k_ k||7’k|| 0
r® = (-1) HTO”pkH(A)r.

From the three-term CG recurrence we can show the following.

PROPOSITION 4.8 The residual vector r*+1 is a polynomial in A,
rFt = [T — Asy(A)]r°,
where sy, is a kth degree polynomial satisfying a three-term recurrence

$k(A) = pkVis1 + Vi1 (1 — e A)se—1(A) = (kg1 — 1)sk—2(N),

s0(A) = po,  s1(A) = va(po + p1 — popa A).
Proof. The proof is obtained by induction on k. o

This gives a relation between the Lanczos and the CG polynomials

W e

Remember that the Lanczos polynomial py 1 is of exact degree k.

1 Asp_1(\) = (

PROPOSITION 4.9 Let s, be the polynomial defined in proposition 4.8. The CG
iterates are given by

=20 45y (A0
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Proof. We have

k+1 _ k—l).

2P 4 V;Hl(,ukzk +2F -2
By induction and with the help of proposition 4.8 this is written as

2P =29 b5y o (A)r 4 vy (ur [T — Asp_ 1 (A)]r0 + 551 (A)r® —sp_o(A)r0).
Hence

T

xk+1 — xO —|—Sk(A)’I”O,
because of the recurrence relation satisfied by sj. a

k

For CG, the most interesting measure of the error € = x — 2* is the A-norm.

DEFINITION 4.10 Let A be a symmetric positive definite matrix. The A-norm of
a vector €* is defined as

e¥]l.a = (A", é¥)1/2.
The CG optimality property involving the A-norm is the following.

THEOREM 4.11 Consider all the iterative methods that can be written as

T =70 4 (A7, T =20 7 =c— A7,
where qp. is a polynomial of degree k. Of all these methods, CG is the one which
minimizes ||€*|| 4 at each iteration.

Proof. See Meurant [237] for a proof. O

This optimality result allows us to obtain bounds on the A-norm of the error.
THEOREM 4.12
l€¥1% < max (£(X:))? €15,

for all polynomials ty, of degree k such that t(0) = 1.

Proof. From theorem 4.11, we know that the CG polynomial minimizes ||€*|| 4.
Thus, if we replace the CG polynomial si_; by any other polynomial of degree
k — 1, we obtain an upper bound for the A-norm of the error. This can be written
as

le* % < Z te (X)) (&),

where & = A/2Q7T¢l, Q being the orthonormal matrix whose columns are the
eigenvectors of A and A being the diagonal matrix of the eigenvalues. This result
holds for all polynomials ¢, of degree k, such that ¢;(0) = 1, equality holding only
if tp(A) =1 — Asg—1(A). Therefore,
k2 < 2 20)2
141 < g ((0)* D

But, (€%, %) = ||€°||4, which proves the result. O

In theorem 4.12 we are free to choose the polynomial in the right-hand side. The

only constraint is that it must have a value of 1 at 0. This leads to the most well
known a priori bound for the CG A-norm of the error.
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THEOREM 4.13

k
-1
k <9 \/E 0
a2 (Ve g ) 1€l

where Kk = i\\—’; is the condition number of A.

Proof. The right-hand side in theorem 4.12 max;<;<,(tx(\;))? is bounded by
maxy, <a<x, (tx(A))?. For ¢, we choose the polynomial of degree k such that
t1:(0) = 1, which minimizes the maximum. The solution to this problem is given
by the shifted Chebyshev polynomials (see chapter 2),
Ch ()\1 + Ay — 2)\)
)\n - >\1
tk(A) =
Cr ()
LD

n — A1l

By the properties of the Chebyshev polynomials,
k
-1
max  [te(A)] < 2<ﬁ ) .
A <A<A, VE+

This proves the theorem. O

There are many cases for which this bound is overly pessimistic. We will see in
chapter 12 that CG convergence depends not only on the condition number but on
the distribution of all the eigenvalues of A, and that good estimates of the A-norm
of the error can be obtained during the iterations using the relations of CG with
Gauss quadrature.



Chapter Five

Computation of the Jacobi Matrices

We have seen in chapter 2 that we know the coefficients of the three-term recurrence
for the classical orthogonal polynomials. In other cases, we have to compute these
coefficients from some other information sources. There are many circumstances
in which one wants to determine the coefficients of the three-term recurrence (that
is, the Jacobi matrix .J;) of a family of orthogonal polynomials given either the
measure «, the moments yiy, defined in equation (2.2) or the nodes and weights of a
quadrature formula. We will see some examples of applications later in this book.

5.1 The Stieltjes Procedure

A way to compute the coefficients of the three-term recurrence given the measure
« is to approximate it by a discrete measure and to compute the coefficients of the
recurrence corresponding to the discrete measure. If the discretizations are done
properly, the process will converge; see Gautschi [131]. The problem (which arises
also directly if the given measure is discrete) is now to compute the coefficients
of the recurrence. Probably the simplest way to do this is to use the Stieltjes pro-
cedure [312] (or algorithm) which dates back to the nineteenth century. With a
discrete inner product, sums like

(pg) = _ plt;)q(t;)w]

are trivial to compute given the nodes ¢; and the weights w]2 The coefficients of
the three-term recurrence are given by
(APks Pi) (ks Pr)

Akl = 7> Yo = 77—
- (P> PR) (Pk—1,Dk—1)

for a monic polynomial p; having a recurrence relation (2.6) or

1 = APk Dk)s Brtr = APk Api) — %41 — B

for an orthonormal polynomial with a recurrence (2.8). This is obtained by taking
the inner product of the recurrence relation with either py, or p;_1 or by expressing
Pr+1 in terms of pg and pi_; using the three-term recurrence. For instance to
compute v, we need to compute (py, py) assuming (px—1, pr—1) is already known.
The values p;(t;) of the polynomials at the nodes needed in the inner products
can be computed by recurrences (2.6) or (2.8) and from this, the coefficients are
computed provided that the nodes are not the roots of the orthogonal polynomials.
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So we can intertwine the computation of the coefficients and of the values of the
polynomials at the nodes. The algorithm starts by computing «; from py which is
identically 1. Then one can compute the values of p; at the nodes t; and then 7,
and ay. This, in turn, allows to compute the values of py at the nodes, and so on.
This seems a very simple and elegant algorithm. However, in finite precision
arithmetic, the Stieltjes procedure can be sensitive to roundoff errors. In fact, the
Stieltjes procedure can be seen as a predecessor of the Lanczos algorithm with a
different inner product (see chapter 4). Unfortunately, in many circumstances, the
Lanczos algorithm may have a large growth of rounding errors (see [239], [242])
and it is the same for the Stieltjes algorithm. Therefore, the Jacobi matrix computed
by the Stieltjes algorithm in finite precision arithmetic may sometimes be far from
the exact one. We will review some other algorithms for computing the Jacobi
matrix from the nodes and weights of a discrete inner product in the next sections.

5.2 Computing the Coefficients from the Moments

Assume that we do not know the measure « but that we know the moments related
to it. There are expressions directly relating the moments to the polynomial coef-
ficients. Let us quote two results which use Hankel matrices; see Szego [323] or
Gautschi [131]. Let

Ho M1 o HE—1
H1 25 K
A(J:l, Ak:det(Hk), HkZ . . . y k:172,
Hek—1 Mk - H2k—2
and
Ho L N Hoke
M1 M2 v HE—1 Hk41
/0207Al1:,u17A;g:det . . . . , k=23,
Mrg—1 Mg - H2k—3  H2k—1

THEOREM 5.1 The monic orthogonal polynomial Ty, of degree k associated with
the moments i, j = 0,...,2k — 1is

Mo H1 oo M
1 H1 H2 o Pkt
k
HE—1 Mg 0 H2k—1
1 ) 2\F

THEOREM 5.2 The recursion coefficients of the three-term recurrence for the poly-
nomial 7y, of theorem 5.1,

Trt1(A) = (A — apr1)me(A) — meme—1(A),  7-1(A) =0, mo(A) =1,
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are given by

A;H»l A;c
= —Zk k=0,1,... 5.1
Q41 Ak-.l,.l Ak’ 07 ) 9 ( )
App1Ag
yk:%,k:m,.... (5.2)
k

These results are mainly of theoretical interest since the map giving the coeffi-
cients as a function of the moments is badly conditioned. The condition number of
this map has been studied by Gautschi (see [131]). In [328] Tyrtyshnikov proved
that the condition number of any real positive Hankel matrix of order n is larger
than 3 - 276, Fasino [103] proved that the condition number of any Hankel matrix
generated by moments of positive functions is essentially the same as the condition
number of the Hilbert matrix of the same size. Hilbert matrices are notoriously
badly conditioned. On these topics, see also Beckermann [24].

The coefficients of the orthogonal polynomial can also be found from the mo-
ments by an algorithm proposed by Gautschi which was described in Golub and
Welsch [160]. The main tool is the factorization of the Hankel matrix H;,. This is
more convenient than working with determinants.

PROPOSITION 5.3 Assume the measure o is defined by a positive weight function
w; then the Hankel matrix Hy, is positive definite.

Proof. The inner product defined by the measure « is positive definite. This implies
that all the principal minors of the Hankel matrix are positive. a

Therefore, we can consider the Cholesky factorization Hy, = Rka., Ry being
an upper triangular matrix. Let s; j, j > ¢ be the nonzero entries of R,:l. Let g()\)
be a vector defined with components

Gj(N) =15+ s2 A+ s N T i =10k
Then,

q\) =R " : =R, T or(N).

PROPOSITION 5.4 Let (q(\), qT ()\)) be the matrix whose entries are

b
<Qi(>‘)7qj(>\)>:/ (Mg (\) da.
We have

(a(N), " (V) = 1.
Proof. From the definition of g(\), we have
(g, q" () = B (6N, ek N R = RTHGR = 1
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This proves the result. O

The last proposition shows that p;_1 (A) = ¢;(\) is the orthonormal polynomial
related to the measure «. This polynomial satisfies a three-term recurrence

M 1Pk+1(A) = (A — ar1)pe(A) — Mepr—1(A). (5.3)
By comparing the coefficients of A’ and A ~!, we have the relations

33 = MiSi+1i+1,  Sj-15 = QjSjj + 1585541
From these relations, we obtain the values of the coefficients o, 7; from the entries
of R;l. Now, we can write the entries s; ; of R,:l we need as functions of the
entries 7; ; of Ry,

1 Tjj+1
Sjd = 0 Sii+l = T :
7.3 T3.575+1,5+1

This leads to the following result.

THEOREM 5.5 Let H; = R{Rk be the Cholesky factorization of the moment
matrix. The coefficients of the orthonormal polynomial satisfying the three-term
recurrence (5.3) are given by

TigHl  Ti—1j

Ti+1,5+1 . .
j:7]+-3.+,j:1,...,]€—1 =T, o= - =2,k
75,5 T35  Ti—14-1
Proof. See Golub and Welsch [160]. O

It is interesting to remark that these formulas are similar to what is obtained
when doing a QR factorization of the Krylov matrix defined in equation (4.1) in
the Lanczos algorithm described in chapter 4, see Meurant [239], section 1.1. Let
Ky = ViR be a QR factorization of the Krylov matrix where V is n x k and
orthonormal (VkTVk. = I, the identity matrix) and Ry is k X k nonsingular and
upper triangular (say with positive elements on the diagonal). It is easy to see that
V}, is the matrix whose columns are the Lanczos vectors v7. The matrix Ry, is also
the Cholesky factor of the moment matrix K} K. That is,

1 (v, Av) - (v, AF"lo)
RTR (Ua AU) (’U, AZU) U (Uv Akv)
kAt = . . . )
(v, AF=1y) (v, A%F=2y)

where v is the first Lanczos vector. The elements r; ; of R}, are related to those of
the tridiagonal Lanczos matrix Jj, by formulas similar to those of theorem 5.5.

5.3 The Modified Chebyshev Algorithm

Since using the moments p; to compute the recurrence coefficients may not be
numerically safe (see Gautschi [131]), it is often wiser to use so-called modified
moments defined by using another family of orthogonal polynomials p;, for which
we know the recurrence coefficients. Then, instead of integrating the monomials
!, we consider the integration of the polynomials pj. This is a sort of change of
basis functions.
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DEFINITION 5.6 The modified moments (using known orthogonal polynomials
pi) are

b
mk:/ pr(A) da. (5.4)

The modified Chebyshev algorithm was developed by J. Wheeler in 1974 [348]
(see Gautschi [127]) from an algorithm due to P. Chebyshev in 1859 [63]. It applies
the Chebyshev algorithm to modified moments instead of ordinary moments; see
also Sack and Donovan [289]. For the exposition, we follow Gautschi [126], [131].
An interesting paper on modified moments is Beckermann and Bourreau [25]. For
transforming one polynomial expansion into another, see Salzer [290].

Let us consider monic orthogonal polynomials satisfying

Per1(A) = (A = ap1)pe(N) — ckpr—1(A), p-1(A) =0, po(N) =1,  (5.5)
whose coefficients a1 and ¢ are supposed to be known. The Chebyshev algo-
rithm is obtained by using pr(\) = A¥,Vk. We also assume that we know the
modified moments my, k = 0,...,2m — 1 defined by equation (5.4). We would
like to determine the coefficients a1 and 7, of the three-term recurrence

Te+1(A) = (A — 1) (A) — k-1 (A),  7-1(A) =0, mo(A) =1, (5.6)
where 7, are the unknown monic orthogonal polynomials associated with the mea-

sure «. To do this, we introduce mixed moments.

DEFINITION 5.7 The mixed moments related to p; and o are
b
7i= [ MNP da()

We will derive relations allowing us to compute these mixed moments. By orthogo-
nality, we have oy, ; = 0, k > [. Moreover, since Ap;_1(A) (which is a polynomial
of degree k) can be written as the sum of 7, and a polynomial of degree strictly
less than &k, we can write

b b
Okk = / (M) Apr—1(\) da(\) = / T2 (\) da(N).
Multiplying equation (5.6) by pi_1 and integrating gives the relation

Ok — MeOk—1,k—1 = 0,

and therefore

_ Okk
g = ——.
Ok—1,k—1

Multiplying equation (5.6) by py and integrating gives

b
Qp110kk + MeOk—1,k = / Tk (A)APE(A) da(N).

We now use equation (5.5) to express Apy(A) in the previous equation. This gives
the relation

Okl + (A1 — Okg1) Okl — MiOk—1,6 = 0.
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Using again equations (5.5) and (5.6) with different indices, one obtains

Okl =0k-1,1+1 — (Oék - al+1)0k—1,l — NMk—10k—2,1 + Cl1Ok—1,1—1-

With these relations we compute the first 2m — 1 unknown recursion coefficients
oy, 1y, from the first 2m modified moments 1, since it is obvious that o j, = my.
The modified Chebyshev algorithm for monic polynomials is the following:

o_1,=0,1=1,....2m =2, o09;=my, {=0,1,...,2m -1

mi
ap =ap + —,
mo
andfork=1,...,m—1,
Okl = Op—1,i+1+ (41— )Ok—1,1+C10k—1,1-1—Nk—10k—2,1, L =k, ..., 2m—k—1,
Ok k+1 Ok—1,k
Q1 = Q41 + - )
Ok.k Ok—1,k—1
_ Okk
e = —————.
Ok—1,k—1

Note the similarity of these formulas with the ones given in theorem 5.5. The initial
condition of the algorithm for ¥k = Oand ! = 0, ..., 2m—1 is given by the modified
moments m;. Then in the plane [, k we proceed by going up in k. For each k we
compute a new element oy, ; by using four previous values fork —1and k —2.Ina
five-point discretization stencil (k, ) is the north point and it is computed from the
central point and the west, south and east points. Note that when we increase k by 1
the number of mixed moments to compute decreases by 2. Even though we have to
compute all the o, ; for a given k, only the first two ones oy, 5, and oy, 41 are used
to compute the coefficients. Of course, the modified Chebyshev algorithm depends
on the knowledge of the modified moments; see Gautschi [131]. If the modified
moments cannot be computed accurately, then the modified Chebyshev algorithm
is not really useful.

A similar procedure can be used for orthonormal polynomials ;. More gener-
ally, if the recurrence relation for the unknown polynomials is

Ve+1Th+1(A) = (A = 1) T (A) = meme—1(A),  7-1(A) =0, To(A) = 7o,
5.7
and the known polynomials satisfy
br+1Pk+1(A) = (A=ak11)pe(N) —ckpr—1(A),  p-1(A) =0, po(A) = po, (5.8)
then the modified moments are
b
my = 7ol :/ pi(A) da.
0 a

The value 7y can be chosen arbitrarily. Then the modified Chebyshev algorithm is
the following:

0',1,120,12].7...,27”—27 00,1 = TyTo, l:071,...72m—1,
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m
ap =ap +b—,
mo
andfork=1,...,m—1,
we choose the normalization parameter y; > 0 and
forl==~F,....2m—k —1,

1
Okl = ’Y_[bl—&-lUk—l,H-l + (@141 — p)Ok—1,0 + CLOR—11-1 — Me—10k—2,1],
k
then
Ok, kt1 Ok—1,k
Q41 = Qpy1 + bpyr — by, ,
Ok,k Ok—1,k—1
Ok, k
g = by ——"——.
Ok—1,k—1

For orthonormal polynomials the coefficients v are chosen to have a norm equal
to 1.

5.4 The Modified Chebyshev Algorithm for Indefinite
Weight Functions

In [143] Golub and Gutknecht extended the modified Chebyshev algorithm to the
case of indefinite weight functions. Then one has to use formal orthogonal polyno-
mials. They gave also a matrix interpretation of the modified Chebyshev algorithm.
Let J be the (infinite) tridiagonal matrix of the coefficients we are looking for with
1’s on the lower subdiagonal and H be the upper Hessenberg matrix (with 1’s on
the first subdiagonal) of the coefficients of the auxiliary polynomials p; which are
not supposed to satisfy a three-term recurrence. Moreover, let .S be the lower trian-
gular matrix of the mixed moments o, ; and D be a diagonal matrix with the same
diagonal as S. Using these infinite matrices, the recurrence relations for the two
sets of polynomials can be written as

AII(\) = TI(\)J,  AP(X) = P(\)H,

where IT = [rg, 71,...] and P = [pg, p1,...]. If we denote by ¢(\?) the integral
of \! with the measure «, ¢ is a linear functional on the set of polynomials and we
have

p(II"I) = D, (PTT) =S,
Using the linearity of ¢, we obtain the matrix relation
SJ=H"S.
The matrices on the left and on the right-hand sides are lower Hessenberg. There-
fore, if no oy ; is zero,
JS ™t =8"1HT,

which again is an equality between Hessenberg matrices. Let ¢ = ¢(\) be the
vector of the monomials; then the moment (Hankel) matrix is M = ¢(q7q) and
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the Gramian matrix of the polynomials py, is G = ¢(PT P). There exist unit upper
triangular matrices Z and R such that

g(\) =TI(\)Z, P(\) =TI(M\R.

This gives M = ZT'DZ and S = RTD. Itleads to G = R"DR = SR. The
matrix S is lower triangular and R is upper triangular. Therefore, we have an LU
factorization of the Gramian matrix. The matrices Z7 DZ and RT DR are the LDU
factorizations of M and G. Finally, we have JR = RH.

In the modified Chebyshev algorithm, the elements of .J are computed from those
of S and H using J = S™'H?S and S can be generated from the modified mo-
ments. Golub and Gutknecht proposed also an inverse Chebyshev algorithm to
compute S from J. From the coefficients of .J, one can compute the diagonal and
first diagonal of S from which the whole matrix S can be built. The knowledge of
S allows one to compute the modified moments. As we have seen before, .S can
also be generated from the diagonal and subdiagonal of GG, and from this, one can
compute .J using two diagonals of S~ as done by Golub and Welsch [160].

Golub and Gutknecht generalized the previous relations to the general case where
(» may be an arbitrary complex linear functional. Then the formal orthogonal poly-
nomials may or may not exist for all degrees. The matrix J is now a block tridi-
agonal matrix and the matrix S is block lower triangular. Block equivalents of the
previous algorithms can then be derived. As far as we know the stability properties
of these algorithms have not been investigated yet.

5.5 Relations between the Lanczos and Chebyshev Semi-
Iterative Algorithms

We consider this topic in this chapter because it is related to the computation of
modified moments. Several iterative methods for solving linear systems Az = ¢
with a symmetric positive definite matrix A can be written as

oFT = Pt o (0p2F + 2F — 2P, (5.9)

with parameters wy,; and d;, depending on the given method and the vector z*
given by solving

MzF =k

)

where r* is the residual vector. The symmetric positive definite matrix M is the
preconditioner whose role is to speed up convergence. Depending on the choice
of parameters, equation (5.9) describes the Chebyshev semi-iterative (CSI) method
(see Golub and Varga [155], [156]), the Richardson second-order method and the
conjugate gradient (CG) method (see chapter 4).

The first two methods depend on having estimates of the extreme eigenvalues of
M~' A and this can be seen as a disadvantage. However, they have the advantage
over the conjugate gradient algorithm of not requiring any inner products. This can
be important on parallel computers for which computing inner products is often
a bottleneck. Of course, it is also necessary that the rate of convergence is not
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much slower than for CG. This is why we will concentrate on the Chebyshev semi-
iterative method since the Richardson method is not very attractive in this respect.

As we said, the computation of the parameters J; and wy, needs estimates, a and
b, of the smallest and largest eigenvalues of M1 A. Let u = (b — a)/(b + a); the
parameters of the CSI method are given (see [155], [156], [237]) by

2 1
5]@:5:7, wk_,_l:izwithwl:l,wg: 3 -
b+a 1_ K 1M
Tk 2

The generalized residual vectors z* are given by polynomials. This is summarized
in the following result.

PROPOSITION 5.8 The vectors z* of the CSI method defined by equation (5.9)
with §;, = 6 are given by
2 =pp(B)2’, B=1-6M"'A,

where py, is a polynomial of degree k satisfying a three-term recurrence

Pr1(A) = W1 Ape(A) + (1 = wig1)pr-1(A),  p-1(A) =0, po(A) = 1.

Proof. Multiplying equation (5.9) by A, one obtains an equation for the residual
vectors r’“,

rRtl = ph=b 1 (AZR — P kT,

But Mz¥ = r* and multiplying by M ~! we have a relation for the generalized
residual vectors,

SRl k-1 —wk+1(5M_1Azk _ Lk _’_Zk—1)7
which can be written as
2P = (1 —wp) 2" wp g (I — SMTLA) R,

Iterating this relation and using the spectral decomposition of the matrix B (which
is similar to a symmetric matrix), it is obvious that z*¥ = pi(B)2°, where the
polynomial p;, satisfies the three-term recurrence of the proposition. O

It is well known how to obtain estimates of the extreme eigenvalues during CG
iterations. This uses the relation between the CG and Lanczos algorithms. The
paper [146] by Golub and Kent shows how to obtain estimates of the needed eigen-
values during the CSI iterations using modified moments. This is yet another ap-
plication of the use of modified moments in a linear algebra problem.

Consider the matrix C' = M ~'A. Then B = I — §C. The matrix C is similar to
a symmetric matrix since

C = M*l/Q(Mfl/QAMfl/Q)Ml/Q.

Let A = QAQT be the spectral factorization of the symmetric matrix A with Q
orthogonal and A diagonal and let S = QT M'/2. Then

B=1-6C=1-305"'AS=8"YI—-6A)S=5"tAS.
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The columns of the matrix S~ are the unnormalized eigenvectors of B. Since
S=TMS—' = I, they are M-orthonormal. Then py(B) = S~'p.(A)S. If we
denote by s’ the columns of the eigenvector matrix S~!, we can decompose the
initial generalized residual 2" on the eigenvectors of B,

n
V= Zdisl.
i=1
Then
n
E_ _ A )sl
2V =% aipr(Ni)s’,
i=1

where the elements \; = 1 — §); are the eigenvalues of B. The inner product of
two vectors is given by

(27,21 = (2%, M) = Zd?pk()\i)pz()\i)-

As we know this sum can be written as a Riemann—Stieltjes integral with a measure
«,

b
(zk,zl>:/ pr(MN)pr(A) da(N).

Associated with the measure « there is a set of orthogonal polynomials ¢y, k =
1,...,n. The modified moments my, are defined as the integral of the polynomials

Pk

b
mi = (42 = [ ) da()

The coefficients of the three-term recurrence for vy, can be computed by a slight
variation of the modified Chebyshev algorithm. Let us write the three-term recur-
rences for both polynomials pj, and )y, as

APk(A) = br41Pk+1(A) + @k 1 (A) + cepr—1(A),
with b1 = 1/wk41, ak41 =0, ¢ = (wWr1 — 1) /w41 and
Mk (A) = Brr1¥k+1(A) + i 19k(A) + -1 (A).
Given an integer m, as we have already seen, the coefficients are computed through
0-1,=0,00;,=my, 1 =0,1,...,
00,1

oy =a; +b——, v =0,
00,0

andfork=1,...,m—1
1
Ok, = ﬁ_[bl+10k71,l+1 + (@141 — g)Ok—1,0 + CLOK—1,1-1 — VE—10k—2,1]
k

forl=~Fk,....2m—k —1,
Ok k+1 _p Ok—1,k

041 = Gk41 + br41 k )
Ok Ok—1,k—1
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Ok,k
Ve = bp————.
Ok—1,k—1

The coefficients () can be chosen to scale the polynomials ;. The choice made
in [146] is By = bg. The smallest and largest eigenvalues of the tridiagonal matrix
ar

Mn o B

Jm =

Tm—2 Qm-1 Pm-1
TYm—1 O

are the estimates we are looking for. Even though the computation of the modified
moments also require inner products, only one inner product per iteration is needed.
Moreover, it is not necessary to compute (z*, z°) at iteration k. We only need these
inner products when we want to compute estimates of the extreme eigenvalues.
Therefore, on parallel computers some inner products can be computed in parallel.

In the previous algorithm .J,,, is known only after 2m CSI iterations because we
need 2m moments. However (see [146]), one can take advantage of the properties
of the Chebyshev polynomials to obtain the modified moments required for the
computation of .J,,, only after m iterations. The polynomial of the CSI method is
given by

(V) = Cr(M )
Cr(1/p)’

where CY; is the Chebyshev polynomial of the first kind of degree k. Golub and
Kent used the relation

Cr11 = 2CxCy — Clp_y,
which arises from the trigonometric identity
cos(k +1)0 = 2 cos k6 cos 10 — cos(k — 1)0.
This gives the two relations
Cor =2C; — Co,  Capp1 = 2CkChiq — C1.
Using these relations one obtains

por(A) = pE(N) + m[piw 1),

and something similar for poy;. Integrating this relation gives two modified mo-
ments

= zk zk + 71 zk zk — U
2k < ’ > Cgk(l/,u)« ’ > 0)7
1Z = zk zk 1 + —1 zk zk b _p
2k+1 < , > ,uCgk(l/ )(< s > 1).

One may wonder why one would use this variant of the algorithm instead of CG
to solve a symmetric positive linear system, since to obtain the eigenvalue estimates
one has also to compute two inner products per iteration. However, we do not need
to compute the estimates at every iteration, and the inner products need not be
computed as soon as the vectors are computed as in the CG algorithm. Therefore,
the CSI algorithm with computation of the eigenvalues offers more flexibility than
CG on parallel computers. On the other hand, CG takes into account the distribution
of all eigenvalues.
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5.6 Inverse Eigenvalue Problems

When we have a discrete measure and therefore a discrete inner product, we may
want to compute the recurrence coefficients from the nodes ¢; and weights w;. As
we will see the nodes and weights are related to the eigenpairs of the Jacobi matrix.
Hence, we have an inverse eigenvalue problem in which one wants to reconstruct
a symmetric tridiagonal matrix from its eigenvalues and the first components of its
eigenvectors.

We have seen that this can be done with the Stieltjes procedure but this algorithm
may suffer from rounding errors. This inverse problem has been considered in the
paper by de Boor and Golub [79] using the Lanczos algorithm. But the Lanczos
algorithm also suffers from rounding errors. Gragg and Harrod [164] gave a more
stable algorithm based on a paper by Rutishauser [288]. Their algorithm uses or-
thogonal transformations, namely Givens rotations. This kind of algorithm has also
been used by Reichel [278], [279]. Laurie [220] proposed to use variants of the QD
algorithm; see chapter 3. On inverse eigenvalue problems see also Boutry [32]. Let
us now review these algorithms.

5.6.1 Solution Using the Lanczos Algorithm

In exact arithmetic the problem defined above of reconstructing the Jacobi matrix
from the nodes and weights can be solved by the Lanczos algorithm, see chapter 4.
The Lanczos vectors v/ of the orthonormal basis of the Krylov subspace are con-
structed by three-term recurrences because of the symmetry of A. We have seen
that the basis vectors satisfy

o* = pr(A)vt, ol =,

where py, is a polynomial of degree k£ — 1. In our case we choose A = A = A, a
diagonal matrix of order m whose diagonal elements are t1, . . . , t,,, the given nodes
(or eigenvalues). Therefore, we have

(0", 07) = (0 (Am)v, pi(An)v) = > pj (t)pi(t)of = 6i ;.

=1

Hence, if the initial vector v is chosen as the vector of the square roots of the
weights w?, the Lanczos polynomials are orthogonal for the given discrete inner
product and the Jacobi matrix that is sought is the tridiagonal matrix generated by
the Lanczos algorithm. Even though it might seem strange to start from a diagonal
matrix to end up with a tridiagonal matrix, this should solve the inverse problem
defined above. Since the matrix A,,, has distinct eigenvalues we should do exactly
m Lanczos iterations.

Moreover, things can also be seen in a different way. Let K, be the Krylov
matrix K,,, = (v Av --- A™ v)and K,, = V,,R,,, be a QR factorization
where V,,, is an orthonormal matrix of order m and R,,, an upper triangular matrix
of order m with positive elements on the diagonal. It turns out that V,,, is the matrix
whose columns are the Lanczos vectors v7. Moreover, R,,, is the Cholesky factor
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of the moment matrix & gK m. That is,

1 (v,Av) - (v,A™ l)
(v, Av v,A?v) - (v,A™)
RI'R,, = ) ) _ .
(Uv Amilv) T (Ua A2m72v)

The inner products involved in this matrix are equal to
m .
(v, Av) = Zt{w?,
=1

that is, they are the moments computed with the monomials ¢/. In fact, the Lanczos
algorithm progressively constructs matrices Vj, which are m x k, k < m such that
K. = Vi Ry, where Ry, is upper triangular of order k. Matrices Ry, are extended at
each step by one row and one column. The elements r; ; of the successive matrices
Ry, can also be related to those of the Jacobi matrix Ji. If we denote the matrix .J
by

ap  m
m Q2 72
Ji = )
Nk—2 Ok—2 Mk—1
Nk—1 75
we have 7 ; = 1 and
T
Ni—1 = ——.
Ti—1,i—1

This shows that

M- Me—1 = Tkk-
We also know that

Tii+1 Ti—1,: . Tk—1,k
iiiand — = =2 k=1, o =wh - R

a1 = T1,27 Q= k )
Tii Ti—1,—1 Tk—1,k—1

wf = (v, AF v)/ry. 1 and 74 k11 = (v*, AE,v). So, in principle, we can compute

the Jacobi matrix from the moment matrix. The Lanczos algorithm does this for us
in a simple and convenient way without having to use the Cholesky factorization of
the moment matrix.

However, as we have seen in chapter 4, the Lanczos algorithm can suffer badly
from rounding errors. When the rounding errors start to grow, the Lanczos vec-
tors v/ lose their orthogonality. Moreover, multiple copies of some eigenvalues ;
appear among the Ritz values and this delays the convergence to the other eigen-
values. Hence, without reorthogonalization, it is not always feasible to solve the
inverse eigenvalue problem using the Lanczos algorithm.
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5.6.2 Solution Using the Stieltjes Algorithm

As we have seen before the Stieltjes algorithm can be used to solve the inverse
eigenvalue problem. Remember that if we consider monic orthogonal polynomials
Py the coefficients of the tridiagonal matrix are

o (tplmpk) o (pkapk)
A1 = ———~> M= 7" >
(Pks k) (PE—1,Pk—1)
ay, (resp. 1) being the diagonal (resp. off-diagonal) elements. The inner products
can be easily computed using the nodes and weights. If we want to obtain the
Jacobi matrix corresponding to orthonormal polynomials, we just have to take the
square roots of the off-diagonal elements.

It is clear that the above procedure is nothing other than the Lanczos algorithm
with a different normalization. Therefore, in floating point arithmetic it must suf-
fer also from rounding error problems. Moreover, there is a potential danger of
overflow.

5.6.3 Solution Using Rotations

In [164] Gragg and Harrod considered the reconstruction of Jacobi matrices from
the spectral data. This terse but nice paper summarizes the relation between Ja-
cobi matrices, orthogonal polynomials, continued fractions, Padé approximation
and Gauss quadrature. The main theme of this paper is to consider that in finite
precision arithmetic the Lanczos algorithm is sensitive to rounding errors and can-
not reliably solve the problem of the computation of the Jacobi matrix. However,
the authors suggested the use of a rational variant of the Lanczos algorithm de-
signed for a diagonal matrix.

Let d be the vector whose elements are 3y times the given first components.
Then, the algorithm is the following,
pil = 07 p[) = da p2—1 = 13
fork=0,1,...,n—1

wh = pF.xpk, p2 = Tk

Bt = P/ Pi1s s = T/}

PP = (1= aggae). s« pt —pt T
end
where .x denotes the element-by-element multiplication, e is the vector of all 1’s,
I = A, e and f3; are the off-diagonal elements.

The recommended algorithm in [164] uses orthogonal transformations to com-
pute the Jacobi matrix. Let us describe it and denote A = A,, for simplicity.
Assume that

(o) (553 o) (i ™50 ),

with @) an orthogonal matrix. This construction is done incrementally. Let us add
(6, A) to the data (d, A). We have

1 (%)) dT ) 1 (7)) ﬁo (61 )T 6
QT d A 0 Q = ﬂOel JIn 0
1 o 0 A 1 1 0 A
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To tridiagonalize the matrix in the right-hand side, we use rotations to chase the
element ¢ in the last row and column toward the diagonal, without changing «y,
which is not needed in the algorithm. At some intermediate stage, we obtain
ar—1 B4 0 Ok—1
Brw  ar Bele)T by
0 @kel Ji k+1,n 0 ’
Op—1  Op—1 0 Ak—1

with A1 = A 4 7;,_1. We denote

By Ok—1 Br—1
<5k—1 Th—1 Tk—1 (-1 ok-1)
where 7, is not to be confused with the polynomial 7, and v, + o7 _, = 1. We

choose 7 and o to annihilate §;_; with a rotation between the second and last
rows. This gives 77 + 07 = 1 and

<’Yk- Uk) <51/<:1> _ (Bk—l)

Ok Yk Ok—1 0 )’

(% —O'k> (ﬂk—l) _ <5k—1)
Ok Vk Ty ) R 0 '

Let py = (B, +72_,)"/?; then

which is

Br-1 Th—1 .
= y Ok = — ) lfpk > 0,
Pk k

and v, = 1, o, = 0if p, = 0. Hence,

Vi

Br—1=Tk-1Pks kBr—1 +WTE—1 = 0.

(0 D))

Let

The result is

with A\, = A\ + 7, and

(6 m™)=m(m o), 7k =o0or(k—N)+Y%0k-18k—-1,

Tk = U]%(Ozk — )\) — ’7]%’7']@,1.
Moreover &y, = o — (7% —Tx—1). The Kahan—Pal-Walker version of this algorithm
squares some equations to update the squares of most of the involved quantities; see

[164]. The implementation given in Gragg and Harrod (algorithm RKPW) is the
following to add the data (), ¢):
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vo=1,8=02=17=0,an1 =\ 15 =0
fork=1,....,n+1

Pi = Boor + i1y Bi1 = Vioapi

if p2 =0thenv; =1,07 =0

else i = Bi 1/}, ok = mi_1/Pi;

T = J,%(ozk —A) — 'y,%Tk_l

a = o — (T — Th—1)

if 0,3 = (0 then 71']3 = U%_lﬁﬁ_l

else i = 17 /0%
end

Note thatif &, = a3 — A and
Bi

Ee—1
(which are the diagonal elements of the Cholesky-like factorization) then 75, =
o2&, and w7 = 7&). The solution is then obtained incrementally by adding one
node and one weight after the other. Note that the order in which we introduce the
new elements may have an efect on the results.

In [278], [279] Reichel considered a method very similar to the Gragg and Har-
rod method, although the implementation was slightly different.

h=ap — A —

5.6.4 Solution Using the QD Algorithm

First, for the direct problem of computing the nodes and weights from the Jacobi
matrix, Laurie [220] proposed to use variants of the QL algorithm instead of the QR
algorithm to compute the nodes and weights from the Jacobi matrix and the first
moment. The main interest of this approach is that this algorithm can be “reversed”
to give an algorithm named convqr to compute the Jacobi matrix from the nodes
and weights. It turns out that this algorithm is very close to the Gragg and Harrod
algorithm. But the Jacobi matrix is computed from bottom to top by adding a first
row and a first column at each step. This corresponds to adding one node at a time
going from the last one ¢,, to the first one ¢;. However, these algorithms using
orthogonal transformations are not too sensitive to the order in which the nodes are
added.

In [220] Laurie proposed to use variants of the QD algorithm to recover the
Jacobi matrix from nodes and (positive) weights. He used the stationary QD and
the shifted progressive QD algorithms. The development of the algorithm pftoqd
is formulated using partial fraction expansion and Stieltjes and Jacobi continued
fractions but the basis is really the factorization of tridiagonal matrices. Laurie

considered
n

r) =Y ;ﬁjtj7

j=1

where t; = 9;"). He used a Stieltjes continued fraction (or S-fraction) which is

€0| C]1| 671\
()_ _n— 1

_|A_1 ‘A_l ..._‘A_qn7
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where the coefficients are alternatively e’s and g’s. The coefficients of the S-fraction
are coefficients for a two-term recursion of orthogonal polynomials

Upt1(A) = Apr(A) — exur (),

Pr41(A) = up41(A) — qrp1Pr(N),

with initial conditions ug(\) = 0, po(A) = 1. The coefficients g and ey, are
elements of the LU factorization of .J,,. They can be computed by QD algorithms.
The stationary QD algorithm (dstqd) computes the S-fraction of E,r of r for a
shifted argument

E,(N)r=r(A+o0).
Let Zr be defined as
(Zr)(A) = Ar(A) — lim Ar(A).

The progressive QD algorithm (dqds) computes the S-fraction of E, Zr from that
of r. Laurie’s algorithm pftoqd derivation starts by showing how to compute the
S-fraction of 7(®) ++ w/\ given the S-fraction of r(*), Let

(607 q1, €1, 42,.-., €n—1, Qn)

be an augmented QD row and Q*) be the augmented QD row of (¥) with elements

eg-k) and q§k). Rutishauser’s algorithm is the following.

1) Prepend the pair (1, w) to Q(®) to form Q1) ; the corresponding rational func-
tion is
1
rO0) = s ———
1—rO0)
2) Apply the progressive QD algorithm with a zero shift to Q") to form Q(?);
the corresponding rational function is

rP0) = ZrW ) = a0 — 1.

3) Discard the first element of Q(*) and append a zero to form Q(®); the corre-
sponding rational function is

B =1- —o
r) ()
Therefore,
r® () = % +rO().
Laurie assumed that the nodes are sorted as t; < t5 < --- < t,, and denoted the

differences as o; = t; — ¢;_1. The following algorithm computes the sum

m w'
rl()\):Z)\_]t
j=1 J
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X—om
forj=m-—1,...,1
- W,
75(A) =i () +
ri(N) =752 — ;)
end

The same algorithm can be expressed using QD rows. This is Laurie’s pftoqd
algorithm:

Q=(wy wy - wp 0 --- 0)
k=m+1
Q(k) =om

forj=m-1,...,1
apply dqd to Q(j : k)
apply dstqd(—o;)to Q(j +1: k+1)
k=k+1

end

The number of floating point operations of this algorithm is (9/2)n2, to be com-
pared to (11/2)n? operations for convqr. When the QD row has been computed,
the Jacobi matrix can be recovered from

Okt1 = Qiy1 + €k, B = qrex.

The previous algorithms for computing the solution of the inverse problem will
be compared on several examples in the second part of this book. For computations
using also the QD algorithm see Cuyt [72].

5.7 Modifications of Weight Functions

In this section we consider measures « defined through a weight function w by
da(X) = w(X) dA. A problem that has been considered in many papers during the
last 40 years is how to obtain the coefficients of the three-term recurrences of or-
thogonal polynomials related to a weight function r(\)w(\) when the coefficients
of the orthogonal polynomials related to w are known and r is a polynomial or
a rational function. This problem was first studied by Christofell in 1858 when
r(A\) = A — . The general solution was given by V. B. Uvarov [331], [332].
However, the solution is given using determinants and this is difficult to use for
computation, although it has been used by Gautschi [131]. Another related prob-
lem is consideration of a weight function given as the sum of two weight functions
with known orthogonal polynomials.

The general problem when 7 is the ratio of two polynomials can be broken into
easier problems by writing

b b , N\ s
/T()\)w()\)dA)Z/ q()\)—FZ)\Cfti—FZ(/\ ffij;jryz_ w(X) dA,
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where ¢ is a real polynomial, ¢;, : = 1,2,...and z; = z; £ay;, ¢ = /-1, j =
1,2,... are the real and complex roots of the denominator of 7. Hence, it is enough
to consider multiplication by polynomials and division by linear and quadratic fac-
tors if we know the roots of the denominator of the rational function. We have also
to use an algorithm for sums of weight functions.

Let us consider some of the algorithms that have been proposed for solving these
problems; see [202], [110], [142], [101], [99], [131], [307].

5.7.1 Sum of Weights

The problem considered in Fischer and Golub [110] is the following. Let [I;, u;], j =
N withly <y <--- <y be N intervals that can be disjoint or not and

let w; be a nonnegative weight function defined on [l;, u;]. There are orthogonal

polynomials p(] )

AP ) = 8970 () + ol pP )+ (), (5.10)

p(ji(k) =0, péj)()\) =1.

Let! =l and © = max; u; and

associated with every w; satisfying three-term recurrences,

N
’LU()\) = Z €5 X[1;,u )Wy ()‘)7
j=1
where |e;| < 1 and Xy, ;) is the characteristic function of the interval [}, u;]
with values O outside and 1 inside the interval. The problem is to generate the
coefficients ﬁk, ag, v of the orthogonal polynomial associated with w given the

coefficients ﬂk ,oz,(j ),fy,(C 7 and the zero-order moments,

W = [ woyan

J

The inner product associated with w is

N u;
9= ¢ /l A9 (1) dA
j=1 b

All the algorithms considered in [110] need to compute (p, 1) where p is a polyno-
mial of degree less than or equal to 2n for a given n. This can be done by using
Gauss quadrature with n nodes for every w;.

The tridiagonal matrix TT(Lj ) defined by equation (5.10) and associated with the
function w; is not symmetric. However, as we have seen, it can be symmetrized

using a diagonal matrix DY, Then, Jy; ) — (D(J )) 174 DY s the Jacobi matrix
associated with w;. We will see in chapter 6 that the nodes of the Gauss quadrature
are the eigenvalues of J,Sj ) and the weights are the squares of the first elements of
the eigenvectors. Then (p, 1) can be computed as
N .
(1) = > eud () p(IP)e!

Jj=1
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The algorithm that worked the best for the examples considered in [110] is simply
the Stieltjes procedure. For the sake of simplicity, let us take the number of intervals
N = 2. Let v}, be the monic polynomial (3, = 1) associated with w and let @k be
the corresponding orthonormal polynomial which satisfies

MoE(A) = A 1911 (A) + Q1P (N) + Atde-1 (),

b =0, do(N) = (ang” +eang”) 2.
Therefore Uy, (\) = (¢, ¥r) /24, (X). The coefficients are given by
APk, Y

Qe = Okt1 = gy
b

W)
=V = (<1/)k—1,1/1k—1>) .

These coefficients can be computed in the following way. Let n be given and for
k<mn, z,(j ) — wk(J,(Lj )) 1§ =1, 2, then we have the three-term recurrence
Zz(f+)1 = (J'r(tj) - ak[)zl(cj) - 'szlijzl'

The starting vectors are z((f)

(1) (2)
#ﬁ@yﬂ%(J)u+Q%(J) )g;

= el and

e+ eop®

Therefore, by using Gauss quadrature,
W tn) = eng (57)75) + ean? (57)7 57,

and
oy © P T IO 4y @ ()T 2 ,)
and’ ()T + ey (270)7 27
. i) (27D 4y @ (T2
- 1 1 1 2 2 2)
ey (72) 2 + eang” (22)T52,

Two other algorithms proposed in [110] used modified moments

e = {qx, 1) = /lu qe(MNw(A) dA,

where qi, K = 1,2,... is a given suitable set of auxiliary polynomials and the
modified Chebyshev algorithm. However, since the numerical results given in [110]
are not better than with the Stieltjes method we do not report on them here.

In [101] Elhay, Golub and Kautsky considered the problem from another per-
spective. With two weight functions w; and ws they set up the following problem:
Given the Jacobi matrices .J; and J5 of dimensions ny and nsy corresponding to wq
and wo, find a Jacobi matrix J for the weight function w = w1 + we. If it exists
what will be its dimension?

Let W(J, n) denote the set of normalized weight functions corresponding to J
of dimension n and thus to the first 2n moments.
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THEOREM 5.9 Given the Jacobi matrices J, and J, of dimensions ny and ny and
€1 +e =1, €1,6a > 0, let n = min{ny,na}. Then there exists J of dimension n
such that w = e;wy + eawsq belongs to W(J, n) for any wy € W(J1,n1) and any
we € W(Jg, ’ng).

Proof. See [101]. Clearly, the moments of a sum of weight functions are the sums
of the corresponding moments. This gives the solution of the problem. O

Three different algorithms are proposed in [101] to compute .J from J; and J5.
Let us consider the one that seems the most robust. It is denoted as JJR and uses

orthogonal matrices. Let
_(J1 0

and some J4 of which the leading n x n submatrix will be the required J. How to
obtain Jy is characterized in the following theorem.

THEOREM 5.10 Given J, and Js, the orthogonal matrix Q such that J; = QJ3QT

must satisfy
1
QTel = (gzl) : (5.11)

Proof. Let J; = Q;A\;QT, i = 1,2,4 be the respective spectral decompositions
with @; orthogonal and A; orthogonal. The weights of the corresponding Gauss
quadratures are the squares of the first components of the eigenvectors w’ = QT el;
see chapter 6. To merge the Gauss quadratures of J; and Jo, the requirement is

_ A1 0 4 \/awl
w=(0) - (V)

o (@hQn 0 _
Ti= ( 0 Q2TJ2Q2) Qi = QA7

_ QT 0
Hence, we have

QTe! = (Ql 0 )w4: (\/an”(Ul) _ <\/ael)
0 @ VeQauw® Vee' )’

as required. |

Then,

where

Therefore, () must be constructed to satisfy equation (5.11) and such that Jy is
tridiagonal. The matrix @) can be built as the product of orthogonal matrices. The
algorithm proposed in [101] to minimize the complexity is the following. First,
a permutation similarity P is applied to J3 and Q7e!. P selects the rows in the
order 1,n + 1,2,n + 2,...,n,2n. The resulting permuted matrix P.J3P7T is a
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five-diagonal matrix (which can also be considered as a block tridiagonal matrix or
a banded matrix) with a checkerboard-like structure

z 0 x O

0O 0 =«
z 0 x O
0O 0 =«

S o8 o
8 o

Let R be a rotation matrix combining the first and second rows such that B(,/eje' +
/€2¢*) = el. The matrix J = RPJ3PTRT has the following structure

8 8 8 8
8 8 8 8

oy 88
8 o8 8

Tors o
8 ©

Now, we can apply a series of rotations (not involving the first row) whose product
is R such that RJRT is tridiagonal. The matrix @ in theorem 5.10 is @ = RRP.
This is not expensive since J can first be turned into a five- diagonal matrix J (zero-
ing the outer diagonals) in O(n) operations. Then this last matrix can be reduced to
tridiagonal structure in O(n?) operations. We need only the leading n x 7 submatrix
of the result, which is .J. The complexity is about 14n? +O(n). The corresponding
code is provided in [101].

5.7.2 Multiplication by a Polynomial

Let r be a real polynomial of degree m strictly positive on [a, b]. We are interested
in computing the Jacobi matrix corresponding to 7(A)w(\). The solution proposed
by Fischer and Golub [142] is to use the modified Chebyshev algorithm since the
modified moments can be easily computed.

Another algorithm is given in Gautschi [131] for multiplication by a linear factor
which relies on Uvarov’s results [332]. For a polynomial of degree larger than 1 this
can be applied repeatedly if we know the roots of the polynomial. Generalizations
of these problems to general linear functionals are studied in Bueno and Marcelldn
[43].

Other algorithms were proposed earlier by Kautsky and Golub [202] for general
polynomials of which the roots are not necessarily known. However, we assume
that the roots of r are outside of [a,b] and that r(\) is positive on [a, b]. These
algorithms are based on transformations of (not necessarily orthogonal) polynomial
bases. Let J be a lower Hessenberg matrix of order k£ with nonzero superdiagonal

elements f1,...,0k—1 and B # 0,pg # 0; there exist polynomials p; of exact
degree j such thatif P = (po p1 ... pr—1 )T we have the relation
AP(X) = JP() + Bepr(A)e®. (5.12)

Now, we are interested in the relations between two Hessenberg matrices. This is
given in the following lemma.
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LEMMA 5.11 Let J and J be two lower Hessenberg matrices of order k (with
nonzero superdiagonal elements). There exists a unique (up to a scalar factor)
nonsingular lower triangular matrix L and a vector c such that

LJ=JL+eFcT. (5.13)

Moreover, if P, py, and P, by, are the polynomial bases corresponding to J and J,
then

P=1LP

?

Bk — Brpr(eF) T Lek = T P.

Proof. Since P and P are polynomial bases of exact degree, it is obvious that there
exists a triangular matrix L such that P = LP. Substituting this relation into
equation (5.12) and subtracting the same identity with tildes, we have

(JL — LJ)P + (Brpx — Brpr(e¥)T LeF)ek = 0.

The scalar in the parenthesis in the left-hand side has to be a polynomial of degree
less than k that can be written as ¢ P for some vector c. Since this is true for all
P, it gives equation (5.13). O

Conversely, given J and a vector ¢ but not knowing L, the matrix J is determined
by equation (5.13). When J and J are symmetric (and therefore tridiagonal) this
relation is similar to that of the Lanczos algorithm of chapter 4 if we know the first
column u = Le' except that the matrix L is triangular and not orthogonal. Then
Kautsky and Golub [202] were interested in the dependence of the result upon the
vector c. This needs the introduction of a new definition. The mth perdiagonal
of a matrix A is the set of elements a; ; such that i + j = m + 1 (so to speak,
perdiagonals are “orthogonal” to the usual diagonals).

THEOREM 5.12 Let J be a lower Hessenberg matrix (with nonzero superdiagonal
elements) and c and u be given vectors. Then there exist a symmetric tridiagonal
matrix J and a lower triangular matrix L satisfying equation (5.13) and such that
Le' = u. Moreover, if J is tridiagonal, then fori > 0 the first k+1i perdiagonals of
L and the first k + 1 — 1 perdiagonals ofj are independent of cj, j =1i+1,... k.

Proof. See [202]. O

If the polynomial basis is orthonormal on an interval [a, b] for a weight function
w, the matrix .J is tridiagonal and we have the following properties.

LEMMA 5.13

b b
/ prPwd\ =0, / prwd\ = 1,
a a

b b
/ PPTwd\ =1, / APPTwdx = J.
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Proof. See Golub and Kautsky [145]. The results are obtained using the orthonor-
mality of the polynomials. O

If the basis defined by P, f, is also orthonormal on [a, b] but for a weight func-
tion w, the following result gives an expression for J.

THEOREM 5.14 Let

b b
M:/ PPTwd, Mlz/ APPT @ d.

Then
M=LLT,
with P = LP, L being lower triangular. The Jacobi matrix J related to W is
J=L"'MLT.

Proof. This is obtained by substituting P = LP in the relations of lemma 5.13. O

In the simple case of a polynomial of degree 1, r(A\) = A — 3, we have the
relations

b b
/ PPT(A\—pB)d =1, / APPT N = L7 'L T,

Since P = L1 P, this gives L~1(J — BI)L~T = I. Therefore,
J—pBI=LL".

The lower triangular matrix L is the Cholesky factor of .J — 31 (which is positive
or negative definite) and J; = LTL + (1 is, but for the last row and column, the
Jacobi matrix for »w. Such a modification is called a Christoffel transformation, see
Galant [118], [119]. However, in numerical computations, depending on the value
of the shift (3, the factorization of J — 31 may not always be fully accurate. Simple
modifications of the LU factorization algorithm have been suggested in Bueno and
Dopico [42] to overcome this problem.

Note that, since the polynomials pj, are orthonormal relative to w, the matrices
M and M; contain modified moments. Now, let us come back to the situation
where w = rw, r being a polynomial of degree m and we assume that we do not
know the roots of r.

THEOREM 5.15 Let k > m, then the first k — m elements of c defined in equa-
tion (5.13) vanish.

Proof. We have

b b
= / (Bkpr — ﬂkﬁk(ek)TLek)Psz d\ = ﬂk/ pPTrwL =T dX.

The result follows because of the orthogonality of py, and the fact that L~7 is upper
triangular. a

Let Zy, ,, (or Z,, when the value of k is not specifically needed) be the set of
matrices of order k£ whose first 2k —1—m perdiagonals vanish. The characterization
of the dependence on c is given in the following results. The next lemma gives
properties of matrices with vanishing perdiagonals; see [202].
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LEMMA 5.16 If J is lower Hessenberg, L lower triangular and Z € Z,, then
ZT . LZ, ZLT € Zmand JZ € Zpy11. Moreover, if L is a triangular matrix such
that LLT — LLT € Z,,, then L — L € Z,,,.

The next theorem is a generalization of an identity of lemma 5.13.

THEOREM 5.17 Let r be a polynomial of degree m. Then
/b rPPYwd\ —r(J) € 2,1, j <m.

Proof. Since r is a poiynomial, it is sufficient to show that

/b NPPTwd\—J € Z,,_;.

This is done by induction on j. o

The main result of Kautsky and Golub [202] is the following theorem.

THEOREM 5.18 Let r be a polynomial of degree m < k such that the Cholesky
factorization r(J) = Ly LT exists where Ly is lower triangular. Let J, = LflJLl
and B = J[r(J)]~*. Then

1) B is symmetric and B = [r(J)]~'J,

2) Ji=L¥BLy,

3) Jy is a symmetric tridiagonal matrix,

4) J — Jy € Z,, where J is the Jacobi matrix corresponding to W = rw.
Proof. See [202]. The proof is obtained by using the spectral factorization of J. O

Given a shift 5 and a scalar o # 0, consider a decomposition o(J — 5I) = X R
with X nonsingular and R upper triangular. The matrix

.1
J=-RX +pI
g

is similar to J. Since J isA also similar to J; = LTIFJ LIT, we are interested in the
conditions on X to have J = Jj.
PROPOSITION 5.19 If

XXT = o?(J = BN)[r(1)]) "1 (J — BI),
then J = J1.
Proof. We have

XXT = XR[r(J)]'RTXT,

and R = LT follows from the uniqueness of the Cholesky factorization of r(.J). O

If r is a polynomial of degree 1 written as » = o(\ — 3), the relation in propo-
sition 5.19 is X X7 = o(J — BI) and (as we have already seen) we can choose
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X = RT = L,. For general polynomials, one can proceed in the following way.
Let J = ZOZT be the spectral decomposition of .J with Z orthogonal and ©
diagonal and D? = r(©), ©5 = © — 31. Then we must have

ZT'XX"7Z = 03D %0p.
This implies that the matrix U = (1/ U)D@ElZTX must be orthogonal. Since
ZTXR = JGgZT, we have

UR=DZz". (5.14)

Hence U and R can be obtained by the QR factorization of DZ7. Since X =
0Z0szD7U,

Ji=J=X"1JXx=U"eU.
This gives us the theoretical solution of the problem. Using the spectral decompo-
sition of .J we have to compute the QR factorization of DZ T in equation (5.14) and
then J; = UTOU. From J; we can obtain J of order k — [m/2] — 1 corresponding
to the weight w = rw. These theoretical results can be turned into several practical
numerical methods to compute J; see Kautsky and Golub [202].

Choosing ¢ = 0, one can use the relation L;J; = JL; to compute J; as long
as u = Lie! is known. But, if d = r(J)e!, then u = v/d;d and d is obtained by
d = Zr(©)ZTel. Only the m+1 first rows of Z are needed. This is a Lanczos-like
algorithm.

The second algorithm is the polynomial shift implicit QR (PSI QR). It performs
an implicit QR factorization of the matrix DZ7. The matrix U is sought in the
formU = H; --- Hj,_1 where H; is a symmetric Householder transformation with
the requirement that the matrix

Hi_y---H©OH, - Hp_,
should be tridiagonal. See [202] for details.

5.7.3 Weight Functions Not of One Sign

Kautsky and Elhay [201] generalized Jacobi matrices to arbitrary weight functions
w. Let pg, k =1,2,... be a set of monic polynomials and

P =(po(A), p1(A)s- -, o1 (W)

then there exists a lower Hessenberg matrix /X with 1’s on the superdiagonal such
that

AP(X\) = KP(\) 4 pre(N)er.

From this relation we have that any zero of py, is an eigenvalue of K. Let w be a
weight function on [a, b]. We denote by M the symmetric Gramian matrix

b
M = / PPT wd.
Then

b
KM = / APPT wd\ — ket
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where

b
c:/ PP w dA.

The matrix KM is a symmetric matrix plus a rank-one correction to its last row.
The k — 1 first elements of c are determined by K and M since

c—(cTef)er = (KM — MKT)e".

The polynomial py, is orthogonal to the previous polynomials p;, 7 = 0,...,k —
1 if and only if ¢ = 0. When the polynomials of degrees from 0 to & are all
mutually orthogonal, then M is diagonal and K is tridiagonal. If the polynomials
are normalized M is the identity matrix. In the case of a sign changing weight
function M may no longer be diagonal.

A particular polynomial p;_; is orthogonal to all polynomial of smaller degrees
if and only if the last row and column of the j x j principal submatrix of M can
have a nonzero element only on the diagonal. Such a matrix M is called j-diagonal.
The eigenvalues of the (j — 1) x (j — 1) principal submatrix are the zeros of p;_.

Elhay and Kautsky derived an algorithm which, given K and M for w, computes
K and M for w(\) = (A — B)w()). Let

i v
(K=BDM=| )" a; - |,

L; 0 M; i,
L= (lj)T 1 , M= (mj)T d;
With these notations we obtain
Y; = L;M;L],

Lij(M;1 4 1d) =47,

aj + 8, xcl e = ()T (M + 27 + d;.

The matrices L and M can be built one row and column at a time. The aim of Elhay
and Kautsky was to construct an M which is i-diagonal for as many ¢ = 1,2, ..., k
as possible. We can set 1/ = 0 if M is nonsingular and then [/ is the solution of

.0 — S — 7Ll
Ml =2 =L; y.
For a singular M; we can choose either I = 0, 7/ = 27 or a least squares solu-

tion of M;li ~ Lj_lyj and set 77 = 27 — M;l7. On this topic and for general
polynomials, see also [98].
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5.7.4 Division by a Polynomial

We are interested in cases for which (a) (\) = 1/(A — 8) or (b) r(\) = 1/((A —
3)? + 4?) and we assume that 3 is not in the interval [a,b]. This problem has
been considered by Golub and Fischer [142] who used the modified Chebyshev
algorithm and an algorithm due to Gautschi to compute the modified moments.
The problem was also solved by Gautschi [131] using Uvarov’s results. See also
Paszkowski [271]. In the following we will describe the solution given by Elhay
and Kautsky [99].

Many methods for a linear divisor as A — (§ are based on a so-called “inversion”
of methods for multiplication by a linear factor. If w = w/r, then

b b
[ rwman= [ oy a

Therefore, if we know how to compute J from J by a multiplication algorithm, we
might expect to compute J from J by “inverting” this algorithm.
The work of Elhay and Kautsky is based on the following result; see [99].

THEOREM 5.20 Let P(A\) = [po(\), p1(A), ..., pk—1(N)]T and let B; be the ele-
ments on the subdiagonal of J. If v is any analytic function, we have

(J = ADPNr(A) = (J = ADr(T)PN) + Brpe (V) (r(J) = r(A)I)e".
If X is not an eigenvalue of J,

POYr(N) = r()PON) + BepeN)(J = AD)~H(r(J) = r()D)ek. (5.15)

If the shift 3 is a root of py, then r(3) is an eigenvalue of v(J) and P()\) is an
eigenvector.

Proof. See [99]. The proof is based on the fact that, if r is analytic, then J and
r(J) commute. O

Then, if P()\) = LP(\) with L lower triangular, multiplying equation (5.15) on
the right by P(\)T /r()\) and integrating, we obtain
I=r(J)LL"

b
+ 0B / (" PON) + vepre V) (J = AL (J) — r(N ek PN T daL”,

where c is the vector of coefficients of P in the development of py, in terms of the
P58, pr(A) = T P+ 3 pr(N). If we consider case (a) with (\) = A — /3, we have
a much simpler relation since some terms cancel by orthogonality,

I=(J—BI)LLT + BrercTLT.

Note that if we compute a UL Cholesky-like factorization L Ly of J— I and
take L = L;l, then the previous relation is satisfied up to the last row. The solution
chosen by Elhay and Kautsky is to compute the elements /; ; and d; of a solution
of the equation

I=JLLT +é*d",
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for a given [;; # 0. Let a;; and 7; be the coefficients of the tridiagonal matrix
J = J — BI of order k. Let [; ; be the elements of L and L7 be the transpose of
L. The first element of the first column of L is known. By identification we have
lon = (1/l11 — a1l1,1)/m. The other elements of the first column are given by

livig=—Micilicig +ailin)/mi, 1 =2,... k= 1.
Then, for j = 2, ...,k we compute the diagonal elements using the equation
Ni—1l3;=—nj—2Lj_21:5—2L1; 5; —aj1Lj_11-1L1; 4 ;
~nj-1Lj15-1L1; 1 ;-
For j = 2 the first term in the right-hand side does not exist. We have used a
Matlab-like notation for the rows and columns of L and L. The other elements of
the column j are computed by
Uili+1,jlj,j = 5i,j - niflLi—1,1:min(i—1,j)L’{;min(i717j)7j
*OéiLz',lzmin(f,,j)L?;min(i,j),j
—miLit1,15-1L1; 1, i=4,...,k—1.

If one wants to compute also the vector d, the first element is dy = —(ng_1lx—1,1+
ali.1)l1,1. The other elements can be computed at the end of the loop on j by

dj = _(nk—1kal,1:min(k7l,j)LEmin(k_l,j) j + akLk,lsz{j,j)~

Note that since L~7 L~ —.J = e¥d” L= L~ and the matrix on the left-hand side
is symmetric the row vector d” L~7 L' must have all its components equal to zero
except for the last one. This can be considered as a check of the accuracy of the
computation. This algorithm is known as the inverse Cholesky algorithm.

For the initial value we have 1 1 = \/flo/po with

b 1
/]0:/ dao.
a )‘76

This Cauchy integral is known for classical measures or can be computed by an
algorithm due to Gautschi [131]. For instance, for the Legendre measure, we have

o (ﬁ - 1)
Mo = 10g ﬂ +1 )
and for the Chebyshev case (first kind) we have fig = 7/+/3% — 1.

For case (b) one has to consider an equation of the type

I = jQLLT+€de+6k_1fT,

where d and f are vectors. An algorithm for its solution is given in [99]. It requires
the principal 2 x 2 matrix of L as input.



Chapter Six

Gauss Quadrature

6.1 Quadrature Rules

Given a measure « on the interval [a, b] and a function f (such that its Riemann—
Stieltjes integral and all the moments exist), a quadrature rule is a relation

b N
/ FO) da =S w; £(t;) + RIS, 6.)
a =1

The sum in the right-hand side is the approximation of the integral on the left-
hand side and R|[f] is the remainder, which is usually not known exactly. The real
numbers ¢; are the nodes and w; the weights of the quadrature rule. The rule is
said to be of exact degree d if R[p] = 0 for all polynomials p of degree d and there
are some polynomials ¢ of degree d + 1 for which R][g] # 0.

Quadrature rules of degree N — 1 can be obtained by interpolation. The func-
tion f is approximated by an interpolation polynomial. For instance, we may use
Lagrange interpolation which, given the nodes t;, is written as

N
CVED DN ((HIACIE
i=1
where [; () is a Lagrange polynomial
N
L) =] Al

g1 b Tt
i
The corresponding quadrature formula is obtained by integrating the interpolation

formula. The nodes are the given interpolation points ¢; and the weights are

b

Such quadrature rules are called interpolatory. Newton—Cotes formulas are defined

by taking the nodes to be equally spaced. When this is not the case, a popular choice
for the nodes is the zeros of the Chebyshev polynomial of degree N. This is called
the Fejér quadrature rule; see Gautschi [131] and Weideman and Trefethen [347].
Another interesting choice is the set of extrema of the Chebyshev polynomial of
degree N — 1. This gives the Clenshaw—Curtis quadrature rule; see Clenshaw
and Curtis [67], Trefethen [327] and the references therein. In both cases, the
weights can be computed analytically. For relations of interpolatory quadrature
with matrices, see Kautsky [198] and Kautsky and Elhay [200].
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A way to obtain quadrature rules of higher degrees is to consider the nodes ?;
to be unknowns. These quadrature rules are linked to moments and orthogonal
polynomials; see Gautschi [129], [130]. To introduce the relation of quadrature
with orthogonal polynomials we quote the following result from Gautschi [131].

THEOREM 6.1 Let k be an integer, 0 < k < N. The quadrature rule (6.1) has
degree d = N — 1 + k if and only if it is interpolatory and

/ (A —tj)p(x)da =0, Vp polynomial of degree < k — 1. (6.2)

If the measure is positive £ = N is maximal for interpolatory quadrature since
if K = N + 1 the condition in the last theorem would give that the polynomial

N

[T =)

Jj=1

is orthogonal to itself, which is impossible when the measure is positive. The opti-
mal quadrature rule of degree 2N — 1 is called a Gauss quadrature rule [124] since
it was introduced by C. F. Gauss at the beginning of the nineteenth century. Of
course, it remains to explain how to compute the nodes and the weights.

In this chapter we consider the approximation of a Riemann—Stieltjes integral by
Gauss quadrature. The general formula we will use is

b N M
I[f] :/ FO) da(N) = wif(t;) + Y vef(z) + RIf),  (63)
a j=1 k=1

where the weights [w;] j-V:l, [k, and the nodes [t,] §V21 are unknowns and the

nodes [zk]kle are prescribed; see Davis and Rabinowitz [78], Gautschi [125], [128]
and Golub and Welsch [160]. If M = 0, this leads to the Gauss rule with no
prescribed nodes [124]. If M = 1 and z; = a or z; = b we have the Gauss—
Radau rule [276]. If M = 2 and z; = a, 2z = b, this is the Gauss—Lobatto rule
[228]. Note that equation (6.3) implies that the Gauss rule will integrate exactly a
polynomial of degree 2N — 1 by evaluating the polynomial at N points.

The term R|[f] is the remainder which generally cannot be explicitly computed.
If the measure « is a positive nondecreasing function and if f is smooth enough, it
is known (see for instance Stoer and Bulirsch [314]) that

2
f(2N+M b M N
2N—|—M A— zk) H()\—tj) da(N), a<n<b.

j=1

R[f] =

6.4)
Note that for the Gauss rule, the remainder R[f] has the sign of f?N)(1). On
the remainder of quadrature rules for analytic functions, see Gautschi and Varga
[134]. For the sensitivity of Gauss quadrature to perturbations of the measure, see
O’Leary, Strakos and Tichy [252].
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6.2 The Gauss Quadrature Rules
6.2.1 The Gauss Rule

One way to compute the nodes and weights is to use monomials \?, i = 1,...,2N—
1 as functions and to solve by brute force (for instance, the Newton method) the
nonlinear equations expressing the fact that the quadrature rule is exact. In this
section we recall how the nodes and weights of the Gauss rule can be more easily
obtained and show the connection of Gauss quadrature with orthogonal polyno-
mials. From the theorems of chapter 2 for the measure «, there is a sequence of
polynomials pg (), p1(A), ... which are orthonormal with respect to o

X e
1, ifi=y,
/a pi(M)p;(A) da(N) = {07 otherwise,

and the polynomial py, is of exact degree k. Moreover, the roots of py, are distinct,
real and lie in the interval [a, b]. This set of orthonormal polynomials satisfies a
three term recurrence relationship:

7ipi(A) = (A =wj)pj—1(A) = vj-1pj—2(N), F=1,2,...,N (6.5)

p-1(AN) =0, po(A) =1,

assuming that f doo = 1. Let us assume that we know the coefficients w; and ;.
As we have seen in previous chapters, the three-term recurrence can be written in
matrix form as

AP(X) = JNP(A) +vpn (Ve

where
P(A) = [po(N) pr(A) -+ pv—1 (V)] (6.6)
eN=00---01)7,
and
w1 M
DY) 72
JN = 6.7)

YTN-2 WN-1 7IN-1
YN-1 WN

is a Jacobi matrix. We note that all the eigenvalues of J are real and simple since
v #0,i=1,...,N — 1L

THEOREM 6.2 The eigenvalues of Jn (the so-called Ritz values Hj(-N) which are
also the zeros of pn) are the nodes t; of the Gauss quadrature rule (i.e., M = 0).
The weights w; are the squares of the first elements of the normalized eigenvectors

OfJN.
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Proof. This is shown in Wilf [349] and Golub and Welsch [160]. By theorem 6.1,
the monic polynomial

N

[T =)

j=1
is orthogonal to all polynomials of degree less than or equal to N — 1. Therefore,
(up to a multiplicative constant) it is the orthogonal polynomial associated to o and
the nodes of the quadrature rule are the zeros of the orthogonal polynomial, that is,
the eigenvalues of Jy.

The vector P(t;) is an unnormalized eigenvector of Jy corresponding to the
eigenvalue ¢;. If ¢ is an eigenvector with norm 1, we have P(t;) = wq with a scalar
w. As a consequence of the Christoffel-Darboux relation (see theorem 2.11), we
have

w;P(t;)'P(t;)=1,j=1,...,N.
Then,
w; P(t;)T P(t;) = wjw?|lq]* = wjw® = 1.

Hence, w; = 1/w?. To find w we can pick any component of the eigenvector g, for
instance, the first one that is different from zero. This gives w = po(t;)/q1 = 1/q1.
Then the weight is given by

_ 2
wj—ql.

If the integral of the measure is not 1, we obtain

b
wj = qipo = q?/ dor(N).
O

Therefore, the knowledge of the Jacobi matrix (and eventually of the first mo-
ment) allows us to compute the nodes and weights of the Gauss quadrature rule.
It is shown in Golub and Welsch [160] how the squares of the first components of
the eigenvectors can be computed without having to compute the other components
with a QR-like method. On the QR algorithm applied to tridiagonal matrices, see
also Gates and Gragg [123]. Expressions for the first element of an eigenvector
are also given in chapter 3, but we will see that in many cases we do not have to
compute the nodes and weights to be able to use the quadrature rule.

For the Gauss quadrature rule (renaming the weights and nodes w]G and t]G), we
have

with
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The monic polynomial

j=1
which is the determinant yy of Jy — AI, can be written as 71 - - - ynv—1pn (A).
This is seen by comparing the three-term recurrence for the polynomials and the
recurrence for the determinant of Jp, see chapter 3. But py is an orthonormal
polynomial related to the measure o. Then

2
N

b
[ TI0 =] dath) = (e

and the next theorem follows.

THEOREM 6.3 Suppose f is such that f*™)(£) > 0, Vn, V&, a < € < b, and let
N
Lalf] = ) wf f(t5).
j=1

The Gauss rule is exact for polynomials of degree less than or equal to 2N — 1 and
we have

Lelf] < I[f].
Moreover VYN, 3n € [a, b] such that

(2N)
1111 = Lalf) = -2 .
Proof. The main idea of the proof is to use a Hermite interpolatory polynomial of
degree 2N — 1 on the N nodes, which allows us to express the remainder as an
integral of the difference between the function and its interpolatory polynomial and
to apply the mean value theorem (since the measure is positive and increasing). As
we know the sign of the remainder, we easily obtain bounds. O

We remark that if we know bounds of f (2N)  we can bound the absolute value
of the error of the Gauss quadrature rule. For examples, see Calvetti, Golub and
Reichel [52].

An inverse problem of reconstruction of a weight function given the Gauss quadra-
ture nodes was considered by Kautsky [199].

To summarize, we have seen that, if we know the coefficients of the three-term
recurrence for the orthonormal polynomials associated with the measure « and the
first moment, then we can compute the nodes and weights of the Gauss quadrature
rule.

6.2.2 The Gauss—Radau Rule

To obtain the Gauss—Radau quadrature rule (M = 1 in equations (6.3) and (6.4)),
we have to extend the matrix Jy in equation (6.7) in such a way that it has one
prescribed eigenvalue; see Golub [139].
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If we assume that the prescribed node is the left end of the integration interval
z1 = a, we wish to construct py 41 such that py41(a) = 0. From the recurrence
relation (6.5), we have

0=9~v11pn+1(a) = (a —wni1)pn(a) — yvpy—1(a).
This gives
pN—1(a)
pn(a)
Therefore we have to compute the ratio py_1(a)/pn(a) without using the three-
term recurrence. We note that we have

(JN - aI)P(
Let us denote §(a) = [61(a),...,on(

WN+1 =@ —IN

—W’NPN(G)GN

7 with

a)
a)

di(a) = —nypl_l(a) =1

pn(a)
This gives wy4+1 = a + dny(a) and §(a) satisfies
(Jn —al)d(a) = v3eN. (6.3)

From these relations we have the solution of the problem by performing the follow-
ing steps:

1) we generate yy;
2) we solve the tridiagonal system (6.8) for d(a); this gives dn(a);
3) we compute wy+1 = a+ On(a).

Then the tridiagonal matrix J N1 defined as

5 JIN yveN
INt1 = <,YN(€N)T wN+1> (6.9)
has the prescribed node a as an eigenvalue and gives the nodes and the weights of
the corresponding quadrature rule we were looking for. As for the Gauss rule, the
nodes are the eigenvalues and the weights are the squares of the first components
of the eigenvectors. Something similar is done if z; = b. Therefore, the algorithm
is to compute as for the Gauss quadrature rule and to modify the last element to
obtain the prescribed node.
For the Gauss—Radau rule (see Stoer and Bulirsch [314]) the remainder Rap is

2
N

R FEIm) 0 A da(\ 6.10
= — —t; . .
onlf) = T | =) I[0-5)| dety. 610
This is proved by constructing an interpolatory polynomial for the function and its
derivative on the ¢;’s and for the function on z;. Therefore, if we know the sign of
the derivatives of f, we can bound the remainder. This is stated in the following

theorem.
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THEOREM 6.4 Suppose f is such that f"+D(€) < 0, Vn, V€,a < € < b. Let
Ugr be defined as

N
Ucrlf] =Y wif(ts) + vif(a),
j=1

wy, vy, t] being the weights and nodes computed with z1 = a, and let Lagr be
defined as

Ler[f Z wif(t5) + vy £(b),

b vl, b being the weights and nodes computed with z; = b. The Gauss—Radau

rule is exact for polynomials of degree less than or equal to 2N and we have

Ler(f] < I[f] < Ugrlf].

Moreover VN 3 ny,ng € |[a,b] such that
2

(2N+1) b [~
1111~ Venlsl = L ) [0 -a) Lo-)] wo.

2

(2N+1) b [~
1111 Lexlr) = L2 [ TT0-6)| doon

Proof. With our hypothesis the sign of the remainder is easily obtained. It is nega-
tive if we choose z; = a, positive if we choose z; = b. O

Remarks:
1) if the sign of the derivatives of f is positive, the bounds are reversed,
2) it is enough to suppose that there exists an ng such that f(?70+1)(n) < 0 but
then N = ny is fixed.
6.2.3 The Gauss-Lobatto Rule

In this section we consider the Gauss—Lobatto quadrature rule (M = 2 in equations
(6.3) and (6.4)), with the ends of the integration interval z; = a and zo = b as
prescribed nodes. As in the Gauss—Radau rule, we should modify the matrix of the
Gauss quadrature rule; see Golub [139]. Here, we would like to have

pn+1(a) = pn+1(b) = 0.

Using the recurrence relation (6.5) for the polynomials, this leads to a linear system
of order 2 for the unknowns w1 and yy:

(i i) (50) = () o
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Let § and p be defined as vectors with components

5 = — pi-1(a) _ pr-1(b) =1

y M y N
ynpN(a) ynpw (D)

geeey 5

then
(Jy —al)d =€V, (Jy —b)p=e",

and the linear system (6.11) can be written as

(b o) (e)=0)

whose solution gives the unknowns we need. The tridiagonal matrix J N1 18 then
defined as in the Gauss—Radau rule in equation (6.9).

Having computed the nodes and weights (eigenvalues and squares of the first
components of the eigenvectors), we have

b N
| FONdan) = " AF) + oL (a) + o1 (B) + R )

This gives the following result.

THEOREM 6.5 Suppose f is such that f*™)(£) > 0, ¥n, V€, a < &€ < band let

N
Usrlf] = D wft f(t75) + oF" f(a) + 0§ £(0),
j=1
t]GL, wJGL, V¥ and v$'l being the nodes and weights computed with a and b as
prescribed nodes. The Gauss—Lobatto quadrature rule is exact for polynomials of

degree less than or equal to 2N + 1 and we have

I11f] < UgLlf)-
Moreover VN 30 € [a, b] such that

N
FENTD (@) / ’ GLy
I[f] — =" A— —t; A).
1= Verlfl = Gy | A=) 121 da())
In [145] Golub and Kautsky studied quadrature rules of the form
N n; M m;
DD wigf )+ vig /Y
j=1i=1 j=1i=1

where f(9)(z) denotes the value of the ith derivative of f at z. There are N free
nodes t; of multiplicities n; and M fixed nodes z; of multiplicities m;. It is proved
in [145] that the approach we used to obtain the Gauss—Radau and Gauss—Lobatto
rules by modifying one or two elements in the last row of the Jacobi matrix cannot
be extended to a double prescribed node or to the case where the two prescribed
nodes are on the same side of the integration interval. However, it works when the
two nodes are on opposite sides of the interval and not only when they are the end
points.
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6.2.4 Computation of the Gauss Rules

The nodes and weights can be computed by the Golub and Welsch QR algorithm
[160]. However, we do not always need to compute the eigenvalues and eigenvec-
tors of the tridiagonal matrix Jy. Let Z be the orthogonal matrix of the eigenvec-
tors of Jn (or J ~) whose columns we denote by z* and © y be the diagonal matrix

of the eigenvalues ¢; = GEN) which gives the nodes of the Gauss quadrature rule.
We have seen that the weights w; are given by the squares of the first components
of the eigenvectors

i\2 N i\2
wi = (21)" = ((e7)" 2")".
Then we can express the quadrature rule as a function of the Jacobi matrix Jy.

THEOREM 6.6
N
D wif(t) = () f(In)et
=1

Proof. Since the weights are the squares of the first components of the eigenvectors,
we have

N
Zwlf tl :Z f tl )
=1 =1
g (Z zlf(tz)(zl)T> ¢!
1=1
=) Znf(On)ZKe!
= (") f(Jn)e!
This concludes the proof. O

The same statement is true for the Gauss—Radau and Gauss—Lobatto rules re-
placing Jy by the appropriate modified Jacobi matrix. Therefore, in some cases
when the (1, 1) element of the matrix f(Jx ) (or its modified version) is easily com-
putable (for instance, if f(A\) = 1/); see chapter 3), we do not need to compute the
eigenvalues and the first components of the eigenvectors of Jy .

On the computation of Gauss quadrature rules see also Beckermann [23].

6.3 The Anti-Gauss Quadrature Rule

Anti-Gauss quadrature rules were introduced by Laurie in [218]; see also [222].
The idea is to construct a quadrature rule whose error is equal but of opposite sign
to the error of the Gauss rule. This was motivated by the need to estimate the error
term of the Gauss rule. Even though we have an analytic expression for Rg[f], it
is not easy to find an accurate estimate of this term since it involves an unknown
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point 7 in the interval of integration. Let
N
L[] =D wi f(t5)
j=1
be the Gauss rule approximation with N nodes. It is exact for polynomials of
degree up to 2N — 1, that is,

L¥[p] = I[p] for all polynomials of degree 2N — 1.

The usual way of obtaining an estimate of I[f]— LY[f] is to use another quadrature
rule Q[f] of degree greater than 2N — 1 and to estimate the error as Q[f] — LY [f].
There are several possible ways to do this. One can for instance use Lg“[ 11
but this may not be very precise and requires the recalculation of a new Gauss
quadrature. We will see in the next section that for certain measures it is possible
to find a (2N + 1)-point rule containing the original N nodes of the Gauss rule.
This is known as a Kronrod rule. However, Gauss—Kronrod rules do not always
exist. The idea of Laurie is to construct a quadrature rule with NV + 1 nodes called
an anti-Gauss rule,

N+1

HNTUf =Y @ f(9;),
j=1

such that
I[p] — HN " p] = —(I[p] — L& [p]), (6.12)

for all polynomials of degree 2N + 1. Then, the error of the Gauss rule can be
estimated as

1
S U] = L)),

Using this anti-Gauss rule, the integral I[f] can also be approximated by
1

SCEN) + L8[,

From equation (6.12) we have
HN T p] = 21I[p] — L& [p],

for all polynomials p of degree 2N + 1. Hence, HN*! is a Gauss rule with N + 1
nodes for the functional Z(-) = 2I[-] — LY[-]. Associated with this functional is
a sequence of orthonormal polynomials p;, 0,..., N + 1 and a tridiagonal matrix
J N+1. We have

I[pq] = Z(pq)

for p a polynomial of degree N — 1 and ¢ a polynomial of degree N. Using the
Stieltjes procedure of chapter 5 to obtain an expression of the three-term recurrence
coefficients we see (Laurie [218] or Calvetti, Reichel and Sgallari [54]) that p; =
pj, J = 0,..., N and the first coefficients of the tridiagonal matrices .Jy for the
Gauss rule and jN+1 for the anti-Gauss rule are the same, 0; = w;, j=1,...,N
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and ¥, = v, j = 1,..., N — 1. We also have LY [p%] = LY [p%] = 0 because
the nodes are the zeros of py. This implies that

I(py) = 21(B),
and therefore 73, = 2v%;. Moreover, &n 1 = wy 1. The tridiagonal matrix Jy
is
w1 M
Y1 W2 72

JN+1 = K K K . (613)
YN—2 WN-1 TIN-1
IN-1 wN \/E’YN
\/Q'YN WN+1
The N +1 nodes of the anti-Gauss rule are the eigenvalues of J ~n+1 and the weights
are the squares of the first components of the eigenvectors. Note that J N1 1S a
low-rank modification of Jy 1. As for the Gauss rule we have
HNFf] = ()T f(Inr)et
We have that the weights are strictly positive and the anti-Gauss nodes interlace the
Gauss nodes because of the Cauchy interlace theorem. This implies that the anti-
Gauss nodes ¥;, j = 2, ..., N are inside the integration interval, see Laurie [218].
However, the first and the last nodes can eventually be outside of the integration
interval. Actually, in some cases, the matrix J N1 can be indefinite even if Jy is
positive definite.

There is nothing magical in asking for an error that is the opposite of the Gauss
rule error. Therefore, the work of Laurie has been generalized (see Patterson [273],
[274], Calvetti and Reichel [49], Ehrich [96], Spalevi¢ [309]) to a quadrature rule
SN+1[f] such that

I[p] =S¥ p] = —(I[p] — L& [p])
for all polynomials of degree 2N + 1. The parameter v is positive and less than or
equal to 1; for v = 1 we recover Laurie’s method. Then the error of the Gauss rule

can be estimated as
1
—— (SN = LED).
T (S - LY
The integral I[f] can also be approximated by
1
——(HN T+ ALY f])-
s ALY )
The N + 1 nodes of the anti-Gauss rule are the eigenvalues and the weights are the
squares of the first components of the eigenvectors of the matrix

w1 M
71 w2 Y2

IN41 = R E . (6.14)
IN—-2 WN-1 YN-1
YN-1 WN INVI+y
wWVI+y  wnp
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Eventually, v can be chosen such that J N-+1 18 positive definite. This can be seen
by computing the diagonal elements of the Cholesky-like factorization of Jy 1,

. . 2
di =05, 1=1,...,N, Ony1=wnt1— (1 +7v)—.

If 6 ~N+1 < 0, then we have to decrease the value of ~.

6.4 The Gauss—Kronrod Quadrature Rule

As noted in the previous section, a Gauss—Kronrod rule is a formula

2N+1

KNS = ) wi (), (6.15)

j=1

such that N of the nodes tf coincide with the nodes tf of the N-point Gauss rule
and the rule K 2N+ is exact for polynomials of degree less than or equal to 3N + 1.
This was introduced by A. S. Kronrod [209], [210] for the purpose of estimating
the error in the Gauss formula. The advantage is to be able to reuse the [V function
values already computed for the Gauss rule. In a short note [133] Gautschi pointed
out that this idea was already proposed in 1894 by R. Skutsch [308].

Here, we describe the properties of the Jacobi matrices given by Laurie in [219]
and the algorithm proposed by Calvetti, Golub, Gragg and Reichel [59]. For the
computation of the Gauss—Kronrod rule, see also Xu [353], Boutry [33] and Am-
mar, Calvetti and Reichel [6] and also the review paper by Monegato [243]. We
are interested in rules where the nodes and weights are real and the weights are
positive. From a result in Gautschi [127] the Jacobi—Kronrod matrix exists and is
real if and only if the Kronrod rule exists and is real and positive.

Let @; and 4; be the nonzero coefficients of the symmetric Jacobi—Kronrod ma-
trix Jo ~Ni1. The fact that K2VN+1 is exact for polynomials of degree less than
or equal to 3N + 1 implies that the first 3N + 1 coefficients in the sequence
w1,%1,Ws, Y2, . .. equal the corresponding coefficients in the sequence for Jy.
Therefore, if N is odd

3N +1
2 9

@j:wj’ ’S/j:’yj,j:L...,

and if N is even

Wj = wj, j:l,...,%—Fl, Y = Y5> j=1,...,%.
Hence, the number of matrix elements we have to determine depends on the par-
ity of N. Then the important result which leads to an algorithm to compute the
Kronrod rule is the following lemma due to Laurie [219].

LEMMA 6.7 The characteristic polynomial of the trailing principal N x N sub-
matrix of Jon 41 is the same as that of its leading principal N X N matrix. In other
words, these matrices have the same eigenvalues.
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Proof. See Laurie [219]. The proof considers ¢ and 1), which are respectively the
characteristic polynomials of the leading and trailing matrices of order k. ¢on+1
is obtained by expanding the determinant along the (N + 1)st row of the matrix.
This expansion shows that any common zero of ¢;, and vy is a zero of pan 1.
Conversely, if ¢y is a factor of ¢an+1, then ¢ ;y_11n must be divisible by ¢ . The
polynomials ¢n_1 and ¢ being mutually prime, 1 is divisible by ¢x. These
polynomials have the same leading coefficient and are therefore identical. a

The algorithm given by Laurie in [219] relies on mixed moments and computes
the entries of Jo11 by a modified Chebyshev algorithm, see chapter 5. It is also
described in Gautschi’s book [131]. Here we describe the approach proposed in
[59]. Let

R JN ’}/N(BN 0
Jonpr = | (M) wnir avga(e)”
0 YN41e! JIN

Lemma 6.7 says that J has the same eigenvalues as Jy. Moreover, some elements
of the matrix Jy are known. When N is odd, Jy can be written as

N-1
o JN+2:3N+1 YaN+1€ 2
JN == N2—1 A )
—\T *
"/3Nz+1 (6 2 ) JN

where Jy . SN 41 is a principal block of .Jiy going from row N + 2 to row 3%t

and .J%, is an unknown tridiagonal matrix of order (N + 1)/2. Similarly, when N
is even we have

where jj(, is an unknown tridiagonal matrix of order N/2. Moreover, the entry
ﬁ/% 1 is unknown. There is a Kronrod rule with real nodes and positive weights if

there exists a real matrix .J ~n which has the same eigenvalues as Jy .

The algorithm in [59] first determines the eigenvalues as well as the first and last
components of the eigenvectors of Jy. Of course, this gives the Gauss rule LY.
Expressions for the first and last components of a tridiagonal matrix are given in
chapter 3, proposition 3.4, or can be computed with the QR algorithm.

The second step of the algorithm is to compute the first components of the nor-
malized eigenvectors of Jn for reasons we will see soon. Remember that we do
not know all the coefficients of this matrix. To be able to obtain this result, we use
a method due to Boley and Golub [31] when N is even. With the matrix J N we
can associate an unknown measure & and a Gauss rule whose nodes 6" we know
because of lemma 6.7 (they are the same as those of J ) and weights w; which are
unknown since they are the squares of the first components of the eigenvectors we
seek. For the first N moments fi; associated with & we have

N
e =Y (0w, k=0,..., N~ 1.

Jj=1
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The largest principal leading submatrix of J for which all coefficients are known
is jN/g = Jyg.sn  of order N/2. We can compute its eigenvalues ¢ and the
squares of the first components of the eigenvectors wy, j = 1,..., N, /2. There is
also a Gauss rule associated with this matrix. It is exact for polynomials of degree
less than or equal to 2(N/2) — 1 = N — 1, in particular for the N monomials
M, j=0,...,N — 1. Both quadrature rules can be regarded as discretizations of
& and therefore

N/2 N

o * * N o

F= 30wy =05 iy, k=0, N =1
j=1 j=1

This gives a linear system of N equations in N unknowns which can be solved
for the w;. However, the matrix of this linear system is a Vandermonde matrix
and therefore often badly conditioned. It was proposed in [59] to use a Lagrange
interpolation polynomial

N egnN)
(0= 1] ™) _ gy
m=1 k — Um
m#k
Then the solution is written as
N/2
Zf)k: lk(H;)w;7 kZl,...,N.
j=1

The Kronrod quadrature rule fails to exist if one of the components of the solution
is negative. The same method cannot be used when N is odd because the largest
principal leading submatrix whose coefficients are known is J 428N of order
(N — 1)/2. The associated Gauss rule is exact only for polynomials of degree
less than or equal to N — 2. This is not sufficient to match the N moments. Before
proceeding as before, the unknown coefficient w33y /2 must be determined. This
can be done but it is rather technical and we refer to [59] for details.

When the eigenvalues and the last components of eigenvectors of Jy and the first
components of eigenvectors of Jn are computed, one must compute the eigenval-
ues and first components of eigenvectors of Jo ~N+1. This is similar to what is done
in the divide and conquer algorithm for computing eigenvalues of tridiagonal ma-
trices; see Cuppen [71] and Dongarra and Sorensen [89]. We can use the spectral
decomposition of Jy and J N>

N = ZNONZYE, Jn = ZNONZE,

where Z and A N are the matrices whose columns are the normalized eigenvec-
tors. The matrix Zy is unknown but it turns out that we just need the first elements
of its columns which we know. Then Jyp 4 is similar to

On yNZEeN 0

w(EeNTZy  wnir vy |- (6.16)
0 VN1 Z%e! On
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Remark that (eN)TZy (resp. (e})T Zy) are the last (resp. first) components of
the eigenvectors of Jy (resp. Jy). By applying a symmetric permutation the ma-
trix (6.16) is similar to an arrowhead matrix

ON 'yNZ]:'\u}eN
On } VN1 25!
Y (ENTZy  ynp(eh)TZn WN41

Then, to isolate the eigenvalues of ©  which are eigenvalues of Jo N+1 we apply
rotations to annihilate the NV first terms in row 2/N 4 1 and column 2N + 1. Let the
matrix G represents the product of these IV rotations, then the matrix is similar to

On
@N c s
' wNi
where ¢ = (&1, ...,&n)7T and the € ; are the last N components of

v

[GT (yw (™) Zn,yns1 (D) Zn)] "

Therefore, we now look for the eigenvalues of the arrowhead matrix

_ @N &
TN - < CT wN+1) .

By looking at the Schur complement of w1 the eigenvalues of T are seen to
be solutions of the secular equation

9(0) =0 —wni1 — —> =0
+ ZG§N)_9

j=1
The N + 1 new eigenvalues interlace the nodes of the Gauss rule Gj(.N), which are
the poles of g(6). For algorithms to compute solutions of secular equations, see
chapter 9. The first components of the eigenvectors of Ja N1 are computed using
an approach suggested by Gu and Eisenstat [167], see also Boutry [33].

Patterson [272] has extended the Kronrod rules by constructing quadrature rules
which have the Kronrod nodes prescribed. Elhay and Kautsky [98] have investi-

gated generalized Kronrod—Patterson embedded quadrature rules. More precisely,
they look for sequences Q;[f], ¢ = 1,...,n of quadrature rules such that Q1 [f]

has nodes {1)](.1)}51:1 of order 2k, Q2[f] has nodes {0;1)}§;1 U {véz)}ﬁfil with
ki

order 2ks + k; and more generally @,[f] has nodes U?Zl{vy)} ;-1 and order
Ky, + >, k;. Certain of these rules may fail to exist because no orthogonal poly-
nomial of the appropriate degree exists, since the measures are not positive, the
orthogonal polynomial may have complex roots, the real roots may be outside of
the interval of integration or some weights may be negative.
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6.5 The Nonsymmetric Gauss Quadrature Rules

6.5.1 The Gauss Rule

In this section we consider the case where the measure « can be written as
l
a(A) =) ord, M <A< Ay, l=1,...,N—1,
k=1

where o, # §; and a0 > 0 with jumps at the values A;, I = 1,..., N —1. In this
case « is still a positive increasing function. For variable-signed weight functions;
see Struble [321] and chapter 2.

We assume that there exist two sequences of mutually orthogonal (sometimes
called bi-orthogonal) polynomials p and ¢ such that

YiPi(A) = (A —w;)pj-1(A) = Bi—1pj—2(A), p-1(A) =0, po(A) =1,
Bigi(A) =\ —wj)gi—1(A) —vj-1¢j—2(A), ¢-1(A) =0, q(A) =1,
with (pi,qj> =0,17#j. Let
PN = [po(A) pr(N) -+ pv—1 (V)]

QN =lg0(N) @1(N) -+ av—1( V)],
and
w1 M
B wa V2
Jy = . .
BN—2 WN-1 IN-1
BN-1 WN
Then, in matrix form, we can write
AP(XN) = JnP(A) + yvpn (Ve
AQN) =JXQ() + Bran(Ne™.

The two sets of polynomials differ only by multiplicative functions.

PROPOSITION 6.8

. 7ﬂj"'ﬂ1 -
pi) =2 )

Proof. The result is proved by induction. We have
MPp1(A) =A—wi, Bigi(A) = A —wr.

Therefore
P1(>\) = &(hO\)
94!
Now, assume that
P = 2=
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We have
YiPi(A) = (A — wj)pj—1(A) — Bj—1pj—2(N)
o ‘ﬁj—l"'ﬁl‘ . @_2...51‘
=@ wj)’Yj—l""quJil()O Bjil’Yj—Q""quJﬂ()\)'

Multiplying by (v;—1---71)/(Bj—1---B1) we obtain the result. Hence, gn is a
multiple of p and the polynomials have the same roots which are also the common
real eigenvalues of Jy and J%. O

In the applications we have in mind, it is possible to choose v; and 3; such that

with, for instance, v; > 0. Then, we have

pi(A) = £4¢;(N).

We define the nonsymmetric quadrature rule as

b N
[ 100 da) =3 £85)s5t; + BRI, 6.17)

where 0; is an eigenvalue of Jy, s; is the first component of the eigenvector u; of
Jn corresponding to 6; and ¢; is the first component of the eigenvector v; of J¥
corresponding to the same eigenvalue, normalized such that vauj =1.

We have the following results from [149].

PROPOSITION 6.9 Assume that v;3; # 0; then the nonsymmetric Gauss quadra-
ture rule (6.17) is exact for polynomials of degree less than or equal to N — 1.

Proof. Assuming f is a polynomial of degree N — 1, it can be written as

N—-1
FO) = erpr(V),
k=0
and because of the orthonormality properties

b
<pj,1>:/pjda:o,w¢1,

then

b
/ FA) da(X) = co.

For the quadrature rule, we have
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But py (6, )s ;i and ¢;(6;)t; are, respectively, the components of the eigenvectors of
Jn and J% corresponding to ;. Therefore they are orthonormal with the normal-
ization that we chose. Hence,

Zf )sitia(8;) = ¢, 1=0,...,N =1,

and consequently
N

D f(05)s5t5 = co,

j=1
which proves the result. |

Now, we extend the exactness result to polynomials of higher degree.

THEOREM 6.10 Assume that v;(; # 0; then the nonsymmetric Gauss quadrature
rule (6.17) is exact for polynomials of degree less than or equal to 2N — 1.

Proof. Suppose f is a polynomial of degree 2N — 1. Then f can be written as
) =pn(N)s(A) +7(N),
where s and r are polynomials of degree less than or equal to N — 1. Then,

b b b b
/ FO do(A) = / pn(N)s(N) da(h) + / r() da(}) = / r(\) da()),

since py is orthogonal to any polynomial of degree less than or equal to N — 1
because of the orthogonality property of the p’s and ¢’s. For the quadrature rule
applied to the function f, we obtain

N N
> pn(0)s(0)s5t; + > r(0;)s5t;
j=1 j=1

Since §; is an eigenvalue of Jy, it is a root of p and the first sum in the quadrature
rule vanishes,

ZpN st—O

On the other hand the polyn0m1a1 r is of degree less than /N — 1 and the quadrature
rule has been proven to be exact for polynomials of degree less than N —1; therefore

b
/ E 7" Sj js
a j=1

which proves the result. |

Regarding expressions for the remainder, we can do exactly the same as for the
Gauss rule. We can write
fF@N)

b
R[f] = @T)'n)/a PN()\)2 da().
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6.5.2 The Gauss—Radau and Gauss—Lobatto Rules

Now, we extend the Gauss—Radau and Gauss—Lobatto rules to the nonsymmetric
case. This is almost identical to the symmetric case. For the Gauss—Radau rule,
assume that the prescribed node is a, the left end of the interval. Then, we would
like to have py41(a) = gn4+1(a) = 0. This gives

(a - wNJrl)pN(a) - ﬁNqu(a) =0.
If we denote 6(a) = [01(a), . ..,dn(a)]T, with

pz—l(a)
6 a) = _6 )
1(a) N (@
we have
wnt1 = a+on(a),
where

(Jn —al)é(a) = ynOne.
Therefore, the algorithm is essentially the same as previously discussed for the
Gauss rule.
For the Gauss—Lobatto rule, the algorithm is also almost the same as for the
symmetric case. We would like to compute py 41 and g1 such that

pn+1(a) =pn+1(0) =0, gnii1(a) = gn41(b) =0.
This leads to solve the linear system

(pN(a) pN-l(a)) <wzv+1) _ (apzv(a)>

pn(b)  pN-1(b) BN bpn (b)

The linear system for the ¢’s whose solution is (wx1,vn)? can be shown to
have the same solution for wy 1 and vy = 5N depending on the sign relations
between the p’s and the ¢’s.

Let 6(a) and (b) be the solutions of
(Jx —al)d(a) = eV, (Jy —bl)ud) =€V,

1 —d(a)n wy1 ) _ (@
1w ) 3 b)
When we have the solution of this system, we choose vy = £y and vy > 0.

As in the symmetric case, we do not always need to compute the eigenvalues and
eigenvectors of Jy (or its modifications) but only the (1,1) element of f(Jx).

Then we have

6.6 The Block Gauss Quadrature Rules
6.6.1 The Block Gauss Rule

In this section we consider the block case using matrix polynomials and quadrature
rules for matrix measures. We use the results of Golub and Meurant [149]. For
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other related approaches see Sinap and Van Assche [305], Sinap [304] and Dette
and Studden [82]. The problem is to find a quadrature rule for a symmetric matrix

measure. The integral f;’ F(A)da(A) is now a 2 x 2 symmetric matrix. The most
general quadrature formula is of the form

b N
/ FNda(y) = SO W, F(T)W; + RIf)
a j=1

where W; and T are symmetric 2 X 2 matrices. They are the equivalent of the
weights and the nodes in the scalar case. In this rule, we have 6 N unknowns. It
can be simplified using the spectral decomposition of T}, T; = Q;A; Q]T, where
(; is the orthonormal matrix of the eigenvectors, and A; the diagonal matrix of the
eigenvalues of 7. This gives

N
> WQ;F(M)QT W
j=1

But W;Q; f(A;)QT W; can be written as f(A1)z"(z1)T + f(X2)22(2%)T, where
the vector z? has two components. Therefore, changing notations, we can write the
quadrature rule as

2N

> ftw! (),

Jj=1

where t; is a scalar and w’ is a vector with two components. In this quadrature
rule, there are also 6N unknowns, the nodes ¢; and the two components of w;, j =
1,...,2N. We have seen that there exist orthogonal matrix polynomials related to
« such that

Apj—1(A) = p; (ML + pj—1 (A + pj—2(MTT_4, (6.18)

po(A) =12, p_1(N) =0.
This can be written as

)\[PO()‘)v s 7pN71()\)] = [po()‘)v v 7PN71()‘)]JN + [07 s 707PN()‘)FN]7

where

0, 17

r, Q TI7

JN = (6.19)
v Qv TR,
'voi QOn

is a block tridiagonal matrix of order 2/NV and a banded matrix with at most five
nonzero elements in a row.

Let us denote P(\) = [po()),...,pnv—1(\)]T. Since Jy is symmetric, we have
in matrix form

JNP(\) = AP(A\) = [0,...,0,py(MTN]T.
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We note that, if A is an eigenvalue, say 6,., of Jy and if we choose u = u, to
be a two-element vector whose components are the first two components of an
eigenvector corresponding to 6,., then P(6,.)u is this eigenvector (because of the
relations that are satisfied) and if I'y is nonsingular, p%(&)u = 0. The main
difference with the scalar case is that, although the eigenvalues of Jy are real, it
might be that they are of multiplicity greater than 1.

The nodes of the quadrature rule are the zeros of the determinant of the matrix
orthogonal polynomials that is the eigenvalues of .Jx. Finally, we define the block
quadrature rule as

b
/ F(A) da(A Zf yuzul + R[f], (6.20)

where 2V is the order of Jy, the eigenvalues 6; are those of Jy and u; is the
vector consisting of the two first components of the corresponding eigenvector,
normalized as before. In fact, if there are multiple eigenvalues, the quadrature rule
should be written as follows. Let 6;,7 = 1,...,[ be the set of distinct eigenvalues
and n; their multiplicities. The quadrature rule is then

l Uz

ST @)™ | f6:). 6.21)

i=1 \j=1

Unfortunately, to prove that the block quadrature rule is exact for polynomials of
degree up to 2NV — 1, we cannot use the same method as for the scalar case using
a factorization of the given polynomial because of commutativity problems with
matrix polynomials. Therefore, we use another (more involved) approach that has
been proposed in a different setting by Basu and Bose [22].

We consider all the monomials \¥, k = 0,1, ... . Let M}, be the moment matrix,
defined as

b
M;, :/ Meda(N).

We write the (matrix) orthonormal polynomials p; associated with the measure o
as

j .
=Y p ok,
k=0

p,(f ) being a matrix of order 2. Then we have

b J ) b )
/ﬁmmw=ZWW/ﬁmm=2me,

k=0 k=0

and more generally

b J
/ (VA da(N) =D (g UNT Mg (6.22)
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Let us write this equation for j = N —1. From the orthogonality of the polynomials,
we have

b
/ ph 1 (MAda(N) =0, ¢=0,...,N—2. (6.23)
Let Hpy be the block Hankel matrix of order 2.V, defined as
M, coo Mn_1
Hy = : : . (6.24)
My -+ Maon_2
Then using equations (6.22) and (6.23) we have
p(()Nq) 0
Hy | oy | = : (6.25)
PNz b T 0 N—1
P00\ PR (AN da()

Let us introduce some additional notations. Let Ly be a block upper triangular
matrix of order 2V,

p s P
p(l) p(N—l)
Ly = ! ‘ b . (6.26)
N1
pg\ffl )
Let Vy be a4N x 2N matrix defined in block form as
B
By
Vn = . , (6.27)
B
where B; is a 2n; x 2N matrix defined as
Iy 0;I, - 6N 7'L
B; = : : : : , (6.28)
Iy 0l - 0) 'L

where the values 6; are the [ distinct eigenvalues of Jy and n; their multiplicities.

PROPOSITION 6.11 Let Ly be defined by equation (6.26) and Vi by equations (6.27)
and (6.28). Then

Cq
Cs
VWwLn=1 . |,
C
where Cj is a 2n; x 2N matrix,

po(0;) p1(6;) - pn-1(0;)
G=1 P :
po(0;) p1(6;) - pn-1(0;)
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Proof. This is straightforward by the definition of the polynomials p; (\). a
PROPOSITION 6.12 Let L be defined by equation (6.26) and H y by equation (6.24).
We have

LYHNLy =1,
where I is the identity matrix.

Proof. The generic term of Hy L is

J
(HvLn)ij = Z Mgiio ng__ll)v

s=1

and therefore the generic block term of LT HyLpy is

i - S5 [ W)

r=1s=1
Splitting the power of \ in two parts and using

J
ST =i (),

s=1
we can see that we have

b
(LHxLn)y = [ 400 da() pia).
From the orthonormality properties, we obtain
I, ifi=j
T o 25 J>
(LNHNLN)is { 0, otherwise,
which proves the result. a

The last result implies that the inverse of Hy is Hy' = LyL%. Let K,,, be
defined as

Ko, X) =Y pi()p] (V),
j=0
and let K7 be a 2n; x 2n; matrix
Kn-1(0i,0;) - Kn-1(0i,0;)
K7 = : : : ,
Kn_1(6:,6;) - Kn_1(0:,0;)
and finally let
K K? ... K!
K= ) A (6.29)
K} ... ... K]

Then, we have the following factorization of the matrix K.
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PROPOSITION 6.13 Let Ly be defined by equation (6.26), Vi by equations (6.27)
and (6.28) and K by equation (6.29). Then

VvLy (VL)' = K.
Proof. This is proved using the definition of K f . O

Now, we define a 2N x 4N matrix W whose only nonzero components in row
i are in position (7,2¢ — 1) and (¢, 2¢) and are successively the two components of

(wH)T, . ()T, (w) T (ws) T (wh) T (w)T. We choose the
weights w; such that they are normalized as
(wi) " Kn—1(6:,0;)w} = 6k
PROPOSITION 6.14 Let K be defined by equation (6.29). With the previous defi-
nition of W we have
WEEKWy =1.
Proof. This is obvious from the way the wf ’s are constructed. a

This leads to the following result.

PROPOSITION 6.15 Let Vi be defined by equations (6.27) and W be defined as
above. Then WV is a nonsingular 2N x 2N matrix.
Proof.
WEVNHG VEWN = WEVNLNLEVEWN = WEKWy = 1.
This shows that WV is nonsingular. i

We now give the main result concerning the exactness of the block quadrature
rule.

THEOREM 6.16 The quadrature rule (6.20) or (6.21) is exact for polynomials of
order less than or equal to 2N — 1.
Proof. From the proof of proposition 6.15, we have
Hyt = (WyVn) " (VW) ™"
Therefore,
Hy = (Vi Wx)(Wx V).
By identification of the block entries in the two matrices we have,
l mng
M => " [> hw)"|eF, k=0,....2N-2,

i=1 \j=1
which proves that the quadrature rule is exact up to degree 2N — 2. It remains to
prove that it is exact for k = 2N — 1. Writing equation (6.25) for N + 1, we have

s 0
HN+1 (N)
Pn-1 b 0
(V) PR VAN da(x)
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Writing the (N — 1)st block row of this equality, we obtain

N-1
Mon-1py == Myir—apt™). (6:30)
r=0

‘We have seen before that
1
i \T | gN+r—1
Myir—1 = Z wa(wf) 07
i=1 \j=1

By substitution into equation (6.30) we have

May—1 piY) = Zzzw INTgN+r=1p(N),

r=0 =1 j=1

We put the sum over r on the last two terms and use the fact that

Z 0;pN) = (w])Tpn(0:) = (w])TON PR,
because of

N-1 N

ST o™ =3 0™ — 0N pR”,

r=0 r=0
and

i\ T
(wZ) pN(ei) =0,
because since w{ is proportional to the two first components of an eigenvector we
have py (0;)Tw] = 0. This shows that

N
Moy 1pN Z Z T92N 1p( ).
1=1 j=1
Since p%v) is nonsingular, this proves the desired result. a

To obtain expressions for the remainder, we would like to use a similar approach
as for the scalar case. However, there are some differences, since in the block case
the quadrature rule is exact for polynomials of order 2N — 1 and since we have
2N nodes, we cannot interpolate with a Hermite polynomial and we have to use a
Lagrange polynomial. By theorems 2.1.1.1 and 2.1.4.1 of Stoer and Bulirsch [314],
there exists a polynomial ¢ of degree 2N — 1 such that

q(0;) = f(0;), j=1,....2N
and

s(2) fEN) (€(x))

(@)~ ala) = TR,

where

s(x)=(x—01) - (z — Oan).
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Applying the mean value theorem, the remainder R[], which is a 2 x 2 matrix, can
be written as

AR
RIf] = W/ s\ da().

Unfortunately, the elements of s do not have a constant sign over the interval [a, b].
Therefore this representation formula for the remainder is of little practical use,
except eventually to obtain bounds of the norm of the remainder.

6.6.2 The Block Gauss—Radau Rule

We now extend the process described for scalar polynomials to the block analog of
the Gauss—Radau quadrature rule. We would like a to be a double eigenvalue of
Jn1. We have

JN_HP(G) = aP(a) — [O, . ,O,pN+1(a)FN+1]T.

Then, we require py+1(a) = 0. From the block three-term recurrence this trans-
lates into

apn (a) = pn(a)Qn41 — py—1(a)T = 0.
Therefore, if px (a) is nonsingular, we have
Q41 =aly —py(a) 'py—1(a)Ty.
We must compute the right-hand side. This can be done by remarking that
po(@)” (@) 0
In : =a : - :
pn—1(a)” pn-1(a)” o (a)”

Multiplying on the right by px(a)~T, we obtain the matrix equation

—po(a)Tpn(a)~" 0
(Jn —al) = :
—pn-1(a)'pn(a)™" Iy
Thus, we first solve
do(a) 0
n—an)| | =]:
dn-1(a) I'y

This is a block tridiagonal linear system. Then we have,
Qny1 = aly +0n_1(a)'TE, (6.31)

which gives Jy 41 with a double prescribed eigenvalue. The block Gauss—Radau
rule is exact for polynomials of degree 2.V
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6.6.3 The Block Gauss—-Lobatto Rule

The generalization of the Gauss—Lobatto construction to the block case is a little
more difficult. We would like to have a and b as double eigenvalues of the matrix
Jn 1. This leads to satisfying the two following matrix equations

apn(a) — pn(a)Qns1 — pn—1(a)Th =0,

bpn (b) — pn (D)Qn 41 — N1 (DT = 0.

This can be written as a linear system

<12 pj_\lll(a)pN—l(a)> <QN+1> _ <a12) . 6.32)
L py' (pn-a(0) )\ TR bl '
We now consider the problem of computing py' (A)py—1()). Let 6()\) be the
solution of

(Jn = AD6(N) = (0...0 Ir)T.
Then, as before,
Snv—1(A) = —pn_1 (V) pn (A) TR

We can show that 6y _1 () is symmetric. We consider solving a 2 x 2 block linear

system of the form
I X U\ (al
1Y V) \bol )’

‘We use a block factorization

I X\ (I O I X\ (I X )
I v) \1I w 0 z) \I X+WwWz)’
thus WZ =Y — X.
The solution of the system for the forward step

(8-
Ui=al, WV,=(b—a)l.
¢ DE-()

ZV =V =W Yb-a)l,

gives

The backward step is

and we obtain

or

(WZ)V = (b—a)l.
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Therefore
V=0b-a)Y -X)"
Using this result for the linear system in equation (6.32), we have
Y = X =py' (0)pn-1(0) = px' (@)pv—1(a) = Tn (dn-1(a) = n—1(b)).

This means that

Ik = (b—a)0y-1(a) = on-1(0))7'TH,
or

F%FN = (b — (l)(&]v,l(a) — 6]\[,1([)))_1.
Thus, I'y is given as a Cholesky factorization of the right-hand side matrix. This
matrix is positive definite because dn_1(a) is a diagonal block of the inverse of
(Jn — al)~%, which is positive definite because the eigenvalues of Jy are larger
than a, and —d,y_1 (b) is the negative of a diagonal block of (Jy — bI)~!, which is
negative definite because the eigenvalues of .J are smaller than b.

From I'y, we can compute Q4 1:

QN+1 =aly + FNéN_l(a)F%.
The block Gauss—Lobatto rule is exact for polynomials of degree 2N + 1.

6.6.4 Computation of the Block Gauss Rules

As for the scalar case, it is not always necessary to compute the nodes and the
weights for the block quadrature rules.

THEOREM 6.17 We have
2N
> fO)uiu =€ f(In)e, (6.33)
=1

where eT = (I3 0...0).

Proof. The quadrature rule is

2N
Z Uz‘f(oi)uiT-
i=1

If 2* are the eigenvectors of Jp then u; = e 2% and

2N 2N
S O)ul =3 T (0, () e
=1 =1

2N
=eT <Z zlf(ﬁi)(zl)T> e
i=1
=" ZN[(On)Ze
=el f(In)e,
where Z is the matrix of the eigenvectors and O the diagonal matrix of the
eigenvalues of Jy. However, since Jy is a block tridiagonal matrix, it may not be

easy to compute elements of f(Jy). Nevertheless, we will see that it can be done
if f(A) =1/\ U



Chapter Seven

Bounds for Bilinear Forms u! f(A)v

7.1 Introduction

As we said in chapter 1, we are interested in computing bounds or approximations
for bilinear forms
ul f(A)v, (7.1)

where A is a symmetric square matrix of order n, v and v are given vectors and
f is a smooth (possibly C'*°) function on a given interval of the real line. For the
relation of this problem to matrix moments, see Golub [140], [141]. There are
many different areas of scientific computing where such estimates are required, for
instance, solid state physics, physics problems leading to ill-posed linear systems,
computing error bounds for iterative methods and so on.
We will also consider a generalization of the form (7.1),
W (AW,

where W is an n x m matrix. For specificity, we will consider m = 2.

In this short chapter we summarize how the results and techniques developed in
chapters 2 to 6 can be used to approximate the bilinear form (7.1). Assuming that
the matrix A is symmetric, we can use the spectral decomposition of A written as

A=QAQ",
where () is the orthonormal matrix whose columns are the normalized eigenvectors

of A and A is a diagonal matrix whose diagonal elements are the eigenvalues A; of
A, which we order as

AL <A < <A
The definition of a function of a symmetric matrix is

F(4) = Qf(M)Q;

see, for instance, [189]. Therefore,
u” f(Aw=u"Qf(M)QTv,
=" f(M)B,

= Z F(Xi)viBs.-
i=1
This last sum can be considered as a Riemann—Stieltjes integral (see chapter 2),

b
11f] = " f(A)o = / ) da(), 1.2)
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where the measure « is piecewise constant and defined by

0, if A <a=\,
a(A) = X5 A S A < A,
Z?:l B, ifb=XA, <A

When u = v, we remark that « is an increasing positive function as well as when
Y ﬁj > 0.

The block generalization is obtained in the following way. Let W be an n x 2
matrix, W = (w; ws), then

WTFAW =WTQF(MQ™W = wf(A)w”,
where, of course, w is a 2 X n matrix such that
w=(wy...wp),

and w; is a vector with two components. With these notations, we have
n
WTHAW =Y f(h)wiw]
i=1

This can be written as a matrix Riemann—Stieltjes integral (see chapter 2),

b
Islf] = W7 f(A)W = / ) da(y). (1.3)

Ig[f]is a2 x 2 matrix where the entries of the (matrix) measure « are piecewise
constant and defined by

3
a(N) = Zwkwg, Ai <A< Ajg
k=1

As we have seen in chapter 6, a way to obtain bounds for the Riemann- Stieltjes
integrals (7.2) or (7.3) is to use Gauss, Gauss—Radau and Gauss—Lobatto quadrature
rules or their block equivalents. When u = v, the measure is a positive increasing
function. If the given function f is such that its derivatives have a constant sign
on the interval of integration, then we can obtain bounds for the quadratic form
uT f(A)u. If the signs are not constant, the quadrature rules give only approxi-
mations of the quadratic form. From chapter 2 we know that when the measure is
positive, it is possible to define a sequence of polynomials po(A), p1(A), . . . that are
orthonormal with respect to the measure «. The nodes and weights of the quadra-
ture rules are obtained from the Jacobi matrix (or some modifications of it) whose
nonzero entries are the coefficients of the polynomials three-term recurrence; see
chapter 6.

7.2 The Case u = v

How do we generate the Jacobi matrix corresponding to a measure « that is un-
known, since we do not know the eigenvalues of A? When A is symmetric and
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u = v, an elegant solution is to use the Lanczos algorithm with the first Lanczos
vector chosen as v! = u/||u||. We have seen in theorem 4.2 that the measure « for
which the Lanczos polynomials are orthonormal is defined by the eigenvalues of
A and the components of the vector Q7 v!. This is precisely what we need for the
quadrature rules. Hence, the nodes and weights are given by the eigenvalues and
first components of the eigenvectors of the tridiagonal Lanczos matrix which is a
Jacobi matrix.

The algorithm is the following:

1) Normalize u if necessary to obtain v?.

2) Run k iterations of the Lanczos algorithm with A starting from v! and com-
pute the Jacobi matrix Jy.

3) If we use the Gauss—Radau or Gauss—Lobatto rules, modify Jj, to jk accord-
ingly. For the Gauss rule .J;, = Jj.

4) If this is feasible, compute (e')7 f(J;,)e!. Otherwise, compute the eigen-
values and the first components of the eigenvectors using the Golub and Welsch
algorithm to obtain the approximations from the Gauss, Gauss—Radau and Gauss—
Lobatto quadrature rules.

Let n be the order of the matrix A and V}, be the n x k matrix whose columns
are the Lanczos vectors. Assume for the sake of simplicity that A has distinct
eigenvalues. Then after n Lanczos iterations we have AV,, = V,,J,,. If Q (resp. Z)
is the matrix of the eigenvectors of A (resp. J,,), we have the relation V,,Z = Q.
Assuming u is of norm 1, we have u = V,,e!; therefore

u? f(A)u = ()TVIQF(N)QTVye! = ()T ZT f(A)Ze".

But J,, has the same eigenvalues as A. Hence u® f(A)u = (e!)T f(J,)et. The
remainder of the Gauss quadrature rule can thus be written as

R[f] = ()T f(Ju)e! — ()T F(Ju)e.
From this expression of the remainder we see that the convergence of the Gauss
quadrature approximation to the integral depends on the convergence of the Ritz

values (which are the eigenvalues of Jj, and the nodes of the quadrature rule) to the
eigenvalues of A.

7.3 The Case u # v

A first possibility is to use the identity
u f(A)v = [(w+ )" f(A) (u+v) = (u— )" f(A)(u—v)]/4

If the signs of the derivatives of the function f are constant we can obtain lower
and upper bounds of the two terms on the right-hand side and combine them to
obtain bounds of u” f (A)v. However, this has the disadvantage that we have to run
the Lanczos algorithm twice, one time with u + v and one time with u — v as the
starting vector.

Another possibility is to apply the nonsymmetric Lanczos algorithm to the sym-
metric matrix A. The main difference with the symmetric Lanczos algorithm is
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that the algorithm may break down. As we have seen in chapter 4, we can monitor
the signs of the computed vectors during the algorithm to know wether we have a
lower or an upper bound. Otherwise the framework of the algorithm is the same as
for the case u = v. Note that as in the first possibility we have two matrix-vector
multiplications per iteration.

A way to get around the breakdown problem is to introduce a parameter § and
use v! = u/§ and ©' = Su + v. This will give an estimate of u” f(A)v/§ +
u” f(A)u. Using the bounds we can compute for u” f(A)u, we can obtain bounds
for u® f(A)v. Of course, the problem is to determine a good value of 6.

7.4 The Block Case

The general framework is the same as for the Lanczos algorithm. We have to deal
with a block tridiagonal matrix and we have to compute e’ f(.J;)e where e =
(I 0 ... 0)T. The difficulty of such a computation depends on the function f.

For the generation of the matrix orthogonal polynomials we use the block Lanc-
zos algorithm. However, we have seen that we have to start the algorithm from an
n x 2 matrix Xg such that X! X = I5. Considering the bilinear form u” f(A)v
we would like to use X = [u v] but this does not fulfill the condition on the start-
ing matrix. Therefore, we have to orthogonalize the pair [uv] before starting the

algorithm. Let u and v be independent vectors and n,, = ||u||; then we compute
_u _ uTv i .0
i=L v=v-""lu m, =, 7=,
Ty nZ Ny

and we set X = [@ ). Of course, this does not directly compute u” f(A)v. Let J*
be the leading 2 x 2 submatrix of the matrix f(J;) where J, is the block tridiagonal
matrix constructed by the block Lanczos algorithm. Then, an approximation of
ul f(A)v is given by

ul f(A)v ~ (uTv)Jil + nuaniz.

Note that when u and v are orthogonal ¥ = v, we just have to normalize both
vectors and the approximation is 1,,1, J1172. At the same time we have estimates of

uT f(A)u and vT f(A)v given by

(u'v)®

2
ny,

L R e e T

Therefore, in only one run with the block Lanczos algorithm we can obtain three
estimates.

7.5 Other Algorithms for u # v

A possibility is to approximate f(A)v by ||v]| Vi f(Jx)e! (see Druskin and Knizhn-
erman [91], [92], [93], [95]) and then to compute the bilinear form as u” ||v||V f (Ji e
Note that we can compute u” V}, during the Lanczos iterations without storing the
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Lanczos vectors. For computing f(A)v see also Eiermann and Ernst [97], Afanas-
jew, Eiermann, Ernst and Giittel [2], [3], Frommer and Simoncini [117], Hochbruck
and Lubich [192] and chapter 13 of Higham [189].

A variant of the ideas described above has been proposed by Sidje, Burrage and
Philippe [300]. This paper uses an augmented Lanczos algorithm to handle the
case u # v. Assume the Lanczos algorithm is started from v! = v/||v||. After
k iterations we obtain a matrix V;, whose columns are the Lanczos vectors and a
tridiagonal matrix J;. The matrix V}, is augmented to

Vier = (Vi 9%41),

the vector 9**! being defined using the vector v as
ﬁk-‘,—l _ (I - Pk)u

I(L = Py )ull

where P, = V, VI is the orthogonal projector on the Krylov subspace spanned by
the columns of V.. The approximation of u” f(A)wv is taken as

T ¥ ST ~ 1
u ||v||vk+1f(vk+1AVk+1)€ .
It remains to see what is the structure of VkalAVkH. Clearly, we have

T 4y J VL ApkL
Jpt1 = Vk?j&-lAVk+1 = ((f)k:Jrl)I%“AVk (,&kjrcl)TAﬁkJrl) :

Using the results from the & first Lanczos steps and orthogonality, the off-diagonal
part of the last row is

(’lA}k—H)TAV}C _ (@k—i-l)T(Vka + nkvk+1(ek)T) _ nk(@k+1)T0k+1(€k)T.

Hence, the matrix ij is tridiagonal, and denoting 7y = 7 (0% +1)Tv*+! and
Ggy1 = (0P T AGFHL we write it as

j _( Ji ﬁkek)
o M(eF)T Gy )

How can we compute 7y and &1 ? First we need 51, We remark that
(I —Pu=I—-o""T)-- (I =o' (wH)T)u.

Therefore, the vector (I — Pj)u can be computed incrementally as a new Lanczos
vector becomes available. The norm is equal to

(7 = Poyull = [(1 = Py )ull? + [(0") ).

When we have the vector **1 we can compute 7. The value G41 can be com-

puted directly but this needs an extra matrix-vector multiplication. Sidje, Burrage
and Philippe developed a recurrence for calculating &1,

k1 [[(I = Po)ull® = axll (1 = Pooa)ull® = 20 (0" ) Tu(0?) T u — a[(0") ).
The stability of this recurrence has not been investigated so far. The advantage
of the Sidje, Burrage and Philippe algorithm is that only one matrix-vector mul-

tiplication is needed per iteration and it is not necessary to store all the Lanczos
vectors.



Chapter Eight

Extensions to Nonsymmetric Matrices

When the matrix A is nonsymmetric (and not diagonalizable), there are several
equivalent ways to define f(A); see Higham [189] and also Frommer and Si-
moncini [117]. Some particular functions can be defined from their power series.
A general way of defining f(A) is through the Jordan canonical form of A even
though this is not a practical means of computing the matrix function. Another
definition uses a Hermite interpolation polynomial with interpolation conditions on
the derivatives of f at the eigenvalues of A. Finally, when the function f is ana-
lytic on and inside a closed contour I" that encloses the spectrum of A, the matrix
function can be defined as a Cauchy integral

f4) = 5 [ £ T = )7 e

For nonsymmetric matrices A most of the research has focused on computing ap-
proximations of f(A)v where v is a given vector, see Eiermann and Ernst [97],
Knizhnerman [205], Hochbruck and Hochstenbach [191], Druskin and Knizhner-
man [93], [94] and many others. However, there are a few papers in the literature
dealing with estimating u” A~1v or its equivalent for complex matrices and vec-
tors. They used the nonsymmetric Lanczos algorithm or the Arnoldi algorithm.
Let us mention Freund and Hochbruck [114], Saylor and Smolarski [293], [294]
and Calvetti, Kim and Reichel [58]. More recently this problem has also been
considered by Golub, Stoll and Wathen [163] using generalizations of the LSQR
algorithm of Paige and Saunders [256]. This generalization of the LSQR algorithm
was introduced in the past by Saunders, Simon and Yip [292] for the sake of solving
nonsymmetric linear systems. Generalizations of the Vorobyev moment problem
[338] to the nonsymmetric case were studied by Strako$ [316] and Strako$ and
Tichy [319]. These last papers justify the recourse to the nonsymmetric Lanczos
and Arnoldi algorithms to compute estimates of the bilinear form without using
complex quadrature rules. Strako§ proved that k iterations of the nonsymmetric
Lanczos algorithm matches the first 2k moments of A, that is,

ufl Ay = (T Jlet, j=0,1,...,2k -1,

where Jj, is the nonsymmetric tridiagonal matrix of the nonsymmetric Lanczos
algorithm. The Hessenberg matrix computed by the Arnoldi algorithm matches
only k¥ moments after k iterations.

In this chapter we briefly review some of these approaches for computing esti-
mates of bilinear forms.
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8.1 Rules Based on the Nonsymmetric Lanczos Algo-
rithm

In the paper [293] Saylor and Smolarski described Gauss quadrature rules in the
complex plane. Their motivation was to compute estimates of u” A~'v. In elec-
tromagnetics, one problem is to consider waves impinging on an obstacle and to
analyze the scattered wave received by an antenna. The solution of a linear system
Az = v gives the field = from the signal v and the signal received by the antenna is
represented by u” x. It is known as the scattering amplitude. The scattering cross
section of the obstacle is |u” A~'v|2. The same problem arises also in other areas
of physics. For complex vectors w and v the usual Euclidean inner product is

n
= E Uﬂ_}i.
i=1

Saylor and Smolarski considered bilinear forms

n
V) = E UV Wy,
1=1

where the values w; are weights. The vectors v and v are said to be formally
orthogonal if (u, v),, = 0.
In the complex plane, a weighted inner product can be naturally defined as a

contour integral
(.90 = | 1QstOwQ) .

where v is an arc. The main problem with this definition is that, in general,
((€9,9)w # ((f,€g))w- This means that a sequence of orthogonal polynomials
does not satisfy a three-term recurrence. Saylor and Smolarski used a line integral

/ FQgQw(Q) 14,

where |d(| is the arc length. The corresponding normalized formally (or formal)
orthogonal polynomials satisfy a three-term recurrence but they may fail to exist at
some stages. A Gauss quadrature formula is then

JRGEGIEE Zwl () + R
Y

Besides the fact that the formally orthogonal polynomials ¢; may fail to exist, the
derivation is then more or less the same as in the real case. If we assume that
the polynomials exist, the nodes are the eigenvalues of the tridiagonal matrix and
the weights are the squares of the first components of the eigenvectors divided by
®?(¢;). The nodes and weights may be complex numbers.

So far, this does not solve the problem of computing the scattering amplitude.
Saylor and Smolarski used the biconjugate gradient method (denoted as BCG or
BiCG) which can be derived from the nonsymmetric Lanczos algorithm, see Fletcher
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[112]. In BiCG there are two sets of residual vectors ¥ which belong to (A4, )
and 7#* which belong to (A 70). The vectors r* = py(A)r® and 7 = py(A)7®
satisfy three-term recurrences. Moreover, p(¢) = pr(¢).

The inner product of 7* and 7#* can be written as a line integral (where + is an arc
connecting the eigenvalues of A) and the polynomials p;, are formally orthogonal
relative to this bilinear form. The tridiagonal matrix can be obtained from the
BiCG coefficients in the same spirit that the Lanczos coefficients can be derived
from those of CG (and reciprocally) in the symmetric (or Hermitian) case. Details
are given in [294]. When the nodes and weights are computed we have that the
approximation of the scattering amplitude is

k
R ey
On this topic, see also the addendum [294] an d the reports of Warnick [344], [345],
[346].

Interesting numerical experiments comparing different methods are given in Strakos
and Tichy [319].

| €

8.2 Rules Based on the Arnoldi Algorithm

The paper [58] by Calvetti, Kim and Reichel considers complex nonsymmetric
matrices and apply the Arnoldi algorithm we have described at the beginning of
chapter 4, which in matrix form is written as

AV = Vi Hy, + hyyr 0" (eF)H,
where the upper index H denotes the conjugate transpose since we are dealing with
complex matrices. The matrix H}, is upper Hessenberg with elements h; ;. Let

(f.9) = 0" F(A)T g(A)v, 8.1
be a quadratic form where the functions f and g are assumed to be analytic in a
neighborhood of the eigenvalues of A. The quadratic form is represented as an
integral

1,9 = I 2//f Hizl — AT~V (wl — A)~ v dz dw,

where the contour y contains the spectrum of A. Then, the quadratic form (8.1) is
approximated by

(f. 90k = [vl2(e))™ f(Hy)" g(H)e',
where the functions f and g must be also analytic in a neighborhood of the spectrum
of Hj, which gives approximations to the spectrum of A.

The Arnoldi vectors v7 are given by a polynomial p; of degree j applied to the
first vector v, v/ = p;_1(A)v. These polynomials are orthonormal with respect to
the quadratic form (8.1). The monic orthogonal polynomials p; associated with the
polynomials p; satisfy a recurrence relation

pi(A) = (A = ¢;3)pj-( ch,]pk} 1
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with pg(A) = 1 and

~ (Pr—1, Apr—1)
Chj =" —— -
(Pk—1,Pk—1)
The nonzero entries of Hj, are given in terms of the monic polynomials as
(pj, )"/ (Pr—1,Mpj 1) ,
hjj1,j = ———————7, hp;= , 3 <k.
! ’ <pj*17pj*1>1/2 7 <pk—17pk—1>1/2<pj—1apj—1>1/2

Note that the coefficients hj; ; are positive. Hence, the polynomials are well
defined up to k = n(A), the grade of A with respect to v.

Let Wy, = (Px @ Pi41) U (Pet1 @ Py) and Py, denote the set of polynomials of
degree at most k. Then,

<fag>k = <f,g>7 vag € Wk71~

This result is due to Freund and Hochbruck [114] and a proof is also given in [58].
Calvetti, Kim and Reichel introduced the bilinear forms

(£,9)") = ol F(4) T g(A)v, 8.2)
where v" and v® are Arnoldi vectors, and an approximation

(g0 = ol ()™ f(H) " g(Hy)e®.
Then,

(F.9) ) = (.90,
for all integers r and s smaller than k and all polynomials f and g such that f €
Py ,i1andge Py_gsorfe Py,_r.andg € Py_sy1.
Calvetti, Kim and Reichel [58] introduced also an anti-Arnoldi quadrature rule
denoted by [f, g]x+1 for which

<f7g> - <fag>k = 7(<fag> - [fag]k—l-l)v Vfag € Wk

The derivation is similar to what has been done by Laurie [218] for the symmetric
case. The Hessenberg matrix H, k-1 for the anti-Arnoldi rule is obtained from Hy
by multiplying the elements of the last row and the last column by /2 except for
the diagonal element hg4 1 j+1.

If the functions f and g are such that we have expansions

F(Aw=> "mpi(A, g(A)w = Zfiﬁi(fl)w
i=0 i=0

then, if the coefficients 7; and ¢; are sufficiently small for i > k + 1, Re((f, 9)«)
and Re([f, g]x+1) (resp. Im({f, g)x) and Im([f, g]x-+1)) can be shown to give lower
or upper bounds of Re({f, g)) (resp. Im({f, g))). The conditions given in [56] are
difficult to check but this result shows that there exist cases for which the Arnoldi
and anti-Arnoldi quadrature rules do give bounds.

If a vector u belongs to the Krylov subspace span by the Arnoldi vectors, we
have u = >°._, B,v", then

l
uH gAY = ﬁ S 6,1, g)" ).
v
r=1
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In [56], it is proposed to use

” H Zmax{ﬁr 1 g)(T 1)?ﬁr[1 g],(cill}and ” ” Zmln{ﬁr 1 g>(7‘1 7ﬁr[1 g]k+1)}7

as estimates of upper and lower bounds of u g(A)v.



Chapter Nine

Solving Secular Equations

9.1 Examples of Secular Equations

What are secular equations? The term “secular” comes from the latin “saecularis”
which is related to “saeculum”, which means “century”. So secular refers to some-
thing that is done or happens every century. It is also used to refer to something
that is several centuries old. It appeared in mathematics to denote equations re-
lated to the motion of planets and celestial mechanics. For instance, it appears in
the title of a 1829 paper of A. L. Cauchy (1789-1857) “Sur I’équation a I’aide
de laquelle on détermine les inégalités séculaires des mouvements des planétes”
(Oeuvres Completes (Ileme Série), v 9 (1891), pp 174-195). There is also a pa-
per by J. J. Sylvester (1814—1897) whose title is “On the equation to the secular
inequalities in the planetary theory” (Phil. Mag., v 5 n 16 (1883), pp 267-269).

In modern applied mathematics, the term “secular” is used to refer to equations
that involve matrices like the inverse of A — A\I or powers of the inverse where \ is
a real number. Let us now consider a few examples.

9.1.1 Eigenvalues of a Tridiagonal Matrix

Several methods reduce the problem of computing the eigenvalues of a symmetric
matrix A to the simpler problem of computing the eigenvalues of a (sequence of)
symmetric tridiagonal matrices J;. A well-known example is the Lanczos algo-
rithm, which generates such a matrix at each iteration. In fact, a new row and a
new column are appended at each iteration to the previous matrix. We can consider
what happens when we go from the step k (with a matrix J;, whose eigenvalues we
assume we know) to step k£ 4+ 1. We look for an eigenvalue A and an eigenvector
z=(y ¢ )T of Ji+1 where y is a vector of dimension k and ( is a real number.
This gives the two equations

ey + neCe® = My,

MeYr + k11 = A,

where yy, is the last component of y, aj, 7 = 1,...,k + 1 are the diagonal entries
of Jy4+1 and n;, j = 1,...,k are the entries on the subdiagonal. By eliminating
the vector y from these two equations we have

(a1 = mi((€") T (Je = AI)"1e")¢ = AC.

This equation shows why solving secular equations is related to the main topic
of this book, since (e*)T(J, — M)~!eF is a quadratic form. We can divide by
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¢ if it is nonzero. Otherwise, A is an eigenvalue of .Jj, but this is impossible if
Ji+1 1s unreduced. By using the spectral decomposition of .J;, we obtain that the
eigenvalues of Jj; are solutions of the following “secular equation” for A:

~ (&)
Xkt _n’%ZQ,J_)\ =
g=1"/

where §; = zi is the kth (i.e., last) component of the jth eigenvector of J; and
the ;’s are the eigenvalues of J;,, which are called the Ritz values. Therefore, to
obtain the eigenvalues of Jj, 1 from those of .J;, we have to solve

2

k
f.
_ 2 _
F) =X — ag1 + ;i Jézl 7 i 5= 0. 9.1)

The secular function f has poles at the eigenvalues (Ritz values) of J for A =
0; = GEk),j = 1...,k. We easily see that f is a strictly increasing function
between two consecutive poles. There is only one zero of f in each interval between
poles. An example with four poles (k = 4) is displayed in figure 9.1. In this small
example, to obtain the eigenvalues of J, 1 we have to compute the five zeros of f in
equation (9.1). The figure illustrates also the interlacing property of the eigenvalues
of Ji and Ji4; which is known as the Cauchy interlacing theorem; see chapter 3.
The zeros that we wish to compute will be the poles of the secular function for the
next Lanczos iteration. This illustrates the convergence of the Ritz values toward
the eigenvalues of A; see [239].

-6

-8

-10 1 1
-1 0 1

Figure 9.1 Example of secular function (9.1) with k = 4
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9.1.2 Modification by a Rank-One Matrix

Assume that we know the eigenvalues of a matrix A and we would like to compute
the eigenvalues of a rank-one modification of A. Therefore, we have

Ax = Az,

where we assume that we know the eigenvalues \ and we want to compute p such
that

(A+cc")y = py,

where ¢ is a given vector (not orthogonal to an eigenvector of A). Clearly p is not
an eigenvalue of A. Therefore A — i1 is nonsingular and we can obtain an equation
for p by writing
y=—(A—pul)tecy.
Multiplying by ¢” to the left, we have
'y =—cT(A—pl) tecTy.
The vector ¢ is not orthogonal to the eigenvector y since otherwise p is an eigen-

value of A and y is an eigenvector, but this is impossible with our hypothesis on c.
Thus we can divide by ¢y # 0 and we obtain the secular equation for i,

1+ (A—ul)te=0.

Using the spectral decomposition of A = QAQ” with @ orthogonal and A diago-
nal and z = Q7'¢c, we have

I Gl 92)
=N

where \; are the eigenvalues of A. For eigenvalues after a rank-one modifica-
tion of the matrix, see Bunch, Nielsen and Sorensen [45]. This situation arises,
for instance, in the divide and conquer method for computing the eigenvalues of a
tridiagonal matrix. This method was introduced by Cuppen [71], and through the
work of Dongarra and Sorensen [89] found its way to being one of the tridiagonal
eigensolvers of LAPACK. The matrix is split into two pieces. Knowing the eigen-
values of the two parts, the eigenvalues of the full matrix are recovered by solving
a secular equation. This splitting is done recursively until the matrices have a size
small enough to use efficiently another method (QR for instance). This method is
especially useful on parallel computers. To obtain the solution at a given step, the
matrix whose eigenvalues y; are sought is D + pcc”, where D is a diagonal matrix
with diagonal elements d; and p is a real number. Then we have the following
interlacing property:

dy <pp <dog <---<dyy S pyif p >0,
pr <dp Spp <o <dpoy < pp < dp if p < 0.

The secular equation to be solved is

_ ~ () _
flp)=1+p) = =0. 9.3)
= T
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For p > 0, the function f is increasing between the poles. An example of a secular
function with p = 1, d = [23 4 5]T and ¢ = [1 1 1 1] is given in figure 9.2.
With the same data for d and c but with p = —1 we have figure 9.3. The function
f is then decreasing in each interval between poles. In this example, there are four
zeros to be computed.

Figure 9.2 Example of secular function (9.3) with p > 0

When there is a rank-k change to A, we seek u such that
(A+CChy = py,
where the matrix C'is n x k. The secular equation for y is
det(I +CT(A - pul)™1) =0.
On this topic, see also Arbenz and Golub [8].

9.1.3 Constrained Eigenvalue Problem
We wish to find a vector = of norm one which is the solution of
max z! Az,
xr
satisfying the constraint ¢’z = 0 where c is a given vector. We introduce a func-

tional ¢ with two Lagrange multipliers A and p corresponding to the two con-
straints,

o(x, \p) =T Az — MaTz — 1) 4+ 2uzTc.
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6 7

Figure 9.3 Example of secular function (9.3) with p < 0

Computing the gradient of ¢ with respect to z, which must be zero at the solution,
we find the equation

Ax — Az + pe =0,

from which we have x = —u(A — AI)~Lc. If ) is not an eigenvalue of A (1 # 0)
and using the constraint ¢’z = 0 we have the secular equation

(A= X)"te=0. 9.4)
Using the spectral decomposition of A = QAQ7 and d = Q7 c, the secular equa-
tion is
— i _
=3 5 =0 9.5)

J

j=1

The function f for this type of problem is shown in figure 9.4. There are n — 1
solutions to the secular equation. When we have the values of \ that are solutions
of equation (9.5), we use the constraint 2Tz = 1 to remark that

ale = 2T (A - A "2c=1.
Therefore,
PR
cT(A—XN)2¢
and

r=—pu(A-X)""c
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Figure 9.4 Example of secular function (9.5)

This problem can be generalized by replacing the only constraint ¢’ 2 = 0 with a
set of m constraints N7z = ¢ where N is a rectangular matrix of dimension n x m
with m < n and ¢ is a given vector of dimension m. This has been considered by
Gander, Golub and von Matt [121]. The matrix /V is assumed to be of full rank, that
is, m. The matrix N and the vector ¢ must satisfied ||(N7)¢|| < 1 where (N71)f
is the pseudoinverse. Otherwise, the constraint of x being of norm one cannot be
satisfied. If [[(NT)t|| = 1, the solution is z = (NT)¢.

Gander, Golub and von Matt simplified the problem by using a QR factorization
of the matrix V. Let P be an orthogonal matrix and R be an upper triangular matrix

of order m such that
T~ (R
P*"N = (0 .

T _ (B rr T _ (Y
pran= (2 7Y, prs (7).

eT Az = y"By 4+ 2Ty +27Cz, RTy=t, yly+2T2=1

Then, if we denote

we have

This implies y = R~Tt. Denoting o> = 1 — yTy and b = —Ty, the problem
reduces to

min 27Cz — 27 2,
z
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with the constraint 27z = 2. This leads to an eigenvalue problem with a quadratic
constraint (see next section).

Using the same technique for the simpler previous maximization problem with
the constraint ¢z = 0 (¢ being a vector), one can find a Householder transforma-
tion H such that

Then, using the matrix

T _ B gT
w24,

and HTz = (y z)" where y is a scalar, we have
e=(r 0 -+ 0)H 'z =ry=0.

Therefore, y = 0 and we have 7 Az = 27Cz and 272 = 1. The constraint

¢’ x = 0 has been eliminated and the problem reduced to

max 21 Cz,
z

with 27z = 1. The solution is, of course, that z is the eigenvector of C' (which is
symmetric) associated with the largest eigenvalue. The solution x is recovered by

cn(?).

Looking back at the secular equation (9.4), we see that it can be written as

T —1
cT(A—)\I)_lc:cTH[(§ %)—M} H'c=o0.

This implies that the (1, 1) entry of
B=x g"
g C -\
must be zero. Looking for the solution of
B—=A g" wy _ el
g C -\ z ’
with the constraint that w = 0, we find that

(C—-Xz=0, gTz=1.

Therefore, (as we already know), A is an eigenvalue of C.



SOLVING SECULAR EQUATIONS 129

9.1.4 Eigenvalue Problem with a Quadratic Constraint

We consider the problem

minz? Az — 2¢7z,
xT

with the constraint 272 = o?. Introducing a Lagrange multiplier and using the
stationary values of the Lagrange functional, we have

(A=XDzx=c, aTx=a> (9.6)
Let A = QAQT be the spectral decomposition of A. The Lagrange equations (9.6)
can be written as
AQTz = \QTz =Q%¢, 27QQTz = o>
Introducing y = Q”Tz and d = Q7 ¢, we have
Ay = y=d, yly=dad’

Assume for the sake of simplicity that all the eigenvalues \; of A are simple. If A
is equal to one of the eigenvalues, say \;, we must have d; = 0. For all i # j we
have

VDY
Then, there is a solution or not, whether we have
2
A — N\ o
i#g Nt
or not. If \ is not an eigenvalue of A, the inverse of A — A\I exists and we obtain
the secular equation

Yi

(A= X)"2c=a?

Using the spectral decomposition of A this is written as

f(A)—i( & )2—02—0 ©.7)
N Al — A - '

=1

An example of such a secular function is displayed in figure 9.5. We see that,
contrary to the previous cases and depending on the data, we may have two zeros
in an interval between poles. However, for the problem under consideration we are
only interested in the smallest zero of f. It is located left of the first pole (as in the
example) if d; # 0.

On problems with quadratic constraints, see Gander [120] and Golub and von
Matt [157].

9.2 Secular Equation Solvers

We have seen in the previous section that there exist several types of secular equa-
tions. In some situations we need to compute all the zeros of the secular function,



130 CHAPTER 9

Figure 9.5 Example of secular function (9.7)

whereas in other cases we are interested in only one zero, generally the smallest or
the largest.

The numerical solution of secular equations has been studied for a long time. A
good summary of the techniques used to solve secular equations is given in Mel-
man [233] where a numerical comparison of methods is provided; see also [232].
Melman considered solving the equation

1+pi%=0, 9.8)
=17

with p > 0, corresponding to figure 9.2. When we look for the solution in the
interval ]d;, d;;1[, we make a change of variable A\ = d; + pt. Denoting §; =
(d; — d;)/p, the secular equation becomes

2 n 2

v c> cs
f(t):1+26?_t+z 5A]_t:1+z/1(t)+q§(t):0. (9.9)
j=1 1 j=i+1 7
Note that
1—1 2 2
_ G 4
j=1"

since §; = 0. The function ¢ has poles 61, ...,d;,—1,0 withé; <0, j =1,...,i—
1. The solution is sought in the interval |0, ;11[ with §;+1 > 0. For the sake of
simplicity, let us denote 6 = d;11. In |0, 6] we have 1(t) < 0 and ¢(¢) > 0.
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There are two cases depending on whether or not we know all the poles of the
secular function f. Let us assume that we are in the first case, so we are able to
compute values of ¢ and ¢ and their derivatives. It is generally agreed that the
Newton method is not well suited to obtaining the solution of secular equations,
although this conclusion depends on the choice of the starting point and the choice
of the function to which we apply the algorithm; for instance see Reinsch [281],
[282], who used the Newton method on 1/f. Bunch, Nielsen and Sorensen [45]
interpolated ) to first order by a rational function p/(q —t) and ¢ by r+ /(5 — t).
This is called osculatory interpolation. The parameters p, g, 7, s are determined by
matching the exact values of the function and the first derivative of ¢ or ¢ at some
given point # (to the right of the exact solution) where f has a negative value. These
parameters are given by

q=t+¢O)/¢' (),

p =&)Y (),
r=¢(t) — (6 - )¢ (D),

s=(0-1)%(D).

For computing them we have

3

&2
v = Z (9 —]t)z

j=1

and

¢/(t) = ST

j=it+1 (05 —1)
Then the new iterate is obtained by solving the quadratic equation
P s
14+ — — =0.
+ q—1 +r+ 51t

This equation has two roots, of which only one is of interest. This method is called
BNS1 in Melman [45] and “approaching from the left” in Li [226]. Provided the
initial guess is carefully chosen, it gives a monotonically increasing sequence which
converges quadratically to the solution.

Let us consider the example of figure 9.2. It was obtained with p = 1, d =
[2, 3,4, 5]and ¢ = [1, 1, 1, 1]. We would like to compute the zero in the second
interval |2, 3[. Therefore, after the change of variable, the interval of interest is
10, 1[. Figure 9.6 shows 1) (solid) and ¢ (dots) as a function of ¢. It is interesting to
compare these functions with their interpolants. In this case, the interpolation of v
is almost exact. Whatever is £ in ]0, §[ we find ¢ = 0 up to machine precision and
almost p = ¢2. When the interpolation point is varied in 0, §[ (over 60 equidistant
sample points) the minimum relative difference between the function 1 and its
interpolant v (computed as |[1) — 1| /||2)|]) is 0 and the maximum is 1.11 10711,
The results are less satisfactory for the function ¢. When the interpolation point
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Figure 9.6 Functions v (solid) and ¢ (dots)

is varied, the minimum of the relative difference is 0.0296 and the maximum is
0.2237.

To obtain an efficient method it remains to find an initial guess and to solve
the quadratic equation giving the next iterate. For the starting point, we follow
Melman’s strategy of looking for a zero of an interpolant of the function ¢f(t).
When seeking the ¢th root, this function is written as

c

tf(t)=t<1—§+5jlt+h(t)>.

The function h is written in two parts h = hy + ha,

i—1 02_ n CQ_
hl(t)zz(;.j_t’ ha(t) = Z 5,J_t'
j=1 j=i+2 7

The functions h; and he do not have poles in the interval of concern. They are
interpolated as in BNS1 by rational functions of the form p/(q — t). The parame-
ters are found by interpolating the function values at points 0 and §. This gives a
function o = hy + hy. The starting point is obtained by computing the zero (in the
interval ]0, 0[) of the function

2 c2 _
11— =2+ 2L L he)).
( t+6—t+()>

This can be done with a standard zero finder. In our example h; = 0. The com-
puted starting point ¢, (translated back to |2, 3[) is 2.2958817871588815. Denoting
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the iterates by ¥, it takes three iterations to reach [tV — tV~1|/[t*~1] < 10710,
The computed zero is 2.2960896453121185 and the value of the function f is
—4.4409 10716, which is generally the best we can hope for since this is the round-
off level.

In fact, with such a good starting point the Newton iteration also converges in
three iterations, the computed solution being the same. However, if we take as a
starting point 2+ 0.1(¢; — 2), the Newton method takes nine iterations while BNS1
needs only four iterations. This shows that the general belief about the Newton
method depends very much on the starting point. However, the methods using os-
culatory interpolation are much less sensitive to the starting point than the Newton
method for the function f.

Interpolating v by 7+ 5/t and ¢ by /(G —t), one obtains another method called
BNS2 or “approaching from the right”. Then,

7 =1(t) — (6 =)' (#),
§=(6—1)*' (D),
g=t+o(t)/¢' (1),
p=o(0)?*/¢' ().

For our small example, the interpolation of v is done relative to the pole 0. When
the interpolation point is varied in ]0,d[ (over 60 equidistant sample points) the
minimum relative difference between the function 1) and its interpolant v is 0 and
the maximum is 2.4614 10~19. For the function ¢ the results are worse; the mini-
mum of the relative difference is 0.08699 and the maximum is 0.51767.

It takes three iterations for BNS2 to reach the stopping criteria. The computed
zero is 2.2960896453121186 (the last decimal digit is different from the BNS1
solution) and the value of the function f is 1.3323 10~ 5. In fact, the starting point
is not really adapted to this method since it is smaller than the root. The first iterate
jumps to the other side of the root and then the iterates decrease monotonically.
This is also why the value of the function at the approximate root is positive. If
we take as a starting point 2 4 1.2(¢; — 2) the Newton method takes five iterations
while BNS2 needs four iterations.

R. C. Li [226] proposed to use r + s/(d — t) to interpolate both functions ¢ and
¢. He called this method “the middle way” (MW). In fact, we interpolate 1), which
has a pole at 0 by 7+ 5/t and ¢, which has a pole at § by 7+ s/(d —t). This method
is not monotonic, but has quadratic convergence.

It takes three iterations for “the middle way” to reach the stopping criteria. The
computed zero is 2.2960896453121185 (the same as the BNS1 solution) and the
value of the function f is —4.4409 10716,

The fixed weight method FW1 fixes the coefficient for the pole at 0. Hence, f is
interpolated to first order by

r—&/t+s/(5 1)
at a point ¢; & is the coefficient corresponding to the pole 0, which is co in our
example. Therefore,
£1o

r=f0-G-010+ 5,
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The next iterate is found by computing the root of the interpolant located in ]0, J].
The convergence is quadratic. It takes three iterations for the FW1 method to reach
the stopping criteria. The computed zero is 2.2960896453121186 and the value of
the function f is 1.3323 10~1°.

The method FW?2 fixes the coefficient for the pole at 4. The interpolant of f is

FH5/t+E2/(5—t),

where & is the coefficient corresponding to the pole 4 which is c3 in our example.
The parameters are given by

o . &6
r_f+tf_(5—f)2’
S IR
St[fw—BJ'

The convergence is quadratic. It takes three iterations for the FW2 method to reach
the stopping criteria. The computed zero is 2.2960896453121185 and the value of
the function f is (by chance) 0.

The Gragg method (GR) interpolates f at ¢ to second order with the function

a+b/t+c/(6—t).
This gives

c

_ (5_53 ! 5(6_5)3 "
=5 Tt
£3 1! !
b= s 1f6 ) 2],

a:f—%{(575)+(2$—5)f’.

Then we solve the quadratic equation
at® —t(ad — b+ c) — b6 = 0.
The convergence is cubic. It takes three iterations for the Gragg method to reach

the stopping criteria. The computed zero is 2.2960896453121186 and the value of
the function f is 1.7764 10712,

9.3 Numerical Experiments

Let us do more numerical experiments. We consider an example inspired by one
used by Melman. The dimension is n = 4 and d = [1, 1 + (3, 3, 4]. Defining
vl = [y, w, 1, 1], we have ¢!’ = vT/||v||. Let us choose 3 = 1, but a small
weight v = 1072 and w = 1. Results for the methods we have reviewed before are
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Table9.1 B =1,y=10"2,w=1

135

| Method | No. it. | Root—1 | f(Root) |
BNS1 2 2.068910657999406 10— | —4.2294 10— 12
BNS2 2 2.068910658015177 10~° 8.0522 10~ 12
MW 2 2.068910657999406 10~° | —4.2294 10~ 12
FW1 2 2.068910657989172 10~ 5 | —1.2199 10— 1T
FW2 2 2.068910658007030 10—° 1.7082 10~ 12

GR 2 2.068910657999392 10~° | —4.2398 10~ 12
Table 9.2 3 =1,y =1,w=10""

[ Method | No.it. | Root—1 | f(Root) |
BNS1 3 2.539918603315181 10~ | —3.3307 10— 1©
BNS2 2 2.539918603315182 10~ | —1.110210~ 16
MW 3 2.539918603315181 10— 1 | —3.3307 10— 1°
FW1 3 2.539918603315182 10~ 1 | 3.3307 10— 16
FW2 3 2.539918603315181 10~ | —3.3307 10— 16

GR 3 2.539918603315181 10~ 1 | —3.3307 10— 1°
Table 93 B=10"2~v=1,w=1

[ Method | No.it. | Root—1 | f(Root) |
BNS1 2 4.939569815595898 103 7.8160 10— 1%
BNS2 2 4.939569815595901 103 1.4921 10— 13
MW 2 4.939569815595898 102 | 7.8160 10~ %
FW1 2 4.939569815595903 103 1.847410-13
FW2 2 4.939569815595914 10—3 | 4.0501 10~ 13

GR 2 4.939569815595873 10—3 | —4.0501 10— 13
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given in table 9.1 for computing the root in |1, 1+ (3[. Note that the root is close to
1 and the values of the function at the solution are much larger than in the previous
example, even though they are still acceptable.

In the results of table 9.2 we use v = 1 and a small weight w = 1072. The
values of the function at the approximate solution are smaller. Then, for the results
in table 9.3, we use a small interval with 3 = 10~2 and unit weights v = 1,w = 1.

For these examples, there is not much difference between the methods and the
numbers of iterations are quite small. This is mainly due to the good choice of the
starting point proposed by Melman.
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Chapter Ten

Examples of Gauss Quadrature Rules

Until the 1960s, quadrature rules were computed by hand or using desk calcula-
tors and published in the form of tables (see, for instance, the list given in [320])
giving the nodes and weights for a given degree of approximation. It was a great
improvement when some software appeared allowing the computation of nodes and
weights. This can be done by brute force solving systems of nonlinear equations;
see, for instance, the Fortran codes and the tables published in the book of Stroud
and Secrest [320]. However, the method of choice today is to compute the nodes
and weights using the Jacobi matrix corresponding to the orthogonal polynomi-
als associated with the given measure and interval of integration. In this chapter
we give some examples of computation of Gauss quadrature rules. We compare
numerically several methods to obtain the nodes and weights. We also give ex-
amples of computation of integrals as well as examples of the use of modification
algorithms for the given measure.

10.1 The Golub and Welsch Approach

The result saying that the nodes are given by the eigenvalues of the Jacobi matrix
and the weights are given by the squares of the first components of the normal-
ized eigenvectors was already known at the beginning of the 1960s; see Goertzel,
Waldinger and Agresta [137] or Wilf [349]. Golub and Welsch [160] used these re-
sults and devised an algorithm based on QR with a Wilkinson-like shift to compute
the nodes and weights. It is constructed in such a way that only the first compo-
nents of the eigenvectors are computed. Moreover, they published Algol proce-
dures implementing their algorithm. We translated these procedures to Matlab and
computed some n-point Gauss quadrature rules.

For classical orthogonal polynomials, the coefficients of the recurrences are ex-
plicitly known; see for instance Gautschi [131], Laurie [221] or chapter 2. Ta-
ble 10.1 gives the results for the Legendre weight function equal to 1 on [—1, 1]
using the computed values of the coefficients of the Jacobi matrix, which are known
explicitly; see chapter 2. Of course, today such a table has some interest only to
compare different numerical methods or to look at the properties of the nodes and
weights. It is more useful to have a good routine to compute the quadrature rule.
We see that, up to the precision of the computation, the nodes and weights are sym-
metric around 0. Table 10.2 shows the nodes and weights for a 10-point Gauss rule
using the Chebyshev weight function. Obviously, the (constant) weights are 7/n
which is 3.141592653589793 10~* when rounded to 16 decimal figures. The re-
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sults are correct up to the last three decimal digits. The nodes are symmetric around
0 up to the last two decimal digits.

Table 10.1 Legendre weight function, n = 10, Golub and Welsch

\ Nodes | Weights |

—9.739065285171721 10~ T | 6.667134430868844 10~ 2
—8.650633666889848 10~ | 1.494513491505808 10~1
—6.794095682990242 10~ | 2.190863625159823 10!
—4.333953941292464 10~ | 2.692667193099961 10~1
—1.488743389816314 10~ | 2.955242247147535 10!
1.488743389816312 101 2.955242247147525 10~1
4.333953941292474 101 2.692667193099962 10~1
6.794095682990244 101 2.190863625159821 10~1
8.650633666889842 101 1.494513491505805 101
9.739065285171717 101 6.667134430868807 10~2

Table 10.2 Chebyshev weight function of the first kind on [—1,1], n = 10, Golub and
Welsch

\ Nodes | Weights |

—9.876883405951373 10~ 1 | 3.141592653589779 10— 1
—8.910065241883682 10~ | 3.141592653589815 10!
—7.071067811865478 10~ 1 | 3.141592653589777 10~1
—4.539904997395468 10~ 1 | 3.141592653589801 101
—1.564344650402311 10~ | 3.141592653589792 101
1.564344650402312 10~ | 3.141592653589789 10~1
4.539904997395469 10~ 1 | 3.141592653589798 10!
7.071067811865472 101 | 3.141592653589789 10~ 1
8.910065241883679 10~1 | 3.141592653589789 101
0.876883405951381 10~1 | 3.141592653589803 101

10.2 Comparisons with Tables

In the Golub and Welsch paper [160], comparisons were made with tabulated re-
sults in Concus et al. [69]. Let us do the same comparisons with our Matlab imple-
mentation. They are done for the generalized Laguerre weight function A*e~* with
a = —0.75 on the interval [0, 00). Table 10.3 gives the results of the Golub and
Welsch algorithm and table 10.4 shows the relative differences with the tabulated
results as reported in [160]. We observe that the errors are slightly smaller than in
the Golub and Welsch paper. This is due to the use of IEEE arithmetic. We have
also implemented a variable-precision version of the Golub and Welsch algorithm.
The computations in extended precision show that the Concus et al. results are ac-
curate to the two last decimal digits; in fact, the nodes are more accurate than the
weights. The relative errors of the double-precision Golub and Welsch algorithm
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with the variable-precision results using 32 decimal digits are in table 10.5. The er-
ror on the seventh weight is smaller than with the Concus et al. results. Otherwise,
the errors are of the same magnitude.

Table 10.3 Generalized Laguerre weight function with @« = —0.75 on [0,00), n = 10,
Golub and Welsch
| Nodes | Weights |

2.766655867079714 10~2 2.566765557790772

4.547844226059476 101 7.733479703443403 101
1.382425761158596 2.331328349732204 101
2.833980012092694 4.643674708956692 102
4.850971448764913 5.549123502036255 103
7.500010942642828 3.656466626776365 104

1.088840802383440 10! 1.186879857102432 10>
1.519947804423760 10! 1.584410942056775 107
2.078921462107011 10 | 6.193266726796800 10~ 10
2.857306016492211 101 | 3.037759926517505 10~ 13

Table 10.4 Generalized Laguerre weight function with « = —0.75 on [0,00), n = 10,
Golub and Welsch, comparison with Concus et al. [69]

[ Relativeerroronnodes |  Relative error on weights |

2.257239358109354 10~ 1° | 1.730151039708872 10— 16
3.051509048681502 10~ 15 | 8.613636297234880 10— 16
1.927434610931477 10~ 15 | 6.190847943742033 10— 15
1.253612821417562 10~15 | 1.793121440790894 10~ 15
1.830928978001428 10~16 | 9.378364756201140 10~ 16
4.736944660441535 10~ 16 | 4.151229031776791 10~ 15
3.262840326174143 10~ 16 | 1.541513368114529 10— 14
4.674783789891258 10~ 16 | 3.174213198624942 10~ 1°

0 6.511112251549391 1015
1.243378783474516 10~16 | 1.661984460767555 10~ 15

Another possibility is to compute the moments which are known for the Laguerre
polynomials and then compute the recurrence coefficients by the Gautschi algo-
rithm described in chapter 5 based on the factorization of the Hankel matrix. The
results are given in table 10.6. We see that the errors using the moments are much
larger than when computing directly from the (known) recurrence coefficients.

10.3 Using the Full QR Algorithm

The Golub and Welsch paper [160] uses the QR algorithm to compute the eigen-
values of the Jacobi matrix. However, it computes only the first component of the
eigenvectors to save computational time. Of course, we can use the standard Mat-
lab eigenvalue solver, the price to pay being having to compute all the components
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Table 10.5 Generalized Laguerre weight function with « = —0.75 on [0,00), n = 10,
Golub and Welsch, comparison with variable precision (32 digits)

| Relative error on nodes | Relative error on weights |

3.887467783410548 10~ 15
2.075026153103423 10~15
1.766815060020521 10~15
1.253612821417562 10~ 15
1.830928978001428 10~ 16
4.736944660441535 10— 16
3.262840326174143 10~ 16
4.674783789891258 1016
0
1.243378783474516 10~ 16

1.730151039708872 10~ 16
7.178030247695734 1016
5.000300262253175 10~15
4.034523241779535 1015
1.563060792700191 10~15
4.892519930308358 10— 15
2.283723508317851 1015
3.174213198624942 10— 15
6.678063847742964 1015
2.326778245074579 10~ 15

Table 10.6 Generalized Laguerre weight function with @« = —0.75 on [0, 00), n = 10,
computation from the moments, comparison with Concus et al. [69]

[ Relative erroronnodes |  Relative error on weights |

3.090815280665558 10~ 10
3.062097785080427 10— 10
2.978726514140397 10~ 10
2.817927312559359 10~ 10
2.583118544459888 1010
2.302667879234079 10~ 10
2.008898160422158 1010
1.722976880568588 10~ 10
1.452306468713077 10~ 10
1.189059294560865 10~ 10

6.855827303908786 10— 11
6.615014267187470 10— 11
3.513227631926626 10—10
7.611583847316584 10~ 10
1.243582733322137 102
1.742482685575520 102
2.220646922285363 109
2.662697763114570 102
3.068116897502631 10~
3.447605939952962 102
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of the eigenvectors even though we just need the first ones. This is what is done is
the OPQ package from Gautschi [132]. For the generalized Laguerre polynomials
the results are given in table 10.7. They are only slightly better than the ones using
the Golub and Welsch algorithm.

Table 10.7 Generalized Laguerre weight function with @« = —0.75 on [0,0), n = 10,
Matlab 6 solver, comparison with Concus et al. [69]

| Relative error on nodes

Relative error on weights

0
9.764828955780807 10— 16
1.606195509109565 10~ 16
3.134032053543904 1016
1.830928978001428 10~ 16
4.736944660441535 10— 16

0

0
1.708921545886483 10— 16
3.730136350423549 10~ 16

1.730151039708872 10~ 1©
0
1.547711985935508 10~ 15
2.988535734651490 1016
2.344591189050285 10~ 15
3.409938133245221 1015
2.854654385397276 10~ 15
0
3.672935116258631 10~ 15
1.329587568614044 10~ 15

10.4 Another Implementation of QR

In his paper [220], Laurie described another implementation of the QR algorithm to
compute the nodes and weights. According to a suggestion from Parlett [266], this
algorithm first computes the eigenvalues (nodes) and then computes the weights by
using one QR sweep with the eigenvalues as “exact” shifts. When coding these
suggestions, we obtain the results described in table 10.8. The relative errors are of
the same magnitude as with the Golub and Welsch algorithm.

Table 10.8 Generalized Laguerre weight function with @« = —0.75 on [0, 00), n = 10,
QRSWEEP from Laurie [220], comparison with Concus et al. [69]

| Relative error on nodes

Relative error on weights

9.028957432437417 10~ 1°
1.952965791156162 10~ 15
1.606195509109565 10~ 16
4.701048080315856 10— 16
3.661857956002857 1016
2.368472330220767 10— 16
3.262840326174143 10~ 16
2.337391894945629 1016
0
1.243378783474516 1016

2.076181247650646 10~ 1°
4.163257543663525 10~ 15
2.738259667424361 10— 15
5.379364322372682 10~ 15
4.220264140290514 10— 15
5.189036289720990 1015
1.341687561136720 10~ 14
3.508340903743356 1015
7.011967040130113 10— 15
4.985953382302666 1016
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10.5 Using the QL Algorithm

Parlett [266] has advocated the use of the QL algorithm instead of QR. In this
algorithm L is a lower triangular matrix and the Wilkinson shift is computed from
the upper 2 x 2 block of the tridiagonal matrix which is deflated from the top.
This algorithm has also been recommended by Laurie [220], since it allows an
easy computation of the weights and moreover it can be “reversed” to compute the
Jacobi matrix from the nodes and weights in the inverse problem.

Implementing QL and computing the weights at the same time as the eigenval-
ues, we obtain the results in table 10.9. Some errors on the weights are larger than,
for instance, with the QR Matlab implementation.

Table 10.9 Generalized Laguerre weight function with @« = —0.75 on [0,00), n = 10,
QLSWEEP from Laurie [220], comparison with Concus et al. [69]

[ Relative erroronnodes |  Relative error on weights |

6.019304954958278 10~ 15 [ 1.730151039708872 10— 1°
1.220603619472601 10~ 15 | 5.742424198156587 10— 16
3.212391018219129 10— 16 | 2.857314435573246 10~ 15
4.701048080315856 10— 16 | 4.482803601977235 10~ 1°
3.661857956002857 10~16 | 5.001794536640609 10~ 1°
8.289653155772686 10~ 16 | 5.633810828839931 10— 15
8.157100815435358 10~ 16 | 1.570059911968502 10~ 14
1.168695947472815 1016 | 3.341277051184149 1015
5.126764637659450 10~ 16 | 4.922233910575146 10— 12
3.730136350423549 10~ 16 | 8.476120749914532 10—15

As with QR, the weights can be computed at the end of the process by a QL
sweep using the eigenvalues (nodes) as perfect shifts. The interest of the QL algo-
rithm is that it turns out to be necessary only to have the value of the cosine of the
last rotation to compute the first element of the eigenvector. It is not necessary to
apply all the rotations to the vector of weights. The errors for the weights are in
table 10.10. We see that they are better than when computing the weights simulta-
neously with the nodes. However, the main conclusion, at least for this example, is
that there is not much difference between the different implementations.

10.6 Gauss—Radau Quadrature Rules

To obtain a Gauss—Radau rule with one prescribed node at either end of the inte-
gration interval we extend the Jacobi matrix .Ji; see chapter 6. Let us compute
first Gauss—Radau rules for the measure dA on [—1, 1] corresponding to the Leg-
endre polynomials. We compare the Golub and Welsch algorithm results [160]
(table 10.11) to those obtained with the Matlab package OPQ from Gautschi [132]
(table 10.12). We first fix a node at z = —1. The results are the same up to the
last two decimal digits. Note that since we know that the node —1 is prescribed we
could have replace the value computed by the Golub and Welsch algorithm by —1.
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Table 10.10 Generalized Laguerre weight function with & = —0.75 on [0, 00), n = 10,
QLSWEEP from Laurie [220] with perfect shifts, comparison with Concus et
al. [69]

[ Relative error on weights |

2.768241663534195 10— 1°
1.320757565576015 10~ 14
1.642955800454616 10~ 14
3.287389308116639 10— 15
5.001794536640609 10— 15
8.154199883847268 1015
6.993903244223327 1015
9.021448038197202 10— 15
8.681483002065855 10~ 15
3.323968921535110 10~ 15

Howeyver, this shows how accurate is the modification of the Jacobi matrix.

Table 10.11 Legendre weight function on [—1,1], n = 10, node fixed at —1, Golub and
Welsch

| Nodes I Weights |
—9.999999999999996 10— | 1.999999999999979 10—2
—9.274843742335808 101 | 1.202966705574827 101
—7.638420424200024 101 | 2.042701318789991 101
—5.256460303700790 101 | 2.681948378411793 101
—2.362344693905885 10~ 1 | 3.058592877244225 10~1
7.605919783797777 1072 3.135824572269377 101
3.806648401447248 10~1 2.906101648329181 10~1
6.477666876740096 10~1 2.391934317143801 101
8.512252205816072 10~1 1.643760127369219 101
9.711751807022468 10~1 7.361700548675848 10~2

Table 10.12 Legendre weight function on [—1, 1], n = 10, node fixed at —1, OPQ

| Nodes | Weights |

—1.000000000000000 1.999999999999983 102
—9.274843742335811 10~ | 1.202966705574817 10~1
—7.638420424200026 10~ 1 | 2.042701318790005 101
—5.256460303700794 10~ 1 | 2.681948378411785 101
—2.362344693905883 101 | 3.058592877244226 101

7.605919783797817 102 | 3.135824572269378 10~1
3.806648401447244 101 2.906101648329185 101
6.477666876740094 10~1 | 2.391934317143814 101
8.512252205816080 10~ 1 | 1.643760127369209 101
9.711751807022472 101 | 7.361700548675876 102

Let us now consider the Chebyshev weight function of the first kind on [—1, 1]
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with a node fixed at z = 1. Again, the results are the same up to the last two
decimal digits (tables 10.13 and 10.14).

Table 10.13 Chebyshev weight function on [—1, 1], n = 10, node fixed at 1, Golub and
Welsch

[ Nodes | Weights ‘
—9.863613034027220 10~ 1 | 3.306939635357689 10!
—8.794737512064897 10~ 1 | 3.306939635357680 10~*
—6.772815716257409 10~ 1 | 3.306939635357673 10~1
—4.016954246529697 10~ | 3.306939635357679 101
—8.257934547233214 102 | 3.306939635357673 10~
2.454854871407992 10~1 | 3.306939635357680 101
5.469481581224269 10~1 | 3.306939635357675 10~1
7.891405093963938 101 3.306939635357679 101
9.458172417006351 10~1 | 3.306939635357693 101
9.999999999999994 10~1 1.653469817678827 10!

Table 10.14 Chebyshev weight function on [—1, 1], n = 10, node fixed at 1, OPQ

\ Nodes | Weights |

—9.863613034027223 10~ 1 | 3.306939635357677 10~ 1
—8.794737512064891 101 | 3.306939635357674 10~ !
—6.772815716257411 10~ | 3.306939635357679 10~1
—4.016954246529694 10~ | 3.306939635357677 10~ 1
—8.257934547233234 1072 | 3.306939635357675 10!
2.454854871407993 10~1 3.306939635357681 10~ 1
5.469481581224266 101 3.306939635357668 10~ 1
7.891405093963936 101 3.306939635357658 10~ 1
9.458172417006349 101 3.306939635357681 10~ 1

1.000000000000000 1.653469817678845 10!

10.7 Gauss-Lobatto Quadrature Rules

To obtain the Gauss—Lobatto rule with two prescribed nodes at both ends of the
integration interval [a, b], we first need to solve two tridiagonal linear systems,
(Jp —alw =e*,  (Jp —bI)p = .

Then, the two values w41 and (3 that extend the matrix .J; are given by solving

G =) C)-6)

Let us consider the Legendre weight function on [—1, 1] with two fixed nodes
at both ends of the interval. Results in tables 10.15 and 10.16 show that we have
differences in the last two decimal digits.
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Table 10.15 Legendre weight function on [—1, 1], n = 10, nodes fixed at —1 and 1, Golub
and Welsch

Nodes

Weights

—9.999999999999999 10T
—9.195339081664596 10~1
—7.387738651055050 10— 1
—4.779249498104440 10~ 1
—1.652789576663868 101
1.652789576663872 10~1
4.779249498104442 101
7.387738651055051 10~1
9.195339081664585 10~ 1
1.000000000000000

2.222222222222217 102
1.333059908510702 10~ 1
2.248893420631271 101
2.920426836796831 10~1
3.275397611838977 10~1
3.275397611838972 101
2.920426836796839 10~1
2.248893420631256 101
1.333059908510702 101
2.2222229222222224 10~ 2

Table 10.16 Legendre weight function on [—1,

1], n = 10, nodes fixed at —1 and 1, OPQ

Nodes

Weights

—9.999999999999996 10T
—9.195339081664586 101
—7.387738651055048 101
—4.779249498104444 101
—1.652789576663870 10~1
1.652789576663869 10!
4.779249498104443 10~ 1
7.387738651055049 10~1
9.195339081664588 101
9.999999999999998 101

2.222222222222240 10~ 2
1.333059908510701 10—+
2.248893420631266 10— 1
2.920426836796839 10~1
3.275397611838975 101
3.275397611838974 10~1
2.920426836796844 10~1
2.248893420631251 10~ 1
1.333059908510702 10— 1
2.2222922222222210 10~2
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10.8 Anti-Gauss Quadrature Rule

We compute the results for the anti-Gauss rule by multiplying by a factor /2 two
elements of the Jacobi matrix for the Legendre weight function and then by using
the Golub and Welsch algorithm. We choose n = 11 since this rule must give
errors which are of opposite sign to the error of the Gauss rule for n = 10 (see
table 10.17).

Table 10.17 Anti-Gauss, Legendre weight function on [—1, 1], n = 11

\ Nodes | Weights |

—9.959918853818236 10— 1 | 2.257839165513059 102
—9.297956389113654 101 | 1.091543623802435 10!
—7.809379654082114 10~ | 1.863290923563876 10!
—5.626785950628905 101 | 2.469272555985873 101
—2.944199592771482 10~1 | 2.855813256108908 101

0 2.988591447975199 10~1
2.944199592771473 10~1 | 2.855813256108902 101
5.626785950628914 10~1 | 2.469272555985887 101
7.809379654082104 10~1 1.863290923563861 101
9.297956389113663 10~1 1.091543623802462 10!
9.959918853818245 101 | 2.257839165512853 10~ 2

10.9 Gauss—Kronrod Quadrature Rule

Let us give an example of a Gauss—Kronrod quadrature rule for the Legendre
weight function. We choose N = 10 and compute a rule with 21 nodes because
this rule must have the 10-point Gauss rule nodes as a subset. When we want to
compute a quadrature rule with a small number of nodes we can simplify a little bit
the algorithm of Calvetti, Golub, Gragg and Reichel [59]. Assume NV is even; we
first compute the eigenvalues and eigenvectors of Jy and Jy . 3N g Then we

compute the first components of the eigenvectors of Jn by
N/2

e = (0w, k=1,...,N.
j=1

We compute the eigenvalues and eigenvector matrix Us 41 of the matrix

ON ’}/NZ]TveN 0
(M) 2y WN41 (e Zy |,
0 ’yN_HZJT\;el @N

which is similar to jg ~N+1- This gives the nodes of the Gauss—Kronrod rule. The
first components of the eigenvectors are obtained by computing (u?  0) Usn 41
where u” is the first row of the matrix of the eigenvectors of .J;. The results are
given in table 10.18. We can check that every other node is a node of the 10-point
Gauss rule.
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Table 10.18 Gauss—Kronrod, Legendre weight function on [—1, 1], N = 10,n = 21

| Nodes | Weights |

—9.956571630258079 10~ 1 | 1.169463886737180 10— 2
—9.739065285171706 10~1 | 3.255816230796485 10~2
—9.301574913557080 101 | 5.475589657435226 102
—8.650633666889848 101 | 7.503967481091979 10~2
—7.808177265864176 10~ | 9.312545458369767 10~2
—6.794095682990247 10~ | 1.093871588022972 101
—5.627571346686043 10~1 | 1.234919762620656 101
—4.333953941292472 101 | 1.347092173114734 101
—2.943928627014605 101 | 1.427759385770600 101
—1.488743389816314 101 | 1.477391049013385 101
—5.985584791552117 101 | 1.494455540029168 101
1.488743389816317 10~ ¢ 1.477391049013382 101
2.943928627014603 10! 1.427759385770603 101
4.333953941292473 10~1 1.347092173114733 101
5.627571346686046 10~ 1 1.234919762620654 101
6.794095682990238 10~1 1.093871588022977 101
7.808177265864170 10~ ¢ 9.312545458369791 10~2
8.650633666889850 101 7.503967481091990 102
9.301574913557086 10~1 5.475589657435200 10~2
9.739065285171715 10~ 1 3.255816230796519 10~2
9.956571630258081 10~1 1.169463886737200 102

10.10 Computation of Integrals

Let us consider the computation of some integrals over the interval [—1,1]. Some
examples are from Trefethen [327]. The first function is a monomial A2° (Example
Q1). Its integral is of course equal to 2/21 = 9.523809523809523 10~2. The
approximate values computed with the Gauss—Legendre quadrature rule are given
in table 10.19 as a function of the number n of integration points. We see that
the error (the exact value minus the approximation) decreases significantly (i.e., is
almost zero up to machine precision) for n = 11 for which the Gauss rule is exact
for polynomials of degree less than 2n — 1 = 21. For n = 10, the rule is only exact
for polynomials of degree 19.

We now compute the integral of e* (Example Q2) which is an entire function.
The rounded value of the integral is 2.350402387287603. The results are given in
table 10.20. The error is zero up to machine precision for n = 7. The Gauss rule
gives a lower bound of the integral (except when we are at the roundoff level) since
the derivatives of the function are all positive in [—1, 1].

Then we consider the function 1/(1 + 10A?) (Example Q3). The rounded value
of the integral over [—1, 1] is 0.7997520101115316. The log;, of the absolute value
of the error is given in figure 10.1. We see that we need almost 55 points to obtain
an error close to machine precision. The signs of the derivatives alternate when n
increases. Therefore, we have a lower bound of the integral when the number of
nodes n is even and an upper bound when n is odd.

Let us compute the integral of e~/ 2 over [—1, 1] (Example Q4) whose rounded
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Table 10.19

CHAPTER 10

Integral of A*° on [—1, 1] as a function of n, Gauss rule, Golub and Welsch

Integral

Error

S0V A WN3

11
12
13
14
15

3.387017561686067 10~
6.718463999999998 103
3.498372981825397 102
6.606306950648783 102
8.481758799621919 102
9.252257541458878 102
9.474699295632059 102
9.518280330178025 102
9.523516964776493 102
9.523809523809357 102
9.523809523809479 102
9.523809523809480 102
9.523809523809566 102
9.523809523809551 102

9.520422506247837 10~ 2
8.851963123809524 10~ 2
6.025436541984126 102
2.917502573160741 10—2
1.042050724187604 102
2.715519823506457 10~3
4.911022817746386 104
0.529193631498286 105
2.925590330299377 106
1.665334536937735 10~ 15
4.16333634234433710~16
4.44089209850062610~16
—4.163336342344337 10~ 16
—2.914335439641036 1016

Table 10.20 Integral of e on [—1, 1] as a function of n, Gauss rule, Golub and Welsch

Integral |

Error |

P —m >V AL —|3

2
2.342696087909731
2.350336928680010
2.350402092156377
2.350402386462827
2.350402387286034
2.350402387287602
2.350402387287603
2.350402387287603
2.350402387287603
2.350402387287602
2.350402387287604

3.504023872876032 101
7.706299377872039 103
6.545860759343825 10>
2.951312261245676 10— 7
8.247758032098318 10— 10
1.568967178400271 10— 12
8.881784197001252 10~ 16
0
0
4.440892098500626 10— 16
1.332267629550188 10— 15
—4.440892098500626 10~ 16
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Figure 10.1 log,, of the error for the integral of 1/(1 + 10A?), Gauss rule

value is 0.1781477117815611. The log, of the absolute value of the error is given
in figure 10.2. For this example the error is oscillating, so we do not always obtain
better results when the number of nodes is increased.

Another example is the function (1 — A\?)~'/2 over [—1, 1] corresponding to
Chebyshev polynomials of the first kind. We have at least two ways of computing
this integral, whose value is 7. We can compute the approximate value using the
Legendre weight function (Example Q5). With 1500 nodes we obtain the value
3.140432120277716; this is not very satisfactory. Using the Chebyshev weight
function and integrating the constant function equal to 1 (Example Q6), we obtain
the (rounded) exact value with only one integration point. Of course, this is an
extreme example because the function corresponds to a weight function for which
we know the orthogonal polynomials, but this illustrates the interest of being able
to compute orthogonal polynomials corresponding to other measures. This can
sometimes be done by modification algorithms.

We now compute the integral of (1 —\?)'/2/(24X)"/? over [—1, 1]. Figure 10.3
shows the log;, of the absolute value of the error when integrating this function
with the Gauss—Legendre rule (Example Q7) and when integrating 1/(2 + \)'/2
using the measure corresponding to the Chebyshev polynomials of the second kind
(that is (1—A2)'/2 d), Example Q8). One can see the large difference in the errors.

Let us consider the Gauss—Radau and Gauss—Lobatto rules where some nodes
are prescribed. Tables 10.21 and 10.22 give the errors as a function of the number
of nodes for Example Q1. The results in table 10.21 might seem strange when
compared with those of table 10.19 since one might think that the Gauss—Radau
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Figure 10.2 log, of the error for the integral of e~/
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Figure 10.3 log,, of the error for the integral of (1 — A?)1/2 /(2 + \)'/2, Gauss—Legendre
(solid line), Chebyshev second kind (dashed line)
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rule is less precise than the Gauss rule. However, the column labeled n gives the
total number of nodes. In the Gauss—Radau rule we have n — 1 free nodes and
one prescribed node. Therefore, when n = 10, the rule is exact for polynomials of
degree at most 2(n—1) = 18. When n = 11, the rule must be exact for polynomials
of degree 20, which is what we observe. Similarly, for the Gauss—Lobatto rule, for
n = 11, it must be exact for polynomials of degree 2(n —2) + 1 = 19. Forn = 12
the rule is exact for polynomials of degree at most 21, which is what we can see in

the table.

Table 10.21 Integral of A*° on [—1, 1] as a function of n, Gauss—Radau rule

| n | Error Gauss—Radau, node=1 | Error Gauss—Radau, node=-1 ‘

2 | —4.047619051920983 101 —4.047619051920959 10~ 1
3 | —1.274332654308090 10~ 1 —1.274332654308121 10~ 1
4 | —3.869514350464778 102 —3.869514350464628 102
5 | —1.081482914060589 10~ 2 —1.081482914060511 102
6 | —2.653678531877202 103 —2.653678531878090 103
7 | —5.196757636501403 104 —5.196757636500848 104
8 | —7.449570767370517 10~5 —7.449570767464886 10~5
9 | —6.894455820208312 10~ 6 —6.894455820111167 10~6
10 | —3.079568777486497 10~7 | —3.079568764441376 107
11 | —1.942890293094024 10— 16 | 9.714451465470120 10—17

12 | —1.942890293094024 10~ 16 | 2.775557561562891 10— 17

13 | 9.298117831235686 10— 16 8.049116928532385 1016

14 | —5.551115123125783 10~ 17 | —7.355227538141662 1016
15 | 5.273559366969494 10— 16 3.469446951953614 1016

Table 10.22 Integral of A*° on [—1, 1] as a function of n, Gauss—Lobatto rule

[(n ] Error Gauss—Lobatto |

2 —1.904761904761895

3 | —5.714285714285746 10~ 1
4 | —2.380954087619067 101
5 | —1.049895275367407 10~1
6 | —4.166734114303916 10~2
7 | —1.340136107659812 102
8 | —3.276609531666960 10~3
9 | —5.681860545760920 104
10 | —6.212577114121654 105
11 | —3.218149364950240 106
12 | 4.024558464266193 1016
13 | 2.220446049250313 1016
14 | 3.053113317719181 1016
15 | 1.526556658859590 10— 16

The results for Example Q2 are in tables 10.23 and 10.24. In this example the
derivatives of the function are positive. Therefore, when the prescribed node is
located at the end of the interval we obtain an upper bound (the error, defined as



154 CHAPTER 10

the exact value minus the approximation, is negative, except when we are at the
roundoff level). When the prescribed node is at the beginning of the interval we
obtain a lower bound of the integral. The Gauss—Lobatto rule gives an upper bound.

Table 10.23 Integral of ¢* on [—1, 1] as a function of n, Gauss—Radau rule

[ n | Error Gauss—Radau, node=1 | Error Gauss—Radau, node=-1 |
2 [ —8.353549280260264 10 2 7.304402907274943 102
3 | —9.488216490005641 10~ 4 8.960763974479313 10~ 4
4 | —5.416475832742407 10~6 5.247179327039220 10—6
5 | —1.837145857663813 108 1.800400228901822 108
6 | —4.113198670552265 10~ 11 4.056177616007517 10— 11
7 | —6.528111384795921 1014 6.483702463810914 10— 14
8 4.440892098500626 10— 16 8.881784197001252 1016
9 | —8.881784197001252 1016 | 8.881784197001252 1016
10 | —4.440892098500626 1016 0
11 8.881784197001252 10— 16 4.440892098500626 10— 16
12 | 4.440892098500626 1016 —1.332267629550188 1015

Table 10.24 Integral of e* on [—1, 1] as a function of n, Gauss—Lobatto rule

Error Gauss—Lobatto |

—7.357588823428833 10 1
—1.165136925589216 102
—8.752023187019731 10~
—3.693924663927817 10~ 7
—9.904339570709908 1010
—1.831423901421658 10~ 12
0
—1.332267629550188 10~ 15
2.220446049250313 1015
—2.220446049250313 10~ 15
—4.440892098500626 10~ 16

e =N=J R e Y R

We also consider Example Q1 with the anti-Gauss rule using 11 nodes to be
able to compare with the Gauss rule using 10 nodes. The approximate value of
the integral obtained by using the Gauss rule is 9.523516964776493 10~2 and the
error is 2.925590330299377 106, while the anti-Gauss rule with 11 nodes gives
a value 9.524102082842620 102 and the error is —2.925590330965511 10~°.
So, to 10 decimal digits, the error is the opposite of the error of the Gauss rule
with one fewer node. This gives an estimation of the error for the Gauss rule of
2.925590330632444 10~ which is correct to 10 decimal digits. Taking the average
of the Gauss and anti-Gauss values we obtain 9.523809523809557 10~2 with an
error of —3.330669073875470 10~ 16.

Using a Gauss—Kronrod rule with 21 nodes on Example Q1, we obtain an ap-
proximate value of the integral of 9.523809523809526 10~2 when the exact value
is 2/21 = 9.523809523809523 10~2. Thus the error is at the roundoff level. This
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gives an estimation for the error of the Gauss rule of 2.925590330327132 10~6.

For Example Q3 with 30 nodes, the Gauss rule gives 0.7997519988056411
with an error 1.130589055708953 10~8. The anti-Gauss rule with 31 nodes gives
0.7997520214173953 with an error of —1.130586368969233 10~%, which is the
negative of the Gauss rule error up to 6 decimal digits. The average of the two rules
gives 0.7997520101115182 with an error of 1.343369859796439 10~ 4.

The Gauss—Kronrod rule with 61 nodes gives 0.7997520101115313 with an
error 3.330669073875470 10716, The approximation of the Gauss rule error is
1.130589022402262 10~ with 8 correct decimal digits.

10.11 Modification Algorithms

Let us illustrate the use of modification algorithms by computing Gauss rules for the
Legendre measure multiplied by a polynomial. We first multiply by a linear factor
A + 2. This is particularly simple since we compute the Cholesky factorization of
Jn + 21 = LLT, and then we form jN = LTL — 2I. The Jacobi matrix we are
seeking is the leading submatrix of order NV — 1 of Jx. Then we use the Golub and
Welsch algorithm to compute the nodes and weights. Note that this factorization
can also be done using the QD algorithm. The results of the 9-point rule for N = 10
using the Cholesky factorization are given in table 10.25. Up to the last two decimal
digits they are equal to the nodes and weights given by the modification algorithm
of the OPQ package of Gautschi.

Table 10.25 Multiplication of the Legendre weight by A + 2, Gauss rule, Golub and Welsch

| Nodes | Weights |

—9.656446552418069 10~ 1 | 9.048144617079827 102
—8.247634420027529 10~ 1 | 2.243999204425018 101
—5.922714172905702 10~ 1 | 3.788698771441218 10!
—2.971217556807707 10~ | 5.373601521445760 10~1
2.735769852646871 102 | 6.641696281904350 101
3.466713414373445 10~ 1 7.169055718980852 10~ 1
6.279518601817928 101 | 6.629658604495480 101
8.427336504825537 10~ 1 | 4.936926435406916 101
9.695179097981458 101 2.311549000192406 10~1

Then we modify the Legendre weight by a quadratic factor r(\) = (A + 2)2.
To obtain the nodes and weights corresponding to r d\, we compute the spectral
decomposition Jy = ZOZT of the Jacobi Legendre matrix and the diagonal ma-
trix D? = 7(©). A QR factorization UR = DZT gives the solution, which is a
submatrix of J = UTOU. The results of the 8-point rule are given in table 10.26.

To check our codes we computed a modification of the Laguerre weight by a
quadratic polynomial 7(A)w(\) = A2e~* on [0,00). The result can also be di-
rectly computed because we know the recurrence coefficients for the generalized
Laguerre weight A®¢~*. The results of a 10-point rule by modification are given
in table 10.27. The relative error with the nodes and weights computed directly is
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at most 10714,

Table 10.26 Multiplication of the Legendre weight by (X + 2)?, Gauss rule, Golub and
Welsch

[ Nodes | Weights ‘
—9.528330676642192 10~ T | 1.308154992912135 10!
—7.652771465436233 101 | 3.790280369125821 10~}
—4.716614027220163 10~ | 7.715671502593013 10~ 1

—1.210428334349832 10! 1.281180888296799
2.386080141552248 101 1.748935115599083
5.630550164503659 101 1.928253609533150
8.143685870664167 101 1.618035092187539

9.639225083058827 101 8.088512745870043 10~ 1

Table 10.27 Multiplication of the Laguerre weight by A2, Gauss rule, Golub and Welsch

| Nodes ‘ Weights ‘
5.763138581163630 10— T 1.419969396448682 10~ !
1.559343460467388 6.182793763589497 101
3.003710358249312 7.540018044944447 10~1
4.942019073857106 3.836098427417975 10~ 1
7.422707108754277 9.131042204305420 102

1.051881997561453 10! 1.027704776239767 102
1.434451458602408 10t 5.146265531306630 10~4
1.909178003200538 10! 9.887226319049070 10~ 6
2.513064781033858 10? 5.313992045295483 10~8
3.341014373657300 10> | 3.511750313883932 10~ 11

Finally let us consider the inverse Cholesky algorithm and then the Golub and
Welsch algorithm for computing the nodes and weights associated with d\/(A42).
Results for the 11-point rule are given in table 10.28. As a check we then computed
the coefficients for a multiplication by A 4+ 2. They are different from the exact
coefficients for the Legendre polynomials by 1 to 4 times the roundoff unit.

10.12 Inverse Eigenvalue Problems

The first experiment uses the Laguerre nodes and weights as in Laurie [220]. We
first computed the coefficients of the Laguerre polynomials. Then, using a vari-
able precision version of the QR algorithm we computed the eigenvalues and first
components of the eigenvectors with 32 decimal digits. They are converted to dou-
ble precision. From this data we use the different methods we have discussed in
chapter 6. They are:

e The Lanczos algorithm with full double reorthogonalization

e The MGS variant of the Lanczos algorithm advocated by Paige
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Table 10.28 Modification of the Legendre weight by division with A 4 2, Gauss rule, Golub
and Welsch

Nodes

Weights

—9.795263491601517 10~ T
—8.932832431004641 10~ 1
—7.431029041780251 101
—5.381390419625562 10~1
—2.921725981087949 101
—2.289051245982113 10~ 2
2.495089713520985 101
5.040698745878063 10~ 1
7.209133166287860 10~1
8.829588256941766 101
9.774119492229954 101

5.136126150560710 10~ 2
1.078344955970998 101
1.428070637989318 101
1.560509479502007 10~1
1.527298117657011 101
1.387539521769125 101
1.186674611104695 101
9.537918021179864 10~2
7.055691745705198 10~2
4.507803619921015 102
1.939316089512510 102

e The standard Lanczos algorithm

o The rational Lanczos algorithm as described in Gragg and Harrod [164]
e convqr from Laurie [220]

o RKPW from Gragg and Harrod [164] as in OPQ

o pftoqd from Laurie [220]

e The Stieltjes algorithm

Table 10.29 gives the relative error for the diagonal coefficient oy, divided by the
roundoff unit u, that is,

Q5

exr
3

—max |1l —

u

)

where " are the exact values. Table 10.30 displays similar quantities for the
subdiagonal coefficient 5. The results are somewhat different from those that have
been published in the literature [164], [220]. The Lanczos algorithms perform well
except for the rational Lanczos algorithm, for which the coefficient p7 overflows
after & = 100. The standard Lanczos algorithm is a little bit worse than the versions
with reorthogonalization and MGS. Surprisingly, convqr does not perform too well,
even though it is supposed to be equivalent to RKPW. pftoqd is not as good as the
Lanczos algorithms and RKPW. Finally, the Stieltjes algorithm works but its results
are worse than those of the Lanczos algorithm.

In fact this problem is too easy for the Lanczos algorithms because of the eigen-
value distribution. Let us consider an example for which it is known that there is a
rapid increase of the roundoff errors in the Lanczos algorithm. This example is due
to Z. StrakoS$. The matrix A of dimension n is diagonal with eigenvalues

i—1
n—1

>\1)\1+( )()‘n)‘l)pnzvzlavn
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Table 10.29 Inverse problem for the Laguerre polynomials, relative error / u for o,

k Lanc. | Lanc. | Lanc. Rat. convqr | RKPW | pftoqd | Stielt.
reorth | MGS Lanc.

1 0 0 0 0 0 0 0 0
5 4 2 2 2 5 2 2 2
10 6 8 8 6 10 4 12 18
15 5 10 15 4 11 6 10 13
20 4 11 21 13 19 4 11 21
25 12 8 19 22 18 10 12 36
30 6 10 19 24 38 10 16 26
35 8 10 26 11 30 7 37 54
40 18 13 32 28 38 16 84 34
45 11 12 12 14 60 17 30 48
50 14 18 39 28 77 12 50 80
55 10 16 39 36 78 14 45 46
60 13 13 38 39 72 13 26 46
65 14 16 34 26 106 20 36 62
70 20 17 36 49 180 18 36 148
75 20 20 62 34 137 14 52 152
80 22 16 55 44 118 14 35 72
85 22 20 32 70 160 34 48 88
90 20 15 60 42 91 20 50 113
95 22 18 80 55 134 28 38 84
100 14 20 44 Inf 108 26 78 130
110 20 22 39 Inf 146 24 80 159
120 16 23 51 Inf 315 25 78 113
130 18 28 44 Inf 126 22 108 102
140 24 20 76 Inf 276 24 128 129
150 22 26 132 Inf 274 36 134 144
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Table 10.30 Inverse problem for the Laguerre polynomials, relative error / u for O

k Lanc. | Lanc. | Lanc. Rat. convqr | RKPW | pftoqd | Stielt.
reorth | MGS Lanc.

1 0 0 0 0 0 0 0 0

5 2 2 2 1 3 2 1 2
10 3 5 3 7 16 5 9 11
15 4 6 4 4 10 4 10 12
20 3 6 5 6 16 7 8 16
25 6 8 8 10 36 15 14 23
30 6 6 4 6 26 11 24 13
35 12 8 6 6 40 11 20 33
40 12 10 10 10 52 10 39 23
45 10 8 8 6 58 8 19 39
50 14 14 10 10 78 16 28 48
55 12 10 14 12 71 16 32 37
60 16 14 12 14 112 17 44 32
65 13 12 14 10 68 14 28 37
70 10 12 10 8 84 14 46 75
75 14 9 12 14 116 16 39 84
80 16 14 14 16 104 18 45 57
85 22 22 18 19 148 22 40 70
90 18 14 13 15 94 16 60 72
95 20 18 18 17 149 26 34 74
100 20 16 16 Inf 204 22 53 69
110 17 18 20 Inf 144 27 82 102
120 21 20 20 Inf 242 27 86 71
130 24 20 22 Inf 210 30 93 81
140 20 20 16 Inf 219 26 93 78
150 23 24 22 Inf 179 30 72 98

159
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The parameters A\; and \,, are respectively the smallest and largest eigenvalues. The
parameter p controls the distribution of the eigenvalues. We use \; = 0.1, A, =
100 and a value p = 0.9 which gives well-separated large eigenvalues. Then we
choose A = QAQT where Q is an orthonormal matrix. The eigenvalues and the
first components of the eigenvectors are explicitly known. The tridiagonal matrix
which is the solution of the inverse problem is computed with the Lanczos algo-
rithm with double reorthogonalization which (for this particular problem) gives
results that are close to those of exact arithmetic; see [239]. Results are given in
tables 10.31 and 10.32. The stars mean that the elements of the Jacobi matrix are
completely wrong. We see that the Lanczos methods are not able to correctly re-
construct the Jacobi matrix for this problem, except at the very beginning when the
orthogonality is still preserved. The method that seems the most reliable is pftoqd.
Note that the results for (3 are worst than those for the diagonal coefficient ay.

Table 10.31 Inverse problem for the Strako$ matrix, relative error / u for ay

k Lanc. | Lanc. Rat. convqr | RKPW | pftoqd | Stielt.
MGS Lanc.

1 0 0 0 0 0 0 0
5 3 14 8 4 4 5 16
10 8 22 24 4 4 2 83
15 8 68 71 16 18 7 347
20 * * * 12 10 [§ *
25 * * * 17 12 14 *
30 * * * 28 31 16 *
35 * * * 14 27 12 *
40 * * * 36 60 22 *
45 * * * 26 62 34 *
50 * * * 23 72 28 *
55 * * * 33 94 38 *
60 * * * 36 58 38 *
65 * * * 44 102 38 *
70 * * * 54 150 36 *
75 * * * 30 102 22 *
80 * * * 42 55 32 *
85 * * * 34 156 16 *
90 * * * 28 73 17 *
95 * * * 32 114 21 *
100 * * * 29 118 21 *
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Table 10.32 Inverse problem for the Strako§ matrix, relative error / u for S

k Lanc. | Lanc. Rat. convqr | RKPW | pftoqd | Stielt.
MGS Lanc.

1 0 0 0 0 0 0 0

5 1 3 2 4 3 2 6
10 4 4 4 6 8 2 40
15 6 8 6 12 6 6 492
20 * * * 9 12 6 *
25 * * * 16 34 8 *
30 * * * 16 42 8 *
35 * * * 38 32 14 *
40 * * * 22 52 14 *
45 * * * 25 134 31 *
50 * * * 23 58 27 *
55 * * * 34 119 50 *
60 * * * 169 195 116 *
65 * * * 179 324 106 *
70 * * * 324 388 168 *
75 * * * 137 202 89 *
80 * * * 1076 328 526 *
85 * * * 420 531 411 *
90 * * * 1129 701 223 *
95 * * * 3746 1060 926 *
100 * * * 3492 1513 646 *
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Chapter Eleven

Bounds and Estimates for Elements of
Functions of Matrices

11.1 Introduction

In this chapter we consider the computation of elements of a function f(A) of a
symmetric matrix A. If A = QAQ7 is the spectral decomposition of A with @
orthogonal and A diagonal, then f(A) = Qf(A)QT. Diagonal elements can be
estimated by considering

[f(A)]ii = ()T f(A)e,

where e’ is the ith column of the identity matrix. Following chapter 7, we can apply
the Lanczos algorithm to the matrix A with a starting vector e?. This generates tridi-
agonal Jacobi matrices Jj;,. The estimate of [f(A)]; ; given by the Gauss quadrature
rule atiteration k is (e!)” f(Jx)e!, thatis, the (1, 1) entry of the matrix f(.J;). This
estimate is a lower or upper bound if the derivative of order 2k of the function f has
a constant sign on the interval [A1, A,,]. Other bounds can be obtained with Gauss—
Radau and Gauss—Lobatto quadrature rules by suitably modifying some elements
of Jj, as we have seen in chapter 6.
Off-diagonal elements of f(A) correspond to

[f(A)]ig = ()T f(A)e, i #].

For this case, we cannot directly use the Lanczos algorithm to generate the orthog-
onal polynomials. Nevertheless, as we have already seen in chapter 7, there are
several ways to deal with this problem. First of all, one can use the identity

()T f(A)e’ = %[(ei + )T f(A) (e +el) — (¢ — )T f(A) (e — )]

Then by using the Lanczos algorithm twice with starting vectors (1/2) (e’ +¢7) and
(1/2)(e’ — €7), one can obtain estimates of [f(A)]; ;. Signs of the derivatives of
f permitting, bounds can be obtained by combining upper and lower bounds from
the Gauss and Gauss—Radau rules.

Another possibility is to use the symmetric variant of the nonsymmetric Lanczos
algorithm, see chapter 4. However, we cannot directly use v! = e’ and ¢! = e’ as
starting vectors because these vectors are orthogonal and therefore, the algorithm
will break down immediately. A way to avoid this difficulty is to choose v! = ¢?/§
and 9! = de’ +e’ where § is a positive parameter. Then, (v')T9! = 1. Introducing
this parameter § has the added advantage of being able to choose it to have the
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product of the off-diagonal elements of .J; to be positive. In this case the two sets
of polynomials are the same, simplifying the algorithm.

The third possibility is to use the block Lanczos algorithm with a starting matrix
Xo = (€%, e?). The difficulty with this approach is that we only obtain estimates
and not bounds.

Bounds for the entries of matrix functions have been used by Benzi and Golub
[27] to construct preconditioners for iterative methods. Benzi and Razouk [28]
obtained decay bounds for elements of functions of sparse matrices.

11.2 Analytic Bounds for the Elements of the Inverse

We consider obtaining analytical bounds for the entries of the inverse of a given
matrix by doing one or two iterations of the Lanczos algorithm. This is obtained
by considering the function

f(A):i, 0<a< A<,
for which the derivatives are
FEFDN) = —(2k + DI ATCRFD 0 pCRI(\) = (2k)1 \~(R+D),

Therefore, the even derivatives are positive on [a, b] when ¢ > 0 and the odd deriva-
tives are negative, which implies that we can use the results of chapter 6, mainly
theorems 6.3, 6.4 and 6.5, which show that the Gauss rule gives a lower bound, the
Gauss—Radau rule gives lower and upper bounds and the Gauss—Lobatto rule gives
an upper bound.

Performing analytically two Lanczos iterations, we are able to obtain bounds for
the entries of the inverse.

THEOREM 11.1 Let A be a symmetric positive definite matrix. Let
s? :Za?i’ i=1,...,n;
j#i
we have the following bounds for the diagonal entries of the inverse given respec-
tively by the Gauss, Gauss—Radau and Gauss—Lobatto rules

i ‘ak‘.'ak‘,lal,' _
Zk;él Zl;éi ) ? . < (A l)i,i,
Wi D hoots Doioti Vi@l — (Zk;ﬁi fli,i)

52 32
aii —b+ 3 -1 Qi —a+ 4
2 b 2 = (A7 )ia < 2 27
aj; — 43,30 + 8; Ay — Qi iQ + 55
a+b—a
1 )
(A7) <
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Proof. We denote the elements of the matrix A as a; ;. We choose the initial vec-
tor v = ¢’ and we apply the Lanczos algorithm. The first step of the Lanczos
algorithm gives

o = (ei)TAei = a;;,

mv? = (A — oy I)e’.
Let s; be defined by
512 = Za?ia
J#i
and
d" = (a1,iy ey @i1,6,0, Qi 10y s Qi)

Then

1 ..
m = Si, v? = =d".
Si

From this, we have
o A 2 2\ 1
az = (Av,v7) = 32 E E Ak,iOk, 101 -
U Lot £

We can now compute the Gauss rule and obtain a lower bound on the diagonal
element by considering the matrix

JQ(al 771)7
m Q2

Jol = L a2 T
2 arag — 2 \—m o

The lower bound is given by (e')7.J; 'el, the (1, 1) entry of the inverse,

and its inverse

(T Jyte! = @2 _ Ek;ﬁi Zz# Qk,i Ok, 1013

araz =i 2 )
@4, Zk;éi Zl;ﬁi Ok,i0k, 1017 — Zk;ﬁi Ai
Note that this bound does not depend on the extreme eigenvalues of A. To obtain

an upper bound we consider the Gauss—Radau rule. Then, we have to modify the
(2,2) element of the Lanczos matrix

7 a1 N
Jo = ,
’ (m £>

and the eigenvalues \ of .J; are the roots of (a; — A)(€ — \) —n? = 0, which gives
the relation

n}

041—/\.

=X+
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To obtain an upper bound we impose the requirement of an eigenvalue equal to the
lower bound of the eigenvalues of A, A = a. The solution is

0

)
a1 —a

§=8=a+
from which we can compute the (1, 1) element of the inverse of Jo,
T 7-11 £
e)Jy e =—"—.
( ) 2 alg o 77%

For the Gauss—Lobatto rule we want .J5 to have a and b as eigenvalues. This leads
to solving the linear system

a;—a —1 £\ aqy — a?
a;—b —1 n? ) \bag—b* )"

Solving this system gives £ = a + b — o and, since the determinant should be ab,
computing the (1, 1) element of the inverse gives the upper bound

at+b—oq
ab
Note that in this case all the eigenvalues are prescribed. O

Of course, these bounds are not sharp since they can be improved by doing more
Lanczos iterations, except if the Lanczos algorithm converges in one iteration.
More iterations can eventually be done analytically by using a symbolic calcula-
tion software. For off-diagonal entries it is not too easy to derive analytical bounds
from the block Lanczos algorithm since we have to compute repeated inverses of
2 x 2 matrices. It is much easier to use the nonsymmetric Lanczos method with the
Gauss—Radau rule. We are looking at the sum of the (7, ¢) and (¢, j) elements of the
inverse. The computations are essentially the same as for the diagonal case.

THEOREM 11.2 Let A be a symmetric positive definite matrix and
l; = Z ai(ak,i + akj) — aij(aij +aii).
ki
For (A1), ; + (A7), ; we have the two following estimates
aiit+ai;—a+ b aii+ai;—b+ Y
(aii +aij)? —alais +aiz) bt (ais+ai;)? —blais +aiz) +t;

If t; > 0, the first expression with a gives an upper bound and the second one
with b a lower bound. Then, we have to subtract the bounds for the diagonal term
to obtain bounds on (A~1); ;.

The previous results can be compared with those obtained using variational
methods by Robinson and Wathen [285]. More precise results can also be obtained
for sparse matrices taking into account the sparsity structure since in this case some
terms in the sums arising in theorems 11.1 and 11.2 are zero.



166 CHAPTER 11

11.3 Analytic Bounds for Elements of Other Functions

If we would like to obtain analytical bounds of diagonal elements for other func-
tions, we see from the derivation for the inverse that all we have to do is to compute
f(J) for a symmetric matrix J of order 2 whose coefficients are known. Let

= (5 1)

If we are interested in the exponential we have to compute exp(J) (in fact only
the (1, 1) element). We use, for instance, a symbolic mathematics package. In the
Matlab symbolic toolbox there is a function giving the exponential of a symbolic
matrix. The result is the following.

We have o = a;;, n = s;, using the notations of the previous section. The
element ¢ is either o or &,.

PROPOSITION 11.3 Let
6 = (Oé - 5)2 +47727

W=eXp<%(a+£—\/5)),

w_am(;a+5+¢®>.

Then, the (1, 1) element of the exponential of J is
1 w —

§P+w+—z§m—©]

Although these expressions are quite complicated, if we substitute the values of the
parameters we obtain a lower bound from the Gauss rule and an upper bound from
the Gauss—Radau rule.

For other functions which are not available in the symbolic packages we can
compute analytically the eigenvalues and eigenvectors of J. In fact we just need
the first components of the eigenvectors. The eigenvalues are

A+:%m+g+¢®,x_:%m+g—¢a

The matrix of the unnormalized eigenvectors is
_(9 n

1 1
Gz—aﬂa—£+V®,u=—5ﬁa—§—¢®

where

The first components of the normalized eigenvectors are 8/+/1 4+ 62 and pu/+/1 + p2.
Then we have to compute the (1,1) element of Qf(A)QT where A is the diago-
nal matrix of the eigenvalues A, and A_ and Q is the matrix of the normalized
eigenvectors. We need the values 02 /(1 + 62) and 2 /(1 + p?).
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LEMMA 11.4 We have
62 _a—f—&—\/g w2 __a—§—\/3

1+62 o5 1 1+p2 20

From this lemma we obtain the (1, 1) element of f(.J).

THEOREM 11.5 The (1,1) element of f(J) is

Z—jg (a—)(F\) — FO) +Vo(FO ) + FOA))] -
Proof. Clearly the (1, 1) element is
92 2

1
mf()ur) + Wf()\f)

Using the expressions of lemma 11.4 and simplifying we obtain the result. o

We see that if f is the exponential function we recover the results of propo-
sition 11.3. From the last theorem we can obtain analytic bounds for the (4,1%)
element of f(A) for any function for which we can compute f(A;) and f(A_).

11.4 Computing Bounds for Elements of f(A)

A way to compute bounds or estimates of elements of the matrix f(A) for a sym-
metric matrix A is to apply the general framework described in chapter 7. For
diagonal entries we are interested in (¢?)” f(A)e’ and we apply the Lanczos algo-
rithm to A with a starting vector v' = e’. Ateach iteration k we augment the Jacobi
matrix Jx_; to obtain J. Then we can use quadrature rules to obtain the bounds if
the signs of the derivatives of the function f are constant on the integration interval.
If, for instance, we are interested in the diagonal elements of the inverse of A, then
we can compute incrementally the quantities (e!)”.J & el that give the bounds; see
chapter 3. We have a lower bound from the Gauss rule. If we know lower and upper
bounds of the smallest and largest eigenvalues respectively, then the Gauss—Radau
rule gives lower and upper bounds for the diagonal entries of the inverse of A.

If we are interested in the off-diagonal elements, we may use the nonsymmetric
Lanczos algorithm. In some cases we can obtain bounds. Another possibility is
to use the block Lanczos algorithm, but in this case we are not able to tell if the
computed quantities are lower or upper bounds.

11.5 Solving Az = c and Looking at d” x

In some applications it may be interesting to look at quantities like d”x, where
d is a vector and x is the solution of a linear system Ax = ¢, without explicitly
solving for x. For instance, one may be interested only in the /th component of the
solution, in which case d = e'. For a symmetric matrix, this can be done by using
the framework of chapter 7. We use the Lanczos or block Lanczos algorithms with
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only a very small storage and we can obtain bounds or estimates of d” z. Of course,
this can also be done by first solving the linear system Az = ¢ and then computing
d”'z. But, in some problems this process is less stable and accurate than computing
the estimates using the Lanczos algorithms.

11.6 Estimates of tr(A~') and det(A)

In [15] Bai and Golub studied how to estimate the trace of the inverse tr(A~!)
and the determinant det(A) of symmetric positive definite matrices; see also [16].
There are applications arising in the study of fractals [291], [351], lattice quantum
chromodynamics (QCD) [296], [88] and crystals [253], [254]; see also [227]. Es-
timates of determinants have also been considered in Ipsen and Lee [197]. The
estimates are based on the following result.

LEMMA 11.6 Let A be a symmetric positive definite matrix. Then,
In(det(A4)) = tr(In(A)). (11.1)
Proof. The matrix A being symmetric positive definite, we have A = QAQT and

In(A) = QIn(A)QT. Therefore, if we denote by ¢ the columns of @ that are

vectors of norm 1,
n

tr(ln(4)) = Y (g} () + - + (¢7)* In(An)] = In(Ar) + -+ + ().

i=1
On the other hand, it is obvious that

n

det(A) = det(A) = [ .

Therefore

which proves the result. g

Lemma 11.6 shows that to bound det(A) we can bound In(det(A)), which is the
same as bounding tr(In(A)). Therefore, in this section, we consider the problem
of estimating tr(f(A)) with f(A\) =1/ and f(A) = In(A).

11.6.1 tr(A™1)

In [15] Bai and Golub obtained bounds using Gauss quadrature analytically. Let

n b
M,:tr(AT):ZAg:/ N dao
i=1 a

be the moments related to «, the measure (which we do not know explicitly) with
steps at the eigenvalues of A. The first three moments are easily computed

po=m, g1 =tr(A) =Y ai; pp=te(A%) =" ai; = A}

i=1 ij=1
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A Gauss—Radau quadrature rule is written as

b
Ly :/ Nda = i, + R,
a
The approximation of the integral is
iy = wotl + wt], (11.2)
where the weights wg, w; and the node t; are to be determined. The node ¢y is
prescribed to be a or b, the ends of the integration interval. From chapter 6 we know
that ¢y and ¢; are the eigenvalues of a 2 x 2 matrix. Hence, they are solutions of a
quadratic equation that we write as c£2 + d¢ — 1 = 0. Because of equation (11.2),
this implies that

iy + dfir—1 — fir—2 = 0. (1L.3)
For r = 0, 1, 2 the quadrature rule is exact, ji, = p, and ¢ is a root of the quadratic
equation. This gives two equations for ¢ and d,

cpo +dpy — po =0,
ct? +dtg —1=0.
By solving this linear system we obtain the values of ¢ and d,
(2)=(i %) (%)
d) — \t& t 1)
The unknown root ¢; of the quadratic equation is obtained by using the product of
the roots, t; = —1/(tgc). The weights are found by solving
woto + w1ty = 1,
wotg + wlt? = 2.

-1
wo\ _ (to t K1
w1 t% t% 175) ’
To bound tr(A~1) we use equation (11.3) with r = 1,

cpa + djig — fi—1 = 0.
But fig = po and 13 = 1. Hence,

fioi=(p1 po) (2),

-1
_ K2 1 Ho
:u—l_(lul ,uo)(tg t()) (1)

po1 = fio1 + Ry (),

This gives

which gives

Then,

and the remainder is

b
R_l(A)z—n—ﬂ/ (A= t0) (A — 11)2 da,

for some a < n < b. If the prescribed node is ty = a the remainder is negative
and fi_; is an upper bound of p_;. It is a lower bound if ¢5 = b. This leads to the
following result.
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THEOREM 11.7 Let A be a symmetric positive definite matrix, 1 = tr(A), ps =
| A||2, the spectrum of A being contained in [a,b], then

oo () (D) = in w () (1),

(11.4)

11.6.2 det(A)

For bounding tr(In(A)) we use the same method as for the trace of the inverse. We
have

n b
tr(in(A)) = In\; = / In A dav.
i=1 @
Slight modifications of what we did before lead to the following theorem.

THEOREM 11.8 Ler A be a symmetric positive definite matrix, 1 = tr(A), ps =

| A||2, the spectrum of A being contained in [a,b], then
—1 N
a t 11 (b M1
< <
(lna 1n§)<a2 _2) (’u2)_tr(ln(A))_(lnb lnt)<b2 P) (N?)’
(11.5)
where
PR ey - bui — o
T oan—up bn — py

Another possibility to compute the trace is to consider the diagonal elements of
A=Y, From chapters 6 and 11 we know how to estimate (e?)” A~'e!. However,
this approach requires computing n such estimates. This might be too costly if n
is large. In Bai, Fahey, Golub, Menon and Richter [18] it was proposed to use a
Monte Carlo technique based on the following proposition; see Hutchinson [195]
and also Bai, Fahey and Golub [17].

PROPOSITION 11.9 Let B be a symmetric matrix of order n with tr(B) # 0. Let
Z be a discrete random variable with values 1 and —1 with equal probability 0.5
and let z be a vector of n independent samples from Z. Then 27 Bz is an unbiased
estimator of tr(B),

E(z"Bz) = tr(B),
var(z? Bz) = 2 Z b7 5,
it

where E(-) denotes the expected value and var denotes the variance.

The method proposed in [18] is to first generate p sample vectors z*, k =
1,...,p < n and then to estimate (2*)? f(A)z*. This gives p estimates oy, from
which an unbiased estimate of the trace is derived as

tr(F(A)) ~ % 3o
k=1
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If we have p lower bounds U,f and p upper bounds akU, we obtain lower and upper
bounds by computing the means

1
*Z% < SEHTIA < oS
Pia P4

The quality of such an estlmatlon was assessed in Bai, Fahey and Golub [17] by

using the following Hoeffding exponential inequality.

PROPOSITION 11.10 Let wy, wo, ..., wy, be p independent random variables with
zero means and ranges a; < w; < b;. Then for each 1 > 0 we have the following
inequalities for the probabilities

Plwy+ 4w, >n) <e < 20 )
wl PN w > 77 < Xp e

? f:l(bi —a;)?
and

—2772
(i 1 Pl ,'7) f:1(bL _ ai)Q

We apply this result with w; = (2%)7(In(A4))z* — tr(In(A)). Let 0% = mino}
and 0V = max c. Then we have the bounds

E—tr(In(A)) < w; < oY — tr(In(A)).

Hence, by proposition 11.10 we have
1L —2n?
P( 2n>§2eXp( 77>7
D d

=3 (ZF) " In(A)2* — tr(In(A))
where d = p( U—_ol)2andnisa given positive tolerance value. This means that

Pia
—on?
( Zak——<trln Zcrk—k >>1—2exp( d”).

Therefore the trace of In(A) is in the 1nterva1
p

1o r n1 v, "
PSP W
P4 L

with probability ¢ = 1 — 2 exp(—2n?/d). If the probability ¢ is specified we have

nm_ \/;(UU —oL)2In <12q)
p p

For a fixed value of ¢, 7/p — 0 when p — oo. Therefore, for a large value of p,
the confidence interval is determined by the means of the lower and upper bounds.
Of course, it does not make sense to have p > n.

For the case of a nonsingular and nonsymmetric matrix A which arises in some
lattice QCD problems [296], one has to estimate

det(AT A) = (det(A))? = exp(tr(In(AT A))).

Therefore, we can estimate tr(f(AT A)) with f(A) = In()) using the same tech-
niques as before. Finally, we have

det(A) = +4/exp(tr(ln(AT A))).

The drawback of this technique is that we cannot obtain the sign of the determinant.
However, there are many problems for which this is known in advance.
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11.6.3 Partial Eigensums

Some applications in solid state physics for computing the total energy of an elec-
tronic structure require solving the following problem; see Bai, Fahey, Golub,
Menon and Richter [18]. Let H and S be two symmetric matrices of order n,
S being positive definite, involved in the generalized eigenvalue problem

Hy = A\Sy,
with eigenvalues A;. Let 1 be a real number such that
ME<Ae A << Amgr < 0 < A
Then, one wants to compute the partial eigenvalue sum
Tu=M~+ "+ Ap.
To solve this problem, let us construct a function f such that
Aiy AF N ,
Fhi) = {07 if \; i Z
A simple choice is f(A\) = Ah(A), h being a step function:
o ={g sk
However, for our purposes, it is better to use a continuously differentiable function.
Let f(\) = Ag(\) where

1
g(A) = W7

k being a given parameter. The smaller is x, the closer g is to the step function h.
Hence, as an approximation of the partial eigensum of A, we use

ST (A

i=1
The problem has been transformed to computing (e?)T f(A)e?, i = 1,...,n. In
[18] this algorithm is applied to the matrix A = L~ HL~T where L arises from a
Cholesky factorization of S = LLT.

This can be expensive if n is large. Another possibility that we will explore in

the numerical experiments is to use the modified Chebyshev algorithm to compute
the trace of f(A).

11.7 Krylov Subspace Spectral Methods

Another application of Gauss quadrature rules for estimating bilinear forms was
developed by J. Lambers [211], [212], [213], [215] and [215]. The goal is to solve
time-dependent linear partial differential equations with spectral methods. Con-
sider, for instance, the following problem in one spatial dimension

— + L(xz,D)u =0, wu(z,0)=mug
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in [0, 27] with periodic boundary conditions
u(0,t) = u(2m,t),

where D is a differential operator of order m. To solve such a PDE, the important
operator is S = exp(—L). The Krylov subspace spectral (KSS) method computes
an approximation of the solution at discrete times t,, = nAt. It uses Gauss quadra-
ture to compute the Fourier components of the approximation @ of the solution

ey ts1) = <\/%eiw”, S(m,D)a(a;,tn)> .

Space is discretized with a uniform grid of step size h = 27 /N. Then,
lpy1 ~ (6,)7 Sy (At)u(t,),

where the components of the vectors are

)y = o=, [ulta)]; = uliht)
and the matrix is Sy = exp(—Ly) where Ly is the operator restricted to the
spatial grid.

The bilinear form is estimated by using our techniques with Gauss or Gauss—
Radau quadrature rules. In practical applications the number of quadrature nodes
is small, say 2 or 3. The main reason for the success of this type of method is that
a different Krylov subspace is used for each Fourier component. Note that is is dif-
ferent from the methods using exponential integrators, see for instance Hochbruck
and Lubich [192].

The practical implementation of KSS algorithms for different types of PDEs is
studied in [212]. Numerous numerical examples of the efficiency of these methods
are given in Lambers’ articles. More recently, block quadrature rules have been
investigated in [215].

11.8 Numerical Experiments

In this section we provide numerical results concerning the problems we have de-
scribed in the previous sections. First we consider computing bounds for elements
of a function of a symmetric matrix A. We consider f(\) = 1/, which corre-
sponds to the inverse of A, f()\) = e corresponding to the exponential of the ma-
trix and f(\) = v/\ for the square root of the matrix. For applications in physics,
see Haydock [183], [182], Haydock and Te [184] and Nex [247], [248]. We use
some examples from [149].

11.8.1 Description of the examples

We first consider examples of small dimension for which the inverses are explicitly
known. Then, we will turn to larger examples arising from the discretization of
partial differential equations. The numerical computations were done with Matlab
6 on different personal computers using IEEE floating point arithmetic.
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Example F1
This is an example of dimension 10,

m 9 8 7 6 5 4 3 2 1

9 18 16 14 12 10 8 6 4 2

8 16 24 21 18 15 12 9 6 3

7 14 21 28 24 20 16 12 8 4

A i 6 12 18 24 30 25 20 15 10 5

111 5 10 15 20 25 30 24 18 12 6

4 8 12 16 20 24 28 21 14 7

3 6 9 12 15 18 21 24 16 8

2 4 6 8 10 12 14 16 18 9

1 2 3 4 5 6 7 8 9 10

It is known (see [234]) that the inverse of A is a tridiagonal matrix

2 -1

AT =

The eigenvalues of A are therefore distinct, explicitly known as the inverses of
those of A~!. To four decimal digits the minimum and maximum eigenvalues are
0.2552 and 12.3435.

Example F2

We use a tridiagonal matrix whose nonzero elements in a row are —1, 2, —1
except for the first row where the diagonal element is 3 and the last row for which
the diagonal element is 1. The inverse is one half a matrix whose elements of the
first row and column are equal to 1. In row and column 4, the elements (i, j) for
J > i inthe row and (j,¢) for j > i in the column are equal to 2(¢ — 1) + 1.

An example of order 5 is

3 -1
-1 2 -1
A= -1 2 -1 ,
-1 2 -1
-1 1
whose inverse is
1 1 1 11
1 1 3 3 3 3
At=2-11 3 5 5 5
21135 7 7
1 3 5 79

The minimum and maximum eigenvalues of the matrix A are 0.0979 and 3.9021.
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Example F3
We consider an example proposed by Strako$ [315]. This is a diagonal matrix A
whose diagonal elements are

i—1
n—1

)\i:)\1+< )()\n—)\l)pn_i,izl,...,n.

The parameters A\; and )\, are respectively the smallest and largest eigenvalues.
The parameter p controls the distribution of the eigenvalues. We will use \; =
0.1, A\, = 100 and a value p = 0.9 which gives well-separated large eigenval-
ues. Let @) be the orthogonal matrix of the eigenvectors of the tridiagonal matrix
(—1, 2, —1). Then the matrix is A = Q7' AQ. It has the same eigenvalues as A.

Example F4

This example is the matrix arising from the five-point finite difference approxi-
mation of the Poisson equation in a unit square with an m x m mesh. This gives a
linear system Az = c of order m?, where

T I
-1 T -I
A= RS :
-1 T -I
-1 T
each block being of order m, and
4 -1
-1 4 -1
T = .
-1 4 -1
-1 4

For m = 6, the minimum and maximum eigenvalues are 0.3961 and 7.6039.

Example F5
This example arises from the five-point finite difference approximation of the
following diffusion equation in a unit square,

—div(aVu)) = f,

with homogeneous Dirichlet boundary conditions. The diffusion coefficient a(x, y)
is constant and equal to 1000 in the square ]1/4,3/4[x]1/4,3/4[ and equal to 1
otherwise. For m = 6, the minimum and maximum eigenvalues are 0.4354 and
6828.7.

In the captions of the tables we will denote the use of Gauss quadrature with the
Lanczos algorithm by GL, the nonsymmetric Gauss quadrature with the nonsym-
metric Lanczos algorithm by GNS and the block Gauss quadrature with the block
Lanczos algorithm by GB.
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11.8.2 Bounds for the Elements of the Inverse
11.8.2.1 Diagonal Elements

In the following results, Nit denotes the number of iterations of the Lanczos algo-
rithm. This corresponds to N for the Gauss and Gauss—Radau rules and N — 1 for
the Gauss—Lobatto rule.

Example F1

We are looking for bounds for (A~1)5 5 whose exact value is 2. Results (rounded
to four decimal digits) are given in table 11.1. In this example five or six iterations
should be sufficient, so we are a little off the theory. For Gauss—Radau and Gauss—
Lobatto we use the “exact” smallest and largest eigenvalues.

Table 11.1 Example F1, GL, Agé =2

[ Rue [ Nie=l [ 2 [ 3 [ 4 [ 5 [ 6 [7]
[ G ][ 03667 [ 1.3896 | 1.7875 | 1.9404 | 1.9929 [ 1.9993 [ 2 ]
G-Rby, [[ 1.3430 [ 1.7627 ] 1.9376 [ 1.9926 [ 1.9993 | 2.0000 | 2

G-R by 3.0330 | 2.2931 | 2.1264 | 2.0171 | 2.0020 | 2.0001 | 2
| G-L H 3.1341 | 2.3211 | 2.1356 | 2.0178 | 2.0021 | 2.0001 ‘ 2 |

Example F2
Let us first consider a small example of order n = 5. We look at bounds for
(A~1)5 5, whose exact value is 4.5. Results are given in table 11.2.

Table 11.2 Example F2, GL, n =5, A5 ; = 4.5

[(Rae [Nl | 2 | 3 [ 45 ]
L6 It 1 2 | 3 [47]45]
G-Rby, || 1.3910 | 24425 [ 34743 | 45 | 45
G-Rby || 58450 | 4.7936 | 4.5257 | 4.5 | 45
[ GL ] 7.8541 | 52361 | 4.6180 | 45 | 4.5 ]

Now, we consider the same example with n = 100. We are interested in the
(50, 50) element of the inverse whose value is 49.5. Results are given in table 11.3.
These results do not seem to be very encouraging since we obtain good bounds only
after a large number of iterations, around 80 or 90 iterations. However, the eigen-
value distribution for the matrix A is such that the convergence of the Ritz values
towards the eigenvalues is very slow and this is what we see also for the lower and
upper bounds for the quadratic form. With this kind of matrix, since there is no
convergence in the early iterations, orthogonality of the Lanczos vectors is usually
quite good. We have seen in chapter 7 that the convergence of the bounds for the
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quadratic form is closely linked to the convergence of the Ritz values towards the
eigenvalues of A. For this example, it could be interesting to use a preconditioner.

Table 11.3 Example F2, GL, n = 100, A5 5, = 49.5

Nit [ G [GRb, [ GRby | GL |
10 [ 5.0000 [ 5.2503 [ 196.4856 | 205.9564
20 [ 10.0000 | 102507 | 105.6575 | 107.9577
30 [ 15.0000 | 152510 | 76.5260 | 77.4667
40 [ 20.0000 | 20.2515 | 63.3448 | 63.8080
50 [ 24.8333 | 249187 | 55.6146 | 56.3129
60 [ 29.9783 | 30.2094 | 522493 | 52.3811
70 | 349884 | 35.2308 | 50.5347 | 50.5955
80 | 39.9921 | 40.2407 | 49.7693 | 49.7925
90 [ 44.9940 | 452526 | 49.5253 | 49.5300
100 [ 49.5000 | 49.5000 | 49.5000 | 49.5000

Example F3

We choose n = 100 and we consider the (50, 50) element whose value is 4.2717.
The results are given in table 11.4. The convergence is much faster than with the
previous example. Due to the rapid convergence of some eigenvalues at the begin-
ning of the iterations, there is a large growth of the rounding errors and appearance
of multiple copies of the already converged eigenvalues; see [239]. But we obtain
good bounds after only 30 iterations.

Table 11.4 Example F3, GL, n = 100, A5y 5, = 4.2717

Nit | G [GRb, [GRby | GL |
10 ] 27850 [ 3.0008 [ 5.1427 [ 5.1664
20 | 40464 [ 4.0505 | 44262 [ 4.4643
30 | 42545 | 42553 | 4.2883 | 4.2897
40 | 42704 | 42704 | 42728 [ 4.2733
50 | 42716 | 42716 | 42718 [ 4.2718
60 | 42717 | 42717 | 42717 | 42717

Example F4

We first consider m = 6. Then we have a small matrix of order n = 36 and we
look for bounds on (A_l)lg’lg whose value is 0.3515. This matrix has 19 distinct
eigenvalues, therefore we should get the exact answer in about 10 iterations for
Gauss and Gauss—Radau and 9 iterations for Gauss—Lobatto. Results are given in
table 11.5.

Now, we consider m = 30 which gives a matrix of order 900. We want to
compute bounds for the (150, 150) element whose value is 0.3602. We show the
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Table 11.5 Example F4, GL, n = 36, Ay s = 0.3515

[ Rue [T Nie=l | 2 | 3 [ 4 [ 8 | 9 |
[ G ] 025 [03077 [ 03304 [ 03411 [ 0.3512 | 0.3515 |

G-Rbp, 0.2811 | 0.3203 | 0.3366 | 0.3443 | 0.3514 | 0.3515
G-Rby || 0.6418 | 04178 | 03703 | 0.3572 | 0.3515 | 0.3515

[ GL ][ 1.3280 [ 04990 | 03874 | 03619 [ 03515 [ - |

results in table 11.6. We have very good estimates much sooner than expected.
This is because there are distinct eigenvalues which are very close to each other.

Table 11.6 Example F4, GL, n = 900, Afslo,wo = 0.3602

[Nit] G [GRb, [GRby | GL |
10 ] 03578 [ 03581 | 03777 [ 0.3822
20 [ 03599 [ 03599 | 03608 | 0.3609
30 [ 03601 [ 03601 | 03602 | 0.3602
40 ] 03602 [ 03602 | 03602 | 0.3602

Example F5

We take m = 6 as in the previous example. So we have a matrix of order 36. The
(2, 2) element of the inverse has an “exact” value of 0.3088 and there are 23 distinct
eigenvalues so that the exact answer should be obtained after 12 iterations but the
matrix is ill conditioned. We get the results in table 11.7. Then, we use m = 30
which gives a matrix of order n = 900 and look for the element (200, 200) whose
value is 0.4347. Results are given in table 11.8. Convergence is slower than for
Example F4.

Table 11.7 Example F5, GL, n = 36, A, ; = 0.3088

[ Rule J[Nie=l [ 2 [ 4 | 6 [ 8 [ 10 | 12 | 15 |
[ G ] 025 [02503 ] 02525 ] 0.2609 | 0.2837 | 0.2889 [ 0.3036 | 0.3088 ]

G-R by, 0.2504 | 0.2516 | 0.2583 | 0.2821 | 0.2879 | 0.2968 | 0.3044 | 0.3088
G-R by; 0.5375 | 0.5202 | 0.5080 | 0.5039 | 0.5013 | 0.3237 | 0.3098 | 0.3088

[ GL [ 2.2955 [ 0.5765 ] 0.5156 | 0.5065 | 0.5020 | 0.3237 ] 0.3098 | 0.3088 |

In conclusion, we have seen that the convergence of the bounds or estimates
obtained with the Lanczos algorithm is closely linked to the convergence of the
Ritz values toward the eigenvalues of A.
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Table 11.8 Example F5, GL, n = 900, Ayjq 500 = 0.4347

Nit | G [ GRb, [ GRby | GL |
10 [ 02992 | 03005 | 64655 [ 6.5569
60 | 03393 | 03400 | 0.9783 | 0.9800
110 | 03763 | 03763 | 0.4791 | 0.4300
160 | 0.4085 | 0.4085 | 0.4371 | 0.4374
210 | 04292 | 04292 | 04351 | 04351
260 | 04343 | 04343 | 04348 | 0.4348
310 | 04347 | 04347 | 04347 | 0.4347

11.8.2.2 Off-Diagonal Elements with the Nonsymmetric Lanczos Algorithm

Here, we use the nonsymmetric Lanczos algorithm to obtain estimates or bounds
of off-diagonal elements.

Example F1

We are looking for estimates for the sum of the (2, 2) and (2, 1) elements whose
exact value is 1. First, we use 4 = 1 for which the measure is positive but not
increasing. Results are in table 11.9.

Table 11.9 Example F1, GNS, Ay 5 + A7 =1

[ Rue [ Nit=l | 2 | 3 | 4 | 5 1 6 | 7 ]8]
[ G ][04074 ] 0.6494 [ 0.8341 | 09512 [ 0.9998 ] 1.0004 [ 1 [ -]
G-Rby, [[ 0.6181 | 0.8268 [ 0.9488 [ 0.9998 [ 1.0004 [ 1.0001 1 -

GRby || 2.6483 | 1.4324 | 1.0488 | 1.0035 | 1.0012 | 0.9994 | 1 -
[ GL [ 3.2207 [ 1.4932 | 1.0529 | 1.0036 | 1.0012 [ 0.9993 | 0.9994 | 1 ]

We have a small problem at the end near convergence where we obtain estimates
and not bounds, but the estimates are quite good. Note that for § = 4 the measure
is positive and increasing.

Example F2

This example illustrates some of the problems that can happen with the nonsym-
metric Lanczos algorithm. We would like to compute the sum of the (2,2) and
(2,1) elements which is equal to 2. After two iterations we have a breakdown of
the Lanczos algorithm since 73 = 0. The same happens at the first iteration for
the Gauss—Radau rule and at the second one for the Gauss—Lobatto rule. Choosing
a value of § different from 1 cures the breakdown problem. We can obtain bounds
with a value § = 10 (with a positive and increasing measure). Then the value we
are looking for is 1.55 and the results of table 11.10 follow. Table 11.11 shows the
results for n = 100. We are computing approximations of the sum of elements
(50, 50) and (50, 1)/10 whose value is 49.55. As with the symmetric Lanczos al-
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gorithm the convergence is slow. At the beginning the results are very close to those
for the symmetric case because Agoll = 0.5, thus the correction to Ag0150 =49.5
is small.

Table 11.10 Example F2, GNS, n =5, Ay 5 + A5 1/10 = 1.55

[ Rule [ Nie=t | 2 | 3 [ 4 [ 5 ]
G 0.5263 | 0.8585 [ 1.0333 | 14533 [ 1.55
GRby - 1.0011 | 12771 | 1.55 -
G-R by - 1.9949 | 15539 | 155 -
[ GL [ - TJ22432[156% [ 155 [ - |

Table 11.11 Example F2, GNS, n = 100, Ago{m + Ag0{1/10 = 49.55

[Nk [ G [ GRby [ GRby [ GL ]
10 | 50000 [ 52503 | 1964856 | 2059564
20 | 10.0000 | 10.2507 | 105.6575 | 107.9577
30 | 15.0263 | 15.2771 | 76.6303 | 775740
40 | 20.0263 | 202775 | 63.4181 | 63.8826
50 | 24.8585 | 24.9436 | 55.6715 | 56.3736
60 | 30.0044 | 30.2352 | 522992 | 524315
70 | 35.0146 | 352564 | 505807 | 50.6418
80 | 40.1023 | 40.5801 | 49.8167 | 49.8283
90 | 45.1135 | 453149 | 495733 | 49.5791
100 | 49.5500 | 49.5500 | 49.5500 | 49.5500

Example F3
We use n = 100 and we compute A5_01’50 + Agol., 49 = 1.4394. The results are
given in table 11.12. We see that we obtain good bounds with a few iterations.

Table 11.12 Example F3, GNS, n = 100, A5 50 + A5g 49 = 14394

[Nit | G [GRb, [GRby | GL |
10 ] 0.8795 [ 0.9429 [ 22057 [ 2.2327
20 [ 13344 | 1.3362 | 1.5535 | 1.5839
30 | 14301 | 1.4308 | 14510 | 1.4516
40 | 1.4386 | 1.4387 | 1.4404 | 1.4404
50 | 14394 | 1.4394 | 1.4395 [ 1.4395
60 | 14394 | 1.4394 | 14394 | 1.43%4
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Example F4

We consider m = 6; then, we have a system of order 36 and we look for estimates
of the sum of the (2,2) and (2, 1) elements which is 0.4471. Remember there are
19 distinct eigenvalues. Results are given in table 11.13. Then, in table 11.14, we
use n = 900 and we compute the sum A150 150 T A150 50 = 0.3665.

Table 11.13 Example F4, GNS, n = 36, A;; + A5 = 0.4471

[ Rue [ Ni=l [ 2 [ 4 [ 6 [ 7 ] 8 [ 9 [ 10 ]
[ G ][03333 ] 04000 | 0.4369 | 0.4446 | 0.4461 [ 0.4468 [ 04471 [ - |

G-R by, 0.3675 | 0.4156 | 0.4390 | 0.4456 | 0.4466 | 0.4470 | 0.4471 -
G-R by 0.7800 | 0.5319 | 0.4537 | 0.4476 | 0.4472 | 0.4472 | 0.4471

[ GL ] 1.6660 | 0.6238 | 0.4596 | 0.4480 | 0.4473 | 0.4472 | 0.4472 | 0.4471 |

Table 11.14 Example F4, GNS, n = 900, A1_510,150 + A1_510’50 = 0.3665

[Nk ]| G [GRby [ GRby | GL |
10 [ 0.3611 | 0.3615 | 0.3917 | 0.3979
20 | 03656 | 03657 | 03678 | 0.3680
30 | 03663 | 03664 | 03666 | 0.3666
40 | 03665 | 0.3665 | 0.3665 | 0.3665

Example F5

We first take m = 6. The sum of the (2,2) and (2, 1) elements of the inverse is
0.3962 and there are 23 distinct eigenvalues. We obtain the results in table 11.15.
Then we use n = 900 and we compute the sum Agolt),zoo + Agolc),172 = 0.5625. The
results are given in table 11.16. We see that the convergence is slow.

Table 11.15 Example F5, GNS, n = 36, A; 5 + A, = 0.3962

[(Rule [ Ni=l [ 2 [ 4 | 6 [ 8 [ 10 [ 12 | 15 |
[ G [ 03333 ] 03336 | 0.3348 [ 0.3396 | 03607 | 0.3689 | 0.3899 | 0.3962 |
GRby - ] 03337 [ 0.3355 | 03460 | 0.3672 | 0.3803 | 0.3912 | 0.3962
GRby -~ | 06230 | 0.5793 | 0.5698 | 0.5660 | 0.4078 | 0.3970 | 0.3962

[ GL [ 2.2959 [ 0.6898 | 0.5850 | 0.5703 | 0.5664 | 0.4078 [ 0.3970 | 0.3962 |

11.8.2.3 Off-Diagonal Elements with the Block Lanczos Algorithm

When using block quadrature rules for computing elements of the inverse we are
faced with the problem of computing e”'.J,~ e where e is a 2k x 2 matrix which is
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Table 11.16 Example F5, GNS, n = 900, A;ngoo + Agolo,m = 0.5625

[NiK | G [GRb, [ GRby | GL ]
10 ] 03163 | 03186 | 66552 [ 6.1077
60 | 03859 | 03867 | 1.3049 | 1.3077
110 | 04592 | 04593 | 0.6562 | 0.6570
160 | 05153 | 05154 | 0.5693 | 0.5694
210 | 0.5336 | 0.5346 | 0.5635 | 0.5635
260 | 0.5607 | 0.5607 | 0.5626 | 0.5626
310 | 0.5623 | 0.5623 | 0.5625 | 0.5625
360 | 0.5625 | 0.5625 | 0.5625 | 0.5625

made of the two first columns of the identity and J, is block tridiagonal. This can
be done incrementally as for the point tridiagonal case; see chapter 3. Let f be a
matrix of dimension 2k X 2 whose columns are the last two columns of the identity
and denote by (J; ')1,1 the 2 x 2 (1, 1) block of the inverse of .J;, with

0 17
r, Q TIY
Jp = ‘ - .
Tpeo Qo TF
Feor

The matrix Jj1 is written as

Jk e
Jrt1 = ko).
. ( CefT Qg
To obtain the block (1, 1) element we are interested in the inverse of the Schur com-

plement S, = J; — fT'TQ; 1, Tw fT. We use the Sherman-Morrison-Woodbury
formula (see [154]) which gives

St =T+ T T (Qpgr = Do f T T T T 1T
For the 2 x 2 matrix we are interested in we obtain
(Jet)ia = (Jg D + (€T OTE Qg = T f T T TR T T (f7 T, e).

Hence, we have to compute e?'J, ' f which is the (1, k) block of the inverse of .J,
and (Qg41 — T fTJ, 1 fTE)~1. This is done using the block LU factorization of
Ji whose block diagonal elements are given by the recurrence

A=y, A= -1, QT i=2... k
With these notations, we have
I = (D) TATTT A TS - A T AL,
frI f=A  and Qpyy — TRALTT = Ajyg. Let
Crp=ATTT AT - AL T AT
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Putting these formulas together we obtain

(T = (I D+ Ced |, O
Going from step k to step k£ + 1 we compute C'11 incrementally. Note that we can
reuse C’kA,;il to compute C1.

Since it is difficult to compute small examples using 2 x 2 blocks, we start with
Example F3.

Example F3

This example uses n = 100. The (2, 1) element of the inverse is —3.2002. We
obtain the figures in table 11.17. We see that we obtain good approximations but
not always bounds. As an added bonus we also obtain estimates of Af} and A, 5

Table 11.17 Example F3, GB, n = 100, A;} = —3.2002

[Nik | G [ GRb, [GRby [ GL |

2 -3.0808 | -3.0948 | -3.9996 | -4.1691
3 -3.1274 | -3.1431 | -3.5655 | -3.6910
4 -3.2204 | -3.2187 | -3.2637 | -3.5216
5 -3.2015 | -3.2001 | -3.1974 | -3.2473
6 -3.1969 | -3.1966 | -3.1964 | -3.1969
7 -3.1970 | -3.1972 | -3.1995 | -3.1994
8 -3.1993 | -3.1995 | -3.2008 | -3.1999
9 -3.2001 | -3.2001 | -3.2005 | -3.2008
10 | -3.2002 | -3.2002 | -3.2002 | -3.2004

Example F4

We consider a problem of order n = 900 and look for the (400, 100) element
of the inverse which is equal to 0.0597. Results are given in table 11.18. Note
that for this problem everything works well. The Gauss rule gives a lower bound,
Gauss—Radau a lower and an upper bound.

Table 11.18 Example F4, GB, n = 900, AZolo,mo = 0.0597

Nit | G [GRb, [GRby | GL |
10 [ 0.0172 ] 0.0207 | 0.0632 | 0.0588
20 | 0.0527 [ 0.0532 | 0.0616 | 0.0621
30 [0.0590 | 0.0591 | 0.0597 | 0.0597
40 ] 0.0597 | 0.0597 | 0.0597 [ 0.0597

Example F5
As before we use n = 900. We would like to obtain estimates of the (2,1)
element of the inverse whose value is 0.1046. We get the results in table 11.19.
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Table 11.19 Example F5, GB, n = 900, A5} = 0.1046

[Nit | G [GRby [ GRby | GL |
2 ] 00894 | 0.0894 [ 0.7349 [ 1.8810
4 [ 0.1008 | 0.1008 | 0.2032 | 0.3383
6 | 0.1033 | 0.1033 | 0.1280 | 0.1507
8 | 0.1040 | 0.1040 | 0.1119 | 0.1173
10 [ 0.1044 | 0.1044 | 0.1074 | 0.1090
12 [ 0.1045 | 0.1045 | 0.1058 | 0.1064
14 [ 0.1046 | 0.1046 | 0.1054 | 0.1054
16 | 0.1046 | 0.1046 | 0.1054 | 0.1054

Note that in this example we obtain bounds. Now, we illustrate the fact that
some estimates can be 0 for some iterations. This is one of the reasons for which
we cannot always obtain bounds with the block Lanczos algorithm. We take n = 36
and we would like to estimate the (36, 1) element of the inverse, which is 0.005.
For the first iterations, the computed approximations are 0 which means that the
2 x 2 matrices which provide them are diagonal; see table 11.20.

Table 11.20 Example F5, GB, n = 36, A4, = 0.005

[ Rue N2 4] 6 [ 8 [ 10 [ 11 |
[ G ] 0. T0. 700002 0.0037 ] 0.0049 ] 0.0050 |

G-R by, 0. 0. | 0.0023 | 0.0037 | 0.0049 | 0.0050
G-R byy 0. 0. | 0.0024 | 0.0050 | 0.0050 | 0.0050
0.

[ GL ] [ 0. ] 0.0022 ] 0.0044 | 0.0050 | 0.0050 |

11.8.2.4 Dependence on the Eigenvalue Estimates

In this part, we investigate numerically how the bounds and estimates of the Gauss—
Radau rules depend on the accuracy of the estimates of the extreme eigenvalues of
A. We take Example F4 with m = 6 and look at the results given by the Gauss—
Radau rule as a function of a and b. Remember that in the previous experiments
we took for a and b the values returned by the EIG function of Matlab, that is
a = 0.3961,b = 7.6039. Using these values, we need nine Lanczos iterations to
obtain the correct result up to four decimal digits.

It turns out that (for this example) the estimates are only weakly dependent on
the values of a and b. We look at the number of Lanczos iterations needed to obtain
an upper bound for the element (18, 18) with four exact digits. The results are
given in table 11.21. Note that it works even when a > A;;,. We have the same
properties when b is varied.

Therefore, we see that the estimation of the extreme eigenvalues does not seem
to matter too much. In any case, better estimates of the smallest and largest eigen-
values can be obtained after a few iterations of the Lanczos algorithm or with the
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Table 11.21 Example F4, GL, n = 36

[a=10"%]102J01J03]J04]176]
[ 15 ] 13 JuJir] 8 [8]9]

Gerschgorin disks.

11.8.3 Bounds for the Elements of the Exponential

In this section we are looking for bounds of elements of the exponential of the
matrices for some of the examples. We will see that the convergence of the bounds
to the exact values is quite fast.

11.8.3.1 Diagonal Elements

We first compute diagonal elements of the exponential for some of our examples.

Example F1
The (5, 5) entry is 4.0879 10*. The Gauss rule obtains the “exact” value in four
iterations, the Gauss—Radau and Gauss—Lobatto rules in three iterations.

Example F3
We use n = 100 and compute the (50, 50) element, whose value is 5.3217 10*!.
Results are given in table 11.22. We obtain good bounds very rapidly.

Table 11.22 Example F3, GL, n = 100, exp(A)s0.50 = 5.3217 10**. Results x10~*!

[Nk | G [GRby [ GRby | GL |

2 0.0000 | 0.0000 7.0288 | 8.8014
3 0.0075 | 0.2008 5.6649 | 6.0776
4 1.0322 | 2.5894 5.3731 5.4565
5 3.9335 | 4.7779 5.3270 | 5.3385
6 5.1340 | 5.2680 5.3235 | 5.3232
7 5.3070 | 5.3178 5.3218 | 5.3219
8 5.3203 | 5.3209 5.3218 | 5.3218
9 53212 | 5.3213 53217 | 5.3217
10 | 5.3215 | 5.3217 53217 | 5.3217
11 | 5.3217 | 5.3217 5.3217 | 5.3217

Example F4

We use n = 36 and we consider the (18, 18) element, whose value is 197.8311.
We obtain the results in table 11.23. We remark that to compute diagonal elements
of the exponential the convergence rate is quite fast. Then we take n = 900 and
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compute the (50, 50) element whose value is 277.4061. Results are given in ta-
ble 11.24.

Table 11.23 Example F4, GL, n = 36, exp(A4)1s,1s8 = 197.8311

[ Rue [ Ni=2 | 3 | 4 [ 5 [ 6 [ 71 |
[ G ] 159.1305 | 193.4021 [ 197.5633 | 197.8208 | 197.8308 | 197.8311 |

G-Rbp, 182.2094 | 196.6343 | 197.7779 | 197.8296 | 197.8311 | 197.8311
G-R by 217.4084 | 199.0836 | 197.8821 | 197.8325 | 197.8311 | 197.8311

[ G-L ] 273.8301 | 203.4148 ] 198.0978 | 197.8392 | 197.8313 [ 197.8311 |

Table 11.24 Example F4, GL, n = 900, exp(A)s0,50 = 277.4061

[[Rule | Nie=2 | 3 [ 4 | 5 [ 6 [ 71 ] 8

[ G ] 2054089 [ 270.6459 | 276.9261 | 2773863 | 277.4055 | 277.4060 | 277.4061

G-Rby, 248.6974 | 275.1781 | 277.2898 | 277.4021 | 277.4060 | 277.4060 | 277.4061

G-R by 319.2222 | 280.3322 | 277.5413 | 277.4105 | 277.4062 | 277.4061 | 277.4061

[ GL [ 409.7618 | 292.5355 | 278.1514 | 277.4350 | 277.4068 | 277.4061 | 277.4061

11.8.3.2 Off-Diagonal Elements

We consider only Example F4 with n = 36 and we would like to compute the ele-
ment (2, 1), whose value is —119.6646. First, we use the block Lanczos algorithm,
which gives the results in table 11.25.

Table 11.25 Example F4, GB, n = 36, exp(A)2,1 = —119.6646

[ Rule J[ Nit=2 ] 3 | 4 | 5 | 6 |
[ G [ -111.2179 ] -119.0085 [ -119.6333 | -119.6336 [ -119.6646 |

G-R by, -115.9316 | -119.4565 | -119.6571 | -119.6644 | -119.6646
G-R by; -122.2213 | -119.7928 | -119.6687 | -119.6647 | -119.6646

[ GL [ -137.7050 | -120.6801 | -119.7008 | -119.6655 [ -119.6646 |

Then, we use the nonsymmetric Lanczos algorithm. The sum of the (2, 2) and
(2, 1) elements of the exponential is 73.9023. Results are in table 11.26.

Finally, we take n = 900 and consider exp(A)s0 50 + exp(A)s0,49 = 83.8391.
Results are in table 11.27. Again, convergence is quite fast. We obtain good results
after four iterations.
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Table 11.26 Example F4, GNS, n = 36, exp(A)2,2 + exp(A)2,1 = 73.9023

[Rale | N2 [ 3 [ 4 [ 5 [ 6 [ 7 ]
[ G ] 543971 |716576|737637|738962|739021|739023|

G-R by, 65.1847 | 73.2896 | 73.8718 | 73.9014 | 73.9023
G-R by 84.0323 | 74.6772 | 73.9323 | 73.9014 | 73.9023 -

[ G-L ] 113.5085 | 77.2717 [ 74.0711 | 73.9070 | 73.9024 [ 73.9023 |

Table 11.27 Example F4, GNS, n = 900, exp(A)s0,50 + exp(A4)s0,49 = 83.8391

[ Rue | Nie=2 | 3 | 4 [ 5 [ 6 [ 7 |
[ G ][ 634045 [ 814124 | 83.6607 | 83.8318 | 83.8389 | 83.8391 ]

G-R by, 76.1266 | 83.7668 | 83.7781 | 83.8383 | 83.8391 | 83.8391
G-R by 108.0918 | 86.3239 | 83.8796 | 83.8420 | 83.8392 | 83.8391

[ GL [ 1638043 | 90.9304 | 84.1878 | 83.8530 | 83.8395 | 83.8391 ]

11.8.4 Bounds for the Elements of the Square Root

The last function we consider as an example is the square root. We use the same
numerical examples as for the exponential to be able to compare the speed of con-
vergence.

11.8.4.1 Diagonal Elements

Results for Example F1 are given in table 11.28. We compute bounds for the (5, 5)
entry of the square root. For this small example, we need one or two more iterations
than for the exponential function to obtain the same precision.

Table 11.28 Example F1, GL, n = 10, (\/Z)575 = 1.2415

[Nk ]| G [GRby [ GRby | GL |
12705 | 1.2328 [ 12471 [ 1.2311
12462 | 12392 | 1.2423 | 1.2390
12422 | 12413 | 12415 | 1.2413
12415 | 12415 | 12415 | 1.2415

| KW

The second example is F3 with n = 100. We compute bounds of the (50, 50)
element whose value is 1.8973. Results are in table 11.29. We need more iterations
than for the exponential function. Note that the lower bound from the Gauss—
Radau rule and the lower bound from the Gauss—Lobatto rule are slow to converge.
However, convergence is faster than when computing elements of the inverse of A.

Results for Example F4 are displayed in table 11.30 for n = 36 and in table 11.31
for n = 900. For the case n = 36 the number of iterations is about the same as for
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Table 11.29 Example F3, GL, n = 100, (v/A)s0,50 = 1.8973

[Nit [ G [GRb, [GRby | GL |
2 [ 23440 [ 17211 [ 2.1962 | 1.6628
3 [ 21328 [ 1.7938 | 2.0637 | 1.7729
4 120385 [ 1.8310 | 1.9992 [ 1.8217
5 | 1.9875 [ 1.8529 | 1.9628 | 1.8483
6 | 1.9569 [ 1.8669 | 1.9407 | 1.8643
7 | 1.9373 [ 1.8761 | 1.9279 | 1.8744
8 [ 1.9247 | 1.8819 | 1.9214 | 1.8795
9 | 19182 | 1.8847 | 19143 | 1.8837
10 [ 1.9133 [ 1.8881 | 1.9092 | 1.8876
11 [ 1.9085 | 1.8905 | 1.9069 | 1.8899
12 [ 1.9060 [ 1.8917 | 1.9042 | 1.8914
13 ] 1.9039 [ 1.8933 | 1.9023 | 1.8931
14 ] 1.9020 [ 1.8942 | 1.9013 | 1.8939
15 | 1.9011 [ 1.8949 | 1.9001 [ 1.8948
16 | 1.9000 | 1.8956 | 1.8995 [ 1.8955
17 ] 1.8994 [ 1.8959 | 1.8990 [ 1.8958
18 | 1.8988 [ 1.8963 | 1.8988 | 1.8960
19 | 1.8984 [ 1.8965 | 1.8984 | 1.8964
20 | 1.8982 | 1.8968 | 1.8981 | 1.8966
21 | 1.8979 [ 1.8969 | 1.8979 | 1.8968
22 | 1.8978 [ 1.8970 | 1.8978 | 1.8969
23 [ 1.8976 [ 1.8971 | 1.8976 | 1.8970
24 [ 1.8976 [ 1.8972 | 1.8976 | 1.8971
25 | 1.8975 [ 1.8972 | 1.8975 | 1.8972
26 | 1.8974 [ 1.8973 | 1.8974 | 1.8972

CHAPTER 11
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the exponential, but the convergence is slower when we increase the dimension of
the matrix.

Table 11.30 Example F4, GL, n. = 36, (v/A)1s,18 = 1.9438

[Nit [ G [GRb, [GRby | GL |
2 [ 1.9501 [ 1.9391 [ 1.9468 [ 1.9292
1.0452 | 1.9429 | 1.9445 | 1.9418
1.9442 | 1.9436 | 1.9440 | 1.9434
1.94390 | 1.9438 | 1.9439 | 1.9437
1.9438 | 1.9438 | 1.9438 | 1.9438

N | AW

Table 11.31 Example F4, GL, n = 900, (v/A)s50,50 = 1.9189

[Nk | G [GRby [ GRby | GL |
2 [ 19319 | 1.8945 [ 19255 [ 1.8697
19220 | 19112 | 19209 | 1.9038
19201 | 19160 | 19197 | 1.9140
19195 | 19176 | 19193 | 1.9169
19192 | 19183 | 19191 | 1.9180
19191 | 19186 | 19190 | 1.9185
19190 | 19187 | 19190 | 1.9187
9 [ 19190 | 1.9188 | 19190 | 1.9188
10 [ 19190 | 1.9189 | 1.9190 | 1.9189
11 | 19190 | 1.9189 | 1.9190 | 1.9189
12 [ 19190 | 1.9189 | 1.9189 | 1.9189
13 [ 19189 | 1.9189 | 1.9189 | 1.9189

o A N | | W

11.8.4.2 Off-Diagonal Elements

We first use the block Gauss quadrature rule for Example F4 with n = 36. The
results are given in table 11.32. We obtain a nice result quite rapidly.

Table 11.32 Example F4, GB, n = 36, (vV/A)2,1 = —0.2627.

[Nit [ G [GRby [GRby [ GL |
2 ] -02612 | -0.2618 | -0.2638 | -0.2669
3 1 -02623 | -0.2625 | -0.2629 | -0.2633
4 [-02626 | -0.2626 | -0.2628 | -0.2628
5 [ -0.2627 | -0.2627 | -0.2627 | -0.2627

Then, we use the nonsymmetric Lanczos algorithm for computing the sum of
the elements (2, 1) and (2, 2) of the square root of the matrix of Example F4. Ta-
ble 11.33 gives the results for n = 36 and table 11.34 for n = 900. As for the sym-
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metric Lanczos algorithm, convergence is slower than for the exponential function.
Nevertheless we obtain good bounds in a few iterations.

Table 11.33 Example F4, GNS, n = 36, (V/A)2.1 + (VA)a2,2 = 1.6819

[Nit | G [GRby [ GRby | GL |
1.6882 | 1.6778 | 1.6854 | 1.6664
1.6832 | 1.6808 | 1.6825 | 1.6796
1.6823 | 1.6817 | 1.6821 | 1.6815
1.6821 | 1.6819 | 1.6820 | 1.6818
1.6820 | 1.6819 | 1.6820 | 1.6819
1.6819 | 1.6819 | 1.6819 | 1.6819

NN | B w1

Table 11.34 Example F4, GNS, n = 900, (v/A)s50,40 + (VA)s50,50 = 1.6411

[Nit | G [GRb, [GRby | GL |
2 [ 1.6559 [ 1.6061 [ 1.6484 [ 1.5751
3 [ 16451 | 1.6287 | 1.6433 | 1.6209
4 ] 1.6428 [ 1.6374 | 1.6424 | 1.6344
5 [ 16419 [ 1.6391 | 1.6416 | 1.6382
6 | 1.6415 | 1.6402 | 1.6414 | 1.6397
7
8
9

1.6413 1.6406 1.6413 1.6404
1.6412 1.6408 1.6412 1.6407
1.6412 1.6410 1.6412 1.6409
10 | 1.6412 1.6410 1.6412 1.6410
11 1.6412 1.6411 1.6411 1.6410
12 | 1.6411 1.6411 1.6411 1.6411

11.8.5 Linear Combination of the Solution of a Linear System

We are interested in d”'xz where z is the solution of the linear system Az = c.
Therefore, the value we would like to compute is d” A~'c. This can be done using
the same techniques and codes as in the previous sections using the nonsymmetric
Lanczos algorithm. Let us consider Example F4. We use n = 900, c is a random
vector and d is a vector whose all components are equal to 1. This means that we
are interested in the sum of all the components of x whose value is 1.6428 10%.
The results are in table 11.35. For solving this problem we can also use the block
Lanczos algorithm. Results are given in table 11.36. They are almost equivalent to
those of the nonsymmetric Lanczos algorithm in terms of the number of iterations.

Another interesting application is to compute only one component (say the ¢th
one) of the solution of the linear system Az = c. We have to estimate (e*)T A~ !ec.
Let us use the same example with the nonsymmetric Lanczos algorithm and look
for the 10th component of the solution, whose value is 4.6884. Results are in
table 11.37. Note that, in this case, since the matrix A is positive definite the so-
lution could have been computed with the conjugate gradient algorithm. Without
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Table 11.35 Example F4, GNS, n = 900, d” A™'c = 1.6428 10". Results x107*

[Nit | G [GRb, [GRby [ GL |
2 [05998 ] 0.6653 | 19107 [ 1.9783
4 109339 [ 09937 [ 1.7798 | 1.8094
6 | 1.1766 | 12240 | 17093 [ 1.7237
8 [ 13512 | 1.3839 | 1.6725 | 1.6799
10 | 1.4766 | 1.4955 | 1.6550 | 1.6589
12 | 1.5537 | 15666 | 1.6471 | 1.6486
14 ] 1.6012 | 1.6081 | 1.6441 | 1.6447
16 | 1.6265 | 1.6302 | 1.6431 | 1.6432
18 | 1.6383 | 1.6399 | 1.6429 | 1.6430
20 | 1.6419 [ 1.6422 | 1.6428 [ 1.6429
22 | 1.6425 [ 1.6425 | 1.6428 [ 1.6428
24 | 1.6428 [ 1.6428 | 1.6428 [ 1.6428

Table 11.36 Example F4, GB, n = 900, d¥ A~ '¢c = 1.6428 10*. Results x10~*

[Nk | G [GRby [ GRby | GL |
2 [ 06207 | 0.6611 | 1.8844 [ 1.9925
4 [ 09719 | 1.0247 | 1.7595 | 1.7883
6 | 1.2127 | 1.2547 | 1.6980 | 1.7114
8 | 1.3822 | 14114 | 1.6671 | 1.6736
10 [ 1.4955 | 1.5151 | 1.6524 | 1.6553
12 [ 15670 | 1.5787 | 1.6460 | 1.6472
14 | 1.6086 | 1.6152 | 1.6437 | 16441
16 | 1.6304 | 1.6335 | 1.6430 | 1.6431
18 | 1.6397 | 1.6407 | 1.6429 | 1.6429
20 | 16422 | 1.6423 | 1.6428 | 1.6429
22 | 16425 | 1.6426 | 1.6428 | 1.6428
24 | 16427 | 1.6428 | 1.6428 | 1.6428
26 | 1.6428 | 1.6428 | 1.6428 | 1.6428

191
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preconditioning, it takes 65 CG iterations to obtain x(10) with the same accuracy.
However, remember that there is only one matrix-vector multiplication per itera-
tion in CG, whereas, we have two multiplications in the nonsymmetric Lanczos
algorithm.

Table 11.37 Example F4, GNS, n = 900, (10) = 4.6884

[Nit | G [GRb, [GRby | GL |
5 [ 1.9024 ] 1.8461 | 9.3913 [ 7.4680
10 [ 3.1996 [ 32251 | 4.9937 | 53832
15 | 4.1500 [ 4.1770 | 47265 | 4.7584
20 [ 45654 | 4.6255 | 4.6951 [ 4.6955
25 | 46812 | 4.6820 | 4.6915 | 4.6919
30 | 4.6856 | 4.6817 | 4.6881 | 4.6881
35 | 4.6883 | 4.6893 | 4.6882 | 4.6882
40 | 4.6900 | 4.6907 | 4.6885 [ 4.6885
45 | 46883 [ 4.6893 | 4.6884 | 4.6884
50 [ 4.6885 | 4.6884 | 4.6884 | 4.6884

We can also improve one component of an approximate solution Z of Az = c.
Let r = ¢ — AZ be the residual. The error € = x — T satisfies the equation Ae = r.
Assume we want to improve the ith component of the solution. Then we estimate
the ith component of € by considering (e!)” A=1r. Finally, we add the estimate
of the bilinear form to the ith component of Z. Let us use the same example as
before. After five CG iterations we have zcg(10) = 4.0977. We compute the
residual vector and then use the block Lanczos algorithm. We obtain the results
in table 11.38, which displays the sum of z¢(10) and the estimates of the error.
Note that the first iterations do not always improve the solution.

Table 11.38 Example F4, GB, n = 900, 2(10) = 4.6884

[Nit | G [GRb, [GRby | GL |
6 [ 3.1890 [ 3.2047 | 3.1493 [ 2.9772
8 ]32996 | 3.3639 | 3.8110 [ 3.6118
10 | 3.5631 [ 3.6605 | 4.1239 | 4.0717
12 [ 3.9683 | 4.0541 | 4.4261 | 43705
14 | 42816 | 43474 | 45523 | 4.5330
16 | 44759 | 45050 | 4.6330 | 4.6172
18 | 45761 | 45969 | 4.6723 | 4.6682
20 | 46504 | 4.6616 | 4.6848 | 4.6837
22 | 46816 | 4.6843 | 4.6884 | 4.6879
24 | 46874 [ 4.6877 | 4.6891 | 4.6891
26 | 4.6878 | 4.6881 | 4.6887 | 4.6887
28 | 4.6883 | 4.6883 | 4.6886 | 4.6886
30 [ 4.6884 | 4.6883 | 4.6885 | 4.6885




BOUNDS AND ESTIMATES FOR ELEMENTS OF FUNCTIONS OF MATRICES 193

11.8.6 Estimates of Traces and Determinants

Let us first consider the analytic bounds of Bai and Golub [15], that we have re-
called in section 11.6, for Example F4 with n = 36. The trace of the inverse is
13.7571. The lower and upper bounds obtained using the first three moments are
10.2830 and 24.3776. However, if we consider a larger problem with n = 900
for which the trace of the inverse is 512.6442, the bounds computed from three
moments are 261.0030 and 8751.76; the upper bound is a large overestimate.

One can also compute more moments, which are the traces tr(Ai), ¢ > 2, and
from the moments recover (with the Chebyshev algorithm) the Jacobi matrix whose
eigenvalues and eigenvectors allows us to compute an approximation of the trace
of the inverse, which is the moment of order —1, using the Gauss quadrature rule.
Results are given for n = 36 in table 11.39. They seem fine after £ = 4 which cor-
responds to the computation of eight moments. However, the moment matrices are
ill-conditioned and if we continue the computations after ¥ = 10 they are no longer
positive definite. Table 11.40 gives the results for n = 900. The ill-conditioning
of the moment matrices does not allow us to go further. Hence, this method is not
feasible for large matrices.

Table 11.39 Example F4, n = 36, Chebysheyv, tr(Afl) = 13.7571

1 9.0000
2 11.3684
3 12.5714
4 13.1581
5 13.4773
6 13.6363
7 13.7139
8 13.7452
9 13.7550
10 13.7568

Table 11.40 Example F4, n = 900, Chebyshev, tr(A™') = 512.6442

1 225.0000
2 296.7033
3 344.6869
4 375.8398
5 400.0648
6 418.2138
7 433.1216
8 4449913
9 455.0122
10 | 463.2337
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Since the moment matrices are too ill-conditioned, it is tempting to see if we
can use modified moments to solve this problem; see [241]. We use the shifted
Chebyshev polynomials of the first kind as the auxiliary orthogonal polynomials.
The drawback is that we need to have estimates of the smallest and largest eigen-
values of A. On the interval [Amin, Amax] these polynomials satisfy the following
three-term recurrence

)\max - Amin >\max )\min
N e R S G B

2
Amax - )\min )\max + )\min
Amax Z2min ) Gy (A) = (A — DT Amin ) o))
4 2
)\max - )\min
- — _1(A).
From these relations we can compute the trace of the matrices C;(A4), i = 0,..., k,

which are the modified moments. The modified Chebyshev algorithm (see chap-
ter 5) generates the coefficients of monic polynomials corresponding to the mea-
sure related to the problem. We symmetrize this Jacobi matrix and obtain the nodes
and weights of the Gauss quadrature rule from the Golub and Welsch algorithm.
The function to consider is f(z) = 1/x. Results are displayed in tables 11.41 for
n = 36 and 11.42 for n = 900. Note that upper bounds can be obtained by using
the Gauss—Radau rule. Using the modified moments there are no breakdowns in
the computations and we obtain quite good results for the trace of the inverse. This
example illustrates the benefits of using modified moments.

Table 11.41 Example F4, n. = 36, modified moments, tr(A™') = 13.7571

9.0000

11.3684
12.5714
13.1581
13.4773
13.6363
13.7139
13.7452
13.7550
13.7568
13.7571

O| 0| Al | | | W] | —

| —
—

Estimates of the trace of the inverse can also be computed using Monte Carlo
techniques; see Hutchinson [195]. We use p random vectors z* with components 1
and —1 and we compute lower and upper bounds of (2*)” A~12? with the quadra-
ture rules. The estimates of the trace are the averages of the bounds over the p
computations. Table 11.43 gives the results for Example F4 with n = 36 and five
iterations of the Lanczos algorithm. Results for = 900 with 30 iterations are given
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Table 11.42 Example F4, n = 900, modified moments, tr(A_l) = 512.6442

Table 11.43 Example F4, n = 36, Monte Carlo, 5 it., tr(A’l) =13.7571

Table 11.44 Example F4, n = 900, Monte Carlo, 30 it., tr(A’l) = 512.6442

5 | 400.0648
10 | 463.2560
15 | 489.5383
20 | 502.0008
25 | 508.0799
30 | 510.9301
35 | 512.1385
40 | 512.5469

[p] G J[GRby [GRby [ GL |
1 ] 12.8274 | 12.8749 ] 12.9087 [ 13.1169
2 | 147464 [ 14.8440 | 14.9300 | 15.1671
3 [ 14.8973 [ 14.9681 | 15.0277 | 152448
4 | 13.6203 | 13.6777 | 13.7226 | 13.8941
5 [ 13.9216 | 13.9918 | 14.0495 | 14.1970

[p] G [ GRby | GRby | GL |
1 [ 478.1734 | 478.3272 | 478.4955 [ 479.6967
2 [ 466.4618 | 466.5600 | 466.6667 | 467.6658
3 [ 458.1058 | 458.1850 | 4582703 | 459.0539
4 | 466.5929 | 466.6975 | 466.8028 | 467.7714
5 [ 511.1780 | 5112772 | 511.3732 | 512.2220

195
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in table 11.44. The results are good even though we do not always obtain lower and
upper bounds, but not as good as with the modified Chebyshev algorithm.

Since the matrices that have to be computed when using the modified moments
become denser and denser as k increases, it can be costly to compute and to store
them. Therefore it is tempting to combine the modified moments algorithm and
the Monte Carlo estimates of the trace of a matrix to compute approximate mod-
ified moments. Instead of computing the matrices C;(A) and their traces, we can
choose p random vectors zj, j=1,...,p, compute Ci(A)zj by three-term vector
recurrences and obtain an estimate of the trace of C;(A) by averaging the values
(27)TC;(A)z?. The results for n = 36 are given in table 11.45. Of course, the
results are not as good as when using the exact traces of the matrices C;(A). They
are of the same order of accuracy as those obtained with the Monte Carlo method
on A~L. The best result is given by p = 5.

Table 11.45 Example F4, n = 36, modified moments + Monte Carlo, tr(A’l) = 13.7571

(p] G |
T | 128274
2 [ 147289
3 [ 148535
4 [ 135780
5 [ 138215
6 | 14.1153
7 [ 14.1134
8 | 145652
o | 149474
10 | 14,7008

We now turn to numerical experiments for the computation of the determinant
of a matrix A. The analytic bounds of Bai and Golub [15] for Example F4 with
n = 36 using the first three moments are 6.2482 10° and 3.2863 102° when the
exact value is 1.9872 10'°. The results using more moments and the Chebyshev
algorithm are given in table 11.46. Again we have a breakdown after 10 iterations.
The results using the modified Chebyshev algorithm are essentially the same except
that we can go beyond k£ = 10. Monte Carlo results are in table 11.47. There are
large variations in the estimates and, in fact, the best ones are given for p = 1.

For this example we cannot use n = 900 since the determinant overflows. There
are 827 eigenvalues larger than 1, so the product of the eigenvalues is very large.
One way to get around this problem is to normalize the matrix. It turns out that
by dividing the matrix by Apax/2.45 ~ 3.2569 we obtain a determinant of order
1, precisely 9.9174. For this matrix A the analytic bounds are useless since they
are 1.6042 107256 and 7.5059 10%°. The Chebyshev algorithm works until & = 11
for which we obtain a value of 32.0947. The modified Chebyshev algorithm works
much better, as we can see with the results in table 11.48.

Let us consider a smaller problem with n = 400 for which the determinant is
7.7187 10%%. The bounds computed from three moments are 2.1014 108 and
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Table 11.46 Example F4, n = 36, Chebyshev, det(A) = 1.9872 10", results x10~*°

472.2366
7.0457
29167
2.2840
2.0900
2.0233
1.9982
1.9899
1.9877
1.9873

O| 00| Al | | K| W] | —

—_
(=]

Table 11.47 Example F4, n = 36, Monte Carlo, 10 it., det(A) = 1.9872 109, re-
sults x1071°

[ G [GRb, [GRby | GL |
1.9202 | 1.9202 [ 1.9202 [ 1.9140
0.1562 | 0.1562 | 0.1562 | 0.1556
0.1025 [ 0.1025 | 0.1025 | 0.1022
0.7860 | 0.7860 | 0.7860 | 0.7843
1.1395 | 1.1395 | 1.1395 | 1.1369

(AN ESIESIE L]

Table 11.48 Example F4, n. = 900, modified moments, det(A) = 9.9174

15 14.4863
16 13.3824
17 12.5776
18 11.9865
19 11.5371
20 11.1951
21 10.9282
22 10.7204
23 10.5556
24 10.4254
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5.9484 1022°, The results using the Chebyshev algorithm are in table 11.49. We
cannot go beyond k£ = 11. As for the trace of the inverse, the results are much
better using modified moments with the Chebyshev polynomials; see table 11.50.

When using the Monte Carlo estimates the results are not so good because the
statistical variations are amplified by the exponential. The estimates of tr(In(A))
are reasonably good. We have tr(In(A)) = 476.3762. The statistical estimates
of the trace are in table 11.51. They are not far from the exact answer. However,
when we take the exponential, we do not even obtain the correct order of magni-
tude. Doing more iterations or using more samples does not improve the results
significantly.

Table 11.49 Example F4, n = 400, Chebyshev, det(A) = 7.7187 10%°

| Estimate |

6.6680 10240
1.8705 10217
1.7314 10211
1.4990 10299
1.5589 1020

4.9892 10797
2.5627 10297
1.7268 10207
1.3375 10207
1.1338 10207
1.0147 10397

O| 0| A | | B W | —|]

—| —_
—| o

Table 11.50 Example F4, n = 400, modified moments, det(A) = 7.7187 10%°%

k | Estimate |
2 [ 1.8705 10217
4 | 1.4990 10299
6 | 4.9892 10207
8 | 1.7268 10207
10 | 1.1338 10297
12 | 9.3701 10206
14 | 8.5330 10206
16 | 8.1315 10306
18 | 7.9273 10206
20 | 7.8210 10298

Let us finally consider computing partial eigensums. We first use Example F4
with n = 36. We would like to compute the sum of the eigenvalues smaller than
# = 2.8. This corresponds to the sum of the 10 smallest eigenvalues, which is
equal to 17.2125. We use the modified Chebyshev algorithm. The approximate
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Table 11.51 Example F4, n = 400, Monte Carlo, 10 it., tr(In(A)) = 476.3762

| G [ GRb, | GRby | GL |
466.6638 | 466.6206 | 466.6391 | 466.1251
459.7104 | 459.6521 | 459.6778 | 459.0748
457.4522 | 457.3549 | 457.3957 | 456.6670
466.2908 | 466.2037 | 466.2403 | 465.5342
469.5209 | 469.4212 | 469.4645 | 468.7859

[AENESIESIEILS]

step function separating the first 10 eigenvalues from the other ones is

A
)= 1+exp (A%“) .

The parameter « is set equal to 0.01. Results are given in table 11.52. Even though
the convergence is not monotone we obtain a good estimate with £ = 16. Results
for n = 900 and the sum of the first 50 eigenvalues are given in table 11.53.

Table 11.52 Example F4, n = 36, modified moments, 221 Ai = 17.2125

2 39.1366
4 3.7983
6 9.8230
8 14.9895
10 | 20.0729
12 12.4985
14 15.7451
16 17.9512
18 17.2278
20 17.2125

Table 11.53 Example F4, n = 900, modified moments, Y0 \; = 19.4656

10 29.8038
20 26.2463
30 22.6129
40 17.7532
50 17.3318
60 18.1218

In conclusion, we have seen that use of the modified Chebyshev algorithm with
modified moments improves the results that were previously obtained for the trace
of the inverse, the determinant and the computation of partial eigensums.



Chapter Twelve

Estimates of Norms of Errors in the
Conjugate Gradient Algorithm

In this chapter we study how the techniques for computing bounds of quadratic
forms can be applied to the computation of bounds for norms of the error in iterative
methods for solving linear systems. We are particularly interested in the conjugate
gradient algorithm since we will see that it is closely related to Gauss quadrature.

12.1 Estimates of Norms of Errors in Solving Linear
Systems

Let A be a symmetric positive definite matrix of order n and suppose that an ap-
proximate solution  of the linear system

Ar = ¢,

where ¢ is a given vector, has been computed by either a direct or an iterative
method. The residual r is defined as

r=c— AZ.
The error € being defined as ¢ = x — Z, we obviously have
e=A"1r

Therefore, if we consider the A-norm of the error, we see that it corresponds to a
quadratic form involving the inverse of A,

lel|d = P Ae =rTAT AA Yy = 2T A7y,

One can also consider the [ norm, for which ||e||? = 7T A=2r. Here, the matrix to
consider is the square of the inverse of A. Note that when A is nonsymmetric we
still have (¢,¢) = (A71r)T A=ty = rT(AAT)~1r. Therefore we have a quadratic
form with a symmetric matrix AAT

In order to bound or estimate ||¢|| 4 or ||€||, we must obtain bounds or estimates
for the quadratic forms 77 A=!7 or T A=2r. This problem was considered in
Dahlquist, Eisenstat and Golub [75], Dahlquist, Golub and Nash [76] and more
recently in Golub and Meurant [150]. Note that r is easy to compute but, of course,
we do not want to compute A1 or even to solve a linear system Ay = r.

As we have seen several times in this book, the first step toward a solution is to
express the quadratic form as a Riemann—Stieltjes integral and to apply the general
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framework of chapter 7. Let A = QAQT be the spectral decomposition of A, with
@ orthonormal and A diagonal. For i = 1,2 we have

rTA 7 =rTQATIQTr
=Y NP
j=1
where # = QT'r. This last sum can be considered as a Riemann—Stieltjes integral
b
IA ) =rTA Y = / A da(N), (12.1)

where the measure « is piecewise constant and defined (when the eigenvalues of A
are distinct) by

07 . lf)\ < a = )\1’
a(A) = Ezzl[fj]2a it A <A< Ay,

SRR b= Ay <A

Then, quadrature rules can be used to approximate the integral in equation (12.1).
For using the Gauss rule, the first step is to generate the orthogonal polynomials
associated with the measure . We saw in chapters 4 and 7 that this can be done by
doing N iterations of the Lanczos algorithm with v = 7/||r||. This builds up the
Jacobi matrix Jy, and the Gauss estimate of the integral is

7[> (e)) T (Jn) ~'el

This can be computed by solving .Jyy = e!, that is, computing (elements of) the
first column of the inverse of J. Then, for i = 1 we obtain ||r||?y;. This means
we need only the first component of the solution y. This is easily obtained by
using a UL Cholesky factorization of the tridiagonal matrix; see Meurant [234] and
chapter 3. Another possibility is to compute the (1, 1) entry of the inverse of Jy
incrementally as in chapter 3. For i = 2 the approximation is ||7||?y”y, but this
can also be computed using the QR factorization of Jy; see Meurant [239]. When
i = 1, the function to be considered is f(A) = 1/A. Hence, all the derivatives of
f of even order are positive and the Gauss rule gives a lower bound. The same is
true for 7+ = 2. Upper bounds can be obtained with the Gauss—Radau or Gauss—
Lobatto rules by suitably modifying the tridiagonal matrix Jy. But we need lower
and upper bounds of the smallest and largest eigenvalues of A. As we will see, the
anti-Gauss rule can also be used to obtain an estimate of the integral.

However, if the approximation Z arises from an iterative method like Jacobi or
Gauss—Seidel (see, for instance, Golub and Van Loan [154] or Meurant [237]) it
does not make too much sense to have to do some iterations of the Lanczos algo-
rithm to obtain bounds for the norm of the error. It is, of course, much better to
directly solve the linear system by using the CG algorithm. This is considered later
on. Use of this estimation technique makes more sense if & comes from a direct
solver.

Stochastic estimates of norms of the error in iterative methods can also be con-
sidered; see Golub and Melbg[147], [148].
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12.2 Formulas for the A-Norm of the Error

When we have an approximation z* of the solution of Az = ¢ and the correspond-
ing residual 7* (wherever they come from), we have seen that we can obtain bounds
of the A-norm of the error by running some iterations of the Lanczos algorithm. Of
course, this does not make too much sense when x* is obtained by the Lanczos
algorithm itself or CG. This would correspond to a restarting of the algorithm and
a kind of iterative refinement with, maybe, no improvement of the solution. There-
fore, we use another strategy to compute bounds or approximations of the norms of
the error during the CG iterates.

In Meurant [236] the following theorem was proved concerning the A-norm of
the error € = z — z* in CG.

THEOREM 12.1 The square of the A-norm of the error at CG iteration k is given
by

€515 = 1P [( T et et) — (T et e, (12.2)

n

where n is the order of the matrix A and Jy, is the Jacobi matrix of the Lanczos al-
gorithm whose coefficients can be computed from those of CG using relations (4.9)
and (4.10). Moreover,

)

n [(Z]n )1}2 k
I = 1> |2 =5 -
j=1 J j=1

()2
(k)
ej

where zf %) is the jth normalized eigenvector of Jy, corresponding to the eigenvalue
6"
P

Proof. The first relation has been well known for quite a long time; see the papers
of Golub and his coauthors [75], [76]. It is also mentioned in a slightly different
form in a paper by Paige, Parlett and van der Vorst [263] and apparently Stiefel
was aware of it. By using the definition of the A-norm and the relation between
the Lanczos and CG algorithms we have Aeb =k =40 — Akak where V}, is the
matrix of the Lanczos vectors and y* is the solution of Jyy* = ||r9||e?, see [239].
Then,

le¥1% = (A€®, ) = (A71r0, %) = 2(r, Viey®) + (AViy", Vie®).

The first term of the right-hand side is easy to evaluate since AV,, = V,,J,, assum-
ing that the eigenvalues are distinct. The square matrix V;, of order n is orthogonal;
hence this gives A=V, = V,,J . Now,

0 = [[r0lvt = [0 Ve
Therefore,
A0 = ]P0 A7 Wet = |70 Vi T et
and

(A0 00 = [P (Vi el Vael) = (P2 (T et eh).

n
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For the second term we have to compute (r°, V;y*). But since 70 = ||r0||v! =
(|70 Viel, this term is equal to [|7°]|2(e!, J; 'e') by using the orthogonality of the
Lanczos vectors. The third term is (Akak, kak ). Using VkTAV;€ = Ji we have

(AViy®, Viy®) = (VT AViy®, oF) = (Try®, v").

Hence (AVyy*, Viy®) = ||r°||2(J, 'e!, e). This proves the formula in the theo-
rem. The second relation is obtained by using the spectral decompositions of .J,,
and J. O

The formula (12.2) is the link between CG and Gauss quadrature. It shows that
the square of the A-norm of the error is the remainder of a Gauss quadrature rule.
The inner product ||7°[|?(J, tet, e!) = (A=1r% r0) can be written as a Riemann—
Stieltjes integral and ||r°||?(J; 'e!, e!) is nothing other than the Gauss quadrature
approximation to this integral, see [234]. It is interesting to consider this point
of view because it allows the computation of lower and upper bounds (if we have
estimates of A\; and A,) for the A-norm of the error. Therefore, estimating the
A-norm of the error in CG is completely equivalent to computing an estimate of
the remainder of a Gauss quadrature rule assuming only knowledge of the Jacobi
matrix. We will elaborate on this point in the next sections.

We can also use the fact that the norm of the error is related to Gauss quadrature
to obtain other expressions for ||e¥|| 4 as in the next theorem.

THEOREM 12.2 For all k there exists £, A1 < & < A, such that the A-norm of
the error is given by

n k
. 1 i .
¥ = =7 D> [T — 91(- N2 0,42,
k

i=1 [j=1
where ' is the ith eigenvector of A corresponding to the eigenvalue \;.

Proof. This is obtained by using the expression for the remainder of the Gauss
quadrature. O

An important consequence of the previous theorems is that in exact arithmetic,
when an eigenvalue of J;. (a Ritz value) has converged to an eigenvalue of A, the
corresponding component of the initial residual on the eigenvector of A has been
eliminated from the norm of the error.

12.3 Estimates of the A-Norm of the Error

How can we approximately compute ||e*||% = (r*)T A=1r*? We can use the for-
mula (12.2) that relates the A-norm of the error at step k and the inverse of matrix
Ji. This formula has been used in Fischer and Golub [111] but the computations
of ||€¥||4 were not performed below 107°. A partial analysis in finite precision
arithmetic was done in Golub and Strako§ [151]. A more complete analysis was
given by Strako$ and Tichy [317]. We will show below how reliable estimates of
l€¥|| 4 can be computed. In finite precision arithmetic we can still use the same
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formulas up to O(u) perturbation terms (where wu is the unit roundoff); see [317].
For variants of these estimates, see Calvetti, Morigi, Reichel and Sgallari [60]; for
another point of view, see Knizhnerman [206].

For the sake of simplicity, let us first consider the lower bound computed by the
Gauss rule. The formula (12.2) cannot be used directly since at CG iteration k
we do not know (J,; 1)171. But it is known (see [239]) that the absolute values of
(J;;1)1,1 are an increasing sequence bounded by |(.J;; 1)1 1|. So we use the current
value of (J, 1)1, 1 to approximate the final value. Let d be a given delay integer;
the approximation of the A-norm of the error at iteration k — d is given by

X4 = I 1P (T D = Uil an);
This can also be understood as writing
e =% = €1 = 11 (T D = la)an),
and supposing that ||€*|| 4 is negligible against ||¢*~¢|| 4. Another interpretation is
to consider that, having a Gauss rule with & — d nodes at iteration & — d, we use
another more precise Gauss quadrature with k£ nodes to estimate the error of the
quadrature rule. Usually, the larger is d, the better is the estimate.

Using the results of chapter 3, let us summarize for the convenience of the reader
how to compute the difference (J; )11y — (J;'4)(1,1). Let o; and 7; be the
diagonal and off-diagonal nonzero entries of .J;, and by be the computed value
of (J 1)1,1, which can be obtained in an additive way by using the Sherman—
Morrison formula; see Golub and Van Loan [154] and chapter 3. Let ji = J Lek
be the last column of the inverse of J; then,

M (ki )11

J1 = (J ! e
(Tt = (I k1 — N3 (Gk)k

The first and last elements of the last column of the inverse of Jj, that we need can
be computed using the Cholesky factorization of .J, whose diagonal elements are
(51 = Q1 and

Then,

Using these results, we have

2 2 2

Mk—1Ck—1 %k

b = by_ + 5 = T8
L k=1 + foo Jr Or—1(wdr—1 —Mo_y) Ok

where
_ M- Me—2Mk—1 Ck—1b-

01+ 0k—2 Og—1 Ok
Since Jj, is positive definite, we have d; > 0 and this shows that f;, > 0. Let s
be the estimate of ||€*||% we are seeking and d be the given integer delay, at CG
iteration number k, we set

Ck

sh—a = [|T°)1*(bx — br—a)-
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This gives an estimate of the error d iterations before the current one. It was shown
in [235] that if we compute by in floating point arithmetic and use the formula
for ||ek*d||124 straightforwardly, there exists a kp,ax such that if & > kp.x, then
s = 0. This happens when k is large enough because 75/, < 1 and ¢ — 0;
consequently fr — 0. Therefore, when k > kpax, bk = brmaz- But fortunately,
as noted in [235], we can compute s;_4 in another way since we just need to sum
up the last d values of f;.
Moreover, from [239] we have

op = ML [
61 0p1 T
and yx_1 = 1/0x. Therefore, fr = vr_1||7*||?/||7°||>. The corresponding

formula for the A-norm of the error was already given by Hestenes and Stiefel in
[187]. This gives a simpler way of computing the Gauss lower bound. Of course,
the Gauss quadrature framework is more general since we can also use the Gauss—
Radau and Gauss—Lobatto rules to obtain other bounds by suitably modifying Jj
and J, k—d-

If we let A\, and )\, to be approximations of the smallest and largest eigenval-
ues of A and d be a positive integer (whose choice is discussed later), the algorithm
computing the iterates of CG and estimates from the Gauss (si_q), Gauss—Radau
(8;_q and 5;_4) and Gauss—Lobatto (5;_g4) rules is given by the following algo-
rithm whose name stands for Conjugate Gradient with Quadrature and Lanczos
(with slight simplifications from [235]):

CGQL algorithm
Let z° be given, r0=b— Az p° =708 =0,7v_1=1,¢1 = 1.
For k =1, ... until convergence
(=1, pk=1)
Th=1 = k=T Aph—1)°
(ph=1, ApF1)

1 _
o = n B L
Ve—1 Vk—2
ifk=1
1
fl = )
aq
51 =,
51 =a; — Am,
6y =01 — A,
else
-1 |Ir

Ck = Ck—1 5k_1 - ||7’0|| )



206 CHAPTER 12
2

Me—1 1
5k:ak— = s
k-1 Vr-1
2 2
fr= S = Yh_10}
= — =N,
Sp—1(okdr—1 —nji_;)
2
By = ok — Am — b=l _ o &
k=0 — Am — = = Q0 — Of—1,
Op—1
2
5. — A Me—1 _
O = QO — AM — =0 — 01

end

a = A + %7
k
2
oy = Ay + gia
dk = 5kék, (A—M — A_m)
0 — o, \ 8y 8, )
010
2 kO
= TEE Ay — Am),
Tk 5, _»5k( M )
fk o nici
5k(dk5k — 77]%)’
; Nich
=k O (a0 — 1)’
5 72 2
fi T
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ifk>d
k
= > I
j=k—d+1
Sk—d = ||7’0||29k:7
Sk—a = Ir°1* (g + Fr),
sp—q = 1% (g + £)
Se—a = 7°1%(gx + f)
end

The algorithm CGQL computes lower bounds si_q4, s;,_,4 and upper bounds
Sk—d»> Sk_a of [|[€¥7%||%. The following result was proved in [235].

PROPOSITION 12.3 Let Ji, J,, Ji, and jk be the tridiagonal matrices of the
Gauss, Gauss—Radau (with b and a as prescribed nodes) and Gauss—Lobatto rules.
Then, if 0 < a = A < Amin(A) and b = Ay > Anax(A4), |7"O||(J;€_1)1,1r
||’I”O||(lk_.1)171 are lower bounds of ||€°||% = r*A=1r?, ||r0H(jk_1)1,1 and ||r0H(jk_1)1
are upper bounds of T A~ 17V,

1

)

Proof. The proof is obtained since we know the sign of the remainder in the quadra-
ture rules. Note that J, and .J;, are of order £ + 1 as well as J,. We have that
fi > ik and therefore, &y, < . O

THEOREM 12.4 At iteration number k of CGOL, si,_q and s,,_ 4 are lower bounds
of ||e*=||%, 8r_a and 3y _q4 are upper bounds of ||e*=|/?.

Proof. We have

1% = 112 0 = (o))
and
sk—a = [0 (T5 D = (o).
Therefore,
1R 1% = sma = 1P (i = (T ) > 0,

showing that s;_, is a lower bound of ||e*~%||%. A similar proof applies for the
other cases since, for instance,

Se—a = I’ 1P (T Do — (Jilo)a)-
0

Note that in the practical implementation we do not need to store all the fi’s
but only the last d values. We can also compute only some of the estimates. The
additional number of operations for CG is approximately 50 + d if we compute the
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four estimates, which is not significant compared to the 10n operations plus the
matrix-vector product of CG.

An interesting question is to know how large d has to be to get a reliable estimate
of the error. Unfortunately, in our experiments, the choice of d depends on the
example. The faster is CG convergence, the smaller d has to be. In fact, this is
closely linked to the convergence of the Ritz values toward the eigenvalues of A.
When the smallest eigenvalues have converged d can be small but we do not change
it during the CG iterations, although this can eventually be done adaptively. It is
shown experimentally in [239] that the choice of d is related to the smoothness of
|[7*|| as a function of k. Even though the A-norm of the error is monotonically
decreasing, if the norm of the residual oscillates, then it is the same for the A-norm
estimate. In this case a larger value of d allows the smoothing of these oscillations.
When the residual norm curve is smooth, a small value of d gives good estimates.
In the quadrature community, it is considered as a bad practice to estimate the error
of a Gauss quadrature rule with £ — 1 nodes by using a Gauss quadrature with &
nodes. However, in many cases, d = 1 already gives good estimates of the norm of
the error.

Nevertheless, if we accept storing a few more vectors whose lengths are the
number of CG iterations, we can improve the bounds. For instance, for the Gauss
lower bound at iteration k, we can compute fj, and sum it to the bounds we have
computed at all the previous iterations. This will improve our previous bounds and
as a result we shall have a vector containing bounds using d = 1 for iteration k — 1,
d = 2 for iteration k — 2 and so on. This is interesting if we want to have an a
posteriori look at the rate of convergence. Of course, it is not useful if we just want
to use the bound as a stopping criterion. A similar idea was proposed by Strako$
and Tichy [318].

In the CGQL algorithm )\, and A\, are lower and upper bounds of the smallest
and largest eigenvalues of A. Note that the value of s is independent of )\, and
An, Sk depends only on A, and s, only on Ajs. Experimentally the best bounds
are generally the ones computed by the Gauss—Radau rule when using the exact
extreme eigenvalues. It is unfortunate that estimates of the smallest eigenvalue are
required to obtain upper bounds of the A-norm of the error. We have seen that
the extreme eigenvalues of Jj, are approximations of the extreme eigenvalues of
A that are usually improving as k increases. Therefore, we propose the following
adaptive algorithm. We begin the CGQL iterations with \,, = @ an underestimate
of Amin(A). An estimate of the smallest eigenvalue can be easily obtained by in-
verse iteration using Jj, (see Golub and Van Loan [154]) since, for computing the
bounds of the norm, we already compute incrementally the Cholesky factorization
of Jj,. The smallest eigenvalue of .J is obtained by repeatedly solving tridiagonal
systems. We use a fixed number n, of (inner) iterations of inverse iteration at every

CG iteration, giving a value A\¥,. When \¥, is such that
ko yk—1

|)‘m — >‘m ‘ <e

— ~as

A

with a prescribed threshold &,, we set \,,, = A, and stop computing the eigen-
value estimate. Then we continue with CGQL. Of course, this is cheating a little
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bit since the smallest Ritz value approximates the smallest eigenvalue from above
and not from below as is required by the theorem.
For the preconditioned CG algorithm, the formula to consider is

€¥11% = (2, 7)Y (7 )1 = (I D),
where M 2° = 10, M being the preconditioner, a symmetric positive definite matrix
that is chosen to speed up the convergence. This is easily obtained by a change of
variables in CG applied to the linear system M /2 AM /22 = M~1/2p. So the
Gauss rule estimate is
k dl

2 o
|5 =~

k—1
75 (2

j=k—d

The case of preconditioned CG has been considered in Strakos and Tichy [318] and
Meurant [236] as well as in [239].

12.4 Other Approaches

Another possibility to obtain an upper bound for the error in CG is to use the anti-
Gauss rule since the error at iteration £ — d + 1 is of the opposite sign to that for
the Gauss rule at iteration £ — d. Something that has not been exploited so far is
the use a Gauss—Kronrod rule.

Other formulas have been proposed by several authors. Let 7% = b — Az be
the residual vector and €” the error. Brezinski [37] considered the first moments of
r=1F (ore = €¥),

mo = (r,r) = ||7]|* = (Ae, A¢),
my = (r, Ar) = (Ae, A%¢),
me = (Ar, Ar) = (A25, Azs),

mo1 = (r, A7'r) = (de,e) = el

The moments mg, m; and my are computable (but note that ms is not computed
in CG). We would like to have estimates of m_; and/or m_.
Using the first terms in singular value decomposition (SVD; see [154]) expan-
sions, Brezinski obtained the following estimates ef for m_o:
2 47,3
ey =my/ms,
2 2/, 2
e3 =momy /ms,
e§ = mg /ma,
2 3/ 2
ey =mg/m7,
4 4
eg =mgma/mj.
He proved that

e; <ex <e3z <eyq <es.
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The value e3 is usually the most appropriate estimate of ||¢||. Moreover, it can be
derived by other techniques (see Auchmuty [14]) and is valid for any consistent
norm. Therefore, we consider

(r,r)?
(Ar, Ar)’

lelf* ~

el ~ A

(A%, Ar)
Unfortunately, we do not know if these estimates are lower or upper bounds. But
they have the advantage that they can be used also for nonsymmetric problems. For
more results on these error estimates, see Brezinski, Rodriguez and Seatzu [39],
where the previous estimates were gathered in one single formula,

et = mi ! (md)* g,

where v is a real parameter. Moreover e, is an increasing function of v. See also
[40] and [280].

12.5 Formulas for the /> Norm of the Error

Hestenes and Stiefel [187] proved the following result relating the /5 norm and the
A-norm of the error.

THEOREM 12.5

||€k||2 _ ||€k+1||2 _ ||€k||,24 + Hek—HHil
p(p*)
with
o (7 ApF)
H) = e
Proof. See [187] and another proof in Meurant [239]. O

Expressions for the ls norm of the error can be obtained using the same tech-
niques as for the A-norm. This leads to the following result [238].

THEOREM 12.6

0
_ _ T _
1EIP = [P0t Tr2eh) — (b T2 )] + (— D= ek, gzety et

" [t
Proof. See [238] and [239]. O
COROLLARY 12.7
k o7-2.1
k|2 027,11 7-2.1 1 7-2.1 (e, T "e) | ke
€ =||r e, J, e)—(e,J, “e) —2—————=|e .
417 = PP %) = (61 T ] = 25 el

We see that the above formulas are not as nice as equation (12.2) for the A-norm.
Besides the term with (!, J,; 2e!) — (!, J; ®e!), which could have been expected,

there is another term involving ||€*||?.
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12.6 Estimates of the [, Norm of the Error

To obtain an estimate of the lo norm of the error using theorem 12.6 we can solve
Jry = el with the Cholesky factorization but it is sometimes better to use a QR
factorization of the tridiagonal Jacobi matrix Jy,

QrJr = Ry,

where @)y, is an orthogonal matrix and Ry an upper triangular matrix. This gives
the Cholesky factorization of J, ,f = R{Rk; hence

(e', 1 %e") = (R, Tet, Ry el).

To compute this inner product we have to solve a linear system with matrix R}
and right-hand side e*. For the QR factorization of .J;, we use the results of Fischer
[109]. We remark that the matrix Rj has only three nonzero diagonals whose
entries are denoted as 1 ;, 72, 73,;. The general formulas are

T, =01, T2 = C0Q2 — S1M1, T1,4 = Ci—1Q; — S§-1C;—27)i—1, 12> 3,

_ [ 2
T =\/T1; T 15

T3 = S;_20i—1, t = 3,
T2 = C1M1, T2, = Ci—2C;_17i—1 + S;—10Q, © > 3,

T1,i i
, S = .
T1,i T1,i

C; =

To incrementally compute the solution of the linear systems wak =el fork =
1,2, ... we have to be careful that, even though the other elements of Ry, stay the
same, the (k, k) element changes when we go from k to k + 1. Hence changing

notations w = w* and with 1 an auxiliary vector, we define
R 1 1
w1 = % , W1 = )
T1,1 1,1
2 2
N~ 2wy 22wy
Wy = —— ) Wy = — )
T1,2 T1,2
and more generally for ¢ > 3
N (r3,iWi—g + T2 Wi—1) (r3,iWi—g + T2W;—1)
T — ~ ) w; = — .
T1, T1,

)

Therefore, Wy, is the last component of the solution at iteration k and wy, is used in
the subsequent steps. Then,

k—1
IR TN =D wf + .
j=1
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As for the A-norm, we introduce an integer delay d and we approximate (1%, A=2r%)—
0|2 (e, J,2,e') at iteration k by the difference of the k and k — d terms com-
puted from the solutions, that is,

k—1

Wy —p g+ Y wl, k> d.
j=k—d

To approximate the last term

- 0| T _
(12 (0 T2,

we use the lower bound of ||€*~|| 4 from Gauss quadrature and the value (e*~4, J, % e?)
which is Wg_q/71 k—q. For more comments on this approximation and the compu-
tations using finite precision arithmetic, see Meurant [239].

12.7 Relation to Finite Element Problems

When the linear system to solve arises from the discretization of partial differential
equations (PDEs), there are several sources of errors. Suppose we want to solve a
PDE

Lu=f in§,

) being a two- or three-dimensional bounded domain, with appropriate boundary
conditions on I the boundary of €2. As a simple example, consider the PDE

—Au=f, u|pr=0.

This problem is naturally formulated in the Hilbert space H} (€2) which is the space
of square integrable functions (denoted as Lo (2)) with square integrable deriva-
tives (in the sense of distributions) and zero boundary traces. It is written in varia-
tional form for the solution u as

a(u,v) = (f,v), Yo € V = H3(Q),
where a(u, v) is a self-adjoint bilinear form
a(u,v) = / Vu - Vv dzx, (12.3)
Q
and

(fv) = [ foda,
Q
The bilinear form is continuous and coercive, that is,
la(u, )] < Cllully [[o]l1,  alu,u) > yllulF,

where the H' norm is defined as

]2 = /Q[u2 + V2] da.
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Equation (12.3) has a unique solution v € H{(f2). Note that a(v,v) = |[v||?
defines a norm which is equivalent to the H' norm. An approximate solution uy,
can be computed using the finite element method. The approximate solution is
sought in a finite dimensional subspace V;, C V as

a(up,vy) = (f,vn), Yon, € V.
The subspace V}, can be constructed in many different ways. The simplest one is
to triangulate the domain €2 (with triangles or tetrahedrons of maximal diameter h)
and to use functions which are linear on each element. Hence, a function v, € V},
is piecewise linear and the unknowns are the values of wu,, at the vertices of the
triangulation. Using basis functions ¢; which are piecewise linear and have a value

1 at vertex ¢ and O at all the other vertices,
n

on(a) =D v;b;(x).
j=1
The approximated problem is equivalent to a linear system A% = ¢, where

[Ali; = a(¢i, ¢5), i = (f, i)
The matrix A is symmetric and positive definite. The solution of the finite dimen-
sional problem is

up(v) = Z Uj¢;(x).

If the order of the linear system is large, it can be solved by an iterative method; the

al(g())rithm of choice is CG. Stopping at iteration k will give an approximate solution
k

uy .

Therefore, we have two sources of errors, the difference between the exact and
approximate solutions v — up, and up — ugk), the difference between the approx-
imate solution and its CG computed value (not speaking of rounding errors). Of
course, we desire the norm of u — uglk) to be small. This depends on h and on the
CG stopping criterion. The problem of finding an appropriate stopping criterion
has been studied by Arioli and his coauthors [9], [10].

The rationale in [9] is based on the following inequality. Let u}; € V}, be such

that
lun — uplla < B llunlla,

where the value of ¢ is related to the stopping criterion and depends on the regularity
of the solution. Then,

u—uplla <llu—unlla+ llur — uplla
<A ulla + (1 +h")[u = usa-
Ift > 0and h < 1, we have

u—uplla < Bllulla + 2llu — unlla-

Therefore, if uj = uék) and we choose ¢ and therefore ||up, —uj ||, such that At ||u]|,

is of the same order as ||u — up||, we have

[ — v lla ~ flu = unlla,
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which is the best we can hope for; see examples in [9]. Now, it turns out that

(k)
h

oy lla = 10" 1.4,

where v* is the vector of the vertex unknowns. During CG iterations we know how
to estimate the A-norm of the error. Let () be such an estimate of ||¢*|| at iteration
k (obtained with iterations up to k + d). Then, Arioli [9] proposed to compare (j,
to ||¢[|% -1 The proposed stopping criterion is

le = Au® | 4 < mllefla-r.
But |lc — Au™|| 41 = |jup, — uglk)Ha which is the A-norm of the error. We have
lelf?-r = @ Aa > (w®)Tr0 4+ Tu®).
Using this lower bound, the stopping test is
If ¢ < n?((uF)Tr% 4 ¢TuP) then stop.

The parameter 7 is chosen as h or n? as the maximum area of the triangles in two
dimensions. Numerical examples in [9] show that this stopping criterion is capable

of stopping the CG iterations when ugbk ) is a reasonable approximation to u(z), that

is, when ||u — uék) || is of the same order as ||u — up]|q-

12.8 Numerical Experiments

12.8.1 Examples

We will use Examples F3 and F4 from chapter 11. We also introduce two other
examples. Example CGl1 is the matrix BesstkO1 from the Matrix Market (at the
address http://math.nist.gov/MatrixMarket/). Example CG2 arises from the dis-
cretization of a diffusion problem similar to F5 except that the diffusion coefficient
is given by

1

A = .
(z,9) (2+psin%)(2+psin%)

(12.4)

The function A\ may have peaks. The parameter 7 allows us to choose the number
of peaks and the value of the parameter p determines the heights of the peaks. We
are interested in the values p = 1.8 and a value of 17 = 0.1 for which the diffusion
coefficient has a single peak. A value of n = 0.08 would give four peaks.

12.8.2 Numerical Results

Example F3

We solve a linear system of order n = 100 with a random right-hand side. Fig-
ure 12.1 shows the log;, of the A-norm of the error (solid), the lower bound ob-
tained with the Gauss quadrature rule (dashed) and the upper bound given by the
Gauss—Radau rule with a = A,;, (dot-dashed). The lower bound is oscillating but
the upper bound is very close to the exact error. This problem is difficult to solve
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with CG. We see that we need many more than 100 iterations to go down to the
stagnation level of the norm of the error. This happens because of the large round-
ing errors, which delay convergence. Figure 12.1 is for a delay d = 1. When we
increase the delay to d = 5 (figure 12.2) the oscillations of the lower bound are
smoothed.

| | |
20 40 60 80 100 120 140 160 180 200

-16 I I I I I
0

Figure 12.1 Example F3, d = 1, log,, of the A-norm of the error (solid), Gauss (dashed)
and Gauss—Radau (dot-dashed)

Example F4

The order of the linear system is n = 900. The notations are the same as for
Example F3. For the Gauss—Radau upper bound we use a value of a = 0.02,
whence the smallest eigenvalue is Ap,;, = 0.025. We can see on figure 12.3 that
we obtain a good lower bound even with d = 1. Figure 12.4 shows a zoom of the
convergence curve for d = 5.

The problem for obtaining upper bounds with the Gauss—Radau rule is to have an
estimated value of Ay, the smallest eigenvalue of A. During the first CG iterations
an estimate of Ay can be obtained by computing the smallest eigenvalue of .Jj.
In the experiment of figure 12.5 the smallest eigenvalue is computed by inverse
iteration solving tridiagonal systems. The computation is started with @ = 10719
and we switch when the smallest eigenvalue of Jj, has converged. Therefore at
the beginning the upper bound is a large overestimate of the A-norm but, after the
switch, we obtain a good upper bound.

Example CG1
This small example of order 48 was chosen to show the relation between the
oscillations of the Gauss lower bound and the oscillations of the residual norm when
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40 45 50 55 60 65 70 75 80 85

Figure 12.2 Example F3, d = 5, zoom of log,, of the A-norm of the error (solid), Gauss
(dashed) and Gauss—Radau (dot-dashed)

-16 I I I I I I
0

20 40 60 80 100 120 140

Figure 12.3 Example F4, n = 900, d = 1, log,, of the A-norm of the error (solid), Gauss
(dashed) and Gauss—Radau (dot—dashed)
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Figure 12.4 Example F4, n = 900, d = 5, zoom of log; , of the A-norm of the error (solid),
Gauss (dashed) and Gauss—Radau (dot-dashed)
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Figure 12.5 Example F4, n = 900, d = 1, estimate of Amin, log;, of the A-norm of the
error (solid), Gauss (dashed) and Gauss—Radau (dot-dashed)
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the delay d is small. In figure 12.6 the delay is d = 1. There are large oscillations
of the lower bound. They are, of course, closely linked to the oscillations of the
residual as we can see in figure 12.7. There are much few oscillations with d = 5
in figure 12.8, particularly when the A-norm decreases fast. Note that n = 48 but
we need many more iterations to have a small error.

0

-2F N
o ,/\/H\"/\\“ o\
EVIAVAY \ /
, N \\:/ I,

—4f [

-20 I I I I I I I I
0 20 40 60 80 100 120 140 160 180

Figure 12.6 Example CGl, d = 1, log,, of the A-norm of the error (solid), Gauss (dashed)
and Gauss—Radau (dot-dashed)

Example CG2

For the linear system we first use n = 900. The results are shown in figure 12.9
for which we choose a = 0.002 whence the smallest eigenvalue is A\, = 0.0025.
Figure 12.10 is a zoom of the convergence curve with d = 5.

Then, we solve a larger problem with n = 10000. The approximation of the
smallest eigenvalue is a = 10~* whence the exact value is A\, = 2.3216 1074,
Results with d = 1 are given in figure 12.11. With this problem size we need a
large number of iterations. Figure 12.12 shows the results of the preconditioned
conjugate gradient algorithm with an incomplete Cholesky factorization IC(0) as
preconditioner; see for instance [237]. The convergence is much faster and the
Gauss lower bound is closer to the A-norm of the error.

Let us consider solving a PDE problem of which we know the exact solution to
demonstrate the usefulness of the stopping criterion developed by Arioli and his
coauthors [9], [10]. We choose Example CG2. Since we are solving a problem
arising from finite difference and we have multiplied the right-hand side of the
linear system by h%, we modify the Arioli criterion to

If G < 0.1% (1/n)((z") 770 + ¢T2°) then stop. (12.5)



ERROR ESTIMATES IN THE CONJUGATE GRADIENT ALGORITHM

/\

FIRN
AN A AUTRNAY
NS

7

~ o

Iy N |

IR W ARVAR AN
TR LA

i o

-20 I I I I I
0 20 40 60 80 100

120 140 160 180

219

Figure 12.7 Example CGl, d = 1, log,, of the residual norm (solid) and the Gauss bound

(dashed)
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Figure 12.8 Example CGl, d = 5, log,, of the A-norm of the error (solid), Gauss (dashed)

and Gauss—Radau (dot-dashed)
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Figure 12.9 Example CG2, d = 1, n = 900, log,, of the A-norm of the error (solid), Gauss
(dashed) and Gauss—Radau (dot-dashed)

Figure 12.10
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Example CG2, d = 5, n = 900, zoom of log,, of the A-norm of the error
(solid), Gauss (dashed) and Gauss—Radau (dot-dashed)
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Figure 12.11 Example CG2, d = 1, n = 10000, log,, of the A-norm of the error (solid),
Gauss (dashed) and Gauss—Radau (dot-dashed)
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Figure 12.12 Example CG2, d = 1, n = 10000, IC(0), log,, of the A-norm of the error
(solid) and Gauss (dashed)
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where (}, is an estimate of ||€¥||% at iteration k (obtained with iterations up to k +d)
and c is the right-hand side of the linear system of order n. The coefficient 0.1 is
somewhat arbitrary. The right-hand side of the PDE is computed such that the exact
solution is u(z,y) = sin(wz) sin(7y). When using n = 900, the A-norm of the
difference between the “exact” solution of the linear system (obtained by Gaussian
elimination) and the discretization of u is n,, = 5.9468 10~*. Using the stopping
criterion of equation (12.5) we do 53 iterations and the A-norm of the difference
between v and the CG approximate solution is n, = 7.1570 10~%, which is of the
same order of magnitude as the true error norm.

With n = 10000, we obtain n,, = 5.6033 10~5. We do 226 iterations and we
have n, = 9.5473 107°. Using the incomplete Cholesky factorization IC(0) as
a preconditioner we do 47 iterations and obtain n, = 5.6033 1075. Hence, this
stopping criterion is working fine even for this difficult problem.

Anti-Gauss quadrature rules can also be used to obtain estimates of the A-norm
of the error. For Example F4, the results with d = 1 are given in figure 12.13. We
obtain an upper bound with the anti-Gauss rule. A zoom of the convergence curve
with d = 5 is given in figure 12.14. Use of the anti-Gauss rule is interesting since
it does not need any estimate of the smallest eigenvalue of A. However, the anti-
Gauss estimate may fail since sometimes we have to take square roots of negative
values. Hence, for figure 12.15 we use the generalized anti-Gauss rule with a pa-
rameter . We started from a value v (taken to be 1 and 0.7 for the figure). When
at some iteration we find a value §;, < 0 when computing the Cholesky factoriza-
tion of the Jacobi matrix, we decrease the value of ~y until we find a positive definite
matrix. At most we will find v = 0 and recover the Gauss rule. Figure 12.15 shows
that this strategy works fine. We can also see that using values of + less than 1 may
give better results. But, of course, with the anti-Gauss rule we may not always get
an upper bound. One can also use an average between the Gauss and the anti-Gauss
rules. This is shown in figure 12.16. It may give an estimate that is very close to
the exact error norm but not necessarily a bound.

The fact that the anti-Gauss rule may not always give an upper bound is illus-
trated in figure 12.17 for Example CG1. We see that in this case the Gauss—Radau
rule gives a much better result than the anti-Gauss rule but it needs an estimate of
the smallest eigenvalue of A.

We now use the formula given by Brezinski [37] for estimating the A-norm of
the error. Figure 12.18 displays the result of this estimate. Generally Brezinski’s
estimates give better results for the /s norm than for the A-norm.

As we have seen before, the I5 norm of the error can also be estimated by quadra-
ture rules. Details of the algorithm are given in [239]. A numerical experiment for
Example F4 and n = 900 is given in figure 12.19 with a delay d = 1.
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Figure 12.14
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Example F4, d = 1, n = 900, log,, of the A-norm of the error (solid), Gauss

(dashed) and anti-Gauss (dot-dashed)
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Example F4, d = 5, n = 900, zoom of log,, of the A-norm of the error

(solid), Gauss (dashed) and anti-Gauss (dot-dashed)
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Figure 12.15

Figure 12.16
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Figure 12.17 Example CG1, d = 1, n = 48, log,, of the A-norm of the error (solid),
anti-Gauss (dashed) and Gauss—Radau (dotted)
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Figure 12.18 Example F4, n = 900, log,, of the A-norm of the error (solid) and Brezinski’s
estimate (dashed),
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Figure 12.19 Example F4, d = 1, n = 900, log,, of the l> norm of the error (solid) and
Gauss (dashed)



Chapter Thirteen

Least Squares Problems

In this chapter we are concerned with the application of the techniques we devel-
oped to estimate bilinear forms related to the solution of least squares problems.
First we give a brief introduction to least squares problems. For more details see
the book by Bjorck [30].

13.1 Introduction to Least Squares

13.1.1 Weighted Least Squares

Assume we have a data matrix A of dimension m X n with m > n and a vector ¢
of observations and we want to solve the linear system Ax ~ c in a certain sense.
If ¢ is not in the range of A, a common way to compute a solution is to solve a least
squares (LS) problem, seeking for the minimum of

W (e — Az)], (13.1)

where W is a diagonal matrix of weights (in many instances W = I, the identity
matrix) and the norm is the l5 (or Euclidean) norm; see, for instance, Golub and
Van Loan [154] or Bjorck [30]. Least squares approximations were first introduced
in the 19th century by Adrien-Marie Legendre and Carl Friedrich Gauss to solve
some problems arising from astronomy. Of course, at that time their methods were
not formulated in matrix terms. It is well known that the mathematical solution of
the LS problem (13.1) satisfies the normal equations

ATW?2 Az = ATW?2e.

This is obtained by computing the gradient of the functional in equation (13.1). The
solution is unique if A has full rank n. If we do not use weighting for simplicity
(W = I) we see easily that the residual norm ||rg|| at the solution z s is given
by
lrosl|? = cfe—cTA(ATA) 1A e
and
lzLs]? = T A(AT A)2A .

We have quadratic forms with a symmetric matrix in the right-hand sides.

Since the normal equation matrix A” A can be badly conditioned, the LS prob-

lem is often solved using orthogonal transformations, namely Givens rotations or
Householder transformations; see Bjorck [30]. However, the solution can also be
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written with the help of the singular value decomposition (SVD). Assume W = I,
using the SVD of A we have three matrices U, V', ¥ such that UTAV = X, where
U of order m and V of order n are orthonormal and ¥ is a diagonal matrix with r
positive diagonal elements (the singular values), where 7 is the rank of A (which is

the number of nonzero singular values). Let u’, i =1,...,m be the columns of U
and v*,7 = 1,...,n be the columns of V. Then, the solution of the LS problem is
—~ (u)"c ;
= —" 13.2
Trs =Y p— (13.2)

i=1
It gives the minimum residual norm ||¢ — Az|| and the smallest /> norm between
the minimizers when the solution is not unique.
The least squares problem given in equation (13.1) can also be rephrased as

minimize | Wr|| (13.3)

subject to Ax = ¢ + r. Thus the LS problem corresponds to perturbing the vector
of observations ¢ by the minimum amount 7 such that the right-hand side ¢ + 7 is
in the range of A.

13.1.2 Backward Error for Least Squares Problems

When solving a linear system Ax = ¢ with a square matrix, it is of interest to know
the effects of perturbations of the data on the solution. If one only perturbs the
matrix A, we consider the problem

(A+ AAd)y =,

with a perturbation satisfying ||[AA|| < w. The normwise backward error 7 mea-
sures the minimal distance (in the /5 norm) to a perturbed problem which is solved
exactly by the computed solution y,

n=inf{w], w >0, [AA] < w, (A+Ad)y =c}.

The normwise backward error for square linear systems has been characterized by
Rigal and Gaches [284]. Let r = ¢ — Ay be the residual, then

]
Iyl
A rule of thumb says that the forward relative error ||y — z||/||«| is approximately
the product of the condition number of A and the backward error.
When solving a linear problem in the least squares sense with an m X n matrix
A, we seek for the solution of

min ||c — Az||.
xT
The perturbation analysis of this problem is summarized in Higham’s book [188].
The backward error is now defined in the Frobenius norm as
w(z) =min || (AA 0Ac)||F,

subject to (A + AA)x = ¢ + Ac where z is the computed solution. Here 6 is a
real parameter. We will see in chapter 14 that this is quite similar to the total least
squares (TLS) problem except that here we have the computed solution .
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The backward error has been characterized by Walden, Karlson and Sun [343].
It is given by

1/2 2 2

e r T 022
= O>\min AAT — ) = )
) (nw”*mm ’ VTP Y= T ela]e

where 7 = ¢ — Az is the residual vector corresponding to the computed solution.
Assuming the right-hand side c is known exactly (data least squares abbreviated as
DLS), letting & — oo which gives Ac = 0, the computed solution x is the exact
solution for a matrix A + A A. The backward error is then

() = min [|AA] ¢

1/2
. .ot

- min AA TG ) .
=) <|oc||2+““n 0.2 ol

Let A= UXVT be the SVD of A, where U and V (respectively of order m and n)
are orthonormal matrices. If m > n, 2 of dimension m X n is

== (1)

D being a diagonal matrix of order n. Then, we have

2
AAT — U (13 8) U7,

and

dd". If we denote f = UTd,

Letd = /v

we have

AAT —dd” = U [(132 8) —ffT} U7

The eigenvalues of AAT — dd”" are those of the matrix within brackets. Clearly
some of the diagonal entries are — f? < 0. Therefore this matrix cannot be positive
definite and it is likely (if there are components f; # 0,7 = n + 1,...,m) that
there are negative eigenvalues. To compute the smallest negative eigenvalue of
AAT — dd™ we have to solve the secular equation

1—d"(AAT —un~td=o0.
Using the SVD of A this is written as

We have a pole at 0. If x — 0 by negative values, the left-hand side — —oco. When
u — —oo the left-hand side goes to 1. Hence, there is one negative root for the
secular equation.

If m < n D is of order m and we have AAT = UD?U, the secular equation is

1—2 5 =0.

O’—
i=1 ©
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The left-hand side is a decreasing function between poles. The limit value when
u — —oc is 1. Therefore there is a zero left to 0. It may or may not be negative.

The value p(x), requiring the knowledge of the smallest eigenvalue of a rank-one
perturbation to AAT, may be expensive to compute and can lead to computational
difficulties because of cancellation. It has been suggested to use

@) = ||l *PATA+ [ 2D~ /2 AT ],

as an estimate of u(z). If F(A,z) = AT(c — Ax) and D, is the matrix of the
partial derivatives related to A, then (see Grear [165])

DD = ||r||’T + ||z||? AT A.

The estimate is | DY, F(A, )| = |[(DaD%)~'/2ATr|, where the 1 sign denotes
the pseudoinverse. Grear proved that
G 1.
)

where x* is the exact solution of the original problem. Methods to compute fi(x)
were considered by Grcar, Saunders and Su; see also the Ph.D. thesis of Zheng Su
[322]. If one knows the singular value decomposition of A, A = UXVT, then

lelli(x) = (2 +? 1)~ /2207,

where nn = ||r||/||x||. Of course, this is quite expensive and not practical when A is
large and sparse. Another possibility is to use a QR factorization of the matrix

A
o= ()

see Zheng Su [322]. However, computing ji(x) = ||z|?[f(x)]? fits quite well into
our approach for estimating quadratic forms since

p(x) =y (ATA+ 0" D)ty y=ATr

Then, we can use almost exactly the method of Section 15.1.6 for solving the L-
curve problem that is using the (Golub—Kahan) Lanczos bidiagonalization algo-
rithm starting with y/||y||. This computes bidiagonal matrices Bj. To obtain the
estimates we have to solve (small) problems similar to equation (15.6). One can
also use the Gauss—Radau modification of By; see chapter 4 of Su’s thesis [322].

13.2 Least Squares Data Fitting

13.2.1 Solution Using Orthogonal Polynomials

We consider the following approximation problem of fitting given data by polyno-
mials. Giving a discrete inner product

m

(f,9)m =D f(t;)g(t;)w?, (13.4)

Jj=1
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where the nodes ¢; and the weights wJQ-, j = 1,...,m are given, and a set of
given values y;, 7 = 1,...,m find a polynomial ¢ of degree n < m such that the
weighted sum
>y — a(t))? w?, (13.5)
j=1

is minimized. The values y; may come, for instance, from the pointwise values of a
function at the nodes ¢; or from experimental data. The solution of this least squares
problem can be obtained by using the polynomials p; orthogonal with respect to
the inner product (13.4). This was considered by G. Forsythe in 1957 [113]. The
inner product (13.4) can be seen as a Gauss quadrature formula. Let J,,, be the
corresponding Jacobi matrix with eigenvalues Ggm) = t;. The values w; are the
first elements of the normalized eigenvectors of J,,,. We know that

m m m m T
prO) = (po(6™) - pua(60))
is an (unnormalized) eigenvector corresponding to Ggm). Then, if we denote
Po= (pm(03™) - p™(0:7))

we have J,,, P,, = P,,0,, where ©,, is the diagonal matrix of the eigenvalues

Hgm). Let D,, be the diagonal matrix with diagonal elements

vi = [p™ (0" pm (0] 7.
We have Pg; P, = D;LQ and P,, D,,, is the orthonormal matrix whose columns are
the normalized eigenvectors of J,,,. The first elements of the columns of P,,D,,

are the values w;, j = 1,...,m. Let y™ be the vector with components y; and d'
be a vector of coefficients d;. Then, a polynomial ¢ of degree m — 1 can be written
as g(x) = (p™(x))Td™ and if t™ is the vector of the values t; = 9§m), we have
q(t™) = PTd™. Then, the weighted sum in equation (13.5) is written as
m
D (w5 = alt)? wi = 1D (y™ — a(t™))|?
j=1
=D (y™ = Prd™)|?

= PnDpy™ — d™||*.

The last expression is obtained because P, D,, is orthonormal and therefore we
have P,, D2, P = I. Clearly, d™ = P,, D2 y™ is the solution of the interpolation
problem at nodes ¢; expressed in terms of orthogonal polynomials. Taking a vector
d™ with only the first n components of d" gives the solution of the least squares fit
with polynomials of degree n < m — 1 written as

" = Pn,mDyznyma

where P, ,, is the matrix of the first n rows of P,.

Therefore, given the nodes ¢; and weights wjz, 7 =1,...,m, wehave to solve an
inverse eigenvalue problem to obtain the Jacobi matrix .J,,, representing the orthog-
onal polynomials. We have already studied such problems in chapter 6. We will
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see in the next sections how to apply the algorithms of chapter 6 to our particular
problem.

The paper [100] by Elhay, Golub and Kautsky considers the slightly different
problem of updating and downdating the least squares fit. Assuming the knowledge
of the solution for dimension m, adding a new triplet of data {¢,,+1, Wm+1, Ym+1}
and computing the new solution is called updating. Removing a triplet of data is
called downdating. This is particularly useful when the data come from experi-
ments.

13.2.2 Updating the LS Solution

We assume that we know the Jacobi matrix J,, and the vector d” with n < m. We
want to compute the Jacobi matrix J; and vector dy with n = n or n + 1 for the

data {t;,w;,y;}, 7 =1,...,m+ L. A solution always exists for a partial solution
with n = n. The solution for n = n + 1 requires that m = n and therefore the
points t;, j = 1,...,m are the eigenvalues of .J,,. The update is possible only if

the new point ¢,,,+1 is not one of the eigenvalues of .J,,.

In the case n = m, n = m + 1, the problem is to expand .J,,, to a tridiagonal
matrix J,,41 having the spectral data {tj, w; } j=1,...,m+1- The solution is given by
the following theorem, see [100].

THEOREM 13.1 Assume we know Jp,. Let 0, = (w3 +- - -+w?2,)'/2. The solution
of the problem for {t;, w;,y;}, j =1,...,m+ 1is given by

= (g0 e

tnL+1

Om+1 = (O'zn + ’U)72.n+1)1/27

dmtt=qQ ™
Wm+1Ym+1 ’

where the orthogonal matrix Q) is uniquely determined by requiring J,,+1 to be
tridiagonal and @Q to be such that

m+1)

Q(ome! +wmyie = Oyl

Proof. Let Q,, = P,,D,,. Then, Q,, is the matrix of the eigenvectors of J,, =
QnL@mQZL and

IN\NT T

om(e ) Qm = (w™)",
where w' is the vector with components w;, j = 1,...,m. Similarly, we have
J7n+1 = Q7rL+1 @’rn-i-lQ%-y-l and U77L+1(61)TQTTL+1 = (w'm—i-l)T with (wm+1)T =

((w™)T w4 1). The matrix
r o
Q = Q7rz+1 (Qom 1>

satisfies the first relation of the theorem. Moreover, one can check that Q(ame1 +
Wip1€™ ) = 0,1 1€l is verified. Taking the norms of both sides of this relation
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gives the second relation of the theorem. Now, we have d™ = Q,,,D,,y™ and
A" = Q1 Dipry™ with ()T = ((y™)" ym1). Hence,

D ym QT qm ) < dm )
dm+1 =Qm m =Qn m — ,
Qe <wm+1ym+1) Qe (wm+1ym+1 @ Wm+1Ym+1

which proves the third assertion. g

This theorem is not constructive since even if we know (),,, we do not know
®Qm+1- The matrix @ of order m + 1 can be constructed as a product of elementary
Givens rotations

Q =RpRy_1--- R17

where R; is a rotation between rows j and m+ 1. The first rotation R; is computed
to achieve the relation Q(o,,e! + wyy1e™t) = o,,41et. The vector op,et +
Wy, 1€™T1 has nonzero components only in positions 1 and m + 1. Therefore
the bottom entry can be zeroed by a rotation R; between the first and last rows.
Applying symmetrically this rotation to the matrix

Im 0
0 tm+1

creates two nonzero entries in the last row in positions 1 and 2 and, symmetrically
two nonzeros in the last column. The next rotations Ry, R, ... are constructed to
chase these nonzero elements to the right of the last row and to the bottom of the
last column. Hence, R, is a rotation between rows 2 and m + 1 to zero the entry
in position (m + 1,1). It modifies the element (m + 1,2) and creates a nonzero
element in position (m + 1, 3). Rotation R3 zero the (m + 1, 2) entry and creates a
nonzero in position (m + 1,4) and so on. At step k the first &k — 1 elements of the
last row and of the last column of

Im 0

Kk:RkRkl"'R1< 0 tis

)RE-RE R,

vanish. The matrix K}, is tridiagonal up to the last row and column which have
nonzero elements in position k£, k 4+ 1 and m + 1. Hence, K, is tridiagonal. This
updating method named RHR should be stable since it uses only orthogonal rota-
tion matrices.

Note that we can also use this method to solve the inverse eigenvalue problem
of chapter 5 starting with a pair of one node and one weight, adding a new pair at
each step. The data y;, 7 = 1,...,m + 1 is only involved in the computation of
d™ when we know Q.

Elhay, Golub and Kautsky [100] studied also some Lanczos-type methods in the
same spirit as the methods proposed in Kautsky and Golub [202] that we have con-
sidered in chapter 5 in the section devoted to the modification of the weight function
by multiplication with a polynomial. They were looking for monic polynomials py,
orthogonal with respect to the inner product (., .),,+1 assuming the knowledge of
the orthogonal polynomials py, for (., .),,. We have

Pr1(t) = (t =ty 1)Pm (D).
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Both sets of polynomials satisfy
tp™ (8) = Jmp™ (8) + Bme" pm (1),
tp™ () = T 1™ () + Brr1€™  Brnga (1)
Denoting (p™ )7 = ((p™)7 p,n), we have
tp" () = T p™ () + € g (1),

Jm o m
Jm+1:<0 ﬁ ¢ )

t77L+1

where

There exists a nonsingular lower triangular matrix L such that
perl _ Lﬁm+1.
Comparing the previous relations, we obtain
Im1l = Lj7rl+1a B7rn+1(em+1)TLem+1 =1
Then, denoting by 19 the columns of L,

(1 - §jsm+1)ﬁ~jlj+l + &Jlj + (1 - 6j;1)6~jfllj_1 = Jm+1lj7 ] =1,....m+1,
where J;; is the Kronecker symbol. These relations can be used to evaluate al-
ternately the elements of .J,,, 1 and the columns of L from the knowledge of I!.
This is clearly analogous to the Lanczos (or Stieltjes) algorithm. This algorithm
exploits the special form of L. It remains to show how to compute the first column
I' = Le'. Using the relation p™*! = Lp™*! and the fact that the polynomials
p; are orthonormal we have that the matrix LL” is equal to a matrix whose ele-
ments (7, j) are the inner products (p;,p;)m+1. We remark that since L is lower
triangular, LT e! = ((e!)T Let)el. Therefore,

LLTe" = ((e")TLe" )l = (o™, po) = e + wh, 190 ™ (tims1).
The last relation allows us to compute the first column ['. It turns out that for

constructing the Jacobi matrix we need only the diagonal and subdiagonal elements
of L. Let the jth column of L be denoted as

ZJZ(O ... 0 Pj Tj ...)T,

where p; and 7; are the elements we are interested in. We have the following
relations

Bi—1pj1 = (e Jopsall = Bj_1pj, j=2,....m+ 1,
S B o (o\T j_ ) api+ BT, 1<j<m
Ol]/)] +ﬁ]_17-']_1 (e ) Jm+1l { tpm+1a .7: m —+ 1
Bms1 =1/pmi1.
It remains to compute p; and 75, j = 1,...,m + 1. Denoting M = LLT, we have

M = diag(1, 0) + v (u™ )T,
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where ©™ ! = w,;, 1 1p™ 1 (t,11). Thus L is the Cholesky factor of a rank-one
modification of a diagonal matrix. We denote the elements of the vector u™*! by

Yj = Wmy1Pj—1(tm41). For j < k we have
(ek)TLej = Q/JKQJa

where the diagonal elements p; and g; satisfy

Py =1=0jmp + i1 —qi = =i y),
pig; =il —qi — - —qg;1)
Noticing that 7; = (e/~!)” Le?, we can evaluate p; and the ratio 7;/p; which is
Ti_ Vi1
pj  VIH+1/(1—q - —diy)

The solution of the least squares problem can be computed recursively as

1
g — A + Wi p1Ym+195 — V5 ZJ d7n+1
j

Pj

This method is called TLS (!) in [100]. To avoid confusion with total least squares
(see chapter 14) we will denote this method as TLUDSFUS, UD for update and
downdate, SFUS for special form and unscaled. In the paper [100] another method
was described using determinants. We will denote it by TLUDUS.

13.2.3 Downdating the LS Solution

Before considering the downdating of the least squares fitting solution, we show
how to change the weight of an existing point. This can be done by adding a new
point that is the same as one of the points ¢;, j = 1,...,m, say the last one. The
solution to this problem is given in the following theorem, see Elhay, Golub and
Kautsky [100].

THEOREM 13.2 Given o,,, J,, and d™ and new data {t,,11, Wynt1, Ym+1} With
tm+1 = tm, the solution is given by

m = QJmQTa

Gm = (07, +wi )",

d~m = Q(dm + (mmgm - wmym)qm)a

where 5, = (w2, +102, Y2, G = (02 + 02,4 ) (02, 02, and
the orthonormal matrix @ is uniquely determined by requiring J,, to be tridiagonal
and such that

Q(Jmel + (W, — Wi )g™) = Gmel.

The vector g™ is the normalized eigenvector of J,,, corresponding to the eigenvalue
tm scaled to have a positive first element.
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Proof. The proof is very similar to the proof of theorem 13.1 (see [100]). O

This theorem shows that one can modify the weight of a chosen node by orthog-
onal transformations. However, an eigenvector like ¢"* has to be computed. We re-
mark that the updating methods using rotations discussed previously can be used in
this case. The difference with the previous situation is that the Jacobi matrix that is
obtained cannot be unreduced because it must have two equal eigenvalues. Hence,
one of the subdiagonal coefficients must be zero. Note also that theorem 13.2 cor-
responds to an increase of the weight since w2, 11 > 0 corresponds to Wy, > Wp,.

We now turn to the downdating problem. This is similar to zeroing a weight,
say, having w,, = 0. A way to achieve this is to use the same method as when
modifying a weight but replacing w,, 1 by 1w, 1 where 1> = —1. The methods
that have been described before in this section can be coded such that the complex
quantities that are involved remain purely imaginary throughout the calculation and
thus everything can be done conveniently in real arithmetic. In the method using
rotations the similarity matrices which are involved are

c 15
-5 ¢ )’
with ¢ — 52 = 1, embedded in an identity matrix. These matrices are called hyper-
rotations and they are complex orthogonal. Contrary to plane rotations they can be
badly conditioned.

Another possibility is, so to speak, to “reverse” the rotation method. The solution
is given in the following theorem.

THEOREM 13.3 Given o,,41, Jm+y1 and d™t1, the solution when removing the
triplet {t;m+1, Win+1, Ym+1} from the data is given by

(0,0 ) =@

tm+1
~ 2 2 1/2
Om = (Um - wm+1) / s

dTVL
— dm-&-l,
(wm+1ym+1 ) @

where the orthogonal matrix Q) is uniquely determined by requiring Jom to be tridi-
agonal and such that

Q(0m+161 - wm+1qm+1) = 5m317

g™ being the normalized eigenvector of J,, 1 corresponding to t,, 1 scaled to
have a positive first element.

Proof. See Elhay, Golub and Kautsky [100]. a

The method based on theorem 13.3 is called REV. The paper [100] also shows
how to downdate a partial matrix .J,, with n < m + 1. The existence of a solution
is equivalent to the existence of a matrix J; with » > n such that J, is a submatrix
of J; and the node to be removed is an eigenvalue of J;. Note that obtaining this
matrix is quite similar to the problem we solved for the Gauss—Radau quadrature
rule.
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13.3 Numerical Experiments

13.3.1 LS Test Problems

In this section we describe the results of numerical experiments for updating and
downdating a least squares fit with the methods we have described above and we
show how to improve some of them. Let us consider the following problems,

Example LS1
The nodes, weights and data are given by

tm =—1+2(m—1)/(n—1), wy, = 1/V/n, ym = L.5+sin(4t,,), m=1,...,n.
Example LS2
p=0.9,t; =0.01, ¢, = 100,

tm=t1 4+ (m—1)/(n—1))(t, —t1)p" ™™, m=2,...,n—1,

Wi, = 1/v/N, ym = 1.5 + sin(4t,,).

Example LS1 is close to one in Elhay, Golub and Kautsky [100]. It has regularly
distributed nodes. Example LS2 corresponds to the Strakos Example F3; see chap-
ter 11.

13.3.2 Solutions Using Rotations

We first consider the following experiment. Starting from
o=lwi], 1 =t1, d1 = y10,

we recursively build up the symmetric tridiagonal matrices J,,,, m = 2,...,n
whose diagonal elements are a; and subdiagonal elements are (3; adding a point
t,, at each step. Having obtained the final J,,, we downdate the solution by succes-
sively removing ¢,,, m = n, ..., 2. In the updating phase we check the eigenvalues
of J,,. They mustbe equal to ¢4, . .., t,,. When downdating we compare the Jacobi
matrices we obtain with the ones that have been computed in the updating phase.

We first do the updating using RHR and the downdating using hyperbolic rota-
tions. Let us start with Example LS1 using a small number of points n = 8. The
absolute values of the differences between the points ¢, and the eigenvalues of
J,, are at the roundoff level. This means that the updating process using rotations
works quite well, at least for this small problem. Now, we downdate by removing
one point at a time. The log;, of the relative differences in the elements of the
matrix .J,,, and the Fourier coefficients computed as

where « (resp. &) is the diagonal of J,,, obtained when downdating (resp. updating)
are given in figure 13.1. In other words we compare the solution we obtain when
downdating to what we had previously when updating. Therefore, the figure is to be
read from right to left. The results when downdating the last point ¢,, = 1 are given
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Figure 13.1 Example LS1, log,, of relative errors when downdating, n = 8, RHR and
hyperbolic rotations

for abscissa 7 and so on. We see that the relative errors are quite large, up to 1010,
except for o for which they are negligible. Moreover, the errors increase when n
increases, up to the point where the algorithm is no longer able to downdate.

These downdating results can be improved a little by a careful reordering of
the floating point operations (specially when computing the rotations). With this
version of the algorithm and for Example LS1, the breakdown when no downdating
is possible happens for n = 13.

Example LS2 breaks down at n = 13. The results for n = 12 which are shown
in figure 13.2 are worst than for the other example. The conclusion of these exper-
iments (and others not reported here) is that the hyperbolic rotations that are used
for downdating are highly unstable and cannot be used even for moderate values of
n.

As we have seen, Elhay, Golub and Kautsky [100] proposed another downdating
method called REV based on an eigenvector of .J,,, see theorem 13.3. In [100]
its components are obtained by solving a triangular system. The results for Exam-
ple LS1 are given in figure 13.3. The errors are not better than with hyperbolic
rotations (with modifications). However, REV is more robust and allows us to use
larger values of n. Results for n = 19 are given in figure 13.4. For n = 20, we
found a value 8; = 0 and the algorithm has to stop.

When downdating the points in the reverse order as they were added for updating,
one can compute the eigenvectors of the matrices J; incrementally. Assume that
we are updating for J,, to J,,41. Let Z (resp. W) be the matrix of the eigenvectors
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Figure 13.2 Example LS2, log,, of relative errors when downdating with modifications of
RHR and hyperbolic rotations, n = 12
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Figure 13.3 Example LS1, log,, of relative errors when downdating with REV, n = 8
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Figure 13.4 Example LS1, log;, of relative errors when downdating with REV, n = 19

of J, (resp. J,41)and Q = R,, - - - Ry be the products of the rotations in RHR. We

have the relation
Z 0 Z 0
W_Q(O 1>_Rn~-~R1<O 1).

Therefore, starting from Z = 1 for n = 1, we can compute the eigenvectors by
applying the rotations that are obtained at each step. Reciprocally, from the eigen-

vectors of J,, 1 we have
Z 0\ _ .1 T
<0 1>—R1- -R, W.

If we know the eigenvalues of J,, that are (approximately) the points ¢;, we can also
recover .J,, from Z (removing the last point we added) by taking the tridiagonal part
of ZAZT where A is the diagonal matrix of the eigenvalues (although this is only
marginally better, what is important is to have good eigenvectors). Let us see how
this is working in figures 13.5 and 13.6. We see that the results are good even for
large data sets. However, there are several serious drawbacks with this algorithm.
First, it is much more expensive than the other ones. So recomputing the solution
for the downdated data set from scratch may be cheaper. If we want to remove any
data point and not just the last one, we can use the REV algorithm modified to use
an eigenvector computed using the rotations and not by solving a linear system.
Then, we can compute the downdated eigenvectors by deflation after applying the
rotations computed by REV.

We now try to reproduce the numerical results of Elhay, Golub and Kautsky
[100] using a sliding window in the data. The data are generated for N points;
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Figure 13.5 Example LS1, log,, of relative errors when downdating with eigenvectors, n =
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Figure 13.6 Example LS1, log,, of relative errors when downdating with eigenvectors, n =
100
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let Vi = {t;,w;,y;}550 " k = 1,...,N — M + 1 be the sliding window. A
least squares fit of dimension n (n <= M) is computed for the data Y7, that is, the
points from 1 to M. Then, for k = 2,..., N — M + 1, the solution is computed for
Y} by first updating with the data {tx+nr, Wg+ar, Yk+as ) O the right and second
downdating {t;,_1,wk_1,yx—1} on the left of the window. The authors compare
the solution every ng steps with a reference solution computed from scratch by
updating. They used the values N = 50,M = 10,n = 5,ns = 5. We first
compare the values of the entries of .J,,, and the Fourier coefficients d at the end
of the process. We do not use a random perturbation of the data as in [100]. The
relative errors of RHRud (for updating and downdating) for Example LS1 at the
end for o, a, 3 and d are, respectively,

0, 2.8951 1077, 9.0746 1078, 2.3494 10~ 1°.

The relative errors at each step (as a function of k, when we add the data for k& 4+ M
and remove the data for k) are shown in figure 13.7. The errors increase with % as
the window is sliding and the quality of the solution decreases as N increases. For
N = 190, we obtain as relative errors

0, 8.1277 1071, 9.1918 1071, 6.5218 107,

with bad results for o and 3.
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Figure 13.7 Example LS1, RHRud, log,, of relative errors with a sliding window, N =
50, M =10,n =5

Example LS2 gives better results as we see in figure 13.8. The relative errors at
the end for o, a, 3 and d and N = 50, M = 10,n = 5 are

0, 1.2783 1072, 6.9897 10713, 5.0452 10713,
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We were able to compute up to N = 340, M = 10,n = 5 with the following
results:

1.6184 10716, 7.3216 10712, 3.7765 10712, 7.5073 10~ 13.
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Figure 13.8 Example LS2, RHRud, log;, of relative errors with a sliding window, N =
50,M =10,n =5

Things are different when we update with RHR and downdate with REV; see
figure 13.9. For Example LS1 the relative errors at the end for o, o, 5 and d are

0, 3.6593 1071, 3.4459 107!, 3.2987 10~*.

The results are much better for example LS2 as it can be seen in figure 13.10.

When using the methods that compute all the eigenvectors when updating and
downdating, we obtain the following results for Example LS1 with N = 50, M =
10,n = 5:

0, 1.8244 107, 5.8681 10714, 2.9810 10713,

The downdating is done using REV but with an eigenvector computed during the
updating and not by solving a linear system as in [100]. This method works fine
for N = 50, M = 10,n = 5, the relative errors being of the order 10~13; see
figure 13.11. For N = 190 we obtain

0, 2.2019 107, 2.2132 10713, 7.8349 10713,

Example LS2 gives
0, 3.8045 1071, 2.6309 10~1°, 1.9726 10~ 4.
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Figure 13.11 Example LS1, eigenvectors, log,, of relative errors with a sliding window,
N =50,M =10,n=5

Just to compare with other methods, for N = 340 we obtain
1.6184 10716, 8.7078 10715,1.3943 10~ 14, 3.8488 10~ 4.

We note that if we just want to discard one point it is not necessary to compute
all the eigenvectors. We just have to store and use the rotations. However, the
computation of the Fourier coefficients is easier when using the eigenvectors.

There are many other ways to compute an eigenvector for a known eigenvalue.
This problem has been considered at length during the last fifteen years by Dhillon
and Parlett [84], [85], [268], based on remarks of J. Wilkinson and works of V. Fer-
nando [105], [107]; see also [83], [86], [87]. The solution uses twisted factor-
izations of the Jacobi matrix J,,, see chapter 3. Making only this change to
the method using eigenvectors, we obtain the following results for Example LS1,
N =50,M = 10,n = 5 (see figure 13.12)

0, 2.4329 1071, 3.5398 10716, 4.1946 10~ 1°.

Example LS2 gives
0, 4.9989 10716, 2.9341 10716, 1.3637 10~ 1°.

It is now interesting to see what we can obtain if we do the updating without
using the eigenvectors and the downdating with the eigenvectors computed using
the Dhillon—Parlett algorithm. So we do the updating by using RHRu and the
downdating using an eigenvector. We obtain the following results for Example LS1,
N =50,M = 10,n = 5 (see figure 13.13)

0, 3.1013 1071¢, 8.5406 10716, 3.3256 10715,
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Figure 13.12 Example LS1, eigenvector Dhillon—Parlett, log, , of relative errors with a slid-
ing window, N = 50, M =10,n =5

The results are almost as good as when using the eigenvectors for updating. There
is no growth of errors.
Example LS2 gives

0, 4.3906 10716, 1.0122 107, 1.7337 107 1%,

and the results are in figure 13.14 for NV = 50. The conclusion of this experiment
is that updating with rotations and downdating with a good eigenvector allows us
to solve large problems in a stable way with good results.

Now that we have another method to compute the eigenvector, we return to the
first experiment where we first update and then downdate the points by deleting the
last one. We obtain the results of figure 13.15, which are much better than with the
other methods.

The problem with using the eigenvector to downdate is that we have to know that
the Jacobi matrix has the point ¢ to be removed as an eigenvalue. This is not true
when we compute a partial solution with n < m. A possible solution (as we used
above) is to always compute the full Jacobi matrix of size m and then to use the
appropriate submatrix. Moreover, this has the added advantage of providing least
squares fitting of different degrees. This is not too costly if m is not much different
from n as in the examples we used. Elhay, Golub and Kautsky [100] considered
the problem of downdating a partial solution.
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Figure 13.13 Example LS1, RHRu + eigenvector Dhillon—Parlett, log,, of relative errors
with a sliding window, N = 50, M = 10,n =5
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Figure 13.14 Example LS2, RHRu + eigenvector Dhillon—Parlett, log,, of relative errors
with a sliding window, N = 50, M = 10,n =5



248 CHAPTER 13

-14.8 T

— errsig
— - erralpha
— errbeta
181 erd a
/
/
/
-15.21 /
/
/
/
7T~ /
1541 e / e
N , ~ /
~< N /
7o~ o ~ //
-15.6 4 AN \ ,
/7 N \ ;
7 S \, T =
N /
N N
-15.81 NN /
Ny /
\ /
\ /
-161 | /
\ /
\ /
\
/
-16.21 \ ,
‘o
v/
-16.4 1 1 1 1 1
1 2 3 4 5 6 7

Figure 13.15 Example LS1, RHRu + eigenvector Dhillon—Parlett, log,, of relative errors
when downdating, n = 8

13.3.3 Solution Using Lanczos-Like Methods

We consider the experiment where we slide the window by adding a node at the
right of the interval and removing a node at the left end at each step. For Example
LS1 we experiment difficulties with TLUDUS and TLUDSFUS after N = 30.
For Example LS2 the results are much better. Figures 13.16 and 13.17 display the
results of algorithm TLUDUS for N = 50 and N = 200, respectively. The results
for TLUDSFUS are given in figures 13.18 and 13.19.

The general conclusion is that the algorithms which work best for downdating
use orthogonal transformations and accurate eigenvectors.

13.3.4 Solution Using the Lanczos Algorithm

The problem of computing the LS solution by computing the entries of the Jacobi
matrix is an inverse eigenvalue problem. As we have seen in chapter 6 this problem
can be solved in exact arithmetic by the Lanczos algorithm. In finite precision
arithmetic the Lanczos algorithm may suffer from a severe growth of rounding
errors. Nevertheless, let us see how it works on our Examples LS1 and LS2. We
check if the eigenvalues of the computed Jacobi matrix are equal to the given points
t; and how the first components of the eigenvectors are related to the weights w; in
the inner product. For Example LS1, after N = 50 Lanczos iterations the relative
errors on the nodes and weights in /5 norm are

e =4.9736 10716, e, = 6.4759 107 1°,
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with full double reorthogonalization at each Lanczos iteration. The level of orthog-
onality computed as the maximum of the absolute values of off-diagonal elements
of V;"; V., is 6.6613 10~ 16, where V;,, is the matrix of the Lanczos vectors which
are orthogonal in exact arithmetic.

Without reorthogonalization, we have

e; = 1.3203107%, e, = 2.6883 107°.

The level of orthogonality is 0.0017. Of course, the results are much worse. How-
ever, this example is not the worst one for the Lanczos algorithm because the
gaps between successive eigenvalues are constant and the first convergence of a
Ritz value toward an eigenvalue does not occur rapidly. Let us consider Exam-
ple LS2 with N = 50. With double reorthogonalization the level of orthogonality
is 6.6613 10716 and the errors are

e; =5.2394107%, e, =5.1508 10~ .
Without reorthogonalization, we have a level of orthogonality 0.7552 and
er = 0.6778, e, = 0.5391.

Therefore, the computed Jacobi matrix does not have the given nodes as eigenval-
ues. This example was designed by Z. Strako$ to have a fast convergence of a Ritz
value and a rapid growth of the rounding errors which explains the complete loss
of orthogonality.

To compute the vector of Fourier coefficients d" of the solution from the Lanczos
algorithm we note that we have

where P, D, is the matrix of the normalized eigenvectors and d” with n < m is
obtained by taking the n first rows of the previous expression. When applying the
Lanczos algorithm to a diagonal matrix, the matrix of eigenvectors is the identity
matrix /. At the end, we have the computed eigenvectors which are V,,, Z,,, where
Zm 1s the matrix of the eigenvectors of .J,,,. Therefore, we have V,,, Z,,, = I which
gives Z,, = V,I'. The solution is given by

d™ =V, Dpy™. (13.6)

The diagonal elements of D,,, are given by

Nf=

m—1
(Du)is = | D w0,
=0

The polynomials p; can be evaluated at Gl(m) using J,,. In exact arithmetic the Ritz

values at the last iteration are equal to the nodes, ng) = t;. The least squares so-
lution is obtained by taking the first n rows of the left-hand side of equation (13.6).
Note that we have to keep the Lanczos vectors to compute the solution.

It is not so obvious how to update the Jacobi matrix when using the Lanczos
algorithm. It amounts to computing the Lanczos coefficients when going from a
diagonal matrix of order m to a matrix of order m + 1 by adding the new point
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tm+1 and also adding a component w,,,4+; to the initial vector. In exact arithmetic,
this can be solved by using the relation between the Lanczos algorithm and the
QR factorization. We have seen that A = V,,,R,, and that V,,, is the matrix of
the Lanczos vectors. The coefficients of the Jacobi matrix can be obtained from
the two main diagonals of R,,. Then, we can use methods for updating the QR
factorization. The downdating problem can be be seen as zeroing a component
(say the last one) of the initial vector in the Lanczos algorithm. But it is not clear
how one can exploit this.

13.3.5 Solution Using the Stieltjes Algorithm

The Stieltjes algorithm was described in chapter 6. We use the Matlab routine
Stieltjes.m from the package OPQ by Gautschi [132] and compute the Jacobi ma-
trix. For Example LS1, after N = 50 iterations the relative errors in the /5 norm
are

e, =3.37691077, e, =7.1688107".
Now consider Example LS2 with N = 50. The errors are
e; = 0.6815, e, = 0.5371.

Therefore, the behavior of the Stieltjes algorithm is almost the same as it is for the
Lanczos algorithm without reorthogonalization.

13.3.6 The Gragg and Harrod algorithm

We use the implementation provided in Gautschi’s package OPQ [132]. We check
the eigenvalues (using the Matlab QR algorithm) and the first components of the
eigenvectors of the computed Jacobi matrix. For Example LS1, for N = 50 the
relative errors in the /5 norm are

e, =4.678210716, e, =6.02351071°.
Example LS2 gives

ey =4.0544107'%, e, =8.7212107 '
The method proposed by Gragg and Harrod [164] constructs the solution incremen-

tally; see chapter 5. Therefore, it can be used to update the solution. The problem
of downdating was not considered in this paper.

13.3.7 The Laurie QD Algorithm

In [220] Laurie proposed to use variants of the QD algorithm to recover the Jacobi
matrix from nodes and (positive) weights. We use the algorithm pftoqd. For Exam-
ple LS1, the smallest nodes are negative. Thus we have to use the trick mentioned
in [220] to compute the Jacobi matrix by omitting the last step and shifting. The
errors for N = 50 are

e, = 4434710716, e, = 5.3900 10~ 1°.
For Example LS2, we obtain the following errors:
e; = 3.372010716, e, = 2.4849 10714
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13.4 Numerical Experiments for the Backward Error

Let us consider a small problem of dimension 20 x 10 (Example BK1). We use
an example derived from those of U. von Matt for solving ill-posed problems; see
chapter 15. Let A be an m x n matrix such that

T vl

UsUyg

v Ve=1-20—5,
lus)2” [[os 12
where us and vs are vectors whose components are sin(27i/(l + 1)) where [ is
the length of the vector. ¥ is an m x n diagonal matrix with diagonal elements
[1,---,+/n]. Then the singular values are perturbed by 10~3 times a random num-
ber. Let x5 be a vector whose ith component is 1/7 and ¢, = Ax. The right-hand
side is

A=USVS, U=I-2

¢ = ¢s + Erandn(m, 1).

Let = be an approximate solution of the least squares problem and r = ¢ — Az be
the residual. We first compute the smallest eigenvalue

T
Amin (AAT - ulz) ,
[l
using the Matlab 6 eigenvalue solver. Since we know that the smallest eigenvalue
is negative, we then try to compute A, using the SVD of A and solving for the

smallest solution of a secular equation. If d = \/vr/||x|| and if we denote the SVD
as A = UXVT we have to solve

where f = U”d and o; are the singular values of A. We use the algorithm BNSI
of chapter 9. The function is interpolated by a rational function

14 P, 3
I 0—p
withp = Y7 41 f?, 0 is the smallest singular value squared and r and s are

determined by interpolation of the function and its derivative. Since these secular
equations are difficult to solve because the function is often flat around the zero, if
the value of the function at the approximate zero is not small enough, we refine the
zero by bisection.

From the computations of the smallest eigenvalue we compute the backward
error

1/2 2

[ s [l
= 0, Amin | AAT —v—— R | —
=) (|x||2”+mm ! Sk YT T e

We also compute the estimate of the backward error
Alz) = [[(l2lPAT A+ |2~ 2 A x|,
using the SVD of A.
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Let 20 = (AT A)~1ATc. As the approximate solution we use z = 2°+ew where
w is a random vector. In table 13.1 A\, is the eigenvalue computed directly, Agec
is the zero obtained by the secular equation solver and Ap;s the refined solution
obtained by bisection. The line below gives the corresponding values of the secular
function (which must be zero at the solution). Then g and p;s are the backward
errors obtained from Ap;, and Ay, respectively. Finally i is the estimate of ;. We
give the results for several values of e starting from the solution obtained by solving
the normal equations.

For ¢ = 0, both eigenvalues are approximately the same and we do not need
to refine with bisection but the value of the secular function is smaller with Agec.
The backward errors are zero and the estimate is at the roundoff level. When €
increases the difference between A.i, and Age. increases too. This is because the
secular equation is more difficult to solve. However, the refined solution Ay;s gives
smaller values of the secular function. We see that with a large perturbation A,
is not accurate at all, Asc. is better but not really good and we have to rely on Ap;s.
The value [i always gives a good estimate of the backward error. Hence it is worth
looking at computing this estimate for large problems for which it is not feasible to
compute the SVD of A.

Table 13.1 Example BK1, m = 20,n = 10

| € | Arnin’ f | )‘SGC’ f | Abiss f
0 —4.4434299056 10~ | —4.4434299053 10~ ° -
6.5650 1011 —5.3129 10732
1 Hbis f
0 0 7411241016
€ )\mins f )\sec’ f )‘bis, f
10~° —4.44363798 10— ° —4.44356566 10~ —4.443363799 10~ 0
—2.1870 10710 4.5428 102 1.4646 10—11
H Hbis i
2.98008 10~ ° 2.98007 10~° 3.82161 10— °
€ >\min= f Asecs f Abisa f
103 —4.436828 10 ° —6.452511 10 ° —4.43683710°°
—1.932710~6 3.1238 1071 3.1330 10— 11
14 Hbis /1
2.977886 103 2.977884 103 3.81698 103
€ Amina f )\sec’ f )‘biSs f
10— 1 —3.86786 10~ F —1.77244 102 —3.9342510°°
—1.6621 102 9.6995 10~1 —8.8366 1012
H Hbis a
2.761580 10~ 1 2.761579 10~ 1 3.356922 101
€ Amins f )\sec’ f )‘biSs f
10 —2.79253 10~ 7 —3.14999 —2.09544
—1.1168 0.1862 1.6259 10— 11
M Hbis ﬂ
2.26368 1.74035 1.70267
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We wish to compute an estimate of
) - rll
p=y (ATA+ P DTy, y=ATr = Tl
and then fi = /{i/||z||. To obtain a lower bound corresponding to Gauss quadrature
we use the Golub—Kahan bidiagonalization algorithm with 7 as a starting vector. At
each iteration & we obtain a bidiagonal matrix C}, of dimension (k + 1) x k. The
approximate value of i is

lyl* (") Cr(Ck Ci + 1) ' Cile!

We compute this using the SVD of C}, = UySk VkT. Let Si be the diagonal matrix
of order k of the singular values s;, u* = UTe! and f = (u¥);.;, the vector of the
first k components of u*. The approximation is

k f2
1> -
T

If it is needed one can also compute upper bounds by suitably modifying C, to
obtain the Gauss—Radau quadrature rule.

On the small Example BK1 with e = 10~ after nine iterations we obtain a value
3.8169799 103 but we have already 3.7960733 10~ after three iterations. If we
use a similar example but of dimension 2000 x 1000, the value of p is 0.2535201
and [ is 0.3210393. After 25 iterations we obtain 0.3203181. If ¢ = 0.1 we have
i = 14.0104382 and after seven iterations we obtain 14.0100725. Hence, this
technique works nicely and we have only to compute the SVD of small matrices.




Chapter Fourteen

Total Least Squares

14.1 Introduction to Total Least Squares

In least squares (LS) we have only a perturbation of the right-hand side as in equa-
tion (13.3) whereas total least squares (TLS) considers perturbations of the vector
of observations ¢ and of the m x n data matrix A. Given two nonsingular diagonal
weighting matrices W, of order m and Wx, of order n+1, we consider the problem

min ||WL (E T)WR”F,

E.r (14.1)

subject to the constraint (A + FE)x = ¢ + r, which means finding the smallest
perturbations E and r such that ¢ 4 r is in the range of A + E. The norm || - || ¢
is the Frobenius norm, which is the square root of the sum of the squares of all the
entries of the given matrix. The matrix E is m X n and r is a vector with m com-
ponents. This type of minimization problem has been considered by statisticians
since the beginning of the 20th century. For examples of applications in different
areas of scientific computing, see for instance Arun [12], Fierro, Golub, Hansen
and O’Leary [108], Miihlich and Mester [245], Pintelon, Guillaume, Vandersteen
and Rolain [275], Sima, Van Huffel and Golub [302] and Xia, Saber, Sharma and
Murat Tekalp [352]. Here we follow the exposition of Golub and Van Loan [153];
see also [154]. A detailed treatment of the TLS problem is given in the book by
Van Huffel and Vandewalle [333]. We will also rely on the recent results of Paige
and Strakos [258], [259], [260], [261] and [262].

As pointed out in [153], TLS problems may fail to have a solution. The solution
of the TLS problem (when it exists) is given in the following theorem.

THEOREM 14.1 Let C = Wi (A ¢)Wg and UTCV = ¥ be its SVD. Assume
that the singular values of C are such that
012 20> Okt1 = Ontl-
Then the solution of the TLS problem (14.1) is given by
min |Wr (E ) Wgllr = ont1,
and
Why

TTLsS = —
awl, |’

where the vector (y « )T of norm 1 with o # 0 is in the subspace Sy, spanned by
the right singular vectors {v**1 ... v"1} of V and W}% is a diagonal matrix of
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order n whose diagonal elements are the first n diagonal elements ij of Wg and

wh, | is the last element which is omitted. If there is no such vector with o # 0,
the TLS problem has no solution.

Proof. We follow [153]. Since ¢ + r is in the range of A + F, there is an x such
that (A + E)x = ¢ + r. This compatibility condition can be written as

WL (A c)Wr+WL(E r)WR]WRl(_””1>=0. (14.2)

The TLS problem is thus equivalent to finding a perturbation matrix A of dimension
m X (n + 1) having minimal Frobenius norm such that the matrix C' + A is rank
deficient. It can be shown (see, for instance, Stewart [310]) that the solution of this
problem is

min |AllF = onta-
rank(C' +A) <n+1

The minimum is attained by A = —Cvv? where v is a vector of norm 1 in the
subspace Si. Thenifv = (y « )T, it is easy to check that x7 1 g in the theorem
satisfies equation (14.2). O

Golub and Van Loan [153] gave some results about the sensitivity of the TLS
problem as well as characterizations of the solution. The right singular vectors
v are the eigenvectors of C7'C and S}, is the invariant subspace associated to the
smallest eigenvalue a,% +1- Then the TLS solution z7 1,5 solves the eigenvalue prob-
lem

cTewg! <_1> — o2, W (_1> . (143)
Let A= Wy AW}, é = Wyeand A = wk, ;. Then equation (14.3) can be written
as
AT A \Aé wiy-1g Wiy-1g
(AéTfl >\26Té> (( fP}\)*l > =01 <( 713}\)71 ) : (14.4)

Let UAV = 3 be the SVD of A with singular values 6 ;, the smallest being &,. If
we denote

K=3T% g=3T0"Tc, 2 =éT¢, 2= VT (Wh) 'a,

equation (14.4) writes

K Ag z 9 z
/\gT A2)2 )1 = Ont1 A1)
This gives the two following equations

U%+1
22
With these notations we have the following result from Golub and Van Loan [153].

(K - 02,12 =g, +gTe=h2
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THEOREM 14.2 [f6,, > 0p41, then x7p s exists and is the unique solution of the
TLS problem. It is written as

TTLS = W}%(ATA — O'EH_lI)_lATé.

Moreover, 0,41 satisfies the secular equation

22 62—0n+1 = fLs

with the vector d = UT ¢ and pQLS = |[|[Wi(c— Axps)|>

For simplicity of notations we will no longer consider weighting in the rest of
the chapter. Without weighting the norm of the residual rrp¢ = ¢ — Axprg can
be written as

lrrrs|? = cle—c" A(ATA—o2 )7 AT et ol " A(ATA—o2 1) 2A e
and
|zres||® =c"A(ATA—o2,  1)2A"c.
To prove the first relation we use the following identity which holds for g # 0:
I—AATA + ul) AT = p(AAT + u)™?

It can be proved by noticing that A(AT A + ul)~ = (AAT + ul)~! A. By defini-
tion, we have ||rrrs|| > ||rrs]| since LS gives the minimum of the residual norm
over all vectors. By using the SVD of A it turns out that

4
rresl? = Irosl? + 3 @2 ogg (14.5)
Z 2 az 0—721+1)2

This can also be written as
lrresl® = lrosl® + o et A(ATA) " ATA =07 1) 72 AT e
From Van Huffel and Vandewalle [333], we have
Irres| = ona (1+ [lzros|?) 2.
These relations show that 0,1 must satisfy the equation

ol =cle—c"AATA- o2, )T A e,

This is a secular equation for the smallest singular value 0,1 of (A ¢). We have
seen how to solve secular equations in chapter 9, where numerical experiments
were described.

Note that the condition &,, > 0,41 in theorem 14.2 is sufficient but not neces-
sary. If 6,, = 0,41 a solution may or may not exist. In case the solution does
not exist Van Huffel and Vandewalle [333] impose an additional restriction on the
perturbations,

(E r)(v?tt ... o7ty =0,
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where ¢ is the maximal index for which the vectors v have a last nonzero compo-
nent. The problem with this additional condition is called nongeneric TLS. It has
always a unique solution.

The characterization of the solution in theorem 14.2 is also interesting for com-
parison of the TLS solution with the solutions of regularized LS problems that we
will study in section 15.1. Anticipating what we will see, a regularized LS solution
can be written as

errs(p) = (ATA+ul) =t A,

with a parameter ;¢ > 0. We see that 275 = 2grs(—02,,). Therefore, TLS
appears as a “deregularizing” procedure since it corresponds to a negative .

If we consider only perturbations of the data matrix A without perturbations
on the right-hand side, the problem is called data least squares (DLS). Without
weighting, it reads

min || E|F, (14.6)

subject to (A + E)z = c. An alternative formulation is

min ||lc — Az||*/||z[.

x

A backward perturbation analysis of DLS was done by Chang, Golub and Paige
[62].

14.2 Scaled Total Least Squares

All these approaches, LS, DLS and TLS, have been unified by several researchers.
We consider what has been proposed by Paige and Strako$ [261], [259], [258],
[260]. The scaled total least squares (STLS) problem is

minimize ||[(E r)|F,
Er

subject to (A + E)xy = ¢y + r, where v is a parameter. The vector z = z(7)
is the STLS solution and ()~ is the TLS solution of the problem (14.7) that we
have already exhibited for TLS. In [261], Paige and Strakos show that when v — 0,
x(7y) becomes the LS solution. On the other end, when v — 00, z(7y) becomes the
DLS solution. Paige and Strako§ consider matrices with complex entries; here we
consider only real matrices. An alternative formulation of the STLS problem is

min ||r|[* + [ley + r — Az|]?/|l]]*.

T,

14.7)

Another formulation is
min [ley — Az|]?/(1 + [lz]|?).
T

By interlacing properties, one has
Umin[( A cy )] S Umin[A}~
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When we have a strict inequality, the STLS norm for the solution is oin[( A ¢7)]
and the STLS problem can be solved with the SVD, the dimension of the problem
permitting. However, the theory of [261] is not based on this inequality on singular
values which is a sufficient condition. Let Ui, be the left singular subspace of A
corresponding to oy [A], the condition used in [261] is

the m x n matrix A has rank n and ¢ } Upip. (14.8)

The rationale behind this is given in the following theorem, see [261].

THEOREM 14.3 ]fO'iA, i = 1,...,n are the singular values of A in descending
order and u', . .. u™ the corresponding left singular vectors, then

omin[(A  ¢7)] = omin[4],

if and only if
di=w)Te=0,i=k+1,...,n,
where 0;34_1 =...=otand
k £
k(0,7) = 72|Ir]|? - o _7202;(0?)2_1_02 2 0.
Proof. See [261]. O

Theorem 14.3 shows that condition (14.8) implies that omin[( A ¢7)] < Omin[A4]-
As we know from theorem 14.2, the solution of the STLS problem satisfies a secu-
lar equation.

PROPOSITION 14.4 If condition (14.8) holds then the solution owmin[(A c¢v)] is
the smallest nonnegative scalar o satisfying

k d2

2 2 2 2 2§ i

'}/HT” — 0 —70 T Ao 5 422__0’
i*l([i) 0

||l7|| being the LS distance.
Proof. See [261]. O

The choice of condition (14.8) was made by Paige and Strako$ because any
scaled total least squares problem can be reduced by orthogonal transformations
to what they called a “core” problem satisfying this condition. The problem with
matrix A and right-hand side ¢ can be transformed as

T _ (e A 0
P (C AQ)<O O A272)7

where P and @ are orthonormal matrices. The original problem reduces to solving
z1
A1z e, Aspzra=0, z=Q S

The problem A; ;21 = ¢; was called a “core” problem by Paige and Strakos [262]
if the matrix A, » is of maximal dimension. Generally, there is no reason for not
taking o = 0.
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The paper [262] proposed to compute the “core” problem by reducing (¢ A)
to upper bidiagonal form by orthogonal transformations P and (). They are parti-
tionedas P = (P, Py)andQ = (Q1 Q2),giving(ci A1) =P (c AQ1)
with either

B
B2 .
(a1 A1) = - , Biai #0,i=1,...,p
By o
if Bp+1 =0o0rp =m;or
B o
B2 s
(Cl Al,l): ) ﬁiai#oaizlw'wpa /gp+l7é0
By  ap
ﬁp+1

if ap11 = 0 or p = n. The proofs that these matrices correspond to “core” prob-
lems are given in [262]. In particular, if ¢ £ range of A then A; ; has no zero or
multiple singular values. The important points are the following:

e The matrix A; ; has no zero or multiple singular values,
e A ; has minimal dimensions and A, » maximal dimensions,

o All components of ¢; in the left singular vector subspaces of A; ; are nonzero.
Then we can solve the TLS problem A; 121 ~ c;.

This approach gives the TLS solution determined by Golub and Van Loan [153] if
it exists. In the other case we obtain the nongeneric minimum norm TLS solution
of Van Huffel and Vandewalle [333].

“Core” formulations for ill-posed problems are used in the paper [301] by Sima
and Van Huffel. Hnétynkova and Strako$ [190] show how to obtain the “core”
formulation from the Golub—Kahan bidiagonalization algorithm, see chapter 4.

14.3 Total Least Squares Secular Equation Solvers

In this section we are interested in solving the secular equations giving 0,41 or
approximations of these equations using the techniques we developed for comput-
ing estimates of quadratic forms. Let us first recall the secular equations we have
to consider. This methodology can be applied to the TLS problem if the solution
exists or to the problem which is given by the “core” formulation.

14.3.1 TLS and DLS Secular Equations

Let r and E be, respectively, the perturbations of the right-hand side ¢ and the
matrix A. Let C = (A ¢) and (0§, |)? be the smallest eigenvalue of C*C. Then



262 CHAPTER 14

the TLS solution x7,g solves the eigenvalue problem

crc <x1) = (69,,)? (ﬂ) . (14.9)
The equation (14.9) can be written as
ATA  Ac x x
(cTA cTc) (_1> = (05.1)? <_1>. (14.10)

By eliminating = from equation (14.10) we find that 02 = (¢¢ +1)2 satisfies the
secular equation

Te—cTAATA - o211 AT = o2, (14.11)
We are looking for the smallest o satisfying this equation with ¢ < i, (A), the
smallest singular value of A.
For data least squares (DLS) when only the matrix is perturbed, the secular equa-
tion is
cle—c"AATA - 0?1 ATc = 0. (14.12)
To simplify these secular equations we can use the relation
I-— A(ATA — 02[)_1AT = —az(AAT — 021)_1,
which is valid if 02 # 0. Therefore, the secular equation (14.11) reduces to
c(AAT — o’ )7 le+1=0. (14.13)
The DLS secular equation (14.12) becomes
cT(AAT — %) te=0. (14.14)

Assuming that the matrix A of dimension m x n,m > n is of full rank, the
secular equations can be written using the SVD of A = UXVT, where U and V/
are orthogonal matrices and X is a rectangular diagonal matrix of the same size as
A which can be written as

D
Z - < 0 ) ’

where D is a diagonal matrix of order n with the singular values on the diagonal.
The matrix A7 A is of order n and

ATA=vxTUTUuxvT = vxTsvT = vD?vT.

The matrix V D?V7 is the spectral decomposition of A7 A. On the other hand, the
matrix AAT is of order m and

2
AAT = UxvTyTuT = usxTuT = U (l()) 8) UT.

The matrix AAT of order m is singular and of rank n. The secular equations can
be written using the SVD of A. Since

(ATA= D) = V(D = * VT = V(D? = o*1) 'V,
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equation (14.11) is
cl'e—"US(D? - o) ' 2TU e = 0.
Let &£ = U7 ¢; the TLS secular equation (14.11) is
n 2 2
T §o; 2
ccfz sy =0 (14.15)

o°
i=1 !

Similarly, the other form of the TLS secular equation is written as

n 2

Z & —ig—?ﬂ—o (14.16)
02 — o2 o2 o '

=1 1 i=n+1

Are they equivalent (as they must be)? In equation (14.15) the term ¢” ¢ is nothing
other than

m
e=cUUTc= E .
i=1

Therefore, equation (14.15) is

n m

25 {“m} Z

:’VL

This implies
£ — 5 =0". (14.17)
i=n+1 =1 0 -7

Clearly, if 02 # 0, we can divide by o2 and we recover equation (14.16). There-
fore, we can use either form of the TLS equation. However, they have different
properties since equation (14.16) has a pole at 0. To find the TLS solution we are
interested mainly in the behavior of the secular functions for 0 < oyyin(A).

An example for equation (14.17) (as a function of U) written as

o2 — Z §2+Z 5 = (14.18)

i=n—+1

is displayed in figure 14.1. If we look at the same function as a function of o2, we
have figure 14.2. An example for equation (14.16) (as a function of o) is given in
figure 14.3. If we look at the same function as a function of o2, we have figure 14.4.

It is not obvious which is the best form of equation to choose and which variable,
o or 2. Moreover, in some practical problems the poles can be very close to each
other. In the TLS problem, if oy, (A) is very close to zero, it may be difficult to
find a zero of the secular function in this interval.

14.3.2 Approximation of the TLS Secular Equation

We approximate the quadratic form in the TLS secular equation (14.11) by us-
ing the Golub—Kahan bidiagonalization algorithm with ¢ as a starting vector. It
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10
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-1

Figure 14.1 Example of TLS secular function (14.17) as a function of &

-10

-5

Figure 14.2 Example of TLS secular function (14.17) as a function of o
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Figure 14.3 Example of TLS secular function (14.16) as a function of o

Figure 14.4 Example of TLS secular function (14.16) as a function of o2
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is named “Lanczos bidiagonalization II”” or “Bidiag 1 and has been described in
chapter 4. It reduces A to lower bidiagonal form and generates a matrix
gi!
01 .
Ck ,

Tk
O
a (k + 1) x k matrix such that Cf Cy = Jj, where Jj is the tridiagonal matrix
generated by the Lanczos algorithm for the matrix A” A.
At iteration k of the bidiagonalization algorithm, we approximate the TLS secu-
lar equation by

cle—|le)*(eMTCp(CFCy, — o?T) 1O et = o2 (14.19)
This corresponds to the Gauss quadrature rule. To solve equation (14.19) when £ is
not too large, we first use the SVD of C}, = Uy Sk VkT. We note that the number of
bidiagonalization iterations is generally small relative to the number of rows of A.

Hence, computing the SVD of C}, is cheap. Moreover, the SVD can be computed
incrementally from the previous iteration k£ — 1; see Bunch and Nielsen [44]. Let

agk) be the singular values of Cj, and %) = U ,CT e!, the secular equation (14.19) is
written as
(k) k k
(§k1)’ (72 _ 1
— = . (14.20)
o? = (e —02 |l

To solve this equation in the interval |0, ar(fi)n[ we use the secular equation solvers
of chapter 9. We note that as a by-product we can obtain an approximation of the
smallest singular value of A when computing the SVD of Cj. So we can (approxi-
mately) check the condition o < oppin(A).
If we do not want to (or cannot) use the SVD of C'y, we can write equation (14.19)
as
1
lel?
Then, we cannot use the secular equations solvers which do a partition of the secu-
lar equation in two pieces since this needs the knowledge of the poles. Moreover,
we cannot compute the good starting point proposed by Melman [232], [233]; see
chapter 9. But we can use rational interpolation, the function and its derivatives be-
ing computed by solving tridiagonal linear systems. When an approximate solution
02.; 5 has been computed, the corresponding solution 27, is obtained by solving

ITLs = (ATA — J%LSI)_lATC.

If A is not too large, one can store the vectors ¢* computed during the bidiagonal-
ization algorithm. Then, if k is the number of iterations and J; = CkTCk, we can
solve (J — 02, gI)z = ||ATc|le* and we obtain the solution with 715 = Q2.
When A is large it is not feasible to store the vectors ¢¥. The bidiagonalization
algorithm has to be rerun to obtain the solution.

+ (eHT(CrCT —0?) el = 0.
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14.3.3 The Gauss—Radau Rule

We implement the Gauss—Radau rule to approximate the quadratic form in the TLS
secular equation (14.11) by using the Golub—Kahan bidiagonalization algorithm
with AT c as a starting vector. It is named “Lanczos bidiagonalizaion I”” or “Bidiag
27; see chapter 4. It reduces A to upper bidiagonal form. If

7 01

By - |
V-1 Ok—1
Vi

the matrix By, is the Cholesky factor of the Lanczos matrix Jj, and Bg By = Jp..
The Gauss rule approximates equation (14.11) by

lell* = | AT el* (") (B Bk — o*I) el = 0.

To obtain the Gauss—Radau rule we must modify Ji (or By) in order to have a
prescribed eigenvalue z. Let w be the solution of

(B Bi — 2I)w = (Yr—10c-1)€",

where e” is the last column of the identity matrix of order k. Then, let

- 10k—1)?
@p = (2 +wp) — (ng—kl) = (z+wr) = 0y
V-1
The modified matrix giving the Gauss—Radau rule is
Moo
Bk} = - - 3
V-1 Ok—1
Vi

where 75, = +/wy. Using By, we solve the secular equation
el = AT e|? (e T (B By, — o*I) e = o2, (14.21)
by using the SVD of By,. This gives

k 2
f(t):oz-i-pt—&-zd—’tzo,
i=1 ¢

where 02 = 02, + pt with p = ||AT¢||?, a = 02, — ||c|*>. The variable in the
2

denominator is d; = (02 — 02 )/p. The vector ¢ is defined as £ = V;Z'e! where
By, = Uy, SiV;! is the SVD of By.

This equation is solved using the Newton method or preferably a rational ap-
proximation a + b/t of the sum. This leads to solving a quadratic equation but we
are only interested in the negative solution.

In the following numerical experiments we will also check the convergence of

the smallest singular value of Cj, to stop the Lanczos iterations. The matrix C} Cj,
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is tridiagonal. When we want to compute the smallest eigenvalue of Jiy; =
Cg+1Ck+1 we need to compute the smallest root of the equation

FO) = A= app1 —mi (") (J = AI) ' = 0.

We use a third-order rational interpolation such that
c

ot
for a given A, where 6 is the smallest eigenvalue of Ji. The coefficients a, b and ¢
are found by solving the previous equation together with

c _pr
b—|——(91_)\)2—f7

a+ b\ +

2c
(61 — A)3

The first and second derivatives are given by

F'O) =1+ mg (M) (I — M) 72eF,

— fl/~

"N = 202 (M) (T, — M) 73er.

The function and the derivatives are computed (for a given \) by solving tridiagonal
linear systems. The starting value of A is taken as a number a little smaller than 6 .

14.3.4 Numerical Experiments

In this section we report numerical experiments in which we solve the TLS secular
equations. We start with a straightforward application of the algorithms of chap-
ter 9. Then, we show how to improve them by trying to do a smaller number of
secular solver iterations.

The Gauss Rule
We use examples derived from those of U. von Matt for solving ill-posed prob-
lems; see chapter 15. Let A, be an m X n matrix such that

usul R

A, =US, VI U, =I-2—"25 V,=]-225
° [Jus|| [Jvs |2

where us and v, are random vectors (generated using “randn’). X, is an m X n
diagonal matrix with diagonal elements [1,...,/n]. Let z; be a vector whose ith
component is 1/i and ¢; = Asxs. The matrix is generated as

A = Ag + {randn(m, n).
The right-hand side is
¢ = cs + &randn(m, 1).

The parameter £ is 0.3. We begin with a small example (Example TLS1) with
m = 100 and n = 50. The smallest singular value of A is 1.5565918. The
smallest singular value of [A, ¢] which is the “exact” solution of the TLS problem
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is 1.464891451263777. Therefore, the sufficient condition for the existence of the
TLS solution is satisfied.

To attain a relative change of ¢ = 10~ for o2, it requires 28 bidiagonalization
iterations. The total number of iterations of the secular equation solver using algo-
rithm BNS1 (see chapter 9) is 73, the minimum number of iterations per bidiago-
nalization step is 1, the maximum 3 and the average 2.52. The solution computed
by the Gauss rule is 1.464892131470029 with six exact decimal digits. Results for
the other algorithms of chapter 9 are given in table 14.1. The column “Secul. it.”
gives the total number of iterations for all the Lanczos steps. The column “Aw. it.”
is the average number of secular iterations per Lanczos step.

Table 14.1 Example TLS1, m = 100,n = 50, = 106

| Method ] Lanczos it. | Secul. it. | Min it. | Max it. | Av. it. | Solution |
BNSI1 28 73 1 3 2.52 1.464892131470029
BNS2 28 74 1 3 2.55 1.464892131470029
MW 28 73 1 3 2.52 1.464892131470029
FWI1 28 73 1 3 2.52 1.464892131470029
GR 28 74 1 3 2.55 1.464892131470028

Note that all methods give (almost) the same number of secular iterations. With
a stopping criterion of 10719, the number of Lanczos iterations is 38 with a total
of 108 secular iterations for BNS1. The solution is 1.464891451267460 with 12
exact decimal digits. Results are given in table 14.2. Note that these approximate
solutions are upper bounds. This is because the Gauss rule gives a lower bound for
the quadratic form and the graph of the approximate function is below the graph
of the exact one. Since it is an increasing function between poles, the approximate
root is to the right of the exact one.

Table 14.2 Example TLS1, m = 100,n = 50, = 107 1°

[ Method | Lanczosit. | Secul.it. [ Minit. | Maxit. [ Av.it. | Solution |
BNS1 38 108 1 3 2.77 1.464891451267460
BNS2 38 108 1 3 2.77 1.464891451267460
MW 38 108 1 3 2.77 1.464891451267460
FW1 38 108 1 3 2.77 1.464891451267460
GR 38 109 1 3 2.79 1.464891451267460

With the same problem let us vary the level of noise £. Results using BNS1 are
given in table 14.3. The number of Lanczos iterations does not depend too much
oné.

Then we increase the size of the problem to m = 1000 and n = 500 (Example
TLS2). The smallest singular value of A is 5.230339. The smallest singular value
of [A, c] is 5.200943688079055.

To attain a stopping criterion of 1079, it takes 75 bidiagonalization iterations.
The total number of iterations of the secular solver using BNSI is 263, the min-
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Table 14.3 Example TLS1, m = 100,n = 50, BNS1 ¢ = 107¢

[ Noise [ Lanczosit. | Secul. it. | Solution | Exact solution |
0.310°2 30 57 0.01703479103104873 | 0.01703478979190218
0.310°1T 26 49 0.169448388286749 0.1694483528865543

0.3 28 73 1.464892131470029 1.464891451263777
30 33 64 88.21012648624229 88.21012652906667

imum number per bidiagonalization step is 1, the maximum 5 and the average is
3.46. The Gauss rule computed solution is 5.200958880262121 with five exact
decimal digits. Results are given in table 14.4. There is not much difference in the
number of secular iterations except for GR.

Table 14.4 Example TLS2, m = 1000,n = 500, € = 1076

[ Method | Lanczosit. | Secul.it. | Minit. | Maxit. | Av.it. | Solution |
BNS1 75 263 1 5 3.46 5.200958880262121
BNS2 75 257 1 5 3.38 5.200958880262426
MW 75 263 1 5 3.46 5.200958880262122
FW1 75 263 1 5 3.46 5.200958880262118
GR 75 244 1 4 3.21 5.200958880262104

With a criterion of 10719, the number of iterations is 101 with a total of secular
iterations of 431. The solution is 5.200943723128725 with seven exact decimal
digits. Results are given in table 14.5.

Table 14.5 Example TLS2, m = 1000, n = 500, & = 107'°

[ Method | Lanczosit. | Secul.it. | Minit. | Maxit. | Av.it. | Solution |
BNS1 101 431 1 5 4.23 5.200943723128725
BNS2 101 441 1 5 4.32 5.200943723128731
MW 101 431 1 5 4.23 5.200943723128735
FW1 101 431 1 5 4.23 5.200943723128736
GR 101 440 1 5 4.31 5.200943723128733

For larger problems we were not able to store A which is a dense matrix in
Matlab. We use the vectors us and vs to do matrix multiplies with A, or A{.
Therefore, since we do not store A, we cannot perturb the matrix by adding a
random perturbation matrix. After computing the right-hand side, we perturb the
singular values in the same way as the right-hand side. Negative singular values
after perturbations are replaced by 102 times a random number.

First, we use the same initial singular value distribution as in the previous exam-
ples. To see the differences with the previous examples, we use a small problem
with m = 100, n = 50 and the same noise as before. The smallest singular value
of Ais1.119018116118189 and the TLS parameter is 0.9286027768624542. Note



TOTAL LEAST SQUARES 271

that the solution is much smaller than the minimum singular value of A. We did
28 Lanczos bidiagonalization iterations with a stopping criterion of 10~°. The so-
lution given by the Gauss rule is 0.9286027937283224 obtained with 64 secular
equation solver iterations using BNS1. We observe the same behavior as with Ex-
ample TLS1.

Then we solve a larger problem with m = 10000, n = 5000 (Example TLS3).
The smallest singular value of A is 1.418961206071727. For this problem, it is not
feasible to compute the “exact” TLS parameter using the SVD of [A, ¢|. Since all
methods give more or less the same results, we only give the results for BNS1 in
table 14.6.

Table 14.6 Example TLS3, m = 10000, n = 5000, noise = 0.3

| 5 | Method ] Lanc. it. | Secul. it. | Min it. | Max it. | Av. it. | Solution |
10—6 BNS1 250 273 1 2 1.09 | 1.418582932414374
10— | BNSI 328 660 1 3 2.01 1.418576233569240

Since we now have a good way to compute the solution of the TLS secular equa-
tion, let us try to optimize the algorithm. To save computing time we may start
solving the secular equation only after some Lanczos bidiagonalization iterations
since the solution obtained at the beginning is not really meaningful. It is an open
problem to decide how many Lanczos iterations have to be done before starting to
solve the secular equation. Another possibility which is explored in table 14.7 is
to compute the SVD of By, and to solve the secular equation only every v Lanczos
iterations. We use a frequency of 10 or 50 iterations.

Table 14.7 Example TLS3, m = 10000, n = 5000, noise = 0.3, ¢ = 1076

[ v | Method | Lanc.it. [ Seculit. [ Minit. [ Maxit. [ Av.it. | Solution |
10 BNS1 251 29 1 2 0.12 1.418582271405106
50 BNS1 301 8 1 1 0.03 1.418576255595023

The total number of secular equation solves is greatly reduced. Moreover, we
compute fewer SVDs. With v = 50, since we are monitoring the convergence of
the TLS parameter to stop the Lanczos iteration, we are doing 50 more Lanczos
iterations than necessary because for 250 iterations the criteria is not satisfied. This
means that the stopping criterion at convergence is much less than 10~%; in fact its
value is 3.75867 10~°.

Another possibility for stopping the Lanczos iterations is to monitor the conver-
gence of the smallest singular value of Bj, without solving the TLS secular equa-
tion. Figure 14.5 shows the convergence (relative difference between successive
iterates) of the TLS parameter o2 (solid) and the convergence of the smallest sin-
gular value of A squared. We see that (at least for this example) they decay in the
same way since the curves are almost superimposed except at the very beginning.
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Thus, we “just” have to find a cheap way to compute the smallest singular value of
Bj,. We can solve the TLS secular equation and compute the full SVD of By, (with
singular values and singular vectors) only when we decide to stop.

I I I I
0 50 100 150 200 250 300

-9 1

Figure 14.5 Convergence of TLS parameter (solid) and smallest singular value squared
(dashed)

In the computations of table 14.8, we monitor the convergence of the smallest
singular value (which is computed using the SVD of By). The Lanczos iterations
are stopped when the relative difference is smaller than the TLS criteria. Then,
the full SVD (with the singular vectors) is computed to solve the secular equation.
Moreover, the convergence of the smallest singular value is checked only every
v iterations. We see that we have reduced the number of secular iterations to a
minimum.

Table 14.8 Example TLS3, m = 10000, n = 5000, noise = 0.3, € = 1076

| v | Method | Lanc. it. ] Secul. it. ] Min it. | Max it. ] Solution |
10 BNS1 250 1 1 1 1.418582932414374
50 BNSI1 301 1 1 1 1.418576255595023

The Gauss-Radau Rule

We begin with the small Example TLS1. The Gauss—Radau approximations are
computed with 1/z chosen as the exact smallest and largest singular values of A.
As we will see later this is not a problem if we compute the Gauss estimate first
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because we can then obtain good estimates of the extreme singular values. Results
are given in tables 14.9 and 14.10 for which we solve the secular equation at each
iteration. We use the Newton method (Newt) and a rational interpolation (Rat).

Table 14.9 Example TLS1, m = 100, n = 50, Gauss—Radau, noise = 0.3, e = 10~°

[ Method | Lanc.it. [ +/z [ Secul.it. [ Minit. | Maxit. [ Av.it. | Solution |
Newt 28 Omin 130 2 14 4.48 1.464891376927382
Newt 28 Omax 79 2 4 2.72 1.464892626809155
Rat 28 Omin 98 2 5 3.38 1.464891376927382
Rat 28 Omax 74 2 3 2.55 1.464892626809155

Table 14.10 Example TLS1, m = 100, n = 50, Gauss—Radau, noise = 0.3, ¢ = 10710

[ Method | Lanc.it. [ +/z [ Seculit. [ Minit. | Maxit. | Av.it. | Solution |
Newt 38 Omin 172 2 15 441 1.464891451263721
Newt 38 Omax 118 2 4 3.03 1.464891451304268
Rat 38 Omin 133 2 6 341 1.464891451263721
Rat 38 Omax 113 2 4 2.90 1.464891451304268

Table 14.11 Example TLS2, m = 1000, n = 500, Gauss—Radau, noise = 0.3, & = 10~°

[ Method | Lanc.it. [ v/z [ Secul.it. [ Minit. | Maxit. | Av.it. | Solution \
Newt 75 Omin 370 3 11 4.87 5.200942068935540
Newt 75 Omax 216 2 4 2.84 5.200960368809433
Rat 75 Omin 320 3 5 4.21 5.200942068935540
Rat 75 Omax 208 2 8 2.74 5.200960368809433

Table 14.12 Example TLS2, m = 1000, n = 500, Gauss—Radau, noise = 0.3, ¢ = 10710

[ Method | Lanc.it. [ +/z [ Seculit. [ Minit. | Maxit. [ Av.it. | Solution |
Newt 101 Omin 488 2 12 4.87 5.200943687659306
Newt 101 Omax 323 2 4 3.17 5.200943728774683
Rat 101 Omin 422 2 6 4.14 5.200943687659305
Rat 101 Omax 321 2 8 3.15 5.200943728774683

Results for large examples are in tables 14.11-14.14. The number of secular
iterations is large. For these examples we can just compute the Gauss solution
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Table 14.13 Example TLS3, m = 10000, n = 5000, Gauss—Radau, noise = 0.3, ¢ = 10~°

[ Method | Lanc.it. [ +/z [ Secul.it. [ Minit. | Maxit. [ Av.it. | Solution |
Newt 250 Omin 2572 3 31 10.25 1.418576232676234
Newt 250 Omax 1926 3 26 7.67 1.418583305908228
Rat 250 Omin 837 2 5 3.33 1.418576232676233
Rat 250 Omax 653 2 4 2.60 1.418583305908227

Table 14.14 Example TLS3, m = 10000, n. = 5000, Gauss—Radau, noise =0.3, & = 10~ '°

| Method | Lanc. it. | NE | Secul. it. | Min it. | Max it. | Av. it. | Solution |
Newt 328 Omin 3000 2 32 9.12 | 1.418576233569240
Newt 328 Omax 2335 2 26 7.10 | 1.418576233598322
Rat 328 Omin 2093 2 51 6.36 | 1.418576233174081
Rat 328 Omax 2142 2 51 6.51 1.418576233598324

and compute the Gauss—Radau solution when we decide that the Gauss estimate
has converged. Moreover, we can compute the Gauss solution only every v it-
erations. Results are given in table 14.15 for v = 10 where “Secul. it.” is the
number of secular iterations for Gauss—Radau at the end of the iterations. The
Gauss estimate needs 29 secular equation solver (BNS1) iterations and the solution
is 1.418582271405106. Table 14.16 gives the results for v = 50. The total number
of secular equation solver iterations is 8 and the solution is 1.418576255595023.

Table 14.15 Example TLS3, m = 10000, n = 5000, Gauss—Radau, noise = 0.3, ¢ = 106

[ Method | v [ Lanc.it. [ /z [ Secul.it. | Solution ‘
Newt 10 251 Omin 3 1.418576232734915
Newt 10 251 Omax 3 1.418582638031528
Rat 10 251 Omin 2 1.418576232734914
Rat 10 251 Omax 2 1.418582638031525

Table 14.16 Example TLS3, m = 10000, n = 5000, Gauss—Radau, noise = 0.3, ¢ = 10~°

[ Method | v [ Lanc.it. [ /z [ Secul.it. | Solution ‘
Newt 50 301 Omin 2 1.418576233173016
Newt 50 301 Omax 2 1.418576256849264
Rat 50 301 Omin 2 1.418576233173017
Rat 50 301 Omax 2 1.418576256849263

Now, we monitor the convergence of the smallest singular value of A (computed
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using the SVD) every v iterations to stop the Lanczos bidiagonalization iterations.
Therefore, we compute only the Gauss and Gauss—Radau solutions at the end of the
Lanczos iterations. The Gauss—Radau computations are done with the smallest and
largest singular values of By, at convergence. The results are given in table 14.17.

Table 14.17 Example TLS3, m = 10000, n = 5000, Gauss—Radau, noise = 0.3, ¢ = 1076

| Method | v | Lanc. it. I NE | Secul. it. I Solution I
[ Gauss [ 10 [ 250 | - | 1 | 1.418582932414374
Newt [ 10 250 O min(Bk) 1.418582932414377
Newt | 10 250 Omax(Br) 1.418583305908215

Rat 10 250 Omin (Bk) 1.418582932414372
Rat 10 250 Omax (Bk) 1.418583305908213

0| — || w| —

Example TLS4 is the same problem as TLS3 but with m = 100000 and n =
50000. The version checking the convergence of the smallest singular value of A
gives the results of table 14.18. We observe that we have to do a large number of
Lanczos bidiagonalization iterations.

Table 14.18 Example TLS4, m = 100000,n = 50000, Gauss—Radau, noise = 0.3, ¢ =

10°°
| Method | v | Lanc. it. [ vz | Secul. it. | Solution |
[ Gauss | 50 [ 801 - | 1 | 0.8721024989570489 |
Newt 50 801 Omin (Brk) 1 0.8721024989575631
Newt 50 801 Omax(Bk) 2 0.8721025571544376
Rat 50 801 Omin (Br) 1 0.8721024989574467
Rat 50 801 Omax(Br) 2 0.8721025571545402

In Example TLS5 we keep the same value of m = 100000 and reduce the value
of n to n = 5000. Results are given in table 14.19.

Table 14.19 Example TLS5, m = 100000,n = 5000, Gauss—Radau, noise = 0.3, ¢ =

107°
[ Method | v [ Lanc.it. | NZ | Secul. it. | Solution |
[ Gauss [ 50 [ 351 | - | 1 | 1.168845952730205 |
Newt [ 50 351 O min (Bk) 1.168845952730189

1.168845953038015

1
2

%) 1 1.168845952729973
2 1.168845953037930

Newt 50 351 Omax

(
(
Rat | 50 | 351 Trmin(
Rat | 50 | 351 | omax(

In Example TLS6 we keep the same value of m = 100000 and change the value
of n to n = 500. The problem is easier to solve. Results are given in table 14.20.

In the next computations, we monitor the convergence of the smallest singular
value by solving a secular equation at every Lanczos iteration. The total number
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Table 14.20 Example TLS6, m = 100000, n = 500, Gauss—Radau, noise = 0.3, ¢ = 10~°

[ Method | v [ Lanc.it. | NZ | Secul. it. | Solution |
[ Gauss [ 50 [ 150 | - | 1 | 1.291969588729442
Newt [ 50 150 Omin (Bk) 1.291969588729447
Newt [ 50 150 Omax(Bk) 1.291969588729463
Rat [ 50 150 Omin(Bk) 1.291969588729486
Rat | 50 150 Omax(Bk) 1.291969588729502

| =[] =] —

of iterations to solve these secular equations is given under the name “trid”. If
the rational approximation method does not converge well, we use bisection. The
Gauss and Gauss—Radau solutions are computed only at the end using the SVD of
By, and Newton iterations.

Table 14.21 Example TLS3, m = 10000, n = 5000, noise =0.3, ¢ = 10~

[ Method | Lanc. it. | Trid | Vz | Secul. it. | Solution |

- [ 250 [551] | | |

[ Gauss | | | - [ 1 ] 1.418582932414377 |
G-R Omin(Bk) 1 1.418582932414377
G-R Omax(B) 1 1.418583305908215

We see that for Example TLS4 in table 14.22, the iterations are stopped a little too
early. Therefore we may want to use a smaller stopping criterion when computing
the smallest singular value in this way. In tables 14.23 and 14.24 we decrease the
value of n.

Table 14.22 Example TLS4, m = 100000, n = 50000, noise = 0.3, ¢ = 1076

[ Method [ Lanc.it. | Trid | NE | Secul.it. | Solution |

[ - [ 750 ] 1603 ] | | |

[ Gauss | | - | 1 | 0.8721144459858997 |
G-R Omin (Bk) 1 0.8721144459856636
G-R Omax(Bk) 3 0.8721146975760565

In the next computations (tables 14.25-14.28) we solve all the secular equations
by using a third-order rational approximation and by solving tridiagonal systems to
compute the function and its derivatives instead of using the SVD of Bj. Note that
we have to solve the equation for the smallest singular value at every iteration since
we have to know in which interval we have to look for the solution. This algorithm
is more or less the best we can do without using SVDs.

Then, we change the singular value distribution. In descending order the singular
values are o; = exp(—31078i), i = 1,..., n. First, in Example TLS7 we use m =
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Table 14.23 Example TLS5, m = 100000, 7 = 5000, noise = 0.3, = 107

[ Method | Lanc. it. [ Trid | NZ] | Secul. it. | Solution |

L - [ 294 [634] | | |

[ Gauss | [ | - [ T [ 1.168850204618886 |
G-R Omin(Bk) 1 1.168850294618983
G-R Omax(Bk) 3 1.168850447388590

Table 14.24 Example TLS6, m = 100000, n = 500, noise = 0.3, ¢ = 1076

[ Method | Lanc.it. [ Trid | vz | Secul. it. | Solution |

L - [ 9 [ou] | | |

[ Gauss | | [ - [ 1 [ 1.291970910578612 |
GR Tmin (Bk) 1 1.291970910578655
G-R Omax(Bk) 3 1.291971161042421

Table 14.25 Example TLS3, m = 10000, n = 5000, noise = 0.3, ¢ = 1076

I Method I Lanc. it. | Trid | vz | Secul. it. | Solution

[ - ] 250 [ 551 ] | |

[ Gauss | | | - | 2 | 1.418582932414440
G-R Omin(Bk) 2 1.418582932414443
G-R Omax(Bk) 3 1.418583305908306

Table 14.26 Example TLS4, m = 100000, n = 50000, noise = 0.3, ¢ = 10~

| Method | Lanc.it. [ Trid | NE | Secul. it. | Solution |

[ - ] 755 [1775 ] \ \ |

[ Gauss | | | - [ 1 ]0.8721122166701496 |
G-R Omin (Bk) 2 0.8721122166735605
G-R Omax(Bk) 3 0.8721124331415380

Table 14.27 Example TLS5, m = 100000, 7 = 5000, noise = 0.3, = 10~

[ Method | Lanc.it. [ Trid | NZ | Secul. it. | Solution |

L - [ 293 [634] | | |

[ Gauss | | [ - [ 1 | 1.168350294619013 |
GR Tmin(Br) 2 1.168850294618839
G-R Omax(Bk) 3 1.168850513547429

277



278 CHAPTER 14

Table 14.28 Example TLS6, m = 100000, n = 500, noise = 0.3, = 10~°

[ Method | Lanc. it. | Trid | NZ | Secul. it. | Solution |

L - [ 9% [ou] \ \ |

[ Gauss | | [ - | 1 [ 1.291999525873749 |
GR Tmin(Br) 2 1.291970910578657
G-R Omax(Bk) 3 1.291971119694316

100, n = 50. The smallest singular value of A1is0.1611919831064825 and the TLS
parameter, which is 0.1611917031832353, is very close to the smallest singular
value. Monitoring the convergence of the smallest singular value, we obtain the
results of table 14.29. Results in table 14.30 are obtained with ¢ = 10719, Note
that most of the solutions are upper bounds.

Table 14.29 Example TLS7, m = 100,n = 50, noise = 0.3, ¢ = 1076

| Method | Lanc. it. { Trid I NE | Secul. it. I Solution |

[ - [ 28 [ 7] | | |

[ Gauss | [ | - [ 2 ]0.1611917162057354 |
G-R Omin(Bk) 2 0.1611917162057353
G-R Omax (Bk) 2 0.1611917212163983

Table 14.30 Example TLS7, m = 100, n = 50, noise = 0.3, ¢ = 107 '°

[ Method | Lanc.it. | Trid | NE [ Secul. it. | Solution |

L - [ 33 28] | | |

[ Gauss | | [ - | 3 ] 0.1611917031833536 |
G-R Omin(Bk) 3 0.1611917031831545
G-R Omax (Bk) 3 0.1611917031833930

Example TLS8 uses m = 10000 and n = 5000. Results are in table 14.31,
monitoring the smallest singular value to stop the Lanczos iterations and using
tridiagonal systems to compute functions and derivatives. However, in this com-
putation we do not obtain a good approximation of the smallest singular value of
A. The approximate value is 1.155072478369476 10~3 whereas the “exact” result
is 1.153611860471415 10~3. Moreover, the computed TLS parameters are larger
than the exact op,in (A4). Increasing the precision, we have the results of table 14.32.
Then, the computed minimum singular value is 1.153611860609424 10~3. How-
ever, as we can see, this computation is much more expensive and the secular equa-
tions are difficult to solve, some of the tridiagonal systems being almost singular.

If we use m = 10000 and n = 500 (Example TLS9) the problem is much easier
to solve. The exact smallest singular value of A is 0.2379927701875446 and the
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computed one is 0.2379928280610862. The results are given in table 14.33.

Table 14.31 Example TLS8, m = 10000, n = 5000, noise = 0.3, ¢ = 1076

[ Method | Lanc. it. | Trid | NE [ Secul. it. | Solution |

[ - [ 379 [884] | |

[ Gauss | | [ - | 2 | 1.15499398889618910 7 |
G-R Omin (Bk) 2 1.154993976869066 103
G-R Omax (Bk) 3 1.154994276316134 10~ 3

Table 14.32 Example TLS8, m = 10000, n = 5000, noise = 0.3, ¢ = 1071°

I Method ] Lanc. it. | Trid | vz | Secul. it. | Solution |

[ - [ 503 ] 10445 ] | | |

[ Gauss | | | - [ 87 [ 1.153540337993690 103 |
GR Omin(Bk) 87 1.153540337993690 103
GR Omax(Bk) 3 1.153540341197251 10~ 3

Table 14.33 Example TLS9, m = 10000, 7 = 500, noise = 0.3, & = 10~°

[ Method | Lanc. it. | Trid | NE | Secul. it. | Solution |

[ - [ 9% [260] | | |

[ Gauss | | | - [ 3 [ 0.2379928280610862 |
GR Omin (Bk) 3 0.2379902725954008
GR Omax (Br) 3 0.2379902838087289

To summarize, we have seen in this chapter that we can compute the parameter
0y+1 of the TLS problem by using the approximation from the Golub—Kahan bidi-
agonalization algorithm and efficient solvers for the secular equations. We have
optimized the algorithm. For Example TLS3 with m = 10000, n = 5000 and
e = 1079, solving the secular equations at each iteration, the computing time was
117 seconds. For the last optimized version using a rational approximation and
solving tridiagonal systems the computing time is 12 seconds.



Chapter Fifteen

Discrete llI-Posed Problems

15.1 Introduction to IllI-Posed Problems

Problems are generally defined as ill-posed (as defined by J. Hadamard) when the
solution is not unique or does not depend continuously on the data. More practi-
cally, problems are said to be ill-posed when a small change in the data may cause
a large change in the solution. Strictly speaking, problems cannot be ill-posed in
Hadamard’s sense in finite dimension, but problems whose solution is sensitive to
perturbations of the data are called discrete ill-posed problems (DIP); see Hansen
[178]. This is typically what may happen in the solution of least squares problems.
Looking back at the solution of Az & ¢ given in equation (13.2), we see that if the
matrix A has small nonzero singular values (and if the corresponding projections
of the perturbed right-hand side (u?)” (¢ 4+ Ac) are not small) then the perturbed
solution can be much different from x g.
As a small example (close to one defined by P. C. Hansen), let us define

0.15 0.1 1 0.01
A=1016 0.1 |, c+AcA<1) + | —0.032
2.02 1.3 0.01

We added a small perturbation to a right-hand side corresponding to a solution with
all components equal to 1. The solution of the perturbed least squares problem
(rounded to four decimals) using the QR factorization of A is

N —2.9977
QR =1\ 72179 )°
which is quite different from the unperturbed solution. However, the norm of the
residual is small being 0.0295. Rounded to four decimal digits the SVD of A is

—0.0746  0.7588  —0.6470 2.4163 0
U=| -0.0781 -0.6513 —-0.7548 |, X = 0 0.0038 |,
—0.9942 —0.0058 0.1078 0 0

o (08409 —0.5412
~\—0.5412  0.8409 )

The component (u?)T Ac/oy (u? being the second column of U) corresponding
to the smallest nonzero singular value is large, being 6.2161. This gives the large
change in the solution. Of course, the computed solution is not really useful. We
would have preferred computing something closeto (1 1 )T which is the solution
without noise.
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The solution of ill-posed linear systems arise in many areas of scientific comput-
ing; see, for instance, Engl [102], Hanke and Hansen [173], Tikhonov [324] and
Varah [334]. Many problems in seismology, signal processing, medical imaging
and image restoration (Adorf [1], Bardsley, Jefferies, Nagy and Plemmons [21],
Hanke [170], Hanke and Nagy [174], Nagy, Palmer and Perrone [246], Thompson,
Brown, Kay and Titterington [326], Vio, Nagy, Tenorio and Wamsteker [335]) as
well as other scientific areas lead to integral equations of the first kind like

/0 K(s.0)£(t) dt = g(s) + e(s),

where k(s,t) is the kernel, the right-hand side corresponds to measurements, e
being an unknown noise, and f is the solution we are seeking. When discretized
with quadrature and collocation, this often leads to discrete ill-posed problems.
These problems are also called inverse problems since they amount to computing
the cause from the results of some measurements.

We now consider the finite dimensional case with an overdetermined linear sys-
tem

Ar~c=c—e,

where A is a matrix of dimension m X m,m > n and the right-hand side ¢ is
contaminated by a (generally) unknown noise vector e. The standard solution of
the least squares problem min ||¢ — Ax|| (even using backward stable methods like
QR) may give a vector x severely contaminated by noise. This may seem hopeless.
However, a way to compute something useful is to modify the problem into another
problem whose solution can be computed more reliably. This process is called
regularization. Of course this will not give the solution of the original unperturbed
problem. Hence, we have to find a balance between obtaining a problem that we
can solve reliably and obtaining a solution which is not too far from the solution
without noise.

15.1.1 Truncated SVD

When the dimension of the problem is small enough and the SVD of A can be
computed, one can obtain an approximate solution by neglecting the terms corre-
sponding to the smallest singular values (which are labeled with the largest indices
in our notation). The LS solution is

- (W)Te
rLs = ; o )
where r is the rank of A. The regularized solution by truncated SVD (TSVD) is

k- .
(u)Te
TTSVD ; P
with £ < r. This threshold integer £ can be seen as the regularization parameter.
The TSVD solution can also be written as a filtered solution
(u)"e
—

r
ITSVD = E fz P
i=1
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Here, the values of the filter coefficients f; are particularly simple being 1 for: < k
and 0 otherwise.

15.1.2 Tikhonov Regularization

One of the most popular regularization methods to obtain a meaningful solution
is Tikhonov regularization (see Tikhonov [324], Tikhonov and Arsenin [325]) in
which the linear system or the LS problem is replaced by the minimization problem

min{||e — Az||* + pl]*}, (15.1)

where ;¢ > 0 is a regularization parameter to be chosen. For some problems (par-
ticularly in image restoration) it is better to consider

min{|le — Az||* + ]| Lz|*}, (15.2)

where L is typically the discretization of a derivative operator of first or second
order. Numerically the problem (15.2) is solved by considering it as a least squares

problem
(i)~ (0)

whose solution is obtained using orthogonal transformations or iterative methods.

One can also consider other norms than the /5 norm, for instance the [; norm.
Another possible extension is to use more than one penalty term by writing the
functional to be minimized as

k
k (IIC — Aa|* + ZmllLinQ) :

i=1

min ,

For such an approach, see, for instance, Brezinski, Redivo—Zaglia, Rodriguez and
Seatzu [41] and Belge, Kilmer and Miller [26]. Tikhonov regularization has also
been used with total least squares by Golub, Hansen and O’Leary [161].

The solution x,, of the problem (15.1) solves the linear system

(ATA+ pl)z = ATc. (15.3)

This is the so-called normal equations. The choice of the regularization parameter
1 is crucial since if p is too small the solution is contaminated by the noise in
the right-hand side (as it is with ¢ = 0), on the other hand if pu is too large the
solution is a poor approximation of the original problem. Many methods have been
devised for choosing p:; see Golub and von Matt [158] for an overview. As we will
see, most of these methods lead to the evaluation of bilinear forms with different
matrices. We will consider in more detail two of these techniques: generalized
cross-validation and the L-curve criterion.

When the dimension is small enough the regularized solution x,, can be com-
puted using the SVD of A as

" oi(u)Te

Ty, = Z J;T),Uzvl’



DISCRETE ILL-POSED PROBLEMS 283

if A has full rank. This can be seen as a filtered solution, the filter coefficients being

o2

.= ? A
fi= 2

For the large singular values o; the filter f; is almost 1, when it is close to zero for
the smallest singular values if they are near zero.

If L = I the problem is said to be in standard form. Otherwise it is in general
form. In this case the generalized singular value decomposition (GSVD; see, for
instance, Golub and Van Loan [154]) can be used. The factorization of the pair
(A, L)is

r o0
A=U|0 I,, |W L=v(Y o)W (15.4)
0 0

where L is p x n.and m > n > p. The matrices U(m x m) and V(p X p)
are orthonormal and the nonsingular matrix W is n x n. The matrices I" and T
with diagonal elements +; and 7; are diagonal with 2 + 72 = 1. The generalized
singular values of the matrix pencil (A L) are defined as o; = ~;/7;. The last
n — p columns of W form a basis of the null space of L. If L = I the GSVD
reduces to the SVD of A.

For the generalized form, the regularized solution is written as

- o (u)'c ; - VA
xuzz —w+Z(u)cw.

2 )
i—1 7 TR i=p+1

The second term in the right-hand side is the (unregularized) component of the
solution in the null space of L.

All problems in general form can be reduced to problems in standard form; see,
for instance, Hanke and Hansen [173]. In the next paragraphs we describe some
ways for choosing the regularization parameter p for problems in standard form.
For other methods, see O’Leary [250].

15.1.3 Morozov’s Discrepancy Principle

This method (see Morozov [244]) can be used only if the (norm of the) noise vector
e is known. The value of the regularization parameter p is chosen such that the
norm of the residual equals the norm of the noise vector using the mathematical
solution from equation (15.3),

le = ACAT A+ pI) T ATe|| = lell.
This equation can also be written as
prc (AAT + pl)~%e = e,

and has a unique positive solution which can be obtained by using the SVD of A
if the dimension of the problem is not too large. We have A = UXVT and by
denoting d = U7 c, the previous relation is written as

127 (S + pl) 2 = ||
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Considered as a function of p the left-hand side is an increasing function whose
value is 0 for g = 0. When p — oo the left-hand side tends to ||c||?. Hence, if
lle]l < |le|| which is usually the case, there is a unique solution that can be com-
puted with any scalar root finding algorithm or from the secular equation solvers of
chapter 9.

15.1.4 The Gfrerer/Raus Method

This method (see Gfrerer [136], Hanke and Raus [175]) also needs knowledge of
the norm of the noise vector. The parameter is chosen such that

WEeT(AAT + ul) e = [le][2

As for the discrepancy principle, there is usually a unique solution to this equation.
In fact, the paper [136] considers the problem posed in Hilbert spaces and uses the
iterated Tikhonov regularization in which one computes a sequence of solutions z7
given by

(ATA+ula? = ATe 4+ pa?™, j=1,... k.
The Gfrerer/Raus criterion is obtained by minimizing an upper bound of
I(ATA + pul)~te — (AT A)"te|.

15.1.5 The quasi-Optimality Criterion

This criterion (Leonov [224]) chooses w as a positive minimizer of

p?cm A(AT A+ pul)~* AT c.
Note that with this criterion we do not have to know the norm of the noise vector.
It involves computations of a quadratic form.

15.1.6 The L-curve Criterion

In [223], Lawson and Hanson observed that a “good” way to see how the regular-
ized solution x,, depends on the parameter 4 is to plot the curve (||z, ||, [|[b— Ax,]|)
obtained by varying the value of p € [0, 00). This curve is known as the L-curve
since it is (in many circumstances) shaped as the letter “L”. Actually it is even
more illuminating to look at this curve in a log-log scale as suggested by Hansen
and O’Leary [180]. Lawson and Hanson [223] proposed to choose the value i,
corresponding to the “vertex” or the “corner’” of the L-curve that is the point with
maximal curvature; see also Hansen and O’Leary [180] and Hansen [176], [178].

A motivation for choosing the “vertex” is, as we said before, to have a balance
between p being too small and the solution contaminated by noise, and p being
too large giving a poor approximation of the solution. The “vertex” of the L-curve
gives an average value between these two extremes.

The properties of the L-curve have been investigated in [180]. Let n* = ||z, ||?
and p? = ||c — Az, ||* be functions of x. In [180] it is proved that
de?) _ 1

i)~
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and this derivative is negative since ¢ > 0. Computation of the second derivative
shows that the L-curve in linear scale is convex and steeper as p approaches the
smallest singular value. The L-curve has also been studied by Regiriska [277] for
different scaling functions, mainly the square root and the logarithm. In this paper
it is proved that the L-curve remains decreasing in any differentiable strictly mono-
tonic scale (which is the case for the logarithm). However, Regifiska exhibited
conditions under which the L-curve in logarithmic scale is (partly) strictly concave.
It was suggested to choose a 2 giving a local minimum of ||z,,|| ||c — Az,,||*. Con-
ditions for having these minima and their relations to the L-curve are given in [277].
For the limitations of the L-curve criterion, see also Hanke [169] and Vogel [336],
who showed that the L-curve approach may give regularized solutions which fail
to converge for certain classes of problems.

A major problem in determining an approximate value of uy, in large ill-posed
problems for which the SVD of A is not available is that it is expensive to compute
points on the L-curve. The computation of each point needs the solution of a mini-
mization problem (15.1). Usually one computes only a few points on the curve and
determines a value of the regularization parameter (not necessarily “optimal”) by
interpolation. This is discussed in Hansen and O’Leary [180].

In [51] Calvetti, Golub and Reichel proposed to use the techniques developed
in the previous chapters to inexpensively compute approximations of points on the
L-curve without having to solve large minimization problems. Let us now describe
how we can efficiently compute these approximations.

From the solution (15.3) of the regularized problem we can compute the norm of
the solution and the corresponding residual

|2ul|? = T A(AT A+ ul)2A%c
and
e — Az, ||> =cle+ T AATA+ uI) TATA(AT A + pI)~t AT e
—2cTA(ATA + ul) =1 ATc.
The expression of the residual norm can be simplified by using the identity
I —AATA 4 ul)YAT = p(AAT + un)=1
Hanke [172] remarked that the norm of the residual can be written more simply as
e — Ax,||? = p2eT (AAT + ul) 2. (15.5)
Nevertheless, in the paper [51] the more complex form of the norm of the residual
was used. By denoting K = AT A and d = AT ¢, we have
e — Az, ||? = e+ d" K(K + pl)~%d — 2d" (K + pl)~d.
Then, if we define two functions
$r(t)=(t+p)~
Sol) =H{t 1 1)~? — 2t + 1),
we are interested in s; = d? ¢;(K)d, i = 1,2 from which we can obtain points on
the L-curve
leull =517,

lle = Azl = (e + 52)2,
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or we may be interested in the logarithms of these expressions. We can obtain
bounds for s; and s, using our usual machinery by running the Lanczos algorithm
with the symmetric matrix A7 A, which needs only multiplications by A and AT
However, for this particular matrix, we can use the Lanczos bidiagonalization al-
gorithm developed by Golub and Kahan [144]; see chapter 4. We note that this
algorithm (as well as the Lanczos algorithm) is independent of y. At iteration k,
the algorithm computes a Jacobi matrix J; = BgB r and the approximation given
by the Gauss rule for a function ¢; defined previously is

I () = dl*(e')" di(Ju)e.

The Gauss—Radau rule with one assigned node a < A, where \; is the smallest
eigenvalue of AT A, is obtained as

IZR (i) = dI* (") i (Jr)et,
where .Jj, is obtained by modifying the (k, k) element of J;. In particular, if we
prescribe a node at the origin a = 0, then we have J, = B;ka where By, is
obtained from Bj, by setting the last diagonal element d; = 0; see Golub and von
Matt [158].

To know if the approximations are lower or upper bounds we have the following
results.

LEMMA 15.1 Let ¢1(t) = (t+p) "2, ¢po(t) = t(t+p) =2 — 2(t + )~ L. Then, for
t > 0and k > 1, the derivatives are such that
o V) <0, ¢ (1) >0,

GEDay >0, ¢ () <o,

THEOREM 15.2 The Gauss quadrature rule gives a lower bound for ¢, defined in
lemma 15.1. The Gauss—Radau rule with a < \1 gives an upper bound for ¢1. We
have

I (¢1) < 1 < IF (),
where
I (¢1) = |ld*(e")" (Bi By, + ul) 3¢,
I (1) = [ldI[* ()T (BY By + ul) 2"
The computation of the quadrature rules requires solving for vectors y satisfying
(BTB + pl)y = €' with B = By, or By. (15.6)

The solution y can be computed by solving a (small) least squares problem

( 7 ) 1 H
Yy——F==|,
v )V i
where z is a vector of dimension 2k with zero components except z;4+1 = 1. One

can check that the normal equation for this problem is identical to equation (15.6).
The solution can be obtained incrementally and efficiently using Givens rotations to

min
Yy
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zero the lower part of the matrix since the upper part is already upper triangular. Let
us denote by yﬁ and gﬁ the solution of equations (15.6) for B = B* and B = B*.
Then,

I (@) = lldl1* g1,
GRS A
THEOREM 15.3 The Gauss quadrature rule gives an upper bound for ¢- defined

in lemma 15.1. The Gauss—Radau rule with a < Ay gives a lower bound for ¢s.
For the norm of the residual, we have

IR (o) < 82 < IF (¢2),
where
I (92) = [|d|1*[(e") By Bi(By By + ul)~2e! = 2(e")" (Bj By, + pl) ~'e'],
£ (02) = [|d|1[(e")" BE B(B By + pI) 2" = 2(e")"(BI By + plI)'e'].
1

Proof. We use the fact that B(BTB + uI)~! = (BBT + uI)~!B to simplify the
expressions for ¢o. |

Using the solutions computed previously for ¢, the bounds for ¢4 are written
I (62) = I 1 BrygilI* — 2(e") Ty .
¢ (02) = |dIP [ Brgyll® — 2(e") 5]
Hanke [172] proved that the lower and upper bounds improve when the number of

iterations is increased.
From these bounds we can define an approximation of the L-curve. Let

x () =/ I (¢1),
() =\ IR (1),
Yy~ (n) =/cTe+ IF (),
y () =/ cTe+ IF (¢2).
For a given value of ;¢ > 0 the bounds are
o (p) <zl < 2 (),

y~ (1) < lle = Azy] < y*(w).
This defines a rectangle. Calvetti, Golub and Reichel [51] defined the L-ribbon as
the union of these rectangles for all ¢ > 0,

U ), ()} 27 (1) < 2(p) < 27 (w), v~ (1) < ylp) <yt ()}

pn>0

T

The previous techniques compute bounds on the norms of the residual and the solu-
tion. After choosing a point inside the L-ribbon (that is, a value of ), the solution
must be computed. One can use the approximation
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where (J; is the matrix computed by the Lanczos bidiagonalization algorithm. Note
that with this choice of point inside the L-ribbon ||z} || = =~ ().

This line of research has been pursued by Calvetti, Reichel and some collabora-
tors; see [53], [48], [47], [50], [55], [56] and [57]. A possible improvement in the
choice of p is to look directly at the curvature of the L-curve and to select a point
of (approximate) maximum curvature. In log-log scale the curvature is given (see
Golub and von Matt [158]) by

p//n/ _ p/,r}l/
(") + ()23

where the prime denotes differentiation with respect to © and

Cp =2

1

p(p) =5 log lle — Az, || = log p*c" $(AAT)c,
1

n(p) = log [l =log " Ap(AT A) AT,

where ¢(t) = (t + p)~2. The first derivatives can be computed as
, cTA(ATA + ul)=3ATc
P = pcT (AAT 4+ pul)=2¢
, TAATA+ ul)3A%c
W) = = FAAT AT ul)ZAT e
The numerator is more complicated
o w TA(ATA + ul)—2ATc ?
pr e = <MCT(AAT +ul)2c- cTA(ATA + ,uI)2ATc)
(cT(AAT + ul)"2c- T A(ATA + )72 A% ¢
+2uct (AAT + ul)3c- P A(AT A+ ul) 2 A% ¢
—2uct (AAT + ul)2c- T A(AT A+ puI) 3 AT ¢).

It is important to note that this involves matrices of the form (AAT + pI)~7 and
A(AT A+ uI)~9AT with the powers p and g taking values 2 and 3 and correspond-
ing bilinear forms for which lower and upper bounds can be computed.

In [53] Calvetti, Hansen and Reichel, using a slightly different formulation and
Gauss and Gauss—Radau rules, obtained bounds for the curvature of the L-curve.
This defines a curvature-ribbon around the curvature curve from which it is easier
to find the value of p giving the largest curvature. As with the L-curve, the bounds
for the curvature are tighter when the number of Lanczos (or bidiagonalization)
steps increases.

Numerical experiments using the L-ribbon and the curvature-ribbon will be de-
scribed later in this chapter.

15.1.7 Minimization of the Error Norm

Brezinski, Rodriguez and Seatzu [39] proposed to use the estimates of the error
devised by Brezinski [37] to select the parameter in the Tikhonov regularization
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method when the matrix is square. The estimate of the error is tailored to this
special problem. One possibility is to use

L 7l
pllpll”

where r, = ¢ — Ax,, is the residual corresponding to the solution x,, of the regu-
larized problem. One samples es for a set of values of p and selects the value of
w1 which gives the minimum of the estimate. Brezinski, Rodriguez and Seatzu [40]
extended their results to rectangular matrices.

Reichel, Rodriguez and Seatzu [280] used error estimates obtained from Gauss
quadrature to obtain the regularization parameter.

15.1.8 Generalized Cross-Validation

Cross-validation and generalized cross-validation are techniques for model fitting
for given data and model evaluation. These two tasks can be accomplished using
independent data samples. The available data can be split into two sets, one for
fitting and one for evaluation. This is not very efficient if the sample is not very
large. The idea of cross-validation, introduced by Allen [5] for linear regression, is
to recycle the data.

Suppose we have a measure given for the model evaluation; for instance, in a
linear case the norm of the residual. Then, for cross-validation we split the data set
D into N disjoint samples D1, ...,Dy. Foreach j = 1,..., N the model is fit
to the sample U;; D; and we compute the discrepancies d;(x) using D; and the
given measure. Then, the method finds the vector of the tuning parameters p of the
model as the minimizer of the total discrepancy over the N data samples,

N
() = > ds ().

As an example, consider a regression model with m given data as y; = f(¢;) + &;,
where ¢ represents the time, y are the observations and € are random fluctuations.
Then, remove only one observation each time to define the data samples D;. Let
y® be the vector of length m — 1 where the ith observation is removed from the

response vector y. Let f,(f) be the estimate of the response function based on the
observations 3(*). The optimal cross-validation parameter 1 is the minimizer of

1 ;
- D (s — £ ()%
=1

Computing this minimizer can be computationally expensive. Let us now assume
that a vector g is obtained from y by replacing the ith coordinate by the estimate

fﬁi) (t;) and let ﬁ(f) be the estimate obtained from y. Then, in many cases one can

show (Wahba [340]) that fl(f) = ;(f), Vi. For some models we have f, = C(u)y
where C'(u) is a matrix with elements ¢; ;. Then we have

(fu)(t:) = Z Ci,jY;
j=1
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and

FO) = (6 = D eigyy + cia(f{) (E)-
J#i

These two relations lead to
fu(ti) — f;(f)(ti) = cii(yi — ffbi) (ti))-
Then

~ 1) ="*

and the prediction error is

yi — 2
—Z( 17@, ) _ (15.7)

The generalized cross-validation (GCV) (see Craven and Wahba [70]) replaces c; ;
in equation (15.7) by the average of the diagonal elements of C, so the denominator
can be taken out of the sum. The criterion becomes

i (yi — fu(t)?

m(l —te(C)/m)2 ’
where tr is the trace of the matrix. GCV is explained for that problem in Golub,
Heath and Wahba [162], and some of its properties are studied using the singular
value decomposition, which can also be used to compute an estimate of y. This
paper considered also GCV for subset selection and general linear model building
and compared GCV with the maximum likelihood estimate. GCV has been used
in many scientific areas. Applications in remote sensing, ridge regression, spline
regression, likelihood estimation and log-hazard estimation are cited in Gu, Ba-
tres, Chen and Wahba [166]. Other applications include smoothing splines (Bur-
rage, Williams, Ehrel and Pohl [46], Craven and Wahba [70], Hutchinson [194],
Hutchinson and De Hoog [196], Lu and Mathis [229], Schumaker and Utreras
[295], Utreras [329], [330], Wahba [339], Wahba and Wold [341], Williams and
Burrage [350]), numerical weather forecasting (Wahba, Johnson, Gao and Gong
[342]), image processing (Berman [29], Shahraray and Anderson [297], Thomp-
son, Brown, Kay and Titterington [326]), statistics (Li [225]) and so on. There are
of course many other examples of the use of GCV.

GCV for large-scale linear ill-posed problems is considered in the paper [159]
by Golub and von Matt. This paper uses the techniques of estimation of quadratic
forms to compute the parameter of the model. The regularized problem is written
as

min{|lc — Az||* + mpl|z]*},
where 1 > 0 is the regularization parameter and the matrix A is m x n. The GCV
estimate of the parameter y is the minimizer of
Gy — I AT A+ mal) = A7)
M= (LI — A(ATA + mpl) -1 AT))2

(15.8)
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The numerator is, up to a scaling factor, the square of the norm of the residual
corresponding to the solution of the normal equations of the regularized problem.
A weighted GCV method has been proposed by Chung, Nagy and O’Leary [66] in
which the denominator in equation (15.8) is replaced by

2
(%u([ —wWA(ATA + m,u)—lAT)) ,

where w is a real parameter. In some cases and if w is chosen properly, this gives
better results than GCV.

We are concerned with the numerical evaluation and minimization of G(u) in
equation (15.8). The evaluation of the trace term in the denominator is based on
Hutchinson’s result (see [195] and proposition 11.9). In the following we will
assume that A has full rank r, which is the minimum of m and n. Let v = myu; the
function ¢ we are interested in is

tr(I — A(ATA+v1)~tAT).

Let A = USVT be the singular value decomposition of A where U and V are
orthonormal. We can write

AATA+ v AT = U (ETE + vl RUT.
Therefore,

—tr(AATA+vD) AT = — 2272 +vI) V22

T 2 T

=Y Tt

=1 7 i=1

Hence, ¢ can be written as
t(p) =m—n+vua(ATA+vD)™!
if m > n and
t(p) = v(AAT vt

if m < n. Let #(1) be the stochastic estimator of ¢, v(x) be the variance and
K = (AAT +vI)~!. Then,

K=VE's+v) vt
if m > n and
K=Ux" v~ tut

if m < n. The variance v(y) is bounded by

ol ><2u2|\A||F—2Z ()

where the o;’s are the singular values of A. The matrix A being of full rank,
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Therefore v(u) goes to zero as p goes to zero. One can also show that v () goes to
zero if ;1 — oo. If m > n the relative standard error satisfies

Vo) _ Vor v

t(p) — o2 m—n’

and it goes to zero as p« — 0. In all cases the relative standard error is bounded. We
now concentrate on the case m > n. Using our machinery for quadratic forms we
can obtain an estimate of s, (v) = 27 (AT A + vI)~'z, where z is a random vector
as in proposition 11.9, using Lanczos bidiagonalization. In fact using the Gauss
and Gauss—Radau rules we have lower and upper bounds

g:(v) < s.(v) <r.(v).

We can also estimate sép)(z/) = cTA(ATA + vI)"PAT¢, p = 1,2. Using the
Gauss and Gauss—Radau rules we obtain bounds satisfying

9P ) < sPw) <rP(v).
We want to compute approximations of

~ cTe— sgfl) V) — 1/3272) v
G(p) =m m = n(+)VSz(V))2 )

We remark that the numerator of G(11) could have been simplified since
(I = A(ATA + mpD) " AT)e|* = m2[[(AAT + muD) e,
Nevertheless, the paper [159] defined

cle— réfl)(u) — yrgﬁ)(u)

Lolv) =m (m—n+wvr,(v))?

)

Te—gt VW) —vg P (v)
(m—n+vg,(v))?

These quantities, Ly and Uy, are lower and upper bounds for the estimate of G(1).
The evaluation of the bounds was considered at length in [159]. We write

Uo(v) =m

Ua(s) = m 5
whose derivative is
oy (P0)p)d )
Uolv) = <q2(V) R ) >

where
p(v) =c"c— gl (W) —vglP (v),

qv)=m—n+vg.(v).
The function p(v) can be written as

p(v) =lle|* |le' = Bi(By B +vI) ™' Bile! |,
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where Bj; is the upper bidiagonal matrix obtained from the Lanczos bidiagonaliza-
tion algorithm (defined in chapter 4) on A. The derivative is given by

p(v)= 2m2u||c||2(el)TBk(BkTBk + VI)_?’B,CTel.
Defining
¢ = (BF By +vI)"'Bet,
n = Vv(Bj By +vI) ',
we have
p(v) = [el® le' = Bié|?,
p'(v) =2my/v|cl]* €.

The vectors £ and 7 can be obtained as solutions of two (small) least squares prob-
lems
Bk 5 - 61
Vvl )~ 7\ 0 )7
By, (0
i )1 \e)

The denominator ¢(v) is written as
qw) =m —n+v|z|]? ()T (BF B, +vI)tel.
Let us define
¢ = VU(BL By +vI) e,

which can be computed as the solution of the least squares problem
By, ¢ ~ 0
N AR

a(v) =m —n+ Vvl &.

Then

The derivative of ¢ is
q'(v) = ml|z|]* ()" (B By + vI)~'e' —mu|z|? (') (B B + vI)~%e.
Since (B} By, + vI) ™' By, = By, (Bx B} + vI)~1, it can also be written as
q'(v) = m|z|? (e BF (BLBE + vI)™2Bye.
Then, if n = (BB} + vI)~!Bye', which can be obtained by solving

() (3)

q'(v) = mll2[| [In]*.

the derivative is given by
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Similarly, the lower bound Lo (v) and its derivative can be written as

Lo(v) = mM

s2(v)’
) =m (T 5T
where
r(v) =cle—rit(w) —vr?(v),

s(w)y=m—n+uvr; (v).
The numerator r(v) can be written
r(v) = llel*=|ATe]? ()T (U UptvI) " el —v[|ATe|* (") (U Up+vI)~2e!,
where Uy, is defined by applying Givens rotations (whose product is W7) to trans-
form the lower bidiagonal matrix By, into a (k 4+ 1) x k upper bidiagonal matrix,
WTB,, = U,
and then the (k, k) element of Uy, is set to zero to obtain Uy, for the Gauss—Radau
rule. The derivative is
' (v) = 2mu||AT||? (T (UL U 4 vI) 73t

Now we consider the QR factorization

(1) -on

where R is a k x k upper bidiagonal matrix. Let ¢ = R~ "e! and
n = Vv(ULU, +vI)~tel,

which can be computed by solving the least squares problem

() ()

The function r can be written as
r(v) = llel® = 1A el (IEl® + llml1%)-
Defining ¢ = R~T'n, we have
r'(v) = 2m| ATc|® [IC]1*.
The denominator s() can be computed in the same way as g(v).

The bounds Lo (v) and Up(v) allow computation of an approximation of the
global minimizer v, of the estimate of G(v). Of course the tightness of these
bounds depends on the number of the Lanczos (bidiagonalization) iterations. More-
over, Lo(v) tends to —oo as v — 0, but Uy remains finite. Therefore, U is a better

approximation than Lg for small v’s. The algorithm proposed in [159] to compute
Vs 18 to first do

Emin = [3log min(m, n)]
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Lanczos iterations. Then the global minimizer & of Uy(v) is computed. If we can
finda v suchthat 0 < v < ¥ and Lo(v) > Lo(¥), the algorithm stops and returns &
as the approximation to the parameter. Otherwise, the algorithm executes one more
Lanczos iteration and repeats the convergence test. The range of v is restricted to
2
Yoy AL
€

where ¢ is the roundoff unit. It was noted in [159] that this algorithm does not
guarantee that the global minimizer is found. After some numerical experiments,
we will study how to improve the Golub and von Matt algorithm.

15.2 Iterative Methods for Ill-Posed Problems

As we said before, when solving large ill-posed problems it may not be practical
to compute the SVD of the matrix A. Very early in the 1950s people turned to
iterative methods since most of them only require the ability to compute the product
of the matrix with a vector. Iterative methods can be used in two ways: either to
solve the regularized system (for a given or several values of i) or as regularizing
procedures by themselves. When they are used as a regularization procedure, the
iteration index takes the role of the regularization parameter.

The use of iterative methods can also be seen as a projection of the original
problem on a subspace where the problem is less ill-posed or as a model reduction
process. Of course, regularization and iterative methods can be combined since
one can use an iterative method as a projection technique and then solve the re-
duced problem by regularization; this is considered, for instance, by O’Leary and
Simmons [251] and Hanke [171].

Most popular methods are based on the Lanczos algorithm applied explicitly
or implicitly to the normal equations. One important remark about the Lanczos
algorithm is that it is shift invariant: if .Jj, is the Jacobi matrix produced at iteration
k for a matrix B, then Jy + p/ is the Jacobi matrix produced for the matrix B + p1.

Suppose we want to solve a linear system By = c for a symmetric matrix B;
then the Lanczos algorithm we have studied in chapter 4 generates basis vectors

v’, i = 1,...,k which are the columns of an orthogonal matrix V}, and a Jacobi
matrix Ji. For solving a linear system, the iterates are sought as
y* =1 + V2",

and the residual 7* = ¢ — By* = r® — BV},2* is asked to be orthogonal to the
subspace spanned by the columns of V}, which gives that the coordinates z* are
solution of a tridiagonal linear system of order k,

Ji2® = |0 et
Therefore, if we want to solve a Tikhonov regularized system (AT A + ul )T, =
AT'c, the iterates xf = 20 + V.2 are determined by (Jj, + pul)zf = [|r°||e" if we
run the Lanczos algorithm on AT A.

However, we have to be careful for several reasons that we have already men-
tioned in chapter 4. First, it is well known (see, for instance, [239] or the review
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paper [242]) that the Lanczos algorithm in finite precision arithmetic does not fulfill
its theoretical properties. In particular, after a first eigenvalue of Jj, has converged
to an eigenvalue of A7 A, the Lanczos vectors v* are no longer mutually orthogo-
nal. Moreover, there is a delay in the convergence of the other eigenvalues. Second,
if the matrix has small (and close) eigenvalues, then it is difficult to obtain conver-
gence towards these eigenvalues.

In fact, this last issue can be used to our advantage since, particularly for small
values of u, the noisy components of the right-hand side can be amplified by the
smallest eigenvalues. If the smallest eigenvalues are not well approximated in the
first iterations, then the approximate solution z* is not polluted by the components
over the corresponding eigenvectors. This is why the Lanczos algorithm can give
a “regularized” solution. However, we have to stop the iterations before there is
convergence toward the smallest eigenvalues.

Instead of using the Lanczos algorithm on A” A, one may use instead the Golub—
Kahan Lanczos bidiagonalization algorithm (see chapter 4) which is well suited for
least squares problems. It produces an orthogonal matrix ), which is the equiv-
alent of V}, and an upper bidiagonal matrix By, which is the Cholesky factor of
Ji. = B} By,.. However, the matrix By, cannot be used directly for computing the
approximation of the solution of the regularized problem since By, is not shift in-
variant. The Cholesky factor of Ji + uf is not the shift of By. To solve this
problem, one can use the QD algorithm with shifts; see chapter 3.

Usually, when the matrix is symmetric and positive definite (which is the case
for AT A if A has full rank), one prefers to use the conjugate gradient (CG) method
instead of the Lanczos algorithm. The reason is that in the Lanczos algorithm we
have to store the matrix V}, of the Lanczos vectors to compute the solution, whereas
CG uses only short recurrences. Unfortunately, CG is not shift invariant since if was
obtained from the Lanczos algorithm by an LU factorization of the Lanczos matrix
Ji. This can, somehow, be circumvented as we will see later. When applied to the
normal equations AT Ax = AT¢, CG is usually denoted as CGNR. In this case, the
CG method minimizes the A7 A-norm of the error z — x* but we have

lz = 2* e 4 = (Alz — 2%), Az — 2¥)) = [le — A%

Hence, CGNR minimizes the I norm of the residual ¢ — Az,

Of course, one does not compute the product A” A. The multiplication by a
vector is done by successive multiplications with A and A”". Nevertheless, for ill-
posed problems, A” A is ill conditioned and it is usually preferred to use a variant
denoted as CGLS [30], which is the following for AT A + pI:

D =c— Az, 10 = AT — 2% p® =% and for k =0, 1,. ..

q" = Ap",
I
llg* 11> + ullp*[I*°

k+1

Yk

P = ot ot

k+1

k k
Z =2 — %4,
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PRl = AT R L gkt
rk+ )2
Wk = 75
TR
PPl = Rl R

Note that this algorithm does the recursive update on z* which is the residual ¢ —
Azx® (the quantity minimized by the algorithm) and not on the residuals of the
normal equations.

As we said before, a difficult problem is to know when to stop the Lanczos or
CG iterations. For instance, if the norm of the noise e is approximately known, one
can choose to stop when the discrepancy principle is satisfied

lle = Azl = 7 el

where e is the known noise vector.

When solving a least squares problem min ||c— Az ||, it is usually preferred to use
the LSQR algorithm of Paige and Saunders [256] since this method uses orthogonal
transformations to solve the projected problems. The algorithm uses the Lanczos
bidiagonalization (denoted as “Lanczos bidiagonalization II” in [159] and “Bidiag
17 in [256]) we have described in chapter 4. The relations describing the LSQR
algorithm are the following as defined in [256].

Let 81 = |c||, u! = ¢/B1, a1 = ||ATul]], v! = ATul/ay, wt = b, 20 =0,
(51 =01,p1 =ag, thenfork=1,...

i =Av" —agu®, B = lall, o = a8,

v =ATuF ﬂk-+111k7 a1 = |0, o = v/,

Pk =/ P+ Biy1s

Ck = Pk/Prs Sk = Brt1/Prks
Ok+1 = SkQit1, Phtl = —CrOky1,
Ok = kP, Pry1 = SkPk,

o =2t 4 (on/ i),

Bl _ kL

w Gkﬂ/pk)wk.

If we want to solve a regularized problem for a given value of p, we apply this
algorithm to the least squares problem

()= ()]

Otherwise, when we want to solve the regularized system for several values of
1, we can use the correspondance between the coefficients of the Lanczos and CG

min
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algorithms (see chapter 4) and the fact that the Lanczos algorithm is shift invariant.
If the CG vectors are obtained as

pk = rk + ﬁkpk_lv xk+

Then, the coefficients «; and n; of the Lanczos algorithm which are the nonzero
entries of Jj, are given by

1 Br— v B
ap = + 17 ﬂozoa ’Y—l:la Nk = .
Ye—1 V-2 Ve—1

Moreover, 7, is related to the diagonal elements of the Cholesky (LD L") factor-
ization of the Jacobi matrices .J,

b= a4 pt

1

Okt1

Tk

Then, when running CG (or CGLS) with the matrix A” A we can compute .J;, from
the CG coefficients. Then, we can shift J; by u/ for a given p and compute the
LDLT factorization to obtain the CG coefficients for the shifted system.

These ways of proceeding have the advantage of requiring only two matrix vector
products (with A and AT) per iteration for computing the solutions for as many
values of p as we wish. This kind of algorithms was advocated in a paper by
Frommer and Maas [116].

Other aspects of iterative methods for ill-posed problems are developed in Kilmer
and Stewart [204] and Kilmer and O’Leary [203].

15.3 Test Problems

We first use several examples from the Regutools toolbox (version 3.1) by Hansen
[177]. A newer version of this toolbox is now available [179].

Example IP1 = Baart
This problem arises from the discretization of a first-kind Fredholm integral
equation with kernel K and right-hand side g given by

K(s,t) = exp(scos(t)), ¢g(s)=2sinh(s)/s,

and with integration intervals s € [0, 7/2],t € [0, 71]; see Baart [19]. The solution is
given by f(t) = sin(t). The square matrix A of order 100 is dense and its smallest
and largest singular values are 1.7170 10718 and 3.2286. The singular values are
displayed in figure 15.1. We see that there are many small singular values (smaller
than 10~12).

Example IP2 = ILaplace
This problem comes from the discretization of the inverse Laplace transform by
means of a Gauss—Laguerre quadrature rule. The kernel K is given by

K(S7 t) = exp(—st),
and the integration interval is [0, co[. The solution f and the right-hand side g are

F(t) = exp(=t/2),  gls) = 1/(s + 0.5).
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0

10

Figure 15.1 Singular values for the Baart problem, m = n = 100

The square matrix A of order 100 is partly dense and its smallest and largest singu-
lar values are 8.3948 10733 and 2.3749. The distribution of the singular values is
even worse than for Example IP1.

Example IP3 = Phillips
This problem arises from the discretization of a first-kind Fredholm integral
equation devised by D. L. Phillips. Define the function

¢(z) = 1+ cos(xn/3) for |z| < 3, 0 for |z| >= 3.
The kernel K, the solution f and the right-hand side g are given by
K(s,t) = o(s 1), f(t) = ¢(D),

g(s) = (6 — |s])(1 + 0.5cos(sm/3)) + 9/(27) sin(|s|7/3).

The integration interval is [—6, 6]. The square matrix A of order 200 is banded and
its smallest and largest singular values are 1.3725 10~7 and 5.8029.
All the preceding examples are small and can be solved using the SVD of A.

Example IP4 = von Matt’s problem

To obtain a large matrix A with similar properties as the matrices from ill-posed
problems without having to store a dense matrix, Urs von Matt [158], [159] pro-
posed the following example that we have already used in chapter 14. The matrix
Ais defined as A = UXVT where

UUT T

U=r-22  por_2o%_

lul]?” lv]f>”
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u and v being given vectors of length m and n. The diagonal matrix ¥ (containing
the singular values) is chosen such that we have a linear distribution of the singular
values or as

o; =exp(—ci), i=1,....,n<m

where c is suitably chosen. This choice of matrix allows one to store only u, v and
the diagonal of X to do the matrix-vector multiplications.

15.4 Study of the GCV Function

GCV for large scale linear ill-posed problems is considered in the paper by Golub
and von Matt [158]. This paper uses the techniques of estimation of quadratic forms
to compute the parameters of the model. Remember that the GCV estimate of the
parameter (4 is the minimizer of
Glu) = %H(I — A(ATA + mul)=tAT)c|?
M= (LI — A(ATA + mpl) -1 AT))2
Let A = UXVT be the SVD of A with singular values o; and d = U”c. Let

us assume that m > n and the matrix A has full rank »r = n. Then the GCV
function (15.9) can be written as

" {Z;—l d; (a?i”)z i df}

m—n+3> 5 ’

a?—‘—u

(15.9)

Gv) =

(15.10)

where v = mu. An example of GCV function (as a function of p) is displayed
in figure 15.2 for the IP1 (Baart) example with m = n = 100. The right-hand
side ¢ is generated from the exact solution Z by ¢ = AZ + e where e is a random
vector with a normal distribution of norm noise = 10~2. The cross on the curve
shows the minimum of the function. The GCV functions for different noise levels
are displayed in figure 15.3. We observe that these functions are rather flat near the
minimum and this can be a problem.

From the figures, we see that G is almost constant when v is very small or large,
at least in log-log scale. When v — oo, the ratios involving v in the numerator and
denominator tend to 1. The numerator tends to

m
Y
i=1
and the denominator tends to m?. Therefore G(v) — ||c||?/m since

m
S odi = U"el? = |e|*.
i=1
When v — 0 the situation is different wether m = n or not. The numerator of GG

tends to
m
ny
i=r+1
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Figure 15.2 GCV function for the IP1 (Baart) problem, m = n = 100, noise= 1073
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Figure 15.3 GCV functions for the IP1 (Baart) problem, m
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if m # n or 0 when m = n. When m # n the denominator tends to m and to 0
otherwise. Therefore, the limit value of G is

m Ez r+1 7
m—n
for m # n. When m = n we obtain 0/0 but we can simplify the GCV function by
2 in the numerator and denominator. The function is written as

2
1
mZz 1 ’L (o’?-‘,—y)

Gv) = — (15.11)
o o7
This can be written as
mH(AAT + 1/[)_10”
= . 15.12
2 (tr((AAT + ) 1)]2 (15.12)
Therefore, the limit value when v — 0 is
2
mZz 1 7 (0_12)
L, (15.13)

(Zn )
i=1 o2
When the smallest singular value o,, is much smaller than most of the other ones
(as in many ill-posed problems), this limit value is md2. Moreover, it turns out
that the GCV function is almost constant for v < o2 and for v > o%. This is
illustrated in figure 15.4, where the horizontal dashed lines give the limit values
and the vertical lines show the squares of the smallest and largest singular values.
Therefore when looking for the minimum value of G (or its approximations) it is
enough to consider the interval [02, 0?]. We note that the largest singular value
can be estimated with the bidiagonalization algorithm. In von Matt’s software, the
interval which is considered for v is

2 2
A o L(1AY
m m £

where ¢ is the machine epsilon. This is shown in figure 15.5, where these values are
the vertical dot-dashed lines. We see that the upper bound is greatly overestimated.
Therefore, we propose to use the interval

max(o7, e[| A[l)?, o]

for v if o,, is known or

(el A1), of]
otherwise.

The GCV functions for the other examples are shown in figures 15.6 and 15.7.
The GCV function G is approximated by G where the trace in the denominator
is computed using Hutchinson’s estimator. The function G computed using the
singular values of A is plotted with dotted lines for the IP1 example in figure 15.8.
The circle gives the minimum of G. We see that G and G do not have the same
limit value when v — 0. In most cases G is a poor approximation of G for small
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Figure 15.4 GCV function for the IP1 (Baart) problem, m = n = 100, noise= 10™3
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Figure 15.5 GCV function for the IP1 (Baart) problem, m = n = 100, noise= 1073
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Figure 15.6 GCV function for the IP2 (inverse Laplace equation) problem, m = n = 100,
noise= 1073

Figure 15.7 GCV function for the IP3 (Phillips) problem, m = n = 100, noise= 103
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values of v. This comes, of course, from the computation of the denominator since
the numerator is computed in the same way for both functions. However, near the
location of the minimum G is quite accurate for this problem. Unfortunately, this
is not always the case as we can see with figure 15.9 for the IP1 example using a
large perturbation with noise= 0.1. The function G is then a poor approximation
of G and its minimizer is quite different from the one for G. The parameter v that
is found using the minimum of G is not correct.

0% 107 10 107 107 10° 10"

Figure 15.8 G (solid) and G (dotted) functions for the IP1 (Baart) problem, m = n = 100,
noise= 1073

15.5 Optimization of Finding the GCV Minimum

The problem we have is to locate the minimum of the approximation G of the GCV
function G as cheaply as possible. Von Matt [159] computed the minimum of the
upper bound obtained by Lanczos bidiagonalization by sampling this function on
100 points with an exponential distribution which gives a regular distribution using
a log scale. After locating the minimum of these samples, if the neighbors of the
point giving the minimum do not have the same values, he looked at the derivative
and sought for a local minimum in either the left or right interval depending on the
sign of the derivative. The local minimum is found by using bisection.

To try to find a minimum in a more efficient way, we propose first to work with
the logarithms of v and G instead of the function itself. Then we compute 50
samples on a regular mesh. We locate the minimum, say the point &, we then
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L L L L
107 107 107 10

0

Figure 15.9 G (solid) and G (dotted) functions for the IP1 (Baart) problem, m = n = 100,
noise= 107!

compute again 50 samples in the interval [k — 1, k+1]. After locating the minimum
in this interval we use the von Matt algorithm for computing a local minimum.

To compare both approaches, we use the number of function evaluations as a
criteria. Each function evaluation leads to solving several (small) least squares
problems. The results are given for some test problems in table 15.1 where vm
refers to the von Matt implementation and gm to ours. Note that for m = n = 100,
14 is the minimum number of iterations that can be done with this algorithm. In
most cases, the values of i from the two minimization methods are close. Although
there are some exceptions, in many cases, the number of function evaluations is
about the same.

Looking for improving these results, one has to look more closely at these al-
gorithms. In the Golub and von Matt algorithm the lower bound is used only in
the stopping criterion. The algorithm is stopped when the maximum of the lower
bound is larger than the minimum of the upper bound. This is done to have the
upper bound close enough to the function G around the minimum. The value of the
minimizer . that is returned corresponds to the minimum value of the upper bound.

The difficulty can be understood by looking at figure 15.10 for the Baart prob-
lem for a level of noise of 10~2 which displays upper bounds at different Lanczos
iterations. We see that the upper bound does not have the right asymptotic behav-
ior when v is small since the upper bound tends to infinity, whence the function
is bounded. The convergence of the minimum is rather slow and it is difficult to
know when the minimum has converged. The solution chosen by Golub and von
Matt is to look also at the lower bound. This problem arises because we are in the
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Table 15.1 Minimizer values and number of function evaluations

I Example | Noise ” No. it. [ o I f min | f max | f total |
Baart vi 10~7 17 9.6482 10~ 15 494 613 1107
10-5 14 9.7587 10~ 12 125 132 257
103 14 1.2018 108 130 123 253
10~1 14 1.0336 10~ 7 128 126 254
10 14 8.881710~8 127 119 246
Baart gm 10~ 7 14 1.1496 10— 1% 146 145 291
10—° 14 1.1470 10~ 11 146 118 264
10-3 14 1.3702 108 147 115 262
10-1 14 1.1208 10~ 7 148 114 262
10 14 9.9400 108 147 114 261
ILaplace vm | 10~ 7 112 2.1520 10~ 15 | 12438 | 10216 | 22654
10—° 47 5.232910712 | 4242 3428 7670
103 18 22111108 620 541 1161
10~1 14 1.9484 105 120 125 245
10 14 6.5983 103 124 126 250
ILaplace gm | 10~7 82 7.9939 10~ 15 | 10101 | 9788 | 19889
10-5 47 5.9072 10712 | 4977 4175 9152
10—3 17 2.4905 108 589 416 1005
101 14 2.2036 10~° 148 120 268
10 14 7.0253 10~ 3 149 123 272
Phillips vm | 107 221 8.7929 10~ 1T T 26299 | 21616 | 47915
10-5 122 4.5432109 | 13435 | 10759 | 24194
10—3 32 4.367410°7 2111 1736 3847
10-1 16 3.832010~° 130 128 258
10 16 8.475110~3 118 121 239
Phillips gm | 10—7 136 2.5684 10~ 10 | 17761 | 17306 | 35067
10—° 116 5.4911 10~° | 14857 | 12265 | 27122
10-3 31 4.6715107 2364 1640 4004
10—1 16 4.220310~° 147 119 266
10 14 9.3842 103 149 116 265

307
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case m = n and from the way the function is computed with the general formula
(as a norm of a residual) the numerator is bounded away from zero when the de-
nominator tends to zero with 2. This is different when m # n as we can see in
figure 15.11 for IP4 with m = 200, n = 100 because in this case the denominator
does not tend to zero when v — 0 and the approximation has the right behavior.

ol
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|
l
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Figure 15.10 G (solid) and G (dashed) functions and upper bounds for the IP1 (Baart) prob-
lem, m = n = 100, noise= 1073

To try to better understand the issues, let us use the SVD of the bidiagonal matrix
By, (arising from the Lanczos bidiagonalization algorithm) whichisa (k + 1) x k

matrix. The numerator of the approximation is

p(v) = ||c|? |le' — Bp(B{ By +vI) ' Ble'|?. (15.14)

Using the SVD of By, = UkSkaT (Sk being a (k + 1) x k matrix) and denoting

the singular values as 6; (with no reference to k for the sake of simplicity), from
equation (15.14) we have

pv) = llell* I(I = Su(Si Sk +vI) T Sg)U €.

This can be written as

p(v) = |c|? {Z m + fl§+1} ;

(15.15)
i=1

where f = U[l'e’. Therefore, we see that when v — oo, we have p(v) — ||c||? and
when v — 0, then p(v) — ||¢[|?f2, . The limit value is not the same as for the

numerator of the function G and it is bounded away from zero (at least when F is
small enough).
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Figure 15.11 G (solid) and G (dashed) functions and upper bounds for the IP4 example,
m = 200, n = 100, noise= 1

The denominator is
q(v) :mfn+u||uH2(el)T(B,szJrl/I)flel, (15.16)

where By, is a bidiagonal square matrix of order k and u is a random vector. Using
the SVD of By, = Z,.T; kaT with singular values ¢;, we can write

fiv
tf—ky’

k

q(v) =m—n+|ul*_

i=1

(15.17)

where f = WI'el. When v — oo we have ¢(v) — m — n + k and when v — 0,
then ¢(v) — m — n. Hence, when m = n as in the IP1 example, we have a
numerator that is bounded away from zero and a denominator that goes to zero.
Thus, the limit value for v — 0 is infinity. We see that the problem comes from
the term f7 1 that we have in the numerator since it prevents us from being able to
divide the numerator and the denominator by /2.

To improve upon the implementation of von Matt, we propose the following
algorithm:

1) Working in log-log scale (that is, log;o(v) and log,,(Uy)), we compute an
upper bound of the function (saving the computation of the lower bound) for which
we seek a minimizer.

2) We evaluate the numerator of the approximation (that is, equation (15.14)) by
computing the SVD of By, and using formula (15.15). The computation of the SVD
is done only once per iteration and there is no need to solve a least squares problem
for each value of v.
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3) After locating a minimum v, with a value of the upper bound U} at iteration
k, the stopping criterion is

Vg — Vg1

<e

— )

Up = Uiy
Ui

V-1

for a given e. That is, we look both at the location of the minimum and the value of
the upper bound.

Of course, the difficult problem with such an approach is the choice of a suitable
value of e for the stopping criterion in step 3. If € is large we will save some
computation time but there is a risk of missing the true minimum. If € is too small,
the computation may be too expensive.

To obtain the right behavior of the upper bound close to zero when m = n, we
modify the function as follows: instead of using mp(v)/q(v)? we can use

p(v)
qw)? +a

We may want to choose

el fR 44
7,

a=qa=

Such a choice is not really feasible for large problems since we do not know d,,
which can only be obtained from the SVD of A. It turns out that the value of
@ is too large during the first iterations; this value must be limited and we use
a = min(a, 500). Of course, such a modification may be problem dependent. For
Example IP1 the computation using mp/q> was given in figure 15.10. When using
mp/(¢* + «) we obtain figure 15.12, where we can see the truncation given by
introducing « in the denominator.

As we said before, when solving real problems, it is likely that d,, is not available.
Hence, we use o = ||c||? instead. There is not much difference in the results, except
that the asymptotic value when v — 0 is not the correct one, but the smallest values
of v do not have any influence on the minimizer. However, we will see that we can
use them to reduce the number of function evaluations that is needed to find the
minimum.

It would be nice if we could know when this costly process of function minimiza-
tion is really needed. The Golub and von Matt algorithm [158] imposes to perform
kmin Lanczos iterations before starting to compute the minimum of the approxi-
mation of the GCV function. The value of kmin was selected empirically by Golub
and von Matt as kmin = [3logmin(m,n)]. Imposing to perform kmin — 1 it-
erations before looking for the minimum may give us a penalty. But, we can take
advantage that we now have a better asymptotic behavior of the upper bound when
v — 0. We choose a (small) value of v (denoted as 1) for which we monitor
the convergence of the upper bound at each iteration from the beginning. When it
satisfies the condition

U (vo) — U1 (o)
U1 (o)

S €0,
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Figure 15.12 G (solid) and G (dashed) functions and upper bounds for the IP1 (Baart) prob-
lem, m = n = 100, noise= 103

we start computing the minimum of the upper bound. We denote this algorithm by
gm-opt. The results are given in table 15.2 with ey = 1075, It has to be compared
with table 15.1. We see that when the convergence is not fast we can save some
function evaluations.

Table 15.2 Minimizer values and number of function evaluations, gm-opt, €

10~

kmin =2
[ Example | Noise [[ No.it. | 1 | fmin | fmax [ ftotal |
Baart 10~7 12 1.0706 10~ | 436 0 436
10-° 12 1.0581 10— 11 437 0 437
10-3 8 1.3077 108 293 0 293
10-1 7 1.1104 107 294 0 294
10 7 9.1683 108 294 0 294
ILaplace | 10~ 7 58 4.2396 10~ 1% | 5239 0 5239
105 28 5.4552 1011 1453 0 1453
10-3 17 2.3046 108 440 0 440
10— 15 2.0896 10~5 293 0 293
10 10 6.8436 103 296 0 296
Phillips [ 10~7 157 | 1.634310-10 | 17179 0 17179
10—° 103 5.3835107°2 | 11086 0 11086
103 39 4.1814 107 1759 0 1759
10—t 17 4.187510~° 438 0 438
10 13 8.7084 103 294 0 294

>
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When a regularization parameter has been computed, an important issue for com-
paring the different methods is to assess the quality of the solution we can compute
with the parameter value we have found. This can be done by looking at the norms
of the solution z and the residual ¢ — Az. In our examples, we also know the so-
lution x¢ of the noise-free problem from which the right-hand side was computed.
So we can compute ||x — z¢||. The solution z is computed using the SVD of A
(this, of course, cannot be done for real problems). We compare von Matt’s origi-
nal implementation and the gm-opt algorithm in table 15.3. The computing times
(using Matlab on a Dell D600 laptop) should be considered with some care since,
with Matlab, they depend very much on the implementation. For instance, von
Matt used C mex-files to solve the least squares problem for each value of v and
gm-opt uses the SVD, which is a built-in function. Moreover, the problem sizes are
quite small. Results on a larger problem (on a Sony Vaio RC102, Pentium D 2.8
Ghz) are given in table 15.4. The algorithm gm-opt seems generally faster than von
Matt’s implementation. The quality of the solutions is the same.

Table 15.3 Minimizer values and comparison of the solutions

Example | Noise [ w | lle—Az][ [ [l=—=ol [ Time(s) |
Baart vim 107 [ 9.648210~ 15 | 9.804910=% | 5.9424 102 0.38
10~5 || 9.7587 1012 | 9.8566 10~ % | 6.5951 102 0.18
10-3 1.2018 10~8 | 9.857310~% | 1.523910 ! 0.16
10-1 1.0336 10~7 | 9.8730 102 1.6614 -
10 8.8817 108 9.8728 16.722 -
Baart gm-opt 107 || 1.0706 10~ ™ | 9.8058 10—® | 5.9519 102 0.18
10~% || 1.0581 10~ | 9.8588 10~ 6 | 6.5957 10—2 0.27
10—3 1.30771078 | 9.858210~% | 1.520510* 0.14
10—t 1.110410~7 | 9.8736 102 1.6227 -
10 9.1683 108 9.8730 16.569 —

ILaplace vm 10~7 [ 2.152010° % [ 9.513210° % | 1.4909 102 10.06
107% || 5.232910712 | 9.6965 10~ % | 6.8646 10—2 2.37
10-3 2.21111078 | 9.721510~% | 1.9890 101 0.35
10—t 1.9484 1075 | 9.819610~2 | 3.4627 101 0.22

10 6.5983 103 9.9095 8.8165 101 0.12
ILaplace gm-opt | 107 || 4.2396 10~ 1% | 1.1004 10—7 | 2.7130 10~ 2 2.03
10~° || 5.455210~ 1 | 1.0560 1075 | 9.6771 102 0.53
103 2.3046 10—% | 9.724310~% | 1.9937 101! 0.29
10-1 2.0896 10~° | 9.823510~2 | 3.4634 10! 0.09

10 6.8436 103 9.9115 8.8791 101 0.14

Phillips vm 10=7 ] 8792910~ | 9.016210~% [ 2.239110=% | 29.50
10-5 4.5432102 | 9.0825106 | 2.2620103 6.09
10-3 4.367410~7 | 9.782610~% | 1.0057 102 1.14
10—1 3.8320107° | 9.8962102 | 9.313910~2 0.16

10 8.4751 103 10.012 5.2677 101 0.10
Phillips gm-opt | 10~7 || 1.634310~10 | 1.1260 10~ 7 | 2.2163 10~ % 15.30
10-° 5.383510~9 | 9.172210~6 | 2.117410~3 6.10
103 41814107 | 9.773710~% | 1.037510~2 0.66
10-1 4.187510~% | 9.901610~2 | 9.0659 102 0.22

10 8.7084 103 10.015 5.2683 10~1 0.15

On these examples we see that the norm of the residual is approximately equal
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Table 15.4 Minimizer values and comparison of the solutions

[ Example | Noise || No.it. | m | lle—Az]| [ Jlz—aol| | Time(s) |
Baart 1073 19 7.5768 10~ 10 [ 9.981010~% | 1.411310°! 0.26
n=500, vm
Baart 103 11 8.1350 10~ 10 | 9.881110~% | 1.413210~ T 0.16
n=500, gm-opt

to the level of noise. The larger is the noise, the larger is the norm of the difference

with the unperturbed solution.

15.6 Study of the L-Curve
15.6.1 Properties of the L-Curve

The L-curve is the plot of ||z|| versus ||c — Ax|| where  is obtained as a function of
v by solving a regularized problem. In general, one uses the log-log plot of these
curves. An example of an L-curve is given in figure 15.13 in log-log scale for the
IP1 example. The circles give the values for the sample of v = mu we used.

10’

Figure 15.13 The L-curve for the IP1 (Baart) problem, m = n = 100, noise= 10>

Of course, the plot of the L-curve depends on the range which has been chosen
for the regularization parameter v = mu. Properties of the L-curve have been
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studied in many papers. However, as we will see, it is sometimes more informative
to look separately at ||z(v)| and ||c — Az (v)]|| as functions of v. If A = UXVT
is the SVD of A, a full rank m X n matrix with m > n and v is the Tikhonov
regularization parameter, we have

) n l/di 2
le = Az|®> =>" i) (15.18)

i=1

and

n Uidi 2
ElREDS (02 +V> : (15.19)

i=1
Computing the derivatives with respect to v we have

- u02d2
—_A 15.20
lle= Al =23 722250 (15.20)
and
n 2d2
-2 15.21
) = =23 (15.21)

This implies that there is a simple relatlon between the derivatives, since
1
[l2l?) = =~ [lle = Az[|*)’,

Moreover, ||c — Ax|| is an increasing function of v whence ||z|| is a decreasing
function of v. This is what is seen in figure 15.14 where the solid curve is the log;
of ||z|| and the dashed curve is the log; of ||c — Ax||. For this example there is
a large range of values of v for which both the logarithms of ||z|| and ||c — Az||
are almost constant. These values correspond to the accumulation of points close
to the corner of the L-curve in figure 15.13. We note that it can be more interesting
to locate this range of values rather than just the corner of the L-curve. We will
come back to this point later. To know where the curves of figure 15.14 are more
or less contant, we are interested in the (absolute values of) derivatives relative to
log,o v. This is shown in figure 15.15. Both derivatives are small for v between
10~ and 10~% which corresponds to the plateaus of the curves of the logarithms
of ||z|| and ||c — Az||. It is likely that one can choose any value of v in the interval
corresponding to the intersection of both plateaus.

Other quantities that can be used to characterize the L-curve are distances and
angles. The distances between two consecutive points of the L-curve are displayed
in figure 15.16. There is a well-located minimum of the distances. We will see that
it corresponds approximately to the minimum of the norm of the error. The angles
are not much different whatever the value of v is. If we look more closely around
the corner, as in figure 15.17, we see that all the angles are far from 7 /2.

Of course, what is also interesting is the distance of the regularized solution x to
the unperturbed solution z. Since for the IP1 example we know the unperturbed
solution, this distance is displayed in figure 15.18, where the minimum is shown
by a circle. Of course, this is not feasible for real problems.
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Figure 15.14 log,, of ||z|| (solid) and ||c — Az|| (dashed) for the IP1 (Baart) problem, m =
n = 100, noise= 10~°
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Figure 15.15 log,, of derivatives of ||z|| (solid) and ||c — Az|| (dashed) for the IP1 (Baart)
problem, m = n = 100, noise= 1073
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Figure 15.16 log, of distances for the IP1 (Baart) problem, m = n = 100, noise= 1073

0095 |

0004

1 0*3 007 10*3 008

Figure 15.17 Zoom of the L-curve around the corner for the IP1 (Baart) problem, m = n =
100, noise= 1073
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Figure 15.18 log,, of ||z — xo|| for the IP1 (Baart) problem, m = n = 100, noise= 10>

15.6.2 Locating the Corner of the L-Curve

When using the L-curve, the regularization parameter is the value v corresponding
to the “corner” of the L-curve. If it is feasible to compute the SVD of the matrix A,
the corner of the L-curve can be determined as the maximum of the convexity of
the curve. However, if the matrix is too large for computing the SVD, this method
cannot be used. Here, we assume that we can only compute values of points on the
L-curve. We will compare our results with algorithms using the SVD.

The idea we want to exploit here is that if we rotate the L-curve by, say, —7 /4,
(see figure 15.19, using 25 sampling points) then finding the corner is almost equiv-
alent to finding the minimum of the curve, at least when the L-curve is really L-
shaped. Since the curve is composed of a sequence of discrete values and parame-
terized by v, we can obtain the value of v corresponding to the corner by finding the
index corresponding to the minimum. Therefore, we propose doing several passes
of the following algorithm: we select the index k& of the minimum value and ap-
ply the same algorithm iteratively computing new (say 25) sampling points on the
curve in the interval [k — 1, k + 1]. Portions of the L-curves and rotated L-curves
for the first two passes are displayed in figures 15.20 and 15.21. If in one of the
passes the minimum is located at one of the ends of the interval, then we select the
index with minimum angle. The center of rotation is found by the intersection of
two linear fits respectively for the smallest and largest values of n. We denote this
algorithm as Ic1.

Another possibility is to consider the differences of consecutive points of the
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Figure 15.20 The L-curve for the IP1 (Baart) problem, m = n = 100, noise= 1073,
second pass
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Figure 15.21 The rotated L-curve for the IP1 (Baart) problem, m = n = 100, noise= 1073,
second pass

L-curve. We compute the differences
A7 = [ogio([le — Az (wy)l]) —logig(llc — Az(vi1)I],

A§ = [logyo([[z(vi)]l) = logio ([l (vi-1)I)I-
The logarithms of these quantities are shown in figure 15.22. Let ea be a given
threshold. The algorithm 1c2 returns the ends of intervals for which both A¥ and
A7 are smaller than ea. If there is no such interval, the algorithm returns the
minimum of the angles.

15.6.3 Comparison of L-Curve Algorithms

In tables 15.5-15.7 we compare the algorithm (Ic) for finding the corner of the
L-curve in Regutools (version 3.1) [177], the pruning algorithm (Ip) of Hansen,
Jensen and Rodriguez [181] with Ic1 and Ic2 (ea = 10~2) for which there are two
lines because we give the ends of the interval found by the algorithm. The value
opt gives the point on the L-curve (discretized with 200 points) with the smallest
error. Note that to be able to compare with the GCV results we give the value of
u = v/m. The different methods give results of comparable accuracy.

15.6.4 Approximations of the L-Curve

In practical problems we are not always able to compute the SVD of A and there-
fore we cannot compute points on the real L-curve. However, the techniques for
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Table 15.5 L-curve algorithms, IP1 (Baart) problem, n = 100

CHAPTER 15

[ Noise [ Method || o [ lle=Az]| | llz—ao
10—7 opt 8.9107 1017 [ 9.791710~% | 4.9820 102
I 1.0908 10~ 16 | 9.791910~% | 4.9940 102
Ip 1.6360 10716 | 9.7923 1078 | 5.0453 10~2
Icl 6.0889 1017 | 9.791210~8 | 5.0041 10~2
Ic2 7.3065 1017 | 9.791510~8 | 4.9842 102
2.0622 1071 | 9.818210~8 | 5.9956 10—2
10—° opt 7.3023 10712 | 9.8509 105 | 6.5944 102
I 6.5087 10~ 13 | 9.8433106 | 6.8269 102
Ip failed
Icl 6.171710~13 | 9.8433106 | 6.8445102
Ic2 9.2095 10~ 1° | 9.8344 1076 | 3.5326 10!
1.3033 10~ 11 | 9.8666 106 | 6.5985 102
1073 opt 2.499010~% [ 9.872010~% | 1.5080 10~ T
I 454141079 | 9.852410~* | 1.603010~!
Ip 8.2364107° | 9.854510% | 1.5454 10!
Icl 6.3232107° | 9.853410~* | 1.5669 10!
Ic2 5.8203 1012 | 9.846310~* | 4.1492 10!
41297108 | 9.8996 10—* | 1.5153 10!
10~ 1 opt 1.1750 1075 [ 9.9264 10~ 2 | 2.9455 101
I 4.1328107°% | 9.968110—2 | 3.214710~!
Ip failed
lcl 7.2928 10~° | 1.002110~! | 3.4666 10~1!
Ic2 2.3246 1076 | 9.912710~2 | 3.9737 107!
5.844010~° | 9.9958 10~2 | 3.3650 101
10 opt 5.5250 10~3 9.9772 6.1260 10~ T
I 1.7086 102 9.9990 7.1387 101
Ip 1.8518 10~1 10.257 9.921110°1
Icl 2.7442 102 10.018 7.6407 10~1
Ic2 8.2700 102 10.120 8.8160 101
8.2700 10~2 10.120 8.8160 101
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Table 15.6 L-curve algorithms, IP2 (ILaplace) problem, n = 100

[ Noise | Method || m lc — Az]| Iz — zol]
10=7 opt 3.7606 10~ 1° | 9.5730 10~ % | 1.3306 10~ 2
Ic 2.1645 10717 | 9.302810~8 | 1.871710° 1
Ip failed
lcl 1.5871 10717 | 9.289310~% | 2.2020 101
Ic2 6.0929 10~17 | 9.346410—8 | 1.0878 10!
3.28171071% | 955571078 | 1.339110~2
10-5 opt 7.5376 1013 | 9.6065 10~ © | 6.1880 102
Ic 2.5207 10~ 13 | 9.587010-6 | 8.0606 10—2
Ip 1.767510~13 | 9.579710-% | 1.0110 10~
Icl 1.6951 10~ 13 | 9.5788 10— | 1.0407 10!
Ic2 1.6166 10~1* | 9.5211 10~ | 4.9916 10~
9.5200 10712 | 9.7844 106 | 7.338810~2
10=3 opt 4.9065 10710 [ 9.672010~% | 1.4798 10~ !
Ic 1.77371079 | 9.676210~% | 1.624010*
Ip failed

lcl 1.7535 1079 | 9.676210~% | 1.6221 101
Ic2 4.6897 10~ | 9.656110~% | 5.3631 101
2.761710~% | 9.738610~* | 2.0140 101!
101 opt 1.971210°° [ 9.820210 2 [ 3.4628 10 L
Ic 1.2893 1075 | 9.80201072 | 3.474110 1!
Ip 1.6264 105 | 9.810910~2 | 3.4644 10~
Icl 1.81391075 | 9.815910—2 | 3.4628 10!
Ic2 1.48751076 | 9.7534 1072 | 4.9989 10!
3.609710~% | 9.8705102 | 3.4921 10!
10 opt 3.2468 10~ 3 9.8835 8.2361 10~ 1
Ic 5.5909 10—3 9.9014 8.5642 101

Ip 2.1257 102 10.041 1.1757

Icl 1.1683 102 9.9532 1.0038

1c2 2.1257 10~2 10.041 1.1757

2.1257 10~2 10.041 1.1757
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Table 15.7 L-curve algorithms, IP3 (Phillips) problem, n = 200
[ Noise [ Method || o [ lle=Az]| | llz—ao
10—7 opt 1.114710~1 [ 9.6750 108 | 2.1751 10~ %
I 7.8289 10716 | 6.2009 109 | 2.2252 102
Ip 5.0212 10716 | 5.2779107° | 2.4073 102
Icl 6.3760 10716 | 576251079 | 2.3071 102
Ic2 9.1009 10~ | 9.1001 108 | 2.2254 10~ %
9.1009 10~ 14 | 9.1001 108 | 2.2254 104
10—° opt 1.603510~% [ 1.059510~° | 1.645210—3
I 3.673010~14 | 2.430110=6 | 7.981110~!
Ip 1.2677 10~ | 1.7596 10~6 1.1377
Icl 2.863510~14 | 2.267310~6 | 8.6888 10!
Ic2 1.154510~% | 9.921410—6 | 1.7001 10—3
1.154510~% | 9.921410-% | 1.7001 103
1073 opt 8.539210~7 [ 9.9864 10~ % | 7.371110~3
Ic 7.1966 10-10 | 8.511110~% | 5.3762 101
Ip 4.5729 10710 | 8.3869107% | 6.8849 10!
Il 3.6084 1010 | 8.317210~* | 7.8603 10!
Ic2 1.0250 10~9 | 8.601310~* | 4.4563 101
2.9147 107 | 9.7098 10— | 1.3595 102
1071 opt 1.498510~% [ 1.0164 10~ ' | 7.5250 10~ 2
I 7.9348 10-% | 9.838310~2 | 1.8558 101
Ip failed
Icl 5.345110~% | 9.826010~2 | 2.2869 10~1!
Ic2 1.4645 1076 | 9.7757 102 | 4.9688 10!
3.6975107° | 9.894110~2 | 9.4203 10—2
10 opt 7.9797 10~ 3 10.060 5.2728 10~ 1
lc 6.1453 10~ 3 9.9867 5.3855 101
Ip failed
Il 2.1489 102 10.222 6.5404 10~ 1
Ic2 1.0514 102 10.038 5.3249 10~1
1.0514 10—2 10.038 5.3249 10~ 1
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Figure 15.22 log,, of A” (solid) and A" (dashed) for the IP1 (Baart) problem, m = n =
100, noise= 1073

computing lower and upper bounds of quadratic forms allow the computation of
the L-ribbon approximation introduced in Calvetti, Golub and Reichel [51]. An
example of an L-ribbon for the IP1 example with m = n = 100 and six iterations
is shown in figure 15.23. We display one of the boxes of the L-ribbon. The cross is
the point on the exact L-curve for the given value of .

In table 15.8 we give the number of iterations and the values of i obtained by the
following algorithms. At each iteration of the Lanczos bidiagonalization algorithm
we compute the corners of the curves given by the lower left and upper right corners
of the rectangles using algorithm lc1. When these values of © have both converged
(up to 10~2) and are close enough to each other, we stop the iterations. It turns
out that there is a large difference in the number of iterations with and without
full reorthogonalization for the Lanczos bidiagonalization algorithm. Therefore we
give the number of iterations for both algorithms (in the third and fifth columns).
Note that the Phillips problem requires a large number of iterations. The smaller is
the noise level, the larger is the number of iterations.

Anyway, these results show that with only a few iterations of the Lanczos bidi-
agonalization algorithm (which requires only one multiplication by A and one by
AT per iteration), we can obtain values of the regularization parameter close to the
ones of the “exact” curve.
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Figure 15.23 One rectangle of the L-ribbon for the IP1 (Baart) problem, m = n = 100,
noise= 1073

Table 15.8 L-ribbon

[ Example | Noise || No.it. | m [ No. it. without reorth. |
Baart 10~7 11 6.0889 10~ 17 40
10-° 9 6.1717 1013 19
10-3 8 6.3232 109 10
10-1 6 7.2928 10~° 6
10 5 3.260 102 5
ILaplace | 10— 7 23 1.5871 1017 > 200
10—° 20 1.6951 10—13 93
10-3 15 1.7535 109 33
10-1 10 1.8139 105 11
10 6 1.3850 102 6
Phillips | 10~7 188 [ 7.0255 1016 > 200
10-5 197 | 2.6269 1014 > 200
10-3 48 3.5697 10— 10 > 200
10—t 17 5.3451 10~ 6 26
10 7 2.4194 102 7
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15.6.5 Approximation of the Curvature

In table 15.9 we give the number of iterations and the values of y obtained by com-
puting lower and upper bounds for the curvature of the L-curve. Convergence is
measured is the same way as for the L-ribbon. We see that in some cases conver-
gence is more difficult. The advantage of the L-curvature is that we do not have to
rely on algorithms like Ic1 to find the corner. We just have to compute the maxi-
mum of vectors. However, the results (as well as the number of iterations) seem to
be quite dependent on the interval that is chosen for the values of v.

Table 15.9 L-curvature

Example | Noise [[ No.it. | 1 | No. it. without reorth.
Baart 10~ 7 10 1.5220 10— 16 27
105 10 6.4404 10~13 20
10—3 10 5.8220 109 20
10-1 10 5.2630 10~° 20
10 10 2.2839 102 20
ILaplace | 107 23 2.7322 10~ 17 237
105 22 2.2216 10~13 160
10—3 22 1.8064 10~° 160
10-1 22 1.4689 10—° 159
10 23 5.9395 103 205
Phillips | 107 200 [ 5.01131016 > 300
10-5 200 | 4.795210—14 -
10—3 197 9.3901 10—10 -
10-1 196 8.5979 10— -
10 200 8.0479 10~3 -

15.7 Comparison of Methods for Computing the Regu-
larization Parameter

15.7.1 Results on Moderate Size Problems

In this section we compare the different methods for computing the regularization
parameter. The chosen methods are the von Matt implementation of the Golub and
von Matt method (vm) [158] and the gm-opt algorithm for GCV. The other meth-
ods are computed using the SVD of A (which is not feasible for large problems),
using the discrepancy principle (disc), the Gfrerer/Raus method (gr), finding the
minimum of the GCV function G (gcv), locating the corner of the L-curve (Ic) and
looking at the minimum of the quasi-optimality function (qo). The results for Ic and
go come from the regularization toolbox Regutools from P. C. Hansen [177] version
3.1. The parameters given by the L-ribbon and L-curvature algorithms are denoted
respectively as L-rib and L-cur. The selection of the parameter from Brezinski et
al. by minimizing an estimate of the error is denoted as err. We give the results for
w. Note that the regularization parameter is ¥ = mu. p opt is the parameter which
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approximately minimizes the error with the unperturbed solution.

Example IP1

The results for the Baart problem are given in table 15.10. Plots of the unper-
turbed solution (solid line) and some of its approximations are displayed in fig-
ure 15.24.

02
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Figure 15.24 Solutions for the IP1 (Baart) problem, m = n = 100, noise= 10~2, unper-
turbed solution (solid), vm (dashed) and gm-opt (dotted)

On this problem, which is not too difficult to solve, all the methods give more
or less the same results for the norms of the residual and of the error relative to the
unperturbed solution. However, as we have seen before, vim and gm-opt give poor
results (as we see when comparing to gcv) for noise= 10~! and 10 (the distance to
the unperturbed solution being two or three times larger) because in these cases G
is a poor approximation of the GCV function G around the minimizer.
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Table 15.10 IP1 (Baart) problem, n = 100

[ Noise | Method || n [ Nle=Az] [ llz— =0l
10-7 | popt 8607510~ 17 | 2.033510 ¢ | 4.9814 10 2
vm 9.6482 10~ 1% | 9.8049 108 | 5.9424 102
gm-opt || 1.0706 10~* | 9.8058 108 | 5.9519 102
gcv 8.0440 10715 | 9.803510~8 | 5.9238 102
disc 7.687510~1* | 1.000010~7 | 6.0364 10~2
er 2.0434 10713 | 1.0853 107 | 6.0621 102
Ic 1.0908 10~16 | 9.7919 108 | 4.9856 10~2
qo 2.093710~1* | 9.8187 1078 | 5.9964 10~2
L-rib 6.0889 10~17 | 9.791210-8 | 5.0041 102
L-cur 1.5220 1016 | 9.7923 10—8 | 5.0341 10~2
err 2.9151 1012 | 2.602510~7 | 6.3637 102
1075 | popt 8.9022 10~ 12 | 2.9008 10~° | 6.5946 10~ 2
vm 9.7587 10712 | 9.8566 10~6 | 6.5951 102
gm-opt || 1.0581 107! | 9.85881076 | 6.5957 10~2
gcv 8.7357 10712 | 9.85401076 | 6.5945 102
disc 3.5344 10~11 | 1.000010~% | 6.6498 102
er 1.0058 10710 | 1.083210~% | 6.9237 10~2
Ic 6.5087 10~13 | 9.843310~6 | 6.8263 102
qo 3.3484 10712 | 9.8450107° | 6.6072 102
L-rib 6.1717 10713 | 9.8433106 | 6.84451072
L-cur 6.4404 10~13 | 9.843310~6 | 6.8303 102
err 8.3022102 | 3.900810~° | 1.3679 10!
10—3 1 opt 2.7826 10~% [ 2.3501 103 [ 1.5084 10— T
vm 1.2018 10~8 | 9.857310~% | 1.523910!
gm-opt 1.307710~8 | 9.858210~* | 1.520510!
gcv 9.4870107° | 9.855410~% | 1.5362 107!
disc 8.426010~8 | 1.0000103 | 1.5556 10!
ar 1.704710~7 | 1.023510~2 | 1.637310~!
Ic 4.5414109 | 9.852410~% | 1.6028 10~!
qo 1.2586 1078 | 9.845010~* | 6.6072 10~1
L-rib 6.3232109 | 9.853410% | 1.5669 10~!
L-cur 5.8220 1079 | 9.853110~4 | 1.5749 10!
err 2.310110~% | 1.650510~3 | 2.0094 10—
10T 1 opt 1.1768 10> [ 2.2583 10~ 1 [ 2.9455 10T
vm 1.0336 107 | 9.8730 102 1.6614
gm-opt || 1.1104 1077 | 9.8736 1072 1.6267
gcv 3.0727107° | 9.9378 102 | 2.9955 10!
disc 6.092710~% | 1.000010~! | 3.383910°!
er 1.5620 104 | 1.0197 107! | 3.8022 1071
Ic 4.133810° | 9.968210~2 | 3.214210°!
qo 1.9141 1074 | 1.0291 1071 | 3.881010~1
L-rib 7.2928 10~° | 1.0021 10~ | 3.4666 10~1!
L-cur 5.263010~° | 9.9862 102 | 3.3180101!
err 1.2328 1073 | 1.5756 10~ | 4.6015 10!
10 1 opt 4.9770 1073 26.307 6.1180 10~ 1
vm 8.8817 108 9.8728 1.6722
gm-opt || 9.1683 108 9.8730 1.6267
gcv 1.1189 10—2 9.9885 6.6657 10~1
disc 1.7654 10—2 10.000 7.1748 10~ 1
ar 3.6604 10~2 10.035 7.9288 10~ 1
Ic 1.7087 102 9.9990 7.1386 10~1
qo 2.3769 10~2 10.011 7.4933 1071
L-rib 3.260 102 10.027 7.813510°1
L-cur 2.2839 102 10.009 7.4516 10~1
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Example IP2

For this problem there are more differences between the methods, especially for
the error norm. However, there is no clear overall winner when we vary the noise
level. The results are given in table 15.11. We see that most methods give a residual
norm which is close to the noise level whereas the “optimal” value of the parameter
gives a larger residual norm but a smaller norm of the error.
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Figure 15.25 Solutions for the IP2 (ILaplace) problem, m = n = 100, noise= 103, un-
perturbed solution (solid), vm (dashed), gm-opt (dot-dashed) and disc(dotted)
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Table 15.11 IP2 (ILaplace) problem, n = 100

[ Noise | Method || n [ Nle=Az] [ llz— =0l

10-7 | popt 4328810~ 15 [ 3.207910°° | 1.340210 2
vm 2.1520 10~ 1% | 95132108 | 1.4909 102
gm-opt || 4.2396 10~* | 1.100410~7 | 2.7130 102
gcv 1.0754 10715 | 9.4656 10~8 | 2.1639 10~2
disc 1.5720 10~ | 1.0000 10~7 | 1.9742 102
er 3.3438 10714 | 1.0659 10~7 | 2.5316 102
Ic 2.1645 10717 | 9.3028 10~8 | 1.871710° 1!
qo 2.191210~1* | 1.022610~7 | 2.2147 102
L-rib 1.587110~17 | 9.2893 108 | 2.2020 10!
L-cur 2.732210~17 | 9.313010~8 | 1.654010~!
err 3.3516 10713 | 21248107 | 4.4507 102
1075 | popt 6.5793 1013 | 3.2418 1073 | 6.1866 10~ 2
vm 5.2329 10712 | 9.6965 106 | 6.8646 102
gm-opt || 5.4552 107! | 1.0560 107> | 9.6771 1072
gcv 2.3495 10712 | 9.6371 1076 | 6.5557 102
disc 2.1272 1011 | 1.000010~° | 8.332110~2
er 4.2645 1071 | 1.03621075 | 9.3222 102
Ic 2.5207 10713 | 95870106 | 8.0606 10—2
qo 1.9841 10712 | 9.6301 106 | 6.5035 10~2
L-rib 1.695110~13 | 9.5788 10~ | 1.0407 10~!
L-cur 1.6951 10~ 13 | 9.5788 10~ 6 | 1.0407 101
err 1.2328 1079 | 2.59751075 | 1.4084 101!
10—3 1 opt 5.3367 10~ 10 [ 32173101 | 1.479110~ T
vm 2.211110~% | 9.721510~% | 1.9890 10!
gm-opt || 2.3046 108 | 9.724310~* | 1.9937 10!
gcv 2.0776 1078 | 9.7177 1074 | 1.9819 107!
disc 8.681410~8 | 1.0000103 | 2.1391 10!
ar 1.8660 107 | 1.0555 1073 | 2.2402 10!
Ic 177371079 | 9.676210~% | 1.6240 10!
qo 1.27591078 | 9.697310~* | 1.922710~1
L-rib 1.7535 1079 | 9.676210~% | 1.6221 101
L-cur 1.8064 1079 | 9.676310~% | 1.6271 10!
err 2.915110~% | 2.38311073 | 2.7795101
10T 1 opt 1.8738 10~° 3.1515 107 | 3.462710° T
vm 1.9484 1075 | 9.8196 102 | 3.4627 10!
gm-opt || 2.0896 10~° | 9.82351072 | 3.4634 10!
gcv 2.2562 1075 | 9.82821072 | 3.4649 10!
disc 6.907910~% | 1.000010~! | 3.584710°1
er 172271074 | 1.0568 101 | 3.8490 10~1
Ic 1.2893 1075 | 9.802010~2 | 3.474110~ 1!
qo 2.74391075 | 9.8426 1072 | 3.4724 107!
L-rib 1.81391075 | 9.81591072 | 3.4628 10!
L-cur 1.4689 1075 | 9.8067 1072 | 3.467510 1
err 6.1359 10~% | 1.447510~! | 4.475410~!
10 1 opt 3.94421073 3.135210% | 8.2453 10!
vm 6.5983 103 9.9095 8.8165 101
gm-opt || 6.8436 103 9.9115 8.8791 101
gcv 6.0540 10~ 3 9.9051 8.6785 101

disc 1.6819 102 10 1.1039

ar 3.2174 1072 10.137 1.3146
Ic 5.5909 10~3 9.9014 8.5642 101
qo 6.0077 103 9.9047 8.6669 101
L-rib 1.3850 102 9.8835 8.2361 1071

L-cur 5.9395 103 9.9728 1.0487
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Example IP3

For this problem there are some differences in the error norm when the noise is
between 107> and 10~!. Results are given in table 15.12. The algorithms based
on the L-curve fail on this problem. The norms of the residuals are smaller but the
norms of the error are larger than with the other methods, except for large noise
levels. Note that for this example, the “optimal” parameter gives residual norms
which are much smaller than with the other choices of the parameter.
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Figure 15.26 Solutions for the IP3 (Phillips) problem, m = n = 200, noise= 10, unper-
turbed solution (solid), vim (dashed), gm-opt (dot-dashed) and disc (dotted)

15.7.2 Results on Large Problems

In this section we solve problems with Example IP4 (von Matt example). We start
with a medium size problem m = 2000 and n = 1000 with a linear distribution of
the singular values
c=1-10"%[0:n—1]

The vectors u and v of lengths = m or n are chosen with components sin (2 /(I +
1)), 4 =1,...,l. The solution is

x=2exp(—6(—7/2+ [0.5: m — 0.5]'7/m — 0.8)?)

+exp(—2(=7/2 +[0.5 : m — 0.5]'7/n — 0.5)?).

The results are obtained without reorthogonalization since this is impractical for

large problems because of the storage issue. The results for Ic were obtained by
the L-curve code of von Matt because for this problem we cannot use directly the
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Table 15.12 IP3 (Phillips) problem, n = 200

[ Noise | Method ]| I [ lle—Az][ | [z—aol |
10-7 | popt 1.328010- 10 [ 2.819310 1% [ 2.172910 2
vm 8.7929 10~ 11 | 9.016210—8 | 2.239110~%
gm-opt || 1.63431010 | 1.126010~7 | 2.216310*
gcv 2.3940 10~11 | 7.302110—8 | 3.9089 10~*
disc 1.22591071° | 1.000010~7 | 2.169310—*
ar 4.3205 10710 | 2.0760 10~7 | 2.9550 10~*
Ic 7.8290 10716 | 6.2011107° | 2.2259 102
qo 1.8148 10~10 | 1.184410~7 | 2.255910~*
L-rib 7.0255 10716 | 5.9666 1072 | 2.2680 102
L-cur 5.011310~16 | 52740109 | 2.4082 102
err 1.6758 1010 | 1.139310~7 | 2.2248 10—*
10—° 1 opt 1.372510~7 [ 2.9505 10— ™ [ 1.664110~3
vm 4.5432 109 9.0825 10~ | 2.262010~3
gm-opt 5.3835 10~ 9.172210-% | 2.117410~3
gcv 3.1203 1079 | 8.92831076 | 2.6499 1073
disc 1.2107 108 1.000010~% | 1.6873103
ar 4.1876 10~8 1.5784 1075 | 1.9344 103
lc 3.673110714 | 2.430110°6 | 7.9811101
qo 1.5710 1078 | 1.05421075 | 1.6463 1073
L-rib 2.6269 10~ 1% | 2.21181076 | 8.9457 10!
L-cur 4.795210~14 | 2.609310=6 | 7.2750 101
err 3.5274 108 1.43221075 | 1.836210~3
1073 | popt 9.1537 107 [ 2.413310~13 | 7.342910~3
vm 4.3674 107 9.7826 10~% | 1.0057 10~2
gm-opt || 4.181410-7 | 9.773710~* | 1.0375 102
gcv 4.0669 10~7 | 9.768210~* | 1.0585 102
disc 8.7965 10~ 7 1.0000 103 | 7.3535103
ar 2.9376 10-% | 1.1656 103 | 1.1260 102
I 7.196510~10 | 8511110~ | 5.376210~!
qo 1.9308 10~ 1.07111073 | 9.2198 103
L-rib 3.569710-10 | 8.317210~* | 7.8603 101
L-cur 9.390110~10 | 8579410=% | 4.6668 10"
err 5.8841 106 1.5336 1073 | 1.5434 102
10— 1 1t opt 1.5269 10—% [ 2.1773 10~ 1T | 7.5243 102
vm 3.8320107° | 9.896210~2 | 9.3139 102
gm-opt || 4.1875107° | 9.9016 1072 | 9.0659 102
gcv 5.3006 1075 | 9.91951072 | 8.5119 102
disc 9.3222 10~° 1.0000 10~ | 7.7226 102
er 4.9453107% | 1.2322107! | 8.5662 102
Ic 7.933010~% | 9.83831072 | 1.855510°!
qo 1.8894 1074 | 1.031410~! | 7.5516 1072
L-rib 5.3451 10~ 9.8260 1072 | 2.2869 10~!
L-cur 8.5979 10— 6 9.8407 102 | 1.7808 10~1
err 7.7784 104 1.5046 10~1 | 9.8279 102
10 14 opt 8.3405 10~3 2.1624 1079 | 5.2682 101
vm 8.4751 103 10.012 5.2677 10~1
gm-opt || 8.7084 1073 10.015 5.2683 101
gcv 4.0214 1073 9.9679 5.8251 101
disc 7.4140 1073 10 5.2902 10~1
ar 1.8947 1072 10.175 6.2024 10~1
I 6.1445 103 9.9867 5.3837 10~1
qo 5.0910 10~3 9.9768 5.5454 10~ 1
L-rib 2.4194 102 10.275 6.9069 10~ 1
L-cur 8.0479 103 10.007 5.2715 101
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code from Regutools since we do not store the matrix. Note that we are able to use
the algorithms which need the singular value distribution because of the way the
problem is constructed. Otherwise we would have had to compute the SVD of large
matrices. Results are not given for vm when the noise is small because it needs too
many iterations.

Table 15.13 IP4 (von Matt) problem, m = 2000, n = 1000, linear distribution

[ Noise | Method [ No.it. | m | lle—=Az]] [ Jlw—a0ol |
10=3 | gm-opt 1102 ] 9.927110~ 1 [ 6.9950 10~ % | 5.7874 102
disc - 6.2891 109 | 1.219910~3 | 8.7843 102
ar - 9.3420 10~% | 1.4567 10~2 0.1386
gcv - failed - -
I - 8.6889 10~ 1% | 6.991910~* | 6.1444 102
qo - 7.3848 1015 | 6.991910~* | 6.1445 1072
102 | gm-opt 366 2.122410~9 | 7.0054 10=3 0.1522
disc - 6.391210~8 | 1.2199 10~2 0.1398
or - 4.902310~7 | 7.553110~2 0.3517
gcv - 1.2408 10~9 | 6.9986 10~3 0.1652
I - 8.6989 10~ 1% | 6.9919 103 0.3137
qo - 7.3848 1015 | 6.9919 1073 0.3154
0.1 vm 219 3.0202 108 [ 7.0278 10~ 2 0.7675
gm-opt 197 3.3106 10~% | 7.9321 102 0.7522
disc - 6.501110~7 | 1.2199 10~1! 0.5651
ar - 2.539110~% | 3.7179 10~ 1.5162
gcv - 3.321710~8 | 7.0323 102 0.7516
I - 8.6889 10~ 1% | 6.9919 102 3.1093
qo - 7.3848 1015 | 6.9919 102 3.1093

Then in table 15.14 we display the results with m = 2000, n = 1000 and an ex-
ponential distribution of the singular values. We see that with this problem we have
to do a large number of iterations and it is likely that some form of preconditioning
would have to be introduced in the method using the Lanczos bidiagonalization al-
gorithm. Finally we solve a problem with m = 20000, n = 2000 and ¢ = 0.003
(Table 15.15).

To summarize, we have shown in this chapter that the techniques for computing
approximations of quadratic forms can be used to determine a good regularization
parameter for solving discrete ill-posed problems.
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Table 15.14 1P4 (von Matt) problem, m = 2000, n = 1000, exponential distribution, ¢ =

0.025
[ Noise | Method J| No.it. | 1 [ lle—Az[ ] llz—=ol |

10~2 | gm-opt 1373 | 5.5723 10~ 11 | 9.444710-3 22.56
disc - 5.7744 10710 | 1.2199 10—2 25.03
or - 1.1164 1079 | 1.4258 10~ 2 25.74
gcv - 7.7201 1012 | 9.0380 103 21.60

Ic - failed - -
qo - 4.756110—% 0.9821 31.53
10T | gm-opt 410 2.2399 107 [ 9.4690 10~2 26.63
disc - 9.8649 10~8 0.1220 29.46
or - 1.8484 107 0.1371 29.81
gcv - 5.7442 1010 | 9.2855 102 26.37

Ic - failed - -
qo - 4.7561 1074 0.9880 31.53
1 gm-opt 80 2.6542 107 0.9644 30.31
disc - 7.2771107° 1.2199 31.43
ar - 1.2238 1074 1.2725 31.47
gcv - 2.7099 10~7 0.9647 30.31

Ic - failed - -
qo - 4.756110~% 1.4050 31.53

Table 15.15 IP4 (von Matt) problem,

m = 20000,n = 2000, exponential distribution,

c=0.003
[ Noise | Method || No. it. | I | e — Ax|| [ [lz — zo| |

102 | gm-opt 933 | 4.835310~ 13 [ 9.475310=3 | 0.3578
disc - 1.3263 10~10 | 1.3776 10~ 2 1.4219

ar - failed - -
gcv - 3.0721 10710 | 2.3836 10~2 2.9420
Ic - 3.0721 1010 | 2.3836 10—2 2.9420
qo - 4.9701 102 4.2021 1.4856
10T | gm-opt 585 | 4.3687 10~ 1T [ 9.4816 10~2 3.394
disc - 1.9861 10~9 0.1378 11.531

ar - failed - -
gcv - 3.0721 1010 | 9.731510~2 3.905
Ic - 3.0721 10710 | 9.731510~2 3.905
qo - 4.9701 10~° 4.203 44.216
1 gm-opt 289 1.6036 109 0.9554 17.915
disc - 3.5982 10~ 7 1.3776 38.187
or - 6.8886 10~ 7 1.6325 39.343
gcv - 1.0991 10~9 0.9527 18.868
Ic - 3.0721 1010 0.9485 25.720
qo - 4.9701 10~ 4.3195 44.216
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