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Abstract

This work concerns a multi-aspect finite element analysis of beam-to-beam 
contact. Specific features of this type of contact are discussed and compared to the 
case of contact between typical 2D and 3D solids. Beams with rectangular and 
circular cross-sections are considered. The Coulomb law of friction in a 
framework of the analogy to plasticity is taken into account. A formulation of 
smooth contact elements using the Hermite’s polynomials and the Bezier’s curves 
is presented. Some aspects of a coupling between fields of displacements, 
temperature and electric voltage are considered, too. Several types of beam-to-
beam contact elements are derived. Their performance is checked solving 
numerous examples using self-written computer programs. The novelty 
achievements in this work include: formulation of contact search and check 
routine for beams with rectangular cross-sections, derivation of four types of 
versatile smooth beam-to-beam contact finite elements and a preliminary analysis 
of a thermo-electro-mechanical coupling for the beam-to-beam contact. 

 Przemysław Litewka 



Preface

Phenomena occurring during a contact of two bodies are encountered in everyday 
life. In reality almost every type of motion is related to frictional contact between 
a moving body and a ground. Moreover, modeling of simple and more complex 
processes as nailing, cutting, vacuum pressing, movement of machines and their 
elements, rolling or, finally, a numerical simulation of car crash tests, requires 
taking contact into account. Therefore, its analysis has been a subject of many 
research efforts for a long time now. However, only recent developments of 
computer power and the related progress in numerical methods, especially the 
finite element method, allowed to treat contact problems in a more accurate way. 
To this end a precise mathematical description of surface of contacting bodies, 
advanced physical models of materials involved and of phenomena in the contact 
points as well as suitable numerical methods to solve problems with large number 
of unknowns are necessary. 

Including contact itself introduces a non-linearity to a system related to a 
change of static scheme. Besides, in many cases it is necessary to analyze inelastic 
bodies undergoing large displacements and (or) large strains. Then the problem in 
hand becomes strongly non-linear and can be solved effectively only using 
numerical methods. 

Another difficulty is related to a definition of a physical model of phenomena 
occurring at contact spots if heat conduction and electric current flow are 
involved. In this case coupling of mechanical, thermal and electric fields plays an 
important role and the model becomes even more complicated. 

This outline points out the wide range of problems that are involved in the 
contact modeling. In the recent years a lot of scientific contributions were 
published concerning those aspects of the problem. However, it is author’s 
opinion that there are relatively few efforts related to contact between structural 
elements, like beams, plates or shells. The purpose of this work is to fill this gap. 
It concerns the beam-to-beam contact as a specific case of the 3D solids contact. A 
numerical formulation of frictional contact for beams with two shapes of cross-
section is derived. Further, a couple of effective methods for modeling of smooth 
curves representing beam axes are presented. A part of the book is also devoted to 
analyze some aspects of thermo-electro-mechanical coupling in contact of thermal 
and electric conductors. Analyses in every chapter are illustrated with numerical 
examples showing the performance of derived contact finite elements. 
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Chapter 1 
Introduction 

1.1   From the Ancient Egypt to the Computer Era 

Contact and related phenomena occurring at the interface of two bodies are 
encountered at every step of everyday life, in nature and in engineering. They are 
so common, that usually one does not think about them, despite the fact one takes 
advantage of their effects. For instance, such a common activity as walking does 
require frictional contact between shoes and a floor. Similarly, without friction no 
vehicle would move, no nail would hold to a wall, all objects on even little 
inclined surfaces would slide down. 

Friction is a phenomenon strictly connected to contact. In the situations men-
tioned above it is desirable but in other situations it may be opposite and we may 
wish to decrease it. One of the oldest methods to achieve this end can be seen on 
Egyptian paintings showing transport of rock blocks used to construct monumen-
tal objects. There is a person depicted, who pours a liquid, probably water, in front 
of sledges used to transport this construction material. 

First scientific experiments with contact are due to Leonardo da Vinci who 
concluded, that the friction force FT depends on the body weight FN and does not 
depend on the contact area. Later it was put by Euler (1748a, 1748b) in a formula 

 NT FF μ= , (1.1) 

which is currently known as the Coulomb friction law. Coulomb (1779) carried 
out further experiments and introduced adhesion to get the enhanced formula 

 NT FAF μ+= . (1.2) 

Development of theory of elasticity at the break of 19th and 20th centuries led to 
research by Hertz (1882), who managed to solve analytically several cases of elas-
tic bodies in contact. These solutions can be found in monographs by Johnson 
(1985) or Kikuchi and Oden (1988). 

However, analytical methods used in the contact analysis proved to be of little 
use due to the non-linearity and complicated boundary conditions. Only the devel-
opment of computers and the finite element method starting in 1950s provided the 
scientists with a tool suitable to treat contact problems. First efforts concerned a 
linear theory (Wilson and Parsons 1970, Chan and Tuba 1971) but the quick  
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progress of numerical methods and computer technique followed. This enabled ef-
fective treatment of complicated phenomena in a contact zone including coupling 
of mechanical, thermal and electric fields in the non-linear range. First papers 
dealing with application of the finite element method in the contact analysis with 
large strains involved were written by: Curnier and Alart (1988), Simo and Laur-
sen (1992) and Wriggers and Miehe (1992). Among many other known publica-
tions it is worth to mention two, almost simultaneously published, monographs by 
Laursen (2002) and by Wriggers (2002). They include a thorough presentation of 
mathematical background of numerical contact formulation, physical models of 
phenomena at the contact interfaces and the theoretical considerations are illus-
trated by numerical results concerning many practical cases of contacting bodies. 

Besides the finite element method there exist also some attempts to use the 
boundary element method in the contact analysis. However, due to the limitations 
of the method, they involve only cases with small displacements and small strains 
(Gun 2004). 

An intensive development of meshless methods observed in recent years also 
led to some applications in the field of contact (Li et al. 2001). 

Another approach, where a combination of numerical and analytical methods 
was tested, can be found in the work by Li and Berger (2003) who analyzed the 
frictional contact of 3D solids. 

Contact is also a field of a pure mathematical analysis. There is a group of au-
thors who deal with such important aspects as existence and uniqueness of solu-
tions. Among many important contributions to this area are those by: Moreau 
(1974), Klarbring (1988, 1990) or Pinto da Costa and Martins (2003). It was also 
found, that contact can be treated by the mathematical programming algorithms 
(Klarbring 1986, Klarbring and Björkman 1988, Björkman et al. 1995, Kim and 
Kwak 1996, Sung and Kwak 2002). These methods were also used in the analysis 
of so called slackened bar systems (Gawęcki 1987, Gawęcki and Janińska 1995, 
Gawęcki and Kuczma 1995 as well as Gawęcki et al. 1998). A detailed description 
of these methods, which were originally devised in the optimization theory, can be 
found for instance in the monograph by Luenberger (1984). 

Yet another aspect of numerical contact analysis concerns a mathematical de-
scription of geometry of contacting facets. These problems are thoroughly de-
scribed in the monograph by Farin (1993). 

A vast range of research results and scientific publications does not cover to 
much extent the cases of contact between beams. The few papers include the one 
by Maker and Laursen (1994), who analyzed contact between a beam and a rigid 
body, and those by Wriggers and Zavarise (1997) and Zavarise and Wriggers 
(2000), which were devoted to frictionless and frictional contact of beams with 
circular cross-sections. The reason for the scarcity of this research is definitely a 
much smaller number of practical applications than in the case of typical solids. 
Yet, the situations exist, where application of simpler analysis including beam 
contact finite elements can be profitable. One might think of contact between  
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moving elements of machines, woven fabrics and geotextiles, sport racquet string-
ing or, finally, a multi-degree twists of strands in steel cables or electric conduc-
tors. Especially the last case of beam-to-beam contact poses a great challenge  
because it requires an advanced numerical model including effects of coupling of 
displacements, temperature, electric current and magnetic field. 

Beam contact is a specific case and is characterized by some features, which 
demand a different approach than in the case of typical solids. One of the purposes 
of this book is to present these differences. 

1.2   Frictionless Contact between Solids 

Let us consider two bodies, B1 and B2, shown in Fig. 1.1, which undergo 
deformation f, such that any arbitrary points on their surfaces, described in the 
initial configuration with position vectors X1 and X2 undergo displacements u1 and 
u2. In the current configuration they are defined by the position vectors x1 and x2, 
what can be expressed by the formulae 

 
⎩
⎨
⎧

+=
+=

222

111 :
uXx

uXx
f . (1.3) 

x1

X2

X1

x2(ξ)

x2C(ξC)
xi = Xi + ui

deformation f : 

B1

B2

f (B1) 

f (B2) 

a)

b)
x2C

x f (B2) 

f (B1) 

 

Fig. 1.1 Deformation of two bodies and penetration function: a) separate bodies, b) penetra-
tion. 

Contact concerns exclusively points on surface of bodies and its formulation is 
practically independent of a physical model of the body material. That is why the 
phenomena occurring inside the bodies are not dealt with here. It is only assumed 
that the deformation f leads to large displacements and large strains in both bodies. 

Solution of a problem in the theory of elasticity concerning the two bodies in-
volves finding a minimum of the potential energy functional Π 
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 ( )21minmin Π+Π=Π . (1.4) 

Theoretically, in the deformation process f, a situation presented in Fig. 1.1b 
may occur, when the bodies intersect mutually. Obviously, in reality such a state is 
not allowed. To exclude such a possibility, unilateral constraints are introduced. 
They are formulated using a penetration function (or a gap function) gN. To this 
end one of the bodies, e.g. B1, is distinguished as a slave body. Then the points x1 
are projected on the surface of the second body, i.e. B2, which is called a master 
body. In this way pairs of points x1 and x2C are obtained, as in Fig. 1.1. The loca-
tion of the point x2C is expressed in terms of local surface co-ordinates ξ = ξC. Then 
the penetration function is defined as 

 ( )C21 xxn −= oNg , (1.5) 

where the unit outward normal vector n on the surface of the body B2 is introduced 
(Fig. 1.1) and „ o ” denotes the scalar product of vectors. The value of the function 
gN provides the distance between the points and in the case of penetration – its 
depth. 

Preserving the condition of non-penetrability requires that the penetration func-
tion remains non-negative 

 0≥Ng . (1.6) 

The condition expressed by Eq. (1.6) constitutes an inequality constraint, which 
must be included in the minimization of the functional (1.4). It should be empha-
sized, that the inequality (1.6) concerns all possible point pairs x1–x2C. 

If the condition (1.6) is accompanied by the constraint of contact normal force, 
which can only be compressive 

 0≤NF , (1.7) 

then the complete set of the classical Hertz-Signorini-Moreau conditions for the 
frictionless contact is obtained, together with the equality 

 0=NN gF . (1.8) 

According to (1.7), in the case of contact the penetration is zero and the contact 
force is negative, while in the case of separation the gap is positive and the contact 
force is zero (Moreau 1974). These are the conditions of unilateral contact (John-
son 1985, Kikuchi and Oden 1988), called also the Kuhn-Tucker conditions in the 
theory of optimization. 

The relations yielding from contact, presented above, introduce only geometric 
constraints. Such a case of contact may be called a low precision contact. In some 
situations it is necessary to consider high precision contact, which requires intro-
duction of physical law for the microscale phenomena at rough contacting sur-
faces. These laws usually include a relation between the loading of the contact 
area and the mean distance between the bodies. Such a relation can be obtained 
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experimentally (Greenwood and Williamson 1966, Kragelsky et al. 1982) or using 
a statistic analysis (Song and Yovanovich 1987). The latter approach was also 
used by Zavarise (1991) to find an exponential form of this relation. In this book 
considerations are limited to the low precision contact. 

1.3   Methods of Introduction of Contact Constraints 

The problem of the low precision contact leads to a solution of a functional 
minimization with inequality constraints. The overview of mathematical methods 
suitable to solve this minimization can be found, for instance, in the monographs 
on computational contact (Wriggers 2002, Laursen 2002), while the thorough 
description of methods based on linear and non-linear programming is given in the 
book by Luenberger (1984). Here only three of these methods are considered. 

The starting point for all of them is a concept of an active set. Among all possi-
ble pairs x1–x2C, for which the penetration function gN is defined, only those fulfill-
ing the condition gN < 0 are selected. In a computational approach a contact search 
procedure is applied, which, on the base of geometric considerations, finds the 
contact spots, where the inequality condition for separation (1.6) is not fulfilled. 
For these pairs x1–x2C, which compose the active set the inequality constraints can 
be replaced by the equality constraints 

 0=Ng  (1.9) 

and the remaining pairs are not considered at all. It should be pointed out, that the 
incremental-iterative procedures used in the computational contact analysis, e.g. 
the Newton-Raphson method, require updates of the active set at each iteration. 

In this way the problem in hand takes a form of a functional minimization with 
equality constraints. Such a problem is known from the theory of optimization and 
can be solved by the well known methods – the penalty method, the Lagrange 
multipliers method or the augmented Lagrangian method. These three methods are 
briefly discussed here. 

The penalty method leads to the following modification of the functional (1.4) 
subjected to the minimization 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +Π ∑
act

2

2

1
min NN gε . (1.10) 

The sum in this formula concerns all active contacting pairs of points. The value 
of the coefficient εN is usually determined by the “trial-and-error” approach for the 
problem in hand. It is so, because the constraint condition (1.9) is fulfilled only, 
when εN = ∞. In practice the penalty coefficient has a large but finite value and it is 
accepted that  

 toleegN <= , (1.11) 

where etol is a certain agreed tolerance determining an acceptable value of penetration. 
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However, it was proved, that εN cannot take arbitrarily large values because this 
leads to a numerical instability of the algorithm, what is manifested in a diver-
gence of iterative solution procedures. That is why the application of the penalty 
method requires a compromise between the necessity to fulfil the condition (1.11) 
and the possibility to solve the problem. 

It can be noted that the penalty parameter has a physical interpretation. It repre-
sents the stiffness of a fictitious spring, which joins the points of an active pair, x1 
and x2C. Because this constraint is unilateral this spring can only be compressed 
(1.7). In order to fulfil the constraint condition (1.9), this spring would need to be 
of infinite stiffness. This interpretation leaves some space for an interesting ap-
proach, where the stiffness value might be adopted in a way to represent real elas-
tic properties of surfaces of contacting bodies. 

This interpretation allows to identify the source of convergence problems of it-
erative solution schemes, if the penalty parameter has too large value. If this value 
is adopted correctly the force in the fictitious spring is able to reduce the penetra-
tion in the following iteration to a value close to zero. On the other hand, if the 
stiffness is too large, then the force in the spring becomes so big, that the correc-
tion is too large, what may lead to a separation of the bodies in the following itera-
tion. Then the contact search procedure excludes the given pair from the active 
set. Next, the external loads bring the pair back to contact and the infinite cycle 
starts, impeding the convergence to the equilibrium state. 

The second, very frequently used method to include the equality constraints  
is the Lagrange multiplier method. In this approach the saddle-point problem  
of the modified functional is encountered and this leads to the stationarity point 
formulation 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +Π ∑
act

stat NN gλ , (1.12) 

where λN stands for the Lagrange multipliers, which constitute the set of extra un-
knowns in the problem. For this price of increasing the number of unknowns one 
gets the exact fulfillment of the constraint condition (1.9). Each multiplier is once 
and for all assigned to a given pair of contacting points and its value is updated af-
ter each iteration, likewise all other unknowns. These features of the method lead 
to some purely numerical issues, which must be taken into account. One is para-
doxically related to the exact fulfillment of the constraint and requires some modi-
fication of the formulation to avoid the division by zero. Another question is a  
necessity to define the dimension of the matrices in a dynamic way because the 
real number of unknowns varies during the solution process. 

Like in the penalty parameter in the penalty method, the Lagrange multiplier 
has a physical interpretation, too. It represents a force normal to the contacting 
surfaces. This value is unknown and does change during the process so it is clearly 
justified, that it must be considered as an extra unknown in the problem. 
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Both the presented methods have advantages and disadvantages. It was there-
fore natural, that some attempts were made to combine the methods to eliminate 
the disadvantages. This led to the augmented Lagrangian method, where the mul-
tipliers do not enter the set of unknowns but their values are updated at each itera-
tion using a certain value of a penalty parameter. Unfortunately, this method  
requires a complicated numerical algorithm, attributed to Uzawa, including two 
nested loops. In the outer loop the Lagrange multipliers are kept constant and the 
update is performed in the inner loop. That is why the method is not commonly 
used. The majority of computer programs used to analyze contact is based on one 
of the basic methods, i.e. the penalty method and the Lagrange multiplier method. 

The augmented Lagrangian method was successfully applied in the analysis of 
incompressible bodies (Glowinski and Le Tallec 1984) and scarcely in the analy-
sis of frictionless (Wriggers et al. 1985, Kikuchi and Oden 1988) and frictional 
contact (Alart and Curnier 1991, Laursen and Simo 1993a as well as Wriggers and 
Zavarise 1993a). 

1.4   The Finite Element Method in Contact Analysis 

The constraints in the form (1.6) are in general related to each point lying on the 
surface of the slave body and its counterpart (orthogonal projection) on the surface 
of the master body. The finite element discretization of both bodies allows for a 
discretization of constraints, too. As a consequence, one has to deal with a finite 
number of additional terms, which must be considered in the modified functional 
(1.10) or (1.12). 

Depending on the character of deformation, to which the contacting bodies are 
subjected, and the spatial dimension of the problem various types of contact finite 
elements can be used. 

The simplest possible element is the node-to-node element shown in Fig. 1.2a. 
It can be used in 2D and 3D analysis but its application is restricted only to the 
cases with small displacements and small strains. This element connects two 
nodes, one per each contacting body. In this case no distinction between master 
and slave bodies is necessary. 

If problems, where large displacements, especially large relative displacements 
between the bodies, are treated, node-to-segment and node-to-surface elements 
should be used to solve 2D and 3D problems, respectively. The elements are pre-
sented in Figs. 1.2b and 1.2c. These elements connect one node from the slave 
body with a number of nodes from the master body. 

An element, which is used in the case of contacting beams belongs to a differ-
ent category (Fig. 1.2d). In this case the distinction between the slave and the mas-
ter is not introduced, either. The contact points do not coincide with slave nodes 
but lie between the nodes on both beams. Hence, such an element connects at least 
two nodes from one body with at least two nodes from the second one. 
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Fig. 1.2 Contact finite elements: a) node-to-node, b) node-to-segment, c) node-to-surface,  
d) beam-to-beam 

Incremental-iterative solution of the functional minimization (1.4) by the finite 
element method leads at each iteration to a set of equations, which for a pair of se-
parated bodies takes the following matrix form 
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Equation (1.13) actually represents two uncoupled sets of equation, one for 
each considered bodies. 

The situation is different, if additional terms, resulting from the constraint ful-
fillment using the penalty method (1.10) or the Lagrange multiplier method (1.12), 
are introduced to the functional (1.4). If one considers the fact, that the penetration 
function gN present in the modifications depends on the displacements of the finite 
element nodes, the related tangent stiffness matrix and the residual vector for the 
applied contact finite element can be determined. For the case of the penalty me-
thod they can be written down in the following form 
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and for the Lagrange multiplier method as 
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c) d) 
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If these matrices and vectors are introduced to the finite element formulation, 
the following coupled set of equation results 
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for the penalty method and for the Lagrange multiplier method one gets 
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where the unknown vector is extended by the Lagrange multipliers. 
Taking contact into account in the finite element analysis leads in a natural way 

to a connection of the contacting bodies into one entity. For this new body one 
tangent stiffness matrix and one residual vector can be calculated, since the result-
ing sets of equations (1.16) or (1.17) are coupled, contrary to (1.13). 

1.5   Friction Constraints 

Phenomena related to friction have their source at an atomic level. That is why up 
till now many of the questions concerning friction are not answered. An overview 
of experimental research on friction can be found in the paper by Woo and 
Thomas (1980). Numerical methods used in the analysis of friction are discussed 
in the paper by Oden and Martins (1986). One of the newest contributions to this 
complicated topic is the monograph by Persson (2000). There are also many 
papers devoted to micromechanical aspects of friction (e.g. Anand 1993, 
Stupkiewicz and Mróz 1999 or Stupkiewicz 2001). 

In the present work the most commonly used model of dry Coulomb friction is 
applied. Phenomena requiring a more advanced treatment, like adhesion, lubrica-
tion or surface wear are not taken into account. 

In the analysis of contact and constraints resulting from a possible relative 
movement of a contact point on the surface of a contacting body one can distin-
guish two possible situations. In the first one the friction force is large enough to 
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restrain this movement. In such a case two bodies are stuck one to another and the 
state is called stick. Then, for an arbitrary pair of points x1 and x2C shown in Fig. 
1.1, the constraint due to the state without sliding can be written in the following 
form 

 0=Tg , (1.18) 

where gT denotes a relative distance, by which the point x2C travels on the surface 
of the master body. 

The second case concerns a situation, when the friction force is too small to 
prevent the relative displacement of the bodies. Such a state is called slip. Because 
the path of movement of an arbitrary point on the surface of the master body is not 
known apriori, the velocity vector of this point must be integrated in time. A more 
detailed description of this problem can be found in many contributions, e.g. in the 
monograph by Wriggers (2002). 

Constraint for the slip state can be quite easily formulated, if the friction prob-
lem is treated in an analogy to the elastic-plastic material model. Such a concept 
was suggested in the papers by Bowden and Tabor (1964) as well as by 
Michałowski and Mróz (1978). In this approach a split of the relative displace-
ment gT into a part analogous to elastic strain – gT

e and a part analogous to the plas-
tic strain – gT

e is introduced 

 p
T

e
TT ggg += . (1.19) 

The plastic part corresponding to the real displacement of the contact point can be 
determined by the above mentioned integration, while the elastic part is subjected 
to the constraint 

 0=e
Tg . (1.20) 

The constraint (1.18) or (1.20), depending on the nature of the state related to 
the displacement of the contact point, can be treated by an inclusion of additional 
terms in the functional in a similar way as the constraints due to the normal con-
tact are treated. In the framework of the penalty method with the penalty parame-
ter εT one gets 
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and in the Lagrange multiplier method with Lagrange multiplier λT – 

 ( )⎥
⎦

⎤
⎢
⎣

⎡ ++Π ∑
act

stat e
TTNN gg λλ . (1.22) 

If the constraint condition is fulfilled exactly, like in the Lagrange multiplier 
method, this approach corresponds to the rigid-ideally plastic material model. In 
the case of the penalty method, when the constraint condition is satisfied only with 
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a certain accuracy, this approach constitutes an analogy to a more general elastic-
ideally plastic material model, where the penalty parameter εT is a counterpart of 
the elasticity modulus. 

The inherent split of the relative displacement into elastic and plastic parts has 
some justification proved in the experiments by Courtney-Pratt and Eisner (1957) 
as well as by Anand (1993). They have shown, that the elastic part of the dis-
placement is related to the elastic properties of asperities on the contacting bodies 
surfaces. In view of this, the penalty parameter εT might be considered as a 
modulus of microelasticity. 

The presented method is fully capable of inclusion of hardening or softening 
phenomena, analogically to the theory of plasticity. If one considers the facts ob-
served in many experiments, that the kinematic friction coefficient is usually 
smaller than the static one, it should be pointed out that softening should rather be 
taken into account in this context. 

Numerical formulation and solution of the frictional contact with the analogy to 
plasticity was given in the papers by Wriggers (1987), Wriggers et al. (1990) as 
well as Laursen and Simo (1993b). 
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Chapter 2 
Frictionless Beam-to-Beam Contact 

2.1   Assumptions 

Numerical formulation of kinematics and constitutive relations concerning contact 
can be completely independent of the material model used for the description of 
contacting bodies. All properties of contact itself are included in additional terms 
of the functional (1.21) or (1.22), which are determined for active constraints. On 
the other hand, all the properties related to pure deformations of beams are 
included in the components of the formula (1.4). Such a statement does not 
exclude a possibility of a real relation between the properties corresponding to the 
body interior and to its surface. Nevertheless, in the pure contact analysis these 
two zones can be treated separately. 

However, it is not possible to perform any numerical calculations by the finite 
element method concerning contact without modeling of the bodies themselves. 
Hence, the beams in the present considerations must also be analyzed. The litera-
ture concerning the beam finite elements is very broad. Some information can be 
found e.g. in the classical FEM monographs by Zienkiewicz (2000) or by Bathe 
(1996). The detailed description of this topic lies beyond the scope of the present 
contribution, so here only basic assumptions are given: 

i) the material of which the beams are made is linearly elastic, 
ii) the beams undergo large displacements but strains remain small. 

A consequence of the second assumption is very important. It comes out, that 
the beam cross-sections after deformation preserve their shape and size and re-
main plane. This fact is of a great value, since it simplifies the analysis of contact 
geometry and the definition of the penetration function. 

In the computer programs applied in the numerical analysis of all examples in-
cluded in this contribution three types of beam finite elements are used. For the 
beams with rectangular cross-section it is the element based on the updated La-
grangian formulation with polynomial shape functions. This element was de-
scribed in detail in the paper by Litewka et al. (2001). For the beams with circular 
cross-section the co-rotational finite element with provision for large rotations, 
presented by Crisfield (1990) is adopted. Besides, in some examples concerning 
the electric-mechanical coupling, the classical linear two-node beam finite element 
with the Hermite’s polynomial shape functions is used. 
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Fig. 2.1 Contact between edges of beams with rectangular cross-sections: a) one pair,  
b) two pairs, c) four pairs, d) more than four pairs. 

The beam-to-beam contact is a specific case, if compared with contact between 
typical 3D bodies. Due to the proportion between the beam dimensions, where one 
of them is much larger than the two remaining ones, beams are usually treated as 
3D curves represented by their central lines. In the result of this, if one neglects a 
special case of parallel or conforming beams (curves), the contact between beams 
can be, at least locally, considered as point-wise. Such an approach is correct for 
beams with circular cross-sections (Wriggers and Zavarise 1997). In the present 
considerations another assumption made there is also kept, i.e. the cross-section is 
small enough to neglect any possible eccentricity of the contact forces acting on 
the surface of the beam with respect to the beam axis. 

In the case of the rectangular cross-section the problem is more complicated. The 
contact may occur between the curves representing the longitudinal edges of real 
beams (Litewka and Wriggers 2002a). In this situation several different configura-
tions are possible. They are presented in Fig. 2.1. It is assumed, that the contact is 
still point-wise but with respect to the edges pairs. In the following it is accepted, 
that the maximum number of contacting edge pairs is equal to four. This means, that 
the configuration shown in Fig. 2.1d is not considered. It can be observed, that in 
such a case at least one of the beams would be wrapped around another, thus under-
going large strains. This would be against the previously introduced assumptions. It 
can be concluded, that due to even more complicated kinematics and problems with 
an efficient formulation of a relation between the penetration function and the de-
formation of the beam axis a full 3D analysis of contact would be much more suit-
able to treat the case of beams undergoing large strains. 

With the assumption of the point-wise contact agreed, several specific issues of 
discretisation within the finite element method and on the contact finite element 

a) b)

c) d)



2.2   Penetration Function 15
 

 

formulation itself emerge. Such a case cannot be treated in the same way as con-
tact between solids where pairs: slave node and its orthogonal projection on the 
master segment or surface are considered. Here the contact points lie between the 
beam element nodes and only in rare situations, they would coincide. Hence, in 
the contact search both beams are treated equivalently, no distinction between 
slave and master is introduced and the contact points must be located simultane-
ously on both beams. 

Hence, the contact finite element resulting from such an approach combines 
nodes of this pair of beam finite elements, within which the contact points really 
lie (see Fig. 1.2d). 

2.2   Penetration Function 

The basis to define the penetration function for two beams in the point-wise 
contact is finding a pair of two closest points lying on two curves, as shown in 
Fig. 2.2. In the case of beams with circular cross-sections the points are to belong 
to curves representing beam axes, while for beams with rectangular cross-sections 
the points lie on edges. Location of an arbitrary point on the curve is defined by a 
local curvilinear co-ordinate, ξm or ξs, respectively. The introduced distinction by 
means of the subscripts m and s does not mean the distinction between master and 
slave beam. It was already mentioned, that in the case of the beam-to-beam 
contact such a distinction is not necessary – both beams are treated equivalently. 

In the global Cartesian system of co-ordinates (x1, x2, x3) each point on the curve 
is associated with a position vector, xm or xs. Because the penetration function 
must be determined always in the current configuration, at every iteration of the 
incrementally treated deformation process these vectors correspond to the current 
beams configurations. They can be expressed as a sum of the position vector for 
the point at the initial configuration and the displacement vector 
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Fig. 2.2 The closest points on two curves 
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The position vectors xmn and xsn of the closest points Cmn and Csn on the curves 
must fulfil the orthogonality conditions between the connecting straight line and 
the lines tangent to the curves at these points, see Fig. 2.2. These conditions can be 
written as 
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where the common notation for the partial derivatives with respect to the local co-
ordinates ξm and ξs was introduced: 
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In a general case, when initially straight axes or edges of beams undergo a de-
formation, the relation (2.2) constitutes a non-linear set of equations. Its solution 
in the form of a pair of co-ordinates ξmn and ξsn, which describe the location of the 
closest points Cmn and Csn, can be found by means of the iterative Newton method. 
As a starting point for the iterative process a pair of local co-ordinates for any 
points can be selected. The linearisation of the conditions (2.2) required within the 
Newton method leads to a set of ordinary linear equations, which allow calcula-
tion of the local co-ordinates increments Δξm and Δξs 
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 (2.3) 

All the quantities present in this formula must be determined for the current values 
of the co-ordinates ξm and ξs. 

Existence and uniqueness of a solution of the equations set (2.2) is a self con-
tained problem. One can easily imagine situations, when the solution does not ex-
ist at all or when infinite number of pairs of closest points exist. However, the first 
possibility can be associated with the case, when the curves represent beams, 
which cannot get in contact, that is why it does not need to be considered. The 
second case is related to the situation, when one beam wraps itself around another, 
similarly as shown in Fig. 2.1d or when beams are parallel or conforming. These 
configurations are not considered, either, because they are beyond the range set by 
the assumptions introduced in Section 2.1. A thorough discussion of the closest 
points projection can be found in the papers by Konyuhov and Schweizerhof 
(2008, 2009). 
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With the pair of the closest points Cmn and Csn found one can calculate the dis-
tance dN between them (Fig. 2.2) 

 snmnNd xx −= . (2.4) 

For the beams with rectangular cross-section, where dN represents the distance be-
tween the beam edges, this value is simultaneously equal to the penetration func-
tion 

 NN dg =  (2.5) 

and in the case of circular cross-sections with radii rm and rs the penetration func-
tion can be calculated as 

 smNN rrdg −−= . (2.6) 

In the latter case the value of the penetration function can be directly applied in 
the contact existence criterion 
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 (2.7) 

In the case of beams with rectangular cross-sections the contact criterion cannot 
take the same form because the value gN from the formula (2.5) is always positive. 
In order to define a special criterion for this case the following vectors, shown in 
Fig. 2.3, are introduced 

i) the vector between the closest points Cmn and Csn on the beam edges 

 mnsn xxv −=CC , (2.8) 

ii) the vector between the point Cmn and the corresponding point Amn located on 
the beam axis m 

 mnmAm xxv −=CA , (2.9) 

iii) the vector between the point Csn and the corresponding point Asn located on 
the beam axis s 

 snsAs xxv −=CA . (2.10) 

It can be noticed in Fig. 2.3, that in the case of separate beams the angles αm 
and αs between these vectors, defined as 
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Fig. 2.3 Contact criterion for beams with rectangular cross-sections: a) separation, b) pene-
tration 

are obtuse, while in the case of penetration – acute. Hence, the contact criterion 
for the beams with rectangular cross-sections can be defined as 
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2.3   Contact Search 

The search of active constraints is usually the most time consuming part of the 
numerical analysis of contact. It is especially so in the case of contact between 3D 
solids. If one must also include in the analysis phenomena leading to breaking of 
bodies into smaller elements or large deformation resulting in contact of a part of a 
body with its another part (so called self-contact), then the problem becomes even 
more complex. In the finite element method, where the numbers of slave body 
nodes and master body segments can reach very large values, checking of all 
possible pairs is absolutely ineffective. To treat these cases methods of a so called 
hierarchical contact search were developed. In the first step fragments of bodies, 
which can possibly get in contact are found using very simple algorithms. In the 
second stage a more thorough local search is performed. Among many papers 
dealing with this approach one can mention those by Zhong and Nilsson (1989) 
and by Williams and O’Connor (1995). There are many global search methods 
and one may choose from; space subdivision (Belytschko and Neal 1991), 
alternating digital tree (Bonnet and Peraire 1991), heapsorting (Williams and 
O’Connor 1995), inside-outside algorithm (Wang and Nakamachi 1997), no-
binary-search algorithm (Munjiza and Andrews 1998) or augmented spatial digital 
tree (Feng and Owen 2002). The mostly used local search methods are: node-to-
segment (Hallquist 1979) and pinball (Belytschko and Neal 1991). Hierarchical 
method was also applied in the QuickTrace algorithm (Bruneel and De Rycke 
2002) used in the contact search for the case of a cutting tool and a material in a 
cutting process. The more detailed description of various contact search 
algorithms can be found in the monograph by Wriggers (2002) or in the paper by 
Williams and O’Connor (1999). 

The problem of the beam-to-beam contact is much easier due to the one-
dimensional character of beam geometry and, consequently, a smaller number of 
involved finite elements. However, even in this simple situation, it is convenient 
to perform the global search first and after finding a possible contact zone – to car-
ry out a local search to find a location of contact points. 

In the first stage of the contact search the closest pair of elements is found (see 
Fig. 2.4). To this end in every element a point, IC or JC, is introduced, which lies 
in the centre of the straight line segment connecting the extreme nodes. The posi-
tion vectors of these fictitious nodes are determined from 
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Then the entire set of all elements pairs is searched through to find the one with 
the smallest distance expressed by 

 JCIC smd xx −= .  
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Such a search is clearly approximate because the real contact point candidates 
do not necessarily lie within the elements yielding from this procedure. The stages 
of local contact search must therefore include a provision to check the adjacent 
elements, too. However, if a quite reasonable assumption is made, that the length 
of the beam elements is not smaller than their cross-section dimensions, then the 
actual contact point candidate lies within the found element or at the most extreme 
case within one of neighbouring elements. 
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Fig. 2.4 Search for the pair of closest beam elements 

The further stages of the contact search must differ for different shapes of the 
beams cross-sections. For the circular one the situation is relatively simple. In the 
second stage on the local level the linearisation of the orthogonality conditions 
(2.3) is applied and using the Newton method the local co-ordinates, ξmn and ξsn, of 
the closest points lying on the beam axes are determined. For the points defined by 
them to be located within the given beam elements, the following conditions must 
be fulfilled 
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 (2.14) 

If any of them is violated than the local search must be repeated for a modified 
pair of elements, which includes the appropriate adjacent element instead of the 
one taken in the first attempt. After the pair of points fulfilling the conditions 
(2.14) is found, the contact criterion (2.7) can be checked. If penetration occurs, 
then the considered pair is active. 

Some more details concerning the approximation of curves representing the 
axes of beams with circular cross-sections are given in Chapter 4, where methods 
of 3D curve smoothing using Hermite’s polynomials and Bezier’s curves are  
presented. 
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Fig. 2.5 Beam finite element with rectangular cross-section 

In the case of beams with rectangular cross-sections the further stages must in-
volve finding the possible contact candidates among beams edges. To this end the 
co-ordinates of points lying on these edges must be expressed by means of nodal 
displacements of the beam element, shown in Fig. 2.5. Here, the shape functions 
for the beam finite element based on updated Lagrangian formulation, presented in 
the papers by Litewka et al. (2001) and Litewka and Wriggers (2002a) can be 
used. They are related to the local co-ordinate system (r, s, t) (Fig. 2.5) and have 
the form: 
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L is the element length, E and G denote the Young’s and Kirchhoff’s moduli, re-
spectively, Is and It – the second moments of area of the cross-section with respect 
to the axes s and t, A – the cross-section area and κ – the shear correction factor. 

Within the assumptions discussed in Section 2.1 it can be stated, that the  
beam cross-section shown in Fig. 2.6 undergoes the rigid body movement with 
three components of displacements and three rotations. Then three components  
of the displacement of a point C, which is a corner of the cross-section can be  
expressed by: 
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where the following simplifying notation was adopted: 
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To determine displacements of a point C on the beam edge using formulae 
(2.16) one must substitute for the co-ordinates s and t the appropriate values: 

 
2
sb

s ±= ,  
2
tb

t ±= . 

Substitution of s = t = 0 allows for calculation of the displacements of a point A 
(Fig. 2.6) located on the beam axis. 

Displacements yielding from the formulae (2.16) are expressed in the local co-
ordinate system (r, s, t). To get the displacements expressed in the global system 
(x1, x2, x3), the transformation must be carried out. To this end the initial transfor-
mation matrix T (Litewka et al. 2001) can be used 

 ( ) ( )Ttsr
TT uuuuuu  , , , , 221 Tu ==  (2.17) 
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Fig. 2.6 Displacements of a rectangular cross-section of a beam in local co-ordinate system 

If it is assumed that the beam finite element is initially straight, then the posi-
tion vector of any point on the beam edge can be given in the form 

 ( ) ( )TuuuNN 32121  , ,++=+= +1II XXuXx  (2.18) 

where XI and XI+1 are the initial position vectors of the beam element nodes.  
Having this formulation of the position vectors of the points on the beam edges 

related to the nodal displacements one can find for the beam pair the edges, which 
are contact candidates. First, the linearisation of the orthogonality conditions (2.3) 
and the Newton method are used to perform the search for the closest points be-
tween four edges of beam m and the axis of beam s. From these four pairs and the 
respective values of the distance between the closest points, two closest edges 
from beam m – m1 and m2, shown in Fig. 2.7, are selected. It must also be noted, 
that the linearisation of the orthogonality conditions (2.3) is expressed for the di-
mensionless local co-ordinates ξm and ξs, while the displacements in Eq. (2.18) are 
expressed by the local co-ordinates rm and rs. So the following relations also must 
be taken into account: 
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s L
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24 2   Frictionless Beam-to-Beam Contact
 

 

In the next step the roles of the beams are exchanged and two edges, s1 and s2, 
which are the closest edges of the beam s with respect to the axis of the beam m, 
are found. 

In the last stage of the contact search the closest points are found for four pairs 
of the edges m1 – s1, m1 – s2, m2 – s1 and m2 – s2. For all these pairs the contact 
criterion (2.12) is checked. 

During each run of the procedure of the closest points location it must be 
checked, if the located points lie within the considered elements. Again, if any of 
the conditions (2.14) is violated, then the corresponding closest point search must 
be repeated using the adequate neighbouring element. 

 

element J, beam s

edge m1

edge m2element I, beam m

rm, m

rs, s

 

Fig. 2.7 Search of the closest edges 

2.4   Weak Form and Kinematic Variables for Contact 

Minimization of the functional (1.10) or finding the stationary point for the 
functional (1.12) lead to the same condition, that the first variation of the 
functional must equal to zero. This corresponds to the principle of virtual work. In 
the penalty method one gets 

 0
2

1

akt

2 =⎟⎟
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⎞
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⎛ +Π ∑ NN gεδ  (2.20) 

and in the Lagrange multipliers method – 
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⎛ +Π ∑ NN gλδ . (2.21) 

For a single active pair the additional component of the functional variation can 
be expressed as 
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where the superscript ε relates to the penalty method and λ – to the Lagrange  
multipliers method. Expressions (2.22) constitute the elements of the weak formu-
lation of frictionless contact between beams. To solve this strongly non-linear 
problem the incremental-iterative Newton-Raphson method can be applied. Its use 
requires calculation of the linearisation of the weak form. The linearisation of the 
additional contact terms leads to the following formulae: 
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After the discretisation within the finite element method formulae (2.22) and 
(2.23) provide the residual vector and the tangent stiffness matrix, respectively, for 
the contact finite element. To find the explicit form of this two quantities it is nec-
essary to calculate the variation, the linearisation and the linearisation of the varia-
tion of the penetration function gN expressed by (2.5) or (2.6). To this end one uses 
the variation and the linearisation of the position vectors for the current contact 
points 
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After some basic operations the necessary kinematic variables for the normal 
contact can be expressed as (Wriggers and Zavarise, 1997) 
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During the derivation of (2.25) it must be taken into account, that the position 
vectors of the contact points on the curves are functions of the local co-ordinates 
ξm and ξs. These formulae contain a unit normal vector defined as 
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It must also be noted, that all the expressions in (2.25) and (2.26) must be de-
termined at the current positions of the contact points Cmn and Csn, what is empha-
sized with an additional subscript n. 

The formula (2.25)3 involves two rather unusual variables: Δδumn and Δδusn, 
which in the typical finite element formulations are zero. It is so because usually a 
displacement approximation is linearly dependent on nodal displacements, so its 
second partial derivatives vanish. In the contact analysis for beams with rectangu-
lar cross-sections the relation (2.18) is not linear and the above mentioned vari-
ables are not zero. Similar situation occurs in some methods of curve smoothing, 
what is discussed in Chapter 4. 

There is one more problem with the formula (2.25)3. It involves a component, 
which is divided by the distance gN. When the Lagrange multipliers method is 
used, what leads to the exact fulfillment of the constraint condition (1.9), this 
component may cause numerical problems due to division by a very small num-
ber. To avoid this difficulty one can introduce a different definition of the normal 
vector, which includes a vector product of tangent vectors, as shown by the second 
equality in the formula (2.26). Thanks to this change the discussed component of 
the formula for ΔδgN includes division by the length of this vector product and the 
singularity is eliminated. 

For the explicit expression of kinematic variables the variation and the lineari-
sation of the local co-ordinates δξmn, δξsn, Δξmn and Δξsn must be derived, too. They 
can be obtained from the linearisation and the variation of the orthogonality condi-
tions (2.2). Each of this operations leads to a system of two equations in the fol-
lowing form 
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which can be solved to express the pairs of unknowns. These equations can be put 
more briefly as 
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where the matrices A, B and C as well as the vector xms = xmn – xsn were introduced 
to simplify the notation. 

Similarly, the variations of the local co-ordinates follow from 
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2.5   Discretisation of Kinematic Variables 

All the kinematic variables derived in Section 2.4 can now be expressed in terms 
of nodal displacements of two beam elements, within which the current contact 
points are located. These nodal displacements in respective element local co-
ordinates (see Fig. 2.5) can be grouped into the following vectors 
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Firstly, the variation and the linearisation of the displacement vectors umn and 
usn as well as their derivatives with respect to the local co-ordinates ξm and ξs are 
presented. For the values in the local co-ordinate system (r, s, t) one can write 
down 
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The matrices Dmn, Dsn, Emn and Esn, all of dimensions (3×12), can be derived by 
tedious differentiation of the displacement approximation (2.18) with respect to 
the local co-ordinates. Results of these calculations are presented in Appendix 1. 

Transformation of the expressions (2.30) – (2.33) from the local co-ordinate 
systems to the global co-ordinates (x1, x2, x3) yields the following relations 
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where the additional transformation matrix is defined by (Litewka et al. 2001) 
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The linearisation of the local co-ordinates of the contact points can be ex-
pressed by means of the nodal displacements as 
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and substitution of the matrices B and C following from Eq. (2.27) yields the ma-
trix form  
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Similarly, the variations of the local co-ordinates are given by 
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Furthermore, to simplify the notation the following matrix is introduced 
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2.6   Residual Vector and Tangent Stiffness Matrix 

Having discretised the kinematic variables, as presented in Section 2.5, finally the 
residual vector and the tangent stiffness matrix for the contact element can be 
calculated for both formulations: the penalty method and the Lagrange multipliers 
method. The additional components (2.22) in the functional variation can be 
expressed in the following form 

 
( )[ ]
( )[ ] ,  , ,

,  ,

125

124

×

×

=Π

=Π
λλ

εε

δλδδδ

δδδ

NN
T

S
T

MN

N
T

S
T

MN

Ruu

Ruu
 (2.42) 

where the respective notation for the residual vectors in both methods was intro-
duced. And the linearisation (2.23) yields the following 

 
( )[ ] ( )
( )[ ] ( )TNSMNN

T
S

T
MN

T
SMN

T
S

T
MN

λδλδδδ

δδδ
λλ

εε

ΔΔΔ=ΠΔ

ΔΔ=ΠΔ

×

×

 , , , ,

,  , ,

2525

2424

uuKuu

uuKuu
 (2.43) 

with the appropriate notation for the tangent stiffness matrices for both methods. 
The residual vector for the penalty method takes the form 

 1RR NNN gεε = , (2.44) 

where 
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while for the Lagrange multipliers method one gets 
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The tangent stiffness matrix in the penalty method can be written down as 

 21 KKK NNNN gεεε +=  (2.47) 
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and its submatrices are 
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For the Lagrange multipliers method the following matrix is obtained 
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In the matrix K2 expressed in (2.48)2 two yet undefined matrices Gnm and Gns are 
present. They result from the expressions Δδumn and Δδusn, respectively, included 
in Eq. (2.25)3 defining ΔδgN. For the simplicity of the notation each of the matrices 
Gmn and Gsn is split into three 12-component vectors 
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and the unit normal vector is given by its components 
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Now the entries in the matrices Gnm and Gns can be expressed as 
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where the submatrices result from the reformulation of the variables Δδumn and 
Δδusn as 
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These submatrices can be obtained from the partial differentiation of the com-
ponent vectors in (2.50) with respect to the nodal displacements 
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where j = 1, 2 or 3. However, carrying out these calculations in a direct way is 
very tedious and leads to extremely complex formulae. Hence, in the computer 
subroutine used to determine the tangent stiffness matrices (2.47) and (2.49), the 
partial derivatives (2.54) are evaluated numerically, using the finite difference me-
thod and small perturbations of the nodal displacements. 

2.7   Numerical Examples 

2.7.1   Introduction 

In this section three numerical examples of the frictionless contact between beams 
with rectangular cross-sections are presented. All three are solved using the pen-
alty method. Another examples of the frictional contact, which are also solved  
using the Lagrange multipliers method are given in Section 3.6. A numerical com-
parison of both methods is also presented therein. 

It is well known, that the penalty method requires a proper selection of the val-
ue of the penalty parameter to avoid the ill-conditioning of the tangent stiffness 
matrix and, simultaneously, to fulfil the constraint conditions with an acceptable 
accuracy. In the presented examples the penalty parameter was chosen to keep the 
maximum penetration etol below 1% of the minimal dimension of the beams cross-
sections. 

The purpose of the presented examples is a qualitative analysis of contact and 
checking the correctness and the effectiveness of the proposed numerical algo-
rithm. The physical solution of the problems is of a smaller importance, hence the 
data used in the examples are devoid of any physical units. It is understood, how-
ever, that any system of physically consistent units might be attached. 

In these examples the loading is applied in the form of displacements imposed 
simultaneously in a given number of equal increments. The loading and the de-
formation process is measured in a fictitious time and a given moment in this time 
is determined by the parameter T, which ranges from 0 to 1. 

Each of the examples is solved using the Newton-Raphson method. The con-
vergence criterion uses a relative energy, which is calculated as a scalar product of 
the residual vector and the displacement increment vector related to such a product 
for the first iteration in a given increment. The convergence is assumed, if such a 
relative energy is smaller than 10–8. 
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Fig. 2.8 Example 1 – initial configuration 

2.7.2   Example 1 

In this example contact between two cantilever beams shown in Fig. 2.8 is ana-
lyzed. Free end of beam 1 is subjected to displacement Δ = 30, applied in 40 in-
crements. The following data are used in the calculations: beam 1 – E = 20000, 
ν = 0,3, cross-section dimensions bs = bt = 5, length 100; beam 2 – E = 30000, 
ν = 0.17, cross-section dimensions bs = bt = 10, length 100; initial gap between the 
beams 1.393; penalty parameter εN = 100000. 

In the first part of this example an influence of the beam element mesh on the 
results is investigated. In Table 2.1 values of dimensionless displacements of 
beams tips are presented depending on the number of elements. They are related to 
the respective displacements for the case, when each beam is divided into 16 ele-
ments – these values, considered as the exact ones are also given in the table. The 
values of maximal penetration are also included. 

The obtained values of the displacements presented in the table indicate, that 
the division of the beams into 10 elements provides sufficiently accurate solution, 
for which the relative percentage errors calculated with respect to the division into 
16 elements do not exceed 1%. Hence, in the following calculations such a discre-
tisation into 10 elements per beam is adopted. 
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Table 2.1 Example 1 – dimensionless displacements of beam tips and penetration 

Beam 1 Beam 2 Number of 

elements       

Penetration 

2, 2 0.951 0.927 1.000 0.883 1.063 0.965 0.98 
4, 4 0.976 0.977 1.000 0.961 1.041 0.989 1.00 
6, 6 0.985 0.990 1.000 0.971 1.025 0.995 1.00 

8, 8 0.989 0.994 1.000 1.000 1.014 0.998 1.00 

10, 10 0.993 0.998 1.000 1.000 1.007 0.999 1.00 

12, 12 0.996 0.999 1.000 1.000 1.003 1.000 1.00 

Reference solution 

16, 16 3.261 -8.260 -30.000 -0.103 -1.331 -4.147 0.0084 

The penetration between the beams is almost insensitive to the finite element 
mesh. Its value, equal to 0.0084, represents only 0.17% of the smallest dimension 
of beams cross-sections and lies within the proposed range of tolerance. 

In Fig. 2.9 beams configurations at four selected stages of the deformation 
process calculated with the discretisation into 10 elements per beam are presented. 
In this case, due to the considered values of the cross-sectional dimensions and the  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2.9 Example 1 – deformed configurations of beams 
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Table 2.2 Example 1 – convergence results 

Increment T Number of iterations Penetration 

10 0.25 3 0.00101 

20 0.50 3 0.00338 

30 0.75 4 0.00605 

40 1.00 5 0.00840 

elasticity moduli, beam 1 is the one, that deforms most. It is bent about beam 2 
and also slides along it. In this example, from four possible pairs of the contacting 
edges, only one is active. 

In Table 2.2 results of the convergence analysis of the iteration process are 
given. Till the 30th increment the convergence is very quick with just three itera-
tions leading to the equilibrium state. Further on, the process is still convergent 
but not with quadratic rate and the number of required iterations increases to 5. It 
is due to the method of approximation of displacements of cross-section corners. 
The formula (2.16) is not accurate for large deformations, especially for large rota-
tions, which occur at the last stages of the deformation process in this example. 

2.7.3   Example 2 

In this example a mutual contact between three beams presented in Fig. 2.10 is 
analysed. Two of these beams – cantilevers 1 and 2 are crossed in plane at the an-
gle of 11.5º. Their free ends are subjected to displacements Δ3 = Δ4 = 10, which 
bring them into contact. The ends of beam 3 are subjected to displacements 
Δ1 = Δ2 = 50, which lead it to the contact with two cantilever beams. All the dis-
placements are applied in 200 increments. The following data, identical for all 
beams, are taken to the calculations: E = 20000, ν = 0.3, cross-section dimensions 
bs = bt = 5, length 100; initial gap between beams 1 and 2 1.0; penalty parameter 
for contact between beams 1 and 2 εN1 = 10000, penalty parameter for contact with 
beam 3 – εN2 = 100000. 

Beams configurations in four selected moments of the deformation process are 
presented in Fig. 2.11. Initially contact occurs only between beams 1 and 2 and it 
leads to increase of the angle in plane XY between the tangents to the beams at the 
contact point. After about 80 increments, i.e. for T = 0.4, beam 3 contacts simulta-
neously with both cantilever beams. Due to this contact beam 3 bends and at the 
same time causes even quicker increase of in-plane angle between axes of beams  
1 and 2. 

In this example mutual contact between each pair of beams is present and the 
number of active edge pairs is different for each beam pair and varies in time. For 
the contact between beams 1 and 2 initially there is one edge pair active but during 
the process their number increases to three. On the other hand, beam 3 touches 
each of the cantilever beams at two edges. 
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Fig. 2.10 Example 2 – initial configuration 

Results of the convergence analysis are presented in Table 2.3. In this case with 
a relatively large number of increments it was enough to have just three iterations 
per increment to achieve the equilibrium state. Values of the penetration given in 
the same table do not exceed 0.3% of the minimal cross-sectional dimension. 

Table 2.3 Example 2 – convergence results 

Increment T No. of iterations Penetration 1–2 Penetration 1–3 
50 0.25 3 0.00619 No contact 

100 0.50 3 0.01062 0.00047 

150 0.75 3 0.01109 0.00166 

200 1.00 3 0.01272 0.00396 

2.7.4   Example 3 

In this example a mutual contact between four identical beams forming a symmet-
ric assembly shown in Fig. 2.12 is considered. Each beam is inclined to the plane 
XY by the angle of 11.5º. All free ends of beams are subjected to vertical dis-
placements Δ = 20, which bring all the beams to a simultaneous contact with their  
neighbours. Centre points of beams are partly fixed with the freedom of the rota-
tion about axis X or Y, perpendicular to a given beam. All imposed displacements 
are applied in 100 increments. The following data, identical for all beams, are  
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Fig. 2.11 Example 2 – deformed configurations of beams 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2.12 Example 3 – initial configuration 
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Fig. 2.13 Example 3 – deformed configurations of beams 

Table 2.4 Example 3 – convergence results 

Increment T Number of iterations Penetration 

25 0.25 3 0.00418 

50 0.50 3 0.00962 

75 0.75 4 0.03320 

100 1.00 5 0.05069 

taken to the calculations: E = 20000, ν = 0.3, cross-section dimensions bs = bt = 5, 
length 100, penalty parameter εN = 40000. 

Deformed configurations of the beams in the assembly for four selected mo-
ments of the deformation process are presented in Fig. 2.13. Due to the symmetry 
all four contact zones have the same characteristics. In the first stage only one pair 
of edges is active there and following the increase of displacement, penetration 
and rotations next pairs are switched on and at the end of the process all four edge 
pairs are active. 

Results of the convergence analysis of the Newton-Raphson method are pre-
sented in Table 2.4. In all the increments 3 iterations were enough to achieve the 
equilibrium state. There are also the maximal penetration values presented. Their 
maximal value at the end of the process is 1.01% of the cross-section dimension – 
just over the assumed limit. 
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Chapter 3 
Friction in Beam-to-Beam Contact 

3.1   Friction Model 

In the present analysis the Coulomb model of the dry friction with a constant 
friction coefficient μ between the friction force FT and the normal force FN in the 
contact point between beams is used 

 NT FF μ= . (3.1) 

The advantage is taken of the analogy to the rigid-ideally plastic material sug-
gested in the paper by Michałowski and Mróz (1978). This allows to distinguish 
between two friction states: the stick state, which is characterized by no relative 
displacement between the bodies, and the slip state, where the relative displace-
ment in the form of sliding is present. The further considerations in this chapter 
concern one pair of edges or one pair of beam axes, like in the papers by Litewka 
and Wriggers (2002b, 2003). This can be easily extended to multiple pairs. 

Two separate values of tangential displacements, gTm and gTs, are introduced. 
They correspond to two independent relative sliding movements on the beams m 
and s, respectively. According to the approach with the analogy to the plasticity, 
each of these displacements is divided into a stick part – elastic (superscript e) and 
a slip part – plastic (superscript p) 
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Elastic parts are subjected to the constraint conditions (1.20). Their values are 
used to define the friction forces within the penalty method 
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Such a formulation allows to introduce two different values of the penalty pa-
rameter. Hence, it is possible to distinguish between elastic properties of tangen-
tial contact for each beam. 
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In the Lagrange multipliers method the friction forces are defined in the follow-
ing way 
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Therefore, the introduction of friction in this method requires two additional 
unknowns – the Lagrange multipliers, λTm and λTs, for each pair of contacting beam 
edges or axes. 

It is worth to note, that the friction forces FTm and FTs do not represent a force 
pair of action-reaction type. They are rather two independent quantities related to 
two independently considered displacements along two contacting beams. Each of 
this forces acts on both beams. 

The plastic parts of the tangential displacements can be obtained from the slid-
ing rule 

 

, 

, 

Ts

sp
Ts

Tm

mp
Tm

F

f
g

F

f
g

∂
∂=

∂
∂

=

γ

γ

&&

&&

 (3.5) 

which corresponds to the non-associated flow rule in plasticity. 
For the Coulomb friction law the counterpart of the plastic limit function – the 

sliding limit function, reads 
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This formulation allows to introduce two different values of the friction coeffi-
cient for the beams – μm and μs. However, contrary to the similar situation with 
penalty parameters, such a distinction seems to have no physical justification and 
in further considerations only one friction coefficient for a beam pair is adopted 

 sm μμμ == . (3.7) 

The sign of the value of the sliding limit function (3.6) determines the current 
friction state. For non-positive values the stick state (elastic) is encountered, which 
is characterized by no relative displacements of the beams, while for positive val-
ues – the slip state (plastic) with the sliding occurs. In the latter case the solution 
requires the Euler procedure of return to the limit surface. 

The sliding rules have to be integrated with respect to a fictitious time. To this 
end the incremental method can be applied. Here, the trial values of the elastic 
displacements in the current (new) step n are calculated 
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as differences between the current values of the total tangential displacements and 
the plastic parts of the tangential displacements from the previous step p. Then the 
trial values of the friction forces are found. Using the penalty method one gets 
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what in turn allows to obtain the trial values of the sliding function 
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If the sliding criterion (3.6) is fulfilled, then the contact is in the stick state. The 
real values of the friction forces are equal to their trial values 
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and there is no update of the plastic parts of the tangential displacements 
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On the other hand, when the sliding criterion (3.6) is violated and any of the 
sliding functions (3.10) is positive, then the friction is in the slip state. A too large 
value of the friction force must be reduced to the maximum value corresponding 
to the sliding limit. In the case of the Coulomb friction law the Euler return proce-
dure does not require an iterative approach and one obtains the closed-form solu-
tion for the friction forces  
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and for the plastic parts of the tangential displacements 
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The orientation of the displacements is controlled by the sign of the value of its 
trial elastic part. 
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When the Lagrange multipliers method is used, then the constraint condition 
(1.20) applied to the elastic part of the tangential displacement is fulfilled exactly. 
Hence, the entire value of the tangential displacement is equal to its plastic part – 
it is non-zero only in the slip state. The trial values of the friction force are ex-
pressed by the Lagrange multipliers 
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Then the value of the sliding function (3.10) is calculated and the sliding crite-
rion is checked. In the case of the stick state the real value of the friction force is 
equal to the trial force, like in (3.11) and with the vanishing value of the elastic 
part of the tangential displacement its total value remains unchanged. 

In the slip state the value of the friction force is returned to the sliding limit sur-
face, what leads to the following relations between the Lagrange multipliers 
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The plastic part of the tangential displacement represents also its total value. 
It is possible, that during the deformation process friction can switch from slip 

to stick state. In the penalty method this change does not pose any additional prob-
lems. In the Lagrange multipliers method such a situation must be recognized, 
when the absolute value of the tangential displacement starts to decrease. 

In the above presented considerations it is suggested, that the sliding criterion is 
checked independently for two friction forces acting along edges of beams m and 
s. Hence, in this approach a possibility exists, that in one contact point two differ-
ent friction states – stick and slip are present at the same time. 

To eliminate such a problematic case a different approach might be used. The 
forces FTmn and FTsn can be considered as two components of one resultant friction 
force for each contact point. In such a situation the sliding criterion is checked on-
ly once in the form 

 , 0≤−= NT Ff μF  (3.17) 

where the value of the resultant friction force in contact can be calculated from 
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The unit tangent vectors tm and ts required in (3.18) are defined in a detailed way 
in Section 3.2 by Eq. (3.30). 

In the stick state all the formulae given previously are valid, while in the  
slip state the resultant friction force is limited by the maximal value μFN, and its 



3.2   Kinematic Variables for Friction 43
 

 

components in the directions of the tangent vectors tm and ts can be determined 
from the following relations 
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where the proportion parameters are introduced 
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In this approach for the Lagrange multipliers method formulae (3.16) must be 
replaced with the following 
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to limit the friction force components. 

3.2   Kinematic Variables for Friction 

The tangential displacement gT, which is a basic kinematic variable can be calcu-
lated using various methods. Generally speaking, this variable represents the dis-
tance, through which the contact point traveled on the body surface. This value 
depends on the path, not just on the initial and final position, and the integration of 
the velocity with respect to time is necessary. To this end, the approximate incre-
mental procedure can be used, which leads to summation of the increments dgTmn 
and dgTsn 

 
. 

, 

gTsnTspTsn

gTmnTmpTmn

dgg

dgg

+=

+=
 (3.22) 

Usually, the location of contact points is determined using directly the local co-
ordinates. But in the case of contact between beams with rectangular cross-sections 
where the local co-ordinates are related to the beam axis and the contact points lie 
on the edges, it is more convenient to use the position vectors. Such an approach 
was suggested in the paper by Agelet de Saracibar (1997). Besides, independently 
of the cross-section shape, such a formulation allows for an easier treatment of the 
case, when the contact point moves from one finite element to another. 

The displacement increment can be calculated in the previous or in the current 
configuration, see Fig. 3.1. In the first case on can write down 
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where the position vectors of the contact points in the previous configuration, xmp 
and xsp, and the position vectors of the current contact points, xmnb and xsnb, mapped  
 

on the previous configuration are used. Two latter vectors are calculated using the 
current values of the local co-ordinates of the contact points ξmn and ξsn. 

On the other hand, if the increments are calculated in the current configuration 
the following relations can be used 
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Here the position vectors of the current contact points, xmn and xsn, and the posi-
tion vectors of the previous contact points xmpf and xspf mapped on the current con-
figuration (see Fig. 3.1) are involved. The latter vectors are obtained using the  
local co-ordinates for the previous position of the contact points ξmp and ξsp. 

In the both presented methods curvilinear paths, along which the contact points 
travel at a given load increment are approximated by straight lines. Such an ap-
proximation can be regarded as justified in the case of the beam-to-beam contact 
when small strains are assumed (Litewka and Wriggers 2002b). In the following 
the second approach is used, where the increment of the tangential displacement is 
calculated in the current configuration following Eq. (3.24). 
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Fig. 3.1 Increment of tangential displacement 



3.2   Kinematic Variables for Friction 45
 

 

The absolute values of these increments lack the sign, which must be added to 
distinguish between two possibilities of sliding in both orientations along the 
beam. If the sliding takes place within just one element, the local co-ordinates can 
be used 
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On the other hand, if the contact point moves between several elements a dif-
ferent definition should be used. For instance, a sequential numbering of beam 
elements can be adopted and then sm and ss could be determined as the signs of the 
differences of the element numbers. 

However, there is a problem with formulae (3.25), when the Lagrange multipli-
ers method is used. With the exact fulfillment of the constraint equation in the 
stick state, the local co-ordinates of the contact points in the subsequent incre-
ments are equal. In the numerical analysis this would provide chaotic changes of 
values of sm and ss. To avoid this problem the following relations should be used 
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Finally, the current values of the tangential displacements can be expressed as 

 mpfmnmTmpTmn sgg xx −+= , (3.27)1 

 spfsnsTspTsn sgg xx −+= . (3.27)2 

Now the variations, the linearisations and the linearisations of the variations of 
these variables must be derived. It is worth to note, that the local co-ordinates of 
the previous contact points are fixed at the current increment. Hence, their varia-
tions and linearisations vanish and the variations and the linearizations of the posi-
tion vectors of the previous contact points have somewhat simpler form 
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contrary to their counterparts related to the position vectors of the current contact 
points, which were given by Eq. (2.24). After some mathematical operations the 
required kinematic variables can be determined (Zavarise and Wriggers 2000, 
Litewka and Wriggers 2002b) 
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In the above formulae two unit tangent vectors are introduced. They can be ob-
tained from the following relations 
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If the Lagrange multipliers method is used and the constraints are fulfilled ex-
actly, the calculation of the variables ΔδgTmn (3.29)5 and ΔδgTsn (3.29)6, containing 
dgTmn and dgTsn, respectively, in the denominators leads to a numerical problem of 
division by a very small number. To avoid this a different definition of the tangent 
vectors can be used, where the derivatives of the position vectors of the current 
contact points with respect to the local co-ordinates are involved 
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After such a modification the denominators in Eqs. (3.29)5,6 contain non-zero 
lengths of the derivative vectors, which are present in the denominators of (3.31). 

Additional attention must be drawn to the linearisations of the variations of the 
local-co-ordinates of the current contact points, Δδξmn and Δδξsn, which are also 
present in Eqs. (3.29)5 and (3.29)6. Their derivation requires very tedious calcula-
tions, which are summarised in Appendix 2.  
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3.3   Weak Form Components due to Friction 

Each of the components resulting from the presence of friction in the active con-
straints, which must be included in the functional (1.21) or (1.22), can be ex-
pressed in the following form 

 TsnTsnTmnTmnTsTmT gFgF δδδδδ +=Π+Π=Π . (3.32) 

It should be pointed out, that in the analysis of the beam-to-beam contact two 
separate terms are introduced. They correspond to the relative displacements of 
contact point along each of the contacting beam edges or axes. The related friction 
forces can be considered as independent (Zavarise and Wriggers 2000, Litewka 
and Wriggers 2002b) or as components of one resultant force (Litewka 2006). In 
the following the frictional beam-to-beam contact formulation for these both pos-
sibilities is presented. 

Solution of the nonlinear problem in hand requires calculation of the linearisa-
tion of the expression (3.32) 
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The value of the friction force depends on the method used to satisfy the con-
straint conditions, on the current friction state, i.e. stick or slip and on the way to 
treat the friction forces along each of the contacting beams. 

With the penalty method (superscript ε) in the stick state (superscript e) one 
gets the following relations 
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In the slip state the formulae depend on the way to treat the friction forces and 
the method of checking the sliding criterion. In the case of two independent vari-
ables and the criterion (3.10) the weak form terms and their linearisations read 
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On the other hand, if the resultant friction force is calculated from two compo-
nent friction forces, then the sliding criterion has the form (3.17). Hence, the  
friction forces are calculated from Eq. (3.19) and one must take into account de-
pendence of the proportion parameters (3.20) on displacements. That is why their 
linearisations are non-zero and must be taken into account in the derivation. In this 
case one gets 
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In this formulation the orientation of sliding is included in the sign of propor-
tion parameters and also in the variation of the tangential displacements. Their 
product is always positive, so it is necessary to introduce additionally values sm 
and ss in Eqs. (3.38) and (3.39). 

If the Lagrange multipliers method is used in the analysis (superscript λ), then 
in the stick state the following expressions are valid 
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In the slip state with the independent check of the sliding criterion for two 
components of the friction force one gets 
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while with the resultant friction force and a single check of the sliding criterion – 
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In the above equations, similarly as in their counterparts for the penalty method 
(3.38) and (3.39), the sliding orientation is controlled by the values sm and ss. 

It is worth to note, that in the Lagrange multipliers method the values of the 
multipliers corresponding to friction, λTm and λTs, can be negative. Such a situation 
takes place, when the sliding has the orientation opposite to the local co-ordinate. 
Besides, in the slip state the set of equations must be completed with the compo-
nents, which would ensure fulfilment of the conditions (3.16) or (3.21), limiting 
the values of the friction forces. These terms are introduced in Section 3.5. 

Using the resultant friction force in the sliding criterion requires calculation of 
the linearisation of the proportion coefficients pm and ps. Carrying out the appro-
priate mathematical operations to (3.20) leads to the following 
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 (3.46) 

With this in hand all the necessary kinematic variables present in the weak 
form for frictional contact and its linearisation are found. 

3.4   Discretization of Friction Terms Present in Weak Form 

Some of the necessary variables have already been discretised in Sections 2.5 and 
2.6. The lacking terms are the kinematic variables related to the previous position 
of the contact point – the variations, the linearisations and the linearisations of the 
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variations. They can be obtained in the same way as their counterparts for the cur-
rent contact points (2.34), (2.35) and (2.53). This leads to the following relations 
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The matrices Gmp and Gsp are calculated in the similar way as Gmn and Gsn using 
the local co-ordinates corresponding to the previous locations of the contact points 
– ξmp and ξsp. Each of these matrices can be expressed by three 12-element vectors 
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Differentiation of these vectors with respect to the nodal displacements, where, 
similarly as in the case of vectors (2.50) it is more convenient to use the method of 
small perturbations and the finite difference scheme, yields  
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where j = 1, 2 or 3. Then the linearisations of the variations of the displacements 
in the previous contact points can be expressed as 
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Discretisation must also be carried out for the linearisations of the proportion 
parameters (3.46). To simplify the notation the following matrices are introduced 
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where the split of the matrix F into the component vectors, according to Eq. (A2.3) 
is used. After these simplifications the following matrix relations are obtained 
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Defining the matrices in brackets in (3.53) as Pm and Ps one gets 
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Now all the required variables are discretised. To simplify further the notation 
the following matrices are also introduced 
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where the components of the tangent vectors (3.30) or (3.31) are used. 
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3.5   Residual Vector and Tangent Stiffness Matrix for Friction 

The discretised kinematic variables presented in the previous section can be sub-
stituted to the appropriate expressions of the weak form and its linearisation pre-
sented in Section 3.3. In this way the residual vector and the tangent stiffness  
matrix related to friction for the beam-to-beam contact finite element can be de-
rived. After adding them to the corresponding vectors and matrices for the normal 
contact presented in Section 2.6 the total vectors and matrices for frictional con-
tact can be found. 

In the penalty method for the stick state the friction contribution to the weak 
form (3.34) after the discretisation takes the form 
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where the residual vectors can be written down as 
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and the auxiliary vectors are 
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For the slip state from the formulae (3.36) and (3.38) one gets 
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and the corresponding residual vectors for the case, when the friction is treated 
with two independent friction forces acting along two contacting beams, are 
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while for the approach with one resultant friction force – 
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In the stick state discretisation of the linearisation of the weak form (3.35) leads 
to the following relations 
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and to the corresponding tangent stiffness matrices 
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where the auxiliary matrices have the form 
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In Eq. (3.65) the decomposition of the inverse of the matrix A into its elements as 
in (A2.4) is used. 

For the slip state from the formulae (3.37) and (3.39) one gets 
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and the appropriate tangent stiffness matrices have the form 
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for the separate treatment of friction forces or 
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for the friction forces considered as the components of one resultant friction force. 
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The vector R1 present in (3.67) and (3.68) was defined in Section 2.6 by (2.45). 
In the Lagrange multipliers metod, after introduction of friction, the vector of 

unknowns has three more elements – one Lagrange multiplier for the normal con-
tact – λN, and two multipliers for friction – λTm and λTs. Hence, in the stick state 
the influences of friction in the weak form (3.40) after discretisation can be  
expressed as 
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where the residual vectors have the form 
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with the auxiliary vectors defined in (3.59). 
In the slip state after discretisation of the expression (3.42) or (3.44) one gets  
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and the corresponding residual vectors have the form 
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for separate treatment of friction forces or 
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when the forces along two contacting beams are considered as the components of 
one resultant friction force. 

In the stick state discretisation of the linearization of the weak form (3.41) 
leads to 
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and the appropriate tangent stiffness matrices are 
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In the slip state after discretisation of the formulae (3.43) or (3.45) one gets 
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and the tangent stiffness matrices have the form 
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when the friction forces are treated separately or 
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when they are considered as the components of one resultant friction force. 
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In the residual vectors and the tangent stiffness matrices for the Lagrange mul-
tipliers method in the slip state, besides the terms resulting directly from the weak 
form and its linearisation, additional expressions, which ensure fulfillment of con-
ditions (3.16) and (3.20) are present. In this way limiting of the maximal value of 
the friction force in the case of sliding, resulting from Coulomb friction law, is 
automatically fulfilled. 

It should also be pointed out, that when the friction forces in the directions of 
both contacting beams are treated independently, two different friction states, stick 
or slip, are allowed in one contact point. In such a case the entire residual vector 
and the tangent stiffness matrix should be composed as a sum of appropriate com-
ponents presented above. On the other hand, when the friction forces along both 
beams are considered as components of one resultant friction force, then one con-
tact point is characterized by only one friction state – stick or slip. In this situation 
separation of the friction contributions into parts for beams m and s is not re-
quired. Hence, the residual vector for the penalty method is a sum of (3.58)1 and 
(3.58)2 in the stick state or a sum of (3.62)1 and (3.62)2 in the slip state. In the La-
grange multipliers method for the stick state one can add (3.70)1 and (3.70)2, while 
for the slip state – (3.73)1 and (3.73)2. Similarly, one can add appropriate tangent 
stiffness matrices: in the penalty method for the stick state – (3.64)1 and (3.64)2 or 
for the slip state – (3.68)1 and (3.68)2, while for the Lagrange multipliers method 
for the stick state – (3.75)1 and (3.75)2 or for the slip state – (3.78)1 and (3.78)2. 

3.6   Numerical Examples 

3.6.1   Introduction 

In this section five examples of beam-to-beam frictional contact analysis are pre-
sented. In all the examples the friction forces along the contacting beams are 
treated independently. The second approach with one resultant friction force is 
used in examples presented in Chapter 4. 

The main purpose of the presented examples is a comparison of the penalty 
method and the Lagrange multipliers method. Accuracy and computer time of cal-
culations are considered. Results in the first example are also compared with nu-
merical results for the full 3D analysis of contacting solids. 

The computer time depends, among others, on the code length. The exe-type 
file obtained using the Compaq Visual Fortran compiler has 749 kB for the pen-
alty method and 777 kB for the Lagrange multipliers method (Litewka 2005). The 
difference in length is due to the necessary additional checks and precautions re-
sulting from the exact fulfillment of constraints. These problems were mentioned 
in previous sections. Besides, the Lagrange multipliers method involves more un-
knowns and the expected computer time is longer. Additionally, in the presented 
examples the influence of the penalty parameter and the friction coefficient on the 
results is presented. 
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In the examples loading is applied in the form of displacements imposed simul-
taneously in a given number of equal increments. The loading and the deformation 
process is measured in fictitious time and a given moment in this time is deter-
mined by the parameter T, which goes from 0 to 1. 

Each of the examples is solved using the Newton-Raphson method. The con-
vergence criterion uses the relative energy, which is calculated as a scalar product 
of the residual vector and the displacement increment vector related to such a 
product for the first iteration in a given increment. The convergence is assumed if 
such a relative energy is smaller than 10–8. 

In all the examples each of the beams is discretised with 10 identical beam fi-
nite elements, according to the conclusion from Section 2.7.2. 

The data used in the examples are devoid of any physical units. It is under-
stood, however, that any system of physically consistent units might be attached. 

3.6.2   Example 1 

In this example contact between two beams shown in Fig. 3.2 is analysed. Beam 1 
is a cantilever and beam 2 has the boundary conditions resulting from its symme-
try in its centre point. Besides its ends have the restrained rotation about the longi-
tudinal axis of the beam – Y. At these ends imposed displacements, Δ1 = 40 and  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.2 Example 1 – initial configuration 
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Fig. 3.3 Example 1 – deformed configurations of beams for: a) μ = 0.0, b) μ = 0.5,  
c) μ = 1.0 

Table 3.1 Example 1 – friction states 

T μ Friction state 

on beam 0.25 0.50 0.75 1.00 

1 slip slip slip slip 0.0 

2 slip slip slip slip 

1 slip slip slip slip 0.5 

2 stick stick stick stick 

1 stick slip slip slip 1.0 

2 stick stick stick stick 

Δ2 = 20, are applied in 50 increments. The following data are taken to the calcula-
tions: beam 1 – E = 30000, ν = 0.17, cross-section dimensions bs = bt = 10, length 
100; beam 2 – E = 30000, ν = 0.17, cross-section dimensions bs = bt = 5, length 
100; initial gap between the beams 0.5 and three values of friction coefficient 
μ = 0.0; 0.5 or 1.0. 

Deformed configurations of the beams in four selected moments of the defor-
mation process for three analysed values of the friction coefficient are presented in 
Fig. 3.3. These are results obtained using the penalty method with the penalty pa-
rameters εN = 25000 and εTm =  εTs = 250. Besides, in Table 3.1 the states of friction  
 

T = 0.75 T = 1.00 T = 0.50T = 0.25 
a) μ = 0.0 

T = 0.75 T = 1.00 T = 0.50T = 0.25 
b) μ = 0.5 

T = 0.75 T = 1.00 T = 0.50T = 0.25
c) μ = 1.0 
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Table 3.2 Example 1 – displacements at points A and B 

Calculation method Point A Point B 

Penalty 

N Tm = Ts

X Z X Z

10000 400 0.537 9.79 8.02 35.6 

10000 800 0.538 9.79 8.02 35.5 

10000 1500 0.539 9.80 8.02 35.5 

20000 400 0.539 9.81 8.01 35.6 

20000 800 0.539 9.82 8.01 35.5 

20000 1500 0.540 9.82 8.01 35.5 

30000 400 0.539 9.80 8.00 35.6 

30000 800 0.540 9.81 8.00 35.5 

30000 1500 0.541 9.82 8.00 35.4 

Lagrange multipliers 0.571 9.89 8.08 36.2 

3D analysis, Abaqus 0.562 9.87 8.27 37.2  

corresponding to the deformed configurations in Fig. 3.3 are given. These results 
exhibit a clear influence of the friction coefficient on the friction state, and there-
fore also on the beams deformations. The case of μ = 0.0 is characterized through-
out by the slip state and an increase of the friction coefficient delays appearance of 
this state. However, even when the sliding starts, the larger value of this coeffi-
cient prevents to a greater extent this relative displacement, what is manifested in 
a larger flexural deformation of beam 2. 

Table 3.2 contains a comparison of displacements in the directions of the axes 
X and Z for the points A and B depicted in Fig. 3.2. These values were calculated 
using the penalty method for various penalty parameters εN and εTm = εTs, the La-
grange multipliers method and the full 3D analysis, where the beams were mod-
elled as solids. To this end the program Abaqus was used. Beam 1 was considered 
as a master body and discretised with 2×2×20 identical elements of C3D8 type. 
For beam 2, which was a slave body, a finer mesh of 2×2×40 identical finite ele-
ments of the same type was applied. 

The presented results do not show much differences. However, according to the 
expectations, the Lagrange multipliers method gives the displacements, which are 
closer to the 3D solution than the penalty method. This can be attributed to the 
fact, that the former method ensures the exact fulfilment of constraints. But the 
analysis of costs of this better accuracy is also important. The computer time on 
PC with a 900 MHz processor for the Lagrange multipliers method was 87 sec-
onds, while for the penalty method – only 37 seconds. 

It can also be observed that the influence of the penalty parameters values in 
the considered range on the results is negligible. 

It is difficult to uniquely conclude, which of the methods is better. The pre-
sented example confirmed very well known advantages and disadvantages of 
them. The choice is rather dependent on the preferences of the user and on the 
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type of analysis. The necessity to select properly the values of the penalty parame-
ters requires certain experience and it can well happen, that the solution process 
must be repeated several times, until the satisfactory compromise between the ac-
ceptable violation of the constraint conditions and the ill-posedness of the matrices 
is reached. On the other hand, the better accuracy of the Lagrange multipliers 
method is bought with a more complicated computer code and a larger number of 
unknowns. This last feature can be especially costly, when the contact with a large 
number of contact points is analysed. 

3.6.3   Example 2 

In this example contact between two cantilever beams shown in Fig. 3.4 is ana-
lysed. The ends of beam 2 are subjected to displacements Δ1 = 20 and Δ2 = 20 ap-
plied in 40 increments. The following data are taken to the calculations: beam  
1 – E = 20000, ν = 0.3, cross-section dimensions bs = bt = 10, length 100; beam  
2 – E = 30000, ν = 0.17, cross-section dimensions bs = bt = 5, length 100; initial 
gap between the beams – 0.15 and the friction coefficient μ = 1.0. 

Deformed configurations of the beams in four selected moments of the defor-
mation process are presented in Fig. 3.5. They are obtained using the penalty 
method with εN = 12500 and εTm = εTs = εT = 1000. In this case the friction in con-
tact on both beams is in the stick state. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 

Fig. 3.4 Example 2 – initial configuration 
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Fig. 3.5 Example 2 – deformed configurations of beams 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.6 Example 2 – percentage error for displacement at point A 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.7 Example 2 – percentage error for normal force in contact 
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Fig. 3.8 Example 2 – percentage error for friction force in contact 

Figures 3.6, 3.7 and 3.8 present results of influence of the penalty parameters 
values on the displacements along the axis X at the point A shown in Fig. 3.4 and 
the normal and friction forces at the contact point. The graphs show the percentage 
error of the respective results related to the values obtained by the Lagrange mul-
tipliers method, which are considered as reference. 

It can be observed, that generally all the results concerning both the displace-
ments and the forces are more sensitive to changes of the normal penalty parame-
ter εN than the tangential one εT. It can be noted, though, that there exists a limiting 
value of the latter parameter, in the range between 250 and 350, for which the fric-
tion state in contact changes from stick to slip. Hence, care is required when 
adopting the proper value of this parameter, because otherwise the state of friction 
may be assessed incorrectly. If the value of the tangential penalty parameter is 
taken above this limit, then the penalty method allows to calculate of the charac-
teristic contact variables with an error below 2%, what can be considered as a sat-
isfactory accuracy. 

The computer time in this example was 35 seconds for the penalty method and 
50 seconds for the Lagrange multipliers method. The conclusions from these 
analyses coincide with that in Example 1 – the choice of the method is very sub-
jective, it seems, that the advantages and disadvantages are balanced. 

3.6.4   Example 3 

In this example contact between two cantilever beams shown in Fig. 3.9 is ana-
lysed. The free end of beam 2 – point A, is subjected to a displacement Δ = 40 ap-
plied in 40 increments. The following data are taken to the calculations: beam  
1 – E = 20000, ν = 0.3, cross-section dimensions bs = bt = 10, length 100; beam  
2 – E = 30000, ν = 0.17, cross-section dimensions bs = bt = 5, length 100; initial 
gap between the beams 1.393 and the friction coefficient μ = 1.0. 
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Fig. 3.9 Example 3 – initial configuration 

 
 
 
 
 
 

Fig. 3.10 Example 3 – deformed configurations of beams 

Deformed configurations of the beams in four selected moments of the defor-
mation process, which features the stick state throughout, are presented in Fig. 
3.10. They are obtained using the penalty method. 

Graphs in Figs. 3.11, 3.12 and 3.13 present an influence of the penalty parame-
ters on the percentage error of the displacement at the point A in the direction of 
the axis X, the normal force and the friction force in contact. These values are re-
lated to the reference values obtained using the Lagrange multipliers method. 

The results presented in Fig. 3.11 indicate, that in this example parameter εT has 
a significant influence on the displacement at point A. On the other hand, the in-
fluence of the parameter εN is negligible. However, it is not irrelevant at all – the  
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Fig. 3.11 Example 3 – percentage error for displacement at point A 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.12 Example 3 – percentage error for normal force in contact 

vertical lines over the graph point the maximal values of εT, corresponding to 
given values of εN, for which the convergence of the iterative solution process 
still could be achieved. With εT exceeding those limits the ill-posedness of the 
matrices did not allow to reach the equilibrium state. It is also interesting to note 
that the optimal value of εN in this respect is not its maximal allowable 9·106 but 
rather 5·106, instead. This indicates a complexity of the contact phenomena and 
a complicated interplay between normal and friction forces. Their values  
presented in two subsequent figures are calculated for this optimal value of the 
parameter εN. 

Observing the results in Fig. 3.12 it can be concluded that the normal force in 
the contact point can be found with a very good accuracy within 1% error even  
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Fig. 3.13 Example 3 – percentage error for friction force in contact 

with not optimally chosen values of the penalty parameters. However, their influ-
ence on the friction force is more significant. The graph in Fig. 3.13 shows, that 
the maximal possible penalty parameters allow to calculate the friction force with 
an error exceeding 2%. 

The computer time for the Lagrange multipliers method in this case was 36 
seconds and for the penalty method – 24 seconds. 

It might be once again stated that the choice of the better method is not easy 
and the decision should depend on the type of example, user’s experience and re-
quired accuracy of results.  

3.6.5   Example 4 

In this example contact between three cantilever beams shown in Fig. 3.14 is ana-
lysed. The free end of the beam 2 is subjected to displacement Δ = 20 applied in 
80 increments. This displacement starts a domino-like effect and leads finally to a 
mutual contact of all beams. The following data, identical for all beams, are taken 
to the calculations: E = 30000, ν = 0.3, cross-section dimensions bs = bt = 5, length 
100; initial gaps between beams 1 and 2 as well as 1 and 3 – 0.5; the friction coef-
ficient μ = 0.0 or 1.0. The example is solved using the penalty method with the 
following values of the penalty parameters: εN12 = 7000, εN23 = 3000, εTm12 = εTs12 
= εTm23 = εTs23 = 100. 

Deformed configurations of the beams for four selected moments of the defor-
mation process and for two analyzed values of the friction coefficient are pre-
sented in Fig. 3.15. The influence of friction is clearly visible. The large deforma-
tion of the beams for the frictionless case results from unrestrained sliding 
between their edges. 
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Fig. 3.14 Example 4 – initial configuration 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.15 Example 4 – deformed configurations of beams for: a) μ = 0.0, b) μ = 1.0 

In Table 3.3 the friction states for the case with friction (μ = 1.0) for the respec-
tive contact points at the moments of the deformation process corresponding to the 
graphical representation in Fig. 3.15b are presented. It can be seen, that during the  
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Table 3.3 Example 4 – friction state 

T State on beam 

0.25 0.50 0.75 1.00 

1 (with 2) stick stick stick stick 

2 stick stick stick slip 

1 (with 3) stick stick stick stick 

3 stick stick slip slip 

process the friction state in contact between beams 1 and 3 changes from stick to 
slip, while for the contact between beams 1 and 2 stick remains. 

3.6.6   Example 5 

In this example contact between two cantilever beams, shown in Fig. 3.16 is ana-
lysed. In the partially flexible support of beam 2 an elastic constraint of stiffness 
k = 100 is related to the angle of rotation about the longitudinal axis of the beam 
(X) and the displacement along axis Y is unconstrained. The free end of this beam 
is subjected to displacement Δ = 20 applied in 50 increments. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 3.16 Example 5 – initial configuration 
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The following data are taken to the calculations: beam 1 – E = 30000, ν = 0.17, 
cross-section dimensions bs = bt = 10, length 100; beam 2 – E = 10000, ν = 0.17, 
cross-section dimensions bs = bt = 5, length 100; initial penetration 2.6 and the 
friction coefficient μ = 0.0 or 1.0. The example is solved using the penalty method 
with: εN = 300, εTm = εTs = 20. 

The partial views of the deformed configurations of the beams in selected mo-
ments of the deformation process are presented in Fig. 3.17. In this example the 
influence of the friction coefficient on the results is clear as well. In the case with-
out friction, after the initial penetration is eliminated, beam 2 undergoes sliding 
along beam 1. On the other hand, in the frictional case, beam 2 initially rotates 
about the stationary contact point and only about T = 0.2, when the friction force 
assumes the limit value resulting from the Coulomb law, sliding starts. The fric-
tion states corresponding to the moments in the deformation process presented in 
Fig. 3.17 are summarized in Table 3.4. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 3.17 Example 5 – partial views of deformed configurations of beams for: a) μ = 0.0, 
b) μ = 1.0 

Table 3.4 Example 5 – friction states for μ = 1.0 

T State on beam 

0.08 0.16 0.24 1.00 

1 stick stick stick stick 

2 stick stick slip slip 

In this example the choice of suitable values of the penalty parameters was ad-
ditionally complicated by their interplay with the stiffness of the flexible support 
of beam 2. 

T = 0.24 T = 1.00 T = 0.16T = 0.08 
a) μ = 0.0 

b) μ = 1.0 
T = 0.24 T = 1.00 T = 0.16T = 0.08 
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Chapter 4 
Contact between Smoothed Beams 

4.1   General Remarks on Smoothing of Contact Facets 

A proper representation of surface geometry for bodies undergoing contact and 
sliding is a very important aspect of modeling in the finite element method. The 
fundamental issue here is to ensure continuity and smoothness. With a too 
simplified mesh of finite elements, definitions of normal and tangent vectors are 
not continuous between the adjacent elements. As was shown in Chapters 2 and 3, 
these vectors play the key role in the contact formulation. Hence, in the case when 
a contact point moves from one element to another, even if the consistent 
linearisation is used at the element level, the quadratic convergence of the 
Newton-Raphson method is affected. In more severe cases, when the percentage 
of the contact points changing the element is large, this influence can be so 
pronounced, that the iterative solution method becomes divergent. Such a danger 
exists in the case of beam-to-beam contact, where with the assumption of its point-
wise character, the number of active constraints is relatively small. Hence, it is 
especially important to provide the C1-continuity of curves representing beam 
edges and axes, i.e. the continuity of functions and its first derivatives should be 
ensured. 

The bibliography related to smoothing of surfaces for 2D and 3D solids is quite 
broad. Numerous examples of geometry modeling were presented in the mono-
graph by Farin (1993). Methods of smooth modeling of 2D solids in contact were 
dealt with, for instance, in the papers by: El Abbasi et al. (2001), where the third 
order spline functions were used, Stadler et al. (2003) with Non-Uniform Rational 
B-Splines (NURBS) or Wriggers and Krstulović (1999) with Bezier curves. Mod-
eling of 3D surface geometry is more sophisticated but even in this range many ef-
fective methods were proposed. For instance, approaches with surfaces based on 
Bezier functions (Krstulović 2001, Krstulović et al. 2002), Gregory patches (Puso 
and Laursen 2002), smooth penetration function (Belytschko et al. 2002) or 
smooth function of normal forces in contact (Jones and Papadopoulos 2001) might 
be mentioned. 
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In the majority of problems a smooth formulation of contact leads to very long 
formulae. It is especially true in the 3D analysis. Analytical calculation of tangent 
stiffness matrices for contact finite elements in these cases is impossible without 
resorting to computer programs. To this end the mathematical programs are used, 
which allow to carry out algebraic symbolic operations and to prepare ready-to-use 
codes in programming languages. One of such programs is SMS, based on the 
commercial mathematical program Mathematica, which was used in the paper by 
Krstulović et al. (2002). 

A special attention can also be paid to mortar methods (Laursen 2002, Puso and 
Laursen 2004). They eliminate the necessity of smoothing because a modified de-
finition of the penetration function is used. It is smeared on the length of contact 
segment or surface. Due to this, the constraints resulting from contact are not  
fulfilled in a point-wise way as in the classical slave-master approach but in an in-
tegral sense. Another virtue of these methods is also a better fulfillment of the 
non-penetration condition for finite element meshes of different sizes on both con-
tacting bodies. However, these methods cannot be used in the beam-to-beam con-
tact analysis due to its inherent point-wise character. 

4.2   Smoothing of 3D Curves 

4.2.1   General Remarks  

In the analysis of contact between beams with rectangular cross-sections, pre-
sented in Chapter 2 shape functions in the form of the third-order polynomials are 
used to provide the C1-continuity of curves representing edges of beams. These 
functions are taken directly from the formulation of the beam finite elements. In 
this chapter an alternative approach is suggested. The smoothing of curves used to 
represent axes of beams with circular cross-sections is carried out independently 
of the formulation of beam elements (Litewka 2007).  

Here four methods of construction of a smooth curve are described. They in-
volve two types of polynomial representation of a 3D curve, i.e. the Hermite’s 
polynomials and the Bezier’s curves, as well as two types of curve layout related 
to the beam nodes, i.e. the inscribed curve method and the node-preserving 
method. 

4.2.2   Inscribed Curve Algorithm 

In the case of the inscribed curve method a segment of a resulting C1-continuous 
curve is constructed using three adjacent nodes, Fig. 4.1. The segment is spanned 
between the mid-points C12 and C23, which are defined by the position vectors 
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Furthermore, the curve is tangent to the straight lines passing through the nodes  
1–2 and 2–3, respectively. This ensures the C1-continuity between the adjacent 
segments. A similar concept was already successfully used in smoothing of 2D 
solids in contact (Wriggers and Krstulović 1999). 

If the Hermite’s polynomials are used to define the curve mathematically, then 
the curve can be represented parametrically using the dimensionless co-ordinate ξ, 
fulfilling the condition 

 11 ≤≤− ξ   

and each of three components of the position vector x 

 ( )Txxx 321  , ,=x  (4.2) 

for an arbitrary point A on the curve can be expressed by 

 iiiii dcbax +++= ξξξ 23 , (4.3) 

where i = 1, 2 or 3. In the vector form Eq. (4.3) can be written down as 

 ( ) ( ) ξa oo i
TT

iiiii dcbax == 1 , , , , , , 23 ξξξ . (4.4) 

To simplify the notation in the following the position vectors of the nodes 1, 2 
and 3 of the finite element mesh are represented by their components 
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The unknown coefficients of the polynomials (4.3) are determined from the boun-
dary conditions 
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which force the curve to fulfil the C1-continuity conditions described above. 
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Fig. 4.1 Construction of inscribed curve segment 

In (4.6)3 and (4.5)4, due to the relation between the dimensionless co-ordinate ξ 
and the co-ordinates x1, x2 and x3, the straight line distances 1–2, 2–3 and C12–C23 
(Fig. 4.1) are present. They are denoted by l12, l23, and l123, respectively, and can be 
calculated as 
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Substituting the co-ordinates and their derivatives resulting from the ap-
proximation (4.4) to the boundary conditions (4.6) one gets for each of three 
co-ordinates, x1, x2 and x3, a set of four equations with four unknown coeffi-
cients of the Hermite’s polynomial. Solution of these sets can be expressed in 
terms of components of the position vectors and the slopes for the centre 
points  
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or, finally, in terms of components of the position vectors for the element nodes 
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This vector of the coefficients of the Hermite’s polynomial can be substituted 
to (4.4) to yield in the end the approximation of three components of the position 
vector for an arbitrary point on the smooth curve 

 ( )[ ]T
iiii xxxx 32121  , ,  AAξ o= . (4.10) 

It is worth to observe, that the relation (4.10) is non-linear with respect to the 
nodal position vectors, hence, also to the nodal displacements. Matrix A2 is not 
numeric but it depends non-linearly on these displacements via the lengths given 
in (4.7). In this situation, similarly as in the case of beams with rectangular cross-
sections considered in Chapter 2, it is necessary to take into account the non-zero 
variables Δδu in the contact formulation. 

On the other hand, the suggested approximation of the 3D curve depends only 
on the linear nodal displacements related to the global co-ordinate system and it is 
not a function of the nodal rotations. Thanks to this feature the presented beam-to-
beam contact element with smoothing can be used in a combination with any, 
even the simplest possible beam elements. The fact, that the transformation from 
local to global co-ordinate system is not necessary is another issue contributing to 
the relative simplicity of the element. 

In the further analysis expression of derivatives of the position vector compo-
nents (4.10) with respect to the local co-ordinate ξ is necessary, too. They take the 
form 
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with the following vectors 
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grouping the corresponding derivatives of the local co-ordinate. 
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The curve segment fulfilling the boundary conditions (4.6) ensuring the C1-
continuity of the entire curve can also be represented using the Bezier’s curves. To 
this end it is necessary to construct a so called control polygon. It is proposed that 
the polygon is composed of the end nodes C12, C23 and the intermediate nodes CL, 
CR. The latter nodes must lie on the straight lines 1–2 and 2–3, respectively, see 
Fig. 4.1, to yield the curve tangent to these lines. Their position is somewhat arbi-
trary. Here a provision is taken to keep the polygon nodes at regular distances in 
order to get as regular curve as possible. It is adopted, that 
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Then the Bezier’s curve can be expressed in terms of Bernstein’s polynomials 
(Farin 1993) to yield the co-ordinates (4.2) of the position vector x for a point A 
on the curve in the form 
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After substitution of (4.1) and (4.12) one can obtain the expression in terms of the 
nodal position vectors 
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This representation is very simple when compared to the one using the Her-
mite’s polynomials (4.10). It is linear in the nodal displacements and the terms 
Δδu in the contact formulation vanish. 

The derivatives of (4.14) with respect to the local co-ordinate are 
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4.2.3   Node-Preserving Algorithm 

Arguably, a curve, which fits nodes better can be obtained, if a segment of the 
curve terminates at the nodes (Litewka 2008). The price to pay for this is a neces-
sity to include four adjacent nodes in the analysis. The construction method for  
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Fig. 4.2 Construction of node-preserving curve segment 

this case is illustrated in Fig. 4.2. The segment ends coincide with the nodes 2 and 
3 and the curve at these points is tangent to the lines parallel to the lines 1–3 and 
2–4, respectively. This ensures the C1-continuity of the entire curve. 

The boundary conditions necessary to find the coefficients of the Hermite’s po-
lynomial (4.3) expressing one component of the position vector x of a point A 
read 
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where the position vector of the fourth node is represented similarly as those for 
the first three nodes (4.5) 

 ( ) ( ) . , , 44342414
T

i
T xxxx ==x  (4.17) 

Also, besides the straight line length l23 (4.7)2, two other the lengths are defined 

 1313 xx −=l , (4.18)1 

 . 2424 xx −=l  (4.18)2 

Again, after some algebra, similarly as in the case of the inscribed curve algo-
rithm, the position vector x of a point A on the curve can be expressed in terms of 
the nodal position vectors in the following form 
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This representation is reformulated introducing matrices 
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simplifying the notation to the form 
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Then, using the expressions similar to (4.11), the respective derivatives with re-
spect to the local co-ordinate can be written down as 
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For the Bezier’s representation of the node-preserving curve the control poly-
gon must be constructed in a similar way as previously. The intermediate nodes 
CL, CR must lie on the lines parallel to the lines 1–3 and 2–4, respectively, passing 
through the nodes 2 and 3, respectively. Their position vectors are defined as 
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again with a purpose to obtain the curve segment as regular as possible. 
The components of the position vector x can be expressed using the Bernstein’s 

polynomials as 
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or in terms of the nodal position vectors 
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With the relation (4.25) in hand the derivatives of this approximation with re-
spect to the local co-ordinate can be found in the following form 
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One can notice, that both curve representations (4.21) and (4.25), correspond-
ing to the node-preserving algorithm, are non-linear in the nodal displacements, as 
is (4.10) for the Hermite’s inscribed curve approximation. 

4.3   Discretisation and Smooth Beam Contact Finite Elements 

4.3.1   Inscribed Curve Elements 

Application of the approximations (4.10) or (4.14) for the position vectors of 
points on the smooth curve, presented in Section 4.2.2, in the modeling of axes of 
two contacting beams with circular cross-sections leads to the formulation of the 
respective smooth beam contact finite elements. Each of these elements involves 
nodes of two pairs of adjacent beam finite elements, as shown in Fig. 4.3. 

Implementation of such elements requires a certain modification of the contact 
search procedure presented in Section 2.3. In the first stage, instead of finding the 
pair of the closest elements it is more suitable to find a pair of the closest nodes. 
The further search of the contact points involves smooth segments of curves con-
structed on the base of the beam element pairs, to which the previously located 
closest nodes belong. Similarly as in the procedure described in Section 2.3, also  
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Fig. 4.3 Smooth beam contact finite element for inscribed curve approximation 

here one must admit a possibility to check, if the local co-ordinates of the closest 
points Cmn and Csn, lying on the smooth curves, yielding from orthogonality condi-
tions (2.3), fulfil the constraints (2.14). 

With the contact point candidates located one can calculate the penetration 
function (2.6) (the distance dN is also depicted in Fig. 4.3) and check the contact 
criterion (2.7). 

As was presented in Section 4.2 the proposed curve approximations do not de-
pend on nodal cross-section rotations but only on linear displacements. Hence, the 
number of involved degrees of freedom is 18, i.e. three nodal displacements per 
each of six involved beam elements nodes, presented in Fig. 4.3. They can be as-
sembled into the vector form 
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Discretisation of the kinematic variables presented in Sections 2.5 and 3.4 is 
carried out in the same way for the presented smooth elemens. The same notation 
for the matrices can be applied and all the relations remain unchanged. The differ-
ences are in the way to determine the matrices Gmn and Gsn in (2.34) and (2.35), 
Hmn and Hsn in (2.36) and (2.37), Gmp and Gsp in (3.47) and (3.48) as well as Mmn 
and Msn in (A2.11). Their components should be calculated as partial derivatives 
with respect to the nodal displacements uM and uS (4.12) of the non-linear ap-
proximation of displacements involving (4.10) or the linear one involving (4.14) 
as well as their derivatives (4.11) or (4.15). These calculations are carried out us-
ing the symbolic algebra program Maple 7 and the results of these calculations in 
a form of a ready-to-use Fortran code can be embedded in the computer program 
for the beam-to-beam contact analysis. Due to the very complex character of the 
approximations (4.10) and (4.14) the explicit representation of these matrices is 
too long to be presented here. Let it just be said, that the optimised Fortran code 
obtained in this way to calculate only the matrix G from (4.10) contains over  
2300 lines. Hence, instead of presenting the matrices themselves, the exemplary 
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Maple 7 scripts without an output, which can be used to find these matrices for the 
case of Hermite’s inscribed curve element are given in Appendix 3. 

In the case of the inscribed curve representation each of these matrices has di-
mensions 3×9, what influences the dimensions of all further matrices included in 
the residual vectors and the tangent stiffness matrices of the contact finite ele-
ments. The matrix F and its components Fm and Fs, used to calculate the linearisa-
tion and the variation of the local co-ordinates according to (2.39) and (2.40) have 
the dimensions 2×18 and 1×18, respectively. The auxiliary matrix L given in 
(2.41) is a 3×18 matrix. 

The matrices Rm and Rs (A2.15), used in the calculation of the linearisation of 
the variations of the local co-ordinates according to (A2.10), have dimension 
18×18. The same dimension characterizes all the matrices used to calculate the 
linearisation of the variation of the displacements for the current and previous  
contact points and their derivatives with respect to the local co-ordinate. The in-
volved matrices are: Gdjmn and Gdjsn in (2.53), Gdjmp and Gdjsp in (3.51) as well as Hdjmn 
and Hdjsn in (A2.12), where j = 1, 2 or 3. 

The change of dimension concerns also the matrices present in the friction for-
mulation. The matrices Sm and Ss, given in (3.52), are of dimension 3×18, and di-
mension 18×18 characterizes the matrices Pm and Ps in (3.54), Zm and Zs in (3.55) 
as well as Wm and Ws in (3.56). 

Finally, the 18×18 tangent stiffness matrices and the 18-component residual 
vectors for both inscribed curve contact elements, based on Hermite’s polynomials 
or Bezier’s curves, can be determined using the appropriate formulae given in 
Sections 2.5 and 3.6. The matrices and vectors for friction vary depending on the 
friction state – stick or slip. 

In all the calculations presented in Section 4.4 only the penalty method and the 
interpretation of the friction forces on the contacting beams as the components of 
one resultant friction force are used. So the following relations are applied: the 
stiffness matrix for the normal contact – (2.47), the stiffness matrix for the stick 
state – the sum of (3.64)1 and (3.64)2, the stiffness matrix for the slip state – the 
sum of (3.68)1 and (3.68)2, the residual vector for the normal contact – (2.44), the 
residual vector for the stick state – the sum of (3.58)1 and (3.58)2 and the residual 
vector for the slip state – the sum of (3.62)1 and (3.62)2. 

Each active contact point adds to the global tangent stiffness matrix and the 
global residual vector the sum of the entries for the normal contact and the fric-
tion. The latter components depend on the current friction state – stick or slip. 

4.3.2   Node-Preserving Elements 

The node preserving smooth beam contact finite elements yield from the 
application of the approximations (4.21) or (4.25) for the position vector 
components of points on the smooth curve presented in Section 4.2.3 in the  
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Fig. 4.4 Smooth beam contact finite element for node-preserving approximation 

modeling of axes for two contacting beams with circular cross-sections. Each of 
these elements involves nodes of two sets of three adjacent beam finite elements, 
as shown in Fig. 4.4. 

To these two contact elements one can apply the same first stage of the contact 
search as is described in Section 2.3. The closest elements found are the middle 
elements of the three element sets involved in the present formulation. The further 
search of the contact points involves smooth segments of the curves constructed 
on the base of three beam element sets, to which the previously located closest 
elements belong. Again, the located pair of the closest points must fulfil the con-
straints (2.14). 

The number of involved degrees of freedom for the node-preserving elements, 
contrary to the inscribed curve elements, is 24, i.e. three nodal displacements per 
each of eight involved beam elements nodes, presented in Fig. 4.4. They can be 
assembled into the vector form 
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Since the dimension of the vector of degrees-of-freedom for these elements is 
the same as for the contact elements for beams with rectangular cross-sections 
presented in Chapters 2 and 3, all the notation used there can be directly used 
without any change of matrices dimensions. The only difference will be the 
method of calculation of the matrices Gmn and Gsn in (2.34) and (2.35), Hmn and Hsn 
in (2.36) and (2.37), Gmp and Gsp in (3.47) and (3.48) as well as Mmn and Msn in 
(A2.11). Their components are found using the symbolic algebra program Maple 7 
as was done for the inscribed curve elements in Section 4.3.1. The methods of 
finding the final forms of the tangent stiffness matrices and the residual vectors 
was also described there. 
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4.4   Numerical Examples 

4.4.1   Introduction 

There are two main purposes of the presented six numerical examples. In the first 
two cases, the calculations are performed using four types of the smooth beam 
contact finite elements. On the base of several criteria the most suitable element is 
chosen for the application in the four following examples, where this element is 
tested further with respect to, arguably, the most important criterion, i.e. the ability 
to perform effectively in the case of large sliding. Such situations pose crucial 
tests to check, if the suggested procedure of smoothing and the resulting contact 
elements meet the requirements. 

In all the examples beams with circular cross-sections are analyzed. Similarly 
as in the examples presented in Chapters 2 and 3, each beam is discretized using 
10 identical elements. The co-rotational beam element for large strains derived by 
Crisfield (1990) is chosen for the analysis. Crisfield stated in his paper, that the 
element led to an “almost” quadratic convergence of the Newton method, so the 
convergence of the entire contact problem with friction is also almost quadratic. 

In all the presented examples beams are subjected to imposed nodal displace-
ments applied simultaneously in a given number of equal increments. The selected 
moments of the deformation process are defined by the parameter T, varying in the 
range from 0 to 1. Iterations are continued until the relative energy, calculated as a 
scalar product of the current residual vector and the displacement increment vec-
tor, with respect to such an energy in the first iteration in a given increment is 
smaller than 10–20. 

The values of the penalty parameters used in the examples are selected using 
the trial-and-error method. The presented results are obtained with the maximal 
possible values, for which the convergence of the Newton-Raphson method was 
achieved. 

Data for the calculations are given without any specified physical units, though 
it is understood, that any consistent unit set might be applied. 

The presented graphical representations are restricted to beams axes only. To 
enhance the 3D views in the figures, axes of the beams “behind” are depicted as 
“broken”. 

Before the comparison of the presented four elements in the direct application 
to the contact problems, it is also interesting to compare the respective lengths of 
computer codes. The basic difference between all the formulations presented is the 
method of calculation of the matrices G, H and M, as discussed in Section 4.3. 
The length of the automatically generated optimized Fortran code for the consid-
ered four contact elements is given in Table 4.1. 

It can be noted that the lack of non-linearity in the smooth curve representation 
for the inscribed curve method with Bezier’s curves results in an extremely short 
code. So, at this stage, one might expect that the corresponding beam contact finite 
element would be the cheapest in terms of computer time. 
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Table 4.1 Number of lines in Fortran code for basic matrices in different smooth beam contact 
finite element formulations 

Element type Matrix G Matrix H Matrix M 

Inscribed curve, Hermite 2291 1416 703 

Inscribed curve, Bezier 51 45 27 

Node-preserving, Hermite 983 959 838 

Node-preserving, Bezier 718 764 652 

4.4.2   Example 1 

In this example contact between two cantilever beams shown in Fig. 4.5 is consid-
ered. The beams have circular cross-sections with radius R = 0.1, length L = 6.0 
and are initially spaced at 0.001. They are made of a material with E = 250·105, 
ν = 0.3 and the friction coefficient μ = 0.8. The penalty parameters used in the 
analysis are εN = 1·104 and εT = 1·104. The imposed displacements shown in 
Fig. 4.5 are applied in 60 equal increments. Displacements Δ2= 1.0 and Δ3= 0.5 are  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.5 Example 1 – initial configuration of beams axes 
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pressing the beams one against another leading them to contact, while displace-
ments Δ1= 2.0 cause the sliding of beam 1 along beam 2. 

In Fig. 4.6 the deformed layout of the beams axes is shown for the case of in-
scribed curve, Hermite’s element. The results corresponding to the other elements 
would be impossible to distinguish. 

The graphs presented in Fig. 4.7 show the evolution of the elastic parts of the 
tangential displacements for both beams. These variables are used, according to 
formulae (3.3) to calculate the components of the friction force. The smooth  
character of the curves in these graphs indicates, that in the analysed situation of 
contact, where one beam slides along another and the contact point travels along 
several adjacent segments of the smoothed curve, the value of the friction force 
changes in time in a continuous manner. This proves, that all the analysed beam  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.6 Example 1 – deformed configuration of beams axes 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.7 Example 1 – evolution of elastic tangential gaps in deformation process 
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Table 4.2 Comparison of relative CPU time of analysis in Examples 1 and 2 

Relative CPU time [%] Element type 

Example 1 Example 2 

Inscribed curve, Hermite 100 100 

Inscribed curve, Bezier 115 115 

Node-preserving, Hermite 130 106 

Node-preserving, Bezier 144 144 

contact finite elements are efficient and that the main purpose of the smoothing 
procedure was achieved. 

The differences between results for the inscribed curve and the node-
preserving smoothing methods are present but very small. With the increasing 
number of beam elements used they are decreasing and for a reasonably large 
number the discrepancy is negligible. Actually, one might argue that 10 elements 
used here are enough to get the satisfactory accuracy. On the other hand, the in-
fluence of the curve representation using the Bezier’s curves or Hermite’s poly-
nomials is negligible. 

Table 4.2 presents the comparison of relative CPU times required for this anal-
ysis of the displacement process. It is very surprising to note, that the contact ele-
ment with the simplest formulation, i.e. the inscribed curve Bezier does not yield 
the shortest time. On the other hand, the inscribed curve Hermite element with the 
longest code (see Table 4.1) gives the fastest results. The reason for this is a dif-
ferent number of iterations to the equilibrium state. It was found, that in almost all 
60 increments used the inscribed curve Hermite element required at least one it-
eration less than the other elements. On the other hand, differences in the CPU 
time for a single increment using the considered elements are negligible. 

4.4.3   Example 2 

In this example contact between two beams shown in Fig. 4.8 is considered. The 
data for the beams are the same as in Example 1, except that beam 2 has now the 
length L = 10.0. Imposed displacements are applied in 60 increments. Displace-
ments Δ1= 1.0 and Δ3= 0.5 are pressing the beams one against another, leading 
them to contact, while displacements Δ2= 3.0 cause sliding of beam 2 along 
beam 1. 

In Fig. 4.9 the deformed layout of the beam axes is shown for the case of the 
inscribed curve Hermite element. As in Example 1, differences in the deformed 
shapes for the other contact elements are invisible. 

The graphs presenting the evolution of the elastic gap, shown in Fig. 4.10, 
again prove the effectiveness of smoothing and the similarity of results obtained 
using the different analysed smoothing techniques. 
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Fig. 4.8 Example 2 – initial configuration of beams axes 
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Fig. 4.9 Example 2 – deformed configuration of beams axes 
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Fig. 4.10 Example 2 – evolution of elastic tangential gap in deformation process 

Finally, the comparison of the CPU time required for the analysis, shown in the 
last column in Table 4.2 leads to similar conclusions as in Example 1. In the view 
of these results, the inscribed curve Hermite element can be considered as the best 
choice and this element is used in further analyses presented in the following  
examples. 

4.4.4   Example 3 

In this example contact between two cantilever beams, which axes in the initial 
configuration are presented in Fig. 4.11 is analysed. Imposed displacements 
Δ1 = Δ2 = 0.5 applied at the free ends lead the beams to contact and the displace-
ment Δ3 = 2.0 applied at the support of beam 1 causes its sliding along beam 2. 
The displacements are applied in 120 increments. The following data are used in 
the calculations: beam 1 –  E = 205·105, ν = 0.3, radius of circular cross-section 
0.1, length 6.0; beam 2 –  E = 70·105, ν = 0.25, radius of circular cross-section 
0.15, length 6.0; initial gap between the beams 0.01; penalty parameters 
εN = 40000, εTm = εTs = 8000; friction coefficient μ = 0.2 or 0.5. The example is 
solved using the inscribed curve Hermite contact element. 

Deformed configurations of the beams axes corresponding to four selected 
moments of the deformation process for both analysed values of the friction coef-
ficient are presented in Fig. 4.12. The influence of these friction properties on the 
results is very clear. For μ = 0.5 the stick state is present in the contact point and 
the relative movement of the beams is restrained. This leads to larger flexural de-
formations. On the other hand, for μ = 0.2 the slip state occurs. This can also be 
observed in the graphs presented in Fig. 4.13, where the evolution of the plastic 
parts of the tangential displacements during the deformation process is shown. 

The graphs presented in Fig. 4.14 show the evolution of the elastic parts of the 
tangential displacements for both beams. These variables are used, according to 
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Fig. 4.11 Example 3 – initial configuration of beams axes 

formulae (3.3), to calculate the components of the friction force. The smooth char-
acter of the curves in these graphs indicates, that in the analysed situation of  
contact, where one beam slides along another and the contact point travels along 
several adjacent segments of the smoothed curve, the value of the friction force  
 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.12 Example 3 – deformed configurations of beams axes for: a) μ = 0.2, b) μ = 0.5 
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Fig. 4.13 Example 3 – evolution of plastic parts of tangential displacements on: a) beam 1, 
b) beam 2 

changes in time in a continuous manner. This proves, that the analysed beam con-
tact finite element is efficient and that the main purpose of the smoothing proce-
dure was achieved. 

Results of analysis of convergence in the iterative Newton-Raphson method 
are presented in Table 4.3. During the entire deformation process 5 to 6 iterations 
were required to achieve the equilibrium state. The convergence is not quadratic, 
especially at the end of the process. It results from the type of the applied  
beam finite element and also from the presence of very large contact forces at the 
end of the process, which influence the accuracy of numerical results. It is espe-
cially visible for the very small energy tolerance, which is used in the presented 
examples. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.14 Example 3 – evolution of elastic parts of tangential displacements on: a) beam 1, 
b) beam 2 
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Table 4.3 Example 3 – convergence analysis 

Increment number 30 60 90 120 

T 0.25 0.50 0.75 1.00 

1 1.0 1.0 1.0 1.0 

2 3,8×10–5 4,1×10–5 4,6×10–5 5,1×10–5 

3 2,4×10–13 3,2×10–12 2,6×10–11 1,7×10–10 

4 1,1×10–19 1,1×10–17 6,3×10–16 3,0×10–14 

5 1,3×10–25 5,6×10–23 1,8×10–20 5,7×10–18 

Relative energy 

for the iteration 

6 – – 5,4×10–25 1,1×10–21 

4.4.5   Example 4 

In this example contact between beams, which axes in the initial configuration are 
presented in Fig. 4.15 is analysed. Beam 1 is clamped-clamped and beam 2 is a 
cantliever, which support is subjected to two displacements Δ1 = 1.0 and Δ2 = 4.0 
causing respectively, contact and sliding between the beams. The displacements 
are applied in 30 increments. The following data are taken to the calculations:  
beam 1 – E = 70·105, ν = 0.3, radius of circular cross-section 0.1, length 6.0; 
beam 2 – E = 205·105, ν = 0.3, radius of circular cross-section 0.15, length 6.0; 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 4.15 Example 4 – initial configuration of beams axes 
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Fig. 4.16 Example 4 – deformed configurations of beams axes for: a) μ = 0.2, b) μ = 0.8 

initial gap between the beams 0.001; penalty parameters εN = 30000, 
εTm = εTs = 10000; friction coefficient μ = 0.2 or 0.8. The example is solved using 
the inscribed curve Hermite contact element. 

Deformed configurations of the beams axes in four selected moments of the de-
formation process for both analysed values of the friction coefficient are presented 
in Fig. 4.16. In this example, due to the large value of displacement Δ2 causing 
sliding, in both cases the slip state occurs. However, for the larger friction sliding 
is smaller, what leads to a larger flexural deformation of beam 2. 

Graphs presented in Fig. 4.17 show the evolution of the plastic parts of the tan-
gential displacements during the deformation process. Contrary to Example 3, 
here these values are non-zero for both values of friction coefficient. It is also 
worth to note, that there is a change of sliding direction along beam 2. In the initial  
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.17 Example 4 – evolution of plastic parts of tangential displacements on: a) beam 1, 
b) beam 2 

 

T

0

0.05

0.1

0.15

0.2

0.25

g T
sp

μ = 0.8

μ = 0.2

T

0

1

2

3

4

g T
m

p

μ = 0.8

μ = 0.2
a) b) 

μ 
μ 

μ
μ

X Y

Z

X Y

Z

X Y

Z

X Y

Z

X Y

Z

X Y

Z

X Y

Z

X Y

Za) μ = 0.2 
T = 0.25 T = 0.50 T = 0.75 T = 1.00 

b) μ = 0.8 
T = 0.25 T = 0.50 T = 0.75 T = 1.00 



4.4   Numerical Examples 93
 

 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.18 Example 4 – evolution of elastic parts of tangential displacements on: a) beam 1, 
b) beam 2 

phase a small negative plastic displacement takes place, what can be observed in 
Fig. 4.17b. 

In this example the contact point moves along six subsequent finite elements on 
beam 2. Without the procedure of curve smoothing the normal and tangent vectors 
and in consequence – values of the forces at the contact point, would exhibit dis-
continuities. Hence, the effectiveness of the suggested smooth contact finite ele-
ment is confirmed again by the graphs presented in Fig. 4.18. They show the 
smooth character of the evolution of the elastic part of the tangential displace-
ments and, indirectly – the friction force, during the deformation process. 

In this example 5 to 7 iterations per increment were necessary to achieve the 
state of equilibrium. 

4.4.6   Example 5 

In this example contact between three cantilever beams beams, which axes in the 
initial configuration are presented in Fig. 4.19 is analysed. At the free end of 
beam 3 displacement Δ = 1.0 is applied. This displacement, applied in 30 incre-
ments, causes a domino effect and leads to the mutual contacts between three 
beams. The following data are taken to the calculations: beam 1 – E = 205·105, 
ν = 0.3, radius of circular cross-section 0.1, length 6.0; beam 2 – E = 200·105, 
ν = 0.25, radius of circular cross-section 0.15, length 6.0; beam 3 – E = 70·105, 
ν = 0.25, radius of circular cross-section 0.15, length 6.0; initial gaps between 
beams 1 and 2 as well as 2 and 3 0.01; penalty parameters εN = 20000, 
εTm = εTs = 4000; friction coefficient μ = 0.0 or 0.478. The example is solved using 
the inscribed curve Hermite contact element. 

Deformed configurations of the beams axes for both cases of the friction coef-
ficient in selected four moments of the deformation process are presented in 
Fig. 4.20. In this example two points of contact exist. For μ = 0.0 both are in the 
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Fig. 4.19 Example 5 – initial configuration of beams axes 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.20 Example 5 – deformed configurations of beams axes for: a) μ = 0.0, b) μ = 0.478 

slip state. On the other hand, for μ = 0.478 contact between beams 1 and 3 is char-
acterised by the stick state during the entire process. For the contact between 
beams 1 and 2 a change from stick to slip takes place at T = 0.6. This phenomenon 
can be observed in the graphs shown in Fig. 4.21, where the evolution of the plas-
tic parts of the tangential displacements during the process is presented. In this 
case sliding occurs mostly along beam 2 with the relative displacement about 10  
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Fig. 4.21 Example 5 – evolution of plastic parts of tangential displacements on: a) beam 1, 
b) beam 2 

times larger than the corresponding value for beam 1. It can also be seen in 
Fig. 4.20, if one compares the displacements of tips of both beams. Also, the in-
fluence of the friction and, in consequence – the friction state in contact 1 – 2, on 
the displacement of the beam 3 tip in direction of the beam 1 axis (X) is notable. 

In the analysed example 4 to 6 iterations per increment were necessary to 
achieve the equilibrium state. 

The purpose of this example was to check the algorithm also for multiple con-
tact points. Large sliding between facets did not occur here and the respective 
graphs of the tangential displacements are continuous. 

4.4.7   Example 6 

In this example contact between four identical beams, forming a symmetric as-
sembly is analysed. The beams axes in the initial configuration are presented in 
Fig. 4.22. The beams have almost fully constrained centre points, except for the 
freedom of rotation about the axes lying in the plane XY perpendicular to the 
beams. At the free ends equal displacements of Δ = 1.5 are applied in 30 incre-
ments. These displacements lead to simultaneous contact between the beams. The 
following data are taken to the calculations: E = 205·105, ν = 0.3, radius of circular 
cross-section 0.1, length 8.01; initial gaps between the beams 0.019; penalty pa-
rameters εN = 40000, εTm = εTs = 7000; friction coefficient μ = 0.0 or 0.8. The ex-
ample is solved using the inscribed curve Hermite contact element. 

Deformed configurations of the beams axes for four selected moments of the 
deformation process for the both analysed friction cases are presented in Fig. 4.23. 
In this example four contact points are present but due to the symmetry displace-
ments and forces therein are identical.  
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Fig. 4.22 Example 6 – initial configuration of beams axes 

 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.23 Example 6 – deformed configurations of beams axes for: a) μ = 0.0, b) μ = 0.8 

The graph in Fig. 4.24 presents the development of the total tangential dis-
placement in the contact. For μ = 0.0 the elastic part of the displacement is zero, 
so the solid line in the graph depicts its plastic part. On the other hand, for 
μ = 0.478, which case is characterised by the stick state, the plastic part is zero, so 
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the dashed line depicts the elastic part of the displacement. The exact solution 
would require this elastic part to vanish. However, the adopted values of the pen-
alty parameters cannot be increased further to decrease these displacements due to 
the ill-posedness of the problem and difficulties with convergence of the Newton 
method. However, one might argue that the achieved accuracy is good enough be-
cause the above mentioned elastic part of the displacement is equal to 0.04, what 
is just 1/5 of the beam cross-section diameter and 1/200 of its length. 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 4.24 Example 6 – evolution of tangential displacements 

In the analysed example 5 to 6 iterations per increment were necessary to 
achieve the equilibrium state. 
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Chapter 5 
Electric Contact 

5.1   Introduction 

The purely mechanical contact forumulation presented in the previous chapters 
may not suffice in cases, when complicated physical phenomena occuring in 
contact in advanced fields of engineering must be taken into account. Nuclear or 
space engineering as well as mechanics of electric conductors or superconductors 
are the representative examples. In such a situation it is necessary to consider a 
coupling between the mechanical fields of displacements or strains and electric, 
magnetic or thermal fields in the contacting objects. 

Analysis of contact between electric conductors, due to their shape, allows to 
apply the beam-to-beam contact formulation modified with additional effects. One 
of the simplest possibilities to treat such problems is a consideration of a mechani-
cal-electric coupling. One of the first attempts to solve it can be found in the paper 
by Boso et al. (2005a), devoted to contact between 2D solids. 

In this chapter electro-mechanical beam-to-beam contact formulation (Boso et 
al. 2005b) is presented, which can be used in the analysis of electric conductors. 
The considerations are limited to the flow of the direct electric current. Influences 
of forces due to the resulting magnetic field are neglected an so are the variations 
of physical properties of materials with temperature as well as heat production due 
to the electric current flow. With these assumptions the formulation can be re-
stricted to the coupling between the frictionless contact and the electric field. The 
friction can be added independently. Besides, the contact is assumed to be point-
wise, between uniform, physically clean and smooth surfaces of electric conduc-
tors with circular cross-sections. 

Electric phenomena taking place at the contact of two electric conductors were 
analysed and described in the monograph by Holm (1981). Basing on those con-
siderations it can be concluded, that the contact of two long conductors occurs at a 
small area. In such a case one is allowed to assume a so called long constriction in 
the unconstrained flow of the electric current. The value of electric resistance for 
such a feature can be easily found. 

5.2   Electro-mechanical Variables for Contact 

The purely mechanical aspects of frictionless contact between beams were  
discussed in Chapter 2. In order to include additionally the electric field, new  
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variables must be incorporated. For the static electric field the corresponding vari-
able is the voltage. Let us assume, that in a given cross-section of a beam the volt-
age is given by the value V(ξ). Then for a pair of contact points Cmn and Cms, (Fig. 
2.2) found in the contact search procedure discussed in Section 2.3, a voltage dif-
ference or a voltage gap can be introduced 

 snmnV VVg −= , (5.1) 

where Vmn and Vsn denote voltages in the cross-sections of the beams m and s, re-
spectively, corresponding to the contact points. Their values can be expressed in 
terms of the local co-ordinates for these points 
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 (5.2) 

According to the Ohm’s law the electric current flowing through the contact 
between two conductors can be calculated as 

 VV hgI = , (5.3) 

where hV denotes the electric conductivity of the contact. 
With an assumption, that the length of the conductors is much larger than the 

diameter of the cross-sections and that the contact area is much smaller than the 
cross-section itself, the long constriction can be considered (Holm 1981) and its 
electric conductivity is given by 

 aKh eqV 2= , (5.4) 

where a is the radius of the circular contact area. The quantity Keq in Eq. (5.4) is 
the mean electric conductivity determined as  

 
sm

sm
eq KK

KK
K

+
=  (5.5) 

using the values of the electric conductivity, Km and Ks, for the materials compos-
ing both conductors. 

In a general case contact between two electric conductors with circular cross-
sections can be characterised by an elliptic contact area, as shown in Fig. 5.1. In 
such a situation to be able to use the relation (5.4) one can introduce the equivalent 
radius a determined as a geometric mean value of the semi-axes of the resulting 
ellipse, denoted by c and d 

 cda = . (5.6) 
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Fig. 5.1 Elliptic contact area for two contacting cylinders 

For the sake of simplicity, results of the Hertz’s theory of contact between ide-
ally elastic bodies are used to calculate the lengths of the semi-axes of the ellipse. 
One can use the handbook by Young and Budynas (2001) or the monograph by 
Johnson (1985), where the corresponding formulae for different cases of geometry 
of contacting bodies are presented. For two contacting cylinders with radii of cir-
cular cross-sections rm and rs, made of materials with Young moduli, Em and Es, 
and Poisson’s ratios, νm and νs, which axes form an angle ϕ in the plane, the corre-
sponding lengths of the semi-axes of the elliptic contact area are given by 
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 (5.7) 

where the mean values of radius of circular cross-sections 
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and of Young’s modulus 

 ( ) ( )22 11 mssm
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=  (5.9) 

are introduced. Coefficients α and β in Eq. (5.7), depending on the radii of the cir-
cular cross-sections and the angle ϕ are tabelarised in the handbook by Young and 
Budynas (2001). Their values can also be calculated from the simplified interpola-
tion formulae 
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where the parameter x is given by the relation 
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After substitution of (5.7) to (5.6) the equivalent radius of the circular contact 
area can be expressed as a function of the normal contact force FN as 
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a αβ= . (5.12) 

This value substituted to (5.4) allows to write down the relation between the 
conductivity in the long constriction and the normal force in the contact 
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If the penalty method is used in the contact analysis, then the normal contact 
force can be expressed as 

 NNN gF ε= . (5.14) 

Hence, finally, after taking advantage of the Ohm’s law (5.3), the electric cur-
rent in the contact can be related to the variables of electro-mechanical contact – 
the penetration function gN and the voltage gap gV 

 VN
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In the following considerations partial derivatives of the current (5.15) with re-
spect to the contact variables gN and gV are necessary. They are 
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Besides, in the formulation of the electro-mechanical contact the kinematic  
variables calculated from the penetration function gN and the voltage gap gV are 
present. In order to distinguish between the variations and the linearisations calcu-
lated with respect to the mechanical variables (displacements) and the electric 
variables (voltages) subscripts u and V, respectively, are introcuced at the corre-
sponding symbols δ and Δ. In this new notation the variables calculated from the 
penetration function gN with respect to displacements, given by (2.25), are now 
denoted as ΔugN, δugN and ΔuδugN. On the other hand, the variables calculated as the 
variations and the linearisations of gN with respect to voltage are zero 
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because within the adopted assumptions the value of gN does not depend on  
voltage. 

The variables calculated from the function gV with respect to displacements are 
non-zero 
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because this function depends on location of the contact points, which, via the  
local co-ordinates ξm and ξs, depends on displacements. In Eqs. (5.18) a new nota-
tion for the linearisation of the local co-ordinates, given earlier by (2.27), was  
introduced. 

Finally, the variables from the voltage gap gV with respect to voltages can be 
determined as 
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The linearisation of the variation of the voltage gap with respect to voltages is 
zero because in the discretisation of voltage along the beam element a typical ap-
proach from the finite element method is used, where the voltage at an arbitrary 
point of the element is linearly dependent on nodal voltages. 

5.3   Weak Formulation of Electro-mechanical Contact 

In the analysis of the electro-mechanical contact, besides the principle of virtual 
work, one must also use an appropriate equation concerning the electric current 
flow. Hence, the global set of equations for the problem at hand can be written 
down in the following form 
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after an appropriate extension of the functional variation (1.10) and taking advan-
tage of the notation of the variations with respect to mechanical and electrical 
variables. In the relation (5.20) additional subscripts M and E are introduced to 
distinguish between the components of the functional related to mechanical and 
electric phenomena occuring in both contacting bodies. 

Expressions δVΠmE and δVΠsE in Eq. (5.20)2 are related to the electric current 
flow in the conductors m and s, respectively. The resulting matrices of the electric 
conductivity are derived in Section 5.4. 

Components of (5.20) related to the contact in the active points take the form 
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The linearisation of Eqs. (5.20), necessary to solve this set of non-linear  
equations by the Newton-Raphson method must be carried out with respect to the 
mechanical variables – displacements and, separately, to the electric variables – 
voltages. In this way the following relations are obtained 
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Equation (5.22)1 concerns the purely mechanical part of the contact formula-
tion, which was presented in Chapter 2. Equations (5.22)2 and (5.22)3 provide 
components related to the electro-mechanical coupling. However, due to the fact 
that here the mechanical variables do not depend on voltages, the linearisations 
with respect to voltages in (5.22)2 vanish. Finally, the last formula (5.22)4 corre-
sponds to the purely electric part of contact. 

The component related to the coupling of the fields can be expressed as 
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and taking advantage of the expression of the electric current in the contact (5.15) 
and its partial derivatives (5.16) one gets 
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The component corresponding to the purely electric contact takes the form 
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with the use of the expression (5.19)3. 

5.4   Beam Finite Element for the Electric Current Flow 

Taking into account of electro-mechanical contact in the finite element analysis 
results in additional components, which must be included in the stiffness matrices 
and the electric conductivity matrices for the elements. For the sake of complete-
ness of the considered problem a conductivity matrix for a one-dimensional elec-
tric conductor with the direct current is derived in this section. 

The fundament for the derivation is the Ohm’s law, which expresses the elec-
tric current as a product of the electric conductivity h and the voltage gradient V 
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∂
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Let us consider an electric conductor with the length L and the constant cross-
section area A, with the voltages and currents at the ends V1, I1 and V2, I2, respec-
tively. The conductor is made of a material with the specific conductivity K. For 
such a conductor the principle of electric power can be written in the following 
form 

 ∫=+
L

dxVIVIVI
0

2211     δδδ . (5.27) 

The formula (5.27) is analogous to the principle of virtual temperature used in 
the problems of heat flow (e.g. Bathe 1996). The terms on the left hand side of 
(5.27) denote the external virtual electric power. Substituting the expression for 
the electric current (5.26) and the relation determining the electric conductivity of 
the analysed conductor 
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and taking the constants in front of the integral one gets 

 ∫ ∂
∂=+

L

dxV
x

V

L

A
KVIVI

0
2211      δδδ . (5.29) 

Now the approximation of voltage within the element can be carried out. To 
this end the linear shape functions are used 
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where the local dimensionless co-ordinate –1 ≤ ξ ≤ 1 is introduced. Then the volt-
age in any point of the conductor is expressed as 
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Substitution of this expression to the principle of virtual electric power (5.29) 
leads to a matrix relation between the electric currents and the voltages at the ends 
of the conductor in the form 
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The elements of the conductivity matrix h can be determined from the formula in-
cluding derivatives of the shape functions (5.30) 
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In this way the electric conductivity matrix is obtained 
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in which an analogy to the stiffness matrix of a 1D truss finite element can be 
found. 

5.5   Discretisation and Electro-mechanical Contact Finite 
Element 

Derivation of the tangent stiffness matrix and the residual vector for the electro-
mechanical contact presented in this section is general and can be used within the 
contact formulation without smoothing, discussed in Chapters 2 and 3 or with the 
smooth contact formulations presented in Chapter 4. Now the vector of the nodal 
unknowns has the following form 

 ( )T
S

T
M

T
S

T
M

T VVuuq  , , ,= , (5.35) 



5.5   Discretisation and Electro-mechanical Contact Finite Element 107
 

where a split into the vectors of the nodal displacements and the nodal voltages for 
the beams m and s is done. For the case without smoothing and for the node-
preserving model of smoothing the displacement vectors for each beam contain 12 
entries, (2.29) or (4.28), and for the inscribed curve smoothing – 9 (4.27). The 
voltage vectors for the case without smoothing and for the node-preserving 
smoothing have two unknowns, while for the inscribed curve smoothing – three. 

Discretisation of the displacement field remains unchanged, the formulae (2.34) 
to (2.37) are still valid with the matrices G and H corresponding to a given contact 
formulation. In discretisation of the voltages one can use the expression (5.31), 
what leads to the following relations for the variations and the linearisations of 
voltage 
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For the case without smoothing the shape functions in the vectors Nmn and Nsn 
are the same as in (5.30), while for the inscribed curve C1-continuous contact ele-
ment, presented in Fig. 4.3, the voltages in an arbitrary point of the smooth curve 
segment can be determined using the following vectors of shape functions 
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 (5.37) 

For the case of the node-preserving smooth contact element presented in 
Fig. 4.4 the appropriate vectors of the shape functions have the same form as for 
the unsmoothed contact element (5.30). 

The vector D in (5.36)5 and (5.36)6 groups the derivatives of the shape functions 
with respect to the local co-ordinates ξm or ξs. For the adopted linear shape func-
tions these derivatives are constant numbers and no distinction between the vec-
tors D for the beams m and s must be introduced.  

Discretisation of the electro-mechanical variables, calculated in Section 5.3 is 
the next step of the derivation. The linearisations (5.18) calculated for the function 
gV with respect to displacements take the following form 



108 5   Electric Contact
 

 

( )

( ) .   ,

,   ,,

⎥
⎦

⎤
⎢
⎣

⎡
Δ
Δ

⎥
⎦

⎤
⎢
⎣

⎡
−

=Δ

⎥
⎦

⎤
⎢
⎣

⎡
Δ
Δ

−=Δ

S

M

s

mT
S

T
MVVu

S

M
sssnmmmnVu

g

VVg

u

u

DF

DF
VV

u

u
FF

δδδ
 (5.38) 

The vectors Fm and Fs present in (5.38) are defined in (2.39) and (A2.3) and 
have 24 entries for the unsmoothed and the smooth node-preserving element or 18 
– for the smooth inscribed curve element. 

The linearisation and the variation (5.19) of the function gV with respect to volt-
ages after discretisation are 
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Having determined the above presented expressions one can find the final form 
of the tangent stiffness matrix and the residual vector for the electro-mechanical 
contact finite element. Discretisation of the linearisation of the weak form (5.22) 
leads to the tangent stiffness matrix, which can be suitably written down as 
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⎤
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c KK

0K
K  . (5.40) 

In this notation a split into the purely mechanical part represented by the sub-
matrix KcMM, derived in the previous chapters, the purely electric part KcEE, yielding 
from (5.25) and the three component matrix KcEM 

 321 cEMcEMcEMcEM KKKK ++= , (5.41) 

which represents the unilateral coupling between the electric and mechanical field 
yielding from (5.24), was introduced. 

The purely electric part of the formulation has the form 
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and the electric matrix in (5.42) is 
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The part of the formulation related to the unilateral electro-mechanical cou-
pling takes the form 
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and the submatrices in (5.41) are 
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Discretisation of the mechanical part of the weak formulation (5.21)1 leads to 
the mechanical residual vector derived in Chapters 2 and 4, which here is denoted 
as RcM. On the other hand, for the electric part (5.21)2 one gets 
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McEV RVV  , δδδ =Π  (5.46) 

and the electric residual vector takes the form 

 ⎥
⎦

⎤
⎢
⎣

⎡
−

=
sn

mn
V

eq

eqNN
eqcE g

E

rg
K

N

N
R   

2

3
   2 3

ε
αβ . (5.47) 

Finally, the full residual vector for the electro-mechanical element can be ex-
pressed as 
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5.6   Numerical Examples 

5.6.1   Introduction 

In the five presented examples the electro-mechanical contact between beams with 
circular cross-sections is analyzed. The external influences – displacements and 
voltages are applied simultaneously in a given number of identical increments. 
Each beam is discretised with two-node straight beam elements for the linear 
analysis. 
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In the presented calculations friction is not included and the data are taken in a 
way to avoid large relative displacements. Hence, there is no problem with possi-
ble discontinuities of the normal vectors between the elements. 

The Newton-Raphson method was used in the solution, the energy tolerance of 
10–20 was adopted. Thanks to the applied consistent linearisation the quadratic 
convergence was achieved. At each increment no more than 4 iterations were nec-
essary to obtain the equilibrium state.  

Numerical data are given without units because the purpose of the calculations 
is mainly the qualitative analysis of phenomena in the electro-mechanical beam-
to-beam contact. However, the full physical sense can be retrieved, if any consis-
tent set of physical units, e.g. SI units, is applied. 

The presented graphical representations are restricted to beams axes only. To 
enhance the clarity of 3D views in the figures, axes of the “hidden” beams are de-
picted as “broken”. 

5.6.2   Example 1 

In this example electro-mechanical contact between two cantilever beams, which 
axes in the initial configuration are presented in Fig. 5.2 is analysed. At the ends  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5.2 Example 1 – initial configuration of beams axes 
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Fig. 5.3 Example 1 – voltage distribution along: a) beam 1, b) beam2 

Table 5.1 Example 1 – electric characteristics of contact 

 Δ = 0.4 Δ = 0.1 

Voltage gap gV 2.889 3.772 

Electric resistance 0.2256 0.3562 

Electric current 12.80 10.45 

of the beams displacements Δ = 0.4 or 0.1 and voltages – 10 at the support and 20 
at the free end of beam 1 and 25 at the support of beam 2, are applied. Voltages 
and displacements are applied in 20 increments for the case of displacement 
Δ = 0.4 or in 10 increments for Δ = 0.1. The following data are used in the calcula-
tions: beam 1 – E = 205·105, ν = 0.3, K = 1.25·105, radius of circular cross-section 
0.1, length 6,0; beam 2 – E = 70·105, ν = 0,25, K = 4,0·105, radius of circular cross-
section 0.15, length 6,0; initial gap between the beams 0.001. 

Graphs showing the distribution of voltage along the conductors for both cases 
of applied displacements are presented in Fig. 5.3. They are also compared with 
the linear distribution of voltage, which would be valid for the case without any 
contact between the beams. The situation of larger imposed displacements is char-
acterised by the larger forces at the contact and larger contact area. Hence, the 
electric resistance in the contact is smaller, leading to the smaller voltage gap gV 
and larger electric current. The smaller value of gV is manifested by the higher 
voltage in beam 1 and the smaller voltage in beam 2. The values of characteristic 
electric variables in the contact are given in Table 5.1. 

5.6.3   Example 2 

In this example electro-mechanical contact between two cantilever beams, which 
axes in the initial configuration are presented in Fig. 5.4 is analysed. At the free 
end of beam 2 displacement Δ = 0.1 is applied. Besides there are imposed voltages  
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Fig. 5.4 Example 2 – initial configuration of beams axes 

at the ends of the beams – 5 for the beam 1 and 10 for beam 2. In the case A these 
voltages are applied only at the supports and in the case B – also on the free ends. 
The displacements and the voltages are applied in 5 increments. The following 
data, identical for both beams, are used in the calculations – E = 205·105, ν = 0.3, 
K = 1.25·105, length 6.0, with exception for the radius of the circular cross-section 
which is 0.1 for beam 1, and 0.15 for beam 2. The initial gap between the beams  
is 0.001. 

Graphs showing the distribution of voltage along the conductors for the both 
cases of the analysed electric boundary conditions are presented in Fig. 5.5. They 
are also compared with the linear distributions for the case without contact. 
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In the case B, with the voltages applied at both ends of the beams, a larger volt-
age gap in the contact than in the case A occurs. Then, with the same value of the 
electric resistance in the contact, which does not depend on the applied electric 
boundary conditions, a larger electric current flows through the contact surface. 
The values of characteristic electric variables in contact are given in Table 5.2. 

In this comparison of cases A and B an analogy to the mechanics of statically 
determinate and statically indeterminate structures can be found. Imposing the 
electric voltages on both ends of the beams in the case B is an action similar to the 
addition of extra supports in a statically determinate mechanical system, what 
leads to redundancy. In the structural engineering such a modified system has a 
larger stiffness and exhibits smaller displacements. In the presented example “ad-
ditional” imposed voltages add an electric “stiffness” and lead to smaller differ-
ences between the voltage distribution in the situation with and without contact. 
The result of this is the larger voltage gap in the contact. 

 
 
 
 
 
 
 
 
 
 
 

 

Fig. 5.5 Example 2 – voltage distribution along: a) beam 1, b) beam 2 

Table 5.2 Example 2 – electric characteristics of contact 

 Case A Case B 

Voltage gap gV 2.224 3.605 

Electric resistance 1.141 1.141 

Electric current 1.949 3.160 

5.6.4   Example 3 

In this example electro-mechanical contact between four beams, which axes in the 
initial configuration are presented in Fig. 5.6 is analysed. The centre points of all 
beams are partially constrained with the freedom of rotation about the axis lying in 
the plane XY perpendicular to each beam left. In the case A the imposed  
displacements Δ = 0.4 are applied at all the beams ends. Besides, at the ends  
of beam 4 voltages 10 are imposed and at the ends of beam 3 – voltages 20.  
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Fig. 5.6 Example 3 – initial configuration of beams axes 

Additionally, in the case B at one of the ends of beam 1 and beam 2 electric cur-
rent 5 is applied. All displacements, voltages and currents are applied in 20 incre-
ments. The following data, identical for all the beams are used in the calculations: 
E = 205·105, ν = 0.3, K = 1.25·105, length 6.0, radius of circular cross-sections 0.1. 
It is assumed, that in the initial configurations all four contact points are character-
ised by a penetration 0.05. 

Graphs showing the distribution of voltage along conductors 1, 3 and 4 for the 
both cases of the analysed electric boundary conditions are presented in Fig. 5.7. 
A comparison with the linear distribution of voltage for the case without contact is 
also given. 

In this example one can observe the clear influence of the imposed electric cur-
rents at the ends of beams 1 and 2. Their presence results in uneven voltage gaps 
in the contact points in the case B. On the other hand, in the case A, these gaps are 
equal in all four contact points and due to this and the symmetry of the system the 
electric current in all the contacts is the same. In the case B the electric current in  
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Fig. 5.7 Example 3 – voltage distribution along: a) beam 1, b) beam 3, c) beam 4 

Table 5.3 Example 3 – electric characteristics of contact 

Case B  Case A 

Contact 1–4 and 2–4 Contact 1–3 and 2–3 

Voltage gap gV 1.517 2.900 0.901 

Electric resistance 0.400 0.400 0.400 

Electric current 3.796 7.254 2.254 

Table 5.4 Example 3 – convergence analysis 

Relative energy Iteration number 

10th increment 20th increment 

1 1 1 

2 7.77×10–7 3.03×10–6 

3 9.37×10–14 5.35×10–13 

4 1.41×10–28 1.63×10–27 

contacts 1–4 and 2–4, which are located closer to the ends with the imposed elec-
tric currents is larger than in the case A, while in contacts 1–3 and 2–3, located 
farther from these ends the current is smaller than in the case A. The values of 
characteristic electric variables in the contact are given in Table 5.3. 

It can also be pointed out, that due to the initial penetration between the beams 
there is no need for separate electric boundary conditions for beams 1 and 2. If 
there were no contact in the initial phase, than the resulting set of equations related 
to the electric analysis would be characterised by a singular matrix of coefficients 
and no solution would exist. That is why there is no linear voltage distribution for 
the no-contact situation in the graph in Fig. 5.7a for beam 1. 

Results of convergence analysis for the Newton-Raphson solution method for 
two selected increments are presented in Table 5.4. Thanks to the consistent lin-
earisation in the formulation of the stiffness and electric conductivity matrices the 
quadratic convergence is obtained. 
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5.6.5   Example 4 

In this example the influence of angle ϕ (Fig. 5.1) between the beams axes in the 
plane XY on the mechanical and electric properties of contact is analysed. Two 
clamped-clamped beams in a mutually symmetric location, which axes are pre-
sented in Fig. 5.8 are considered. At the end of the beams identical displacements 
Δ = 0.2 and voltages: 10 for beam 1 and 20 for beam 2, are applied in 20 incre-
ments. The following data, identical for all the beams are used in the calculations: 
E = 205·105, ν = 0.3, K = 1.25·105, length 4.0, radius of circular cross-sections 0.1, 
initial gap between the beams 0.06. 

Mutual relations between the voltage difference gV, the normal force in contact 
FN and the angle ϕ between the beams axes in the plane XY are presented graphi-
cally in Fig. 5.9. The voltage difference depends almost linearly on the normal 
force. This feature does not change with the change of the angle ϕ between the 
beams axes. On the other hand, the relation between the voltage difference and the 
angle ϕ is non-linear. The layout of isolines presented in the graph points out that 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5.8 Example 4 – initial configuration of beams axes 
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Fig. 5.9 Example 4 – relation between voltage difference, normal force in contact and angle 
between beams axes in plane 

the smaller is the angle the larger is the normal force and also, that the larger is the 
force the stronger non-linearity in this relation is present. It is especially pro-
nounced for the values of angle ϕ less than 50°. 

5.6.6   Example 5 

In this example the electro-mechanical contact between three mutually twisted 
conductors with axes of a helix shape, presented in Fig. 5.10 is analysed. In the 
initial configuration there is no contact between the helices. The bottom ends of 
the conductors are clamped and at the top ends three identical angles of rotation 
φ = 0,5 about axis Z are imposed. They lead to the further twisting of the bundle 
and bring the conductors into contact. Each of the helices is modelled with 36 
straight beam finite elements. As a result the contact, which in reality would occur 
on a certain length of the helices, is discretised here by contact points between 
these straight line elements. At the ends of helices voltages are applied. In the case 
A all three top ends have equal values 20 and the bottom ends – 10. In the case B 
both ends of helix 1 have voltages 10, helix 2 – 20 and helix 3 – 30. Displace-
ments and voltages are applied in 40 increments. The following data, identical for 
all the beams are used in the calculations: E = 205·105, ν = 0.3, K = 1.25·105, ra-
dius of circular cross-sections 0.1, height of the bundle 10.0, spacing of axes in the 
plane XY 2.0. 
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Fig. 5.10 Example 5: a) initial configuration of conductors axes, b) electric boundary  
conditions 

Deformed configuration of the helices axes and graphs showing the voltage dis-
tribution along them are presented in Fig. 5.11. It can be noted, that in the case A 
these distributions only slightly differ from the linear ones valid for the no-contact 
case. On the other hand, in the case B due to contact a zone is formed, where the 
voltages of initially different values are equalled and in consequence there is a 
large discrepancy between the situations with and without contact.  
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The smooth character of the voltage distributions indicates that the adopted dis-
cretization of continuous contact zone by means of contact points can be consid-
ered as an attractive alternative for the more exact but very much more expensive 
analysis, where the conductors would be treated as 3D bodies. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 5.11 Example 5 – results: a) voltage distributions in the conductors, b) deformed con-
figuration of conductors axes 
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Chapter 6 
Thermo-mechanical Coupling 

6.1   Introduction 

Analysis of contact with inclusion of coupling between mechanical and thermal 
fields is a complicated problem because the mutual influences between 
displacements or strains and temperature are manifested in many different ways. 
The aspects involved include: heat flow through a real contact area resulting from 
roughness of contacting surfaces, heat flow through a gas between the bodies, heat 
flow through radiation; frictional heating; dependence of material properties like 
elasticity moduli, friction coefficient or heat conduction coefficient on 
temperature, etc. The more detailed description of various issues related to the 
thermo-mechanical coupling in contact can be found in the monographs by 
Wriggers (2002) and Laursen (2002). One can find there numerous references to 
the papers and other monographs devoted to the problem of the heat conduction in 
contact. This phenomenon requires a precise description of geometry of bodies 
surfaces in the micro scale and a development of a thermo-mechanical physical 
law for the contact. To this end statistical methods can be used (Cooper et al. 1969 
and Song and Yovanowic 1987). The numerical solution to this problem was a 
subject of the papers by Zavarise (1991), Zavarise et al. (1992) as well as 
Wriggers and Zavarise (1993b). Another problem is related to the frictional 
heating due to the contact. This topic was considered, for instance, in the papers 
by Wriggers and Miehe (1992) or by Zavarise et al. (1995, 2005). 

Numerical treatment of the thermo-mechanical problem generally depends on 
the type of the heat flow – steady state, independent of time, or transient one with 
a variation in time. In the former case the problem is relatively simple and mono-
lithic methods can be effectively used, where both types of unknowns, displace-
ments and temperature, are calculated simultaneously. In the more complicated 
transient state case, staggered methods are preferred, where the problem is solved 
iteratively with temperature kept constant and solving for displacements in one it-
eration and vice versa in the subsequent one. To these methods with respect to the 
thermo-mechanical contact the papers by Wriggers and Miehe (1992) and by Age-
let de Saracibar (1998) were devoted. 

In this chapter a formulation of the beam-to-beam contact with a thermo-
mechanical coupling in a limited form (Boso et al. 2006) is presented. From the 
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previously mentioned issues of the coupling the heat flow through contact with an 
assumption of ideally smooth surfaces is taken into account. The heat transfer 
through the gas and the radiation are neglected. In the physical model of the 
beams material only the linear thermal expansion is included. All the physical pa-
rameters are treated as independent of time. 

The analysis presented herein can therefore be considered only as an introduc-
tion to a very complicated problem of contact with the coupled fields of displace-
ments and temperature. It can be expanded further, if one takes into account  
the electric contact discussed in Chapter 5, too. In such a case some additional 
manifestations of the coupling emerge. They include heat production due to the 
electric current flow and dependence of electric material and contact properties on 
temperature. 

6.2   Thermo-mechanical Beam Finite Element 

Components resulting from contact between bodies are added to the weak 
formulation independently (2.20) from the ones due to the strain energy, the heat 
flow or the electric current flow in the contacting bodies. Hence, in the finite 
element method the contact elements are separate from the finite elements used to 
the discretisation of bodies themselves and in the beam-to-beam contact the 
contact element can be attached to any finite element formulation for the beams. 

In the analyses presented in this chapter a co-rotational 3D beam finite element 
derived by Crisfield (1990) is used. However, since one of the aspects considered 
here is the thermal expansion of the material this feature must be added to the 
purely mechanical element due to Crisfield. The terms resulting from the steady-
state heat flow must be taken into account as well. 

It is assumed that the physical parameters of the material do not depend on 
temperature. Let us denote the constant coefficient of the linear thermal expansion 
by αt and by EA – the axial beam stiffness. Then the normal force in a bar sub-
jected to a temperature change can be obtained from the following relation 

 τα tEAS = , (6.1) 

where τ is the mean relative temperature in the element related to the initial tem-
perature, for instance to the assembly temperature. 

The expanded vector of the degrees of freedom with respect to the Crisfield’s 
element has 14 entries and can be put into the following form 

 { }TTT τuq  ,= , (6.2) 

where the vector of the generalised nodal displacements has the form (2.29) and 
the vector of the relative nodal temperatures is 

 ( )21  ,ττ=Tτ . (6.3) 
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With an assumption of linear distribution of temperature along the element and 
the relation (6.1) the addition to the residual vector in the expanded beam finite 
element resulting from the heat flow and the thermal expansion can be written 
down as 

 { }2111  , 0, 0, 0, , 0, 0, 0, , MM
TTT qqRRR −= . (6.4) 

The vector R1 groups the nodal forces resulting from the thermal expansion of the 
element 

 { }3211  , , cccEA t
T τα=R . (6.5) 

The temperature τ is obtained as the mean value of the relative nodal temperatures 

 
2

21 τττ +=  (6.6) 

and the values ci (i = 1, 2 or 3) are the cosines of angles between the current axis 
of the beam and the axes xi from the global set of co-ordinates. They can be de-
rived from the relations 
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where x1 and x2 are the current position vectors of nodes of the beam finite ele-
ment. These vectors can be expressed by their components 
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The quantities denoted with qM1 and qM2 in the vector (6.4) are the nodal heat 
fluxes for the considered finite element. 

Addition to the tangent stiffness matrix can be put in the form  
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where the component matrices K1 and K2 result from the dependence of the co-
sines (6.7) on the position vectors (6.8) and, hence, on the nodal displacements. 
They have the form 
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 (6.10) 

Here the notation uij, for the components of the nodal displacements is introduced. 
These displacements correspond to the nodal position vectors (6.8). The partial de-
rivatives in the matrices (6.10) can be obtained using the symbolic algebra pro-
gram Maple 7. 

The matrix K3 present in Eq. (6.9) groups the terms resulting from the depend-
ence of the normal force (6.1) on the nodal temperatures and can be expressed as 
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The matrix KT from (6.9) requires a separate comment. In order to derive its 
components one can use the analogy to the matrix of electric conductivity h 
(5.34), presented in Section 5.4, where the Ohm’s law (5.26) and the principle of 
virtual electric powers (5.27) were used. The similar procedure can be used with 
the equation of the one-dimensional steady-state heat flow  

 
x

kq
∂
∂−= τ

, (6.12) 

where k denotes the heat conduction coefficient for the material, which here is as-
sumed as constant, independent of time. The counterpart of the principle of virtual 
electric powers is the principle of virtual temperature (Bathe 1996), according to 
which one can write down the following relation for a finite element  

 ∫ ∂
∂=+

L

dx
x

kqq
0

2211      δττδτδτ . (6.13) 
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With this in hand and with the assumption of linear distribution of temperature 
along the element the matrix of thermal conduction can be found in following 
form 
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11
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This matrix, like the electric conductivity matrix (5.34), is analogous to the 
stiffness matrix for the 1D truss finite element. 

6.3   Variables for Thermo-mechanical Contact 

Similarly as in the case of electro-mechanical contact described in Chapter 5, also 
in the case of thermo-mechanical contact an additional variable characterizing the 
thermal field at the contact point must be introduced. It is the temperature, denoted 
by τ(ξ), which is assumed to be constant in the cross-section. Then the 
temperature difference at the contact between two beams can be determined using 
the temperature values τmn and τsn for the cross-sections corresponding to the 
contact points Cmn and Cms 

 snmnHg ττ −= . (6.15) 

The heat flow in contact spots is a complicated phenomenon. It depends on the 
micro-scale structure of the surfaces, the normal force and the temperature gradi-
ent. There are many proposals to formulate physical laws for this phenomenon 
(Wriggers 2002, Zavarise et al. 1992, Wriggers and Zavarise 1993b). In the pre-
sented analyses a very simple model is assumed, in which only an unlimited heat 
flow through the contact between ideally smooth surfaces is considered. In such a 
case, besides the constraints resulting from the purely mechanical aspects of con-
tact, discussed in Chapters 1, 2 and 3, the thermal constraint is also imposed in the 
following form 

 0=Hg . (6.16) 

Such a constraint enforces the equal temperatures for the both cross-sections of 
the beams at the contact point. This constraint is enforced using the penalty 
method, which yields the following expression for the heat flow 

 HH gq ε= , (6.17) 

where the thermal penalty parameter εH is introduced. 
It is worth to note that, Eq. (6.17) can also be seen as a thermo-mechanical 

physical law for the heat flow in the contact, if instead of a constant and possibly 
large value of the penalty parameter εH one assumes a physical value, which could 
be derived from experimental analyses. Such a physical parameter may also be 
variable, depending on temperature, normal force in contact or degree of surfaces 
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roughness. However, in the presented approach this value is taken as constant and 
an analysis of its influence on numerical results is presented in one of the exam-
ples solved in Section 6.6. 

In the weak form and its linearisation the variation, the linearisation and the lineari-
sation of the variation of the temperature difference (6.15) calculated with respect to 
mechanical unknowns (displacements) and thermal unknowns (temperatures) are nec-
essary. In order to distinguish between them, in the notation for these operators the 
subscripts, u for the displacements and T for the temperatures, are introduced. 

The variables related to the displacements can be expressed as 
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In this derivation the dependence of temperature in contact on the local co-
ordinate, which in turn is a function of displacements, was taken into account. 

The variables related to the temperature take the form 
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The linearisation of the variation of the temperature difference vanishes because in 
the adopted finite element model the approximation of temperature along the ele-
ment is a linear function of the nodal temperatures. 

The general form of the thermo-mechanical contact formulation allows to intro-
duce the mutual relations between displacement and temperature fields. However, 
within the assumptions given in Section 6.1, the penetration function gN, discussed 
in Section 2.2 depends only on displacements, not on temperature. That is why the 
variables calculated from this gap function with respect to temperature are zero 
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6.4   Weak Form for Thermo-mechanical Contact 

In order to carry out the analysis of a system with the thermo-mechanical coupling 
one must consider, besides the principle of virtual work, also an appropriate 
equation for the heat flow. Hence, after an expansion of the variation of the 
functional (1.10) and introduction of the separate notation for the variations with 
respect to displacements and temperatures, one can get the global set of equations 
for the thermo-mechanical contact in the following form 
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The additional subscripts M and H are introduced in (6.21) to distinguish be-
tween the components of the functional resulting from the mechanical and thermal 
phenomena occurring in both beams. 

The components δTΠmH and δTΠsH in Eq. (6.21)2 are related to the heat flow 
through the beams m and s. The resulting matrices of the heat conductivity are de-
scribed in Section 6.2. The component of (6.21)2, resulting from the contact in the 
active points takes the form 

 .  HTcHT gq δδ =Π  (6.22) 

The linearisation of Eqs. (6.21), necessary for the Newton-Raphson solution 
method of the non-linear set of equations of contact with thermo-mechanical cou-
pling must be carried out separately for both groups of unknowns: mechanical – 
displacements and thermal – temperatures. In this way the following relations are 
obtained 
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The formula (6.23)1 gives the purely mechanical part of the contact formula-
tion, which was derived in Section 2. The relations (6.23)2 and (6.23)3 lead to the 
elements responsible for the thermo-mechanical coupling. However, due to the 
adopted assumption, that the mechanical properties do not depend on temperature, 
the linearisations in (6.23)2 vanish. Finally, the last of the relations (6.23)4 gives 
the purely thermal part of the contact. 

If the advantage is taken of the formula for the heat transfer in contact in the 
form (6.17), then the component responsible for the coupling of the mechanical 
and thermal fields has the form 

 VVuHHHTHuHcHTu gggg δεδεδ Δ+Δ=ΠΔ   . (6.24) 

The component responsible for the purely thermal part of contact, taking into 
account Eq. (6.19)3, can be written down as 

 HTHTHcHTT gg δεδ   Δ=ΠΔ . (6.25) 

6.5   Discretisation and Thermo-mechanical Contact Beam 
Finite Element 

Similarly as in the case of the electro-mechanical contact finite element presented 
in Section 5.5, derivation of the tangent stiffness matrix and the residual vector for 
the thermo-mechanical beam-to-beam contact finite element has a general 
character and can be used within the contact formulation without smoothing 
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presented in Chapter 2 and 3 or for the C1-continuous contact elements derived in 
Chapter 4. 

The vector of nodal unknowns can be set in the following form 

 ( )T
S

T
M

T
S

T
M

T ττuuq  , , ,= , (6.26) 

where a split into the nodal displacement and the nodal temperature vectors for the 
beams m and s was carried out. For the case without smoothing and for the node-
preserving smooth elements the displacement vector for each beam has 12 entries, 
(2.29) or (4.28) and for the inscribed curve smooth element – 9 (4.27). The tem-
perature vectors have respectively 2 or 3 elements. 

For the discretisation of the displacement field the formulae (2.34) to (2.37) are 
valid with the matrices G and H, appropriate for the contact formulation. The dis-
cretisation of the temperature field can be assumed in the same way as the volt-
ages are discretised in Section 5.5 (5.31) 
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what leads to the following expressions for the discretised variations and linearisa-
tions of temperature 
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In the case without smoothing and for the node-preserving smooth element the 
shape functions in the vectors Nmn and Nsn are as in (5.30) and for the inscribed 
curve smooth element the temperature in an arbitrary point on the smooth curve 
can be calculated using Eq. (5.37). The vector D groups the derivatives of the 
shape functions with respect to the local co-ordinates ξm or ξs. 

Now, the discretised thermo-mechanical variables discussed in Section 6.3 can 
be calculated. The linearisations (6.18) derived for the function gH with respect to 
displacements can be expressed as 
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where the vectors Fm and Fs are determined in the same way as for Eqs. (5.38). 
The discretised linearisation and the variation (6.19) for gH with respect to tem-
perature read 

 ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

Δ

Δ
−=Δ

S

MT
sn

T
mnHT g

τ

τ
NN   , (6.30)1 

 ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−
=

sn

mnT
S

T
MHT g

N

N
ττ  ,  δδδ . (6.30)2 

The last stage in the development of the thermo-mechanical contact element is 
derivation of the tangent stiffness matrix and the residual vector. Discretisation of 
the linearisation of the weak form (6.23) leads to the matrix, which can be ex-
pressed in the following form 
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where a split into the purely mechanical part represented by the matrix KcMM, de-
rived in previous chapters, the purely thermal part given in the matrix KcHH, result-
ing from the Eq (6.25), and the two-component matrix KcHM 

 21 cHMcHMcHM KKK +=  (6.32) 

representing the unilateral thermo-mechanical coupling resulting from the discreti-
sation of Eq. (6.24) is introduced. 

The thermal part of the formulation after discretisation takes the form 
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and the thermal contact matrix is 
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The part of the formulation due to the unilateral thermo-mechanical coupling is 
given by 
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and the component matrices in (6.32) are 
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Discretisation of the thermal part of the weak form (6.22) can be expressed as 
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and the included thermal residual vector takes the form 
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Finally, the entire residual vector for the thermo-mechanical contact element 
can be set up as 
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where RcM denotes the mechanical part of the residual vector, which was derived 
in Chapters 2 or 4. 

As was previously mentioned, the presented thermo-mechanical contact  for-
mulation can be joined with the electro-mechanical contact element presented in 
Chapter 5. In such a case the formulation would consist of three equations. i.e. 
both equations (5.20) and Eq. (6.21)2. Then the linearisation would be carried out 
separately for three groups of unknowns: displacements, temperatures and volt-
ages. Discretisation would lead to the tangent stiffness matrix for the contact ele-
ment with the three-field coupling in the form 
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which would correspond to the following vector of element unknowns 
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The component matrices in (6.40) result from various aspects of the thermo-
electro-mechanical coupling. For instance, the heat production due to the electric 
current flow is included in KcHE, dependence of the electric conductivity on tem-
perature – in KcEH, frictional heating – as additional terms in KcHM, and dependence 
of mechanical properties of contact on temperature – in KcMH. The inclusion of 
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these issues is beyond the scope of the present considerations and are left as an at-
tractive topic for the further research. 

6.6   Numerical Examples 

6.6.1   Introduction 

In this section two numerical examples are presented to illustrate the properties of 
the simplified thermo-mechanical beam-to-beam contact element derived above. 
Frictionless contact of beams with circular cross-sections is analyzed. Each beam 
is discretised with 10 finite elements presented in Section 6.2. 

Analyzed beams are subjected to imposed displacements and temperature 
boundary conditions. These external influences are applied simultaneously in a 
given number of equal increments. 

The energy tolerance in the iterative Newton-Raphson method is equal to 10–20. 
Similarly as in all examples presented in previous chapters the numerical data 

are given without any units. In order to add the full physical meaning to these 
analyses any consistent set of units can be incorporated, e.g. the basic SI units. 

The presented graphical representations are restricted to beams axes only.  
To enhance the 3D views in the figures axes of “hidden” beams are depicted as 
“broken”. 

6.6.2   Example 1 

In this example contact between two cantilever beams, which axes in the initial 
configuration are shown in Fig. 6.1, is considered. At the free end of beam 1 dis-
placement Δ = 0.5 is applied. Besides, there are imposed temperatures on the 
beams ends: – 0 and 5 on beam 1 as well as 50 and 45 on beam 2. Displacements 
and temperature are applied in 20 increments. The following data are used in the 
calculations: beam 1 – E = 200·105, ν = 0.3, k = 1, αt = 1.2·10–5, radius of circular 
cross-section 0.1, length 6.0; beam 2 – E = 75·105, ν = 0.2, k = 1, αt = 1.2·10–5, ra-
dius of circular cross-section 0.1, length 6.0; initial gap between the beams 0.01; 
normal contact penalty parameter εN = 1000. In this example an influence of the 
thermal penalty parameter on the results is investigated. Three different values are 
taken: εH = 1, 10 or 100. 

Deformed configuration of the beams axes and graphs of the temperature dis-
tribution along the beams are presented  in  Fig. 6.2.  In these graphs the influence 
of the thermal penalty parameter, which plays a role of the heat conduction coeffi-
cient in the contact, can be observed. Its increase leads to equalling of temperature 
in the beams cross-sections at the contact. The temperature difference decreases 
from 12.51 for εH = 1, through 1.72 for εH = 10 to 0.18 for εH = 100. The linear 
 

 



132 6   Thermo-mechanical Coupling
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

Fig. 6.1 Example 1 – initial configuration of beams axes 

 
 
 
 
 
 
 
 
 
 
 

Fig. 6.2 Example 1: a) deformed configuration of beams axes, b) temperature distribution 

temperature distribution for the no-contact case is also presented in the graphs. 
The discrepancy between it and the presented non-linear distributions for the con-
tact case is an effect of the displacements influence and the resulting contact be-
tween the beams on the temperature field. The opposite influence does not exist 
directly in the considered contact formulation due to the adopted assumptions. 
Still, this influence can be observed in Fig. 6.3, where the displacements of points  
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Fig. 6.3 Example 1 – temperature influence on beam 1 displacements 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 6.4 Example 2 – initial configuration of beams axes 

on beam 1 along its initial axis (X) for the case εH = 100 with and without tem-
perature are presented. It can be seen that the temperature field, modified by the 
contact feeds back to the system and modifies displacements. In this sense the 
thermo-mechanical coupling in the considered form is bilateral. 
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6.6.3   Example 2 

In this example contact between three beams, which axes in the initial configura-
tion are presented in Fig. 6.4 is analysed. The centre points of all three beams are 
fully clamped. At the free ends of the beams displacements Δ = 0.2 leading to mu-
tual contact are applied. Besides, there are imposed temperatures: 0 at the both 
ends of beam 1, 20 at one end of beam 2 and –20 at one end of beam 3. Displace-
ments and temperatures are applied in 20 increments. The following data, identical 
for all the beams, are taken in the calculations: E = 200·105, ν = 0.3, k = 1, 
αt = 1.2·10–5, radius of circular cross-section 0.1, length 6.0. The penalty parame-
ters are: εN = 10000, εH = 100. In the initial configuration there is the penetration 
between the beams: for the pairs 1–3 and 2–3 – 0.0509, and for the pair 1–2 – 
0.000996. 

Results of calculations – the deformed configuration and the temperature dis-
tribution along the beams, are presented in Fig. 6.5. The temperature difference in 
the contact between the beams is: for the pair 1–2 – 0.0093, and for the pairs 1–3 
and 2–3 – 0.0398. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6.5 Example 2: a) deformed configuration of beams axes, b) temperature distribution 
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Chapter 7 
Summary and Outlook 

Beam-to-beam contact is a special case among the broad range of possibilities of 
contact between bodies, that are continuously discussed and analysed in the 
engineering literature. It requires specific procedures of contact search, unique 
criteria of contact existence and definition of the contact finite element. The scope 
of literature on this topic is relatively small. The aim of the present work was to 
fill this gap. 

In the presented analyses results of multi-aspect contact between beams are 
presented. The main purpose was to derive consistent contact finite elements,  
basing on the full linearisation of the weak form, for all the considered cases of 
contact. The elements were tested and their efficiency was checked in a series of 
purposefully chosen numerical examples. 

In the first part, in Chapters 2 and 3 the formulation of contact with friction for 
beams with rectangular cross-sections was presented. The contact constraints were 
introduced using the penalty and Lagrange multipliers methods. An original con-
tact search routine was presented together with a contact existence criterion for 
beams with rectangular cross-sections. Two methods of sliding check for the Cou-
lombs law were presented – separately for two friction forces acting along the 
contacting beams and one check for the case, when these forces are treated as 
components of one resultant friction force. Effectiveness of the formulation was 
confirmed in several numerical examples including multiple beams contact. A 
comparison for both presented methods used to include the contact constraints was 
carried out and their known advantages and disadvantages were confirmed. It was 
strongly pointed out, that the penalty method is much easier to use. Another com-
parison with a full 3D analysis carried out by the program Abaqus was also done 
and very satisfactory results were obtained. 

Another part of the work in Chapter 4 was devoted to the formulation of C1-
continuous contact finite elements. Contrary to the first part, where the beam finite 
elements and contact formulation used the same shape functions, here the contact 
was treated completely separately from the analysis of beams themselves. All four 
types of elements presented can be attached to any formulation of beams modelled 
with any type of beam elements. Two types of curve construction were considered 
– inscribed curve and node-preserving. Within each of these constructions Her-
mite’s polynomials and Bezier’s curves were used to approximate the curve seg-
ments. Respective contact finite elements for the consistent, full linearisation were 
derived using the symbolic algebra program Maple 7. In several numerical exam-
ples, featuring large sliding between the adjacent curve segments, the effectiveness 
of all four elements was confirmed as far as the smoothing is concerned. However, 
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it was found, that the Hermite inscribed curve element, despite quite complicated 
and long code for its characteristic matrices, exhibited the best performance with 
the fastest convergence and, consequently, the shortest computer times. 

In the last part of the work, in Chapters 5 and 6, some aspects of thermo-
electro-mechanical coupling in contact were analysed. From the numerous mutual 
relations between the considered fields only few were taken into account, i.e.: re-
lation between the electric resistivity of contact and the normal contact force, in-
fluence of the contact point location on the temperature and voltage distribution 
and thermal expansion of beams. Within these assumptions contact finite elements 
were derived and applied in a couple of numerical examples. Among others, a mu-
tual relation between the normal contact force, voltage gap and angle between 
beams axes was determined. It was pointed out that in the assumed range of as-
sumptions the electro-mechanical contact features a unilateral coupling and the 
thermo-mechanical contact – bilateral coupling. 

The full analysis of the extremely complex problem of thermo-electro-
mechanical contact requires inclusion of many other factors. Hence, the considera-
tions presented in this work can be treated only as an introduction to the main  
purpose of the multi-aspect contact analysis, for instance for a case of electric cur-
rent flow through a bundle of multi-level twisted conductors or superconductors. 
To this end the future research should be devoted to the following issues: 

1. Introduction of variable electric and thermal fields and addition of alternat-
ing current flow. 

2. Taking into account the heating due to the electric current flow. This would 
require more sophisticated analysis methods, since the consistent linearisa-
tion of this transient problem and application of monolithic method seems 
too complex to be carried out. 

3. Inclusion of dependence of material parameters on temperature. It espe-
cially concerns the friction coefficient, the heat conduction coefficient and 
the moduli of elasticity. It is also advisable to use a more sophisticated 
model of friction. 

4. Derivation and introduction of more sophisticated thermo-mechanical law 
for the beam-to-beam contact. However, it is understood that a too complex 
microscopic law would lead to much higher complexity of the formulation 
and all virtues of the beam formulation as far as its simplicity is concerned 
would be lost in comparison to the full 3D analysis. It is still purposeful to 
find this physical law in a form similar to the one used in the electro-
mechanical contact. 

5. Taking into account the coupling with magnetic fields and resulting addi-
tional forces acting on the system. 

The above mentioned problems indicate that the beam-to-beam contact formu-
lation can be developed further to gain the full insight into the phenomena  
occurring in the case of complex processes in the modern engineering, where the 
influence zones of the classical branches of physics like: mechanics, electricity, 
thermomechanics and magnetism overlap and call for collaboration between vari-
ous specialists. 



Appendix 1 
Matrices D and E for Beams with Rectangular 
Cross-Sections 

A1.1   Components of Matrix D 

In the following derivations subscripts m and s are omitted to simplify the 
notation. 

The matrix D, present in Eqs. (2.30) and (2.31), can be expressed in the follow-
ing form 

 [ ]
123×

= jkdD  (A1.1) 

and its components in each row j are given by the formulae 
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 (A1.2) 

In Eqs. (A1.2) the notation  

 ( ) ( )
k

k u∂
∂=,   

for partial derivatives was used and the symbol ( )|c means that the component in 
the parenthesis is taken into account, only when the condition c is fulfilled. To 
simplify the notation further, the bars over the displacements uk and angles ϕ pre-
sent in Eq. (2.16), denoting that the corresponding values are measured in the local 
co-ordinate system, are also omitted. 
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The further notation used in Eqs. (A1.2) is 
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Derivatives of the angle ϕ calculated with respect to the local co-ordinates uk 
can be expressed as 
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A1.2   Components of Matrix E 

The matrix E present in Eqs. (2.32) and (2.33) can be expressed in the form 
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and its components in each row j are given by the formulae 
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Eqs. (A1.4) contain derivatives with respect to the local co-ordinate ξ of the 
quantities defined in Section A1.1. The explicit form of these expressions is very 
long and they are not presented here. They can be calculated using basic, though 
tedious operations. 
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Derivation of Variables Δδξmn and Δδξsn 

The starting point in the derivation of these kinematic variables is the set of 
orthogonality conditions (2.2). In the first step their variation is calculated, what 
yields the following set of equations 
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where 

 xms = xmn – xsn .  

Besides, the variations of the position vector derivatives can be found using the 
following relations  
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After the finite element discretisation the solution of the set of equations (A2.1) 
takes the form (2.40). In order to simplify the notation it can also be presented as 
follows 
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The inverse of the matrix A (2.27), after its split into components can be writ-
ten down as 
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The next step of the derivation is calculation of the linearisations of the set of 
equations (A2.1). This yields two equations 
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The undefined expressions for the derivatives with respect to the local co-
ordinates of the variation linearisations of the position vectors, present in the 
Eqs. (A2.5), read 
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Now the formulae (2.24), (A2.2), its counterparts for the linearisation and 
(A2.6) can be substituted to Eqs. (A2.5). This yields a set of equations, which can 
be given in the following matrix form 
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With the simplifying notation 
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the components Rm and Rs present in (A2.7) can be expressed as 
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After the finite element discretisation Rm and Rs can be put in the matrix form 
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Substitution of (A2.9) and the notation from (A2.4) to Eq. (A2.7) leads to the 
following relations 
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In order to define the matrices Rm and Rs expressions for the second derivatives 
of displacements with respect to the local co-ordinates 
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and for the linearisation of variations of displacements derivatives with respect to 
the local co-ordinates 
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are also required. 
The matrices Mmn and Msn in Eqs. (A2.11) can be calculated explicitly as the de-

rivatives of the subsequent components of the matrices Hmn and Hsn with respect to 
the local co-ordinates ξm and ξs. However, due to a very complex form of the dis-
placement approximation for the points on the edges of beams with rectangular 
cross-sections it is more convenient to use a simplified method employing the fi-
nite difference method and small perturbations of the local co-ordinates.  

On the other hand, the matrices Hdjmn and Hdjsn in Eqs. (A2.12) can be obtained 
by differentiation of the matrices Hmn and Hsn in the same way as the matrices Gdjmn 
and Gdjsn were derived from Eqs. (2.54). Hence, one can write down 
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Additionally three auxiliary matrices  
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and a representation of vectors by means of their components 
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are introduced. Finally the matrices Rm and Rs can be expressed as 
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and their substitution to Eq. (A2.10) yields the discretised form of the kinematic 
variables Δδξmn and Δδξsn. 



Appendix 3 
Matrices G, H and M in Smoothing Procedures 

A3.1   Components of Matrix G 

The symbolic algebra computer program Maple 7 is used to calculate the 
components of the matrix G present in the formulation of the contact between the 
beams modelled by smooth 3D curves (Eqs. (2.34) and (2.35) with a description in 
Section 4.3.1). Below the commands of the Maple 7 worksheet are given, which 
allow for calculation and creation of an output ready-to-use Fortran computer 
code, which computes the matrix G. The output itself is quite long and 
complicated, hence it is not given here. The presented worksheet commands are 
valid for the inscribed curve Hermite smooth contact finite element only. The 
matrices G for the remaining three smooth contact elements can be obtained in a 
very similar way. 

 
1. Coefficients of three Hermite’s polynomials (4.3): a1, b1, c1, d1; a2, b2, c2, 

d2; a3, b3, c3, d3, expressed by the components of the position vectors of the 
nodes xij, where index i denotes the node number and j – the number of the co-
ordinate. The following expressions result from the matrix relation (4.10). 
 

>restart; 

>a1:=(1/8-1/4/wl12)*x11+(1/4/wl12-1/4/wl23)*x21+(-

1/8+1/4/wl23)*x31; 

>a2:=(1/8-1/4/wl12)*x12+(1/4/wl12-1/4/wl23)*x22+(-

1/8+1/4/wl23)*x32; 

>a3:=(1/8-1/4/wl12)*x13+(1/4/wl12-1/4/wl23)*x23+(-

1/8+1/4/wl23)*x33; 

>b1:=1/4/wl12*x11+(-1/4/wl12-1/4/wl23)*x21+1/4/wl23*x31; 

>b2:=1/4/wl12*x12+(-1/4/wl12-1/4/wl23)*x22+1/4/wl23*x32; 

>b3:=1/4/wl12*x13+(-1/4/wl12-1/4/wl23)*x23+1/4/wl23*x33; 

>c1:=(-3/8+1/4/wl12)*x11+(-1/4/wl12+1/4/wl23)*x21+(3/8-

1/4/wl23)*x31; 

>c2:=(-3/8+1/4/wl12)*x12+(-1/4/wl12+1/4/wl23)*x22+(3/8-

1/4/wl23)*x32; 
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>c3:=(-3/8+1/4/wl12)*x13+(-1/4/wl12+1/4/wl23)*x23+(3/8-

1/4/wl23)*x33; 

>d1:=(1/4-1/4/wl12)*x11+(1/2+1/4/wl12+1/4/wl23)*x21+(1/4-

1/4/wl23)*x31; 

>d2:=(1/4-1/4/wl12)*x12+(1/2+1/4/wl12+1/4/wl23)*x22+(1/4-

1/4/wl23)*x32; 

>d3:=(1/4-1/4/wl12)*x13+(1/2+1/4/wl12+1/4/wl23)*x23+(1/4-

1/4/wl23)*x33; 

 
2. Straight line lengths (4.7). 
 
>wl:=.5*sqrt((x31-x11)^2+(x32-x12)^2+(x33-x13)^2); 

>wl12:=2*sqrt((x21-x11)^2+(x22-x12)^2+(x23-x13)^2)/wl; 

>wl23:=2*sqrt((x31-x21)^2+(x32-x22)^2+(x33-x23)^2)/wl; 

 
3. Components of the matrix G calculated as partial derivatives of (4.10) with re-

spect to the subsequent components of the nodal position vectors. 
 

>g11:=xsi^3*(diff(a1,x11))+xsi^2*(diff(b1,x11))+xsi*(diff(c1,

x11))+diff(d1,x11); 

>g12:=xsi^3*(diff(a1,x12))+xsi^2*(diff(b1,x12))+xsi*(diff(c1,

x12))+diff(d1,x12); 

>g13:=xsi^3*(diff(a1,x13))+xsi^2*(diff(b1,x13))+xsi*(diff(c1,

x13))+diff(d1,x13); 

>g14:=xsi^3*(diff(a1,x21))+xsi^2*(diff(b1,x21))+xsi*(diff(c1,

x21))+diff(d1,x21); 

>g15:=xsi^3*(diff(a1,x22))+xsi^2*(diff(b1,x22))+xsi*(diff(c1,

x22))+diff(d1,x22); 

>g16:=xsi^3*(diff(a1,x23))+xsi^2*(diff(b1,x23))+xsi*(diff(c1,

x23))+diff(d1,x23); 

>g17:=xsi^3*(diff(a1,x31))+xsi^2*(diff(b1,x31))+xsi*(diff(c1,

x31))+diff(d1,x31); 

>g18:=xsi^3*(diff(a1,x32))+xsi^2*(diff(b1,x32))+xsi*(diff(c1,

x32))+diff(d1,x32); 

>g19:=xsi^3*(diff(a1,x33))+xsi^2*(diff(b1,x33))+xsi*(diff(c1,

x33))+diff(d1,x33); 

>g21:=xsi^3*(diff(a2,x11))+xsi^2*(diff(b2,x11))+xsi*(diff(c2,

x11))+diff(d2,x11); 

>g22:=xsi^3*(diff(a2,x12))+xsi^2*(diff(b2,x12))+xsi*(diff(c2,

x12))+diff(d2,x12); 

>g23:=xsi^3*(diff(a2,x13))+xsi^2*(diff(b2,x13))+xsi*(diff(c2,

x13))+diff(d2,x13); 

>g24:=xsi^3*(diff(a2,x21))+xsi^2*(diff(b2,x21))+xsi*(diff(c2,

x21))+diff(d2,x21); 
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>g25:=xsi^3*(diff(a2,x22))+xsi^2*(diff(b2,x22))+xsi*(diff(c2,

x22))+diff(d2,x22); 

>g26:=xsi^3*(diff(a2,x23))+xsi^2*(diff(b2,x23))+xsi*(diff(c2,

x23))+diff(d2,x23); 

>g27:=xsi^3*(diff(a2,x31))+xsi^2*(diff(b2,x31))+xsi*(diff(c2,

x31))+diff(d2,x31); 

>g28:=xsi^3*(diff(a2,x32))+xsi^2*(diff(b2,x32))+xsi*(diff(c2,

x32))+diff(d2,x32); 

>g29:=xsi^3*(diff(a2,x33))+xsi^2*(diff(b2,x33))+xsi*(diff(c2,

x33))+diff(d2,x33); 

>g31:=xsi^3*(diff(a3,x11))+xsi^2*(diff(b3,x11))+xsi*(diff(c3,

x11))+diff(d3,x11); 

>g32:=xsi^3*(diff(a3,x12))+xsi^2*(diff(b3,x12))+xsi*(diff(c3,

x12))+diff(d3,x12); 

>g33:=xsi^3*(diff(a3,x13))+xsi^2*(diff(b3,x13))+xsi*(diff(c3,

x13))+diff(d3,x13); 

>g34:=xsi^3*(diff(a3,x21))+xsi^2*(diff(b3,x21))+xsi*(diff(c3,

x21))+diff(d3,x21); 

>g35:=xsi^3*(diff(a3,x22))+xsi^2*(diff(b3,x22))+xsi*(diff(c3,

x22))+diff(d3,x22); 

>g36:=xsi^3*(diff(a3,x23))+xsi^2*(diff(b3,x23))+xsi*(diff(c3,

x23))+diff(d3,x23); 

>g37:=xsi^3*(diff(a3,x31))+xsi^2*(diff(b3,x31))+xsi*(diff(c3,

x31))+diff(d3,x31); 

>g38:=xsi^3*(diff(a3,x32))+xsi^2*(diff(b3,x32))+xsi*(diff(c3,

x32))+diff(d3,x32); 

>g39:=xsi^3*(diff(a3,x33))+xsi^2*(diff(b3,x33))+xsi*(diff(c3,

x33))+diff(d3,x33); 

 
4. Creation of the optimised Fortran code with formulae to calculate the compo-

nents of the matrix G. 
 

>with(codegen,fortran); 

>fortran(g11,optimized,mode=double,precision=double); 

>fortran(g12,optimized,mode=double,precision=double); 

>fortran(g13,optimized,mode=double,precision=double); 

>fortran(g14,optimized,mode=double,precision=double); 

>fortran(g15,optimized,mode=double,precision=double); 

>fortran(g16,optimized,mode=double,precision=double); 

>fortran(g17,optimized,mode=double,precision=double); 

>fortran(g18,optimized,mode=double,precision=double); 

>fortran(g19,optimized,mode=double,precision=double); 

>fortran(g21,optimized,mode=double,precision=double); 

>fortran(g22,optimized,mode=double,precision=double); 
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>fortran(g23,optimized,mode=double,precision=double); 

>fortran(g24,optimized,mode=double,precision=double); 

>fortran(g25,optimized,mode=double,precision=double); 

>fortran(g26,optimized,mode=double,precision=double); 

>fortran(g27,optimized,mode=double,precision=double); 

>fortran(g28,optimized,mode=double,precision=double); 

>fortran(g29,optimized,mode=double,precision=double); 

>fortran(g31,optimized,mode=double,precision=double); 

>fortran(g32,optimized,mode=double,precision=double); 

>fortran(g33,optimized,mode=double,precision=double); 

>fortran(g34,optimized,mode=double,precision=double); 

>fortran(g35,optimized,mode=double,precision=double); 

>fortran(g36,optimized,mode=double,precision=double); 

>fortran(g37,optimized,mode=double,precision=double); 

>fortran(g38,optimized,mode=double,precision=double); 

>fortran(g39,optimized,mode=double,precision=double); 

A3.2   Components of Matrix H 

The symbolic algebra computer program Maple 7 is used to calculate the 
components of the matrix H present in the formulation of the contact between the 
beams modelled by smooth 3D curves (Eqs. (2.36) and (2.37) with a description in 
Section 4.3.1). Below the commands of the Maple 7 worksheet are given, which 
allow for calculation and creation of an output ready-to-use Fortran computer 
code, which computes the matrix H. The output itself is quite long and 
complicated, hence it is not given here. The presented worksheet commands are 
valid for the inscribed curve Hermite smooth contact finite element only. The 
matrices H for the remaining three smooth contact elements can be obtained in a 
very similar way. 

 
1. Coefficients of three Hermite’s polynomials – the same as for the matrix G 

(Section A3.1) 
 

2. Straight line lengths – the same as for the matrix G (Section A3.1) 
 

3. Components of the matrix H calculated as partial derivatives of (4.11)1 with 
respect to the subsequent components of the nodal position vectors. 
 

>h11:=3*xsi^2*(diff(a1,x11))+2*xsi*(diff(b1,x11))+(diff(c1,x1

1)); 

>h12:=3*xsi^2*(diff(a1,x12))+2*xsi*(diff(b1,x12))+(diff(c1,x1

2)); 

>h13:=3*xsi^2*(diff(a1,x13))+2*xsi*(diff(b1,x13))+(diff(c1,x1

3)); 
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>h14:=3*xsi^2*(diff(a1,x21))+2*xsi*(diff(b1,x21))+(diff(c1,x2

1)); 

>h15:=3*xsi^2*(diff(a1,x22))+2*xsi*(diff(b1,x22))+(diff(c1,x2

2)); 

>h16:=3*xsi^2*(diff(a1,x23))+2*xsi*(diff(b1,x23))+(diff(c1,x2

3)); 

>h17:=3*xsi^2*(diff(a1,x31))+2*xsi*(diff(b1,x31))+(diff(c1,x3

1)); 

>h18:=3*xsi^2*(diff(a1,x32))+2*xsi*(diff(b1,x32))+(diff(c1,x3

2)); 

>h19:=3*xsi^2*(diff(a1,x33))+2*xsi*(diff(b1,x33))+(diff(c1,x3

3)); 

>h21:=3*xsi^2*(diff(a2,x11))+2*xsi*(diff(b2,x11))+(diff(c2,x1

1)); 

>h22:=3*xsi^2*(diff(a2,x12))+2*xsi*(diff(b2,x12))+(diff(c2,x1

2)); 

>h23:=3*xsi^2*(diff(a2,x13))+2*xsi*(diff(b2,x13))+(diff(c2,x1

3)); 

>h24:=3*xsi^2*(diff(a2,x21))+2*xsi*(diff(b2,x21))+(diff(c2,x2

1)); 

>h25:=3*xsi^2*(diff(a2,x22))+2*xsi*(diff(b2,x22))+(diff(c2,x2

2)); 

>h26:=3*xsi^2*(diff(a2,x23))+2*xsi*(diff(b2,x23))+(diff(c2,x2

3)); 

>h27:=3*xsi^2*(diff(a2,x31))+2*xsi*(diff(b2,x31))+(diff(c2,x3

1)); 

>h28:=3*xsi^2*(diff(a2,x32))+2*xsi*(diff(b2,x32))+(diff(c2,x3

2)); 

>h29:=3*xsi^2*(diff(a2,x33))+2*xsi*(diff(b2,x33))+(diff(c2,x3

3)); 

>h31:=3*xsi^2*(diff(a3,x11))+2*xsi*(diff(b3,x11))+(diff(c3,x1

1)); 

>h32:=3*xsi^2*(diff(a3,x12))+2*xsi*(diff(b3,x12))+(diff(c3,x1

2)); 

>h33:=3*xsi^2*(diff(a3,x13))+2*xsi*(diff(b3,x13))+(diff(c3,x1

3)); 

>h34:=3*xsi^2*(diff(a3,x21))+2*xsi*(diff(b3,x21))+(diff(c3,x2

1)); 

>h35:=3*xsi^2*(diff(a3,x22))+2*xsi*(diff(b3,x22))+(diff(c3,x2

2)); 

>h36:=3*xsi^2*(diff(a3,x23))+2*xsi*(diff(b3,x23))+(diff(c3,x2

3)); 

>h37:=3*xsi^2*(diff(a3,x31))+2*xsi*(diff(b3,x31))+(diff(c3,x3

1)); 
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>h38:=3*xsi^2*(diff(a3,x32))+2*xsi*(diff(b3,x32))+(diff(c3,x3

2)); 

>h39:=3*xsi^2*(diff(a3,x33))+2*xsi*(diff(b3,x33))+(diff(c3,x3

3)); 

 
4. Creation of the optimised Fortran code with formulae to calculate the compo-

nents of the matrix H – the same as for matrix G (Section A3.1) with the sub-
stitution hij instead of gij. 

A3.3   Components of Matrix M 

The symbolic algebra computer program Maple 7 is used to calculate the 
components of the matrix M present in the formulation of the contact between the 
beams modelled by smooth 3D curves (Eqs. (A2.11) with a description in 
Section 4.3.1). Below the commands of the Maple 7 worksheet are given, which 
allow for calculation and creation of output ready-to-use Fortran computer code, 
which computes the matrix M. The output itself is quite long and complicated, 
hence it is not given here. The presented worksheet commands are valid for  
the inscribed curve Hermite smooth contact finite element only. The matrices  
M for the remaining three smooth contact elements can be obtained in a very 
similar way. 

 
1. Coefficients of three Hermite’s polynomials – the same as for the matrix G 

(Section A3.1) 
 

2. Straight line lengths – the same as for the matrix G (Section A3.1) 
 

3. Components of the matrix M calculated as partial derivatives of (4.11)2 with 
respect to the subsequent components of the nodal position vectors. 
 

>m11:=6*xsi*(diff(a1,x11))+2*(diff(b1,x11)); 

>m12:=6*xsi*(diff(a1,x12))+2*(diff(b1,x12)); 

>m13:=6*xsi*(diff(a1,x13))+2*(diff(b1,x13)); 

>m14:=6*xsi*(diff(a1,x21))+2*(diff(b1,x21)); 

>m15:=6*xsi*(diff(a1,x22))+2*(diff(b1,x22)); 

>m16:=6*xsi*(diff(a1,x23))+2*(diff(b1,x23)); 

>m17:=6*xsi*(diff(a1,x31))+2*(diff(b1,x31)); 

>m18:=6*xsi*(diff(a1,x32))+2*(diff(b1,x32)); 

>m19:=6*xsi*(diff(a1,x33))+2*(diff(b1,x33)); 

>m21:=6*xsi*(diff(a2,x11))+2*(diff(b2,x11)); 

>m22:=6*xsi*(diff(a2,x12))+2*(diff(b2,x12)); 

>m23:=6*xsi*(diff(a2,x13))+2*(diff(b2,x13)); 

>m24:=6*xsi*(diff(a2,x21))+2*(diff(b2,x21)); 

>m25:=6*xsi*(diff(a2,x22))+2*(diff(b2,x22)); 
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>m26:=6*xsi*(diff(a2,x23))+2*(diff(b2,x23)); 

>m27:=6*xsi*(diff(a2,x31))+2*(diff(b2,x31)); 

>m28:=6*xsi*(diff(a2,x32))+2*(diff(b2,x32)); 

>m29:=6*xsi*(diff(a2,x33))+2*(diff(b2,x33)); 

>m31:=6*xsi*(diff(a3,x11))+2*(diff(b3,x11)); 

>m32:=6*xsi*(diff(a3,x12))+2*(diff(b3,x12)); 

>m33:=6*xsi*(diff(a3,x13))+2*(diff(b3,x13)); 

>m34:=6*xsi*(diff(a3,x21))+2*(diff(b3,x21)); 

>m35:=6*xsi*(diff(a3,x22))+2*(diff(b3,x22)); 

>m36:=6*xsi*(diff(a3,x23))+2*(diff(b3,x23)); 

>m37:=6*xsi*(diff(a3,x31))+2*(diff(b3,x31)); 

>m38:=6*xsi*(diff(a3,x32))+2*(diff(b3,x32)); 

>m39:=6*xsi*(diff(a3,x33))+2*(diff(b3,x33)); 

 
4. Creation of the optimised Fortran code with formulae to calculate the compo-

nents of the matrix M – the same as for the matrix G (Section A3.1) with the 
substitution mij instead of gij. 
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